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Chapter 1

Introduction

1.1 Motivation and scope

In many branches of engineering, there is a trend towards the use of mathe-
matical models for the design of high-tech products and processes. Examples
range from electromechanical systems such as solar panels, mri scanners and
robotic manipulators to industrial processes such as those in chemical reactors.
In such a model-based design approach, design choices are made on the basis
of predictions of the (dynamic) behavior of the product (or process), as gener-
ated by the model. This approach has several advantages. First, by avoiding
the need for building prototypes, products can be designed faster and at lower
costs. In addition, the effects of design choices can be evaluated in an early de-
sign stage, potentially leading to a faster design cycle and/or better a product.
Clearly, the success of such a model-based design approach relies heavily on the
quality of the model, which should thus take all important (physical) phenom-
ena into account. Since many engineering products operate in different physical
domains such as mechanics, thermodynamics, electro-magnetics and acoustics,
a model typically consists of coupled submodels describing the dynamics in the
individual physical domains. Here, it is remarked that control design might be
considered as an additional domain as well, since a model of a controlled sys-
tem essentially consists of two bidirectionally coupled submodels, describing the
system and controller, respectively. In fact, an example of the benefits of such
a multi-disciplinary model-based design approach can be recognized in the joint
controller and mechanical design for mechatronic systems. Here, the inclusion of
control objectives in an early design stage may lead to an improved mechanical
design (in the context of control) and improved closed-loop performance.

However, the inclusion of multiple physical domains, the increasing complex-
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ity of products and the need for accurate predictions typically leads to complex
models. Since simulation of these models typically requires long computation
times, there is a need for the approximation of such models by simpler ones,
which can be simulated (analyzed) more efficiently. This is particularly relevant
in the design phase of a product, where many simulations are required in the
analysis and optimization of the design.

In this thesis, the dynamic behavior of products and processes is of interest.
These dynamic systems are typically modeled using ordinary differential equa-
tions, which may result from first-principles modeling or the discretization of
models in terms of partial differential equations. In addition, these models have
inputs and outputs, where the first represent the influence of external actions
(e.g. actuator forces) or disturbances on the system. On the other hand, out-
puts extract the desired information from the model or predict measurements
performed on the system. In this setting, complexity is understood as the order
of the dynamical system, i.e. the number of scalar first-order ordinary differential
equations forming the model. The approximation of the input-output behavior
of such a model by a model of lower order (and, consequently, lower complexity)
is known as model reduction or model order reduction (mor, see e.g. [6, 167])
and forms the scope of this thesis.

The approximation of a complex high-order system by a reduced-order model
has several advantages. First, the reduced-order system is easier to simulate
and analyze. Secondly, model reduction can facilitate controller design and
implementation. Also, the process of reduction itself may give insight in the
dynamics of the (high-order) model, since it typically requires analysis of the
most important parts of the model.

Since the reduced-order system will be used as a substitute for the original
high-order system, it is of importance to preserve key system properties during
the reduction process. Herein, stability is the most important property, not the
least since it represents an important prerequisite for other system properties. In
fact, in many applications, it is also relevant to preserve these additional system
properties such as performance (i.e. a bounded input-output gain) and passivity,
where the latter refers to the property that a system does not generate energy
internally. In addition, the availability of an error bound is highly instrumental
in model reduction, since it provides a direct measure of the quality of the
reduced-order approximation.

Besides giving rise to high-order models, complex high-tech products often
exhibit nonlinear behavior. These nonlinearities often play a dominant role in
the dynamics of such products and thus have to be included in the model. Ex-
amples include mechanical systems with friction, backlash, hysteresis or buckling
[176, 109, 54], electrical circuits with nonlinear components such as diodes and
transistors [144] and micro electromechanical systems (mems) [198, 115], where
the latter typically exhibit nonlinear geometric and electrostatic effects. Con-
sequently, model reduction techniques are needed that can deal with complex
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nonlinear systems, preserve system properties during the reduction and provide
an error bound.

This thesis therefore deals with model reduction of nonlinear systems, hereby
focussing on the preservation of stability and the derivation of computable error
bounds. Before giving a detailed statement of the research objectives in Sec-
tion 1.4, existing model reduction techniques for linear and nonlinear systems
are briefly reviewed in Sections 1.2 and 1.3, respectively.

1.2 Model reduction for linear systems

Model reduction techniques for linear systems are quite well-developed and a
variety of methods can be found in literature. For an overview, see [6, 61].

Balanced truncation is arguably the most popular method for the reduc-
tion of (asymptotically stable) linear systems. It was first presented in 1981 by
Moore [118], hereby using results from Mullis and Roberts [120]. By comput-
ing the past input energy and future output energy associated to a state and
assigning these to controllability and observability functions, it provides a tool
for quantifying the amount of controllability and observability of that state. In
particular, these energy functions are quadratic functions characterized by the
so-called controllability and observability Gramians. Then, balancing amounts
to finding a realization in which states that are difficult to control are also diffi-
cult to observe (and vice versa), hereby basically obtaining an ordering in states
on the basis of their influence on the input-output behavior. In particular, the
states are ordered according to the singular values of the Hankel operator, which
is the operator that maps past inputs to future outputs. Then, a reduced-order
model is obtained by truncation of the states corresponding to the smallest Han-
kel singular values. As shown by Pernebo and Silverman [137], this reduced-order
model preserves the system properties of asymptotic stability, controllability and
observability. In addition, the reduced-order model satisfies an error bound in
terms of the L2 signal norm, see Enns [37] and Glover [56]. These properties
of stability preservation and the existence of a computable error bound are the
main reasons for the popularity of balanced truncation.

An alternative model reduction procedure for asymptotically stable linear
systems is given by optimal Hankel norm approximation, as introduced by Glover
[56] in 1984. It is closely related to balanced truncation and shares the properties
of stability preservation and the existence of an error bound. However, in addi-
tion, it is optimal in the Hankel norm, in the sense that the Hankel norm of the
error system (which gives the output error as a function of the input function)
is minimized.

After the introduction of balanced truncation, several extensions have ap-
peared in literature that focus on the preservation of additional system proper-
ties. One of such methods is bounded real balancing, as introduced by Opde-
nacker and Jonckheere in [128]. The method applies to asymptotically stable
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linear systems that are contractive. Contractivity amounts to the property of
having an input-output gain, measured using L2 signal norms, which does not
exceed one and can thus be considered a performance specification. Then, this
method of bounded real balancing preserves, besides asymptotic stability, the
contractivity property (i.e. performance). In addition, a computable error bound
exists. Similar ideas are used by Desai and Pal [30] and Harshavardhana et al.
[63] in the reduction of passive linear systems, leading to the method of positive
real balancing. Here, a passive system is a system that does not produce energy
internally. The application of positive real balancing to a passive asymptotically
stable linear system leads to a reduced-order model that inherits the asymptotic
stability and passivity properties.

Besides the extensions of balanced truncation focussing at the preservation
of additional system properties, there exist extensions of balanced truncation in
other directions. An example is given by generalized balanced truncation, as is
discussed in [36]. Whereas balanced truncation relies on energy functions that
are obtained as solutions of Lyapunov equations, generalized balanced truncation
is based on the solution of Lyapunov inequalities. This generalized approach
shares the properties of balanced truncation and might be used to find tighter
error bounds or enforce a desired structure in the energy functions.

The approaches to model reduction of linear systems as discussed above find
their origin in the field of systems and control and focus on the approximation
of input-output behavior. However, model reduction techniques (although gen-
erally with less emphasis on input-output behavior) have also been developed in
the fields of structural dynamics and numerical mathematics.

In fact, whereas the methods in the field of systems and control mentioned
above basically originate from the 1980s, tools for model reduction in the field
of structural dynamics (i.e. the dynamics of mechanical structures) can already
be found in the work of Rayleigh [142], originally published in 1894. In [142],
the notion of normal coordinates is discussed. The corresponding eigenmodes
form the key ingredient for a class of reduction methods, which are typically ap-
plied to lightly damped mechanical systems. In the mode displacement method,
a reduced-order model is obtained by selecting the modes corresponding to the
eigenfrequencies in the frequency range of interest. Here, it is remarked that this
is a global reduction in the sense that inputs and outputs are not taken into ac-
count. An extension is given by the mode acceleration method, where the static
contribution of external forces (i.e. inputs) is included in the reduction basis.
However, bounds on the reduction error (in terms of input-output behavior) are
not available. For an overview of reduction techniques in structural dynamics
see [26], whereas relations between these modal reduction methods and balanced
truncation can be found in [85, 191].

Alternative methods for model reduction of linear systems are given by mo-
ment matching techniques, as developed in the field of numerical mathematics.
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In these techniques, a reduced-order model is sought whose transfer function
approximates the transfer function of the original high-order system. In partic-
ular, a finite number of moments is matched, where moments characterize the
expansion of a transfer function at a given point in the complex plane. The
first reduction method based on moments was given in [140]. Later, in [38], a
relation was shown between moment matching and so-called Krylov subspaces,
which are linear subspaces that are computable using efficient numerical tech-
niques. In particular, the Lanczos algorithm was exploited in [38]. An alternative
is given by the Arnoldi algorithm, which is exploited in the scope of moment
matching in [127]. Contrary to the moment matching techniques discussed be-
fore, the latter method guarantees the preservation of passivity. It is remarked
that moment matching methods using Krylov subspaces do generally not guar-
antee the preservation of stability and no error bounds exist. An overview of
moment matching techniques using Krylov subspaces can be found in [6, 11, 42].

A new perspective on moment matching techniques was given by Astolfi
in [9] for single-input single-output systems. By using a time-domain approach,
a characterization of all reduced-order systems (of a given order) satisfying the
moment matching property is obtained. Then, a specific reduced-order model
can be selected to satisfy additional properties such as asymptotic stability or
passivity (see also [76]).

Despite the fact that model reduction forms an important tool in the fields of
systems and control, structural dynamics and numerical mathematics, the corre-
sponding model reduction techniques have been developed largely independently.
Therefore, a detailed overview and comparison of popular model reduction tech-
niques from these three fields is given in Appendix B.

1.3 Model reduction for nonlinear systems

Even though the theory of model reduction for nonlinear systems is not as well-
developed as in the linear case, several methods can be found in the literature.

An extension of balanced truncation to nonlinear systems was introduced by
Scherpen in [163] (see also [164]). In particular, nonlinear systems are considered
that exhibit an asymptotically stable equilibrium point for zero input. As for
linear balanced truncation, it is based on the characterization of the past input
energy and future output energy associated to a state. Next, a system realization
is pursued in which states that generate much output energy also require little
input energy. In later developments by Fujimoto and Scherpen [48, 49], the
relation between the nonlinear balancing procedure and the nonlinear Hankel
operator is shown, where singular values functions provide a nonlinear coun-
terpart of the Hankel singular values. A reduced-order model is obtained by
truncating the states that correspond to the smallest singular value functions.
In this method, local asymptotic stability of the equilibrium point for zero input
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is preserved. However, stability properties for nonzero inputs are not guaranteed
and, consequently, no error bound exists.

Another extension of a model reduction technique for linear systems is given
by moment matching for nonlinear systems, as presented by Astolfi in [9]. Here,
a time-domain interpretation of moment matching for linear systems (see also
Section 1.2) allows for an extension to (single-input single-output) nonlinear
systems. For nonlinear systems, a moment is defined as the output response of
the nonlinear system to an input generated by a user-defined signal generator.
Then, moment matching amounts to finding a reduced-order system whose mo-
ment equals that of the original high-order system, i.e. the output response of
the reduced-order system equals that of the high-order system when the same
signal generator is used. As a result, even though the approximation is exact
for this particular signal generator, the quality of the approximation for other
input functions cannot be guaranteed. In [9], conditions are given under which
the reduced-order system has a locally asymptotically stable equilibrium point
for zero input, is passive or satisfies a gain property. However, it is remarked
that such properties are generally not guaranteed a priori, i.e. they are not nec-
essarily guaranteed to be preserved during the reduction process. In addition,
results on error bounds are not available.

The methods of balanced truncation and moment matching for nonlinear
systems have in common that they are computationally challenging. Namely,
both methods rely on the solution of partial differential equations whose order
equals that of the original high-order system. The methods of proper orthogonal
decomposition and balancing using empirical Gramians rely on data generated
by the high-order system (either through simulation or experiment) and thus
provide computationally tractable approaches for model reduction of very large
nonlinear systems.

In proper orthogonal decomposition (pod, see e.g. [170, 15]), a simulation
of the high-order system is performed for a relevant training input. Here, sam-
ples are taken from the evolution of the state and these so-called snapshots are
stored in a matrix. A singular value analysis on this matrix then determines the
dominant components, which are used as a basis for model reduction. Clearly,
the results depend on the choice of the training input. In addition, no a priori
guarantee on stability properties of the reduced-order model can be given and
no error bound exists.

Balancing using empirical Gramians, as discussed by Lall in [95] (see also [62]),
can be considered as a combination between balanced truncation and proper or-
thogonal decomposition. Here, approximations of the controllability and observ-
ability Gramian are extracted from several simulations of the high-order system
for impulsive inputs and simulations for nonzero initial conditions and zero input,
respectively. As for proper orthogonal decomposition, stability preservation is
not guaranteed and no error bound exists. For linear systems, a relation between
balanced truncation and proper orthogonal decomposition is given in [184].
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The model reduction techniques for nonlinear systems discussed so far can be
seen as extensions of reduction methods for linear systems. On the other hand,
a method that directly exploits model reduction techniques for linear systems in
the scope of the reduction of nonlinear systems is given by trajectory piecewise
linear approximation (tpwl), as developed by Rewieński in [144] (see also [145]).
This approach consists of several steps. First, the high-order nonlinear system
is approximated by a collection of linear systems, where the linearization points
are chosen along a relevant trajectory. Next, standard moment matching tech-
niques are applied to the linear systems, where the reduction bases for the linear
systems obtained in this way are collected to form a single reduction basis. The
latter is then used to obtain a reduced-order model. For a subclass of nonlinear
systems, results on internal stability and input-output stability are available in
[21]. However, again, no results exist on the derivation of error bounds. In
this method, moment matching techniques are used for the reduction of the lin-
ear systems forming the piecewise linear approximation. An alternative using
balanced truncation for this reduction step is presented in [179].

As in the linear case, the discussion of model reduction techniques for nonlinear
systems above takes a systems and control perspective. Here, it is remarked
that the moment matching techniques for linear systems as developed in the
field of numerical mathematics are heavily based on the efficient computation
of the corresponding Krylov subspaces, prohibiting an extension to nonlinear
systems. Thus, the view on moment matching for nonlinear systems as discussed
above can be seen as a systems and control perspective on moment matching.
On the other hand, an extension of the mode displacement techniques from
structural dynamics to nonlinear systems exists. For these techniques based on
so-called nonlinear normal modes, see the overviews [177, 90]. Model reduction
techniques based on these nonlinear normal modes do generally not guarantee
the preservation of stability properties and no error bounds exist.

1.4 Objectives and contributions of the thesis

From the overview of reduction methods in Sections 1.2 and 1.3 it can be con-
cluded that model reduction techniques for nonlinear systems do not generally
preserve stability properties of the high-order system. In addition, bounds on the
error introduced by model reduction are not available. Here, it is remarked that,
for nonlinear systems, stability properties of the equilibrium point for zero in-
put and stability properties for nonzero input have to be considered separately.
This is contrary to linear time-invariant systems, where all relevant stability
properties are directly related to the location of the eigenvalues of the system
matrix.

Based on this observation, the objective of this thesis can be stated as follows.
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Develop model reduction procedures for (classes of) nonlinear dynamical
systems, hereby addressing the following aspects:

1. Stability preservation. In particular, the model reduction procedure
should guarantee (or give conditions for) the preservation of stability
properties of the high-order system. Herein, stability properties for
both zero and nonzero input functions are of interest;

2. Error bound. When stability properties of the reduced-order system
are guaranteed, a computable error bound should be available.

This thesis thus focusses on the development of model reduction procedures for
nonlinear systems with (conditions for) stability preservation and error bounds.
Herein, two distinct approaches are pursued. First, classes of nonlinear systems
are considered for which existing model reduction techniques for linear systems
can be exploited. Secondly, a truly nonlinear model reduction procedure for a
class of nonlinear systems is developed. These contributions are discussed in
more detail in Sections 1.4.1 and 1.4.2, respectively.

1.4.1 Model reduction for systems with low-order nonlin-

earities

In the first part of the thesis (Chapters 3 and 4), model reduction procedures
are developed for nonlinear systems that can be decomposed into the feedback
interconnection of a high-order linear subsystem and a nonlinear subsystem of
relatively low order. This is motivated by the observation that, in many engi-
neering applications, nonlinearities act only locally or can be described by low-
order dynamics. Examples include mechanical systems with friction or backlash,
electrical circuits with nonlinear components or linear systems with nonlinear
actuator dynamics.

For such systems, an approach is proposed in which only the (high-order)
linear subsystem is reduced. This allows for the use of well-developed existing
model reduction techniques (such as the ones discussed in Section 1.2), mak-
ing the approach computationally attractive. An additional motivation comes
from engineering practice, where this approach is often used for the reduction of
nonlinear systems. Examples can be found in [40, 105, 41].

In this thesis, conditions for the preservation of stability properties as well
as error bounds are given for this class of nonlinear systems. In the derivation of
this error bound, incremental input-output properties of the linear and nonlinear
subsystems are exploited. Incremental input-output properties characterize the
difference between two output trajectories on the basis of the difference between
the corresponding input signals. As a result, they characterize the evolution of
errors introduced by reduction of the linear subsystem. Several types of incre-
mental input-output properties are considered in the scope of model reduction,
leading to reduction procedures for different classes of nonlinear systems.
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First, in Chapter 3, nonlinear systems are considered in which the subsys-
tems satisfy the input-to-state convergence property. Input-to-state convergence
is a stability property for nonlinear systems in which both the cases of zero and
nonzero input signal are taken into account, such that internal stability prop-
erties are implied. Loosely speaking, it amounts to the property that, for two
input signals whose difference is bounded, the difference in the corresponding
state trajectories is bounded as well. Here, the L∞ signal norm is used to mea-
sure this difference. For these systems, conditions are given under which the
reduced-order system is input-to-state convergent and thus inherits certain sta-
bility properties from the high-order system. In addition, an error bound in
terms of the L∞ signal norm is derived.

Secondly, in Chapter 4, instead of using the input-to-state convergence prop-
erty, the subsystems are assumed to have a bounded incremental L2 gain. Again,
conditions are derived under which this property is preserved during reduction.
Here, it is remarked that a bounded incremental L2 gain represents an input-
output stability property. Consequently, internal stability properties have to
be analyzed separately, where it is shown that the same conditions guarantee
internal stability properties of the reduced-order model. Furthermore, an error
bound is derived, hereby using the L2 signal norm.

The techniques exploited in the analysis of nonlinear systems with bounded
incremental L2 gain allow for an extension of the results towards other classes
of systems. In particular, it is shown that the properties of contractivity (i.e.
performance) or passivity can be preserved when dedicated model reduction
techniques are applied for the reduction of the linear subsystem.

Finally, the results on systems with bounded incremental L2 gain can be used
in the scope of controller reduction for classes of nonlinear controlled systems.
Here, rather than using existing model reduction techniques for linear systems,
existing controller reduction techniques for linear systems are exploited. For
these controlled systems, the cases of approximation of closed-loop behavior and
performance preservation are considered, where error bounds are given for both
cases.

This approach for controller reduction is applied in the design of a reduced-
order controller for the temperature control in a lab-on-a-chip demonstrator sys-
tem in Chapter 6. This demonstrator, as developed by Philips Research, forms a
benchmark in the development of commercial labs-on-a-chip for biomedical ap-
plications. In such applications, the accurate control of the temperature within
the lab-on-a-chip is crucial for the effectiveness of chemical processes key in dis-
ease and/or drug diagnostics. Due to the low conductivity of the lab-on-a-chip
demonstrator, temperature nonuniformities play an important role and a high-
order model is required to make accurate predictions of the dynamics response
and for the design of a high-performance controller. Herein, nonlinearities orig-
inating from a Peltier element (i.e. a thermoelectric heat pump) are taken into
account. Finally, since a lab-on-a-chip is usually part of a disposable product,
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the on-board computational power is limited, which explains the need for the
design of a reduced-order controller.

1.4.2 Model reduction by incremental balanced truncation

Contrary to the approach discussed in the previous section, the second part of the
thesis (Chapter 5) deals with the development of a truly nonlinear model reduc-
tion technique in the sense that the nonlinearity will be accounted for explicitly
in the reduction approach. Here, the method of incremental balanced truncation
is proposed, which provides a balancing-like model reduction procedure for non-
linear systems. Incremental balanced truncation differs from existing extensions
of linear balanced truncation as in [163, 49], since it is based on the definition
of two novel energy functions. These so-called incremental observability and
incremental controllability function replace their non-incremental counterparts
as the basis for a model reduction procedure. For linear systems, however, the
incremental energy functions are directly related to the observability and con-
trollability Gramians, such that incremental balanced truncation is equivalent
to the existing method of balanced truncation. For nonlinear systems, the intro-
duction of the incremental energy functions has several advantages. Firstly, the
incremental observability function is directly related to the notion of observabil-
ity for nonlinear systems. More importantly, a model reduction procedure based
on the incremental energy functions guarantees the preservation of stability, and,
additionally, allows for the computation of an error bound.

Furthermore, an alternative to incremental balanced truncation is presented,
which is based on the computation of bounds on the incremental energy functions
rather than the energy functions themselves. This method of generalized incre-
mental balanced truncation increases the computational feasibility of the method
at the cost of a larger error bound and a potentially less accurate reduced-order
model. In particular, this method gives a computationally efficient method for
the reduction of piecewise affine systems, which is based on the solution of a set
of linear matrix inequalities.

1.5 Outline of the thesis

The outline of the remainder of the thesis is as follows.

Chapter 2 contains the system-theoretic tools required for the development
of the model reduction procedures in this thesis. In this chapter, after discussing
relevant stability notions and the theory of dissipative systems, a detailed and
more technical review is given of balancing methods for linear and nonlinear
systems.

In Chapter 3, the results on model reduction for nonlinear systems con-
sisting of the feedback interconnection of a linear and nonlinear subsystem are
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presented. Here, the subsystems are assumed to satisfy the input-to-state con-
vergence property and model reduction is applied to the linear subsystem only.

The same class of systems is considered in Chapter 4, again performing re-
duction on the linear subsystem only. However, the subsystem are now assumed
to have a bounded incremental L2 gain. This approach allows for an extension
towards the preservation of contractivity and passivity. Next, the problem of
controller reduction is tackled by using the developed tools. Application of the
developed methods in the scope of controller reduction leads to approaches for
controller reduction for a class of nonlinear controlled systems.

In Chapter 5, the method of incremental balanced truncation is presented,
which is based on the introduction of two incremental energy functions. In
addition, a generalization of this method, based on computing bounds on these
energy functions, is given. A specialization of the latter method to piecewise
affine systems is discussed as well.

Chapter 6 contains the results on the design of a reduced-order controller
for a lab-on-a-chip demonstrator. Herein, the controller reduction techniques
presented in Chapter 4 are exploited.

Conclusions and recommendations for future work are stated in Chapter 7.
Finally, proofs of selected theorems are given in Appendix A, whereas

Appendix B contains an overview and comparison of popular model reduction
techniques from the fields of structural dynamics, numerical mathematics and
systems and control.

1.6 Embedding of the thesis in the STW project

The research presented in this thesis has been performed within the project
Model reduction for complex high-tech systems: efficient analysis of active multi-
physical systems and is financially supported by the Dutch technology foundation
stw under project number 7788.

The objective of this project is the development of model reduction proce-
dures for coupled systems, where the coupling results from the interaction of
the dynamics in multiple physical domains. This thesis falls within the scope of
this project since controlled systems are considered, which essentially represent
the interconnection of a controller and a (to-be-controlled) system. Moreover,
in particular, nonlinear systems are considered in the current thesis.

A second objective of the stw project is to bridge the conceptual gap be-
tween existing model reduction techniques in the fields of structural dynamics,
numerical mathematics and systems and control. A collaborative effort of the
members of the project team has led to a detailed overview and comparison of
these methods, which is presented in Appendix B.





Chapter 2

Preliminaries

2.1 Introduction

The preliminaries required for the development of model reduction procedures
in Chapters 3, 4 and 5 are discussed in the current chapter. Here, the notation
as used throughout this thesis is introduced in Section 2.2. Section 2.3 contains
definitions of relevant stability properties in Sections 2.3.1 and 2.3.2, whereas
the theory of dissipative systems is reviewed in Section 2.3.3. This theory is
used extensively in the development of model reduction procedures for (classes
of) nonlinear systems. In Section 2.4, balanced truncation for linear systems
is discussed (Section 2.4.1) as well as the extensions of bounded real balanced
truncation and positive real balanced truncation, where the latter two can be
found in Sections 2.4.2 and 2.4.3. Finally, balanced truncation for nonlinear
systems is reviewed in Section 2.5.

2.2 Notation

The notation as used throughout this thesis is fairly standard. The set of real
(complex) numbers is denoted by R (C), whereas Rn represents the set of vectors
of dimension n with real entries. For x ∈ Rn, its Euclidian norm is denoted by
|x| and defined as |x| =

√
xTx, with xT the transpose of x. The imaginary unit

is denoted as ι, i.e. ι =
√
−1.

The identity matrix of size n × n is denoted by In, where the subscript is
discarded when no confusion arises. A block diagonal matrix A, with the blocks
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formed by the matrices Ai ∈ Rni×ni , is denoted as

A = blkdiag{A1, A2, . . . , An} :=









A1 0 · · · 0

0 A2
. . .

...
...

. . .
. . . 0

0 · · · 0 An









. (2.1)

Similarly, A = diag{a1, a2 . . . , an} represents a diagonal matrix with the scalars
ai ∈ R on the diagonal. A positive (semi-)definite symmetric matrix A is denoted
by A ≻ 0 (A < 0).

For two functions f : X → Y and g : Y → Z, the function decomposition
is represented as g ◦ f : X → Z, i.e. g ◦ f(x) = g(f(x)). The identity function
id : R → R is defined as id(r) = r for all r ∈ R. Moreover, a continuous
function α : [0, a) → [0, α(a)) is said to be of class K if it is strictly increasing
and α(0) = 0. It is of class K∞ if a = ∞ and α(r) → ∞ as r → ∞. A continuous
function β : [0, a) × [0,∞) → [0,∞) is said be of class KL if, for each fixed s,
the mapping β(r, s) belongs to class K with respect to r and, for each fixed r,
β(r, s) is decreasing with respect to s and β(r, s) → 0 as s → ∞.

The class Lm
2 (T ) represents the class of functions x : T → R

m for some
T ⊆ R which are bounded as

∫

T |x(t)|2 dt < ∞. The corresponding norm is
denoted by ‖x‖2, defined as ‖x‖2

2 :=
∫

T |x(t)|2 dt and will be referred to as the
L2 signal norm. In addition, Lm

∞(T ) denotes the class of bounded functions, such
that supt∈T |x(t)| < ∞. The L∞ signal norm is defined as ‖x‖∞ := supt∈T |x(t)|.

2.3 Stability and dissipativity

In this thesis, internal stability properties as well as input-output properties
of systems are considered in the scope of model reduction. Thereto, relevant
stability notions are discussed in Sections 2.3.1 and 2.3.2. Next, the theory of
dissipative systems in Section 2.3.3 provides an important tool for analyzing
input-output properties.

2.3.1 Lyapunov stability

Nonlinear systems of the form

ẋ = f(x, u) (2.2)

are considered, with x ∈ Rn and u ∈ Rm. Here, f : Rn×Rm → Rn is assumed to
be locally Lipschitz continuous in x and continuous in u. In addition, f(0, 0) = 0,
such that the origin is an equilibrium point for zero input (u = 0).

Stability of solutions x(t) of the nonlinear system (2.2) is of interest, both
for zero and nonzero input. First, stability properties of the equilibrium x = 0
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for zero input are considered. In this case, substitution of u = 0 in (2.2) yields
the autonomous system

ẋ = f(x, 0). (2.3)

Then, standard definitions of Lyapunov stability of the equilibrium x = 0 are
recalled, see e.g. [91, 159].

Definition 2.1. The equilibrium point x = 0 of the autonomous system (2.3) is
said to be

• stable if, for any ε > 0, there exists a δ = δ(ε) > 0 such that |x(0)| < δ ⇒
|x(t)| < ε for all t ≥ 0;

• asymptotically stable if it is stable and δ can be chosen such that |x(0)| <

δ ⇒ limt→∞ |x(t)| = 0;

• globally asymptotically stable if it is stable and limt→∞ |x(t)| = 0 holds for
all x(0) ∈ Rn.

Definition 2.1 defines stability of the equilibrium x = 0 for zero input. This
stability property will be referred to as internal stability. However, in many
cases, stability properties of a solution x̄(t) corresponding to a given input signal
u(t) and some initial condition x̄(0) are of interest. This leads to the following
definitions, taken from [136].

Definition 2.2. Consider the system (2.2) and a given input function u(t). Let
x̄(t) be the corresponding solution for some initial condition x̄(0) and defined for
all t ∈ [0,∞). Then, x̄(t) is said to be

• stable if, for any t0 ∈ [0,∞) and ε > 0, there exists a δ = δ(ε, t0) such that
|x(t0) − x̄(t0)| < δ ⇒ |x(t) − x̄(t)| < ε for all t ≥ t0;

• uniformly stable if the number δ as above can be chosen independently of t0,
or, equivalently, there exist a function α of class K and c > 0, independent
of t0, such that, for all |x(t0) − x̄(t0)| < c,

|x(t) − x̄(t)| ≤ α(|x(t0) − x̄(t0)|), ∀ t ≥ t0 ≥ 0; (2.4)

• asymptotically stable if it is stable and, for any t0 ∈ [0,∞), there exists a
c = c(t0) > 0 such that |x(t0) − x̄(t0)| < c ⇒ limt→∞ |x(t) − x̄(t)| = 0;

• uniformly asymptotically stable if there exist a function β of class KL and
c > 0, independent of t0, such that, for all |x(t0) − x̄(t0)| < c,

|x(t) − x̄(t)| ≤ β(|x(t0) − x̄(t0)|, t − t0), ∀ t ≥ t0 ≥ 0; (2.5)
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• exponentially stable if it is uniformly asymptotically stable and the function
β can be chosen as β(r, s) = c1e

−c2sr for some c1, c2 > 0.

The solution x̄(t) is said to be (asymptotically, uniformly asymptotically, expo-
nentially) stable in the set X ⊂ Rn if the corresponding definition holds for all
x(t0) ∈ X . Moreover, if X = Rn, the solution x̄(t) is called globally (asymptoti-
cally, uniformly asymptotically, exponentially) stable.

Remark 2.1. Details on the equivalence between the δ, ε formulation and the
existence of the function α of class K in the definition of uniform stability can
be found in [91]. Moreover, a definition of uniform asymptotic stability can also
be given using the δ, ε formulation, see [136]. ⊳

2.3.2 Incremental stability and convergence

In the previous section, stability properties of the equilibrium point x = 0 for zero
input are defined, as well as stability properties of a trajectory x(t) corresponding
to a fixed input signal u(t). In the current section, stability properties of the
system (2.2) are given for classes of inputs.

First, the notion of incremental stability can be defined as follows.

Definition 2.3. The system (2.2) is said to be

• incrementally stable for the class of inputs U if there exist a function α of
class K and a constant c > 0 such that, for any two solutions x(t) and x̄(t)
corresponding to an input signal u(t) ∈ U and initial conditions x(t0) and
x̄(t0), respectively, the inequality

|x(t) − x̄(t)| ≤ α(|x(t0) − x̄(t0)|) (2.6)

holds for all t ≥ t0 and for all |x(t0) − x̄(t0)| < c.

• incrementally asymptotically stable for the class of inputs U if there exist
a function β of class KL and a constant c > 0 such that, for any two
solutions x(t) and x̄(t) corresponding to an input signal u(t) ∈ U and
initial conditions x(t0) and x̄(t0), respectively, the inequality

|x(t) − x̄(t)| ≤ β(|x(t0) − x̄(t0)|, t − t0) (2.7)

holds for all t ≥ t0 and for all |x(t0) − x̄(t0)| < c. When (2.7) holds for
any initial states x(t0) and x̄(t0), the system is said to be incrementally
globally asymptotically stable for the class of inputs U .

The definition of incremental (global) asymptotic stability corresponds to
that of [5], where the local version is explicitly referred to as incremental local
asymptotic stability. It is remarked that incremental stability provides a stability
property of all solutions of the system (2.2).
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For systems that are incrementally asymptotically stable, solutions corre-
sponding to a given input signal converge to each other, thus eliminating the
possibility of having multiple attractors. Loosely speaking, an incrementally
asymptotically stable ”forgets” its initial condition.

A class of systems that shares this property is given by the class of convergent
systems. Here, besides the property of converging trajectories, the notion of
convergence relies on the existence of a solution that is bounded for all t ∈ R.
As a result, all trajectories converge to this steady-state solution. The formal
definition is as follows.

Definition 2.4 ([136]). A system (2.2) is said to be (uniformly, exponentially)
convergent in a set X ⊆ Rn for the class of inputs U ⊆ Lm

∞(R) if, for each input
function u(t) in that class, there exists a solution x̄u(t) such that

1. x̄u(t) is defined and bounded for all t ∈ R,

2. x̄u(t) is (uniformly asymptotically, exponentially) stable in X .

If X = Rn, the system (2.2) is called globally (uniformly, exponentially) conver-
gent for the class of inputs U .

A sufficient condition for the system (2.2) to be (exponentially) convergent
is given by the so-called Demidovich condition, which can be found in [136, 134].
In addition, conditions for convergence for the class of Lur’e-type systems are
given in [195]. For an overview of sufficient conditions for convergence properties,
see [136]. Here, it is noted that, for linear systems, the convergence property
(as well as the property of incremental stability in Definition 2.3) is directly
implied by asymptotic stability of the autonomous system. It is stressed that
such implication does not hold for nonlinear systems. A comparison of the
convergence property and incremental stability can be found in [154].

Remark 2.2. Besides the definitions of incrementally stable and convergent sys-
tems, different notions of systems with converging trajectories are given by con-
traction analysis [107] and extreme stability [197].

Furthermore, it is recalled that the notions of incremental stability and con-
vergence describe how trajectories evolve for the same input signal. Extensions
exist in which trajectories corresponding to different input signals are compared.
Here, incremental input-to-state stability [5] provides an extension to incremen-
tal stability, whereas input-to-state convergence [136] gives an extension to the
convergence property. A similar notion is that of incremental gain, as discussed
in [45, 46]. ⊳

2.3.3 Dissipativity

In the previous sections, stability properties of systems of the form (2.2) have
been considered, where the focus has been on the evolution of the trajectories
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x(t) for zero and nonzero input. In the current section, systems with inputs
and outputs are considered. The theory of dissipative systems, as introduced
by Willems in [187, 188], provides a framework for analyzing the input-output
behavior of such systems. An overview of dissipativity theory can be found
in [22].

Nonlinear systems of the form

{
ẋ = f(x, u),
y = h(x, u),

(2.8)

are considered, with x ∈ Rn, u ∈ Rm and y ∈ Rp. In (2.8), f : Rn ×Rm → Rn,
with f(0, 0) = 0 is assumed to be locally Lipschitz continuous with respect to x

and continuous in u. Additionally, h : Rn ×Rm → Rn is a continuous function
satisfying h(0, 0) = 0. Input signals are taken from the class U , such that an
input signal u(t) is said to be admissible when u(t) ∈ U . Typical examples for
the class U include the class of square integrable functions Lm

2 (T ) or the class
of bounded functions Lm

∞(T ), with T ⊆ R the time set of interest.
For a nonlinear system (2.8), dissipativity is defined as follows.

Definition 2.5 ([187]). A system (2.8) is said to be dissipative with respect to the
supply rate s : Rm ×Rp → R if there exists a nonnegative function S : Rn → R,
called the storage function, such that

S(x(t1)) ≤ S(x(t0)) +

∫ t1

t0

s(u(t), y(t)) dt (2.9)

holds for all t1 ≥ t0, all x(t0) ∈ Rn and all input functions u(t) ∈ U . In (2.9),
x(t) and y(t) are the solutions of (2.8) for the state and output, respectively, for
the input function u(t).

Remark 2.3. If S is a storage function for the supply rate s, it is clear from (2.9)
that S + c, with c ∈ R a constant, is also a storage function for the same supply
rate. Throughout this thesis, the additional property S(0) = 0 is therefore used,
which does not introduce any conservatism. ⊳

Remark 2.4. If the storage function S is differentiable (i.e. C1), then the dissi-
pation inequality (2.9) can be replaced by the differential dissipation inequality

Ṡ :=
∂S

∂x
(x)f(x, u) ≤ s(u, y), (2.10)

with y = h(x, u), which has to hold for all x ∈ Rn, u ∈ Rm. ⊳

In Definition 2.5, the supply rate s can be considered as a measure of the
energy supplied to the system through the input and output, whereas the storage
function S represents the amount of energy stored in the system. Then, the
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dissipation inequality (2.9) states that the energy stored in the system at some
time t1 does not exceed the energy stored in the system initially (i.e. at t0)
plus the energy supplied to the system. Stated differently, the system does not
produce energy internally and thus dissipates energy.

Even after normalizing to S(0) = 0, the storage function is usually not
unique. A particular storage function is obtained by considering the maximum
amount of energy that can be extracted from the system.

Definition 2.6 ([187]). Consider the system (2.8) and a supply rate s. Then,
the available storage Sa : Rn → R is defined as

Sa(x0) = sup
u∈U ,T≥0

−
∫ T

0

s(u(t), y(t)) dt, (2.11)

where y(t) is the output trajectory of (2.8) for initial condition x(0) = x0.

Besides defining a particular storage function, the available storage also pro-
vides an approach for evaluating whether a system is dissipative. Both aspects
are formalized in the following theorem.

Theorem 2.1 ([187]). Consider the system (2.8) and a supply rate s. Then,
(2.8) is dissipative with respect to s if and only if the available storage Sa exists
(i.e. is bounded for all x ∈ Rn). In this case, Sa is itself a storage function and
any other storage function satisfies Sa(x) ≤ S(x) for all x ∈ Rn.

Whereas the available storage characterizes the maximum amount of energy
that can be extracted from a dissipative system initiated at some initial condition
x0, a different function can be defined to give the least amount of energy needed
to reach a certain state x0. The latter is referred to as the required supply, which
is defined as follows.

Definition 2.7 ([187]). Consider the system (2.8) and a supply rate s. Then,
the required supply Sr : Rn → R is defined as

Sr(x0) = inf
u∈U ,T≥0

∫ 0

−T

s(u(t), y(t)) dt, (2.12)

where u(t) is an input signal that steers (2.8) from x(−T ) = 0 to x(0) = x0.

From Definition 2.7 it can be observed that Sr(x0) can only be finite when
there exists an input steering the system to this state. Therefore, the following
definition is useful.

Definition 2.8. A system (2.8) is said to be reachable from x∗ if for each
x0 ∈ Rn there exist a time T ≥ 0 and an input function u(t) ∈ U such that u(t)
steers the system from x(−T ) = x∗ to x(0) = x0.
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Using the definition of reachability, the following results on the required
supply Sr can be stated.

Theorem 2.2 ([187]). Consider the system (2.8), a supply rate s, and let (2.8)
be reachable from 0. Then, (2.8) is dissipative with respect to s if and only if the
required supply Sr satisfies Sr(x) ≥ K for all x ∈ Rn for some K ∈ R. In this
case, Sr is itself a storage function and the inequality 0 ≤ Sa(x) ≤ S(x) ≤ Sr(x)
holds for all storage functions S satisfying (2.9) and all x ∈ Rn.

The available storage and required supply (when it exists) thus provide the
extremal storage functions for a system that is dissipative with respect to a
given supply rate. These particular storage functions are exploited in the scope
of model reduction for linear systems in Sections 2.4.2 and 2.4.3 and for model
reduction of nonlinear systems in Chapter 5.

The properties of dissipative systems discussed so far hold for arbitrary sup-
ply rates s. However, two particular supply rates are often of practical interest,
namely the supply rates specifying the properties of bounded L2 gain and pas-
sivity. The former is specified as follows.

Definition 2.9. The system (2.8) is said to have an L2 gain bounded by γ if it
is dissipative with respect to the supply rate s(u, y) = γ2|u|2 − |y|2. When γ ≤ 1
(γ < 1), the system is said to be (strictly) contractive.

The supply rate in Definition 2.9 is of interest since it implies a bound on the
(input-output) gain of the system (2.8), as elaborated in the following remark.

Remark 2.5. Substitution of the supply rate s(u, y) = γ2|u|2−|y|2 in (2.9) gives,
after reordering terms,

∫ t1

t0

|y(t)|2 dt ≤ γ2

∫ t1

t0

|u(t)|2 dt + S(x(t0)) − S(x(t1)), (2.13)

≤ γ2

∫ t1

t0

|u(t)|2 dt + S(x(t0)). (2.14)

The latter inequality thus specifies a bound on the output y(t) as a function of
the particular input signal u(t) and the initial condition x0. In particular, with
x(t0) = 0, t0 = 0 and t1 → ∞, (2.14) gives

‖y‖2 ≤ γ‖u‖2, (2.15)

specifying a bound on the amplification from the input to the output of system
(2.8) with the input and output signals measured using the L2 signal norm.
More details can be found in [160]. ⊳

The property of passivity is defined as follows.
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Definition 2.10. The system (2.8) with m = p is said to be passive if it is
dissipative with respect to the supply rate s(u, y) = uTy.

The passivity property has a clear interpretation in many engineering appli-
cations. In these cases, the supply rate s(u, y) = uTy specifies the instantaneous
power, whereas the corresponding supply rate S can be related to the energy
stored in the system. For example, in mechanical systems u and y might repre-
sent forces and velocities, respectively, whereas S gives the sum of potential and
kinetic energy. Besides this, the passivity property also has many applications
in the scope of control (see e.g. [168, 23]).

It is well-known that the properties of a bounded L2 gain and passivity are
related (see e.g. [22, 161]). Namely, let Σp be a passive system of the form (2.8)
with m = p and the input and output denoted by up and yp, respectively. Then,
the so-called scattering transformation

uc = 1√
2
(up + yp), yc = 1√

2
(−up + yp) (2.16)

yields a contractive system Σc = S(Σp), where S(·) denotes the application of
the transformation (2.16). Here, uc ∈ Rm and yc ∈ Rp are the input and output
of the nonlinear contractive system Σc.

Remark 2.6. Even though the properties of a bounded L2 gain and passivity as
in Definitions 2.9 and 2.10 are stated using the theory of dissipative systems, it
is noted these properties were originally defined in the context of input-output
operators, see e.g. [199, 200] and the overview [31]. ⊳

Finally, since outputs are considered in the system (2.8), notions of observ-
ability are relevant. Therefore, the following definition is given (see e.g. [160, 67]).

Definition 2.11. The system (2.8) is said to be zero-state observable if the
following implication holds: u(t) = 0, y(t) = 0 ∀t ≥ 0 =⇒ x(t) = 0 ∀t ≥ 0.

Remark 2.7. The definition of dissipativity in Definition 2.5 involves both the
input-output dependent supply rate and the state-dependent storage function.
As a result, input-output properties can be related to internal stability proper-
ties, as was recognized in [185] and [119, 67, 69]. These results, which typically
exploit the zero-state observability property as in Definition 2.11, will be dis-
cussed in more detail in Chapter 4. ⊳

2.4 Balanced truncation for linear systems

Model reduction techniques for linear systems are discussed in this section. In
particular, the method of balanced truncation is discussed, which will be used
throughout this thesis. Furthermore, extensions of balanced truncation focussing
at the preservation of additional system properties are reviewed.
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However, before discussing the reduction procedures, a result from matrix
analysis is recalled. Namely, the method of balanced truncation and its exten-
sions basically rely on the simultaneous diagonalization of two (positive definite)
symmetric matrices, which is a standard result in matrix analysis (see e.g. [70]).
It is stated in the following lemma. The proof is included, since it provides a
constructive procedure for finding the transformation required to perform the
simultaneous diagonalization.

Lemma 2.3. Let Q ∈ Rn×n and R ∈ Rn×n be two positive definite symmetric
matrices. Then, there exists a nonsingular matrix T such that

T TQT = (T TRT )−1 = Σ :=









σ1Im1 0 · · · 0

0 σ2Im2

. . .
...

...
. . .

. . . 0
0 · · · 0 σqImq









, (2.17)

with σ2
i the eigenvalues with multiplicities mi of the product QR−1, with i ∈

{1, 2, . . . , q} and
∑q

i=1 mi = n. In addition, the ordering σ1 > σ2 > . . . > σq > 0
holds.

Proof. Since R is positive definite and symmetric, there exists a nonsingular
matrix U such that UTRU = I. Then, the product UTQU is positive definite,
such that its eigenvalue decomposition yields UTQU = KΣ2KT with K an
orthogonal matrix. The eigenvalues in Σ can be ordered as in (2.17) without
loss of generality. Since they are all positive, the matrix Σ− 1

2 can be defined,
leading to

Σ− 1
2 KTUTQUKΣ− 1

2 = Σ− 1
2 Σ2Σ− 1

2 = Σ, (2.18)

Σ− 1
2 KTUTRUKΣ− 1

2 = Σ− 1
2 KTKΣ− 1

2 = Σ−1. (2.19)

In (2.19), it is recalled that K is orthogonal, such that KTK = I. Then, setting
T = UKΣ− 1

2 gives the result (2.17), where it is noted that T is nonsingular.
To show that the parameters σi indeed represent the eigenvalues of QR−1 (or,
equivalently, R−1Q), the similarity transformation

T TQR−1T−T = T TQTT−1R−1T−T = (T TQT )(T TRT )−1 = Σ2 (2.20)

is considered, which directly gives the desired result.

2.4.1 Balanced truncation

Balanced truncation is a popular method for the reduction of (asymptotically
stable) linear systems. This popularity is mainly due to the fact that asymptotic
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stability is preserved and an a priori error bound is available, which gives a direct
measure of the quality of the reduced-order model.

The model reduction procedure of balanced truncation was first presented
by Moore [118], hereby using the concept of balancing introduced by Mullis
and Roberts [120]. The method was further developed by Pernebo and Silver-
man [137], Enns [37] and Glover [56] and can be found in texts as [6, 203].

Linear systems of the form

Σlin :

{
ẋ = Ax + Bu,

y = Cx + Du
(2.21)

are considered, where x ∈ Rn, u ∈ Rm and y ∈ Rp. Balanced truncation aims at
characterizing the influence of state components on the input-output behavior
of the system Σlin. To this end, two energy functions are introduced. First, the
observability function is defined as follows.

Definition 2.12. The observability function Lo : Rn → R is defined as

Lo(x0) =

∫ ∞

0

|y(t)|2 dt, (2.22)

where y(t) is the output of (2.21) for initial condition x(0) = x0 and input
function u(t) = 0 for all t ∈ [0,∞).

The observability function thus characterizes the energy in the output tra-
jectory y(t) when the system (2.21) is started from some initial condition x0. It
is clear that the observability function might be unbounded when the system is
unstable. However, for asymptotically stable systems, Lo can be characterized
as follows.

Theorem 2.4. Let the system Σlin as in (2.21) be asymptotically stable. Then,
the observability function is given as

Lo(x0) = xT
0 Qx0, Q =

∫ ∞

0

eATtCTCeAt dt. (2.23)

Here, Q = QT < 0 is the observability Gramian, which can be obtained as the
unique solution of the Lyapunov equation

ATQ + QA + CTC = 0. (2.24)

If, in addition, Σlin is observable, then Q ≻ 0.

Loosely speaking, the observability function gives the output energy associ-
ated to some state x0. To fully characterize the input-output behavior of the
linear system (2.21), a similar characterization is used for the input energy. This
is formally defined in the following definition.
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Definition 2.13. The controllability function Lc : Rn → R is defined as

Lc(x0) = inf
u∈Lm

2 ((−∞,0])

∫ 0

−∞
|u(t)|2 dt, (2.25)

where u(t) is an input signal that steers the system (2.21) from x(−∞) = 0 to
x(0) = x0.

The controllability function thus gives the least amount of energy needed
to reach a certain state x0. Clearly, the energy is only finite when the system
(2.21) is reachable (i.e., for linear systems, controllable). In this case, Lc can be
characterized as follows.

Theorem 2.5. Let the system Σlin as in (2.21) be asymptotically stable and
controllable. Then, the controllability function is given as

Lc(x0) = xT
0 P−1x0, P =

∫ ∞

0

eAtBBTeATt dt. (2.26)

Here, P = PT ≻ 0 is the controllability Gramian, which can be obtained as the
unique solution of the Lyapunov equation

AP + PAT + BBT = 0. (2.27)

Remark 2.8. In Theorem 2.5, both asymptotic stability and controllability are
assumed. However, by using optimal control theory, it can be shown that only
controllability is required to obtain a characterization of the controllability func-
tion as Lc(x0) = xT

0 Rx0 for some R = RT. The assumption of asymptotic sta-
bility then guarantees positive definiteness of R, such that it can be expressed
as the inverse of P as in (2.26), i.e. R = P−1. When taking the perspective
of the controllability Gramian P , asymptotic stability guarantees the existence
(i.e. boundedness) of P through (2.26), whereas controllability ensures that P is
positive definite. ⊳

At this point, it is recalled that the observability Gramian Q characterizes
(via the observability function Lo) the amount of output energy associated to
a given initial state x0, providing a measure of importance of the state x0 with
respect to the output. Here, states generating a large amount of output energy
can be considered as more important than states generating only little output
energy. Namely, the former are easier to observe. On the other hand, the
controllability Gramian P gives (via the controllability function Lc) a measure
of the importance of a state x0 with respect to the input, in the sense that states
that require a small amount of input energy are more relevant than states that
require much input energy. States that require only a small amount of input
energy are easy to control.
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Clearly, the combination of the observability and controllability functions
provides a characterization of the importance of state components with respect
to the input-output behavior. However, in an arbitrary coordinate system, a
state x1

0 that is easy to control might not be easy to observe. On the other
hand, a different state x2

0 might be hard to control, but easy to observe. In
this case, it is not easy to decide whether x1

0 or x2
0 is more important from an

input-output perspective.
However, the following result facilitates such comparative analysis.

Theorem 2.6. Let the system Σlin as in (2.21) be asymptotically stable and
minimal (i.e. observable and controllable). Then, there exists a realization in
which the observability and controllability Gramian satisfy

Q = P = Σ :=









σ1Im1 0 · · · 0

0 σ2Im2

. . .
...

...
. . .

. . . 0
0 · · · 0 σqImq









. (2.28)

In (2.28), σ2
i , i ∈ {1, 2, . . . , q} are the eigenvalues of PQ, where σi has a multi-

plicity mi such that
∑q

i=1 mi = n. In addition, they are ordered as σ1 > σ2 >

. . . > σq > 0. Finally, these eigenvalues do not depend on the realization of the
system and they equal the Hankel singular values.

Theorem 2.6 can be considered as a direct consequence of Lemma 2.3, even
though a different perspective was taken in the original work [118]. Furthermore,
the result of Theorem 2.6 motivates the following definition.

Definition 2.14. An asymptotically stable and minimal system Σlin as in (2.21)
is said to be in balanced coordinates (or, briefly, balanced) if the Gramians Q

and P satisfy (2.28).

Remark 2.9. The proof of Lemma 2.3 (with R = P−1) gives a constructive pro-
cedure for finding the balanced realization. To show this, denote the Gramians
of the linear system Σlin as P and Q. Then, let U be given by the Cholesky fac-
torization of P , i.e. as P = UUT. Next, compute the eigenvalue decomposition
of UTQU as UTQU = KΣ2KT, where Σ is given as (2.28). Then, the coordinate
transformation x = Tz with T = UKΣ− 1

2 leads to a balanced realization, given
in the coordinates z.

Finally, it is noted that alternative procedures exist for finding a balanced
realization. An overview can be found in [6]. ⊳

Remark 2.10. As stated in Theorem 2.6, the eigenvalues of the product of the
Gramians equal the Hankel singular values. The Hankel operator H of a linear
system Σlin as in (2.21) is defined as the operator that maps past inputs (i.e.
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u(t) = 0 for all t > 0 and with x(−∞) = 0) to future outputs, such that
H : Lm

2 ((−∞, 0]) → Lp
2([0,∞)). It is thus given as

Hu(t) =

∫ 0

−∞
CeA(t−τ)Bu(τ) dτ, t ≥ 0. (2.29)

The Hankel singular values are defined as the singular values of the operator
H, where the largest singular value is known as the Hankel norm. The relation
to the Gramians was shown in [56]. Despite this relation, balanced truncation
is not optimal in the Hankel norm, in the sense that the Hankel norm of the
error system is not minimized in balanced truncation. The reduction method of
optimal Hankel norm approximation, developed in [56], is related to balanced
truncation, but is optimal in this norm. ⊳

The balanced coordinates as in Definition 2.14 allow for a clear interpretation
of the contribution of the states to the input-output behavior. First, an analysis
can be based on individual state components due to the diagonal structure of
the Gramians in (2.28). Next, the fact that the corresponding Gramians are
equal implies that states that are easy to control are also easy to observe (and
vice versa). Secondly, since the Hankel singular values are ordered, the first
state component x0 = e1 := [ 1 0 . . . 0 ]T requires the least amount of control
energy to steer to (and gives the largest output energy when used as an initial
condition). Namely, Lc(e1) = σ−1

1 is small, whereas Lo(e1) = σ1 is large. Thus,
x0 = e1 is likely to have a large contribution to the input-output behavior of Σlin.
On the other hand, the state x0 = en := [ 0 . . . 0 1 ]T is both hard to control
and hard to observe, such that it only has a small influence on the input-output
behavior.

The Hankel singular values thus give a measure of importance of a state
component on the input-output behavior of (2.21), which motives a procedure
in which the most important state components are preserved. Thereto, the
state x can be partitioned as xT = [ xT

1 xT
2 ] with x1 ∈ R

k and x2 ∈ R
n−k for

some order k. The observability and controllability function can be partitioned
accordingly, leading to

Lo(x) = L1
o(x1) + L2

o(x2), Li
o := xT

i Σixi, (2.30)

Lc(x) = L1
c(x1) + L2

c(x2), Li
c := xT

i Σ−1
i xi, (2.31)

with i ∈ {1, 2} and where Σ1 and Σ2 are given as

Σ =

[
Σ1 0
0 Σ2

]

. (2.32)

The partitioning of the system matrices in (2.21) according to (2.30-2.31) yields

A =

[
A11 A12

A21 A22

]

, B =

[
B1

B2

]

, C =
[
C1 C2

]
, (2.33)
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such that the dynamics of Σlin in partitioned coordinates is given by

Σlin :







ẋ1 = A11x1 + A12x2 + B1u,

ẋ2 = A21x1 + A22x2 + B2u,

y = C1x1 + C2x2 + Du.

(2.34)

Since the state components in x1 have the largest contribution to the input-
output behavior, a reduced-order system is obtained by discarding the x2 com-
ponents, leading to

Σ̂lin,k :

{

ξ̇ = A11ξ + B1u,

ŷ = C1ξ + Du,
(2.35)

where ξ ∈ Rk provides an approximation of x1 and ŷ ∈ Rp approximates the
output y of the high-order system.

Now, the reduced-order system Σ̂lin,k satisfies the following properties.

Lemma 2.7. Let (2.21) be a balanced realization of Σlin and let Σ̂lin,k as in
(2.35) be a reduced-order system obtained by balanced truncation. Then, (2.35)
is a balanced realization with the observability and controllability function given
by L1

o and L1
c, respectively.

In addition, stability of Σ̂lin,k is guaranteed when the order k is chosen ac-
cording to the multiplicities mi of the Hankel singular values. This is formalized
in the following theorem, which is proven in [137].

Theorem 2.8. Let (2.21) be a balanced realization of Σlin and let Σ̂lin,k as in
(2.35) be a reduced-order system obtained by balanced truncation. Assume that
k is chosen such that there exists an integer r satisfying

∑r
i=1 mi = k, i.e. Σ1

and Σ2 have no entries in common. Then, Σ̂lin,k is asymptotically stable.

Besides stability, a bound on the reduction error can be found, as was first
shown in [37] and [56]. Since error bounds are of particular interest in this thesis,
a proof is included. In addition, this proof will be used to illustrate some aspects
of the model reduction procedures developed in Chapter 5.

Theorem 2.9. Let (2.21) be a balanced realization of Σlin and let Σ̂lin,k as
in (2.35) be a reduced-order system obtained by balanced truncation. Assume
that k is chosen such that there exists an integer r satisfying

∑r
i=1 mi = k.

Then, for trajectories x(t) of Σlin and ξ(t) of Σ̂lin,k, for a common input signal
u(t) ∈ Lm

2 ([0,∞)) and initial conditions x(0) = 0 and ξ(0) = 0, respectively, the
corresponding outputs y(t) and ŷ(t) satisfy the error bound

‖y − ŷ‖2 ≤
(

2

q
∑

i=r+1

σi

)

‖u‖2, (2.36)

with σi as in Theorem 2.6.



28 Chapter 2. Preliminaries

Proof. The proof can be found in Appendix A.1.

Remark 2.11. It is well-known (see e.g. [91, 203]) that the L2 signal norm,
as used in the error bound (2.36), is directly related to the H∞ norm of the
corresponding transfer function. Thus, let G(s) = C(sI − A)−1B + D and
Ĝ(s) = C1(sI − A11)

−1B1 + D denote the transfer functions of Σlin and Σ̂lin,k,
respectively, where s ∈ C. Then, the error bound (2.36) can be evaluated in
frequency domain as

‖G − Ĝ‖H∞
≤ 2

q
∑

i=r+1

σi. (2.37)

Here, it is recalled that ‖G‖H∞
= supω∈R σmax(G(ιω)) with σmax(·) the largest

singular value. ⊳

It is noted that the results of Theorem 2.9 confirm the ideas presented earlier.
Namely, the error bound (2.36) is minimized when the states corresponding to
the smallest Hankel singular values are discarded.

The error bound (2.36) is an a priori error bound, which is beneficial for two
reasons. First, the computation of the error bound does not require analysis of
the reduced-order system Σ̂lin,k. More importantly, the existence of an a priori
error bound allows for choosing the reduction order k such that the reduced-order
model is guaranteed to satisfy a predefined accuracy.

Remark 2.12. In this section, the reduced-order model is obtained by trun-
cation, i.e. by discarding the x2 states in (2.34). An alternative approach is
given in [39], where the reduced-order model is obtained by singular pertur-
bation. In particular, setting ẋ2 = 0 in (2.34) gives the algebraic equation
x2 = −A−1

22 (A21x1 + B2u), which is substituted in the dynamics for x1 to
obtain the reduced-order model. Consequently, the singular perturbation ap-
proach guarantees that the reduced-order model matches the steady-state out-
puts of the high-order system. In frequency domain, this amounts to the prop-
erty G(0) = Ĝ(0), with G and Ĝ the transfer functions of the high-order and
reduced-order system, respectively. It is also noted that the truncation ap-
proach guarantees G(ιω) = Ĝ(ιω) for ω = ∞. The results in Lemma 2.7 and
Theorems 2.8 and 2.9 also hold for the reduced-order model obtained by this
singular perturbation approach (see [102]). ⊳

Balanced truncation thus provides a model reduction procedure in which
asymptotic stability is preserved and for which an a priori error bound exists. Ex-
tensions of balanced truncation, aiming at the preservation of additional system
properties such as contractivity or passivity are discussed in the next sections.
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2.4.2 Bounded real balanced truncation

In this section, a model reduction procedure for contractive linear systems is
reviewed (recall Definition 2.9). This reduction procedure is due to Opdenacker
and Jonckheere [128] (see also [61]) and is known as bounded real balancing, as
is motivated by the following definition.

Definition 2.15. The transfer function G of an asymptotically stable system
Σlin as in (2.21) is said to be bounded real if I − GT(−ιω)G(ιω) < 0 for all
ω ∈ R and I − DTD < 0. It is said to be strictly bounded real when the
inequalities are strict.

The following well-known result relates bounded real transfer functions to
contractive systems and forms the basis for bounded real balancing.

Lemma 2.10 ([128]). Let Σlin be a minimal, asymptotically stable, linear sys-
tem as in (2.21). Then, the transfer function G is bounded real if and only if
Σlin is contractive. If Rc := I − DTD ≻ 0, these statements are equivalent to
the existence of a real matrix P = PT ≻ 0 satisfying the bounded real Riccati
equation

ATP + PA + CTC + (PB + CTD)R−1
c (PB + CTD)T = 0. (2.38)

Then, in particular, (2.38) admits two extremal solutions Pmin and Pmax such
that 0 ≺ Pmin 4 P 4 Pmax.

In Lemma 2.10, the extremal solutions Pmin and Pmax of (2.38) have the
following interpretation, which follows from the theory of dissipative systems as
discussed in Section 2.3.3. Namely, Pmin characterizes the available storage Sa

as

Sa(x0) = sup
u∈Lm

2 ([0,∞))

−
∫ ∞

0

|u(t)|2 − |y(t)|2 dt = xT
0 Pminx0. (2.39)

Thus, the matrix Pmin characterizes the maximum amount of energy that can be
extracted from the system, when starting from an initial condition x0. Similarly,
Pmax defines the required supply Sr as

Sr(x0) = inf
u∈Lm

2 ((−∞,0])

∫ 0

−∞
|u(t)|2 − |y(t)|2 dt = xT

0 Pmaxx0, (2.40)

where the infimum is taken over all input signals u(t) that steer Σlin from
x(−∞) = 0 to x(0) = x0. Hence, Pmax gives the least amount of energy needed
to reach a state x0. Then, a state x0 has a large influence on the input-output
behavior if Sa(x0) is large and Sr(x0) is small, which motivates a balancing
procedure on the basis of Pmin and P−1

max.



30 Chapter 2. Preliminaries

Definition 2.16 ([128, 124]). A contractive system Σlin is said to be in bounded
real balanced coordinates if

Pmin = P−1
max = Θ := diag{θ1, θ2, . . . , θn}, (2.41)

with 1 ≥ θ1 ≥ θ2 ≥ . . . ≥ θn > 0 the so-called bounded real singular values.

Here, it is remarked that the bounded real balanced realization indeed exists,
as follows from Lemma 2.3 (see also Theorem 2.6 for balanced truncation). In
bounded real balanced coordinates, a reduced-order model can be obtained by
truncation. Thereto, the matrix Θ is partitioned as

Θ =

[
Θ1 0
0 Θ2

]

, Θ1 = diag{θ1, . . . , θk}, Θ2 = diag{θk+1, . . . , θn}, (2.42)

with θk > θk+1. When the system matrices of the bounded real balanced real-
ization are partitioned accordingly as in (2.33), a reduced-order approximation
is obtained by truncation, leading to

Σ̂lin,k :

{

ξ̇ = A11ξ + B1u,

ŷ = C1ξ + Du,
(2.43)

with ξ ∈ Rk the reduced-order state. Then, the reduced-order system Σ̂lin,k has
the following properties, where, for simplicity, it is assumed that the bounded
real singular values are distinct. An error bound including repeated bounded
real singular values is of the same form as (2.36) and can be found in [6].

Theorem 2.11 ([128]). Let Σlin as in (2.21) be a minimal, asymptotically stable
system with strictly bounded real transfer function, and in bounded real balanced
coordinates. Then, the reduced-order system Σ̂lin,k as in (2.43) obtained by
truncation is minimal, asymptotically stable, has a strictly bounded real transfer
function, and is in bounded real balanced coordinates. Moreover, for trajectories
x(t) of Σlin and ξ(t) of Σ̂lin,k, for a common input signal u(t) ∈ Lm

2 ([0,∞))
and initial conditions x(0) = 0 and ξ(0) = 0, respectively, the corresponding
outputs y(t) and ŷ(t) satisfy the error bound

‖y − ŷ‖2 ≤ 2

(
n∑

i=k+1

θi

)

‖u‖2, (2.44)

where it is assumed that the bounded real singular values θi are distinct.

