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PREFACE 

The six papers presented here report on a number of investigations on rota
tion-symmetrical electron guns, as employed, for instance, in television-display 
tubes, camera tubes and oscilloscope tubes. Three subjects which are closely 
related to the electron velocities at emission are considered, namely: the spot 
formation, the velocity distributions of the beam electrons and the properties 
and calculation of the beam-current characteristic. 

Chapter I deals with the quality of the spot on the screen of the tube, both 
experimentally and theoretically. It is assumed in the calculations that the trans
verse-velocity distribution of the electrons which create the spot on the screen 
is Maxwellian with cathode temperature. However, this will not necessarily 
apply to the guns considered, since, due to the peculiar shape of the potential 
:field in front of the cathode, velocity selection may occur. This effect can be 
calculated in a rather simple way for very small beam currents, i.e., when space 
charge can be neglected, and this is don~ in chapter 2. In chapter 4 the same 
calculation is carried out for space-charge-limited beam current with the aid 
of an approximation for the field in front of the cathode which has been ob
tained from the investigations in chapter 3. In chapter 6 the results obtained 
in chapter 4 are used to calculate the axial- and total-velocity distribution at 
the cathode for the beam electrons. These distributions are of interest for 
camera tubes and electron microscopes. 

Among other things, the cut-off voltage of the experimental beam-current 
characteristic is examined in chapter 3 using the calculations described in chap
ter 2. This is done because, in research and in the mass production of electron 
guns, it is helpful to know how this quantity is related to the dimensions of the 
gun. In order to be able to obtain a quick insight into the dependence of the beam 
current on gun geometry and electrode potentials, a simple approximate method 
for calculating the beam current has been developed, which is described in 
chapter 5. Use is made of scaling properties and of the results obtained in 
chapter 3. 

Chapters 1, 2 and 3 have already been published in a slightly different form. 
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1. MEASUREMENT AND CALCULATION OF THE FIGURE OF MERIT 
OF A CATHODE-RAY TUBE 

Abstract 

Under paraxial imaging, the current density distribution in the spot of 
a cathode-ray tube is shown to have the shape exp(-4r 2/D2). This is 
also found experimentally. A figure of merit is defined as the product 
of the spot width D and the beam angle at the screen. This figure of 
merit is measured as well as calculated. It is found that at small beam 
currents the deviation of the measured figure of merit from its calculated 
value is about 40 per cent. This deviation is attributed to chromatic 
errors and/or a special kind of spherical aberration that is due to the 
way in which the beam current is determined in a cathode-ray tube. 
These errors decrease with increasing beam width. The actual deviation, 
however, increases up to about 73 per cent at 730 tJ.A. At this beam 
current the deviation is caused by (1) normal spherical aberration of the 
gun, which increases with increasing beam width, (2) curvature of the 
electron paths near the screen by space charge, and (3) -.spherical aber
ration due to space charge. Lowering the beam current by variation of 
the cathode temperature shows that the normal spherical aberration of 
the gun causes about one third of the total deviation at 730 tJ.A. 

1.1. Introduction 

It is well known that the figure of merit of a cathode-ray tube (i.e., the prod
uct of the spot width and the beam angle at the screen) is larger than the 
value calculated with the aid of Helmholtz-Lagrange's law. In this chapter a 
method is described to determine accurately the deviation of the measured 
figure of merit from the calculated value. In sec. 1.2 it is shown that under 
certain conditions the paraxial ray equation may be used for narrow beams 
even if near the cathode the beam angle is not small. This equation leads to 
Helmholtz-Lagrange's law from which the light intensity distribution in the 
spot is derived. In order to be able to compare the calculated and the measured 
figures of merit, one must know (I) the light intensity distribution in the spot, 
(2) the diameter of the cathode image, and (3) the radius of the emitting area 
of the cathode. In sec. 1.3 the measurements of the light intensity distribution 
in the spot and of the diameter of the cathode image are described, while in 
sec. 1.4 the radius of the emitting area is determined. Finally, in sec. 1.5, the 
measured and the calculated figures of merit are compared and the causes of 
the deviations found are discussed. 

1.2. Paraxial theory of the image formation in a cathode-ray tube 

1.2.1. Derivation of Helmholtz-Lagrange's law 

We shall derive Helmholtz-Lagrange's law for an axially symmetric system 
with the aid of the paraxial ray equations: 

4 (<p + W) x" + 2 <p' x' + <p" x 0, 
4 (<p + W) y" 2 <p' y' + <p" y = 0. 

(1.1) 
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These equations give the coordinates x and y as functions of z of an electron 

moving in an axially symmetric electrode system with axis z. Primes denote 

derivatives with respect to z; the potential <p and its derivatives are taken on 
the axis; t:P is the potential corresponding to the initial velocity of the electron. 

From eqs (1.1), Helmholtz-Lagrange's law can be deduced in a simple way. 

However, one of the conditions for the validity of these equations is that x' 
andy' should be small, but since each point of the emitting part of the cathode 
emits electrons in all directions, there is a region near the cathode where this 

condition does not apply. Now it was found by Franc ken and Dorrestein 1 -
1

) 

that eqs (l.l) are valid also in the vicinity of the cathode provided that t:P is 

replaced by t:P., the potential corresponding to the initial axial velocity of the 
electron*). We then obtain 

4(<p t:Pz)x" + 2 <p' x' + q:;" x = 0, 

4 (<p + t:Pz)Y" + 2 <p' y' + <p" Y 0. 

To deduce these equations one must use the energy equation 1 - 1) 

t m Z2 = e (<p + t:Pz)· 

(1.2) 

(1.3) 

Equations (1.2) and (1.3) are valid in the vicinity of the cathode when x and 
y are so small that the forces on the electrons in the x and y directions are 

much smaller than the forces in the z direction, i.e., the relative potential varia
tion across the beam must be small. We shall use eqs (1.2) throughout the 

whole tube instead of eqs (1.1) since farther away from the cathode it is im
material whether t:Pz or t:P is inserted in the paraxial equations. 

From eqs (1.2) Helmholtz-Lagrange's law can be deduced if chromatic aber

rations are neglected, i.e., if all electrons are assumed to leave the cathode with 
the same t:Pz. Let us first consider the path of an electron emitted perpendicularly 
from the cathode at a point lying at a distance r 0 from the origin, like ray (1) 

in fig. 1.1. The path of this electron lies in a plane through the z axis. For this 
plane, we choose the xz plane. Let ray (1) then be given by a function x x 1(z). 
Because eqs (1.2) are linear and have the same coefficients, all rays leaving the 

cathode in a direction parallel to the z axis cross each other at the same points 
on the axis, irrespective of their starting point on the cathode. We direct our 
attention especially to the second crossing point. The focussing lens is adjusted 

such that this point lies on the screen. There the angle between ray (I) and the 

z axis is IY. •• 

Let us then consider rays emitted under an angle from the cathode. Let IY.0 

he the angle between the projection on the xz plane and the z axis and /30 the 
corresponding angle in the yz plane. Curve (2) in fig. 1.1 is the projection of 
such an electron path on the xz plane. 

*) Francken and Dorrestein used cylindrical coordinates. However, their reasoning can also 
be applied to the equations in Cartesian coordinates. 
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Fig. 1.1. Schematic representation of the electron paths in a cathode-ray tube. Ray (3) is 
emitted from the cathode under an angle a0 • Its intersection with ray (1) shows the location 
of the cathode image. 

Now we write down the first of eqs (1.2) for x 1(z) and for the projection x 2(z} 
of ray (2) on the xz plane. If we multiply the first relation by x 2(z) and the 
second by x 1(z) and subtract the left-hand members we find 

4(tp + <P.) 112 :z {<tp + <P.) 112 (x1 x 2 ' -x2 x/)} 0 

or 

i.e., independent of z. This means that the left-hand member of the last ex
pression has the same value at the cathode (z = 0) as at the screen (z = z.). 
Since (see fig. 1.1) 

x1(0) = r0 , x/(0) = 0, x 2 '(0) tan cx0 , tp(O) = 0, 
x 1(z.) = 0, x/(z.) tan tt.., x2(z.) = -x., tp(z,) = V., 

we find 

(1.4) 

A similar relation, 

(1.5) 

is found if we use eqs (1.2) for x 1(z) and the projection Jz(z) of ray (2) on the 
yz plane. 

We introduce now the angle y 0 between the initial direction of electron (2) 
and the z axis. The following relation exists between y0 and the corresponding 
angles tt.0 and {J0 of the projections of ray (2): 

(1.6) 

If we further introduce the distance r. of the arrival point (x.,y,) of ray (2) 
from the z axis, we can derive from eqs (1.4), (1.5) and (1.6) that 

<P. 112 r0 tan y0 = (V. <P.)112 r. tan a. •. (1.7) 
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Since the starting point of ray (2) does not occur in eq. (1.7), this proves that 
the arrival points on the screen of all rays leaving the cathode under an angle y0 

with the z axis lie on a ring of radius r •. 
For ([J,/12 tan y0 we can write ([Jt 112 where ([Jt is the potential corresponding 

to the transverse component of the initial velocity, i.e., the projection of this 
velocity on the xy plane. Further tan 1Xs ~ et., since 1Xs is small, and ([Jz « v •. 
So we have 

ro (pt l/2 = r. a. v. 1/2. (1.8) 

This is the form of Helmholtz-Lagrange's Jaw that we shall use in the following 
subsection to calculate the distribution of the current density in the spot. 

1.2.2. The current density distribution in the spot 

It is assumed that the current due to electrons emitted with transverse veloc
ities between (2 e ([Jtfm)112 and {2 e (([Jt + d([Jt)fm}112 is 

(1.9) 

where A is a constant for a certain tube setting, Tc is the cathode temperature 
and k is Boltzmann's constant. These electrons hit the screen within an annular 
area with radii r, and r, dr •. So the current density j(r.) in the spot is given 
by 

A ( e ([Jt)' d([Jr j(r.) = exp - ····- -. 
2 :n; r, k Tc dr. 

(1.10) 

Substitution of eq. (1.8) in eq. (1.10) yields 

j(r.) 
A a/ V, ( e v. a,2 

r8
2

) 
---exp ------ . 

:n; ro2 k Tc ro2 
(1.11) 

From (1.11) we find that the width D, i.e. the diameter of the ring at which 
the current density is 1/e of its value at the centre of the spot, is given by 

_ 2 ro (kTc)
112 

D- - . (1.12) 
a. e V, 

1.2.3. The light intensity distribution as measured with a slotted aperture 

The intensity of the light radiated by the screen is proportional to the current 
density j(r,), provided that care is taken that no saturation of the phosphor 
occurs and that the screen is not heated so much that its luminous efficiency 
is reduced. 

The light intensity measurements are carried out with the aid of a slotted 
aperture of width Llx, which is located at a distance x from the centre of the 
spot. The spot is shifted with respect to the slot and the light J(x) passing 
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through the slot is measured in the successive spot positions. From eq. (1.11) 
and fig. 1.2 follows 

J(x) 
n/2 V. 2 2 dfJ 

f ( e s a, x ) 2 Bexp - x Llx--. 
k Tc r0

2 cos2 fJ cos2 fJ 
0 

Integration yields 

J(x) ( 
e v. a/ x2

) 
Cexp --~--2- Llx; 

k Tc ro 
(1.13) 

B and C are constants, i.e., they are independent of x. 
For the distance between the points at which the light output measured is 

lfe of its maximum value we find the same value as for the width D of the 
current density distribution in the spot defined in the preceding subsection. 

---t---,..- I -- ...... , 
_./' ' 

/ 

1/ rde 
I 

I 
I 

1 de / 
/ ~r 
: r/t' 

J_ ~~---~-~---f ':'j-. 
I . 
I j.- X 

I 
\ 
\ 
\ 

\ 

' ' ', I "' ' .... '---1---...... 

--slot 

' ' rae 
} C0$8 

\ 
\ 
\ 
I 
I 

---1-
1 
I 
I 
I 

I 
I 

}-periphery 

1
1 of the spot 

/ 

Fig. 1.2. An illustration of the calculation of the light intensity distribution in the spot as 
measured with the aid of a slotted aperture. 

1.2.4. Figure of merit 

Quantities that are important for the picture quality in television display 
tubes are the width of the spot produced by the non-deflected beam and the 
diameter of the beam in the deflection plane. The product of these two quan
tities divided by the distance from deflection plane to screen is called the figure 
of merit (Q) of the gun: 

2 r1 D 
Q= 

L ' 
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where 2 r1 is the beam diameter in the deflection plane, D the spot width (1/e 
value) and L the distance from deflection plane to screen. For good picture 
quality, Q must be small. With the aid of the calculation of Q which is to 
follow, it will be shown that this quantity is practically independent of the 
exact position of the deflection plane and the focussing coil. 

We can calculate the value of Q if the following three conditions are ful· 
filled: 
(1) there are no aberrations; 
(2) the space-charge repulsion is so small that the electron paths are straight 

lines over the whole distance L; 
(3) the deflection plane coincides with the cathode image. 

Because of the first condition eq. (1.12) may be applied, while IY.s r;/L in 
view of the other two conditions. We then find for the theoretical value of Q: 

Q111 = 4 r0 (k Tcfe V.) 112
, 

where r0 is now the radius of the emitting part of the cathode. In this relation 
the position of the focussing coil does not occur. In practice the deflection 
plane is in the vicinity of the cathode image so that (see fig. 1.1) a small change 
in the position of the focussing coil, which gives a shift of the cathode image, 
does hardly affect the figure of merit. As we want to compare the theoretical 
value of the figure of merit with experiments, we take for the experimental 
value of Q: 

where Dex is the measured value of the spot width. 
In the following we shall refer to 2 rdL as the beam angle, even if condi

tions (2) and (3) are not fulfilled, so that it is not equal to 2 rxs. 
We are now interested in the ratio QexfQ111 • In order to determine this ratio, 

we must know the magnification rtfr0 • An obvious method to find the magni
fication is to make two scratches on the emitting layer of the cathode and to 
measure the distance of their images in the deflection plane by producing the 
image of this plane on the screen with a magnetic coil. However, at normal 
cathode temperatures, these scratches can no longer be seen in the image. We 
have therefore proceeded in the following way. First Qex is determined by 
measuring Dex and r;/L (sec. 1.3). Then, for the calculation of Q111, r0 is deter
mined from the potential field near the cathode as measured by means of a 
resistance network (sec. 1.4). 

1.3. Measuring set-np 

1.3.1. The gun and its electrical arrangement 

The investigation was carried out on the gun of a television picture tube, 
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type A W53-88. Normally, in this tube electrostatic focussing is used. But, since 
we wanted to eliminate in our experiments aberrations caused by the focussing 
lens as much as possible, we have used magnetic focussing. The screened 
magnetic coil has an inner diameter of 45 mm. Its spherical aberration could 
be calculated 1 - 2) and proved to contribute only 5 per cent to the spot width 
for the widest beam used in our experiments. The distance from the gap of the 
focussing coil to the cathode was taken so large (57 mm) that there is no magnetic 
field in the cathode region. 

A schematic representation of the A W53-88 gun is shown in fig. 1.3. The 
beam current is controlled by a positive voltage Vc on the cathode. The first 
grid or wehnelt is driven by a pulsed voltage to keep the average beam current 
so low that no severe heating of the screen occurs. The arrangement is such 
that during a short part of the period the wehnelt is at earth potential, while 
during the remainder of the period it is kept negative and the tube is cut off. 

--final ancde 

Dimensions in mm 

Fig. 1.3. Schematic representation of the A W53-88 gun. 

The pulse duration is variable between 2 and 8 fLS. The maximum value of this 
pulse length is determined by the requirement that the phosphor must not be 
saturated. The pulse repetition frequency was always equal to the mains fre
quency, so that the spot on the screen did not move irrespective of stray magnetic 
fields. The anode is kept at 300 volts and the final anode at 15 kV. These poten
tials are measured with respect to earth potential. 

1.3.2. Measuring the width of the light intensity distribution 

A schematic representation of the measuring set-up is shown in fig. 1.4. The 
spot is projected onto a plate with a slot about 40 microns wide. The light 
passing through the slot falls on a photomultiplier, the signal of which is fed 
to a recorder. 
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Fig. 1.4. Schematic representation of the measuring set-up. 

First the current through the focussing coil is adjusted such that the intensity 
in the centre of the spot is maximal. Then the spot is made to shift by 50 steps 
of equal magnitude in a direction perpendicular to the long side of the slot. 
The light intensity distribution J(x) is written on the recorder chart in the shape 
of a stepped curve. The 'Yidth Dex can be determined from this curve. 

In fig. 1.5, log J is plotted versus the square of the spot displacement. In 
accordance with eq. (1.13), this graph is a straight line. It should be noted that 
this does not prove that the imaging is purely paraxial. It will be shown in the 
following that aberrations occur indeed. Apparently a fairly substantial depar
ture from paraxial behaviour does not spoil the shape of the curve. The fact 
that we always find an exponential distribution means that by making the 
intensity in the centre of the spot maximal we have also adjusted for minimum 
spot width. 

2 
0 50 100 150 200 250 300 350 4()0 

- x2 (arbitrary units) 

Fig. 1.5. The light intensity J(x) (in arbitrary units) as measured by the photomultiplier 
plotted versus the square of the displacement of the spot with respect to the slotted aper
ture (x2). 
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1.3.3. Measuring the beam angle 
To measure the beam angle 2 rtfL, we use a wire grid (pitch 90 microns, 

thickness of the wires 15 microns). The distance of this grid to the screen is 
217 mm. The wire grid can be imaged on the screen by a magnetic coil which 
is fitted around the tube between this grid and the screen. The beam diameter 
at the grid can now be found by counting the number of grid wires visible. 
Since the grid pitch and the distance from the grid to the screen are known, 
rtfL can be calculated. 

If the grid is not located exactly in the cathode image, the ratio r;/L is not 
the same as. when the grid would coincide with the cathode image. This is due 
to the beam spread caused by the initial velocities, as is apparent from fig. 1.1 
and to curvature of the rays by space charge. For reasons already explained 
in sec. 1.2.4, the position of the cathode image can only be determined at low 
cathode temperatures. By doing this at various temperatures and extrapolating 
the results towards normal cathode temperature and by calculating the curva
ture of the electron paths, we were able to ascertain that the error mentioned 
is certainly smaller than 5 per cent. 

In addition we must be sure that the electron paths near the wire grid are 
neither curved by the field of the focussing coil nor by that of the imaging coil. 
The distances of both coils from the wire grid were, therefore, taken large 
enough to avoid such field penetrations in the grid region. 

It should be taken into account that the beam radius in the wire grid deter
mined with the aid of the visual method mentioned above depends on the pulse 
length used. For each point of the cathode the average current density is pro
portional to this pulse length. When the cathode is imaged on the screen, only 
those points where the average current density exceeds a certain threshold value 
will become visible, and as a consequence the beam radius measured depends 
on the pulse length. 

It will therefore be evident that when the experimental figure of merit is 
compared with the calculated one, we have to use for r 0 (cf. sec. 1.2.4) the 
distance from the centre of the cathode to a point where the average current 
density corresponds to the threshold value of visibility at the pulse length used. 
The determination of this value of r0 is the subject of the following section. 

1.4. The radius of the emitting area of the cathode 

The dimensions of the gun under examination are shown in fig. 1.3. We shall 
determine the radius of the emitting area of this gun for the operating condi
tions specified in sec. 1.3.1. For this purpose we consider the potential field in 
the absence of beam current. In the following this field will be denoted as 
Laplace field or electrostatic field. When the initial velocities of the electrons 
emitted by the cathode are left out of consideration, the radius of the emitting 
area is given by the condition that at the edge of the emitting area the Laplace 
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field strength must be zero. This radius is called the geometrical radius of the 
emitting area, R0 • As remarked in the preceding section, the visual radius r0 

of the emitting area depends on the pulse length, and is therefore not equal to 
the geometrical radius R0 • We shall first deal with the determination of R0 and 
then investigate what correction should be applied to find r0 • 

1.4.1. The geometrical radius of the emitting area 

The Laplace field strength at the cathode of an axially symmetric electrode 
system is a linear function of the electrode potentials: 

(1.14) 

where Vc, Va and Ve are the potentials of cathode, anode and final anode 
respectively (cf. :fig. 1.3). The wehnelt is assumed to be at zero potentiaL The 
functions fc, fa and fe can be determined with the aid of a resistance-network 
analogue. When these functions are known, the geometrical radius R0 can be 
calculated for any value of Vc: it is that value of r at which E(r) 0. The 
points in fig. 1.6 give values of R0 obtained in this way. 

We shall now derive simple formulas for R0 and E(r) that are valid for the 
whole range of values of Vc used. Because of the axial symmetry of the elec
trode systemfc, fa and j~ are functions of r 2

, which we break off after the 
second term: 

For :fixed values of Va and Ve we find the geometrical cut-off voltage V0 as 
that value of Vc for which E(O) = 0. Thus 

Vat+ Ve V 
Vo=----

qc 

.Y I 

.~ .........., 
,I l""'o-... I 

! ~ 

" ' \ 
\ ri'40 

t 
10 20 30 40 50 

-~{:(volts) 

Fig. 1.6. The radius R 0 of the emitting area as a function of the cathode voltage Vc. The 
points were derived from network measurements. The curve is calculated with the aid of eq. 
(l.l8). 
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From eq. (1.15) and £(R0 ) 0 we obtain 

V0 Vc V0 - Vc 
Ro2 = -----------

(s Va + u Ve)/qc + (Pcfqc) Vc a + b Vc 
(Ll6) 

and 

E(r) qc (Vo- Vc) ( 1-;:2 ) =Eo ( 1- ~:) ( 1-;:2 ), (1.17) 

where E0 is the field strength at the centre of the cathode for Vc 0. In order 
to calculate a and b of eq. (1.16), we first approximatefcJa and/., by parabolic 
functions; a and b can be calculated from the coefficients of these parabolas. 
By doing so, we obtain for our gun: 

7·9 Vc 
, (1.18) 

R0 being expressed in mm. This equation is represented by the curve in fig. 1.6. 
It was found to be a good approximation for values of Vc from 5 volts up to 
V0 = 50·45 volts, the maximum deviation in that region being 4 per cent. 

