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2 Chapter 1. Introduction

This thesis studies some concepts and tools of differential geometry, namely
of Riemann and Finsler geometry and applies these to medical image anal-
ysis.

The medical images considered in this thesis are diffusion tensor images
(DTI) and high angular resolution diffusion images (HARDI) of the brain
tissue. These are examples of medical images acquired in a magnetic res-
onance imaging (MRI) scanner, and are so-called non-invasive imaging
techniques meaning that they are relatively harmless compared to tech-
niques that use x-rays or contrast agents. They are designed to capture
the average profile of the Brownian motion of water molecules in tissue.

Just like a two dimensional image consists of an array of pixels, a DTI or
a HARDI image consists of three dimensional array of voxels. Whereas in
a two dimensional digital photograph each pixel contains information on
color and brightness, each voxel in DTI/HARDI image contains informa-
tion on the water diffusion profile. For example in the ventricles, which are
filled with cerebrospinal fluid to cushion and support the brain, the diffu-
sion profiles look like a sphere, because water molecules can freely diffuse
in all directions. On the other hand, for example in the optic radiation,
which is a bundle of nerves connecting the eyes to the visual cortex, dif-
fusion profiles look typically like elongated ellipses, because the molecules
are forced to diffuse along the nerve bundle. So by looking at how an en-
semble of water molecules behaves, we may try to recover the surrounding
network of nerve bundles.

The analysis of DTI/HARDI-images has many useful applications. It can
help in understanding how different parts of the brain are connected to
each other. This is crucial in planning a neurosurgery. The surgeon must
know the locations of vital nerve bundles to be able to avoid these during
an operation. It can also help in diagnosis by indicating abnormalities that
are related to stroke, schizophrenia, Alzheimer’s disease etc.

Most of the tools that we use in probing the data are standard equipment
in Riemann and Finsler geometry. Riemann geometry is more familiar,
e.g. from its applications to Einstein’s general relativity theory. Finsler
geometry can be seen as a more general geometry that covers also the
standard Riemann geometry. These are both well established subjects in
differential geometry and are used in local as well as global analysis of
manifolds. The application of Riemann-Finsler geometry to tensor valued
medical image data is the main topic and novelty of this thesis.
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Since MRI images contain noise, induced by subject movements or dis-
turbing currents, it is important to smoothen the images and suppress the
noise. Therefore we also derive regularization algorithms suitable for this
special kind of data.

The main application considered in this thesis is in medical imaging. How-
ever, the framework presented in this thesis is by no means restricted to
medical images.

In Chapter 2 the relevant basic definitions in Riemann geometry are intro-
duced. Some concepts are studied in detail, aiming at intuitive and visual
explanations of the geometric ideas involved. In Chapter 3 algorithms and
measures to analyze diffusion tensor images using Riemann geometry are
derived, implemented and applied. In Chapter 4 the fundamental concepts
in Finsler geometry are defined and a new formulation for the convexity cri-
terion is derived. In Chapter 5 novel applications for HARDI using Finsler
geometry are proposed. Explicit algorithms are provided and experimental
results are shown. In Chapter 6 new examples of Gaussian scale spaces for
DTI- and HARDI-images are introduced .
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2Basics of Riemannian Geometry

”. . . and to do mathematics you have to feel comfortable and confident.”
Mary E. Rudin



6 Chapter 2. Basics of Riemannian Geometry

2.1 Connection

In this section we introduce the fundamental concepts of Riemannian ge-
ometry, that we use for applications in later chapters.

Definition 2.1. Let M be a differentiable manifold (for details see Def-
inition 8.1) and let TM be the set of all smooth vector fields on M . A
connection, or a covariant derivative on M is a mapping

∇ : TM × TM → TM

(X,Y ) 7→ ∇XY ,
(2.1)

that satisfies the following

1. ∇fX1+gX2Y = f∇X1Y + g∇X2Y ,

2. ∇X(aY1 + bY2) = a∇XY1 + b∇XY2, for a, b ∈ R,

3. ∇X(fY ) = f∇XY + (Xf)Y ,

where f, g are C∞ real valued functions on M .

Let (E1, . . . , En) be a local frame, i.e. a set of smoothly varying basis
vectors, for the tangent space TM on an open subset U ⊂ M . We take
as the local frame, the coordinate frame ( ∂

∂xi
), (which we will sometimes

write shortly as ∂i = ∂
∂xi

).

The covariant derivative of a local frame vector can be written as a linear
combination of local basis vectors1:

∇EjEi = ΓkjiEk. (2.2)

In coordinate frame, this is denoted as

∇∂j∂i = Γkji∂k. (2.3)

1Sometimes this is written ∇EjEi = ΓkijEk, but in the symmetric case used later, it
makes no difference.
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Here the Christoffel symbols Γkij are formal coefficients of the derivative
expressed as linear combination of local coordinate vectors. The covariant
derivative of a general vector Y with respect to a vector X is

∇XY = Xi∇∂i(Y j∂j) = Xi(∂iY k + Y jΓkij)∂k , (2.4)

where the following Einstein summation convention was used (and will be
used throughout this thesis)

aib
i :=

∑
i

aib
i . (2.5)

In the following, the conditions that provide a manifold with a unique
metric are introduced.

Definition 2.2. The Lie bracket [X,Y ] of two vector fields X and Y , is
the vector field corresponding to the following derivation

[X,Y ]f = X(Y f)− Y (Xf) =
(
Xj∂jY

i − Y j∂jX
i
)
∂if. (2.6)

Definition 2.3. The torsion tensor of a connection is defined as

τ(X,Y ) = ∇XY −∇YX − [X,Y ]. (2.7)

Componentwise this is

τ(X,Y ) = ∇XY −∇YX − [X,Y ]

= ∇Xi∂iY
j∂j −∇Y j∂jX

i∂i −
(
Xi∂i(Y j)∂j − Y i∂i(Xj)∂j

)
= Xi∇∂i(Y j∂j)− Y j∇∂j (Xi∂i)−Xi∂iY

j∂j + Y i∂iX
j∂j

= Xi∂iY
j∂j +XiY jΓkij∂k − Y j∂jX

i∂i + Y jXiΓkji∂k −Xi∂iY
j∂j + Y i∂iX

j∂j

= XiY jΓkij∂k − Y jXiΓkji∂k
= XiY j(Γkij − Γkji)∂k.

(2.8)

Definition 2.4. A linear connection is said to be symmetric if the torsion
vanishes i.e. if

∇XY −∇YX − [X,Y ] = 0,

for every X,Y ∈ T (M).
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From the componentwise presentation of the torsion tensor (2.8), it can be
seen that a linear connection is symmetric if and only if Γkij = Γkji.

Definition 2.5. Let M be a differentiable manifold with Riemannian met-
ric 〈 , 〉 and a connection ∇. A connection ∇ is said to be compatible with
the metric 〈 , 〉, if for all vector fields X,Y, Z it satisfies the product rule

∇X〈Y, Z〉 = 〈∇XY,Z〉+ 〈Y,∇XZ〉 . (2.9)

Theorem 2.6 (The Fundamental Lemma of Riemannian Geometry ). Let
(M, g) be a Riemannian manifold. There exists a unique linear connection
∇ on M that is symmetric and compatible with g.

Following [19], we show the uniqueness from compatibility and symmetry.
Since X,Y, Z in definition 2.5 are arbitrary, we can write

∇X〈Y,Z〉 = 〈∇XY,Z〉+ 〈Y,∇XZ〉 ,
∇Y 〈Z,X〉 = 〈∇Y Z,X〉+ 〈Z,∇YX〉 ,
∇Z〈X,Y 〉 = 〈∇ZX,Y 〉+ 〈X,∇ZY 〉.

(2.10)

Using the symmetry condition (definition 2.4) on the last terms of each
equation, and bi-linearity of the inner product

∇X〈Y,Z〉 = 〈∇XY,Z〉+ 〈Y,∇ZX〉+ 〈Y, [X,Z]〉 , (2.11)
∇Y 〈Z,X〉 = 〈∇Y Z,X〉+ 〈Z,∇XY 〉+ 〈Z, [Y,X]〉 , (2.12)
∇Z〈X,Y 〉 = 〈∇ZX,Y 〉+ 〈X,∇Y Z〉+ 〈X, [Z, Y ]〉 . (2.13)

Adding (2.11) and (2.12), and subtracting (2.13) from this, one has

〈∇XY,Z〉 = 1
2(X〈Y,Z〉+ Y 〈X,Z〉 − Z〈X,Y 〉

−〈Y, [X,Z]〉 − 〈Z, [Y,X]〉+ 〈X, [Z, Y ]〉).
(2.14)

Therefore ∇ is uniquely determined by 〈 , 〉. On the other hand, if ∇ is
defined by 2.14, it gives a symmetric and compatible connection proving
the existence.

On a Riemannian manifold, with the Riemannian metric tensor gij , the
Christoffel symbols Γkij can be calculated from the identity (2.14).

〈∇∂i∂j , ∂l〉 = 1
2(∂i〈∂j , ∂l〉+ ∂j〈∂l, ∂i〉 − ∂l〈∂i, ∂j〉). (2.15)
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Since gml = 〈∂m, ∂l〉, the previous equation (2.15) becomes

Γkij = 1
2g

kl
{
∂gjl
∂xi

+ ∂gli
∂xj
− ∂gij
∂xl

}
. (2.16)

This symmetric and linear connection is also called the Levi-Civita con-
nection.

2.2 Curvature

Definition 2.7. Let TM be the set of all (C∞) vector fields on M and
let X,Y, Z ∈ TM . The curvature tensor R on a Riemannian manifold is
a map

R(X,Y ) : TM → TM

R(X,Y )Z = ∇Y∇XZ −∇X∇Y Z −∇[X,Y ]Z.
(2.17)

Definition 2.8. The components of the curvature tensor in local coordi-
nates are defined as

Rlijk
∂

∂xl
:= R

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
, (2.18)

and the components of Riemann tensor as

Rijks := gmsR
m
ijk = 〈R

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
,
∂

∂xs
〉. (2.19)

Using Christoffel symbols (2.19) is

gmsR
m
ijk = gms

(
ΓlikΓmjl + ∂

∂xj
Γmik − ΓljkΓmil −

∂

∂xi
Γmjk

)
. (2.20)

The curvature tensor measures non-commutativity of the covariant deriva-
tive. This can also be interpreted as measuring how muchM deviates from
being Euclidean.

Let n be the dimension of the Riemann manifold. In principle there are
n4 permutations of the indices of Riemann tensor, but not all of them are
independent, since the Riemann tensor has the following symmetries

Rijks = −Rjiks, Rijks = −Rijsk, (2.21)
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Rijks = Rksij , (2.22)
and

Rijks +Rjkis +Rkijs = 0 . (2.23)

The symmetries (2.21) indicate a system i© j© k© s© , where the circled
indices can change place within each rectangle without introducing an inde-
pendent curvature scalar. If the circled indices in one square are identical
the curvature is zero, so the only possibilities are the pairs (i, j), (k, s),
(i 6= j, k 6= s) and the number N of such combinations is

N = m2 =
(
n

2

)(
n

2

)
= 1

4n
2(n− 1)2 , (2.24)

where m =
(n

2
)
. The symmetry (2.22) states that changing the mutual

positions of the rectangles does not affect the value, i.e. that i© j© k© s© ∼
k© s© i© j© . Therefore half of the permutations counted in N , such that
i© j© 6= k© s© is redundant, and the number of these redundant elements

is: (
m

2

)
= 1

2m(m− 1) = 1
8n(n− 1)(n2 − n− 2) . (2.25)

It can be easily seen that the symmetry (2.23) is relevant only in case all
indices are distinct. Taking symmetries (2.21) and (2.22) into account,
for any distinct set (i, j, k, s) we have three independent permutations of
indices. According to the symmetry (2.23) one of these three is dependent
of the other two, and is redundant. The number of all such redundant sets
is: (

n

4

)
. (2.26)

The number of independent components is then obtained by subtracting
(2.25) and (2.26) from (2.24)

N −
(
m

2

)
−
(
n

4

)
= 1

12n
2(n2 − 1) . (2.27)

For a three dimensional manifold this means six independent components.
We could visualize these symmetries by taking the indices as vertices of a
tetrahedron, drawing symmetry axes from one fixed vertex to the barycen-
ter of three other vertices, from the center of an edge to the center of the
opposite edge and two symmetry planes as in Fig. 2.1.



2.2. Curvature 11

Figure 2.1: Two axes and two planes of symmetry for indices of the Riemann
tensor. A rotation around the axis that exchanges the positions of the indexed
balls or a reflection w.r.t. the plane does not change the value of the tensor
component. There are two other pairs of axes and two other pairs of planes of
symmetry, but they are not shown here to avoid clutter.
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The symmetry properties can be used to simplify computations in lower
dimensions. As an example we compute all possible Riemann tensors in
dimension two.

R1111 = g11R
1
111 + g21R

2
111

= g11(Γ1
11Γ1

11 + Γ2
11Γ1

12 + ∂

∂x1 Γ1
11 − Γ1

11Γ1
11 − Γ2

11Γ1
12 −

∂

∂x1 Γ1
11)

+ g21(Γ1
11Γ2

11 + Γ2
11Γ2

12 + ∂

∂x1 Γ2
11 − Γ1

11Γ2
11 − Γ2

11Γ2
12 −

∂

∂x1 Γ2
11)

= 0 .
(2.28)

This implies that also R2222 = 0. The next term is

R1112 = g12R
1
111 + g22R

2
111

= g12 · 0 + g22 · 0
= 0 .

(2.29)

From this follows again by symmetry w.r.t. indices,

R1121 = R1211 = R2111 = R2221 = R2212 = R2122 = R1222 = 0. (2.30)

Also
R1122 = R2211 = 0 . (2.31)

The only non-zero terms are

R1212 = R2121 = −R1221 = −R2112 . (2.32)

Definition 2.9. The Ricci tensor Rik is defined as

Rik = gjlRijkl . (2.33)

Again, in dimension two, the coefficients of Ricci tensors are simply

R11 = g22R1212

R12 = −g21R1212

R21 = −g12R1212

R22 = g11R1212 .

(2.34)
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So, the Ricci tensor reduces to

Rij = R1212
det(g)g

ij . (2.35)

where gij is defined by gikgkj = δij , i.e. is the inverse of gij w.r.t. orthogonal
basis (which in this thesis is taken to be the identity matrix).

Definition 2.10. Let σ be a two dimensional subspace of the tangent space
TpM . Let X,Y ∈ σ be two linearly independent vectors. We define the
sectional curvature of σ at p as

K(X,Y ) = 〈R(X,Y )X,Y 〉
(|X|2|Y |2 − 〈X,Y 〉2) . (2.36)

Sectional curvature is thus defined by Riemann curvature and Riemann
curvature on the other hand can be expressed as a sum of sectional curva-
tures ([53] p.137).

The sectional curvature does not require the input-vectors to be orthogo-
nal, as long as they span a plane i.e. are not parallel. This can be seen by
simple computation

X ⊥gij Y, W = αX + βY, α 6= 0, β 6= 0 , (2.37)

and working out as follows
〈R(X,W )X,W 〉

(|X|2|W |2 − 〈X,W 〉2) = 〈R(X,αX + βY )X,αX + βY 〉
(|X|2|αX + βY |2 − 〈X,αX + βY 〉2)

= 〈R(X,Y )X,Y 〉
(|X|2|Y |2 − 〈X,Y 〉2) .

(2.38)

For parametrized surfaces (z = f(x, y)) embedded in R3, the Gaussian
curvature G is defined as:

G = det(II)
det(I) = fxxfyy − (fxy)2

(1 + f2
x + f2

y )2 , (2.39)

where I and II are the so-called first and second fundamental forms. The
first fundamental form is equal to the metric tensor and the second fun-
damental form is equal to the Hessian divided by the square root of the
determinant of the metric tensor. In dimension two

G = R1212 = K( ∂
∂x
,
∂

∂y
) . (2.40)
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In dimension n = 3, there are infinitely many planes containing a given
tangent vector. To obtain a scalar value associated with a given vector
involving sectional curvature, the mean of all sectional curvatures can be
taken. This is the Ricci curvature (or mean curvature).

Definition 2.11. The Ricci scalar R is defined as follows

R = Rikg
ik. (2.41)

This is related to the scalar curvature K (in dimension n) as follows

K = 1
n(n− 1)R . (2.42)

It is possible to express the Riemann tensor in dimensions two and three in
terms of the Ricci scalar R, the Ricci tensor Rij and the metric tensor gij .
In dimension two there is only one independent Riemann tensor component
and for any non-zero vector there is a unique independent vector V ⊥ up
to a scalar factor, which relates to V as

gijV
i(V ⊥)j = 0, (2.43)

and Rijkl can be expressed in terms of R and g. Using equation (2.33), we
have

R == g11g22R1212 + g12g21R1221 + g21g12R2112 + g22g11R2121. (2.44)

Since

R1221 = R2112 = −R1212, and R2121 = R1212 , (2.45)

this becomes
R1212 = 1

2det(g)R . (2.46)

In a general form Rijkl can be written as

Rijkl = 1
2R(gikgjl − gijgkl) . (2.47)

In dimension three, we have six independent Riemann tensor components.
Each of these can also be represented in terms of the metric- and the Ricci
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tensor and the Ricci scalar. The Ricci tensor and Riemann tensor are
equivalent in the sense that knowing the independent Riemann compo-
nents, we can compute the Ricci tensor and vice versa. Without proof, we
mention the formula with which one can express Riemann tensor compo-
nents in terms of Ricci tensor components and Ricci scalar in case n = 3.
We refer to [61] for details.

Rijkl = (gikRjl − gilRjk − gjkRil + gjlRik)−
R

2 (gikgjl − gilgjk) . (2.48)

There are many books on Riemannian geometry. Some of them are more
theoretical [19],[59],[53],[64] and some more oriented in applications to
physics [67],[96].

2.3 Geodesics With Fixed Initial Point and
Direction

Let γ(t) : I → M , be a smooth parameterized curve on the manifold M
and let a vector field V along the curve γ be extendible (Definition 8.4).
The tangent vector of the curve is γ̇(t) = γ̇i(t)∂i in the induced coordinates
on the tangent space Tγ(t)M . The covariant derivative of the vector field
V along γ is then

∇γ̇i∂iV = V j∇γ̇i∂i∂j + (γ̇i∂iV j)∂j = (γ̇iV jΓkij + V̇ k)∂k
def.= DtV. (2.49)

Substituting γ̇ in place of V , in the equation (2.49) gives

∇γ̇i∂i(γ̇
j∂j) = (γ̇iγ̇jΓkij + γ̈k)∂k

def.= Dtγ̇
j∂j .

(2.50)

In analogy to the straight lines in a Euclidean space, a geodesic is defined
to be a curve whose acceleration is zero. Thus a geodesic γ satisfies the
following equation

γ̈k + Γkij γ̇iγ̇j = 0. (2.51)
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Definition 2.12. Let M be a differentiable manifold with a linear connec-
tion ∇. A vector field V along a curve γ : I→ M is called parallel, when
∇γ̇V = 0.

