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Chapter I Introduction. 

One of the most promising developments on the way of achieving nuclear 

fusion reactors, is the confinement of a plasma using magnetic fields. 

It appears possible to design field configurations in which the plas

ma is stable against the gross instabilities that tend to destruct it. 

In these fusion devices, plasmas of high temperature and density 

(necessary to make a fusion reaction possible) , ought to be obtained 

during a sufficiently long time. However, micro-instabilities that do 

not lead to a disruption of the plasma, may still exist. These unstable 

waves, whose amplitudes are limited by nonlinear effects, provide us 

with a method to heat the plasma. This is because the wave energy is 

eventually transferred to the particles, thus increasing the plasma 

temperature. Therefore, turbulent heating, next to neutral injection 

and radio-frequent heating (e.g. ion cyclotron and lower hybrid 

resonance heating) , is a powerful means to heat the plasma. 

The kind of turbulence which is actually responsible for the ob

served heating is a subject of current interest. In low density plas

mas, detailed investigations have already been carried out, but in 

plasmas where the densities are comparable to those in fusion devices, 

the situation is much more complex. 

Therefore,Pots et. al. have been investigating turbulence in a high 

density (1o20
m-

3
) magnetized argon plasma, using probes and co

2
-

scattering. This technique enabled them to resolve both the frequencies 

and the wave-lengths of the observed turbulence. It is to be expected 

that the results may be of relevance to the high density plasmas in 

fusion devices, although the ion temperatures are much lower (leV) 

in their apparatus. 

It appeared from the experiments, that the level of turbulence in the 

direction parallel to the confining magnetic field was thermal, 

while the level of per.pendieularly propagating t.urbulence was 

up to four orders of magnitude above the thermal one. 

This was in strong contrast to the expectations. Many researchers had 

often taken for granted, that the turbulence was dominated by axially 

propagating ion acoustic waves, although the condition for marginal 

stability of these waves was not quite met. Moreover, the existing 

theory could not properly explain the measured phase velocities and 

the preference for perpendicular propagation. 
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Thus, the need arose for a detailed theoretical analysis of the micro

instabilities observed by Pots et. al., and it is the purpose of this 

thesis to provide it. Let us, therefore, give a brief review of the 

contents of the thesis. 

It will be clear from the foregoing, that we shall have to use kinetic 

theory to describe the behaviour of the plasma accurately. Assuming 

that the conditions for the closing of the BBGKY-chain are fulfilled 

(e.g. the number of particles in the Debye-sphere is large), we shall 

start in chapter II with writing down Vlasov's equation for each plas

ma species. In doing so, we also assume that the plasma is fully 

ionized. However, Vlasov's equations do not take collisions into 

account, so that the time-independent Vlasov-Poisson system does not 

yield a complete description of the equilibrium configuration. Indeed, 

all functions of the constants of the motion of the particle orbits 

satisfy the time-independent Vlasov equation. Therefore, we shall 

specify the equilibrium distribution function to be a shifted Maxwellian 

distribution. Since this distribution renders the Boltzmann collision 

integral zero, the chosen distribution function is actually a solution 

of the time-independent Boltzmann equation. It is shown in chapter II, 

that this distribution function leads, in a Cartesian geometry, with 

a constant electric field and a uniform magnetic field, to an exponen

tial density profile. Note that in contrast to many earlier investi

gations, we give a selfconsistent treatment of the equilibrium state, 

without requiring e.g. the density-gradient to be small. 

In order to analyze the stability of the equilibrium, we proceed by 

linearizing the time-dependent Vlasov-Poisson system. Hence, we only 

take into account electrostatic perturbations. This is a fair approxi

mation if the plasma-S (i.e. the ratio of the kinetic pressure over 

the magnetic pressure in the plasmal is much smaller than one. 

However, because of this approximation, our theory cannot be expected 

to describe e.g. the Alfven-waves. In addition, the fact that we use 

a first order perturbation theory leads, of course, to the conclusion 

that our analysis may only provide accurate results for the onset of 

the instability. Once the waves start to grow exponentially, we enter 

a regime where nonlinear effects play a dominant role and where our 

linearizatioo procedure is violated. Thus, we shall be mainly concerned 

with the calculation of the condition for marginal stability in the 

different cases. 
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Solving Vlasov's equation for the perturbed distribution function by 

the method of characteristics, we may subsitute the result into 

Poisson's equation to obtain an integro-differential equation for the 

perturbed potential. Using Fourier transforms in both space and time, 

the integra-differential equation is transformed into a difference 

equation, which may be solved formally to give the transformed per

turbed potential in integral form. We consider this the most important 

result of chapter II. 

In chapter III, the theory will be applied to a magnetized current 

carrying cylindrical plasma. In order to do so, we shall have to adopt 

the so-called local approximation. This is a reasonable approximation 

when the wave-length of the waves to be investigated is much smaller 

than the scale-length of the density-gradient. If this condition is 

satisfied, we may derive a dispersion relation for waves that do not 

propagate radially. It is this dispersion relation that will be ana

lyzed for various parameter regimes. In particular, we shall derive 

from it: the ion cyclotron drift instability, the lower hybrid drift 

instability, and an instability that we shall call ~on acoustic drift 

instability. The first two of these reach maximum growth rates for 

purely perpendicular propagation (e.i. kll = 0), while the last one 

requires a finite kll for instability. Although Pots's measurements 

were taken exactly perpendicular to the magnetic field, this does not 

mean that a finite kll cannot be involved. On the contrary, it was 

anticipated that the ratio of the perpendicular and the parallel wave

numbers could be about 100. This compares favourably with the theo

retical results for the ion acoustic drift instability. 

Finally, we have added an extensive appendix, to deal with the numeri

cal aspects of calculating Gordeyev integrals. This type of integral 

appears in the dispersion relation that describes waves in a plasma, 

if a (shifted) Maxwellian has been taken as the equilibrium distribu

tion function. The simplest example is the well-known plasma disper

sion function (Fried-Conte function). However, because the Gordeyev 

integral incprporates all the physics that has been put into the 

dispersion relation, it quickly becomes complex for more complicated 

equilibrium configurations. Thus, we have made considerable effort to 

find an algorithm that could be used to calculate the Gordeyev integral 

numerically. The findings of this work have been laid down in the 

appendix. First, we present an algorithm due to Gautschi, that can be 
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used to calculate the plasma dispersion function. Then we generalize 

this algorithm to include other types of Gordeyev integrals. The 

applicability of this algorithm depends on the particular Gordeyev 

integral at hand. Finally conditions for the success of the algorithm 

will be given. 

Notation 

In this thesis, we frequently use the symbol~ in the sense: 

"is asymptotically equal to". Thus, we write 

f(z) ~ g(z) (z +a) 

to mean that 

lim 
z+a 

f(z) 
g(z) = 

(Note that we denote lim f(z) 
z+a 

0 as: f(z) ~ 0 (z +a)) 

We shall also make use of the Landau 0-symbol. Thus, we write 

f(z) O(g(z)) 

to mean that 

lim 
z+a 

l=c<oo 

(z +a) 

In contrast to these definitions we use the symbols ~ , ~ and ~ very 

loosely. They mean respectively: "is about equal to", "is not much 

larger than" and "is not much smaller than". 
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Chapter II Equilibrium configuration and stability theory in an 

inhomogeneous plasma. 

Abstract 

Using kinetic theory, we shall develop the equilibrium configuration 

of a two-component plasma in a slab geometry. We shall incorporate a 

density-gradient and an electric field, both perpendicular, and a 

drift current, parallel to the externally applied magnetic field. 

Electrostatic perturbations around this equilibrium will lead to a 

dispersion relation for obliquely propagating waves. 

Purpose 

In chapter III we shall investigate turbulence in a magnetized argon 

plasma. In order to do so, we shall need the dispersion relation that 

will be derived in this chapter. 

Introduction 

In this chapter we shall take the equilibrium properties of a multi

component plasma to be independent of the y- and z-coordinates but 

dependent of x. In particular we may thus consider a density- and 

pressure-gradient in the x-direction. The plasma is further subjected 

to steady state fields: a uniform external magnetic field ~(o) and an 

electric field !(o) directed along the z- and x-axis respectively. A 

component of the electric field in the z-direction is not allowed due 

to the neglect of collisions. However, we shall introduce a drift 

velocity uzs for every plasma component along the z-axis, 

to account for an external current. We refer to chapter III for 

further discussion on this subject. 

Due to the pressure-gradient and the crossed E and B fields we expect 

drift velocities to exist in the y-direction, so we allow every compo

nent of the plasma to drift with constant velocity u , where the 
ys 

index s denotes the plasma species (s = e,i etc.). 

In the first part of this chapter we whall be concerned with the cal

culation of the equilibrium configuration given the fields and drift 

velocities (o, u , u ) as outlined above. (See fig. 1.) ys zs 
To obtain expressions for various plasma quantities we shall apply the 

stationary Vlasov equation for each plasma component. Specifying a 

Maxwellian for the equilibrium distribution function and restricting 

9 



ourselves to two-component plasmas we can finally use the quasi-neu

trality condition to obtain the fields and the density profile in this 

specific example. 

Having explored the equilibrium state, we proceed in the second part, 

by calculating the dispersion relation for electrostatic perturbations 

in an inhomogeneous plasma. We shall present an elegant and general 

way to obtain that relation without any restrictions to the specific 

steady state dealt with in the first part. Moreover, the electric 

field may even be space-dependent. (In principle the magnetic field 

could also be space-dependent; however the use of Poisson's equation 

cannot be justified in that case.) 

Starting from Vlasov's equations we shall find the perturbed distri-

bution function by the method of characteristics, and upon substitu

tion in Poisson's equation we get an integra-differential equation for 

the perturbed electric potential. This equation can be solved by a 

Fourier transform in both space and time. 

To indicate how to proceed from there in a practical situation, we 

then return to the equilibrium configuration of the first part. In 

that case it appears possible to find the particle trajectories and 

upon substitution to carry out all the necessary integrations analyti

cally up to the remaining Gordeyev integral. 

we finally obtain a difference equat1on for th.e perturbed potential 

whose solution can also be formulated as an integral. 

The reader may have noticed that this work is closely relat~d to the 

work of S.P. Gary and J.J. Sanderson [1]. We would like to point out, 

however, that two essential differences exist between their work and 

ours. One is the fact that in [1] no relative drift in the z-direction 

is possible between the components of the plasma, while in our work 

current-driven instabilities may exist. 

The other difference lies in the fact that we do not assume the ratio 

of the wave-length in the x-direction and thegradient-length to be 

vanishingly small. In other words: this work is valid for an arbitrary 

degree of inhomogeneity. 

Thus our work can be looked at as an extension of [1], while on the 

·other hand it can be seen as a generalization of the work of 

S.M. Dikman [2]. Dikman does take into account an arbitrary degree of 
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inhomogeneity; however his plasma is not subjected to an external 

magnetic field. In addition our derivation of the dispersion relation 

is far more general an~ at least in our opinion, elegant than that in 

[ 1] or [ 2]. 

Fig. 1. 

y 

uys~y 

X 

z 

A. Equilibrium configuration. 

Basic equations 

When we take B(o) uniform (in the approximation of a low-S plasma) 

then we can describe the plasma in the steady state by the stationa:t;y 

Vlasov equations: 

v 

df (o) 
s ---+ ar 

e s 
m s 

df (o) 
s 

av 0 (2 .1) 

To obtain a complete system of equations it seems justified to replace 

Maxwell's equations by the quasi-neutrality condition: 

s 

e 
s 

E: 
0 I f (o) dv = 0 

s 
(2. 2) 

In ( 2 . 1 ) and ( 2 . 2 ) : 

es is the charge and ms is the mass of paricles of species s. 

L denotes summation over all species. 

~ (o) is the eqliilibrium distribution function of particles of 
s 

species s. 
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B(o) (0, 0, B (o)) is the external magnetic field. 
;(o) (E (o) , 0, 0) is the electric field that can be derived 

from the scalar potential: E (o) (l!(o) 

In fact equation (2.1) demands 

trajectory, so every function 

(2.1), if H , P and P are 

f (o) to be constant along a particle 

1ol {H , p , P ) is a solution of 
s ys zs 

three constants of the motion of the 
s ys zs 

particle orbits. 

In this configuration we can write: 

total energy 

y-momentum 

z-momentum 

H 

p 

p 

s 

ys 

zs 

l:lm (v 2 + 
s X 

mv + e 
s y s 

m v 
s z 

v 2 + v 2) + ¢(o) 

Yiol 
z 

B X (2. 3) 

Following R.L. Morse and J.P. Freidberg [3] we specify the argument 

of f (o) by taking a linear combination of H , P and P . We shall 
s s ys zs 

comment on this choice at the end of part A of this chapter. 

