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1 Introduction

Particle dispersion plays an important role in industrial processes and in geophysical
environments. In this work we focus on the latter application. The particles of interest
can be active or passive and span a broad range of sizes. In theatmosphere various
types of particles can be encountered. A topic that receivesa lot of attention nowadays is
air pollution in industrialized areas by high concentrations of aerosols that affect human
health. Besides, also natural sources such as volcanoes canemit lots of ash into the
atmosphere during an eruption. The effects of these volcanic eruptions, for example on
the weather elsewhere in the world, can be felt for periods upto years. On a different
particle scale, you can think of weather balloons that are released by meteorological
institutions to obtain information about atmospheric pressure, temperature and humidity
along their trajectories.
Also in the ocean several types of particles are transportedby the flow, think for example
of sand or waste thrown from ships. In this thesis we will focus mainly on the behavior of
small (active) particles, such as algae and plankton, in coastal areas, estuaries and lakes.
The behavior of such small organisms is influenced by properties of the flow. Turbulence
can alter, amongst others, cell division, particle growth rate, nutrient assimilation and
bioluminesence [50]. It determines the spatial distribution of plankton and algae and
with that their possibility to encounter nutrients or predators and to absorb the sunlight
necessary for photosynthesis. Under certain conditions - excessive nutrient levels and
ideal temperatures - the plankton can grow enormously to form blooms [42]. These
blooms can be harmful to other species, for example for fishesby withdrawing oxygen
(during the night), by covering the water from direct sunlight or because the algal species
is toxic. Some pictures of such harmful algal blooms (HAB) are shown in figure 1.1.
The enormous impact that these blooms can have is illustrated by the fact that hundreds
of birds, dolphins and sea lions were killed along the California coast in Spring 20071.
Toxic algae accumulated in shellfish and in fish, and caused illness and death higher in
the food chain. Another well-known phenomenon is the inconvenience caused by the
excessive presence of blue-green algae in swimming lakes during warm weather periods.

1www.cop.noaa.gov/stressors/extremeevents/hab/features/ca_pn_050807.html
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(a) (b)

Figure 1.1: a) Red tide near Cape Rodney (New Zealand)2. b) Fish killed by red tide in Florida3.
A red tide is a harmful algal bloom caused by algae with reddish pigment.

1.1 Geophysical flows

The theoretical description of the motion of a fluid (liquid or gas) is already known since
the first half of the nineteenth century. Claude Louis Marie Henri Navier and George
Gabriel Stokes independently derived the famous equation of motion, named Navier-
Stokes equation after them:

∂u

∂t
+ u · ∇u = −1

ρ
∇p+ ν∇2u + F . (1.1)

Together with the continuity equation,

∇ · u = 0, (1.2)

which expresses the conservation of mass for an incompressible fluid, equation 1.1 de-
scribes the local rate of change of the fluid velocity as a result of advection, pressure
forces, viscous forces and additional external forces. In geophysical flows these other
forces are the buoyancy force and the Coriolis force (F = g− 2Ω×u). A description of
the different symbols used throughout this thesis can be found in the Nomenclature. Al-
though this equation is perfectly known, its solution for a given type of flow cannot easily
be derived. Equation 1.1 is nonlinear, as a result of which itcan be solved analytically
only for a very limited number of simple flows. A lot of research on the flow behavior

2www.niwa.cri.nz/pubs/wa/ma/13-2/bloom Photo: Miriam Godfrey
3www.whoi.edu/redtide/rtphotos/rtphotos.html
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of fluids is still going on; theoretically, experimentally and numerically. This thesis con-
cerns a numerical study, in which the method of Direct Numerical Simulations (DNS)
is used. DNS means that the full Navier-Stokes equations arediscretized and solved,
without any modelling. In principle, the results are exact solutions of equation 1.1, only
numerical (rounding) errors occur that are assumed insignificant.
The field of fluid dynamics covers a huge amount of scales. It ranges from micro- or
even nanofluidics (e.g.cooling of chips) via human-sized flows (e.g.central heating sys-
tem, blood flow) to oceanic flows, meteorology and even astrophysical flows (e.g.rivers,
global oceanic and atmospheric behavior). This spans a range of at least a factor of
1010 = 10000 000 000. Also within a single flow there can be a broad range of length
and time scales; in a bathtub, for example, small-scale whirls can be present next to the
mean flow in the direction of the drain. For experimental studies real situations need to be
rescaled to laboratory proportions. Numerically, the (still) limited amount of computer
speed and memory restricts the range of scales in the flow fieldthat can be computed.
To compare the flow behavior at different scales, dimensionless numbers can be used;
flows with the same dimensionless numbers behave in the same way. Furthermore, di-
mensionless numbers can be used to estimate the relative importance of a certain effect.
In geophysical flows two typical dimensionless parameters are the Rossby number (Ro)
and the Froude number (Frv) given by

Ro =
U

ΩL and Frv =
U
NH , (1.3)

whereU denotes a typical velocity,Ω is the angular rotation rate,N gives the strength
of the density stratification andL andH are typical horizontal and vertical length scales,
respectively. Ro is the ratio of advection (inertial forces) and the Coriolisforce and
Frv the ratio of advection and the buoyancy force. Rotational effects are important
whenRo is of the order of unity or less, and similarly stratificationis important when
Frv ≤ O(1). The rotation rate of the earth isΩ=7.3·10−5 rad s−1 and a typical value of
the stratification of oceanic flows isN≈10−2 rad s−1 [49]. Assuming a velocityU of the
order of1 cm s−1, it follows from relations 1.3 that rotation effects can become important
at scalesL > 1 km and that stratification effects play a role at scalesH > 1 m.
The dispersion and clustering of micro-organisms that we have in mind in this study,
takes place in, for example, estuaries and lakes, that have horizontal length scales of the
order of100 m - 100 km, a depth of1-10 m and velocities of order0.01 - 1 m s−1 (see,
for example, ref. [42]). In this range the effect of rotationcan be neglected and therefore
we only consider stratification effects. Density stratification means that a non-zero mean
density gradient is present in the flow domain. This density gradient can exist in both
the horizontal and the vertical direction, but here we only discuss vertical mean density
gradients. Density gradients originate from temperature differences and/or differences
in the salt concentration. Heating of the surface of a lake isan example of the former,
the latter emerges, for example, at the transition of a freshwater river and a saltwater
ocean or at the interface of an upwelling front. The stratification can be either stable or



4 Introduction

(a)
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Figure 1.2: The average density gradient is negative for stable stratification (a) and positive for
unstable stratification (b). A fluid element that is displaced from its equilibrium position in stably
stratified flows will return to that position (a). For unstable stratification convection cells develop
(the number depends on the aspect ratio); hot plumes rise to the top and cold flow descends
elsewhere in case of a temperature stratification (c).

unstable. In a stably stratified flow the density gradient is negative; the average density of
the fluid decreases with increasing height. As a result, a fluid particle in a stably stratified
flow that is displaced from its original vertical position tends to return to that equilibrium
height. In unstably stratified turbulence the density gradient is positive. Light fluid at
the bottom will rise and heavy fluid at the top just wants to go downward. The transport
of heat from a radiator through a room, for example, works viathis mechanism. Both
stratification types are depicted in figure 1.2. This thesis is restricted to the effect of stable
stratification.

1.2 Turbulence

The description of turbulence as used in present-day research dates back to the work by
Richardson (1922) and Kolmogorov (1941,1962). They developed and quantified the
picture of an energy cascade from the largest to the smallestscales in a flow. For a clear,
contemporary description of the theory of turbulence the reader is referred to textbooks
by, for example, Pope [113], Davidson [51] or Nieuwstadt [106]. The idea is that turbu-
lence has a universal, three-dimensional character. A turbulent flow can be considered to
be composed of eddies of different sizes. The largest scalesare the most energetic, as the
sources of energy can be found at these scales. This energy isthen transported through a
cascade process to smaller and smaller eddies. At the smallest scales, finally, the energy
is dissipated by viscous effects. It is assumed that at thesesmallest scales the turbulent
flow is isotropic, independent of the type of large-scale motion.
A measure of the turbulence intensity is the Reynolds number. This dimensionless num-
ber represents the ratio of inertial forces and viscous forces (second term on the left-hand
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log k

Figure 1.3: Schematic view of the kinetic energy spectrum inturbulent flows. A−5/3 -range
can be found in the inertial range between the largest, energetic scales (k0) and the smallest,
dissipative scales (kd).

side and on the right-hand side of equation 1.1, respectively) and it is defined as

Re =
UL
ν
, (1.4)

whereν is the kinematic viscosity. At the largest scales of a turbulent flowRe≫ 1 and
viscous effects can be neglected. At the smallest scales, however,Re ≈ 1 and indeed
most viscous dissipation takes places at these scales. The transport of energy through
the cascade depends only on the rate of energy dissipationε. From the Kolmogorov
hypotheses and using dimensional analysis the following relation for the energy spectrum
- the distribution of energy over wavenumber space, which isthe inverse of the physical
spatial space - is derived:

E(k) = α0ε
2/3k−5/3.

Here,α0 is a universal constant. This famous−5/3-spectrum is obtained for wave-
numbersk in the inertial range:k0 ≪ k ≪ kd with k0 the wavenumber of the largest
scales in the flow andkd the dissipation wavenumber [113]. A sketch of the energy
spectrum is shown in figure 1.3. This universal spectrum is valid for all types of high-
Reynolds number flows, whether it be the turbulent motions inthe ocean or the stirring
of milk through your coffee.
The characteristic scales of the smallest, dissipative motions are called the Kolmogorov
scales. They can be determined exclusively from the rate of dissipation and the kinematic
viscosity. The Kolmogorov length scale, time scale and velocity scale are successively
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given by:

η =

(

ν3

ε

)1/4

,

τK =
(ν

ε

)1/2
,

vK = (νε)1/4 .

Inserting these scales in equation 1.4 indeed results in a small-scale Reynolds number
that is equal to one.

1.3 Particle dispersion

Turbulence enhances the spreading of fluid elements througha flow. In a still fluid they
can disperse by means of molecular diffusion only. This is a very slow process. After
the release of salt (molecular diffusion coefficientD = O(10−9) m2 s−1), for example,
it might take years before a root-mean-squared displacement of 1 m is reached. With
turbulence, the increase of the diffusion coefficient depends on the type of flow, it is not
a fluid property anymore. A turbulent diffusion coefficient of Dt ≈ 10−3 m2 s−1 can
easily be reached, leading to a time of order10 min for the salt to achieve the same
displacement [21].
When studying particle dispersion, the trajectories of individual particles can be followed,
or the collective motion of groups of particles can be examined. The former, called single-
particle dispersion in this thesis, describes the growth ofa particle cloud in case the
particles are released at a localized source. For groups of particles we make a distinction
between particle-pair dispersion on the one hand and multi-particle dispersion for groups
of three or four particles on the other hand. Multi-particledispersion can be used to
study the shape of a particle cloud and, moreover, it can givean impression of the spatial
structure of the turbulence.
In homogeneous isotropic turbulence two basic dispersion regimes can be identified. For
very short times fluid particles move in a straight line with the local fluid velocity. This
results in a ballistict2-regime for the mean-squared displacement of the fluid particles.
For very long times all particles become uncorrelated from their initial position (and from
their initial neighbors when groups of particles are considered) and the resulting behavior
is diffusive, Brownian motion-like [144]. A sketch of the mean-squared displacementX2

p

as a function of time for single particles in isotropic turbulence is given in figure 1.4 to
illustrate these regimes.
Stable stratification suppresses the dispersive motion, atleast in the vertical direction.
In the type of flow studied in this thesis - stably stratified turbulence - thus competition
exists between enhanced dispersion by turbulent motion on the one hand, and suppressed
dispersion by stratification effects on the other hand. The suppressed vertical motion in
stably stratified natural environments is exemplified in figure 1.5.
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Figure 1.4: Sketch of the mean-squared displacement (single-particle dispersion) as a function
of time for isotropic turbulence. The classical initialt2-regime and the long-timet-regime are
indicated.

1.4 Outline

The goal of this thesis is to study the dispersion of particles - both fluid particles and in-
ertial particles - in homogeneous isotropic and stably stratified turbulence. The practical
application that we have in mind is the dispersion and clustering of micro-organisms in
shallow coastal ecosystems, estuaries and lakes. Therefore, the final aim is to study iner-
tial particles with densities that are of the same order of magnitude as the density of the
fluid surrounding these particles. The investigation of particle dispersion is a complex is-
sue, whether you carry it out theoretically, experimentally or numerically, and this holds
especially for these so-called light inertial particles. Not surprisingly, only few studies of
light particle behavior in turbulent flows are reported in literature.
In this thesis we apply numerical simulations to study the turbulent flow field and the
particles that wander around in it. The numerical code that is used is an adapted version
of the code written by Winterset al. [157]. It solves the equations of motion for the flow
field and for the particles separately. A description of the numerical approach is given in
chapter 2.
In chapter 3 the dispersion of fluid particles in homogeneousisotropic turbulence will
be discussed. Both the flow field itself and the fluid particle dispersion in it have been
elaborately studied previously. The purpose of this chapter is two-fold. First of all the
results obtained from our numerical code will be compared with the results obtained by
others to validate the code. Secondly, the results obtainedfor isotropic turbulence and
for fluid particles will serve as a reference for the subsequent work on anisotropic, stably
stratified turbulence and on inertial particles.
Then, in chapter 4 the fluid particle dispersion in stably stratified turbulence will be ex-
amined. A first goal here is to demonstrate that a statistically stationary stably stratified
turbulent flow can be established by applying artificial forcing to the DNS. The result-
ing flow field is characterized from the Eulerian point of view. Next, the fluid particle
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(a)

(b)

Figure 1.5: a) A stable inversion layer, which is developed during the night in a valley, confines
a layer of clouds. b) Smoke released from a chimney remains atthe same height in a stable
atmosphere - near Risø, Denmark [77, 112]
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dispersion statistics of single particles, particle pairsand clusters of four particles will
be studied in this flow and the results will be compared with fluid particle dispersion in
isotropic turbulence.
In chapter 5 inertial particles will be introduced. Their finite size and mass affects the
particle’s motion and an extra equation of motion for the particles, the so-called Maxey-
Riley equation, has to be solved. This chapter focuses on thelimiting case of heavy
inertial particles (ρp≫ρ). In isotropic turbulence as well as in stably stratified turbulence
the dispersion of heavy particles will be studied and the results will be compared with
those obtained for fluid particles. As a result of gravitational forces acting on the particles
they will sink. The effect of a mean settling velocity on the particle dispersion in both
types of flows will be discussed. The chapter will be concluded with a description of the
particle distribution over the computational domain. Whereas this distribution is uniform
for fluid particles, the heavy particle distribution is found to be strongly clustered - an
effect that is called preferential concentration.
Finally, in chapters 6 and 7 the dispersion behavior of lightinertial particles will be stud-
ied. First, in chapter 6 an elaborate discussion will be given of the different forces that
are acting on these particles in both isotropic turbulence and in stably stratified turbu-
lence. Afterwards, it will be discussed in chapter 7 what theeffect is of these forces on
the particle dispersion and on preferential concentration.
The main conclusions of this thesis will be summarized in chapter 8, in which we fur-
thermore give some ideas for the implementation of the results and for future research on
this topic.





2 Numerical method

When studying fluid flows, two basic approaches can be followed. The first one is the Eu-
lerian approach in which the fluid velocity is derived in a fixed frame of reference. This
approach is especially suitable for experimental studies (using fixed measurement points),
but also numerically it is popular and often the most practical. The second method is the
Lagrangian approach, which uses the velocity as seen by an observer moving with the
flow. In the Eulerian description the time derivative as written in the Navier-Stokes equa-
tions consists of two parts:∂∂t + uj

∂
∂xj

, a local time derivative and a convective term. In

the Lagrangian description the time derivative is given as the material derivativeD
Dt .

The Lagrangian approach following the motion of infinitesimal fluid elements is a natural
way to study particle dispersion. Particle tracking can be done with different purposes in
mind. It can be used to study the flow itself, as is done for example by using buoys in the
sea or weather balloons in the air, or with the objective of studying the behavior of the
particles in the flow field.
The numerical code used in this work basically consists of two steps. In the first step the
velocity field within the domain of interest is calculated ina Eulerian manner. Details of
this part of the code can be found in section 2.1. The second step is the calculation of the
particle trajectories within the flow. This is a Lagrangian approach and its procedure will
be described in section 2.2.
The flow is solved by means of Direct Numerical Simulations (DNS). DNS enables to
solve the Navier-Stokes equations at all relevant scales inthe flow without making use of
any model. The main drawback is that only relatively low resolutions can be used, thus
flows with relatively low Reynolds numbers can be solved due to the high computational
costs. The numerical code used in this thesis is an adapted version of the code developed
by Winterset al.; an elaborate description of the code can be found in ref. [157]. In this
chapter a short description of its algorithm will be given and the parts of the code that
are changed compared to the description in ref. [157] will beemphasized. The code is
designed for parallel computations using MPI (Message Passing Interface) and they are
performed on the national supercomputers Aster and Huygensat SARA, Amsterdam.
After the discussion of the Eulerian (section 2.1) and the Lagrangian (section 2.2) parts
of the DNS code, a short explanation will be given in section 2.3 of the parallelization
method that is implemented in the code, including some testsof the speed-up. The chap-
ter concludes with an overview of the different methods of averaging that will be used in
the remainder of this work.
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2.1 DNS of the Boussinesq equations

The motion of an incompressible fluid in a stably stratified environment is fully de-
scribed by the Navier-Stokes equations in combination withan equation that imposes
the divergence-free constraint and one for the density. Thedensityρ = ρ0 + ρ(z) +
ρ′(x, y, z, t) is split in three components: a typical value (ρ0) plus a time-independent
background profile (ρ) plus a fluctuating part (ρ′). The Boussinesq approximation, as-
suming that changes in the density are much smaller than the average density (ρ ≪ ρ0

andρ′ ≪ ρ0), is applied and using the hydrostatic balance∂p
∂z = −(ρ0 + ρ)g the full set

of equations can be written as [157]

∇ · u = 0, (2.1)

∂u

∂t
+ u · ∇u = − 1

ρ0
∇p′ − ρ′

ρ0
gẑ + F u + ν∇2u, (2.2)

∂ρ′

∂t
+ u · ∇ρ′ = N2ρ0

g
w + κ∇2ρ′. (2.3)

Herein isu = (u, v,w) = (ux, uy, uz) the velocity in thex-, y- and z-directions, re-
spectively, withẑ pointing upwards. Furthermore,p is the pressure,g the gravitational
acceleration,ν the molecular viscosity andκ the scalar diffusivity.F u represents any
external forcing. The buoyancy frequency, or Brunt-Väisälä frequency, is defined as
N2 = − g

ρ0

∂ρ
∂z and the ratio ofν/κ = Sc is the Schmidt number. Fluctuating components

are indicated with a prime and an overbar is used for an averaged quantity. The different
types of averaging that are used throughout this thesis willbe discussed in section 2.4.
The equations are solved on a three-dimensional domain withperiodic boundaries in all
directions. Even though the background density profileρ is not necessarily periodic in
the vertical direction, the density equation is solved for the fluctuating part of the density
which is treated periodic. Except for the nonlinear terms (second on the left-hand side),
equations 2.2 and 2.3 are solved in spectral space. The Fourier representation of the ve-
locity and the scalar (density) field is possible because of the use of a periodic domain.
Discrete Fast Fourier Transforms (FFT) are used to express the velocity fieldu in its
spectral coefficients̃u. The discrete Fourier transform for the velocity is given by

ũ(kx, ky, kz, t) =
∑∑∑

u(x, y, z, t)e−ik·x, (2.4)

with the inverse transform from spectral space to physical space given by

u(x, y, z, t) =
1

NxNyNz

∑∑∑

ũ(kx, ky , kz, t)e
ik·x. (2.5)

Here,k = (kx, ky , kz) is the wavenumber vector. Sums are taken over all grid points
(eq. 2.4) or all wavenumbers (eq. 2.5). In the following, a tilde denotes the Fourier trans-
form of a variable, calculated analogous to equation 2.4. Inthe version of the code used
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for this thesis, the Fourier transforms are implemented using the FFTW-libraries (Fastest
Fourier Transform in the West [72]).

After several manipulations, in which the pressure term canbe eliminated, (see ref. [157]
for details) the final equations to be solved in spectral space yield:

k · ũ = 0, (2.6)

∂ũ

∂t
=

(

k2
y + k2

z

|k|2

)

G1 −
kxky

|k|2 G2 −
kxkz

|k|2 G3 − ν|k|2ũ, (2.7)

∂ṽ

∂t
= −kxky

|k|2 G1 +

(

k2
x + k2

z

|k|2
)

G2 −
kykz

|k|2 G3 − ν|k|2ṽ, (2.8)

∂w̃

∂t
= −kxkz

|k|2 G1 −
kykz

|k|2 G2 +

(

k2
x + k2

y

|k|2

)

G3 − ν|k|2w̃, (2.9)

∂ρ̃′

∂t
= −ik · (̃ρ′u) +N2 ρ0

g
w̃ − κ|k|2ρ̃′. (2.10)

Herein is

G1 = T̃1 + F̃u,1, (2.11)

G2 = T̃2 + F̃u,2, (2.12)

G3 = T̃3 + F̃u,3 −
g

ρ0
ρ̃′, (2.13)

with

T = (T1, T2, T3) = [u × ω] · (x̂, ŷ, ẑ). (2.14)

T̃ i andF̃ u,i (i ∈ {1, 2, 3}) are the Fourier transforms of the nonlinear term and the ex-
ternal forcing, respectively . The vorticityω is defined asω = ∇× u.
In the calculation of the nonlinear term a spatial derivative is involved. In wavenumber
space this corresponds to multiplication of the Fourier coefficient by the imaginary unit
times the corresponding wavenumber. For one component of the spatial derivative of the

variableY this gives
˜( ∂
∂xα

Y
)

= ikαỸ . In the computation ofT a product is involved,

which would result in performing a convolution in spectral space. Due to the high com-
putational costs of calculating a convolution sum, a combined spectral-physical approach
is implemented in the code. Such a combined spectral-physical approach is often called
a pseudospectral method. To compute the nonlinear term, first the spatial derivatives of
the velocity are derived in spectral space, then they are transformed to physical space
where the product is taken. Finally, the Fourier transform of this product is taken and the
equations 2.7 to 2.10 are solved in spectral space. For more information about spectral
methods the reader is referred to the standard textbook by Canutoet al. [36].
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Although not used in this thesis, the code also offers the possibility to include rotational
forces and to use stress-free top and bottom walls instead ofa periodic domain in the
vertical. See ref. [157] for more information.

2.1.1 Discretization

The spatial and temporal discretizations as implemented inthe code will be described in
this section. Their stability and accuracy are tested whichwill be discussed in the next
section.

Spatial discretization

In physical space, the code makes use of an equidistant grid with grid spacings

∆x =
L0,x

Nx
, ∆y =

L0,y

Ny
and ∆z =

L0,z

Nz
. (2.15)

Herein isL0,i the domain size andNi the number of grid points (i ∈ {x, y, z}). Because
of the choice of periodic boundaries, the boundary conditions are given by

u(xi = L0,i) = u(xi = 0),

v(xi = L0,i) = v(xi = 0), (2.16)

w(xi = L0,i) = w(xi = 0),

ρ′(xi = L0,i) = ρ′(xi = 0).

Also in spectral space the grid is equidistant, with wavenumbers

kx =
2π

L0,x
l, ky =

2π

L0,y
m and kz =

2π

L0,z
n, (2.17)

where the indicesl, m and n take the valuesl = {0, 1, 2, ..., (Nx/2 − 1)}, m =
{−(Ny/2 + 1), ...,−1, 0, 1, ..., Ny/2} andn = {−(Nz/2 + 1), ...,−1, 0, 1, ...,Nz/2}.
The grid spacings in spectral space are thus∆kx = 2π/L0,x, ∆ky = 2π/L0,y and
∆kz = 2π/L0,z. Half of the spectral coefficients (negative range ofl) are left out for
memory purposes by making use of Hermitian symmetry [72]. Therefore, the spectral
grid is different for thekx-direction on the one hand and for theky- andkz-directions on
the other hand. Both physical and spectral grids are shown infigure 2.1.

Temporal discretization

The spatial discretization is spectral - and therefore in principle exponentially accu-
rate [36] - but the temporal discretization makes use of finite-differences. A method
is used in which the treatment of the viscous and diffusive terms in equations 2.7 to 2.10
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Figure 2.1: a) Grid in physical space, and b) grid in spectralspace. For clarity the third dimen-
sion is left out. In physical space the grid spacing in they-direction is the same as in thex- and
z-directions, whereas in spectral space thekx-direction is exceptional and the grid configuration
in theky-direction is only the same as in thekz-direction.

(last terms on the right-hand side) is exact. Each of the transformed equations 2.7 to 2.10
has the form

∂

∂t
f = F − α|k|2f, (2.18)

whereF is a function of the wavenumberskx, ky andkz. An integrating factor can be
introduced to obtain

∂

∂t
(feα|k|

2t) = eα|k|
2tF. (2.19)

To integrate the quantityfeα|k|
2t the third-order Adams-Bashforth (AB3) method is im-

plemented, of which the general form is

Yn+1 = Yn +
∆t

12

(

23ψn − 16ψn−1 + 5ψn−2
)

+ O(∆t4) (2.20)

for a differential equationdY
dt = ψ. When applied to equation 2.19 this gives

fn+1 = e−α|k|2∆t

(

fn +
∆t

12

(

23Fn − 16e−α|k|2∆tFn−1 + 5e−2α|k|2∆tFn−2
)

)

,

(2.21)

where superscripts are introduced to indicate the timetn = (n−1)∆t with ∆t the time
step. AB3 is an explicit method [36] and the functionsF from two previous time steps are
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required in addition to the current value in order to advancethe fields. The first and the
second time step of a simulation are therefore necessarily run with lower-order methods;
Euler forward for the first step and second-order Adams-Bashforth (AB2) for the second
step.

2.1.2 Accuracy and stability

The description of a periodic function by means of Fourier series is very accurate. The
error between the true value of a variable and its value approximated using truncated
Fourier series decreases faster than any finite power of the number of grid points, pro-
vided that the function is infinitely differentiable and continuous in all its derivatives [31,
36]. Another advantage of using Fourier series when solvingthe Navier-Stokes equations
is that the spatial derivatives in the nonlinear term can be calculated exactly; no further
discretization is needed.
A restriction on the choice of the number of grid points stemsfrom the range of length
and time scales that you want to resolve. The higher the number of grid points, the higher
the ratio of the largest length scaleL and the smallest length scaleη, and thus the higher
the Reynolds number that can be treated accurately. A widelyaccepted requirement on
the spatial resolution of spectral codes is that a value ofkmaxη > 1 is adequate for low-
order velocity statistics, but a value of at least1.5 is preferred for higher-order quantities
such as derivative statistics [168]. Here,kmax = Ni

2
2π

L0,i
(i ∈ {x, y, z}) is the highest re-

solvable wavenumber. After a simulation has finished, it is checked that the requirement
kmaxη > 1 is fulfilled. Moreover, examination of the energy spectrum at the smallest
scales (highest wavenumbers) can reveal whether a simulation is underresolved [157].

The stability of the temporal discretization is governed bythe CFL-condition, which
results in

umax∆t

∆xi
< C (2.22)

with umax the maximum velocity in thexi-direction andC anO(1) constant [31]. It is
found for the simulations described in this thesis that a stable solution is obtained when
umax∆t

∆xi
. 0.25. To verify the choice of the time step with regard to the accuracy of a

solution, a test is performed in which a time step is chosen that is twice as small as in
the main production runs. The resulting velocity fields, evaluated by looking at the total
kinetic energy, are the same for both values of the time step.
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2.1.3 Test cases

Although we did not develop the DNS code ourselves, it has been tested before we started
to use it. Moreover, several adaptations were carried out, which made thorough testing
necessary.
To test the Eulerian part of the code, four test cases are run in which different parts of
the implementation of the Navier-Stokes equations are checked. Three of these cases
have analytical solutions. The fourth case is inherently diverging, but the results can give
an impression of the spatial resolution. The three test cases with an analytical solution
are pure rotation, linear internal gravity waves and pure diffusion [156, 158]. At several
positions in the domain the numerical solutions of the test cases are compared with the
exact solutions for several hundreds of time steps. It is found that the relative error in the
numerical solution is smaller than about0.01−0.1%, depending on which case is studied.
The fourth test case is the two-dimensional case of a double shear layer. This case is
ultimately diverging for any resolution, but the results should improve with enhanced
resolution. This is indeed found. Moreover, the results areindependent of which two
directions are chosen, as they should be, and they look very similar to the results reported
in literature (see, for example, refs. [12, 155]).
Furthermore, for all of the simulations described in chapter 3 and following, the results
are compared with literature whenever available.

2.1.4 Forcing method

In order to keep the isotropic and stratified turbulent flows statistically stationary, energy
has to be continuously added in our simulations to account for energy losses due to vis-
cous dissipation. The big advantage of performing simulations of forced turbulence for
dispersion studies is that the relative importance of turbulence remains constant. Espe-
cially for the study of stably stratified turbulence it is very useful that the relative impor-
tance of the background stratification with respect to the turbulence (quantified by the
Richardson number, see section 4.1.2) remains constant.
Forcing of the flow is achieved by injecting energy at the largest scales. A general de-
scription of the forcing scheme, based on the method described by Boivinet al. [24],
is

F̃n+m
u (k) = (1 − β)F̃n

u (k) +AR(k)eiϕ(k), (2.23)

where(1 − β)F̃n
u (with β = [0, 1]) denotes a memory effect of the forcing. The forc-

ing amplitude is given byA, R is a random value for the forcing amplitude taken from
a Gaussian with zero mean and standard deviation one andϕ adds a random phase to
every forced wavenumber mode.R andϕ have different values for each forced wave-
number and at each forcing time.̃Fn+m

u andF̃n
u are the forces at forcing timesn+ m

andn, respectively. The value of the force is updated everym time steps (forcing time
tf = m∆t) with m = O(5− 10) andβ is set to0.025. The amplitudeA and the forcing
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time tf are adapted per flow type to keep the kinetic energy statistically stationary. The
amplitudeA is chosen as high as allowed by the requirement of stationarity, to reach the
highest possible Reynolds numbers.
Two types of forcing are used. In the first one all three components of the velocity are
forced with equal strength, this type will be called 3D forcing in the following. The sec-
ond type of forcing acts only in the horizontal direction andwill be called 2D forcing
from now on. With this second method inducing vertical fluid motion by the artificial
forcing is avoided; velocity fluctuations in the vertical direction only develop via nonlin-
ear interaction with the horizontal velocity components. When forcing stably stratified
turbulence, it is found that it is much easier to get a quasi-steady flow with 2D forcing
than with 3D forcing.
Forcing is applied in spectral space, and only to the largestscales of the velocity field,
with wavenumber modes0 < k ≤ 2

√
2∆kx. Herek = |k| is the length of the wave-

number vector. In case of horizontal forcing, only the velocity componentsu andv are
forced and only for wavenumbers withkz = 0. It will be explicitly mentioned for each
of the simulations presented in this thesis whether 2D or 3D forcing is applied.

2.2 Particle tracking

A natural way to describe turbulent dispersion is the Lagrangian frame of reference,
in which the observer is moving with the particle. In the firstpart of this thesis we
study fluid particles, which are infinitely small fluid elements that exactly follow the
flow. Afterwards, particles with real physical properties are tracked and then mass and
inertial effects are included.
Particle trajectories are derived from

dxp

dt
= up (2.24)

with xp the particle position andup its velocity. An example of a particle trajectory is
depicted in figure 2.2. For fluid particles, for whichup = ufp, their velocity equals the
velocity of the fluid at the particle position:

ufp(t) = u(xp, t). (2.25)

In the following, the subscriptfpwill be used when fluid particles are meant in particular.
Inertial particles do not exactly follow the flow and an additional equation of motion
needs to be solved. The possibility to follow such inertial particles is added to the original
version of the DNS code. According to Maxey & Riley [92] the equation of motion for
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xp(0)

xp(∆t)

xp(2∆t)

xp(t)

xp(t) − xp(0)

Figure 2.2: Example of a particle trajectory. The displacement at timet is defined as the straight
route from the initial particle positionxp(0) to its positionxp(t).

an isolated rigid sphere in a non-uniform velocity field is given by

mp
dup

dt
= 6πaµ

(

u − up +
1

6
a2∇2u

)

+mf
Du

Dt
− (mp −mf ) gẑ

+
1

2
mf

(

Du

Dt
− dup

dt
+

1

10
a2 d

dt
∇2u

)

+6πa2µ

∫ t

0
dτ
du/dτ − dup/dτ + 1

6a
2d∇2u/dτ

[πν(t− τ)]1/2

+CLa
2 (µρ)

1

2 |ω|− 1

2 [(u − up) × ω] . (2.26)

The particle mass is given bymp, a is the radius of the particle,µ= ρν is the dynamic
viscosity andmf is the mass of a fluid element with a volume equal to that of the particle.
The forces on the right-hand side of this equation denote viscous drag, a local pressure
gradient in the undisturbed fluid, gravitational forces, added mass, the Basset history
force and the Saffman lift force, successively. For the added mass term the form described
by Auton et al. [7] is used. Moreover, the Saffman lift force is added to the original
Maxey-Riley equation. The coefficientCL = 6.46K with K a correction factor, which
will be described in more detail in section 5.1.
The derivatived

dt = ∂
∂t + up,j

∂
∂xj

is the time derivative following the moving sphere and
D
Dt = ∂

∂t + uj
∂

∂xj
denotes the time derivative following a fluid element. Equation 2.26

and the difference between the two time derivatives will be discussed in more detail in
chapter 5, for now only the numerical implementation in the code is of importance. In the
code only the time derivative along the particle path is available. D

Dt is therefore deduced
from D

Dt = d
dt + (uj − up,j)

∂
∂xj

.
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2.2.1 Discretization

Particle velocities and trajectories are obtained in physical space. In order to solve equa-
tion 2.26 the values of the fluid velocityu and its first-order and second-order spatial
derivatives are needed at the particle positions. Hereto aninterpolation method is imple-
mented in the code of which an elaborate description will be given in section 2.2.2.
Not only spatial derivatives of the velocity field are required to solve equation 2.26, but
also temporal derivatives of both the fluid velocity and the particle velocity. First, the
added mass term that includes the time derivative of the particle velocity is combined
with the time derivative on the left-hand side of equation 2.26. Next, two different meth-
ods are chosen to determine the other time derivatives. Central differences are used for
du

dt and for d
dt∇2u, as well as fordup

dt in the history force at time stepsn−1 and previous.

For dup

dt at timen (also in the history force) less data is available and the lower-order
method of backward differences is chosen.
Finally, time integration of equation 2.24 is performed using the same third-order Adams-
Bashforth technique as is used for the Eulerian velocity (see section 2.1.1). Again the first
and second time step need the lower-order schemes Euler forward and AB2. Due to high
memory requirements when solving the equation of motion forthe particles, it is cho-
sen to use the second-order Adams-Bashforth method for the numerical integration of
equation 2.26, of which the general description is

Yn+1 = Yn +
∆t

2

(

3ψn − ψn−1
)

+ O(∆t3) (2.27)

for a differential equationdY
dt = ψ.

The time step∆t taken for the integration of the particle position and velocity is the same
as for the Eulerian velocity field. It is found that for both fluid particles and inertial parti-
cles the CFL-condition is the most stringent for the choice of the time step. The time step
is thus determined by the flow and not by the particle tracking; ∆t is much smaller than
the smallest time scales in the flow, to which the particles respond. Consequently, parti-
cle output is not written every time step; an interval is chosen such that∆tout ≈ 0.1τK ,
which is consistent with the work by, for example, Yeung [164].
To check the implementation of the time stepping methods forthe particles, two tests are
performed. The trajectories of heavy inertial particles (ρp≫ρ) derived from the previous
mentioned run with time step∆t/2 (see section 2.1.2) are compared with those from a
run with the usual time step∆t. For at least several eddy turnover timesTE the trajecto-
ries are the same. Moreover, statistical results such as single-particle dispersion and the
amount of preferential concentration (see section 5.3) arethe same. For light particles
(ρp =O(ρ)) the same procedure is followed and again no significant differences between
the two values of the time step are found for all kinds of statistics (single-particle disper-
sion, preferential concentration, strengths of the different forces acting on the particles).
In the second test case the same properties are derived from arun where the time step-
ping of the heavy particle velocity is performed using AB3. Again the same results are



2.2.2 Interpolation 21

derived and it can be concluded that the chosen temporal discretization and time step are
sufficient for our purpose.
The integral in the Basset force is converted into a sum over afinite number of time steps.
It has been tested how many previous data points are needed toreproduce the force accu-
rately. Since the particles are small, the smallest scales of the flow are the most important
for the strength of the forces that act on a particle. It is found that the history term has
to be calculated over a time interval of at least one Kolmogorov time. For the final runs
a history of about2τK is chosen; increasing this time does not significantly change any
of the forces acting on a particle. The changes in the mean value of the forces or in the
width of the probability density function (pdf) of the forces (see section 6.2.1) are smaller
than the error made in the calculation of the pdf itself.

2.2.2 Interpolation

In general, a particle will not reside at a grid point. The fluid velocity at the particle
position can be calculated, in principle, in an exact mannerat any point in the computa-
tional domain, because in a Fourier code all spectral coefficients are known. This method
of direct sums was implemented in the original version of thecode and is described in
ref. [157]. Although this method is very accurate it is chosen to calculate the fluid ve-
locity at the particle position using interpolation techniques. The main drawback of the
direct sum method is namely that it is very time consuming andas a consequence it can
be used only to track small amounts of particles (O(100)).
According to the literature (see, for example, Yeung & Pope [167]) spline interpolation is
one of the best interpolation options considering accuracyand computation time. For the
results described in this thesis we made use of interpolation with piecewise polynomials:
cubic splines. Cubic splines is an interpolation techniquethat uses fourth-order spline
functions and it is numerically stable [58]. Its implementation in the code consists of two
steps. In the first step the spline functions are derived using NAG-routine E01BAF [73].
Hereto a box of5×5×5 grid points is defined around each particle position. At these
grid points the values ofu and of its spatial derivatives as needed in equation 2.26 are
used to calculate the spline functions. The second step is tocalculate the interpolant at
the particle position from the spline functions, which is performed with NAG-routine
E02BBF [73]. A three-dimensional interpolation routine was not available. Therefore,
it is chosen to make use of three successive one-dimensionalinterpolation steps. The
procedure is exemplified in figure 2.3.
Testing of the accuracy of the implemented interpolation technique is performed in two
ways. At a single time step the values ofu(xp), ∇u(xp) and∇2u(xp) computed with
the above described method are compared with the exact values calculated by means of
direct sums. At several particle positions in isotropic turbulence the difference inu(xp)
derived from both methods is smaller than about3% (for almost all fluid particles the er-
ror is around0.5−1%). For∇u(xp), needed in the calculation of the lift force and in the
terms containingDu

Dt , the differences have a maximum of about5%. For the second-order
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Figure 2.3: Graphical description of how a three-dimensional interpolation is performed us-
ing a one-dimensional routine. First25 one-dimensional interpolations are performed in the
x-direction (crosses). Then five interpolations are carried out in the y-direction (dots in the right
picture) and from these5 results finally one interpolated value is derived in the z-direction (trian-
gle).

derivative this grows to about20% since the function is less smooth thanu. However, the
overall error in the calculation of the total force on the particle is smaller than this20%,
because the contribution from the terms containing second-order derivates is of minor
importance (see section 6.2.1). Furthermore, single-particle statistics are compared. In a
homogeneous isotropic turbulent flow5000 particles are tracked. The difference between
the statistics derived with interpolation and using directsums increases from0.1% after
the first time step to1.6% at the end of the simulation (after about20 turnover times).
Taking into account that the error in performing an ensembleaverage scales asM−1/2

(M the number of particles, see section 2.2.3) - giving a statistical error of1.4% for 5000
particles - it can be concluded that the error in using cubic spline interpolation for the
computation ofu in isotropic turbulence is negligible. For the lift force (in stratified
turbulence) it is found that the difference in the dispersion in vertical direction, derived
from 800 heavy particles, remains smaller than0.5% for about50 buoyancy periods. It
must be said, however, that the influence of the lift force on the vertical dispersion is
very small (see section 5.2.6 for details) and therefore anypossible interpolation errors
are difficult to identify. Finally, a simulation is performed for light particles in which
all terms in equation 2.26 are incorporated except for the lift force. Both∇u and∇2u

are solved exactly in one run and using cubic splines in another run. The strength of the
different forces acting on the particles is found to be the same for both methods.
In these last three test cases the difference in computationtime between direct sums and
interpolation is found substantial, interpolation is faster by a factor of at leastO(10)
toO(100).
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2.2.3 Number of particles

In all the flows studied in this thesis the average Eulerian velocity is zero. Theoretically,
the mean velocity derived from an ensemble of fluid particles- the average Lagrangian
velocity - should then also be zero. In practice, however, this is not the case. Nei-
ther is the mean displacement of the sample of fluid particlesequal to zero. Next to
the above mentioned interpolation errors, the most important reason for this deviation is
that the number of particles that are tracked in the flow is much smaller than the total
number of grid points, because of limited computation time and memory. The number
of particles should be large enough to obtain reliable statistics. It can be shown from
the central limit theorem that the relative error in performing ensemble averaging varies
asM−1/2, whereM is the number of particles [54, 167]. In a homogeneous isotropic
turbulent flow a test has been carried out on the choice of the number of particles. Tra-
jectories of1282 fluid particles are calculated and the average velocityufp and average
displacementXfp = xfp(t) − xfp(0) are derived from (sub)ensembles with different
size (2 to 16 384 particles). For both properties it is indeed found that its value goes
towards zero asM−1/2. Furthermore, for the number of particles used to derive the
statistics presented in this thesis (typicallyO(104)) it is found that the mean velocity is
sufficiently small. The ratio of the root-mean-squared velocities and the mean veloci-
ties isO(10−2) − O(10−3) for all three directions and for both isotropic and stratified
turbulence.

2.2.4 Initial particle positions

The initial positions of the particles are chosen accordingto the quantities of interest in
a simulation. Basically, two different initial distributions are implemented in the code.
To study as much independent particles as possible, a uniform distribution is used. For
each particle randomx, y andz-positions are generated, uniformly distributed over the
domain, with use of NAG-library G05FAF [73]. This initial distribution is most suitable
for single-particle statistics. When studying the evolution of pairs or larger groups of
particles, well-defined initial separations between the particles are necessary. Triangular
pyramid structures are chosen as shown in figure 2.4. The initial position of one-quarter
of the particles (numbered1 in figure 2.4) is uniformly spread over the computational
domain, as described above. The other particles (2-4) are initially located at a fixed
separation∆0 from the reference particles, aligned with the three principle axes of the
coordinate system. When this pyramid structure is chosen and used for single-particle
statistics too, only a quarter of the total number of particles is really uncorrelated, at least
for small ∆0 and short times. Effectively, this means that statistics are derived from a
smaller number of particles. In homogeneous isotropic turbulence, the results of particle-
pair dispersion and multi-particle dispersion should be independent of the direction of the
initial separation. To this end, in a test run the pyramid structure is orientated randomly
with a different direction for every cluster of four particles. Particle-pair statistics are
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Figure 2.4: Configuration of the initial particle positionsfor particle-pair and multi-particle dis-
persion. The position of particle1 is chosen randomly, particles2, 3 and4 have a separation∆0

to particle1 along one of the principle axes.

computed and compared to the results found for pairs alignedwith the principal axes.
The results from the randomly oriented initial separation and from the initial separations
in either thex-, y- or z-direction are the same.

2.3 Parallelization

The algorithm implemented in the code is designed to be run ondistributed memory mul-
tiprocessor computers using the Message Passing Interface(MPI) libraries [71]. In phys-
ical space the domain is divided inP horizontal slabs, withP the number of processors.
In spectral space the configuration consists ofP columns. Every processor only performs
the calculation of the Navier-Stokes equation at its own setof grid points. An elaborate
description of the parallelization of the code can be found in Winterset al. [157].
Particle tracking is performed in parallel in the code too. Every processor only takes care
of the particles that reside on its own horizontal slab. A lotof communication between
the processors is therefore needed to exchange informationabout all the particle positions
and velocities. Furthermore, because of the use of a5×5×5 box for interpolation (see
section 2.2.2) the minimal thickness of a layer has to be8 grid points (power of2). This
poses a constraint on the maximum number of processors to be used at given resolution.
To test the computation time as a function ofP , four test cases are chosen that represent
the work described in this thesis. Run A calculates500 time steps of strongly stratified
turbulence at a resolution of1283 (similar to case N100r as called in chapter 5), without
performing any data processing or writing output. In run B the same flow field is solved,
but now also the trajectories of15 000 fluid particles are computed and their positions and
velocities are saved every4 time steps. In run C100 000 heavy particles are tracked in the
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Figure 2.5: Computation time as a function of the number of processorsP for four test runs. In
run A 500 time steps are solved for stratified turbulence on a1283 grid. Run B tracks15 000
fluid particles in the same flow. Runs C and D follow100 000 heavy particles and thus solve an
additional equation of motion. A, B and C are run on Aster, D onHuygens at SARA in Amsterdam.
Time scaling follows∝ 1/P .

same flow, and thus an additional equation of motion has to be solved for the particles.
Runs A, B and C are performed on Aster. Run D is the same as run C,but now carried out
on Huygens. The computation time as a function of the number of processors is plotted
in figure 2.5. Computation time neatly scales with1/P . It is found that when following
O(15 000) particles, the time needed to calculate the particle trajectories and velocities
is of the same order of magnitude as the (inverse) Fourier transforms which are by far the
most expensive part in solving the Navier-Stokes equations. The calculation time of the
routines related to particle tracking nicely scales with the number of particlesM .

