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This work contains a theoretica! and experimental investigation 

of the gasdynamic properties of the turbulent subsonic flow of a per

fect gas at the insulator walls in a magnetohydrodynamic duet. 

Using the ordinary aerodynamic turbulent flow equations, 

Maxwell's equations and Ohm's law a set of equations for the magneto

hydrodynamic turbulent compressible steady flow is derived, excluding 

the Hall effect. These equations are applied to the flow between the 

insuiator walls of the MHD duet. Solutions of these equations are 

found for the case of a fully developed flow in a rectangular duet 

with constant cross section for various Hartmann and Reynolds numbers. 

Experiments were carried out in a segmented Faraday generator, 

which was part of a closed cycle MHD system with potassium seeded 

argon as a werking fluid and a 200 kW are burner as a plasma source. 

The gas pressure in the duet was slightly above I atm, the temperature 

about 1900 K and the gas velocity varied between 200 and 450 m/s. The 

diagnostics used, were a WRe-thermocouple to measure the temperature 

profiles and pitot tubes of various kinds to measure the total pres

sure profiles. A computer program simultaneously calculated the gas 

temperature and velocity profiles from a given set of measurements. 

The shape of the measured temperature and velocity profiles is in 

agreement with the theoretically predicted flattening of the profiles. 
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3. NOMENCLATURE 

a 

A 

A q 

A 
T 

B 

B 
0 

c 

c 

d 

D •• 
Jl 

e 

E 

-E* 

F. 
1 

h 

Ha 

I 

1 

L 

10 

transmission coefficient of optical system (7.11) 

constant in the turbulence suppression term (5.29) 

turbulent heat transfer quantity (5.19) 

=turbulent moment transfer quantity (5.19) 

= magnetic induction 

= applied magnetic induction 

velocity of sound ltS 

measure for sublayer thickness in turbulence damping 

term (5.26) 

2 
= friction coefficient =, 2Tw/p

5
u

8 

specific heat at constant pressure 

= specific heat at constant volume 

• diameter of thermocouple wire 

electrical conductivity boundary layer thickness (4.9) 

deformation tensor components 

electrica:l load factor • - E/u B 
s 0 

= electric field 

electric field in moving coordinate system = Ê +;x B 
= general body force component 

interval length in finite difference equations 

= Hartmann number • Bl(%}! (4.4) 

= total electric current 

total electric current due to Hall effect 

= current density 

current density vector of Hall current 

Boltzmann's constant 

duet width, transverse characteristic length 

total duet length, axial characteristic length 



m 

M 

M 
L 

Nu 

Nu x 

p 

Pr 

Re 

s 

t 

t 

T 

fiT 

T 
s 

T 
0 

mass flow rate 

mass of electron 

(.:f!_!) I Mach number = u/ W 2 

localMach number =u'/ 

Nusselt number = 2 q 1/À(T - T) 
w w s 

local ~usselt number 

pressure 

= dynamic pressure = ptot 

dynamic pressure error 

static pressure 

= total pressure or total head 

Prandtl number = C ~/WÀ 
p 

turbulent Prandtl number = A /A 
T q 

electron charge 

radiation heat flux, 7.2.1 .c 

turbulent heat flux (5.19) 

= universal gas constant 

Reynolds number = pul/~ 

radiation constant of Stefan-Boltzmann (7.4) 

time 

error in estimated temperature profile (6.20) 

absolute temperature 

error in temperature measurement 

black body radiation temperature (7.12) 

local gas temperature, Fig. 7.7 

thermocouple junction temperature, Fig. 7.7 

insulator wall temperature, Fig. 7.7 

mean value of temperature profile 

thermocouple temperature at holder tip, Fig. 7.7 
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u 
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u s 
_,. 
u 

ui, u. 
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V 

w 

w 

x, y, z 

xi' x. 
J 
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B 

8eff 

y 

yl' y2, y3 

E 
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ÀA 

A 

IJ 
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llb 
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velocity component in x-direction = u
1 

velocity as particular salution of the Hartmann equation 

(4.4) 

mean value of velocity profile 

general velocity vector 

general velocity components, with i,j I, 2, 3 

velocity component in y-direction u2 

velocity component in z-direction u~ 

atomie or molecular weight of the gas 

Cartesian coordinates 

Cartesian coordinates for i,j I, 2, 3 respectively 

heat transfer coefficient, 7.2.1 .b 

Hall parameter = qeB/meve (4.6) 

effective Hall parameter 

specific heat ratio = C /C 
p V 

turbulence damping factors, (5.26, 27, 29) 

emission coefficient, 7.2.1.c 

dimensionless temperature (T - Tw)/(Ts - Tw) 

dilatation (5.1) 

universa! turbulence constant in Prandtl mixing length 

equation (5.25) 

heat conduction coefficient (7.5) 

heat conduction coefficient of argon (7.6) 

turbulence damping factor = Ha (~) ~ (5. 28) 
Re Cf 

viscosity 

constant part of viscosity (6.1) 

temperature coefficient of viscosity (6.1) 

permeability of vacuum 



V 

V 
e 

p 

(J 

(J 
s 

T • • 
:LJ 

T 
w 

\) 

~0 

general frequency 

total callision frequencyof electron 

mass density 

mean value of gas density, related to Ts 

electrical conductivity 

characteristic value of electrical conductivity (4.4) 

shear stress 

shear stress tensor components 

turbulent shear stress 

wall shear stress 

error in estimated velocity profile (6.20) 

electrical conductivity form factor = I - exp(- y/d) 

(4.9) 

constant coefficient in electrical conductivity form 

factor ~ 

Subscripts and superscripts 

(') 

( ) 

) ' 

) i' ( )j 

( ) s 

vector quantity 

time averaged quantity 

turbulent quantity 

vector components in Cartesian coordinate system 

quantity related to mean value of velocity and 

temperature profiles (us' Ts) 
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4. 

4.1. 

At the international conference of magnetohydrodynamic power 

generation in Munich 1971 it was clear that the development of MHD 

generator devices has come from the stage of laboratory experiments 

to the stage of small size industrial equipment. As soon as MHD 

generators have to be designed for large scale power generation it 

is from an economical point of view of crucial importance to know 

the influence of all kinds of loss mechanisms that can disturb 

the proper performance of the ~fHD generator. Future buyers of MHD 

topped power plants will show the same interest in an accurately 

predicted overall efficiency as they do nowadays, so a thorough 

investigation of ~ generator losses is necessary. 

The main losses are due to electrode segmentation, entrance 

and end effects, ionization instabilities, friction and heat fluxes 

to the walls. This work will deal with gasdynamic losses, given by 

friction losses and heat losses due to conduction and convection. 

The importance of these losses may be estimated roughly from 

the following figures. Say a 1000 MW, combined MHD steam plant is 

designed, with a 300 MW MHD generator. The overall efficiency is 

50 % so the thermal input power is 2000 MW. The friction and heat 

losses of the MHD generator can amount to 5 % (or more) of its out

put power, being 15 ~1W and thus 0.75% (or more) of the thermal in

put power. Knowing from other publications that the electromagnetic 

effects in the boundary layer of an MHD generator can increase the 

gasdynamic losses with a factor 2 or 3, we see that not taking into 

account the ~ boundary layer effects, overestimates the overall 

efficiency of the plant by at least 0.5 %. This figure is important 

enough to be regarded. 

4.2. 

During the last decade a lot of papers have been publisbed in 

the field of MHD boundary layer flow. They can be classified as 

fellows: 

15 



- incompressible laminar MHD flow, 

- compressible laminar MHD flow, 

- incompressible turbulent MHD flow, 

- compressible turbulent MHD flow. 

Although each of the four groups can be classified again in steady 

and non steady flow, here only steady MHD flows will be considered. 

Fig. 4.1 

Arbitrary velocity profile in 

an ;.run duet 

Y Bv 

0 

u 

x 

In general the problem dealt with is schematically shown in Fig. 4.1, 

The flow considered has a certain velocity profile u = f(x, y) between 

two rigid walls parallel to the x-z plane at y o and y = 1. In hard

ly all cases z dependenee is ignored. The flow may be one-dimensional 

u= f(y), the so called fully established flow, or two-dimensional 

u= f(x, y), the so called entrance flow. 

In the case that a flow between insulator walls is considered, 

the magnetic field B is homogeneous and parallel to the y-axis: 

B = B • If the flow between electrode walls is considered then the 
y 

magnetic field B is parallel to the z-axis: B = Bz. Some authors have 

also coped with two-dimensional flows in the cross-section of a rec

tangular duet and others with diverging ducts, but those papers are 

not included in the following survey. 

4.2.1. Incompressible laminar MHD flow 

The first paper in this field was publisbed by Hartmann and 

Lazarus in 1937 [Ha 37). They experimented with a fully developed 

16 



y 
l 

u(Ha:10) 

o) 

and Hartmann profile (Ha "' 1 0). 0 
x 

mercury flow in a flat rectangular duet. They observed the transition 

of the Poiseuille profile to an exponential type MHD profile (see 

Fig. 4.2.). The Poiseuille profile is found from the following 

equation 

a2
u 

+)J--2=0, 
dy 

with boundary conditions: u = 0 for y 

is constant. The salution is 

u 

0 and y 

where us is the mean value of the velocity. 

(4. 1) 

1, and with 3p/3x 

(4.2) 

The exponential velocity profile is found from the equation 

+ 11 - a(E + uB)B 0 1 

with boundary conditions: u= 0 for y 

stant öp/ax. This yields the salution 

(4. 3) 

0 and y 1, and with con-

u = [1 - cosh {Ha(0.5 )}/cosh(O.S Ha)] 1 (4.4) 

where u is the particular solution of (4.3) and Ha is the Hartmann 
p l 

!lumber defined by Ha = Bl (a/ c) 2 • All other quanti ties can be found 

in the nomenclature. The exponential type velocity profile (4.4) is 

called "Hartmann profile'' nmvadays. 
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This kind of experiments was continued by Murgatroyd [Mur 53] 

who also observed the transition from turbulent to laminar flow 

when the magnetic field was increased. Sutton et al. (Su 65] and 

Yen 64] examined the problem of the fully established MHD flow 

between insuiator walls with Hall effect and constant plasma para

meters. They found at high Hall parameters a transition from the 

Hartmann profile to a Poiseuilie-type profile, generally expressed 

by 

u = c
1 

sin(by) sinh(ay) + c2 cos(by) cosh(ay) + c3 , (4.5) 

with a, b, c
1

, and c
3 

functions of the Hartmann number, Hall 

parameter and loading factor of the generator. The Hall parameter 

S is defined by the ratio of electron cyclotron frequency and 

electron collision frequency 

(4.6) 

From their results it can be seen that the influence of the Hall 

parameter on the dynamics of the flow is negligible forS~ I. 

Other types of incompressible laminar MHD flows were studied 

of which we will only mention the MHD boundary layer flow (in the 

following shortened to MHD BL flow) at a flat plate and in the 

entrance of a plane duet. This subject became particularly impor

tant in the early sixties, with the growing interest in power 

conversion by means of plasma driven MHD generators. The earliest 

attempts still dealt with incompressible working fluids. Moffat 

[Mo 61] examined the flat plate MHD BL development. Shohet et al. 

[Sho 62] and Hwang and Fan [Hw 63] calculated the MHD flow in the 

entrance sectien of a flat duet with constant parameters by means 

of finite difference analysis. Liubimow [Li 62, 62a, 64, 65] investi

gated MHD BL with Hall effect and variabie electrical conductivity 

Merck [Me 71] made some calculations at the entrance region of a 

rectangular MHD duet, with the assumption of incompressible fluid 

in the boundary layer and compressible fluid in the main flow. The 

salution was found by means of the momenturn integral metbod of 

Von Kármán-Pohlhausen. Sonju [So 68] calculated fully developed 

MHD profiles with temperature dependent electrical conductivity 

18 



across the duet wiàth. His theoretical results are ~n gooà agree-

ment with his experiments. Fussey 71) too found for low Mach 

number cambustion gas MHD flow, good agreement with Hartmann's 

tbeory, 

4.2.2. 

One of tbe first important papers in this field was publisbed 

by Kerrebrock [Ke 61) in 1961. He solved the electrode BL equat

ions for direct current plasma accelerators, by means of similarly 

analysis, taking into account compressibility and non-homogeneaus 

plasma parameters. Hale and Kerrebrock [Hal 64] also investigated 

the insuiator BL taking into account Hall effect and non-equilibrium 

ionization. The work of Brancher and Roy [Bra 68] covered the same 

field as [Ke 61] and [Hal 64], whereas Sherman and Resbotko [Sh 69] 

examined the BL flow at the insulator walls at the entrance section 

of an ~HD duet witb non-equilibrium ionization. In particular they 

calculated the electron temperature profile. In all papers mentioned 

so far in this section the solutions were found using similarity 

analysis. Hwang [H,~u 6 7] used the V on Kármán-Pohlhausen metbod to 

calculate the entrance flow in a flat MHD duet with heat transfer. 

He assumed a constant electrical conductivity all over the duet and 

a constant stagnation temperature in the main flow. The last assump

tion being of crucial importance for handling the equations makes 

the results less practical for application at MHD generators. 

4.2.3. 

Already started with the r"rork of Hartmann, this field was 

further investigated by Murgatroyd [Mur 53] who particularly was 

interested in the transition region from fully established turbulent 

to laminar flow in mercury MHD ducts. From his experiments he found 

that this transition takes place at a rather sharpe defined value of 

the ratio of Reynolds and Hartmann numbers, being 

229 • 

His experimental results were supported by the theoretica! work of 

19 



Lykoudis [Ly 60] who found from his calculations a value of 

Re/Ha = 225, which iudeed is very close to the experimental results 

of Murgatroyd. Lykoudis and Brauillette [Ly 67] succeeded in 

developing a theory for fully established incompressible turbulent 

MHD flow with constant parameters, that incorporated the transition 

from turbulent to laminar flow and that was in very good agreement 

with their measurements of velocity profiles and friction coeffi

cients over a wide range of Reynolds and Hartmann numbers. They 

incorporated the turbulent effects in their basic equations using 

the Prandtl mixing length theory. This methad is also basic for the 

derivation of our equations in chapter 5. 

4.2.4. Compressible turbulent MHD flow 

Up to now only a few papers on theoretical and experimental 

investigations in this field have been published. A very interest

ing theoretical paper is that of Argyropoulos et al. [Ar 68]. They 

derive a set of equations for the general compressible turbulent 

MHD BL by the introduetion of three new equations by multiplying 

the turbulent momenturn equations sequently by the density, velocity 

and energy turbulence term and then time averadging. However they 

were not able to solve this set of equations because of lacking 

knowledge on empyrical values of some important cross-correlation 

terms. 