Geodesics are thus also called autoparallel curves. An important property
of a geodesic is the following. If γ : I →M is a geodesic then

d

dt
〈γ̇, γ̇〉 = 2〈∇γ̇ γ̇, γ̇〉 = 0 . (2.52)

This means that the length of the tangent vector γ̇ is constant. If we look
at the arclength of γ between points γ(t0) and γ(t)

s(t) =
t∫

t0

|γ̇| dt = c(t− t0) , (2.53)

we see that the parameter of a geodesic is proportional to arc length.

2.4 Geodesic Deviation

In this section, we assume again that every manifold Mn is a Rieman-
nian manifold (Definition 8.1), with metric tensor gij and associated affine
connection. From now on, we also assume that a manifold Mn is com-
pact. This is practical, since in a compact space every Cauchy-sequence
converges and the metric is complete. The Hopf-Rinow theorem guaran-
tees that if a Riemannian manifold is a complete metric space, then it is
also geodesically complete i.e. any two points on M can be connected by
a minimal geodesic. In the first subsection we define the so-called expo-
nential mapping in detail, referring to [19], since it forms a basis for the
applications later.

2.4.1 Exponential Mapping

Theorem 2.13 (Existence and uniqueness of geodesics). Let M be a
Riemannian manifold with a linear connection. Given any p ∈ M , any
V ∈ TpM and any t0 ∈ R, there exists an open interval I ⊂ R s.t. t0 ∈ I
and a geodesic γ : I → M such that γ(t0) = p, γ̇(t0) = V . Any pair of
these geodesics agree on their common domain.
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For proof, see [58], p.58 and the references therein.

In this section, we denote a geodesic γ starting from point p, with initial
tangent vector V , at t as

γ(t, p, V ). (2.54)
In the definition of the exponential map, we use the following result that
is referred to as homogeneity of a geodesic

Lemma 2.14. If the geodesic γ(t, p, V ) on M is defined on the interval
(−ε, ε), then the geodesic γ(t, p, cV ), (c ∈ R, c > 0) is defined on the
interval ( − ε

c ,
ε
c). And

γ(t, p, cV ) = γ(ct, p, V ) . (2.55)

Proof.
Let h : (− ε

c ,
ε
c ) be a curve defined by

h(t) = γ(ct, p, V ) . (2.56)

For such a curve we have h(0) = p and ḣ(0) = cV . Also

ḣ(t) = cγ̇(ct, p, V ) , (2.57)

and assuming an extendible vector field

∇cγ̇(ct,p,V ) (cγ̇(ct, p, V )) = c2∇γ̇(ct,p,V ) (γ̇(ct, p, V )) = 0 . (2.58)

Then h(t) is a geodesic through p with initial velocity cV and by uniqueness

γ(ct, p, V ) = γ(t, p, cV ) . (2.59)

From the previous lemma it follows that there exists an ε0, such that for
any vector V ∈ TpM with ||V || = 1, γV is defined in t ∈ [0, ε0]. And from
this in turn we have that for any W ∈ TpM , ||W || = ε0, γW is defined at
least on an interval [0, 1].

We define a subset E in TM .

E = {V ∈ TM | γV is defined on an interval I containing [0, 1]}. (2.60)

Then the exponential map is defined as

exp : E →M, exp(V ) = γV (1) . (2.61)
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The restriction of the exponential map to set Ep = E ∩ TpM is denoted as
expp. The point expp(V ) is thus the point on a manifold that we reach by
proceeding on the geodesic, initially in the direction V for time 1 and with
velocity |V |. Since there is the trade-off by Lemma 2.14, this is equivalent
to saying that the point expp(V ) is the point on a manifold that we reach
by proceeding on the geodesic, initially in the direction V for time |V | and
with velocity V

|V | .

According to the theorem (2.13), there is an interval that expp(V ) exists.
Due to same theorem, we know that there also exists an interval (−ε, ε),
such that expp(U) is defined for

U = tV (s), 0 ≤ t ≤ 1, −ε < s < ε, (2.62)

where V (s) is a curve in TpM , for which V (0) = V and V ′(0) = W and
|V (s)| is constant. The variation of s does not increase the length of the
vector tV (s), i.e. the parameter s does not contribute into the direction
of tV and d

ds tV (s) is for every 0 ≤ t ≤ 1, orthogonal to the vector tV
itself. We define a parametrized surface f from tangent space TpM to the
manifold as follows

f(t, s) = expp tV (s), 0 ≤ t ≤ 1, −ε < s < ε. (2.63)

This defines a surface made of a continuum of geodesics (see Fig. 2.2).

Let V ∈ TpM and W ∈ TV (TpM) ≈ TpM . We consider a subset of the
previous surface, namely we fix t = 1. Now f(1, s) is a curve segment on
the manifold, going through the point expp(V ), whose tangent vector at
this point we want to compute. The derivative of the exponential mapping
expp(tV ) in the direction of W at t = 1, i.e. the tangent vector of the
curve f(1, s) at s = 0 is:

(d expp)VW = ∂f

∂s
(1, 0). (2.64)

The absolute value |(d expp)V (W )| measures the length of this vector. If
we express the derivative (2.64) as a function of t in a small neighborhood
of p, we have

(d expp)tV tW = ∂f

∂s
(t, 0). (2.65)

As is shown shortly, the vector field (2.65) is an example of a so called
Jacobi field. Using properties of this field one can compute an estimate of
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the length of (2.65). Recall here the definition DtV := ∇γ̇V for a vector
V at point γ(t) (2.50).

Definition 2.15. The equation

DtDtJ(t) +R(γ̇, J(t))γ̇ = 0 , (2.66)

is called the Jacobi equation and a vector field J(t) along a geodesic γ,
satisfying the Jacobi equation is called a Jacobi field.

We use the fact that
Dt
∂f

∂t
= 0, (2.67)

since with fixed s0, f(t, s0) is a geodesic, and a lemma (for details see [19]
p. 98.), which says that for a parameterized surface f(s, t) and a vector
field V (s, t) the following holds

DtDsV −DsDtV = R(∂f
∂s
,
∂f

∂t
)V. (2.68)

From (2.67) and (2.68)
Ds

(
Dt
∂f

∂t

)
= 0 (2.69)

and since R(X,Y )Z = −R(Y,X)Z and Dt
∂f
∂s = Ds

∂f
∂t in local coordinates

for orthogonal vectors ∂
∂t and

∂
∂s ( [19] p. 68)

Ds(Dt
∂f

∂t
) = DtDs

∂f

∂t
−R(∂f

∂s
,
∂f

∂t
)∂f
∂t

= DtDt
∂f

∂s
+R(∂f

∂t
,
∂f

∂s
)∂f
∂t

= 0.

(2.70)

Abbreviating ∂f
∂s (t, 0) as J(t) we deduce from the equation (2.70) that

DtDtJ(t) +R(γ̇, J(t))γ̇ = 0 , (2.71)

and J(t) := ∂f
∂s (t, 0) indeed satisfies the Jacobi equation.

We consider a Jacobi field

J(t) = (d expp)tV (tW ) , (2.72)
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for which |V | = 1, |W | = 1, and 〈V,W 〉 = 0, and calculate the Taylor
expansion of |J(t)|2 around t = 0.

We know the initial conditions J(0) = 0, and J ′(0) = W . Also we know
from equation (2.71) and the bilinearity of Riemann curvature , that

J ′′(0) = −R(γ′(0), J(0))γ′(0) = 0.

Using these facts, we can calculate the inner products:

〈J, J〉(0) = 0
〈J, J〉′(0) = 2〈J, J ′〉(0) = 0
〈J, J〉′′(0) = 2〈J ′′, J〉(0) + 2〈J ′, J ′〉(0) = 2〈W,W 〉 = 2.
〈J, J〉′′′(0) = 2〈J ′′′, J〉(0) + 6〈J ′′, J ′〉(0) = 0
〈J, J〉′′′′(0) = −8〈J ′, R(γ′, J ′)γ′〉(0) = −8〈R(V,W )V,W 〉(0).

(2.73)

For details concerning the fourth derivative see [19] p.115. From these, we
can compute the fourth order Taylor expansion about t = 0:

|J(t)|2 = t2 − 1
3〈R(V,W )V,W 〉t4 +O(t5). (2.74)

From which we calculate:

|J(t)| = t− 1
6〈R(V,W )V,W 〉t3 +O(t4). (2.75)

As we can see in Fig. 2.2(b),the geodesics l1, l2 in TpM deviate from each
other at rate t. Their images (the geodesics) under exponential mapping
on the manifold deviate from each other approximately at rate |J(t)|.

Here (|V |2|W |2 − 〈V,W 〉2) = 1 and the 〈R(V,W )V,W 〉 is equal to the
sectional curvature (2.36) with respect to plane σ generated by vectors
V,W . From

|J(t)|2 = t2 − 1
3K(p, σ)t4 +R(t) , (2.76)

we get
|J(t)| = t− 1

6K(p, σ)t3 +R1(t) , (2.77)

where limt→0
R1(t)
t3 = 0. Compared to the angle between their tangent

vectors in TpM , two geodesics deviate more if K(p, σ) < 0 and less if
K(p, σ) > 0.
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Figure 2.2: (a)Exponential mapping expp : TpM →M , (b) Deviation of geodesics
in Euclidean space is proportional to t.

2.4.2 Geodesic Deviation

We have a good approximation (2.77) to the local deviation of geodesics
with respect to the plane generated by the vectors V,W . This result re-
quires one to specify a unit vector W ⊥ V , where V is the tangent of the
geodesic. The interesting geometric quantity in (2.77) is the inner prod-
uct 〈R(V,W )V,W 〉. To obtain an unambiguous scalar measure of geodesic
deviation w.r.t. V , we take an average of 〈R(V,Wi)V,Wi〉 over every or-
thogonal plane generated by V and Wi. In dimension n = 2 there is only
one independent unit vector W orthogonal to a vector V and only two
linear combinations of W with length 1. So the average of the geodesic
deviation is:

average deviation = 1
2 (〈R(V,W )V,W 〉+ 〈R(V,−W )V,−W 〉)

= 〈R(V,W )V,W 〉 .
(2.78)

When n = 3, we obtain the average as follows. Pick any two independent
orthonormal vectors W1,W2 ⊥ V . Then take the average over all linear
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combinations of W1,W2, that are of unit length:

average deviation = 1
2π

2π∫
0

〈R(V, cos θW1 + sin θW2)V, cos θW1 + sin θW2〉dθ

= π

2π (〈R(V,W1)V,W1〉+ 〈R(V,W2)V,W2〉)

= 1
2

2∑
i=1
〈R(V,Wi)V,Wi〉.

(2.79)

The cases n > 3 can be calculated similarily. Below we show that the
result does not depend on the choice of orthonormal basis {Wi}n−1

i=1 of V ⊥.

The obtained quantities are actually the Ricci curvatures Ricp in dimension
2 and 3 respectively, since Ricci curvature is defined as

Ricp(V ) = 1
n− 1

n−1∑
i=1
〈R(V,Wi)V,Wi〉. (2.80)

In terms of a local coordinate basis, we may write the Ricci curvature
(2.80):

Ricp(V ) = 1
n− 1

n−1∑
h=1
〈V iW j

hV
kRlijk

∂

∂xl
,Wm

h

∂

∂xm
〉

= 1
n− 1

n−1∑
h=1

V iV kWm
h W

j
hR

l
ijkglm

= 1
n− 1

n−1∑
h=1

V iV kWm
h W

j
hRijkm

(2.81)

where V = V i ∂
∂xi

and so on.

Lemma 2.16. Let {W1,W2, . . . ,Wn} constitute an orthonormal basis in
the n-dimensional tangent space TpM , then

n∑
h=1

W j
hW

m
h = gjm . (2.82)
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Proof.
Since {W1,W2, . . . ,Wn−1,Wn} is an orthonormal basis in the tangent space,

gijW
i
kW

j
l = δkl . (2.83)

We denote by W the matrix

W =
(
W1 W2 · · · Wn−1 Wn

)
(2.84)

having the basis vectors as columns. Then
n∑
h=1

W j
hW

m
h = (W ·W T )jm . (2.85)

Denoting the metric tensor as G, from (2.83) we have
W TGW = I . (2.86)

By simple manipulation of (2.86) we get
G = (WW T )−1 , (2.87)

from which we obtain
G−1 = WW T , (2.88)

and the equivalence of individual components in (2.82) follows. Since
lemma (2.16) holds for any orthonormal basis it holds also for a basis

W =
(
W1 W2 · · · Wn−1 V

)
(2.89)

with fixed last component. Then we have
n−1∑
h=1

W j
hW

m
h = gjm − V jV m . (2.90)

Substitution of this in (2.81) yields

Ricp(V ) = 1
n− 1V

iV k(gjm − V jV m)Rijkm

= 1
n− 1V

iV kRijkmg
mj − 1

n− 1V
iV kV jV mRijkm

= 1
n− 1V

iV kRijkmg
mj

= 1
n− 1V

iV kRik ,

(2.91)

by definition (2.9) and because the latter summand in the second row
vanishes by virtue of the symmetries of Riemann tensor. In chapter 3,
we interpret the Ricci curvature as the relative acceleration of the flux of
geodesics in a given direction.
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2.5 Geodesics With Fixed End Points

On a Riemannian manifold, a minimal geodesic between two fixed points is
a curve whose length with respect to the arc length parameter is the unique
minimum of all possible lengths. This means that if x(t) is a shortest path,
then the following functional is minimized:

L(x) =
t1∫
t0

√
gij(x(t))ẋi(t)ẋj(t)dt . (2.92)

It can be shown that minimal geodesics simultaneously minimize energy

E(x) =
t1∫
t0

1
2gij(x(t))ẋi(t)ẋj(t)dt . (2.93)

For the rest of the chapter we suppress the parameters of the metric tensor
from notation and put

gij := gij(x(t)) . (2.94)

To derive the equations that describe the extremals of these functionals, we
consider the following linear functional, the so called fundamental integral

Φ[x] =
t1∫
t0

L(t, xi(t), ẋi(t))dt, (2.95)

where the function L(t, xi(t), ẋi(t)) is called the Lagrangian. The La-
grangian is a scalar valued function of 2n + 1 variables. In classical me-
chanics it describes the difference between kinetic and potential energies.

Definition 2.17. For a linear differentiable functional Φ, we can split the
increment

∆Φ[x] = Φ[x+ h]− Φ[x],

into two parts
Φ[x+ h]− Φ[x] = L[h] + ε||h||,

where L[h] is the principal linear part called the (first order) variation and
limh→0

ε||h||
||h|| = 0.
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Theorem 2.18. A necessary condition for the functional Φ[x] to have an
extremum for x(t) = γ(t) is that its variation is zero.

The vanishing of the variation of Φ[x] is in turn equivalent to the Euler-
Lagrange equations [39][64]:

d

dt

(
∂L

∂ẋj

)
− ∂L

∂xj
= 0 . (2.96)

For the energy functional (2.93) we have

d

dt

(
∂L

∂ẋl

)
− ∂L

∂xl
= 2glnẍn + ∂glj

∂xi
ẋiẋj + ∂gkl

∂xm
ẋmẋk − ∂gij

∂xl
ẋiẋj

= 2glnẍn +
(
∂glj
∂xi

+ ∂gil
∂xj
− ∂gij
∂xl

)
ẋiẋj

= 0 .

(2.97)

From the last equality, we get

ẍn + Γnij ẋiẋj = 0, (2.98)

the Riemannian geodesic equation.

Lemma 2.19. Let us assume that the extremum x(t) has constant velocity.
Then from the Euler-Lagrange equations for expression (2.92) follow that
this extremum also satisfies the Riemannian ODE for geodesics.

Proof.
The Euler-Lagrange equations with Lagrangian L =

√
gij ẋiẋj , using the

abbreviation G = gij ẋ
iẋj is

Ek(L) = d

dt

(
∂L

∂ẋk

)
− ∂L

∂xk

= −G−
3
2

(
∂gij
∂xl

ẋlẋiẋj + 2gnlẍlẋn
)
gskẋ

k +G−
1
2
∂grk
∂xp

ẋpẋr

+G−
1
2 gskẍ

s − 1
2G
− 1

2
∂gtm
∂xk

ẋtẋm

= 0.

(2.99)

This can be simplified by multiplying both sides with G1/2 and glk.
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Ek(L) = ẍl + Γlij ẋiẋj

− 1
G
ẋl(2grhẋrẍh + ∂gnq

∂xs
ẋnẋqẋs)

= ẍl + Γlij ẋiẋj

−G−1ẋl
(
∂L

∂t

)
= ẍl + Γlij ẋiẋj

= 0 ,

(2.100)

since
(
∂L
∂t

)
vanishes and we obtain the usual equation for a geodesic.

To find the shortest paths between a fixed point x0 = x(0) and an arbitrary
point p on a compact manifold, we may consider the following heuristic
approach.

1. Calculate the distance function S(x, t) : Rn+1 → R:

S(p, t) = minimum
x(t)=p∫

0

L(t, x, ẋ)dt, (2.101)

that assigns to every point p the minimal length (2.92) or energy
(2.93).

2. Follow a geodesic (a characteristic of the distance function) from p to
x0 by proceeding along the shortest (Euclidean) paths from a level
set to another.

In a discrete grid the first part is typically solved numerically using level
set methods [76] [85]. The latter part corresponds to solving the canonical
equations which we introduce shortly.

It can be shown [38] that the minimal distance function S satisfies the so
called Hamilton-Jacobi equation

∂S

∂t
+H

(
t, xi,

∂S

∂xi

)
= 0 . (2.102)
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When solving the minimal distance function, there are two different cases,
depending on whether the Lagrangian is homogeneous or not. In the fol-
lowing we briefly discuss these two cases.

2.5.1 The Hamilton-Jacobi Equation for a Non-Homogeneous
Integrand

First we define the momentum p of a system from the Lagrangian function

pj = ∂L(t, xh, ẋh)
∂ẋj

. (2.103)

The Hamiltonian function H is obtained from the Lagrangian L as follows

H(t, xh, ph) = −L
(
t, xh, φh(t, xl, pl)

)
+ pjφ

j(t, xh, ph), (2.104)

where φh(t, xl, pl) is just ẋh expressed as function of t, xl, and pl. According
to the inverse function theorem this can be done, when the mapping

ẋj → ∂L

∂ẋj
(2.105)

is a bijection for every j, that is

det
(

∂2L

∂ẋi∂ẋj

)
6= 0. (2.106)

This transformation from L to H is called the Legendre transformation,
and whereas L is a function of spatial coordinates and velocity, H is a
function of spatial coordinates and momentum. The variables xi, pi are
the so called canonical variables. This name for the variables comes from
the fact that they allow the reduction of n second order Euler-Lagrange
equations to 2n concise first order equations involving the Hamiltonian.
We do this reduction in (2.111).

In case of our special Lagrangian (2.93), (2.103) becomes

pj = gij ẋ
i, (2.107)

and thus
ẋj = gijpi, (2.108)
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where gij is the inverse of gij .