(ol 0-u P -u P ) fs (o) ys ys zs zs 

m w 2 
(2. 4) 

s s 

In (2.4) we introduced the thermal velocity ws to make the argument 

dimensionless; at this stage u and u are arbitrary constants 
ys /iCT zs 

(Later on, we shall define w =V'~----s,where T is the temperature of 
s m s 

particles of species s). s 

We can separate the argument in (2.4) into velocity and space depen

dent parts. Using (2.3) we get: 

(o) 
(

(v-u ) 2 

0 f (o) - -s + 'I' (r) 
s 2w 2 s -

(2.5) 

s 

where~ = (0, uys' uzs) and the generalized potential 'l's can be 

written out as: 

'I' (x) 
s 

e 
{~ (¢(o)_u B(o)x) - l:l(u 2 + u 2 )} 

w 2 ms ys ys zs 
s 

Macroscopic quantities 

(2 .6) 

We are now in a position to write the macroscopic quantities as func
(o) 

tions of , but these calculations can be simplified by introdu-

cing spherical coordinates in velocity space: 
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so: 

v - u 
-s 

(v-u ) 2 
- -s 

2w 2 
s 

w v (cos lp sin 0, sin lp sin e, cos 0) 
s s 

~ v 2 
s 

Calculating successive moments of f (o) we find: 
s 

00 

-the density: n (xl I (o) 
dv ~ 47T w 3 I dv v 2 

s s s s 
0 

I f (o) v dv (o, u ys' u ) J f (o) dv 
s zs s 

(2. 7) 

f (o) 
s 

(2.8) 

(2.9) 

This means that the constants u and u introduced in (2.4) can be 
ys zs 

identified with the drift velocities of the plasma in the y- and z-

directions. Thus the choice of the argument in (2.4) can now be seen 

to mean the case of constant drift velocities. 

- the pressure tensor (x) = m J f (o) (v-u ) T (v-u }dv 
s s --s --s - (2.10) 

On calculating explicitly the pressure tensor it appears to be iso

tropic with a scalar pressure: 

00 

P s (x) = 4/3 1T m w 5 I s s 
0 

and a gradient: 

00 

dP 

I s 4/3 1T m w 5 dv dx = s s 
0 

4/3 1T 

d~ v ~ f 
(o) 

s s s 

df 
(o) 

A ~ s v ~= s s 

0'> (o) 

I 
df 

A A 3 -~-s __ = dv v 
.'S s dV 

0 

-m w 2 
s s 

n 
s 

(2 .11) 

(2.12) 

From (2.12) the diamagnetic drift velocity ~scan be found (see [5]) 

e s 

(0, uds' 0) 

where e is a unit vector in the x-direction, and 
-x 

m w 2 d'¥ 
s s s 

- e B (o) dx 
s 

Insertion of (2.6) into (2.13} leads to: 

(2 .13) 
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(2.14) 

where the E x B drift velocity has been defined as: 

~(o) X ~(o) 

(0, UE' 0); (2.15) 

(2.14) can be interpreted as follows: the total drift in the y-direc

tion consists of the ~ x ~drift and the diamagnetic drift. 

Although we shall find later that E(o) has to be constant, nothing has 

been said about a possible x-dependence of E{o) so far. It would thus 

be erroneous, to conclude from (2.14) that~ and/or uds should be 

constant. 

Maxwellian distribution function 

At this point we specify the stationary distribution function to be a 

shifted Maxwellian, but our calculations could be extended to take 

other distribution functions into account. Consistently with (2.5). 

we write down: 

f (o) 
s 

= n ( 2'1T w 2 ) - exp - - -s 
3/2 [ (v-u J 

s s 2w 2 
s 

As a direct consequence one finds: 

n (x) 
s 

P s (x) 

[ -o/ J 
s 

m w 2 n (x) 
s s s 

2 

(2.16) 

(2 .17) 

where o/ is defined in (2.6) and where we conclude from the expression 
s 

for (x) that the plasma is isothermal with this distribution func-

tion. 

Restricting ourselves to two-component plasmas with singly ionized 

ions we write {2.2) as: 

{2. 18) 

Substituting {2 .17) and defining: 
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n 
0 

n (o) 
e 

n. (o) 
~ 

we find the density for both ions and electrons to be 

n(x) 

where 

'l'(x) 

n 
0 

-'l'(x) 
e 

'I' (x) - 'I' (o) 
e e 

'1'. (x) - '1'. (o) 
~ ~ 

(2 .19) 

(2.20) 

(2.21) 

Without loss of generality we set ~(o) (o) 

and (2 .6) 

0 and get from (2.21) 

- ___ e ___ (~(o)_u B(o)x) = ___ e ___ (~(o)_u. B(o)x) 
m w 2 \ ye m w 2 Y~ 

e e i i 

leading to: 

() u +6u. () 
~ 0 (X) = ye y~ B O X 
~" 1 + e 

u + e u . 
u 

E 
ye Y~ is constant 

1 + e 

'l'(x) 
eB(o) 

=---u x 
2 de mw 

e e 

u . ) is constant 
y~ 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

In (2.23) to (2.26) we have used 6 as the electron-ion temperature 

ratio 

m w 2 

6=~ 
m.w. 2 

~ ~ 

and we have taken in (2.22): e. = e; e =-e. 
~ e 

(2.27) 

Remark: The obtained solution (2.23, (2.26) corresponds to the situ-

ation where there is a constant external electric field present in 

the plasma. One might argue that we would have found te same solution 

by puttinq E(o) = constant beforehand. This is true, and can be re

garded as a consequence of the use of the quasi-neutrality condition. 

The validity of this condition can easily be justified, because (2.23) 

is actually the only solution of Poisson•s equation given suitably 
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chosen boundary conditions. 

For future reference we define the inverse scale-length of the density

gradient a: 

a u > 0 
de 

so that we can write (2.16) as: 

(o) 2 -3/2 
n (27fw l 

0 s 

Concluding remarks 

(v-u ) 2 

- -s 

2w 2 
s 

At this stage a few remarks must be made. 

(2.28) 

(2.29) 

In deriving (2.5) we have specified a linear combination of three 

known constants of the motion as the argument off (o) in (2.4). At 
s 

that stage, this was an unmotivated choice. However, if we would main-

tain the form of the stationary distribution function in (2.16), then 

we could alternatively specify (2.5) and wonder whether a function 

~ (r) can indeed be constructed. s-
Here we shall follow the latter line of reasoning and demand: 

d 
(v-u ) 2 

- { --s 
dt 2w 2 

s 

+ ~ (r)} 
s- 0 (2. 30') 

where a uniform drift velocity has been taken in (2.30'). The 
d 

operator dt can be written out to give: 

m s 

(E (o) + u x ~ (o)) • 

w 2 
s 

+ v • 0 

Introducing the scalar- and vector-potentials ~(o) and A(o): 

() ~(o) -a; 

we may write (2.31') as: 

a (o) 
<-~·ar ~ +; • 

16 

~ (o) +v • u xL x A (o)) + 
- -s <lr ~ 

s 

(2. 31') 

0 



Renee: 

m w 2 

v • .L (!1) (o} -u • A (o}- ...!....!__ 'I' } 
- Clr -s s 

(2. 32') 

If no drift velocity is present in the direction of the inhomogeneity 
d 

then(~· dr),. 0 so that the right hand side of (2.32'} equals zero. 

An obvious solution of (2.32'} therefore becomes: 

'I' (r} 
s- (2.33') 

Apart from a constant this is the same function as that in (2.6). 

Notice that (2.33') was derived independently of the equilibrium 

fields and the constants of the motion. 

Finally, we hasten to add that the obtained density profile 

n(x) -ax n e (2. 34') 
0 

of course cannot be maintained throughout the whole of x-space. In the 

next part, where we shall be concerned with the calculation of the 

electrostatic dispersion relation, we will therefore introduce some 

limitation of the exponential growth of n(x) in the form: 

n(x) A 

"'n 
0 

(2.35') 

B. Electrostatic stability theory 

General solution 

Electrostatic perturbations around an equilibrium state can be des

cribed by the linearized Vlasov-Poisson system: 

d d h-+V.;:;-+ 
ot -or 

d -. Clr 

In ( 2. 30) and ( 2 • 31) : 

(o} (o) 

(2.30) 

( 1) dv (2.31) 
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~(o) and ~(o) are known equilibrium fields 

f (1) ( ) . th b d" "b . f r, v, t 1s e pertur ed 1str1 ut1on unction 
s(1) - -

E (~, t) is the perturbed electric field. 

In the electrostatic approximation E( 1
) can be derived from 

"lnl(1) a potent1a ~ : 

a 
- <lr (2. 32) 

We shall try to obtain from (2.30) and (2.31) a dispersion relation 

for electrostatic waves. This will be done independently of any spe

cific equilibrium configuration. We merely assume the argument of 

f (o) to be constant along a particle trajectory and to be separable 
s 

into velocity- and space-dependent parts in accordance with (2.5). 

Note that it is thus perfectly valid for ~(o) to depend on the space 

coordinates. In addition we require f (o) to be Maxwellian although 
s 

this is not strictly necessary. Together with (2.5) the last assump-

tion gives: 

_L f (o) 
av s 

v-u 
- -s f (o) 

w 
s 

s 

The derivation will continue along established lines: 

(2. 33) 

First we solve for f (1 ) in (2.30) using the method of characteristic~ 
s 

then we substitute the result into (2.31) leading to an.integro~ 

differential equation that in its turn can be solved using Fourier 

transformation. 

Neglecting initial perturbations the solution of (2.30) formally reads: 

t . 

f (1)(r, v, t) =-I dt' es E(1) (r', t') • _a_f (o) 
s - - m - - av• s 

s - . 
-oo 

(2.34) 

Strictly speaking, (2.34) is not appropriate if we consider damped or 

stable waves. These can, however, readily be obtained from (2~'34) 

through analytic continuation. See e.g. [4] for a discussion on this 

subject. 

The particle trajectories used in (2.34) can be calculated from: 
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dr' 
--= v' 
dt' -

dv' e 
. dt' = ms (!(o) + v' x !(o)) 

s 

together with the initial conditions: 

E.' (E._, :!..• t) = r :!..' (E._, :!..• t) = v 

Using (2.32} and (2.33} we can write (2.34) as: 

t 

~ f <o> Jr 
m w 2 s 

f (1) 
s 

dt' (v'-u ) 
- -s 

_a - ,( (1 > (r' t' > 
ar• "" - ' 

s s -oo 

!IS(l) being independent of v' we can operate with te get: 

L !ISO> =_a- ,(<t> + v' • 
dt' at• "" 

(2.35) 

(2.36} 

(2.37) 

(2. 38) 

a (1) 
After substitution of v' • <lr' !IS from the last expression into 

(2.37) we can differentiate the result by parts and obtain: 

t 

f (1) =- f <o>[!ll<ll (r,tl- Jr dt'{~t' + u •. ~ ,}!ll(ll (r' ,t'>j
1 

s 2 s - a -s ar -
msws -oo - (2.39) 

Inserting (2.39) and (2.32) into Poisson's equation (2.31) we have: 

Hence: 

+ E 
s 

exp [-'¥ (r)]} !ll( 1) + 
s-

t 

r dv f (o) J dt' {-a-+ J - s <lt' 

t 

- J dt'{~t' + ~-~E...}!ll 0 j 
(2.40) 

• _a -}¢<1> 
<lr' 0 (2. 41) 

where we have introduced the Debye wave-number Ks: 

K 2 
s 

~ e 2 
s s 

and denotes the Laplace operator. 
<lr2 

(2. 42) 

To solve (2. 41) we apply a one-sided Fourier transform in time and a 

two-sided Fourier transform in space according to: 
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~(1)(!:_, t) 1 

( 271) 4 
J dw J dk ~ (!!_, wl exp [i (~ • E_-Wt)] 

c 

J dt I dE_ ~( 1 ) (_;:_, t) exp [-i (~ • E_-wt)] 

0 

(2 .43) 

(2.44) 

In (2.43) and (2.44) ~and E. are real vectors; t is real and t > 0. 

In (2.44) w is complex with a positive imaginary part; while the 

Landau integration contour C in (2.43) is chosen to render the integral 

finite. Substituting (2.43) into (2.42) after some calculation we 

obtain: 

exp [i(~ • E_-wt)] {k2 + E Ks 2 exp [-IJis(£)] + 
s 

2 0 

+ (w-k.u ) E 
-~ 

J dyfs (o) i J d T exp [i(!!_ • E.'..:urr)]} 0 (2.45) 
s -<X> 

In (2.45) we have put: k2 t'-t so that the particle trajec-

tories can now be found from (compare (2.35) and (2.36)): 

dr' dv' 
v' (2.46) 

supplemented by 

E.' (E_, y, 0) = Q y_' (E_, y, 0) v (2.47) 

Recalling f (o) from (2.16), we rewrite the third term in (2.45): 
s 

0 

E K2 exp [-'¥ (r)] (W-k•u )i .r di exp [-iWT]I (r, T) s s s- -~ . s-
(2.48) 

-"" 
where 

2 

T) = I dv (27Tw 2
) -

3
/

2 
exp [- --=-- + i~·E.'] 

- s 2w 2 
s 

(2.49) 

This is as far as we can go without further specification of the 

problem. If in a practical problem the equilibrium fields are known, 

one may proceed as follows: 

From (2.46) and (2.47) the particle orbits E_'(E_, y, T) can be found. 

Upon insertion in (2.49) the integrations over y may be carried out so 
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that {2.48) can be calculated. This can then be inserted into {2.45) 

leading, after some manipulation, to the desired dispersion relation. 

A special solution 

We shall now return to the specific equilibrium configuration dealt 

with in the first part of this chapter, to carry out the above pro

cedure. 

In this example the equations {2.46) can be written in components: 

dx' 
e 

(E{o) + B(o) v• s v' dT = X m y 
s 

~ 
dv1 

B(o) v' _L v' 
dT y dT m X s 

dz' v• 0 --= 
dT z 

We define the cyclotron-frequency and recall from (2.15). 

n 
s m 

s 

B (o) 1 

to express the solutions of (2.50) as: 

v v 
x' = nx sin Q T + _][_ (1-cos fl T) -., s Q s (1-cos Q T) 

s 
s s 

v v UE 
y' X (1-cos n <l + ff- sin Q T m'--n- s s +n- s 

s s s 

z' v T 
z 

Note that the cyclotron-frequency carries a sign. 