Experiments in this field were carried out by Zinko et al. 

[Bre 68] who measured the velocity profile when switching from the 

aerodynamic to the MHD situatiori under open circuit conditions, 

without observing any change of the velocity profile within the 

accuracy of his measurements. Olin [01 66] especially measured the 

suppression of the turbulence when the magnetic field is increased 

above the critical value. 

From the aforegoing survey of papers it is clear that especi

ally in the field of compressible turbulent MHD flow a lot of work 

still has to be dorre and is worthwhile to be dorre, because only 

this field applies to real commercial power plant MHD generators, 

which in the case of cambustion gas driven MHD generators can be 

build in the near future. This work tries to give an answer on the 

problem how this type of flow and the concerned gasdynamical losses 

20 



are influenced by the electro-magnetic forces acting on the flow. 

To prove the aforementioned statement some gas parameters are 

estimated, starring from the well known values of our laboratory

scale experiment with argon potassium plasma, which are labelled 

with index I: 

gas pressure 

density = p
1 

velocity = u
1 

conductivity 

2.1 m. 

Here 

so 

PI 

0.3 kg/m3 , viscosity 

gas temporature 

\' - I x 10-4 
"I -

1800 K, 

500 m/s, magnotie field = B
1 

2.6 T, electrical 

a
1 

= 60 mho/m, characteristic length = 1
1 

= 

and 40, 

In the laboratory-scale experiment a turbulent MHD flow will be ex

pected and was found indeed. From the definitions of Reynolds and 

Hartmann number we see 

Re/Ha 
1 

pu/B(vJ-;) 2 (4. 7) 

Sealing up the generator will affect the pressure and thus the den

sity 0 • Say a pressure of 25 atm is suitable so 

and = 25 pI. 

For the other quantities involved we can assume that u
2 

and v will remain about the same. Thus sealing up 

of the generator leads to a change in Re/Ha as follows 

Hence the ratio Re/Ha for a large scale generator is expected to be 

several times larger than that of the small scale generator, so in 

any case a turbulent MHD flow has to be expected. 
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4.3. Entrance flow in a reotanguZar MHD duet 

Fig. 4.3 

Fig. 4.4 
7.5 10 

.anat coordma.te k -104 m 

Re 
0 

5470, Ha : J 5.9, '! 0.363, T : 2()00 K 
0 0 0 

b: Re. 5470, Ha 23.9. '! -o. 363, T - 2000 K 
0 0 0 0 

Re 
0 
. 5470, Ha . 

0 
0 ' 

M 0 = 0.363t To - 2000 K 

d: Re 0 = 3810, Ha . I 5 .8, M
0 

= -0.325, ~ 2500 K 
0 0 

e: Re . 3720, Ha . 18.1, M 0 ""0.433~ T 2500 K 
0 0 0 

?îg. 4.3 Fric~ion coefficient Cf in the entrance secdon of a rectangular 

~HD duet wîth laminar compressible flot.t. 

fig. 4.!.. Nuss-elt nu:nber 2owlf:\(Tw-T
8

) in the entrance section of a 

rectangular '.fHD duet with laminar compressible flow. 

Beeause a large part of an MHD generator will be oecupied by 

flow under entrance region conditions, the author [He 71] has made 

some calculations of the laminar entrance flow of a small scale MHD 

generator to get an impression how the friction and heat losses at 

the insulator wall depend upon the entrance gas conditions of the 
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main flow. At all Reynolds numbers, ranging from 3000 through 5500 

an increase of these losses was found with increasing magnetic 

field. This is shown in Fig. 4.3 where we find the friction co-

efficient as a function of the axial coordinate x and in Fig. 

4.4 where the local Nusselt number Nu is shown as a function of 
x 

x (see curves a, b, c). The calculations were madefora recombin-

ing pure argon plasma with constant conductivity over the cross 

section of the duet. The calculated effects might increase when a 

non-equilibrium argon potassium plasma is used, because of the 

higher electrical conductivity and thus larger Lorentz farces on 

the fluid. 

4.4. Hartmann f~ow with variabie eleatrical conduativity 

In the previous section the electrical conductivity was taken 

constant over the cross sectien of the duet. Now in those cases 

where the walls of an MHD duet are cooled, a deercase of the cond

uctivity near the walls can be expected. The question now rises how 

the flow field is influenced by the variabie conductivity. This 

problem was stuclied for the laminar, incompressible fully developed 

MHD flow with just y-dependent electrical conductivity. The momenturn 

equation involved bere reads 

(y)(E + uB)B 0 , (4.8) 

where o(y) may be any function in y. For the case stuclied we used 

(y) = 

where constant, and 

<P = I - exp (- y I d) 1 (4.9) 

lvhere d can be regarcled as a boundary layer thickness for the elec

trical conductivity a. The case with cr(y) nearing zero at the wall 

can occur when the duet walls are cooled far below the gas tempera-

ture in the center of the duet. This sharp decrease of near the 

insulator wall (Fig. 4.5) has a great influence in the balance of 

forces near the wall. 
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Fig. 4. S 

Ass~ed dimensionless conductîvity profile in 

an 'ffin duet with seeded noble gas. 

t2 

.1 .2 .3 .4 
VIl 

Here the Lorentz force nearly disappears and the pressure gradient 
<lp • • b 1 d b h . f 32

U s. <lp • - dX LS JUSt a ance y t e VLSCOUS orces ~ ;-ï' Lnce - dX lS 

constant over the cross sectien and determined hy the main part of 

the flow between d < y < 1 - d and hence depent on the Hartmann 

number and the load factor of the generator (e E/usB), the 

value of - ~p can change over a wide range and will be high when 
x 32u 

e ~ 0.5. In that case ~ ---2 can reach very high values, or other-
• d f . <lY. • w1se expresse : the lu1d 1s accelerated by the pressure grad1ent 

in the region of the wall and oversboot of the velocity above the 

value in the center of the duet possible. In Figures 4. 6, 7, 8 the 

influence of Hartmann number Ha, load factor e and conductivity 

boundary layer thickness d on the velocity profile u • f(v) is 

shown. 

The same kind of calculations are made by Sonju [So 68] who 

calculated the o profile for a cambustion plasma as a function of 

the gas temperature profile with the assumption of equilibrium 

between gas and electron temperature. The gas temperature profile 

was estimated by a power function in y. In that case he found an 

extremely distorred o profile and velocity profile. His measure

ments of the friction coefficient are in good agreement with his 

calculations for various generator working conditions. Rather no 

measurements of the velocity profile were made. 
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The conductivity profiles for cambustion gases found by Sonju do 

not apply to tte case of a seeded noble gas plasma, where the electron 

temperature is not mainly governed by the gas temperature and thus 

non-equilibrium conductivity can be found when the current density lS 

high enough, as is actually found by many experimentors. The boundary 

layer calculations made by Sherman et al. [Sh 69] and the experimental 
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results of Brown [Bra 70] led to the approximation of the exponential 

a-profile, where a decreases close to the wall. Although the afore

mentioned theories and experiments on o are in the laminar flow region, 

an analogous farm of the o-profiles is assumed to be found in the flow 

of industrial MHD generators, where the flow is turbulent, independent 

on laad factors and magnetic fields involved. 

So, to accomplish the total picture it is necessary besides 

the basic insight one gets from laminar flow calculations, to 

investigate the turbulent flow in the MHD duet to be able to pre-

cliet more accurate the MHD losses due to friction and heat flux. 

In chapter 5 the equations, necessary to calculate the velocity 

and temperature profiles of the fully established turbulent flow 

of a perfect gas between the insulator walls of a flat rectangular 

MI1D duet are derived. We start with the general Navier-Stokes 

equations, adding the terms that count for the electro-magnetic 

effects, found from Maxwell's equations and Ohm's law. Then this 

set of continuity, momenturn and energy equations can be written in 

turbulent farm and time averaged in standard way. They are further 

reduced by the assumptions on steady two-dimensional fully established 

flow and the introduetion of Prandtl's mixing length theory to ex

press the turbulent terms in time averaged flow values. A solvable 

set of equations will be found and made accessible for numerical cal

culations in chapter 6. 
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5. 

In this chapter the equations that describe the turbulent flow 

of perfect gases between the insuiator walls of an MHD duet will be 

derived. Some restricting assumptions have to be made in advance to 

derive a solvable system of equations. These assumptions I through 

VII are discussed in the following. 

5.1. 

I The flow is steady. The subject examined concerns the turbulent 

flow in contineaus operating MHD ducts in which the flow is 

steady. In all averaged equations the time derivative is 

eliminated: a/at = o. 

II The flow is two-dimensional. Ihe fluid is eonsidered to flow in 

a flat duet where the presence of the electrode walls does not 

affect the flow in the midplane of the duet, thus no z deriva

tives have to be taken into account: 8/8z = 0. 

III The MHD approximations for the duet flow of a neutral, weakly 

ionized gas are valid [Su 65, Chapter 8], [Pa 62, Chapter IV]. 

This means that the displacement current can be neglected rel

ative to the conduction current and that the electric charge 

density is negligible: ~ • E = 0. The only important magneto-
---+ -.,. 

hydrodynamic body force is the Lorentz force: J x B. For the 

duet flow the magnetic Reynolds number, defined by Rm = 

is small related to unity, Rm 1, which implies that the in-

duced magnetic field does not influence the applied magnetic 

field B: -> 
x B = 0. 

IV The Hall effect ean be neglected. From the analysis of Sutton 

[Su 65, Chapter 10] and Yen [Ye 64] it is indicated that for 

values of the Hall parameter around I, the influence of the 

Hall parameter on the dynamics of the laminar flow is smal!, 

for turbulent flow the influence will even be smaller. Further 

it is known for the experimental case that the effective Hall 

parameter Seff < I. 7. The elimination of the Hall effect and 
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consequently the ion slip means a considerable simplification 

ofOhm'slaw:J= +~xB). 

V The electrode segmentation is regarcled to be infinitesimal. 

The current density is now a monotone function of the axial 

coordinate x, there is no periodicity in the axial direction. 

VI The fully established flow has similarity character. Olin 

VII 

[01 66] already indicated that in a real turbulent compressible 

flow with temperature gradients the convective terms remain 

in the momenturn equation even though the boundary layers have 

met. He therefore introduced the term "quasi-fully developed" 

flow. In the case considered bere, it is assumed that the 

shape of the velocity profile does not change but that the 

mean value of the velocity changes as a function of x. The 

implications of this similarity character of the flow on the 

momenturn equation will be treated further on. 

The specific heat C and the Prandtl number Pr are constants. 
p 

5.2 Reduction of the generaZ. momenturn equation 

The two-dimensional flow in the x-y-plane as stuclied in this 

workis shown in Fig. 5.1. 

Fig. 5.1 

Sketch of fully developed 

turbulent velocitv profile 

bet:ween the insuiator wal1s of 

an MJ:lD duet. 

y 

l 

v' 

0 x 

A thorough analysis of the equations descrihing an gasdynamic 

turbulent flow can be found from Hinze [Hi 59, Chapter 1] and 
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Bchlichting [Sc 65, Chapter XIX]. Hinze gives the general momenturn 

equation in the following farm 

dU. 
l 

p dt - 2.L + 
dX. 

(5. l ) 

where 

D .. 
Jl 

8 

F. 
l 

:JU. 
_1. + 
dX. 

l 

D .. 
ll 

l 

:JU. 
l 

:lx. 
J 

:l'U. 
l 

:lx. 
l 

Cartesian coordinates x, y, z 

deformation tensor 

dilatation tensor 

general expression for body farces 

In equation (5.1) the turbulent flow quantities can be introduced 

with the usual notations, for example U.= DJ·+ U!, where the overscore 
J J 

denotes the time averaged value and the prime indicates the turbulent 

component of the involved quantity. Then the modified equation (5. l) 

can be time averaged, in which procedure all terros with a single tur

bulent component disappear, but many terros with cross products of 

turbulent quantities remain. Especially the turbulent density term p' 

needs our attention. It is composed of two parts, namely a compressi

bility component p~ and a component connected with the temperature 

fluctuation T', p~. In most cases of turbulent motion, i.e. M < 5, 

[Hi 59] and [Ar 68], the effect of the compressibility may be neglected 

because the 

pc' U'2 
-p- ~ -2- = 

c 

local Mach number for turbulent motions ~L is small and 

2 
HL<< l. So for turbulent motions the flow may be consi-

dered incompressible. 

Further, in the fully established duet flow considered here, the 

transverse gradients :J/:ly are much larger than the longitudinal gra

dients :J/:lx and the characteristic longitudinal velocity u is much 

larger than the characteristic transverse velocity v, u >> v. Also the 

characteristic longitudinal length, the duet length L is much larger 

than the characteristic transverse length 1, L/1 >> l. For these 
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conditions it can he proven that the Prandtl boundary layer assumptions 

apply, which means a significant reduction of the momenturn equations. 

In that case it is also found from Schlichting [Sc 65, p. 650] that 

the density fluctuation p~ can be eliminaeed from the equations, thus 

the total density fluctuations p' disappear from the final equations. 

At last with the assumptions I for steady flow and II for two

dimensional flow the final form of the MHD equations for fully 

established turbulent duet flow are found. They will be treated 

further in the next section. 

5. 3 MHD equations for> fully estohlished t:wo-dimensional turbulent 

Tlow 

The reduction process described in section 5.2 yields the 

following equations. 

Continuity equation 

op U + 'dp V Q. 
3x lly 

Momenturn equation, x-component 

Momenturn equation, y-component 

~= 0 ay • 

pu'v'+F 
x 

(5 .2) 

(5.3) 

(5.4) 

Cernparing (5.2) with the equation for incompressible flow 

(5.5) 

which in the fully developed case reduces to 

()~ = 0 ax , (5.6) 

we assume for the compressible quasi-fully developed flow v to be 
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----------------------

very small so that analogous to the incompressible flow 

0 

The momenturn equation reduces with the definition 

T 
t 

to the following form 

au 
o u ilx = + _L (J-; au) + 

'iJy <ly 
+ f 

x 

(5. 7) 

(5. 8) 

(5.9) 

An equivalent expression is found by Argyropoulos et al. (Ar 68] who 

first derived the ordinary turbulent momenturn equation and then ap

plied the boundary layer approximations. 
- ~ ~ 

The term Fx accounts for the J x B body force on the fluid. In 

the case of a loaded MHD generator without Hall effect this term was 

derived by Merck [Me 71], as 

- o (u (5. 10) 

where u
8 

time and y - averaged velocity of the flow in the MHD 

duet, and e laad factor of the HHD generator. As mentioned, a 

consequence of III is that the induced magnetic field may be neg

lected with reference to the applied magnetic field, so the fluct

uations of B, which are just fluctuations of the induced field, can 

be neglected too. So only fluctuations of the current density j 

have to be taken into account. This fluctuation can arise both from 

fluctuations in velocity (u') and variations of the coefficients in 

Ohm's law (o'). In [Ar 68, Chapter lil] it is shown that only the 

velocity fluctuations are of any importance, so (5.9) can be written 

F 
x 

(5. I 1) 
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With (5.11) the momenturn equation for the turbulent MHD flow of a 

perfect gas at moderate Mach nurnber up to high subsonic values may 

be written 

au 
p u-=a x 

+ L (ll 
3y 

(5.12) 

Equivalent with the derivation of the momenturn equation, the 

energy equation for the turbulent MHD boundary layer can be found. 