The Hamiltonian function (2.104) becomes

H = −1
2gklg

mkpmg
nlpn + pjg

ijpi

= 1
2g

lnplpn.
(2.109)

Using (2.104), the minimization problem in (2.93) can be transformed in
to an equivalent problem of minimizing

t1∫
t0

−H(t, xk, pk) + pj ẋ
j(t, xk, pk)dt , (2.110)

with the respective Euler-Lagrange equations:

∂H

∂t
= −∂L

∂t
,

∂H

∂xl
= − ∂L

∂xl
,

∂H

∂pl
= ẋl . (2.111)

Using the last two equations in (2.111), we can transform the Euler equa-
tions for Lagrangian L

ẋi = dx

dt
∂L

∂xi
= d

dt

(
∂L

∂ẋi

)
,

(2.112)

to the canonical equations for Hamiltonian H

ẋi = ∂H

∂pi

ṗi = −∂H
∂xi

.

(2.113)

With a Lagrangian as (2.93) these are of course

ẋj = gijpi , (2.114)

and
ṗl = −1

2
∂gij

∂xl
pipj . (2.115)
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The Hamilton-Jacobi equation (2.102) is then

∂S

∂t
+ 1

2g
ij ∂S

∂xi
∂S

∂xj
= 0. (2.116)

The initial condition for this equation being

S(x, 0) =
{

0 if x = x0,

∞ otherwise
(2.117)

2.5.2 The Hamilton-Jacobi Equation for a Homogeneous
Integrand

The homogeneity of the integrand L(t, x, ẋ) means

L(t, x, λẋ) = λL(t, x, ẋ) . (2.118)

For the fundamental integral to be parameter invariant, it means that
under a monotonous change of parameter τ = f(t)

t2∫
t1

L(t, x, ẋ)dt =
f(t2)∫
f(t1)

L(τ, x, ẋ)dτ . (2.119)

For a homogeneous integrand, this is indeed the case since

t2∫
t1

L(t, x, ẋ)dt =
f(t2)∫
f(t1)

L(τ, x, dx
dt

dt

dτ
)f ′(t)dτ =

f(t2)∫
f(t1)

L(τ, x, ẋ)dτ . (2.120)

The homogeneity implies

d

dλ
(L(t, x, λẋ)) =

(
d

dλ
λL(t, x, ẋ)

)
, (2.121)

i.e.
Lẋix

i = L . (2.122)

Further, taking once more derivatives w.r.t. ẋ

Lẋiẋjx
i + Lẋj = Lẋj , (2.123)
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resulting in
Lẋiẋjx

i = 0 . (2.124)

From this follows that the determinant of the Jacobian of mapping

ẋj → ∂L

∂ẋj
,

is
det

(
∂2L

∂ẋi∂ẋj

)
= 0. (2.125)

In (2.92), the Lagrangian is indeed homogeneous. This means that the
mapping is not invertible and we have no means to express the variable ẋ
as a function of pj . For example if we tried to calculate the Hamiltonian
function H from a homogeneous Lagrangian (gij ẋiẋj)1/2

H(t, x, p) = ẋipi − L(t, x, ẋ) = ẋipi − (gij ẋiẋj)1/2

= gij ẋ
iẋj(gklẋkẋl)−1/2 − (gij ẋiẋj)1/2

= 0.
(2.126)

In [83], it is shown how the canonical variables for the homogeneous case
can be found by means of the fundamental tensor in Finsler geometry.
Thus by replacing the momentum pi with

p̃i = g̃ij(x, ẋ)ẋj , (2.127)

where
g̃ij = 1

2
∂2L2(x, ẋ)
∂ẋi∂ẋj

. (2.128)

We return to this fundamental tensor in the context of Finsler geometry
in chapter 4.

2.5.3 Asymptotically Homogeneous Case Study

We look at an asymptotically homogeneous integrand case
t1∫
t0

1
α

(
gij ẋ

iẋj
)α/2

dt, (2.129)
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where α→ 1. We observe that when α 6= 1, the functional is not parameter
invariant and the Hamilton-Jacobi function can be derived as in subsection
2.5.1.

We calculate pj :

pj = ∂L

∂ẋj
=
(
gikẋ

iẋk
)α/2−1

glj ẋ
l. (2.130)

From this follows that

pj ẋ
j =

(
gij ẋ

iẋj
)α/2−1

glj ẋ
lẋj =

(
gij ẋ

iẋj
)α/2

. (2.131)

It is not obvious how to solve ẋj from this equation. Instead, we guess for
a solution and see whether it satisfies the equation. Suppose

ẋj = gijpi(glkplpk)β . (2.132)

Substituting this solution candidate to equation (2.131), the left-hand side
becomes

gijpipj(glkplpk)β =
(
gijpipj

)(β+1)
, (2.133)

and the right-hand side is(
gijg

tiptg
ljpl(grqprpq)2β

)α/2
=
(
gijpipj

)αβ+1
. (2.134)

Thus (2.132) is a solution to (2.131) provided

αβ + 1 = β + 1 . (2.135)

If α = 1, then β and therefore the solution (2.132) is not unique. If β = 0,
then we must have α = 2.



32



3Applications in DTI

”Isn’t it enough to locate cortical areas engaged in deception, wrath, intro-
spection, empathy? Do we really have to worry about their connections?
The answer is "yes", principally because the function of a complex sys-
tem cannot be deduced from an inventory of its components.” M-Marsel
Mesulam
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Figure 3.1: Water molecules are more likely to diffuse along neural axons than
across them.

3.1 Introduction

A human cerebral cortex consists of approximately 20 billion neurons [77].
Neurons can communicate with nearby neurons via their dendrites or ax-
ons, but dendrites rarely spread further away from the neuron than 0.1
µm [48]. With remote neurons located in different regions of brain they
can only communicate via thin pathways called axons. Such nerve fibers
connect for example the retina to the visual cortex and the motor cortex
to the spine or the spine to lower limbs etc. In this thesis we consider only
axons within the brain. One neuron has only one axon but an axon may
branch to connect multiple neurons. The network of axons in the brain is
what is called the brain white matter. At the scale of the measurement,
the brain white matter is homogeneous in terms of its chemical compo-
sition and therefore the conventional magnetic resonance imaging (MRI)
cannot distinguish the architecture of the fiber bundles therein [71]. Dif-
fusion Tensor Imaging (DTI) is a non-invasive MRI-technique to study
anatomical structures by inferring the average intra-voxel incoherent mo-
tion or Brownian motion of water molecules in tissue. This is based on
the observation that in average, particles will diffuse more along elongated
structures such as bundles of axons. See Fig. 3.1 for illustration.

A typical voxel size in DTI is 1− 2 mm, which is very much larger than a
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typical diameter (less than 10 µm) of a single axon in white matter. The
white matter however, has also coherent bundles of fibers with diameters
equal to or greater than the voxel dimensions.

The MRI measurement is based on the fact that hydrogen protons, when
placed in a magnetic field and excited by radio frequency (RF) pulses, ab-
sorb electromagnetic radiation and re-emit this energy subsequently during
their relaxation back to the original equilibrium situation [72]. In DTI
the strength of the magnetic field varies according to position, forcing the
nuclei to precess with position dependent frequencies. Given some time
∆ to freely diffuse, the Brownian motion of these molecules dephases the
position-dependent MR signal and results in a loss of signal. Although
typically only 0.003% of all water molecules in a voxel contribute to the
signal/Tesla, in a 2×2×2 mm voxel, with 1 Tesla field, this is still around
8.0× 1017 water molecules [71] and sufficient for a significant signal.

Let x(t) be the position of a molecule with diffusion coefficient D at time t,
undergoing Brownian motion. According to Einstein[26] and Smoluchowski[87],
the average displacement in 1-D is

σ = |x(t)− x(0)| =
√

2Dt . (3.1)

DTI measures a sequence of one-dimensional average displacements along
several fixed directions. For example the mean displacement of freely dif-
fusing water molecules at temperature 37o is

σ ≈ 8µm (3.2)

in 30 ms, which is a typical length of measurement.

In the original article of Stejskal and Tanner [88], the signal S at time t is
modeled by a differential equation

dS(t)
dt

= −Dγ2∆f(t)S(0) , (3.3)

with a certain function f , that depends on the imaging sequence. With a
typical sequence [88][71], this has a solution

S = S(0)e−γ2G2δ2(∆− δ3 )D , (3.4)

which is the so-called Stejskal-Tanner equation, where G the gradient
strength (Tm =Tesla/meter), γ is the gyromagnetic ratio (2.675×108

sT ) and δ
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the duration (s) of the gradient pulse. In practice we take the signal S(0)
to be a signal acquired without diffusion weighting i.e. with G(t) = 0.

Using a short hand notation

b = γ2G2(δ)2(∆− δ

3) (3.5)

we solve the so-called apparent diffusion coefficients (ADC) in several di-
rections (k = 1, . . . , n)

Dk = −1
b

ln
(
Sk
S0

)
. (3.6)

DTI models the average diffusion profile with a symmetric quadratic sur-
face that best (in L2 w.r.t. the Frobenius norm) approximates the discrete
set of directional measurements. This is the simplest smooth surface model
for the diffusion profile that can also take some anisotropy into account. If
the diffusion profile really is quadratic, we can express it as a function of
vectors bk, which encode the gradient strength b = |bk| and direction bk

|bk|

ln
(
Sk
S0

)
= −Dij

bikb
j
k

|bk|
. (3.7)

Or, since we prefer unit vectors

y = (y1,y2,y3) := (sin θ cosϕ, sin θ sinϕ, cos θ) , (3.8)

we get
ln
(
Sk
S0

)
= −|bk|Dijyk

iyk
j , (3.9)

i.e.
Dijyk

iyk
j = −1

b
ln
(
Sk
S0

)
. (3.10)

At each voxel, the local diffusion profile is thus characterized by a diffusion
tensor D

D =

D11 D12 D13
D21 D22 D23
D31 D32 D33

 . (3.11)

The diffusion tensor D is real, symmetric and positive definite (SPD). This
is because the diffusion is assumed to be symmetric w.r.t. the origin, and



3.1. Introduction 37

the diffusion coefficients to be real and positive. It is typically computed
from a set of measurements by a least squares method as follows.

Let
m = (m1, . . . ,mn)T (3.12)

be the apparent diffusion coefficients (3.6) and

y = (y1, . . . ,yn)T (3.13)

be the n unit vectors i.e. the so-called gradient directions in which the
measurements were taken. Denote the matrix components to be solved as

d =



D11
D12
D13
D22
D23
D33


(3.14)

and the corresponding monomials of gradient vector components of an ith
measurement as

Mi =
(
(y1
i )2,y1

iy2
i ,y1

iy3
i , (y2

i )2,y2
iy3

i , (y3
i )2
)
. (3.15)

Put

M =


M1
M2
...
Mn

 , (3.16)

and the tensor components can be solved by pseudo-inverse

d =
(
MTM

)−1
MTm . (3.17)

For a SPD matrix, all eigenvalues λi are real and positive and all eigenvec-
tors vi are orthogonal to each other. For illustrations of DTI tensors see
Fig. 3.2. Before we proceed to the following applications of Riemannian
geometry to DTI, we mention that some authors have already introduced
Riemann geometry in the context of DTI [75] [60]. These first papers, pro-
pose as applications to compute the geodesics or level sets in the metric
field induced by the diffusion tensors, but do not consider other Rieman-
nian quantities such as curvatures, as is done in this thesis.
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Figure 3.2: Left: An ellipsoid defined by points {Dijyj | |y| = 1} or equivalently
the level set {v | D−2

ij vivj = 1}. Right: A quadratic surface drawn by diffusion
coefficients corresponding to given directions, i.e. {(Dijyiyj)y | |y| = 1}.

3.2 Streamline Tracking of DTI Fibers

Suppose that a white matter body consists only of thick coherent axon
bundles as if it was filled with thick electric cables. Then it is likely that
in a voxel all fibers have identical orientations. In this case the diffusion
tensor has one large eigenvalue and the corresponding eigenvector is aligned
with the orientation of fibers. To reconstruct fibers, one would follow the
principal eigenvector of the tensors. This amounts to solving a curve c(t)
satisfying the following system


ċ = arg max

|v|=1

(
vTDv

)
c(0) = p .

(3.18)

In areas with single dominant fiber population, this tracking method works
quite well. For example in [71] streamline reconstructions of white matter
tracts in the pons such as those of the middle cerebral peduncle, the medial
lemniscus and the superior cerebellar peduncle do indeed agree with the
anatomical knowledge of the region. As an example of a relatively high
curvature that an axon may have, in Fig. 3.3 we see an illustration of a
so-called U-fiber that connects neurons on the cortex to other neurons on
the cortex underneath a sulcus, i.e. a ”valley”.
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Figure 3.3: Left: On the boundaries of sulci there are many cortico-cortical U-
fibers. Right: A synthetic example of reconstruction of U-fibers with streamline
tracking.

3.3 Dijkstra’s Shortest Paths

In a discrete graph with vertices corresponding to spatial points and edges
between them encoding the interconnections weighted by mutual distances,
we can compute a shortest route between any two vertices, using the algo-
rithm of Dijkstra [25]. This is the discrete counterpart of the variational
problem in Sec. 2.5. We take the time of travel to be the distance measure
of interest. Just like when traveling by train, we typically talk in terms
of travel times rather than distances in kilometers. The real distances i.e.
the Euclidean grid around the imaged object is fixed and known. From
d = v · t, we see that the greater the mean velocity the shorter the travel
time.

Instead of the diffusion tensors we use their inverses g = D−1, i.e. the
metric tensors to describe travel time. Once we know the metric tensors
we can calculate the edge weights e.g. by taking the mean of the edge
weights of adjacent vertices as in Fig. 3.4.

Although the algorithm of Dijkstra will certainly give a shortest path be-
tween any two points, it is not likely that bundles with high curvature such
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Figure 3.4: Left: Ellipsoids representing the metric tensors on the graph. Right:
Distances between adjacent vertices are determined by the metric tensors.

as subcortical bundles will always be the shortest paths. We demonstrate
this in Fig. 3.5.

In DTI context, instead of simply using the information of the diffusion
tensor, some anatomical knowledge and information about the local neigh-
borhood could be included in the metric tensors. This could result in
optimal paths that give better reconstruction of the real anatomical con-
nections. Indeed there are many Hamilton-Jacobi based algorithms, with
cost functions derived from the DTI-data, with fast and efficient imple-
mentations [51] [47].

Figure 3.5: From left to right: A simulated U-fiber with different widths. The
green curves are the shortest paths of Dijkstra. As the angle of opening becomes
steeper the shortest path will jump closer to a Euclidean shortest path.
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3.4 Quality Measures for DTI Fibers

3.4.1 Connectivity Strength of Pathways

In Sec. 3.2 and 3.3 we saw two prototypes of minimal curves in tensor
valued data. Whatever the method of finding these curves, it can be handy
to have measures that can rank the curves according to their similarity to
real axons.

In [47] a so-called validity index is assigned to each curve that is a numerical
solution to a Hamilton-Jacobi system. The validity index

VI(γ) =
∫
|γ̇(s) · v(s)|ds∫

ds

=
∫ √

(δij γ̇(s)iv(s)j)2ds∫ √
δij γ̇(s)iγ̇(s)jds

(3.19)

measures how parallel the tangent of a curve is with the principal eigen-
vector v of the diffusion tensor along the curve.

We have proposed a measure for curves in[7], which we call the connectivity
strength m(γ) of a curve γ (independently with the definition in [80]). It
measures the relative diffusivity along a curve γ, i.e. the ratio of lengths of
γ in Euclidean and in diffusion induced Riemannian metric. Let g = D−1

and let γ(t) be a parameterized curve and γ̇(t) be the unit tangent to the
curve. The ratio is

m(γ) =
∫ l

0

√
ηij(γ(t))γ̇i(t)γ̇j(t)dt∫ l

0

√
gkl(γ(t))γ̇k(t)γ̇l(t)dt

, (3.20)

where ηij is the covariant Euclidean metric tensor, which in Cartesian coor-
dinates reduces to the constant identity matrix. The connectivity strength
is a positive value with higher values indicating better connectivity.

In the neighbourhood of a point p = γ(0), the limit of ratio (3.20) gives us
a local measure:

m(p) = lim
l→0

∫ l
0

√
ηij(γ(t))γ̇i(t)γ̇j(t)dt∫ l

0

√
gkl(γ(t))γ̇k(t)γ̇l(t)dt

=

√
ηij(γ(p))γ̇i(0)γ̇j(0)√
gkl(γ(0))γ̇k(0)γ̇l(0)

. (3.21)
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The unit vector that maximizes m(p) is the eigenvector corresponding to
the minimal eigenvalue λ−g of g, which in turn corresponds to the maximal
eigenvalue λ+

D of D and

m(p) =
√
λ−g = 1√

λ+
D

. (3.22)

Thus locally this measure attains maxima in the direction of the princi-
pal eigenvector of the DTI-tensor, and agrees with the traditional largest
eigenvalue fibre tracking. By splitting up the integrals in (3.20) over a
partitioning of the curve γ into sub-curves γi, we may apply the measure
m also to the sub-curves γi and measure possible variation in diffusivity
along the curve to any desired level of discretization.

Although both measures assign largest values to paths that follow closely
the principal eigenvector field, the connectivity strength has some advan-
tages over the validity index. For example, when a curve γ extends through
a region with almost isotropic diffusion, the principal eigenvector typically
becomes unstable and sensitive to noise resulting in an unreliable validity
index, whereas the connectivity strength that does not depend on solving
eigenvectors, simply records the isotropy by low values.

The diffusivity in the regions of relatively free diffusion (e.g. ventricles) is
typically at most two times greater than that in the areas with restricted
diffusion (e.g. in thick fiber bundles). While the information on the mean
diffusivity is also of importance, if we want to look at the diffusion profile
as a probability of fiber orientation, then a reasonable choice is to normal-
ize the diffusion/metric tensors. In view of the magnitude difference in
the trace of the Riemann tensor vs. the Euclidean metric tensor in (3.20),
normalization makes the interpretation of m(γ) easier. When metric ten-
sors are normalized, m(γ) < 1 (m(γ) > 1) means that there is in average
lower (correspondingly higher) diffusivity along γ. Another factor that
may affect the connectivity measure, is the choice of interpolation method
for tensors. As discussed in chapter 6, there are several ways to interpolate
tensors. In [5], we experimented with three different interpolation meth-
ods, obtaining very similar results w.r.t. connectivity strength measure
regardless of the interpolation method chosen.
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Figure 3.6: Left: Geodesic deviation (sectional curvature) measures the relative
acceleration of separation of geodesics whose initial direction is a small perturba-
tion of the fiducial reference geodesic (in a plane). Ricci curvature is the mean of
geodesic deviation over all planes containing vector V . Middle and right: Tubes
generated by geodesics that lie in the neighborhood of the fiducial geodesic (blue)
and which are initially parallel. The geodesics may stick together, or deviate from
each other generating a larger cross sectional area.

3.4.2 Ricci Curvature

We recall the definition of the Ricci curvature

R(v) = 1
n− 1Rikv

ivk , (3.23)

where Rik is the Ricci tensor (2.33). For an interpretation see the left
most picture of of Fig. 3.6. A coherent thick bundle of axons will have
relatively large number of molecules moving in the direction aligned with
this structure. We want to relate this coherence to the Ricci curvature on
the diffusion-induced tensor field.

