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Summary

A computational damage approach towards

three-dimensional ductile fracture

Metal forming processes lead to a phenomenon called damage which reduces the
metal’s strength and eventually to fracture. This thesis aims at developing modelling
tools to predict the evolution of damage and fracture in its full three dimensional
complexity. It addresses in particular crack propagation, which is the last phase of
the fracture, in a continuum damage context. For this purpose, necessary develop-
ments have been made, in terms of finite element technology, remeshing and transfer
and finally the geometrical treatment of crack initiation / propagation.

A special tetrahedral mixed element tailored to deal with incompressible plasticity
has been developed and verified for large strain elasto-plastic damage behavior. This
element uses a linear interpolation for the displacement, hydrostatic stress and non-
local damage driving variable. Although a nonlinear bubble shape function is used
to enrich the displacement, still one integration point is utilized. This displacement
enrichment is simplified by regarding it as a small-strain elastic contribution embed-
ded in the finite strain elasto-plastic damage behavior represented by the conven-
tional part of the discretisation.

Finite element discretisation need to be more refined where the deformation is local-
ized and the damage rate is high. This is done to make sure that the quality of the
elements and accuracy of the solution is maintained throughout the deformation. A
procedure is designed in order to transfer state variables from one mesh to another
with a minimum of error and inconsistency. This scheme is particularly tailored to
the developed mixed element. Point wise and global consistency is maintained by
transferring a minimum set of variables and reconstructing the remaining fields via
the constitutive and balance equations.

If the damage exceeds a critical value, a crack is initiated either on the surface of the
geometry or inside the body. This is done using adaptive insertion and opening of the
crack surface in the weakest region inside the body. The crack front is a curve in three
dimensional space which in each increment of crack growth propagates towards a
new curve which is the new crack front. The propagation vector for each point lying
on the crack front is obtained by sampling the nonlocal damage driving variable
ahead of that point. By sweeping the old crack front curve towards the new one (in
the direction of the propagation vectors), an extension of the three dimensional crack
surface is obtained. A discontinuity is introduced on this surface by splitting the
nodes on the crack surface.

xi



xii SUMMARY

The proposed methodology is applied to several examples, including double
notched specimen and tensile test on a rectangular specimen. These examples
demonstrate the viability and the three dimensional features of the algorithm both
for initiation and propagation of cracks.



CHAPTER ONE

Introduction

Abstract

Quantitative prediction of the formability of metals and alloys under general load-
ing conditions has been an area of research for many decades. The development of
new materials with superior properties necessitates more advanced predictive tech-
niques. An example of the industrial usage of these materials is the forming of auto-
motive parts. An ongoing trend in this industry is to fully replace experimental trial
and error based design methods with more sophisticated predictive techniques. It
has been shown that conventional forming limits diagrams, which are based on geo-
metrical (necking) instability, are incapable of predicting the formability of advanced
high strength steels because these materials usually fail through physical instabili-
ties like ductile damage. This phenomenon makes it necessary to develop a method
which allows one to make quantitative predictions of ductile damage and fracture in
industrially relevant materials and applications. This is important both in processes
in which instability, damage and cracks are to be avoided because of the integrity of
the structure, as well as processes in which we utilize damage as a tool, like easy-
opening food cans. In cases where the crack is defining the outer shape of a product
or where the influence of a crack on the mechanical response of the structure is stud-
ied, a reliable crack prediction model is necessary.

1.1 General introduction

Quantitative prediction of the formability of metals and alloys under general load-
ing conditions has been an area of research for many decades. The development of
new materials with superior properties necessitates more advanced predictive tech-
niques. An example of the industrial usage of these materials is the forming of auto-

1



2 1 INTRODUCTION

motive parts. An ongoing trend in this industry is to fully replace experimental trial
and error based design methods with more sophisticated predictive techniques. It
has been shown that conventional forming limits diagrams, which are based on geo-
metrical (necking) instability, are incapable of predicting the formability of advanced
high strength steels because these materials usually fail through physical instabili-
ties like ductile damage. This phenomenon makes it necessary to develop a method
which allows one to make quantitative predictions of ductile damage and fracture in
industrially relevant materials and applications. This is important both in processes
in which instability, damage and cracks are to be avoided because of the integrity of
the structure, as well as processes in which we utilize damage as a tool, like easy-
opening food cans. In cases where the crack is defining the outer shape of a product
or where the influence of a crack on the mechanical response of the structure is stud-
ied, a reliable crack prediction model is necessary.

It has been observed that ductile damage and fracture (crack initiation and propa-
gation) are the result of initiation, growth and coalescence of micro voids inside the
metal [1, 2]. Coupled damage-plasticity models have become quite successful in pre-
dicting the porosity initiation, growth and coalescence, as well as the accompanying
localized deformation [3–5].

Numerical simulation like Finite Element Analysis has become an indispensable tool
for the design and optimization of industrial processes and products. However, in
processes where crack initiation and growth are an essential feature, finite element
simulations can be done, robustly, in two dimensions, only.

Notable efforts in crack propagation modelling are [6, 7] and many other references,
most of which are based on the implicit modelling of a crack through a nodal, XFEM,
or element enrichment. The developments of these methods are associated with al-
leviating the difficulties related to the mesh generation. However, ductile damage is
the result of excessive material deformation where (re)meshing is unavoidable and
justifiable. In addition, most of these alternative techniques are not still readily ap-
plicable to advanced industrial problems. Therefore, remeshing based approaches,
[8, 9] are found to be less cumbersome for real world applications.

Figure 1.1 shows a two dimensional simulation of ductile crack driven by non-local
damage. The crack grows with a constant distance in the direction with maximum
damage in front of the crack tip. A curve is embedded into the two dimensional geo-
metrical description and a new mesh is generated. History variables are transferred
to the new mesh and crack segments are opened by releasing the residual nodal
forces. This process is repeated as long as the crack grows [10, 11].

The extension of these 2D algorithms to three dimensions is currently a challenging
research topic. Sylvia et al. [12] developed a remeshing based crack initiation and
propagation framework using a mixed formulation in small strain elasto-plasticity
coupled with non-local damage. Although the concept of a 2D damage-driven crack
growth is equally applicable in 3D, some of the developed algorithms for 2D are not
easily applicable to 3D cases. In 3D, the crack front is a curve instead of a point (as
in 2D), and each point on this curve may grow in an arbitrary direction. As the crack
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Figure 1.1: Two dimensional FEM modelling of crack propagation in a double
notched specimen [10].

surface grows, the topology of the geometry may change during the insertion of a
crack in three dimensions. This makes it necessary to develop algorithms that are
not dependent on a particular topology. Other requirements in this context are the
proper treatment of large strains, the elasto-plastic damage material behavior and
remeshing as a consequence of large local deformations. Remeshing will also require
a robust and accurate transfer operator for transporting history variables from one
mesh to another [11, 13–17].

The automatic discretisation of three dimensional complex shapes is usually done us-
ing tetrahedral elements. Nowadays, there are quite sophisticated mesh algorithms
that can generate an advanced tetrahedral discretisation. This is not the case for
hexagonal elements, although these elements are more accurate in terms of captur-
ing different deformation modes. When using linear tetrahedral elements together
with an incompressible material or a nearly incompressible material (a plastically
deforming metal) the element shows a deficiency. This is essentially due to the point
wise enforcement of plastic volume preservation. Therefore, the deformation modes
of the linear tetrahedral element are limited, so that the reaction forces required to
meet all boundary conditions may become excessively high and the element locks.
This issue has been extensively addressed in the literature [18–26] but has got little
attention for a large deformation elasto-plastic damage material behavior, which is
required in the present thesis.



4 1 INTRODUCTION

Figure 1.2: Three dimensional crack propagation.

1.1.1 Objective

The main goal of this thesis is to develop a fully three dimensional computational
predictive tool. It should account for relevant macroscopic phenomena such as geo-
metrical and physical softening of the material, damage driven crack initiation and
propagation and finally complete fracture. The necessary steps followed to accom-
plish the above mentioned goals are summarized as follows:

• A computationally efficient and accurate finite element formulation.

• A remeshing tool to deal with large element distortions and more importantly
a transfer operator to transport data to a new discretisation, in a robust manner.

• A 3D crack initiation and propagation technique which adaptively inserts a
crack surface and update the geometry.

A mixed low order tetrahedral element is proposed in the framework of non-local
ductile damage and large-strain plasticity. The element is free from locking and
though it uses one integration point for storing history variables, it is numerically
rather accurate. At the element level a bubble enrichment is used in order to stabi-
lize the finite element formulation, similar to the well-known Mini element.

A second ingredient is a transfer operator that constructs the history variables on the
new mesh with minimal error and diffusion. This operator is specially tailored to
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the developed mixed element and efficiently deals with the influence of the bubble
variable and pressure on the transfer of the stress tensor.

Finally, an adaptive crack propagation and initiation based on the element damage
variable is developed. A crack propagates towards the directions with higher dam-
age values. They are initiated in the regions with a high damage parameter either
internally or on the surface.

1.1.2 Outline of the thesis

In chapter 2, a tetrahedral element is developed which uses an additional linear pres-
sure degree of freedom to circumvent volumetric locking in constrained boundary
conditions. A linearized small-strain elasticity bubble degree of freedom is superim-
posed on the standard displacement field to stabilize the finite element formulation.

Chapter 3 elaborates a consistent remeshing and transfer operator for a three di-
mensional enriched mixed formulation of plasticity and non-local damage. A robust
algorithm is proposed where a minimum amount of data is transferred and the re-
maining fields are reconstructed in a consistent manner using the constitutive and
finite element equations.

The crack propagation algorithm is detailed in Chapter 4, where it is assumed that a
crack has initiated already and the necessary developments for further extension of
the crack are made.

Chapter 5 deals with the initiation of a crack by sampling the damage variables.
Crack can start either internally or on an external surface and in both cases it will
growth using the technique developed in Chapter 4.

Finally, conclusions are given in Chapter 6, complemented with some suggestions to
make the technique more efficient and applicable to real industrially relevant prob-
lems.





CHAPTER TWO

A stabilised mixed low-order
tetrahedral element for large strain
plasticity combined with non-local

ductile damage 1

Abstract

In this chapter, a mixed low order tetrahedral element is proposed in the frame-
work of non-local ductile damage and large-strain plasticity. This element is free
from volumetric locking in constrained boundary conditions as well as from pres-
sure oscillations. To this end, the displacement in discretised form is enriched with
a displacement bubble, similar to the well known Mini element. The relative bubble
displacement is superimposed on the conventional, piecewise linear displacement
field and is sufficiently small so that its influence can be treated in a small-strain set-
ting, even if the overal constitutive model can deal with large strains. This approach
significantly reduces the complexity and computational cost of the method. As a re-
sult, history data needs to be stored in only one Gauss point per element. Results
obtained with the element are compared with those of a hexahedral element using
selectively reduced integration, which is known to perform well.

1Reproduced from: H.R. Javani, R.H.J. Peerlings, M.G.D. Geers, A stabilised mixed low-order tetra-
hedral element for large strain plasticity combined with non-local ductile damage, International Journal
for Numerical Methods in Engineering, Submitted.

7



8 2 A STABILISED MIXED LOW-ORDER TETRAHEDRAL ELEMENT FOR LARGE STRAIN

2.1 Introduction

Ductile damage plays a significant role in many forming processes which induce
large strains. Coupled damage-plasticity models have become quite successful in
predicting the underlying porosity initiation, growth and coalescence, as well as the
accompanying localized deformation [4]. In the present chapter, we adopt a scalar
damage variable which isotropically affects the elastic and plastic response of the ma-
terial [27]. The model is fully nonlocal to avoid pathological localisation effects. The
performance of this model, including the regularisation properties of the nonlocality,
have been demonstrated extensively in References [10, 27–29].

Here, we focus on the implementation of the model in a three field tetrahedral
finite element. Tetrahedral elements are often used because mesh generators can re-
liably mesh complex three-dimensional geometries with them. Low order elements
are preferred because they are computationally less expensive, which makes them
suitable for large deformation analyses. Nonetheless it is well known that the stan-
dard displacement-based versions of these elements behave poorly for (nearly) in-
compressible media, as they exhibit volumetric locking effects and pressure oscilla-
tions. Since the plasticity part of the constitutive model is isochoric, it becomes nearly
incompressible as soon as a significant amount of plastic straining has occurred.
Locking effects are indeed observed in this regime for the conventional displacement
formulation. This is even more problematic once the damage evolution is initiated,
because it depends on the stress triaxiality and may thus be severely affected by an
inaccurate pressure field. The main objective of this chapter is to deal with these
issues, in the context of the above-mentioned large-strain plasticity-damage model.

The observed locking is a result of an excessive number of near-incompressibility
constraints imposed on the discretised solution, relative to the number of degrees of
freedom in this solution. In a standard displacement based finite element, the ma-
terial constitutive law (composed of a volumetric and a deviatoric part) is enforced
in a point wise or strong form. In the incompressible limit, volume preservation is
therefore enforced in every point in which the constitutive law is evaluated, i.e. in
every Gauss point. For low-order elements such as linear triangles or tetrahedra, the
deformation modes which remain after imposing incompressibility are so limited,
that the resulting reaction forces to meet all boundary conditions may become exces-
sively high. In nearly incompressible problems, where volumetric deformation can
only occur at extremely high stresses, a much too stiff response is observed in such
cases.

Alleviating this constraint rigourously is possible by enforcing it in a weak form
rather than a strong form, via a mixed formulation. Mixed U-P elements were first
proposed by Chorin [30] for incompressible viscous flow problems, where the pres-
sure and the velocity are independent fields. This modification relaxes the local in-
compressibility constraint at the expense of an additional equation to be solved on
the entire domain. Unlike other approaches a mixed formulation rigorously deals
with the locking issue, even in the limit of incompressibility.
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A mixed formulation does not show locking behavior, but a drawback of this
method is that using C0 continuous linear interpolations, in a so called P1/P1 ele-
ment, results in instabilities in the pressure field. This phenomenon occurs because
interpolations for the pressure and displacement or velocity field of equal order do
not pass the Babuška Brezzi inf-sup condition [31]. Some approaches have been de-
veloped in the literature to circumvent this problem while still using low order inter-
polations. Cisloiu et al. [32] have categorized the available approaches as follows: (1)
stabilizing mixed elements by enriching the displacement or velocity using a bubble
function; (2) using mesh-dependent perturbation terms; (3) mixed-enhanced strain
stabilization; (4) orthogonal sub-grid scale methods; (5) finite increment calculus
methods; (6) average nodal pressures or nodal deformation gradients. For a review
of some of the available approaches the reader is refered to [18–26].

Here a mixed-enhanced stabilization scheme is used [26]. The enhancement is
done using an element level bubble, as first proposed by Arnold et al. [18]. These
authors showed that this kind of stabilization satisfies the usual inf-sup condition
and converges with first order interpolation for both velocity and pressure. The ad-
ditional shape function vanishes on the element edges/faces and has a maximum in
the geometrical center of the element. As a result, the additional degree of freedom
is connected only to the other degrees of freedom of the same element and it can
be condensed out of the discretised equations. We follow this approach in our large
strain plasticity-damage setting because it is effective and it does not add a great deal
of complexity or computational cost.

Similar ideas have been used in incompressible elasticity by Taylor [26] for large
deformation elasticity. Masud and Xia developed the related variational multiscale
method for small strains [33] and for finite deformation elastoplasticity in geome-
chanics [34]. Chiumenti et al. [21] developed a stabilised incompressible elasticity
formulation using a sub-grid scale stabilization method. They further extended the
framework to incompressible plasticity by assuming that the deformation induced
by the sub-grid displacement (the bubble in our case) is sufficiently small and there-
fore purely elastic [35].

Other relevant contributions are those Gay et al. [36] for 3D elastoplastic simula-
tions, as well as Bargellini et al. [19] and Lorentz et al. [37] for ductile fracture. Per-
chat et al. [38] approximated a cubic bubble using piecewise linear functions in order
to reduce the element’s computational cost. Ramesh et al. [39] used mesh dependent
terms to enhance the stability of simplex elements (i.e. P1/P2) for hyperelastic-plastic
solids applications. Commend et al. [40] investigated the two approaches of a modi-
fied GLS and the Laplacian pressure operator in the context of elastoplasticity. They
dropped the plastic contribution to avoid linearization of the weighting part of the
stabilizing terms.

In our approach an updated Lagrange procedure is used to deal with geometri-
cal non-linearities. Since the bubble contribution to the total strain is small, it can
be taken linear elastic - cf. [35]. The elastic bubble strain thus acts as an enhance-
ment to the elasto-plastic logarithmic strain space and can be interpreted as an extra
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element-wise deformation mode, which remains relative to the conventional piece-
wise constant deformation. Our approach can thus be regarded as a combination
of the methods proposed by Taylor [26] and Chiumenti et al. [35], in a large-strain
plasticity-damage setting. The numerical integration of the element is done in such
a way that one integration point suffices to keep track of the history of the element.
Finally, for efficiency reasons the displacement bubble is condensed out of the equa-
tions at the element level.

The structure of this chapter is as follows. Section 2.2 summarises the existing cou-
pled damage-elasto-plasticity formulation, for which the element is proposed. The
finite element implementation of the model using a bubble enriched displacement
field is introduced in Section 2.3. Numerical examples are given in Section 2.4 to
demonstrate the performance of the method and the conclusions are given in Section
2.5.

2.2 Coupled damage-elasto-plasticity model

The coupled damage elasto-plasticity model which we adopt here largely follows
work done by Mediavilla et al. [27]. In this work, an existing damage framework
[29] was extended by taking into account the influence of stress triaxiality on the
evolution of ductile failure. Here we briefly summarize the continuum equations
used in the model as a precursor to establishing the bubble enriched finite element
formulation in the next section.

The equilibrium equation ~∇ · σ = ~0 can be written in terms of the Kirchhoff stress
τ as

~∇ · [(τh
I + τ

d)
1

J
] = ~0 (2.1)

where J = det(F) is the volume change ratio and τ has been split into a hydrostatic

and a deviatoric part; I is the second order identity tensor and ~∇ denotes the diver-
gence operator. The boundary conditions associated with the equilibrium equation
read:

~u = ~u⋆ on Su

~t = ~n · τ

J
= ~t⋆ on St (2.2)

where ~u⋆ and ~t⋆ are known functions.

The elaboration of a coupled damage-elasto-plastic material model for finite de-
formations is based on the multiplicative split of the deformation gradient F = Fe.Fp

into an elastic part Fe and a plastic part Fp. This multiplicative decomposition inher-
its all features of the classical models of infinitesimal plasticity [41].
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The concept of Continuum Damage Mechanics is used here, in which a scalar
field ωp represents the effect of damage on the material’s mechanical response [42].
According to the effective stress principle, the response of a damaged material is
given by the constitutive laws of the virgin material in which the stress tensor is
replaced by an effective stress tensor [43]. In terms of the Kirchhoff stress τ , the
effective stress is defined as

τ̂ =
τ

(1 − ωp)
(2.3)

2.2.1 Elastic response

The elastic constitutive equation is split into a deviatoric and a volumetric part for
future use:

τ̂
d =

1

2
4
H

d : lnbe (2.4)

τ̂h =
1

2
KI : lnbe

where τ̂
d and τ̂h are the deviatoric and hydrostatic part of the effective Kirchhoff

stress tensor, be = Fe ·FT
e is the elastic left Cauchy-Green deformation tensor (which

is used as a non-linear measure of elastic strain) and 4
H

d is a deviatoric fourth order
elasticity tensor, which is defined for the isotropic case as:

4
H

d = 2G(4Is − 1

3
I ⊗ I) (2.5)

K and G are the bulk and shear modulus respectively.

2.2.2 Plastic deformation

Classical J2 plasticity is used here, albeit defined in terms of the effective stress tensor
τ̂ . The yield condition thus reads

φ̂(τ̂ , τ̂y) = τ̂eq − τ̂y ≤ 0 (2.6)

where τ̂eq is classically given by:

τ̂eq =

√
3

2
τ̂

d : τ̂
d (2.7)

The plastic flow is governed by the following evolution equations [41]:
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▽

be = −2γ̇
∂φ̂(τ̂ , τ̂y)

∂τ̂
.be, (2.8)

ε̇p = γ̇
∂φ̂(τ̂ , τ̂y)

∂τ̂y
, (2.9)

γ̇ ≥ 0, φ̂(τ̂ , τ̂y) ≤ 0, γ̇φ̂(τ̂ , τ̂y) = 0 (2.10)

where
▽

be is the Lie derivative of be and the plastic multiplier γ̇ follows by enforce-

ment of the consistency condition
˙̂
φ = 0 upon plastic yielding.