Hence: 

k.r' v 
X 

t 
+ (v -u ) ff- + (v -u ) k 't' + y ys 

5 
z zs z 

t 

+ (u -u_) ~ + T (k u + k u_) 
ys E "s z zs y E 

with the aid oft (T) and t (T): 
X y 

t (T) 
X 

t (T) 
y 

k sin Q T - k (1-cos Q T) 
X s y s 

k (1-cos Q T) + k sin Q T 
X S y S 

sin Q T) 
s 

(2.50) 

(2.51) 

(2.52) 

(2 .53) 

(2.54) 
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Substitution of (2.53) into (2.49) enables us to integrate over vx' 

vy and vz successively: 

The Gordeyev integral 

With Is given by (2.55) the integration overT in (2.48) cannot be 

carried out analytically. This often happens in the kinetic theory 

of waves in plasmas where the equilibrium distribution function is 

a Maxwellian: An integral results that can be written in the form: 
00 

i J d0 exp [h (0) + it: e] s s (2.56) 
0 

In the literature, this type of integrals is known as Gordeyev inte

grals[B]. We shall ·devote an extensive appendix to the numerical as

pects of calculating such integrals, see: appendix. 

The remaining integral in (2.48) can, indeed, be written in the form 

(2.56) by a change of the integration variable. If we take 

0 = -IOsiT, the Gordeyev integral for our problem reads: 

00 

J [ 
k w )2 w-k u -k u 

G l.
. _L ( z s ez+. y E z zs e 

s d0 exp .., TTI:T l. I n I 
s s 

0 

(2. 57) 

where 
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~ k sin 8 - k (1-cos 8) 
X y 

8 
t (- TIT') k (1-cos 8) ~ k sin 8 

X y 
(2.58) 

Y I "s I 

2(k 2 + k 2
) (1-cos 8) 

X y 

The + signs refer to positively and negatively charged particles 

respectively. 

Using k 2 

.L 
meters: 

k 2 + k 2 we define various dimensionless plasma para-
x y 

;s -- (>ws)z A " is the ratio of the cyclotron-radius and the 
s 

perpendicular wave-length squared. 

__ (kzws)2 ]ls n is the ratio of the cyclotron-radius and the parallel 

s wave.-length squared. 

l;s 

w-k 
y 

u -k 
ys z 

In I s 

u 
zs 

is the ratio of the wavefrequency in the 

drifting plasma and the cyclotron-frequency. 

\) 
s 

is the ratio of the driftlength due to diamagnetic 

forces per cyclotron revolution, and the perpendicu

lar wave-length. This parameter gives us a measure for the influence 

of diamagnetisme due to the inhomogeneity .. 

(2.59) 

The definition of the parameters above lets us write the Gordeyev 

integral (2.57) into the elegant form: 

G i Jf d8 exp [A (cos 8-1)-~]1 8 2 +il; 8+ 
s s s s 

0 

(2.60) 

We note in passing that the analytic continuation of (2.60) to take 

care of damped or steady state oscillations, as mentioned below (2.34) 

is obvious, so that (2.60) describes these oscillations as well. 
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With the aid of (2.60) we can write (2.48) as: 

l: 
s 

exp [-'¥ (x)] r;; G 
s s s 

and upon substitution into (2.45) we have: 

-'¥ (x) 
dk li'l exp [i (~.E_-Wt)] {k2 + l: K 

2 e s 
s s 

(l+(;G)} 
s s 

(2.61) 

0 

(2.62) 

From (2.62) we may derive the electrostatic dispersion relation. Upon 

multiplication of (2.62) with 

exp [-i(k' y + k 1 z- w't)] 
(2'IT) 3 y z 

(2.63) 

and successive integration over y, z and t in accordance with (2.44) 

we obtain: 

2 -1JIS (X) 
e (1+1;G)} 

s s 
0 (2.64) 

In writing down (2.64) we suppressed the dashes associated with k , 
y 

k and ·w. 
z 

Following the procedure outlined in [2,6], it may be seen from (2.64) 

by taking the limit (x + 00 ) that: 

(x + "") (2.64') 

This implies that ¢ (k ) possesses first order poles in kx = ::1: i {k2 +k2
} ~ 

X y Z 
and k 2 ~(k ) is an analytic function, so that the integration contour 

X 

in the first integral in (2.64) may be shifted by ia into the 

complex kx plane. 

If kx is replaced by kx+ia afterwards then we have: 

I 
i(kx+ia)x 

dk e [k2 (k +ia)~(k +ia)+l:K2 (1+1; G )~(k J] 
X X X S S S X 

s 
0 (2.65) 

with k2 (k ): k 2 + k 2 + k 2 
X X V Z 
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compare (2.42). 

Equation (2.65) should be valid for arbitrary x, thus we may set the 

integrand equal to zero giving: 

k2 (kx+ia) ¢ (kx+ia) + E K! (1+ssGs) ¢ (kx) 
s 

0 (2.66) 

If we now define the generalized dielectric function 8(~,w) in all of 

the complex kx-plane as: 

EiC 2 <1+sGl 
1 + s s s s 

k2 
(2.67) 8(~,W) 

where it is understood that and Gs are functions of ~ and w (see 

(2.59), (2.60)) then we are able to write (2.66) in the short form: 

k2 (k +ia) ¢ (k +ia) - k 2{1-8(k )} ~ (k l 
X X X X 

0 (2.68) 

In solving this first order difference equation we shall suppress all 

arguments except kx, as we did in writing down (2.68). 

Taking the limit a~ 0, we readily obtain the desired dispersion 

relation from (2.68): 

0 (2.69) 

that can be written out as: 

0 (2.70) 
s 

In taking this limit we did retain some effects of the inhomogeneity 

such as the diamagnetic drift, in Gs but in principle {2.70) is only 

valid in cases where the wave-length in the x-direction is small 

compared to the gradient-iength. It is this limit that has been con

sidered in [1]. 

Arbitrary gradient-length 

It appears possible to solve (2.68) without any restriction on the 

magnitude of a. 
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First write (2.68) in the form: 

where 

g(k ) 
X 

h(k ) 
X 

h(k ) 

log {1-E(k )} 
X 

X 
(2.71) 

(2. 72) 

In this way we have transformed the homogeneous difference equation 

with non-constant coefficients (2.68) into the inhomogeneous differ

ence equation with constant coefficients (2.71) that can be solved 

using Fourier transformation as follows: (compare [6]) 

G(x) 

«>+iy 

J 
-""+iy 

ik X 

g(k )e x dk 
X X 

-ik X 

G(x)e x dx (2. 73) 

Upon multiplication of (2.71) by e 

over kx we get: 

ik X 
X and subsequent integration 

«>+iy 

J 
-<»+iy 

ik X 
h(k )e x dk 

X X 

oo+iy 

J 
-<X>+i y 

ikx 
{g(k +ia)- g(k )}e x dk 

X X X 
(2.74) 

Assuming g(kJ to be analytic in the region y < Im(kx) < y + a we may 

shift the integration contour in the first integral on the right hand 

side by -ia to bbtain: 

oo+iy 

J 
-<»+iy 

ik X 
h(k )e x dk 

X X 
ax 

(e - 1) G(x) (2. 75) 

Arbitrarily putting g(O) ~ 0 we apply the inverse transformation in 

(2.73). This leaves us with: 

g(k ) 
X 

-ik X 

= .1_ J dx e x -1 
21T ax 

e - 1 

«>+iy 

«>+iy 

J h (s) eisx ds 

-oo+iy 

i J ds h(s) T(s,kx) 

-<»+iy 

(2. 76) 

where we have changed the order of integration and we have defined: 
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-ik X 

J
f isx e x -1 

dx e 
eax- 1 

(2.77) 

Now we have to demand convergence of the integral in (2.77) that will 

enable us to indicate the integration contour to be used in (2.76). 

In order to obtain a finite integral in (2.77) we have to distinguish 

between Im (kx) > 0 and Im (kx) < 0: 

fif Im(k) > O·then Im(k )-a< Im(s) < 0 
X X 

l if Im(k ) < 0 then -a < Im(s) < Im(k ) 
X ~ 

(2.78) 

Under these conditions (2.77) may be integrated to give: (see [7]) 

T(s, k ) 
X 

{- cotgh ~ s + cotgh ~ (s-k )} 
2a a a x 

(2. 79) 

In the region -a< Im(kx) <a (see (2.78)). T(s, kx) may be seen to 

possess singularities in s=O, , s=kx ± ia depending on whether 

Im(kx) < 0 or Im(kx) ~ 0 and fFom (2.67) .we see that h(s)=log(1-£(s)) 

has two branches, the branch points given by k 2 (s) = 0 i.e. 

s = :i{k2 + k 2 }~ 
y z 

To obtain the possible integration contours in (2.76) we can best 

display 

s-plane 

Taking a 

the poles of T(s, k) and the branches of h(s) in the complex 

for both Im(k ) > 0 and Im(k ) < 0. 
X - X -

<{k 2 + k 2}~ we get from fig. 2 using (2.78): 
y z 

{

if Im(k) > 0: 

if Im(kx) < 0: 

Im(kx)-a < y < 0 

-a < y < Im(k) (2.80) 

In cases where a > {k 2 + k 2 } ~ the integration contour must be ·· · 
- y z 

deformed to pass above the lower branch of h(s). 

Thus, a solution of (2.71) is given by (2.76) where it is understood 

that !Im(k ll <a; T(s,k) is given by (2.79) andy is given by (2.80). 
X X 

The general solution of (2.68) can now be written as: 

\l!(k ) 
X 

p(k ) 
__ x_ exp [i 

k2 

oo+iy 

J ds h(s) T(s,kx)] 

-oo+iy 

(2.81) 
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Fig. 2. 

i 

-i 

lm(k ) > 0 
X 

I( k -ia 
X 

COMPLEX S-PLANE 

i 

-i 

Im(k ) < 0 
X 

where P(kx) is an arbitrary "periodic" function of kx: 

'It 

k +ia 
X 

X k __ x 

(2.82) 

The function P(kx) is to be chosen so as to satisfy the necessary 

analytic properties of ~(k ). (compare [2]) 
X 

We shall not try to determine P(kx) as it depends on whether one con-

siders the initial value problem or the boundary value problem. 

Comparing (3.1), (3.2) and (2.13)of ref. [2] with our expression 

(2.81) one notices a seeming inconsistency in that the function h(s) 

of [2] has two additional branch points. This inconsistency can be 

solved by recovering the case considered in [2] through taking in our 

case the limit B(o) + 0. 

Putting ~ = Q and Gi = 0 (consistent with [2]) we may derive from 

(2.60) by a change of the integration variable: 

28 

G - i e 
nwe""J [ 2 ] dy exp iy-y2 (k2 -iak ) 

2w2 x 
0 

(B{o) + 0) (2.83) 



It follows from (2.84) that we also get two additional branch points 

in the limit B(o) + 0 from the equation: 

k 2 - iak + k 2 + k 2 0 (2.85) 
X X y Z 

We have succeeded in solving formally equation (2.68) for an arbitrary 

ratio of the wave-length in the x-direction and the gradient-length. 

If, however, this ratio tends to zero then the dispersion relation 

(2.70) emerges. In the next chapter, we shall use this dispersion 

relation to investigate turbulence in a magnetized argon plasma. 

29 



Literature 

[1] S.P. Gary and J.J. Sanderson 

Physics of Fluids 21(1978), 1181 

[2] S.M. Dikman 

Soviet Physics JETP 47(1978), 1062 

[3] R.L. Morse and J.P. Freidberg 

Physics of Fluids 13(1970), 531 

[4] 

[5] 

T.H. Stix The theory of plasma waves 

McGraw-Hill 1962 

Ishimaru 

Benjamin, 

Basic Principles of Plasma Physics 

Reading 1973 

[6] A.N. Vasil'ev and B.E. Mererovich 

Soviet Physics JETP 40(1975), 865 

[7] I.S. Gradshteyn and I.M. Ryzhik Tables of integrals, series and 

products. Academic Press, New York and London, 1965 

[8] G.V. Gordeyev 

J. Exp. Theor. Phys. 23(1952), 660 

[9] N.A. Krall and P.C. Liewer 

Phys. Rev. A4(1971), 2094. 

30 



Chapter III Turbulence in a magnetized argon plasma. 

Abstract 

We shall use the dispersion relation derived in the previous chapter 

to analyse various instabilities that may occur in a magnetized current 

carrying plasma as e.g. that of a hollow cathode discharge (HCD). In 

particular we shall focus on: lower hybrid drift waves, ion cyclotron 

drift waves and ion acoustic drift waves. 

Purpose 

In fusion research, the additional heating of ions is one of the major 

lines of research. Besides neutral injection, also ion cyclotron and 

lower hybrid heating and turbulent heating by current modulation have 

been pursued. For heating experiments in current carrying plasmas, 

attention has been directed, as a rule, on the parallel propagating 

ion acoustic turbulence. However, in a small scale experiment [1,2], it 

has been shown by collective scattering that there the propa~ation of 

the turbulence was dominantly perpendicular. The level of axially 

propagating waves was close to thermal, while the level of waves per

pendicular to the confining magnetic field was up to four orders of 

magnitude larger. Apparently, perpendicularly propagating turbulence 

is easier excited. 

It is the purpose of this study to give a detailed analysis of several 

instabilities in order to investigate the preference for perpendicular 

propagation. We shall do this by taking into account the inhomo~eneity 

of the plasma, and so to make a realistic approximation of the plasma 

used in the studies mentioned above. 