2.4.3 Positive real balanced truncation

In the previous section, a model reduction procedure for contractive systems was
reviewed. In the current section, a reduction procedure for passive systems as in
Definition 2.10 is considered, which basically follows the same procedure. The
method originates from Desai and Pal [30] and Harshavardhana et al. [63] (see
also [139, 61]) and is referred to as positive real balancing.
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Definition 2.17. The transfer function G of an asymptotically stable system
Σlin as in (2.21) with p = m is said to be positive real if GT(−ιω) + G(ιω) < 0
for all ω ∈ R and DT + D < 0. It is said to be strictly positive real when the
inequalities are strict.

Lemma 2.12 ([124]). Let Σlin be a minimal, asymptotically stable, linear system
as in (2.21). Then, the transfer function G is positive real if and only if Σlin is
passive. If Rp := DT + D ≻ 0, these statements are equivalent to the existence
of a real matrix P = PT ≻ 0 satisfying the positive real Riccati equation

ATP + PA + (PB − CT)R−1
p (PB − CT)T = 0. (2.45)

Then, in particular, (2.45) admits two extremal solutions Pmin and Pmax such
that 0 ≺ Pmin 4 P 4 Pmax.

As in the bounded real case, the extremal solutions Pmin and Pmax charac-
terize the available storage and required supply, respectively. Thus, a model
reduction procedure can be based on a realization in when these matrices are
balanced.

Definition 2.18 ([124]). A passive system Σlin is said to be in positive real
balanced coordinates if

Pmin = P−1
max = Π := diag{π1, π2, . . . , πn}, (2.46)

with 1 ≥ π1 ≥ π2 ≥ . . . ≥ πn > 0.

In these positive real balanced coordinates, a reduced-order model can again
be obtained by truncation. When Π is partitioned as

Π =

[
Π1 0
0 Π2

]

, Π1 = diag{π1, . . . , πk}, Π2 = diag{πk+1, . . . , πn}, (2.47)

with πk > πk+1, the system matrices can be partitioned accordingly as in (2.33),
such that truncation leads to a reduced-order model of the form (2.43). The
reduced-order model has the following properties.

Theorem 2.13 ([30, 63]). Let Σlin as in (2.21) be a minimal, asymptotically
stable, passive system with strictly positive real transfer function, and in positive
real balanced coordinates. Then, the reduced-order system Σ̂lin,k as in (2.43)
obtained by truncation is minimal, asymptotically stable, has a strictly positive
real transfer function, and is in positive real balanced coordinates.

As was discussed in Section 2.3.3, contractive systems and passive systems
can be related via the scattering transformation (2.16). This relation is preserved
under model reduction, as stated in the following theorem.
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Theorem 2.14 ([128, 124]). Let Σc
lin be a minimal, asymptotically stable system

with strictly bounded real transfer function and Σ̂c
lin,k its reduced-order approxi-

mation as obtained by bounded real balancing. Similarly, let Σ
p
lin be a minimal,

asymptotically stable system with strictly positive real transfer function and Σ̂
p
lin,k

the reduced-order approximation as obtained by positive real balancing. If the
high-order systems are related as Σc

lin = S(Σp
lin), then the reduced-order systems

satisfy Σ̂c
lin,k = S(Σ̂p

lin,k). Here, S(·) denotes the application of the scattering
transformation (2.16).

2.5 Balanced truncation for nonlinear systems

The reduction procedure of balanced truncation discussed in Section 2.4.1 deals
with linear systems. An extension of this method to nonlinear systems was in-
troduced by Scherpen in [163] (see also [164]) and further developed by Fujimoto
and Scherpen in [48] and [49]. These results are reviewed in the current section.

Nonlinear systems of the form

Σnl :

{
ẋ = f(x) + g(x)u,

y = h(x),
(2.48)

are considered, where x ∈ Rn, u ∈ Rm and y ∈ Rp. In addition, the functions
f , g and h are smooth and the relations f(0) = 0 and h(0) = 0 hold such that
x = 0 is an equilibrium point of (2.48) for u = 0.

The method of balanced truncation for nonlinear systems is a direct extension
of the linear case in the sense that it is based on the same energy functions.
Thereto, the definition of the observability function in Definition 2.12 is recalled1.
Here, the following assumption is made.

Assumption 2.1. The observability function, when it exists, is a smooth func-
tion.

The following characterization of the observability function is obtained in [163].

Theorem 2.15. Consider the system Σnl as in (2.48). Assume that the origin
x = 0 is an asymptotically stable equilibrium point of (2.48) for u = 0 and
let Assumption 2.1 hold. Then, Lo exists if and only if there exists a smooth
function L̃o satisfying L̃o(0) = 0 and

∂L̃o

∂x
(x)f(x) + |h(x)|2 = 0. (2.49)

Moreover, then Lo(x) = L̃o(x) for all x ∈ Rn.

1It is noted that the definitions of the observability and controllability function in the
original work [163, 164] differ from the definitions in this thesis by a factor 1

2
. Nonetheless,

Definitions 2.12 and 2.13 are used to allow for a greater consistency throughout the thesis.
The results presented in this section are updated according to these definitions.
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The Lyapunov equation (2.49) reduces to (2.24) when applied to linear sys-
tems. Theorem 2.15 can thus be considered as a direct extension of Theorem 2.4.
Moreover, it was shown in the latter theorem that positive definiteness of the
observability Gramian is related to observability of the linear system. A similar
result holds for nonlinear systems, where the notion of zero-state observability
as in Definition 2.11 is used. Then, the following result is obtained (see [163]).

Theorem 2.16. Let the system Σnl as in (2.48) be zero-state observable and let
x = 0 be an asymptotically stable equilibrium for u = 0. In addition, assume that
the observability function Lo satisfying Assumption 2.1 exists. Then, Lo(x) > 0
for all x ∈ Rn, x 6= 0.

On the other hand, positive definiteness of Lo and zero-state observability
imply asymptotic stability of the equilibrium point, as stated in the following
theorem from [163].

Theorem 2.17. Let the system Σnl as in (2.48) be zero-state observable and
assume that the observability function Lo satisfying Assumption 2.1 exists and
is positive definite. Then, x = 0 is an asymptotically stable equilibrium of (2.48)
for u = 0.

Remark 2.13. More details on the relation between the observability function
Lo and stability and observability properties can be found in [24]. ⊳

Above, a characterization of the observability function for nonlinear systems is
considered. A characterization of the controllability function as in Definition 2.13
can be obtained similarly. Thereto, the following assumption is employed.

Assumption 2.2. The controllability function, when it exists, is a smooth func-
tion.

Then, the following result can be stated [163].

Theorem 2.18. Consider the system Σnl as in (2.48). Assume that the origin
x = 0 is an asymptotically stable equilibrium point of (2.48) for u = 0 and
let Assumption 2.2 hold. Then, Lc exists if and only if there exists a smooth
function L̃c satisfying L̃c(0) = 0 and

∂L̃c

∂x
(x)f(x) +

∣
∣
∣
∣
1
2gT(x)

∂TL̃c

∂x
(x)

∣
∣
∣
∣

2

= 0 (2.50)

such that the origin of the system

ẋ = −
(

f(x) + 1
2g(x)gT(x)

∂TL̃c

∂x
(x)

)

(2.51)

is globally asymptotically stable. Moreover, then Lc(x) = L̃c(x) for all x ∈ Rn.
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Similar to the relation of the observability function to zero-state observability,
a relation between the controllability function and the notion of reachability
exists. Thereto, the definition of reachability in Definition 2.8 is recalled, where
it is noted that the class of admissible inputs is given by Lm

2 in this section, i.e.
U = Lm

2 (T ) with T the time domain of interest. Then, the following result is
immediate, see [163, 166].

Lemma 2.19. Let the system Σnl as in (2.48) be reachable from 0. Then, the
controllability function Lc exists, i.e. is finite.

Remark 2.14. For linear systems, it is well-known that minimality of the sys-
tem realization is directly related to the existence and positive definiteness of
the observability and controllability functions (see e.g. [6, 8]). In [166], similar
relations are derived for nonlinear systems, whereas a definition of minimality
for nonlinear systems can be found in [78]. ⊳

As was discussed in Section 2.4.1, the observability and controllability func-
tions can be used to characterize the importance of state components with re-
spect to the input and output energy. This analysis is facilitated by the existence
of a balanced realization (see Definition 2.14). In order to obtain a similar result
for nonlinear systems, the following assumption is adopted.

Assumption 2.3. Let the observability and controllability functions satisfying
Assumptions 2.1 and 2.2 exist. Assume that the Hessians of the energy functions
satisfy

∂2Lo

∂x2
(0) ≻ 0,

∂2Lc

∂x2
(0) ≻ 0, (2.52)

and that the eigenvalues of the product

(
∂2Lc

∂x2
(0)

)−1(
∂2Lo

∂x2
(0)

)

(2.53)

are distinct.

The following result from [49] extends Theorem 2.6 to nonlinear systems and
provides the basis for a model reduction procedure using the observability and
controllability functions.

Theorem 2.20. Let the system Σnl as in (2.48) have an asymptotically stable
equilibrium x = 0 for u = 0 and assume that Assumption 2.3 holds. Then, there
exists a region X ∋ 0 and a coordinate transformation x = ϕ(z) on X such that

Lo(ϕ(z)) =
n∑

i=1

(z(i)σi(z(i)))
2, (2.54)

Lc(ϕ(z)) = zTz, (2.55)
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where z(i), i ∈ {1, 2, . . . , n} denote the state components of z. Moreover, the
singular value functions σi are ordered as

min
s∈S

{σi(s), σi(−s)} ≥ max
s∈S

{σi+1(s), σi+1(−s)}, (2.56)

for some S ⊂ R.

Remark 2.15. As shown in [48, 49], the functions σi in (2.54) are related to
the Hankel operator of the nonlinear system Σnl as in (2.48). Here, the Hankel
operator H is defined as the composition H = O◦C, with C : Lm

2 ((−∞, 0]) → R
n

the controllability operator that maps past inputs to the initial state x0 (for
initial condition x(−∞) = 0). In addition, the observability operator O : Rn →
Lp

2([0,∞)) maps the initial state x0 to future outputs for zero input.
In this setting, it is derived in [49] that the functions σi equal the singular

values of the nonlinear operator H (see [47] for a definition). In particular,
when X = Rn and S = R in Theorem 2.20, the largest singular value equals the
Hankel norm of the system, i.e.

‖Σnl‖H := sup
u∈Lm

2 ((−∞,0]),u6=0

‖H(u)‖2

‖u‖2
= sup

z(1)∈R
σ1(z(1)), (2.57)

where ‖ · ‖H denotes the Hankel norm. It is remarked that this provides a direct
extension of the linear case (see also Remark 2.10). ⊳

The properties (2.54-2.55) define a so-called input-normal/output-diagonal
realization, which gives the same ordering of the state components as the bal-
anced realization in Definition 2.14. Nonetheless, a truly balanced realization can
easily obtained from Theorem 2.20 by scaling the state components, see [49].

In the remainder of this section, it is assumed that the original realization
(2.48) is an input-normal/output-diagonal realization. To facilitate model reduc-
tion, the state x is partitioned as xT = [ xT

1 xT
2 ], with x1 ∈ Rk and x2 ∈ Rn−k.

Then, by (2.54) and (2.55), the observability and controllability function can be
partitioned accordingly, which yields

Lo(x) = L1
o(x1) + L2

o(x2), (2.58)

Lc(x) = L1
c(x1) + L2

c(x2). (2.59)

The corresponding partitioning of the functions f , g and h leads to

f(x) =

[
f1(x1, x2)
f2(x1, x2)

]

, g(x) =

[
g1(x1, x2)
g2(x1, x2)

]

, h(x) = h(x1, x2), (2.60)

where a small abuse of notation is used in the partitioning of h. In partitioned
form, the dynamics (2.48) reads

Σnl :







ẋ1 = f1(x1, x2) + g1(x1, x2)u,

ẋ2 = f2(x1, x2) + g2(x1, x2)u,

y = h(x1, x2).
(2.61)
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Then, a reduced-order model is obtained by truncation, i.e. by discarding the
state components x2. This leads to

Σ̂nl,k :

{

ξ̇ = f1(ξ, 0) + g1(ξ, 0)u,

ŷ = h(ξ, 0),
(2.62)

where ξ ∈ Rk provides an approximation of x1.
Now, the observability and controllability function of the reduced-order non-

linear system Σ̂nl,k are given by the following lemma from [49], which can be
seen as an extension of Lemma 2.7 to the nonlinear case.

Lemma 2.21. Let the system Σnl as in (2.48) have an asymptotically stable
equilibrium x = 0 for u = 0, assume that Assumption 2.3 holds and let X ∋ 0
be a region in which (2.54) and (2.55) hold for the original coordinate x. Next,
let Σ̂nl,k as in (2.62) be a reduced-order system obtained by truncation. Then,
on the domain X̂ =

{
ξ ∈ Rk

∣
∣ [ ξT 0T ]T ∈ X

}
, (2.62) is in input-normal/output-

diagonal coordinates with the observability and controllability function given by
L1

o and L1
c, respectively.

In addition, the following result on stability of the equilibrium point (for zero
input) of the reduced-order nonlinear system can be found in [163, 164].

Theorem 2.22. Let the system Σnl as in (2.48) have an asymptotically stable
equilibrium x = 0 for u = 0, assume that Assumption 2.3 holds and let X ∋ 0 be
a region in which (2.54) and (2.55) hold for the original coordinate x. Next, let
Σ̂nl,k as in (2.62) be a reduced-order system obtained by truncation. Then, for
u = 0, the equilibrium ξ = 0 of (2.62) is locally asymptotically stable.

Balanced truncation for nonlinear systems thus provides an extension of bal-
anced truncation for linear systems, where some properties of the reduction
method are inherited from the linear case. However, contrary to balanced trun-
cation for linear systems, the nonlinear reduction procedure does not guarantee
stability properties for nonzero input. As a result, no error bound exists for
model reduction of nonlinear systems by nonlinear balanced truncation.

In Chapter 5, these aspects will be addressed by the introduction of a different
extension of balanced truncation for linear systems to the nonlinear case.

Remark 2.16. Similarly to the extension of linear balanced truncation discussed
in this section, extensions to nonlinear systems exist for the methods of bounded
real balanced truncation (Section 2.4.2) and positive real balanced truncation
(Section 2.4.3). These extensions are presented in [77] (see also [75]). ⊳



Chapter 3

Model reduction for a class of

convergent nonlinear systems

3.1 Introduction

As discussed in the introduction to this thesis (Chapter 1), existing model re-
duction techniques for nonlinear systems do generally not preserve the stability
properties of the original high-order system. In this context, contrary to lin-
ear systems, internal stability properties (i.e. stability of the equilibrium point
for zero input), stability properties of state trajectories for nonzero input and
input-output stability properties (i.e. a bounded gain) have to be considered
separately. In addition, existing reduction techniques do typically not provide a
computable error bound.

In the current chapter, a model reduction procedure for a class of nonlinear
systems will be presented, including conditions guaranteeing stability of the
reduced-order model as well as an error bound. Here, nonlinear systems will
be considered that can be decomposed into a linear subsystem and a (dynamic)
nonlinear subsystem, which are bidirectionally coupled. In this configuration,
it is assumed that the nonlinear subsystem consists of nonlinear dynamics of
relatively low order, whereas the linear subsystem is assumed to be of high
order. This is motivated by the observation that nonlinearities act only locally in
many engineering (control) applications. Examples include mechanical systems
with friction or hysteresis, electrical circuits with nonlinear components and
linear systems with nonlinear actuator dynamics. This assumption allows for
an approach in which model reduction is applied to the linear subsystem only.
Hereby, linear model reduction techniques are exploited, making the approach

An abridged version of this chapter is published as [19].
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computationally efficient.

In the analysis of this configuration, the notion of (uniformly) convergent
systems (see, e.g. [134, 136]) is extensively used. This property implies the exis-
tence of a unique, globally asymptotically stable, bounded steady-state solution
for every bounded input. More specifically, the linear and nonlinear subsystems
are assumed to be input-to-state convergent [136]. Besides uniform convergence,
input-to-state convergence yields a bounded difference in solutions for a bounded
difference in inputs. Loosely speaking, this amounts to the property that, for
two input functions that are ”close”, the corresponding steady-state solutions
are ”close” as well. Since the decomposition of the total nonlinear system essen-
tially consists of two bidirectionally coupled input-to-state convergent systems,
a small-gain theorem is derived under which the coupled system is itself input-
to-state convergent.

It is remarked that the (input-to-state) convergence property guarantees that,
for nonlinear systems with continuous output equations, bounded inputs lead to
bounded outputs, thus implying an input-output stability property. In addition,
for zero input, input-to-state convergence guarantees global asymptotic stability
of the equilibrium point, such that internal stability properties are guaranteed
as well.

In this setting, conditions are derived under which the reduced-order system
is input-to-state convergent, thus preserving certain stability properties of the
high-order model. Furthermore, an error bound on the steady-state solutions is
derived. Herein, it is noted that convergence of the total nonlinear system implies
the existence of a unique steady-state solution, allowing for a clear definition of
an error bound. Additionally, the input-to-state convergence property of the
subsystems is highly instrumental in the derivation of this error bound. Namely,
it characterizes the evolution of perturbations passing through the subsystems,
where these perturbations are caused by reduction of the linear subsystem.

The outline of this chapter is as follows. The problem setting is discussed
in Section 3.2, whereas preliminaries regarding the input-to-state convergence
property are presented in Section 3.3. Details on the class of systems under
consideration are given in Section 3.4 before discussing the model reduction
approach in Section 3.5. The results on stability of the reduced-order model and
the error bound are given in Section 3.6. The results are illustrated by means
of an example in Section 3.7. Finally, a discussion of the results and concluding
remarks are stated in Section 3.8.

3.2 Problem setting

In this chapter, nonlinear systems are considered that can be decomposed as
in Figure 3.1. Here, the nonlinear system Σ = I(Σlin,Σnl) consists of the
feedback interconnection of a high-order linear subsystem Σlin and a nonlinear
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Σlin

Σnl

u y

v w

Figure 3.1: Nonlinear system Σ = I(Σlin,Σnl).

Σ̂lin

Σnl

u ŷ

v̂ ŵ

Figure 3.2: Reduced-order nonlinear system Σ̂ = I(Σ̂lin,Σnl).

subsystem Σnl of relatively low order, where I(·, ·) denotes the interconnection
as in Figure 3.1.

The dynamics of the linear subsystem is given in state-space form as

Σlin :







ẋ = Ax + Buu + Bvv,

y = Cyx,

w = Cwx

(3.1)

with state x ∈ Rn, external input u ∈ Rm and external output y ∈ Rp. Through-
out this chapter, input functions u(t) are taken from Lm

∞(R), which represents
the class of piecewise continuous vector-valued functions, defined and bounded
for all t ∈ R. Here, the shorthand notation Lm

∞ will be used.
The signals v ∈ Rnv and w ∈ Rnw connect the linear subsystem to the

nonlinear subsystem Σnl, which is given as

Σnl :

{
ż = g(z, w),
v = h(z),

(3.2)

with z ∈ Rnz . Here, it is assumed that the origin is an equilibrium point for
w = 0 (i.e. g(0, 0) = 0). Furthermore, g is locally Lipschitz continuous in z

and continuous in w, whereas h with h(0) = 0 is assumed to be a continuous
function.

Since only the linear subsystem Σlin is assumed to be of high order in the
nonlinear system Σ = I(Σlin,Σnl), a model reduction procedure is proposed
in which only this linear subsystem is reduced. This approach allows for the
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use of well-developed existing model reduction techniques for linear systems,
making the approach computationally attractive. After reduction of Σlin to
obtain the reduced-order linear subsystem Σ̂lin, the nonlinear subsystem Σnl can
be reconnected, leading to the reduced-order nonlinear system Σ̂ = I(Σ̂lin,Σnl)
as in Figure 3.2.

In this chapter, stability properties of the reduced-order nonlinear system Σ̂

are derived, as well as a bound on the reduction error. For the development of
these results, in particular, the stability property of (input-to-state) convergence
is exploited. This notion is discussed in the following section.

3.3 Input-to-state convergence

In this chapter, a model reduction procedure for a class of (input-to-state) con-
vergent nonlinear systems is presented. Thereto, relevant definitions and prop-
erties of convergent systems are given in this section.

Nonlinear systems of the form

ẋ = f(x, u), (3.3)

with x ∈ R
n and u ∈ R

m are considered. In (3.3), f is assumed to be locally
Lipschitz in x, continuous in u and satisfies f(0, 0) = 0. In addition, the input
signals u(t) are chosen from the class Lm

∞.

It is recalled (see Definition 2.4) that the notion of convergence relies on the
existence, for each bounded input function u(t), of a so-called steady-state solu-
tion. This steady-state solution is denoted by x̄u(t). For uniformly convergent
(and, thus, also for exponentially convergent) nonlinear systems, the steady-
state solution is unique (see [136]), in the sense that it is the only solution that
is bounded for all t ∈ R. This allows for the definition of a steady-state opera-
tor, which provides a mapping from the input signal u(t) to the corresponding
steady-state solution, as formalized as follows (see [133]).

Definition 3.1. Let the system (3.3) be uniformly convergent. Then, the steady-
state operator F : Lm

∞ → Ln
∞ is defined as

Fu(t) := x̄u(t), (3.4)

where x̄u(t) is the unique steady-state solution for the input signal u(t).

The convergence property defines a stability property for nonlinear systems
with nonzero inputs, in the sense that all state trajectories for a given input
signal u(t) converge to the steady-state solution. An even stronger stability
property is given by the input-to-state convergence property, which, in addition
to convergence, guarantees robustness against perturbations in the input signal.
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Definition 3.2 ([136]). A system (3.3) is said to be input-to-state convergent
if it is globally uniformly convergent for the class of inputs Lm

∞(R) and, for
every input function u(t) in that class, is input-to-state stable with respect to
the steady-state solution x̄u(t), i.e. there exists a function β of class KL and
a function γ of class K∞ such that any solution x̃(t) of (3.3) corresponding to
some input ũ(t) ∈ Lm

∞(R) satisfies

|x̃(t) − x̄u(t)| ≤ β
(
|x̃(t0) − x̄u(t0)|, t − t0

)
+ γ

(

sup
t0≤τ≤t

|ũ(t) − u(t)|
)

(3.5)

for all t0, t ∈ R, t ≥ t0. Here, β and γ may depend on the particular input
function u(t).

The notion of input-to-state convergence differs from the similar notion of in-
cremental input-to-state stability (δiss, see [5]) since it relies on the existence of
a (bounded) steady-state solution. In addition, input-to-state stability (as intro-
duced in [173]) is only required with respect to the steady-state solution, rather
than with respect to all solutions. The relevance of (input-to-state) convergence
in the scope of model reduction will be discussed in Section 3.6.

A sufficient condition for input-to-state convergence is given by the Demi-
dovich condition, see Section 2.3.2. For linear time-invariant systems, input-to-
state convergence is implied by asymptotic stability of the system for zero input.
It is stressed that this implication does not hold for nonlinear systems.

Furthermore, the input-to-state convergence property implies an incremental
bound on the steady-state operator as in Definition 3.1, as stated in the following
lemma.

Lemma 3.1. Let the system (3.3) satisfy the input-to-state convergence property
(3.5). Then, the steady-state operator F as in (3.4) is incrementally bounded as

‖Fu2 −Fu1‖∞ ≤ γ(‖u2 − u1‖∞) (3.6)

for all u1, u2 ∈ Lm
∞, where γ is the class K∞ function in Definition 3.2.

Proof. Application of the definition of input-to-state convergence (3.5) to com-
pare two steady-state solutions leads to

|Fu2(t) −Fu1(t)| ≤ β
(
|Fu2(t0) −Fu1(t0)|, t − t0

)

+ γ

(

sup
t0≤τ≤t

|u2(τ) − u1(τ)|
)

, (3.7)

for all t ≥ t0. Since both Fu1(t) and Fu2(t) are bounded for all t ∈ R, the
norm |Fu2(t0) − Fu1(t0)| is bounded for all t0 ∈ R and the value of the class
KL function β vanishes for t0 → −∞. Then, taking t → ∞ leads to the desired
result.
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Σx

Σz

u

v

xz

Figure 3.3: Bidirectionally coupled input-to-state convergent systems.

This incremental bound on the L∞ signal norms of the steady-state solutions
will prove to be crucial in the derivation of a bound on the steady-state error
introduced by model reduction.

In the approach for model reduction introduced in Section 3.2, a decomposi-
tion of the nonlinear system is considered, which consists of a feedback intercon-
nection of an asymptotically stable high-order linear part and an input-to-state
convergent nonlinear part. Since asymptotic stability implies input-to-state con-
vergence for linear time-invariant systems, this configuration basically consists
of bidirectionally coupled input-to-state convergent systems. Therefore, the con-
figuration in Figure 3.3 is considered, where the nonlinear systems Σx and Σz

are given by

Σx : ẋ = f(x, z, u), (3.8)

Σz : ż = g(z, x, v), (3.9)

with x ∈ Rnx , z ∈ Rnz , u ∈ Rmx and v ∈ Rmz . Here, Σx is assumed to be
input-to-state convergent with respect to the inputs z and u. As a result, there
exist a function βx of class KL and functions γxz, γxu of class K∞ such that

|x̃(t) − x̄z,u(t)| ≤ βx

(
|x̃(t0) − x̄z,u(t0)|, t − t0

)

+ γxz

(

sup
t0≤τ≤t

|z̃(τ) − z(τ)|
)

+ γxu

(

sup
t0≤τ≤t

|ũ(τ) − u(τ)|
)

, (3.10)

where x̄z,u(t) is the steady-state solution corresponding to the inputs signals
z(t) and u(t). Furthermore, x̃(t) is the solution of (3.8) for (perturbed) input
signals z̃(t) and ũ(t). Similarly, Σz is assumed to be input-to-state convergent
with respect to x and v, leading to

|z̃(t) − z̄x,v(t)| ≤ βz

(
|z̃(t0) − z̄x,v(t0)|, t − t0

)

+ γzx

(

sup
t0≤τ≤t

|x̃(τ) − x(τ)|
)

+ γzv

(

sup
t0≤τ≤t

|ṽ(τ) − v(τ)|
)

. (3.11)

with βz a function of class KL and γzx, γzv functions of class K∞. In addition,
z̄x,v(t) denotes the steady-state solution for the input signals x(t) and v(t); z̃(t)
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is the solution of (3.9) for (perturbed) input signals x̃(t) and ṽ(t). A sufficient
condition for input-to-state convergence of the coupled system (3.8-3.9) is derived
and stated in the following small-gain theorem, which is related to the small-gain
theorem for input-to-state stable systems [83].

Theorem 3.2. Consider two input-to-state convergent systems Σx and Σz sat-
isfying inequalities (3.10) and (3.11), respectively. Then, the bidirectionally cou-
pled configuration (3.8-3.9) is input-to-state convergent with respect to the inputs
u and v if there exist functions ρ1 and ρ2 of class K∞ such that

(id + ρ1) ◦ γxz ◦ (id + ρ2) ◦ γzx(s) ≤ s, ∀s ≥ 0 (3.12)

holds. Here, id denotes the identity function, i.e. id(r) = r for all r ∈ R.

Proof. The proof of this theorem can be found in Appendix A.2.

This small-gain theorem will prove to be highly instrumental in the scope
of model reduction, since it provides a tool for the derivation of conditions for
stability of the reduced-order model as well as an error bound in Section 3.6.

Finally, some historical context regarding small-gain theorems is sketched in
the following remark.

Remark 3.1. Small-gain theorems form an important tool in the stability analysis
of bidirectionally coupled systems, since stability properties of the interconnec-
tion can be analyzed by considering the gains of the subsystems individually.
The classical small-gain theorem as developed in [157, 158] and [199] deals with
input-output stability and exploits the maximum gains of the subsystems (see
also [31]). These results are generalized in [110], hereby using the concept of
nonlinear gain functions.

In the notion of input-to-state stability (iss), introduced in [173] (see also [174]
for an overview), nonlinear gain functions are exploited in a state-space setting.
For input-to-state stable systems, a small-gain theorem is given in [83] (see also
[82]). In the scope of iss, focus is on stability properties such as bounded-
ness of the state trajectory for a bounded input and asymptotic stability of the
equilibrium point for zero input, rather than on input-output stability. The
input-to-state convergence property as discussed in this section gives a stronger
notion of stability for systems with nonzero input. Here, Theorem 3.2 gives the
corresponding small-gain theorem. ⊳

3.4 System configuration

As discussed in Section 3.2, nonlinear systems of the form as in Figure 3.1 are
considered. Here, the following assumptions are made.

Assumption 3.1. Let the system Σ = I(Σlin,Σnl), with Σlin as in (3.1) and
Σnl as in (3.2), satisfy the following assumptions:
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1. The linear subsystem Σlin is asymptotically stable, i.e. it is input-to-state
convergent with gains γxu and γxv of class K∞;

2. The nonlinear subsystem Σnl is input-to-state convergent with gain γzw of
class K∞. Moreover, there exists a function χvz of class K∞ such that the
output equation of (3.2) is incrementally bounded as

|h(z2) − h(z1)| ≤ χvz(|z2 − z1|) (3.13)

for all z1, z2 ∈ Rnz ;

3. There exist functions ρ1, ρ2 of class K∞ such that the small-gain condition

(id + ρ1) ◦ γxv ◦ χvz ◦ (id + ρ2) ◦ γzw ◦ χwx(s) ≤ s (3.14)

holds for all s ≥ 0, where χwx is a function of class K∞ represents the
incremental bound |Cwx2 − Cwx1| ≤ χwx(|x2 − x1|) for all x1, x2 ∈ R

n.

Assumption 3.1 thus states that both the linear and nonlinear subsystem
are input-to-state convergent. When considering the linear subsystem Σlin, this
implies that there exists a steady-state operator F : Lm

∞ × Lnv
∞ → Ln

∞ as

F(u, v)(t) := x̄u,v(t) (3.15)

with x̄u,v(t) the steady-state solution of (3.1) for input signals u(t) and v(t). By
Lemma 3.1, this steady-state operator is incrementally bounded as

‖F(u2, v2) −F(u1, v1)‖∞ ≤ γxu(‖u2 − u1‖∞) + γxv(‖v2 − v1‖∞) (3.16)

for all u1, u2 ∈ Lm
∞ and v1, v2 ∈ Lnv

∞ . Besides the steady-state operator F ,
steady-state output operators Fy : Lm

∞ ×Lnv
∞ → Lp

∞ and Fw : Lm
∞ ×Lnv

∞ → Lnw
∞

are defined. These steady-state output operators give the outputs y(t) and w(t)
corresponding to the steady-state solution as

Fi(u, v)(t) = Cix̄u,v(t), i ∈ {y, w}. (3.17)

The linear output equations in (3.1) can be (incrementally) bounded as |Cix2 −
Cix1| ≤ χix(|x2 −x1|), i ∈ {y, w} for some functions χix of class K∞, where it is
clear that χix can be chosen as linear functions. Combining this bound on the
output equation with (3.16) leads to

‖Fi(u, v2) −Fi(u, v1)‖∞ ≤ χix ◦ γxv(‖v2 − v1‖∞) (3.18)

for all u ∈ Lm
∞ and v1, v2 ∈ Lnv

∞ . Here, the case u1 = u2 = u is considered.
Namely, this case is of interest in the scope of error analysis in model reduction,
where the original and reduced-order models are compared for the same input
function.
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The introduction of the steady-state operators of the linear subsystem re-
lies on the input-to-state convergence property as stated in Assumption 3.1.
Since the nonlinear subsystem Σnl is assumed to be input-to-state convergent as
well, the steady-state operator G : Lnw

∞ → Lnz
∞ can be introduced according to

Gw(t) := z̄w(t), with z̄w(t) the steady-state solution of (3.2) for the input signal
w(t). As before, Lemma 3.1 gives an incremental bound on G as

‖Gw2 − Gw1‖∞ ≤ γzw(‖w2 − w1‖∞) (3.19)

for all w1, w2 ∈ Lnw
∞ . Next, the corresponding steady-state output operator

Gv : Lnw
∞ → Lnv

∞ is defined as

Gvw(t) := h(z̄w(t)), (3.20)

which, by (3.13) in Assumption 3.1 and (3.19) is incrementally bounded as

‖Gvw2 − Gvw1‖∞ ≤ χvz ◦ γzw(‖w2 − w1‖∞) (3.21)

for all w1, w2 ∈ Lnw
∞ . In Section 3.6, it will be shown that the incremental bounds

on the steady-state output operators of the linear and nonlinear subsystem play
a crucial role in the derivation of an error bound for model reduction.

Besides input-to-state convergence of the subsystems, the small-gain con-
dition (3.14) in Assumption 3.1 implies that the total nonlinear system Σ =
I(Σlin,Σnl) is input-to-state convergence, as formalized in the following lemma.

Lemma 3.3. Let Σ = I(Σlin,Σnl), with Σlin as in (3.1) and Σnl as in (3.2),
satisfy Assumption 3.1. Then, Σ is input-to-state convergent with respect to the
external input u.

Proof. This is a direct consequence of Theorem 3.2 after noting that the gain
from the state of the linear subsystem to the state of the nonlinear subsystem
is given by the composite function γzw ◦ χwx. Namely, the subsystems in Σ are
coupled via their outputs, whereas a coupling via the state is assumed in Theo-
rem 3.2. A similar reasoning holds for the gain from the state of the nonlinear
subsystem to that of the linear subsystem.

Remark 3.2. A relevant subclass of the configuration Σ = I(Σlin,Σnl) as in Fig-
ure 3.1 is obtained when the nonlinear subsystem consists of a static nonlinearity
rather than a dynamic nonlinear system. This is the class of Lur’e-type systems,
denoted by Σ = I(Σlin, ϕ). Here, ϕ : Rnw → Rnv is a static nonlinearity which
relates v and w as

v = −ϕ(w). (3.22)

In the more general configuration as discussed before, it was assumed that the
nonlinear subsystem satisfies the input-to-state convergence property, leading to
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an incremental bound on the steady-state output operator. A similar incremen-
tal bound is assumed on the static nonlinearity (3.22) as

|ϕ(w2) − ϕ(w1)| ≤ µ|w2 − w1|, (3.23)

for all w1, w2 ∈ Rnw and with µ a positive scalar. Here, it is thus assumed that
the static nonlinearity satisfies a linear incremental bound. Of course, the case
when the incremental bound is given by a (possibly nonlinear) class K∞ function
is also included in the more general setting with Σ = I(Σlin,Σnl).

The incremental bound (3.23) thus plays the same role as the incremental
bound (3.21) on the steady-state output operator Gv, such that the equality
χvz ◦ γvw(r) = µr holds for Lur’e-type systems satisfying (3.23). In addition, in
the analysis of Lur’e-type systems, the linearity of the incremental bounds on
the steady-state operators of Σlin will also be made explicit by writing them as

χix(r) = χ̃ixr, γxj(r) = γ̃xjr, i ∈ {y, w}, j ∈ {u, v} (3.24)

Then, input-to-state convergence of the Lur’e-type system Σ = I(Σlin, ϕ) is
guaranteed if the small-gain condition

µχ̃wxγ̃xv < 1 (3.25)

holds, as follows from (3.14). Due to linearity of the bounds, the functions
(id+ρi), i ∈ {1, 2} in (3.14) can be discarded when the inequality is made strict.

It is remarked that, for scalar nonlinearities, (3.23) equals the incremental
sector condition. Convergence properties for systems of this form are studied
in [195], leading to circle-criterion-like results in which the incremental sector
condition is needed. ⊳

3.5 Model reduction

As stated in Section 3.2, a model reduction procedure based on linear model
reduction techniques is proposed for the nonlinear system Σ = I(Σlin,Σnl). In
this approach, the nonlinear subsystem is disconnected and only the high-order
linear subsystem Σlin is reduced to obtain a reduced-order linear subsystem
Σ̂lin, hereby taking into account the inputs u, v and outputs y and w. Then, the
nonlinear subsystem can be reconnected to obtain the reduced-order nonlinear
system Σ̂ = I(Σ̂lin,Σnl), leading to the configuration as depicted in Figure 3.2.

The reduced-order linear subsystem is given by

Σ̂lin :







ξ̇ = Âξ + B̂uu + B̂v v̂,

ŷ = Ĉyξ,

ŵ = Ĉwξ,

(3.26)
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with ξ ∈ Rk and k, k < n, the order after reduction. The number of inputs
and outputs remains unchanged such that v̂ ∈ R

nv , ŷ ∈ R
p and ŵ ∈ R

nw .
The following assumption is made on the reduction procedure for the linear
subsystem.

Assumption 3.2. Let the reduced-order linear subsystem Σ̂lin as in (3.26) sat-
isfy the following assumptions:

1. The reduced-order linear subsystem Σ̂lin is asymptotically stable, i.e. it is
input-to-state convergent with gains γ̂ξu and γ̂ξv of class K∞;

2. With F̂i(u, v̂) := Ĉiξ̄u,v̂, i ∈ {y, w}, the steady-state output operators of the
linear subsystem Σ̂lin, the steady-state output error operators Ey : Lm

∞ ×
Lnv
∞ → Lp

∞ and Ew : Lm
∞ × Lnv

∞ → Lnw
∞ , defined as

Ei(u, v) := Fi(u, v) − F̂i(u, v), i ∈ {y, w}, (3.27)

are incrementally bounded as

‖Ei(u2, v2) − Ei(u1, v1)‖∞ ≤ εiu(‖u2 − u1‖∞) + εiv(‖v2 − v1‖∞) (3.28)

for all u1, u2 ∈ Lm
∞ and v1, v2 ∈ Lnv

∞ . Here, εij with i ∈ {y, w}, j ∈ {u, v}
are functions of class K∞.

In Assumption 3.2, asymptotic stability of the reduced-order linear subsystem
implies the existence of the steady-state output operators F̂i, i ∈ {y, w}, as well
as input-to-state convergence for this reduced-order system. In addition, it is
remarked that the error system ∆lin = Σlin − Σ̂lin is input-to-state convergent
as well, since it is the parallel interconnection of two input-to-state convergent
systems (see [136]). Thus, for each bounded input function (u(t), v(t)), there
exists a unique, bounded on R, steady-state error, allowing for the definition of
the steady-state error operators as in (3.27).

Even though the availability of error bounds of the form (3.28) appears at
first sight to be a restrictive assumption, it is stressed that (3.28) represents a
bound on reduction of the linear subsystem only. Due to linearity, the functions
εij will not only be linear, the incremental form (3.28) also directly follows from
an ordinary (i.e. non-incremental) bound on the steady-state output errors.

In the remainder of this section, methods for finding an error bound of the
form (3.28) will be discussed. To this end, it is convenient to define the error
system ∆lin as ∆lin = Σlin−Σ̂lin, which is characterized by the system matrices

Ã =

[
A 0

0 Â

]

, B̃ =

[
Bu Bv

B̂u B̂v

]

, C̃ =

[
Cy −Ĉy

Cw −Ĉw

]

(3.29)
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and the state x̃T = [ xT ξT ]. The input of the error system is given as ũT =
[ uT vT ], whereas the output is denoted by δỹT = [ (y − ŷ)T (w − ŵ)T ]. Here,
it is recalled that both inputs u and v and both outputs y and w are taken into
account in the model reduction procedure. Bounds on steady-state solutions as
in Assumption 3.2 are not typically considered in the literature. Instead, error
bounds are usually given in terms of solutions for zero initial conditions. Thus,
to be consistent with the signal norms used in the analysis of input-to-state
convergent systems, a bound εlin on the L∞-induced system norm of the error
system is considered as

‖∆lin‖L∞
= sup

ũ∈Lm
∞

([0,∞)), ũ6=0

‖δỹ‖∞
‖ũ‖∞

≤ εlin (3.30)

where δỹ(t) is the output of the error system for the input function ũ(t) and zero
initial conditions x(0) = 0, ξ(0) = 0. In (3.30), the L∞ signal norm is defined
as ‖x‖∞ = supt≥0 |x(t)|, yielding a slight abuse of notation.

Error bounds of the form (3.30) are available in the literature, as will be
discussed later. First, it is shown that the error bound for zero initial conditions
(3.30) also applies to steady-state solutions, thus implying an error bound of
the form (3.28). Thereto, it is noted that, due to linearity, (3.30) also holds
incrementally, which gives

|δỹ2(t) − δỹ1(t)| ≤ εlin sup
0≤τ≤t

|ũ2(τ) − ũ1(τ)|. (3.31)

Here, δỹ1 and δỹ2 are the output errors corresponding to the input functions
ũ1 and ũ2 and initial conditions x̃1(0) and x̃2(0), respectively, where the latter
satisfy x̃1(0) = x̃2(0). In addition, the time domain considered in the supremum
follows from causality. Next, it is recalled that both the high-order and reduced-
order linear subsystem are asymptotically stable by assumption, leading to an
asymptotically stable, and thus input-to-state convergent, error system ∆lin.
When combined with linearity, this implies that the effect of non-equal initial
conditions can be included by the introduction of a function β of class KL as

|δỹ2(t) − δỹ1(t)| ≤ β
(
|x̃2(0) − x̃1(0)|, t

)
+ εlin sup

0≤τ≤t
|ũ2(τ) − ũ1(τ)|. (3.32)

Consequently, (3.32) holds for any solution, thus including steady-state solu-
tions. Then, by using the same ideas as in the proof of Lemma 3.1, it can be
shown that (3.32) implies the incremental bound on the steady-state solutions
(3.28). Here, the functions εij are bounded as εij(r) ≤ εlinr, for all r ≥ 0, since
no distinction is made between different input-output pairs.

Some approaches for model reduction yielding an error bound of the form
(3.30) (and, thus, of the form (3.28)) are given next.
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Balanced truncation. As discussed in Section 2.4.1, balanced truncation is
a popular tool for the reduction of asymptotically stable linear systems. The
reduced-order model obtained by balanced truncation is asymptotically stable
and a well-known error bound in terms of the L2 signal norm exists. However,
an error bound of the form (3.30) can be found as well. Thereto, it is remarked
that, for strictly proper systems (i.e. a linear system whose transfer function G

satisfies lims→∞ G(s) = 0), the L∞-induced system norm is bounded by the L1

norm on the impulse response (see [203, Theorem 4.5]). This leads to

‖∆lin‖L∞
≤ ‖H̃‖1 :=

∫ ∞

0

σmax

(
H̃(t)

)
dt, (3.33)

with H̃(t) = C̃eÃtB̃ the impulse response of the error system ∆lin and σmax(·)
the largest singular value.

Error bounds in terms of the L1 norm of the impulse response are given in
[57] and [96]. Here, the latter provides a simpler form, which is given in the
following lemma.

Lemma 3.4 ([96]). Let Σlin as in (3.1) be asymptotically stable and let Σ̂lin

as in (3.26) be a reduced-order approximation of order k obtained by balanced
truncation. In addition, assume that the Hankel singular values σi are distinct.
Then, with the error system matrices as in (3.29) and H̃(t) = C̃eÃtB̃, the fol-
lowing error bound holds:

‖H̃‖1 ≤
n∑

i=k+1

(4i − 3)σi =: εlin. (3.34)

When the Hankel singular values are not distinct, a more complex expression
is obtained (see [96] for details).

The error bound (3.34) is only dependent on the (discarded) Hankel singular
values and can thus be evaluated a priori. Additionally, the magnitude of the
error bound can directly be controlled by the selection of the order k of the
reduced-order model.

A posteriori computation of the error bound. The error bound (3.34)
gives an a priori bound on the L∞-induced error, but it can be conservative. As
an alternative, a bound on the reduction error of the linear subsystem can be
computed a posteriori (i.e. after the reduced-order system is obtained) by using
the following result from [162] (see also [1]).

Lemma 3.5 ([162]). Let the error system ∆lin be characterized by the system
matrices (3.29). If there exists a matrix K = KT ≻ 0 and scalars λ > 0, ν > 0
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such that

[
ÃTK + KÃ + λK KB̃

B̃TK −νI

]

≺ 0, (3.35)





λK 0 C̃T

0 (εlin − ν)I 0

C̃ 0 εlinI



 ≻ 0, (3.36)

then the L∞-induced norm of the error system is bounded by εlin.

In this lemma, (3.35) and (3.36) form linear matrix inequalities (lmis) for
fixed λ. In this case, the error bound εlin can be minimized using standard lmi

solvers. Subsequently, a line search over λ has to be added to find the tightest
error bound. Nonetheless, it is stressed that Lemma 3.5 in general only provides
an upper bound on the real L∞-induced error norm.

When comparing the result of Lemma 3.5 to the error bound (3.34), it is noted
that the latter bound is valid for reduced-order models obtained by balanced
truncation only. Since the error is computed a posteriori in the lmi approach, it
can be performed for any reduced-order model, where it is recalled that stability
has to be preserved (as also implied by (3.35)). Furthermore, even when applied
to a reduced-order model obtained by balanced truncation, Lemma 3.5 in general
gives a tighter error bound than the one in (3.33-3.34). On the other hand,
computation of the error bound using Lemma 3.5 requires significantly more
computational effort. Additionally, it does not allow for a priori control over the
error bound by selection of the order k, as is the case in (3.34).

L∞ model reduction. The methods for finding an error bound of the form
(3.30) discussed above rely on the method of balanced truncation or an a poste-
riori computation of the error bound. As a result, both methods do not directly
aim at finding a reduced-order model that is particularly relevant in the L∞
signal norm.

To obtain a lower error bound, it would thus be desirable to directly minimize
the L∞-induced norm of the error system over reduced-order systems of given
order. A method that pursues this idea is given in [99], which is based on the
formulation of the matrix inequalities (3.35-3.36) with the reduced-order system
matrices as unknown parameters.

When compared to the options discussed above, the minimization of the
L∞-induced system norm clearly gives the tightest error bound. However, since
only an upper bound is obtained, it is remarked that this does not necessarily
yields the best reduced-order model. In addition, the conditions in [99] are no
linear matrix inequalities and thus require a significant computational effort. In
addition, the magnitude of the error bound cannot be controlled in an a priori
fashion by means of selection of the reduction order k.
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3.6 Stability preservation and error bound

In the reduction of input-to-state convergent nonlinear systems Σ = I(Σlin,Σnl)
as in Figure 3.1, the reduced-order nonlinear system is obtained by reduction of
the linear subsystem only. In this setting, the following theorem gives conditions
for stability of the reduced-order system as well as a computable error bound.

Theorem 3.6. Let the system Σ = I(Σlin,Σnl), with Σlin as in (3.1) and
Σnl as in (3.2), satisfy Assumption 3.1. In addition, let Σ̂ = I(Σ̂lin,Σnl) be
a reduced-order nonlinear system obtained by reduction of the linear subsystem,
where Σ̂lin satisfies Assumption 3.2. Then, the following statements hold:

1. The reduced-order nonlinear system Σ̂ is input-to-state convergent if there
exists functions ρ̂1 and ρ̂2 of class K∞ such that the small-gain condition

(id + ρ̂1) ◦ χvz ◦ (id + ρ̂2) ◦ γzw ◦ (εwv + χwx ◦ γxv)(s) ≤ s (3.37)

holds for all s ≥ 0;

2. Let the small-gain condition (3.37) hold, such that the reduced-order sys-
tem Σ̂ is input-to-state convergent. Then, the steady-state output error
δȳu(t) = ȳu(t) − ¯̂yu(t) is bounded as

‖δȳu‖∞ ≤ ε(‖u‖∞), (3.38)

where ε is given as

ε(r) =
(
εyu + εyv ◦ (id + ρ−1

5 ) ◦ ηvu

+ (χyx ◦ γxv + εyv ◦ (id + ρ5)) ◦ δvu

)
(r). (3.39)

Here, ρ5 is an arbitrary function of class K∞ and ηvu and δvu are given
in the proof as (3.58) and (3.72), respectively.

Proof. The following lemma, known as the weak triangular inequality, is used
extensively in this proof.

Lemma 3.7 (Weak triangular inequality, [83]). For any function γ of class K
and any function ρ of class K∞, the inequality

γ(a + b) ≤ γ
(
(id + ρ)(a)

)
+ γ
(
(id + ρ−1)(b)

)
(3.40)

holds for all a, b ≥ 0.

Now, the two statements of Theorem 3.6 are proven separately.
1. Input-to-state convergence of the reduced-order system. Similar to the

small-gain condition (3.12) for the high-order system Σ, Lemma 3.3 guarantees
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input-to-state convergence of the reduced-order system Σ̂ if there exists functions
ρ̌1 and ρ̂2 of class K∞ such that

(id + ρ̌1) ◦ γ̂ξv ◦ χvz ◦ (id + ρ̂2) ◦ γzw ◦ χ̂wξ(s) ≤ s (3.41)

holds for all s ≥ 0. Here, γ̂ξv and χ̂wξ are incremental bounds on the input-to-
state gain and output operator of the reduced-order linear subsystem, which are
guaranteed to exist by the assumption of asymptotic stability of the reduced-
order linear subsystem. However, the functions γ̂ξv and χ̂wξ are not known a
priori. Therefore, an a priori upper bound on these functions will be derived,
hereby exploiting the incremental bounds of the high-order system and the error
bounds. Thereto, the equality

F̂w(u, v2) − F̂w(u, v1) = F̂w(u, v2) −Fw(u, v2) − F̂w(u, v1) + Fw(u, v1)

+ Fw(u, v2) −Fw(u, v1), (3.42)

= Ew(u, v2) − Ew(u, v1) + Fw(u, v2) −Fw(u, v1), (3.43)

is used, which can be bounded as

‖F̂w(u, v2) − F̂w(u, v1)‖∞ ≤ ‖Ew(u, v2) − Ew(u, v1)‖∞
+ ‖Fw(u, v2) −Fw(u, v1)‖∞. (3.44)

Here, the first term is related to the incremental gain of the steady-state error
operator Ew, for which relation (3.28) is assumed to hold. Further, the second
term can be upper bounded by using the incremental gain of the high-order
linear subsystem Σlin as in (3.18). Using these bounds, (3.44) is incrementally
bounded by

‖F̂w(u, v2) − F̂w(u, v1)‖∞ ≤ εwv(‖v2 − v1‖∞) + χwx ◦ γxv(‖v2 − v1‖∞), (3.45)

= (εwv + χwx ◦ γxv)(‖v2 − v1‖∞). (3.46)

Here, (3.46) provides an upper bound on the incremental gain of the reduced-
order steady-state output operator F̂w (with respect to the input v). Hence, the
inequality

χ̂wξ ◦ γ̂ξv(s) ≤ (εwv + χwx ◦ γxv)(s) (3.47)

holds for all s ≥ 0. This inequality can thus be used to find a condition for
input-to-state convergence of the reduced-order coupled system without explicit
knowledge of γ̂ξv and χ̂wξ, by replacing them in (3.41) by exploiting (3.47).
Thereto, these terms have to be grouped to χ̂wξ ◦ γ̂ξv. To this end, the function
ρ̂1 is defined as

ρ̂1(s) = γ̂−1
ξv ◦ ρ̌1 ◦ γ̂ξv(s), (3.48)

where it can be checked that ρ̂1 is of class K∞ and satisfies the property

(id + ρ̌1) ◦ γ̂ξv(s) = γ̂ξv ◦ (id + ρ̂1)(s), ∀s ≥ 0. (3.49)
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Application of (3.49) in (3.41) leads to

γ̂ξv ◦ (id + ρ̂1) ◦ χvz ◦ (id + ρ̂2) ◦ γzw ◦ χ̂wξ(s) ≤ s, ∀s ≥ 0, (3.50)

which is equivalent to

(id + ρ̂1) ◦ χvz ◦ (id + ρ̂2) ◦ γzw ◦ χ̂wξ ◦ γ̂ξv(s) ≤ s, ∀s ≥ 0. (3.51)

Now, by using (3.47), it can be observed that (3.37) implies (3.51), which in turn
proves input-to-state convergence of the reduced-order system Σ̂ by application
of Lemma 3.3. This proves the first statement of the theorem.

2. Error bound. As a first step in the error analysis, bounds on the signal
norms related to the high-order system Σ are derived. Here, it is noted that only
incremental bounds on the steady-state operators of Σlin and Σnl are available.
However, due to linearity of Σlin and the properties g(0, 0) = 0 and h(0) = 0 for
Σnl, x̄u(t) = z̄u(t) = 0 is the unique steady-state solution for zero input. Then,
application of the incremental bound (3.16) yields

‖x̄u − 0‖∞ ≤ γxu(‖u − 0‖∞) + γxv(‖v̄u − 0‖∞), (3.52)

with x̄u(t) the steady-state solution for input signals u(t) and v̄u(t). However, the
steady-state signal v̄u(t) is the result of the interaction between the subsystems,
whereas u(t) is the only external input to Σ. The input signal u(t) therefore
completely determines the steady-state response of the system, which motivates
the notation as used in (3.52).

In order to obtain a bound on the steady-state signal w̄u(t), (3.52) is substi-
tuted in the incremental bound on the output w, leading to

‖w̄u − 0‖∞ ≤ χwx

(
γxu(‖u − 0‖∞) + γxv(‖v̄u − 0‖∞)

)
, (3.53)

where the zero-solution can clearly be discarded. Further, v̄u(t) can be bounded
in terms of w̄u(t) using (3.21), which gives

‖w̄u‖∞ ≤ χwx

(
γxu(‖u‖∞) + γxv ◦ χvz ◦ γzw(‖w̄u‖∞)

)
, (3.54)

≤ χwx ◦ (id + ρ3) ◦ γxv ◦ χvz ◦ γzw(‖w̄u‖∞)

+ χwx ◦ (id + ρ−1
3 ) ◦ γxu(‖u‖∞). (3.55)

In the latter step, the weak triangular inequality (Lemma 3.7) is applied to split
the terms related to u and w̄u, where ρ3 is an arbitrary function of class K∞.
Furthermore, it is noted that the small-gain condition (3.14) implies that there
exists a function ρ3 such that the right-hand-side term in (3.55) related to w̄u

satisfies the strict inequality

χwx ◦ (id + ρ3) ◦ γxv ◦ χvz ◦ γzw(s) < s (3.56)
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for all s > 0. Then, by choosing ρ3 such that (3.56) holds (by taking ρ3 = ρ1 for
example), (3.55) can be written as

‖w̄u‖∞ ≤ (id − χwx ◦ (id + ρ3) ◦ γxv ◦ χvz ◦ γzw)−1

◦ χwx ◦ (id + ρ−1
3 ) ◦ γxu(‖u‖∞) =: ηwu(‖u‖∞), (3.57)

providing a bound on the steady-state solution w̄u(t) as a function of the external
input function u(t) with ηwu of class K∞. Now, substitution of (3.57) in (3.21)
leads to a bound on the steady-state solution v̄u(t) as

‖v̄u‖∞ ≤ χvz ◦ γzw(‖w̄u‖∞) ≤ χvz ◦ γzw ◦ ηwu(‖u‖∞) =: ηvu(‖u‖∞), (3.58)

where ηvu is of class K∞.

So far, only the original high-order system Σ is considered and bounds on
the steady-state solution are derived. As a second step, the (steady-state) er-
rors between the high-order system and the reduced-order approximant Σ̂ are
considered. Since the same input signal u(t) is applied to both systems, the
steady-state error on w(t) is given by

δw̄u(t) = w̄u(t) − ¯̂wu(t) = Fw(u, v̄u)(t) − F̂w(u, ¯̂vu)(t), (3.59)

= Fw(u, v̄u)(t) −Fw(u, ¯̂vu)(t) + Fw(u, ¯̂vu)(t) − F̂w(u, ¯̂vu)(t), (3.60)

where introduction of the terms Fw(u, ¯̂vu) allows for splitting the bound on δw̄u

according to

‖δw̄u‖∞ ≤ ‖Fw(u, v̄u) −Fw(u, ¯̂vu)‖∞ + ‖Fw(u, ¯̂vu) − F̂w(u, ¯̂vu)‖∞. (3.61)

Here, the first term is related to the steady-state operator of the high-order
linear subsystem, where it is recalled that input-to-state convergence implies the
incremental bound (3.18). The second term is related to the error introduced
by model reduction of the linear subsystem. In fact, it equals the steady-state
error operator Ew(u, ¯̂vu), which is, by assumption, bounded as in (3.28). Using
these bounds, (3.61) is bounded as

‖δw̄u‖∞ ≤ χwx ◦ γxv(‖v̄u − ¯̂vu‖∞) + εwu(‖u‖∞) + εwv(‖¯̂vu‖∞), (3.62)

where the property Ew(0, 0) = 0 is used. Furthermore, the first term in (3.62) is
now related to the steady-state error in v, i.e. δv̄u(t) = v̄u(t) − ¯̂vu(t). By input-
to-state convergence of the nonlinear subsystem Σnl, this error is bounded in
terms of the steady-state error on w as in (3.21), leading to

‖δw̄u‖∞ ≤ χwx ◦ γxv ◦ χvz ◦ γzw(‖δw̄u‖∞)

+ εwu(‖u‖∞) + εwv(‖v̄u‖∞ + ‖δv̄u‖∞). (3.63)
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The triangle inequality and the assumption that εwv is of class K∞ is used to
obtain the last term. Subsequently, this term can be split by using the weak
triangular inequality (3.40) to obtain

‖δw̄u‖∞ ≤ χwx ◦ γxv ◦ χvz ◦ γzw(‖δw̄u‖∞) + εwu(‖u‖∞)

+ εwv ◦ (id + ρ4)(‖δv̄u‖∞) + εwv ◦ (id + ρ−1
4 )(‖v̄u‖∞), (3.64)

with ρ4 an arbitrary class K∞ function. In (3.64), (3.21) can be used to bound
‖δv̄u‖∞ as before, whereas ‖v̄u‖∞ can be bounded in terms of the input function
u(t) by application of (3.58), which yields

‖δw̄u‖∞ ≤
(
χwx ◦ γxv + εwv ◦ (id + ρ4)

)
◦ χvz ◦ γzw(‖δw̄u‖∞)

+
(
εwu + εwv ◦ (id + ρ−1

4 ) ◦ ηvu

)
(‖u‖∞). (3.65)

In order to rewrite (3.65) to obtain a bound on the steady-state error δw̄u(t),
the condition

(
χwx ◦ γxv + εwv ◦ (id + ρ4)

)
◦ χvz ◦ γzw(s) < s (3.66)

has to hold for all s > 0. Thereto, the small-gain condition (3.37) is considered,
which can be written as

s ≥ χvz ◦ (id + ρ̂2) ◦ γzw ◦ (χwx ◦ γxv + εwv) ◦ (id + ρ̂1)(s) (3.67)

> χvz ◦ γzw ◦ (χwx ◦ γxv ◦ (id + ρ̂1) + εwv ◦ (id + ρ̂1))(s) (3.68)

> χvz ◦ γzw ◦ (χwx ◦ γxv + εwv ◦ (id + ρ̂1))(s) (3.69)

where the two inequalities are obtained by recalling that ρ̂2 and ρ̂1 are of class
K∞. When comparing (3.69) to (3.66), it is clear that ρ4 can be chosen such that
(3.66) holds. For example, the choice ρ4 = ρ̂1 gives the desired result. Hence,
(3.65) gives the bound on δw̄u(t) as

‖δw̄u‖∞ ≤
(
id − (χwx ◦ γxv + εwv ◦ (id + ρ4)) ◦ χvz ◦ γzw

)−1

◦
(
εwu + εwv ◦ (id + ρ−1

4 ) ◦ ηvu

)
(‖u‖∞), (3.70)

=: δwu(‖u‖∞), (3.71)

where it can be observed that δwu is of class K∞. Using (3.21), a bound on
δv̄u(t) is obtained as

‖δv̄u‖∞ ≤ χvz ◦ γzw(‖δw̄u‖∞) ≤ χvz ◦ γzw ◦ δwu(‖u‖∞) =: δvu(‖u‖∞) (3.72)

with δvu of class K∞.
At this point, bounds have been found on all steady-state error signals, except

the output error. In order to obtain this overall error bound, the steady-state
outputs of Σ and Σ̂ are considered:

δȳu(t) = ȳu(t) − ¯̂yu(t) = Fy(u, v̄u)(t) − F̂y(u, ¯̂vu)(t), (3.73)

= Fy(u, v̄u)(t) −Fy(u, ¯̂vu)(t) + Fy(u, ¯̂vu)(t) − F̂y(u, ¯̂vu)(t). (3.74)
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Similar to (3.60), (3.74) can be bounded as

‖δȳu‖∞ ≤ ‖Fy(u, v̄u) −Fy(u, ¯̂vu)‖∞ + ‖Fy(u, ¯̂vu) − F̂y(u, ¯̂vu)‖∞, (3.75)

where the first term is related to the incremental gain of Σlin, which can be
bounded using (3.18). The second term is related to the error introduced by
model reduction of the linear subsystem, which is bounded by (3.28). This
yields

‖δȳu‖∞ ≤ χyz ◦ γxv(‖δv̄u‖∞) + εyu(‖u‖∞) + εyv(‖¯̂vu‖∞). (3.76)

The latter term is dependent on the dynamics of the reduced-order model, which
can be bounded in terms of the dynamics of the original high-order model and
the reduction error by using the triangle inequality. Then, spitting this term
using the weak triangular inequality (Lemma 3.7) yields

‖δȳu‖∞ ≤ χyz ◦ γxv(‖δv̄u‖∞) + εyu(‖u‖∞)

+ εyv ◦ (id + ρ5)(‖δv̄u‖∞) + εyv ◦ (id + ρ−1
5 )(‖v̄u‖∞), (3.77)

with ρ5 of class K∞. In (3.77), the terms related to δv̄u and v̄u can be bounded
using (3.72) and (3.58), respectively. This leads to the final result

‖δȳu‖∞ ≤
(
εyu + εyv ◦ (id + ρ−1

5 ) ◦ ηvu

+ (χyx ◦ γxv + εyv ◦ (id + ρ5)) ◦ δvu

)
(‖u‖∞) =: ε(‖u‖∞), (3.78)

where it can be checked that ε is of class K∞. This proves the second statement
of the theorem.

In Theorem 3.6, (3.37) guarantees the fulfilment of the small-gain condition
for the reduced-order nonlinear system. Furthermore, (3.38) provides an a priori
error bound on the reduction.

It is recalled that the input-to-state convergence property amounts to both
internal and input-output stability properties. Since a unique, bounded, steady-
state solution exists for each input signal, the corresponding outputs are bounded
well. This property can be considered as an input-output stability property.
In addition, the input-to-state convergence property guarantees stability of the
origin for zero input. Thus, both internal and input-output stability properties
of the reduced-order system Σ̂ are obtained.

In addition, The input-to-state convergence property plays an important role
in both the definition and derivation of the error bound.

First, the uniform convergence property (as implied by input-to-state con-
vergence) allows for the unique definition of the error. Namely, since both the
high-order and reduced-order nonlinear system are uniformly convergent, they
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exhibit unique steady-state trajectories. Then, the comparison of the corre-
sponding (steady-state) outputs leads to a unique definition of an error. This
aspect will be discussed in more detail at the end of this section.

Second, the input-to-state convergence property of the subsystems is crucial
in the derivation of the error bound. In the error analysis in the proof of Theo-
rem 3.6, the (steady-state) solutions of the high-order and reduced-order system
are compared. Herein, it is thus of interest how the differences between these
solutions are amplified as they pass through the feedback loop. The incremen-
tal bounds on the steady-state operators provide a bound on the amplification
of these errors, whereas the small-gain theorem guarantees boundedness of the
steady-state error for the coupled configuration. Thus, the error bound exists
and can be obtained by the analysis of the (incremental) gains of the subsystems,
as exploited in the proof in Theorem 3.6.

Remark 3.3. It is noted that the assumption that Σlin is linear is not required
in the statement and proof of Theorem 3.6. In fact, only the input-to-state
convergence properties of the subsystems and the error system are used, leading
to incremental bounds on the corresponding steady-state operators. The results
of Theorem 3.6 are therefore also applicable to coupled input-to-state convergent
nonlinear systems, where one of the subsystems is reduced such that the error
bound (3.28) holds.

In the current setting, with a linear subsystem Σlin, it is recalled that the
functions χix, γxj and εij with i ∈ {w, y}, j ∈ {u, v} can be chosen as linear
functions. ⊳

Remark 3.4. Theorem 3.6 provides a condition for input-to-state convergence of
the reduced-order model, as well as an error bound, that can be checked and
computed a priori. However, when the incremental gains χ̂yx, χ̂yx and γ̂xu,
γ̂xv of the reduced-order linear subsystem Σ̂lin are computed after the linear
model reduction is performed, a less conservative condition for input-to-state
convergence of the coupled reduced-order model can be obtained.