1.4.2. Effect of constructional inaccuracy and contact potentials on R0 

It is practically impossible to make the gun under investigation exactly 
identical to the model used in the measurements on the resistance network. 
The most critical distance is the cathode-to-grid spacing. We have investigated 
with the aid of the network the effect of small variations of this distance. The 
main effect appeared to be a change of the geometrical cut-off voltage V0 , 

whereas the coefficients a and bin eq. (1.16) showed only minor variations. In 
addition, the various contact potentia~s will result in changes of the electrode 
potentials. The variation in V0 due to this effect can be of the order of a few tenths 
of a volt. Since b is small with respect to a and since a and b are only slightly 
affected by a small deviation from the face values, the only effect of construc
tional inaccuracy and contact potentials on the geometrical radius of the emit
ting area is a change of V0 in eq. (1.16). Because of the initial velocities of the 
electrons emitted by the cathode, the value of V0 for the gun under test cannot 
be found with the aid of the condition that the beam current should be zero at 
Vc = V0 • However, for calculating the visual radius of the emitting area, we 
are not interested in the precise value of V0 , as will appear in the following 
subsection. 

1.4.3. The visual radius of the emitting area 

In order to be able to calculate r 0 as a function of Vc we determine first the 
visual cut-off voltage Vv~> i.e. that value of Vc for which r0 = 0. This is done 
by imaging the cathode on the screen in the way described in sec. 1.3.3 and 
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determining the value of the cathode potential at which the image becomes 
invisible. The values found are listed in table 1-I, last column. To calculate r 0 , 

we have to distinguish between two possibilities: 

In this case the Laplace field strength at the cathode is positive everywhere 
when Vc = Vv1• Since farther away from the cathode the potential rises again, 
the potential must have a minimum in front of the cathode. The value of this 
minimum on the axis we call V min• so that the depth of this point below the 
cathode potential is Vv1 - Vmin· 

For a value of Vc smaller than V0 , there is still a region on the cathode 
surface in front of which an electrostatic potential trough exists, viz. at values 
of r larger than the geometrical radius of the emitting area (R0). The depth of 
this trough is zero ar r R0 and increases with increasing r. Now we find 
that value of r for which the depth of the trough is again equal to Vv1 - Vm1n 
and this r we assume to be the visual radius of the emitting area (r0 ). In the 
calculation we assume that eqs (1.17) and (1.18) are valid: thus r 0 is calculated 
for values of Vc 5 volts. 

The potential in the vicinity of the centre of a flat cathode in an axially 
symmetric electrode system is given by 

If z 0, we get: 
(1) V = Vc, and hence a0 = Vc, 
(2) -(o Vjoz),=o E(O), and hence a1 = -E(O), 

(3) -(oVfoz)r=Ro= 0, and hence a2 E(O)/R0
2

, 

(4) from Laplace's equation then follows: a3 = -2 E(0)/3 R 0
2

, 

so that eq. (1.19) may be written as 

(1.19) 

V = Vc - E(O) z ( 1 (1.20) 

or, using eqs (1.16) and (1.17), as 

E 
V Vc 

0 
z {(Vo- Vc) + (f Z 2 - r 2

) (a + b Vc)}. (1.21) 
Vo 

Now we calculate the potential minimum on the axis for Vc = Vv1• Equa
tion (1.21) gives for the depth of this minimum: 

2 Eo ( Vvi - Vo )
112 

Vvi Vmin = (Vvi- Vo) ~- · 
3 V0 2 (a+ b Vv1) 

Finally we calculate for an arbitrary value of Vc that value of r for which the 
potential at the minimum equals Vc- (Vv1 - Vm1n). Thus we find for the 
radius of the emitting area 
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(
a + b Vc)1

'

3J]· 
a+bVv1 

The first factor of the right-hand member is the same expression as occurs in 
eq. (1.16), except for the fact that the geometrical cut-off voltage is replaced 
by the visual one. The second factor gives a correction of about 1 per cent over 
the whole range of values of Vc, so that it may be disregarded. Therefore, in 
evaluating the experimental data, r0 (in mm) is calculated by means of the 
formula 

(2) V.1 < V0 

Vvl- Vc 
ro2=-----

368 + 7·9 Vc 
(1.22) 

In this case the field strength at the centre of the cathode is negative at 
Vc = Vvi· This field strength will be designated by £.1• Since in the case of a 
negative field strength at the cathode the current density is determined by the 
field strength, we now find r0 with the aid of eq. (1.17) and the condition that 
for r r0 the field strength at the cathode should be Evt· The result of this 
calculation is again given by eq. (1.22). 

The preceding calculations show that we need not be interested in the value 
of V0 , since r0 is always determined by eq. (1.22) in which V0 does not appear. 

1.5. Comparison of measured and calculated figures of merit 

1. 5.1. The experimental results 

Table 1-I shows the results of the experiments performed as described in the 
preceding sections. From these data we calculate the visual radius r0 of the 
emitting area with the aid of eq. (1.22). Next the theoretical value of the figure 
of merit Q1h = 4 r0 (k Tcfe Vs)i 12 with Tc 1310 °K and Vs = 15 kV is calcu
lated. Then the experimental value of the figure of merit is -determined by 
Q.x = 2 Dex rtfL with L 217 mm. The results are given in table 1-II. In the 
last column of this table the differences of the two values of Q are given as 
a percentage of the theoretical value. They are also shown in fig. 1. 7 by the 
drawn curve. 

In order to determine what part of the deviation found at high beam current 
is due to space charge we have, starting from the situation that I = 730 [LA, 
decreased the beam current by lowering the cathode temperature, while all the 
voltages on the electrodes were kept constant. For several values of the beam 
current, (Qex- Q1h)/Q1h was determined again. The dashed curve in fig. 1.7 
shows the results. The slight decrease of Q1h owing to the lowering of the 
cathode temperature was taken into account; r0 proved to remain practically 
constant. 
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TABLE 1-1 

' 
cathode beam spot pulse beam visual 
voltage current width length diameter cut-off 

2r1 voltage 

Vc I Dex (number of Vvl 

(volts) (f,tA) (mm) ([LS) grid wires) (volts) 

(sec. 1.3.2) (sec. 1.3.1) (sec. 1.3.3) (sec. 1.4.3) 

6·5 850 0·513 2 32 46·8 
0·526 

8·5 730 0·477 2 28·5 46·8 

10·5 630 0·438 2 27·5 46·8 
0·472 

12·5 540 0·452 2 26 46·8 

14·5 450 0·436 2 25 46·8 
0·438 

18·5 310 0·415 2 22·5 46·8 
0·417 

22·5 206 0·414 2 20 46·8 

26·5 132 0·404 2 17·5 46·8 

30·5 72 0·430 I 2 15 46·8 

34·5 38 0·429 I 4 12·5 47·1 

38·5 15 0·433 8 10 47·6 

200 4lXJ 600 800 1000 
-I(pA) 

Fig. 1.7. Relative deviation of the experimental figure of merit from the calculated value: 
--- cathode drive (Tc = 1310 °K), -- --- -- heater drive (Vc 8·5 volts). 
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TABLE 1-II 

beam radius of figure of merit deviation 
current emitting area 

experimental theoretical Q.x- Qth 
----

I ro Qex Q,h Q,h 
(tJ.A) (mm) (mm rad.103) (mm rad.103) (%) 

850 I 0·311 

I 
6·81 3·41 100 

I 6·99 

I 

105 

730 0·297 5·65 3·26 73 

630 0·284 5·00 3·12 60 
5·28 69 

540 0·271 4·88 2·98 64 

450 0·258 4·52 2·83 59 
4·54 60 

310 

I 
0·235 3·88 2·58 50 

3·90 51 

206 0·211 3·43 2·32 48 

132 0·187 2·93 2·05 43 

72 I 0·164 I 2·68 1·80 49 

38 0·140 2·22 I 1·54 44 

15 0·116 1·80 1·27 42 

1.5.2. Discussion of the results 

In order to explain the measured deviations from the theoretical values of the 
figure of merit, let us first make a list of the various causes there may be: 

(1) Chromatic aberration. When deriving Helmholtz-Lagrange's law we sup
posed that all electrons left the cathode with the same axial velocity component. 
Actually there are differences of the order of a few times 0·1 e V. Electrons with 
different initial velocities will have different paths. The differences between 
these paths will be greater if the potential is low over a larger region. Our con
clusion must therefore be that chromatic aberration may especially be expected 
when the cathode voltage is near the cut-off voltage. 

(2) In the derivation of Helmholtz-Lagrange's law in sec. 1.2.1, use was made 
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of the paraxial ray equations (1.2) and it was found that these equations are 
valid in the vicinity of the cathode if the relative potential variation across the 
beam is small. We shall now examine the validity of these equations near the 
cathode. Since, according to eq. (1.21), there exists a parabolic relation between 
the potential and r, the condition that the relative potential variation across 
the beam be small is not satisfied for electrons emitted from a point near the 
edge of the emitting area. When the tube is nearly cut off, also another effect 
must be taken into account. Let us consider an electron emitted from the axis 
with a large transverse velocity. Owing to the small field strength at the cathode 
this electron penetrates into a region where the potential is much lower than 
on the axis and this means that eqs (1.2) are not valid. Deviations of the 
measured figure of merit with respect to the theoretical value caused by the 
effects described just now will be denoted as "spherical aberration of the cath
ode lens". From the qualitative arguments used above, it appears that this special 
kind of spherical aberration is greatest when the tube is nearly cut off. 

(3) Apart from this effect, also the ordinary type of spherical aberration may 
exist. It is large if the outer rays of the beam are close to the wehnelt. This 
happens when the beam is thick, i.e. when Vc Vv1• 

(4) Space charge may cause also spherical aberration. In a dense beam this 
aberration could only be avoided if the beam were homocentric and homo
geneous, which is not the case in a cathode-ray tube. Of course, this kind of 
spherical aberration does not occur when the current density of the beam is 
small. 

(5) Finally, the electron trajectories between the wire grid and the screen are 
curved in the presence of space charge. This makes that r;/L is no longer equal 
to as. This also gives a deviation of Qex from Qt11 • 

Let us next consider the three cases indicated by circles in fig. l. 7. In table 1-III 
we have denoted by means of crosses which of the five possible causes of the 

TABLE I-III 

cathode voltage (volts) 38·5 8·5 8·5 
cathode temperature CK) 1310 1310 1063 
beam current (!J-A) 15 730 110 
(Qex Qtlt)/Qtlt (%) 42 73 26 

(I) chromatic aberration X 

(2) spherical aberration at cathode X X X 

(3) normal spherical aberration X X 

(4) spherical aberration by space charge X 

(5) ray curvature by space charge X 
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deviations found may give a contribution in each of these cases. Comparing 
the last two columns we see that the greater part (47%) of the deviation at a 
beam current of 730 fl.A is due to space charge, while only a minor portion 
(26 %) of it can be attributed to the spherical aberration in the gun. It has 
already been mentioned in sec. 1.3.1 that the aberrations of the focussing lens 
can be neglected since a very wide magnetic lens was used. 

Because the normal spherical aberration has such a small effect when the 
beam is wide (less than 26 per cent), we may conclude that it is negligible in 
a narrow beam (first column). Therefore at small beam current, if obtained at 
normal cathode temperature by raising the cathode voltage, the deviation of 
42 per cent found can only be due to chromatic aberration and/or the special 
kind of spherical aberration arising from the way in which the beam current 
is controlled in a cathode-ray tube (spherical aberration of the cathode lens). 
Because these two kinds of aberration are both decreasing as the cathode 
voltage is lowered, we cannot conclude what the separate contribution of either 
of them is. A calculation of the effect of chromatic aberration might give an 
answer to this question. 

REFERENCES 
1- 1) J. C. Franckcn and R. Dorrestcin, Philips Res. Repts 6, 323-346, 1951. 
1- 2) W. Glaser, Grundlagen der Elektronenoptik, Springer, Vienna, 1952, p. 416. 
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2. VELOCITY SELECTION AFFECTS THE LANGMUIR EQUATION 

Abstract 

In most cathode-ray tubes the current density at the cathode is a de
creasing function of the distance to the axis. Since then the potential 
field in front of the cathode is curved, velocity selection by this field 
may occur and we need not find a Maxwellian transverse-velocity dis
tribution with cathode temperature for the beam electrons at emission. 
This will lead to deviations from the usual Langmuir equation. In a 
situation representative of the retarding-field region of the beam-cur
rent characteristic, the transverse-velocity distribution is calculated for 
a rotation-symmetrical gun provided with a flat cathode. The distribu
tion function found is Maxwellian, but its temperature is about 20 per 
cent below cathode temperature. This means that the theoretical value 
of the maximum current density in the focussed spot is about 20 per 
cent higher than the value we should have found from the usual Lang
muir equation for cathode-ray tubes. 

2.1. Introduction 

The paraxial-imaging properties of a cathode-ray tube are shown 2 - 1) in 
fig. 2.1. The following two experimental methods have been used to examine 
the deviations with respect to this paraxial behaviour: 

r axis 

I 
I 
I 
I 
I 
I 

cathode. cross-o~~~~r 
temperature 

7C 

Fig. 2.1. Schematic representation of the paraxial-image formation in a cathode-ray tube: 
1 is the path of an electron emitted from the cathode with zero transverse velocity; 2 and 
3 are trajectories of electrons emitted from the cathode with a transverse velocity equal to 
(2 k T/m) 112 where Tis the temperature of the Maxwellian transverse-velocity distribution 
at the cathode of the electrons creating the spot on the screen; r 0 is the radius of the emitting 
area;rs is the radius of the spot (1/e value). 

(1) The experimental value of the current density in the centre of the spot is 
compared with the value of this current density according to the well
known Langmuir equation 

iso = Jc (l + e V./k Tc) sin2 ex., 

where k is Boltzmann's constant, 
Tc is the cathode temperature in °K, 
e is the charge of the positron, 
Vs is the potential of the screen, 

(2.1) 
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j 50 is the current density in the centre of the spot, 
jc is the average current density at the cathode of the electrons 

which create the spot on the screen. 
(2) The experimental value of the figure of merit is compared with the theo

retical value. The figure of merit has been defined in sec. 1.2.4 and we have 
derived with the aid of paraxial theory that the theoretical value of this 
quantity is given by 

(2.2) 

where r0 is the radius of the emitting cathode area. 

In the derivation of eqs (2.1) and (2.2) it is necessary to suppose that the 
current of electrons passing the Epstein minimum in front of the cathode and 
creating the spot on the screen, emitted with transverse velocities between 
(2 e t/Jtfm)112 and {2 e (t/Jt + d4Jt)fm }112 is given by 

(2.3) 

where *) A I ejk Tc and I is the current impinging on the screen. This 
assumption gives rise to the cathode temperature appearing in eqs (2.1) and 
(2.2). When discussing the deviations of the experimental imaging properties 
of a rotation-symmetrical electrode system from the theoretical properties, it 
was always supposed that eq. (2.3) is valid It is shown in sec. 2.2 that 
eq. (2.3) will not necessarily apply to an electrode system with rotational sym
metry. This is due to the fact that the depth of the space-charge minimum in 
front of the cathode and also its distance to the cathode are increasing func
tions of the distance to the axis of the system. We shall calculate the transverse
velocity distribution at the cathode for. the electrons passing this curved poten
tial barrier in front of the cathode and creating the spot on the screen. For this 
purpose the velocity distribution of all electrons emitted from a fiat cathode is 
derived in sec. 2.3. Then, starting from this distribution function, we find in 
sec. 2.4 the transverse-velocity distribution at the cathode for the electrons pass
ing the potential barrier in front of the cathode. Finally, in sees 2.5 and 2.6 
this transverse-velocity distribution is calculated and discussed. 

2.2. Electron emission under space-charge conditions 

Under usual operating conditions the gun of a cathode-ray tube is used in 
the space-charge region of the beam"current characteristic. To obtain some 
insight into the space-charge field in the vicinity of the cathode we first consider 
a planar diode and then a rotation-symmetrical gun. 

*) See also appendix. 
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Fig. 2.2. Potential distribution in a planar diode; (a) electrostatic potential distribution; 
(b) potential in the case of electron emission under space-charge conditions. 

2.2.1. Planar diode 

Figure 2.2a shows the electrostatic potential distribution in a planar diode 
while the potential in the case of electron emission under space-charge condi
tions is shown in fig. 2.2b. The space-charge minimum in front of the cathode 
is caused by the fact that electrons are not emitted with zero velocity but with 
certain finite velocities. Only electrons with initial velocities in the z direction 
greater than or equal to the velocity corresponding to the depth of the space
charge minimum reach the anode. The depth of the minimum (Vm) and its 
distance to the cathode (zm) can be calculated with the aid of Langmuir's 
theory 2

-
3
). Both V.n and Zm are determined by the saturation current density 

of the cathode, the cathode temperature and the current density reaching the 
anode. If this last current density, which is a function of Va, decreases, Vm 
and zm increase whereas Va decreases. Hence, the electrostatic field strength at 
the cathode increases. It was already remarked that the possibility for electrons 
to pass the space-charge minimum is determined only by the axial emission 
velocity. Then it can be shown that eq. (2.3) is valid (sec. 2.3). 

2.2.2. Rotation-symmetrical gun 

A schematic representation of a rotation-symmetrical gun is shown in fig. 2.3. 
We first consider the case Vc 0. Due to the positive anode potential Va 
there exists a negative electrostatic field strength at the cathode. This field 
strength is minimum at the axis and increases with increasing values of r. 
When the cathode potential Vc increases, the electrostatic field strength at the 
cathode increases. The positive value V0 of Vc which gives zero field strength 
at the centre of the cathode is called the cut-off voltage of the gun. The geo
metrical radius of the emitting area (R0 ) is given by the condition that at the 
edge of the emitting area the electrostatic field strength must be zero (so, at 
Vc = V0 we get R0 = 0). Under usual operating conditions of the gun the 
potential Vc has values between 0 and V0 • Since the electrostatic field strength 
at the cathode increases with increasing r, we find, according to sec. 2.2.1, that 
the current density at the cathode of the electrons creating the spot will decrease 
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Fig. 2.3. Schematic representation of a rotation-symmetrical gun; Vm and Zm are the depth 
of the space-charge minimum in front of the cathode and its distance to the cathode, re
spectively. 

with increasing values of r. This means that in a rotation-symmetrical gun Vm 
and Zm will increase when r increases. Figure 2.3 also shows the potential distri
bution under space-charge conditions for r 0 and a positive value of r and 
in addition the position of the space-charge minimum as a function of r. It 
will be clear that, partly due to the focussing action of this curved space-charge 
field in front of the cathode, the possibility for an electron to pass the space
charge minimum is not only dependent on the axial initial velocity, as in the 
case of a planar diode, but is determined by the position of the point of emis
sion (r) and by direction and magnitude of the total emission velocity. 

In a situation which will be specified in sec. 2.4 we shall calculate the trans
verse-velocity distribution at the cathode of a rotation-symmetrical gun for the 
electrons creating the spot on the screen. For this purpose we need the velocity 
distribution of all electrons at emission from a flat cathode. 

2.3. Velocity distribution in the case of thermal electron emission from a flat 
cathode 

To derive the velocity distribution for electron emission from a flat cathode 
we consider fig. 2.4. The following symbols will be used: 
e (/)"is the work function of the cathode; 
e t/Jf is the energy of the Fermi level; 
tP', tPx', t/Jy' and tP/ are the potentials corresponding to the total velocity and 
the velocity components of an electron inside the cathode, thus t/J' = t/Jx' + 
+ t/Jy' + tPz'; 
tP, tPx, Wy and t/Jz are the potentials corresponding to the total velocity and 
its components of the emitted electron, hence tP = tPx + tPy + t/Jz. 

Since the cathode is flat the following relations hold: 
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e rjf. 

Fig. 2.4. An illustration of the calculation of the velocity distribution in the case of thermal 
electron emission from a flat cathode. 

Therefore, if quantum-mechanical reflections are disregarded, the axial cur
rent density dj{<Pz) of electrons emitted with an axial velocity smaller than 
(2 e <l>zfm) 112 is given by 2

-
4

) 

where h is Planck's constant, while vx and v:v are the velocity components of 
the emitted electron in the x and the y direction, respectively. The integral in 
eq. (2.4) equals 

k Tc l + exp(-0) 
In , 

e 1 + exp( -0') 

where 0 = (<f>u + <f>x + <f>:v) efk Tc 

and 

Both 0 and 0' are large with respect to 1 (for an L-cathode, 0 and (}' > 20) 
and this means 

1 + exp(-0) 
In R::l exp(-0) -exp(-0'). 

l + exp(-0') 

Substitution of this result in eq. (2.4) gives 

2 e2 m2 k Tc 
dj(<P.) dvx dv:v- {exp(-6) -exp(-0')}. (2.5) 

h3 e 

Now the current density dj of electrons emitted with velocity components in 
the interval 

[vx,vx+dvx; V:v,V:v dv:v; (2e<Pzfm) 112,{2e(<f>z+d<Pz)fm}112 ] 

is found by differentiation of the right-hand side of eq. (2.5) with respect to 
<Pz. We find that 

dj 
2e2 m2 

--exp(-e <l>ufk Tc)exp{-(<f>x + <f>v 
h3 
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The saturation current density of the cathode is obtained from eq. (2.5) by 
integration over vx and vy from -oo to oo at (/Jz oo. The result of this 
integration is 

so that 

4 n m e (k Tc) 2 

-----exp(-e (/Jufk Tc), 
h3 

exp( -e (/J u! k Tc) j. 

h3 4 n m e (k Tc)2 

In virtue of this result and the energy relation t m v2 = e (/J, eq. (2.6) becomes 

dj ___.!.:._ __!!!___ Vz exp{ -m ( v/ + Vy 2 + Vz 
2)/2 k Tc} dvx dvy dvz. 2. ( )2 

1t 2kTc 
(2.7) 

We remark once more that the z direction is the direction perpendicular to the 
cathode surface. Since for the purpose of our problem we are interested in the 
transverse-velocity distribution, the velocity v at emission is characterized with 
the aid of the coordinates vu v. and {} and the velocity distribution (2. 7) is 
transformed to this new coordinate system (see fig. 2.5, where the xy plane 
coincides with the cathode surface while the point of the cathode taken into 
consideration is situated on the x axis). It is seenfromfig.2.5 that vx -vt cos{}, 
v" vt sin {} and vz = vz. Calculation of the Jacobian for this transformation 
leads to 

and so the result of the transformation of eq. (2.7) is as follows: 

dj -· -- exp(-m v2f2 k Tc) dv/ dv,2 d{} 
j ( m )z , 

2n 2kTc 

X 

Vx 
-----------------~ 

/,.,. ,?/ l 
// /,. I 

' ' I 
Vt V : 

y 

I 
~~-------r--~~ 

z 

Fig. 2.5. The transformation of Vx, v, and tlz to v,, fJ and v •. 
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or, expressed in potentials, 

dj = -• -. exp(-e l/Jfk Tc) dl/Jz dl/Jt dD. i ( e )2 
2 1i k Tc 

(2.8) 

Now we return to the planar diode under space-charge conditions. It will be 
clear that to find in this case the velocity distribution for the electrons passing 
the space-charge minimum, we have simply to replace IPu by IPu Vm in the 
derivation given above. This means that in eq. (2.8) is exp(-e Vmfk Tc) takes 
the place of is· Then the transverse-velocity distribution is found by integration 
of eq. {2.8) over 1} from 0 to 2 :n: and over l/Jz from 0 to oo. This integration 
gives 

e 
dj = j. exp(-e Vmfk Tc) exp(-e l/Jtfk Tc) dl/Jt. 

k Tc 

At a planar diode current densities may be replaced by currents and since 
is exp(-e Vmfk Tc) is the current density reaching the anode, we find for the 
current I passing the space-charge minimum in front of the cathode 

le 
d/ = -- exp(-e Wtfk Tc) dl/Jt 

kTc 

and thus we have derived eq. (2.3) for space-charge-limited emission in a planar 
diode. 