Introduction 

The cylindrical argon plasma, used in the experiments described by 

Pots et.al. [1,2], is highly ionized and confined by a static external 

magnetic field directed along the axis of the arc. Perpendicular to 

this field, temperature- and density- gradients and an electric field 

are set upWhich, together with the magnetic field, create diamagnetic 

drift currents and a E x B-current. 

The potential difference between anode and cathode causes the flow of 

a current along the axis of the plasma. Although the plasma equili

brium of a HCD incorporates many complicating properties,like velocity 

31 



shear, non-uniformity of the magnetic field, electrode fall regions 

and so on, it seems justified to apply the dispersion relation of 

chapter II. This is so,because the HCD-plasma is essentially a low S 
plasma and the main sources of free energy have been incorporated in 

the derivation of the dispersion relation. 

It should be noted, however,that we have derived the dispersion rela

tion in a cartesian geometry. Therefore, the reader should interpret" 

its application to a cylindrical plasma as follows. At a certain 

radius R from the centre of the arc, we consider a plasma slab with 

thickness ~R, where ~R << R. Assuming that the equilibrium configura

tion of the plasma is known at R, we can use it to analyse the 

stability properties of the plasma slab at that radius. 

This so-called local approximation will, however, introduce a con

straint on the waves to be described at radius R: 

k:.l » 1/R ~ a (3. 0.) 

where k:.l is the wave-number perpendicular to the magnetic field and a 

is the inverse scale-length of the density-gradient. 

There is still a point we would like to stress here. 

In chapter II we mentioned the impossibility to permit an elec-

tr!c field directed along the magnetic field. This is because such 

a field would create, in our model, a pressure-gradient in the z

direction. In reality the situation is different in view of the collis

ions. The force of the momentum taken out of the electric field is 

balanced by friction. Since collisions are not incorporated in our 

model, we cannot allow the electric field. However, we can still in

clude the dirft current by choosing a shifted Maxwellian as the equi

librium distribution function. 

The neglect of collisions also poses a constraint on the described 

waves: 

lil » 1/Tii (3 .o I) 

where w is the wave-frequency and Tii is the mean !on-ion collision 

time. 

Bearin~ in mind the above provisions, :we may proceed by looking for 
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solutions of equation (2.70) in the limit of vanishingly small wave

length in the x-direction. 

Since we are not interested in radially propagating waves, we take 

k = 0 and identify kl. = k with the azimuthal and k
11

.= k with the 
X y ~ Z 

axial directions respectively. 

This leads to the dispersion relation: 

where: 

and: 

G 
s 

with: 

0 

co 

n e 2 
0 s 

if exp [As(cos 0-1)+iVs sin 8-~~s82+i~~8} d8 

0 

v 
s 

v 
s 

( 3. 1) 

(3.2) 

(3.3) 

(3.4) 

In order to investigate the solutions of (3.1) we shall need various 

representations and approximations of (3.3) for the different para

meter regimes. This will be dealt with in the first part of this 

chapter, while we shall obtain the solutions of (3.1) in the second 

part: the purely perpendicular waves first and the obliquely propa

gating waves afterwards. As a reference, we have reproduced fig. 4-4 

of [1} in fig. 1. and a table of frequently used variables. 

we shall suppress the index s for convenience's sake during the first 

part of this chapter. 
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Bessel series expansion 

l.Rayleigh-Taylor and 

Kelvin-Helmholtz 

instability. 

2.Universal drift 

instability. 

l.Alfven instability 

4.Ion cyclotron in

stability. 

S.Ion acoustic in-

stability. 

Looking at (3.3) one may notice the periodicity of part of the inte

grand. This part can be expanded in a Fourier series as follows: 
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exp [A cos 8 + iV sin 8] r c 
n n 

with the coefficients en given by: 

1f 

in8 

c = ~ I exp [A cos e + iV sin 0-in8] dO 
n 21f 

-1f 

(3.5) 

(3.6) 

(The summation range will be from ~ to oo whenever it is not indicated) 

The series (3.5) can be substituted into (3.3) giving: 

00 

G = r c i I exp [-A-~~02 + iO{~'+n)] dO 
n n 

0 

-A ( r e z ~n) n en /:2ii ,.. (see appendix) (3.7) 

Depending on the value of lv/AI we distinguish three different cases 

in calculating the coefficients en: 

A. lv/AI < 1 

Let tanh a = V/A and write: 

A cos O+iv sine= __ A_ (cosha coe·O+isinha·sinO) 
cosh a: 

Insertion of (3.8) into (3.6)1 followed by a change of variablesr 

leads to: 

c 
n 

1f-ia 

I exp [A cos e- in(O + ia)] dO 
cosh a (3.9) 

-1r-ia 
iO 

Putting z e we recognise in the resulting contour integral, the 

'modified Bessel function of the first kind (see [3]): 

na 1 f A/2 {z + .!.) ] dz c e 2'1Ti exp [cosh a n+1 = n z 
Z=O 

z 

na 
I (co~h a) (3.10) e 
n 

and from (3.7) we have in this case: 

(3.11) 
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where: 

cosh a 

B. I A/VI <1 

2a 
e 

A+v 
= A-v , 

Let tanh a A/V and write: 

A (x) 
n 

A cos 8 + iv sin 8 = ~ sin (8-ial 
cosh.a 

Analogous to case A it follows that: 

-x 
e I (x) 

n 
(3 .12) 

(3 .13) 

na ,[ V/2 1 dz na (_ \! _\ 
en e 27Ti j exp [cosh a (z - z-l] n+1 = e Jn~cosh OJ (3 • 14) 

z 
z=o 

where J is the Bessel function of the first kind. 
n 

From (3.7) we now have: 

where: 

\) 

cosh a 
2a 

e 
V+A 

= v-A 

c. A = ±V 
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In this case: A cos 8 + i\! sin 8 

c 
n 

7T 
1 r 

27T J 
-7T 

+i8 
exp [Ae- - in8] d8 

= 2!i f 
z=O 

+1 dz 
exp [Az- ] n+1 

z 

This leads to: 

c 
±n { 0 

n > 0 

n < 0 

+i8 
Ae- ; thus: 

(3.15) 

(3 .15 I) 

(3 .16) 

(3.17) 



From {3.7) we now have: 

w 1 n -A 1 (hfrlln) G= l.. -A e ~ Z 
n=o n! "-'ll {3 .1 B) 

Since I~/AI = la/kil is the wave-length 

and the scale-length of the gradient, it will 

lv/AI < 1 for all waves treated in this chapt 

clear that 

Nevertheless, we have included the series (3. 5) and (3.18) for 

the sake of completeness. 

wewou,ld like to add at this point, that the Bes el series expansion 

derived here, is very suitable for numerical 

ticular it can be recommended instead of the ouble series used in 

[4]. 

The alternative integral representation 

Here we shall derive an alternative integral esentation for G, not 

because of its practical importanc~but to show e relation with the 

Gordeyev integral that appears in the theory of omogeneous plasmas. 

Therefore we shall only deal with the case lv/AI < 1. We make use of 

(3.8) to rewrite (3.3) as: 

00 

- ')- "'"' + "'"] ~ 
lj) = 0-ia. and subsequently shifting ~e 

(3.19) G = i J ex [A (cos(0-ia.) 
P cosh a. 

0 

Substituting integration con-

tour to the real l))-axis we obtain G = G
1 

+ G
2 

where: 

0 

i J 
cos lP - !:Ill (tf.)tiO.) 2 il;. ((f.)+ia.) ] G1 dlP exp [A --- - 1 cosh a. 

-ia. 
-a. 

J dx exp [A( cosh (x+a.)' 
cosh a. 1) + l:!1Jx2 + 'x] {3.20) 

0 

00 

G2 i J dlj) exp [A (~~=h p a. - 1) - l:!ll {<p+ia.) 2 + il; • {<p+ia.) ] = 

0 
00 

eXfl [A~-1) + l:!!la.2 -l; 'a.] i J dx exp[ .:.. {cqsx-1) -l:!1Jx2 + ix{l; '-«Ill] 
~o"'" a. " co"'""a. ! 

0 " {3.21) 

The integral appearing in G2 is in fact the Gordjyev integral that 

des~ribes dispersion in homogeneous plasmas, but with A replaced by 

cosh a. and with l; replaced by 1;;'-Cl.IJ. The differe ce between the two 
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Gordeyev integrals can thus be seen to consist of: 

1. the replacements mentioned above; 2. the extra factor in (3.21); 

3. the additional integral G1• 

Asymptotic approximation 

As we have already stated, the Bessel series representation is most 

suitable for numerical computation. However, the series converges 

slowly for large A, bringing about the need for an asymptotic 

approximation in that case. Freidberg and Gerwin [5] obtained an 

asymptotic approximation for G in the special case that kll = 0, by 

substituting the asymptotic approximation for An(A) into the Bessel 

series representation. However, this method cannot be used since the 

resulting series diverges for all a~ 0. We shall show this for 

arbitrary k II now: 

A ( A ) ;cosh a 
n cosh a ~ ~ 

(A + oo) (see {2]) (3.22) 

Insertion of (3.22) into (3.11) leads to: 

exp [A (-1- - 1)1 r> t cosh a n=o n (3.23) 

with the accent on the summation indicating that the first term is to 

be halved and: 

t 
n 

For large values of n we may approximate by: 

-net net 
e 

n-1; n+1;' 
(n + oo) 

(3.24) 

(3.25) 

(3.25) shows clearly that the series in (3.23) diverges for all 

a ~ 0 because: 

lim 
n+oo 

Remark: if a 
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n 

for all a ~ 0 (3.26) 

0 the approximation 

(n + oo) (3.27) 



holds, so that the series in (3.23) can be seen to converge absolutely. 

It may now be clear that we have to resort to t integral represen-

tation (3.3) to derive an asymptotic approximati n for large A. First 

it should be considered that: 

v (3.28) 

where we defined y as the ratio of the diamagne ic drift velocity and 

the thermal velocity. 

Using (3.28) we may write (3.3) as: 

G 'f I 
n=o n 

if we define: 

I 
0 

'JT 

i J exp [\(cos 0-1) + iy/A sin 0-~~02 + ·~·0] d0 

0 

(2n+1 )'JT 

In i J exp [A(cos 0-1) + iy/A sin 0-~~02 + i~'0] d0 

(2n-1 )'JT 

'JT 

(3.29) 

(3.30) 

=iJ exp [\(cos ~1) + iy/X sin ~~~(~2'1Tn) 2 + i~'(~2'1Tn)] d9 

-'JT n > 1 (3. 31) 

This procedure of subdividing the integration in erval into parts of 

equal length has also been used in [5]. We note hat the authors were 

apparently unaware of the fact that the d been used before 

[6]. Defining ~(x) by: 

COS \!)(X) - 1 
1 2 -I X ~(x) 127\x + O(x 3

) (x ~ 0) (3.32) 

we may change the integration variable in (3.31) into x to obtain: 

I 
n 

exp [-x2 +iy/2x 11-x /2A+i~' (<f)(x)+2'1Tn) 

-~~(<9(x)+2'1Tn) ] = 

J dx exp[-x2 +i/2yx+2'1Tin~·-~~(2'!Tn) 2 ] {1+0(\-~)} 
..00 

(3.33) 
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Analogously we have for I
0

: 

I
0 

= i/2/X J dx exp [-x2 + i/2 yx] {l+O(A-~)} 
0 

Carrying out the integrations in (3.33) we get: 

OO-iy//2 

(3.34) 

In 127X exp[-~~(2~n) 2 +2~in~'] i J dx exp[-x2 -~y2 ] {l+O(A-~)} 
-=-iy/12 

and rewriting (3.34) gives: 

I ~ 
0 

Z(y//2) 

(A + <») 

(A ... "') 

where Z denotes the plasma dispersion function (see appendix). 

(3.35) 

(3.36) 

Collecting (3.29), (3.35) and (3.36) we find the asymptotic expansion 

in the form: 

G ~ i ~ e-~y
2 

{n~~ exp [-~~(2~n) •] + ~erf(iy//2)} 

(A + <») (3.37) 

where we have used the relation (see [2] and appendix): 

(3 .38) 

(In the r.h.s. of (3.38), there appears the error'function of complex 

argument). 

For a homogeneous plasma, where y 0, (3.37) reduces to: 

(3.39) 

This last expression is equivalent to the one found by Gary and 

Sanderson in [3]. From our analysis we must conclude that it is not 

a valid asymptotic approximation for large A and arbitrary values of 

the diamagnetic drift. 
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The fact that they find the restricted expression (3.39) instead of fte 

full expression (3.37) without specifying the necessity of y << 1 may 

have been caused by overlooking the importance of (3.28). Of course, 

for y << 1 we could also use (3.39). 

Purely perpendicular propagation 

For convenience's sake~ we shall now give the appropriate expressions 

for G in the special case of purely perpendicular waves, i.e. kll = 0. 

Instead of (3.7) we can write: 

->.. 
G = - E e 

c n n 

and if lv;>..l < 1, this is equivalent to: 

G -exp [>.. 

If kll = 0, (3.37) 

rET -~~ 
G~i 1:f-e 

a t)l E A ( >.. ) 
n n cosh a 

reduces to 

where we have used the identity: 

oo 21Tinr' E' e ~ = ~i cotg 1Tl;;' 
n=o 

(3.40) 

na e 
(3 .41) 

().. + oo) (3.42) 

(3.43) 

From (3.41), it-may be inferred that resonances occur, whenever 

t;;' = -m (cyclotron resonances). Hence we put: 

6. - m m = 0, ± 1, ± 2 (3.44) 

and approximate (3.41) in the limit of IAI + 0. 

