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The figure on the cover shows a vortex tangle that is calculated in a capillary with a diameter 
of 50 µm. In this simulation i1'se = 0 and a parabolic Poiseuille profile is applied for the 
velocity of the normal component with Vit = 31.S cm/ s (see section 4.6). 



1 Genera! introduction 

1.1 Superfluid 4He 

Liquid 4He has a bolling point at4.21 K. Under saturated va por pressure no transition 
toa solid phase occurs when the temperature decreases. However, at the so-called 
lambda temperature T>. = 2.17 K, the liquid undergoes a phase transition. This is 
illustrated in the phase diagram in Fig. 1.1. The liquid at temperatures above the .À
line is called He 1, and behaves as a normal liquid. The phase at lower temperatures 
is called He JI, and is remarkably different. One of the most striking phenomena is the 
frictionless flow of the fluid through narrow capillaries, a property which is called 
superjluidity. Hen is of ten referred to as a quantum fluid, as quantum mechanica! 
effects play an important role. 

40 

Solid He 

:s ) " ..s Meltin 
l:l.. 

20 

Uquid He II 
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00 
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3 4 5 6 
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Figure 1.1: Phase diagram of 4He (from London [ 40]). 

A phenomenological model, accounting for many of the properties of He lI, was 
given by Landau and is called the two-fluid model (see e.g. Landau and Lifshitz [39)). 
The basic assumption is that the liquid behaves as a mixture of two inseparable 
fluids. One of them is the normal component which behaves as an ordinary viscous 
liquid. The other is the so-called superfluid component which has zero viscosity and 

1 
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Figure 1.2: Normal and superfluid fraction Pnl pand Ps/ pas functions of tem
perature T according to Hussey et al. [30]. 

carries no entropy. The total density p of the fluid is the sum of the densities of the 
components 

P = Pn + Ps1 (1.1) 

in which the indices n and s denote the normal and the superfluid component, 
respectively. The normal and superfluid densities are temperature dependent. At 
T>. there is only normal fluid, and for temperature below 1 K the normal fraction 
is less than 1 %. Figure 1.2 shows a plot of the fractions of both components, Pn/ p 
and p5 / p, as functions of the temperature T. The total density is nearly constant for 
temperatures below T>. [30] 

p = 145 kg/m3 (0 < T $ T>.). (1.2) 

The motion of both components is described with two velocities, Ün and Üs. These 
enter the hydrodynamic equations of the fluid. The total mass flux J is usually 
defined as 

in which vis the fluid velocity. For He Il it consists of two contributions 

J = PnVn + PsVs· 

(1.3) 

(1.4) 

In the two-fluid model the superfluid and normal component can be converted into 
each other, but no other interaction is assumed between both components. However, 
this is only true for small velocities. When the values of Ün and Ü5 exceed a certain 
critical velocity, a mutual friction Fsn has to be included. This friction force is attributed 
to an interaction of the normal component with vortices in the superfluid. These 
superfluid vortices play an important role in the hydrodynamics of the fluid. The 
state of the fluid in which vottices are present, is referred to as the superfl.uid turbulent 
state. 

The averaged properties of these vortices have been studied in a large number of 
flow experiments. A review on superfluid turbulence can be found in Tough' s paper 
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Figure 1.3: Results of a counterflow experiment with a circular tube (diameter 
d = 1 mm and length 10cm)at1.6 K (from Martin and Tough [42]). The vortex 
line density L is plotted in the dimensionless form L112d as a function of the 
velocity îlils· Two critica! velodties vel and Vc2 separate a laminar state and the 
two turbulent states Tl and TIL 
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[64]. He distinguishes a laminar flow state and a number of turbulent states. In 
counterflow experiments the net flow J is zero, which implies, acoording to Eq. (1.4), 
that V'n and V's are in opposite directions. The ratio between these velodties depends 
on the ratio between the densities of the superfluid and normal fraction. When the 
temperature is constant, this ratio is constant and the flow can be characterized by 
only one parameter. A common choice is the difference velodty iîns, which is defined 
as 

(1.5) 

Figure 1.3 shows reswts of a oounterflow experiment with a circular tube at 1.6 K 
The vortex line density L is measured as a function of the velocity Vns· For small 
velocities Lis zero. In this region there is no mutual friction. The flow of the normal 
fraction is laminar and the superfluid velocity has a flat profile. Above Vct vortex 
lines are present. This is the first turbulent state indkated with Tl. At vc2 another 
sudden increase of the line density is observed. Above this velocity the flow is in 
the Tll state. 

A more recent review on superfluid turbulence can be found in chapter 7 of 
Donnelly's book [19]. Figure 1.4 illustrates that it is not sufficient to take only Üns 
into account. This figure shows at what velocities the onset of turbulence occurs 
when V's and ~ are varied independently. Furthermore several turbulent states can 
be distinguished. 

1.2 3He-4He mixtures 

The bolling point of the isotope 3He is 3.2 K. Superfluidity in 3He occurs at tem· 
peratures below about 3 m.K. A 3He-4He mixture is a mixture of normal fluid and 
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Figure 1.4: The transition from laminar to turbulent flow in the fin·iîs plane at 
1.6 K (adapted from Courts and Tough [16], see also Donnelly [19]). 

superfluid at all temperatures reached so far. At temperatures above 1 K three com
ponents have to be taken into account: 3He, which is normal, and the normal and 
superfluid component of 4He. Below approximately 0.7 K the normal fraction of 4He 
can be neglected in the hydrodynamic equations and only 3He and the superfluid 
4He fraction play a role. 

3He.4He mixtures between 10 mK and 200 mK have been a research topic in the 
Eindhoven Low Temperature Physics group for many years. Experiments in 3He 
circulating dilution refrigerators [11, 12, 14, 15] showed that for small velocities the 
mutual friction force between 3He and 4He is zero and the Mechnnical Vacuum Model 
[32] can be used to calculate the hydrodynamic properties of the mixtures. Similar to 
the situation in Hen, this model is no longer valid when the velocities are larger than 
a certain critical velocity. Kuerten [34, 35] extended the model with mutual friction, 
which is again attributed to the interaction of the 3He with superfluid vortices. 

Zeegers [73, 74] systematically investigated this mutual friction and measured the 
critica! velodties for a large number óf flow impedances. In these experiments 3He 
flows through superfluid 4He in a flow impedance. As an example Fig. 1.5a shows 
an analysis of data from an experiment with a circular flow impedance. The quantity 
r' is related to the chemica! potential difference across the tube (see section 2.6). In 
the figure r' d is plotted as a function of vd in which v is the average 3He velocity 
and d is the diameter of the tube. Por small v the Mechanica! Vacuum Model can be 
used and r' = 0. For v > 5 cm/ s, 6µ4 is nonzero (f' > 0) and mutual friction has 
to be taken into account. Zeegers also investigated flow channels with an annular 
cross-section. An example is given in Fig. 1.Sb. Por this channel d is the width of 
the slit. The remarkable result was that no critical velocities were observed in these 
annular channels. 
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Figure 1.5: Plot of r' d (see section 4.5) as a function of vd for the experimental 
data of Zeegers et al. [74] with 3He-4He mixtures at 46 ml<. In (a) 54 parallel, 
circular tubes with d = 0.29 mm are used, and in (b) an annular channel with 
D = 7.86 mm and d = 0.10 mm. These results are discussed in sections 2.6 
and4.5. 

1.3 Superfluid vortices 

Por low temperatures the thermal de Broglie wavelength in helium is comparable to 
the interatomic distances. Therefore one may expect that quantum mechanics plays 
an important role in a microscopie theory of superfluidity. Por a boson system like 
4He Base-Einstein condensation is possible. This means that a macroscopie number of 
particles occupies the lowest energy level (the condensate). The superfluid fraction 
represents the part of the fluid that is in the ground state, and the normal fraction 
consists of the thermal excitations (phonons and rotons). 

The two-fluid model basieally introduces an extra macroscopie variable v5• Quan
tum mechanics are added by the work of Onsager [45] and Peynman [20]. They 
proposed the quantization of the superfluid circulation f 5 , which is defined as 

(1.6) 

in which the integral can be along any closed contour in the superfluid. lts value is 

fs = nK, (1.7) 

where nis an integer and K is the quantum of circulation 

(1.8) 

In this equation h is Planck's constant, and m4 is the mass of a 4He atom. 
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For a theoretica! description a macroscopically occupied quantum state '1i is 
introduced [40]. This quantum state is normalized so that 

'1i'*W = Ps· 

The most genera! form for the complex function w is then 

w = ..;;;; ei'", 

(1.9) 

(1.10) 

in which the phase </> is a real function of space and time. Applying the Madelung 
transformation (see e.g. Putterman [48]) leads to an expression for V's 

V's= ~V</>. (1.11) 
m4 

From this equation it follows directly that the superfluid flow is irrotational 

V Xv5 =0. (1.12) 

The quantization of the circulation is also a result of Eq. (1.11). In the superfluid, 
that may be confmed to a multiply-connected region, the wave function w must 
be single-valued. Therefore, the change in </> along a dosed contour can only be a 
multiple of 211" 

j Vr/> • df = 2mr. (1.13) 

Equation (1.7) follows from this equation after substituting Eq. (1.11). 

One may condude from Eq. (1.12) that no vorticity can exist in the superfluid. On 
the other hand, Eq. (1.7) with n ::j:. 0 allows the presence of circulation. Superfluid 
vortices have to fulftl both conditions. By assuming a hollow core, e.g. by assuming 
that Ps = 0 in a region of the vortex core, V's is unde.fined in that core and Eq. (1.12) 
can still be satisfied in every point outside this core region. This is basically the 
vortex model proposed by Feynman [20]. In this model the vortices are be treated as 
thin lines around which the fluid rotates. The diameter of the core ao is in the order 
of atomie length scales. 

For the understanding of the mutual friction these vortices play an essential 
role. Based on the experimental and theoretica! work of Hall and Vmen [25, 26] the 
mutual friction between the normal and superfluid component is attributed to an 
interaction of the normal component with the superfluid vortices. Knowledge of the 
microscopie and mesoscopic behavior of the vortices can provide an understanding 
of macroscopie properties like the mutual friction force. 

This knowledge can be acquired from the reconnection vortex-tangle model, which 
is introduced by Schwarz [56, 57]. This model is discussed in the chapters 2 and 3. 
Basically it gives a method to calculate the motion of each point on a vortex. By per
forming these calculations numerically, one can simulate the motion of the vortices 
under certain flow conditions in a chosen geometry. His calculations show that the 
vortices evolve into a complex structure, a tangle (see Fig. 1.6). This structure changes 
continuously, but af ter some time a dynamical equilibrium is reached. This means 
that quantities like e.g. the total vortex line length do not change systematically 
anymore, but fluctuate around an average. 
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Figure 1.6: Example of a vortex tangle calculated by Schwarz [57]. The motion 
of the vortices is simulated in a cubic volume. 
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Note that in the reconnection vortex-tangle model no creation of vortices is in
cluded. That means that the simulations always start with some chosen initia! vortex 
configuration. In an experiment this initial configuration may consist of remanent 
vortices that are found in Hen at rest (see Awschalom and Schwarz [6]). 

In these simulations and in the experiments mentioned so far, the collective 
behavior of many vortices in a tangle is studied. There are cases in which the motion 
of a single vortex is important. The velocity of vortex rings e.g. was studied by 
Rayfield and Reif [49]. Their results are used in section 2.3.1. 

More recent are the experiments of Avenel and Varoquaux (see e.g. [4, 68]). 
In their experiments, in which superfluid 4He or superfluid 3He flows through 
a small aperture, they observe events, in which discrete amounts of energy are 
dissipated. Theypresent a model in which this dissipation is related to the nucleation 
of small vortex rings [31, 69]. The motion of this vortex ring after the nucleati.on is 
of importance in this model. 

1.4 About this thesis 

Schwarz' reconnection vortex-tangle model is a tool for the research described in this 
thesis. It is based on the hydrodynamic theory of the flow in HelI and in 3He-4He 
mixtures. This theory is dealt with in chapter 2. It includes the equation of motion 
of the vortices and some approximations, that can be used to simplify the numerical 
calculation of this motion. 

In chapter 3 the numerical considerations are discussed. An important part of 
this chapter deals with the stabillty of the algorithm. We discuss the choice of a 
stable and accurate algorithm to solve the equation of motion. An algorithm is 
implemented which has a better stabillty than Schwarz' "hopscotch" method. 

Results of vortex tangle simulations are presented in chapter 4. We compare our 
results of flow in an infinite fluid and in square tubes with Schwarz' results. Next a 
number of other geometries and flow conditions are investigated like annular and 
circular tubes. In the latter the velocity profile of the flow in the tube is varied. The 
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results are compared with experimental data. 
In chapter 5 the main results are summarized and some suggestions for future 

research are given. 

Our simulations are carried out on a local workstation, an IBM RS/6000 model 
320, and on a supercomputer, a Cray Y·MP. The performance of the workstation is 
rated at 7 Mflops (LINPACK test). The peak performance of the supercomputer is 
about 300 Mflops per processor. 



2 Theory of superfluid vortices 

2.1 Introduction 

This chapter deals with the equation of motion of the superfluid vortices. From this 
motion many properties such as the mutual friction force can be calculated. In the 
first part of this chapter the hydrodynamics of superfluid helium are summarized. 
Expressions for the flow of the normal and superfluid fraction in the absence of vor
tices are given. Next the changes in the flow field are discussed, that have to be taken 
into account when vortices are present. A large part of this chapter deals with the 
equation of motion of the vortices. Boundary conditions and the interaction with the 
normal fraction are included. The so-called local approximation is discussed, which 
is very useful in the numerical calculations. Finally some macroscopie properties of 
the vortices are mentioned. 

2.2 Hydrodynamics in superfluid helium 

2.2.1 The Euler equations 

Superfluid helium shows a number of similarities with a classical ideal fluid. Such 
an ideal fluid, in which thermal conductivity and viscosity are negligible, can be 
described with the Euler equations (see e.g. Landau and Lifshitz [39] and Putter
man [48]). There five independent variables play a role. A possible set for these 
variables consists of the mass density p( ;, t), the specific entropy s(;, t), and the three 
components of the velocity ü( r, t). 

The conservation of mass is expressed in the equation of continuity 

8P v " o {)t + •pv= . 

Applying Newton's law toa continuum gives 

dü " 
Pdt =-Vp+pF, 

in which the substantial derivative is defined as 

~ = ~+(v·V) dt-at · 

9 

(2.1) 

(2.2) 

(2.3) 



10 Chapter 2. Theory of superfluid vertices 

The other symbols in Eq. (2.2) are p for the pressure in the fluid and F for the external 
force per unit mass. Equation (2.2) can be rewritten as a momentum conservation 
law, which is in the absence of an external force (F = 0) 

aj -
8t +'\7P=O, (2.4) 

in which the mass flow J has been defined in Eq. (1.3) as 

J= pv, 

and the stress tensor P is defined as 

P;; = pê;; + pv;-u;. (2.5) 

In an ideal fl.uid the motion is adiabatic throughout the fl.uid. Therefore the entropy 
is conserved 

8ps T'7 _ 
0 -+ v ·psv= . 

éJt 
(2.6) 

Equations (2.1), (2.2) and (2.6) give five equations for the five independent variables. 
In combination with an equation of state, which e.g. gives the pressure as function 
of the density and specific entropy (p = p(p, s)), they determine the state of an ideal 
fluid. 

For later use we define the drculation around a closed contour in the fluid, which 
is equal to the integral 

(2.7) 

taken along that contour (compare with Eq. (1.6)). For an ideal fluid one can prove 
Kelvin's theorem, which states that the drculation is conserved [39] 

ctr _
0 dt - . (2.8) 

The time derivative is a substantial derivative, which means that the drculation 
around a contour is constant as it moves along with the fluid. 

2.2.2 Hydrodynamics without vortices 

As stated brie.fly in chapter 1, the two-fluid model can be used in many cases to 
describe the hydrodynamics of superfluid 4He, e.g. when there is no interaction 
between the two components (see e.g. (39] or [48]). Now eight variables are needed 
to describe the fluid. One way to choose these variables is to take the density p, the 
specific entropy s and separate velodties for the superfluid and the normal fraction 
V's and tÏn. We already mentioned that the total density is the sum of the densities of 
the fractions (Eq. (1.1)) 

P = Pn + Ps1 
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and the mass flow is extended to include both fractions (Eq. (1.4)) 

7 .... ... 
J = PnVn + f'sVs• 

Using this equation we can write for the conservation of mass 

ap ...., - ...., - o 
{jt + v • PsVs + v • PnVn = · (2.9) 

When we ignore any dissipative processes, the entropy of the fluid is conserved. 
The superfluid carries no entropy, so Eq. (2.6) changes into 

fJps ...., - 0 Tt + v • PSVn = . (2.10) 

We now need two sets of equations for both velocities. According to Landau the 
acceleration of the superfluid is related to the chemica! potential per unit mass µ 

dsvs 
dt=-Vµ, 

in which the substantial derivative is defmed as 

ds =: ~ + ( V5 • V) 
dt Qf I 

(2.11) 

(2.12) 

In the absence of extemal forces, the conservation of the total momentum leads to 
the analogue of Eq. (2.4) 

(2.13) 

but now the mass flow J is given by Eq. (1.4) and the stress tensor P includes terms 
from the normal and from the superfluid component 

Pij = pÓ;j + PnVn,iVn,j + PsVs,iVs,j • (2.14) 

Equations (2.9), (2.10), (2.11) and (2.13) are eight equations for the eight variables in 
the two-fluid model. They give a complete description of the fluid in combination 
with the equations of state for Pn1 p, and µ. These equations of state are in He Il 
functions of p, s, and (ÏÏn - v5 )2. The latter quantity is invariant under a Galilean 
transformation. 

The genera! equations of the two-fluid model are rather complicated. It is often 
possible to simplify them. When we take Ps1 Pn1 and s constant, we can write [48) 

(2.15) 
(2.16) 

(2.17) 

(2.18} 
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In this description no dissipation is included, which means that e.g. the viscosity of 
the normal component T/n is neglected. It can be induded in the approximation of 
Eq. (2.15)-Eq. (2.18) by adding the viscous stress term in Eq. (2.17) [48] 

(2.19) 

in which T/n is the viscosity of the normal fraction. Equation (2.18) is unchanged, 
which means that the superfluid fraction is still treated as an Euler fluid in this 
approximation. 

Supplemented with boundary conditions Eqs. (2.15), (2.16), (2.18) and (2.19) pro
vide a model, with which iin and iis in e.g. a tube geometry with solid walls can 
be calculated. When there is no heat exchange through the wall, the flow of the 
norm.al fraction obeys the no-slip condition, meaning that iin = 0 at the wall. For the 
superfluid fraction only the component of v5 perpendicular to the wall is zero 

iis.L = 0. (2.20) 

The component of iis parallel to the wall can be nonzero. 
The boundary condition for iis may be questioned as Ps drops to zero at the wall 

and v5 is undefmed. This is a consequence of the quantum mechanical description of 
the superfluid. The superfluid wave function w changes from its bulk value to zero 
at the wall on the length scale of the coherence length [21]. For temperatures not 
too close to T>. this length is in the order of atomie length scales. This is very small 
compared with the macroscopie length scales that play a role in the hydrodynamics 
and we therefore use a finite value of iis at the wall. 

2.2.3 Hydrodynamics with vortices 

We recall from chapter 1 that the superfluid flow is irrotational (Eq. (1.12)) 

Vxv5 =0. 

Furthermore we stated that vortices can be present in the superfluid. To avoid 
conflicts with the condition of irrotational superfluid flow (Eq. (1.12)), the superfluid 
density is assumed to decrease to zero in the vortex core. The core radius a0 indicates 
the length scale on which Ps drops to zero and is related with the coherence length. 
For temperatures below 2 Kit is weakly dependent of the temperature. For T < 2 K 
its value is in the order of [7] 

ao = 10-10 m. (2.21) 

The circulation around these vortkes is quantized (Eq. (1.7)) 

fs = n1', 

in which " is the quantum of drculation (Eq. (1.8)). When we consider an isolated 
vortex line along the z-axis, the fluid rotates around the vortex with a velodty 

.... nx _ 
Vs = 211"r ee, (2.22) 



2.2. Hydrodynmnics in superfluid helium 13 

in which r is the distance to the vortex line and ê11 is a unit vector in the tangential 
direction. The energy of this flow is calculated by integrating the ldnetic energy 
density !Psv; of the flow around the vortex. The result for the energy per unit length 
of the line is 

E= n2~Ps in!!.., 
4r ao 

(2.23) 

in which dis the range of the velocity field of the vortexline. It can be the radius of the 
4He container or the distance between vortices. With this equation we can compare 
the energy of systems, in which the vortidty is concentrated in a few vortices with 
n > 1, with a system with an equal amount of vortidty, in which only vortices with 
n = 1 are present. The latter is energetically more favorable (see e.g. Donnelly [19]). 
We therefore assume n = 1 in the remainder of this thesis, which means that the 
drculation has the same value for all vortices. 

Using the properties of the vortices they can be treated as line vortices with a 
constant strength Crs = n) and constant core diameter (Eq. (2.21)). The position of 
the core t is written as a time dependent parametric expression 

s= s({,t), (2.24) 

in which { is a parameter that indicates the position of a point on the vortex. A 
vortex line cannot terminate in the fluid. When we consider fs along a contour just 
outside the vortex core and the vortex terminates in the fluid, we can use Stokes' 
law to transform the line integral in Eq. (1.6) into 

(2.25) 

The surface integral goes over a surface, that is spanned by the contour and is just 
outside the vortex. The vector ëJ. is a unit vector perpendicular to this surface. As 
the flow is irrotational outside the vortex core, rs is zero, which is in contradiction 
with the assumption of a vortex being present. So a vortex must be either a closed 
curve or it starts and ends on a boundary. 

The fluid velocity is very large near the vortex core. Substituting a0 of Eq. (2.21) 
in Eq. (2.22) with n = 1 gives 

V's(r = ao) i:::l 160m/s. (2.26) 

In an incompressible (Eq. (2.16)) and irrotational (Eq. (l.12)) fluid it is possible to 
cakulate the velocity in any point r outside the vortex core from the position sof the 
vortices by using a Biot-Savart like equation (see e.g. Lamb [38, Art. 148]). Applying 
this equation to superfluid helium gives 

... ( ... ) ... ... n j (t1 - r) x ds1 
Vs r = Vse + Vsb + 4 1... ... 13 , 

re s1-r 
(2.27) 

where the integral is to be taken over all vortex lines. The velocity vse is the con
tribution to the superfluid velocity which is not due to vortices, as discussed in 
section 2.2.2. Ina confmed geometry the boundary conditions (see e.g. Eq. (2.20)) 
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Figure 2.1: lliustration of phase slip (after Anderson [2] and Donnelly (19]). The 
position of a straight vortex line is drawn at three different times. Two paths 
C and C' are drawn along which the phase difference between two points P1 
and P2 is cakulated. When the vortex crosses the channel this phase difference 
changes by 2ir. 

give rise to the ''boundary" term Vsb· This iis1> is chosen in such a way that V's satis
fies the requirements for incompressible and irrotational flow and for the boundary 
conditions. According to its definition Üse satisfies these boundary conditions, but 
in general the integral in Eq. (2.27) does not. The calculation of Vsb is discussed in 
section 2.3.2. 

Anderson [2] considered the motion of vortices in a channel and introduced the 
notion of phase slip. In Fig. 2.1 a vortex line is drawn that crosses a channel. At 
time to the vortex is at the left wall and we use path C' at the right of the vortex to 
calculate the phase difference l::.t/> between the points P1 and P2• At t2 the vortex is at 
the right wall and we must use path C at the other side of the vortex. At t1 both paths 
are drawn in Fig. 2.1. The phase differences along both paths differ by 271' which is 
the phase difference around the vortex. So when one vortex crosses the channel, ó.ef> 
changes by 2r.. More general, when v vortices cross per second, we can write 

dt:..t/> dt =271'11. (2.28) 

For irrotational flow Eq. (2.11) can be rewritten as 

8vs 1 2 8t = -'\7(µ + 2vs) • (2.29) 

This equation is satisfied when vis related to the difference in the chemical potential 
between the points P1 and P2 as [48] 

m4( 12 12) v = h µ2 + 2v$2 - µi - 2vs1 • (2.30) 

In many experimental cases the v! terms can be neglected, so 

(2.31) 
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In the derivation of Eq. (2.30) the relation between V's and ef> in Eq. (1.11) is used. 
Equations (2.30) and (2.31) give a relation between the chemical potential difference 
in the fluid and the motion of the vortices. In the next section this motion of the 
vorti.ces is discussed. 

2.3 Equation of motion of the vortices 

2.3.1 Self-induced velocity 

From Kelvin' s theorem (Eq. (2.8)) itfollows that the vortices move with the superfluid 
velocity at the position of the vortices. According to Eq. (2.27) this velocity is the sum 
of the macroscopie velocity iise, the boundary term vsb, and a so-called self-induced 
velocity ii's1, which results from the presence of the vortices 

Vsi = ii'se + Vsb + vs1, (2.32) 

The symbol ii's1 is usèd to distinguish this velocity in a point on a vortex from V's, which 
is the velocity in any point of the fluid as e.g. in Eq. (2.27). It is not possible to use 
the integral of Eq. (2.27) to calculate ii's1, as this integral diverges when rrepresents a 
point on a vortex. Classically this problem can be solved by taking the structure of 
the vortex core into account. 

Lamb [38, Art. 163] calculates the self-induced velocity iir of a vortex ring from 
the total energy and impulse of this system. When ii'se = 0 and Vsb = 0 the ring moves 
in the direction perpendicular to its plane. The velocity depertds on the radius Rt of 
the vortex ring and the core radius ao. His calculations are for a so-called Rankine 
vortex in which the vorticity is uniform in the core (e.g. the core is in a solid-body 
rotation). Saffman and Moore [44, 51, 52] extend this analysis fora more genera! 
structure of the core. Their result for the self-induced velocity of a point 8 on a vortex 
is similar to the integral in Eq. (2.27) in which F, which refers to a point outside the 
vortex oore, is replaced by s 

"(")- ~/ (s1-s) x dSi 
Vst 8 - 4 ," "13 • ?!' s1 -s c, 

(2.33) 

The notation Cs means that an element of length Son each side of sis excluded from 
the integral. This way the integral does not diverge. The cutoff length S is in the 
order of the core radius a0 and is given by 

2ê 
In-= Cs· ao 

(2.34) 

The constant Cs depends on the internal structure of the core. For a hollow vortex 
core Cs = !, and for a Rankine vortex 

(2.35) 

The latter value is used for superfluid vortices as it agrees best with experimental 
results (49). 
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Figure 2.2: The velocity of a point sof a vortex ring can be calculated from a 
local contribution from two neighboring pieces with lengths s+ and s_, and a 
nonlocal part from the remainder of the ring (</J+ and <P- are the corresponding 
angles). 

