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AlM OF DIS RESEARCH 

The major aims of this research are: 

1) to develop a multiphase porous medium continuum theory for blood 

perfused, largely deformable 50ft tissue, accounting for 

mechanical inter act ion between myocardial tissue and intracoronary 

blood. 

2) to verify the theory on some of its essential aspects. 

In order to reducethe programming task and the computation, time the 

general theory is simplified in a cascade of two axisymmetric finite 

element models: 

a) a two-phase deformation model of the beating left ventricle, 

which includes finite deformation, torsion, anisotropy, quasi

linear viscoelasticity and changing fibre orientation across 

the ventricular wall. The two phases are fluid (= coronary 

blood + interstitial fluid + intracellular fluid) and solid (= 

threedimensional fibre structure and vessel walls). 

Arteriovenous pressure differences in the coronary blood are 

neglected in this model. The pressure in the fluid is the 

intramyocardial tissue pressure. 

b) a coronary perfusion model which accounts for arteriovenous 

pressure differences and non-linear elastic vessel walis . 

Myocardial deformation is neglected in this model. The 

intramyocardial tissue pressure computed in the deformation 

model is used in the per fusion model as an extravascular 

pressure. 

The deformation model is able to predict: 

1) the change in time of the deformation of the left ventricle 

during a normal cardiac cycle. 

2) intramyocardial pressure variations during the cardiac cycle. 

3) the increase of diastolic left ventricular stiffness with 

increasing intracoronary blood volume. 
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The perfusion model is able to predict: 

1) systolic decrease of arterial coronary flow and systolic 

increase of venous coronary flow. 

2) occurrence of collateral coronary flow af ter occlusion of an 

arterial epicardial vessel. 
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5Q11WtI 

The present study presents a cascade of two models: a deforrnation 

model of the beating left ventricle and a per fusion model of the left 

ventricular coronary circulation. The two rnodels are derived as 

special cases of a porous medium, finite deforrnation theory of blood 

perfused 50ft tissue. Chapter one reviews some of the literature 

dealing with myocardial tissue mechanics and coronary circulation 

mechanics. A general introduction in the porous medium theory and its 

application to the left ventricle concludes chapter one. 

In chapter two the porous medium finite deforrnation theory of blood 

perfused soft tissue is derived by rneans of a formal averaging 
procedure of Slattery (1967) and Whitaker (1967). 

In chapter three, the equations of the deformation model are derived 

from the general theory of chapter two by neglecting arteriovenous 

blood pressure differences and pressure differences across the 

intramyocardial coronary vessel walls. The equations of the perfusion 

model are derived from the theory of chapter two assuming that the 

axes of the intracoronary blood vessels do not move. Both sets of 

equations are subsequently transformed to corresponding finite 

element models. 

Chapter four presents the verification of the two finite element 

rnodels. Most verifications consist in comparing the fini te element 

solution of a particular problem with its analytical solution. For 

one verification, however, an experiment is designed for steady state 

flow of a Newtonian fluid through a rigid vasculature of about 500 

vessels. This verification is carried out by comparing the fini te 

element solution to experimentally rneasured flows in three different 

in vitro simulations: basal condition, stenosis and occlusion . 

Chapter five starts with the choice of the model geornetry, the finite 

element mesh and the boundary conditions. 

The parameter choice for passive deformation behaviour is then 

discussed . This choice is partly done on the basis of experimental 

data of isolated heart muscle specimens, partlyon the basis ofa 

sensitivity analysis of the passive ventricular model . It is found 
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that the quasi-linear viscoelastic model proposed by Fung (1981) is 

able to simulate many aspects of the constitutive behaviour of 

myocardial tissue, although the viscous dissipation during dynamic 

loading is underestimated relative to the viscous relaxation during 

constant deformation. The model also predicts ventricular stiffening 

when the intracoronary blood volume is increased. 

In the next section the choice of the contraction parameters is 

presented . This choice is based partlyon contract ion experiments 

from the literature of isolated heart muscle specimens, and partlyon 

the experience of Arts et al. (1982) with modelling of sarcomere 

dynamics. 

Using the parameters of passive and contractile behaviour, a cardiac 

cycle is simulated in the following section. It was necessary to 

adapt a few parameters in order to obtain hemodynamic characteristics 

which are similar to those observed in the animal experiment of Arts 

et al. (1982) . The equatorial epicardial deformation predicted by the 

model is then compared ta the equatorial epicardial deformation 

measured by Arts et al. (1982). Peak subendocardial intramyocardial 

tissue pressure did not differ more than 10\ from the peak left 

ventricular pressure except in a small region around the apex where 

the intramyocardial pressure significantly exceeded the left 

ventricular pressure. In most areas of the subendocardium, the peak 

intramyocardial pressure was reached slightly later than the peak 

intraventricular pressure. A simulation of a contraction of an empty 

ventricle (left ventricular pressure = 0 kPa) showed subendocardial 

intramyocardial pressures of simi.lar magnitude as for the normal 

cardiac cycle. 

In the last section of chapter five, we present the coronary 

circulation simulations . First, conductance parameters of the 

intramyocardial coronary tree are evaluated on the basis of 

qualitative anatomical data of the geometry of the coronary tree and 

experimental data from the literature of intracoronary blood 

pressures and flow. 
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The volume distribution of the coronary bed is evaluated according to 

Spaan (1985) . The elastic properties of the vessel walls are non

linear. The intramyocardial pressure distribution computed by the 

deformation model is used as an extravascular pressure in the 

coronary circulation simulations. The large epicardial vessels are 

not included in the model. We simulated the coronary flow pattern 

during a normal cardiac cycle assuming a constant arterial pressure 

and a constant venous pressure at the epicardial surface. The model 

prediets asystolie reduction of arterial coronary flow and a 

systolic increase of the venous coronary flow. When an occlusion of 

the arterial input vessels in the apical region is simulated, the 

model predicts that collateral flow occurs from the equatorial region 

to the apical region. 
In chapter six, conclusions are summarized and recommendations are 

presented . The first priority for future research is further 

experimental verification of the model. 
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SAMENVATTING 

Twee modellen worden in dit verslag behandeld : een vervormingsmodel 

dat het systolisch en diastolich gedrag van de linkerventrikel 

beschrijft en een hierbij aansluitend coronair perfusiemodel. De twee 

modellen worden afgeleid uit een in dit kader ontwikkelde 

mengseltheorie voor eindige vervorming van met bloed geperfunderd 

zacht weefsel. 

Hoofdstuk één geeft een kort overzicht van de geraadpleegde 

literatuur over hartspiermechanica en coronaire-circulatiemechanica . 

Een algemene inleiding in de mengsel theorie en in zijn toepassing op 

de linkerventrikel sluit dit hoofdstuk af . 

In hoofdstuk twee wordt de bovengenoemde mengseltheorie afgeleid met 

behulp van een formele middelingsprocedure ontwikkeld door Slattery 

(1967) en Whitaker (1967), 

In hoofdstuk drie, worden de vergelijkingen van het vervormingsmodel 

afgeleid uit de algemene theorie van hoofdstuk twee door de 

arterioveneuze drukverschillen alsook de drukval over de coronaire 

vaatwanden te verwaarlozen. De vergelijkingen van het coronair 

perfusiemodel worden afgeleid uit de theorie van hoofdstuk twee door 

te veronderstellen dat de assen van de coronaire vaten niet bewegen. 

Beide stelsels vergelijkingen worden vervolgens omgezet in 

overkomstige eindige-elementenformuleringen . 

Hoofdstuk vier gaat over de verificatie van de twee eindige

elementenmodellen. De meeste verificaties zijn een vergelijking van 

de eindige-elementenoplossing van een bepaald probleem met zijn 

analytische oplo~sing. Voor één van de verificaties echter werd een 

experimentele opstelling ontworpen voor stationaire stroming van een 

Newtonse vloeistof door een stijve vatstructuur bestaande uit 

ongeveer 500 vaten. Deze verficatie bestaat erin de eindige

elementenoplossing met de experimenteel gemeten debieten te 

vergelijken. Dit wordt gedaan voor drie verschillende in vitro 
situaties: bij een normale vloeistof toevoer , na stenose en na 

occhisie . 
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Hoofdstuk vijf begint met de keuze van de geometrie van het model, de 

eindige-elementenverdeling en de randvoorwaarden. Vervolgens wordt de 

parameterkeuze voor passief vervormingsgedrag besproken. De keuze is 

gedeeltelijk gebaseerd op experimentele vervormingsgegevens van 

geïsoleerde hartspiermonsters, gedeeltelijk op een 

gevoeligheidsstudie van het passief gedrag van het ventrikelmodel. 

Het blijkt dat de quasi-lineaire viscoelastische wet ontwikkeld door 

Fung (1981) in staat is vele aspekten van het constitutief gedrag van 

hartspierweefsel te simuleren, hoewel de visceuze dissipatie 

gedurende dynamische belasting wordt onderschat vergeleken bij het 

relaxatiegedrag gedurende constante vervorming. Het model voorspelt 

eveneens een verstijving van de ventrikel bij toenemend intracoronair 

bloedvolume. 

In de volgende sektie van hoofdstuk vijf wordt de keuze van de 

kontraktieparameters besproken. Deze keuze wordt verantwoord, 

gedeeltelijk op basis van experimentele resultaten uit de literatuur 

van contractiegedrag van geïsoleerde hartspiermonsters, en 

gedeeltelijk op basis van de ervaring van Arts et al. (1982) met 

modellering van sarcomeerdynamica. 

Vervolgens wordt een hartcyclus gesimuleerd, waarbij gebruik gemaakt 

wordt van de reeds bepaalde parameters van passief en contractiel 

gedrag. Het bleek noodzakelijk enkele parameters aan te passen om 

hemodynamische karakteristieken te verkrijgen die vergelijkbaar waren 

met de karakteristieken gemeten tijdens dierexperimenten van Arts et 

al. (1982). De equatoriale epicardiale vervorming voorspeld door het 

model wordt dan vergeleken met de equatoriale epicardiale vervomring 

gemeten door Arts et al. (1982). De voorspelde maximum 

subendocardiale weefseldruk verschilde niet meer dan 10\ van de 

maximum linkerventrikeldruk uitgezonderd in een kleine regio rond de 

apex waar de berekende intramyocardiale druk veel hoger was dan de 

linkerventrikeldruk. In het grootste deel van het subendocardiuffi, 

werd de maximum intramyocardiale druk iets later bereikt dan de 

maximum linkerventrikeldruk. Een simulatie van de kontraktie van een 

lege ventrikel (lindervertrikeldruk = 0 kPa) leidde tot 

subendocardiale intramyocardiale drukken van dezelfde grootte-orde 

als voor de normale hartcyclus. 

In de laatste sectie van hoofdstuk vijf worden de coronaire

circulatiesimulaties besproken. Eerst worden de 
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conductantieparameters van de intramyocardiale coronaire boom begroot 

op basis van qualitatieve anatomische gegevens van de geometrie van 

de coronaire vaatboom alsook op basis van experimentele gegevens uit 

de literatuur van de intracoronaire bloeddrukken en flows. 

De volumedistributie van het coronaire bed is begroot volgens Spaan 

(1985). De elastische eigenschappen van de vaatwanden zijn niet

lineair. De intramyocardiale-drukdistributie berekend door het 

vervormingsmodel wordt gebruikt als extravasculaire druk in de 

simulaties van de coronaire circulatie. De grote epicardiale vaten 

zijn geen onderdeel van het coronair perfusiemodel. De coronaire 

perfusie werd gesimuleerd in de veronderstelling van een constante 

arteriële druk en een constante veneuze druk langs het epicardiale 

oppervlak. Het model voorspelt een systolische daling van de 

arteriële coronaire flow en een systolische stijging van de veneuze 

coronaire flow. Wanneer een occlusie van de arteriële toevoervaten 

van het apikale gebied wordt gesimuleerd, voorspelt het model dat 

collateiare stroming ontstaat van de equatoriale zone naar de apikale 

zone. 

In hoofdstuk zes worden de konklusies van het onderzoek samengevat en 

worden de aanbevelingen geformuleerd. De eerste prioriteit voor 

toekomstig onderzoek is verdere experimentele verificatie van het 

model. 
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ROTATION 

-Tensor nolation. 

a 

a 

a 

ä 

~ 

ä 

a b 

a • b 

a * b 

ä • b 

ä • !.l 

"~II 

tr(ä) 

det (äJ 

! 

scalar. 

vector in 30 space. 

vector in 40 space. 

second order tensor in 30 space. 

second order tensor in 40 space. 

third order tensor in 30 space. 

dyadic product of the vectors a and b. 

dot product of the vector a and b. 

vector or cross product of a and b. 

dot product of a second order tensor and a vector. 

dot product of two second order tensors, such that Vc, 

(ä • Q)'c = ä • (!.l • c). 

= tr(~ • !.l), double dot product of two second order 

tensors. 

length of vector a . 

conjugate of ~. 

adjoint of ~. 

inverse of ä.. 

trace of §,.. 

determinant of ~ . 

unit second order tensor. 

- Matrix notation. 

a 

a 

a 

~T 

a 

columm. 

second order matrix. 

third order matrix. 

transposed of a. 
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~T . 
a b r a. b .. 

i 1 1 

a b a. b .. 
1 ) 

- Set notation. 

A A B 

A U B 

• A 

V a 

intersection of set A and set B. 

union of set A and set B. 

complementary set of set A . 

for all a . 

- Specific symbols. 

a 
b a 
cf a 
f a 
s 

a 
At 

Al 

AV 

b 

~3 

(~1 ~2 
c c 
n c 
5 c 

C 

d 
~a 

da 

da 

dA 

dA 

L • dt or 

current vessel lumen cross section (fig. 2.1.7). 

passive biaxial stiffness (eq. 2.6.17). 

passive cross fiber stiffness (eq. 2.6.17). 

passive fiber stiffness (eq. 2.6.17). 

passive shear stiffness (eq. 2.6.17). 

time dependency of contraction (eq. 2.6.24). 

length dependency of contract ion (eq. 2.6.29). 

velocity dependency of contraction (eq. 2.6.31). 

parameter governing duration of activation (eq. 2.6.28). 

unit vector tangent to current fiber orientation 
(eq. 2.6.19). 

B3):local orthenormal basis in initial configuration (fig. 
~ 2.6.3.). 

passive compression stiffness (eq. 2.6.5). 

initial normal stiffness (eq. 2.6.17). 

initial shear stiffness (eq. 2.6.17). 

compressive strain energy function (eq. 2.6.5). 

relaxation parameter (eq. 2.6.10). 

shape function gradient (eq. 3.2.35). 

elementary surface in current configuration. 

vector of si ze da perpendicular te da. 

elementary surface in initial configuration. 

vector of size dA perpendicular te dA. 

local material time derivative (eq. 2.1.31). 
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average tissue time derivative (eq. 2.1.38). 

partial time derivative . 

boundary surface of volume V. 

Green's strain tensor (eq . 2 . 1.29) 

component of E w.r.t. base (~1' ~2' ~3)' 

inverse of deformation tensor (eq . 2.1.25). 

de format jon tensor (eq. 2 . 1. 24). 

weight function. 

(~1'~2'~3) :covariant base in initial configuration. 

reduced relaxation function (eq . 2.6.7). 

shape function for the intramyocardial pressure (eq. 

3.2.25) . 

h weight function . 

Ra shape function for the displacement (eq. 3.2.24). 

J Jacobian (eq. 2.1.30). 

K current conductance tensor (eq . 2 . 5 . 13). 

oK initial conductance tensor (eq. 2 . 5 . 15) . 

Keurrent permeability tensor (eq . 3 . 1 . 14). 

Di initial permeability tensor (eq . 3 . 1.22). 

IS current sarcomere length. 

L S initial sarcomere length. 

lsm IS at which Al levels off (eq. 2.6 . 30). 

151 1 s for which td=O (eq. 2.6.27). 

m number of Maxwell elements. 
b n eurrent blood volume fraction per unit arteriovenous 

parameter. 

initial blood volume fraction per unit arteriovenous 

parameter . 
B n current total blood volume fraction (current porosity). 

NB initial total blood volume fraction (initial porosity). 

nX current volume fraction of phase X. 

NX initial volume fraction of phase X. 
b * P (= (p » average blood pressure (fig. 1 . 5 . 7 and eq. 

2.1.48). 

pb local blood pressure. 
im p local intramyocardial pressure. 
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pIM (= < p im)*) average intramyocardial pressure. 
tm p local transmural pressure difference. 
TM tm * p (= < p' ) ) average transmural pressure difference. 
LV p left ventricular pressure . 

q spatial blood flow vector (Eulerian, eq . 2.1.50). 

Q spatial blood flow vector (Lagrangian, eq . 2. 1.6B). 

q blood flow vector (Eulerian, eq. 2 . 1.66). 

Q blood flow vector (Lagrangian, eq. 2.1.71). 

q integrated blood flow vector (Eulerian, eq. 3.1.16) . 

Q integrated blood flow vector (Lagrangian, eq. 3 . 1.13). 

r representative volume in current configuration . 

representa ti ve volume in initial configuration. 

blood volume in r per unit arteriovenous parameter. 

blood volume in R per unit arteriovenous parameter. 

volume of phase X in r. 

volume of phase X in R. 

s current arc length along vessel axis. 

S ini hal arc length along vessel axis. 

sa active Cauchy fiber stress. 

Sa active 2nd Piola-Kirchhoff fiber stress. 

Sa relaxation parameter (eq. 2.6.10). 

5(1) relaxation spectrum (eq. 2 . 6.10). 

~ effective Cauchy stress tensor (eq. 2.1.75). 

~ effective 2nd Piola-Kirchhoff stress tensor (eq. 2.1.76). 

i2.a active Cauchy stress tensor (eq . 2.6.18). 

~a active 2nd Piola Kirchoff stress tensor (eq. 2.6.20). 

~p passive 2nd Piola Kirchoff stress tensor (eq.2.6.2). 

~c elastic compression stress tensor (eq. 2.6.4). 

~e elastic response tensor (eq. 2.6.16). 

t time . 

t S time elapsed since initiation of contract ion of the local 

sarcomeres. 

Ta active 1st Piola-Kirchhoff fiber stress (eq. 2.6.21). 

TaD maximum Ta during isometrie contraction (eq. 2.6.23). 
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displacement vector. 

myocardial wall volume. 

volume of left ventricular cavity. 

four-dimenslmal volume. 
o 

shortening velocity at deflection point of lS_Av relation 
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1. INTRODOCTION 

1.1 . Anatomical. physiological and pathological aspects of the heart 

The heart consists of two pumps, the right and the left heart, con

nected to each other in series and anatomically intimately linked 

together into one organ (fig. 1.1.1). The right heart maintains blood 

flow in the lung circulation, i.e. it receives blood from the body 

tissues via the systemic veins and pumps it into the pulmonary 

arteries . The left heart maintains blood flow in the systemic cir

culation, i.e. it receives blood from the pulmonary veins and 

- TO LUNG 

FROM LUNG 

FROM LUNG 

BODY 

Fig. 1.1.1. Anatomy and directions of blood flow in the heart. 

pumps it into the systemic arterial circulation via the aorta . Each 

pump consists of: 
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- a low-pressure chamber (atrium) 

- a high-pressure chamber (ventricle) 

- a non-return valve connecting the low-pressure to the high-pressure 

chamber (left heart: mitral valve/right heart: tricuspid valve) 

- a non-return valve connecting the high-pressure chamber to the 

arterial system (left heart: aortic valve/right heart: pulmonary 

valve) . 

The left heart is by far the strongest of both heart pumps. The left 

ventricle develops a pressure of about 16 kPa or 120 mm Hg (= four to 

five times right ventricular pressure). Consequently more musculature 

is developed in the left than in the right ventricular myocardium 

(fig. 1.1.1). The initial stages of cardiac disfunction are found 

generally in the left ventricie. The aim of this study is left 

ventricular modelling, although many aspects of the model could 

equally apply to the right ventricle or even to other types of blood 

perfused soft tissues. 

The four valve orifices in the heart are aligned approximately in a 

single plane and the cusps of each valve are attached at their bases 

to a framework of collageneous rings or annuli fibro~i. 

These four rings are said to be the base of the heart as opposed to 

the apex which is the lowest end of the ventricles. The word 'base' 

should not give the idea that these rings are stiff or motionless 

during the cardiac cycle; they are stiffer and less moving than the 

other parts of the heart. The annuli fibrosi form a kind of flexible 

skeleton of the heart. 

The three cusps of the triscupid valve and the two cusps of the 

mitral valve consist of very thin flaps (0.1 mm thick) made up of a 

meshwork of col lagen and elastin fibers connected along the free 

edges to the papillary muscles by fine fibrous bands (chordae 

tendinae). During systole, contraction of the papillary muscles 

prevents the atrioventricular valves from buIging out and, conse

quently blood from leaking back into the atrium. The papillary 

muscles do not control the closure of the valves at end-diastole. The 

closure of the valves at end-diastole seems to be controlled solely 

by a fluid-dynamical mechanism. 

The heart muscle is enveloped ·in tough membranes: the endocardium, 

deliniating the boundary with ventricular and atrial cavities, and 

the epicardium enveloping the heart muscle as a whole. 
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The pericardium is the fibrous sac in which the heart is enclosed . It 

protects and isolates the heart from other thoracic structures. 

1.1.2.1. Electrical events 

Contraction of the heart muscle is caused by a depolarization wave. 

This wave is initiated in the sino-atrial node, located in the right 

atrial wall, spreads into the right and left atrial wall (initiating 

thereby atrial contraction) and then into a discrete conduction 

pathway (internodal tract ~ atrio-ventricular node ~ bundie of Ris ~ 

right and left bundie branches) finally ending into the so-called 

Purkinje-fibers (series of fine fibers amongst muscle celis). Via 

these fibers the depolarisation wave spreads into the ventricular 

wall at a speed of about 0.5 mIs (Durrer, 1970) . Atrial depolarisa

tion induces the P-wave on the electro cardiogram (ECG); ventricular 

depolarisation induces the QRS-complex on the ECG (fig. 1.1.2). 

1.1.2 . 2. Mechanical events 

It is customary to divide the heart cycle into 2 phases: ventricular 

systole and ventricular diastole, shortly referred to as systole and 

diastole. Roughly speaking they correspond to contraction and relaxa

tion of the ventricles. According to Caro et al. (1978), systole is 

defined as the time interval between the closure of the mi tra 1 valve 

and closure of the aortic valve, diastole as the time interval be

tween cIos ure of the aortic valve and closure of the mitral valve 

(fig. 1.1.2) . 

Ventricular systole can be subdivided into isovolumic contraction and 

ventricular ejection, separated by the opening of the aortic valve. 

Ventricular diastole starts with an isovolumic relaxation phase 

followed by mitral valve opening, atrial systole and ventricular 

filling (fig. 1.1.2). 

In normal man heart rate ranges from 45 min- 1 (athlete at rest) to 

200 min- 1 (strenuous activity) . At low rates, systole equals one 

third of the cycle, at high rates one half . Systolic duration does 

not change much. 
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Fig . 1.1 . 2. Illustration of the events on the left side of the 

human heart during a cardiac cycle (adapted from 

Caro et al . , The mechanics of the circulation, 

1978) . 

Stroke volume is about 70-100 cm3, which amounts to 50 to 70\ of the 

ventricular content. Consequently cardiac output varies between 5 

I/min (during rest) and 25 I/min (during strenuous activity) . 

Developed pressure varies in a much lesser degree than output flow: 

this means that during exercise downstream resistance diminishes. 

The mU5culature of the left ventricle is the left ventricular 

myocardium. The left ventricular myocardium looks like a thick, 

truncated ellipsoidal shell and consists of two parts: the inter

ventricular septum, separating the left from the right ventricular 

cavity, and the free wall. The upper boundary of the left ventricular 
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myocardium is the annulus fibrosus; the inner boundary is the en

docardial membrane, the outer boundary the epicardial membrane. 

The myocardial tissue is composed of specialised striated muscle 

cells and intervening connective tissue. Each cell (myocyte) has a 

central nucleus, numerous contractile filaments separated by sar

coplasma and a membrane (sareolemma) enveloping the cello 

A cell is 50-100 ~m long and 10-20 ~m thick. Specialized paired

membrane junctions (intercalated discs) join the cells into long 

muscle fibres. Heart muscle fibres bifurcate frequently. They are 

interconnected and connected to the capillaries by a col lagen network 

(Caulfield and Borg, 1979) . The network of col lagen and muscle fibres 

is embedded into a qel-like substance. Webs of numerous col lagen 
struts connecting adjacent myocytes group the muscle fibres into 

muscle bundles. Connections between the collagen webs of adjacent 

bundles are also present, but are limited to fine very long col lagen 

bundies, which allow the displacement of one bundie relative to the 

next. 

The contractile filaments (myofibrils 1-2 ~m thick) extend the full 

length of each cell and insert into the cytoplasmic surface of the 

intercalated discs. Each myofibril is divided into a series of con

tractile units: sarcomeres. The sarcomeres are able to develop active 

tension when their length is between 1.5 and 2.4 ~m. Each sarcomere 
o 

consists of thick filaments (myosine, 100 A thick) surrounded by six 
o 

thin filaments (actine,_ 50 A thick). Contract ion is due to activation 

of myosin 'bridges' which connect to specific sites on the actine 

filaments. Although a large amount of research has been conducted in 

the last decades on the way in which sarcomeres develop force in 

contractinq cardiac muscle, the understanding of this phenomenon is 

not yet complete. From a purely phenomenological point of view, we 

can say that the force developed by a sarcomere is mainly dependent 

on the initia I and current length of the sarcomere, the velocity of 

shortening of the sarcomere and on time. In other words, active 

stress in the myocardium is dependent on strain, strain rate and 

time. 
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The nutritients of the heart are provided by means of blood per fusion 

in the heart muscie. A second and equally important function of 

myocardial blood perfusion is the drainage of metabolic waste 

products from the muscle tissue. By far the largest part of the 

myocardial perfusion is provided by two large arteries, the right and 

the left coronary artery, originating from the aorta, just beyond the 

aortic valve (fig. 1.1.3). The coronary arteries and their main 

branches farm an epicardial plexus, from which arterial branches dip 

into the myocardium (fig. 1.1.4). These arterial branches split into 

numerous arterioles which feed the capillary vessels (inner diameter 

of a capillary: 5-6 ~m). 

At the capillary level exchange of nutritients and waste products 

between blood and tissue takes place. The capillary vessels are 

mostly parallel to the muscle fibers. These parallel capillaries are 

interconnected with cross links to form a dense network. The number 

of capillaries per mm2 in the left ventricular myocardium has been 

estimated at 3000 to 4000 (Bassingthwaighte et al., 1974). 

As blood leaves the capillaries, it is collected in venules and 

veins. These venules and veins are usually parallel with and next to 

arterioles and arteries. Intramyocardially, one finds usually two 

veins next to one artery. The veins have a larger diameter than the 

corresponding artery. While the arteries and arterioles have a thick 

wall with contractile properties, capillaries, venules and veins are 

thin-walled and are subject to little or no vasoconstriction or 

vasodilatation. Some veins discharge individually into the right 

atrium. Most of the blood originating from the left coronary artery 

(70%) ends its coronary path in the coronary sinus which leads also 

to the right atrium (Brunsting et al., 1975). Some blood originating 

from the left coronary artery flows into the right ventricle via 

thebesian veins, and very little into the left ventricle. 

Coronary per fusion pressure is defined as the difference between 

aortic and right atrial pressure. Regional coronary blood perfusion 

or flow is usually defined as the blood volume travelling throuqh the 

capillaries of a unit mass of myocardium per unit time. At rest, 

regional coronary blood per fusion equals about 100 ml/min/l00 g, 

which is a very high value compared to the average body perfusion . 
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For practical reasons, regional coronary blood perfusion in this 

study is defined per unit of volume of myocardium rather than per 

unit mass, which makes the regional coronary blood per fusion equal to 

about 1 mI blood/min/mI tissue at rest. 

Fig. 1.1.3. Corrosion 

cast of the coronary 

arterial tree of a 

canine heart (the 

corrosion cast is a 

courtesy of Dr. P. 

Santens, veterinary 

school, State Univer

sity of Gent, 

Belgium) 

Fig. 1.1.4. Scanning electron micrograph of a corrosion cast of 

coronary artery branches penetrating into a canine 

left ventricular free wall (4x). 
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Autoregulation of the coronary blood flow in a 

canine heart (Rubio and Berne, 1975). 

Pressure-flow relations in the coronary circulation are the result of 

a complex interplay of mechanical, myogenic, metabolic, endocrine and 

neural influences. The mechanical influence of ventricular contrac

tion and relaxation on coronary flow is discussed in section 1.2.1. 

The myogenic, metabolic, endocrinal and neural influence have a 

regulatory function. Fig. 1.1.5 shows the total coronary blood flow 

as a function of coronary perfusion pressure. The intersection of the 

dashed line and the continuous line is the working point,. After a 

stepwise change of the per fusion pressure, the working point moves 

first along the dashed line, and af ter some time shifts towards the 

continuous line, 50 that flow is brought again close to its initial 

value. The result is that within a fairly large pressure range (40-

140 mm Hg), coronary blood flow remains sUbstantially constant. This 

phenomenon is known as autoregulation. 

In fig. 1.1.5 oxygen demand of the heart was kept constant. If oxygen 

needs do change and coronary perfusion pressure is kept constant, 

coronary blood flow is regulated 50 that oxygen supply meets the 

oxygen demand. This phenomenon is called metabolic regulation. The 

mechanisms that underlie metabolic regulation and autoregulation are 

unclear. 
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Atherosclerosis of coronary arteries is a maln cause of human death 

at present. In recent decades, it has become evident that 

atherosclerosis has no single cause. It seems that the interplay of 

many factors acting over a life-time, such as excess of fat in diet, 

lack of exercise, stressful environment, obesity, hereditary factors, 

smoking, diabetes, hypertension, etc .... / causes the formation of 

atherosclerotic plaques resulting in narrowing of arteries. Coronary 

arteries are amongst the most susceptible to atherosclerosis. 

As narrowing of some coronary artery (coronary artery stenosis) 

occurs, the regulation of the coronary circulation comes into play. 

Coronary vascular reserve, i.e. the limited capability of the coro

nary vessels to regulate coronary flow according to oxygen needs, 

compensates the hemodynamical impediment of the stenosis by 

vasodilatation. 

Some arteries may partially take over the role of a narrowed artery 

as anastomoses allow one arterial tree to feed a neighboring one 

(collateral circulation). On a somewhat longer time scale, the vas

cular tree has even the capability to enlarge existing smaller ves

seIs permanently and thereby enhance collateral circulation. 

As the coronary vascular reserve gets exhausted, regional myocard ia I 

ischaemia due to absence of blood perfusion may occur. This ischaemia 

can be intermittent (angina pectoris), chronic (leading to myocardial 

fibrosis) or acute (myocardial infarction). As will be clarified in 

section 1.2.1, the subendocardial layers of the myocardium are more 

subject to ischaemic diseases than subepicardial layers. In this 

context, one distinguishes between transmural and intramural myocar

dial infarct, the former involving the total thickness of the myocar

dial wa 11 , the latter only the deeper myocardial layers. 

A possible complication of coronary stenosis is the occlusion of the 

stenosed vessel by thrombosis (coronary artery occlusion). At this 

stage it is still possible for collateral circulation to take over 

and avoid permanent damage of myocardial celis. In most cases 

however, coronary occlusion leads to heart attack or myocardial 

infarction. At necropsy, about half of the hearts with acute myocar

dial infarction show complete occlusion of the coronary artery, while 

the remainder exhibit a significant stenosis (Netter et al., 1969). 
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In 90% of the hearts with transmural acute myocardial infarction, 

complete occlusion has been demonstrated (Netter et al., 1969). 

Nevertheless, there is no precise quantitative relationship between 

clinical symptoms (such as infarction) and anatomical lesions (such 

as stenosis, occlusion), nor is there a well-known temporal relation

ship between occlusion and acute clinical events (Estes et al., 1966, 

Baroldi, 1971, Erhardt et al., 1973). Some investigations (Gavin et 

al., 1978) suggested that the inability of collateral circulation to 

supply an ischaemic reg ion might be due to a vasospasm of arterioles 

at the border zone between perfused and nonperfused area. The 

detrimental contraction of arteriolar vessels would cut off the 

collateral blood supply causing necrosis in the non-perfused area. 

A larger myocardial infarct shows a variety of changes af ter its 

occurrence. In a first stage, muscle cells and vessel walls are 

paralysed inducing engorgement of the capillaries. At this stage the 

mechanica 1 disadvantages due to the infarct are maximal. In systole, 

the dead region does not participate in the contract ion and, owing to 

its tendency to stretch, it neutralises much of the effort of the 

healthy part of the heart muscle to generate adequate ventricular 

pressure. Progressively, biochemical changes take place: striation 

disappears, and the muscle is replaced by a fibrous stiff substance 

which is rnuch less subject to stretching than the acutely infarcted 

muscie. 

1.2, Mechanical blood-tissue interaction in the myocardium 

The intramyocardial blood volume has been estimated at between 6 and 

35\ of the total myocardial volume (Morgenstern et al., 1973, O'Keefe 

et al., 1978, Spaan, 1985) . This blood volume interacts both mechani

cally and biochemically (see section 1.1.4) with the myocardial 

tissue. Mechanical blood-tissue interaction in the myocardium is the 

sole concern of this study. 

!~~~!~_!~~!~~~~~_~!_~ï~~~~~!~!_~!~~~~_~~~~~~!~~_~~_~~~~~~~ï_~!~~~_ 
flow 

The influence of myocardial tissue mechanics upon the coronary blood 

per fusion is a weIl established facto Arterial coronary flow is 
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significantly lower during systole than during diastole (fig. 1.2.1) 

and venous coronary flow is higher during systole than during 

diastole. 

Several mechanisms have been proposed as an explanation of the 

diastolic-systolic coronary flow differences. 

Fig. 1.2.1. Systolic-diastolic arterial coronary blood flow 

difference is seen in a canine heart perfused at 

constant perfusion pressure (from Spaan et al., 

1981) . 

A possible mechanism is the so-called waterfall mechanism. 

Contraction of the heart muscle causes a drama tic increase of the 

intramyocardial pressure, predominantly in the subendocardial layers 

of the left ventricular wall. When the intramyocardial pressure rises 

above venous pressure, the venous vessel walls tend to collapse. A 

consequence of this tendency would be the independence of arterial 

coronary blood flow from downstream pressure, i.e. from the pressure 

in the epicardial veins. This independence is very similar to the 

phenomenon of a waterfall where flow is solely determined by upstream 

conditions. This is why this hypothetical venous collapse is usually 

referred to as the waterfall mechanism (Downey and Kirk, 1975). There 
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is, however, no experimental evidence of collapsing intramyocardial 

vessels. 

A different mechanism has been suggested by Arts (1978) and Spaan et 

al., (1981). Spaan states that, due to the compliance of the vessel 

walls, the high systolic intramyocardial pressure is transmitted to 

the coronary blood without necessarily causing the vessels to 

collapse. The increased pressure in the intramyocardial coronary bed 

during systole results in a decrease of arterial inflow and an in

crease of venous outflow. The pressure generation in the coronary bed 

is then referred to as the 'intramyocardial pump action' (Spaan et 

al., 1981) . 

A third mechanism which can influence the systolic-diastolic coronary 

flow ratio is the longitudinal stretching and buckling of the in

tramyocardial blood vessels due to the tissue deformation. 

Each of these mechanisms can be translated into mathematical models 

(sections 1.4 and 1.5. 1) .. The m~l tipha se theory expounded in chapter 

two deals with both the second and the third mechanism. The cqmputer 

model, subsequently derived from the theory and presented in chapter 

three, only accounts for the second mechanism, namely the in

tramyocardial pump action. 

