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Summary and Introduction 

Near a wall a boundary exists wher€ the distribution function of the 

molecules differs significantly from the (hyd:rDCl.ynamic) distribution func-

tion far from the wall. The effect of this boundary on the 

hyd:rDCl.ynamic flow can be taken into account means of the so-called 

boundary conditions. The calculation of this with approximation 

methods is the central of this thesis . As the general is 

very complicated we use a formalism with the following r€strictions: 

- Reynolds number, Ma.ch number and r€lative temperature differences are 

small. This that the Boltzmann can be linearized. 

- I~::!e~.degree.§ ~ 
~- ···········~ 

No restriction is introduced for the intermolecular- and ~~o-vvcu.~ interac-

any role. 

tion. A multicompbnent gas mixture of arbitrary composition is considered. 

In chapter I the linearized Boltzmann equation with its boundary con

ditions is treated. The formalism for the hydrodynamic distribution function 

of a gas mixture is simplified means of a projection operator. 1m 

extension of the theory is rnade to a multi-temperature theory. 

A simple model for the collision operator of the l:L'1earized Boltzamnn 

equation (B.G.K. m:xl.el) and a m:xl.el for the gas-wall interaction is 

treated. Requiring that the hyd:rDCl.ynamic distribution function, which can 

be derived fTOIU the model, =rresponds approximately to the one derived 

from the linearized Boltzmann-equation (L.B.E.), we can calculate the 

collision frequencies of the model for a multicomponent mixture. 

In II two approximation methods are treated. 

- The variational method. 

- The halfrange-moments method. 

In the literature two different variational functionals are used: the func

tional for the L.B.E. with boundary conditions and the functional for 

the integral equation, that can be derived from the L.B.E. with its boundary 

conditions. 

The differences and similarities of both functionals are investigated. It 

turns out that for simple problems both functionals reduce to a single one. 

The half-range moments method can be considered as a particular case of the 

nethod of weighted residuals. The latter in tu:rn can be related to the 

variational method. With the help of these relations better ~~~""""·~ and 
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trial functions can generally be chosen, than the ones used so far. 

In chapter III the slip problem is treated for a spherical 

with a radius which is large in canparison with the mean free path 

of the gas molecules. The first order for a spherical surface is 

the same as for a flat plate. The results we find for the fi'r'St order slip 

are in general not new. We calculate the slip coefficients for the velocity 

slip and temperature jump in a simple gas for three models of the collision 

operator: 

- The B.G.K. model. 

- The Maxwell model (L.B.E. for Maxwell molecules). 

- The hard-sphere model (L.B.E. for hard spheres). 

The diffusion slip in a binary gas mixture is calculated only on basis 

of the first two models. For the B.G.K. model this slip is calculated not 

only with the approximation methods, but also with the computer in order 

to obtain more exact results. From a canparison of the results of the 

approximation methods with those found with more exact methods, 

it appears that in most cases the more exact solution lies between the 

approxinate solutions of the half-range rroments and the variational 

methods. Moreover both approximation methods appear to be equally accurate. 

Calculation can be performed easier with the variational method than 

with the half-ra:rg: moments method. For this reason we calculate the second 

order only with the variational method. Until now the second order 

slip has only been treated with the B.G.K. model of a simple gas and 

diffuse reflection of the wall {Sone). The expressions found for the se

cond order slip are valid for a mu1 ticomponent mixture and an arbitrary 

model of intermolecular- and gas-wall interaction. 

The slip coefficients found with the B.G.K. model of a simple gas agree 

well with the results of Sane which are calculated in a completely diffe

rent way. We calculate the slip coefficients also for Maxwell molecules. 

The values deviate strongly from the B.G.K. slip coefficients. The most 

important reason for this deviation is the inoorrect Prandtl -number 

found from the B.G.K. model. 

In chapter IV thermophoresis of a 

effect is an interesting and important consequence of slip, because it 

is not found when no-slip conditions are applied to the Stokes equations. 

2 



In order to calculate the thermophoretic velocity in a gas , the 

drag and the thermophoretic force are treated separately and equated 

afterwards. The thermophoretic force turns out to depend on the 

ratio of the thermal conductivities of the body and the gas. A 

exne:r>irner1t on the thermophoretic force was performed in a Millikan-cell 

The introduction of second order slip leads to an improvement of the 

existing 

no JIEans 

, but the agreement between and experiment is by 

The most obvious causes are: 

- The inaccuracy of the theoretical coefficients resulting from the 

of the model of gas-wall use of the Maxwell-model and the :::>J.JlllJ..!.L.L~a 

interaction. 

The we derived shew a strong dependence on the accarrm:xlation 

coefficients, of which we have no reliable experimental data. j / 
--~--~-_,,,,~·-- . . .: 

- The experimental data for small Knudsen numbers are not reliable :or 

are lacking. 

This is due to the smallness of the thermophoretic force at small Knudsen 

numbers. 

Finally we have also calculated the thermophoresis with the 

of gas-wall interaction in the of free-molecular flew Knudsen 

nurribers) . Here the ratio of thermal conductivities turns out to be very 

important as well. 

3 



LINE&"R. KINETIC 'THEORY 

L1. 

The velocity distribution function f(£0£,t) is defined in such a way that 

) is the nu:nber of molecules in the volume element 

located at r and the space element d3 c around velocity _£, at time t. 

For a multicompcnent mixture the velocity distribution function f(£,£1t) is 

a column-vector. The components of this vector are the distribution functions 

of the constituents of the mixture *). 

At every position E. in the space and at every instant t, the 

distribution function f. can be written as: 
l 

where: f. = n. (f;./11)~ exp 
lO lO l 

the absolute Maxwellian 

n. 
lO 

of component i 

for the number densiv; 

c = 1£1 
B. 

l 
m./2kT , m. : the oolecular mass of component i 

l 0 l 

k : the Boltzmann constant 

T : the zeroth order approximation for the 
0 

temperature. 

(1.1) 

(1. 2) 

(1. 3) 

For the notation of the so-called hydrodynamic m:rrents of ·we shalldefine 

the following inner products of two functions pi and 1)1i on the velocity 

space: 

(<jl. ,>jJ.) = ..1_ J f. (c)<jl. (c)lj;. (c)d3c 
l l n. lo l..,.. l-

lO 

The inner product for column-vectors is defined as: 

n. 
L lO 

(<f>,lj;) = -(<jl.,l/J.) 
l l 

(1.4) 

(1.5) 

*) Column-vectors associated with the components of the mixture will be 

denoted without a vector to avoid confusion with vectors in the 

configuration and velocity space. 
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We assume that for Ollr' 4? i will represent a small correction. Then 

in first approx~ation the hydrodynamic moments of 4? are: 

(4?i'1) = (n.-n. )/n. 
l l.O , lO 

= (p.-p. )fp. 
l l.O l.O 

(ill ,I) = (n-n
0

)/n
0 

(ill,f3)/(I,f3) (p-p )/p 
0 0 

(ill.,c) =v. 
l- -l 

(4?,f3~_)/(I,f3) = v -m 

2(i!l.,f3.c2- t) = (T.-T )/T :r l l. l 0 0 

~(4?,8c2 - ti) = (T-T
0

)/T
0 

2(i!l. ,s.c2) = (p.-p. J/p. 
3 l l l lO l.O 

po(i!l,2f3~£o) = ff 
p. (i!l.,B.c2c- ~) = 9.,-lo 1. l - - ~ 

6 

n 

nurrber density of component i 

mass density of component i 

n. m. 
l.O l. 

total number density 

Ln. lO 

I= column (1,1, ••.• ) 

p total mass density 

LPio 

B cblurnn (f31 ,B2 •••• 

velocity of component i 

w number velocity of the mixture 

Ym mass velocity of the mixture 

temperature of component i 

T temperature of the mixture 

(1. 6) 

(1. 7) 

(1. 8) 

(1. 9) 

(1.10) 

(1.11) 

(1.12) 

(1.13) 

(1.14) 

hydrostatic pressure of component i (1.15) 

: zeroth order appro.xination of 

p : hydrostatic pressllr'e of the mixture ( 1.16) 

tPio 

pressutB-tensor of component i 

e~f3 = ce~cs- !ae~·8c2 
a e~B : Kronecker symbol 

total pressure tensor 

heat flux density vector of 

component i 

q : total heat flux density vector 

(1.17) 

(1.18) 

(1.19) 

(1.20) 



I.2. The linearized Boltzmann equation and its boundary conditions 

a. The linearized Boltzrnan equation ( L. B. E. ) 

The L.B.E. describes the behaviour of the distribution function~. cf. 

( 1.1). \'le will not discuss the validity of this equation but consider it 

as for our problems. flow problems and flows around three

dimensional bodies.) Details can be found elsewhere (Ferziger and Kaper, 

1972). 

For a multicompona~t mixture the L.B.E. reads as follows: 

D~ + U 0 

where: D is the operator: 

and 

L is the linearized collision operator: 

[L~Ji ~ 

L .. ~. =c .. 
lJ J l] 

JJ f. ( c
1

) { ~ . 
]0 J 

(c}- <Jl.(c')}gcr~,Jg,x 
- J- .!.A 

) - ~.(c1') 
J -

c' + ~~1 - ~gg)/(mi + ~) 

c' = + m.c1 + /(m. + m.) 
-1 ]- l J 

g = I~ -
n is a unit vector in the direction of the relative 

(2.1) 

(2.2) 

(2.3) 

+ 

(2.1+) 

after 

the collision. In the cartesian coo1"'<linate system with the z-axis 

parallel to the relative velocity before the collision, ~ can be 

expressed in terms of the polar x and the azimuth £ : 

n (sinxcosc, sinxsin£, cosx) 

crik(g,x) is the differential collision cross section. 

We will recall here some of the well-known properties of L. 

L is symnetric Nith. respect to the inner product ( 1. 5) 

(2.5) 
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L is a scalar operator, so if R1 is defined as 

~<A::;) (2.6) 

where A is an orthogonal matrix, then R1 commutes with L: 

LR' = R'L (2.7) 

L is a positive semi-definite operator 

(~,L~) ~ 0 (2.8) 

this inequality reflects the irreversible nature of L. The 

holds if and only if ~ is a linear combination of the collisional 

invariants '!' , which will be discussed in § I. 3. In accordance with this 

section we write these as: 

'!' = Bc2 -1I a 
'l'ba = 2Sca a = x,y,z (2.9) 
k 

'¥c = Ok k = 1,2, ... N 

ok is the kth column of the identity matrix and N the number of constituents 

of the mixture. 

With respect to the collisional invariants the operator L has the property: 

L '!' = 0 

We assume that L can be split into two parts: 

L v - K 

where: K is an integral matrix operator 

vis a product matrix operator; v .. = o .. v.(c) 
l] lJ l 

vi can be interpreted as a collision frequency, so 

V• > 0 
l 

Because of (2.5), (2.7), (2.10) and 2.12) 

KR' = R'K 

K'l' = v'l' 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2 .16) 

For Jna)(Wellian molecules (1/r'*repulsive potential} with a cut-off for grazing 

encounters the collision frequency vi is independent of c and L has a complete 

discrete spectrum of eigenvalues (Waldmann~ 1958). 

8 



b. The boundary conditions 

We shall have to deal with two different kinds of boundary conditions 

(B.C.) for the L.B.E.: the condition for the distribution function far 

frcm the wall and the condition at the wall. 

- The distribution function for l£!+oo (the coordinate axes are fixed on 

the body). 

Far frcm the wall the flow is assumed to be hydrcdynamic. The correspon

ding distribution function <Ph will be discussed in § I. 3. If we 
denote the form of <Ph by and the deviation of the distri-
bution frcm by h, i.e. 

h <P - <l>as (2.17) 

then lim h 0 (2.18) 

!:£J+oo 

- The condition at the wall. 

The B.C. can be given by the scattering operator A that 

relates the distribution function w + of the rrolecuies a solid 

surface to the distribution <1>- of the molecules arriving at the same 

surface 1969a): 

if>+ = AR<!> + w
0 

cn~O 

where: R is :the reflection operator defined as R~(s;) = ~(-g) . 

if> is a source term 
0 

from linearization arcund the 

absolute ~ellian instead of the local Maxwellian with wall 

Yw and wall temperature Tw. 
c 

n = c•n and n is the normal on the surface ~~··~~· 

the gas. 

into 

( 2.19) 

(2.20) 

(2.21) 

We shall assume that the molecules of a given component do not influence 

the interaction of the other components with the wall. Then A is a 

diagonal operator: 

= o ... A. 
1.] 1. 

(2.22) 
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We shall list here the properties of A as given by Cercignani (1969a). 

If the reciprocity relation holds at the wall, then the following 

symmetry for A is valid: 

(2.23) 

The reciprocity relation (or detailed balancing) is still disputed in 

literature (Nocilla,1973). 

If the wall is isotropic then A is invariant for orthogonal transformation 

of the tangential component of the velocity,£t• So if R'' is defined as: 

R' '<I> (£t,cn) = <P (B£t,cn) 

where: £t = ct1 'ct2 

B is a 2 x 2 orthogonal matrix 

then R' ' comrutes with A: 

R"A = AR" 

If the wall is imperviou~ then: 

AI = I 

A is related to a probability density, therefore if <j> 2: 0 

(<j> ,c A<j>)+ ~ 0 
n 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

If we assume that the average direction of the tangential component of the 

velocity (~c) is the same for the impinging and the reflected molecules, 

then with a reflection operator in the tangential plane Rt: 

+ (<j>,cnARt<j>) 2: o (2.28) 

By subsititution of <j> = ct
1 

in (2.28) one can see that (2.27) without the 

restriction <j> ~ 0 (Cercignani, 1969b) is not true. With Schwartz' inequality 

and (2.26) Cercignani and Lampis (1971) proved: 

(A<j>,c Aq,)+ ~ (<j>,c q,)+ (2.29) 
n n 

(This inequality gives rise to a H theorem for boundary conditions.) 

A is a bounded operator as can easily be proved with (2. 29): 

+ + 0 ~ (ARt<j>,c <j>) s (<j>,c <j>) 
n n 

(2.30) 

•) With the + sign we denote that the integration for the inner product 

is only extended in the subspace en ~ 0. 

10 



The source term can easily be recovered by applying the condition of 

complete equilibrium, subscript e for equilibrium: 

If (the distribution function of the molecules arriving at the wall) f- is 

a Maxwellian with the wall temperature T and moving with the wall velocity 
w 

Yw' then also (the distribution function of the molecules leaving the 

wall) f+ is this Maxwellian. After linearizing f with (1.1) and (1.2) one 

can obtain: 

So: If ~ = ~. 
le 

then~+ = ~
le 

c < 0 
n 

c 2: 0 
n 

(2.31) 

Substituting this into (2.19) leads with (2.26) to the following expression 

for the source term ~ : 
0 T -T 

~ = ( 1-AR)(2Sv •c + ~ Sc2 ) o -w- T 
0 

(2.32) 

The wall temperature T will not be known a priori for a flow around a 
w 

body. We shall give a formal solution of the equations involved for Tw. 

As a result we shall find that the solution can be split into two parts: 

a known term and a term depending on the distribution function at the 

wall. The part of ~ corresponding to the last term together with AR~ 
0 

will give rise to the definition of a modified gas-wall interaction 

operator A' • 

If we assume a distribution of heat sources w(~) inside the body, then 

the stationary temperature distribution inside the body will be governed 

by the Poisson equation: 

(2.33) 

where VB is the region inside the body. 

At the boundary the normal component of the heat flux is continuous so 

with (1.20): 

-ABn-·'i7T = P (~ ,Sc2 c - tic ) o n n rES - w 
(2.34) 

where AB is the coefficient of thermal conductivity of the body and Sw 

the surface of VB. 

11 



After elimination.of.~+ by means of (2.19) and (2.32) the problem becomes 

a third boundary-value problem of theory: 

where: ~ = (1-A)Sc2 c Sc2 )+ , n 

X= p (R~,c (1-A)Sc2 )+ + p (2Sv·c,c (1-A)Sc2 )+ 
on o '""W-n 

and use was made of the properties ( 2 • 2 3) and ( 2 . 2 6) of A and 

(c c,sc2 - ~I)+ = 0 n-

With (2.30) we see: 

~? 0. 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

With this condition the problem has a solution that can be written 

as: 

f {-fwC£' )G(£,£ 1 )d3r'+fXC£' )G(£,£1 E. E VB 
B VB Sw . 

( 2. 39) 

where G is Green's function the B.C. (2.35) with the 
(2) 

inhomogenous term by the twodimensional delta-function ~· <::-::'). 

After substitution of (2.37) and (2.39) in (2.32), the B.C. (2.19) reads 

as follows: 

\ll::: A'RIP + IP' 
0 

\ll1 = (1-A'R)2SV •c + 
0 '""W-

where the operator A' is defined by: 

sc2 + A'~ ~ + (1-A)- fp (~,c (1-A)Bc2) G(r,r')d2r• 
TL S o n - -
Ob w 

T -T = - ~ fwC£')G(£,£')d3r' 
w o "-B 

VB 

and re S - w 

r e. S - w 

2: 0 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

As Green's function G(r,r') is symmetric, we have with (2.23) the following 

symmetry property for A' : 

12 

J<~,cnA'w)d2r' = 
sw 

f<w,cnA'~)d2r' 
sw 

(2.44) 



With (2.23) and (2.26) we conclude: 

A'I = AI = I (2.45) 

For the deviation from the hydrodynamic solution, h, cf. (2.17), the B.C. 

becomes with (2.19) and (2.29): 

h=ARh+h 
0 T.-T 

(1-AR)(2S~·g + w To Sc2 -
0 

or with (2.41) and h = A'Rh + h' 
0 

T -T 
h' = (1-A'R)C2Sv c - <P ) + (1-AR)~ 

0 - ~ ~ 

c ~ 0 
n 

(2.46) 

(2.47) 

(2.48) 

In futUI:'e we shall write A 1 , <P 1 and h' without the 
0 

unless stated 
otherwise. 

c. The form of the linearized Boltzmann equation 

The stationary L. B.E. is an integrodifferential equation, that can be 

transformed into a integral form by integration along the charac-" 

teristics of the freestrearning operator ~·V (Cercignani 1969a). 

We shall first consider the problem in a oounded region. For this we 

introduce a closed surface S (see figure 1) around the body with the 
g 

boundary condition: 

h = h 
g £E 

where h is defined by (2.17). If S is taken at infinity 
g 

as follows from ( 2 .18). 

(2.49) 

will be zero 

a theorem of neutron transport theory (Case and Zweifel, 1967) the 

L.B.E. (2.1) with the B.C. (2.46) and (2.49) can be written~= 

+ vh + Eh Kh+EARh+ w 

where: E ~ c•n c((r-r )•n) 
-- --o-

+ E h 
g g 

r lS the point on the surface S or -o g 
such that: 

(2.50) 

(2.51) 

The line through the points ~ and is the characteristic line of 

the differential operator g•V (See 1). 

*) The operator E has been introduced in kinetic theory by '-'-'''=·"-a. (1971a). 
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!}. = !}.<~) the normal. vector pointing into the rBgion V bounded by S 
w 

and S • 
g 

E = E for 
w E. S and E E for 

w g 

E = 0 for c·n < 0 

£ 

v<:;) 

Geometric configuration. 

From the definition of E it follows that: 

E S 
g 

(2.52) 

(2.53) 

(2.54) 

Details about the inversion of the operator c·~ + v + E can be found 

elsewhere (Cercignani, 1969a). We shall only the results: 

vhere V(r:;) is that part of the region V that can be seen from£· 

We note that for a continuous function,~ : 

a. = g,w S = g,w 

E<Pi~ = 0 

and if Sg is taken sufficiently far away from the wall: 

Ea.RUiES~ = 0 

(2.55) 

(2.56) 

(2.57) 

(2.58) 

With (2.50), (2.55) and U
1
.J. =o .• U. the 

lJ 1 
for.m of the L.B.E. is: 

h=UKh+uEARh+UEh +UEh w w 0 g g 
(2.59) 

14 



Apart from symmetry properties of operators for the inner product (1.5) ln 

velocity space also symmetry relations can be derived for the inner 

product in phase space~ 

cc~.~)) = Jc~.~)d 3r 
v 

(2.60) 

Cercignani (1969b) proved that R~·V is a symmetric operator for functions 

which obey the B.C .. This restriction can be avoided, if the operator E is 

used. 

As (2.61) 

one finds Gauss' from theorem 

(2.62) 

With (2.54) the r.h.s. becomes 

( 2. 63) 

So the following symmetry is proved: 

(2.64) 

As R~l. = v.R also Rc•V+ RE + Rv. and the inverse operator RU. will be l - l l 
syrrmetric 

((~,RU~)) = ((~,RU~)) 

With the reciprocity relation (2.23) and (2.54) it follows that 

((~,E A~)) = ((~,E A~)) w w 
and equivalently with (2.44) for A'. 