More specifically, the condition (3.41) in the proof can be evaluated directly.
Moreover, a tighter error bound will be obtained in this case, since a bound
on ‖¯̂vu‖∞ in (3.62) and (3.76) can be computed on the basis of the reduced-
order system directly, by following the reasoning leading to its counterpart of
the high-order system ‖v̄u‖∞ (see (3.58)). ⊳

Remark 3.5. The explicit expression (3.38-3.39) for the error bound allows for a
reduction procedure in which the error is minimized. Namely, reduction can be
applied to a weighted version of the linear subsystem, hereby placing emphasis
on the input-output combination that has the largest contribution to the overall
error bound ε as in (3.39). ⊳

Remark 3.6. The computation of the condition for input-to-state convergence of
the reduced-order model and the error bound do not necessarily require knowl-
edge on the exact dynamics of the nonlinear system Σnl. The results there-
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fore hold for all nonlinear systems satisfying the same incremental input-output
bound given by the nonlinear function χvz ◦ γzw. This is relevant in many prac-
tical applications, where nonlinearities are typically hard to model or subject to
uncertainties. In this case, a conservative bound on the input-output gain may
be exploited. ⊳

As stated in Remark 3.2, an important subclass of nonlinear systems Σ =
I(Σlin,Σnl) as in Figure 3.1 is obtained when the nonlinear dynamic subsys-
tem Σnl is replaced by a static nonlinearity ϕ. For these Lur’e-type systems,
Theorem 3.6 directly leads to the following corollary, in which linearity of Σlin

is explicitly used by exploiting the linear bounds (3.24). In addition, a single
error bound on reduction of the linear subsystem as in (3.30) is assumed (such
that εijr ≤ εlinr, i ∈ {y, w}, j ∈ {u, v}), leading to a clear interpretation of the
results.

Corollary 3.8. Let Σ = I(Σlin, ϕ) be a Lur’e-type system, with Σlin as in (3.1)
an asymptotically stable linear system and ϕ as in (3.22) a static nonlinearity
satisfying (3.23) such that the small-gain condition (3.25) holds. Furthermore,
let Σ̂ = I(Σ̂lin, ϕ) be a reduced-order Lur’e-type system, where Σ̂lin is asymp-
totically stable and the error bound (3.28) holds. Then, the following statements
hold:

1. The reduced-order Lur’e-type system Σ̂ is input-to-state convergent if the
small-gain condition

µ(χ̃wxγ̃xv + εlin) < 1 (3.79)

holds;

2. Let the small-gain condition (3.79) hold, such that the reduced-order system
Σ̂ is input-to-state convergent. Then, the output error is bounded as

‖δȳu‖∞ ≤ ε‖u‖∞, (3.80)

with

ε = εlin

(

1 +
µχ̃wxγ̃xu

1 − µχ̃wxγ̃xv

)(

1 +
µ(χ̃yxγ̃xv + εlin)

1 − µ(χ̃wxγ̃xv + εlin)

)

. (3.81)

The error bound for the reduction of Lur’e-type systems (3.81) basically
consists of two parts. First, the part εlin gives the error bound on reduction of
the linear subsystem, whereas the remaining terms describe the influence of the
nonlinearity on the overall error bound. Here, it is clear that the presence of the
nonlinearity always increases the error bound, whereas the linear error bound is
recovered in the absence of the nonlinearity (i.e. for µ = 0).
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The error bound in Theorem 3.6 does not apply to all solutions of the high-
order and reduced-order nonlinear systems. Since steady-state operators (and
their incremental bounds) are explicitly exploited, (3.38) only provides a bound
on the steady-state output error, which is formed by the comparison of the
(unique) steady-state outputs of the high-order and reduced-order system.

On the other hand, it is remarked that existing error bounds for the reduction
of linear systems are typically stated as (induced) norms on the error system
(see e.g. [6]), which is formed by comparing the outputs of the high-order and
reduced-order system. These norms are generally interpreted as the norm on
the error signal when the error system starts at zero initial condition. Here, the
notion of initial condition follows from the assertion that the system ”starts”
at some time t0, such that the input and output signals are only defined for
t ∈ [t0,∞). This differs from the approach in convergent systems as taken in
this chapter, since steady-state solutions are defined for all time t ∈ R. In order
to compare the applicability of the error bound on the steady-state error as in
Theorem 3.6 to existing error bounds, the following lemma is considered.

Lemma 3.9. Let system (3.3), with f(0, 0) = 0, be globally uniformly convergent
and let an input function u(t) satisfy u(t) = 0 for all t ∈ (−∞, t0). Then, the
corresponding steady-state solution x̄u(t) satisfies

x̄u(t) = 0, ∀t ∈ (−∞, t0]. (3.82)

Proof. Due to the uniform convergence property, the steady-state solution x̄u(t)
exists and is unique in the sense that it is the only function that is bounded
on R (i.e. for all time) for the given input function. For all t ∈ (−∞, t0), the
steady-state solution x̄u(t) satisfies

ẋ = f(x, 0), (3.83)

such that (by using f(0, 0) = 0) the solution x̄u(t) = 0, t ∈ (−∞, t0) remains
bounded for all t ∈ (−∞, t0). Here, it is noted that the uniform convergence
property does not directly imply that this solution is unique, since it is not
defined on the entire time axis. It thus has to be shown that x̄u(t) = 0 for
t ∈ (−∞, t0) is in fact the only bounded solution in this time interval, such
that it forms a part of the total steady-state solution (which is defined and
bounded for all t ∈ R). To do so, it is noted that global uniform convergence
implies global asymptotic stability of the equilibrium x̄u = 0 of the autonomous
system (3.83). Then, a converse Lyapunov theorem (see e.g. [91]) can be used
to prove the existence of a smooth positive definite radially unbounded function
V : Rn → R and a positive definite function α : Rn → R such that

∂V

∂x
(x)f(x, 0) ≤ −α(x), ∀x ∈ R

n. (3.84)

To prove that x̄u(t) = 0 is the only bounded solution in the time interval t ∈
(−∞, t0), it is assumed that there exists a time t∗ ∈ (−∞, t0) such that x̄u(t∗) =
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x∗ 6= 0. By tracing the solution going through x∗ in backward time τ = −t, it is
easily seen that (3.84) implies that V (x(τ)) → ∞ for τ → ∞ (i.e. for t → −∞).
Since V (x) is radially unbounded and smooth, this implies that the state grows
unbounded. Hence, x̄u(t) = 0 is the only solution that remains bounded on
the time interval t ∈ (−∞, t0), and it therefore forms a part of the steady-state
solution. By continuity, x̄u(t0) = 0 as well.

By considering input functions u(t) satisfying u(t) = 0 for all t ∈ (−∞, t0),
Lemma 3.9 basically translates the infinite time axis, as used in the analysis
of steady-state solutions, to a time axis starting at t = t0 and a corresponding
initial condition x̄u(t0) = 0. For these input signals, the steady-state solution
(for t ∈ [t0,∞)) thus equals the solution starting at zero initial condition. As
a result, the error bound on steady-state solutions in Theorem 3.6 applies to
the same solutions as existing error bounds. Thus, the focus on steady-state
solutions does not provide any restriction.

As discussed after Theorem 3.6, the uniform convergence property plays an im-
portant role in the definition of an error bound. It is recalled (see Definition 2.4)
that uniform convergence amounts to the existence, for each bounded input
function, of a unique steady-state solution. When combined with the (continu-
ous) output equation, this leads to a unique steady-state output. Consequently,
when both the high-order and reduced-order system are uniformly convergent,
the comparison of their steady-state outputs leads to a unique steady-state error,
allowing for a clear interpretation.

To further illustrate the usefulness of the uniform convergence property in the
definition of error bounds, nonlinear systems that do not satisfy this property are
considered. In particular, nonlinear systems are considered that 1. do not have
bounded solutions for each bounded input signal, or 2. have multiple attractors:

1. When either the high-order or the reduced-order system (or both) exhibit
unbounded solutions for some input signals, the output error is likely to be
unbounded as well. Thus, an error bound might only apply to a subclass of
input signals, which complicates its definition and limits its applicability;

2. When either the high-order or the reduced-order system (or both) has
multiple attractors, i.e. multiple steady-state solutions, the error cannot
be defined uniquely. In this case, the error bound should either make a
distinction between different steady-state solutions, which cannot straight-
forwardly be characterized, or a worst-case error bound should be defined,
making the error bound more conservative.
When systems are considered for given initial condition, the resulting so-
lutions are uniquely defined, but the existence of multiple attractors still
complicates the definition of an error bound. Since the region of attraction
of an attractor is not necessarily preserved during reduction, the high-order
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Figure 3.4: Flexible beam with nonlinear support.

and reduced-order system might converge to different attractors, leading
to the same problems as before.

As discussed above, the uniform convergence property is beneficial in the
scope of model reduction, since it allows for a clear definition of the reduction
error. At this point, it is recalled that asymptotically stable linear systems
naturally satisfy this uniform convergence property. From this perspective, the
definition of error bounds for uniformly convergent nonlinear systems forms a
natural extension of the linear case.

3.7 Example

To illustrate the model reduction procedure discussed in the previous sections,
the clamped flexible beam as in Figure 3.4 is considered. The vertical deflection
of the beam is of interest and a model is obtained by discretization using Euler
beam elements, leading to a linear subsystem Σlin as in (3.1) of order n = 60.
The external input u ∈ R is a force on the beam, whereas the external output
y ∈ R represents the vertical deflection of a point on the beam, as indicated in
Figure 3.4.

At the free end, this beam is supported by a mount showing nonlinear vis-
coelastic behavior, as modeled using a nonlinear Maxwell element. The parame-
ter z ∈ R denotes the internal state of the Maxwell element and c(z) and d(w−ż)
are nonlinear functions describing its stiffness and damping characteristics, re-
spectively, with w the vertical velocity of the tip of the beam and d invertible.
Consequently, the nonlinear dynamics are given as

ż = −d−1 ◦ c(z) + w, (3.85)

where the output force v is obtained as v = −c(z). As an example, the nonlinear
functions d and c are chosen according to c(s) = κs and d−1(s) = (κ−1s) +
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(κ−1s)3, such that the nonlinear subsystem Σnl is given as

Σnl :

{
ż = −z − z3 + w,

v = −κz.
(3.86)

Here, κ is chosen as κ = 6. By using the Demidovich condition (see e.g. [136,
Theorem 2.29]), it is easily concluded that (3.86) is input-to-state convergent. In
order to find the corresponding gain function γzw, let z̄w(t) be the steady-state
solution for an input signal w(t) and z̃(t) the solution to an input signal w̃(t).
Then, after introducing the Lyapunov function V (∆z) = 1

2∆z2 with ∆z = z̃−z̄w,
its time derivative yields

V̇ = −|∆z|2 − ∆z(z̃3 − z̄3
w) + ∆z∆w, (3.87)

with ∆w = w̃ − w. In (3.87), the second term at the right-hand-side satisfies

∆z(z̃3 − z̄3
w) = ∆z

(
(z̄w + ∆z)3 − z̄3

w

)
≥ 1

4∆z4, (3.88)

where the inequality can be obtained by minimization over z̄w. Exploiting (3.88)
in (3.87) gives

V̇ ≤ −|∆z|2 − 1
4 |∆z|4 + ∆z∆w, (3.89)

≤ −α|∆z|2 − |∆z|
(
(1 − α)|∆z| + 1

4 |∆z|3 − |∆w|
)

(3.90)

for α ∈ (0, 1). Here, besides splitting the term −|∆z|2, the inequality ∆z∆w ≤
|∆z||∆w| is used. Now, (3.90) can be rewritten to obtain

V̇ ≤ −α|∆z|2, ∀ (1 − α)|∆z| + 1
4 |∆z|3 ≥ |∆w|. (3.91)

Thus, V is a Lyapunov function proving input-to-state stability (iss) of the
deviation ∆z with respect to the input perturbation ∆w (see e.g. [91]). Then,
the gain function γzw follows from (3.91) and is given by its inverse as

γ−1
zw (r) = r + 1

4r3, (3.92)

where α → 0 is chosen to obtain the tightest gain function. Besides this gain
function, it is easily observed that the output equation in (3.86) satisfies an
incremental bound as in (3.13) with gain function χvz(r) = κr.

The gain functions for the linear subsystem Σlin (i.e. the beam model) are
found by the computation of the L1 norm of the impulse response for each input-
output pair. By (3.33), this gives a bound on the L∞-induced system norm,
where it is noted that (3.33) holds with equality for scalar impulse responses,
as considered here. Since the input-output gains of the linear subsystem are
computed, expressions for the composition of gain functions are obtained as

χyx ◦ γxu(r) = (3.741 · 10−4)r, χyx ◦ γxv(r) = (1.623 · 10−3)r,
χwx ◦ γxu(r) = (4.096 · 10−2)r, χwx ◦ γxv(r) = (1.454 · 10−1)r.

(3.93)
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Figure 3.5: Frequency response function for input v and output w for
the high-order linear subsystem Σlin and its reduced-order
approximation Σ̂lin of order k = 4.

Due to linearity of Σlin, the gain functions (3.93) are linear (see also Remark 3.3).
Furthermore, it is remarked that the set of equalities (3.93) does not allow for
finding the values of the individual gain functions γxi and χjx, with i ∈ {u, v}
and j ∈ {y, w}. Nonetheless, in the evaluation of the small-gain theorem and the
computation of the error bound, only the compositions as in (3.93) are required.

At this point, it is concluded that both the beam system and the nonlinear
Maxwell element are input-to-state convergent. To evaluate the input-to-state
convergence property of the interconnection Σ = I(Σlin,Σnl), it is noted that
(3.92) implies γzw(r) < r for all r > 0. Then, the small-gain condition

χwx ◦ γxv ◦ χvz ◦ γzw(r) ≤ 0.8724r < r, ∀r > 0 (3.94)

holds. It is noted that (3.94) is equivalent to (3.14) since the strict inequality as
well as linearity in (3.94) implies the existence of the functions ρi, i ∈ {1, 2}, in
the small-gain condition (3.14). Consequently, the nonlinear beam system as in
Figure 3.4 satisfies Assumption 3.1 and is input-to-state convergent.

Balanced truncation (see Section 2.4.1) is applied to the linear beam model
Σlin to obtain a reduced-order model Σ̂lin of order k = 4. Here, it is recalled
that the inputs u and v and the outputs y and w are taken into account in
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Figure 3.6: Nonlinear gain function γzw for Σnl (left) and error bound ε

for model reduction (right).

this reduction procedure. A comparison of the reduced-order model obtained in
this way and the original high-order model is given in Figure 3.5, from which it
can be concluded that the reduced-order model provides a good approximation
for low frequencies. In particular, the first two vibration modes of the beam
system are captured. An a posteriori computation of the error bounds for each
individual input-output pair, hereby again exploiting (3.33), yields

εyu(r) = (4.322 · 10−6)r, εyv(r) = (1.057 · 10−5)r,
εwu(r) = (5.596 · 10−3)r, εwv(r) = (9.161 · 10−3)r,

(3.95)

where it is again noted that the functions in (3.95) are linear. By using the
numerical values of the gain functions in (3.93) and (3.95), it can be concluded
that the condition (3.37) in Theorem 3.6 is satisfied. As a result, input-to-
state convergence of the reduced-order system Σ̂ = I(Σ̂lin,Σnl) is guaranteed.
In addition, the error bound (3.38-3.39) on the steady-state output error holds,
where the computation of (3.39) yields the result in the right graph of Figure 3.6.
Clearly, this error bound is a nonlinear function of the amplitude of the input,
which is due to the gain function γzw of the nonlinear subsystem as in (3.92),
which is depicted in the left graph of Figure 3.6.

To evaluate the quality of the reduced-order model in time domain, the results
of simulations are depicted in Figures 3.7 and 3.8 for different input signals.

In Figure 3.7, the steady-state outputs of the high-order and reduced-order
system are shown for a sinusoidal input signal with a frequency of 10 Hz. As
might be expected from the frequency response function comparison in Fig-
ure 3.5, the reduced-order model gives a very good approximation. This can
also be concluded from the magnitude of the steady-state output error in the
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Figure 3.7: Steady-state outputs of the high-order system Σ and reduced-
order system Σ̂ of order k = 4 (left) and magnitude of the
steady-state error δȳu (right) for u(t) = 103 sin(2π10t).
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Figure 3.8: Steady-state outputs of the high-order system Σ and reduced-
order system Σ̂ of order k = 4 (left) and magnitude of the
steady-state error δȳu (right) for u(t) = 106 sign(sin(2π144t)).

right graph of Figure 3.7. Here, since the L∞ error bound as given by Theo-
rem 3.6 gives a direct bound on the magnitude of the steady-state error in time
domain, it can be included in the figure and compared to the obtained error.
Even though this comparison suggest that the error bound is conservative, it is
recalled that the error bound holds for all input functions in the class Lm

∞.

To illustrate this, the steady-state responses are computed for an input func-
tion with a frequency of 144 Hz, which corresponds to the first vibration mode
of the beam system not taken into account in the reduced-order model. As a
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|δȳu|
ε(106)

Figure 3.9: Steady-state outputs of the high-order system Σ and reduced-
order system Σ̂ of order k = 6 (left) and magnitude of the
steady-state error δȳu (right) for u(t) = 106 sign(sin(2π144t)).

result, the simulations in Figure 3.8 indeed indicate a large error. Here, it is
remarked that the beam deflections are unrealistically large for this input mag-
nitude. Nonetheless, this example shows that the error is tightly bounded by the
error bound, such that the error bound is not that conservative. However, it is
recalled that the error bound on reduction of the linear subsystem is computed
a posteriori, for each individual input-output combination. This approach leads
to tight bounds, greatly limiting the conservativeness of the overall error bound
on the nonlinear system. Finally, it is remarked that the quality of the reduced-
order model for this particular input function can be improved by increasing the
reduction order to k = 6, as is illustrated in Figure 3.9.

3.8 Discussion

A model reduction procedure for a class of convergent nonlinear systems is pro-
posed in this chapter. Nonlinear systems are considered that can be decomposed
into the feedback interconnection of a high-order linear subsystem and a nonlin-
ear subsystem or relatively low-order, where these subsystems satisfy the input-
to-state convergence property. For these systems, model reduction is applied
on the linear subsystem only. This allows for the use of well-developed existing
model reduction techniques for linear systems, making the approach computa-
tionally attractive. The reduced-order nonlinear system is then obtained by re-
connecting the nonlinear subsystem and conditions for stability are given, hereby
exploiting a small-gain theorem for input-to-state convergent systems. Further-
more, the input-to-state convergence property is shown to be instrumental in
the derivation of an error bound. First, it allows for a clear definition of an error
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bound for nonlinear systems. Second, input-to-state convergence facilitates the
computation of an error bound. This error bound is stated in terms of the L∞
signal norm and thus allows for a direct interpretation in time domain, which
further motivates the usefulness of the reduction approach.





Chapter 4

Model reduction for nonlinear

systems with incremental

input-output properties

4.1 Introduction

In this chapter, a model reduction procedure for a class of nonlinear systems
is proposed, hereby addressing the properties of stability preservation and the
derivation of a computable error bound. As in Chapter 3, nonlinear systems
are considered that can be decomposed into the feedback interconnection of a
high-order linear subsystem and a nonlinear subsystem of relatively low order.
Again, model reduction is applied to the linear subsystem only, allowing for the
use of well-developed model reduction techniques for linear systems. In addition,
the methods developed in this chapter aim at the preservation of stability during
the reduction process and the derivation of a computable a priori error bound.

Nonetheless, the results in this chapter differ from those in Chapter 3 in three
ways. First, the methods presented in this chapter do not rely on the (input-to-
state) convergence property as in Chapter 3. Instead, the properties of a bounded
incremental L2 gain and incremental passivity are used. Secondly, rather than
considering stability properties only, methods are developed that aim at the
preservation of certain input-output properties. Specifically, the properties of
contractivity (an input-output gain bounded by 1, which can be interpreted as
a performance specification) and passivity are considered. Thirdly, the results
are applied in the scope of controller reduction, hereby building upon existing
techniques for controller reduction for controlled nonlinear systems.

This chapter is based on [20]. In addition, parts have appeared as [17] and [18].



70 Chapter 4. Nonlinear systems with incremental input-output properties

The nonlinear subsystem is thus assumed to have a bounded incremental L2

gain [151] or to be incrementally passive [132]. These incremental input-output
properties can be considered as incremental versions of the well-known L2 gain
or passivity property (see e.g. [161]) and prove to be crucial in the derivation of
an error bound. Namely, they characterize the evolution of errors introduced by
reduction of the linear subsystem.

Next, reduction procedures are given for classes of contractive or passive
nonlinear systems. Here, the application of the specialized reduction methods
for linear systems discussed in Sections 2.4.2 and 2.4.3 leads to a reduction
method in which contractivity and passivity is preserved for the full nonlinear
system. A similar idea was used for systems with static nonlinearities in [143],
where the preservation of passivity in the scope of model reduction for electrical
circuits is considered. It is remarked that the current chapter not only extends
these results to dynamic nonlinearities, but also focusses on internal stability
properties. In addition, a relation between the preservation of passivity and the
preservation of contractivity is shown.

Finally, the results on model reduction for nonlinear systems with bounded
incremental L2 gain (or incrementally contractive systems) are applied in the
scope of controller reduction for a class of nonlinear controlled systems. As in
the case of model reduction, existing controller reduction procedures for linear
controlled systems are exploited. Herein, both the objectives of approximation of
closed-loop behavior and performance preservation are addressed. It is remarked
the problem of controller reduction for nonlinear controlled systems has only
received limited attention in the literature.

The remainder of this chapter is organized as follows. The research problem
is stated in Section 4.2 and preliminaries regarding incremental gain and passiv-
ity properties are discussed in Section 4.3. Next, the main results on reduction
of nonlinear systems are discussed in Section 4.4, hereby addressing the preser-
vation of stability and input-output gain or passivity. Here, error bounds are
derived as well. In Section 4.5, these results are used in the scope of controller
reduction. These results are illustrated by means of application to an example
in Section 4.6. Finally, conclusions are stated in Section 4.7.

4.2 Problem setting

In this chapter, nonlinear systems of the form as depicted in Figure 4.1 are con-
sidered. Here, the system Σ = I(Σlin,Σnl) consists of a feedback configuration
of a high-order linear subsystem Σlin and a nonlinear subsystem Σnl of relatively
low order, where I(·, ·) denotes the interconnection as in Figure 4.11. The linear

1It is remarked that the notation I(·, ·) has a slightly different definition in Chapter 3
and the current chapter. In particular, positive feedback is considered in Chapter 3, whereas
negative feedback is considered in the current chapter (see also Figure 3.1 and Figure 4.1).
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Figure 4.1: Nonlinear system Σ = I(Σlin,Σnl).
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Figure 4.2: Reduced-order nonlinear system Σ̂ = I(Σ̂lin,Σnl).

subsystem Σlin is given in state-space form as

Σlin :







ẋ = Ax + Buu + Bvv,

y = Cyx + Dyuu + Dyvv,

w = Cwx + Dwuu + Dwvv,

(4.1)

with x ∈ Rn, u ∈ Rm and y ∈ Rp. The linear subsystem is coupled to the
nonlinear subsystem via v ∈ R

nv and w ∈ R
nw , where the nonlinear dynamics

is given as

Σnl :

{
ż = g(z, w),

−v = h(z, w),
(4.2)

with z ∈ Rnz . In (4.2), g satisfying g(0, 0) = 0 is locally Lipschitz continuous in
z and continuous in w, whereas h is a continuous function satisfying h(0, 0) = 0.

In Σ, only the linear subsystem Σlin is assumed to be of high order. In
this setting, a model reduction procedure is proposed in which only the linear
subsystem Σlin is reduced, hereby obtaining the reduced-order linear subsystem
Σ̂lin. This allows for the application of well-developed existing model reduc-
tion techniques for linear systems, making the approach computationally at-
tractive. Finally, the interconnection of the reduced-order linear subsystem and
the original nonlinear subsystem leads to the reduced-order nonlinear system
Σ̂ = I(Σ̂lin,Σnl) as in Figure 4.2.

This chapter deals with the properties of the reduced-order nonlinear system
Σ̂ for three distinct cases. First, stability properties (including the input-output
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stability property of a bounded incremental L2 gain) of Σ̂ are considered when
the high-order system Σ satisfies a bounded incremental L2 gain. Secondly,
the problem of contractivity preservation is addressed when Σ is contractive
and, thirdly, passivity preservation is discussed for passive high-order systems.
In all cases, error bounds for the resulting reduced-order models are provided.
Finally, these results will be used in the scope of controller reduction for a class
of nonlinear systems.

4.3 Incremental L2 gain and incremental passiv-

ity

Model reduction procedures for nonlinear systems as in Figure 4.1 with bounded
incremental L2 gain or satisfying the incremental passivity property will be pre-
sented. Thereto, the notions of incremental L2 gain and incremental passivity
are discussed in this section.

Nonlinear systems of the form

Σ :

{
ẋ = f(x, u),
y = h(x, u)

(4.3)

are considered, where x ∈ Rn, u ∈ Rm and y ∈ Rp. Here, the function f

is locally Lipschitz continuous with respect to x, continuous in u and satisfies
f(0, 0) = 0. In addition, h is a continuous function satisfying h(0, 0) = 0.

It is recalled that the properties of a bounded L2 gain and passivity are
conveniently characterized using the theory of dissipative systems. Details can be
found in Section 2.3.3, where the definitions of a bounded L2 gain and passivity
are given in Definitions 2.9 and 2.10, respectively.

In order to define the properties of a bounded incremental L2 gain and
incremental passivity, an auxiliary system Σaux is defined as the parallel inter-
connection of two copies of the original system Σ, i.e.

Σaux :

{
ẋ1 = f(x1, u1), y1 = h(x1, u1),
ẋ2 = f(x2, u2), y2 = h(x2, u2).

(4.4)

Then, the property of a bounded incremental L2 gain can be characterized using
the theory of dissipative systems, leading to the following definition (see e.g.
[151]).

Definition 4.1. A system (4.3) is said to have an incremental L2 gain bounded
by γ if the corresponding auxiliary system (4.4) is dissipative with respect to the
supply rate

s(u1, u2, y1, y2) = γ2|u2 − u1|2 − |y2 − y1|2. (4.5)

If, in (4.5), γ ≤ 1 (γ < 1), the system (4.3) is said to be incrementally (strictly)
contractive.



4.3 Incremental L2 gain and incremental passivity 73

Incremental passivity can be defined in a similar way, hereby using [132] and
the terminology from [22].

Definition 4.2. A system (4.3) satisfying m = p is said to be incrementally pas-
sive if there exist parameters δ ≥ 0, ǫ ≥ 0 such that the corresponding auxiliary
system (4.4) is dissipative with respect to the supply rate

s(u1, u2, y1, y2) = (u2 − u1)
T(y2 − y1) − δ|u2 − u1|2 − ǫ|y2 − y1|2. (4.6)

If, in (4.6), δ > 0 and ǫ > 0, the system (4.3) is said to be incrementally very
strictly passive.

It is noted that the properties f(0, 0) = 0 and h(0, 0) = 0 ensure that the
properties of bounded incremental L2 gain and incremental passivity imply their
non-incremental counterparts. Specifically, if Σ has a bounded incremental L2

gain (is incrementally passive) with storage function S(x1, x2), then it has a
bounded L2 gain (is passive) with storage function S(x, 0) (or S(0, x)). For
linear systems, the converse implication holds as well. It is stressed that this is
generally not the case for nonlinear systems.

Remark 4.1. Definitions 4.1 and 4.2 deal with the properties of a bounded in-
cremental L2 gain and incremental passivity for nonlinear dynamical systems
as in (4.3). However, these properties can also directly be defined for static
nonlinearities. In particular, a static nonlinearity φ : Rm → Rp has a bounded
incremental L2 gain (is incrementally passive) if

s(u1, u2, φ(u1), φ(u2)) ≥ 0 (4.7)

holds for all u1, u2 ∈ R
m, with s the supply rate as in Definition 4.1 (Defini-

tion 4.2). As a result, the model reduction techniques for nonlinear systems
as in Figure 4.1 developed in this chapter also directly apply to nonlinear sys-
tems in which the nonlinear system Σnl is replaced by a static nonlinearity
ϕ : Rnw → Rnv . ⊳

It is well known that the properties of bounded L2 gain and passivity are
related (see e.g. [22, 161]). Namely, when Σp with input up ∈ Rm and output
yp ∈ Rm is a passive (nonlinear) system, the so-called scattering transformation

uc = 1√
2
(up + yp), yc = 1√

2
(−up + yp), (4.8)

with inverse

up = 1√
2
(uc − yc), yp = 1√

2
(uc + yc), (4.9)

yields a contractive system Σc = S(Σp), where S(·) denotes the application of
the transformation (4.8). Here, uc ∈ Rm and yc ∈ Rm are the input and output
of the nonlinear system Σc. The following lemma shows that a similar property
holds for incrementally contractive and passive systems.
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Lemma 4.1. Let Σp be a nonlinear system with inputs up ∈ Rm and outputs
yp ∈ R

m. Similarly, Σc is a nonlinear system with inputs uc ∈ R
m and outputs

yc ∈ Rm. When the systems are related by the scattering transformation (4.8)
as Σc = S(Σp), then Σp is incrementally (very strictly) passive if and only if
Σc is incrementally (strictly) contractive.

Proof. Let Σp be incrementally passive. By Definition 4.2, this amounts to the
existence of a storage function S and parameters δ ≥ 0, ǫ ≥ 0 such that

Ṡ ≤ (up
2 − u

p
1)

T(yp
2 − y

p
1) − δ|up

2 − u
p
1|2 − ǫ|yp

2 − y
p
1 |2, (4.10)

≤ (up
2 − u

p
1)

T(yp
2 − y

p
1) − ν

(
|up

2 − u
p
1|2 + |yp

2 − y
p
1 |2
)
, (4.11)

where ν satisfies 0 ≤ ν ≤ min{δ, ǫ}. Substitution of the transformation (4.9) in
(4.11) gives

Ṡ ≤ 1
2 (1 − 2ν)|uc

2 − uc
1|2 − 1

2 (1 + 2ν)|yc
2 − yc

1|2, (4.12)

such that Σc has a bounded incremental L2 gain with gain γ2 = 1−2ν
1+2ν . Clearly,

incremental very strict passivity (where δ > 0, ǫ > 0) allows for choosing ν > 0,
such that Σc is incrementally strictly contractive. Similarly, δ = ǫ = 0 gives the
relation between incremental passivity and incremental contractivity.

The inverse implication follows similarly. Let Σc be incrementally (strictly)
contractive, such that

Ṡ ≤ γ2|uc
2 − uc

1|2 − |yc
2 − yc

1|2, (4.13)

= (γ2 + 1)(up
2 − u

p
1)

T(yp
2 − y

p
1) + 1

2 (γ2 − 1)
(
|up

2 − u
p
1|2 + |yp

2 − y
p
1 |2
)
. (4.14)

Here, the latter is obtained by the substitution of (4.8) in (4.13). Hence, Σp is
incrementally passive when γ ≤ 1 and incrementally very strictly passive when
γ < 1.

It is remarked that the relation between incrementally contractive and in-
crementally passive systems in Lemma 4.1 is shown by using the same storage
function.

Finally, dissipativity can be linked to internal stability properties (i.e. sta-
bility of the equilibrium x = 0 for u = 0), see also Remark 2.7. Thereto, the
notion of zero-state observability as in Definition 2.11 is typically exploited. In
addition, the definition of reachability is recalled, see Definition 2.8. For non-
linear systems that are zero-state observable and reachable from 0, the storage
function S showing a bounded incremental L2 gain or passivity is positive def-
inite [67]. Thus, in these cases, the storage function can act as a candidate
Lyapunov function, as will be exploited later.
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4.4 Model reduction

As discussed in Section 4.2, nonlinear systems Σ = I(Σlin,Σnl) as in Figure 4.1
are considered. Here, the following assumption is adopted throughout the chap-
ter.

Assumption 4.1. Let the system Σ = I(Σlin,Σnl), with Σlin as in (4.1) and
Σnl as in (4.2), satisfy the following assumptions:

1. The feedback interconnection I(Σlin,Σnl) is well-posed, i.e. for each x ∈
Rn, u ∈ Rm, z ∈ Rnz , the equation w = Cwx + Dwuu − Dwvh(z, w) can
uniquely be solved for w;

2. The linear subsystem Σlin is asymptotically stable and (4.1) is a minimal
realization;

3. The nonlinear subsystem Σnl is reachable from 0 and zero-state observable.

As stated before, model reduction is performed on the linear subsystem only.
In the reduction of this linear subsystem Σlin, the inputs u and v and outputs
y and w are taken into account simultaneously. Hence, in the application of
the model reduction procedures outlined in Section 2.4, the combination of the
inputs and outputs leads to the system matrices

B =
[
Bu Bv

]
, C =

[
Cy

Cw

]

, D =

[
Dyu Dyv

Dwu Dwv

]

. (4.15)

The reduced-order linear subsystem Σ̂lin is given as

Σ̂lin :







ξ̇ = Âξ + B̂uu + B̂v v̂,

ŷ = Ĉyξ + D̂yuu + D̂yvv̂,

ŵ = Ĉwξ + D̂wuu + D̂wvv̂,

(4.16)

with ξ ∈ Rk, k < n. In this section, model reduction procedures are proposed
for nonlinear systems Σ = I(Σlin,Σnl) that have a bounded incremental L2

gain, are incrementally contractive or incrementally passive. Specifically, sys-
tems are considered that satisfy, besides Assumption 4.1, one of the following
assumptions.

Assumption 4.2. Let the system Σ = I(Σlin,Σnl) satisfy the following as-
sumptions:

1. The nonlinear subsystem Σnl has a bounded incremental L2 gain µ;

2. The small-gain condition γwvµ < 1 holds, with γwv the (incremental) L2

gain of Σlin with respect to input v and output w.



76 Chapter 4. Nonlinear systems with incremental input-output properties

Assumption 4.3. Let the system Σ = I(Σlin,Σnl) satisfy the following as-
sumptions:

1. The linear subsystem Σlin has a strictly bounded real transfer function, i.e.
is (incrementally) contractive;

2. The nonlinear subsystem Σnl is incrementally strictly contractive with gain
µ (µ < 1).

Assumption 4.4. Let the system Σ = I(Σlin,Σnl) with m = p and nv = nw

satisfy the following assumptions:

1. The linear subsystem Σlin has a strictly positive real transfer function, i.e.
is (incrementally) passive;

2. The nonlinear subsystem Σnl is incrementally very strictly passive.

Here, Assumptions 4.3 and 4.4 specify nonlinear systems Σ = I(Σlin,Σnl)
in which the subsystems satisfy (incremental) contractivity and passivity prop-
erties, respectively. As shown in Lemma 4.1, these properties are related via the
scattering transformation (4.8). The following lemma shows that this scattering
relation also holds for the total nonlinear system Σ. In Section 4.4.3, this lemma
will be used to formalize a relation between the model reduction procedures for
incrementally contractive and incrementally passive systems. This relation then
provides an extension of Theorem 2.14, which was tailored to linear systems.

Lemma 4.2. Let Σp = I(Σp
lin,Σ

p
nl) be an (incrementally) passive system satis-

fying Assumptions 4.1 and 4.4. Then, the following statements hold:

1. If Σc = I(S(Σp
lin),S(Σp

nl)), then Σc = S(Σp);

2. If Σc = S(Σp), then it can be composed as Σc = I(S(Σp
lin),S(Σp

nl)).

Finally, Σc = I(S(Σp
lin),S(Σp

nl)) satisfies Assumptions 4.1 and 4.3.

Proof. The second item will be proven first, from which the proof of the first
item follows. Thereto, Figure 4.3 is considered, which shows the incrementally
passive nonlinear system Σp = I(Σp

lin,Σ
p
nl) with external input up and external

output yp. The scattering transformation S as in (4.8) is applied to up and yp to
obtain the (incrementally contractive) system Σc = S(Σp) with external input
uc and external output yc. To show that the transformation in Figure 4.3 indeed
represents the scattering transformation, it is remarked that the transformation
(4.8) can be rewritten to up =

√
2uc − yp and yc =

√
2yp − uc.

However, it remains to be shown that Σc = S(Σp) can be written as the
interconnection of the scattering representations of the linear and nonlinear sub-
system Σ

p
lin and Σ

p
nl. Thereto, the loop transformation as depicted by the

dashed lines in Figure 4.3 is considered. Here, the top part of the transfor-
mation resembles a scattering transformation to the input vp and output wp
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Figure 4.3: Scattering transformation on Σp = I(Σp
lin,Σ

p
nl) and loop

transformation.

of the linear subsystem Σ
p
lin, as is easily checked by comparing it to the scat-

tering transformation on up and yp. This combination of transformations on
Σ

p
lin implies that Σc

lin = S(Σp
lin), with Σc

lin denoted by the top gray box in
Figure 4.3. Similarly, the bottom part of the the loop transformation defines a
scattering transformation on the nonlinear subsystem, as can be seen by noting
that the scattering transformation can be written as wp = 2−1/2(wc − (−vc))
and (−vc) = 2−1/2((−vp) − wp). Thus, Σc

nl, as denoted by the bottom gray
box, is given as Σc

nl = S(Σp
nl). Finally, it can be observed that the new subsys-

tems Σc
lin and Σc

nl form a feedback interconnection as in Figure 4.1, such that
Σc = I(Σc

lin,Σc
nl), which proves the second item of the lemma.

The second item shows that the interconnection I(S(Σp
lin),S(Σp

nl)) is one
of the decompositions satisfying Σc = S(Σp), from which the first item follows
directly.

Finally, it is shown that Σc = I(S(Σp
lin),S(Σp

nl)) satisfies Assumptions 4.1
and 4.3. Application of the scattering transformation to the strictly positive



78 Chapter 4. Nonlinear systems with incremental input-output properties

real linear subsystem Σ
p
lin leads to a strictly bounded real linear subsystem

Σc
lin = S(Σp

lin), hereby preserving minimality [128]. Thus, the linear subsystem
Σc

lin satisfies the corresponding items in Assumptions 4.1 and 4.3. Similarly,
the incrementally very strictly passive nonlinear subsystem Σ

p
nl yields an incre-

mentally strictly contractive nonlinear subsystem Σc
nl = S(Σp

nl) after scattering
transformation, as follows from Lemma 4.1. Here, it should be noted that reach-
ability and zero-state observability are preserved, such that the nonlinear sub-
system Σc

nl satisfies the corresponding items in Assumptions 4.1 and 4.3. Next,
it is remarked that the feedback interconnection remains well-posed after the
loop transformation, finalizing the proof.

In the statement and proof of Lemma 4.2, the incrementally passive system
Σp is assumed to be given, whereas the incrementally contractive system Σc is
obtained by the scattering transformation. Of course, a similar result can be
obtained for the converse transformation, where Σc is given and Σp is obtained
by the inverse scattering transformation. Additionally, it is remarked that the
loop transformation in the proof of Lemma 4.2 basically expresses an equivalence
between the small-gain theorem and passivity theorem (see e.g. [3]).

In the next sections, model reduction procedures will be presented for three
classes of nonlinear systems, all being of the form as in Figure 4.1. First, in
Section 4.4.1, systems with bounded incremental L2 gain are considered, sat-
isfying Assumptions 4.1 and 4.2. Incrementally contractive nonlinear systems
satisfying Assumptions 4.1 and 4.3 are discussed in Section 4.4.2, whereas a
model reduction procedure for incrementally passive systems satisfying Assump-
tions 4.1 and 4.4 is presented in Section 4.4.3. In the latter two procedures, the
specialized model reduction procedures (for linear systems) of Section 2.4.2 and
Section 2.4.3 are exploited.

4.4.1 Model reduction for systems with bounded incre-

mental L2 gain

In this section, model reduction for nonlinear systems as in Figure 4.1 is consid-
ered, where the subsystems have a bounded incremental L2 gain. Specifically,
the system Σ = I(Σlin,Σnl) is assumed to satisfy Assumptions 4.1 and 4.2.

Thus, the linear subsystem is assumed to be asymptotically stable. This
allows for the introduction of the input-output operators Fy : Lm

2 × Lnv

2 →
Lp

2 and Fw : Lm
2 × Lnv

2 → Lnw

2 defined as y = Fy(u, v) and w = Fw(u, v),
respectively. These input-output operators characterize the outputs y(t) and
w(t) of the linear subsystem for given input signals u(t) and v(t) and zero initial
condition x(0) = 0. For linear systems, asymptotic stability implies a bounded
incremental L2 gain, such that the input-output operators are bounded as

‖Fi(u2, v2) −Fi(u1, v1)‖2 ≤ γiu‖u2 − u1‖2 + γiv‖v2 − v1‖2, (4.17)
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for all u1, u2 ∈ Lm
2 , v1, v2 ∈ Lnv

2 and some bounded γiu, γiv ≥ 0 with i ∈ {y, w}.
Due to linearity, the incremental L2 gain is equivalent to the (non-incremental)
L2 gain, such that the gains γij in (4.17) can be chosen as the H∞ norm of
the corresponding transfer function Ci(sI − A)−1Bj + Dij with i ∈ {y, w} and
j ∈ {u, v}.

In order to derive an input-output operator for the nonlinear subsystem Σnl,
it is recalled that Assumption 4.2 holds. Herein, the first item implies that the
outputs −v(t) of the nonlinear subsystem remain bounded for bounded input
signals w(t), as follows from the properties g(0, 0) = 0, h(0, 0) = 0. This allows
for the definition of the input-output operator G : Lnw

2 → Lnv

2 as −v = Gw,
where −v(t) is the solution of Σnl for input signal w(t) and zero initial condition
z(0) = 0. Then, the property of a bounded incremental L2 gain in Assump-
tion 4.2 implies that the input-output operator is incrementally bounded as

‖v2 − v1‖2 = ‖Gw2 − Gw1‖2 ≤ µ‖w2 − w1‖2, (4.18)

for all w1, w2 ∈ Lnw

2 .
Under these assumptions, the total nonlinear system also has a bounded

incremental L2 gain, as stated in the following lemma.

Lemma 4.3. Let Σ = I(Σlin,Σnl), with Σlin as in (4.1) and Σnl as in (4.2),
satisfy Assumptions 4.1 and 4.2. Then, Σ has a bounded incremental L2 gain
(from external input u to external output y), where the gain is bounded by

γ = γyu +
γyvµγwu

1 − γwvµ
. (4.19)

Additionally, the origin (x = 0, z = 0) is an asymptotically stable equilibrium
point of Σ for u = 0.

Proof. Substitution of (4.18) in (4.17) for i = w yields

‖w2 − w1‖2 ≤ γwu‖u2 − u1‖2 + γwvµ‖w2 − w1‖2, (4.20)

from which is it easily observed that the small-gain condition γwvµ < 1 guaran-
tees boundedness of ‖w2 − w1‖2. Namely, the relation

‖w2 − w1‖2 ≤ γwu

1 − γwvµ
‖u2 − u1‖2 (4.21)

holds. Substitution of (4.21) in (4.17) for i = y by using (4.18) gives (4.19).
To prove stability of the origin, it is recalled that the property of a bounded

incremental L2 gain implies a bounded L2 gain. Thus, for the linear subsystem
Σlin, there exists a storage function Slin(x) that satisfies (for u = 0)

Ṡlin ≤ γ2
wv|v|2 − |w|2, (4.22)
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Here, it is remarked that Slin is positive semi-definite. It is not guaranteed to
be positive definite since the linear subsystem Σlin is minimal with respect to
the combined inputs (u, v) and outputs (y, w), which does not imply minimality
with respect to the input v and output w. Next, if Snl(z1, z2) denotes the
storage function that characterizes the incremental L2 gain for the nonlinear
subsystem, then Snl(z, 0) is a storage function for the supply rate µ2|w|2 − |v|2.
By reachability from 0 and zero-state observability of Σnl, Snl(z, 0) is positive
definite (see e.g. [67]). Differentiation of the composed storage function S(x, z) =
Slin(x) + α2Snl(z, 0) with respect to time gives

Ṡ ≤ (γ2
wv − α2)|v|2 + (α2µ2 − 1)|w|2, (4.23)

where the small-gain condition γwvµ < 1 implies that α can be chosen as γwv <

α < µ−1, such that the right-hand side of (4.23) is negative semi-definite. In
order to prove stability using the semi-definite Lyapunov function candidate S,
let M denote the largest positively invariant set contained in {(x, z) ∈ Rn ×
Rnz |S(x, z) = 0}. Since S is positive semi-definite, S(x, z) = 0 implies v = 0,
w = 0, as follows from (4.23). As a result, M is also contained in {(x, z) ∈
Rn × Rnz |Cwx = 0, h(z, 0) = 0}. Thus, by asymptotic stability of Σlin and
zero-state observability of Σnl, the origin is asymptotically stable for all initial
conditions (x0, z0) ∈ M. Application of [161, Theorem 3.2.9] (see also [74])
proves stability of the origin of I(Σlin,Σnl) for u = 0.

To prove asymptotic stability, LaSalle’s invariance principle (see [161, Theo-
rem 3.2.3]) is used. By stability, there exists, for each initial condition (x(0), z(0))
in a neighborhood of the origin, a compact set B such that (x(t), z(t)) ∈ B for
all t ≥ 0. As a result of (4.23), any solution approaches the largest invariant set
in B that satisfies v = 0 and w = 0. For the nonlinear subsystem, by zero-state
observability, this invariant set is given by z = 0. By asymptotic stability of the
linear subsystem, x = 0 is the only invariant set for u = 0 and v = 0. Hence, the
origin of the nonlinear system Σ = I(Σlin,Σnl) is asymptotically stable.

As discussed before, model reduction is applied to the linear subsystem Σlin

only, leading to the reduced-order linear subsystem Σ̂lin of the form (4.16). Here,
the reduced-order linear subsystem satisfies the following assumption.

Assumption 4.5. Let the reduced-order linear subsystem Σ̂lin as in (4.16) sat-
isfy the following assumptions:

1. Σ̂lin is asymptotically stable;

2. An error bound on reduction of the linear subsystem exists of the form

‖Ei(u2, v2) − Ei(u1, v1)‖2 ≤ εiu‖u2 − u1‖2 + εiv‖v2 − v1‖2 (4.24)

with εiu, εiv > 0 and i ∈ {y, w}. Here, Ei = Fi−F̂i, i ∈ {y, w} denotes the
error operator with F̂y : Lm

2 × Lnv

2 → Lp
2 and F̂w : Lm

2 × Lnv

2 → Lnw

2 the
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input-output operators of the reduced-order linear subsystem Σ̂lin for zero
initial condition;

3. The feedback interconnection Σ̂ = I(Σ̂lin,Σnl) is well-posed, i.e. for each
x̂ ∈ Rk, u ∈ Rm, ẑ ∈ Rnz , the equation ŵ = Ĉwx̂ + D̂wuu − D̂wvh(ẑ, ŵ)
can uniquely be solved for ŵ.

Here, it is noted that the input-output operators F̂i, i ∈ {y, w}, indeed
exist due to asymptotic stability of Σ̂lin. Furthermore, even though the as-
sumption on the error bound as in (4.24) might seem restrictive at first sight,
it is remarked that this incremental form is directly implied by an ordinary (i.e.
non-incremental) error bound, due to linearity.

Actually, model reduction techniques for linear systems satisfying the first
two items of Assumption 4.5 exist. Herein, balanced truncation is the most
popular one. As discussed in Section 2.4.1, this reduction method preserves
stability and satisfies an error bound. Optimal Hankel norm approximation [56]
is an alternative model reduction procedure that shares these properties. Here,
it is mentioned that balanced truncation leaves the direct-feedthrough matrix
unchanged, such that the third item of Assumption 4.5 is also automatically
satisfied (due to item 1. in Assumption 4.1). This does not hold for optimal
Hankel norm approximation. Finally, it is noted that these methods yield a
single error bound εlin, such that no distinction is made between different input-
output combinations as in (4.24). In this case, the relation εij ≤ εlin holds with
i ∈ {y, w}, j ∈ {u, v}.

The next result formalizes the conditions under which, firstly, the reduced-
order nonlinear system Σ̂ = I(Σ̂lin,Σnl) obtained by this model reduction pro-
cedure inherits incremental L2 gain properties from the unreduced system, and,
secondly, an error bound for the reduced-order nonlinear system can be guaran-
teed.

Theorem 4.4. Let Σ = I(Σlin,Σnl) satisfy Assumptions 4.1 and 4.2. Further-
more, let Σ̂lin be a reduced-order linear subsystem satisfying Assumption 4.5.
Then, the following statements hold:

1. The reduced-order nonlinear system Σ̂ = I(Σ̂lin,Σnl) has a bounded incre-
mental L2 gain and the origin is an asymptotically stable equilibrium point
for u = 0 when

(γwv + εwv)µ < 1; (4.25)

2. Let (4.25) be satisfied. Then, the output error δy = y − ŷ is bounded as
‖δy‖2 ≤ ε‖u‖2, with

ε = εyu +
εyvµγwu

1 − γwvµ
+

(γyv + εyv)µ

1 − (γwv + εwv)µ

(

εwu +
εwvµγwu

1 − γwvµ

)

. (4.26)
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Proof. The two statements are proven separately.
1. Bounded incremental L2 gain and internal stability. Lemma 4.3 directly

guarantees a bounded incremental L2 gain and asymptotic stability of the origin
when the small-gain condition

γ̂wvµ < 1 (4.27)

holds. However, the incremental gain γ̂wv of the reduced-order linear subsystem
is not known a priori. Nonetheless, an upper bound for γ̂wv can be obtained by
considering the equality

F̂w(u2, v2) − F̂w(u1, v1) = Fw(u2, v2) −Fw(u1, v1)

− Ew(u2, v2) + Ew(u1, v1), (4.28)

which follows from the definition of the error operator in Assumption 4.5. This
leads to the bound

‖F̂w(u, v2) − F̂w(u, v1)‖2 ≤ ‖Fw(u, v2) −Fw(u, v1)‖2

+ ‖Ew(u, v2) − Ew(u, v1)‖2, (4.29)

≤ (γwv + εwv)‖v2 − v1‖2. (4.30)

Here, the latter inequality follows from the incremental bound on the input-
output operator of the high-order linear subsystem (4.17) and the error bound
(4.24). Clearly, γwv + εwv provides an upper bound to the incremental L2

gain γ̂wv of the reduced-order linear subsystem. Hence, (4.25) implies (4.27),
which proves, using Lemma 4.3, that the reduced-order nonlinear system Σ̂ =
I(Σ̂lin,Σnl) is incrementally L2 stable and that the origin is an asymptotically
stable equilibrium point for u = 0.

2. Error bound. As a first step in the error analysis, bounds on the magnitude
of the signals w and v will be derived. Here, by using the fact that w = 0 is the
unique solution of Σ = (Σlin,Σnl) to u = 0 (for zero initial condition), (4.21) in
the proof of Lemma 4.3 directly leads to

‖w‖2 ≤ γwu

1 − γwvµ
‖u‖2. (4.31)

Substitution of (4.31) in (4.18) and exploiting the property G0 = 0 gives a bound
on ‖v‖2 as

‖v‖2 ≤ µγwu

1 − γwvµ
‖u‖2. (4.32)

Next, the error δw = w − ŵ is considered, which can be expressed as

δw = Fw(u, v) − F̂w(u, v̂) = Fw(u, v) − F̂w(u, v) + F̂w(u, v) − F̂w(u, v̂), (4.33)
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such that ‖δw‖2 can be bounded as

‖δw‖2 ≤ ‖Fw(u, v) − F̂w(u, v)‖2 + ‖F̂w(u, v) − F̂w(u, v̂)‖2. (4.34)

Here, it can be seen that the introduction of the terms F̂w(u, v) in (4.33) allows
for splitting the bound (4.34). Here, the first term is related to the error bound
on the linear subsystem, which is bounded by (4.24). The second term can be
related to the incremental L2 gain of the reduced-order linear subsystem, which
yields

‖δw‖2 ≤ εwu‖u‖2 + εwv‖v‖2 + γ̂wv‖δv‖2. (4.35)

The gain γ̂wv is unknown a priori, but can be bounded as γ̂wv ≤ γwv + εwv, as is
shown in the proof of the first part of this theorem. Furthermore, the bound on
the incremental L2 gain for the nonlinear system (4.18) implies ‖δv‖2 ≤ µ‖δw‖2.
Exploiting this in (4.35) leads to

‖δw‖2 ≤ εwu‖u‖2 + εwv‖v‖2

1 − (γwv + εwv)µ
, (4.36)

where it is noted that the small-gain condition (4.25) guarantees boundedness of
(4.36). The bound on ‖v‖2 in (4.32) can be substituted in (4.36), such that the
error in w is only dependent on the energy of the input function u(t). Further-
more, application of this result in (4.18) leads to a bound on the error δv = v− v̂

as

‖δv‖2 ≤ µ

1 − (γwv + εwv)µ

(

εwu +
εwvµγwu

1 − γwvµ

)

‖u‖2. (4.37)

By construction, (4.37) provides a bound on δv in the coupled configuration.
This result will be exploited to obtain the final error bound. Hereto, the output
error δy = y − ŷ is introduced, which is given by

δy = Fy(u, v) − F̂y(u, v̂) = Fy(u, v) − F̂y(u, v) + F̂y(u, v) − F̂y(u, v̂). (4.38)

As for the bound on δw in (4.33), introduction of the term F̂y(u, v) in (4.38)
leads to

‖δy‖2 ≤ ‖Fy(u, v) − F̂y(u, v)‖2 + ‖F̂y(u, v) − F̂y(u, v̂)‖2, (4.39)

where the first term is related to the error introduced by reduction of the linear
subsystem, which is bounded by (4.24). The second term can be related to the
incremental gain of the reduced-order linear subsystem, such that

‖δy‖2 ≤ εyu‖u‖2 + εyv‖v‖2 + γ̂yv‖δv‖2. (4.40)

Again, the gain γ̂yv is unknown a priori, but can be bounded as γ̂yv ≤ γyv + εyv.
Then, substitution of the bound on v (4.32) and the bound on δv (4.37) in (4.40)
leads to the output error bound as in (4.26), which proves the second statement
of the theorem.
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In the proof of the error bound in Theorem 4.4, the incremental gain prop-
erty of the input-output operators plays a crucial role. Namely, the incremental
gains characterize the amplification of perturbations going through the subsys-
tems, where these perturbations are introduced by model reduction of the linear
subsystem. The small-gain theorem then guarantees boundedness of the pertur-
bations in the bidirectionally coupled configuration as in Figure 4.2.

The result in Theorem 4.4 is based on the availability of the error bounds εij ,
i ∈ {y, w}, j ∈ {u, v}, for the linear subsystem, providing bounds on all relevant
input-output pairs. However, as mentioned before, existing model reduction
techniques for linear systems generally provide a single error bound εlin. When
this error bound is exploited as εij ≤ εlin for i ∈ {y, w}, j ∈ {u, v}, the error
bound (4.26) reduces to

ε = εlin

(

1 +
µγwu

1 − γwvµ

)(

1 +
(γyv + εlin)µ

1 − (γwv + εlin)µ

)

. (4.41)

Remark 4.2. The condition for stability (4.25) and the error bound (4.26) depend
only on properties of the high-order system and the error bound on the linear
subsystems and can therefore be evaluated a priori. However, a tighter error
bound can be obtained when the gains γ̂wv and γ̂yv of the reduced-order linear
subsystem are computed a posteriori (i.e. after the reduction has been employed).
Namely, these gains can directly be used in (4.35) and (4.40), respectively. This
leads to an error bound of the form (4.26) in which the terms γiv +εiv, i ∈ {y, w}
are replaced by γ̂iv. Additionally, availability of the gain γ̂wv will allow for the
direct evaluation of stability via (4.27). ⊳

Remark 4.3. The availability of the explicit expression (4.26) allows for a reduc-
tion procedure in which the error bound is minimized. Namely, in the reduction
of the linear subsystem, emphasis can be placed on the input-output combination
that has the largest contribution to the overall error. Stated differently, by scal-
ing of the input and output matrices of the linear subsystem before reduction,
some εij , i ∈ {y, w}, j ∈ {u, v}, might be decreased at the cost of an increase
in other εij , possibly leading to a more accurate reduced-order nonlinear model
and a tighter overall error bound (4.26). ⊳

Remark 4.4. As stated in Remark 4.1, the results of Theorem 4.4 can also be
applied to systems with static nonlinearities. For these so-called Lur’e-type
systems, the bounded incremental L2 gain property on the nonlinear subsystem
as in Assumption 4.2 translates to

|ϕ(w2) − ϕ(w1)| ≤ µ|w2 − w1| (4.42)

with ϕ : Rnw → Rnv the static nonlinearity. For scalar nonlinearity (i.e. nw =
nv = 1), (4.42) is known as the incremental sector condition, which basically
states that the derivative of ϕ is bounded by µ.
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For Lur’e-type systems with scalar nonlinearities incrementally bounded as
(4.42), it is shown in [195] (see also [136]) that the small-gain condition γwvµ < 1
in Assumption 4.2 is sufficient for convergence. Here, it is recalled that the con-
vergence property is discussed in Section 2.3.2. For these systems, the conditions
of Theorem 4.4 thus also imply the preservation of the convergence property,
which is a relevant property in many (control) applications.

It is recalled that the class of Lur’e-type systems is also considered in Corol-
lary 3.8, where the stronger stability property of input-to-state convergence is
considered. In addition, contrary to the L2 signal norm considered in the current
chapter, the results in Chapter 3 yield an error bound stated in terms of the L∞
signal norm. ⊳

4.4.2 Model reduction for incrementally contractive sys-

tems

In this section, model reduction for a class of nonlinear incrementally contractive
systems is considered. Specifically, nonlinear systems as in Figure 4.1, with the
dynamics given as in (4.1) and (4.2), are considered, satisfying Assumptions 4.1
and 4.3.

Assumption 4.3 basically states that the linear and nonlinear subsystem are
(incrementally) contractive. Under these assumptions, the total nonlinear sys-
tem Σ is contractive as well, as is formalized in the following lemma.

Lemma 4.5. Let Σ = I(Σlin,Σnl) satisfy Assumptions 4.1 and 4.3. Then, Σ

is incrementally contractive. Additionally, the origin is an asymptotically stable
equilibrium point of Σ for u = 0.

Proof. By Assumption 4.3, there exist nonnegative storage functions Slin(x1, x2)
and Snl(z1, z2) such that

Ṡlin ≤ |u2 − u1|2 + |v2 − v1|2 − |y2 − y1|2 − |w2 − w1|2, (4.43)

Ṡnl ≤ µ2|w2 − w1|2 − |v2 − v1|2, (4.44)

with µ < 1. Then, the time-derivative of S(x1, x2, z1, z2) := Slin(x1, x2) +
Snl(z1, z2) along trajectories satisfies

Ṡlin + Ṡnl ≤ |u2 − u1|2 − |y2 − y1|2 + (µ2 − 1)|w2 − w1|2, (4.45)

≤ |u2 − u1|2 − |y2 − y1|2, (4.46)

where it is recalled that µ < 1. Thus, Σ is incrementally contractive with storage
function S.

In order to prove stability of the origin (for u = 0), it is recalled that incre-
mental contractivity implies contractivity, with storage functions Slin(·, 0) and
Snl(·, 0). Then, differentiation of V (x, z) := Slin(x, 0) + α2Snl(z, 0) gives

V̇ ≤ (α2µ2 − 1)|w|2 − |y|2 + (1 − α2)|v|2 ≤ 0. (4.47)



86 Chapter 4. Nonlinear systems with incremental input-output properties

Since µ < 1, the parameter α can be chosen to satisfy 1 < α < µ−1, such that
V̇ in (4.47) satisfies V̇ ≤ 0. Additionally, Assumption 4.1 implies that V is
positive definite, as follows from minimality of Σlin and zero-state observability
and reachability from 0 of Σnl. Then, asymptotic stability follows from LaSalle’s
invariance principle.

As motivated earlier, model reduction is applied to the linear subsystem only.
Since Σlin is assumed to be contractive, the bounded real balancing procedure
as discussed in Section 2.4.2 can be applied to obtain the reduced-order linear
subsystem Σ̂lin of the form (4.16). Then, the reduced-order nonlinear system
Σ̂ = I(Σ̂lin,Σnl) is incrementally contractive and satisfies an error bound, as
formalized in the next theorem.

Theorem 4.6. Let Σ = I(Σlin,Σnl) satisfy Assumptions 4.1 and 4.3 and let
Σ̂lin be the reduced-order linear subsystem obtained by bounded real balancing.
Then, the reduced-order nonlinear system Σ̂ = I(Σ̂lin,Σnl) is incrementally
contractive. Additionally, the origin of Σ̂ is asymptotically stable for u = 0.
Finally, the output error is bounded as

‖y − ŷ‖2 ≤ 2

(
1

1 − µ

)2
(

n∑

i=k+1

θi

)

‖u‖2, (4.48)

with θi distinct bounded real singular values of Σlin as in Definition 2.16.

Proof. As stated in Theorem 2.11, bounded real balancing preserves minimality,
stability and contractivity. Thus, the reduced-order linear subsystem Σ̂lin sat-
isfies the second item of Assumption 4.1 and the first item of Assumption 4.3.
Next, since the bounded real balancing procedure leaves the direct feedthrough
matrix D unchanged, the interconnection I(Σ̂lin,Σnl) remains well-posed. As a
result, the reduced-order nonlinear system Σ̂ satisfies Assumptions 4.1 and 4.3,
such that Lemma 4.5 proves incremental contractivity and asymptotic stability
of the origin of Σ̂.

The error bound can be proven along the same lines as in Theorem 4.4. By
(incremental) contractivity of the linear subsystem, the gains γij as used in the
proof of Theorem 4.4 satisfy γij ≤ 1, i ∈ {y, w}, j ∈ {u, v}. Then, (4.32) directly
leads to

‖v‖2 ≤ µ

1 − µ
‖u‖2, (4.49)

where it is noted that strict incremental contractivity of Σnl (i.e. µ < 1) guaran-
tees boundedness of (4.49). Since contractivity is preserved by the application
of bounded real balancing, the gains of the reduced-order linear subsystem γ̂ij

also satisfy γ̂ij ≤ 1, i ∈ {y, w}, j ∈ {u, v}. Exploiting this in (4.35) to find a
bound on δw = w − ŵ gives

‖δw‖2 ≤ εlin(‖u‖2 + ‖v‖2) + ‖δv‖2, (4.50)
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with δv = v − v̂. Here, it is recalled that bounded real balancing gives a single
error bound for reduction of the linear subsystem, i.e. εij ≤ εlin = 2

∑n
i=k+1 θi

for i ∈ {y, w} and j ∈ {u, v} (see Theorem 2.11). Contractivity of the nonlinear
subsystem implies ‖δv‖2 ≤ µ‖δw‖2, such that (4.50) leads to

‖δw‖2 ≤ εlin
1

1 − µ
(‖u‖2 + ‖v‖2). (4.51)

Since µ < 1, boundedness of the error δw is guaranteed. Next, a bound on δv

is obtained by application of ‖δv‖2 ≤ µ‖δw‖2 and the substitution of (4.49) in
(4.51), leading to

‖δv‖2 ≤ εlin
µ

1 − µ

(

1 +
µ

1 − µ

)

‖u‖2. (4.52)

Applying the same reasoning to (4.40) gives

‖δy‖2 ≤ εlin(‖u‖2 + ‖v‖2) + ‖δv‖2, (4.53)

with δy = y − ŷ. Now, substitution of (4.49) and (4.52) in (4.53) gives the error
bound as in (4.48).

The results on model reduction for contractive systems from Theorem 4.6
can be considered as a special case of the result for systems with a bounded in-
cremental L2 gain in Theorem 4.4. Specifically, the application of bounded real
balancing in Theorem 4.6 directly guarantees stability of the reduced-order non-
linear system, avoiding the need to check an additional condition such as (4.25).
Also, as discussed in the proof of Theorem 4.6, the error bound is obtained in a
similar way.