Because of the curvature of the space-charge field in front of the cathode of 
a rotation-symmetrical gun it is not allowed to derive in this case the trans
verse-velocity distribution at the cathode for the electrons passing the minimum 
in the same way as for the planar diode. The calculation of this distribution 
function will be discussed in sec. 2.4. 

2.4. Transverse-velocity distribution for a rotation-symmetrical gun 

To arrive at the transverse-velocity distribution for a gun we start from 
eq. (2.8). The x axis in fig. 2.5 will coincide with the r axis in fig. 2.3, while 
the cathode surface in fig. 2.3 coincides with the xy plane. Since the problem 
has rotational symmetry it is sufficient to consider electrons starting from the 
x axis. It is found with the aid of eq. (2.8) that the total current di emitted 
within an annular area with radii r and r dr and in the interval 

is given by 

dl = dl/Jtis (-e-)
2 

exp(-e l/Jtfk Tc) dl/Jz df} r dr. 
kTc 

Now, the current d/ of electrons having at the cathode transverse velocities 
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between (2 e f/>t!m) 112 and {2 e (f/>t + df/>t)fm }112 and passing the space-charge 
minimum in front of the cathode is derived from this equation by integration 
over 

f/>z from f/>z 1(r, f/>t,l}) to oo, 
f} from 0 to 2 n, 
r from 0 to oo, 

where f/>z 1(r,f/>t,f}) is the potential corresponding to the axial emission velocity 
of the electron emitted at a distance r from the centre of the cathode under 
an angle f} (see fig. 2.5) and just passing the potential barrier in front of the 
cathode. As the distribution (2.8) is symmetrical about f} = n the integration 
gives 

From now on (2.9) will be denoted as transverse-velocity distribution. The 
problem remaining is to calculate the function f/Jz 1(r, f/>t, fJ). For this purpose the 
space-charge field in front of the cathode must be known. 

In sec. 2.1 we have already mentioned some properties of the space-charge 
field near the cathode: the depth of the potential minimum (Vm) and its distance 
to the cathode (zm) are increasing functions of r. However, to calculate the 
function f/>z 1(r,f/>r.f}) we need the potential distribution in the vicinity of the 
cathode and this means that Poisson's equation with an initial velocity distri
bution according to eq. (2.8) must be solved. As this problem is very complicated 
we shall calculate the function f/>.;(r,f/>uf}) for another field in front of the 
cathode, however, with properties analogous to those of the space-charge field, 
i.e., V, and Zm will be increasing functions of r. To this end we consider the 
electrostatic field near the cathode of the gun shown in fig. 2.3 with a cathode 
potential Vc greater than the cut-off voltage V0 • In this case the field strength 
at the centre of the cathode is positive while for greater values of z the axis 
potential is an increasing function of z, which means that the axis potential 
has a minimum in front of the cathode. For the same reason there exists a 
potential minimum in front of the cathode off the axis, but due to the greater 
influence of the grid the depth of this minimum as well as its distance to the 
cathode are greater than the values found on the axis. Thus, at Vc > V0 the 
electrostatic field has properties analogous to those of the space-charge field. 
It will therefore be instructive to solve our problem for this field. 

According to eq. (l.21), the electrostatic potential with respect to the cathode 
in the vicinity of the centre of a flat cathode in an axially symmetrical electrode 
system is given by 
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V(x,y,z) (2.10) 

where E0 is the field strength at the centre of the cathode when Vc 0 and 
r 2 = x 2 + y 2

• If Vc > V0 the field strength is positive everywhere at the 
cathode and this means R 0

2 < 0. Then, at the minimum in front of the cath
ode () Vj()z = 0 and with the aid of this condition we find from eq. (2.1 0) 

Zm(r) (
r2 -2Ro2)1/2. 

(2.11) 

Substitution of eq. (2.11) in eq. (2.10) gives 

Vm(r) = IV{zm(r)}l =! c Zm3(r), (2.12) 

where 
-Eo Vo 

c (2.13) 

From eqs (2.11), (2.12) and (2.13) it follows that Vm(r) and Zm(r) are increasing 
functions of r when Vc > V0 • 

Now the function tl>z;(r,C/>t,{}) in eq. (2.9) can be calculated with the aid of 
the well-known equations for the forces acting on an electron in an electric 
field: 

d2x e ()V d 2y e ()V d2z e <W 

dt 2 m ()x dt 2 m ()y dt 2 m ()z 

In virtue of eqs (2.10) and (2.13) and by substitution of 

t' = t (e cfm)l 12 

these equations are altered into 

d2x 
= -2x z, 

dt' 2 

-2yz, 

dx = (_!!!__)
112 

dx ' 
dt' e c dt 

dy (_!!!__)1/2 dy ' 

dt' e c dt 

~ = (_!!!__)112 dz 

dt' ec dt 

(2.14) 

The function C/>z 1(r,C/>1,{J) is found by solving the differential equations (2.14) 
with given initial conditions. To fix these initial conditions we consider an 
electron emitted from the x axis (fig. 2.5) at a distance x(O) = r from the 
origin and at an angle {}, The potential corresponding to the transverse velocity 
v1 of this electron is C/>1• Now 
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and 
v)l (dyfdt)0 = v1 sin {} = (2 e W1/m) 112 sin {}. 

Hence, we find for the initial conditions of eqs (2.14): 

x(O) = r, y(O) 0, z(O) 0, 
(dxjdt')0 -(2 W1/c)112 cos{}, (dyfdt')0 (2 <Prfc)112 sin{}. 

(2.15) 

With the aid of eqs (2.14) and {2.15) the value of (dzjdt')0 for which the elec
tron just passes the potential barrier in front of the cathode can be calculated. 
This value of (dz/dt')0 is denoted by (dz/dt')01, the corresponding potential is 
<P:rt· Therefore 

(2.16) 

For various values of W1 the initial potential <Pz1 is calculated as a function 
of r and {}, Then dljd<Pt versus <Pr is found with the aid of eq. (2.9). 

Owing to the complicated electron trajectories in the cathode region the 
calculation of Wz 1(r,W1,{}) must be carried out with the aid of a computer. In 
this calculation the depth of the potential minimum on the axis and its distance 
to the cathode can be chosen at will. According to eq. (2.11) the value of R0

2 

in eqs (2.14) is determined by the choice of zm(O). Then the value of the con
stant c in eqs (2.15) and (2.16) follows from the value of Vm(O) and eq. (2.12). 
Before discussing the results of the calculation of <Pz1(r,<Pt,{}) in sec. 2.5 we 
must first mention a simple property of eqs (2.14) with initial conditions (2.15). 
Suppose that we have found <Pz1 for a certain set of values of R0

2
, V,(O), <Pro 

r and {}. Then it can easily be verified that we obtain the solution n <Pzi if all 
distances are multiplied by a factor m and all potentials by a factor n (m and 
n > 0). Concluding, we can say that it is sufficient to solve eqs (2.14) with 
initial conditions (2.15) for one value of Vm(O) and zm(O). The solution for all 
other values of Vm(O) and zm(O) then can be derived from this solution as 
described above. 

2.5. Results of tbe calculation of tbe transverse-velocity distribution for a rota
tion-symmetrical gun 

The transverse-velocity distribution for a rotation-symmetrical gun is given 
by eq. (2.9): 

dl e 
- = j. {exp(-e <Ptfk Tc)} f dr2 f exp{-e Wzt(r,<Pt,{})fk Tc} d{}. 
d<Pt k Tc 0 o 

In the calculation of this distribution function we used the properties of an 
L-cathode. Thus, j. 10 A/cm2 and k Tc/e = 0·116 V (Tc = 1350 °K). Fur
ther, V m(O) and Zm(O) are chosen corresponding to values occurring in the space-



-29 

charge region of the beam-current characteristic. In the space-charge region 
Vm(O) and zm(O) can be estimated with the aid of Langmuir's theory for a 
planar diode. We found that Vm(O) 0·5 V and zm(O) = 1·6.10- 3 em are 
reasonable values. For further orientation we state that in fig. 2.3 the grid
hole radius is about 3.10- 2 em while the distance from the cathode to the grid 
is of the order of magnitude of 1 o- 2 em. 

With the aid of the Stevin computer at the Philips Computing Centre, 

(A cm- 2 v- 1) was calculated with an accuracy of about 1% for x(O) = r = 0, 
H1.10- 3 , 1·57.10- 3 and 2·22.10- 3 em at each time for (/Jt = 0, 0·05, 0·10, 
0·20 and 0·40 V. Figures 2.6a to 2.6d show log (dj'/d<Pt) versus (/Jt for the 
values of r mentioned above. In the case of a Maxwellian distribution function 
(eq. (2.3)) we have to find a linear relationship. It can be seen from figs 2.6a 
and 2.6b that for r 0 and r = H 1.10- 3 em the distribution function is 
Maxwellian and it follows from figs 2.6c and 2.6d that the deviations of the 
calculated distribution functions with respect to a Maxwellian one become 
greater and greater when r increases. It is worth while noting that the tem
perature of the calculated distribution functions is not equal to cathode tem
perature. Defining the temperature T of the transverse-velocity distributions 
shown in figs 2.6a to 2.6d as the temperature of the Maxwellian distribution 
functions corresponding to the drawn straight lines (in fact this definition is 
significant only for r = 0 and r 1·11.10- 3 em) we obtain the results given 
in table 2-1. 

r (em) 

0 
Hl.I0-3 
1·57.10- 3 

2·22.10- 3 

TABLE 2-1 

(T- Tc)fTc ( %) 

31 
18 
9 

+ 170 

Thus, the temperature of the transverse-velocity distribution for the current 
density at the cathode of the electrons passing the potential barrier in front of 
the cathode is an increasing function of r, i.e. we have shown a selection of 
velocities by the curved field in the cathode region. In addition, dljdf/>, was 
calculated for <P, 0, 0·05, 0·10, 0·20 and 0·40 V by means of graphical inte
gration of dj'/d<P, over r 2 • For this integration we used the calculated values 
of dj'/d<P, and not the values according to the drawn straight lines in figs 2.6a 
to 2.6d; log (dl/d<P,) versus f/>, is shown in fig. 2.7. The linear relationship 
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Fig. 2.6. Transverse-velocity distribution for the current density at the cathode of the elec
trons passing the potential barrier, for various values of r. 

found shows that this distribution function is Maxwellian. However, its tem
perature is 1108 "K while the cathode temperature is 1350 oK. This means that 
for this case eq. (2.3) does not apply. When using eq. (2.3) here the temperature 
Tc must be replaced by a temperature 18% below Tc. Hence, in eqs (2.1) and 
(2.2) this lower temperature must also take the place of Tc. Consequently the 
theoretical value of the figure of merit is about 10% less than that according 
to eq. (2.1) and, since for cathode-ray tubes e V,/k Tc » 1, the theoretical 
value of the current density at the centre of the spot is 20% greater than the 
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Fig. 2. 7. Transverse-velocity distribution at the cathode for the current of electrons creating 
the spot on the screen. 

value we should have found from the Langmuir equation for cathode-ray tubes 
in the usual form (eq. {2.1)). It will be clear that there are no objections to 
eq. (2.1) for systems with a homogeneous current density distribution at the 
cathode, as is the case, for instance, in a Pierce gun. ThenJc in eq. (2.1) must 
be replaced by jc when jc is the current density at the cathode. 

2.6. Final remarks 

Although the calculations presented in this chapter are not representative of 
the space-charge region of the beam-current characteristic, they will be so for 
the retarding-field region, for then the behaviour of the gun is determined by 
the electrostatic field in front of the cathode, the distribution function for which 
has been calculated here. Also in the retarding-field region eq. (2.3) would have 
been used in the past. It has been clearly shown that this is impermissible: the 
well-known Langmuir equation and eq. (2.2) are not valid. In other situations 
the validity of eq. (2.3) must be studied separately. From our experience with 
an approximate method of calculating the current density distribution at the 
cathode of a rotation-symmetrical gun in the space-charge region, it is clear 
that in general the curvature of the space-charge field near the cathode is less 
than that of the electrostatic field considered in this chapter. Consequently, the 
temperature of the transverse-velocity distribution probably will deviate less 
from cathode temperature. The calculation of the transverse-velocity distribu-
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tion for an approximation of the space-charge field in front of the cathode will 
be the subject of further investigation. 

Appendix 

Because e V,fk Tc » 1 and a. is small in a cathode-ray tube, eq. (2.2) can be 
written as follows: 

.,. e v. 
2 lc -- 1Xs • 

kTc 

(A. I) 

Equation (A. I) can be simply derived from the paraxial theory of the image 
formation in a cathode-ray tube 2 - 1). With the aid of eq. (2.3) it was shown 2 - 1) 

that the current density in the spct as a function of the distance r. to the centre 
of the spot is given by 

. A IX8
2 

V. ( e v. r.t./ r.
2

) 
J(r.) = 

2 
exp - ----

2
- • 

n r0 k Tc ro 
(A.2) 

When eq. (2.3) applies we find the current I of the electrons creating the spot 
on the screen by integration of this equation over f[Jt from 0 to oo. From this 
integration we find 

(A.3) 

Since lfn r0
2 Jc we find eq. (A.l) by substituting eq. (A.3) in eq. (A.2) and 

then taking '• = 0. 
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3. THE INFLUENCE OF INITIAL VELOCITIES ON THE BEAM· 
CURRENT CHARACTERISTIC OF ELECTRON GUNS 

Abstract 

It is shown that some properties of the cut-off voltage and the drive 
factor of an electron gun do not agree with the known approximate 
methods of calculating the beam current. This means that the cut-off 
voltage V0 , corresponding to zero Laplace field strength at the centre 
of the cathode and necessary for a correct interpretation of measuring 
results in electron-gun research, cannot be determined from the exper
imental beam-current characteristic. In this chapter the initial velocities 
at emission and the finite value of the saturation current density of the 
cathode are introduced in the approximate beam-current calculation. 
This leads to an explanation of the experimental behaviour of cut-off 
voltage and drive factor, to an accurate determination of the cut-off 
voltage and the "durchgriffs" of anode and final anode (tetrode gun) 
from experimental beam-current characteristics, and to the conclusion 
that if the beam current were calculated by means of a numerical solu
tion of Poisson's equation with the aid of a computer, the total velocity 
distribution at emission and the finite value of the saturation current 
density should be taken into account. A method of measuring the cur
rent density distribution at the cathode for space-charge-limited beam 
current is described. At a beam current of 100 [.LA the measured distri
bution fits the calculated one rather well. Our accurate experimental 
determination of the cut-off voltage V0 makes it possible to examine 
gun properties at visual cut-off. The current density distribution at the 
cathode and the beam current at visual cut-off are calculated. This cur
rent density distribution in the retarding-field region is essentially differ
ent from the current density distribution at the cathode in the space
charge region. Simple equations for the dependence of the visual cut-off 
voltage at grid drive and at cathode drive on the anode potential are 
derived. A method is described to determine the anode "durchgriff" 
from simple measurements of the visual cut-off voltage. This method 
may be of interest to relate the spread in the production of cathode-ray 
tubes to deviations from the face values of the gun dimensions. 

3.1. Introduction 

In this chapter we shall examine some properties of the beam-current char
acteristic of electron guns and in particular the influence of the initial velocities 
of the electrons emitted by the cathode on these properties. For this purpose 
we first consider the schematic representation of an electron gun as shown in 
fig. 3.1. The gun can be driven by a positive voltage Vc on the cathode (cathode 
drive, Vg 0) or by a negative voltage -V9 on the grid (grid drive, Vc = 0). 
A schematic representation of the beam-current characteristic of this gun is 
shown in fig. 3.2. 

The cut-off voltage V0 of the gun is defined as that value of Vc or V9 at 
which the field strength according to Laplace's equation, i.e., when no current 
is drawn, at the centre of the cathode is zero. If the gun dimensions are known 
V0 can be calculated from potential measurements on a resistance-network 
analogue. It is well known that different values are found for cathode drive 
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Fig. 3.1. Schematic representation of the Philips A W 59-91 gun. 
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Fig. 3.2. Schematic representation of the beam-current characteristic of an electron gun. 

and grid drive. These values will be denoted by Voc and V0 g, respectively. The 
cut-off voltage can be written as V0 . D1 Va + D2 Ve, where Va and Ve are 
the potentials and D1 and D2 the "durchgriffs" of anode and final anode, 
respectively. The values of D 1 and D2 , which can also be determined from 
analogue measurements on a resistance board, will be denoted by D 1c, D2 c, 

D 1g and D2 g for cathode drive and grid drive, respectively. 
The visual cut-off voltage Vv is determined from experiments as follows: at 

a beam current of a few fLA the beam is focussed in a static spot on the screen 
in a "dark" room; next Vc or V11 is increased up to the value Vv at which there 
is just no visible light output from the screen. Different values of Vv are found 
for cathode drive and grid drive which will be denoted by Vvc and Vvg' respec-
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tively. Due to the fact that the emitted electrons do not leave the cathode with 
zero initial velocities, Vv > V0 • 

The maximum beam current, Im, is obtained at zero bias. Obviously, Im has 
the same value for grid drive and cathode drive. 

The drive factor k is defined as the ratio Im/V0
312 • Its values for cathode 

drive and grid drive will be denoted by kc and kg, respectively. Clearly, we 
want to choose the gun dimensions so that k is as great as possible. 

For electron~gun research and mass production of cathode~ray tubes the 
following are of interest: 
(1) calculation of the beam~current characteristic as a function of gun geom

etry; 
(2) current density distribution at the cathode in the retarding-field region and 

the space-charge region of the beam-current characteristic (see fig. 3.2); 
(3) determination of V0 , D 1 and D 2 from experimental beam~current charac

teristics; to relate for instance the spread in the production of display tubes 
to deviations from the face values of the gun dimensions, this experimental 
value of V0 or D 1 can then be compared with the value found from potential 
measurements on a resistance board; 

(4) gun properties at visual cut~off and the relation between Vv and V0 ; it must 
be possible to determine the value of V0 or D1 from simple measurements 
of the visual cut-off voltage. 

To calculate the space-charge-limited beam current of an electron gun Pois
son's equation must be solved. As will be known, there is no simple solution 
of this problem. In principle a solution can be obtained with the aid of a com
puter, but in this complicated manner it is not possible to obtain any quick 
insight into the dependence of the beam-current characteristic on gun geom
etry. Approximate methods must therefore be used. Approximate calculations 
of the space-charge-limited beam-current characteristic have been carried out 
by Ploke 3 - 1 ), Francken 3 - 2), Moss 3 - 3) and Gold and Schwartz 3 - 4 ). Their 
calculations disregarded the influence of the initial velocities of the emitted 
electrons and the fact that the saturation current density of the cathode has a 
finite value. 

Comparing the electron gun with a planar diode, Ploke derived an approx~ 
imate relation for the beam current:. 

I= 2·9.10- 6 Rg V/ 12/de V0 = C1 Vd512
, 

where I is the beam current in amperes, 
V0 is the cut-off voltage in volts as defined above, 
vd is the drive voltage in volts (see fig. 3.2), 
Rg is the radius of the grid hole in em, 
de is the equivalent-diode distance in em, 
C1 is a constant depending ort gun geometry. 

(3.1) 
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Writing I C1 V/ we find from eq. (3.1) that y = 2·5 over the whole char
acteristic. 

Francken described a method by which the maximum cathode loading can 
be calculated. Use was made of Ploke's equation for the beam current and 
analogue measurements on a resistance board. 

It was found from experiments by Moss that the beam current is propor
tional to vd 712 : 

(3.2) 

From eq. (3.2) we find that y = 3·5 over the whole characteristic. 
Gold and Schwartz derived relations for the beam current, y and drive factor 

of an electron gun. Basics are the equivalent-diode concept introduced by Ploke 
and analogue measurements on a resistance board. In their relations for beam 
current and drive factor a constant occurs to account for space-charge effects. 
In fact this means that beam current and drive factor cannot be calculated. The 
method can be used to calculate the dependence of y on the drive voltage Vd 
and the ratio (cathode-drive factor)/(grid-drive factor), since in these calcula
tions the space-charge constant does not occur. As toy, it is found that y 2·5 
at Va 0 and increases with increasing values of Va. In practice y depends on 
Vd and therefore the approximation used by Gold and Schwartz seems to be 
the most general one. 