Substituting (3.44), we can rewrite (3.41) as: 

A 
) { 

m oo 
1 +mal r + ng1 G = -exp [A 

naA -naA 

(
e n+m _ e n-m) } 

n+A n-6. 
(3.45) 

where the argument of the functions An has been suppressed and we 

have used: A A • n -n 
In the limit of small IAI, (4.45) is approximated by: 

r 
G =-Am (1 + 6. urn- 6.2 Vm + 0(6. 3)) (3.46) 
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r (Al 
m 

v (A) 
m 

Remark: If we should approximate (3.42) in the region: 

s' = 6-m 161 + 0, we would have: 

Approximation of (3.47) for large A would give: 

(A + oo) 

(Remember that a= arctanh I= arctanh ~~ 0 (A + oo)). 

(3.47) 

(3.48) 

(3.49) 

Insertion of (3.49) into (3.46) and (3.48) gives the same result: 

!6! « 1; A » (3.50) 

so that (3.46) and (3.42) are consistent. 

In case k is purely perpendicular, the only unstable waves are the 

ion cyclotron drift waves and the lower hybrid drift waves as can also 

be concluded from [4,5]. Therefore we may look for solutions of (3.1) 

in the frequency range: 

Is 'I « 1 e 

According to (3.46), we now have: 

42 

r (A > 
o e 

Ge s::s- -s-,-
e 

(3.51) 
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Lower hybrid drift waves 

Searching for waves with large values of k we assume 

J.. » 1 
l. 

and approximate Gi by (3.42): 

In (3.54) we have used, in accordance with (3.49), 

(3.53) 

(3.54) 

(3.55) 

Collecting (3.52), (3.54) (3.1) and (3.4) we can write down the dis-

persion relation: 

k2 
Dividing by K2 and neglecting-- we have: 

e K2 
1-f 

0 
-A-+ 

e 

+ f
0 
~~- 7T(I;;i_ +Vi) f (cotg 1TI;;i_- i erf(i~)) = 0 

l. (3.57) 

In obtaining (3.57) 
-2 

we have dropped the arguments on the r-functions, 
K. 

divided by _1 = 0 and we have used: 
-2 
Ke 

ve k~ude lnel 
zo=-~ w' 

e e 
e w' 

We may split (3.57) into real and imaginary parts, if we put 

Z::~ = x+iy with ly/xl << 1. This leads to: 
l. 

1-r v. 
T + 1 + r 0 / -iiV/(~i + 1) Re{cotg 1TI;;i_} - c(~i + 1) 

- 1. (r vi + ~ c) -1f· v. r(~ + 1) Im{ cotg 1TC} 0 
X oX V. l. V. l. 

l. l. 

In (3.59) and (3.60) we have defined 

0 

(3.58) 

(3.59) 

(3.60) 

C(yi) 
-~y. 2 

I1T72 e 
1 

iY i erf (iy i//2) 

(3.61) 
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Note that 0 < C < 1, and for small values of yi (3.61) reads: 

If y ~ 1 , we may use : 

Re{cotg ns~} ~ o 
l. 

to obtain from (3.59), (3.60) 

Im{cotg ns~} ~ -1 
l. 

We have defined in (3.64) and (3.65): 

1-f 
0 

r = 1 + -
8

-

(3.62) 

(3.63) 

(3.64) 

(3.65) 

(3.66) 

To calculate the maximum growth rate, we differentiate (3.65) with 

respect to k and equate the result to zero giving: 

r = C + 2 

if (3.67) can be satisfied by a certain value of A . 
e 

It follows from (3.47) and [3] that: 

r (A ) ~ A (A ) 
o e o e 

o < A (A ) < 1 
o e 

so that (3.65) has a maximum under the condition 

8 (C + 1) < 1 

given by: 

(;[) 
x max 

where 
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(3.70) 



.?!- = _ -:-:---F:er.i(=!'1'!!:=+c?'l~+==1~"' 
v. HJ(Hc)(l-ec> 
~ 

and A can be computed from: 
e 

r {A > o e 1 - e < 1 + c> 

{3.71) 

(3. 72) 

Freidberg and Gerwin [5] would have found (3.70)-(3.72) with c 0, 

if they had maximized y/x instead of y. 

We can best analyse the expressions (3.70)-(3.72) if we introduce: 

e• eo + c> (3. 73) 

and write ( 3 • 70) ( 3 . 72) as : 

1+C+6' 
-~TIVif 1+C C6 1+(C+1)Jl+C te 1 (3.74) 

1-6· 
(3.75) 

- 1 +lll +c-ce • 

r cA. J 
o e 

1 - e• e• < 1 (3.76) 

From these expressions we may rewrite y and x for small C as: 

y (3.77} 

(3. 78} 

The expressions between curly brackets are small C expansions, but are 

actually quite accurate for all values of 0 < c < 1 and 0 < e• < 1. 

The function a(6') has been defined as: 

a {6'} 
JA:l6iT 

(1-6')/~ 

A plot of this function appears in fig. 2. 

( 3. 79} 

(3. 77) and (3. 78) show that this instability develops below the 

lower hybrid frequency with large growth-rates. 

One may easily verify that the conditions (3.53) and (3.63}, needed to 

derive this instability, are satisfied, unless yi is very small. 
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1 
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Fig. 2. 

If yi tends to zero, the approximation (3.63) breaks down and we have 

to replace it by an approximation for small y. Then we find the ion 

cyclotron drift waves. 

Solving (3.59) and (3.60) for small values of y, it appears that the 

results satisfy the condition (see [4]): 

m 1, 2, •.• (3.80) 

so that we may use (3.80) instead of (3.53), to approximate Gi. 

Ion cyclotron drift waves 

Using (3.80) we approximate Gi according to (3.46) as: 

G. R~ -
l. 

(3.81) 

Collecting (3.81), (3.52), (3.1) and (3.4) we can write down the 

dispersion relation: 

r (A i r (A. l ) 
k 2 +i< 2 ft-(r;'+v l ~)+i<~~-~ <C+v.l(l+f..U -t>.zv l 

e\ e e l;~ l.\ u l. l. m m 
0 

(3. 82) 

Dividing by 
k2 

and neglecting we have: 
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1-r 
0 

-6-+1+ 
vi r 

f ......--- ,m {v.-m+/1(1+(\!i-m)U )+11 2 (U -(\1.-m)V )} 0 
o u-m u J. m m J. m 

(3.83) 

In obtaining (3.83) we have dropped the arguments on the f-functions, 
-2 

we have divided by Ki = 9 and we have used (3.58). 

Defining: 

p = 1 
m 

(3.84) 

and again r 
1-r 

0 1 + --
6
-- we can multiply by /1(/1-m) to get from (3.83), 

accurate to second order in 11: 

11 2 11 (-) {r-r (p -a (1-z))} +- {r z-r+f (1+p (1-r))}- rm(1-z) = 0 m m m -m m o m m 
(3.85} 

It will be clear that (3.85) allows solutions for~ with an imaginary 
m 

part if the discriminant D of (3.85} is negative. Hence we write down 

the condition for marginal stability 

n = {r z-r+r (1+p (1-z)J} 2 + 4f (1-z} {r-r (p +cr (1-z))} o 
o m m m m m -m 

The expression for D may be simplified considerably 

if we define: 

z1,2 = 1 + 

{a(b+1} + a+b} ~ 2 {a(b+1}(a+b} + b2~}~ 

where a and b are given by: 

r 
0 

a .. r + 1-pm 
m 

r-r 
0 

b=-r--
m 

1+6 1-ro 
= -6--r-

m 

(3.86) 

(3.87} 

(3.88} 

(3.89} 

Expression (3.87) together with (3.88) and (3.89) is valid for 

arbitrary Ai' but to make the analysis more manageable we shall again 

introduce: Ai >> 1. To find approximations for Um and Vm in case Ai 

is large, we can best compare (3.56} in combination with (3.80} with 

(3.83} in combination with (3.53}. This leads us to the conclusion: 

47 



(A, + co), 
]. 

(3.90) 

However, this result will not be needed since (3.86) is satisfied, 

in case Ai + co, by 

(f .... 0) 
m 

(3. 91) 

(3.91) can be written in zeroth order, using (3.84) and table 1: 

y i .J88 = 8 (A ) 
m 1+8 e 

(3.92) 

with 

(3.93) 

Upon inspection, it appears that 8(A) has a minimum for a certain 

value of A, that can be given to a fair degree of approximation by: 

8 
A = 1+28 (3.94) 

Substituting (3.94) for Ae in (3.91), the threshold value for insta

bility may be written as: 

(yi) = 2 /1+28 {1- (2(1+28) 312\~.) 
\ m min 8 \: (1+8)121T8 'j (3.95) 

We would like to take this opportunity to correct two typing errors 

in a paper by Gary and Sanderson [4], who derived the result (3.95) 

previously. In the equation (18) of [3] the T in the factor 

(::.)!a should appear in the numerator instead of in the denominator. 

]. 

In their equation (19) the factor (1+2T) 312 should read: (1+2T)~. 

Oblique propagation 

We shall now present solutions of the dispersion relation (3.1) for 

the case kll f 0. The lower hybrid drift and the ion cyclotron drift 

instabilities are stabilized if we allow a finite k II , but new in

stabilities emerge. One of them is the well-known universal drift 
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instability. We shall not treat this instability here, as it has been 

thoroughly investigated [4,8]. Instead, we shall direct our attention 

to an instability that we shall call: the ion acoustic drift instabili

ty. The experiments, discussed in [1,2], indicate the existence of 

near - perpendicularly propagating waves with ion acoustic-like dis

persion. We shall now show, that (3.1) admits this type of waves for 

frequencies well above the ion cyclotron frequency, and wave-lengths 

well below the ion cyclotron radius. Furthermore, we shall choose 

that the ions do not participate in the axial current. Therefore we 

may define: 

r;.i w' 
{A."= k.Lw. 

l. l. 

(3.96) 

in order to obtain an asymptotic approximation for G. in the limit of 

large 

(3. 3) 

G 

>. .• Dropping 
l. 

using (3.28) 

00 

l: I 
n=o n 

l. 

the subscript i for the moment, we can write 

and (3.96) as: 

if we define: 

I 
0 

1T 

i I exp[A(COS 0-1l+iy/A sin e-~~02+ip/A 0] d0 

0 

r. 

(3.97) 

(3.98) 

In i J exp[A(cos 0-1)+iy!X sin 0-~~(0+21Tn) 2+ip/X(0+21Tn)] d0 

-1T n > 1 

Using the same method as we did to obtain (3.37), we ultimately find 

the asymptotic approximation of (3.98) in the form: 

I ~ 1 Z (p+y) 
o m ?r 

In "' i J¥" exp[ -~ (P+Y) 2 
- ~~ (21Tn) 2 + 21Tinp/AJ n > 

Note that we have implicitly assumed in deriving (3.99) that 

kll /k.L << 1 and lw'/nil >> 1. 

Upon inspection it appears that for all p +.y 

(3.99) 
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n > (3 .100) 

where the sign lacks physical significance. 

Therefore, we may approximate Gi by 

z (?) (3.101) 

under the conditions 

\»1 and (3 .102) 

Now we turn to the approximation of 

w•. Under the conditions: 

for sufficiently low k and 

,Iii e = I k 61 we I « 1 
e 

and I ·1 w'-~11 uze I « 

e 
(3.103) 

we may approximate (3.11), with the aid of (3.47), by 

- exp[A (-
1

- -e cosh IY. ( 
A ) niY. -niY. ) 

An cos: IY. (~'+n + e -n 
e 

(3.104) 

(]1 + 0) 
e 

If we now take the limit ' ~ 0 in the last term of (3.104) we get, 

using again (3.47): 

(3.105) 

Comparing both terms in (3.105), the second ~eaD term appears to be 

much smaller, so that we shall neglect it. 

Ion acoustic drift waves 

Using (3.1), (3.101) and (3.105), the dispersion relation can be 

written down immediately: 

+ 1 + (1;:' + v ) 
e e ( 

1;:' ) r,;i 
z n:e + 6 {1 + ~ z (~)} = 0 

~ (3.106) 

For the sake of convenience, we shall give the variables in terms of 

p and yi: 

so 



r;~ _ w'-kll uze _ 1 (~ P _ uze) 

~- kll w/T-- 72 kll 7tJO we 

ve 1 k.l ,[! r;i w'-k.ludi P+Yi 
12~e = - 72 kiT -g y i ~ = k .lw iff= ---;i'T'" 

(3 .107) 

Just like the dispersion relation for axially propagating ion acoustic 

waves, (3.106) may only be analyzed analytically for high values of 8. 

However, if we are merely interested in marginally stable waves, 

we may write down the imaginary part of (3.106) without constraints 

on e, as: 

l;'+V 
r e e 
0~ e 

S 1 2 

exp [ -( -m;) ] 
Using (3.107), (3.108) can also be written as 

exp 

where we made use of 

p 

and where we have put 

p = X 

0 

to indicate that p is real for the marginally stable waves. 

It will be clear that (3.109) can only be satisfied if 

p(7e - /Sy J -u 
~< 0 
w 

e 

or, equivalently, if 

~u + u w' >-
k.l ze de k.l 

(3.108) 

(3.109) 

(3 .110) 

(3 .111) 

(3.112) 

(3.113) 

This result is very satisfying, since it appears that both the dia

magnetic drift and the axial drift may drive these waves unstable. 
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Looking again at (3.109), it is obvious that if X> 6yi' the l.h.s. 

of it is maximized for minimal p. In that case, therefore, the waves 

propagate in the axial direction. In contrast, if X< 6y,, the l.h.s. 
~ 

of (3.109) is maximized for 

p 
X 

(3 .114) 

as can be found by differentiating with respect to p and equating the 

result to zero, under the condition 

u 
~« 
w 

e 
(3.115) 

Henc~ the direction of propagation for X< 6yi is predominantly per

pendicular. 