Plastic hardening is characterized by

˙̂τy = hεε̇p (2.11)

where hε may be a function εp.

2.2.3 Damage growth

Combining equations (2.3) and (2.4) shows that the damage variable affects the elas-
tic response of the material. Similarly, it also affects the yield surface via (2.3), (2.6)
and (2.7). Here a nonlocal version of the damage is used in which the evolution of
the damage variable, ωp, in a certain material point not only depends on the loading
history of that point, but also on its surrounding volume.

The damage evolution is governed by the rate law:

ω̇p = hωκ̇ (2.12)

where hω is defined as

hω =

{
1

κc−κi
if κi ≤ κ ≤ κc

0 otherwise
(2.13)

and κ is a history variable. The material starts to degrade when κ exceeds an initial
value κi. At κ = κc, the damage ωp = 1 and the material point has failed completely.

The evolution of κ is obtained from the Kuhn-Tucker relations

κ̇ ≥ 0, z̄ − κ ≤ 0, κ̇(z̄ − κ) = 0 (2.14)
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in which κ is initially equal to κi; z̄ is a nonlocal damage driving variable which
is calculated by averaging a local damage driving variable z. The implicit gradient
formulation of that averaging reads

z̄ − ℓ2∇2z̄ = z, (2.15)

where ∇2 and ℓ are the Laplacian in the current configuration and an internal length
parameter respectively. To solve the above Helmholtz equation a boundary condition
is needed, which is here of the Neumann type

~∇z̄.~n = 0 on S (2.16)

with ~n the outward normal. The additional boundary value problem given by (2.15)
and (2.16) is solved simultaneously with the equilibrium equation.

The local variable z can be chosen in a manner to account for the influence of the
stress triaxiality on the damage growth. Here, it is taken to evolve according to

ż = hz ε̇p (2.17)

where hz is of the form proposed by Goijaerts et al. [44], in which plastic strain and
stress triaxiality are local damage driving factors:

hz = 〈1 + A
τh
τeq

〉 εB
p with 〈x〉 =

{
x, x > 0
0, x ≤ 0

(2.18)

The influence of the effective plastic strain and the stress triaxiality is controlled by
the material constants A and B.

2.3 Enriched mixed finite element formulation

The material behavior described in Section 2.2 is now implemented using a tetra-
hedral element. To avoid locking we use an independent pressure discretisation
together with a bubble displacement enrichment. The implementation of the con-
stitutive model itself is similar to that of [27], but here, because the mixed formula-
tion is used, an additional equation for the hydrostatic stress has to be satisfied. An
Updated Lagrangian formulation together with a conventional Newton-Raphson so-
lution strategy is used.

2.3.1 Weak forms of the governing equations

As the volumetric part of the constitutive model is now to be satisfied in a weak
sense, the governing equations which are to be cast in a weak form are given by
(2.1), (2.4.2) and (2.15). Note that Eq. (2.4.2) is formulated in effective stress space -
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this turns out to be advantageous as it leads to a simpler algorithm. The weak forms
of the three equations result from the usual weighted residuals arguments:

∫

Ω

(~∇~ϕ)T : (τh
I + τ

d)
1

J
dΩ =

∫

S

~ϕ · ~tdS
∫

Ω

ψ(τ̂h − 1

2
KI : lnbe)dΩ = 0

∫

Ω

(χz̄ + ℓ2~∇χ · ~∇z̄ − χz)dΩ = 0 (2.19)

where ~ϕ, ψ and χ are weight functions corresponding to ~u, τ̂h and z̄ and use has been
made of (2.2.2) and (2.16).

2.3.2 Discretisation and stabilisation

As explained earlier in Section 2.1, the standard discretization of the weak forms
(2.19) by linear shape functions may result in an oscillatory pattern in the hydrostatic
Kirchhoff stress field. To resolve this problem the trial displacement ~uh(~x) and the
corresponding weight function ~ϕh are split into contributions of two spaces accord-
ing to

~uh(~x) = N
˜

T (~x)~u
˜

+N
˜

T

b

(~x)~u
˜ b

~ϕh(~x) = N
˜

T (~x)~ϕ
˜

+N
˜

T

b

(~x)~ϕ
˜ b

(2.20)

In these expressions, the column matrices N
˜
(~x) and N

˜ b

(~x) contain shape functions

and the column matrices ~u
˜
, ~u

˜ b

, ~ϕ
˜

and ~ϕ
˜ b

contain the element degrees of freedom,

which have a vectorial character.

The first terms in the above expressions represent the the usual linear interpolation
between the corner nodes of each element, i.e. within each element Ni(~x) = λi (i =
1, 2, 3, 4) where λi are the volumetric coordinates associated with the element. The
additional terms introduce a single bubble shape function per element. The shape
functions N

˜ b

(~x) are given per element in terms of the volumetric coordinates λi as

Nb(~x) = 256 λ1λ2λ3λ4 (2.21)

where the factor 256 ensures that Nb = 1 at the center of gravity of the element. Note
that the above shape function vanishes on all faces of the element. As a result, the
degree of freedom associated with it interacts only with the other degrees of freedom
of the same element and not with degrees of freedom across the element boundary,
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~u
~ub

z̄
τ̂h

λ1

λ2

λ3

Figure 2.1: Location of the bubble node in the tetrahedral element.

see Figure 2.1.

Note also that the conventional shape functions contained in N
˜
(~x) do not vanish

at the position of the bubble node. Its contribution is therefore superimposed on the
conventional field given by the first term in (2.20.1). As a result, the bubble displace-
ment remains small compared to the conventional part. This observation allows us
to significantly simplify the formulation by linearising the influence of the bubble
displacement around the deformation state given by the conventional part of the
displacement interpolation. This implies that the geometrical update, characterised
by the position vector ~x, is governed solely by the piecewise linear part of the dis-
placement. This part is treated rigourously and enters the finite-strain constitutive
equations. The remaining, small contribution due to the bubble function is regarded
as an infinitesimal internal deformation of the element which merely relaxes the ef-
fect of the constraint introduced by the nearly incompressible volumetric material
response. Figure 2.2 schematically shows how in the deformed configuration a tetra-
hedral element undergoes a small strain internal deformation.

A second, related assumption is that the effect of this infinitesimal deformation
can be approximated by a linear elastic relation - see the similar assumption made by
Chiumenti et al. [35] in small-strain setting. However, since for nearly incompress-
ible materials like an elasto-plastically deforming solid, the shear part of the material
response is softer compared to the hydrostatic behavior, a scaling factor, α, is used to
reduce the bubble strain contribution to the shear stress. This avoids an overly stiff
internal response of the bubble in a soft elasto-plastic medium. This factor is referred
to as stabilization factor and is obtained by the following equation [21]

α = c
L2

2G
(2.22)

where L is an element characteristic length, G is the shear modulus and c is a con-
stant which has to be calibrated; in this study a value of c = 1 was found to lead to
satisfactory results.
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Fp
Fe

F

ΩΩ0

εb

Figure 2.2: The bubble displacement is resolved as a small strain contribution to the
deformation which does not affect the current configuration but does pro-
duce a corrective bubble stress.

The above assumptions essentially imply that the constitutive laws (2.4) are re-
placed by the following modified, additive algorithmic form:

m
τ̂

d = τ̂
d +4

H
d : αεb

mτ̂h = τ̂h +KI : εb (2.23)

where εb denotes the symmetric part of the gradient of the bubble displacement with
respect to the current configuration defined by solely the corner positions:

εb = 4
I
s : ~∇N

˜
T

b

~u
˜ b

(2.24)

and the first term between brackets follows from the usual finite strain kinematics of
the conventional, piecewise linear interpolation between the corner positions. Linear
interpolation, using the shape functions N

˜
(~x), is employed for hydrostatic Kirchhoff

stress field τ̂h(~x), the nonlocal damage driving variable field z̄(~x) and their weight
functions.

2.3.3 Discretised form of the stabilised equations

The discretization defined in Section 2.3.2 is now inserted in the weak forms of Eq.
(2.19). Requiring the resulting equations to hold for all discrete weights ~ϕ

˜
, ~ϕ

˜ b

, ψ
˜

and
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χ
˜

allows to derive the following nonlinear algebraic equations:

~F
˜ i

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = ~F

˜ e

~F
˜ b

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = ~0

˜

F
˜ τ

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = 0

˜

F
˜ z

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = 0

˜
(2.25)

where

~F
˜ i

=

∫

Ω

~∇N
˜
·mτ̂

1 − ωp

J
dΩ

~F
˜ b

=

∫

Ω

~∇N
˜ b

·mτ̂

1 − ωp

J
dΩ

F
˜ τ

=

∫

Ω

N
˜
(mτ̂h −KI : [

1

2
lnbe + εb])dΩ

F
˜ z

=

∫

Ω

[N
˜
z̄ + ℓ2~∇N

˜
· ~∇z̄ −N

˜
z]dΩ

~F
˜ e

=

∫

St

N
˜
~tdΓ (2.26)

and

m
τ = mτh

I + m
τ

d (2.27)

Note that an additional equation (2.25.2) emerges due to the presence of the bubble
and the discretisation field. As explained earlier the bubble interpolation vanishes on
the element edge/face and this results in the right hand side of Eq. (2.25.2) to be zero.

2.3.4 Damage/stress update

The classical return mapping algorithm for J2 plasticity can be applied here in the ef-
fective stress space. It is important to notice that although the modified stress is used
in Eq. (2.26) the bubble does not affect plasticity and therefore only the standard part
of the effective stress according to (2.4) is used here. The Backward-Euler method is
used to integrate the constitutive equations in time. The updated deviatoric stress
tensor is obtained as:

τ̂
d =⋆

τ̂
d − 2G∆γN̂ (2.28)
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where ⋆
τ̂

d is a trial version of the deviatoric effective stress which is obtained via

⋆
τ̂

d =
1

2
4
H

d : ln ⋆
be (2.29)

with

⋆
be = f · bt

e · fT (2.30)

where

f = (~∇t~x)T = F · (Ft)−1 (2.31)

is the incremental deformation gradient tensor; bt
e and F

t are the elastic left Cauchy-
Green deformation tensor and deformation gradient of the previous increment. The

normal to the yield surface N̂ in (2.28) is given by N̂ = ⋆
N̂ = 3

2

⋆τ̂
d

⋆τ̂eq
.

By using equation (2.28) and the equivalent stress definition (2.7) the equivalent
effective stress τ̂eq can be obtained as:

τ̂eq =⋆ τ̂eq − 3G∆γ (2.32)

The plastic multiplier, ∆γ, in the above equations is calculated by enforcing the yield
condition

φ̂ =⋆ τ̂eq − 3G∆γ − τ̂ t
y − hε(εp)∆γ = 0 (2.33)

where εp = εt
p + ∆γ. For linear hardening, i.e. for constant hε, this equation can be

solved in closed form; for a nonlinear hardening law a local iterative procedure is to
be used instead.

Similar to the yield stress, the local damage driving variable z is updated as fol-
lows

z = zt + hz(τ , εp)∆γ (2.34)

The current value of z̄ is used to update κ via κ = max(z̄, κt). Using evolution law
(2.12), the damage is updated by an implicit Euler method as well:

ωp =

{
ωt

p + ∆κ
κc−κi

if κ < κc

1 if κ ≥ κc.
(2.35)
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2.3.5 Linearization of the stabilised equations

Global Newton-Raphson iterations are used to solve the system of governing non-
linear algebraic equations (2.25). In order to construct the tangent matrix it is neces-
sary to consistently linearize these equations. This linearization differs from that for
the standard element as discussed in [27], firstly because the stress is now decom-
posed into its deviatoric and hydrostatic part and secondly because of the bubble
contribution to the equations.

Linearization of the equilibrium equations

Since Eqs (2.26.1) and (2.26.2) are similar in structure, the linearization of both equa-
tions is simultaneously addressed. Transforming the integrals in (2.26.1) and (2.26.2)
towards the deformed state at the start of the current increment (time t), lineariz-
ing the resulting expression and changing again the integration domain towards the
current configuration (time t + ∆t), leads to the following linearized expressions at
iteration (i+ 1) of the considered increment

δ ~F
˜ i

=

∫

Ω

~∇N
˜
· [δm

τ − (4
I
RT · m

τ ) : ~∇δ~x] 1
J
dΩ

δ ~F
˜ b

=

∫

Ω

~∇N
˜ b

· [δm
τ − (4

I
RT · m

τ ) : ~∇δ~x] 1
J
dΩ (2.36)

where ~x is the global coordinate and 4
I
RT is the right transpose of the fourth order

identity tensor. The stress tensor m
τ is linearized using (2.3) and (2.27) as

δ m
τ = (1 − ωp)(δ

mτ̂h
I + δ m

τ̂
d) − δωp(

mτ̂h
I +m

τ̂
d) (2.37)

whereby mτ̂h is determined directly from the interpolation. Therefore, it is only nec-
essary to further linearize m

τ̂
d and this is done using Eq (2.23.1):

δm
τ̂

d = δτ̂ d + 4
H

d : αδεb (2.38)

The linearization of τ̂
d is done using (2.28), resulting in

δτ̂ d =
1

2
4
C

d
ep : δ ln⋆

be (2.39)
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where δ ln⋆
be is variation of the (trial) elastic logarithmic left Cauchy-Green tensor

and further linearization leads to:

δ ln⋆
be =

∂ ln ⋆
be

∂⋆be

:
∂⋆

be

(~∇δ~x)T
: ~∇δ~x (2.40)

a detailed explanation on how to compute Eq. (2.40) is given in [29].

Compared to [27] here, instead of 4
Cep, 4

C
d
ep is used in (2.39), in which the hydro-

static part is disregarded:

4
C

d
ep = [(1 − 3a0)

4
I
s + 2(a0 − a1)

⋆
N ⊗ ⋆

N] : 4
H

d (2.41)

with the following constants

a0 =
∆γG
⋆τ̂eq

and a1 =
G

3G+ hε + ∂hε

∂εp
∆γ

(2.42)

where ∆γ is the plastic multiplier which is calculated by enforcing (2.33).

The second part of (2.38) is linearized as

δεb = 4
I
s : (~∇N

˜
T

b

δ~ub
˜

) − εb ·4 I
RT : (~∇N

˜
T δ~u

˜
) (2.43)

where use has been made of the following equation

∇δ~x = ∇N
˜

T δ~u
˜

(2.44)

Linearization of the damage value in (2.37) is done by using relation (2.35) for
damage growth:

δωp =
∂ωp

∂κ

∂κ

∂z̄
δz̄ (2.45)

Finally substitution of Eqs. (2.37)-(2.45) in Eqs. (2.36) gives the following linearized
form for the internal forces (2.26.1) and (2.26.2)

δ ~F
˜ i

= Kuu · δ~u˜ + ~Kuτδτ̂˜
h + ~Kuzδz̄˜

δ ~F
˜ b

= Kbu · δ~u˜ + Kbb · δ~u˜ b

+ ~Kbτδτ̂˜
h + ~Kbzδz̄˜

(2.46)

where the bold tangent operators have a second order tensorial character and the
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others vectorial character. They are given by the following expressions:

Kuu =

∫

Ω

~∇N
˜
·
[

1

2
4
C

d
ep :

∂ ln ⋆
be

∂⋆be

:
∂⋆

be

(~∇δ~u)T
− 4

I
RT · m

τ̂

]
· (1 − ωp)

J
~∇N

˜
TdΩ

~Kuτ =

∫

Ω

~∇N
˜

(1 − ωp)

J
N
˜

TdΩ

~Kuz = −
∫

Ω

~∇N
˜
· ∂ωp

∂κ

∂κ

∂z̄
m
τ̂N

˜
TdΩ (2.47)

and

Kbu = −
∫

Ω

~∇N
˜ b

·
[
4
H

d : αεb · 4
I
RT + 4

I
RT · m

τ̂

]
· (1 − ωp)

J
~∇N

˜
TdΩ

Kbb =

∫

Ω

~∇N
˜ b

· (1 − ωp)

J
4
H

d · α~∇NT
b dΩ

~Kbτ =

∫

Ω

~∇N
˜ b

(1 − ωp)

J
N
˜

TdΩ

~Kbz = −
∫

Ω

~∇N
˜ b

· ∂ωp

∂κ

∂κ

∂z̄
m
τ̂N

˜
TdΩ (2.48)

As N
˜ b

vanishes on the surfaces of a tetrahedral volume dΩ, and using the Gauss Di-

vergence theorem the following simplifications result, which have been incorporated
in (2.47)-(2.48)

∫

Ω

(~∇N
˜
) · (1 − ωp)

J

[
−4

H
d : αεb · 4

I
RT

]
· ~∇N

˜
TdΩ = 0

∫

Ω

~∇N
˜
· (1 − ωp)

J
4
H

d · α~∇NT
b dΩ = 0

∫

Ω

~∇N
˜ b

·
[

1

2
4
C

d
ep :

∂ ln ⋆
be

∂⋆be

:
∂⋆

be

(~∇δ~u)T

]
· (1 − ωp)

J
~∇N

˜
TdΩ = 0 (2.49)

Linearization of the pressure field equation

Since Eq. (2.26.3) results from the mixed formulation, it also needs to be linearized.
Transforming the integral in Eq. (2.26.3) towards the deformed state at the start of
the current increment (time t), results in

F
˜ τ

=

∫

Ωt

N
˜
(mτ̂h −KI : [

1

2
lnbe + εb])J∆dΩ

t (2.50)
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where J∆ is the incremental volume change ratio. Linearizing this expression leads
to:

δF
˜ τ

=

∫

Ωt

N
˜
δ(mτ̂h −KI : [

1

2
lnbe + εb])J∆dΩ

t +
∫

Ωt

N
˜
(mτ̂h −KI : [

1

2
lnbe + εb])δJ∆dΩ

t (2.51)

The linearization of the incremental volume change ratio, J∆, is:

δJ∆ = J∆I : (~∇N
˜

T δ~u
˜
) (2.52)

Changing back the integration domain towards the current configuration (time t +
∆t), leads to the following linearized expression

δF
˜ τ

= ~Kτu · δ~u˜ + ~Kτb · δ~u˜ b

+Kττδτ̂˜
h (2.53)

where

~Kτu =

∫

Ω

N
˜

[
τ̂h

I −KI : (
1

2
ln ⋆

be + εb)I−
1

2
KI :

∂ ln ⋆
be

∂⋆be

:
∂⋆

be

(~∇δ~u)T

+KI : (εb · 4
I
RT )

]
· ~∇N

˜
TdΩ

~Kτb = −
∫

Ω

N
˜
KI · ~∇N

˜
T

b

dΩ

Kττ =

∫

Ω

N
˜
N
˜

TdΩ (2.54)

Linearization of the averaging equation

The linearized form of equation (2.26.4) is obtained in a straightforward manner as
[29]

δF
˜ z

=

∫

Ω

[
(N

˜
z̄ + ℓ2~∇N

˜
· ~∇z̄ −N

˜
z)I − ℓ2~∇N

˜
⊗ ~∇z : 24

I
s
]

: ~∇N
˜

T δ~u
˜
dΩ −

∫
N
˜
δzdΩ +

∫

Ω

[
N
˜
δz̄ + ℓ2~∇N

˜
· ~∇δz̄

]
dΩ (2.55)

using the damage evolution law (2.18), the local damage driving variable is lin-
earized as

δz = Mep : δ lnbe + f2δτ̂
h (2.56)
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in which the following equations apply

Mep = f1a
⋆
1N (2.57)

f1 = hz + ∆γ

[
〈1 + A

τ̂h

τeq
〉BεB−1

p − 〈1 + A
τ̂h

τeq
〉A τ̂

h

τeq
εB

p

] [
∂hε

∂εp

∆γ + hε

]
(2.58)

f2 = ∆γ〈1 + A
τ̂h

τeq
〉εB

p

A

τeq
(2.59)

The final linearized form of the averaging equation is now:

δF
˜ z

= ~Kzu · δ~u˜ +Kzτ̂δτ̂˜
h +Kzzδz̄˜

(2.60)

where

~Kzu =

∫

Ω

[
ℓ2~∇N

˜
· ~∇z̄I − ℓ2~∇N

˜
⊗ ~∇z̄ : 24

I
s
]
· ~∇N

˜
TdΩ +

∫

Ω

[
(N

˜
z̄ −N

˜
z)I −Mep :

∂ ln⋆
be

∂⋆be

:
∂⋆

be

(~∇δ~u)T

]
· ~∇N

˜
TdΩ

Kzτ =

∫
N
˜
f2N

˜
TdΩ

Kzz =

∫

Ω

[N
˜
N
˜

T + ℓ2~∇N
˜
· ~∇N

˜
T ]dΩ (2.61)

Complete linearised system

Finally considering all simplifications, the linearization of Eqs. (2.25) leads to the
following linear equations which are to be solved in terms of the nodal variables δ~u

˜
,

δ~u
˜ b

, δτ̂
˜

h and δz̄
˜

at each iteration (i+ 1)

Kuu · δ~u˜ + ~Kuτδτ̂˜
h + ~Kuzδz˜

= ~F
˜ e

− ~F
˜

(i)

i

Kbu · δ~u˜ + Kbb · δ~u˜ b

+ ~Kbτδτ̂˜
h + ~Kbzδz˜

= − ~F
˜

(i)

b

~Kτu · δ~u˜ + ~Kτb · δ~u˜ b

+ Kττδτ̂˜
h = − F

˜
(i)

τ

~Kzu · δ~u˜ + Kzτ̂δτ̂˜
h + Kzzδz˜

= − F
˜

(i)

z

(2.62)

After assembly, this will produce a global non-symmetric tangent matrix.
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Static condensation

In order to solve the linear equations more efficiently and considering the fact that
bubble value is an internal degree of freedom of every individual element, static
condensation can be done by eliminating δ~u

˜ b

at the element level. Therefore, Eq.