For the ring vortex the integral of Eq. (2.33) can be calculated analytically and 
gives 

- /\, In( 6 ) -Vr = - 47r Rr tan 4Rr el., (2.36) 

in which ë l. is a unit vector perpendicular to the plane of the ring. For ao ~ Rr we 
can approximate 

6 6 
tan 4.Rr ~ 4.Rr , (2.37) 

and after using Eqs. (2.34) and (2.35), the velocity of the vortex ring is 

(2.38) 

which is equal to Lamb's result [38, Art. 163]. 

A numerical integration of Eq. (2.33) is not so easy as rather small length scales 
are important for the integral. The approach Schwarz [56] uses to calculate the Biot
Savart integral, is more suited for a numerical treatment (see section 3.3). He also 
excludes a so-called local part from the integral. For a ring vortex this is illustrated 
in Fig. 2.2 by two small pieces with lengths s+ and s_. In contrast to the analysis 
of Saffman and Moore these lengths s+ and s_ are in general much larger than a0• 

The self-induced velocity is now split in contributions from this local part of length 
s+ +s- and from the nonlocal part, which is the remainder of the ring 

(2.39) 
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Both Vi. and V'ni can be calculated with the Biot-Savart integral. For ~ the integral is 
to be taken over the local vortex segment with length s+ +s- with the exclusion of a 
length 26 (compare with Eq. (2.33)). The result for the nonlocal part is 

" K', J (s1 - s) x dSi 
Vnl.= 4r ls1 - sf~ 

C! (2.40) 

= - 8: Rt ln[tan(l<P+) tan(!<P-)] ê.1.. 

The accent in C/ indicates the exclusion of the local part in the integral and the angles 
</>+ and t/J- are related to the size of the local part as illustrated in Fig. 2.2. By using 
the approximation of Eq. (2.37) and by combîning Eqs. (2.38), (2.39) and (2.40), we 
can write for the local part 

" K', (In 2 J8+8'=" 1)" vi = -- - - eJ.. 411'Rt ao 4 
(2.41) 

When the size of the local region s+ + s_ is decreased, the local contribution ~ 
decreases and the nonlocal part ii'ni increases. However, the sum Vi. + ii'ni does not 
change as long as s+ and s_ remain between reasonable limits. A lower limit is set 
by the core radius ao. An upper limit follows from Eq. (2.37), as this approximation 
is only valid for </>: «: 1. Even though the local part is only a small part of the total 
ring, the contribution of vi to vr is relatively large. The ratio 

In 2,/•+•- 1 
Vj -, 

Vr = inMl_! 
ao 4 

(2.42) 

is 55% for Rt = 10 µmand s+ = s_ = 0.1 µm. This is discussed in more detail in 
section 2.4. 

The local term is independent on the remainder of the vortex, so we can use this 
result to calculate the self-induced velodty for any vortex structure. In that case 
we need an expression for the vector ë J.· This can be derived from the first and 
second spatial derivatives s' and s" of the parametric description S'(e) of the vortex 
(Eq. (2.24)) 

(2.43) 

(2.44) 

When the parameter Ç is the so-called natural parameter or are length, these expres
sions simplify to 

", ds 
s = dÇ 1 

"11 d2s 
s =de2" 

The first derivative is a unit vector 

Is'!= 1, 

(2.45) 

(2.46) 

(2.47) 
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0 

Figure 2.3: lllustration of the first and second derivative s' and 811
• The vector 

product s' x 8 11 is a1so drawn and is local perpendicular to the plane of the 
vortex. 

and the length of the second derivative is the inverse of the local radius of curvature 
R 

18"1 = R-1. (2.48) 

For later use we mention some other properties of the first, second and higher 
derivatives that can be derived from the definitions in Eqs. (2.43) and (2.44) 

s'. s" =O, 
i'. ;111 = -R-2. 

(2.49) 
(2.50) 

In Fig. 2.3 is illustrated that s' is along the tangent and i" is pointing along the 
principal normal. The vector product 81 x 811 is along the binormal and its length is 

Is' x s"I = R-1 
• (2.51) 

This means that we can write 

ë J. = R s' x s" . (2.52) 

A genera! expression for the local part of the self·induced velocity can now be 
calculated by substituting this expression in Eq. (2.41), in which the radius Rr is 
replaced by the local radius of curvature R. Adding the nonlocal integral gives the 
velocity of the vortex 

_ _ _ " /Ç 1 2vs:;:s:. ", " 11 /Ç J (81 - s) x ds1 c2.s
3
) 

Vst - Vse + Vsb + 4 n . 114 s X s + 4 1" "13 • 
7r e ao 7r c.1 si - s 

The boundary term Vsb is discussed in section 2.3.2. As stated before the sum of the 
local and the nonlocal parts is practically independent of the particular length of the 
local part as long as s+ and .s_ remain between reasonable limits 

ao<~cR. ~~ 

In numerical cakulations Eq. (2.54) is satisfied by taking the size of the local part 
about one order of magnitude smaller than the local radius of curvature. This gives 
accurate results with a reasonable number of calculations. 
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Figure 2.4: The boundary condition requiring zero perpendicular flow at the 
wall can be satisfied at a smooth flat wall by using mirror vortices. In this figure 
that is illustrated fora single vortex. The perpendicular velodty in any point at 
the wall induced by a point S on this vortex is opposite the velodty induced by 
the mirror point Sm. 

· 2.3.2 Boundary conditions 

19 

In section 2.2.2 boundary conditions for ti's were discussed. Por a thermally isolating 
wal! the component of the superfluid velocity perpendicular to the wall V's.L must be 
zero (Eq. (2.20)) 

t1s.L = O. 

In section 2.2.3 Eq. (2.27) for the superfluid velocity 

-c-) - - K, f (81 - r) x d8i Vs r = Vse + Vsb + 4 
1
_ _13 / 

11'c s1 -r 

includes a ''boundary'' term Vsb which is chosen in such a way that V's satisfies the 
boundary conditions. The term V'se is the solution in the absence of vortices and 
satisfies already the boundary conditions. In general the term due to the vortices 
violates this requirement, so Vsb is taken in such a way that 

_ K J (81 - r) x ds1 
Vsb + -4 1- -13 11' St -r 

t: 

also satisfies the boundary conditions. 

In the case of a flat smooth wall we can construct Vsb by using mirror vortices, 
of which the orientation is opposite to the orientation of the original vortex. This 
is illustrated in Fig. 2.4. We can now use a Biot-Savart expression to calculate the 
induced velocity of these mirror vortices in the fluid 

" (-) _ .!:... J (11 - r) x ds1 ,2.ss> 
Vsb r - 4 1- -13 ' 

11'Crn s1-r 

where Cm indicates that the integral is over all mirror vortices. 
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(a) (b) (c) 

Figure 2.5: Cross-sections of tubes that are used in this thesis. The z-axis is 
chosen along the tubes and the cross-sections are in the :i:y-plane. We distin
guish: (a) parallel plate geometry, (b) square or rectangular cross-section, and 
(c) circular tubes. Note that the parallel plate geometry extends infinitely in the 
y-direction. 

This analysis with one flat wall can be extended. In e.g. a "parallel plate" geom
etry {see Fig. 2.5a} two parallel flat walls are present. The boundary conditions can 
be satisfied by mirroring each vortex in both walls. Also the mirror vortices must be 
mirrored in the opposite wall. So each point S on a vortex has an infmite number of 
mirror points in the x-direction. A similar procedure can be used for a tube with a 
square or rectangular cross-section (Fig. 2.Sb). Again all vortkes and mirror vortices 
are mirrored in the jour walls in order to assure Vs.L = 0 at these walls. The mirror 
points of a point S are now in both the x- and y-direction. 

In our simulations we also used tubes with a circular cross-section {Fig. 2.Sc). In 
that case it is more complicated to calculate Vsb· An example of such a cakulation 
can be found in van Vijfeijken et al. [70]. They consider a vortex ring with radius R-r 
that is positioned inside a tube with radius d. The ring and the tube are centered 
around the z-axis. They introduce a distribution of vorticity covering the wall of the 
tube r w, that can be written as 

rw(r,z) = ~ó(r-d)J(z), (2.56) 

in which rand z are polar coordinates, dis the radius of the tube, and /(z) is a 
distribution function that is determined from the boundary conditions. The result 
is a rather complicated function that also depends on a0, R-r, and d. It can be 
approximated in some special cases, e.g. when the ring is close to the wall. In that 
case Vsb near the vortex is comparable to the velocity induced by a mirror vortex. 
This approximation is used in section 2.5. 

The boundary conditions for smooth walls allow vortkes to be attached to a wall. 
The vortex is locally perpendicular to the wall. This is not required for the boundary 
conditions, but is to avoia a discontinuity in the spatial derivative 81 at the wall. 

In experiments the surface of the walls is not perfectly smooth1 especially not 
on the length scale of the core diameter. Schwarz [56] showed how the motion 
of the vortices is changed due to surface roughness. He calculated the motion of 
a vortex near a hemispherical protrusion on a flat wall. The vortices undergo a 
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complicated process of pinning and depinning at these sites, which can be modelled 
in the simulations. Recently Tsubota and Maekawa [67] investigated the pinning 
and depinning of two vortices at such a pinning site. 

In all geometries discussed in this thesis the fluid is unbounded in one or more 
directions. Por tubes with a rectangular or clrcular cross--section there is no wall in 
the direction of the flow (along the z-axis in Fig. 2.5b and c). In the parallel plate 
geometry the :fluid is also unbounded in the direction of the y-axis in Fig. 2.5a. In all 
these cases the vortex motion is simulated in a finite volume, and when necessary, 
periodic boundary conditions are applied. Thatmeans that the flow field is assumed 
to be periodic 

V's(z) = iis(z+l), (2.57) 

with period l = Zmax - Zmln where zm1n and zmax are the bounds of the volume. In 
terms of vortices this condition is satisfied by assuring that the vortex configuration 
at z = Zmln is equal to that at z = Zmax· In other words: a vortex segment that leaves 
the volume on one side, enters on the opposite side with the same direction ($'). 

2.3.3 Friction force 

In genera! there will be forces acting on the vortex core and as a result the vortex will 
move with a velodty different from iisi. Based on the experimental and theoretica! 
work of Hall and Vmen [25, 26), we distinguish a friction (or drag) force Ïo and a 
Magnus force /M.. Their model was originally developed for uniform.ly rotating He Il, 
in which the vortices are in an array of rectilinear lines. Later it is also applied toa 
more general case in which the vortices are curved, provided the radius of curvature 
is not too small (R ~ ao), see e.g. Vmen [71) and Schwarz [53]. 

The friction force results from the interaction between the nonnal component and 
the vortex. This force is effective only perpendicular to the vortex line and can be 
split into two components perpendicular to 81

• lts size depends on the difference of 
the velocity of the normal component ii'n and the velocity of the vortex iii. Following 
Donnelly [19] we write 

... _, 1-1 (... - )] ·' ... , ... -fo =-"{os x s x Vn -VI. + ros x (vn - VI.), (2.58) 

in which the friction coefficients îo and 1o are temperature dependent parameters 
determined experimentally. When the vortex moves with a velocity Vi. different from 
the local superfluid velocity ii's1, a Magnus force is present [26] 

k. = PsKS1 
X ( Vi. - iis1). (2.59) 

Fora massless vortex core the sum of the forces /o + k. should be equal to zero 

PsKS
1 X [(VL - ii's1) - '}'() S1 

X (iin - ii'i.) + îb (vn -Vi.)) = 0 • (2.60) 

This equation is satisfied when the term in square brackets is equal to zero or in 
the direction of i'. As a motion of a point along the vortex has no influence on the 
vortex, we can write [53] 

- - ... , c- ... ) '(" - ) VI..=vsi+as X Vn-Vsl -a Vn-Vsl. (2.61) 
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Rr 

<P 

Figure 2.6: A vortex ring in a nonnal flow field. The angle between V'n and i\. is 
9. The size and the orientation of ring change when there is friction (see text). 

The parameters a and cl are related to 70 and ïÓ and can be calculated by substituting 
Eq. (2.61) into Eq. (2.60) 

a = 16 + bó - KPs)2 ' 

1 ro + î'Ó (î'Ó - Kps) 
a = ro + (î'ó - KPs)2 

At T = 1.6 K experimental values are, according to Barenghi et al. [7] 

a=0.098, 

ci=0.012. 

(2.62) 

(2.63) 

(2.64) 

(2.65) 

Substituting Eq. (2.61) into Eq. (2.58) gives an expression for the drag force in ii'n -V'si. 
After rewriting Eqs. (2.62) and (2.63) into expressions for 10 and î'Ó in a and a', the 
resultis 

- -1 [-1 (... - )] I -1 ... -fD = -OPsK.S X S X Vn - Vsl - 0 PsKS X (Vn - Vst) • (2.66) 

The motion of any vortex structure can be calculated by substituting Vsi from Eq. (2.53) 
into Eq. (2.61). 

We will now discuss the influence of friction on a vortex ring. The contribution 
of the the self-induced velocity of a vortex ring ii'r (Eq. (2.38)) keeps the size and 
orientation of the ring constant. The velocity of a segment of the ring Vi. is calculated 
by substituting V'r for V's1 in Eq. (2.61). In this example V'r is taken along the z-axis and 
ii'n is in the yz-plane. The orientation of the ring is shown in Fig. 2.6. We can write 

Vn = VnSinOëv+VnCOSOë". (2.67) 

With iÏr = vrë" we get 

- - + ( (J ) - • (J • ,.1. - '(- - ) VI. = tlr 0 Vn COS - tlr er - OVn Sln Sln '!' ez - 0 Vn - t/r / (2.68) 

in which ër is a unit vector in the radial direction in each point of the ring and </> 

is the angle between ër and ë". The first and the last tenns have the same value in 
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every point on the ring and merely result in a translation of the ring. The terms with 
a, however, depend of the position on the ring. They cause changes in the size and 
orientation of the ring expressed by [53] 

dRt-dt = a( Vn cos() - Vr), . (2.69) 

d() avn sin() 
dt = - Rt (2.70) 

in which Vr depends on Rt- (Eq. (2.38)). · Equation (2.69) shows that the rings can 
shrink or grow. Small rings have a large self-induced velodty and the rings shrink if 
Vr > Vn cos fJ. When Vr < vn cos fJ the rings grow. Equation (2.70) expresses that rings 
rota te in such a way that the angle between iîr and iîn decreases. 

In a vortex tangle we can apply these equations locally. Regions with a small 
radius of curvature or with a self-induced velocity opposite to V'n shrink. This way 
the friction promotes larger radii of curvature and polarizes the orientation of the 
vortices in the tangle . 

. 2.4 The local approximation 

In principle the motion of vortices can be calculated from Eq. (2.61) and Eq. (2.53), 
but this is a tedious cakulation even for a moderate number of vortices, as the 
velodty in each point has contributions from all other points. In many cases the 
largest contribution to the self-induced velodty V's1 comes from the part of the vortex 
in the neighborhood of the point of interest. In Eq. (2.42) this was shown for the 
local contribution to the velodty of a ring vortex. 

·To illustrate this in a more genera! case we look at the self-induced velodty Vsi 
of point A in the ellipses of Fig. 2.7. This velodty is called iÏA and is calculated in 
Appendix A. The result in Eq. (2.126) is expressed in the local radius of curvature 
RA in A, and the ratio of the lengths of the major and minor axes 

a 
rab = b. (2.71} 

This analysis can also be used to examine the relative contribution to VA of only a 
limited part of the ellipse with length su. The result is shown in Fig. 2.8 where VA 

is plotted as a function of Su/ RA. From this figure it is dear that for an ellipse with 
rab ~ 1, the major contribution is from a local part whose length is in the order 
of 0.2RA. Only when rab < 0.5 the velodty in Ais influenced significantly by the 
nonlocal contribution from the region near A' (see Fig. 2.7c), which is rather close to 
A for small rab· In that case VA can not be approximated with suffident accuracy by 
only taking a local contribution into account. 

In many cases the local contribution dominates the self-induced velodty. Fol
lowing the approach of Schwarz [56] we can therefore use a local approximation for 
il'st. This approximation is based on the ''localized·induction concept'' of Arms and 
Hama [3, 27]. They write a Taylor series for the integrand in Eq. (2.33). If we choose 
e as a natural parameter and take e = 0 in s, then the difference vector Si ( {) - scan 
be written as 

... (!:) ... /: ... , 11:2 -u s1 ._ - s = "s + Ï'> s + ... , (2.72) 
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Tab= 1 rab < 1 

A' A' A 

a 
(a) (b) (c) 

Figure 2.7: Three example of elliptic vortices. The lengths of halves of the axes 
of the ellipses area and band rab is the ratio between these lengths. Points A 
and A' are vertices. 
In graph (a) rab > 1, which means that A and A' are prindpalvertices and AA' 
is the major axis. Graph (b) is the special case of a drcle (Tab = 1). In graph (c) 
Tab < 1, so A and A' are subsidiary vertices and AA' is the minor axis. 
The local radius of curvature in Ais RA· lts value is the same in these three 
examples. The velocity VA in Ais calculated in the text. The relative contribution 
to this velodty of a part of the ellipse with length su is a1so calculated. 

VA/(,{;r) 
14 

12 

8 

6 

4 

2 

0 0.5 

RA= 10-5 m 
ao = 10-10 m 

Figure 2.8: The contribution of a limited part of the ellipse with Iength Su to the 
self-induced velocity VA in a vertex A (see Fig. 2.7) for Tab = 0.2, 0.5, 1, 2, and 5. 
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in which e is equal to the are length between 81 and i and the derivatives are 
caku.lated in point ;. The first derivative of i1 is 

d~ie> = 11 +er"+". c2.73> 

Substituting these series in Eq. (2.33) yields 

(,-,+1,2-"+ > c-'+'-"+ > .... ('"')=~J"s 2"s ."xs "s ".de 
vSI s 411' les'+ l2fs" + ... 13 

C.1 

= 
8
: ;' x 1" J 1e1-1 c1 + ocende. 

C.& 

(2.74) 

The lower limit of { in the integration is the cutoff length ó from Eq. (2.34). By taking 
the local radius of curvature R as the upper limit, a first order approximation for 
Eq. (2.74) is 

... (-) /1:, (ln 2R ) ... , "" vs1s ::::::::-
4 

--Cs s xs. 
11' ao 

(2.75) 

The velocity of the vortices can be calculated with the local approximation by 
substituting Eq. (2.75) in Eq. (2.32). Note that in the local approximation the nonlocal 
boundary term t1:s0 is neglected (see below}. In our calculations we use a slightly 
modified expression 

V'st = ii'se + /3ii' x i" 

in which f3i is defined as 

/3i = c/3 

with a constant of order unity c, and 

K, R 
/3 = -ln-. 

41l' ao 

(2.76) 

(2.77} 

(2.78) 

The constant c is introduced in the definition of f3i, as in genera! the self-induced 
velocity according to the local approximation of Eq. (2.76) with c = 1 is too small. 
Consider e.g. the velocity of a vortex ring with Rr = 10 µm. The exact result with 
Eq. (2.38) is V'r = 0.01 m/s. With the local approximation and c = 1 its value is 14% 
less. During the simu.lations of vortex tangles, the value of c was determined by 
comparing the local approximation Eq. (2.76) with the fully nonlocal velocity of 
Eq. (2.53) for a number of realistic vortex tangles. In most simulations a value of 
c ~ 1.1 gives the best results. Note that Schwarz [56, 57, 58] uses a value for f3i which 
is equal to 

(2.79) 

in which es is again a constant of order unity and Ris an average or "characteristic'' 
value of the radius of curvature. This /3s has the same value in all points on the 
vortices. 
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Now Eq. (2.76) can be substituted in Eq. (2.61) to cakulate the velocity of the 
vortices .. For temperatures near 1.6 K the friction coefficient cl is about an order 
of magnitude smaller than o: (Eqs. (2.64) and (2.65)). In our simulations at this 
temperature we neglect the term with cl leading to 

V't = iise + f3i.s1 x 811 + as' x ( iins - /3is' x 8 11
) (2.80) 

with 

(2.81) 

Note that the defmition of iins in Eq. (1.5) is rewritten to emphasize that iins is related 
to the macroscopically averaged velocities. 

Equation (2.80) can be integrated numerically relatively easy as in each point 
only local quantities like R are involved. However, we neglect all nonlocal effects 
that are for instance important when two vortices or two parts of the same vortex 
approach. This was illustrated in the example of an ellipse where VA could not be 
calculated from a local part when rab < 0.5. Boundary conditions can also give rise 
to nonlocal contributions. A vortex near a flat smooth wall e.g. is strongly influenced 
by its mirror vortex, of which the velocity is induded in the boundary term iisb in 
Eq. (2.53). In vortex tangle simulations the local approximation is therefore always 
supplemented with a reconnection model, that is discussed in the next section and 
accounts for these nonlocal effects. 

There is another nonlocal effect, which is neglected in Eq. (2.80). That is a possible 
collective contribution of all vortices to the superfluid velocity. In a homogeneous 
tangle average properties like the density of the vortex lines are independent of the 
position in the fluid. In that case the average of the induced velocity of all vortices in 
a point is zero, even when the orientation of the vortices is polarized by the friction 
as discussed in section 2.3.3. In an inhomogeneous tangle, however, there may be a 
nonzero contribution. We discuss an example of such a tangle in section 4.6. 

2.5 Reconnections 

In genera! the induced nonlocal veloclty is in the order of 

(2.82) 

where 6 is the distance between two vortices, or between a vortex and its mirror 
vortex. This nonlocal contribution is of the same order of magnitude as the local 
contribution when 

2R 
6 ~ 6.r = cln(R/ao) (2.83) 

So when the distance between vortices is in order of 6.u we have to take nonlocal 
contributions into account. The fully nonlocal calculation of iist in Eq. (2.53) can be 
used to study e.g. the motion of the vortices in Fig. 2.9a. This figure shows two 
vortices, that are less than 6~ apart. Details of the evolution of these vortices are 
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(a) 

v 
f\ 

(b) 

Figure 2.9: Schematic representation of the reconnection process. Graph (a) 
shows the situation before the reconnection. Two vortices are near to each 
other. In the points of the smallest distance, indkated by the dashed line, their 
orientation is opposite. In graph (b) a reconnection occurred. Each vortex is 
"cut" into two parts and the open ends are "reconnected". 
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discussed in section 3.4. The result is that the points with the smallest distance move 
towards each other. This motion continues until the distance between the vortices is 
in the order of ao and Eq. (2.53) can no Jonger be used. Following Schwarz [56] we 
assume that the vortices reconnect, which means that each vortex splits into two parts 
and that they reconnect in such a way that parts of different vortices are connected. 
After this reconnection Eq. (2.53) can again be used to continue the simulation of the 
motion, and it turns out that the vortices move apart. 

A similar reconnection process can be used in combination with the local approx
imation. As the nonlocal interaction is neglected, the attractive motion between the 
vortices does not occur. When the distance between two vortices is smaller than 1:::.u 
they are reconnected as is illustrated in Fig. 2.9b. 

Of course a similar reconnection can be used to model the interaction with flat 
walls. A vortex reconnects with its mirror vortex when the distance to the wall is 
less than !t::.r. Curved walls are also treated this way. The actual boundary flow 
field ii'sb can not be calculated from the flow induced by a single mirror vortex, but 
this flow can be used as a first order approximation when the distance to the wall is 
small (see section 2.3.2). 

The motion of the vortices is now modelled by the local approximation supple
mented with the reconnection process. Schwarz called this model the reconnecting 
vortex-tangle model [57). 

2.6 Macroscopie properties of the vortex tangle 

In section 1.3 we stated that the results of the simulations of the vortex motion are 
related to macroscopically observable properties. These properties can be derived 
by averaging an appropriate microscopie quantity. The density of the vortex lines L 
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e.g. is calculated from the total length of the vortices 

L = ~ j ds, (2.84) 
(. 

in which V is the total volume for the simulations. The product LV is the total line 
length contained in the volume V. The density of the mutual friction force Fsn is 
calculated from 

- 1 1-Fsn = V fods, (2.85) 
(. 

in which Ïo is given by Eq. (2.58) or (2.66). According to this definition Fsn is the 
force per unit volume on the superfluid. 

Due to their orientation the vortkes move preferably in the direction of vns. It is 
expressed by the average self-induced velocity Vsï and the average vortex velocity 
iL which are defined as 

(2.86) 

(2.87) 

in which Vi. is given by Eq. (2.80). These definitions are used in chapter 4. 

The quantities in Eq. (2.84H2.87) are still functions of the time. When a dy
namical equilibrium is reached, these quantities fluctuate around averages. From 
dimensional considerations some relations for these macroscopie averages can be 
derived, see Kuerten [34] and Schwarz [54, 57]. They are derived from the expres
sion for vi. in the local approximation (Eq. (2.80)). We consider homogeneous iin and 
ii'se, so we can write 

(2.88) 

with a constant Vns· Furthermore we assume that f3 does not vary much in a tangle 
and we can treat it as a constant. Then we introduce dimensionless quantities like 

So = SVns//J 1 

to =tv~//3, 
ii'o=v/vns, 

with which Eq. (2.80) can be rewritten in a dimensionless expression 

Vi.,o = ii'se,0 + c só x Si)'+ aSó x (ë.. - cSi) x Só'). 

(2.89) 

(2.90) 
(2.91) 

(2.92) 

The term ii'se,o in this equation is a motion with a constant velocity and has no 
influence on the structure of the vortex tangle and on quantities like L. 