2.4 Averaging

The Eulerian and Lagrangian velocities can be decomposed into a mean and a fluctuating
component. Different types of averages can be defined: time averages, spatial averages
and ensemble averages. The time average of a discrete time series of variablesYq is
defined as

〈Y 〉T =
1

NT

NT
∑

q=1

Yq (2.28)
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with NT the number of time steps over which the average is taken. The spatial average
of the variablesYr in a spatial domain is

〈Y 〉L =
1

NL

NL
∑

r=1

Yr (2.29)

whereNL is the number of (grid) points,NL =NxNyNz for an average over the spatial
domain described in section 2.1.1. The ensemble average, finally, is an average over
different realizations of the same experiment; in the context of this thesis it is an average
over all particles:

〈Y 〉M =
1

M

M
∑

p=1

Yp. (2.30)

In statistically stationary homogeneous turbulence the principle of ergodicity holds. This
hypothesis states that the ensemble average is equal to the time average for stationary
processes and equal to the spatial average for homogeneous processes [106, 117]. The
most important averages used throughout this thesis are spatial averages for Eulerian
statistics of the flow field and ensemble averages for quantities derived from particle tra-
jectories. Both will be denoted with an overbar(...) in the following. In case only one
single average value is needed, time averaging is applied additionally. For example, the
rms-velocity of the flow (urms) is computed from the time-averaged total kinetic energy.
Since most standard descriptions of turbulence statisticsuse only fluctuating components
(denoted by a prime), the average values have to be subtracted before performing data
processing. For the Eulerian velocity field this is straightforward, asu is zero in all cases
studied in this thesis. As described in section 2.2.3 the Lagrangian average velocity de-
viates from zero. Inertial particles do not exactly follow the flow and consequently also
their mean velocity is not equal to zero. For the (fluid) particles an average is subtracted
that is calculated as 1

NT M

∑∑

up, where the sums are taken over all time steps and all
particles.
For some statistics a distinction will be made between horizontal and vertical compo-
nents, whereas for others overall, three-dimensional values will be presented. 3D aver-
aged values are calculated according to

Y 3D =
1

3
(Yx + Yy + Yz) , (2.31)

with Yx, Yy andYz the three spatial components of a vectorY . The horizontal average
is computed from the two components in the horizontal plane:

Y h =
1

2
(Yx + Yy). (2.32)



3 Lagrangian statistics in
homogeneous isotropic turbulence

Homogeneous isotropic turbulence is the simplest type of turbulence that is often studied
as a starting point for more complex turbulent flows and to geta better understanding of
the theoretical behavior of turbulence. It resembles realistic well-mixed turbulent flows
far away from boundaries. Homogeneous means invariant under translation and a flow is
called isotropic when the even stronger requirement is fulfilled that it is invariant under
rotation of the reference frame. Since a turbulent flow is by definition fluctuating in both
space and time, the above mentioned properties are meant in astatistical sense. In this
chapter we study the dispersion of fluid elements in statistically stationary homogeneous
isotropic turbulence. The dispersion behavior of more realistic, inertial particles will be
discussed in chapters 5 and 7.
A lot of work has been carried out on the topic of fluid particledispersion in isotropic
turbulence; theoretically, numerically and experimentally. Experimentalists are only able
to create turbulent flows that are close to homogeneous and isotropic, mainly because of
unavoidable wall-effects. Moreover, the number of particles and the time that they can be
tracked are restricted by properties of the measurement systems. In numerical simulations
the available computer power is the limiting factor in reaching high turbulence levels and
large numbers of particles. The numerical results presented in this chapter will be used
as a test of our numerical code by comparing them to the results obtained by others.
Furthermore, they will serve as a reference for the work presented in the next chapters on
anisotropic, stably stratified turbulence.
In this chapter first a characterization of the homogeneous isotropic turbulent flow will be
given. Next, in section 3.2, several Lagrangian statistical quantities such as dispersion,
energy spectra and structure functions will be discussed.

3.1 Eulerian description of homogeneous isotropic
turbulence

Pioneers in the field of performing direct numerical simulations with use of spectral codes
were Orszag & Patterson (1972) [107], who reached resolutions up to323 grid cells with
Reλ≈40, and Rogallo (1981) [125]. The highest resolution runs of isotropic turbulence
to date are performed by Kanedaet al. [75] who were able to run a40963 simulation
with Reλ ≈ 1200 on the Earth Simulator in Japan. The results presented in this chapter
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are mainly derived from simulations with a resolution of1283 giving Reλ ≈ 80. Higher
resolution runs (2563 and 5123) are performed occasionally for testing purposes, but
their main drawback is that due to the high computational costs the time span of these
simulations is limited. We use the relatively low resolution runs of1283 to be able to
track particles for sufficiently long times in order to obtain long time series for calculating
Lagrangian statistics1. The Reynolds numberReλ = urmsλ

ν , based on the Taylor length
scaleλ defined as

λ =
1

3

∑

i=x,y,z

√

√

√

√

√

u′2i
(

∂u′
i

∂xi

)2
, (3.1)

is used here to express the turbulence level [106].

First, in separate simulations, divergence-free homogeneous isotropic turbulent veloc-
ity fields are created for every resolution (1283, 2563 and5123), which serve as the initial
fields for later simulations. This reduces the computation time of the final runs. The
initial field is created by starting a simulation with a velocity field with initial energy
distribution [107]

E(k) = Bk−5
0 k4 exp−(k/k0)

2. (3.2)

Here, k is the length of the wavenumber vector andk0 =
(

∆k2
x + ∆k2

y + ∆k2
z

)1/2

the lowest wavenumber. The amplitudeB is chosen such that the total kinetic energy
Ekin =

∫∞
0 E(k)dk has a desired value. Since we are studying forced isotropic turbu-

lence the exact structure of the initial field is insignificant, a zero initial field could have
been chosen equally well. In constructing this initial velocity field, care is taken to fulfill
the requirement that the velocity field is divergence-free.The flow is subsequently forced
using the 3D forcing method described in section 2.1.4 untila statistically stationary state
is reached. Energy is added only to the largest scales of the flow. Thereby the assumption
is used that at sufficiently high Reynolds numbers the small-scale structures of turbulent
motions are independent of any large-scale anisotropy [18,26].

The simulations in which time series of the particle positions and velocities are col-
lected start with the velocity field obtained in the above manner. Again, 3D forcing is
applied and after a short transitional period a statistically stationary turbulent flow is ac-
complished. At that time particles are released in the flow. To give an impression of
the flow field, a vector plot of the horizontal velocity in a horizontal cross-section of the
domain is given in figure 3.1.
Checking stationarity is done by looking both at the kineticenergy (large-scale behav-
ior) and at the velocity derivative skewnessS3 (pertaining to the dissipative range), in

1The time scales in stratified turbulence, especially those on which interesting new dispersion phenom-
ena occur, are larger than those in isotropic turbulence by at least a factor of about5.
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Figure 3.1: Vector plot of the horizontal velocity of homogeneous isotropic turbulence atReλ =80
in a horizontal cross-section of the domain.

all three directions. The kinetic energy per unit mass can becalculated in physical space
from Ei =

1
2

∫

u′2i (x)dx or in spectral space usingEi =
1
2

∫

ũ2
i (k)dk (i∈{x, y, z}). The

total kinetic energy is given byEkin = Ex + Ey + Ez = 2Eh + Ez, with Eh the total
kinetic energy in the horizontal direction. Time series of the kinetic energy are shown in
figure 3.2 forReλ =80 (1283) andReλ =130 (2563). It can be seen that the1283 run lasts
much longer than the2563 run in the same computation time. For both runs it takes about
t=5TE (TE the eddy turnover time) to reach a statistically stationarystate. The energy is
nicely distributed over the three spatial directions, eachof them contains about one-third
of the total amount of energy. The run performed with a resolution of 5123 is not plot-
ted here. It only reached times up tot=5TE, where a steady state was just about to begin.

The velocity derivative skewness, which gives a measure of the asymmetry of the proba-
bility density function of the velocity derivatives, is defined as

S3,α =
(∂u′α/∂xα)3

(∂u′α/∂xα)2
3

2

, (3.3)

with α ∈ {x, y, z}. The componentsS3,x andS3,z are computed during a simulation
and it is checked that the results in they-direction are the same as those in thex- and
z-directions. Their time series are shown in figure 3.3 and their time-averaged values
are−0.49, which is consistent with values found in previous studies of homogeneous
isotropic turbulence [51]. The negative value ofS3 points to a forward energy cascade.
This forward energy cascade means that energy is transferred from the largest scales
in the flow (both in space and in time) to the smallest scales inthe flow. In the DNS
described in this thesis energy is artificially added at the largest scales. In practice the
energy is added through a driving force such as the wind, tideor industrial stirring. At
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Figure 3.2: Kinetic energy per spatial direction as a function of time for runs with Reynolds
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Figure 3.4: a) Spatial energy spectrum from direct numerical simulations of homogeneous
isotropic turbulence for two Reynolds numbersReλ = 80 andReλ = 130 (resolutions of1283

and2563, respectively). b) Corresponding dissipation spectra.

the smallest scales of the flow energy is eventually dissipated.
The energy transport through this cascade is a universal characteristic of all three-dimen-
sional turbulent flows with large Reynolds number, independent of the type of flow. An
elaborate description of the underlying vortex stretchingmechanism can be found in
Davidson [51]. As a result, the energy spectrum - which describes the energy distribution
over the different scales in a flow - displays a universal scaling law in the inertial range.
This result is first derived by Kolmogorov (1941,1962) [99].The shape of the energy
spectrum is given by

E(k) = α0ε
2/3k−5/3, (3.4)

with α0 a universal constant andε the dissipation of kinetic energy. This scaling holds
in the inertial range, in between the largest, most energetic scales and the smallest, dis-
sipative scales. The lower boundary is often estimated to bearoundkη = 0.1 [113].
The spectra of the total energy are given in figure 3.4(a) forReλ = 80 andReλ = 130.
Although the spectrum is broader forReλ =130, the Reynolds number is still rather low
and only in a small region a tendency towards ak−5/3-scaling range has developed.
The corresponding spectra for the dissipation are shown in figure 3.4(b). The dissipation
as a function of the wavenumberD(k) is here calculated from [113]

D(k) = 2νk2E(k) (3.5)

and the total dissipationε is given by

ε = 2νsijsij with sij =
1

2

(

∂u′i
∂xj

+
∂u′j
∂xi

)

. (3.6)

The total dissipation can also be calculated fromε=2ν
∫∞
0 k2E(k)dk for isotropic tur-

bulence. The dissipation spectrum peaks at the wavenumber where the energy spectrum
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Figure 3.5: Ratios of the fluctuating velocity in one direction and in one of the perpendicular
directions as a function of time for (a)Reλ =80 and (b)Reλ =130.

starts to fall off faster thank−5/3, aroundk/k0 = 10 for Reλ = 80 andk/k0 = 20 for
Reλ =130. For both Reynolds numbers these peak wavenumbers correspond tokη≈0.2,
which is in accordance with previous work (see, for example,Yeung & Pope [168]
and Pope [113]). The Kolmogorov scales for these flows arekd ∼ 1/η = 53.1k0 and
kd =100.7k0, respectively. Thus, the motions responsible for the main part of the dissi-
pation are considerably larger than the Kolmogorov scale [113].

To check the isotropy of the flow the ratios of the velocities in the three different di-
rections are plotted as a function of time in figure 3.5. The ratios fluctuate around one
as they should be, with a spreading of about10%. Moreover, one can look at the ratios
of the length scales in the three main directions. The integral length scale per spatial
direction is defined here as

Li =
Eii(0)

u′2i
, (3.7)

with i∈{x, y, z} andEii(0) the spectral energy of velocity componentũi in wavenum-
ber modesk in which ki = 0 [113]. Because of the close relation between the energy
spectrum and the spatial autocorrelation function, the longitudinal length scales can also
be derived from the longitudinal autocorrelation functionRii(ri) [113]:

Li =

∫ ∞

0
Rii(ri)dri, (3.8)

whereRii(ri) =
u′

i(x+eir)u′

i(x)

u′2

i

(ei the unit vector ini-direction andr the spatial sepa-

ration) is independent ofx because of homogeneity of the flow. The ratios of the three
length scales show the same behavior as the velocities and they are1.0 on average.
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Table 3.1: Properties of two simulations of homogeneous isotropic turbulence with different
Reynolds numbers. Length scales are made dimensionless with the domain sizeL0 = L0,x =
L0,y=L0,z of the cubic domain. The grid spacings in they- andz-directions are the same as∆x.
A measure of the spatial resolution is given bykmaxη.

property 1283 2563

Reλ 80 130
Sc 1 1

∆x/L0 7.8125 · 10−3 3.90625 · 10−3

Li/L0 0.15 0.14
λ/L0 5.3 · 10−3 3.5 · 10−3

η/L0 3.0 · 10−3 1.58 · 10−3

τK/TE 9.4 · 10−2 6.6 · 10−2

vK/urms 0.22 0.17
kmaxη 1.2 1.3

Other parameters of interest in describing the flow are the Kolmogorov length, time and
velocity scales, which characterize the smallest, dissipative motions:

η =

(

ν3

ε

)1/4

, (3.9)

τK =
(ν

ε

)1/2
, (3.10)

vK = (νε)1/4 , (3.11)

and the eddy turnover timeTE defined as

TE =
Lh

urms
, (3.12)

with urms =
√

2
3Ekin the root-mean-squared velocity andLh = 1

2 (Lx + Ly) the integral
length scale in the horizontal direction. This horizontal length scale is chosen for the
definition of the large-scale time scale in view of the stratified turbulence to be described
later, where the largest scales in the flow are the horizontalscales. The values of the prop-
erties describing the homogeneous isotropic turbulent flowderived from the simulations
are given in table 3.1 for resolutions of1283 and2563.

To get an idea of the type of structures in the flow, in figure 3.6a plot of the isovor-
ticity surface is shown. Small-scale vortex tubes, typicalfor isotropic turbulence, can be
observed. They show no preferred direction, which is an indication that the flow is indeed
isotropic at the smaller scales.
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Figure 3.6: Isosurface of the vorticity at|ω|=2.0ωrms.

The probability density function (pdf) of the velocityu is close to Gaussian [148]. Pdfs
of velocity increments or higher-order velocity derivatives, however, are wider and the
tails follow an exponential. These tails correspond to rareevents and give an impression
of the intermittency present in isotropic turbulence. Intermittency is manifested by large
fluctuations at the dissipative scales in the flow. In both space and time strong turbulent
regions and relatively quiescent regions can be indicated.The topic of intermittency in
three-dimensional isotropic turbulence is elaborately studied and a clear description can
be found in Frisch [56]. A measure of the width of the tails of the velocity derivative pdf
- which thus gives an impression of the intermittency present in the flow - is the flatness
factor or kurtosis. In a similar fashion as the skewness, it is defined as

Kα =
(∂u′α/∂xα)4

(∂u′α/∂xα)2
2 . (3.13)

For a normal distribution this value is3 (no intermittency) and higher flatness factors are
associated with a certain level of intermittency. For our DNS atReλ = 80 a value of 4.7
is found.

3.2 Lagrangian statistics in homogeneous isotropic
turbulence

The focus in this thesis is on the dispersion of (fluid) particles. In sections 3.2.1 to 3.2.3
Lagrangian single-particle, particle-pair and multi-particle statistics in isotropic turbu-
lence will be described, successively. Afterwards other Lagrangian statistics such as
the second-order structure function and the frequency spectrum will be discussed. They
mainly serve to check our computations by comparing the results with those found in the
literature.
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3.2.1 Single-particle dispersion

Single-particle dispersion, or mean-squared displacement, gives an idea of the spreading
of particles over a certain domain. Two parameters can be defined:

Xp,i(t) = xp,i(t) − xp,i(0) and (3.14)

X2
p,i(t) = (xp,i(t) − xp,i(0))

2, (3.15)

with i∈{x, y, z}, denoting the center of a cloud of particles and the dispersion parameter,
respectively. As explained in section 2.2.3 the mean displacementXp,i(t) is zero in sta-

tistically stationary homogeneous isotropic turbulence.The dispersion parameterX2
p,i(t)

can be viewed as a typical size for the width of the cloud in case all particles would orig-
inate from a single point source.
The theoretical description of single-particle dispersion dates back to the work by Tay-
lor (1921) [144]. It is originally derived for fluid particles, but remains valid also for
inertial particles [47]. Elaborate derivations can be found in standard textbooks on turbu-
lence (see for example Monin & Yaglom [98], Pope [113], Davidson [51]), here only a
short overview will be given.
The rate at which particles distance themselves from their point of release is given by

d

dt

1

2
X2

p,i(t) =

∫ t

0
u′p,i(t)u′p,i(t′)dt

′. (3.16)

Under the assumption that the Lagrangian and Eulerian rms-velocities are the same
(u′2p,i = u′2fp,i = u′2i ) and that the flow is homogeneous and stationary, equation 3.16
can be rewritten as

X2
p,i(t) = 2u′2i

∫ t

0
(t− τ)RL,i(τ)dτ. (3.17)

RL(τ) is the Lagrangian velocity autocorrelation function givenby

RL,i(τ) =
u′p,i(t

′)u′p,i(t)

u′2p,i

, (3.18)

which is only a function of the time separationτ = t−t′ because of stationarity. Here,
u′p,i is the fluctuating component of the particle velocity in thei-direction (i ∈ {x, y, z}).
The Lagrangian time scaleTL can now be defined as

TL =

∫ ∞

0
RL(τ)dτ. (3.19)

Using the known behavior of the autocorrelation function for homogeneous isotropic
turbulence in the limit of short times,RL(0) = 1, and equation 3.19 for the long-time
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Table 3.2: Properties of the Lagrangian part of the simulations of homogeneous isotropic tur-
bulence.τK/∆tout gives an impression of how often particle output is saved. The Lagrangian
Taylor time scaleτλ is related to length scaleλ and it can be calculated from the slope of the
autocorrelation function (see figure 3.10(a)).

property 1283 2563

Reλ 80 130
M 81 920 65 536

sample time 60TE 28.6TE

τK/∆tout 20 15.6
TL/TE 0.75 0.77
TL/τK 7.9 11.6
TL/τλ 1.9 2.2

limit, Taylor [144] derived the following relations for single-particle dispersion:

X2
p,i(t) ≈ u′2i t

2 t→ 0, (3.20)

X2
p,i(t) ≈ 2u′2i TLt t→ ∞. (3.21)

Initially, particle dispersion behaves ballistically. For long times the dispersion regime
is linear and this regime is also called the diffusion limit.Particles have become un-
correlated from their initial positions and the spreading is then comparable to random
walk-like or Brownian motion.
Finally, the eddy diffusivity can be defined as the left-handside of equation 3.16:

Dt(t) =
1

2

d

dt
X2

p,i(t). (3.22)

It is a time-dependent quantity that in isotropic turbulence reaches a constant value for
long diffusion times.

At the time the flow field has become stationary81 920 fluid particles are released in
theReλ = 80 flow and65 536 in theReλ = 130 flow using the initial positions with
the shape of triangular pyramids described in section 2.2.4. The particles are tracked for
about50TE and their positions and velocities are saved about every0.1τK . More exact
values can be found in table 3.2 together with some properties of the Lagrangian statis-
tics. The trajectories of10 particles are shown in figure 3.7 as an example. Because
of the periodic boundaries used in the code, particles that leave the domain on one side
will re-enter it on the opposite side. To correct for this, the real particle trajectory which
extends outside the domain is calculated before performingpost-processing. Different
types of movements can be seen in figure 3.7. Sometimes a particle travels in more or
less straight lines and at other times spiralling motion canbe observed.
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5L0,x

5L0,y

5L0,z

Figure 3.7: Trajectories of10 particles in isotropic turbulence (Reλ =80). The size of the box is
five times the size of the computational domain.

In practice, the mean-squared displacement of particles from their initial position is com-
puted from the position time series according to

X2
p,i(t) =

1

M

M
∑

q=1

[xp,i(t) − xp,i(0)]
2
q , (3.23)

with M is the number of particles. In figure 3.8 this mean-squared displacement as a
function of time is shown for fluid particles atReλ =80, in all three principle directions.
We do retrieve the classical regimes of equations 3.20 and 3.21 for short and long times,
respectively. Furthermore, it can be seen that the results in the directions of the three
principal axes are very similar, confirming that the flow is isotropic. The difference
between the mean-squared displacement in thex-, y- or z-direction and the spatially
averagedX2

fp is smaller than5%. The number of particles seems to be more than enough

for these single-particle statistics. The estimated errorbased onM−1/2 (see section 2.2.3)
is less than0.5%. A more detailed statistical tool that defines a95% confidence interval
as

X2
p,i ± 1.96

std(X2
p,i)√

M
, (3.24)

with std(X2
p,i) the standard deviation of the squared displacement, results in deviations

from the mean value of less than1.0% per direction. This value is smaller than the above
mentioned maximum difference of5% between single-particle dispersion in one of the
three principal directions and the spatially averaged dispersion.
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Figure 3.8: Mean-squared displacement as a function of timefor fluid particles in isotropic tur-
bulence (Reλ = 80) in thex-, y- and z-directions. The time-averaged rms-velocity of the flow
(per direction) is used for scaling.

The results do not depend on the Reynolds number, as can be seen in figure 3.9(a). Both
Reλ = 80 andReλ = 130 display the same behavior, although the time range of the
highest Reynolds number in the final diffusive regime is considerably shorter than that of
the lower Reynolds number. This clarifies the main drawback of high Reynolds number
simulations, they are very time consuming and therefore thetime that particles can be
tracked is limited.

In figure 3.10(a) the velocity autocorrelation function is shown together with two the-
oretical predictions. In the literature several models forthe shape of the autocorrelation
function are given. A good overview can be found in ref. [98].Most common is the
function exp(−τ/TL), which would point to a first-order Markovian stationary random
process, so for a Gaussian velocity field. This model is validonly in a limited range, es-
pecially not for smallτ . For small time lags the function1− τ2

τ2

λ

can be fitted, in whichτλ
is the Lagrangian Taylor time scale.
From the velocity autocorrelation function and the Lagrangian rms-velocity the disper-
sion can be calculated according to equation 3.17. Since thevelocity fluctuates in time
here the time-dependent rms-velocity is used. The spatially averaged result is plotted in
figure 3.9(b) together with the results derived from equation 3.23. Both methods nicely
show the same dispersion behavior. Especially for long times the result derived from
equation 3.17 displays fluctuations, which is caused by the fact that only a limited amount
of data is available to calculate the autocorrelation function for large time lags.
Lagrangian time series of the particle velocity are calculated along a particle trajectory.
Also in the Eulerian frame of reference velocity time seriescan be obtained, by measur-
ing the velocity at a fixed position in the domain. For comparison between Lagrangian
and Eulerian statistics this is done at10 grid positions. From these time series the Eule-
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Figure 3.9: a) Single-particle dispersion averaged over all three directions forReλ = 80 and
Reλ = 130. b) Single-particle dispersion forReλ = 80 calculated via two different methods:
A using equation 3.23 and B using equation 3.17 with a time-dependent rms-velocity.

(a)

R
L

,i
(τ

)

0

0.2

0.4

0.6

0.8

1

0 1 2 3 4 5 6 7 8

x
y
z
e-τ/TL

1-(τ2/τλ
2)

0.40

(b)

R
L
(τ

),
R

E
(τ

)

0

0.2

0.4

0.6

0.8

1

0 1 2 3 4 5 6 7

Lag
Eul

0.40

τ/TL τ/TL

Figure 3.10: a) Velocity autocorrelation function in thex-, y- and z-directions (Reλ = 80),
together with theoretical descriptions for both the initial form and the overall profile. The inset
shows the behavior for short time lags. b) Lagrangian and Eulerian velocity autocorrelation
function averaged over thex-, y- andz-directions. The surface under the graphs gives the large-
scale time scalesTL andTE, of which the latter is the largest. The negative values forRE(τ) and
its fluctuations are a result of the limited amount of data points used (only10 time series).
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rian velocity autocorrelation function is computed analogous to equation 3.18 and shown
in figure 3.10(b) together with the Lagrangian autocorrelation function. For short time
lags the Lagrangian autocorrelation function lies above the Eulerian one. According
to Tennekes [146], this is due to the advection or sweeping ofthe small eddies by the
large-scale structures in the flow. Using equation 3.19 the Lagrangian time scaleTL is
calculated and in a similar fashion the Eulerian time scaleTE follows from the Eulerian
autocorrelation function. The ratio of the Lagrangian timescale and the Eulerian time
scaleTL/TE ≈0.75 is consistent with values found in literature [166].

The single-particle dispersion results presented above are in agreement with previous
work on Lagrangian statistics in isotropic turbulence. An overview of the work car-
ried out on Lagrangian statistics can be found in Yeung (2002) [165]. Work on single-
particle dispersion has been reported furthermore by, for example, Yeung & Pope [168],
Squires & Eaton [134], Biferaleet al. [17] and Mazzitelli & Lohse [93] (DNS), Mor-
dantet al. [101] (experiments) and Osborneet al. [108] (KS, Kinematic Simulations).
The description of particle trajectories derived from stochastic models using the Langevin
equation can be found in the work by Reynolds & Lo Iacono [120], for example.

3.2.2 Particle-pair dispersion

In view of future applications of this work on particle dispersion, in which aggregate
formation plays a role (relevant for the dispersion of micro-organisms), not only the
spreading of individual particles is of interest, but also that of clusters of particles. In this
section the separation of pairs of particles, often called relative dispersion, will be de-
scribed. The work on pair dispersion started with the paper by Richardson (1926) [121],
where he introduces the distance-neighbor graph.
For particle-pair dispersion in homogeneous isotropic turbulence a couple of regimes can
be identified. The theoretical scaling laws depend on the initial separation between the
particles [128, 166]. For short times, the mean-squared separation between two fluid ele-
ments grows either exponentially or liket2 (Batchelor regime). This growth behaves ast3

in the intermediate regime, a result derived from Richardson’s work by Obukhov [99].
For long times a diffusion limit exists similar to that for single-particle dispersion. Which
regimes are passed through depends on the initial separation of the particles, only the final
t-regime is universal since at long times particles become uncorrelated, independent of
their initial separation∆0. Thet3-regime is derived theoretically for high Reynolds num-
ber flows with a clear inertial range [99] and for initial separationsη ≪ ∆0 ≪ Li [51].
For homogeneous isotropic turbulence a lot of work has been carried out on particle-pair
dispersion. An overview can be found in Sawford (2001) [128]. Recent numerical results
comprise of the studies by Yeung & Borgas [166] and Biferaleet al. [15] (DNS), Malik &
Vassilicos [89] and Nicolleau & Yu [105] (KS). Experimentalresults obtained from par-
ticle tracking velocimetry are shown by Ott & Mann [110] and by Bourgoinet al. [28].
Modelling based on stochastic models is described by Borgas& Yeung [25], for example.
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Figure 3.11: Mean-squared separation as a function of time for fluid particles in isotropic turbu-
lence for five different initial separation distances atReλ =80 and one forReλ =130 (∆0 =3 1

6
η).

The axes are made non-dimensional with the Kolmogorov length and time scale for comparison
with literature. For comparison with the results in section3.2.1: TL/τK = O(10). For long
times theReλ =130 result deviates from the others which is due to the chosen scaling. When the
large-scale parametersurms andTL are chosen all graphs nicely collapse.

Especially the verification of the universal Richardson-Obukhov prediction is a topic of
present-day research. It states that the mean-squared separation ξ2 of the two particles
that form a pair scales as

ξ2 = Gεt3, (3.25)

with G a universal constant. Contrary to single-particle dispersion, which is mainly
driven by the large-scale (energy-containing) eddies, theseparation of pairs depends on
velocity fluctuations at scales of the order of the separation of the pairs. At early stages it
therefore reflects the universal nature of small-scale turbulence (hence the universal con-
stantG) and the intermittent character of the energy cascade [15].While several studies
find a region with scaling proportional tot3 [110, 166], estimates forG span nearly two
orders of magnitude (from0.06 to 3.52) [128]. Biferaleet al. [15] (Reλ = 284) find a
dependence ofG on the initial separation when looking at the mean-squared separation
and apply the method of exit-time statistics to remove this dependency. However, using
high Reynolds number experiments (Reλ =815) Bourgoinet al. [28] do not find scaling
proportional tot3, they observet2-scaling (Batchelor) for more than two decades in time.

The same time series as collected for single-particle dispersion are used for the calcula-
tion of pair statistics. The mean-squared separation of pairs of fluid particles is depicted
in figure 3.11. As for single-particle dispersion the results in the three directions are the
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same and here the average value defined as

ξ2 =
1

3

∑

i=x,y,z

(

x
(1)
p,i (t) − x

(2)
p,i (t)

)2
(3.26)

is shown. Superscripts 1 and 2 denote the two particles of a pair. In taking this average,
only the pairs with an initial separation in the directions perpendicular to the calculated
pair separation as a function of time are taken into account;for example, an initial sepa-

ration in the horizontal plane for
(

z
(1)
p (t) − z

(2)
p (t)

)2
. This is done to obtain the classical

ballistic t2-regime for short times.
A t2-regime is expected initially and is indeed visible in figure3.11. Next follows a re-
gion which is close tot3 when∆0/η = O(5). However, because of our relatively low
Reynolds number this is a necessary transition from thet2-regime to thet-regime of
which the levels are determined by the flow instead of real Richardson dispersion. More-
over, this intermediate range, with scaling close tot3, is contaminated by the dissipative
range because not all particles start separating at the sametime. The pair dispersion is
therefore a mixture of ballistict2 andt3 behavior. This effect is demonstrated by Boffetta
& Sokolov [23] and Biferaleet al. [15], who made use of the method of doubling times
as introduced by Artaleet al. [6]. In case the graphs are scaled withεt3, a plateau would
be expected in the inertial range if Richardson dispersion exists, and its level gives the
value ofG. This is applied to our data, but we only find a peak for times inthe interme-
diate range. The values of the peak depend on the initial separation and for the graphs
closest tot3-scaling they are0.11 (∆0 = 3

2η and∆0 = 31
6η) and0.24 (∆0 = 6η). These

values are well within the range mentioned by Sawford [128],but deviate from the results
found by Biferaleet al. (0.50 ± 0.05) [15], for example. Finally, the long-term diffusion
limit is clearly visible. The result for a higher Reynolds number (Reλ = 130) is in nice
agreement with theReλ =80 results.

3.2.3 Multi-particle dispersion

The evolution of a cluster of four particles is studied to getan idea of the shape dynamics
of clouds of particles in isotropic turbulence. Under the action of the flow field the cloud
deforms, and in this way the shape of the cloud can also be usedto characterize the flow
field. Experimentally, for example, Lagrangian measurements of a cluster of particles
can be used to derive the full set of spatial velocity derivatives, which can be useful
in the study of vorticity dynamics [88]. The analysis of multi-particle statistics in this
work is conducted along the same lines as in previous work on homogeneous isotropic
turbulence [16, 118]. In order to characterize the shape dynamics for a set ofM = 4
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particles, the following set of vectors is introduced [40]:

r0 = (xp,1 + xp,2 + xp,3 + xp,4)/2, (3.27)

r1 = (xp,2 − xp,1)/
√

2, (3.28)

r2 = (2xp,3 − xp,2 − xp,1)/
√

6, (3.29)

r3 = (3xp,4 − xp,3 − xp,2 − xp,1)/
√

12 (3.30)

with xp,q (q = 1,M) the particle positions at the vertices of initially regular(but not
isotropic) tetrahedra.r0 defines the center of mass of the cluster, which has no influ-
ence on the cluster shape because of homogeneity of the flow and the uniform initial
particle distribution. Vectorsr1 to r3 form the columns of a square matrixr from
which a moment of inertia-like tensorI = rrT can be defined. The radius of gyra-
tion R2 =

∑M−1
q=1 r2

q = trI = g1 + g2 + g3 measures the spatial extent of the swarm
of particles. The shape of the cluster of particles can be derived from the eigenvaluesgi

(g1 ≥ g2 ≥ g3) of matrix I. Often these eigenvalues are given as the ratioIi = gi/R
2

(obviouslyI1+I2+I3 = 1). For the caseM=4, g1 =g2 =g3 corresponds to an isotropic
object. Wheng1 ≈ g2 ≫ g3 the object is flattened in one direction and it has a pancake-
like shape andg1 ≫ g2, g3 represents a needle-like object. Convenient ways to describe
the overall shape of an object consist of monitoringI2 or the volumeV = |det(r)| of the
object [118]. Using Monte Carlo simulations, Pumiret al. [118] and Biferaleet al. [16]
derived the values〈I2〉G4 ≈ 0.222 and 〈I3〉G4 ≈ 0.03 for isotropic Gaussian particle
distributions based on clusters of four particles (hence the subscriptG4), from which it
follows that〈I1〉G4 ≈ 0.748. Instead of looking only at mean values, a good description
of the type of structures occurring in a certain flow is also given by the probability density
function (pdf) of the eigenvaluesIi. Lüthi et al. [87] studied the topic experimentally -
and therefore necessarily only for short time spans - and, moreover, related the evolution
of groups of particles to simultaneous measurements of the velocity derivative tensor.
The procedure described above is applied to the particle positions that are used before
to calculate single-particle and particle-pair dispersion statistics. The results nicely cor-
respond with figure1 in Pumiret al. [118] and figure2 in Biferale et al. [16]. Similar
results are obtained with use of kinematic simulations by Nicolleau & ElMaihy [103].
In figure 3.12 the volumeV and scaled eigenvaluesIi are shown as a function of time
for different initial cloud sizes. Time is scaled by the Kolmogorov timeτK for com-
parison with literature [16, 118]. The ratio ofTL/τK is O(10). For each different case
shown in the figure, the results are ensemble averages over4096 tetrads. The volume
of the tetrahedra grows in time, where the start of the growthoccurs slightly earlier for
larger∆0. In the intermediate range no convincingt9/2-regime (Richardson) is found.
This is caused by the same reasons as mentioned for particle-pair separation statistics
(see section 3.2.2). For long times diffusive growth can be seen, related with the uncorre-
lated motion of the particles that form a tetrahedron. Our results cover a much larger time
range than those of Pumiret al. [118] and Biferaleet al. [16], making it possible to find
this long-time diffusive behavior, not only for the volume but also for the unscaled eigen-
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Figure 3.12: a) Cloud volume as a function of time for different initial particle separations
(Reλ = 80). Richardson scaling would giveV ∝ ε3/2t9/2 in the inertial range. b) Eigen-
valuesI1 (uppermost) toI3 (lowest) as a function of time. For clarity only three different initial
cloud sizes are shown:1

6
η, 3

2
η and15η (lines same as in figure (a)). The horizontal lines give the

Gaussian values〈I1〉G4
≈ 0.748, 〈I2〉G4

≈ 0.222 and〈I3〉G4
≈ 0.03.

valuesgi (not shown). Looking at the eigenvalues, it can be seen that initially I2 andI3
decrease andI1 increases. The maximum distortion is reached aroundt/τK =O(10), the
ratio of the eigenvaluesI1 : I2 : I3 is then approximately100 : 10−1 : 10−2 (the precise
values depend on the initial separation). This moment fallsin the intermediate range,
when the growth of the volume is strongest. Geometrically itmeans that the tetrahedra
change from their initial regular shape to more pancake-like and even needle-like struc-
tures. They are strongly distorted and become elongated objects. For long times they
nicely relax towards the Gaussian values mentioned earlier.
Different initial particle separations, or equivalently different initial tetrahedron sizes,
result in differences in both the moment of maximum distortion and in its value. With
decreasing∆0 the distortion increases, denoting more deformation. Because the smallest
tetrahedra need more time for their size to reach the scales of the intermediate range (vol-
ume starts growing later), it is expected that smaller tetrahedra reach the peak eigenvalues
at later times than larger ones. For the smallest three∆0 this is indeed found. However,
for larger∆0 (6η, 15η) the instants of time of maximum distortion increase again.
Of course, at a single moment in time all kinds of shapes are possible, the graphs shown
so far only give an idea of the mean shape of the objects in the flow. Plots of the proba-
bility density function give a good picture of the types of structures occurring at different
times during the evolution. For an initial cloud size of the order of the Kolmogorov size
the pdfs ofI1 to I3 are plotted in figure 3.13. This is done for three different times, one
shortly after the release of the particles in the flow, one around the moment of maximum
distortion and one for the long-time limit. A strong change with time can be seen. The
shift of the peak towards larger (I1) and smaller (I2, I3) values became already clear from
plots of the average values (figure 3.12(b)). The sharpest distributions are found around
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Figure 3.13: Probability density function of the eigenvaluesIi (i=1, 2, 3, successively) in homo-
geneous isotropic turbulence at three different times:t/τK =O(0.5): − · − · −, t/τK =O(15):
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Figure 3.14: a) Initial shape of the pyramid, the corner on the bottom left is a right corner.
b) Same four particles att/τK = O(15), the size is about10 times that of graph (a) and the
vertical axis is about twice that of the other two axes. c) Nowt/τK =O(500), the size is about
1000 times that of graph (a) and the ratio of thex, y andz axes is about4:1 :2.

t/τK =O(15), where the peaks occur in the graphs ofIi. For long times, a considerable
amount of tetrahedra has values forI1 of the order of0.5 - 0.6, and values forI2 of about
0.4 - 0.5. This means that a reasonable amount of the tetrads (about 10%) has a shape
that is more two-dimensional than the average value of the eigenvalues would predict.
I3 is strongly peaked around zero, so few real three-dimensional structures exist.

To get an impression of the deformation of the initial triangular pyramid, in figure 3.14
a cluster of four particles with∆0 = 1

6η is drawn at three different times. The object
becomes strongly elongated and its volume grows with about afactor of10003.
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3.2.4 Lagrangian energy spectrum and structure function

The Lagrangian energy spectrum is calculated by taking the cosine transform of the ve-
locity autocorrelation function [106, 167]:

EL(ω) =
2

π
u′2p

∫ ∞

0
RL(τ) cos(ωτ)dτ. (3.31)

The theoretical prediction for the scaling of this Lagrangian spectrum is based on the
Kolmogorov (1941) theory. In the inertial range (1/TL ≪ ω ≪ 1/τK , with frequency
ω=2πf ) it satisfies the relation

EL(ω) = β0εω
−2, (3.32)

with β0 a universal constant [99].
In a similar fashion as in equation 3.31 a Eulerian frequencyspectrumEE(ω) can be de-
fined. It is computed from time series of the velocity at fixed points in the flow domain.
A scaling law for the Eulerian frequency spectrum is proposed by Tennekes [146]. The
idea is that the dominant contribution to the kinetic energyat a frequencyω in the inertial
range comes from the large-scale advection of eddies in the inertial subrange of the wave-
number spectrum. This idea is an extension of the Taylor hypothesis of frozen turbulence
for the case of zero-mean flow. Using the relationk ∼ ω/urms then follows [146]

EE(ω) ∝ (εurms)
2/3 ω−5/3. (3.33)

The inertial range of the Eulerian frequency spectrum thus differs from that of the La-
grangian frequency spectrum. In figure 3.15 both frequency spectra are plotted, together
with their theoretical predictions for the inertial range.The differences between thex-,
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y- andz-directions are negligible and therefore the spatially averaged value is shown.
The Eulerian spectrum shows quite a lot of fluctuations, which is a result of saving ve-
locity time series at only ten positions in the flow field. For the Eulerian spectrum indeed
scaling proportional toω−5/3 is found. For the Lagrangian spectrum no clear scaling
behavior is obtained. Most likely, much higher Reynolds numbers are needed to be able
to observe inertial range scaling. Using the compensated Lagrangian spectrumω2EL(ω)
- which should show a plateau in case of Kolmogorov scaling - Yeung (DNS,Reλ up
to 234) [164] and Ouelletteet al. (experiments,Reλ = 690) [111] also do not retrieve a
clear scaling range. Mordantet al. (experiments,Reλ = 740) [101], on the other hand,
do find theω−2-scaling.

A quantity that is closely related to the energy spectrum is the second-order structure
function. The Lagrangian velocity structure function of ordern is defined as

SL

n,i(τ) = |u′p,i(t+ τ) − u′p,i(t)|n = |∆τu′p,i|n. (3.34)

Theoretically, the second-order structure function behaves asτ2 for short times and sat-
urates at2u2

rms for large time lags, when the velocities become uncorrelated [166]. The
range in between these two extremes is supposed to be the inertial range, in which the
following scaling law can be derived from Kolmogorov (1941)theory:

SL

2 (τ) = C0ετ, (3.35)

with C0 a universal constant. This constant is related to the theoretical prediction for the
Lagrangian frequency spectrum byC0 =πβ0 [99]. According to Lien & D’Asaro [81], it
is often easier to deriveC0 via β0 than directly from the second-order structure function.
They conclude thatReλ must be larger than105 for the inertial range of the structure
function to be sufficiently wide to accurately determineC0, while values ofReλ greater
than102 are sufficient to determineβ0. The second-order Lagrangian structure function
obtained in our simulations of isotropic turbulence is shown in figure 3.16. On the left
panel it can be seen that the results for short and long times are in good agreement with
the theoretical predictions. Any inertial range scaling ishard to indicate, as was also
the conclusion for the inertial range scaling of the Lagrangian frequency spectrum. Also
the compensated structure function shown in figure 3.16(b) does not show a sign of a
plateau. This is in agreement with previous studies, in which clear inertial range scaling
of the second-order Lagrangian structure function, even for higher Reynolds numbers, is
also not found (see, for example, Mazzitelli & Lohse [93], Yeung & Borgas [166] (DNS),
Berg [13], Mordantet al. [100], Ouelletteet al. [111] (experiments)). Since the plateau is
either short or absent, often the maximum valueC∗

0 of the compensated structure function
is taken as an estimate forC0. An overview of the values found from theory, Langevin
models, numerical and experimental work is given by Lien & D’Asaro [81]. Their con-
clusion is thatC0 =6 ± 0.5. Our estimate ofC∗

0 ≈ 4 is consistent with previous work at
similar Reynolds numbers [81].
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Figure 3.16: a) Second-order Lagrangian velocity structure function as a function of the time
interval τ . b) Second-order structure function rescaled with the theoretical prediction given in
equation 3.35. No plateau is observed; an estimate forC∗

0 is 3.8 for Reλ = 80 and 4.4 for
Reλ = 130.

One of the reasons for examining this value ofC0 is that it is a key parameter in stochastic
models of the dispersion based on a Langevin-type of equation [25]. Furthermore, a lot
of present-day research focuses on the scaling behavior of higher-order Lagrangian struc-
ture functions. This scaling behavior can be used to study Lagrangian intermittency. For
more details on this topic the reader is referred to the recent paper by Biferaleet al. [14]
that gives an overview of the work done so far and that makes a comparison between the
results derived from experiments and from direct numericalsimulations.

3.3 Concluding remarks

In this chapter the Eulerian and the Lagrangian descriptions of statistically stationary
homogeneous isotropic turbulence are given. The statistical quantities that will be used
in this thesis to describe the behavior of (fluid) particles are introduced. The Lagrangian
statistics consist of single-particle, particle-pair andmulti-particle dispersion, as well as
the Lagrangian energy spectrum and the second-order structure function. The results are
in good agreement with literature. It can therefore be concluded that the simulations of
homogeneous isotropic turbulence and the implementation of the fluid particle tracking
routine are correct.



4 Lagrangian statistics in stably
stratified turbulence 1

This chapter discusses Lagrangian statistics in homogeneous stably stratified turbulence.
Compared to previous studies on particle dispersion in decaying stably stratified turbu-
lence [76, 79], we apply forcing to obtain a statistically stationary stably stratified turbu-
lent flow. In stably stratified turbulence an average negative density gradient is present;
light fluid can be found on top of more heavier fluid. Such turbulent flows displaying sta-
ble stratification are often encountered in nature, for example, the nocturnal atmospheric
boundary layer, coastal areas and lakes.
In section 4.1 first a theoretical description will be given of stably stratified turbulence
and after that the type of flow resulting from our forced numerical simulations will be
characterized from the Eulerian point of view. Next, in section 4.2 Lagrangian statistics
will be considered. Single-particle, particle-pair and multi-particle dispersion will be dis-
cussed for different strengths of the stratification and theresults will be compared with
the results found in isotropic turbulence. Finally, autocorrelation functions and frequency
spectra are presented which are a fingerprint of the gravity waves present in the stratified
flow.