In order to arrive at symmetric operators in the equation (2.59) the 

following modification will be made (Loyalka,1971a): 

h = UKh + UE h for ~ E Sw' g g 
c•n < 0 

So substitution of this equation in the r.h.s. of (2.59) gives: 

h=UKh+UEARUKh+UEh +UEh +UEARUEh w wo gg w gg 

With (2.58) the last term in the r.h.s. will vanish and: 

h=Mh+UEh +UEh w 0 g g 

(2.65) 

(2.66) 

(2.67) 

(2.68) 
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The formulas (2.14), (2.15), (2.65) and (2.66) lead to the ~v.~~''w~"~ 

pruperty for M: 

((~,RKM~)) = ((~,RKM~)) 

I.3. 

a. The hydrodynamic solution (general 

The hydrodynamic solution of the L.B.E. is the solution for the case 

(2.69) 

(2.70) 

that il> does not change appreciatly over one mean free path. The derivation 

is based on an with a small parameter, which represents the 

ratio of one mean free path and a length in the prublem. It is 

not our purpose to present this derivation in detail, 0ecause we are 

mainly interested in the result. For details we refer to and 

Cowling (1970) and Ferziger and Kaper (1972). 

In case of the L.B.E., the fonnalism for this method can be 

by introducing a prujection operator. For a single gas such an operator 

has been used by Ernst (1970). The prujection P 

prujects functions of the velocity into the subspace H , 
0 

the collisional invariants 'I'. The Pi!> is the linearized local 

Maxwellian. 

rP<!!] • = 
- l 

(3.1) 

'I'he hydrodynamic m:Jments in the r .h. s. are defined by ( 1. 6) , ( 1.12) and 

(1.14). This condition is satified if Pis defined as: 

16 

P .• ¢. :: 
l] J 

~ ( ) 2. nj o ( 2 3 2 3 (,P.,1)+2S. .p.,c•c+;r- ,P.,fl.c -z)(S.c-z) 
J l p 

0 
J - - n

0 
J J l 

(3.2) 

p2.p = P<P (3,3) 



Pis symmetric for the inner product (1.5): 

(1)J,P<j>) (3.4) 

With (2.5) and (2.9) 

LP<t> = PL<j> = 0 (3.5) 

and also: 

If L<t> = 0 then <1> = P<t> (3.6) 

We denote the orthogonal complement of H
0 

as H
1 

and the contraction of L 

on the subspace H
1 

as . So: 

(3.7) 

Further any function P~ </> <j>-P<j> will lie in since PP,~. </> = 0 

The L.B.E. (2.1) can be written with (3.5) to (3.7) as: 

(3.8) 

Within H
1 

the operator L1 does possess an inverse because within this 

subspace L
1 

</> 0 has no non-zero solution. So with ( 3. 8) ~ can be written 

formally as: 

-1 
~ = P~ - L1 P.~. D<!> (3.9) 

When 11> does not Change ITU.lch over one mean free path an artificial small 

parameter can be introduced: 

-1 
~ P<!> -' e:L P-1-Dil> 

The function <!> is expanded in powers of that parameter: 

II> = L e:nil>(n) 
n=o 

(3.9a) 

(3.9b) 

When (3. 9b) is substituted into (3.9a) and terms of the same order of 

e: are equated one finds the Hilbert solution: 

II> (o) P<!> (o) (3.10) 
~(n) P<l>(n) _ L-1P D<l>(n-1) 

.L n .<: 1 

Th di . f . ~ (n) e con tlon o the equatlon .LOr <1> is: 

PD<I> (n-1) = o (3.10a) 

*) For convenience we shall write L-1 instead of 41 . 
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Another possiblity is offered by the Chapman-Enskog method of solution. 

1ben the expansion ( 3. 9b) is not substituted into the first term of· the 

r.h.s. of (3.9a), because density, ma.ss velocity and temperature are 

not expanded in po:Ners of the small parameter. Therefore: 

for n ;;,. 1 

and 

n ;;,. 1 (3.11) 

The zeruth order approximation for the distribution filllctions are local 

Maxwellians with a carmnon velocity and temperature, which are the mass 

velocity and temperature of the mixtu:re. In a multi-temperature theory 

the zeruth order approximations for the distribution filllctions are 

taken to be local Maxwellians with velocities and temperatures of the 

components (G:>ldman and Sirovich, 1967). These local Maxwellians can 

convieniently be denoted by a projection operator p* defined as: 

(3.11a) 

* * \'Jhen P.L = 1-P operates on (3.9),this 

* P.LP~ = o: 

(3.11b) 

With this equation and the Chapman Enskog method of solution we find the 

multi-temperature distribution filllctions: 

~(o) = p*<r> 

(3.11c) 

18 



We note that the smll parameter introduced here has 

same significance as the parameter introduced in the one-temperature 

Chapnan-Enskog method. In fact for a justification of this method a 

of the relaxation times of the hydrodynamic moments would be 

necessary, but this is beyond the scope of this work. These relaxation 

times have been discussed already by many authors: Morse (1963), Goldman 

and Sirovich (1967), McCormack and h'illiams (1972), Johnson (1973). 

We shall consider the hydrodynamic distribution function given by (3.11) 

up to the second order in more detail for later use. 

- the function ~(O) 

The zero-order approximation is by ( 3. 1) • It is more convenient to 

write (O) in terms of the fraction n./n and the pressure p. 
l 

n. 
~~0) 

n 
0 =- (2:.-

n n 
0 

p-p -
+ __ o + 

Po 
(3.12) 

l 

where we used 

n. 
lO 

no ni 
=-(-- (3.13) 

n. n. n n 
lO lO 0 

which is true in first approximation. 

- the function l 1 ) 

The explicit evaluation of II> ( 1 ) can be found in Ferziger and Kaper 0972). 

The result reads as follcws : 

(1) 1 {~-k T o o} ~ - n . L!I-(c)_£'~ + A(c)E:_•VT + B(c)92 :V8~ . (3.14) 
0 k 0 

*) This A is not to be confused with the '"""'-vvCJ.J..-'- interaction operator A, 

introduced previously. 
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Table !.3 First approximation of solutions and transport coefficients. 

C.E. integral equation and the Multicomponent transport coefficients 
first approximation of the 
solution 

(Dkc2 ,B) = 0 

Dik ~ 2nosi[Dik1 1 *) 

LAc = n (Bc2 - I )c 
Cl. 0 Ct 

(Ac2 ,B) = 0 

LBc c
0
B = n 2Bc c0B 

ct o a 
2n 

B."' okT B-[n(")J1 l n. l l lO 0 

n 
!..._ I..J!c=P o ..2_ ~( S cLt) = 
n

0 
k ~0 k 

n 
= Cok _£ -1)!Csc -!) 

nko 

I~~= o k 0 

(Eik,1) = 0 (~,Bc2 ) = 0 

E.k ~ !n [Eik] 1Cs.c2 - !) 
l 0 l 

. . 1 ( kz ) dlffuslon coeff. Dik = 3n Di c ,1 
0 

Dik = Dki ' ~PkoDik = O 

the:rnal diffusion coeff. Drk: 

DTk = (Dkc~,Bc2-I~)/3n , LPk D = 0 
0 k 0 Tk 

the thermal diffusion ratio ~i follows 

from the equations:DTi= ~~Dik'~~i=O 

thermal diffusion coeff. DTk=(~c ,1)/3n
0 

partial coeff. of thermal conductivity 

A1 = (Ac2,Bc2 - It)k/3 

coeff. of thermal conductivity 

A= A1
- n kLk-.DT. o :Tl l 

l 

constituent part 

A(·)= (A.c2 ,s.c2- t)n. k/3n 
l l l lO 0 

coeff. of viscosity n = (Bc2 ,Bc2)2kT /15 
0 

temperature diffusion coeff. 

E.k = !_ C~,B-c2 ) 
l n l l 

0 

"') With [ ]1 , we denote the first approximation of the coefficient. 
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where: 

~ (3.15) 

(3.16) 

v v0 is the symmetric traceless part of Vv s-m -m 
av av 

6 [v v0 J = 2----!.!'£:. ~- 1 c 'V•v (3.17) 
s-m ~s 2 ar ar " ~s -m s ~ 

The functions Dk(c), A(c) and B(c) can be determined with help of the 

Chapman-Enskog integral equations. We have listed these equations in 

table I.3 together with the first appro:x:inB.tion of the solution. The 

thermal diffusion appears in second approximation. The 

of the equation for i<c c) in table I. 3 will becoma evident later. 

-the function ¢( 2) 

The second order contribution to the hydrodynamic solution is for the 

L.B.E. less complicated than for the full Boltzmann equation. It can 

easily be seen from (3 .11) and (3,.14) that it has the following form: 

¢( 2) = L {HL-iP.~-Dkc2V·:::!- + lfL-1P_r.Ac2v2TT + ~L-1P.~- :Vv0 + 
no k =!<: o -m 

l: -1 k a -1 a + L D c·- r'L + L Ac•-- at =k - at 
-1 o a o} 

+ L Boe :"tv v 
-- a s-m 

(3.18) 
k . ' -

where 
c~csc~ = c~cscr - sc~sc2cr - sosrc2c~ - to~yc2cs 

As ~( 2 )~ H , P~( 2 ) 0 so with o· as defined in (2.9): 
1 l 

(L-1P.LDkc2 ,oi) = 0 

(L-1P.J..Dkc2,13c2) = 0 

-1 k 
(L D c~,sc6 ) 0 ; 

( -1 2 ) L P.l.Ac ,oi = 0 

(L- 1P.~-Ac2 , 13c2) = 0 

These conditions are trivial because PL-1.p = 0, but they may imply 

restrictions on approximate solutions. 

(3.19) 

(3.20) 

(3.21) 
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b. The constitutive equations 

With the hydrodynamic solution one can obtain the constitutive equations 

for the diffusion velocity yi-Ym• the heat flux density vector g and the 

pressure tensor J;> 0 • Before giving the results of this calculation we shall 

make an intermadiate step substituting expression ( 3. 9) into the 

defining formulas of the hydrodynamic I!Oments cf. § 1. Using the symmetry 

property of L-1 and the expressions of table I.3 we obtain: 

v.-v = -
-1 -m 

1 i 1 i - (w,D c) - V•- (c<P,D c) 
n - n - -

0 0 

q a 1 1 --- (<P Ac) - V·- (c<P,Ac) 
dj:: no ' - no - -

(3.23) 

(3.2'+) 

(3.25) 

Substitution of <P(O) + w( 1) from (3.12) and (3.1'+) into these expressions 

leads, with the definition of the transp::lrt coefficients in table I. 3, to 

the following constitutive equations: 

v. - v 
-1 -m 

. a 
+-at 

15n2 
0 

-I Dik~ 
k 

(&2 &2)v vo 
' s-m 

T 
- DT.VT 

l 0 

1 i T + -. (Ac2,D )"T 
3n2 o 

0 

+ -1 - (Ac2 ,A) v-}-
3n2 o 

0 

In the coefficient matrix Onsager symmetry relations appear (De Groot 

and Mazur, 1962). 
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With the second approximation of the distribution function also a 

"temperature diffusion" equation can be derived. With ( 1.13), 

the function Ei(c) as defined in table I.3 we find in an 

(3.23) to (3.25): 

(1.14) and 

- .L L (i!> Ei) (c_<t>,Ei) 
at n ' 

(3.27) 
0 

Substituting <I!(O) + il>( 1) from (3.12) and (3.14) 

(3.28) 

With the (3.23), (3.24), (3.25) and (3.27) it is easy to derive 

a multi -temperature theory analogous to what was done (;oldman and 

Sirovich (1967) for a binary mixture. It should be noted that they 

included also non-linear effects in their theory, which give rise to more 

complicated formulas. In fact the linear of this type are 

found by substituting the expressions for Di, A,B and into 

the equations mentioned and neglecting the non-hydrodynamic moments. We 

used the first approxirration of the functions n\A,B and Ei (table I.3) 

(which is exact for M:l.xwellian molecules) and the defini tians of the 

hydrodynamic moments of §1. Then the result reads as follows: *) 

q 'I T -T . A( ) 
-;: - -"-'VI_- _1_ IA 'V_L_- _2_ I ~.Eo (3.29) 
Po nok To nok k (k) To Snok k Pko _J<. 

4 Sl<.A(k) a 
- Sn k I n:-- at gk 

0 J<. "J<O 

-v·.:::: -m 

*) For =nvenience we omit the brackets [ ] 1 . 

(3.30) 

(3.31) 
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(3.32) 

For a binary gas mixture the results ( 3. 31) and ( 3. 32) are the same as the 

results of Goldman and Sirovich (1967) with0ut the non-linear terms. As 

the thermal diffusion is not contained in the first approximation it also 

does not appear in the constitutive equations, but can easily be included 

by using a higher approximation. The neglect of the non-hydrodynamic 

moments can be justified with the multi-temperature hydrodynamic distri

bution function (3.11b). Substitution of this distribution function up 

to the first order, into (3.23), (3.24), (3.25) and (3.27) leads to 

expressions for the so far unspecified £~ and .9.Jc in the second order terms 
of ( 3. 29) to ( 3. 32) • 

c the conservation laws 

With the projection operator and the property (3.5) of L the conservation 

laws follow simply from: 

PD~ = 0 (3.33) 

With (3.2), (2.2) and the definitions of the hydrodynamic moments of §1.1 

the well-known conservation equations appear: 

.L L+ V•V = 0 at p
0 

-m 

-a <-Pi __ P ) < ) +V•v.-v =0 at pio p
0 

-1 -m 

(3.34) 

(3.35) 

(3.36) 

( 3. 37) 

Substitution of the second order constitutive equation (3.26) into the 

conservation equations ( 3. 34) to ( 3. 37) lead to the linearized Burnett 

equations. Without the second order term they are called the Stokes 

equations. For a stationary situation they can be written as: 
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'V·v = 0 -m 
'V 2n. /n = 0 

l 

Vp - nv2v 0 -m 
v2T = o 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

The Stokes equations are simplified continuum equations for the description 

of the hydrodynamic behaviour of a gas, while the L.B.E. is the equation for 

the kinetic description of its behaviour. The hydrodynamic distribution 

function will be a good approximation of the solution of the L.B.E. far 

the region where the Stokes equations are valid. let: 

cp =f cp(i) 
(") i=O 

where <P l is defined by (3.11). 

Substitution of (3.42) 

D<P + L<P = D<P(n) 

So (3.42) is an exact 
n-1 

PD I cp(i)= 0 
i=O 

into the L.B.E. gives with (3.11) 
n-1 

- PD I cp(i) 
i=O ( ) 

solution if D<P n = 0 and 

(3.42) 

(3.43) 

(3.44) 

The function (3.42) will be a good approximation of the solution of the 

L.B.E. if D<P(n) is negligible and (3.44) is valid. If instead of (3.44) 

PD f <P ( i) = 0 ( 3. 45). 
i=O 

is used, then the extra correction to <P will be of the s~e order as that 

of the terms already neglected in obtaining an approximation for <P. For 

n = 2 equations (3.44) are the Stokes equations and (3.42) is the hydro

dynamic distribution function. With the Stokes equations the second order 

contribution to the hydrodynamic distribution function for a stationary 

situation becomes: 

-1Bc o. l + L _s;.s;. .VV'~J (3.46) 

Conservation equations such as ( 3. 33) are very useful for obtaining 

approximate solutions of the L.B.E. More conservation like equations can 
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be derived. If h(E•S•t) and ~(E,£} are solutions of the L.B.E., one has: 

c•\1~ + L'!' = 0 (3.47) 

~ h + c• \lh + Lh = 0 
<lt -

(3.48} 

d 
Then: (Rh,s•\1'!'} + (Rh,L'!'} - CR~ •at h) - (R'!' ,s·\lh) - (R'I' ,Lh} = o 
As L is a synvnetric scalar operator we find: 

(h,R'!') + \l•(sh,R'!'} = 0 (3. 49) 

One sees that (3.33) is a special case of (3.49} namely by taking 

for'!' a collisional invariant (see 2.9). 

When h = h(z,s> and '!' = '!'(z,s} the equation (3.49} becomes: 

or 

For a 

~ (c h,R'!') = 0 
oZ Z 

(czh,R'!') = constant 

(3.50) 

(3.51) 

1972) because of its relation with the K-integral in the theory of 

radiative transfer (Chandrasekhar, 1960). 