150T20 

rT"II"'I"V-I l kPa 

75 ~ 'O 

Fig. 1. 2.2. Reduction of arterial coronary flow during systole 

when an isolated left ventricle is generating 

pressure (left) and when the same ventricle is not 

generating pressure (right). Unpublished data from 

R. Krams and N. Westerhof, Free University of 

Amsterdam, The Netherlands. 
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Quantification of intramyocardial pump action requires knowledge of 

the intramyocardial pressure distribution in the myocard ia I wall. 

Intramyocardial pressure is defined as the pressure exerted by the 

tissue on the outside of the myocardial vessels. Numerous attempts 

have been made to measure the intramyocardial pressure (Van der Meer, 

1972, Heineman et al., 1985). Each of the measuring methods require 

the insertion of a measuring device in the myocardial wall, which 

probably disturbs the local stress distribution of the wall. It is 

found that different measurement methods yield different results. 

Therefore, measurements of intramyocardial pressure should be inter

preted with caution. In some aspects of intramyocardial pressure the 

experimental results are mutually consistent (Hoffman et al., 1983): 

the pressure during systole falls from endocardial to epicardial 

surfaces, and the systolic pressure in the deepest layer equals or 

exceeds the systolic cavity pressure. Despite these points of agree

ment, there are big differences in the quantitative values of the 

pressures: some investigators find the deepest pressures to be as 

much as double the peak cavity pressure, whereas others find them 

equal, and although some report sUbepicardial pressures to be near 

atmospheric, others find them almost as high as cavity pressure. The 

most reliable method used is probably the micropipette method used by 

Heineman et al. (1985), because the dimensions of the micropipette 

are smaller than those of other transducers. Heineman et al. (1985) 

dit not find peak systolic intramyocardial pressures higher than 

intraventricular pressure for an afterload range between 10 and 30 

kPa. 

The usual approach in dealing with intramyocardial pressure in coro

nary circulation mechanics is to take intramyocardial pressure 

proportional to the cavity pressure (Downey and Kirk, 1975, Arts 

1978, Spaan et al., 1981). However, Baird et al. (1972), measured in 

the beating empty heart (zero cavity pressure) systolic intramyocar

dial pressures, similar to those measured when the heart was gener

ating pressure. Furthermore, coronary arterial flow is markedly 

reduced whether or not the heart is generating pressure (fig. 1.2.2). 
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1~~~~~_!~!!~~~~~_9!_~9;9~~;~_e!99~_~9!~~~_~F9~_~~9~~;~!~!_!!~~~~_ 
mechanics 

According to Hoffman (1979), the intramyocardial blood volume may 

affect myocard ia 1 tissue mechanics in at least two ways: In systole , 

blood leaves the myocardium and it is also possible that some blood 

is sqeezed from de ep to superficial layers . In diastole, too, entry 

of blood from the coronary arteries and redistribution of blood 

within the wall may affect the stress distribution in the ventricular 

wall. In addition, the entry of blood into the myocardium in diastole 

is enhanced by the low intramyocardial blood pressure and the high 

blood pressure in the aorta (Hof~mann, 1979). 

It has been shown by Morgenstern et al. (1973) that changes of coro

nary perfusion pressure or flow significantly affect the intramyocar

dial blood volume and hence the left-ventricular geometry. 

However, to which extent the intramyocardial coronary blood volume 

affects the diastolic pressure-dimension curve is still a lively 

point of discussion. Cross et al . , 1961, Greuner-Sigusch et al., 

1973, Olsen et al., 1981, Vogel et al., 1982, measured a shift of the 

diastolic pressure-dimension curve to the left when increasing the 
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Fig. 1.2 . 3. Dependence of canine diastolic left-ventricular 

pressure-dimension relations upon the coronary 

per fusion pressure as measured by Ol sen et al., 

1981 . 
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coronary perfusion pressure (fig. 1.2.3). This effect, usually 

referred to as the garden-hose effect or as the erectile properties 

of the coronary microvasculature, is only significant for large 

perfusion pressure variations and for the upper steep portion of the 

pressure-dimension curve (Vogel et al., 1982). This could explain 

why other investigators (Templeton et al., 1972, Palacios et al., 

1976, Foster et al., 1977) did not observe any effect of coronary 

per fusion on ventricular compliance as those researchers did not 

cover an equally wide range of per fusion pressures. It is not clear 

why Abel and Reiss (1978) did not observe a change in diastolic 

compliance following acute changes in perfusion pressure. 

1.3. pevelopments in cardiac tissue mechanics 

Quantifications of ventricular wall mechanics has been one of the 

main concerns in heart research in the past century . There are 

several reasons for this interest. 

Myocardial wall stress and deformation are some of the primary 

determinants of myocardial oxygen consumption. 

- Myocardial oxygen supply is dependent upon coronary blood perfu

sion, which has been shown to depend greatly upon the mechanical 

state of the myocardial tissue (see section 1.2.1). 

- In diseases characterised by abnormal loading of the heart, excess 

of wall stress is thought to be the feedback signal that governs 

the development of ventricular hypertrophy (Alpert, 1971). 

- Diagnosis of the heart is usually done on the basis of global data 

of cardiac function. Interpretation of these data in terms of local 

myocardial dysfunction requires a thorough insight into the fun

damental principles underlying ventricular mechanics. 

Cardiac deformation can be studied by various methods (Elshuraydeh, 

1981, Osakada et al., 1980, Arts et al., 1982). Many methods of 

direct measurement of myocardial shape deformation-are developed. X

ray and ultrasound tomography allows three-dimensional reconstruction 

of the dynamic cardiac shape (Johnson et al., 1976, Mol, 1978). 

Direct wall force measurements, however, are all of poor reliability 

owing to problems related to tissue dammage and the degree of cou

pling between the force transducer and the muscle wall (Huisman et 

al., 1980). Therefore, indirect quantification of wall stress, by 
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means of numerical models has been the focus of many researchers in 

recent decades . Starting with Laplace's law, (Laplace, 1806), thin 

walled (Woods, 1892, Falsetti, 1970) and thick walled (Wong & 
Rautaharje, 1968, Mirsky, 1969) linear models with simplified 

geometric shape, gradually the real geometry of the heart muscle 

(Heethaar et al., 1976) and the non-linear behaviour of the myocar

dial tissue (Janz, 1973) has been taken into account. 

All models mentioned 50 far compute stresses and strains from given 

rheological and geometrical data of the heart muscle and a given 

external load (usually the left-ventricular pressure). Recent 

developments allow to account for the influence of intramyocardial 

coronary blood volume upon the stress distribution in the tissue 

(Arts, 1978, Huyghe et al., 1985, Sorek et aL, 1985). Huyghe et al. 

and Sorek et al., describe the left-ventricular wall as a two-phase 

medium, i.e. they model the heart muscle as a sponge saturated with 

blood (fig. 1.3.1). Bath the blood and the spongy tissue are assumed 

incompressible. Nevertheless, the myocardium can change its volume by 

sqeezing out blood to or sucking blood from the epicardial vessels .. 

Redistribution of blood within the myocard ia I space is also possible. 

LEFT VENTRICULAR 
FREE WALL 

So.UEEZING BLOOD 
IN SYSTOLE 

.. 
SUCKING BLOOD -IN DIASTOLE 

Fig. 1.3.1. The heart muscle wall modelled as a sponge 

saturated with blood. 
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No distinction is made between arteries capillaries or veins. 

Stresses and strains are computed, as well as regional blood volume 

changes and average intramyocardial blood pressure. A two-phase model 

is valuable for studying tissue behaviour and the influence of in

tramyocardial blood on myocardial tissue behaviour. However, no blood 

perfusion is computed. To the author's knowledge, Arts's model is the 

first model which computes in an integrated fashion stresses and 

deformation, regional coronary blood perfusion and intramyocardial 

blood pressure. 

In section 1.5, it is argued that the present models combine ad

vantages of the two-phase description, the finite " element analysis, 

and of Arts's model . 

1. 4. Developments in coronary circulation mechanics 

Coronary blood per fusion is vital to the function of the heart 

muscle. Most heart diseases relate to a regional disturbance of the 

left ventricular coronary blood perfusion. Hence, quantification of 

coronary blood perfusion is one of the main concerns in the early 

diagnosis of the heart disease. 

For more than three decades, values of total coronary blood flow have 

been measured in man (Bing et al., 1949). The thermo-dilution method 

(Hernandez et al., 1979) and radioactive microspheres (Utley et al . , 

1974) are methods which allow regional coronary blood flow to be 

measured in animal modeis. Recently, attempts are made to measure 

regional coronary blood flow in man: X-ray tomography (Johnson et 

al., 1976), X-ray substraction techniques (Van der Werf et al., 

1983) . 

For the diagnosis to be valuable, adequate interpretation of the 

measured data is necessary. For instance, the data obtained have to 

be extrapolated to other situations than the one in which the 

measurement is made. What can happen if the patient is in activity? 

What happens with coronary perfusion in case of further complications 

of the patient's present state? Are these complications about to 

occur? What will be the risks and the results of therapeutical, 

medicinal or surgical interventions? Attempting to answer these 

questions calls for a thorough insight in the mechanics that govern 

coronary blood flow, and it is believed that numerical roodels are a 
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valuable if not indispensable tooI in evaluating the influence of the 

different factors affecting a highly non-linear system such as the 

coronary circulation. 

A5 we are primarily concerned with the influence of the mechanical 

state of the tissue upon the coronary perfusion, only models concern

ing this influence will be reviewed. The first model to be mentioned 

is the waterfall model (Downey & Kirk, 1975). This model consists of 

a resistance - representing the viscous drag in the coronary vessels 

- and a diode (fig. 1.4.1). 

The pressure at the arterial side is the aortic pressure and at the 

venous side the intramyocardial pressure. In this way the waterfall 

mechanism described in section 1.2.1 is simulated: partial col lapse 

A 

Fig. 1.4.1. Waterfall model showing the effect of intramyocar

dial pressure on coronary flow. The coronary blood 

pressure drops from arterial pressure pA at one end 

until the pressure equals the pressure outside the 

vessels (pIM); at this point the vessels collapse . 
h d 'ff b IM d V, d" d Tel erence etween p an p lS lsslpate 

over the short segment of collapsed vessel at the 

venous end, The resultant flow is the pressure 

difference pA_pIM divided by the resistance. Flow 

is independent of pV when 

pV < pIM and thus can be likened to a waterfall 

where flow is independent of the height of the 

falls (adapted from Downey and Kirk, 1975) . 
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of veins is accounted for by choosing the intramyocardial pressure as 

the venous boundary condition, and total collapse of veins is ac

counted for by the diode . As the intramyocardial pressure is higher 

during systole than during diastole, the waterfall model is able to 

predict a reduction of arterial coronary flow during systole. 

However, it is unable to explain the increase of venous coronary flow 

during systole nor is it able to predict negative systolic arterial 

coronary flow which has been shown to occur at low perfusion 

pressure. Moreover, the waterfall model overestimates the a.c. resis

tance of the coronary bed at a given d .c. resistance (Spaan et al., 

1981) . 

These discrepancies between reality and the waterfall model motivated 

Spaan et al . (1981) to introduce the intramyocardial pump model (fig. 

1.4.2). This model, unlike the waterfall model, takes into account 

the compliance of the coronary vessels. Inspired by Arts (19~8), 

Spaan et al. represent the compliance of intramyocardial vessel walls 

by a capacitance C. . This capacitance has been estimated by several lm 
investigators . Spaan et al. (1981), Spaan (1985) and Kajaya et al . 

(1986) found for the canine left ventricle values ranging from 

Cim = 0.07 to 0.14 ml/rnrnHg per 100 9 LV. Downey et al. (1983) have 

T CIM 

pIM 

Fig. 1.4.2. Electrical analog depicting the intramyocardial 
f . IM. d'" pump unctlon. p : lntramyocar lal tlssue 

IM . d' 1 . 1 pressure. C lntramyocar la capacltance. R 

inflow resistance. R2: outflow resistance. p: 

epicardial arterial pressure . pV: epicardial venous 

pressure. pIB: intramyocardial blood pressure 

(adapted from Spaan et al., 1981) . 
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suggested a lower value of coronary capacitance (0 .012 ml/mmHg per 

100 gLV). However analysis of their experimental method and com

parison of their results with those of Eng and Kirk (1983) seem to 

indicate that their value only includes the arterial component of the 

intramyocardial coronary capacitance. 

1.5 . Modellinq of blood tissue interaction 

E#R:T/LE 

,P,f'dPE/lT/ES tV 

CtJ,ftJ/YI9/1Y K/C#tJ-

Fig . 1.5.1. Interaction between two fields of cardiac research: 

blood influences tissue, tissue influences blood. 

As seen in section 1.2.1, diastolic-systolic coronary flow-dif

ferences illustrate that tissue mechanics affects coronary blood flow 

very significantly. On the other hand, section 1.2.2 showed how the 

intramyocardial coronary blood volume may affect cardiac tissue 

mechanics (fig. 1.5.1). Simultaneous modelling of both these 

phenomena r~quires an integrated approach to the heart, including 

cardiac tissue mechanics and coronary circulation mechanics (fig. 

1 .5.2) . 

An exarnple of such integrated approach is Arts's model, which is 

shortly reviewed in the first section. Next, the present theory of 
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blood-tissue interaction is described . Finally, the axisymmetrie 

computer models derived from the theory are discussed. 

BLtJtJ.D - nSSUE 
IIYTEh'h'C'T//J1Y /IY T#E 

HY/J~"h'.Dlvl'f 

""'--",,- -. 
,/" ',- . 

~- -, ... ~---. ~. 

Fig. 1.5.2. Modelling of blood-tissue interaction : a bridge 

between coronary circulation mechanics and cardiac 

tissue mechanics. 

1.5.1. Arts' model 

Arts (1978) schematises the LV as a series of eight concentric 

cylinders (fig. 1.5.3) and the coronary circulation as an electrical 

circuit. Each subcylinder is composed of different phases: tissue, 

arteriolar blood, capillary blood and venular blood. The intramyocar

dial pressure in the coronary circulation model is equivalent to the 

radial stress in the corresponding subcylinder of the LV-model. Blood 

flow from one cylinder to the other is only possible via the largest 
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arteries and largest veins. During the cardiac cycle, the sub

cylinders remain concentric cyclinders which change their volume and 

radius and allow for torsion about their axes. 

Arts's model has been a very precious inspiration when setting up the 

present model of blood-tissue interaction in the myocardium. 

Fig. 1.5.3. Arts's model. 

I} 
-'-l\ 

I~ I .~ 

I ~ 
I .~ 
I .'\. 
I '\ I . 
I \ 
I . 

I î--' 
I 
I 

1\11111 
cyl indrical 

shells 

Fig. 1.5.4. Diagrammatic representation of Darcy's experiment. 
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A second souree of ins pi rat ion is the theory of fluid motion through 

saturated porous media, such as soil, cartilage, etc .... The very 

start of this theory are the experiments of Darcy and Ritter in 1840 

(fig. 1.5.4). A soil specimen with length Land cross-section A 
p -p 

saturated with water is subject to a pressure gradient ~. The 

water flow through the specimen is measured for different pressure 

gradients, specimen cross-sections and lengths . Darcy and Ritter 

found that their results obeyed the following law: 

(1. 5.1) 

in which K is the permeability coefficient, dependent upon the pore 

geometry of the specimen (and the viscosity of water). 

î is the specific flow or fluid flow per unit bulk area (bulk = fluid 

+ solid) . At this point it is important to observe that Darcy's law 

is arelation between average flow and average pressure variations 

through the porous medium. Flow and pressure are not measured at the 

level of the individual pore but rather as the averages over a number 

of pores. 

Darcy's law has been generalised to incompressible, steady state, 

three-dimensional Newtonian flow through a saturated porous medium 

according to: 

Q -K • vp (1.5.2) 

in which: 

- Q is the specific flow vector. 

- the permeability tensor K is symmetrie andinversely proportional 

to the viscosity of the fluid. 

- Vp is the (average) pressure gradient . 

Further generalisations to flow through deformable porous media, to 

transient flow, to flow of compressible fluids through porous media 

are extensively used in many fields of engineering. These generalisa

tions call for experimental and theoretical verification. The need 

for theoretical verification of these generalisations has led to the 
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setting up of a mathematical theory which allows the derivation of 

macroscopic laws - such as Darcy's law - from a law valid on the 

microscopic level of the individual pore. In this context, the 

averaging procedure developd by Slattery (1967) and Whitaker (1967) 

plays an important role (chapter 2). Neuman (1977) derived the macro

scopic equation (1.5 . 2) for fluid motion through a saturated porous 

medium, assuming the Navier-Stokes equation to be valid on the micro

scopic level. Biot (1972) shows how it is possible to describe the 

inter act ion between large deformation and fluid motion in a defor

mable po rous medium by means of an equilibrium equation, continuity 

equations and constitutive relations for fluid and solid. The con

stitutive relation for the fluid is the Darcy equation (1.5.2). 

In chapter 2 the mathematical micro-macro transformation theory or 

formal averaging procedure, developed by Whitaker, 1967, and 

Slattery, 1967, is applied to the intramyocardial coronary circula

ti on and left ventricular ~echanics. This leads to equilibrium equa

tions, continuity equations and constitutive equations for blood, 

tissue and vessel walls. The constitutive relation for blood is the 

extended Darcy equation. In the following section, it is illustrated 
how this extended Darcy equation describes intramyocardial coronary 

pressure-flow-relations. 

Darcy's law as such is not able to describe the intramyocardial 

coronary circulation. The very definition of pressure and flow at 

point x as averages over a number of pores surrounding a point x, 

makes it impossible to distinguish between arterial, capillary and 

venous pressures and flows . This is the reason why a different macro-

scopic law is developed in which pressure and flow are functions of 

both the position vector x, a dimensionless arteriovenous parameter 

Xo and time: 

(1. 5.3) 

(1.5.4) 
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The arteriovenous parameter is a logical parameter which is intro

duced to distinguish the different types of intramyocardial vessels 

(arteries, arterioles, capillaries, venules and veins) in a con

tinuous fashion. Many different definitions of the xO-parameter are 

possible. The xO-parameter should meet two conditions: it should be a 

continuous function of space and the correlation between Xo and the 

blood pressure should be as good as possible in any given area of the 

myocardium. In this study, the arteriovenous parameter Xo is defined 

throughout the intramyocardial coronary bed in such a way that as 

blood travels in the coronary vasculature, its xO-value rises 

progressively throughout its course, from negative values in the 

arteries through the zero in the capillaries, to positive values in 

the veins. 

As seen in fig. 1.5.6, the arteriovenous parameter Xo is chosen 

negative for arterial vessels and positive for venous vessels . At a 

branching point, the absolute value IXOI equals : 

with : 

1 °1+°2 
20 

c 
(1. 5.5) 

01' 02: diameter of the two largest vessels reaching the 

branching point . 

D a characteristic diameter. 
c 

+ : venous vessels 
-: arteriaL vessels 

0,> 02>03>04>05 

Fig. 1.5 . 6. Oefinition of the arteriovenous parameter (further 

explanation see text) . 
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In case of a deformable microvasculature, these diameters are 

measured in some definite reference state, e.g. end-diastole and in 

case of maximal vasodilation. In between branching points the ar

teriovenous parameters varies linearly with di stance (fig . 1.5.6). 

volume R 
p = p(xo,~,t) = pressure averaged over the vessel cross-sec-

tions with AVP = xOin the volume R surrounding x (AVP = ar

teriovenous parameter). 

Fig. 1.5.7. Definition of the intramyocardial blood pressure p 

at a point x of the myocardium for a particular 

value Xo of the arteriovenous parameter (further 

explanation see text). 

If we choose Dc = 1 ~m, the arteriovenous parameter would then be in 

the order of -8 for arteries with a diameter of 400 ~m and in the 

order of +10 for a vein with a diameter of 1000 ~m. A cubic root is 

introduced in eq. (1.5.5) because in this way, the xo-intervals 

corresponding to the different circulatory compartments (arteries, 

arterioles, etc.) are of comparable size. This will become clearer 

when a finite element mesh will be chosen for the perfusion model in 

section 7 of chapter 5. 

The pressure p(xO,~,t) in eq. (1.5.3) is an average of the local 

pressures pj of all vessel cross-sections j (j=1, ... ,m) with ar

teriovenous parameter = Xo surrounding the point x (fig. 1.5 . 7). The 

surroundinq of a point x is defined by the volume R, which should 

include a statistically representative number of cross-sections 
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(m sufficiently large) . The dependence of the pressure p upon the 

arteriovenous parameter implies that at each point of the myocardium, 

one defines a whole pressure function p(xo,t), including arterial 

pressure (xO « 0), arteriolar pressure (xO < 0), capillary pressure 

(xO = 0), venular pressure (xO ) 0) and venous pressure (xO » 0) as 

indicated in fig. 1.5 .8 . 

Xo 
negative 

VI 
UJ 

0:: 
UJ 
~ 
0:: 
<! 

0:: 

~ 
--l 
zs:::: 
~ 

P (><0, ~ ,tl 

VI 
UJ 
--l 
::::> 
Z 
UJ 
> 

VI 
Z 
UJ 
> 

Xo 
positive -

Xo 

Fjg. 1.5.8. Intracoronary blood pressure pat some time t as a 

function of the arteriovenous parameter xo at point 

x of the myocardium. 

The flow vector ~ (xO,~,t) in eq . (1 . 5.4) is defined in a four dimen

sional space (four dimensions = 3 dimensions of myocardial space + 

xO-dimension. All vectors and tensors defined in four dimensions are 

written with bold symbols.): 

( 1. 5.6) 
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The first component QO of the flow vector Q represents the sum of the 

blood flows Qj through all vessel cross-sections j (j=1, .. . ,m) with 

arteriovenous parameter Xo in a myocardial unit volume (fig. 1. 5 . 9). 

This flow QO is defined in every point x of the myocardium and for 

each possible value xO; i.e. QO(xo,~,t) represents arterial flow for 

Xo « 0, arteriolar flow for Xo < 0, etc .. .. , at point ~. In par

ticular, if Xo = 0, QO is the regional capillary coronary blood flow: 

regional capillary coronary blood flow at x 

(1.5.7) 

The three-dimensional component Q of the flow vector Q represents a 

(weighted) sum of the flow vectors Qj (j=1,2, ... ,N) through the 

cross-sections j(j=1,2, ... ,N) with arteriovenous parameter Xo in a 

myocardial unit volume (fig . 1. 5 .9) . 

Qo 

sj + : .--
- : 

R 

Q 

Fig. 1.5.9. Definition of the flow vector 

! [ + 
R . - IIQj 11 

J . 
flow QJ towards 

increa~ing Xo 
flow QJ towards 

decreasing Xo 
representative 

vo 1 urne (f i g. 1. 5 . 7) 

! [ wj Qj 
R j ~ 

distance along axis 

of vessel 

This means that Q gives information about the spatial redistribution 

of blood in the myocardium, while QO gives information about 
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redistribution of blood between the different microcirculatory com

partments (fig. 1.5.10) . 

QOl6J-Q-; 
~ I 

I , 
Q 

QO: arteriovenous blood flow 

Q spatial blood flow 

Fig.1.5.10.The physical meaning of the four-component vector Q. 

sj ---

Fig. 1.5.11. Flow, pressure and dimensions of a single blood 

vessel. 

In section 2.5 a macroscopie relation between the flow vector Q and 

the partial derivatives of the blood pressure p with respect to xo 
and x is derived: 

(1.5.8) 

or : 
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Assuming that the pressure-flow relation for an individual blood 

vessel is a poiseuille-type equation, we can derive: 

with : 

S: di stance along vessel axis 

d: inner diameter of the vessel 

~(d): diameter dependent apparent viscosity 

pj: local blood pressure in the vessel j 

Qj: blood flow through the vessel j (fig. 1.5.11) 

(1.5.9) 

e : unit vector tangent to the vessel axis, pointing 
~s . 

towards increasing S. 

The conductance tensor K is shown to be symmetric and uniquely 

defined by the geometry of the coronary microvasculature and the 

apparent viscosity of blood . This means that, in principle, the 

conductance quantities KOO' ~O and K do not have to be derived em-

pirically from experimental data of coronary pressure-flow relations. 

The tensor K can be computed from measurements of the geometry of the 

microvasculature and experimental data of the apparent viscosity of 

blood . This feature distinguishes the present model from previous 

coronary circulation models (Downey and Kirk, 1975, Arts, 1978) which 

deal with coronary resistance of separate layers of the myocardial 

wall without specifying how to handle vessels travelling from one 

myocardial layer to the other . The capability of computing the con

ductance from the geometry of the microvasculature will be used in 

section 4.2.1 for the quantification of the conductance parameters of 

the rigid vascular tree shown in fig. 4.2.1. The quantification of 

the conductance parameters of the coronary circulatory bed on the 

basis of its geometry, however, is beyond the scope of this research. 

In the coronary circulation model presented in section 5.7, the 
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parameter choice for the conductance of the coronary tree is based on 

qualitative descriptions of the anatomy of the coronary tree and 

experimental data on intracoronary blood pressures and flow from the 

literature . 

The presence of the cross term ~O in the conductance tensor shows 

that arteriovenous flow and spatial flow in the myocardium are 

modelled as interacting phenomena . This feature of the extended Darcy 

equation will be commented on later in this section. 

As eq. (1.5.8) can be viewed as an extension of the classical Darcy 

equation (1.5.2), it is referred to as the extended Darcy equation. 

Nevertheless, the derivation of the extended Darcy equation (1 . 5.8) 

in section 2.5 does not rely on the validity of the Darcy equation 

(1.5.2) in any way. The accuracy of the extended Darcy equation is 

directly related to the correlation between the actual discontinuous 

pressure distribution in the intramyocardial vessels and the assumed 

continuous pressure distribution p(xO,~,t). 

As an illustration, let us consider the coronary blood flow in the 

left ventricular free wall (fig. 1.5 . 12) . Anatomical studies (Estes 

et al., 1966) show that epicardial arteries send numerous branches at 

right angles into the myocardium (fig . 1.1.4) . These arterial 

branches, in turn, quickly subdivide in all directions. The same 

pattern prevails for the venous vessels (Farrer-Brown, 1974) . 

In this example we specify all quantities in matrix notation with 

respect to a Cartesian coordinate system (x1,x2,x3), whose x1-axis is 

chosen perpendicular to the epicardial surface (fig . 1.5.12). In the 

absence of collateral flow, the spatial flow components Q2 and Q3' in 

the directions x2 and x3 will vanish substantially, as the contribu

tion of one vessel to Q2 or Q3 is mostly counterbalanced by contribu

tions of other vessels (fig . 1. 5.13) . (Neglecting collateral flow is 

only done here in chapter one, it is not done in the finite element 

computations in chapter 5.) 

We can thus predict that in terms of average flows, and in absence of 

collateral flow, the arterial and venous intramyocardial blood flow 

of the left ventricular free wall is mostly one-dimensional, i.e . in 

the direction perpendicular to the epicardial surface. 
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ARTERIAL FLOW 

VENOUS FLOW 

Fig . 1. 5.12. Coronary blood perfusion of the free left 

ventricular wall. 

The present theory allows us to study this one-dimensional flow as an 

electrical current through a two-dimensional conductor (fig . 1.5.'4). 

The interlacing venous and arterial branching structure of the 

microvasculature of the ventricular wall is 'torn apart' by the 

introduction of the arteriovenous parameter Xo as a new dimension. 

Venous vessels are drawn up to the higher values of the arteriovenous 

parameter; arterial vessels are drawn down to negative values of the 

arteriovenous parameter. The mathematical procedure used in this 

transformation is described in chapter 2 and turns the discrete 

microvascular network into a continuum. The flux QO at the x,-axis 

(i .e. for xO=O) of fig . 1.5 . 14 represents the regional coronary blood 
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Fig. 1.5.13. The one-dimensional nature of averaged blood flow 

in the left ventricular free wall. 

flow (see eqs. 1.5.6 and 1.5.7). The conductance of the two-dimen

sional medium is described by the conductance matrix: 

(1.5.11) 

uniquely defined by the geometry of the corresponding microcir

culatory compartment (specified by the xO-value) in the corresponding 

region of the heart wall (specified by the x1-value) and by the 

apparent viscosity of blood. 

The next section illustrates how myocardial blood-tissue interaction 

can be studied by coupling the continuum approach to coronary in

tramyocardial circulation with a continuurn model of the myocardial 

tissue stress and deformation. 

The arteriovenous blood flow QO and the transrnural flow Q1 are given 

by the extended Darcy equation: 

Qo KOO K01 
illL 
oxO 

(1 .5.12) 

Q1 K01 K11 
illL 
oX1 
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ARTERIES 

-----+----1 SUBENDOCARDlAL I"'--_~ 
PERFUSION 

Fig. 1.5 . 14. Streamlines of transmural coronary blood flow in 

the left ventricular free wall. Blood flows form 

epicardial arteries to the capillaries of the 

subendocardial, mid-wall and sUbepicardial layers 

of the myocardial wall. Then; the coronary blood 

is recollected in the venous compartment and flows 

to the epicardial veins. 

which is written out for each intramyocardial coronary compartment 

separately: 
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Qart 
0 

Kart 
00 

Kart 
01 oxO r (1.5 . 13) 

Qart Kart Kart opart 
1 01 11 oX 1 

(arterial compartment) 

Qven Kven Kven opven 
0 00 01 oxO 

( 1 .5.14) 

Qven Kven Kven 
opven 

1 01 11 oX 1 

(venous compartment) 

At this point of the analysis, the physical meaning of the cross 

component K01 in the conductance matrix (1.5.11) can easily be under

stood. Firstly the K01 below the diagonal of the conductance tensor 

is considered. An arteriovenous blood pressure gradient~, induces 
xo 

a spatial 

~ 
>. , (see uxO 

flow -K01 ~ in addition to an arteriovenous flow -KOO 

eq. (1 . 5 . 1 2 ) ) . 

Physically, this can be interpreted as follows. A blood pressure, 

monotonously decreasing from larger 

larger intramyocardial veins (i.e., 

intramyocardial arteries to 

~ ( 0 for all intramyocardial oxO 
blood compartments), induces an arterial flow from epicardium to 

endocardium (Q~rt > 0, Q~rt ( 0) and venous flow from endocardium to 

epicardium (Q~en > 0, Q ~en > 0). 

From 
opart 

( 0 and Qart > 0 it follows that Kart > O. OXO 0 00 
o art Qart Kart From ~( 0 and ( 0 it follows that < O. oxO 1 01 

From 
opven 

0 and Qven > 0 it follows that Kven > O. OXO 0 00 
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" ven 
From ~ ( 0 and Q~en > 0 it follows that K~~n > O. (See eqs. 

xo 
1 . 5 . 1 3 and 1. 5 . 14) . 

The signs of these conductances can also be derived from the geometry 

of the coronary vasculature, as will be explained in section 2.5. 

Let us now study the influence of systolic contraction upon these 

arterial and venous coronary blood flows. This will allow us to 

understand the significance of the KOl above the diagonal of the 

matrix (1.5.11). It is a well-known fact that systolic contraction 
. IM 

generates a transmural intramyocardial pressure gradient ~ ( 0: 
xl 

intramyocardial pressure increases more in subendocardial layers than 

in subepicardial layers (Heineman et al., 1986). 

Since the vessel walls are compliant, the time-varying component of 

this transmural pressure gradient is partly transmitted to the in

tracoronary blood. This means that during systole the transmural 

blood pressure gradient ~ becomes significantly negative in all 
xl 

blood compartments. In view of equations (1.5.13) and (1.5 . 14),· K~~t 
él art 

( 0 and ~ 0 predict a reduction of arterial coronary flow 3X 1 
a ven 

during systole, while KvOeln > 0 and ~ ( 0 predict an enhancement 
élx 1 

of venous coronary flow during systole. Both of these predictions are 

confirmed by experimental data (Spaan et al., 1981). 

The next section illustrates how myocardial blood-tissue interaction 

can be studied by coupling the continuum approach to coronary in

tramyocardial circulation with a continuum model of the myocardial 

tissue stress and deformation. 

1~~~~~_!~~~~~~~~~!_~~~~!!!~2_~!_~~~_~~~~~;~~~~_~~_~_è!~~~_p~;!~~~~_ 

~~!~~~~~2_P~;~~~_~~~!~~ 

The previous section shows how intracoronary blood circulation can be 

viewed as a continuum. However, in sections 1.2.1 and 1.2.2 it has 

been argued that intramyocardial coronary blood flow cannot be viewed 

as separate from myocardial tissue mechanics . In chapter 2, the 

myocardium will be studied as a multiphasic porous medium, i.e. as a 

mixture of different mechanical components. These components are 

shown in fig. 1.5.15. The theory of deformable porous media models 
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this mixture as a series of super-imposed and interacting continua. 

Ench continuum represents one component of the mixture and the inter

actions between the components are represented by interactions be

tween the corresponding continua. 

Fig . 1.5.15. The basic components of the myocardial model : 

1. a fibre structure (muscle fibres, and intercon-

necting collagen fibres). 

2. blood vessel walis . 

3. soft incompressible material or binder . 

4 . blood. 

The stress in the incompressible soft material is described by a 

single pressure, the intramyocardial pressure plM. The stress caused 

by the deformation of the three-dimensional fibre structure is 

described by an effective stress tensor ~ . Outer loads (such as the 

intraventricular pressure) are balanced by the sum of the in

tramyocardial pressure and the effective stress. This means that in 

this model, the subendocardial intramyocardial tissue pressure is not 

necessarily equnl to the intraventricular pressure. Only if the 

stiffness of the fiber structure is neglected in ill directions other 

than the local muscle fibre direction (which is not do ne in this 

study), then the stress description used in the present model reduces 

to the stress description used by Arts et al. (1985) . Fibre struc

ture, soft incompressible material and coronary microvasculature 

deform conjointly. Flow of interstitial fluid, intracellular fluid 

and lymph is neglected in this study, although the introduction of 
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additional phases in the present theory could account for these 

phenomena as weIl. 

As the tissue deformations are large, finite deformation theory is 

used . The tissue deformation is described by the strain tensor ~ and 

is related to the passive stress tensor 2P according to the vis

coelastic law: 

2P ( 1 .5. 14) 

with t time . 

Active contraction uf the muscle is modelled as a contractile element 

parallel to the passive viscoelasticity: 

2P + ~a (1.5.15 ) 

The active stress (tensor 2a ) acts only in the fiber direction . The 

passive stress, however, is a triaxial stress. 

Inside the deforming tissue, coronary blood flow takes place. A blood 

flow vector Q describes the blood motion relative to the tissue. The 

blood flow vector Q is linked to the blood pressure p by the extended 

Darcy equation (1.5 . 7). 

The vessel walls are compliant . The elasticity of the vessel walls is 

modelled by a variabie blood content nb of the microvascular 
IM compartments . All the vessels are subject to an outer pressure p 

, 
and an inner blood pres su re p which cause the vessels to deform (fig. 

1.5 . 16). It is assumed that all vessel cross-sections are circular 

before and af ter deformation. No collapse of vessels is considered. 

Fig. 1.5 . 16. Blood vessel walls are subject to a transmural 

pressure difference pTM = p_pIM. (p = intracoro

nary blood pressure, pIM = intramyocardial 

pressure). 
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The relationship between the blood content of a microvascular com-
b d h 1 d'ff TM IM . partment n an t e transmura pressure 1 erence p = p-p lS 

non-linear. One more non-linearity in the equations derived in chap

ter 2 will be the dependence of the conductance tensor K on the 

deformation: 

(1 .5.17) 

Eq. (1.5.17) accounts, in averaged terms, for changes in diameter and 

length of the intramyocardial vessels during myocardial deformation. 

In chapter 3, the multiphase theory presented in chapter two is 

translated into two finite-element models and is applied to the left 

ventricle. In order to reduce the programming task and to limit the 

computation time, some simplification of the theory was needed. The 

simplification consists in two aspects: 

1). Stretching and buckling of coronary intramyocardial vessels 

are not accounted for. 