4.4.3 Model reduction for incrementally passive systems

In the previous section, a model reduction procedure for incrementally contrac-
tive nonlinear systems of the form as in Figure 4.1 was discussed. In the current
section, incrementally passive nonlinear systems of the same form will be con-
sidered and model reduction will be performed along the same lines. Thus,
nonlinear systems with the dynamics given in (4.1) and (4.2) are considered,
satisfying Assumptions 4.1 and 4.4.

Under these assumptions, the total nonlinear system Σ is incrementally pas-
sive. This fact is stated in the following lemma.

Lemma 4.7. Let Σ = I(Σlin,Σnl) satisfy Assumptions 4.1 and 4.4. Then,
Σ is incrementally passive. Additionally, the origin is an asymptotically stable
equilibrium point of Σ for u = 0.
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Proof. By Assumption 4.4, there exist nonnegative storage functions Slin(x1, x2)
and Snl(z1, z2) such that

Ṡlin ≤ (u2 − u1)
T(y2 − y1) + (v2 − v1)

T(w2 − w1), (4.54)

Ṡnl ≤ −(w2 − w1)
T(v2 − v1) − δ|w2 − w1|2 − ǫ|v2 − v1|2, (4.55)

for δ, ε > 0. Then, the time-derivative of S(x1, x2, z1, z2) := Slin(x1, x2) +
Snl(z1, z2) along trajectories satisfies

Ṡ ≤ (u2 − u1)
T(y2 − y1) − δ|w2 − w1|2 − ǫ|v2 − v1|2, (4.56)

≤ (u2 − u1)
T(y2 − y1). (4.57)

Thus, Σ is incrementally passive with storage function S.
To prove stability of the origin, the non-incremental counterparts of (4.54-

4.55) will be used. Differentiation with respect to time of V (x, z) := Slin(x, 0) +
Snl(z, 0) yields (with u = 0)

V̇ ≤ −δ|w|2 − ǫ|v|2 ≤ 0, (4.58)

where δ > 0 and ǫ > 0. As for the contractivity case in Lemma 4.5, it is
remarked that V is positive definite, as follows from Assumption 4.1. Then, the
result follows from LaSalle’s invariance principle.

As for the case of incrementally contractive systems discussed in Section 4.4.2,
model reduction is applied to the high-order linear subsystem Σlin only. Specifi-
cally, the positive real balancing procedure (see Section 2.4.3) is used, leading to
a reduced-order linear subsystem Σ̂lin and the reduced-order nonlinear system
Σ̂ = I(Σ̂lin,Σnl). As stated in Theorem 2.14, the bounded real and positive real
balancing procedure (for linear systems) are related via the scattering transfor-
mation. The same relation holds for the reduction procedures for incrementally
contractive and incrementally passive nonlinear systems, as is formalized by the
following theorem.

Theorem 4.8. Let Σp = I(Σp
lin,Σ

p
nl) be an (incrementally) passive system sat-

isfying Assumptions 4.1 and 4.4. Similarly, let Σc = I(Σc
lin,Σc

nl) with m =
p and nv = nw be an (incrementally) contractive system satisfying Assump-
tions 4.1 and 4.3. Assume that the relations Σc

lin = S(Σp
lin) and Σc

nl = S(Σp
nl)

hold. Furthermore, let Σ̂p = I(Σ̂p
lin,Σ

p
nl) and Σ̂c = I(Σ̂c

lin,Σc
nl) be reduced-

order nonlinear systems obtained by the application of positive real balancing to
Σ

p
lin and bounded real balancing to Σc

lin, respectively. Then, Σp = S(Σc) and

Σ̂p = S(Σ̂c).

Proof. This follows directly after combining Lemma 4.2 and Theorem 2.14.

This theorem enables, under additional conditions, the computation of an
error bound for the incrementally passive reduced-order nonlinear system Σ̂ =
I(Σ̂lin,Σnl), as stated in the following theorem.
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Theorem 4.9. Let Σ = I(Σlin,Σnl) satisfy Assumptions 4.1 and 4.4 and let
Σ̂lin be the reduced-order linear subsystem obtained by positive real balancing.
Then, the reduced-order nonlinear system Σ̂ = I(Σ̂lin,Σnl) is incrementally
passive. Additionally, the origin of Σ̂ is asymptotically stable for u = 0.

If, in addition, the linear subsystem Σlin is (incrementally) passive as in
Definition 4.2 with ǫ > 0, the output error is bounded as

‖y − ŷ‖2 ≤
(

1 +
1

ǫ

)(
1

1 − µ

)2
(

n∑

i=k+1

πi

)

‖u‖2 (4.59)

with µ2 = 1−2ν
1+2ν , ν = min{δnl, ǫnl}, Here, δnl and ǫnl represent the parameters

characterizing the supply rate (4.6) of the incrementally very strictly passive
system Σnl, see Definition 4.2. Finally, πi are the distinct positive real singular
values of Σlin.

Proof. Using similar arguments as in the proof of Theorem 4.6, it is clear that
the reduced-order nonlinear system satisfies Assumptions 4.1 and 4.4. Thus, by
Lemma 4.7, Σ̂ is incrementally passive and the origin is asymptotically stable
for u = 0.

The proof of the error bound will exploit the relation between the reduction
procedures for incrementally passive and incrementally contractive systems, such
that it is convenient to denote the incrementally passive system in the statement
of Theorem 4.9 by Σp = I(Σp

lin,Σ
p
nl) with external input up and output yp.

Similarly, the internal signals will be denoted by vp and wp.
First, it is shown that the additional assumption on the linear subsystem

Σ
p
lin of passivity with ǫ > 0 implies that Σp has a bounded incremental L2 gain.

Hereto, it is noted that Assumption 4.4 implies the existence of the storage
functions Slin(x1, x2) and Snl(z1, z2) for the linear and nonlinear subsystem,
respectively, satisfying

Ṡlin ≤ (yp
2 − y

p
1)T(up

2 − u
p
1) + (vp

2 − v
p
1)T(wp

2 − w
p
1)

− ǫ|yp
2 − y

p
1 |2 − ǫ|wp

2 − w
p
1 |2, (4.60)

Ṡnl ≤ −(wp
2 − w

p
1)T(vp

2 − v
p
1) − δnl|wp

2 − w
p
1 |2 − ǫnl|vp

2 − v
p
1 |2. (4.61)

Here, δnl, ǫnl > 0 by incremental very strict passivity of Σnl. The introduction
of S(x1, x2, z1, z2) := Slin(x1, x2) + Snl(z1, z2) gives

Ṡ ≤ (yp
2 − y

p
1)T(up

2 − u
p
1) − ǫ|yp

2 − y
p
1 |2

− (ǫ + δnl)|wp
2 − w

p
1 |2 − ǫnl|vp

2 − v
p
1 |2, (4.62)

≤ (yp
2 − y

p
1)T(up

2 − u
p
1) − ǫ|yp

2 − y
p
1 |2 + 1

2

∣
∣ 1√

ǫ
(up

2 − u
p
1) −

√
ǫ(yp

2 − y
p
1)
∣
∣
2
, (4.63)

= 1
2

1
ǫ |u

p
2 − u

p
1|2 − 1

2ǫ|yp
2 − y

p
1 |2, (4.64)

showing that Σp
c has a bounded incremental L2 gain with gain 1

ǫ (see also [161]).
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To prove the error bound, the equivalence in Theorem 4.8 is used. Namely,
the incrementally passive high-order and reduced-order systems Σp and Σ̂p are
related to the incrementally contractive systems Σc = S(Σp) and Σ̂c = S(Σ̂p),
where the latter two have input uc and outputs yc and ŷc, respectively. Now,
Theorem 4.6 gives an error bound between the incrementally contractive systems
Σc and Σ̂c as

‖yc − ŷc‖2 ≤ εc‖uc‖2 (4.65)

with εc = 2(1 − µ)−2
∑n

i=k+1 θi. Here, µ < 1 is the gain of the incrementally
strictly contractive nonlinear subsystem Σc

nl = S(Σp
nl), which can be obtained by

µ2 = 1−2ν
1+2ν with ν = min{δnl, ǫnl}, as follows from the proof of Lemma 4.1. Fur-

thermore, θi denote the distinct bounded real singular values of Σc
lin = S(Σp

lin).
Here, it is recalled that the bounded real singular values depend on the available
storage and required supply, which form the basis of bounded real balancing.
However, since the scattering transformation leaves these storage functions un-
changed, the bounded real singular values of Σc

lin equal the positive real singular
values of Σ

p
lin, i.e. θi = πi. Application of the scattering transformation (4.8) to

(4.65) gives

√
2‖yp − ŷp‖2 ≤ εc 1√

2
‖up + yp‖2 ≤ εc 1√

2

(

1 +
1

ǫ

)

‖up‖2, (4.66)

where the L2 gain of Σp is used in the latter inequality. Finally, substitution of
the expression for εc leads to the desired result.

In this theorem, the incremental properties of the nonlinear subsystem Σnl

are only required to compute the error bound (4.59). Thus, when the additional
assumption on the linear subsystem Σlin does not hold and no error bound can
be computed, the assumptions on the nonlinear subsystem Σnl can be relaxed to
(non-incremental) very strict passivity. In this case, the preservation of passivity
as well as asymptotic stability of the origin of Σ̂ (for u = 0) is guaranteed.

Finally, the additional assumption on passivity with ǫ > 0 of Σlin does not
conflict the assumption on strict positive realness of the corresponding transfer
function. In fact, passivity with ǫ > 0 can be implied by strict positive realness
under some additional conditions (see [22]).

4.5 Controller reduction for closed-loop nonlin-

ear systems

The model reduction procedures for systems that can be decomposed into a
feedback interconnection of a linear and nonlinear subsystem as in Figure 4.1,
as proposed in Section 4.4, exploit existing linear model reduction techniques.
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Consequently, the results in Section 4.4 can be extended towards procedures
for controller reduction by exploiting existing controller reduction techniques for
linear systems. This is done in Sections 4.5.3 and 4.5.4, after giving a motivation
for the controller reduction problem in Section 4.5.1 and the problem statement
in Section 4.5.2.

4.5.1 Motivation

In control applications, simple low-order controllers are typically preferred over
complex, high-order controllers. Low-order controllers are easier to interpret
and implement. In fact, the implemented controller needs to be evaluated in
real-time using limited computational effort, placing a direct constraint on the
controller complexity.

Generally, three ways are considered to obtain controllers of low order on the
basis of a high-order complex system (see e.g. [4, 126]). First, the ideal approach
is to directly synthesize the low-order controller on the basis of the high-order
system. Even though some results exist for linear systems (see e.g. [73, 79]),
fixed-order controller design remains largely an open problem since it typically
results in a non-convex optimization problem. The two remaining approaches to
obtain low-order controllers are directly related to the model reduction problem
and both consist of two steps. In the system reduction approach, the high-order
system is reduced to obtain a reduced-order system. Then, controller synthesis
is performed for this reduced-order system, leading to a controller of low order.
Here, it is remarked that existing techniques for controller synthesis typically lead
to controllers that are of roughly the same order as the system. The approach of
controller reduction relies on the reversed order of these steps. First, controller
synthesis is performed on the high-order system to obtain a high-order controller.
Then, the controller is reduced, yielding the final low-order controller. This
latter approach has several advantages over the system reduction approach. In
the system reduction approach, reduction is done in an open-loop setting, which
may lead to the removal of dynamics that are irrelevant in open loop, but are
excited by the controller. On the other hand, the controller reduction approach
allows for the incorporation of the closed-loop dynamics, which will generally
lead to better controllers.

In controller reduction for linear controlled systems, many approaches (see [4,
126]) rely on a frequency-weighted reduction of the controller, where the weights
are chosen to address the problems of stability preservation or the approximation
of the closed-loop dynamics. Herein, techniques for frequency-weighted (open-
loop) model reduction as in [37] are exploited. Alternative methods for controller
reduction rely on the coprime factorization of the controller [101, 103, 112].
Besides these methods, which can be applied to arbitrary controllers, closed-loop
reduction methods are developed for lqg [86, 129] or H∞ [121, 122] controllers.
In both procedures, a balancing procedure is applied to the solutions of the
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corresponding Riccati equations. In [122], conditions are given under which the
reduced-order controller stabilizes the original high-order system. In this case,
a bound on the degradation of performance is given as well, where performance
is characterized as the gain of a closed-loop transfer function.

An approach targeting the preservation of performance is given in [59] (see
also [58]), hereby building upon results from [97]. Herein, conditions are given
under which the reduced-order controller stabilizes the high-order system. Alter-
native approaches exploiting the same ideas are given by [181] and [182]. These
approaches again rely on frequency-weighted (open-loop) model reduction tech-
niques.

A different class of controller reduction methods is given by closed-loop bal-
ancing methods, introduced in [25] (see also [192]). Herein, the reduced-order
controller is obtained on the basis of the closed-loop Gramians. Contrary to
the methods discussed earlier, this method does not target the preservation of
performance directly. Instead, the approximation of the closed-loop behavior is
of interest. In this method, stability of the reduced-order closed-loop system is
not guaranteed a priori. A similar idea is exploited in the method of structurally
balanced controller reduction [204], which guarantees stability of the closed-loop
with the reduced-order controller as well as an error bound.

The problem of controller reduction for controlled nonlinear systems has re-
ceived only little attention in the literature. An exception is given by [131],
which can be considered as an extension of H∞ balancing for linear systems as
in [122]. Herein, results of [165] are exploited. As in the linear case, conditions
under which the reduced-order controller stabilizes the high-order system are
given, as well as a bound on the performance degradation. However, the re-
duction method requires the solution of nonlinear partial differential equations,
limiting the computational feasibility.

This section therefore deals with controller reduction techniques for a class
of nonlinear controlled systems, hereby exploiting techniques for controller re-
duction for linear closed-loop systems.

4.5.2 Problem setting

Controlled nonlinear systems as in the left graph of Figure 4.4 are considered.
Here, Σgen is a generalized system, which contains linear dynamics and linear
weighting filters defining the control problem. Specifically, the generalized sys-
tem is chosen such that the minimization of the L2 gain from the performance
input u to the performance output y gives increased performance. The linear
controller is denoted by Γ. When combining the controller and generalized sys-
tem into a (controlled) linear system as Σlin = Fu(Σgen,Γ), with Σlin of the
form (4.1) and Fu(·, ·) the upper linear fractional transformation, it is clear that
the controlled linear system in Figure 4.4 is a special case of the linear subsystem
in Figure 4.1. Finally, Σnl is a nonlinear dynamic system of the form (4.2).
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Figure 4.4: Controlled nonlinear system (left) and linear control configu-
ration (right), with dT = [uT vT] and eT = [yT wT]. In both
graphs, Σlin = Fu(Σgen,Γ) is represented by the gray box.
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Figure 4.5: Nonlinear system with reduced-order controller Γ̂. Here, the
gray box represents the reduced-order controlled linear sub-
system Σ̂lin = Fu(Σgen, Γ̂).

It is remarked that the configuration in the left graph of Figure 4.4 does not
necessarily represent the control of a system with local nonlinearity by means
of a linear controller. Namely, some nonlinear controllers can be cast in the
same framework, where an example is given by variable-gain controllers (see e.g.
[64, 193]).

The controller Γ may have been obtained on the basis of the linear general-
ized system only, leading to the configuration as depicted in the right graph of
Figure 4.4. Here, the performance input u and the internal input v are combined
to form the performance input for linear control design d = [ uT vT ]T. Similarly,
e = [ yT wT ]T represents the performance output for linear control design. In
this setting, standard control synthesis techniques such as H∞ control design
can be exploited. However, controller synthesis is not within the scope of this
chapter. Instead, the controller Γ is assumed to be given and the reduction of
this controller is pursued.
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In this section, it is assumed that the controller is designed such that the
nonlinear controlled system satisfies Assumption 4.1. Additionally, the following
assumption is adopted.

Assumption 4.6. Let the controlled system Σ = I(Σlin,Σnl) satisfy the fol-
lowing assumptions:

1. The controller Γ is designed such that Σlin = Fu(Σgen,Γ) satisfies ‖e‖2 ≤
γcon‖d‖2 for some γcon > 0;

2. The nonlinear subsystem Σnl has a bounded incremental L2 gain µ;

3. The small-gain condition γconµ < 1 holds.

In this setting, the construction of a reduced-order linear controller Γ̂ will
be pursued, leading to the reduced-order controlled system as in Figure 4.5.
Here, Σ̂lin = Fu(Σgen, Γ̂) is of the form (4.16). In controller reduction, both the
objectives of approximation of closed-loop behavior or performance preservation
are pursued. These two objectives are discussed in more detail in the next
sections.

4.5.3 Approximation of closed-loop behavior

Here, the objective is to find a reduced-order controller Γ̂ such that the reduced-
order closed-loop dynamics resembles the original high-order closed-loop dynam-
ics, from the external input u to the external output y. Hence, the error ‖y− ŷ‖2

is required to be small. This problem is addressed in the following corollary.

Corollary 4.10. Let Σ = I(Σlin,Σnl) with Σlin = Fu(Σgen,Γ) satisfy As-

sumptions 4.1 and 4.6. Furthermore, let Γ̂ be a reduced-order controller such
that Σ̂lin = Fu(Σgen, Γ̂) is asymptotically stable and the error bound ‖e− ê‖2 ≤
εcon‖d‖2 on reduction of the (controlled) linear subsystem Σlin holds for some
εcon > 0, with ê = [ ŷT ŵT ]T. Then, the following statements hold:

1. The controlled nonlinear system Σ = I(Σlin,Σnl) has a bounded incre-
mental L2 gain and the origin is an asymptotically stable equilibrium point
of Σ for u = 0;

2. The reduced-order controlled nonlinear system Σ̂ = I(Σ̂lin,Σnl) has a
bounded incremental L2 gain and the origin is an asymptotically stable
equilibrium point of Σ̂ for u = 0 when

(γcon + εcon)µ < 1; (4.67)

3. If (4.67) holds, then the error δy = y − ŷ between the closed-loop outputs
of the high-order and reduced-order nonlinear system Σ and Σ̂ is bounded
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as ‖δy‖2 ≤ ε‖u‖2, with

ε = εcon

(
1

1 − γconµ

)(
1

1 − (γcon + εcon)µ

)

. (4.68)

Proof. To prove the corollary, it is remarked that Assumption 4.6 is basically
a restatement of Assumption 4.2. Then, the first item directly follows from
Lemma 4.3. Similarly, the assumptions on the reduced-order controller are
equivalent to Assumption 4.5, with εij ≤ εcon, i ∈ {u, v}, j ∈ {y, w}. Then,
the second and third item follow from Theorem 4.4, with γij ≤ γcon, i ∈ {u, v},
j ∈ {y, w}.

The results in Corollary 4.10 rely on the application of controller reduction
techniques for linear systems that guarantee stability of the reduced-order closed-
loop linear subsystem as well as an error bound of the form ‖e− ê‖2 ≤ εcon‖d‖2.
Methods satisfying these assumptions and guaranteeing an a priori error bound
are given in [204] and [52]. Alternatively, stability and an error bound can be
evaluated a posteriori (i.e. after the reduction has been employed), allowing for
the application of other controller reduction techniques (e.g. those in [25]).

4.5.4 Performance preservation

For performance preservation, the reduced-order controller Γ̂ is required to guar-
antee the same performance as the high-order controller Γ, i.e. the implication
‖y‖2 ≤ γcl‖u‖2 ⇒ ‖ŷ‖2 ≤ γcl‖u‖2 should hold, with γcl a closed-loop perfor-
mance criterion. After scaling to γcl = 1, this essentially represents the preser-
vation of contractivity, leading to the following corollary.

Corollary 4.11. Let Σ = I(Σlin,Σnl) with Σlin = Fu(Σgen,Γ) satisfy Assump-

tions 4.1 and 4.6 with γcon = 1 and µ < 1. Furthermore, let Γ̂ be a reduced-order
controller such that Σ̂lin = Fu(Σgen, Γ̂) is asymptotically stable and the bound
‖ê‖2 ≤ ‖d‖2 holds, with ê = [ ŷT ŵT ]T. Then, the following statements hold:

1. The controlled nonlinear system Σ = I(Σlin,Σnl) is incrementally con-
tractive and the origin is an asymptotically stable equilibrium point of Σ

for u = 0;

2. The reduced-order controlled nonlinear system Σ̂ = I(Σ̂lin,Σnl) is incre-
mentally contractive and the origin is an asymptotically stable equilibrium
point of Σ̂ for u = 0.

If, in addition, the error bound ‖e − ê‖2 ≤ εcon‖d‖2 is available on reduction of
the (controlled) linear subsystem Σlin, the following statement holds:
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Figure 4.6: Flexible beam with nonlinear damping.

3. The error δy = y− ŷ between the closed-loop outputs of the high-order and
reduced-order nonlinear system Σ and Σ̂ is bounded as ‖δy‖2 ≤ ε‖u‖2,
with

ε = εcon

(
1

1 − µ

)2

. (4.69)

Proof. Assumption 4.6 with γcon = 1 and µ < 1 implies that the linear subsystem
is (incrementally) contractive, whereas the nonlinear subsystem is incrementally
strictly contractive. Thus, Assumption 4.3 holds, such that the first item follows
from Lemma 4.5. Additionally, the assumptions on the reduced-order controller
resemble the properties of bounded real balancing, such that the second and
third item follow from Theorem 4.6.

As before, the result in Corollary 4.11 is based on properties of the reduced-
order controlled linear subsystem. Specifically, the reduced-order controller is
assumed to be performance preserving in the sense that the reduced-order con-
trolled linear subsystem satisfies the performance criterion ‖ê‖2 ≤ ‖d‖2. A
controller reduction technique that satisfies this assumption has been proposed
in [59], which is based on results in [97]. Alternatives following the same ideas
are given by [181] and [182]. Here, it is noted that none of the methods dis-
cussed above gives an a priori error bound of the form ‖e− ê‖2 ≤ εcon‖d‖2, such
that the third item can only be obtained by an a posteriori computation of the
required error bound on the reduced-order linear subsystem. Also, this is the
only item that requires the property of incremental strict contractivity of the
nonlinear subsystem Σnl. Thus, the first two items also hold when the nonlinear
subsystem satisfies the less restrictive assumption of strict contractivity.

4.6 Example

The flexible beam system depicted in Figure 4.6 is considered to illustrate the
model reduction procedure for nonlinear systems satisfying a bounded incremen-
tal L2 gain as in Section 4.4.1. A model of the beam is obtained by discretization
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using Euler beam elements, leading to an asymptotically stable linear system
Σlin of the form (4.1) with n = 60. The external input u ∈ R is a force acting
on the beam, whereas the vertical deflection y ∈ R is the external output.

In the center of the flexible beam, a damper with nonlinear characteristics is
placed. This damping element is modeled as

Σnl :

{
ż = −z − σ(z) + κw,

−v = z,
(4.70)

where w ∈ R is the vertical velocity of the beam center. Furthermore, z ∈ R is
the internal state of the damping element, v ∈ R represents the damping force
and σ(z) is an arbitrary nondecreasing continuous function. The gain of the
nonlinear damping element is given by κ. It is remarked that the total system
satisfies Assumption 4.1, where well-posedness of the feedback interconnection
I(Σlin,Σnl) is guaranteed by the absence of a direct feedthrough matrix in the
linear dynamics Σlin.

To show that Σnl as in (4.70) has a bounded incremental L2 gain, the storage
function Snl(z1, z2) = 1

2 (z2 − z1)
2 is considered. The time-differentiation of Snl

yields

Ṡnl = −(z2 − z1)
2 − (z2 − z1)

(
σ(z2) − σ(z1)

)
+ κ(z2 − z1)(w2 − w1), (4.71)

= − 1
2 (z2 − z1)

2 − (z2 − z1)
(
σ(z2) − σ(z1)

)

+ 1
2κ2(w2 − w1)

2 − 1
2

(
κ(w2 − w1) − (z2 − z1)

)2
, (4.72)

where the equality is easily checked by expanding the final term in the right-
hand site of (4.72). Next, the assumption that σ is a nondecreasing function
implies (z2 − z1)(σ(z2) − σ(z1)) ≥ 0 for all z1, z2 ∈ R, such that substitution of
the output equation v = z in (4.72) yields

Ṡnl ≤ 1
2κ2|w2 − w1|2 − 1

2 |v2 − v1|2. (4.73)

Then, by Definition 4.5, Σnl as in (4.70) has a bounded incremental L2 gain,
where the gain is given as µ = κ.

Next, the H∞ norms of the transfer functions of the linear subsystem Σlin are
computed for each individual input-output pair, leading to the (tight) bounds
on the incremental L2 gain as

γyu = 4.195 · 10−4, γyv = 8.590 · 10−4,

γwu = 8.319 · 10−2, γwv = 1.718 · 10−1.
(4.74)

After choosing κ such that κ ≤ 5, it can be concluded that the coupled system
Σ = I(Σlin,Σnl) satisfies Assumption 4.2 (since γwvµ = 1.718 · 10−1µ < 1 and
µ = κ). Consequently, by Lemma 4.3, the nonlinear system Σ has a bounded in-
cremental L2 gain. In addition, the origin is an asymptotically stable equilibrium
point of the total nonlinear system (for u = 0).
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Figure 4.7: Frequency response function for input v and output w for
the high-order linear subsystem Σlin and its reduced-order
approximation Σ̂lin of order k = 4. Furthermore, κ = 5.

A reduced-order model is obtained by the application of model reduction to
the linear subsystem Σlin, leading to a reduced-order linear subsystem Σ̂lin of
order k = 4. In particular, the method of balanced truncation, as discussed
in Section 2.4.1, is used. A comparison of the frequency response functions of
the high-order and reduced-order linear subsystem in Figure 4.7 shows that Σ̂lin

provides a good approximation of the first two modes of Σlin. Also, it is recalled
that balanced truncation guarantees the preservation of stability, such that the
reduced-order linear subsystem is asymptotically stable. Next, an a priori error
bound is obtained (see Theorem 2.9) as

εlin = 2
60∑

i=5

σi = 6.522 · 10−2, (4.75)

with σi, i ∈ {1, 2, . . . , 60}, the Hankel singular values of Σlin. Then, by using
the bounds εij ≤ εlin, i ∈ {y, w}, j ∈ {u, v}, in (4.24), it is clear that the
reduced-order model satisfies Assumption 4.5. Here, it is remarked that the
application of balanced truncation to the linear subsystem does not introduce a
direct feedthrough matrix in the reduced-order linear subsystem Σ̂lin, such that
the interconnection I(Σ̂lin,Σnl) is well-posed.
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Table 4.1: A priori (using (4.75) and (4.41)) and a posteriori (using (4.76)
and (4.26)) error bounds for model reduction.

κ ε (a priori) ε (a posteriori)
3 1.214 · 10−1 2.157 · 10−4

4 3.060 · 10−1 2.694 · 10−4

5 – 6.449 · 10−4

However, after taking κ = 5, an evaluation of the condition (4.25) (using
εwv = εlin) shows that stability properties of the reduced-order condition cannot
be guaranteed a priori. Since the L2 signal norm used in this analysis is directly
related to the H∞ norm of a transfer function (see also Remark 2.11), this con-
dition can also be evaluated in frequency domain, see Figure 4.7. Nonetheless,
by comparing the value of κ−1 to the maximum amplitude of the frequency re-
sponse function of the reduced-order system, it can be seen that the small-gain
condition is satisfied for the reduced-order system, such that stability properties
(i.e. a bounded incremental L2 gain and asymptotic stability of the equilibrium
point for u = 0) are guaranteed by Lemma 4.3. However, it is stressed that this
is an a posteriori analysis since it requires the computation of the frequency re-
sponse function of the reduced-order linear subsystem Σ̂lin. Also, an a posteriori
computation of the error bounds yields

εyu = 1.748 · 10−4, εyv = 3.800 · 10−5,

εwu = 5.447 · 10−3, εwv = 1.027 · 10−2.
(4.76)

Since stability properties of the reduced-order nonlinear system Σ̂ = I(Σ̂lin,Σnl)
are guaranteed (a posteriori), the error bound of Theorem 4.4 can be computed,
hereby using the values (4.76). This leads to the error bound in Table 4.1 (for
κ = 5).

In addition, the error bounds are computed for smaller values of κ, leading to
a smaller influence of the nonlinear subsystem. For κ = 3 and κ = 4, condition
(4.25) in Theorem 4.4 is guaranteed when using εwv = εlin with εlin as in (4.75),
giving an a priori guarantee on stability properties of the reduced-order nonlinear
system. As a result, the bound (4.41) can be evaluated, leading to the results
in the left column of Table 4.1. When compared to the a posteriori bound
obtained using (4.26) and the numerical values (4.76), it is clear that the a
posteriori bound is much less conservative. This difference is mainly due to the
a priori error bound εlin in (4.75), which does not yield a tight bound on the real
values in (4.76). Also, it can clearly be observed that the error bound increases
for increasing size of the nonlinearity.

Finally, the quality of the reduced-order system is assessed by means of simu-
lation. Here, the nonlinear function σ is chosen as σ(z) = arctan(10z) and κ = 4.
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Figure 4.8: Simulations of the high-order system Σ and reduced-order
system Σ̂ of order k = 4 for u(t) = 10 sign(sin(2π15t)): output
y (left) and state z of the nonlinear subsystem Σnl (right).

Figure 4.8 gives a comparison of the outputs of the high-order and reduced-
order nonlinear system for a block wave with a frequency of 15 Hz in the left
graph, where it can be observed that the reduced-order system provides a good
approximation. In addition, the right graph of Figure 4.8 gives the state of
the nonlinear subsystem when connected to the high-order or reduced-order
linear subsystem. Since the reduced-order system gives a very good match,
the influence of the nonlinearity is equal for the high-order and reduced-order
system, explaining the good approximation of the external output.

4.7 Discussion

In this chapter, a class of model reduction procedures is presented for nonlinear
systems that can be decomposed into a feedback interconnection of a linear
and nonlinear subsystem. Here, as in Chapter 3, reduction is employed on the
linear subsystem only, allowing for the use of existing model reduction techniques
for linear systems and making this approach computationally attractive. First,
conditions are given under which stability of the reduced-order nonlinear model
can be guaranteed. Here, both internal stability properties (i.e. stability of the
equilibrium point for zero input) as the input-output stability property of a
bounded incremental L2 gain are considered. Furthermore, it is shown that the
application of specific reduction techniques for linear systems yields a reduction
method in which contractivity or passivity is preserved. Also, a priori error
bounds in the L2 signal norm are derived, where the properties of a bounded
incremental L2 gain or incremental passivity of the nonlinear subsystem play an
important role.
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The techniques developed in this chapter are applied in the scope of controller
reduction for a class of controlled nonlinear systems, hereby again exploiting
existing controller reduction procedures for linear systems and addressing the
objectives of approximation of closed-loop behavior and performance preserva-
tion.

The results on model reduction for systems with bounded incremental L2 gain
have been illustrated by application to a mechanical system with a nonlinear
damper. The results on controller reduction will be used for the design of a
controller for the temperature control in a lab-on-a-chip in Chapter 6.





Chapter 5

Model reduction by incremental

balanced truncation

5.1 Introduction

In Chapters 3 and 4, existing model reduction techniques for linear systems are
exploited in the scope of model reduction for (classes of) nonlinear systems.
In particular, model reduction is applied to a linear subsystem and techniques
are presented to analyze the influence of the nonlinearity on the preservation of
stability properties and the derivation of an error bound. A different approach is
taken in the current chapter. Namely, a model reduction procedure is developed
in which the nonlinearity is explicitly taken into account in the reduction process
itself.

Balanced truncation for nonlinear systems, as discussed in Section 2.5, is an
approach in which the nonlinearity is targeted directly. It is a direct extension
of balanced truncation for linear systems in the sense that the same energy
functions are exploited, i.e. the observability and controllability functions as in
Section 2.4.1. However, whereas balanced truncation for (asymptotically stable)
linear systems guarantees the preservation of asymptotic stability and has an a
priori error bound, balanced truncation for nonlinear systems does not satisfy
such properties. Namely, only local asymptotic stability of the equilibrium point
for zero input is guaranteed for the reduced-order system, which is merely an
internal stability property. Thus, stability properties for nonzero input cannot
be guaranteed and, consequently, no error bounds exist. In the current chapter,
the method of incremental balanced truncation is introduced, which addresses
these aspects.

Incremental balanced truncation is based on the introduction of two novel
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energy functions, which replace the observability and controllability function as
a basis for model reduction. These so-called incremental observability and in-
cremental controllability function measure input and output energy on the basis
of the comparison of two system trajectories, rather than on the energy associ-
ated to a single trajectory as in their non-incremental counterparts. For linear
systems, the incremental energy functions will be shown to be directly related
to the observability and controllability Gramian, such that in this case a model
reduction procedure based on the incremental energy functions is equivalent to
balanced truncation.

However, for nonlinear systems, the introduction of the incremental observ-
ability and incremental controllability functions has several advantages. First,
the incremental observability function is directly related to the notion of observ-
ability for nonlinear systems. In addition, it provides a link to incremental sta-
bility properties, where it is recalled that this is a stability property for systems
with nonzero input which, in addition, implies internal stability. As a result, in-
cremental stability properties are preserved in a balanced truncation procedure
based on these incremental energy functions. Furthermore, the combination of
the incremental observability and incremental controllability function allows for
the computation of an error bound using the L2 signal norm.

Next, an alternative to incremental balanced truncation is presented in this
chapter. This method of generalized incremental balanced truncation is based on
the computation of bounds on the incremental energy functions rather than the
energy functions themselves. Besides avoiding the need for one limiting assump-
tion used in model reduction by incremental balancing, generalized incremen-
tal balanced truncation increases the computational feasibility of the reduction
method while maintaining the properties of stability preservation and the avail-
ability of an error bound. However, this error bound is typically larger than for
incremental balanced truncation and a potentially less accurate reduced-order
model is obtained.

The method of generalized incremental balanced truncation is further spe-
cialized for the class of piecewise affine systems. Here, the (bounds on) energy
functions can be obtained as a solution of sets of linear matrix inequalities, pro-
viding a computationally efficient procedure for the reduction of an important
class of nonlinear systems.

The remainder of this chapter is organized as follows. First, the incremental
observability and incremental controllability functions are introduced in Sec-
tions 5.2 and 5.3 and their relation to (incremental) stability properties is con-
sidered in Section 5.4. In Section 5.5, the reduction method of incremental
balanced truncation is discussed, which includes the preservation of stability
properties and the derivation of an error bound. Next, generalized incremen-
tal balanced truncation is presented in Section 5.6, whereas its application to
piecewise affine systems is given in Section 5.7. Finally, conclusions are stated
in Section 5.8.
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5.2 The incremental observability function

Nonlinear systems of the form

Σ :

{
ẋ = f(x) + g(x)u,

y = h(x)
(5.1)

are considered, with x ∈ Rn, u ∈ Rm and y ∈ Rp. It is assumed that f : Rn →
Rn is locally Lipschitz continuous and satisfies f(0) = 0, such that the origin is
an equilibrium point of Σ for u = 0. Additionally, the functions g : Rn → Rn×m

and h : Rn → Rp are continuous, where h(0, 0) = 0. Input functions u(t) are
chosen from the class Lm

2 .

In this chapter, a novel approach for model reduction of nonlinear systems
is proposed, which can be considered as an extension of balanced truncation
for asymptotically stable linear systems as in Section 2.4.1. However, contrary
to the observability and controllability functions used in balanced truncation,
this approach is based on two novel energy functions, namely the incremental
observability function and the incremental controllability function.

The incremental observability function is defined as follows.

Definition 5.1. The incremental observability function Eo : Rn × Rn → R is
defined as

Eo(x0, x̄0) = sup
u∈Lm

2 ([0,∞))

∫ ∞

0

|y(t) − ȳ(t)|2 dt, (5.2)

where y(t) and ȳ(t) denote the outputs of (5.1) for input function u(t) and initial
conditions x(0) = x0 and x(0) = x̄0, respectively.

Thus, the incremental observability function characterizes the maximum en-
ergy in the difference of two output trajectories, which are generated by the same
input function, but correspond to different initial conditions. It is clear that the
incremental observability function is not guaranteed to exist. In particular, when
the nonlinear system Σ exhibits multiple steady-state solutions, the integral in
(5.2) is likely to be unbounded. Nonetheless, the following assumption is made.

Assumption 5.1. The incremental observability function, when it exists, is a
differentiable function.

Remark 5.1. Assumption 5.1 is made to allow for a characterization of Eo in
terms of a set of partial differential equations later. Moreover, it is noted that dif-
ferentiability (in fact, smoothness) of the observability and controllability func-
tions is also assumed in the literature on balancing for nonlinear systems (see
[163, 164] and Assumptions 2.1 and 2.2 in Chapter 2 of this thesis). ⊳
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Σ(x)

Σ(x̄)

u ∆y

Figure 5.1: Auxiliary system Σo as used in the characterization of the
incremental observability function.

When it exists, it is clear from Definition 5.1 that the incremental observabil-
ity function is symmetric, nonnegative, and zero for equal initial conditions, i.e.

Eo(x0, x̄0) = Eo(x̄0, x0), (5.3)

Eo(x0, x̄0) ≥ 0, (5.4)

Eo(x0, x0) = 0, (5.5)

holds for all x0, x̄0 ∈ Rn. Additionally, the incremental observability function is
related to the observability function as used in balanced truncation for nonlinear
systems (see Definition 2.12). Namely, the inequality

Eo(x0, 0) ≥ Lo(x0) (5.6)

holds for all x0 ∈ Rn, as is easily derived by recalling that Lo characterizes the
output energy for zero input (u(t) = 0 for all t ∈ [0,∞)).

The incremental observability function can be conveniently characterized by
considering the auxiliary system Σo as in Figure 5.1. This system is formed as
the parallel interconnection of two copies of the original system Σ as in (5.1),
leading to

Σo :







ẋ = f(x) + g(x)u,
˙̄x = f(x̄) + g(x̄)u,

∆y = h(x) − h(x̄).
(5.7)

Then, the incremental observability function (5.2) characterizes the maximum
output energy that can be extracted from Σo given a certain initial condition.
This interpretation is used to obtain the following result on the existence and
characterization of Eo.

Theorem 5.1. Let Assumption 5.1 hold. Then, the incremental observability
function Eo as in Definition 5.1 exists if and only if there exist functions Ẽo :
Rn×Rn → R and l : Rn×Rn → Rq (for some integer q) with Ẽo differentiable,
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Ẽo(0, 0) = 0 and Ẽo(x, x̄) ≥ 0 such that

∂Ẽo

∂x
(x, x̄)f(x) +

∂Ẽo

∂x̄
(x, x̄)f(x̄) = −|h(x) − h(x̄)|2 − |l(x, x̄)|2, (5.8)

∂Ẽo

∂x
(x, x̄)g(x) +

∂Ẽo

∂x̄
(x, x̄)g(x̄) = 0, (5.9)

for all x, x̄ ∈ Rn. Then, the incremental observability function Eo is the smallest
solution satisfying (5.8-5.9), i.e. Eo satisfies Eo(x, x̄) ≤ Ẽo(x, x̄) for all x, x̄ ∈
Rn and all Ẽo satisfying (5.8-5.9).

Proof. To prove the theorem, the theory of dissipative systems is used (see Sec-
tion 2.3.3). Specifically, the definition of the available storage as in Definition 2.6
is recalled. Then, it can be observed that the incremental observability function
Eo as in (5.2) represents the available storage for the auxiliary system Σo with
supply rate

s(u, ∆y) = −|∆y|2 = −|y − ȳ|2. (5.10)

Here, it is remarked that s(u, ∆y) ≤ 0, such that the supremum over T in
the definition of the available storage in (2.11) is obtained for T → ∞. As a
result, the incremental observability function exists if and only if the auxiliary
system Σo is dissipative with respect to (5.10), see Theorem 2.1. Then, the first
statement of Theorem 5.1 results from [68, Theorem 8] (see also [67, Theorem 1]),
where it is stated that dissipativity is equivalent to the existence of functions
satisfying (5.8-5.9). This result can also be found in [22, Lemma 4.87], where this
equivalence is referred to as the nonlinear Kalman-Yakubovich-Popov lemma.
Moreover, it is well-known that the available storage Eo is the smallest solution
(in the sense that Eo(x, x̄) ≤ Ẽo(x, x̄) for all x, x̄ ∈ Rn and all storage functions
Ẽo) satisfying the (nonlinear) Kalman-Yakubovich-Popov conditions, see e.g.
[67, 187] and Theorem 2.1, which proves the theorem.

Theorem 5.1 provides a necessary and sufficient condition for the existence of
the incremental observability function and gives a characterization of this energy
function. Herein, it is remarked that an explicit expression for the function l

in (5.8) corresponding to the incremental observability function is not available.
Moreover, for a given function l, it is unknown whether the corresponding solu-
tion Ẽo of (5.8-5.9) is the smallest solution and thus represents the incremental
observability function Eo. An exception is given when the system (5.1) is incre-
mentally stable and a solution Ẽo to (5.8-5.9) is obtained for l = 0. Namely,
then Eo = Ẽo, as stated in the following theorem.

Theorem 5.2. Let Σ as in (5.1) be incrementally globally asymptotically stable
for the class of inputs Lm

2 ([0,∞)). In addition, let Assumption 5.1 hold. If
Ẽo is a solution to (5.8-5.9) with l(x, x̄) = 0 for all x, x̄ ∈ Rn, then Ẽo is the
incremental observability function, i.e. Ẽo = Eo.
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Proof. By Definition 5.1, the incremental observability function satisfies

Eo(x0, x̄0) = sup
u∈Lm

2 ([0,∞))

∫ ∞

0

|h(x(t)) − h(x̄(t))|2 dt, (5.11)

= sup
u∈Lm

2 ([0,∞))

∫ ∞

0

−∂Ẽo

∂x
(x(t), x̄(t))f(x(t))

− ∂Ẽo

∂x̄
(x(t), x̄(t))f(x̄(t)) dt, (5.12)

with x(t) and x̄(t) the trajectories of Σo for initial conditions x(0) = x0 and
x̄(0) = x̄0 and some input function u(t) ∈ Lm

2 ([0,∞)). The latter expression in
(5.12) follows from the characterization of Ẽo in (5.8) with l = 0. Next, it is
noted that (5.9) implies that (5.12) can be written as

Eo(x0, x̄0) = sup
u∈Lm

2 ([0,∞))

∫ ∞

0

− d

dt

{
Ẽo(x(t), x̄(t))

}
dt, (5.13)

= sup
u∈Lm

2 ([0,∞))

{
− Ẽo(x(∞), x̄(∞)) + Ẽo(x(0), x̄(0))

}
, (5.14)

= Ẽo(x0, x̄0), (5.15)

which proves the theorem. Here, (5.15) follows from the specification of the
initial condition and the property of incremental global asymptotic stability,
where the latter implies x(∞) = x̄(∞) for any input function u(t) ∈ Lm

2 ([0,∞)).
Consequently, the supremum in (5.14) can be discarded. Moreover, the prop-
erty Ẽ(x, x) = 0, for all x ∈ Rn, is exploited. This property follows from the
evaluation of the dissipation inequality represented by (5.8-5.9) (with l = 0) for
trajectories of Σc with initial conditions x(0) = x̄(0) = 0. These trajectories
satisfy x(t) = x̄(t) and, consequently, h(x(t)) − h(x̄(t)) = 0, such that the time
derivative of Ẽ(x(t), x̄(t)) equals zero and the property Ẽo(x, x) = 0 follows from
Ẽo(0, 0) = 0.

For asymptotically stable linear systems of the form

Σlin :

{
ẋ = Ax + Bu,

y = Cx,
(5.16)

with x ∈ R
n, u ∈ R

m, y ∈ R
p, the incremental observability function as in

Definition 5.1 is directly related to the observability Gramian (see Theorem 2.4),
as stated in the following theorem.

Theorem 5.3. Consider an asymptotically stable linear system Σlin as in (5.16).
Then, the incremental observability function Eo is given as

Eo(x0, x̄0) = (x0 − x̄0)
TQ(x0 − x̄0), (5.17)

with Q = QT the observability Gramian as in Theorem 2.4.
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Proof. The proof can be found in Appendix A.3.

For linear systems, the observability Gramian (and thus, by Theorem 5.3,
the incremental observability function) is directly related to the notion of ob-
servability. A similar relation can be shown for nonlinear systems of the form
(5.1). To this end, the definition of indistinguishability is recalled (see [66, 123]).

Definition 5.2. Let y(t) and ȳ(t) be the solutions of (5.1) for some input func-
tion u(t) and initial conditions x(0) = x0 and x(0) = x̄0, respectively. Then, the
states x0 and x̄0 are said to be indistinguishable (with respect to Σ) if, for all
u(t), y(t) = ȳ(t) on their common domain of definition. Indistinguishability of
x0 and x̄0 is denoted by x0Ix̄0.

Now, a relation between indistinguishability and the incremental observabil-
ity function can be stated as follows.

Lemma 5.4. Assume that the incremental observability function Eo as in Defi-
nition 5.1 exists. Then, two states x0, x̄0 ∈ Rn are indistinguishable if and only
if Eo(x0, x̄0) = 0.

Proof. Let x0, x̄0 ∈ Rn be indistinguishable. Then, by Definition 5.2, the corre-
sponding output trajectories of (5.1) satisfy y(t) = ȳ(t) for all input functions
u(t). Thus, Eo(x0, x̄0) = 0.

Conversely, let x0, x̄0 be chosen such that Eo(x0, x̄0) = 0. Then, since |y(t)−
ȳ(t)|2 in Definition 5.1 is nonnegative, the output trajectories for the maximizing
input function satisfy y(t) = ȳ(t) for all t ∈ [0,∞). Since the maximizing input
function is chosen, this holds for all other input signals as well. Hence, x0 and
x̄0 are indistinguishable.

For nonlinear systems of the form (5.1), observability is defined as follows
(see [66, 123]).

Definition 5.3. A system Σ as in (5.1) is said to be observable if, for all
x0, x̄0 ∈ Rn, x0Ix̄0 implies x0 = x̄0.

Then, observability can be characterized in terms of the incremental observ-
ability function.

Theorem 5.5. Assume that the incremental observability function Eo as in
Definition 5.1 exists. Then, the system Σ as in (5.1) is observable if and only
if Eo(x0, x̄0) > 0 for all x0, x̄0 ∈ Rn, x0 6= x̄0.

Proof. This is a direct consequence of Lemma 5.4 and Definition 5.3.

Thus, Theorem 5.5 provides a necessary and sufficient condition for the in-
cremental observability function Eo to be strictly positive for all x0 6= x̄0. This
result is consistent with the equivalence between positive definiteness of the ob-
servability Gramian and observability for linear systems (see Theorem 2.4 and
e.g. [8]), as can be seen from (5.17).
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5.3 The incremental controllability function

In the previous section, the incremental observability function is defined. It
characterizes the maximum energy associated with the difference in two output
trajectories. The incremental controllability function gives a similar characteri-
zation for the input signals and is defined as follows.

Definition 5.4. The incremental controllability function Ec : Rn ×R
n → R is

defined as

Ec(x0, x̄0) = inf
u,ū∈Lm

2 ((−∞,0])

∫ 0

−∞
|u(t) + ū(t)|2 dt, (5.18)

where u(t) is an input signal that steers the system (5.1) from x(−∞) = 0 to
x(0) = x0. Similarly, ū(t) steers (5.1) from x̄(−∞) = 0 to x̄(0) = x̄0.

The incremental controllability function thus gives the minimum energy in
the sum of two input signals that steer Σ to the states x0 and x̄0, respectively.
Even though this definition does not seem natural at first sight, it will be shown
that the incremental controllability function as in (5.18) is useful in the develop-
ment of a model reduction procedure for which a bound on the reduction error
can be guaranteed. As for the incremental observability function, the incremen-
tal controllability function is not guaranteed to exist. Namely, the existence of
an input signal steering to an arbitrary state is not guaranteed a priori. In case
such an input function does indeed not exist, then, by convention, Ec is infinite.
As for the incremental observability function, the following assumption is made
(see also Remark 5.1).

Assumption 5.2. The incremental controllability function, when it exists, is a
differentiable function.

From Definition 5.4, it is clear that the incremental controllability function
is symmetric and nonnegative. Thus, the properties

Ec(x0, x̄0) = Ec(x̄0, x0), (5.19)

Ec(x0, x̄0) ≥ 0, (5.20)

hold for all x0, x̄0 ∈ Rn. In addition, the incremental controllability function is
related to the controllability function (see Definition 2.13) as

Ec(x0, 0) ≤ Lc(x0) (5.21)

for all x0 ∈ Rn.

Remark 5.2. The properties (5.19-5.20) and (5.21) are similar to the properties of
the incremental observability function (5.3-5.4) and (5.6), respectively. However,
a direct counterpart of (5.5) is not to be generally expected. Namely, when a
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Σ(x)

Σ(x̄)

u

ū

Figure 5.2: Auxiliary system Σc as used in the characterization of the
incremental controllability function.

certain input signal u(t) yields a state x(0) = x0, the input signal ū(t) = −u(t)
does not necessarily yield the state x̄(0) = −x0. However, this is the case when
the system (5.1) satisfies f(x) = −f(−x) and g(x) = g(−x). Thus, when Σ has
an odd vector field in the sense described before, the additional property

Ec(x0,−x0) = 0 (5.22)

holds for all x0 ∈ Rn. It is remarked that in this case the incremental control-
lability function can be alternatively defined as

E−
c (x0, x̄0) = inf

u,ū∈Lm
2 ((−∞,0])

∫ 0

−∞
|u(t) − ū(t)|2 dt, (5.23)

where u(t) and ū(t) are defined as in Definition 5.4. Then, Ec and E−
c are

related as Ec(x0, x̄0) = E−
c (x0,−x̄0). In addition, it is easily observed that

E−
c (x0, x0) = 0 for all x0 ∈ Rn, which corresponds to (5.22). The function E−

c

can be thought of as a truly incremental controllability function, motivating the
name for the function in Definition 5.4.

Nonetheless, it is stressed that the application of E−
c as in (5.23) in the

scope of model reduction will not lead to a reduced-order model with desirable
properties when the nonlinear system does not have an odd vector field in the
sense described above. Therefore, the incremental controllability function Ec as
in Definition 5.4 is used. ⊳

For the characterization of the incremental controllability function, the con-
figuration in Figure 5.2 is considered. Here, the auxiliary system Σc is given
as

Σc :

{
ẋ = f(x) + g(x)u,
˙̄x = f(x̄) + g(x̄)ū,

(5.24)

where no output needs to be defined. Then, the incremental controllability
function gives the least control energy required to reach the state (x0, x̄0) of
the auxiliary system (5.24), where the control energy is measured as |u + ū|2.
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In order to obtain results on the existence and characterization of Ec using the
auxiliary system Σc, the definition of reachability (Definition 2.8) is recalled.

Then, the following result is obtained.

Theorem 5.6. Let the system Σ as in (5.1) be reachable from 0. Then, the
incremental controllability function Ec exists. If, in addition, Assumption 5.2
holds, then there exist functions Ẽc : Rn × R

n → R, l : Rn × R
n → R

q and
W : Rn ×Rn → Rq×2m (for some integer q) with Ẽc differentiable, Ẽc(0, 0) = 0
and Ẽc(x, x̄) ≥ 0 such that

∂Ẽc

∂x
(x, x̄)f(x) +

∂Ẽc

∂x̄
(x, x̄)f(x̄) = −lT(x, x̄)l(x, x̄), (5.25)

[

∂Ẽc

∂x
(x, x̄)g(x)

∂Ẽc

∂x̄
(x, x̄)g(x̄)

]

= −2lT(x, x̄)W (x, x̄), (5.26)

[
I I

I I

]

= WT(x, x̄)W (x, x̄), (5.27)

for all x, x̄ ∈ Rn. Moreover, the incremental controllability function Ec is the
largest solution satisfying (5.25-5.27), i.e. Ec satisfies Ec(x, x̄) ≥ Ẽc(x, x̄) for
all x, x̄ ∈ Rn and for all Ẽc satisfying (5.25-5.27).

Proof. The proof of this theorem is based on the same ideas as the proof of
Theorem 5.1, hereby again exploiting the theory of dissipative systems as dis-
cussed in Section 2.3.3. In particular, the required supply as in Definition 2.7
is exploited. Namely, from this definition, it is clear that the incremental con-
trollability function in (5.18) can be considered as the required supply for the
auxiliary system Σc with the supply rate

s(u, ū) = |u + ū|2 =

[
u

ū

]T [
I I

I I

] [
u

ū

]

, (5.28)

Here, it is remarked that the origin of Σc in (5.24) is an equilibrium point for
u = ū = 0, such that T → ∞ can be chosen in the definition of the required
supply in (2.12). Namely, if the infimum in (2.12) is obtained for some T = T ∗

and corresponding input function u∗(t) ∈ Lm
2 ([−T ∗, 0]), appending the optimal

input as u∗(t) = 0 for all t ∈ (−∞,−T ∗) leads to an input function u∗(t) ∈
Lm

2 ((−∞, 0]) which steers from x(−∞) = 0 to x(0) = x0. The energy in the
extended input signal equals that of the original input signal and thus satisfies
the infimum in Definition 2.7.

By Theorem 2.2, a necessary and sufficient condition for dissipativity of Σc is
the existence of a constant K ∈ R such that the required supply satisfies Sr(x) ≥
K > −∞ for all x ∈ Rn. Thus, since the supply rate (5.28) is nonnegative,
K = 0 can be taken and the auxiliary system Σc is dissipative with respect to
the supply rate in (5.28). By [68, Theorem 8] (see also [67] and [22]), this is
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equivalent to the existence of functions Ẽc satisfying (5.25-5.27). Nonetheless,
this does not guarantee that the incremental controllability function Ec might be
obtained as a solution of (5.25-5.27), since Ec might be unbounded. However, the
auxiliary system Σc as in (5.24) is reachable from the origin, which is implied by
reachability from the origin for the original system Σ. This implies boundedness
(i.e. existence) of Ec. Then, by Theorem 2.2, the required supply is the largest
storage function for a given supply rate, which proves Theorem 5.6. Here, it is
remarked that differentiability of the incremental controllability function is not
required to show its existence, Assumption 5.2 is only needed to guarantee that
Ec is a solution of (5.25-5.27).

For asymptotically stable controllable linear systems, the incremental control-
lability function is directly related to the controllability Gramian, as is formalized
in the following theorem.

Theorem 5.7. Consider an asymptotically stable controllable linear system Σlin

as in (5.16). Then, the incremental controllability function Ec is given as

Ec(x0, x̄0) = (x0 + x̄0)
TP−1(x0 + x̄0), (5.29)

with P = PT the controllability Gramian as in Theorem 2.5.

Proof. The proof is given in Appendix A.4.

Reachability from the origin is a sufficient condition for the incremental con-
trollability function (5.18) to be bounded (i.e. to exist), as follows from the proof
of Theorem 5.6. A result on the positivity (on the diagonal) of Ec can be ob-
tained when the origin is an asymptotically stable equilibrium point for u = 0
for the system Σ as in (5.1), where Σ has an odd vector field in the sense of
Remark 5.2.

Theorem 5.8. Let the system Σ as in (5.1) with f(x) = −f(−x) and g(x) =
g(−x) be reachable from 0 and let 0 be an asymptotically stable equilibrium point
of Σ for u = 0. Then, the incremental controllability function Ec satisfies

Ec(x0, x0) > 0 (5.30)

for all x0 ∈ R
n, x0 6= 0.

Proof. It is recalled that, by definition, Ec(x0, x0) ≥ 0. Now, let Ec(x0, x0) = 0.
By nonnegativity of |u + ū|2 in Definition 5.4, this implies u(t) = −ū(t) for
all t ∈ (−∞, 0]. However, if u(t) steers Σ from the origin to x(0) = x0, then
ū(t) = −u(t) steers the system to x(0) = −x0, as follows from the properties
f(x) = −f(−x) and g(x) = g(−x). Thus, Ec(x0, x0) can only be zero for
u(t) = ū(t) = 0, for all t ∈ (−∞, 0]. However, by asymptotic stability of the
origin, it is impossible to have x(−∞) = 0 and x(0) 6= 0 for zero input, reaching
a contradiction. Thus, Ec(x0, x0) > 0 for all x0 ∈ Rn, x0 6= 0.
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The result on positivity of the incremental controllability function (in the
sense of (5.30)) is consistent with existing results for linear systems as in Re-
mark 2.8. Namely, for linear systems, asymptotic stability and controllability
(which, for linear systems, is equivalent to reachability from 0), implies that the
controllability Gramian P exists and is positive definite. As a result, P−1 is
positive definite, which, by Theorem 5.7, implies the condition (5.30).

5.4 Incremental energy functions and stability

In the previous sections, the incremental observability function and incremental
controllability function are introduced and conditions for the existence and pos-
itivity of these functions are given. In the current section, the relation between
these energy functions and stability of the nonlinear system Σ will be given.
Specifically, it is analyzed which stability properties are implied by the existence
of the incremental observability and controllability functions. This is relevant
from two perspectives. First, it provides necessary conditions on stability of Σ

for the energy functions to exist, providing insight in the classes of systems to
which the model reduction procedure based on these incremental energy func-
tions (see Section 5.5) can be applied. Secondly, the results of this section
are highly instrumental in determining stability properties of the reduced-order
models obtained by this reduction procedure.

A first result shows that state trajectories of Σ as in (5.1) are bounded if the
incremental controllability function exists and is positive definite.

Theorem 5.9. Let the incremental controllability function Ec, satisfying As-
sumption 5.2, exist and assume that

Ec(x0, x0) > 0 (5.31)

for all x0 ∈ R
n, x0 6= 0. Then, there exists a set of initial conditions X ⊆ R

n

with X ∋ 0 and a class of input functions U ⊆ Lm
2 ([0,∞)) such that any state

trajectory x(t) of (5.1) corresponding to x(0) = x0 ∈ X and u(t) ∈ U is bounded.
If Ec(x, x) → ∞ as |x| → ∞, then X = Rn and U = Lm

2 ([0,∞)).

Proof. First, it is remarked that, by Theorem 5.6, there exist functions l and W

such that

Ec(x(t), x̄(t)) − Ec(x0, x̄0) =

∫ t

0

|u(τ) + ū(τ)|2 dτ

−
∫ t

0

∣
∣
∣
∣
W (x, x̄)

[
u(τ)
ū(τ)

]

+ l(x, x̄)

∣
∣
∣
∣

2

dτ, (5.32)

holds along all trajectories of Σc. Here, it is recalled that Σc (see (5.24)) consists
of two copies of the original system Σ as in (5.1). This will be exploited later in
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the proof by considering trajectories of the two copies of Σ for the same input
function and initial condition.

Denote V (x) = Ec(x, x). Then, by (5.31), V is positive definite, implying
the existence of two class K functions α1, α2 such that

α1(|x|) ≤ V (x) ≤ α2(|x|), (5.33)

see e.g. [91]. Furthermore, let c be a positive number such that c < limr→∞ α1(r).
Next, classes of initial conditions and input functions are defined as

Xr := { x ∈ R
n | α2(|x|) ≤ r} , (5.34)

Us :=

{

u ∈ Lm
2 ([0,∞))

∣
∣
∣
∣

∫ ∞

0

|u(t)|2 dt ≤ s

4

}

. (5.35)

Evaluation of trajectories of the auxiliary system Σc for x(0) = x̄(0) ∈ Xr and
u(t) = ū(t) ∈ Us gives the inequality

V (x(t)) ≤ V (x0) + 4

∫ t

0

|u(τ)|2 dτ ≤ r + s, (5.36)

for all t ≥ 0, as follows from (5.32). Then, by choosing r + s < c, it is clear
from (5.33) that the state trajectory is bounded as |x(t)| ≤ α−1

1 (r + s), where
the condition r + s < c ensures that the inverse of α1 indeed exists.

If Ec(x, x) → ∞ as |x| → ∞, V (x) is radially unbounded and α1 and α2 as
in (5.33) can be chosen as functions of class K∞. In this case, it can be seen
that boundedness of the state trajectories holds for all initial conditions and all
input signals in the class Lm

2 ([0,∞)).

Theorem 5.9 gives a sufficient condition for state trajectories to be bounded,
which is based on certain properties of the incremental controllability function.
The incremental observability function can also be used to derive stability prop-
erties. In particular, incremental stability properties as in Definition 2.3 can be
guaranteed, as formalized in the following theorem.

Theorem 5.10. Let Σ as in (5.1) be an observable system and assume that
the incremental observability function Eo exists. Then, the following statements
hold:

1. Σ is incrementally stable for the class of inputs Lm
2 ([0,∞));

2. For any bounded input function u(t) ∈ Lm
2 ([0,∞)) and initial conditions

x(0) = x0, x̄(0) = x̄0 such that the state trajectories x(t) and x̄(t) of (5.1)
are bounded for all t ≥ 0, the corresponding outputs converge, i.e.

lim
t→∞

∣
∣h(x(t)) − h(x̄(t))

∣
∣ = 0. (5.37)
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Proof. The items will be proven separately.
1. Incremental stability. To prove the theorem, the incremental observability

function Eo will be used as a candidate Lyapunov function for incremental sta-
bility. By observability and Theorem 5.5, the incremental observability function
satisfies Eo(x, x̄) > 0 for all x, x̄ ∈ Rn, x 6= x̄. Then, it can be shown that there
exist functions α1 and α2 of class K such that

α1(|x − x̄|) ≤ Eo(x, x̄) ≤ α2(|x − x̄|), (5.38)

where the properties (5.3) and (5.5) are used. Then, let c∗ be a positive constant
such that c∗ < limr→∞ α1(r) and define c := α−1

2 (c∗), where the inverse α−1
2 (c∗)

is guaranteed to exist due to the inequality α1(r) ≤ α2(r) (for all r > 0) and
the choice of c∗. Since the incremental observability function Eo is a solution of
(5.8-5.9), its time derivative satisfies

Ėo(x, x̄) = −|h(x) − h(x̄)|2 − |l(x, x̄)|2 ≤ 0 (5.39)

for all x, x̄ ∈ Rn. Moreover, (5.39) holds for any input function u(t), as fol-
lows from (5.9). Here, it is stressed that the choice of a particular input sig-
nal influences the time derivative of Eo in (5.39) through the state trajectories
x(t) and x̄(t). When choosing the initial conditions x0, x̄0 ∈ Rn such that
c0 := |x0 − x̄0| < c, it follows from (5.38) that Eo(x0, x̄0) < α2(c0). Since,
by (5.39), Eo is nonincreasing along trajectories of the auxiliary system Σo, it
follows that Eo(x(t), x̄(t)) < α2(c0). Then, (5.38) gives

|x(t) − x̄(t)| ≤ α−1
1

(
Eo(x(t), x̄(t))

)
≤ α−1

1 ◦ α2(|x0 − x̄0|), (5.40)

for all |x0 − x̄0| < c. Consequently, the function α in Definition 2.3 is given as
α = α−1

1 ◦ α2 and Σ is incrementally stable. Here, it is noted that the inverse
of α1 exists due to the choice of c0 < c such that α2(c0) < c∗ and the definition
of c∗.

2. Output convergence. The property (5.37) will be proven using Barbalat’s
lemma (see e.g. [91]). Thereto, it is noted that the definition of the incremental
observability function as in (5.2) implies

∫ ∞

0

|h(x(t)) − h(x̄(t))|2 dt ≤ Eo(x0, x̄0) < ∞, (5.41)

where the latter inequality follows from the assumption on the existence (i.e.
boundedness) of Eo. Also, Definition 5.6 implies that the first inequality in
(5.41) holds for any input function in Lm

2 ([0,∞)) and all initial conditions. It is
recalled that it is assumed that the state trajectories x(t) and x̄(t) are bounded,
such that there exists a compact set B ∋ 0 satisfying x(t) ∈ B, x̄(t) ∈ B for all
t ≥ 0. By continuity of f and g as in (5.1) and boundedness of u, the function
f(x) + g(x)u is bounded for all bounded x. Consequently, the time derivatives
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of x(t) and x̄(t) are bounded and x(t) and x̄(t) are uniformly continuous. By
continuity of the output equation h, the function |h(x) − h(x̄)|2 is uniformly
continuous in (x, x̄) on the compact set B × B. Thus, |h(x(t)) − h(x̄(t))|2 is
uniformly continuous in t, allowing for the application of Barbalat’s lemma.
This directly proves the desired result.