In the absence of walls the motion of the vortkes according to Eq. (2.92) depends 
only on a, the timet, and the initia! vortex structure. Strktly speaking, this is not 



2.6. Macroscopie properties of the vortex tangle 29 

true for the reconnection process. From Eq. (2.83) we can write for the dimensionless 
reconnection distance 

KR.o 
~=~· a~ 

in which R.o is the dimensionless radius of curvature. The dimensionless distance 
L.\.r,o scales different from other length scales like R.o as it depends on {3. Neglecting 
this dependency we can write for some initia! vortex structure that the dimensionless 
line length Lo only depends on a and time 

Lo= Lo(t,a). (2.94) 

Assuming that the averaged dimensîonless line density Lo is independent of the 
initia! vortex structure, we can write 

Lo= Ïo(a). (2.95) 

Applying the sealing of Eq. (2.89) gives 

Ï=Ïo(a) (V;s)2 (2.96) 

This sealing can also be applied to other properties of the tangle. We consider two 
examples of quantities that are used in chapter 4. The first example is the average 
radius of curvature R in a tangle, which is defined as 

R = L~ j ll"l-1 ds. (2.97) 
c 

The dimensions of Ris a length, so similar to Eq. (2.96) R can be written as 

(2.98) 

Combîning Eqs. (2.96) and (2.98) gives 

- 1 
R = Ct L1/2 I (2.99) 

in which ei is a constant fora fixed temperature. The symbol of this constant is in 
the notation of Schwarz [57]. 

The second example is the average distance of the vortex lines in the tangle Ä. 
Applyîng sealing gives 

. - CA 
L.\. = L1/2' (2.100) 

with a constant cA. The value of this constant depends on the structure of the tangle. 
lts value can be calculated in some special cases when the vortices are not in a tangle. 
E.g. for an array of equally spaced straight vortex lines, cA = 1 when the vortices 
are in a square lattice, and CA = {13 ~ 1.32 when they are in a hexagonal lattice. In 
general cA is of order unîty. 
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The sealing can also be used to derive an expressiort for Fsn. In an infinite 
fluid there is no preferential direction perpendicular to ii'115, so we expect that the 
components of the average of a vector like Fsn are zero in those directions. The scalar 
Ë'sn therefore indicates the average along iins and we write [34, 57] 

- - Ps"~ Fsn = Fsn,o(a)192· (2.101) 

With the definition of r 
r = Ê'sn 

Psli:Vns 

we can write for Eq. (2.101) 

r = Ê'SD,O(a) ( 7 r 
(2.102) 

(2.103) 

Equations (2.96) and (2.103) are used in chapter 4 to analyze the results of the 
simulations and experiments. 

It is often not straightforward to determine the valo.e f3 in e.g. the analysis of 
experimental data. In that case an average value of f3 can be estimated by substituting 
the average radius of curvature (Eq. (2.99)) in the defmition of f3 (Eq. (2.78)). The 
resultis 

P = _.!!._ ln(ciL112ao). (2.104) 
4r. 

Schwarz' value [56] for ei is 1.45 at T = 1.6 K. 

When smooth walls are present, the expressions have to be changed to include 
the dimensionless size of the tube v115d/ (J, in which dis e.g. the radius of a tube with 
a circular cross-section .. The dimensionless parameters like Lo, Ê'sn,01 and ei are now 
functions of a and vnsd/ (J. Equation (2.96) then becomes [34, 57] 

L = Lo(a,vnsd//3) (; r (2.105} 

When there is a critical velocity vc, this means that for vns < vc the line density is 
zero and therefore Ïo = O. For vns > vc a tangle exists and Lo must be nonzero. As 
Lo depends only on a and vnsd//3, we can write 

Vcd p=Cv 
with a constant cv at a fixed temperature. 

(2.106) 

The dimensional considerations do not give detailed information on the depen
dency of e.g. Ïo on Vnsd//3 fora fixed a. However, it is likely that in a dense tangle the 
vortices near the center of the tube are hardly influenced by the wall. That means 
that for Vns > vc the density Ïo is expected to be independent of the size of the tube 
and to depend only on a as before (Eq. (2.95)). 

An explicit expression for the influence of the wall is given in a model proposed by 
Vmen [72]. It is discussed by e.g. Zeegers [73, 74] who applied it to hls measurements 
in circular and annular tubes (Fig. 1.5). He showed that the Vinen model may not be 
used for annular tubes. 
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Appendix A Velodty of an elliptic vortex 

The self-induced velocity ii'r of a vortex ring in the a:y-plane with radius Rr can be 
calculated. When we assume a hollow vortex core the well-known result is (see 
Eq. (2.38) in section 2.3.1) 

... K In SRr - (2 107) Vr = 4 D ~/4 ez. . 11'Hr e ao 
In this appendix that result is extended for the more general situation of an elliptic 
vortex. It will be shown that the self-induced velodty in the vertices (e.g. A and A' in 
Fig. 2.7) is another example that can be calculated analytically. This calculation can 
also be used to investigate the relative contribution to the velodty of only a limited 
part of the ellipse with length su near the vertex A (see Fig. 2.7a). 

An ellipse in the a:y-plane centered around the origin can be parameterized as 

•= ( ~;t) , (2.108) 

in which a and bare the lengths of the semi-major and semi-minor axes as indicated 
in Fig. 2.7 and 4> is a parameter (O :5 </> < 211'). The first and second derivatives s' and 
s" can be written as 

(2.109) 

r = (•'sin' 0:61?-cosZ,;'f ( ::!~!) (2.110) 

From 8" it is easy to see that the local radius of curvature RA in A is 

11-
RA= ls"(<P = 0)1-1 = - = r;~a, 

a 
(2.111) 

where the ratio rab has been defined in Eq. (2.71) as 
a 

Tab 5 b' 
Using Eq. (2.53) we can write for the self-induced velodty ii'A in A 

2 r.;-:-;;- 4>=2'K-ef>i(... "") d-
... - -"'-In v"+"-... ..!!_ j s - a x s (2.112) 
VA - 411'RA e114ao ez + 411' 18- äj3 • 

4>=4'! 

A local part is exduded from the nonlocal integral by calculating this integral in an 
interval [ ef>t, 211" - ef>t] in which ef>t is some small positive number. For the length of this 
local part we can write 

4>i 

s_ = s+ = rabRA j Jcos2 4> + rit>sin2 rp d</>. (2.113) 
0 
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For small 4>t this elliptic integral can be approximated as 

s_ = s+ = rabRAef>t + O(</>f), 

so that 

2Js+s- 2RA 2 
In 114 = ln(raoef>t) +In ~14 + 0( <PI). e ao e ao 

From the parameterized equation of the ellipse Eq. (2.108) follows 

Then we can write 

and 

(2.114) 

(2.115) 

(2.116) 

(2.117) 

(2.118) 

(2.119) 

By substituting these equations in the nonlocal integral of Eq. (2.112) we get, after 
introducing the integral I 

!.;. 4sin2 lef>d</> 
I(</>u) = (4r;bsin2 lef>+ (l- r!b)sin2 ef>)3/2' 

"'1 

for the nonlocal contribution 

2""-"'1(- -) d- 1 
J s-a x s _ 

Is - ä 13 =RA I(11:) eZI 
<Pi 

(2.120) 

(2.121) 

in which we used the symmetry of the integrand around </> = 11:. The integral I can 
be solved by substituting 

tan!ef> = t. (2.122) 

After some rewriting we find for I( 11:) 

I 11: -j°" (1 +t2
)dt 

( ) - t(l + ~ t2)3/2 
t1 al> 

= 1 - r!0 - ln rabt1 
r;b J1 + r;btf 1 + J1 + r;btf I 

(2.123) 
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in which 

t1=tan141· 

For 41 < 1 we can write 

I(7r) = r;b2 -1+ln4-ln(rab41)+0(#). 
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(2.124) 

(2.125) 

By combining the local and nonlocal part (Eqs. (2.112), (2.115), (2.121) and (2.125)) 
onefmds 

... IC (In BRA -2 1) " 
VA = 4 R ---i-;4 + rab - eH 

71' A e ao 
(2.126) 

in which terms of order ef>l and higher are neglected. This is the velocity of a circular 
vortex with radius RA according to Eq. (2.107) with an extra term 

IC ( -2 1) " 471'RA rab - e". 

This analysis can also be used to investigate the relative contribution to the 
velocity of only apart of the ellipse near A, e.g. the part ind.icated with su in Fig. 2.7a. 
For that purpose we take an upper limit 4iu in Eq. (2.120) so that the accompanying 
length of the are for 4i E [.:. €/iu, 4iu] is equal to this Su 

""' rabRA j Jcos2 </> + r;b sin2 </> def> = Su. (2.127) 
_,,,,, 

This equation can be solved numerkally to calculate 4iu as a function of Su· Then 
we can use the value of I(4iu(su)) to calculate VA as a function of the chosen su. The 
results of these calculations are presented in Fig. 2.8 on page 24. 
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3 Numerical simulation of the 
vortex motion 

3.1 Introduction 

The velocity Ji. of a point on a vortex is given by Eq. (2.61), in which the local 
approximation (Eq. (2.76)) can be used to calculate the local superfluid velocity v51. 

The most important nonlocal interactions between vortices are modelled by the 
reconnection process (see section 2.5). 

In order to solve these equations numerically, the parametric representation of 
the vortices S(Ç) at som~ timet; is approximated by discrete points s/ on the vortex. 
The displacements 1:.8/ of these points in a discrete time step !:.t is calculated. In 
the first part of this chapter this numerical solution of the equation of motion in the 
local approximation is discussed. 

With some modifications and extensions this algorithm can also be used to cal
culate V'si in the fully nonlocal approximation (Eq. (2.53)). The second part of this 
chapter deals with that topic. The nonlocal approximation can be used to study 
reconnections. 

Using the local approximation with the reconnection model of section 2.5 we need 
an effident algorithm to check the distances between the points on the vertices. After 
the candidates for a reconnection are determined, the actual reconnection process 
can be carried out. This is discussed in the last part of this chapter. 

3.2 Numerical solution of the local approximation 

The equation of motion of a points on a vortex in the local approximation is given 
in Eq. (2.80) 

in which 81 and 811 are the first and second spatial derivative as defined in Eqs. (2.43) 
and (2.44), respectively, and Ji. is the velocity of points 

~ dL8' 
VI.= dt' (3.1) 

35 
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where the notation dLfdt is used to indicate the motion along with the vortices. 
Equation (2.80) is a nonlinear parabolic partial differential equation that can be 
solved numerkaµy by constructing suitable finite-difference equations for the dis
crete solutions sf 

;/ = s(Ç;,t;). (3.2) 

To start with, we look at solutions of this equation in which the friction term is 
neglected (a = 0). This is identical to the equation for the local superfluid velocity 
in Eq. (2.76) 

vs1 = ÏÎse + f3i s1 x s" 
In the first part of the section we look at the numerical calculation of spatial deriva
tives of sthat are needed for the right-hand side of Eq. (2.76). Next the integration 
in time is discussed. Finally we add the friction term and return to Eq. (2.80). In our 
simulations V'se is a constant velocity. In this section we take V'se = 0, meaning that 
we look at the motion of the vortices relative to iise. 

3.2.1 Numerlcal calculation of the spatial derlvatives 

To calculate the right-hand side of Eq. (2.76), we need approximations of the first 
and second spatial derivatives 81 and ä". To simplify the notation we introduce two 
vectors 4 and L similar to the notation of Schwarz [56] 

.... 
l+ = Si+t - S; 1 

(3.3) 

In this subsection the index j is omitted as we consider a fixed time t. By writing a 
Taylor expansion for i;+l and 8;_1 around s;, we can express these difference vectors 
in the derivatives of i; 

Ï - s 8' + !~ s-" + 1 -~ -;:111 + .1."4 s"""" + + - + 2 + 66+"' 24"+ • •' I 

1- _ " 8-1 _ 1-'2 8-11 + 1-~ -;:111 _ .1.84 8-1111 + 
- - "_ 2S:. 6,S-_" 24 - • •' I 

(3.4) 

in which s+ and s_ are the are lengths of the curve between s;+l and s; and between 
i; and s;-11 respectively. In these equations and in the remainder of this chapter 
the notations of variables such as 81 and 4 are abbreviations for sl and Î+;, as these 
variables are in fact i-dependent. The lengths s+ and s_ should not be confused with 
l+ and L, which can be expressed in s+ and s_ 

l - 1 1-1112 3 + :1: - s:1: - 24 s s* ••.• (3.5) 

In the derivation of this equation we used Eqs. (2.49) and (2.50) and a Taylor expan
sion for the square root. 
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First and second derivatives i' and i" 

From these equations it is rather straightforward to derive the centra! difference 
approximation for the first derivative 

' " .... i = a+l+ + a_L + ëi , (3.6) 

with 

1§. 
ll:I; = • _. / 

l+Lll+ + LI 
(3.7) 

and a truncation error ëi of 

ëi = -à s+s- (li"f2 i' + i"') + .... (3.8) 

This error is second order in the point distances. 
From Eq. (3.4) we can not derive an approximation with second order accuracy 

for the second derivative s" in terms of 4 and L. This would require a linear 
combination of 4 and L in which the first and third derivatives vanish and the 
coefficient of the second derivative is nonzero. Unless in special cases like s+ = s_ 
or i 111 = 0, this is not possible. A straightforward approximation with first order 
accuracyis 

(3.9) 

with 

2/:i: 
b:1: = " ..... 

l+Lll+ + LI 
(3.10) 

The truncation error ia in this case is 

~ = -fï (s+ - S-) (18"12 SI+ 4;111) + • • • I (3.11) 

which is in genera! first order accurate in the point distances. 
In our calculations we will not use this expression, but we follow the approach of 

Schwarz [56]. His expression of the second derivative can be derived by considering 
a circle through s;-1 1 i; and S.+1 (see Fig. 3.1). For the radius of this circle of which 
the position of the center is indicated by m, we can write 

lm - i;-112 = lm - Sil2 = lm - S.+i 12 • (3.12) 

This can be rewritten to get 

{ 

2(m - s;)- r._+~ =O, 

-2(m-i;). 4+1~ =O. 
(3.13) 

As m has to be situated in the plane through Si-1 1 i; and i;+1 1 a third equation form 
is 

" " ,.... .... m - s; = c+ + - c_L. (3.14) 
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M 

Figure 3.1: Position of the center Mof the circle through three points Si-1' S; 
and S;+l · The radius of curvature R in S; is equal to MS;. 

The parameters c+ and c_ are calculated by substituting this equation in Eq. (3.13) 

1 r+~ + &c4 · L) 
c:1:=- - - . 

2 r+e. - (l+. L)2 
(3.15} 

For this cirde the vector 8" is in the direction of m - s;, but its length is the inverse 
radius of the circle, so 

~" m-1;. 
s =1- -12· m-s; 

(3.16) 

Combining Eqs. (3.14), (3.15) and (3.16) gives an expression for 811 whkh is exact if 
the curve through S',_1, s; and s;+1 is indeed a circle. When we apply this result to the 
genera! case in whkh S( Ç) is an arbitrary curve, a truncation error has to be added 

8 11 = d+Î+ - d_L + êj I (3.17) 

with 

C:!: 
d:1: = - -

lc+l+ - c_Lp 
(3.18) 

The truncation error êj is also first order accurate in the are length. 

ë3 = -! (s+ - s_) (ls"i2s'+1111
) + .... (3.19) 

Although at first sight Eq. (3.17) is more complicated than Eq. (3.9), it results in a 
rather simple expression for the vector product 81 x 811 

_, -11 -2 ... - -
s x s = - ... l+ x L + €4 I 

l+Lll+ +LI 
with again a first order truncation error ë4 

ë4 = l ( s+ - s_) 81 x 8 111 + . " . 

(3.20) 

(3.21) 
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With Eq. (3.20) we can write for Eq. (2.76) 

vs1 ~ r)(I 
in which Îx is defined as 

lx=-ïÎ+xL, 
with 

2f3i 
1= ....... 

l+Lll+ +LI 
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(3.22) 

(3.23) 

(3.24) 

In each point f3i can be calculated from its definition (Eq. (2.77)) and an approximation 
for R from Eqs. (2.51) and (3.20) 

R 1 
... , ... "

1
_1 ll+LIÏi.+Ï..I =sxs ~- ... . 

2 Il+ x LI 
(3.25) 

The radius R varies from point to point just like the vectors 4 and L 
With Eqs. (3.22), (3.23), (3.24) and (3.25) we have an approximation for the right

hand side of Eq. (2.76). Now we investigate the accuracy, which depends on the 
distances between the points on the vortices. 

Distances of the points on the vortex 

The accuracy of the approximation of Eq. (3.22) is determined by 4 in Eq. (3.21). In 
genera! s+ -::f s_ and the first term has to be taken into account. We can limit the 
inaccuracy by limiting this first term in our calculations. When 4 is too large, the 
distance between the points is decreased to reduce the error. However, to avoid the 
need of calculating 8 111

1 this method is not used. Instead we use a simpler method 
based on the local radius of curvature R, which proved to be very useful in the 
simulations. With this method the distance between the points on the vortices is 
adjusted to assure 

foR :5 s:1: 5 tR. (3.26) 

Note that this implies some kind of error equidistribution. 
When the distance between two points s; and Z+1 is too large, an intermediate 

point is added by using a circle interpolation. This is illustrated in Fig. 3.2. First 
the second derivatives ij' and si+1 are calculated from Si-11 i;, 8;+1 and 8;+2 using 
Eq. (3.17). For the second derivative in the new point i' we take 

_" l (-" + ... ,1 ) (3 27) si' = 2 s j s i+l • • 

lts position i;• is half-way S. and s;+1 on an are with radius R;• = lif.1-1 (see Fig. 3.2). 
One can show that 

Si· = ~ (s. + s;+1) + ( J R'f, - izi - R.·) R.· ;r,. (3.28) 

On the other hand when the distance between two points is too small according to 
Eq. (3.26), one of these point is deleted. 

With the approximations for the spatial derivatives and a suitable method for 
adjusting the distances between the points on the vortices, we can calculate the . 
right-hand side of Eq. (2.76). Next we consider the numerical integration in time. 



40 Chapter 3. Numerical simulation of the vortex motion 

Figure 3.2: IDustratîon of the circle interpolation, that is used to add a point 8;1 
between S; and Si+l · The second derivative if, in the new point is the average 
of sf and i~'.;.1 • lts position is on the dashed are with radius lsïW1

. 

3.2.2 Integration in time 

For the numerical integration in time several algoril:hms are available. In the remain
der of this section some of these methods with special attention to their stability and 
accuracy are discussed. The accuracy is expressed in the order of the truncation 
error of the algorithm. In this case we are interested in the time derivative 8s/8t. In 
all algorithms to be discussed the displacement of the vortices 

=8(t+.ó.t)-S(t) 
(3.29) 

is cakulated during a discrete time step .ó.t. We call an algorithm nth order if the 
estimate for the time derivative D.s/ D.t has an error of order (.ó.tr 

a; = D.s +o((D.tr). (3.3o> 
8t D.t 

Stability 

Some well-known methods for the stability analysis of linear equations are the matrix 
method, the energy method and the von Neumann or Fourier stability analysis 
(see e.g. Mitchell and Griffiths [43]). Most of these methods can not be applied to 
nonlinear equations. 

The von Neumann method e.g. examines the propagation of an initial error 
E(O, Ç) that is a Fourier series of the spatial coordinate, which in our case can be 
written as 

{3.31) 
n 

in which k" is the inverse wavelength of the nth component, Ç is a natural parameter, 
and Än ( t) gives the evolution in time. Stability requires that there are no components 
for which the amplitude IÄnl grows unbounded in time. For an arbitrary structure 
of vortex lines this analysis is not possible. 

Therefore we concentrate on two special cases of sim.ple structures in which the 
points on the vortkes are equidistant and we consider only one component n. Of 
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Et s;-2 
... 

$; 81+1 .5;+2 8;-1 

C)---~- -------
1( 

a 
~ 

Figure 3.3: Vortex line with a small distortion b. The horizontal spaàng of the 
points on the vortex is a. The motion of these points according to Eq. (3.39) is a 
rotation around the undistorted line and is illustrated by the drdes. 
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course these are crude simplifications of the gèneral case of Eq. (3.31), but never
theless they provide useful information. They give a kind of "upper limit" for the 
stability. An algorithm that is unstable in one or both special cases is of course 
unstable in a genera! sense. Although the reverse may not be true, the criteria for 
stability that follow from the special cases prove to be very reliable in practice. 

The Fourier analysis gives rise toa stability definition as defined by von Neumann 
(see e.g. Richtmyer and Morton [50]}. If 

1Än(t+6t)I = (1+0(6t)}1Än(t)I, (3.32) 

then this implies that a typical mode n remains bounded on an interval [O, te] for 
a fixed te. This concept is sufficient to ensure a limited error build-up on a fi
nite interval, but is too crude for many physically relevant situations, in particular 
for conservative and dissipative systems. Here one often needs a growth factor 
IÄ"(t+6t)l/IÄ"(t)I bounded by 1 for some admissible range of t.t values. This has 
led to special stability notions like A-stability (see e.g. Hairer and Wanner [24]). We 
shall simply refer to the stronger requirement as "stability'' and to the von Neumann 
condition as "weak stability''. 

Distorted straight vortex line 

The first special case is a straight vortex line on which we choose our points with a 
constant spacing a. The initia! error is a small distortion with a constant amplitude 
b <: a and altemating direction (Fig. 3.3). To simplify the notation we introduce 
coordinates for the undistorted points Su on the vortex 

Sui = ia ë"', i integer 

and for the distortion Et 

Et= (-l)ib ê'll. 

(3.33) 

(3.34) 

By adding the two equations we get an expression for the points on the distorted 
line 

(3.35) 
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The motion of this distortion can be calculated from the above equations 

a2 +4b2 a2 

R = 4b :::::: 4b' (3.36) 

1 
î = .Bi a( a2 + 4b2) :::::: .Bi/ a3 , 

(3.37) 

{3.38) 

in whkh ëJ. is a unit vector perpendkular to the plane of the distortion with the 
correct direction (for the initia! state ëJ. = (-1); êz). From this follows 

- a. 4b - a.4b_ 
vsi = -n 2 4.? ei. :::z -M 2 eJ.. 

a + O"' a 
(3.39) 

This means that the points will move in a circle around the undistorted vortex line 
as indicated in Fig. 3.3. The motion is periodic with period 

,,.. - 1r ( a2 + 4b2) ....., 1ra2 (3.40) 
.Lp - 2.Bi ...., 2.Bi . 

This is similar to results obtained by Thomson [63) and Hama [28]. The distortion 
neither grows nor shrinks, so stabillty requires that any algorithm that is used to 
solve the partial differential equation should at least avoid an increase of e;. 

Distorted ring vortex 

The second special case is a distorted ring vortex. Now the undisturbed points are 
onacirde 

8;,; = Rr ë,.;, i = 1,2, . .. ,N 

in which the unit vector ë,; is in the radial direction 

ë,; = cos( i .6.t/>) ër + sin( i .6.t/>) ë,, 

with 

.6.t/> = 21r. 
N 

(3.41) 

(3.42) 

(3.43) 

For the initia! distortion we choose a vector with length b < .Rr, that has an angle 0 
with the plane of the circle 

èi = (-l);b(cosOë,; + sinDëz), i = 1,2, . .. ,N. (3.44) 

Combining these equation yields an expression for the points on the distorted circle 

8i = (Rr + (-l);bcosO)ë,., + (-l);bsinOë", i = 1,2,".,N. (3.45) 

The motion of this distortion can also be cakulated, but the result is more complicated 
than in the previous case. For small b we can write a Taylor expansion for the velocity 
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in b and neglect higher order terms. It then follows that the ring moves with the 
velodty of an undistorted ring in the local approximation 

(3.46) 

on whkh the motion of the distortion is superimposed. The first order term in bis 

~ ( -W b ( a. . -2 t A ,i. • o ~ a tan-2 i A ,i. e ~ ) (3.47) Vf> = -m -1-'J Sm l.U.'I' sm eri + tJ- 2.U.'I' COS ez 1 

in which f3i is defined by Eq. (2.77) as usual and f3- by 

P- = c 4: (In~ -1). (3.48) 

We can split this velodty into two components, that are in the direction of the 
distortion and perpendicular to it, by introdudng a new base of unit vectors 

ëbi = cos B ëri + sin B ëz I 

ëe; = - sin B ë,.; + cos 0 êz . 

Wecanwrite 

~ d (b ~ ) db ~ b dB ~ 
Vf> = dt eb; = dt eb;+ dt eq;. 

Combining Eqs. (3.47), (3.49) and (3.50) yields 

{ 

db ( -1 )' b . 2 1 [ ] • 
dt = 4Ri sm- "i.6.ef> -f3+ + f3- cos 6.ef>) sm28, 

dO ( -1 )i • -2 1 [ 
dt = 4.Ri sm 26.ef> ( 2,8_ + f3+ + fJ- cos 6.ef>] + 

[fJ- - f3+ cos 6.ef>] cos 28). 

In these equations we used f3- as defined in Eq. (3.48) and f3+ is given by 

,,; R 
f3+ = c-

4 
(In-+ 1). 

7r ao 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

If we neglect the term with cos 29 (which is a good approximation if 6.ef> is small and 
In(Rrf ao) ;:)> 1), dO/dt is constant, which corresponds with a constant rotation of the 
distortion. But even without an explicit expression for B(t) we can still derive an 
expression for b( 0) from this set of differential equations. By using 

db = db /B 
dB dt dt 

we can write 

dln b [-P+ + (3_cos6.</>]sin20 
d1J = [2p_ + P+ + p_ cos 6.ef>J + [(3_ - f3+ cos 6.<fo] cos 28 

(3.53) 

(3.54) 
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and the solution of this equation is 

b(O)/b(O) = { 1 + -~p:~;27~~<P sin2 (} }-t/2 (3.55) 

From this equation we can see that the amplitude of the distortion is a well-defined 
periodic function of 0. The changes in the amplitude are usually only a few percent 
and can be expressed as 

b(l1r}/b(O) = { 1 + -~P:c!:2cl~~<P }-112 

"' { 1+ In i-1 f '" (3.56) 

~1 _ l(ln Rrr1. 
2 ao 

The approximations are valid if t:J.<P is small and ln(Rr/ao) > 1. 