In sec. 3.2 we shall give a survey of the Laplace field near the cathode and 
of a beam-current calculation which principally agrees with the Gold-and
Schwartz method. This will give rise to a discussion of eqs (3.1) and (3.2). 
Furthermore some properties ofthe cut-off voltage V0 and of the drive factor k 
are derived from these calculations. 

In sec. 3.3 we show that the properties of cut-off voltage and drive factor 
derived in sec. 3.2 do not agree with experiments. 

In sec. 3.4 the initial velocities of the electrons at emission and the finite 
value of the saturation current density of the cathode are introduced in the 
beam-current calculations to account for the discrepancy found in sec. 3.3. 

In sec. 3.5 it is shown that the experimental behaviour of cut-off voltage and 
drive factor agrees with the theoretical results obtained with the aid of sec. 3.4. 
It is found that V0 , D 1 and D2 can be determined accurately from experimental 
beam-current characteristics. In addition the experimental beam-current char
acteristic and current density distribution at the cathode are compared with 
the calculated ones. 

In sec. 3.6 the gun properties at visual cut-off are examined and the current 
density distribution at the cathode in the retarding-field region of the beam
current characteristic is calculated. This can be done thanks to the accurate 
experimental determination of V0 described in sec. 3.5. 

In sec. 3.7 we shall derive equations for the visual cut-off voltage with the 
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aid of the results obtained in sec. 3.6. The relation between Vvc and Vv9 appears 
to be quite simple. 

In sec. 3.8 a method is described to determine the anode "durchgriff" D1 

from simple measurements of the visual cut-off voltages Vvc and Vvg· 

3.2. Electrostatic field near the cathode; calculation of beam current 

The Laplace field near the cathode, i.e., the field when no current is drawn, 
will be called the electrostatic field in this chapter. The electrostatic field strength 
at the cathode of an axially symmetric electrode system is a linear function of 
the electrode potentials. Thus for grid drive we obtain 

E(r) -fg(r) V9 + fa(r) Va + fe(r) Ve, (3.3) 

where 0, - V9, Va and Ve are the potentials of cathode, grid, anode and final 
anode, respectively. The functionsfu,fa andfe can be determined with the aid 
of a resistance-network analogue. It has already been shown that the electro
static field-strength distribution at the cathode is parabolic over nearly the 
whole beam-current characteristic 3 - 5). Hence we may write 

fg{r) = p ,z + q, 

fa(r) = -s r2 + t, 
fe(r) -u r2 + v. 

(3.4) 

The constants p, q, s, t, u and v can be determined from the analogue measure
ments. In virtue of eqs (3.4), eq. (3.3) becomes 

E(r) = --(p r 2 + q) V9 + (-s r2 + t) Va + (-u r2 + v) Ve. (3.5) 

For fixed values of Va and Ve we find the geometrical cut-off voltage V09 as 
that value of V9 for which E(O) = 0. Thus 

Vog (Vat + Ve v)fq Dlg Va + D29 Ve, (3.6) 

where D 19 and D 29 are the "durchgriff" of anode and final anode, respectively. 
The geometric radius of the emitting area, R09 ,is given by the condition that 
at the edge of the emitting area the field strength is zero. From eq. (3.5) and 
E(R09) = 0 we obtain 

Vdg Vag 

u Ve)/q + (pfq) V9 a9 + b9 V9 

(3.7) 

and 
E(r) = (E0 /V09) Va9 (1 - r 2 /R0/), (3.8) 

where Vd9 V09 V9 and £ 0 is the field strength at the centre of the cath-
ode for zero bias. 

Now we consider a fixed value Vv9 of V9 with Vv9 > V09• In this case the 
field strength at the cathode is positive everywhere. Since farther away from 
the cathode the potential rises again, the potential must have a minimum in 
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front of the cathode. The depth of this minimum on the axis is denoted by 
Vm(O). Now we calculate Vm(O). The potential with respect to the cathode in 
the vicinity of the centre of a flat cathode in an axially symmetric electrode 
system is given by 

(3.9) 

If z = 0 we get: 
(1) -{b Vfbz),= 0 E(O), and hence a 1 = -E(O), 
(2) -(oVfbz),=Rog = 0, and hence a2 = E(O)/R0/, 

(3) from Laplace's equation then follows a3 -2 E(0)/3 R0/, 

so that eq. (3.9) may be written as 

V = -E(O) z { 1 + (t z2 
- r2

)/ R00 
2

}. 

Thus the electrostatic potential on the axis is given by 

(3.10) 

At the minimum, bV/bz = 0. From this condition and eq. (3.10) we find 

Zm(O) (-Ro//2)112
. (3.11) 

In virtue of eqs (3.10) and (3.11) 

Vm(O) = \V{zm(O)}\ ! E(O)(-R0//2)112
• 

Using eq. (3.8) we obtain 

It will be clear that zm(O) and Vm(O) can be calculated from the analogue 
measurements. It must be noted that for Vv0 > V09, R 0 g 

2 < 0. 
In the case of cathode drive eq. (3.3) is altered into 

where Vc is the cathode potential. We then find 

Vat+ Ve V 

Roc2 
(s Va + u Ve)f(q + t + v) + Vc (p- s- u)f(q + t + v) 

and 

(3.6a) 

ac +be Vc 

(3.7a) 

(3.8a) 
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where Vdc Voc Vc. In virtue of eqs (3.6) and (3.6a), 

so that 

D1c Dlg/(1 + D1g + D2g), 
D2c = D2g/(1 + Dlg + D2g), 

(3.13) 

(3.14) 

The depth of the electrostatic potential minimum in front of the cathode, 
existing when Vc Vvc > V0c, and the distance of this minimum to the 
cathode can be calculated in the same manner as for grid drive. We find 

(3.1la) 
and 

(3.12a) 

In the calculations and experiments which are to follow in this section and 
sees 3.3-3.7 cathode drive will be used. It is remarked that we should find 
similar results in the case of grid drive, 

In order to obtain an approximation for the beam-current characteristic of 
an electron gun, we first consider a planar diode, consisting of two parallel 
plates with an area of A cm2 • The distance between the plates is d em. One 
of the plates, the cathode, is kept at earth potential and the other plate, the 
anode, has a potential of Va volts. Neglecting the initial velocities of the emitted 
electrons and the fact that the saturation current density of the cathode has a 
finite value, the space-charge-limited current in the diode is given by the well
known Child law 

I= 2·33.10- 6 A Va312jd2 amperes. (3.15) 

The electrostatic field strength E in the diode, i.e., the field strength when no 
current is drawn, is given by 

E= -Va/d. (3.16) 

Thus, in virtue of eqs (3.15) and (3.16), the current density j at the cathode 
of the diode is given by 

j = 1/A = 2·33.10-6 (-E)312jd112. (3.17) 

In the case of an electron gun the electrostatic field strength E is known from 
analogue measurements on a resistance board. Now, following Ploke, eq. (3.17) 
is applied to an electron gun. For this purpose the gun is replaced by a system 
of concentric diodes, all with the same diode distance de. Again following Ploke, 
this equivalent-diode distance is determined as follows. 

In virtue of eq. (3.8a) the field strength at the centre of the cathode of the gun 
is given by 

(3.18) 
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then eq. (3.18) is compared with eq. (3.16) and Vdc is identified with Va and 
- V0 c/ E0 with d and this means that de is given by 

(3.19) 

Thus, d" can be determined with the aid of analogue measurements. Now we 
write for the anode potential of the system of concentric diodes as a function 
of r: 

(3.20) 

so that the electrostatic field strength at the cathode of the system of concentric 
diodes, -Vdc(r)/de, equals the electrostatic field-strength distribution at the 
cathode of the gun and is given by 

(3.21) 

Clearly, it would be correct to conclude from the comparison of eq. (3.18) with 
eq. (3.16) that de is proportional to -V0c/E0 • In fact this is the reason for the 
occurrence of the so-called space-charge constant in the relation for the beam 
current derived by Gold and Schwartz. In our calculations we shall take the 
proportionality constant equal to unity, but bear in mind that in practice this 
constant is a function of gun geometry and electrode potentials. Now, applying 
eq. (3.17) to the system of concentric diodes, the beam current is given by 

Roc Roc 

I= J j(r) 2 J1: r dr J 2·33.10- 6 [{-E(r)} 312fd/ 12] 2 J1: r dr. 
0 0 

When use is made of eq. (3.21) we find 

I= 2·93.10- 6 Vdc 312 R 0c2 /de2 = C3 Vdc 312 Ro/. (3.22) 

Comparison of eq. (3.22) with eqs (3.1) and (3.2) shows that in Ploke's approx
imation Roc 2 oc Vdc while in the approximation according to Moss Roc 2 oc Vdc 2 • 

For the Philips television-display tube, type A W 59-91 (fig. 3.1 ), R0 / versus 
Vdc• calculated with the aid of analogue measurements and eq. (3.7a), is shown 
in fig. 3.3. It can be seen from this plot that Roc 2 is not proportional to Vdc 
nor to Vd/. A similar result was obtained for other types of guns. It should 
be noted that eq. (3.22) may not be used at zero bias, since in this case the 
Laplace field-strength distribution at the cathode is not parabolic. 

From I C Vd/ we find that y is the slope of the double logarithmic plot 
of the beam current versus the drive voltage: 

y = ()log 1/b log Vdc = ( Vdc/1) bl/b Vdc· 

Thus, by virtue of eqs (3.22) and (3.7a), 

y = 2·5 +heRo/. (3.23) 

This means that y = 2·5 at Vdc = 0 and increases with increasing values of 
Vdc· For the A W 59-91 gun it was found from analogue measurements and eq. 
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Fig. 3.3. Roc 2 versus Vdc for the A W59-91 gun with Va 450 V and v. = 18 kV, calculated 
from analogue measurements on the resistance board and eq. (3.7a). 

(3.23) that y = 2·68 at I/Im f':::::l 0·05 and y :'l::i 3·14 at I/Im = 1. The principal 
dimensions of this gun are shown in fig. 3.1; the values 450 V and 18 kV were 
used for Va and Ve, respectively. 

The drive factor is given by Im/Voc 312 for cathode drive and by Im/Vog 312 for 
grid drive. Thus, by virtue of eq. (3.14), 

(3.24) 

If the initial velocities of the emitted electrons are disregarded we find from 
Poisson's equation that the beam current is multiplied by n312 when all elec
trode potentials are multiplied by n. Clearly, in this case too the cut-off volt
age V0 is multiplied by n and this means that the drive factor remains constant. 
These properties of the cut-off voltage and the drive factor will be examined 
in sec. 3.3 by means of experiments on the A W 59-91 gun. 

3.3. Experimental behaviour of cut-off voltage and drive factor 

For a correct interpretation of measuring results in electron-gun research it 
is necessary to be able to determine the cut-off voltage V0 c, corresponding to 
zero electrostatic field strength at the centre of the cathode, from the exper
imental beam-current characteristic. As examples we mention the comparison 
of calculated and measured values of y (ref. 3-4) and the examination of gun 
behaviour at visual cut-off presented in sec. 3.6. Obviously, due to retarding
field current caused by the initial velocities of the emitted electrons, Voc is not 
the value of Vc for which the beam current is "zero". Therefore we must deal 
first with the question of how to determine Voc from the experimental beam
current characteristic. This determination must be consistent with the calcu
lations and definitions in the preceding section. Since for small beam currents 
(1/Im -;5 0·05) y f':::::l 2·5, the relationship between / 0

'
4 and Vc is a linear one. It 

should be remarked that retarding-field currents are left out of consideration. 
Then, Vac must be found from extrapolation of / 0 ' 4 versus Vc towards the Vc 
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axis. Figure 3.4 shows this plot for the A W 59-91 gun with Va = 450 V and 
Ve = 18 kV. Thus in fig. 3.4, V.,/Va = 40. The value of the cut-off voltage 
found from the extrapolation is denoted by Voce· So, if the approximations 
presented in sec. 3.2 are used, Voce must be equal to Voc· Then Voce must be 
multiplied by n when Va and Ve are multiplied by n, i.e. Voce must equal zero 
when Va Ve = 0. To check this behaviour the ratio Ve/V. was kept con
stant ( = 40) and Voce was also determined for Ve = 12, 6 and 3 kV. Figure 
3.5 shows Voce versus Ve (V.,/Va = 40) and it can be seen that Voce(O) # 0, 
i.e., the value of the cut-off voltage found from the extrapolation of the beam
current characteristic is not equal to Voc· This is due to the fact that initial 
velocities were left out of consideration in sec. 3.2. 

! 

. / 

! /v 

/ v 
/ 

v 

/ 
v 

/ "' 16Ce 

5 

4 

J 

2 

~Lr" 0 
g ~ $ ~ a ~ ~ a ~ & ~ 

-lf(V) 

Fig. 3.4. Experimental values of 1°"4 versus Vc for the A W 59·91 gun with v. 450 V and 
Ve 18 kV. 
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Fig. 3.5. Experimental values of Voce versus v. obtained by scaling of v. and v. with 
V.fVa = 40 for the AW 59-91 gun. 
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Fig. 3.6. Experimental values of the drive factor kc versus Ve obtained by scaling of Va and 
V" with Vel V0 40 for the A W 59-91 gun. 

In fig. 3.6 the drive factor ImfV0 / 12 *) is plotted versus V., and it can be 
seen that kc is anything but constant. Thus, this experimental result does not 
agree either with the theoretical results of the preceding section. Introduction 
of initial velocities and the finite value of the saturation current density of the 
cathode in the calculations will lead to an explanation for this behaviour of 
the drive factor. 

3.4. Approximate calculation of beam current including the influence of initial 
velocities 

In this calculation the equivalent-diode concept is applied to an electron gun 
in the same way as was done in sec. 3.2. Therefore we first consider the space
charge-limited emission in a planar diode including the influence of the initial 
velocities of the emitted electrons and the finite value of the saturation current 
density of the cathode. The electrostatic potential distribution in a planar diode 
is shown in fig. 3.7a, while the potential in the case of electron emission under 
space-charge conditions, including the influence of the initial velocities and the 
finite value of the saturation current density, is shown in fig. 3.7b. The space
charge minimum in front of the cathode is caused by the fact that electrons are 
emitted with certain finite velocities. Only electrons with initial velocities in the 
z direction greater than or equal to the velocity corresponding to the depth of 
this minimum reach the anode. When the cathode temperature Tc, the satura
tion current density js, the diode distance d and the current density reaching 
the anode are known, the value Va of the anode potential can be calculated 
with the aid of Langmuir's theory and the well-known ~-1] tables 3 - 6). This 
means that the current density reaching the anode at a fixed value of Va must 

*) V0 .: was determined with the aid of the method described in sec. 3.5.1. 
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Fig. 3.7. Potential distribution in a planar diode. (a) Potential distribution according to 
Laplace's equation. (b) Potential distribution under space-charge conditions, including the 
influence of initial velocities and the finite value of the saturation current density of the 
cathode. 

be determined with the aid of an iteration process. It follows from Langmuir's 
theory that both Vm and zm are independent of the diode distance d but are 
determined by j, Tc and the current density reaching the anode; Vm and zm 
increase when the current density reaching the anode decreases, that is when 
Va decreases. The change-over from the space-charge region of the beam-cur
rent characteristic to the retarding-field region is reached when Vm • Va ; 
then the space-charge minimum is situated on the anode. When applying Lang
muir's theory for the planar diode to an electron gun, velocity selection in the 
cathode region 3 - 7 ) is left out of consideration. Again the gun is replaced by 
a system of concentric diodes, all with the same cathode, and the distance from 
this cathode to the fictive anode is de (eq. (3.19)). The anode potential as a 
function of r is given again by 

(3.20) 

so that -Vdc(r)/de equals the electrostatic field-strength distribution at the 
cathode. From eq. (3.7a) R0 c2(Vdc) can be calculated with the aid of analogue 
measurements on the resistance board. Then, for a certain value of Vdo the 
current density at the cathode within an annular area with radii r and r dr 
can be calculated by means of the iteration process described above. Next, the 
beam current is found by integration of the current density over the emitting 
area. At this integration the upper limit r0 for r is given by the condition that 
for r = rb the space-charge minimum is situated on the fictive anode, thus 
rb > R0C' The described calculation of the beam current can be carried out by 
hand with the aid of the ~-'f} tables. Because of the fact that this is a very 
laborious process the calculation was programmed for the Philips computer 
Stevin. The results of these calculations will be discussed in the following section. 

3.5. Results of beam-current calculations including the influence of initial velocities 

We shall consider the beam-current calculations, in accordance with the 
method described in sec. 3.4, for the A W 59-91 gun shown in fig. 3.1. In the 



-45 

experiments we used L-cathodes, hence j. = 10 Afcm2 and Tc = 1350 °K in 
the calculations. 

3.5.1. Cut-off voltage 

With VelVa 40 the beam-current characteristics were calculated for 
Ve 18, 12, 6 and 3 kV. From the calculated characteristics, Voce was found 
by extrapolation in the manner described in sec. 3.3. Figure 3.8 shows the cal
culated values of [0 ' 4 versus Vc for Ve = 18 kV, while the calculated values 
of the cut-off voltage found from extrapolation, Vow versus Ve are shown in 
fig. 3.9. As in fig. 3.5, the extrapolated value of the cut-off voltage for 
Va Ve = 0 is not equal to zero, so that this effect must be ascribed to the 
influence of initial velocities. However, it should be remarked that the calcu
lated value of VoceCO) is smaller than the value found from the experiments 
in sec. 3.3. This must be due to beam electrons emitted near the edge of the 
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Fig. 3.8. Calculated values of / 0 '4 versus Vc for the A W 59-91 gun with v. = 450 V and 
Ve = 18 kV. 

Fig. 3.9. Calculated values of Voce versus Ve obtained by scaling of v. and V., with VelVa = 
40 for the A W 59-91 gun. 
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emitting area with great transverse velocities directed towards the gun axis, 
which could not be taken into account in the calculations *). Figure 3.9 also 
shows the cut-off voltage V0 c, corresponding to zero electrostatic field strength 
at the centre of the cathode and determined with the aid of analogue measure
ments on the resistance board, versus Ve (VelVa = 40). It can be seen that we 
obtain Voc versus Veto a good approximation by shifting Voce versus Ve over 
the amount V0 ce(O) towards the origin. Consequently, because of the fact that 
the curve in fig. 3.5 is to a good approximation parallel with curve (1) in fig. 3.9, 
we shall obtain Voc versus Ve from the experiments in sec. 3.3 by means of an 
analogous shift of the curve in fig. 3.5. In this way the value of the cut-off voltage 
Voc at Va = 450 V and V, 18 kV was determined for five guns. Before the 
guns were assembled all principal dimensions were measured. Then the network 
value of Voc was corrected for deviations from the face values of grid thickness, 
grid-hole diameter, grid-anode spacing, anode-hole diameter and anode thick
ness with the aid of analogue measurements. In addition it was made clear by 
separate experiments that the uncertainty in the hot value of the cathode-to-grid 
distance may give rise to a maximum deviation of ± 5% in the experimental 
value of Voc· The results obtained for the five guns are listed in table 3-I, where 

gun no. 

1 
2 
3 
4 
5 

TABLE 3-1 

+3·4 
-6·7 
+6·3 
-2·1 

Vocb is the value of Voc found from beam-current characteristics and Vocn the 
value found from analogue measurements. It is clear that the deviations listed 
in the table are substantially due to deviations in the hot value of the cathode
to-grid distance. For other types of guns similar results were obtained. Ob
viously an average deviation of about zero as shown in the table would not 
have been found if instead of Vocb the extrapolated cut-off voltage Voce or any 
visual cut-off voltage were used. In sec. 3.5.2 another illustration of the accuracy 
of our experimental determination of the cut-off voltage will be given. 

*) Correction for the influence of contact potentials would increase the discrepancy by a 
few tenths of a volt. 
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3.5.2. "Durchgriff" of anode and final anode 

In this section we shall consider one of the five guns previously mentioned. 
Since all principal dimensions have been measured before assembling the gun, 
Vocn for Va = 450 V and Ve 18 kV can be calculated from analogue meas
urements. On the other hand, the cut-off voltage can be determined from 
beam-current characteristics (Vocb). It has been shown that the deviation of 
Vocb from Vocn may be ascribed to the uncertainty in the hot value of the 
cathode-to-grid distance. If this is done the hot value of the cathode-to-grid 
distance can be calculated from the magnitude of this deviation. Then all 
dimensions of the gun under examination are known and we can calculate Voc 
for various values of Va and Ve from analogue measurements. It has already 
been shown that 

(3.6a) 

Thus, when Ve is kept constant, there exists a linear relationship between Voc 
and Va from which D1c and D2c can be calculated. 

We now determine Voc from beam-current characteristics for Ve = 18 kV 
and Va = 750, 225 and 120 V for the gun under examination. Since Voce(O) 
depends on the range of values of Va used, this is done by scaling down Ve 

and Va for the three values of Va previously mentioned. It is shown in fig. 3.10 
that the relationship between the experimental values of Voc and Va is indeed 
a linear one: the straight line shown in the figure is the best linear fit to the 
four experimental points and the deviations with respect to this straight_ line 
are only a few tenths of a volt. Moreover, as can be seen from table 3-II, the 
values of D 1c and D 2 c found from this linear relationship are in good agreement 
with the values found from analogue measurements. Similar results have been 
obtained for other types of guns. 