Remark 5.3. In the proof of incremental stability in Theorem 5.10, the observ-
ability property is used to guarantee certain positivity conditions on the Lya-
punov function for incremental stability (see (5.38)). However, due to fact that
the outputs converge as in (5.37), it might be expected that the observability
property can be used to prove the stronger stability property of incremental
asymptotic stability. This can however not be concluded from the proof of The-
orem 5.10. To illustrate this, it is recalled that observability is defined through
the notion of indistinguishability as in Definition 5.2. This states that, for two
states that are distinguishable, there exists an input function that ensures that
the corresponding outputs are different for some time. However, this does not
imply that this holds for all input functions. As a result, there might exist
a particular input function u(t) ∈ Lm

2 ([0,∞)) for which the outputs are equal
for all time, even though the initial conditions are distinguishable (i.e. observ-
able). Consequently, incremental asymptotic stability cannot be guaranteed on
the basis of the property of converging outputs. ⊳

Thus, Theorem 5.10 shows that the existence of a positive definite (in the
sense as described in the proof of the theorem and as implied by observability)
incremental observability function guarantees incremental stability and converg-
ing outputs. Here, it is remarked that the definition of incremental stability does
not require trajectories to be bounded. However, it is recalled that boundedness
can be guaranteed by the existence of the incremental controllability function,
as shown in Theorem 5.9.

Incremental stability directly implies stability of the equilibrium point of Σ

as in (5.1) for zero input (u = 0), as stated in the following corollary.

Corollary 5.11. Let Σ as in (5.1) be an observable system and assume that the
incremental observability function Eo exists. For u = 0, the following statements
hold:

1. The equilibrium x = 0 is stable.

2. The output y(t) satisfies limt→∞ |h(x(t))| = 0.

Proof. By the property f(0) = 0, x̄(t) = 0 is the unique solution for u(t) = 0
and x̄(0) = 0. Then, the results follow directly from Theorem 5.10 by applying
the results on incremental stability with respect to x̄(t) = 0. In the statement
of the convergence (to zero) of the output, it is remarked that an assumption on
boundedness of the state trajectory as in Theorem 5.10 is not needed. Namely,
boundedness of x(t) is guaranteed by (5.40) when x̄(t) = 0.
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Theorem 5.10 and Corollary 5.11 thus provide a relation between the incre-
mental observability function and incremental stability (i.e. a stability property
for nonzero input) as well as the internal stability property of a stable equilibrium
for zero input. These are stronger stability properties than the ones that can be
derived from the (non-incremental) observability function, where Theorem 2.17
gives only internal stability properties. As a result, a model reduction proce-
dure based on the incremental energy functions can be used to obtain stronger
stability properties for the reduced-order model.

The results of Theorem 5.9 and Theorem 5.10 give necessary conditions on
the nonlinear system Σ (in terms of boundedness of solutions and incremental
stability) for desirable properties on positivity of the incremental controllability
function (in the sense as in (5.31)) and incremental observability function (as
in (5.38)). Consequently, the computation of the incremental energy functions
requires the nonlinear system, firstly, to have bounded solutions for all initial
conditions and square integrable input functions, secondly, to be incrementally
stable and, thirdly, to be observable. Regarding the latter, it is noted that,
for systems that are not observable, the unobservable part may (if possible) be
removed without affecting the input-output behavior of the system and hence
the assumption of observability is in essence not a restrictive condition.

5.5 Incremental balanced truncation

In Sections 5.2 and 5.3, the incremental observability and incremental control-
lability functions have been defined. The incremental observability function
characterizes the maximum energy associated to the difference in trajectories
originating from two different initial conditions. On the other hand, the incre-
mental controllability function describes the minimal amount of energy in the
sum of two input signals steering the system to two different states. Loosely
speaking, the incremental observability and incremental controllability function
thus describe the energy transfer from state to output and input to state, respec-
tively, and can thus be used as the basis for a model reduction procedure that
aims at the accurate approximation of the input-output behavior. Besides this
intuition, the following aspects further motivate this idea. Firstly, the results
in Theorems 5.3 and 5.7 show that, for linear systems, the incremental energy
functions are directly related to the observability and controllability Gramians,
where the latter are known to give good results when used as the basis for model
reduction (in the method of balanced truncation in Section 2.4.1). Secondly,
it will be shown that a reduction procedure based on the incremental energy
functions ensures certain stability properties of the reduced-order system and
allows for the computation of an error bound.

The model reduction procedure on the basis of the incremental energy func-
tions is given in Section 5.5.1, whereas the preservation of stability properties
and the derivation of an error bound are discussed in Sections 5.5.2 and 5.5.3,
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respectively.

5.5.1 Model reduction

A model reduction procedure on the basis of the incremental observability func-
tion as in Definition 5.1 and the incremental controllability function as in Def-
inition 5.4 will be presented in the current section. In particular, a one-step
reduction (in which the state dimension is reduced from n to n − 1) is consid-
ered. Herein, the following assumption is adopted.

Assumption 5.3. The incremental observability function Eo and incremental
controllability function Ec, when they exist and are differentiable, can be parti-
tioned as

Eo(x, x̄) = E1
o (x1, x̄1) + E2

o(x2, x̄2), (5.42)

Ec(x, x̄) = E1
c (x1, x̄1) + E2

c (x2, x̄2), (5.43)

where xT = [ xT
1 x2 ] and x̄T = [ x̄T

1 x̄2 ] with x1, x̄1 ∈ R
n−1 and x2, x̄2 ∈ R. In

addition, there exists a constant ρ > 0 such that E2
o and E2

c satisfy

∂E2
o

∂x̄2
(x2, 0) = −ρ2 ∂E2

c

∂x̄2
(x2, 0), (5.44)

for all x2 ∈ R.

In the following sections, it will be shown that the properties (5.42-5.43)
enable the preservation of stability properties during model reduction, whereas
(5.44) is crucial in the derivation of an error bound. In addition, it is remarked
that the properties (5.42-5.43) resemble the conditions (2.54-2.55) as used in
nonlinear balanced truncation, in the sense that a partitioning of the energy
function in terms of different state components is considered. This motivates
the following definition on the basis of Assumption 5.3.

Definition 5.5. A realization (5.1) of the nonlinear system Σ is said to be
an incrementally balanced realization if the incremental observability function
Eo and incremental controllability function Ec satisfying Assumptions 5.1, 5.2
and 5.3 exist.

An arbitrary realization of a nonlinear system will generally not be an incre-
mentally balanced realization as in Definition 5.5. Instead, given a realization
as in (5.1), the objective is to find a coordinate transformation ϕ : Rn → Rn

(i.e. a diffeomorphism), such that Assumption 5.3 holds in the new coordinates
z = ϕ−1(x).

Remark 5.4. Whether a coordinate transformation as discussed above exists
or whether conditions guaranteeing such existence can be found is unknown in



120 Chapter 5. Model reduction by incremental balanced truncation

general. However, when the incremental observability and controllability func-
tion are quadratic functions, an incrementally balanced realization exists. In
particular, when the incremental energy functions are given by

Eo(x, x̄) = (x − x̄)TQ̃(x − x̄), (5.45)

Ec(x, x̄) = (x + x̄)TR̃(x + x̄), (5.46)

with Q̃ and R̃ symmetric and positive definite, it is well-known (see Lemma 2.3)
that there exists a (linear) coordinate transformation x = Tz such that

T TQ̃T = T−1R̃−1T−T = diag{σ1, σ2, . . . , σn}. (5.47)

For convenience, it is assumed that the parameters σi are distinct. In (5.47),
T TQ̃T and T TR̃T are the matrices characterizing the incremental observability
and incremental controllability function, respectively, in the new coordinates z.
In (5.47), the constants σi, i ∈ {1, . . . , n}, are the square roots of the eigenvalues
of the product Q̃R̃−1. Then, it can be observed that the conditions in Assump-
tion 5.3 are satisfied in the new coordinates z. Namely, the diagonal structure in
(5.47) implies that the partitioning (5.42-5.43) exists. In addition, it is readily
checked that the condition (5.44) holds with ρ = σn. For (asymptotically stable)
linear systems, Theorems 5.3 and 5.7 show that the incremental energy functions
are indeed of the form (5.45-5.46). Then, the realization satisfying (5.47) cor-
responds to a balanced realization and the parameters σi, i ∈ {1, . . . , n}, equal
the Hankel singular values as in Theorem 2.6. ⊳

In the remainder of this section, it is assumed that the realization (5.1) of Σ

is an incrementally balanced realization as in Definition 5.5. After partitioning
the state as xT = [ xT

1 x2 ] with x1 ∈ Rn−1 and x2 ∈ R, the functions f , g and
h can be split accordingly as

f(x) =

[
f1(x1, x2)
f2(x1, x2)

]

, g(x) =

[
g1(x1, x2)
g2(x1, x2)

]

, h(x) = h(x1, x2), (5.48)

where a slight abuse in notation is used for the output function h. Using this
partitioning, the dynamics (5.1) can be rewritten as

Σ :







ẋ1 = f1(x1, x2) + g1(x1, x2)u,

ẋ2 = f2(x1, x2) + g2(x1, x2)u,

y = h(x1, x2).
(5.49)

Motivated by balanced truncation for linear systems, a reduced-order approxi-
mation of Σ is obtained by truncation. Substitution of x2 = 0 in the partitioned
incrementally balanced realization (5.49) and discarding the dynamics concern-
ing x2 results in the one-step reduced-order system Σ̂n−1 as

Σ̂n−1 :

{

ξ̇ = f1(ξ, 0) + g1(ξ, 0)u,

ŷ = h(ξ, 0)
(5.50)
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with ξ ∈ Rn−1 the reduced-order state, which approximates x1. This reduction
procedure will be referred to as incremental balanced truncation.

5.5.2 Stability preservation

Next, properties of the reduced-order system Σ̂n−1 as in (5.50) are analyzed.
Thereto, results on the (existence and characterization of) the incremental ob-
servability and incremental controllability function for the reduced-order system
will be presented. These results will be used to show that the reduced-order
system can be guaranteed to exhibit certain stability properties.

First, the following statement regarding the incremental observability func-
tion of the reduced-order nonlinear system holds.

Lemma 5.12. Let (5.1) be an incrementally balanced realization of the system
Σ and let Σ̂n−1 as in (5.50) be a one-step reduced-order system obtained by
incremental balanced truncation. Then, the incremental observability function
Êo of Σ̂n−1 exists and is upper bounded as

Êo(ξ, ξ̄) ≤ E1
o(ξ, ξ̄) (5.51)

for all ξ, ξ̄ ∈ Rn−1.

Proof. By the definition of an incrementally balanced realization (see Defini-
tion 5.5), the incremental observability function Eo exists and is decomposed as
in (5.42). By Theorem 5.1, Eo in partitioned coordinates is characterized by

∂E1
o

∂x1
(x1, x̄1)f1(x1, x2) +

∂E2
o

∂x2
(x2, x̄2)f2(x1, x2)

+
∂E1

o

∂x̄1
(x1, x̄1)f1(x̄1, x̄2) +

∂E2
o

∂x̄2
(x2, x̄2)f2(x̄1, x̄2) = −|∆h(x1, x2, x̄1, x̄2)|2

− |l(x1, x2, x̄1, x̄2)|2, (5.52)

∂E1
o

∂x1
(x1, x̄1)g1(x1, x2) +

∂E2
o

∂x2
(x2, x̄2)g2(x1, x2)

+
∂E1

o

∂x̄1
(x1, x̄1)g1(x̄1, x̄2) +

∂E2
o

∂x̄2
(x2, x̄2)g2(x̄1, x̄2) = 0 (5.53)

with ∆h(x1, x2, x̄1, x̄2) = h(x1, x2)−h(x̄1, x̄2) and for some function l, where the
slight abuse of notation l(x, x̄) = l(x1, x2, x̄1, x̄2) is used. Here, it is remarked
that the partitioning (5.42) implies that the partial derivatives in (5.52-5.53)
with respect to xi and x̄i are independent of xj and x̄j , with i, j ∈ {1, 2}, i 6= j.
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Substitution of x1 = ξ, x̄1 = ξ̄ and x2 = x̄2 = 0 in (5.52-5.53) gives

∂E1
o

∂ξ
(ξ, ξ̄)f1(ξ, 0) +

∂E1
o

∂ξ̄
(ξ, ξ̄)f1(ξ̄, 0) = −|h(ξ, 0)−h(ξ̄, 0)|2

− |l(ξ, 0, ξ̄, 0)|2, (5.54)

∂E1
o

∂ξ
(ξ, ξ̄)g1(ξ, 0) +

∂E1
o

∂ξ̄
(ξ, ξ̄)g1(ξ̄, 0) = 0. (5.55)

Here, the property

∂E2
o

∂x2
(0, 0) =

∂E2
o

∂x̄2
(0, 0) = 0 (5.56)

is used, which follows from the fact that x2 = x̄2 is a minimum for E2
o (see the

properties (5.4) and (5.5)). The partial differential equations (5.54-5.55) are of
the same form as (5.8-5.9), such that Theorem 5.1 guarantees the existence of
the incremental observability function Êo for the reduced-order system Σ̂n−1. It
directly follows that (5.51) holds, since Êo is the minimal solution E1

o satisfying
(5.54-5.55) for some function l.

It is remarked that, even though E1
o satisfies the conditions of Theorem 5.1,

E1
o does not necessarily represent the incremental observability function Êo.

Namely, E1
o is not necessarily the minimal solution of (5.54-5.55) when the func-

tion l can be chosen arbitrarily as in the statement of Theorem 5.1. More details
will be given in Remark 5.6.

A similar result can be obtained for the incremental controllability function
for the reduced-order system, even though its existence cannot be guaranteed a
priori. This is formalized in the following lemma.

Lemma 5.13. Let (5.1) be an incrementally balanced realization of the sys-
tem Σ and let Σ̂n−1 as in (5.50) be a one-step reduced-order system obtained
by incremental balanced truncation. Then, when the incremental controllability
function Êc of Σ̂n−1 exists, it is lower bounded as

Êc(ξ, ξ̄) ≥ E1
c (ξ, ξ̄) (5.57)

for all ξ, ξ̄ ∈ R
n−1.

Proof. The proof of this lemma uses a similar approach as in the proof of
Lemma 5.12. By definition, the balanced realization implies the existence of
the incremental controllability function Ec. In its partitioned form as in (5.43),
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the conditions (5.25-5.26) in Theorem 5.6 can be rewritten as

∂E1
c

∂x1
(x1, x̄1)f1(x1, x2) +

∂E2
c

∂x2
(x2, x̄2)f2(x1, x2)

+
∂E1

c

∂x̄1
(x1, x̄1)f1(x̄1, x̄2) +

∂E2
c

∂x̄2
(x2, x̄2)f2(x̄1, x̄2)

= −lT(x1, x2, x̄1, x̄2)l(x1, x2, x̄1, x̄2), (5.58)
[
∂E1

c

∂x1
(x1, x̄1)g1(x1, x2) +

∂E2
c

∂x2
(x2, x̄2)g2(x1, x2)

∂E1
c

∂x̄1
(x1, x̄1)g1(x̄1, x̄2) +

∂E2
c

∂x̄2
(x2, x̄2)g2(x̄1, x̄2)

]

= −2lT(x1, x2, x̄1, x̄2)W (x1, x2, x̄1, x̄2), (5.59)

where the slight abuse of notation l(x, x̄) = l(x1, x2, x̄1, x̄2) and W (x, x̄) =
W (x1, x2, x̄1, x̄2) is used with W satisfying (5.27). In (5.58-5.59), the partial
derivatives with respect to xi and x̄i are independent of xj and x̄j , with i, j ∈
{1, 2}, i 6= j, as follows from the decomposition (5.43). Substitution of x1 = ξ,
x̄1 = ξ̄ and x2 = x̄2 = 0 in (5.58-5.59) gives

∂E1
c

∂ξ
(ξ, ξ̄)f1(ξ, 0) +

∂E1
c

∂x̄1
(ξ, ξ̄)f1(ξ̄, 0) = −lT(ξ, 0, ξ̄, 0)l(ξ, 0, ξ̄, 0), (5.60)

[
∂E1

c

∂ξ
(ξ, ξ̄)g1(ξ, 0)

∂E1
c

∂x̄1
(ξ, ξ̄)g1(ξ̄, 0)

]

= −2lT(ξ, 0, ξ̄, 0)W (ξ, 0, ξ̄, 0), (5.61)

Here, it is used that a minimum for E2
c (x2, x̄2) is obtained for x2 = x̄2 = 0,

as follows from (5.20) and the property E2
c (0, 0) = 0. This latter property

follows from Ec(0, 0) = 0, as is easily concluded from Definition 5.4. Let the
reduced-order auxiliary system Σ̂c

n−1 be defined as two copies of the reduced-
order system Σ̂n−1 as in Figure 5.2. Then, the conditions (5.60-5.61) imply that
E1

c is a storage function corresponding to the supply rate |u + ū|2 for Σ̂c
n−1,

as follows from the theory of dissipative systems. As remarked in the proof
of Theorem 5.6, the incremental controllability function Êc can be considered
as the required supply for the reduced-order auxiliary system, which leads to
the bound (5.57). Here, it is remarked that the existence (i.e. boundedness) of
Êc is not guaranteed a priori, since the reduced-order nonlinear system Σ̂n−1

might not be reachable from the origin (see also Theorem 5.6). In addition, the
conditions (5.60-5.61) do not guarantee that E1

c is the extremal solution (and
thus equals Êc).

The results in Lemmas 5.12 and 5.13 deal with properties of the incremental
observability and controllability function for the reduced-order system. Using
the ideas from Section 5.4, they can be used to derive the following stability
properties of the reduced-order nonlinear system Σ̂n−1.



124 Chapter 5. Model reduction by incremental balanced truncation

Theorem 5.14. Let (5.1) be an incrementally balanced realization as in Defi-
nition 5.5 of the system Σ and let the incremental observability and incremen-
tal controllability function satisy Eo(x, x̄) > 0 for all x, x̄ ∈ Rn, x 6= x̄ and
Ec(x, x) > 0 for all x ∈ Rn, x 6= 0, respectively. In addition, let Σ̂n−1 as
in (5.50) be the one-step reduced-order system obtained by incremental balanced
truncation. Then, the following statements hold:

1. There exists a set of initial conditions X̂ ⊆ Rn−1 with X̂ ∋ 0 and a class of
input functions U ⊆ Lm

2 ([0,∞)) such that any state trajectory ξ(t) of the
reduced-order system (5.50) corresponding to ξ(0) = ξ0 ∈ X̂ and u(t) ∈ U
is bounded for all t ≥ 0. If Ec(x, x) → ∞ as |x| → ∞, then X̂ = Rn−1

and U = Lm
2 ([0,∞));

2. The reduced-order nonlinear system Σ̂n−1 is incrementally stable for the
class of inputs Lm

2 ([0,∞));

3. For any bounded input function u(t) ∈ Lm
2 ([0,∞)) and initial conditions

ξ(0) = ξ0, ξ̄(0) = ξ̄0 such that the state trajectories ξ(t) and ξ̄(t) of (5.50)
are bounded for all t ≥ 0, the corresponding outputs converge, i.e.

lim
t→∞

∣
∣h(ξ(t), 0) − h(ξ̄(t), 0)

∣
∣ = 0. (5.62)

Proof. The items will be proven separately.

1. Boundedness. The proof will follow the proof of Theorem 5.9. Even
though the existence of the incremental controllability function for the reduced-
order system Σ̂n−1 is not guaranteed a priori, it follows from Lemma 5.13 that
E1

c is a storage function for the auxiliary system Σ̂c
n−1 (as in Figure 5.2) and

supply rate |u + ū|2, and thus a lower bound of the incremental controllability
function (when it exists) as in (5.57). In particular, the conditions (5.60-5.61)
guarantee that E1

c satisfies

E1
c (ξ(t), ξ̄(t)) − E1

c (ξ0, ξ̄0) =

∫ t

0

|u(τ) + ū(τ)|2 dτ

−
∫ t

0

∣
∣
∣
∣
W (ξ, 0, ξ̄, 0)

[
u(τ)
ū(τ)

]

+ l(ξ, 0, ξ̄, 0)

∣
∣
∣
∣

2

dτ (5.63)

along trajectories of Σ̂c
n−1. Here, ξ0 and ξ̄0 denote the initial conditions. This

condition resembles (5.32), such that the remainder of the proof follows that of
Theorem 5.9. Even though Theorem 5.9 deals with the incremental controlla-
bility function rather than a lower bound, it is remarked that this is not used in
the proof of Theorem 5.9.

2. Incremental stability. In this proof, the function E1
o as in (5.42) will be

used as a Lyapunov function for incremental stability. Since Eo(x, x̄) > 0 for all
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x, x̄ ∈ Rn, x 6= x, it follows that there exists functions α1 and α2 of class K such
that

α1(|ξ − ξ̄|) ≤ E1
o(ξ, ξ̄) ≤ α2(|ξ − ξ̄|). (5.64)

In addition, the time-derivative of E1
o along trajectories of the reduced-order

auxiliary system Σ̂o
n−1, which is defined as the parallel interconnection of two

copies of Σ̂n−1 as in Figure 5.1, is given by

Ė1
o(ξ, ξ̄) = −|h(ξ, 0) − h(ξ̄, 0)|2 − |l(ξ, 0, ξ̄, 0)|2 ≤ 0. (5.65)

This follows from (5.54) and (5.55), where the latter also shows that the equality
(5.65) holds for any input function (even though the input function influences
(5.65) through the state trajectories ξ(t) and ξ̄(t)). Then, incremental stability
follows as in the proof of Theorem 5.10.

3. Output convergence. By Lemma 5.12, the incremental observability func-
tion Êo for the reduced-order system Σ̂n−1 exists. As a result, output conver-
gence follows from the proof of Theorem 5.10.

It is noted that, in the proof of Theorem 5.14, the availability of the in-
cremental observability and incremental controllability function of the reduced-
order system is not required. Instead, the bounds as derived in Lemmas 5.12
and 5.13 are used. As a result, the stability conditions in Theorem 5.14 can be
evaluated a priori.

Remark 5.5. The proof of the (incremental) stability properties in Theorem 5.14
relies on the incrementally balanced realization as in Definition 5.5. However,
only the partitioning of the incremental observability and incremental controlla-
bility as in (5.42) and (5.43) is used, whereas the condition (5.44) is not required
to guarantee incremental stability of the reduced-order system. In fact, the
results in Lemmas 5.12 and 5.13 and Theorem 5.14 hold for reduced-order sys-
tems of arbitrary order k (k < n) as long as the partitioning (5.42-5.43) holds
for x1, x̄1 ∈ Rk and x2, x̄2 ∈ Rn−k. ⊳

Remark 5.6. In the second item of Theorem 5.14, only incremental stability
is proven, rather than the stronger notion of incremental asymptotic stability.
This can be illustrated by an example of an asymptotically stable linear system,
which is based on an example from [137]:




ẋ1

ẋ2



 =





− 1
4 0 0

0 0 −1
0 1 −1








x1

x2



+





1 0
0 0
0 1



u, y =

[
1 0 0
0 0 1

]



x1

x2



 . (5.66)

The linear system (5.66) is a balanced realization (and, due to linearity, an
incrementally balanced realization) with the energy functions

Eo(x, x̄) = (x1 − x̄1)
TΣ1(x1 − x̄1) + 1

2 (x2 − x̄2)
2, (5.67)

Ec(x, x̄) = (x1 + x̄1)
TΣ−1

1 (x1 + x̄1) + 1
2 (x2 + x̄2)

2, (5.68)
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where Σ1 = diag{2, 1
2} and xT = [ xT

1 x2 ], x̄T = [ x̄T
1 x̄2 ]. Clearly, discarding

the x2 states in (5.66) by truncation leads to a reduced-order model that is
stable rather than asymptotically stable, which illustrates the result in item 2
of Theorem 5.14. Here, it is remarked that, for linear systems, incremental
(asymptotic) stability is equivalent to (asymptotic) stability. In addition, it is
clear that only the asymptotically stable part of the reduced-order system is
observable, such that the outputs converge as in item 3 of Theorem 5.14.

Also, it is remarked that this example illustrates the inequality (5.51) in
Lemma 5.12. Namely, the computation of the incremental observability function
for the reduced-order system leads to

Êo(ξ, ξ̄) = (ξ − ξ̄)TΣ̂(ξ − ξ̄) (5.69)

with Σ̂ = diag{2, 0}. Here, the zero eigenvalue is the result of the unobservable
part of the reduced-order system. On the other hand, the partitioning of (5.67)
as in (5.42) yields

E1
o(ξ, ξ̄) = (ξ − ξ̄)TΣ1(ξ − ξ̄), (5.70)

from which it is clear that the inequality (5.51) holds. Thus, the inequality (5.51)
in Lemma 5.12 is a direct result of the fact that observability of the reduced-
order system is not guaranteed a priori. In fact, it can be shown that equality
holds if the reduced-order system is observable as in Definition 5.3.

Even though the example deals with a linear system, it is remarked that
stronger results are available for linear systems. In [137], it is shown that asymp-
totic stability is guaranteed when there is no common Hankel singular value in
the reduced-order system and the truncated part, as is not the case for the
example (5.66) (see also Theorem 2.8). However, this result is based on a stabil-
ity analysis which exploits both the observability and controllability Lyapunov
equations, rather than only the observability part as in Theorem 5.14. Even in
the case of common Hankel singular values, it is shown in [56] that a minimal
realization of the reduced-order system is asymptotically stable. ⊳

5.5.3 Error bound

In the previous section, it is shown that the reduced-order system obtained by in-
cremental balanced truncation is incrementally stable, its solutions are bounded
and output solutions converge asymptotically to each other. In addition, it can
be shown that an error bound in terms of the L2 sign norm holds, as is formalized
in the following theorem.

Theorem 5.15. Let (5.1) be an incrementally balanced realization as in Defini-
tion 5.5 of the system Σ and let Σ̂n−1 as in (5.50) be the one-step reduced-order
system obtained by incremental balanced truncation. For trajectories x(t) (of Σ)
and ξ(t) (of Σ̂n−1) corresponding to a common input signal u(t) ∈ Lm

2 ([0,∞))
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and initial conditions x(0) = 0 and ξ(0) = 0, respectively, the outputs y(t) and
ŷ(t) satisfy the error bound

‖y − ŷ‖2 ≤ 2ρ‖u‖2, (5.71)

with ρ as in (5.44).

Proof. The theorem will be proven by showing that the error system Σ− Σ̂n−1

is dissipative with respect to the supply rate

s(u, y, ŷ) = (2ρ)2|u|2 − |y − ŷ|2. (5.72)

Herein, the candidate storage function V is introduced as

V (x1, x2, ξ) = E1
o (x1, ξ) + E2

o (x2, 0) + ρ2
(
E1

c (x1, ξ) + E2
c (x2, 0)

)
, (5.73)

where Ei
o, i ∈ {1, 2}, represent the partitioned incremental observability function

as in (5.42). Similarly, Ei
c, i ∈ {1, 2}, are the components of the partitioned in-

cremental controllability function as in (5.43). By the properties (5.4) and (5.20)
of the incremental energy functions, it is easily observed that V (x1, x2, ξ) ≥ 0
for all x1, ξ ∈ Rn−1, x2 ∈ R. Then, differentiation of (5.73) along trajectories of
Σ as in (5.1) and Σ̂n−1 as in (5.50) yields

V̇ (x1, x2, ξ) =
∂E1

o

∂x1
(x1, ξ)

(

f1(x1, x2) + g1(x1, x2)u
)

+
∂E1

o

∂x̄1
(x1, ξ)

(

f1(ξ, 0) + g1(ξ, 0)u
)

+
∂E2

o

∂x2
(x2, 0)

(

f2(x1, x2) + g2(x1, x2)u
)

+ ρ2 ∂E1
c

∂x1
(x1, ξ)

(

f1(x1, x2) + g1(x1, x2)u
)

+ ρ2 ∂E1
c

∂x̄1
(x1, ξ)

(

f1(ξ, 0) + g1(ξ, 0)u
)

+ ρ2 ∂E2
c

∂x2
(x2, 0)

(

f2(x1, x2) + g2(x1, x2)u
)

. (5.74)

In order to rewrite the result in (5.74), the characterization of the incremental
observability and incremental controllability function in partitioned coordinates
(5.52-5.53) and (5.58-5.59) will be used. However, they cannot be applied to
the form (5.74), since the partial derivatives with respect to the coordinate x̄2

do not appear in (5.74). Thereto, the condition (5.44) is used, which follows
from the assumption that Σ is an incrementally balanced realization according
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to Definition 5.5. In particular, (5.44) implies

∂E2
o

∂x̄2
(x2, 0)

(

f2(ξ, 0) + g2(ξ, 0)u
)

+ ρ2 ∂E2
c

∂x̄2
(x2, 0)

(

f2(ξ, 0) + g2(ξ, 0)u
)

= 0, (5.75)

such that the left-hand side of (5.75) can be added to (5.74). This leads to

V̇ (x1, x2, ξ) =
∂E1

o

∂x1
(x1, ξ)

(

f1(x1, x2) + g1(x1, x2)u
)

+
∂E1

o

∂x̄1
(x1, ξ)

(

f1(ξ, 0) + g1(ξ, 0)u
)

+
∂E2

o

∂x2
(x2, 0)

(

f2(x1, x2) + g2(x1, x2)u
)

+
∂E2

o

∂x̄2
(x2, 0)

(

f2(ξ, 0) + g2(ξ, 0)u
)

+ ρ2 ∂E1
c

∂x1
(x1, ξ)

(

f1(x1, x2) + g1(x1, x2)u
)

+ ρ2 ∂E1
c

∂x̄1
(x1, ξ)

(

f1(ξ, 0) + g1(ξ, 0)u
)

+ ρ2 ∂E2
c

∂x2
(x2, 0)

(

f2(x1, x2) + g2(x1, x2)u
)

+ ρ2 ∂E2
c

∂x̄2
(x2, 0)

(

f2(ξ, 0) + g2(ξ, 0)u
)

, (5.76)

allowing for the application of the equations characterizing the incremental ob-
servability and incremental controllability function in (5.52-5.53) and (5.58-5.59),
respectively. Specifically, (5.52-5.53) can be used to rewrite the terms on the first
four lines of (5.76), hereby using x̄1 = ξ and x̄2 = 0. In addition, application of
(5.58) to the input-independent terms on the last four lines of (5.76) yields

V̇ (x1, x2, ξ) ≤ −|h(x1, x2) − h(ξ, 0)|2 − ρ2lT(x1, x2, ξ, 0)l(x1, x2, ξ, 0)

+ ρ2

[
∂E1

c

∂x1
(x1, ξ)g1(x1, x2) +

∂E2
c

∂x2
(x2, 0)g2(x1, x2)

∂E1
c

∂x̄1
(x1, ξ)g1(ξ, 0) +

∂E2
c

∂x̄2
(x2, 0)g2(ξ, 0)

][
u

u

]

, (5.77)

where the inequality follows from discarding the term represented by the func-
tion l in the characterization of the incremental observability function in (5.52).
The function l in (5.77) is a different function and results from the characteri-
zation of the incremental controllability function in (5.58-5.59). Moreover, the
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input-dependent terms on the last four lines of (5.76) are written as a matrix
multiplication. This allows for the application of (5.59) with x̄1 = ξ and x̄2 = 0,
such that (5.77) can be rewritten as

V̇ (x1, x2, ξ) ≤ −|h(x1, x2) − h(ξ, 0)|2 − ρ2lT(x1, x2, ξ, 0)l(x1, x2, ξ, 0)

− 2ρ2lT(x1, x2, ξ, 0)W (x1, x2, ξ, 0)

[
u

u

]

. (5.78)

Now, the last two terms on the right-hand side of (5.78) can be written as a
quadratic form, leading to

V̇ (x1, x2, ξ) ≤ −|h(x1, x2) − h(ξ, 0)|2

+ ρ2

[
u

u

]

WT(x1, x2, ξ, 0)W (x1, x2, ξ, 0)

[
u

u

]

− ρ2

∣
∣
∣
∣
W (x1, x2, ξ, 0)

[
u

u

]

+ l(x1, x2, ξ, 0)

∣
∣
∣
∣

2

. (5.79)

Finally, the application of (5.27) (with W (x, x̄) = W (x1, x2, x̄1, x̄2) as before)
gives

V̇ (x1, x2, ξ) ≤ −|h(x1, x2) − h(ξ, 0)|2

+ ρ2|2u|2 − ρ2

∣
∣
∣
∣
W (x1, x2, ξ, 0)

[
u

u

]

+ l(x1, x2, ξ, 0)

∣
∣
∣
∣

2

, (5.80)

≤ (2ρ)2|u|2 − |y − ŷ|2. (5.81)

Hence, the function V as in (5.73) is indeed a storage function for the supply rate
(5.72), which proves the bounded L2 gain (see e.g. [160]) of the output error.

The error bound in Theorem 5.15 is only dependent on the properties of
the incrementally balanced realization of the high-order system and can thus
be evaluated a priori. Also, it is noted that, for linear systems, the proof of
Theorem 5.15 resembles the proof of Theorem 2.9 in Appendix A.1. In particular,
for the (incrementally) balanced realization of a linear system, the incremental
energy functions (5.17) and (5.29) satisfy Q̃ = R̃−1 = Σ, with Σ as in (2.28).
Then, substitution of (5.17) and (5.29) in the storage function (5.73) in the proof
of Theorem 5.15 leads to (A.1) in the proof of the error bound for linear balanced
truncation.

Remark 5.7. The one-step error bound (5.71) in Theorem 5.15 crucially exploits
the property (5.44), which defines an incrementally balanced realization. Here, it
is noted that the partitioning of the incremental observability and incremental
controllability function as in (5.42) and (5.43) is not necessary to obtain the
error bound. In this case, when using the slight abuse of notation Eo(x, x̄) =
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Eo(x1, x2, x̄1, x̄2) and Ec(x, x̄) = Ec(x1, x2, x̄1, x̄2), the condition (5.44) can be
replaced by

∂Eo

∂x̄2
(x1, x2, x̄1, 0) = −ρ2 ∂Ec

∂x̄2
(x1, x2, x̄1, 0) (5.82)

where it is recalled that x1, x̄1 ∈ Rn−1 and x2, x̄2 are scalar. ⊳

Remark 5.8. The error bound in Theorem 5.15 is only valid for a one-step reduc-
tion. However, repeated application of Theorem 5.15 and the triangle inequality
leads to an error bound for reduced-order systems of arbitrary state dimension,
as long as each reduced-order subsystem obtained after a one-step reduction sat-
isfies a property similar to (5.82). In particular, let x(i) and x̄(i), i ∈ {1, . . . , n}
denote the state components of x and x̄, respectively. Then, if the incremental
observability and incremental controllability function of the original high-order
system satisfy, for all i > k,

∂Eo

∂x̄(i)
(χ, χ̄) = −ρ2

i

∂Ec

∂x̄(i)
(χ, χ̄) (5.83)

with

χT =
[
x(1) · · · x(i−1) x(i) 0 · · · 0

]
, χ̄T =

[
x̄(1) · · · x̄(i−1) 0 0 · · · 0

]
(5.84)

and ρi > 0, then the error bound for the reduced-order system of (arbitrary)
order k is given as

‖y − ŷ‖2 ≤
(

2

n∑

i=k+1

ρi

)

‖u‖2. (5.85)

It is remarked that the condition (5.83) can be satisfied when the incremental
observability and incremental controllability function are quadratic (see also
Remark 5.4). In particular, this is the case for linear systems, when (5.85)
resembles the well-known error bound for balanced truncation (see Theorem 2.9).
In Section 5.6, error bounds for reduced-order systems of arbitrary order of the
form (5.85) will be discussed in more detail. ⊳

Remark 5.9. Besides allowing for the characterization of the incremental observ-
ability and incremental controllability function in terms of the partial differen-
tial equations in Theorems 5.1 and 5.6 (see also Remark 5.1), Assumptions 5.1
and 5.2 are adopted for another reason. Namely, differentiability is likely to be a
crucial property in finding a (differentiable) coordinate transformation ϕ leading
to an incrementally balanced realization as in Definition 5.5.

Nonetheless, a characterization of the incremental observability and incre-
mental controllability function may still be found when they are not differentiable
everywhere. Namely, a generalized solution concept for differential dissipation
inequalities is provided by the notion of viscosity solutions, see e.g. [80, 13]. ⊳



5.6 Generalized incremental balanced truncation 131

5.6 Generalized incremental balanced truncation

In Section 5.5, the model reduction technique of incremental balanced truncation
has been introduced. This reduction procedure for nonlinear systems guaran-
tees certain stability properties of the reduced-order system as well as an error
bound. This method is based on the incremental observability and incremental
controllability functions and heavily relies on properties of the so-called incre-
mentally balanced realization (see Definition 5.5), whose existence is largely an
open question. An alternative reduction method is given in the current section,
which circumvents this problem, but is nevertheless based on the developments
on incremental balanced truncation.

This alternative method, which will be referred to as generalized incremental
balanced truncation, largely follows the ideas of incremental balanced truncation
as in Section 5.5. However, rather than using the incremental observability and
incremental controllability functions, generalized incremental balancing is based
on energy functions that provide bounds on these incremental observability and
incremental controllability functions. This is beneficial from two perspectives.
Firstly, these bounds are generally easier to obtain than the incremental energy
functions themselves, which increases the computational feasibility of general-
ized incremental balanced truncation over incremental balanced truncation. Sec-
ondly, the computation of bounds gives the added flexibility that the structure
of these energy functions might be chosen. Here, the choice of quadratic func-
tions allows for the computation of a realization that satisfies the properties of
the incrementally balanced realization and thus satisfies the potentially limiting
assumption (Assumption 5.3) on its existence.

The bounds on the incremental energy functions are introduced in Sec-
tion 5.6.1 and a model reduction procedure on the basis of these so-called gener-
alized incremental energy functions is discussed in Section 5.6.2. In Section 5.6.3,
properties of the reduced-order model are derived.

5.6.1 Generalized incremental energy functions

Nonlinear systems of the form

Σbc :

{
ẋ = f(x) + Bu,

y = Cx,
(5.86)

are considered with x ∈ Rn, u ∈ Rm and y ∈ Rp. Since the inputs u enter
linearly in the nonlinear system (5.86) and the outputs y are taken as a linear
combination of the state components, Σbc forms a subclass of the nonlinear
system Σ as in (5.1). As before, it is assumed that f(0) = 0 such that the origin
is an equilibrium point of (5.86).

In order to replace the incremental observability function in an alternative
model reduction procedure, the following definition is used.



132 Chapter 5. Model reduction by incremental balanced truncation

Definition 5.6. The function

Ẽo(x, x̄) = (x − x̄)TQ̃(x − x̄) (5.87)

with Q̃ = Q̃T ≻ 0 is said to be a generalized incremental observability function
if it is a storage function of the auxiliary system Σo as in Figure 5.1 with the
supply rate (5.10).

Here, the structure of the quadratic function (5.87) follows from properties
(5.3) and (5.5). Since Ẽo is defined as a storage function for Σo with supply rate
(5.10), the proof of Theorem 5.1 directly shows that Ẽo is equivalently defined as
a solution (of the form (5.87)) satisfying the conditions (5.8-5.9). Moreover, it is
recalled that the incremental observability function Eo is given as the available
storage, which, by Theorem 2.1, is the smallest (in the sense as in the statement
of Theorem 5.1) storage function. Consequently, the generalized incremental
observability function provides an upper bound on the incremental observability
function, as formally stated in the following corollary.

Corollary 5.16. Let the generalized incremental controllability function Ẽo as
in (5.87) exist. Then, the incremental controllability function Eo as in (5.2)
exists and is bounded as Eo(x, x̄) ≤ Ẽo(x, x̄) for all x, x̄ ∈ R

n.

Similarly, the following definition will be used to generalize the incremental
controllability function.

Definition 5.7. The function

Ẽc(x, x̄) = (x + x̄)TR̃(x + x̄) (5.88)

with R̃ = R̃T ≻ 0 is said to be a generalized incremental controllability function
function if it is a storage function of the auxiliary system Σc as in Figure 5.2
with the supply rate (5.28)

The structure of (5.88) agrees with the property (5.19) and is motivated by
Remark 5.4. Moreover, the following corollary is immediate from Theorem 5.6.

Corollary 5.17. Let the generalized incremental controllability function Ẽc as
in (5.88) exist. In addition, assume that the incremental controllability function
Ec as in (5.18) exists. Then, the latter is bounded as Ec(x, x̄) ≥ Ẽc(x, x̄) for all
x, x̄ ∈ Rn.

For the system Σbc as in (5.86), the generalized incremental observability
function can be characterized as follows.

Theorem 5.18. Consider the system Σbc as in (5.86). Then, the function Ẽo

as in (5.87) is a generalized incremental observability function if and only if the
matrix Q̃ satisfies

(x − x̄)TQ̃
(
f(x) − f(x̄)

)
≤ − 1

2 (x − x̄)TCTC(x − x̄) (5.89)

for all x, x̄ ∈ Rn.
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Proof. First, assume that Ẽo as in (5.87) is a generalized incremental observ-
ability function. Then, it is a solution of the conditions (5.8-5.9) in Theorem 5.1
for some function l. Here, the structure of Ẽo and the fact that the input en-
ters linearly in (5.86) (or g(x) = B) ensure that (5.9) is automatically satisfied.
Hence, the condition (5.9) can be discarded. Moreover, substitution of (5.87) in
(5.8) directly leads to (5.89). Herein, the term l(x, x̄) in (5.8) is removed, such
that the equality in (5.8) is replaced by the inequality in (5.89).

The converse follows directly by reversing the reasoning above.

It is noted that, even though Theorem 5.18 provides a necessary and sufficient
condition of the existence of Ẽo as in Definition 5.6, it only provides a sufficient
condition for dissipativity of the auxiliary system corresponding to Σbc. The
converse does not hold since it is in general not guaranteed that a quadratic
storage function exists.

Similar to the characterization of the generalized incremental observability
function in Theorem 5.18, the following result is obtained for the generalized
incremental controllability function.

Theorem 5.19. Consider the system Σbc as in (5.86). Then, the function Ẽc

as in (5.88) is a generalized incremental controllability function if the matrix R̃

satisfies

(x + x̄)TR̃
(
f(x) + f(x̄)

)
≤ − 1

2 (x + x̄)TR̃BBTR̃(x + x̄) (5.90)

for all x, x̄ ∈ Rn.

Proof. To prove the theorem, it will be shown that (5.90) implies that the condi-
tions in the characterization of the incremental controllability function in The-
orem 5.6 are satisfied. Namely, when the functions l and W in (5.25-5.27) are
chosen as

l(x, x̄) = −
[

BTR̃(x + x̄)

l̃(x, x̄)

]

, W (x, x̄) =

[
I I

0 0

]

, (5.91)

with l̃ an arbitrary function, it is easily seen that the function Ẽc as in (5.88)
satisfies (5.26) and (5.27) for the dynamics (5.86). Substitution of l as in (5.91)
in (5.25) yields

(x + x̄)TR̃
(
f(x) + f(x̄)

)
= − 1

2 (x + x̄)TR̃BBTR̃(x + x̄)

− 1
2 l̃ T(x, x̄)l̃(x, x̄). (5.92)

Since l̃ might be chosen arbitrarily, it can be discarded in (5.92) when the equality
is replaced by an inequality, leading to the condition (5.90). Thus, (5.90) implies
that the conditions of Theorem 5.6 are satisfied, such that Ẽc as in (5.88) is
a storage function for the supply rate s(u, ū) = |u + ū|2 as in the proof of
Theorem 5.6.
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It is remarked that, for linear systems, the inequalities (5.89) and (5.90) boil
down to Lyapunov inequalities describing the generalized observability and con-
trollability Gramian (see [36]), which find application in the scope of structure-
preserving model reduction (see e.g. [156]) or controller reduction [204]. This
motivates the name for the functions in Definitions 5.6 and 5.7.

Remark 5.10. From the inequalities (5.89) and (5.90) it is clear that the gener-
alized incremental observability function and generalized incremental controlla-
bility function are not unique. For example, when Q̃ and R̃ satisfy (5.89) and
(5.90), then αQ̃ and α−1R̃, with α > 1, are solutions as well. It is expected
that the best reduced-order approximation is obtained when the bounds on the
incremental observability and incremental controllability function as provided
by Ẽo and Ẽc are as tight as possible. Thus, since the quadratic form of the
bounds is used, the smallest solution Q̃ to (5.89) and the largest solution R̃ to
(5.90) should be sought. Later, it will be shown that the bound on the reduction
error can indeed be reduced by seeking tight bounds. ⊳

As mentioned before, the introduction of the quadratic generalized incremen-
tal energy functions allows for the development of a model reduction procedure
which automatically satisfies the limiting assumption of incremental balanced
truncation. However, the computation of the quadratic generalized incremental
controllability function of the form (5.88) is limited to nonlinear systems for
which the vector field f is odd, as stated in the following lemma.

Lemma 5.20. Consider the system Σbc as in (5.86) and let R̃ be a posi-
tive definite symmetric matrix satisfying (5.90). Then, the vector field satisfies
f(x) = −f(−x) for all x ∈ Rn.

Proof. To prove the lemma, it is assumed that R̃ = I. This does not introduce
any conservatism. Namely, since R̃ is positive definite, there exists a nonsingular
matrix T such that R = T TT . Then, the coordinate transformation x = Tz

gives a nonlinear system (in the new coordinate z) for which I characterizes the
generalized incremental controllability function.

Taking R̃ = I, (5.90) leads to

(x + x̄)T
(
f(x) + f(x̄)

)
≤ 0 (5.93)

for all x, x̄ ∈ Rn. Here, it is remarked that (5.93) can also be obtained from
(5.25). Let x(i) and x̄(i), i ∈ {1, 2, . . . , n} be the state components of x and
x̄, respectively, and let f(i) denote the components of f . Then, (5.93) can be
rewritten as

n∑

i=1

(x(i) + x̄(i))
(
f(i)(x(1), . . . , x(n)) + f(i)(x̄(1), . . . , x̄(n))

)
≤ 0. (5.94)
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Substitution of x̄(i) = −x(i) for all i ∈ {1, 2, . . . , n}, i 6= j and j = 1 in (5.94)
yields

(x(1) + x̄(1))
(
f(1)(x(1), x(2), . . . , x(n)) + f(1)(x̄(1),−x(2), . . . ,−x(n))

)
≤ 0 (5.95)

for all x(i) ∈ R, i ∈ {1, 2, . . . , n}, and x̄(1) ∈ R. Then, it is easily concluded that
(5.95) leads to the conditions

f(1)(x(1), x(2), . . . , x(n))

+f(1)(x̄(1),−x(2), . . . ,−x(n)) ≤ 0, ∀ x(1) + x̄(1) > 0, (5.96)

f(1)(x(1), x(2), . . . , x(n))

+f(1)(x̄(1),−x(2), . . . ,−x(n)) ≥ 0, ∀ x(1) + x̄(1) < 0, (5.97)

such that for x(1) = −x̄(1), by continuity of f , the equality

f(1)(x(1), x(2), . . . , x(n)) + f(1)(−x(1),−x(2), . . . ,−x(n)) = 0 (5.98)

holds. This derivation can be repeated for any j ∈ {1, 2, . . . , n}, leading to the
result f(x) = −f(−x), proving the lemma.

Thus, the choice of the quadratic form of the generalized incremental con-
trollability function implies that f(x) = −f(−x) is a necessary condition for Ẽc

as in (5.88) to exist. This can be understood as follows. The quadratic form
of the generalized incremental controllability function as in (5.88) implies that
Ẽc(x,−x) = 0 for all x ∈ R

n and, since R ≻ 0, that Ẽc(x, x̄) > 0 for all x 6= −x̄.
Since Ẽc provides a lower bound for the incremental controllability function Ec

(see Corollary 5.17), this implies that Ec would have to satisfy Ec(x, x̄) > 0 for
all x 6= −x̄. However, this latter property cannot be guaranteed for arbitrary
vector field f . Namely, let u(t) be an input function that steers the nonlinear
system Σ from x(−∞) = 0 to some x(0) = x0. Then, applying the input func-
tion ū(t) = −u(t) (again starting from x(−∞) = 0) leads to some x̄(0) = x̄0,
for which in general x0 6= −x̄0. In this case, (5.18) directly gives Ec(x0, x̄0) = 0,
which contradicts the property Ec(x, x̄) > 0 for all x 6= −x̄. Thus, the quadratic
lower bound can only be applied when the incremental controllability function
satisfies Ec(x,−x) = 0 and is positive elsewhere, which can only be guaranteed
when the vector field is odd in the sense that it satisfies f(x) = −f(−x).

Theorems 5.18 and 5.19 provide a characterization of the generalized incre-
mental observability and generalized incremental controllability function, respec-
tively. The following result, firstly, gives an a priori sufficient condition for the
existence of solutions to (5.89) and (5.90) in these theorems, i.e. for the exis-
tence of the generalized incremental energy functions and, secondly, provides a
relation to existing stability properties.
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Theorem 5.21. Consider the system Σbc as in (5.86) and assume that f is C1.
If there exist matrices M = MT ≻ 0 and N = NT ≻ 0 such that

M
∂f

∂x
(x) +

∂Tf

∂x
(x)M 4 −N (5.99)

holds for all x ∈ Rn, then the generalized incremental observability function
as in Theorem 5.18 exists. If, in addition, the function f in (5.86) satisfies
f(x) = −f(−x) for all x ∈ Rn, then the generalized incremental controllability
function as in Theorem 5.19 exists.

Proof. As a first step, it will be shown that (5.99) implies

(x − x̄)TM
(
f(x) − f(x̄)

)
≤ − 1

2 (x − x̄)TN(x − x̄) (5.100)

for all x, x̄ ∈ Rn, hereby following a result in [134]. Thereto, the function φ is
introduced as

φ(λ) := (x − x̄)TMf(x̄ + λ(x − x̄)), (5.101)

such that the left-hand side of (5.100) equals φ(1) − φ(0). Then, by the mean
value theorem, there exists a λ∗ ∈ [0, 1] such that φ(1) − φ(0) = dφ

dλ (λ∗). Here,
it is recalled that f is differentiable by assumption. As a result,

(x − x̄)TM
(
f(x) − f(x̄)

)
=

dφ

dλ
(λ∗) = (x − x̄)TM

∂f

∂x
(x∗)(x − x̄),

= 1
2 (x − x̄)T

(

M
∂f

∂x
(x∗) +

∂Tf

∂x
(x∗)M

)

(x − x̄),

≤ − 1
2 (x − x̄)TN(x − x̄), (5.102)

where (5.99) is used in the inequality and with x∗ = x̄ + λ∗(x − x̄).
Since N is positive definite, there exists a parameter ε > 0 such that εCTC 4

N . Then, it immediately follows from (5.100) that (5.89) holds with Q̃ = ε−1M .
To prove the result on the incremental controllability function, it is noted

that replacing x̄ by −x̄ in (5.100) leads to

(x + x̄)TM
(
f(x) + f(x̄)

)
≤ − 1

2 (x + x̄)TN(x + x̄), (5.103)

where the property f(x) = −f(−x) is crucially exploited. Similar to before, posi-
tive definiteness of N implies the existence of some ε > 0 such that εMBBTM 4

N . Then, choosing R̃ = εM gives the condition (5.90), proving the theorem.

Remark 5.11. In the literature, the condition (5.99) is referred to as the Demi-
dovich condition, see [134, 136]. In these references, it is also shown that systems
satisfying the Demidovich condition are (uniformly) convergent as in Defini-
tion 2.4. ⊳
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5.6.2 Model reduction

Based on the generalized incremental energy functions, a generalized incremen-
tally balanced realization can be defined as follows.

Definition 5.8. A realization (5.86) of the system Σbc is said to be a generalized
incrementally balanced realization if there exists a diagonal matrix Σ as

Σ =









σ1Im1 0 · · · 0

0 σ2Im2

. . .
...

...
. . .

. . . 0
0 · · · 0 σqImq









, (5.104)

where the parameters σi satisfy σ1 > σ2 > · · · > σq > 0 and have multiplicity mi

with
∑q

i=1 mi = n, such that (5.89) and (5.90) hold with Q̃ = Σ and R̃ = Σ−1.

Then, the following result is immediate.

Theorem 5.22. Let the system Σbc as in (5.86) be such that there exist posi-
tive definite symmetric matrices Q̃ and R̃ satisfying (5.89) and (5.90), respec-
tively, thus characterizing the generalized incremental observability function as
in (5.87) and generalized incremental controllability function as in (5.88). Then,
there exists a coordinate transformation x = Tz such that the system Σbc is a
generalized incrementally balanced realization in the new coordinates z. More-
over, the parameters σ2

i in (5.104) equal the eigenvalues of the product Q̃R̃−1.

Proof. By Lemma 2.3, there exists a (nonsingular) matrix T such that T TQ̃T =
(T TR̃T )−1 = Σ, with Σ of the form (5.104) and σ2

i the eigenvalues of Q̃R̃−1.
When exploiting this matrix in the coordinate transformation x = Tz, it is clear
that the properties in Definition 5.8 hold in the new coordinates z.

In the remainder of this section, it is assumed that the realization (5.86)
of Σbc is a generalized incrementally balanced realization. It is noted that,
for this realization, the generalized incremental observability and generalized
incremental controllability function can be partitioned as

Ẽo(x, x̄) = Ẽ1
o (x1, x̄1) + Ẽ2

o(x2, x̄2), (5.105)

Ẽc(x, x̄) = Ẽ1
c (x1, x̄1) + Ẽ2

c (x2, x̄2), (5.106)

where

Ẽi
o(xi, x̄i) := (xi − x̄i)

TΣi(xi − x̄i), (5.107)

Ẽi
c(xi, x̄i) := (xi + x̄i)

TΣ−1
i (xi + x̄i), (5.108)

which is a direct result from (5.104). Here, xT = [ xT
1 xT

2 ] and x̄T = [ x̄T
1 x̄T

2 ]
with x1, x̄1 ∈ Rk and x2, x̄2 ∈ Rn−k. The partitioning (5.105-5.106) holds



138 Chapter 5. Model reduction by incremental balanced truncation

for any k < n, but it is assumed that k is chosen such that (5.104) is split
according to the multiplicities of the parameters σi, i.e. there exists r such that
k =

∑r
i=1 mi. Then, Σ1 and Σ2 are given as

Σ1 = blkdiag{σ1Im1 , σ2Im2 , . . . , σrImr
}, (5.109)

Σ2 = blkdiag{σr+1Imr+1 , σr+2Imr+2 , . . . , σqImq
}. (5.110)

It is noted that the generalized incrementally balanced realization as given by
Definition 5.8 and resulting in (5.105-5.106) satisfies the statements in Assump-
tion 5.3. In fact, the statements also hold for k = n−mq when the dimensions of
the partitioned states in (5.42-5.44) in Assumption 5.3 are adapted accordingly,
i.e. when x1, x̄1 ∈ Rn−mq and x2, x̄2 ∈ Rmq . As discussed in Section 5.5, it is un-
known whether an incrementally balanced realization satisfying Assumption 5.3
can be found in general. Thus, since a generalized incrementally balanced re-
alization is easily obtained (see Theorem 5.22), it might serve as an alternative
realization on which model reduction can be based. Moreover, the diagonal
structure in Σ as in (5.104) allows for the computation of an error bound for
reduced-order models of arbitrary order, rather than for one-step reduction only
as in Theorem 5.15, as will be shown later.

When the function f and matrices B and C as in (5.86) are partitioned
according to (5.105) and (5.106) as

f(x) =

[
f1(x1, x2)
f2(x1, x2)

]

, B =

[
B1

B2

]

, C =
[
C1 C2

]
, (5.111)

the dynamics (5.86) can be rewritten as

Σbc :







ẋ1 = f1(x1, x2) + B1u,

ẋ2 = f2(x1, x2) + B2u,

y = C1x1 + C2x2.

(5.112)

As before, an approximation of Σbc can be obtained by truncation, which leads
to the reduced-order system Σ̂bc,k as

Σ̂bc,k :

{

ξ̇ = f1(ξ, 0) + B1u,

ŷ = C1ξ,
(5.113)

with ξ ∈ Rk an approximation for x1. Motivated by earlier definitions, this re-
duction procedure will be referred to as generalized incremental balanced trun-
cation.

5.6.3 Stability preservation and error bound

Properties of the reduced-order model Σ̂bc,k as in (5.113) obtained by generalized
incremental balanced truncation are analyzed in the current section. Here, the
following statement holds for the generalized incremental observability function.
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Lemma 5.23. Let (5.86) be a generalized incrementally balanced realization of
the system Σbc and let Σ̂bc,k as in (5.113) be a reduced-order system obtained
by generalized incremental balanced truncation. Then, the function Ẽ1

o as in
(5.105) is a generalized incremental observability function for Σ̂bc,k. Moreover,
the incremental observability function Êo of Σ̂bc,k exists.

Proof. Evaluation of (5.89) in generalized incrementally balanced coordinates
and substitution of x1 = ξ, x̄1 = ξ̄ and x2 = x̄2 = 0 gives

(ξ − ξ̄)TΣ1

(
f1(ξ, 0) − f1(ξ̄, 0)

)
≤ − 1

2 (ξ − ξ̄)CT
1 C1(ξ − ξ̄) (5.114)

for all ξ, ξ̄ ∈ Rk. Thus, the reduced-order system Σ̂bc,k satisfies (5.114), such
that the result follows directly from Theorem 5.18 and Corollary 5.16.

A similar result can be obtained for the generalized incremental controllabil-
ity function for the reduced-order system.

Lemma 5.24. Let (5.86) be a generalized incrementally balanced realization of
the system Σbc and let Σ̂bc,k as in (5.113) be a reduced-order system obtained

by generalized incremental balanced truncation. Then, the function Ẽ1
c as in

(5.106) is a generalized incremental controllability function for Σ̂bc,k.

Proof. The proof follows the ideas as in the proof of Lemma 5.23, hereby ex-
ploiting Theorem 5.19.

The results in Lemma 5.23 and 5.24 can be considered as counterparts of
Lemmas 5.12 and 5.13, that deal with the energy functions for the reduced-
order system obtained by incremental balanced truncation. Similarly, stability
properties of the reduced-order model Σ̂bc,k as obtained by generalized incre-
mental balanced truncation can be obtained along the lines of Theorem 5.14,
leading to the following result.

Theorem 5.25. Let (5.86) be a generalized incrementally balanced realization
of the system Σbc and let Σ̂bc,k as in (5.113) be a reduced-order system obtained
by generalized incremental balanced truncation. Then, the following statements
hold:

1. Any state trajectory ξ(t) of the reduced-order system (5.113) with initial
condition ξ(0) = ξ0 ∈ Rk and input function u(t) ∈ Lm

2 ([0,∞)) is bounded
for all t ≥ 0;

2. The reduced-order nonlinear system Σ̂bc,k is incrementally stable for the
class of inputs Lm

2 ([0,∞));

3. For any bounded input function u(t) ∈ Lm
2 ([0,∞)) and initial conditions

ξ(0) = ξ0, ξ̄(0) = ξ̄0 such that the state trajectories ξ(t) and ξ̄(t) of (5.113)
are bounded for all t ≥ 0, the corresponding outputs converge, i.e.

lim
t→∞

|C1ξ(t) − C1ξ̄(t)| = 0. (5.115)
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Proof. The statements are proven separately.
1. Boundedness. When the inequality (5.90) describing the generalized in-

cremental controllability function is considered in balanced coordinates, substi-
tution of x1 = ξ, x̄1 = ξ̄ and x2 = x̄2 = 0 yields

(ξ + ξ̄)TΣ−1
1

(
f1(ξ, 0) + f1(ξ̄, 0)

)
≤ − 1

2 (ξ + ξ̄)TΣ−1
1 B1B

T
1 Σ−1

1 (ξ + ξ̄), (5.116)

which characterizes the generalized incremental controllability function Ẽ1
c (see

(5.106)) for the reduced-order system Σ̂bc,k. Then, the time-derivative of Ẽ1
c

yields

˙̃
E1

c (ξ, ξ̄) = 2(ξ + ξ̄)TΣ−1
1

(
f1(ξ, 0) + B1u + f1(ξ̄, 0) + B1ū

)
, (5.117)

≤ −(ξ + ξ̄)TΣ−1
1 B1B

T
1 Σ−1

1 (ξ + ξ̄) + 2(ξ + ξ̄)TΣ−1
1 B1(u + ū), (5.118)

= |u + ū|2 −
∣
∣(u + ū) − BT

1 Σ−1
1 (ξ + ξ̄)

∣
∣
2
, (5.119)

where ξ(t) is the solution of (5.113) corresponding to initial condition ξ(0) =
ξ0 and input function u(t). Similarly, ξ̄(t) represents the solution of (5.113)
corresponding to initial condition ξ̄(0) = ξ̄0 and input function ū(t). In (5.118),
the inequality (5.116) is used. Integration of (5.119) yields

Ẽ1
c (ξ(t), ξ̄(t)) − Ẽ1

c (ξ0, ξ̄0) ≤
∫ t

0

|u(τ) + ū(τ)|2 dτ, (5.120)

which is of the same form as (5.32) in Theorem 5.9. As a result, the remainder of
the proof follows that of Theorem 5.9, where it is noted that, due to the quadratic
form of the generalized incremental controllability function, the function V in
the proof of Theorem 5.9 is radially unbounded.

2. Incremental stability. The proof follows the proof of the second item of
Theorem 5.14.

3. Output convergence. This can be proven along the lines of the proof of the
third item of Theorem 5.14, where it is noted that the incremental observability
function Êo of the reduced-order nonlinear system Σ̂bc,k exists as a result of
Lemma 5.23.

Remark 5.12. The results in Lemmas 5.23 and 5.24 and Theorem 5.25 do not rely
on the assumption that Σ1 and Σ2 as in (5.109-5.110) have no diagonal elements
in common. Consequently, the results also hold for reduced-order systems in
which the multiplicity of the parameters σi as in (5.109-5.110) is not taken into
account. ⊳

As for model reduction using incremental balanced truncation, an error
bound can be found for the reduced-order model obtained by generalized in-
cremental balanced truncation. Here, due to the structure in the generalized
energy function as (5.104), this error bound is not limited to a one-step reduc-
tion. This is formalized in the following theorem.
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Theorem 5.26. Let (5.86) be a generalized incrementally balanced realization of
the system Σbc. In addition, let Σ̂bc,k as in (5.113) be a reduced-order system
obtained by generalized incremental balanced truncation such that the order k

satisfies
∑r

i=1 mi = k for some r. Then, for trajectories x(t) and ξ(t) of Σbc

and Σ̂bc,k, respectively, for a common input signal u(t) ∈ Lm
2 ([0,∞)) and initial

conditions x(0) = 0 and ξ(0) = 0, respectively, the corresponding outputs y(t)
and ŷ(t) satisfy the error bound

‖y − ŷ‖2 ≤
(

2

q
∑

i=r+1

σi

)

‖u‖2, (5.121)

with σi as in Definition 5.8.

Proof. The proof is similar to that of Theorem 5.15, where the generalized en-
ergy functions Ẽo and Ẽc are used rather than the incremental observability
and incremental controllability functions. Then, the error bound can be ob-
tained by repeated one-step reductions, hereby removing the state components
corresponding to a single parameter σi as in (5.104). Here, it is stressed that,
since the multiplicity mi of the discarded parameter σi might be larger than
one, multiple state components might be removed in a single step. In fact, the
quadratic form of the generalized incremental observability and generalized in-
cremental controllability functions as in (5.105-5.106), as well as the fact that
they are characterized by the same matrix Σ, ensures that the condition (5.44)
in Assumption 5.3 is satisfied, even when multiplicities are considered.

Thus, when reducing Σbc to Σ̂bc,n−mq
, the result (5.71) in Theorem 5.14

holds with ρ = σq. Since the remaining parts of the generalized energy function
Ẽ1

o and Ẽ1
c are again generalized energy functions for the reduced-order system

(see Lemmas 5.23 and 5.24), this procedure can be repeated to remove more
state components, eventually leading to the reduced-order system Σ̂bc,k. Then,
the triangle inequality leads to the error bound (5.121).

It is noted that, due to the quadratic form of the generalized incremental ob-
servability and generalized incremental controllability function, the error bound
(5.121) is of the same form as the error bound for linear systems (2.36) in Theo-
rem 2.9. Also, the proof of Theorem 5.26 resembles the proof of the error bound
for linear systems in Appendix A.1.