A requirement for stability of an algorithm is a bit subtle in this case. As the 
solution for small b in Eq. (3.55) shows, there can be a small increase in the amplitude 
of the distortion for l1r < 0 < 'lr and ~?r < 0 < 211'. For the other values of IJ there 
should never be an increase of b. And of course, stability requires that the amplitude 
of the distortion may never increase af ter one period of the rotation. This requirement 
will be used in the discussion of the different algorithms in the remainder of this 
section. As the expressions are rather complicated, the motion of the points is 
cakulated numerically. 

Explicit or Euler's forward method 

A straightforward explicit method for solving the equation of motion (Eq. {2.76)) is 
achieved by simply multiplying vsi from Eq. (3.22) with t:J.t as an approximation for 
the displacement As of the discrete points on the vortex 

t:J.s= t:J.t Ïx(S(t)). (3.57) 

The vector Ïx is defined in Eq. (3.23). It is explicitly written as a function of s(t) to 
indicate that 7, 4, and Ï.. are calculated from s(t). Note that Îx depends on the index 
i, which has been omitted as before. Applying this approach to the distorted line 
gives after substituting Eq. (3.38) in Eq. (3.57) 

As= -lrrë", (3.58) 

in which we introduced 

T = 4a7.Ó.t · (3.59) 

The magnitude of the distortion after one time step is then b{l + T2)1f2, which is 
always larger than b. If we consider the solution at some fixed time te, the relative 
growth of the amplitude of the distortion is 

b(te) = (1 + (4a7t:J.t)2)te/2At (3.60) 
b(O) . 
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Figure 3.4: Asfor the implicit integration method is perpendicular to t"(t+ót), 
which means that Ë(t+At) will be a point on the circle I with center !t"(t) and 
radius !e(t). T illustrates the exact trajectory of t"according to Eq. (3.39). 

For small values of t::.t this can be approximated as 

b(te) ,..., ete(4a")')21l.t/2 
b(O) - • 
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(3.61) 

That means that the algorithm is weakly unstable in our dassification. Note that 
b(te)/b(O) -+ 1 for At -+ 0. 

Ina similar way it can be shown that applying this algorithm to the distorted 
cirde causes also an increase of the amplitude of the distortion. 

Implicit or Euler's backward method 

Equation (3.57) can be modified into a stable algorithm by evaluating the right-hand 
side of that equation at t+t::.t instead of t. Using Eq. (3.29) gives 

(3.62) 

This is an implicit equation for t::.S, as the vector Ïx is now calculated by using s( t+At ). 
Applying this algorithm to the distorted line, gives a vortex at t + t::.t with the 

same structure as in Fig. 3.3. That means that the right-hand side of Eq. (3.62) is 
perpendicular to ë(t+t::.t) just like the right-hand side of Eq. (3.57) is perpendicular 
to ë(t). In other words !:::..Sis perpendicular to ë(t+t::.t). This is illustrated in Fig. 3.4 
from which it is easy to see that e(t +At) is always smaller than b. Neglecting 
changes in / by assuming 7 = 1(s(t)) ~ 1(s(t) + t::.s), the solution of Eq. (3.62) for 
the distorted line is 

A- b ( T - 1 -) L..\S=-r-1 2e11+-l 2ez. +r +r 
(3.63) 

The amplitude of the distortion after one time step is now b(l + r 2)-112, which is 
indeed always smaller than b. This indicates that the implicit method can in principle 
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be used to solve the partial di.fferential equation. However, it results in a nonlinear 
implicit equation, which is not easy to solve. 

One way to solve this implicit equation is by iteration. We use the explicit 
formula Eq. (3.57) to calculate a first approximation As<0l, and substitute this result 
in Eq. (3.62) to iterate to Ai 

Asc0> =At Ïx(S(t)), 

AsCn+i> =At Ïx(i(t) + Asl"'l). 
(3.64) 

More elaborate algorithms can be used for the first guess Asl0> and for the subsequent 
iterations (e.g. Newton' s method), but for the stability analysis we discuss only these 
simple equations. 

The same stability analysis can be applied to Eq. (3.64) as is discussed for the 
explicit method By again neglecting changes in î and using 7<"'> ~ î, this calculation 
is rather straightforward for the distorted line. The results for n = 1 and n = 2 are 

Asf1> = -br2ë11 - tn-ë", 

AS'(2) = -br2ë, - b( T - r3)ë" I 

from which follows for the distortion after one time step 

e;(l) = b (1 - T2 + T4)1/2 I 

ef2l = b(l - r2 - r4 + r6)lf2,. 

Stability requires 

for n = 1: At < (4a;)-t, 
for n = 2: At< ((1 + v'S)/2)112(4a7)-1 , 

(3.65} 

(3.66) 

(3.67} 

which means that both methods are conditionally stable. For completeness we note 
without further proof that the series for As<n.) in Eq. (3.64) for n -i. oo converges to 
the solution of Eq. (3.63) for At< (4a7)-1• 

We also did some numerical tests in which the implicit method is applied to the 
distorted circle. The results confirm the requirements for stability of Eq. (3.67}, in 
which î can now be calculated from the undistorted circle and ais the point spacing 
on the circle. 

One may consider the use of a different algorithm that gives the solutions of 
Eq. (3.62} and that converges for larger At than the algorithm in Eq. (3.64). However, 
although it is expected that these solutions of Eq. (3.62) are stable, the accuracy of the 
method is only first order (just like the accuracy of Euler' s forward method), which 
limits At. 

Runge-Kutta methods 

Stability can also be achieved with a higher order accuracy by combining several 
explicit forward steps into AS. Based on this principle, the so-called Runge-Kutta 



3.2. Numericnl solution of the locnl approximation 47 

methods are well-known general purpose methods for ordinary differential equa
tions (see e.g. Press et al. [47] and Abramowitz and Stegun [1]). We discuss a 2nd and 
a 4th order Runge-Kutta method. 

Applying a Runge-Kutta method with 2nd order accuracy to the partial differential 
equation gives 

Ai(O)=At lx(S(t)), 

Ai<1> =At lx(S(t) + !As<0>), 

Ai=As<1>. 
For the distorted vortex line the results is 

As= -!Wêy - bTëz, 

so that after one time step 

ê = b(1 + lT4
)
1f2. 

(3.68) 

(3.69) 

(3.70) 

This method is weakly unstable as the amplitude of the distortion increases for all 
At. 

The classica! 4th order Runge-Kutta method combines four intermediate calcula
tions. The first two are the same as in Eq. (3.68), extended with two more estimates 
forAi 

Ai(O) =At lx(S(t)), 

Ai<1> =At lx(i(t) + !As<0>), 

Ai<2>=At Ïx(i(t) + !AsC1>), 

Ai<3> =At fx (i(t) + Ai<2>), 

Ai= 1As<0> + lAi(l} + lAi<2> + lAsC3). 

For the distorted vortex line this gives 

As= ( -}br2 + ~bT'4)ë11 + (-bT + àbr3)ë", 

and after one time step 

b(l _ .!..;6 + _!_T8)1/2 
72 576 • 

(3.71) 

(3.72) 

(3.73) 

By taking At< 2v'2(4a1J-1 the distortion does not grow and therefore the method 
is conditionally stable. 

With the distorted circle some numerical test have been carried out. The 4th order 
method obeys the criterion stated above. When applying the 2nd order method, the 
amplitude of the distortion grows for all At for IJ ~ i?T. As has been discussed, a 
small increase of e is allowed for this angle, and in the long term it turns out that 
the amplitude remains bounded for At< (0.42 ± 0.02) (4a7)-1• Apparently for this 
special case the method is conditionally stable, but from the analysis of the distorted 
straight line we know that the method is weakly unstable. 
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Hopscotch method 

To solve the partial differential equation and to avoid an implicit equation Schwarz 
[56] adopted a modified hopscotch algorithm [22, 23]. In the first step of this algo· 
rithm at e.g. the even points of the vortices the displacement Asin i is calculated in 
an implicit way by leaving the neighboring points i- and i+ at their present position 

Ai= -At-y [s;+(t) - s;(t+At)] x [i;(t+At) - i;_(t)] 

= -At-y [Î+ - As] x [L + Ai]. 

The solution of this equation is 

A - - Äi - Äi x Ä2 
8 - 1 +Ai I 

where 

Ä1 =At-r(Î+ + L), 
Äi=Atlx. 

(3.74) 

(3.75) 

(3.76) 

(3.77) . 

The contribution to As of the Ai-term in the denominator of Eq. (3.75) is third order 
in At. Furthermore according to Schwarz, dropping this term improves the accuracy 
and stability of the algorithm. We will therefore neglect this term in our analysis. 

In the second step the Aivalues of the remaining points are calculated explicitly 
using the known values of i(t+At) of the neighboring points · 

Ai= At-y(t) [i1+(t+At)- i;(t)] x [s;(t) - s;-(t+At)] . (3.78) 

During the next time step the displacement A.Sis cakulated implicitly in the points 
that were treated explicitly in the previous time step and vice versa. 

For the analysis of the stability of the hopscotch algorithm we first investigate 
the distorted vortex line and apply the implicit step to point i. The vectors Ä1 and 
Äiare 

- 1 -A1 = :zr e:c, 

Ä2=-bïêz, 

in which r is defmed in Eq. (3.59). From this we calculate 

and by substituting this result in Eq. (3.74) it is found that 

A - t 1._2 - b -u.s; = -2UT ey - rez. 

The calculation of the explicit step Eq. (3.78) is now rather straightforward 

As;+ = !6r2 ëy + (br - !br3) ë". 

(3.79) 

(3.80) 

(3.81) 

(3.82) 

(3.83) 
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The points on the vortex s; after one time step are then 

s;(t+At)= b[(1-!T2)ê11 -Të',.j, 

Si+(t+At)=aëz + b[(l + !~) é11 + (T- lT3
) ë"]. 

(3.84) 

From these expressions we see that the vortex line is shifted on the average by 
-1~ ë". Taking this into account the distortion from the straight vortex line at t+At 
can be written as 

§i(t+At) = -ii+(t+At) = b[(l -lT2)ë11 -(T + l~)ëz]· 
The distance of the points to the undistorted line is then 

e;(t+At) = e;+(t+At) = b(l + i4T6)112 ~ b(l + ïhr6). 

(3.85) 

(3.86) 

During the next time step the points for the implicit and explicit step are in
terchanged, so now the implidt step is applied in point i + 1. Assum.ing that "fis 
constant, Ä1 and Ä2 can be written as 

(3.87) 

(3.88) 

Note that Schwarz uses a constant /Jt, as is clear from the definition in Eq. (2.79). 
Then 'Y is really constant in this case. 

After some tedious but rather straightforward calculations it can be shown that 
during this second time step the undistorted vortex line is moved over a distance 

b[(#T4 -i4T6)ê11 + (#T3
-f6T

5)ëz] 1 

which causes the undistorted vortex linè to move back to its initia! position to order 
T4• But again the size of the distortion increases and 

e;(t+2At) = e;+(t+2At) = b(l + i4T6). (3.89) 

In summary, we find that the hopscotch algorithm is weakly unstable for all At with 
a relative growth of 1k T6 for this distortion per time step. Furthermore the vortex 
line "wiggles" with a relative amplitude in the order of l~· 

The stability of the hopscotch algorithm for a drcle is studied numerically. The 
different treatment of the odd and even points now has amore dramatic effect. Even 
if we start with an undistorted drcle, af ter one time step the points show a distortion 
from a perfect drcle as expected. But after the second time step only a part of this 
distortion disappears. The size of the distortion e is a complicated function of the 
time. In the analysis of the numerical test we use an average distortion ë, which is a 
calculated by averaging the values of e after every second time step during K time 
steps. 

Figure 3.5 shows some results of the numerkal test. We started with an undis
torted drcle with a point spadng a. In the figure the scaled average size of the 
distortion ëRr/a2 is plotted as a function of the scaled time step /JtAt/a2 after cal
culating 30, 100, 300, 1000, and 3000 steps (!(). In Fig. 3.Sa A has a constant value 
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Figure 3.5: The size of a distortion e on a ring vortex for the hopscotch algorithm 
asa function of the scaled time step f3t êJ.t/ a2, (a) with constant f3t, (b) with varying 
f3i. Plotted are the average ëRr/a2 values after calculating 30, 100, 300, 1000, 
and 3000 time steps (K). The points are calculated for three different ctrcles with 
radius Rr = 10, 20, and 40 µm., each with 40 and with 80 points at t = 0. 
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1.02 
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Figure 3.6: The relative change in the radius of the circle Rr(t)/ Rr(O) is plotted 
as a function of the scaled time f3tt/ .ffi(O) fora ctrcle with Rr = 10 µmand 80 
points. During the calculations f3t varies and f3t êJ.t / a2 = 0.29. 
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calculated by substituting the initial radius of the circle Rr in Eq. (2.77). Por small 
values of f3i.D.t/a2 the size of the distortion is only weakly dependent of/( and we 
can write the following phenomenological relation for l 

(3.90) 

However, for large values of f3i.D.t/a2, ë is signiticantly larger than the value given 
by this equation and increases with K. Therefore the method is weakly unstable. If 
the number of time steps increases, the onset of instability is reached for smaller 
values of f3i.D.t / a2• This indicates that the method is unconditionally unstable as for 
any D.t the distortion starts to grow after a certain number of steps. This analysis 
confirms Schwarz' tests of the hopscotch method from which he also noticed that 
"an explosive instability" develops when there is no friction (56]. 

Figure 3.Sb shows a similar plot when f3i. is not constant (as in Fig. 3.Sa), but is 
calculated from the local radius of curvature. The distortion does not grow with K 
when 

D.t < 0.30a2/f3i., (3.91) 

in which case l can be approximated with Eq. (3.90). For larger D.t values the 
distortion grows when 1( increases. For values of D.t below the limit of Eq. (3.91), 
there is a distortion that has for small K an "initial" size according to Eq. (3.90). 
When K increases, the distortion becomes smaller, which suggests that the method 
is stable. However, the radius of the circle increases steadily. This is illustrated in 
Fig. 3.6 in which the relative size of Rr is plotted as a function of the scaled time 
f3i.t/ R;. One of the circles of in Fig. 3.Sb is used with a constant t:.t that is just below 
the stability limit of Eq. (3.91) 

f3i.D.t/a2 = 0.29. 

The initial growth rate of Rr is 

dRr f3i. 
-~0045-dt . Rr 

(3.92) 

(3.93) 

for this circle. This expression is also valid for the other circles that are used in 
Fig. 3.Sb. So, although the hopscotch method with a varying f3i. is in a formal sense 
conditionally stable for the distorted drcle with D.t according to Eq. (3.91), it is not 
accurate when t::..t is near the stability limit. Furthermore, from the analysis of the 
distorted line we know that the method is weakly unstable. 

Crank-Nicolson method 

The 2nd order Runge·Kutta method is the only method discussed so far that gives 
a second order accuracy, but is was shown to be weakly unstable. Another way 
to achieve second order accuracy is to use a centra! difference for V'si. · This is the 
Crank-Nicolson algorithm [18] thaf can be written as 

t::..s= t::..t Ïx(s(t) + it::..S), (3.94) 
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whkh is an implicit equation for 6..8. The analysis for this method is similar to the 
implidt method discussed on page 45. For the distorted vortex line the analogy 
requires 6..Sto be perpendicular to ë{t) + it::.sfrom which follows immediately 

lt(t+t::.t)l2 = l€(t)l2 + 2 (ë(t) + it::.S) · t::.t = 1€(t)l2 • (3.95) 

So €( t + 6..t) is situated on drcle T in Fig. 3.4 for the exact trajectory of ë. 
By again using 1=1(s(t)) ~ 1(S(t) + it::.s) we can write an analytica! solution 

of Eq. (3.94) 

l::i..s= (3.96) 

from which follows indeed that e( t+ 6..t) = b. 
Equation (3.94) is an implidt equation and to solve it we again consider iterative 

solutions 

6..t(O) = Ó..t Ïx(s(t)) 

l:J..t(n+l) = Ó..t Ïx(S(t) + ló..t(n)) 
(3.97) 

One may note that the expression for 6..tC1l in Eq. (3.97) is the same as the expression 
for the znd order Runge-Kutta method in Eq. (3.68). 

For n = 1 and n = 2 we can write for the distorted vortex line 

6..8(1) = -blr2êv - bT~ 

l:J..1(2) = -blT2êv - b( T - lT3)êz 
(3.98) 

from which follows after one time step 

ê(t) = b (1 + !T4)1f2 

e(2J = b (1 -17"4 + ï\T6)1/2 • 
(3.99) 

The expression for e<1> is of course the same as Eq. (3.70) for the 2ru1 order Runge
Kutta method. As eC1> is always larger than b, the iterative Crank-Nicolson algorithm 
with one iteration is weakly unstable. 

With two iterations we obtain stability for 

(3.100) 

It can be shown that for these 6..t values the series in Eq. (3.97) converges to the exact 
solution of Eq. (3.96) and the algorithm is stable for 4k-2 and 4k-1 iterations (k 
being a positive integer). 

The numerical tests with the distorted vortex ring show after one iteration the 
same results as for the 2nd order Runge-Kutta method. After two iterations the tests 
confirm the stability condition (3.100). 
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method Eq. order Atst · (4/Jt/<if) Ae/b 
explicit (3.57) 1 weakly unstable +T"/2 
implicit (3.62) 1 stable -il/2 
implidt, 1 it. (3.64) 1 1 -T2/2 
implidt, 2 it. (3.64) 1 ((1 + ../5)/2)112 -r2/2 
Runge-Kutta (3.68) 2 weakly unstable +T4/8 
Runge-Kutta (3.71) 4 2VÏ -T6 /144 
hopscotch (3.74)&(3.78) 1 weakly unstable +T6/32 
Crank-Nicolson (3.94) 2 stable 0 
Crank-Nicolson, 1 it (3.97) 2 weakly unstable +r4/8 
Crank-Nicolson, 2 it. (3.97) 2 2 -r4/B 

Table 3.1: The most important properties of the algorithms discussed in the text. 
The "order" indicates the order of the accuracy of the time derivative as defined 
on page 40. The largest value of At for which the method is stable is Atst. The 
strong requirement for stability is used (see page 41). The relative growth of the 
distortion Ae/b is given for small At. 

Conclusion 
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Table 3.1 summarizes the most important properties of the discussed algorithms. 
Equation (3.37) is used to express the largest time step for which the method is 
stable, Atw in the distance between the points on the vortices a. 

We discussed two accurate and stable algorithms: The 4th order Runge-Kutta 
method and the 2nd order iterative Crank-Nicolson method with 2 iterations. The 
higher order Runge-Kutta method promises a better accuracy than the Crank
Nicolson method, but in realistic situations the difference is small as long as At 
obeys the stability criterion. This stability region is VÏ larger for the Runge-Kutta 
method. On the other hand the Crank-Nkolson method involves less intermediate 
calculations and is therefore chosen to calculate the local approximation Eq. (2.76). 
By neglecting changes in î during the iterations, as in our analysis, the method 
involves only slightly more calculations than the simplest explicit method. 

3.2.3 The friction term 

So far we only discussed the numerical calculation of the self-induced part of the 
equation of motion. Now we recall Eq. (2.61) in which the friction term is included 

~ = VsJ +ai' X (V'n - Vs1) - a'(iïn - ii's1). 

The effect of friction can be demonstrated for the distorted vortex line. Substituting 
iis1 from Eq. (3.39) in Eq. (2.61) and using i' = ë" gives . 

(3.101) 

The first term in this equation represents an average drift of the whole line. The sec
ond term describes the motion of the distortion. It contains the rotation of Eq. (3.39) 
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perpendicular to €;, but also a term in the direction of -e;. This means that the size 
of the distortion shrinks. In other words, the stability benefits from the addition of 
friction. 

This can be seen even more clearly if we e.g. consider the unstable Euler' s forward 
method. The displacement As is cakulated by multiplying Vj_ from Eq. (3.101) with 
At 

As= aAtë" x iÏn - b-r (-1); (ëz + aë11 }, (3.102) 

in which T is defined in Eq. (3.59). From the second term we can derive the amplitude 
of the distortion after one time step 

1€1 = b [1 - 2ar + (1 + a2)r2
]
112

• (3.103) 

The distortion decreases if 
2a 

T:51+a2' (3.104) 

so Euler's forward method is now conditionally stable for the distorted vortex line. 

The example of Euler's forward method shows the stabilizing contribution of 
the friction term. Schwarz states that the hopscotch method is conditionally stable 
when there is friction [56). We therefore expect no instabilities when we solve 
Eq. (2.61) with an algorithm, that proved to be stable in the absence of friction, like 
the Crank-Nicolson method with 2 iterations. Applying this method to Eq. (2.61) 
would involve some extra calculations as this expression has to be evaluated in 
each iteration. Instead we follow Schwarz [56], who first calculates the self-induced 
displacement As(with e.g. hopscotch) and then substitutes this in 

(3.105) 

to get the displacement with friction Aswr in a simple explicit way. In our case we 
calculate As<2> from Eq. (3.97) and substitute this in Eq. (3.105). In our simulations 
this algorithm showed no instabilities when At obeys the condition Eq. (3.100). A 
disadvantage of the explicit step of Eq. (3.105) is, however, that the accuracy is not 
second order any more, but only first order. 

3.3 The fully nonlocal calculation 

In the previous section we concentrated on the local approximation for the self
induced velocity. Now we return to the fully nonlocal expression (Eq. (2.53)) 

- _ - - ~ In 2~ _, _" ~ j (si - s) x ds1 
Vsl - Vs + Vsb + 4 1/4 s X 8 + 4 1- -13 • 

ir e ao 11' Cl s1 - s 

Schwarz [56] describes in detail how thisequation can be solved. 

The cakulation of the local term is similar to the calculation of the local approxi
mation. When we replace f3i by 

f.l "1 2~ 
1-'nl = 411' n et/4ao , (3.106) 
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we can use the analysis in section 3.2.1. With Eq. (3.22) the local term can be written 
as 

(3.107) 

So with only a small modification the algorithm for the local approximation can be 
used to calculate the local term in Eq. (2.53). 

The nonlocal term involves more calculations. The integral is split into discrete 
parts that account for the contribution of the vortex between t; and s;+1 to the 
velodty in s;. By assuming a straight line between t; and s;+l, this contribution is 
equal to [56] 

"j K 2 [ b + 2c b ] " " 
Vn1 = 471' 4ac - lil Ja + b + c - .jä p x q' 

in which we used the vectors 

q=S;+1 -t;, 
and the scalars 

a = IP12, 
b=2p· q, 
c= 1qi2. 

(3.108) 

(3.109) 

(3.110) 

The self-induced velodty ins; is then the addition of the local term~ from Eq. (3.107) 
and the nonlocal contributions 

" " ~ "; VsI = VI + L.. Vn1 • 
#i-1 
#i 

Finally the friction term can be added. 

(3.111) 

For the integration in time we refer to the discussion in section 3.2.2. We use the 
Crank-Nicolson method to calculate displacement induced by the local term t.l.Sï. 
The nonlocal term is added in an explicit way 

tJ.s = t.l.Si + tJ.t I: v~. (3.112> 
j;l:i-1 
i# 

Finally this t.l.s is substituted in Eq. (3.105) to add the friction term. In a number 
of simulations this method proved to be stable even when friction is not induded. 
Some examples are shown in section 3.4. Of course the time step and the distance 
between the points on the vortices have to be chosen correctly. For b.t we again 
use Eq. (3.100). The distance between two points is at first adjusted according to 
Eq. (3.26). In this case there is a second criterion related to the nonlocal term. The 
distance between two adjacent points on a vortex.must not be larger than the distance 
of one of these points to any other point. That means 

S± < Äw , i' #- i - 1, i, i + 1, (3.113) 

in which Ä;;• is the distance between two points labelled i and i'. This criterion may 
overrule the lower limit of Eq. (3.26). 
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3.4 Numerical algorithm for the reconnections 

The first step in the reconnection process is the selection of point pairs that are 
candidates for a reconnection. This selection is based on the knowledge that the 
induced velodty from the region near a point i' in i (Eq. (2.82)) is of the order of the 
local velocity in i, when the distance between these points .6.w is 

(3.114) 

where .6.r; is related to the local radius of curvature (compare Eq. (2.83)) 

2R; 
Ó.ri = cln(R;/ao) · 

(3.115) 

Similar to Schwarz [56] we now assume that a reconnection between two points i 
and i' can occur only when 

(3.116) 

In many of our sirnulations ln(R;/ao) is in the order of 10, so according to Eq. (3.26) 
the distance between two adjacent points is in the order of Ó.ri· A reconnection can 
not occur between two adjacent points, so neighbors are excluded in Eq. (3.116). 

For a point i near a smooth wal! point i' may be on a mirror vortex. In that case 
Eq. (3.116) can be rewritten as an expression for the distance of point i to the wall 
Ó.wi· A reconnection occurs when 

1 R; 
Ó.wi < 2.6.ri = l (R / } c n , ao 

(3.117) 

The first part of the reconnection process deals with the selection of the point 
pairs that satisfy Eq. (3.116) and, if applicable, Eq. (3.117). In Appendix Aan effident 
algorithm for this selection is discussed. Usually only a small number of point pairs 
are selected. In these points the actual reconnection is carried out. 

For this process a model is used that is deduced from simulations with the 
fully nonlocal approxirnation of section 3.3. Schwarz [56] studied a number of 
configurations with reconnecting vortices. These are e.g. a vortex ring with a smooth 
wall, a "fourfold distorted ring" with a smooth wall, and a vortex ring with an 
initially straight line. The latter example has also been studied by Tsubota and 
Maekawa [65, 66]. In this section some cakulations with two vortex rings are 
presented. When this configuration is initially symmetrie, it is equivalent with the 
geometry of a ring and a flat wall used by Schwarz. 