2). The integrated approach of ventricular deformation and 

coronary circulation is replaced by a cascade of two models: a two

phase deformation model and a perfusion model (figs. 1.5.17-18). The 

two-phase deformation model computes deformation and intramyocardial 

pressure assuming that the ventricle is a fluid saturated sponge. The 

pressure of the fluid in the sponge is the intramyocardial tissue 

pressure, which is substituted in the coronary perfusion model as a 

time-dependent extravascular pressure. 

Using the above mentioned numerical approach, mutual interdependence 

of the coronary system and ventricular mechanics is modelled: 

1). the influence of the coronary blood on the deformation and stress 

of the tissue is accounted for by means of the fluid phase in the 

deformation model. 

2). the influence of tissue stress on the coronary flow is mediated 

by the time-dependent extravascular pressure. 

Note that the deformation model and the per fusion model both compute 

the intracoronary blood volume fraction as function of time and 

space. A necessary condition for the cascade of the two models to be 
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equivalent to an integrated model of ventricular mechanics and 

coronary mechanics is that the blood volume fraction predicted by 

both models are the same. It will however be shown in chapter 5 that 

this is not the case and the cascade of two models is therefore an 

approximation of an integrated model. More research will have to be 

carried out in the future in order to evaluate how accurate this 

approximation is. 

deformation 
model 

coronary perfusion 
model 

Fig. 1.5.17. The intramyocardial pressure distribution computed 

by the two-phase axisymmetric deformation model is 

applied to the perfusion model as a time-dependent 

extravascular pressure, which varies linearly 

within each element. 

The per fusion model accounts for both spatial blood flow and ar

teriovenous blood flow. To the author's knowiedge, previous models 

only accounted for one or the other: a two-phase model allows for 

spatial redistribution of blood while neglecting arteriovenous flow 

and the model of Arts et al . (1985) allows for arteriovenous coronary 

blood flow while restricting exchange of coronary blood between 

different myocardial areas to exchange via the largest arteries and 

largest veins. It will be shown in section 5.7, that intregation of 

spatial blood flow and arteriovenous blood flow combined with the use 

of the finite element method opens the way to simulations of col-
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Fig. 1.5.18. Schematic representation of the input and output 

data of the two finite element models used in the 

numerical analysis. 

lateral blood flow in case of regional disturbances of coronary blood 

perfusion (fig. 1.5.19). As the present work on coronary flow modell

ing has mainly been restricted to laying down the basic foundations 

of finite element analysis of coronary flow, we should be aware that 

the parameter choice as presented in section 5.7 problably shows many 

shortcomings. Therefore, we stress that the quantitative values 

computed by the model on the basis of the present èhoice of 

parameters should be handled with great apprehension. 
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2. A IlULTIPHASE mOlt! OF IIEART MOSCLE 

In this chapter we present an integrated porous medium theory of 

myocardial deformation and intramyocardial coronary flow. The dif

ferential equations are derived by means of a formal averaging proce

dure. This theory will be used to derive the deformation model and 

the per fusion model in chapter three. 

2.1. Definitions 

~~1~1~_!~~_~~~~~9!~9_~~~~~~~~~ 

r 

x 

o 

Fig. 2.1.1. 

Let r be a representative 

elementary volume of the 

deforaed myocardium at time t. 

The volume r is centered around 

a point P. The point P defines a 

position vector x (fig. 2.1.1): 

~ 

x = OP (2.1.1) 

in which 0 is a fixed origin. The volume r is shared by myocardial 

tissue and intramyocardial coronary blood: 

rT: tissue volume 

rB: blood volume 

(2.1.2) 

(2.1. 3) 

The tissue volume can be subdivided in a number of subvolumes: 

(2.1.4) 
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r W: vessel wall volume 

r BI : binder volume or volume of soft incompressible material 

r F: muscle fibre and col lagen fibre volume 

The characteristic length of r is chosen sUfficiently large 50 as to 

provide a fair continuum representation of all (discontinuous) 

properties of the myocardial tissue and microcirculation, and suffi

ciently small so as to avoid that macroscopie variations of these 

properties throughout the myocardial space are smoothed out. 

The current volume fraction nX of phase rX in r is defined as: 

X 
L
r 

(2.1.5) 

Let f be some myocardial property, pertaining only to phase rX of r 

(e.g. fibre stress, intramyocardial pressure, capillary flow); then 

the real-volume average of f is defined as: 

(2.1.6). 

and the bulk-volume average according to: 

(2.1.7) 

These averages can be viewed as point macroscopie quantities as

sociated with the centroid of r, which may lie in any phase of r. <f> 
* and <f> are defined at each point in a fictitious continuum repre-

senting the myocardium, and their values may thus change from point 

to point even within a given volume r. This can be easily understood 

if we consider that each point of the continuum is the centroid of a 

different elementary volume r (see fig. 2.1.2). All real-volume 

ave rages and bulk-volume averages are assumed continuous functions of 

the position vector x of the centroid of r. 
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P'" 
• 

pil 
• 

P' 
• r'" 

p ril 
• 

r' 

r 

Fig. 2.1.2. The averaging procedure transforms the myocardium 

into a continuum. P, P', pi and p.' are different 

points of the myocardium. With each of these points 

corresponds a different elementary volume. 

If we chose the position vector of the material particles of the 

phase rX as property f in eq. (2.1.5), we obtain the average position 

vector of the phase rX in r: 

= L I x dr 
r X X ~ 

r 

(2.1.8) 

In this theory it is assumed that at any time t, and at any position 

x of the centroid of r, the average position vector of the phase rX 

equals the position vector x of the centroid of r: 

(2.1.9) 

This assumption implies homogeneous distribution of the different 

constituents in the volume rand thus restricts the applicability of 

the theory to the case where the volume fractions nX do not change 

significantly along the characteristic length of r. Provided that a 

similar assumption holds for the averaged quantities <fX)* we can 



2-4 

show that the real-volume average of a real volume ave rage equals the 

real-volume average itself: 

(2.1.10) 

If two proper ties f and gare statistically uncorrelated within the 

phase rX, we can write: 

(2.1.11) 

(2.1.12) 

An averaged quantity, which is of particular interest in this study 

is the average initial position vector X of the tissue. Consider all 

the tissue particles in the volume r at time t. At time t=O, each of 

these particles had an initial position ~It=o' These initial position 

vectors can be averaged over the tissue phase of r: 

T * 
~ = <~It=o > (2.1.13) 

It is assumed that there exists a one-to-one correspondence between 

the current position vector x of the centroid of rand the average 

initial tissue position vector X: 

x = x(X) (2.1.14) 

From now on, the vector X will simply be named initial position 

vector, and the vector x currentposition vector. 

An alternative averaging procedure consists in defining a repre

sentative elementary volume R in the initial configuration. A vector 

X points towards the centroid of R. The different constituents sub-

d · 'd th IR' h b 1 RB RT RW RBI d F 0 ol 1V1 e e vo ume 1n t e su vo umes , , , an R, S1m1 ar 

to those defined in the volume ro Initia! volume fractions are 

defined as: 
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(2.1.15) 

According to the transformation defined in eq. (2.1.14), the volume R 

is mapped onto a volume x(R) in the current configuration (fig. 

2.1. 3) : 

R ~ X(R) (2.1.16) 

Note that the transformation X does not necessarily map the volume R 

onto the volume r, nor does it map each phase of R onto the cor

responding phase of X(R). At this point, it is necessary to assume 

the existence of a second mapping x' which maps each phase of R onto 
the corresponding phase of x(R): 

(2.1.17) 

Let f be some myocardial property pertaining to phase x'(RX) of the 

volume x(R) = x'(R) in the current configuration. An alternative 

definition of the real-volume and bulk-volume average of fis: 

current configuration 

initial configuration 

x 

Fig. 2.1.3. 
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~ I f(x' (X»dR 
R RX 

1 I f (x ' (X) ) dR 
R X 

R 

(2.1.18) 

(2.1.19 ) 

The above averages are defined in terms of the initial configuration, 

whereas the averages (2.1.6-7) are defined in terms of the current 

configuration. In both cases, however, the current values of the 

property f are averaged. 

It is reasonable to assume that real-volume ave rages are independent 

of the size and shape of the representative elementary volume within 

a fairly large range of sizes and shapes. Therefore, we write: 

(2 . 1.20) 

(2.1.21) 

In following chapters it willoften happen that the property f which 

is averaged, is only defined in one phase of the mixture. In this 

case the superscript X (X = phase over which the average is taken) 

will be omitted, because the nature of the property makes it evident 

over which phase we average: 

* X * <f> := <f > 
(2.1 . 22 ) 

The tissue displacement vector is defined as: 

u = x - X (2.1.23) 

and the tissue deformation tensors are: 

(2.1.24 ) 
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1 = (V X) c 1 - (V u)C (2.1.25) 

in which: 

°v = L 
ax (2.1.26 ) 

V ~ 
ax 

(2.1.27) 

are the qradient operators with respect to the initial and current 

confiquration, respectively . 

It is easily shown that 

E • 1 I 

The tissue strain is described by Green's strain tensor : 

The relative volume change of the mixture is given by: 

J 
.llll _ .L.J..!ll 

R - R det [ 

Three different types of time derivatives are used: 

(2.1.28) 

(2 . 1.29) 

(2.1.30) 

- the partial time derivative ~t' i.e. the time derivative for an 

ob server fixed in space (x = constant). 

the local material time derivative ~ := .~., i.e . the time deriva

tive tor an observer tixed to the local material. This material can 

be blood or tissue accordinq to the phase in which we reside. 
. . ...lL 0 . 

- the averaqe tlssue tlme derlvatlve Ot := ... , l.e. the time deriva-

tive tor an observer fixed to the averaqe position of the tissue. 

The local material time derivative is linked to the partial time 

derivative accordinq to : 

!L _ L • 
dt - at + x • v (2.1.31) 
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in which ~ represents the velocity of the local material particIe. In 

particular, we can apply eq. (2.1.31) to the local value of: 

x -1 X (x) (2.1.32) 

of a blood particle. The vector x in eq. (2.1.32) represents the 

current position vector of the blood particle. The transformation X 

is the transformation defined in eqs. (2.1.13-14). Eq. (2.1.13) shows 

that the vector X does not represent the position vector of the blood 

particle at time t=O but represents the average initial position 

vector of the tissue particles currently surrounding the blood par

ticle (fig. 2.1.4). Substitution of eq. (2.1.32) in eq . (2 . 1.31) 

INITIAL 

CONFIGURATION 

OF THE TISSUE 

X(t) CURRENT 

CONFIGURATION 

Fig. 2.1.4. Change in time of the current position vector x of 

yields: 

ax 

a blood particle is transformed back to the initial 

tissue configuration. Note that the transformation 

X is different at different times. 

A • C 
x = at + x • 1 (2.1.33) 

àx 

in which x lim àt represents the absolute velocity of the blood 
àt .. O àX 

particle and ~ lim àt is the time derivative of the initial tissue 
àt .. o 
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position vector for an observer fixed to the blood particle (fig. 

2.1.4). Eq. (2.1.33) can be applied to a tissue particle and can thus 

be averaged over the tissue phase r T of the elementary volume r 

centered around the blood particle: 

axT 

(at )* + (~T)* • i C (2.1.34 ) 

This time, ~ represents the time derivative of X for an observer 

fixed to the local tissue particle. Due to the very definition of the 

initial position vector X, we know that: 

o (2.1.35) 

Substituting eq. (2.1.35) into eq. (2.1.34) and substracting the 

resulting equation from eq. (2.1.33), we obtain: 

~ (x - (~T)*) • i C (2.1.36) 

or 

• ·T * ~ • rC x (x ) + (2.1.37) 

Eq. (2.1.37) relates the absolute velocity ~ of a single blood par-

. • T * ticle to the velocity of the surrounding tissue (x > . 

The local material time derivative and the average tissue time 

derivative are related as follows: 

lL 
Ot (2.1.38) 

The physical meaning of the averaging signs in eq. (2.1.38) is the 

averaging of the time derivatives with respect to different ob

servers, each of them following individual tissue particles. 

The average tissue velocity can thus be written as: 



o 
u XL 

Dt ~ 
IL 
Dt ~ 

oT * <x ) 
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(2.1.39) 

As illustrated in chapter one (see section 1.5.3) the traditional 

description of the liquid phase in a saturated poreus medium does not 

allow the study of blood per fusion in soft tissue. In order to intro

duce a distinction between the different microcirculatory compart

ments, an arteriovenous parameter Xo is defined in terms of vessel 

diameters as illustrated in fig. 1.5.6. These diameters are measured 

in some definite reference state, e . g. at end-diastole and in case of 

maximal vasodilatation. 

It is now possible to define microcirculatory compartments as 

'arteriovenous parameter intervals' . In particular, we can define an 

infinitesimal compartment rb(Xo)dXo as the volume of all blood with 

an arteriovenous parameter between Xo and Xo + dxO in the deformed 

elementary volume r. We know that: 

a b 
I r (xo)dxo total intramyocardial blood volume in r 

r b blood volume per unit arteriovenous parameter 

~ lower bound of Xo in r 

a upper bound of Xo in r. 

(2.1. 40) 

To each infinitesimal compartment rb(Xo)dXo correspends a volume 

fraction nb per unit Xo (fig. 2. 1.5): 

b 
L
r 

which in the undeformed state equals: 

(2.1.41) 

(2.1.42) 
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n (Xo.X.t) . 

Cl. 

Fig. 2.1 .5. Blood volume fraction nb as a function of the 

arteriovenous parameter Xo in the elementary volume 

r centered at x at time t. 

It follows that: 

a 
nbdx = B 

B 
I n =L 

0 r (2.1.43) 
a 

and 

a b B RB 
I N dxo N =-R (2 . 1.44) 
a 

Any property f of the coronary blood can be averaged over the 
b infinitesimal blood compartments r (xO)dxO' according to eqs. (2.1.6-

7) : 

<fb)* 1 
I fdr b r (xO)dxO b r (xO)dxo 

(2 . 1.45) 

<fb) 1 I fdr r b r (xo)dxO 

(2.1.46) 

and similarly for eqs. (2.1 . 18-19). These different averages interre-
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c:;pb>*()(o, ~ ,tl 

b * Fig. 2 . 1.6. Blood pressure (p) as a function of the ar-

teriovenous parameter Xo in the elementary volume r 

centered at x at time t. 

late according to: 

b b b * <f ) = n dXo<f ) 

o<fb)* = <f b)* 

o<fb) = Nbdx o<fb)* 
o 

(2 . 1.47) 

b b * N dxo <f ) 

E.g., we can average the local blood pressure pb (fig. 2.1.6): 

b * <p) = b 
p dr (2 . 1.48) 

There is a definite blood flow corresponding to each compartment 

rb(xo)dxo ' Blood flow is a vectorial variable . In a deforming medium, 

this vector can be expressed in terms of the instantaneous configura

tion x or in terms of the initial configuration X. This leads to two 

different types of blood flow vectors : the small q's and capital Q's 

respectively. 

At point x of the blood phase, and at time t, the localvelocity of 

blood with respect to an observer fixed in space is: 
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x(x,t) 

The local velocity of blood with respect to an observer fixed to the 

tissue surrounding x is: 

o 
V = X 

oT * <x ) 

The spatial blood flow q is defined according t~: 

I v(x,t)dr 
b r (xO)dxO 

or 

q 

(2 . 1. 49 ) 

(2.1.50) 

Blood particles move from one coronary compartment to the other. As 

the arteriovenous parameter xo is different for different compart

ments, it is clear that the xO-value belonging to the compartment in 

which the blood particle currently resides, changes in time. We can 

thus define a material time derivative ~o for an observer fixed to 

the blood particle. This derivative quantifies the motion of a blood 

particle from one compartment to another. In analogy to eq . (2 . 1. 50) , 

the arteriovenous flow qo is defined according to 

From eqs . (2 . 1.41) , (2 . 1.45) and (2.1.51) we know that: 

_1_ 
rdxO 

(2.1.51) 

(2.1.52) 
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a 

Fig. 2. 1.7. One piece of vessel in a blood compartment 
b r (xO)dxO' 

Defining (fig. 2.1.7): 

5: arc length along the axis of a deformed piece of 

vessel 

a: cross-section of a deformed piece of vessel of 
b r (xO)dxO 

we can write: 

r a ds 
pieces of 
vessel 

dxO r 
pieces of 
vessel 

(2.1.53) 

Note that in eq . (2 . 1.53) use is made of the fact that dxO is con
b stant for all pieces of vessel of r (xO)dxO' For each piece of ves-

sel, we .can define a unit vector tangent to its axis: 

ox 
(2.1.54 ) 

The blood velocity relative to the tissue equals, according to eqs. 

(2.1 .36) and (2 . 1.49): 
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(2 . 1.56) 

Eq. (2 . 1.56) can be averaqed over one vessel cross-section : 

.. 
v = r • ~ (2.1.57 ) 

with : 

.. 1 J v da v a (2.1.58) 
a 

.. 
1 ~ J ~ da a (2.1.59 ) 

a 

It is reasonable to assume that the relative motion of blood versus 

the tissue is parallel to the blood vessel axis, 

oe 
V 0 e 

~s 
(2 . 1. 60) 

Assuminq 3~/3xO to be constant over the vessel cross-section, we can 

replace (2.1.59) by : 

3X 
oe .. 
t :: 0 -x 3xO 0 (2.1.61) 

with: 

" 1 • J • da Xo a Xo (2.1 . 62) 
a 

Hence: 

3X 
~ 

oe 

Ilvll (F • ~ XO) • e 
0 • 5 

3x 3X • c ~ 
.. 

[(3X) o 3xO xOl oe 
~S 
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-- x • e 
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Eq. (2.1.52) can now be rewritten: 

_1_ oe 

• ads) qo rdxO 
[ (xO 

pieces of 
vessel 

_1_ " QL • dxO) rdxO 
[ (xO a 

pieces of axO 
vessel 

1 
[ ( Ilvll al r pieces of ~ 

vessel 

(2.1 . 63) 

(2.1.64) 

From eq. (2.1 . 64) we see that qo represents the blood flow through 

all vessel cross-sections with arteriovenous parameter Xo per unit 

volume deformed myocardium. Furthermore, it follows that, if Xo = 0, 

qo is the regional capillary blood per fusion as defined in section 

1.1.4: 

qo(xo=O, x, t) = regional capillary blood perfusion per unit volume 

deformed myocardium . (2.1.65 ) 

It will be useful to write the blood flows qo and q as one four

dimensional flow vector: 

(2.1.66) 
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From the previous it is clear that the blood flow vector q is defined 

with respect to the current configuration. With respect to the ini

tial configuration X of the tissue, the arteriovenous flow QO and the 

spatial flow Q can be expressed as: 

(2 . 1.67) 

Q (2.1.68) 

The relationship between the spatial blood flows q and Q is obtained 

b by averaging eq . (2.1.56) over r (xO)dxO: 

(2.1.69) 

or, using eqs . (2.1.50) and (2 . 1.68) : 

q L' Q (2 . 1.70) 

The arteriovenous flow QO and the spatial flows Q farm a ' four-dimen

sional' flow vector: 

(2.1.71) 

2 . 1.4. Tissue and vessel wall stress ------------------------------------

Fig. 1.5.15 shows the different components which constitute the 

myocardial tissue: a dense fibre network and microvasculature, both 

embedded into a binding substance or soft incompressible material . 

The stress state of the tissue and the vessel walls in a definite 

deformed state caused by some external or internal load and described 

by a deformation tensor r is analysed as follows. Imagine, that first 

the fibre network and the microvasculature are subjected to the 

deformation r in the absence of blood and the absence of soft incom

pressible material. The stress in the fibre and the microvasculature 
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induced by this deformation is described by the loeal stress tensor 

~s (s solid). ~s is a Cauchy stress tensor, i.e. the stress tensor 

~s is defined per unit area deformed myocardium and with respect to 

the instantaneous position vector x. Further features of the stress 

tensor ~s are: 

* ~s is only defined in the muscle and col lagen fibres and in the 

vessel walis. Thus ~s is a discontinuous function of spaee. 

* The ~S-stress field does not balance the load which originally 

caused the deformation E because the deformed state E is an equi

librium state for the full myocardium and not for the myocardium 

devoid of blood and soft incompressible material. 

Assume now that we inject the incompressible material and the blood 

into the (already) deformed structure. The incompressible material is 
im b subjected to a pressure p ,the blood to a pressure p . The pressure 

pim is assumed to spread throughout the fibre structure, so that 

af ter injection the stress in the fibres equals: 

~ (2.1.72) 

im where p is the average pres su re of the surrounding soft incompres-

sible material. The vessels are subjected to an inner blood pressure 

pb and an outer intramyocardial pressure pim. This results in a total 

stress in the vessel walls: 

in 
tm p 

The 

which tm 
~ 

b im = p -p 

5 
Q. = ~ 

is the 

across 

stress due 

the vessel 

stress descriptors Q.s, pim 

(2.1.73) 

to the transmural pressure difference 

wall. 

and p tm are local stress descriptors. 

In general, these descriptors are discontinuous functions of space. 

In the averaging procedure, these local stresses are integrated over 

elementary volumes and give rise to ave rage stress descriptors, which 

are continuous functions of space. 

A first descriptor is the real-volume ave rage of the loeal intramyoc-
. * im * ardial pressure <plm> . This average intramyocardial pressure <p > 

will be named shortly 'intramyocardial pressure' at many places in 
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the text, as the distinction between local and average intramyocar

dial pressure is only of theoretical value . In chapter one, the 

notation pIM has been used for the average intramyocardial pressure. 

A second descriptor is the average transmural pressure <ptm>*: 

tm * ( ) b * ( ) _ <pim)* ( t) <p ) xo,~,t = <p) xo,~,t x, (2.1.74) 

Note that the average transmural pressure is a function of xO' i.e. 

it is different for different blood compartments. The notation <ptm>* 

has been shortened to pTM in chapter one. 

A third descriptor is the stress tensor ~, the bulk-volume average of 

the local Cauchy stress QS: 

(2.1.75) 

The effective Cauchy stress is defined with respect to the 

instanteous position vector x and per unit bulk area of the deformed 

myocardium. Closely related to ~, the effective second Piola

Kirchhoff stress tensor ~ will prove useful as weIl : 

(2.1.76 ) 

The effective second Piola-Kirchhoff stress is defined with respect 

to the initial tissue position vector X and per unit bulk area of the 

undeformed myocardium, and relates to ~ in a similar way as the blood 

flows Q relate to the blood flow q (see eq. 2.1 . 70). Eq. (2.1.76) is 

derived in Fung (1965, pp. 437-39). 

We should always keep in mind that the numeri cal values of the effec

tive stress tensors do not reflect the real values of the stresses in 

the fibres and vessel walls, not even approximatelY. There are two 

reasons for this. Firstly, only the stress QS is integrated in eq. 
s im (2.1.75), while the real stress in the fibres equals Q - p land 

the stress in the vessel walls equals QS_piml+~tm 
Secondly, 12. is not a real-volume ave rage of ~s but a bulk-volume 

average of Q5. 
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As a conclusion, we can say that the stress in the tissue and the 

vessel walls is described by three stress descriptors: the in

tramyocardial pressure, the transmural pressure difference across the 

vessel walis, and the effective tissue stress tensor. All three are 

averages of local stress values . 

2.2. The Slattery-Whitaker averaging theorem 

An essential property of the averages defined in eqs. (2.1.6-7) and 

(2.1.18-19) is the Slattery-Whitaker theorem. Proved simultaneously 

anè independently by Slattery (1967) and Whitaker (1967), it relates 

the average of the gradient to the gradient of the ave rage according 

to: 

with 

<vf> v<f> + 1 
I f da r X ar A(",ar) 

(2.2. 1) 

o<Vf> °v o<f> + 1 I f dA R 
aRxA(",aR) 

(2.2 . 2) 

arXA(",ar) (aRXA(",aR»: interface between phase rX{RX) and other 

phases of the (un)deformed volume r{R). 

da{dA): a vector of size da{dA), perpendicular to the surface 

element da!dAI of the interface, pointing away from the 
phase rX!RX). 

f: scalar-valued function representing alocal property of the 
X phase r . 

Corresponding expressions re lating the average of the divergence to 

the divergence of the average of a vector-valued function f are as 

follows: 

<V·f> v.<f> + 1 
r 

I f.da (2.2.3) 
X ~ 

ar A( ... ar) 

(2.2.4) 
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Equations (2.2.1-4) will be the key steps in the formal averaging 

procedures described in the next section of this chapter. The deriva

tion of this averaging theorem is found in Slattery, 1972, pp. 192-

196. An essential condition for the validity of eqs. (2.2.1-4) is 

that the averaging volume is kept constant in size and shape, and is 

not rotated when translated from one point of the domain to another. 

For eqs. (2.2.1) and (2 . 2 . 3), the averaging volume is r, which is 

constant in size and shape within the current configuration, which is 

also the configuration in which the gradient V is defined. For eqs. 

(2.2.2) and (2.2.4) the averaging volume is R, which is constant in 

si ze and shape within the initial configuration, which is also the 

configuration in which the gradient °v is defined. Thus, we can 

conclude that for all four equations the above condition is 

satisfied. 

2.3. Equilibrium eguations 

Equilibrium of an elementary volume r of deformed myocardium is 

provided if and only if: 

I ~.da I QX dr 
ar r 

with ~: Cauchy stress tensor 

Q: local density 

ar: boundary of r 

Neglecting inertial forces and subdividing the 

eqs. (2.1.3-4), eq. (2 . 3.1) transforms into: 

(2.3.1) 

r-space according to 

f ~,da + f Q,da + f Qtda + f Q,da = 0 
arB1Aar arFAar arWAar arBAar 

(2.3.2) 

I 11 111 IV 
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The viscous stresses in both the tissue binder and blood are 

neglected (viscoelasticity of the fibre structure is not neglected). 

Hence, terrns I and IV transforrn into: 

J Q.oda I 
irn da p (2.3.3) 

3rB1 A3r 3rB1Aar 

irn intramyocardial p pressure. 

I Q.oda I 
b da p (2.3.4) 

3rBAar 3rBAar 

b blood p : pressure. 

The muscle and col lagen fibres are considered as a body submerged in 

the gel-like binder. The intramyocardial pressure pim of the binder 

acts also upon the fibres. In this theory it is assumed that the 
im . im . . pressure p causes a compress~on stress -p ~n all the f~bres. 

Besides this compression stress, there is also a stress QS in the 

fibres due to the structural stiffness of the fibre structure itself: 

I Q.oda 

a/Aar 

In a similar way, the vessel wall stresses are split into: 

- intramyocardial pressure (pim) 

- stresses due to the difference between blood pressure and 

intramyocardial pressure (Qtm) 

(2.3.5) 

- stresses due to the contribution of the microvascular structure to 

the stiffness of the tissue as a whole (Qs). 

This yields: 

im 
p da + I 

3rwAar 

tm 
Q oda + 

(2.3.6) 

Reordering, assembling and dividing all the terms of the equilibrium 

by the volume r results in: 
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1 f pim da + 1 
I Q.soda + 

r r 
(3rBIU3rFU3rw)A3r (3rFU3rw)Aar 

+ 1 I 
tm 1 

I 
b 

= 0 (2.3.7) Q oda- p da r 
arWAar 

r 
arBAar 

Applying subsequently the divergence theorem and the Slattery

Whitaker theorem to the second term of eq. (2.3.7), yields: 

1 
r I 

F W (ar uar )Aar 
I 

(3rFUarW)A("'3r) 

1 
r 

I VOQ.s dr - 1 I 
F W ~ r F W 

r Ur (ar U3r )A(",3r) 

s . 
Q. oda 

I Q.soda = VO<Q.s> 
(arFUarW)A(",ar) 

In a similar way the first and third term of eq. (2.3.7) are 

transformed : 

r f pimda - V <pim> 

(arBIU3rFUarW)Aar 

1 tm tm r I Q oda V 0 <Q. > 
arWAar 

QSoda 

(2.3. S) 

(2.3.9) 

(2.3.10) 

The last term of eq. (2.3.7) needs more attention. The contribution 
b of each blood compartment r (xO)dxO to the last term of eq. (2.3.7) 

is: 

(2.3.11) 

Applying subsequently the divergence theorem and the Slattery

Whitaker theorem, yields : 



1 
r 
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b b * - ~(n <p ) )dxo (2.3.12) 

Integration of (2.3.12) throughout the xo-range yields for the last 

term of eq . (2.3.7): 

1 pb 
P b b * I da I V (n <p ) )dxO r 

3rBI\3r 
(l 

~ b b * - v I n <p ) dxO (2.3.13) 
(l 

Equations (2.3.8), (2.3.9), (2.3.10) and (2.3.13) are fitted into eq. 

(2.3.7) : 

s tm im P b b * V • <Q ) + V • <Q ) - V <p ) - V I n <p > dxO 0 
(l 

or: 

s tm B im * P b b * V • <Q ) + V • <Q ) - V[(1-n )(p >] - v[I n <p ) dxO] 0 
a 

or, using eq. (2 . 1.43): 

s tm im * P b b * im * V • <Q ) + V • <Q > - V<p ) - v[I n «p > - <p ) )dxO] = ~ 

(2 . 3.14) 

The second term of eq. (2.3.14) relates to vessel wall stresses due 

to the difference between the blood pressure <pb)* inside the blood 
im * vessels and the intramyocardial pressure (p > outside those blood 

vessels. In appendix A, it is shown that: 
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v • <~tm) ~ 0.78 V[j nb«pb)* 
a 

Therefore eq. (2 .3.14) transforms into: 

(2.3.15) 

~ b b * im * 0.22 V [J n «p) - <p ) )dxO] 
a 

(2.3.16) 

A second equilibrium to be fulfilled is the equilibrium across the 

vessel walls. The inner boundary of the vessel wall is subjected to 

the blood pressure pb. The outer boundary of the vessel wall is in 

contact with the binder and the fibres. The binder exerts a pressure 

pim on the wall. The fibres also exert a pressure pim on the vessel 

walls, but, in addition to this pressure, the stress QS could also be 

transfered partially to the vessel walls. These external loads result 

in a transmural pressure difference ptm, which, af ter averaging over 

an infinitesimal blood compartment takes the form: 

b * im * 5 <p > - (p > + g«~ » (2.3.17) 

where g«05» is a scalar function representing the overall effect of 

the effective stress in fibres which are directly connected to the 

vessel walls. If we accept the so-called tube-in-fluid assumption, 

i.e. no direct interaction between the fibre network and the vessel 

walls, g«05» vanishes, and we can write 

(2.3.18) 

As little knowledge is available on the form of the function g, eq. 

(2 . 3.18) will be used in this study. 
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2 . 4. Continuity eguations 

A5 the blood is assumed incompressible, conservation of mass of blood 

is equivalent to conservation of blood volume . The change in volume 

of an infinitesimal blood compartment rb(xoldXo is therefore equal to 

the blood volume which flows through the boundary arb(XoldXo : 

o (2.4 . 1) 

Dividing by the volume rand using Green's theorem, we find 

o (2.4.2) 

The 5lattery-Whitaker theorem is applied to the last term of eq . 

(2.4.2 l : 

with: 

* v 
ob x 

v.<~b> +! I ~boda 
a (rbdXo l A( ",ar) 

b ob * 1 
~.(n <~ > )dxO + r I voda (2.4.3) 

oT * <x > 

oT * <x > oda 

a(rbdXO)A(",arl 

the blood velocity relative to the 

surrounding tissue. 

o due to the substantial constancy of 

oT * 
<~) along the characteristic 

length of r. 

a(rbdXOlÁ(",arl is the sum of cylindrical surfaces, the jackets of 

which correspond to the vessel wall blood interface while the bases 
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are vessel cross sections corresponding either to AVP Xo or to AVP 

= Xo + dxO (fig. 2.4.1) . 

ARTERIAL 

VENOUS SIDE 

ór(xO+dxO) 

35 Fig. 2.4.1. A vessel piece of length ds = 3xO dxO' In order to 

transform the two last surface integrals of eq. (2.4 . 4) into volume 

integrals we 'build' elementary volumes ör upon each elementary 

surface da of the vessel cross sections with AVP = Xo and AVP = Xo + 

dxO (AVP = arteriovenous parameter) . 

Hence, the second term of eq . (2.4.3) can be split into: 

1 I 
r W-B 

interface 

Transmural transport across the vessel walls is neglected: 

1 I v.da 0 
r W-B ~ 
interface 

(2.4.4) 

(2.4.5) 
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The last two terms o~ eq. (2.4.4) need more attention. Fig . 2.4.1 

shows how for a single vessel the curvilinear xO-coordinate axis has 

its direction parallel to the blood velocity v. 

Hence: 

ox 
o 

V = - x oxO 0 (2.4 . 6) 

coinciding with the xO-axis, the s-axis is defined representing the 

di stance along the blood vessel axis. 

An elementary area da of a cylinder base surface equals the volume ör 

of a corresponding elementary cilinder divided by its height ~~o öxO; 

dil 
I5r (2.4.7) 

As da occurring in the last terms of eq. (2.4 . 4) is the outer normal 

of da, we obtain 

- for the arterial side (AVP=xO): 

da = (2.4.8) 

- for the venous side (AVP=xo+dxO): 

da (2.4 . 9) 

Introducing eqs. (2 .4.5), (2. 4.6), (2 . 4.8) and (2.4 . 9) into eq . 

(2.4.4), yields 

1 
r 

voda 

ox 
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ox 

+ rixo ~ ~o oXo 0 (~xO)6r 
r {xO+dxO)6XO 

(2 . 4.10) 

Substituting eq. (2.4.10) into eq. (2.4.3) and eq. (2.4.3) into eq. 
(2.4.2), yields: 

or 

(2.4.11 ) 

with 

,= ;~ol = [~] (2.4.12) 

(2.4.13 ) 

In a similar way, it can be shown for the tissue that: 

~ B B oT * ot (1-n ) + ~.«1-n )<~ ) ) = 0 
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or: 

anB B oT r 
- ~ + vo((1-n )<x > ) = 0 (2.4.14) 

Assumptions, similar to those mentioned for the blood continuity 

equation, are required here: 

- Incompressibility of the tissue 

- Transmural transport across vessel walls is negligible. 

Equation (2 . 4.11) can be integrated over the xo-range: 

or: 

or: 

~ P b ob * b 0 * lP at + f v 0 (n <~ > )dxO + n <xC> 
(l (l 

aBP b ob r 
a~ + I v 0 (n <~ > )dxo 0 

(l 

o 

o 

(2.4.15) 

Adding eq. (2.4.15) to eq. (2.4.14), yields the total continuity 

equation: 

P b ob * oT * oT * 1 v 0 [n «x> - <~> )]dxO + v 0 <x > 0 
(l 

or, according to eqs. (2.1.49), (2.1.50) and (2.1.38), 

p 0 

I v 0 q dxO + v 0 u = 0 
(l 

(2.4.16) 

(2.4.17 ) 
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2.5. The extended Darcy equation 

In this section an extended Darcy-type equation for microcirculation, 

embedded in largely deformable tissue, is presented. 

VESSEL IN 

UNDEFORMED 

STATE 

SAME VESSEL 

IN DEFORMED STATE 

Fig. 2.5.1. 

Defining: 

d: diameter of the deformed vessel 

D: diameter of the undeformed vessel 

s: curvilinear coordinate representing the distance along the 

vessel axis in its deformed state 

S: curvilinea;r coordinate representing the distance along the 

vessel axis in its undeformed state 
b n dxO: fraction of a deformed myocardial unit volume, 

~QL by the cylindrical blood volumes 4 axO dxO' 

occupied 

b N dxO: fraction of an undeformed myocardial unit volume oc-

. ~ aS cupied by the cylindrical blood volumes 4 axO dxO' 

We can establish the following relation between volume changes, 

length changes and diameter changes: 

b 
X'(R dxOl!x'(Rl 

RbdXo/R 
(2.5.1) 
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hereby assuming circular cross-sections to remain circular, and blood 

volume fraction changes to spread equally over all the volumes 

d211 3 . . ... 
--4-- ~ dxO' lrrespectlve of thelr orlentatlon. 