Imagine a ring surrounding a fixed geodesic γ and a number of nearby
geodesics that are parallel to γ. We discard all geodesics that are not
parallel to these. We then slide the ring along the fixed geodesic for small
distance and count how many of the geodesics are still passing through the
ring. If the number has decreased the geodesics have deviated from each
other, if it has increased the geodesics have merged together (see Fig. 3.6).
We study how the flux of initially parallel nearby geodesics changes in a
given direction of interest. For this, we look at the second order rate of
change of the flux, which is a relative quantity. A basic observation is that
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the flux of these geodesics is inversely proportional to the cross-sectional
area occupied by these geodesics.

We consider a rectangular region spanned by two orthogonal (in the Rie-
mann metric) unit vectors v1 and v2, which are also orthogonal to the
tangent of a fixed geodesic at point t = 0. Then the vectors v1,v2 and γ̇
constitute an orthonormal frame in the tangent space. In Euclidean space,
if we translate the vectors e1, e2, e3 along a line its Euclidean area will of
course not change. Similarly if we parallel transport the vectors v1,v2 and
γ̇ along a geodesic the Riemannian volume of the frame spanned by these
vectors will not change. But in Euclidean sense the volume determined by
this triad will change unless the manifold itself is Euclidean. The larger it
becomes, the more the geodesics deviate and the smaller the relative flux
of geodesics. Since vectors vi are parallel transported

∇γ̇vi(0) = 0 , i = 1, 2 . (3.24)

Vector fields that are parallel transported along geodesics, satisfy the so-
called Jacobi-equation [19]

∇γ̇∇γ̇vls = −Rlijkγ̇ivjsγ̇k . (3.25)

From (3.25) we can compute the Taylor approximation for the vector vs(t)
(s = 1, 2) near γ(0):

vls(t) = vls(0) + v̇ls(0)t+ 1
2 v̈ls(0)t2 +O(t3)

= vls(0)− 1
2R

l
ijkγ̇

i(0)vjs(0)γ̇k(0)t2 + O(t3) .
(3.26)

Similarly the area S(t) of the quadrilateral spanned by v1,v2 near γ(0):

S(t) = S(0) + Ṡ(0)t+ 1
2 S̈(0)t2 +O(t3) . (3.27)

We look at the short time evolution of the plane area defined by the vectors
vi and their parallel transports. Let n be a unit vector orthogonal to v1,v2.

n = v1 × v2
|v1 × v2|

. (3.28)
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The plane area spanned by vectors v1 and v2 is then as follows (abbrevi-
ating vi := vi(0) on the right hand side).

S(0) = ((v1 × v2) · (v1 × v2))
1
2 .

Ṡ(0) = ((v1 × v2) · (v1 × v2))
−1
2 (v1 × v2)(v̇1 × v2 + v1 × v̇2)

= 0
S̈(0) = ((v1 × v2) · (v1 × v2))

−1
2 (v1 × v2) · (v̈1 × v2 + v1 × v̈2)

= n · (v̈1 × v2 + v1 × v̈2)
= −n · (v2 × v̈1)− n · (v1 × v̈2)
= v1v̈1 + v2v̈2

= 1
2
(
Rlijkγ̇

ivj1γ̇kvl1 +Rlijkγ̇
ivj2γ̇kvl2

)
= Rikγ̇

iγ̇k .

The approximate limiting area of the quadrilateral patch generated by the
geodesics (that penetrate the initial quadrilateral orthogonally) is thus

S(t) = S(0)− 1
2Rik(γ(0))γ̇i(0)γ̇k(0)t2 +O(t3) . (3.29)

Non-negative Ricci curvature implies stability or increase in flux and rel-
atively stable bundle of geodesics, while negative Ricci curvature implies
decrease in flux and less coherent bundle of geodesics, which might imply
bifurcation or crossing of the fiber bundle. For an illustration of Ricci cur-
vature computed on tracked streamlines see Fig. 3.7. We remark that the
standard DTI streamlines generally cannot propagate through a crossing
as can be seen also in this example.

3.4.3 Stickiness

Now that we have an interpretation of the Ricci curvature, we may ask:
In what direction does the Ricci curvature attain a maximum? Since the
Ricci tensor is symmetric, this question has an easy answer: in the di-
rection of the greatest positive eigenvector (although it may not exist at
every point). If the tensor field is homogeneous, the Ricci tensor is zero,
giving no information of a preferred (in sense of coherence) direction. To
assess the degree that the locally optimal direction (principal eigenvector
of the diffusion tensor) is in coherence with the neighboring optima one
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Figure 3.7: Ricci curvatures in the directions of tangents of streamline-tracked
curves. Light blue denotes low and red respectively high Ricci curvature. We
observe that Ricci curvature is lower when the curve heads to a region with
different diffusion tensors.

can compute the inner product of the Ricci principal eigenvector and prin-
cipal eigenvector of the diffusion tensor. This, which we call the pointwise
stickiness of a curve, gives information about the credibility of the local
structure to belong to a thick/stable bundle.

In Fig. 3.8 we illustrate the stickiness measure on a crossing.

3.4.4 Inhomogeneity Detection

In Riemannian geometry, it is a well known fact that the space is homoge-
neous i.e. the metric tensors are identical if the Ricci tensor is proportional
to the metric tensor. Then the space will have constant curvature. Since
the Ricci tensor assigns to each spatial position and a vector (direction)
the second order rate of change of Euclidean distance of initially parallel
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Figure 3.8: High stickiness is indicated with red and low stickiness respectively
with blue. The principal eigenvector of Ricci tensor agrees with that of diffusion
tensor in areas with coherent bundle-like structure.

geodesics, the absolute value of the determinant of the Ricci tensor, gives
also insight on the magnitude of deviation. If the tensor field undergoes
changes in only one direction, for example if eigenvalues are proportional
to the position along x-axis, then the determinant of the Ricci tensor (the
product of eigenvalues) is still small compared to the case that changes oc-
cur w.r.t. two or three directions, which may be the case e.g. for crossing
fibers. In this sense, the magnitude of the absolute value of the deter-
minant of the Ricci tensor and the form and orientation of the quadratic
surfaces it determines can signify disturbances in the homogeneity of the
tensor field. To illustrate this, we computed a graphical representation of
the point set {(Rikyiyk)y| |y| = 1} of the Ricci tensors and the absolute
value of their determinants in Figure 3.9.

In a finite difference scheme, the Ricci tensor (as second order differential
operator) involves the 32 voxels around a given voxel. The involved region
can be sharpened or broadened by using differential operators with small
or large scale.

3.5 Ricci Scalar

Different scalar measures have been proposed in the literature, aiming to
reveal first hand information about the underlying diffusion process and
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Figure 3.9: Left: tensor field. Middle: point set= {(Rijyiyj)y | |y| = 1}. Right:
absolute values of the determinants of the Ricci tensors.

tissue structure. Scalar measures are also studied to relate the state of
white matter to different pathologies. The most common ones are the
mean diffusivity (MD)

1
3 (λ1 + λ2 + λ3) , (3.30)

where λi is the ith eigenvalue of diffusion tensor D and the fractional
anisotropy (FA)[12]

1√
2

√
(λ1 − λ2)2 + (λ1 − λ3)2 + (λ2 − λ3)2√

λ2
1 + λ2

2 + λ2
3

. (3.31)

Mean diffusivity can be interpreted as average diffusion per voxel. In
general, MD is smaller in areas with organized tissue compared to e.g.
ventricles which are filled with cerebrospinal fluid. Fractional anisotropy
measures the anisotropy of the diffusion.
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For convenience we recall here the Definition 2.41 of the Ricci scalar.

R = Rikg
ik . (3.32)

It is a trace of the Ricci tensor.

A zero FA value indicates the lack of dominant direction of diffusion (see
Fig. 3.10 left) while a non-zero value indicates anisotropy to some de-
gree, i.e., the presence of structures obstructing the diffusion process [?].
On the other hand, a vanishing Ricci scalar can indicate both isotropy or
anisotropy (see Fig. 3.10 first two from the left). The same is true for
non-zero Ricci scalars (see Fig. 3.10 last two on the right). In the litera-
ture of applied differential geometry [84] the Ricci scalar has been used
for curvature analysis of 2D medical images.

Figure 3.10: From left to right: Homogeneous isotropic tensor field: R = FA = 0,
homogeneous anisotropic case: R = 0, FA 6= 0, inhomogeneous isotropic case:
R 6= 0, FA = 0, inhomogeneous anisotropic case: R 6= 0, FA 6= 0.

3.5.1 Experimental Results

We have experimented by computing Ricci scalars on simulated, phantom
and real data. The computations were done using Mathematica 7.0. For
the derivatives on a discrete data volume, we used the Gaussian derivatives
implemented in a locally designed Mathematica package [94].

Simulated data

To get a quick insight in what the Ricci scalar can detect in a tensor field,
we refer to Fig. 3.11, where we have simulated a crossing of orthogonally
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oriented sets of tensors, modeling diffusion tensors corresponding to two
fiber bundles. The voxels where the Ricci scalar is non-zero are colored
according to its sign using a temperature map. In the crossing region of this
tensor field, the Ricci scalar tends to be large and negative. Since the Ricci
scalar involves second order derivatives, we can tune the minimum size of
the region to be considered by manipulating the scale of the Gaussian
differential operator [30] [42] [35].

Figure 3.11: Top left: A simulated crossing of fibers. Top right: A slice of a tensor
field simulating the crossing. Bottom left: A horizontal slice on the boundary of
a fiber, blue color corresponding to negative Ricci scalars. Bottom right: A
horizontal slice in the middle of the crossing with slightly negative Ricci scalars
in the crossing.

Phantom data

We computed Ricci scalars on a real phantom data consisting of cylinder
containing a water solution, three sets of crossing synthetic fiber bundles
and three supporting pillars on the boundary. In Fig. 3.12 we see that
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in the region where the fiber bundles cross Ricci scalars have relatively
large negative values, despite of the noisy nature of the DTI-data. The
DT-image of the phantom has dimensions 10×104×104 and therefore the
resolution in vertical direction is far less than in horizontal directions.

Figure 3.12: Left: A phantom (courtesy of Pim Pullens, Maastricht University)
containing intersecting bundles of synthetic fibers. Middle: A temperature map
of Ricci scalars on a horizontal slice. Right: Ricci scalars on a vertical slice
containing a crossing. Large negative values are found in the crossing.

Real data

We have also experimented with real DTI data of a rat brain. We plotted
the Ricci scalars in a temperature map, to emphasize the differences in
sign. We identified positive (negative) outliers of the Ricci scalar data with
maximum (minimum) values of the rest of the data. The Ricci scalar gives
information about the variations in diffusion tensor orientations unlike
FA, which will identify tensors with similar anisotropy even though their
orientation may differ. This can be seen e.g. in the region surrounded by
a pink square in Fig. 3.13, which is known to have complex structure and
contain two larger bundles of fibers (internal- and external capsules) with
different orientation [15].
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Figure 3.13: Left: Ricci scalars on a slice of the rat brain DTI image. Middle:
Fractional anisotropy. Right: Mean diffusivity.



4Basics of Finsler Geometry

”A. Einstein used Riemannian geometry to describe his general relativity
theory, assuming that spacetime is always Riemannian.” Zhongmin Shen
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4.1 Introduction

According to S.S. Chern, Finsler geometry is just Riemannian geometry
without the quadratic restriction. Although not as popular as Riemann
geometry, Finsler geometry is also widely studied and applied successfully
in theoretical physics etc. [2][22][1][89]. Modern books on Finsler geometry
began to appear at increasing rate in late 1990’s [10][86][68] while some
older books have paved the way [27][18][82]. Already in classical books
on calculus of variations, a homogeneous Lagrangian is called Finsler arc
length [100]. The idea of Finsler geometry was already in the considerations
of Riemann, to have a norm function that depends homogeneously on a
line-element in addition to position. In this chapter we begin with the
basic definitions, and provide a new result concerning strong convexity.
We define the connection as in [10], and scrutinize the derivation of the
equation for geodesics by [86].

Let M be a C∞ manifold, TxM the tangent space at each x and TM =
{(x, y) | x ∈M,y ∈ TxM}.
Definition 4.1. A function F : TxM → [0,∞) is called a Minkowski norm
if F satisfies the following conditions:

(M1) F (λy) = λF (y) for every λ > 0 and y ∈ TxM .

(M2) F is C∞ on TxM \ {0}.

(M3) The bilinear form gij(y) = 1
2
∂2F 2

∂yi∂yj
in TxM is positive definite.

A function F : TM → [0,∞) is called a Finsler metric if it has the follow-
ing properties:

1. F is C∞ on TM \ {0}.

2. for each x ∈M , F |TxM is a Minkowski norm on TxM .

This bi-linear form
gij(x, y) = 1

2
∂2F 2

∂yi∂yj
, (4.1)

is called the Finsler metric tensor. Note that if F (x, y) =
√
gij(x)yiyj , then

gij(x, y) = 1
2

∂2

∂yi∂yj

(
gij(x)yiyj

)
= gij(x) is the usual Riemannian metric.
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4.2 Homogeneity of Finsler Norm

We recall here some consequences of the homogeneity (M1) of the norm
function, since these are useful in the sequel. Let x ∈ M and y ∈ TxM ,
and F (x, y) be a Minkowski norm on TM \ {0}. We denote the partial
derivative of a scalar-valued function F (x, y) as

∂F

∂yi
:= Fyi . (4.2)

From the homogeneity of F

F (x, λy) = λF (x, y) . (4.3)

Taking derivatives w.r.t. λ

Fyiy
i = F , (4.4)

and w.r.t. yj
Fyjyiy

i = 0 . (4.5)

4.3 Strong convexity of Finsler Norm

4.3.1 Strong convexity criterion

We derive another criterion for strong convexity in dimension three, in
analogy to the corresponding criterion in dimension two [10].

Theorem 4.2. Let us consider the inequality

gij(y)vivj > 0 , (4.6)

where y ∈ TxM and v ∈ R3. From the homogeneity of the norm function
F , it follows that it is sufficient to have this condition on the unit level set
of the norm. We consider this level surface i.e. the so-called indicatrix,
which is the set

{u ∈ TxM | F (u) = 1} . (4.7)

and a parametrization

u(θ, ϕ) = (u1(θ, ϕ),u2(θ, ϕ),u3(θ, ϕ)) . (4.8)
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We define the following three matrices:

m =

u1 u2 u3

u1
θ u2

θ u3
θ

u1
ϕ u2

ϕ u3
ϕ

 , mθ =

u1
θθ u2

θθ u3
θθ

u1
θ u2

θ u3
θ

u1
ϕ u2

ϕ u3
ϕ

 , mϕ =

u1
ϕϕ u2

ϕϕ u3
ϕϕ

u1
θ u2

θ u3
θ

u1
ϕ u2

ϕ u3
ϕ

 .

(4.9)
Then the inequality (4.6) is satisfied if and only if the following inequalities
are valid.

det(mθ)
det(m) < 0 , (4.10)

det(mϕ)
det(m) < (gijuiθujϕ)2 det(m)

det(mθ)
. (4.11)

Proof.
In what follows we abbreviate gij = gij(x,u). From F (u) = 1 we have

gijuiuj = 1 . (4.12)

Taking derivatives of both sides and using a consequence of Euler’s theorem
for homogeneous functions ([10] p.23) that says

∂gij
∂ukuk = 0 , (4.13)

we obtain

gijuiθuj = 0 ,
gijuiϕuj = 0 ,

(4.14)

implying uθ ⊥g u and uϕ ⊥g u, since uθ 6= 0 and uϕ 6= 0 (except at θ = 0).

Taking derivatives once more, we get

gijuiθθuj = −gijuiθu
j
θ ,

gijuiϕϕuj = −gijuiϕujϕ ,
gijuiθϕuj = −gijuiθujϕ .

(4.15)
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Wemay express an arbitrary vector w as a linear combination of orthogonal
basis vectors:

w = αu + βuθ + γ

(
uϕ −

〈uϕ,uθ〉
〈uθ,uθ〉

uθ
)
. (4.16)

We substitute this expression for w to the left hand side of (4.6) and obtain:

gijwiwj =

α2gijuiuj − β2gijuiθθuj − γ2
(
gijuiϕϕuj +

(gijuiθujϕ)2

gijuiθu
j
θ

)
,

(4.17)

because the mixed terms vanish due to the orthogonality of basis vectors.

On the other hand, for u’s on the indicatrix we have as a consequence of
Euler’s theorem on homogeneous functions (denoting Fui = ∂F

∂ui ):

Fuiui = F (u) = 1 . (4.18)

Differentiating (4.18) w.r.t. θ and ϕ, we obtain two equations:

Fuiuiθ = 0 , (4.19)
Fuiuiϕ = 0 , (4.20)

for F is a homogeneous function.

The matricesm,mθ,mϕ are as defined in (4.9). Solving system of equations
(4.18), (4.19) and (4.19) we get:

Fu1 = −
u2
ϕu3

θ − u3
ϕu2

θ

det(m) , Fu2 = −
u3
ϕu1

θ − u1
ϕu3

θ

det(m) ,

Fu3 = −
u1
ϕu2

θ − u2
ϕu1

θ

det(m) .

(4.21)

Now using equalities

Fui = gijuj , gijuiθθuj = Fukukθθ,
gijuiϕϕuj = Fukukϕϕ ,

(4.22)
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and
gijuiθθuj = det(mθ)

det(m) , gijuiϕϕuj = det(mϕ)
det(m) , (4.23)

we obtain

gijwiwj = α2 − β2gijuiθθuj

− γ2
(
gijuiϕϕuj +

(gijuiθujϕ)2

gijuiθu
j
θ

)
> 0

(4.24)

iff

det(mθ)
det(m) < 0 and det(mϕ)

det(m) <
(
gijuiθujϕ

)2 det(m)
det(mθ)

. (4.25)

Note that the right hand side of (4.11) is definitely non-positive. This
result implies geometrically that the systems of three vectors in matrices
m have opposite orientation relative to those in mθ and mϕ. �

For illustration see Fig. 4.1.

4.3.2 Triangle inequality

We show that strong convexity implies triangle inequality. Let us thus
assume that (suppressing y from notation, i.e. gij := gij(y))

gijv
ivj = 1

2
∂2F 2

∂yi∂yj
vivj > 0 , ∀v ∈ Rn. (4.26)

Then gij defines an inner product, and the Cauchy-Schwarz inequality says
that (

gijη
iξj
)2
≤
(
gijη

iηj
) (
gijξ

iξj
)
, ∀η, ξ ∈ Rn. (4.27)

By choosing η = y we obtain the following equation(
gijy

iξj
)2
≤ F 2(y)

(
gijξ

iξj
)
, ∀ξ ∈ Rn. (4.28)

Since
gijξ

iξj = FFyiyjξ
iξj + F iyF

j
y , (4.29)
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uΦ,uΘ

uΦΦ

uΘΘ

u

Figure 4.1: The triad of vectors in matrices m,mθ,mϕ illustrated on a strongly
convex ellipsoid. Clearly the frame defined by m has opposite orientation than
that of the triad defined by mθ or mϕ.

it follows from (4.28) that

Fyiyjξ
iξj = 1

F

(
gijξ

iξj − FyiFyjξiξj
)

= 1
F 3

(
F 2(y)gijξiξj − FFykξkFFylξl

)
= 1
F 3

(
F 2(y)gijξiξj − (gklykξl)2

)
≥ 0 ,

(4.30)

where equality holds only in case ξ = λy for some λ ∈ R \ {0}. Next, it is
shown that

2F (y) ≤ F (y + ξ) + F (y − ξ) . (4.31)
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1. Suppose that ξ = λy. If |λ| ≤ 1, then

F ((1+λ)y)+F ((1−λ)y) = (1+λ)F (y)+(1−λ)F = 2F (y) . (4.32)

If |λ| > 1, then

F (y + λy) + F (y − λy) = (2 + α)F (y) + β , α, β > 0 . (4.33)

If ξ = 0, F (y) + F (y) ≥ 2F (y).