Figure 3.7 shows such asymmetrie initial situation of two vortex rings with equal 
radii of 10 µm. They are 1.5 µm apart which is just below .6.r. Both rings have the 
same orientation and their self-induced velodty is in the positive z-direction. The 
points, with the smallest distance between the vortices, lack behind as the velodty 
induced by the other ring is in the negative z-direction. Thls can be seen at t 1 in 
Fig. 3.7. Now the vortices are bent and the self-induced velodty has a component 
which causes the points to move towards each other. At t2 in Fig. 3.7 the distance 
between the vortices is lOOOao. One can proceed the cakulations at this point. The 
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DIJ (20x) 

2 

z~~~~~~~~~~~~~-' E:a (20x) 

x 

Figure 3.7: Two vortex rings that reconnect are shown in two projections. In 
the initial situation at to both vortex rings have a radius of 10 µm and are in 
the same plane 1.5 µm apart. At ti = 0.09 ms the points that are nearest, are 
moving towards each other. Att2 = 0.18 ms therings areabout1000ao apart and 
continue to move towards each other. In the graphs on the right the approaching 
vortices are shown on a scale that is twenty times enlarged. 

attractive motion continues and the attractive process evolves very rapidly as the 
induced velodties are large. 

When the distance between the vortices is in the order of a0 the nonlocal Biot
Savart expression is no longer valid. At this point the nonlocal approximation does 
not provide a solution, but a reconnection on a small scale can be carried out. This 
is illustrated in Fig. 3.8. The vortices are cut in two and reconnected like in Fig. 2.9. 
To make a smooth curve between the vortices the drcle interpolation, as discussed 
on page 39, is used. The difference with the procedure discussed there is that now 
the points i - 1 and i are on one vortex and i + 1 and i + 2 are on the other vortex. 
Actually the procedure is used three times. First a point in between i and i + 1 is 
created. Next two more points are created between i and in and between in and i + 1, 

- :=:::::::::- ~ 
(a) (b) 

Figure 3.8: Detailed three-dimensional view of the reconnection of the ring 
vortices of Fig. 3.7: (a) just before, (b) just after the reconnection. Before the 
reconnection the vortices are 1000ao apart. 
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Figure 3.9: The motion of the vortices after the reconnection of Fig. 3.8 took 
place. The vortex indicated 2' is at t2, = ti = 0.18 ms. The other vortices are 
at tJ = 0.25 ros and t4 = 0.31 ms. The points that were approaching before the 
reconnection now move rapidly apart. Furthermore a wave-like distortion can 
be seen on the vortices. 

respectively. 
Now the calculations can proceed with the Biot-Savart expression. Locally the 

orientation of the vortices changed dramatically. After the reconnection the local 
self-induced velocity is in the direction of the negative z-axis and the points that 
were approaching now move rapidly apart. This local velocity is large as the local 
curvature is increased by the reconnection. The continued motion of the vortices is 
shown in Fig. 3.9. The reconnection introduced a region with a large curvature. In 
the subsequent motion wave-like distortions are present on the vortices. Without 
friction these distortions do not decay. 

Numerically one can vary the distance at which the vortices are reconnected. 
When this distance is larger, the local radius of curvature introduced by the recon
nection is larger and the waves on the vortices are less pronounced. Figure 3.10 
shows the motion of the vortices for a longer period of time than in Fig. 3.9. After 
3.81 ms the structure of the vortices is rather similar with that just after the recon
nection, except fora rotation of !71' around the z-axis. In some simulations a second 
reconnection occurs. Three intermediate positions are also shown. From Fig. 3.lOa 
and b we can see that the precise motion of the vortices indeed depends on the 
distance just before the reconnection. However, the motion on a larger scale, e.g. the 
average motion of the reconnected vortices, is comparable. 

We can also calculate the motion of these vortices with the local approximation. 
The results are shown in Fig. 3.lOc. In this case the reconnection happens imme
diately on a scale, which is 1.5 times larger than in Fig. 3.lOb. There are some 
differences with the nonlocal approximation. First the average velocity of the ellipse 
is calculated from the displacement betWeen to and t4 in the figure. lts value is about 
20% smaller in the local approximation. This can be influenced by changing the 
value of the constant c, which is introduced in the definition of f3i (Eq. (2.77)). The 
value we use gives a good approximation in a tangle, but apparently the calculated 
velocity of an isolated vortex is too small. It also influences the period of the mo
tion in Fig. 3.10. In the local approximation it is about 20% less. Furthermore, the 
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(a) 

(b) 

(c) 

~· ztb O 

y 

y 

Figure 3.10: The motion of the vortices after the reconnection: (a) nonlocal 
approximation with a reconnection when the vortices are 1000ao apart, (b) as 
the previous but now the vortices are 1ü4ao apart when they reconnect, (c) 
local approximation. In (a) and (b) the time difference between two pictures is 
0.95 ms. In (c) it is 0.76 ms. In thexy-plot only the vortices 0, 2, and 4 are shown. 
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approximation 
reconnection 

graph CPU-time 
distance 

nonlocal lOOao - 159 · 10' s 
nonlocal lOOOao Fig.3.lOa 87 · 103 s 
nonlocal 104ao Fig.3.lOb 5.6 · 103 s 

local 1.5µm Fig. 3.luc 

Table 3.2: Overview of the amounts of computer time used on an IBM RS/ 6000 
to calculate the motion of the reconnected drcles in Fig. 3.10. 

vortex is less kinky in the local approximation, a difference which is also present in 
a comparison between Fig. 3.lOa and b. As mentioned above, it is related with the 
distance at which the reconnection is carried out. In our sirnulations this difference 
is not so important as the friction will cause a decay of the waves. In that case 
the local approximation with a reconnection model can be used instead of the fully 
nonlocal equation with a. reconnection on a smaller scale. As stated before, this can 
save a large amount of computer time. Table 3.2 lists the amounts of CPU time that 
have been used to calculate the sirnulations of the reconnected circular vortices in 
Fig. 3.10. In this example the nonlocal approximation is at least hundred times more 
expensive than the local approximation. 

So far we discussed only one example of interacting vortex rings. Many param
eters can be varied, like the radii, the initia! distance in the xy-plane, and the initial 
distance along the z-axis. In these tests Eq. (3.116) proved to be a useful criterion. 
However, there are cases in which a point pair satisfies this criterion, but no reconnec
tion occurs. An example of this occurs when the nearest parts of the vortices locally 
have the same orientation. In our reconnection algorithm we therefore check for 
this condition. If the vortices have the same orientation, no reconnection is carried 
out. Otherwise the circle interpolation is used to make a smooth curve between the 
vortkes. From this point of view a reconnection with a wall is less complicated. The 
orientation of the mirror vortex is always correct, so a reconnection always happens 
when Eq. (3.117) is satisfied. 

In our sirnulations of vortex tangles ( chapter 4) the check for reconnections is not 
carried out af ter each time step. This can save a lot of computer time. However, one 
must be careful that not too many reconnection are missed. Schwarz [57] showed 
that the average line densities increases by 50% when only half of the reconnections 
are carried out. In our sirnulations there are enough checks to avoid this behavior. 

Appendix A Selection of point pairs for reconnections 

When there are N points in the tangle then the criterion of Eq. (3.116) reduces fora 
realistic tangle the number of pairs from the maximum of! N( N - 1) to only a small 
number of pairs. A simple and straightforward W<!.Y to select these pairs would be 
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Figure 3. t t: For the selection of points pairs satisfying Eq. (3. t 16) the volume is 
divided into smaller volumes. In this figure that is illustrated for two dimensions. 
Two points i and i 1 are indicated and for both points drde is drawn with radii 
..:lr; and !l.r;•, respectively. For point i Eq. (3. 122) is true, so Eq. (3.116) can only be 
satisfied when i' is in the Same or an adjacent square as i. This area is indicated 
with thick lines. The indicated point pair ii1 satisfies all criteria and is a candidate 
fora reconnection. 
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to calculate all !N(N -1) distances .6.u• and compare them with the appropriate .Ó.rï 

and .6.r•'· This involves in the order of N2 calculations. Even for a moderate size 
tangle with in the order of one thousand points this would require a large num.ber 
of calculations. Therefore we looked for a more efficient way to select the pairs. 

For three-dimensional geometrical problems like finding the nearest neighbor of 
a given point in a list, or determining the minimum distance between any two points 
in a list, algorithms that involve only in the order of N In N calculations are known 
(see e.g. Preparata and Shamos [46] or Sedgewick [60]). In these algorithms an 
efficient algorithm is used to sort the points, after whkh the solution of the problem 
can be calculated with little effort. However, in worst case our problem is always 
order N2 independent of the algorithm chosen. The reason for this is that the radius 
of curvature in any point can be unlim.ited, soit is possible that all !N(N -1) point 
pairs satisfy Eq. (3.116). In practical situatlons, however, the structure of the tangle 
will only allow smaller values of R. Therefore we only need to search in a small 
volume around a point i for other points i'. This will be used in our sortlng process. 

Initialization. To start with: the volume in which the points are situated, is divided 
into cubes that have edges of length de. Fig. 3.11 illustrates this fora two
dimensional case. The initia! value of de is in the order of the smallest .6.ri 

(3.118) 

Each cube is labelled with a set of numbers {k, l,m}, thatindicates the position 
of the cube in the volume (see Fig. 3.11). 

The first label k increases with the position of the cube along the x-axis. The 
second and third label are related to the position in the y and z-direction, 
respectively. 
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Next we create an index list in with N1 elements. Initially all N points i in the 
volume are in the list, so 

in= n, n = 1."N, (3.119) 

andN1 = N. 

Now the sorting procedure is started. 

Step 1. Each point is assigned a set of labels { k, l, m}, that is identical to the set of 
labels of the cube it is in. The index list i" is sorted, is such a way that the labels 
of the points s;n are sorted when n = 1,2,3, ... ,Ni. 

The first number is most significant, so in a sorted list the successive labels are 
e.g. 

{1, 1, 1 }, {1, 1,2}, {1, 1,2}, ... , {1,2, 1 }, etc .. (3.120) 

Table 3.3 shows an example of a sorted list. A heapsort algorithm (see e.g. 
Knuth [33] or Press et al. [47]) is used, requiring in the order of N In N opera
tions. 

Step 2. During this step the actual search for point pairs ii', that satisfy condition 
(3.116), is carrled out. For point i we take successive elements of the sorted list 

(3.121) 

with n = 1,2,3, ... , N1. If L\r;" > de then point i 11 is skipped for the moment, and 
this step is continued with the next point of the sorted list. Point in remains in 
the list for later treatment. 

On the other hand if 

(3.122) 

the search for matching points i' is carrled out. It is not necessary to check all 
other points to find these point pairs. Combination of Eqs. (3.116) and (3.122) 
gives an upper limit for !\;";• 

(3.123) 

which means that i' can only have the same set of labels as i, or it is in one 
of the adjacent cubes, e.g. one or more labels differ by 1. In Fig. 3.11 this is 
illustrated for a two-dimensional case. A cube in the interior of the volume 
has 26 adjacent cubes. (Near the walls there are less cubes.) 

To simplify this search, nine pointers P11q are :maintained. When the third label 
of point i is m, they point to the positions in the sorted list of the first points in 
cubes in the "m -1"-plane. The corresponding labels are 

Pn -+ { k - 1, l - 1, m - 1} P12 -+ { k - 1, l, m - 1} P13 -+ { k - 1, l + 1, m - 1} 
Fit -+ { k , l - 1, m - 1} ~ -+ { k , l, m - 1} & -+ { k , l + 1, m - 1} 
1§1 -+ { k + 1, l - 1, m - 1} P32 -+ { k + 1, l, m - 1} & -+ { k + 1, l + 1, m - 1} 
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n sorted index list coordinates label 

1 i1 s;i {l, 1, 1} 
2 i2 i;2 {1, 1, 1} 
3 i3 s;3 {l,1,2} 
4 i4 1i4. {l, 1,3} 
5 is s;5 {1,1,3} 
6 i6 s;" {1, 1,4} 
7 i7 i;1 {1,1,4} 
8 is sis {l,2,2} 

29 z29 8;'29 {1,4,4} 
1\1 -+ 30 ïao 8;'30 {2,1,1} * 

31 i31 8;31 {2, 1, 1} * 
32 i32 8;32. {2,1,3} * 
33 i33 8;33 {2, 1,4} 

J\2,P13 -+ 34 i34 8;u {2,3,l} * 
35 i35 St:;s {2,3,1} * 
36 i36 ... {2,3,2} " SÎ36 

37 Ï37 1;31 {2,3,2} * 

55 Î55 Stss {2,4,4} 
Pi1 -+ 56 Ï56 sis6 {3, 1, 1} * 

57 Ï57 8;51 {3, 1,2} " 
P22 -+ 58 iss 8;58 {3,2, 1} * 

59 Î59 8;59 {3,2,1} " 
60 Î60 Si(:IJ {3,2,2} * 

current point -+ 61 Î61 ~ {3,2,2} * 
62 Î62 siQ {3,2,3} • 
63 Ï63 i;63 {3,2,3} " 

Pia -+ 64 Z64 S;"' {3,3,2} * 
66 Î66 8;66 {3,3,3} * 

80 iso i;so {3,4,4} 
P31 -+ 81 is1 8;81 {4,1,1} * 

107 i101 8;1111 {4,3,4} 

Table 3.3: An example of thesorted index list produced in step 1. In this example 
a cubic volume is divided in 43 = 64 cubes and 107 points are currently in the 
list. The pointers in the left column are in the correct positions for n = 61. The 
points marked with an asterisk are in the same or adjacent cubes of i61· Note 
that Pi2 should point toa label {2, 2, 1 }. As there is no in with this label, it points 
to n = 34, which is the first point in the list with a label that follows {2, 2, 1 }. 
Therefore one or more pointers may indicate the same position. 
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If for some pointer there is no point of which the labels match precisely accord
ing to this table, the following rule is applied. Suppose there is no point with 
label { k - 1, l, m - 1 }. Then the pointer P12 addresses the first point in the list 
of which the label follows { k - 1, l, m - 1 }. See Table 3.3 for some examples. 

As the points are sorted with increasing index m, these pointers suffice to locate 
quickly the points in all 27 (or less) relevant cub.es. In the example of Table 3.3 
these pointers are shown when n = 61. Only toi&ii' of the points marked with 
an asterisk must be calculated and condition (3.116) is checked. All valid point 
pairs i"i1 are stored fora reconnection to be carried out (see section 3.4). 

After this check, there can be no points i 1 for which to;";• satisfies Eq. (3.116), 
besides those already found. Therefore there is no need to consider point in 
in subsequent checks and it is removed immediately from the index list. This 
step is continued with the next point of the sorted list. 

Step 3. When step 2 is completed for all points, de is multiplied by 2, and the volume 
is divided into larger cubes with the new dimension de. The new cubes are 
labelled and steps 1 and 2 are repeated using the remaining points, unless the 
number of points in the list is less than a certain value (usually 100}. It that case 
these remaining points are treated with a straightforward procedure checking 
all possible point pairs. 

At the end of this procedure we have a list of all point pairs that satisfy condi
tion (3.116) in the interior of the volume. Now some other cases have to be dealt 
with. 

The points near the walls need a separate check of which the details depend on 
the boundary condition. Por smooth walls all points are searched that are within a 
distance of !tori (see Eq. (3.117))from a wall. This is equivalent with Eq. (3.116) as it 
means that the distance between a vortex and its image is less than tori· It involves 
a linear (order N) search. 

The periodic boundary conditions are more complicated to deal with as recon
nections "across the wall" are possible. These are treated in the following way. When 
there are periodic boundary conditions, two lists of points are made. The first list 

all to;;• heapsort-based 
fl CrayY-MP RS/6000 CrayY-MP RS/6000 

1460 22.9s 47.4s 2.7s 4.3s 
1460 23.2s 49.3s 2.Ss 5.0s 
1680 28.3s 61.0 s 3.2s 5.2s 

Table 3.4: Total amounts of computer time used for the reconnection, induding 
the selection of point pairs. A straightforward check of all i N ( N - 1) .6;;• is 
compared with the heapsort-based selection procedure that is discussed in the 
text, In e~ch test twenty tangles are used. The average number of points on the 
tangles N is listed. 
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includes all points that are within a distance Lir; from the first wall and the second 
list contains all the points that are within this distance from the other wall. Usually 
only a small number of points is involved, so again a simple method can be applied, 
in which the distance is checked for all point pairs with one point in the first list and 
the other point in the second list. 

It is difficult to give an accurate estimate of the number of calculations needed to 
fmd all point pairs. In practical situations with in the order of one thousand points, 
the heapsort-based selection procedure saved a lot of computer time. Table 3.4 lists 
the amount of CPU time used in some tests. The total time needed for the whole 
reconnection procedure is given. It is almost entirely used for the selection of point 
pairs. We conclude that the heapsort-based selection procedure, supplemented with 
the checks concerning the boundary conditions, proved to be about an order faster 
than simply checking all ! N ( N - 1) point pairs. 
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4 Vortex tangle simulations 

4.1 Introduction 

Is this chapter the main result of the simulations of the vortex motion are presented. 
The reconnecting vortex-tangle model that is discussed in chapters 2 and 3, is applied 
to a number of situations with different boundary conditions and flow conditions~ 

In the simulations of section4.2 no walls are present and the flow is homogeneous. 
Periodic boundary conditions are applied in all directions. The simulations in the 
following sections include walls and can be assodated with flow through a tube. 
We distinguish channels with a square cross-section (section 4.3), drcular tubes 
(section 4.4) and the parallel plate geometry (section 4.5) as illustrated in Fig. 2.5. To 
start with we assume a flat flow profile of the normal component. This means th.at 
~, which was previously defined in Eq. (2.81) as 

is constant. This is true for e.g. superflow where 

vn=O, 
Vns = -iise • 

(4.1) 

(4.2) 

When we consider a tube of infmite length along the z-axis, of which the cross-section 
is independent of the position along the tube, we can write 

(4.3) 

with a constant vse inside the tube. Equation (4.3) is a solution of the hydrodynamic 
equations of section 2.2.2. It satisfies the boundary condition at a smooth wall 
(Eq. (2.20)). Tough [64] mentions other examples of flow with a constant ~. We 
return to this topic in section 4.6. 

The drcular tubes are also studied with different normal flow profiles. When the 
superfluid is macroscopically at rest 

(4.4) 

(4.5) 

we have to take the viscosity of the normal fraction into account (see e.g. Eq. (2.19)). 
The laminar flow of a normal viscous fluid in a drcular tube has a parabolic profile. 
This is discussed in section 4.6. 
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4.2 Flow without walls 

The simplest case is flow in an infinite fluid without walls. In our calculations 
we use a cubic box and periodic boundary conditions are applied in all directions. 
A homogeneous flow field is applied (Eq. (4.3)). When there are no walls the 
only physically important quantities are the difference velocity vns and the friction 
coefficients o: and d. We will assume a' = 0 in all simulations (see e.g. Eq. (2.80)). 
According to the dimensional considerations discussed in section 2.6, we expect a 
simple relation for the average vortex line density L (Eq. (2.96)) 

and r which is defined in Eq. (2.102), satisfies Eq. (2.103) 

- VJ1S 

( )

2 

r = Fsn,o(o:) 7f 

The parameters Lo( a) and Ë'sn,o( a) depend on the temperature only, as ais a function 
of temperature. In this section we take a = 0.10, which corresponds to T = 1.6 K 

In our calcula tions we usually start with an initia! vortex configuration of thirteen 
vortex rings in a cubic box of 50 x 50 x 50 µm3 as is shown in Fig. 4.1. This figure 
shows the vortices in a way that wil1 be used throughout this chapter. The vortices are 
drawn in three projections: in the :vy-plane, in the :vz-plane and in the y z-plane. This 
gives some feeling of the three-dimensional structure of the vortices. To illustrate 
this, four vortices are numbered in all projections. A usual three-dimensional view, 
that is also included in Fig. 4.1, often does not provide a good impression of the 
relative position of the vortices. The initial condition is chosen in such a way that 
the average self-induced velocity Vsï (Eq. (2.86)) in the direction of iîns is zero and 
that there are no reconnections. 

Figures 4.2 to 4.5 represent calculations with vns = 0.12 m/s. After about 200 
time steps some cirdes have grown and others have shrunk depending on their 
orientation (Eqs. (2.69) and (2.70)). This is shown in Fig. 4.2. In this figure also 
a vortex resulting from a reconnection of two rings is visible. After many more 
time steps the system has evolved into a vortex tangle as is shown in Fig. 4.3. The 
orientation of the vortkes is polarized as discussed in section 2.3.3. In the :i;z- and 
yz-projections the vortices are preferably perpendicular to V'ns. 

For a limited period it looks as though a dynamica! equilibrium is reached, 
since e.g. the vortex line density L fluctuates around an average value (see below). 
However, when the calculations proceed the structure of the tangle changes. The 
random character of the tangle disappears and there is a strong tendency to the 
formation of straight lines as shown in Fig. 4.4. Apparently this state is more stable 
than the random tangle, as the vortices remain in such a structure with lines. The 
only major change that can be observed is a change in the orientation of the lines, 
but the randomness does not return. 

This tendency of the vortices to degrade into more or less straight lines, is present 
in all our simulations with periodic boundary conditions in three directions. Schwarz 
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Figure 4.1: The usual initial condition for the vortex simulations in three projec
tions. In the lower left the same configuration is plotted in a three-dimensional 
view. The total volume, in which the calculations are carried out, is shown. 
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Figure 4.2: The vortices of Fig. 4.1 after 200 time steps (t = 0.33 ms) in a flow 
field with &is= 0.12 (m/s) êz. The arrows indicate the first reconnection. 
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Figure 4.3: The vortices after 500000 time steps (t = 15.3 ms) in a flow with 
iiiis = 0.12 (m/s) ë •. A vortex tangle developed. 
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Figure 4.4: The vortices after 1.2 million time steps (t = 62.5 ms) with 
ii'ns = 0 .12 (m/ s) ë,,. The random character ofthe vortices in the tangle of Fig. 4.3 
disappeared and the vortices tend to organize in straight line patterns. 
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Figure 4.5: Plots of (a) L, (b) Fsn, (c) Vi. and (d) N as functions of time for 
Viui = 0.12 m/ s with periodic boundary conditions in all directions in a cube of 
50 x 50 x 50 µm3. At t ~ 35 ms, indicated by the arrows, the structure of the 
vortices changes from a random tangle into the system of lines as is shown in 
Fig. 4.4. The horizontal lines indicate the average values of each quantity for 
t = 13.5-28.0 ms. 

100 

[57] also mentions this phenomenon and gives an ad hoc solution to maintain the 
randomness. In his simulations a check for the presence of infinite vortex lines is 
carried out. These are lines that do not result in closed curves when the periodic 
boundary conditions are taken into account. He applies a "mixing" step, in which 
randomly selected infinite lines are rotated by !11" around the z-axis. In this somewhat 
unsatisfactory way "a dynamically stable, homogeneous vortex-tangle state" can be 
achieved. 

From the simulation several quantities are calculated and plotted as functions 
of time. Figure 4.5 shows the vortex line density L, the mutual friction force Fsn, 
the average velocity of the vortex lines ll, and the total number of points on the 
vortices N. Only the z-components of the vectors Fsn and il are plotted. The 
averages of the components of these vectors in the other directions are zero, as 
expected (see section 4.3 for an example). 

Several regions can be distinguished. At first there is a steady increase in L, 
Fsn and N. Next it looks as if there is a tendency to an equilibrium. However, at 
t ~ 20 ms and t ~ 35 ms sudden decays can be observed. Fort > 35 ms a fluctuating 
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Figure 4.6: The averages (a) Ll/2, and (b) r 1/2 plotted as functions of Vns with 
periodic boundary conditions in all directions in a cube of 50 x 50 x 50 µm3. 
The error bars represent the standard deviàtion. The lines in (a) and (b) are the 
linear relations of Eq. (4.8) and Eq. (4.9), respectively. 

Vns (m/s) L(µm-2) Fsn (kN/m3) it(mm/s) 
0.06 0.0052 ± 0.0009 0.27±0.05 3.5±1.0 
0.08 0.0096 ± 0.0012 0.66±0.09 4.7±0.7 
0.10 0.0145 ± 0.0009 1.31 ±0.09 3.9±0.7 
0.12 0.0192 ± 0.0012 2.09±0.11 4.8± 1.4 

Table 4.1: Summary of the calculated average values for L, Fsn and Vt with 
periodic boundary conditions in all directions. The simulations are carried out 
in a volume of 50 x 50 x 50 µm3• The accuracy listed in this table is the standard 
deviation (Eq. (4.6)). 

steady state is reached, in which the vortkes are straight lines as shown in Fig. 4.4. 
It is difficult to extract physkally meaningful results from this simulation. It is 

very unlikely that Fig. 4.4 represents realistic tangles, so we can only use data for 
t < 35 ms. On the other hand, we have to wait until an equih"brium is reached It 
is doubtful whether this happened before the degeneracy occurs. Nevertheless, we 
use a small interval from t = 13.5 ms to 28.0 ms, in which some average quantities 
are calculated. These are indicated by the horizontal lines in Fig. 4.5. 

This procedure is repeated for other values of vns. The results are given in Fig. 4.6 
and Table 4.1. The error bars in the graphs are the standard deviation, which is e.g. 
for L defined as 

t 

u(L) = [ i-1 J (L(t') - l)2 dt' ]112. 
0 

(4.6) 

To analyze the results in terms of Eq. (2.96), we have to know the value of the 
parameter /3. We use the average value of f3 that is defmed in Eq. {2.104). In the 
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Source T -112 p_t/3 Lo sn,O 

Thiswork 1.6K 0.11 0.030 
Schwarz [57] 1.6K 0.137 0.036 
Martin and Tough [42] 1.6K 0.12 -

Table 4.2: Summary of the calculated values for L~'2 and .F;j~. Listed are the 
numerlcal results of our simulations and of Schwarz, and the experlmental 
results of Martin and Tough. 

73 

simulations of Table 4.1 R varies from 7 pm for the highest velodty to 14 µrn for the 
lowest velodty, so ei ~ 1. For the velocities we consider, "$is constant within 3%. So 
we can write 

"$ = 0.90 x 10-7 m2/s. 

In that case we can rewrite Eqs. (2.96) and (2.103) as 

j}/2 =iL Vns, 

fl/l =iF'Vnsr 

in which "IL and "'/F are constants. Applied to the data in Fig. 4.6 we get 

"'IL= 1.2 x lû6 s/m2 , 

"'IF = 0.33 x 106 s/m2 • 

Combining Eqs. (2.96), (2.103} and (4.7)-(4.11) gives 

-112 L0 =0.11, 
-112 Fsn.o =0.030. 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

Strictly speaking it is not correct to take P constant. For larger Vns values R and f3 
decrease. This introduces a systematic error in the calculation of L~/2 and F511,~ of a 
few percent. 

