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Attaining stability in multi-skill workforce scheduling ∗

Murat Fırat † Cor Hurkens ‡

Abstract

In this paper, we define a set inequalities that are satisfied by stable multi-skill workforce
schedules. In our analysis, a schedule is said to be stable if it does not contain a blocking
pair, extending the notion of blocking pair in the Marriage Model of Gale-Shapley. Skill
efficiency is chosen as the criterion in the preference structure. The proposed algorithm
either constructs a stable multi-skill workforce schedule or decides that no stable schedule
exists.

Keywords: stability, marriage problem, multi-skill workforce schedules, stable assignments,
instability, blocking pair, integer programming model.

1 Introduction

In this study, we define an set of inequalities that guarantee stability whenever they are
satisfied by a multi-skill workforce schedule of technicians and jobs. The stability definition of
Fırat et al. (2010) is slightly modified to make it easier and more realistic. Here (also in Fırat et
al. (2010)) , the main goal in using the stability concept is to maintain the skill efficiency. The
preference structure is defined in the way that the used experts in hard jobs are minimized in
job-optimal stable schedules.

A schedule is said to be blocked if a technician-job pair not assigned can improve their
individual preferences by being assigned. Fırat et al. (2010) proposed an Integer Linear Pro-
gramming (ILP) Model to reassign technicians to jobs using the instability information of the
current schedule. The main contribution of this paper is the proposed inequalities that char-
acterize stable schedules without requiring the information of a schedule. Satisfaction of these
inequalities is the certificate to reach stability and this certificate was posed as an open question
by Fırat et al. (2010).

Stability is a property of an assignment satisfying that no two players, not paired to each
other, can be better off by being paired. This concept was introduced by David Gale in the
beginning of 1960’s. The milestone paper on stability was published by Gale and Shapley (1962)
including the polynomial time "deferred acceptance algorithm". After a silence of more than
∗This research is supported by France Telecom/TUE Research agreement No.4̇6145963.
†Corresponding author: m.firat@tue.nl. Department of Mathematics and Computer Science, TU Eindhoven,

P.O. Box 513, 5600 MB Eindhoven, Netherlands.
‡c.a.j.hurkens@tue.nl. Department of Mathematics and Computer Science, TU Eindhoven, P.O. Box 513,

5600 MB Eindhoven, Netherlands.
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20 years, Gale and Sotomayor (1985) studied the main properties of stable matchings. The
authors also showed that stable matchings, if any exist, can be found in polynomial time when
preference lists of players may be incomplete. Irving et al. (1987) used graph theoretic methods
to find stable marriages in polynomial time. Many researchers studied stability using linear
programming and important results were obtained. For example, Vande Vate (1989) showed the
integrality of stable matching polytope and Baïou and Balinski (2000) proposed a polynomial
time separation algorithm for stable admissions.

The multi-skill workforce scheduling problem is a recently emerging field in scheduling. The
problem belongs to the class of multi-skill project scheduling problems (Fırat and Hurkens 2010).
Recently, many researchers have worked on several versions of this complex scheduling problem
using different techniques like Branch and Bound (Bellenguez and Neron 2007), meta-heuristic
methods (Gutjahr et al. 2008, Cordeau et al. 2009), mixed integer linear programming (Hurkens
2009, Fırat and Hurkens 2010), constraint programming (Li and Womer 2009), and genetic
algorithms (Valls et al. 2009).

It is not easy to compare different approaches in multi-skill workforce scheduling due to
the lack of a benchmark problem set. In the computational challenge ROADEF 2007, France
Telecom provided a set of problem instances of a version of multi-skill workforce scheduling
(Dutot et al. 2006). This challenge was an opportunity for researchers to work on the same
problem and to compare the performance of their solution approaches. (See, for example, Fırat
and Hurkens (2010) for more details).