Remark 5.13. The error bound (5.121) is dependent on (the sum of) the dis-
carded parameters σi, i ∈ {r + 1, . . . , q}. Thus, given the matrices Q̃ and R̃

describing the generalized incremental observability and generalized incremen-
tal controllability function, the ordering of the parameters as in Definition 5.8
gives the tightest error bound. However, since the generalized energy functions
are not unique (see Remark 5.10), solutions to (5.89) and (5.90) might be sought
for which the eigenvalues of Q̃R̃−1 are minimized. Here, a tractable approach
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might be obtained when the generalized energy functions are considered individ-
ually, hereby minimizing the eigenvalues of Q̃ and maximizing the eigenvalues
of R̃. It is noted that this observation corresponds to the intuition discussed in
Remark 5.10. ⊳

Remark 5.14. As stressed before, the generalized incremental observability and
generalized incremental controllability function represent storage functions for
the auxiliary systems Σo and Σc and corresponding supply rates (see Theo-
rems 5.1 and 5.6). In addition, they are chosen to be of quadratic form in order
to guarantee the existence of a (linear) coordinate transformation putting the
system in a (generalized) incrementally balanced form, which satisfies Assump-
tion 5.3.

However, the ideas presented in this section may be extended to a larger
class of storage functions. In particular, any generalized incremental energy
functions Ẽo and Ẽc for which a coordinate transformation can be found such
that the transformed system satisfies Assumption 5.3 can be exploited. By
increasing the class of generalized incremental energy functions, tighter bounds
on the incremental observability and incremental controllability function may
be obtained, potentially leading to a more accurate reduced-order model and
tighter error bounds.

In particular, if there exists functions Ẽi
o : R×R → R, Ẽi

c : R×R → R and
φi : Rn → R, i ∈ {1, 2, . . . , n} such that φ = [ φ1 · · · φn ]T is a diffeomorphism
and the functions

Ẽo(x, x̄) =

n∑

i=1

Ẽi
o

(
φi(x), φi(x̄)

)
(5.122)

Ẽc(x, x̄) =
n∑

i=1

Ẽi
c

(
φi(x), φi(x̄)

)
(5.123)

satisfy the conditions in Theorems 5.1 and 5.6, respectively, then a reduced-order
model satisfying the stability properties of Theorem 5.14 can be found for any
reduction order. If, in addition, the functions satisfy

∂Ẽi
o

∂z̄(i)
(z(i), 0) = −ρ2

i

∂Ẽi
c

∂z̄(i)
(z(i), 0) (5.124)

for some ρi > 0 and with z(i) = φi(x) and z̄(i) = φi(x̄), i ∈ {1, 2, . . . , n}, an
error bound can be computed. Namely, Assumption 5.3 is then satisfied in the
coordinates z. ⊳

5.6.4 Example

The reduction method of generalized incremental balanced truncation is illus-
trated by means of application to an example of a nonlinear electronic circuit.
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y 1© 2© 3© n©

ηηηηu

Figure 5.3: Electronic circuit with nonlinear resistors η.

This example is taken from [144] and depicted in Figure 5.3. Here, it is noted
that no conditions for the preservation of stability and no error bound is given in
[144]. In the electronic circuit, the resistors and capacitors have unit resistance
and capacitance, respectively, whereas the input u ∈ R represents the source
current. Next, the output y ∈ R is taken as the voltage at node 1.

The nonlinearity is due to the presence of nonlinear resistors, which are
modeled by the relation i = η(v) with v the voltage across the resistor and i the
resistor current. The function η(v) is assumed to be nondecreasing and satisfies
η(0) = 0 and the symmetry condition η(v) = −η(−v). This leads to a model
Σbc of the form (5.86), where the vector field f is given as

f(x) = Ax + ϕ(x), (5.125)

with

A =













−2 1 0 · · · 0
1 −2 1

. . .

0 1 −2
. . .

. . .
...

. . .
. . .

. . .
. . .

. . ....
. . .

. . . −2 1 0. . . 1 −2 1
0 · · · 0 1 −2













, ϕ(x) = −













η(x(1))

...

η(x(n))













. (5.126)

Here, x(i), i ∈ {1, 2, . . . , n} denote the components of the state x ∈ Rn (with
n = 100), which represent the voltages at the nodes indicated with 1© to n© in
Figure 5.3. Next, the input and output matrices in (5.86) read

BT = C =
[
1 0 · · · 0

]
. (5.127)

In order to obtain the generalized incremental observability function Ẽo, a
positive symmetric matrix Q̃ is sought satisfying the inequality

(x − x̄)TQ̃
(
Ax + ϕ(x) − Ax̄ − ϕ(x̄)

)
≤ 1

2 (x − x̄)TCTC(x − x̄) (5.128)
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for all x, x̄ ∈ Rn. Then, by Theorem 5.18, Q̃ characterizes a generalized incre-
mental observability function as in Definition 5.6. To guarantee the satisfaction
of (5.128) under the presence of the nonlinearity ϕ, the matrix Q̃ is chosen as a
diagonal matrix, i.e.

Q̃ = diag{q̃1, q̃2, . . . , q̃n}. (5.129)

Namely, it can be checked that this choice guarantees that the inequality

(x − x̄)TQ̃
(
ϕ(x) − ϕ(x̄)

)
≤ 0 (5.130)

holds for all x, x̄ ∈ Rn, where it is recalled that η in (5.126) is nondecreasing.
Then, (5.128) reduces to the linear matrix inequality

ATQ̃ + Q̃A + CTC 4 0, (5.131)

where Q̃ is structured as in (5.129). The inequality (5.131) is solved using
standard techniques for linear matrix inequalities, where the trace of Q̃ is min-
imized to find a tight approximation of the incremental observability function
(see also Remark 5.13). This leads to a matrix Q̃ of the form (5.129) with
q̃1 > q̃2 > . . . q̃n > 0.

The generalized incremental controllability function Ẽc is obtained using a
similar approach, hereby exploiting Theorem 5.19. Namely, after choosing a
diagonal matrix R̃ as

R̃ = diag{r̃1, r̃2, . . . , r̃n}, (5.132)

it is easily concluded that the property ϕ(x) = −ϕ(−x) (see (5.126) and the
property η(v) = −η(−v)) and (5.130) imply

(x + x̄)TR̃
(
ϕ(x) + ϕ(x̄)

)
≤ 0. (5.133)

Here, it is recalled that the property of an odd vector field is a necessary condition
for the generalized incremental controllability function to exist, see Lemma 5.20.
Then, a matrix R̃ as in (5.132) satisfying the matrix inequality

ATR̃ + R̃A + R̃BBTR̃ 4 0 (5.134)

also satisfies (5.90), such that, by Theorem 5.19, R̃ characterizes a generalized
incremental controllability function as in Definition 5.7. To find this matrix, a
congruence transformation P̃ = R̃−1 is applied to (5.134), leading to the linear
matrix inequality

AP̃ + P̃AT + BBT 4 0. (5.135)

In (5.135), the trace of P̃ is minimized, such that the generalized incremental
controllability function characterized by R̃ = P̃−1 provides a tight lower bound
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Figure 5.4: Parameters σi characterizing the generalized incrementally
balanced realization (left) and a zoomed version (right).

on the incremental controllability function. Here, it is remarked that, due to
the properties A = AT in (5.126) and B = CT in (5.127), the linear matrix
inequalities (5.131) and (5.135) are equivalent. Consequently, the equality Q̃ =
R̃−1 holds. Moreover, Definition 5.8 then implies that Σbc is a generalized
incrementally balanced realization in the original coordinates x with Σ = Q̃ =
R̃−1. The parameters σi, i ∈ {1, 2, . . . , n}, n = 100, which form the diagonal of
Σ as in (5.104), are depicted in Figure 5.4.

Since Σbc as in (5.86) with f as in (5.125) is a generalized incrementally bal-
anced realization, a reduced-order system is obtained by truncation. Here, it
is remarked that the choice of diagonal matrices Q̃ in (5.129) and R̃ in (5.132)
allows for interpreting the importance of the state components in terms of the
nodes in Figure 5.3. Then, truncation corresponds to the removal of the right-
most nodes in Figure 5.3. Based on the parameters σi in Figure 5.4, the reduction
order is chosen as k = 4, leading to a reduced-order system Σ̂bc,4 as in (5.113).

By Theorem 5.25, this reduced-order system has bounded trajectories and is
incrementally stable for all input functions in the class L1

2([0,∞)). In addition,

Theorem 5.26 provides an error bound with ε = 2
∑100

i=5 σi = 3.402.

To evaluate the quality of the reduced-order model obtained by generalized
incremental balanced truncation, the results of time simulations are depicted
in Figure 5.5. Here, the nonlinearity η is chosen as in [144], such that η(v) =
sign(v)v2. From Figure 5.5, it is clear that the reduced-order system provides
a good approximation of the original high-order system. The corresponding
output errors and error bounds are given in Table 5.1, indicating that the error
bound is conservative for the input signals in Figure 5.5. Here, the input signals
u(t) are set to satisfy u(t) = 0 for all t ≥ 100. As a result, both u(t) and the
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Figure 5.5: Comparison of the high-order system Σbc and the reduced-
order approximation Σ̂bc,4 for nonlinearity η(v) = sign(v)v2

and external input u(t) = 5
2 (1 − cos(2π 1

5 t)) (left) and u(t) =
1
2 (sign(sin(2π 1

20 t)) + 1) (right).

Table 5.1: Error bound and computed error for the simulations in Fig-
ures 5.5 and 5.6.

ε‖u‖2 ‖y − ŷ‖2 ratio
Figure 5.5 (left) 104.2 5.87 · 10−2 5.64 · 10−4

Figure 5.5 (right) 24.05 7.63 · 10−2 3.17 · 10−3

Figure 5.6 (left) 0.833 2.90 · 10−2 3.48 · 10−2

Figure 5.6 (right) 0.133 2.27 · 10−2 0.171

corresponding output error y(t) − ŷ(t) are in L1
2([0,∞)) and the error bound

applies.

The conservatism in the error bound for the simulations in Figure 5.5 has
several causes. First, it is recalled that the error bound holds for all input
functions (in Lm

2 ([0,∞)) such that the quality of the error bound is dependent
on the particular input signal. This is illustrated by the simulation depicted in
the left graph of Figure 5.6 and the corresponding error in Table 5.1. Here, the
signal norms are obtained by truncating the input function at t = 1200. Even
though the a priori error bound provides a tighter bound than in the earlier
simulations in Figure 5.5, the error bound remains conservative.

This remaining conservatism might be explained by the following aspects,
which are due to properties of the reduced-order model rather than the choice of
the particular input function. First, the method of generalized balanced approx-
imation is based on the computation of quadratic bounds on the incremental
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Figure 5.6: Comparison of the high-order system Σbc of order n

and the reduced-order approximation Σ̂bc,4 for non-
linearity η(v) = sign(v)v2 and external input u(t) =
10−2
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)
: n = 100 (left) and n = 10 (right).

observability and incremental controllability functions rather than on these in-
cremental energy functions themselves, which generally leads to a larger error
bound (see also Remark 5.10). Moreover, in this particular example, the matri-
ces Q̃ and R̃ characterizing the generalized incremental observability and gen-
eralized incremental controllability function, respectively, are chosen diagonal,
which limits the flexibility in the optimization (see also Remark 5.13) of the gen-
eralized incremental energy functions and generally leads to conservative bounds
on the incremental energy functions. Next, it is recalled that the proof of the
error bound in Theorem 5.26 is based on the successive application of one-step
reductions and the triangle inequality, where the latter is conservative. In par-
ticular, when a large reduction in the dimension of the state space is performed,
the repeated application of the triangle inequality might lead to a conservative
error bound.

To illustrate the latter two sources of conservatism in the error bound (i.e. the
diagonal structure of Q̃ and R̃ and the triangle inequality), the electronic circuit
model in Figure 5.3 is considered for order n = 10. As before, a reduced-order
model of order k = 4 is obtained by generalized incremental balanced truncation.
Due to the decreased order of the high-order system, the ratio of the number
of off-diagonal terms (1

2n(n − 1) due to symmetry) over the number of diagonal
terms (n) is decreased (with respect to the case n = 100) and the conservatism
introduced by limiting Q̃ and R̃ to a diagonal form is reduced. In addition, the
relatively small reduction from n = 10 to k = 4 reduces the number of successive
applications of the triangle inequality. The results for this case are depicted in
the right graph of Figure 5.6, whereas the error bound is given in Table 5.1.
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As expected, the conservatism in the error bound obtained by Theorem 5.26 is
significantly reduced in this case.

5.7 Generalized incremental balanced truncation

for piecewise affine systems

The model reduction procedure of incremental balanced truncation as presented
in Section 5.5 is generalized in Section 5.6. Here, the generalization provides
improved computational feasibility and automatically satisfies the limiting as-
sumption in incremental balanced truncation, at the cost of a larger error bound
and a possibly less accurate reduced-order model. For the class of piecewise
affine systems, generalized balanced truncation leads to a constructive and com-
putational attractive approach as the generalized incremental observability and
generalized incremental controllability can be obtained as solutions of sets of
linear matrix inequalities.

Piecewise affine systems (see e.g. [84, 172]) form a class of nonlinear systems
in which the state space is partitioned into regions exhibiting linear dynamics.
This partitioning might be due to piecewise linear characteristics of elements such
as saturation or dead-zone or switching components such as relays. Moreover,
piecewise affine systems can be used to approximate arbitrary nonlinear systems,
see e.g. [87, 175].

The computation of the generalized incremental energy functions for piece-
wise affine systems is discussed in Section 5.7.1, whereas a model reduction
procedure is given in Section 5.7.2. These results are illustrated by means of an
example in Section 5.7.3.

5.7.1 Generalized incremental energy functions for piece-

wise affine systems

Piecewise affine (pwa) systems of the form

Σpwa :

{
ẋ = Aix + ai + Bu, x ∈ Xi,

y = Cx,
(5.136)

are considered, with u ∈ R
m and y ∈ R

p. In (5.136), {Xi}i∈I ⊆ R
n is a parti-

tioning of the state space into a number of closed (possibly unbounded) convex
polyhedral cells, where I denotes the set of indices. The cells are characterized as

Xi = {x ∈ R
n | Gix + gi ≥ 0}, (5.137)

where the inequality in (5.137) has to be considered for all entries in the vector-
valued function Gix + gi. The matrix Gi and vector gi are known as cell identi-
fiers.



5.7 Generalized incremental balanced truncation for pwa systems 149

It is remarked that Σpwa can be considered as a subclass of Σbc as in (5.86)
when the function f(x) = Aix + ai, x ∈ Xi, is continuous. A necessary and
sufficient condition for continuity of the right-hand side of (5.136) is given in the
following lemma (see [84, 136]).

Lemma 5.27. The vector field of Σpwa as in (5.136) is continuous if and only
if for any two cells Xi and Xj having a common boundary Hijx + hij = 0, the
equalities

Ai − Aj = KijHij , (5.138)

ai − aj = Kijhij , (5.139)

hold for some vector Kij ∈ Rn.

For continuous piecewise affine systems, the generalized incremental observ-
ability function can be characterized as follows.

Theorem 5.28. Consider the piecewise affine system Σpwa as in (5.136) and
let the function f(x) = Aix + ai, x ∈ Xi, be continuous. Then, the function

Ẽo(x, x̄) = (x − x̄)TQ̃(x − x̄) (5.140)

is a generalized incremental observability function if and only if the positive
definite symmetric matrix Q̃ satisfies

AT
i Q̃ + Q̃Ai + CTC 4 0, ∀i ∈ I. (5.141)

Proof. To prove the theorem, it will be shown that the linear matrix inequality
(5.141) is equivalent to the condition (5.89), such that the result follows from
Theorem 5.18. Here, a result from [135] is followed.

First, it is shown that (5.141) implies (5.89). Thereto, denote f(x) = Aix+ai,
x ∈ Xi, and let x and x̄ be chosen such that they belong to the same cell, i.e.
x, x̄ ∈ Xi. Then,

∆(x, x̄) := (x − x̄)TQ̃
(
f(x) − f(x̄)

)
= (x − x̄)TQ̃(Aix + ai − Aix̄ − ai), (5.142)

= 1
2 (x − x̄)T(AT

i Q̃ + Q̃Ai)(x − x̄), (5.143)

≤ − 1
2 (x − x̄)TCTC(x − x̄), (5.144)

where the inequality is due to (5.141) and the function ∆ is introduced for ease
of notation. Thus, when x and x̄ belong to the same cell, (5.89) holds. Next,
distinct states x and x̄ from different cells are considered. Then, denote ζ1 := x

and let ζi, i ∈ {2, 3, . . . , s − 1} be the intersections of the line segment (x, x̄)
with the switching surfaces. Finally, let ζs := x̄. The points ζi are thus on the
same line and are ordered according to moving from x to x̄ along this line. As
a result, the equality

x − x̄

|x − x̄| =
ζi−1 − ζi

|ζi−1 − ζi|
(5.145)
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holds for all i ∈ {2, 3, . . . , s}, where it is remarked that x and x̄ are distinct (i.e.
x − x̄ 6= 0). Exploiting (5.145) and the fact that f is continuous leads to

∆(x, x̄) = (x − x̄)TQ̃

(
s∑

i=2

f(ζi−1) − f(ζi)

)

, (5.146)

=
s∑

i=2

|x − x̄|
|ζi−1 − ζi|

(ζi−1 − ζi)
TQ̃
(
f(ζi−1) − f(ζi)

)
(5.147)

Since the points ζi are chosen on the switching surfaces, any two points ζi, ζi−1

belong to the same cell. Then, (5.144) gives

∆(x, x̄) ≤ − 1
2

s∑

i=2

|x − x̄|
|ζi−1 − ζi|

(ζi−1 − ζi)
TCTC(ζi−1 − ζi), (5.148)

= − 1
2

s∑

i=2

|ζi−1 − ζi|
|x − x̄| (x − x̄)TCTC(x − x̄), (5.149)

where the property (5.145) is used to obtain the equality. Next, since the points
ζi are chosen on the same line and are ordered, the relation

s∑

i=2

|ζi−1 − ζi| =

∣
∣
∣
∣
∣

s∑

i=2

ζi−1 − ζi

∣
∣
∣
∣
∣
= |ζ1 − ζs| = |x − x̄| (5.150)

holds, from which it is clear that (5.149) implies (5.89). This finalizes the first
part of the theorem.

To prove the converse statement, it is assumed that (5.89) holds. When x

and x̄ belong to the same cell Xi, it is clear that (5.89) gives

(x − x̄)TQ̃Ai(x − x̄) = 1
2 (x − x̄)T(AT

i Q̃ + Q̃Ai)(x − x̄) (5.151)

≤ − 1
2 (x − x̄)CTC(x − x̄) (5.152)

for all x, x̄ ∈ Xi. When x is taken in the interior of Xi, there exists an ε > 0
such that x̄ := x + εζ ∈ Xi for all ζ ∈ B with B = {ζ ∈ Rn | |ζ| ≤ 1}. In this
case, it is clear that (5.152) implies the linear matrix inequality (5.141). Since
the cell Xi is chosen arbitrarily, this proves the converse statement.

The generalized incremental controllability function can be characterized in
a similar way.

Theorem 5.29. Consider the piecewise affine system Σpwa as in (5.136) and let
the function f(x) = Aix+ai, x ∈ Xi, be continuous and satisfy f(x) = −f(−x).
Then, the function

Ẽc = (x + x̄)P̃−1(x + x̄) (5.153)
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is a generalized incremental controllability function if the positive definite sym-
metric matrix P̃ satisfies

AiP̃ + P̃AT
i + BTB 4 0, ∀i ∈ I. (5.154)

Proof. The proof will be based on the proof of Theorem 5.28.

As a first step, the linear matrix (5.154) inequality is rewritten. Since P̃ is
positive definite, the inverse R̃ := P̃−1 exists. Then, pre- and post-multiplication
of (5.154) by R̃ yields

AT
i R̃ + R̃Ai + R̃BTBR̃ 4 0. (5.155)

Next, it is noted that the property f(x) = −f(−x) implies the property

(x + x̄)TR̃
(
f(x) + f(x̄)

)
= (x − x̃)R̃

(
f(x) − f(x̃)

)
(5.156)

for all x̃ = −x̄. Then, the remainder of the proof follows the proof of Theo-
rem 5.28, hereby using the rewritten matrix inequality (5.155). Consequently,
(5.154) implies (5.90) in Theorem 5.19, proving the theorem.

Remark 5.15. In [141] (see also [84]), the analysis of transients and the prob-
lem of optimal control for piecewise affine systems is considered by computing
bounds on the energy (or cost) function. A characterization of the generalized
incremental energy functions can therefore also be obtained by using the results
from [141]. However, Theorems 5.28 and 5.29 provide a simpler characterization.
In addition, the conditions in Theorem 5.28 are necessary and sufficient, as can
generally not be obtained by using the results in [141]. ⊳

5.7.2 Model reduction

The linear matrix inequalities (5.141) and (5.154) can thus be considered as spe-
cial cases of (5.89) and (5.90), such that Ẽo in (5.87) and Ẽc in (5.88) are gen-
eralized incremental energy functions. Consequently, the results of Section 5.6
apply and a model reduction procedure for piecewise affine systems is obtained.
By Theorem 5.22, there exists a realization in which Q̃ = R̃−1 = Σ, with Σ as
in (5.104). In the remainder of this section, it is assumed that the realization
(5.136-5.137) of Σpwa is such a generalized incrementally balanced realization.

After partitioning the state x as xT = [ xT
1 xT

2 ] with x1 ∈ Rk and x2 ∈ Rn−k

and k chosen according to the multiplicities of the parameters σi in Σ as before,
the matrices in (5.136) and (5.137) can be partitioned accordingly as

Ai =

[
A11

i A12
i

A21
i A22

i

]

, ai =

[
a1

i

a2
i

]

, Gi =
[
G1

i G2
i

]
. (5.157)
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In addition, the matrices B and C are partitioned as in (5.111). Then, the
dynamics (5.136) can be written as

Σpwa :







ẋ1 = A11
i x1 + A12

i x2 + a1
i + B1u

ẋ2 = A21
i x1 + A22

i x2 + a2
i + B2u

, x ∈ Xi,

y = C1x1 + C2x2,

(5.158)

whereas the characterization of the cells (5.137) is rewritten as

Xi =
{
x ∈ R

n
∣
∣ G1

i x1 + G2
i x2 + gi ≥ 0

}
. (5.159)

Truncation is applied to obtain a reduced-order approximation of Σpwa as

Σ̂pwa,k :

{

ξ̇ = A11
i ξ + a1

i + B1u, x ∈ X̂i,

ŷ = C1ξ,
(5.160)

with ξ ∈ Rk and where the cells X̂i are characterized as

X̂i =
{
ξ ∈ R

k
∣
∣ G1

i ξ + gi ≥ 0
}
. (5.161)

Here, it is remarked that the reduced-order cells X̂i are closed convex polyhedral
cells, as was also the case for the unreduced system Σpwa. Furthermore, the
collection {X̂i}i∈I remains a valid partitioning, i.e. there are no overlapping
cells or gaps between cells. This is easily observed by noting that the reduced-
order partitioning equals the original partitioning for x2 = 0. However, some
cells may become redundant, in the sense that there may exist i ∈ I such that
X̂i = ∅. It is noted that the potential existence of empty cells does not affect
the results of this section.

Since the results in Theorems 5.28 and 5.29 only specialize the characteriza-
tion of the generalized incremental energy functions in Theorem 5.18 and 5.19 to
piecewise affine systems, the results in Section 5.6 hold for this type of systems.
These results can be summarized in the following theorem.

Theorem 5.30. Let (5.136-5.137) be an incrementally balanced realization of
the piecewise affine system Σpwa and let Σ̂pwa,k as in (5.160-5.161) be a reduced-
order system obtained by generalized incremental balanced truncation. Then, the
following statements hold:

1. The reduced-order piecewise affine system has a continuous vector field;

2. Any state trajectory ξ(t) of the reduced-order system (5.160-5.161) with
initial condition ξ(0) = ξ0 ∈ ⋃i∈I X̂i and input function u(t) ∈ Lm

2 ([0,∞))
is bounded;

3. The reduced-order piecewise affine system Σ̂pwa,k is incrementally stable
for the class of inputs Lm

2 ([0,∞));
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4. For any bounded input function u(t) ∈ Lm
2 ([0,∞)) and initial conditions

ξ(0) = ξ0, ξ̄(0) = ξ̄0 such that the state trajectories ξ(t) and ξ̄(t) of (5.160-
5.161) are bounded, the corresponding outputs converge, i.e.

lim
t→∞

|C1ξ(t) − C1ξ̄(t)| = 0; (5.162)

5. Let the reduction order k be chosen such that
∑r

i=1 mi = k for some r,
with mi as in Definition 5.8. For trajectories x(t) of Σpwa and ξ(t) of
Σ̂pwa,k for a common input signal u(t) ∈ Lm

2 ([0,∞)) and initial conditions
x(0) = 0 and ξ(0) = 0, respectively, the corresponding outputs y(t) and
ŷ(t) satisfy

‖y − ŷ‖2 ≤
(

2

q
∑

i=r+1

σi

)

‖u‖2, (5.163)

with σi as in Definition 5.8.

Proof. The proof of continuity follows from Lemma 5.27. Thereto, consider any
two cells Xi and Xj that share a boundary Hijx + hij = 0. Then, in partitioned
form, the equations (5.138-5.139) read

[
A11

i − A11
j A12

i − A12
j

A21
i − A21

j A22
i − A22

j

]

=

[
K1

ij

K2
ij

]
[
H1

ij H2
ij

]
, (5.164)

[
a1

i − a1
j

a2
i − a2

j

]

=

[
K1

ij

K2
ij

]

hij , (5.165)

where Kij and Hij are partitioned as

Kij =

[
K1

ij

K2
ij

]

, Hij =
[
H1

ij H2
ij

]
. (5.166)

From (5.164-5.165), it is immediate that A11
i − A11

j = K1
ijH

1
ij and a1

i − a1
j =

K1
ijhij , which shows continuity of the vector field for the reduced-order system.
The proofs of items 2. to 4. follow from Theorem 5.25, whereas the proof of

item 5. is a direct consequence of Theorem 5.26.

Remark 5.16. The problem of model reduction for piecewise affine systems (or,
more generally, hybrid or switched systems) has only received limited attention
in literature. Examples are given by [111, 117, 169], which do not include error
bounds. Error bounds are available in [194]. However, this latter result relies on
the solution of a non-convex optimization problem, whereas the linear matrix
inequalities in Theorems 5.28 and 5.29 constitute a convex optimization problem,
which is computationally more attractive. ⊳
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Figure 5.7: Flexible beam within a clearance.
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Figure 5.8: Piecewise affine nonlinearity φ.

5.7.3 Example

To illustrate the generalized incremental balancing procedure for piecewise affine
systems as discussed in this section, the example in Figure 5.7 is considered. The
example represents a slender flexible beam, which moves within a clearance.
Here, u ∈ R is an external force acting on the beam, whereas the vertical de-
flection y ∈ R represents the output of the beam system. The beam is modeled
using Euler beam elements, which leads to the linear dynamics

Σbeam :







ẋ = Ax + Buu + Bvṽ,

y = Cyx,

w = Cwx,

(5.167)

with x ∈ R
n for n = 30. Since modal damping is included in the beam model,

the linear system Σbeam is asymptotically stable.
The clearance is represented by two one-sided springs, as indicated in Fig-

ure 5.7. As a result, the force ṽ ∈ R acting on the beam system is a nonlinear
function −ṽ = φ(w), with w ∈ R the vertical deflection of the center of the beam.
The nonlinearity, as depicted in Figure 5.8, has a piecewise linear characteristic
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and is given as

−ṽ = φ(w) =







κ(w + δ), w ≤ −δ,

0 , −δ < w < δ,

κ(w − δ), w ≥ δ,

(5.168)

with δ the size of the clearance. The spring stiffness of the one-sided springs is
given by κ and chosen as κ = 1000 N/m. Clearly, the nonlinearity is continuous.

The interconnection of the linear beam system (5.167) and the piecewise
affine nonlinearity (5.168) leads to a piecewise affine dynamical system Σpwa as
in (5.136). Here, the three cells (i.e. I = {1, 2, 3}) are numbered in accordance
with Figure 5.8, such that the origin is contained in the second cell X2. Then,
after using w = Cwx and the partitioning in (5.167), the cells are characterized
as in (5.137) with

G1 = −Cw, g1 = −δ, G2 =

[
Cw

−Cw

]

, g2 =

[
δ

δ

]

, G3 = Cw, g3 = −δ, (5.169)

whereas the corresponding dynamics is given by the matrices

A1 = A − κBvCw, a1 = −κδBv,

A2 = A , a2 = 0, (5.170)

A3 = A − κBvCw, a3 = κδBv.

The generalized incremental observability function is obtained by solving the
linear matrix inequalities (5.141) in Theorem 5.28. Here, the trace of the matrix
Q̃ is minimized to obtain a small generalized incremental observability func-
tion, therefore giving a tight bound to the incremental observability function
(see Remarks 5.10 and 5.13). Similarly, the generalized incremental control-
lability function is obtained by minimizing the trace of P̃ subject to the lin-
ear matrix inequalities (5.154) in Theorem 5.29. It is remarked that this is
a procedure to maximize the generalized incremental controllability function,
which provides a tight approximation of the incremental controllability function.
Next, Theorem 5.22 leads to the generalized incrementally balanced realization
of the beam system Σpwa, hereby using the transformation as in the proof of
Lemma 2.3. Finally, truncation yields the reduced-order approximation Σ̂pwa,2

(of order 2), which satisfies the properties of Theorem 5.30 with the error bound
ε := 2

∑30
i=3 σi = 5.52 · 10−4.

To assess the quality of the reduced-order system, a time simulation is per-
formed. The results are depicted in Figure 5.9, where the left graph shows the
outputs of Σpwa and Σ̂pwa,2. Similarly, the right graph gives the vertical de-
flection w of the center of the beam, which determines the current active cell.
Here, it is remarked that w is not chosen as an external output and is only taken
into account in the reduction procedure via the system matrices (5.170) and the
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Figure 5.9: Comparison of the high-order system Σpwa and the reduced-
order approximation Σ̂pwa,2 for u(t) = 50 sign(sin(2π5t)):
output y (left) and vertical deflection of the center w (right).

Table 5.2: Error bound and computed error for the simulations in Fig-
ures 5.9 and 5.10, where ε = 2

∑30
i=3 σi = 5.52 · 10−4.

ε‖u‖2 ‖y − ŷ‖2 ratio
Figure 5.9 0.0390 0.0019 0.0498
Figure 5.10 0.1103 0.0338 0.3069

definition of the cells (5.169). In the same graph, the size of the clearance is
indicated by dashed lines.

The results in Figure 5.9 show a good agreement between the trajectories of
the original and reduced-order system. Hence, the reduced-order system provides
a good approximation. This can also be concluded from the norm of the error.
Here, in order to ensure that the input signal u(t) is in L1

2([0,∞)), the input
signal is truncated to satisfy u(t) = 0 for all t > 3. As a result, the output error
y(t) − ŷ(t) is in L1

2([0,∞)). The output error ‖y − ŷ‖2 and the a priori error
bound ε‖u‖2 are shown in Table 5.2, suggesting that the error bound is rather
conservative.

However, it is recalled that the error bound holds for all square integrable
inputs signals. This is illustrated in Figure 5.10, which gives a comparison of
Σpwa and Σ̂pwa,2 for a different input function, which is again truncated to be
in L1

2([0,∞)). Clearly, for this input signal, the reduced-order model does not
give a good approximation of the original system, leading to a large error. The
error is given in Table 5.2, which also shows that the actual error is of the same
order as the a priori error bound. Hence, the a priori error bound obtained in
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Figure 5.10: Comparison of the high-order system Σpwa and the reduced-
order approximation Σ̂pwa,2 for u(t) = 200 sin(2π42t): out-
put y (left) and vertical deflection of the center w (right).
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Figure 5.11: Comparison of the high-order system Σpwa and the reduced-
order approximation Σ̂pwa,4 for u(t) = 200 sin(2π42t): out-
put y (left) and vertical deflection of the center w (right).

Theorem 5.30 provides a tight bound. Of course, when a good approximation
is required for the input signal in Figure 5.10, the order of the reduced-order
system can be increased. This is illustrated by the computation of a fourth order
model Σ̂pwa,4, as depicted in Figure 5.11. Here, a good approximation of the
high-order system Σpwa is obtained.

Above, model reduction for the flexible beam within a clearance as in Fig-
ure 5.7 is performed using the incremental balanced truncation approach for
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Figure 5.12: Comparison of the high-order system Σpwa and the reduced-
order approximations obtained by incremental balanced
truncation (Σ̂pwa,2) and a Lur’e-type approach (Σ̂Lur’e) for
u(t) = 50 sign(sin(2π5t)): output y (left) and vertical deflec-
tion of the center w (right).

piecewise affine systems. A different perspective can also be taken to achieve
model reduction reduction for this system. Namely, the nonlinear beam system
consists of the feedback interconnection of a linear dynamic model (5.167) and a
static nonlinearity (5.168). The system thus forms a Lur’e-type system and the
results of Chapter 4 apply. In particular, see Remarks 4.1 and 4.4.

It is recalled that the reduction method for Lur’e-type systems is based on
the reduction of the linear subsystem only, such that the conservatism in the
reduction procedure and the resulting error analysis is reduced when the gain of
the nonlinearity is minimized. Therefore, the loop transformation ṽ = v − 1

2κw

is applied to the system (5.167-5.168), leading to the linear system Σlin as

Σlin :







ẋ = (A − 1
2κBvCw)x + Buu + Bvv,

y = Cyx,

w = Cwx,

(5.171)

and the static nonlinearity ϕ given by

−v = ϕ(w) = φ(w) − 1
2κw. (5.172)

Thus, the piecewise affine system Σpwa can also be written as Σpwa = I(Σlin, ϕ),
with I(·, ·) the feedback interconnection as in Figure 4.1. Here, the loop trans-
formation leads to the incremental gain on the static nonlinearity ϕ as in (4.42)
with µ = 1

2κ.
A reduced-order Lur’e-type system is obtained by applying balanced trun-

cation to the linear subsystem Σlin as in (5.171), hereby choosing the reduction
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Figure 5.13: Error bounds for model reduction of the piecewise linear
beam system using incremental balanced truncation (pwa)
and using a Lur’e-type approach (Lur’e).

order k = 2. A simulation of this reduced-order Lur’e-type system is depicted in
Figure 5.12. This figure also includes results for the reduced-order system ob-
tained by incremental balanced truncation and, for this reduced-order system,
is a zoomed version of Figure 5.9. It can be concluded from Figure 5.12 that the
methods of incremental balanced truncation for piecewise affine systems and the
Lur’e-type approach yield reduced-order models whose input-output behavior
gives an almost perfect match.

The methods of incremental balanced truncation and the Lur’e-type ap-
proach are further compared on the basis of the resulting error bounds. Since
incremental balanced truncation gives an a priori error bound via Theorem 5.30,
an a priori error bound is considered for the Lur’e-type approach as well. Thus,
an a priori error bound εlin on the reduction of the linear subsystem Σlin is
obtained via Theorem 2.9, after which (4.41) (see Theorem 4.4) is applied to
obtain the final error bound.

The results of this analysis are depicted in Figure 5.13 for varying nonlinearity
parameter κ. From this figure, it is clear that incremental balanced truncation
gives a much tighter a priori error bound than the Lur’e-type approach. This is
most apparent for large κ, where the error bound for the Lur’e-type approach
reaches an asymptote for κ ≈ 870. The asymptote represents the size of the
nonlinearity for which stability can no longer be guaranteed a priori, i.e. where
(4.25) with εwv = εlin no longer holds. Thus, besides giving a tighter error
bound, the method of incremental balanced truncation can give an (a priori)
guarantee for stability of the reduced-order model for larger nonlinearities. For
this example, incremental balanced truncation can be applied (and thus guaran-
tees stability) for nonlinearities up to κ ≈ 1200 and, in addition, gives an almost
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constant error bound for κ < 1000. Finally, it is noted that, even though both
incremental balanced truncation and the Lur’e-type approach are equivalent to
linear balanced truncation for the linear case of κ = 0, the error bounds do not
match at κ = 0. This is due to the fact that the additional input and output
which connect to the nonlinearity are included in the Lur’e-type approach.

Summarizing, the reduction methods of incremental balanced truncation dis-
cussed in this section and the Lur’e-type approach of Chapter 4 yield models
that give almost the same responses. Here, it is stressed that this is a prop-
erty of the particular example and is by no means guaranteed by properties of
both reduction techniques. Even though both reduced-order models are similar
for this example, incremental balanced truncation gives a tighter a priori error
bound, which, in addition, is applicable for larger nonlinearities.

5.8 Discussion

The reduction method of incremental balanced truncation is introduced in this
chapter. It differs from existing extensions of balanced truncation for linear
systems to the nonlinear case in the definition of two novel incremental energy
functions. These incremental observability and incremental controllability func-
tion replace the (non-incremental) observability and controllability function as
the basis for a model reduction procedure, yielding the following advantages.
First, the incremental observability function is directly related to the notion of
observability for nonlinear systems. Second, the reduction procedure of incre-
mental balanced truncation guarantees the preservation of stability properties
for both zero and nonzero input functions and includes an a priori error bound.

However, incremental balanced truncation relies on the satisfaction of one
potentially limiting assumption. Therefore, the alternative reduction method
of generalized incremental balanced truncation is introduced, which is based
on the computation of bounds on the incremental energy functions rather than
using the incremental energy functions themselves. Nonetheless, it shares the
properties of stability preservation and the availability of a computable a priori
error bound. Besides avoiding the potentially limiting assumption, generalized
incremental balanced truncation has an increased computational feasibility at
the cost of a (potentially) increased error bound and potentially less accurate
reduced-order model. In particular, the application of this method to the class
of piecewise affine systems yields a computationally efficient method, which is
based on a solution of linear matrix inequalities.



Chapter 6

Controller reduction for a

lab-on-a-chip demonstrator

6.1 Introduction

Traditionally, chemical analyses are performed in specialized laboratories (e.g.
in hospitals), since these require trained personnel and dedicated equipment.
However, there is a trend towards the miniaturization (and automation) of this
equipment and the integration of all laboratory operations on a single device, a
so-called lab-on-a-chip (sometimes also referred to as micro total analysis system
or µtas), see e.g. [55]. Even though such small-scale chemical analysis also has
many applications in environmental monitoring and industry, the largest interest
comes from the fields of life sciences and biology. Here, lab-on-a-chip devices may
be used for disease diagnostics and drug delivery. Overviews of lab-on-a-chip
technology and related developments in microfluidics can be found in [146, 10]
and [183].

The miniaturization of tools for chemical analysis has several advantages.
First, only small samples (in the order of fractions of microliters) are needed
for analysis, reducing the cost of reagents and limiting waste. In biomedical
applications, only a drop of blood or urine is sufficient to perform diagnostics.
Additionally, the small scale of a lab-on-a-chip facilitates a fast analysis of the
sample, whereas the integration and automation of multiple laboratory oper-
ations and analysis tools eliminates the need for trained operators. Also, the
potential for mass production and exploitation of microfabrication techniques
lead to reduced costs. Combined with the portability of a lab-on-a-chip, diag-
nostic tests may be carried out at the location of the patient, which is referred to
as point-of-care diagnostics. This potentially has a large effect on medicine since
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a rapid diagnosis typically has a positive influence on the results of treatment.
Finally, the reduced cost enables the use of many labs-on-a-chip in parallel,
allowing for the analysis of a large number of samples simultaneously.

A specific example of the advantages of lab-on-a-chip technology and an im-
portant process in many biomedical diagnostic tools is the polymerase chain
reaction (pcr, see [152, 201]). In this reaction, a single molecule of dna can
rapidly be copied many times until detectable quantities are reached, facilitat-
ing biomolecular analysis. In particular, in a mixture of the target dna, dna

”building blocks” and an enzyme (a polymerase), the application of a specific
heat cycle will create a copy of each single target dna molecule. Repeating this
heat cycle then leads to an exponential growth of the number of dna molecules.
Here, it is clear that miniaturization significantly reduces the length of a heat
cycle due to a smaller thermal mass and larger surface-to-volume ratio.

In addition, the example of pcr illustrates the importance of the sample
temperature in the dna amplification process, which is also of importance in
many other biomedical applications of a lab-on-a-chip. Namely, temperature
typically has a large influence on the efficiency and effectiveness of biochemical
processes. Therefore, this chapter deals with the control of the temperature of
a small volume of fluid in a lab-on-a-chip.

In particular, a lab-on-a-chip demonstrator model from Philips Research1 is
considered. At Philips, commercial products for biomedical diagnostics using
lab-on-a-chip technology are under development. The lab-on-a-chip demonstra-
tor model considered in this chapter is a benchmark for these commercial prod-
ucts and it contains the essential aspects of these products. These aspects include
a small fluid volume, low conductivity of the plastic casing and heating using a
Peltier element. A Peltier element is a thermoelectric heat pump that transfers
heat between its two sides by using an electric current and can therefore be used
both for heating and cooling. Current controller design strategies at Philips Re-
search are of a heuristic nature. Specifically, linear pid controllers are tuned for
different operating points encountered during the predefined heat cycle, whereas
a switching strategy is designed to select the desired (local) controller.

A similar approach for controller design is presented in [88], where a small
volume of fluid is heated using a stack of two Peltier elements. Here, system
identification techniques are used to obtain linear models for several working
points, for which linear pid controllers are designed. Then, a switching strategy
is implemented to obtain the final switching controller. Clearly, stability of the
closed-loop system cannot be guaranteed a priori. A different controller design
approach for the same system is given in [81], where a lumped-mass model of
the lab-on-a-chip and heating system is derived. On the basis of this model, a
feedback-linearizing nonlinear controller is designed.

A different approach is taken in the current chapter. Contrary to the design
of multiple pid controllers, a single model-based controller is synthesized for the

1Philips Research; www.research.philips.com.
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temperature control in the lab-on-a-chip demonstrator. Herein, a model of the
thermal dynamics of the lab-on-a-chip is exploited. Since temperature nonuni-
formities play an important role in the lab-on-a-chip components, this model is
based on a finite element analysis. In addition to the resulting linear high-order
lab-on-a-chip model, the overall model includes a static nonlinear model of the
Peltier element, such that this overall model is both nonlinear and of high or-
der. After an initial model reduction step of the linear lab-on-a-chip model, an
H∞ loop shaping technique is used to synthesize a tracking controller for the
fluid temperature. Herein, the presence of the static nonlinearity of the Peltier
element is taken into account to guarantee closed-loop stability. This approach
has several advantages over existing approaches. First, the use of a model-based
controller synthesis technique allows for controller design in an early phase of
the design of the lab-on-a-chip. In this way, controller design is an integral part
of the lab-on-a-chip design, which potentially leads to a better overall system
performance. In addition, the model-based approach potentially leads to a more
robust controller, where stability of the (reduced-order) controlled system can
be guaranteed a priori.

However, the use of this model-based controller design technique leads to a
linear controller that is of the same order as the original system model. Since a
lab-on-a-chip is typically part of a disposable product, the on-board computa-
tional power is limited and such a high-order controller cannot be implemented.
Therefore, a controller reduction procedure is applied to obtain a low-order con-
troller favorable from an implementation perspective. Herein, the techniques of
Chapter 4 (in particular, Section 4.5) are used, allowing for a controller reduction
procedure in which stability and performance specifications can be guaranteed
for the reduced-order controlled nonlinear system.

The remainder of this chapter is outlined as follows. A description of the
lab-on-a-chip demonstrator is given in Section 6.2, of which a model (of inter-
mediate order) is derived in Section 6.3. Controller synthesis is discussed in
Section 6.4, whereas an approach for controller reduction is given in Section 6.5.
The performance of the high-order and reduced-order controller is assessed in
Section 6.6, before stating conclusions in Section 6.7.

6.2 System description

In the design of simple (i.e. low-order) controllers for the temperature control in a
lab-on-a-chip, the lab-on-a-chip benchmark example in Figure 6.5 is considered.
It is representative of an industrial lab-on-a-chip for biomedical applications.

The device in Figure 6.1 basically consists of three parts. First, a casing
forms a fluid chamber, which contains the fluid of which the temperature needs
to be controlled. The circular fluid chamber has a 5 mm radius and a height of
2 mm. In order to cool or heat the fluid, a Peltier element is used, which acts
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Vp

Tf fluid chamber
casing

Peltier element

heat sink

Figure 6.1: Lab-on-a-chip demonstrator system.

as a heat pump. A heat sink is attached to the Peltier element to exchange heat
to the environment.

The casing is made of polymer, which is chosen because of its low costs.
However, the thermal conductivity of this polymer is low, such that temperature
nonuniformities in the casing will play an important role. Here, it is remarked
that the temperature of the fluid inside the fluid chamber is usually higher than
the environmental temperature. In biomedical applications, the fluid is usually
blood or urine, which both have water-like thermal properties. Therefore, it is
assumed that the fluid chamber is filled with water.

The Peltier element is used to control the temperature of the fluid. A Peltier
element is a heat pump based on the thermoelectric effect. Here, the application
of a voltage to the Peltier element induces a heat flow between the two sides
of the element, such that the Peltier element can be used for both heating and
cooling. To ensure that the fluid is heated (or cooled) uniformly, a heat spreader
is mounted between the fluid chamber and top of the Peltier element. This heat
spreader consist of a thin plate of a material with a high thermal conductiv-
ity. Next, it is remarked that the properties of the Peltier element introduce a
nonlinear effect, which will be discussed in more detail later.

Finally, to exchange heat between the bottom of the Peltier element and the
environment, a heat sink is used. This heat sink is an element consisting of a
material with high conductivity and has a large surface area. As for the casing,
temperature nonuniformities in the heat sink will play an important role.

In the lab-on-a-chip demonstrator in Figure 6.1, the control of the fluid tem-
perature is of interest. Here, it is assumed that a direct measurement of the
fluid temperature Tf is available. Moreover, the input voltage Vp to the Peltier
element is used as a control input.

Even though the device in Figure 6.1 does not represent a full lab-on-a-chip,
it contains several key aspects of the temperature control in a lab-on-a-chip for
biomedical applications. These aspects include the temperature nonuniformity
in the casing and heat sink and the nonlinearity in the Peltier element. A
more complex model, which includes an additional actuator and which does
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not assume a direct measurement of the fluid temperature is analyzed in [196].
Herein, model-based controllers are designed on the basis of this more complex
model and verified experimentally.

6.3 Modeling

A model of the lab-on-a-chip demonstrator in Figure 6.1 is obtained by con-
sidering the three parts, i.e. the casing (including fluid), heat sink and Peltier
element, separately.

The casing is modeled using a finite element approach in ansys
2, where a

fine mesh ensures that any temperature nonuniformities are accurately captured.
Herein, convection and conduction are taken into account. The effect of radiation
is not taken into account, since it represents a distributed nonlinearity which
further challenges the model-based design of linear controllers. In addition, the
heat transfer via convection is dominant when small temperature variations are
considered (see also [81]). The resulting linear model of the thermal dynamics
is of the form

Σc :







Ṫc = AcTc + Bc,eTe + Bc,pq
t
p,

Tf = Cc,fTc,

T t
p = Cc,pTc,

(6.1)

where the state Tc ∈ Rnc represent the nodal temperatures. Due to the fact that
the finite element approach is used to construct (6.1), Σc is of high order, with
nc = 5543. In (6.1), Te ∈ R is the environmental temperature, whereas qt

p ∈ R

is the heat flow resulting from the Peltier element. A measurement of the fluid
temperature in the center of the fluid chamber is given by Tf ∈ R, while T t

p ∈ R

denotes the temperature of the top of the Peltier element. The latter influences
the heat flow from the Peltier element, as will be discussed later. Finally, it is
noted that the system matrix Ac in (6.1) satisfies Ac = AT

c , which results from
the equations for heat transfer and the structure of the problem. Thus, Ac has
only real eigenvalues. In addition, these eigenvalues are all negative, such that
Σc is asymptotically stable.

The heat sink is modeled using a similar approach. Again, only convection
and conduction are taken into account, leading to the linear thermal dynamics
for the heat sink as

Σh :

{
Ṫh = AhTh + Bh,eTe + Bh,pq

b
p,

T b
p = Ch,pTh,

(6.2)

with Th ∈ Rnh the nodal temperatures of the heat sink and nh = 6644. The
temperature of the bottom of the Peltier element is given by T b

p ∈ R; qb
p ∈ R

2
ansys; www.ansys.com.
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Figure 6.2: Nonlinear functions α(Ta), ρ(Ta) and κ(Ta).

represents the heat flow to the heat sink as a result from the Peltier element. As
for the casing model, the system matrix Ah has only negative real eigenvalues.
Hence, the heat sink system Σh is asymptotically stable.

The Peltier element is modeled as a static nonlinearity, where the heat flows
at the top and bottom are given as

qt
p = 2N

(
α(Ta)IpT

t
p + 1

2Gρ(Ta)I2
p − κ(Ta)G(T t

p − T b
p )
)
, (6.3)

qb
p = 2N

(
−α(Ta)IpT

b
p + 1

2Gρ(Ta)I2
p + κ(Ta)G(T t

p − T b
p )
)
, (6.4)

respectively. Here, Ip represents the Peltier element current, which can be ex-
pressed as

Ip =
G

ρ(Ta)

(
Vp

2N
− α(Ta)(T t

p − T b
p )

)

(6.5)

with Vp the input voltage to the Peltier element. In (6.3-6.5), N represents the
number of thermocouples that constitute the Peltier element, whereas G is a
parameter characterizing the dimensions of the Peltier element. The parameters
are given as N = 65 and G = 0.4 · 10−3 m. The heat flows qt

p and qb
p result from

three different phenomena, as can be seen from the three individual terms in (6.3)
and (6.4). The first term (i.e. α(Ta)IpT

i
p) describes the heat pumping action,

where α is the so-called Seebeck coefficient, which is dependent on the average
temperature Ta = 1

2 (T t
p+T b

p ). The term 1
2Gρ(Ta)I2

p represents the heat generated
by the internal resistance of the Peltier element, where ρ is the (temperature-
dependent) thermal resistance. Finally, conduction within the Peltier element
is represented by the final term, where κ is the thermal conductivity. This
parameter is again dependent on the average temperature. The functions α, ρ

and κ are given as the polynomial functions

α(Ta) = −3.38·10−4 + (4.11·10−6)Ta − (9.93·10−9)T 2
a + (7.52 · 10−12)T 3

a , (6.6)

ρ(Ta) = −5.54·10−4 + (6.03·10−6)Ta − (2.40·10−6)T 2
a , (6.7)

κ(Ta) = 4.81·10−2 − (1.96·10−4)Ta + (2.91·10−7)T 2
a (6.8)
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Figure 6.3: Two-step model reduction approach for the casing and heat
sink models.

and are depicted in Figure 6.2.
Finally, for ease of notation, the nonlinearities (6.3-6.5) will be written as

qp = −φ(Tp, Vp), (6.9)

where qp = [ qt
p qb

p ]T and Tp = [ T t
p T b

p ]T. Thus, the final high-order nonlinear
model is given by (6.1), (6.2) and (6.9), where the input voltage Vp and the
environmental temperature Te form the external inputs and the external output
is given by the fluid temperature Tf .

To control the fluid temperature of the lab-on-a-chip demonstrator, a model-
based controller design procedure will be employed in Section 6.4. However, the
high order of both the casing and heat sink models in (6.1) and (6.2), respectively,
prohibits this approach. Namely, the direct computation of controllers for such
high-order models is computationally infeasible. Therefore, model reduction is
applied to the linear systems Σc and Σh.

Even though balanced truncation, as discussed in Section 2.4.1, is a model
reduction approach with desirable properties, it cannot be applied to the linear
models (6.1) and (6.2). Again, the computations involved are infeasible for the
high orders of the casing and heat sink model. Instead, a two-step approach to
model reduction is taken, as illustrated in Figure 6.3.

In this approach, the first step consist of the individual reduction of the
linear casing and heat sink models using modal reduction. It is recalled that
all eigenvalues of the system matrices Ac as in (6.1) and Ah as in (6.2) are
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real and negative. Thus, a reduction approach is taken in which the modes
corresponding to the rightmost eigenvalues are kept, which corresponds to the
slowest time scales. This leads to an asymptotically stable reduced-order model
for the casing of the form

Σ̂c :







˙̂
Tc = ÂcT̂c + B̂c,eTe + B̂c,pq

t
p,

T̂f = Ĉc,f T̂c,

T̂ t
p = Ĉc,pT̂c,

(6.10)

with T̂c ∈ Rkc the reduced-order state. Next, T̂f and T̂ t
p are approximations of

Tf and T t
p, respectively. The application of the same approach to the high-order

heat sink model (6.2) yields the reduced-order approximation

Σ̂h :

{ ˙̂
Th = ÂhT̂h + B̂h,eTe + B̂h,pq

b
p,

T̂ b
p = Ĉh,pT̂h,

(6.11)

with T̂h ∈ Rkh and T̂ b
p an approximation of T b

p . Here, Σ̂h is an asymptotically
stable model.

In this first reduction step, the orders of the reduced-order casing and heat
sink models are chosen to allow further analysis using balanced truncation. Un-
der this condition, the orders kc and kh are chosen as high as possible to ensure
that the reduced-order models Σ̂c and Σ̂h only differ from Σc and Σh for very
high frequencies, which are irrelevant for controller design. Next, the reduction
orders are chosen such that the reduced-order casing and heat sink model are
accurate up to the same time scale of about 10 Hz, leading to kc = 600 and
kh = 110.

This is illustrated in Figure 6.4, which shows the magnitude of the frequency
response function for a selected input-output pair for both the reduced-order
casing and reduced-order heat sink model. Since it is computationally infeasible
to compute the frequency response function of the original high-order systems Σc

and Σh, the reduced-order approximations Σ̂c and Σ̂h are compared to reduced-
order systems of higher order. In particular, the orders 1000 and 500 are used for
the casing and heat sink model, respectively, and these reduced-order systems
are again obtained by modal reduction. From Figure 6.4, it is clear that the
final reduced-order models of the casing and heat sink are accurate up to about
10 Hz. This is sufficient for the control of the fluid temperature, where the
frequency content of both the desired trajectory and disturbances is typically
below 10−2 Hz.

After this initial reduction, the reduced-order models Σ̂c and Σ̂h are coupled
(see also Figure 6.3) to obtain a linear system given as

Σ̂ch :







˙̂
T = ÂT̂ + B̂eTe + B̂pqp,

T̂f = Ĉf T̂ ,

T̂p = ĈpT̂ ,

(6.12)



6.3 Modeling 169

 

 

10
−6

10
−4

10
−2

10
0

10
2

10
−8

10
−6

10
−4

10
−2

10
0

f [Hz]

|G
c 1
1
|[

-]

Σc

Σ̂c

 

 

10
−6

10
−4

10
−2

10
0

10
2

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

f [Hz]

|G
h 1
1
|[

-]

Σh

Σ̂h
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with T̂ T = [ T̂ T
c T̂ T

h ], T̂ ∈ Rkc+kh , the combined state. Similarly, the intercon-
nections to the Peltier element are combined as

qp =

[
qt
p

qb
p

]

, T̂p =

[
T̂ t

p

T̂ b
p

]

, (6.13)

whereas the matrices in (6.12) are given by

Â =

[
Âc 0

0 Âh

]

, B̂e =

[
B̂c,e

B̂h,e

]

, B̂p =

[
B̂c,p 0

0 B̂h,p

]

(6.14)

and

Ĉf =
[

Ĉc,f 0
]
, Ĉp =

[
Ĉc,p 0

0 Ĉh,p

]

. (6.15)

It is remarked that the matrix Â in (6.14) has a block diagonal structure, which
follows from the fact that the casing and heat sink model are only coupled via
the Peltier element. This implies that the fact that the first reduction step is
performed before the system is coupled does not introduce any additional error.
Namely, an approach in which the high-order casing and heat sink models are
coupled before reduction will give the same result.

As a second reduction step, the method of balanced truncation (see Sec-
tion 2.4.1) is applied to the coupled system Σ̂ch as in (6.12), see also Figure 6.3.
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Figure 6.5: Lab-on-a-chip demonstrator model.

The computation of the Hankel singular values shows that only the first 30 sin-
gular values are nonzero. Thus, only the first 30 state components in balanced
coordinates contribute to the input-output behavior of Σ̂ch, such that the other
state components can be discarded without any error. Stated differently, a min-
imal realization of (6.12) of order 30 can be obtained, which is of the form

Σch :







Ṫ = AT + BeTe + Bpqp,

T̂f = CfT,

T̂p = CpT,

(6.16)

with T ∈ R
n, n = 30. Here, it is stressed that the outputs of (6.16) exactly

match those of (6.12).
Even though the linear system Σ̂ch as in (6.11) is reduced to Σch as in (6.16)

without introducing any error, it is not guaranteed that the final result (6.16)
is in fact a perfect representation of the original dynamics given by the casing
and heat sink models in (6.1) and (6.2), respectively. Namely, observable and
controllable parts of these original models may have been removed by the initial
reduction step using modal truncation. Nonetheless, since the orders of the
reduced-order casing and heat sink models in (6.10) and (6.11) are chosen large
in the first reduction step, it is likely that (6.16) is a very good representation
of the original linear dynamics.

The reduction discussed above is performed on the basis of the linear sub-
system consisting of the casing and heat sink dynamics only, allowing for the
use of existing computational techniques for the reduction of linear systems. Of
course, the total model includes the nonlinearity caused by the Peltier element.
Reconnecting this nonlinearity to the reduced-order linear subsystem (6.16) as

qp = −φ(T̂p, Vp) (6.17)

leads to the reduced-order nonlinear system as in Figure 6.5.
Finally, the quality of the reduced-order nonlinear model given by (6.16) and

(6.17) is evaluated. Since the simulation of the original high-order nonlinear
model, given by the casing model Σc as in (6.1), the heat sink model Σh as
in (6.2) and the Peltier element as in (6.9), is not feasible due to the fact that
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the high order of the model makes simulations prohibitive, reduced-order ap-
proximations are used for the linear casing and heat sink model. In fact, the
reduced-order models obtained by modal truncation as depicted in Figure 6.4 are
used, where the casing and heat sink model are of order 1000 and 500, respec-
tively. It is remarked that these orders exceed that of the reduced-order models
Σ̂c and Σ̂h, of which Σch as in (6.16) is a minimal realization. The results are
shown in Figure 6.6, indicating that the reduced-order model (6.16-6.17) is an
almost perfect representation of the original high-order dynamics.

6.4 Controller design

For the lab-on-a-chip demonstrator in Figure 6.1, the control of the fluid temper-
ature is of interest. In particular, the fluid temperature needs to follow a certain
reference trajectory in order to enable any biochemical processes. Consequently,
the objective is the design of a tracking controller for the model (6.16-6.17),
which consists of a linear dynamical system Σch and a static nonlinearity φ.
Here, an H∞ design procedure is taken, since this approach allows for controller
design on the basis of the linear subsystem, while guaranteeing robustness for
the presence of the static nonlinearity via a small-gain condition.

Even though it is of reduced-order, the H∞ controller design procedure can-
not be directly applied to the model (6.16-6.17) as in Figure 6.5. Namely,
two problems occur. First, the static nonlinearity describing the Peltier ele-
ment is given as a function of absolute temperatures (see (6.3-6.5)) and satisfies
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φ(0, 0) = 0. On the other hand, only temperatures around room temperature
(293 K) are of interest, such that the computation of an upper bound on the gain
of φ is likely to be very conservative, limiting the applicability of the controller
design approach. Secondly, it can be observed from Figure 6.5 that the input
voltage Vp to the Peltier element (being the control input) directly influences
the static nonlinearity, but has no direct effect on the linear dynamics. Since the
H∞ controller design procedure is based on the linear dynamics only and the
nonlinearity is not explicitly taken into account, this prohibits its application.

To address these two problems, the dynamics of the lab-on-a-chip demonstra-
tor is rewritten. Hereto, a change of coordinates and a loop transformation are
applied in Section 6.4.1. Then, a controller synthesis procedure using H∞ loop
shaping is discussed in Section 6.4.2, where the design of the required weighting
filters is given in Section 6.4.3.

6.4.1 System transformation

A change of coordinates is introduced to characterize the deviation from the nom-
inal temperature rather than absolute temperatures. Here, a nominal environ-
mental temperature Te,0 = 293 K is chosen. Then, the nominal control input Vp,0

is sought for which the nominal fluid temperature satisfies T̂f,0 = Te,0 + 30 K.
The corresponding equilibrium T0 for the state T (and Vp,0) can be found by
solving the dynamics (6.16-6.17) for Ṫ = 0, leading to the set of equations

0 = AT0 + BeTe,0 + Bpqp,0, (6.18)

T̂f,0 = CfT0, (6.19)

T̂p,0 = CpT0, (6.20)

qp,0 = −φ(T̂p,0, Vp,0). (6.21)

Here, qp,0 and T̂p,0 denote the nominal heat flows resulting from the Peltier ele-
ment and the nominal Peltier element temperatures, respectively, corresponding
to the equilibrium state T0. A solution T0 to the set (6.18-6.21) can be found by
solving (6.18) and (6.20-6.21) for a given nominal input voltage Vp,0 and, subse-
quently, checking condition (6.19). Then, the final solution can be obtained by
bisection on the nominal input voltage Vp,0.

Next, the deviations from this equilibrium are introduced as

T = T0 + T̃ , qp = qp,0 + q̃p, T̂p = T̂p,0 + T̃p,

Vp = Vp,0 + Ṽp, Te = Te,0 + T̃e, T̂f = T̂f,0 + T̃f .
(6.22)

Then, substitution of (6.22) in (6.16), hereby using (6.18-6.21), leads to the
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dynamics in relative coordinates as

Σ̃′
ch :







˙̃
T = AT̃ + BeT̃e + Bpq̃p,

T̃f = Cf T̃ ,

T̃p = CpT̃ .

(6.23)

Here, due to linearity, the dynamics (6.23) equals the original dynamics (6.16).
Similarly, substitution of (6.22) in (6.17) leads to

q̃p = −φ(T̂p,0 + T̃p, Vp,0 + Ṽp) − qp,0, (6.24)

= −φ(T̂p,0 + T̃p, Vp,0 + Ṽp) + φ(T̂p,0, Vp,0) =: −φ̃(T̃p, Ṽp), (6.25)

where the transformed nonlinearity φ̃ satisfies φ̃(0, 0) = 0. Furthermore, it is
noted that the nominal values T̂p,0 and Vp,0 are constants.

The dynamics in relative coordinates (6.23-6.25) gives a nonlinear system
of the same form as the original system (6.16-6.17), as can also be seen by
comparing Figure 6.5 and the left system in Figure 6.7. The external input Ṽp

thus still acts on the static nonlinearity only, prohibiting the application of H∞
controller synthesis techniques.

To address this problem, a loop transformation is introduced. Thereto, the
linearization around the origin of the static nonlinearity φ̃ is introduced as

φ̃lin(T̃p, Ṽp) :=

(

∂φ̃

∂T̃p

(0, 0)

)

T̃p +

(

∂φ̃

∂Ṽp

(0, 0)

)

Ṽp. (6.26)

Using (6.26), the nonlinearity (6.25) can be written as

q̃p = ṽ − φ̃lin(T̃p, Ṽp), (6.27)

where

ṽ = −φ̃(T̃p, Ṽp) + φ̃lin(T̃p, Ṽp) =: −ϕ̃(w̃), (6.28)

with w̃T = [ T̃ T
p Ṽp ]. The new nonlinearity ϕ̃ thus consists of the original non-

linearity φ̃ minus its first-order approximation. As a result, ϕ̃ is a ’smaller’
nonlinearity in the sense that it will satisfy a tighter (incremental) gain bound,
as will be derived later.