Circulatory compartments which do not fulfil these assumptions are: 

- veins, due to their collapsibility 

- capillaries, due to the phenomenon of capillary recruitment. 

These cases are not dealt with in this study. 

A quasi-steady state approach allows to apply poiseuille's law for 

the average blood velocity, relative to the tissue, in the deformed 

vessel piece ds (see fig. 2.5.1): 

with, 

d2 3 b --- Q1L 
321J(d) os (2.5.2) 

lJ(d): apparent blood' viscosity, i.e. the blood viscosity which, 

fitted into Poiseuille's equation, yields the real 

pressure-gradient/flow relation for vessels with diameter 

d. 

Eq . (2.5.2) takes into account the most dramatic consequence of the 

non-homogeneity of blood, namely the dependency of the apparent 

viscosity on the local vessel diameter (Fahraeus and Lindquist, 

1931). Assurning that IJ does not change when the vessels deform, we 

may write : 

(2.5.3) 

Using eqs. (2.1.63), (2.5.1) and (2.5.3), eq. (2.5.2) becornes: 

" D2nbJ aS 0 b 3xo • Xo = -Q1L-

321J(D)Nb 35 35 3s (2.5.4) 

or: 

~ 
oX 

" M 3 ~ ~ b • °v xo 
32IJNb (as) as as p (2.5.5) 
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ax 
Multiplying both sides of eq. (2.5.5) with a--, and using eq. Xo 
(2.1.61), we obtain: 

(2.5 . 6) 

Eqs. (2.5.5-6) can be joined together in the fOllowing notation: 

(2 .5 . 7) 

in which: 

(2.5.8) 

b Averaging eq . (2.5.7) over R (xO)dxO' yields : 

ax aX 
n b,. 0(D2 :!oe 3 ~ ~ b * 
~ (~) • °v p > 
32Nb ~ as as as (2 . 5.9) 

or , using eqs . (2.1.67-68) and (2.1.71): 

(2.5.10) 

In appendix B eq. (2.5.10) is transformed to the extended Darcy 

equation: 

(2 . 5.11) 

with : 
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..L ..L 
oxo oxo 

°v (2.5.12) 
L 0" oX 

and the conductance tensor K defined as: 

(2.5 . 13) 

or : 

2 dxO 2 * 2 oX 
<!L. (Q.S.) 3 <IL. (a.s.) 3 ~-=- I< 

(dS") > > 

K = Cnb)2J 
~ os ~ as dS 05 

32Nb 
oX oX oX 2 dxO ~ * 0..: aS 3 ~ ~ * <IL. (05)3 

~ os dS" as> <~ (as) as as > 

Note that the conductance tensor K is symmetrie and uniquely defined 

by the geometry of the microcirculatory bed and by the apparent 

viscosity of the blood. The axial blood vessel stretch ratio ~ is a 

function of the stretch ratio of the surrounding tissue alonq the 

axis of the blood vessel : 

aX rs = h(IIE· o~1I1/2) (2.5.14) 

ax 
where I IE • o~1 11/ 2 is the stretch ratio of the surrounding tissue, 

and h is a scalar function. 

In the special case of the undeformed state, the conductance tensor 

equals: 

(2.5.15 ) 

As a conclusion, we can say that the extended Darcy equation (2.5.11) 

describes the relation between average pressures and flows in an 

intramyocardial blood compartment. Eq. (2.5.13) and eq. (2.5.14) 
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illustrate how in the deformed myocardium this pressure-flow relation 

is dependent on the intramyocardial blood volume of the compartment 

(nbJ), on the tissue deformation tensor (r), on the undeformed . ax 
dxO b 

reference geometry of the blood compartment (--, ~, 0, N ) and on 
aS 

the apparent blood viscosity (~). 

2.6. The constitutive behaviour of the tissue 

2.6.1. Introduction 

In section 2.1.4 the effective second Piola-Kirchhoff stress ~ has 

been defined as an averaged stress in the tissue due to the deforma
tion of the tissue. The constitutive relation links the 2nd Piola

Kirchhoff stress to the Green-Lagrange strain tensor, its material 

time derivative and time: 

o 
~ == ~(Ä, &, t) (2.6.1) 

The stress ~ can be split in two parts: a passive stress ~p and an 

active stress ~a. 

1--------- i-I 
I I 
I I 
: I 
I I I I 
I I 
L------r----~ LT_J 

passive behaviour contractile behaviour 

Fig. 2.6.1. The rheological model of the heart muscle tissue. 

In the next two sections, the passive and active constitutive be

haviour are discussed. Finally, a short section will be devoted to 

the constitutive behaviour of the blood vessel walls. 



2-36 

2.6.2. Passive constitutive behaviour -------------------------------------

Experiments on isolated heart muscle specimens (Pinto and Fung, 1973, 

Demer and Yin, 1983) have shown that passive heart muscle is a highly 

non-linear viscoelastic material (fig. 2.6 . 2) . 

The large hysteresis, exhibited by the stress-strain relationship of 

heart muscle is fairly constant within a large range of loading 

rates. Also, it is seen that even for a large increase in loading 

rate, only a poor stiffening of the tissue occurs. The elastic 

response of the tissue is definitely non-linear: with increasing 

strain, the stiffness of the tissue increases. 

A very suitable description of this behaviour is the spectral form of 

quasi-linear viscoelasticity as proposed by Fung (1981) p.226-238. 

The effective second Piola-Kirchhoff stres ~p is an explicit function 

of the Green-Lagrange strain tensor E and the time t: 

(2.6.2) 

Expression (2.6.2) is split into two parts, one resulting from elas

tic compression of the myocardial tissue (~c), the other resulting 

from viscoelastic shape change of the myocardial tissue (~s): 

(2.6.3) 

The elastic compression stress ~c is derived from the isotropie 

strain energy function C: 

(2.6.4) 
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~ = 
~ 

10 UJ 
0:: ..... 
Vl 
LL.. 
LL.. 
Cl 
I 
I 
w 
0:: 
;;Z 

I 

8 ::s 
Cl 
iî 
Cl z 
8 
:7l 

6 

4 

2 --- RATE =0.0005 s-1 

GREEN- LAGRANGE STRAIN 

005 ; 10 01) 

Fig. 2.6.2. Non-linear viscoelastic behaviour of isolated heart 

muscle strips (Demer and Yin, 1983) . 

c 

J: Jacobian defined in eq . (2.1.30). 

cc : material parameter. 

(2.6.5) 

The viscoelastic stress ~s is derived from a quasi-linear relation 

(see Fung 1981, p. 226-253): 

(2.6.6) 
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The reduced relaxation function G(t) is isotropic . G(t) is derived 

from a continuous relaxation spectrum SeT) (Fung 1973, p. 232): 

G(t) 
-til ~ 1 

[1 + I S(l) e dl][1 + I S(l)dl]- (2 . 6.7) 
o 0 

S(l) represents the continuous relaxation spectrum of passive heart 

muscie. 

Suppose now, that a stress-free piece of heart muscle is subjected to 

a sudden shape change at time t=O . According to eq. (2.6.6), ~s 

immediately af ter the change (t=O+) is the elastic response ~e con

sidering that, due to eq. (2.6.7), 

G(O) (2.6 .8) 

In the case the deformation E is kept constant for t>O, the course of 

the stress ~s is given by: 

~s = G(t)~e for t>O (2.6.9) 

From eq. (2.6 . 9), the physical significance of the reduced relaxation 

function G(t) becomes apparent, G(t) represents the relative loss in 

stress of a piece of heart muscle at time t=t following a sudden 

shape change at time t=O. In fact, the reduced relaxation function of 

a papillary muscle has been experimentally determined by Pinto and 

Fung (1973). In chapter five, it will appear that a suitable spectrum 

fitting the experimental data of Pinto is: 

with 

S(l) 

S(l) 

for 

for 

11i 1 i 1 2 

T < T1 and T > T2 

d,So : relaxation constants 

which is borrowed from Maessen, 1983. 

(2.6.10) 

The spectrum (2.6.10) represents a continuo us distribution of Maxwell 

elements with relaxation times between 1 1 and T2 . As a result of this 
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choice, cyclic loading of the model will result in dissipation of 

energy within the frequency range ~ < f < ~. 
T T 

In the real situation of the beating heart, the shape of the myocar-

dium changes continually. The state of stress at time t is the in

tegrated result of the state of the myocardium at previous times 

t'<t. The deformation dä occurring during the time interval [t', t' + 

dt '] is: 

Dä 
dä Ot: dt ' (2.6.11) 

which results in an increase in stress at time t': 

(2.6.12 ) 

This increase in turn will have a contribution to the stress ~s(t) at 

time t, equal to: 

(2 . 6.13) 

Fig. 2.6 . 3. The elastic 

response of the tissue is 

describedin terms of alocal 

orthonormal basis (~1' ~2' 

~3)' The vector ~3 is parallel 

to the initial local fibre 

orientation. 
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Assuming the stress ~s(t) at time t, to be the linear superposition 

of the contributions (2.6 . 13) of previous states of the tissue at 

times t', t'<t, we end up with eq. (2.6.6) . The use of eq. (2.6.6) in 

a continuously deforming structure, therefore, relies upon the use of 

the superposition principle, although the elastic response of the 

tissue is non-linear. This is why eq . (2.6.6) is called a quasi

linear law. This type of approach to visco-elasticity will prove 

numerically very advantageous, as will be expounded in chapter three. 

The elastic response ~e is taken orthotropic. The three axes of 

orthotropy are specified in fig . 2.6.3 by the three unit vectors ~1' 

~2' ~3 ' The vector ~3 is parallel to the initial local fibre 

orientation. The stress ~e and the strain ~ can be written in terms 

of this local basis: 

se. B. • ~e • B . 
1J ~1 ~J 

(2.6 . 14) 

E .. B. • E • B. 
1J ~1 ~J 

(2.6.15) 

which are related to each other by a strain energy function W: 

57. 
1J 

oW 
~ 

1J 

A suitable function Wis: 

W 
n cf c (exp(a E11 ) cf a E11 

cf + exp(a E22 ) 

cf - a E22 + f exp(a E33 ) f 
- a E33 

+ (eXp(abE11 ) b b - a E11 )(exp(a E22 ) b - a E22 ) 

+ (eXp(a bE11 ) b b - a E11 )(exp(a E33 ) b - a E33 ) 

b + (exp(a E22 ) b b 
- a E22 ) (exp(a E33 b - a E33 ) 

(2.6.16) 

- 61 

(2.6.17) 
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with: 

n initial normal stiffness c 
s initial shear stiffness c 
cf exponential factor in cross fibre stiffness a 
f exponential factor in fibre stiffness a 
b exponential factor in biaxial stiffness a 
s exponential factor in shear stiffness a 

Hote that in the reference state (E .. =0) the strain energy function W 
1) 

vanishes. Also for any deformed state (E . . ;0), W is positive. The 
. 1) 

same is true for the function C (eq. 2.6.5). This property of 

positive-definiteness of the strain energy ensures that the model 
will, in the limiting case of pure elasticity (i.e . G(t) = 1, Vt), 

tend to return to the reference state upon removal of applied forces. 

This is what we would naturally expect an elastic body to do in this 

case. 

A further property of the strain energy functions C and W, is that 

the stresses ~c and ~e both vanish in the reference state (E .. =0). 
p1J 

This is not necessarily true for the total passive stress ~ which is 

history-dependent . This means that a viscoelastic body has no well 

defined stress-free reference state. 

A closer look at the expression (2.6.17) reveals that the arguments 

of the exponential functions contain, either linear expressions in 

the normal strains, or quadratic expressions in the shear strains. A 

consequence of this choice is that, whereas the shear stresses 

resulting from shear strain of opposite sign, are equal and of op

posite sign, the normal stress es resulting from normal strain of 

opposite sign are unequal and of opposite sign (fig. 2.6.4). 

rinally, it should be pointed out that the full value of the formula

tion of the constitutive properties stated here can only be evaluated 

af ter fitting the model with experimental data, as will be done in 

chapter four . 

In short, we can conclude that the passive stress in the heart muscle 

model is the sum of an elastic stress resulting from volume-change of 

the tissue, and a viscoelastic stress resultingfrom shape change of 
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the tissue. The former is defined by eqs. (2.6.4-5), the latter by 

eqs. (2 . 6.6-7), (2.6.10), (2.6.16-17). Four parameters describe the 

relaxation behaviour (1 1, T 2, d, SO"~ while seven parameters describe 

i= j 

COMffiESSI N TRACTlClN 

Fig. 2.6.4. Qualitative illustration of the shear behaviour, 

the compressive and tensile behaviour of the model. 

The low compress~e stiffness simulates the ten

dency of muscle fibres and col lagen fibres to 

buckle . 

2.6.3. Contractile behaviour ----------------------------

Let ~a be the active stress generated by the sarcomeres. ~a is 

measured per unit area deformed myocardium and is parallel to the 

current fibre orientation: 

(2.6.18) 

with: 

sa: scalar value of active fibre stress 

~3: unit vector parallel to the current fibre orientation 

The vector ~3 is related to the previously defined vector ~3 (see 

fig. 2.6.3) according to: 
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III·~311 
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(2.6.19) 

The stress tensor defined in eq. (2.6.18) is a Cauchy stress tensor. 

The corresponding 2nd Piola-Kirchhoff stress tensor equals: 

a = S ~3 ~3 (2.6 .20) 

Whereas the physical meaning of the active stress formulation 

(2 . 6.18) is more obvious than the meaning of eq . (2_6.20), the latter 

has a computational advantage which the former has not. The vector ~3 

is obviously time-independent, while the vector ~3 is not. This 

explains why the contractile behaviour of the muscle is described in 

terms of a second Piola-Kirchhoff stress JJ,a. Thanks to this formula

tion the rotation of the muscle fibresautomatically results in 

rotation of the active stress component without having to recompute 

the new orientation of the fibres at each time. step. Similar argu

ments show that the passive constitutive formulation described in the 

previous section automatically accounts for rotations of the axes of 

anisotropy. A more detailed exposition of .these matters is found e.g. 

in Fung (1965) chapter 16. 

A third active stress, the 1st Piola-Kirchhoff active stress Ta, will 

prove useful when comparing the model results with the experiment: 

(2.6 . 21) 
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For a papillary musele experiment the measured load on the musele 

equals the average first Piola-Kirehhoff stress times the initial 

eross-seetion of the musele. 

Let the initial sareomere length be LS . The eurrent sareomere length 

IS equals: 

(2.6.22) 

The stress Ta is given by : 

with: 

TaO maximum aetive stress during isometrie 

eontraetion 

- At (ts ): time dependeney 

Al(ls): length dependeney 
o 

AV(ls): veloeity dependeney 

(2.6.23) 

t S time elapsed sinee initiation of aetivation of 

the loeal sareomeres. 

The time dependeney At(ts ) is borrowed from Arts (1978) and Arts et 

al. (1982): 

with: 

1 _ 1 
1+(tS/lS1)4 

1 - ------'----:--
tS_l d 4 

1+max[O,1-(~) ] 
l 

deseribes the rise in aetivation 

(2.6.24) 

(2.6.25) 

(2.6.26) 

deseribes the deeay of the aetivation (fig. 2.6.5). The duration of 

the eontraetion ld is initially set at the value: 



with: 

d 
T 

1 

0,5 
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o (2.6.27) 

(Gd) 12r 

-~--- ------ -- --

Fig. 2.6.5. Time dependency of the active stress as described 

by Aits et al., 1982. 

151 : extrapolated sarcomere length for which the duration 

of the contraction equals zero. 
51 v slope of relation duration activation versus initial 

sarcomere length. 

The relation (2.6.27) mathematically represents the experimental fact 

(e.g. van Heuningen et al., 1982) that duration of contraction in

creases with increasing sarcomere length. Once contraction is 

initiated, the duration of activation Td is further adapted according 

to the differential equation (Arts, 1978): 

(2.6.28) 

where b is an empirical parameter . The length-dependency is also 

borrowed from Arts (1978): 
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1 s 2 A (1 ) = max(O, 1 + x - Ix +0.01) (2.6.29) 

where x is a dimensionless quantity dependent on the sarcomere 

length : 

with: 

lS_lsm 
x = --

lC 
(2.6.30) 

lsm: sarcomere length at which the active stress levels 

off (fig. 2.6.6). 

lC : characteristic length (= 1 ~m). 

o 
The velocity dependency AV(ls) is of the form: 

with: 

o 
A v ( 15) = max (0, 

05 sd 50 ' sd 
arctan(hll +y ) - arctan(h(-y +y l») 

sd 50 sd arctan(h v ) - arctan(h(-v +v )) 

I 
-+------

I 
I 

I 
I 
+-

(2.6.31) 

Fig. 2.6.6. Length and velocity dependency as described by eqs. 

(2.6.29-31). 
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vsd velocity of sarcomere shortening at which the force

velocity curve shows a deflection point (fig . 

2.6.6) . 
50 

V velocity of sarcomere shortening at which the active 

stress vanishes (fig. 2.6 . 6). 

In conclusion, we can say that the active second Piola-Kirchhoff 

stress ~a given by: 

~a (2 . 6.32) 

is dependent upon: 

- the initial fibre orientation (~3) 

- the initial and current sarcomere length (Ls , 15) 
o 

- the velocity of sarcomere lengthening (15) 

- the time elapsed since initiation of activation (ts ) 

2.6.4. Constitutive behaviour of the vessel walls ---- - --------------------------------------------

The constitutive behaviour of the vessel walls is assumed non

linearly elastic. This elasticity is described as a relationship 

between the average transmural pressure difference <ptm)* of an 

infinitesimal blood compartment RbdXO and the relative volume change 

of this compartment. Initially, the volume of the compartment equals 
b R dXg. In the deformed state, the volume of the compartment equals 

x'(R dxO)' The relative volume change of the compartment equals, 

according to eq. (2.5. 1) : 

(2.6.33 ) 

Thus we can describe the elastic behaviour as follows : 

(2.6.34) 

b or, as N is a constant in time: 



2 . 7 . Summary of the eguations 

The equations derived thusfar are : 

- Global equilibrium: 
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P b IM 
0.22 V I n (p-p )dxO 

- Vessel wall equilibrium : 

- Blood continuity: 

a b bO 
~ + v • (q + n u) -at 

- Total continuity: 

p 0 

J Voq dxO + V.U 0 
a 

- Extended Darcy equation: 

a 

o 

- Constitutive relation of the tissue (active + passive) 

o 
~ = ~p + ~a ~(ä,E,t) 

- Constitutive relation of the vessel walls 

(2.6.35) 

(2 . 7.1) 

(2 . 7.2) 

(2.7.3) 

(2.7.4) 

(2.7.5) 

(2.7.6) 

(2.7.7) 
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The equations (2.7.1) to (2.7.7) correspond to the eqs. (2.3.16), 

(2.3.18), (2.4.11), (2.4.17), (2.5.11), (2.6.1) and (2.6.35), respec

tively, except that the fOllowinq abbreviated notation is used: 

l? = <2.s ) (2.7.8) 

IM . * 
P = <plm) (2.7.9) 

p = <pb)* (2.7.10) 

TM <ptm)* p (2.7 . 11) 

(2.7.12) 

~=[O =[ 0 
o T * 
~ <~ ) 

(2.7.13) 
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3. RUMEBICAL SOLOTION MEIHOD 

3.1. Division of the problem into a deformation model and a perfusion 

model 

In this section the equations presented in section 2.7 of the pre

vious chapter are simplified to two sets of equations, one of which 

allows to compute deformation, stress and intramyocardial pressure, 

while the other describes coronary blood per fusion for a given in

tramyocardial pressure distribution. Reduction of the programming 

task and of the computation time is the main reason for this 

simplification. 

3.1.2. The deformation model 

The set of equations used for the deformation model are Biot's equa

tions (Biot, 1972) for a two-phase deforming medium. These equations 

are obtained from eqs. (2.7.1-7) by neglecting all transmural pres

sure differences across the vessel walis: 

(3.1. 1) 

Fr om this follows immediately that blood pressure equals intramyocar

dial pressure (see eq. (2.7.2)): 

p 
IM 

P (3.1.2) 

d . h IM b' . d d f . an ,WIt P eing In epen ent 0 XO' that arteriovenous pressure 

differences vanish: 

(3. 1 .3) 

It is obvious that such an assumption prevents the model from 

describing any coronary flow. However, this choice is made because of 
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the computational advantage of the simplification and because the 

liturature seems to indicate that the influence of the intracoronary 

blood volume on myocardial mechanics is small (section 1.2.2). To 

which extent this assumption will influence the computed deformation 

and stresses is a question that will not be answered in this study. 

The question will however be reconsidered in section 5.7. 

The equations resulting from assumption (3.1.1) are: 

- Global equilibrium: 

- Total continuity: 

~ 0 

V • I q dxo + v • u 0 
IX 

- The integrated form of the extended Darcy equation 

~ 0 

- I K dxO • V P 
IX 

- The constitutive relation of the tissue: 

Eq. (3.1.6) can also be written as: 

or I due to eqs. (3. 1 .2) and (3. 1 .3) : 

[

0 IMj ~ V P 

- ~ K dxO • 0 

(3.1.4) 

( 3 . 1 .5) 

(3.1.6) 

(3.1.7) 

(3.1.8) 

(3.1.9) 
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As the arteriovenous blood flow QO is of no value in this context, we 

reduce eq. (3.1.9) to : 

~ f3 0 IM f Q dxO - I K dxO • v p (3. 1 .10) 
Cl Cl 

with, due to eq. (2.5.13): 

(nb)2J2 D2 
3x ax 

3S 3 ~ ~ * K < (as) as oS > 
32rf 1.1 

(3.1.11) 

Eq . (3.1.11) relates the reduced conductance tensor K to the geometry 

of the micro-vasculature and the apparent blood viscosity Il. 

Eq . (3.1.10) can be written as: 

Q 

with : 

o iM -K • v p (3.1 . 12) 

( 3 . 1 . 13) 

(3.1.14) 

Eq. (3.1 . 12) is the three-dimensional form of Darcy's law as men

tioned in chapter 1, eq. (1.5 . 2). Thus, Darcy's law has been derived 

from the extended Darcy equation assuming that transmural pressure 

differences vanish . 

Similarly, we write instead of eq. (3.1.5): 

0 

V • ei + V • u 0 (3. 1 . 15) 

with: 

f3 
q f q dxO (3.1.16) 

Cl 
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The relation between 4 and Q follows from eq . (2.1 .70): 

4 = I • Q (3.1.17) 

Substituting eqs. (3.1.17) and (3.1.12) in eq. (3 . 1.15), yields: 

o 0 

V • u - V • (E • K. V pIM) = 0 (3 . 1 .18) 

Partly for numerical reasons, and partly because of lack of data on 

the geometry of the intramyocardial coronary vasculature, the depend

en ce of the permeability tensor K upon the deformation (eq . 3.1 . 14) 

is simplified . Firstly the buckling and stretching of the vessels is 

neglected: 

Q.2-aS - (3.1 . 19) 

b 
. n Secondly, it will be assumed that the ratio ~ is independent from 

N 
the arteriovenous parameter xo' whence: 

f3 

b J 
L_ a 
Nb - f3 

J 
(3.1. 20) 

a 

where nB/NB is the ratio of the porosity of the deformed tissue over 

the porosity of the undeformed tissue. Using eqs. (3.1.19) and 

(3.1.20), transforms eq. (3.1.14) into 

(3.1.21) 

o. 
where K represents the permeability of the undeformed myocardium: 

o. 
K (3 . 1.22) 

As both blood and tissue are assumed incompressible, one can write: 
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J-1 (3 . 1.23) 

Substitutinq eq. (3.1.23) in eq. (3.1.21) yields: 

(3.1.24) 

The equilibrium equation (3.1 . 4), the continuity equation (3.1 . 18) 

and the constitutive relations (3.1.7) and (3.1.24) are the equations 

qoverninq the deformation model used in the subsequent numerical 

analyses. 

A5 explained in the previous section, the deformation model computes 

deformation, stress and intramyocardial pressure, neqlectinq the 

pressure drop across vessel walis. The perfusion model will compute 

blood flow and blood pressure in the coronary vascular bed usinq the 

aiready known intramyocardial pressure as extravascular pressure. 

This computation accounts for the transmural pressure drop across 

vessel waIls, but neqIects myocardial deformation. Therefore, it is 

assumed that: 

u = 0 (3.1.25) 

and hence: 

J (3.1.26 ) 

f. = t. .1 (3.1.27 ) 

o q (3.1.28 ) 

o 
V V (3.1.29) 

Substitutinq eqs. (3.1.25-29) into eqs. (2 . 7.2), (2.7.3), (2 . 7 . 5) and 

(2.7.7), yieIds: 
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- the vessel wall equilibrium: 

p 

- the blood continuity: 

- the extended Darcy equation: 

-I • , p 

- the constitutive relation of the vessel walls: 

The conductance tensor K is given by: 

,~b \ 2 0 

1 =..I..!L..L K 
(Nb )2 

o 
where K represents the conductance tensor for nb Nb: 

o 

3.2 . The weighted residual method 

(3.1.30) 

(3.1.31) 

(3.1.32) 

(3.1.33) 

(3.1.34) 

(2.5.15) 

In the previous section, equations have been derived for the deforma

tion model and the per fusion model. In this section these two sets of 

equations are moulded into a weighted residual form. Subsequently the 

weighted residue equations are discretized according to the Galerkin 

method, hereby following previous authors (Meyer 1985, Oomens 1985) 

who dealt with similar equations. A Crank-Nicholson time integration 
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scheme is used. Non-linearities of the equations are accounted for by 

means of an iterative procedure within each time step. 

3.2.2. Deformation model 

The following set of coupled equations are to be solved: 

IM V • ~ - V P = 0 (3.1.4) 

o 0 

V • U - V • (E • K. V pIM) o (3.1.18 ) 

The corresponding weighted residual equations are obtained by multi

plying eq. (3.1.4) by an arbitrary vectorial function h, eq. (3.1.18) 

by an arbitrary scalar function g, and by integrating the resulting 

equations over the deformed volume of the myocardium v: 

f (V • ~ - V pIM) • h dv = 0 
v 

o 0 IM 
f (V • u - V • ([ • K. V p »g dv = 0 
v 

(3.2.1) 

(3.2.2) 

Because hand gare arbitrary functions, eqs. (3.2.1) and (3.2.2) are 

equivalent to eqs. (3.1.4) and (3.1.18). 

With the identities: 

(V • §.) • h v. (§. • h) - §. (v h) C 

and: 

IM IM 
V • (p h) - p (v. h) 

and af ter applying G~uss' theorem we find for eq. (3.2.1): 

(3.2.3) 

(3.2.4) 



where : 
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I [~: (V h)c - pIM(V • h)]dv 
v 

1 [(§.. h) - pI~] • da 
()v 

()v: the boundary of the deformed myocardium 

(3.2.5) 

da: an outward normal of size da on the boundary av. 

The volume v and surface ()v change in time. As it is more practical 

to express the equilibrium in terms of time-independent integral 

boundaries, we transform the expres sion (3.2.5) into the initial 

configuration X and the corresponding initial volume V of the myocar-

dial wa 11 : 

«tC. 
0 

C 
0 

I [§.: V)h)c - p(t • V) • h]J dV 
.V 

I [ (§. • h) _ pI~] • J t C • dA (3.2.6) 
()V 

In the transition from eq. (3.2.5) to eq . (3.2.6) the identity : 

da J tC • dA (3.2.7) 

is used. The derivation of eq. (3 . 2.7) is found in appendix C. 

Using the identities: 

A : (5. • C) (A • 5.) ç, 

AC Tl = A ~ 

(A • V) • b = A (V b) (3.2.8) 

equation (3 .2.6) becomes: 



J [(i • ~ J) 
V 
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J [~. h - pIMb] • J i C • dA 
av 

The stress along the boundary aV can be written as: 

where: 

IM C 
(~ • h - p h) • J i • dA 

L 

IM dA • J i • (~ • h - p h) 

L • h dA 

dA 
IM 

IldA11 • J i • (~ - 1 p ) 

(3.2.9) 

(3 . 2.10) 

(3.2.11 ) 

(3 . 2.12 ) 

The vector L can be physically interpreted as the stress along the 

boundary surface cv measured per unit area of the undeformed myocar

dial surface av o 
The stress along the endocardial surface balances the intravent-

. 1 LV rlCU ar pressure p 

dA 
~ LV 

L = TTdATT • J i p (3.2 . 13 ) 

while along the epicardial surface the stress is assumed to vanish : 

L 0 (3.2.14 ) 

At this point of the analysis, it seems appropriate to introduce the 

second Piola-Kirchhoff stress 2 in eq. (3.2.9), which appears in the 

constitutive relation of the tissue (3.1.7) . The second Piola

Kirchhoff stress 2 is related to the Cauchy stress ~ according to: 

(2 . 1.76) 
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or: 

C 
~ • r = J t • ~ (3.2.15) 

Substituting eq. (3.2 . 12) and eq. (3.2.15) in eq. (3.2 . 9) yields: 

f [li • rC : (oV h)C pIM J t C 
V 

f L. h dA 
av ~ 

o 
V h]dV 

(3.2.16) 

A5 the numerical analysis will be executed in an incremental form, 

the material time derivative of eq. (3.2.16) is taken, i.e. eq. 

(3.2.16) is differentiated with respect to time for an observer fixed 

to the tissue: 

0 

rC 
o. 

h) C + ~ • °c 0 

h)C]dV J [li • V r. V 
V 

0 0 IM 0 
tC 

0 

-I [ IM J fC V h + p J V h p -
V 

+ pIM J °c 0 

t V h]dV 

0 

I L • h dA (3.2.17) 
av ~ 

Similarly, the material derivative of the constitutive relation 

(3.1.7) is taken: 

a~ 00 

a~ + ~ 
a~ 
-cr 
a~ 

a~ a~ 
or, as the fourth order tensors aE and -cr are symmetrie: 

a~ 

o a~ a~ 

s. = at + at 
o a~ 
E. + -cr 

ag 

00 

t (3.2.18) 

Substituting eq. (3.2.18) into the equilibrium equation (3.2.17) 

yields: 



o~ 00 
+ (-cr t). { 

o~ 
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°v h)C + 5 • ~C 

OlM C °v h + plM ~ _fC - f [p J i °v h + plM J tC 
v 0 

f L. h dA 
av ~ 

o 
v h]dV 

(3 . 2.19) 

Before discretising the equilibrium equation (3.2.19), analogous 

mathematics is first applied to the continuity equation (3.2.2). 

Using Gauss' theorem one obtains: 

0 0 
pIM) f [g V • U + (I. • K • V • Vg]dv 

v 

0 
V plM)g • 1 (F • K • da (3.2.20) 

ov 

Written in terms of the initial configuration X the continuity equa-

ti on (3.2.20) takes the form: 

I [g i C • 
V 

o 0 0 

V • u + (K. V plM) • 

o 
I (I.. K. V plM)g J t C • dA 
av 

o 
Vg]J dV 

The blood flow across the boundary oV can be written as: 

o 
([ • K. V plM)g • J LC.dA Q 9 dA 

(3.2.21) 

(3.2.22) 

where Q represents the blood flow across the boundary surface av 

measured per unit area of the undeformed myocardial surface avo 

Substituting eq. (3.2.22) in eq. (3.2 . 21) yields: 

o 0 lM 
V • 8 + K. V p • 

I Q 9 dA 
av 

o 
vg]J dV 

(3.2.23) 
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The equilibrium equation (3 . 2.19) and the continuity equation 

(3.2.23) are coupled equations and will be solved by means of the 

finite element method. The independent variables of the coupled 

equations are the dis placement u and the intramyocardial pressure 

IM 11 h . .. h d d h p . A ot er quant1t1es are 1n one way or anot er epen ent on t e 

displacement or pressure or both. In order to find an approximate 

solution for the set of equations, the myocardial continuum is sub

divided into a number of elements of finite dimension. The displace

ment of the tissue and the intramyocardial pressure in one element 

are approximated by means of shape functions: 

(3.2.24) 

(3 . 2.25) 

with : 

u the displacement of node cr 
~a 

IM Pr the intramyocardial pressure of node r 

nU number of independent nodal displacements u per 
~a 

element 

number of independent nodal intramyocardial pres-
IM per element sures Pr 

shape function for the displacement field 

shape function for the pressure field 

Summation convention is usedj i.e., when an index occurs twice in a 

product term, summation is implied with respect to all its possible 

values, provided one deals with an upper and lower index. Small Greek 

characters take values from 1 to nU, capital Greek characters take 

values from 1 to nP while small Latin characters take the values 1, 2 

and 3. The geometry of the finite elements is described in terms of 

the shape function Ha and the nodal position vectors ~ : 

(3.2.26) 
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From eqs. (3 . 2 . 24), (3.2.26) and (2.1.24) follows: 

f. = 

• x 
~Cl 

(3.2.27 ) 

(3 . 2.28) 

(3.2.29) 

where x represents the position of the node Cl in the deformed state. 
~Cl 

Once the shape functions HCl and Gr are chosen, the problem of sol ving 

the coupled equations is reduced to finding the appropriate nodal 

displacements and pressures. This is achieved by constructing a set 

of equations the number of which equals the number of unknown nodal 

variables. The set of equations is obtained by choosing the shape 

functions HCl and Gr as weighting functions in eqs . (3.2.19) and 

(3.2.23): 

h ha Ha • 1, ... , n u k 1,2,3 (3.2.30) 
~k ~k a = 

9 Gr r 1, ... , nP (3.2.31) 

~k are covariant base vectors associated with a curvilinear coor

dinate system (8 1, 82, 83) in the initial configuration: 

k 1,2,3 (3.2.32 ) 

The nodal displacement u can be expressed in terms of the covariant 
~a 

base vectors g.: 
~l 

u 
~Cl 

(3.2.33) 
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where ui are the contravariant components of the vector u with 
Cl ~Cl 

respect to the curvilinear coordinate system (8 1, 82, 83), The nodal 

velocity is expressed as: 

o 0 
Ui 

~Cl = Cl ~i (3.2.34) 

For the sake of convenience the following third order tensor is 

introduced: 

(3.2.35) 

substitution of eqs. (3.2.24-31) and (3.2.33-35) in eqs. (3.2.19) and 

(3.2 . 23) yields af ter some manipulations: 

Vaa 
00 

+ paar 
0 Ot s s 

u~ u~ u rs rst "1 

+ (Ea~ + Ia~ + Na~ 
0 

+ Ma~)us 
rs rs rs rs ~ 

0 
+ ra~ aS 

0 

+ Raa IM LCl 
r Pa rs p r 

Rra 
0 

+ Ara IM Qr r 
r u~ Pa 

(3.2.36) 

In the equations (3 . 2.36) the submatrices are given by (see Appendix 

D) : 

Va~ ma)C 
a~ 

rC Il~ = f • 9 r.,.· 9 • dV (3.2.37) rs V ~r aE ~s 

pa~"1 (IlCl )C 
a~ 

(1l~)C • Ll r dV f • 9 r • .,. . 
• <J ~t rst V ~r aE. ~S 

(3.2.38) 

Ea~ ma)c • 
as. 