(2.62.2) is solved for δ~u
˜ b

,

δ~u
˜ b

= −K
−1
bb ·

(
~F
˜

(i)

b

+ Kbu · δ~u
˜

+ ~Kbτδτ̂˜
h + ~Kbz̄δz̄˜

)
(2.63)

The static condensation is carried out by substituting Eq. (2.63) into Eq. (2.62.3),
which leads to an enhanced finite element mixed-formulation for the elasto-plastic
non-local damage behavior. This leads to a solution for the three principal sets of
unknowns ~u

˜
, τ̂

˜
h and z̄

˜
. The iterative update for δ~u

˜ b

is computed using Eq. (2.63),

after which the incremental bubble variable is updated, ~u
˜

i+1

b

= ~u
˜

i

b

+ δ~u
˜ b

. Finally Eqs.

(2.26.1)-(2.26.4) are used to compute the updated internal forces in the current con-
figuration. Note that at the end of each increment the bubble variable is re-initialized
to zero (no history-dependence in the bubble) as it is treated as linear elastic.

2.3.6 Numerical integration

The numerical integration of the internal force according to (2.26.1) and (2.26.2) is
simplified considerably by adopting a constant damage field in each element. All
history variables needed to calculate the damage are then computed in the element
center. The Kirchhoff stress in Eq. (2.26.1) and (2.26.2) is a function of the bubble
strain εb, which is non-constant over the entire element. For the purpose of effi-
ciently integrating the stress, it is split into the constant conventional part and the
non-constant bubble induced part. The constant part is integrated using one inte-
gration point which stores all history variables and for the non-constant part four
integration points are used (without a need of storing history data in them). A sim-
ilar scheme is used for integration of Eq. (2.26.3) where the accurate integration of
the quadratic terms relies on the use of four Gauss points. The local damage driv-
ing variable in Eq. (2.26.4) is a history variable and is calculated in the center of the
element, whereas the other parameters are calculated using four Gauss points.

Using the above explained integration provides an efficient element with history
data stored in just a single Gauss point, as the four-point scheme is used exclusively
for terms which are history-independent.
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2.4 Numerical examples

In this section we demonstrate the effectiveness of the proposed formulation by ap-
plying it to a number of example problems. The examples are chosen such that the
material is highly constrained, triggering locking and oscillations in the nearly in-
compressible case, unless a proper stabilization scheme is applied. The examples
considered are from three different categories of material behavior: elastic, elasto-
plastic and finally elasto-plasto-damaging. In the elastic part we use the proposed
element to simulate the deformation of Cook’s plate. To reveal the element perfor-
mance in the plastic regime, we use Cook’s plate as well as a pressurized cylinder.
Finally the pressurized cylinder and a tensile test are used for the damage simula-
tions. A value of c = 1 of the stabilisation constant is used throughout this section.

2.4.1 Nearly incompressible elasticity

To study the performance of the element in elasticity, we use a popular benchmark
problem used by many authors [24, 45–48], i.e. Cook’s problem. It is a tapered plate
in plane strain which is clamped at one of its sides while a shearing force acts on
the other side. The geometrical and material parameters of the example are shown
in Figure 2.3. Our analysis is three-dimensional, although the response obtained is
essentially two-dimensional.

F = 100N

E = 250(Gpa)
ν = 0.4999
t = 1

44

48

16

Figure 2.3: Cook’s plate geometry; dimensions are in mm.

The geometry is first discretized by hexahedral elements. Then every hexahedron
is further divided into six tetrahedra, see Figure 2.4. This discretization technique
[26] enables one to have the same number of nodes while having different element
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types [26]. Two elements across the thickness are used as shown in Figure 2.5. In

Figure 2.4: Division of a hexahedral element into six tetrahedra.

the present simulations, we compare the performance of three different elements,
namely an 8-node hexahedron, a standard linear tetrahedron and the mixed tetrahe-
dron developed here. A selectively reduced integration (and no mixed formulation)

20
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50

20

30

40

50

Figure 2.5: Hexahedral and tetrahedral discretization of Cook’s problem.

is used for the hexahedron since this element is known to perform well.

There is no analytical result for this geometry and material behavior, but Figure
2.6 demonstrates that upon refining the mesh, the computed tip displacement tends
to converge to a unique value, except for the standard element. The figure clearly
shows that the standard tetrahedron underestimates the displacement even for a re-
fined mesh. The hexahedral element is comparatively accurate even when using a
coarse discretization. The newly developed element, as expected, behaves relatively
poorly for a coarse mesh, but converges rapidly to the displacement predicted by the
hexahedron upon mesh refinement.

Figure 2.7 compares the hydrostatic Kirchhoff stress (pressure) distribution for the
hexahedral element and for the mixed formulation with the bubble enrichment. The
enrichment results in a generally smooth hydrostatic stress, although there are mild
oscillations near the right edge and top left corner. They can be further reduced by
optimising the value of the stabilisation parameter c. This factor has been extensively
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Figure 2.6: Tip displacement predicted by the three types of elements considered as a
function of the number of elements along the right edge (displacement in
mm).

discussed in [23] and, in a finite deformation setting in [49].

In these simulations the strain contribution due to the bubble displacement is
found to be less than 0.01, which justifies the small strain assumption made in Section
2.3.2. Furthermore, it is observed that upon refining the mesh, the bubble correction
to the strain, measured by the ratio of the bubble strain to the logarithmic strain,
‖εb‖/‖ lnbe‖, decreases (not shown here).

2.4.2 Elasto-plasticity

In this subsection, the contribution of the bubble for plastic material behavior is eval-
uated. The element proposed is tested on two different examples. In the first one,
Cook’s problem is used, but since the force may now reach a maximum, a displace-
ment of 6mm is applied on the right edge (rather than a force). Linear hardening
material behavior is used and the material properties used are shown in Table 2.1.
Eight elements per edge are used.

The hydrostatic stress is depicted in Figure 2.8 for the standard tetrahedron, the
mixed formulation and the bubble enriched mixed formulation. This figure demon-
strates that the standard tetrahedral element leads to an incorrect shear band close to
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τ̂h(Gpa)

Figure 2.7: Effective hydrostatic stress for (left) hexahedral element and (right) new
element.

τ̂h(Gpa)
τ̂h(Gpa)

Figure 2.8: Effective hydrostatic stress distribution for (left to right) standard tetrahe-
dron, mixed formulation and mixed formulation with bubble enrichment.
Note that a different color scale is used for the right diagram.

the right edge of the plate where the load is applied. This band is triggered through
the plastic incompressibility of the material and the inability of the element to accom-
modate the applied displacement. This problem is resolved for the mixed element,
but another problem arises here, i.e. an oscillatory pressure field. The right hand
side of Figure 2.8 shows the hydrostatic pressure field obtained using the newly de-
veloped element. Pressure oscillations are not present and no spurious shear band is
obtained.
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Table 2.1: Material properties used in Cook’s problem [27, 29, 41]

Shear modulus G 80.19 GPa
Bulk modulus K 164.21 GPa
Initial flow stress τy0 0.45 GPa
Linear hardening modulus h 0.129 GPa

Figure 2.9 shows the obtained force-displacement curve for the hexahedral ele-
ment with selectively reduced integration, as well as tetrahedral elements based on
the pure displacement formulation and the mixed formulation with bubble enrich-
ment. The bubble enriched mixed element shows a similar elasto-plastic behavior
compared to the hexahedral element. The standard tetrahedral element overesti-
mates the force needed for the applied deformation by up to 50%. The difference
observed between the enriched mixed element and the hexahedral element is similar
to that observed in Figure 2.6 for the same number of edge elements. It is expected
that, like in the elastic case, by refining the mesh all curves converge to a single one,
but the mixed element converges considerably faster than the standard one.

In the second example, a thick walled cylinder is considered. This example re-
sembles a hydroforming process, which is widely used in the automotive industry.
An infinitely long thick cylinder with an inner radius of 5 mm and outer radius of
10 mm is subjected to an internal radial displacement of 2 mm [26]. For computa-
tional efficiency a wedge with a thickness of 0.5 mm and a 5-degree angle is used
in the simulations. As Figure 2.10 shows, one hexahedral element is used in axial
and tangential direction, whereas ten elements are used in the radial direction. As
explained in the previous section, each hexahedral element is further divided into
six tetrahedra, see Figure 2.4. The same elasto-plastic material parameters as shown
in Table 2.1 are used. Symmetry boundary conditions are applied on the right and
left surface as well as the top and bottom surface of the wedge.

The pressure plot is shown in Figure 2.11, in which the mixed formulation with-
out enrichment, the enriched tetrahedral and the hexahedral elements are compared.
This figure highlights the pressure oscillations for the mixed formulation without
bubble enrichment, whereas the proposed enriched element provides a similar pres-
sure field as the one obtained by the hexahedral element.

2.4.3 Elasto-plasto-damage

Two benchmark problems are next used to asses the accuracy of the proposed ele-
ment for elasto-plastic behavior coupled with non-local damage. Emphasis is on es-
tablishing the effectiveness of the mixed formulation and stabilisation and we there-
fore refrain from a detailed study of the effect on non-locality and mesh size, for
which we refer to [10, 27–29]. In the first example, the same thick walled cylinder
used in the previous section is considered with the elasto-plastic material properties
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Figure 2.9: Force displacement curve obtained in the elasto-plastic analysis of Cook’s
plate for three element types.

Figure 2.10: Discretisation of the thick cylinder wedge by ten hexahedral elements.
These elements are subdivided according to Figure 2.4 to obtain the tetra-
hedral discretisation.

of Table 2.1. The additional parameters required by the damage model are given in
Table 2.2. A rather large length scale ℓ has been used, such that large elements can be
used (worst case for locking). This gives a widespread damage without localisation.
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τ̂h(Gpa)

Figure 2.11: Hydrostatic Kirchhoff stress, Top: hexahedral element; middle: enriched
tetrahedral element; Bottom: mixed formulation without enrichment.

The boundary conditions are changed such that the internal radius is expanded by

Table 2.2: Material damage parameters

Damage initiation threshold κi 0.05
Critical value of history parameter κc 1.50
Intrinsic length ℓ 1 mm
Damage parameter A 3.9
Damage parameter B 0.63

5mm.

The damage field together with the mechanical response (damaged and undam-
aged) are plotted in Figure 2.12. The mechanical response here is given in terms of
the internal pressure versus the radial displacement of the inner surface of the cylin-
der. Comparable results are observed between the two element types, with only a
slight influence of the asymmetry of the tetrahedral mesh. As shown in this plot, the
damage value is maximum on the internal surface and has its minimum on the outer
surface. Due to the increasing damage value, a descending internal pressure can be
seen in the force-displacement response.

The second example considers the necking of an axisymmetric cylindrical bar,
which leads to combined geometrical-physical softening, as well as to localised dam-
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Figure 2.12: Left: damage distribution for the hexahedral and enriched tetrahedral
element Right: mechanical response with and without damage.

age. The bar, with a radius of 6.4 mm and a length of 53.3 mm, is subjected to uni-
axial tension up to failure. The end grips in this example are fixed, such that the
problem becomes non-homogeneous upon large deformations, which triggers neck-
ing. This problem was modelled using axisymmetry in [27]. Here the corresponding
three-dimensional case using a mesh of tetrahedra is studied. For computational ef-
ficiency, we consider only a 20-degree wedge and we make use of symmetry in axial
direction. The resulting geometry is shown in Figure 2.13. The material properties
are the same as in [27].

Figure 2.14 compares the force-displacement curve obtained for this problem
against the 2D axisymmetric case obtained in [27]. Note that remeshing and finer ele-
ments are used in [27], which explains the deviation observed in the damage regime.
A sharp decrease in the force indicates the localization of the deformation in the cen-
ter of the specimen. The damage field at the end of the analysis is plotted in Figure
2.15. The damage distribution indicates that the damage is maximum in the center
of the neck.

Since locking and pressure oscillations are the result of the stiff elastic behavior
compared to the soft plastic-damage behavior, the same example is also analyzed us-
ing perfect plasticity behavior by setting h to zero. The resulting force displacement
curve is included in Figure 2.14. Even in this extreme case no locking or oscillations
in the pressure distribution (not shown here) are observed.

An interesting observation in this example is the ratio between the computational
time needed for computing the element matrices and solving the linear system.
While more than 90% of computational cost is spent on the calculation of the ele-
ment matrices, only less than 5% is used for solving the linear system. This ratio
shows that a small number of Gauss points (only one per element in our case) is
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26.7mm

6.4
mm

Figure 2.13: Tensile test geometry, the top of the segment is clamped and at the bottom
symmetry conditions are applied.

crucial in developing an efficient finite element formulation for the type of problems
considered here.

2.5 Conclusion

Low-order tetrahedral finite elements often fail in isochoric elasto-plastic analyses
because of volumetric locking. The objective of the present work was developing
an efficient element capable of dealing with near incompressibility due to isochoric
plasticity, possibly coupled with non-local damage. As a starting point, we take an
existing large-strain elasto-plasticity damage model [27]. A mixed formulation is
used to relax the volumetric constraint typical for low order elements. If no further
measures are taken, an oscillatory behavior in the pressure field results. The latter
problem is solved by using a simplified internal bubble enrichment that is well suited
for a large deformation elasto-plastic-damage material behavior. This simplification
is done in a careful way in order to have the least computational cost by matching the
bubble influence on plasticity and damage and in the meanwhile obtain the correct
deformation pattern in the elasto-plastic damage regime. The developed method has
the following noteworthy characteristics:
1. It circumvents locking behavior while using inelastic material models.
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Figure 2.14: Force-displacement curves obtained for the tensile test.
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Figure 2.15: Damage distribution in the tensile test sample.
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2. Oscillations in the pressure field are eliminated.
3. Only one integration point per element is used to keep track of the material’s
history, which makes the element appealing from a computational point of view.
4. Static condensation is used for reducing the number of unknowns to the same
number as in a standard mixed form.
Numerical simulations have been performed using different benchmark problems
and constitutive laws to demonstrate the accuracy of the stabilized finite element
formulation. They show that its mechanical performance is comparable to that of
a hexahedral element, whereas the tetrahedron offers a much greater geometrical
freedom.





CHAPTER THREE

Consistent remeshing and transfer
for a three dimensional enriched

mixed formulation of plasticity and
non-local damage 1

Abstract

The ability to model complex three-dimensional geometries undergoing large defor-
mations is frequently required in finite element simulations of industrial problems.
As a result of the large deformations, finite elements may become excessively dis-
torted and consequently unreliable from the numerical point of view. Remeshing
must be used in order to preserve a good quality of the discretisation. An impor-
tant aspect of remeshing is the transfer of history data from one mesh to another.
Errors and numerical instabilities caused by this transfer can be minimised by using
a consistent methodology. We concentrate here on this issue for finite-strain elasto-
plasticity with and without nonlocal damage. A low-order tetrahedral element spe-
cially developed for this material behavior and free from locking and pressure oscil-
lations is used for this purpose. The transfer strategy proposed by Mediavilla, Peer-
lings and Geers (Computers & Structures, 84(8-9):604-623, 2006) for a conventional
element is taken as a basis and is extended for the 3D bubble enriched element. It is
shown that by consistently transferring a minimum and carefully selected set of vari-
ables the simulation remains stable with minimal inconsistencies and deviations.

1Reproduced from: H.R. Javani, R.H.J. Peerlings, M.G.D. Geers, Consistent remeshing and transfer
for a three dimensional enriched mixed formulation of plasticity and non-local damage, Computational
Mechanics, Submitted.
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3.1 Introduction

Significant geometrical and topological changes are predicted by finite element sim-
ulations of manufacturing processes and other large deformation applications. They
require the ability to efficiently change the discretization of the entire problem do-
main, or locally in certain zones. Large deformations may furthermore cause severe
element distortions, which entail additional numerical errors. Remeshing is neces-
sary in such situations as well. Finally, it may also be necessary locally where the
solution gradient becomes high, for instance due to localisation of plastic strain, in
order to capture these gradients with sufficient accuracy.

Remeshing involves the generation of a high quality mesh which is adapted to
the deformed geometry while satisfying a pre-specified constraint on the local ele-
ment size. Necessary ingredients of a proper remeshing algorithm are: (1) an error
estimation algorithm to set the desired element size, (2) an algorithm to generate a
high quality discretisation of the deformed geometry, taking into account this de-
sired local element size and (3) an algorithm for transferring history dependent data
from the old to the new discretisation. Extensive studies on different error estima-
tion procedures have been carried out; some of them can be found in Boroomand
et al. [13, 14], Zienkiewicz et al. [50, 51], Perić et al. [17], Babuška and Rheinboldt
[52, 53]. Automatic meshers are nowadays readily available which efficiently dis-
cretize a complex three dimensional geometry reliably using tetrahedral elements
[54, 55]. We therefore focus here on the third aspect, i.e. the consistent transfer of
state variables, within a conservative frequent remeshing scheme using an available
discretization code (Tetgen [55]).

A problem occurring when using tetrahedral elements is that they do not perform
well when dealing with nearly incompressible material behavior, for instance due to
isochoric plasticity. A low-order mixed finite element formulation has therefore been
developed in an earlier study which deals with this problem [56]. The formulation
is tailored to a finite strain elasto-plasticity model which is coupled with non-local
damage [27]. In addition to the displacement and non-local damage driving variable,
the effective hydrostatic Kirchhoff stress (or pressure) and a bubble displacement
are introduced as discretised fields. For details of its implementation, the reader is
referred to [56, 57].

A computational difficulty associated with adaptive procedures for history-
dependent material models is the transfer of state variables which is necessary af-
ter each remeshing step. Data which is available in the nodes and Gauss points
of the old mesh must be mapped to those of the new mesh before the simulation
can be continued. If this transfer is not done properly, it may be a major source of
error, which may even lead to divergence of the simulation. This issue has been
addressed in the literature for different classes of material behavior - most notably
elasto-plasticity [13, 15, 17]. However, it has so far got little attention when deal-
ing with elasto-plastic-damage material behavior, except for a few contributions like
that of Mediavilla et al. [11], Giraud-Moreau et al. [16], and particularly for mixed
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formulations.

Mediavilla et al. [11] extended the small strain elasto-plasticity transfer operator
proposed by Perić et al. [17] to a large deformation elasto-plastic-damage constitu-
tive behavior for two-dimensional applications. Consistency between the transferred
variables is preserved by transferring as few variables as possible, reconstructing the
remaining ones using the constitutive equations and then applying a balancing step
to comply with the governing equilibrium equations and boundary conditions. In
this way, both consistency and equilibrium (in the weak sense) are satisfied on the
new mesh.

Here we further extend this operator the three dimensional locking free element
developed in Reference [56]. This extension may seem, at first glance, straightfor-
ward. However, significant modifications are necessary to deal with the bubble en-
riched mixed formulation of the element. The method is first developed in this chap-
ter for a mixed elastoplasticity formulation. It is subsequently extended to elasto-
plasticity coupled with nonlocal damage. Applications are given for both types of
constitutive models.

The structure of this chapter is as follows. In Section 3.2 the constitutive equations
which we employ in our development are reviewed. Section 3.3 briefly explains
the finite element implementation of the constitutive equations in a mixed formula-
tion using the enriched tetrahedral element. The proposed data transfer operator is
discussed in detail in Section 3.4 and numerical examples are given in Section 3.5.
Finally, conclusions are presented in Section 3.6.