Of course, the linear dynamical system (6.23) has to be updated accordingly.
Here, substitution of (6.27) in (6.23) while using (6.26) gives the linear dynamics

Σ̃ch :







˙̃
T = ÃT̃ + BeT̃e + BuṼp + Bpṽ,

T̃f = Cf T̃ ,

w̃ = C̃pT̃ + D̃puṼp,

(6.29)
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Figure 6.7: Model before (left) and after (right) loop transformation.

where

Ã = A − Bp

(

∂φ̃

∂T̃p

(0, 0)

)

Cp, Bu = −Bp

(

∂φ̃

∂Ṽp

(0, 0)

)

. (6.30)

The linearized influence of the nonlinearity is thus incorporated in the linear
system. This does not only lead to a change in the system matrix, it also intro-
duces Ṽp as an additional input in the linear subsystem. Besides, the matrices
in the output equation for w̃ in (6.29) are given by

C̃p =

[
Cp

0

]

, D̃pu =

[
0
1

]

, (6.31)

which includes the external input Ṽp as a direct feedthrough. This avoids the
need for an external input that directly acts on the static nonlinearity, as is
illustrated in Figure 6.7.

The system model consisting of the linear dynamics Σ̃ch as in (6.29) and
the static nonlinearity ϕ̃ as in (6.28), as obtained after a change in coordinates
and a loop transformation, allows for a controller design procedure using H∞
techniques.

6.4.2 H∞ loop shaping

It is recalled that the control of the fluid temperature Tf is of interest. In
particular, the fluid temperature needs to track a certain reference trajectory in
order to enable the biochemical processes on the lab-on-a-chip. For controller
design, the system configuration as in the right graph of Figure 6.7 is used. This
model consist of the linear dynamics Σ̃ch as in (6.29) and the static nonlinearity
ϕ̃ as in (6.28).

For tracking control of the fluid temperature, the control configuration in
Figure 6.8 is employed. Here, the deviation of the nominal fluid temperature
T̃f is compared to the desired value given by the reference r̃, where the error
r̃ − T̃f act as the input to the controller Γimp. Next, the controller computes
the desired deviation from the nominal Peltier input voltage Ṽp.
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Ṽp
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−ṽ w̃
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T̃e

Figure 6.8: Control configuration for the lab-on-a-chip demonstrator.

The design of the controller Γimp will be performed on the basis of the linear
subsystem Σ̃ch, hereby taking the presence of the nonlinearity ϕ̃ into account.
Consequently, the controller design procedure does not only need to achieve the
desired tracking performance, it also needs to guarantee robustness with respect
to the presence of the nonlinearity. To achieve this, the notion of convergence
(see Definition 2.4) will be exploited. Using this approach, the objectives can be
restated as follows.

Firstly, the controller Γimp needs to internally stabilize the linear closed-loop
system that is obtained by discarding the nonlinearity.

Secondly, the controller has to ensure the satisfaction of a small-gain theorem
in the nonlinear loop. Here, the gain from ṽ to w̃ needs to satisfy an upper
bound, where this upper bound is determined by the incremental gain of the
nonlinearity ϕ̃. The satisfaction of this small-gain theorem using the incremental
gain of the nonlinearity guarantees the convergence property of the controlled
system (see [195] and Remark 4.4). By this property, the stability of the solution
of the controlled system is guaranteed for any (bounded) reference trajectory r̃.
Clearly, this is a desirable property.

Thirdly, besides the enforcement of the convergence property by a small-gain
condition, the controller Γimp needs to ensure the desired tracking performance.
Here, reference trajectories with a frequency content of up to 10−2 Hz need to
be tracked.

The design of a controller Γimp that satisfies the objectives stated above will
be performed using an H∞ loop shaping procedure, as introduced in [113] (see
also [180]). In this approach, weighting filters are designed to specify a desired
loop shape, for which considerations from standard loop shaping procedures can
be employed. Next, this desired loop shape is stabilized using H∞ techniques,
hereby ensuring robustness for a broad class of uncertainties and perturbations.
Details can be found in [113, 180].

The H∞ loop shaping procedure is based on the choice of two weighting
filters W1 and W2, which are included as in Figure 6.9. Here, it is noted that
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Figure 6.9: Weights for H∞ loop shaping.
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Figure 6.10: Generalized system Σgen for H∞ controller design.

the influence of the (deviation from the nominal) environmental temperature T̃e

is discarded. However, even though this influence is not explicitly taken into
account, the H∞ loop shaping procedure guarantees robustness for disturbances
by introducing the additional input ũ1 and output ỹ1. Namely, all relevant
transfer functions are included by considering the inputs ũi and outputs ỹi,
i ∈ {1, 2}. In addition, it is remarked that ũ2 and ỹ2 are weighted versions of
the reference r̃ and fluid temperature T̃f , respectively.

The structure of the weighted control problem as in Figure 6.9 allows for
incorporating the weighting filters inside the feedback loop (see [114]), which,
in turn, allows for the choice of unstable or nonproper weighting filters. This
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leads to the configuration in Figure 6.10. Here, it is remarked that an H∞
loop shaping procedure is generally considered successful when the gain from
the performance inputs ũ = [ ũ1 ũ2 ]T to the performance outputs ỹ = [ ỹ1 ỹ2 ]T

(as in Figure 6.9) is bounded by a factor 4, i.e. ‖ỹ‖2 ≤ 4‖ũ‖2 (see [171]). By the
introduction of the constant weights 1

2 in Figure 6.10, this is translated to the
objective ‖y‖2 ≤ ‖u‖2, where u = [ u1 u2 ]T and y = [ y1 y2 ]T.

Similarly, a scaling is introduced in the loop connecting the static nonlinear-
ity ϕ̃. In particular, the constant scaling matrices Sv and Sw are introduced,
leading to the transformed nonlinearity

v = −ϕ(w) := −S−1
v ϕ̃(S−1

w w). (6.32)

To ensure the convergence property, it is recalled that a small-gain theorem with
respect to the incremental gain of the form

|ϕ(w2) − ϕ(w1)| ≤ µ|w2 − w1| (6.33)

is of interest. Since the nonlinearity ϕ is smooth, a bound µ on the incremental
gain can be obtained as

µ = sup
w∈W

σmax

(
∂ϕ

∂w
(w)

)

, (6.34)

with σmax(·) the maximum singular value. In (6.34), W denotes the compact
set of interest, given as W =

{
w ∈ R3 | w = Sww̃, w̃ ∈ W̃

}
with W̃ the set of

bounded deviations from the nominal temperatures of the Peltier element and
the nominal Peltier voltage as

W̃ =

{

w̃ ∈ R
3

∣
∣
∣
∣
∣
w̃ =





T̃ t
p

T̃ b
p

Ṽp



,
∣
∣T̃ t

p

∣
∣ ≤ T̃p,max,

∣
∣T̃ b

p

∣
∣ ≤ T̃p,max,

∣
∣Ṽp

∣
∣ ≤ Ṽp,max

}

. (6.35)

The introduction of the scaling matrices Sv and Sw is beneficial for two reasons.
Firstly, a proper choice of the scaling matrices reduces the conservatism in the
small-gain condition. Here, it is recalled that the static nonlinearity has multi-
ple inputs and multiple outputs. Secondly, the scaling matrices can be chosen
such that µ in (6.34) satisfies µ < 1, i.e. ϕ is contractive. When the scaling
matrices are chosen such that ϕ is contractive, it is clear that stability (in fact,
convergence) is guaranteed when the controller Γimp enforces the gain from v to
w of the controlled linear system to satisfy ‖w‖2 ≤ ‖v‖2.

Then, besides guaranteeing internal stability, the overall objective of the
controller is to minimize the gain from dT = [uT vT] to eT = [yT wT], which form
the input and output of the controlled linear subsystem Σlin = Fu(Σgen,Γ) as
in Figure 6.11. Here, Fu(·, ·) denotes the upper linear fractional transformation.
After controller design, an upper bound γcon > 0 of the form ‖e‖2 ≤ γcon‖d‖2 is
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d e

Figure 6.11: Controlled nonlinear system (left) and linear control configu-
ration (right), with dT = [uT vT] and eT = [yT wT]. In both
figures, the gray box represents the controlled linear system
Σlin = Fu(Σgen,Γ) as in Section 4.5.

obtained. Clearly, the objectives of desirable tracking performance and stability
(i.e. convergence) are guaranteed when a controller can be found such that γcon <

1, i.e. when the controlled linear subsystem Σlin = Fu(Σgen,Γ) is contractive.
Here, it is stressed that the nonlinearity is not explicitly taken into account in
the control design procedure, as is illustrated in Figure 6.11. Thus, controller
synthesis is done in the setting as in the right graph of Figure 6.11, such that
standard approaches for H∞ controller synthesis can be used, see e.g. [35]. Here,
it is noted that these approaches guarantee internal stability of the controlled
linear subsystem Σlin.

Also, it is noted that controller synthesis does not directly yield the final
controller Γimp as in the control configuration in Figure 6.8. Instead, a con-
troller Γ is synthesized, from which the final controller Γimp can be obtained by
application of the loop shaping filters W1 and W2. This relation is clear from
the definition of Γ in Figure 6.10.

Finally, it is remarked that the lab-on-a-chip demonstrator system and the
control configuration as in Figure 6.10 fit within the class of systems analyzed in
Section 4.5. This can easily be observed by comparing Figure 6.11 and Figure 4.4.

6.4.3 Weighting filter design

In the H∞ loop shaping procedure outlined in Section 6.4.2, weighting filters
are introduced that shape the transfer function of Σ̃ch as in (6.29) to a desired
loop gain which ensures the desired tracking performance and disturbance rejec-
tion. In particular, the transfer function from the actuator input Ṽp to the fluid
temperature T̃f is of interest, which is given as

G̃fu(s) = Cf (sI − Ã)−1Bu, (6.36)

with s ∈ C. The frequency response function of G̃fu is shown in Figure 6.13.
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Figure 6.12: Weighting filters W1 and W2 for H∞ loop shaping.
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Since the transfer function (6.36) is scalar, the weighting filters W1 and W2

have a similar influence on the specification of the desired loop gain. Therefore,
W2 is chosen constant as W2 = 1 and is depicted in Figure 6.12. Next, W1 is
chosen to obtain the desired loop shape. Here, integral action is added to ensure
a zero steady-state error and high tracking performance, as well as robustness for
low-frequency disturbances such as changes in the environmental temperature.
In addition, high-frequency roll-off is added to ensure strictly proper controllers,
leading to a weighting filter of order nw1 = 4. The weighting filter W1 is depicted
in Figure 6.12, leading to the shaped transfer function W2G̃fuW1 (i.e. the desired
loop shape) in Figure 6.13.

Next, the constant scaling matrices Sv and Sw in Figure 6.10 are chosen to
satisfy µ = 0.95, with µ as in (6.34). Here, the compact set W̃ in (6.35) is
chosen according to the bounds T̃p,max = 30 and Ṽp,max = 0.5. By the choice of
µ, the desired performance is obtained when a controller Γ can be found such
that ‖e‖2 ≤ γcon‖d‖2 with γcon ≤ 1, with d and e the input and output of the
controlled linear subsystem Σlin = Fu(Σgen,Γ) as in Figure 6.11.

For given scaling matrices Sv and Sw, controller synthesis is performed by a
standard H∞ technique. However, in addition, an optimization over the matrices
Sv and Sw is added to reduce conservatism in the small-gain condition and
to obtain the tightest controller performance γcon. This leads to the scaling
matrices

Sv = 10−1 ·
[

2.680 0.039
0.114 3.077

]

, Sw = 10−1 ·





0.296 −0.014 0.010
0.015 0.239 0.001

−0.110 0.025 4.803



 , (6.37)

and the controller performance γcon = 0.806. Since γcon ≤ 1, the desired per-
formance is obtained. Then, it can be observed that the controlled nonlinear
system Σ = I(Σlin, ϕ) satisfies Assumption 4.6 in Section 4.5.2, with I(·, ·) the
interconnection as in the left graph of Figure 6.11 (see also Chapter 4). In addi-
tion, it is remarked that internal stability of Σlin is guaranteed by the application
of the H∞ loop shaping procedure.

The controller Γ, with transfer function K, obtained in this way is shown
in the left Bode plot of Figure 6.14. It can be observed that the controller
gain is fairly constant over a large frequency range, indicating that the desired
loop shape is closely matched. The order of the controller Γ equals that of
the generalized plant Σgen, which consists of the linear subsystem Σ̃ch and the
weighting filter w1, and equals ncon = 34.

Next, the controller Γimp, which is implemented in practice as in Figure 6.8,
is depicted in the right graph of Figure 6.14. Here, it is clear that the controller
includes both integral action and high-frequency roll-off, as was expected by
the choice of weighting filters. Since the weighting filter W1 has to be applied
to obtain Γimp from Γ, the order of the implemented controller Γimp equals
ncon,imp = 38.
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Figure 6.14: Frequency response functions K (left) and Kimp = W1KW2

(right) of the controllers Γ and Γimp, respectively.

An evaluation of the performance achieved by the obtained controller will be
presented in Section 6.6.

6.5 Controller reduction

The final controller Γimp resulting from the controller design procedure in Sec-
tion 6.4 is of order 38. Since a lab-on-a-chip is typically part of a disposable prod-
uct, the on-board computational power is limited, which complicates the real-
time implementation of this controller. To address this issue, controller reduction
can be applied to Γimp. Here, the reduced-order controller Γ̂imp should satisfy
the following properties. Firstly, stability (i.e. convergence) of the reduced-order
controlled nonlinear system needs to be guaranteed. Secondly, the performance
achieved by using the reduced-order controller should be similar to the perfor-
mance of the original control system (or even preserved). Hereto, the results of
Section 4.5 will be exploited.

Controller reduction will not be applied to the final controller Γimp as in
Figure 6.8. Instead, the generalized system configuration in Figure 6.10 is con-
sidered and controller reduction is applied to the controller Γ. Thus, controller
reduction is performed in the same setting as used for the design of the high-order
controller, allowing for the direct evaluation of the performance of the reduced-
order controller. Given this reduced-order controller Γ̂, the final reduced-order
controller Γ̂imp can be obtained by the application of the loop shaping filters as
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before.
As motivated in Section 4.5.1, the dynamics of the closed-loop system should

be taken into account in the controller reduction to obtain a relevant reduced-
order controller. Closed-loop balanced truncation is such a controller reduction
technique.

Closed-loop balanced truncation was introduced in [25] (see also [192]) and can
be considered as a direct extension of balanced truncation to controlled (linear)
systems. It is based on the computation of the observability and controllability
Gramians of the closed-loop system.

Using the control design configuration in Figures 6.10 and 6.11, the Gramians
of the controlled linear system Σlin = Fu(Σgen,Γ) are computed. Here, it is
recalled that the input and output of Σlin are given by d and e, respectively,
which specify the control objective. If the state x of Σlin is partitioned as
xT = [ xT

Γ
xT
Σ

], with xΓ the state of the controller Γ and xΣ the state of the
generalized linear system Σgen, the Gramians of the controlled linear system are
partitioned accordingly as

Q =

[
QΓ QΓΣ

QT
ΓΣ

QΣ

]

, P =

[
PΓ PΓΣ

PT
ΓΣ

PΣ

]

. (6.38)

Here, Q and P denote the observability and controllability Gramian, respectively.
The parts QΓ and PΓ correspond to the controller states and are used as the
basis for a balancing procedure. As in balancing for (open-loop) linear systems
in Section 2.4.1, a realization for the controller Γ is found in which

QΓ = PΓ = Σ := diag{σ1, σ2, . . . , σncon}, (6.39)

with σ1 ≥ σ2 ≥ . . . ≥ σncon ≥ 0. It is noted that such a realization is guaranteed
to exist by Lemma 2.3, whose proof gives a constructive procedure for finding
this realization. Also, it is stressed that the closed-loop singular values σi do
not equal the Hankel singular values of the controlled linear subsystem Σlin,
since they are based on parts of the observability and controllability Gramians.
Nonetheless, they can be used to assess the importance of state components of
the controller. Using this, the controller order can be determined after which
the reduced-order controller Γ̂ is obtained by truncation.

For the controlled linear subsystem Σlin, the closed-loop singular values σi

corresponding to the controller Γ are depicted in Figure 6.15. Here, it can be
seen that the singular values decay quickly, indicating that an accurate reduced-
order controller may be obtained. Since a controller of very low order is sought,
the order of the reduced-order controller Γ̂ is chosen as 3.

The reduced-order controller Γ̂ is depicted in Figure 6.16, where it can be
observed that Γ̂ is a good approximation of the high-order controller Γ for fre-
quencies around 10−1 Hz. Here, it is noted that this frequency range is of interest
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Figure 6.15: Closed-loop singular values σi for the controller Γ (left) and
zoomed version (right).

in a closed-loop setting since the loop gain crosses 1 in this region. It is recalled
that controller reduction is done in the control configuration of Figure 6.10, such
that the final reduced-order controller Γ̂imp can be obtained by applying the loop
shaping filter W1 to Γ̂, leading to a controller Γ̂imp of order 7. This controller is
depicted in Figure 6.17, indicating that it forms an accurate approximation of
the high-order controller Γimp.

Since closed-loop balanced truncation does not give an a priori guarantee on
stability of the reduced-order controlled linear subsystem Σ̂lin = Fu(Σgen, Γ̂),
stability is checked after the reduction is employed. This check indicates that
asymptotic stability is indeed preserved. Additionally, an error bound on reduc-
tion of the controlled linear subsystem is computed as ‖e− ê‖2 ≤ εcon‖d‖2, with
εcon = 0.165 and ê the output of Σ̂lin.

The reduced-order controlled linear subsystem satisfies the assumptions in
the statement of Corollary 4.10 and it is easily checked that the condition (4.67)
holds. Namely, (γcon + εcon)µ = (0.806 + 0.165)0.95 < 1. Hence, the reduced-
order controlled nonlinear system has a bounded incremental L2 gain and the
origin is an asymptotically stable equilibrium point for u = 0. In fact, since
the nonlinearity is static, the reduced-order controlled nonlinear system is con-
vergent. Furthermore, evaluation of the error bound (4.68) yields ε = 55.28,
providing a bound on the difference between the closed-loop behavior of the
high-order and reduced-order controlled nonlinear systems Σ = I(Σlin, ϕ) and
Σ̂ = I(Σ̂lin, ϕ), respectively. Here, it is remarked that this bound is likely to be
conservative as a result of the fact that the small-gain condition (4.67) is only
satisfied with a small margin.

Even though it has been concluded that stability properties are preserved af-
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Figure 6.16: Frequency response functions K and K̂ of the high-order
controller Γ and reduced-order controller Γ̂, respectively.
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ter controller reduction, the problem can also be considered from a different per-
spective. Namely, since the control problem is scaled to make Σlin = Fu(Σgen,Γ)
contractive, the conditions in the statement of Corollary 4.11 hold as well. In
fact, an upper bound on the gain of the reduced-order controlled linear subsys-
tem is given by γcon + εcon < 1, such that Σ̂lin is (incrementally) contractive.
Then, by item 2 of Corollary 4.11, the reduced-order controlled nonlinear sys-
tem Σ̂ = I(Σ̂lin, ϕ) is (incrementally) contractive as well, indicating that per-
formance is preserved.

6.6 Simulation results

Before discussing the quality of the reduced-order controller, the performance of
the original high-order controller Γimp is considered. Here, all simulations are
performed using the control configuration in Figure 6.8 and thus use the real
controller Γimp rather than the controller Γ as follows from the H∞ controller
synthesis procedure.

To assess the performance of the controller obtained by the procedure in Sec-
tion 6.4, a unit step in the (deviation from the nominal) reference temperature r̃

is considered and depicted in Figure 6.18. Here, the top figure shows the temper-
atures in the lab-on-a-chip, from which it can be concluded that the controller
ensures that the fluid temperature T̃f indeed reaches the desired reference tem-
perature in about 15 s. In addition, the working principle of the Peltier element
can be illustrated by the same figure. Namely, to heat the fluid to the desired
temperature, the Peltier element transfers heat from its bottom side to the top
side, which are connected to the heat sink and casing, respectively. As a result,
the bottom heat sink temperature T̃ b

p decreases, whereas the top heat sink tem-
perature T̃ t

p increases. Again, it is recalled that these temperatures represent
deviations from the nominal Peltier element temperatures.

The bottom graph of Figure 6.18 shows the corresponding input voltage to
the Peltier element, which is the output of the controller. Since a step change in
the reference temperature is required, a relatively large input voltage is required
initially. In fact, the input voltage exceeds the maximum value for which stability
(i.e. convergence) can be guaranteed by the small-gain condition, where this value
is set in Section 6.4.3 as Ṽp,max = 0.5. Nonetheless, the controller gives a good
tracking performance, indicating the usefulness of the controller for a broader
range in reference trajectories than originally considered in the design.

However, it is remarked that exceeding this maximum value can be avoided
by a proper design of the reference input trajectory r̃. This is illustrated in
Figure 6.19, where, instead of a unit step, a smooth increase of the reference
temperature is required. In particular, the reference trajectory is obtained by
selecting half a period of the sine function. The bottom graph of Figure 6.19
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Figure 6.18: Lab-on-a-chip temperatures (top) and Peltier voltage (bot-
tom) for a unit step in the reference temperature r̃ using the
high-order controller Γimp.
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Figure 6.20: Lab-on-a-chip temperatures (top) and Peltier voltage (bot-
tom) for a reference temperature trajectory r̃ using the high-
order controller Γimp.

shows that the maximum value of the input voltage is not exceeded, guaranteeing
the convergence property. Furthermore, the top graph indicates that the desired
reference temperature is obtained, even though it takes slightly longer than in
Figure 6.18. Finally, the smoothing of the reference trajectory also ensures
smaller deviations of the Peltier element temperatures.

In lab-on-a-chip applications, the fluid temperature typically has to follow
a certain reference trajectory. Therefore, the response to a smooth reference
trajectory is depicted in Figure 6.20, where both heating and cooling of the fluid
are required. Between the periods of heating and cooling, the fluid temperature
is kept constant, resembling the periods in which biochemical analysis is applied
in a lab-on-a-chip application. It can be concluded from Figure 6.20 that the
controller achieves a good tracking performance, even for the relatively large
deviations in temperature required in this case. Due to these large fluid tem-
peratures, large input voltages are required for the Peltier element, exceeding
again the maximum value for which stability (convergence) is guaranteed by the
controller design procedure. Nonetheless, the simulation indicates that the con-
trolled system is indeed stable. Thus, again, the applicability of the controller
for a broad range of reference trajectories is shown, where this range exceeds
that considered in the design phase.
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Figure 6.21: Lab-on-a-chip temperatures (top) and Peltier voltage (bot-
tom) for a 5 K step decrease in the environmental tempera-
ture T̃e using the high-order controller Γimp.

Finally, rather than the response to a certain reference trajectory, the re-
sponse to a change in the environmental temperature T̃e is considered, which acts
as a disturbance on the lab-on-chip demonstrator. Here, it is recalled that the
influence of the environmental temperature is not explicitly taken into account
in the controller design procedure. Instead, the rejection of general disturbances
(thus including the influence of changes in the environmental temperature) is en-
forced by the choice of the weighting filters in the H∞ loop shaping procedure in
Section 6.4.2. The response to a 5 K decrease in the environmental temperature
T̃e is depicted in Figure 6.21. The top figure indicates that the fluid temperature
remains largely constant (see Figure 6.24 for a detailed view of the fluid temper-
ature), such that the controller indeed rejects the disturbances associates to a
change in the environmental temperature. Also, it is noted that the decrease in
the environmental temperature has a large influence on the temperature of the
heat sink (and thus on T̃ b

p ) since the heat sink ensures that heat is transported
between the environment and the lab-on-a-chip.

Summarizing, the controller Γimp as designed in Section 6.4 achieves the
desired objectives, both in terms of tracking performance and disturbance rejec-
tion.
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Figure 6.22: Comparison of the high-order controller Γimp and reduced-
order controller Γ̂imp for a unit step in the reference temper-
ature: fluid temperature (left) and Peltier voltage (right).

Even though the controller Γimp gives the desired results, it is recalled that
this controller is of high order, complicating its real-time implementation. In
practice, the reduced-order controller Γ̂imp, as obtained in Section 6.5, will there-
fore be implemented instead. To assess the performance of this reduced-order
controller, the simulations discussed above are repeated for Γ̂imp.

Figure 6.22 shows the (deviation from the nominal) fluid temperature for a
unit step in the reference temperature. Herein, the performance of the high-
order controller Γimp and reduced-order controller Γ̂imp are compared, where
the response of the first was also depicted in Figure 6.18. From Figure 6.22, it
is clear that the closed-loop behavior obtained by the reduced-order controller
closely matches that of the high-order controller. It is recalled that closed-loop
balanced truncation is applied for controller reduction, which focusses on the
approximation of the closed-loop behavior. In addition, it is noted that stability
of the reduced-order linear subsystem Σ̂lin = Fu(Σgen, Γ̂) is checked a posteriori,
such that stability of the nonlinear closed-loop follows as in the high-order case.
Thus, convergence is guaranteed when the magnitude of the input voltage to the
Peltier element is bounded by Ṽp,max. As stated before, this may be guaranteed
by a proper choice of the reference trajectory. Nonetheless, even though the
bound is not satisfied for the unit step response in Figure 6.22, the closed-loop
system with the reduced-order controller Γ̂imp indicates a stable behavior.

Similar conclusions can be drawn from Figure 6.23, which gives the response
to a reference trajectory as in Figure 6.20. Again, the closed-loop behaviors
obtained by the reduced-order and high-order controller match closely, indicating
that the reduced-order controller can indeed be used to substitute the original
high-order controller in a real-time implementation.
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Ṽ
p

[V
]

Figure 6.23: Comparison of the high-order controller Γimp and reduced-
order controller Γ̂imp for a reference temperature trajectory:
fluid temperature (left) and Peltier voltage (right).

Finally, the responses of the high-order and reduced-order controller to a
decrease in the environmental temperature are compared in Figure 6.24. Again,
the responses are similar. Nonetheless, it is noted that the close approximation
of the high-order closed-loop behavior is not necessarily the most important
objective of the reduced-order controller. Instead, the reduced-order controller
should achieve the same performance, where it is recalled that this is guaranteed
by the choice of the order of the reduced-order controller in Section 6.5 and the
application of Corollary 4.11.

To conclude, the performance achieved by the reduced-order controller is
similar to that of the high-order controller. In addition, the closed-loop behaviors
obtained by the reduced-order and high-order controller match closely, such that
the reduced-order controller can be used as a substitute for the original high-
order controller in real-time implementations.

6.7 Discussion

In this chapter, a model-based controller design approach is presented for the
temperature control in a lab-on-a-chip demonstrator. Here, a linear model of
the lab-on-a-chip components is obtained by finite element analysis, whereas the
Peltier element is modeled as a static nonlinearity. A two-step model reduction
procedure is used to obtain a minimal realization of the linear lab-on-a-chip
model, whose order facilitates controller synthesis.

For controller design, an H∞ loop shaping procedure is used, where the
presence of the static nonlinearity caused by the Peltier element is taken into
account. In addition, the weighting filters in the H∞ loop shaping procedure
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Figure 6.24: Comparison of the high-order controller Γimp and reduced-
order controller Γ̂imp for a 5 K step in the environmental
temperature: fluid temperature (left) and Peltier voltage
(right).

are chosen to enforce both tracking performance and disturbance rejection.
Since the resulting controller is of high order, controller reduction is employed

to obtain a reduced-order approximation. Since controller reduction is performed
in the setting of the generalized system exploited for controller design, stability
and performance of the reduced-order controller can be guaranteed. Here, the
influence of the nonlinearity on the reduction process is taken into account by
exploiting the result from Section 4.5. However, stability (convergence) can only
be guaranteed for a limited range in the Peltier voltage.

The effectiveness of the controller design and reduction procedure is illus-
trated by means of simulations, showing good tracking performance and distur-
bance rejection. Consequently, the model-based controller design approach is
applicable for the design of (low-order) controllers for temperature control in
a lab-on-a-chip, which also shows the applicability of the reduction techniques
presented in Chapter 4.

Even though the effectiveness of the approach is shown in simulations, future
work may focus on the experimental validation of the obtained controllers as
in [196]. In addition, the controller synthesis approach might be exploited to
increase the performance of the controller and increase the region for which
stability can be guaranteed a priori.





Chapter 7

Conclusions and recommendations

7.1 Conclusions

In this thesis, the problem of model reduction for nonlinear systems has been
considered. As stated in Sections 1.2 and 1.3, existing approaches towards the
reduction of nonlinear systems generally do not guarantee the preservation of
stability properties and do not allow for the computation of an error bound,
whereas such results are available for linear model reduction techniques.

Consequently, the objective of this thesis (as stated in Section 1.4) is the
development of model reduction procedures for (classes) of nonlinear systems,
hereby guaranteeing stability properties for both zero and nonzero input func-
tions and, additionally, providing a computable a priori error bound.

The two main contributions of the thesis addressing this objective can be
categorized as follows:

• First, a model reduction procedure has been proposed for nonlinear sys-
tems that can be decomposed into the feedback interconnection of a linear
and nonlinear subsystem. Here, model reduction is applied to the linear
subsystem only, allowing for the application of well-developed reduction
techniques for linear systems. In this setting, nonlinear systems are con-
sidered that satisfy the input-to-state convergence property (Chapter 3)
or satisfy the input-output properties of a bounded incremental L2 gain or
incremental passivity (Chapter 4). In both cases, conditions for the preser-
vation of stability properties are given and a computable error bound is
derived. The class of methods developed in Chapter 4 can also be ap-
plied in the scope of controller reduction, as is exploited in the design of a
low-order controller for the temperature control within a lab-on-a-chip in
Chapter 6.
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• Second, the model reduction procedure of incremental balanced truncation
has been developed and presented in Chapter 5. This method is based on
the introduction of two novel (so-called incremental) energy functions that
provide a measure for the observability and controllability of system states.
Herein, the nonlinearity is explicitly taken into account. A reduction pro-
cedure on the basis of these energy functions guarantees the preservation
of stability properties and provides a computable error bound. In addi-
tion, an alternative reduction procedure which shares these properties is
introduced. Since this alternative is based on the computation of bounds
on the incremental energy functions, it provides increased computational
feasibility at the cost of a possibly larger error bound.

These contributions are discussed in more detail below.

In Chapters 3 and 4, nonlinear systems are considered that can be decom-
posed into the feedback interconnection of a high-order linear subsystem and
a nonlinear subsystem of relatively low order. This is motivated by the ob-
servation that, in engineering practice, nonlinearities often act locally or can be
described by low-order dynamical systems. In this setting, existing model reduc-
tion techniques for linear systems are applied to the linear subsystem, leading to
a computationally attractive reduction method. Then, the final reduced-order
nonlinear system is obtained by reconnecting the nonlinear subsystem to the
reduced-order linear subsystem. In the stability and error analysis for reduced-
order systems obtained in this way, incremental stability (or passivity) properties
play an important role. Namely, such incremental properties characterize the
evolution of errors, that are introduced by reduction of the linear subsystem,
through the feedback interconnection of the linear and nonlinear subsystems. In
particular, two classes of incremental properties are considered.

First, in Chapter 3, the (uniform) convergence property is exploited. This
property implies, for every bounded input, the existence of a unique, globally
asymptotically stable, bounded steady-state solution. More specifically, the
property of input-to-state convergence is used in Chapter 3. Besides uniform
convergence, input-to-state convergence yields a bounded difference in (steady-
state) solutions for a bounded difference in inputs, where these differences are
measured using the L∞ signal norm. In addition, it is remarked that (input-
to-state) convergence is a stability property for nonzero input, but also implies
internal stability. Both the linear and nonlinear subsystem are assumed to sat-
isfy this input-to-state convergence property and a small-gain condition is used
to guarantee input-to-state convergence of the interconnection. Then, conditions
for input-to-state convergence (i.e. stability) of the reduced-order nonlinear sys-
tem and an error bound in the L∞ signal norm are given.

Second, in Chapter 4, the property of a bounded incremental L2 gain is used.
This property provides a bound on the difference of two output trajectories as
a function of the difference in the corresponding input functions, hereby using
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the L2 signal norm. For systems with a bounded incremental L2 gain, condi-
tions are given under which this property is preserved during reduction. Since
the bounded incremental L2 gain is an input-output stability property, internal
stability properties (i.e. stability of the equilibrium point for zero input) are con-
sidered separately. Here, it is shown that internal stability is preserved under
the same conditions. Finally, a bound on the reduction error in terms of the L2

signal norm is derived.

The techniques as used in the analysis of systems with a bounded incremental
L2 gain property allow for an extension in which additional system properties
are preserved during the reduction. Here, the properties of (incremental) con-
tractivity and (incremental) passivity are considered. The contractivity property
amounts to having an incremental L2 gain bounded by one and the preservation
of this property can thus be understood as the preservation of system perfor-
mance. Passive systems are systems that do not produce energy internally. For
both cases, conditions for the preservation of such stability properties and a
computable error bound are given.

Another extension of the results for systems with bounded incremental L2

gain deals with controller reduction for controlled systems with low-order nonlin-
earities. Again, existing techniques for controller reduction of linear controlled
systems are exploited. In this setting, both the problems of the accurate approx-
imation of closed-loop behavior and the preservation of performance are consid-
ered, which exploit the results on model reduction for systems with bounded
incremental L2 gain and contractivity-preserving model reduction, respectively.
In both cases, conditions for stability preservation are given and a bound on the
reduction error in the closed-loop behavior is derived.

Finally, in Chapter 6, the results on controller reduction are applied for the
design of a low-order controller for the temperature control in a lab-on-a-chip
demonstrator. This demonstrator represents a lab-on-a-chip for biomedical diag-
nostics, in which the accurate control of the temperature is of crucial importance
for the efficiency and effectiveness of biochemical processes on the chip. How-
ever, since a lab-on-a-chip is typically part of a disposable product, the on-board
computational power is limited and a low-order controller is needed. A model-
based approach taken to obtain such a controller relies on a high-order model of
the thermal dynamics within the lab-on-a-chip, which consists of a finite element
model and a static nonlinearity describing the Peltier element, being the ther-
moelectric actuator. The final controller is obtained after several steps. First,
the high-order model is reduced to allow for the application of model-based con-
troller design techniques. Then, an H∞ loop shaping procedure is employed
to obtain a controller, where a small-gain condition is employed to guarantee
robustness against the presence of the static nonlinearity. Finally, controller re-
duction is applied to obtain the low-order controller, which guarantees stability
and performance of the closed-loop system.
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In Chapter 5, the reduction method of incremental balanced truncation is
introduced. Contrary to the reduction methods discussed above, this method
does not rely on the usage of linear model reduction techniques. Instead, it
provides a nonlinear model reduction technique that can be considered as an
extension of balanced truncation for linear systems. The method of incremen-
tal balanced truncation differs from existing extensions of balanced truncation
to the nonlinear case in the introduction of two incremental energy functions.
These so-called incremental observability and incremental controllability func-
tions characterize the energy associated with observing and reaching states by
comparing two trajectories rather than a single trajectory. This approach has
the following advantages. First, the incremental observability function is directly
related to the notion of observability for nonlinear systems. Secondly, it provides
a link to so-called incremental stability properties, which include stability prop-
erties for zero and nonzero input. As a result, a model reduction procedure based
on these energy functions guarantees the preservation of stability properties for
both zero and nonzero input. Thirdly, this method of incremental balanced
truncation allows for the computation of an a priori error bound. Also, it is
remarked that the application of incremental balanced truncation to (asymp-
totically stable) linear systems is equivalent to the application of the existing
method of balanced truncation and the same error bound is obtained using both
methods.

The method of incremental balanced truncation relies on the properties of
a so-called incrementally balanced realization, whose existence cannot be guar-
anteed in general. Therefore, an alternative reduction method is introduced
that automatically guarantees the existence of such a realization. This method
of generalized incremental balanced truncation is based on the computation of
bounds on the incremental energy functions rather than on the incremental
energy functions themselves and also exhibits the properties of stability preser-
vation and the availability of an a priori error bound. Furthermore, the fact that
this method uses bounds on the incremental energy functions rather than the
functions themselves increases the computational tractability at the cost of a
(potentially) larger error bound and a (potentially) less accurate reduced-order
model.

Moreover, generalized incremental balanced truncation provides a compu-
tationally efficient method for the reduction of (continuous) piecewise affine
systems. Namely, for these systems, the generalized incremental energy func-
tions can be obtained as solutions of sets of linear matrix inequalities, for which
efficient solvers exist.

Summarizing, several approaches for model reduction of nonlinear systems
have been introduced in this thesis. In all cases, the properties of the preser-
vation of stability and the derivation of an error bound are addressed. Here,
the methods have in common that incremental properties (such as incremental



7.2 Recommendations 197

stability properties, incremental passivity or incremental energy functions) are
crucially exploited in the derivation of the results.

7.2 Recommendations

In this final section, recommendations for future research directions are given.
First, some possible extensions of the reduction methods for systems with low-
order nonlinearities are discussed. Next, directions for future research in model
reduction by (incremental) balanced truncation are given. Finally, one more gen-
eral recommendation for future research directions in nonlinear model reduction
is presented.

The model reduction techniques for systems with low-order nonlinearities, as
discussed in Chapters 3 and 4, might be extended in the following directions:

• In the model reduction approach for systems with low-order nonlinearities,
model reduction is employed on the linear subsystem only, hereby taking
into account the inputs and outputs that connect to the nonlinear subsys-
tem. Future research may focus on methods for finding the reduced-order
linear subsystem that gives the best approximation of the original high-
order system when the nonlinear subsystem is reconnected. Herein, the
availability of the error bounds in Chapters 3 and 4 might enable such
analysis, as also suggested in Remarks 3.5 and 4.3.

• In the analysis of stability properties and the derivation of an error bound
for model reduction of nonlinear systems with low-order nonlinearities,
small-gain theorems play an important role. However, the satisfaction of a
small-gain condition in the interconnection between the linear and nonlin-
ear subsystems may be a restrictive assumption. Consequently, a direction
for future research is the development of model reduction techniques for
nonlinear systems as in Chapters 3 and 4 that do not satisfy a small-gain
condition but are nonetheless stable. As in Chapters 3 and 4, such model
reduction techniques may be based on the reduction of the linear subsys-
tem only.

• In Chapter 6, the controller reduction method for nonlinear controlled
systems is applied to an industrial-size benchmark example representing
a lab-on-a-chip for biomedical applications. The reduced-order controller
obtained using this approach should be validated experimentally.

The reduction method of (generalized) incremental balanced truncation, as
introduced in Chapter 5, leads to the following suggestions for future research
directions:
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• The method of incremental balanced truncation relies on the definition
of an incrementally balanced realization (see Definition 5.5), whose ex-
istence remains an open question. Thus, research is needed to, firstly,
verify whether such a incrementally balanced realization always exists or
formulate conditions for its existence and, secondly, construct a coordi-
nate transformation to transform a nonlinear system into incrementally
balanced form.

• The incremental energy functions that form the basis for incremental bal-
anced truncation are related to the property of incremental stability as well
as the property of converging outputs. As a result, these properties are
preserved during the reduction procedure. However, it might be of inter-
est to preserve the stronger property of incremental asymptotic stability.
Future research might therefore focus on the relation of the incremental
energy functions to incremental asymptotic stability and its consequences
for the preservation of such stability properties in the model reduction
procedure.

Besides the preservation of stronger stability properties, future work on in-
cremental balanced truncation may focus on the preservation of additional
system properties such as contractivity or passivity while maintaining the
availability of an error bound.

• The method of generalized incremental balancing relies on two quadratic
incremental energy functions, which may be difficult to obtain for a gen-
eral nonlinear system. An approach for the computation of a reduced-order
approximation to such a nonlinear system may be to, firstly, approximate
the nonlinear system by a piecewise affine system and, subsequently, apply
the procedure of generalized incremental balanced truncation for piece-
wise affine systems. Namely, for piecewise affine systems, the generalized
incremental energy functions can be obtained as solutions of linear matrix
inequalities, as shown in Chapter 5. In order to follow this route, existing
results on the approximation of nonlinear systems by piecewise affine sys-
tems (see e.g. [175]) need to be extended to ensure that stability properties
and an error bound can be guaranteed for the original nonlinear system
(i.e. the nonlinear system before piecewise linear approximation).

• In this thesis, the method of generalized incremental balanced truncation
is illustrated by means of application to benchmark examples of relatively
small scale. Future work should focus on the application of this reduction
method to industrial-size benchmark problems.

Finally, a more general recommendation for future research in the field of
model reduction for nonlinear systems is given as follows:
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• One of the main prohibiting factors for the application of model reduction
techniques for nonlinear systems is their inherent computational complex-
ity. This is not only apparent in the method of incremental balanced trun-
cation introduced in Chapter 5, it also holds for the reduction methods of
balanced truncation (for nonlinear systems) as in [163, 49] and moment
matching for nonlinear systems (see [9]). These reduction techniques have
in common that they rely on functions that are characterized using (sets
of) partial differential equations. The development of computational tools
for such equations is thus an important topic for future work. Herein, a
feasible approach might be given by the approximation of the incremental
energy functions using a Taylor series, as is done for the computation of
the observability and controllability function in balanced truncation in [50]
and [93]. An alternative method for the computation of approximate solu-
tions for the incremental energy functions might be based on the selection
of a set of basis functions as in [14].





Appendix A

Proofs

A.1 Proof of Theorem 2.9

First, it is remarked that several proofs of the error bound for linear balanced
truncation exist. The error bound was independently proven in [37] and [56],
hereby considering the high-order and reduced-order system in frequency domain
(see also Remark 2.11). A time-domain proof is given in [189] (see also [6]),
hereby exploiting the theory of dissipative systems. This proof is recalled here.

To prove the error bound, a single-step reduction is considered, in which only
the states corresponding to the smallest Hankel singular value are discarded.
Thus, Σlin as in (2.21) is reduced to Σ̂lin,n−mq

as in (2.35), with mq the multi-
plicity of σq , see (2.28). Then, a function V is introduced as

V (x1, x2, ξ) := L1
o(x1 − ξ) + L2

o(x2) + σ2
q

(
L1

c(x1 + ξ) + L2
c(x2)

)
, (A.1)

with Li
o and Li

c defined by the partitioning of the observability and controllability
function as in (2.30) and (2.31), respectively. Differentiation of (A.1) along
trajectories of Σlin and Σ̂lin,n−mq

, hereby exploiting the Lyapunov equations
(2.24) and (2.27), leads to

V̇ (x1, x2, ξ) = −|y − ŷ|2 + σ2
q |2u|2

− σ2
q

∣
∣2u − BT

1 Σ−1
1 (x1 + ξ) − B2Σ

−1
2 x2

∣
∣
2
, (A.2)

≤ (2σq)
2|u|2 − |y − ŷ|2. (A.3)

Hence, V is a storage function for the supply rate in the right-hand-side of (A.3),
such that, by Definition 2.9, the L2 gain of the error system Σlin − Σ̂lin,n−mq

is
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bounded by 2σq (see also [160]). This is denoted as

‖Σlin − Σ̂lin,n−mq
‖L2 ≤ 2σq. (A.4)

The one-step reduced-order system Σ̂lin,n−mq
is again in balanced form (see

Lemma 2.7). As a result, the procedure discussed above can be repeated to
discard more Hankel singular values. When choosing the reduction order k

according to the multiplicities of the Hankel singular values, i.e. there exists an
integer r such that

∑r
i=1 mi = k, then the final error bound is given as

‖Σlin − Σ̂lin,k‖L2 ≤
q
∑

i=r+1

∥
∥
∥Σ̂lin,

∑
i
j=1 mj

− Σ̂lin,
∑ i−1

j=1 mj

∥
∥
∥
L2

= 2

q
∑

i=r+1

σi, (A.5)

where the triangle inequality is used as well as Σlin = Σ̂lin,
∑ q

j=1 mj
. �

A.2 Proof of Theorem 3.2

The proof of Theorem 3.2 will be split into two parts. First, the existence of a
unique, bounded on R solution of the coupled system (3.8-3.9) will be shown.
Second, input-to-state stability of this system with respect to this steady state
solution will be proven.

Existence of a unique steady-state solution. The proof of the existence of
a unique bounded steady-state solution is based on a result in [133]. Since
the steady-state solution of the coupled system is of interest, the steady-state
operators of the subsystems are introduced first. Here, the operator F : Lnz

∞ ×
Lmx
∞ → Lnx

∞ is the steady-state operator for Σx, defined as

F(z, u)(t) := x̄z,u(t), (A.6)

whereas the steady-state operator for Σz is denoted by G : Lnx
∞ × Lmz

∞ → Lnz
∞

and defined as
G(x, v)(t) := z̄x,v(t). (A.7)

These steady-state operators allow for the definition of a mapping H : Lnz
∞ ×

Lmx
∞ × Lmz

∞ → Lnz
∞ given as

H(z, u, v) := G(F(z, u), v). (A.8)

For fixed input signals u(t) and v(t), this mapping takes a signal z(t) and feeds it
through the two subsystems Σx and Σy, respectively. It can thus be considered
as a closed-loop mapping. More specifically, if a fixed point of the map (A.8) can
be found, than this solution z̄u,v = H(z̄u,v, u, v) is the steady-state solution of
Σz in the coupled system. Application of (A.6) then leads to the corresponding
closed-loop steady-state solution for Σx as x̄u,v = F(z̄u,v, u).
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The objective is therefore to prove that (A.8) has a unique fixed point for
given u, v. This will be done by showing that H is a contraction mapping, which
allows for the application of the Banach fixed point theorem [94]. However, to
apply this result, it has to be shown that H defines a mapping from (a closed
subset of) a Banach space into itself. Thereto, the following sets are defined:

Bx = {x ∈ Lnx

∞ | ‖x‖∞ ≤ kx} , Bz = {z ∈ Lnz

∞ | ‖z‖∞ ≤ kz} . (A.9)

A bound on F(z, u) can be found as

‖F(z, u)‖∞ ≤ ‖F(z, u)− F(0, u)‖∞ + ‖F(0, u)‖∞, (A.10)

≤ γxz(‖z‖∞) + ‖F(0, u)‖∞, (A.11)

where the triangular inequality is applied in the first inequality and the second
inequality follows by application of Lemma 3.1. For z ∈ Bz, this gives

‖F(z, u)‖∞ ≤ γxz(kz) + ‖F(0, u)‖∞. (A.12)

Repeating this reasoning to obtain a bound on G(x, v) for x ∈ Bx yields

‖G(x, v)‖∞ ≤ γzx(kx) + ‖G(0, v)‖∞. (A.13)

Now, by defining

αx := ‖F(0, u)‖∞ ≥ 0, αz := ‖G(0, v)‖∞ ≥ 0, (A.14)

it can be observed that F defines a mapping from Bz to Bx and G maps Bx into
Bz when a positive solution kx, kz ≥ 0 to the set of equations

γxz(kz) + αx = kx, (A.15)

ϕz(kx) := γzx(kx) + αz = kz (A.16)

can be found. Then, H indeed defines a mapping from Bz to Bz. Since then H
is a mapping from a closed subset of a Banach space into itself, this allows for
the application of the Banach fixed point theorem.

It thus has to be shown that the set of equations (A.15-A.16) has a solution
(at least one). For αx = αz = 0, it is clear that kx = kz = 0 is a solution.
Actually, this solution corresponds to the equilibrium solution for zero inputs.
In the remainder, it is thus assumed that at least one of the parameters αx

and αz is nonzero. From (A.15) it can be seen that the solution should satisfy
kx ≥ αx, such that (A.15) can be rewritten to

kz = γ−1
xz (kx − αx) =: ϕx(kx), (A.17)

such that a solution kx satisfying ϕx(kx) = ϕz(kx) satisfies the set of equalities
(A.15-A.16), where kz follows readily from (A.17). The existence of such a
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solution will be proven by showing that ϕx(kx) < ϕz(kx) for small kx (i.e. kx

close to αx) and ϕx(kx) > ϕz(kx) for large kx, such that, by continuity of ϕx(kx)
and ϕz(kx), a solution to ϕx(kx) = ϕz(kx) exists.

The relation ϕx(kx) < ϕz(kx) for small kx (i.e. close to αx) is easily observed
by substitution of kx = αx in (A.17) and (A.16) and continuity of ϕx and ϕz .
To show that ϕx(kx) > ϕz(kx) for large kx, the small-gain condition (3.12) is
considered to obtain a lower bound on (A.17) as

ϕx(kx) = γ−1
xz (kx − αx)

≥ (id + ρ2) ◦ γzx ◦ (id + ρ1)(kx − αx),

= γzx(kx − αx + ρ1(kx − αx)) + ρ2 ◦ γzx ◦ (id + ρ1)(kx − αx). (A.18)

In the argument of γzx in the first term of (A.18), it is recalled that ρ1 is of class
K∞, such that there exists (large) kx satisfying ρ1(kx − αx) > αx. Then, the
first term of (A.18) is larger than γzx(kx), which equals the first term of ϕz(kx)
in (A.16). A similar argument can be used for the second term in (A.18), where
it is noted that this term is of class K∞ with respect to the argument kx. Hence,
there exists (large) kx such that this term exceeds αz , which is the second term
in ϕz(kx) in (A.16). Hence, there exists (large) kx for which ϕx(kx) > ϕz(kx)
holds. Combining this with the fact that ϕx(kx) < ϕz(kx) for small kx and the
fact that ϕx and ϕz are continuous proves the existence of at least one solution
to the set of equations (A.15-A.16). Hence, H defines a mapping from Bz to Bz.

Now, an incremental bound on H(z, u, v) can be found by applying Lemma 3.1
twice to obtain

‖H(z2, u, v) −H(z1, u, v)‖∞ = ‖G(F(z2, u), v) − G(F(z1, u), v)‖∞,

≤ γzx

(
‖F(z2, u) −F(z1, u)‖∞

)
,

≤ γzx ◦ γxz(‖z2 − z1‖∞). (A.19)

From the small gain condition (3.12) it follows that γzx ◦γxz(s) < s for all s > 0,
such that H(z, u, v) is a contraction mapping for all input functions u ∈ Lmx

∞
and v ∈ Lmz

∞ . Then, the Banach fixed point theorem proves the existence of a
unique fixed point z̄u,v of the map H, i.e. z̄u,v = H(z̄u,v, u, v). Together with
x̄u,v = F(z̄u,v, u), this forms the steady-state solution for the coupled system.
Since the solution z̄u,v was found in the set Bz (and x̄u,v ∈ Bx), the steady-state
solution is bounded.

Furthermore, it is easy to show that z̄u,v is the unique solution not only in
Bz, but in Lnz

∞ . Thereto, let z̄1
u,v and z̄2

u,v denote two steady-state solutions,
with z̄1

u,v ∈ Bz and z̄2
u,v ∈ Lnz

∞ . Then, application of (A.19) yields

‖z̄2
u,v − z̄1

u,v‖∞ = ‖H(z̄2
u,v, u, v) −H(z̄1

u,v, u, v)‖∞
≤ γzx ◦ γxz(‖z̄2

u,v − z̄1
u,v‖∞) (A.20)

which, by the small gain condition (3.12), implies z̄1
u,v = z̄2

u,v.
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Input-to-state stability with respect to the steady-state solution. The existence
of a unique bounded steady-state solution (x̄u,v(t), z̄u,v(t)) of the coupled system
was proven in the previous part. Now, it remains to be shown that the coupled
system is input-to-state stable with respect to this steady-state solution. To
this end, the perturbations δx(t) and δz(t) from the steady-state solution are
introduced as

δx(t) = x̃(t) − x̄u,v(t), δz(t) = z̃(t) − z̄u,v(t). (A.21)

Here, it is recalled that x̃(t) and z̃(t) form the solution of the coupled system
(3.8-3.9) with perturbed input signals ũ(t) and ṽ(t). The input perturbations
δu(t) and δv(t) are defined as

δu(t) = ũ(t) − u(t), δv(t) = ṽ(t) − v(t). (A.22)

Then, δx satisfies the dynamics

δẋ = f(x̄u,v(t) + δx, z̄u,v(t) + δz, u(t) + δu) − f(x̄u,v(t), z̄u,v(t), u(t)),

=: f̃(δx, δz, δu, t), (A.23)

whereas the dynamics for δz can be obtained as

δż = g(z̄u,v(t) + δz, x̄u,v(t) + δx, v(t) + δv) − g(z̄u,v(t), x̄u,v(t), v(t)),

=: g̃(δz, δx, δv, t). (A.24)

The input-to-state convergence property of Σx implies that the dynamics (A.23)
is input-to-state stable with respect to δz and δv. In particular, the inequality

|δx(t)| ≤ βx(|δx(t0)|, t − t0)

+ γxz

(

sup
t0≤τ≤t

|δz(τ)|
)

+ γxu

(

sup
t0≤τ≤t

|δu(τ)|
)

(A.25)

holds. Similarly, the input-to-state convergence property of Σz yields

|δz(t)| ≤ βz(|δz(t0)|, t − t0)

+ γzx

(

sup
t0≤τ≤t

|δx(τ)|
)

+ γzv

(

sup
t0≤τ≤t

|δv(τ)|
)

. (A.26)

The input-to-state convergence property of the subsystems (3.8) and (3.9) thus
implies input-to-state stability of the subsystems (A.23) and (A.24), which allows
for the application of the small-gain theorem for input-to-state stable systems
in [83]. This result proves that the small-gain condition (3.12) implies input-to-
state stability of the coupled system (A.23-A.24). In the original coordinates,
this yields that the coupled system (3.8-3.9) is input-to-state stable with respect
to the steady-state solution (x̄u,v(t), z̄u,v(t)). Hence, the coupled system (3.8-
3.9) is input-to-state convergent. �
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A.3 Proof of Theorem 5.3

First, it is noted that asymptotic stability of Σlin is a necessary and sufficient
condition for the incremental observability function as in Definition 5.1 to exist.
As in the proof of Theorem 5.1, the theory of dissipative systems is used. For
linear systems with quadratic supply rates, it is well-known (see e.g. [188]) that
the available storage is a quadratic function. Thus, for the auxiliary system Σo,
the available storage corresponding to the supply rate (5.10) can be written as

Eo(x0, x̄0) =

[
x0

x̄0

]T [
Q̃ −Q̃

−Q̃ Q̃

] [
x0

x̄0

]

, (A.27)

with Q̃ = Q̃T. Here, the structure of (A.27) follows from properties (5.3) and
(5.5). This structure, as well as the property g(x) = g(x̄) = B, implies that (5.9)
is satisfied. It remains to be shown that Q̃ represents the observability Gramian.
Thereto, the evaluation of (5.8) leads to

(x − x̄)T(ATQ̃ + Q̃A)(x − x̄) ≤ −(x − x̄)TCTC(x − x̄), (A.28)

where the presence of the function l in (5.8) is accounted for by the introduction
of the inequality in (A.28). The minimum solution Q̃ of (A.28) is obtained for
equality (see e.g. [36]), such that (A.28) is equivalent to the Lyapunov equation
describing the observability Gramian Q. Thus, Q̃ = Q, proving the theorem. �

A.4 Proof of Theorem 5.7

It is noted that controllability of Σlin is a necessary and sufficient condition for
the incremental controllability function as in Definition 5.4 to exist (i.e. to be
bounded). Namely, controllability of Σlin directly implies controllability of the
corresponding auxiliary system Σc. In addition, for linear systems, reachability
and controllability are equivalent. The proof of this theorem exploits the same
ideas as used in the proof of Theorem 5.6. For linear systems, the required
supply is a quadratic function, thus taking the form

Ec(x0, x̄0) =

[
x0

x̄0

]T [
R̃ R̃

R̃ R̃

] [
x0

x̄0

]

. (A.29)

with R̃ = R̃T. Here, the structure of (A.29) follows from properties (5.19)
and (5.22). For the latter property, it is noted that the symmetry conditions
in Remark 5.2 are satisfied for linear systems. Substitution of (A.29) (with
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Ẽc = Ec) in (5.25) and (5.26) gives

[
x

x̄

]T
([

A 0
0 A

]T[
R̃ R̃

R̃ R̃

]

+

[
R̃ R̃

R̃ R̃

][
A 0
0 A

])[
x

x̄

]

= −
[

x

x̄

]T[
LT

LT

]
[
L L

]
[

x

x̄

]

,(A.30)

2

[
x

x̄

]T[
R̃ R̃

R̃ R̃

][
B 0
0 B

]

= −2

[
x

x̄

]T[
LT

LT

]
[
W̃ W̃

]
. (A.31)

Here, linearity and the structure of Σc are exploited to obtain l(x, x̄) = L(x+ x̄)
and W (x, x̄) = [ W̃ W̃ ]. Due to the structure in (A.30-A.31), these equations
can be rewritten to

[
ATR̃ + R̃A R̃B

BTR̃ −I

]

= −
[

LT

W̃T

]
[

L W̃
]

4 0, (A.32)

where (5.27) is used as well. The linear matrix inequality (A.32) characterizes
all storage functions corresponding to the supply rate (5.28). Now, the required
supply is given as the maximum solution of (A.32), which is uniquely character-
ized by the Riccati equation

ATR̃ + R̃A + R̃BBTR̃ = 0, (A.33)

and the condition that −(A + BBTR̃) is Hurwitz, see [186, 188]. After pre- and
postmultiplication of (A.33) with R̃−1, it is clear that the Lyapunov equation for
the controllability Gramian is obtained, such that R̃ = P−1. Here, it is remarked
that asymptotic stability and controllability guarantee positive definiteness of P ,
such that P−1 = R̃ indeed exists. The condition that −(A+ BBTR̃) is Hurwitz
can be checked by premultiplying (A.33) by R̃−1, leading to

R̃−1ATR̃ = −(A + BBTR̃). (A.34)

Since A is Hurwitz and R̃ is nonsingular, the product R̃−1ATR̃ is Hurwitz.
Consequently, −(A+BBTR̃) is Hurwitz and (A.33) is equivalent to the Lyapunov
equation for the controllability Gramian, proving the theorem. �





Appendix B

A comparison of model reduction

techniques from structural

dynamics, numerical mathematics

and systems and control

B.1 Introduction

An important tool in the design of complex high-tech systems is the numerical
simulation of predictive models. However, these dynamical models are typically
of high order, i.e. they are described by a large number of ordinary differential
equations. This results from either the inherent complexity of the system or the
discretization of partial differential equations. Model reduction can be used to
find a low-order model that approximates the behavior of the original high-order
model, where this low-order approximation facilitates both the computationally
efficient analysis and controller design for the system to induce desired behavior.

The earliest methods for model reduction belong to the field of structural
dynamics, where the dynamic analysis of structures is of interest. Typical ob-
jectives are the identification of eigenfrequencies or the computation of frequency
response functions. Besides the mode displacement reduction method and exten-
sions thereof (see e.g. [142, 53]), important techniques are given by component
mode synthesis techniques [72, 28], which started to emerge in the 1960s.

The model reduction problem has also been studies in the systems and control
community, where the analysis of dynamic systems and the design of feedback

This chapter is the result of a collaborative effort of the members of the stw project (see
Section 1.6) and is submitted as [16].
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controllers are of interest. Some of the most important contributions were made
in the 1980s by the development of balanced truncation [118, 37] and optimal
Hankel norm approximation [56].

Finally, numerically efficient methods for model reduction have been devel-
oped in the field of numerical mathematics in the 1990s. Important techniques
are asymptotic waveform evaluation [140], Padé-via-Lanczos [38] and rational
interpolation [60]. These methods are often applied in the design and analysis
of large electronic circuits.

Despite the fact that the above techniques essentially deal with the same
problem of model reduction, the results in the fields of structural dynamics,
systems and control and numerical mathematics have largely been developed in-
dependently. This appendix aims at providing a thorough comparison between
the model reduction techniques from these three fields, facilitating the choice
of a suitable reduction procedure for a given reduction problem. To this end,
the most popular methods from the fields of structural dynamics, systems and
control and mathematics will be reviewed. Then, the properties of these tech-
niques will be compared, where both theoretical and numerical aspects will be
discussed. In addition, these differences and commonalities will be illustrated by
means of application of the model reduction techniques to a common example.

Reviews of model reduction techniques exist in literature. However, these
reviews mainly focus on methods from the individual fields, i.e. they focus on
methods from structural dynamics [27, 29], systems and control [61] or numer-
ical mathematics [11, 42] only. Nonetheless, methods from systems and control
and numerical mathematics are reviewed and compared in [6, 7, 51], where the
comparison is mainly performed by the application of the methods to examples.
In the current appendix, popular model reduction techniques from all the three
fields mentioned above will be reviewed. Additionally, both a qualitative and
quantitative comparison will be provided. The focus of this appendix is on this
comparison; it does not aim at presenting a full comprehensive historical review
of all method in these three domains.

In this appendix, the scope will be limited to model-based reduction tech-
niques for linear time-invariant systems. Consequently, the data-based model
reduction technique of proper orthogonal decomposition [170, 15] will not be
discussed. For an overview of proper orthogonal decomposition, see [100, 89].
Also, reduction methods for nonlinear systems (see e.g. [144, 163]) fall outside
the scope of this appendix.

The outline of this appendix is as follows. First, the most important model
reduction techniques from the fields of structural dynamics, numerical mathe-
matics and systems and control will be reviewed in Section B.2. In Section B.3,
a qualitative comparison between these methods will be provided, focussing on
both theoretical and numerical aspects. This comparison will be illustrated by
means of examples in Section B.4, which further clarifies differences and com-
monalities between methods. Finally, conclusions will be stated in Section B.5.
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Notation 1 The field of real numbers is denoted by R, whereas C represents
the field of complex numbers. Boldface letters are used to represent vectors
and matrices, where the latter are printed in upper case. For a vector x, the
Euclidian norm is denoted by ‖x‖, i.e. ‖x‖2 = xTx. The H∞ norm of a system
is denoted by ‖ · ‖∞.

B.2 Review of model reduction techniques

In this section, popular model reduction techniques from different fields are
discussed. In Section B.2.1, methods from structural dynamics are discussed,
whereas model reduction techniques from the fields of numerical mathematics
and systems and control are discussed in Sections B.2.2 and B.2.3, respectively.

B.2.1 Mode displacement methods

In the field of structural dynamics, the design and performance evaluation of
mechanical systems is of interest. Herein, the computation of deformations, in-
ternal stresses or dynamic properties are subject of analysis. Even though the
goal of analysis might differ from one specific application to another, impor-
tant objectives are the prediction of regions with high stress, prediction of the
eigenvalues (related to resonance frequencies) and eigenvectors (related to struc-
tural eigenmodes) and the computation of the system’s response to a certain
excitation.

All of the above mentioned goals share a common property. Namely, the
models used in the design must, generally, contain detailed information for the
precise description of the response properties of the structure. The mathematical
models are basically constructed in terms of partial differential equations. These
equations might be solved exactly only for simple problems and one has to resort
to discretization-based approaches, such as the finite element method (fem) or
the boundary element method (bem). In the context of this section, the finite
element related concepts are of interest.

Model reduction methodologies are efficiently used in the structural field since
the 19th century. The most common methods are mode superposition methods
[142], in which a limited number of free vibration modes of the structure is used
to represent the displacement pattern [26]. There are also improvements of the
original mode superposition method by the addition of different vectors to the
expansion procedure, such as the mode acceleration or modal truncation aug-
mentation [142, 190]. Mode superposition methods are generally considered for
the complete structure. However, it is common to partition the structure in some
components, on which model reduction is performed individually. Then, these

1It is remarked that the notation introduced here is only exploited in the current appendix
and differs from the notation used in the rest of this thesis.
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reduced-order component models are coupled to represent the global behavior.
These methods are all together named component mode synthesis techniques.
These methods are extensions of common mode superposition methods to the
partition level where the forces on the partition boundaries replace the general
forces on the whole structure. In [71] and [72], Hurty provided a general method
for component mode synthesis techniques. Craig and Bampton, in [28], used the
static deformation shapes of the structure with respect to its boundary loads and
enriched this space with the internal dynamic mode shape vectors to increase the
accuracy. This method is known as the fixed-interface reduction method because
the modes of the system are found while all the boundaries are fixed. Later on,
the works of MacNeal [108] and Rubin [153] extended these methods to a class
of methods known as free-interface methods. In these methods, the dynamic
mode shape vectors used in the basis are computed without the application of
any restraints on the component boundaries, where in fixed-interface methods
the boundary degrees of freedom are all fixed. A recent general overview on
dynamic substructuring methods can be found in [29]. Another overview that
summarizes the component mode synthesis approaches can be found in [27].