4.1 Eulerian description of stably stratified turbulence

4.1.1 Theory

In stably stratified turbulent flows buoyancy acts as a restoring force. It suppresses verti-
cal motion and therefore the resulting flow is often called quasi-two-dimensional turbu-
lence. In the last couple of years a lot of research has been carried out to obtain a detailed
description of this assumed (quasi-)two-dimensionality and the theoretical description
has been changed considerably.
An often used description of stably stratified turbulence isthat it consists of two types of
motion, occurring simultaneously: internal gravity wavesand quasi-horizontal vortical
motion. The theoretical description based on these two types of motion started with the
work by Riley et al. [124] (denoted RMW in the following). Lilly [83] extended this
work and included rotational effects in the analysis. Because strongly stratified flows
display layered, quasi-horizontal motion, the resemblance with two-dimensional turbu-

1The majority of the results presented in this chapter is published in ref. [2]
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lence led to the suggestion of an inverse energy cascade in such flows. The theoretical
underpinning of the connection with two-dimensional turbulence follows from the scal-
ing analysis proposed by RMW. In stratified flows both propagating internal waves and
non-propagating quasi-horizontal motions occur. The firstare often denoted wave modes
and the second are called vortical modes after the potentialvorticity that is present in
these modes [85, 123]. The assumption made by RMW, which was based on both exper-
imental and numerical observations, is that both effects evolve on different time scales,
making them distinguishable. For strong stratification, the time scale of the waves is
much smaller than the time scale of the vortex component. In this thesis, the ratio of
the time scale of the vortex component and that of the wave component is about50, the
precise value depends on the strength of the stratification.

Following RMW, we first consider the internal gravity wave component, which has a
characteristic time scalet ∼ N−1. Here,N is the buoyancy frequency - or Brunt-Väisälä
frequency - defined asN2 = − g

ρ0

∂ρ
∂z . In the following U is used as a characteristic

horizontal velocity scale, andL andH as typical horizontal and vertical length scales,
respectively. The aspect ratio isα=H/L. Two different Froude numbers can be defined,
the horizontal one beingFrh =U/NL and the vertical one isFrv =U/NH. The Froude
number gives a measure of the strength of the stratification.It can be interpreted as the
ratio of inertial forces and buoyancy forces, or equivalently, as the ratio of the time scales
of fast waves and slow advection. A flow is called strongly stratified when the Froude
number is (much) smaller than one.
For the scaling of the different terms in the Navier-Stokes equations the following as-
sumptions are now used. The scaling for the vertical velocity follows from the continuity
equation. The scaling of the pressure term is determined by assuming that for this non-
advective flow component the time derivative and the pressure force in the horizontal
momentum equation are of the same order. Finally, the scaling of the perturbation den-
sity ρ′ is obtained from the assumption that the terms∂ρ′

∂t andwN2ρ0/g in equation 2.3
are of the same order. This leads to the following scaling:

xh = Lx̂h, z = Hẑ, t =
1

N
t̂,

uh = Uûh, w = αUŵ,

ρ′ =
ρ0U2

gLFrv
ρ̂, p =

ρ0U2

αFrv
p̂. (4.1)

A hat is used to denote non-dimensional variables. The components in thex- andy-
directions are combined into one horizontal term, indicated with the subscripth, thus
xh = (x, y) anduh = (u, v).
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The equations of motion then become
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hûh +

Frv
αRe

∂2ûh
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Frv
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ûh · ∇̂hρ̂+ ŵ
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,

(4.2)

where the momentum equation is split into a horizontal and a vertical part. Any addi-
tional external forces (F u) are left out for simplicity. The Reynolds numberRe = UL/ν
is based on the horizontal length and velocity scales.
In the limit Frv → 0, these equations linearize. This lowest-order approximation corre-
sponds to the equation of motion for internal gravity waves.

To study the potential vorticity component of the large horizontal structures a different
scaling is chosen. Billant & Chomaz [20] give an elaborate description of the derivation
along the lines of RMW. The typical time scale for these vortical structures is the ad-
vection timet ∼ L/U . The scaling for the pressure is such that the horizontal pressure
gradient is of the same order as the nonlinear advective terms. Approximate hydrostatic
balance is assumed for the scaling of the perturbation density. An appropriate scaling
for the vertical velocity follows from the assumption that the terms∂ρ′

∂t andwN2ρ0/g in
equation 2.3 are of the same order [123]. The scaling for the vortical mode now becomes

xh = Lx̂h, z = Hẑ, t =
L
U t̂,

uh = Uûh, w = αUFr2vŵ,

ρ′ =
ρ0U2

gH ρ̂, p = ρ0U2p̂, (4.3)

which leads to the following set of non-dimensional Navier-Stokes equations:
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(4.4)

The crucial step for the comparison with two-dimensional turbulence is now to take the
strong stratification limitFrv→0. From the last term on the left hand side of the horizon-
tal momentum equation it follows that the horizontal and vertical momentum equations
decouple. This leads to two-dimensional flow in which the horizontal velocity field is
divergent-free. An expression for the vertical vorticity can be derived from these equa-
tions that is similar to the one describing two-dimensionalturbulence. The decoupling
occurs only in the lowest-order approximation, in the next order equations in the expan-
sion, there are terms describing the interactions between the wave and vortex parts of the
velocity field [85].

The discussion about the (quasi-)two-dimensional nature of stably stratified turbulence
is mainly driven by the question whether a forward energy cascade or an inverse energy
cascade is present is such flows. It has implications, for example, for the (numerical)
forcing of stably stratified flows. Should it be done at the largest scales in the flow or at
some intermediate scale? Several different forcing methods are adopted in literature, see
for example, Herring & Métais [67], Smith & Waleffe [130], Laval et al. [78], Waite &
Bartello [150, 151] and Lindborg & Brethouwer [85]. An elaborate study on the energy
transport between different scales, including an overviewof previous work on this topic,
is given by Lindborg [84]. Riley & LeLong [123] give an overview of all types of in-
teractions that are possible between different wave modes,different vortical modes and
combinations of both.

An important step in the theoretical description of stratified turbulence was made by
Billant & Chomaz [20] (called BC in the following). They explain why the horizontal
and vertical motions do not decouple, and thus why the description of stratified turbu-
lence as two-dimensional turbulence fails. To study the horizontal motion, they perform
a scaling analysis similar to the second one described above, so filtering out the fast in-
ternal waves. Instead of assumingH ≫ U/N (from Frv → 0), they leave the vertical
length scale, and thusα, to be a free gauge parameter. This assumption is based on ex-
perimental observations, in which the layer thickness is selected dynamically by the flow
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itself. Now onlyU andL (andN ) are assumed to be imposed externally. BC show that
in the strongly stratified limit,Frh = 0, the inviscid Boussinesq equations become self-
similar with respect to the variablezN/U when no vertical length scales are externally
imposed through boundary or initial conditions. This leadsto a scaling of the vertical
length scale asH= U/N , giving Frv = 1 andFrh =α. For a given velocity scale, the
vertical length scale will thus decrease as the strength of the stratification is increased
and the limitFrv → 0 will never be reached, no matter how strong the stratification be-
comes. In recent work, the focus has therefore shifted from the limitFrv→0 to the limit
Frh→0, F rv →1 [85]. The dimensionless quantities now become

xh = Lx̂h, z =
U
N
ẑ, t =

L
U t̂,

uh = Uûh, w = FrhUŵ,

ρ′ =
ρ0UN
g

ρ̂, p = ρ0U2p̂, (4.5)

and the corresponding dimensionless equations of motion are obtained by settingα = Frh
andFrv = 1 in equations 4.4:
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(4.6)

Viscous and diffusive terms are added here compared to the equations derived by BC [20].
From equations 4.6 it can be seen that the horizontal and vertical directions do not decou-
ple. Even if the vertical velocityw is small, the vertical transport and the vertical velocity
divergence terms cannot be neglected because of the largeness of the vertical gradients.
This derivation based on self-similarity is only exact in the limit Frh = 0, but it is ap-
proximately valid forFrh≪1 [20], which is more useful for practical applications.
Not only is the theory of BC derived in the limitFrh =0, it is also only valid in the invis-
cid, non-diffusive limit. Viscous and diffusive effects may alter the self-similarity. Since
the vertical length scale is much smaller than the horizontal one, dissipation is mostly due
to vertical shear(∂uh/∂z). For the comparison of inertial effects and viscous diffusion
by vertical shear, BC introduce a modified Reynolds numberR as

R =
inertial force
viscous force

=
U2/L
νU/H2

= Fr2hRe. (4.7)

Viscous effects will become important and break the self-similarity whenR < 1. In
a similar fashion it can be shown that density diffusion effects become important when
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Figure 4.1: Different regimes in stably stratified flows. Theconditions under which the simula-
tions and experiments are performed are represented by symbols. DNS = DNS by Brethouwer
et al. [32], R&dBK = DNS run F4R64 by Riley & deBruynKops [122], S&G = DNS run A
by Staquet & Godeferd [139], L&VA = experiments (decaying) by Lienhard & Van Atta [82],
P,F&S = experiments (bc and be, decaying) by Praud et al. [116]. Conditions typically found in
the middle atmosphere [84] and the upper ocean [102] are indicated, but these conditions can
vary considerably. The critical Froude numberFrh,crit = 0.02 marks the separation between
strongly and weakly stratified turbulence (see text). The conditions of the runs used in this thesis
are indicated with a star (3D forcing) and with a filled dot (2Dforcing). Graph taken and adapted
from ref. [32].

ReSc < 1/Fr2h. The theory derived above is thus only valid in the limitR≫1, and this
is also the regime that can be found in oceans and in the atmosphere. However, for both
experimental and numerical studies the regime of lowFrh and highRe is hard to realize
with present-day techniques. An overview of the different regimes, in which the values
that are used in some experiments and numerical simulationsare indicated, is given by
Brethouweret al. [32] and it is reproduced in figure 4.1.
In a separate paper, Godoy-Diana, Chomaz & Billant [60] describe two regimes based on
the parameterR. If R≫ 1, Fr2h ≫ 1/Re and vertical transport dominates over vertical
diffusion. WhenR≪1, Fr2h ≪ 1/Re and vertical transport terms can be neglected com-
pared to vertical diffusion terms. Brethouweret al. [32] give an elaborate description of
the flow dynamics in the different regimesR≪1 andR≫1. In the regimeR≫1, large-
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scale quasi-horizontal layers are observed, but at the sametime small-scale turbulent-like
motions and overturning are present in the flow. The scales larger thanlO are strongly
influenced by the stratification while those betweenlO andη are weakly affected by strat-
ification. Here,lO is the Ozmidov length scale defined aslO = (ε/N3)1/2, which is an
often used length scale in studies of turbulence affected bystratification. The Ozmidov
scale marks the transition between stratified and Kolmogorov turbulence; it sets a lower
limit of the scales that are affected by stratification. The relation between the Ozmidov
scale and the parameterR is given byR = (lO/η)

4/3, which indeed implies that in the
R≫ 1 regime the small scales are dominated by Kolmogorov turbulence.
The Kelvin-Helmholtz instabilities that lead to the break up of the layers at the small
scales, thereby causing turbulence, are visualized in the numerical work on the evolution
of Taylor-Green vortices by Hebert & deBruynKops [66]. In the regimeR > 1, con-
sequently, most of the energy dissipation takes place isotropically at the smallest scales.
The mechanism that most likely generates the large-scale layered structures in this regime
is the zigzag instability as observed in experimental work by Billant & Chomaz [19].
The regimeR ≫ 1 is furthermore divided into a strongly stratified turbulentregime
and a weakly stratified turbulent regime. Lindborg [84] derives a critical Froude num-
berFrh,crit ≈ 0.02, which divides the two regimes. ForFrh considerably lower than
Frh,crit, the motion is dominated by stratification, whereas forFrh larger thanFrh,crit,
more and more intermittently distributed turbulent patches are present in the flow.
Also whenR ≪ 1 thin horizontal layers are observed, but they tend to be smooth;
turbulent-like structures are almost absent. In this regime the vertical advection term
is negligible compared to the viscous term and the vertical interaction between different
horizontal layers is predominantly through vertical viscous shearing. Shearing of the rel-
atively large horizontal scales is the main source of kinetic energy dissipation forR < 1.
Basically, in both experiments and numerical simulations,there are two control pa-
rameters,N and ν (Re), which affect the stability of a stratified flow. IncreasingN
leads to a more stable solution whereas increasingRe (decreasingν) has the opposite
effect. The influence of the Reynolds number for fixed Froude number was already
studied numerically by Riley & deBruynKops [122] and by Laval et al. [78]. They
find that with increasing Reynolds number, the number and thespatial extent of the re-
gions with small (< 0.25) or negative Richardson number (see section 4.1.2 for a def-
inition) increase, denoting more (intermittent) mixing. IncreasingRe means increas-
ingR, so this enhanced mixing is consistent with more small-scale behavior as found by
Brethouweret al. [32].
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4.1.2 Characterization of the forced stratified turbulent fl ow

The simulations of homogeneous stably stratified turbulence start with the same initial
velocity field as is used for the simulations of homogeneous isotropic turbulence, to-
gether with a zero-valued scalar fluctuation field. Att = 0 a linear stable background
stratification is switched on by assigning a non-zero value to N , which is kept constant
throughout the simulation. The choice of a linear background profile implies a homoge-
neous stratification. In this chapter four different levelsof the background stratification
are studied, wherebyN2 is varied by a factor of10 between the different cases. Several
properties of these runs, including those of the isotropic turbulent flow described in the
previous chapter (called case N0), are given in table 4.1. For the strongest stratification
presented in this thesis, case N1000, the average density gradient is so large that the
Boussinesq approximation (see section 2.1) might not be valid anymore. Two different
types of forcing can be applied now, 2D forcing or 3D forcing (see section 2.1.4). For the
simulations described in this chapter, where we compare theresults from runs with differ-
ent stratification strengths, 3D forcing is chosen. In the following chapters the 2D forcing
method is adopted, which is mainly because it is easier to obtain a quasi-stationary flow
with that method.

A first question in this thesis is to examine whether it is possible to maintain a state
of statistically stationary stably stratified turbulence by applying artificial forcing. If
energy transfer to smaller scales is modified or if an inversecascade is present in the
flow, forcing at the large scales could lead to accumulation of energy at these scales and
eventually to a collapse of the simulation. We do find that thetype of forcing described
in section 2.1.4, with equal strength in all three directions, results in a quasi-stationary
state. Like for the isotropic turbulence described in section 3.1, we looked at both ki-
netic energy and the velocity derivative skewness to check the stationarity. Time series
of S3,x andS3,z are shown in figure 4.2 and their time-averaged values are given in ta-
ble 4.2. The componentsS3,x andS3,z are computed according to equation 3.3 and it
is checked thatS3,y is statistically the same asS3,x. For all cases studied in this work
the skewnessesS3 fluctuate around constant values, demonstrating the statistically sta-
tionary state reached in the simulations. In isotropic turbulence a negative value ofS3

implies a forward energy cascade [51]. Whether this relation holds for stratified turbu-
lence is unknown. With increasing stratification the value of S3,x first becomes more
negative than the value of−0.49 found for isotropic turbulence and then goes towards
zero, whereasS3,z first increases - even becomes positive - and then decreases towards
zero. This trend is also visible in figure1 of the paper by Kimura & Herring [76]. The
behavior of the skewness for moderate stratification (case N1 (not shown) and mainly
case N10) might be explained by a dominance of the effect of anisotropy of the flow on
nonlinear energy transfer. For strong stratification (cases N100 (not shown) and N1000)
the velocity derivative skewness goes to zero, indicating suppressed nonlinear energy
transfer from small to large wavenumbers.
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Table 4.1: Properties of the different simulations presented in this chapter. Cases N0 to N1000
are runs with increasing stratification strength, performed at a resolution of1283 with Sc= 1.
For the buoyancy frequencyN=0.98 s−1 several simulations are run in which some parameters
are changed. For cases Sc=0.5, Sc=2 and Sc=7 the Schmidt number is modified, case 2563 is
run at a higher resolution of2563, in case horF forcing is applied in horizontal direction only
and in case lowF the forcing amplitude is reduced. Froude numbersFrv andFrh are calculated
from Frv = urms/NLz andFrh = urms/NLh. Re is based on the horizontal integral length
scaleLh. kmaxη is a measure of the accuracy.

case N (s−1) Frv Frh Re R kmaxη

N0 0 - - 205 - 1.2
N1 0.098 0.89 0.58 235 79.05 1.4
N10 0.309 0.22 0.09 553 4.48 1.8
N100 0.98 0.09 0.03 618 0.56 1.7
N1000 3.09 0.05 0.01 731 0.07 1.4

Sc=0.5 0.98 0.09 0.03 613 0.55 1.7
Sc=2 0.98 0.10 0.03 624 0.56 1.6
Sc=7 0.98 0.11 0.03 608 0.55 1.6
2563 0.98 0.12 0.04 1148 1.84 1.7
horF 0.98 0.44 0.04 546 0.87 1.3
lowF 0.98 0.08 0.02 455 0.18 2.1

case uh/urms uz/urms Lz/Lh η/L0 TE/TE,N0 τK/TE

N0 1.0 1.0 1.0 3.0 · 10−3 1.0 9.5 · 10−2

N1 1.06 0.86 0.65 3.4 · 10−3 1.39 9.0 · 10−2

N10 1.19 0.40 0.39 4.4 · 10−3 2.91 6.8 · 10−2

N100 1.22 0.36 0.32 4.1 · 10−3 2.66 6.5 · 10−2

N1000 1.25 0.36 0.24 3.5 · 10−3 2.20 6.1 · 10−2

Sc=0.5 1.23 0.35 0.32 4.2 · 10−3 2.74 6.6 · 10−2

Sc=2 1.20 0.37 0.31 4.1 · 10−3 2.56 6.6 · 10−2

Sc=7 1.22 0.39 0.29 3.9 · 10−3 2.59 6.1 · 10−2

2563 1.16 0.49 0.32 2.2 · 10−3 1.98 4.6 · 10−2

horF 1.22 0.15 0.09 3.2 · 10−3 2.10 5.1 · 10−2

lowF 1.21 0.26 0.27 5.2 · 10−3 3.87 7.2 · 10−2
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Figure 4.2: Horizontal (a) and vertical (b) velocity derivative skewness as a function of time for
three values of the stratification: N0 (solid line), N10 (dashed line) and N1000 (thin line with open
circles). For clarity cases N1 and N100 are left out. They show similar quasi-steady behavior
around values of -0.52 and -0.37 (horizontal) and -0.43 and 0.02 (vertical), respectively. Time is
scaled with the eddy turnover timeTE for case N0.

Table 4.2: Average values with standard deviation of the skewnessS3 and flatness factorK for
the five cases, calculated according to equations (3.3) and (3.13). A distinction is made between
the horizontal and the vertical components. Standard deviations are largest for cases N10 and
N100 that were most difficult to get completely stationary.

case S3,x S3,z Kh Kz

N0 −0.49 ± 0.05 −0.49 ± 0.05 4.7 ± 0.3 4.7 ± 0.2
N1 −0.52 ± 0.06 −0.43 ± 0.05 4.8 ± 0.3 4.5 ± 0.2
N10 −0.72 ± 0.15 0.13 ± 0.14 6.3 ± 1.1 5.2 ± 0.7
N100 −0.37 ± 0.11 0.02 ± 0.08 3.8 ± 0.5 3.6 ± 0.3
N1000 −0.18 ± 0.08 0.01 ± 0.06 3.3 ± 0.2 3.2 ± 0.2
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Figure 4.3: a) Horizontal (topmost lines) and vertical kinetic energy as a function of time. The
gap between the horizontal and the vertical kinetic energy is slightly larger for purely horizontal
forcing (dashed lines) than for an equal forcing strength inall three directions (solid line for
high energy run, open circles for low energy run). Graphs aremade dimensionless with the time-
averaged total kinetic energy of the different runs. b) Vertical mean-squared displacement of
fluid particles as a function of time for both horizontal forcing (case horF) and three-dimensional
forcing (case N100:1283, high energetic, case lowF:1283, low energetic, case2563: higher
resolution (filled circles)). The stratification for both plots isN = 0.98 s−1. See section 4.2.1
for a discussion on the apparent difference in the long-timedispersion behavior between 2D and
3D forcing.

The horizontal and vertical kinetic energy as a function of time are shown in figure 4.3(a)
for a stratification withN = 0.98 s−1. Three runs are shown, one with 2D forcing (case
horF) and two with 3D forcing (cases N100 and lowF). The difference between these
last two runs is the amount of energy that is added to the flow bythe forcing (total ki-
netic energy differs by a factor of about two). Cases N10 and N100, where the strongest
competition is to be expected between turbulence generation by forcing on the one hand
and turbulence suppression due to stratification on the other hand, were most difficult to
get completely stationary. A slight increase with time of the average horizontal kinetic
energy is found (for example, solid line in figure 4.3(a)). A completely flat horizon-
tal kinetic energy level is only achieved when the applied forcing amplitude was small,
and the flow could hardly be called turbulent. In terms of kinetic energy, for case lowF
it follows from the energy spectra that only approximately1% (compared to10% for
isotropic turbulence and3−4% for case N100) of the energy is found atk/k0>10, so al-
most all small-scale motion has then vanished. The slight increase in the kinetic energy is
probably caused by the excitation of internal gravity waves, as discussed by Lindborg &
Brethouwer [85]. However, for the purpose of this thesis, the study of particle dispersion
in stratified turbulence, the stationarity is good enough. The mean-squared displacement
of fluid particles in both high (case N100) and low (case lowF)energetic stratified flows
is very similar. Especially the scaling behavior in the different time regimes shows few
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differences with energy level. For the vertical dispersionthis is shown in figure 4.3(b)
and also for the horizontal dispersion the slopes for both short times and long times are
approximately the same for both runs. The results shown in this chapter are derived from
the high energetic case where the horizontal kinetic energyslightly increases. This choice
is based on the following argument. For the comparison of thecases N10 and N100 with
cases N1 and N1000, where it was easy to obtain quasi-stationarity, a comparable amount
of small-scale motion is preferred, thereby avoiding a too short range of length scales in
the flow.
We prefer to use simulations of forced stratified turbulenceover decaying stratified turbu-
lence for the dispersion studies for the following reason. By keeping the energy distribu-
tion over the length scales in the flow statistically stationary, the turbulence level is kept
constant and hence the relative importance of the background stratification with respect
to turbulence (quantified by the Richardson number, see equation 4.11) remains constant.
This is not the case for decaying stratified turbulence. The energy spectra of decaying
stratified turbulence simulations progressively steepen in course of time due to dissipa-
tion at the smallest scales, thereby increasing the relative importance of the background
stratification.

To get an impression of this forced stably stratified turbulent flow field, several snap-
shot are shown in figure 4.4 for a buoyancy frequencyN = 0.98 s−1. In figures 4.4 (a)
and (b) vector plots of the in-plane velocity for the 3D forced case are plotted in a hori-
zontal and vertical cross-section of the domain, respectively. A plot of the absolute value
of the horizontal velocity in the same cross-sections is given in graphs (c) and (d). For
this rather strongly stratified turbulent flow the vertical velocity is much smaller than
the horizontal velocity, and therefore a plot of the total velocity looks very similar. In
graphs (e) and (f) again a color plot of the horizontal velocity is shown, but now for a
flow with the same value ofN but forced only in the horizontal direction.
In the horizontal plane strongly stratified flows typically display large vortical structures,
larger than those found for isotropic turbulence (cf. figure 3.1). In the vertical cross-
sections it can be seen that the flow consist of a layered structure. Strong shearing occurs
between these layers. Applying equal forcing in all three directions or purely forcing the
horizontal wavenumber modes leads to different flow configurations. As can be seen by
comparing figures 4.4 (c) and (d) with 4.4 (e) and (f) the structure of the flow field in
the horizontal direction is very similar, but differences exist in the vertical direction. The
thickness of the layers is smaller in case of 2D forcing. The main differences between
the two types of forcing are the ratio between the vertical and horizontal kinetic energy
(see figure 4.3(a)) and the ratioLz/Lh (0.32 for 3D forcing,0.09 for horizontal forcing).
Dispersion statistics, however, are qualitatively very similar despite differences in the
large-scale flow structures. For the vertical direction thedispersion statistics are shown
in figure 4.3(b) for both purely horizontal and three-dimensional forcing (both high and
low energetic), as well as for a simulation performed with 3Dforcing at a higher res-
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(a) (b)

(c) (d)

(e) (f)

Figure 4.4: Vector plots of the velocity field for case N100 with 3D forcing in (a) a horizontal
and (b) a vertical cross-section of the domain. c) and d) Samecross-sections as in (a) and (b)
but now the absolute value of the horizontal velocity is displayed, which is made non-dimensional
with urms. Similar plots as (c) and (d) are shown in (e) and (f), but herefor 2D forcing (case
N100r). This last velocity field will be used in chapter 5.
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(a) (b) (c)

Figure 4.5: Isovorticity surfaces for cases (a) N1 at2.0ωrms, (b) N10 at1.6ωrms and (c) N100 at
1.6ωrms. With increasing stratification the structures become morehorizontal and pancake-like
and less small-scale structures are visible.

olution (2563). For the horizontal dispersion (not shown) the differences between the
two forcing methods (2D and 3D) are hardly visible and the slopes are exactly the same.
A detailed description of the results follows in section 4.2.1, for now only the strong re-
semblance between the two forcing methods is of importance.Horizontal forcing cannot
be applied to the isotropic case N0 and to the weakly stratified case N1. In order to make
all simulations comparable, the same forcing type, and thus3D, is chosen.
The flow is highly anisotropic for the strongest stratified cases, as can be deduced, for
example, from the values of the ratiosuh/urms, uz/urms andLz/Lh in table 4.1. The
vertical length scaleLz gives a measure of the layer thickness and the horizontal length
scaleLh can be interpreted as the width of the energy containing eddies. The ratioLz/Lh

decreases with increasing stratification because bothLz decreases andLh increases. In
order to check whether the growth of the horizontal length scales is not limited by the
size of the domain or becomes too large to be able to use periodic boundaries (Lh should
be smaller than0.5L0), a simulation is performed with horizontal domain size2L0. The
results of this simulation do not show marked differences inbothLh and the dispersion
behavior of fluid particles.
The anisotropic, layered structure of the flow becomes also clear from plots of the isovor-
ticity surface. They are shown for three different stratification levels in figure 4.5. The
isovorticity surface of case N1 resembles the one found for isotropic turbulence (cf. fig-
ure 3.6), with small structures directed in all three directions. Strong stratification (case
N100) shows pancake-like structures, whereas for the weaker stratification (case N10)
traces of small-scale structures can be seen in addition to the pancakes. The pancake-like
structures are related to regions of strong vertical shear [76]. In figure 4.6 the horizontally
averaged square of the vertical shear, defined as

Σ2 =

〈

(

∂u

∂z

)2

+

(

∂v

∂z

)2
〉

h

, (4.8)
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Figure 4.6: Mean-squared shear for case N100 as a function ofthe vertical positionz at a single
moment in time. A layered structure is seen with regions of high and low shear.

is plotted as a function ofz for case N100. Alternating regions of high and low vertical
shear demonstrate the layered structure. As described in section 4.1.1 the dynamics of
turbulence affected by stable stratification can be classified into two distinct regimes de-
pending on the value ofR. ForR< 1 large, smooth horizontal layers can be observed
and energy is dissipated mainly by vertical shearing of the large-scale pancake-like struc-
tures. WhenR>1, large quasi-horizontal layers are still noticeable but atthe same time
small-scale turbulent-like motions are present and dissipation predominantly takes place
at these smallest scales. For the cases studied in this chapter this classification would sep-
arate cases N1 and N10 (R>1) from cases N100 and N1000 (R<1). The four stratified
cases described in this chapter are indicated with a star in the graph of Brethouweret al.
[32] (figure 4.1). For case N1 the effect of the stratificationis only weak, but for case N10
in figure 4.5 indeed large-scale horizontal structures can already be identified in combi-
nation with small-scale fluctuations. According to Brethouwer et al. [32] these small-
scale motions are most likely due to Kelvin-Helmholtz type instabilities generated by
shear between different layers. The fact that case N10 reveals both large-scale horizontal
structures and appreciable small-scale fluctuations, thusrepresenting highly anisotropic
turbulent flow, might explain the abnormal values of the skewness (S3,x ≈ −0.72 and
S3,z ≈ +0.13) and of the flatness (see below). The influence of large-scaledissipation
for cases N100 and N1000, resulting in reduced transport of energy through a cascading
process, becomes also clear from the values of the velocity derivative skewness (see ta-
ble 4.2). Consistent with the classification based onR, we find that for cases N1 and N10
the Ozmidov scalelO is larger thanη, whereas for cases N100 and N1000lO < η. For
these last two cases all turbulence scales are therefore influenced by the stratification.
Similar to what was found for isotropic turbulence, also forstratified turbulence the flat-
ness factor is quasi-steady in time and its values are given in table 4.2 for different strat-
ification strengths. It can be seen that with increasing stratification the flatness factor
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Figure 4.7: Horizontal (a) and vertical (b) energy spectra as a function ofk/k0 for different
stratification levels, calculated according to equations (4.9) and (4.10), respectively.

decreases, with an exception for case N10, and so the flow shows less intermittent be-
havior. Furthermore, again a distinction is notable between cases N1 and N10 on the one
hand and cases N100 and N1000 on the other hand. The first two show anisotropy in
the values of the flatness factor, whereas the second two havesimilar values for both the
horizontal and the vertical direction.

Regarding the transport of energy from the large scales to the small scales in the flow, it
is illustrative to look at the energy spectra as plotted in figure 4.7. They are calculated as

Eh(kn) =
∑

kn−
1

2
k0≤k<kn+ 1

2
k0

1

2

(

1

2
|ũ(k)|2 +

1

2
|ṽ(k)|2

)

(4.9)

Ev(kn) =
∑

kn−
1

2
k0≤k<kn+ 1

2
k0

1

2
|w̃(k)|2 (4.10)

for the horizontal and the vertical directions, respectively. Here, wavenumberkn is a mul-
tiple ofk0. The influence of the stratification on the flow for the weakeststratified case N1
is rather small, and its spectra have almost the same shape asin isotropic turbulence
(case N0). All three stronger stratified cases show qualitatively the same behavior. Both
in horizontal and vertical direction the spectrum becomes steeper for stratified turbulence,
so less energy is present at the smallest scales. Comparing the horizontal and vertical di-
rections (figures 4.7 (a) and (b), respectively), at the largest scales much more energy can
be found in the horizontal velocity components than in the vertical velocity component.
The horizontal spectrum, however, falls off faster at higher wavenumbers. At the smallest
scales (k/k0>50) the energy is distributed more or less isotropically for cases N0 to N10.
For strong stratification this distribution is anisotropic: Eh(k/k0 > 50)/Ez(k/k0 > 50)
is 3.1 (case N100) and7.7 (case N1000), whereas this value is1.0 for isotropic turbu-
lence.
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Figure 4.8: Dissipation spectra of horizontal (a) and vertical (b) kinetic energy for different strat-
ification levels. Graphs are made dimensionless with the time-averaged total energy dissipation.

Two convincing indications for the existence of a forward energy cascade in forced sta-
bly stratified turbulence are found. No accumulation of energy takes places at the largest
scales in the flow, which would give a blow-up of the total kinetic energy. Moreover, a test
in which forcing is applied aroundk=8k0 resulted in a flow with only a little amount of
energy at the largest scales (smallest wavenumbersk), displaying only small-scale flow
structures. Because of the presence of this clear forward energy cascade, large-scale forc-
ing as applied in this study is appropriate.
In figure 4.8 the corresponding dissipation spectra are given. By comparing the graphs
for the dissipation of horizontal and vertical kinetic energy (figures 4.8 (a) and (b), re-
spectively), it can be seen that most of the dissipation comes from velocity components
u andv. This is reasonable, since most of the kinetic energy can be found in these ve-
locity components and they experience the strongest shear.Furthermore, it can be seen
that the dissipation for strongly stratified flows takes places at larger scales than for weak
stratification (case N1) or for isotropic turbulence. This shift towards larger scales is
found for both horizontal and vertical dissipation, but it is most pronounced in the hori-
zontal direction. The shift of the dissipation towards larger scales for strong stratification
agrees with the description of theR≪1 regime given at the end of section 4.1.1.

Also vertical cross-sections of the density profile clarifythe processes occurring in sta-
bly stratified turbulence. They are presented in figure 4.9 for three different values of the
background stratification. For case N1 (weak stratification) a lot of overturning and mix-
ing between different layers can be seen. This diminishes with increasing stratification
and for the strongest stratification shown (case N100) turbulent fluctuations are hardly
visible, only an almost linear density profile is left.
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(a) (b) (c)

Figure 4.9: Vertical cross-sections of the density profile.For case N1 (a) mixing is clearly visible,
for case N10 (b) mixing is clearly reduced and case N100 (c) only shows slight fluctuations upon
the linear background profile.

To quantify the amount of mixing a local gradient Richardsonnumber can be defined as

Rig =
N2

(

∂u′

h

∂z

)2 , (4.11)

which is a ratio of the restoring buoyancy forces and the turbulence producing shear
forces. Hereu′h is the horizontal component of the fluctuating velocity fieldat a sin-
gle moment in time. For steady mean shear flows of an inviscid stably stratified fluid
the Miles-Howard criterion states that the flow can only be unstable and turbulent when
Rig<Ricr =0.25 [70, 97]. For practical flow situations different values arefound for the
critical Richardson numberRicr, all of orderO(1) [141]. Probability density functions
of the values ofRig calculated in the whole computational domain at a single time step
are shown in figure 4.10 for different values of the stratification, including the reference
value0.25. For case N1 it can be seen that in large parts of the domain shear effects are
dominant (Rig < 1 at about60% of the grid points), so a lot of overturning is possible.
This picture changes considerably with increasing stratification. For case N10 about25%
of the grid points hasRig < 1 and for case N100 this is approximately0%, almost all
mixing has vanished there.

Wave-like motion is present in both the velocity and the scalar field. It can be seen in
most quantities (Eulerian and Lagrangian, mainly in the vertical components) of which
the evolution in time is studied, like kinetic and potentialenergy, length scales, autocor-
relation functions and particle dispersion. The frequencyof these waves corresponds to
the buoyancy frequency, their fundamental frequencyf ≃N . Examples of these waves
can be seen in the oscillations around the plateau in figure 4.12(b) and in the peaks in the
frequency spectra (see section 4.2.4).
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Figure 4.10: Probability density functions of the gradientRichardson number for cases N1, N10
and N100, respectively. The theoretical critical value ofRicr = 0.25 is also shown in the graphs
(dashed line). With increasing stratification less turbulent overturning can take place.

4.2 Lagrangian statistics in stratified turbulence

When the flow has reached a statistically stationary state,16 384 fluid particles are re-
leased for cases N1, N10 and N100 using the pyramidal initialpositions described in sec-
tion 2.2.4. For case N100081 920 fluid particles are released, like in the case of isotropic
turbulence (N0), to be able to study the dispersion of pairs and tetrads with five different
initial separations between the particles. Time series of the particle positions and parti-
cle velocities are collected and used to calculate Lagrangian statistical properties. The
focus is here on dispersion. Single-particle dispersion aswell as the dispersion of pairs
and clusters of four particles will be described in sections4.2.1 to 4.2.3, successively.
Furthermore, we make a comparison between the Lagrangian and the Eulerian descrip-
tion. The Eulerian equivalent of Lagrangian particle dispersion is to look at passive scalar
concentrations. This is done at the end of section 4.2.1. Thechapter will be concluded
with a discussion of the Lagrangian and Eulerian autocorrelation functions and frequency
spectra found for stably stratified turbulence. By comparing the spectra with those ob-
tained found for isotropic turbulence, mainly the existence of internal gravity waves can
be demonstrated.

4.2.1 Single-particle dispersion

Before going into details on the statistical description ofsingle-particle dispersion, first
an impression of the dispersion process is given with use of snapshots of the particle po-
sitions at different times after their release. Hereto a separate run is performed in which
2000 particles are released in a strongly stratified turbulent flow (case N100), with ini-
tial positions all in a small sphere of radius0.025∆x in the center of the domain. The
evolution of their positions can be seen in figure 4.11. Initially, the particles are very
close together and they remain close together for about2TE. Next, they start separating
in the direction of maximum strain. This can be seen in figure 4.11(b) where the fluid



68 Lagrangian statistics in stably stratified turbulence

(a) (b)

(c) (d)

Figure 4.11: Positions of2000 particles after release in a small blob in the center of the domain
in a case N100 flow, at different times: (a)t=0, (b) t=6TE, (c) t=9.5TE and (d)t=20TE. The
dispersion in the vertical direction is clearly suppressed.
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particles form an elongated string. From aboutt = 15TE the particles are distributed
equally over the domain (see figure 4.11(d)), at least in the horizontal direction. In the
vertical direction the dispersion is suppressed, an effectthat can clearly be observed in
figure 4.11. A fluid particle that is vertically displaced from its initial position will return
to that initial vertical position in a stably stratified environment2.

The fundamental work that has been carried out on fluid particle dispersion in homo-
geneous stratified turbulence is to date rather limited. Kimura & Herring [76] studied
dispersion in decaying stratified turbulence by means of direct numerical simulations
and Nicolleau & Vassilicos [104] used kinematic simulations to study dispersion in non-
decaying stratified turbulence. More recently, Liechtenstein et al. [79, 80] investigated
the influence of nonlinear effects on fluid particle dispersion by comparing the results of
DNS of decaying stratified (and rotating) turbulence with those obtained using KS and
rapid distortion theory (RDT). Some examples of experimental studies on particle dis-
persion in stratified turbulence can be found in Pearsonet al. [112].
When a stable background stratification is present, the dispersion in the vertical direction
is suppressed and also in the horizontal direction it is altered. The theoretical predictions
derived for isotropic turbulence (equations 3.20 and 3.21)need to be modified. After the
initial ballistic regime, several authors (see, for example, refs. [74], [104] and [112]) pro-
vided evidence of a plateau for vertical fluid particle dispersion for intermediate times,
aroundt= 2π

N , as a result of the suppressed vertical dispersion. The level of this plateau
scales as

X2
fp,z(t) ≈

w′2

N2
, (4.12)

with N the buoyancy frequency. The choice of the rms-velocity in equation (4.12) dif-
fers, some take the overall value as defined in section 3.1 [104], while others use only
the component in the vertical direction [112]. We use the vertical component given by
w′2 =2Ez, withEz the kinetic energy in the vertical direction.
The effect of the stratification on horizontal fluid particledispersion is not clear yet, of-
ten it is assumed to be similar to the dispersion in homogeneous isotropic turbulence
[76, 104, 147]. Only recently some first doubts about this assumption have been put
forward by Liechtensteinet al. [80]. They find a long-time behavior that is proportional
to t2 when using the linear RDT model, whereas their DNS results show a slight tendency
towards a diffusive regime. From their work, however, it cannot be deduced whether the
superdiffusive long-time regime is inherent to the type of flow under consideration or that
it is a result of too short integration times.
Attempts to model single-particle dispersion in stratifiedflows started with the work by
Csanady [48]. More recently, next to the above mentioned plateau, a theoretical model by
Pearsonet al. [112] predicts a linear growth of the mean-squared verticaldisplacement

2This statement does not hold in the long-time limit, as will be discussed in detail later in this section.
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Figure 4.12: Horizontal (a) and vertical (b) single-particle dispersion as a function of time for the
five different cases. The plateau for vertical dispersion starts aroundt= 2π

N . The rms-velocities of

the flow in horizontal
(

u′2h

)

and vertical
(

w′2

)

directions are used for non-dimensionalization,

together with the Lagrangian time scaleTL for case N0.

for large times.

Single-particle dispersion in horizontal and vertical direction resulting from our DNS
of stationary stratified turbulence is shown in figure 4.12 for five different values of the
density stratification. For horizontal dispersion in relatively weak stratification (case N1)
we do retrieve the same classical regimes of equations (3.20) and (3.21) as found for
isotropic turbulence.
For strong stratification the plateau with its accompanyingscaling proportional toN−2

(equation 4.12) is found for vertical fluid particle dispersion. When the horizontal and
vertical axes of the right plot in figure 4.12 are rescaled tot N

2π andX2
fp,zN

2/w′2, respec-
tively, the onset of the plateaus collapse as can be seen in figure 4.13(a). For times up to
aboutt/TL =O(10) these plots resemble the results of refs. [76] and [104].
For longer times a new regime can be identified, which becomesavailable by tracking
the particles for sufficiently long times in a quasi-stationary stably stratified flow. The
dispersion in the vertical direction starts to increase again and is proportional tot, which
is a clear indication of a diffusion process. This diffusionof fluid particles away from
their original equilibrium position is caused by moleculardiffusion of the active scalar
(density), what we checked by changing the Schmidt number. The effect of the Schmidt
number on the dispersion in vertical direction is shown in figure 4.13(b). With increas-
ingSc, or similarly with decreasing molecular diffusion of the density, vertical dispersion
indeed reduces; the diffusive regime sets in at later times.In the limit of Sc→∞ (κ↓0)
only the plateau would be found. The diffusive regime was already predicted by the
model of Pearsonet al. [112]. From their work it can be deduced that the time scale for
the fluid elements to change their density (τtrans) is proportional to the Schmidt num-
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Figure 4.13: a) Same plot as figure 4.12(b), for cases N10 to N1000. The axes are rescaled to
elucidate the scaling behavior and the collapse of the onsetof the plateaus. b) Vertical dispersion
for case N100 for different values of the Schmidt numberSc. With increasingSc (or similarly
with decreasing molecular diffusion) the onset to long-time diffusion is delayed, clarifying the
role of molecular diffusion in vertical particle dispersion.

ber,τtrans ∝ Sc. Here we choose this starting time of the diffusive regime asthe point
at which the vertical single-particle dispersion starts todeviate from the results for case
Sc=7. It is found that these starting timesτtrans double whenSc doubles from0.5 to 1
and from1 to 2, thereby confirming in this range of Schmidt numbers the predictions
made by Pearsonet al. [112]. This scaling regime has not been observed in decaying
stratified turbulence. In the available studies [76, 79, 80]the energy content of the turbu-
lent flow reduces too fast in course of time to enable observation of this regime.
The following observations are made for vertical dispersion. In the early stages the par-
ticles move away from their initial position with their local velocity. This results in the
ballistic t2-regime. Next, their vertical displacement is restricted to a thin layer (see fig-
ure 4.11). Particles perform wave-like motion which is indirectly visible from the contin-
uous increase and decrease of the vertical mean-squared displacement around an average
plateau level (see figure 4.12(b)). During this stage, particles continuously convert ver-
tical kinetic energy into potential energy and vice versa [147]. In case the particles are
released in a thin horizontal plane instead of as a homogeneous random distribution over
the total domain - or in a single blob -, particle dispersion denotes the growth of the
layer thickness. It is found in a separate simulation that particles released in this way
will remain in a thin horizontal layer (see figure 4.11(d)). For long times, finally, due to
the exchange of density between elements of the fluid by molecular processes, the ac-
tual equilibrium height of each individual particle slowlystarts to deviate from its initial
equilibrium height. Particles thus forget their initial positions, they obtain new equilib-
rium levels, and the resulting behavior is diffusive in the long-time limit. This process is
depicted schematically in figure 4.14.
The origin of the diffusive regimes found for the dispersionin isotropic turbulence and
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Figure 4.14: A fluid particle that travels from its original position 1, where the density of the
surrounding fluid isρ1, through the flow, continuously exchanges density with surrounding fluid
elements via molecular diffusion. At timet its density has changed slightly and a new equilibrium
height is attained correspondingly (position 3).

in stratified turbulence is fundamentally different. In isotropic turbulence the motion of
a particle is purely advective. The linear dispersion behavior for long times is therefore
a random walk-like, statistical property [51]. On the otherhand, the diffusive regime for
vertical single-particle dispersion in case of strong stratification is caused by molecular
diffusion of the density of the individual fluid particles. Without molecular diffusion no
long-time diffusion limit would be present.
The quantitative differences in the long-time behavior of the vertical dispersion between
2D and 3D forcing (figure 4.3(b)) can be explained by differences in the flow dynamics.
When forcing purely horizontally, mainly the vertical length scale is smaller than in the
3D-forced case. By rescaling the time axis with a large-scale advective time scale based
onLz andw′ instead of scaling with2π/N , the long-time behavior becomes quite similar
for both cases.