Both methods of Schlichting and Argyropoulos lead to the same form 

of the turbulent energy equation, that will be given by Schlichting 1 s 

notatien 

w 

Again the assumptions v 

heat flux is introduced 

c 
+ -1?. p T'v' w 

0 and p' 

c 
_....,E. 

w 

(aii) 2 + ali -t 
lJ ay Tt äY + J 

p T'v' + 

(5. 13) 

0 are applied and the turbulent 

(5. 14) 

The ohmic dissipation term j .Ê"' needs a further investigation 

[Ar 68) From equations (5.11) and (5.12) we see that the fluctuat

ions of the current density have generally negligible influence on 

the mean flow field, since they drop out of the momenturn equation. 

Fr om the energy equation (5. 13) it will be shown that the effect of 

current density fluctuations is mainly on the fluctuating part U' 

of the velocity U, that is on the kinetic energy of the turbulence. 

So the damping effect of the electromagnetic farces on the turbu

lent motion is introduced via the energy equation and not via the 

momenturn equation. Let us now consider the ohmic dissipation term 

, where 

_,. 

1 T + 1' 
and 
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-+ 
-> il•l (u+ u·:: 0-

+ x B + + x B 

herree 

+ 

+ u x +) -B . j + i· .J• + (û' x 13) .J• (5. J 5) 

Of these three terms only the first and the last are of importance. 

The term just gives a slight increase in ohmic 

h dl ' fl h fl Th (u'• x +B) .+J, ar y ~n uences t e mean ow parameters. e term . 

accounts for the suppression of the turbulent energy. This triple 

product cJ•, B) can be approximated as follows. We are interest-

ed in the component of j•, perpendicular to both and The flow 

is supposed to excist of a large amount of larger and smaller toro

idal eddies that move with the mean velocity u through the duet. Now 

each eddy can be considered as a small MHD generator with loading 

factor !, so we find 

(5. 16) 

With this the turbulent suppression term beoomes 

(--+' -+' -)-) J , U , B +) + x B .j' (u' x "Bî .J• 
' j_ 

J 
2 (5.17) 

where U' is the component of the velocity vector U', perpendicular 

to the magnetic field. When in (5.17) u• 2 is replaced by t u• 2 , we 
_L 

have the energy equation in the ferm 

c 
_J:. 
w u u + 

2 du 
+ T + 

t 
0 

(5. J 8) 

With (5.9), (5.13) and (5. 18) we have derived a set of three 

equations, descrihing the fully developed turbulent flow in an MHD 
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duet, which cannot be solved because of unsufficient knowledge of 

the correlation terms u'v' etcetera. Two principally different 

methods can be used to solve the problem: 

I. The turbulent correlation terms are expressed in functions of the 

mean flow quantities. One of the most used methods is the 

length theory by Prandtl, which is used for example by Lykoudis 

[Ly 67]. 

2. Another, more fundamental approach is given by Argyropoulos et al. 

[Ar 68] who added to the three conservation equations a set of 

three equations for the different turbulent correlations, by mul

tiplying the instantaneous form of the equations of motion with 

the turbulent parts of the density, the velocity and the internal 

energy respectively, and then taking the time average. Then the 

three turbulent correlation equations are transfered by intro

ducing a set of nine dimensionless universa! turbulence structure 

parameters of which only three are known from available experi

mental data whereas the six ethers have to be found by additional 

experiments, which results are not available at present. 

The second, more fundamental methad not being applicable on a teeh

uical MHD problem nowadays, the mixing length theory by Prandtl will 

be applied on the problem examined in this work. 

Camparing thc turbulent diffusion perpendicular to the wall of 

both momenturn and heat, we see a great resemblance 

c 
p -2. T'v' 

w 

Apparently the turbulent velocity component perpendicular to the 

wall, v', plays an important role in the diffusion of momenturn and 

heat and in bath cases probably in the same way. For ordinary com

pressible turbulent flow this has been examined for tube flow and 

plate flow, where indeed a strong correlation between these two 

diffusion terms was found [se 65, p. 653], giving rise to turbulent 

Prandtl number , Prt. The turbulent diffusion terms in momenturn and 

energy equation can be written in another farm 
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élu 
ay 

Hence equations (5.13) and (5.18) respectively become 

élu 
p U dX = - ~ + ~r(\1 +A) ~1- a(~- u e)B

2 
dX Cly T ély S 

and 

2- 1 - 2 -u,2 
+ j /o + 3 o B 

Analogous with the ordinary Prandtl number 

Pr 
c 
__EE. 
w À 

dU 
+ T - + 

t ély 

(5. 19) 

(5.20) 

(5. 21) 

(5.22) 

the turbulent Prandtl number can be defined from (5.20) and (5.21) 

Pr 
t 

A /A 
T q 

(5.23) 

For ordinary turbulent compressible flow, this turbulent Prandtl 

number was measured by various authors, see [Sc 65, p. 653] , and 

proved to be a weak function of the distance from the wall 

A /A 
q T 

A /A 
q T 

1.5 

1.1 

for y/1 

for y/1 

1 
2 ' 

0 

As a first approximation we will take 

A /A = 1.3, 
q T 

(5.24) 

which means 

Pr t = I/ I . 3 0. 77 . 
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An important question is, how this turbulent Prandtl number 

will be influeneed by the magnetie field when the turbulenee is 

suppressed gradually. Taking in mind the aforementioned similarity 

of the turbulent momenturn and heat diffusion terms and the fact 

that they affect the mean flow values in a similar way, that is to 

say not only a streng correlation between u' and v' is present 

(turbulent eontinuity equation) but also a streng correlation 

between T' and v' is to be expeeted, based on the same turbulent 

mass transport. No strong arguments ean be found why this eerrel

ation should suddenly disappear when magnetic turbulence suppress

ion starts to be important. So in the following, the turbulent 

Prandtl number is assumed to be constant both over the width of the 

duet and over the range of Hartmann and Reynolds numbers involved. 

1/Pr =A /A = 1.3 
t q T 

(5.24) 

A more extended investigation in turbulent Prandtl numbers is made 

by Blom [Bl 70]. 

In equations (5.20) and (5.21) still three terms are unknown: 

The turbulent momenturn diffusion 

the turbulent heat diffusion 

and the turbulence suppression term 

1- 2 -u,2. 
3aB 

Since no sufficient additional equations are known nowadays to des

cribe the turbulence correlation terms, the simpler methad of the 

Prandtl mixing length theory will be applied here to give algebraic 

relations between the turbulenee correlation terms and the mean flow 
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values. For ordinary turbulent flow we get for the turbulent shear 

stress [Sc 65, p. 546] 

(5.25) 

where <: 0.4 is a universa! constant [Sc 65, p. 548]. 

5.4. 

Equation (5.25) is still not adequate to account for the 

damping of the turbulent veloei ty components u' and v'. To take the 

damping in the viscous sublayer of the flow into account we intro

duce a damping term suggested by Van Driest [Dr 56] and also used 

by Lykoudis 67] 

1 - exp (- ~} (5.26) 

where c Cl/(Re(cf/2)~} and C = 29 is a fixed constant. Since 

both components u' and v' are involved Tt has to he multiplied by 
2 

y
1

• However, two other modifications, due to the transverse magnetic 

field have to be made. In the viscous sublayer the component u' is 

also influenced by the preserree of the magnetic field since it is 

perpendicular to this field. The damping term to he applied here is 

found from the study of the oscillating infinite plate in the pre

senee of a transverse magnetic field, made by Ong and Nicholls 

[On 59] giving rise to the term 

( YJ rl 4 I - exp { - - [ l- C 
\ c 2 (5. 27) 

where 

(5.28) 

It is easily seen that 

lim 
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The secoud modification will allow for the influence of the magnetic 

field on the turbulent motion in the bulk of the medium. From a 

physical point of view this damping must contain the ratio of iner

tia and pondero-motive forces, since in the bulk of the medium the 

viscous forces are small. A good approach was found by Lykoudis 

[Ly 67] with the following term: 

(5.29) 

where A is a constant, found by Lykoudis from bis mercury flow 

experiments to be 700. Sonju [So 68, p. 64] found from his experi

ments with a combustion plasma in a duet with cooled walls that 

the turbulence damping effect of the magnetic field was smaller 

than found by Lykoudis for the same Reynolds and Hartmann numbers. 

With addition of equations (5.26), (5.27) and (5.29) the expression 

for the turbulent shear stress (5.25) yields 

hence 

A 
T 

With (5.24) we can write 

A 
q 

so an expression for the turbulent heat diffusion is found too 

(5.30) 

(5. 31) 

(5. 32) 

(5.33) 

The last turbulent term to be determined is the turbulence 

suppression term oB2u• 2/3. This term can only be estimated with the 

available data at present. Let 
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From [Sc 65, p. 524] it can be found that 

u'r"O.lu 
'V s 

where mean value of u over the duet width. Further we have to 

take into account that the turbulent velocity component u' itself 

is submitted to the viseaus and magnetic damping effect, expressed 

by the damping factors y
2 

and respectively. Hence "'e can write 

for the turbulence suppression losses 

I 
3 

(5.34) 

Since no turbulent terms appear in the equations anymore, the over

scores on the time averaged quantities may be omitted from now on. 

With (5.30) through (5.34) the set of equations to solve becomes: 

(5. 9) 

dpU a;z-= 0' (5.35) 

Homenturn equation (5.20) 

( dU) + 2 
J.l ay ay - o(u (5.36) 

Energy equation (5.21) 

3T (À :n, aT; 2 pu u + ayJ + ayJ + ll + 8x 

au 
c[u 

2 2 2 2 
(5.37) -+ + cusB y2y3 t 3y 

5. 5. 

To solve the set of equations (5.35), (5.36) and (5.37) it is 

necessary first to find usefull expressions for au/ax, 3p/3x and 

3T/3x, then the equations can be integrated over the variabie y. 
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To do this we assume that the electrical conductivity may be ex

pressed by 

where cr is constant and ~ is a dimensionless function of y, for 

example 

(5. 38) 

(5. 39) 

an arbitrary constant~ I. This relation for o is based 

upon the calculations for electron temperature and electron density 

at the insuiator wall in an MHD duet made by Sherman and Reshotko 

[Sh 69], and the experience of Brown [Bro 70] who found a low 

electrical conductivity near a cold wall. On the ether hand, the 

possibility of higher conducting hot layers in a hot wall MHD duet 

should not be excluded beforehand. Assumption VI on the similarity 

character of the flm..r means that the velocity u(x,y) is a function 

of separable variables, i.e., 

u(x,y) (5.40) 

where u'"(y) is the dimensionless velocity profile function and 

u
9

(x) is the mean value of the velocity. Differentiation with 

respect to x gives 

du du 
u'"(y)--s ~ ~ __ s 

dx u dx 
s 

{5.41) 

With a fixed value of the pressure p(x) at the observed cross sectien 

of the duet, still one reference parameter can be chosen, either 

p or T. A reference density p should be related to the total mass 
1 s 

flow J pudy which is independent of x. For a reference tempersture 
0 

chosen as a free parameter, the density is found from the equation 

of state for perfect gases, 

p (5.42) 
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Thus the product pT = p
8
Ts is independent of y. For the numerical 

calculations it proved to be advantageous to choose the mean value 

of the temperature as a reference parameter 

I 1 
Ï J T(x,y)dy (5. 43) 

0 

The density p
8 

is then related to T
8 

by (5.42). Differentiation of 

(5.42) with respect to x and using the continuity equation (5.35) 

and the momenturn equation for the y-direction (5.5) yields 

T 
(5.44) 

which is independent of y. From the balance of farces and energy 

fluxes on a volume element dx•dy-dz= llx•l•l, >ve can find the wanted 

expressions for dp/dx, du /dx and ~ o'I, see Appendix II: 
s T ax 

yp 

h 
(dp + -2.) 
dx u ' 

s 

(5.45) 

(5.46) 

(5 .47) 

where shear stress at the insuiator wall, y =Cp/Cv' r 1, r 2 , 

are defined in Appendix II. With the expressions for dp/dx, 

and t found, we are able to calculate the velocity and tem

perature profiles in the duet between the insulator walls. The details 

of the computation are worked out in chapter 6. 
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6. NU~RICAL SOLUTIONS 

In this chapter the turbulent MHD flow equations (5.35) and 

(5.37) are worked out to make them accessible for numerical cal

culation. The method used to solve the equations is discussed 

briefly, after which some calculations are performed especially 

for the plasma conditions in the experimental closed loop gene

rator. The results show that for these conditions, where the Mach 

number is about 0.5, the velocity profiles are just weakly in

fluenced by the temperature profiles. Thus it makes sense to solve 

the momenturn equation first, put this solution into the energy 

equation, which can be solved then. The solution of the energy 

equation is used again in an iterative proces for the calculation 

of the velocity profiles. These calculations have been performed with 

the EL X8 computer in the computer centre of the Eindhoven University 

of Technology. In the next section the transformation and the method 

of solution of the momenturn equation will be treated first. 

6.1. Salution of the momenturn equation 

Starting with equations (5.36) and (5.46) the term ;~ is elimina

ted from the momenturn equation, which then contains for given x the 

dependant variables u and Tand the unknown parameter~~ and ~(T). 
The latter can be calculated from the theory of perfect gases with 

binary collisions [Hir 67] or from experiments [Ae 70] and other 

papers; see se~tion 7.2.I.b. For the temperature range of interest 

1300 ~ T ~ 2000, the Sutherland formula (7.8) can be linearized 

with an error~ 1%, yielding 

(6.1) 

where ~a= 0.35 10-4 and ~b = 0.31 10-7 • 

The pressure gradient which is one of the driving forces in 

the case an MHD generator is considered, can principally only be 

found when the whole solution is available. This can easily be 

seen from equation (5.45) where 'w' I 1, I 2 , h
5 

and h6 all depend 

on the final solution. On the other hand there is a strict rela

tion between dp/dx and the mean velocity us. One of them can be 
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chosen freely. In most cases us is fixed and dp/dx has to be 

adapted in such a way that the following condition is fulfilled: 

1 

..!._ r udy 
1 J 

0 

u 
s 

(6.2) 

This gives us the extra condition necessary to solve the momenturn 

equation with dp/dx considered as a new variable. 