a. The extension of the constant collision frequency m:x:lel of Bhatnagar, 

Gross and Krook to nul ticomponent systems 

As the linearized Boltzmann collision operator has a complex structure, 

several kinetic m:x:lels have been developed (Boley and Yip, 1972). The 

B.G.K. model is the most frequently used, because of its extreme simplicity 

Gross and Krook, 19 54) . Some problems have been solved 

~~~~-·.:~with this rrodel (Cercignani, 1969a; Williams,1971). The model 

was first proposed for a simple gas. 

The extension to multicomponent systems is obvious. The model implies a 

constant collision frequency vi,cf. (2.12} and the operator K has the 

J.U,.LJ.<.JWJ.J ~ appearance: 

K ~ - (1} + ~~~)Pj02a.(~.,c}.c + 
ij"'j - ~ij ~J Po , "~ "'J - -

26 

~)Caic2 - ~) 
(4.1) 



(1) (2) (5) . . 
The constants v . ,a . . , a . . and w:tll be dete:rnuned below. 

]_ l] l] 

We note the relation between this and the linearized collision ope-

rator for Maxwellian molecules: v. is constant and the rocx:lel contains the 
]_ 

first terms of the expansion of K .. ~. in eigenfunctions of the operator K. 
:lJ J 

These terms are related to the terms in a linearized local 

Maxwellian (3.1). The possible values for the constants are restricted by 

requiring that the m:xiel contains the physically most important properties 

of the Boltzmann operator. These are: 

-Symmetry for the inner product (1.5), cf (2.14) 

(k) (k) 
a.. = a.. (4.2) 
l] J ]_ 

- Conservation of mmmer density, momentum and kinetic energy ( 2. 10) 

(1) -a .. -o .. v. (4.3) 
l] l] ]_ 

Ct~~) = 
]_]_ 

(5) 
Ct •• 

]_]_ 

\). -
]_ 

I Pjo a~~) 
j;ii Po :lJ 

v. - I njoa~?) 
:t j;ii no J..] 

- Positive semi-definiteness, (2.8) 

( ~ , v~) - ( ~ , K~) .:::_ 0 

With (4.1) to 4.5): 

v.{c~.,~.>- c~i'1)z- 2r\l<~i's>lz- ~c~i'sicz- ~>z}+ no :t :t J.. 

- c~.,s.cz- ~)}2 > o 
J J 

(4.4) 

(4.5) 

So: ;: 0 because of Bessel's inequality for generalized Fourier 
series. (2) 

0 i ;i j (4.6) a .. .:::. l] 
(5) 

> 0 i ;i j a .. 
J..] -

There is sorre doubt about the way the remaining independent pa:r:'arrteters 
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should be determined. In literature many different names are attached to 

the rrodel ( 4 .1), which refer to different assumptions for the constants in-

troduced various authors. A way to determine them is to compare certain 

eigenvalues of the Bol tzm:rnn operator for Maxwellian m:>lecules with the 

eigenvalues of the rrodel (Boley and Yip, 1972). A problem arises with the 

eigenvalues associated with the coefficients of viscosity and heat conduc

tivity, because the m:Jdel cannot reproduce both of them correctly. So 

a choice has to be made. We shall avoid this problem with the 1'13xwellian 

m:>lecules by considering the parameters as adjustable constants depending 

on the problem under consideration (De Wit, 1973). For our problems it is 

obvious that the best choice will be such that the model reproduces as 

closely as possible the hydrodynamic solution of the L.B.E. The functions 

appearing in this solution are listed in table I. 3. From this table and 

the rrodel as given by (4.1) to (4.5) we conclude: 

(i) The m:>del does not include thermodiffusion. In general: the model only 

reproduces the functions Dk(c), A(c), B(c) and ~(c) to the lowest 

order of approximation. 

(ii) vi can be related to either ~(i)\• or [n(i)~': the choice will be 

made according to the problem under consideration, viz • 

(iii) 

. n •. k:T 
~0 0 v.. = 

~ [\i)] 1 

n. leT 
v. = ~0 0 

~ [Tl( i )1 1 

when thermal problems are considered 

when viscous problems are considered 

a~~) and a~~) can be calculated from the equations 
~J ~J 

I a~~) p. {[Dik]1 -
j ~J JO 

(5) . n I a .. n. {[E~,J 1 - [EJ.,J 1} = n -
0

- o. - n . ~J JO .JJ\. .!'.. o n. ik o 
J ~0 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

As in the (lJ..9) and (4.10) the transport coefficients appear only 

in first approximation, the constants a~~) and a~~~ can easi.~y be related 
~J ~3· . 

to the matrix elements of the equations for [Djk]i and ~jkJ:i.One easily 
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Table I.lt Transport coefficients follc:Ming fran the B.G.K. rrodel and the 

L.B.E. 

Transp.coeff. B.G.K. rrodel L.B.E. 

[D) 1 

[A (1 )J 
1 

[ n C 1)] 
1 

[E12] 
1 

whe::e: 

pokTo 3E 
nom1In:2\112 

n. kT 
5k ~0 0 

L~ ---v;_-
n. kT 
~0 0 

\11 

Po<~+In:2) 
2no~In:2v12 

D = 
Po2. 

D12 
n 2m~ 0 l 

M1 = m1/(~+In:2) 
n
1 

= the first approximation of the coefficient of viscosity of the 

pure gas 1 

A1 the first approximation of the coefficient of thermal conduc-

ting of the pure gas 1 

P1 .- 15kE/4(m1+In:2)A1 = M1Ein1 
s1 = P1(4~+6~) , s12 = 8A+3P1P2 
Q1 = P1(6M~+5Mi-4MiB+8M1~A) 
Q

12 
3(M1-~) 2 (5-4B)+4M1~A(11-4B)+2P1P2 

A, B, E are constants depending on the rrodel of molecular interaction. 

29 



verifies that 

(2) 
(l •• 
~] 

i # j, a = x,y,z (4.11) 

(S.cf.- ~,L .. (S.cf.- ~)) 
~ l] J i # j (4.12) 

One can prove that the following relation holds, independently of the inter

action potential of the molecules. 
, ,m.+m. 

) = 3~ J (13.c2 - t,L .• (6.c2 -f)) i # j 
i l ~J J 

(4.13) 

and consequently 

(5) = 2mimj a~~) i # j 
aij p

0 
mi+mj ~J (4.14) 

W. h ( 2) mod lt v •. = a.. the el can be swnnarized as follows 
~] l] 

[K4>]. = v.{c~.,1) + 28.(4>.,c)·c + ~(4>.,8.c2 - t)C13.c2 - tP + 
~ l ~ ~ ~-- l l l I 

p. 
+ Iv .. _;j£ 26.{C4>.,c)- (4>.,c)l•c + 

j ~J p 0 ~ J - l - J -

p. 4m., 
\' JO ~ I ( 2 3 2 3 } 2 3 ~..v .. 3( +m)t4>.,8.c -z)-(~.,a.c -z) (6.c -z) 
j lJ P 0 mi j J J l ~ l 

(4.15) 

(2) where v. follows from (4.7) or (4.8) and v .. =a .. from (4.9). 
~ ' ~J ~J 

For a binary :mixture we have calculated [A.ci)1 , [\1 )] 1 ,(n] 1 and [E12] 1 
and listed these expressions together with the parameters v1 and v12 in 

table I.4. The expressions for v
2 

and v21 follow simply by interchanging 

the subscripts. 

b. A model for the gas-wall interaction operator 

Recently much research has been carTied out concerning models for the 

gas-wall interaction operator A. Yet these models only apply to specially 

prepared surfaces and their relevance for other walls is doubtful. Besides, 

the models have the additional difficulty of being rather complicated. Only 

for molecular beam experiments they have proved to be valuable. For the above 

reasons and because of its simplicity Maxwell's model is still frequently used. 
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Maxwell (1879) assumed that a fraction (1..-a.} of the incident Jrolecules of 
. l . . 

species i is reflected specularly and a fraction. diffusively: 

. + . 
= 2a./TI6.(c .~.) + (1- a.}Rt~' 

1 1 n 1 1 1 
(4.16) 

However, specular reflection has never been observed in molecular beam 

experiments. In addition the physical properties of the wall cannot be 

taken into account properly by the intn:xluction of one parameter only. An 

improved Jrodel is obtained by an expansion of tt'Ie kernel of the gas-wall 

interaction operator in orthogonal functions (Shen, 1967; Cercignani,. 

1968). The coefficients in the expansion can be related to the generalized 

accanmodation coefficients as defined by lQ:inc and Ku.Scer (1972). 

+ + 
(~.,cARt~.) - ,c~.) 

1 n·l< J n J (4.17) 

The Maxwell l!Odel ( 4 .16 ) is a special case of ( 4 • 17 ) with all accanmodation 

coefficients et.. 'k equal to ak. So for specular reflection ct. 'k = 0 and 
l] 1] 

for diffuse reflection a .. k = 1. From a theoretical point of view the 
1] 

use of the coefficients (4.17) is very attractive, because A does 

not have to be specified. The experimental determination of the coeffi

cients , however, is very cumbersome owing to their great number. 

Experimentally only two acommodation coeffid.ents have been measured for 

several gas-wall combinations: 

-the accommodation coefficient for tangential nomentum ami (.jii = .ji. = ctl) 

-the accommodation coefficient for kinetic energy aei(.jii = .jij = c~) 

If in the expansion of Ai only the terms canta:ining these coefficients 

.;rre reta:ined then: 

+ + 
[2(.~..,c) - (1- a.....")4s-<c .ji·•ct) •c + 

o/1 n ·11~ 1 n 1 - -t 

(4.18) 

One can easlly verify that all conditions on A r.entioned in I. 2 are 

satisfied except :in general ( 2. Z7) , which cannot be expexted to llold 

for a representation of the kernel :in a finite number of terms. 

The Jrodel proposed here can be considered as a special case of a 
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linearized displaced Maxwellian (Nocilla, 1963). 

The m:xiel for the operator A' (2.42) becomes with (4.181 

32 

A!<j>.=A.<j>. + 
l l l l 

a. 2 + 2 2 
+ {lp. eTJ f (c <j>.,s.c -2) G(r,r')d r' }lffS.a .(s.c -2) (4.19) 

'- JO >.B S n J J - - l el l 
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APPROXIMATE SOLIII'ION METHODS 

II.1. Introduction 

Solving the L.B.E. with its B.C. is in general very difficult even in the 

physically simpleSt situations. For this reason there exists an exten-

sive literature about metlPds for approximate solutions. In general the 

'Ylnsatz" for the approximate solution is an expansion in a set of kn<Mil 

functions with arbitrary parameters. The method consists then in determining 

"the best fit" for these paraneters. The main difficulty with these metlPds 

concerns the accuracy of the results. Some .u1>~.J..~~~"' 

method can be gained l:!Y: 
in the accuracy of the 

a. comparison of the approx:imate solution with the exact solution for a 

particular problem, as can be done for sane problems for solutions 

Obtained with the B.G.K. model (I.4.15); 

b. ccmparison of the results of two different approximate solution methods; 

c. use of a sequence of approximations that is expected to converge to the 

exact solution. 

Method c. is of course the most reliable, but also the most laborious one. 

We shall not apply this metlPd. For b. "two different metlPds are needed. In 

this chapter we shall treat the variational method and the half-range 

rnc::ments method, which bo"th have been applied very succesfully in gas kinetic 

theory. For details we refer to· the book of Finlayson ( 1972). 

II.2. The va:.ti>iational procedure 

For many problems one is not interested in the space dependence of the 

hyclrodynanucal quanti ties, but in integrated quanti ties such as heat flow, 

force, etc. A simple method to obtain these quantities to a good degree of 

approx:i.Jnation isoffered by the variational procedure (Payne, :l953; Shen, 

1966; Cercignani and Pagani, 1966; l.DyalJ<:a and Ferziger, 1967; Lang, 1968). 

A solution will be sought for the equation 

Oh = S (2.1) 

Where 0 is areal symmetric operator, i.e. with (I.2.60): 
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(2. 2) 

and S a source term. 

For this equation one can construct the functional 

J(.l'\) = ( (ll,Oh - 2S)) (2.3) 

where h is an approximate solution. •·Je shall refer to h as the trial function. 

Let 1'\ = h + oh (2. 4) 

then substitution of (2.4) into (2.3) leads with (2.1) and (2.2) to: 

oJ = J(h+oh) - ~.Hh) = < (ch,Ooh)) (2.S) 

So the first variation of J is zero and the functional has a stationary 

value (saddle p::>int) for h = h. This is not the only variational functional 

that can be constructed for the equation (2 .1). The follCM?ing functional is 

also used (I.e Caine, 1947; Shen, 1966) 

J(ll) ( (h,Oh)) (2.6) 
((h,S) )2 

As there is no reason the expect better results fran ( 2 . 6) , we shall restrict 

ourselves to the sorrewhat simpler functional (2. 3). 

The unknown parameters in a trial function can be determined by the 

From ( 2. 4) and ( 2. 5) one can see that a deviation oh from the exact 

solution a deviation of order ( oh) 2 from the exact stationary value 

of the functional. So the best results are obtained if the physical quantity 

of interest is directly related to this stationary value. 

If 0 is a positive (negative) one sees from (2.5) that the functional 

value is always larger (smaller) than the exact stationary value and one has 

a min:imum (maximum) principle. As in general this is not the case the 

approximate stationary value obtained by the procedure described above does not 

need to be the best one, but it is the only one obtainable. The exact 

stationary value is: 

J(h) = -((h,S)) (2.7) 

If it is not possible to relate this value to a physical quantity of interest, 

then the Roussopolous variational functional can 1e used (lang, 1968): 
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J(n,n*> = <<n*,on-s>>-<<n,s*)) 

where n * is a trial function for the auxiliary equation: 

011.• = s* 

Let fi h+oh and 1'\* = h* + oh* 

Substitution of (2.10) into (2.8) leads with (2.1), (2.2) and (2.9) to 

oJ = J(l'l,n*)-J(h,h*) = <<ah*,ooh)) 

So (2. 8) is a variational functional for the same reason as (2. 3). 

The stationary value of this functional is: 

J(h,h*) = -((h,S*)) 

(2. 8) 

(2 .9) 

(2 .10) 

(2 .11) 

(2.12) 

The source term in the auxiliary equation is chosen in such a way that 

{2.12) is related to the physical quantity of interest. For the Roussopolous 

variational principle the stationary value will always be a saddle p:>int 

whether or not the operator is 

(2.11). 

or negative as can be seen frum 

II. 3 The variational procedure for the L.B.E. 

For the equation (2 .1) we have the choice between the integra-differential 

fo:rm of the L.B.E. and the fo:rm. In literature both equations are 

used. We shall compare the functionals to get some insight in the advantages 

and disadvantages of both choices. 

a. The functionals for the L.B.E. 

For the integra-differential a variational principle of the type 

(2. 3) for a simple gas was prop:>sed by Lang (1968) and for a gas-

operator by Cercignani ( 19 69b). No extra canplication for 

this functional arises in case of a multicomp:>nent mixture. 

The equation is (I.2.50) 

c•Vh + l11 + Eh - E ARh = E h + E h 
- w w .0 g g 

( 3.1) 

The operator working on h can be made symmetric with the reflection 

operator (I.2.64), (I.2.23) and since LR = RL is symmetric, because Lis. 

The functional (2.~j) :for tru.s equation is: 

Jd'f<n,n•)=((Rn~c·vn+Lh+Eh-E ARn-E h-E h ))-((Rn,E h*+E h•)) 
1. - w wogg wogg 

(3.2) 
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The class of trial functions will be restricted by the condition fur 

J_arge r: 

n=h g reS - g 

h* = * 

Further we assume that: 

= ((Rhg ,Eghg*)) 

= ( (Rh * ,E h ) ) 
g gg 

0 

0 

With (3.3) and (3,4) the variational functional is: 

Jdif(h,h*)=((Rh*,c•Vh+~+Ewh-EwARh-Ewho))-((Rh,Ewho*)) 

(3.3) 

( 3. 4) 

(3. 5) 

and the :inner product (I. L. 60) can be extended to the whole configuration 

space. 

The variational functional for the equation given below was 

proposed by Loyalka. (1971b). The functional of Cercignani and Pagani 

(1966) is a particular example of this funct:i,onal. The equation is (I.2.68) 

h-:Mh UE h +UE h wo gg 
(3. 6) 

The operator working on h can be made symnetric with the operator RK 

because of (1.2.14), (I.2.15) and (1.2.70). The functional (2.8) for this 

equation is: 

Jint(n,~*> ((~h-Mh-UEwh0-uEghg))-((RKh,UEwh0*+UEghg*>> (3.7) 

As with J dif we shall restrict the class of trial functions by ( 3. 3) and 

( 3. 4). We shall prove that the tenns with h in ( 3. 7) will vanish then. With 
g 

the symnetry of RU (I.2.65), and the definition of U (I.2.55) and K (I.2.11) 

we can write: 

((RKh*,uE h ))=((RUKh*,E h )):((Rfi.,E h )}-((RU(c•V +L+E)h*,E h)) 
gg gg gg - gg 

The first term in the r.h.s. vanishes because of (3.4) and the term . 

(RUEh * ,E h )) will vanish because of (I. 2 • 58}. The :remaining part is: gg 

(3.8) 

((RK'D.*,UE h )}=-((RU(c•v +L)h*,E h)) (3.9) 
g g - g g 

If the surface S is taken sufficiently far away the operator U will only 
g 
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operate on (c·V+L)l in the !EJ--, because of its 

character, (!.2.56). Because of condition (3.3) n* will 

B.C. in this limit and will be a solution of the L.B.E .. So (3.9) will 

* vanish and for the same reason the term with h The functional then 
g 

takes its well-knOiJI1 form: 

J. t<h,h.)=((RKh~,h-Mn-u~ h ))-((RKn,UE h*)) 
~ wo wo 

(3.10) 

b The stationary value 

value of the functional is: With (2.12) and (3.5) the 

Jdif(h,h~)=-((Rh,Ewh0*)) (3.11) 

For the functional Jint (3.10) the stationary value is: 

* * Jint(h,h )=-((RKh,UEwho )) (3.12) 

These values are as can be proven very easily. Similar to ( 3. 8), 

(3.12) can l::e written as: 

J. t(h,h~)=-((Rh,E h *))+((RU(c•V+L+E)h,E h ~)) 
~ w 0 w 0 

The seoond term in the r.h.s. vanishes because h is an exact solution of 

the L.B.E. and l::ecause of (!.2.58) and symmetry of E • w 
Cereignani (1969b) has sh01.11I1 how ( 3 .11) can be related to a quantity 

if h =h *. The extension to h ;fh * is obvious. We propose for h 1t a form 
0 0 0 0 0 

similar to h (!.2.47) which can be written ash = -(1-AR)i!> , 
0 0 c 

h * = -(1-AR)i!> ~ (3.13) 
0 c 

where 4> * is a solution of the L.B.E. 
c 

Substituting (3.13) into the r.h.s. of (3.11) and the synmetry of A 

(!.2.66), the wall of E (!.2.54), (!.2.46) and (!.2.53) we obtain: 

-((Rh,E h *))=~ f<h,c R4> *)d2r+((h ,E R~ *)) (3.14) 
wo S n c ow c 

w 
With the generalized conservation equation (!.3.49) in :the stationary case 

and Gauss 1 theorem one can write 

(3.15) 

where S is a closed surface at arbitrary distancefrom the wall and.!:. a 

normal pointing into the region l::etween S and S . So (3. 14) becorres: 
w 
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-((Rh,E h *)) ~ jCh,c•nR~ *)+((h ,E R~ *)) 
wo 

3 
~~c owe (3.16) 

The physical quantity of interest in our problems can always be written in 

a form equal to the first tenn in the r.n.s. iJy a suitably chosen ~ * 
c 

c Trial functions 

As Jint and Jdif are both variational functionals for the same problem it is 

obvious that one should obtain the same results from them. We shall show that 

the functional J int is equal to the simpler functional J dif with a different 

more complicated, trial function. With the syrrmetry properties and the defini

tions of the operators (§ I.2) one can prove that the following equality holds: 

(3.17) 

The functionals Jint and Jdif can be simplified when only a particular class 

of trial functions is considered. By simplification of the general expression 

much work can be avoided for each particular problem. vie shall distinguish 

the following classes: 

(i) Trial functions which are exact solutions of the L.l:l.E. (Boundary method) 

(ii) Trial functions which satisfy the boundary conditions (Interior method) 

(iii) Trial functions which satisfy neither the L.B.E. nor the B.C. (Mixed 

method). 

The RousSQpolo.us variational principle has two trial functions, so combina

tions of the above rrentioned classes are possible as well. 

We shall write Jint in a different form in order to obtain the L.l:l.E. and 