100 ...----,----..,..-...,-:----,----, 
~(V) 

1 =~~--~~-+-~--~ 
40ir---+---T-

Fig. 3.10. Experimental values of Voc versus Va for the AW 59-91 gun with Ve 18 kV. 
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TABLE 3-II 

experimental determination 
from beam-current characteristics 

D1c 0·111 
D2c V., = 3·31 V 

3.5.3. Drive factor 

analogue 
measurements 

D1c 0·111 
D2c Ve 3·43 V 

According to fig. 3.6 the drive factor depends on the electrode potentials and 
it has been found that at v. = 3 kVits valueis 40% greater than at V., 18 kV. 
The values calculated for the drive factor showed an increase of about 55% 
which is greater than the 40% found from experiments. This must be ascribed 
to the fact that for v. 3 kV the influence of the space-charge field near the 
cathode on the field further away from the cathode is greater than for V., 
18 kV, i.e., for v. 3 kV the value of de must be greater to obtain agreement 
with the experiments than for V., = 18 kV. Nevertheless, we may conclude that 
this behaviour of the drive factor is a specific initial-velocity effect. 

3.5.4. Beam-current characteristic and current density distribution at the cathode 

Here again we shall consider the selected gun discussed in sec. 3.5.2. For this 
gun the constants ac and he occurring in eq. (3.7a) were corrected for the devia
tions from the nominal values with the aid of analogue measurements. Hence, 
R0 

2
( Vdc) was known and the beam current could be calculated using the method 

described in sec. 3.4. The deviations from a parabolic Laplace field-strength 
distribution for the higher beam currents were taken into account in this cal
culation. The value of the equivalent-diode distance was chosen so that for 
Vc ~ 15 V the calculated beam current was equal to the experimental value. 
This value of de is about 3% smaller than the value according to eq. (3.19). 
The result of this beam-current calculation for Ve = 18 kV and Va = 450 V 
is shown in fig. 3.11, together with the beam-current characteristic found from 
experiments. This figure also shows the differences between the calculated and 
experimental values which are seen to be in fairly good agreement. It should 
be noted that this method cannot be used to calculate the beam current if only 
the gun geometry and the electrode potentials are known because of the dif
ficulty involved in the choice of the equivalent-diode distance. 

The current density distribution at the cathode was calculated for a beam 
current of 100 [LA. The result of this calculation is shown in fig. 3.12. The 
abscissa in this figure was chosen so that at 100 the value of j is equal 
to the 1/e value of the maximum current density. It is clear from the figure 
that the current density distribution at the cathode is not Gaussian. Now we 
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Fig. 3.11. Experimental and calculated values of beam current for the A W 59-91 gun with 
Va 450 V and v. = 18 kV; O: experimental values, x: calculated values. 
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Fig. 3.12. Demonstration of the measurement of the current density distribution at the cath
ode for a beam current of 100 )LA. 
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want to compare this calculated distribution function with measurements. This 
can be done by imaging the cathode on the screen, followed by a measurement 
of the light intensity distribution along the diameter of the cathode image. The 
measuring set-up for such measurements was described in sec. 1.3.2. The only 
difference is that the slot of about 40 microns wide in the plate in front of the 
screen must be replaced by a small hole. It was observed by Moss 3 - 8 ) that a 
sharp cathode image can be obtained only by running the cathode under tem
perature-limited conditions. This was also the visual impression of the present 
author. However, when the cathode temperature is decreased the original cur
rent density distribution at the cathode, i.e., at the cathode image, will be dis
turbed. Therefore we consider the paraxial imaging properties of a c.r.t. as 
described in sec. 1.2. Going from the cathode to the screen, we first meet the 
cross-over (situated in the gun region), then the cathode image (situated in the 
equipotential space of the tube) and finally the spot on the screen. The current 
density distribution in the cross-over is Gaussian, in the cathode image it must 
deviate from the Gaussian distribution according to fig. 3.12, and in the spot 
it is Gaussian again. Thus, going from the cathode to the screen the current 
density distribution in the equipotential space must change from Gaussian to 
a distribution according to fig. 3.12 and then again to Gaussian. This means 
that we must find the current density distribution in the cathode image from 
a measurement of the current density distribution across the beam at various 
places in the equipotential space. This was done by variation of the current If 
through the image coil (for If= 0 the spot is focussed on the screen). The 
measured distributions were normalized in the same way as the calculated dis
tribution function. The results of these measurements are shown in fig. 3.12. 
It can be seen from the figure that the cathode image is passed by within the 
range of imaging currents used. Closer investigation shows that the best fit to 
the calculated distribution is found at If 30 rnA. 

j ~~~--~~--~~--~~-4 
t 2ilr---+--t--+--+--+-¥-+------l 

OL-~~--~~--~~~~~ 
0 4 5 . 8 10 12 14 16 

--x 
Fig. 3.13. Calculated and measured current density distributions at the cathode for a beam 
current of 100 [.lA; x: calculated values. 
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Finally the normalized calculated and experimental distributions (If = 
30 rnA) are shown in fig. 3.13. For comparison the normalized Gaussian distri
bution is also shown in this figure. It can be seen that the calculated points fit 
the experimental curve rather well. The smallest values of j were left out of 
consideration because with the aid of the equivalent-diode concept we cannot 
expect to find a correct value for j near the edge of the emitting area. 

We used the rather small beam current of 100 {LA to avoid as much as pos
sible the disturbing influence of normal spherical aberration and spherical aber
ration due to space charge on the imaging of the cathode. 

3.6. Gun properties at visual cut-off 

From the results obtained in the preceding section it is clear that the cut-off 
voltage Voc can be determined accurately from experiments. This opens the 
possibility of examining gun properties at visual cut-off. The visual cut-offvoltage 
V,c of a gun is determined from experiments as follows: at a beam current of 
a few {LA the beam is focussed in a static spot on the screen in a "dark" room; 
next Vc is increased up to the value V,c at which there is just no visible light 
output from the screen. We find from experiments that Vvc > Voc· Therefore 
there exists an electrostatic potential minimum in front of the cathode at 
Vc = V,c (see sec. 3.2). We consider the gun discussed in sees 3.5.2 and 3.5.4 
and first direct our attention to the depth of this minimum on the axis of the 
gun. Further the current density distribution at the cathode and the beam cur
rent in the case of visual cut-off will be calculated. 

3.6. 1. Depth of the electrostatic potential minimum in front of the cathode 

For Ve = 18 kV the visual cut-off voltage was measured at various values 
of the anode potential. Since E0 , Voc and R0 / (V,c) can be calculated with 
the aid of the analogue measurements on the resistance board, the depth of 
the electrostatic potential minimum on the axis in front of the cathode can be 
determined with the aid of eq. (3.12a). The results are listed in table 3-III. 

TABLE 3-III 

Va (V) Vvc (V) 
Voc (V) 

Vm(O) (V) 
from fig. 3.10 

750 97 86·2 1·52 
450 62·5 53·1 1·60 
225 36 28·3 1·55 
120 23 16·5 1·54 
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Taking into account the accuracy of the measurements of Vve we may con
clude that Vm(O) is constant; its average value is 1·55 volts. Considering the 
depth of the potential minimum this behaviour is clear. Since Te = 1350 °K, 
k Tel e = 0·116 V so that k Tel e « V m(O) and this means that space-charge 
effects will be absent, i.e. the current reaching the screen is determined by the 
depth of the electrostatic minimum in front of the cathode. In fact, because the 
emitting cathode area is a function of Va, the depth of the minimum depends 
on Va. However, the effect of this variation on Vm(O) is small because the 
transmitted current is roughly proportional to A exp{-e Vm(O)Ik Te}, where 
A is the emitting area. As k Tele « Vm(O) a very small variation in Vm(O) is 
sufficient to compensate the variation in A. 

3.6.2. Current density distribution at the cathode and beam current at visual cut-off 

In chapter 2 the transverse-velocity distribution, djld(jjt, was calculated for 
the current density at the cathode of the electrons passing the curved Laplace 
potential barrier existing in front of the cathode when Ve > V0 with Vm(O) = 
0· 5 V and zm(O) = 1·6.10- 3 em. The current density j, of the electrons passing 
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Fig. 3 .14. Current density distribution at the cathode of the electrons passing the electrostatic 
potential barrier; Vm(O) = 0·5 V and Zm(O) = 1·6.10-3 em. 
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the potential barrier, has been calculated for various values of r from the data 
shown in fig. 2.6. The result of this calculation is given in fig. 3.14 which shows 
that the current density distribution at the cathode is Gaussian. 

Inthecaseofvisualcut-offforVa 450Vand Ve 18kV, Vm(O)= 1·55V 
and it can be found from the known value of Vvc Voc and eq. (3.11a) that 
Zm(O) = 6·27.10- 3 em. Now, the current density distribution at the cathode of 
the electrons passing the potential barrier can be calculated with the aid of the 
results summarized above and the scaling properties of the problem discussed 
in sec. 2.4. The results of this calculation are listed in table 3-IV. 

TABLE 3-IV 

r (em) 

0 
4·35.10- 3 

6·15.10- 3 

5 fO""o 
r-\--· 

1100·10- 8 

24.10- 8 

0·3.10- 8 

2) 5 f-\-f--,____..L_____j 

2 \ 

10° ,--' : 

5 y f-
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Fig. 3.15. Current density distribution at the cathode of the AW 59-91 gun for the electrons 
passing the electrostatic potential barrier at visual cut-off; Va 450 V, Ve 18 kV. 
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In fig. 3.15 the calculated values of j at visual cut-off are plotted versus r2 

and it can be seen that at visual cut-off the current density distribution at the 
cathode for the transmitted electrons is Gaussian. It was made clear in sec. 3.6.1 
that at visual cut-off space-charge effects do not play any role. Thus in that part 
of the retarding-field region of the beam-current characteristic where space
charge effects may be neglected the current density distribution at the cathode 
is Gaussian, i.e., essentially different from the current density distribution in the 
space-charge region (sec. 3.5.4). 

It is found with the aid of the curve in fig. 3.15 that 

j(r) = HO.I0- 5 exp (-r 2/5·03.10- 6). 

Thus, the beam current I at visual cut-off is given by 

I= f j(r) 2 n r dr 17.10-11 A. 
0 

On the other hand this beam current can be estimated from the current density 
on the screen at which there is only just a visible light output. Because of 
(1) background illumination in the room during the measurement of Vvc• 
(2) background illumination during the measurement of Vvc caused by electron 

emission from the grid, 
(3) subjective and physiological effects in the determination of Vvc• 
( 4) uncertainty concerning the thickness of the metal backing, 
(5) influence of cathode structure on the value ofj. to be used in the calculation, 
we must content ourselves with a comparison of the orders of magnitude. When 
the beam current is I. amperes the power impinging on the screen at Ve = 18 kV 
is 18 I •. l03 watts. If we suppose that the efficiency of the screen is 6% we 
find for the light output from the screen I •. 103 watts= 5 I •. l05 lumens. At 
small beam currents the diameter of the focussed spot is about 1 mm, i.e. the 
area is about 1 mm2 • According to the theory of paraxial image formation in 
a c.r.t. 3 - 5 ) the spot diameter is determined only by cathode temperature. This 
means that at visual cut-off the area of the screen hit by the beam will be of 
the order of 1 mm2 • Because of the reasons for deviations mentioned above, 
the current density distribution over this area is left out of consideration. Hence, 
the light intensity radiated by the screen is 5 I •. 107 lumensfcm2 • A light inten
sity of w- 3 lumensjcm2 is just visible and so we find 

Is 2.10- 11 A. 

This value is of the same order of magnitude as I. 
Finally we remark that a great variation in I is obtained by a small variation 

in the value of Vvc- V0 c; I varies by a factor of about 3 due to a variation 
of about 8% in Vvc Voc· 
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3.7. Visual cut-off as a function of Va for cathode drive and grid drive 

It was shown in sec. 3.6.1 that the depth of the Laplace minimum existing 
in front of the cathode at visual cut-off does not depend on Va when Ve is 
kept constant. Consequently, in virtue of eqs (3.12a) and (3.7a) we obtain 

Vm(O) = --1 (Eo/Voc) (Vve- Voc) {(Vve- Voe)/(ac +be Vvc) 2}112. 

When be Voe takes the place of be Vve this equation can be rewritten as 

Vvc- Voc = {3 Voc Vm(O)/Eo 2112 V13 (ae +be Voc)113 . (3.25) 

For the A W 59-91 gun considered in sec. 3.6.1 the relative error in Vve - Voe 
calculated from eq. (3.25) is --4% at Va = 120 V and -2% at Va = 450 V. 
This means that eq. (3.25) is a good approximation for Vvc- V0 C' First, we 
shall simplify eq. (3.25). For this purpose we consider ae +be V0 e: 

ae +be Voe = Voe (ac/Voe +be). 

In virtue of eq. (3.7a), ae/Voc = 1/Rm2, where Rm is the radius of the emitting 
area at zero bias found from parabolic extrapolation of the field strength near 
the axis. In practice Rm is independent of Va. Thus, 

(3.26) 

According to eqs (3.25) and (3.26) 

Vve- Voe = {3 Voc Vm(O)/Eo2112 }213 {(1 + bcRm2)/Rm2}113 V0c113 = Cc V0 /
13

, 

(3.27) 

where ce is a constant dependent on gun geometry and cathode properties. In 
virtue of eqs (3.27) and (3.6a) 

Vve = Voe + Ce Vo/ 13 = (D1c Va + D2e Ve) + Ce (D1c Va + D2e Ve)113. (3.28) 

When Voe (Va) and Cc are known, Vve (Va) can be calculated. We calculated 
ce with the aid of analogue measurements, eqs (3.5), (3.6a), (3.7a), (3.27) and 
the value for Vm(O) obtained in sec. 3.6.1, and found: ce = 2·50. 

Since for grid drive the value of Vm(O) will be the same as for cathode drive, 
we find, in the manner as described above for cathode drive, in the case of grid 
drive: 

V: _ v: = {3 V: V: (0)/E 2112 }213 {(1 + b R 2)/R 2 }1;3 V: 1;3 = c V: 1;3 vg Og Og m 0 g m m Og g Og 
(3.27a) 

and 

Vvg = Vo 9 + C9 Vo/ 13 = (D1g Va + D29 Ve) + C9 (D1g Va + D29 Ve)113 . (3.28a) 

In virtue of eqs (3.27a), (3.27) and (3.14) 

CVvg- Vog)/(Vve- Voe) = (1 + D1g + D29) {(1 + b9 Rm2)/(1 +be Rm2)}113. 
(3.29) 
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In order to obtain a relation between cathode drive and grid drive, we consider 
the ratio (1 + b9 Rm 2)/(1 + beRm 2). When use is made of eqs (3.6), (3. 7) and 
(3.7a), we find 

(1 + b9 Rm2)/(1 +be Rm2) = (1 + D1 9 + Dz9)/{1 + (1- (3) (D1 9 + Dz9)}, 

where 
(3.30) 

and Rm11 is the radius of the emitting area at zero bias for Va = Ve = 1. 
Substitution of this result in eq. (3.29) gives 

(Vvg- Vo9)/(Vvc- Voe) = (1 + D19 + Dz9)
413 /{1 + (1- (3) (D1 9 + Dz9)} 113 . 

It can be seen from eq. (3.30) that (3 R:> 1. For the A W 59-91 gun with Va = 450 V 
and Ve = 18 kV we found (3 R:> 0·995. Since D29 « D19 and D 19 is of the order 
of magnitude of 0·1, the term (1 - (3) (D 19 + D29) can be neglected with re
spect to unity and we obtain 

(3.31) 

In virtue of eqs (3.14), (3.28) and (3.31), the visual cut-off voltage Vve CVe is 
constant) can be written as 

D19 Va + Dz9 Ve + c9 {(D1 9 Va + Dz9 Ve)/(1 + D1 9 + Dz9)}113 
~e= = 

1 + D 19 + D29 

Vo9 + C9 {Vo9/(1 + D 19 + D29)}1 13 
(3.32) 

while 

3.8. Determination of the anode "durchgriff" D1 with the aid of visual cut-off 
voltages 

The deviations in V0 e, V09 or D 1 due to deviations from the face values of 
the gun dimensions can be determined with the aid of measurements on a 
resistance board. To relate, for instanpe, the spread in the production of dis
play tubes to deviations with respect tf the face values of the gun dimensions, 
we must be able to determine V0 e, V0 I or D 1 from experiments on a tube. An 
accurate method of determining these iquantities from measured beam-current 
characteristics is described in sec. 3.5. ~owever, this method is rather laborious 
and therefore it is a question of whether1 these quantities can be determined from 
simple measurements of the visual cutloff voltage. To answer this question we 
again consider eq. (3.28) and the results listed in table 3-III. Differentiation of 
eq. (3.28) with respect to Va gives 
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dVvc/dVa = Drc (1 + Cc/3 Vo., 213). 

With c.,= 2·50 (see sec. 3.7) we find 

120 V: 
750 V: 

dVvc/dVa = 1·13 Dlc> 
d Vvc/d Va = 1·04 Dlc• 

Considering the accuracy of the measurements the difference between these two 
values of d Vvc!d Va is too small to enable us to distinguish the measured rela
tionship between Vvc and Va from a linear one. This implies that the constants 
cc, D 1 and D 2, occurring in eq. (3.28), cannot be determined from the measured 
values of Vvc· According to the values of d Vvcfd Va mentioned above, the tangent 
of the best straight line through the measured points will be about 8% greater 
than D1c for values of Va between 120 V and 750 V. However, this deviation 
cannot be calculated from the measured values of Vvc· Nevertheless D 1 can be 
determined from the measurement of Vv11 and Vvc versus Va. For this purpose 
both series of measurements are approximated by the best straight lines. The 

tangents of these lines are denoted by d Vv11/d Va and d Vvc!d Va. Writing 

d Vv11/d Va D19 (1 + L1), ( 3.33) 

we obtain in virtue of eqs (3.32) and (3.28a) 

(dVv9/dVa)/(dVvc/dVa) = {1 + L1/(1 + Dr 9 + Dz9)
113

} (1 Dr 11 + Dz11) (1 + L1). 

Since D 111 « 1 and D 211 « D 19 this equation gives to a good approximation 

(3.34) 

Now D 111 can be calculated from the experimental values of dVv9 fdVa and 
~-·····~ 

dVvcfdVa with the aid of eqs (3.33) and (3.34). Figure 3.16 shows Vv11 and Vvc 
versus Va (Ve = 18 kV) and the best straight lines through the measured 
points. In the manner discussed above, we find from the tangents of these lines 

D 111 = 0·142. 

A determination of D 111 from beam-current characteristics,-4as discussed in 
sec. 3.5, delivered 

Dl!1 0·139. 

Thus there is good agreement between the two methods of experimental de
termination of Dl> the difference between them being small when compared 
with the variations which occur in mass production. It has already been shown 
in sec. 3.5 that the value of D 1 found from experiments on the tubes agrees with 
the value calculated from analogue measurements on a resistance board. It is 
remarked that the gun discussed here is not one of the samples discussed in 
sec. 3.5. During the measurements of Vv11 and Vvc versus Va the focussing 
potential of the unipotential main lens was zero volts. 
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Fig. 3.16. Experimental values of the visual cut-off voltage versus Va for v. 18 kV; x: 
cathode drive, o: grid drive. 

3.9. Conclusions and discussion 

Clearly, since there is no generally applicable method for finding the equiv
alent-diode distance, the space-charge-limited beam current cannot be cal
culated. This may be a subject of further investigation. The difficulty is avoided 
when a numerical solution of Poisson's equation can be obtained with the aid 
of a computer. Such calculations, including the transverse velocities at emission, 
have been described by Weber 3

-
9
). However, the axial velocities and the finite 

value of the saturation current density of the cathode were left out of consid
eration. From the explanation of the experimental behaviour of the drive 
factor and the cut-off voltage, as presented in this chapter, we may conclude 
that in the numerical calculations the total-velocity distribution at emission 
and the finite value of the saturation current density of the cathode must be 
taken into account to include this behaviour of the drive factor and the cut-off 
voltage, since, obviously, it originates from the axial emission velocities and 
the finite value of the saturation current density. 

Ifhas been shown that the current density distribution at the cathode in the 
space-charge region of the beam-current characteristic is essentially different 
from that in the retarding-field region. The measured and calculated current 
density distributions at the cathode may be of interest for the numerical cal
culation of electron trajectories in cathode-ray tubes. 

The cut-off voltage V0 , corresponding to zero Laplace field strength at the 
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centre of the cathode, and the "durchgriffs" D1 and D 2 of anode and final 
anode can be determined accurately from experimental beam-current charac
teristics. This opens, for instance, the possibility to compare measured and 
calculated values of y and the drive factor and to study gun properties at visual 
cut-off. Moreover, the deviation of the experimental value of V0 from the value 
according to the face values of the gun dimensions (determined from analogue 
measurements) is a measure of the deviations from the face values of the gun 
under examination. These deviations from the face values can be taken into 
account and this may contribute to a correct interpretation of measuring results 
in electron-gun research. 

With the aid of the examination of gun properties at visual cut-off, simple 
relations for the dependence of the visual cut-off voltage on the anode potential 
and for the ratio (visual cut-off at grid drive)/(visual cut-off at cathode drive) 
have been derived. By the use of these equations D 1 can be determined from 
simple measurements of the visual cut-off voltage. Since this method of exper
imental determination of D 1 is not too laborious it can be used, for instance, 
to relate the spread in the production of display tubes to deviations from the 
face values of the gun dimensions because, on the other hand, the deviations 
in D1 due to deviations from the face values can be determined from analogue 
measurements on a resistance board. 
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4. TRANSVERSE-VELOCITY DISTRIBUTION FOR 
SPACE·CHARGE-LIMITED BEAM CURRENT 

Abstract 

The transverse-velocity distribution at the cathode of those electrons 
that create the spot on the screen, has been calculated in chapter 2 for 
a situation representative of the retarding-field region of the beam
current characteristic. In this chapter the distribution function is ca1-
culated for space-charge-limited beam current with the aid of an 
approximation for the field in front of the cathode. The distribution 
found is Maxwellian and its temperature is almost equal to cathode 
temperature. 

4.1. Introduction 

It has been shown in chapter 2 that, due to the curved potential barrier in 
front of the cathode, there is a considerable transverse-velocity selection for the 
retarding-field region of the beam-current characteristic. Under normal operat
ing conditions, however, we are interested in the velocity distribution for a 
space-charge-limited beam current. The problem that remained, therefore, was 
to calculate the transverse-velocity distribution at the cathode of the beam 
electrons in this case. To obtain an insight into this problem we shall calculate 
in this chapter the transverse-velocity distribution for a space-charge-limited 
beam current of about 100 (LA. For this purpose we shall first consider the 
potential field in front of the cathode. 