2. Suppose that ξ 6= λy. The second mean value theorem states that
there exist a 0 < δ < 1, such that

F (y +±ξ) = F (y)± Fyiξi + 1
2Fyiyj (y ± εξ)ξ

iξj , (4.34)

for some 0 < ε < 1. From (4.30) we obtain finally that

F (y + ξ) + F (y − ξ) > 2F (y) , (4.35)

which gives the usual triangle-inequality by substitutions y = 1
2(y1 +

y2) and ξ = 1
2(y1 − y2).

4.4 Connection

In Riemann spaces (Chapter 2), it was shown that metric compatibility
(2.5) and torsion freeness (2.4) resulted in a unique linear connection on
the manifold. In classical theoretical physics [67], the equivalence principle
states that ”the laws of physics are the same in any local Lorentz coor-
dinate frame of curved spacetime, as in a global one of a flat spacetime.”
According to [67], a necessary condition for this principle to hold is that
for vectors v,u,w for which v + u = w at point γ(0), this relation should
also hold after parallel transporting them along a geodesic γ to a point
γ(t). This in turn implies that there is no torsion (2.7). Similarly, torsion
freeness can be taken as a prerequisite for a Finsler connection. A connec-
tion is said to be almost metric compatible if the connection (or covariant
derivative) satisfies the product rule up to a term given by the so called
Cartan tensor ([10], p.38). Torsion freeness and almost metric compati-
bility define a unique linear connection on the pulled-back bundle π∗TM ,
called the Chern-connection. Although the details are beyond the scope
of this thesis and we have not here implemented nor applied the Chern
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connection, we mention the interesting fact that a Finsler connection can-
not be both torsion free and satisfy the product rule as the Levi-Civita
connection in Riemann space. An alternative to Chern connection is the
Cartan connection which satisfies the product rule but is not torsion free.

A connection gives us the means to take directional derivatives. If the
connection coefficients agree to the structural equations (torsion freeness
and almost metric compatibility), we can replace ∂

∂xi
by

δ

δxi
:= ∂

∂xi
−N j

i

∂

∂yj
, (4.36)

where
N j
i := γjiky

k − Cjikγ
k
rsy

rys . (4.37)

And further
γijk := gis

2

(
∂gsj
∂xk

+ ∂gsk
∂xj

− ∂gkj
∂xs

)
, (4.38)

and
Cijk := gisCjsk , (4.39)

with
Cijk := 1

4
∂3F 2

∂yi∂yj∂yk
. (4.40)

Note that the Chern connection agrees with the Levi-Civita connection on
a Riemannian space where Cijk = 0.

4.5 Geodesics

We scrutinize the derivation of equations for geodesics following the pre-
sentation in [86]. Let γ : [a, b] → M be a constant speed piecewise C∞
curve

F (γ, γ̇) = λ , (4.41)

with λ > 0. Then there is a partition of [a, b] : a = t0 < · · · < tk = b,
so that on every subinterval [ti−1, ti], γ is C∞. We fix this partition and
define a piecewise C∞ map H : (ε, ε)× [a, b]→ M(a variation of γ) to be
such that:
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• H is C0 on (ε, ε)× [a, b]

• H is C∞ on each (ε, ε)× [ti−1, ti], i = 0, . . . , k .

• γ(t) = H(0, t), a ≤ t ≤ b .

We also define a vector field V (t), called the variation field of H(u, t) as
follows:

V (t) = V i(t) ∂

∂xi
|γ(t) := ∂H

∂u
(0, t) . (4.42)

Then the length of γu(t) := H(u, t) is given by

L(u) =
b∫
a

F (γu(t), γ̇u(t)) dt =
k∑
i=1

ti∫
ti−1

F

(
γu(t), ∂H

∂t
(u, t)

)
dt . (4.43)

We want to find out the extremal point of this variational curve, i.e. the
condition when ∂L

∂u (0) = 0.

First we work out an expression for ∂L
∂u := L′. Except for the first few

terms, we suppress the arguments of F for brevity.

L′(0) =
b∫
a

∂

∂u
(F (γu(t), γ̇u(t))) |u=0dt

=
b∫
a

∂

∂u

(
F (γu(t), ∂H(u, t)

∂t

)
|u=0dt

=
b∫
a

(
∂F

∂xk
∂γku(t)
∂u

+ ∂F

∂yk
∂γ̇ku(t)
∂u

)
|u=0dt

=
b∫
a

(
∂F

∂xk
∂Hk(u, t)

∂u
+ ∂F

∂yk
∂2H(u, t)
∂u∂t

)
|u=0dt

=
b∫
a

(
∂F

∂xi
V i(t) + ∂F

∂yi
dV i(t)
dt

)
dt .

(4.44)

Secondly, since F > 0 (4.41) we have the following

∂F

∂xk
V k + ∂F

∂yk
dV k

dt
= 1

2F

(
∂F 2

∂xk
V k + ∂F 2

∂yk
dV k

dt

)
. (4.45)
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In other words

L′(0) =
b∫
a

1
2F

(
∂F 2

∂xk
V k + ∂F 2

∂yk
dV k

dt

)
dt . (4.46)

This can be rewritten as follows

L′(0) =
b∫
a

1
2F

∂F 2

∂xk
V k − d

dt

(
1

2F
∂F 2

∂yk

)
V kdt+

k∑
i=1

[
1

2F
∂F 2

∂yk
V k

]ti
ti−1

=
b∫
a

1
2F

(
∂F 2

∂xk
− ∂2F 2

∂yk∂xl
ẋl − ∂2F 2

∂yk∂yl
ẏl
)
V kdt

+
k∑
i=1

[
1

2F
∂F 2

∂yk
V k

]ti
ti−1

=
b∫
a

1
2F

(
∂F 2

∂xk
− ∂2F 2

∂yk∂xl
γ̇l − ∂2F 2

∂yk∂yl
γ̈l
)
V kdt

+
[ 1
F
gjkγ̇

jV k
]ti
ti−1

.

(4.47)

By defining

Gi(y) = 1
4g

il(y)
(
∂2F 2

∂yl∂xk
yk − ∂F 2

∂xl

)
, (4.48)

we see that
2
F
gjkG

j = 1
2F

(
∂F 2

∂xl∂yk
yl − ∂F 2

∂xk

)
. (4.49)

We have finally

L′(0) = −
b∫
a

1
F
gik
{

2Gi(γ̇) + γ̈i
}
V kdt+

k∑
i=1

[ 1
F
γ̇igik(γ̇)V k

]ti
ti−1

. (4.50)

Definition 4.3. The so-called geodesic curvature κ(t) is defined as follows:

κ(t) := 1
F (γ̇(t))2

(
γ̈i + 2Gi(γ̇)

) ∂

∂xi
|γ(t) . (4.51)
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Denoting with gγ̇(t)〈 , 〉 the fundamental bi-linear form, we can write (4.50)
in an index-free expression:

L′(0) = −λ
b∫
a

gγ̇(t)〈κ, V 〉dt+ 1
λ

(
gγ̇(b)〈γ̇(b), V (b)〉 − gγ̇(a)〈γ̇(a), V (a)〉

)

+ 1
λ

k−1∑
i=1

(
gγ̇(t−i )〈γ̇(t−i ), V (ti)〉 − gγ̇(t+i )〈γ̇(t+i ), V (ti)〉

)
.

(4.52)

For an arbitrary piecewise variation, that fixes the variation curve to co-
incide with the original constant speed curve γ at points ti, i.e. H(u, ti) =
γ(ti), we have V (ti) = 0 and Eq. (4.52) becomes:

L′(0) = − 1
λ

b∫
a

gγ̇(t)〈κ, V 〉dt = 0 , (4.53)

for a curve γ(t) with minimal length. This implies that κ = 0 i.e. that

γ̈i + 2Gi(γ̇) = 0 . (4.54)

This proves that, if γ is a piecewise, constant speed, C∞ curve in Finsler
space, and has a minimal length then its geodesic curvature κ = 0 .
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”Tien regels voor succes. . . .Maar, beste lezers, al deze goed bedoelde ad-
viezen zijn slechts een aanloop tot mijn tiende en laatste gouden regel die
alle andere overstijgt: Luister niet naar advies.” Robbert Dijkgraaf
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5.1 Introduction

High angular resolution diffusion imaging (HARDI) is a collective name for
techniques [103][91][52] that acquire more directional measurements im-
proving the angular resolution and incorporate a more complex model of
local diffusion than the rank two DTI tensor that we discussed in Chapter
3. A HARDI scan acquires diffusion weighted images, just like the Diffu-
sion Tensor Imaging (DTI), but typically with higher angular frequency
ranging from 50 to 200 directions per voxel. The so called apparent diffu-
sion coefficient (ADC) D(y), is again computed from the Stejskal-Tanner
[88] formula

S(y)
S0

= exp(−bD(y)), (5.1)

where S(y) is the signal associated with gradient direction y, S0 the signal
obtained when no diffusion gradient is applied, the b-value as in (3.5) in
Chapter 3. It has been shown experimentally [95], that the local maxima of
apparent diffusion coefficients, computed using Eq. (5.1) do not correspond
to the maxima of actual diffusion when a voxel contains multiple fiber
populations, that have distinct orientations. To overcome this problem,
several methods have been proposed. For an overview on these methods
we refer to [23]. From validations using phantoms [78] and simulations [102]
[52][104], we learn however that when three or more fiber orientations are
present, they are at best recovered only up to 10–30 % of accuracy.

From the various HARDI models we adopt here the so-called Q-ball imag-
ing technique [92][24] and model HARDI measurements using spherical
tensors, i.e. homogeneous polynomials restricted to the sphere. Our
method is by no means restricted to Q-ball imaging, but this makes regu-
larization, which is a subject of Chapter 6 particularly easy.

We recall that in the Diffusion Tensor Imaging framework, Eq. (5.1) is
interpreted as

S(y)
S0

= exp(−byTDy) , (5.2)

with the 3 × 3 two-tensor D describing the probability of directional dif-
fusivity at each voxel. In chapter 3, we used the inverse of the diffusion
tensor D as the Riemann metric tensor. This approach has been exploited
to some extent in the DTI literature [75],[60],[7],[5].

Here we study HARDI images as metric spaces, as in the DTI case (3), but
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using Finsler metric as a more descriptive model for directional information
than the local position dependent inner product i.e. Riemannian metric.
Using a tensor representation, one can construct a Finsler norm suitable
for the analysis of diffusion profiles that can have a more general shape
than that of an ellipsoid.

One of the main results in this Chapter is to show how the ODF can be
directly computed from a single tensor fitted to data. This is a shortcut
compared to iteratively fitting different order harmonics, the knowledge of
which is essential for constructing ODF. As another result we introduce
a novel method for fiber tracking in HARDI data based on Finsler geom-
etry. Finsler geometry has been introduced in HARDI setting already in
[66], where a dynamic programming approach is taken to compute optimal
curves w.r.t. a Finsler norm, without computing the Finsler metric ten-
sors and the accompanying eigenvectors as we do here for more detailed
information. In contrast to their work, we use a tensor model, ODE-based
tracking and a different homogenization technique.

We recall that in a perfectly homogeneous and isotropic medium, geometry
is Euclidean, and shortest paths are straight lines. In an inhomogeneous
space, where the metric tensor depends on a position, geometry is Rieman-
nian and the shortest paths are geodesics induced by the Levi-Civita con-
nection [19]. If a medium is not only inhomogeneous, but also anisotropic,
i.e. has innate directional structure, the appropriate geometry is Finsle-
rian [10][86] and the shortest paths are correspondingly Finsler-geodesics.
As a consequence of the anisotropy, the metric tensor (cf. Eq. (5.11))
depends on both position and direction. This is also a natural model for
high angular resolution diffusion images.

5.2 Approximating Data with Tensors

In HARDI literature spherical harmonics are a popular choice to repre-
sent functions on the sphere [36][43][24][4]. In this paper we prefer an
equivalent tensor (a polynomial consisting of monomials of fixed degree)
representation [101][11][31][32] to utilize tensor based differential geometry.

We consider the diffusion profile at a single radial shell and therefore the
input vectors to the tensors are unit vectors. This results in a unique
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symmetric tensor representation of data that is intuitively a direct gener-
alization of the diffusion tensor with a similar symmetric array notation.
A symmetric tensor here means that

Di1···in = Dσ(i1)···σ(in) , (5.3)

for any permutation σ. Indeed also the data fitting procedure is a straight-
forward extension of that described by equations (3.14)-(3.17) in Chapter
3 . The only difference is that higher order symmetric tensors have more
distinct monomials in vector (3.15). The number N of distinct monomi-
als of order k chosen from n variables solves an elementary multi-choose
problem [46] and is

N = C(n+ k − 1, n) = (n+ k − 1)!
(k − 1)!n! . (5.4)

In case of 4th order tensor we have thus 15 distinct monomials, for 6th
order this is 28 etc.

Although in Chapter 2 we have defined the metric tensor and various
curvature tensors in a different setting, for convenience we recall briefly
the definition of a general tensor.

A (covariant) tensor D of degree n at a point p on a differentiable manifold
M can be seen as a multilinear mapping

D(p) : TpM × · · · × TpM︸ ︷︷ ︸
n times

→ R , (5.5)

in which TpM denotes the tangent space at p ∈ M [56]. For example, a
second order symmetric spherical tensor in R3 can be written as

Dijyiyj = D11y1y1 +D12y1y2 +D13y1y3

+D21y2y1 +D22y2y2 +D23y2y3

+D31y3y1 +D32y3y2 +D33y3y3

= D11y1y1 + 2D12y1y2 + 2D13y1y3

+D22y2y2 + 2D23y2y3 +D33y3y3

(5.6)

suppressing the fiducial point p in the notation and defining

y = (y1,y2,y3)
= (sin θ cosϕ, sin θ sinϕ, cos θ) .

(5.7)
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To justify the choice of tensors we recall that in fact spherical harmonics
are nothing else but homogeneous harmonic polynomials restricted to the
sphere [73]. On the other hand, the choice of using tensors instead of
equivalent homogeneous polynomials makes some operations elementary
and intuitive. This is especially true for our case where only even order
symmetric tensors are involved.

In this case tensor products appear formally as quadratic forms on second
order tensors (∼= square matrices) [99], a fact that we will use later in
section 5.5.

5.3 Finsler Norm on HARDI Higher Order Ten-
sor Fields

We want to show that higher order spherical tensors, such as those fit-
ted to HARDI data, do define a Finsler norm, which can be used in the
geometric analysis of this data. We take here as a point of departure a
given orientation distribution function (ODF) on a single shell, which if
normalized, is a probability density function on the sphere and which can
be computed from the data by using one of the methods described in the
literature [92][49][102][52][24]. Later we give a precise definition and show
explicitly a novel efficient way to compute this ODF in tensor formulation.
For now we take it to be a smooth spherical function which models the
probability that a given direction corresponds to a direction of a fiber. We
use the heuristics that a high probability of finding a fiber in direction y
corresponds to a larger diffusivity and at the same time to a shorter travel
time from the diffusing particle point of view.

As before y denotes a unit vector while y = |y|y is a general vector in
R3. We denote the nth (even) order spherical tensor approximating the
Möbius inverse of ODF as Dn(x, y). Denoting ODF as D̃(x, y) here, this
means that

Dn(x, y) ≈ D̃(x, y)
|D̃(x, y)|

D̃(x, y) , (5.8)

where D̃(x, y) is the average of D̃(x, y). We have chosen Möbius inverse
instead of multiplicative inverse, because it preserves the average value
of the function. In this way we do not introduce different scalings when
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discussing diffusion and metric. As a Finsler norm F (x, y), we propose the
following

F (x, y) = (Dn(x, y))1/n =
(
Di1···in(x)yi1 · · · yin

)1/n
. (5.9)

In the following, we verify that the necessary criteria for a Finsler norm in
Definition 4.1 are fulfilled.

1. Differentiability: Since the tensor field Dn(x) is always positive and
equivalent to a polynomial of fixed degree, using e.g. polynomial
or spline interpolation between the coefficients, we can assume the
Dn(x) to be at least twice differentiable w.r.t. x. The differentiability
of F in y is obvious from (5.9).

2. Homogeneity: Indeed for any α ∈ R+, x ∈M , v ∈ TxM :

F (x, αv) =
(
Di1···in(x)αvi1 · · ·αvin

)1/n

= αF (x, v) .
(5.10)

3. Strong convexity for a tensor based norm: For clarity we introduce
a notation for the position P (i) of an index i in a sequence. We
compute explicitly the metric tensor from norm (5.9):

gkl = 1
2
∂2F 2

∂yk∂yl

= (n− 1)D(2−n)/nDi1···k···l···iny
i1 · · · yP (k)−1yP (k)+1

· · · yP (l)−1yP (l)+1 · · · yin

− (n− 2)D(2−2n)/nDi1···l···iny
i1 · · · yP (l)−1yP (l)+1 · · · yin

Di1···k···iny
i1 · · · yP (k)−1yP (k)+1 · · · yin ,

(5.11)

where we have abbreviated the scalar sum as

D := Di1···iny
i1 · · · yin . (5.12)

To simplify the expression, we multiply it with a positive scalar c =
D(2n−2)/n, since it does not affect the positive definiteness. We obtain

c · gkl = (n− 1)DDi1···k···l···iny
i1 · · · yP (k)−1yP (k)+1

· · · yP (l)−1yP (l)+1 · · · yin

− (n− 2)Di1···l···iny
i1 · · · yP (l)−1yP (l)+1 · · · yin

Di1···k···iny
i1 · · · yP (k)−1yP (k)+1 · · · yin .

(5.13)
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We define a special product

〈u, v〉D = Di1···iny
i1 · · · yin−2uin−1vin . (5.14)

Then from (5.13) we have for an arbitrary vector v:

c · gijvivj = 〈y, y〉D〈v, v〉D
+ (n− 2) (〈y, y〉D〈v, v〉D − 〈y, v〉D〈y, v〉D) .

(5.15)

In case (5.14) does define an inner product, the Cauchy-Schwarz
inequality says that the last term must be non-negative. Then we
have indeed that

gijv
ivj > 0 . (5.16)

Thus in case the norm function is a power of an even order tensor,
the strong convexity is satisfied if the 〈 , 〉D is a real inner product
i.e. if

〈v, v〉D = Di1···iny
i1 · · · yin−2vin−1vin ≥ 0 . (5.17)

This is in turn equivalent to requiring that Di1···iny
i1 · · · yin−2 is a

positive definite tensor for every y.

Although we have simplified the strong convexity criterion for tensor based
norms, it is not yet a very practical one. However in case of real HARDI
data, the zeroth order component is typically dominant and taking a root
further reduces radial variation. At least with all HARDI data we have
experimented with, we have obtained a strongly convex norm function.
Had it not been the case the metric tensors would have become singular.