the B.C.explicitly in the expression. First of all we write in the same way 

as in (3.8): 

(3.18) 

Substitution of this into (3.10) leads with the definition of M (1.2.69) and 

the syrrmetry of RU to: 

J. t(h,h*)=((RUKn*,Lh+c•Vh+Eh-8 ARUKn-L h ))-((RUKh,E h *)) 
ll1 - w wo wo 

(3.19) 

Applying (3.17) once more and using (1.2.57), (1.2.58) and the syrroretry of 

RUandA: 
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* * ; ((Rfi ,c·Vfi+Lh+E n-E ARn-E h ))-((Rfi,E h )) 
- w w wo wo 

-((RU(L+c'V)n*,(1+E ARU)(L+c'V)n)) 
- i! w 

-((RU(L+c•V)n ,E n-E ARn-E h )) 
- w w wo 

-((RU(L+c'V)n,E n*-E ARB* *)) 
- w w 

* The sum of the first two terms in the r.h.s. is equal to Jdif(n,n ) , 

cf. ( 3. 5). 

We shall now discuss the classes (i) and (ii). 

(i) The method 

If n and n* are both solutions of the L.B.E. (1.2.1) one can see from 

(3.20) and (3.5) that Jint=Jdif=J, where 

(3.20) 

J(n,n*) = ((Rfi*,E fi-E ARn-E h ))-((Rh,E h *)) (3.21) 
w w wo wo 

The functions h and h* which make this functional stationary,are n and n* 

at the wall. 

A very simple trial function that has often been used for the problem 

(cf. III) is the one parameter function of the form: 

(3.22) 

where f.! and n * are known functions. 

One easily verifies that (3.21) with the trial functions (3.22) has its 

stationary value for: 

a 
«m* ,E h ) ) 

w 0 

((RQ* ,E n-E ARQ)) 
w w 

(3.23) 

In view of ( 3 .16) an approximation for the physical quantity of interest is 

given by: 

-f<Rh,c'n~ *)d2r+(h ,E R~ *)) 
S --c o w o 

((RQ*,E h ))((Rn,E h *)) 
w 0 w 0 

( (RQ* ,E f.l-E ARQ)) 
w w 

(3.24) 

This result covers many results obtained earlier by various authors (Shen, 

1966; Cercignani and Pagani 1966; Cercignani, Foresti and Sernagiotto, 1968; 

. Loyalka and Ferziger 1967, 1968; Loyalka 1971a, 1971b, 1971c; Kline and 

Kuacer, 1972). These authors treated slip problems with the functional Jint 

and chose trial functions which had the same form as the functions h and 

h* far from the wall (cf. chapter III). For these trial ftmctions f.! and f.!* 

39 



are co~lisional invariants so they to the class we treat here. The 

value for "a" (3.23) was interpreted as a bad approxination for the asymptotic 

value. Ha.~ever, the asymptotic value obtained by (3.24) happened to be 

accurate, much more so than one could expect from ( 3. L' 3) . This peculiarity 

can be explained by the fact that ( 3. 22) , ( 3. 2 3) is an appro:x.ination for h 

at the wall (microscopic slip). The fonn of the function h far from the w~ 

is kn= (hydrodynamic solution) from one parameter (macroscopic slip) 

Which can then be determined from ( 3. 2 4) . This interpretation is in accordance 

with the results of Ioyalka (1971d) with his approximate method and 0:::.1\.IJ-'-CI-'-' 

also the reason for the identical results. 

If n is a collisional invariant then the collision operator enters in the 

"' result (3.24) only by the source tenns h and h (1.2.47). These terms 
0 0 

contain -the hydrodynamic solution q,h. This solution is not very different 

for the exact solution of the L.B.E. with various molecular models and the 

B.G.K. model with the choice for the collisional parameters of I.4. 

So if there are reasons to expect that the result ( 3. 2 4) is accurate then the 

conclusion would be that j(Rh,.:~::!!.~o*)d2r is .only weakly on the model 

for the collision operator~ 
A boundary method is very for the external fla.~ problems because 

the main difficulty consists in fitting the hydrodynamic solution to the 

microscopic B.C. • It would be interesting if the functional ( 3. 21) could 

also be used for approximate solutions of the L.B.E .. This will be 

possible for functions for which RE is symmetric. So the trial functions 
w 

should a similar condition at the wall as in the for 

1:£1""""', (3.4): 

((Rn*,E h)) = ((Rn,E h*)) (3.25) w w 

One can easily prove that this is true for solutions of the L.B.E •. With 

(I.3.49), the definition of E (I.2.51) and using Gauss' theorem one can 

find: 

(3.26) 

So with (3.4) one finds (3.25) i.e. also symmetric. 

It is obvious that the smallness of the :residual of the L.B.E. (I.2.1) is 

not in general a sufficient restriction on the trial functions. For instance 

the hydrodynamic distribution function might not lead to satisfactory re-
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sults because it carmot represent a good approximation in the kinetic 

layer. This is one of the reasons why this IOCthod will not be used in the 

calculations of III and IV. 

(ii) The interior method 

This method is not so attractive because of the complicated form of the 

trial function. Frcm (3, 20) one can see that Jint will be different fn::m 

J dif when the same trial function is used. A trial function that belongs to 

the class we consider is given by: 

n=Mh. +UEh ---h w 0 
(3.28) 

where~ is the hydrodynamic solution. With (1.2.57,58) it can be proven that 

this trial function satisfies the B.C. and becomes equal to the hydrodynamic 

solution at distances from the wall. When we treat ~ as an exact 

solution of the L.B.E. then this trial function reduces with the definition of 

M (I.2.69) and (3.18) to: 

(3.29) 

which is than (3. 28) because it does not contain the operator K. 

We note that for £'n < 0 and £€ §w: n = ~· 
This is similar to the assumption of Maxwell (1879) that the distribution 

for the molecules approaching the wall is the same as the hydrodynamic 

distribution outside the kinetic 

Substitution of ( 3. 29) and a similar 

Jdif leads with the definitions and 

operators (cf. § I. 2), to: 

* Jdi/n.,n. ) 

for n.* into the functional 

symnetry relations of the 

(3.30) 

So the only difference between (3.21) with n = ~ and (3.30) is the 

occurrence of the last term of the r. h. s .. 

II. 4 The method of weighted residuals 

By substituting an approximate solution into equation ( 2. 1) one obtains a 

residual that can be weighted with a known function. If this weighted 

residual is to zero one obtains equations for the unkna-m parameters. 
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When the functions are the same as the functions in the expansion 

of the solution, the method is called Galerkin 1s method, 

(Finlayson, 1972). This method has proved to be very powerful for many 

problems. A reason for this is the well-kncwn relationship between this 

method and the variational method with the functional ( 2 • 3) • When for the 

problem the variational principle (2. 8) has to be used one 

should expect different criteria for the choice of the weighting functions, 

as will be shown below. 

We propose trial functions of the form: 

n = 'a n (r,c) l.nn-- ~ r * * h = a £l (r,c) 
n n --

(4.1) 

where n and £l * are known functions and a , a * the unknown parameters. n n n n 
Making the functional ( 2. 8) with the trial function ( 4.1) stationary with 

* respect to an and , leads to the equations: 

Ia *ccn ,on*)) - ceo ,s*>> o 
n n m n m 

(4.2) 

Ia ceo *,on))- ccn *,s)) = o 
n n m n m 

(4.3) 

As the are the parameters of in:terest3.equation ('4.3) needs to be 

solvqg. Equation (4. 3) can also be written as: 

0 

So with the variational 

not £l as in Galerkin 1 s method. m 

(4.4) 

one has the weighting function n * and 
m 

For the method as described here one has to make exactly the same calcula-

tions as for the variational method. Besides with Ga.lerkin 1 s method one 

of the accurate approximation for the 

stationary value of the variational functional. We have described this 

method to obtain a criterion for the weighting functions, that we shall need 

in the next section. 

II.5 

A particular modification of the method of weighted residuals is a method 

weighted in velocity space. The resulting 

equations in space are then solved exactly. For the integro-

differential form of the L.B.E. these equations are simple first order dif

ferential "'':l'"""''c-'-'-""" 
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Let: 

h = 'a (r)n (c) 
l. n- n- n * = n *<c) n n -

Substitution of these functions into (n * = 0 leads with 0 and S 
m 

obtained fn::m comparison of ( 2 • 8) with ( 3. 5) , to: 

L{<Rn *,en )·Va +(Rn *,tn )a}= 0 
n m -n n m n n 

and: 

We have also 

lim a (rJ n-
1.£1 _,. 00 

0 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

As with the variational method one can distinguish several classes of trial 

functions: toundary method, interior mixed method. We shall only 

consider the interior method for the follCMling problem: 

h = h(z,£) 

h = ARh - (1-AR) (a'l'Hc) ~ 0 z = 0 

where z is the coordinate normal to the wall, whiCh is taken to be the 

plane z = 0 

'!' and \!l are known functions of the velocity 
c 

a is an unknown constant. 

Because of the discontinuity of h at the wall the functions nn (£) for 

whiCh the B.C. (5.6) can be satisfied are half-range functions of the 

velocity (Gross, Jackson and 1957). 

(5.S) 

(5.6) 

A simple trial function condition (5.6) can be constructed fn::m: 

n'· = ~(1+sgn c )(1-AR)'l' 
1 z ~(1+sgn c )(1-AR)\!l z c (5.7) 

With {5.1), {5.6) and {5.7) one sees that 

a
1 

(0) = -a (0) = (5.8) 

The functions are zero for cz < 0, but this is an unrealistic assumption. 

In order to improve this trial function we introduce two more functions nn 

whiCh nak:e h nan-zero for < 0: 
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r,;' 
3 

(1-sgn c )~ + (1+sgn c )AR~ z z 

n,~ = (1-sgn c )~ + (1+sgn c )AR~ 
.. z c z c 

One easily verifies that n
3 

and n4 satisfy the harrq?;erleClUS 

(5.6). 

Instead of using the functions (5.7) and (5.~) it is 

to use the linear combinations: 

= ~sgn c - (1+sgn c )AR~ z z 

= ~ sgn c - (1+sgn c )AR~ 
c z z c 

(5.9) 

of the B.C. 

(5.10) 

(5.11) 

For the weighting functions R1 * to be used in ( 5. 2) we propose functions of 
n * * the form ( 5.10) and C 5 .11) but with ~ and "'c J."'t'.J."'-'"''-' by ~ and ~c taken from 

the auxiliary equation, cf. II. 4 

(5.12) 

RQ
3
* R~c* RQ

4
* = R<!>~sgn c

2 
+ (1-sgn * (5.13) 

Our n:ethod is :in two respects different from the usual one *) (Gross, Jackson 

and Ziering, 1957; Ivchenko andiYalaJrov, 1969; Breton, 1969): 

a. The functions nn are constructed, from the functions 'l' and <!>c and do not 

arise from expansions in half-range 

b. A different criterion is used for the functions (In literature 

the weighting functions are chosen to be nn instead of RQn •. 

*) It should be noted that for the viscous problem :in a simple gas with 

diffuse reflection at the wall (1963) proposed the 

same trial function (5.1) with (5.10) and (5.11). 
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THE SLIP PROBLEM 

III.1 

It is well-known that at the wall a gas does not have the wall temperature 

and the wall when gradients of these quanti ties are present. These 

"'h""''""""'"" are called slip phenomena. They were already observed in 1875 by 

Kundt and and they have been studied afterwards, theoretically by 

M:ixwell (1879), Smoluchowski (1899), Grad (1949) and Kramers (1949). l'bre 

recent work will be mentioned in the subsequent sections. The slip boundary 

conditions are boundary conditions for the ( Navier-) Stokes equations. They 

have the form of a constitutive equation in which a so-called slip has to 

be determined from the Boltzmann equation. We shall calculate 

the first and second order slip boundary conditions for a spherical 

surface for which 

a» I 

where a: the radius of curvature 

the mean free 

(1.1) 

The ,=-.1.'-CU.. coordinates will be denoted in the usual way, by r, 6 and q,: 

(1.2) 

For convience we shall choose the quantities T
0

, n. and p in such a way 
lO 0 

that: 

where 

The coordinate axes 

v = 0 -w -

be fixed to the body so: 

at r = r -o 
(1. 3) 

(1.4) 

(1. 5) 

The B.C. for the deviation from the hyd:ro::iynamic solution, h, cf.(L2.17), 

(1.2.46) are: 

h=ARh+h 
0 

limh=o 
r--

The vector r refers to a -w of the walL 

at r = r -w (1.6) 

(1. 7) 
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These B.C. imply a discontinuity of h as a function of c at c = o) which 
r r 

vanishes by collisions of incident with reflected molecules at a distance 

of some mean free paths from the wall. The region near the wall where h is 

significantly different from zero, is called the kinetic layer or Knudsen 

layer. 

For the derivation of the hydrodynamic solution we introduced a small 

artificial parameter £ ( cf. I. 3. 9a), which indicated that tenns with £ n 

were of the order (l/L)n. (L is a characteristic length in the problem). 

In the direction normal to the wall a characteristic length is the thickness 

of the kinetic layer. In the tangential direction the characteristic length 

is the same as in the region far from the wall i.e. in the hydrodynamic 

region. From this we conclude that we can introduce the panuneter £ in the 

L. B. E. in the follCMing way: 

£Dth+cr ~+Lh = o (1.8) 

where ED = D-e ~ (1.9) 
t r ar 

We expand h and h using the same panuneter £: 
0 

h = LE~(n) h = LE~(n) 
o n o 

( 1.10) 
n 

Inserting (1.10) into (1. 8) and equating tenns of the same order of £ we 

obtain the following equations: 

c 4(o)+Lh(o) = o 
r ar 

D h (n-1) a l-. (n) Lh(n) 
t +cr ~· + = o 

With the B.C.: 

h(n) = ARh(n)+h(n) 

lim h(n) = o 
0 

r-+<x> 

n ::.. 1 

c ~ 0 
r 

As h = -(1-AR)<I> , where <1> is a hydrodynamic distribution function) 
o as as 

(1.13) with n = o becomes cf. (I.3.12))(I.2.47): 
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T(o)_T 
h(o) = ARh(o)_(1-AR){ T w(Sc2-~I)+2S~0 )·£} 

0 

( 1.11) 

( 1.12) 

(1.13) 

( 1.14) 

( 1.15) 



From (1.11), (1.14) and (1.15) we see that a solution is: 

T(o) = T 
w 

h (o) = o 

The conditions ( 1.16) are the 

Q (1.16) 

(1.17) 

For the first and second order we find from (1.12), (1.14) and (1.17): 

c ~(1 ) + Lh( 1) = 0 
r ar 

h(1) = ARh(1) + h(1) 
0 

?. 0 r -w 
( 1. 18) 

= 0 

D h( 1) + c ~(2 ) + Lh( 2) = o 
t r ar 

h(2) = ARh(2) + h(2) 
0 

;:: 0 r = r -w (1.19) 

= 0 

The source tenns h ( 1 ) and h ( 2 ) can be written as: 
0 0 

( 1.20) 

( 1. 21) 

(1) (2) 2 . 
where ii> and ii> are the parts of order e: and e: respectl vely of the 

hydrod~amic sol~tion e: <!> (1) + e: 2 
ii> ( 

2 ) , the subscript c is needed because the 

ordering in pcwers of e: at the wall is not the same as far from the wall. 

Th t 't' T( 1 ) (1 ) T( 2 ) d ( 2 ) . al diff t f e quan l les , v , an v are ln gener eren rom zero 

and '1 be -m . d h -m . . T( 1 ) d T( 2) all d can easl y recogrnze as t e quantl tles. an are c e 

the temperature jump of first and second order. In a similar way the 
'al f (1) ( 2 ) alld 1' 1 .. ff' d tangentl components o _;;r: , .Ym are c e s lp ve ocl tles o lrst an 

second order. The normal component is called velocity jump. 

As the distribution function is the sum of the hydrodynamic one and the 

deviation h, the actual temperature and velocity in the kinetic layer will 

differ from the slip values. The function h depends strongly on the normal 
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coordinate; therefore this also holds for the temperature and the velocity. 

A qualitative picture of this situation is given by fig. 2 for the tempe

rature. 

r 

I 
I 

0 

I 
I 

- (T- T) 
w 

Fig. 2 Dependence of T on the normal coordinate inside the kinetic layer. 

The quantity T* in this figure is called the microscopic teJTilerature j Ulfil· 

In a similar way a microscopic velocity slip and velocity jUJTil can be 

defined. By extrapolation of the temperature gradient in the hydrodynamic 

region to the wall the first order temperature jUJTil is obtained. 

We shall derive expressions for the slip phenomena for an arbitrary molecular 

model and arbitrary gas-wall scattering operator. For the first order slip 

these expressions are derived with three approximation methods which are 

already known in literature: 

(i) the classical method of Maxwell; 

( ii) the variational method; 

(iii) the half-range moments method. 

Comparison of the results obtained by these methods will give some insight 

in their accuracy. 

For the second order slip we shall use the variational method for reasons that 

will be given later. 

With the general expressions it would be interesting to calculate the 

values of slip coefficients for the three following models of the L.B.E.: 
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a) the B.G.K. model; 

b) the Maxwellian model (L.B.E. for Maxwellian molecules); 

c) the hard-sphere model (L.B.E. for hard-sphere molecules). 

ad a) One can compare the approximate results with exact results for this 

model. 

ad b), c) These two models can be considered as the limiting cases of "soft" 

and "hard" potentials. Comparison of these cases gives some insight 

in the dependence of the quanti ties on the molecular model. 

We shall calculate all Slip ccefficients for models a) and b) and some 

for model c) . 

It is also possible with our expressions to investigate the influence of the 

gas-wall scattering model on the values of the slip coefficients. We 

shall restrict ourselw:; to the model (I.4.18) and a simple gas. For this 

case Cercignani and (1969) showed that the deviation, h, from the 

hydrodynamic distribution function is independent of the accanmodation 

cceffieients and that the contribution to the first order slip due to 

partial accommodation can be calculated exactly in a simple way. In general 

this will not be 

The model (I.4.18) for a simple gas can be written as: 

r=r 
- -w 

(1. 22) 

AR~ = ~{2(R~,c )++(1-ae)(c R~,Sc2-2)+(Sc2-2)-(1-a )4S(c R~,ct)+·ct} 
r r m r - -

c ~0 
I'~ 

(1.23) 

Obviously the gas-wall interaction operator for diffuse reflection Ad is 

given by: 

AdR~ 2/ifi3(R~,c )+ c ~o (1.24) r r 

When h~n) is the solution of the problem with diffuse reflection and Tdn) 
(n) 

and yd are the quanti ties for this case, then : 
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With h(n) = h~n)+fih(n), T(n) = T~n)+fiT(n) and v(n) y~n)+fiy(n) we 

arrive at the following equation for fih(n): 

lim h(n) = o 
r-

One can easily see that a solution for this problem is: 

fih (n) = o 

(n) (n) . 
when fiT and fiy are g1ven by: 

c ~0 
r 

r=r - -w 

( ) (n) 
fiT n _ 1-ae (n) Td (n) (n) + 
T - -- /TII3(Rhd + -T-(13c2-~)-213vd ·c+Ril> ,c (13c2-2)) 

o ae 
0 

- - c r 

(n) !:'=!:'w 
( ) 1-am (n) Td (n) (n) + 

fiv n = - -- 2/TII3(Rh + --(13c2- 5 )-213v ·c+Ril> c c ) 
-1: a d T 2 -d - c ' r-t 

m o 
r=r - -w 

( 1. 25) 

(1. 26) 

(1.27) 

(1.28) 

( 1. 29) 

With (1.25) and (1.24) the integration in velocity space for cr~o can be 

extended to the whole velocity space. The formulas (1.27) and (1.28) then 

reduce to: 

1-a 
=- __ e/ii'B{Chd(n) ,c (13c2-~))+(i!>(n) ,c (13c2-~))} r=r 

a r c r --w 
e 

(n~ 1-ae (n) (n) 
fiv =- -- 2/ii'B{Chd ,c ct)+(iJ>.,, c ct)} -t (l r- c r-

e 
r=r - -w 

( 1. 30) 

( 1. 31) 