4.2. The field in front of the cathode 

For the calculation of the field in front of the cathode Poisson's equation 
must be solved, taking into account the initial velocities of the emitted electrons 
and the finite value of the saturation current density of the cathode. To avoid 
this very complicated problem we employ an approximation of this field, which 
can be obtained from the approximate beam-current calculation described in 
chapter 3. 

In that chapter it was shown that the current density distribution of the beam 
electrons at the cathode of a rotation-symmetrical electron gun, calculated with 
the aid of the model of concentric diodes and Langmuir's theory, can be brought 
into good agreement with experiments if the equivalent-diode distance is chosen 
correctly. In fig. 4.1 this calculated current density distribution is plotted against 
r2

• Integration of j(r) over the emitting area yields a beam current of 97 (LA. 
In a planar diode the potential along a line perpendicular to the cathode can 

be calculated with the aid of Langmuir's theory when the current density at 
the cathode of the electrons reaching the anode, the cathode temperature and 
the saturation current density of the cathode are known. It should be noted 
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Fig. 4.1. Calculated current density distribution at the cathode of a rotation-symmetrical 
electron gun for a beam current of 97 IJ.A. The circles are the values of j according to the 
calculated transverse-velocity distributions which are shown in fig. 4.7. 

that in this calculation the value of the diode distance does not matter. Now, 
starting from the calculated values ofj(r) shown in fig. 4.1, and applying Lang~ 
muir's theory for the planar diode, we calculate the potential tp(r,z) for various 
values of r for the above~mentioned system of concentric planar diodes, which 
are assumed to be independent of each other. Since we use L~cathodes, 

Tc = 1350 oK and js 10 A/cm2 in these calculations. Instead of the actual 
potential field we shall use cp(r,z) to solve the transverse~velocity problem. 
Figure 4.2 shows cp(r,z) for r = 3·72.10- 3 em (j(r) = 0·34 A/cm2) and fig. 4.3 

Fig. 4.2. Calculated potential in the vicinity of the cathode for r 3·72.10-3 em U(r) 
0·34 A/cm2). The dashed curve shows the approximation used in the calculation of the 
transverse-velocity distribution. 



-62-

04~-r--r-~--~~--~~--~ 

Cp(V) t 0·2 

0~~-+~-7--*--+---~~~ 

Fig. 4.3. Calculated potential in the vicinity of the cathode for r = 12·72.10-3 em U(r) = 
0·03 A/cm2). The dashed curve shows the approximation used in the calculation of the 
transverse-velocity distribution. 
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Fig. 4.4. Calculated functions -rp,.(r), z,.(r) and z0(r)- z,.(r) for I 97 fLA. The circles 
give the values according to eqs (4.1), (4.2) and (4.3) used in the calculation of the trans
verse-velocity distribution. 

for r = 12·72.10- 3 em (j(r) = 0·03 A/cm2). In :fig. 4.4 the functions z .. (r), 
z0(r)-zm(r) (see figs 4.2 and 4.3) and <pm(r) qy{z,.(r)} are plotted versus r. 

The calculation of the transverse-velocity distribution for the :field <p(r,z) 
must be carried out with a digital computer. To simplify these calculations, the 
functions <p,.(r ), zm(r) and z0(r) z .. (r) are approximated by 

and 

<pm(r) = <pm(O) + h1 r2 + k 1 r
8

, 

z .. (r) = Zm(O) h2 r 2 + k 2 r 8
, 

(4.1) 

(4.2) 

(4.3) 
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with properly chosen constants. The values of cp,(r ), zm(r) and z0 (r) Zm(r) 
for various values of r according to eqs (4.1), (4.2) and (4.3) are shown by the 
circles in fig. 4.4. 

Next the potential cp(r,z) is approximated by 

(4.4) 

when 0 z z,(r) and by 

<p(r,z) = -cp,(r) [{z z,(r)}/{z0(r) Zm(r)}]P + Cf!m(r) (4.5) 

when z z,(r). With a = 3·5 and f3 1·6 we obtain the approximate func-
tion q;(r,z) shown by the dashed curves in figs 4.2 and 4.3. 

Since Cf!m(r) and z,(r) are slowly varying functions near the axis, and because 
zm(O) is small with respect to the distance between the cathode and the cross-over 
(this being about 60.10- 3 em) the ca1culated potential cp(r,z) must be in good 
agreement with reality in the vicinity of the centre of the cathode. Beyond this 
region deviations may occur. With the aid of the calculations described in 
sec. 4.3 it will be shown that the influence of these deviations on the calculated 
transverse-velocity distribution is small. 

4.3. Calculation of the transverse-velocity distribution 

According to eq. (2.9), the current of electrons passing the potential barrier 
and emitted from the cathode with transverse velocities between (2 e f/Jt!m) 112 

and {2 e (f/Jt + d$1)/m }112 is given by 
00 1t 

d/ [(js efk Tc) {exp (-e f/Jt!k Tc)} j dr2 j exp (-e f/Jzdk Tc) d#] d(/Jt, (4.6) 
0 0 

where $z1(r,f/Jt,#) is the potential corresponding to the axial emission velocity 
of an electron emitted at a distance r from the centre of the cathode at an 
angle # (fig. 4.5) and just passing the barrier. 

'centre of the cathode z axis 

Fig. 4.5. The coordinates used in the calculations. 
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The problem which remains is to calculate t:Pz;(r,t:P,,IJ) for the field given by 
eqs (4.1) to (4.5). This is done with the aid of the well-known general ray 
equations in cylindrical coordinates: 

f; 
(V) 

1 

d2 r/dt 2 = (ejm) f:Hpjbr + Gjr\ 
d2z/dt2 = (ejm) bcpjbz, 
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where G is the initial value of r 4 (d0fdt)2 (fig. 4.5). The angular velocity at 
emission can be expressed in the initial transverse velocity v1 : 

(dBfdt) 1 = (v1 sin #)/r {(2 e Wr/m) 112 sin fJ}jr. (4.8) 

Since the initial values of r, z and dr/dt ( = -v1 cos IJ) are known, we can 
calculate the initial value of dzfdt for which the electron just passes the bar
rier; Wz1 is the potential corresponding to this axial velocity. 

The function Wz 1(r,fi>r.{}) was determined by means of a digital computer. 
The calculations were performed for r 0, 7.10- 3 , 9.10- 3 , 11.10-3, 12.10- 3 

and 13.10- 3 em at each time for Wr 0, 0·05, 0·10, 0·20, 0·30, 0·40 and 0·54 V. 
The values of W1(r,W1,1J) = fi>zt(r,Wr,IJ) + Wr for the various values of Wr and 
r are shown in fig. 4.6. 

Next we have calculated 

" 
djjdfi>t =Us efn k Tc) {exp (-e Wrfk Tc)} J exp (-e fi>zdk Tc) diJ. (4.9) 

0 

Figure 4.7 shows dj/dW1 versus W1 for the various values of r. The accuracy 
of the points shown in this figure is about 1%. For r = 0, 7.10- 3 , 9.10- 3 and 
11.10- 3 em the distribution functions are Maxwellian with a temperature which 
is almost equal to cathode temperature. But it can be seen from fig. 4. 7 that 

.... 
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Fig. 4.7. Transverse-velocity distribution at the cathode of the electrons which pass the 
potential barrier, for various values of r. 
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for r = 12.10- 3 em and 13.10- 3 em the distribution functions are not Max
wellian. 

By integrating djjdt/>1 over t/>1 with boundaries 0 and oo we find the current 
density at the cathode of the beam electrons for the various values of r. These 
values of j are shown by the circles in fig. 4.1. Except for r = 13.10-3 em 
they are in good agreement with the curve in this figure. This shows that the 
approximation of the field according to eqs (4.1) to (4.5) may be used. 

The distribution function d/jdt/>1 according to eq. (4.6) has been calculated 
for t/>1 0, 0·05, 0·10, 0·20, 0·30, 0·40 and 0·54V by graphical integration of 
djjdt/>1 over the emitting cathode area (up tor 13·4.10- 3 em, this being the 
geometric radius of the emitting area; the rest of the tail gives a negligible 
contribution). The result of this calculation is shown in fig. 4.8. The distribu
tion function found is Maxwellian and its temperature is 2% lower than cathode 
temperature. 
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Fig. 4.8. Transverse-velocity distribution at the cathode for the electrons creating the spot 
on the screen. 

Finally, it should be noted that eq. (4.6) is valid only when all electrons 
emitted with a transverse velocity v1 = (2 e tl>tfm)112 and with an axial veloc
ity Vz > vz1 (2 e tl>zdm)112 do pass the potential barrier, while all electrons 
with Vz < Vz; return to the cathode. To check this we have to consider two 
cases: 

(1) v, < v," while r > 0 and {f = 0. 
In this case the tangent of the electron trajectory for z 0 may be directed 
towards a point of the potential minimum with a smaller value of I 9?ml 
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than when Vz Vzt· Thus it might be possible that, in spite of the smaller 
value of the velocity at emission, this electron will pass the barrier. How
ever, calculation of trajectories for the various values of r and IJ>t with 
Vz = n.O·Ol vz1, where n = 1, 2, ... , 99, showed that none of these elec
trons passes the barrier. 

(2a) Vz > Vz;. while r > 0 and {} = 0. 
Now the tangent of the electron trajectory for z = 0 may be directed 
towards a point of the potential minimum with a greater value of IIPml 
than when Vz = Vzt· Thus it might be possible that, in spite of the greater 
velocity at emission, this electron does not pass the barrier. 

(2b) Vz > Vz;, while r > 0 and {} = :rc. 

Due to the focussing action of the curved field, it may be possible that 
these electrons do not pass the barrier. 
For both (2a) and (2b) we have calculated trajectories of electrons for 
100 values of v" > Vzt up to that value of Vz for which the integrand in 
eq. (4.6) is one per cent of its value at vz Vzt· All these electrons appeared 
to pass the barrier. Taking into account the desired accuracy of the integral, 
it is not necessary to consider greater values of vz. 

From these calculations we may conclude that all electrons emitted with a 
transverse velocity (2 e IJ>tfm) 112 and an axial velocity greater than (2 e IJ>z1/m) 112 

will be the only ones to pass the potential barrier. This means that eq. (4.6) 
may be used. 

4.4. Discussion of the results 

The calculations in this chapter have been carried out for an approximation 
of the potential field in front of the cathode. We have found in sec. 4.3 that this 
approximation gives the correct value of the current density to within a few 
per cent except near the edge of the emitting area. However, because the current 
density is very low in this region, this will hardly influence the calculated trans
verse-velocity distribution shown in fig. 4.8. 

The calculated distribution appeared to be Maxwellian with a temperature 
which is almost equal to cathode temperature. This result for a space-charge
limited beam current differs from what was found in chapter 2 for the retarding
field region. Since the velocity selection was found to have no effect on the 
transverse-velocity distribution for one value of the beam current in the space
charge-limited situation, this result was considered satisfactory. There is no 
special reason to suppose that a different result would have been obtained at 
higher beam currents. Hence, transverse-velocity selection only occurs at very 
low beam currents. That means that the conclusions of chapter I, where velocity 
selection was not considered, remain valid for practically all values of the beam 
current. 
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Finally, it should be noted that the results of the calculations shown in fig. 4.6 
can also be used to calculate the axial- and the total-velocity distribution at the 
cathode of the beam electrons. These calculations will be performed in chap
ter 6. 
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5. A SIMPLE APPROXIMATE MEmOD FOR CALCULATING 
THE MAXIMUM BEAM CURRENT 

Abstract 

A simple approximate method is described for calculating the maximum 
beam current of rotation-symmetrical electron guns for which the field
strength distribution at the cathode in the absence of space charge is 
"nearly" parabolic. The maximum beam current is derived from this 
:field-strength distribution, which can be obtained by simple analogue 
measurements, and from the measured beam-current characteristics of 
a reference gun by using scaling properties. Since a numerical solution 
of Poisson's equation is avoided, a quick insight can be obtained into 
the dependence of the drive factor on gun geometry and electrode 
potentials. The method gives good results for a great variety of guns 
with maximum beam currents between 0·2 and 2·0 mA. 

5.1. Introduction 

In this chapter we shall describe a simple approximate method for calculating 
the beam current of rotation-symmetrical electron guns. The main topic will 
be the calculation of the maximum beam current, i.e. the beam current at zero 
bias. This enables us to obtain a quick insight into the dependence of the drive 
factor (see sec. 3.1) on gun geometry and electrode potentials. 

Up to now the following methods have been used to calculate the beam cur
rent for the kind of rotation-symmetrical electron guns discussed in the preced
ing chapters: 
(1) the method of Gold and Schwartz which has already been mentioned in 

chapter 3; 
(2) calculation in accordance with method (1) but taking into account the 

initial velocities of the emitted electrons and the finite value of the saturation 
current density of the cathode (chapter 3); 

(3) numerical solution of Poisson's equation, taking into account the trans-
verse velocities at emission 5 - 1). 

Calculations in accordance with methods (1) and (2) can be carried out 
when the field near the cathode in the absence of space charge is known 
and an equivalent-diode distance is chosen. This field (which will be called 
the Laplace field in this and the following chapter) can be obtained, 
for instance, from simple potential measurements on a resistance-network 
analogue 5 - 2). However, as has already been pointed out in chapter 3, there 
is no generally applicable method for finding the equivalent-diode distance. 
Method (3) gives fairly good agreement with the experiments for practical 
values of the electrode potentials. In this method, however, the axial velocities 
at emission and the finite value of the saturation current density are not taken 
into account so that it gives a value of the drive factor which is practically 
independent of the electrode potentials, while experiments show that there is, 
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in fact, a rather strong dependence (fig. 3.6). It must therefore be expected that 
the error in the calculated maximum beam current may be great for very low 
electrode potentials such as those occurring in low-drive guns where, at the 
desired maximum beam current, both the anode voltage and the cut-off voltage 
for cathode drive are low. 

5.2. Calculation of the maximum beam cnrrent 

As in chapter 3, we shall assume that, for fixed values of the temperature 
(Tc) and the saturation current density Us) of the cathode, the beam current 
is determined by the Laplace field in the vicinity of the cathode. The validity 
of this assumption will be discussed later on. The difficulty involved in the 
choice of the equivalent-diode distance can be avoided if the known properties 
of a reference gun are used in the calculations. 

When the Laplace field-strength distribution at the cathode is parabolic, the 
field in front of the cathode is, by virtue of eq. (1.20), given by 

V(r,z) V(O,O) = -E(O) z {1 + (t z2 r 2)/R0
2 }, (5.1) 

where E(O) is the field strength at the centre of the cathode and R0 the geometric 
radius of the emitting area. As regards this field the one gun can be obtained 
from the other by scaling the dimensions and electrode potentials. This property 
will be used to calculate the beam current. 

However, the field-strength distribution at the cathode for zero bias deviates 
from a parabola. In this case the one gun cannot be obtained from the other 
by means of scaling. The actual field-strength distribution is therefore approx
imated by a parabola. Of course, this only makes sense if the deviations are 
not too large. The method for doing this is discussed in sec. 5.3. This parabola 
is characterized by two quantities, Ep and Rp, which take the places of E(O) 
and R0 , respectively, in eq. (5.1). Thus for a gun at zero bias we obtain 

V(r,z) V(O,O) -Ep z {1 + (i - r 2)/R/ }. (5.2) 

It should be noted that Rp does not change when all electrode potentials are 
multiplied by the same but arbitrary factor, whereas Ep is multiplied by that 
factor. The maximum beam current of this gun at a cathode temperature Tc 
and a saturation current density j. will be denoted by Im. 

In order to calculate Im we consider the reference gun, the corresponding 
quantities of which will be denoted by an asterisk: EP*• RP* and lm*· First, 
the electrode potentials of the reference gun are chosen such, that 

(5.3) 

The maximum beam current of the reference gun for these electrode potentials, 
cathode temperature Tc and saturation current density j, is Im *. Next, all 
dimensions of the reference gun are multiplied by the factor RP/ RP *. By virtue 
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of Poisson's equation, the maximum beam current of this scaled reference gun 
is Im * when its cathode temperature is Tc and its saturation current density is 
j. (RP *I Rp)2

• The Laplace field in front of the cathode of this gun is given by 
eq. (5.2). 

The scaled reference gun differs from the gun under investigation only in 
that its saturation current density is larger by a factor (Rp * 1 Rp)2 • Now we can 
calculate Im for the gun under investigation if we know how the maximum beam 
current of the scaled reference gun depends on its saturation current density, 
i.e., how lm * changes when, at constant values of Tc and j., the dimensions of 
the reference gun are multiplied by Rp/RP *. The calculation of the slight cor
rection required will be given in sec. 5.4. 

I 
I 
I 
I 

!Grid 
I 
I 
I 
I 
I 

: ov I .___"t:. __________ .J 

Catho ·-·-·-·-·-·-Axis of rotation 

Fig. 5.1. Zero volt Laplace equipotential plane corresponding to the potential field given by 
eq. (5.2). The dashed curve is the grid of the reference gun. 

Due to the small distance between the electron beam and the electrodes, 
which have fixed potentials, our calculation of Im is an approximation. This is 
made clear by fig. 5.1, which shows the zero volt equipotential plane according 
to eq. (5.2). The dashed curve in the figure represents the grid of the reference 
gun. When current is drawn, the potential in the vicinity of the cathode de
creases due to the space charge, i.e. the potential at the zero volt equipotential 
plane in fig. 5.1 decreases when the fixed boundary potentials are far away 
from the beam. But in the actual gun this potential is kept at zero volts by the 
grid, resulting in a higher maximum beam current than that obtained with a 
large distance between beam and boundary. However, this effect causes only 
a small error in the calculated value of lm, since in the two guns compared the 
distance between the boundary and the beam is about the same. Obviously, in 
this respect, the cathode-to-grid distance will be the most important parameter. 
Examples will be given to show that this distance can vary considerably (see 
sec. 5.6) without impairing the applicability of our method for calculating Im. 
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Finally we consider a rotation-symmetrical electrode system consisting of a 
flat cathode, a boundary electrode at zero volt corresponding to the zero volt 
equipotential plane shown in fig. 5.1, and a curved solid anode calculated with 
the aid of eq. (5.2) with V(r,z) V(O,O) > 0, which is very near the cathode 
in the vicinity of the axis. Thus, the field-strength distribution at the cathode 
in the absence of space charge is parabolic. Obviously, due to the very small 
distance between cathode and anode, the field in front of the cathode when 
current is drawn differs from that in a gun with a "free" electron beam. Hence, 
the reasoning of this section does not apply to a system of that type. 

5.3. Calculation of Rp * and EP * 
The gun examined in detail in chapter 3 will be used as a reference. The 

Laplace field-strength distribution at the cathode for zero bias, E*(r), is plotted 
versus r in fig. 5.2. It can be seen from this figure that the distribution deviates 
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Fig. 5.2. Laplace field-strength distribution at the cathode of the reference gun calculated 
from analogue measurements; Vc = Vg 0 V, V0 450 V and V8 = 18 kV. The dashed 
curve is the parabolic approximation. 

from a parabola. We shall replace this distribution by a parabolic one in such 
a way that it gives almost the same current density distribution at the cathode 
as the actual field distribution. For this purpose the current, as calculated with 
Ploke's method (sec. 3.2), and its first moment at the cathode 

co 

( = { J r dim *(r)}Jlm *) 
r=O 

are made equal for the two cases. This leads to the formulae 

J {-E*(r)p12 rdr Rp* 2 (-Ep*) 3
'

2 f5 (5.4) 
0 
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J {-E*(r)}312 r2 dr = n Rv*3 (-Ev*)3
'
2 f32. 

0 

(5.5) 

With these formulae we calculated Ev * = 0·955 E(O) and Rv * = 302 tJ.ID, as 
indicated in fig. 5.2. The value of Rv * is practically equal to the grid-hole 
radius of 300 11-m. 

Formulae for calculating Rv and Ev for any gun are found by omitting the 
asterisks in the above equations. 

5.4. Scaling properties of the reference gun 

For our calculation of Im we must know how Im * depends on Ev *. Since Tc 
and j. are kept constant when varying Ev *, Im *(Ev *) does not obey the simple 
three-halves power law which is valid in the absence of initial velocities (sees 
3.2 and 3.3). Therefore Im * must be determined from experiments for various 
values of Ev *. Because the dimensions and, in particular, the cathode-to-grid 
distance of the actual guns may deviate slightly from the nominal values, the 
measured values of the maximum beam current may deviate from the nominal 
values. According to Ploke's approximation (sec. 3.2), which may be used when 
considering the influence of small variations in dimensions on the beam cur
rent, we find that the drive factor 

(5.6) 

is proportional to {E(O)/V0 }2, where Im is the maximum beam current and V0 

the cut-off voltage corresponding to zero Laplace field strength at the centre 
of the cathode. The ratio E(O)/V0 , i.e. k, is nearly independent of small varia
tions in the cathode-to-grid distance. Hence, when the value of the drive factor 
is known from experiments, the nominal value of the maximum beam current 
is obtained in good approximation from eq. (5.6) using this drive-factor value 
and the value of V0 for the nominal gun as found from analogue measurements. 
In this way Im *(Ev *) was calculated from the curve in fig. 3.6 - obtained as 
an average for five guns - and the known relationship between the electrode 
potentials and Ev *. The result is shown in fig. 5.3. In the experiments we used 
L-cathodes with Tc = 1350 °K Us = 10 A/cm2

). 