!,lp I ~r r • aE. 're 9 • dV (3.2.39) rs V ~s 

IClP I S. m.Cl) C • 9 • q • !l dV (3.2.40) rs V ~r ~S 
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N;: - ~ Ge p!" J(fc:(~a)c , ~r)(fC: (QP)c , ~s)dV 

(3.2.41) 

(3.2.42) 

RrB - J Gr J(fC: mP)C) ", ~r dV r V 
(3.2.43) 

Tap 
a~ 

(Da)C QP dV J at 'g 'g , rs V ~r ~s 
(3.2.44) 

0 0 
La J L , Ha , 

~r dA r aV ~ 

(3 . 2 . 45) 

Are 
0 

Gr ) 
0 

Ge J dV - J ( v , K ' v (3.2.46 ) 
v 

Qr - J Q Gr dA (3.2.47) 
av 

In the above expressions the tensor E is given by eq. (3.2.28), while 

the tensor 1 is obtained by inverting the tensor E. A shorter nota

tion of eq. (3.2 . 36) is as follows: 

00 

+ 

(3.2.48) 

~IM 
where the column u contains all nodal displacements, the column p 

contains all nodal pressures, the matrices V, P, R, T, Ä contain all 

the elements of the corresponding matrices in eqs. "(3 . 2.37), 

(3 . 2.38), (3.2.43), (3.2.44), (3.2.46), whereas H contains all ele

ments of: 

(3.2.49) 

and L contains all elements of: 
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(3.2.50) 

~IM . 
Let now the nodal displacements u and nodal pressures Pn at tlme tn 

n ~IM 
and the nodal displacements un- 1 and pressures Pn-1 at time t n- 1 < tn 

be known . The incremental displacements and pressures corresponding 

to the time step 

6t = t - t n-1 n n (3.2.51 ) 

are: 

llu u - u n-1 n n 

~IM ~IM ~IM 

llPn Pn - Pn-1 (3.2 . 52) 

IM The unknown incremental state variables 1l~n+1 and llPn+1 corresponding 

to the time-step: 

(3.2.53) 

are computed iteratively. A first approximation can be obtained by 

the following substitutions in eq. (3.2.48): 

0 llu 
u = ~ 

lltn+1 
(3.2 . 54) 

0 ~IM 

~IM llPn+1 
p 

lltn+1 
(3.2.55) 

llu /lu 
2 (---1l±.1 ----1l 

00 lltn+1 
-H) 

n u 
lltn+1 + llt n 

(3.2.56) 

0 

Ln+1-Lo 
L 

6tn+1 
(3.2.57) 

x = 9 xn+1 + (1-8)Xn (3.2.58) 
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~IM ~IM + (1_8);IM (3.2.59) p BPn+1 n 

° 80n+1 + (1-8) On (3 . 2.60) 

V 8Vn+1 + (l-B)V (3.2_.61) 
n 

etc. , 

where the indices n denote values of the variabie at time tn' or 

increments of the incremental variabie during the time step àtn . The 

factor 8 in eqs. (3.2.58-61) is the so-called Crank-Nicholson time 

integration constant which can take values between 0 and 1 . When 8=0 

the time integration is explicit. When 8=1 the time integration is 

implicit. 

The eqs. (3.2.54-61), in which equations such as eq. (3.2.61) are 

rewritten as: 

V V + 8àVn+1 n 
~ V + 8 (a?) àUn+1 (3.2.62) n au n 

are substituted into eq. (3.2.48). Af ter multiplication by àtn+1, and 

af ter omission of all terms which are quadratic or of higher order in 

the unknown incremental variables, the following set of linear equa

tions is obtained: 

[:; : 
2 (ij +8 (~) àu 

n ay n n ai-
-----"""'-"'--- + [T + ( ~) xn] B à t R 
àtn+1 + àtn n au n n 

(3.2.63) 

or, in short notation : 
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(3.2.64) 

The matrix ln is the tangent modulus m~trix. The column àXnt1 con

tains known quantities. The solution àX~t1 obtained from solving the 

eq. (3.2 . 64) is an approximation of the exact incremental displace

ments and pressures. Due to eq. (3.2.24), the nodal displacenients 

contained in the array à;~tl exactly satisfy the condition for 

continuity. Similarly, trom eq. (3.2.25) the nodal pressures exactly 

fulfill the condition of equilibrium. However, the equilibrium equa

tion (3.2.19) and the continuity condition (3.2.23) are only ap

proximately satisfied, as eq. (3.2.64) results from a linearisation 
~O 

of these two equations . In order to check whether the estimate àXnt1 
meets these 

~O 

forces Lnt1 
integrated 

two conditions sufficiently weIl, the total reaction 
~O 

at time t nt1 together with the total nodal outf~~w Znt1' 

from t=O to t=tnt1 , are derived from the array àxnt1 : 

_ I Ga( IM)O JO (f.C)O 
V Pa n+1 n+1 n+1 

na. dV 
.... ~k (3.2.65) 

n-1 
= I (l-JO )Gr dV t [[9(ArapIM) + 

V n+l a J·t1 

+ (1_8)(Ara IM) ]àt Pa n nt1 

j=O 

(3 . 2.66) 

The expression (3.2.65) is the discretised form of the left-hand side 

of eq. (3.2.16). The expression (3.2.66) results from discretisation 

and time integration of the lefthand side of eq. (3.2.23) (see appen

dix E) . If the residues: 

(3.2.67) 

n 
j:O [9 Qjt1 t (1-8)Qj]àt j +1 (3.2.68) 
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are sufficiently small, we consider the estimate à;~+1 to meet the 

conditions of equilibrium (3.2.16) and continuity (3.2.23) suffi

ciently well. If not, we compute a correction 
~O 

estimate àXn+1, from the equation: 

l-O -Ln+1 - Ln+1 
-0 ~ 1 
[n+1 àX n+1 

~O n 
Zn+1 [ [8 Qj+1 + 

j=O 

~1 

àXn+1 to the first 

(H)Ö;lAtJ 
(3.2.69) 

~O ~1 

and we find a new estimate àXn+1 + àXn+1 for the incremental dis-

placement and pressure of the time step àtn+1. Also, this estimate is 

checked for accuracy according to eqs. (3.2.65-66), and if the 

residues are still too large a second iteration is needed. The itera

tive procedure ends when the residues: 

(3.2.70) 

~i n 
Zn+1 - [ [8 Q)'+1 + (1-8)Q.]àt. 1 

j=O ) J+ 
(3.2.71) 

are sufficiently small. 

The iterative procedure expounded here is the well-known Newton

Raphson iterative procedure. However, a few modifications to this 

procedure appeared to be useful: 

- the stiffness matrix [ is made symmetrie 

- the stiffness matrix [ is computed only once every kth iteration (k 

is var iable) . 

- the tangent modulus matrix [ is substituted by a slightly stiffer 

matrix. 

The first modification allowed the use of the non-commercial frame

work package NONSYS (~ NONlinear SYStems) developed at the Eindhoven 

University of Technology. This option seemed promislng because of the 

computational advantage of a symmetrie stiffness matrix and because 

the majority of the components of ralready fulfill this condition of 

symmetry. 
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The second modification is introduced because recomputing t every 

iteration is very time-consuming . The stiffness matrix is recomputed 

only every 6 to 10 iterations. 

The third modification has several advantages. It allows simplifica

tion of the expression for tand thereby reduces the programming 

task. It allows the use of the same stiffness matrix in a larger 

number of iterations and avoids unneccessary oscillations of the 

estimate. 

Tt should be obvious that all these modifications concern only the 

predictor equation (3.2.64), while the corrector equations (3.2.65-

66) remains untouched. The new predictor is as follows: 

2V 
1~TM (a~) T Hn + n 

+ Tn8L'l t n+1 Rn OHn+1 Atn+1+lltn + ïPn au n 

RT + l(a~) ~IM 

8lltn+ 1 A ij L'ltn+1 n 2 au n Pn n 

.:. ~ 2V L'lu n n 
L'lun+1 Ln+1 - L - T x 

Mn+1+Mn n n n 

~IM 

L'lPn+1 [OQn+1 + (1- 0) Qn -
- ~IM 

AnPn ]lltn+1 
(3.2.72) 

in which : 

(Vila) J mil) Cog 
a~ 

.~ o IlB dV V F 0 (-) ~s n rs n V ~ ~r --n o n 
aE. 

(3.2.73) 

H Ë + I + N + M (3.2.74) n n n n n 

(Êlla) mil) C 
as. oç o IllldV E J o g ~o (a~)n ~s n rs n V ~r 

(3.2.75) 
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Comparison of eqs. (3.2.73-75) with eqs. (3.2.37), (3.2.49) and 

(3.2.39) shows that I, Ï, N and Mare assigned their values In' In' 

N and M at time tn0 However the tangents -cr and dE of the constitu-
n n aä -

tive behaviour of the tissue are substituted by higher values: 

a~ a~ 
(<r) 2. (<r) (3.2.76) 

a.&; n a.&; n 

a~ a~ 

(a.t.)n 2. (a.&;)n (3.2.77) 

The contractile stress depends on both strain and strain rate, 

whereas the passive stress depends on strain only. Thus we can write: 

a~ aia 
(<r) = (-u-) (3.2.78) 

aE. n 3E n 

a~ aip 3ia 

(3E.)n (~)n + (3i"")n (3.2.79) 

The predictor for passive behaviour is purely elastic (fig. 3.2.1). 

This implies that: 

a~c a~e 

(~)n + (aE. )n (3.2.80) 

and that the contribution of the viscous relaKation to the partial 
a~ 

derivative at in the matrix T is neglected: 

3~a 
m.a)e o.adV T I (at) • 9 • 9 • (3.2.81) n V ~r ~s n 

The predictor for systolic contract ion is stiffened outside a 
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Fig . 3.2.1. Iterative procedure leading to the displacement 

field un+1 of the visco-elastic tissue. 

specific range of fibre strain and strain rate (fig . 3.2.2): 

(3 . 2.82) 

(3.2.83) 



where: 

Vl 

~ 
UJ 
a::: 
~ 
Vl 

UJ 
> 
~ 
L.J 

< 

/ 
/ 

~'1 
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FIBER STRAIN RATE 

~2 ~33 

I 
I 
I 
I 
I 

---- ---

I FIBER STRAIN 

~2 E33 

Fig. 3.2.2. The predictor equation (3.2 .72) linearises the non

linear velocity-length-force relationship of the 

contractile element. The dotted lines in the figure 

give a qualitative representation of the linearised 

relationships at different working points. The 

continuous line is the correct non-linear relation

ship substituted in the corrector equation 

(3.2.65). 

(~33)n = (E33 )n 

(~33)n = (1 

(E33 )n = (2 

if 

if 

if 

(1 < E33 < (2 

E33 < (1 

E33 > (2 
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ê 0 0 

(~33)n (E33 )n if (; < E33 < (2 
0 0 

(~33)n (' 
1 if E33 (' 

1 
0 0 

(E33 )n ~' 2 if E33 ~' 2 (3.2.84) 

The reader should realise that three types of inaccuracies are in

volved in the above procedure. The first inaccuracy is due to the 

coarseness of the finite element mesh, in other words to the restric

tion of the set of solutions to those solutions which satisfy eqs. 

(3.2.24-25). The second inaccuracy is due to the finite timestep. The 

third inaccuracy is due to the remaining residues (3.2.70-71) at the 

end of the iterative procedure. Appropriate measures allow reduction 

of these errors to whatever degree desired. However, higher accuracy 

is only obtained at the cost of higher computer time. In the computa

tions that follow, a reasonable compromise has been chosen between 

accuracy and computer costs. 

In the previous section, it has been implicitly assumed that the 

external load Ln+1 at time tn+1 is an a priori known quantity. 

However, even if we know the intraventricular pressure P~~1' we still 

have to integrate this pressure over the endocardial surface, the 

shape of which at time tn+1 is dependent on the unknown quantities 

6un+1. The proc~dure chosen to handle this problem is first to 

integrate pL~1 over the known endocardial surface at time t , hence 
n ~o ~IM 0 n 

computing the displacements 6un+1 and pressu:es (6Pn+1) , while in 

the subsequent iterations the external load Ln+1 is recomputed each 

time using the hitherto known approximation of the endocardial sur

face at time t n+1. 

In the case that the volume of the ventricular cavity V~~l is an a 

priori known quantity, it is possible to compute the intraventricular 

pressure P~~1 iteratively. This procedure will be used, e.g., during 

the isovolumic contraction phase and isovolumic relaxation phase of 

the heart cycle. Assuming no leakage across the valves, we can state: 

o (3.2.85) 
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However, as the predictor equation (3.2.72) computes a dis placement 

field from a given load Ln+1' we have to satisfy eq. (3.2 .85) 

iteratively. A first guess of the unknown intraventricular pressure 
LV . 

Pn+1 15: 

(3.2.86) 

This intraventricular pressure is substituted as the external load of 

eq . ( 3 . 2 . 72) : 

J [(P~~1)O Ha'9 r ] • J ~ • dA 
Endocardial ~ 
surface 

(3.2.87) 

The dis placement field computed from eq. (3.2 .72) allows evaluation 

of the change in intraventricular volume (àV~~1)O resulting, from the 

assumed intraventricular pressure (P~~1)O. If (àV~~1)O is suffi

ciently small, i.e.: 

< E 
V 

the program concludes that: 

(3.2.88) 

and moves on to the next iteration if any residue (3.2.67-68) is 

still toa large, or to the next time increment if all residues are 

small enouqh. If the condition (3.2.88) is not fulfilled, a new 
LV corrected value of Pn+1 is used in the next iteration: 

(3.2.89) 
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n=O~--~~----~fllilDAT;rc~lL--------~------rnn~=nn++l11 

INTEGRATION OF 

pLV OVER ENDOCARDIUM 

RESULTS IN EXTERNAL 

LOAD VECTOR L 
n 

IF ISOVOLUMIC 

MODE IS ON, 

,.---IMAKE AN ESTIMATE 

OF THE NEW 
LV 

Pn+l (eq. 3.2.86) 

COMPUTE 

STJFFNESS 

MATRIX [ 

COMPUTE INCREMENTAL 
f----l LOAD VECTOR f1~O 

l;~i 
n 

COMPUTE FR OM 

~i THE REACTION 
n 

other iterations 

USE INBALANCE AS NEW 

LOAD VECTOR l;~i (eq. 3.2 . 69) 

FORCES AND FLOWS 

INTEGRATION OF pLV OVER 

NEWLY COMPUTED ENDOCARDIAL 

SURFACE YIELDS NEW VALUE 

OF Ln (eq . 3.2.87) 

eq. (3.2.65-66) 

REACTJON 

no 

no 

es 

NEW ESTIMATE OF 
LV Pn (eq. ,3 . 2.89) 

Fig . 3.2.3. Flow chart of the deformation model. 
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where r is an empirical evaluation of the global stiffness of the 

ventricular model: 

with: 

r 
o 5 3S33 _.- I (~+ 
V V 33 

3S 
~ .,ll)dV 

n+1 3E33 
(3.2.90) 

3S33 
3E and 

33 

V volume of the myocardial wall. 

component in the muscle fibre direction 

of the stiffnesses defined in eqs. 

(3.2.78-79). 

Eq. (3.2.90) accounts only for the stiffness in the fibre direction, 

because during contraction the stiffness in the other directions are 

much smaller. In some preliminary case studies by the author the eq. 

(3.2.90) has been found to work adequately for the isovolumic con

traction and isovolumic relaxation phase, using the constitutive 

parameters mentioned in chapter 5. 

In conclusion, we can say that the present finite element model has 

two modes of functioning: the first computes intraventricular volume 

for a given intraventricular pressure; the other computes in

traventricular pressure for a given intraventricular volume (fig. 

3.2.3). While the program always computes volume from a given pres

sure within any iteration, where necessary pressure can be evaluated 

from a given volume using a method of successive substitution. 

Computation of the total reaction forces L~+1 at the end of the i th 

iteration of the (n+1)th time increment requires the derivation of 

the total stresses ~+1 corresponding to the current displacement and 

intramyocardial pressure field (see eq. 3.2.65). This can obviously 

be done by means of the constitutive behaviour described in section 

2.6. E.g., the elastic compression stress 2c follows from the cur

rent value of the strains (eqs. 2.6.4-5), and similarly the elastic 
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response ~e (eqs . 2.6.16-17). The contractile stress follows froD the 

current values of sarcomere length, sarcomere velocity and time (eq. 

2.6.32). The viscous stresses, however, require, according to eq. 

(2.6.6), besides the current state of the tissue, also the previous 

history of the tissue. This problem is handled as follows. The 

myocardial tissue is assumed stress-free at all times prior t~ the 

start t=O of the simulation . Thus, eq. (2.6.6) reduces t~: 

(3.2.91) 

It is now practically feasible to integrate numerically the integral 

in eq. (3.2.91). However, such integration still needs a large amount . 0 

of memory to store all previous values of ~e(t(t)). This incon-

venience is avoided by: 

- using a discretized version of the spectrum (2.6.10). 

- using the quasi-linearity of the viscoelastic law. 

Partial integration of the eq. (3.2 . 91) yields 

(3.2.92) 

The continuous spectrum Set) (eq. 2.6.10) is discretized in m Maxwell 

elements in parallel with an elastic spring (Maessen, 1983, fig. 

2.6.1). The interval [Int 1, lnt 2] of the logarithmic time axis is 
(i-1) (i). subdivided into equal segments [InT , lnT ], 1=1, ... ,m, 

(fig. 3.2.5): 

(i) ln t 

2 
In t 1 + ~ ln ~ 

t 

(3.2.93) 

The first integral of eq . (2 . 6.7) is approximated by the mid-point 

rule: 

m 
r 

i=1 

t (i) 

J 
t(i-1) 

-t/t 
S( T)e dT 



where: 

SeT) 

In T 1 
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m -t/t(i) 
- [ e 

i=1 

m 
[ 

i=1 

I ,. -I 
2 1 InCt fT ) 

I m 

I 

T(i) 

I SeT )dT 
T(i-1) 

I . (i-1) 1 (il nT n 1 
2 In T 

(3.2.94) 

.. 
In r 

Fig. 3.2.4. Discretization of the continuous relaxation 

spectrum SeT) (Maessen 1983). 

Teil (3.2.95) 

Substituting eq. (3.2.94) into eq. (2.6.7), yieIds: 
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G(t) _ G(m) (t) 

m -t't(i) 
r e 

i=1 

(3.2.96) 

The error involved in the approximation (3.2.96) is found to reduce 

fairly quickly as the number of Maxwell elements mincreases (fig. 

3.2.5). In fact, it can be shown (Maessen, 1983) that the difference 

IG(t) - G(m)(t) I is proportional to (l In T2,,1)2, i.e. to the square 

of the length of the discretization interval drawn in fig. 3.2.4. 

At this point, we make use of the quasi-linearity of the viscoelastic 

law. In order to do 50, we write eq. (3 . 2.96) more concisely: 

G(m) (t) 

with: 

m 
Yo + r 

i=1 

, K(i) 
y. e-T 1 
~ 

(3.2.97) 

(3.2.98} 

(3.2.99) 

Substitution of eq. (3.2.97) in the expression (3 . 2.92) yields: 

m t Y. ,K(i) e ~ -1 T e S. (t(t)) - r I (') e S. (E.(t-T) )dT 
i=1 0 T ~ 

If we define the viscous stress es ~r (i=1, .. . ,m) as : 

S.~(t) 
~ 

t Y. ,K(i) 
= J ~ -T 1 e( ( ))d ( ') e ~ t t-T T 

o T ~ 

we can write eq. (3.2.100) as: 

m 
r 

i=1 

(3.2.100) 

(3.2.101) 

(3.2.102) 
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G (tl 

d11 (tl 
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continuous spectrum 
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T1=0.01 s 

T2= 1 s 

d = 0.025 

SO=O 

10 TIME 
( sl 

Fig. 3.2.5. Comparison of the reduced relaxation functions 

G(m)(t) of the discretized spectra to the reduced 

relaxation function of the corresponding continuous 

spectrum. 
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We can derive the viscous stresses sr at time tn+1 

the viscous stresses 

SV(t ) 
-i n+1 

at time t 
tn+Atn+~ 

J 
o 

t 
n 

according to: 

Y. ,o«i) 
~ -T T e 
o«i) e ~ (tn+1-T)dT 
T 

J 
-Atn+1 

Y (') -At ,,,(i) 
. -T',~ ~ n+1 T e 
~ e e ~ (t -T')dT' 
~(i) n 

-At ,o«i) 
n+1 T 

= e [S~(t ) 

o 
+ f 

-Atn+1 

-~ n 

Y. ",,(i) 
~ -T T e 

,,( i) e S. (tn - T ' ) d T ' ] 
T 

(3.2.103) 

in which the integral is integrated, over the current time step Atn+1 
assuming the elastic response to vary linearly within the time step: 

(3.2.104) 

Eq. (3.2.104) is a recursive formula allowing the computation of the 

viscous stresses S.r at time tn+1 from the viscous stress es at time tn 

and the elastic response at the times tand t l' This formula does n n+ 
not require the history of deformation prior to time t , It requires 

n 
only to keep track of the current values of the viscous stresses S~ 

-~ 

and to compute the elastic response corresponding to the end and the 

start of the current time step. 



3-33 

The weighted-residual form of eq . (3.1.31) is 

a b 
~ w(~ + ! . ~)dV dxo o (3.2.105) 

where w = w(xo'~) represents an arbitrary weighting function, V the 

myocardial wall volume and tt ( Xo < p the full range of intramyocar

dial coronary blood compartments. 

For the sake of conciseness, eq. (3.2.105) is written as 

b 
f w(~ + V • Q)dV 0 
V at (3 . 2.106) 

where V represents the four-dimensional volume over which eq. 

(3.2.105) is integrated . Substitution of eqs. (3 . 1.32-33) yields, 

using Green's theorem: 

anb 0 olM 
1 [w --rM (p-p ) + VW • K • Vp]dV 
V 3p 

-I wQ. dA 
av 

(3.2.107) 

where 3V is the (three-dimensional) boundary of V, and dl is the 

outer normal four-dimensional vector on the elementary surface dA, in 

si ze equal to dA. The pressure field p is approximated by means of 

shape functions wr : 

with: 

r 
p w Pr (r 

Pr: blood pressure at node r 
nP: number of nodes per element 

(3.2.108) 

The Galerkin method is used here also. Substitution of the weight 

function w byeach of the shape-functions wr : 
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( 3 . 2 . 109) 

in eq. (3.2 . 107) results in one equation for each node of the finite 

element mesh: 

-J wrO· dA 
av 

(3.2.110) 

IM in which Pa represents the intramyocardial pressure at node a, as 

computed by the deformation model. 

Eq. (3.2.110) can be rewritten in matrix notation as follows : 

o 

fi p + F p 

o 0 
~IM 

R + fi p 

where the column p contains all nodal pressures, whereas: 
b 

D = Dra = J wr wa ~ dV 
v apTM 

F Fre J v wr • K • v we dV 
v ~ 

o 

R 

(3.2.111) 

(3.2.112) 

(3.2.113) 

(3.2.114) 

Let the blood pressures p 1 at time t 1 and the intramyocardial 
~IM ~IM n-. n-

pressures Pn-1 and Pn at tlme t n- 1 and tn be known. An approximation 

of the blood pressure field Pn at time tn is obtained by 

substi tuting: 

p (1-8)Pn_1 + 8Pn (3.2.115) 

0 Ap 
---1l = Pn-Pn-1 

p 
6t t -t n n n-1 

(3.2.116) 

0 ~IM ~IM ~IM 

~IM 
6p Pn -Pn-1 ~= p 6t t -t n n n-1 

(3.2.117) 



in eq. ( 3 . 2 . 111) : 

with: 

àR 
n 
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-àt J W«1-8)Q 1+8Q). dA 
n av ~n- ~n 

Ö l' F 1: values of matrices Ö and Fat t 1· 

(3.2.118) 

(3.2.119) 

n- n- ~O n-
Eq. (3.2.118) can be solved for àPn The exact nodal flows àRn are 

now compared with the nodal flows àRO corresponding to the pressure 
n 

field Pn- 1 + 9à;~ 

~ ~O 

(p 1+8àP )àt ]dV n- n n (3 . 2. 120) 

~ ~O 

in which nn-1 and nn are the nodal values of the blood volume frac-

tions corresponding to the 
~O ~O 

Pn = Pn- 1 + àPn If 
limit, a correction 

the equation: 

any of 
~1 

àPn to 

pressure field~ Pn~Ö and 

the residues àR -àR exceeds an acceptable 
n n~O 

the first estimate àp is computed from 
n 

(3.2.121) 

Again, the correct nodal flows àRn are compared with the nodal flows 

corresponding to the new estimate of the pressure field 
~ ~O ~1 

Pn_1+8(àPn+àPn). This iterative process continues until the residues: 

(3.2.122) 

are sufficiently small . If this convergence condition is met at the 

ith iteration, the pressure field p at time t is equated to: 
n n 

i 
Pn-1 + [ 

j=O 
( 3 . 2 . 123) 
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and the program moves on to the next time step. 

3.3. The finite element procedure 

3.3 . 1. The deformation element ------------------------------

The finite element program is developed for application to the case 

ofaxisymmetric deformation of an axisymmetric left ventricle. This 

choice has been made, on the one hand because of the approximate 

axisymmetric shape of the left-ventricular wall, and on the other 

hand because computation time had to be kept within 

Fig. 3.3 . 1. Two-phase, axisymmetric 

large deformation model 

allowing for torsion. 

Uz Four degrees of 

freedom: ur' ue' 
IM p 

u , 
.z 

acceptable limits . An a-node isoparametric element is used (fig. 

3.3.2). Quadratic shape functions are used for the geometry, for the 

transmural course of the fibre directions and for the displacements 

ur' uz, ue (fig. 3.3.1): 

Ur : radial displacement 

uz : axial displacement 

ue: circumferential displacement 
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z 

t , 
I , 

I , 

I 
• r 

Fig. 3.3.2. An 8-node isoparametric ring-shaped element of the 

Serendipity family (Zienkiewicz 1977, p. 157) is 

used. 

The circumferential displacement freedom allows the left ventricle to 

twist about its axis. The shape functions for the intramyocardial 

pressure field are linear: each element has four nodal pressures, 

i.e. in the corner nodes 1, 3, 5, 7 (fig. 3.3.2). In the mid-side 

nodes 2, 4, 6 and 8 only the displacements are unknown. This choice 

results in a comparable accuracy for the effective stress and for the 

intramyocardial pressure (Meijer, 1985). 

Integration of the volume integrals (3 . 2.37-44) and (3.2.46) is 

carried out by means of a ni ne point Gauss-integration. The surface 

integral (3.2.45) is integrated by means of a three point Gauss

integration . The above two-phase finite element model can be reduced 

to a single phase solid element by putting the permeability tensor 

equal to zero: 

K Q (3.3.1) 

In case we set, in addition to this, the intramyocardial pressure 

array equal to zero: 
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~IM 
p 0 (3.3.2) 

the single phase element is compressible. However, if one requires 

zero nodal flows: 

(3.3.3) 

instead of condition (3.3.2), the single phase element is an incom

pressible element, because in this case, eqs. (3.2 . 66) and (3.2.68) 

set the volume change in each node equal to zero. 

The domain in which the perfusion equation needs to be solved is 

four-dimensional, i.e . the three dimensions of the myocardium plus 

the arteriovenous dimension xo. Here also, the computations are 

z 

.. 
r 

Fig. 3.3.3. An 8-node isoparametrie brick element is used for 

the coronary perfusion. This element is of the 

'Serendipity' family and is described by 

Zienkiewicz (1977 p. 169). Note that, due to the 

axisymmetry about the z-axis, this element should 

be viewed upon as a ring-shaped element in a four 

dimensional space. 
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restricted to the axisymmetric case. The axisymmetry reduces the 

number of dimensions by one. A three-dimensional 8-node brick element 

as shown in fig. 3.3.3 therefore is an adequate choice. There is one 

degree of freedom per node, namely the blood pressure. The shape 

functions are linear and therefore correspond to the linear shape 

functions chosen for the intramyocardial pressure, computed in the 

deformation model and subsequently substituted in the per fusion 

model . An eight point Gauss-integration is used for the integration 

in eqs . (3.2.112-113). 
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4. VERIFICATlOR OF TBE MtJIIERlCAL MODEL 

4. 1. Verification of the deformation model 

~~!~!~_~!~!~~_~~~~~~!~~L_~~~e;~~~!~~_~~~_~~;~!~~_~~_~_~!~9!~:e~~~~ 
element 

Consider a riqht, solid cylinder of heiqht hO and radius RO' We 

assume an isotropic linear elastic relationship between the second 

Piola-Kirchhoff stress tensor and Green's strain tensor: 

(4.1.1) 

with: 

A, ~G: Lamé constants (~G: shear modulus) 

The material is assumed compressible. This implies that for the 

finite element computations on this cylinder the input data (3.3.1-2) 

are used. 

Consider now a finite uniform extension or compression of the 

cylinder from its oriqinal heiqht hO to a heiqht h. The physical 

components of the strain tensor f: are: 

h2_h2 

Ezz 
___ 0 

- 2h2 
0 

R2_R2 

Err Eaa 
__ 0 

2R2 
0 

in which R is the radius of the cylinder af ter deformation. 

The boundary condition alonq the jacket of the cylinder is: 

5 = 0 rr 

(4.1.2) 

(4.1.3) 

(4.1.4) 
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z 

7 ___ ......j6 ____ ..,-:S'--.--

4 hO 

r 

Fig. 4.1.1. A single-phase element is subjected to a uniform 

extension. 

From eqs. (4.1.1) and (4 . 1.4) follows: 

The axial second Piola-Kirchhoff normal stress is then: 

S E E zz zz 

with E the elastic modulus: 

E 
(3.>-+2IlG) liG 

À+~G 

(4.1.5) 

(4.1.6) 

(4.1.7) 

The corresponding axial first Piola-Kirchhoff normal stress is: 

T _h..- s 
zz - hO zz 

The force F applied along the base of the cylinder equals the axial 
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o FE. SOlUTION 

--ANAlYTICAL SQUTION 

- -ANAlYOCAl SOlUT ION 
SMALL OEFORMATION 
THEORY (lINEARI 

Ro =2cm 

À =800 kPa 

~G=800kPa 

} 
FINITE IIFORMATION 
THEOR'(( NON·UNEARI 

O~~ ________ ~~ __________ ~ .. 

1~ 2D 

EXTENSION RATIO h/ho 

Fiq. 4.1.2. Force aqainst extension ratio for a sinqle-phase 

element. 

stress Tzz multiplied by the oriqinal cross-section: 

F T R2 11 = zz 0 (4 . 1.8) 

The relationship (4.1.8) between the force F and tlJe heiqht h of the 

cylinder can also be computed by the finite element model. Only one 

element is used (fiq . 4.1.1). The finite element solution is found to 

aqree with the analytically derived solution (4.1.8) (fig . 4.1.2). A 

similar analytical solution can be derived for pure torsion of the 

cylinder. Let the top surface of the cylinder be rotated by an angle 

~ relative to the bottom surface (fiq . 4.1.3). The body has a height 
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hO and a radius Ra before and af ter deformation. Planes normal to the 

axis of the cylinder remain plane and suffer only a pure rotation 

proportional to their distance from the bottom of the cylinder. 

/ 
I 

/" --

Fig. 4.1.3. Pure finite tors ion of a right circular single~ 

phase elastic cilinder. 

Tt can be shown (Green and Zerna, 1963, pp. 84-87) that the physical 

components of the Cauchy stress tensor at a point P at a di stance p 

from the axis are: 

À ~2 S 2 rr (4.1.9) 

À ~2 + ~2 S 2 ~G zz (4.1.10) 

saa ~ ~2(1+~2) 
2 + ~G~2(~2+2) (4.1.11) 

sez ~(~ ~2 + 2 
~G(~ +1» (4.1.12) 

with: 

(4.1.13) 
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The above stress components can also be computed by means of the 

deformation model, using a single element. All nodal displacements of 

the element are prescribed. The fini te element solution is found to 

be in good agreement with the analytical solution (fig . 4 . 1.4) . 

soo 

o 
IJ 

)( 

sez} 
Srr FINITE ELEMENT 
SZZ SOlUT la N 
S88 

ANALYTICAL SOLUTION 

ho = 20 cm 

~ = 10 cm 

À =4200 kPa 

2SO ~G =700 kN 

TffiSION ANGLE 

050 015 (rad) 

Fig. 4.1.4. Stress at point P against torsion angle ~ of a 

single phase cylinder. Both the analytical and the. 

numerical solutions are independent of the height 

of point P. 

The same result is obtained also when using a four-element mesh where 

the axial and circumferential nodal displacements are prescribed only 

at the nodes of the top and bottom surface. 
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1~1~~~_~!~!~~_!~!!~~!9~_9!_~_~!~9!~:F~~~~L_~~!~~L_!~~9~F!~~~!~!~ 

~F~~!!~~!_~~~!! 

A 

Fig . 4.1 . 5 . The fini te element mesh of the thick spherical 

shell . 

Consider a thick spherical incompressible shell subjected to a pres

sure p. along its inner surface and zero pressure along its outer 
1 

surface. The total Cauchy stress in the shell is: 

IM 
~ - p I 

or, according to eq. (2.1 . 76) with J 

C IM r • ~ • [ - p I 

1 : 

(4.1.14) 

(4 . 1.15) 

The second Piola-Kirchhoff stress tensor ~ is assumed to be related 

to Green's strain tensor according to the linear law (4.1.1). In view 

of incompressibility, the input data for the finite element computa

ti on contain the conditions (3.3.1) and (3.3.3). The mesh consists of 

12 elements covering only the upper half of the shell (fig. 4.1.5). 

Due to the symmetry about the plane A-A, the solution for the lower 

half of the shell is identical to the solution for the upper half. 
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The finite element solution for this problem is found to be in good 

_ANALYTICAl SOLUTION Fig. 4.1.6. 

Inner pressure 

against inner 

volume of the 

spherical shell . 

500 0 FINITE·ELEMENT'SOWTION 

200 

Fig. 4.1.7. 

The wall pressure IkPal 

IM h . 1 p ,t e tangent~a 

component St and 200 

radial component s 
r 

of the effective Cauchy 

stress are plotted 

against the distance p 

from the centre of the 

shell. 

100 

R1 = 5mm 

R2 = 6mm 
À = 800 kPa 
IlG = 600 kPa 

1000 
VOLUME Imm2 

ANAlYTICAL F.E.-

SOLUTION SOLUTION 
0 

---- 0 

-'-'- I> 

st 
sr 
plM 

agreement with the analytical solution presented by Green and Zerna 

(1963, pp. 104-107) (figs. 4.1.6-7). 
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Notice that at the inner surface of the shell, the load Pi is 

balanced partly by the wall pressure pIM, partly by the radial stress 

s (tig . 4. 1. 7) : 
r 

- s 
r 

for (4 . 1.16) 

11 visGoelastic computation is presented in this paragraph . Consider 

the single-phase element of f i g . (4 . 1. 1) . The material is considered 

compressible . As a result of these assumptions, the conditions 

(3.3 . 1-2) are part of the i nput data . In this computation, however, 
the quasi-linear visco-elastic law (2 .6.6) will be used instead of 

the , elastic law (4.1.1) . The elastic compression stress and the 

active stress are set to zero : 

~c = ~a = Q 

so that the effective stress ~ equals ~s : 

t 
J 

The inverse of eq . (4 . 1. 18) may be written as : 

~e 
t 0 
J J(t-l )~(T )dl -. 

(4 . 1.17) 

(4 . 1. 18) 

(4 . 1. 19) 

J(t) represents the reduced creep function which has been analyti

cally derived by Dortmans et al . (1984). 