Using again (3.115), we may insert (3.114) into (3.109) to obtain the 

condition for marginal stability: 

r (1- Syi) + 6(x+Y.l exp [-~(x+y.l 2 + ~] 
0 X ~ .. ~ 

0 (3.116) 

It is increasingly difficult to satisfy this equation for smaller 

values of f
0

, so that instability is expected only for 

< (3 .117) 

Using the conditions 

»1 (3.118) 

the real part of (3.106) is approximated by 

(3 .119) 

i 

so that 

X (3 .120) 

The obtained solution (3.120) is valid for 6 >> 1, as can be seen 

from (3.118) in combination with (3.120). Hence, for high values of e 

52 



the waves propagate predominantly in the perpendicular direction with 

a phase velocity equal to the ion acoustic velocity. 

Discussion 

From the analysis given in this chapter, it appears that the disper

sion relation derived in chapter II, permits the occurrence of several 

instabilities that propagate perpendicular or nearly perpendicular to 

the external magnetic field. For small values of the electron-

ion temperature ratio e, we have derived the lower hybrid drift insta

bility. Some experimental evidence for the existence of this instabili

ty may be gained from [1,2], although the measurements do not stretch 

out into the k-regions, where the maximum growth-rates are to be ex

pected. 

For high values of 6, we have discovered an instability that we gave 

the name: ion acoustic drift instability. It is clear from our analysi~ 

that the preference for perpendicular propagation is due to the inclu

sion of the diamagnetic drifts. However, a necessary condition for the 

existence of this instability is, that the phase velocity of the 

waves be smaller than the electron diamagnetic drift velocity. It is 

difficult to prove, that this condition is always fulfilled for the 

waves described in [1,2]. 

Moreover, the experiments were almost exclusively carried out for 

e $ 1, and in that case the phase velocity departs significantly from 

the ion acoustic velocity. However, the latter argument does not seem 

to be very serious, because it does not affect the necessary condition 

for instability, which is valid for arbitrary e. An extension of our 

analysis to include e ~ 1 would require the use of numerical methods 

to solve the dispersion relation (3.106). 
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Appendix A numerical procedure to compute Gordeyev integrals 

Abstract 

In the first part of this appendix, we discuss a method due to Gautschi 

[2], that can be used to calculate numerically the plasma dispersion 

function. In the second part we generalize this method and obtain 

conditions for the success of the derived algorithm. 

Introduction 

In previous chapters we encountered a special type of integrals 

called Gordeyev integrals [8] defined as: 

co 

G(~)=i I exp [h(8) + i~8]'d8 (A.1) 

0 z; complex; integration along the real axis 

Until now we postponed the numerical calculation of these integrals, 

frequently appearing in the kinetic theory of plasma-waves. 

For exampl~ the well-known plasma dispersion function (or Fried

Conte function see [4]) Z(~) can be written in form (A.1) with 

h(8) = -l:i82
• 

Another example is the 

with h(8) = A(cos 8-1) 

(see (2.60) l. 

Gordeyev-integkal encounteredkin chapter II 

- ~)182 + iv(± k: (cos 8-1) + ~ (sin 8-8>) 

Various methods exist to compute these integrals numerically. We list 

a number of them. 

1. Ordinary quadrature using e.g. Newton-Cotes formulas. 

2. Expansion of part of the integrand into orthogonal polynomials 

leading to an infinite series representation. 

3. Subdivision of the integration range followed by a method to cal

culate finite range oscillatory int.egrals. 

See [1] and references cited therein. 

4. Solutiop of the differential equaticn that may JJe derived from (A.1) 

for a particular h(8) 

All of these methods however, suffer from slow convergence in at 

least part of the required parameter ranges. This is why we have made 

considerable effort to find a better numerical algorithm. 
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In the case of the plasma dispersion function there exists a method due 

to Gautschi [2], that leads to a very fast converging and easy to im

plement algorithm. Therefore we shall concentrate, in the first part of 

this appendix, on the basic ideas underlying this algorithm and we 

shall derive it in a different manner. 

In the second part we shall try to generalize Gautschi's method to 

include other Gordeyev integrals. The problems encountered will be 

discussed extensively. 

Derivation of the difference equation 

As stated in the introduction, the plasma dispersion function can be 

written as a Gordeyev integral: 

00 

Z(~) = i I exp [-~02 + i~0] d0 

0 

(A.2) 

This can most easily be seen by insertion into (A.2) of the identity: 

00 

-~02 I exp [-s2 -is0] ds e iTI -oo 

(A.3} 

Changing the order of integration we have: 

Z(~) (A.4) 

where y is chosen so that the 0-integral converges i.e. y < Im(~) 

This leaves us with: 

Z(~) 

OO+iy 

iTIL ds y < Im(~) (A.S) 

and this is indeed the most widely used Chauchy integral represen

tation of the plasma dispersion function [4]. From (A.2) it can be 

seen that the following differential equation holdsi 

~~ Z + 2~Z + 2 0, Z(o) = i f1T 
(substitution of (AI2) into (A.6) will prove this} 

(A.6) 

Differentiating (A.6) n times with respect to ~ and denoting the n-th 

derivative of z by z(n) gives: 
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z(n+ 1) + 2 C z(n) + 2 n z(n- 1) 

Z(1) +2CZ +2 

0 

0 

n > 1 

n = o (A.8) 

Having derived (A.8) we may now look upon it as a difference equation 

for the derivatives of Z with C held constant. Hence we can say that 

a solution of the linear second order homogeneous difference equation: 

0 n > (A.9) 

with the initial condition: 

Y
1 

+ 2 C Y
0 

+ 2 0 (A.9') 

is given by: 

n > 0 (A.10) 

However, any linear homogeneous seccnd order difference equation has 

two independent solutions, so that the general solution of (A.9) can 

be written as: 

y 
n 

a 
0 

n > 0 (A.11) 

where f 0 and f 1 denote two independent solutions of (A.9). We may nor-
n n 

malize in such a way that f2, f
1 

andY also satisfy the initial con-
n n n 

dition (A.9'). Doing so, the following relation holds: 

1 (A.11') 

Because (A.9) has non-constant coefficients we cannot find the solu

tions fn by the usual substitution method, but instead we have to 

resort to the Laplace transformation method described e.g. in [3]. 

Hence we substitute into the first equation of (A.9): 

f 
n 

J f/l(s) sn ds 

c 
n > 0 (A.12) 
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~(s) is a function of the complex quantity s and C is an integration 

contour in the s-plane, both to be determined later on. We obtain: 

J ~(s) sn {s+2~}ds + 2 I ~(s) n sn-l ds 0 n > 1 

c c 
and upon integration by parts of the second term: 

J ds sn {(s+2~) ~(s) - 2~'(s)} + [2sn ~(s)]c = 0 

c 

{A.13) 

(A.14} 

We now take advantage of our freedom of choice in specifying ~(s) and 

C. An obvious solution of (A.14) is given by: 

(s+2~)~ - 2~' 0 (A.l5) 

leading to: 

~(s) (A.16) 

To satisfy the last equation we take two integration contours C0 and 

c
1 

that give rise to independent solutions f
0 

and f
1 

e.g. n n' 

{see fig. 1.) 

Inserting (A.l6) and {A.17) into (A.12) we obtain: 

i"' 

f~ J sn ~(o) exp [~s2+~s] ds 

o, 
-iOO 

f~ J sn ~(o) exp [~s 2+~s] ds 

0 

n > 1 

(A,17) 

(A.18) 

From the fact that (A.18) should satisfy (A.9') we find ~(o) c 1 and 

putting s=10 we have: 

00 

fo i J (10)n exp [-~02 + 1~0] d0 z (n) (~) 
n 

0 (A.19) 
-oo 

fl i I (10)n exp [-~02 + 1~0] d0 (-l)n+l z(n) (-0 n 
0 
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For future reference we derive from (A.19): 

(A. 20) 

~ complex •-plan• 

' 'f c ~ 
Fig. 1. 

We have plotted s 1 , c0
'

1 
in the case~ = 1 + i; n 8. c0 and c 1 can o, 

be deformed to pass through any point in the non-shaded areas, without 

altering the value of the respective integrals f 0 and f 1 . 
n n 

Asymptotic approximations 

Now that we have found the solution of (A.9) we shall use this oppor

tunity to derive asymptotic approximations in the limit n + oo for 

later use. This will also enable us to explain why we have chosen the 

particular integration contours in (A.17). First, using (A.17), (A.18) 

and (A.19) we write f
0

'
1 

as: 
n 

J exp [~s 2 + ~s + n log s] ds (A. 21) 
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Then we differentiate the exponent to obtain an equation for the 

saddlepoints s 1 of the integrahd: 
o, 

n 
~s 1 + l; + -- = 0 

o, so,l 
(A.22) 

This equation in fact replaces the characteristic equation usually 

found in solving difference equations with constant coefficients. It 

is now easy to see why we have chosen the contours c0 and c1 in (A.17): 

they can be deformed to pass through the saddlepoints s
0 

and s 1 res

pectively, which confirms that f 0 and f 1 are indeed linearly indepen-
n n 

dent (see fig. 1.). 

From (A.22) we find that: 

(n -+ oo) (A.23) 

which leads us to change the integration variable in (A.21) into 

s = ± i(t+/Zn) giving: 

f~' 1 ± i J dt exp [-~(t+/2n) 2 ± il;(t+i:2n)+n log {±i(t+/2n)}] 

-1:2n 
± i exp [-~n ± ii:;~) (± i/Zn)n I 0

'
1 (A.24) 

n 
with 

r~' 1 J dt exp [-~(t2 +2t/2n) ± il;t + n log (1 + ~)) 
-12n 

00 

J dt exp [-~t2 ± il;t + n {log (1 + 

-nn 

2 
+ .L}] 

4n 
(A.25) 

Putting t' = t ~ il; and taking the limit n-+ oo we get from (A.25): 

00 

1
o,1 

= J dt' exp [ -~t. 2 
n 

+ n o((~i9s)) 
....,., 

..... l21f e -~z;2 (n -+ oo) (A.26) 

Substitution of this result into (A.24) gives us the required asymp

totic approximation: 

(n -+ oo) (A.27) 
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and also: 

..... exp [-2 • Im(l;)] (n + "') (A.28) 

Backward recursion 

In computing Z(l;), we may restrict ourselves to the positive imaginary 

1; half-plane because it follows from (A.20) that: 

Z(-1;) 2i,/.if e - Z(l;) (A.29) 

can be used to continue Z(l;) into the negative imaginary 1; half

plane (the real 1;-axis is excluded). 

Under the condition Im(l;) > 0 it may be seen from (A.28) that f 1 
n 

dominates f 0 in the sense that 
n 

lim If~ I 
n-+oo f 

n 

0. 

1 
Therefore we may call fn a dominant and f~ the minimal solution of 

(A.9). Recall from [5] that every solution Y that is not the minimal 
n 

solution is a dominant solution since: 

lim 1::1 lim 
IPn J 

0 
n..;.oo n-+oo aolj)nl+a1 

(A.30) 

In (A.30) we have used: 

fo 
p n 
n ;r (A.31) 

n 

It has been known already for a long time, that the minimal solution 

can be computed from the difference equation by way of a backward 

recurrent algorithm [6]. Moreover, this algorithm requires no boundary 

condition to be known in advance. This motivates our interest in the 

minimal solution. 

To specify completely a solution Yn of (A.9), we have to supplement 

the difference equation by one boundary condition. 

Choose for a fixed V: 

y 
v 0 (A.32) 
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Through the boundary condition (A.32) the solution Yn depends on V. 

We shall indicate this by a superscript (V), and denote the solution 

by: 

a (V) fo + a (V) f1 
o n 1 n 

n = 0,1, ..• v-1 

0 

Now we can readily prove that: 

lim Y(V) = f 0 

n h 
\)-+00 

From (A.33) and (A.11') 

(V) (V) 
= 1 a + a1 

0 

(V) fo + (V) f1 0 a a1 0 v v 

(V) 
and 

(V) 
a a1 0 

can be solved to give, using (A.31): 

_1_= 1 
(V) -pv 

a 
0 

Upon substitution into (A.33) we have: 

from which (A.34) can be proved with the aid of (A.28). 

In particular, we obtain using (A.20): 

(V + oo) 

where we have set: s = x + iy. 

(A.33) 

(A.34) 

(A.35) 

(A.36) 

(A.37) 

(A.38) 

Essentially, this result has been found by Gautschi [7] and expresses 

the fact that the difference equation (A.9) supplemented by the boun

dary condition (A.32) can be used to calculate the plasma dispersion 

function in the upper half of the s-plane. The absolute accuracy of 

the algorithm depends on V and is asymptotically given by (A.38). 
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The algorithm can be implemented as follows, 

Define r (V): 
n 

(V) 
r 

n 
n=1,2, •••• v (A.39) 

and rewrite (A.9) and {A.32) using (A.39) as 

0 

(A.40) 
-1 

I;; +!:in r(V) 
n 

n = v,v-1 .•.. 1 

where we have defined r(V) = y(V). 
o o (V) ( ) 

The recursive scheme (A.40) can be used to compute r
0 

Y
0

V • It 

demonstrates clearly that one effectively generates the continued 

fraction expansion of Z(l;;) when using this algorithm. 

An alternative algorithm 

We shall call the recursive scheme (A.40) the first algorithm to 

distinguish it from the second algorithm that we shall develop now. 