In our multi-skill workforce context, technicians’ expertise in specialization fields are ex-
pressed by hierarchical skill levels. Throughout the paper the term skill domain refers to a
specialization field. In our scheduling problem, each job requires that the assigned team of
technicians has collective capabilities that are above a certain threshold. An instance of our
problem is one day of a schedule that is constructed by the combinatorial algorithm of (Fırat
and Hurkens 2010). A day schedule includes a group of technicians to perform a certain number
of jobs in parallel.

The paper is organized as follows. In section 2 we give the basic definitions and the preference
structure of technicians and jobs in the multi-workforce scheduling context. In section 3 the
set of linear inequalities characterizing stability is explained. Conclusions and future research
directions are discussed in section 4.

2 Basic Definitions

This section explains basic terminology of the multi-skill workforce scheduling.

2.1 Skills

Let D be the set of skill domains. The degree of experience or expertise in a skill domain
is interpreted by an hierarchical level. An expert possesses the highest level and a beginner
qualifies as the lowest. Let L denote the set of hierarchical skill levels. The skill (l, d) is said to
be at level l and belongs to domain d. Skills are specified by matrices in RL×D.
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2.2 Technicians

In the schedules under consideration we are given a set T of technicians. Let t ∈ T and the
skills of technician t is specified by St ∈ RL×D. Let the skill level of technician t be l ∈ L in skill
domain d. Then S(l′,d)

t = 1 for l′ ≤ l and S(l′,d)
t = 0 otherwise. If we are given St, then the skill

level of t in skill domain d is found by max
[
{0} ∪ {l ∈ L|S(l,d)

t > 0}
]
.

Skill value of technician t, denoted by εt, is found by aggregating the skills in all domains at
all levels with corresponding weights. If we let W ∈ RL×D be the skill weight matrix, then skill
value of t is calculated by εt = 〈W,St〉.

Let T ′ ⊆ T be a team of technicians. The skill of T ′ is defined as the skill sum of individual
technicians in the team and is denoted by ST ′ =

∑
t∈T ′ St. Similarly, εT ′ denotes the skill value

of T ′ and it is found by εT ′ =
∑

t∈T ′ εt = 〈W,ST ′〉.
In a schedule, the job to which technician t is assigned is denoted by J(t) and T (j) denotes

the team assigned to job j. It is clear that if in a schedule J(t) = j, then t ∈ T (j).

2.3 Jobs

In the multi-skill workforce scheduling problem instances, a set J = {j1, j2, . . . } of jobs is
given. Jobs require certain skill qualifications and are processed in parallel. The skills required to
perform a task are expressed by a skill requirement matrix. Let task j ∈ J have skill requirement
matrix RQj ∈ RL×D. Requirements in RQj are cumulative in the sense that any requirement
in a higher level is carried to lower levels. Therefore we have:

l′ ≤ l⇒ RQ
(l′,d)
j ≥ RQ(l,d)

j , ∀j ∈ J, l, l′ ∈ L, d ∈ D

Let RQ∗j ∈ RL×D denote the non-cumulative or explicit skill requirement of job j. RQ∗j is
obtained from RQj as follows:

RQ
∗(l,d)
j =

{
RQ

(l,d)
j if l = |L|,

RQ
(l,d)
j −RQ(l+1,d)

j if 0 < l < |L|.

For example, let |D| = 4 and |L| = 3, and let the requirement matrix for job j be as follows:

RQj =

 1 2 0 0
1 1 0 0
1 0 0 0

 =⇒ RQ∗j =

 0 1 0 0
0 1 0 0
1 0 0 0


In the above example, RQ(1,2)

j = 2 tells us that there must be at least two technicians

contributing to the team skill at level 1 in domain 2, namely S(1,2)
T (j) . One of them must have a

skill of at least level 2 (since RQ∗(2,2)
j = 1) and one of at least level 1 (since RQ∗(1,2)

j = 1).
Let T (j) ⊆ T denote the team of technicians assigned to job j. Team T (j) is said to be

feasible if it meets the job j’s skill requirements RQj and this is expressed by ST (j) ≥ RQj .
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2.4 Contributions to Jobs