These expressions for the contributions to the slip quantities because of 

partial ac.ccrnrnodation Q;l)1. be written dif fererrtl y with equation ( 1. 12) . 

When we multiply this equation with (13c2-~) and S:t separately and take the 
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inner product (1.2.60) *),we obtain with (1.14): 

(crh(n) ,sc2-~) = ((Dth(n-1) ,sc2-~)) r=r - -w (1. 32) 

and 

r=r - -w ( 1. 33) 

respectively. 

So by substitution of (1.32) and (1.33) into (1.30) and (1.31) we find: 

- First order slip: 

(1. 34) 

1-am (1) 
- -- 2;;;:s(c <!> ,ct) 

a r c - ( 1. 35) 
rn 

So these quantities can be calculated in accordance with the findings 

of Cercignani and (1969). 

- Second order 

2) 1-a -
=- __ elnS{CCDthd(l) ,scL1))+{c <1>{ 2 ) ,scL~)} 

a · r c ( 1. 36) 
e 

A (2) 
Ll~t (1. 37) 

These can be calculated if h ~ 1) is known. 

III.2 The first order slip 

'The first order problem as defined by { 1. 18) and ( 1. LO) does not 

if we consider a plane wall instead of a spherical surface. As in most 

publications slip has been calculated for a plane wall, we change the 

coordinates r, e, 4> to the cartesian coordinates x, y, z (with the z-axis 

normal to the wall). For convenience we shall not write the superscript ( 1) 

in h ( 1 ) when we treat the first order 

*) For the present one-dimensional problem the inner product involves only 

one integration (with respect to r). 
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One can easily prove that in a first order calculation the normal velocity 

is zero. 

When we multiply (1.18) with ok (I.2.9) and take the inner product (I.1.15) 

we find: 

l...cc h <1) = o 
az z •-lc 

With (1.20), (I.2.23), (I.2.26), (Scr,w~1 )) = o, and the definition of 

yk (I.1.10) we find: 

v = 0 -kz • at z = o 

for each constituent of the mixture. 

(2.1) 

(2.2) 

So there are only slip conditions for the tangential part of the velocity 

and for the temperature. Because of symnetry of the problem in the x 

and y directims, we only need ts_ determine the velocity in the x-direc-

tion. This velocity will further be denoted by v . The first order temperature s 
jump will be denoted by Ts. Because of its linear character, the problem can 

be split into two problems, each with its own B.C.: 

h = ARh-(1-AR)(2~v c +w ) 
S X C 

T 
h = ARh- ( 1-AR) (T s (f5c2-1I)H c) 

0 

where <!> c is the appropriate term of 

for the velocity 

for the temperature jump 

\1!(1), cf. appendix A.2. 
c 

(2. 3) . 

(2.4) 

Apart from general expressions for the slip quantities, we shall give explicit 

results for the follCMing problems. 

a) The viscous in a simple gas: 

1 av 
\l! = - -B(c)c c ~ at z = o (2.5) 

c n x z az 
0 

The slip coefficient, a is defined by: 
av v 

= n X at z (2.6) v a 
v "P"Te az- 0 

s 
0 

with {2.5), '(1.35) and table I.3 we find: 
1-u /1f av 

m n X at (2.7) = -u-f)Taaz z = 0 

m o 

b) The thermal creep (thermal slip) in a simple gas: 

w = - 4cc)c ..L at z = o 
c n

0 
x ax (2.8) 
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The corresponding coefficient, a 
c' 

is defined by: 

2A 0 T 
at z = o (2.9) v = <J c 5n

0
k ax s 

With ( 2 .. 8) and (1.35) we see that: 

= 0 at z = o (2.10) 

So the thermal creep in a simple gas is independent of the accorrunodation 

coefficients. 

c) The temperature jump (temperature slip) in a simple gas: 

iJ> = - 4cc) 2._ L 
c n az T at z = o 

0 0 
and the corresponding slip coefficient, crT, is defined by: 

Ts _ 4AI~ o T 
T- 5n k az 

0 0 

With (1.34), (2.11) and table I.3 we find: 
1-ae >./1Ti3 a T 

--a- n:-k az 
e o 

d) The diffusion 

ij> = -c 

in a binary mixture: 

~ k a 
L D (c)c a 

k= 1 X X n 

at z 0 

at z o 

It is common to define the slip coefficient, for the number velocity 

(!.1.11), by: 

at z = o 

III.3 The slip velocity 

Maxwell 1 s method 

Maxwell ( 1879) assumed that the distribution function of the rrolecules 

going to the wall remains unchanged in the Knudsen layer. With ( 1. 18) 

and ( 2. 3) the function h at the wall will be: 

h = -(1-AR)(2~v c +il> ) 
S X C 

h = 0 

~ o, 

< o, 

at z o 

at z = o 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(3.1) 

(3.2) 

Maxwell calculated the velocity v assuming that the tangential rromentum 
s 

flux to the wall is constant in the Knudsen layer. This is equivalent to 

the condition (1.3.51) with'¥ 213c. With (1.18) this becomes: 
X 
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(h,2Sc c ) = o 
X Z W 

and the slip velocity is easily fmmd to be: 

(2Sc c ,(1-AR)~ )+ 
X Z C v s (2Sc c ,(1-AR)2Sc )+ 
XZ X 

For diffuse reflection (I.4.18) with a . 
llll 

where: I 1 = 2(2SCxc
2

, 

I = 2(2Sc c , 
2 X Z 

1, (3.4) reduces to: 

(M) denotes the Maxwell result for diffuse reflection 

Earlier results: 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

~ 3. 7) 

In case of a simple gss of Maxwellian rrolecules the result (3.!::i) for the 

viscous slip and thernal creep are given by Kennard (1938). For the 

diffusion slip in a binary gas mixture of Maxwellian rrolecules the result 

(3. 5) was first obtained by Krame:rs and Kistemaker (1943). If for this 

problem non-Maxwellian JJDlecules are considered, one arrives by using 

the second approximation for the function Dk(c) at the result of Brock 

(1963). 

The variational method 

In chapter II we have seen that for ;the variational method one needs an 

equation and its auxiliary equation such that the quantity 

lim (Rh, c ~·) 
z 

z--

(3.8) 

is related to the unkncwn quantity (here v ) . As h is chosen in such a way s 
that it vanishes far from the wall, we approach the problem in a somewhat 

different way by writing: 

h' = h+2Sc v 
X S 

p4 

(3.9) 



h 1 = ARh'-(1-AR) 

lim h' = 2(3cxvs 
Z-+«> 

the equation (1.18) and the B.C. (1.18), (2,3) became: 

at z o c ~ 0 z (3.10) 

(3.11) 

If the auxiliary equation has the B.C. 

at z o (3.12) 

(3.13) 

wher€ w * c 
leads to 

n Bcxc
2

, a simple calculation using 
0 

table (I.3) (3.13a) 

lim (Rh 1 , c2w~ z->-<» 

So there is a 

(3.14) 

r€lation between the stationary value of the 

variational functional and the velocity. A neccesary condition for 

the trial functions 

( 3 • 13) • The O.U!LIJ-'-<'0 

li' = 2J3c a 
ll X ill 

li' :=:2j3ca 
X 

the B.C. far from the wall (3.11), 

trial functions satisfying this requirement are: 

(3.15) 

(3.16) 

These functions ar€ exact solutions of the L.B.E. (collisional invariants). 

So the boundary variational 

With (II.3.24) the solution for 

(2Sc c ,(1-AR)w )+(2Sc c ,(1-.AR)Bc c )+ 
v = -Po 

s n 
' ( 1-.AR) \1) ) + + _ __;X:,:;,_:Z:,._ __ __;C,_ __ X;:,:_;Z:::.....,,----__;X:.:....:Z:'.- f 

c n (2Sc c ,(1-AR)2J3c )+ (3.17) 
0 X Z X 

For diffuse r€flection (I.4.18) with a • = 1 the r.h.s. of (3.17) reduces to: 
Jill 

*) * Note that vs does not necessarily have physical 
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(3.18) 

are given by (3.5), (3.6), (3.7) and 

= 2{~ Be c 2 ~ )+ 
n x z' c 

(3.19) 
0 

(V) denotes the variational result for diffuse reflection. 

Formula (3.17) is a generalization of the foll&ing formulas for particular 

forms of ~c found by Loyalka; 

Viscous slip in a multicanponent mixture (Loyalka 1971b). 

Thernal creep in a simple gas (lDyalka 1971c). 

Diffusion in a multicanponent mixture (I.Dyalka 1971b). 

(iii) The half-range rroments method 

In chapter II we proposed a trial function and weighting functions for 

this method,cf. II. 5 • In oroer to make the calculation tractable we shall 

assume diffuse reflection. The functions ll are taken from £t'Z,3,} and its 
n 

auxiliary equation. In terms of section (II.5) ~* is given by (3.13a) 
* c and'!' = '!' = 2Scx. Il: then foll&s from equations (II.5.10) up to (II.5.13) 

and an interchange of n3 and n
4 

in case of an even q.: (as function of 

Cz) that 

"1 = R&l ::: 2Scx !:22 * 1 = Rn2 = 2Scxsgnc
2 

(3.20) 

r~ 3 = q. <lc l>sgnc c z z !:24 = q. <I c I> c z (3.21) 

ro* = .L Be c RQ* 1 
(3.22) 3 n x z 4 = n Bcxczsgncz 

O· 0 

where only the dependence on c of .p is indicated. z c 
We note that n3 = n4 = !t>c for c

2 
:t o, and that we have arranged n3 to be 

an odd function of c . With {3.20) to (3.22) the equations (II.5.2) for a.(z) z 1 

are: 
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0 

d 
dz 

r 
1 

n d 
pdz 

0 

It follows from (2.3) that (II.5.8) should be generalized as: 

+ = -v s 

+ ~ = -1 

lim a. (z) = o 
]_ 

z+ .. 

,at z = o 

,at z = o 

I - (2Sc sgnc , L2Sc sgnc ) 4- X Z X Z 

I 5 = C2sc sgnc, LW (jc l)sgnc )= 2(~ , L2Sc sgn )+ 
X Z CZ Z C XZ 

c.l.. Be lc I' L~ <lc I)) :; 2(~ ,r.rl:. Be lc I)+ n xz c z en xz 
0 0 

The solution is easily found to be: 

.....;.,..=--_ exp( -zl o) 

= - ~ exp(-z/ o) 
1+Cl 

where: a. = 

1 a4 = - 1 +Cl exrJ -z/ o ) 

fo 

0 

0 

0 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

(3.33) 

{3.34) 

(3.35) 
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The slip velocity that follows from (3.26) and (3.32) can conveniently 

written with (3.18) as: 

(H) 
v 

s 
= (M) + 2(v (V) 

vs s v (M) )/(1+a) 
s 

where (H) denotes the half-range IIDments solution. 

(3.36) 

A necessary candi tion for this solution to be valid is that the denominator 

within the square root of formula (3.34) is positive. 

The present modification of the usual half-range IIDments method is based an 

the choice of the weighting functions. We shall show that, with the 

weighting ftiDctions M/ and M
3 
*, two conditions which follow from (I. 3. 51) 

for h are imposed an the approximate h. These candi tions are the same as 

Loyalka (1971d) used for his modification of l:laxwell 's method. 

When the residual of the L.B.E. is weighted with M
1
* one obtains: 

(3.37) 

This is expression (1.3.50) with~ 

3 
(n 1- Be c 2 ) + (h,2Sc c ) = o az 'n X Z X Z 

(3.37a) 
0 

where the symmetry of L and a C.E. equation of table I. 3. have been used. 

Equation (3.37a) is the same as (1.3.50) with (3.37) and 

~ = 1_ Be c - 2Szcx n x z 
(3.38) 

0 

One can easily show that this is an exact solution of the L.B.E. 

We shall calculate the slip ccefficients for particular problems with the 

formulas (3.5), (3.18) and (3.36). This will be dane for the B.G.K. model, 

the Mcwvellian model (the L.B.E. for Maxwellian m:Jlecules) and the hard 

sphere m:Jdel (the L.B.E. for hard-sphere molecules). As far as possible 

we shall derive r1 to r 6 from calculations by other authors. 
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For the first order slip the function q, is , cf. ( 1. 13) : 
c 

q, 
c 

av 
B(c)c c , x 

n
0 

X Z oZ 
(3.39) 

the functions I which can easily be calculated are (cf. table I. 3) 
n 

13 
av 

-21-~ 
1r az (3.40) 

The In 1 s are independent of the JIDdel in case the collision frequency of 

the B.G.K. model is related to the coefficient of viscosity according to 

(I. 4. 8). 

Using results published earU:er we write I
3 

= 

2/lp 
I4 = __ o a4 

n ' 
with 

B.G.K. model Maxwellian model hard-sphere nodel 

(13 1 

0:4 1 

(16 0 3634=(1-~) , 1f 

Notes: 

1 

1. 8644 2) 

1. 8078 3) 

0.5055 2) 

0.5127 3) 

0.9498 1) 

1.2775 4)6) 

1.0916 5)7)8) 

4.1785 4) 

0.4502 5) 

1) loyalka and Ferziger (1967), 2) Ziering (1960), 3) Porodnov and Suetin 

(1969), 4) Gross and Ziering (1958), 5) Porodnov and Suetin (1967), 

6) Huang and Stoy (1966), 7) Deryagin, Ivchenko and Yalamov (1968), 

8) Breton (1969). 

We calculated and r6 for the M3.xwellian model with A 1 = 3n/4p
0

11l, 

where A 1 is defined in the indicated references. Tte r 4 and r6 for the 

hard-sphere model cannot be found in literature, as a different 

trial function and a different weighting fuction are used there. These 

values can be approxi..rn3.ted when the function B(c) is by its first 

approxi..rn3.tion, cf.table I.3. With A1 = 8[n] 1/5p
0

/1i] and n/[n]
1 

= 1.016 

(Pekeris and Alterrnann, 1957), and r 6 can be calculated from the 

cited references. 

59 



The:re are considerable differences between the values of these constants 

obtained fron the results of various authors. The largest deviation shews 

the value of (l
6 

for the hard-sphere model. It is likely that the result 

of Gross and Ziering (1958) is erroneous. The above values of In' together 

with the formulas (3.5), (3.18) and (3.36) lead to the results given 

belcw, where 2a6 l 
a:;: (--2)2 a 1f-

4 

Table III. 3a The viscous slip coefficients 

av 
(M) 

v d n XI ov(V) o (H) 0 
vp/SF 

0 a s v v v 

B.G.K. model 0.8862 1) 1.0073 2) 0.7979 1.021 4) 1.0162 9) 

Maxwellian model 0.8862 1) 1.0073 3) 0.5120 1.046 5) 1.015 10) 

0.5279 1.045 6) 1.0034 6) 

Hard-sphere model 0.8862 0.9790 3) 2.037 0.947 7) 0.982 11) 

0.7937 0.990 8) 0.974 12) 

0. 980 13) 

Notes: 

1) Kerm.ard ( 1938), 2) Shen (1966), Cercignani and ( 1966), 3) Loyalka 

and Ferziger (1967), l.Dyalka (1971a), 4) GPoss, Jackson and (1957) 

5) Ziering (1960), 6) Porodnov and Suetin (1969) found with a 4-parameter 

trial function 1.045 and with a 6-parameter trial function 1.0034. 7) Gross 

and Ziering (1958) found this value with trial and weighting functions 

different fron ours. 8) PorDdnov and Suetin found, with the trial and 

weighting functions of Gross and Ziering, 0.996. With a 6-parameter trial 

function they found 0.980. 9) This is the exact solution for the B.G.K. 

model (Al.be:ctoni, Cercignani and Gotusso, 1963). 10) Gorelov and Kogan (1968) 

used the Monte Carlo method. 11) Loyalka and Ferziger (1967) used the 

variational method with a more refined trial function. 12 ) Cercignani, 

Foresti and Sernagiotto (1968). Exact solution for the model with velocity 

dependent collision frequency. 13) Khlopkov (1971) used the Honte Cclrlo 

method. 
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b. Thennal creep in a simple gas. 

For the first order thennal creep the f\mction <!> c is given by 

q; = - 1:... A(c)c .2._ !_ 
c n xaxT 

(3.41) 
0 0 

The constants r
1 

and r
4 

are the same as for the viscous slip problem. 

Not all the constants are available in literature, so the list 

will not be complete. The collision frequency of the B.G.K.-m::xiel is related 

to the coefficient of heat conductivity, (1.4.7). With 

I n .2._ .!.... a6 · 
6 2p 1TIF ax T · 

0 0 

B.G.K. rrodel l1axwellian model 

(l6 

1 

1 

0 

1 

1 

1 

? 

1 

These values for I QPd the formulas (3.5), (3.18) and (3.36) lead to the 
n 

results in table III.3.b.,where _ 12 /(21llA )}! 
a - 1 a6 5kn"a4+2na5 

Table III. 3.b The thermal creep coefficients 

v 0 
2 a T (M) c;(V) (H) 

= c 5n
0
k ax~ 0 c 

(l Ci s c c 

B.G.K. model 0.5 1) 0.75 2) 0.7979 o. 7781 6) 0.7662 3)4) 

Maxwellian model 0.5 1) 0.75 2) 0.804 7) 

Hard-sphere rrodel 0.6584 2) 0.594 5) 

1) Kennard (1938), 2) (1971c), 3) Loyalka (1969), exact value for the 

B.G.K. model. 4) Sone (1966), approximate solution of the B.G.K. m::xiel. 

5) Yalamov, Ivchenko and furgyagin (see Fuchs, 1971) used a half-range manents 
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weighting only parts of the residual, so that their method is dubious. 6) 

For the B.G.K. model Yalamov, Ivchenko and Deryagin (see Fuchs, 1971) used 

the Galerkin method, cf. (II.4-). The value they obtained was 0. 779 which is 

slightly more inaccurate than ours (o. 7781). 7) Gorelov and Kogan (1970) 

with the 11mte Carlo method. 

c. Diffusion slip in a binary gas mixture 

An excellent survey of the results for the diffusicn slip obtained by 

various authors can the found in the paper of and LDya1ka ( 19 72) • 

We shall only menticn the work that is relevant to ours. 

The functicn 4>c for this problem is 

1 ~ k a ~ 
-- L D (c) c --

n0 k=1 x ax n 

The functions rfCc) and B(c) which are needed for the calculaticn 

of the constants I , will be approximated by their first approximation, . n 
cf. table I. 3. 

These approximations may cause serious error, when isotopic mixtures 

(3.4-2) 

are considered, because then the effect is very small. For the formu-

las (3.5) and (3.18) there is no difficulty in using also the second 

approximation of Dk(c) (Chapman and Cowling, 1970) and including in that 

way the influence of therm:xliffusion. (BroCk, 19.63; and I.oyalka, 

1972). Ccnsistency wou1d require that in the variational result 

(3.18) also for B(c) the second approximation should be taken. This 

leads to canplicated fonnulas which are difficult to handle. Besides, this 

correcticn en the approximate soluticn might be much smaller than the 

inherent inaccuracy of the variational method. 

The follcwing coefficients In are calculated: 

2 n1/131 n2/f:l2 
7if {-n- + -n-f 

0 0 

n1 it 1131 n2 11 1132 ~ n1 · { a o [D ] + o o [D ] } o 
n P 11 1 n P 12 1 ';\x -n 

o 2o o 2o 
0 

where we have used Z: Pk rf(c) = o, 
k 0 

0 
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(3.45) 

( 3. 46) 

The expressions for , I 3 , I 6 are the same for the hard-sphere nodel, the 

Maxwellian model and the B.G.K. model with collision frequencies chosen 

according to (1.4.8) and (I.4.9). The constants I
4 

and I
5 

on the other hand 

09 depend on the modeL We did not find I 4 and for the hard-sphere 

model and Maxw-ellian model in the literature. For the B.G.K. model with 

the choice of the collision frequencies mentioned above we find: 

2 2 2e1n1 kT 2a2n 20kT0 0 0+__;;:,_::::.::__::. 

non(1) non(2) 

The diffusion coefficients can be expressed in the binary diffusion 

coefficient, cf. table I. 4, as follows: 

P1o n~ 
[D12] 1 = - -[D11] 1 = - -2 m1m2D 

P2o Po 

(3.47) 

(3.48) 

(3.49) 

where the first approximation to the diffusion coefficient, [D]
1

, is written 

as D for convenience. 

With (3.5), (3.43), (3.44) and (3.49) one finds 

(3.50) 

where M. = 
l 

(3.51) 

This is the result of Kramers and Kistemak:er (1943). It is more ccrnrnon 

to calculate the number slip velocity instead of the mass slip velocity. 

For a binary mixture we see fran (1.3.26) (Fick's law) 
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and with (!.1.11) 

v - w = --1 -

n 
D\7_! 

n 

Therefore 

n 
w = v + ( 2o -

-;:n n
0 

and the number velocity becomes with (3.50) and (3.54): 

.th (M) 
Wl OD n n 

~M+~ n 1 n 2 
0 0 

(3.52) 

(3.53) 

(3. 54) 

(3.55) 

(3.56) 

to Dk(c) for the calculation of 

12 and obtained in that way formula (3. 55) plus a thermodiffusion term. 

Substituting (3.43) to (3.45) into (3.18) one finds with (3.56) 

(i{r) ( ) n0 n( 1 )>112 n n( )vM n n 
OD = 0 M + ( - 0 2 1)/2(~ + ..1£M ) 

D n1on n
20

n '/ · n
0 

1 n
0 

2 

This 

dation and without the the:r.nodiffusion term. 

(3.57) 

With the constants I (3.34) and (3.36) the bali-range moments method leads 
n 

to the result: 

(3.58) 

(3.59) 

64 



A quantity that is often calculated for the diffusion slip is the ratio of 

the fluxes, 

With (3.53) and (2.15) we can write: 

no+n2o0 D 

no-n1o0D 

(3.60) 

(3.61) 

With the result of Kramers and Kistemaker (3. 56) R12 takes the simple form: 

(3.62) 