Following Gautschi [2] we may improve upon the recursive scheme {A.40). 

First it is recognised that the Y(V) (1 < n ~ V) are in fact approxi-
n 

mants of the derivatives of Z(l;;). 

Hence it is tempting to use the Y(V) in a Taylor series to calculate 
n 

Z(l;;). Expanding Z{l;;) in a Taylor series around 1;;
0 

we find: 

Z{l;;) (A.41) 

{The Taylor series can be seen to converge absolutely for all complex 

h since Z is an entire function.) 

The r.h.s. of (A.4.1) is now compared to: 

(A.42) 

where Y{V) and f 0 are supposed to have been:·calculated in I;; rather 
n n o 

than in 1;;. 

When the Y(V) appearing in (A.42) are calculated using the first 
n 

algorithm, we can rewrite (A.4.2) using (A.37) as: 
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v-1 hn o 
I: -f + n=o n! n 

V-1 hn o fl) 
I: (f -n,;o n! n n 

Subtracting (A.43) from (A.41) we define: 

R(\1) 

n 
E .£.... f 0 

n=\1 n! n 

Now we use the relations: 

00 

hn 1 E (f
0 

- f ) 
n=o n! n n 

i J exp [-~El2 + i~El] dEl = 2i i'rre 
_oo 

and: 

oo hn 
I: - (iEl) n dEl 

n=o n! 

(\1 + oo) 

(A.43) 

(A.44l 

(A.45) 

(A.46) 

(In obtaining (A.46) we made use of Stirling's formula and (A.27)). 

to establish that: 

R(\1) ~ * exp [v log ih4 + i(~-hlffv- l:!(~-h) 2 + l:!v] 

- 2i/IT(-1) \1 exp [2iffv (~-h) (\1 + oo) (A.47) 

Insertion into (A.47) of ~ x+iy and h -i~ (o real > 0) leads to: 

(\1 ..,. oo) (A.48) 

This result is needed to prove the validity of Gautschi's procedure. 

Both terms in (A.48) are asymptotically equal to zero in the limit 

(\1 ..,. oo) under the condition o > -y. 

Thus it is unnecessary to uphold the condtion Im(~) > 0 with respect 
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to our second algorithm. However, this is not the main advantage of 

the second algorithm. The main ad~antage lies in the freedom of choice 

in specifying 6 (or h) in (A.48). We can choose 6 so as to obtain the 

minimal v that satisfies IR(V) I < E for a given E. 

Now, we come to the implementation of the second algorithm. The series 

(A.42) can be written using the r(\l) as: 
n 

y(V) yt\J) I 
Y ~v) 0 + T )v l 0 + ~ )~) t · · .) ) ) 

0 1 

<v) (1 + h r~v) (1 + h ;;v) (1 + ••• (1 + h r~~i> ••• ))) 

(A.49) 

or, equivalently, as the recursion relation: 

r (V) ( 1 + h s (\l) ) 
n-1 n 

n = v,v-1, ... 1 

0 (A.SO) 

(\l) 
In (A.SO) the rn are also computed recursively with the help of our 

first algorithm: 

r(\l) 
n-1 

1,;-h+~n r n 

n = v, v-1, . • . 1 (A. 51) 

r(\l) 
\) 

0 

Together, (A.SO) and (A.51) constitute our second algorithm. 

Generalization to other Gordeyev integrals 

In the second part of this appendix we shall try to generalize the 

concept just described with respect to the plasma disnersion function, 

to include other Gordeyev integrals. We shall, however, restrict our 

analysis to those functions h(0) that can be written as a polynomial 

of order N in 0. Therefore we put: 

"' 
G(!,;) = i J exp [h(8) + i/,;0] d8 (A. 52) 

0 

with h(0) k~2 bk (i0)k N > 3 (A. 53) 
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(The case N=2 has been investigated thoroughly in the first part of 

this appendix.) 

To assure that the integral(A.52) converges with h(0) given by (A.53) 

we demand: 

or equivalently: TI/2 < arg(bN) + NTI/2 < 3TI/2 

(A. 54) 

We shall discuss the restriction (A.53) at the end of this appendix. 

In order to derive a difference equation for(A.52) we may proceed as 

follows. First we notice that: 

i I exp[h(0)+i~0] 
00 

dh }d0 = J d exp[h(8)+1~0] 
d0 

0 0 

Introducing~ from (A.53) into (A.55) we may write: 

-1 (A. 55) 

0 1+1~ I exp[h(8)+l~8]d0 +k~2 kbk i J exp[h(0)+i~8] (i0)k-ld0 

o o (A.56) 

Denoting the n-th derivative of G with respect to s by G(n) we have 

from (A. 56): 

0 (A. 57) 

Differentiating this equation n times with respect to s we obtain: 

n G(n-1) + sG(n) + ¥ kb G(n+k-1) = 0 
k=2 k 

Hence we can say that 

y 
n 

n > 0 

n > 1 

is a solution of the linear homogeneous N-th order difference 

equation: 

0 n > 

with the initial condition: 
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The general solution of (A.60) can be written as: 

y 
n 

n > 0 

(A.60') 

(A.61) 

where the functions fm denote N linearly independent solutions of 
n 

(A.60). We may normalize in such a way that all fm andY also 
n n 

satisfy the initial condition (A.60'). Doing so, the following 

relation holds 

N-1 
~ a 

m=o m 
(A.62) 

In order to prove that (A.60) can actually be used to compute (A.52 ) , 

two problems remain. First, we have to prove there exists a minimal 

solution of (A.60). Secondly, if this can be proved, we still have to 

show that G(n) is indeed the minimal solution. 

Backward recursion 

To specify completely a solution of (A~60) we need N-1 boundary con

ditions (one constraint is given by (A.62)). We choose those conditions 

to be: 

y 
n 

0 n = V,V+1, ... V+N-2 (A.63) 

We again indicate the V-dependence of Yn by the superscript (V) and 

rewrite (A.61), (A.62) and (A.63) as: 

y(V) N-1 (V) fm ~ a 
n m=o m n 

n > 0 (A.64) 

N-1 (V) 
~ a (A.65) 

m=o m 

y(V) N-1 (V) fm ~ a 0 
n m=o m n 

n = V,V+1, ... V+N-2 (A.66) 

We could use the equations (A.65) and (A:66) to express Y(V) in terms .. n 

of ~. but this method is very complicated since it involves inversion 
n 

of the matrix: 
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(A.67) 

followed by asymptotic approximation for v ~ oo 

Alternatively we may follow Zahar [g) and write down the adjoint 

equation of (A.60) (the asterix means complex conjugate) : 

0 n > 0 (A.6IH 

Zahar has proved in his article, that a necessary and sufficient con

dition for the convergence of Miller's algorithm applied to (A.60) is, 

that the adjoint equation (A.68) possesses a dominant solution g0 in 
n 

the sense that: 

lim 
rr-

0 m 1,2, ••• N-1 (A.69) 

In (A.69) the gm denote N linearly independent solutions of (A.6S). 
n 

Thus, in contrast to what is usually conjectured, 

lim 
n~ fm 

n 

0 m 1 I 2, • • • N-1 (A. 70) 

is a necessary but not a sufficient condition for the convergence of 

the backward recursion applied to (A.60) . 

However, Zahar [9] has proved that if convergence to f 0 of Miller's 
n 

algorithm applied to (A.60) is weakly stable, then f 0 is minimal in 
n 

the sense of (A.70). Therefore, we shall still demand (A.70) to obtain 

the conditions for which Miller's algorithm applied to (A.60) genera

tes G(n). 

Solution of the difference equation 

In order to derive integral representations of the solutions ~we 
n 

shall adopt the Laplace transformation method as we did in the first 

part of this chapter to obtain the solutions f 0
'
1 of the second order 

n 
recurrence relation. 
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Introduction of (A.12) into (A.60) gives: 

I n-1 I ¢(s)ns ds + 
n N k-1} 

¢(s)s {s + k~2 kbk s ds 0 

c c 

and upon integration by parts of the first term: 

J n N k-1 } n 
ds s { (s + k~2 kbk s l¢(s)- ¢' (s) + [s ¢(s) ]c 

c 

/ 
/ 

/ 

/ 
/ 

/ 

/ 

0 

/ 
/ 

/ 

(A. 71) 

(A. 72) 

I complex s-plane 

Fig. 2. 

We have plotted c
0

, c
1 

c
5 

s
0

, s
1 

... s
5 

in the case: 

N = 6; arg b
6 

= -2TI; lb
6

l = 1; n = 384. 

Again, the contours can be deformed to pass through any point in the 

non-shaded areas. 

We may take as a solution of (A.72): 

¢(s) [sn exp [k~2 bk sk + ssllc = 0 

(A. 73) 
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The N independent solutions £ffi may be obtained by suitable choices of 
n 

the contours em. We shall take: 

0-+ooe 
ie 

m 

where the angles em are chosen in such a way that: 

ie N 

(A. 74) 

Re (bn e m) < 0 or equivalently: cos(arg(bN) + Nem) < 0 

Inserting (A.73) and (A.74) into (A.12) we have: 

e 

I 
0 

ie 
m 

(A. 75) 

(A. 76) 

From the fact that (A. 76) shm,ld satisfy (A.60'), we find !l)(o) = 1. 

Hence it is clear that G(n) is, indeed, that one of the solutions fm 
n 

for which e = TI/2. 
m 

All solutions of (A.60) may now be given as: 

rm 
n 

e 

J 
0 

ie 
m 

where e = TI/2 + 2Tim/N m = 0,1, ... N-1 
m 

(Note that these angles em satisfy (A. 7 5)). 

(A. 77) 

We have already shown that the backward recurrent algorithm may be 

used to compute the minimal solution. Therefore, we only have to find 

out whether G(n) is the minimal solution. 

The necessary and sufficient condition for f
0 

to be the minimal solu
n 

tion is. 

lim I f; I 
n-+oo f 

n 

0 m 1 ,2, ... N-1 (A. 78) 

Under what circumstances relation (A.78) holds, may be seen by calcu

lating asymptotic approximations of fm for large n. 
n 

70 



Asymptotic approximations 

The equation for the saddle points of fm reads: 
n 

+ n 0 m = 0,1, ... N-1 (A.79) 

In (A.79) theN saddle points are labelled sm and their asymptotic 

behaviour is taken to be: 

s "' m 
arg(bN))] (n + "") { n }l/N exp [i/N (n + 2Tim 

NlbNI 
m 0, 1, . . . N-1 (A. 80) 

using (A.80) and (A.77) we find that the integration contour of each 

of the solutions fm may be led precisely through one saddle point. 
n 

This is because (A.75) requires the integration contour em to lie 

within a sector of the complex s-plane given by: 

1/N(TI/2 + 2nm- arg(bN)) < arg(s) < 1/N(3TI/2 + 2Tim- arg(bN)) 

m 0,1, ..• N-1 (A.8l) 

It is clear from (A.80) that this sector contains the saddle point sm 

in the limit of large n. But the sector also contains the integration 

contour defined in (A.77) since the inequality: 

1/N(TI/2 + 2Tim - arg(bN)) < TI/2 + 2TI. m/N < 1/N(3TI/2 + 2Tim- arg(bN)) 

m 0,1, .•. N-1 (A.82) 

is satisfied by virtue of (A.54). 

If we now shift the integration contours to pass through the respec-

tive saddle points, while putting s s (l+t) in ~ we obtain: 
m n 

f: J exp [k~2 bk s~(l+t)k + ~sm(l+t)+n log(l+tl](sm)n+l dt 

-1 

(A.83) 

where we have defined in (A.83): 
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co 

r: = J dt exp [k~2 bk s: {(1+t)k-1} + ~smt + n log(l+t)] 

-1 

J 
N k k 

dt exp [k~2 bk sm {(1+t) -1-kt} + n {log(l+t)-t}] 

-1 

(A.84) 

We shall now continue by approximating both Im and the factor in front 
n 

of Im in (A.83) in the limit of large n. 
n 

Analyzing the integrand in (A.84) in the limit of t + 0 we find that 

the exponent is of order t 2 and may be written as: 

(A. 85) 

where: g(t) (t + 0) 

This is of course the result of the intimate relation between the 

saddle point method and the method of stationary phase. Comparing 

(A.85) and (A.84), we find for q and g: 

(A.86) 

g(t) 
N k k 

k~2 bk sm {(1+t) -1-kt-~(k-1)} + n {log(1+t)-t+~t 2 } 

Upon changing the integration variable in (A.84) to p: 

p /Cit (A.87) 

we get using (A.85) and (A.86): 

co 

(A.88) 

It may be seen from (A.79), (A.80) and (A.86) that: 

q = Nn (1 + O(n- 1/N)) 

(n + co) (A.89) 
p -~ 

g(-;;ql = O(n ) 

leading to: 

/li 
Nn 

(n + "") (A. 90) 
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To approximate the factor in front of Im in (A.83) for large n we 
n 

define E : 
m 

E 
m 

(A.91) 

where it is to be understood (as in the previous formulas) that sm is 

a function of n given by (A.Bl) and (A.82). 

The asymptotic analysis of Em can best be carried out by 

introducing t:m: 

£ 
m 

{~}i/N exp [i/N(~ + 2~m- arg(bN))] 
NtbNI 

Using (A.92) we see from (A.79}: 

~ b ) N-1 N-1 2 
s = - -- --- t: + O(E: ) 

m t:m N bN m m 
(£ + 0) 

m 

(A. 92) 

(A. 93) 

and upon insertion into (A.91) we obtain after some calculation: 

E = -n (log t: + _!_ + bNbN-1 E: + 0(£2)) 
m m N N m m 

(£ + 0) 
m 

(A.94) 

We are now in a position to check the validity of relation (A.78). 