3.2 Constitutive equations

The coupled elasto-plasticity-damage model which we adopt here largely follows
work done by Geers [29], which is an extension of the hyperelasto-plasticity frame-
work proposed by Simo [41]. This nonlocal plasticity-damage framework was fur-
ther improved by Mediavilla et al. [27] to take into account the effect of stress triaxial-
ity in triggering ductile failure. Below, the continuum equations for elasto-plasticity
are briefly recalled to set the stage for the development of a consistent transfer oper-
ator in Section 3.4. The coupling to nonlocal damage is briefly reviewed in a second
part of this section.

3.2.1 Large-strain elasto-plasticity

The finite deformation elasto-plasticity model is established based on the conven-
tional multiplicative split of the deformation gradient F = Fe.Fp into an elastic part
Fe and a plastic part Fp.

Splitting the Kirchhoff stress tensor in its deviatoric and spherical components, i.e.
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τ = τh
I + τ

d, the elastic constitutive equation of [41] can be written as

τ
d =

1

2
4
H

d : lnbe

τh =
1

2
KI : lnbe (3.1)

where I is the second-order unit tensor, be = Fe · FT
e is the elastic left Cauchy-Green

deformation tensor and 4
H

d is the deviatoric fourth-order elasticity tensor.

The elastic domain is bounded by a yield criterion in stress space, i.e.

φ(τ , τy) = τeq − τy ≤ 0 (3.2)

where τeq =
√

3
2
τ

d : τ
d. Plastic flow is governed by [41]

▽

be = −2γ̇
∂φ(τ , τy)

∂τ
.be

ε̇p = γ̇
∂φ(τ , τy)

∂τy
(3.3)

where ▽ indicates the Lie derivative, εp is the effective plastic strain and the plas-
tic multiplier γ̇ satisfies the usual Kuhn-Tucker complementarity conditions. Plastic
hardening is characterized by the following rate form

τ̇y = hεε̇p (3.4)

where hε may be a function εp. For all examples in this chapter a nonlinear hardening
is used according to:

hε = h+ (τy∞ − τy0)e
−αεp with α > 0 (3.5)

3.2.2 Non-local elasto-plastic damage

The effect of microscopic cracks, voids and other defects on the material behavior is
incorporated by introducing a damage variable in the constitutive relation. In this
study, we assume that a scalar field ωp suffices to characterize the damaged state.
This scalar variable enters the continuum model through the effective stress concept
[42]. The effective stress τ̂ is defined as

τ̂ =
τ

(1 − ωp)
(3.6)

The effective hydrostatic stress and deviatoric stress tensor are defined likewise. The
response of the damaged material is obtained by assuming that the strain experi-
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enced by the material is given by its constitutive response in the undamaged state
subjected to the effective stress (principle of strain equivalence) [42]. This implies
that the constitutive equations of the material, for a given value of damage ωp, are
obtained by replacing the nominal stresses τ , τ

d, τeq and τh by the corresponding
effective stresses τ̂ , τ̂

d, τ̂eq and τ̂h in (3.1)-(3.3).

The evolution of the damage variable, ωp, in a certain material point not only de-
pends on the loading history of that point, but also on surrounding material points.
This loading history is captured by a local history variable which we assume to be
governed by [27, 44]:

ż = hz ε̇p (3.7)

where

hz = 〈1 + A
τ̂h
τ̂eq

〉 εB
p with 〈x〉 =

{
x, x > 0
0, x ≤ 0

(3.8)

The nonlocal damage driving variable is obtained by solving the Helmholtz equation

z̄ − ℓ2∇2z̄ = z, (3.9)

where ∇2 and ℓ are the Laplacian in the current configuration and an internal length
parameter respectively. Under the assumption of irreversibility of the damage, the
following relations to obtain the evolution of the nonlocal history variable κ apply:

κ̇ ≥ 0, z̄ − κ ≤ 0, κ̇(z̄ − κ) = 0 (3.10)

The variable κ is finally used to define the damage rate as

ω̇p = hωκ̇ (3.11)

where

hω =

{
1

κc−κi
if κi ≤ κ ≤ κc

0 otherwise
(3.12)

3.3 Finite element formulation

The finite element implementation of the continuum equations described in Section
3.2 using a linear tetrahedral element based on a mixed formulation is briefly sum-
marized here. Details of the linearization and implementation are given in [57] and
are not repeated here.

The mixed approach consists in introducing independent interpolations for the
displacement field ~u and the hydrostatic part of the stress τh (or the effective hydro-
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static stress τ̂h in the case of damage). At the same time, next to the conventional
equilibrium equations, Equation (3.1.2) is cast in a weak form in order to relax the
constraint imposed by the isochoric character of plastic deformation. To avoid an
oscillatory pressure field, the finite element interpolation of the displacement is en-
riched by a bubble displacement, similar to the well known Mini element - see be-
low. Discretisation of the governing equations in their weak form results in a set of
nonlinear algebraic equations. An Updated Lagrangian formulation together with a
Newton-Raphson solution strategy is used to solve these equations.

3.3.1 Discretisation

The trial displacement ~uh is defined according to

~uh = N
˜

T~u
˜

+N
˜

T

b

~u
˜ b

(3.13)

where N
˜

and N
˜ b

are column matrices which contain shape functions, whereas ~u
˜

and

~u
˜ b

are column matrices of nodal displacements; note that the latter column matrices

have a vectorial character. The first term in (3.13) gives the conventional linear inter-
polation between the corner nodes of each element. The additional shape functions
N
˜ b

(~x) are so-called bubble shape functions, i.e. they vanish on all faces of the corre-

sponding element. This implies that the degrees of freedom ~u
˜ b

associated with the

bubbles interact only with those of the corner nodes of their respective elements and
not across element boundaries [18].

A simplification introduced in [56] implies that the contribution of the bubble dis-
placement to the constitutive response is linearised around the (finite strain) state
given by the conventional part of the interpolation and it is approximated by a linear
elastic relation. Note that the major contribution to the deformation, which stems
from the conventional part of the displacement interpolation, is treated rigourously
and enters the nonlinear elasto-plastic constitutive equations as well as the geom-
etry update. It is solely the bubble-correction to this field which is dealt with in a
simplified manner.

Using this bubble enrichment, the elastic constitutive law takes the following al-
gorithmic form:

τ
d = 4

H
d : [

1

2
lnbe + αεb]

τh = KI : [
1

2
lnbe + εb] (3.14)
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where εb denotes the symmetric part of the gradient of the bubble displacement:

εb = 4
I
s : ~∇N

˜
T

b

~u
˜ b

(3.15)

In these expressions 4
I
s is the symmetric fourth-order unit tensor and α is an element

dependent stabilisation factor. It is used as a scaling factor to reduce the bubble strain
contribution to the shear stress. This avoids an overly stiff internal response of the
bubble in a soft elasto-plastic medium [56]. The corresponding algorithmic law for
the coupled plasticity damage model is obtained by replacing τ

d and τh in (3.14) by
τ̂

d and τ̂h. We approximate the hydrostatic Kirchhoff stress τh using the standard
linear shape functions.

3.3.2 Discretised elasto-plasticity problem

Inserting the discretisation as discussed above in the weak form of the governing
equations results in nonlinear algebraic equations which can be written as

~F
˜ i

(~u
˜
, ~u

˜ b

, τ
˜

h) = ~F
˜ e

~F
˜ b

(~u
˜
, ~u

˜ b

, τ
˜

h) = ~0
˜

F
˜ τ

(~u
˜
, ~u

˜ b

, τ
˜

h) = 0
˜

(3.16)

where

~F
˜ i

=

∫

Ω

~∇N
˜
·τ 1

J
dΩ

~F
˜ b

=

∫

Ω

~∇N
˜ b

·τ 1

J
dΩ

F
˜ τ

=

∫

Ω

N
˜
(τh −KI : [

1

2
lnbe + εb])dΩ

~F
˜ e

=

∫

Γ

N
˜
~tdΓ (3.17)

Note that the two governing equations result in three sets of discrete equations due
to the bubble enrichment. The algebraic equations related to the bubble, (3.16.2),
are intrinsic to each element (no data is passed through the element faces) and can
therefore be eliminated at the element level [56].
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3.3.3 Extension with nonlocal damage

Coupling the elastoplasticity model with nonlocal damage requires the partial differ-
ential equation (3.9) to be solved in addition to the governing elastoplasticity equa-
tions. Casting (3.9) in a weak form, discretising z̄ using linear shape functions and
applying the effective stress concept to Eq. (3.16), leads to an extended system of
discrete balance equations

~F
˜ i

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = ~F

˜ e

~F
˜ b

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = ~0

˜

F
˜ τ

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = 0

˜

F
˜ z

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = 0

˜
(3.18)

where compared to (3.17) the following changes are made:

F
˜ τ

=

∫

Ω

N
˜
(τ̂h −KI : [

1

2
lnbe + εb])dΩ

F
˜ z

=

∫

Ω

[N
˜
z̄ + ℓ2~∇N

˜
· ~∇z̄ −N

˜
z]dΩ (3.19)

Note that the effective hydrostatic stress τ̂h is now used as a degree of freedom, sim-
plifying the algorithm.

3.3.4 Numerical integration

The integrals in (3.17) and (3.19), as well as in the tangent matrices obtained by their
linearisation, are evaluated using Gauss quadrature. The linearisation of the bubble
influence as discussed in Section 3.3.1 allows one to integrate those terms in which
history data appears using one Gauss point only. The remaining terms, which require
a higher-order accuracy, do not depend on the material’s deformation history and
can therefore be evaluated efficiently using a four-point Gauss scheme [56]. Using
this integration scheme provides an efficient element in which history data needs to
be stored only in a single Gauss point at the center of each element.

3.4 Data transfer operator

The accuracy of finite element simulations strongly depends on the quality of the
mesh during the simulation. The mesh quality may be maintained by locally or
globally replacing distorted elements by better shaped ones, as well as by locally or
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globally reducing the size of the elements. However, the hyperelasto-plastic material
behavior, possibly coupled with damage, is history dependent and when creating a
new mesh all of this history must be transferred consistently from the old nodes and
integration points to the new ones. Although this operation may significantly influ-
ence the simulation results, it has received little attention in the literature, especially
in the framework of large deformations and damage.

A reliable transfer operator should [17]: (1) preserve consistency of the consti-
tutive equations, (2) satisfy equilibrium, (3) minimize numerical diffusion and (4)
ensure compatibility with the boundary conditions. The strategy proposed by Medi-
avilla et al. [11] to meet these criteria is taken as a starting point here. This strategy
consists in transferring a minimum set of variables and reconstructing the other rele-
vant variables via the governing constitutive and balance equations. This procedure
preserves consistency in terms of the constitutive and equilibrium equations on the
new discretisation. As a result, subsequent loading increments executed on the new
discretisation show a better convergence and simulations including remeshing can
thus be done robustly.

The transfer operation is done in four steps: (1) mapping of integration point data,
(2) reconstruction using the constitutive laws, (3) global balancing to ensure satis-
faction of the governing discretised equations in a consistent way and (4) a yield
surface correction. In [11] an algorithm was developed based on these steps for a
two-dimensional, displacement based finite element implementation of the coupled
damage-plasticity model. Here we extend the algorithm to the three dimensional
mixed formulation proposed by Javani et al. [56]. Whereas the extension to three
dimensions may seem relatively straightforward, some complications arise due to
the bubble enriched mixed formulation. In particular the reconstruction of the bub-
ble degrees of freedom and, connected to them, the hydrostatic stress field, requires
attention. Further revisions are also made in the reconstruction of the stress tensor,
in order to make it consistent with the new yield surface in the transferred state.

Since this extension is best made transparent for the elasto-plastic case, and since
this case is relevant on its own, we discuss all required steps for this case in detail
below. The extension to damage is discussed subsequently.

3.4.1 Mapping of history data

Following [11], we choose to map stress data and later recover the corresponding
strain data via the constitutive relations, rather than vice versa. This allows us to
preserve consistency between the stress tensor and the yield stress. Contrary to [11],
the stress tensor is decomposed here into a deviatoric and a hydrostatic part and
therefore we use a different strategy in mapping than [11], as is explained later in
this section.

Since the constitutive variables are non-linearly related to each other and most
mapping techniques (including the global smoothing that is used in this study) are
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based on a linear operator, simply mapping all constitutive variables leads to incon-
sistent data in the sense that the mapped data no longer satisfies the constitutive
relations. For this reason only a limited set of prime variables is mapped and the
remaining ones are reconstructed thereafter. The most feasible candidate for this
prime data set is Λ = {τ d, τh

i , τy}. It should be emphasized that the stress tensors are
mapped excluding the contribution of the bubble variable, i.e. the hydrostatic stress
τh
i and deviatoric stress τ

d are computed at the integration points as

τ
d =

1

2
4
H

d : lnbe (3.20)

τh
i =

1

2
KI : lnbe

τh
i is an element wise variable and should not be confused with the the nodal values

of the hydrostatic stress, τh, since these variables are not transferred and will be
reconstructed in the global equilibrium step as explained later.

Consider two stress states currently lying on the yield surface, τ
d
1, and τ

d
2 and note

the linear nature of the mapping algorithm

m
τ

d = ατ
d
1 + (1 − α)τ d

2 and 0 ≤ α ≤ 1 (3.21)

where superscript m indicates the mapped variables. Given the tensorial character of
the stress field, it cannot be guaranteed that the new stress would also lie on the yield
surface. If such violations of the yield condition are ignored, subsequent equilibrium
equations may fail to converge [27]. Transferred stress states which end up within the
yield surface, may also lead to spurious unloading in regions which were deforming
plastically before the transfer operation. This problem is illustrated with a simple
example in Figure 3.1. This figure shows the reconstructed deviatoric stress m

τ
d

based on two states lying on the same yield surface, τy1 = τy2 = τy, and illustrates
how the magnitude of the transferred deviatoric stress mτeq may be smaller than the
original yield stress τy due to the convexity of yield surface.

Although this problem is obvious for a linear mapping and reconstruction, (Eq.
(3.21)), similar problems arise while using global smoothing. This is because a lin-
ear interpolation is used to smooth the variable over the whole domain of interest.
Moreover, the stress state may then even end up outside the transferred yield surface,
which directly affects the stability of the transfer operator. Therefore, we propose a
remedy to the reconstruction part of [11] which consists in first decomposing the
deviatoric stress tensor in its direction and its magnitude:

τ
d = τeqN (3.22)

where τeq is defined in Eq. (3.2) and N is a direction tensor. Instead of mapping τ
d,

we separately map τeq and N and use these variables to reconstruct the stress state.
This ensures that the magnitude of the deviatoric stress, given by τeq , is mapped
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d
2m

τ
d

τy

Figure 3.1: Yield surface with a linear interpolation of the deviatoric stress tensor.

consistently with the yield stress τy.

Because we are using an updated Lagrangian framework, there is no need for
mapping the nodal displacements. Furthermore, the hydrostatic Kirchhoff stress is
reconstructed using the corresponding integration point values, as explained in Eq.
(3.20). Therefore, the final set of variables to transfer are only integration point data
and reads Λ = {N, τeq, τh

i , τy} which is mapped to mΛ. This process is divided in three
steps, as schematically shown in Figure 3.2, see Reference [17]:

• The data stored in the integration points is first extrapolated to the nodes of the
old mesh (Figure 3.2(a)). Global smoothing is used for this step, i.e. continuous,
piecewise linear fields are determined which fit the integration point data best
in a least squares sense. This involves solving a linear system of equations in
terms of the nodal values nΛ

˜
corresponding to the discrete values known at

integration points, Λ
˜

which is given by

∫

Ω

N
˜
N
˜

TdΩ nΛ
˜

=

∫

Ω

N
˜

ΛdΩ (3.23)

Compared to the simpler local smoothing used by Mediavilla et al. [11], it is
found that this global smoothing delivers a more accurate hydrostatic stress
field.

• The nodal values on the old mesh are next interpolated to obtain the values in
the nodes of the new mesh. Together with the shape functions of the new mesh
this results in a continuous field between the new nodes (Figure 3.2(b)). For
each node of the new mesh, we first identify the element of the old mesh that
contains that node and subsequently find its local coordinates. These isopara-
metric coordinates are then used to interpolate the data on the new node be-
tween that on the old nodes.
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• Finally the nodal values on the new mesh are interpolated to generate the new
integration point data (Figure 3.2(c)). Since we are using one integration point
per element this can be done by simply averaging the nodal values.

(a) (b) (c)

Figure 3.2: Data mapping from (a) old integration points to old nodes (b) old nodes to
new nodes (c) new nodes to new integration points (thick lines represent
the old mesh and thin lines refer to the new one).

3.4.2 Reconstruction of the remaining elasto-plastic hist ory

Transferring τeq and N individually allows one to preserve the magnitude of the de-
viatoric stress tensor. However, mapping the direction tensor N by a linear operator
may result in a mapped direction m

N which no longer satisfies m
N : m

N = 2
3
. The

mapped direction tensor is therefore renormalised by

r
N =

m
N√

3
2

mN : mN

(3.24)

so that r
N : r

N = 2
3
. The deviatoric stress tensor is subsequently reconstructed by

r
τ

d = mτeq
r
N.

Figure 3.3 summarizes the mapping and reconstruction steps for the elasto-
plasticity case. It reveals the decomposition of τ

d in τeq and N. As shown in the
figure, the integration point (bubble free) hydrostatic stress, τh

i and yield stress, τy
are mapped without any modification. Finally, the plastic strain, mεp and the left
Cauchy-Green deformation tensor, r

be are recovered by using the transferred vari-
ables and the constitutive equations.
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N

mτeq

τ
d
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be

mτy rεp

Fig. 3.2

Eq. (3.24)

Eq. (3.4)

Eq. (3.1)

Old integration
point data

New integration
point data

Reconstruction of the
remaining variables

r
N

Figure 3.3: Diagram representing how the transfer operator works for the elasto-
plastic history data

3.4.3 Global balancing

So far attention was given to the consistency between variables with respect to the
constitutive equations at the level of an integration point. This obviously does not
necessarily lead to a converged state, which respects equilibrium and complies with
the applied external load and boundary conditions. Fulfilling global equilibrium is
necessary to prevent numerical instabilities and divergence. Therefore, a so called
balancing step is applied, in which there is no change in the external boundary con-
ditions. For this equilibrium step, the material behavior is assumed to be elastic and
no plastic evolution is thus allowed. This is justifiable since there is no change in
boundary conditions and consequently no physical deformation mechanism is ex-
pected. In addition, the elasticity assumption ensures convergence of this step.

In the enriched mixed formulation used here, the balancing step has the addi-
tional purpose of recovering the bubble displacement. Note that as a result of the
fact that the bubble influence is taken linear elastic, its history is not required and a
new value can be directly obtained which satisfies equilibrium. By solving the bal-
ance equations Eq. (3.16), the nodal hydrostatic stress and the bubble displacement
are retrieved.
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3.4.4 Yield surface correction

Because of elastic nature of the balancing step it may happen that upon convergence
the stress state is outside of the yield surface. To correct for this violation of the yield
condition, the yield stress is updated by

cτy = max(mτy,
rτeq) (3.25)

where the superscript c indicates the consistent final value. By correcting the yield
stress and using the closed form of hardening law Eq. (3.5), the corresponding plastic
strain is also adapted.

The final result of this last step is a set of variables which are completely consistent
with the constitutive equations, equilibrium and the applied boundary conditions.

3.4.5 Extension to nonlocal damage-plasticity

The general structure of the data transfer operator for the case of nonlocal damage-
plasticity is similar to that for elasto-plasticity, but some new features have to be
added to incorporate damage. One of these features relates to the effective stress and
the second concerns the additional nonlocal partial differential equation which has
to be solved.

The minimum data set to be mapped for the elasto-plastic damage case is Λ =
{N, τ̂eq, τ̂h

i , τ̂y, ωp, z}. The effective stress, according to Eq. (3.6), is hereby used and
the damage variable is treated separately. It should be mentioned that since the ef-
fective stress parts are mapped, the transfer-reconstruction can be applied without
further modification. For the damage constitutive equations it suffices to transfer ωp

and z. ωp is directly used in the constitutive equations. The rate form of equation
(3.11) is useful in this respect as it does not impose a closed-form relation between ωp

and z̄ (only between their rates). The local damage driving variable, z, is used since
its nonlocal counterpart can be reconstructed by solving the averaging equation (3.9).