The main goal of this section was to define Finsler metric tensors gij(x, y)
corresponding to a given tensorial ODF-field. Generally in Finsler geom-
etry, instead of one metric tensor per spatial point we obtain a bundle
of metric tensors depending on parameter y. For illustration of this, see
Fig.5.1 .
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Figure 5.1: Left: A fourth order spherical harmonic (or tensor), fitted to data
points, representing the (not homogenized) norm function. Right: Two ellipsoids
(green and blue) illustrating the position and direction dependent metric tensors
corresponding to the two vectors with corresponding colors.

5.4 Efficient Computing of Single Tensor ODF

In Q-ball imaging the diffusion profile Ψ, is described as

Ψ(y) =
∞∫

0

P (ry)dr , (5.18)

where P (ry) is the ensemble-average probability that a particle is displaced
from initial point x0 to x0 + ry. In [91] it is shown that assuming short
diffusion pulses in the scanning protocol, the relation between signal S(q)
and P (r) is

P (r) =
∫
R3

S(q)ei2πr·qdq , (5.19)

where q is the wave vector i.e. a unit vector encoding the direction and
pulse duration. Using this relation it is further shown that Ψ in (5.18) can
be estimated to be a zeroth order Hankel transformation of itself, which in
turn equals the Funk-Radon transform of the Fourier transform of P (r).
In [24] this result is applied to the case that the signal is modeled with
spherical harmonics and it is shown that the ODF on a single shell can be
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approximated as

Ψ(y)|r=1 ≈ 2π
N∑
`=0

∑̀
m=−`

c`mY
`
m(y)P`(0) , (5.20)

where P` denotes the Legendre polynomial of degree `.

From now on we denote
Ψ := Ψ(y)|r=1 . (5.21)

The main benefits of this approach are that one can compute the ODF Ψ in
a fast and robust way using spherical harmonics (SH) and also apply first
order approximation of Laplace-Beltrami regularization, which is a gener-
alization of Gaussian smoothing for L2 functions on R2 to L2 functions on
the sphere S2 [16][29]. The regularization part we discuss in Chapter 6.

We use this result, but replace the spherical harmonics with a monomial
tensor which is more practical for applications using Finsler geometry.

For comparison we recall the procedure of fitting spherical harmonics to
HARDI data according to [24]. All functions used below depend on posi-
tion x and direction y (or θ, ϕ when confined to the sphere) but for brevity
the dependence on x is suppressed in the following formulae.

This is done as follows.

1. A set of real bases {Yi}Ni=1 of spherical harmonics up to the desired
order is fitted to data sampled on the sphere
{S(θk, ϕk) | k = 1, . . . ,m} using the method of least squares

S(θ, ϕ) =
N∑
i=1

ciYi(θ, ϕ) . (5.22)

Here the index i collectively denotes the indexed pair (`,m) as used
in (5.20).

2. Each spherical harmonic Yi of order `i is multiplied by a factor
2πP`i(0), where

P`(0) =
{

0 ` odd
(−1)`/2 1·3·5···(`−1)

2·4·6···` ` even .
(5.23)
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3. Then

Ψ(θ, ϕ) :=
N∑
i=1

2πP`i(0)ciYi(θ, ϕ) . (5.24)

With our tensor approach, we do in principle exactly the same, but in a
way that does not require the knowledge or storage of spherical harmonics
and allows one to construct Finsler norms related to the local diffusivity.

In our approach the previous steps are replaced by the following:

1. We fit a nth order tensor D to the sampled data on the sphere:

S(y) = D(y) = Di1···inyi1 · · ·yin . (5.25)

2. From a tensorD(y), we compute the harmonic componentsHn, Hn−2, . . . ,H0,
for which

4k/2Hk(y) = 0, k = n, n− 2, . . . , 0 , (5.26)

where 4 is the Laplace operator and decompose D(y) as

D(y) =
n∑
k=0

Hk(y)((y1)2 + (y2)2 + (y3)2)(n−k) . (5.27)

These harmonic components Hk(y) are in fact eigenfunctions of the
Laplace-Beltrami operator on the sphere, with eigenvalues k(k + 1)
[73]. This allows us to use the results for Q-ball imaging [24] [92].
The harmonic components can be easily computed using the so-called
Clebsch-projection [73], which we discuss in the next section 5.5.

3. Similarly

Ψ(y) :=
N∑
i=1

2πP`i(0)Hi(y) . (5.28)

Thus even the knowledge of a basis of real spherical harmonics is not
needed. We remark that an nth order symmetric tensor in dimension
three has

No =
(
n+ 2
n

)
= (n+ 2)(n+ 1)

2 (5.29)
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independent terms. Thus an nth order tensor is determined by No scalars.
The Clebsch decomposition can be computed very fast, since all the coeffi-
cients in harmonic components are linear combinations of the No terms in
the original tensor. This means that we can compute the components of
the ODF-tensor by simply multiplying the components of the tensor fitted
to the signal by a matrix. We give an explicit example of this in section
5.5.

5.5 Polynomial vs. Monomial Representation of
Tensor

A spherical tensor of (even) order n can be represented in two ways. As
a single tensor itself or decomposed to harmonic components e.g. via
Clebsch-projection, when it becomes a sum of (even) order tensors up to
order n. Both presentations have their merits.

• A single tensor can be easily homogenized and, with conditions given
in section 5.3, modeled as a Finsler-norm. A single tensor best ap-
proximating a data set is fast to compute.

• A harmonic decomposition of tensor multiplied with Legendre-coefficients
gives directly a good approximation of the ODF Ψ. A harmonic de-
composition of tensor is easy to smooth with the Laplace-Beltrami
operator [73].

For a Finsler approach and efficiency, we would rather work with a single
tensor representation

D(y) = Di1···inyi1 · · ·yin , (5.30)

than with the equivalent polynomial expression

D(y) =
n∑
k=0

D̃i1···ikyi1 · · ·yik , (5.31)

but still exploit the convenient properties of the latter. For an illustration
of the hierarchical structure of a fourth order tensor see Fig. 5.2.
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Figure 5.2: From left to right: A zeroth order harmonic tensor, a second order
harmonic tensor, a fourth order harmonic tensor and their sum i.e. a fourth order
(non-harmonic) tensor.

Indeed, we can transform a polynomial tensor representation to a monomial
one and vice versa, using the fact that our polynomials are restricted to
the sphere (5.7).

From Polynomial to Monomial Expression

We can take any even order n tensor and expand it to a n+ 2 order tensor
and symmetrize it. Symmetrization of a tensor amounts to a projection to
the subspace of symmetric tensors [99]. For an even order (n) symmetric
tensor T the multilinear mapping

T : S2 × · · · × S2︸ ︷︷ ︸
n times

→ R , T (y) = Ti1...inyi1 · · ·yin , (5.32)

can be equivalently expressed as

T̃αβỹαỹβ , (5.33)

where α, β = 1, . . . , 3n/2. Here T̃ is a square matrix with components

T̃αβ = Tσα(i1)···σα(in/2)σβ(i1)···σβ(in/2), (5.34)

and
ỹα = yσα(i1) · · ·yσα(in/2), (5.35)

where σ1, . . . , σ3n/2 are the permutations of components of y corresponding
to each term of the outer product y⊗1 · · · ⊗n/2 y.
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Figure 5.3: Top left: A second order symmetric tensor T in 2D. Top right: The
Kronecker product of T and the identity matrix I. Here elements with same color
have same value (white=0). Bottom left: The equivalence classes of permutation
group S4 on sets with elements {1, 2}. Bottom right: To symmetrize the matrix,
each element is replaced by the average of all elements in the equivalence class.

In this matrix-form, for example the transformation of a second order
tensor with components Tij to a fourth order tensor with components Tijkl
can be illustrated in a very simple way in Fig. 5.3.

The formula for obtaining a fourth order symmetric tensor equivalent to a
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given second order Cartesian tensor is thus

Tijkl = 1
4!
∑
σ∈S4

Tσ(i)σ(j)Hσ(k)σ(l), (5.36)

where H is the Euclidean metric tensor which in Cartesian coordinates
reduces to the identity matrix and S4 the symmetric group of all permu-
tations of a set of four elements.

This can be iteratively extended to arbitrary high orders.

From Monomial to Polynomial Expression

We can also always transform the monomial expression to a sum of residual
monomials that do not contain the factor |y|2, using iteratively the Clebsch
projection [73].

For example, if we have a monomial tensor T2n(y) of order 2n, then the
corresponding residual part Y2n(y) is

Y2n(y) = T2n(y)− (D2n(q)T2n)(y), (5.37)

where q is the dimension of the space and the differential operator D is as
follows

D2n(q) =
n∑
k=1

(−1)k−1

4k
Γ(2n− k + q−2

2 )
k!Γ(2n+ q−2

2 )
|y|2k Mk . (5.38)

Here we show an example of using the formula of Clebsch to project a
polynomial of degree n to a harmonic and a non-harmonic part. Apply-
ing the projection iteratively one obtains a decomposition of the original
polynomial to a sum of harmonic polynomials of degrees up to n [73]. Let
Hn(y) be a homogeneous polynomial of degree n. In our case this is

Hn(y) = Di1···ikyi1 · · ·yik , (5.39)

where
y = (sin θ cosϕ, sin θ sinϕ, cos θ) , (5.40)

i.e. a homogeneous polynomial restricted to the sphere in R3. The Clebsch
projection operator in dimension three is as follows

Pn :=
[n2 ]∑
k=1

(−1)k−1

4k
Γ(n− k + 1

2)
k!Γ(n+ 1

2)
|y|2k4k , (5.41)
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where Γ is the Gamma function

Γ(z) =
∞∫

0

tz−1e−tdt . (5.42)

Computing

Yn(y) = Hn(y)− Pn(Hn)(y) , (5.43)

gives Yn(y) which is a homogeneous and harmonic polynomial of degree
n. For proof see [73]. Unless n = 2, this procedure is repeated until Hn is
totally decomposed into a sum of harmonic homogeneous polynomials.

Next we show an explicit example of computing the Ψ by simply multi-
plying the nth order tensor components fitted to the signal by a matrix.
This matrix is obtained by computing once the Clebsch-projection of a
dummy-tensor of degree of choice.

For simplicity we show this in degree two, but it extends to all even degrees.
Let

S = (S11, S12, S13, S22, S23, S33) (5.44)

be the six components of the symmetric tensor fitted to the HARDI signal
e.g. by least squares method. Then the local second order polynomial
describing the diffusivity is

H2(y) = S11y1y1 + 2S12y1y2 + S13y1y3

+ S22y2y2 + 2S23y2y3 + S33y3y3 ,
(5.45)

where y is as in (5.40). Clebsch projection operator (5.41) for a polynomial
of degree two (5.45) is:

P(H2(y)) = 1
6 |y|

24(H2(y))

= 1
3
(
(y1)2 + (y2)2 + (y3)2

)
(S11 + S22 + S33)

= 1
3(S11 + S22 + S33)

= Y0(y)

(5.46)
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giving the zeroth order harmonic tensor. The harmonic part is

Y2(y) = H2(y)− P(H2(y))

= (2
3S11 −

1
3S22 −

1
3S33)(y1)2

+ (2
3S22 −

1
3S11 −

1
3S33)(y2)2

+ (2
3S33 −

1
3S22 −

1
3S11)(y3)2

+ 2S12y1y2 + 2S13y1y3 + 2S23y2y3 .

(5.47)

Multiplying these harmonic components Y0, Y2 with terms (5.23)

2πP0(0) = 2π and 2πP2(0) = −π , (5.48)

we obtain the ODF:

Ψ = 2π
(
Y0(y)− 1

2Y2(y)
)
. (5.49)

The zeroth order part of Ψ is

Ψ0 = 2π
3 (S11 + S22 + S33) , (5.50)

which can be expanded to second order tensor by taking the Kronecker
product of this scalar and identity matrix I3 (similarly for higher order
tensors [6]). Thus in matrix form (5.50) is equivalent to

2π
3

S11 + S22 + S33 0 0
0 S11 + S22 + S33 0
0 0 S11 + S22 + S33

 . (5.51)

The second order part of Ψ is:

Ψ2 = −π(2
3S11 −

1
3S22 −

1
3S33)(y1)2

+ (2
3S22 −

1
3S11 −

1
3S33)(y2)2

+ (2
3S33 −

1
3S22 −

1
3S11)(y3)2

+ 2S12y1y2 + 2S12y1y3 + 2S23y2y3 .

(5.52)
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In matrix form this

−π

2
3S11 − 1

3S22 − 1
3S33 S12 S13

S12
2
3S22 − 1

3S11 − 1
3S33 S23

S13 S23
2
3S33 − 1

3S11 − 1
3S22 .


(5.53)

Given a symmetric second order tensor S(y) (5.44) representing the raw
HARDI signal, we obtain the symmetric ODF matrix Ψ = Ψ0 + Ψ2 as
follows 

Ψ11
Ψ12
Ψ13
Ψ22
Ψ23
Ψ33


=



0 0 0 π 0 π
0 −π 0 0 0 0
0 0 −π 0 0 0
π 0 0 0 0 0
0 0 0 0 −π 0
π 0 0 π 0 0





S11
S12
S13
S22
S23
S33


. (5.54)

The procedure of obtaining the matrix that transforms an nth order tensor
fitted to signal to a tensor representing ODF is a direct extension of this.
These matrices corresponding to higher order tensors have to be computed
only once per order. Thus to model a HARDI ODF with a polynomial of
order n one needs only to fit an nth order tensor (homogeneous polynomial)
to the raw signal and multiply it with a pre-computed matrix. This is an
efficient alternative for iterative fitting.

5.6 Quality Measures for HARDI Fibers

Interpretation of Finsler Metric in Applications

We have two heuristic interpretations for the Finsler metric tensor in our
applications. When applying Finsler geometry, we deal with norms and in-
ner products that define distances. Then it is intuitive to replace the ODF
Ψ with the Möbius (or multiplicative) inverse of Ψ in all computations,
for larger diffusivity implies shorter travel time from the diffusing particle
point of view. Since water molecules in human tissue have constant average
velocity, the direct proportionality of (tissue structure induced) distance
and diffusion time can be deduced trivially from x = vt.
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On the other hand, when we want to work directly with the probabilistic
diffusion profile and generalize the streamline tracking to the HARDI case,
we adopt the convention F̃ = Ψ and compute the direction dependent
diffusion tensor as in (5.11). This diffusion tensor describes a quadratic
form corresponding to small perturbations of y, which can be seen also
from the following second order Taylor expansion of F 2 with fixed x. For
brevity we denote F ′ = d

dyF .

F 2(y + δ)

= F 2(y) + (F 2(y))′δ + 1
2
(
F 2(y)

)′′
δ2 +O3

≈ F 2(y) + 2F (y)F ′(y)δ + 1
2
(
F 2(y)

)′′
δ2 ,

(5.55)

from which we get

1
2
(
F 2(y)

)′′
≈ (F (y + δ)− F (δ))2

δ2 . (5.56)

Connectivity

We discuss two quality measures for curves in HARDI that can be used to
any curve regardless of the tracking method. We motivate our approach
on an analytical example, where the optimal paths are geodesics and begin
by briefly recalling geodesics in Finsler geometry (Sec. 4.5).

Similar to the Riemannian case, in Finsler setting a geodesics γ(t) is a
curve that satisfies the Euler-Lagrange equations of the length integral.
This gives us a local condition according to which γ has vanishing geodesic
curvature (4.3) [86]. This amounts to equation

γ̈i(t) + 2Gi(γ(t), γ̇(t)) = 0 , (5.57)

where

Gi(x, y) = 1
4g

il(x, y)
(

∂F 2

∂xk∂yl
(x, y)yk − ∂F 2

∂xl
(x, y)

)
, (5.58)

is the so-called geodesic coefficient. Using the relationship of the norm and
the bilinear form

gij = 1
2
∂2F 2

∂yi∂yj
, (5.59)
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we see that

2Gi = 1
2g

il
(
∂

∂xk

[
∂

∂yl
gjny

jyn
]
− ∂

∂xl

[
gjky

jyk
])

= 1
2g

il
(

2∂gjl
∂xk

yjyk − ∂gjk
∂xl

yjyk
)

= 1
2g

il
(
∂gjl
∂xk

+ ∂gkl
∂xj
− ∂gjk

∂xl

)
yjyk ,

(5.60)

which reveals that the geodesic equation in the Finslerian case is formally
identical to that in the Riemann geometry

γ̈i + Γijkyjyk = 0, (5.61)

where Γijk is the last term in (5.60). Note that, unlike in the Riemannian
case, the symbols Γijk depend on y.

We take an analytic norm field in R2 as an example, but the situation can
be directly extended to R3. Let us take as a convex norm function at each
spatial position

F (ϕ) = (cos 4ϕ+ 4)
1
4

=
(
5 cos4 ϕ+ 2 cos2 ϕ sin2 ϕ+ 5 sin4 ϕ

) 1
4 .

(5.62)

This is an example of a fourth order spherical tensor. Such a tensor field
could represent a dense field of orthogonally crossing fibers (cf. Fig.5.5).
From the fact that F has no x-dependence we conclude that the geodesic
coefficients vanish and that the geodesics coincide with the Euclidean
geodesics γ(t) = (t · cosϕ, t · sinϕ), i.e. straight lines. However the so-
called connectivity of a geodesic [7][80] is relatively large, only in cases,
where the directional norm function is correspondingly small. In Finsler
setting the connectivity measure m(γ) is:

m(γ) =
∫ √

ηij γ̇iγ̇jdt∫ √
gij(γ, γ̇)γ̇iγ̇jdt

, (5.63)

where the ηij(γ) represents the covariant Euclidean metric tensor which in
Cartesian coordinates reduces to the identity matrix, γ̇(t) the tangent to
the curve γ(t) and gij(γ, γ̇) the Finsler-metric tensor (which depends not
only on the position on the curve but also on the tangent of the curve).
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For illustration we compute explicitly the metric tensors g, using Cartesian
coordinates:

g = 1
2(4 + cos 4ϕ)3/2

(
g11 g12
g21 g22

)
, (5.64)

where

g11 = 5(6 + 3 cos 2ϕ+ cos 6ϕ) ,
g12 = g21 = −12 sin 2ϕ3 ,

g22 = −5(−6 + 3 cos 2ϕ+ cos 6ϕ) .

We denote here the indicatrix (4.7) as the set u, i.e. the set for which
F (y) = 1 ∀y ∈ u. Here it is the parametric set

u = 1
(cos 4ϕ+ 4)

1
4

(cosϕ, sinϕ) , ϕ ∈ [0, 2π] (5.65)

The strong convexity criterion, which suffices to be satisfied on the indica-
trix [10], is as follows

ü1u̇2 − u̇1ü2

u̇1u2 − u1u̇2 > 0 , (5.66)

where u̇ := d
dϕu etc. For illustration of this criterion see Fig. 5.4. This

criterion is satisfied since
ü1u̇2 − u̇1ü2

u̇1u2 − u1u̇2 = 13 + 8 cos 4ϕ
(4 + cos 4ϕ)2 > 0 . (5.67)

The connectivity measure (5.63) for a (Euclidean) geodesic γ can be com-
puted analytically:

m(γ) =
∫
dt∫

(4 + cos(4ϕ))1/4dt
, (5.68)

which gives the maximal connectivities in directions {π4 ,
3π
4 ,

5π
4 ,

7π
4 }, as

expected. See Fig. 5.5 for an illustration. We observe that on such a norm
field the Riemannian (DTI) framework would result in Euclidean geodesics
and constant connectivity over all geodesics thus revealing no information
at all of the angular heterogeneity.