The values of L~12 and F~ can be compared with Schwarz' results (57]. In hls 

notation the symbol CL is equivalent with L~12• For T = 1.6 K he finds cL = 0.137, 
which is about 25% larger that our value. For the friction force we can write 

Fsn,o = o:(q,Ïu -ciÏt), (4.14) 

in which the constants Ji1 and Ïe as defined by Schwarz [57], are related to the 
structure of the tangle. Using the values of these constants at T = 1.6 K gives 
F~ = 0.036. This value is about 20% larger than our value in Eq. (4.13). These 
results are summarized in Table 4.2. 

Schwarz compares his results with experimentalresults of Martin and Tough [42]. 
They measured L as a function of Vns in a glass tube with a diameter of 1 mm. When 
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Figure 4.7: The average line density Las a function of Vns fora = 0.10 according 
to Buttke (9]. Plotted is /3Ld/ Vns as a function of dVns/ /3, in which dis the length 
of an edge of the cube that is used for the simulations. The squares are Buttke' s 
results. He claims that f3Ld/vns is constant, which is equivalent with Eq. (4.15). 
The circles are bis results from calculations in which the spacing between the 
points on the vortices is too large. These circles are on a line that satisfies 
Eq. (2.96) with Zo = 0.14. 

Vns is large compared with the critical velocity, the influence of the walls is small and 
the experimental results can be compared with the results of the simulations in an 
infmite fluid. Their data for T = 1.6 K satisfy the approximation of Eq. (4.8) for vns 
in the range from 3.5 cm/ s to 5.5 cm/ s. In that range we can approximate {3 with 
Eq. (4.7) and we determine L~12 = 0.12 from their measurements, which is between 
our value of L~12 and Schwarz' result. Note that Schwarz [57] uses their data at 1.7 K. 
For that temperature we find L~ll = 0.14. 

We conclude that our results are in qualitative agreement with the results of 
Schwarz and with the experimental data as shown in Table 4.2. The quantitative 
correspondence between the numerical results is reasonable in view of the differences 
between our numerkal method and those of Schwarz as pointed out in section 3.2. 

Our results disagree with the results of Buttke [9, 10]. He states that instabilities in 
Schwarz' algorithm C<lUSe the spurious generation of loops at points of reconnections. 
He claims that this instability is necessary to sustain the tangle and fmds (see Fig. 4.7) 

(4.15) 

instead of Eq. (2.96). He concludes that the reconnecting vortex-tangle model with 
the local approximation Eq. (2.80) ''is inadequate for a description of turbulence in 
superfluid helium" [10]. 

The analysis in chapter 3 of our numerical algorithm clearly shows thatit is stable. 
No spurious loops are generated in the example of the reconnecting vortex rings in 
section 3.2 and in any of our simulations with vortex tangles. The cakulations give 
physically meaningful results and obey e.g. the sealing laws ofEqs. (2.96) and (2.103). 
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Figure 4.8: Result of a simulation with t1ns = 0.04 m/s in a cubic volume of 
50 x 50 x 50 µm3 at t = 580 ms. For this velocity only three noninteracting and 
perfectly straight vortex lines remain. 
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To conclude this section, we discuss the practical limitation of the range of ve
locities Vns that can be simulated in a cube of a fixed size. The lower limit is related 
to the size of the cube. For Vns = 0.04m/s, Lis so small that the cube is almost 
empty. From Eqs. (4.8) and (4.10) we can estimate that at this velocity a length of 
about 290 µm vortex line would be present in the volume. This is less than six times 
the length of an edge of the cube. Apparently that is not enough to sustain a vortex 
tangle and in a simulation only a few perfectly straight vortices remain (Fig. 4.8). 
These lines do not interact at all and move perpendicular to ii'ns. 

Schwarz [57] mentions a critica! volume of 0.25 fora velocity of 40{3 in his units. 
This means that for this velocity the tangle disappears in a cube with edges of length 
d = 0.6. When we scale this to our situation, the product vd/ f3 does not change 
(compare Eqs. (2.105) and (2.106)). With d = 50 µmand f3 from Eq. (4.7) there should 
be no tangles for approximately vns < 0.04 m/s, which is very near to what we 
observe. Of course, a larger cube could be used to calculate these small velocities. 

In practice the upper limit is determined by the duration of the calculation. 
We can estimate the amount of computer time that is needed, when vns increases. 
According to Eq. (4.8) L is proportional to ~· From Eq. (2.99) it follows that R is 
proportional to v;1• Then the average distance between neighboring points ä also 
behaves like v;1 (Eq. (3.26)). The total number of points depends on Land ä, so 
we get N,...., v~s· The time step depends on ä (Eqs. (3.37) and (3.100)) and therefore 
At ,....., v;2• The amount of computer time that is needed to simulate a fixed period of 
time is in a lowest order approximation proportional to N /At and therefore to v!,. 
For the calculation of Land Ê'sn for the highest velocity in Table 4.1 we used about 
50 hours CPU time on our RS/ 6000. 

4.3 Flow in square tubes 

The calculations of flow through tubes with walls are more complicated than with 
periodic boundary conditions. Reconnections with the wall have to be taken into 
account (section 2.5). They give rise to rather complicated processes. E.g. in a corner 
a vortex that is attached to one wall can reconnect with the other wall. Or two 
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/,(µm) Vns (m/s) L (µm-2) Ê'sn (kN/m3) i1. (mm/s) 
50 0.099 0 0 0 
50 0.102 0.0050 ± 0.0011 0.49 ±0.11 3.9±1.1 
50 0.110 0.0060 ± 0.0014 0.64 ±0.15 4.1±1.1 
50 0.118 0.0081 ± 0.0014 1.03 ± 0.16 4.7± 1.4 
50 0.130 0.0107 ± 0.0014 1.34 ± 0.18 5.0 ± 0.8 
50 0.138 0.0121±0.0015 1.60 ± 0.20 5.4 ±0.7 
50 0.146 0.0146 ± 0.0016 2.02 ±0.22 5.9 ±0.8 
50 0.150 0.0164 ± 0.0018 2.33 ±0.24 6.1±0.8 

100 0.099 0 0 0 
100 0.102 0 0 0 
100 0.106. 0.0035 ± 0.0005 0.36 ±0.06 3.5±0.8 
100 0.110 0.0045 ± 0.0007 0.48 ± 0.08 3.9±0.8 
100 0.118 0.0058 ± 0.0006 0.67 ±0.07 4.2 ±0.7 
200 0.099 0 0 0 
200 0.102 0 0 0 
200 0.106 0 0 0 
200 0.110 0.0025 ± 0.0008 0.28 ±0.09 3.4±0.8 
200 0.118 0.0047 ± 0.0006 • 0.54 ±0.08 4.0 ±0.5 

Table 4.3: Summary ofthe calculated average values for L, Fsn and VL with 
four walls in tubes with a square cross-section of 50 x 50 µm2• The length of the 
tube in the direction of the periodic boundary conditions is indicated by t. The 
accuracy listed in this table is the standard deviation. 

vortices that are attached to a wall can approach and reconnect, after which there is 
one vortex that is not attached to the wall and possibly a small vortex at the wall. 
The presence of walls, however, avoids the decay of the vortex tangles in arrays of 
straight lines. The results are therefore easier to interpret. 

In our simulation we again start with thirteen vortices of Fig. 4.1, but now four 
edges of the cube are smooth walls and periodic boundary conditions are only 
applied along the z-axis. The length d of each edge of the cube is 50 µm. In Fig. 4.9 
the vortices are shown after 4000 time steps. Clearly some reconnections with the 
walls have taken place as some vortices are attached to a wall. This is indicated by 
the small cirdes in the figure. After many more time steps a vortex tangle evolves. 
In Fig. 4.10 the vortices are shown after 1.0 x lû6 time steps. When the simulation 
is continued, the vortices remain in a tangle. This can be seen in Fig. 4.11, which 
shown the evolutions of quantities like L as functions of the time. Figure 4.1 lc 
and d illustrate that the largest component of the vector Fsn is indeed along vns. The 
averages of the components perpendicular to vns are zero. 

We cakulated L and Ê'sn as functions of vns. The initial condition is either the 
situation of Fig. 4.1 or a dense tangle that is calculated at a high velocity (see below 
for an example). The results are plotted in Fig. 4.12 and listed in Table 4.3. There 
are two remarkable differences with the results in the previous section for an infinite 
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Figure 4.9: The vortices of Fig. 4.1 in a tube with 4 flat smooth walls after 4000 
time steps {t = 0.569ms) in a flow field with i1ns = 0.118(m/s) ë". Besides 
the reconnections between the rings also reconnections with the walls occurred. 
The points that are attached toa wall are indicated by small circles. 
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Figure 4.10: The vortices of Fig. 4.1 in a tube with 4 flat smooth walls after one 
million time steps (t = 38.0 ms) in a flow field with ~ = 0.118 (m/s) ë". A 
vortex tangle developed. 
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Figure 4.11: Plots of (a) L, (b) F8n.z, (c) Fsn,x1 (d) Fsn,y1 (e) VL and (f) N as 
functions of time for vrui = 0.118 m/s in a tube with a square cross-section and 
four smooth walls. The horizontal lines indicate the average values of each 
quantity fort = 25.0-124.4 ms. Graph (c) and (d) show that the averages of the 
components of Fsn perpend.icular to ii'ns are zero. 
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Figure 4.12: The averages (a) V/2, and (b) r1/2 plotted as functions of Vns for 
flow through a tube with a square cross-section and four smooth walls. The 
vortex motion is simulated in a cubic volume of 50 x 50 x 50 µm3• The error bars 
represent the standard deviation. The lines indicated with I are the results for 
an infinite fluid of Fig. 4.6. The lines I satisfy Eqs. (4.16) and (4.17), respectively. 
The critical velodty tic is 0.10 m/ s. 
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fluid (Fig. 4.6). First a critica! velodty can be d.istinguished. For Vns < 0.10 m/s the 
tangles are unstable and the line density decreasei; until all vortices are vanished. 
This is illustrated in Fig. 4.13 whkh shows the evolution of vortices when Vns is 
just below the critica! velodty. The line density during this simulation is plotted in 
Fig. 4.14a. A similar plot fora velodty just above the critica! velodty is given in 
Fig. 4.14b. At this velodty the line density remains nonzero. The initia! condition in 
both cases is a dense tangle that was calculated with vns = 0.16 m/s for 1.1 million 
time steps (t = 14.0 ms). This tangle is not in equilibrium yet for that velodty, 
but has a fairly high density (L = 1.53 x 1010 m-2) for velodties near the critical 
velodty. We conclude that the critical velodty is rather well-defined and from the 
two simulations in Fig. 4.14 we cakulate vc = 0.100 ± 0.002 m/s for the geometry 
that is used in those simulations. 

Furthermore, the dependences of Ï( Vns) and r( Vns) differ from Eqs. {4.8) and ( 4.9) I 
respectively. For Vns > vc the results can be described by 

L112 = 'YL (VII$ - VLO) I 

r 112 = "IF ( Vns - Vro) I 

(4;16) 

(4.17) 

in which the off sets vw and vro are introduced. Values of the parameters are listed in 
Table 4.5 on page 85. Details on how these parameters are determined, are d.iscussed 
in section 4.4. For 'YL and 'YF we find values that are comparable to the results in an 
infinite fluid (Eqs. (4.10) and (4.11)). 

The previous calculations are carried out in a cubic box of 50 x 50 x 50µm3• 

This means that the length fin the direction of the periodic boundary conditions is 
equal to the width of the tube d. When ï112 is as small as 0.07 µm-1 just above vc 
(Fig. 4.14b), this also means that the average distance 3- between vortex lines in the 
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t = 155 ms, L = 0.0039 µm-2 t = 160 ms, L = 0.0025 µm- 2 t = 165 ms, L = 0.0025 µm-2 

t = 170ms, L = 0.0009 µm-2 t = 175ms, L = 0.0005 µm-2 t = 180ms, L = 0.0002µm-2 

Figure 4.13: Example of a decaying tangle (Vns = 0.099 m/s). The three
dimensional views are plotted at a 5 ms time interval The line density is 
given Fig. 4.14a. 
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in (b) t1ns = 0.102m/s is just abovethe critical velocity. The scales are thesame 
in both plots. 
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Figure 4.15: Tangles for 11ns = 0.118m/s (11nsd//3 = 66) in a tube with a square 
cross-section of 50 x 50 µm2• Only the length of the perlod f. is different in each 
plot 50 µmin (a), 100 µmin (b), and 200 µmin (c). In all plots the length of the 
tube section is the same, which means that in (a) and (b) the periodidty is used 
to calculate the position of the vortices. 

tangle is in the order of t. With Eq. (2.100) we can estimate 

Li ~ 14µm. 

81. 

(4.18) 

The length scale of e.g. density fluctuations is at least of the order of~. So if t/ Li is too 
small the line density can not vary along the tube and the results of the simulations 
may not be a correct representation of real tube flow. 

To check this possibility, we performed simulations with tubes with the same 
cross·section, but with a longer length scale tof the periodicity. When the periodici ty 
has no effect, the results should not change. Figure 4.15 shows tangles with three 
different t values. The line densities of the tangles that are shown, are close to the 
average for each sim.ulation. It is clear that the density decreases when the length of 
the periodicity is longer. In Fig. 4.15c there is quite a large region (near z = -50 µm) 
where the density is low, whereas in Fig. 4.15a these variations are less pronounced. 

The results of the simulations with different lengths e are listed in Table 4.3 and 
L1 /2 dis shown as a function of the scaled velocity vnsd/ fJ in Fig. 4.16. Equati.on (2.105) 
in section 2.6 gives a relation for the average line density L when walls are present. 
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Figure 4.16: Plot of the scaled line density Vl2d as a function of the scaled 
velodty Vnsd/ f3 for simulatlons in volumes with a square cross-section and three 
different lengths l. Line 1 represents the results in an infinite fluid (Fig. 4.6a). 
Line 1 is the linear fit to the data for l = d (Fig. 4.12a). The critical velocity 
satisfies Eq. (4.20). 

It can be rewritten as 

L112d = L~12(a,Vnsd/f3) v{/, (4.19) 

so L~12(a = 0.10,vnsd/f') follows immediately from Fig. 4.16. In section 2.6 an ex
pression for the scaled critica! velocity is given in Eq. (2.106) 

Vcd -r =Cv• 

From Fig. 4.16 we conclude that for larger e the critical velocity increases (c" = 56 for 
e = d and c., = 60 for e = 4d) and the line density Le at the critica! velocîty decreases. 
In longer tubes the transition from laminar to turbulent is more gradual. It is not 
dear to what values vc and Le converge for large e. That requires simulations with 
even longer lengths e. 

Using at each velocity the available results with the largest length e we find for 
the scaled critical velocity 

Vc/ = 60. (4.20) 

The parameter Ïo in Eq. (4.19) is expected to be constant for 'IJns ~ vc at a fixed 
temperature (section 2.6). Assuming that for high velocities the results from the 
simulations with the short tubes may be used, we estimate Lo from the slope of line 1I 
in Fig. 4.16. The result is 

-112 L0 = 0.112, (4.21) 
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Figure 4.17: The vortices of Fig. 4.1 in a tube with a circular cross-section 
after 4 million time steps (t = 153.6 ms) in a flow field with a constant 
its = 0.118 (m/s) ê:. 

which is close to the value found in section 4.2 (Eq. (4.12)) for an i.nfinite fluid. 
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Schwarz' value (55) for vcd/ t' is 45, which is 20% less that our value. The value of 
L~12 has been discussed in section 4.2. A comparison between our numerkal results 
and experimental data will be combined with an analysis of simulations in tubes 
with a drcular cross-section in section 4.4. 

4.4 Flow in drcular tubes 

The flow through circular tubes can be modelled using a cylindrical geometry. The 
cross-section is shown in Fig. 2.Sc As is discussed in section 2.3.2 we approximate 
the difficult boundary condition for a curved wall assuming a locally flat wall. A 
reconnection of a vortex with the wall is then comparable to the procedure for a flat 
wall (section 2.5). 

The thirteen vortex rings of Fig. 4.1 fit within a tube with diameter d = 50 µm, 
and are therefore a suitable initial condition for that geometry. The results of the 
calculations are similar to the results for flow in tubes with a square cross-section 
(section 4.3). Figure 4.17 shows a typical tangle for Vns = 0.118m/s. In Fig. 4.18 the 
plots of L(t) and Fsn(t) are shown for that veloclty. The plots are very similar to 
those for square tubes in Fig. 4.11. 

The averages Land Ê'sn are determined as functions of vns. The results are listed 
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Figure4.18: Plots of (a) L,and(b) Fm asfunctionsoftimeforflowwithaflatflow 
profile and vns = 0.118 cm/sin tubes with a circular cross-section (d = 50 µm, 
t = 50 µm). The horizontal lines indicate the averages for t = 22-154 ms. 

l(µm) Vns (m/s) L (µm-2) Fsn (kN/m3) Vt(mm/s) 
50 0.102 0 0 0 
50 0.106 0.0056 ± 0.0014 0.57 ±0.14 3.3±1.3 
50 0.110 0.0074 ± 0.0013 0.76 ±0.14 3.7±1.0 
50 0.118 0.0092 ± 0.0012 1.03 ±0.15 4.1 ±0.9 
50 0.126 0.0119 ± 0.0017 1.40 ±0.21 4.8±0.9 
50 0.142 0.0160 ± 0.0015 . 2.10 ±0.19 5.7±0.8 

200 0.118 0.0085 ± 0.0009 0.95 ± 0.10 4.1 ±0.5 
200 0.126 0.0113 ± 0.0007 1.33 ± 0.09 4.8 ± 0.5 

Table 4.4: Summary of the calculated average values for L, F sn and Vt in circular 
tubes with a flat flow profile and a diameter of 50 µm for varlous l and Vns· 

in Table 4.4 and plotted in Fig. 4.19. Only results with short tubes (l = d) are shown 
in the figure and the results for square tubes (Fig. 4.12) are included. There is a good 
agreement between these two series. The critical velocity is within a few percent 
identical, and for Vns > Vc we can fit the data with Eqs. (4.16) and (4.17) in both 
geometries. The same values for the parameters IL and ïFi respectively, can be used 
to describe the data. The offsets 'VLO and VfO are slightly smaller for the circular tube 
than for the square tube. The results of the fitting are listed in Table 4.5. 

From the simulations in section 4.3 we know that especially near the critica! 
velocity the results depend on the length l of the periodicity. A few simulations 
with l = 4d are carried out and included in Table 4.4. Qualitatively we see the same 
behavior as in square tubes (Fig. 4.16). We therefore expectsimilar results as e.g. in 
Fig. 4.16 except for a slightly smaller vc. 

The results for square and circular tubes are summarized in Table 4.6. In the 
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Figure 4.19: The averages (a) Ï) /2, and (b) r1 /2 plotted as functions of Vns for flow 
in drcu1ar tubes with a flat flow profile. In all simulations l = d = 50 µm. The 
lines represent Eqs. (4.16) and (4.17), respectively, fitted to the data for Vns > vc. 
The results for tubes with a square cross-section of Fig. 4.12 are included for 
comparison. 

geometry section 'YL (s/m2) t'LO (m/s) vc (m/s) 
/F (s/m2) vro (m/s) 

infinite fluid 4.2 1.2 x 106 0 -
0.33 x 106 0 

square tubes (short) 4.3 1.3 x 106 0.047 0.10 
0.35 x 106 0.045 

circular tubes {short) 4.4 1.3 x ta6 o::i 0.10 
0.35 x 1a6 0.04 

annular tubes 4.5 1.1 x 1a6 0 -
0.29 x 106 0 

circular tubes (short) 4.6 0.13 x 106 ~ -0.37 0.10 
Poiseuille profile 0.031x106 ~ -0.37 

circular tubes (short) 4.6 0.43 x 106 -0.04 0.10 
counterflow 0.12 x 106 -0.04 

Table 4.5: Values for the parameters/ L, VLO, 1 F1 vpo, and vc for the geometries that 
are discussed in this chapter. In all simulations the typical length scale d = 50 µm 
and a flat flow profile is applied except for the simulations of section 4.6. 
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Source tube geometry d Vctd/{1 VcZ.d/ {1 
-1/2 
Lo 

Thiswork square and circular 1 5Uµm 60 0.112 
Schwarz [55, 57, 58, 59] square and circular 48 0.137 
Brewer and Edwards [8] circular 366µm 200 0.131 

(T=1.563K} 108µm 67 200 0.122 
52µ.m 51 

Childers and Tough [13] circular 126µm 49 
circular 61µm 22 

Henberger and Tough [29] square 120µm 54 120 
Martin and Tough [42] (Fig. 1.3) circular lmm 95 200 0.122 
Swanson and Donnelly [62] square lOmm 200 
Mareesetal. [41] circular 130µm 38 
Courts and Tough [16] (Fig. 1.4) drcular 134µm 44 
Courts and Tough [17] drcular 134µ.m 200 0.157 

Table 4.6: Values for the scaled critical velodties Vet d / {1 and Vc2d/ {1 from different 
sources at T = 1.6 K The parameter L~/2 is listed in the right column and is 
calculated from the L( Vns) dependence for velodties above the largest critica! 
velocity. The first part of this table lists the results of numerical simulations in 
which a flat flow profile is used. The second part is from an analysis of data 
from counterflow experiments. 

analysis of experimental data the value of {3 is detennined using Eq. (2.104) with 

ciao= 1.5 x 10-10 m. (4.22) 

This value of /3 is a function of the line density which is not always known in 
experiments. In that case we estimate (see e.g. Tough [64]) 

z112d ~ 2.5 (4.23> 

at Vet and L112d ~ 12-20 at Vc2· 

There is a reasonable agreement between the critical velocity in the simulations 
and Vet in counterflow experiments, which is on the average 

v~d ~ 50. (4.24) 

Note that the line density at the critica! velocity is close to the value at vci in Eq. (4.23). 
The agreement between square and circular tubes is e.g. confirmed in the experiments 
of Henberger and Touch [29] who observed that the square tubes "appear to be 
essentially identical to circular tubes". 

In the simulations we calculate the parameter L~12 for vns > vc. From the data of 
counterflow experiments in Table 4.6 Lb'2 is calculated from the L(vns) dependence 
in the T:Ir state which is above vc2. There is a reasonable agreement between the 
numerical and experimental values of L~'2• This means that the simulations seem 
to give the first critica! velocity, while the L(vns) dependence corresponds with the 
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Figure 4.20: (a) Cross-section of an annular tube. The symbol D is used for the 
average of the diameters of the inner and outer wall, and d is the width of the 
slit. In our slmulations we consider only a small part of the cross-section as is 
indicated by the dashed line. In (b) this part is enlarged. 
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second turbulent state. An interpretation is that the Tl state is not found in the 
simulations. We return to this important condusion in section 4.6. 

A shortcoming of the simulations in tubes with perfectly smooth walls is that 
the transition to turbulence depends only on Vns as was discussed in section 2.6. 
The complex behavior in the Vn·vse plane as reported by e.g. Courts and Tough [16] 
(Fig. 1.4) is not found. They report e.g. a critical velocity in pure superflow, which is 
about half of vc1 in counterflow experiments. Instead we get only two lines 

(4.25) 

that mark the transition. 
Recently, Schwarz [59] calculated the dependence of the critical velocity on both 

Vn and Vse, taking the surf ace roughness into account This improves the calculated 
behavior of the critical velocity considerably, but still no second critical velocity is 
found. 

4.5 Flow in annular tubes 

In this section we discuss the properties of flow through tubes with an annular 
cross-section. A typical example is given in Fig. 4.20a. In our simulations we 
consider only a small part of the cross-section as is indicated by the dashed lines in 
the figure. This section is enlarged in Fig. 4.20b. At the open ends periodic boundary 
conditions are applied When 

(4.26) 

in which D is the average of the diameters of the inner and outer wall, and d is 
the width of the slit, we can approximate this geometry with a geometry with two 
parallel plates as is shown in Fig. 2.Sa. 

In the simulations we startwith the thirteen vortex rings of Fig. 4.1. The boundary 
conditions are two smooth walls in the radial direction, which is chosen as the x
direction in the parallel plate geometry. Periodic boundary conditions are applied in 
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Figure 4.21: The vortices of Fig. 4.1 in a tube with two flat smooth walls after 
3 million time steps (t = 49.1 ms) in a flow field with ~ = 0.118 (m/s) êz. 

the other two directions. In Fig. 4.21 a typical vortex tangle is shown. The behavior 
of this tangle is comparable to the behavior shown in Fig. 4.11 fora tube with a 
square cross-section. 

The L and r dependencies on vns are plotted in Fig. 4.22 and the averages of 
L, Fsn and Vi. are listed in Table 4.7. For all velocities a nonzero line density is 
found, although in a number of shnulations the tangles degenerate. An example 
of this degeneracy is given in Fig. 4.23. After a certain time td (which is 70 ms in 
this example) only a few noninteracting straight vortex lines remain (Fig. 4.23b). 
Table 4.7 lists the values of td and the constant line density Ld for t > td. Where no 
degeneracy occurred yet, only a lower limit for td is given. 