The reconstruction is done analogously to the methodology explained in Section
3.4.2. The effective plastic strain and the elastic left Cauchy-Green deformation ten-
sor are reconstructed from the effective yield stress and stress tensor, respectively.

A similar balancing step as discussed in Section 3.4.3 is done, using fixed external
boundary conditions. The material behavior is taken elastic and the nonlocal damage
driving variable (z̄) is consistently recovered by solving Eq. (3.18.4). The final κ is
obtained using

κ = max{κi, z̄} (3.26)

Figure 3.4 shows a how the damage related parameters are dealt with in the balanc-
ing step. Finally Eq. (3.25) is used in the effective stress space to correct for possible
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yield surface inconsistencies.

mz z̄ & ωp = mωp

Balancing Step & Eq. (3.9)

Figure 3.4: Consistent transfer of damage driving variables.

3.5 Numerical examples

A few numerical examples are presented next in order to validate the proposed trans-
fer technique and its consistency. Frequent remeshing is used for the entire domain,
such that high quality elements are maintained throughout the entire deformation
process. All simulations presented here are displacement controlled. A simulation is
done up to a certain imposed displacement, after which a new mesh is created and
the history variables are transferred. The simulation is then continued on the new
mesh.

For remeshing we extract the old surface mesh (external surface only) and pro-
vide it as input to the program Tetgen [55], which constructs a new volume mesh.
In all examples, meshes are more refined in regions where the deformation is more
severe. This refinement is done by locally specifying a size indicator, which gives the
maximum new element volume. The smallest element volume is assigned to the ele-
ment with the highest damage or plastic strain rate. The volume of the elements with
intermediate values is linearly interpolated between the minimum and maximum el-
ement size. The surface discretisation is coarsened using an edge collapse technique
[58] in places where it has been unnecessarily refined to optimize the computational
cost.

Since the elasto-plasticity and damage behavior were discussed individually, re-
sults for each case are presented. The material parameters used for all examples are
given in Table 3.1.

3.5.1 Tensile test on a double notched specimen

The first example deals with a tensile test on a double notched specimen, which
mimics shear dominated forming situations [11, 59]. The specimen geometry has
two circular notches at opposite corners. The dimensions (in mm) and boundary
conditions are shown in Figure 3.5. Note that front and back face are constrained to
impose a plane strain situation; this is done for comparison with the corresponding
two dimensional case reported in [10].
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Table 3.1: Material properties used [27, 29, 41]

Shear modulus G Eq. (3.1) 80.19 GPa
Bulk modulus K Eq. (3.1) 164.21 GPa
Initial flow stress τy0 Eq. (3.5) 0.45 GPa
Residual flow stress τy∞ Eq. (3.5) 0.715 GPa
Linear hardening coefficient h Eq. (3.5) 0.129 GPa
Saturation exponent α Eq. (3.5) 16.93
Damage initiation threshold κi Eq. (3.12) 0.05
Critical value of history parameter κc Eq. (3.12) 1.5
Intrinsic length ℓ Eq. (3.9) 1 mm
Damage coefficient A Eq. (3.8) 3.9
Damage coefficient B Eq. (3.8) 0.63

R =
√

2

1

1

R =
√

13
2

1

1

10

10

Figure 3.5: Geometry (in mm) and boundary conditions of the double notched speci-
men.

In order to highlight the influence of the remeshing, a tetrahedron quality measure
as proposed by Miller et al. [60] is computed according to the following equation

Q =
R

L
(3.27)

where Q is the element quality, R is the radius of tetrahedron’s circumsphere and L
is the length of its shortest edge. An element with reasonable quality has a Q of less
than 2.
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Figure 3.6 compares two simulations after an imposed displacement of 0.8 mm,
one without remeshing and one in which frequent remeshing is used. In the latter,
remeshing is done every nine increments of applied displacement; in each increment
a top edge displacement of 0.0075 mm is applied. As shown in Figure 3.6(a), without
remeshing elements become distorted. The element quality of the surface elements
reaches more than 3 and in some internal elements (not visible in this plot) this value
even reaches 7. This indicates highly distorted elements and as a consequence results
are no longer reliable. When the remeshing is used (Figure 3.6(b)) this value remains
below 2.5 for the whole simulation and elements are automatically refined in criti-
cal locations, i.e. around the two corners of the specimen where most deformation
occurs.

Without remeshing With frequent remeshing

Q

3

2.5

2

1.5

1

Figure 3.6: Element quality distribution and the influence of remeshing on the final
deformed geometry.

Elasto-plastic regime

In the elasto-plastic simulation, the effective plastic strain rate is used as the local size
indicator for mesh refinement.

Figure 3.7 shows the interpolated nodal hydrostatic stress before and after remesh-
ing and transfer for the first remeshing step. Note that no change in the bound-
ary conditions (or loading) has occurred and both solutions thus represent the same
state. The hydrostatic stress is directly affected by the introduced bubble degree of
freedom. The good correspondence of the pressure field before and after transfer
therefore validates the recovered bubble variable on the new mesh. Similarly, the
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Before remeshing After remeshing and transfer
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Figure 3.7: Hydrostatic stress distribution before and after remeshing plus transfer.

equivalent stress before and after remeshing and transfer is plotted in Figure 3.8.
A similar stress pattern is observed for both cases which illustrates the accuracy of
the transfer and reconstruction of all variables. The reaction force versus displace-

Before remeshing After remeshing and transfer

τ̂eq(GPa)

0.6

0.5

0.4

0.3

0.2

0.1

Figure 3.8: Equivalent Von Mises stress distribution before and after remeshing plus
transfer.

ment is shown in Figure 3.9, again with and without remeshing. This plot shows an
adequate correspondence between both curves immediately after remeshing and a
small deviation afterwards. This deviation is more pronounced if remeshing would
be postponed, highlighting the importance of a consistent and timely remeshing and
transfer.
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Figure 3.9: Force displacement curve obtained without remeshing (solid curve) and
with remeshing (markers).

Elasto-plastic damage regime

Frequent remeshing is crucial when the deformation starts to localise due to damage.
When the material starts to degrade (damage variable is positive, ωp > 0), the size
indicator is taken to be the damage rate ω̇p instead of the plastic strain rate.

Figure 3.10 shows the damage distribution before and after remeshing for an ap-
plied displacement of 0.8 mm. Smaller elements are located in the areas where the
damage rate is comparatively high. The developed shear band (high damage value
zone) is similar to the one obtained in the two dimensional simulation reported in
[10]. The force versus displacement curve obtained using frequent remeshing is com-
pared to that obtained without remeshing in Figure 3.11. These curves start to devi-
ate when damage starts to grow and the curve without remeshing is no longer reli-
able due to the contribution made by poorly shaped elements. Small jumps are ob-
served in this curve, which tend to be smaller for more refined meshes. These jumps
are related to elastic assumption made in the balancing step. As a consequence, most
of the material points are pushed to the elastic regime and show a small amount of
elastic behavior immediately after remeshing.



56
3 CONSISTENT REMESHING AND TRANSFER FOR A THREE DIMENSIONAL ENRICHED MIXED

FORMULATION

Before remeshing After remeshing and transfer

ωp

0

0.1

0.2

0.3

0.4

0.5

0.6

Figure 3.10: Damage distribution before and after remeshing and transfer.
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Figure 3.11: Force displacement curve obtained with and without frequent remesh-
ing.
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3.5.2 Tensile test on a cylindrical bar

In the second example we consider the necking of a cylindrical bar under tensile
loading. The geometry, boundary conditions and initial discretisation are shown in
Figure 3.12. Due to the symmetry, only one eighth of the geometry is modeled. The

Figure 3.12: Geometry and boundary conditions of the cylindrical bar model.

diameter is d = 12.8 mm and the length L = 53.3 mm. While the in-plane defor-
mation of the top plane is restricted, it is displaced vertically, which causes necking
in the middle of the specimen, see Figure 3.13. Once the deformation localizes in
the center of the specimen, and no remeshing is used, elements located there start to
deform excessively, triggering a large error in the predicted geometry as shown in
Figure 3.13. Note also the refinement of the mesh on the axis of the specimen, at ap-
proximately one third from the top. This refinement is due to early damage growth
in this region, which comes to a stop once a significant amount of damage has been
induced at the center of the specimen. Figure 3.14 shows the damage distribution for
the final applied displacement of 4.26 mm. Elements are more refined in the center
where the damage growth occurs, which is consistent with the axisymmetric analysis
of Mediavilla et al. [27].

The resulting force versus displacement curve for the cases with remeshing and
without remeshing are plotted in Figure 3.15. These curves are compared with the
fully axisymmetric case obtained by Mediavilla et al. [27]. This diagram illustrates
that while using frequent remeshing, we can recover a similar force displacement
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Figure 3.13: Influence of remeshing on the deformed geometry.
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Figure 3.14: Damage distribution for the applied displacement.

curve as obtained by using axisymmetric elements, whereas the simulation without
remeshing overpredicts the ductility.
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Figure 3.15: Resulting force versus displacements for 3 cases: 3D without remeshing;
3D with remeshing; fully axisymmetric with remeshing [27].

3.6 Conclusion

A robust and consistent transfer operator for three dimensional elasto-plasticity com-
bined with nonlocal damage has been presented in this chapter. The development
is tailored to an enriched mixed formulation of the model as developed in [56]. The
transfer operator proposed is structured in such a way that it is both consistent and
efficient from a computational point of view. On the one hand it uses a minimum
set of variables to transfer and on the other hand the remaining variables are sys-
tematically reconstructed in a consistent manner using the constitutive and balance
equations. Special attention has been given to the pressure term, which is of high
importance for a ductile damage model. Another important contribution concerns
the transfer and reconstruction of the deviatoric stress tensor, which relies on its de-
composition in its magnitude and its tensorial direction. It has furthermore been
found that using a global smoothing for transferring the hydrostatic stress leads to a
more robust stress recovery procedure. Two well known benchmark problems have
been solved to illustrate the applicability of the proposed transfer operator. The hy-
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drostatic and equivalent stress state resulting from the operator were compared to
the original untransferred ones. Good correspondence was found at the level of the
stress fields and the resulting reaction force, which validates the underlying transfer
operator.



CHAPTER FOUR

Three dimensional modeling of crack
propagation based on a large-strain

nonlocal ductile damage-plasticity
formulation 1

Abstract

In this study, we develop a scheme for arbitrary three-dimensional crack propagation
in the framework of large deformation elasto-plastic-damage finite element simula-
tions. A ductile material model is considered in which damage is a scalar field gov-
erned by a nonlocal gradient enhanced formulation. The occurrence of crack growth
and its direction are entirely based on the distribution of this nonlocal damage field.
The crack surface is adaptively extended in the computed direction. This is done
by adaptation of the geometry, whereby the crack faces are first embedded in the
volume without actually splitting it or eroding part of the volume. The updated ge-
ometry is used to generate a new volumetric finite element mesh and history data is
transferred from the old discretisation to the new one. By repeating these steps an
arbitrary amount of crack growth can be simulated, as is demonstrated by an exam-
ples.

1Reproduced from: H.R. Javani, R.H.J. Peerlings, M.G.D. Geers, Three dimensional modeling of crack
propagation based on a large-strain nonlocal ductile damage-plasticity formulation, Computer Methods
in Applied Mechanics and Engineering, Submitted.
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4.1 Introduction

Predictive numerical simulations have become an indispensable tool for the design
and optimization of industrial processes and products. Finite element simulations
are routinely used in sheet metal forming as a virtual replacement for process de-
velopment based on trial and error. In processes where crack growth is an inherent
feature, finite element simulations can be done robustly in two dimensions. How-
ever, the required extension to three-dimensional simulations is still a subject of re-
search, revealing several limitations. One of these limitations is the lack of a robust
three-dimensional crack initiation and propagation algorithm for cracks driven by
an evolving damage field. The analysis of a three-dimensional crack and its possi-
ble growth direction is of high importance in a variety of engineering problems, like
safety assessments in structural design and cutting process simulations.

Computationally, cracks can be modelled either in a continuous or discontinues
manner. In the continuous method (possibly combined with element deletion), an
element failure criterion is used to asses when the element no longer contributes to
the mechanical response of the structure. In the second category, a discontinuity is
introduced when a failure criterion is met. It is however not trivial to embed an
evolving discontinuity in the form of a crack in the numerical discretisation used for
the underlying mechanics problem. In the framework of the Finite Element Method
(FEM), this can be done using several proposed techniques. One class of solutions
consists in applying an enrichment at the level of the element, e.g. E-FEM [61, 62],
or at the level of the nodes, e.g. X-FEM [63–65]. Gravouil et al. [6, 7] extended the
X-FEM approach to three-dimensional quasi-brittle crack growth. Oliver et al. [66]
have made a comparison between these two approaches which demonstrates that
they are equivalent from a qualitative and quantitative point of view. Some solutions
rely on the use of interface elements, which makes the crack path dependent on the
element boundaries [67]. Adaptive insertion of interface elements has been proposed
by Pandolfi et el. [68] in the context of dynamic fracture.

A more conventional method for embedding a discontinuity in the continuous
problem is by using remeshing of the finite element discretisation. Along these lines,
Mediavilla et al. [69] suggested a continuous-discontinuous methodology for mod-
eling cracks in two-dimensional problems, in which the crack geometry is incorpo-
rated in the mesh by frequent remeshing. This algorithm is attractive especially when
dealing with ductile failure, where large local deformations occur and remeshing is
necessary even for the continuous part of the problem. Incorporating the additional
geometrical changes due to crack growth then requires only a limited intervention in
the algorithms used.

In this study, we develop an extension of Mediavilla et al.’s remeshing strategy
to three-dimensional (3D) problems in which damage growth and 3D crack prop-
agation occur in a large deformation setting. We adopt an adaptive finite element
strategy, in which remeshing is used to deal with geometrical changes due to large
deformations as well as crack growth [11]. Crack initiation and crack growth are
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governed by a continuum damage model which is intrinsically coupled to the un-
derlying elasto-plastic constitutive model [56]. The damage formulation is nonlocal
(of the implicit gradient type) to ensure proper localization properties [27]. Once the
damage reaches a critical level somewhere in the geometry, a discrete crack is intro-
duced in the geometrical description of the body. This crack is extended when the
damage field at its front becomes critical, whereby the orientation is governed by
the direction of maximum nonlocal damage driving variable. As a result, no addi-
tional fracture criterion is required to control the crack growth. The crack surface is
constructed by computing the propagation direction and distance for each node on
the crack-front. By splitting the nodes along the crack surface, discontinuities are al-
lowed along the element faces. To ensure robustness of the simulations, this is done
by temporarily applying the element internal forces as external forces on the crack
nodes and gradually reducing them to zero.

In three dimensions, the remeshing strategy which we follow presents a number
of important additional computational challenges. (i) A reliable tetrahedral finite el-
ement is required to enable robust automatic remeshing of complex geometries. We
therefore adopt a bubble-enhanced mixed finite element formulation of the contin-
uum model, see [56, 57, 70]. (ii) An accurate transfer operator is required to map
history data from one mesh to the next. Here special precautions need to be taken to
ensure consistency between the transferred fields [71, 72]. (iii) Algorithms are needed
to manipulate the geometrical description of the problem upon every increment of
crack growth. This is the main topic of the present chapter.

The algorithm developed here is based on a geometrical description by a surface
mesh, which is adapted according to the computed nonlocal damage field. The dam-
age field is also used in order to refine the discretisation in critical regions of the
geometry. Compared to the two-dimensional case considered by Mediavilla et al.
[11], the discontinuity is no longer a curve but a three-dimensional surface which
can be non-planar. Furthermore, a bubble enriched mixed formulation of the con-
tinuum problem is used [56], which requires extra care in order to recover traction
free crack surfaces. The stability of the crack opening is further improved by intro-
ducing the new crack face into the coupled equations of equilibrium, pressure and
nonlocality in an incremental approach.

In the next sections, each of these aspects of the computational framework is de-
tailed and its performance is demonstrated by a number of benchmark problems.
The outline of the chapter is as follows. In the following section, the continuum dam-
age model, element technology, remeshing and transfer are briefly reviewed. Section
4.3 presents the three-dimensional crack propagation algorithm. A numerical exam-
ple is solved in Section 4.4 and conclusions are given in Section 4.5.
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4.2 Continuum model and finite element discretisa-
tion

In this section we briefly review the coupled plasticity-damage continuum mod-
elling, as well as its FEM implementation, which forms the basis of our develop-
ments. For a more detailed discussion we refer to [56] and references cited therein.

4.2.1 Continuum nonlocal damage model

The balance of momentum can be expressed in terms of Kirchhoff stress τ as

~∇ ·
(

τ

1

J

)
= ~0 (4.1)

where ~∇· represents the divergence operator (with respect to the current configura-
tion) and J = det(F) is the volume change factor. The following boundary condition
is applied on the free surfaces of the body considered and, in particular, also on the
crack surfaces, see Figure 4.1:

~t = ~n · τ

J
= ~0 (4.2)

Figure 4.1: 3D cracked geometry with boundary conditions.

The Kirchhoff stress is related to the elastic deformation via the effective Kirchhoff
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stress tensor τ̂ as follows:

τ̂ =
τ

(1 − ωp)
(4.3)

τ̂ =
1

2
4
H : lnbe (4.4)

be = Fe · FT
e (4.5)

where Fe is elastic part of the multiplicatively split deformation gradient F and 4
H is

the standard fourth order elasticity tensor. τ̂ is the effective stress tensor due to the
presence of the (isotropic) damage characterised by ωp.

Expressed in terms of the effective stress space, the elastic domain is bounded by
the following equation:

φ(τ̂ , τ̂y) = τ̂eq − τ̂y ≤ 0 (4.6)

where τ̂eq =
√

3
2
τ̂

d : τ̂
d and τ̂y is the current yield stress. J2 associative flow theory

is used to model the plastic response of the material [41].

The evolution of the damage variable ωp is governed by the following equations:

ż = hz ε̇p (4.7)

hz = 〈1 + A
τ̂h
τ̂eq

〉 εB
p with 〈x〉 =

{
x, x > 0
0, x ≤ 0

(4.8)

z̄ − ℓ2∇2z̄ = z, ~∇z̄.~n = 0 (4.9)

κ̇ ≥ 0, z̄ − κ ≤ 0

and

κ̇(z̄ − κ) = 0 (4.10)

ω̇p = hωκ̇ (4.11)

In these relations, z is a local damage driving variable, the evolution of which de-
pends on the effective plastic strain εp and the (effective) stress triaxiality τ̂h/τ̂eq; A
and B are material constants as introduced in [44]. Eq. (4.9) uses the local damage
driving variable z together with Neumann boundary conditions (with normal ~n) to
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compute a nonlocal damage driving variable z̄, which controls the damage evolu-
tion. The use of this nonlocal quantity is necessary to regularise the localisation of
deformation and damage, which would otherwise become pathological [73]. The fi-
nal link to the damage evolution is made via a history variable κ, and the evolution
law (4.11).

4.2.2 Finite element form of the equations

In order to avoid locking effects due to isochoric plastic straining, the above constitu-
tive model is implemented using a mixed formulation in a tetrahedral element [56].
Therefore, the constitutive law of Eq. (4.4) is split into a mixed pressure/deviatoric
form by decomposing the stress tensor as τ̂ = τ̂h

I + τ̂
d. The weak forms of Equation

(4.1), the volumetric elastic law and Equation (4.9) are then obtained by the usual
weighted residuals arguments as:

∫

Ω

(~∇~ϕ)T : (τh
I + τ

d)
1

J
dΩ =

∫

S

~ϕ · ~tdS
∫

Ω

ψ(τ̂h − 1

2
KI : lnbe)dΩ = 0

∫

Ω

(χz̄ + ℓ2~∇χ · ~∇z̄ − χz)dΩ = 0 (4.12)

where ~ϕ, ψ and χ are weight functions corresponding to ~u, τ̂h and z̄.

It is well known that the weak form of the governing equations (4.12) when used
with equal order interpolation for the hydrostatic stress τ̂h and displacement ~u is not
stabilised. Stabilisation is performed by enriching the standard displacement with a
displacement bubble, similar to the well known Mini element. The simplified version
of this enrichment results in an enhanced strain so that the resulting algorithmic
stress tensor reads [56]

m
τ̂

d = τ̂
d +4

H
d : αεb

mτ̂h = τ̂h +KI : εb (4.13)

where α is an element dependent stabilisation factor and εb denotes the symmetric
part of the gradient of the bubble displacement:

εb = 4
I
s : ~∇N

˜
T

b

~u
˜ b

(4.14)

and N
˜ b

is obtained using a bubble shape function per element.