Horizontal dispersion is enhanced by stratification, as canbe seen in the left graph of
figure 4.12. For long times, a clear superdiffusive regime isfound which is proportional
to tφ, with φ = 2.1 ± 0.1. The main cause of the presence of a superdiffusive regime
is the effect of vertical shear. Stably stratified turbulence shows quasi-two-dimensional
behavior as described in section 4.1.1. In the horizontal plane large-scale vortical struc-
tures exist with large eddy turnover time scales. These horizontal structures are not fully
decoupled in the vertical direction and strong shearing occurs between vortices in differ-
ent layers. The vertical range of displacement of fluid particles is limited; in case N100,
for example, a fluid particle traverses about1/20 of the domain height. Locally the flow
resembles a shear flow (see figure 4.6), and this shear causes superdiffusive dispersion
behavior. Horizontal dispersion in flows with a constant mean vertical velocity gradient
(linear shear flow), for example, is proportional tot3 [3, 45]. In the present study, we
do not have pure shear flow only. Tests in which random walk motion is carried out
in profiles that resemble parts of the real vertical mean shear profile found in stratified
turbulence (see figure 4.6) show the following. In a region ofuniform flow (classical
picture of a random walk, figure 4.15(a)) the long-time dispersion behaves liket. In lin-
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(a) (b) (c)

Figure 4.15: Different simplified profiles that resemble parts of the mean vertical shear profile
found for stratified turbulence (see figure 4.6). a) Uniform flow, b) linear shear flow, c) one half
of a sine.

ear shear flow (figure 4.15(b)) this givest3 and in the profile depicted in figure 4.15(c)
the long-time dispersion limit scales proportional tot2. It is therefore anticipated that
the horizontal mean-squared displacement in homogeneous stratified turbulence should
scale liketφ, with 1 < φ < 3.
The influence of the Schmidt number on horizontal dispersionis negligible, which was
expected because of the relative unimportance of density diffusion compared to advec-
tion.

Euler versus Lagrange

In the Lagrangian framework individual fluid particles are followed. A corresponding
Eulerian property is the concentration of a passive scalar.The evolution of this concen-
tration c is given by Dc

Dt = κ∇2c. Which of the two methods is most suitable depends
on the type of application. Sometimes the concentration distribution of a certain material
contains sufficient information, whereas in cases where, for example, particle-particle
interactions play a role, the trajectories of individual particles are necessary. Also for
the purpose of fundamental study the treatment of individual fluid particles can be very
useful. Both methods give a similar description of the mixing in stably stratified turbu-
lence. To demonstrate this similarity a simulation is performed in which fluid particles
and a passive scalar are released simultaneously in a horizontal layer of thickness3∆z
in a N10 flow. The Schmidt number is set to one, soκ = ν. The initial passive scalar
concentration distribution is chosen as follows: it is zerooutside the layer and within the
layer is looks like a step function,1 : 2 : 1. The16 384 fluid particles have an equivalent
distribution: one-half of the particles is released in the middle grid cell and the grid cells
above and below contain one-quarter of the total number of particles each. The spread-
ing of both the fluid particles and the passive scalar concentration is shown in figure 4.16.
Both methods display a comparable evolution of the layer thickness. The comparison can
be made more quantitative be defining a measure for the layer thickness of the passive
scalar. First, a horizontally averaged concentration is calculated at every vertical grid po-
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Figure 4.16: Fluid particle positions (left) and passive scalar concentration (right) at three dif-
ferent times:t = 0, t ≈ TE andt ≈ 16TE in a N10 flow.
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Figure 4.17: Evolution of the vertical mean-squared displacement of Lagrangian fluid particles
and of the layer thickness of a passive scalar in a N10 flow. Quantitative measure of the plots
shown in figure 4.16.

sition. From the resulting average vertical concentrationprofile the standard deviationσ
is computed and this value is taken as a typical thickness of the layer. Because of the
thin, step-like initial profile, this measure is not accurate for real short times. The vertical
dispersion for the fluid particles starting from within the layer is shown in figure 4.17,
together with the thickness of the passive-scalar layer. The initial behavior of the scalar
result should be neglected for the reason described above. After that initial period the nice
agreement between the Lagrangian and Eulerian descriptions can be seen. The spread-
ing of the passive scalar also shows plateau-like behavior and a long-time growth can be
observed that approaches a slope proportional tot. The final Eulerian growth is larger
than the Lagrangian one. This might be caused by the fact thatin the Eulerian case both
advection and diffusion are taken into account, whereas theLagrangian description only
considers advection, diffusive effects come into play onlyindirectly via the molecular
diffusion of the active scalar (density). Moreover, care should be taken that the measure
of the scalar thickness defined here only gives a rough estimate.

In this thesis we are mainly interested in the transport of individual particles and in the
statistical properties resulting from their trajectories. But, as illustrated, the tool of track-
ing fluid elements can also be used to study flow properties. Asshown by ref. [29],
both particle trajectories (Lagrangian) and the diapycnalflux (Eulerian) can be used to
derive the eddy diffusivity coefficient when studying mixing of a stably stratified flow.
The diffusive regime for the vertical dispersion in strongly stratified turbulence found in
the present work gives a signature of irreversible mixing due to the diapycnal flux.
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Figure 4.18: Second-order moment of the vertical separation between two particles as a function
of time. a) Results for five different levels of the background stratification. The initial separations
are in horizontal direction,3

2
η for cases N0 and N1000 and5

2
η for cases N1, N10 and N100. The

first plateau starts aroundt = 2π
N , whereas this value for the second plateau (indicated with an

arrow) is t≈O(TE). b) Case N1000 for five different initial separations;1

6
η: -- -- -- , 3

4
η: · · · · · ,

3

2
η: − · − · − , 6η: - - - - , 15η: —— .

4.2.2 Particle-pair dispersion

To study the separation of pairs of particles in stably stratified turbulence, the same pro-
cedure is followed as for isotropic turbulence. For case N1000 five different initial sepa-
rations are chosen, just as for case N0, with∆0 about 1

6 ,
3
4 ,

3
2 , 6 and15 (in units ofη) in

all three directions. For cases N1 to N100 the initial separation between two particles is
about52η.
An elaborate theoretical description of relative dispersion in stably stratified turbulence is
lacking nowadays. Vertical particle-pair dispersion in stratified turbulence is suppressed
like for single-particle dispersion. Nicolleau & Vassilicos [104] retrieved a plateau again
at t≃ 2π

N and observed the beginning of a second plateau for large times. Horizontal pair
dispersion shows three regimes, like in isotropic turbulence. Initially the classical bal-
listic regime is obtained, followed by a larger slope in the intermediate range and again
a smaller slope for long times [80, 104]. For long times the particles that form a pair
are expected to become uncorrelated, resulting in similar long-time dispersion behavior
for particle pairs as for single particles. Nicolleau & Vassilicos [104] indeed found this
behavior, with a scaling that is proportional tot. Liechtensteinet al. [80] see a much
stronger final growth, which according to them is most likelycaused by too short inte-
gration times.

The mean-squared separation of pairs of fluid particles as a function of time is shown
in figures 4.18 and 4.19 in vertical and horizontal direction, respectively. These results
are derived from pairs with an initial separation in the directions perpendicular to the
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plotted dispersion direction. Results of pairs that are initially separated along the plotted
direction are very similar, except for vertical cases where∆0 in thez-direction is larger
than the levels of the first plateau.
Figure 4.18(a) shows that also in a stratified environment the vertical separation starts
with the classicalt2-regime. Next, a plateau is found, starting aroundt = 2π

N . At later
times an increase to a second plateau (indicated with an arrow) can be seen, at least for
the strongest stratifications. The time at which the increase to this second plateau starts
is of the order of the largest time scales in the flow (TE). The final regime is again the
linear diffusion limit. Nicolleau & Vassilicos [104] already predicted the existence of
the second plateau, though their kinematic simulation was not carried out long enough
to see more than just the beginning of this plateau. The transition from the first to the
second plateau coincides with the intermediatet3-regime for horizontal pair dispersion,
when particles start moving apart in the horizontal. Although the separation in the ver-
tical direction is limited, particles can freely disperse in the horizontal direction. After
some time the horizontal separation is large enough for the two particles to become un-
correlated. The second plateau can therefore be associatedwith the plateau found for
single-particle dispersion; the level of the second plateau is twice the level of the plateau
for the dispersion of a single particle. The influence of the initial separation is shown in
figure 4.18(b). In general the behavior is the same for different∆0. Especially for long
times its influence is rather small, a linear, uncorrelated behavior is seen at almost the
same level. For very large initial separations in the horizontal plane, it is expected to see
only one plateau, namely the second one. Already initially particles would reside in dif-
ferent structures within the flow, so there is no argument left for the existence of the first
plateau. Indeed, our largest initial separation (15η) is much smaller than the horizontal
extent of the dominant flow structures (Lh), and the first plateau is still present.
For horizontal pair dispersion the effect of the stratification is less pronounced than for
vertical pair dispersion, although the behavior is clearlyaltered compared to that in
isotropic turbulence. As can be seen in figure 4.19(a), the start of the intermediate range
is shifted towards larger times for stratified turbulence and the long-term behavior of es-
pecially case N10 differs from the isotropic case. For long times, the particles forming a
pair become uncorrelated. This would lead to the same dispersion behavior as for single
particles, which is superdiffusive. Contrary to single-particle dispersion, here the graphs
tend toward a linear slope or slightly steeper for long times, except for case N10 where
the slope remainsO(t2.5). The onset of the long-time dispersion behavior shifts towards
larger times for pair dispersion compared to single-particle dispersion, as is illustrated
by the shift in time between the related plateaus for vertical single-particle dispersion
and vertical particle-pair dispersion. Longer integration times are needed to draw a fi-
nal conclusion about the long-term, possibly superdiffusive, behavior of the horizontal
particle-pair dispersion.
When looking at the influence of the initial separation (figure 4.19(b)), it can be seen that
also in the intermediate range stratification influences horizontal pair dispersion, at least
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Figure 4.19: Second-order moment of the horizontal separation between two particles as a func-
tion of time, for different levels of the background stratification (a) and for different initial sepa-
rations (b). Lines as in figure 4.18. The arrow points to anomalous behavior in the intermediate
range for the larger initial separations.

for case N1000. For the largest initial separations a small bump is found in the interme-
diate range, aroundt/TL = 5. This time coincides with the time at which the strongly
stratified cases start to deviate from the isotropic case forsingle-particle dispersion in
horizontal direction.

4.2.3 Multi-particle dispersion

The topic of multi-particle statistics has not been studiedbefore for stably stratified tur-
bulence. The suppressed vertical motion in such flows will affect the shape evolution
of particle clouds. When tetrahedra are placed in such a stratified flow, it is expected
that their shapes will become quasi-two-dimensional. The study of multi-particle statis-
tics is conducted here along the same lines as described in section 3.2.3. The effect of
the stratification on the volume growth of a cluster of four particles can be seen in fig-
ure 4.20. With increasing stratification strength, the timeat which tetrads start growing
increases. Furthermore, it is found that with increasing stratification, the volume of a
cloud decreases. Case N1000 seems to be an exception to this finding, but that is due
to the chosen scaling with∆0, which is well-suited for short times. When rescaled with
large-scale properties such asTL andurms, the order of the graphs for long times is as
expected; the lowest graph then belongs to case N1000. CasesN1, N10 and N100 do not
(yet) reach a final linear regime. For the strongest stratification studied in this work, the
influence of the initial cloud size on the growth of the cloud is shown in figure 4.21(a).
As opposed to the isotropic case N0, for long times a difference can still be found here
between different initial particle separations. The smallest three∆0 reach similar cloud
sizes, although their growth there is not equally strong. The smallest∆0 does not show
a final diffusive regime. The non-diffusiveness is presumably associated with the non-
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Figure 4.21: For strongly stratified turbulence (case N1000) the volume (a) and eigenvaluesIi (b)
are shown as a function of time for different initial particle separations:1
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η: − · − · − , 6η: - - - - , 15η: —— . For clarity only three different initial cloud sizes are

shown in (b):1
6
η, 3

2
η and15η. The fact that these plots look a bit wobbly is caused by the limited

amount of tetrahedra used to calculate statistics.
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Table 4.3: Asymptotic eigenvalues for different levels of the stratification. Values forI3 are left
out for cases N10, N100 and N1000; they are approximately zero.

case I1 I2 I3

N0 0.747 ± 0.002 0.222 ± 0.002 0.029 ± 0.001
N1 0.808 ± 0.006 0.179 ± 0.004 0.014 ± 0.004
N10 0.89 ± 0.03 0.11 ± 0.03
N100 0.856 ± 0.004 0.143 ± 0.004
N1000 0.841 ± 0.003 0.158 ± 0.004

diffusive long-time horizontal single-particle dispersion.
The vertical direction, that is suppressed by stratification, plays a considerable role in the
growth of a cloud. Even though in isotropic turbulence structures become mainly two-
dimensional, the smaller volumes for stronger stratification point to even flatter structures
in stably stratified turbulence. This is indeed the case, as can be concluded from the eigen-
values. In figure 4.21(b) the scaled eigenvaluesIi are given as a function of time for case
N1000 for different initial particle separations. It can beseen thatI3 ≈ 0, I1 > 〈I1〉G4

andI2 < 〈I2〉G4. So the structures are more flattened than in the isotropic case. The time
it takes to reach a final distribution is much longer than for case N0, and this distribu-
tion remains a bit unsteady. The influence of the initial separation is similar to the case of
isotropic turbulence (see figure 3.12(b)). More in general,it can be seen that with increas-
ing N , I1 increases,I2 decreases andI3 converges to zero, resulting in flatter and more
elongated structures. The long-time asymptotic values of the three eigenvalues are given
in table 4.3 for the different stratification levels. For allstratified cases the long-time
behavior of the eigenvalues is less stable than for case N0. Case N10, however, does not
reach a steady state within the duration of the simulation. The values given in the table
for case N10 are therefore only rough estimates. Because of this uncertainty in the values
for case N10, it is difficult to draw a final conclusion about the behavior ofI1 andI2 for
the stronger stratified flows. Either they reach a maximum (I1) or minimum (I2) value
for case N10 just as found for, for example, the velocity derivative skewness, or the trend
is a monotonic increase (decrease) ofI1 (I2) with increasingN . In the latter case, the
slight decrease ofI1 and increase ofI2 for case N1000 compared to case N100 can be
caused by different initial particle separations (3

2η and 5
2η, respectively).

The values forI1 andI2 can also be compared with the Gaussian values derived for multi-
particle statistics in two-dimensional turbulent flows. Since the asymptotic value ofI3
is approximately zero for the strongly stratified cases, an option would be to compare
the first two eigenvalues with the two eigenvalues that result from three-particle statistics
in two-dimensional turbulence. This topic is studied by Castiglione & Pumir [37] who
derive〈I2〉G3,2D ≈ 0.107 and thus〈I1〉G3,2D ≈ 0.893 where the subscriptG3 denotes a
Gaussian particle distributions based on clusters of threeparticles. The values found for
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four-particle statistics in all of the stably stratified turbulent flows studied in this thesis
then lay in between those for four-particle statistics in isotropic 3D turbulence and three-
particle statistics in 2D turbulence.
Furthermore, we had a look at three-particle statistics forcase N100. Independent of the
initial particle configuration, a purely horizontal or purely vertical triangle, the asymp-
totic value forI2 is now0.097. Comparing this value with the above mentioned value for
two-dimensional turbulence (〈I2〉G3,2D ≈ 0.107) and with the Gaussian result for three-
particle statistics in 3D isotropic turbulence,〈I2〉G3,3D =1/6 [118], our result resembles
that for 2D turbulence.
For case N100 probability density functions of the eigenvaluesIi are derived, and shown
in figure 4.22. All three eigenvalues show a peak around the time of maximum distortion
that is much sharper than for case N0 (see figure 3.13). Also for long times there is less
spreading in the values ofIi. The distribution of eigenvalueI1 is shifted towards one and
that of eigenvalueI2 towards zero. EigenvalueI3 only shows a very sharp peak close to
zero. These values are a confirmation of the picture of flatterand more prolonged tetrahe-
dra compared to isotropic turbulence. Moreover, it shows that the spectrum of structures
occurring in stratified turbulence is less broad. For example, tetrads withI1≈ I2, denot-
ing flat but not elongated shapes, are hardly found.
The shapes of the tetrads look similar as those found in isotropic turbulence (cf. fig-
ure 3.14). However, the ratios of the horizontal and vertical dimensions differ consid-
erably. The height of the tetrad remains more or less the samethroughout a simula-
tion, but in horizontal direction the size is about10 times∆0 after t ≈ 15τK and about
100 times∆0 after t ≈ 500τK . At that last time the ratio of thex-, y- andz-dimensions
is about400:200:1.
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Figure 4.23: Lagrangian(EL(ω)) and Eulerian(EE(ω)) frequency spectra in horizontal (a) and
vertical (b) direction. The graphs of the Lagrangian spectrum are shifted downward by a factor
of 100 for clarity. Six peaks (labelled A-F) can be identified in thespectra.

4.2.4 Lagrangian frequency spectra and autocorrelation fu nctions

Frequency spectra

For isotropic turbulence theoretical predictions for the scaling of the Lagrangian and the
Eulerian frequency spectra exist (see section 3.2.4). For the type of stratified flows re-
ported in this thesis, no such studies exist. The presence ofwaves in the flow becomes
clear from these frequency spectra. For case N1000 the Lagrangian and the Eulerian
frequency spectra are plotted in figure 4.23. The Lagrangianand Eulerian results show
similar behavior. Again a lot of fluctuations are present in the Eulerian spectrum because
of the low number of time series used to calculate the statistics. Six peaks (labelled A
to F) can be identified in the spectra. The frequency of the small peak A corresponds
to a time scale of the order ofTE. Peaks B to F are located at the following frequen-
cies; B:f ≈ sin (π

6 )N , C: f ≈ sin (π
5 )N , D: f ≈ sin (π

4 )N , E: f ≈ sin (π
3 )N and

F: f ≈ sin (π
2 )N =N . The highest peak is found at D, and this agrees with the experi-

mental results by Cerasoli [38]. She found that, when looking at the buoyant motion of
one fluid parcel in a fluid with a linear density stratification, most energy is present in
waves with frequencies near

√

1/2 ≈ 0.7 times the buoyancy frequencyN [38, 112].
The presence of multiple peaks - and thus of waves of multiplefrequencies - might ex-
plain the irregularities found in the vertical autocorrelation function for case N1000 (fig-
ure 4.25). For example, aroundt/TL =0.5 a combination of several frequencies seems to
be present. Also for cases N1 to N100 peaks can be indicated inthe frequency spectra.
For the Lagrangian frequency spectra mainly one broad peak can be observed, which is
located between the frequenciesf =

√

1/2N andf = N . In the Eulerian spectra the
peaks are more distinguishable, even with the large statistical fluctuations. With decreas-
ing stratification the peaks become less clear than the ones shown in figure 4.23. For
cases N10 and N100 at least two peaks remain visible, one aroundf≈N and the highest
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Figure 4.24: Horizontal velocity autocorrelation function for five different values of the stratifi-
cation: N0: —— , N1: – – – – , N10: - - - - , N100:· · · · · , N1000:− ·− · −. For short time lags
wave-like motions can be seen for the strongest stratifications.

peak lies aroundf≈
√

1/2N .

Autocorrelation functions

Because of the close connection between the mean-squared displacement and the ve-
locity autocorrelation function, as elucidated in section3.2.1, in this section attention
will be paid briefly to the Lagrangian autocorrelations found in stratified turbulence. For
different stratification strengths the autocorrelation function derived from the horizontal
velocity component is plotted in figure 4.24 and that from thevertical velocity compo-
nent in figure 4.25. It becomes immediately clear that for strongly stratified turbulence
the correlation in the horizontal direction is much larger than in the vertical direction.
In horizontal direction, the autocorrelation of case N1 resembles that of the isotropic
case N0. The three strongest stratifications show differentbehavior. For short time lags,
some wave-like motions can be observed for the strongest stratifications. Compared to
isotropic turbulence the decrease of the correlation towards zero is reduced for stratified
turbulence. In figure 4.24 only the relatively short period of 4TL is shown, no reliable
statistical data can be computed for the long-time behaviorof the horizontal autocorre-
lation function. The unexpected order of the graphs - from bottom to top cases N0, N1,
N1000, N100 and N10, successively - can be related to the timescales in the flow. The
order is the same as found for the Eulerian eddy turnover times for the different stratifi-
cations (see table 4.1). Indeed, rescaling the time axis withTE instead of withTL reduces
the difference between the five graphs. Furthermore, a connection might exist with the
results found for the velocity derivative skewness. There,case N10 also showed excep-
tional behavior.
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Figure 4.25: Vertical velocity autocorrelation function for five different values of the stratification.
In (a) the time lag is scaled using the Lagrangian time scaleTL calculated for case N0, in (b) the
buoyancy frequencyN is used for the scaling (except for case N0, thereTL is used).

In the plot of the vertical autocorrelation function the presence of gravity waves in the
flow can be seen. By rescaling the time axes with2π/N the buoyancy frequency can be
recognized; for cases N10 to N1000 one period corresponds toτ ≈2π/N .
It is difficult to derive Lagrangian time scales for the stratified cases by using equa-
tion 3.19. A distinction should be made between the horizontal and vertical direction at
first. In horizontal direction the longer correlation timesimply longer Lagrangian time
scales. However, because of the lack of reliable long-time data for the horizontal veloc-
ity autocorrelation function, the integral in equation 3.19 can not be computed. For the
vertical direction the time scale would become very small because of the regions of neg-
ative correlation; with increasingN the area under theRL,z graph goes to zero. Another
option here is to take the first zero-crossing as a typical time scale or use a fitted value
from equation 4.13. Because of the difficulty of determininga realistic Lagrangian time
scale, it is decided to use the time scaleTL of case N0 - which is well-defined - as the
time scale to make the graphs dimensionless, also for the stratified cases.
Several models are developed, starting from the work by Csanady [48], that describe the
shape of the vertical autocorrelation function in stably stratified turbulence [76, 112]. We
prefer an adapted version of these models and approximate the autocorrelation function
in vertical direction by

RL,z(τ) ∼ exp(−τ/T ) cos(βNτ). (4.13)

Compared to the relation specifying the autocorrelation function in isotropic turbulence
(RL(τ) ∼ exp(−τ/TL), see section 3.2.1) a term describing the wave-like motion is
added. The time scaleT can be seen as an estimate for the Lagrangian time scale, it
reduces toTL for isotropic turbulence. For cases N10 and N100 the vertical autocor-
relation is plotted in figure 4.26 together with the corresponding fitted predictions from
equation 4.13. The graphs based on the model well resemble the results derived from
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Figure 4.26: Vertical velocity autocorrelation function for cases N10 and N100, derived from
time series of the fluid particle velocities and from fitting the model given in equation 4.13. The
time axis is made dimensionless withTL from case N0.

the fluid particle velocities. The main difference is the amplitude of the model autocor-
relations. For short time lags it is smaller than the DNS results, whereas for large time
lags the model amplitude is larger. For the other values of the stratification also the DNS
results and the model results are very similar. Only the irregularities in the wave-like
motion of case N1000 (see figure 4.25(a)) cannot be reproduced, because in the model
only one single frequency is included. From fitting equation4.13 in the DNS results it
can be concluded that a Lagrangian vertical time scale, estimated viaT , decreases with
increasingN . Furthermore, a value between

√

1/2 and1 is obtained forβ, in agreement
with the principal waves present in the flow which have frequencies off ≈

√

1/2N and
f≈N (see previous section).
Using the model equation for the vertical autocorrelation,a model for the vertical disper-
sion can be obtained by combining it with equation 3.17. Alsoin this modelled vertical
dispersion the three regimes (t2, plateau andt) are retrieved and they start around similar
times as in the DNS results. This model considers large-scale behavior. The long-time,
small-scale diffusive effects are not explicitly incorporated in the model equation 4.13,
and thus this finalt-regime in the modelled vertical dispersion does not have the diffusive
origin as found using DNS. Instead, it enters the model from the decaying exponential
term which is also present for isotropic turbulence.
All models mentioned above are only valid for stationary flows. However, if you make
w′2 in equation 3.17 a function of time,w′2(t)∼ t−p with p the slope of the energy de-
cay for decaying stratified turbulence, the dispersion model based on equation 4.13 only
displays at2-regime and a plateau for the vertical dispersion. There seems to be a con-
nection with the decaying simulations of, for example, Kimura & Herring [76], who do
not see a final linear regime.
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Figure 4.27: Horizontal (a) and vertical (b) autocorrelation functions for the strongest three
stratifications, derived from both Lagrangian and Eulerian(indicated with an E) time series of
the velocity.

Just as for the isotropic case described in section 3.2.1 theLagrangian velocity autocor-
relation functions are compared with their Eulerian counterparts. The results are shown
in figure 4.27 for the strongest three stratifications. The results for case N1 are omitted
because of their resemblance with the results previously presented for case N0. As can be
seen in figure 4.27(a) the Eulerian and Lagrangian results for the horizontal direction do
not perfectly match. At least part of the difference can be explained by the small amount
of time series(10) that is used to compute the Eulerian statistics, this causesfluctuations
for the Eulerian results. The trend for both the Lagrangian and Eulerian horizontal auto-
correlation functions, however, is the same, especially for longer times. Furthermore, the
wave-like behavior for short times for case N1000 is captured in both the Lagrangian and
Eulerian statistics. In the vertical direction the Lagrangian and Eulerian autocorrelation
functions are very similar.



4.3 Concluding remarks 87

4.3 Concluding remarks

In this chapter it is shown that forced direct numerical simulations provide a means to
study fluid particle dispersion in statistically stationary stably stratified turbulence. Strat-
ification suppresses vertical fluid motion in turbulent flows. With increasing strength
of the stratification, less and less small-scale motion and overturning is present in the
flow. Strongly stratified flows typically display thin layersof large horizontal vortical
structures (pancakes) with strong shearing between these layers. The presence of gravity
waves in the flow is demonstrated by looking at both the Eulerian and Lagrangian fre-
quency spectra and autocorrelation functions.
Due to the anisotropy of the flow, horizontal and vertical fluid particle dispersion show
different behavior. Single-particle dispersion in the horizontal direction is similar to that
in isotropic turbulence for short times, but shows a long-time growth rate proportional
to t2.1±0.1, larger than the classical linear diffusion limit. This increased dispersion is
a result of the strong vertical shear that is present in the flow. In the vertical direction
the suppression of vertical fluid motion decreases particledispersion. Three regimes can
be identified successively for vertical fluid particle dispersion in stably stratified turbu-
lence: a classicalt2-regime, a plateau which scales asN−2 and a diffusion limit where
dispersion is proportional tot. By forcing the flow and performing long-time simulations
we are able to observe this last regime, which was predicted but not observed before in
stratified turbulence. This diffusive regime is caused by molecular diffusion of the active
scalar, the densityρ, which slowly changes the equilibrium height of the particles.
The mean-squared separation of particle pairs (relative dispersion) in the vertical direc-
tion shows two plateaus that are not present in isotropic turbulence. They can be asso-
ciated with the characteristic layered structure of the flow. In the long-time limit again
a linear regime is found as for vertical single-particle dispersion. Pair dispersion in the
horizontal direction behaves similar to that in isotropic turbulence except for long times.
The results for the various stratification strengths, however, differ too much to draw a final
conclusion about the long-term, possibly superdiffusive,behavior of horizontal particle-
pair dispersion.
When looking at clusters of four particles, representing particle clouds, the method of de-
riving eigenvalues of the moment of inertia-like tensor works well to describe the shape
evolution. Compared to isotropic turbulence, in stably stratified turbulence the deforma-
tion of tetrahedra is enhanced. Clouds tend to become flatterand more elongated and their
volume decreases with increasing stratification. Moreover, the spreading in the shapes of
the particle clouds is much smaller than in isotropic turbulence.





5 Dispersion of heavy inertial particles

In the previous chapters the dispersion of fluid particles isstudied. For practical purposes
the assumption that particles are infinitely small and non-inertial does not hold, although
under certain circumstances it is a good approximation. Thetrajectory of an inertial
particle is not (exactly) the same as that of a fluid parcel andadditional forces are acting
on the inertial particles.
As a first approximation, inertial particles can be divided into heavy and light particles.
Light particles have densities of the order of the density ofthe fluid surrounding them.
Examples of light particles are micro-organisms such as plankton or algae (ρp/ρ ≈ 1)
and sand (ρp/ρ ≈ 2). For heavy particles the ratio of the particle density and the fluid
density is much larger than one (sayO(1000) or larger). The heavy particle limit is a
good approximation for aerosols in air.
In particle-laden flows the motion of multiple phases needs to be solved; that of the
continuous phase (gas or liquid) and that of the dispersed phase (droplets, solid particles).
For both phases a wide range of methods is available. Common practice is to solve the
continuous phase using the Eulerian approach (DNS, Large Eddy Simulations (LES),
or Reynolds Averaged Navier-Stokes (RANS) models). When the dispersed phase is
solved using individual particle tracking, as is done in this thesis, then the combined
system is solved in the Eulerian-Lagrangian approach. Another method is the Eulerian-
Eulerian approach, in which the properties of the particlesare averaged. The particle
characteristics are treated as a continuum and the final equations are solved on a grid that
generally coincides with that of the continuous phase. ThisEulerian-Eulerian or two-
fluid method is the most commonly used in industrial applications, however, it requires a
significant amount of modelling [86, 114].
In this chapter first the equation of motion for inertial particles will be discussed. In
the remainder the focus is on the behavior of heavy inertial particles. The dispersion
of heavy particles in both isotropic and stably stratified turbulence will be examined in
section 5.2. The chapter will be concluded in section 5.3 with a description of the effect
of preferential accumulation of heavy particles. The analysis of the dispersion behavior
of light particles and the strength of the individual forcesacting on the particles is left for
consideration in chapters 6 and 7.
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5.1 Equation of motion for inertial particles

Around the beginning of the twentieth century Basset [10], Boussinesq [30] and Oseen
[109] laid the foundation of the equation of motion that is most common in use nowadays.
Maxey & Riley [92] re-derived the so-called BBO-equation from first principles leading
to equation 2.26:

mp
dup

dt
= 6πaµ

(

u − up +
1
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a2∇2u
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+mf
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− (mp −mf ) gẑ
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2 (µρ)
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2 |ω|− 1

2 [(u − up) × ω] .

Compared to their original equation here the added mass termis used in the form de-
scribed by Autonet al. [7] and the Saffman lift force is added. The forces on the right-
hand side of this equation denote viscous drag, a local pressure gradient in the undis-
turbed fluid, gravitational forces, added mass, the Basset history force and the Saffman
lift force, successively. The Maxey-Riley equation is derived for a small (dp ≪ η) iso-
lated rigid sphere in a non-uniform velocity field, under theassumption of a low particle
Reynolds numberRep≪1, with

Rep =
dp|u − up|

ν
. (5.1)

Here,dp = 2a is the particle diameter. The drag force as given by6πaµ (u − up) in
equation 2.26 is derived for creeping flow around a particle.If the particles are not small
compared to the scale associated with the velocity gradients, the non-uniformity of the
flow field has to be taken into account. This is incorporated byadding the Faxén correc-
tions (terms with∇2u) to the steady state forces; for the drag force this is the third term
on the right-hand side. Moreover, forRep & 1 nonlinear effects have to be included in
the drag force. These nonlinear effects will be discussed insection 5.2.4.
The added mass term, which is also often called virtual mass or apparent mass (terms
in the second row of equation 2.26), accounts for the effect that an accelerating particle
or droplet also accelerates the surrounding fluid. Different authors make use of different
time derivatives in their version of the added mass term. Thetime derivative following a
fluid element isDu

Dt , which gives the rate of change of the ambient velocity as observed
at the center of the sphere in the absence of the body. The rateof change of the ambient
fluid following the moving body, on the other hand, is given bydu

dt . In the formulation
given by Autonet al. [7] the time derivative ofu is that following a fluid element. The
formulation given by Autonet al. [7] ( Du

Dt ) is chosen here instead of the form described
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by Maxey & Riley [92] (du

dt ) because it is valid for a wider range of particle parameters
and it is the most commonly used. According to Maxey & Riley [92] the two derivatives
are approximately the same in the context of the low particleReynolds number approxi-
mation.
The Basset force is the force associated with the development of a boundary layer around
an accelerating particle. Also for the kernel in this history term several formulations have
been proposed, see, for example, Burton & Eaton [33] and Loth[86] for overviews. The
added mass term and the Basset force only occur in locally unsteady flows.

There are two sources for lift forces on a particle or a droplet: the Magnus force pro-
duced by a rotating particle (particle spin) and the Saffmanforce which occurs when the
particle is placed in a flow with local shear [46]. In this workit is assumed that the in-
dividual particles do not have spin. Maxey & Riley [92] neglect the Saffman lift force
because of their small particle, low Reynolds number assumption. As described in sec-
tion 4.1.2, in strongly stratified turbulence the local shear can be considerable. Therefore
the Saffman lift force is expected to play a more prominent role for inertial particles in
stratified turbulence than in isotropic turbulence. Saffman’s equation for the lift force is
derived under the assumption thatRep ≪ Re

1/2
G , where

ReG =
Gd2

p

ν
(5.2)

is the shear Reynolds number withG the velocity gradient at the particle position [126,
127]. The most important velocity gradient in stratified turbulence is the vertical shear of
the horizontal velocity components and thereforeG is here defined as

G =

[
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+
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]1/2

. (5.3)

In some test runs it is found, however, thatRep can have values up to one order of mag-

nitude larger thanRe1/2
G during a considerable part of a simulation and thus the require-

mentRep ≪ Re
1/2
G is not fulfilled in our simulations. Therefore, in the lift coefficient

CL =6.46K the correction factorK is included. ThisK is given by [90, 94]
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−32π2ǫ5 ln (ǫ−2)
]

/2.255 ǫ ≤ 0.025
[

1.418 arctan (2.8ǫ2.44)
]

/2.255 0.025 < ǫ ≤ 20
[

2.255 − 0.6463ǫ−2
]

/2.255 ǫ > 20

(5.4)
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G
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. (5.5)
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Only the vertical component of the lift force is considered here because the strongest
shear takes place between the different horizontal layers.Therefore only the difference
between the fluid velocity and the particle velocity in the horizontal direction is included
in equation 5.5. The derivation of this correction factorK is given by McLaughlin [94].

For practical purposes often a limiting case of equation 2.26 is used. By replacing the
mass of the particle bymp = ρp

4
3πa

3, dividing all terms in equation 2.26 byρp and mov-
ing one part of the virtual mass term to the left-hand side, the equation can be rearranged
to:
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(5.6)

Here, the particle response timeτp is introduced. This time scale is a measure of the time
it takes for a particle to adapt to changes in the flow and it is defined as

τp =
ρpd

2
p

18µ
=

(ρp/ρ) d
2
p

18ν
. (5.7)

In the following, the particle response time will be expressed using the Stokes number,
defined as

St =
τp
τK

. (5.8)

In the limit of heavy particles, which is valid for small particles (dp ≪ η) with a density
much larger than that of the surrounding fluid (ρp/ρ≫1), equation 5.6 simplifies to

dup

dt
=

1

τp
(u − up) − gẑ. (5.9)

So, for small heavy particles only drag forces and gravitational forces need to be taken
into account.
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The settling velocity of a particle in quiescent fluid resulting from gravitational forces
- often called the Stokes settling velocity - is defined aswst = τpg [152]. This set-
tling velocity will be expressed relative to the vertical rms-velocity of the fluid, by using

W = wst/
√

w′2. In order to be able to study particles withSt = O(1) andW = O(1)
simultaneously, a reduced gravitational accelerationg′ acting on the particle is intro-
duced instead of the normalg (g′ ≪ g). Therefore, the Stokes settling velocity as used
in this chapter is redefined aswst = τpg

′. The strength of the gravitational accelera-
tion is denoted byg∗ = g′/g. Both St andW are functions ofτp and they are related
asW =f(g′, St).

The interaction between the particles and the flow can be classified as one-way coupled
or as two-way coupled [46]. A one-way coupled flow describes the situation in which the
fluid affects the particle motion but not vice versa. In a two-way coupled flow model the
particles do influence the motion of the carrier phase. Furthermore, a distinction can be
made between dilute flows and dense flows. The flow is considered dilute if the effects
of particle-particle interactions are not significant. Since we are using small particles
(dp .η) and low particle volume fractions, the influence of the particles on the flow field
and particle-particle interactions are assumed negligible. This thesis thus describes a di-
lute, one-way coupled flow system. There are several requirements for these assumptions
to hold, considering for example the collision frequency and the volume fraction of the
dispersed phase (see refs. [46, 86] for more details). For the parameters chosen in this
thesis these requirements are fulfilled. Consequently, thevelocity of the fluid appears
in the equation of motion for the particles, but the introduction of the inertial particles
in the flow does not change the equations of motion for the fluidmentioned in section 2.1.

5.2 Heavy particle dispersion

To study the dispersion of heavy particles the same approachis followed as described in
chapters 3 and 4. First a homogeneous isotropic or stably stratified turbulent flow is cre-
ated. The forcing method has been changed compared to the cases described previously
and therefore the properties of the flows used in this chapterare given in table 5.1. Three
cases are studied, one withN=0 s−1 (case N0r) and two stratified flows (cases N10r and
N100r). Compared to cases N0, N10 and N100, here the forcing amplitude is slightly
adapted for the isotropic turbulent flow and for the stratified cases purely horizontal forc-
ing is chosen. The latter is done, because it was found to be much easier to obtain a
steady state with 2D forcing. The resulting flow field is shownin figures 4.4 (e) and (f)
for case N100r. For the statistical results presented in this chapter the choice for 2D or
3D forcing is not of importance, as is discussed in section 4.1.2.
Next, in each flow heavy particles with several particle response times are tracked. Ten
different Stokes numbers in the rangeO(0.1)−O(10) are investigated for all three flows.
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Table 5.1: Properties of the different flow fields used for inertial particle dispersion. The same
formulas are used to compute these quantities as are used fortable 4.1. Cases N0r, N10r and
N100r correspond to cases N0, N10 and N100 in the sense that their values forN are the same.
The forcing method has been changed though (see text for a brief motivation). Cases N0r_256 and
N100r_256 are run at a higher resolution of2563. Most of the results presented in this chapter
originate from the1283 runs. For the isotropic turbulent flows the values forReλ areReλ = 85
(case N0r) andReλ =135 (case N0r_256).

case N (s−1) Frv Frh Re R kmaxη

N0r 0 - - 262 - 1.1
N0r_256 0 - - 312 - 1.2

N10r 0.309 0.68 0.11 388 4.69 1.5
N100r 0.98 0.51 0.04 521 0.83 1.3

N100r_256 0.98 0.51 0.06 534 1.92 1.4

case uh/urms uz/urms Lz/Lh η/L0 TE/TE,N0r τK/TE

N0r 1.0 1.0 1.0 2.8 · 10−3 1.0 8.5 · 10−2

N0r_256 1.0 1.0 0.98 1.4 · 10−3 0.69 6.2 · 10−2

N10r 1.15 0.40 0.16 3.8 · 10−3 2.39 6.6 · 10−2

N100r 1.21 0.16 0.08 3.2 · 10−3 2.02 5.5 · 10−2

N100r_256 1.28 0.32 0.11 1.8 · 10−3 1.49 4.2 · 10−2
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When the flow has reached a quasi-steady state20 000 particles with fixedτp (and thus
with fixed St) are released. Particle diameters of order0.1η are chosen resulting in a
ratio of the particle to fluid density ofρp/ρ= 13500 for St= O(1). This density ratio
is the same for all the particles and it is kept fixed throughout a simulation. The parti-
cle diameter is varied to obtain a desired Stokes number. Theeffect of a mean particle
settling velocity is studied for cases N0r and N100r. In these simulations three different
values forg∗ are chosen such that the range of investigatedW is O(0.1) − O(10). The
initial velocities of the inertial particles are set equal to the local fluid velocity. Their
trajectories are obtained from solving equations 2.24 and 5.9. Particle positions, particle
velocities and the fluid velocity at the particles positionsare collected for about40 eddy
turnover times. For illustration purposes while studying preferential concentration (see
section 5.3) also some short runs with106 identical particles are performed.
Inertial particles do not exactly follow the flow. Moreover,they are not uniformly dis-
tributed over the computational domain, as will be explained in section 5.3. Therefore,
the particles need some time to adapt after their release. Itis found that the particles
reach a quasi-steady distribution after about2TE, in agreement with the results obtained
by Becet al. [11]. The calculation of statistical quantities, such as particle dispersion,
starts only after this initial transient.

In the following sections first heavy particle dispersion will be studied without gravi-
tational forces acting on the particles; for isotropic turbulence in section 5.2.1 and for
stably stratified turbulence in section 5.2.2. Next, the influence on the particle disper-
sion of a mean sinking velocity resulting from gravity will be discussed in section 5.2.3.
After that, in section 5.2.4 it will be considered whether nonlinear drag effects need to
be taken into account. The settling velocity of a heavy particle in a gravitational field is
affected by turbulence and by nonlinear effects. This topicwill come up for discussion in
section 5.2.5. Finally, in section 5.2.6 we will examine whether the strong vertical shear
that is present in stratified flows causes lift forces to have asignificant influence on heavy
particle dispersion.

5.2.1 Heavy particle dispersion in isotropic turbulence

The dispersion of heavy particles in homogeneous isotropicturbulence has been a topic
of interest for decades. Analytically, it has been studied by, amongst others, Tchen [145],
Yudine [169], Csanady [47] and Reeks [119]. Using grid-generated turbulence, Snyder
& Lumley [132] investigated the behavior of heavy particlesexperimentally in decaying
isotropic turbulence. More recently, the topic has been studied by means of DNS. Elgho-
bashi & Truesdell [54] numerically reproduced the experimental results by Snyder &
Lumley. Squires & Eaton [135] examined heavy particle dispersion in both decaying
and forced isotropic turbulence. These works show that the effect of particle inertia is to
increase the eddy diffusivity over that of a fluid particle.
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The dispersion theory described in section 3.2.1 is derivedfor fluid particles, but it re-
mains valid for heavy particles [47]. From equation 3.16 it follows that for heavy particles

X2
p,i(t) = 2u′2p,i

∫ t

0
(t− τ)RL,i(τ)dτ, (5.10)

so compared to equation 3.17 the dispersion is now calculated from the fluctuating parti-
cle velocity instead of from the fluid velocity [47]. The dispersion is a function of both
the mean-squared velocity of the particle and of its velocity autocorrelation function.
These two quantities in equation 5.10 have an opposite effect on the dispersion of heavy
particles. With increasing inertia the rms-velocity of theparticle decreases, but its mem-
ory - expressed using the autocorrelation function - increases. The overall effect of both
terms on the dispersion behavior of inertial particles is not clear on forehand.
Analytical studies [119, 153] predict a particle diffusivity larger than that for fluid par-
ticles along the particle trajectory. This is indeed found in DNS for both decaying
and forced isotropic turbulence [65, 135]. However, whereas Squires & Eaton [135]
report that particle dispersion increases for increasing particle inertia (except for their
largestτp), Heet al. [65] find a dispersion optimum aroundτp/τK =1. In a microgravity
environment, Groszmann & Rogers [63] experimentally studied the effect of inertia on
heavy particle dispersion. They report a decreasing dispersion with increasingτp, but
their smallest Stokes number is0.9, around the optimum seen by Heet al. [65]. Obvi-
ously, no complete agreement is reached in the literature asto the effect of particle inertia
on heavy particle dispersion.
For our simulations of homogeneous isotropic turbulence the mean-squared displace-
ment as a function of time is calculated according to equation 3.23 and the results are
shown in figure 5.1 for different Stokes numbers (and thus different particle inertia). The
corresponding autocorrelation functions are given in figure 5.2, together with a plot of
the long-time limit of the particle diffusivityDt (see equation 3.22) as a function of the
Stokes number. Several conclusions can be drawn from these results. When looking at
figure 5.1(a) it can be seen that the classicalt2 andt-regimes are retrieved also for heavy
particle dispersion in isotropic turbulence. By zooming inat very short time scales (in-
set in figure 5.1(b)), all the graphs are found to collapse fort/TL . 0.3 when rescaled
with the rms-velocity of the particles instead of with the rms-velocity of the fluid. In this
short-time rangeRL(τ)≈ 1 and the mean-squared particle velocity is thus the term that
determines the dispersion behavior, which is proportionalto t2.
For longer times the memory effect of the particles comes into play. The autocorrela-
tion function, and thus the memory, increases with increasing inertia, as can be seen in
figure 5.2(a). When the effect of the particle rms-velocity is filtered out by rescaling
figure 5.1 withu′2p instead of withu2

rms, indeed for long times the dispersion increases
with increasingSt. The overall dispersion result in the long-time limit is thus a combi-
nation of both the particle rms-velocity and the autocorrelation function and it is found to
be maximum aroundSt=1. The dispersion in figure 5.1(b) is largest forSt=0.67 and
St=0.96, and the order of the lines drawn there is the same as in the inset in figure 5.1(a),
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Figure 5.1: Single-particle dispersion of heavy particlesas a function of time in isotropic tur-
bulence (case N0r), averaged over all three directions. a) Long times, in the inset (linear axes)
the same order can be seen as at the end of the right plot; the results forSt= 0.67, St= 0.96
andSt= 1.91 more or less collapse and maximum dispersion occurs forSt = 0.96. The lines
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which shows the long-time limit. The dispersion optimum aroundSt= 1 becomes also
clear from the plot of the long-time diffusivityDt(∞), shown in figure 5.2(b).
This conclusion of maximum dispersion aroundSt = 1 is in agreement with the result
obtained by Heet al. [65], and possibly also with the results of Squires & Eaton [135].
They observe the same effect, but because they only have one measurement forτp larger
than the peak value they draw a different conclusion. Our results also agree with the large
Stokes number results obtained by Groszmann & Rogers [63].