A similar degeneracy occurred for Vns:::; 0.04m/s when we applied periodic 
boundary conditions.in all directions for (Fig. 4.8 in section 4.2). In the parallel plate 
geometry there is a preferential direction for these lines, which is perpendicular to 
the walls. A straight line in another direction must be parallel to the walls. Due to 
the friction such a line moves towards a wall, where a reconnection occurs. So the 
only stable structure with straight lines consists of lines perpendicular to the walls. 
These lines move perpendicular to iins and there is still a nonzero component of the 
friction force in the direction of vns. In the example of Fig. 4.23, e.g., Fsn = 90 N/m3 

fort> td. 
The existence of nonzero land Ê'sn for all velocities means that the critical velocity 

is zero in these simulations. We analyze the data in two ways. First we consider the 
averages land r that are cakulated before the degeneracy occurs (the squares and 
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Figure 4.22: The averages (a) V/2, and (b) r 1/2 plotted as functions of Vns for 
annular flow in channels with smooth walls (parallel plate geometry). Calcu
lations with two different lengths l of the periodidty are plotted. The error 
bars represent the standard deviations which are not calculated for each point 
(Table 4.7). The crosses represent data of degenerate systems (t > td). The lines I 
give the behavior for homogeneous flow (Fig. 4.5). The lines 1 are straight lines 
fitted through the nondegenerate data points. 

l(µ,m) Vns (m/s) L(µm-2) Ë'sn (kN/m3 ) lÏL(mm/s) td (ms) .id (µm-2) 

50 0.039 ? ? ? 150 0.0008 
50 0.047 ? ? 1 70 0.0016 
50 0.059 0.0044 ± 0.0009 0.23±0.05 3.1 ±0.9 > 330 
50 0.079 0.0068 ± 0.0007 0.49±0.06 3.7 ±0.9 > 150 
50 0.099 O.Ql 15 ± 0.0009 1.02± 0.08 4.8 ±0.8 > 70 
50 0.118 0.0156 ± 0.0008 1.67 ± 0.10 5.6 ±0.7 > 50 

1uu 0.U::S:l 0.0012 0.04 1 350 0.0008 
100 0.039 0.0018 0.07 1 550 0.0010 
100 0.047 0.0023 ± 0.0004 0.10 ± 0.02 2.0 ±0.7 > 950 
100 0.059 0.0027 0.16 ? 600 0.0030 
100 0.079 0.0072 ± 0.0004 0.53±0.04 3.6±0.7 800 0.0042 

Table.4.7: Summaryofthecalculatedaveragesfor L, Fsn and VLforflowbetween 
two parallel plates. The length of the perlodidty in both directions with periodic 
boundary conditions is indicated by l. The distance between the walls is 50 µm 
in all cases. The symbol ~ indicates the time at which the tangle disappears and 
a structure with only a few noninteracting straight lines between the two walls 
remains. In most of those cases it is impossible to calculate accurate averages 
for L, Fsn and VL before the degeneracy. The constant line density for t > td is 
indicated with Ld. 



90 Chapter 4. Vortex tangle simulations 

~ '0.004 
..:;. 
"4 0.002 

Figure 4.23: (a) Plot of L(t) for Vns = 0.047m/s in the geometry with two 
parallel plates (d = 50 µm and e = 50 µm). The tangle degenerates after about 
70 ms (K ~ 280 000) and only four noninteracting straight vortex lines remain, 
which are connected to the two walls. These vortices are shown in graph (b). 

the diamonds in Fig. 4.22). We can use the expressions for L and r in an infinite 
fluid (Eqs. (4.8) and (4.9)). Fitting these linear expressions to the data is possible 
with values of the parameters /L and /F that are independent of the length (. The 
results are included in Table 4.5 on page 85. The values of /L and /F are about 10% 
less than those reported for an infinite fluid in section 4.2 (lines I in Fig. 4.22). 

Secondly we analyze the degenerate situations (the crosses in Fig. 4.22). In fact 
this appears to be the real stable situation in a number of our simulations. In a 
degenerate situation the value of Ë'sn depends on the number of vortex lines that 
remain. This number is not only related to v05, as it also depends on e.g. the initia! 
condition. To get an accurate value for the average number of vortex lines that 
remains for a certain velocity, an ensemble of simulations at that velocity should be 
analyzed. We did not investigate this in detail, but from the simulations we have 
carried out, a tendency can be concluded. Again Eqs. (4.8) and (4.9) can be used 
to describe the data, but the parameters/Land /F are smaller than in the previous 
analysis. For /L the difference is about 25%, and for /Fit is about 13%. 

We conclude from our simulations that the behavior of the flow through an 
annular channels (or parallel plate geometry) is remarkably different from the flow 
through tubes with a square or circular cross-section. No vc is found, as for any 
velocity a nonzero Ë'sn can exist when some straight lines across the channel are 
present. Ina realistic channel these vortices can be pinned due to surface roughness. 
When all vortices are pinned, Ë'sn is zero. That implies a critica! velodty which is 
equal to the "depinning'' velocity. Using a result of Schwarz [56] for that velocity 
we write 

~ elp 
Vc=-ln-

21rd ao' 
(4.27) 

in which dp is the size of the pinning sites. For a channel with e.g. d = 50 µm and 
dp = 0.5 µm this Vc is about 40 times smaller than the value that is found in a square 
channel of 100 x 100 µm2 with Eq. (4.20). 
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Without going into details, Schwarz [55] reports one critical velodty that is cal
culated in a parallel plate geometry. lts value is about 2.5 times less than the 
corresponding value in a square channel. In our geometry this would correspond to 
vc: ~ 0.04 m/ s. Near this velodty an early degeneracy of the tangles is found, but as 
stated before, that does not indicate a critical velodty. 

In experimental work two kind of "slits" can be distinguished. In the work of e.g. 
Ladner and Tough [36, 37] and Henberger and Tough [29] channels are used which 
have a rectangular cross-section with an aspect ratio of 10:1. In their analysis they 
use the hydraulic diameter dh of the channel, which is defined as 

4A 
dh = p / (4,28) 

in which P is the perimeter of the channel. For tubes with a square or drcular 
cross-section dii = d, and for their rectangular channels dh = 1.82 d. They report a 
critica} velodty which depends on dh rather than on d, which means that in their 
rectangular tube vc is about half of its value in a comparable tube with a square or 
circular cross-section. For Vns > vc: only one turbulent state is observed, which is 
called Tm in the classification of Tough [64]. For vns ~ vc: Eq. (2.96) can be used to 
describe the .Ï( vns) dependency. The value of the parameter Lo is the same as in the 
Tll state. 

An essential difference between these rectangular tubes and the parallel plate 
geometry is the presence of walls in the y-direction (Fig. 4.20b). That means that 
the straight line pattems that are discussed previously, are not stable. To simulate 
such a channel a true rectangular cross-section must be used. We performed a few 
simulations in tubes with an aspect ratio of 2:1 (dh = 1.33 d) and 4:1 (dh = 1.60 d). For 
a larger aspect ratio vc: indeed appears to be smaller. For quantitative conclusions 
more simulations are needed in which also the effect of the length l has to be taken 
into account. 

Narrow slits of a few µm (Eq. (4.26)) are used by Zeegers [73, 74] in experiments 
with 3He-4He mixtures. Figure 1.5 shows an example of his analysis of the results. 
The quantity r' is defined as "f" in [74]. The f'(v) dependence may be compared 
with the f(Vns) dependence in our analysis. Comparing Fig. 1.Sb and Fig. 4.22b we 
condude that there is a qualitative agreement between our numerical results and 
the experimental results for annular tubes. In both cases the results are comparable 
to the results for homogeneous turbulence (section 4.2) and no vc is found. In 
the experiments vc could not be measured as it is probably smaller than the lowest 
velodtythatcouldbereached. Thatmeansthatvcd//Jisatleastanorderofmagnitude 
smaller than the value found for circular tubes which agrees with our estimate of 
Eq. (4.27). 

4.6 Flow in circular tubes with a Poiseuille normal-flow 
profile 

In the previous sections we assumed a constant value of the velodty Vns throughout 
the channel. In section 4.1 it was argued that this is a reasonable assumption for e.g. 
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superflow (Eqs. (4.1) and (4.2)). However, when the normal component is flowing 
like in counterflow or pure nonna! flow (Eqs. (4.5) and (4.4)), the viscosity 'f/n of the 
normal fraction has to be taken into account. 

The laminar flow of a viscous fluid through a tube with a drcular cross-section 
is described by the parabolic Poiseuille profile, which is for Vn 

2r 2 
Vn = 2iin (1- (7) ), (4.29) 

in which r is the distance to the center of the tube with diameter d and iin is the 
average flow velocity. The flow of a classica! fluid is laminar when the Reynolds 
number Re is not too large. For the normal fraction the Reynolds number is 

Re= PnÏlnd. 
'f/n 

In counterflow (see Eq. (1.4)) 

- Ps -Vn = -Vru;, 
p 

(4.30) 

(4.31) 

and by substituting Eqs. (4.7), (4.20) and (4.31) in Eq. {4.30) we can estimate Re 
near the critica! velocity. At T = 1.6 K the result is Re RI 85 (with Ps/ p = 0.84 and 
'f/n = 1.27 µPas, from Barenghi et al. [7]). This value of Re is well below the limit above 
which the normal fluid is expected to become turbulent. At this stage we assume 
that the effect of the presence of vortices on the normal flow profile is negligible, 
which is discussed later. 

The description of the normal flow with a Poiseuille profile contradicts experî
mental results of Awschalom et al. [5], who measured L and vn as functions of the 
position in a rectangular channel (1.0 x 2.7 cm2). They reported constant values 
for both quantities throughout the channel even at velocities close to the expected 
critical velocity of the channel. They condude that "the nonlinear bulk coupling 
between the vortex tangle and iin is so strong as to self-consistently renormalize both 
the velocity profile and the line length distribution to be uniform". As their channel 
has a rectangular cross-section, it is likely that their measurements apply only to the 
Tll and TIII state. 

In this section we concentrate on drcular tubes and velocities just above the 
critical velocity found in the simulations, which we identify with vc1. In that region 
the Tl state is observed experimentally. We investigate the effect of a Poiseuille 
profile for the flow of the norm.al component on the vortex tangle. Assuming that 
Vse is constant as before, we can write 

(4.32) 

and 

{4.33) 

In most of the simulations in this section vse = 0, so iin = iins. 
The initia! condition is identical with the initial condition of section 4.4 and 

consists of the thirteen vortex rings of Fig. 4.1. In Fig. 4.24 the vortices are shown 
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Figure 4.24: The vortices of Fig. 4.1 in a tube with a circular cross-section after 
about 23 million time steps (t = 163.0 ms) in a Poiseuille normal flow field with 
anaverage iiits = 0.118 (m/s) lz and Vse = 0. 
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after about 2.3 million time steps. The structure of this tangle is remarkably different 
from the tangles as calculated with a flat flow profile (see e.g. Fig. 4.17). In the 
xy-projection of Fig. 4.24 an inhomogeneity can be seen as the vortices appear to be 
preferentially in a layer at about 0.1 d from the wall. 

In Fig. 4.25 L, Fsn and Vi. are plotted as functions of time for iins = 0.118m/s. 
These quantities fluctuate around averages as before (Fig. 4.11 and 4.18). In com
parison with previous results the averages of these quantities are rather small and 
the fluctuations are relatively large. E.g. the line density is occasionally smaller than 
0.002 µm-2 (L-112 ~ O.Sd) and Vi. is sometimes negative. The tangle of Fig. 4.24 is 
a typical tangle of which Lis relatively large for the iins at which it is calculated. 
Figure 4.26 illustrates a part of the evolution. At t = 172 ms an example of a vortex 
structure with a small line density is shown. At that time the center of the tube is 
empty and all vortices are in a layer within about 0.2 dof the wall. 

The averages L and r are determined as functions of Vns· The results are shown 
in Fig. 4.25 and listed in Table 4.8. In the figure only results from simulations with 
short tubes (e = d) are shown and the results with a flat flow profile are included. A 
few simulations with f = 2 d were carried out, and the results are not significantly 
different from the results with f = d. · 

The comparison of the results of a flat profile with a Poiseuille profile shows that 
the critkal velocity is independent of the profile. For the line density just above vc we 
fmd Ïcd = 3 which is close to the results obtained with a flat profile. However, for 
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Figure 4.25: Plots of (a) L, (b) Fsn, and (c) Vt as functions of time for flow with 
a normal Poiseuille flow profile and iins = 0.118m/s in tubes with a circular 
cross-section. The horizontal lines indicate the averages fort = 37-298 ms. 

vns > vc both L and r are significantly smaller in the simulations with the Poiseuille 
profile. Equations (4.16) and (4.17) are fitted to the data and the values of the 
parameters are listed in Table 4.5 on page 85. The values of ïL and ïF are about an 
order of magnitude smaller than the values that are found with a flat profile. 

In the experimental data of the counterflow experiment of Martin and Tough [42] 
(Fig. 1.3) the slope /L in the L(vns) dependency in the Tl state is about half its value 
in the T1I state. In our simulations with a Poiseuille profile for vn we find even 
smaller values of îL· In our case we study pure normal flow. To check the effect of 
combining a flat and a Poiseuille profile, we performed simulations with vn = 0.50 vns 
and with the counterflow condition iin = 0.84 vns (see Table 4.8). These show that 
L strongly depends on the ratio iin/fins· To cakulate IL accurately for counterflow 
more simulations have to be carried out. Using the data we have for vns > Vc the 
parameters /L and ïF are estimated and the results are included in Table 4.5. Their 
values are about one-third of the values found with a flat profile. 

In the discussion of Fig. 4.17 it was noticed that the tangles of that simulation 
appear to be inhomogeneous as the vortices are preferably in a layer near the wall 
in contrast with the homogeneous tangles in simulations with a flat profile. The 
inhomogeneity is studied in more detail in Fig. 4.28. This figure shows several 
quantities as functions of the distance r to the center of the tube. Each graph shows 
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t = 163ms, t=166ms, 
L = 0.0076 µm-2 L = 0.0057 µm-2 

t = 172ms, t = 175ms, 
L = 0.0023 µm-2 L = 0.0059 µm-2 

t = 169ms, 
L = 0.0061 µm-2 

o ____ ,__ __ ,__ __ ,__ __ 
160 165 170 175 180 

t(ms) -
Figure 4.26: Evolution of the tangle in a Poiseuille profile with an average 
Vns = 0.118m/s. The three-dimensional views are plotted at a 3 ms time 
interval The plot of L( t) is apart of Fig. 4.25a. In this plot the arrows indicate 
the times at which the tangles are shown, and the horizontal line is identical to 
the horizontal line representing the average value in Fig. 4.25a. 

Figure 4.27: Plots of (a) l1/2, and (b) r as functions of the av~rage value of tns 
in circular tubes with a normal Poiseuille flow profile. The results fora flat flow 
profile of Fig. 4.19 are also shown. The lines are linear fits through the data for 
Vns > vc. All data is calculated with d = l = 50 µm. Note the different vns·range 
in comparison with previous plots. 
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Figure 4.28: Plots of (a) L, (b) n, (c) Ë'sn,z, (d) Ë'sn,r1 (e) Vt,z, and (f) VL,r as 
functions of the distance from the center of the tube r. The position of the wall 
is at r = 25 µm. In all plots the results are combined for ro a flat flow profile, (][) 
a mixed profile with 'Vn = !vn5 , and CID) a Poiseuille profile. In all simulations 
e = 50 µmand iins = 0.118 m/s. 



4.6. Flow in drcular tubes with a Poiseuille normal-flow profile 

t{µm) üns (m/s) Vn/Üns Ï(µm-2) Ê'sn (kN/m3) R (mm/s) 
50 0.095 1 0 0 0 
50 0.102 1 0.0035 ± 0.0014 0.27±0.12 2.4±1.7 
50 0.110 1 0.0034 ± 0.0014 0.28 ± 0.13 2.4±2.0 
50 0.118 1 0.0041 ± 0.0013 0.36 ±0.14 2.4± 1.7 
50 0.126 1 0.0036 ± 0.0015 0.34± 0.16 2.4±1.8 
50 0.142 1 0.0045 ± 0.0015 0.47±0.20 2.7±1.9 
50 0.158 1 0.0047 ± 0.0014 0.55 ±0.21 2.5±1.8 
50 0.236 1 0.0060 ± 0.0016 1.05 ±0.36 2.6± 1.8 
50 0.315 1 0.0073 ± 0.0020 1.73±0.58 2.4±1.9 

100 0.110 1 0.0034 ± 0.0008 0.28±0.09 2.4±1.3 
100 0.118 1 0.0036 ± 0.0009 0.31 ±0.10 2.3 ±1.2 

50 0.095 0.84 0 0 0 
50 0.106 0.84 0.0039 ± 0.0012 0.34 ± 0.12 2.8±1.5 
50 0.118 0.84 0.0051 ± 0.0013 0.49 ±0.16 3.0±1.5 
50 0.130 0.84 0.0059 ± 0.0017 0.63 ± 0.21 3.3±1.5 
50 0.142 0.84 0.0061 ± 0.0015 0.70 ± 0.21 3.2±1.3 
50 0.118 0.50 0.0075 ± 0.0014 0.79 ± 0.16 3.8±1.1 

Table 4.8: Overview of the calculated average values for L, F511 and VL for órcular 
tubes with a diameter of 50 pm. A parabolic Poiseuille profile is applied for the 
velocity of the normal component and 'Ilse = 0. The value of tJns in the table is the 
average of this velocity in the tube. The length of the perlodidty in the direction 
of the flow is indicated by t. In most simulations Vr./V..S = 1 and vse = O. For 
counterflow at T = 1.6 K the ratio fln/fins = 0.84. · 

97 

the results with a flat profile, a Poiseuille profile, and a "mixed" profile with iin = ! ÏÏns· 

The .Ï(r) dependency in Fig. 4.28a shows tb.at in the case of a flat profile Lis 
constant in a large part of the tube. This agrees with the experiments of Awschalom 
et al. mentioned previously. Near the wall L drops to a smaller value. This is caused 
by reconnections with the wall. Near the center of the tube any orientation of the 
vortex lines is allowed. Close to the wall, however, most vortices are connected to 
the wall and their orientation is perpendicular to the wall. There the line density is 
smaller. Note tb.at the average distance between the vortex lines .6. ~ 10 µmin this 
simulation. 

Both simulations with a Poiseuille profile show a maximum line density in a 
layer at about 0.1 d from the wall. The smaller line density in the center of the tube 
can be understood by considering a vortex ring parallel to the xy-plane of which 
the orientation and size satisfy the criterion for growth (see Eq. (2.69)). The growth 
rate is large in the center of the tube where Vns is large. This means tb.at the time the 
vortex spends near the center is relatively short, so L is small tb.ere. For this vortex 
ring tb.ere is a position at which the self-induced velocity is equal to 'Vns· This position 
is close to the wall (e.g. for iins = 0.118 m/s and d = 50 µm it is at 0.0045 d from the 
wall). The vortices tend to move to this position, but before it is reached the influence 
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Figure 4.29: lliustration of the calculation of n (Eq. (4.34)). In (a) the cross
section of a tube is drawn. The angle dlJ expresses the change in IJ along a part 
of a vortex line that is between two cylinders with radii rand r+dr. Figure 
(b) shows a surface Si which is a part of a plane through the axis of the tube. 
This surface is between two cylinders with radii rand r+dr. For each angle IJ 
a surface s. exists as illustrated in (a). 

of the wall becomes important and a reconnection with the wall takes place. For a 
vortex ring that is centered around the z-axis, a reconnection is carried out at about 
0.034d from the wall in the reconnection procedure we use (see Eq. (3.117)). These 
reconnections cause a decrease of L near the wall as discussed previously. 

Furthermore, the tangles in flow with a Poiseuille profile appear to be oriented 
in a preferential direction around the center of the tube. This is expressed by the 
average number of vortices n penetrating the hatched area Si in Fig. 4.29b. For each 
angle 1) such an S; exists (Fig. 4.29a) and the average n for all S; is a function of r that 
is calculated for each tangle from 

l 
nldr = 

2
11" L dl). (4.34) 

r-+r+dr 

The angle dlJ is illustrated in Fig. 4.29a. It is the change in /) along the projection 
of a part of a vortex line in the xy-plane that is between two cylinders with radii r 
and r+dr, respectively. The sign of d(J depends on the orientation of the vortex. In 
Eq. (4.34) all dO values of the vortex filaments between r and r+dr are summed. 

Now we consider the time average n. The average superfluid velodty satisfies 
(compare Eq. (1.6)) 

1 Vs . dli = nK. (4.35) ls; 
The superfluid velodty consists of three contributions (Eq. (2.27)): the constant 
background V'se, the boundary term v5b, and the vortex induced part Vsi· In the 
calculation of the integral in Eq. (4.35) the contributions of iisb and i1se are zero, so 
only V's1 has to be investigated. The average of iisi is along the axis of the tube and 
the left-hand side of Eq. (4.35) is written as 

Is 
~ diist 

V5 ·dl'= --ldr. 
S; dr 

(4.36) 
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So 

(4.37) 

With this interpretation of n we read from Fig. 4.28b that the tangle in a flat profile 
has indeed a constant iis1 as n is approximately zero. For the tangles in flow with 
a profile, however, n is nonzero, thus indicating that iist is not constant in the tube. 
The difference ÁÏÏsi of the superfluid velocity at the wall and in the center can be 
cakulated from 

d/2 

Áiis1 = -1' j ndr. (4.38) 

0 

This gives Ávst = -3.9 mm/s for the tangle with iin = !Um, and Ávs1 = -3.2 mm/s 
for the tangle with iin = ÏÏm· The maximum change in iist is about 3% of iins. The 
negative values of Áiist indicate that iis1 is larger in the center of the tube than at 
the wall, which means that the variations in vns are smaller than in tin· In the 
local approximation this collective contribution of the vortices is not included. The 
model can be extended by adding the average of this contribution to the self-induced 
velocity in Eq. (2.76). 

Note that Tough [64] also discusses the possibility of a superfluid velocity that is 
not constant. He mentions the possibility that the differences can be so large that t1ns 
is constant. Oearly such a large difference can not be understood from our results. 

Figure 4.28c shows the distribution of Fsn,z across the tube. In all three simulation 
the friction force is constant in a large part of the tube and is smaller close to the wall. 
That means that the large variations in L{r) do not give rise to similar variations in 
Fsn,z(r). The the mutual friction on the norrnal component {Fns = -Fsn) gives rise to 
an extra pressure gradient along the flow. The value of Fns not too close to the wall is 
-450 Pa/m for iin = iins = 0.118 m/s (from Fig. 4.28c). This value is smaller than the 
pressure gradient due to the viscosity. Assuming a Poiseuille profile this gradient is 

dp 327]nVn (4.39} 
dl=--r 

which is -1900Pa/m for iin = 0.118m/s. So the total pressure drop along a tube 
· is mainly determined by the viscosity in this example. That means that the use of 

the Poiseuille profile is justified, although small deviations from that profile will be 
present near the wall where Ë'sn is not constant. 

Figure 4.28d shows that the friction force has nonzero radial component. lts 
~alue is relatively independent of the profile and its maximum is about 10 to 20% of 
Fsn,z. 

As the last examples of the inhomogeneity we mention the average velocities of 
the vortices in the axial and radial directions in Fig. 4.28e and f, respectively. In 
the homogeneous tangle ii.z is nearly constant and VL,r is practically zero. In the 
simulations with a profile lÏ'1.,z changes significantly as a function of r. Espedally 
for iin = i:ins large variations are present with negative values of R close to the 
walL It indicates that at the wall many vortices have an orientation with a negative 
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self-induced velocity. These vortices are the origin of the negative values of Vt in 
Fig. 4.25c. The radial velocity V1.,r is nonzero in the simulations with a profile. This 
reflects that most vortices near the center of the tube are oriented in such a way that 
they grow towards the wall. 

We conclude from the results in this section that the smaller value of '1L in 
the Tl state can be understood qualitatively from the simulations with Poiseuille 
normal-flow profile. The critica! velocity in the simulations corresponds as before 
{section 4.4) with the experimental value of Vet. However, our simulations show no 
indication of a second transition for vns < 3vc. From section 4.4 we recall that the 
Tll state is described by simulations with a flat vns profile. If we model the Tl state 
with a Poiseuille normal-flow profile, this means that VcZ indicates a transition for 
the flow profile of the normal component. Such a transition is not included in our 
present model. 



5 Evaluation and outlook 

In this thesis we described a stable and accurate implementation (chapter 3) of the 
reconnection vortex-tangle model (chapter 2). This tool is used to perform numerical 
simulations with quantized vertices in various geometries of flow channels (chap
ter 4). Several different flow conditions are studied induding superflow with a flat 
profile and pure normal-flow with a Poiseuille profile. In our simulations the walls 
are perfectly smooth. Periodic boundary conditions are applied in the directions 
where the liquid is not bounded by walls, e.g. in the direction of the flow. 

The line density Land the mutual friction force density Ê'sn are described by 
(compare Eqs. (4.16) and (4.17)) 

L1f2 -{ 0 
- 1L (Vns - VLO) 

F. --112 { 0 
sn - (Ps1Wns)1/2 'YF ( Vns - VFo) 

Vns > Vc 

Vns < Vc 

Vns > Vc 

(5.1) 

(5.2) 

in which the parameters are constant when changes in f3 are negligible. The values of 
the parameters that were found in the simulations are listed in Table 4.5 on page 85. 
In the simulations with a flat Vns profile the values of 'YL and 'YF correspond within 
10% in all tested geometries. 

The parameters VLO and vro are zero in two geometries: in a fluid without walls 
and in the annular channels. In those cases no critical velocity is found. For an infmite 
fluid this was expected from the dimensional analysis in section 2.6. A difficulty in 
interpreting the results of these simulations, in which periodic boundary conditions 
are applied in all directions, is due to the tendency of the vortices to arrange in 
straight line patterns. For vns = 0.04 m/s it was shown that the interaction between 
these lines is so small that only perfectly straight vortex lines remain (Fig. 4.8). 

A similar behavior was seen in annular channels (Fig. 4.23b). The straight lines 
in such a degenerate situation have zero self-induced velocity in the local approxi
mation and they move perpendicular to iins due to the friction force. The line density 
and the mutual friction are nonzero, which indicates that the critica! velocity is zero. 
In our simulations with the local approximation these straight lines move indepen
dent of each ether. The nonlocal interaction between the lines is neglected. The 
nonlocal induced velodty is in the order of K/27r~, which is small compared to the 
friction induced velocity Cavns). Nevertheless these nonlocal contributions can be 
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important as they disturb the regular motion of the vortex lines. In section 4.5 we 
noticed that the influence of the boundaries is also important in these degenerate 
situations. The critical velocity in a real channel may as well be determined by the 
depinning velocity above which the vortices can move past small pinning sites at 
the wall (Eq. (4.27)). 

Although these effects are neglected in our simulations, these simulations show a 
qualitative agreement with e.g. the experiments of Zeegers (73, 74]. The values of the 
parameters '"'tL and iF listed in Table 4.5, are calculated before the degeneracy occurs. 
Different values are found for the degenerate situations (section 4.5). These values 
depend on the number of vortex lines that remain. A quantitative interpretation of 
the results is therefore complicated. 