We have calculated the slip coefficient with (3.56), (3.57) and (3.58) for 

five gas-mixtures. The properties of these mixtures are listed below. 
5,. -2 -27 

T = 298,15 K •P 1,013.10 1'l"m and mi= 1,66.10 xrtikg. 

Mr1 Mr2 
7 I n 

2
x1o7 Dx10

4 
A n 1x10 

-1 -1 -1 2 -1 
kg.m kg.m .$ m .s 

Ar-~ 39.948 2.0159 226.3 1) 89.0 2) 0.843 3) 0.4396 

Ar-He 39.948 4.0026 226.3 1) 198.6 4) o. 7505 5) 0.443 

N2-He 28.0134 4.0026 178.51 6) 198.6 4) 0.685 6) 0.443 

Ar-Ne 39.948 20.183 226.3 1) 317.2 7) 0.322 8) 0.4304 

Ar-C02 39.948 44.01 226.3 1) 149.1 5) 0.147 9) 0.4376 

1) Dipippo, Kestin and Whitelaw (1966), 2) Kestin and Yata (1968), 3) Weissman 

and Mason (1962), 4~ Dipippo and Kestin (1968), 5) Kalelkar and Kestin (1970), 

6) l(obayashi and Wood (1966), 7) Vasilesco (1945) 8) Kestin, <{akeham 

and Watanabe (1970),9) Ivakin and Suetin (1964). 

The constant A which is needed for the calculation of n(1 ) and n( 2) (cf. 

table I.4) was determined for a Lennan::t-Janes potential an basis of tables 

Mason and Munn (1965). Ps no exact solution of the diffusion 

'"'""''L'-'-·""" is available, we have solved the B.G.K. model m.nnerically (cf. 
. . (M) (V) {H) 

A1). The results are llsted together wlth oD , aD and oD 

for the B.G.K. model in table III.3.c. 
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Table III.3.c. The diffusion coefficients 
n 

1o..:o.5 (M) (V) (H) oD (mllllerical) n OD oD a.D OD 0 

Ar-H2 1.2663 1. 2960 0.6347 1. 3026 1. 30 

Ar-He 1.0383 0.9625 0.6560 0.9468 0.95 

N2-He 0.9028 0.8044 0.6736 0.7852 0.79 

Ar-Ne 0.3380 0.2342 0.6819 0.2146 0.22 

Ar-C02 -0.0484 0.0418 0.6852 0.0586 0.053 

Conclusions of section III. 3 

(i) The tables III.3.a., band c shew that the "exact" solution (last 

column) lies between the result of the variational method and the result 

of the half-range moments method. (The exception in table III. 3a is due 

to the problably erroneous result of Gross and Ziering, 1958). Besides, 

the tables shew that the accuracy of roth approximation methods is about 

the sarre. 

(ii) From the tables III.3.a and III.3.b one can see that the dependence 

of the coefficient on the models is small. 

(iii) From table III.3.c one can see that the results of the approximation 

methods . are reasonable for m1»illz . For m11li m2 (Ar-C02) Maxwell's method 

fails COJJ:Y)letely and the variational and half-range mcments method are 

not very accurate. So we think that in that case before trying to improve 

the results with accommodation coefficients and the second order approxi

mation for B(c) and Dk(c) it is more important to solve the problem for 

the L.B.E. with more accurate methods still using diffuse reflection as 

the model of gas-w'ill interaction. 

It would be interesting :to knew whethe!' the conclusions (i) and (ii} can 

be proven. 
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III. 4 The temperature jump 

( i) Maxwell' s methcxl. 

The assumption that the distribution function for the molecules approaching 

the wall does not change in the Knudsen leads with (1.22) and (2.4) 

to the following function h at the wall: 

h = 

h = 0 

at z = o 

at z = o 

(4.1) 

(4.2) 

The temperature j_~~~_c:~at<:;g_'::!;iJ:!L. th<:_ ,<~s13.~t:!-on .. tb<1.1 tl}g nol?I!JCJl.-. ·-
_____ ,..r-...._.._ _ _.. ... -

heat flux is constant in the Knudsen layer. This is equivalent to the con-
,---- 2 ~--------·------ ·-- ·--~-----------" 

dition (I.3.51) with~ = B9 -~I. Together with (1.22) one finds: 
..__ ... ~---'~ .... ~~""-~.,-... ~""~"""·""·-:,----·-,-· ' . 

(he , Bc
2-1n '= o z 

Substituting (4.1) and (4.2) into (4.3) at z = 
O'!'der temperature jump: 

T (Bc2- 5r. c (1-AR)~ )+ s z , z c 

-r;;- (Bc2-~I, c (1-AR)(Bc2-~D)+ 
z 

(4.3) 

o we obtain for the first 

(4.4) 

For diffuse reflection (1.4.16) with total accOIIUIDdation (4.4) reduces to: 

= 

where 

(4.5) 

(4.6) 

(4.7) 

In case of a simple gas the result (4.5) for the tempere.ture jump was given 

by Kennard (1938). 
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Cii) The variational method 

For this problem we define h', analogous to (3.9): 

2 T 
h' = h+(Sc -~I)Ts 

0 

So the B.C. for h' are because of (2.4) and (4.8): 

h 1 = ARh'-(1-AR)~ c' 

lim h' = Csc2-~I 
Z-><» 

For T.he auxiliary 

where ~ * c 

lim (Rh',c ~ *) = 
zc 

at z = o 

we propose the B.C.: 

The quantity (3.8) then takes the form 

(4.8) 

(4.9) 

( 4.10) 

(4.11) 

(4.12) 

(4.12a) 

(4.13) 

So there is a relation between the stationary value of the variational 

functional and the unknown temperature jump. • 

The simplest trial functions that satisfy the oonditions (4.10) and (4.12) 

are: 

n' = (Sc2-~I)a 
.11* = Csc2-~)a* 

(4.14) 

(4.15) 

As these functions are exact solutions of the L.B.E. (collisional invariants) 

the boundary variational functional can be used (!!.3.21). The result 

(II.3.21) reads as follows: 

T 
s = r 

0 

*> T* does not 

25 + 25 + 
2 + (Sc - 2I,c (1-AR)~c) (Sc - 2I,c (1-AR)Ac ) 

(1-AR) ~ ) + z z z } 
' c 2 ' 25 + n (Sc ,c (1-AR)(sc - 2 I)) 

0 z (4.16) 

s 
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In case of diffuse reflection ( 4. 16) reduces to: 

(4.17) 

where we used (4.6) and (4. 7) and where 

(4.18) 

The result ( 4. 16) cor.responds to a recent result of l.oyalka ( 19 7 4). 

As with the problem of the slip velocity we shall simplify the problem by 

asslJIIling diffuse reflection (I. 4. 16) • The functions "n are taken from 

(2.4) and its auxiliary equation with <~~*given by (4.12a). In a similar 
c 

way as in section 3(iii) we obtain 

Q = (~c2-2I)sgnc +!I 
2 z 

n = \!> <lc j)sgnc -(1+sgnc )Ad\!> 4 c z z z c 

where we have 

[Ad\!> ] . = c ~ 

because \!> is part of the first order C.E. solution we also have c 

{ <11 ,c ) = o for every <II c z c 

{4.19) 

(4.20) 

(4.22) 

(4.23) 

With (4.12), {4.12a), (II.5.12) and {11.5.13) the weighting functions are: 

M; = (Sc
2
-2I 

Rn: = .1.. AI c I n
0 

z 

(4.24) 

(4.25) 
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With (4.19) to (4.25) we obtain the following ""J.c=c""'-'-"1'" for the functions 

a.(z), cf. (II.5.2): 
l 

b 

'd 11 dz 

1 d 
i1k dz 

0 

0 

with the B.C., cf. (2.4): 

a3+a4 = -1 

lim a. (z) = o 
l z+m 

and 

((8c2-2I)sgnc ,L( 
z 

0 

'd 12 dz 

l '£..._ 
3 dz 

' 
!6 

at z = o 

at z = o 

)sgnc ) 
z 

I2 

I 

!2 

'd 13 dz 

0 

0 

0 

(4.26) 

(4.27) 

( 4. 28) 

(4.29) 

( 4. 30) 

((ec 2-2I)sgnc2 ,L(~c(j j)-Ad~ )sgnc )=2(~ -Ad~ ,L(Sc2-2I)sgnc )+(4.31) c z c c z 

<~!c \,u<lc I n z c z 
0 

The set of equations ( 4. 2 6) is similar to the 

velocity (3.25). The solution is analogously: 

a
3 

- - 1- exp(-z/IS 1 ) 
1+a 1 
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I a' 
= I~(1ta 1 ) exp(-z/o') 

a' 
- ita 1 exp( -z/ o I) 

( 4. 32) 

for the slip 

(4.33) 

(4.34) 



where: 

a' (4.35) 

0 I 
(I ~I 1-I 1A/n k)a 1 

1 3 2 0 (4.36) 

With (4.27)) (4.5) and (4.17) the solution for the temperature jump is: 

As with the problem of the velocity) here too the weighting functions 

M
1 
*) and * impose two conditions upon the I'i, which are the 

same as (I.3.5D): 

When the residual is 
• i< • 

w~ th Rrl
1 

, one flnds : 

This is the same as (I. 3. 50) with '!' == Sc 
2 -~I. With 

a 
az 0 

(4.38) 

* one finds: 

(4.39) 

where the symmetry of L a11d a C.E. equation of table I. 3 have been used. The 

equation (4.39) is the same as (!.3.50) with (4.38) and 

It is verified that (4.40) is an exact solution of the L.B.E .. 

We shall calculate the temperature jump in a gas with diffuse 

reflection from the formulas (4.5), (4.17) and (4.37). 

For the first order temperature jump the function is: 

!rt ::; -
c 

a T 
ACc)cz az T 

0 

(4.40) 

(4.41) 
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The functions I ' which can easily be calculated hy means of table I. 3 are: 
n 

I' - 2 . 1--m· I' = -5 
(4. 42) 

The values of I 1 which can be calculated from li teratu:re are listed belCM for 
n 

three models. The collision frequency of the B.G.K. model is related to the 

coefficient of heat conductivity, (1.4.7). The a's listed belCM are defined by 

52>. 
21s '() T 

35n k 
I' I' 0 

= -a3 azT' = a-- -a6 
3 25n 

2
k

2
l11 

4 4 16:\13 ) 
0 

0 

B.G.K. model Maxwellian model model 

a3 1 1 0.9268 1) 

a'+ 1 2.3354 2) 1.2101 3) 

11 
a6 0.4161.1=(1- 6) 0.6346 2) 1.2577 3) 

. 'If 

Notes: 

1) lDyalka and Ferziger ( 1968) , 2) Ziering ( 1960), 3) Gross and Ziering 

(1959). 

We calculated the coefficients 14 and I6 for Maxwellian molecules from the 

result of Ziering with A' = nls/5n k, where A 1 is defined in Ziering's 
. 0 

paper. The values of I4 and IE, for the hard trodel can only be 

approximated from the results of Gross and We substituted for 

A(c) its first approximation (cf. table I.3), A/[A]
1 

1.02513 (Pekeris 

and Alterman, 1957) and A1 = 64[A]
1

1s/751Tin k, where A1 is defined in 
• 0 

the paper of Gross and Ziering (1959). 

The results for the temperature jump coefficients obtained by substituting 

these values into the formulas ( 3. 5), ( 3.17) and ( 3. 30) are listed in 

table III.4, where a' = { 64a6/( 3511a4_64 )}~ 
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IL': ~~-
'I 

15~ ~ lvv 
/'A asls1 
-rw 

Table III.4 The tempera jump coefficients 

a T (M) (V) (H) -azr crT crT a' crT 0 

1.1078 1) 1.2873 2) 0.7615 1.3116 1.299 4) 

1. 302 5) 

1.2941 6) 

Maxwellian model 1.1078 1) 1.2873 3) 0.4582 1.3541 8) 1.336 7) 

hard-sphere model 1.1078 1. 2336 3) 1.0797 1.22aa 9) 

1) Kennard (1938); 2) Shen (1966). dassanni, Cercignani and Pagani (1967); 

3) Loyalka and (1968); 4) Welander (1953); 5) Sane (1965), 

approximate method; b) Bassanini, Cercignani and (1967), solution 

of the B.G.K. model with a mnnerical procedure. 7) Gorelov and 

(1969) with the Monte Carlo method. a) Our result (1. 3541) can be compared 

with that of ( 1960) : 1. 35 36. used an a-component trial 

function for the haJ£-range mcrnents method. The components are: 

r<' = 1 ; r<' = sgncz il' = c n' = ic I (4.43) 
1 2 3 4 z z 

n' 2 
rt6 2 rt' 2 n' lc lc 2 (4.44) c ; c sgncz; c c ; ; 5 7 8 z z 

The same functions are used for weighting functions. In of the much 

more complicated calculations in his paper the difference between the 

result of Ziering and O'U.I'S is very small. 9) This result (1.228a) can be 

compar:Bd with the result of Gross and (1959): 1. 2706. They used 

the same functions (4.43), (4.44). 

Conclusions 

(i) The conclusions (i) and (ii) of section 3 are also valid for this 

section. The value for the hard-sphere model 9) is calculated with 

a
4 

and obtained from results of Gross and (1959). For 

the viscous slip,cf. table III. 3a, we think that their results are 

erroneous. This might be also the case for this problem. 

(ii) The result of our 4-parameter trial function for the half-range 

mcrnents can compete with the a-parameter trial function of Ziering. 

73 



III.5 The second order slip 

The second order slip for a slightly curved surface has been calculated 

by Sone (1969, 1970). He solved the problem for a simple gas with the 

B.G.K. model and diffuse scattering at the wall. We shall restrict Ot.lX'Selves 

to a spherical wall but shall consider the problem for a multicomponent 

mixture with arbitrary intermolecular and gas~all interaction. 

The velocity jurrp will be calculated in a similar way as the first order 

velocity jurrp (which turned out to be zero). 

The slip velocity and temperature jurrp will be calculated with the 

variational :rrethod (II. l.. 8) , because this :rrethod turned out to be both 

simple and accurate. 

In the sane way as for the first order slip problem one can define slip 

coefficients. These coefficients will be calculated for the B.G.K. model 

and the Maxwellian model in case of a simple gas. For the gas-wall inter

action we shall use the simple model (I . 4. 18) . 

. ( 2)' 
For the sane reason as in sections 3 and 4 we introduce the functlon h , 

defined by: 

(2)' 
h = 

(2) 
h( 2 )+ _T_(J3c2-~I)+213v( 2 )·c 

T - -
0 

So with (1.19) and (1.21) the equation and the B.C. are: 

D h(1) a h(2)' lh(2)' -
t +cr ar + - 0 

h( 2)' = ARh( 2 ) 1 -(1-AR)~( 2 ) 
c 

lim h( 2)' = {2 )<13c2-~I)+2S/ 2 )·s; 
r->«> 0 

r=r - -w 

r=!:'r 
- a-w 

c ~ 0 
r 

(5.1) 

( 5. 2) 

(5.3) 

( 5.4) 

For the Roussopolous variational principle we need an auxiliary equation. 

We propose the following equation: 

c ~ h*+lh* = 0 
r ar 

with the B.C.: 
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h* = ARh*-(1-AR)~* 
c 

(5.5) 

r=r c ;:: o 
- -w r 

( 5.6) 



The variational functional becomes,cf. (II.3.5): 

JCnC 2)' n*) = ceRn* c ~ nC 2)'+LnC 2)'+E nC 2)'-E AFTIC 2)' 
' ' r ar w w 

+E ~( 2 )+E AR~( 2 )+D h( 1)))+((Rn( 2)' E ~*-EAR~*)) *)(5.7) 
we w c t 'we w c 

The auxiliary equation was needed to relate the stationary value of the 

variational functional to the physical quantity of interest with a 

sui table choice of ~ * ( cf. sections 3 and 4) . The stationary value of 
c 

(5.7) can be written as,cf. (II.3.11) and (II.3.14): 

J(h( 2)' h*) = -(h( 2)' c R~*) -((~( 2 )-AR~( 2 ) E R~*)) (5.8) 
' 'rcw c c'wc 

where the subscript w refers to the value at the wall. 

When we multiply equation (5.2) by R~* and take the inner product in 
c 

velocity space, integrate with respect 1no rand use (5.8) to eliminate 
(h( 2)' c R~*) we find: 

' r c w' 

lim(h( 2)' ,c R~ *) 
r c 

r+"' 

= -((~( 2 )-AR~( 2 ) E R~*))-J(h( 2 )' h*) 
c c 'w c ' 

-((D h( 1) R~( 1 )))-((R~* Lh( 2)
1
)) 

t ·' c c' 
( 5. 9) 

The second term in the r.h.s. of (5.9) can be approximated by making the 

functional ( 5. 7) stationary with a trial function. The last term in the 

h b alcul d 1 . . 1 h h( 1) . kn r. . s. can e c ate exact y m a smp e way w en lS cwn at 

the wall, as we shall shav later. 

We shall new treat the follaving problems : 

- Velocity slip 

For the function ~: and the trial functions n ( 2) 
1 

, n * we take the same form 

as before with the first ord~r slip (3.12a), (3.15) and (3.16): 

~· = -....!.Be c c n
0 

r 8 
(5.10) 

n (2) 
1 

- a2Sc 
- 8 ' l'i.* = (5.11) 

*) The second bracket denotes one-dimensional integration over r. 
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The value of to stationa:r>ity of the va:r>iational functional follows 
* . (2) ( 1) . 

from (II.3.23) with n = n = 2Bc6 and -Ew(1-AR)wc -Dth 1nstead of 

E h ; 
w 0 

With ( 5 .10) and ( 5. 11) an approximation for the stationary value is found 

to be: 

( 5.12) 

(5.13) 

(5.14) 

(5.15) 

where 

lS: -( (5.16) 

Apart from the terms K1 and K2 arising from the inhomogeneous term of 

(5.2) the result (5.15) has the sa~re form as that for the first order 

(3.17). 

- Temperature jump 

We take for w * and the trial functions Ii ( 2 ) 
1 

, Ii * the same form as in the 
c 

case of the first order slip (4.12a), (4.14) and (4.15). So 

w* = -
c 

(5.17) 

(5.18) 

The appropriate value of •a• follows from a modification of (II. 3. 2 3) similar 

to that described after (5.11). 

With (5.17) and (5.18) an approximation for the stationary value is found 

to be: 
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J(h( 2)' h~):: -r (flc2- 5 I c (1-AR)<I>(2 ))++r K 
' 2 . 2 'r c 23 

(5.19) 

(Sc2-2I,c (1-AR)Ac )+ 
when:; r = . r r 

2 n Csc2- 5I c (1-AR)(Sc2- 5 I))+ 
(5.20) 

o 2 ' r 2 

r
3 

-((Sc2-~I,Dth( 1 ))) (5.21) 

So by substitution of (5.4), (5.17) and (5.19) into (5.9) we find: 

T(2) 
-T-= 

0 

(5.22) 

when:;: 

K
4 

= -ee-l Ac ,Dth( 1)>>-<<h( 2)' ,c <sc2-~r>> (5.23) n r r 
0 

from the terms K
3 

and K
4 

from the inhcrnogeneous tenn of 

(5.2) the result (5.22) has the same form as the n:;sult for the first order 

slip ( 4.16). 

When we multiply equation (5.2) by S, take the inner product in velocity 

space and with to r, we find with the definition of the 

mass velocity (I.1.12) in the same way as (2.2): 

(2) 
vr = K5 (5.24) 

when:; 

(5.25) 

This n:;sult can be simply seen as resulting from the first order continuity 

equation. 

The constants K1 to can all be transfoi'lred to tangential derivatives 

of (c h ( 1 ) ,Rx) , when:; x(c) is a function that will be specified later. 
r w - (1) 

So the constants can be calculated exactly when h is known at the wall. 

Since the exact solution of the first order problem is not available we 

shall use the variational method to derive an approximate expn:;ssion for 

(c h(l),Rx). Frcm (5.8) one can see that the stationary value of the 

v~a:tionalwfunctional is simply n:;lated to the (c h( 1 ) ,Rx) , 
r w 
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. * (2)' . (1)' 
1.f <P c = x and h 1.s replaced by h , where 

(1), 
h 

With (5.26) we can write: 

(5.26) 

(ch( 1) R) (ch0 ),Rx)-
r ,xw r w 

2 (1) 
(Sc -1I,c Rx)-vt ·(2Sct,c Rx) r - - r w 

Hi th a variational calculation similar to the previous ones in this 
(5.27) 

section, one can find: (1 ) + + 
-(<P(1)_AR\1>(1) c Rx)+- (2S9t•cr(1-AR)<Pc ) ·(2Ss;t,cr(1-AR)x) 

c c ' r + l2Sc
6

,cr(1-AR)2Sc
6

) 

(Sc2-1I,c (1-AR)<P(l))+(Bc2-1I,c (1-AR)x)+ 
r c r 

'This formula can also be found with 

(1)' (1)' 
h 11M 
h(1)' ~1)'-(1-AR)\1>~1) 

c < 0 r 

(5.28) 

(5.29) 

(1)' (1)' 
where 11M is the result for h of the boundary variational method, 

~1)' is by: 

h(1)' ·v(M)' + (Sc2-2I) 
-11 -t (5.30) 

(M) I (M) I 
where ::!t and T IT 

0 
are the eJ<~pno:ssior (3.4) and (4.4) (Maxwell's 

rrethod). 

We are nCM in a :pJsition to calculate (crh (1 ) ,Rx)w for given x by rreans of 

(5.27), (5.28), (3.17) and (4.16), 

In order to write K (n=1, .••••.• ,5) in forms that can be calculated with 
n 

(5.27), (5.28) we shall make the intermediate step of transforming 

((Dth(1 ) ,.p)) into tangential derivatives of ((h(1)' ,.p')). The last quantity 

be 'tt • f ( (1) I ) can wr1. en 1.n the orm c h ,Rx , because r w 

((h( 1 ) A 1 )) = ((Lh( 1 ) L-1 A 1 )) = -(~ (c h( 1 ) L-1A 1 )) 
''I' ' 'I' ar r ' 'I' 

= (c h( 1) L-1.p 1 ) 
r ' w 

(5.31) 

where we used equation (1.18) with the B.C. for large r and where we have 

introduced the restrictions .p' = <P' (9) and 
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P<P 1 = o (5.32) 

(P is defined by I.3.2) 

The operator in spherical coordinates reads as follows (cf. A 2) 

2 . 
Dh(1) a c<l> a _a_+SP__a __ crce_a_ 

t ae + asine~ + a acr a acr a ()ce 

cicote c'"c, a c.{6cote a (1 ) 
+--- -~-- - -)h 

a a ac<l> a ac<l> 
(5.33) 

where we wrote "a" instead of 11rtr because of ( 1.1). 

With integration parts in space we find: 

(5.34) 

~fore we apply (5.3!+) to the expressions forK we note that the following 
* n terms are zero because of symrretry reasons ) 

( 1) ( 1) 
(h ,2sc6c<l>) = o , (h ,Bcrcec.p) o (5.35) 

(h( 1 ) ,2sc:-2sc¢) = o , (h( 1 ) ,Bcr(c~-c~)) o (5.36) 

With (5.34) we find forK (5.17), (5.18), (5.21) and (5.22): 
n 

K
1 

-~ ~e ((h( 1) ,2Sc~))-~((h( 1 ) ,2Scrc6)) (5.37) 

K - - 1- ((h ( 1 ) B( 3d! c -c 3-c2c ) ) )- - 1- ((h (1) ,Bcrc2
6

)) 
2 an

0 
' r e a q, e 

(2)' 
-((h ,2Scrc

6