The momenturn equation (5. 36) with defined by {5. 31) is 

made dimensionless with u'' = u/us and y'' y/1 and reduced to a 

non linear secoud order differential equation with u* as a dependent 

variabie and px as an unknown parameter. The procedure is given in 

Appendix III, yielding 

0 (6.3) 

whe.re 

(6.4) 

and ll''' ]lt and cl through cs are exclusive1y defined in Appendix 

nr. The boundary conditions are: 

for y''' = 0 is u--/:: 0 (6.5) 

for Y'' 0.5 is 0 (6. 6) 

and from (6.2) 

0.5 

f u'''dy'" 0.5 (6. 7) 

0 

Because of the symmetry of the problem it is sufficient to inte

grace (6.3) from 0 through 0.5. The non-linear equation (6.3) is 

linearized at first and then transformed into a finite difference 
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equation. The linearization is effectuated by estimating solutions 

u
0

(y*) and T
0

(y'''), where the latter is incorporated in the diverse 

coefficients (see Appendix III) and is not of primary importance 

in the solution of the velocity profiles, for the situations 

considered. The actual solution u*(y*)is now written 

u* = u + \l 
0 

(6 .8) 

where the error v = u*-u
0

<<1. Substituting (6.8) into (6.3) and 

omitting all terros with v
2

, u12 and crossproductsof v, v' and v", 

where the prime denotes derivation with respect toy*, we secure 

after rearrangement ( see Appendix III): 

2 
[c u " + c u ')u ' - c 3u

0 I o 4 o o 

(6.9) 

Transformation into the finite difference equation yields (see 

Appendix III): 

(6 .JO) 

where u~< is the value of u''' at the end of the i th interval with 
l. 

length 6y h 0.5/n, n the number of intervals where i runs from 

I through n. c
7 

through c 10 being functions of u
0

(y) and T
0

(y) are 

exclusively defined in Appendix III. Discretisation of (6.7) gives 

the following summation: 

I hl' ~ ~) - u-- + u-- + 
2 o n 

n-1 
L 

i= I 
u7h 

l. 
0.5 (6 .I I) 

Equations (6.10) and (6.11) forma set of n+l linear equations with 

n+l variables uj through u~ and Px· The salution is found by stand

ard matrix analysis, worked out at the computer centre of the Univer

sity by Jansen [Jan 71]. This gives the secend approximation of the 
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final solution. The values found are put into c
7 

through c
10 

again, 

until the final solution is found within a given accuracy. The same 

iterative procedure in calculating the velocity profile can be 

applied to the computation of the temperature profile, whereafter 

these temperature values can be put into c
7 

through c
10

. In this 

way three iteration loops exist in the computer program; for the 

velocity profile, for the temperature profile and for the combi

nation of both. 

6.2. 

The velocity profiles are calculated for plasma parameters 

that agree with the conditions in the duet of the closed loop MHD 

test rig at the Max-Planck lnstitute for Plasmaphysics (F.R.G.) 

where the experiments are performed. The plasma parameters and load 

factor of the simulated MHD generator are computed according to 

the theory described by Brederlew et al. [Bre 71]. Of special im

portance are the electrical conductivity o
8 

and the load factor e 

at given test conditions; mass flow, mean temperature, static 

pressure, seed ratio, magnetic field and electrode current. The 

basic values used are: d = 0; 1 -0.25; u
8 

= 440 m/s; B 2.6 T; 

= 65 mho/m; 1900 K; Tw 1400 K. For this basic flow 

parameter several kinds of turbulent flow are investigated, shown 

in Fig. 6.1 and Fig. 6.2. 

Fig. 6.1 represents the incompressible flow (a) and the 

compressible flow with constant temperature across the duet, 

T 
w 

1900 K. The influence of the compressibility is shown 

mainly in the region near the wall. Here the Mach number is lower 

than in the middle of the duet, which means that the term (I 
in the momenturn equation (6.3) is larger near the wall then in the 

middle of the duet and causes an acceleration of the gas near the 

wall, compared with the compressible flow where the term px 

is constant all over the duet. Consequently the velocity in the 

middle of the duet decreases in the compressible case. 

Fig. 6.2 shows the turbulent compressible flow for the cases 

of (a) MHD flow with temperature profile and constant a , (b) 

C>fi-!D flow with T T(yi<) and conductivity profile a [1 exp(- y/d)] 

and (c) the gasdynamical f101v with B = 0. From (a) and (b) we see 
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Fig. 6.1 Velocity profiles; influence of 

compressibility on turhurlent HHD flow 

with constant temperaturt? T T T • . " 

Fig. 6.2 Velocity profiles; influence of 

èlectrical conductivity profile on turbu

lent MHD flow with y-dependent temperature. 

a! incompressible, b! compressiblé flow. o = constant, b: '::J = 
c: "' gasdynamic profile. 

exp(·y/d) ], 

that the lower value of the electrical conductivity near the wall 

causes an acceleration of the gas, due to the lacking retarding 

Lorentz force. The effect is much smaller than in the laminar case 

(Fig. 4.8). Gomparing (a) and (c) we see an important flattening 

of the profile due to the Lorentz force, although the effect is 

significantly smaller than in the case of laminar Hartmann flow 

for the same Hartmann number as shown in Fig. 4.6. 

Comparison of the numerical solutions for turbulent compres

sible MHD flow with constant temperature and temperature profiles 

shows such a small change in the velocity profiles that this can 

Table 6.1 

Friction coefficient Cf calculated for 

compressible and incompressible gas

dynamic and MHD flow, with constant 

and y-dependent gastemperaturés. 
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M • 0 

M > 0 

T 

T 
s 

T(y) 

T(y) 

T • 
T(y) 

T(y} 

Ha Cf 

43~4 0.531 10"2 

43.4 o. 547 !0-2 

0 0.535 to"2 

'•3.4 0.640 10"2 

41.4 0.632 10"2 

0 0.514 to"2 



not be seen from the drawings. The tendency is an increase of the 

velocity near the wall when T = T(y) and T < , both for com-
w 

pressible or for incompressible flow. For comparison Table 6.1 

shows the friction factor Cf' where the incompressible case is 

noted by M = 0 and the compressible case by M. > 0. 

Outstanding is the small increase in Cf for an increase of the 

Hartmann number from 0 (gasdynamic flow) to 43.4 (MHD flow). In 

that case we find for laminar flow an increase of Cf from 0.047 

to 0.338 10-2 , 

6. 3. 

From the energy equation (5.37) and (5.47) we have to solve for 
I aT 

given x the dependent variabie T and the unknown parameter T óx' which 

is a function of the final solution. The parameter is known from 

the salution of the momenturn equation. Finally an expression for A can 

be found from the theory of perfect gases with binary collisions 

[Hir 67], as a function of 

!SR 
4w~' (6. 12) 

Combined with assumption VII the Prandtl number is found to be 

Pr 

because y = C /C = 5/3 for a perfect gas. 
p V 

To find _!_!!:. sirr.ultaneously with the salution of the energy 
T :Jx 

equation with the two boundary conditions 

for y 0 is T T 
w 

(6 .13) 
and for y 0.5 1 is 0 

an additional relation has to be found. ~~en the temperature profile 

to be calculated is referred to its mean value 

relar:ion is: 

I 
I Tdy T 

s 

, the additional 

(6. 14) 
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The energy equation (5.37), using (5.32), is made dimension

less with 8 = (T - T)/CTs - Tw) and Y'~ = y/1 and the definitions 

of (II.I). The procedure is analogous to the one described in 

section 6.2 and Appendix III and can be found from Appendix IV, 

yielding 

where 

t 
x 

Ts I 3T 
- Pr Re 1 =T_.::._...,T:::- T <lx 

s w 

(6 .15) 

(6. 16) 

The coefficients k
1 

through k
14 

are all exclusively defined in 

Appendix IV. The boundary conditions in dimensionless form are 

for y1< 0 is e = 0 

and for y1< 0.5 is 38 0 <ly* = 

The additional relation (6.14) now becomes 

0.5 I edy1, 

0 

0.5 

(6 .17) 

(6. 18) 

(6. 19) 

The symmetry of the problem makes the integration from 0 through 

0.5 sufficient. Equation (6.15) is linearized by the estimation of 

the sol ut ion for the temperature profile T
0 

(y1<) and non-dimension

alized 8
0 

(y1<), whereas the velocity profile is known as a good 

approximation from the salution 'of the momenturn equation. The 

actual salution 8(y'') is now written 

e e + t 
0 

where the error t = e - e << 
0 

(6.20) 

I. Substitution of (6.20) into (6.15) 

and omitting the second order terms, the linearized non-dimensional 

energy equation becomes (see Appendix IV): 
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Finally this equation is transformed into a finite difference 

equation (see Appendix IV), yielding 

9 

where k 15 through k
19 

are exclusively defined in Appendix IV. 

(6.21) 

(6.22) 

Discretisation of the additional relation (6.19) gives the 

sum 

0.5 (6.23) 

where h is the interval length along y as defined in sectien 6.1. 

The temperature profile e and the axial temperature gradient tx are 

found as a salution of the set of (n+l) linear equations formed by 

where h is the interval length along y* as defined in sectien 6.1. 

The temperature profile ei and the axial temperature gradient tx 

are found as a salution of the set of (n+l) linear equations formed 

by (6.22) and (6.23), using standard matrix analysis as derived by 

Jansen [Jan 71]. This secend approximation of the final temperature 

profile is substituted into the coefficients k
1 

through k
19

, thus 

starting an iterati.ve calculation that is stopped when the salution 

has converged within given limits. As was mentioned in sectien 6.1, 

the temperature profi~found, is used to calculate a new velocity 

profile until both profiles have converged within the wanted 

limits. 

Now the velocity and temperature profiles are known, the mass flow m 

per unit length in the z-direction can be computed 

m (6.24) 

0 
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At last the consistency of the solution is checked by comparison 

of px and tx· as calculated simultaneously with the profiles from 

equations (6.10) and (6.22) respectively, with the values found 

from equations (5.45) and (5.47) respectively. The results agree 

within 1%. 

6.4. Temperature profiles 

The temperature profiles are calculated for the same basic plas

ma parameters as mentioned in sectien 6.2. For the final solution 

of these tempersture profiles the influence of three special topics 

need some further investigation. 

The first topic concerns the fact that the energy equation for 

the turbulent MHD flow differs from the well known gasdynamic energy 

equation by the Joule dissipstion term and the electromagnetic 

turbulence damping term.The former is the most important. This 

term au 2B2(u*- e) 2 is a significant heat souree when e differs 
s 

from I and can dominate the heat balance all over the duet width. 

From the velocity profiles in section 6.2. we can see that over 

a large region in the centre of the duet the velocity is nearly 

constant, thus creating a nearly constant Joule dissipation. 

In the fully developed flow this heat production is mainly balanced 

by a transverse heat flux by molecular conduction and turbulent 

diffusion, so a large tempersture gradient can be expected. 

The second topic touches the conductivity profile expressed by 

a ~ a [1 ~ exp(- y/d)) with d > 0. For cold insulator walls we have 
s 0 

0 < ~0 ~ which means a low electrical conductivity near the wall 

and thus little heat production. The tempersture in the gas near the 

wall will be lower and in the central region the tempersture gradient 

must be larger. In the case of a hot insulator wall with possible 

leakage currents, there may be a hot layer near the wall giving 

~0 < 0. In this case the heat production in the region near the wall 

is higher, causing an increase in tempersture and a decrease in the 

tempersture gradient in the central region of the flow. For ~0 = 0 

the electrical conductivity is constant. 

The third important topic is the value of the turbulent Prandtl 

number Prt. In section 5.3 this value is supposed to be constant over 
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0. 77. However, this means a very low the width of the duet, 

turbulent heat diffusion 

of the flow where I 3u/ayl 

, defined by (5.33), in the central region 

0, which is in contradietien with the 

definition q = C p T1v'/W, where a large temperature gradient causes 
t p 

a large turbulent heat transport that is coupled with the turbulent 

mass transport pv'. The conclusion that Prt decreases near the 

middle of the duet is strongly supported by the experimental results 

described in the thesis of Blom [Bl 70], where + 0.5 at a large 

distance from the wall. The effect of a lower value for Prt in the 

turbulent }ffiD flow is calculated. 
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1.0 

.a 
a) Ha" {) 
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Fig. 6. 3 Tetcperature profiles of gasdy

namic flow and compressible turbulent 

M.:·lD flcws with different turbulent 

Prandt l numbers. 

.5 

1.4 

1.2 

1.0 

.S 

.6 

.4 

0 .2 
VIl 

a) .y
0

., 0 

!<} <}0 .. t 

d •o'"' -1 

.3 

Fig. 6.4 Iemperature profiles of com

pressihle turbulent MHD flows with diffe
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Fig. 6.3 gives the temperature profile for turbulent gasdynamic 

flow (a) and turbulent compressibl~ MHD flow with constant G and 

Prt = 0.77, curve (b), respectively Prt = 0.5, curve (c). We see an 

outstanding increase of the temperature in the central region of the 

~lliD flow and also the flattening of the profile with Prt = 0.5 is 

clearly shown. 

In Fig. 6.4 the influence of the conductivity profile on the 

shape of the temperature profile is shown. The curves (a), (b) and 
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(c) with respectively ~0 = 0, ~0 • I and ~0 = -1, whereas d 0.025, 

exactly demonstrate the expected changes in the temperature profiles 

as mentioned befere in this section. 

From Table 6.2 the Nusselt numbers for various MHD flow situa

tions can be found. 

Table 6.2 

Nusse:lt numbers calculated for gasdynamic 

and MHD flow, with variatien of the turbu

lent Prandtl number Prt and the electrical 

conductivity profile 

a • o
8

[1 ~0 exp (- y/d)]. 