When all gun dimensions are multiplied by RvfRv *the beam current Im* is 
changed by the amount Lllm * if Tc and j. are kept constant. Lllm *lim* was 
calculated as a function of Ev * for various values of Rvf Rv * using the model 
of concentric diodes, a properly chosen equivalent-diode distance and Lang
muir's theory for Tc = 1350 oK and j. 10 A/cm2

• The result is shown in 
fig. 5.4. 
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5.5. Results of the calculations 

Summarizing the results of the preceding sections, the beam-current calcula
tion proceeds as follows: 
(1) determine the Laplace field-strength distribution at the cathode, E(r), with 

the aid of a resistance network 5- 2); 

(2) calculate RP and EP from E(r), using eqs (5.4) and (5.5); 
(3) calculate E,* from Ep* = EP (Rp/Rp*), where Rp* = 302 !Lm; 
(4) then the maximum beam current Im * of the scaled reference gun is found 

with the aid of fig. 5.3; 
(5) finally, Lllm * can be obtained from fig. 5.4 giving the maximum beam cur-

rent Im Im * Lllm *. 
The method was used for calculating the maximum beam current of a triode 

gun and a number of tetrode guns with different geometries and potentials. 
The dimensions of these guns are shown in fig. 5.5a and band table 5-I. The 
method was also applied to partly cut-off conditions. 

TABLE 5-I 

gun 
cg tg Ro ga R. t. E(r) X ([Lm) ([LID) ([J.m) ([J.m) ([J.m) ([LID) 

triode, gun 150 100 175 fig. 5.6a 1·38 

low-drive gun I 25 100 400 325 400 250 fig. 5.6b 0·81 

tetrode gun 120 150 360 540 450 240 fig. 5.6c 1·08 

tetrode gun x2 240 300 720 1080 900 480 1·08 

reference gun 100 200 300 270 300 250 fig. 5.2 H1 
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Fig. 5.5a. Schematic representation of a triode gun. 

Fig. 5.5b. Schematic representation of a tetrode gun. 

In order to obtain some idea of the deviation of the actual field-strength 
distribution E(r) from a parabola we calculated (see table 5-I), 

«> Rm 
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Fig. 5.6a. Laplace field strength at the cathode of the triode gun and its parabolic approx· 
imation; Vc = V9 = 0 V, Ve = 25 kV. 
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where Rm is obtained from parabolic extrapolation of the field-strength distri
bution near the centre of the cathode surface, as shown in fig. 5.7 for the refer
ence gun. This formula takes account of the fact that the current density at the 
cathode is proportional to {-E(r)p12 (Ploke's approximation). 

Since, according to sec. 5.4, the drive factor is much less dependent on slight 
deviations in the actual gun dimensions from the nominal values than is the 
maximum beam current, we shall compare the experimental and calculated 
values of the drive factor. For the guns under examination the experimental 
value of the cut-off voltage, corresponding to zero Laplace field strength at the 
centre of the cathode, is determined from measured beam-current character
istics in the way described in sec. 3.5: 1. The drive factor k.x can be obtained 
from the experimental values of maximum beam current and cut-off voltage. 
Its average value for a number of guns of the same type will be denoted by kex· 

Fig. 5.7. Extrapolation of the linear relationship existing between E*(r) and r 2 near the axis. 

5.5.1. Calculations for zero bias 

In the following the guns examined will be denoted as in table 5-I. The 
results of the beam-current calculations for various values of the electrode 
potentials are listed in table 5-II. The values of the cut-off voltage V0 shown 
in the table (grid drive for the triode gun and cathode drive for the other guns) 
have been calculated from analogue measurements. The values calculated for 
the drive factor k are compared with the experimental results in table 5-III. 
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TABLE 5-II 

v. v. Vo Rp Ep E* Im 
k 

gun R 11/Rp* p (fLAt (V) (kV) (V) (fJ.Ill) (V/cm) (V/cm) ({J-A) y312) 

triode gun 25 51·0 215 -2328 0·712 -1657 1394 3-8 
7·5 15·3 -497 285 4-8 

low-drive gun 50 16 32·8 432 -1085 1-429 -1550 1288 6·9 
12·5 4 8·2 388 215 9·2 

tetrode gun 300 15 44·5 369 -1470 1·222 -1796 1571 5-3 . 
tetrode gun x2 300 15 144·5 738 735 2·444 -1796 1592 5-4 

100 5 14-8 - 599 376 6·6 

TABLE 5-III 

experiments comparison with 
the calculations 

number of v. v. k •• kex (k k.J[k •• gun guns 
investigated (V) (kV) ((J.A/V3i2) (fLA/V312) (%) 

25 3·71 3-8 0 
triode gun 2 3·8 5 

7·5 4·42 4·4 +9 
4·37 

50 16 6·76 6·9 0 
low-drive gun 2 6·95 

12·5 4 9·63 9·8 -6 
9·95 

5·42 

tetrode gun 4 300 15 5·24 5·3 0 
5·41 

5·14 

300 15 5·71 5·7 -5 
tetrode gun x2 2 5·62 

100 5 7·1 6 7·2 -8 
7·2° 

5.5.2. Calculations for partly cut-off conditions 

The beam current for partly cut-off conditions has been calculated for two 
guns. Since in both cases the Laplace field-strength distribution at the cathode 
is parabolic, E11 and R11 could be directly found from this distribution without 
using eqs (5.4) and (5.5). The results of the calculations are listed in table 5-IV. 

TABLE 5-IV 

beam-current calculation 

Vc Vg v. I v. Rp I Ep Rp/Rp* <0~~) I gun (V) (V) (V) (kV) ((J.m) (V/cm) J!:& 
tetrode gun x2 25 0 3oo 1 15 375 1 -334 1·241 --414 232 

reference gun 30 0 450 f18 153 1 -96o 0·506 -486 269 
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In table 5-V the calculated beam current is compared with the experimental 
value lex· The experiments have been corrected to allow for the small deviations 
in the cut-off voltages of the actual guns from the nominal values. 

TABLE 5-V 

experiments comparison with the 
calculations 

gun number of guns lex (I- lex)/ lex 
investigated (fLA) (%) 

tetrode gun x2 2 195 +19 

reference gun 5 I 236 +14 

5.6. Discussion of the results 

First of all it should be noted that figs 5.3 and 5.4 are valid for L-cathodes 
with Tc 1350 oK Us 10 A/cm2

). In our experiments the variations in Tc 
were about 50 °K. Beam-current calculations were made for Tc 1300 oK 
Us 4·75 A/cm2

), Tc 1350 oK Us 10 A/cm2
) and Tc 1400 °K Us 20 

A/cm2
), using the model of concentric diodes, a properly chosen equivalent

diode distance and Langmuir's theory. These showed that the influence of this 
variation on the maximum beam current is small (± 4% for Im ~ 200 jJA and 

l% for Im ~ 2000 (LA). However, as can be seen from table 5-III (tetrode 
gun), even for maximum beam currents of about 2000 (LA the difference be
tween the values of kex for two guns of the same type can be about ± 0·05 kex
This is due to an error of about ± 2% in the experimental determination of 
the drive factor, to deviations in the actual gun dimensions from the nominal 
values and to the fact that the cathodes used in the experiments were not ideal 
(patchiness of the work function). Thus, according to table 5-III, there are no 
significant deviations between calculations and experiments for maximum beam 
currents between 1000 and 2000 fLA. Moreover, taking into account the number 
of guns used in the experiments, the deviations at low maximum beam currents 
are not very striking. However, if the causes of these deviations which have 
been mentioned above are disregarded the following remarks can be made. 

(1) In the case of the triode gun and the low-drive gun the calculations were 
found to deviate from the experimental results when the maximum beam cur
rent is low. This may be due to Ploke's approximation which was used to cal
culate Rp and Er Due to the initial velocities of the emitted electrons, the actual 
contribution to the total beam current of the current originating from the region 
near the edge of the emitting area is greater than is in accordance with this 
approximation. The lower the beam current and the more pronounced the tail 
of the field-strength distribution, the greater the relative deviation will be. The 
main consequence is that the value of Ep * according to eq. (5.3) is too great 
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when x > x* and too small when x < x*. Thus, particularly at low cathode 
loadings, the calculated maximum beam current will be too high when x > x* 
(triode gun) and too low when x < x* (low-drive gun). 

(2) In the case of the enlarged tetrode gun too the discrepancy between cal
culations and experiments is again greatest for low maximum beam currents. 
Since x R::i x* this cannot be ascribed to the use of Ploke's approximation. It 
must be due to the increase of the depth of the potential minimum in front of 
the cathode, Vm *(r) (k Tcfe) In {j,/j*(r)}, when all dimensions of the refer
ence gun are multiplied by RvfRP* (sec. 5.2). Since L1Im* is small,j*(r) is ap
proximately divided by (Rvf Rv *)2 in this case. Hence, Vm *(r) is increased by 
(2 k Tc/e) In (Rv/RP *). Clearly, due to the fixed boundary potentials, the maxi
mum effect of this increment will correspond to a shift in V0 from 0 V towards 
(2 k Tc/e) ln (RvfRv *). For the enlarged tetrode gun the corresponding incre
ments of the maximum beam currents are 1·4% and 3·7% for Vc = 15 and 
5 kV, respectively. For the other guns this effect can be completely neglected 
because Rp/Rp *is much closer to unity. 

With regard to partly cut-off conditions the discrepancy between calculations 
and experiments is too great. This is due to the increased distance between the 
fixed boundary and the beam (in both cases R0 R::i R0/2). 

The dimensions of the various guns multiplied by R0 * / R0 , are listed in table 

TABLE 5-VI 

gun cg Rg*/R9 I 
t9 Ry*/R9 ga R//R9 ta Rg'*/R9 X ex- x*>lx" (~m) (~m) ([LID) (~m) 

triode 257 171 1·38 +0·24 
low-drive 19 75 244 187 0·81 -0·27 
tetrode 100 125 450 200 1·08 -0·03 
reference 100 200 270 250 HI 0 

5-VI. It can be seen from tables 5-III and 5-VI that our method of calculating 
the maximum beam current applies to guns of widely varying geometry. The 
permissible values of the scaling factor R0/Rg * are between about 0·5 and 2·0. 
Thus, for most practical applications the method will give correct results. Since 
the agreement is best in the case of high beam currents, extension to higher 
maximum beam currents is possible. 

REFERENCES 
5- 1) C. Weber, in A. Septier (ed.), Focussing of charged particles, Academic Press Inc., 

New York and London, 1967, Vol. 1. 
J. C. Francken, Philips tech. Rev. 21, 10, 1959/60. 
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6. ANOMALOUS ELECTRON VELOCITY DISTRIBUTIONS 

Abstract 

The axial- and total-velocity distributions at emission are calculated for 
the electrons of the beam in a normal electron gun for television dis
play, carrying a space-charge-limited beam current. Due to velocity 
selection by the potential field in front of the cathode, neither distribu
tion is Maxwellian. The mean energies corresponding to the calculated 
distributions are, respectively, 55% and 27% higher than the values 
deduced from Maxwellian distributions. When considering the lag and 
the maximum attainable current density in the spot of a camera tube, 
or the total-velocity distribution of the accelerated beam in an electron 
microscope, these deviations, which are hardly influenced by an incre
ment of the beam current, should be taken into account. 

6.1. Introduction 

Anomalous electron velocity distributions have been found in experiments 
on camera tubes and electron microscopes. In this chapter we shall consider 
the distributions d/($)fd$ and d/($z)/d(/>2 , both at emission, where I is the 
beam current and (/> and (/Jz are the potentials corresponding to the velocity 
and its axial component. These distributions .will be denoted as total-velocity 
distribution and axial-velocity distribution, respectively. 

In camera tubes the beam acceptance by the target, and hence the lag of the 
tube, is determined by the axial-velocity distribution in the vicinity of the target. 
Experimental beam-acceptance curves proved to deviate from what should be 
expected if the axial-velocity distribution of the beam electrons were Max
wellian with cathode temperature Tc. By some means or another a tempera
ture Tz can be assigned to the measured curves; Tz can be a few times larger 
than Tc 6 - 1 •2) and it increases with increasing beam current. Deviations from 
a Maxwellian axial-velocity distribution with temperature Tc also affect the 
maximum attainable current density in the spot. If, at emission, both the trans
verse and the axial-velocity distribution of the beam electrons are Maxwellian 
with temperatures Tc and Tz, respectively, then the Langmuir equation (2.1) 
becomes, under certain conditions 6 - 3), 

(6.1) 

In the case of camera tubes with v. R::i 0, eq. (6.1) gives a much higher value 
of j 80 than eq. (2.1) if Tz is a few times Tc. 

In electron microscopes the total~velocity distribution of the accelerated 
electrons is of importance for the resolution 6 - 4). This distribution has been 
measured and here too, considerable deviations from a Maxwellian total
velocity distribution with cathode temperature have been found 6 - 4 -9 ) which 
again increase with increasing current density of the beam. Similar experiments 
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on planar diodes, e.g. by Moss 6
-

10
) and Jansen 6

- 11), gave no deviations. 
This rules out several causes for the deviations found in long beams. Boersch 
ascribed these to longitudinal space-charge waves induced by shot noise. 
Fack 6 - 12) has shown that this may be a real possibility by making calculations 
for a simplified model. However, these space-charge waves could not be detected 
experimentally. A great deal of work has been done on other mechanisms to 
explain the deviations 6 - 6). In short, statistical effects and interactions between 
the beam electrons have been considered. 

In order to determine the extent to which the deviations observed at the 
target should be attributed to these "long-beam effects", both the axial- and 
the total-velocity distribution of the beam electrons at emission must be known. 
In this chapter we shall confine ourselves to calculating these distributions for 
the gun considered in chapter 4, taking into account the influence of velocity 
selection by the field in front of the cathode. It will be shown that neither dis
tribution is Maxwellian. However, in general, the deviations are smaller than 
those found in the above-mentioned experiments. 

6.2. Axial-velocity distribution for space-charge-limited beam current 

The axial-velocity distribution at the cathode of the beam electrons will be 
calculated for the gun considered in chapter 4, again at a beam current of about 
100 (LA. In the calculation the approximated field characterized by eqs (4.1) 
to (4.5) will be used instead of the actual potential field in front of the cathode. 
It was found in chapter 4 that this approximation is correct nearly to the edge 
of the emitting cathode area. By virtue of eq. (2.8), the current density dj at 
the cathode of beam electrons emitted with axial velocities between (2 e Wzfm) 112 

and {2 e (Wz + dWz)fm }112 is given by the formula 

djfdl/>z = 
1t 

where Wtt and lf>re give the range of transverse velocities for electrons emitted 
with an axial velocity (2 e l/>zfm)112 and passing the barrier in front of the 
cathode. Obviously, for any fixed value of l/>., l/>tl and lf>te are functions of 
the starting point r and the angle tJ. Equation (6.2) holds for l/>= -;;:;: Vm(O), 
where V,n(O) is the depth of the potential minimum for r = 0, while dj = 0 
when Wz < Vm(O). By virtue of eq. (6.2) the current dl of beam electrons 
emitted with axial velocities between (2 e l/>zfm)112 and {2 e (l/>z + dl/>z)/m }1 12 

is given by 
00 " 

dl/dlf>z =Us efk Tc) {exp(-e l/>zfk Tc)} f2 r dr J {exp(-e l/>t;/k Tc) + 
0 0 
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In the following, R0 (the geometric radius of the emitting area) is taken as the 
upper boundary of the integral over r. According to sec. 4.3, the error thus 
introduced is very small. Equation (6.3) is now written as 

d/fd!/>z Us :n: Ro2 efk Tc) w.(!/>z) exp(-e !/>zfk Tc), (6.4) 
where 

Ro " 

w.(l1>.) [ J2 r dr J {exp(-e !/>tifk Tc)- exp(-e !/>tefk Tc)} d~]/:n: R0
2

• 

0 0 

The function w.(l1>.), which equals zero for 11>. < Vm(O), represents the devia
tion from a Maxwellian distribution. If the depth of the potential minimum 
had a constant value Vm(O), this would make the function w.(l1>.) = 1 for 
(/>z ;?; Vm(O). 

Since !/> !/>" + !/>t, the functions !/>tt(l1>.,r;fJ) and !/>te(!/>.,r,~) can be ob-
tained from fig. 4.6. The distribution function (6.4) can then be calculated. 
Since this is rather laborious, a digital computer was used to calculate djfdl1>. 
(eq. (6.2)), for various values of rand 11> •• The results are shown in fig. 6.1. 

Mainly as a result of axial-velocity selection, the values of 11>. corresponding 
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Fig. 6.1. Calculated axial-velocity distribution at the cathode for the current density of beam 
electrons. 
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to the maxima of the calculated curves increase with increasing values of r. 
However, transverse-velocity selection and the focussing action of the field also 
play a role. Otherwise, for r = 13·4.10- 3 em, for example, we should have 
found curve A-B-C, since the minimum value of f/Jz would then be 0·785 V, 
which is the depth of the potential minimum at r = 13·4.10- 3 em. 

dl/d@z 2 f-----t-~-+-~.--
(AV-1) 

1 w:'r-~~~~+-~~-----~----r--+-~ 

7 f------!----r----'-~..t--+- --+-~ 1----c 

4 r--'--~-r --/----:-~-+- ···--:----/---' 

1-78 

Fig. 6.2. Calculated axial-velocity distribution at the cathode for the current of beam electrons. 
The circles are calculated values. 

1·0,-----,---..,.--,--.---.r-""'---;.,.. 
Wz(if>z) • 

t 
0·8f---;---i---"---l 

0·6r-' --+---if---+-+--r--+--J 

Fig. 6.3. The function Wz(IPz) found from the computer calculations. The circles correspond 
to the analytic approximation. 
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The distribution function dl/dtPz has been obtained from the curves of fig. 6.1 
by means of graphical integration. The result is shown in fig. 6.2. Integration 
over tP. gives a beam current of 93 [LA. This value is also found by integration 
of the transverse-velocity distribution which is shown in fig. 4.8. The maximum 
of the curve in fig. 6.2 is situated at tJ)z = 0·469 0·004 V. The values cal
culated are accurate to within about 0·5 %. The same figure also gives the 
Maxwellian distribution which would be obtained if the depth of the potential 
minimum in front of the cathode were equal to Vm(O) = 0·380 V everywhere. 
The ratio between the two functions is Wz(tP.), as shown in fig. 6.3. 

6.3. Analytic approximation of the calculated axial-velocity distribution 

Although all the quantities we want to know can be derived from the dis
tribution function shown in fig. 6.2, the calculations are facilitated if an analytic 
expression can be found for this function. We shall show that, by means of a 
simplified theory, a formula can be obtained that fits in well with the calculated 
values. 

Two assumptions are made. First, the current density distribution at the 
cathode is given by 

(6.5) 

This distribution fits in rather well with the actual current density distribution 
shown by the curve in fig. 4.1, especially in the vicinity of the axis, if t5 is chosen 
in such a way that the correct values are obtained for the beam current and the 
current density at the centre of the cathode: 

I j(O) n R0
2/(1 o). (6.6) 

In this way we find o 1·20. 
The second assumption is that there is no transverse-velocity selection and 

no focussing action by the field in front of the cathode. Hence, an electron 
emitted at a distance r from the axis will pass the barrier when tPz ~ Vm(r). 

Now the depth of the potential minimum, Vm*(r), is chosen such that we 
obtain the current density distribution (6.5). This function Vm *(r) is used to 
calculate the axial-velocity distribution of the beam electrons. From Langmuir's 
theory for the planar diode we find 

(6.7) 

It should be noted that, by virtue of eq. (6.5), Vm *(0) = Vm(O) and that Vm *(r) 
goes to infinity when r approaches R0 • Using eq. (6.3) we find that the current 
dl of beam electrons emitted with axial velocities between (2 e tPz/m) 112 and 
{2 e (tPz + dtPz)/m}1 12 is given by 

dl/dtPz j, 1l r/ (e/k Tc) exp(-e tPz/k Tc), 

where tPz ;?: Vm(O) and re is defined by 

(6.8) 
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(6.9) 

From eqs (6.5), (6.7) and (6.9) we derive 

re2/R02 1- exp[-(efa k Tc) {$z Vm(O)}]. (6.10) 

Comparing eq. (6.8) with eq. (6.4) we see that r//R0
2 takes the place of wzC$z). 

The values of r//R0
2 calculated in accordance with eq. (6.10) for a= 1·20 

are shown by the circles in fig. 6.3. These points fit the function Wz($z) rather 
well. 

The value of a is only slightly dependent on the beam current. Its upper limit 
is 1·5 when the current is increased. Thus, it may be assumed that our method 
of approximating wz($z) may also be applied to higher beam currents if the 
appropriate value of a is used in eq. (6.10). 

6.4. Mean energy 

In this section we shall first calculate the mean energies corresponding to 
the calculated transverse- and axial-velocity distributions. Then the mean 
energy corresponding to the total-velocity distribution can easily be calculated. 

6.4.1. Mean transverse energy 

The transverse-velocity distribution at the cathode of the beam electrons has 
been calculated in chapter 4. This distribution is Maxwellian. The slight devia
tion in its temperature from the cathode temperature will be neglected. Hence 

(6.11) 

The transverse energy U1 is given by U1 = e $ 1 and its mean value [It by 

Vt = { f ut di(Ut)}fi. (6.12) 
u,=o 

By virtue of eqs (6.11) and (6.12), 

(6.13) 

6.4.2. Mean axial energy 

According to the results obtained in sec. 6.3, the axial-velocity distribution 
calculated in sec. 6.2, can be written as 

dlfd$z' =I (ejk Tc) (l + 6) {1- exp(-e $_'jo k Tc)} exp(-e $z' fk Tc), (6.14) 

where $z' f/)z Vm(O). The axial energy Uz is given by u. = e $z'. From 
eq. (6.14) we find for its mean value 

[Jz = k Tc (1 2 o)j(l + 15). (6.15) 
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With ~ 1·20 we obtain Vz = 1·55 k Tc. Thus, the mean axial energy cor
responding to the calculated axial-velocity distribution is about 55% higher 
than we should have found in the case of a Maxwellian velocity distribution. 

6.4.3. Mean total energy 

The total energy is denoted by U e tP' e (t/>z' + fl>1), where fl>' tP + 
Vm(O). By virtue of eqs (6.13) and (6.15) we find for the mean total energy 

(j = (jt + (jz = 2 k Tc (1 + ~ ~)/(1 + ~), 
whereas for the Maxwellian total-velocity distribution 

dl/dtP' I(e/k Tc)2 tP' exp(-e fl>'Jk Tc) 
we obtain 

(6.16) 

(6.17) 

(6.18) 

Thus we see that, since (j = 1·20, the mean total energy in our case is 27% 
higher than we should have found for a Maxwellian total-velocity distribution. 
This is due to velocity selection by the curved field in front of the cathode. The 
next section will deal with the calculation of the total-velocity distribution 
function. 