To get a better understanding of e.g. the L-vllS behavior in these channels the 
model we used can be extended to include the nonlocal interaction of the vortices 
and realistic boundaries. As a further extension different boundary conditions along 
the flow can be studied, like the vortex mill introduced by Schwarz (58]. 

In the geometries discussed above periodic boundary conditions are applied in 
three and two directions, respectively. Nonzero values for vto and VFO and a nonzero 
critica! velocity are found when the periodic boundary conditions are applied only 
in the direction of the flow. In channels with a square and circular cross-section the 
relations Eqs. (5.1) and (5.2) describe the results of the simulations in short tubes 
(l = á). In longer tubes deviations from these equations are found and the critical 
velocity is a few percent larger. The results for the square and circular cross-sections 
are similar. According to Eq. (4.20) the critical velocity satisfies 

Vcd = 60 , 
/3 

The value of the critical velocity is the same as the first critical velocity vet found in 
experiments. At vc an upper limit for the line density follows from (Fig. 4.16) 

(5.3) 

which agrees with experimental results (Eq. (4.23)). However, the L-vns behavior for 
vllS > Vc is comparable to the experimental TR state that is found for vns > va (see e.g. 
'YL and Lo). There are indkations that the line density and the normal flow profile 
are homogeneous in this state. In the numerical simulations vns is constant and the 
line density is indeed homogeneous except for a layer near the wall (Fig. 4.28a}. 

Different results are found when an inhomogeneous flow profile for the normal 
flow is applied. The superfl.uid velocity vse is constant in space and time as before. In 
circular channels the norm.al velocity Vn is described by a Poiseuille profile (Eq. ( 4.32)). 
An inhomogeneous vortex tangle is found and îL and 'YF depend strongly on the 
ratio fJn/fJns. In pure normal flow (vn/fJns = 1) iL = 0.13 x la6 s/tn2 which is about 
an order of magnitude smaller than the value for homogeneous flow. In counterflow 
Cvn/flns = 0.84at1.6 K) the value of "IL is estimated to be about 0.43 x 106 s/m2• This 
is in qualitative agreement with experimental results of e.g. Martin and Tough [42]. 

We proposed that the simulations with a Poiseuille riormal flow profile describe 
the Tl state and that vei marks a transition where the normal flow changes into a flat 
profile. To include such a transition in the model it is necessary to investigate the 
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stability of the Poiseuille profile in the presence of vortices. In section 4.6 we argued 
that near the critica! velodty the effect of the mutual friction force density on the 
profile is small, as it is constant in a large part of the cross-section of the channel and 
it is small compared to the viscous effeèts. At larger velodties, however, the mutual 
friction increases with v~ (Eq. (5.2)), and the viscous pressure drop is proportional to 
Vn (Eq. (4.39)). Extrapolating Eq. (5.2) for Vns = 0.25 m/s with the parameters found 
in section 4.6 gives Fsn = 3.3 kN/m3, which is comparable to the size of the viscous 
pressure drop at that velodty. So for higher velocities the mutual friction is rather 
large in the interior and has a large gradient near the wall. The effect of this friction 
is an interesting topic for future research. 

In this thesis we concentrated on a spedfic value of the friction coeffident a and 
neglected the term with a! (T = 1.6 I<). Simulations with different values of these 
parameters have to be carried out to check the temperature dependence of the model 
(see e.g. Schwarz [59]). 

So far we only discussed the motion of vortices in pure 4He. Experiments with 
3He-4He mixtures have revealed that the flow properties of these mixtures have many 
features in common with the flow properties of pure He lI (see e.g. Zeegers [73, 74]). 
From a theoretica! point of view the presence of 3He affects the motion of the vortices 
in different ways. lt is known that the 3He atoms condense on the vortex core. This 
causes an increase of the core radius ao. Theoretica! estimates of ao in saturated 
mixtures at low temperatures are typically about 7 x 10-10 m {see e.g. Senbetu [61]). 
This estimate reduces the value /3 by about 15% (Eq. (2.78)). 

The presence of 3He also adds mass to the core. Donnelly (19, Chapter 3] gives 
an expression for the motion of a straight vortex line in which the mass is taken into 
account. A term with a second order time derivative 

dVi. d28 
dt = dt2 

(5.4} 

is added to the equation of motion. The motion of the vortex consists of a uniform 
motion on which an oscillation with a high frequency and a small amplitude is 
superimposed. In pure He II the amplitude is~ 3 x 10-14 mforVns = 0.1 m/s, which 
is negligible. If we assume that the mass increases hundred times by the presence 
of 3He, the amplitude of the oscillation is in the order of 10-10 m, which is still very 
small. 

Furtherm.ore, the flowing 3He interacts with the vortices. Assuming that this 
interaction obeys a similar expression as in pure He][ (Eq. (2.58} or (2.66)), the 
parameters a and cl have to be determined. Information about these parameters can 
be acquired e.g. by studying the behavior of a single vortex, see e.g. the experiments 
of Zieve et al. [75] in pure superfluid 3He. If comparable data were available for 
3He-4He mixtures, it would be possible to compare simulations and experiments in 
mixtures quantitatively. 
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List of symbols 

Genera! 

" The length of a vector like e.g. Ï+ is written as the scalar l+. 
An average like L is calculated by averaging L( t) during some time interval (see 
e.g. section 2.6). 

" 

Indices 

n 

s 

0 

(J 

.l 

normal fluid 
superfl.uid 
dimensionless quantity 
in tangential direction 
perpendicular 

Latin symbols 

A 
Ä1,Ä2 
a 
a 

a± 
ao 
b 
b 
b±, C±, d:r. 
c 

d 

cross-sectional area of a tube 
vectors used in the hopscotch algorithm (Eq. (3.77)) 
half-length of an axis of an ellipse (Fig. 2.7) 
distance between the points on the vortex in the stability analysis 
coefficlents for the calculation of s1 

vortex core radius c~ 0.1 nm) 
half-length of an axis of an ellipse (Fig. 2.7) 
amplitude of the disturbance in the stability analysis 
coefficlents for the calculation of 1" 
constant of order 1 in the definition of f3i (Eq. (2.77)) 
constant used by Schwarz in the sealing of R {Eq. (2.99)) 
constant used by Schwarz: CL = L~12 

constant in the defmition of f3s (Eq. (2.79}) 
ln(2S/ao) (Eq. (2.34)) 
Vcdf (3 (Eq. (2.106)) 
ratio between 3. and L-1/ 2 (Eq. (2.100)) 
the average of the radii of the inner and outer wall in annular cross
section 
typical length scale of the tube, e.g. the diameter of a circular cross
section, or the length of an edge of a square cross-section, or the width 
of the slit of an annular cross-section 
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List of symbols 

de 
dh 
4 
ë 
F 
Fsn 
Ïo 
ÏM 
h,n 
j 
]( 

L 
l 

n -p 
p 
p 
R 
R-r 
r 
rab 

s 
s 
; 
8', ;11 
D..8 
T 
T>. 
D..t 
6tst 
R 
Vs1 

size of the small cubes in Appendix A in chapter 3 
hydraulic diameter of a tube (Eq. (4.28)) 
size of a pinning site 
unit vector 
extemal force per unit mass (Eq. (2.2)) 
mutual friction force (density) (Eq. (2.85)) 
drag force (friction force) on the vortices (Eqs. (2.58) and (2.66)) 
Magnus force on the vortices (Eq. (2.59)) 
Planck constant (h = 6.63 x 10-34 Js,1i = h/27r) 
mass flux (Eqs. (1.3) and (1.4)) 
number of time steps in a simulation 
vortex line density 
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length of the volume for the simulations in the direction of periodic 
boundary conditions 

;i+l - s; 
-; Îi. x L {Eq. {3.23)) 
atomie mass of 4He (6.65 x 10-27 kg) 
number of points on a vortex or in a tangle 
number of elements (points) in the sorted list (Appendix A in chap
ter 3) 
number of vortices crossing a surface (Eq. (4.34)) 

stress tensor (Eq. (2.4)) 
perimeter of a tube 
pressure 
local radius of curvature 
radius of a vortex ring 
distance to a vortex line (Eq. (2.22)) 
ratio of the lengths of the axes of an ellipse (Eq. (2.71)) 
specific entropy (Eq. (2.6)) 
arclength 
point on a vortex 
first and second derivative of swith respect to the are length 
displacement of a point on a vortex during one time step 
temperature 
temperature of the >.-transition 
time step 
stability limit of an algorithm (Table 3.1) 
average velocity of the vortices in a tangle (Eq. (2.87)) 
average self-induced velodty of the vortices in a tangle (Eq. (2.86)) 
fluid velodty 
self-induced velodtyin a vertex of an ellipse (AppendixA in chapter 2) 
critical velodties 
parameter in an expression of r112( Vns) (Eq. (4.17)) 
parameter in an expression of L112( Vns) (Eq. (4.16)) 
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ii't velocity of the vortex 
iiî local contribution to the self-induced velocity 
V'ni nonlocal contribution to the self-induced velocity 
Vns Vn - Vse {Eq. (2.81)) 
vr self-induced velocity of a vortex ring (Eq. (2.38)) 
v5h "boundary term" in the expression for the superfluid velocity {sec-

tion 2.3.2) 
vse superfluid velocity without vortices (section 2.2.3) 
V'st self-induced superfluid velocity (Eq. (2.32)) 
ii'st local superfluid velocity at the position of the vortex core 

Greek symbols 

a, d friction coefficients in the equation of motion (Eq. (2.61)) 
/3 ("/47r) ln(R/ao) (Eq. (2.78)) 
Pi c /3 (Eq. (2.77)) 
f3s definition of f3 according to Schwarz (Eq. (2.79)) 
r scaled friction force r = Ê'sn/ fJsN:vns (Eq. (2.102)) 
r circulation (Eqs. (1.6) and (2.7)) 
r w distribution of vorticity on the wall 
î 2/1i/l+LIÏ+ + LI CEq. (3.24)) 
1'01 îÓ friction coefficients {Eq. (2.58)) 
îF parameter in expressions of f 1f2( vns) (Eqs. (4.9) and (4.17)) 
îL parameter in expressions of 1}12( vns) (Eqs. (4.8) and (4.16)) 
A distance between vortices 
Ar maximal distance between vortices at which a reconnection occurs 

(Eq. (2.83)) 
Aw distance from a point to the nearest wall 
S cut-off length in Eq. (2.33) 
ë disturbance of the vortex line or ring 
ëi-4 truncation error of a difference equation 
'f/n viscosity of the normal fraction 
(J angle between V'r and V'n (Fig. 2.6) 
" quantum of circulation (" = (/i/m4) = 9.98 x 10-8 m2/s, Eq. (1.8)) 
µ chemica! potential per unit mass 
v number of vortices that cross a channel per unit time (Eq. (2.28)) 
Ç parameter fora point on a vortex S(Ç) (Eq. (2.24)) 
p density 
T 4aîAt (Eq. (3.59)) 
</> phase of lli (section 1.3) 
\JI macroscopie wave function (section 1.3) 



Summary 

This thesis deals with the numerical simulation of the motion of quantized vortkes 
in a superfluid. These vortices play an important role in the flow properties of pure 
superfluid 4He (He 1) and of 3He-4He mixtures at low temperatures. 

The hydrodynamic properties of He 1 are described by the two-fluid model in 
which the liquid is treated as a mixture of a norm.al component and a superfluid 
component In flow experiments critica! velocities are observed. At low flow ve
locities the mutual friction between the normal and the superfluid component is 
zero. Above the critical velocity mutual friction between the components plays an 
important role. This mutual friction is attributed to the interaction of the normal 
component and the quantized vortices in the superfluid. 

The mutual friction can be calculated from the dynamics of the vortices for which 
the equation of motion is known. It consists of a self-induced part and contributions 
due to friction with the normal component and due to the Magnus force. From 
the equation of motion the evolution of an arbitrary initia! vortex configuration can 
in principle be calculated. In the reconnecting vortex-tangle model the so-called 
local approximation is used. Nonlocal interactions are dealt with by reconnections 
between approaching vortices. 

We implemented a stable and accurate algorithm to solve the partial differen
tial equation within the local approximation. This scheme is based on the Crank
Nicolson algorithm. It leads to a nonlinear impliclt equation that is solved iter
atively. Por the reconnection procedure a fast procedure is needed that searches 
for approaching vortices. We implemented such a procedure based on a heapsort 
procedure. Smooth walls are modelled by reconnections between vortices and their 
mirror vortices. 

Simulations of the motion of superfluid vertices are carried out in different ge
ometries and with different flow conditions. In most simulations the time average 
velocities of both components are constant in space. We studied flow at T = 1.6 K, so 
the friction coefficlent ais 0.10. The term with the friction coefficlent dis neglected. 

An unbounded fluid is simulated in a finite volume applying periodic boundary 
conditions in three directions. The simulations showed that at first the vortices 
evolve into a complicated structure, a vortex tangle. Next the structure of the tangle 
changes in such a way that the vortices organize into straight line patterns. The 
analysis of the results of three-dimensional flow is hampered by this degeneracy. 
Nevertheless it appeared that the vortex line density and the mutual friction obey 
simple sealing laws. The critical velocity is found to be zero in this case. 

In channels with a square and circular cross-section a distinct critica! velocity is 
found. At velocities above this critical value the vertices evolve in to a vortex tangle, 
in which the line density and the mutual friction force density fluctuate around 
averages. For small velocities the tangle is not stable and the vortices disappear. The 
value of the critical velocity agrees with the first critica! veloclty found in counterflow 
experiments. However, the line density above this critical veloclty resembles the 
experimental results found in the TlI state above the second critica! velocity. 

In channels with an annular cross-section remarkably different results are found. 
A similar degeneracy occurs as in an infinite fluid. The mutual friction is nonzero 
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for all velodties. The line density and mutual friction are comparable to the results 
in an infinite fluid. This means that the critica! velodty is zero. 

In drcular tubes simulations are carried out in which the velodty of the norrnal 
component obeys a Poiseuille profile. In these simulations the tangles are inhomo
geneous and the line density and mutual friction are significantly smaller than in 
the simulations with constant velocities. The critical velocity is within a few per
cent identical. These results agree qualitatively with results of the Tl state found 
in counterflow experiments. This indicates that the vortex tangle simulations with 
a Poiseuille profile for the normal velocity describe the Tl state. The first critical 
velocity marks the velocity above which a vortex tangle does not decay. In the T1I 
state the nonnal velocity profile is constant and the homogeneous tangles give a 
good description of the experimental results. It is proposed that the second criti
ca! velodty marks a transition in the flow profile of the norm.al component. This 
transition is not included in the model yet. 



Samenvatting 
Dit proefschrift beschrijft onderzoek aan de numerieke simulatie van de beweging 
van gequantiseerde wervels in een superfluïde vloeistof. Deze wervels spelen een 
belangrijke rol in de stromingseigenschappen van zuiver superfluïde 4He (He JI) en 
van 3He-4He-mengsels bij lage temperaturen. 

De hydrodynamische eigenschappen van He JI worden beschreven door het twee
fluïda-model, waarin de vloeistof wordt beschouwd als een mengsel van een nor· 
male en een superfluïde component. In stromingsexperimenten worden kritische 
snelheden waargenomen. Bij lage snelheden is de wederkerige wrijving tussen de 
normale en de superfluïde component nul. Boven de kritische snelheid speelt de we· 
derkerige wrijvingskracht een belangrijke rol. Deze wrijving wordt toegeschreven 
aan de interactie van de normale component en de gequantiseerde wervels. 

De wederkerige wrijving kan worden berekend uit de dynamica van de wervels, 
waarvan de bewegingsvergelijking bekend is. Deze bestaat uit een zelf-geïnduceerd 
deel en bijdragen ten gevolge van de wrijving en van de Magnus kracht. Met de 
bewegingsvergelijking kan in principe de evolutie van een willekeurige initiële con
figuratie van wervels worden berekend. In het "reconnècting vortex-tangle" model 
wordt de zogenaamde lokale benadering voor de bewegingsvergelijking gebruikt. 
De niet-lokale wisselwerking tussen wervels wordt in rekening gebracht door ver
bindingen tussen naderende wervels tot stand te brengen (reconnecties). 

Wij hebben een stabiel en nauwkeurig algoritme geïmplementeerd waarmee 
de partiële differentiaalvergelijking van de lokale benadering wordt opgelost. Dit 
schema is gebaseerd op het Crank-Nicolson algoritme. Het leidt tot een niet· lineaire 
impliciete vergelijking die met behulp van iteraties wordt opgelost. Voor het uit
voeren van de reconnecties is een snelle procedure nodig die elkaar naderende 
werveldelen zoekt. Wij hebben zo'n procedure geïmplementeerd die is gebaseerd 
op een "heapsort'' procedure. Gladde wanden worden gemodelleerd in de vorm 
van reconnecties tussen wervels en hun spiegelbeelden. 

Simulaties van de beweging van superfluïde wervels zijn in verschillende geo
metrieën en met verschillende stromingscondities verricht. In de meeste simulaties 
is de tijdgemiddelde snelheid van beide componenten plaatsonafhankelijk. Wij 
hebben stroming bestudeerd bij T = 1.6 K waarbij de wrijvingscoëfficiënt a gelijk is 
aan 0.10. De term met de wrijvingscoëfficiënt o' is verwaarloosd. 

Een onbegrensde vloeistof is gesimuleerd in een eindig volume door periodieke 
randvoorwaarden toe te passen in drie richtingen. In eerste instantie evolueren de 
wervels naar een complexe structuur, een wervel.kluwen. Vervolgens verandert de 
structuur van de kluwen zodanig dat de wervels een patroon van rechte lijnen vor
men. De analyse van de resultaten van driedimensionale stroming wordt bemoeilijkt 
door deze degeneratie. Desalniettemin is gebleken dat de dichtheid van de wervels 
en de wederkerige wrijving voldoen aan eenvoudige schalingsregels. De gevonden 
kritische snelheid is nul in dit geval. 

In buizen met vierkante en cirkelvormige doorsneden is een duidelijke kritische 
snelheid gevonden. Bij snelheden groter dan deze kritische snelheid evolueren 
de wervels naar een kluwen die niet uitsterft in de loop van de tijd. Voor lage 
snelheden is de kluwen niet stabiel en verdwijnen de wervels. De waarde van de 
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kritische snelheid komt overeen met de eerste kritische snelheid die wordt gevonden 
in "counterflow'' experimenten. 

In buizen met een annulaire doorsnede zijn belangrijk andere resultaten gevon· 
den. Er treedt een degeneratie op als in de onbegrensde vloeistof. De wederkerige 
wrijving is ongelijk aan nul voor alle snelheden. De dichtheid van de wervels en 
de wrijving zijn vergelijkbaar met de resultaten in een onbegrensde vloeistof. Dat 
betekent dat de kritische snelheid gelijk is aan nul. 

In cirkelvormige buizen zijn berekeningen uitgevoerd waarbij de snelheid van de 
normale component een Poiseuilleprofiel heeft. In deze simulaties zijn de kluwens 
inhomogeen en zijn de dichtheid van de wervels en van de wederkerige wrijving sig
nificant kleiner dan in de simulaties met constante snelheden. De kritische snelheid 
is binnen enkele procenten identiek. Deze resultaten komen kwalitatief overeen met 
de resultaten die in "counterflow'' experimenten in de Tl toestand worden gevon
den. Dat betekent dat de Tl toestand zou kunnen worden beschreven met kluwens 
met een Poiseuilleprofiel voor de snelheid van de normale component. De eerste 
kritische snelheid is de snelheid waarboven een kluwen niet verdwijnt. In de T1I 
toestand is het snelheidsprofiel van de normale component constant en geven de 
homogene kluwens een goede beschrijving van de experimentele resultaten. Dit 
leidt tot de veronderstelling dat de tweede kritische snelheid een overgang in het 
snelheidsprofiel van de normale component aangeeft. Deze overgang is echter nog 
niet in het model aanwezig. 



Nawoord 
Aan het tot stand komen van dit proefschrift hebben verschillende mensen en diverse 
instellingen een bijdrage geleverd Enkelen van hen wil ik nog even apart noemen. 
Fons de Waele heeft als mijn begeleider gedurende het hele onderzoek en vooral 
ook in de afsluitende fase een belangrijke stimulerende invloed gehad. Tevens wil 
de andere leden van de kleine commissie bedanken voor hun snelle reacties op het 
manuscript. 
Dankzij Jos Zeegers heb ik vooral in het begin van het onderzoek de experimenten 
niet uit het oog verloren. Johan Witters heeft een aantal waardevolle suggesties voor 
nader onderzoek uit de literatuur verzameld. 
De resultaten in hoofdstuk 4 zijn berekend met een programma dat nu ca. 4500 
regels telt. Het is gebaseerd op het werk van voorgangers en een deel is geschreven 
door Arthur Peeters. Verbeteringen en uitbreidingen zijn afkomstig van Stef Reijne, 
David Simons en Frank Peters. 
Voor het aandragen van de voor dit onderzoek benodigde hardware en software 
kon ik vertrouwen op de steun van Loek Penders en Arjeh Tal. Daarnaast kon ik 
nog rekenen op ondersteuning door medewerkers van het TUE·rekencentrum en 
van SARA in Amsterdam. 
I would like to thank Eric Va.roquaux and Gary Ihas for the hospitality and the 
pleasant cooperation during my stay at the C.E.N.S. in France. In Eindhoven hebben 
mijn collega's en de andere medewerkers in en rond de groep Lage Temperaturen 
voor een aangenaam werkklimaat gezorgd, waarin dit onderzoek kon gedijen. 
Tenslotte wil ik Nicky bedanken voor de steun achter de schermen. 
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STELLINGEN 
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1 

In de simulaties met gequantiseerde wervels van Buttke wordt een 
reconnectie uitgevoerd als twee werveldelen elkaar dichter zijn ge
naderd dan de afstand .ó.Ç tussen twee opeenvolgende punten op 
die werveldelen. In zijn simulaties is deze .ó.Ç niet gerelateerd aan 
de lokale kromtestraal waardoor het mogelijk is dat reconnecties ten 
onrechte niet worden uitgevoerd. 

T. F. Buttke, ]. Comp. Phys 76, 301 (1988). 
§§ 2.5 en 3A van dit proefschrift. 

2 

In tegenstelling tot wat Schwarz stelt, zijn de hogere afgeleiden 
i"' en 81111 niet willekeurig georiënteerd ten opzichte van de ba
sis (i',i11,s1 x 811

). Als zijn model voor de berekening van de À

distributie in dit opzicht wordt gecorrigeerd, leidt dat echter niet tot 
wezenlijk andere resultaten. 

K. W. Schwarz, Phys. Rev. B 18, 245 (1978). 

3 

Mény et al. schrijven de verandering van het 59Co-hyperfijnveld in 
verdunde Co(Cu)-legeringen als functie van de Cu-concentratie toe 
aan een verandering van de gemiddelde magnetisatie. Dit is op zijn 
minst misleidend te noemen gezien het lokale karakter van het hyper
fijnveld. 

C. Mény, E. J~ka, and P. Panissod, J. Phys.: Condens. Matter 5, 1547 (1993). 



4 

Een spectrale analyse van de resultaten van numerieke simulaties van 
superfluïde turbulentie dient te worden uitgevoerd om te proberen 
meer inzicht te krijgen in de door Zeegers gevonden fluctuaties in het 
drukverschil over stromingskanalen in experimenten met 3He-4He
mengsels. 

J.C. H. Zeegers, Critical velocities and mutual friction in 3He-4He mixtures at 
temperatures belcrw 100 mK, PhD thesis, Eindhoven University of Technology 
(1991). 

5 

De methode, die Gaarenstroom aangeeft om met "Factor Analysis" in 
een Auger-diepteprofiel het spectrum van een onbekende component 
te bepalen, is slechts bruikbaar indien er goede referentiespectra van 
alle andere componenten voor handen zijn. Zelfs als aan deze voor
waarde is voldaan, kan, als gevolg van oplading van het preparaat, 
zo'n analyse van metingen aan halfgeleiders en isolatoren onmogelijk 
worden gemaakt. 

S. W. Gaarenstroom, J. Vac. Sci. Technol. 20, 458 (1982). 

J. M. M. de Nijs and R. G. K. M. Aarts, Surf. Interface Anal. 17, 628 (1991). 

6 

De door Moffatt gegeven behoudswet voor de heliciteit in een niet
viskeuze barotropische vloeistof waarop alleen conservatieve krach
ten werken, geldt niet voor een wervelkluwen in superfluïde helium. 

H. K. Moffatt, J. Fluid Mech. · 35, 117 (1969). 
H. K. Moffatt and A. Tsinober, Helicity in laminar and turbulent flow, in 
M. van Dyke, J. L. Lumley, and H.L. Reed, editors, Annual Review of Fluid 
Mechanics, volume 24, page 281, Annual Reviews Ine. {1992). 



7 

Er is behoefte aan een alternatieve methode voor metingen van 
de magnetoweerstand van het twee-dimensionale elektronengas op 
vloeibaar helium, aangezien vergelijkbare resultaten op verschil
lende wijze worden geïnterpreteerd. Zo'n alternatief wordt gebo
den door het onderzoek van de lijnbreedte van randmagnetoplasma
resonanties. 

V. N. Grigor'ev, O.I. Kirichek, Yu. Z. Kovdrya and Yu. P. Monarkha, Sov. ]. 
Low Temp. Phys. 16, 472 (1990). 

M. J. Lea, P. Fozooni and J. Frost, nog te publiceren. 

8 

Een "counterflow" experiment in He 1 waarbij het snelheidsprofiel 
van de normale component in de Tl èn in de TI toestand wordt ge
meten, zou een waardevolle bijdrage aan het begrip van super.fluïde 
turbulentie geven. 

D.D. Awschalom, F. P. Milliken, and K. W. Schwarz, Phys. Rev. Lett. 53, 1372 
(1984). 

§ 4.6 van dit proefschrift. 

9 

Aan thermometers die voor reclamedoeleinden langs de openbare 
weg staan, dienen naast "redelijke eisen van welstand" ook voor
waarden met betrekking tot de nauwkeurigheid te worden gesteld. 

Politieverordening gemeente Eindhoven, artikel 123. 