Flag Curvature

When in possession of a metric tensor field (such as DTI data), one can
compute the geodesic deviation that measures whether the neighboring
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Figure 5.4: The dashed line in pink is the norm function and the blue line is the
indicatrix. We have computed derivatives at the yellow spots. Red arrow is u,
green arrow is u̇ and purple arrow is ü. The strong convexity requires that the
dipods (u̇, u) and (u̇, ü) have different orientations as in this picture.

geodesics, whose initial tangents are confined in a plane, deviate from
each other or merge together. This can be computed directly from the
tensor data without computing geodesics first. (For illustration of geodesic
deviation recall the left most picture of Fig. 3.6. ) We show here how to
compute geodesic deviation as a function of position and direction in the
HARDI case.

As a generalization of the Riemannian sectional curvature (which is a gen-
eralization of the famous Gauss curvature to higher dimensions), in Finsler
geometry we have the so-called flag curvature. In notation of [21][86], the
flag curvature K(y, V ) is defined as

K(y, u) :=
〈Ry(u), u〉g(y)

〈y, y〉g(y)〈y, y〉g(y) − 〈y, u〉g(y)〈y, u〉g(y)
, (5.69)
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Figure 5.5: Left:A field of fourth order spherical harmonics cos 4ϕ+4 representing
the norm. In the middle of the figure, the ODF profiles (a Moebius-inverse of
the norm) are indicated and some best connected geodesics are drawn. Right:
50 ellipses representing metric tensors corresponding to directions ϕ = i

50 2π,
(i = 1, . . . , 50) of the norm function F (ϕ), and an ellipse with thick boundary
corresponding to the metric tensor in direction ϕ = π

4 . The thick red curve is the
homogenized norm function F (ϕ) 1

4 .

where g(y) is the generalized metric tensor defined by position x and di-
rection y. Brackets 〈 , 〉g(y) denote the inner product w.r.t. metric tensor
gy and Ry(u) is the Riemann tensor determined by vectors y, u ∈ TxM ,
which we define shortly. Although these do depend on x we suppress x
from notation to avoid clutter.

The Riemann tensor Ry maps the vector us ∂
∂xs to a vector:

Ry(u) = Rik(x, y)uk ∂

∂xi
, (5.70)

where

Rik = 2∂G
i

∂xk
− yj ∂2Gi

∂xj∂yk
+ 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
, (5.71)

with coefficients Gi defined as:

Gi = 1
4g

il

(
∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

)
. (5.72)

Flag curvature K(y, u) is a measure for geodesic deviation within the plane
spanned by vectors y and u [10]. Neural fibers are generally not expected
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to be planar, thus we want to look at all geodesics that are slight perturba-
tions of the fiducial geodesic, rather than only those restricted to one plane.
In analogy to the Riemannian case, we do this by considering the average
of the geodesic deviations w.r.t. all planes containing the initial vector of
the fiducial geodesic. In the Riemannian case, this average is equivalent to
the Ricci or mean curvature. Ricci curvature in Finsler geometry is defined
similarly in dimension n. Using Eq. 6.10, this is [21]

Ric(y) = R(y)mm . (5.73)

If Ric(y) is positive, in average, the geodesics will locally merge together. If
Ric(y) is zero, in average, the geodesics will diverge linearly proportionally
to the angle of perturbation. If Ric(y) is negative, in average, the geodesics
will diverge [20].

5.7 Streamline Tracking of HARDI Fibers

The most popular way to track axon(bundle)-like curves in DTI data is to
follow the principal eigenvectors of diffusion tensors Dij(x). This approach
requires that the curve c : [0, 1]→ R3 satisfies the following equations


ċ(t) = arg max

|h|=1
{Dij(c(t))hihj} ,

c(0) = p ,

ċ(0) = arg max
|h|=1

{Dij(c(0))hihj} ,
(5.74)

The solution to this equation is a geodesic from a point p to a sphere
S2(p, ε) for some small ε, but not necessarily a geodesic between c(0) and
c(1). This tracking scheme can be extended to the HARDI framework
using Finsler geometry as follows

ċ(t) = arg max
|h|=1

{Dij(c(t), ċ(t))hihj} ,

c(0) = p ,
(5.75)

where
ċ(t) = lim

δ→0

c(t)− c(t− δ)
δ

. (5.76)
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and the second order tensor Dij(c(t), ċ(t)) is computed from an nth order
tensor Tn(c(t), ċ(t)) (approximating ODF) as follows

Dij(c(t), ċ(t)) = 1
2
∂2((Tn(c(t),y))1/n)2

∂yi∂yj |y=ċ(t) . (5.77)

The practical implementation is very similar to that of the streamline
tracking in DTI setting. A first difference is that since the diffusion pro-
file is more complex than an ellipsoid, there is no unique initial principal
eigenvector at the initial point of tracking. Instead we start tracking to
all gradient directions. The user can define gradients to be e.g. the points
of tessellations of order of choice. Here we used the second order tessel-
lation (zeroth order being the icosahedron) with 54 gradients. A second
difference is that there is no unique second order diffusion tensor per point.
Instead there is a unique second order local diffusion tensor corresponding
to the direction of arrival (5.76) at the point. This local diffusion tensor is
computed as in (5.11). Because our ODF is a 1/nth power of a single ten-
sor, the formula for a local diffusion tensor is easily computed beforehand.
For example if we have a fourth order tensor

D4(y) := Dijklyiyjykyl (5.78)

describing the diffusion profile, the Finsler metric tensor corresponding to
the homogenized form

F (y) := (D4(y))1/4 (5.79)
is

gij(y) = 1
2
∂2F 2

∂yi∂yj

= 3(D4)−1/2Dijqpyqyp

− 2(D4)−3/2DijklyjykylDijmnyiymyn

(5.80)

Then we have a bi-linear form at every position such that filling in the
vector y of direction of arrival, it returns a local diffusion tensor.

If the direction of arrival is close to the principal eigenvector of this local
diffusion tensor, we take a step forward, if not we stop.

The familiar anisotropy criterion for DTI, which stops tracking if the dif-
fusion tensor is isotropic, can be applied to this local diffusion tensor as
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well. Thus in a nutshell the algorithm is simply as follows: If the tangent
of the streamline is in alignment with the principal eigenvector defined by
the local diffusion tensor (corresponding to the tangent) and the fractional
anisotropy of the local diffusion tensor is high enough, proceed, otherwise
stop.

5.7.1 Experimental Results

Simulated Data

We computed Finsler streamlines in tensor fields that simulate two fiber
bundles crossing at angles of 30 and 65 degrees. The tensors in the crossing
area are generated using the Gaussian mixture model [93] assuming signal
with b-value 1000. Noisy images were generated by adding Rician noise
with SNR around 15. We solved the Finsler streamlines (5.74) using a third
order Runge-Kutta model for integration [40]. If the fractional anisotropy
(FA) became less than 0.2 or if the inner product of the tangent of the
curve and the local principal eigenvector became less than 0.1, the tracking
stops. These parameters are similar to those used in the standard DTI-fiber
tracking. We have colored the fibers using a temperature map according to
their connectivity (5.63) so that fibers with highest (lowest) connectivity
are colored red (blue). See Figs. 5.7 and 5.6.

Real Data

We used a HARDI scan of human brain with b-value 1000, and 132 gradient
directions. As initial points we used 30 voxels in the area where the major
fiber bundles called Corpus Callosum and the Corona Radiata are known
to cross each other. The parameters used are identical to those used in
simulated data except that the critical value of FA was set to 0.09. For
comparison we added also the corresponding second order tensor field and
a result of standard DTI-tracking in Fig. 5.8. Finsler streamlines in Fig.
5.9 indeed do show crossings in the regions where this is to be expected.
In Fig. 5.10 a tracking result on a larger initial point set is shown with a
zoom up that shows how the fibers actually cross each other.
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,

Figure 5.6: Left: Streamlines in a noise free tensor field simulating a 65o crossing
of fiber bundles. Streamlines are colored according to their connectivity. High
(low) connectivity is color coded as red (blue). Right: Same field with Rician
noise added.

Figure 5.7: Left: Streamlines in a noise free tensor field simulating a 30o crossing
of fiber bundles. Note that smaller angle results in kissing streamlines. Right:
Same field with Rician noise added.

Figure 5.8: Second order tensor field on real data and DTI-streamlines with black
seed points. In DTI, intersecting fibers are impossible since there is only one
tangent vector occupying a point. Apparent crossings are due to the projection
of spatial curves to image plane.



5.7. Streamline Tracking of HARDI Fibers 91

Figure 5.9: Fourth order tensor glyphs on real HARDI data and Finsler stream-
lines with seed points. Although these streamlines are generally not on the same
plane, they do actually cross each other in a way that is in accordance with the
anatomical knowledge of human brain [55].

Figure 5.10: Left: Finsler-fibers on a human brain data.Right: A zoom in to
the crossings of the corpus callosum and the corona radiata (red and blue). The
yellow fibers resembling the cingulum run over the red fiber layer (the corpus
callosum).
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6Regularization of Tensor Data

”Speed is for parrots and machines; Human beings work better at a more
deliberate pace.” Laurence C. Young
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6.1 Diffusion Tensor Interpolation Problem

Introduction

If we want to integrate, differentiate or visualize some continuum in a given
discrete space of symmetric positive definite (SPD) matrices, we typically
have to do interpolation among these matrices. Taking (weighted) means
is one part of the task. Given elements {x1, x2, . . . , xn} of a metric space,
a mean of these elements is another element of the space that can be
”connected to every element with minimal overall cost”. The so-called
Fréchet-mean is a solution x0 to the equation

x0 = argmin
x

n∑
i

d(x, xi)2 , (6.1)

and depends on the given distance measure d( , ).

For a set of positive real numbers (s1, . . . , sN ), we have for example the
arithmetic mean

1
N

N∑
i=1

si, (6.2)

which gives the solution to (6.1) with respect to the Euclidean metric
d(si, sj) =

√
(si − sj)2 and the geometric mean

N
√
s1 · · · · · sN , (6.3)

which gives the solution to (6.1) with respect to the hyperbolic metric:
dh(si, sj) = | log(si)− log(sj)|.

An algebraic definition for the geometric mean of two elements is that it
is a solution x to the problem

x2 = ab or equivalently xa−1x = b . (6.4)
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Some Formulae for Means for SPD-Tensors

In the space of invertible n × n matrices (i.e. the general linear group
GL(n)), the Frobenius inner product is defined as

〈A,B〉F = tr(ATB). (6.5)

From this we obtain the so-called Frobenius norm

||A||F = 〈A,A〉1/2
F . (6.6)

The distance between matrices A and B is then

dF (A,B) = ||A−B||F . (6.7)

Solving the Frechet mean for the Frobenius distance, we obtain the com-
ponentwise arithmetic mean of matrices

µA = 1
2(A+B) . (6.8)

The space of symmetric matrices Sym(n) forms an additive group and
a vector space, but the space of symmetric positive definite (DTI-) ten-
sors Sym+(n) does not form the latter. Thus if we want to emphasize
the importance of positive definiteness we might want to avoid using the
previous distance measure in Sym+(n), since it will give in some cases
a shorter distance to a non-SPD matrix than to some SPD matrix. In
addition, the arithmetic mean is not invariant w.r.t. inversion, unlike the
means we introduce in the following.

There is a bijective differentiable mapping from Sym(n) to Sym+(n),
namely the matrix exponential:

Exp(A) =
∞∑
k=0

Ak

k! . (6.9)

With this mapping, we can consider Sym+(n) as a Riemannian manifold
with Sym(n) as the tangent space. The geometric mean of these matrices
has been studied by several authors [81][57][13]. In [69] a Riemannian inner
product on the tangent space Sym(n) at P ∈ Sym+(n), is defined as

〈A,B〉P = tr(P−1AP−1B), (6.10)
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and the respective norm

||A||P = 〈A,A〉1/2
P . (6.11)

The geometric mean X of matrices A and B is a solution to
XA−1X = B or XB−1X = A . (6.12)

When A,B ∈ Sym+(n), this gives us a unique mean:

µG(A,B) = A1/2(A−1/2BA−1/2)1/2A1/2, (6.13)
which is equivalent to

µG(A,B) = A(A−1B)1/2 = B(B−1A)1/2. (6.14)

In [3] the so-called Log-Euclidean mean of matrices (M1, . . . ,MN ) is intro-
duced

µLE = Exp
(

1
N

N∑
i=1

Log(Mi)
)
. (6.15)

There are of course many other interesting means defined for matrices,
for example the Kullback-Leibler mean defined for covariance matrices of
Gaussian distributions [70]. In Fig. 6.1 we illustrate some differences
between componentwise (6.8), geometric (6.14) and log-Euclidean (6.15)
means of pairs of matrices. We show two tensors with colors red and
yellow, and their componentwise, geometric and log-Euclidean means in
orange color. We notice that in the second row, where we have two planar
(pancake-like) diffusion ellipsoids with identical shapes but with different
orientations, all mean ellipsoids have linear (cigar-like) shape, with princi-
pal eigenvector being the axis of rotation of two planar ellipsoids. The two
rows at the bottom of the figure show the most striking difference between
the componentwise mean and the other two. The shape of the componen-
twise mean ellipsoid is affected also by the size of the given tensors. The
other mean ellipsoids are less sensitive to the size differences. This may
be important for example in a region close to the boundary of ventricles
in a DTI image, where diffusion tensors have determinants very different
in magnitudes. Another important fact is that the geometric mean is not
readily extendable to a mean of more than two tensors, due to the non-
commutativity of matrices. In most of the computations done concerning
this thesis, for simplicity and speed, we have used the componentwise lin-
ear interpolation, but there are also more sophisticated methods e.g. PDE
based interpolation methods for SPD tensor fields [97].
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Figure 6.1: Columns from left to right: Matrix A, µA(A,B), µG(A,B),
µLE(A,B), matrix B.
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6.2 A Scale Space for Diffusion Tensors

Diffusion tensor images contain noise. Therefore it is important to have
means to smoothen the images and suppress the effect of noise. A well
established way to smoothen scalar images is to apply Gaussian blurring
leading to what is called the Gaussian scale space of the image. Scale
space theory [45][62] is a framework for multiscale image representation,
developed by researchers in computer vision, which is motivated by physics
as well as biologic vision. The basic idea is that if a computer is given a
task to automatically interpret an image or a scene, it has to have some
knowledge of the relevant scales. But since this knowledge is not present
in the images themselves, a computer needs to do image processing at mul-
tiple scales. Scale space theory is widely studied and has many interesting
applications [9][50][79]. A brief review on the history of Gaussian scale
space in image analysis can be found in [98]. In this section we study scale
space on symmetric positive definite tensor valued images.

6.2.1 Pseudo-Linear Scale Space

The so-called pseudo-linear scale space for SPD tensors was introduced in
[30]. Pseudo-linear scale space on SPD-tensors satisfies the requirement of
commutativity of two operations: Gaussian derivative and inverse. Such
commutativity issue is a natural one in numerical computations of Rie-
mannian quantities that contain derivatives of inverses, such as the Ricci
tensor. In the absence of this commutativity we have to decide which
operation we should apply first.

We recall that a zeroth order Gaussian derivative is an operation that blurs
a L2 function in Rn at a given scale σ, evolving according to the diffusion
equation w.r.t. parameter σ.

Let us first consider a positive scalar-valued piecewise continuous function
f ∈ Sym+(1), such that y · f(x) · y > 0 ∀ x, y ∈ R. We take the inverse
g = f−1, so that f(x) · g(x) = g(x) · f(x) = 1. We smoothen f and g by
convolving them with a Gaussian at a scale σ. The normalized Gaussian
is

φσ(x) = 1√
2πσ2

exp
[
−1

2
||x||2

σ2

]
with σ > 0 (6.16)



6.2. A Scale Space for Diffusion Tensors 99

We denote the the convolution in a standard way

(f ∗ g)(x) =
∞∫
−∞

f(x− y)g(y)dy . (6.17)

For the blurred functions the following is not always true

(φσ ∗ f) · (φσ ∗ g) = 1 . (6.18)

This is easy to see e.g. when

f(x) = exp(x), g(x) = exp(−x) and σ = 1 , (6.19)

then

(φσ ∗ f)(x) = 1√
2π

∞∫
−∞

exp(−(x− τ)2

2 ) exp(τ)dτ = exp(1
2 + x) , (6.20)

and

(φσ ∗ g)(x) = 1√
2π

∞∫
−∞

exp(−(x− τ)2

2 ) exp(−τ)dτ = exp(1
2 − x) . (6.21)

Clearly direct blurring does not preserve the inverse property.

As a remedy for this, we look at representations of Sym+(1) in R

log : Sym+(1)→ R : f(x) 7→ log(f(x)). (6.22)

In R equipped with addition we have g = f−1 again, for

log(f(x)) + log(g(x)) = log (f(x) · g(x)) = 0 . (6.23)

Convolving f and g with a Gaussian

uσ(x) = (φσ ∗ ln(f))(x) , vσ(x) = (φσ ∗ ln(g))(x) , (6.24)

and applying mapping

exp : Sym(1)→ Sym+(1) : uσ 7→ exp(uσ) , (6.25)

the blurred logarithms of functions return to the space of positive scalar
functions again.
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Thus by replacing the Gaussian smoothing

φσ ∗ f , (6.26)

with a pseudo-linear Gaussian smoothing

exp(φσ ∗ ln(f)) , (6.27)

the inversion commutes with the blurring

exp(φσ ∗ ln(f)) · exp(φσ ∗ ln(g)) = 1 . (6.28)

This result holds also if we replace φσ with derivatives of φσ due to com-
mutativity of derivative and smoothing operators[42].

Here we extend the pseudo-linear scale space to Sym+(3) according to
[30]. For this we need to use a generalization of derivatives to matrices.
As mentioned before a matrixM in Sym+(3) is of formM = eA, where A ∈
GL(n) is symmetric. Matrix exponentials can be differentiated using the
so-called Frechet derivative[54][65][8]. The Frechet derivative of a matrix
exponential of M ∈ GL(n) in direction of matrix N is defined as

D(N,M) =
1∫

0

etMNe(1−t)Mdt . (6.29)

This can be applied for example to study the sensitivity of the matrix
exponential to perturbations in its matrix argument [74].

Before we define a scale space differential of matrix exponential, we take
a look at two different ways of taking matrix logarithms, since we will
need this operation for the derivatives. Let M = eN ∈ Sym+(n) for some
unknown N . It has a singular value decomposition (SVD)

M = XDX−1 , (6.30)

and
log(M) =

n∑
k=1

log(λk)VkV T
k , (6.31)

where λk are the eigenvalues, and Vk the eigenvectors of M . To compute
the matrix logarithm via SVD, one has to solve both the eigenvalues and
the eigenvectors.
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As an alternative to this we can use the so-called Sylvester’s formula [44]

log(M) =
n∑
i=1

log(λi)Ai , (6.32)

where
Ai = Πn

j=1,j 6=i
1

λi − λj
(M − λjIn) . (6.33)

We give here an elementary proof that the right hand sides in (6.30) and
in (6.32) are indeed the same.