Ha 

0 

12.6 

43.5 

43.5 

43.5 

43.5 

Re. 27.8 x 103 

Prt ·Nu • 

0.77 - 152 

o. 77 0 164 

o. 77 0 114 

0.50 0 136 

o. 71 I 106 

o. 77 -I 115 

The Nusselt numbers for the fully developed MHD flow in Table 6.2 

seem to be contradictory with the expectation of the heat flux to 

the wall when Joule dissipation occurs in the plasma. However it 

should be noted that the gasdynamic and MHD profiles are bath cal

culated for the same values oi T
5 

and Tw' thus because of the larger 

temperature gradient in the MHD case, the gastemperature near the 

wall must be lower than in the gasdynamic case. If the viseaus 

boundary layer thickness is used as the reference length in the 

Nusselt number, and the local tempersture value as a reference tempe

rature, then the MHD Nusselt number is significantly larger than the 

gasdynamic one. 

The velocity and tempersture profiles are computed too for the 

various Hartmann and Reynolds numbers of the performed experiments 

and are compared with the experimental results in chapter 8. 
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7. 

To measure the theoretically predicted velocity and temperature 

profiles of the fully established turbulent MHD flow, experiments 

were carried out with the simplest possible diagnostic techniques, 

being total head or pitot tubes for the velocity measurements and 

thermocouples for the gas temperature measurements. The experiments 

were performed in the 200 kW closed loop MHD system of the ·~ax 

Planck Institut für Plasmaphysik" in Garching, Federal Republic of 

Germany. A detailed description of this closed loop ~ffiD system is 

given by Brederlow and Salvat [Br 66], the main data are: 

The plasma souree is a 200 kW are torch; 

working fluid, argon with .I - I % potassium; 

gas temperature, 1400 2000 K; 

gas pressure, 1.1 1.2 x 105 N/m2 ; 

mass flow, 0.05 0.1 kg/s; 

mean gas velocity, 250 500 m/s; 

magnetic field, up to 5 T; 

electrical conductivity, 10 - 100 mho/m. 

2 The MHD generator has a cross sectien of 2 x 3 cm , 2 cm between 

the insuiator walls and 3 cm between the electrode walls. The alumina 

inlet section in front of the generator has the same cross sectien 

and a length of 38 cm. The distance from inlet plane to first elec-

trode pair is ~ 40 cm, this is 20 times the distance between the in-
~ 

sul a tor walls. This is the minimum condition required to speak a bout 

a fully established turbulent flow in the generator section. However, 

the generator length from first electrode pair to test sectien being 

about 5 cm means that the conditions for fully established MHD flow 

in this experiment are rather poorly flufilled. In Fig. 7.1 a sche

matic view of the test facility is show~. A part of the alumina in

sulator wall in the middle of the generator channel can be moved up

wards and downwards and has a small hole to insert the probe. All 

measurements were made in the midplane between the electrode walls. 

The generator is equipped with 26 rod type electrode pairs, half 

inserted in the alumina walls. 

53 



1Nl.l:1 SEC7l0~ MHiJ GE;.<ERATOR 

BIJRNFR 

Fig. 7.1 Schematic view of the 200 kiJ test facility at ,the M.ax P1anck 

Institute for Plasmaphvsics in Garehing (F.R.d.). 

OU1LET 

) 

Fig. 7.2 gives a detailed view of the probe location. The probe 

is mounted in a micrometer for accurate positioning. It can be moved 

in the y-direction, perpendicular to the alumina insuiator walls. 

The micrometer again is mounted on a horn which is fixed on a rigid 

optical rail system. In this way an accurate and reproducible 

positioning of the different probes is possible. 

As can be seen from Figs 7.1 and 7.2 at several points of the 

system auxiliary argon flow is supplied. The auxiliary argon supply 

in the space between gas tight housing and thermal insulation is to 

roaintain a slight overpressure in reference with the gas flow in 

the MHD duet, thus preventing leakage of potassium into the colder 

parts of ·the system where it can condense, decrease the electrical 

insulation and cause short circuit to earth. The auxiliary argon 

supply to the horn is especially ment to cool the horn tip and to 

make accurate optie measurements possible by blowing away the 

relatively cold, potassium containing boundary layer in the duet, 

which absorbs too much radiation, For gasdynamic BL measurements it 

is clear that the latter auxiliary argon supply has to be shut down 

during the experiments, but also the farmer proved to falsify the 

measured quantities in such a way that shut down during the 

measurements was necessary. 

In the following sections we will first treat the velocity 

measurements with pitot tubes (section 7.1) and then the temperature 

measurements with tungsten-rhenium thermocouples (section 7.2). In 
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section 7.3 a treatment of the accuracy of these measuring methods 

can be found. The experimental results and the related theoretica! 

calculations are discussed in chapter 8. 

Fig. Detai:..ed view cf tf:.e probe 'î.ocation with movabJ.e 

wall, horn a:1.d micrometer at the 2CO kJ.! test fa:::ilitv. 
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7.1. Velocity profiZe measv~ements 

The velocity profiles were measured by means of pitot tubes. 

Because of the severe circumstances of the measurements, several 

types of pitot tubes, constructed of various high melting materials 

were tried. The pitot tubes used, have to fulfil the following 

conditions: 

a) withstand extreme conditions in the duet, 

b) time constant < I sec, 

c) accurate positioning, 

d) spatial resolution ~ 0.5 mm, 

e) no chocking up during measurements of a profile, 

f) no significant disturbation of the flow. 

Alumina oxyde tubes of 1 mm and 2 mm outer diameter, as used 

by Zinko and Brederlew [Br 68], did not withstand the aerodynamical 

forces at 450 m/s and 1900 K and all broke within the time neces

sary to measure one velocity profile. Since it was impossible to 

remove the probes during the run of the closed loop, these types of 

pitot tubes could not be used because shutting down the closed loop 

system during the measurements of one profile might introduce shifts 

in the measured curves. For sufficient accuracy, profile measurements 

have to be made in one undisturbed run. 

Tautalurn tubes proved to perferm better under the extreme flow 

conditions in the MHD duet, To attain maximum possible accuracy 

tautalurn tubes with 0.6 mm outer diameter and 0.2 mm inner diameter 

were used. Although no total break down occurred, they still gave 

some problems: 

- the minimum time constant of the total pressure measuring system 

was 1.2 s and since the measuring time with maximum magnetic field 

(2.6 T) was only 4 s, this minimum time constant was just toler

able; 

- because of the 0.2 mm inner diameter the pitot tubes chocked up 

within a few hours running, effecting a continuously increasing 

time constant; 

- when inserted over the middle of the duet, the tautalurn tube could 

not withstand the aerodynamical forces acting upon it. 
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The pitot tubes, fulfilling all requirements, are made of tau

talurn tube, 1.5 mm outer diameter, 0.5 mm inner diameter, of which 

the construction detailes are shown in Fig. 7.3. With this pitot 

tube a system time constant of 0.3 is reached by filling the pres

sure tubes outside the generator housing with vacuum oil. The hole 

in the thorn is filled up with Al2o
3 

tube. The spacial salution of 

the measurement is 0.5 mm and the rigid construction with thorn and 

micrometer makes an accurate positioning possible. No chocking up 

occurred during a series of 6 profile measurements. 

_Q_.~s~········ 

Fig. 7.3 Construction d-etail of tantalum oitot tuhe. 

Fig. 7.4 Block diagram of dvnamic and static pressure measurements. 
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The static pressure in the duet is measured at three locations: 

In the. horn at the insertion hole, and at two holes respectively 

8 cm upstream and 8 cm downstream of the probe location. The static 

pressure at the horn proved to be a goed mean value of the two ether 

pressures all over the experiments performed. Thus only the horn pres

sure has been recorded. 

Fig. 7.4 gives the bleek diagram of the velocity measuring 

system. The static pressure is measured at the horn. The difference 

of total pressure ptot and static pressure ps' being the dynamic 

pressure pd, is directly measured by a piezo-electric differential 

pressure tranducer, of which the electric charge is amplified and 

recorded. Also the static pressure is measured in reference with the 

atmospheric pressure. 

7.1.1. Pitot tube theory 

The theoretica! background of subsonic pitot tube measuring 

techniques does not give complications and can be found in any 

handbock on aerodynamical measuring methods, for example Pankhurst 

and Holden [Pan 52] • With the pi tot tube the total pressure (ptot) 

of a thin flow thread is measured. The velocity involved can be 

found from the simultaneous measurements of the static pressure in 

the same cross sectien of the duet. This is done at the hole in the 

wall where the pitot tube is inserted into the duet. This pressure 

is measured at the horn. The velocity is related to total pressure 

and static pressure as fellows:. 

(7.1) 

The expression between brackets accounts for compressibility effects 

(M =Mach number). The terms with M4 and higher order can be neglec

ted in our experimental results. Introducing the recorded dynamic 

pressure pd' 

(7.2) 

the velocity can be found from 
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u = (7. 3) 

In (7.3) the density p is still unknown. It can be calculated, via 

the perfect gas equation of state, when the static pressure (p
8

) and 

the temperature of the flow thread involved are known. For the lat

ter, additional measurements of the temperature profile are neces

sary. 

Measurements are carried out at the following system parameters: 

gas flow 0.05 kg/s 0.08 kg/s 

reference gas tempersture 1640 K 1700 K 

static pressure 1.1 x 105 N/m2 1.2 x 105 N/m2 

magnetic field 0.4, I, 2.6 T 0.4, 1' 2.6 T 

wall tempersture 1300 K 1400 K 

From Olin's work [01 66) it can be proved that the effects of density, 

viscosity, and magnetohydrodynamics on the total pressure readings 

are negligib le. 

The total pressure profiles measured are simultaneously elaborated 

in a computer program with the thermocouple tempersture profiles, 

the results of which are given in chapter 8. Insection 7.3 the 

accuracy and the reproducibility of the measuring methods are con

sidered. 

? • 2. 

The tempersture probes to be used, have to fil the same 

requirements as mentioned in 7.1, a through f. The only probe that 

could fulfil these requirements was a miniature thermocouple with 

tungsten-rhenium (3 % - 25 %) as active material. Fig. 7.5 gives 

the construction details of these thermocouples and the positioning 

of the thermocouple in the MHD duet. The thermocouple with 0.125 mm 

wire diameter is mounted in a four-hole alumina tube of I .8 mm 

outer diameter. 

59 



a b 

Fig. 7.5 a) 'tounting of thermocouole in l.ffiD duet, 

":j) 

a lumina 
cernent 

covered 
thermocouple 

four hole 
.3lumina 
tube 

b) Construction detail of thermocouple tip. 

The temperature probe exists actually of two thermocouples. One 

of them is inserted bare into the plasma flow and is influenced di

rectly by the flow. It is bent in the flow direction for two reasons: 

-a wire of 3 mm long and 0.125 mm ~ cannot withstand the dragging 

farces at plasma veloeities of 450 m/s at temperatures of 1900 °K. 

It will be bent anyhow, 

- by bending the thermocouple wires parallel to the flow direction 

we can measure the temperature in a plasma layer that is slightly 

thicker than the wire diameter. 

The length of the wire is stipulated by the necessity to have good 

heat contact with the surrounding plasma and to prevent fluttering, 

which will decrease the spatial resolution of the measurements. The 

second thermocouple is covered by alumina cement and is ment to 

measure the tip temperature of the aluminaholder (T
0
), this tempe

rature is a boundary condition in the heat balance that enables us 

to calculate the gas temperature from the measured thermocouple 

temperatures. The thermocouple voltages are measured directly by 

means of a sensitive recorder (Fig. 7.6). In the following section 

the heat balance of a thermocouple model will be investigated. 
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Fig. 7.6 

Block diagram 

of temperature 

measurement. 

7. 2. l. 

R~corder 

u 

To set up the heat balance of the thermocouple, the model of 

Fig. 7.7 is chosen, The thermocouple is considered to exist of two 

equivalent wires, referred to heat properties, so only one wire bas 

to be taken into account in the heat balances. The wire is inserted 

in a plasma flow with temperature T and velocity u in the x-direct
g 

ion, and is surrounded by insulating walls at a constant temperature 

T 
w 

all over the duet. The wire has a length 1 in the x-direction, 

and a diameter d. The temperature of the wire can be shown to be a 

function of x only, T = T(x). The temperature at x= 0, where the 

wire is clamped in the holder is T
0

, at the end x = 1 it has the 

measured temperature T1 . 

Fig. 7. 7 

T.hennocouple model for cal

culation of gas ternperature 

frort junctiou temperature. 

Now the heat balance for the wire can be set up, where the three 

following phenomena are taken into account: heat conduction along the 

wire, heat transfer from the gas and heat radiation to and from the 

walls, yielding 

'![ 

4 0 (7. 4) 
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where À heat conduction coefficient of the wire, 

a • heat transfer coefficient, from gas to wire, 

S • Stefan-Boltzmann constant, 

e = emission coefficient of the wire. 

Since neither from litterature, nor from the manifacturers data 

of the. heat conduction coefficient of W-Re thermocouple wire are 

available the data for pure tungsten wire are taken, which can be 

linearized over the temperature region of interest (1500- 2000 K), 

yielding 

À =0.0273 T + 57.5 (7.5) 

The heat transfer coefficient is found according to Collis and 

Williams [Co 59] and Mueller [Mu 42] 

(7.6) 

where ÀA = heat conduction coefficient of argon and Nu = Nusselt 

number. ÀA is calculated from the viscosity ~. according to the 

theory of perfect gases with binary collisions, see Hirschfelder 

et al. [Hir 67]. 

15 Ru 
ÀA =4w (7.7) 

The viscosity is approximated in the temperature region from 1500 

through 2500 K, with the Sutherland formula 

T 
ll - 1.1 (-J .... )3/2 2740 10-4 

zsooJ T + 240 (7.8) 
g 

This viscosity value is an average from several publications, 

[Ae 70], [Pe 62], [Soo 64]. With the viscosity known the Reynolds 

number Re for the thermocouple wire in the gas flow can be calcu

lated 

Re (7. 9) 
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Collis and Williams [Co 59] have found emperical expressions for 

the Nusslet number as a function of the Reynolds number from a 

great series of experiments with anemometer wires. The results 

yield 

for Re ::. 44 Nu 0.24 + 0.56 Re0 · 45 

for 44 < Re 140 Nu 0.48 ReO.Sl. , 

for Re > 140 ' Nu 0.32 + o.43 Re0 · 52 

Hence the heat transfer coefficient can be calculated from (7.6). 

The roeasurements of Collis [Co 59] refer to wires perpendicular to 

the gas flow. The results give to high values for a when the wires 

are parallel with the gas flow. Mueller [Mu 42] found for wires 

parallel to the flow over a wide range of Reynolds uurobers a de

crease of a withafactor 1.4, thus yielding (7.6). 