)) (5.38) 

1 a . < < U) 2 s ) 1 a < < < 1) 2 s ) ) K3 - asln6 ae Sln6 ceh ,Sc -zl) - asme ~ c<j>h ,Sc -zl 

((c h( 1) 
<j> 

(5.39) 

(5.40) 

*) Due to the rotational invariance of the equation and B.C. for h{ 1 ) in the 

tangential plane, h ( 1 ) has the same symnetry properties as 4? ~ 1 ). 
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K = 
5 1 

-{as1n6 
(1) 1 a (1) 2 (1) 

sine ((h , ))+ as1ne 1ij" ((h ,sc<P))+ a CCh ,f3cr))}/C13,D 

(5.41) 

With the equations (1.18) and (5.1) moments of h(1J and h( 2) independent of 

r can be which are needed to satisry the condition P<j) 1 = o 

(cf. 5.32) and to eliminate h( 2)'. 

When we multiply equation ( 1. 18) by <P and take the inner product in velocity 

space (1.1.5), we find: 

)+(h(1) ,L<j>) 0 (5.42) 

Taking the collisional invariants for <P and with h ~ 1 ) o for large r, we 

find 

With .~ n Bcrce and <P 

( 5. 45) ' ( 5?46) : 

(h(1) __!. 
'n 

0 

= 0 

(h( 1) _l Ac2) = o 
'n r 

0 

Ac we find in a similar way together with 
r 

(5.43) 

(5.44) 

(5.45) 

(5.46) 

(5.47) 

(5.48) 

When we multiply equation ( 5. 1) by <P and take the inner product in velocity 

space we find 

(D h( 1) ~)+ l_ (h( 2)' ~)+(h( 2 )' L~) = 
t '"' ar ,cr'!' . ' 'I' 

0 (5.49) 

So with~= and~= Bc2-~I we find together with (5.35), (5.36), 

(5.42) and (5.44): 

!l_ (h( 1) 2sc2-2sc2)+ l_ Ch( 2)' 2sc c) 
a ae ' e r ar ' r e 0 (5. 50) 

and 

1 a . ( (1) 2 s ) 
asine ae sme c8h , Sc -:zi + Cc4h(l),Sc2-~I)+ ;r (crh( 2)' ,13c2-ti)=o 

(5.51) 
where we have taken care of the condition ( 5. 32) . 

Then with (5.40), L B(c~~c2 ) = 2Bc8
2-2Sc2 , L !_ Aco= co(f3c2-ti) and the 

(1) n ( 2 )'" r r n v v 
B.C. for h and <tt at larger (1.18 an8 5.4) we find: 
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from (5.50) 

(h( 2)',2scrce) 1 0 (c h( 1 ) ~ B(c2-c2)) - a as r 'n e r 
0 

(5.52) 

and from (5.51) 

c 2)' 1 a . c 1) 1 1 a (1) 1 
(c h Bc2-~I) = -.- -:oe sme(c h ,-Ace)+ -.-e --;;-;;:- (c h ,- Ac ) r ' asllle o r n aslll o"' r n <I> 

0 0 (5.53) 

We note that in a similar way one can derive equalities analogous to 
(2) (2) (2) 1 2 (5.52) and (5.53) for (h ,Be), (h ,Bc2), (h ,-Be ce) and r r n r 

(h( 2) .~ Ac2). With these equalities -!!-!!) Loyalka's apBroximate method 
n r * 

could b~ used (Loyalka 1971d) ) 

h( 2)' in (5.38) and (5.40) can be eliminated with (5.52) ana (5.53) 

Because of (5.44) and (5.45) K1 given in (5.37) can be written as: 

K1 =- ~ ~e ((h(1) ,2Bc~-2Bc~)) (5.54) 

In view of (5.32) and with (5.43), (5.47) and (5.52) K2 given in (5.38) 

lS nCM written as : 

K2 =- --1-- ((h( 1 ) B(4c2c -c3-c2c )))~ --1--~ ((h( 1 ) 8 B(2c c2-c3))) 
an

0 
' r e e <1> e an

0 
ae 'J. r e r 

With (5.46) we find for K3 given in (5.39): 

1 a . (1) 2 5 1 o (1) 2 s ) 
K3 =- asine as Sllle((h ,ce(Bc -zi)))- asllle ~ ((h ,c<I>(Bc -zi)) 

Wlth (5.53) K4 (5.40) beoomes: 

2 a . (1) 
K4 = - an Sllle as Slne( (h ,Acree))-

0 

(5.55) 

(5.56) 

- --2-- ((h( 1) A(c2-c2))) (5.57) 
an ' r e 

0 

And finally with (5.43), (5.47) and in view of (5.32) K5 can be written as: 

_ Po{ 1 a · . (1) 2 1 a C1) 2 ) ) } 
K5- nan sine as sllle((h ,PJ.Bcrce))+ an sine~ ((h ,P.J.Bcrc<j> (5.58) 

0 0 

1 2 _ n 
where we also used table I.3: P n Bcrc 6- p(S,I) 2Bce 

0 0 

*) We verified that also for the second order slip this method leads to the 

same results as the variational method. 

**) For the first order slip these equalities were called "K" integrals, cf. 

(1.3.51). (This is not to be confused with the oonstants Kn). 
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As the K 's have noo been written in terms of (derivatives of) expressions n 
of the form ((h(1 ) ,<P 1 )) we can (5.31) to obtain them in a form that 

can be calculated with (5.27) and (5.28). 

1 ~ ( h(1) B( 2_ 2)) aa cr ' c6 cr w 

~ 
1 = an 

0 

K3 = 

(5.59) 

(1) -1 
(c h ,L Ac c~) r r.,w 

(5.62) 

( (1) -1_ 2 } 
c h ,L -pJ. &;: c.~) 

r r 'I' w 
(5.63) 

Therefore substituting !1>( 1 ) and !11( 2 ) into (5.15), (5.19), (3.17), (4.16) and c c . 
using (5.27), (5.28) and (5.59) to (5.63) we arrive with (5.15), (5.19) and 

(5.24) at expressions for the second order slip of a multicomponent mixture 

for an model and intermolecular 

it is clear that the calculation of 

the for the hard-sphere model will be very ccrnplicated. That is the 

reason why we restrict ourselves to the simple cases of the B.G.K. rrodel and 

the Maxwellian model. Moreover, in the remainder of this section we shall 

only make the calculations for a simple gas and the gas-wall interaction 

operator (I.4.18). 

In section 1 we derived for the contribution to slip coefficient 

due to non-diffuse scattering (1.36) and (1.37). With (5.52), (5.54) and 

(5.53), (5.56) we see that (1.36) and (1.37) can be written as: 

(5.64) 

(5.65) 
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Before we give the results for the slip coefficients we shall list the 

results of intennediate calculations in tabular fonn. 

In the expressions (5.59) to (5.63) and the for ~( 2 ) (cf. A2) 
c 

functions L-1~ 1 occur which have not yet been determined. For the B.G.K. 

model one finds ~ 1 /v. For the Maxwellian ITDdel we write ~ 1 as a 

linear combination of eigenfunctions of the collision operator. The 

associated are taken from Waldmann ( 1958). 

B.G.K. ITDdel 

2B 

Maxwellian model (v = p 
0

/ n) 

2B 

?<ac2-~)crc6+1crce 

~c6 <ac2-~)+~c6 Cac~-~ac2 ) 

~c6 Cac2-~)+~c6 Cac~-~ac2) 

The inner products for the velocity slip (5.15) and (A.2.) are given belcw. 

2 (2) + (2) + 2/115(c ~( 2 ) ,c
6

) 
\!> (2) (Bc

6
c ,\!> ) /n (2Bcrc6 ,!1>c ) r c o rc 

c B.G .• K. Maxw. B.G.K. Maxw. B.G.K. Maxw. 
-Be c 6/n 

r o 
-1/115v2 -111Ti3'v2 -1/2v -1/2v -lrr!viB -In/via 

-1 
3/ 4/i8't3v 3 15/ 14/i8't3v 3 1/4Bv2 3/8t3v2 l11/2v2s/J3 3/11 /4v 2sl B L Ac cln r o -\> 3 1/4t3v3 1/4/.;i]v2 +L .1. Bc6/n 0 0 0 0 

1 0 
1/2t3v3 5/12Sv3 1/2/if"Sv2 5/12~v2 +L- fi Bc2c

6
/n 0 0 

1 r o 
- 2 1/12av3 1/12/if]v2 L Pl. Bc~c/n0 0 0 0 0 

and r 1 = lil]'I2Bv for the B.G.K. m:xlel and the Maxwellian m:xlel. 
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For> the tem;per>ature j111f!1? ( 5.19) and A. 2. the inner> products ave listed 

in the next table. 

~ (2). 
c B.G.K. Maxw. 

: 1 1 
•- 3[3v2 - 2!3v2 

1 

3 
~ 

3 
-~ 

75 

1 
~ 

11 
14~[3\12 

9 
8f3v2 

3 
- 8f3v2 

0 0 

0 0 

0 0 

0 0 

3/ii] 911lii' 
2f3v2 4f3v2 

_Iii] 3/ii] 
- 2 f3v 2 - 4f3v2 

and r 2 = 5,t;j3/8!3v for the B.G.K. mo:iel and 1511i"i3/16(:lv for the Maxwellian model. 

In the next table we listed the inner of (5.57), which can be calcu-

lated with (5.26) and (5.27) for a 

~(1) 
c 

~c h 1 B(c2~c2 ) n r ' 0 rw 
0 

8v
3
(c h( 1 ) L-1B(4c2c -c3-c2c ) 

n
0 

r ' r o e 4> e w 

tlv
3
(c h(1 ) ,L-1PJ..B(2c c2

8
.-c3) 

n r r r w 
0 

13v2 (c h (1) ,Ac ) 
n

0 
r 0 w 

!3v
3
(c h( 1 ) L-1Ac c ) 

n
0 

r ' r e w 

~(c h( 1 ) L- 1A(c2-c2) 
n

0 
r ' r e w 

f3v\c h(1 ) L-1P Bc2c ) · 
n r ' J.. rew 

0 

84 

-4c 
n r 

0 

B.G.K. Ma:xw. 
3 9 

- 16 -32 

0 0 

3 3 
- 51'ii"S' - 5/iiF 

0 0 

0 0 

37 513 
64!3. 448!3 

0 0 



With the for w( 1) and !1>( 2) (cf. A.2) and the variational 
c c 

results of sections 3 and 4 we find that the slip boundary conditions up 

to the second order can be written as follows: 

(no:r.mal) velocitY jl.Dlp 

v = 0 (2) _1_ ~ v +0 (2) _1_ (~ !._ + ~ 1_ !...) 
r nv sv2 ar2 r nT s/sv2 ar-2 To a ;,r To 

(tangential) velocity slip 

(1) 1 a 1 (2 1 a2 ( 1 a 
v e = 0 v 7iiV ( ar v e -a_v e )+cr v sv2 -ar-2 v e +cr va f3v2a ar v e 

+ 
0

(1)_1_ 1_ !._ +
0
(2)_1 __ ~ +

0
(2) 1 a T 

c f3va 38 T0 c s/sv2a or ae ca f3/f3v2a2 a6 T0 

and a similar f= for v <f! 

tenperatu:re j \.li1P 

T-T 
w 

-T-= 
0 

+ (J (1) 1. .L v + ( 2 1 ~ v 
Tv v ar r aTv /sv2 ar2 r 

(5.66) 

(5.67) 

T 

(5.68) 

The subscripts in the above formulas n,v,a,c,T refer to "normal", "viscous", 

"radius of curvature", "creep" and "temperature" respectively. 

The slip boundary condition (5.67) can also be written in a different form 

because: 
1 a T 1 o 1 a T-Tw aae'T = aae + aae_T_ 

0 0 
and in the approximation needed in ( 5 . 6 7) this becomes : 

1 a T 1 a Tw (1) 1 a2 T 
a ae = a ae T +crT lsva aear T 

0 0 

So an alternative form for (5.67) is: 

(5.69) 

(5.70) 
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Also (5.68) can be written differently because with (1.3.38) 

~ 2 1 ~. 1 a 
~r vr = -a v;; asine ae smeve- asine ~ vq, (5. 72) 

and with (5.67), its analogue for vq, and the Laplace equation forT this 

becorres in the relevant approximation: 

2.... v = crC1) 1 ~2vr +crC1)1 eX I_+~.£.._ I_) 
<lr r v 7BV " 2 c Sv , 2 T a ~r T or or 0 0 

So (5.68) can be written as 

T-T 
w 

-T-
o 

(1) 1 a T +C (2)+ C1) (1)) 1 c~ r_ + ~ .£.._ r_) 
crT 7RV ar T crT crTv crc T " T 

" 0 sv2 ar2 0 a or 0 

+cr(2)_1_ 2._ I_ +(a (2) +a (1) cr(1) )-1-~ v 
Ta Sv2a ar T0 Tv Tv v /sv2 ar2 r 

With appendix A.2 and the fonnulas given in this section we find the 

(5.73) 

(5.74) 

second order slip coefficients, which are listed in table III.5 together 

with the first order variational results (tables III. 3a, III. 3.b and III. 4). 

We note that the first order slip coefficients defined by (5.66), (5.67) 

and (5.68) are different from the slip coefficients defined in section 2. 

The slip coefficients which depend on the accommodation coefficients are 

split into two parts : 

a 
ct 

(a )d + !Ja 
ct ct 

where (cra)d is the slip coefficient for diffuse reflection. 

!Jaa is the part resulting from non-diffuse reflection. 

(5.75) 

In the last column of table III.5 we have listed the results of Sane (1969, 

1970). He derived integral equations from the B.G.K. model for the slip 

quantities. These equations were solved with an approximate method to a 
. (2) (2) (2) 

high degree of accuracy. The terms b. a c , !JaT and /JcrTv are related 

to tangential momentum flux and nonnal heat flux to the wall, cf. ( 1. 30) , 

(1.31). These quantities are given by Sane as integrals of functions, 

defined in the paper of Sane and Yamamoto (1969). 
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Table III. 5 First and second order slip coefficients 

slip coeff. B.G.K. model Maxwellian model B.G.K. 1) 

-o 
(2) 
nv 1/4 =0.25 5/24 =0.208 0.234 
(2) 

1/2/1! =0.28L: 7/811! =0.494 0.267 -o nT 

(o~1))d (4+rr )/411! =1.007 (4+n)/4/1T =1. 007 1.016 
(1) too ex_/ C1-a ) v m m lrr =1. 772 lrr =1. 772 
(2) 

3/4 =0.75 5/8 =0.625 0.766 -o v 
(2) 

112 =0.5 1/12 =0.083 0.533 0 va 
(1) 

318 =0.375 9/16 =0.563 0.383 0 c 
-(o(2)) 

c d 9110ITI+511T I 32 =0.785 54/3511!+15 11! /64 =1. 286 
(2) 

1311! /16 39/1!132 2) -to.o aiC1-a) =1.440 =2.160 1.463 c m m 

(o~) )d 1/211!+11!/4 =0.725 8/71rr+31TII 8 =1. 309 0.778 
(2) 

/1! =1. 772 311!12 =2. 659 to.o a 1(1-a ) .ca m m 
( ( 1)) 

0 ,T d 13I10irr+ 511! I 16 =1. 287 3912011!+1511!1 32 =1. 931 1.302 
(1) 

5I TII 4 to.oT ael (1-ae) ' =2. 216 15/1!18 =3. 323 

-( (2)) 
0 T d 21/80 =0.263 5111120 =0.046 
(2) 

314 27116 3) to.oT ael (1-ae) =0.75 =1.688 0.737 
(2) 

714 =1. 75 0 Ta 33114 =2.357 1.821 
(1) 

13/20 =0.65 13/20 =0.65 0 Tv 
-( (2)) 

0 Tv d 31511!+11!/16 =0.449 53/70irr+31TI/32 =0.595 
(2) 

-to.oT a I (1-a ) v e e 3/1!/8 =0.665 911!116 =0.997 0.679 3) 

( (2)+ (1) (1)) 
- oc oc OT . d 33/80/1!+5/1!/128=0.302 999122/1!-1511!/512=0.200 0.279 
( (2)+ (1) (1)) 

0 Tv 0 Tv 0 v d 1120lrr+ITII10 =0.205 -3/28t1T+1111TI160 =0.06 0.224 

( (2)+ (1) (1)) 
0 T 0 Tv 0 c d -31160 =-0.0187 71712240 =0.320 0 

1) Sone (1969), (1970). 2) Sone ( 19 70) , Sone and YarrBJTDto (1969). 
3) Sone (1969), (1970) 
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Conclusions 

- From comparison of Sone's results with ours for the B.G.K. model we can 

conclude that our method results. The first order 

coefficients, hewever, are more accurate (maximum deviation 2%) than the 

second order coefficients, which shew, if the coefficient (cr~2 )+cr~1)ai1))d 3) 

is not taken into accomt,a maximum deviation of 9%. The excepted 

coefficient, which vanishes for the B.G.K. model, to Sone, is 

not expected to vanish for more realistic models. 

- The B.G.K. model does not lead to reliable results for the 

it was. easy to obtain a good 

agreement between the B.G.K. results and results with other models by 

means of an appropriate choice of the collision frequency. For the second 

order this is more because the difference is not only 

due to the incorrect Prandtl nlll'lll:x:lr, but also to the incapability of 

the model to represent the corTect higher order eigenvalues of the 

Maxwellian model. 

- In a recent paper Lehmann and Mueller (1974) derive an expression for the 

first order near a curved wall. In case of a spherical wall they 

find v
6 

a~1 )cav8/ar-v8/r). Their conclusion that the term v
6
/r has an 

essential influenoe in the regime of slip flew near transistion, is at 

least doubtful because: 

(i) This term is not the only second order term for the slip flow cf. (5.67). 

(ii) It is obvious that the second order terms increase with the 

!<nudsen number. It is not certain, havever, that they are important in 

that because nothing is known about the convergence of the 

in pavers of the !<nuctsen' number. The series might, for instance, 

and not convergent at all. 

With the method and the results of this section the following 

extensions are suggested: 

- Calculation of the slip coefficients for the hard-sphere model. 

- Calculation of the slip coefficients for mixtures. 

- Calculation of the non-stationary case where the characteristic time of 

the variation compared with the mean free time is of order 1/ e;. 
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- Calculation of the first and the second order pressure jump. This jllllq? 

can be calculated with (5.44) and its analogue for the second order. We 

verified that when the first order distribution function h ( 1) is extended 

with the pressure term, the results for the second order 

velocity jump and temperature jump remain the same. 

slip, 

- Extension of this theory to a slightly curved of arbitrary 

shape. This can be acccmplished by introduction of two principal 

curvatures. (Sone's treatment). 
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TilERMPHORESIS ON SPHERICAL BODIES 

IV.1 

The phenanenon that under influence of a gradient bodies move 

towards the colder region, is called thermophoresis. The force an the 

due to the presence of the temperature will be referred to as the 

thermophonetic force ;fl) • The frictional force of the gas on the body is 

called The stationary velocity of a free moving body in a temperature 

gradient will be called the thermophoretic 

Thermophoresis was already observed by (1870), but until new no 

satisfactory agreement between theory and experiment has been found for 

this phenomenon. 

We shall consider the problem in its form: 

- Far from the body the gas has a hydrodynamic distribution function. So 

the in which the gas is contained is considered as "unbounded". 

-The body is 

- A simple gas, with no internal of freedan is considered. 

- Only the situation will be treated. 

We define the Knudsen number as: 

- 1 
- avis E: :: 

where we related the collision frequency to the viscosity coefficient, 

cf. Table I.4. 

With ( 1. 1) one can distinguish three 

(i) E: .... 0 

(ii) E: .... <X> 

(iii) E: 0(1) 

Slip-flow or near-continuum regime. 

Knudsen or neakfreemolecular regime. 

Transistion regime. 

(1.1) 

ad (i) In the slip-flow regime the Stokes equations can be used with the 

*> In literature this force is often called the thermal foroe. As this name 

suggests a relation with thennal stress, we prefer to call it thermophoretic 

force. In papers it is often called the radianeter force. 
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slip boundary conditions, we shall apply the results for the first 

and second order slip, derived in chapter III, to this problem. 

ad (ii) We shall only calculate the free-molecular limit. The result of 

first order Knudsen iter:ttion, as we found in literature, is also 

reported. 

ad (iii) 'This regime is the most ccmplicated one and will net be treated. 

In literature one can find interpolation fornD.llas, but this is 

a somewhat unsatisfactory prucedure. It is a pity that !)early all 

experimental results pertain to this regime. 

In chapter I we already mentioned that in case of a flew around a particle 

the wall temperature depends on the distribution function. 'This relationship 

could be expressed by means of a modified gas-wall interaction operator: A 1 • 

For the calculation of this operator we have to solve the equations (I. 2. 35) . 

v2 (T-T ) = o 
0 

a(T-T )/T +AB ~ T X(£) 
0 0 or 

where with (I.2.36) and (I.2.37): 

a p ((1-A)8c2 ,c sc2)+ 
o r 

X= p (R~,c (1-A)sc2)+ 
o r 

(The coordinate system is fixed to the particle, so v = o) 
-w -

In the problems to be treated ~ is such that we can write: 

X Xcose 

where X is independent of the polar angle e. 

Then it follows from the solution of (1.2), (1.3) that 

T -T 
w 0 

-T-= 
0 

A T 
XI ( a,j- ....!?,_£) 

a 

So with (I.2.19) and (I.2.32) we can write: 

r = a 

il\ 1 
:::: A'Ril> at r = a, 

ap 
A'~ =A~+ 0 A T (~,c (1-A)Sc2)+(1-A)8c2 

aa+ B 
0 

r 

When we write the model (I.4.18) as: 

A :::: A(a ,a ) 
m e 

(1. 2) 

(1. 3) 

(1.1+) 

(1. 5) 

(1. 6.) 

(1. 7) 

(1.8) 

(1. 9) 

(1.10) 
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Then the :rrodified operator A' for this rrodel can be written as: 

where 

A' =A(a. a.') m' e 

?..BToY'7fB 
a.' = a. 
e e ap a. +ABT ~ o e o 

( 1.11) 

(1.12) 

With (1.1) and the relation between the coefficients of heat conductivity 

and viscosity: 

}.. = ~ m(~) n 

where Pr is the Prandtl number, ( 1. 12) can be written as : 

(},I : 
e 

}..B 5111 }..B 5111 
ae T 4(Pr) e::/(ae+ T 4(Pr) e::) 

(1.13) 

( 1.14) 

For the B.G.K. model we have Pr = 1 and for Maxwellian molecules Pr = ~· 

IV. 2 The drag on a sphere 

The problem is formulated with the L.B.E. (I.2.1) and the B.C. 
at the wall,cf. (1.11): 

<I>= A'R<I> at r = a 

and far from the wall: 

lim<!> = 2f3Uc 
~ z 

where U is the velocity of the gas relative to the sphere. 

In spherical coordinates this reads as : 

lim<!> = 2f3Ucrcos9-2f3Uc9sin9 
~ 

a) The drag in the slip-flCM regime 

In the continuum limit the drag on a sphere is given by the well-lcnc:Mn 

Stokes formula: 

Fz = 611anU 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

Basset (1890) applied the first order viscous slip boundary conditions to 
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this problem and found: 

1+2o(l)e: 
6 U v il) (2.5) Fz = ~an (1 ) 

1+3o e: v 
Recently McLennan and Chiu (1974) obtained the same formula for small 

Reynoldsnurnbers with a JIDre rigorous approach to this problem. 

We shall ·extend this formula, the second order contributions 

into account. The solution of the Stokes equations (1.3.38) to (1.3.41) 