As in the study of Fırat et al. (2010), we make the assumption simultaneous skill use which
states that technicians can use their skills in more than one skill domain simultaneously while
performing a job. The contribution level of technician t to a job j in skill domain d, is defined
as the maximum level that is both explicitly required by the job and reached by the technician.
It is denoted by CON d

(t,j) and found by the following:

CON d
(t,j) = max

[
{0} ∪ {l ∈ L|0 < RQ

∗(l,d)
j and 0 < S

(l,d)
t }

]
. (1)

In skill domain d, the highest contribution level that technician t can achieve is found by
CON d

(t,J) = maxj∈J{CON d
(t,j)}. Each technician orders skill domains lexicographically with

respect to CON (t,J). Ties due to the same maximum contributions are broken by choosing the
domain in which there is less competition and further ties are broken by choosing the domain
with minimum index. The skill domain with highest ranking is called favorite domain and it is
denoted by d∗t .

Definition 1 Let t ∈ T and j ∈ J . If, for the skill (l, d), we have RQ∗(l,d)
j > 0 and S(l,d)

t = 0,
then (l, d) is called exclusive skill required by j with respect to t. The set of exclusive skills of j
with respect to t is denoted by ∆(j, t) ⊂ L× D.

Definition 2 Let µ be an assignment of the multi-skill workforce scheduling (T, J). In the
assignment µ, the skill (l, d) for which we have RQ(l,d)

j = S
(l,d)
T (j) and RQ(l,d)

j > 0 is called critical
and the contributions in this skill are also called critical. Cµ(j) ⊂ L× D denotes the set of
critical skills.

We should note that critical skills and critical contributions depend on the current assign-
ment. The following statement is the key observation for the set of inequalities defining stable
schedules.

Proposition 3 In assignment µ, let t′ ∈ T (j) and t 6∈ T (j). Technician t can replace t′ in T (j)
if and only if S(l,d)

t′ ≤ S(l,d)
t for all (l, d) ∈ Cµ(j).

Proof. Firstly, suppose that t can replace t′ in T (j). Let us show that S(l,d)
t′ ≤ S

(l,d)
t is true

for all (l, d) ∈ Cµ(j). The feasibility of the new team implies RQ(l,d)
j − S(l,d)

T (j) ≤ −S
(l,d)
t′ + S

(l,d)
t .

Moreover for the critical skills, we know RQ
(l,d)
j = S

(l,d)
T (j). Thus we have S(l,d)

t′ ≤ S(l,d)
t .

Secondly, suppose that S(l,d)
t′ ≤ S

(l,d)
t or 0 ≤ −S(l,d)

t′ + S
(l,d)
t for all (l, d) in Cµ(j). Let us

show that the replacement t′ by t results in another feasible team. If we consider the critical skill
(l, d), we have RQ(l,d)

j = S
(l,d)
T (j) and hence RQ(l,d)

j ≤ −S(l,d)
t′ +S

(l,d)
t +S

(l,d)
T (j) implies the feasibility

of replacing t′ by t. If we consider the uncritical skill (l, d), we have RQ(l,d)
j ≤ S

(l,d)
T (j) − 1.

Considering that −1 ≤ −S(l,d)
t′ +S

(l,d)
t for any skill, we see that RQ(l,d)

j ≤ S(l,d)
T (j)−S

(l,d)
t′ +S

(l,d)
t is

true and uncritical skills are also satisfied. The replacement of t′ by t results in another feasible
team.�
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Note that the replacement in Proposition (3) does not include any comparison between skills
of technicians. Therefore incomparable technicians can replace each other depending on the
critical contributions. In the next section we show the relation between technician replacement
and blocking pairs.