Consider a step change àS zz of the axial component of the stress ~ at 

time t=O : 

5,(t) = Q 

~(t) = àS e e 
zz ~ z.z 

Vt<O 

Vt>O (4 . 1.20) 
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where e is a unit vector parallel to the axis of the cylinder. From 
~Z 

eq . (4 . 1.20) we know that: 

61:15 
IS 
z 
:::J 
u-
a.. 
LLJ 
LLJ 
0::: 
u 
Cl 
LLJ 
U 

a 
LLJ 
0::: 

110 

1.05 

o 
S(t) = ~(t)6S e e - xx~z~z 

--- ANÁLYT1CAL CURVE FOR 
CONTINUOUS SPECTRUM 
mORTMANS ET AL.1985l 

• FINITE ELEMENT MODEL WITH 
DISCRETIZED RELAXAllON 
SPEGRUM. 
(NUMBER OF MAXWELL-ELE
MENTS=5) 

T1 =0.001 S 

d =0.025 

(4.1.21) 

1.0+-------,----------,-------
0.5 1.0 

TIME (s) 

Fig. 4.1.8. The reduced creep function. 
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with: 

5(t): Dirac-function 

substitution of eq. (4.1.21) in eq. (4.1.19) yields the time course 

of the elastic response following a step change of the axial stress: 

or: 

J(t)IIS e e 
zz~z~z 

(4.1.22) 

(4.1.23) 

Eq. (4.1.23) enables us to compute numerically the reduced creep 

function. The single phase element of fig. 4.1.1 is sUbjected at t=O 

to a step change 6F of the load at its upper edge (5-6-7). For t>O, 

the load is kept constant. If deformations are small, we can write: 

65 zz (4.1.24) 

The time course of the ratio Se /65 for t>O should yield the zz zz 
reduced creep function. Fig. 4.1.8 shows the result of such 

computation. The curve has been computed in 50 time-steps, progres

sively increasing in size from 2 ~s to 0.15 s. The numeri cal result 

is in good agreement with the analytical solution. 

All the verifications presented 50 far are restricted to single-phase 

behaviour. No fluid phase has entered into consideration. In this and 

the following section, the two-phase behaviour of the deformation 

model is tested. A right circular cylinder of height hO and radius RO 

, made of a spongy elastic material saturated with fluid, is 
modelled. The solid material obeys the linear elastic law (4.1.1). 

The boundary constraints applied to the two-phase material are those 

of a confined compression test common in the field of soil mechanics. 
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In a confined compression test, a cylindrical sample of a fluid 

saturated porous material is placed in a tightly fitting ring on a 

stiff porous filter (fig. 4.1.9). The permeability of the filter is 

very high 

PISTON __ _ 

TIGHTLY 
Flnl~
RING 

Fig. 4.1.9. The confined compression test. 

<=> z..c 

compared with the permeability of the sample. The test consists in 

applying a load F on a piston which fits exactly the ring and rests 

on the sample. Assuming incompressibility of both the fluid and the 

solid of the sample and absence of leakage between the piston and the 

ring, we know that the sample will deform only by expelling fluid 

through the filter. As the confining ring imposes zero lateral 

strain, the deformation is one-dimensional. Suppose the force F is 

increased from the value 0 to the value FO at time t=O: 

F=O 

F=FO 

Vt<O 

Vt>o (4.1.25) 

Although the increase of loading is immediate, immediate deformation 

will be prohibited due to the incompressibility of the sample: 

F=FO and &=Q (4.1.26) 
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In view of the elastic law (3.4.1), absence of deformation implies 

zero effective stress: 

~=Q. (4.1.27) 

or: 

§.=Q. (4.1.28) 

At the interface between the piston and the sample, equilibrium 

requires: 

~ - e 
ITR 2 ~z 

o 

IM (s - p llee 
~z 

or, due to eq. (4 . 1.28): 

IM 
P 
~ 
lTR 2 o 

(4.1.29 ) 

(4.1.30) 

Immediately af ter loading, the load F is balanced fully by the pres

sure in the porous sample. In fact, it can be shown on the basis of 

equilibium within the sample, that eq. (4.1.30) holds not only at the 

pi5ton-sample interface, but for the entire sample. The sudden pres

sure rise in the sample causes a steep pressure gradient at the 

sample-filter interface. This pressure gradient induces, according to 

Darcy's law, the outflow of fluid at times t>O. The outflow of fluid 

allows for deformation of the solid and, hence, for an increasing 

effective stress which will progressively take over the task of 

balancing the force F. Ultimately the totality of the force F is 

balanced by the effective stress, and according to eq. (4.1 .29), the 
™ . h b . pressure p lS th en zero. In tea sence of a pressure grad1ent, the 

fluid flow stops. This time-dependent behaviour of aporous material 

is called consolidation. The exact mathematica I expression for the 

time course of the pressure in the sample is (Terzaghi, 1943): 

p 2. _M2 r sin MZ e 
n=O M 

(4.1.31) 



with: 

p 

M = n. (2n + 1) 
2 

T 
(À + 21lG) oK t _ zz 

h 2 
o 
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(4.1.32 ) 

OK permeability of the sample in the axial direction. zz 

II ~ J J 

"pIM=O A ~ P 
I 

Ro 

o 
..c. 

IM::O 

--UNIFORMLY 
DISTRIBUTEO 
LOAD Fo IrrRo2 

Fig. 4.1.10. The finite element mesh is more refined at the sample
filter interface, where high pressure gradients are 

expected. 
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10 -o---o--o--o--o----;()o-ol>-or .. 

p 

1 

0.5 
- ANALYTICAL SOLUTION 

!TERZAGHI,1943) 

0 .cW------r----r-----r-----"-"~ 
1.0 0.5 Z - 0.0 

Fig. 4. 1.11 . Linear one-dimensional consolidation. 

The derivation of eq. (4.1.31) assumes small deformations and a 

constant permeability oK zz 
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A numerical test has been done by means of a 16-element mesh 

fig. 4.1.10). 

Radial displacements are set to zero everywhere, and the fluid pres

sure pIM at the nodes of the bottom edge of the mesh are set to zero. 

At the top edqe of the mesh a uniformly distributed load F0/WR02 is 

applied at t=O. The load is held constant for all subsequent time 

increments. The consolidation process has been computed in 100 time 

steps, progressively increasing in size from àT=0.002 to àT=0.03. The 

Crank-Nicholson constant is chosen equal to 1 for the first time step 

and equal to 0.5 for the following time steps. The author has been 

guided in this choice by accuracy considerations by Meyer (1985). The 

numerical solution is in good agreement with the analytical solution 

(fiq. 4.1.11). Note that in this computation the pressure in the 

porous medium is dependent on both load and time. Therefore, there 

exists no simple relationship between load and pressure, which is 

valid at all times. Note also that at the interface between the load 

and the porous medium (z=l) the pressure pIM in the porous medium 

does not necessarily balance the load. A similar observation has been 

done in the computation of the incompressible thick spherical shell 

(section 4.1.2). These and other observations are of great value when 

trying to quantify intramyocardial pressure in the left ventricular 

wall during the different loading phases of a cardiac cycle. 

The above computation assumed a constant permeability durinq the 

process of consolidation. In the original equation of the model, 

however, the permeability tensor is dependent upon the relative 

volume change J of the medium. The only analytical solution known to 

the author that accounts for a permeability dependent on volume 

change, is the solution presented by Holmes (1984): Holmes assumes 

small deformations. Furthermore, he assumes that the permeability Kzz 

is an exponential function of the relative volume change J: 

°i exp (M(J-1» zz (4.1.33) 
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and finds that, for the initial moments af ter applicatian of the laad 

the dimensionless settiement of the twa-phase medium: 

(u : displacement of the piston of fig. 4.1.9.) z 

(4.1.34) 

is linearly related to the square root of the dimensionless time T: 

u ~o fT z (4.1.35) 

with: 

T= .. 
2 T= .. M U 

Po = fIT Uz exp( - -----Z-) 
11. 

(4.1.36) 

in which: 

T=oo FO 
U z 

R2 11 (À + 2~G) 0 

(4.1.37) 

is the settiement af ter consolidation. 

The above non-linear consolidation problem can be solved by means of 

the finite element mesh of fig. 4 . 1.10. The material properties are 

chosen such that small deformation theory remains valid and that the 

value of M is sufficiently high to alter the value of ~O: 

3 .537 10-7 

For small values of T the numerical solution can be compared to the 

analytical solution (4.1.35) and for large values of T with the eq. 

(4.1 . 37). The numerical model, however, yields also the transition 

from one asymptotic solution to the other (fig. 4.1.12). 
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-- -- ANALYTICAL SOWTION 
FINITE . ELEMENT SOLUTION 

Ii 

2 

Fig. 4.1.12. Settlement of the top nodes of the finite element mesh 

of fig. 4.1.10 during non-linear one-dimensional 

consolidation. 

4.2. Verification of the perfusion model. 

1~~~!~_~Q~_~~l~Q!~~_~~~~~l_~~~~~_~!Q~_Q~_~_~~~~Q~!~~_~!~!~_!~_~_;!9!~ 

vascular tree. --------------

4.2.1.1. Introduction. ----------------------

Unlike the porous medium theory used in the deformation model, the 

perfusion model is based on entirely new equations, to the author's 

knowledge never explored by previous authors. This situation calls 

for thorough verification of the validity of the equations as such. 

A first verification of the extended Darcy equation derived in sec

tion 2.5 is presented by Huyghe et al. (1983). This verification 

analyses the validity of the extended Darcy equation in one single 

representative volume Rand is restricted to the case of rigid vessel 

walls. The pressure-flow relation as predicted by-the extended Darcy 

equation was compared with the pressure-flow relation computed from a 

regular network ana~ysis. The agreement was satisfactory. 

A second verification is presented in the following sections and is 

also restricted to the case of rigid vessel walis. However, in this 

case, a larger vascular tree is analysed using the extended Darcy 

equation and the continuity equation. The results of the analyses are 
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compared with experimental data obtained at different values of the 

Reynolds number and for different pressure distributions. 

Fig. 4.2.1 . A vascular tree was milled in a perspex plate. The vessel 

cross-sections range from 12 x 12 mm2 to 2 x 2 mm2. 

The design of the experiment is a compromise between feasibility and 

accurate modelling of the reality. The experimental equipment at our 

disposal did not allow us to study a microvascular tree in living 

tissue. A scale model was therefore designed, which reproduced as 

accurately as possible the geometry of a vascular tree in living 

tissue. In order to keep the experimental device simpie, it seemed 

much more appropriate to scale a two-dimensional tree rather than a 

three-dimensional tree. As the intramyocardial coronary vessel trees 

are three-dimensional, it was necessary to scale a vascular tree of 

another organ.Our choice feIl on a microvascular network of the 

cremaster muscle of a rat, published by Smaje and al (1970). A 
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perspex scale model of about 0.8m by 0.8m was manufac

tured,reprodueing the tree of venous vessels seen on fig. 2 of the 

above publication (fig. 4. 2.1). As the photograph represents a tissue 

sample of about 0.008m by 0.008m, the magnifieation factor is about 

100 . 

In order to simplify the milling of the vessels in the plate, many 

vessels were straightened and their round cross-seetions were sub

stituted by square eross-sections. The side of the squares equals the 

diameter observed on the photograph multiplied by the appropriate 

magnifieation factor. Onee the grooves were milled in the plate 

(representing about 500 straight pieces of vessel) a second perspex 

plate was screwed on top of the milled plate. Holes, 15mm in 

diameter, were drilled at the end of eaeh small vessel. The perspex 

plate was mounted in a frame and connected at the two largest vessels 

to an oil reservoir of 3 m3 via a pressure-regulating buffer (fig. 

4.2 . 2) . 

-PERSPEX PLATE 

16 SQUARE FUNNELS 

16 GLASS CUPS 

Fig. 4.2.2. Schematic representation of the experimental equipment 
used. 
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,. 0.8 

L-_--;-----;~____;_-=-.____~~__;_-=-_:__-~r- PE RSPEX PLATE 
1--0.15 ---l-- 0.15 ~ 0.15 ~ 0.15--.l 
~ -FUNNELS 

0_-
I I 

. , I 
, , 
I , 
, __ I 

-, , 
I , 
I 
I 

-GLASS CUPS 

Fig. 4.2.3. The oil, flowing out of the plate, was collected in glass 

cups centred under the funnels (see continuous line 

drawing on bottom schemel . The glass cups could also be 

moved all together to the right (dashed line), with the 

result that the oil missed the cups. (Dimensions are in 

metres) 
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Two valves were mounted between the buffer and the perspex plate. 

Valve 1 allowed the perfusion pressure of the vascular tree at the 

desired level to be set. Valve 2 acted only on one of the two input 

vessels and allowed simulation of stenosis or occlusion of this 

vessel. Once the oil had flown from the reservoir through the perspex 

plate it was partly collected in 16 glass cups via square funnels 

(figs. 4.2.2 , 4.2.3). 

The amount of oil collected in the glass cups per unit time was a 

measure for the 'regional perfusion' of the plate. The funnels 

covered only the central square surface of 0.6m x 0.6m of the plate. 

The outer band of the plate is left out of consideration because the 

edge of the plate was expected to cause some unwanted artifacts. Dil 

pressure was measured in each vessel crossing the boundary of the 

0.6m x 0.6m square. This was done with open manometers, all lined up 

on a board. The oil (MOBIL DTE 26) had a viscosity of about 0.1 Pa s 

at 21 0 C. Which means that, the Re-values of the flow in the plate 

were of a similar order of magnitude as those in the blood vessel 

tree in vivo. 

We performed a series of experiments in which on the one hand the 

Reynolds value was varied, on the other hand the relative pressure 

distribution was varied. The Reynolds number was changed by ex

perimenting at two different oil temperatures (21 0 , 260 ) and regulat

ing the input pressure of the oil (pinput=1750, 3500, 5250, 7000 and 

9000 Pa), while the pressure distribution in the plate was altered by 

means of valve 2 (3 positions: open, 1/2 open, closed). 

During each experiment the temperature of the oil was carefully kept 

constant and measured to an accuracy of 0.1 0 C. The viscosity ~ of the 

oil was derived from the measured temperature and a temperature

viscosity relationship which had been empirically determined prior to 

the experiments. The density Q of the oil was derived in a similar 

way. The weight of the 16 glass cups was registered before and af ter 

each experiment. The duration of the experiment àt was also 

registered. The volume flow Qi (i=1,2, ... ,16) through the 16 funnels 

equals: 
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(4.2.1) 

with: 

àWi increase in weight of the ith glass cup during the 

experiment. 

9 gravitational acceleration. 

The hydrodynamic oil pressure equals: 

oil loil 1 2 
p lig I - ïl1v (4.2.2) 

with: 

hoi~: oil level in manometer. 

v oil velocity in the vessel. 

The velocity term in eq. (4.2.2) did not contribute more than 0.5\ to 

the oil pressure and was therefore neglected: 

The reproducibility of the results was checked by repeating one 

experiment eight times. All other experiments were performed twice. 

Tt was found that the reproducibility of the pressure measurements 

and the flow measurements was very good (ratio of maximum standard 

deviation to maximum mean flow < 0.002). 

4.2.1.4. Numerical simulation. 

The numerical simulation of the experiment us es the finite element 

mesh shown on fig. 4.2.4. The xO- range is subdivided into 5 compart

ments, and each compartment contains 64 finite elements. The conduc

tance is assumed constant within each element and is characterized by 

the six values KOO' KOl' R02' Rl1' K12 and R22' which are derived 
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from the oil viscosity and the qeometry of the vessels of the com

partment in the averaging surface centred around the element (fig. 

4.2.5). The size of the averaging surface is equal to the size 

Fig. 4.2 . 4. The two-dimensional vascular network is model led by a 

three-dimensional finite element mesh. The top layer of 

elements represents the largest vessels, the bot tom layer 

the smallest vessels. The axisymmetry of the perfusion 

element is neutralised by choosing a very large distance 

between the fini te element mesh and the axis of symmetry. 

of the funnels used in the experiment (O.15m x O.15m). This si ze is 

larger than the cross-section of the elements (O.075m) . The conduc

tance of neighbouring elements, therefore, belongs to averaging 

surfaces which overlap. The definition of the arteriovenous parameter 

handled in this computation is a slightly more refined vers ion of the 

definition qiven in section 1.5.3. The arteriovenous parameter equals 

12=1.26 at the end of the smallest vessels . The branching points are 

divided in two groups: main branching points and secundary branching 

points. If the diameters of the two largest vessels reaching the 

branching point differ by more than 5\, then the branching point is a 

main branching point. If these diameters do not differ more then 5\, 

then the branchinq point is a secondary branching point. In a main 

branching point the definition (1.5.5) is handled using 0 =1mm. In a c 
secondary branching point, the x -value is determined by linear o 
interpolation between the closest main branching points along the two 
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averaging surface 

Fig. 4.2.5. The geometry of the vessel tree of the averaging volume 

is used to compute the conductance of five superimposed 

tinite elements. 

largest vess~15 reaching the secondary branching point. In between 

branching points the arteriovenous parameter varies linearly. The aim 

of this refinement is to improve the correlation between the oil 

pressure and the xo-parameter within an averaging surface. This 

correlation is especially important here because of the very small 

number of vessels per compartment of an averaging surface. 

The values KOO' K01 ' K02 ' K11 , K12 and K22 are computed according to 

eq.(2.5.15). In the case of piece-wise straight vessels with square 

cross-sections this equation takes the form: 

with: 

.L pl.eces 
of 

vessel 

r averaging surface 

(l;,11 0, 1, 2) 

fiXOc Xo - width of the compartment (fig. 4.2.5) 

(4.2.3) 

fS =1.4, correction factor for the square cross-section 

~ oil viscosity 
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diameter of the vessel 
(2) (1) 

X~ - x~ (~= 0,1,2; fig. 4.2.6) 

In the experiment, the vessel walls are rigid and the extravascular 

pressure is absent. Therefore: 

(4.2.4) 

(4.2.5) 

The boundary conditions are as follows. The top surface of the mesh 

is considered impermeable, except for the nodes which the top surface 

has in common with the side surface. The nodal pressures along the 

side surfaces are prescribed according to the pressures measured 

xl11 X(2) , x, 

Fig. 4.2.6. Each straight piece of vessel contributes to the conduc

tance of the compartment to which it belongs. The ends of 

the pieces of vessel are allocated the numbers 1 and 2, 

such that x61) < x62); then, the formula (4.2.3) is 

applied accordingly. 
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along the edge of the O.6m x O.6m central square surface of the 

perspex plate. Each site where an oil pressure is measured has a 

specific position along the edge (i.e., an x1 or x2 coordinate) and a 

specific Xo - value. A least-square method is used to compute a 

spline fitting these discrete data (fig. 4.2.7). The splines are of 

the form (lowest xO-value equals 1.26): 

p(XO' x1) = aO + a1(xO-1.26) 

+ a3 (xO-1.26) 

+ a5(xO-1.26) (4.2.6) 

At the edges common to two side surfaces, the average of the pressure 

va lues following from both splines is chosen. This least-square 

procedure is an alternative averaging procedure which is preferred 

above the regular averaging procedure (2.1.46) because the number of 

measured local pressures is far too small to be able to use eq. 

(2.1.46) in a meaningful way. 

p~(xO,xl) 

Fig. 4.2.7. Splines are drawn through the measured pressure data. 
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The nodal pressures at the bottom surface are set at atmospheric 

pressure (p=O) because the oil in the smallest vessels is allowed to 

flow out into the funnels. 

Eq. (2.1.64) illustrates that the flow Qi through the ith funnel is 

predicted by the model according to: 

(4.2.7) 

with: 

i arteriovenous flow of the node corresponding to the cent re qo 
of the ith funnel surface at the lowest x -0 value 

(xO=1.26) 

r averaging surface surface of funnel 0.15m x O. 15m 

The Re-values in the experiment ranged from 0.3 to 3 in the smallest 

vessels and from 6.5 to 65 in the largest vessels. Within this range 

af Re-values, no significant non-linearities were detected in the 

pressure-flow relations of the vessel tree as a whole. 

Experimental and numerical results are compared for three different 

pressure distributions: 

- valve 2 open (basal condition) 

- valve 2 half open (stenosis) 

- valve 2 closed (acclusion) 

The numerical results are compared with the experimental data in fig. 

4.2.8. General trends seen in the experiment seem to be fairly well 

predicted by the model. The per fusion of the front part of the plate 

is higher than the perfusion of the back of the plate. As valve 2 is 

progressively closed, the perfusion of the right hand hand side of 

the plate is found to decrease. The quantitative predictive power of 

the model, however, seems to show some weakness. Although the model 

predicts the sum of the flow through all funnels with a 3\ accuracy 

in the basal condition, the reduction of the total flow due to the 

stenosis is predicted as 22\ (experiment:3\), and the reduction of 
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the total flow due to the occlusion is predicted as 54\ 

(experiment:31\). The prediction of the distribution of the flow 

among the funnels also shows discrepancies . The reasons for this lack 

of accuracy can be numerous. Many of the basic assumptions of the 

theory are infringed in the design of experiment: 

- The characteristic length of the averaging surface r should be 

sufficiently large so that each compartment in the surface r con

tains a statistically representative number of vessels. This condi

tion is definitely not met forthe upper compartment, which was 

represented by no more then two main vessels . 

1- 1 1 JL . ~ 
I" • ..-n " " " ./ 

r.-1 ...- .... .... r'/ 
L ,... 

/' • __ L_' __ -'"'"_/ 

basal condition occlusion 

stenosis 

Fig. 4.2.8. Flow distribution in experiment (left) and model simula

tion (right). Occlusion of the left input vessel, induces 

a reduction of per fusion of the left side of the plate. 

- The characteristic length of r should be sufficiently small to 

avoid smoothing of the macroscopic variations. The macroscopic 

event in the experiment is the occlusion of one of the main 

vessels. The distance between the two main vessels in the experi

ment is slightly smaller then the characteristic lenght of r, 50 
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that the macroscopic event of occlusion may be averaged out by the 

averaging procedure . 

c 
! + ë • 
...J 
u.J 
Cl 
0 
E 

0 

500 

500 
EXPERIMENT !mI/min) 

Fig . 4.2.9. Experimental flow measurement are compared with model 

predictions in the basal conditions (e), af ter stenosis 

(+) and occlusion (0). 

- Each compartment should be homogeneously distributed over each 

averaging surface (eq. 2.1.9). This aS5umption also is not well 

satisfied, especially for the upper compartments. 

Further, the small number of pressure measurements along the bound

ary of the measuring area is a possible cause of inaccuracy . A 

further reason can be the discretisation of the continuum in finite 

elements with constant conductance. Due to the coarseness of the 

vessel tree, the conductance of many compartments is in

homogeneously distributed in the plate. This non':'homogeneity is not 

accounted for within each element. 

In conclusion, we can state that despite many shortcomings of the 

present experiment in satisfying the assumption underlying the 

continuum theory, the comparison of model predictions and ex

perimental data shows that the model has predictive power in the 
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case of low Reynolds steady state flow of a Newtonian fluid in a 

rigid vascular tree. 

The previous analysis was restricted to the case of rigid vessel 

walIs. In order to check whether the finite element model solves the 

eqs. (3.1.31-33) correctly in the case of deformable vessels walIs, 

the following additional problem is solved. 

Consider ~Ie equations of the per fusion model derived in section 

3.1 .3. A linear consti tuti ve law is used for eq . (3.1. 33) : 

(4.2.8) 

with: 

a: elasticity parameter 

Eq. (4.2.8) substituted, together with the extended Darcy equation 

(3.1 . 32) in eq. (3 . 1.31): 

b opTM 
N a ot - VoKoVp 0 

If we choose in eq. (4.2.9): 

we find the diffusion equation : 

o 

which is written in the one-dimensional case as: 

b 
lD! ~ 
K ot 

o 

(4.2.9) 

(4.2.10) 

(4.2.11) 

(4.2.12 ) 

(4.2.13) 
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Consider the following boundary eonditions: 

p(x,t) 0 

p(ho , t) 0 

p(O,t) = Po 

Vx, Vt i 0 

Vt > 0 

Vt > 0 

(4.2.14 ) 

(4.2.15 ) 

then eq. (4.2.13) ean be solved analytieally, and we find for 0 i x i 

h : 
a 

p 2· ~ 2 2 X + - [( sin kiX exp(-k n T)} 
11 k=O k 

(4.2.16) 

Fig. 4.2.10 . The finite element mesh is plaeed at a very large dis

tanee from the axis of symmetry, 50 that the behaviour 

of the element is almast the behaviour of a regular 

three-dimensional briek . 

in which: 

P piPa (4.2.17) 



x 

T 
t K 

o 

are dimensionless quantities . 
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(4.2.18) 

(4 .2.19) 

The same problem can be solved using the finite element model . A 16-

element mesh is chosen (fig 3.5 . 10). The time scale is subdivided in 

9 time steps varying from àT = 0.005 to àT = 0 . 5. The Crank-Nicholson 

constant is equal to 1 for the first time step and equal to 0.5 for 

the following time steps. The numerical solution is in good agreement 

with the analytical solution (fig. 4.2.11) . 

1 • T=0.05 
V T=0.25 

P 0 T=0.5 

f 
• T=1 

0.5 

o 
o 

• X 

Fig . 4.2.11 . Time course of pressure versus distance. 
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5. HQMERICAL WOLTS 

5.1 Left ventricular geometry and boundary conditions. 

<--G 
I 
I 
I pLV 

Fig. 5.1.1. General view of the finite element mesh for the deforma

tion model, close-up of element 28 and projection of the 

plane ~-~ at integration point G. 

We already pointed out that a viscoelastic body has no well-defined 

stress-free state. Nevertheless, the finite element analysis needs to 

start at some chosen state which is assumed stress~free. 

The geometry of the left ventricle in this reference state is derived 

from eleven cross-sections of a canine diastolic heart obtained by 

means of multiplanar X-ray tomography and supplied by the biodynamic5 

group of the Mayo clinic, Rochester, Minnesota . An ave rage endocar

dial and epicardial radius is computed for each cross-section. From 
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these radii, from the axial coordinate z corresponding to each cross

section and from descriptions of the anatomical structure of the 

heart, ~le geometry shown in fig. (5.1.1) is derived. The geometry is 

subdivided in thirty 8-node finite elements. The upper elements (10, 

11, 12) represent the annulus fibrosus and are therefore non-con

tracting elements with a circumferential fibre orientation. 

Several authors (Hort, 1960, Streeter et al., 1973a, Ross et al., 

1975) have measured changing fiber orientations across the myocardial 

wall. Therefore, all the elements which do not be long to the annulus 

fibrosus have a fibre orientation whi.ch depends quadratically on the 

isoparametrie coordinate ~ (fig. 5.1.1). Stresses are computed in 

each integration point of the element using the local fibre orienta 

+ 

":45 

-9 

51 
~I 
jl 
IS: 
""'1 

---ELEMENTS 4-9,13-18,25-30 
-- -ELEl'IENTS 3,21,24 
------ELEMENTS 2,20,23 
_. __ ELEMENTS 1,19,22 

o EXP. DATA } STREETE R 
EQUATOR (l 9 7 Ja ) 

• EXP. DATA 
CLOSER TO APEX 

C EXP. DATA J 
EQUATOR ROSS(1975) 
EXP. DATA 

APE 1 

Fig. 5.1.2. Transmural distribution of the fibre angle ~ in the 

model. This distribution is chosen on the basis of ex

perimental data of streeter et al. (1973a). 
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tion following from the given quadratic relationship. The fibre 

direction is always chosen parallel to the plane p-p which is tangen

tial to the circumferential direction and the isoparametric coor

dinate n. The result is that at the endocardial surface the fibre 

direction is tangential to the endocardium, and at the epicardial 

surface tangential to the epicardium. The unit vector ~1 of the local 

orthonormal basis (~1' ~2' ~3) is chosen perpendicular to the plane 

p-p. The unit vector ~3 (i.e. the fibre direction) encloses an angle 

f with the base vector ~9 (i . e. the circumferential direction) of the 

global coordinate system (r~ z,9). The transmural variation of the 

angle , is chosen according to experimental data of Streeter et al . 

(1973a). The transmural change in fibre orientation is steeper at the 

apex than it is at the equator. 

The initial sarcomere length is also an important geometrical data. 

For reasons of simplicity, we assume a homogenous distribution of 

sarcomere length. Following Spotnitz et al. (1966) Pollack et al . 

(1974), Krueger et al . (1975), Grimm et al. (1980), van Heuningen et 

al. (1982), we choose: 

1.9 Ilm (5 . 1. 1) 

The axial and rotational degrees of freedom of the upper edge of the 

annulus fibrosus are suppressed. The intramyocardial pressure at the 

nodes of the epicardium are prescribed also, so that free exchange of 

blood is possible between the intramyocardial coronary bed and the 

epicardial blood vessels. The intramyocardial pressure at the epicar

dium is set equal to the pressure in the venous epicardial vessels. 

This is motivated as follows . A5 avenous vessel crosses the epicar

dium, the pressure inside the vein varies continuously: the venous 

pressure at bath sides of the epicardial surface is the same . If we 

assume that the venous vessel wall is so compliant that no sig

nificant pressure drop is generated across its wall, we can conclude 

that intramyocardial tissue pressure at the epicardium equals epicar

dial venous pressure. However we should keep in mind that this choice 

is based on assumptions that can be questioned. A5 pointed out in 
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section 3.1.2, the presence of arteries is neglected in the context 

of the deformation model. 

other degrees of freedom are not prescribed. This means, e.g., that 

the annulus fibrosus is free to move radially, and that at the en

docardial surface the intramyocardial pressure is not prescribed. No 

blood is allowed to cross the endocardial surface. At the endocardial 
. d f 1 1 9 .. . I LV . Sl eoe ements to a un1form 1ntravent1cu ar pressure p 1S 

applied as an external load. The loads exerted by the papillary 

muscles and by the pericardium are neglected. 

5.2. Passive constitutive parameters of heart muscle tissue. 

In section 2.6.4 a triaxial viscoelastic law for passive behaviour of 

myocardial tissue was presented. In the present section, we try to 

evaluate as many parameters of this law as possible on the basis of 

experimental data in the literature on isolated heart muscle 

specimens . Wherever p05sible, preference will be given to data on 

canine hearts. 

A first problem challenging this task is that a triaxial law can only 

be quantified on the basis of triaxial experimental data . As triaxial 

experiments on heart muscle tissue have never been performed because 

of the technical difficulties involved with such experiments, we 

shall rely upon biaxial experiments performed by Demer and Yin (1983) 

and assume that the law. formulated in section 2.6 . 4 generalizes the 

results to arealistic triaxial behaviour. 

A second problem that challenges the experimental quantification, is 

the absence of a well-defined stress-free state. Demer and Yin did 

not characterize the deformation of their specimens in the zero-load 

reference state by any measurement at all. All deformation following 

the application of the load is then characterized with respect to the 

poorly defined reference state. In some uniaxial tests (e.g . van 

Heuningen et al. 1982), however, the reference state is specified by 

a measured sarcomere length. This is why the quantification of the 

parameters of passive behaviour relies party upon uniaxial, partly 

upon biaxial experiments. 

A third problem related to the quantification of the constitutive 

parameters is that, to the author's knowledge, no experiments on 
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shear or compressibility of solid heart muscle tissue matrix (empty 

-" m 

- -EXPERIMENTAL DATA OF 
VAN HEUNINGEN AND AUAVERACiE 
OF 8 CAT TRABECULAE) 1982 

fif' --MODEL 

~ 
ti; 
>
:J: 

~ 
u 

1.9 2.0 2.1 2.2 
SARCOMERE LENGTH 's (Ilml 

Fig. 5.2.1. The elastic response of the viscoelastic model is fitted 

to experimental relationships of passive fibre stress 

versus sarcomere length. 

coronary vasculature) are reported in the literature. The compres

sibility of heart muscle is chosen such that the volume change of the 

heart muscle measured by Morgenstern (1973) following changes in 

coronary per fusion gives rise to variations of intramyocardial pres

sure of only a few mm Hg. This leads to: 

c c 10 kPa. (5.2.1) 

Morgenstern's data apply to a per fusion pressure range of 8 to 24 

kPa. According to his data, an increase in perfusion pressure of 1 

kPa yields an increase in myocardial volume of about 0.5\. A change 

in per fusion pressure from 8 kPa to 24 kPa corresponds therefore to 

an increase in myocardial volume of about 8\. 

If we assume that Morgenstern's data can be extrapolated to 0 kPa 

perfusion pressure, we can say that the Jacobian J changes from 

J=1 .04 to J=1.12. Let us now impose a volume increase to the model 

from J=1.04 to J=1.12 (AJ=0.08). According to eqs. (2.6 . 4-5), the 

resulting stress change A~c equals approximately: 
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(5.2.2) 

Assuming small deformations and neglecting the stress ~s, one finds 

the passive stress change: 

(5 . 2.3) 

with (5 . 2.1) and 6J=0.08 and considering that the tensile stress 

(5.2.3) in the fibre network is balanced by the intramyocardial 

pressure, we find: 

IM 
p 0 .8 kPa (5 . 2.4) 

Eq. (5.2.4) shows that for a relative volume change from J=0.04 to 

1. 12, the intramyocardial pressure increases about 0 . 8 kPa. 

Using now the experimental data on uniaxial loading shown in 

fig.5.2.1, we can evaluate the values of en and af. Neglecting vis

cous relaxation and transverse stiffness of the specimen, the model 

yields the relationship of the Cauchy fibre stress s33 to sarcomere 

length IS: 

Eq . (5.2.5) fits the experimental data fairly weIl, when using: 

cn 0.01 kPa (5.2.6) 

(5.2.7) 

Notice that for these values, it holds that: 

(5.2.8) 
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Eq. (5.2.8) mathematically translates the common experience that it 

is much easier to change the shape of a muscle then to change its 

volume. That the stress ~s is neglected in eq. (5.2.3) also is jus

tified by eq . (5.2.8)~ 

The relaxation parameters are evaluated from the experimental data of 

0.5 

EXPERIMENTAL DATA 37°( 
I Pinto and Fung, 1973) 

MODEL d=OO1 50=0.000185 s-1 

_ __ ~EL d=10 sO=0.000185 s-1 

QJ-------~--------L-------~10~----~1~00~-----1~00~0 
0.01 0.1 TIME Is) 

Fig. 5 . 2. 2 . The reduced relaxation function G(t). The experimental 

data (Pinto and Fung, 1973) represent the relative varia

tion in time of ave rage stress in a passive rabbit papil

lary muscle following a sudden stretch to 130\ of its 

initial length. Af ter the stretch the length of the 

papillary muscle is held constant. The stretch was 

preceded by preconditioning stretches. The model simula

tions are performed with ten Maxwell elements . 

Pinto and Fung (1973). The resulting values are (fig. 5.2.2): 



d 

1 
T 

0.01 

0.01 5 T 
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2 1000 5 (5.2.9) 

The value of acf is chosen such that the ratio of anisotropy in the 

model is of the same order of magnitude as in the experimental data 

of Demer and Yin (1963). Demer and Yin found that the ratio of 

anisotropy was different in specimens originating for different parts 

of the ventricie. They found that in the subendocardial layers of the 

apical region a majority of the specimens were stiffer in the fibre 

direction (~3 direction in fig. 2.6.3) than in the cross-fibre direc-

tion (~2 direction in fig. 2.6.3), while in the subepicardial layers 

of the basal region of the heart the opposite was true. When not 

taking the origin of the specimen into account, they found that on 

the average the fibre direction was stiffer than the cross-fibre 

E 
E 
~ 
un 1.14~·1 

I . 
I I 

, 

I 

Fig . 5 .2.3. The cross-fibre stiffness acf is computed in each 

integration point according to the distance di between 

the integration point and the point c. acf is a linear 

function of di and takes the value 10 at point A and the 

value 21 at point B. 
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direction. Based on these results we decided to shift the value of 

acf continuously from 10 to 21 in the ventricular model as shown in 

fig. 5.2.3. Another finding of Demer and Yin is that their specimens 

were on the ave rage stiffer under biaxial loading than under uniaxial 

loading. This effect is accounted for by choosing: 

b a 12 (5.2.10) 

f cf b ncO Using the above values for a , a , a , c , c , d and S , it is found 

that the model fits the average loading curves of Demer and Yin 

~ 
r-t- , 

r-g-~ 
8 

~ = 21 --r- --,-
~ L._ _.J 

Jl Jî ' I' L __ J 

En =0.08 

EB =0.08 

00, 00, 

-2 -2 

Fig. 5.2.4. Comparison of loading curves of model and experiment 

(Demer and Yin, 1983) for isometric uniaxial loading. The 

left panel shows the fibre stress-strain relation at 

constant cross-fibre strain, the right ·panel shows cross

fibre stress-strain relations at constant fibre strain. 