Froro the approximation that the thermocouple is surrounded by 

walls of constant temperature Tw follows the emission coefficient 

of the walls cw 1 [Ja 57] and hence for the heat flux by radiation 

From litterature or manufacturers no values of the emission coeffi-

cient of W-Re thermocouple wires are known. The data for ordinary 

tungsten will not apply here because the emission coefficient is 

strongly dependent on the surface conditions of the object involved 

whereas from litterature mainly data for smoothly polished tungsten 

ribbon are found. Preliminary calculations of the deviations in 

temperature caused by 10 % changes in À and E, pointed out that 

the errors introduced by deviations in s are 5 to 10 times larger 

than the temperature errors introduced by deviations in À. So it is 

necessary to find the datafors by experimental way. From Tabel 7.2 

it will be seen that the temperature errors caused by deviations in 

~ are so small that is has no sense to look for more accurate values 

of À. Two different types of experiments were catried out to measure 

e:. 
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Here the line reversal temperature of the plasma at the test 

section was measured in the wing of the potassium resonanee line 

0.7665 ~m, with B • 0 and j 0 in the duet, see RiedmÜller [Ri 68]. 

This methad however gives the electron temperature of the plasma, 

which is lower than the heavy partiele temperature, because of the 

radiation losses. The heavy partiele temperature in which we are 

interested is obtained after corrections, calculated by Schwenn 

[Scw 68], are applied. These eorreetions are 

(T - T ) ~ 50 K at T • 1500 K 
g e "' g 

and 

(T - T ) ~ 100 K at T = 2000 K. g e ·v g 

Now at the same cross sectien the thermocouple is inserted and 

the thermocouple temperature T1 measured. The gas temperature and 

T
1 

known, the emission coeffieient s was found by a trial and error 

method, from (7.4). This was done over a temperature range from 1400 

through 1900 K. The emission coefficient found was slightly tempera

ture dependent with a mean value 

E: = o.s ± 0.1 

The rather great inaceuraey was introduced here by the scattering in 

the results of the line reversal temperature measurements. Much of 

these data ought to be gathered to inerease the accuracy by statis

tical methods. 

Besides measuring the actual temperature of the thermocouple 

junction by voltmeter readings, we also can measure directly the 

emission temperature of the junction with a pyrometer, let it be 

only at the optical wave length region around 0.650 ~m. From Planeks 

radiation law we can calculate the emission coefficient of the 

thermocouple at the aforementioned wave length 

( ) 
-hv/kT 

E v, T1 ae 1 (7. 11) 
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I hv ( a exp [- kTb I (7. I 2) 

where a = transmission of the optical system used, Tb = black body 

temperature reading at the pyrometer and T
1 

actual junction tempe-

rature of the thermocouple, The values for (v, are shown in 

Table 7.1. The inaccuracy is mainly given by the inaccuracy of the 

pyrometer which amount to ± IS K (~ I %) but introduces via the 

factor (I - Tb/T1) in the exponent a great error in the end value 

of E: ( \!, T ) . T'e see from Table 7. I that the speetral emission e 
coefficient E: (0. 650 urn) attains higher va lues than the tot al emis-

sion coefficient obtained with the line reversal method. In all 

cases we see considerable higher values of s, than known from 

litterature for polisbed tungsten, being in the range of 0.2 - 0.4. 

Table: 7.1 

Speetral emission coefficient dv) ~f the 

thermocouple, measured with a pyrometer 

at wavelength 0.650 )Jm. 

Tl 

'1485 

1565 

1675 

1770 

1865 

1975 

e(0,650 "m) 

0.56 ± 0.2 

0.77 ± 0.2 

0.72 ± 0.2 

0. 71 ± 0.2 

0.83 ± 0.2 

0.89 0.2 

From both kinds of measurements, which cannot give more than a 

rough estimation of the total emission coefficient at the given 

circumstances, the following value was fixed for all elaborations 

of the measuring results concerning the temperature and velocity 

profiles: 

E = 0.5 

The influence of a deviation of E from this fixed value is given at 

the end of this section. 

Now in équation (7.4) values have been found for À, a and E and 

thus it can be solved for the given boundary conditions. These are 

for x 0 , T = 

for x 1 , ~~ = 0 and I (7 .13) 
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When the temperature drop (T1 = T
0

) along the wire is small in rela

tion to the absolute temperature; (T1 - T
0

)/T1 << 1, then À, a and s 

can be assumed to be constant over that temperature region and the 

differential equation (7.4) can be integrated once, yielding 

~~ (Tl - T) (2 Tg - T1 - T) + 

+ ~ ~~ [5 T!(T1 - T) - (TÎ - T5}J (7 .14) 

This equation can further be integrated with a trial and error 

method. The gas temperature Tg is estimated and the equation inte

grated from x = 0 through x = I until the calculated T1 equals the 

measured one, within a given accuracy. Thus the gas temperature T 
g 

is found as a function of the measured thermocouple temperature T1• 

The influence of a deviation of e: from the fixed value above can 

easily be computed with the same computer program. These results 

are shown in Table 7.2, where the gas temperatures T are calculated 
g 

o.s e w 0.4 E *" 0.6 

AT 

Tl (Tglo.s T (Tg)0.5 T 
g g 

K K K % K % 

1750 1833 1824. - 0.5 1844 0.6 

1760 1831 1822 - 0.5 1840 o.s 
1780 1850 1841 - 0.5 1860 0.5 

1790 1856 1846 - 0.5 1867 0.6 

Table 7. 2 1800 1856 1846 - 0.5 1866 0.5 

Gastemperatures calculated 1810 1868 1857 - 0.6 1878 0.5 

from the me.asured thermo- 1820 1880 1869 - 0.6 1891 0.6 

coup le: temper atures at 1830 1892 1880 - 0.6 1902 0.6 

various values of the total 1840 1903 1892 - 0.6 1915 0.6 

emission coefficient ç of 1850 1916 1904 - 0.6 1928 0.6 

the: thermocouple ~ire~ 

for various values of e:, starting from the same measured thermocouple 

temperatures T
1 

and other flow conditions. The relative deviations 

from the gas temperatures found at s 0.5 are shown too, llT/(T
8

) 0 , 5 • 

We see that these deviations do not exceed a value of 0. 7 % when 

t: = 0.5 ± O.I. 
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7.3. Errordiscussion 

In general the errors involved in the profile measurements can 

be classified into three error-sources: 

1. errors due to irregularities in the closed loop system, 

2. individual errors in the pitot tube measuring system, 

3. individual errors in the thermocouple measuring system. 

7.3.1. Errors due to the closed loop system 

1900 ,.-----,----,.-----.------,,---, 

Fig. 7.8 

Gasdynamic temperature profiles in duet, 

measured .directly from thermocouple 

readings for 4 different thermocouples 

(5 runs). 
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Important here is the reporducibility of the setting of the gas 

flow conditions in the closed loop system. Because of the kind of 

measurements and the construction of the duet, the measurernent of 

velocity and temperature profiles could net be made simultaneously 

but had to be done sequently. After a series of profile rneasurements 

performed, the system had to be shut down, another probe inserted 

and the next kind of profile measured. This means that severe 

requirements had to be laid upon the reproducibility of the system 

setting. This reproducibility was tested by a series of five tempe

rature profile measurernents, with four different therrnocouples used. 
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The gas flow conditions are: massflow 0.05 kg/s, reference tempera

ture 1680 K, magnetic field B = 0, electric current I = 0. The 

results are shown in Fig. 7.8. The largest scattering of thermocouple 

tempersture is found at y = 3.5 mm, i.e. ~T = 35 K, whereas most of 

the ether temperatures lay within a band of 25 K. At a tempersture 

level around 1700 K, this means an error band less than ± 1 %. So the 

reproducibility of the system setting can be assumed to be within 

± 1 %. 

7.3.2. Errors in the pitot tube measurements 

An important souree of error in this measurements is found in 

the construction of the pitot tube (0.5 mm inner diameter and 1.5 mm 

outer diameter) and the hole in the wall. This makes the total head 

readings close to the wall less reliable, as usual [Pa 52]. As we 

are interested in friction losses, the velocity profiles should be 

measured possibly close to the wall. For this reasen a 2 mm deep 

groeve was made in the alumina wall in which the pitot tube could 

be withdrawn below the surface of the insuiator wall, see Fig. 7.9. 

Fig. 7.9 

Detailed view of pi tot tube at 

position y = 0. 

Although in this case the pitot tube can be located at y = 0, the 

gas flow becomes threedimensional there. So an accurate messurement 

of the total pressure within 0.5 mm from the wall is not possible. 

Anyhow two checkpoints at y = 0 and y = 0.5 were made, necessary 

for the tempersture measurements. Farther from the wall no great 

influence from this three dimensional situation will be found 

[Pan 52]. The following errors are estimated: 
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a) location of orifice, ± 0.1 mm, 

b) spatial resolution, 0.5 rnm. 

a and b result in a total spatial accuracy of ± 0.35 mm. 

By directly measuring the dynamic pressure pd 

see Fig. 7.4, its errors could be reduced, 

c) error by signal scattering ± 0.5 %, 

d) error and linearity of charge amplifier ± 1 %, 

e) error and linearity of pressure transducer ± 1 

f) error of recorder ± I %, 

g) error of reading ± 0.5 %, 

%, 

h) error caused by static pressure measurement ± 2 %. 

The possible error in dynamic pressure can be evaluated 

6 % 

It should be noted that in a view test points, at 0.05 kg/s mass 

flow and B = 2.6 T, for y < !.5 mm the signal scattering was about 

5 %. 

Fig. 7.10 

Recordings of dyna.'l!ic static pressure 

with sequently switcheG in electric field 

(E) and n:agnetic fie:d (B}. 
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The relative error, that is the sensivity to changes in the 

measured signal when switching in and out the magnetic field is far 

beyoud the aforementioned possible error. Here only c, f and g have 

to be taken into account, yielding 

(àp) 1 = 2 % 
p re 

A typical picture of the dynamic pressure recordings is shown in 

Fig. 7.10. After computing the experimental results it was figured 

out by comparing the results with the total mass flow measurements 

that the absolute velocity values have a systematic error of 10 % 

all over the experiments. This error must be caused by orifice 

irregularities of the pitot tube used and it is allowed for in the 

end results. 

7.3.3. Errors in the thermocouple measurements 

The zero position of the thermocouple probe can be adjusted 

more accurate than in the case of the pitot tube, see Fig. 7.11. 

The diameter of the thermocouple junction is in all cases ~ 0.2 mm. 

The following errors in location of the probe are estimated: 

Fig. 7.11 

Detai led view of thermocouple 

at position y • 0. 

a) location of the thermocouple ± 0.1 mm, 

b) spatial resolution of the thermocouple, 0.4 mm. 

The resulting total spatial accuracy is ± 0.3 mm. The errors in 

thermocouple readings are the same as c, f and g for the pitot 
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tube readings (see section 7.3.2). The gauging error of the thermo

couple material is 

e) gauging error of thermocouple 0.5 %. 

The possible error for the temperature measurements is found to be 

AT 
'T 2.5 % 

The relative error for the temperature measurements was not only 

indicated by c, f and g, but also by a scattering of the temperature 

readings between the local settings,when B ~ 0, being of order I %, 

so 

rel 
2.5 % 

The temperature readings were influenced by two systematic errors: 

i) Peltier effect. The experiments were performed in a simulated 

MHD generator, with an auxiliary electric field supply to garantee 

a sufficient current density and electrical conductivity (Fig. 7. 12). 

Fig. 7. l 2 

Leakage current through bare 

thermocouple, caused bv applied 

e:lectric field Ez. 
E, j 

___ .,.u 

L 

The thermocouple short-circuits the applied E
2 

field over a short 

distance and thus represents a current path for j
2

• In the sketched 

situation the currents j enter the upper wire, pass through the 

thermocouple junction as a total current I and leave the thermo

couple again via the lower wire. In this situation an increase of 

the junction temperature has to be expected. Inversion of the Ez 
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field also inverses jz and I and a decrease of the junction tempe

rature should be found. These measurements were carried out and 

yielded a correction on temperature readings of - 10 K at an elec

trode current of + 3 A. This correction is included in the final 

results. Ofcourse·there also will be an influence of the ohmic heat

ing of the thermocouple wire by this total current I. This could not 

be measured separately because switching in the auxiliary Ezfield 

not only influencesthe thermocouple directly but also causes an in

crease of the gas temperature by ohmic heating of the plasma which 

is measured indeed. This increase in gas temperature is about IS K 

From the following sectien it is seen that the order of magnitude 

of the ohmic heating in the thermocouple is 5 K, which is not 

allowed for in the case of Peltier effect. 

j) Hall current effect. Although in theory the Hall effect is neg-. 

lected, in the real generator an effective Hall parameter in the 

order • 1.5 appears. This means that in the Faraday type gene-

rator, where jx = 0, an axial field exists, the Hall field Ex. The 

wires of the thermocouple again are a short circuit for this field. 

In the wires a current Ih will flow, of which the circuit is closed 

outside the wire in the plasma, by current loops indicated with jh, 

in Fig. 7.13. These currents will increase the temperature of the 

wire and hence of the junction, so a higher temperature will be 

indicated, independent of the current direction. This was separately 

tested and a temperature increase of 5 K was found. This correction 

is included in the final results. 

Fig. 7.13 

1.eakage current through bare 

therrnocoup le, due to Ha 11 

field Ex. 

u 

In an early stage of the experiments the symmetry of the flow 

field was determined by thermocouple measurements over the whole 
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duet width, where the thermocouple was inserted into the duet, once 

from one insuiator wall and once from the opposite wall. The measured 

profiles showed excellent agreement, within 10K, over most of the 

duet width. Only in the region close to the walls a difference was 

measured, caused by the unequal dimensions of the inserting holes. 

This led to the conclusion that the flow field is symmetrie and it 

is sufficient to measure the profiles over half the duet width. A 

typical picture of the thermocouple temperature recordings is seen 

inFig. 7.14. 

Fig. 7.14 

Thermocouple voltage reeo'tdings of bare anC. 

covErred therrr.oco'..1ples respectivelv with 

sequently switched in elect~iç field en 
and magnet ie field (B). 
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B. EXPERI~NTAL RESULTS AND DISCUSSION 

B.l. EvaZuation of the measurements 

Before camparing the experimental results with the theoretica! 

predictions, we shall show how the velocity and gas temperature 

profiles are evaluated from the measured dynamic pressure and thermo

couple temperature profiles. 

At a distance y from the insuiator wall pd, ps, T
0 

and T1 have 

been measured. The first approximation of u is calculated from 

p w 
s 

p RT1 
(8 .I) 

u = [2: d) ! (8.2) 

Then the Mach number is found 

M [u
2
W ] ! 