6.5. Total-velocity distribution for sp•ce-charge-limited beam current 

First we shall derive an analytic approximation for the total-velocity distri
bution of the current of beam electrons. It will then be shown that this approx
imation is in good agreement with the values of dl/dtP calculated with the aid 
of the data shown in fig. 4.6. 

6.5.1. Analytic approximation of the total-velocity distribution 

In order to obtain an analytic expression for the total-velocity distribution 
we consider the model used in sec. 6.3. Though, as can be seen from fig. 6.1, 
djfdtPz cannot be calculated with the aid of this model, we have found that 
the axial-velocity distribution dljdfl>z agrees well with the actual distribution. 
Moreover, since transverse-velocity selection has been neglected, the transverse
velocity distribution according to this model is Maxwellian with cathode tem
perature and this is in good agreement with the actual distribution which is 
shown in fig. 4.8. Hence, it may be expected that the distribution dl/dfl> cal
culated with the aid of this model will also be in good agreement with the actual 
distribution. 

Under the assumptions made in sec. 6.3 we find, by virtue of eqs (6.11) and 
(6.14), that the current dl of beam electrons emitted with axial velocities be
tween (2 e fl>//m) 112 and {2 e (fl>z' + dtf>z')fm ?'2 and transverse velocities be
tween (2 e tPt!m)112 and {2 e (fl>t + dtPt)fm } 112 is given by 

(6.19) 
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where 

F(l/>z',lf>r) = 
l(e/k Tc) 2 (o +I) {exp(-e lf>/Jk Tc)} {1-exp(-e if>/ /0 k Tc)} exp (-e lJ>tfk Tc), 

(6.20) 

with if>/ = lf>z- Vm(O), Vm(O) 0·380 V and 0 = 1·20. We take I= 93 pA, 
the beam current found by integration of the calculated axial or transversal 
distribution function. By virtue of eq. (6.19) the current d/ of beam electrons 
emitted with velocities between (2 e if>' fm) 112 and {2 e (if>' dlf>')jm } 112 is 
given by 

t})l 

dljdf/>' = f F(lf>'- lf>t, lf>r) dlJ>t, (6.21) 
0 

where if>'= if>- Vm(O). Then we find from eqs (6.20) and (6.21) 

dlfdlJ>' = I(efk Tc)2 (o + 1) w(lf>') if>' exp(-e lJ>'fk Tc), (6.22) 

where 

w(lf>') = 1 - (o k Tc/e if>') {l - exp(-e if>' /13 k Tc) }. (6.23) 

The function w(lf>'), which equals zero for if>' < 0, represents the deviation 
from a Maxwellian distribution. 

It can easily be verified that the mean energy tJ corresponding to the dis
tribution (6.22) is given by eq. (6.16). Thus tJ is 27% higher than we should 
have found for a Maxwellian total-velocity distribution (sec. 6.4.3). The dis
tribution according to eq. (6.22) is shown by the full curve in fig. 6.4. The 
dashed curve in the figure is the Maxwellian total-velocity distribution according 
to eq. (6.17) with I= 93 fi.A. The maximum of the full curve is situated at 
if>' = 0·194 V = 1·67 k Tcfe, whereas the maximum of the dashed curve lies 
at if>' k Tcfe. The half width of the full curve is about 14% greater than 

3·0.10"'·,--,;:::;:--;------,--,.----,--,-----,---,--, 
dlld~· T ::·_H'---b~-+-

1·5.10-l-+-+t--+---l~tt--t-----7----l---1 

0·1 0·2 0-3 

Fig. 6.4. Total-velocity distribution for the current of beam electrons. 
----: analytic approximation; ------- -: Maxwellian distribution for the same 
beam current; o: calculated values. 
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the half width of the dashed one. Thus, the full curve is broadened with its 
maximum shifted towards higher energies when compared with the (dashed) 
Maxwellian curve. The qnly reason for this is the velocity selection by the field 
in front of the cathode. 

6.5.2. Calculation of the total-velocity distribution 

The velocity vat emission can be characterized by the coordinates v, {} (see 
fig. 2.5) andy, where y is the angle between v and its axial component vz. The 
distribution function (2.7) is transformed to these coordinates. When the cor
responding potentials are substituted for the velocities, the result of this trans
formation is 

dj = (j./2 n) (efk Tc)2 (sin 2 y) rJ> exp(-e t:Pjk Tc) dy drf> d{}. (6.24) 

Let us consider fixed values of rf>, r and &. Since vt v sin y, 

IP1 = rJ> sin2y. (6.25) 

According to sec. 4.3 the electron will pass the potential barrier when at this 
value of rf>1 the value of rf>z is greater than rf>z~> i.e. when rJ> = rf>z + tPr > IP1• 

To find the range of values of tPr for which the electron passes the barrier, we 
plot rf>1 versus rf>r using the data shown in fig. 4.6. In most cases rf>1 increases 
with increasing values of rf>r. but for great values of r the function has a 
minimum value rf>1 min at a positive value of IP1 when {} is small. Thus, at 
fixed values of rf>, rand {} and provided that rJ> > rf>1 min• the electron passes 
the barrier for values of rf>1 between rf>11 and rf>re· The values of rf>11 and tPre 
can be obtained from the plot. The corresponding values of yare y1 and Ye• 
respectively. 

Obviously, for any fixed value of rf>, the angles y1 and Ye are functions of r 
and {}, Thus, by virtue of eq. (6.24), the current density dj of beam electrons 
emitted with velocities between (2 e rf>jm) 112 and {2 e (rf> + dt:P)jm }1'2 is 
given by 

Jt Ye 

djfdrJ> = (j,jn) (ejk Tc)2 rJ> {exp(-e rl>fk Tc)} f d{} J sin 2 y dy, 
0 Yi 

or, by virtue of eq. (6.25), by 

" 
dj/drf> Usfn) (ejk Tc)2 tP {exp(-e rf>Jk Tc)} f { (rf>11 - rf>,e)/rf>} d{}. (6.26) 

0 

' Hence, the current d/ of beam electrons emitted with velocities between 
(2 e t:Pjm)1

'
2 and {2 e (t:P + drf>)/m }112 is given by 

Ro " 

dljdrf> = j. (ejk Tc)2 rf> {exp(-e rf>jk Tc)} f 2 r dr J {(rf>tl rf>1e)/rf>} d{}. (6.27) 
0 0 
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When we have determined the values of <P11 and <P1e for various values of 
<P, r and {}, dl(<P)jd<P can be calculated with the aid of eq. (6.27) by means 
of graphical integration. Because of the fairly large steps in r in fig. 4.6 this can 
only be done for values of <P between about 0·5 and 1·0 V when accurate 
results are wanted. However, it must be remarked that this interval contains 
about 85% of the total beam current. Moreover, the value of dl/d<P according 
to eq. (6.27) is zero when <P Vm(O), i.e., when <P' = 0. The values of dlfd<P 
calculated for <P = 0·50, 0·58, 0·78 and 0·98 V are shown by the circles in 
fig. 6.4. It can be seen that the analytic expression (6.22) is a good approxi
mation of the distribution (6.27). 

6.6. Discussion of the results 

Due to velocity selection by the field in front of the cathode, the mean axial 
and mean total energies at emission deviate from the values for Maxwellian 
velocity distributions by +55% and %, respectively, for a beam current 
of about 100 [LA. Since the value of t5 in eqs (6.15) and (6.16) increases slowly 
with increasing beam current up to about 1· 5, the calculated deviations for the 
gun considered are practically independent of the beam current. 

The guns in normal camera tubes are of the same type as the gun considered. 
The cathode loading is also of the same order of magnitude. Deviations such 
as those found in this chapter must be taken into account in examining the lag 
and the maximum current density attainable in the spot of these tubes. However, 
they do not completely explain the experimental results 6 - 1 •2 ) since, generally, 
these show larger deviations from a Maxwellian distribution, which are, in 
addition, more strongly dependent on the beam current. Apart from the "long
beam effects" mentioned in sec. 6.1, this discrepancy may be due to a disturb
ance of the axial-velocity distribution at the target by the imaging system itself. 

The current densities used in the experiments on electron-microscope 
guns 6 - 4 -9 ) are comparable with the values for the gun considered in this 
chapter. However, the geometry of these guns is quite different. From the 
viewpoint of mathematical analysis, the shape of the cathode is so complicated 
that it would be very difficult to apply to them the method used in this chapter. 
Moreover, it is not clear to what extent velocity selection by the beam stops 
used in the experiments 6 -4-9) has contributed to the distributions measured. 
These difficulties would be avoided if the total-velocity distribution at the 
target, integrated over the whole beam, were measured for the simple gun 
considered in this chapter. Deviations from the calculated distribution would 
provide quantitative information concerning the influence of space-charge 
waves and/or electron-electron interactions. 
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Samenvatting 

In dit proefscbrift worden een aantal onderzoekingen aan rotatiesymme
triscbe electronenkanonnen bescbreven. Deze kanonnen, die zijn gekarakteri
seerd door een veldsterkteverdeling op de katbode die bij afwezigbeid van 
ruimtelading bij benadering paraboliscb is, worden bijvoorbeeld toegepast in 
oscillograaf- en televisiebeeld- en camerabuizen. Er worden drie onder
werpen bebandeld die nauw samenbangen met de uittreedsnelbeden van de 
electronen, namelijk: de grootte van de licbtstip op bet scberm, de snelbeids
verdelingen van de bundelelectronen en de eigenscbappen en berekening van 
de stroom-spanningskarakteristiek. 

In boofdstuk 1 worden metingen aan de stroomdicbtbeidsverdeling in de 
Iicbtstip op bet scherm van een katbodestraalbuis bescbreven. Het product van 
de breedte van de licbtstip en de bundelboek aan bet scberm is een maat voor 
de kwaliteit van bet kanon. Afwijkingen van de experimenteel bepaalde kwali
teit t.o.v. de met een paraxiale theorie berekende waarde verschaffen informatie 
omtrent de afbeeldingsfouten van bet systeem. Zelfs voor kleine waarden van 
de bundelstroom kan deze afwijking vrij aanzienlijk zijn. Dit moet worden toe
geschreven aan chromatische aberratie en/of een bijzonder soort sferiscbe 
aberratie die wordt veroorzaakt door de wijze waarop in een kathodestraalbuis 
de bundelstroom wordt gestuurd. Hoewel met toenemende bundelstroom de 
invloed van deze fouten afneemt, neemt de gemeten afwijking toe tengevolge 
van (1) normale sferische aberratie in het kanon, (2) kromming van de elec
tronenbanen in de buurt van bet scberm door ruimtelading en (3) sferische 
a berra tie veroorzaakt door ruimtelading. V oor een bepaald geval wordt aan
getoond dat (I) verantwoordelijk is voor ongeveer een derde gedeelte van de 
totale afwijking. 

In bet tbeoretisch gedeelte van bet eerste boofdstuk is aangenomen dat aan 
de kathode de dwarssnelheidsverdeling van de bundelelectronen een Maxwell
verdeling met kathodetemperatuur is. In boofdstuk 2 wordt aangetoond dat, 
tengevolge van de snelheidsselectie door het inhomogene veld in de buurt van 
de katbode, deze aanname in principe niet juist is. Eenvoudigbeidshalve is in 
dit boofdstnk genoemde verdeling berekend voor bet aanloopstroomgebied van 
de bundelstroomkarakteristiek waar de invloed van ruimtelading kan worden 
verwaarloosd. Voor een bepaald geval wordt een Maxwellverdeling gevonden 
met een temperatuur die 20% lager is dan die van de katbode. Dit betekent 
dat de theoretische kwaliteit 10% beter is dan in boofdstuk 1 was aangenomen. 

De eigenscbappen van de stroom-spanningskarakteristiek worden onderzocht 
in bet derde hoofdstuk. Dit is van belang om (1) een benadering te vinden voor 
het veld in de buurt van de kathode in geval van ruimteladingsbegrensde bun
delstroom, (2} voor onderzoek aan kanonnen en tolerantieonderzoek in de 
productie in staat te zijn de afknijpspanning V0 , corresponderend met de waarde 
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nul voor de veldsterkte in het centrum van de kathode bij afwezigheid van 
ruimtelading, en de doordringingsfactoren van de anodes uit gemeten karak
teristieken te bepalen en (3) de steilheid van een kanon als functie van de 
geometrie en de electrodepotentialen op eenvoudige wijze te kunnen berekenen, 
dus zonder de vergelijking van Poisson op te lossen. De steilheid is gedefinieerd 
als k Im/V0

312 , waarin Im de bundelstroom is als kathode en rooster beide 
een potentiaal van nul volt hebben. Bepaalde eigenschappen van k en de uit 
gemeten stroom-spanningskarakteristieken bepaalde afknijpspanning blijken 
niet in overeenstemming te zijn met de bekende benaderingsmethoden om de 
bundelstroom te berekenen. Hierdoor kunnen noch V0 noch de doordringings
factoren bepaald worden uit karakteristiekmetingen. Door niet, zoals tot nu, 
aan te nemen dat de electronen de kathode met snelheid nul verlaten, maar 
door de aanvangssnelheden en de eindige verzadigingsstroomdichtheid in de 
benadering op te nemen konden de experimenteel gevonden eigenschappen van 
V0 en k worden verklaard. Het resultaat is dat nu V0 en de doordringingsfac
toren nauwkeurig uit karakteristiekmetingen kunnen worden bepaald. Boven
dien wordt duidelijk dat wanneer de bundelstroom zou worden berekend door 
de vergelijking van Poisson numeriek op te lossen, zowel de totale-snelheids
verdeling bij emissie als de eindige verzadigingsstroomdichtheid in rekening 
moet worden gebracht. Omdat, evenals overigens in de bekende benaderings
methodes, ook in onze gemodificeerde benadering een onbekende evenredig
heidsconstante voorkomt kan ze niet worden gebruikt om de bundelstroom te 
berekenen. Wei is er goede overeenstemming tussen de berekende en de ge
meten stroomdichtbeidsverdeling aan de kathode als deze constante wordt 
aangepast aan de gemeten bundelstroom. De nauwkeurige experimentele be
paling van V0 maakt het mogelijk de eigenschappen van bet kanon bij het 
visuele afknijppunt te onderzoeken. Tengevolge van de uittreedsnelheden is de 
visuele afknijpspanning groter dan V0 • Met behulp van de resultaten van 
hoofdstuk 2 wordt aangetoond dat de vorm van de stroomdichtheidsverdeling 
aan de kathode bij het visuele afknijppunt essentieel anders is dan in het ruimte
ladingsgebied van de karakteristiek. Tenslotte wordt een eenvoudige relatie 
afgeleid tussen d~ visuele afknijpspanning en de anodepotentiaal. Hieruit volgt 
een methode om de doordringsfactor van de anode uit eenvoudige metingen 
van de visuele afknijpspanning te bepalen. Dit kan van belang zijn voor de 
productiecontrole van kathodestraalbuizen. 

Met behulp van het in hoofdstuk 3 beschreven onderzoek kan, voor ruimte
ladingsbegrensde bundelstroom, een benadering van het potentiaalveld in de 
buurt van de kathode worden opgesteld. Hiervan wordt in het vierde hoofdstuk 
gebruik gemaakt om voor dit geval, dat meer in overeenstemming is met normale 
bedrijfscondities dan het in hoofdstuk 2 beschouwde geval, eveneens de dwars
snelheidsverdeling te berekenen. Het resultaat is een Maxwellverdeling met een 
temperatuur die nagenoeg gelijk is aan de kathodetemperatuur, waarmee de in 
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het theoretisch gedeelte van hoofdstuk 1 gemaakte verondersteUing is gerecht
vaardigd. 

In hoofdstuk 5 wordt een eenvoudige methode beschreven om in goede 
benadering de maximale bundelstroom van een kanon te berekenen. Omdat 
numerieke oplossing van de vergelijking van Poisson hierbij niet nodig is, kan 
de methode worden gebruikt om snel inzicht te verkrijgen in de afhankelijkheid 
van de steilheid van de geometrie van het kanon en van de electrodepotentialen. 
V oor de berekening is aileen de veldsterkteverdeling op de kathode bij afwezig
heid van ruimtelading nodig. Deze kan worden berekend m.b.v. eenvoudige 
potentiaalmetingen aan een weerstandsnetwerk. De maximale bundelstroom 
van een kanon kan dan worden afgeleid uit de gemeten karakteristieken van 
een referentiekanon door gebruik te maken van schalingseigenschappen. Als 
referentie wordt het in hoofdstuk 3 onderzochte kanon gebruikt. Met verschil
lende voorbeelden wordt aangetoond dat de methode goede resultaten geeft 
voor een grote verscheidenheid van kanonnen met maximale bundelstromen 
tussen 0,2 en 2,0 rnA. 

Tenslotte worden in het zesde hoofdstuk de axiale- en de totale-snelheids
verdeling van de bundelelectronen aan de kathode beschouwd. Deze verde
lingen, die van belang zijn voor camerabuizen en het electronenmicroscoop, 
kunnen worden afgeleid uii de resultaten die in hoofdstuk 4 zijn verkregen. 
De berekende verdelingen, die aanzienlijk afwijken van Maxwellverdelingen 
tengevolge van snelheidsselectie door het veld in de buurt van de kathode, 
kunnen door overzichtelijke analytische uitdrukkingen worden benaderd. De 
gemiddelde energieen die corresponderen met deze verdelingsfuncties zijn, 
respectievelijk, 55% en 27% groter dan in geval van een Maxwellverdeling 
zou worden gevonden. Bij bet onderzoek aan de traagheid en de maximaal 
bereikbare stroomdichtheid in de spot van camerabuizen moet met deze afwij
kingen, die overigens nauwelijks van de bundelstroom afhangen, rekening 
worden gehouden. Bovendien kunnen de in dit hoofdstuk verkregen resultaten 
gebruikt worden om het - uit de electronenmicroscopie bekende Boersch 
effect nader te onderzoeken. 
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STELLING EN 



I 

Voor een niet-holle rotatiesymmetrische electronenbundel, die niet paraxi
aal behoeft te zijn, kan, met behulp van geschikte definities voor de bundel
straal en de bundelhoek, een kwaliteitsgetal worden gedefinieerd dat in elk 
-vlak loodrecht op de rotatieas dezelfde waarde heeft. 

II 

Het verdient aanbeveling om in specificaties van televisie beeldbuizen de 
stuurspanning te betrekken op de ,rasterafknijpspanning". 

III 

Er zijn experimentele aanwlJzmgen dat in het model voor veldverdamping 
van Ehrlich en Kirk de verdampingsveldsterkte als functie van temperatuur 
en verdampingssnelheid onjuist wordt weergegeven. 

G. Ehrlich and C. F. Kirk, J. Chern. Phys. 48. 1465, 1968. 

IV 

Onder bepaalde omstandigheden kan de kwaliteit van een televisiebeeld wor
den verbeterd door in het kanon van de weergeefbuis een kathode toe tc 
passen waarvan slechts het centrale gedeelte, met een diameter kleiner dan 
die van het roostergat, kan emitteren. 

v 
De door Trela en Fairbank bij hogere temperaturen waargenomen demping 
van de oscillaties van superflulde helium moet, naast de door deze auteurs 
vermelde demping tengevolge van de normaalstroming, worden toegeschre
ven aan de imperfecte isotherme condities waaronder het experiment is uit· 
gevoerd. 

W. J. Trela and W. M. Fairbank, Phys. Rev. Letters 19, 822, 1967. 
W. M. van Alphen, R. de Bruyn Ouboter, K. W. Taconis and E. van 
Spronssen, Physica 38, 1234, 1968. 

VI 

De voor de index-kleurenweergeefbuis gewenste vorm van de bundel kan 
worden verkregen door geschikte dimensionering van het electronenkanon. 

J. Kaashoek, Diss. T.H. Eindhoven, 1968, stelling VIII. 

VII 

De door Andersen en Mol gemeten electronenenergieverdelingen mogen niet 
zonder meer anomaal genoemd worden. 

W. H. J. Andersen and H. Moll, Fourth European Regional Confer
ence on Electron Microscopy, Vol. I. p. 340 fig. 2, Rome 1968, Tipo
grafia Poliglotta Vaticana. 



VIII 

Het is gewenst de invloed van bet, uit de electronenmicroscopie bekende, 
Boerscb effect kwantitatief vast te stellen. 

H. Boersch, Z. Physik 139, 115, 1954. 

IX 

In de door Moss gemodificeerde Langmuir vergelijking moet de constante 1 
worden vervangen door bet quotient van gemiddelde axiale en gemiddelde 
transversale energie bij emissie. 

H. Moss, J. Electronics and Control 10, 341, 1961. 
Dit proefschrift. 

X 

Een vanaf de katbode astigmatiscbe electronenbundel kan ook voor andere 
systemen dan de index-kleurenbuis van belang zijn. 

E. E. Himmelbauer, Diss. Rijksuniversiteit Groningen, 1968. 

XI 

De door Tbim bepaalde v(E) karakteristiek van n-GaAs wijkt af van door 
andere experimentatoren verkregen resultaten. Dit moet worden toegescbreven 
aan onnauwkeurigbeid in de bepaling van bet dope profiel en mogelijk aan 
bet niet vrij beweeglijk zijn van een gedeelte der gelnjecteerde electronen. 

H. W. Thim, Electronic Letters 2, 403, 1966. 
J. G. Ruch and G. S. Kino, Phys. Rev. 174, 921, 1968. 

XII 

Voor de correcte weergave van niet te sterk verzadigde primaire kleuren 
met behulp van de indexbuis kan bet ongunstig zijn wanneer de afmeting 
van de beeldvlek loodrecht op de kleurlijnen afneemt met afnemende bun
delstroomsterkte. 

J. Hasker 25 april 1969 