Both the numerical and the experimental curves pertain to 

the situation af ter preconditioning. The rates of loading 
-1 and unloading are 0.05 s in the model, and are unknown 

in the experiment. Ten Maxwell elements are used in the 

model. 
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fairly weIl provided that the ave rage of the reference states of the 

specimens correspond to the strain: 

E .. 
1) 

[
-0.13 0 0 1 

o 0.08 0 
o 0 0 .08 

(5.2.11) 

in the model. This means that a strain of 8\ in both the fibre and 

the cross-fibre direction in the model corresponds on the average to 

zero-strain in the experiments of Demer and Yin. As the reference 

sarcomere length in the model is 1.9~m, the ave rage initial sarcomere 

length in Demer's experiments would be 2.05~rn. This assumption seerns 

ro 
10 ~ 

Vl~ 

8 ---- RATE=0.05 ç 1 

- -- RATE=0.00055-1 

6 

4 

2 

0.05 0.10 0.15 

Fig . 5. 2.5. Loading and unloading curves of the model for biaxial 

loading of myocardial strips. The relaxation parameters 

are evaluated from the relaxation experiments of Pinto 

and Fung (1973). Ten Maxwell elements are used. 
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acceptable in view of the experimental data shown in fig . 5.2.1. Fig. 

5.2.4 gives an illustration of such a fitting of the model to Demer's 

experiments. In fig. 5.2 . 4 the unloading curves are not drawn. In 

fig. 5 . 2. 5 the complete hysteresis predicted by the model is drawn 

for the case of biaxial loading. Comparison of this model simulation 

with fig . 2.6.2 reveals that the model simulation is qualitatively 

concordant with the experiment: a faster loading rate results in a 

slightly stiffer behaviour, and the stress-strain relationship at 

each loading rate is a closed hysteresis loop travelled in clockwise 

direction . However the hysteresis loop of the model is much narrower 

than the hysteresis loop of the experiment. 

5 

4 

-- RATE=O.OS S-1 

2 --- RAlE=O.OOOS S-1 

Or-------~~----~~~~--~~~ 
0.05 

-2 

Fig. 5.2.6. Same computation as in fig. 5 . 2.5 but af ter a 

thousandfold increase of the relaxation factor d . 

Multiplication of the value d by 1000 yields a bet ter size of the 

hysteresis loop (fig. 5.2.6). However, the value d=10 results in a 

relaxation function which disagrees with the experimental relaxation 

data of Pinto and Funq (fig. 5.2.2) . Different reasons can explain 

this discrepancy. E.g., the large hysteresis loop measured by Demer 
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and Yin could be an experimental artifact. However, even af ter im

provement of the biaxial loading apparatus, the large hysteresis loop 

appeared to be one of the most consistent results obtained by Yin 

(personal communication, November 1984). Moreover, hysteresis loops 

of a similar order of magnitude are measured on rabbit papillary 

muscle (Pinto and Fung, 1973 and Fung, 1973). The relaxation data of 

Pinto and Fung (1973) used in fig. 5.2 . 2 are, to the author's 

knowledge, unique of their kind. They cannot be compared with results 

of other authors. It seems, however, unlikely that a passive papil

lary muscle subjected to a constant strain of 30\ should lose most of 

its tension within a quarter of an hour, as predicted by the model 

for the value d=10 (fig. 5.2.2). The conclusion of this analysis is 

that the model itself is suspect. Quasi-linear viscoelasticity has 

been chosen for numerical reasons. An infinite range of non-linear 

viscoelastic laws which are not quasi-linear, and which are therefore 

numerically less advantageous, are not considered in this research. 

It seems likely that some of these non-linear laws fit the experi

ments much better than quasi-linear viscoelasticity does. Within the 

scope of this research, we feel satisfied to choose an ave rage value 

for the quasi-linear relaxation behaviour: 

d (5.2.12) 

We now summarize the parameter values, related to the passive be

haviour of cardiac muscle, chosen 50 far: 

CC 10 kPa 
n 0 .01 kPa c 
f 18 a 
cf 10 ~ 21 (A ~ B) a 
b 12 a 

d 1 
sO 0.000185 -1 s 

1 0.01 5 r 
2 1000 s (5.2.13) T 
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5.3 Volume and permeability of the intramyocardial cQronary 

vasculature. 

The two input data characterizing the intramyocardial coronary vas

culature in the deformation model are: the initial coronary blood 

volume fraction NB and the initial permeability tensor oK. The 

initial coronary blood volume fraction is the blood volume fraction 

at zero perfusion pressure and in the absence of all external loads. 

Klein (1945), Gibson (1946), Salisbury et al. (1961), Cristal et al. 

(1981), Eliasen et al. (1982) measured values ranging from 5.8 

mI/lOOg LV to 8.4ml/100g LV on excised hearts . Extrapolation of the 

results of Morgenstern et al. (1973) to zero perfusion pressure leads 

to 6rol/l00g LV. We choose therefore: 

NB = 0.06 (5.3 . 1) 

Fig. 5.3 . 1. Preferential direction of the largest intramyocardial 

vessels. The arrows represent the assumed preferential . 
direction of these vessels . The unit vector ~1 is chosen . 
parallel to this direction, the unit vector B2 is per pen-

dicular to this direction. 
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The permeability tensor °i is defined with respect to alocal or-
o 0 

thonormal basis (B1, 82) (fig. 5 .3.1): 

OK = 0R:. . B. B . 
1.) ~1. ~J 

(i, j 1,2) (5 . 3.2) 

As the larger vessels run mainly in the transmural direction (B -
~1 

direction) we arbitrarily choose : 

(5 . 3.3) 

o (5.3 . 4) 

o· 
The value of K11 will be evaluated by choosing the consolidation 

time of the two-phase model to be of the same order of magnitude as 

the time constant of the intramyocardial coronary vasculature. The 
latt.er has been evaluated by Spaan et al. (1981) from measurements 

carried out at an initial per fusion pressure of about 14 kPa. The 

consolidation time of the model can roughly be evaluated from eq. 

(4.1.32). Consolidation time in the linear case is defined as the 

time t corresponding to the dimensionless time T=1. As the non-linear 

permeability slows the consolidation down, we shall assume that the 

consolidation is completed at T=2 (for example fig. 4.1 . 12) . If we 

take the consolidation of the left ventricular wall to be ap

proximately a one-dimensional consolidation, and if we take the 

compression modulus À + 2~G equal to cc, we find: 

t (5 . 3. 5) 

with : 

hO: wall thickness. 

K11 : permeabilityat 14 kPa perfusion pressure. 

For t=3 5 (Spaan et al., 1981) and the wall thickness hO=12mm, we 

find : 



9.6 
2 

.....!!!!!l.... 
kPa 5 
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(5.3.6) 

Assuming that coronary blood volume varies by 0.5 ml/100g LV per kPa 

arterial pres su re change (Morgenstern et al., 1973), we find that: 

with: 

(5.3.7) 

nB coronary blood volume fraction at 14 kPa per fusion 

pressure 

NB coronary blood volume fraction at zero per fusion pressure 

Using eq. (3.1.21), we find for NB=O.06: 

2 mm2 
kPa s (5 . 3.8) 

It is clear that none of these quantifications claims anything more 

than a rough evaluation of the order of magnitude of the parameter. A 

detailed quantification of the coronary vascular geometry is a pos

sible way of evaluating the above parameters with greater accuracy . 

5.4 Passive loading of the left-ventricle: a concise sensitivity 

.analysis. 

This section aims at gaining some insight into the influence of the 

variation of different parameters on the passive behaviour of the 

left ventricular wall. These parameter variations are carried out 

relative to a reference choice of parameters. The reference values of 

the parameters are: 

sO 0 -1 s 10 kPa s c 

d 0 s 15 = a 
CC 10 kPa NB 0.06 

n 0.01 kPa 0 2 mm 2 -1 -1 c K11 kPa s 
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f a 18 
2 -1-1 0.5 mm kPa s 

cf a 
b a 

10 ... 21 (A ... B) 

12 (5.4.1) 

For the annulus fibrosus (elements 10, 11 and 12 of fig. 5.1.1) we 
n cf B choose different values for c ,a and N : 

n c 0.02 kPa 0.01 (5.4.2) 

The value of NB for the annulus is expected to be lower than for the 

rest of the model because a fibrous structure usually contains less 

blood than muscie . As no data are available on anisotropy, we choose 
cf I f. 11 a equa to a . FJ.nally as we expect the co agenous structure to be 

stiffer than muscle tissue we increase the value of cn. 

Note that the above parameters are mostly concordant with the values 

given in the previous sections. However the reference choice 

describes a purely elastic left ventricle; therefore, we choose d=O 

and 5°=0 5- 1. 

The Crank-Nicholson constant equals 0.5. Before applying any in

traventricular pressure, the intramyocardial coronary blood volume is 

increased from NB=0.06 to nB=0.115. This increase simulates the added 

coronary volume following application of the per fusion pressure on 

the coronary system. According to Morgenstern et al. (1973) the 

increase of coronary volume of 5.5\ corresponds to a per fusion pres

sure of 11 kPa. 

Following this first operation, the intraventricular pressure is 

increased from ° to 3kPa at a ra te of 0.15 kPa s-l. Ouring this 

loading the intramyocardial pressure at the epicardial nodes is kept 

constant, thus allowing exchange of blood between the intramyocardial 

coronary bed and the epicardial vessels. This procedure is followed 

using the reference choice of parameters. Subsequently, the same 

procedure is repeated eleven times af ter changing one of the 

parameters at a time and keeping all other parameters at their 

reference value. The resulting relative cavity volume changes are 

listed in table 5.4.1. The non-linearity of the model calls for 

prudent interpretation of the results: the influence of one parameter 

on the pressure-volume relationship depends on the values of the 

other parameters. Therefore, if the reference choice of parameters is 



Input 

Reference choice of para

meters 

Narrow apex 

Proper ties of annulus 

proper ties of wall 

Incompressibility 
o 0 
K 11 K22 = 0 

Decreased compressibility 
cC=50kPa 

Homogeneous cross-fibre stiff

ness: acf=10 

Homogeneous cross-fibre stiff

neS5 and inhomogeneous fibre 

stiffness:acf=10, af=18~9 (A~B) 

Reduced biaxial stiffness: 
ab=O 

Decreased initial normal 

stiffness: cn=0.002 kPa 

Increased initia! shear 

stiffness: cS =50 kPa 

Decreased initial shear 

stiffness: cS=2kPa 

cS =0.4kPa 
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VLVat pLV=lkPa 

vLVat pLV=OkPa 

1. 26 

1. 28 

1. 26 

1.25 

1. 25 

1. 30 

1. 32 

1.43 

1. 56 

1.20 

1. 32 

1. 34 

VLVat pLV=2kPa 

VLVat pLV=OkPa 

1 .52 

1. 53 

1. 52 

1. 49 

1. 50 

1. 54 

1.57 

1. 79 

1. 87 

1. 40 

1.55 

1. 55 

Table 5.4.1. Pressure-volume relations for different choices of 

parameters. 
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a very unrealistic choice, it could be that the influence of some 

parameters in a more realistic model is very different from the 

influence evaluated here. However, it seems that the geometry of the 

apex, local inhomogeneities, the compressibility and the permeability 

do not play a major role in the passive pressure-volume relations of 

the model. As no data are available on shear behaviour of isolated 

heart muscle specimens, special attention is attributed to the way 

shear parameters affect the passive ventricie. This influence can 

best be understood by comparing the transmural distribution of sar

comere length at different values of the shear parameters (fig. 

5.4.1). 

lS 
•• 1 •••••••• 

. --"'\ ...• -- REFERENCE CHOICE CS =10kPa 
- - - _ CS = 50 kPa 2.1 1----.. \~ ...... . 

\ ••• . -- - CS = 2 kPa 

2.0 
~ 
::::> 
o 
0:: 

-", 
\ 

\ ............... CS = O.4kPa 
........... . .. . 

\ 
\ 
'-

'~> .. , ... " .......... . ............ . ... ------........ _--
~ pLV= 3 kPa ~ 
g <c 

~ ~ 1.9 ...... ________________ ...:I.I.J=.. 

Fig. 5.4.1. Transmural distribution of sarcomere length at the 

equator for different values of the shear parameter CS 

(model simulationl. 

Changes of the value of CS affect the sarcomere length of the mid

layers more than the subendocardial and subepicardial sarcomere 

length. Tf we remember that the mid-layer fibres are oriented circum

ferentiallyand the subendocardial and sUbepicardial fibres are 

oriented in a more axial direction, we can infer from fig. 5.4.1 that 

at low values of CS the ventricle expands more radially. Comparison 

of fig. 5.4.1 with measured sarcomere length distributions (fig. 

5 . 4.2l, reveals that the elastic model is too stiff. Part of this 
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overestimation can be counteracted by choosing a low shear 

resistance. Histological studies (e.g., Caulfield and Borg, 1979) 

point in the same direction of a low shear resistance a130. 

The torsion of the ventricular model was found to increase with 

decreasing shear resistance . In all cases, however, the rotation of 

the apex about the symmetry axis remained lower than 0.1 rad. 

Af ter loading the left ventricular model from pLV=O kPa to pLV=3 kPa, 

Ë 
::1. 

:I: 

~-~ -SPOTNITZ (1966) 
o 
~ • mRÁN (1973) 

2.4 8 Ä SPOTNITZ (1979) 
z .... , 

.......... Ä24mm Hg 

1: 
=> 

2.4 ~ 
-< u 
o 
o 
z ..... 

- .... ~-GRIMM (1980) 
:I: 
=> 
ë5 
a:: 
-< u 
~ ..... 

I-
~ 2.3 ' ''0.-

-"""-
23 

.... 
-' 
..... 
a:: ..... 
1: 
o 
w 
a:: 

- 20 mm Hg 

~ 22 
10 mm Hg 

12 mm Hg 

2.1 

6mm Hg 

2.0 
2mm Hg 

OmmHg 
19 -Lf-'--'----'----'-.....L_--l 1.9 

Fig.5.4.2 . Transmural sarcomere length distribution as measured in 

left ventricles. 

unloading of the model can also be performed. It was found that for 

the elastic left ventricle the pressure-volume relationship during 

24mmHg 

12mmHg 

3mm Hg 
6mmHg 
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unloading was indistinguishable from that during loading. This result 

shows that the energy dissipated by the viscosity of the coronary 

blood volume is negligible during passive loading. Once viscoelas

ticity is introduced in the model a very different picture appears 

(tig. 5.4.3). 

1"1 =0.01 s 
1"2=1000 s 

d =10 

SO =0.000185 ç1 

--RAIT = 0.15 kPa S-1 

--- RATE=150 kPa S-1 

RELATIVE VOLUME CHANGE 

Fig. 5.4.3. Pressure-volume relationship of the viscoelastic passive 

left-ventricular model. 

Fig. 5. 4.3 shows left ventricular pressure versus relative volume 

change during loading and unloading of the passive viscoelastic left

ventiicle. At a low loading rate (continuous line) we see that the 

loading curve is different from the unloading curve. As the cycle of 

loading and unloading is repeated, the model tends towards a closed 
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hysteresis. Ouring this procedure, the model is intermittently sub

jected to faster load changes (dashed lines). Ouring these fast 

loadings, we see that the model is stiffer. 

Fig. 5.4.4. Transmural distribution of sarcomere length at the 

equator as predicted by the model. The left panel shows 

the result for the first loading shown on fig. 5.4.3; the 

right panel shows the result for the third and last 

loading curve shown on fig. 5.4.3 . 

The transmural distribution of sarcomere length is also history

dependent (fig . 5.4.4). It seems as if the sarcomere length distribu

tion occurring during loading remains inprinted in the ventricular 

wall af ter unloading. We should therefore expect that the sarcomere 

length distributions measured by Yoran et al . (1973), Spotnitz et al. 

(19 .. ) and Grimm et al. (1980), are the integrated result of the 

previous history of the ventricles and their prese~t load . The pre

vious history of each of these ventricles is mainly a succession of 

systolic contractions and diastolic relaxations . In order to be able 

to compare model results and experiment, the model should therefore 

be subjected to the same type of history before comparing the dias

tolic data of model and experiment. This is why the final re sult on 

diastolic transmural sarcomere length distribution will not be dis

cussed until the section on the cardiac cycle. 
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The last parameter variation that we discuss in this section, is the 

variation of the intramyocardial coronary blood volume. Prior to 

raising the intraventricular pressure, the intramyocardial blood 

volume was raised from its initial value NB=0.06 to the value 

nB=0.115 in the previous computations. 

The first loading curve of the viscoelastic computation, illustrated 

on fig. 5.4.3, is now recomputed twice: once af ter raising the coro

nary volume from NB=0.06 to nB=0.09 and once af ter raising the coro

nary volume from NB=0.06 to nB=0.14. These two values of nB cor

respond to perfusion pressures of 6 kPa and 16 kPa respectively. The 

resulting pressure-volume relationships are shown in figure 5.4 . 5. 

2 

.2 

c nB = 0.14 

6 nB = 0.115 

+ . nB =009 

.3 4 .5 .6 IVLV-V}VllVt 
RELATIVE VOLU ME CHANGE 

Fig. 5.4.5. Stiffening of the ventricular wall model as the in

tramyocardial blood volume is raised. 
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The pressure-volume curve shifts to the left with increasing coronary 

blood volume. This result shows that the model is able to simulate 

the dependence of the ventricular compliance on the intracoronary 

blood volume which is illustrated in fig. 1.2.3. 

On the basis of the computations mentioned 50 far and a number of 

additional computations which we do not go into in this text, the 

choice of parameter values was adapted as follows: 

d = 1 

T 1 0.01 5 

T 2 1000 5 

CC 10 kPa 

cn 0.008 kPa 

af 18 .. 9 (A .. B) 

acf = 10 

ab = 12 

0.1 kP a 

15 

0.06 

2 mm2 kPa -1 5- 1 

0.5 mm2 kPa- 1 5- 1 

(5.4.3) 

except that for the annulus fibro3us the values of (5.4.2) remain 

valid, and that for the apical elements the values of cn and cS are 

amended: 

CS 1 kPa 

c n 0.1 kPa (5.4.4) 

for elements 1, 19 and 22 of fig. 5.1.1. Without this stiffening of 

the apex, the model was unstable in this region.This instability is 

probably related to the proximity of the symmetry axis. 

5.5 Contraction parameters. 

Sarcomere dynamics has not been the main focus of this research. The 

contraction model described in section 2.6.3 is mostly borrowed from 
Arts (1978) and Arts et al. (1982). 

Many contraction parameters are temperature-dependent. A5 we are 

interested in the characteristics of the sarcomeres of the heart in 

vivo, we evaluate the parameters for the temperature of 37oC. 
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Most experiments on isolated papillary muscle are performed at lower 

temperatures . Therefore, extrapolation of these results to higher 

temperatures is needed for most parameters. 

Dependency on calcium concentration and on the type of muscle makes 

the evaluation of the parameters even more complex. Contraction 

experiments on isolated heart muscle specimens are usually not per

formed on canine tissue. Therefore, we rely on experiments performed 

on myocardial tissue of other animais. 

The introduction of laser diffraction techniques showed that isolated 

cardiac muscle preparations are non-uniform (Pollack et al., 1976). 

Results of experiments in which total length and velocity are related 

to total force, therefore, cannot be accurately translated to force

velocity-length relationships of individual sarcomeres. Whenever 

possible, preference will be given ta results obtained from the laser 

diffraction method. 

The scarcity of these data. and the complexity of the subject motivate 

us ta rely mostlyon the parameter values used in the ventricular 

model of Arts . Arts finds for the force-time relationship (Arts 1978, 

Arts et al., 1982) : 

51 
T 

s2 
T 

151 

0.075s 

0.0755 

O. 6 ~m 

s 1 -1 
v = 6. 7 ~m s 

b = 1.5 ~m -2 

(5.5.1) 

The force-length relationship is mostly insensitive to temperature 

and matches experimental data of Pollack et al. (1976) (c.f. Arts, 

1978). The maximum active isosarcometric stress is chosen according 

to data of Pollack et al. (1976) and van Heuningen et al. (1982): 

Tao = 130 kPa (5.5.2) 

The force-velocity curve is fitted to the measurements of Oaniels et 

al. (1984) (fig. 5.5.1). Oaniels et al. found that the value of vsO 

is constant for a sarcomere length between 1.85 ~m and 2.3 ~m . In the 

model vso is assumed constant for all values of the sarcomere length. 
Oaniels et al. found at 25°C: 

sO 
v 

-1 13.6 ~m 5 (5.5.3) 
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sd The parameters v and hare evaluated from the fitting shown in fig. 

5 . 5.1 : 

sd -1 v 0.7 !lm s 

A I' = 2.1511m } 
• I' = 1.9 IIm 

--MODEL SIMULATION 

-10 

(5.5.4) 

u... o 
:I:_ 

o~ 
e== 
!o<:v) 

100 5 ~ 
o et: 
- I
Q.V) 

"ti 

SARCOMERE LENGTHENING VELOCITY (IIm/sl 

Fig . 5.5.1. The force-velocity curve is fitted to experimental data 

from Oaniels et al . (1984) . 

h 
-1 

0.67!lm s (5.5.5) 

The arctan-function (2.6.31) is chosen because it seemed to be the 

simplest type of function able to fit the experimental data fairly 

weIl. Unlike Hill's hyperbola, the arctan-function contains a deflec

tion point which can avoid the overestimation of the maximum 

isometrie active force by a hyperbolic force-velocity relationship 

reported in literature (Daniels et al., 1984). 

The force-velocity curve flattens with increasing tempera tu re 

(Binkhorst et al., 1977), This influence of temperature is accounted 

for by reducing the value of h. At present we choose for 37oC: 

h 
-1 

0.45!lm s (5.5.6) 
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Using the above parameter values for 370 C, we simulated a number of 

preload-afterload experiments with the model (fig. 5.5.2). 

Unfortunately, to the author's knowiedge, no experimental data are 

available on preload-afterload experiments which directly compare 

with the simulation. Brutsaert et al. (1971) measured shortening of 

papillary muscle in vitro during preload-afterload experiments at 

26 0 C. The model simulation shows a qualitative agreement with 

~ i .x 

i8 
~ tlO 

Q! 

t/i 
u.. u.. 

~ 0 
::t: 

LJ ::t: 
Q! ~50 fso ><: 

:3 I 
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C> -' c:: 0 
~ c:: 
:f!. "t; 
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ë'i 1B 
~2 
z 
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:I: ~ 0 0 LJ 
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4 Q! 

-' 0 u..r ::t: 
> '" u.r "-
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~ 2 !c{ 
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02 TIME (s) 0.5 TIME (s) 

Fig. 5.5.2. The change with time of stress, sarcomere length and 
sarcomere shortening velocity during preload-afterload 

·model simulations (left) and change with time of stress, 

shortening and shortening velocity measured by Brutsaert 

et al. (1971) on papillary muscle in vitro. 
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Brutsaert's experimental data. The slower responses in Brutsaert's 

experiments can be attributed to the low temperature of the specimens 

(Arts et al. 1982). The lower force generation is attributed to non

contracting ends of the papillary muscle which counteract the force 

generation of the contracting middle section of the papillary muscle 

(Pollack et al. 1976). 

Initiation of contract ion in the model is not simultaneous for all 

sarcomeres. It is assumed that the time-lag between depolarisation 

and initiation of contract ion is the same for all sarcomeres. The 

depolarisation wave moves from endocardium to epicardium and from the 

apical region toward the basal region. The wave needs about 40 to 50 

ms to reach the whole left ventricular wall (Scher et al. 1956, 

Sidney Harris, 1941, Durrer et al. 1970). On the basis of these data 

the sequence of onset of contraction is chosen as shown in fig. 

5.5 . 3. 

5.6 The cardiac cycle. 
7 

Fig. 5.5.3. The sequence of 

onset of contraction 

in the ventricular 

model. The pattern 

of this sequence is 

the same as the 

pattern used for the 

non-homogeneity of 

the passive stiff

ness shown in fig . 

5.2.3 (time in ms). 

A left-ventricular beat is a cyclic phenomenon. The deformation of 

the left ventricle is unknown at any instant of the cycle. The proce

dure that we follow is to load the left ventricle with the end-dias

tolic intraventricular pressure and then initiate three consecutive 
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beats. We hope that the last of the three cycles will be ap

proximately a closed cycle, i.e. that the end-diastolic state at the 

beginning of the cycle is comparable to the end diastolic state at 

the end of the cycle. The predicted deformation during the cycle is 

then compared with experimental data of Arts et al. (1982). The main 

reason for choosing these experimental data is that Arts et al. 

(1982) also include torsion in their measurements. 

The Crank-Nicholson constant equals 0.5. The passive loading prior to 

the beats is performed at a ra te of 0 . 1 kPa s-2 and is preceded by an 

increase of the intramyocardial coronary volume form NB=0.06 to 

nB=0.115 in order to simulate a coronary perfusion pressure of 11 

kPa. The increase in coronary volume results in a uniform in

tramyocardial pressure of 0.5 kPa at the beginning of the passive 

loading. The epicardial value of pIM is kept constant at 0.5 kPa 

during the passive loading and during the three cardiac cycles. 

The procedure during a single cycle is as follows. First, contraction 

is initiated according to the pattern of fig. 5.5.3. The isovolumic 

mode is turned on 20 ms af ter initiation of contraction. From then 

on, the model keeps the intraventricular volume constant and computes 

intraventricular pressure. Keeping the intraventricular volume con

stant does not mean that the shape of the cavity remains the same. 

The shape is allowed to change. This isovolumic mode is on until the 

intraventricular pressure exceeds the aortic pressure which is 9 kPa 

in this case. At this time the ejection phase starts. During the 

ejection phase the intraventricular pressure is raised with given 

pressure increments. The increments are positive until peak systolic 

pressure is reached, then progressively more negative until the end 

of the ejection phase. At the end of the ejection phase the in

traventricular pressure equals about 12 kPa and again the isovolumic 

mode is switched on. The isovolumic mode is on until the in

traventricular pressure is lower than the atrial pressure which 

equals 2.2 kPa in the present computation. The procedureused in the 

ejection phase is also used during diastole. Given pressure incre

rnents resuli in a computed intraventricular volume. The duration of 

one cycle is 0.55 s. The time step is 5 rns except for the last part 

of diastole in which it is 10 ms. 
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A few preliminary computations using the parameter values mentioned 

in the preceding sections showed that a few modifications were 

needed. The duration of contraction of the sarcomeres was too short. 

Arealistic duration of the ejection phase was obtained when 

choosing: 

s1 v 
-1 

5.2 IJm s 

e 
:1. 

2.4 

2.2 

2.1 

-- - INITIAL OISTRI8UTION (pLV=O kPa) 

-+- AFTER PASSlVE LOADING (pLV=1 kPa) 

-1>- AFTER FIRST CYCLE (pLV=I.67 kPa) 

-D- AFTER SECOND CYCLE (pLV=I.43 kPa) 

-0- AFTER THIRD CYCLE (pLV=1.48 kPa) 

/ 
/ 

2.0 3 / 
iS / 

~ / 
~ / 
~/ 

1.91L...-------------J 

(5.6.1) 

Fig. 5.6.1. End-diastolic transmural sarcomere length distributions. 

Note that there is no consistent relationship between 

Ie ft ventricular pressure and the sarcomere Iength 

distribution. This is the consequence of the history 

dependence of the constitutive behaviour. 
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instead of the value mentioned in eq. (5.5.1). Af ter the above adap

tation the computed hemodynamic quantities are fairly realistic, 

except that contract ion is still too weak. The ejection fraction is 

about 35\ . In\order to increase the ejection fraction, we decided to 

flatten the force-velocity relation more than before. For this 

reason, we choose: 

h = 0.15 (IJm)-\ (5.6.2) 

instead of the value mentioned in eq. (5.5.6). 

It was also found that the coronary blood volume that was ejected 

during systole was not entirely reabsorbed during diastole. Af ter a 

three cycles, the myocardium contained much less blood than in the 
beginning, especially in the subendocardial layers. This result could 

be due to the absence of arteries in the deformation model. In order 

END-DIASTOLE 

l 2 3 
-l.0E·~~ -8.~E-01 -6.0E-01 

.. 5 
-".0E-01 -2.0E-01 

(anqie in rad) 

END 
ISOVOLUMIC 
CONTRACTION 

END-EJECTION END 
ISOVOLUMIC 
RELAXAT I 0'"' 

Fig. 5.6.2. Computer generated, originally color coded plot of suc

cessive states of deformation of the left ventricular 

model during the third cycle. The local rotation angle is 

plotted according to a number code. 

to compensate for this effect, we adapt the value of NB as follows: 



NB 0.16 

NB 0.14 

NB 0.12 

(subendocardially) 

(mid-wall ) 

(subepicardially) 
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(5.6.3) 

Fig. 5.6.1 shows the different end-diastolic transmural sarcomere 

length distributions obtained during the computation. The results may 

be surprising because the epicardial sarcomere length is lower in the 

loaded state af ter the third cycle than in the initial unloaded 

state. We should af ter all realise that a viscoelastic, two-phase 

medium reshapes itself during cyclic loading according to the load 

applied. We can see that the resulting sarcomere length distribution 

at the end of the computation shows longest sarcomere length between 

the subendocardial and the midwall region. This result is consistent 

with the measurements of Yoran et al. (1973). Grimm et al. (1980), 
however, dit not measure such distribution. The low epicardial 

sarcomere lengths in the model simulation can partly be explained by 

the fact that about 50% of the initial coronary blood volume has been 

expelled by the myocardium at that time. 

Ejection fractions for the three heart cycles are 59%, 55% and 54% if 

we assume that the volume of the papillary muscles is 4 mI (Streeter 

et al., 1973). 

Significant torsion occurs during the systolic phase of the cycle 

(fig. 5.6.2). During the ascending limb of the ventricular pressure 

curve the apex rotates in clockwise direction relative to the base 

for an observer looking from apex to base while the opposite happens 

during the descending limbo Fig. 5.6.3 shows a comparison of the 

epicardial deformation of the model with experimental data of Arts et 

al. (1982). Arts et al. measured three epicardial strain components: 

- the circumferential natural strain, which is the natural logarithm 

of the ratio of the current radial coordinate to the initial radial 

coordinate, and which is related to Green's localstrain matrix Eij 
as follows: 

(5.6.1) 

- the so-called axial natural strain EZ' which is the natura 1 strain 

in the direction initially perpendicular to the circumference and 
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tangential to the epicardial surface. Note that in general this 

direction is not the axial direction. E is related to Green's z 

MODEL 

10 

pLVlkP~ [ 

(,o{\) 

E'O.1[ ~ 

L-....I 

0.1s 

EXPERIMENT 
(Arts et al.,19821 

Fig. 5.6.3. Comparison between model simulation and experimental data 

of Arts et al. (1982) .The model values of EC' EZ and y 

pertain to the epicardial node common to elements 27 and 

28 (qao = aortic flow). 
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Fig. 5.6.4. Computer generated plots of sarcomere length in the 

myocardial model . 

Fig. 5.6.5. Computer generated plots of fibre stress in the myocar

dial model. 
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local strain matrix E .. as follows: 
1J 

I ![ 2 ( . 2 2 E' E 2 Ijl ) 1] EZ = n E33 Sln 1jI+ 23s1n IjIcosljl+ 22 cos + (5.6.2) 

- the shear angle 't, which is the change of the angle between the 

circumferential direction and a line on the epicardium initially 

perpendicular to the circumference. The shear angle 't is related to 

E .. as follows: 
1J 

Fig. 5.6.6. Computer generated plots of volume change in the myocar

dial model. 

Figs. 5.6.4-6 show sarcomere length distributions, fibre stress 

distributions and volume change distributions during the third cycle 

of the simulation. We see that sarcomeres shorten most in the mid

layers of the model. The fibre stress at end isovolumic contract ion 

is fairly uniformly distributed, while at end-ejection the fibre 

stress in the mid-layers is significantly lower than in suben

docaridal and subepicardial layers. In the largest part of the 

ventricular wall, the relative volume change of the myocardium from 
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end-diastole to end-isovolumic contraction is in the order of 3% 

which is equivalent to 20% of the intracoronary blood volume. This 

value is a rather high value compared to the value evaluated by Spaan 

(1985) for an autoregulated bed; his value is in the order of 5% of 
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Fig. 5.6.7. Left ventricular pressure and subendocardial intramyocar

dial pressure during the three heart cycles. 

the total intracoronary blood volume. In a sma11 region around the 

apex we find that most of the blood is expe1led. This result is 

related to the high intramyocardial pressure computed in this region, 

and could be attributed to the fact that the apex of the model is too 

thick or has wrong material properties. It a1so cou1d be due to the 

absence of papillary muscle farces. 

Fig. 5.6.7 shows that the way in which the subendocardia1 tissue 

pressure changes with time is fairly close (although not identical) 

to the way in which the intraventricu1ar pressure changes. The suben

docardial tissue pressure is slight1y 10wer than pLV in the ascending 

limb of systole, while in the descending limb it tends to be slightly 
higher than pLV. In a small region around the apex the intramyocar

dia1 pressure exceeds 1eft ventricu1ar pressure by near1y 100%. 
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Fig. 5 . 6 .8. Subendocardial intramyocardial pressure during a left 

ventricular contraction at pLV=O (model simulation). 

Ouring diastole negative subendocardial tissue pressures are 

computed. These diastolic pressures tend to become more negative as 

more cycles .are computed. This tendency of the model could be at

tributed to the absence of arterialvessels in the model . Fig. 5.6.8 

shows that simulation of the contraction of an empty left ventricle 

yields a very similar variation in time of the subendocardial tissue 

pressure. This result is consistent with the findings of Baird et al. 

(1972) and shows that no simple relationship exists between suben

docardial tissue pressure and intraventricular pressure . 
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5.7 The coronary circulation simulation 

The simulation of the cardiac cycle in the previous section yields an 

intramyocardial pressure field in the ventricular wall for each phase 

of the cardiac cycle. The perfusion model allows us to compute coro

nary flow from these tissue pressures and from a given perfusion 

pressure. 

Fig. 5.7.1. The finite element mesh of the perfusion model. From back 

to front, we see the arterial, arteriolar, capillary, 

venular and venous finite element layers. Each layer 

contains 27 elements. 
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The finite element mesh used for these computations is obtained from 

the deformation mesh of fig. 5.1.1 by extending the geometry in a 

hyperdimension (the arteriovenous dimension), 50 that each deforma

tion element gives rise to five per fusion elements representing five 

compartments of the intramyocardial coronary bed (tabie 5.7.1). The 

three deformation elements representing the annulus fibrosus are left 

out in this context, because we are not interested in the per fusion 

of these elements. The resulting perfusion mesh has 5x27=135 elements 

and 6x40=240 nodes. The intramyocardial pressure of a particular node 

of the deformation mesh is the extravascular pressure of the six 

corresponding nodes of the perfusion mesh. 

We assume a constant epicardial arterial pressure of 11 kPa and a 

constant epicardial venous pressure of 0.5 kPa during the cardiac 

cycle. The epicardial arterial pressure is prescribed at the ten 

nodes of the front epicardial edge of the perfusion mesh. The epicar

dial venous pressure is prescribed at the ten nodes of the back 
epicardial edge of the per fusion mesh. Other blood pressures are not 

prescribed. 

finite diameter x -interval 
0 

element layer range (Ilm) (D = 1 Ilm) c 

arterial 80 - 400 - 7.37 ... 4.31 

arteriolar 10 - 80 - 4.31 ... 2.15 

capillary - 2.15 ... 2.71 

venular 20 - 100 2.71 ... 4.64 

venous 100 - 1000 4.65 .. 10 

Table 5.7.1. The intramyocardial coronary compartments of the perfu

sion model. 