Lemma 6.1. Let Ai be as defined in (6.33) and Bi = ViV
T
i linear operators

in Rn.
Ai ≡ Bi . (6.34)

Proof. Let W be any vector in Rn. The unit eigenvectors Vi form an
orthonormal basis and we can express W as W =

∑
i αiVi. The kth com-

ponent of the product of matrix Bi and vector W is given by

(Bi ·W )k =
n∑
l=1

V k
i V

l
i ·W l = αiV

k
i . (6.35)

Thus also
Bi ·W = αiVi . (6.36)

For the operator A, we have

Ai ·W = Πn
j=1,j 6=i

1
λi − λj

(M − λjIn)
n∑
i=1

αiVi

...
= 1

λi − λ1
(M − λ1In)(αiVi + α1V1)

= 1
λi − λ1

αi (MVi − λ1Vi)

= αi
1

λi − λ1
((λi − λ1)Vi)

= αiVi ,

since the terms

(M − λjIn)αjVj = αj(λj − λj)Vj = 0 , (6.37)
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for all j 6= i. Because W and i were arbitrary, we have that

Ai = Bi . (6.38)

�

We return to the Gaussian derivatives of SPD matrices. In [30] scale space
extensions of the derivative operator up to second order (6.29) are derived.
The first order scale space derivative for SPD tensor eM is

∂σ
∂α

eM(x) =
1∫

0

e((1−τ)M(x))
(

( ∂
∂α

φσ) ∗M
)

(x)eτM(x)dτ , (6.39)

where α = 1, 2, 3 denotes the index of Euclidean basis vector. Since Gaus-
sian derivatives have a fast implementation [94], (6.39) can be implemented
to perform in a reasonable time.

With the pseudo-linear derivative operator (6.39) we can in principle derive
expressions for standard Riemannian quantities like Ricci tensor as follows.
Using the fact that for Christoffel symbols in Riemannian setting:

Γiil =
∂ log√g
∂xl

, (6.40)

where g is the determinant of the metric tensor G, it can be shown that
Ricci tensor can be expressed as

Rij =
∂2 log√g
∂xi∂xj

− ∂

∂xk
Γkij + ΓmikΓkmj − Γmij

∂ log√g
∂xm

. (6.41)

Whereas the traditional form is:

Rik = ΓlikΓmml − ΓlmkΓmil + ∂

∂xm
Γmik −

∂

∂xi
Γmmk . (6.42)

In both cases, we need the expression for scale space Christoffel symbols:

Γlik = 1
2g

ls(
1∫

0

e(1−α)(logG∗φσ)φσ,k ∗ (logG)eα(logG∗φσ)dα)si

+1
2g

ls(
1∫

0

e(1−α)(logG∗φσ)φσ,i ∗ (logG)eα(logG∗φσ)dα)ks

−1
2g

ls(
1∫

0

e(1−α)(logG∗φσ)φσ,s ∗ (logG)eα(logG∗φσ)dα)ik,
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where expression φσ,i means a first order derivative w.r.t. ei of Gaus-
sian function at scale σ. In formula (6.41) we have to take derivatives of
Christoffel symbols only once, which reduces the amount of calculations.
We may also use the fact that

det(eA) = etrA . (6.43)

Then formula (6.41) becomes:

Rik = ∂2 log
√
etr(log(G)∗φσ)

∂xi∂xk
− ∂

∂xk
Γkij + ΓmikΓkmj − Γmij

∂ log
√
etr(log(G)∗φσ)

∂xm

= ∂2tr(log(G) ∗ φσ)
2∂xi∂xk − ∂

∂xk
Γkij + ΓmikΓkmj − Γmij

∂tr(log(G) ∗ φσ)
2∂xm .

Another interesting way to apply diffusion equation to tensor valued images
would be to evolve the tensor field simulating the Ricci flow [90], which is
a counter-part of the heat equation on metric tensor fields, although this
would be computationally quite an intensive task.

6.2.2 Experiments

Here we have experimented on how different SPD tensor fields change
under blurring, when we use three different methods. The three different
methods we use are linear componentwise Gaussian blurring with scale σ,
pseudo-linear blurring with scale σ and pseudo-linear blurring with scale
eσ. The following examples are two dimensional tensor fields. From Fig.
6.2, 6.3 and 6.4 we see that in pseudo-linear blurring the dominant shape
does not follow that of the biggest neighboring tensor. This is because
the averaging is done in the logarithmic space Sym(2) where differences in
magnitudes are smaller than in Sym+(2). Therefore pseudo-linear blurring
seems to restore quite well also data with added noise. But if we compare
last two columns from the left in Fig. 6.4, the pseudo-linear blurring looses
the thin vertical line whereas the linear blurring still shows the line. The
three dimensional tensor fields consist of tensors with similar magnitude
and the blurred versions are rather similar. For scalar images a pseudo-
linear scale space was introduced in [34] as one between the linear and the
morphological scale spaces[14]. Interestingly there are also analogues for
morphological scale spaces on matrix fields[17].
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Figure 6.2: Top row from left to right: Original tensor field simulating a crossing
structure, pseudo-linear with scale 0.2, pseudo-linear with scale e0.2, linear with
scale 0.2. Bottom row: As in the top row with a noisy original tensor field.

Figure 6.3: Top row from left to right: Original tensor field with the metric
tensors of a monkey saddle surface (a parameterized surface embedded in R3),
pseudo-linear with scale 0.2, pseudo-linear with scale e0.2, linear with scale 0.2.
Bottom row: As in the top row with a noisy original tensor field.
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Figure 6.4: Top row from left to right: Original tensor field with various metric
tensors to show some effects of blurrings, pseudo-linear with scale 0.2, pseudo-
linear with scale e0.2, linear with scale 0.2. Bottom row: As in the top row with
a noisy original tensor field.

Figure 6.5: Top row from left to right: A planar section of the original three di-
mensional tensor field with U-shaped bundle, pseudo-linear with scale 0.2, Bottom
row:pseudo-linear with scale e0.2, linear with scale 0.2.
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6.3 A Scale Space for Higher Order Tensors

Since the Stone-Weierstrass theorem guarantees that any function on a
sphere can be arbitrarily closely (in L2-norm) approximated by a poly-
nomial, we approximate the diffusion profiles with polynomials. A spe-
cial feature of HARDI diffusion profiles is that they have axial symmetry.
Therefore the orders of the monomials in the polynomial approximation
are all even.

Let F be the true diffusion profile. Suppose we have a polynomial approxi-
mation PN of F for some order N = 2K. Since only even order monomials
are allowed, we can express this polynomial as

PN (x,y) = D(x) +Dij(x)yiyi + · · ·+Di1···iN (x)yi1 · · ·yiN

=
N∑
n=0

Di1···iN (x)yi1 · · ·yiN ,
(6.44)

where
y = (y1,y2,y) = (sin θ cosϕ, sin θ sinϕ, cos θ) . (6.45)

We can build this polynomial from the data following [33]. We begin by
fitting a zeroth order tensor to data using linear least squares method
(3.17) as in Chapters 3 and 5. In case our data was a continuous function
f this would amount to taking the integral

1
4π

∫
f(θ, ϕ) sin θdθdϕ . (6.46)

The reason that we do not compute the irreducible components simply by
an inner product with spherical harmonics is the irregular distribution of
data, which would require a partition of the sphere to assign weights to
each measurement, before integration. With a least squares approach we
obtain the mean of all values as the zeroth order monomial D0(x). We
take the difference

E0(x) = D(x)−D0(x) . (6.47)
Next we fit a second order tensor D2(x) (a polynomial containing only
second order monomials) to E0(x). We subtract this again

E2(x) = D(x)−D0(x)−D2(x) = E0(x)−D2(x) , (6.48)

and repeat this procedure up to desired order. As is shown in [33], a tensor
Di(x) obtained this way is equivalent to the linear combination of real ith
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Figure 6.6: Top left: Original profile. Rest: Evolution of this profile with scales
0.01–0.1.

order spherical harmonics, i.e.
i∑

j=−i
cijY

j
i (θ, ϕ), (6.49)

in the spherical harmonic decomposition of PN . Spherical harmonics are
the eigenfunctions of the Laplace-Beltrami operator on the sphere [73].
From this follows that evolution of PN (x,y) according to the diffusion
equation at time σ equals [16]

PN (x,y, σ) =
K∑
n=0

e−σn(n+1)Di1···in(x)yi1 · · ·yin . (6.50)

For illustration of Laplace-Beltrami smoothing on a diffusion profile see
Fig. 6.6.

In practice N is always a finite number due to the limited number of di-
rectional measurements. Therefore besides being a low-pass filter, this
smoothing is also a band-pass filter. As we have shown in Chapter 5 when
the maximum number of order (of data approximating tensors) is fixed, we
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do not have to actually do the fitting iteratively, but using Clebsch projec-
tion, pre-compute the coefficients and smoothing parameters altogether in
one matrix. By multiplying the single tensor approximating data with this
matrix, we obtain a tensor representing the ODF with scale-parameters at
once.

Laplace-Beltrami smoothing is a point wise smoothing method and con-
tributes mostly in dampening the effect of noise. In smoothing one could
also take the neighborhood into account as for example in [37].



7Conclusions and Future Work

”Tot nog toe lijkt het er sterk op dat het brein van de mens nog niet slim
genoeg is om zichzelf te ontleden en te begrijpen.” Christine Van Broeck-
hoven
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7.1 Conclusions

In this thesis we have studied basic elements of Riemann and Finsler ge-
ometry, and applied them to tensor-valued medical images.

Necessary concepts and tools from Riemann geometry were introduced
in Chapter 2. The Riemann and the Ricci curvatures were studied in
detail and the relation of geodesic deviation and the Ricci curvature were
demonstrated. The extremals w.r.t. homogeneous and non-homogeneous
Lagrangians and their relation to the Riemannian geodesic equation were
also covered in Chapter 2.

In DTI, the successful tracking of axonal bundles is one of the main chal-
lenges. The curves obtained using a tractography algorithm do not nec-
essarily correspond to real axonal connection. To assist in selecting the
potential fiber candidates, a quality measure for DTI curves was proposed
in Chapter 3. Curvature based measures to quantify the local coherence
and homogeneity of tensor fields were introduced and the possibility of us-
ing the Ricci scalar as an indicator for sudden changes in fiber orientations
was studied.

It is well known that modeling diffusion profiles with a second order ten-
sor has serious limitations. To overcome some of these, we extended the
geometric framework from Riemannian, which is a natural choice for sec-
ond order tensor fields, to Finslerian which is suitable for more general
tensors. In Chapter 4 the basic elements of Finsler geometry were defined.
An alternative geometric formulation of the strong convexity, essential for
Finsler geometry, was derived.

In Chapter 5 it was shown that a Finsler framework can be used to study
HARDI images. A new way to compute the orientation distribution func-
tion efficiently from raw HARDI data was also proposed. This is based
on the relation of a single tensor vs. its harmonic decomposition, a sub-
ject which has been also explicitly discussed here. In analogy to the DTI
case, a quality measure for HARDI-tracts was proposed. We recall that
one of the limitations of DTI is that it cannot model crossing bundles. In
this chapter, a novel technique for fiber tractography, capable of modeling
crossings, was derived with some promising experimental results.

Due to the discrete nature of the data, computations necessarily involve
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interpolation. In Chapter 6 the interpolation of tensors was considered
and scale-space regularization methods, for both DTI- and HARDI-data,
were introduced.

7.2 Future Work

From medical point of view the usefulness of these methods has to be val-
idated. In this thesis we have only seen some positive indications, but fur-
ther research towards proper interpretations in medical setting is needed.
Experiments with high quality phantoms will be essential to justify the use
of these, in principle exact methods, on irregular and noisy real data.

From the theoretical aspect there are also many interesting parts that need
further studies. The various curvatures in Finsler geometry and their inter-
pretations can be very useful in different areas of geometric data analysis.

The regularization methods studied here could be extended in a direction
that takes the neighborhood into account. The first step would be to study
Ricci flow on diffusion tensor fields. Extensions of this flow to Finslerian
case will require more theoretical studies.

From the implementation point of view an interesting subject is to look for
efficient discrete algorithms for differential geometry on tensor fields. Intu-
itively it is clear that fast template models used in image processing are a
reasonable option to begin with. Experiments on new types of curvatures
with tensor data could in turn be of inspiration to further theoretical stud-
ies. Also a discrete formulation of a connection i.e. covariant derivative on
discrete tensor fields could be of interest.

Finally since the methods used in this thesis do not depend on the origin
of the tensor data, other types of applications (than medical images) e.g.
in mechanics could be fruitful for further research.
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Some Additional Definitions

We have put here some definitions that either take too much space or
interrupt the flow in the main text.

Definition 8.1. Let M be a topological n-manifold. A coordinate chart is
a a pair (U,ϕ), where ϕ : U → V , U ⊂M and V ⊂ Rn. The set U is called
a coordinate neighborhood of its points. The homeomorphism (continuous
bijection) ϕ is called a local coordinate map. The component functions ϕi
of ϕ are called local coordinates on U . If (U,ϕ), (V, ψ) are two charts s.t.
U∩V 6= ∅, then the composite map ψ−1◦ϕ : ψ(U∩V )→ ϕ(U∩V ) is called
a transition map. An atlas is a collection of charts whose domain cover
M . An atlas is smooth if the transition maps are smooth (infinitely many
times differentiable). A smooth atlas is maximal, if it is not contained in
any larger atlas. A smooth manifold is a manifold with smooth atlas. A
smooth manifold with symmetric positive definite metric is a Riemannian
manifold.

Definition 8.2. A coordinate frame on an open subset U of a manifold
M is the set of vector fields (∂1, . . . , ∂n), and this set forms also a basis
for TpM at every p ∈ U .

Definition 8.3. A local frame (E1, E2, . . . , En) for tangent bundle TM is
the set of n smooth vector fields defined on some open set U , such that the
set (E1|p, . . . , En|p) forms a basis for TpM at every p ∈ U .

Definition 8.4. A vector field V (t) along a curve γ : I →M is said to be
extendible, if there exists a vector field Ṽ on M , such that V (t) = Ṽ (γ(t)).

In the Figure 8.1, on the left hand side is an extendible vector field and on
the right hand side a non-extendible vector field.

Examples

The most motivating introduction to differential geometry is given by the
classical theory of surfaces [63][56]. For a hands-on introduction containing
implementation and visualization we recommend[41]. For an introduction
to tensor calculus on manifolds and to Riemannian geometry, we refer the
reader to [64][28]. Here we give some examples of Riemannian manifolds
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Figure 8.1: Extendible and non-extendible vector fields.

Figure 8.2: Left: geodesics in the parametric plane. Right: geodesics on the
monkey saddle surface embedded in R3.

in dimension two and compute their metric tensors and geodesics for illus-
tration.

Monkey Saddle

• Parametrization

f : R2 → R3 : (x, y) 7→ (x, y, x3 − 3xy2) . (8.1)
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• Jacobian matrix

J =


∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

∂f3
∂x

∂f3
∂y

 =

 1 0
0 1

3x2 − 3y2 −6xy

 (8.2)

• Metric tensor

g = JTJ =
(

1 + (3x2 − 3y2)2 −6xy(3x2 − 3y2)
−6xy(3x2 − 3y2) 1 + 36x2y2.

)
(8.3)

• Geodesic equations (2.51), see Fig. 8.2

ẍ = −1
c

(
18(x3 − xy2)ẋẋ+ 36y(−x2 + y2)ẋẏ + 18(x3 − xy2)ẏẏ

)
ÿ = −1

c

(
36x2yẋẋ+ 36xy2ẋẏ + 36x2yẏẏ

)
,

(8.4)

where
c = 1 + 9x4 + 18x2y2 + 9y4 . (8.5)

Torus

• Parametrization

f : (θ, ϕ) = ((2 + cos θ) cosϕ, (2 + cos θ) sinϕ, sin θ) . (8.6)

• Metric tensor. (
1 0
0 (2 + cos θ)2

)
. (8.7)

• Geodesics, see Fig. 8.3

θ̈(t) + (2 + cos θ sin θ)ϕ̇2(t) = 0
ϕ̈(t) + sin θ(2 + cos θ)ϕ̇(t)θ̇(t) = 0 .
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Figure 8.3: Left: a geodesic in the parameter plane. Right: a geodesic on a torus
embedded in R3.

Sphere

• Parametrization.

f : [0, π)× [0, 2π)→ S2, f : (θ, ϕ) 7→ (sin θ cosϕ, sin θ sinϕ, cos θ) .
(8.8)

• Metric tensor (
1 0
0 sin θ2

)
. (8.9)

• Geodesics, see Fig. 8.4{
θ̈(t) = cos θ sin θϕ̇2(t)
ϕ̈(t) = −2

tan θ ϕ̇(t)θ̇(t) .
(8.10)
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Figure 8.4: Left: geodesics on the parameter plane. Right: geodesics on a sphere
embedded in R3.
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Summary

Multi-Scale Riemann-Finsler Geometry
Applications to Diffusion Tensor Imaging and High Angular Re-
solution Diffusion Imaging

In this brief summary, we reflect the goals and the achievements of this
PhD-project by citing three sentences in the original project proposal.

”This project investigates the exploitation of the scale degree of freedom in
images from the vantage point of differential geometry and tensor calculus
in scale space.”
Indeed, this thesis introduces the necessary tools for differential geometric
tensor calculus and derives some theoretical as well as practical results.
The scale is considered separately in two different settings. In this thesis,
the weight is somewhat shifted from the problem of scale to problems in
differential geometry and applications. The applications considered here
are multi-directional medical images, namely diffusion weighted magnetic
resonance images. The measurements are modeled using symmetric ten-
sors, which is equivalent to a polynomial approximation. This thesis can
be roughly separated in to two parts: one that studies second order tensor
fields and one that uses higher order tensor fields. The second order tensor
fields are studied with tools from Riemann geometry, and the higher order
ones respectively with those from Finsler geometry. Each of these can be
separated to a theoretical part, that contain the mathematical definitions
and derivations and an applied part, where some geometric properties of
synthetic, simulated or real data are computed and analyzed.

”The goal is to couple geometry to image content based on a specific task.”
By attaching geometric meaning to the physical properties (of the imaged
object) represented by data, we have derived some measures and algo-
rithms to extract information from images. For example a novel method
to do fiber tractography, i.e. extract neural connections from diffusion
weighted images of brain, is introduced. This method has the special prop-
erty, that it can propagate through voxels with complex fiber orientations.
Techniques to measure relative diffusivity along a curve and to detect in-
homogeneities in tensor field are some of the other examples. Since the
real data is discrete, the interpolation of tensor fields is also considered.
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”The objective is to foster specific applications in biomedical image analy-
sis, and to extend these to multiple scales.”
In the Riemannian framework, the concept of scale is introduced in a Gaus-
sian derivative scheme to second order tensor fields. In Finslerian context, a
scale parameter was attached to higher order tensors by applying Laplace-
Beltrami smoothing, solving the heat equation on the sphere.
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