YRT
1 

(8.3) 

and u can be corrected with (8.3) and (7.3): 

u = 

and substituted into (8.3) again until u does not change within a 

given accuracy. The viscosity ~ is calculated from equation (7.8) 

with Tg T1 . Then Re is found from equation (7.9). Further ÀA' Nu 

and a are found respectively with (7.7), (7.10) and (7.6), after 

which the differential equation (7.14) can be solved by estimating 

T until the temperature T(l) calculated equals the measured one, 
g 

T
1

• Then this Tg is substituted into equations (8.1) and (8.3) 

insteadof T
1

, after which the whole cycle can be repeated until 

both T and u have converged within given limits. These values for 
g 

T and u, at a position y, give a point of the desired temperature 
g 

and velocity profiles respectively. In this way profiles are 

calculated from the experimental results, obtained at the test 
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conditions mentioned insection 7.1.1, which profiles are shown in 

absolute values in Figures 8.1 and 8.2 and in dimensionless values 

in Figures 8.4 and 8.5 in section 8.2. 

8.2. Camparisen of theory and experiment 

In this section the measured velocity and temperature profiles 

are compared with the results obtained according to the numerical 

calculation method described in chapter 6. Upon this comparison some 

restrictions have to be made in advance. The theory from chapters 5 

and 6 describes the two dimensional, fully developed MHD flow, where

as the situation in the test facility does not fulfil these con

ditions very well. The duet has a rectangular shape of 2 x 3 cm2
, so 

three dimensional effects are not negligible. Moreover the upstream 

length of the ~ffiD generator is too short to produce a really fully 

developed MHD flow. So discrepancies between theoretically and 

experimentally obtained profiles have to be expected. 

Fig. 8. I a and b show the absolute values of the velocity and 

tempersture profiles respectively, measured at Re= 27.8xJo3 and for 

three Hartmann numbers, Ha= 0, 12.6 and 43.5. The velocity profiles 

clearly show the expected effect of flattening with increasing Hart

mann number: the higher Ha, the flatter the profile. The effect on 

the tempersture profiles is not so clear for reasous of a greater 

inaccuracy of the tempersture measurements when related to the dif-

ference of mean gas tempersture and wall temperature, - Tw = 500 K, 

being of order 10%, whereas the absolute accuracy is 2.5%. Because 

of the signal scattering (~ 20 K) it is difficult to cernpare exactly 

the shape of the tempersture profiles at different Hartmann numbers. 

Observing the different measuring points we see in the region near 

the wall a larger increase in tempersture at Ha = 43.5 than at 

Ha 12.6, related to the value at Ha 0. So a tendency for flatten-

ing of the tempersture profiles is present. On the other hand a 

slight increase of the mean temperature is seen for Ha > 0. This 

might be due to the increase of Joule dissipstion in the plasma when 

the magnetic field increases and the internal resistance of the 

simulated generator increases due to the Hall effect. 

In Fig. 8.2 a and b the absolute values of the velocity and 

tempersture profiles are represented respectively, as measured at 

75 



500 

450 

400 

350 

300 

250 

200 

~ 
~ 150 
:::> 

100 

50 

0 

a) 

! 
0 : ll .. . 

e•"' 
•I:'. i:; 

la 
I 

.,i' 
tfi!' 1900 
" .. 

"'"'"" 
"' .. 

"' 

2 4 
Y<mml 

o Ha • 0 

• Ha • 12.6 

~ l!s • 41.5 

Ie • î?".il l< 10 3 

p
8 

• LIS x lOS stri· 
T5 • 1900 Y 

6 9 10 

1600 

1700 

o Ha .. 0 . 
I:J. lta•42.8 

Re • 27.8 x 10
3 

p
5 

~ 1.15 x 105 N/lft2 

U
5 

• ~40 rn/s 

1600 '-'-~--'--'~'-'--'-'-'-'-'-~_L_C-L._,_j 
0 2 4 6 8 10 

VCmml 

b) 

Fig. 8. I a) Absolute values of velocity profiles for various Hartmann numbers, 

rneasured in the 200 KW closed loop A-K test facility of the Max Planck 

Institute for Plasmaphysics, Garching. 

b) Absolute values of the measured temperature profiles at the same 

Hartrnann ar.d Reynolds numbers as a). 

Re= 17.5x1o3 and for Ha= 0, 11.9 and 42.8. The velocity profile 

at Ha 11.9 showsaslight flattening of the shape as predicted, 

however the profile at Ha • 42.8 shows a change of shape which is 

not predicted from the calculations in chapter 6. Although the velo

city increases close to the wall, it also increases in the middle of 

the duet. The over-all shape tends to the Poiseuille profile again. 

The ratio of Reynolds and Hartmann numbers being 410 in this case, 

the effect might be caused by a strenger laminarization of the flow, 

where the influence of the Hall effect that is omitted in the 
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Fig. 8.2 a) Absolute values of the velocity profiles for various Harcreann nurebers, 

measured at the I. P. P, 1 Garching. 

b) At:so:ute va:.ues of the n:.easured temperature profiles at the same 

Hartrnann and Reynolds nu::nbers as a). 

assumptions of chapter 5, beoomes important again and causes a 

change to a Poiseuille type flow [Ye 64]. In contrast with the 

velocity profile the temperature profile shows a flat shape. There 

is no explanation for this contradictory behaviour. The reasous for 

the flattening of all the measured tempersture profiles is treated 

in the follmving. 

To relate the results of chapter 6 and sectien 8.2 te wel know'!l 

li terature, in Fig. 8, 3 a comparison is made between our theoretical 

and experimental results for the gasdynamic flow and the experimental 

results of Nikuradse, as reproduced in Schlichting [Sc 65, p. 555]. 

77 



Fig. 8.3 

Velocity profiles for turbulent flow. 

Camparisen of Nikuradse' s measurements for 

incompressible flow with the author's experi

mental results and theory for gasdynamic flow. 
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The curves shown bear a good resemblance. Regarded to the results of 

Nikuradse at the same Reynolds number, our measured curve shows 

slightly higher values in the middle of the duet and smaller values 

near the wall. This may be due to the difference in the experiments: 

In our case a hot gas in a rectangular duet, in Nikuradse's case an 

incompressible fluid in a circular tube. A good agreement is found 

too in the theoretica! results (drawr1 curve) and the measurements. 

Figures 8.4 a through d present the nondimensional velocity and 

temperature profiles measured at Re= 27.8 x 103 with Ha= 0; 12.6 

and 43.5, tagether with the profiles calculated theoretically at 

the Hartmann numbers involved. Figures 8.5 a through d show the same 

type profiles at Re= 17.5 x 103 with Ha= 0; 11.9 and 42.8. The 

velocity profiles measured are in good agreement with the theoretic

ally predicted profiles except the one measured at Re= 17.5 x 103 

and Ha= 42.8 as mentioned before. The small differences that remain 

between the measured and calculated profiles can easily be explained. 

The fully developed turbulent gasdynamic profile that enters the 

MHD generator is transformed by the Lorentz farces into a flatter 

compressible turbulent MHD profile. Our measuring location however is 

not situated in the fully developed flow region, but still in the 

entrance region of the MHD duet. Thus the further development of the 

MHD flow takes place in the downstream part of the duet. This fact 
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Fig. 8.4 Nondimensi-emal velocity and temperature profiles, measured at thé. M.ax 

Planck Institute for Plasmaphysics, Ga~ching. 

a) Velocity profiles measurecl during one run with Ha ... 0 resp. !2.6. 

compared with the calculated profile at Ha""" 12.6. 

b) Velocity profiles measured during one run with Ha=· 0 resp. 43.5,. 

compared with the calculated profile at lta 43.5. 

c) Temperature profHes measured during one run with Ha 0 resp. 12.6. 

èompared with the calculated profile at Ha.., 12.6. 

d) Temperature profiles measured during one run with Ha ""' 0 resp. 43.5, 

compared with the calculated profile at Ha "" 43.5. 
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r'lg. 8.5 Nondimensii.:mal velocity and temperature profiles~ measured at the Max 

Planck lnstitute for Pl.asmaphysics~ Garching. 
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a) Velocity profiles measured during one run with Ha 0 resp. 11.9. 

compared with thé calculated profile at Ha = l J .9. 

b) Velocity profiles me.asured during one run with Ha = 0 resp. 42.8. 

cornpared with the calculated profile at Ha= 42.8. 

c) Temperature profiles n:easured during one run with Ha 0 resp. 11.9~ 

compared wi th the calculated profile at Ha .. 11.9. 

d) Temperature profiles measured during one run with Ha liP 0 resp. 42.8, 

compared with the calculated profiles at a: Ha 0 and b: Ha 42.8. 

.4 .s 

.4 .5 



also explains the flatterring of the measured temperature profiles for 

Ha >0, because the flatterring of the velocity profile is coupled with 

a transverse mass flow from the centre of the duet to the walls. This 

also means a transverse convective heat transport from the warmer 

central region to the colder boundary region, causing an increase of 

the temperature near the wall intheentrance region of the duet, as 

is measured. The temperature profile measured in the entrance region 

of the duet will develop into the calculated one, where an outstanding 

temperature maximum at the channel axis is found, due to two effects, 

viz. the Joule dissipation and the accumulation of heat in the central 

region caused by heat conveetien in the axial direction. 

In Figure 8.5 d the theoretica! gasdynamic temperature profile 

is also presented and bears a good resemblance with the measured one. 

From the experimental results we see that in the entrance region 

of an MHD generator an increase of heat losses above the gasdynamic 

values has to be expected. 
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9. CONCLUSIONS 

From the preceding discussions in this work, especially the 

theoretical calculations in chapter 6 and the experimental results 

described in chapter 8, some conclusions on the MHD duet flow of 

perfect gases in the subsonic region can be drawn. 

I} The flow in a plasma driven MHD generator for commercial electri

cal power production will be turbulent. 

2) In the fully established turbulent compressible MHD flow, the 

friction losses at the insuiator wall are slightly larger than 

in the case of gasdynamic flow. This in contrast with the laminar 

MHD flow, that has significantly higher friction losses than the 

laminar,gasdynamic flow. 

3) The fully established turbulent compressible MHD flow differs 

from the incompressible turbulent MHD flow. The former has a 

flatter velocity profile and higher friction losses. 

4) The heat losses of the fully established turbulent compressible 

MHD flow, compared with those of the gasdynamic flow, calculated 

for the same mean value of the gas tempersture and the wall 

temperature, show just slight differences that depend upon both 

the Hartmann_number and the electrical lead factor of the 

generator. 

5) From the conclusions 2) through 4) we see that the heat and 

friction losses at the insuiator walls of a fully established 

turbulent compressible MHD flow in a duet are mainly governed 

by the turbulent character of the flow, whereas the ratio Re/Ha 

determines whether the flow is turbulent or not. 

6} From the experiments it is found that in the entrance region of 

an MHD generator with turbulent compressible flow the heat losses 

increase compared with the gasdynamic heat losses upstream of the 

generator. 
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7) The compressible turbulent flow in the entrance region of an 

MHD generator needs further investigation, taking into account 

the relation between electrical conductivity and current density, 

the Hall effect and the variatien of the turbulent Prandtl number. 

The realization of conclusion 7) will open an extended field of 

theoretica! and experimental investigations. More data, for example 

heat flux through the wall, temperature gradients along the wall and 

in the plasma, conductivity profiles, axial pressure gradients and 

profile measurements at different locations have to be gathered. 
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11. 

Withdrawn. 

Expressions for the x-derivatives 

For simplification of the coming derivations the following 

dimensionless terms and mean values are introduced: 

1 1 

u +f udy T +I Tdy 
s s 

0 0 

PS 
E!!_ 

11 Jl (T ) À À (T ) RT s s s s s 

T - T 
u* u/u Y'' y/1 8 

w 
s T - T s w 

r'' 2 2 (du*' 2 
t "' K y 1 y 2 y 3Y'' dyi,j 

(I I. 1) 
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y _E. _12.", _Y_ 

c R y 1 
V 

p u 1 0 I 

Re __!__ê_ Ha Bl(....!.) 2 

lls Jls 

w ! 
u(yiT)!; M US CyRT ) M = 

s 
s 

Integration of the momenturn equation (5.36) over the volume 

element ~x.1.1, using (5.30) and (5.31) yields 

l 

f pu ~~ L'lxdy 

0 

1 

~ lAx - 2 rwi'lx - L'lx f 
0 

o cpu (~ 
s s u 

s 

(II.2) 
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Dividing (II.2) by 1fix and taking assumption IV (5.41) into account 

we can write 

1 
L dus .!. I 
u dx 1 

s 0 

2 
pu dy 

d T 
-S!.-2..2.-

dx 1 <t>(~- e)dy 
u 

s 
(II.3) 

The remaining integral forms wi11 be non-dimensiona1ized, defining 

and 

or 

1 

1 1 = I <f>(u* - e)dy* 

0 

2 
pu dy 

I I 

f 
u~' 2 1 j. 2 

I = T --- dy* = --- M dy* 
2 s T M 2 

0 s 0 

(II.4) 

(II.S) 

The integrated momentum equation (5.36) can now be given as fol1ows: 

(II ,8) 

The energy equation can be integrated in the same way, which 

yie1ds after division by 1óx 

1 

c I I _,R_ 
w 1 

0 

1 

CT -~.!.I pu 3X" dy dx 1 

0 

udy { (au)2 + T au}dy + 
ll ay t ay 

<f>{(~ - e) 2 
+ y;y~ !0-2}dy. (II.9) 

s 

Reducing the integra1 terms one by one we get: 

First term 1.h.s. with (!.2), (II.I), and (5.44) 

90 



c 1 
....E. T I r 
W PS S Ï, 

0 

I 3T 
uT dX dy 

1 
Cn I 3T I j' -"- p T - - - udy W s s T 3x 1 
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R dx pdx 

= _Y_ __s + .2_ .!!.E_ 
[
du u d J 

y - I p dx p dx • 

First term r.h.s. with (II.I) becomes .!!.E_dd u • 
x s 

The third term r.h.s. is separated into two terms: 

1 

I r (au12 - 11 -) dy = 
1 • 3y 

0 

and with (5.30) 

In the fourth term r.h.s. we introduce 

) 
2 2 2 -2 ' e + y

2
y

3 
10 }dyx • 

2 
u 

s 
11 s 2 1

3 ' 
1 

(II. 10) 

(II, 11) 

(II.12) 

The integrated energy equation can he written now in the following 

farm: 

Y [du6 u 8 ~J 
-y--1 p ;:I;{ + p dx 

(II. 13) 
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For convenience we define: 

2 3 
2 u pu 22 

h6
=-

1
CJ +" 8 1 +~I +rluBI -w ~s î'2 3 1 4 vs s 5 (II.l4) 

du 
With this definition and (II.l) we can eliminate dxs from (II.B) 

and (II.J3): 

du u 
s - .!. _!!. !.!E. + h L:.....!. 
~ = y p dx 6 yp 

and thus 

u dU [- .!_ US !.!E_ + h L:.....!.l 
äi " Y p dx 6 yp } u 

further 

P U I (- .!_ US !.!E_ + h L:.....!.) 
s s 2 y p dx 6 YP 

giving 

So the pressure gradient is found: 

s 

!.!E_ = (- ~ T - a u B2I - h (y dx 1 w s s I 6 

(II.J5) 

(11.16) 

(II.l7) 

With (11.17) the axial velocity gradient ~~is known too. For the 

axial temperature gradient we find from (II.l6) and (5.44): 

= !.._ [- .!. US !.!E_ + h L:.....!.J + !. dp 
US "i' p dx 6 yp p dx 
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hence 

y 
T [~ + h6) 
p dx u

8 

(11.18) 

The methad used to calculate the integrals 1
1 

through r
5 

is de

scribed in Chapter 6 and Appendices III and IV. 