The Details of the discretisation of the weak forms (4.12) of equations and their
linearization are omitted here; see [56] for a detailed. Here, we merely summarize
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the resulting set of nonlinear algebraic equations for future reference. The mixed
formulation of equilibrium, including the bubble stabilisation results in:

~F
˜ i

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = ~F

˜ e

~F
˜ b

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = ~0

˜

F
˜ τ

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = 0

˜
(4.15)

Likewise, the nonlocal Eq. (4.9) results in an additional set of equations as follows:

F
˜ z

(~u
˜
, ~u

˜ b

, τ̂
˜

h, z̄
˜
) = 0

˜
(4.16)

In the above, we have

~F
˜ i

=

∫

Ω

~∇N
˜
· m

τ̂

1 − ωp

J
dΩ

~F
˜ b

=

∫

Ω

~∇N
˜ b

· m
τ̂

1 − ωp

J
dΩ

F
˜ τ

=

∫

Ω

N
˜
(mτ̂h −KI : [

1

2
lnbe + εb])dΩ

F
˜ z

=

∫

Ω

[N
˜
z̄ + ℓ2~∇N

˜
· ~∇z̄ −N

˜
z]dΩ

~F
˜ e

=

∫

St

N
˜
~tdΓ (4.17)

Equation of (4.15.2) is the result of the introduced enrichment in Eq. (4.13). This
equation is solved at the element level for the bubble displacements ~ub and therefore
does not lead to additional global degrees of freedom.

4.2.3 Remeshing

Our strategy to deal with 3D crack growth, as well as the large deformations which
we wish to model, necessitates frequent remeshing on a global level. After a prede-
fined number of increments, the surface mesh of the 3D body is extracted from the
model. If crack growth is detected, the surface mesh must be modified to incorporate
a new crack segment, see Section 4.3. Otherwise, the existing surface mesh is used
as input to a 3D tetrahedral mesh generator (TetGen [55]) together with an indicator
field for the desired element size. The remeshing aims to produce smaller elements in
areas where the damage evolves significantly and larger elements in undamaged re-
gions or regions where the damage growth has stopped. The damage rate is used as
a pointwise size indicator to set the element size. Elements with the largest damage
rate have the smallest volume and vice versa. For the intermediate damage rates, the
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volume of the elements is interpolated between the maximum and minimum values,
proportional to their damage rate.

To avoid an overly refined discretisation, the triangular surface mesh is coarsened
wherever element edges become smaller than a predefined value. Mesh decimation
is done using an edge collapse technique [74, 75]. In each step, the shortest edge
of the surface triangles (if shorter than a predefined value) is collapsed by unifying
the two adjacent vertices (a and b in Figure 4.2). Vertex a and the two adjacent faces
vanish from the topology. Vertex b is moved to a new position cwhich is the midpoint
between a and b. After collapsing an edge, we measure the dihedral angle between
the neighboring newly produced faces and if overlapping occurs, the edge collapse is
canceled and the original surface is recovered. This process is repeatedly done until
the desired coarsened surface is produced.

a b c

Figure 4.2: Edge a − b is collapsed to a middle point, node c.

After remeshing, data which are available on the Gauss points of the old mesh are
transferred to the Gauss points of the new mesh. For this we first use global smooth-
ing i.e. continuously interpolated, piecewise linear fields are determined which fit
the integration point data best in a least squares sense. These data are subsequently
interpolated at the new nodal coordinates and finally, using the element shape func-
tions, the new Gauss point data are retrieved. In order to ensure a robust transfer,
only a minimum set of data is transferred and the remaining data are reconstructed
using the constitutive equations. This operation, which is an indispensable ingredi-
ent of the remeshing algorithm, is explained in detail in [72]. After transfer and re-
construction, balancing iterations are done to restore global equilibrium in the finite
element sense. Since these iterations are not representative for any physical deforma-
tion, the material behavior is assumed to be elastic in order to guarantee convergence
of the null increment. Finally, because of the elastic nature of this step, it is checked if
the stress state obtained by them is on or inside the yield surface; otherwise the yield
surface is corrected to restore yield consistency.

4.3 Crack propagation

In computational fracture mechanics, a critical stress intensity factor or J-integral
value is typically used as a criterion for crack growth. In addition, a maximum
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hoop stress (MHS), minimum strain energy density or maximum energy release rate
criterion is used to determine the crack growth direction. A different approach is
employed in this study, where the evolution of the continuum damage variable, ωp,
governs the propagation of a crack. This has the advantage that crack initiation and
propagation can be dealt with using the same (continuum) equations and no separate
fracture criteria are necessary. Once the crack has been initiated, it follows the dam-
age evolution ahead of it wherever the damage has become critical, i.e. ωp = 1. This
concept has been successfully applied to two-dimensional crack growth simulations
in shear dominated problems like blanking [69, 76, 77].

This section summarizes the required steps for extending these algorithms to
three-dimensional problems. In two dimensions, the crack-front is a point, whereas
in three dimensions it is a curve. For each node lying on this curve, a growth di-
rection is determined in a plane perpendicular to the front. By using the nonlocal
damage driving variable field in this plane, a direction vector is computed. This vec-
tor is computed for all nodes lying on the crack-front. Using all these vectors, the
extended crack surface is reconstructed.

4.3.1 Crack propagation direction and distance

Contrary to the two-dimensional case, where a crack is ending in a point called crack
tip, here it is delimited by a curve, the crack-front, either a closed loop or with two
ends called the crack-front corners, see Figure 4.3. At each converged loading in-

crack-front corner

Crack-front

crack-face

crack-face edge

Figure 4.3: Three-dimensional curved crack-front.

crement, the damage at a point lying on the crack-front is compared to the critical
damage, ωc

p = 0.99, on the basis of which the crack is extended (or not). Using a
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tetrahedral discretisation of the three-dimensional geometry, crack-front points co-
incide with finite element nodes. The damage variable is extrapolated from Gauss
points to these nodes using a global smoothing procedure, i.e. a continuous, piece-
wise linear field is determined which fits the integration point data best in a least
squares sense. The crack is predicted to grow over a distance which depends on the
damage field ahead of the considered crack node and its direction is evaluated differ-
ently at the crack-front compared to the crack-front corners. Both cases are therefore
explained separately below, followed by the distance by which the crack is extended.

Propagation of a crack-front node

For each crack-front node, a corresponding growth direction and distance must be
determined. For each node, a reference plane is defined in which the direction and
distance of the crack growth will be computed. The tangent to the crack-front at
the desired point, o in Figure 4.4, is used as the normal to this reference plane. This
normal is determined from the discretised crack-front as follows.

~r

N~v1

~v2

Crack-front vertex

ΠΠ

oo

o

(a) (b) (c)

~n
~n

~d1
~d2

θi

Figure 4.4: Crack propagation for crack-front vertex o: (a) crack-front tangent vector
~n (b) reference plane Π normal to vector ~n (c) maximum nonlocal damage
driving variable direction in plane Π.

As shown in Figure 4.4(a), for the crack-front point o, the vectors ~v1 and ~v2 are the
vectors connecting the considered crack-front vertex to its neighboring vertices in the
discretised geometry. The tangent vector is then computed as

~n =
~v1/‖~v1‖ − ~v2/‖~v2‖
‖~v1/‖~v1‖ − ~v2/‖~v2‖‖

(4.18)

where ‖~v‖ is the L2 norm of a vector ~v. Having obtained the (normal to the) reference
plane for each node reduces the problem to a two-dimensional crack propagation



4.3 CRACK PROPAGATION 71

(direction and distance) problem, similar to the one dealt with by Mediavilla et al.
[10]. The reference plane intersects the crack faces along two curves as shown in
Figure 4.4(c). Motivated by the two-dimensional procedure of Reference [10], the
nonlocal damage driving variable z̄ is sampled in N points in a semi-circle located in
the reference plane. Preliminary analysis have shown that using the nonlocal dam-
age driving variable instead of the damage variable as used in [10] avoids abrupt
changes in the crack growth direction due to local (numerical) variations between

adjacent nodes. Vectors ~d1 and ~d2 in Figure 4.4(c) are obtained from the intersection
of the reference plane with the tetrahedral crack face edges of the discretised geome-

try. These two vectors are used to compute the vector ~d that sets the central direction
of the considered semi circle via

~d = −
~d1/‖~d1‖ + ~d2/‖~d2‖∥∥∥~d1/‖~d1‖ + ~d2/‖~d2‖

∥∥∥
(4.19)

The position of a sampling point with respect to the crack-front vertex is given by the
vector

~rij = ri cos(θj)~d+ ri sin(θj)
(
~n× ~d

)
, −π

2
< θj <

π

2
(4.20)

where four radii ri ({r1 = 3
4
∆a, r2 = ∆a, r3 = 3

2
∆a, r4 = 2∆a}) are considered with

∆a the sampling distance. The nonlocal variable is sampled in N different angles
ranging from −π

2
to π

2
. For each ri an angle θi is defined as (Figure 4.4(c))

θi = arg max
θj

z̄(ri, θj) (4.21)

θi thus represents the angle at which the nonlocal damage driving variable has its
maximum at a given distance ri. Using θi and Eq. (4.20), the crack growth direction
vector ~ri is obtained for each sampling distance. In order to ensure that the crack di-
rection does not fluctuate due to local variations, the obtained crack growth direction

vectors are averaged, yielding the following crack propagation direction ~R for that
node.

~ravg =
~r1
‖~r1‖

+
~r2
‖~r2‖

+
~r3
‖~r3‖

+
~r4
‖~r4‖

~R =
~ravg

‖~ravg‖
(4.22)

Propagation of a crack-front corner

Crack-front corners are the crack-front nodes located on the outer surface of the body.
In order to ensure that the crack-front corner remains on the outer surface, the direc-
tion of crack growth has to be identified from the distribution of the nonlocal damage
driving variable on this outer surface. Note that this surface is not necessarily pla-
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nar and its geometry is available only in terms of the triangular surface mesh. The
crack direction is computed in a similar fashion as for crack-front vertices, albeit on
the discretised outer surface rather than the plane Π. Instead of a semi-circular set of
sampling points in the plane Π, we therefore consider a set of planes intersecting the
outer surface of the body to establish the potential growth directions. Each of these
planes contains the crack-front corner node and has a normal ~nj, see Figures 4.5 and

4.6 . To determine ~nj , we first define the corner vector ~dc according to Eq. (4.19),

where ~d1 and ~d2 are now the vectors along the element edge at the intersection of the
outer surface and the two faces of the crack (Figure 4.5(a)). We also define a corner

vector ~mc perpendicular to vectors ~d1 and ~d2:

~mc =
~d1 × ~d2∥∥∥~d1 × ~d2

∥∥∥
(4.23)

Finally vectors ~dc and ~mc are used to compute a set of plane normals as follows

~nj = cos(θj)~dc + sin(θj)~mc × ~dc, −π
2
< θj <

π

2
(4.24)

Ωj is the plane defined by the crack-front corner and the normal vector ~nj. Figure

(a) (b) (c)

r

N

~mc

d
1

d2 ~dc

Ωj

~nj

Figure 4.5: Crack propagation for the crack-front corner c: (a) element edges of the
outer surface and their normal, ~mc; (b) reference plane Ωj normal to vector
~nj at θ = 0; (c) four radii of sampling locations.

4.5(b) shows this plane for θ = 0. N different angles θj , ranging from −π/2 to π/2 are
selected. A piecewise linear curve is obtained for each of these planes by intersecting
it with the outer surface. Along these curves the nonlocal damage driving variable z̄
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is sampled at four different distances ri measured along the piecewise linear curve.
For each ri (the same sampling distances are used as in Section 4.3.1 but then relative
to the crack-front corner) there exists a plane with normal vector ~ni, where z̄ has
its maximum on the intersection line of this plane with the external surface – cf.
Equation (4.21).

Directional smoothing

Having obtained a growth direction for all crack-front nodes and corners indepen-
dently, these directions are smoothed in order to damp possible numerically induced
crack roughness. The direction vector of a node i on the crack-front is combined with
that of the adjacent nodes using the following smoothing operation:

~Ri = (~Ri−1 + 2~Ri + ~Ri+1)/4 (4.25)

This filtering is only applied to the crack-front nodes and not the corners.

Growth distance

Smoothing the direction of the crack paves the ground for obtaining a growth dis-
tance. Crack starts at ωc

p and grows in the computed direction over a distance L until
the damage drops below ωp = 0.97 ∗ ωc

p. To obtain a more uniform crack surface for
more stable (re)meshing and computation, we set a minimum and maximum growth
distance as follows: Lmin = 0.1∆a; Lmax = ∆a.

{
if L < Lmin => L = Lmin

if L > Lmax => L = Lmax
(4.26)

This equation implies that for a point po
i on the old crack-front, the new correspond-

ing position on the new crack-front pn
i is obtained as follows:

−−→
po

ip
n
i = Li

~Ri (4.27)

Before constructing the crack surface and although the crack direction has already
been smooth in Eq. 4.25, the new crack-front is further smoothed by filtering all of its
crack-front positions as follows

pn
i = (pn

i−1 + 2pn
i + pn

i+1)/4 (4.28)

4.3.2 Construction of the new crack surface

The propagation direction and distance have now been computed for all nodes on
the crack-front. Next step is to construct a new segment of the crack surface, along
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which the crack will be opened. First, the intersection of the new crack segment with
the outer surface is determined. This procedure, which is schematically shown in
Figure 4.6, ensures that the crack surface remains properly connected to the outer
surface.

new crack tip

Figure 4.6: Intersection of the final crack extension direction plane with outer surface
and addition of the new nodes.

In order to modify the surface, the computed crack extension direction plane for
the crack-front corner is intersected with the triangular outer surface. Starting from
the old crack-front corner, surface elements are split along the direction plane until
the predicted growth distance has been reached. Triangle edges which are cut by
the direction plane are split by adding a node and the triangle is divided into two
triangles, see Figure 4.6. If the intersection point is within a certain distance of an
existing edge or node, the node or edge is mapped onto the crack direction plane.
This avoids the creation of excessively small surface elements. If the crack exten-
sion direction exactly passes through a node or an already available edge, then no
modification is made. This process is repeated until the predicted growth distance is
reached. If the new crack-front corner is inside a triangle, then this triangle is divided
into three triangles and the node is stored as the new crack-front corner.

The new crack-front is now obtained using the two new crack-front corner nodes
on the boundary and the propagation direction and distance of the old crack-front
nodes in the body’s interior. Having modified the outer surface and computed the
new crack-front, paves the way for the crack surface reconstruction. This is done by
triangulation of the 3D surface which contains the old crack-front, new crack-front
and the two crack-front corner traces as its boundaries.

There are some special cases where the above mentioned algorithm cannot be di-
rectly applied. One case is when two crack direction vectors are crossing each other.
In this case, the corresponding points where these directional vectors are pointing at
are swapped. Figure 4.8(a) shows how the directional vectors of po

1 and po
2 are cross-



4.3 CRACK PROPAGATION 75

new crack-front

old crack-front

New crack tip

Figure 4.7: Crack surface construction.

ing and their corresponding points pn
1 and pn

2 in Figure 4.8(b) is swapped. Another

(a) (b)
po

1po
1 po

2po
2

pn
2pn

2 pn
1pn

1

Figure 4.8: Crack direction vectors which cross each other are corrected.

case, is when a vector ends outside of the (discretised) geometry. In this case this
vector is discarded and the average crack vector of its neighboring nodes is used
instead.

4.3.3 Meshing of the new geometry

The constructed crack surface based on the crack propagation distances and direc-
tions is now used to discretise the geometry. The geometrical description consists of
the outer surface of the volume, possibly including parts of the already existing crack
surface, and an inner surface which defines the new crack growth segment. The new
crack surface is treated as an internal boundary by the mesher, so that tetrahedral
elements are located on both sides of the surface without intersecting it.

In order to properly model the opening of the crack surface, a topological data
structure is needed. This data structure is built using the connectivity of the elements
and geometry of the discretised domain. Using this data structure, the elements con-
nected to each node and their position with respect to the crack surface are identified.
Details of this data structure are given in Appendix 4.A.
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4.3.4 Crack opening

The mechanical insertion of the new crack surface is done by splitting the nodes
generated on the new crack surface by the volumetric mesher. This implies that for
each node, a corresponding node with the same coordinates is generated. The nodal
connectivity of elements located on both sides of the crack is preserved, whereby the
new node is used for the connectivity of the elements for one of the sides.

The two newly created surfaces are temporarily tied together by creating a depen-
dency between their displacement degrees of freedom. While the crack is still closed,
data from the last converged state is consistently transferred to the new mesh. Elas-
tic equilibrium iterations are done in order to recover global consistency. During
this iterative process the closed crack is treated as a new surface for Eqs. (4.15.3) and
(4.16), since the degrees of freedom for the pressure and the nonlocal damage driving
variable are not tied. This improves stability of the simulation in the sense that the
residual forces related to these two equations become zero in the elastic equilibrium
iterations and artificial damage growth is prevented. This artificial damage growth,
which is observed if all degrees of freedom are tied, may be caused by the sudden
change in the boundary conditions for the nonlocal averaging equation (4.9).

~fB

~fA

Figure 4.9: Crack opening by gradually reducing the tying forces between corre-
sponding nodes on the two crack faces.

Since the new crack surface is kept closed during the elastic equilibrium itera-
tions using displacement tyings acting on the crack faces, a reaction force appears on
these nodes. To mechanically open the crack, these reaction forces are first applied
as external forces when the tyings are removed, and they are subsequently gradually
released in a number of sub-steps, see Figure 4.9 for an illustration and Reference
[10] for a more detailed description. These reaction forces are related to the internal

force (of the equilibrium equation) and are denoted ~fA and ~fB in the figure.

4.4 Numerical example

In order to show the capability of the proposed algorithm in dealing with a three di-
mensional problem, a numerical example is next solved. In the geometry considered
here, the crack surface and crack front have a relatively simple shape. Furthermore,
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an initial crack is assumed. More complex shapes, as well as the extension to crack
initiation, are considered in a forthcoming publication.

A nonlinear material hardening is used

hε = h+ (τy∞ − τy0)e
−αεp with α > 0 (4.29)

In order to maintain the robustness of the calculations, especially when the damage
is relatively high, we use a simple first order damage growth law for Eq. (4.11) as
follows

hω = (1 − ωp) (4.30)

this equation guarantees that the rate of the damage growth approaches zero when
damage approaches one, contributing to the robustness of the simulations. The
elasto-plastic-damage material parameters are shown in Table 4.1. The tetrahedral

Table 4.1: Material properties used [27, 29, 41]

Shear modulus G 80.19 GPa
Bulk modulus K 164.21 GPa
Initial flow stress τy0 0.45 GPa
Residual flow stress τy∞ 0.715 GPa
Linear hardening coefficient h 0.129 GPa
Saturation exponent α 16.93
Damage initiation threshold κi 0
Critical value of history parameter κc 0.4
Intrinsic length ℓ 1 mm
Damage parameter A 3.9
Damage parameter B 0.63

finite element as developed in Reference [56] is used here. This element uses only
one integration point for storing history data, including the damage variable. The
example is a three dimensional version of the double notched specimen test per-
formed by Mediavilla et al. [11]. The geometry and applied boundary conditions
of the test are illustrated in Figure 4.10. The deformation is imposed using displace-
ment control and the front and back face of the geometry are free. The number of
sampling locations N and the crack increment length ∆a in Section 4.3.1 are 50 and
0.3 respectively.

The initial discretisation of the geometry is shown in Figure 4.11. As is shown in
this figure, a fine discretisation is used near the notches where the cracks start. The
amount of damage growth during an increment is used as a point-wise indicator for
mesh refinement. The geometry undergoes large deformations before crack propa-
gation starts. As a result of this large deformation, elements may become distorted
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Figure 4.10: Geometry (in mm) and boundary conditions of the double notched spec-
imen.

Figure 4.11: Initial discretisation.

and compromise the required accuracy. To avoid this problem, frequent remeshing is
used, after a predefined applied displacement. Figure 4.12 shows the damage distri-
bution as it evolves through the different remeshing steps before reaching a critical
value for inserting the first crack segment. As can be seen from this figure, the dam-
age grows considerably faster at the notches, especially at the top right hand corner.
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eplacements

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

ωp

Figure 4.12: Snapshots of the remeshing and mesh refinement near the highly dam-
aged zones.

Figure 4.13 shows how the specimen is necking across its thickness along the curve
connecting the two notches.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

ωp

Figure 4.13: Necking of the specimen near the notches.