Collecting (A.83), (A.90),(A.91), (A.92) and (A.94) we have: 

lim I f:l = 
n4<>0 f 

n 

(A. 95) 

Therefore, we can say that the necessary and sufficient condition for 

f 0 to be the minimal solution of (A.60) reads: 
n 

b 
Re { N-1 (E: - £ ) } > 0 

bN o m 
m 1,2, ••• N-1 (A. 96) 

Note that in writing down (A.95) we have implicitly_ assumed that 

bN_ 1 ~ 0. However, if this is not the case, then we may replace (A.96) 

by the necessary condition: 

m 1,2, ••. N-1 (A. 97) 
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which may be derived in a similar way. 

Introducing the angle ~: 

~ = arg c~: l e; o) = arg (bN_ 1) - arg (bN) - 1 /N (1T - arg (bN)) 

(A.98) 

we may rewrite condition (A.96) as: 

Re {eii.D _ ei (lp--27Tm/N)} > 0 m 1 ,2, ... N-1 (A.99) 

and this appears to be identical to: 

7T/N < ~ < n/N (A.100) 

Insertion of (A.98) into (A.100) enables us to write (A.96) as: 

arg (bN) < 1/N (21T- arg (bN)) 

(A.101) 

(A.101) expresses clearly the remarkable property that the success of 

the algorithm defined in (A.64)-(A.66) depends solely on the arguments 

of bN and bN_ 1, given a certain h(0) in accordance with (A.53). 

Implementation of the algorithm 

Having established suitable conditions with regard to the success of 

the algorithm, we now discuss its implimentation. 

Define (compare (A.39)): 

y(V) 
(V) 

r 
n 

n 
y(V) - n 1 ,2, ... V + N-2 

n-1 

and rewrite (A.60) and (A.63) as: 
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y 
0 

0 

0 

(V) 
r. 0 

J 

n = v,v+l, ... V+N-2 

n > 

n = 0 

(A.102) 

(A.103) 



This will lead to the backward recurrent algorithm: 

(\!) 
rv 0 

(\!) -n 
r 

= <:;+s (V) n n = v-1, v-2, ... 1 (A.104) 

y(\!) 
0 

where we 

(\!) 
s 

n 

n 

-1 
= t;;+s(V) 

0 

h 0 

have set: 

N k-1 r(\!) 
k~2 k bk j~1 n+j r~~i (2b2 + r~~; ( •. rn+~~i (NbN) ·.)) 

ri=v-1, v-2, ... ,o (A.105) 

One notices immediately from (A.104) and (A.105) that at stage n, 
(\!) (\!) (\!) 

whe7e)one calculates rn , it is necessary to know rn+l' rn+2 ' 

r v
1 

in order to be able to calculates(\!). However, these have all 
n+N- n 

been calculated at previous stages. 

From (A.105) it follows that it is possible to compute the s(V) 
n 

recursively. This can be done e.g. with the recursive scheme presented 

below. To calculates(\!) at stage n, we define: 
n 

M min (N, v-n) 

t. 2 J-
(V) ( .b t ) 

rn+j-1 J j + j-1 

0 

(V) 
Upon inspection, we see that: sn 

j M, M-1, ••• 2 

t . 
0 

(A.l06) 

(A.107) 

Together, (A.104), (A.106), (A.107) constitute our algorithm to 

compute Y(v) and we have proved that: 
0 

(n) 
G 

if (A.101) is satisfied. 

(A.108) 
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Discu~3ion 

We have presented an algorithm to compute numerically a certain class 

of Gordeyev integrals. The given algorithm is easy to implement and 

conditions for its validity have been derived. Unfortunately, most 

Gordeyev integrals appearing in plasma physics do not fall into this 

class. In particular, the function h(0) is not an N-th order polyno

mial. 

However, this does not seem to be a serious drawback to our method, 

since one may always approximate a given h(0) by its Maclaurin series 

truncated at the N-th term. 

Of course, one will have to find out whether the Gordeyev integral 

with the truncated Maclaurin-series inserted for h(0) approximates 

the original Gordeyev-integral well enough for a certain application. 

Let us now try to apply this technique to the following integral 

(see chapter II): 
00 

G = i J exp [A(cos 0-1)- ~]J02 + i/:;0] d0 (A.109) 

0 

The Maclaurin series for h(0) in this case reads: 

(A.110) 

and upon truncating this series at term N we obtain in accordance 

with (A.53): 

b2 ~(A+lJ) k 2 

(A.111) 

bk 
A 

k even 3 k! k > 

bk 0 k odd k > 3 

From (A.54) it follmvs that only those values of N can be used with: 

N 2 + 4 N' N' 1 '2' ... (A.112) 

and that: 

1T - NTI/2 (A.113) 

76 



The inequality (A.97) now leads to: 

m 1,2, ... N-1 (A.114) 

Thus, with the aid of (A.92): 

m 1,2, ••• N-1 (A.115) 

This last condition cannot hold for any N, so that it is impossible 

to compute (A.109) using our algorithm, even if we approximate (A.110) 

by an N-th order polynomial. This conclusion should not be considered 

a general one. It is not difficult to construct functions h(B) that 

could very well lead to a Gordeyev integral for which our algorithm 

could be made to work through this MacLaurin procedure. 
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Summary 

In this thesis we have presented, using kinetic theory, the derivation 

of the dispersion relation that describes electrostatic waves in a 

warm, collisionless plasma. The relation is derived in a Cartesian 

geometry and for a fully ionized two component plasma. The plasma is 

current-driven and is subject to a uniform external magnetic field, 

while a density-gradient and an electric field perpendicular to the 

magnetic field are admitted. If the equilibrium distribution function 

is taken to be a shifted Maxwellian distribution, it is possible to 

show that the equilibrium situation is characterized by: an exponential 

density profile, constant drift velocity in the direction of the mag

netic field, constant diamagnetic and E x B drift velocities perpendi

cular to the magnetic field. 

Considering small perturbations of this equilibrium, we may finally 

derive the dispersion relation, with the aid of a double Fourier 

transformation. 

In another chapter, special attention is paid to the parameter regime 

of the hollow cathode discharge (HCD). There, it is determined to what 

extent the derived dispersion relation permits the instabilities that 

were found experimentally. In doing so, it should be kept in mind 

that: the plasma of the HCD is cylinder symmetric, velocity shear 

takes place and collisions are of importance in large parts of the 

frequency domain~ Despite these differences, many of the instabilities 

that were found experimentally can also be derived from th~ dispersion 

relation. 

Finally, in the appendix, a method is treated to compute numerically 

a certain type of integral that plays an important role in the kinetic 

theory of plasma waves. The problems that appear in calculating these 

so-called Gordeyev integrals by means of a generalized Miller algo

rithm, are analyzed extensively. At the end, it is ascertained for 

which Gordeyev integrals the proposed algorithm is successful. 
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Samenvatting 

In dit proefschrift hebben we, gebruik makend van de kinetische theorie, 

een afleiding gegeven van de dispersierelatie die elektrostatische 

golven in een warm botsingsloos plasma beschrijft. De relatie wordt 

afgeleid in een Cartesische geometrie en voor een volledig geioniseerd 

twee-komponenten plasma. Het plasma is stroomgedreven en onderhevig 

aan een uniform extern magneetveld, terwijl een dichtheidsgradient en 

een elektrisch veld loodrecht op het magneetveld toegelaten worden. 

Als voor de evenwichtsverdelingsfunktie een verschoven Maxwell-verde

ling genomen wordt, kan men laten zien dat de evenwichtssituatie ge

krakteriseerd wordt door: een exponentieel dichtheidsprofiel, konstante 

driftsnelheid in de richting van het magneetveld, konstante diamagne

tische en E x B driftsnelheden loodrecht op het magneetveld. Door 

kleine verstoringen van dit evenwicht te beschouwen kunnen we ten

slotte, m.b.v. een dubbele Fouriertransformatie, de dispersierelatie 

afleiden. 

In een ander hoofdstuk wordt speciale aandacht besteed aan het para

meterregime van de holle-kathodeboogontlading (HCD) . Daar wordt nage

gaan in hoeverre de afgeleide dispersierelatie de experimenteel 

gevonden instabiliteiten toelaat. Hierbij moet bedacht worden dat: 

het plasma van de HCD cylindersymmetrisch is, er snelheidsafschuiving 

plaatsvindt en botsingen van belang zijn in grote delen van het 

frequentiegebied. Ondanks deze verschillen kunnen veel van de experi

menteel gevonden instabiliteiten ook afgeleid worden uit de dispersie

relatie. 

Tenslotte wordt in de appendix een methode behandeld om numeriek een 

zeker type integraal te berekenen dat een belangrijke rol speelt in 

de kinetische theorie van plasmagolven. De problemen die optreden bij 

het berekenen van deze zogenaamde Gordeyev-integralen m.b.v. een 

gegeneraliseerd Miller-algorithme, worden uitgebreid geanalyseerd, 

Tot slot wordt nagegaan voor welke Gordeyev-integralen het voor

gestelde algorithme succes heeft~ 
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STELLINGEN 

behorende .bij het proefschrift van 

H.W.A.M. Rompa 

Eindhoven, 19 december 1980 



1. 

De stabiliteitsanalyse voor een warm inbomogeen plasma onder invloed 

van een extern bomogeen magneetveld, leidt tot een differentieverge

lijking voor de Fourier-getransformeerde geperturbeerde potentiaal, 

waarvan de oplossing in integraalvorm gescbreven kan worden. 

Dit proefsahr-ift, blz. 24 e.v. 

2. 

De in dit proefscbrift afgeleide reeksontwikkeling in termen van 

Besselfunkties voor de Gordeyev-integraal is meer gescbikt voor nume

rieke berekeningen dan de dubbelreeks die gebruikt wordt door Gary en 

Sanderson. 
S.P. G~ and J.J. Sanderson, 

Phys. Fluids 21(19?8), 1181 

3. 

Als in de afleiding van de dispersierelatie een dicbtbeidsgradient 

wordt opgenomen geeft die dispersierelatie aanleiding tot bet ontstaan 

van golven die zicb vrijwel loodrecht op bet magneetveld voortplanten 

met een fasesnelbeid die ongeveer gelijk is aan die van ionenakoes

tiscbe golven. 

Dit proefsahrift, blz. 50 e.v. 

B.F.M. Pots 

4. 

'!echnische Hogeschoo'l Eindhoven, 

proefsahrift 19?9. 

voor bet algoritbme voor de berekening van de plasmadispersiefunktie, 

zoals door Gautschi voorgesteld, is gemakkelijk een asymptotiscbe be

nadering van de nauwkeurigbeid te geven. 

W. Gautsahi, 

SIAM J. Numer. Anal. 7(1970), 187 

5. 

De bruikbaarheid van de toepassing van het gegeneraliseerde Miller

algorithme op een bomogene lineaire differentievergelijking met niet

konstante coefficienten, kan vaak gemakkelijk worden onderzocht m.b.v. 

Laplace-transformatie gevolgd door asymptotiscbe benaderingsmethoden. 



6. 

In tegenstelling tot de bewering van Mirovitskii en Budagyan, kan hun 

methode voor de berekening van de reflectie- en transmissiecoeffi

cienten van een inhomogene laag ingebed in homogene gebieden gegenera

liseerd worden voor alle mogelijke splitsingen van de Helmholtz

vergelijking in een stelsel gekoppelde eerste-orde vergelijkingen. 

M.I. Mirovitskii and I.F. Budagyan 

Opt. Speetrose. 33(1972), 290 

[Russ.: !:pt. Speet:rosk. 33(1972), 537] 

7. 

Men kan laten zien dat de methode bedoeld in stelling 6. terug te 

voeren is op het benaderen van de oplossing van de Helmholt-vergelijking 

m.b.v. een lineaire combinatie van twee Bremmer-reeksen met een af

wijkende normalisatie. 

F.W. Sluijter and H.W. Rompa 

Radio Seienee 14(1979), 239 

8. 

De methode die in dit proefschrift gebruikt is om op zelfconsistente 

wijze de evenwichtssituatie te beschrijven, kan gegeneraliseerd worden 

voor een cylindrisch plasma en een inhomogeen magneetveld. Dit leidt 

tot het 6-pinch evenwicht. 

R.L. Morse and J.P. Freidberg 

Phys. Fluids 13(1970), 531 

9. 

Uit een oogpunt van niet-lineaire vervorming is het onbegrijpelijk 

dat de trend in audio-apparatuur van topklasse gericht is naar digi

tale technieken enerzijds en buizenversterkers anderzijds. 

10. 

De lage prijs van microcomputers belemmert de ontwikkeling van goede 

software voor deze systemen. 



11. 

De verwachting dat de Telegraaf qua opmaak het meest sensationele 

dagblad in Nederland is, wordt niet gesteund door recent onderzoek 

op dit gebied. 

M.J.L.E. Rompa De Nederlandse krant 

afstudee'!'Werk, MoUer-Irwtituut, 

Tilbu.rg, 1980 

12. 

In de golfvergelijking die de voortplanting beschrijft van de TM-mode 

in een inhomogene vlakke golfgeleider, wordt de eerste-orde term 

veelal verwaarloosd. Deze benadering is met name voor modes van lage 

orde onjuist. 

D.F. Nelson and J. MaKenna 

J. Appl. Phys. 38(1967), 4057 

13. 

De plaatsing van verkeersborden met de tekst "alle richtingen" moet 

worden ontraden, aangezien het opschrift ofwel onjuist ofwel triviaal 

is. 