The maximum value of the dispersion aroundSt= 1 is significant. The difference be-
tween the dispersion atSt = 0.05 or St = 4.83 and that atSt = 0.96 is of the order
of 10%, after the initial period in which the particle rms-velocities are dominant. The
estimated error in the results, based on the differences between thex-, y- or z-dispersion
and the average dispersion, is of the order of5% for each of these Stokes numbers.
A simulation at the higher resolution of2563, and correspondingly at a higherReλ, is
carried out to confirm the above results. A decreasing dispersion with increasingSt is
found too forSt > 0.72. Unfortunately, no results are available for lower Stokes num-
bers and therefore no conclusion can be drawn about a dispersion maximum as found at
the resolution of1283. Moreover, the disadvantage of this higher resolution simulation
is that it could not be run for a long enough period to compute the long-time limit of the
diffusivity Dt(∞).
Furthermore, a simulation of case N0r with heavy particles is performed in which all
forces in the Maxey-Riley equation are taken into account except for the lift force and
gravitational forces. From this simulation it can be concluded that the only force that
cannot be fully neglected for heavy particle dispersion is the Basset history force. On
average, the ratio of the Basset force and the drag force isO(10−2) and at about1.5% of
all time steps this ratio is larger than0.1. For all Stokes numbers the differences in the
dispersion results with those obtained using equation 5.9 are smaller than2%. The use
of the simplified equation 5.9 in the limit of heavy particlesis thus justified.

5.2.2 Heavy particle dispersion in stably stratified turbul ence

The dispersion of heavy inertial particles in homogeneous stably stratified turbulence has
not been reported in literature. Accordingly, our results will be compared with the results
found for fluid particles in stratified turbulence and for heavy particles in isotropic turbu-
lence only.
The horizontal and vertical mean-squared displacement as afunction of time is shown
for cases N10r and N100r in figures 5.3 to 5.5. Apart from the results for heavy inertial
particles also the results for fluid particles in both stratified and isotropic turbulence are
included for reference. The results for the cases N10r and N100r show qualitatively
the same behavior. For horizontal dispersion the classicalshort-time ballistict2-regime
is retrieved. This ballistic regime is plotted in the insetsof figures 5.3(b) and 5.4(b),
rescaled using the horizontal rms-velocities of the particlesu′2p,h instead of the horizontal
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Figure 5.3: Horizontal single-particle dispersion as a function of time for case N10r. Results are
shown for fluid particles and for inertial particles with different Stokes numbers. Fluid particle
dispersion in isotropic turbulence is added for reference.a) The entire studied range with in the
inset a magnification of the final regime. In the inset both axes have a linear scale and only the
graphs for the six inertial particle cases are plotted. b) Focus on the short-time behavior. The
inset shows the same graph but rescaled using the rms-velocities of the particles (u′2p ) instead
of the rms-velocity of the turbulent flow field. The graphs arescaled using the Lagrangian time
scaleTL for fluid particles in isotropic turbulence, defined in equation 3.19.
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Figure 5.4: Same plot as figure 5.3 but now for case N100r. Again the inset in figure (a) has linear
axes in contrast with the axes of the main graph, where both axes have a logarithmic scale. The
horizontal long-time dispersion is largest forSt = 0.67.
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Figure 5.5: Vertical single-particle dispersion as a function of time for (a) case N10r and
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different Stokes numbers. For reference, fluid particle dispersion in isotropic turbulence is added;
this graph is shifted for clarity and scaled usingw′2 andTL.

rms-velocity of the fluid. Similar to what is found in isotropic turbulence, in this short-
time regime the dispersion is fully determined by the particle rms-velocities, of which the
magnitude is decreasing with increasingSt. The collapse of the different graphs seems
to persist longer for the horizontal heavy particle dispersion in stratified turbulence (es-
pecially for case N100r) than in isotropic turbulence, where the graphs start to separate
at t/TL ≈ 0.3. This can be related with the increased eddy turnover time instratified
turbulence compared to isotropic turbulence.
For long times it can be seen that the dispersion of heavy particles in stably stratified tur-
bulence is clearly enhanced compared to the dispersion in isotropic turbulence. Instead
of the linear diffusive regime we obtain a long-term scalingproportional tot2.0±0.1 (fig-
ures 5.3(a) and 5.4(a)). This is consistent with the resultspreviously described for fluid
particle dispersion in stratified turbulence (see section 4.2.1), where a scaling propor-
tional to t2.1±0.1 is reported. Yet, the final slope for the inertial particles seems slightly
smaller. When looking in more detail at the final part of our measurement range, shown
in the insets in figures 5.3(a) and 5.4(a), different resultsare obtained for cases N10r
and N100r. For case N100r the same trend is found as for heavy particle dispersion in
isotropic turbulence, it is maximum atSt≈ 1. For case N10r, however, the dispersion
is found to decrease with increasing Stokes number for the whole range of investigated
Stokes numbers. Since the slope ofX2

p,h is larger than proportional tot, the diffusiv-
ity Dt does not reach a constant value and cannot be used to draw a conclusion about the
maximum dispersion for stratified turbulence, as was done for isotropic turbulence with
use of figure 5.2(b). Nevertheless, we do find a maximum for case N10r for shorter times.
On the right in figures 5.3 and 5.4 the time ranget ≤ 5TL is plotted. When looking at the
order of the graphs in these figures, less dispersion can be seen for both the smallest and
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highest Stokes numbers.
A final conclusion about the relation between the Stokes number and the long-time hori-
zontal dispersion behavior in stably stratified turbulencecannot be drawn from the results
presented here. Different results are obtained for the two stratification strengths consid-
ered here. Moreover, in the long-time limit results for caseN100r the difference between
the graphs belonging to the dispersion maximum and those closest to this maximum,
St=0.19 andSt=1.90 vs. St=0.67, is only about a few percent, despite the relatively
large differences in the Stokes numbers. This makes it difficult to clearly distinguish an
optimum in the dispersion. Even though a broad range of parameters is captured in the
present simulations, the parameter range is limited by the high computational costs of the
long-time simulations. Additional simulations with much more particles, more different
Stokes numbers and/or other stratification strengths mightbe needed for a definite con-
clusion.

Also for vertical heavy particle dispersion the moderately(case N10r) and strongly (case
N100r) stratified turbulent flows show the same trend. As can be seen in figure 5.5 the
dispersion again starts with the classicalt2-regime. In this ballistic regime the dispersion
decreases with increasingSt due to a decreasing vertical particle rms-velocity. When
rescaled with the particle rms-velocities (not shown) as infigures 5.3(a) and 5.4(a) again
a collapse is found, although for much shorter times than in isotropic turbulence or for
horizontal dispersion in stratified turbulence. The stronginfluence of the rms-velocities
on the vertical dispersion only lasts for aboutt/TL =0.15.
After the initial t2-regime the vertical dispersion is inhibited for all Stokesnumbers. The
time at which the plateau is found for vertical fluid particledispersion,tN/2π≈ 1, cor-
responds tot/TL ≈0.5. For heavy particle dispersion in stratified turbulence this typical
plateau becomes less pronounced for higherSt and eventually even vanishes. In this
intermediate time regime fluid particles feel a restoring buoyancy force and they oscil-
late around their initial equilibrium height (see section 4.2.1). With increasing Stokes
number the inertial forces become larger than this restoring force. As a consequence,
particles overshoot and they keep on following their initial trajectory more and more
asSt increases. Furthermore, the onset of the plateau shifts towards larger times with
increasingSt.
The transition towards a final linear regime is found for all Stokes numbers. In this long-
time regime, as opposed to the short-time behavior, vertical dispersion increases with
increasing inertia. For fluid particles the origin of this linear scaling behavior is molecu-
lar diffusion of the active scalar (density). Heavy inertial particles with very small Stokes
numbers have a fixed density, but they closely follow the flow.The density change of
the fluid surrounding these particles due to the molecular diffusion therefore also affects
their equilibrium height resulting in long-time diffusivebehavior. This is verified by re-
peating the simulation for case N100r withSc= 7 instead ofSc= 1. For small Stokes
numbers (St< 1) indeed the final diffusive regime sets in at a later time forSc=7 than
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Figure 5.6: Vertical velocity autocorrelation function for (a) case N10r and (b) case N100r, for
different values of the inertia parameterSt. For reference also the results for fluid particles
(St→ 0) are included.

for Sc= 1 (cf. figure 4.13(b)). Particles with higher inertia react slowlyto fluctuations
in the fluid velocity. Therefore, the reason for reaching a diffusive long-time regime is
different than for fluid particles. As in isotropic turbulence, heavy, high-inertial particles
become uncorrelated from their initial vertical position which results in Brownian-like
behavior with a vertical mean-squared displacement proportional toO(t).
ForN=0.98 s−1 also a run at a resolution of2563 is performed. The results are in agree-
ment with those obtained for1283; with increasingSt the plateau becomes less distinct
and the behavior changes from ballistic directly to linear.The duration of the simulation,
however, was short and only the initial phase of the final linear regime is observed.

The velocity autocorrelation function shows the expected increasing memory effect for
increasingSt. For both cases N10r and N100r the shape of the horizontal autocorrelation
function is the same as those shown in figure 4.24 for cases N10and N100. Compared
to the fluid particle results the horizontal autocorrelation increases with increasingSt
and the order looks the same as plotted in figure 5.2(a) for isotropic turbulence. For
the vertical direction the autocorrelation function is plotted in figure 5.6 for cases N10r
and N100r. It can be seen that with increasing Stokes number less oscillating behavior
is present for the inertial particles; the amplitude decreases and the period increases. For
Stokes numbers larger than aboutSt≈5 the oscillations are almost absent, in this range
the inertial forces are clearly stronger than the restoringbuoyancy force. This Stokes
number range corresponds to the range where the plateau in the vertical dispersion plot
has vanished.
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5.2.3 Effect of a mean drift velocity on dispersion

Since in stably stratified turbulence gravity acts on the fluid, it is relevant to study the
effect of gravitational forces on the particles too (last term on the right-hand side in equa-
tion 5.9). It results in a mean drift velocity in the direction of gravity. This mean drift ve-
locity gives rise to the so-called crossing-trajectories effect; heavy particles sink in more
or less straight lines instead of following the flow, therebyspending less time within an
eddy [47, 169]. The fluid neighborhood of a particle continuously changes and the corre-
lation between the particle velocity and the velocity of thesurrounding fluid is reduced.
The excursions from the mean downward trajectory become smaller with increasing set-
tling velocity and thus the particle dispersion is reduced in both the direction of gravity
and in the lateral directions in isotropic turbulence [135]. This effect is especially evident
for high Stokes number particles or high drift velocities [47, 54]. An extra effect that in-
fluences the lateral dispersion in isotropic turbulence stems from the so-called continuity
effect. For rapidly falling heavy particles the Lagrangianvelocity autocorrelation func-
tion in the vertical direction will be very similar to an Eulerian space-time correlation
(cf. Taylor’s frozen turbulence hypothesis). To satisfy the continuity equation the lateral
Lagrangian velocity autocorrelation functions must contain negative loops, just as those
observed for transverse spatial autocorrelation functions [47, 135].
Apart from the reduced particle dispersion, it is found in most studies that the settling
velocity of a heavy particle in a turbulent flow is enhanced compared to that in quiescent
flow [4, 27, 152, 163]. This mean settling velocity will be discussed in section 5.2.5 for
both isotropic and stratified turbulence.

First we will elucidate the dispersion behavior of heavy particles in the horizontal di-
rection - the direction perpendicular to the drift velocityin case of gravitational effects.
As explained before, there are two parameters determining the overall dispersion behav-
ior: the root-mean-squared velocity and the velocity autocorrelation function. In this
thesis we find that a mean drift velocity decreases the horizontal particle rms-velocity,
not only for isotropic turbulence (case N0r), but also for strongly stratified turbulence
(case N100r). This decrease of the horizontal rms-velocitywith increasing drift velocity
is mainly found for large Stokes numbers:St&1 for case N0r andSt&5 for case N100r
at W ≈ 1. For higher drift velocities the decrease is already found at smaller Stokes
numbers. IncreasingSt or W reduces the ability of a particle to react to fluctuations of
the fluid velocity.
The horizontal velocity autocorrelation decreases too. This can be seen in figure 5.7,
where the horizontal autocorrelation functions are plotted for cases N0r and N100r. For
both isotropic and stratified turbulence wave-like motion can be discerned for largeW
(W & 1 for case N0r andW & 0.5 for case N100r). Regions with a negative autocor-
relation can be observed, which is a manifestation of the continuity effect. A tendency
to this wobbly behavior, although less strong, is also present in the isotropic turbulence
results obtained by Squires & Eaton [135] and Elghobashi & Truesdell [54] for a much
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Figure 5.7: Horizontal velocity autocorrelation functionfor different values of the settling veloc-

ity, expressed byW =wst/
√

w′2. a) Case N0r atSt= 0.96. b) Case N100r atSt= 3.09. The
wave-like motion occurring at largeW is also found for other Stokes numbers.

shorter time range. The strong oscillations that can be seenin figure 5.7(a) are also ob-
served for rising bubbles in isotropic turbulence by Snyderet al. [131], their occurrence
depends among other things on the bubble inertia (St) and on the turbulence intensity of
the flow (and thus onW ). The oscillations result from the periodic boundary conditions
that are used in the present simulations. The period of the oscillations forW =6.93 in fig-
ure 5.7(a) can be associated with the time it takes for a particle to cross the domain. This
time can be approximated byL0,z/wst, which has a value of about1.3TL for W = 6.93
in the case N0r flow. After this time a particle has more or lessreturned to its previous
position. Although the flow itself has also changed within that time (TE ≈ TL for N0r),
the autocorrelation of the particle velocity increases again when the particle reaches this
previous position.
Horizontal single-particle dispersion in the presence of amean vertical drift velocity is
shown in figure 5.8 for different drift velocities for cases N0r and N100r. The results are
shown forSt=0.96 andSt=3.09, respectively, where the effect of preferential concen-
tration is found to be maximal whenW = 0 (see section 5.3). For isotropic turbulence
indeed a decreasing horizontal dispersion can be seen with increasingW , in correspon-
dence with literature [135]. Furthermore, it can be observed that the general dispersion
behavior does not change, initially the slope in figure 5.8(a) is proportional tot2 and
the long-time regime scales asO(t). Also for stably stratified turbulence a decrease of
the horizontal dispersion is obtained with increasing drift velocity. However, here the
long-time behavior differs considerably from that found for W = 0. The slope becomes
smaller than theO(t2) behavior found forW =0, and it even becomes smaller than∝ t.
For the larger values ofW it approaches a constant asymptotically. Since the particles
do not stay within horizontal slabs as forW = 0, the shear effect that caused the en-
hanced horizontal dispersion in stably stratified turbulence (see sections 4.2.1 and 5.2.2)
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Figure 5.8: Horizontal single-particle dispersion as a function of time for (a) case N0r and
(b) case N100r, for different drift velocities.St = 0.96 for case N0r andSt = 3.09 for case
N100r.

does not function anymore. The particles become independent from their initial position
by continuously entering new layers at different heights, which would result in a linear
long-time dispersion behavior. The observed scaling behavior smaller than proportional
to t for largeW might be due to a strongly limited motion in the horizontal direction for
high fall velocities.
Besides, from the graphs shown in figure 5.8 (especially in the right plot) the decreasing
horizontal particle rms-velocity with increasingW can be recognized. For short times
the rms-velocity is the factor determining particle dispersion and therefore the order of
the lines reflects the magnitude of the rms-velocity.
The results obtained for Stokes numbers other than those presented in figure 5.8 are very
similar, both for isotropic turbulence and for strongly stratified turbulence. As mentioned
in section 5.1,W is a function of both the strength of the gravitational acceleration and of
the Stokes number. For allSt in the studied range the graphs for case N0r clearly deviate
from the case without a mean drift velocity whenW & 1. For case N100r the influence
of a mean drift velocity on the horizontal dispersion is observed for lower values ofW .
Already atW ≈ 0.1 the graphs start to depart from theW = 0 results. This difference
between the values ofW at which the effect of the drift velocity becomes apparent can
be related to the smaller vertical length scales in stably stratified turbulence.

In the vertical direction the rms-velocity of the heavy particles in isotropic turbulence de-
creases with increasingW . For stratified turbulence, however, the vertical rms-velocity
of the particles is already small forW =0 and changes with increasingW are negligible.
For isotropic turbulence the memory of the particle, expressed using the vertical velocity
autocorrelation function (plotted in figure 5.9), shows thesame trend as for case N0r in
the horizontal direction, except that the regions with a negative correlation are absent. It
decreases with increasingW , but this decrease is less strong than in the horizontal direc-
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Figure 5.10: Vertical velocity autocorrelation function for case N100r for different values of the
settling velocity, (a)St=0.67, (b)St=3.09.

tion. The reduced vertical autocorrelation forW 6=0 is a result of the crossing-trajectories
effect, particles continuously enter new regions in the flow.
For stably stratified turbulence a different tendency is found for the autocorrelation func-
tion in the vertical direction. Now the autocorrelation shows a slight increase with in-
creasingW , as can be seen in figure 5.10, except for the largest value ofW where the in-
crease is considerable. Due to the mean drift velocity a particle becomes less susceptible
to the restoring buoyancy force. The fast drop in the autocorrelation function forW =0,
that results from the wave-like motion around its equilibrium height, thus diminishes.
A particle can follow its trajectory (downwards) for longertimes whereby its velocity
remains correlated with its previous velocity. This increased memory effect is similar to
that encountered atW =0 when the Stokes number was increased (cf. section 5.2.2). The
combined effect of the particle rms-velocity and the autocorrelation function determines
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Figure 5.11: Vertical mean-squared displacement for case N100r calculated according to equa-
tion 3.23, for (a)St=0.67 and (b)St=3.09.

the dispersion behavior. For the vertical dispersion in isotropic turbulence a similar trend
is expected as is found for the horizontal direction: decreasing vertical dispersion with
increasingW . For stratified turbulence the prediction is mainly based onthe behavior
of the autocorrelation function, and thus the dispersion islikely to increase with increas-
ingW .

For the calculation of the vertical dispersion of heavy particles in the presence of a mean
drift velocity, two methods are adopted. The first method is based on the net displace-
ment of the particles, and the mean-squared displacement iscalculated according to equa-
tion 3.23. Since for large drift velocities the particles scarcely feel any fluctuations and
move in straight lines in the direction of the gravitationalforce, the dispersion plot will
show straight lines that remain proportional tot2. This method is used by Elghobashi
& Truesdell [54]. In their full time range and forW between3 and8, they observed
parabolic behavior. For vertical heavy particle dispersion in isotropic turbulence we see
that the transition from a long-time dispersion proportional to t towardst2 starts around
W = 0.1, independent of the Stokes number. ForW & 0.5 only a straight line with a
slope proportional tot2 is found. Of course, the obvious conclusion resulting from this
method is that vertical dispersion increases with increasing Stokes number; a particle just
falls faster through the flow.
For stratified turbulence (case N100r) the results derived using this method are plotted
in figure 5.11 for two different Stokes numbers. Up to aboutW ≈ 0.1 the tendency to
develop a plateau is visible, but already for smallW the transition towards a long-time
behavior proportional tot2 is found, independent ofSt. FromW & 0.2 the dispersion
plot only shows a straight line with a slope proportional tot2.
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Figure 5.12: Vertical mean-squared displacement calculated according to both equations 3.23
and 5.11 (denoted with an asterisk) for (a) case N0r and (b) case N100r. The Stokes numbers are
the same as in figure 5.8:St=0.96 andSt=3.09, respectively.

The second method to calculate the dispersion is to first subtract the mean displacement
of the particles that results from the mean settling velocity wp. Hereto, the equation

X2
p,z(t) =

1

M

M
∑

q=1

[zp(t) − zp(0) − wpt]
2
q (5.11)

is used and this method is adopted in most studies of heavy particle dispersion in isotropic
turbulence. The mean settling velocity is calculated fromwp = |δz|/ (NT ∆t), with δz
the total vertical particle displacement in the time in which the particles are tracked after
reaching a steady state particle distribution. The vertical dispersion obtained using equa-
tion 5.11 is shown in figure 5.12 for both isotropic and stratified turbulence (case N100r).
For comparison also the previously shown results, in which the mean displacement is
included, are plotted.
When calculated according to equation 5.11, the vertical dispersion of heavy particles in
isotropic turbulence decreases with increasing settling velocity. This result is in agree-
ment with the results of, for example, Wells & Stock [154] andSquires & Eaton [135].
For all Stokes numbers the slope of the long-term vertical dispersion is fluctuating for
W &1.
In figure 5.12(b) it can be seen that a mean drift velocity suppresses the development of
the plateau for vertical heavy particle dispersion in stratified turbulence. Furthermore, the
long-time dispersion increases with increasingW . These results also hold for the other
investigated Stokes numbers; with increasingW and/or increasingSt the plateau dimin-
ishes and the long-time dispersion increases. While sinking, the particles continuously
enter new layers within the flow and they do not remain trappedwithin a wave-like mo-
tion. Besides, for the particles with higher inertia the influence of the restoring buoyancy
force is less important just as for the zero-gravity case.
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Table 5.2: Mean values ofRep for six different runs. In the third column data for runs withlinear
drag are given and column four consists of values for runs with nonlinear drag. The maximum
values forRep are about five times as large as the average values.

case St,W Rep (linear) Rep (nonlinear)

N0r St = 0.96, W = 0 0.05 0.05
N0r St = 0.96, W = 0.87 0.17 0.16
N0r St = 0.96, W = 6.93 1.2 0.65

N100r St = 8.10, W = 0 0.4 0.4
N100r St = 8.10, W = 1.05 0.5 0.5
N100r St = 8.10, W = 8.44 1.1 1.1

5.2.4 Effect of nonlinear drag on dispersion

The drag term as used in equation 5.9 is the Stokes drag law, which is only valid for
particle Reynolds numbersRep much smaller than one [152]. Especially for the simu-
lations in which a large mean drift velocity is present, thisrequirement is not fulfilled.
For largerRep nonlinear drag effects may come into play. A more general equation of
motion for small heavy particles is [46]

dup

dt
=

f

τp
(u − up) − gẑ, (5.12)

where the factorf is included to account for nonlinear drag effects. Several empirical
drag laws are available in the literature. A popular one is the nonlinear drag law proposed
by Schiller & Neumann:

f = 1 + 0.15Re0.687
p , (5.13)

which is appropriate for particle Reynolds numbers up to800 [46]. We shall adopt this
expression for the drag factor in our study of the effect of nonlinear drag on inertial par-
ticle dispersion in view of the comparison with corresponding work (for example Wang
& Maxey [152]). Not much work is reported about the difference between the use of a
linear or a nonlinear drag law in dispersion studies. The available work mainly focuses
on the mean settling velocity, a topic that will be discussedin the next section.

In table 5.2 the average particle Reynolds numbers are givenfor two of the larger particles
(and thus largerSt andRep) in isotropic and stratified turbulence, for runs with and with-
out settling. It can be seen that the main deviation from the requirementRep≪1 occurs
for runs with largeW . But already whenRep ≈ 1 the difference between the value off
for the linear (f =1) and the nonlinear drag law is15%. Using nonlinear drag instead of
linear drag does not change the particle Reynolds number in the data range mentioned in
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table 5.2, except for particles with a mean drift velocity ofW &1 in isotropic turbulence.
ThenRep decreases when the nonlinear drag law is applied.
The introduction of the nonlinear drag law, withf in equation 5.12 larger than one, leads
to a decreased effective particle time scaleτp,eff =τp/f [152]. A particle with a certainτp
can thus adapt more easily to fluctuations in the fluid velocity when the nonlinear drag
law is used. This results in a smaller relative velocity between the particle and the fluid
than in the case of linear drag and thus in a smallerRep. This smallerRep for nonlinear
drag is indeed demonstrated in table 5.2 for case N0r. Since the total drag force is a
function of both|u − up| (which decreases for nonlinear drag) andf (which increases
for nonlinear drag), the overall effect of the use of the nonlinear drag law is not clear on
forehand. The value of the drag force per unit massfD can be estimated as

fD =
f

τp
|u − up| =

ν

dpτp
fRep. (5.14)

The increase offD due to an increased value forf in case of nonlinear drag, is thus
counteracted by a decrease inRep. Nevertheless, for all cases mentioned in table 5.2 the
estimated drag force computed from equation 5.14 is larger when the combinations off
andRep obtained for nonlinear drag are used.

The effect of using the nonlinear drag law on the dispersion in isotropic turbulence is
found to be negligible forW =0. When a mean drift velocity is present the dispersion is
altered, although it is hard to indicate in what manner. The horizontal and vertical disper-
sion of heavy particles in isotropic turbulence using both linear and nonlinear drag laws
is plotted in figure 5.13 forSt= 0.96 at two different values ofW . The heavy particle
dispersion in both the horizontal and vertical direction resulting from linear and nonlinear
drag follows the same pattern. ForW =0.87 the graphs resulting from nonlinear drag lie
slightly above those obtained using linear drag (see insets). For the largest value ofW
the graphs are rather wobbly and alternately the result fromlinear drag or from nonlinear
drag is larger. The slight increase in the horizontal and vertical dispersion forW = 0.87
(and probably also the final increase of the horizontal dispersion forW = 6.93) when
the drag force is changed from linear to nonlinear might be related to a decrease in the
mean settling velocity (see section 5.2.5). A lower settling velocity enables the particles
to make a more fluctuating movement. However, the differences between the results from
the linear and the nonlinear drag law are too small to draw a final conclusion as to the
influence of the type of drag law on heavy particle dispersionin isotropic turbulence.

When looking at the effect of the nonlinear drag law on heavy particle dispersion in
stably stratified turbulence, it can be concluded that it is negligible in the horizontal di-
rection, both forW = 0 andW 6= 0. The graphs are the same as those presented in
figures 5.4 and 5.8. Despite the fact that the particle Reynolds numbers do not change
when switching from linear drag to nonlinear drag, the drag force on the particles is larger
in case of nonlinear drag and heavy particle dispersion in the vertical direction is found
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Figure 5.13: Horizontal (a) and vertical (b) mean-squared displacement as a function of time
for case N0r atSt = 0.96 and two different values ofW . Then in the legend denotes the
results obtained with nonlinear drag and the results indicated with an asterisk are computed using
equation 5.11. The results for vertical dispersion calculated from equation 3.23 are omitted, they
only show straight lines with slopet2.

to be changed. For particles with two different Stokes numbers in a case N100r flow
the mean-squared vertical displacement is shown in figure 5.14(a) for both linear and
nonlinear drag. The flow field is the same for the simulations with linear and nonlinear
drag, but the particles are released at different times in the different runs. The resulting
initial differences (exact position of thet2-line) should therefore be disregarded. After
that initial period a clear difference between the results obtained from the linear and the
nonlinear drag law can be seen, and this difference is independent of the chosen quanti-
ties used for non-dimensionalization (eitherw′2 or w′2

p ). Just as for the linear case, for
the nonlinear case the larger Stokes number results first liebelow those for lowerSt and
then cross them around the plateau. However, the shape of thegraphs obtained using
linear and nonlinear drag differs. Whereas the linear results bend towards the plateau and
then bend back to a linear slope, the nonlinear results show less of a plateau. Around
tN/2π = 10 the nonlinear graphs are concave, next their slope increases to larger than
linear. This region is indicated with an arrow in figure 5.14(a). Finally the transition to-
wards at-scaling can be observed. In this long-time limit the vertical dispersion resulting
from nonlinear drag is found to be somewhat smaller than thatfor the corresponding runs
with linear drag.
The decreased long-time vertical dispersion for nonlineardrag found in stably stratified
turbulence can be explained by means of the effective particle time scaleτp,eff . This
τp,eff is lower than the correspondingτp for linear drag and, as shown in section 5.2.2,
a decrease ofτp (or St) results in less vertical dispersion in stably stratified turbulence.
The decrease in vertical heavy particle dispersion in stratified turbulence for nonlinear
drag is also observed when gravitational forces act on the particle. However, the effect
is less clear, and it occurs only for large settling velocities and largeSt. For the largest
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Figure 5.14: a) Vertical single-particle dispersion for case N100r (W = 0), for Stokes numbers
St= 3.09 andSt= 8.10. Graphs resulting from linear and nonlinear drag are shown.b) Same
as plot as in figure (a) forSt = 8.10 but now with a mean sinking velocity. Then in the legend
denotes the results obtained with nonlinear drag, for the results indicated with an asterisk equa-
tion 5.11 is used. The results for vertical dispersion calculated from equation 3.23 are left out,
they only show straight lines with slopet2.

particles studied for case N100r withW 6= 0 (St= 8.10) the mean-squared vertical dis-
placement is shown in figure 5.14(b) for two different value of W . For smallerSt we
do not observe differences between linear and nonlinear drag. The influence of gravita-
tional forces thus dominates the influence of nonlinear drageffects for stably stratified
turbulence.

5.2.5 Mean settling velocity

The mean velocity at which a heavy particle settles in a turbulent flow differs from that
of a particle sinking in a quiescent fluid (Stokes settling velocity). Most studies report
an increased settling velocity [4, 27, 152, 163], which is due to the so-called preferen-
tial sweeping effect; particles are found to cluster more onthe downward side of the
vortical structures in the flow than on the upward side (see figure 5.17(b)). The extent
of this increased settling velocity depends strongly on parameters such as the particle
time scaleτp, the turbulence intensity (expressed using the Reynolds numberReλ), the
particle Reynolds numberRep, the volume fraction of particles, the inclusion of particle-
turbulence interaction (two-way coupling) and the relevance of the drift velocity com-
pared to velocity scales of the flow (W ) [27, 161, 163].
On the other hand, nonlinear drag effects have an opposite effect on the particle settling
velocity as the preferential sweeping effect mentioned above. Nonlinear drag increases
the drag force on the falling particle, which decreases its mean settling velocity [152],
and the mean settling velocity can even become smaller than the Stokes settling velocity.
In an analytical study and using Monte Carlo simulations Mei[95] notices that nonlinear
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drag forces reduce the settling velocity for largeRep and smallReλ. Stoutet al. [140],
using a Markov-chain model to generate an isotropic turbulent flow, observe a decreased
settling velocity already forRep = 1 when using a nonlinear drag law. These two stud-
ies both make use of models to simulate the flow. Most experimental and DNS studies
measure increased settling velocities in turbulent flows [4, 152, 163]. A small decrease
is only found by Yang & Shy [162] for a small range of parameters (largeRep andτp)
and by Wang & Maxey [152] for their highest drift velocity andhighestτp. Moreover, it
might play a role that in numerical studies often one-way coupling is assumed, although
Bosseet al. [27] demonstrate that two-way coupling (which is more in line with experi-
ments) enhances the settling velocity compared to one-way coupling.
Several values are reported in the literature for the increase of the settling velocity in
isotropic turbulence, which depend amongst others onReλ of the flow [152, 163]. Using
DNS, Wang & Maxey [152] find a maximum increase of about40% aroundSt= 1 and
W = 1 atReλ = 62. Also experimental results, at fixedW , show a maximum increase
of the mean settling velocity for Stokes numbers between0.5 and1.0 [4, 162, 163]. The
value of this maximum depends strongly on the choice ofW , as can be seen in figure 7 of
Yang & Shy [162]; it decreases with increasingW . The strongReλ dependence becomes
clear from the experimental results by Yang & Shy [163], who find maxima atSt = 1
andW ≈ 0.6 between13% and38% whenReλ increases from73 to 202. DNS results
from Bosseet al. [27] using one-way coupling are in agreement with the experimental
results of Yang & Shy [162], and give much smaller settling velocity enhancements than
observed in the experiments of Alisedaet al. [4]. When two-way coupling is applied,
however, they find an additional increase in the settling velocity and the settling veloc-
ity is larger than the values found by Yang & Shy [162] by a factor of about3 but still
smaller (factor2.5) than the values found by Alisedaet al. [4]. The increase of the set-
tling velocity in case of two-way coupling stems from a collective effect of the particles.
The particles, accumulated by the effect of preferential sweeping, accelerate the carrier
fluid due to particle drag and this enhanced downward fluid motion, in turn, leads to a
larger particle settling velocity in these regions. Therefore, also the volume fraction of
the particles is a parameter of importance for experimentalstudies and for studies includ-
ing two-way coupling.

For all the runs performed withW 6= 0 the increase or decrease of the mean settling
velocity, expressed as(wp − wst)/wst, is plotted in figure 5.15 as a function of bothSt
andW . It can be seen that the relative difference between the meansettling velocity and
the settling velocity in quiescent flow decreases with increasingSt or with increasingW ,
except for case N100r with linear drag. For that case(wp − wst)/wst remains more or
less constant withSt orW .
For isotropic turbulence, and using linear Stokes drag, themean settling velocitywp

is larger than the Stokes settling velocity although the difference approaches zero for
largeSt or largeW . This is in agreement with previous studies. The values found for the
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Figure 5.15: Percentage increase or decrease of the mean settling velocity compared to the Stokes
settling velocity as a function of (a)St and (b)W for case N0r (solid lines) and case N100r
(dashed lines). The results from linear drag are denoted with open symbols, those resulting
from the nonlinear drag law with closed symbols; g1:g∗ = 1.1 · 10−3, g2: g∗ = 8.9 · 10−3,
g3: g∗ = 2.0 ·10−5, g4: g∗ = 1.6 ·10−4. In figure (b) the ten (nonlinear) or fifteen (linear) values
ofW plotted per graph are based on combinations of two / three differentg∗ and five differentSt.
Then in the legend denotes the results obtained with nonlinear drag.

relative increase are also consistent with the literature values mentioned above. AtReλ =
85 we find an increase in our simulations of, for example,36.4% for St=0.96,W =0.43
(cf. Wang & Maxey [152]) and an increase of14.7% for St=0.96,W =0.87 (cf. Yang
& Shy [163]).
For the heavy particle dispersion described in this chapterwe chose fixed values forg∗

that are the same for all the different particles, contrary to the works mentioned above
where the results are obtained for fixed values ofW . This might explain why we do not
find a maximum aroundSt= 1 in figure 5.15(a). We do see, however, that the increase
in the mean settling velocity levels off at smallSt. Results at smaller values ofSt, and
preferably at fixedW , are necessary to draw a final conclusion about a possible maximum
increase of the mean settling velocity aroundSt = 1. Furthermore, in figure 5.15(b) a
maximum can be seen in the enhancement of the mean settling velocity aroundW =0.5.
Additional results are needed for smallW , preferably at fixedSt, to see whether this
drop in the increase of the mean settling velocity forW<0.5 continues.

For stably stratified turbulence we findwp > wst for the whole range ofSt andW
studied here. This increase of the mean settling velocity compared to the Stokes settling
velocity fluctuates between0.7% and2.0%. No clear trend is visible and the differences
are small, so it is hard to draw conclusions about any dependency onSt orW .
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Considering nonlinear drag, it can be seen in figure 5.15 thatfor all cases the mean set-
tling velocities derived using the nonlinear drag law are smaller than the corresponding
values derived from linear drag. This was to be expected, since the stronger nonlinear
drag force causes the particles to sink more slowly. For a considerable part of the re-
sults derived using the nonlinear drag law we even find a mean settling velocity that is
smaller than the Stokes settling velocity. From figure 5.15 it can also be deduced that
the effect of nonlinear drag on the mean settling velocity becomes important mainly for
largeSt and/or largeW (larger thanO(1)), or correspondingly for largeRep. Most of
the numerical studies on heavy particle dispersion in isotropic turbulence focus on the
regimeRep < 1 and therefore few references are available to compare the results for
our regime in which particle settling is reduced compared tothe Stokes settling velocity.
However, all experimental studies, carried out forRep < 1 as well as forRep > 1 (see,
for example, refs. [162, 163]), find an increase of the settling velocity in turbulent flows
compared to still fluid. Looking at the results by Bosseet al. [27], the explanation for the
difference between experimentally and numerically obtained settling velocities under the
action of nonlinear drag forces is most likely the mutual interaction between the particles
and the fluid.
As opposed to the linear case, we findwp < wst for stably stratified turbulence when non-
linear drag effects are taken into account. The reduction depends onSt or W (or Rep),
but the dependency is much weaker than for isotropic turbulence. A possible explanation
of the difference between isotropic turbulence and stratified turbulence is the following.
Even though for both flows the ranges ofSt andW are similar, the absolute value of
the settling velocity in stratified turbulence is much smaller than in isotropic turbulence
because its vertical rms-velocity is much smaller (about a factor of10). The influence
of the vertical component of the drag force is therefore alsomuch smaller in stratified
turbulence.

5.2.6 Lift force

The lift force has the same dependence on the inverse densityratio ρ/ρp as the history
force. For heavy particle dispersion in isotropic turbulence, both terms are often assumed
to be negligible, although their convergence towards zero with increasingρp is smaller
(∝

√

ρ/ρp) than that for the pressure gradient and the added mass term (∝ ρ/ρp) in
equation 5.6. Because of the large vertical shear that is present in strongly stratified tur-
bulence, the lift force is expected to play a more prominent role there than in isotropic
turbulence. The velocity gradients∂u/∂z and∂v/∂z, which both give rise to a lift force
in the vertical direction, are larger than the other components of the velocity gradient
tensor by a factor of about10. Therefore, only the vertical component of the lift force is
incorporated in the code.

To study the effect of the lift force on heavy particle dispersion in stably stratified tur-
bulence, three identical simulations are performed. For this purpose4000 particles with
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Figure 5.16: Probability density function of the ratio of the ensemble-averaged lift force and the
ensemble-averaged vertical drag force for (a) the Saffman lift force and (b) the Saffman lift force
with additional correction factorK as defined in equation 5.4.

St=3.09 are released in a case N100r flow. The first simulation is a reference run with-
out the lift force, the particle equation of motion that is solved is the heavy particle limit
given in equation 5.9, withg equal to zero. In the second run, the Saffman lift force
(K = 1) is included additionally. The Saffman lift force is valid only for Rep < 1 and

Rep ≪Re
1/2
G [126, 127]. The first requirement is fulfilled for theSt= 3.09 particles in

this stratified flow, but, as mentioned in section 5.1, the second requirement is not met
for all the particles or at all time steps. The third run therefore solves the same equation,
but now the correction factorK as given in equation 5.4 is taken into account.

Probability density functions of the ratio of the lift forceand the vertical component
of the drag force are depicted in figure 5.16 for both the Saffman lift force and for the
corrected lift force as proposed by McLaughlin [94]. By comparing the horizontal axes
of both graphs it can be seen that the relative importance of the lift force in the repre-
sentation of Saffman is larger than that of the corrected lift force. This is consistent with
the results of McLaughlin [94], who studied a particle settling in a linear shear flow. He
reported that Saffman’s formula overestimates the magnitude of the migration velocity,
and the error can be up to25%.
For the Saffman lift force17% of the data points presented in figure 5.16(a) has an abso-
lute value larger than0.1, and thus the lift force might be of importance. The corrected
lift force, however, is small compared to the drag force. Only 6% of the data points has
an absolute value larger than0.1 and for almost90% of the data points the relative im-
portance of the lift force is less than one-twentieth.

Next to the forces themselves, also the influence of the two versions of the lift force on
heavy particle dispersion and on preferential concentration (to be explained in the next
section) are studied. The results obtained with inclusion of the lift force are compared
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(a)

g

(b)

Figure 5.17: a) Schematic representation of the effect of preferential concentration. Heavy parti-
cles are expelled from vortex cores and collect in regions that are characterized by a high strain
rate. b) Schematic representation of the preferential sweeping effect. Particles preferentially
follow trajectories on the downward side of vortical structures.

to the results from the reference run. No clear differences can be observed between the
results from the three simulations. Any small deviations that are present are smaller than
the uncertainty in the results based on the finite number of particles (M−1/2 =1.6%) and
they are certainly smaller than the estimated error of5% based on the difference between
the results in the three spatial components and the 3D averaged result (see section 5.2.1).
Based on these results, it can be concluded that the lift force can be neglected for heavy
particle dispersion in stably stratified turbulence, at least for Stokes numbers of order
one.

5.3 Preferential concentration 1

Turbulence is often considered to be a good particle mixer. However, particles with fi-
nite size and inertia do not exactly follow the flow. For inertial particles in a turbulent
flow the instantaneous particle concentration field is correlated to the turbulent motions.
Local particle accumulation is observed, a phenomenon thatis called preferential concen-
tration. A simplified explanation for this effect is that particles that are heavier than the
surrounding fluid are transported out of the cores of vortical structures, due to centrifugal
forces. This leads to highly non-uniform particle distributions, where particles collect in
regions of high strain rate and low vorticity [53]. This process is schematically shown
in figure 5.17(a). A more detailed explanation is given by Goto & Vassilicos [61], who
introduce the sweep-stick mechanism. The local high and lowparticle concentrations can
have an enormous influence on mixing and clustering and can affect, for example, rain

1The results presented in this section are published in ref. [1]
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(a) (b)

Figure 5.18: Particle positions in a vertical cross-section of the domain for case N0r, from a run
with 106 particles withSt=0.96. Both snapshot are taken att/TE = O(10). In figure (b) the
colored background shows the absolute value of the vorticity field.

initiation in clouds [55].
The effect of local particle accumulation was first observedby Maxey & Corrsin [91] in
cellular flow fields. Eaton & Fessler [53] give a clear overview of the effect of preferen-
tial concentration in several types of flows. The topic is elaborately studied in isotropic
turbulence (both 2D and 3D), theoretically, numerically and experimentally (see, for ex-
ample, refs. [4, 9, 11, 22, 39, 61, 136, 152, 159]).

The statistical results presented in this section are obtained from the same simulations
as described in the preceding sections. Additionally, someshort runs with106 identical
particles are performed for visual support.
Qualitatively, the effect of preferential concentration can be seen in a snapshot of the
particle positions at a single time step, as shown in figure 5.18 for isotropic turbulence.
Clearly, the particles are not distributed uniformly over the domain, strong local accu-
mulation is observed. Similar results are found by, for example, Wang & Maxey [152]
and Becet al. [11]. For stratified turbulence the particle distribution looks completely
different. In figures 5.19 (a) and (b) snapshots are shown from a simulation without grav-
itational forces acting on the particles. We study first the pure effect of inertia on prefer-
ential concentration by settingW equal to zero. Also in stratified turbulence preferential
concentration is found, but a clear distinction needs to be made between the horizontal
and the vertical direction. The particle distribution reflects the anisotropy of the flow. In
the horizontal direction the particles cluster on larger scales than in isotropic turbulence,
whereas in the vertical direction thin, sheared layers can be observed.
The particle positions are correlated with the vorticityω of the flow. For isotropic tur-
bulence the particle positions are plotted on top of the vorticity field in figure 5.18(b).
Most of the particles can be found in the blue, low-vorticityregions. For both isotropic
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(a) (b)

(c) (d)

Figure 5.19: Particle distributions in horizontal (a,c) and vertical (b,d) cross-sections of the
domain for case N100r, from runs with106 particles. For graphs (a) and (b)St=3.09 andW=0
(no gravity acting on the particles), for graphs (c) and (d)St=8.10 andW=8.44.
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and stratified turbulence the relation between the particlepositions and the average value
of the vorticity is shown in figure 5.20. It can be seen that theaverage value ofω in the
regions where large amounts of particles are found is smaller than in void regions.