Damage has the highest value where the mid-plane of the specimen intersects
the notch root, since the hydrostatic stress and consequently the stress triaxiality is
higher at this point (relative to the front and back face of the specimen). Figure 4.14
shows the distribution of the hydrostatic stress on the surface of the notch.

The initiation of a crack is not implemented in this example, whereby it is assumed
that the crack will start on a predefined line on the notch. This line is at the location
where high damage is expected. Using the described algorithm, the first crack starts
at the top right notch where damage first reaches the critical value of ωc

p. Figure
4.15 shows the three dimensional character of this crack when it is opened and all
residual forces have been released. Figure 4.16 shows the progression of the crack
surfaces inside the body. The crack which was initiated at the top right corner grows
towards the bottom. After a while the damage at the bottom left corner also reaches
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Figure 4.14: Hydrostatic stress distribution.
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Figure 4.15: Three dimensional non-planar crack.

the critical value and a second crack starts growing from there. While the second
crack propagates, the crack propagation at the top is arrested. Since the crack tends
to grow faster in the mid-plane of the specimen thickness, the crack-front is a curve
instead of a straight line, as shown in Figure 4.17 for the crack growing from the
bottom-left notch.

Figure 4.18 shows the force versus displacement response obtained from this sim-
ulation. The observed jump in this curve is due to the remeshing and transfer be-
tween two different discretisations and the closer the two discretisations are the
smaller the jump is. Note that the first crack insertion occurs only when the mechan-
ical strength of the specimen has already been significantly degraded by the damage
evolution.
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Figure 4.16: Top: two dimensional view of crack propagation Bottom: three dimen-
sional view showing the extension of crack surfaces.

first crack-front
last curved crack-front

Figure 4.17: Crack-front of the bottom notch.

4.5 Summary and conclusion

A three dimensional crack propagation algorithm has been developed based on a
ductile damage model and remeshing. The constitutive model used consists in large
strain elasto-plasticity coupled with non-local damage. The model assumes that
there is already a crack in the geometry and according to the damage field ahead of
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Figure 4.18: Force versus displacement response.

this crack, a propagation direction and distance is computed for each of the nodes on
the crack front. Depending upon the location of a node on the crack-front (corner or
mid nodes), a slightly different technique is used to identify the propagation vector.
These propagation vectors, together with the old crack-front, are assembled to recon-
struct a new crack surface. The geometry is then discretised and refined in critical
locations based on the damage rate. The proposed technique has been used to model
crack propagation in a three dimensional example of the double notched specimen
used by Mediavilla et al. [11]. Results shows that this algorithm provides a versatile
tool to investigate more realistic 3D geometries and to study three-dimensional fea-
tures such as crack tunneling, which is impossible in two dimensional simulations.
The characteristics of the proposed algorithm makes it promising for modelling 3D
cracks in applications where remeshing is unavoidable. It presents two essential ad-
vantages over a conventional fracture mechanics approach: first it uses only a single
criterion (damage model) for both crack initiation and propagation (distance and
direction) and second the mechanical strength of the structure has been already de-
graded by the damage, making it more convinient to introduce a crack.
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Appendix

4.A Data structure of the discretised geometry

A data structure is needed in order to identify the elements spanning the crack sur-
face. The three-dimensional geometry is discretised using tetrahedral elements and
it contains an internal triangulated surface to which the tetrahedral volume mesh
conforms. In order to open the crack surface, a search algorithm is used to locate the
elements on both sides of the crack surface.

4.A.1 Crack face elements

The first task is to find the elements which are on both sides of a triangle of the crack
surface. Figure 4.19 shows a triangle with node numbering {1, 2, 3} and two tetra-
hedra connected to it. An element located on side A is detected by analyzing the
angle between the direction of the triangle normal (obtained from the counterclock-
wise triangle connectivity) and the vector to the remaining node of the tetrahedron.
As shown in the figure, if that angle is less than 90 degrees, then this tetrahedron is

1

23

θ < π
2

o

A

B

Figure 4.19: Detecting elements on both sides of a single triangle (A and B).

located on side A of the triangle.

4.A.2 Crack nodes

In order to open a crack at a node, it is necessary to identify all elements (not only
crack face elements) at each side of the crack surface. This operation is schematically
shown in Figure 4.20. Ei is the list of tetrahedral elements connected to node i. It
must be subdivided into sets EA,i and EB,i associated with the respective sides of the
crack surface, for which we have Ei = EA,i ∪ EB,i and EA,i ∩ EB,i = ∅. Furthermore,



84 4 THREE DIMENSIONAL MODELING OF CRACK PROPAGATION BASED ON A LARGE-STRAIN

the number of element nodes in the subsets EA,i and EB,i are denoted as NE
A,i and

NE
B,i respectively.

First step in identifying EA,i and EB,i is to identify the triangles connected to node
i that are part of the crack surface (three bold triangles in Figure 4.20(a)), called star
triangles. The list of node numbers related to the star triangles including node i (five
nodes here) is called NS,i. Each triangle is connected to two tetrahedra, one on each

EA,i

EB,i

i

(a) (b)

Figure 4.20: Elements groups: (a) all connected elements to node i (b) connected ele-
ments to node i on side A, EA,i, and on side B, EB,i.

side, which are identified by the algorithm explained in Section 4.A.1. The related
element numbers are removed from set Ei and constitute the first entries of EA,i and
EB,i. In order to assign all tetrahedra in Ei to EA,i and EB,i we define a node list NA,i,
which contains all nodes of elements connected to the crack face on sideA, but are not
on the crack face itself. Mathematically, this implies NA,i = {NA,i ⊆ NE

A,i and NA,i ∩
NS,i = ∅} and similarly NB,i = {NB,i ⊆ NE

B,i and NB,i ∩ NS,i = ∅}. The remaining
element numbers in EA,i andEB,i are recovered by iteratively checking if any node of
the elements belongs to list NA,i or NB,i. This element is then assigned to the proper
set. This is repeated until all components ofEi have been visited. This technique only
relies on the element connectivity, whereby no geometrical features are involved.
Therefore, the crack surface complexity does not compromise the identification of
EA,i and EB,i.



CHAPTER FIVE

Three-dimensional finite element
modeling of ductile crack initiation

and propagation 1

Abstract

A crack initiation and propagation algorithm driven by non-local ductile damage is
proposed in a three-dimensional finite strain framework. The evolution of plastic
strain and stress triaxiality govern a non-local ductile damage field via constitutive
equations. When the damage reaches a critical threshold, a discontinuity in the form
of a crack surface is inserted into the three-dimensional continuum body. The di-
rection and location of the introduced discontinuity directly result from the damage
field. Crack growth is also determined by the evolution of damage at the crack tip.
Frequent remeshing is used to computationally track the initiation and propagation
of cracks, as well as to simultaneously maintain a good quality of the finite elements
undergoing large deformations. This damage driven remeshing strategy towards
fracture allows one to simulate arbitrary crack paths in three-dimensional evolving
geometries. It has a significant potential for a wide range of industrial applications.
Numerical examples are solved to demonstrate the ability of the proposed frame-
work.

1Reproduced from: H.R. Javani, R.H.J. Peerlings, M.G.D. Geers, Three-dimensional finite element
modeling of ductile crack initiation and propagation, To be submitted.
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5.1 Introduction

Controlling crack initiation and propagation is one of the important aspects in main-
taining the integrity of an engineering structure. In some other cases, cracks are
used in forming processes, for instance to produce a particular geometry by cutting
or stamping. Computational models are indispensable for the predictive analysis
of the mechanics of ductile fracture. Algorithms for dealing with two dimensional
crack propagation problems are by now well established. However, at present, three-
dimensional (3D) problems cannot be analyzed routinely, particularly if they are ac-
companied by large (plastic) strains. This is due to the complex topology and geom-
etry changes, accompanied with localized deformation and material degradation. At
the same time, full three-dimensional modelling of cracks provides a more realistic
prediction tool for studying true three-dimensional structures, as well as local fea-
tures like crack tunneling [78].

There is an extensive literature on modelling cracks in general. They can either be
modelled in a continuous way by degrading and/or deleting elements or by intro-
ducing a true discontinuity. A discontinuity can be implicitly modelled by element or
nodal enrichment [61, 63, 64, 79–83]. However, most of these methods are applicable
for small displacements and cannot be directly applied for large deformations. In a
second category of discontinuous approaches remeshing is used to explicitly model
the discontinuity, i.e. by alignment of the mesh with the crack and nodal decoupling
perpendicular to the crack [10, 11, 69, 76, 77, 84–86]. Here we concentrate on the sec-
ond category and extend continuum damage mechanics to three-dimensional crack
initiation and propagation [11] in a finite strain context.

In an earlier study [87], an algorithm was proposed for only the growth of a crack-
front in three dimensions. Although this algorithm is in principle generic it mainly
constituted a proof of concept, requiring further extensions to be applicable gener-
ally. In a continuous-discontinuous approach to fracture, a discontinuity should be
automatically incorporated into the continuum problem. An important aspect in this
regard, is the development of a numerical technique for initiating a crack, which is
the purpose of this chapter. A ductile damage model is used to compute a scalar
damage variable which is in turn used to predict ductile crack initiation. A crack
starts when the damage is higher than a predefined critical value. It can start either
internally or at the surface of the body.

To initiate a crack, elements with damage values higher than a critical limit are
first identified. They form a cloud which is either completely inside the body or in
contact with a surface. For internal clouds we use an averaging technique to compute
the center of the cloud. This point is taken as the center of the emerging crack surface.
Using the damage distribution, a plane is defined for inserting a discontinuity. For
clouds which are in contact with an external boundary, a crack-front is constructed
and this front is connected to the external surface by a discontinuity surface.

Numerical examples are solved, illustrating crack initiation at the surface (for a
double notched specimen) and inside the body (cup-cone fracture triggered in a ten-



5.2 REVIEW OF THE CRACK PROPAGATION TECHNIQUE 87

sile test on a rectangular bar).

This chapter is structured as follows. In Section 5.2, the continuum non-local dam-
age elasto-plasticity model and crack propagation technique are briefly reviewed.
Section 5.3 describes the crack initiation method for internal and surface cracks. The
numerical examples are presented in Section 5.4. Conclusions are given in Section
5.5, highlighting the newly added features of the algorithm.

5.2 Review of the crack propagation technique

In the proposed strategy towards modelling fracture, crack propagation is based on
the damage field ahead of the crack front [87]. A nonlocal damage formulation is
used to avoid pathological localisation and mesh sensitivity. The nonlocal damage
model used originates from Mediavilla et al. [10]. In this section we briefly review
the model, its implementation in a tetrahedral element, as well as the remeshing,
transfer and crack propagation algorithm. This is essentially needed to set the stage
for our new developments.

5.2.1 Large-strain elasto-plasticity coupled with nonloc al dam-
age

The elasto-plasticity framework used has been proposed by Simo [41]. This model is
a true large strain extension of infinitesimal plasticity models. The measure of elastic
strain used is be = Fe · FT

e . Using the concept of continuum damage mechanics, an
isotropic variable ωp enters the elasto-plastic equations via the effective (Kirchhoff)
stress tensor:

τ̂ =
τ

(1 − ωp)
(5.1)

By replacing the nominal Kirchhoff stress τ by this effective stress τ̂ in the elasticity
law and plastic hardening law, the constitutive response is made dependent on the
damage ωp; details can be found in [10, 29, 56]. The evolution of ωp is governed by
the local damage driving variable z defined by

ż = hz ε̇p (5.2)

where

hz = 〈1 + A
τ̂h
τ̂eq

〉 εB
p with 〈x〉 =

{
x, x > 0
0, x ≤ 0
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εp, τ̂h and τ̂eq are the equivalent plastic strain, effective hydrostatic Kirchhoff stress
and effective equivalent stress respectively. To avoid pathological localisation effects
due to the softening response of the model, the local driving variable z̄ is rendered
non-local by solving the boundary value problem given by

z̄ − ℓ2∇2z̄ = z, (5.3)
~∇z̄.~n = 0 on S

for the nonlocal driving variable z̄. The intrinsic length scale ℓ featuring in (5.3) is
related to the scale of microstructure and sets the width of the localisation band. The
evolution of ωp finally depends on z̄ via the Kuhn Tucker conditions

κ̇ ≥ 0, z̄ − κ ≤ 0, κ̇(z̄ − κ) = 0 (5.4)

and the evolution law

ω̇p = (1 − ωp)
κ̇

κc − κi

5.2.2 Finite element implementation

The above mentioned material model is implemented in a locking free tetrahedral
element using a bubble enriched mixed formulation [56, 88]. In this implementation,
the volumetric part of the response is solved in a weak sense and the displacement
is enriched by a bubble shape function, similar to the well known Mini element. One
Gauss point is used to store history variables of each element and consequently one
damage value is assigned to every element.

5.2.3 Remeshing and transfer

An important issue in finite element modelling of ductile failure is maintaining the
quality of elements throughout the simulation. Remeshing is necessary for this pur-
pose and also allows for mesh refinement in critical regions. Remeshing is also used
in order to incorporate the crack surface in the geometry. The rate of damage ω̇p is
used as a point wise indicator for the element size.

complementary to the refinement of elements in critical regions, a mesh coarsen-
ing technique is used to coarsen the mesh in regions where unnecessarily fine ele-
ments are still present. An example is the crack wake, where previously generated
fine elements no longer contribute to the accuracy of the solution.

After each remeshing step, history data stored at integration points of the old mesh
need to be transferred to those of the new mesh. We use a robust algorithm for this
transfer, maintaining the consistency of the constitutive and balance equations, as
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explained in detail in [72]. A minimum set of elasto-plasticity-damage history data
are transferred in the first step. The remaining parts of the data are reconstructed
using the constitutive equations and finally elastic iterations with constant boundary
conditions are performed to restore the global consistency of the variables in a weak
sense.

5.2.4 Crack propagation

The crack propagation algorithm is adopted from [87], where a continuum damage
approach is used to propagate a crack in a ductile material. The crack propagates
when the damage value on a point located at the crack-front exceeds a critical dam-
age, ωc

p = 0.99. This propagation is accomplished by decoupling nodes lying on the
internally generated and discretised crack surface. In order to maintain the stabil-
ity of the solution, especially when dealing with relatively large increments of crack
growth, the internal forces of connected elements are applied as external forces on
the decoupled nodes and gradually released to zero.

The construction and embedding of the crack surface into the three-dimensional
geometry is the most challenging part of the algorithm. The crack surface is built by
sweeping the crack-front into the (discretised) geometry, see Figure 5.1(a). To do so,
for each node lying on the crack-front a propagation distance and direction is deter-
mined. For this purpose, nodes on the crack-front and crack-front corners have to be
distinguished. To propagate nodes lying on the crack-front, a plane Π perpendicular
to the crack-front is defined first, Figure 5.1(b). The intersection of this plane with
the 3D body represents a two dimensional subproblem, making it possible to apply
the algorithm developed in [11] to determine the propagation direction as shown
in Figure 5.1(c). As also shown in this figure, a vector ~r is pointing towards points
(shown as small circles in the figure) where the nonlocal damage driving variable is
sampled for probing the propagation direction. This provides a propagation direc-
tion for each crack-front node. The distance over which a crack grows is obtained
by sampling the damage field along the obtained direction. Cracks grow up to a
distance where the damage drops below ωp = 0.97 ∗ ωc

p; this distance is additionally
limited by a minimum and a maximum growth distance, see Reference [87].

Crack-front corners should remain on the outer surface of the geometry, which can
be non-planar. This (discretised) outer surface is therefore scanned to determine the
new position of a crack-front corner. The previously cited two dimensional search
algorithm cannot be directly applied to this case. Instead of a semi-circular set of
sampling points in the plane Π, we therefore consider a set of planes intersecting the
outer surface of the body to establish the potential growth directions. Each of these
planes contains the crack-front corner node and the vector ~mc, see Figures 5.1(d). ~mc

is the cross product of ~d1 and ~d2, two vectors that are aligned with the element edges
at the intersection of the outer surface and the two faces of the crack, see Figure
5.1(d). While this plane, Ω, contains the normal to the crack-front element edges
(~mc), it can be rotated to sweep a semi circular area similar to its corresponding two
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Figure 5.1: (a) 3D Crack geometry (b) ~n is crack front tangent (c) ~r is a direction vector
for sampling the damage in plane, Π (d) a plane Ω containing vector ~mc,

the cross product of the vectors, ~d1 and ~d2 (e) a direction obtained from
intersection of plane Ω and exterior surface.

dimensional case. Figure 5.1(d) shows one of these planes and its intersection curve
with the outer surface. The nonlocal damage driving variable (in points lying on
these curves) is evaluated at a range of different angles and radii (4 radii are shown in
Figure 5.1(e)) and a direction is identified as the maximum nonlocal damage driving
direction. Having obtained the direction, the growth distance is obtained similar to
crack-front nodes.

The new crack surface can now be constructed as shown in Figure 5.2. The exterior
surface of the geometry together with the embedded discretised crack surface are
given as input to a tetrahedral mesher (TetGen [55]), which produces a new mesh
respecting the inner boundary [87]. Data are transferred from the old mesh to the
new one and element internal forces are applied as external forces to the crack surface
nodes [11]. Upon gradually releasing these forces, the crack is opened.
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new crack-front

old crack-front

New crack tip

Figure 5.2: Construction of the new crack surface.

5.3 Crack initiation

A situation not addressed in [87] is that of an initial configuration without any exist-
ing discontinuities (cracks), in which the evolution of damage should indicate when
a crack has to be nucleated. In a continuum damage mechanics approach, a crack is
initiated when the scalar damage ωp reaches a critical threshold. At this point in time,
an already degenerated (softened) continuum material is split locally by introducing
a discontinuity. For this purpose, the simulation is stopped, an initial crack surface
is generated and, together with the outer skin of the geometry, is given as input to
the 3D mesh generator. Cracks can start either inside the body (not connected to the
outer surface) or from the geometry’s surface. Each of these situations is addressed
separately in the following sections.

5.3.1 Internal crack initiation

The initiation points for cracks are the locations where the damage exceeds a pre-
defined critical magnitude. To identify these points, all elements with damage val-
ues higher than the critical value are extracted. They constitute a three-dimensional
cloud of elements which are not necessarily interconnected. Groups of intercon-
nected elements that are connected to an already existing crack are discarded since
they contribute to crack propagation and not initiation. The element clouds con-
nected to the outer surface form surface cracks, which are treated in the next section.
Figure 5.3(a) shows a cloud of elements with damage values higher than a critical
level at the center of a body. The center point of the cloud is calculated using

~p =

n∑

i=1

Mi∑
Mi

~xi (5.5)

where ~xi are the centers of elements within the cloud,

Mi =
−Vi

log(ωi
p)

(5.6)



92
5 THREE-DIMENSIONAL FINITE ELEMENT MODELING OF DUCTILE CRACK INITIATION AND

PROPAGATION

is a weight factor and Vi is the volume of each element in the cloud; ωi
p is its damage

value (constant damage elements are used). The weight factor Mi ensures that larger
elements with higher damage values contribute more to the calculation of the center
point than small elements or elements with low levels of damage.

90
◦

~r1~r1

~r2

ππ

pp

(a) (b) (c)

Figure 5.3: Internal crack initiation (a) cloud of highly damaged elements (integra-
tion points shown as black dots) (b) center point and longest vector, ~r1 (c)
longest vector ~r2 in plane π.

Starting from the center point ~p, a vector ~r1 is computed, which is the longest
vector connecting point ~p to any other node in the cloud. Damage in each node is
extrapolated from the integration points using global smoothing, i.e. a continuous,
piecewise linear field is determined that fits the integration point data best in a least
squares sense. A plane (π in Figure 5.3(b)) is defined in point ~p and normal to ~r1.
This plane intersects a set of elements in the cloud. All vectors from point ~p to any
node in this set are projected on the plane and vector ~r2 is then defined as the longest
projection vector. Once ~r1 and ~r2 have been determined, they are mirrored to obtain
~r

′

1 and ~r
′

2. Together, these four vectors form a polygon with four sides lying in the
same plane. The geometrical description of this plane with a point wise element size
indicator (obtained from the damage rate) is given as input to the 3D tetrahedral
mesher and treated as an internal boundary for meshing.
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Figure 5.4: Construction of crack plane (a) opposite vectors (b) crack plane inside the
body.