Appendix III 

Non-dimensionalisation and discretisation of the momentum equation 

The momenturn equation (5.36) can be made dimensionless by 

multiplication with 1 2 1~ u • Taking into account (5,30), (5.31) s s 
(II.I6) and the definitions (II.J) we can derive term by term: 

The convection term l.h.s. 

The pressure gradient, first term r.h.s. 

12 ( d l dp _1_ Re - -~ 
~ 8u5 dx, dx 2 

psus 

The viseaus shear stress, secend term r.h.s. 

d _, du* 
dy'~ w· d y'' ' 

where ).1;, = 

The turbulent shear stress, third term r.h.s. 

~'ay s s 
Re 
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where the factor 1~;1;; from (5.30) is replaced by (~i) 2 , which 

means that we can integrate our equations only from y = 0 through 

y = !1, which is sufficient to calculate the profiles. Further 

where 

d* d/1 ' c* = c/1 , 

{h2 + 
y*h3 (I - 4>) 

h4 4 d*h } C*t 
2 

h3 c*4Ha4 L + 2 2 
hl 

c* Ha , 

(III.I) 

h2 = (hl + t c*2Ha2q,)! 
' 

h = 1 
ft c*4Ha44>2 + t)! 

' 

and 

all in conformity with the definitions in (II.l). 

The Lorentz force, fourth term r.h.s. 

H 
2 . 2 

- a <j>u" + Ha <j>e • 

From all the aforementioned terros of the momenturn equation only ~ 

has still to be defined (6.1). 

thus 
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Now the momenturn equation can be rearranged, combining terms 

of equal order and introducing new coefficients 

0 ' (III.3) 

where 

2 Re 

1ReWh
6
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8
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dx 
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u óy 
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2 1 - " 2 1 ar '1 
- AA .:..___.:t. + - - - --

s d'' y1' T ily"'J 

The linearisation of (III.3) is obtained by substituting 

u' + v' 
0 

(III.4) 

(III. 5) 

into (III.3), where the prime means derivation with respect toy* 

and u
0 

is an estimated solution of (III.3) so that u << 1, yielding 
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(u
0
" + u"){Jl'' + c (u' + u')l + (u' + u'){Jl + c4 (u

0
' +u'}}-q 0 0 t 

(III. 6) 

(III.6) is linearized now by omitting all terms with u2, u' 2 and 

the crossproductsof u, u' and u". Hence after rearranging and 

substituting u = u* - u
0 

etc. 

P {1 - ~) = c u'u" + c u' 2 - c u2 
-x loo 4o 3o 

(III. 7) 

Equation (III.7) is a linear second order differential equa

tion in u*. It is transformed into a finite difference equation by 

deviding the integration interval 0 ~ y* ~ 0.5 into n equal inter

vals I:J.yi' = h 0.5/n with corresponding values for u*, u
0 

and T
0 

being u., u . and T . respectively where I <i< n. The y*-deri-
~ o,~ o,~ 

vatives become 

ut-I - Zut + ut-I 

h2 

u* - u'' 
[
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dy* i 2h 
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uo,i+l - uo,i-1 
2h 

[
aT ] T • i - T • ~ = o,~+ o,~-1 
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The boundary conditions yield 

for y* 

for yi• 
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0 is ui' = 0 
0 

0.5 is u* n+l u•~ n-1 

and u "' 0 , o,o 

and 

(III.B) 

(III. 9) 

(III.IO) 



With the following definitions 
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the finite difference equation is written 

Hence after rearrangement and division by c
8 

(III. 12) 
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ApPendix IV 

Non-dimensionalisation and discretisation of the energy equation 

The procedure foliowed here is analogous to the one carried 

out for the reduction of the momenturn equation as described in 

Appendix III. To minimize the algebra, the following coefficients 

are introduced: 
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(IV. I) 



and the unknown parameter 

T (lT l = - PrRel s 
t 

T - T 3x T x 
(IV. 2) 

s w 

With the definitions II.I and equation (5.32) the energy equation 

(5.37) is made dimensionless by multiplication with 12/À (T - T }, s s w 
yielding term by term: 

The convection term l.h.s. 

12 C 3T 
_I!. OU-

À lT - T J W ax s s w 

The expansion term, first r.h.s. 

The heat conduction, second term r.h.s. 

The turbulent heat diffusion, third term r.h.s. 
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The viscous dissipation, fourth term r.h.s. 

2 
1 (au)2 (du*~2 + 

À (T - T ) ~ ay = kl2 dy*:J k7e • 
s s w 

The turbulence dissipation, fifth term r.h.s. 

The Joule di~sipation, sixth term r.h.s. 

The electro-magnetic turbulence dissipation, seventh term r.h.s. 

Addition of the four dissipation terms yields 

After rearrangement the non-dimensional energy equation is trans

formed into 

(IV. 3) 

The linearisation of the non-dimensional energy equation is realized 

by substitution of 

e 

into (IV.3), where the prime denotes derivation with respect toy*, 

and e
0 

is the first approximation of the solution, so that t << l. 

All terms with t 2 , t 12 and the crossproductsof t, t' and t" are 

omitted, yielding for the linearized non-dimensional energy equation 
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This energy equation is transformed into a finite difference equa

tion as described in Appendix III for the case of the momentum 

equation, The y><-derivatives of fl become 

[~;,.} 
6i+l 6i-l 

2h 
1. 

e o,i+l - 8 o 1i-l e• 
o,i 2h 

r:::2J; ei+! - ze. + 8i-I 1. 
h2 

e o,i+l -2 e o,i + e o,i-1 e" = o,i h2 

The boundary conditions yield 

for Y'" 0 is a 0 and 0 
0 ,a 

for Y'" = 0.5 is e n+l e and e o,n+l e n-1 o,n-1 

With the introduetion of 

kiS 
kiO + k8 6o,i 

h2 

ks + 2k
9

e• . 
kl6 

0!1 
2h 

k k + k e" 17 = 7 8 o,i ' 

k18 = kllu;P~- k14 + kse .e" . + k (e' .)2 
• A o,l o,1 9 o,1. ' 

(IV .5) 

(IV.6) 

(IV. 7) 

(IV.8) 
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the discretisation of (IV.4) gives 

Hence after rearrangement and division by k 19 
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SA/vfENVATTING 

Dit werk omvat een theoretisch en experimenteel onderzoek naar 

de gasdynamische eigenschappen van de turbulente subsone stroming 

van een ideaal gas tussen de isolatorwanden van een magnerohydro

dynamisch kanaal. 

Uitgaande van de bekende gasdynamische, turbulente stromings

vergelijkingen, de vergelijkingen van Maxwell en de wet van Ohm 

wordt een stelsel vergelijkingen afgeleid voor de stationnaire, 

turbulente, compressibele magnerohydrodynamische stroming. De ver

gelijkingen worden toegepast op de stroming tussen de isolatorwan

den van een MHD-kanaal. Voor deze vergelijkingen zijn oplossingen 

gevonden voor het geval van de volledig ontwikkelde stroming in een 

vlak rechthoekig kanaal met constante doorsnede en voor verschil

lende waarden van de Hartmann en Reynolds getallen. 

De experimenten werden uitgevoerd aan een gesegmenteerde 

Faraday-generator, die onderdeel is van een MHD kringloop systeem 

dat werkt met argon als draaggas en een kleine fractie van het goed 

ioniseerbare kalium en waarin een 200 kW boogbrander als plasmabron 

dient. De gasdruk in het kanaal was even boven l atm, de tempera

tuur ongeveer 1900 K en de gassnelheid varieerde tussen 200 en 450 

m/s. De gebruikte diagnostieken waren een WRe-thermokoppel om de 

temperatuurprofielen te meten en verschillende typen pitotbuisjes 

voor het meten van de stuwdruk-profielen. Een rekenprogramma be

paalde simultaan de gastemperatuur- en snelheidsprofielen uit een 

gegeven serie metingen. De vorm van de gemeten temperatuur en 

snelheidsprofielen is in overeenstemming met de theoretisch voor

spelde afvlakking van deze profielen. 
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LEVENSLOOP 

Geboren op 29 juli 1935, te Amsterdam, als zoon van een marine

man stond mijn jeugd in het teken van reizen en trekken. De jaren 

1939 tot 1946 bracht ik door in het voormalige Nederlands Oost-Indie. 

Ten gevolge van de Japanse bezetting was het onmogelijk normaal lager 

onderwijs te volgen. Vanaf 1947 bezocht ik het Charloise Lyceum in 

Rotterdam, waar in 1952 het diploma HBS-b werd behaald. Daarna volgde 

de studie voor elektrotechnisch ingenieur aan de Technische Hoge

school te Delft, waar ik onder leiding van Prof.Ir. W. Fontein afstu

deerde op het onderwerp: Snelheidsregeling van twee elektromotoren 

van verschillend type. Het ingenieursdiploma werd behaald in juli 

1959. 

De maanden tussen afstuderen en inlijving in militaire dienst 

werkte ik bij Electrostoom N.V. te Rotterdam. 

Mijn militaite dienstplicht vervulde ik van december 1959 tot 

september 1961 bij het wapen der Technische Troepen. 

Van 1961 tot 1965 was ik werkzaam bij de A.G. Brown Boverie & 

Cie te Baden, Zwitserland, in de afdeling "Antriebe und Regelungen", 

waar mijn taak was het ontwerpen, beproeven en inbedrijfnemen van 

spanningsregelsystemen voor generatoren tot 400 MW en van regelsys

temen voor stoomturbines. Deze werkzaamheden brachten mij in 1964 

een half jaar naar diverse plaatsen op het Amerikaanse continent. 

Sinds oktober 1965 ben ik werkzaam aan de Technische Hogeschool 

Eindhoven, Afdeling der Elektrotechniek, in de groep Direkte Omzet

ting. Hier maakte ik kennis met het vakgebied van de magnetohydro

dynamische (MHD) energieomzetting. Mijn belangstelling richtte zich 

al snel op de mogelijke rendementsverbetering voor energieomzetting 

die hiermee te behalen is en de bepaling van de daarmee samenhangen

de verliezen in de MHD-generator zelf. Dit leidde tot een publicatie 

over de laminaire stroming in de ingangssectie van een MHD-kanaal. 

De studie van turbulente MHD stromingen vormt de basis voor dit 

proefschrift. 
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STELLINGEN 

1. De stroming in een magnerohydrodynamische (MBD-) generator, voor 

het opwekken van elektrische energie op grote schaal, zal turbu

lent zijn. 

2. Het is noodzakelijk het rendement van een MBD-generator nauwkeu

rig te kunnen voorspellen, zowel uit commercieel als uit milieu

oogpunt. 

3. De resultaten van U.P. Hwang betreffende de inloopstroming in 

een MBD-kanaal kunnen niet worden toegepast op realistische MBD

generatoren. 

llwa.ng, U. P. , Thesis, K«asas State 

Kansas, (196?). 

Manhattan, 

4. Bij het toepassen van de Von Kármán-Pohlhausen methode op de 

berekening van grenslaagverschijnselen in l"!HD-generatoren, ver

dient het gebruik van de 4e graads benaderingspolynoom voor het 

snelheidsprofiel de voorkeur boven het gebruik van de 6e graads 

benaderingspolynoom 

Merel<, W.F.H., Sci. Res., 24, 21, ( 1.9?1). 

5. Het is niet zinvol de stromingstoestand in een MBD-kanaal te 

betrekken op de dimensieloze grootheden die berekend zijn voor 

de ingangsdoorsnede van het MBD-kanaal. 

Hwang" U.P._, Thesis" Kansas State University" Manhattan, 

Kansas, (196?). 

6. Het verdient aanbeveling de snelle demagnetisatie van het 

poolrad van een tweepolige, synchrone generator met massieve 

rotor te doen plaatsvinden door de rotorontwikkeling aan te 

sluiten op een niet-lineaire weerstand van SiC. 

7. De wijze waarop de formule van Richardson voor de stroomdicht

heid aan een kathode oppervlak ten gevolge van thermische emis

sie bij aanwezigheid van een elektrisch veld in de literatuur 

wordt weergegeven is verwarrend. 



Sehottky, W., Z. Physik, 14, 63, (1923). 

Von Engel, A. e.a., Elektrische GasentZadungen, 

Springer BerZin, 128, (1932). 

Good, R.H. e.a., Handbuch der Physik, 

Springer Verlag, BerZin, 17?, (1956). 

Finkelnburg, W. e.a., Har~ueh der 

Springer Berlin, 414, (19.56). 

8. Onder gunstige laboratoriumomstandigheden is het mogelijk een 

Hartmann-profiel te meten in 10-3 s met een mogelijke rela

tieve fout < 10-3• 

9. De vrijheid van het wetenschappelijk onderzoek dient beperkt 

te zijn door het algemeen maatschappelijk belang. 

De Ingenieur, 12, A197, (1970). 

JO. Het is onjuist van vele politici enerzijds van industrie en 

overheid te eisen grote bedragen te investeren ten behoeve van 

de mili.eubescherming, terwij 1 zij anderzijds niet eisen van 

hun politieke achterban, dat deze in de privé sfeer voor dit 

doel even simpele als doeltreffende maatregelen neemt. 

11. Bergbeklimmen is geen bezigheid voor bezetenen, maar een sport 

die de beoefenaar voortdurend confronteert met zijn eigen mo

gelijkheden en beperkingen. Er bestaat een sterke analogie met 

het beoefenen van wetenschap. 

12. Onder de sporten heeft korfbal de meeste opvoedkundige facet

ten. 

Eindhoven, 23 november 1971. W.F.H. Merck. 