In order to quantify the effect of preferential concentration multiple methods exist [11,
44, 68, 142]. Here we will use the correlation dimensionD2 as used by Becet al.[11] and
the equivalent radial distribution function as introducedby Sundaram & Collins [142].
The radial distribution function (RDF) gives an impressionat what length scales the ef-
fect of preferential concentration takes place. It gives the ratio of the number of particle
pairs found at a given separation distance to the expected number of pairs if the particles
are uniformly distributed [43]. The three-dimensional RDFis defined as

g3D(ri) =
Pi/Vi

P/VL0

, (5.15)

wherePi is the number of pairs within a separation distance betweenri − ∆r/2 and
ri +∆r/2, P =M(M−1)/2 is the total number of particle pairs,VL0

is the total volume
of the domain andVi = (4/3)π[(ri + ∆r/2)3 − (ri − ∆r/2)3] is the volume of a shell
with thickness∆r and nominal separation radiusri. For a uniform particle distribution
g3D =1. The size of the particle clusters can be estimated by looking at the length scale
where the RDF becomes less than unity [129]. In order to measure the anisotropy of the
particle distribution, a two-dimensional RDF is computed according to

g2D(ri) =
Pi/Ai

P/A
(5.16)

using planar slices with thicknessδ/L0 =0.005 [129]. The total area of a planar slice is
denoted byA andAi =π[(ri +∆r/2)2− (ri−∆r/2)2] is the area of the shell associated
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Figure 5.21: 3D radial distribution functions for case N0r with W =0 for three different Stokes
numbers. ForSt = 0.96 also the horizontal and vertical 2D RDFs are plotted, they are very
similar to the corresponding 3D RDF. The lineg3D =1 represents a uniform particle distribution.

with the nominal separation distanceri within the plane.
For isotropic turbulence the 2D and 3D RDFs are shown in figure5.21. The largest values
for g3D, and thus maximum preferential concentration, are found for St≈1. In the studied
range ofr, the 2D and 3D RDFs are the same for isotropic turbulence, as expected [69].
The point of intersectiong3D =1 shifts towards larger scales with increasingSt. This is
anticipated, as particles with higher Stokes number are less sensible for smaller eddies.
ForSt=0.96 (cf. figure 5.18) this intersection occurs aroundr/η=20, corresponding to
structures with a size of about0.05L0.
For case N100r without gravitational forces working on the particles, the 2D and 3D
RDFs are plotted in figure 5.22 forSt=3.09 andSt=8.10. The form of the 3D RDFs is
similar to those found for isotropic turbulence, though thevalues are smaller at a given
Stokes number. The plot forSt= 3.09 shows the behavior around maximum preferential
concentration for case N100r. For both smaller and largerSt the values of the 2D and
3D RDFs are smaller. Very smallSt particles resemble fluid particles and follow the
flow without clustering. LargerSt particles are less sensible for the smallest scales in
the flow and therefore the decrease of the RDF for largeSt is mainly visible for small
values ofr/η, as can be seen by comparing the results forSt = 3.09 andSt = 8.10 in
figure 5.22. For stratified turbulence, the difference between the preferential concentra-
tion in horizontal and vertical cross-sections as seen in figure 5.19 is quantified with the
2D RDF. Figure 5.22 demonstrates that at the smallest scalesthe effect of preferential
concentration is stronger in vertical slices, whereas for larger scales it is clearly stronger
in horizontal slices. The 3D behavior seems to be determinedmainly by the vertical
distance between particles. The point of intersectiong3D =1 for St=3.09 lies around
r/η = 20. For vertical separation distances the intersectiong2D = 1 occurs at slightly
smaller values, but for horizontal separation distances itis aboutr/η = 35.



122 Dispersion of heavy inertial particles

(a)

g 2
D
(r

),
g 3

D
(r

)

 0

 1

 2

 3

 4

 5

 6

 7

 0.1  1  10  100

hor

hor
vert
3D
g3D=1

(b)

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.1  1  10  100

hor

vert

hor
vert
3D
g3D=1

r/η r/η

Figure 5.22: 2D and 3D radial distribution functions for case N100r withW = 0 for (a)St= 3.09
and (b)St = 8.10. Note the different range of the vertical axes in both figures. The lineg3D =
g2D =1 represents a uniform particle distribution.

To characterize the spatial distribution of particles in clusters with sizes ofO(η), the
correlation dimensionD2 is computed. When the particles are distributed uniformly,
D2 equals the space dimension, which is3 in our case. Deviation from a uniform distribu-
tion yieldsD2<3 and indicates preferential concentration.D2 is obtained from the slope
of the cumulative RDF and it is estimated through the small-scale algebraic behavior of
the probability to find two particles at a distance less than agivenr: P2(r)∼ rD2 [11].
The dependence ofD2 on St andN is shown in figure 5.23(a). A distinction is made
between the results derived from simulations with resolutions of1283 and2563. They
follow the same pattern and it can thus be concluded that the sensitivity to changes in
Reλ is weak, which was previously found for isotropic turbulence [11, 43, 68]. The re-
sults found for case N0r are in agreement with the results by Becet al. [11]. The effect of
preferential concentration peaks aroundSt=1 with a corresponding value ofD2 ≈ 2.3.
For both the fluid particle limit (St→0) and the high inertia limit (St→∞) D2 ↑ 3 and
the particle distribution becomes uniform. Looking at the values ofD2 for cases N10r
and N100r in figure 5.23(a), it can be seen that with increasing stratification the minimum
value ofD2 increases, indicating that the effect of preferential concentration decreases.
This is in accordance with the result presented in figure 5.20, which shows that the rela-
tion between particle clustering and the vorticity of the flow field is weaker for stratified
turbulence than for isotropic turbulence. Furthermore, this minimum shifts to a higher
Stokes number. The decrease of preferential concentrationwith increasingN is related
to the intensity of the vortical structures in the flow. We found that whenN increases the
vorticity ω becomes less intense.
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Figure 5.23: a) Correlation dimensionD2 as a function ofSt for three different stratification
strengths. A distinction is made between results derived from1283 and2563 runs. b)D2 as a
function ofSt for case N100r for different values ofg∗. The error in computingD2 from a fit of
P2(r)∼rD2 to the slope of the cumulative 3D RDF is about1.5%.

Also the effect of the gravity force that acts on the particles is studied. In isotropic turbu-
lence the local particle accumulation decreases when the settling velocity increases [152].
Whereas for small settling velocities the effect of preferential sweeping occurs - the par-
ticles form long streaks or sheets on the downward side of a vortical structure (see fig-
ure 5.17(b)) - for large settling velocities the interaction between the particles and the
flow is reduced. Contrary to what happens in isotropic turbulence, here we will show
that a net particle settling velocity enhances the effect ofpreferential concentration in
stably stratified turbulence. Qualitatively this can be seen in figures 5.19 (c) and (d),
where the particle positions are plotted in a horizontal andvertical cross-section of the
domain. In the vertical cross-section it can be seen that particles collect on paths while
moving on average in the negative vertical direction. Particles are transported out of the
large horizontal vortical structures and while sinking they form zigzag-routes in between
these structures (see, for example, left-most path in figure5.19(d)). These localized ver-
tical paths result in stronger preferential concentrationin horizontal slices too. In the
horizontal direction the effect of preferential concentration is visibly stronger than in fig-
ure 5.19(a). Although the void regions are slightly smallerthan in figure 5.19(a), the
particles cluster in sharper streaks.
Quantitatively the enhanced effect of preferential concentration means that with increas-
ing g∗ the values of the RDFs increase, even though the points of intersectiong3D = 1
andg2D = 1 remain more or less the same for allg∗ in the studied range. The behav-
ior of the RDF with increasingg∗ is indeed different for cases N0r and N100r, as can
be seen in figure 5.24. Furthermore, the distinction betweenthe horizontal and vertical
2D RDFs in stratified turbulence reduces. The values ofD2 decrease with increasingg∗,
as can be seen in figure 5.23(b). Forg∗ = 2.0 ·10−5 this effect is only visible for the
largest studied Stokes numbers, whereW>1. For largerg∗ (g∗=1.6·10−4) lower values
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Figure 5.24: 3D RDF for (a) case N0r and (b) case N100r for different strengths of the gravi-
tational accelerationg∗. For the Stokes numbers shown here (St= 0.96 for N0r andSt= 3.09
for N100r), the values ofg∗ correspond to (a)W = 0.87 andW = 6.93 and (b)W = 0.4 and
W =3.2.

of D2 compared to theg∗ = 0 case are already found at smallerSt. It can be concluded
that enhanced preferential concentration is only found forlarge sinking velocities; up to
aboutW =1 no effect of the gravitational force on particle accumulation is observed. As
mentioned in section 5.2.5 our results are obtained at fixedg∗. To verify the conclusion
that enhanced preferential concentration is mainly found for W > 1, it could be helpful
to perform additional simulations in whichW is kept fixed.

In some of the runs, mainly the highSt, high g∗ runs, some of the particles have par-
ticle Reynolds numbers of order one. As the requirementRep ≪ 1 is not fulfilled here, it
has been studied whether nonlinear drag effects need to be taken into account to study the
effect of preferential concentration. The influence of thisnonlinear drag on preferential
concentration in stratified turbulence as expressed by the 2D and 3D RDFs is found to be
negligible.
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5.4 Concluding remarks

In this chapter the dispersion and preferential concentration of heavy particles is studied
in both isotropic and stably stratified turbulence. In isotropic turbulence the dispersion
shows a maximum for Stokes numbers around one. Also for the effect of preferential
concentration an optimum is found aroundSt= 1. A connection between the two max-
ima might be explained as follows. For Stokes numbers of order one the heavy particles
do not remain trapped within vortices and, moreover, they collect in regions where high
strain rates enhance their dispersion.
For stably stratified turbulence it cannot be deduced from our results whether the hori-
zontal dispersion of heavy particles peaks aroundSt = 1 or whether it decreases with
increasingSt. For all Stokes numbers the long-time scaling behavior is proportional to
t2.0±0.1, in accordance with the horizontal dispersion found for fluid particles. In the
vertical direction the effect of particle inertia is clearly to enhance the particle dispersion.
With increasing inertia the particles become less susceptible for the restoring buoyancy
force on the flow and the plateau found for fluid particles diminishes. Compared to
isotropic turbulence the effect of preferential concentration in stably stratified turbulence
decreases with increasing stratification.
The influence of gravitational forces acting on the particles is studied in both flows. First
of all this leads to an average particle displacement in the downward direction. The cor-
responding settling velocity in isotropic turbulence is found to be much larger than the
Stokes settling velocity at smallSt and/orW . In stably stratified turbulence, on the other
hand, the settling velocity is more or less equal towst and it is almost independent ofSt
or W . The horizontal dispersion of the settling heavy particlesis reduced compared to
the zero-gravity case in both isotropic and stratified turbulence. In the vertical direction,
however, it is reduced in isotropic turbulence whereas in stratified turbulence the disper-
sion increases with increasingW . The gravity force that acts on the particles also has an
opposite effect for isotropic and for stratified turbulencewhen the effect of preferential
concentration is studied. In isotropic turbulence the preferential concentration decreases
with increasingW but in stably stratified turbulence it increases.
Furthermore, the effect of a lift force and the use of a nonlinear drag law on heavy parti-
cle dispersion are examined. It is found that the lift force resulting from vertical shear in
the flow field does not affect the dispersion behavior of heavyparticles in stably stratified
turbulence. The use of a nonlinear drag law instead of Stokesdrag mainly affects the
settling velocity of the particles in isotropic turbulence. The settling velocity is reduced
compared to the linear drag case. Its influence on the mean-squared displacement, how-
ever, is small; only in stratified turbulence withW = 0 the vertical dispersion obtained
using the nonlinear drag law is smaller than that obtained with linear drag.





6 Forces acting on light inertial
particles

In the last two chapters of this thesis we will focus on the behavior of light inertial parti-
cles, with density ratios ofO(1) toO(10) in isotropic turbulence andO(1) toO(100) in
stably stratified turbulence. Particles with densities of the order of the surrounding fluid
can be, for example, micro-organisms or sand in lakes, rivers or oceans. In the practical
applications that we have in mind, collisions and clustering of these micro-organisms
play a role. This interaction between the particles takes place at the smallest scales of
the flow. The forces of the fluid on the particles also act at these smallest scales, and
therefore it is important to study the influence of these forces on the dispersion behavior
of light particles.
For the stratified turbulent flow case N10r as used in the previous chapter is chosen. The
stratification of this flow,N =0.309 s−1, is realistic for strongly stratified environments
encountered in nature [59]. Moreover, since the densities of the particles and the sur-
rounding fluid are of the same order for light particles, the vertical density gradient of the
fluid should be small in order to compute statistical properties. For this specific value of
the stratification the density difference between the top and the bottom of the domain is
about1%, and thus locally the background density can be assumed constant.
Whereas for the heavy particles discussed in chapter 5 the equation of motion for the
particles could be simplified, for the light particles we need to solve the full Maxey-Riley
equation as given in equation 2.26. Extensive numerical dispersion studies including
all terms in the Maxey-Riley equation became possible only recently, because of the in-
crease in computer power. An overview of previous studies onthe importance of the
different forces will be given in section 6.1. The magnitudeof the different forces will
be discussed in this chapter; in section 6.2 for isotropic turbulence and in section 6.3 for
stably stratified turbulence. Next, in chapter 7 the dispersion of the light particles and
their ability to show the effect of preferential concentration will be examined.
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6.1 Overview of previous work on the forces acting on
inertial particles

The computation of all the different forces in the Maxey-Riley equation is an expensive
time- and memory consuming job. Therefore, assumptions areoften made regarding the
forces that can be neglected in the study of particle dispersion. The number of studies
underpinning these assumptions, however, is rather limited. An elaborate overview of the
work on the different terms in the Maxey-Riley equation and their numerical implemen-
tation can be found in the paper by Loth [86].

The term that is most often neglected is the history term because of its numerical com-
plexity. Next to the form as given in equation 2.26, which is derived by Basset [10],
several other kernels are proposed. Their main difference is the description of the long-
time decay rate (other thant−1/2 as used in equation 2.26), which is found to depend on
the type of flow (see, for example, Dorgan & Loth [52] and Vojir& Michaelides [149]).
Most studies conclude that the importance of the Basset force compared to the other rele-
vant forces is nonnegligible. It can affect the motion of a sedimenting particle [133], alter
the particle velocity in an isotropic or oscillating flow field [96, 149] or modify the trap-
ping of particles in vortices [143]. Nevertheless, the overall effect of the Basset history
force on particle dispersion is often found to be small [5, 143]. Alternating underpredic-
tions and overpredictions of the particle velocity in a random velocity field, for example,
cancel in the calculation of average values [149].

A first work that will be used as a reference for the results presented in this chapter,
is that by Armenio & Fiorotto [5]. They investigate the relative importance of the dif-
ferent forces on particles with density ratios ranging from2.65 to 2650 in a turbulent
channel flow. They consider the pressure drag, the added mass, the Stokes drag and the
Basset force; gravitational forces and any Faxén corrections are neglected. With increas-
ing density ratio the relative importance of the different forces with respect to the Stokes
drag reduces. For a density ratioρ∗ = ρp/ρ of O(1), apart from the Stokes drag the
pressure gradient and the Basset force are found to be relevant. The importance of the
pressure gradient force sharply drops whenρ∗ is increased, but the value of the Basset
force remains appreciable in their whole range of density ratios. The effect on the par-
ticle dispersions of the forces other than the Stokes drag, however, is found to be very
small. In the small-density range, where the pressure gradient and the Basset force are
important, the Stokes number of their particles is small (St≤0.1) and they merely act as
fluid particles [5].
Other studies that can be of interest are the works by Tanga & Provenzale [143] and
Candelieret al. [35]. The type of flow studied by Tanga & Provenzale might be relevant
for the stratified turbulence described in sections 6.3 and 7.2. They study the dynamics
of particles with a fixed density that oscillate in the vertical direction around a reference
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density surface (thereρ∗ = 1). In the horizontal direction the flow consists of arrays of
cyclonic and anticyclonic vortices. Particles can be trapped inside these vortices for long
times and then escape and move to another vortex. It is found that including the Basset
force results in longer trapping times and longer free flights. On average, however, both
effects compensate and the large-time dispersion behavioris very similar with and with-
out inclusion of the Basset force [143]. Candelieret al. perform an experimental study
of individual particles with a density ratio of1.45 that move in a single vortex and they
compare the experimental results with a theoretical analysis. Also their conclusion is that
the relevant forces are the Stokes drag, the pressure gradient and the Basset force. When
the Basset force is omitted from the analytical approach, the ejection of a particle out of
the core of the vortex is overestimated [35]. This is in agreement with the longer trapping
times observed by Tanga & Provenzale [143].

The Maxey-Riley equation that is commonly used to study particle dispersion from the
Lagrangian point of view is derived for a very limited range of the particle parameters.
For example, small volume fractions are assumed in order to neglect two-way coupling
or particle-particle interaction. The particles must be spherical and rigid, and small com-
pared to the scales in the flow. Furthermore, the particle Reynolds number based on
the relative velocity between the particle and the fluid (Rep) must be much smaller than
one. The parameter range that is studied in this chapter and in chapter 7 is based on
these prerequisites, but in practical situations these requirements are often not fulfilled.
Theoretical descriptions that cover all possible types of particles and that can be used
in simulations in which millions of particles are tracked are still lacking. Several of the
ranges outside the Maxey-Riley limits are topic of ongoing research. For example, the
large Reynolds number range (Rep =O(100)) is examined by Bagchi & Balachandar [8]
for particles in a non-uniform straining flow. One of their conclusions is that the em-
pirical drag laws that are commonly used (for example, the Schiller-Neumann equation
given in equation 5.13) do not adequately represent the dragon the particles in their flow
field.

The number of studies carried out on the forces that are acting on light particles and
on their effect on the dispersion of these light particles israther limited. For example,
a study comparable to that of Armenio & Fiorotto [5] for the fundamental flow type of
isotropic turbulence, has not been reported. The work that we present in this chapter has
a strongly explorative character. We cover a broad range of parameters in order to get
an overview of the field. The relevance of the different forces compared to the Stokes
drag will be studied in both isotropic and stratified turbulence. Also the orientation of
the forces with respect to the flow field at the particle position will be discussed, as well
as the effect of a nonlinear drag law and a mean settling velocity on the importance of
the different forces. Furthermore, it will be examined which parameter can be used to
predict the order of magnitude of the different forces that are acting on light particles.
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For example, the derivation of the simplified equation 5.9 for heavy particles is based on
the magnitude of the density ratioρp/ρ. This density ratio is also the parameter on which
the assumptions are based in dispersion studies such as presented by refs. [34, 137], re-
garding the forces that can be neglected. Here, we will discuss whether the density ratio
is indeed the key parameter that determines the importance of the different forces that
are acting on light particles in isotropic and stratified turbulence. Based on the results
presented in this chapter, specific focus areas for future research can be chosen for which
expensive simulations with more particles and higher resolutions can be run.

6.2 Isotropic turbulence

The isotropic turbulent flow in which the light particles aretracked, is the same as used
to study the dispersion of heavy particles, case N0r. Its characteristic properties are given
in table 5.1. When the flow has reached a quasi-steady state particles with density ratios
ρ∗ = ρp/ρ between1 and 10 are released. The initial velocities of the inertial parti-
cles are set equal to the local fluid velocity. Because the full Maxey-Riley equation is
solved (without the lift force), the computations run slower, and moreover, the number
of particles that is tracked is limited due to memory constraints. Of each particle type,
the trajectories of4000 of them are computed for about15TE . Statistical properties are
calculated from the time at which a steady state particle distribution is reached.
The range of particle parameters that can be investigated islimited. To stay close to
the applications in mind, density ratios of about1 (plankton, algae) or2.7 (sand) are pre-
ferred. The particle diameter is restricted toO(η) for the Maxey-Riley equation to remain
valid. The Stokes numberSt=τp/τK of a particle is a function ofdp, ρ∗, ν andτK . The
latter two parameters are determined by the computation of the flow field. Fordp .η and
small density ratios, the resulting Stokes numbers are alsosmall (smaller than about1).
The properties of the sets of particles that are tracked in isotropic turbulence are given in
table 6.1.

In section 5.1 two definitions were given for the added mass term, of which the one
proposed by Autonet al. [7] is the most commonly used. Because of its more general
validity, the definition of Autonet al. is used here to compute the added mass force on
the light particles. The difference between the two definitions, one based ondu

dt (Maxey
& Riley [92]) and the other one based onDu

Dt (Autonet al. [7]), is (u−up)·∇u. In every
simulation time series of this difference are recorded for two particles. The average ratio
between the absolute values of this difference anddu

dt is found to be only a few percent
for small Stokes number particles. With increasingρ∗ this difference becomes consider-
able, reaching values of68% for particles A5 and130% for particles B5. The difference
can thus certainly not be neglected in the range of particle densities and diameters stud-
ied in this thesis. One remark has to be made, though. As will be seen in section 6.2.1,
the added mass term is not one of the most important forces that acts on a particle. The
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Table 6.1: Properties of the light particles studied in isotropic turbulence. Particles denoted with
an A, B or D move through a flow withReλ =85, called N0r in table 5.1. The difference between
particles A1 to A5 and B1 to B5 is their size. For particles D1 to D5 the Stokes number is fixed
and the particle diameter is varied (particles D2 are equal to A2). The particles denoted with
a C are tracked in a more intense isotropic turbulent flow field(Reλ =135, case N0r_256). The
modified Stokes numberStd is defined in equation 6.2.

particle dp ρ∗ St Std

A1 η 1.01 0.05
A2 η 1.5 0.08
A3 η 2.0 0.11
A4 η 4.0 0.22
A5 η 10.0 0.54
B1 2η 1.01 0.22 0.14
B2 2η 1.5 0.32 0.20
B3 2η 2.0 0.43 0.27
B4 2η 4.0 0.86 0.54
B5 2η 10.0 2.15 1.35
C1 1.4η 1.01 0.10 0.08
C2 1.4η 1.5 0.15 0.12
C3 1.4η 2.0 0.21 0.17
C4 1.4η 4.0 0.41 0.33
C5 1.4η 10.0 1.02 0.82
D1 1.2η 1.01 0.08 0.07
D2 η 1.5 0.08
D3 0.9η 2.0 0.08
D4 0.6η 4.0 0.08
D5 0.4η 10.0 0.08
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overall effect of the choice of the description for the addedmass term will therefore be
less influential on the particle dispersion than these high percentages might suggest.

6.2.1 Magnitude of the forces acting on light particles in is otropic
turbulence

To get a first impression of the forces that are acting on the particles, in figure 6.1 time
series of the different forces are shown for a particle withdp = η andρ∗ = 1.01. It be-
comes immediately clear that the forces fluctuate on a much more rapid time scale than
the particle velocity. The time scales at which the various forces fluctuate is also different.

The relative importance of the different forces can be examined by looking at their proba-
bility density functions. In the following mainly the absolute value of the different forces
will be shown, which is computed according to

Fγ ≡ |F γ | =
(

F 2
γ,x + F 2

γ,y + F 2
γ,z

)1/2
. (6.1)

Here,γ denotes one of the forces: D = viscous drag, PG = pressure gradient, SDF =
Stokes drag Faxén correction, Bas = Basset, BasF = Basset Faxén correction, AM =
added mass, AMF = added mass Faxén correction, g = gravity andl = lift.
In this explorative study all the forces are stored at every time step for only two parti-
cles per particle type, due to memory constraints. The totalamount of data available to
compute statistics for the forces is therefore limited. This results in relatively large un-
certainties in, for example, the average value of the strength of the forces. The relative
error in these average values is of the order of5%. For particles A1 and A4 as defined in
table 6.1 the pdfs of the ratio of the different forces and theStokes drag force is shown
in figure 6.2. The Stokes drag force is chosen as a reference, because it is relevant in the
whole parameter range, and even for heavy particles. From these graphs it can immedi-
ately be concluded that the Faxén correction of the added mass term can be neglected.
For all the simulations (both isotropic and stratified turbulence) that are presented in this
chapter this added mass Faxén correction term has values that are at least one order of
magnitude smaller than the values of the other forces. Therefore, it will not be discussed
in the remainder of this chapter, although the force is included in the computations. With
increasing density ratio a shift in the importance of the different forces can be seen, all
of the forces become less important compared to the Stokes drag. This is consistent with
the assumption made in chapter 5 that for heavy particles only the Stokes drag (and if
applicable also gravity) needs to be taken into account. Furthermore, the relative impor-
tance between the different forces changes. Whereas the pressure gradient is by far the
most important force forρ∗ =1.01, at the higher density ratioρ∗ =4.0 its importance is
comparable to the Basset force.



6.2.1 Magnitude of the forces acting on light particles in isotropic turbulence 133

up,x

urms

-0.5
0

0.5
1

1.5
2

2.5

FP G,xT
2
L

mpurms

-1

-0.5

0

0.5

1

FBas,xT
2

L

mpurms

0.2

0.1

0

-0.1

-0.2

FAM,xT
2

L

mpurms

0.05
0.025

0
-0.025
-0.05

FD,xT
2

L

mpurms

0.04

0.02

0

-0.02

-0.04

FSDF ,xT
2
L

mpurms

0.04

0.02

0

-0.02

-0.04

FBasF ,xT
2

L

mpurms

0.01
0

-0.01
-0.02

0 2 4 6 8 10

t/TL

Figure 6.1: Time series of thex-component of the particle velocity, the pressure gradient, Basset
force, added mass force, Stokes drag, Stokes drag Faxén correction and Basset Faxén correction
of one single particle from ensemble A1, successively. Thistime range of10TL is taken around
the middle of the total time that the particles are tracked.
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Figure 6.2: Probability density functions of the ratio of force Fγ and the drag forceFD for
particles with (a)ρ∗ = 1.01 and (b)ρ∗ = 4.0, denoted A1 and A4 in table 6.1, respectively.
ForceFγ stands for either the added mass force (AM), the added mass Faxén correction (AMF),
the Basset force (Bas), the Basset force Faxén correction (BasF), the pressure gradient (PG) or
the Stokes drag Faxén correction (SDF).

The average value of the ratio of the different forces and theStokes drag, taken over all
timesteps and over the two particles, is shown in figure 6.3(a) for particles A1 to A5. It
can be seen that all the forces reduce in significance compared to the drag force with in-
creasingρ∗ and/or with increasingSt, which are equivalent for a fixed value ofdp. This
reduction, however, is not equally strong for the differentforces. The relative importance
of the Basset force, for example, reduces only by a factor of about two, whereas the rela-
tive importance of the pressure gradient drops considerably.

In figure 6.3(a) the results are shown for particles that all have the same diameter. When
instead of the particle diameter the Stokes number is chosento be constant the results
slightly change, as can be seen in figure 6.3(b). Although thegraph looks qualitatively
the same as figure 6.3(a), the relative importance of the different forces is somewhat
altered, especially at the higher density ratios. Furthermore, the Stokes drag Faxén cor-
rection term now remains more important than the added mass term for the full range of
density ratios. It can thus be concluded that the density ratio is not the only parameter
that determines the relative importance of the different forces.

To separate the effects of the parametersρ∗, dp andSt on the relative importance of
the different forces, the results are compared from simulations in which the particles
have different diameters. For three of the largest forces the results from particles with
dp = η, dp = 1.4η anddp = 2η are plotted in figure 6.4. The results fordp = 1.4η
are obtained from a simulation at a higher turbulence intensity (case N0r_256 as men-
tioned in table 5.1). Qualitatively, the results for all three particle diameters show the
same behavior; the relative importance of the forces decreases with increasingρ∗ and/or
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Figure 6.3: a) Average value of the ratio of forceFγ and the drag forceFD as a function of
the density ratioρ∗ and, equivalently, the Stokes number, for particles denoted A in table 6.1.
b) Same plot as in figure (a) but nowSt= 0.08 is kept fixed and the particle diameter is varied
(particles D1 to D5 in table 6.1). See figure 6.2 for an explanation of the legend.

increasingSt and this result is also valid for the forces that are not shownin figure 6.4.
However, the quantitative behavior of the different forcescannot be predicted on the basis
of one of the parameters alone. Increasingdp at a given value ofρ∗ (and thus increas-
ing St) results in an increase of the strength of the different forces (see figure 6.4 left
column). This increase is small for the pressure gradient and for the Stokes drag Faxén
correction, and larger (factor of about5 when the particle diameter is doubled) for all
other forces. At given values ofSt the relative importance of the forces increases with
increasingdp (corresponding to decreasingρ∗), as can be seen in the right column of
figure 6.4. The graphs in these figures are shifted to the rightwhen the particle diameter
increases.
The inset of figure 6.4(b) shows the results as a function of the modified Stokes number

Std =
τp
τd

with τd =

(

d2
p

ε

)1/3

, (6.2)

proposed by Xu & Bodenschatz [160] for particles withdp > η. This Stokes number is
based on the time scale of the flow at the scale of the particle size instead of on the Kol-
mogorov time scale. Using this modified Stokes number the graphs are shifted towards
each other, but they do not collapse. The differences between the results obtained from
particles with different diameters are thus only partly captured by the modified Stokes
number. As mentioned in section 5.2.1 also for heavy particles a simulation was per-
formed in which all forces were incorporated except for gravity and the lift force. The
Basset force is the only force that cannot fully be neglectedcompared to the drag force
in the heavy particle limit. The results obtained for heavy particles are therefore included
in the graph for the Basset force (figure 6.4(d)). The appreciable, but small values of this
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Figure 6.4: Average value of the ratio of (a,b) the pressure gradient force, (c,d) the Basset force
and (e,f) the Stokes drag Faxén correction to the drag forceFD as a function ofρ∗ (left column)
andSt (right column). The results fromdp = 1.4η are obtained in a turbulent flow with higher
Reλ =135. The run withdp =2η is performed twice, once with linear Stokes drag and once using
a nonlinear drag law. The inset in figure (b) shows the resultsas a function of the modified Stokes
numberStd. For the Basset force in figure (d) also the results obtaintedfrom heavy particle
dispersion are included, their values are multiplied by a factor 10.
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force for heavy particles clearly show that the Stokes number alone cannot be used to
predict the relative importance of the forces.
For the purpose of estimating which forces need to be taken into account, the density ratio
is a good parameter. For a more detailed investigation of therole of the other parameters
dp andSt (or Std) on the relative importance of the different forces, additional simula-

tions need to be run. In order to keep two of the parametersdp, ρ∗ andSt =
(ρp/ρ)d2

p

18ν τK

fixed and study the influence of the third parameter, the particles could to be tracked
in isotropic turbulent flows with several turbulence intensities (and thus several differ-
ent τK). A possible complication of that approach is that by changing the turbulence
intensity alsoη changes.

When looking at the relative importance of the different forces that are acting on light
particles in isotropic turbulence, it can be concluded thatfor particles with a density of
the order of that of the surrounding fluid (ρ∗ = O(1)) all forces are relevant except for
the added mass Faxén correction. The pressure gradient force is by far the most signif-
icant force. Because the Stokes drag Faxén correction term is not negligible here, it has
been tested whether higher-order correction terms (see ref. [64]) need to be taken into
account. This fourth-order correction term, however, is found to have an average value
of only one-thousandth of that of the Stokes drag and it does not affect the relative im-
portance of any of the other forces.
Whenρ∗ increases to about10 the Stokes drag becomes the most important force and
the values of the Basset force and the pressure gradient can certainly not be neglected.
Preferably, also the Stokes drag Faxén correction and the added mass should be retained
in the equation of motion for the particles. Their average values of about5% of the Stokes
drag might still affect the particle behavior. Based on these results, also for light particles
with density ratios in the range between1 and10, simplifications of the Maxey-Riley
equation can be made.

The observations reported here for isotropic turbulence are in good agreement with the
results presented by Armenio & Fiorotto [5] for a turbulent channel flow. The values of
the pressure gradient and the Basset force found in this thesis for isotropic turbulence
are larger than those found by Armenio & Fiorotto, but in bothstudies these two forces
are the most important ones next to the drag force forρ∗ in the range between2 and10.
Armenio & Fiorotto also observe an increase in the relative importance of the pressure
gradient and the Basset force with increasing particle diameter. Moreover, they too ob-
serve that the graphs ofFPG andFBas cross aroundρ∗=5 (see figure 6.3(a)). The added
mass force, however, is found to be much larger (factor of about 50) in isotropic tur-
bulence than in the turbulent channel flow. This can be causedby larger accelerations
of both the particles and the fluid in the isotropic turbulentflow without wall effects, or
by possible influences of the Faxén correction terms that areneglected by Armenio &
Fiorotto [5].
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Figure 6.5: Probability density function of the product of the forceFγ and the relative velocity
(u−up) for particles A1; the ensemble consists of data from thex, y and z-components. The
horizontal axes are made dimensionless with the respectiverms-values. The results for the Stokes
drag and its Faxén correction are shown in figure (a) and for the Basset force and its Faxén
correction term in figure (b).

6.2.2 The orientation of the forces

The statistics presented above are derived for the magnitude of the forces. The re-
sults are also examined per spatial component. As anticipated for isotropic turbulence,
|F γ,α|/|F D,α| is the same (within statistical errors) for thex, y andz-directions.
One of the objectives of the next chapter is to study the effect of the different forces on
the dispersion behavior of light particles. Therefore, therelation between the orientation
of a certain force and the motion of a particle is examined. Infigure 6.1, for example, the
time series of the particle velocity and the Stokes drag showthe same trend and the Stokes
drag Faxén correction has the opposite sign as the Stokes drag force itself. A more quan-
titative picture can be obtained by looking at probability density functions ofFγ,αup,α

andFγ,α(uα−up,α), with γ the type of force andα ∈ {x, y, z}. If the forces show a
preferential orientation with respect to the particle velocity or to the relative velocity, the
pdf of one or either of the quantities will be skewed. If the value of the first quantity is
larger than zero, the corresponding force acts in the same direction as the direction of
the particle velocity. The second quantity indicates whether a force acts to reduce the
relative velocity (Fγ,α(uα−up,α)>0) or to increase it (Fγ,α(uα−up,α)<0). For all the
forces these two quantities are computed per spatial direction. The results from the three
directions are similar, as expected.
The principal conclusions are the following. For the particles withρ∗ = 1.01 the Stokes
drag is mainly headed in the same direction as the particle velocity, whereas its Faxén
correction points in the opposite direction. With increasing density ratio the skewness of
the pdfs ofFγ,αup,α reduces. A physical reasoning behind the relation between the direc-
tion of the forces and that of the particles is difficult to understand. This is also remarked
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Table 6.2: Average particle Reynolds numbersRep for five different density ratios. The results in
the second column are for particles A1 to A5 and those in the third and fourth column for particles
B1 to B5.

ρ∗ dp =η dp =2η dp =2η nonlinear

1.01 0.01 0.09 0.11
1.5 0.05 0.30 0.29
2.0 0.09 0.56 0.54
4.0 0.28 1.50 1.39
10.0 0.73 3.77 3.12

in the textbook by Cliftet al. who say that “ [...] it is clear that it is impossible to predict
with any confidence either the magnitude or the direction of the drag on a particle when
the relative velocity and acceleration are not parallel.” [41, p.316].
For the relative velocity the forces that show a clearly skewed pdf are the Stokes drag,
the Basset force and their Faxén corrections, which can be seen in figure 6.5. The Stokes
drag and the Basset force, both of a viscous nature, decreasethe relative velocity. The
restoring effect of the Basset force is in agreement with theresults reported by Candelier
et al. [35], who show that neglecting the Basset force leads to an overestimation of the
ejection of particles out of vortex cores. The Faxén corrections of the Stokes drag and
the Basset force have the counteracting effect of enhancingthe relative velocity. When
the density ratio is increased, the distributions ofFγ,α(uα−up,α) become broader and
the pdfs become more symmetrical. The main force that reduces the velocity difference
between the particle and the fluid remains the Stokes drag, but the pdf of the pressure
gradient force also becomes clearly skewed. This pressure gradients acts as to decrease
the relative velocity.

6.2.3 The effect of nonlinear drag

In the parameter range investigated for light particles, the requirementRep ≪ 1 is not
always fulfilled. Therefore the influence of nonlinear drag effects on the magnitude of
the different forces is studied. The simulation with the largest particles (and thus the
largestRep) is repeated, with the Stokes drag law replaced by the nonlinear drag law
given in equations 5.12 and 5.13. The particle Reynolds numbers for this simulation with
dp = 2η are given in table 6.2, together with the corresponding values obtained from
linear drag and those from the simulation with linear drag and dp = η. It can be seen
that the use of a nonlinear drag law decreasesRep, especially for the heaviest particles
in the studied range. This decrease is consistent with the results obtained for heavy par-
ticles (see section 5.2.4). The differences are small except for particles withdp =2η and
ρ∗ equal to4.0 or 10.0, where the particle Reynolds number exceeds the value of1. The
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influence of choosing a linear or a nonlinear drag law on the forces acting on the particles
or on light particle dispersion are therefore expected to besmall.
For the largest particle diameterdp =2η the results from a simulation with linear Stokes
drag and one with the nonlinear drag law given in equations 5.12 and 5.13 are compared.
The results from this simulation with nonlinear drag are added to figure 6.4. For the pres-
sure gradient and the Stokes drag Faxén correction (and alsofor FAM , FAMF andFBasF ,
not shown) the differences between the linear drag results and the nonlinear drag results
are small. Only for the Basset force the difference is nonnegligible. This difference is
caused by a combination of a larger drag force that is generated when the nonlinear drag
law is applied and a smaller magnitude for the Basset force itself. The magnitude of the
drag force resulting from nonlinear drag is mainly larger for the two largest density ratios.
The difference between the linear drag and the nonlinear drag is there about15%, which
is in agreement with the correction term0.15Re0.687

p for Rep = O(1), despite the fact
that also other forces than the drag force are influenced by the inclusion of the nonlinear
drag law. A possible explanation for the change in the relative importance of the Basset
force is the following. For nonlinear drag the velocity difference between a particle and
the fluid is smaller than for the linear case. Since the effectof the Basset force is to
reduce this relative velocity, there is less need for the Basset force in case of nonlinear
drag. The drag force and the Basset force mainly act in the same direction with respect to
the motion of the particle. Therefore, the increased drag onthe particle and the reduced
Basset force might cancel out. The expected influence on the total force that acts on the
particle is therefore small.

6.2.4 The effect of gravity

In all practical applications of course gravity acts on the particles. In order to study the ef-
fect of the gravitational force on the particle motion, two simulations are performed with
particles A1 to A5 (dp =η), in which the gravity term in equation 2.26 is included. Com-
pared to the case of heavy particles the expression for the settling velocity in quiescent

fluid is changed now. The definitionwst = τpg
′
(

1− ρ
ρp

)

will be used in this chapter.

In the first run a fixed value forW = wst/
√

w′2 is chosen for the five particle types
(W = 0.01). In the second one,g in the particle equation of motion is replaced by a
reduced gravitational accelerationg′. The ratiog∗ =g′/g is kept fixed at0.0104, a value
which follows from the preference to getW = O(1) for particles A3. The resulting
settling velocities are higher than in the first run; the range of investigatedW here is
{0.005, 0.24, 0.48, 1.44, 4.30} for particles A1 to A5, successively. A fixed value forg∗

is close to practical applications, in which the gravitational acceleration of different par-
ticles is of course the same. The choice for a fixed value ofW is based on the results
presented in chapter 5, where it was found that a fixed value for W simplifies the com-
parison between the results obtained at different Stokes numbers.
For a fixed value ofW , the gravity force decreases with increasingρ∗ becauseτp in-
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creases (Fg/mp =wst/τp). For a fixed value ofg∗, on the other hand,Fg increases with
increasingρ∗.
For all the cases studied here, the particles show an averagedownward displacement. For
theW = 0.01 case this displacement is small, it is less than two percent of the domain
size in well over10TL. Also for fixed g∗ andρ∗ = 1.01 the average displacement is
only 8% of the domain size. For higher density ratios and fixedg∗ the settling velocity
clearly dominates over the velocity fluctuations of the surrounding fluid. The ensemble-
averaged vertical displacement as a function of time is thenmore or less a straight line.

As can be seen in figure 6.6(a), the relative importance of thegravity force decreases
with increasingρ∗ for W = 0.01 and it remains more or less constant for fixedg∗. The
latter is not in contradiction with the statement made above. Fg increases with increas-
ing ρ∗, but at the same time also the drag force increases, mainly its vertical component.
The overall effect on the ratio ofFg andFD of increasing the density ratio is thus found
to be small. As long as the gravity force is relevant comparedto the drag force, which
is the case for all density ratios at fixedg∗ and forρ∗ < 2at fixedW , the relative im-
portance of all the other forces decreases. All forces show the same behavior withρ∗

(see figures 6.6 (b) to (f)) except for the Basset force. The reduction in the ratio ofFBas

andFD is strongest for the particle parameters at which the particles are clearly settling
(fixedg∗, ρ∗≥1.5).
The relative importance of all the forces is reduced when thegravity force is nonnegli-
gible compared to the drag force. But is this also the case forthe absolute values of the
different forces, or is it caused by an increase of the drag force, with which the forces are
compared in figure 6.6? In order to examine the cause of the reduced relative importance,
the forces are compared with their corresponding values atW = 0, instead of withFD.
These results are presented in figure 6.7. It can immediatelybe seen in this figure that
the influence of the gravity force for the particles withW = 0.01 and the larger density
ratios is relatively small. Forρ∗ & 2 is the ratio|F γ |/|F γ,g0| about one for all forces.
The absolute values of the pressure gradient, the Stokes drag Faxén correction and the
Basset force Faxén correction are not very sensitive to the effect of gravity. The ratio of
their values with and without gravitational forces acting on the particles isO(1) in the
whole range ofρ∗ studied here (see figures 6.7 (b), (c) and (f)). It can thus be concluded
that the decrease of the relative importance of these forces, as observed in figure 6.6, is
mainly due to the increased drag on the particles. This increased drag force can be seen
in figure 6.7(a) for the smallestρ∗ atW =0.01 and for all density ratios at fixedg∗.
The Basset force increases with increasingρ∗ for the fixedg∗ case, as can be seen in
figure 6.7(e). Especially for settling velocitiesW of about0.5 and higher its absolute
value is larger than in the zero-gravity case. Also its relative importance to the drag force
increases with increasingρ∗ (see figure 6.6(e)). The Basset force has a similar viscous
nature as the drag force. When the gravity force on a particleis considerable, which is
here mainly the case for the fixedg∗ case, both the drag force and the Basset force act as
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Figure 6.6: Average value of (a) the gravity force, (b) the pressure gradient, (c) the Stokes drag
Faxén correction, (d) the added mass, (e) the Basset force and (f) the Basset force Faxén correc-
tion, compared to the drag forceFD as a function ofρ∗. Gravitational effects act on the particle
by using either a fixedW or a fixedg∗.
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Figure 6.7: Ratios of (a) the Stokes drag, (b) the pressure gradient, (c) the Stokes drag Faxén
correction, (d) the added mass, (e) the Basset force and (f) the Basset force Faxén correction
with and without (g0 ) gravitational forces. For the runs with fixedg∗ the values forW are
0.005, 0.24, 0.48, 1.44 and4.30, successively.
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restoring forces in the sense that they reduce the velocity difference between the particle
and the surrounding fluid. This reducing effect of the drag force and the Basset force
on the relative velocity is inferred from pdfs ofFγ,α(uα−up,α), analogous to the results
shown in figure 6.5. The relative velocity is larger for a settling particle than for a similar
particle in a zero-gravity field. This increased relative velocity induces extra strong vis-
cous forces. The drop seen for the drag force in figure 6.7(a) might therefore be related
to the increased Basset force in that range. Part of the work done by the drag force to
counteract the gravity force is overtaken by the Basset force.
The added mass force is clearly altered by the introduction of a gravitational force, as
can be seen in figure 6.7(d). It is increased by a factor of up to10 for the cases in which
the particles are settling down. The added mass force arisesfrom the acceleration of the
particle and the resulting acceleration of the fluid around the particle. Due to the grav-
ity the particles have a tendency to accelerate in the vertical direction. This increased
acceleration causes the increased added mass force. Also the Basset force comprises
acceleration terms which can explain its increase for settling particles, together with the
above mentioned argument based on its viscous nature. The increase is expected to level
off at largerρ∗ (or largerg∗) since a particle that has reached its, more or less constant,
terminal settling velocity does not undergo strong acceleration anymore. This trend is
indeed visible in figure 6.7(d).

Which of the forces need to be taken into account when studying particle motions in a
non-zero gravity field depends strongly on the strength of the gravity force. For weakFg

the results remain similar to the case withW =0. When the particles show a clear settling
as a result of the gravity force, apart fromFg mainly the Stokes drag is of importance.
Furthermore, the pressure gradient, the Basset force and the added mass term should be
included. Even though its value is small compared to the dragforce, propably also the
Faxén correction of the drag force cannot be neglected because of its counteracting effect.

6.3 Stably stratified turbulence

Light particle dispersion in stably stratified turbulence is studied in a case N10r flow, of
which the properties are given in table 5.1. Because the background density of the flow is
not constant in the vertical direction and the particle density is close to the fluid density,
care needs to be taken in calculating particle statistics. The density ratioρ∗ is changing
continuously.
The approach that is adopted is the following. The particlesare released in the portion of
the domain between0.25L0,z and0.75L0,z . As seen previously for fluid particles and for
low Stokes number heavy particles, the vertical radius of action of the particles is limited
when no gravitational forces are acting on the particles themselves. By keeping them
away from the top and bottom boundaries initially, they willnot cross these boundaries
and it can be avoided that they enter a region with a completely different background den-
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sity during a simulation. All particles are assigned a certain density ratio at their release
in the flow. Depending on their vertical position in the flow field, and thus on the density
of the surrounding fluid, the corresponding particle density is calculated fromρp = ρρ∗.
In the remainder of a simulation the density of the particlesis kept fixed. The diameter
of the particles is also kept fixed throughout a simulation. Due to the vertical motion of
the particles their density ratio is changing in time. This change, however, is small. The
total density gradient over the computational domain is about 1% of ρ0. Suppose that the
maximum vertical displacement of a particle is one-tenth ofthe domain, then the change
in the background density will be only about1‰, apart from any density fluctuationsρ′.
Because of the small changes in the density ratio also the Stokes number of the particles
fluctuates in time. Again these fluctuations are ofO(10−3).
Two different methods are used to compute the density of the fluid at the particle posi-
tion. At first it is assumed thatρ0 andρ(z) are the main contributors to the total densityρ.
Knowing the vertical position of a particle, the fluid density can now be computed easily.
In the second method also the local density fluctuations are taken into account. These
fluctuations are small compared to the total density, with values smaller than0.5% of ρ0.
Using the interpolation technique as described in section 2.2.2,ρ′ can be interpolated at
the particle position. The total fluid density at the particle position for this second method
is thus computed asρ(xp) = ρ0 + ρ(zp) + ρ′(xp). As will be seen in the remainder of
this chapter, the results obtained from both methods are similar. Most of the presented
results are computed using the second method and it will be mentioned explicitely when
the first, simplified method is used.