5.3.2 Surface crack initiation

In some cases, a cloud of interconnected damaged elements contains nodes lying on
the exterior surface of the geometry. If this is the case, a crack should nucleate from
the exterior surface and propagate into the geometry with a proper propagation di-
rection. For this purpose, the triangulated surface is modified to embed the new
crack surface. First, all damaged elements are identified that are in contact with the

~r2

~Ps~r1 90◦

~Ns

(a) (b) (c)

Figure 5.5: Initiation of a crack from the surface (a) cloud of highly damaged elements
touching the exterior surface of geometry (inside the dotted line cube) (b)
direction vectors ~r1 and ~r2 (c) intersection of the plane with exterior of the
geometry.

external surface and these are separated from the cloud. The center point of these
surface elements (only a fraction of the original cloud) is obtained using Eq. (5.5).
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The closest node on the surface to this point is singled out as the surface center, ~Ps

in Figure 5.5(b). The original cloud of elements is used to determine the direction of
the crack. The center point of this cloud is also computed using Eq. (5.5). The con-
nection line between the surface center and the cloud center provides the vector ~r1.
To define a crack initiation plane, a second vector is needed. This vector is obtained

by calculating the longest vector from the center ~Ps to all surface nodes in the cloud,
~r2 in Figure 5.5(b). A plane normal is finally defined using the following equation:

~Ns =
~r1 × ~r2
‖~r1 × ~r2‖

(5.7)

The intersection of this plane with the surface elements located in the cloud forms a
curve on the triangularized exterior of the geometry and defines the crack-front. The
crack propagation algorithm presented in Section 5.2.4 is then used to propagate the
front into the body.

5.3.3 Internal crack opening

An internal crack surface has been defined at this stage for the cracked topology for
embedding crack. This surface should be opened to recover equilibrium first. The
applied methodology is explained here for cracks located inside the body. Crack
opening is done in two steps. In the first step, the geometrical description of the in-
ternal crack surface is provided as input to the mesher, Figure 5.6(a). Next, the geom-
etry is discretised accommodating this new interior boundary, Figure 5.6(b). Finally,
all nodes located inside the surface (discarding nodes on the contour of the surface)
are decoupled and all internal forces acting in the nodes of the connected elements
are applied as external forces, Figure 5.6(c). An automatic sub-incrementation pro-
cedure is then used to gradually release these forces to zero, resulting in an opened
crack [11].

A similar technique is applied to open cracks in contact with the boundary of the
geometry. The difference here is that the new crack front residing on the boundary is
also opened.

5.4 Application examples

The developed algorithm was employed for studying crack initiation/propagation
in two examples. These examples have been selected according to the developed
methods in Sections 5.3.1 and 5.3.2 to assess both internal and surface crack initiation.

A nonlinear material hardening is used in which the current hardening modulus
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−Fint

(a) (b) (c)

Figure 5.6: Internal crack opening (a) an internal crack plane (b) applied discretisation
by the mesher (c) releasing the residual forces to open the crack while its
contour line (the new crack-front) remains closed (cut view).

is defined as

hε = h+ (τy∞ − τy0)e
−αεp with α > 0 (5.8)

with elasto-plastic-damage material parameters as shown in Table 5.1.

Table 5.1: Material properties used [27, 29, 41]

Shear modulus G 80.19 GPa
Bulk modulus K 164.21 GPa
Initial flow stress τy0 0.45 GPa
Residual flow stress τy∞ 0.715 GPa
Linear hardening coefficient h 0.129 GPa
Saturation exponent α 16.93
Damage initiation threshold κi 0
Critical value of history parameter κc 0.4
Intrinsic length ℓ 1 mm
Damage parameter A 3.9
Damage parameter B 0.63

The described constitutive law is implemented using a locking free mixed formu-
lation of the tetrahedral element [56, 88], where a constant damage variable ωp is used
per element. In both examples, a vertical displacement is applied on the top surface
of the model while the bottom surface is fixed. Frequent remeshing is used to main-
tain the quality of the elements and the damage rate ω̇p is employed as a point wise
indicator for element size. Hence, the mesh is more refined in regions with a rapid
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evolution of damage.

5.4.1 Crack initiation and propagation in a rectangular bar

In this section, we present the results of a rectangular sample which is subjected to
tension until necking and failure. The geometry and boundary conditions are shown
in Figure 5.7. Vertical displacement is prescribed at the top surface and the bottom
surface is fully constrained. Therefore, necking is expected in the middle of the spec-
imen. Throughout the stages of deformation, a prominent decrease of the local cross-

4

2

Figure 5.7: Geometry (in mm) and boundary conditions of the cube.

sectional area occurs. Figure 5.8 shows the damage distribution as it evolves through
different stages of remeshing and mesh refinement. Damage is maximal in the center
of the specimen, where the hydrostatic stress is high. As the necking progresses in
the middle section of the specimen, a cloud of connected elements reveal a damage
value higher than the critical level ωc

p. As shown in Figure 5.9(a). The algorithm of
Section 5.3.1 is used to introduce a crack plane internally, see Figure 5.9(b). The ge-
ometry is therefore remeshed and by releasing the crack surface forces, a first crack
appears inside the geometry.

Due to the concentration of the damage growth in the neck, a rapid crack growth
is observed. Figure 5.10 shows an instant of crack propagation. It starts in the middle
of the sample and propagates towards the outer surface. Since the mesh refinement
is a function of the damage rate, a refined mesh appears around the crack, see Figure
5.10(b). The force versus displacement obtained for this problem is shown in Figure
5.11.
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Figure 5.8: Damage distribution through different stages of remeshing.

5.4.2 Surface crack initiation and propagation in a double n otch
specimen

The example of a double notched specimen was used in an earlier study [87] to inves-
tigate the propagation of an already existing crack. We reconsider it to examine the
developed algorithm for crack initiation on the surface. The geometry and bound-
ary conditions are shown in Figure 5.12. The initial discretisation is compared to the
deformed one just before the initiation of the first crack in Figure 5.13. As can be
noticed in the figure, the region connecting the two notches is highly refined due to
shear deformation inducing high damage. The critical elements form a cloud which
is connected to the surface as shown in Figure 5.14 (for the top right notch). These
elements are used to compute vectors ~r1 and ~r2 and therefore a crack plane which in-
tersects with the surface and forms a new crack-front as explained earlier in Section
5.3.2.

Figure 5.15 shows the damage distribution before and after opening of the first
crack segment. This crack propagates from the top corner notch towards the bottom
corner. After a few crack segments, a second crack similarly starts from the bottom
corner notch and propagates towards the top. Figure 5.16 shows the crack propaga-
tion and the resulting force displacement curve. As shown in this figure, the crack
surfaces initiate from the notches and propagates towards each other. The observed
jumps in the force displacement curve are due to the remeshing and transfer of his-
tory data.
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(a) (b)

Figure 5.9: Internal crack initiation: (a) discretised face at the back plus half of the
top and bottom face and cloud of critical elements (b) embedding the new
crack surface internally.

5.5 Conclusion

A large deformation three-dimensional technique has been developed to simulate
the initiation and propagation of a crack in a ductile material, based on an under-
lying ductile damage mechanics formulation. The propagation of a ductile crack in
three dimensions was previously studied by Javani et al. [87], where a predefined
crack line was assumed. The presented approach in this chapter provides a new al-
gorithm to initiate a crack for three-dimensional bodies undergoing large plastic de-
formations. Cracks start either internally or at the surface of the geometry, whereby
a procedure is proposed for each case. In contrast to a traditional fracture mechanics
approach, the size and direction of crack initiation/propagation is solely governed
by the underlying damage model, and no extra criterion is therefore required. The
performance of the proposed method is shown by two examples where both cases
for initiation of a crack (at the surface or internally) were demonstrated. Our results
show that these algorithms are promising in studying phenomena like cup cone frac-
ture and other relevant applications.
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Figure 5.10: Crack propagation in a rectangular tensile bar: (a) damage distribution
around the crack surface (b) cross section demonstrating internal mesh
refinement.
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Figure 5.11: The resulting force versus displacement for a rectangular sample under
tensile loading.
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Figure 5.12: Geometry (in mm) and boundary conditions of the double notched spec-
imen.

(a) (b)

Figure 5.13: Discretisation: (a) undeformed (b) deformed, before the appearance of
the first crack.
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Figure 5.14: The cloud of critical elements (red) attached to top corner notch surface.
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Figure 5.15: First crack: (a) before opening (b) after opening.
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Figure 5.16: Crack propagation: (a) crack surfaces (b) force versus displacement.



CHAPTER SIX

Conclusions and Recommendations

Abstract

The development of new materials with outstanding manufacturing properties calls
for the improvement of the prediction capabilities of their behavior under severe
mechanical loading conditions. Advanced high strength steels have wide-special
industrial applications, specially in the automotive industry due to their strength,
light weight and formability. They are either formed or cut into complex shapes to
produce the desired component. In case of forming, their formability should be opti-
mized and failure has to be postponed. On the other hand, damage and fracture are
desired to properly cut them into a product shape. In all cases a deep understanding
of damage development and ductile crack initiation/propagation is needed to re-
place experimental trial and error based design by predictive techniques to optimize
the products and processes.

This thesis aimed at developing a three dimensional technique for modelling duc-
tile damage and fracture using large deformation elasto-plasticity coupled with a
non-local damage model. This includes developing the appropriate finite element
technology, a remeshing and transfer technique and crack initiation/propagation al-
gorithms. Although the material behavior of interest is high strength steels, the de-
veloped methods are general and can also be used for other materials.

6.1 Element technology

Developing a three dimensional finite element solution for large deformations with
damage and fracture requires an efficient element technology. Quite robust routines
exist that generate tetrahedral meshes in complex shapes, which is not the case for
brick elements. This motivated this research to base all developments on tetrahe-
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dral elements. The linear version of these elements is also preferred because of its
low computational cost. However, it is known that the tetrahedral elements perform
poorly for incompressible or nearly incomprehensible material behavior. The mate-
rial behavior for our application is elasto-plasticity coupled with non-local damage,
which is nearly isochoric in the plastic regime. Therefore, in Chapter 2 a dedicated el-
ement was developed to deal with elasto-plasticity coupled with non-local damage,
which was tested for all of these cases.

The element is based on a mixed formulation and a linear interpolation of the
hydrostatic stress as well as the displacement. The displacement interpolation is
enriched by a compatible, quartic bubble shape function. In order to simplify this
non-linear contribution to the displacement, the bubble enrichment has been imple-
mented as a small strain elasticity contribution relative to the (large strain) current
configuration. This assumption makes it possible to store all history variables in one
integration point only, since the bubble effect is decoupled from plasticity and dam-
age. Another advantage of this assumption is that it facilitates the data mapping
from one mesh to another, as discussed in Chapter 3. Numerical studies show that
using a stabilization factor to limit the influence of the bubble stress on the deviatoric
part of the stress leads to more accurate results.

The developed element technology is found to be sensitive to element distortion.
This is believed to be due to the fact that the volume constraint is no longer enforced
pointwise, but in a weak sense. Further study may be necessary to improve the
behavior of the element in highly distorted meshes.

Further research is also suggested regarding the nature of the stabilization fac-
tor. It is an element dependent factor which may have a significant influence on the
accuracy of the pressure field.

6.2 Remeshing and transfer

The next step following the development of this element was to design an efficient
and robust remeshing technique as elaborated in Chapter 3. Considering the large
deformations that occur in the applications of interest and the element distortions
observed, remeshing is considered to be unavoidable. A frequent remeshing pro-
cedure, with the damage rate as a pointwise indicator for the element size, is used.
A minimum set of data was carefully chosen and transferred from one mesh to the
next, whereby the remaining fields were reconstructed using the material constitu-
tive laws and the discretised balance of momentum. Global smoothing was found
to be more stable than simple averaging for transferring data to the new mesh. Spe-
cial care was taken regarding the pressure and bubble enrichment. Numerical tests
(elasto-plastic and with elasto-plastic damage) were done for a tensile test geome-
try and a double notched specimen to illustrate the performance of the applied data
transfer technique. These tests showed the adequate correspondence of the history
data between both meshes with a limited error.
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Frequent remeshing was selected as a conservative approach for maintaining the
element quality. Using an improved error indicator for elasto-plastic damage simu-
lation [12] and triggering the remeshing at the right moment may avoid unnecessary
remeshing steps, consequently improving the accuracy.

More sophisticated methods like Superconvergent Patch Recovery, which are
based on a local patch of elements, cause less diffusion in the reconstructed field
[13, 14]. However, special care should be taken while using a mixed formulation, as
done here.

6.3 Crack initiation/propagation

An adequate 3D element and tailored remeshing are two necessary components of
a three dimensional modelling of ductile damage in large deformations. However,
when the material is degraded (high damage values) a discontinuity has to be in-
serted in the continuous model. In Chapter 4, an adaptive algorithm was developed
that deals with the propagation of a crack in a three dimensional solid using the
damage field as the precursor to fracture. Departing from an existing piecewise lin-
ear crack front, an algorithm was developed to track the development of this front
upon deformation.

According to the developed technique, the new positions of the crack front nodes
are found as a function of the nonlocal damage driving variable field ahead of the
crack tip. New nodes are located on the plane perpendicular to the crack front,
whereby the exact position in the plane is determined using the two dimensional al-
gorithm developed by Mediavilla et al. [11]. An exception to this rule are the corner
nodes, where the external surface of the body is scanned for locating the new posi-
tions of the nodes. In both cases the nonlocal damage driving variable is sampled at
different angles and the direction where it has a maximum is selected. The locations
of the new front and the old front are used to construct an extended crack surface.
Subsequently, a new mesh embedding this newly constructed surface is generated.
The nodes are decoupled, internal forces of the connected elements are applied as
external residual forces and by gradually releasing these forces the crack is opened.
It was observed that element-based roughening of the surface has a negative influ-
ence on the stability of the calculations. Therefore, smoothing the crack surface is
employed to improve the stability of the finite element calculations.

In Chapter 5, the initiation of a crack is discussed. Clouds of elements with a
damage higher than a critical value are identified. Depending on the location of
this damage volume, an internal or surface crack is initiated. The initial crack is
constructed as a quadrilateral plane that propagates using the already developed
propagation technique in Chapter 4. The algorithm is capable of initiating a single
crack but further extension to include multiple cracks at the same time should be
feasible.

The damage model used in this study is taken from Mediavilla et al. [27]. It in-
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cludes the effect of stress triaxiality and plastic strain to compute the local damage
driving variable. It was found that this damage model is more suitable for shear
dominated loading conditions. Therefore, further development is necessary to en-
hance the model to account for other loading paths and subsequently, compute the
crack direction more accurately in the opening mode.

Although the maximum damage driving variable provides a better indicator com-
pared to the damage field itself as a criterion to find the direction of the crack, still
may cause numerical problems in cases where the nonlocal damage driving variable
field tends to be uniform. A curve fitting technique where the maximum point on a
curve is fitted to the damage data might provide better accuracy in these situations.

Finally, beside the aforementioned recommendations, including contact between
the crack surfaces will increase the applicability of the algorithm since in some cases
the crack surfaces may penetrate. This can cause problems in generating a new mesh,
considering the fact that opening up of these surfaces is not geometrically straight-
forward.

6.4 Discussion

The objective of this thesis was developing a remeshing based three dimensional
finite element tool for predicting crack initiation/propagation in ductile materials.
New advanced computational methods exist for crack initiation/propagation, like
XFEM [89]. However, regarding our application which includes large deformations
and the necessity of maintaining the element quality, a remeshing or other extra treat-
ment is unavoidable. This fact motivated us to use remeshing for the purpose of both
maintaining the mesh quality and embedding the crack surface. Our results show
that using a combination of damage to locate a direction/distance for crack growth
and remeshing to insert a surface in the obtained direction can have advantages in
industrially relevant applications.

According to the computations described in this thesis the time spent on produc-
ing a new mesh and transferring data is comparable to only a single iteration in rel-
atively large elasto-plastic computations coupled with nonlocal damage. The same
computational cost was observed when geometrically embedding the crack surface
using remeshing. Most of the CPU time is spent on releasing the nodal forces and
gradually opening the crack. Our computational experiments show that better qual-
ity elements and high damage values lead to fewer iterations and more stability in
case of opening a crack.

The proposed procedure based on damage is a generic technique which is not
only applicable for FEM but also for more advanced computational methods like
NURBS-based Isogeometric analysis. The suggested technique in this thesis is based
on a three dimensional damage field and Isogeometric analysis either by means of
knot insertion [90] or in combination with X-FEM [91] can be used to exactly capture
and embed the computed crack geometry.
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Concluding, we presented a technique for modelling 3D cracks in large deforma-
tions. The accuracy of the proposed method critically depends on: (1) an accurate
damage model based on the experimental/micromodelling findings, (2) a robust
high quality 3D mesher capable of discretising complex internal surfaces, (3) a robust
3D contact algorithm. Meeting the above requirements would make the approach
suggested in this thesis a promising method to confront with challenging industrial
applications.
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Samenvatting

Een numerieke schade-aanpak voor driedimensionale

ductiele breuk

Metaalomvormprocessen resulteren in een fenomeen dat schade genoemd wordt.
Deze schade reduceert de sterkte van het metaal en leidt uiteindelijk tot breuk. Dit
proefschrift heeft als doel het ontwikkelen van numerieke simulatiemethoden om
de evolutie van schade en breuk te voorspellen in zijn volledige, driedimensionale
complexiteit. Het gaat met name in op scheurgroei, die plaatsvindt aan het einde
van het schadeproces, uitgaande van een continuümbeschrijving. Met dit doel zijn
nieuwe technieken ontwikkeld met betrekking tot eindige-elementtechnologie, au-
tomatische (her-)discretisatie, het afbeelden van geschiedenisvariabelen van de ene
discretisatie op de volgende en de geometrische beschrijving van scheurinitiatie en
-groei.

Een speciaal driedimensionaal vierhoekig eindig element, op basis van een
gemengde formulering, is ontwikkeld en gevalideerd om om te kunnen gaan met
incompressibele plasticiteit en grote-vervormingen elastoplasticiteit gekoppeld met
schade. Dit element gebruikt een lineaire interpolatie voor de verplaatsingen, de
hydrostatische spanning en de niet-lokale variabele die de schadegroei aanstuurt.
Het bewaart geschiedenisvariabelen in een enkel integratiepunt, ondanks het feit
dat een niet-lineaire ‘bubble’-vormfunctie wordt gebruikt om het verplaatsingsveld
te verrijken. Een vereenvoudiging wordt geı̈ntroduceerd door deze verrijking te
beschouwen als een kleine-rek elastische bijdrage ten opzichte van het eindige-rek
elastoplastisch-schadegedrag dat wordt gerepresenteerd door het conventionele deel
van de discretisatie.

Eindige-elementendiscretisaties dienen fijnmaziger te zijn op plekken waar de de-
formatie lokaliseert en de schade-groeisnelheid hoog is. Dit garandeert de kwaliteit
van de elementen en de nauwkeurigheid van de oplossing gedurende de volledige
simulatie. Een procedure is ontworpen om geschiedenisvariabelen af te beelden
van de ene discretisatie op de volgende met een minimum aan numerieke fout en
inconsistentie. Deze methode is in het bijzonder toegesneden op het ontwikkelde
gemengde element. Om puntsgewijze en globale consistentie af te dwingen tussen
de verschillende velden, wordt een zo klein mogelijk aantal variabelen afgebeeld,
terwijl de resterende grootheden worden gereconstrueerd met behulp van de consti-
tutieve en balansvergelijkingen.

Wanneer de schade een kritieke waarde overschrijdt wordt een scheur geı̈nitieerd
aan het oppervlak of in het inwendige van het lichaam. Dit gebeurt door adaptief een
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nieuw scheuroppervlak in te voegen en te openen in het meest verzwakte gebied bin-
nen het lichaam. Het scheurfront is een curve in de driedimensionale ruimte die zich
in iedere scheurgroeistap voortplant tot een nieuwe scheurfront-curve. De vector die
deze voortplanting beschrijft wordt in ieder punt op het oude front berekend op ba-
sis van de verdeling van de niet-lokale schadegroei-variabele rond dat punt. Door
het oude front te verbinden met het nieuwe (langs de voortplantingsvectoren), wordt
een uitbreiding van het scheuroppervlak geconstrueerd. Vervolgens wordt een dis-
continuı̈teit geı̈ntroduceerd door de knooppunten op het nieuwe scheuroppervlak te
splitsen.

De voorgestelde methodologie is toegepast op een aantal voorbeelden, zoals een
proefstuk met twee kerven en een trekproef op een rechthoekig proefstuk. Deze
voorbeelden tonen de haalbaarheid van de aanpak aan en illustreren de driedimen-
sionale aspecten van het algoritme voor zowel initiatie als propagatie van scheuren.
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