The computation is performed for the case of an autoregulating bed. 
It will be assumed, however, that the vasoconstrictive tone is con

stant in time, 50 that its effect has not to be taken into account in 

the computations. The conductance is evaluated from the anatomy of 

the coronary microvasculature and from experimental data on coronary 

pressure and flow. As quantitative measurements of the geometry of 

the microvasculature which are adequate for this purpose are not 
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available in the literature, we restriet ourselves to a rather rough 

evaluation of the conductance from qualitative anatomical 

descriptions. There is no doubt that this evaluation can sig

nificantly be irnproved in the future . The conductance tensor is , 
expressed in terms of the local orthonormal base (~o' ~1' ~2) : 

OK = K . . B. B. 
1J ~1 ~J 

(5.7 . 1) 

in which ~1 and ~2 are the unit vectors plotted in fig . 5.3 . 1, and ~o 

is a unit vector in the arteriovenous direction. the initial conduc

tance matrix K .. is assumed constant within each compartment. 
1) 

Bassingthwaighte et al . (1974) conclude from their anatornical obser-

vations that functional capillary length is 560 to 1000 ~m. This 

means that blood does not generàlly travel large distances in capil

laries and motivates us to neglect spatial flow in the capillaries: 

(5 . 7. 2) 

For all other compartments we assume that the distribution of the 
ax 

vessel orientations (as) and the distribution of their bifurcation 
~ , 

rate (as ) is symmetrie about the ~1-axis within each representative 

volume (fig. 1.5.13). This assumption leads to: 

(5.7 . 3) 

for all compartments. 

The conductance parameters we are left with by now are four 

parameters for the arterial compartment (K~~t, K~~t, K~~t, K;~t), 
four parameters for the arteriolar compartrnent, one for the capillary 

compartment (Kg~P), four for the venular compartment and four for the 

venous compartment. The parameters which we evaluate first are the 

values of KOO for each of the compartments. 
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Mean coronary flow is known to be in the order of 1 min- 1 (Hoffman, 

1979) . Due to the condition of continuity, this flow has to go 

through all compartments . Therefore, we assume that the mean value of 

qo is: 

1 
T 

T 
S qo dt 

o 
0 .017 ml blood/s/ml tissue (5.7.4) 

where T is the duration of a heart cycle . If we assume that qo is 

zero during systole and that the duration of systole and diastole are 

the same, we find a diastolic value for qo of 0.034 mI blood/s/ml 

tissue. According to the extended Darcy equation, we can conclude 

that: 

0 .034 (5.7.5) 

If we neglect the contribution of the gradients Q.]L and QJL in eq. 
3x 1 3x2 

(5.7.5) and evaluate the pressure p as a function of Xo on the basis 

of measurements of Coulson et al. (1970) and Tillmans et al. (1981), 

we find va lues of ROO listed in table 5.7.2. 

finite lip (kPa) lIxO ROO (kPa- 1s- 1) 
element la er 

a-rterial 2.5 3.06 0.04 

arteriolar 6.4 2.15 0.012 

capillary 4.87 0 . 16 

venular 0.5 1.93 0.14 

venous 0.1 5.36 1. 82 

Table 5.7.2. Evaluation of the values of ROO' 

The values of R11 and K22 obey the following equations: 

10 o' 2 -1 -1 S R11 dxO 1 11 2 mm kPa · s 
-7.37 

(5.7.6) 

10 o' 2 -1 -1 I 122 dxO K22 0.5 mm kPa 5 
-7.37 

(5.7.7) 
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These equations are derived from eqs. (2.5.15) and (3.1.22). The 

values of K11 6XO and K22 6XO are chosen as shown in table 5.7.3. The 

finite 
element layer 

K226xO K11 K22 

(mm2kPa- 1s- 11 (mm2kPa- 1s- 11 

arterial 0.4 0.05 0.13 0.02 

arteriolar 0.1 0.15 0.05 0.07 

venular 0.2 0.15 0.1 O.OB 

venous .Ll 0.15 0.24 0 .03 

2.0 0.5 

Table 5.7.3. Choice of the values of K11 and K22 . 

choice of the values are based on qualitative descriptions from the 

literature of the coronary vasculature. The large vessels conduct 

more than the small vessels and are more oriented in the transmural 

direction (Estes et al., 1966, Farrer-Brown et al., 1973, Farrer

Brown 1974, Grayson et al., 1974). The distribution of smaller ves

seIs is less anisotropic than the distribution of larger vessels 

(Grayson et al., 1974, Anderson and Anderson, 19BO). 

The value of 1<01 is evaluated as follows: In the case that a compart-
ox 

ment is composed of vessels which all run in the direction of ~1 (05 
I oxO 

= ~1) and that all vessels bifurcate at the same rate (äS is the 

same for all vessels), then we can conclude that 

(5.7.B) 

In the case that the vessels run in a direction opposite to ~1 th en 

we can conclude that 

(5.7.9) 
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In the case of the vascular network shown in fig. 4.2.1, it was found 

that the absolute values of K01 were generally a factor 1. 2 to 8 

lower than those predicted by eqs. (5 . 7.8-9). 

On the basis of these considerations and on the basis of anatomical 

data of the orientation of the coronary vessels, we choose the values 

of K01 as shown in table 5.7 . 4. 

finite 

arterial 

arteriolar 

venular 

venous 

K 
01 1 -1 

rum kPa s 

- 0.03 

- 0.005 

+ 0.03 

+ 0 . 45 

Table 5.7.4. The values of K01 . 

The initial coronary blood volume NB is subdivided between the dif

ferent finite element layers on the basis of the distribution 

evaluated by Spaan (1985) (tabie 5.7 . 51, even though his distribution 

among the different compartments pertains to the situation of 100 

mmHg per fusion pressure, while the value of Nb relates to the situa

tion at 0 mmHg perfusion pressure. 

Note that the choice listed in table 5.7.5 satisfies the relationship 

(2 . 1.44) to the porosity NB of thc deformation model for 

finite element. Nb Nb Ilx la er 0 

arterial 0.0033 0.01 

arteriolar 0.007 0 .015 

capillary 0.0092 0.045 

venular 0.0021 0.04 

venous 0.0056 0.03 

NB=0.14 

Table 5 . 7 . 5 . Distribution of the intramyocardial blood volume between 

the different compartments. 

the mid-wall elements. For the subendocardial and subepicardial 

elements, the eg . (2.1.44) is only approximately satisfied. 
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The compliance of the vessels should be evaluated on the basis of a 

thorough literature study of the subject. As this study is beyond the 

scope of this research, we restrict ourselves at the present time to 

choosing the following relationship between the transmural pressure 

difference pTM (in kPa) and the blood volume fraction nb: 

TM 
Nb (1 + ~ arctan ~) (5.7.10) 

This relation is taken the same for all compartments and is plotted 

in fig. 5.7.2. 

b 
n 

2Nb t----

o 2 

Fig. 5.7.2. Non-linear compliance of the microcirculatory 
compartments. 

pTM (kPa) 

The coronary flow is computed for the first two heart cycles dis

cussed in the previous section. The Crank-Nicholson constant is 0.5. 
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The resulting total venous and arterial coronary flow is plotted in 

fig. 5.7.3. We see that the model predicts an increase of the venous 

outflow and a decrease of arterial inflow during the systolic 

contraction. These results are qualitatively consistent with the 

experiment (Wiggers, 1954, and Spaan et al., 1981). Computed mean 

coronary flow is 0.018 5- 1. The influence of systolic contraction, 

however, is overestimated. 

10 
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Fig. 5.7.3. Total coronary flow as predicted by the per fusion model. 

During the second cycle we see that the maximum total venous flow is 
-1 about 11 mI 5 on fig. 5.7.3. The mean total venous flow equals 

about the mean total arterial flow and is approximately 1.8 mI 5- 1. 

The ratio of maximum to mean total venous flow therefore is about 6. 
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Measurements of venous coronary flow (Wiggers, 1954, and Spaan, 1985) 

indicate that a value of 2 is more realistic. 

Comparison of the computed arterial coronary flow signalof fig. 

5.7.3 with the experimental curve from Spaan et al. (1981) (fig. 

1.2.1) shows that the computed ratio of maximum to mean arterial 

flow is fairly realistic. We expect that a better choice of 

parameters and the inclusion of epicardial vessels into the model 

will lead to results which are quantitatively more concordant 

Fig. 5.7.4. The two components (qr and qz) of the arterial coronary 

flow pattern computed by the model at end-diastole. q is 
r 

the "radial" component, and is positive in the direction 

pointing away from the symmetry axis.q is the axial z 
component and is positive farm apex to base (see fig. 

5.3.1.). 

with the experiment. Fig. 5.7.4 shows the flow distribution in the 

arterial vessels during the diastolic phase. Fig. 5.7.5 shows the 
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distribution of regional capillary coronary perfusion. Fig. 5.7.6 

shows the transmural pressure distribution in an equatorial section 

of the ventricular model. 

Fig. 5.7.5. Regional capillary coronary flow (= qo at the interface 

of the arteriolar and capillary compartments) during 

diastole. 

The change in total intracoronary blood volume (nB) is illustrated in 

fig. 5.7.7. The value of nB is linked to the value of the myocardial 

volume J according to eq. (3.1.23). The physical meaning of this 

equation is that all volume change of the myocardium is due to 

changes of intracoronary blood volume, because both tissue and blood 

are assumed incompressible. The value of J computed by the 
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Fig. 5.7.6. Transmural blood pressure distribution in section a-a of 

the left-ventricular wall. Note that during diastole most 

of the arteriovenous pressure drops are located in the 

arterioles (model simulationl. During systolic contrac

tion,a high transmural pressure gradient is generated in 

the capillary, venular and venous element layers. 

deformation model and plotted in fig. 5.6.6 should re late to the 

value of nB computed by the perfusion model and plotted in fig. 5.7.7 
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according to eq. (3.1.23). However, we see that this relationship 

does not hold because at end-diastole, the deformation model predicts 

a lower subendocardial blood volume fraction than the perfusion 

model . This is probably because the presence of the arteries in the 

per fusion model enables the coronary bed to be refilled during the 

diast.olic phase. 

All the pictures discussed 50 far pertained to the second heart cycle 

of the simulation presented in section 5.6. The computation is now 

continued using the intramyocardial pressure distributions belonging 

to the third heart cycle. A few milliseconds before end-diastole, 

however, we simulate the occurrence of a coronary occlusion. At the 

four lowest (closest to apex) arterial epicardial nodes the old 
boundary condition (i.e. p= 11 kPa) is substituted by a new 

condition: a no flow boundary condition. We see then that the picture 

at end-diastole becomes very different (fig . 5.7.8). The epicardial 

inflow drops to zero in the apical region. The choice of the 

parameter K22 does not allow significant collateral flow to occur. 

However, if we repeat the computation af ter raising the value of K22 
at the epicardial and endocardial nodes arbitarily by a factor 20 

(K~~t = 0.4 mm2 kPa- 1 5- 1) in order to introduce an endocardial and 

epicardial plexus in the model, then we see that the value of qz 

around the occlusion is now high (fig. 5.7.9). 

In this computation we leave the value of K22 at other nodes 

, , ~ ~ 

c; Üilt:.l:>1004/mltissue) 

Fig. 5. 7.7. Total intramyocardial blood volume fraction. 
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unchanged. Within each element the value of K22 varies linearly. We 

cannot claim any quantitative accuracy of such computation; however, 

this result illustrates the possibilities to simulate collateral flow 

by this model. 

Fig. 5.7.8. Arterial coronary flow pattern at end-diastole af ter 

occlusion. Left the radial component (q l, right the 
r 

axial component (qzl . 
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. , 

- v , 

,. : , 

Fig , 5,7 . 9. Arterial coronary flow pattern at end-diastole af ter 

occlusion. The model prediets a high value of qz in the 

region of the occlusion. 
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6. CQNCLQSIORS ANP RECOMMENDATIONS 

6.1. Conclusions 

It has been apparent from this research that a porous medium approach 

combined with non-linear finite element analysis offers much perspec

tive to a mechanical investigation of the myocardium. Firstly, 

Terzaghi's effective stress principle (eq. 2.1.72) has been found to 

lead to transmural intramyocardial pressure gradients which are 

qualitatively consistent with the experiment (Baird et al., 1972, 

Heineman et al., 1985) . This result is not found when radial stress 

is equated to intramyocardial pressure as usually assumed by previous 

authors (Wang et al., 1968, Streeter et al., 1970, Arts 1978). 

Terzaghi's principle leads to an intramyocardial pressure which is 

equal to the radial stress,only if the stiffness of the tissue in 

the directions perpendicular to the muscle fibers is neglected. 

Experimental data of Demer and Yin (1983) do not support this 

approximation. 

Secondly the stiffening of the ventricular wall following an increase 

of the intracoronary blood volume is found to be qualitatively cor

rectly predicted by the quasi-linear viscoelastic porous medium 

model. 

The two-phase approach used in the deformation model shows some 

disadvantage as weIl. The model needs intramyocardial pressure at the 

epicardial surface as an input data. This is especially disavan

tageous in view of the experimental difficulties to measure this 

pressure (Hoffman et al., 1983, Heineman et al . , 1985). A possible 

means to solve this problem is to integrate the deformation model and 

the per fusion model. In this case, the epicardial boundary condition 

would be the arterial and venous coronary pressure. 

Quasi-linear viscoelasticity with continuous relaxation spectrum is 

also an important feature of the model. We found that this formula

tion, presented by Fung (1973) is a numerically very handy tooI for 

the description of non-linear viscoelasticity of soft tissue when the 
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continuous sprectrum is discretised according to Maessen (1983). We 

found that large hysteresis loops in stress-strain relationships 

could be predicted within a large frequency-range by this model. Also 

the poor stiffening of the stress-strain relationship at increasing 

loading rate is fairly weIl predicted. The diastolic pressure- volume 

of the left ventricle as measured by Kil and Schiereck (1982) and 

Lochs et al. (1985) confirm many of the features of Fung's model . 

However, the model seemed to understimate viscous dissipation during 

dynamic loading relative to the viscous relaxation at constant 

deformation. 

The per fusion model introduced a number of entirely new concepts in 

coronary circulation mechanics. Oue to this innovative feature, we 

have to be very careful when drawing conclusions from the present 

study with respect to coronary circulation mechanics. We were able to 

show that the perfusion model has some predictive power in the 

description of a steady state, low-Reynolds flow of a Newtonian fluid 

in a rigid vascular tree. We also showed that the perfusion model is 

able to predict a decrease of the arterial coronary flow and an 

increase of the venous coronary flow during systolic contraction. 

It has also been shown that it is possible to incorporate into the 

model specific anatomical data on the geometry of the coronary tree, 

such as, for instance, the endocardial an epicardial plexi. Finally 

we illustrated that collateral flow af ter occlusion of an ar ter i al 

coronary vessel can be simulated by the model . All simulations 

presented in this study, but particularly the perfusion simulations 

can significantly be improved by a better choice of parameters . 

6 . 2. Recomrnendations 

For future research, we give highest priority to experimental re

search verifying the validity of the viscoelastic porous medium 

theory. In this respect, we advise particularly three subjects: 

- Oetailed verification of the validity of quasi-linear 

viscoelasticity. Part of this verification should be the measure

ment of both dynamic viscous dissipation and relaxation behaviour 

of a single specimen. 
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- The verification of the per fusion model for non-steady state flow 

of a Newtonian fluid though a flexible vascular tree. 

- The verification of the per fusion model on a microvascular network 

in vivo. 

Second priority is attributed to the experimental quantification of 

the parameters of the model. In this context, we advise : 

- Measurement of the geometry of the coronary microvasculature in 

order to irnprove the choice of the conductance parameters of the 

coronary perfusion model . This measurement should probably be do ne 

by means of a combination of different visualisation methods : 

microradiography (Farrer-Brown, 1974), microfil injection method 

(Grayson, 1974) and the microcorrosion cast method (Anderson and 

Anderson, 1980, Potter and Groom, 1983). 
- Experiments on isolated heart muscle specimen for quantification of 

the passive and active constitutive properties . In particular, we 

think of biaxial loading experiments, such as those performed by 

Demer and Yin (1983), but including measurement of some reference 

lengths characterizing the initial state of the tissue . In the 

fibre direction this would be the sarcomere length. 

Experiments on the in vivo left ventricle for further measurement 

of intramyocardial pressure (e.g . , with the micropipette method, 

Heineman et al., 1985) and for further quantification of regional 

deformation. 

with respect to further numerical mOdelling of the left ventricle and 

its coronary circulation we advise: 

- Optimization of the model with respect to computer time. 

- Sensitivity analyses of the computer models. 

- Integration of the deformation model and the perfusion model to one 

integrated model. 

- Inclusion of large epicardial arteries into the coronary circula

tion model. 

- Extension of the model to three-dimensional finite elements. 

- Inclusion of phenomena such as osmotic pressure, capillary filtra-

tion, flow of interstitial fluid and lymph flow into the model . 
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Appendix A 

Evaluation of a part of (2.3.141. 

Evaluation of ratio 

~ b b * im * 
V f n «p > - <p > ldxO 

cr. 

~~l~_~!~Q~_E~~~~~~~_~~~_~~~~~!_~~!!_~~~~~~_~~§~!~~~~_Q~_~_~!~g!~ 

~!~Q~_~~~~~!_~~~~!~g_~~~_~~~~~~~_Q~_~~_~~g!~_~_lf!g~_~~11~ 

----
Fjg. A. 1 . 

8: smallest angle enclosed by ar and the axis 

of the blood vessel. 

d: diameter of the blood vessel 

A.l.l. Blood pressure resultant FB 

b' lId2 
F = (p -p~ml--"""'--
B 4 sin 

A.l.2. Vessel wall stress resultant FVW 

-

(A. 1 ) 

As axial and radial vessel wall stresses are small and have opposite 

sign, they are neglected. Assuming the vessel wall thickness to be 
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small compared to the vessel diameter, the intersection of the vessel 

wall and aR is represented by an ellips, described by the vector r. 

An orthonormal basis (e , e , e ) is defined as shown in fi9. A.2 . 
• X .y .Z 

The vectors rand r' are described in terms of the angles a and ~: 

r = (~sin~)e + (~cos~)e + (~2 cotg ale 
2 .X 2.y .Z 

(A.2) 

r' (~sin~)e + (~cos~)e + (~2 co tg 8 sin~)e 
2 .X 2.y .Z 

(A.3) 

Whatever be the elastic proper ties of the vessel walls, the circum

ferential wall stress resultant s (per unit length vessel) equals: 
~ 

(A.4) 

Equation (A.2) and (A . 3) allow to find the angle ~ in terms of ~ and 

a: 

dr 

d~ :: (~ 
2 cos~)e -

.X 
(~ 
2 sin~)e .y (A.5) 

dr' 

d~ 
- (~ 

2 cos~)e -
.X 

(~ 
2 sinljl)e + .y 

(~ 
2 cos~ cotg 8)e 

.Z 
(A.6) 



dr 

dip 
e - dr ~c 

dip 

dr' 

dip 
e dr' ~e 

dIP 

cos '" 
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(coslP)e - (sinlP)e 
~X ~y 

:x cos lP e sin lP 
-y 

2 2 1(1+cos lP cotg 0) 
2 2 1(1+cos lP co tg 0) 

e COSIP cotgO 
~ z 

+ 
1(1+cos 21P cotg29) 

e • e 
~c ~e · 2 2 1(1+cos lP cotg 9) 

Fig. A.3. 

(A. 7) . 

(A.S) 

(A. 9) 

S : circumferential stress resultant per unit length of vessel. 
lP 

s"': total stress resultant along elliptical intersection with 

ar per unit length of ellips contour. 
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5 : normal stress resultant along ellips per unit length of el
n 

lips. 

Cireumferential equilibrium of an elementary triangle, as shown in 

fig. A.3, requires: 

5 dl. 
Ijl 

--.9.L 
5", sin'" (A.10) 

The normal stress resultant per unit length of the ellips equals: 

5 
n 

and aeeording to (A.10), (A.4) and (A.9): 

(A.11) 

2 2 ) 
1+eos Ijl eotg e 

(A. 12) 

Integration uf sn along the ellips yields the total normal stress re

sultant. F vw of the vessel wall at i ts intersection with ar: 

11/2 
!9.lL. 

FvW ~ s dr 4 I s 
ellips n 0 n eos'f 

2 b im 2 11/2 2 
d (p -p )cotg 8 I cos lP dIP (A . 13) 2 eotg 2Q) 0 I( Heos Ijl 

In additiun to the normal stress resultant, there is also a shear 

stress result.ant. along the elliptieal vessel wal1 seetion. This shear 

stress resultant, although different from zero for a single vessel A 

meet.ing the surface ar at an angle e, will be equal and opposite in 

orientatiun to a vessel B with same diameter meeting the surface at 

the same angle but. at the opposite side of the normal n on the sur-

face ar (fig. A.4). 
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Fig. A.4. 

A5 in section A. 2 it will be assumed that the vessels A and B have 

the same probability to occur, integration of the shear stress 

resultant of vessels with all possible angles 8 yields zero. 

This means that the total contribution of the shear stress resultants 

is zero. 

Assuming vessel diameters to be negligibly small compared to the dis

tance between vessels, and vessels to be randomly oriented in the 

tissue, we correlate each set of parallel vessels in the volume r to 

one point of a hemisphere (fig. A.5) and attribute the same probabi

lity of occurenee to every set of parallel vessels, and hence to 

every point of the hemisphere . 

ar 

Fig. A.5. 
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The probability of a set of parallel vessels to enclose an angle 8: 

81 < 8 < 81 + d8 with ar equals the ratio: 

Qd8 x (perimeter of the ei rele corresponding to B1) 

surface of hemisphere 

2 211Q coS8 1dB 

2 211Q 
cos 81 d8 

with Q: radius of the hemisphere. 

When a set of parallel vessels encloses an angle 8 with ar, the pro

bability to meet a vessel of this set on the surface ar is proportio

nal t.o sin B. 

Therefore the probability distribution of the angle 8 equals: 

with 

PCB) 2 cos 0 sin B . 

11/2 
1 P (B) dO 
o 

A.3. Conc1usion 

(A.14) 

(A.15) 

The ratio of the second and fourth term of eq. (2.3.14) is evaluated 

according to: 

tm n/2 
V • Q. ) 1 2cos8 sin8 FVWd8 

0 
~ b b t im * 11/2 

V 1 n «p > - (p > )dxO I 2 cosB sinB FBd8 
Ct 0 

2 b . 11/2 2 11/2 2 lm cos ~ d~ d (p -p ) I cosB sin8 cotg 8 I --"""-"--"-'--"""---- d8 
2 2 o 0 1(1+cos ~ cotg 8) 

4 11/2 11/2 
11 I I 

o 0 

__ TTd __ 2 (pb_pim) 1Ij2 cos8 sin 8 d8 
4 sin B 

3 2 0 
cos 8 cos ~ d~d8 

I( . 2 2 2 Sln 8 + cos ~ cos 8) 

4 11/2 11/2 2 2 
1 cos8 I cos 8 cos ~ d~d8 

11 8=0 ~=O 1(1-cos28 sin2~) 

(A.16) 
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4 11/2 11/2 28 29' 2 
I cos 9 I cos - cos s~n w d~d8 

11 8=0 ~=O !(1-cos28 sin2~1 

11/2 
4 1 cos 8 [E(cos 81 - sin28 K(cos81]d8 
11 8=0 

(A . 111 

K(kl and E(kl are the complete elliptic integrals of the first and 

second kind respectiveIy. They are approximated according to: 

K(kl In __ 4_ + 0.1611(1-k21 In 3.0176 + dkl (A.181 
!(1-k21 !(1-k21 

E(kl + 0.3162 (1-k21 In 4.5593 + E(kl (A.191 

!(1-k21 

1 E (k 11 < 0.005 (Reusner, 1971, p. 1181 

Substituting (A . 181 and (A . 191 into eq . (A . 171 yieIds: 

tm 
V • < .Q. 

---------- '" 0.78 
P b b * l'm * V I n «p > - <p > ldxO 
Cl 

(A.201 
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Appendix B 

Extended Darcy eguation for microcirculation. 

Equation (2.5.10) can be written in the form: 

32(Nb)2 ~ dxO 

(nb )2 J 

2 
o( !L. (as.)3 

~ as 

o(ov • [~ 

ax ax 
o b 

( v p ) • as as 
ax ax 

as 3 b ~ -
(as) p as as] > 

ax ax 
b ~ as 3 - ~ 

- o(P °v. [~ (as) as as] > (B.1) 

Applying the Slattery-Whitaker theorem (eq. 2 . 2.4): 

32(Nb)2 ~ dxO 

(nb )2 J 

(B.2) 

ax ax 
b ~ as. 3 - - b· ° i. as 3 

and knowing neither p and ~ (as) as as nor pand v. [~ (as) 

ax ax 

as as] to be statistically correlated, yields: 

32(Nb)2 ~ dxO 

(nb )2 J 

ax aX 
o( ,,2 a" 3 - ~ 0 b * 
~ (3;) as as >. v (p > 
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Applying the Slattery-Whitaker theorem once more yields : 

32(Nb)2 ~ dxO 

(nb )2 J 

31 3X 
0 2 (~) 3 
~ 35 35 35 • dA + 

Noticing that along the vessel wall-blood interface: 

oX 
3S • dA 0 

(B.3) 

(B.4) 

(B.5) 

and that, due to eqs. (2.4.8) and (2.4.9), along the blood-blood 

interface: 

ax 
~~ 

35 • dA = - 35 6XO for AVP Xo (B . 6) 

3X 

35 for (B.7) 

the surface integrals of eq . (B.4) transform into volume integrals: 
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oX 
~ as 3 ~ dxO b 

- - f (-) "5 -d5 P 6R] 
R b IJ as " 
R (xO)6xO 

(B . a) 

Using the definition of the bulk-volume ave rage (2.1.19), eq. (B.a) 

becomes: 
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(B.9) 

ax 
b 0 2 as 3 • dxo 

As p and ~ (as) as ~ are statistically uncorrelated one can 

write: 

or: 

with: 

ax 
(D2 (Q.S.) 3 .....: dxO. * _a_ ( b/ 
~ as as dS > ax P o 

> + 

(B.10) 

(2.5 . 11) 

(2 . 5.13 ) 



C-1 

Appendix C. 

Relation between deformed surface element da and undeformed surface 

element dA. 

Consider an elementary surface element dA along the boundary surface 

of the undeformed myocardium. Let dA be defined by two delineating 

elementary vectors d~1 and d~2' such that the vector: 

(c. 1 ) 

is perpendicular to the surface dA, points away from the myocardial 

wal1 and is equal in si ze to the elementary surface dA. Similarly, 

the corresponding elementary surface da is defined by the correspond

ing elementary vectors d~1 and d~2: 

da (C.2) 

with: 

(C.3) 

(C.4) 

Thus, we can write : 

J { • dA (3.2.7) 

where: 

* [ : adjoint tensor of E 
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Appendix D. 

Derivation of the coefficients of the incremental weighted residual 

formulation. 

In this appendix the submatrices occurring in equation (3.2 . 36) are 

derived. 

Consider the first term in the left-hand side of eq. (3.2.19). We can 

write: 

a~ 
rC • (oV h)C]dV = 1 [at 

v 

aS. 
(oV I [at h) • []dV 

v 

and using eqs. (3.2.28), (3.2.30) and (3.2.35): 

as. 
I [ (oV h) • _F]dV 

at v 

a~ 

tI at v 

TaP xS is the fÎctitious internal load resulting from the rs a 

(D . 1) 

(D.2) 

viscoelastic stress relaxation and the time-dependence of the muscle 

contraction. The second term of the left-hand side of eq. (3.2.19) is 

transformed as follows: 

as. 0 
• [C h)C dV = I (ag &) (ov 

v 

a~ 0 
{ (o~ ~)C dV ~ aE & 

r{ h)C 
a~ 0 

(oV 
a~ 

~ dV (0.3) 
V 
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3S. 
A5 3ä is symmetrie, we ean write : 

3,S. o 

E • 3.& r dV 

(!.la/ 
3,S. 

• rC o.P 
0 

<I • g r • 3E. 
g • dVlu: 

V ~r ~s 

EaP 
0 

5 

rs Up (D. 4) 

The third term of eq. (3 . 2 . 19) stems from the strain rate dependeney 

of the eontraetile stress . In a similar way as for the seeond term, 
3,S. 

using the symmetry of the fourth order tensor --0-, we obtain: 
3ä 

3S. 00 

rC h)C dV I (--0- E. ) • (oV 
V 3.& 

3,S. 
(FC : 

00 °c 0 

I (oV h) : r. • <r • F + r. [)dV 
V 3.& 

ma)C 
3S. 
.{ !lP 

00 

<I 'f. • dVlup 
5 

• g <r g • 
V ~r 3E. ~s 

(Da)C 
3,S. 

(Dp)C 0."" + <I • g : r • <r • • g ~t • V ~r 
3ä 

~s 

vap 
00 

+ paP..,. °sOt 5 
rs up rst up u..,. 

°sOt 
dVlupu..,. 

(0 . 5) 

The fourth term of the left-hand side of eq. (3 . 2 . 19) leads to the 

so-ealled initial stiffness matrix I~:, while the fifth leads to the 

solid-fluid interaetion matrix Rar . Both of these terms are derived 
r 

in a straighforward way. For the elaboration of the sixth term, one 

us es the identity : 

IL Dt(detA.) 
DA. 

tr(Dt • A- 1)detA. (D.6) 
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in which A is a non-singular tensor. Applying eq . (0.6) to J detI, 

leads to: 

o 0 

J = J trU:.f) 

C 0 0 
J tr(1. • V u) 

(0.7) 

which, when substituted in the sixth term of the left-hand side of 

eq. (3 . 2.19) yields eq. (3.2.41). The seventh term yields eq. 

(3.2 . 42), if use is made of : 

o 0 

f -1.. r • 1. (0 . 8) 

All other terms of eq . (3.2.19) and all terms of eq. (3.2.23) are 
elaborated in a very straight-forward way and lead finally to the eq. 

(3.2.36). 
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Appendix E. 

Time integration of nodal flows. 

Joining eqs. (3.2.23) and (3.2 . 47), we find: 

Qr = _ J [Gr l c.ov.S + i.ovpIM.oVGr ] JdV 
V 

Using eqs. (0.7) and (3.2 . 46) yields: 

(E.1) 

(E.2) 

The total nodal outflow Zr at time t is the nodal flow Qr integrated n n 
from t=O to t=t 

n 

n-1 
J (1-J ) GrdV + [ [StArs IM). + 
V n j=O Ps J+1 

(E . 3) 

The first estimate {zr)~+1 of total nodal outflow at time tn+1 equals 

therefore: 

(3.2.66) 
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STELLINGEN 

behorende bij het proefschrift 

NON-LINEAR FINITE ELEMENT MODELS OF THE BEATING LEFT VENTRICLE 

AND THE INTRAMYOCARDlAL CORONARY CIRCULATION 

1. De eerste realiteit waarmee elke afgestudeerde geconfronteerd 

wordt in zijn professionele leven is zijn eigen persoon. Daarom 

moet het eerste hoofdvak van elke universitaire en niet-univer

sitaire opleiding bewustzijnsontwikkeling zijn. 

2 . Basisbegrippen over quantummechanica horen bij de algemene ont

wikkeling van elke academicus. 

3. Werktuigkundigen en civiel technici zijn gewend aan het bezwij

ken van systemen ten gevolge van spanning en rek. Bij het hart 

gebeurt dit veeleer door een tekort aan doorbloeding. Daarom is 

het inpassen van het begrip doorbloeding in de continuumsmecha

nicavan het grootste belang. 

4. De uitgebreide Darcy vergelijking en de daarbij horende formu

lering van het behoud van massa zijn een veelbelovend gereed

schap voor de modellering van doorbloeding van zacht weefsel. 

- Dit proefschrift -

5. Het effectief spanningsprincipe, gepostuleerd door Terzaghi in 

het kader van de grondmechanica, leidt, bij toepassing op hart

spierweefsel, tot intramyocardiale drukken die kwalitatief con

sistent zijn met het experiment. 

- Terzaghi, K.: Theoretical soil mechanics, John Wiley and 

sons, New York (1943). 

- Ba ird, R. J ., Goldbach, M. M., de la Roch, A.: Intramyocardial 

pressure: the presistence of its transmural gradient in the 

empty heart and its relationship to myocardial oxygen 

consumption, J. Thor. Cardiovasc. Surg. i!, 635 (1972). 
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- Heineman, F.W., Grayson, J.: Transmural distribution· of 

int.ramyocardial pressure measured by micropipette technique, 

Am. J . Physiol. ill, H1216 (1985). 

6. De quasi-lineaire viscoelastischetheorie, zoals ontwikkeld 

door Fung, is een numeriek heel handige formulering van het 

reologisch gedrag van zacht weefsel. Het is nochtans zeer twij-· 

felachtig dat niet-contraherend hartspierweefsel zich quasi

lineair viscoelastisch gedraagt. 

- Dit proefschrift -

7. De formele middelingsprocedure, ontwikkeld in het kader van dp. 

petrochemische technologie door Slattery (1967) en Whitaker 

(1967), laat toe om uit de microstructuur van complexe biologi

sche weefsels het macroscopische gedrag van deze weefsels af te 

leiden. Zo kunnen, met deze benadering, naast doorbloeding, ook 

effecten als osmotische processen en stroming van interstitiële 

vloeistof meegenomp.n worden. 

- Slattery, J.C.: Flow of viscoelastic fluids through porous 

media, Amer. Inst. Chem. Engin. J. 11, 1066 (1967). 

- Whitaker, S.: Diffusion and dispersion in porous media, Amer. 

Jnst . Chem. Engin. J. 11, 420 (1967). 

8. Wjl de hartmechanica in de toekomst toepassing vinden in de 

klinische diagnose van hartziekten, dan zijn een gecombineerd \ 

gebruik van de huidige computertechnologie, de eindige-elemen

tenmethode en grafische display software hierbij nauwelijks weg 

te denken. 

9. De menselijke neurofysiologie is de enige computer ter wereld 

die in staat is de humane hartfunctie in al zijn aspekten te 

bevatten. Mede gezien de beperkte afmetingen, de hoge mate van 

gebruikersvriendelijkheid en de eeuwenoude ervaring met deze 

computer is het van groot belang dat de mogelijkheden van deze 

computer maximaal benut worden voor de preventie en bestrijding 

van hartziekten. 
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10. De Transcendente-Meditatietechniek verruimt de mogelijkheden 

van de menselijke neurofysiologie. 

11 . De Transcendente-Meditatietechniek blijkt een normaliserend 

effekt te hebben op vier risicofactoren voor hart- en vaatziek

ten, met name stress, hypertensie, hypercholesterolemie en 

overmatig sigarettengebruik. Het is daarom aanbevelenswaardig 

deze techniek, mede gezien zijn positieve neveneffekten, zowel 

voor preventief als curatief gebruik tegen hartziekten te on

derzoeken. 

- Orl1le-Johnson,D. W., Farrow, J. T .: Scientific research on the 

Transcendental Meditation Program: Collected Papers, Volume 

I, MERU-pres5,. Germany (1977). 

12. De troepen van de Verenigde Naties moeten gebruik maken van het 

Maharishi effekt en van het uitgebreide Maharishi effekt. 

- Oillbeck, M.C., Landrith lIl, G., Orme-Johnson, O.W.: The 

Transeendental Meditation Program and crime rate change in a 

sample of 48 cities. J . Crime and Justice i, 25 (1981). 

Eindhoven, 16 september 1986 J.M.R.J. Huyghe 