2.5 Preference Structure

We follow the definitions of Fırat et al. (2010). In a matching, two players not paired form a
blocking pair if both prefer one another to their currently assigned partners, then the matching
is said to be unstable. This is the same definition of a blocking pair in the Marriage Model of
Gale-Shapely.

The preference structure in our multi-skill workforce context is defined in a way that skill
efficiency is taken care of from both technicians’ and jobs’ point of view. A technician prefers
working at the highest possible level in his favorite domain and a job prefers a less overqualified
technician group more.

In the multi-skill workforce schedules, it is not possible for jobs to have an ordering of pref-
erence, since they need a team rather than an individual. Therefore for a job j, the technicians,
not in T (j), are divided into two groups; the ones liked and the ones not liked.

Preference criterion of technicians:
Technician t likes job j if and only if CON d∗t

(t,J(t)) < CON d∗t
(t,j) where J(t) is his current job.

Preference criterion of jobs:
Job j likes technician t if and only if, j decreases the total skill value of its team by employing

t and releasing one technician. Let the released technician be t′, then we know S
(l,d)
t′ ≤ S(l,d)

t for
all (l, d) ∈ Cµ(j) by Proposition (3) and εt < εt′.

It is important to note that the above preference criterion is different from the one of Fırat
et al. (2010). In polynomial time, it is not possible to determine whether a job likes a technician
or not, if we use the preference criterion of Fırat et al. (2010). However the above preference
criterion of likeness can be checked in polynomial time.

In the classical Gale-Shapley stability if two players from different sets like each other more
than their current partners, then they block the current matching. We adapt this idea of blocking
pairs to our scheduling context. The pair (t, j) is said to block a schedule if and only if t and j
like each other.

The main idea of our contribution. In a schedule, if a technician, say t, prefers a job,
say j, to his current job J(t), then in T (j) there must be no technician who can be replaced by
t and has higher skill value.

In the next section, we define several properties of multi-skill workforce assignments and we
will define the constraints that must be satisfied to attain stability in a schedule.

3 Stability in multi-skill schedules

3.1 Some recent results

Following the terminology of Fırat et al. (2010), nD-nL-nT denotes an instance of multi-skill
workforce scheduling. The letters D, L, and T stand for skill domains, skill levels, and team
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sizes respectively. If any of these instance property is fixed to certain value, then n is replaced
by that value. For example, we give the following theorem for the special case 1D-nL-nT in
which the number of skill domains is fixed to one.

Theorem 4 (Fırat et al. (2010)) Stable schedules always exist for feasible 1D-nL-nT instances
and they can be constructed in polynomial time.

In the proof of the above theorem, the authors reduced the 1D-nL-nT to the University
Admissions Problem. Another result has been obtained on the complexity of finding feasible
schedules in nD-1L-2T where jobs have teams of size 2 and technicians are either skilled or not
skilled in domains.

Theorem 5 (Fırat et al. (2010)) Constructing a feasible schedule in nD-1L-2T is NP-Hard.

The proof of the NP-Hardness is through the reduction of nD-1L-2T to the Three Dimen-
sional Matching Problem. We refer to the authors for further details.

3.2 Stable schedules polytope

In this section we define a set of inequalities that must be satisfied for the stability. Let µ
be an assignment in multi-skill workforce scheduling (T, J). Moreover, let xµtj = 1 if j ∈ T (j).
Otherwise xµtj = 0. If technician t likes job j, then yµtj = 1. Otherwise yµtj = 0. If the requirement
of j in skill (l, d) is critical, then βµ(j,(l,d)) = 0. Otherwise βµ(j,(l,d)) = 1. Lastly, if technician t can
replace technician t′ in the team T (j), then τµ(t,j,t′) = 0. Otherwise τµ(t,j,t′) = 1.

Let us drop the superscript of the assignment and let β′(j,l,d) and y′tj denote the negations
of the corresponding terms. Table 1 lists sets, indices, parameters used in the set inequalities
defining stable schedules.