The range of density ratios that is investigated here for stratified turbulence is larger
than for isotropic turbulence in order to make a connection with the heavy particles dis-
cussed in chapter 5. Except for one ensemble all particles have a diameterdp =η and the
range of density ratios consists of values between1.01 and144.4. The properties of the
different particles are given in table 6.3. The properties of particles F7 are chosen such
that their Stokes number equals that of particles F4, although their diameter and den-
sity differ considerably. Of each particle type4000 particles are released when the flow
has reached a statistically stationary state and their trajectories are computed for about
10 eddy turnover times. The calculation of the particle statistics only starts when the
particle distribution has become stationary. This is especially important for the particles
with larger Stokes numbers that can display preferential concentration.

In the same manner as is done for light particles in isotropicturbulence, the difference
between the time derivativesdu

dt and Du

Dt is considered. In stratified turbulence the differ-
ence between the two descriptions is1.1% for ρ∗=1.01 but already forρ∗=5.0 it grows
to 28%. The same conclusion thus holds as for isotropic turbulence. The difference be-
tween the two methods cannot be neglected and the definition for the added mass term
with Du

Dt as given by Autonet al. [7] is used here.
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Table 6.3: Properties of the light particles that are studied in stably stratified turbulence (case
N10r). For the particles denoted with an E the fluid density atthe particle position is computed
fromρ=ρ0+ρ+ρ

′ and for the particles denoted with an F only the background densityρ=ρ0+ρ is
used inρ∗. The Stokes numbers given here are based on the initial values forρ∗. Particles E6 are
only used for the simulations in which the effect of gravity is studied. Pay attention to particles
F4 and F7; although theirdp andρ∗ differ theirSt is the same.

particle dp ρ∗ St

E1 η 1.01 0.06
E2 η 1.4 0.08
E3 η 5.0 0.28
E4 η 10.0 0.55
E5 η 25.0 1.38
E6 η 2.0 0.11
F1 η 1.01 0.06
F2 η 2.0 0.11
F3 η 5.0 0.28
F4 η 10.0 0.55
F5 η 25.0 1.38
F6 η 100.0 5.43
F7 0.26η 144.4 0.55
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Figure 6.8: Average value of the ratio of forceFγ and the drag forceFD as a function of (a) the
density ratio and (b) the Stokes number for particles F1 to F7. The results from particles F7, with
a deviating particle diameter, are easily recognized as thefree points atρ∗ = 144.4 in figure (a)
and atSt = 0.55 in figure (b). See figure 6.2 for an explanation of the legend.

6.3.1 Magnitude of the forces acting on light particles in st ratified
turbulence

The importance of the different forces acting on light particles in stratified turbulence is
studied in the same way as described in section 6.2.1. The forces act on the particles at the
smallest scales of the flow. At these smallest scales the flow is more or less isotropic, also
for the moderately stratified turbulent flow of case N10r. Therefore, a strong resemblance
between the results obtained for isotropic turbulence and for stably stratified turbulence
is expected. Consequently, the description of the results presented in this section is re-
stricted to the main observations and to the differences between the results obtained for
isotropic turbulence and for stratified turbulence.
For the different forces their ratio to the drag force as a function ofρ∗ orSt is depicted in
figure 6.8. The values used forρ∗ andSt in the presentation of the results are the initial
values, during a simulation the actual values fluctuate around these initial values. The
results plotted in figure 6.8 are obtained from particles F1 to F7, which cover the largest
range of density ratios and Stokes numbers.
In order to show that the results obtained from simulations with or without inclusion of
the local density fluctuations in the total fluid density are the same, the results from both
simulations are plotted in figure 6.9 for the two most important forces. For the pressure
gradient and the Basset force shown in this figure the resultsfor the particles denoted
with an E or an F in table 6.3 are the same within the error margins, and this conclusion
also holds for the other forces that are not shown in the figure. Only the added mass force
acting on particles F1 and F2 deviates from that acting on particles E at smallρ∗. Based
on the results obtained for isotropic turbulence, most likely the results for particles E1
and E2 (cf. figure 6.10) give the correct values ofFAM .
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Figure 6.9: Ratio of (a,b) the pressure gradient force and (c,d) the Basset force to the Stokes
drag force for case N10r, as a function of the density ratio (left column) and the Stokes number
(right column). The results are shown for particles denotedE and F in table 6.3. For the first
the fluctuations of the fluid velocity at the particle position are taken into account inρ∗. For
comparison also the results for isotropic turbulence (see section 6.2.1) and those resulting from a
nonlinear drag law (particles E1 to E5) are included.
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For the comparison between the relative importance of the forces acting on the particles
in isotropic turbulence and in stratified turbulence, the isotropic turbulence results are
included in figure 6.9 for the pressure gradient and for the Basset force. For the other
forces (not shown) the results are similar to those presented for the pressure gradient
term. The differences between isotropic turbulence and stratified turbulence are small
and fall within the error margins. The only exception is the Basset force. Its relative
importance is larger in isotropic turbulence by about20% for ρ∗ =O(1) but it becomes
smaller than in stratified turbulence for larger density ratios. Forρ∗ =O(10) it is about
20% smaller.
A further similarity between the results for isotropic turbulence and for stratified turbu-
lence is that neither the density ratio nor the Stokes numberis the parameter that com-
pletely describes the relative importance of the forces. This becomes clear from the
comparison between the results of particles F4 and F7. In figure 6.8(b) the relative im-
portance of the different forces obtained at the same Stokesnumber (St= 0.55) but at
different ρ∗ anddp is seen to be totally different. And also the strong drop for largeρ∗

(towards the smaller particles F7) in the results in figure 6.8(a) does not match with the
trend in the density range beforeρ∗=100. A more detailed investigation is needed on the
influence of the three parametersρ∗, dp andSt, in an attempt to find one single parameter
that completely predicts the relative importance of the different forces.

The final conclusion which of the forces are important in stably stratified turbulence is
the same as for isotropic turbulence. For density ratiosρ∗ =O(1) all forces are relevant
except for the added mass Faxén correction. The pressure gradient term is one order of
magnitude larger than the other important forces. With increasingρ∗ or St the relative
importance of the different forces compared to the drag force decreases. The Stokes drag
becomes the most important force forρ∗ larger than about5 or St larger than0.3. The
decrease is especially strong for smallρ∗ or St and becomes more gradual later on. In
the range ofρ∗ between5 and100 the Basset force is the second most important term
that certainly needs to be taken into account. Also the pressure gradient and the added
mass term are not completely negligible.
Apart from comparing the results with those obtained in isotropic turbulence, we also
compared them with the experimental results by Candelieret al. [35]. They study par-
ticles with a density ratio of1.45 moving in a single vortex and they conclude that the
relevant forces that are acting on these particles are the Stokes drag, the pressure gradient
and the Basset force. The rationale behind the comparison with the work by Candelier
et al. is the presence of large horizontal vortical structures in our stably stratified flow.
The results are in agreement; also in this thesis the three most important forces are the
Stokes drag, the pressure gradient and the Basset force.
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6.3.2 The orientation of the forces

Even though the smallest scales of the flow are more or less isotropic, the stably strat-
ified turbulent flow studied here displays considerable anisotropy at the larger scales.
Therefore, a comparison is made between the forces in the horizontal and in the vertical
direction. The ratio of the absolute value of the vertical component and the horizontal
components of the forces is computed at every time step. On average the vertical com-
ponent of the forces is larger than the horizontal components. The value of this ratio is
about5 for FSDF andFAM , it is of the order of5 to 10 for FD, FBas, FBasF andFAMF and
for FPG the vertical component is even a factor of10 larger than the horizontal compo-
nents. This anisotropy in the strength of the forces might berelated with the oscillating
motion of the particles. In the vertical direction they undergo much more accelerations
or decelerations and changes of direction.
When looking at the relative importance of the forces compared to the Stokes drag,
mainly the pressure gradient and the Basset force show a directional preference. The
ratio of their vertical component to the vertical componentof the drag force is larger than
the corresponding horizontal ratios.

With use of the skewness of the pdfs ofFγ,αup,α andFγ,α (uα−up,α), withα ∈ {x, y, z},
the orientation of the forces is related to the direction of the particle velocity and to the ve-
locity difference between the particles and the surrounding fluid. The results are similar
for stratified turbulence and for isotropic turbulence. Moreover, the relation between the
direction of the forces and that of the particle velocity does not differ for the horizontal
and the vertical components. The main observations are thatespecially the Stokes drag
and its Faxén correction are important in decreasing and increasing the relative velocity,
respectively. The Basset force and its Faxén correction term play the same role but to a
lesser extent. For small density ratios the pressure gradient increases the relative velocity
whereas it decreases it for largeρ∗. The added mass term, finally, acts as to increase the
relative velocity for largerρ∗.

6.3.3 The effect of nonlinear drag

In chapter 5 it is shown that the vertical dispersion of heavyparticles in stratified tur-
bulence is influenced by nonlinear drag effects. The question is now whether the type
of drag law also influences the forces other than the drag force on light particles in a
stratified turbulent flow. Hereto, a simulation is performedwith particles E1 to E5, in
which the Stokes drag force is replaced by equations 5.12 and5.13. A clear difference
in Rep between linear and nonlinear drag is only observed for the heaviest two particle
types (ρ∗≥10). The expected decrease of the particle Reynolds number as aresult of the
nonlinear drag law (see also tables 5.2 and 6.2) is obtained.Only for particles E5 isRep
larger than one:Rep =1.67 for linear drag andRep =1.48 for nonlinear drag. Therefore,
the effect of which type of drag law is chosen is expected to besmall.
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The magnitudes of the forces obtained using the nonlinear drag law are shown in fig-
ure 6.9. ForFPG as well as for all the forces that are not shown in this figure the results
obtained from either of the two drag laws are the same. Just asfor isotropic turbulence
only the Basset force is affected by changing the type of dragforce (see section 6.2.3). As
can be seen in figures 6.9 (c) and (d), for Stokes numbers larger than one the relative im-
portance of the Basset force is smaller when the nonlinear drag law is used. For isotropic
turbulence, however, the difference between the two types of drag laws occurred for a
wider range of Stokes numbers. Most likely this is due to the use of larger particles in
the isotropic turbulent flow.

6.3.4 The effect of gravity

Also for the light particles dispersing in stably stratifiedturbulence the influence of the
gravity that acts on the particles is examined. Similar as for isotropic turbulence, two
types of runs are carried out. In the first one the value ofW is the same for all the par-
ticles (W = 0.001) and in the second oneg∗ has a fixed value (g∗ = 1.95 · 10−4). The
values ofW resulting from this fixedg∗ case are generally larger than for the fixedW
case and their values areW =

{

5.0·10−4, 2.0·10−2, 5.0·10−2 , 0.20, 4.49
}

. The particles
denoted with E1 to E4 and E6 in table 6.3 are tracked here.
The simulations with a fixed value forW are performed twice, once for particles with a
fixed diameterdp =η and once for particles with a fixed Stokes numberSt=0.11.
The fixed value ofW = 0.001 is very small and therefore the particles in these simu-
lations do not show a mean settling velocity, except for particles E4 at fixeddp which
show a tendency to sink. For the fixedg∗ case the values forW are much larger. Here
all particles except for the lightest ensemble are settlingand this effect is most strongly
observable for the two ensembles with heaviest particles.
When the particles experience a mean vertical displacementthe ratio of their density
and that of the surrounding fluid is changing in time. For settling particles this means
thatρ(xp) increases and thusρ∗ decreases. On average the vertical displacement of the
fastest settling particles (E4 at fixedg∗) during a simulation is about two-fifth of the do-
main height. This corresponds to a change of only0.4% in ρ∗ which is small enough to
compute statistical properties from the position and velocity time series.
Now that the particles are settling, the crossing of the bottom boundary needs to be taken
into account. Although the code is periodic in the vertical direction for the density fluc-
tuationsρ′, the background density profileρ(z) is not periodic. In order to make the
particles feel like the domain is indeed infinite in the vertical direction, it is chosen to
keep the density ratioρ∗ = ρp/ρ fixed when a particle leaves the domain at the bottom
and re-enters at the top. From thisρ∗ and the fluid density at the particle position a new
particle density is computed. The particle keeps this newρp until it again crosses the top
or the bottom boundary. The particle settling velocities are not very high though. For the
heaviest particles withW = 4.49 a considerable fraction of the particles will cross the
domain boundary once during a simulation. For the lighter particles withW =0.20 this
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happens only to some of the particles and for the the other values ofW it is unlikely that
particles cross a domain boundary within the time span of a simulation.

Broadly outlined, the results for the influence of the gravity force on the other forces
that are acting on light particles are similar for isotropicturbulence and for stratified tur-
bulence. Graphs showing the changes in the different forcesunder the influence of the
gravity force are presented in appendix 6.A, together with adescription of the results.
Here only the main observations will be highlighted.
The influence of the gravity on the other forces that act on light particles in stratified
turbulence depends on the strength ofFg. It can mainly be observed for particles that
have a clear downward settling velocity. For the runs with a fixed value ofW , the gravity
acting on the particles is very small and the different forces have more or less the same
magnitude as forW = 0. For the fixedg∗ case, the Stokes drag increases to counteract
the increased force on the particles resulting fromFg. As opposed to the isotropic case,
the other viscous force - the Basset force - does not display this increase. At small den-
sity ratios its value is slightly larger than without gravity, but for ρ∗ & 2 it is found that
|F Bas|/|F Bas,g0 | < 1. Furthermore, the relative importance of the Basset force to the
drag force is reduced compared to the zero-gravity results,but this reduction is only a
factor of two (compared to the factor10 for isotropic turbulence). Most likely, it is the
smaller value forg∗ here in stratified turbulence that causes this difference between the
effect of the gravity force in isotropic turbulence and in stratified turbulence.
The conclusions as to which forces are relevant at a given value ofρ∗ do not change com-
pared to the zero-gravity case, at least for the values ofW andg∗ that are discussed here.
Of course the gravity force itself should now also be taken into account and furthermore
the importance of the Basset force is reduced.

6.3.5 The effect of the lift force

In a separate run the effect of the lift force on light particle dispersion in stably strati-
fied turbulence is studied. The corrected formulation proposed by McLaughlin [94] is
included in the equation of motion for the particles (see section 5.1) and the trajectories
of particles E1 to E5 are computed. The influence of the lift force on the other forces is
small, as can be seen in figure 6.10. The lift force itself has amore or less constant ratio
to the drag force of about5·10−2 for density ratios between1 and25. It is therefore of
minor importance, although forρ∗ > 5 or St> 0.3 it is the fourth most important force
after the Stokes drag, the Basset force and the pressure gradient. Any influence of the
inclusion of the lift force is mainly seen at largeρ∗ (or St) for the two Faxén correction
terms, that of the Basset force and of the Stokes drag.
When looking at time series of the different forces in a similar manner as depicted in
figure 6.1, it can be seen that the lift force and the drag forceact in opposite direction.
Indeed, the product of the lift force and(w−wp) is clearly skewed towards negative val-
ues. The lift force thus acts as to enhance the velocity difference between the particles
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Figure 6.10: Average value of the ratio of forceFγ and the drag forceFD as a function of the
density ratio for particles E1 to E5. The results are shown from simulations with and without
the vertical lift force included in the particle equation ofmotion. Open symbols and dashed lines
denote forces from the run in which the lift force is present.

and the fluid.

6.4 Concluding remarks

In this chapter the forces that are acting on light inertial particles in both isotropic and
stably stratified turbulence are studied. The light particles have density ratios ofO(1) to
O(100), their size is of the order of the Kolmogorov length scale andthe resulting Stokes
numbers are ofO(1) and smaller.
The study of the different forces that are acting on the lightparticles gives similar re-
sults for isotropic turbulence and for stably stratified turbulence. This resemblance is due
to the fact that the forces act at the smallest scales of the flow, which are more or less
isotropic for both turbulent flows. For density ratios ofO(1) the pressure gradient is by
far the most important force, its value is one order of magnitude larger than the Stokes
drag. The strength of all the other forces is of the same orderas that of the Stokes drag
force, except for the added mass Faxén correction. That force is small for all the particle
parameters that are studied here and it can thus be neglected. With increasing density
ratio the relative importance of the different forces with respect to the Stokes drag de-
creases. For density ratios ofO(10) the drag force is the most important force but the
Basset force and the pressure gradient are also relevant.
The relative importance of the different forces is determined by a combination of the par-
ticle density, the particle diameter as well as the Stokes number. The influence of particle
diametersdp > η can partly be taken into account by introducing the modified Stokes
numberStd.
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The effect of the drag force and of the Basset force is to decrease the velocity difference
between the particles and the fluid. Their Faxén correctionshave the opposite effect; they
enhance the relative velocity. This knowledge about the relation between the orientation
of the forces and the motion of the particles can be used when studying the effect of the
forces on the particle dispersion. As will be seen in chapter7 the Basset force reduces
vertical single-particle dispersion in stratified turbulence, in agreement with its restoring
nature.
Furthermore, the influences of the type of drag law, gravity and the lift force (in stratified
turbulence) on the relative importance of the other forces are examined. The use of a
nonlinear drag law or the addition of a lift force results in asmall change of the relative
importance of the different forces. However, the conclusions regarding the forces that
need to be taken into account for given particle parameters do not change. The gravi-
tational force can have a larger effect on the the relative importance of the other forces.
Changes in the ratios of the different forces are mainly observed for particles with a clear
downward settling velocity.
Based on the present results, simplifications of the Maxey-Riley equation can be made in
dispersion studies of particles with parameters in the samerange as investigated here.
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6.A Appendix: Gravity effects on the forces acting on
light particles in stratified turbulence

The simulations that are performed to study the effect of gravity on the different forces
that are acting on light particles in stably stratified are described in section 6.3.4. Either
the dimensionless gravitational accelerationg∗ or the dimensionless particle settling ve-
locity W is kept fixed throughout a simulation. The effect of the additional gravity force
on the other forces is shown in figures 6.11 and 6.12. In figure 6.11 the forces are plotted
as a ratio to the drag force. The graphs denoted withg∗ =1.95·10−4 andW =0.001 are
both for particles with diameterdp = η and the results can therefore be compared with
theW =0 case. The graphs denoted withSt=0.11 are computed from particles with a
fixed settling velocity (W =0.001) and a fixed Stokes number (St=0.11). Their density
ratios are the same as those of particles E1 to E4 and E6 and their diameters are varied to
obtain this fixed Stokes number. The diameters aredp ={1.4η, 1.2η, η, 0.63η, 0.45η} for
increasingρ∗. The ratio of the gravity force and the drag force as shown in figure 6.11(a)
behaves roughly the same as for isotropic turbulence (see figure 6.6(a)). The main dif-
ferences can be seen atρ∗=1.01, where the gravity force is less strong here in stratified
turbulence. For the fixedg∗ results the ratio is more or less one (just as for isotropic
turbulence) except for the smallestρ∗. Whereas for the other density ratios the drag force
increases to counteract the increased force on the particleresulting fromFg, atρ∗=1.01
the gravity force is so small that this counteracting effecthas not fully set in. For the
fixedW runs the ratio ofFg andFD decreases with increasingρ∗ and it becomes less
than0.05 already forρ∗=2.0. The gravity force is thus almost negligible for the fixedW
runs. Indeed, in figures 6.11 (b) to (f) it can be seen that for all other forces the results
obtained without gravity acting on the particles (W = 0) and those for caseW = 0.001
are the same. The results obtained from the run denoted withSt=0.11 are the same too
for the pressure gradient and for the Stokes drag Faxén correction. For the other forces
mainly a difference can be seen at the larger density ratios.In this regime the Stokes num-
ber of theSt= 0.11 runs is smaller than that of theW = 0.001 runs, due to the smaller
particle diameters. And as we have seen for isotropic turbulence (cf. figure 6.4) smaller
particle diameters result in smaller force ratios. The fixedg∗ results in figures 6.11 (b)
to (f) resemble those of figure 6.6. The differences with the values obtained for zero-
gravity are smaller here, but that is in accordance with smaller values forW for stratified
turbulence than for isotropic turbulence. Only the graph for the Basset force differs from
that obtained for isotropic turbulence. Instead of a dip aroundρ∗ = 1.5 and a following
increase, here the force ratio is more or less constant at|F Bas|/|F D|=0.35.

The influence ofFg is thus small for the chosen values ofg∗ andW . This is further
illustrated in figure 6.12 where the different forces are compared with their counterpart
at W = 0. For most of the forces the ratio|F γ |/|F γ,g0 | fluctuates around one. The
Stokes drag increases for the fixedg∗ case owing to the gravitational force that causes the
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Figure 6.11: Average value of (a) the gravity force, (b) the pressure gradient, (c) the Stokes drag
Faxén correction, (d) the added mass, (e) the Basset force and (f) the Basset force Faxén correc-
tion, compared to the drag forceFD as a function ofρ∗. The results indicated withSt = 0.11
are derived from a run withW =0.001 and fixedSt. In all other runs the particles are E1 to E4
and E6.
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Figure 6.12: Ratios of (a) the Stokes drag, (b) the pressure gradient, (c) the Stokes drag Faxén
correction, (d) the added mass, (e) the Basset force and (f) the Basset force Faxén correction with
and without (g0 ) gravitational forces acting on the particles. The resultsare plotted for the same
runs as in figure 6.11.
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particles to sink. Just as in isotropic turbulence the reaction of the drag force is thus to de-
crease the velocity difference between the fluid and a settling particle. As opposed to the
isotropic case, the other viscous force - the Basset force - does not display this increase. It
can be seen that for all the forces depicted in figure 6.12 the force ratio increases slightly
at ρ∗ = 1.01. Although the gravity force is small here, its presence clearly induces a
reaction at the other forces. At the larger density ratio of1.4 the same but smaller dip can
be seen for some of the forces (most clear forFPG andFBasF ) as in isotropic turbulence
(see figure 6.7). Furthermore, the graphs forSt = 0.11 are decreasing with increasing
density ratio which is also observed in the previous figure.

The gravity of course points in the direction in which the particles are settling. The
Stokes drag force strongly counteracts the effect ofFg. At almost all time steps and for
almost all particles the product ofFD,α and(uα−up,α) has a positive value, even for par-
ticles with a small settling velocity ofW =2.0·10−2. The Basset force again also acts as
to reduce the relative velocity, but this effect is weaker than without gravity. This finding
is in agreement with the results shown in figure 6.12(e), thatthe strength of the Basset
force does not increase for the fixedg∗ case, as opposed to what is seen in isotropic tur-
bulence. Also the enhancement of the relative velocity by the Faxén corrections of the
Stokes drag and of the Basset force is not very strong for the fixedg∗ case. One remark-
able thing here is that there is a strong relation between thehorizontal components of the
pressure gradient force and the horizontal components of the velocity difference between
the particle and the fluid. The pressure gradient acts as to reduce this relative velocity.



7 Dispersion and preferential
concentration of light particles

In the previous chapter the forces are considered that are acting on light inertial particles
in isotropic turbulence and in stably stratified turbulence. In this chapter we will discuss
the dispersion of these light particles and their ability toshow the effect of preferential
concentration.
Not much work is available in the literature on the dispersion of light inertial particles.
The studies described in section 6.1 not only consider the forces that are acting on light
particles, but they also look at the motion of the particles through the flow. Besides,
in isotropic turbulence the effect of preferential concentration is studied by Squires &
Yamazaki [137] and by Calzavariniet al. [34].
For both flows, isotropic turbulence and stably stratified turbulence, we first examine
the effect of preferential concentration in sections 7.1.1and 7.2.1. Afterwards single-
particle dispersion of these light particles will be studied in sections 7.1.2 and 7.2.2. It
will be discussed whether the results obtained for light particles resemble those of fluid
particles, or whether they are similar to the heavy particleresults presented in chapter 5.
Furthermore, it will be addressed which parameter determines the dispersion properties
of the light particles. Whenever possible a connection willbe made between the forces
that are acting on the light particles and their dispersion behavior.

7.1 Isotropic turbulence

The simulations that are performed to study the effect of preferential concentration and
dispersion of light particles in isotropic turbulence are described in 6.2. Particles with
different diameters and density ratios are tracked. For each particle type the statistics
presented in this section are derived from4000 particles. Their properties are given in
table 6.1.

7.1.1 Preferential concentration of light particles in iso tropic
turbulence

Before studying the dispersion statistics of light particles in isotropic turbulence, in this
section we will have a look at the particle distribution overthe domain. A non-uniform
particle distribution results in particle trajectories with a biased sample of the fluid ve-
locity field. The non-uniformity of the particle distribution - also called preferential con-
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centration - of light particles in isotropic turbulence is studied previously by Squires
& Yamazaki [137] and by Calzavariniet al. [34]. They both include only the Stokes
drag, the pressure gradient force and the added mass term in their equation of motion for
the particles. Squires & Yamazaki mimic marine particles with a density ratio of1.005
and Stokes numbers in the range0.1 to 1.0 [137]. In their original paper they observe
preferential concentration already for the smallest and lightest particles, but it was dis-
covered later that this was an erroneous result due to the chosen initial conditions of
the particles [138]. They repeated their calculations and reported that at least for par-
ticles with ρ∗ = 2 differences are observed from a uniform particle distribution [138].
Calzavariniet al. introduce a method based on Minkowski functionals to quantify the
geometry of a particle distribution [34]. They investigateparticles with several density
ratios ranging from bubbles to heavy particles and with Stokes numbers between0 and4.
For the light particles of interest in this chapter, withρ∗ =O(1) andSt<O(1), they do
not observe preferential concentration.

To quantify the effect of preferential concentration the radial distribution function (RDF)
and the correlation dimensionD2 were used in section 5.3 for heavy particles. Both
methods are not suitable for the data sets obtained for lightparticles. With only4000
particles in the domain the number density is too small to derive the RDF at the smallest
scales. It is particularly this small-scale range that is needed for the computation of the
correlation dimensionD2. Therefore, a different method will be adopted in this chapter.
It is based on the mutual distance between the particles, andcomputes the average closest
neighbor distance. This average minimum distance between two particles is defined by
Coppenet al. [44] as

Dmin =
1

M

M
∑

q=1

(

min
k

(

|xpq − xpk
|
)

)

for k = {1, 2, ...,M}, k 6= q. (7.1)

This quantity has also been considered in the study of preferential concentration of heavy
particles. It was found thatDmin depends on the particle number density and onReλ
and the results were therefore not presented. Since in this chapter the number of light
particles is the same in all the simulations and also the flow field is the same in all the
simulations of isotropic turbulence (except for one run in whichReλ = 135 instead of
Reλ =85), the quantityDmin can be used here as a measure of the effect of preferential
concentration.
When preferential concentration occurs, on average the minimum distance between a
particle and its closest neighboring particle will be reduced. For heavy particles this
is indeed what we find and, moreover, for20 000 particles the value at this minimum
(Dmin/Dmin(0)≈0.82) is consistent with the value found by Coppenet al. [44]. It has
to be remarked, though, that theirReλ =65 and they use the trajectories of8192 particles.

For both light and heavy particles the average distance between a particle and its nearest
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Figure 7.1: Average distance between a particle and its nearest neighbor, normalized with this
distance for a uniform distribution. The results are shown as a function of (a) the Stokes num-
berSt and (b) the modified Stokes numberStd. In figure (b)Std =St for particles withdp ≤ η.
Apart from the results for light particles, of which thedp = 1.4η particles resided in a turbulent
flow a with higher Reynolds number, also the results for4000 heavy particles are included. The
error in the results, based on the fluctuations around the mean value forDmin, is±0.005.

neighbor is plotted in figures 7.1 and 7.2, normalized with this distance for a uniform
particle distributionDmin(0). The results for particles withdp =1.4η in a turbulent flow
field withReλ =135 are also included, but care needs to be taken while comparingthese
results with the other results, as explained above. In figure7.1(a), whereDmin is shown
as a function of the Stokes number, it can be seen that for light particles the graphs shift
to the right with increasing particle diameter. At a given value ofSt the effect of prefer-
ential concentration decreases with increasing particle diameter (the particle diameter of
the heavy particles is about0.1η). The results are also shown as a function of the density
ratio in figure 7.2. It can immediately be concluded that no preferential concentration
occurs forρ∗ =O(1), at least not at the small Stokes numbers that correspond to these
density ratios. The different graphs do not collapse in either figure 7.1(a) or 7.2. There-
fore, the results for particles withdp > η are also plotted as a function of the modified
Stokes number defined in equation 6.2. It can be seen that especially the results from
particles withdp = η anddp = 2η now show a better correspondence. However, the dif-
ference with the results obtained using heavy particles is still considerable.
Similar to what is previously observed for the strength of the different forces, it is thus
a combination of multiple parameters (St (Std), ρ∗, dp) that determines whether or not
the effect of preferential concentration occurs. The key parameter determining the ef-
fect of preferential concentration seems to be the Stokes number, just as for the heavy
particles. The modified Stokes numberStd includes, at least partly, the influence of the
particle diameter for particles larger than the Kolmogorovscale. A further investigation
with more particles is needed to check whether this conclusion remains valid when other
quantification methods thanDmin are used.
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Figure 7.2: Same plot as figure 7.1, but now the average distance between a particle and its
nearest neighbor is shown as a function of the density ratioρ∗. Results are shown for particle
ensembles denoted A, B and C in table 6.1.

For heavy particles preferential concentration shows a maximum aroundSt=1. For the
light particles considered here this maximum preferentialconcentration is not retrieved
yet. Larger Stokes numbers are needed to draw a conclusion onthis point. In order
to capture a range of larger Stokes numbers, while at the sametime keeping the den-
sity ratio at order one, one has to study larger particles. However, for particles that are
much larger than the Kolmogorov scale the requirements for the Maxey-Riley equation
to remain valid are not fulfilled. The theoretical description thus needs to be extended to
larger particle diameters before preferential concentration effects of, for example, large
clusters of plankton can be investigated numerically.

The results presented here are in agreement with the resultsreported by Calzavarini
et al. [34]. For particles withρ∗ =O(1) and similar Stokes numbers as used here, they
do not observe preferential concentration. For larger values of the density ratio and/or the
Stokes number they too observe preferential concentration, but a quantitative comparison
cannot be made because of the different quantification methods used in their work and
in this thesis. The deviations from a uniform particle distribution observed by Squires &
Yamazaki [138] atρ∗=2 (but unknown Stokes number) are not reproduced in this thesis.
Concerning their observation that the results can be influenced by the initial conditions of
the particles, the simulation with the particles denoted A in table 6.1 is repeated with the
initial particle velocities set equal to zero. This resultsin a slightly longer initial transient
period, but the steady state particle distribution as measured byDmin is the same as when
the initial particle velocity is set equal to the local fluid velocity.
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It has been tested whether the use of a nonlinear drag law influences the results presented
here. For particles withdp = 2η the preferential concentration as measured byDmin is
found to be the same for both the linear and the nonlinear draglaw.
Furthermore, it has been examined what the effect of the gravity force is on the prefer-
ential concentration of light particles in isotropic turbulence. For the two cases in which
gravity is included (one with fixedW and one with fixedg∗) some minor deviations from
the results obtained atW = 0 can be seen, only for the largest density ratios at fixedg∗.
This is exactly the parameter range in which the particles show a clear average settling
motion. Preferential concentration is decreased in this parameter range, in agreement
with the results derived for heavy particles (see section 5.3). The difference with the re-
sults obtained atW =0 is small, however, of the order of2%.

In conclusion, the effect of preferential concentration asdescribed in section 5.3 for heavy
particles is also observed for light particles. Qualitatively the results for light particles
and for heavy particles are the same; forSt < 1 the effect of preferential concentration
increases with increasing Stokes number. For light particles the modified Stokes num-
berStd is a good scaling parameter for this effect. However, at a given value ofStd is the
effect of preferential concentration stronger for heavy particles than for light particles.

7.1.2 Light particle dispersion in isotropic turbulence

The study of light particle dispersion is carried out along the same lines as described in
chapter 5 for heavy particles. In the equation of motion for the particles (equation 2.26)
now all the forces are taken into account except for the gravitational force and the lift
force.
The mean-squared displacement of light particles in isotropic turbulence shows very sim-
ilar behavior as that of fluid particles and heavy particles.In figure 7.3 the initial ballistic
behavior can be seen as well as the tendency towards a final linear regime. Unfortu-
nately, the simulations did not last long enough to reach thefinal regime, proportional
to t, completely. For short times the order of the lines in figure 7.3 reflects the decrease
of the particle rms-velocity with increasing inertia. The mean-squared displacement is
plotted for a shorter time span oft= 7TL in figure 7.4, for two different particle diam-
eters,dp = η anddp = 2η, but now using linear axes. The details of the intermediate to
long-time dispersion are emphasized in the insets. For bothparticle diameters the long-
time dispersion increases with increasing density ratio, and thus with increasing Stokes
number. This increasing long-time dispersion with increasing St is not only observed
for the 3D averaged dispersion, but also for the dispersion per coordinate direction. The
same trend is also observed for the range of Stokes numbers studied (St.1) of particles
C1 to C5 in the simulation performed at the higher Reynolds number ofReλ =135.
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Figure 7.3: Mean-squared displacement of light particles with five different density ratios and
dp = 2η in isotropic turbulence (case N0r), averaged over all threedirections. The inset (linear
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(expressed using the Stokes number). The legend refers to table 6.1.
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Figure 7.4: Single-particle dispersion of light particlesin isotropic turbulence for (a)dp =η and
(b) dp =2η. The insets zoom in at times aroundt=5TL, the order of the lines there remains the
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Figure 7.5: Velocity autocorrelation functions corresponding to the dispersion plots in figure 7.4
for (a) dp =η and (b)dp =2η.

As mentioned in the previous chapters, single-particle dispersion and the particle velocity
autocorrelation function are related quantities. The autocorrelation functions correspond-
ing to the dispersion plots in figure 7.4 are therefore shown in figure 7.5. The results for
the three lightest particles, withdp =η, fall on top of each other. The Stokes numbers of
these particles are so small that they are expected to behavemore or less as fluid parti-
cles. For the other particles it can be seen that an increasedinertia results in an increased
memory of the particles. This is especially clear for particles B4 and B5 in figure 7.5(b).

The dispersion results described above are in agreement with the results obtained for
heavy particles. With increasingSt an increase of the mean-squared displacement and
of the autocorrelation is seen here for light particles and in section 5.2.1 for heavy parti-
cles, in the rangeSt<O(1). For heavy particles an optimum in the long-time dispersion
is found aroundSt ≈ 1. It would be interesting to know whether this optimum is also
present for light particle dispersion. Hereto, the dispersion statistics are needed at higher
Stokes numbers. The same problem now arises as explained in section 7.1.1. Increas-
ing the Stokes number, while at the same time keeping the density ratio at order one,
requires the particle diameter to increase. However, this violates the requirements for the
validity of the Maxey-Riley equation. Another option is to decreaseτK, but this results
in a smaller value forη and thus in a stronger requirement for the maximum size of the
particle.

We will have a more detailed look at the Stokes number as the key parameter determining
the light particle dispersion behavior. In the discussion of the forces that are acting on
the particles and of the effect of preferential concentration it became clear that also the
particle diameter and the density ratio play a role in the observed results. The effects of
dp, ρ∗ andSt are separated in figures 7.6 and 7.7. At two density ratios thesingle-particle
dispersion is plotted in figure 7.6(a) for particles with twodifferent diameters (and thus
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Figure 7.6: Single-particle dispersion of light particles. a) For two density ratios,ρ∗ = 2.0 and
ρ∗ =10.0, the results for particles with diametersdp = η (denoted with A) anddp =2η (denoted
with B) are compared. The Stokes numbers of the larger particles are larger by a factor of about
four than those of the smaller particles with the same density. b) Now the Stokes number is fixed
(St=0.22) and the density ratio varies, it isρ∗=4.0 for particles withdp =η (particles A4) and
ρ∗ =1.01 for particles withdp =2η (B1). For this last particle diameter also the result obtained
using a nonlinear drag law is included. The results for particles B2 withSt= 0.32 but with a
modified Stokes number of0.20 are also shown.

differentSt). The graphs of the particles with the sameρ∗, pairs A3-B3 and A5-B5, do
not collapse. The dispersion is slightly larger for the particles with larger diameters /
larger Stokes numbers. This means that the dispersion cannot be predicted purely based
on the density ratio. The autocorrelation results shown in figure 7.7(a) confirm this con-
clusion. For equal density ratios the autocorrelation is larger for particles with largerdp

(largerSt). The differences between the graphs obtained from particles with the same
density but different Stokes numbers, however, are small considering the difference in
the Stokes number of a factor four (or a factor of about2.5 in Std).
On the other hand, when the Stokes number of the particles is fixed and bothdp andρ∗

are varied the dispersion results are also not the same. Thiscan be seen in figure 7.6(b),
where the dispersion of thedp =η particles is well over5% larger than that of the lighter
dp = 2η particles with the same Stokes number. The cause of this difference is that the
smaller, but heavier particles have larger rms-velocities; their ability to adapt to fluctu-
ations in the fluid velocity is better. In figure 7.6(b) also the results for particles B2 are
included. They have a modified Stokes numberStd =0.20, which is close to the Stokes
number of the particles A4 withdp = η (St = 0.22). Now the difference between the
graphs obtained using different particle diameters is muchsmaller. The modified Stokes
number that incorporates, at least partly, the effect of theparticle diameter for particles
with dp>η is thus a better parameter to predict the dispersion of lightparticles than the
conventional Stokes numberSt. From the corresponding plot of the velocity autocorre-
lation function the same conclusion can be drawn. A difference can be seen between the
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Figure 7.7: Velocity autocorrelation functions for light particles corresponding to the dispersion
plots in figure 7.6.

results from particles with different particle diameters (and sameSt), but this difference
is reduced when particles with the sameStd are compared.
The modified Stokes number is thus a good parameter to predictthe effect of inertia on
the dispersion of light particles in isotropic turbulence.But, whereas for heavy particles
the dispersion behavior is always explained in relation to the Stokes number, the above
results make clear that the influence of the separate parametersρ∗ anddp cannot be fully
neglected in describing the light particle dispersion.

Just as done previously for the effect of preferential concentration, the influence of the
use of a nonlinear drag law on single-particle dispersion inisotropic turbulence is tested.
For the particles withdp = 2η the difference between the dispersion statistics obtained
using linear Stokes drag or using the nonlinear drag law is small, smaller than2.5%.
But the trend is the same for the three spatial components; the dispersion resulting from
nonlinear drag is smaller than that obtained using linear drag. This reduced dispersion
can be explained with use of the effective particle time scale τp,eff , which is smaller for
the nonlinear drag than the correspondingτp for linear drag. The nonlinear results are
included in figure 7.6(b) for the particles withρ∗=1.01.
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Figure 7.8: a) Horizontal and b) vertical single-particle dispersion of light particles withdp = η
and two different density ratios,ρ∗ = 2.0 (A3) andρ∗ = 10.0 (A5). For both density ratios the
results are shown with and without gravity acting on the particles. The insets (linear axes) zoom
in at the long-time limit. The asterisk in the legend indicates that equation 5.11 is used for the
calculation of the vertical dispersion.

The effect of gravity

Two runs are performed in which also the gravity force is included in the Maxey-Riley
equation. In the first oneW is kept fixed and in the second oneg∗ is kept fixed. Both runs
are elaborately discussed in section 6.2.4. For all the particles that are released in the flow
with W =0.01, the resulting particle dispersion is the same as forW =0. Although for
the lightest particles in the studied range the magnitudes of the gravity force and the drag
force are of the same order, the Stokes numbers of the particles are too small for them
to be affected by the gravity. For the simulation performed with a fixed value forg∗ the
resulting values forW are considerably higher. Here the dispersion is altered compared
to the zero-gravity case, and this happens mainly for largervalues of the density ratio. At
this largerρ∗ the particles clearly display an average settling velocity.
In figure 7.8 the horizontal and vertical single-particle dispersion are shown for two dif-
ferent density ratios, with and without gravitational forces acting on the particles. In this
figure only the results are plotted that are obtained after subtraction of the mean vertical
velocity, they are calculated using equation 5.11. If the dispersion results are not com-
pensated for this mean velocity, only straight lines with a slope proportional tot2 are
visible for the vertical dispersion. For both the horizontal and the vertical direction the
dispersion decreases with increasingW . Especially for the vertical dispersion the slope
of the graphs is reduced in the long-time limit.
It can thus be concluded that the combined effect ofW andSt determines whether par-
ticle dispersion is affected by the gravity force. The ratioof the gravity force and the
drag force is not a good predictor. For the particles where the effect ofFg on the dis-
persion is most clear (particles A5 withW = 4.30) the ratioFg/|F D| is approximately



7.1.2 Light particle dispersion in isotropic turbulence 169

one. This is also the case, however, for the lightest particles in theW = 0.01 run and
there no effect is seen at all. The dependence on the values ofW andSt observed here
for light particles agrees with the results obtained for heavy particles. There, deviations
from the zero-gravity case also became apparent starting aroundW =0.5 and they were
clearly distinguishable forW & 1 (see figures 5.8(a) and 5.12(a)). Also the autocorrela-
tion functions for light and heavy particles are similar. For light particles the memory of
the particles decreases with increasingW as a result of the crossing-trajectories effect.
The trend with increasingW is the same as that shown in figures 5.7(a) and 5.9.

The influence of the different forces

It has been studied whether the influence of the individual forces on the particle disper-
sion can be isolated. Hereto simulations are carried out with particles A2 and B4. For
particle ensemble A2 the magnitudes of several of the forcesare of the same order as that
of the Stokes drag. The forces in the Maxey-Riley equation are set to zero one by one.
Although this results in a shift of the mutual importance of the different forces, switch-
ing off one of the forces (no matter which one) does not have aneffect on the particle
dispersion. Most likely this is because these particles, with ρ∗ = 1.5 andSt= 0.08, be-
have as if they were fluid particles. Similarly, for the heavier particles B4, which clearly
show preferential concentration and a dispersion behaviordeviating from that of fluid
particles, simulations are performed in which not all the forces are incorporated. Based
on the assumptions made in the literature, the Basset force,the Faxén correction terms
or both these forces are switched off. Again, any influence ofthe individual forces on
the light particle dispersion behavior cannot be indicated. The difference between the
particle dispersion with inclusion of all the forces and with only a subset of the forces is
only about2%. Moreover, whether switching off a certain force decreasesor increases
the dispersion differs per spatial component. It can thus beconcluded that the assump-
tions made in the literature, where the Basset force and the Faxén correction terms are
often neglected in dispersion studies, are justified for isotropic turbulence and the particle
parameters that we investigated here.
The influence of the different forces on the particle behavior is expected to be manifested
mainly at the smallest scales in the flow. At these smallest scales the interactions be-
tween different particles occur. Therefore particle-pairand multi-particle statistics are
studied for particles withdp = η and density ratios between1 and2. The time at which
particles start separating could be affected, for example,by any of the forces. No such
effect is observed, however, for these light particles. These low Stokes number particles
(St≤O(0.1)) resemble fluid particles. Particles with larger density ratios are not consid-
ered here, because they show the effect of preferential concentration. Statistics can then
only be computed from the time at which a statistically stationary particle distribution
is reached and therefore the initial particle positions, with the tetrahedral configuration,
cannot be used for these particles.
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Figure 7.9: Average distance between a particle and its nearest neighbor as a function of (a) the
Stokes number and (b) the density ratio, for case N10r. The E and the F in the legend refer to
table 6.3. The result obtained using particles F7, with smaller dp, is plotted as a free point. In
figure (a) also the results obtained from4000 heavy particles are included.

7.2 Stably stratified turbulence

Also for stably stratified turbulence the dispersion behavior of light inertial particles is
studied with use of the simulations described in the previous chapter. The numerical ap-
proach is given in section 6.3 and the properties of the particles can be found in table 6.3.