Discretization-based methods, such as fem, analyze complex engineering
problems by constructing piece-wise approximation polynomials over the spa-
tial domain and solve for the unknown variables at specific locations of the
discretization, known as node points [138]. This representation might already
be considered to be a model order reduction process in itself. Namely, the dis-
placement u(z, t), which is dependent on the spatial variable z and time t, is
represented by the finite expansion

u(z, t) =

N∑

i=1

Ψi(z)qi(t). (B.1)

Herein, Ψi(z) are linearly independent functions representing the displacement
shape of the structure, where it is noted that they satisfy the essential bound-
ary conditions of the problem. Next, qi(t) are the unknown functions of time,
whereas N represents the number of functions exploited in the representation.
Since the representation of a body consists of infinitely many points (and there-
fore infinitely many degrees of freedom), the finite expansion (B.1) has already
accomplished the task of reducing the system to a finite number of degrees of
freedom.

The discretization of the differential equations of the problem results in the
equations of motion of the system, which are typically of the following form:

Mq̈ + Kq = f , (B.2)

where M ∈ RN×N and K ∈ RN×N represent the mass and stiffness matrices,
respectively. Furthermore, q ∈ RN represents the unknown displacements of
the structure and f ∈ RN is the externally applied generalized force vector.
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Structural systems possess, most of the time, light damping and the reduction
typically is based on the undamped system. Therefore, undamped systems of
the form (B.2) are considered in this section. However, it is stressed that this
is only suitable when the system is lightly damped and the eigenfrequencies are
well separated [53].

In general, a detailed problem representation and the use of a high number
of elements in the discretization result in large matrices and, hence, in long com-
putation times. Model order reduction methods are used to efficiently reduce
the system size and, as a consequence, achieve acceptable computation times.
Reduction methods in structural dynamics may be classified into two classes,
namely, methods related to mode superposition and methods related to compo-
nent mode synthesis techniques. In this section, the context is limited to mode
superposition methods, since they apply to the full system. This enables a com-
parison with methods from the fields of numerical mathematics and systems and
control. More information on component mode synthesis can be found in [28].

Mode superposition methods share the common property that they use a
small number of free vibration modes to represent the dynamics of the structure
with some reduced number of generalized degrees of freedom. With this selection,
one represents the solution vectors as a summation of free vibration modes that
form a linearly independent set. This operation therefore reduces the system
size to be solved and could result in important computational gains. However,
there are some important points to note on the expansion procedures used in
practice [130], namely:

1. the used mode shape vectors do not span the complete space;

2. the computation of eigenvectors for large systems is very expensive and
time consuming;

3. the number of eigenmodes required for satisfactory accuracy is difficult to
estimate a priori, which limits the automatic selection of eigenmodes;

4. the eigenbasis ignores important information related to the specific loading
characteristics such that the computed eigenvectors can be nearly orthog-
onal to the applied loading and therefore do not participate significantly
in the solution.

Three different main variants can be considered which are often used in struc-
tural dynamics community. These are the mode displacement method, mode
acceleration method and modal truncation augmentation method. The latter
two methods are enhancements of the mode displacement method with the ad-
dition of the contribution of the omitted parts in an expansion process.

Generally, these methods do not propose the computation of an error bound
for the response studies. Consequently, the success of the methods is established
on the basis of a posteriori error comparisons. Typically, either the errors on
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the eigenfrequencies or the errors on the input-output representation are used
to show the success of the applied method. In the following sections, the mode
displacement method, the mode acceleration methods and the modal truncation
augmentation method will be treated in more detail.

Mode displacement method

The equation of motion of the structure (B.2) is recalled:

Mq̈ + Kq = f .

Then, the mode displacement method is based on the free vibration modes of the
structure, which can be found by using a time-harmonic representation for the
displacement of the unforced system (i.e. f = 0). This leads to the generalized
eigenvalue problem

(
K − ω2

i M
)
φi = 0, (B.3)

where φi is the mode shape vector corresponding to the eigenfrequency ωi, with
i ∈ {1, . . . , N}. Using the expansion concept along with the mode shape vectors
φi, the displacement can be represented as follows:

q =

N∑

i=1

φiηi, (B.4)

where it is recalled that N is the size of the system. Here, ηi is typically referred
to as a set of modal coordinates. It is a common practice to mass-orthogonalize
the mode shape vectors, resulting in

φT
i Mφj = δij ,

φT
i Kφj = δijω

2
j , (B.5)

where δij denotes the Kronecker delta. These orthogonality relations are used
to decouple the coupled equations of motion (B.2). Using (B.5), the decoupled
equations are represented in modal coordinates as

η̈i + ω2
i ηi = φT

i f , i ∈ {1, . . . , N}. (B.6)

An important practical point on the expansion method is related to the
computation of the expansion vectors. The computation of the mode shape
vectors that are used in the mode superposition methods can be an expensive
task and, in practice, all the computational methods extract a limited number
K of vectors of the eigenvalue problem. The general idea of the expansion
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procedure is to keep the first K vectors in the representation, that correspond
to the lowest eigenfrequencies. This results in a truncation, namely,

q =

K∑

i=1

φiηi +

N∑

it=K+1

φit
ηit

︸ ︷︷ ︸

truncated

, (B.7)

where the indices i and it represent the kept mode and the truncated mode
indices, respectively.

Since the displacement is represented as a linear combination of K linearly
independent vectors, it can also be given in matrix notation, leading to the
approximation

q = Φη, Φ =
[
φ1 φ2 . . . φK

]
. (B.8)

Using (B.2) and (B.8) and projecting the resulting equations of motion on the
expansion basis Φ results in the following reduced-order dynamics

Mrη̈ + Krη = fr, (B.9)

where

Mr = ΦTMΦ = I, (B.10)

Kr = ΦTKΦ = diag{ω2
1 , . . . , ω

2
K}, (B.11)

fr = ΦTf . (B.12)

In general, the analysts are interested in the response properties of the system for
the lower frequency range and therefore, the lowest modes are typically chosen.
The reason behind this selection is the fact that most structures are operated at
low frequencies.

The importance of a mode is mostly related to two concepts. First, the
orthogonality of the mode with respect to the excitation, as given by φT

i f , is
of importance. Secondly, the closeness of the eigenfrequency of the mode with
respect to the excitation spectrum is of interest.

Mode acceleration method

The mode acceleration method is a computational variant of the static correc-
tion method. The static correction method aims at taking into account the
contribution of the omitted modes. The driving idea of the static correction
concept is to be able to include the effects of the truncated modes statically into
the summation procedure. Namely, truncated modes have a static contribution



216 Chapter B. A comparison of model reduction techniques

on the response for low frequencies. This results in an improvement for the re-
sponse studies in the lower frequency range. The response might be represented
as before but with a correction term qcor, such that

q = Φη + qcor. (B.13)

To obtain the static correction term qcor (with q̇cor = q̈cor = 0), the truncated
representation for the acceleration is substituted in the equation of motion (B.2),
leading to

M

K∑

i=1

φiη̈i + Kq = f . (B.14)

Then, the use of the (reduced-order) dynamics in modal coordinates (B.6) leads to

q = K−1

(

f − M

K∑

i=1

φi(φ
T
i f − ω2

i ηi)

)

,

=

K∑

i=1

φiηi +

(

K−1 −
K∑

i=1

φiφ
T
i

ω2
i

)

f , (B.15)

where the relation imposed by the eigenvalue problem (B.3) is used in the latter
step. When comparing (B.15) to the truncation (B.7), it is observed that the
correction term is given as

qcor =

(

K−1 −
K∑

i=1

φiφ
T
i

ω2
i

)

f . (B.16)

It is noted that, by using all eigenmodes, the inverse of the stiffness matrix can
be represented as [53]

K−1 =

N∑

i=1

φiφ
T
i

ω2
i

, (B.17)

such that the use of (B.17) in (B.15) results in

q =

K∑

i=1

φiηi +

N∑

i=K+1

φiφ
T
i

ω2
i

f . (B.18)

Even though this last form is not applicable in practice, since it requires the
computation of all model vectors, it clearly shows that only the static contribu-
tion of the omitted modes φi, i ∈ {K + 1, . . . , N}, is taken into account in the
correction term qcor.
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Modal truncation augmentation method

The modal truncation augmentation method is an extension of the mode acceler-
ation method. Its main principle depends on the use of the static correction as an
additional direction for the truncation expansion [33, 147, 32]. Inclusion of the
correction in a modal expansion results in the modal truncation augmentation
method, such that q is approximated as

q =
K∑

i=1

φiηi + qcorξ, (B.19)

where qcor is given by the mode acceleration method in (B.18) and ξ is an
additional coordinate in the reduced-order system. This correction vector is
included in the reduction basis, such that the new reduction basis reads

Ψ =
[
Φ qcor

]
. (B.20)

Here, it is noted that Ψ is generally orthogonalized.
Modal truncation augmentation methods are mostly used when there are

multiple forcing vectors acting on the system. Therefore, these correction vectors
are not used a posteriori as in the mode acceleration method but they really
become a part of the reduction space.

There exist also further extensions of the common mode superposition meth-
ods which include higher-order correction vectors. These methods are outlined
in [147] and references therein. See Section B.3.3 for further details.

B.2.2 Krylov subspace based model order reduction

Krylov subspace based model order reduction (mor) methods are methods which
reduce a system with many degrees of freedom (i.e. states) to a system with
few(er) degrees of freedom but with similar input-output behavior. Typical ap-
plications are large electronic circuits with large linear subnetworks of compo-
nents (see e.g. [127, 43]) and micro-electro-mechanical systems (mems). The
main purpose of Krylov methods is the construction of an approximation of the
system’s transfer function which (accurately enough) describes the dependence
between the input and the output of the original system, e.g. in some range of
the (input) frequency domain. Methods of this type are based on projections
onto a Krylov subspace and are (relatively) computationally cheap compared to
other reduction techniques, for instance because they can effectively exploit par-
allel computing. The objective is the derivation of a smaller system with similar
input-output behavior and with similar properties such as stability, passivity or
a special structure of the matrices in the model description. The quality of the
reduced-order approximation can be assessed by studying norms of the difference
between the outputs of the unreduced and reduced models applied for the same
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inputs. Preservation of additional properties is of importance if the reduced
system has to exhibit some physical properties of the model; for instance, when
the reduced system has to be a (realizable) circuit consisting out of resistors,
inductors and capacitors (a rlc network), just as the original system. So far,
there have been no proven a priori error-bounds for the Krylov based reduction
techniques, see [65] for more details and for alternative approaches, to ensure a
good (application domain dependent) approximation.

The first reduction method involving the usage of the Krylov subspace, called
asymptotic waveform evaluation, was described in 1990, see [140]. However, the
main focus of this paper was on finding a Padé approximation of the trans-
fer function rather than on the construction of a Krylov subspace. Later, in
1995, in [38] a method called Padé via Lanczos (pvl) was proposed and the
relation between the Padé approximation and Krylov subspace was shown. In
1998, a new reduction technique, prima, was introduced in [127], that uses the
Arnoldi algorithm instead of Lanczos to build the reduction bases. These and
later developments of Krylov based reduction techniques focus not only on the
improvement of the accuracy of the approximation, but also on the preservation
of the properties of the system to be reduced.

In this section, the basic ideas of model reduction by projection onto the
Krylov subspace are explained and the application of some common reduction
techniques based on Arnoldi and Lanczos algorithms (see e.g. [155] for more
details), is briefly discussed.

Linear time-invariant state-space systems of the form

{
Eẋ = Ax + bu

y = cTx,
(B.21)

are considered, with E, A ∈ Rn×n, b, c ∈ Rn, the input variable u ∈ R, the
output variable y ∈ R and x ∈ R

n being a vector of the state variables. For
the sake of simplicity, siso systems (with scalar input and scalar output) are
considered. However, the methods discussed in this section have been extended
to multi-input-multi-output (mimo) cases (see e.g. [41]).

If the system (B.21) is transformed to the Laplace domain, then, for an
arbitrary s ∈ C, the dependence between its input and its output is given by a
transfer function H(s) defined as follows

H(s) = cT(sE − A)−1b. (B.22)

In this section, it is assumed that the pencil (sE − A) is regular, i.e. it is
singular only for a finite number of s ∈ C. For an arbitrary s0 ∈ C, the transfer
function (B.22) may be rewritten in a polynomial form, using a so-called moment
expansion:

H(s) =

∞∑

i=0

(−1)iMi(s0)(s − s0)
i. (B.23)
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Here, the coefficients Mi(s0), called moments of the transfer function, are cal-
culated using the Taylor expansion formula and given by

Mi(s0) = cT[(s0E − A)−1E]i(s0E − A)−1b. (B.24)

Expansion around s0 = ∞ is evaluated based on Laurent series, and the moments
then are called Markov parameters (see [6] for more details). The accuracy of
the moment expansion depends on the choice of the expansion point s0. It is
also possible to use a multipoint expansion choosing multiple expansion points.

The goal of the Krylov subspace model order reduction is to find a projection-
based approximation of the original transfer function, that matches the first k

moments of the original transfer function. In other words, the objective is to
calculate the reduced-order transfer function Ĥ(s), whose moment expansion is
given by

Ĥ(s) =

∞∑

i=0

(−1)iM̂i(s0)(s − s0)
i, (B.25)

with
M̂i(s0) = Mi(s0), for i = 1, . . . , k, (B.26)

and Mi(s0) being the moments of the original transfer function defined in (B.24).
This is called the moment matching property of the reduction method.

In case of the reduction methods studied in this section, the reduced-order
model is calculated using a projection Π = V W T ∈ Rn×n, with V , W ∈ Rn×k

being biorthogonal matrices, i.e. W TV = I. Application of the projection Π to
the original system (B.21) gives

{

W TEV ˙̂x = W TAV x̂ + W Tbu,

ŷ = cTV x̂,
(B.27)

where the reduced-order state vector x̂ ∈ R
k results from the state transforma-

tion

x ≈ V x̂. (B.28)

The choice of the spaces V and W depend on the goal of the reduction procedure.
In case of the Krylov subspace based methods, the aim is to approximate the
input-output behavior of the system. This is done by matching the moments
of the original transfer function. This means that the reduced-order transfer
function corresponding to system (B.27), which results from applying matrices
V and W to the original system matrices, has the property (B.26). To ensure
the satisfaction of the moment matching property (B.26), one can choose V and
W such that the columns of these matrices span so-called Krylov subspaces.
The k-th Krylov subspace induced by a matrix P and a vector r is defined as

Kk(P , r) = span{r, Pr, . . . , P k−1r}. (B.29)
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The choice of the starting matrix P and the starting vector r depends on the
value s0 around which the transfer function should be approximated. If the
approximation of the transfer function (B.22) around s0 = 0 is to be found, the
matrices V and W are chosen as follows:

V is a basis of Kk1(A
−1E, A−1b), (B.30)

W is a basis of Kk2(A
−TET, A−Tc). (B.31)

The sizes of the subspaces, k1 and k2, should assure that V and W are both
of rank k. If V and W are built in the way defined in (B.30-B.31), the model
reduction method is called a two-sided method. If only one of the projection
matrices (V or W ) is built in that way, the method is called one-sided. Appli-
cation of the two-sided method results in a reduced model that matches the first
2k moments of the original transfer function. In case of one-sided methods, k

moments are matched.
The general proof of the moment matching property can be found in [60].

To illustrate the idea behind this proof, the matching of the zeroth moment of
the system (B.21) for s0 = 0 is shown following [106].

According to the formula (B.24), the zeroth moment for s0 = 0 is equal to

M0(0) = −cTA−1b. (B.32)

With V chosen as in (B.30) and the fact that A−1b belongs to the Krylov
subspace Kk1(A

−1E, A−1b), one can find a vector r0 such that V r0 = A−1b.
Then, using the reduction procedure defined in (B.27), it can be shown that

M̂0(0) = −cTV (W TAV )−1W Tb = −cTV (W TAV )−1W TAV r0

= −cTV r0 = −cTA−1b = M0(0). (B.33)

In case the approximation around s0 6= 0 or for s0 = ∞ is needed, the starting
matrix and vector for building the Krylov subspace have to be modified. One
can also build a subspace using different values of s0 at the same time. More
details on how to do this and suggestions for starting values for different s0 can
be found in [60].

Besides the difference in the number of moments matched, the choice to
use either one- or two-sided methods influences also some other properties of
the reduced system. Two-sided methods may lead to better approximations of
the output y and deliver a reduced-order model, whose input-output behavior
does not depend on the state space realization of the original model. In case of
the one-sided techniques with W = V and V defined as in (B.30), for certain
original models, one can also prove the preservation of the passivity property.

The process of constructing the reduction matrices, V and W , is not straight-
forward and requires the use of special techniques. Because of round-off errors,
the vectors building a Krylov subspace may quickly become linearly dependent.
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To avoid this problem, one usually constructs an orthogonal basis of the appro-
priate Krylov subspace. This can be achieved using e.g. Arnoldi or Lanczos al-
gorithms (explanation of these algorithms and implementation details are given
in [155]). The classical Arnoldi algorithm generates a set V of orthonormal
vectors, i.e.

V TV = I, (B.34)

that form a basis for a given Krylov subspace. The Lanczos algorithm finds two
sets of basis vectors, V and W , that span an appropriate Krylov subspace and
have property

W TV = I. (B.35)

Two sets of basis vectors V and W for Krylov subspaces may also be computed
using a two-sided Arnoldi algorithm (see [106]). In this case, both V and W

are orthonormal,
V TV = I, W TW = I. (B.36)

As a result, each of the above mentioned techniques generates a Krylov subspace.
The choice of the subspace depends on the type of algorithm and the expansion
point s0 around which the approximation is of interest. A more detailed expla-
nation on how to choose the proper subspaces can be found in [60].

The ideas of the Krylov subspace based reduction presented in this section
can be further modified, depending on e.g. the application or the specific criteria
that the reduced-order model should fulfill. In electronic circuit design, there
exist methods especially suited for reducing specific types of systems that exploit
the characteristic structure of the underlying matrices, see e.g. [12]. In case of
coupled or interconnected systems, the goal may be to preserve the interpretation
of the different physical domains. More details on this topic can be found in [43,
178]. There exist also modifications that aim at preserving other properties of
the original system, such as stability or passivity. In case of symmetric matrices,
the algorithm sypvl was proposed in [44] that guarantees stability. A stability
and passivity preserving technique, prima, is presented in [127].

B.2.3 Balanced truncation

The field of systems and control focusses on the analysis of dynamical systems
and design of feedback controllers for these systems. Herein, the objective of
controller design is to change the dynamics of the system to induce desired
behavior. Typical examples are the stabilization of unstable systems, tracking
of a reference trajectory or the rejection of external disturbances on a system.

These control strategies are applied in a broad range of practical engineering
problems, such as control of mechanical or electrical systems. These applica-
tions have in common that they deal with systems with inputs and outputs. On
the one hand, a dynamical system can often only be influenced by a limited
number of actuators, which are represented as inputs. Additionally, external
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disturbances, such as e.g. measurement noise, often act only locally as well. On
the other hand, only a limited number of sensors (i.e. outputs) is available in
practical engineering systems. For these systems, it is thus particularly relevant
to have an accurate model for their input-output behavior. Even though this
model does not need to describe the global behavior of a system, complex dy-
namics can still yield large models of orders up to O(103). To facilitate controller
design and/or analysis for these systems, model reduction is needed. Here, it is
noted that a controller needs to be implemented in real-time, which also requires
a controller realization of relatively low-order.

Model reduction procedures in the field of systems and control therefore aim
at approximating the input-output behavior of a high-order model. The quality
of the reduced-order model can thus be assessed by comparing the outputs of
the high-order and reduced-order models for given inputs, where the magnitude
of the output error is measured using some signal norm.

Balanced truncation is the most popular method in systems and control
addressing this model reduction problem. It mainly owes its popularity due to
the fact that it preserves stability of the high-order model and provides an error
bound, which gives a direct measure of the quality of the reduced-order model.

The balanced truncation method was first presented by Moore [118], where
results of Mullis and Robberts [120] were exploited. Later, the stability preser-
vation property was found by Pernebo and Silverman [137], whereas the error
bound was derived by Enns [37] and Glover [56].

Linear dynamical models with inputs and outputs in state-space form
{

ẋ = Ax + Bu

y = Cx + Du
(B.37)

are considered. Here, u ∈ R
m denotes the input whereas y ∈ R

p represents
the output. The internal state is given by x ∈ Rn and the system matrices are
of corresponding dimensions. Throughout this section, it is assumed that the
model (B.37) is asymptotically stable (i.e. all eigenvalues of A have negative
real part) and is a minimal realization, where the latter guarantees that all state
components contribute to the input-output behavior. The transfer function of
(B.37) is given as

H(s) = C(sI − A)−1B + D, s ∈ C. (B.38)

In balanced truncation, a reduced-order model is obtained in two steps. First,
a so-called balanced realization is found, in which the states are ordered accord-
ing to their contribution to the input-output behavior. Second, a reduced-order
model is obtained on the basis of this balanced realization by discarding the
states with the smallest influence.

In order to find the balanced realization, the input-output behavior of the
system (B.37) has to be quantified. To this end, the so-called controllability and
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observability functions are defined. First, the controllability function Ec(x0)
gives the smallest input energy required to reach the state x0 from the zero
state in infinite time, given as

Ec(x0) = inf
u∈L2((−∞,0])

x(−∞)=0, x(0)=x0

∫ 0

−∞
‖u(t)‖2 dt, (B.39)

where L2((−∞, 0]) denotes the space of square integrable functions, defined on
the domain (−∞, 0]. Second, the observability function Eo(x0) is defined by

Eo(x0) =

∫ ∞

0

‖y(t)‖2 dt, x(0) = x0, u(t) = 0 ∀ t ∈ [0,∞), (B.40)

and gives the future output energy of the system when released from an initial
condition x0 for zero input. It is well-known (see e.g. [118, 203]) that for linear
systems as in (B.37) the controllability and observability functions in (B.39) and
(B.43) can be written as the quadratic forms

Ec(x0) = xT
0 P−1x0, Eo(x0) = xT

0 Qx0, (B.41)

where P and Q are the controllability and observability Gramian, given by

P =

∫ ∞

0

eAtBBTeA
Tt dt (B.42)

and

Q =

∫ ∞

0

eA
TtCTCeAt dt, (B.43)

respectively. From (B.42) and (B.43), it is easily observed that the controllabil-
ity and observability Gramians are only finite when the system is asymptotically
stable, which explains the assumption stated before. In addition, P and Q are
symmetric and positive definite, where the latter is guaranteed by the assump-
tion that the system (B.37) is minimal, i.e. controllable and observable. The
controllability and observability Gramian can be obtained as the unique posi-
tive definite solutions of the respective Lyapunov equations (see e.g. [203])

AP + PAT + BBT = 0 (B.44)

and
ATQ + QA + CTC = 0, (B.45)

which makes balanced truncation computationally feasible. Nonetheless, solving
the Lyapunov equations is computationally costly, such that balanced truncation
is limited to systems of orders up to O(103).

Since both the controllability and observability Gramian characterize the in-
or output energy associated to a state x0, they are dependent on the realization
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of the system (B.37). Stated differently, a change of coordinates x̄ = Tx, with
T ∈ R

n×n a nonsingular matrix, results in a realization with system matrices

Ā = TAT−1, B̄ = TB, C̄ = CT−1, D̄ = D. (B.46)

Then, the new controllability and observability Gramians are given as

P̄ = TPT T, Q̄ = T−TQT−1. (B.47)

Nonetheless, the product of P̄ and Q̄ yields

P̄ Q̄ = TPQT−1, (B.48)

indicating that the eigenvalues of the product of the controllability and ob-
servability Gramian are independent of the set of coordinates and thus system
invariants. These eigenvalues equal the (squared) Hankel singular values σi [56],
such that

σi =
√

λi(PQ), i = 1, . . . , n, (B.49)

where λi(X) denotes the i-th eigenvalue of the matrix X, ordered as λ1 ≥ λ2 ≥
. . . ≥ λn > 0.

At this point, it is recalled that the observability Gramian Q characterizes the
output energy associated to a given initial state x0 and thus provides a measure
of the importance of state components with respect to the output y. Hence,
states generating high output energy can be considered more important than
states generating little output energy, since the former are easy to observe. On
the other hand, the controllability Gramian P gives a measure of the importance
of state components x0 with respect to the input u, in the sense that states that
require little input energy to reach are more relevant than states that require high
input energy. States that require little energy to reach are thus easy to control.
Clearly, the combination of the controllability and observability Gramians gives
a characterization of the importance of state components from an input-output
perspective. However, in an arbitrary coordinate system, a state x̄1

0 that requires
little energy to reach might also generate little output energy. On the other
hand, a different state x̄2

0 might exist that requires a lot of energy to reach, but
generates high output energy. In this case, it is not easy to decide which of
x̄1

0 and x̄2
0 is the most important component from an input-output perspective.

To facilitate this analysis, the balanced realization is introduced. Namely, there
exists a state-space realization such that the corresponding controllability and
observability Gramians are equal and diagonal, where the entries on the diagonal
are given by the Hankel singular values [118]:

P̄ = Q̄ = Σ :=








σ1 0 · · · 0
0 σ2 · · · 0
...

...
. . .

...
0 0 · · · σn








. (B.50)
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In addition, the Hankel singular values are ordered as σ1 ≥ σ2 ≥ · · · ≥ σn > 0.
In this balanced realization, the controllability and observability function are
given as

Ec(x̄0) = x̄T
0 Σ−1x̄0, Eo(x̄0) = x̄T

0 Σx̄0. (B.51)

Now, the form (B.51) allows for a clear interpretation. Namely, the realization is
balanced in the sense that states that are easy to control are also easily observed.
In fact, due to the ordering of the Hankel singular values, the state x̄0 = e1 :=
[1, 0, · · · , 0]T requires the least energy to reach (Ec(e1) = σ−1

1 is small) and
gives the highest output energy (Eo(e1) = σ1 is large). Stated differently, this
state is easy to control and easy to observe. Hence, x̄0 = e1 has the largest
contribution to the input-output behavior of the system. On the other hand,
the state x̄0 = en := [0, · · · , 0, 1]T is both difficult to control and difficult to
observe, such that it has the smallest contribution to the input-output behavior.

The coordinate transformation T to obtain the balanced realization can be
obtained on the basis of the controllability and observability Gramians (B.42-
B.43). Thereto, the Cholesky factor U of P is used, as well as the eigenvalue
decomposition of UTQU :

P = UUT, UTQU = KSKT. (B.52)

In the latter, it is noted that UTQU is a positive definite symmetric matrix, such
that the matrix of eigenvectors K is orthonormal. Additionally, the eigenvalues
are real and, when ordered, are equal to the squared Hankel singular values such
that S = Σ2 with Σ as in (B.50). Then, the balancing transformation and its
inverse are given as

T = Σ
1
2 KTU−1, T−1 = UKΣ− 1

2 (B.53)

as can be checked by substitution of (B.53) in (B.47), while using the relations
(B.52). An overview of alternative algorithms to obtain the balanced realization
can be found in [6].

So far, a balanced realization is found, but no model reduction has been per-
formed yet. However, the balanced realization gives a representation in which
the states are ordered according to their contribution to the input-output be-
havior. Hence, a reduced-order model of order k can be obtained by partition-
ing the state x̄ of the balanced realization as x̄1 = [x̄1, . . . , x̄k]T ∈ Rk and
x̄2 = [x̄k+1, . . . , x̄n]T ∈ Rn−k, such that x̄1 contains the state components with
the largest influence on the input-output behavior. When the system matrices
are partitioned accordingly,

Σ =

[
Σ1 0

0 Σ2

]

, Ā =

[
Ā11 Ā12

Ā21 Ā22

]

, B̄ =

[
B̄1

B̄2

]

, C̄ =
[
C̄1 C̄2

]
, (B.54)
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and with D̄ = D, a reduced-order system can be obtained by truncation, i.e. by
setting x̄2 = 0. The resulting reduced-order model (with x̂ ∈ R

k an approxima-
tion of x̄1 ∈ Rk) is given by the state-space realization

{
˙̂x = Ā11x̂ + B̄1u,

ŷ = C̄1x̂ + D̄u.
(B.55)

Here, it can be observed that the reduced-order state-space system (B.55) is
itself a balanced realization, with the controllability and observability Gramians
given by Σ1 (see [137]). In addition, when Σ1 and Σ2 have no diagonal entries
in common (i.e. when σk > σk+1), the reduced-order system is asymptotically
stable [137].

The reduced-order system thus preserves stability of the original model, and
its output ŷ serves as an approximation for the output of the high-order system
y. The quality of this approximation can be assessed by means of a bound on
the error. Namely, an error bound can be expressed in terms of the discarded
Hankel singular values [37, 56] as

‖H(s) − Ĥ(s)‖∞ ≤ 2
n∑

i=k+1

σi, (B.56)

where H(s) and Ĥ(s) are the transfer functions of the full-order system (B.37)
and the reduced-order system (B.55), respectively. Furthermore, ‖ · ‖∞ denotes
the H∞ norm defined as

‖H(s)‖∞ = sup
ω∈R

σ̄(H(jω)), (B.57)

with σ̄(·) the largest singular value. The error bound (B.56) confirms the intu-
itive idea that the states corresponding to the largest Hankel singular values are
the most important from the perspective of input-output behavior. Namely, a
good approximation (i.e. a low error bound) will be obtained when the Hankel
singular values in Σ2 are small. Since these Hankel singular values are only
dependent on the high-order model (B.37), they can be computed a priori and
allow for control over the reduction error by selection of the order k. Finally, it
is noted that in (B.56) it is assumed that all Hankel singular values are distinct.
When Hankel singular values with multiplicity larger than one occur, they only
need to be counted once, leading to a tighter bound (see e.g. [56]).

In the model reduction procedure presented here, a reduced-order system
is obtained by truncation (i.e. setting x̄2 = 0) of a balanced realization. An
alternative approach is given by singular perturbation [39] of this realization.
Herein, it is assumed that the dynamics describing the evolution of x̄2 is very
fast (and asymptotically stable). Then, this dynamics can be assumed to be in its
equilibrium position at all time, which is obtained by setting ˙̄x2 = 0 and solving
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for x̄2 as a function of x̄1 and u. Contrary to balanced truncation, the singular
perturbation approach guarantees that the steady-state gains of the high-order
system are matched in the reduced-order system. The reduced-order model is
controllable, observable, asymptotically stable and the error bound (B.56) also
holds [102].

Balanced truncation aims at approximating a high-order system by selecting
the state components that have the largest contribution in the input-output
behavior, according to the energy in the input and output signals. The entire
frequency range is considered in this approach. However, in many practical
applications, a good approximation is only required in a specific frequency range.
To this end, frequency-weighted balanced truncation can be used [37], which is
an extension of the method discussed in the previous paragraphs. In frequency-
weighted balanced truncation, the objective is to find a reduced-order system
such that the error

‖Ho(s)(H(s) − Ĥ(s))Hi(s)‖∞ (B.58)

is small, where Hi(s) and Ho(s) denote the transfer functions of an input and
output frequency weight, respectively. These weights can be designed by the user
to emphasize specific regions in the frequency domain. To obtain the frequency-
weighted reduced-order model, controllability and observability Gramians are
computed on the basis of the frequency weighted high-order system, which are
simultaneously diagonalized. Details can be found in [37].

When the original system is asymptotically stable, observable and control-
lable, and only one-sided weighting is applied (i.e. either Hi(s) = I or Ho(s) =
I), asymptotic stability of the reduced-order system is guaranteed. However,
in the case of general two-sided weighting, stability of the reduced-order ap-
proximant cannot be guaranteed. Nonetheless, when the reduced-order model is
stable, an error bound is given in [92].

In the preceding paragraphs, the standard balanced truncation technique for
asymptotically stable systems as well as an extension to frequency-weighted
balanced truncation is presented. Several extensions of balanced truncation
exists. For example, balanced truncation of the coprime factorization applies
to unstable systems [116, 125], whereas a method preserving passivity is given
in [30, 124].

Besides these methods based on balanced truncation, a popular alternative
is optimal Hankel norm approximation [56], which is also based on the balanced
realization. For an overview of model reduction in systems and control, see
e.g. [6, 61].
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B.3 Qualitative comparison on model reduction

methods

In this section, the methods as discussed in Section B.2 will be compared. First,
the common feature of projection is presented in Section B.3.1. Then, a gen-
eral comparison will be given in Section B.3.2. A close connection between mo-
ment matching and modal truncation augmentation is discussed in Section B.3.3.
Computational aspects and the preservation of properties will be discussed in
Sections B.3.4 and B.3.5, respectively.

B.3.1 Projection

Before discussing differences between the methods from the fields of structural
dynamics, numerical mathematics and systems and control, an important sim-
ilarity is discussed. Namely, the methods discussed in Section B.2 have in
common that the reduced-order models are obtained by projection. Here, the
reduced-order model is obtained by application of the projection Π = VW

T to
the original model. In numerical mathematics, the projection matrices might
be chosen as V = V and W = W with V and W as in (B.30) and (B.31),
respectively. This specific choice ensures moment matching around s0 = 0. For
balanced truncation, as used in systems and control, the matrices V and W are
given as the first k columns of the transformation matrices T−1 and T T as in
(B.53), respectively. Hence, they project on the subspace of PQ corresponding
to the largest Hankel singular values (see (B.48)), which yields the subspace
with the largest contribution in the input-output behavior. Similarly, in the
mode superposition techniques in structural dynamics, the projection is given as
Π = ΦΦT. Here, the projection basis Φ forms a basis for the space spanned by
the k most relevant eigenvectors (see (B.3)), which are typically chosen as the
eigenvectors corresponding to the lowest eigenfrequencies. Here, it is noted that
the state-space form is used in the fields of numerical mathematics and systems
and control, whereas a second-order form is exploited in structural dynamics
when no damping is present or when the damping can be considered as small.

B.3.2 General comparison

Besides the common feature of projection, the reduction techniques in Sec-
tion B.2 have important differences, as listed below.

• First-order form versus second-order form

The most apparent distinction is the type of model under consideration. In
the field of structural dynamics, models of second-order form are usually
studied, whereas first-order models are examined in the fields of numerical
mathematics and systems and control. Even though the use of this sym-
metric second-order form seems limiting, it is noted that the mechanical
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structures studied in this field can indeed be modeled as second-order sys-
tems. In addition, these mechanical structures typically have little damp-
ing, which motivates the exploitation of undamped vibration modes for
model reduction. Nonetheless, due to the specific structure of these mod-
els, the model reduction techniques from structural dynamics can in gen-
eral not be applied to other application domains. On the other hand, any
model that can be written in the first-order form can be handled by the re-
duction techniques from numerical mathematics and systems and control,
although asymptotic stability is assumed in the latter.

• Input-output behavior versus global behavior

A second difference is given by the objective of the approximation. In
numerical mathematics and systems and control, a reduced-order model
is sought which approximates the input-output behavior of the original
system. On the other hand, this input-output behavior is of less relevance
in the field of structural dynamics, where the approximation of the global
dynamics is of interest. Again, this results from the specific objectives
in structural dynamics. Namely, typical interest is in the identification
of the regions where the highest stresses or maximum displacements oc-
cur, whose locations are not known beforehand. Hence, the modeling of
the global dynamical behavior is the main goal. However, extensions to
mode superposition methods (see e.g. Section B.2.1) provide techniques of
incorporating the (static) influence of input forces in the reduction basis,
partially taking input-output behavior into account.

In numerical mathematics and systems and control, the internal behavior
of the model is of little interest. In control design, the system behavior
from the control input to the measured outputs is of relevance and this
directly forms the basis for the model reduction procedure. In the analysis
of large-scale electrical circuits, where moment matching methods from
the field of numerical mathematics are typically applied, interest is in the
reduction of linear subcircuits. Here, its influence on the total circuit
is described by the inputs and outputs, such that the approximation of
input-output behavior is of interest. Nonetheless, input-output behavior
is only truly taken into account in the latter when two-sided projection
techniques are used. Namely, when using one-sided projection techniques,
either the input matrix B or output matrix C is discarded, such that the
focus of the reduction is limited to the state-to-output or input-to-state
behavior, respectively. In this case, the number of moments matched is
independent of the choice of input or output matrix. Nonetheless, the
number of moments matched for a given reduction order k is doubled in
the two-sided case, when input-output behavior is fully taken into account.

• Interpretation of reduction space

Model reduction techniques from structural dynamics are largely based on
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physical properties of mechanical systems. Therefore, the reduction space
resulting from modal approximation has a useful engineering interpreta-
tion. Namely, it consists of the modes of the system, which represent the
typical vibration pattern of a structure at a given frequency. The most
important modes and the corresponding eigenfrequencies are preserved in
the reduced-order system. Since these modes are obtained via an eigen-
value decomposition, the system in modal coordinates is in diagonal form,
as discussed in Section B.2.1. Here, it is recalled that this only holds when
the system is undamped or has proportional (Rayleigh) damping or modal
damping. In this diagonal form, the equations describing the dynamics of
the modes are uncoupled, which means that no error is introduced in the
dynamics of the modes that are kept in the reduced-order model. In fact,
the reduction error is due to the deletion of modes, rather than errors in
the dynamics of the modes themselves.

In the reduction techniques from numerical mathematics and systems and
control, the reduction space does not have a clear physical interpretation.
Of course, this is largely due to the fact that these procedures are not
limited to mechanical systems and are based on system-theoretic properties
instead, as discussed in Section B.2.3.

• Global versus local approximation in frequency domain

The modal truncation and moment matching model reduction techniques
from structural dynamics and numerical mathematics have in common that
they can be considered as frequency-domain-based (or Laplace-domain-
based) techniques. Therefore, they give a good approximation in some
part of the frequency-domain only. This is directly apparent in the modal
reduction techniques from structural dynamics, where the modes as used
in the reduced-order model are selected by their corresponding eigenfre-
quency. Here, the modes are typically selected from the lower end of the
frequency spectrum. On the other hand, moment matching in numerical
mathematics is based on the Taylor series expansion of a transfer function
at a specific point (or multiple points) in Laplace domain. Since the mo-
ments around this expansion point form the basis for the reduced-order
model, this approximation can only be expected to be accurate around the
expansion point, leading to a local approximation in frequency domain.

In balanced truncation, as used in systems and control, the behavior in
frequency domain does not form the basis of the model reduction proce-
dure. Instead, the transfer of energy from the input to the output is used
as a tool for model reduction, which can be considered as a time-domain
approach. Nonetheless, specific regions in frequency domain can be em-
phasized by the extension to frequency-weighted balanced truncation, as
noted in Section B.2.3.
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• Automatic versus user-dependent model reduction

A final general difference can be found in the level of automation of the
model reduction techniques from the different fields. Here, only the bal-
anced truncation method in systems and control is fully automatic when
a requirement on the quality of the reduced-order model is given. Namely,
the existence of an a priori error bound (B.56) allows for the automatic
choice of the reduction order. The methods from structural dynamics and
numerical mathematics lack such an error bound.

Even when the reduction order is chosen beforehand, the methods from
structural dynamics and numerical mathematics are heuristic. That is,
the mode superposition techniques from structural dynamics are depen-
dent on the frequency range of interest, which needs to be specified a
priori. Herein, typically the modes corresponding to the lowest frequencies
are chosen. Similarly, the reduction procedure in the moment matching
techniques from numerical mathematics is dependent on the choice of ex-
pansion points. However, the influence of this choice on the properties of
the reduced-order system is largely an open problem and very few guide-
lines for this selection exists. Therefore, these expansion points are typi-
cally chosen as s0 = 0 or s0 = ∞. Of course, the computational procedure
in mode superposition and moment matching is fully automatic as soon as
a choice is specified for the frequency range of interest and the expansion
point, respectively.

B.3.3 Moment matching and model truncation augmenta-

tion

A close link exists between modal truncation augmentation techniques used in
structural dynamics (Section B.2.1) and the moment matching methods (Sec-
tion B.2.2). This can be understood by considering the series expansion of the
(non-damped) structural equations (B.2) in the Laplace domain for s2 as

q = (K+s2M)−1f =

∞∑

i=0

(
(K + s2

0M)−1M
)i

(K+s2
0M)−1f(s2−s2

0)
i, (B.59)

where s0 is a chosen expansion point. Clearly this expansion is similar to the
moment matching expansion (B.23) except that here it is written for the second-
order form. The reduction basis suggested by this expansion is the Krylov series

Kk

(
(K + s2

0M)−1M , (K + s2
0M)−1f

)
(B.60)

In the modal truncation augmentation approach the reduction basis consists
of some eigenmodes of the system and modal truncation corrections as described
in (B.20). Recalling the definition (B.16) of the correction vectors, it can be seen
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that the reduction basis (B.20) for the modal truncation augmentation is

span
{[

Φ qcor

]}
= span

{[
Φ K−1f

]}
, (B.61)

indicating that it includes the zero-order expansion term around s0 = 0. Thus,
it conserves the zero-order moment of the second-order problem around s0 = 0,
which is a direct consequence of the fact that the reduction basis includes the
exact static solution. Through a similar reasoning one could say that substruc-
turing methods that include the interface static modes (like the Craig-Bampton,
the Rubin/MacNeal and the Dual Craig-Bamtpon methods) are matching the
zero-order moments for the interface forces.

The modal truncation augmentation form presented in Section B.2.1 includes
only the zeroth-order correction as indicated by the basis (B.61). Higher-order
corrections as suggested in the Krylov sequence (B.60) can also be included in
the reduction space as proposed in [34, 190, 98, 2, 104, 147], which guarantees
matching higher-orders moments and thus leads to an approach similar to the
moment matching technique. Higher-order correction modes have also been used
in the context of substructuring and mode component synthesis [33, 148, 150].
Note that the high-order corrections for structural problems can be obtained as
a by-product of the Lanczos algorithm used to compute the eigenmodes [149]
and that one can also consider quasi-static corrections (i.e. for s0 6= 0) in case
one is interested in a specific frequency range [202].

It is important to observe that the modal truncation augmentation uses a
reduction basis that, in addition to the moments, also includes true eigenmodes
of the system. In that sense this method differs from the usual moment matching
techniques and it accounts both for the global behavior of the system (through
its eigenmodes) and for input-specific components (through the moments).

B.3.4 Computational aspects

A general comparison of properties of model reduction techniques from the fields
of structural dynamics, numerical mathematics and systems and control was
given in Section B.3.2. Computational aspects are addressed in the current
section.

From a computational point of view, the methods from systems and control
have the highest cost. In these methods, the computational complexity is mainly
due to the solution of two Lyapunov equations (see (B.44) and (B.45)), which
are of the size of the original high-order model. This seriously hinders the appli-
cability of balanced truncation to systems of very high order. In addition, a full
eigenvalue decomposition (see (B.52)) is required, such that the total computa-
tional cost associated to balanced truncation is high. Finally, a full coordinate
transformation has to be computed, before reduction can be performed by means
of truncation.
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The computational cost for reduction techniques from the fields of structural
dynamics and numerical mathematics is significantly lower. First, these meth-
ods do not require the computation of a full coordinate transformation. Instead,
only the reduction space is computed, which is given by only k basis vectors.
Furthermore, the computations are less costly since the matrix operations that
are required are relatively cheap when compared to those needed for the solution
of Lyapunov equations. In the mode displacement techniques from structural
dynamics, only the most important eigenvalues and eigenvectors need to be com-
puted. Since the frequency domain of interest is typically known beforehand,
efficient iterative methods can be used to find the eigenfrequencies in this range.
For the Krylov-subspace based moment matching techniques from numerical
mathematics, the numerical cost is even less. Namely, the application of the
Arnoldi or Lanczos methods only requires the solutions of linear sets of equa-
tions or matrix-vector multiplications. Therefore, moment matching methods
by Krylov subspaces can be applied to systems of very high order.

Even though the application of balanced truncation seems limited from a
computational point of view, it is remarked that the perception of ”high-order”
differs in the three different fields. Especially, models of very low order (i.e.
O(100 − 101)) are of interest in the field of systems and control. This is mainly
due to the fact that controllers have to be implemented in real-time, which pro-
vides a limit on the order of the controller. Furthermore, low-order controllers
are preferred because of their limited complexity. Hence, even though the com-
putation of Lyapunov equations limits the applicability of balanced truncation
to systems of order O(103), it still provides a solution to relevant model reduc-
tion problems in practice. On the other hand, the models describing mechanical
structures in the field of structural dynamics typically result from finite element
procedures, leading to models of orders up to O(106). Similarly, the moment
matching techniques from numerical mathematics typically find application in
the analysis of large-scale electrical circuits, leading to models of order up to
O(106). From these applications, the need for numerically efficient model reduc-
tion procedures is clear.

B.3.5 Preservation of properties

In model reduction, the objective is the construction of a reduced-order model
that gives a good approximation of the original high-order model. Herein, it is of
crucial importance that the reduced-order model preserves some properties of the
original system, among which stability is the most important. If the high-order
system is asymptotically stable, balanced truncation (see Section B.2.3) indeed
preserves this property, which is due to the fact that the (diagonal) Gramians act
as Lyapunov equations. The moment matching techniques from Section B.2.2 do
not satisfy such a property, such that stability of the reduced-order model cannot
be guaranteed in general. Nonetheless, methods exist that preserve stability for
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classes of linear systems (see e.g. [127]).

In the mode superposition techniques outlined in Section B.2.1, stability of
the reduced-order model cannot be guaranteed when the original high-order sys-
tem exhibits general damping. However, in the important cases of undamped
systems or systems with positive definite symmetric damping matrix (which
includes the cases of proportional (Rayleigh) and modal damping), the stabil-
ity properties are indeed preserved. In fact, since the reduced-order model is
based on the computation of the undamped vibration modes, reduction of an
undamped system leads to an undamped reduced-order system, where the most
important eigenfrequencies are preserved. Stated differently, the pole locations
of the most important poles remain unchanged. This property does in general
not hold for balanced truncation and moment matching techniques.

Furthermore, it is obvious that modal superposition techniques preserve the
second-order form in the reduced-order model. Nonetheless, this is an important
feature in the field of structural dynamics since it implies that the kinematic
relation between displacement and velocity is preserved. This does not hold
for balanced truncation and moment matching, even if the models stem from a
second-order form.

Next, it is remarked that the existence of an error bound, as discussed in
Section B.3.2, is closely related to stability preservation. Namely, a bound on
the difference of solutions from the high-order and reduced-order systems can
only be expected to exist when both systems are stable, making stability a
prerequisite for the existence of an error bound.

Finally, it is often important to preserve other system properties besides
stability. Herein, passivity and bounded realness are the most notable. Even
though the methods as discussed in Section B.2 do not generally preserve these
properties, it is noted that extensions exist that do. For the different fields, some
references to the literature are given in the corresponding parts in Section B.2.

B.4 Illustrative example

To illustrate the differences between methods as discussed in Section B.3, the
model reduction procedures of Section B.2 are applied to a common benchmark
example.

The benchmark example is chosen from the domain of structural dynamics, to
allow for application of all model reduction techniques discussed in Section B.2.
More specifically, the truss frame system as depicted in Figure B.1 is considered.
Here, the nodes, as indicated by points, are connected by beam elements, leading
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Figure B.1: Truss frame system.

to a model of the form

Mq̈ + Dq̇ + Kq = b̃1u1 + b̃2u2, (B.62)

y1 = c̃T
1 q, (B.63)

y2 = c̃T
2 q, (B.64)

where q ∈ RN is the vector of the displacements and rotations of the nodes,
with N = 714. The truss frame is subject to forces acting (in x-direction) on
the positions as shown in Figure B.1, which are modeled as the inputs u1 and
u2 in (B.62). In addition, the displacement (in x-direction) of the truss frame is
measured at two locations, leading to the outputs y1 and y2. Finally, the truss
frame model is lightly damped, which is modeled using modal damping.

In order to apply model reduction techniques from the fields of numerical
mathematics and systems and control, the truss frame model (B.62) has to be
written in state-space form. By choosing the state vector as xT = [qT q̇T], the
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dynamics is given by

ẋ = Ax + b1u1 + b2u2, (B.65)

yi = cT
i x, i ∈ {1, 2}, (B.66)

where it is noted that x ∈ Rn with n = 2N . The system matrices read

A =

[
0 I

−M−1K −M−1D

]

, bi =

[
0

M−1b̃i

]

, ci =

[
c̃i

0

]

, i ∈ {1, 2}. (B.67)

Alternatively, the moment matching methods discussed in Section B.2.2 can also
be applied using system descriptions of the form

Eẋ = Ax + b1u1 + b2u2, (B.68)

yi = cT
i x, i ∈ {1, 2}, (B.69)

with matrices

E =

[
I 0

0 M

]

, A =

[
0 I

−K −D

]

, bi =

[
0

b̃i

]

, i ∈ {1, 2}, (B.70)

which avoids the need for inversion of the matrix M . In this form, the output
vectors ci remain unchanged.

The model reduction techniques from Section B.2 are applied to this example.
From the field of structural dynamics, the mode displacement method is used.
Here, it is recalled that this method is based on the undamped system (i.e.
D = 0) and the location of the inputs and outputs (i.e. knowledge on b̃i and c̃i) is
not taken into account. Nonetheless, the (static) influence of the locations of the
inputs can be taken into account by the extensions given by mode acceleration
and modal truncation augmentation (see Section B.2.1) On the other hand,
model reduction with respect to input u1 and output y1 is performed using
moment matching and balanced truncation. Since these methods are based on
the state-space form (B.66) (or (B.69)), damping can be included. In moment
matching, the expansion point is chosen as s0 = 0 and a one-sided projection
is used, based on the input only (see (B.30)). In reduction, the reduced-order
size of the first-order models k is chosen as 2K, with K the number of modes
taken into account in the mode displacement methods. This choice is motivated
by the fact that the representation of a second-order model in first-order form
doubles the number of equations. Hereby, the reduced-order models in first-order
and second-order form have a similar approximation accuracy. Choosing K = 2
(k = 4) leads to the frequency response functions, with input u1 and output y1,
as depicted in Figures B.2 and B.3.

In the mode displacement method (MD), the K lowest eigenvectors are cho-
sen in the reduction basis. Therefore, the first two resonance peaks are captured
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Figure B.2: Comparison of the modal displacement method (MD), bal-
anced truncation (BT) and moment matching (MM) for re-
duction to K = 2 (k = 4): magnitude of the frequency re-
sponse function for input u1 and output y1.
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Figure B.3: Magnitude of the error for reduction to K = 2 (k = 4) for
input u1 and output y1. Line styles as in Figure B.2.
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by this reduced-order model. On the other hand, the method of balanced trun-
cation (BT) does not capture the second resonance peak. Instead, the third
resonance is approximated. This is caused by the fact that balanced truncation
takes the location of the input and output into account. Specifically, the sec-
ond and third resonance peak correspond to a bending mode around the y-axis
and a torsional mode, respectively, where the latter has a larger influence on
the input-output behavior from input u1 to output y1. Finally, the moment
matching technique (MM) gives a good approximation at low frequencies, which
originates from the choice of the expansion point as s0 = 0. Therefore, for k = 4,
only the first resonance peak is captured. This is most clearly shown in the er-
ror magnitude in Figure B.3, where the moment matching techniques gives the
best approximation for low frequencies. However, moment matching gives the
largest H∞ norm of the error system. The lowest norm is obtained for balanced
truncation, which outperforms the mode displacement method by the selection
of the third rather than the second resonance peak.

To illustrate the influence of the locations of the inputs and outputs on
the reduced-order model, the frequency response functions for input u2 and
output y2 are depicted in Figure B.4, whereas the corresponding error is given
in Figure B.5. Here, the same reduction bases were used as in Figure B.2. Hence,
the input u2 and output y2 are not taken into account in the model reduction
procedure. Since the mode displacement method is based on the global dynamics
rather than specific inputs and outputs, it also gives a good approximation for
these new inputs. On the contrary, balanced truncation and moment matching
are dependent on the input-output behavior, where it is recalled that reduction
was based on input u1 and output y1. Therefore, they do not give a good
approximation for the input-output behavior from input u2 to output y2, as is
clear from the large errors in Figure B.5.

However, the moment matching technique used here is one-sided. Hence, only
the input matrix is taken into account and, in this case, moment matching (of
k moments) can be proven for any output. To illustrate this, the input-output
behavior from input u1 to output y2 is shown in Figures B.6 and B.7, again
using the reduction basis generated for input u1 and output y1. As expected,
the performance obtained by moment matching is similar to that of Figure B.2
(and Figure B.3), where the same input u1 was used. For the mode displacement
method and balanced truncation, the conclusions as stated before hold.

Finally, stability of the reduced-order models is checked. Since the truss
frame system exhibits modal damping, the reduced-order model obtained by
the mode displacement technique is guaranteed to be stable. Stability is also
guaranteed in the case of balanced truncation. For moment matching, stability
cannot be guaranteed a priori. However, for k = 4, the reduced-order model
obtained by moment matching is stable, as follows from an a posteriori check.
On the other hand, for k = 6, stability is not preserved using moment matching.
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Figure B.4: Comparison of the modal displacement method (MD), bal-
anced truncation (BT) and moment matching (MM) for re-
duction to K = 2 (k = 4): magnitude of the frequency re-
sponse function for input u2 and output y2. For balanced
truncation and moment matching, the reduced-order model
is based on input u1 and output y1.
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Figure B.5: Magnitude of the error for reduction to K = 2 (k = 4) for
input u2 and output y2. Line styles as in Figure B.4. For bal-
anced truncation and moment matching, the reduced-order
model is based on input u1 and output y1.
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Figure B.6: Comparison of the modal displacement method (MD), bal-
anced truncation (BT) and moment matching (MM) for re-
duction to K = 2 (k = 4): magnitude of the frequency re-
sponse function for input u1 and output y2. For balanced
truncation and moment matching, the reduced-order model
is based on input u1 and output y1.

10
0

10
1

10
2

10
3

10
−10

10
−8

10
−6

10
−4

10
−2

f [Hz]

|H
2
1
(j

ω
)
−

Ĥ
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Figure B.7: Magnitude of the error for reduction to K = 2 (k = 4) for
input u1 and output y2. Line styles as in Figure B.6. For bal-
anced truncation and moment matching, the reduced-order
model is based on input u1 and output y1.
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B.5 Conclusions

In this appendix, an overview and comparison of popular model reduction meth-
ods from the fields of structural dynamics, numerical mathematics and systems
and control are provided. A detailed review is given on mode displacement tech-
niques, moment matching methods and balanced truncation, whereas important
extensions are outlined briefly.

The differences and similarities between presented methods are discussed,
both qualitatively and quantitatively. Here, an important difference is the fact
that the global dynamics is taken into account in the mode displacement meth-
ods, whereas moment matching and balanced truncation aim at the approxima-
tion of input-output behavior. Moreover, the computational cost of the methods
differs, which limits the application of balanced truncation to systems of mod-
erate size. On the other hand, balanced truncation has an a priori error bound,
which is not the case for the mode displacement and moment matching tech-
niques. Also, balanced truncation and the mode displacement method preserve
stability of the high-order model, whereas stability is not guaranteed when ap-
plying moment matching.

The overview of the differences and commonalities between the different re-
duction method facilitates the choice of the reduction technique with the desir-
able properties for a given reduction problem.

Finally, these differences are illustrated by means of application of the dif-
ferent methods to a common benchmark example.
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Summary

Model reduction for nonlinear control systems
with stability preservation and error bounds

The analysis of system models forms an important tool in the design of high-
tech systems. However, the increasing complexity of the designs and higher
demands on their quality generally leads to complex high-order models. Model
reduction is a means to obtain reduced-order approximations of these models,
thus allowing for efficient analysis, e.g. by means of fast simulation. Since the
reduced-order approximation is used as a substitute for the original model, it
is of importance to preserve relevant system properties during the reduction
process. Herein, stability is the most crucial property, especially in the context
of control systems. In addition, the availability of an error bound is highly
instrumental, since this provides a direct measure of the quality of the reduced-
order model. For linear systems, model reduction procedures preserving stability
and guaranteeing a bound on the reduction error exist. However, nonlinearities
play an important role in many engineering applications. This thesis therefore
focusses on model reduction for (classes of) nonlinear systems, hereby addressing
the problems of stability preservation and the availability of a computable error
bound. The results can be structured in two parts.

The first part of the thesis deals with the reduction of nonlinear systems that
can be decomposed into a feedback interconnection of a high-order linear sub-
system and a nonlinear subsystem of relatively low order. In this setting, model
reduction is applied to the linear subsystem only, allowing for the application
of well-developed model reduction techniques for linear systems and making
the approach computationally attractive. Then, conditions for stability of the
reduced-order nonlinear system as well as bounds on the reduction error are
given. The derivation of these error bounds relies on incremental input-output
properties of the subsystems, which characterize the perturbation on an output
trajectory as a function of the perturbation on an input signal. As a result, incre-
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mental input-output properties characterize the evolution of errors introduced
by reduction of the linear subsystem. In particular, the incremental properties of
input-to-state convergence, a bounded incremental L2 gain or incremental pas-
sivity are considered, leading to model reduction procedures for different classes
of nonlinear systems. These reduction techniques have in common that they
provide conditions for the preservation of certain stability properties of the non-
linear system with inputs as well as error bounds. Moreover, the preservation of
the additional system properties of contractivity (an L2 gain bounded by one)
and passivity can be guaranteed when dedicated model reduction techniques are
applied to the linear subsystem.

These ideas are also exploited in the scope of controller reduction for a class
of nonlinear controlled systems, hereby again exploiting existing techniques for
controller reduction for linear controlled systems. Here, controller reduction
techniques focussing on the approximation of the closed-loop behavior or perfor-
mance preservation are proposed. These techniques are applied in the design of
a low-order controller for the temperature control within a lab-on-a-chip demon-
strator, as is of importance in many biomedical applications such as disease
diagnostics or drug tests. The reduced-order controller obtained using these
techniques is shown to accurately track the desired temperature profiles for the
lab-on-a-chip demonstrator.

Contrary to the first part of the thesis, in which existing model reduction
techniques for linear systems are exploited, the second part deals with a direct
approach towards the reduction of nonlinear systems. In particular, the method
of incremental balanced truncation is introduced, which can be considered as an
extension of balanced truncation for linear systems towards the nonlinear case.
Incremental balanced truncation is based on the introduction of two energy func-
tions; the incremental observability and incremental controllability function. A
model reduction procedure based on these incremental energy functions firstly
guarantees the preservation of stability, and, secondly, allows for the computa-
tion of an error bound. Furthermore, an alternative to incremental balanced
truncation is presented, which is based on the computation of bounds on the
incremental energy functions rather than the energy functions themselves. This
increases the computational feasibility of the method at the cost of a poten-
tially larger error bound and a potentially less accurate reduced-order model.
In particular, this method gives a computationally efficient approach for model
reduction of piecewise affine systems.

Summarizing, several methods for model reduction of (classes of) nonlinear
systems are developed in this thesis, hereby focussing on the preservation of
stability properties and the derivation of error bounds. These methods have in
common that they rely on incremental system properties.



Samenvatting

Model reduction for nonlinear control systems
with stability preservation and error bounds

De analyse van systeemmodellen vormt een belangrijk hulpmiddel in het ontwer-
pen van hoogwaardige technologie. De toenemende complexiteit van dergelijke
ontwerpen en hogere kwaliteitseisen leiden echter tot complexe hoge-order mo-
dellen. Modelreductie is een manier om gereduceerde-orde benaderingen van
deze modellen te maken, zodat efficiënte analyse door middel van simulaties mo-
gelijk wordt. Omdat het gereduceerde-orde model het originele model vervangt is
het van belang om belangrijke systeemeigenschappen te behouden tijdens de re-
ductie. Stabiliteit is hierin de belangrijkste eigenschap, vooral in de context van
geregelde systemen. Daarnaast is de beschikbaarheid van een foutgrens gewenst,
omdat dit een directe maat geeft voor de kwaliteit van het gereduceerde-orde
model. Voor lineaire systemen bestaan er modelreductietechnieken die stabili-
teit behouden en een foutgrens garanderen, maar niet-lineariteiten spelen een
belangrijke rol binnen veel technische problemen. Dit proefschrift richt zich
daarom op modelreductiemethoden voor (klassen van) niet-lineaire systemen,
waarbij stabiliteitsbehoud en berekenbare foutgrenzen worden behandeld. De
resultaten kunnen worden gesplitst in twee delen.

Het eerste deel van het proefschrift gaat over de reductie van systemen die
kunnen worden gesplitst in een hoge-orde lineair systeem en een niet-lineair
systeem van relatief lage orde, welke bidirectioneel zijn gekoppeld. Voor de-
ze systemen wordt modelreductie toegepast op enkel het lineaire deel, zodat
bestaande reductietechnieken voor lineaire systemen kunnen worden gebruikt
die weinig berekeningen vergen. Vervolgens worden condities voor stabiliteit
van het gereduceerde-orde model alsmede grenzen op de reductiefout gegeven.
In de afleiding van deze foutgrenzen wordt gebruik gemaakt van incrementele
ingangs-uitgangseigenschappen, welke een verstoring in de uitgang karakteri-
seren als gevolg van een verstoring van een ingangssignaal. Deze incrementele



260 Samenvatting

ingangs-uitgangseigenschappen karakteriseren dus de evolutie van fouten die zijn
gëıntroduceerd door de reductie van het lineaire deelsysteem. In het bijzonder
worden de incrementele eigenschappen van ingangs-toestandconvergentie, een
begrensde incrementele L2 versterking of incrementele passiviteit beschouwd,
wat leidt tot modelreductietechnieken voor verschillende klassen van niet-lineaire
systemen. Deze technieken hebben echter gemeen dat condities voor het be-
houd van bepaalde stabiliteitseigenschappen van het niet-lineaire systeem met
ingangen worden gegeven en foutgrenzen beschikbaar zijn. Daarnaast kan het
behoud van extra systeemeigenschappen als contractiviteit (een begrensde L2

versterking) en passiviteit worden gegarandeerd wanneer specifieke modelreduc-
tietechnieken worden toegepast op het lineaire deelsysteem.

Bovenstaande ideeën zijn ook toegepast voor regelaarreductie voor een klas-
se van niet-lineaire geregelde systemen, waarbij opnieuw bestaande technieken
voor regelaarreductie voor lineaire geregelde systemen worden gebruikt. Dit leidt
tot regelaarreductietechnieken die focussen op het benaderen van het gesloten-
lusgedrag of het behoud van prestaties. Deze technieken zijn toegepast in het
ontwerp van een lage-orde regelaar voor de temperatuurregeling in een demon-
stratiemodel van een microlaboratorium, wat relevant is voor vele biomedi-
sche toepassingen. De gereduceerde-orde regelaar die op deze manier is verkre-
gen zorgt ervoor dat het gewenste temperatuurprofiel in het microlaboratorium
nauwkeurig wordt gevolgd.

In tegenstelling tot het eerste deel van het proefschrift, waarin bestaande mo-
delreductietechnieken voor lineaire systemen zijn gebruikt, gaat het tweede deel
over een directe aanpak voor de reductie van niet-lineaire systemen. Hierin wordt
namelijk de methode van incrementeel gebalanceerde truncatie gëıntroduceerd,
welke kan worden opgevat als een uitbreiding van gebalanceerde truncatie voor li-
neaire systemen naar het niet-lineaire geval. Incrementeel gebalanceerde trunca-
tie is gebaseerd op de introductie van twee energiefuncties; de incrementele waar-
neembaarheidsfunctie en incrementele regelbaarheidsfunctie. Een modelreduc-
tieprocedure die is gebaseerd op deze incrementele energiefuncties garandeert
het behoud van stabiliteitseigenschappen en maakt het berekenen van een fout-
grens mogelijk. Daarnaast wordt een alternatief op incrementeel gebalanceerde
truncatie gepresenteerd, welke is gebaseerd op het berekenen van grenzen op de
incrementele energiefuncties in plaats van de incrementele energiefuncties zelf.
Dit vergroot de uitvoerbaarheid van de noodzakelijke berekeningen, maar levert
in potentie een grotere foutgrens en een potentieel minder accuraat gereduceerd-
order model op. In het bijzonder geeft deze methode een efficiënte aanpak voor
de reductie van stuksgewijs affiene systemen.

Samenvattend zijn er verschillende methoden voor modelreductie van (klas-
sen van) niet-lineaire systemen ontwikkeld in dit proefschrift, waarbij specifiek
aandacht is besteed aan het behoud van stabiliteitseigenschappen en de aflei-
ding van foutgrenzen. Een gemeenschappelijk aspect van deze methoden is dat
ze gebruik maken van incrementele systeemeigenschappen.
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