Table 1: Sets, indices, parameters and variables of the reassignment model
Sets J(j >, t) whenever t is assigned a job in J(j >, t), he will like j, J(j >, t) ⊂ J

∆(j, t) set of exclusive skills required by j with respect to technician t, ∆(j, t) ⊂ L× D
Indices t, t′ technician index, t, t′ ∈ T

j, j′ job index, j, j′ ∈ J
Parameters δεt,t′ 1 if εt > εt′ , 0 otherwise

An index is replaced by a set, if the corresponding terms are summed over the elements in
that set like xtJ =

∑
j∈J xtj , and S

∆(j,t)
t′ β′(j,∆(j,t)) =

∑
(l,d)∈∆(j,t) S

(l,d)
t′ β′(j,(l,d)).

xtJ ≤ 1, ∀t ∈ T (2)
STxTj ≥ RQj , ∀j ∈ J (3)

The inequalities (2) and (3) ensure the feasibility of the schedule. Each technician can be
assigned to at most one job and the group of technicians assigned to a job must satisfy the skill
requirements.
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xtJ(j>,t) ≤ ytj , ∀(t, j) ∈ T × J (4)

The technician t likes the job j if and only if he is assigned to one of the jobs that he likes
less than j (inequalities (4)).

S
(l,d)
T xTj −RQ(l,d)

j ≥ β(j,(l,d)), ∀(l, d) : RQ(l,d)
j > 0,∀j ∈ J (5)

S
(l,d)
T xTj −RQ(l,d)

j ≤ |L||D|β(j,(l,d)), ∀(l, d) : RQ(l,d)
j > 0,∀j ∈ J (6)

Inequalities (5) and (6) determine the critical skills. For the skill (l, d), if we have S(l,d)
T xTj =

RQ
(l,d)
j , then β(j,(l,d)) must be 0 and skill (l, d) is critical. Otherwise β(j,(l,d)) = 1.

S
∆(j,t)
t′ β′(j,∆(j,t)) ≥ τ(t,j,t′), ∀(t, t′), ∀j ∈ J (7)

S
∆(j,t)
t′ β′(j,∆(j,t)) ≤ |L||D|τ(t,j,t′), ∀(t, t′), ∀j ∈ J (8)

In the above inequalities, S∆(j,t)
t′ β′(j,∆(j,t)) > 0 means that technician t′ has the critical skill

(l, d) that technician t misses. Therefore τ(t,j,t′) = 1 meaning that technician t cannot replace
technician t′ in the team of job j.

xt′j ≤ y′tj + τ(t,j,t′) + δεt,t′ , ∀(t, t′), ∀j ∈ J (9)

Theorem 6 In the multi-skill workforce scheduling, an assignment satisfying the inequalities
(2)-(9) is stable.

Proof. The inequalities (9) prevent blocking pairs. To show this, suppose that we have an
assignment satisfying inequalities (2) through (9) and (t, j) is a blocking pair and j likes t by
releasing technician t′ in T (j). It is immediate that τ(t,j,t′) = 0, since t can replace t′ in T (j).
Moreover, we have ytj = 1 so y′tj = 0, since J(t) <t j. By preference criterion of jobs, j has less
total skill value when t replaces t′ in its team. This implies εt < εt′ hence δεt,t′ = 0. All the
mentioned points make the right side of the inequality (9) is zero and xt′j cannot be 1. This
contradicts with t′ ∈ T (j).�

4 Conclusions

This paper we defined a set of inequalities whose satisfaction guarantees stability in multi-
skill workforce scheduling. Having defined the polytope of stable schedules, the next questions
are (1) How to find technician-optimal and job-optimal stable schedules?(2) What are the prop-
erties of these schedules?(3) Is there any relation between stability and robustness of schedules, if
yes, which stable schedules are more robust; technician-optimal, job-optimal or any other stable
ones?

We will also continue investigating the role of stability in achieving low cost schedules and
sensitivity of stability against unexpected changes in jobs or in the technician group.
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