7.2.1 Preferential concentration of light particles in str atified
turbulence

To study the effect of preferential concentration for lightparticles in stably stratified
turbulence, we consider the quantityDmin, for the same reason as explained in sec-
tion 7.1.1. Because of the choice of the initial particle positions - only in the middle half
of the domain - the values ofDmin do not reach a completely stationary level. The region
within the domain in which the particles reside grows slightly in time, which on average
increases the distance between the particles. This effect has been accounted for by com-
paring the values ofDmin for inertial particles with those obtained for fluid particles that
are also released only in the middle half of the domain. The latter do not show deviations
from a uniform particle distribution, but they do show an expansion of the part of the
domain that is occupied by the particles. This expansion effect, however, is stronger for
high inertial particles and therefore it must be kept in mindwhen examining the results.
It would overestimate the values ofDmin and thus underestimate the occurrence of pref-
erential concentration.
The average distance between a particle and its nearest neighbor is shown in figure 7.9
as a function of both the Stokes number and the density ratio.For the light particles with
density ratios ofO(1) no preferential concentration occurs, just as in isotropicturbu-
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lence. Only for Stokes numbers of about0.5 and higher a clear deviation from a uniform
distribution (Dmin/Dmin(0) = 1) can be seen. The effect of preferential concentration
seems to occur already at smaller Stokes numbers than for thelight particles studied in
section 7.1.1. There a deviation fromDmin/Dmin(0) = 1 is seen only for Stokes num-
bers approaching one. By comparing figures 7.9 (a) and (b) it can be seen that the density
ratio is not a good parameter to predict the occurrence of preferential concentration. The
results from the smaller particles F7 clearly deviate from the results obtained with par-
ticles with the same diameter (F1-F6). Although it is observed for isotropic turbulence
that changing the particle diameter affects the values ofDmin (see figure 7.1), that effect
is not so strong that it can explain the large difference observed in figure 7.9(b) between
particle ensembles F6 and F7. Moreover, it would be impossible to combine the results
obtained for heavy particles, which all have the same density ratio, with those plotted in
figure 7.9(b). The results plotted as a function ofSt, on the other hand, show a good
agreement between the various simulations. Particles F4 and F7 with different particle
properties but with the same Stokes number both match the other results. The results
obtained from simulations in which the density fluctuationsof the fluid are incorporated
in ρ (denoted with an E) show the same trend as the results withoutρ′ (denoted with
an F). Since both methods were found to result in approximately equally strong forces on
the particles (see section 6.3.1), the difference between the graphs of particles E and F is
indicative for the error margin of the results presented in figure 7.9.
The results obtained using heavy particles match with thosefor light particles in the range
St. 0.5, especially considering the possible underestimation of the effect of preferen-
tial concentration for the light particles. The Stokes number thus determines whether
preferential particle accumulation occurs or not. Considering the (small) difference in
figure 7.9(a) between the values ofDmin obtained from particles F4 and F7, possibly
also the particle diameter and density ratio play a role in how the particles exactly dis-
tribute over the domain.

Just as for the heavy particles, for the light particles a minimum can be observed around
St=1. The density ratio of the particles at this Stokes number is25.0, so they cannot be
called really light. Still, other forces than the drag forceare relevant of which the Basset
force and the pressure gradient are the most important. The value ofDmin at this peak
is larger for the light particles than for the heavy particles. This difference is most likely
caused by the additional forces that act on the light particles or by the minor influence of
the individual parametersdp andρ∗.
The reduced preferential concentration for light particles is supported by the results ob-
tained by Tanga & Provenzale [143] and Candelieret al. [35]. They state that the Basset
force causes particles to remain trapped within vortices for longer times. For the particle
parameters where we observe maximum preferential concentration the Basset force is
certainly relevant. If the Basset force reduces the ejection of particles out of the cores of
vortical structures than it indeed reduces the ability of the particles to accumulate in high
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Figure 7.10: Mean-squared displacement of light particlesin (a) horizontal and (b) vertical
direction for case N10r. The results are plotted for the particles denoted with an E in table 6.3.
The inset in figure (a) shows the long-time behavior; the horizontal dispersion increases with
increasing Stokes number.

strain regions.
Preferential concentration of light particles occurs onlyfor Stokes numbers close to one.
This means that in order to observe or study this phenomenon particles are needed with
densities one order of magnitude larger than the oceanic particles that we have in mind.
Alternatively, it could be observed for larger (clusters of) particles, but then the validity
of the Maxey-Riley equation is the limiting factor in the numerical investigation.

7.2.2 Light particle dispersion in stratified turbulence

The dispersion of light inertial particles in stably stratified turbulence is similar to that
of heavy particles, as can be seen in figure 7.10. In the horizontal direction the disper-
sion is proportional toO(t2) for the entire time range. As can be seen in the inset of
figure 7.10(a) the long-time dispersion increases with increasing Stokes number. For the
range of Stokes numbers studied here (St.1) this increasing dispersion is also obtained
for heavy particles in stratified turbulence.
Also in the vertical direction the same trend is visible as for heavy particles. The graphs of
the smallest three Stokes numbers shown in figure 7.10(b) more or less collapse and their
dispersion behavior is similar to that of fluid particles. Only the length of the plateau
is shorter for the light particles which might be an indication that also at these small
Stokes numbers the different forces affect light particle dispersion. This would be in con-
tradiction with the assumption that is often used in the literature that the dispersion of
particles withSt≪ 1 can be described using fluid particles. For Stokes numbers larger
than about0.5 the graphs start to deviate. A reduced rms-velocity resultsin a decreased
dispersion initially, but for long times the dispersion increases with increasingSt.
The autocorrelation functions (not shown) display the expected behavior with increasing
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Figure 7.11: Vertical single-particle dispersion for fluidparticles, light particles (St2=0.55 and
St4=1.38) and heavy particles.

inertia. The results are analogous to the heavy particle results. In the horizontal direction
the autocorrelation increases with increasingSt, denoting an increased memory of the
particles. The graphs for the vertical autocorrelation function are comparable to those
depicted in figure 5.6(a). For particles E4 and E5, which showa dispersion that deviates
from that of fluid particles, the amplitude of the wave-like graphs becomes smaller and
the position of the crest shifts towards larger time lags.

A comparison between the vertical dispersion for light and heavy particles is given in
figure 7.11. For both the heavy particles and the light particles the tendency to show a
plateau decreases with increasingSt. Besides, the results for the light particles, with
St= 0.55 andSt= 1.38, nicely match the heavy particle results in the long-time limit,
which shows an increasing dispersion with increasingSt. The particle’s inertia becomes
more important than the restoring buoyancy force of the fluid.
It can thus be concluded that the Stokes number is the key parameter determining the dis-
persion of (light) inertial particles in stably stratified turbulence, just as it is for the effect
of preferential concentration. Nevertheless, also the particle parametersρ∗ anddp play a
minor role in the dispersion of the light particles. In figure7.12 the horizontal and verti-
cal mean-squared displacement are shown for particles withthe same Stokes number but
with differentρ∗ anddp. In both directions the dispersion of the smallest and heaviest of
the two types of particles is larger. The differences are of the order of5 to 10 percent, and
they are a clear indication that it is not the Stokes number alone that determines all the
dispersion details. This result is in accordance with the results presented in figure 7.6(b)
for isotropic turbulence.
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Figure 7.12: Mean-squared displacement of light particlesin (a) horizontal and (b) vertical
direction for case N10r. The results are shown for two sets ofparticles, denoted F4 and F7
in table 6.3. Both have the same Stokes number (St=0.55), but they have different densities and
diameters.

The forces act at the smallest scales. Because the vertical motions of the particles in
stratified turbulence are much smaller than in the horizontal direction, or than in isotropic
turbulence, it is expected that the effect of the forces on the particles is more easily no-
ticeable here. A connection between the different forces that act on a light particle and
the particle’s dispersion behavior is made by performing a simulation in which some of
the forces are switched off. In a single run five types of particles are tracked, with4000
particles of each type. The first are fluid particles and the second are the particles de-
noted E5 in table 6.3. The other particles also have the properties of particles E5, but
now not all the forces are acting on them. For the third group of particles the two Basset
force terms are set equal to zero. For the fourth group all Faxén correction terms are
set to zero and for the last group these two effects are combined. The forces acting on
the fifth group of particles are thus the Stokes drag, the pressure gradient and the added
mass. These choices are based on the approximations that arecommonly made in the
literature. It is chosen to study particles with a density ratio of 25.0, because their dis-
persion behavior shows deviations from that of fluid particles, but at the same time also
other forces than the drag force are relevant. The dispersion of these five types of parti-
cles is shown in figure 7.13. The results from the light particles indeed differ from those
obtained for the fluid particles, which is most clear in figure7.13(b). In the horizontal
direction small differences between the four groups of inertial particles can be seen in
the long-time limit. However, these differences are small,smaller than3%. In the ver-
tical direction, where the motion of the particles in stratified turbulence occurs on much
smaller scales, clear differences can be seen. In the inset of figure 7.13(b) the long-time
behavior is highlighted. The results for the particles for which all the Faxén correction
terms are switched off are the same as those for the benchmarkparticles E5. For the
other two groups of particles the vertical dispersion is increased compared to that of the
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Figure 7.13: Mean-squared displacement of fluid particles and light particles in (a) horizontal
and (b) vertical direction for case N10r. For the particles denoted with E5 all the forces are
incorporated except for gravity and the lift force. For particles P the Basset forces are switched
off, for particles Q all Faxén correction terms are set equalto zero and for particles R only the
Stokes drag, the pressure gradient and the added mass force are taken into account.

particles E5. This increase is about15 to 20 percent. It can thus be concluded that the
Basset force does play a role in the vertical dispersion of light inertial particles in stably
stratified turbulence. As mentioned previously, the Bassetforce has a restoring effect. In-
deed, neglecting this force results in an overprediction ofthe vertical particle dispersion.
These results agree with those obtained by Tanga & Provenzale [143], who conclude
that the effect of the Basset force on the long-time dispersion behavior can be neglected.
However, they only study the dispersion in the horizontal plane with arrays of vortices.
In our stably stratified turbulent flow, where large horizontal vortical structures exist, we
also do not see a significant influence of the Basset force on the horizontal dispersion.

We will conclude this study on the dispersion of light inertial particles in stably strat-
ified turbulence with some remarks on the effects of nonlinear drag, the lift force and the
gravity.
The effect of replacing the Stokes drag by the nonlinear draglaw as given in equa-
tions 5.12 and 5.13 is examined. No differences are observedfor the horizontal dis-
persion results. In the vertical direction the long-term dispersion for particles E5, with
a particle Reynolds number larger than one, is about10% smaller when the nonlinear
drag law is used. Again this result is analogous to the heavy particle results, presented
in section 5.2.4. The decreased vertical dispersion can be explained by the smaller value
of τp,eff in case of nonlinear drag compared to the correspondingτp for linear drag.
The lift force only acts in the vertical direction. For particles E4 and E5 the vertical
dispersion is found to increase in the long-time limit when this lift force is taken into
account. The increase is about7%. An increased vertical dispersion would agree with
the results presented in section 6.3.5, where it is found that the effect of the lift force
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is to enhance the relative velocity. Furthermore, it slightly increases the importance of
the Faxén correction termsFBasF andFSDF , which also act as to enhance the relative
velocity. The lift force, possibly in combination withFBasF andFSDF , would therefore
counteract the restoring buoyancy force that is present in astably stratified flow (in the ab-
sence of gravitational forces acting on the particles themselves) and enable an increased
vertical motion.
The dispersion of light inertial particles is only affectedby gravitational forces when the
settling velocity is considerable. Any differences with the zero-gravity case are most
clear for particles E4 and E5 in the fixedg∗ simulation. Their vertical dispersion, cal-
culated using equation 3.23, only shows a slight tendency towards the plateau and the
slope rapidly bends back tot2 behavior. This behavior is the same as observed for heavy
particles with a mean drift velocity, as shown in figure 5.11.Also the value ofW at
which the effect of gravity becomes noticeable agrees with the heavy particle results. For
heavy particles in stratified turbulence deviations from theW = 0 results are observed
for W &0.1. The only light particles considered here with settling velocities larger than
W = 0.1 are indeed the particles E4 and E5 (W = 0.20 andW = 4.49, respectively) of
which the dispersion behavior is altered by the gravity.

7.3 Concluding remarks

The dispersion behavior of light inertial particles in bothisotropic and stably stratified
turbulence is studied in this chapter. These light particles are considered because of their
resemblance with micro-organisms in natural flows. Both theeffect of preferential con-
centration and single-particle dispersion are discussed and the results are compared with
the heavy particle results presented in chapter 5.

For the investigation of the effect of preferential concentration the quantityDmin is used,
which expresses the average minimum distance between two particles. The results ob-
tained for light particles agree with the results for heavy particles. The Stokes numberSt
is the key parameter that determines whether preferential concentration occurs or not. In
isotropic turbulence the modified Stokes number incorporates the effect of particle di-
ameters larger than the Kolmogorov scale on the preferential concentration results. For
particles withρ∗ = O(1), such as micro-organisms and sand, no preferential concen-
tration is observed. The Stokes numbers of these particles are small and they behave
as fluid particles. With increasingSt the effect of preferential concentration increases
and in stratified turbulence a maximum is observed aroundSt = 1, just as for heavy
particles. For isotropic turbulence all the investigated particles have Stokes numbers
smaller thanO(1). Also in isotropic turbulence the effect of preferential concentration
increases with increasingSt and it is anticipated that also here the effect is most promi-
nently present aroundSt= 1. The effect of preferential concentration at this maximum
is smaller for light particles than for heavy particles.
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Also the dispersion behavior of the light particles is similar to that of heavy particles.
The Stokes number is the parameter that determines the dispersion of the particles, but
also the separate parametersdp andρ∗ play a role. For isotropic turbulence the long-time
dispersion increases with increasing inertia for Stokes numbers smaller thanO(1). The
horizontal dispersion in stably stratified turbulence displayst2 behavior in the entire time
range and in the long-time limit it increases with increasing St. In the vertical direction
the dispersion starts to deviate from that of fluid particlesfor Stokes numbers larger than
about0.5. With increasing inertia the tendency to show a plateau diminishes and the
long-time dispersion increases.
It is common practice to neglect the Basset force in dispersion studies. We have shown
that this assumption is justified for the particle parameterrange studied in isotropic tur-
bulence, but for light particle dispersion in stably stratified turbulence this force certainly
needs to be taken into account. Its effect is apparent in the vertical dispersion of light
particles in stratified turbulence; neglecting the Basset force results in an overprediction
of the vertical dispersion.
The effect of the gravity force on the dispersion behavior oflight particles is examined.
It is found that the ratio of the gravity force to the drag force is not a good predictor for
its influence on the light particle dispersion. It is the settling velocity that determines
whether the dispersion is affected; deviations from the zero-gravity results are observed
for W &0.5 in isotropic turbulence and forW &0.1 in stably stratified turbulence.
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8.1 Conclusions

This thesis describes the behavior of particles in turbulent flows. Two different flows
are studied: homogeneous isotropic turbulence and homogeneous stably stratified tur-
bulence. The two flows are characterized in chapters 3 and 4. They are forced at the
largest scales and it is shown that this forcing enables us tostudy particle dispersion in
statistically stationary isotropic or stratified turbulence. In these flows the trajectories of
three types of particles are computed. We started our investigation in chapters 3 and 4
with fluid particles while in chapters 5, 6 and 7 inertial particles are considered. The
inertial particles are called light if the ratio of their density to that of the fluid is ofO(1)
to O(10) and if their density is much higher than that of the surrounding fluid they are
called heavy.
In the following we will give an overview of the main observations that are presented in
this thesis, thereby focussing on the similarities and the differences between the various
types of particles and between the different flow fields.

Particle dispersion

Single-particle dispersion in isotropic turbulence showsthe same behavior for the three
types of particles. For short times ballistict2 behavior can be seen in a plot of the dis-
persion as a function of time and for long times the classicallinear diffusion limit is
obtained. The effect of inertia on the dispersion can be expressed using the Stokes num-
berSt. For small Stokes numbers (St.1) the long-time dispersion is found to increase
with increasingSt and for larger Stokes numbers it decreases with increasingSt. Maxi-
mum dispersion occurs aroundSt=1.
In stratified turbulence a distinction needs to be made between the dispersion in the hor-
izontal direction and in the vertical direction. In the horizontal direction the long-time
dispersion is enhanced compared to that in isotropic turbulence. Its scaling behavior is
proportional toO(t2) for both fluid particles and inertial particles. This increased disper-
sion is a result of the strong vertical shear that is present in strongly stratified turbulent
flows. For large Stokes numbers the long-time horizontal dispersion of inertial particles
decreases with increasingSt. For Stokes numbers smaller than about one no decisive
conclusion can be drawn from the results that we obtained in this work. In order to de-
termine whether the dispersion shows a maximum aroundSt=1 or whether it decreases
with increasingSt for all Stokes numbers, further research is recommended on abroader
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range of particle parameters and several stratification strengths.
The vertical dispersion in stably stratified turbulence is clearly altered compared to iso-
tropic turbulence. The restoring buoyancy force suppresses vertical motions. For fluid
particles this leads to three successive dispersion regimes: a classicalt2-regime, a plateau
which scales asN−2 and a diffusion limit where the dispersion is proportional to O(t).
This final regime is caused by molecular diffusion of the active scalar, the fluid den-
sity ρ, which slowly changes the equilibrium height of the fluid particles. The restoring
buoyancy force of the fluid is counteracted by the inertia of light and heavy particles.
For Stokes numbers larger than about0.5 clear deviations from the fluid particle results
can be observed. With increasingSt the typical plateau becomes less pronounced and
the long-time dispersion increases. The origin of the long-time scaling behavior for the
vertical dispersion of high-inertial particles is the sameas that for particle dispersion in
isotropic turbulence. The particles become uncorrelated from their initial vertical posi-
tion which results in Brownian-like behavior proportionaltoO(t).
Although the number of forces that are relevant for light particles is larger than for heavy
particles, it is observed that their dispersion results arevery similar. It can be concluded
that it is the Stokes number that mainly determines the dispersion behavior of inertial
particles. For light particles also the separate parameters dp andρ∗ are found to have
some influence on the particle dispersion.
For fluid particles also the dispersion behavior of pairs of particles and of groups of four
particles is studied. It is found that in stably stratified turbulence the particle clouds be-
come flatter and more elongated with increasing stratification and their volume decreases.

Preferential concentration

Particles with finite size and inertia that are released in a turbulent flow do not exactly
follow the flow. The resulting effect of preferential concentration, where particles collect
in regions of high strain rate and low vorticity, is observedin this thesis for both light
particles and heavy particles. The Stokes number is the key parameter that determines
the occurrence of preferential concentration. The influence of particle diameters larger
than the Kolmogorov scale on the preferential concentration results can be incorporated in
the modified Stokes numberStd. The phenomenon is found to be maximum for Stokes
numbers around one. Around this maximum the effect of preferential concentration is
stronger for heavy particles than for light particles. Alsothe stratification of the flow
influences the effect of preferential concentration. The particle distribution reflects the
layered, anisotropic structure of stratified turbulence. Compared to isotropic turbulence
the effect of preferential concentration decreases with increasing stratification strength.
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Forces acting on light particles

The strength of the different forces that are acting on inertial particles is studied for light
particles in this thesis. Although stably stratified turbulence displays strong large-scale
anisotropy, its smallest scales, at which the different forces are acting, are more or less
isotropic. Therefore, the results of this study are similarfor isotropic turbulence and for
stably stratified turbulence. The importance of the different forces depends on the prop-
erties of the particles. In the literature estimates of the order of magnitude of the different
forces are based on the density ratioρ∗. Here we show that it is a combination of the
particle density, the particle diameter and the Stokes number that determines the strength
of the different forces.
The pressure gradient is by far the most important force for density ratios ofO(1), its
value is about ten times that of the drag force. At this density ratio all other forces in
the Maxey-Riley equation are relevant except for the added mass Faxén correction. With
increasing density ratio the relative importance of the different forces with respect to the
Stokes drag decreases. For density ratios ofO(10) the drag force is the most important
force but also the Basset force and the pressure gradient arecertainly relevant. For heavy
particles only the drag force needs to be taken into account for dispersion studies.
The effect of adding the gravity force to the particle equation of motion on the relative
importance of the other forces and on particle dispersion and preferential concentration is
studied. The parameter that determines whether gravity influences the particle dispersion
or preferential concentration is the settling velocity; the ratio of the gravity force to the
drag force is not a good predictor.
The usual assumption is that the Basset force can be neglected in dispersion studies. For
the dispersion of light particles in isotropic turbulence this assumption is justified in this
thesis. However, for stably stratified turbulence, where the vertical motions of the par-
ticles are much smaller than the motions in isotropic turbulence, we have demonstrated
that this force cannot be neglected, at least not for particles withρ∗=25.0. Disregarding
the Basset force leads to an overprediction of the vertical particle dispersion.
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8.2 Outlook

The micro-organisms in the marine applications that we havein mind are small (dp≪η)
and their density is of the same order as that of the surrounding fluid. From the light
particle results presented in this thesis, it can be concluded that their dispersion behavior
resembles that of fluid particles. These micro-organisms can form aggregates with much
larger dimensions and much larger Stokes numbers. Now the forces that are acting on
these particle clusters need to be taken into account, of which the drag force, the Basset
force, the pressure gradient and the gravity force are the most important.
In practical situations several other factors play a role that are not captured in this the-
sis. The flow field will be much more complex than the homogeneous turbulent flows
considered here and the natural flow domain is bounded. Furthermore, two-way cou-
pling, particle-particle interactions and various biological factors such as the swimming
behavior of plankton or the availability of nutrients and light for photosynthesis need to
be incorporated in the investigation.
Obviously, there are plenty of challenging research topicsleft for future work. As already
mentioned in chapter 6 the theoretical description for the forces on the particles needs to
be extended to particles with larger sizes. Furthermore, the current computer power is
still a limiting factor in performing simulations in which all physical and biological pa-
rameters of the particles and the flow are included. Consequently, models are needed for
practical purposes. Several types of Lagrangian stochastic models are currently in use, of
which an overview can be found in Pozorski & Minier [115]. Amongst them are models
based on the Langevin equation, eddy interaction models (see ref. [62]) and kinematic
simulations (see ref. [57]).
These kinematic simulations (KS) are used in a related PhD thesis by Alejandro Domin-
guez. The aim of his project is to study the collisions and clustering of inertial particles in
turbulent flows. This interaction between the particles takes place at the smallest scales
of the flow. It is exactly these scales at which the forces thatare described in this the-
sis are acting on the particles. Based on the results presented in this thesis the relevant
forces can be included in the KS model. The computation of theinteraction between the
particles is very expensive and therefore other simulationmethods than direct numerical
simulations are preferred for this purpose. In the near future some DNS runs will be used
to validate the KS results in order to make the kinematic simulation model a good starting
point for fast models that can be used in practical applications.
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Latin symbols - Uppercase

symbol description dimension
A forcing amplitude m s−2

A total area of a planar slice m2

Ai area of shell within planar slice m2

B amplitude of initial spectrum m2 s−2

C O(1) number for CFL-condition –
CL lift coefficient –
D molecular diffusion coefficient m2 s−1

D2 correlation dimension –
D(k) dissipation spectrum m3 s−3

Dmin average minimum distance between two particlesm
Dmin(0) Dmin for a uniform particle distribution m
Dt turbulent diffusion coefficient m2 s−1

E(k) kinetic energy spectrum m3 s−2

Ekin total kinetic energy m2 s−2

EL(ω), EE(ω) Lagrangian / Eulerian frequency spectrum m2 s−1

Ex,Ey,Ez, Eh kinetic energy (x,y,z,horizontal) m2 s−2

F AM added mass force kg m s−2

F AMF added mass force Faxén correction kg m s−2

F Bas Basset force kg m s−2

F BasF Basset force Faxén correction kg m s−2

F D drag force kg m s−2

Fg gravity force kg m s−2

Fl lift force kg m s−2

F PG pressure gradient force kg m s−2

F SDF Stokes drag force Faxén correction kg m s−2

F u external force kg m s−2

G velocity gradient s−1

G1, G2, G3 intermediate variable in derivation of m s−2

Navier-Stokes equation
H characteristic vertical length scale m
I moment of inertia-like tensor m2

I1, I2, I3 dimensionless eigenvalues of matrixI –
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K correction factor in lift force –
Kx,Ky,Kz velocity derivative kurtosis –
L characteristic (horizontal) length scale m
L0 domain size if domain is cube m
L0,x, L0,y, L0,z domain size inx-, y- andz-direction m
Lx, Ly, Lz , Lh integral length scale (x,y,z,horizontal) m
M number of particles –
N buoyancy frequency s−1

NL total number of grid points –
NT number of time steps –
Nx, Ny, Nz number of grid points per direction –
P number of processors –
P total number of particle pairs –
P2 probability to find two particles at a distance –

less than a givenr
Pi number of pairs in shell with thickness∆r –
R random amplitude for forcing –
R2 radius of gyration m2

RE(τ) Eulerian temporal autocorrelation function –
RL(τ) Lagrangian autocorrelation function –
Rxx(rx), Ryy(ry), spatial longitudinal autocorrelation function –

Rzz(rz)
S3,x, S3,y, S3,z velocity derivative skewness –
SL

n(τ) n-th order Lagrangian structure function m2

T estimate of a Lagrangian time scale fromRL(τ) s
T1, T2, T3 nonlinear terms in Navier-Stokes equation m s−2

TE eddy turnover time s
TL Lagrangian time scale s
U characteristic velocity m s−1

V volume of particle cloud m3

Vi volume of shell with thickness∆r m3

VL0
domain volume m3

W dimensionless settling velocity –
Xp,i mean displacement m

X2
p,i single-particle dispersion parameter m2
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Latin symbols - lowercase

symbol description dimension
a particle radius m
c scalar concentration a.u.
dp particle diameter m
ei unit vector ini-direction –
f wave frequency s−1

f correction factor for nonlinear drag –
fD drag force per unit mass m s−2

g′ reduced gravitational acceleration m s−2

g∗ dimensionless gravitational acceleration –
g1, g2, g3 eigenvalues of matrixI m2

g2D two-dimensional radial distribution function –
g3D three-dimensional radial distribution function –
k = (kx, ky, kz) wavenumber vector m−1

k length of wavenumber vectork m−1

k0 lowest wavenumber m−1

kd dissipation scale wavenumber m−1

kmax highest resolvable wavenumber m−1

∆kx,∆ky,∆kz grid spacing in spectral space m−1

lO Ozmidov length scale m
mf fluid element mass kg
mp particle mass kg
np number of particles per bin –
p pressure Pa
r spatial separation m
r0, r1, r2, r3 vectors defining cluster structure m
rx, ry, rz spatial separation per direction m
∆r shell thickness m
t time s
tf forcing time s
∆t time step s
∆tout time interval for Lagrangian output s
u,uh = (u, v,w), fluid velocity in Eulerian frame of reference m s−1

(u, v)
û = (û, v̂, ŵ) dimensionless fluid velocity –
ũ = (ũ, ṽ, w̃) spatial Fourier transform of velocityu m s−1

= (ũx, ũy, ũz)
ufp = (ufp, vfp, wfp) Lagrangian, fluid particle velocity m s−1

= (ux,fp, uy,fp, uz,fp)
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umax maximum Eulerian velocity m s−1

up = (up, vp, wp) particle velocity m s−1

= (ux,p, uy,p, uz,p)
urms Eulerian rms-velocity m s−1

vK Kolmogorov velocity scale m s−1

wp mean settling velocity m s−1

wst Stokes settling velocity m s−1

x,xh = (x, y, z), position in Eulerian frame of reference m
(x, y)

xp = (xp, yp, zp) particle position m
∆x,∆y,∆z grid spacing in physical space m
δz total vertical particle displacement m

Greek symbols

symbol description dimension
α aspect ratio –
β memory parameter for forcing –
β parameter in wave part autocorrelation function –
∆0 initial pair distance m
δ thickness of planar slice m
ε total dissipation rate m2 s−3

ǫ parameter in correction factorK –
η Kolmogorov length scale m
κ scalar (density) diffusivity m2 s−1

λ Taylor length scale m
µ dynamic viscosity kg m−1 s−1

ν kinematic viscosity m2 s−1

ξ2i mean-squared separation of pairs m2

ρ total fluid density kg m−3

ρ∗ ratio of particle and fluid density –
ρ0 characteristic fluid density kg m−3

ρp particle density kg m−3

Σ2 squared vertical shear s−2

σ passive scalar layer thickness m
τ time interval s
τd time scale at scale of particle size s
τK Kolmogorov time scale s
τp particle response time s
τp,eff effective particle time scale s
τtrans density transition time s
ϕ random phase for forcing –
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φ horizontal dispersion scaling exponent –
ω wave frequency rad s−1

ω = (ωx, ωy, ωz) vorticity s−1

Dimensionless numbers

symbol description
Frh Froude number based on horizontal length scale
Frv Froude number based on vertical length scale
R modified Reynolds number
Rig local gradient Richardson number
Re (horizontal) Reynolds number
ReG shear Reynolds number
Rep particle Reynolds number
Reλ Reynolds number based on Taylor length scaleλ
Ro Rossby number
Sc Schmidt number
St Stokes number
Std Stokes number based on time scaleτd

Constants

symbol description value
α0 universal constant in Eulerian energy spectrum ≈ 1.5 [113]
β0 universal constant in Lagrangian frequency spectrumC0/π
C0 universal constant in second-order Lagrangian 6 ± 0.5 [81]

structure function
C∗

0 estimate ofC0

Frh,crit critical value of the Froude number ≈ 0.02 [84]
G universal constant for pair separation 0.50 ± 0.05 [15]
g gravitational acceleration 9.81 m s−2

Ω earth rotation rate 7.3·10−5 rad s−1

Ricr critical value of the Richardson number 0.25 [70, 97]
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Summary

Dispersion of inertial particles in stratified turbulence

The turbulent dispersion of particles plays an important role in oceanic and atmospheric
flows. In these flows often a stable density stratification is present that affects the disper-
sion, especially in the vertical direction. The practical application that we have in mind
is the dispersion and clustering of micro-organisms in shallow coastal ecosystems, estu-
aries and lakes. Therefore, the final aim of this thesis is to study the dispersion behavior
of inertial particles with densities that are of the same order of magnitude as the density
of the surrounding fluid because they resemble micro-organisms in geophysical flows.

In this thesis we focus on two simplified flow systems: homogeneous isotropic turbu-
lence and homogeneous stably stratified turbulence. The study is performed by means
of Direct Numerical Simulations. The Navier-Stokes equations with Boussinesq approx-
imation are solved in combination with an equation of motionfor the particles. In order
to study statistically stationary turbulent flows, forcingis applied to the largest scales of
the flow. In stably stratified turbulence a negative verticaldensity gradient is present; the
average density of the fluid decreases with height. The stratified flow is characterized by
thin layers of large horizontal vortical structures with strong vertical shear between these
layers. Moreover, internal gravity waves are present in stably stratified flows.
The particles of interest in this study are fluid particles, heavy inertial particles (parti-
cle density much larger than that of the surrounding fluid,e.g. aerosols in air) and light
particles (particle density of the same order as the fluid density, e.g. plankton or sand in
water). Particles with finite mass and inertia do not exactlyfollow the flow as do fluid
particles.

First, fluid particle dispersion is studied in isotropic turbulence. The mean-squared dis-
placement of the particles displays ballistict2 behavior for short times and for long times
the classical linear diffusion limit is obtained. Also the dispersion behavior of pairs of
particles and clusters of four particles is studied. The dispersion results obtained for fluid
particles in isotropic turbulence are in good agreement with previous work reported in
the literature.
Next, the dispersion of fluid particles in stably stratified turbulence is examined. It is
shown that by forcing the flow at the largest scales indeed a statistically stationary strat-
ified turbulent flow develops in which particle dispersion can be studied. For short to
intermediate times our results agree with those obtained previously in decaying stratified
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turbulence. Initially ballistic behavior can be observed for both horizontal and vertical
single-particle dispersion. After a short time the dispersion in the vertical direction is sup-
pressed due to the stable background stratification. This results in a plateau which scales
asN−2, with N the buoyancy frequency. By forcing the flow and performing long-time
simulations we were able to identify new regimes for the long-time dispersion limit. In
the horizontal direction the long-time dispersion is enhanced compared to that in isotropic
turbulence. Its scaling behavior is proportional tot2.1±0.1 and the increased dispersion
is a result of the strong vertical shear between the different layers in strongly stratified
turbulence. In the vertical direction the long-term dispersion shows a tendency towards a
diffusion limit proportional tot. This regime was predicted almost three decades ago in a
theoretical model, but not observed before in stratified turbulence. It is caused by molec-
ular diffusion of the active scalar, the densityρ, which slowly changes the equilibrium
height of the particles. Also in stratified turbulence pair dispersion and multi-particle
dispersion is studied. It is found that with increasing stratification the volume of clouds
of four particles decreases, and the clouds become flatter and more elongated.

In the second part of this thesis the dispersion of inertial particles is considered. Several
forces now act on the individual particles. The results obtained for heavy particles and
for light particles are very similar. In isotropic turbulence the short-time and long-time
dispersion regimes for inertial particles show a scaling proportional tot2 andt, respec-
tively, in correspondence with the fluid particle results. The influence of the inertia of
the particles can be expressed with use of the Stokes numberSt. For short times the dis-
persion of inertial particles decreases with increasing inertia, because the rms-velocity of
the particles decreases with increasingSt. For long times the effect of inertia on the par-
ticle dispersion in isotropic turbulence depends on the Stokes number. For small Stokes
numbers the long-time dispersion increases with increasing St. A maximum is reached
aroundSt= 1, above which the dispersion decreases with increasing inertia. These re-
sults are in agreement with literature data.
In stratified turbulence the effect of the particle’s inertia is different for the horizontal and
the vertical dispersion. In the horizontal direction the long-time scaling behavior is again
proportional toO(t2), just as for fluid particles. For large Stokes numbers is the effect
of inertia the same as in isotropic turbulence; with increasing St the horizontal long-time
dispersion decreases. For Stokes numbers smaller thanO(1) no final conclusion can be
drawn from the results presented in this thesis. In the vertical direction the inertia of the
particles has a clear influence on the dispersion. Increasing the particle’s inertia results in
a less pronounced plateau which even vanishes for Stokes numbers ofO(10) and higher.
In the long-time limit, the vertical dispersion increases with increasingSt and the scal-
ing behavior becomes proportional tot. The cause of this diffusion limit for large Stokes
number particles is the same as for particles in isotropic turbulence; the particles become
uncorrelated from their initial position.
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Inertial particles do not exactly follow the flow. Due to centrifugal forces, particles that
are heavier than the surrounding fluid are swept out of the cores of vortical structures
and they collect in high-strain regions. The resulting non-uniform particle distribution is
called preferential concentration. In this thesis we observed and quantified this effect for
both heavy and light particles. The results for both particle types show the same trend.
The Stokes number is the parameter that determines whether preferential concentration
occurs or not, and the effect is found to be maximum aroundSt=1. We have shown that
the effect of preferential concentration in stratified turbulence decreases with increasing
stratification. Furthermore, differences are exhibited between the clustering in the hori-
zontal and the vertical direction.

Finally, we explored the different forces that are acting onlight inertial particles. These
forces are the drag force, the pressure gradient, gravity, the added mass force, the Bas-
set history force and their Faxén correction terms. Which ofthese forces are relevant in
both isotropic and stratified turbulence depends on the particle properties. With increas-
ing density ratio the relative importance of the different forces with respect to the Stokes
drag decreases. For density ratios ofO(1) to O(10) the most relevant forces are the
drag force, the pressure gradient, gravity and the Basset force. The influence of the indi-
vidual forces on the dispersion of light inertial particlescannot be identified in isotropic
turbulence or in the horizontal direction in stably stratified turbulence. For the vertical
dispersion of light particles in stably stratified turbulence, however, it is found that the
Basset force needs to be included, in contrast with the assumptions that are often made
in the literature that this force can be neglected. Without incorporating the Basset force
the vertical dispersion is overpredicted.

The results presented in this thesis contribute to a better understanding of the turbulent
dispersion of particles in stratified flows. Individual light particles with properties that
resemble marine particles generally have small Stokes numbers and their dispersion and
preferential concentration behavior therefore resemblesthat of fluid particles. These ma-
rine particles can form larger aggregates, however, and these aggregates will most likely
be affected by the different forces acting on them. Togetherwith biological and chemical
processes small-scale fluid dynamics should be included in studies of marine systems.





Samenvatting

Er zijn veel situaties waarin het van belang is om te weten hoedeeltjes zich verspreiden
in onze natuurlijke omgeving. Te denken valt hierbij aan fijnstof of stuifmeel in de lucht,
of aan algen en zand in rivieren, meren en kustgebieden. In het eerste geval zijn de deel-
tjes veel zwaarder dan de lucht, dit scheelt gauw een factor 1000, maar in het tweede
geval is de dichtheid van de deeltjes ongeveer gelijk aan dievan het omringende water.
Beide typen deeltjes, zware en lichte deeltjes genaamd, worden bestudeerd in dit proef-
schrift. Bovendien bestuderen we de verspreiding van zogenaamde vloeistofdeeltjes in
turbulente stromingen. Deze vloeistofdeeltjes hebben geen eigen massa en volume, het
zijn oneindig kleine vloeistofelementjes. De resultaten van deze vloeistofdeeltjes kunnen
als benadering gebruikt worden voor het gedrag van kleine lichte deeltjes, zoals micro-
organismen in water.

In dit proefschrift bestuderen we twee soorten stromingen;isotrope turbulentie en stabiel
gestratificeerde turbulentie. Isotrope turbulentie gedraagt zich hetzelfde in alle richtin-
gen, en dit type stroming kom je bijvoorbeeld tegen in een badkuip, ver van de wan-
den, waarin je in alle richtingen heftig roert. In stabiel gestratificeerde turbulentie is een
dichtheidsgradiënt aanwezig; gemiddeld bevindt lichterevloeistof zich boven zwaardere
vloeistof. Een sterk gestratificeerde stroming vertoont een gelaagde structuur. In het
horizontale vlak bevinden zich grootschalige, wervelachtige structuren, die ook wel wor-
den aangeduid als pannenkoekachtige structuren. In de verticale richting is er een sterke
wrijving tussen de verschillende lagen (zie figuren 4.4 en 4.5).

Het onderzoek is uitgevoerd door middel van Directe Numerieke Simulaties (DNS). Op
de supercomputers Aster en Huygens bij SARA in Amsterdam zijn de Navier-Stokes ver-
gelijkingen opgelost, die de stroming van een vloeistof volledig beschrijven. Bovendien
is er een vergelijking toegevoegd aan de numerieke code die de beweging van individuele
deeltjes in een vloeistof beschrijft, de Maxey-Riley vergelijking.
De lichte en zware deeltjes bezitten een zekere mate van traagheid, of inertie. Een maat
voor deze traagheid is het Stokes getalSt, waarin onder andere de dichtheid en de dia-
meter van het deeltje zijn opgenomen en de viscositeit (stroperigheid) van de vloeistof.
Deeltjes met een klein Stokes getal gedragen zich alsof ze vloeistofdeeltjes zijn, en zij
reageren vrijwel instantaan op veranderingen in de vloeistofsnelheid om hen heen. Hoe
groterSt, hoe trager een deeltje reageert op deze veranderingen en hoe meer het de nei-
ging heeft om zijn eigen baan te vervolgen.
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De drie belangrijkste onderwerpen die in dit proefschrift besproken worden zijn deel-
tjesdispersie, preferentiële concentratie en de krachtendie op de deeltjes werken.
Met dispersie zal in het vervolg het gemiddelde kwadraat vande verplaatsing van de deel-
tjes ten opzichte van hun beginpositie bedoeld worden. Dit kun je zien als de groei van
een wolk met deeltjes in het geval dat de deeltjes allemaal losgelaten worden op hetzelfde
punt. Voor korte tijden bewegen de deeltjes rechtdoor, hun kwadratische verplaatsing
schaalt daarom mett2 (t is de tijd). Dit regime wordt ook wel ballistisch genoemd. Voor
langere tijden is het dispersiegedrag afhankelijk van zowel het type stroming als van het
type deeltje.
In isotrope turbulentie schaalt het dispersiegedrag voor lange tijden mett, zowel voor
vloeistofdeeltjes als voor lichte en zware deeltjes (zie figuur 3.8). Dit zogenaamde dif-
fusieve gedrag wordt veroorzaakt doordat de deeltjes na verloop van tijd ongecorreleerd
raken van hun beginpositie, vergelijkbaar met Brownse beweging.
In stabiel gestratificeerde turbulentie is er een duidelijkonderscheid te maken tussen de
dispersie in de horizontale richting en in de verticale richting. In de horizontale richting
zie je voor alle drie de deeltjestypen dat de dispersie groter is dan in isotrope turbu-
lentie. Ook voor lange tijden schaalt de dispersie nu mett2 (zie figuur 4.12(a)). Deze
toegenomen dispersie is het resultaat van de sterke schuifspanning die aanwezig is tussen
de verschillende lagen in de gestratificeerde turbulente stroming.
In de verticale richting wordt de dispersie van vloeistofdeeltjes onderdrukt door de strat-
ificatie. Een vloeistofdeeltje dat in verticale richting verplaatst wordt, komt in een om-
geving terecht met een dichtheid die anders is dan zijn eigendichtheid. Als het deeltje
naar boven gaat bijvoorbeeld is het zwaarder dan de vloeistof om hem heen. Er werkt
dan een kracht op het vloeistofdeeltje waardoor het terugbeweegt naar zijn beginhoogte.
Dit resulteert in een oscillerende beweging rond een evenwichtsniveau. In een grafiek
van de kwadratische verplaatsing als functie van de tijd zieje een plateau optreden, de
dispersie bereikt een constante waarde. Tijdens zijn oscillerende beweging wisselt een
vloeistofdeeltje continu vloeistof uit met vloeistof uit omringende elementjes door mid-
del van moleculaire diffusie. Daardoor zal de dichtheid vanhet vloeistofdeeltje in de
loop van tijd enigszins veranderen. Bij deze nieuwe dichtheid hoort ook een nieuwe
evenwichtshoogte en voor lange tijden neemt de dispersie daarom weer toe. Het scha-
lingsgedrag wordt weer evenredig mett, en de oorzaak hiervan is nu letterlijk diffusief
(zie figuur 4.12(b)).
Wanneer deeltjes massa en volume hebben, zoals in praktische toepassingen, dan zullen
ze minder gevoelig zijn voor de terugwerkende kracht van de vloeistof. Hoe groter de
traagheid van een deeltje, hoe meer het deeltje de neiging heeft om zijn huidige beweging
voort te zetten. De dispersiegrafiek zal daarom veranderen.Met toenemende traagheid
neemt de vorming van het plateau af en neemt de dispersie voorlange tijden toe (zie
figuur 5.5).
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Deeltjes die een zekere mate van traagheid bezitten, volgenniet exact de vloeistofstro-
ming om hen heen. Wervelachtige structuren in een turbulente stroming zullen de deeltjes
die zwaarder zijn dan de vloeistof naar buiten slingeren. Als gevolg hiervan is de ver-
deling van de deeltjes over de vloeistof niet uniform; lokaal treedt sterke clustering op,
en op andere plaatsen (in wervelkernen bijvoorbeeld) is de kans dat je er een deeltje
aantreft juist erg klein. Dit effect wordt preferentiële concentratie genoemd. Voor zowel
isotrope turbulentie als voor gestratificeerde turbulentie zien we dit effect optreden (zie
figuren 5.18 en 5.19). In gestratificeerde turbulentie is de deeltjesverdeling verschil-
lend in de horizontale richting en in de verticale richting,en zij geeft een beeld van de
structuren in de stroming. Het effect van preferentiële concentratie is het sterkst rond
St=1. Dit wil zeggen dat deeltjes met tijdschalen die vergelijkbaar zijn met de kleinste
tijdschalen in de stroming het sterkst clusteren. Verder zien we dat het effect van pre-
ferentiële concentratie sterker is voor zware deeltjes danvoor lichte deeltjes en dat het
afneemt met toenemende stratificatie.

Voor de lichte deeltjes hebben we de verschillende krachtenbestudeerd die op de in-
dividuele deeltjes werken. Deze krachten zijn wrijvingskrachten, de zwaartekracht, een
drukgradiënt in de stroming rondom het deeltje, “toegevoegde massa” waarbij rekening
gehouden wordt met het in beweging zetten van de vloeistof rondom het deeltje als gevolg
van zijn beweging en de Basset kracht die het ontstaan van eengrenslaag rond het deeltje
beschrijft. Welke van deze krachten relevant zijn hangt af van de deeltjeseigenschappen.
Als de dichtheid van het deeltje toeneemt ten opzichte van devloeistofdichtheid, dan
neemt het belang van veel van deze krachten af. Voor de zware deeltjes blijven alleen
wrijvingskrachten en de zwaartekracht over.

In dit proefschrift laten we zien dat het dispersiegedrag van individuele lichte deeltjes,
met eigenschappen die vergelijkbaar zijn met die van micro-organismen in een waterige
omgeving, hetzelfde is als dat van vloeistofdeeltjes en datze geen preferentiële concen-
tratie vertonen. In de praktijk kunnen deze deeltjes echtersamenclusteren en veel grotere
structuren gaan vormen. Hun Stokes getal neemt dan toe en de verschillende krachten
die in dit proefschrift bestudeerd zijn kunnen dan niet meerverwaarloosd worden. Bij
het bestuderen van de verspreiding van dit soort lichte deeltjes moeten zowel biologische
processen als de invloed van de vloeistofstroming op de deeltjes meegenomen worden.
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