with the condition (2 .2) is according to Happel and Brenner (1965): 

lav = r 
(2a

1 -2a
2 
~ +UIS)cos6 

lav = a3 
+a2 ~ -Uif!,)sina (a -g e 1 r 

T-T a2 0 cose -T-= a3 r2 
0 

The constants a 1 , and a 3 can be determined from the slip conditions 

(III.5.66) to (III.5.68). With the Knudsen number (1.1) we find the 

follcwing algebraic 

2-e:224o( 2 ) 
nv 

-ula 

uiB+e:a (l)ula 
v 

0 

for the constants: 

2 
(1)+ 2 .. (2) 

-e: oTv E .,.aTv 

For the foroe on the sphere one needs only the solution for a 2, cf. 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

and Brenner (1965). In our case this is very proven in' the follcwing 

way: 

F ..., f .E,',!!dS 
s-

where ~ is the pressure-tensor and.!! the normal on the surface. 

*) Basset used the value of Ma»lell for the slip coefficient: a ( 
1 ) = 

v 

(2.10) 
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In case of a the force in the z-cli.rection is: 

21T.. 'IT 

F = r2 f d~ f d6sine(-p cos6+p 6sine) z 
0 0 

rr r 
(2.11) 

With the formulas 

easily found to be: 

in appendix A. 2, the components Prr and Pre are 

12alt 6a2 
Prr = p0 e:<-:;4a1- ~a2)cose (2.12) 

(2.13) 

and with (2.11) we obtain: 

(2.14) 

or with (1.1): 

(2.15) 

• . (1) (2) (2) 
In the expressions for the coefflClents crT , crT and crTv there is 

a term proportional to (1-a')/a 1 cf. table III.S. With (1.14) this term e e 
becorres: 

1-a~ 1-ae 4A(Pr) 

a;r- = ~ + Es)/1TAB 

The last term of (2.16) is of order e:-1 • So the terms with the slip 

(2.16) 

ff . . t (1 ) (2) d (2 ) 'all rde , . As coe lClen s crT , crT an crTv are partl y one o r _._ower m e:. 

a consequence the second order terms in i:he last equation of ( 2. 9) are 

not kncwn complety. HCMever, in the final result for a2 the unknc:Mn terms 

of order E 
2 cancel. 

the last equation of (2.9) by the coefficient of a
3

, the solution 

of (2.9) for a2 is obtained in the form: 

1+E2cr(1 )+e:2{-4cr( 2)+a( 2)-8cr( 2)-a( 1)(2a( 1 )+12A/5l )/(1+2/../l )} 
a

2 
~uls v v va nv c Tv B B (2 17 ) 

1+e:3cr(1 )+<: 2{-7cr( 2)+2a( 2)-7a( 2)-cr( 1)(2cr( 1 )+3A/l )/(1+21/1.. >} . 
v v va nv c Tv B B 

where we used that for the lCMest order in e: one has, cf. ( 2. 16) and table 

(2.18) 

(2 .19) 
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In the zeroth order ( 2. 15) with ( 2. 17) becomes the Stokes formula ( 2. 4) . 

In first order of e (2.17) leads to the Basset formula (2.5). 

We shall write the drag in the following form: 

Fz = 6nnaU(1-efd(e)) (2.20) 

Then with (2.15) and (2.17) the function fd(e) up to the first order is: 

i (e) = o( 1 )-e{3o( 2)-o( 2)-o( 2)t3o( 1 ) 2+ 
d v v va nv v 

(2.21) 

With the results of table III.5 we find for the B.G.K. 1TOOel: 

1 /11 1-am 1 lrr 2 
fct<d = <rrr + 4)+ ~11-d-!+3<rrr + 4) + 

m 
1-a 1-a 

= 1.007+ ~ 1.772~e{0.544+ ~ 10. 
a a m m 

.425+0.225A : 2A}C2.22) 
B 

With Sone 1s results this function is (cf. III.5): 

1-a 1-a 
) = 1.016+ ~ 1.772-e{O.SOO+ ~ 10. 

a a 
2 A } 9.425+0.235 A +2A (2.23) 

am B m m 

For Ma:xlvellian molecules we find: 

Conclusions 

- Comparing (2.22) with (2.23) we see that the accuracy of the approximate 

solution (2.22) is satisfactory. 

- The first order term of f d depends strongly on the accOlii!ll0dation 

coefficient for tangential momentum. 

- The influence of the heat conductivity of the uc:u. ·'--'-''"'-'-"' on the drag is 

small. 

- The first order term for the B.G.K. 1TOOel is very different frcm that for 

the Ma:xlvellian molecules. 
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b) The in the free-iiDlecular limit. 

In the free-rrolecular limit the molecules going to the wall are asst.nned 

not to collide with the reflected molecules. So with ( 2. 3) : 

~ ; 2SUc cose-2sUc sine 
r a at r = a, c < 0 

r 
(2.25) 

The distribution function of the reflected molecules is given by (2.1). 

For the model (1.4.18) this leads to: 

~ = -~cose-(1-am)U2sc6sine-(1-a~)U~~(Sc
2-2)cose r = a, cr ~ o (2.26) 

So that we find: 

Prr = p0(~,2scp = p
0
U{fu sinS+il1i8cos6+ ~ (1-a~)cose} r = a 

and 

p = p (~,2Sc c
8

) = -p u{- ~ sine+(1-a ) ~sine} 
nJ 0 r 0 Y1Tp m Y11P 

With (2.11) we obtain for the force in the z-direction: 

F = ~11a2ulsp {~ + 
1
2
11 +(1-a') -(1-a ) ~} 

z o >'1T e m >'11 

With (1.14) we find: 

(2.27) 

(2.28) 

(2.29) 

a2 

Fz = ~11a2Uit3po ~'i:{ 1- 8~11( 1-am)+ 64:811 (1-ae)+ 64:811 (a +e:>.
8

51:/},4(Pr))} 
e (2.30) 

where Pr = 1 for the B.G.K. rrodel and Pr = ~ for Maxwellian molecules. 

When :>.
8 

¢ o the last term is of order 1/E: and can be neglected for e-+<», 

In the case of complete accommodation this expression is the same as 

Epstein's formula (1924). 

When :>.
8 

o the result is: 

(2.31) 

The difference between (2.31) and (2.30) is small, so the force is only 

weakly dependend on the accommodation coefficient of energy and the heat 

conductivity of the body. 

By first order Knudsen iteration on the L.B.E. for Maxwellian molecules Liu, 

Pang and Jew (1965) fotmd for the case of a tmiform wall temperattl!"'E\ and 

ae = am 1: 

(2.32) 
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If Liu, Pang and Jew (1965) had used our modified gas-wall scattering 

operator, they would also have found some terms with (1-q 1)/E and maybe 
2 e 

also (1-a') /£. AB these terms are of order 1/£2 for q :: 1 and '-B f. o e e 
( cf. 1. 14) , we expect that we can combine the results ( 2 . 30) with Pr :: 2 I 3 

and (2.32) for a = a = 1 and '-B f. o: e m 

Fz = ~na2p0Uis ~{1-(0.33- 15 ~~+n) ~B)IE} (2.33) 

IV.3 The thermophoretic force 

The B.C. for the L.B.E. (I.2.1) in this problem are: 

at the wall: (cf. (1.8)) 

<I>= A'R<I> at r = a 

far from the wall: 

lim<!>= {z(Sc2-1)- n
1 

A(c)cz} gz i 
r->= 0 0 

c ::. 0 
r 

d T 
where az T has a constant value far. fi'Olll the sphere. 

0 

In spherical coordinates ( 3. 2) reads as : 

{ 
1 1 . . d T 

lim<!> rcose(Sc2_1)- n A(c)crcose+ n A(c)c
8
sln8} dz T 

r->= 0 0 0 

a) The thermophoretic force in the slip-flCM regime 

(3.1) 

(3.2) 

(3.3) 

The thermophoretic force can not be found from continuum theory, because in 

the continuum limit the force is zero. In early attempts to explain this 

phenorrenon, it was ;:;aid that the force was caused by a stronger =lecular 

bombardment at the warm side of the body than at the cold side. This 

idea can be found in the papers of Einstein (1924), Cawood (1936) and 

Clusius (1941). The calculations did not lead to quantitatively reliable 

results. The first author, who explained the force as caused by (Maxwell's) 

thermal creep along the surface at the body was Hettner (1924). 

Epstein (1929) solved the problem for a sphere with the first order thermal 

creep boundary condition and found: 
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= -S'1fna(2n a(1) 2A .£__ !_) 
p

0 
c )B+2A d~ T

0 
(3.4) 

The force calculated with Epstein's formula did not agree well with 

experimental values , in particular so for a large heat conductivity of the 

body. Brock ( 196 2) thought that Epstein's fonnula was wrong because 

Epstein did not use the bmmdary conditions for viscous slip and temperature 

jump. Brock included these slip boundary conditions in his theory and 

found: 

T 
T 

0 

(3.5) 

where ail)* is the coefficient for temperature jump with the common (not 

mcx:lified) gas-wall interaction operator. Moreover, Brock shooed with a per

tllr'bation rrethod that the thermal stress as appears in the Burnett 

equations, does not contribute to the thermophoretic force in this order 

of approximation. Yet, in a recent paper Cha and McCoy (1974) calculate 

this force with the Burnett equations for the entire transition 

In Ollr' opinion such a theory cannot be correct since it violates the 

restriction on the Knudsen number for which the Burnett equations are 

derived. 

The solution of the Stokes equations for this problem are (Harpel and 

Brenner, 1965): 

a) . 
+0'.2 r: sme 

= (0'. ~; +r .£__ L)cose 
3 r d

2 
T

0 

And in the sarre way as we found (2.9) we noo have: 

*) Epstein (1929) used Maxwell's theory for the derivation of the slip 

ccefficient a(l) = 3/8 
c 

98 

( 3. 6) 

(3.7) 

(3.8) 



a1 
22 (2) 

.e: 0 nT 

( 1) 2 (2) 2 (2) T (3.9) M a2 -e:o -,e; () -,e; () a T c c ca 
0 

a3 
1+ (1)+ 22 (2)+ 2 (2) 

- e:oT · e: 0 T e: 0 Ta 

wher€ ( M ) is the same matrix as in ( 2 • 9) . With the same considerations 

ab (1) (2) <2> . . 2 th l . . f d be out crT , , crTv as m sect~on , e so ut~on a.2 ~s oun to : 

d T (2o~1 ):\/:\8+e:{2cr~1 )cr~1 )~+2o~2 )+(o~)+cr~~))2:\/:\B} 
a2 ;:: -#ae:dz T (1) (1)* {3.10) 

o(1te:3crv ){1+2:\/:\8 +e:2crT -e:6:\/51~:\B(Pr)} 

wher€ we used (2.16) and table III.5 to find that: 

e:22o~2 ) e:6:\/51~:\8 (Pr)+O(e: 2 ) (3.11) 

and: 

(1) * ( 1) +AI:\ 
B 

(3.12) 

(1)* 
(crT is the coefficient for the temperatUr€ jump with the common gas-wall 

interaction operator). 

With the definition of e: (1.1~2.15) with (3.10) is the same as 

formula ( 3. 4) in looest oroer of e: and for a non-zero AB. Without the second 

oroer coefficients the r€sult is the same as the r€sult of Brock (3.5). 

So in general Brock 1 s formula is wrong because he did not include all 

effects which lead to second order contributions to the force. 

We write the force (2.15) with (3.10) as: 

d T 
= -6~an P dz fT(E) 

0 

(3.13a) 

wher€ fT(E), up to first order in e:, can be written as: 

* f ( ~) ;:: (1)~ + 2{ (1) (1) +( (2)+ (2)+2 (2)_3 (1) {1))'/' 
T ~ 0 c 2:\+:\

8 
e: 0 c crT 0 ca 0 nT 0 c crv 0 c A AB 

(3.13b) 

When we substitute the slip coefficients listed in table III. 5 into this 

formula we find: 
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B.G.K. model (approximate solution): 

B.G.K. rrodel (Sane's results) 

1-ct 1-ct 1-ct 
2A e m A m) 0.383 -2, ' -£(0.558-1.698 -- +2.826 -- +- (4.424+6.380 --

/I+AB cte ctm AB ctm 

Al 1-ct 2 
+ xz (2.116+1.056 __!!!)}/(1+2 ~) (3.15) 

B ~ B 

Maxwellian molecules: 

9 2A { 999 1511T 13511T 1-cte 1-a.m 
= 16 2HAB -e: 2 224071T - 512 - 1'2'8 -ct- + ct 

e m 

I I 1-e~ 2 I I 1-ct 
+ ~ ( 2523 + 33 11 + 21nr ____!!!)+A (1023 + 1.!.:!. + l....!!. ____!!!)}/ 

AB 560171T 64 8 CLm -q 56071! 32 8 ctm 

(1+2 ~)2 

AB 

2A { 1-ae 1-ctm A ( 1-am ) 
= 0.563 2HAB -e: 0.400-3.738 -a- +4.320 -a-+ AB 6.912+9.306 -a-

e m m 
Al l-am A 2 

+ vzyz (2.394+1.330 -'-)}/(1+2 -;--) (3.16) 
B am AB 

Conclusions: 

From the comparison of (3.14) with (3.15) we ronclude that the accuracy 

of the approximate solution is satisfactory. 

- The first order term of fT(e:) depends strongly on the accommodation 

coefficients. 

- For A/ AB o and romplete accommodation one finds a negative thermophore tic 

force. This was already noticed by Sone (1972). This force, hCMever, is 

for the Maxwellian molecules smaller than for the B.G.K. model. Moreover 
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for a = 0. 9 this forre becorres e 
whether the negative 

interaction. 

cf. (3.16). So it is doubtful 

occurs for a realistic gas-wall 

- The results for the Maxwellian !IDlecules are very different f:rom those 

derived frcm the B.G.K. !IDdel. One important reason for this is the 

incorrect Prandtl number of the B.G.K. model. 

b) The free-molecular limit. 

The calculation of the forre in this limit is similar to that of the 

in section 3. 

The distribution function of the incident molecules is with (3.3): 

{acose<sc2-2)- ~ A(c)c8sine} ~ i at r = a c < o (3.17) 
r 

0 0 

and the distribution function of the reflected molecules is with ( 3. 1) and 

(I.4.18): 

~ {- ~2 cose+(1-a )4S/ifi3(l... A,c c;;)+c,sin8+(1-a')(ScL2)acose 
m n rv v e 

0 

+(1-a ) A~ <sc2-2)cose} 
e 2n k 

0 

at r = a .:: 0 (3.18) 

The components of the pressure-tensor needed for the calculation of the 

force are: 

p e = p (q,,2Sc c
6

) r o r 

5k£ 1 
With A = 2 m v ~ 

1 2 + AlifF} - (Ac ,2Bc ) +(1-a 1 ) 
8 

ka ap oose an r r en o 
T 

0 0 

(3.19) 
and ( 2 .11) we then find for the force: 

(3.20) 
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For ).B I o the last term is of order 1/ e and can be neglected for e..-. 

For oomplete acconmodation and ;\.B..- formula (3.21) was alreCldy found by 

Waldmann (1959) for ~llian molecules (Pr"' 2/3). 

When ).B "' o the result (3.21) reduces to: 

(3.22) 

As in the case of (2.31) the result is independent of a • For COI'l'lplete 
. . . P. 

accanmodation (3.22) is about 50% larger than (3.21) with ).B+oo. Therefore 

this result repends very much on the thEIDnal a:mductivity of the bcdy. 

With first orrer Knudsen iteration Ivcilenko and Yalanov (1970) found 

with the B.G.K. model and am = 1: 

F = -~/11-a2p e[1+0.491(1-a )-{0.~3a (1-~a ~ )+ 
o e e e "B 

2 
+0.112-0.0025ae-0.113(1-ae) }/e]a 

T 
T 

0 

(3.23) 

~ see that this result also follows from (3.21) apart form that part of 

the term of order 1/e which does not contain the thermal crmductivity of 

the bcdy. (~; = 0.491 and~~ = 0.~3). This is in accordance with our 

expectations, cf. · ( 2. 33) • 

IV. 4 The th~tic velocity 

The stationary thenoclpho.retic velocity in the absence of external foroes 

follows fran 

(Fz)drag = (Fz)thermophoretic <4•1 ) 

With the results of the sections 2 and 3 this velocity can easily be found. 

a) Slip-flow reg:i.ne. 

(4.2) 

(4.3) 
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Expanding ( 4. 3) we can write: 

f (E) = (1)~ + 2{ (1) (1).+<:1(2)+( (2)+ (2)+2 (2)_2 (1) (1))>./>. 
v ac 2>.+>.

8 
e: ac aT c aca anT ac av ac · · B 

+(6/5/w(Pr)+2a( 2)+2anT(2)-4a( 1)a(1 ))>.2/>.
8
2 }/(1+2A/>.B)2 (4.4) 

ca c v 

Substituting the results of 1:able III.5 for the MaJ<wellian nolecules into 

(4.4) we find: 

f(e:) 
v 

2A { 1-ae 1-am ( l-am 
= 0.563 2HA -e; 0.400-3.738-- +4.320 -- + 5.778+7.312 --)A!AB 

B ae am am 
1-a 

+(0.128-2.658 a m)A2/A~}/(1+2>./AB) 2 (4.5) 
m 

So according to (4.5) a negative t:henrophoretic velocity is possible when 

A81A--. Hcwever, because of the strong dependence on the thermal 

accomoodation coefficient this is not likely in realistic situations. 

When AB/A = o arrl we neglect the first order term in (4.5), then the body 

noves with the slip velocity because with (4. 4), (4.2) arrl (1.1): 

U (1) 1 d T 
= -ac vis dz T 

0 

(4.6) 

WaJ.dmann (1961) proved that this is valid for a particle of an arbitrary 

(but snooth) shape, provided,that the remus of curvature is much larger 

than one JIEan f:ree part:h. 

b) The free-nnlecular limit. 

With (2.30) and (3.21) we rind in the f:ree nolecular limit for MaJ<wellian 

JIDlecules : 

3 
1-(1-a )/2+5w(1-a )/32+5w(a2-2a AB/A)/32(a +A

8
151we:/8A) 

f (e:) = _ m e e e e (4 • 7) 
v 8+• 1-4(1-a )/(8+w)+w(1-a )(64+8w)+wa2/(64+8w)(a +A

8
151we:/8A) 

m e e e 

The ratio of the two limiting vaJ.ues of (4.5) and (4.7) is of sane interest. 

With a = a = 1 we find: m e 

limU/,~~' = 2 09 2A 
............. • 2A+i.B 

r+o r+co 
(4.8) 
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limU/limU = 1. 45 (4.9) 
E->i) E->«> 

So there exists a discontimity of this ratio for = o. If we consider 

only finiwvalues of 1/E: in (4. 7), then a discontinuity will not appear 

but instead the:n:: will be a maximum for small values of t..
8
/'A. 

In many cases the ratio (4.8) is too close to unity to use thennophoresis 

for separation of large and small aerosols in a gas. 

Disc1,1ssion 

- We found,cf. (2.23), that the result of Knudsen iteration (expansion in 

powers of 1/E) can only be valid for ABE/A » 1. For other values of 

e the decrease in of the terms in the expansion is not 

sufficiently rapid (cf. (2.30), (3.21) and (4.71)).This difficulty can 

be avoided with the use of our m:xlified gas-wall interaction onoer<3.tClr 

The substitution of the thermal conductivity into 1-a 1, as this term e 
appears in the coefficients of the expansion,does not lead to any difficul-

ties because (1-a' ) is of order 1 or 1/e;. In fact the final result 
e 

then is valid uniformly in the parameter AB/A. In the slip-flw regime 

one might expect that the result with the in powers of e is 

only valid for 'ABe/A « 1, for ABe/A " 1 the zeroth and first 

order terms in the expansion of ) , cf. ( 3. 16) , have the same order 

of magnitude. Hwever, the result for ABE/A >> 1, where the zeroth order 

term of ) .. vanishes due to the uniformity of the wall temperature, 

is correct in our opinion. 

- We found a strong dependence on the accarrrrodation coefficients of the 

second order terms. It should therefore be stressed that the results for 

the coefficients depend crucially on the special model of gas-wall 

interaction we used. The m:xlel is comparable with the B.G.K. model, 

because in the two models there is a similar approximation to the 

collision proce:s. (The distribution function of the reflected molecules 

at the wall is approximated by a displaced Maxwellian and the inverse 

collision term of the L.B.E. by the product of the collision frequency 

and a local MaJ<wellian.) As the B.G.K. model is inadequate for the 

second order slip, this also be true for the model (I. 4. 18) . 
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IV .5 

a. The drag 

The empirical formula of Khudsen and Weber (1911) is often used to represent 

the experimental results. The ftmction f d ( r::) , cf. ( 2. 20) , according to 

this fonnula is given by: 

(5.1) 

where A, B and C are constants. 

Up to the first order in r:: (5.1) equals: 

(5.2) 

As (5.1) is an formula for the entire transistion regime we do 

not expect that is will lead to an accurate result for the small second 

order term in the formula for the drag. 

Millikan (1923) 

A, B and C: 

folla.;ring values 

I 'IT 
A = 0.864 

I 'IT 
B = 0.29 1. 408 , c = 1.25 

1 (5.3) 

So that the ftmction (5.2) is given by: 

fd(r::) = 1.09 - 1.18r:: (5.4) 

We fotmd for accorranoclation and tmiform wall temperature with the 

Maxwellian lilCdel (2. 24): 

1. 007-1. 292€ (5.5) 

(5.1) with the constants (5.3) in figure 3, 

together with the results obtained by Pagani and 

Bassanini (1968) with the B.G.K. model and our results for the B.G.K. 

and Maxwellian models. The theoretical lines 

accommodation and a tmifonn wall temperature. 

COl:':reSD<::>nd to complete 
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0.8 

0.6 

0.4 

0.2L------L------~------L-----~------~----~ 

0 0.1 0.2 

Millikan (1923) 

(2.22) B.G.K. model 

0.3 0.4 0.5 0.6 
-E 

Cerc:ignani, Pagani and Bassanini 

(2.24) ~llian JJDdel 

Fig. 3 Canparison of different results for the drag 

Fran figure 3 we can see that: 

- '".l're B.G.K. result of Cercignani, Pagani and Bassanini (1968) and our result 

for the sane case agree well. 

- Ccmpared with Millikans results the B.G.K. JJDdel predicts too small a 

second oroer term. This could also be seen fran (5.4) and (2.22). '".l're 

result for the ~llian JJDdel is muCh better. 

- The first oroer term is too small. '".l'rere can be several reasons for this: 

(i) The use of the Maxlr.lellian model. F:rom table I.3.a one .can see that for 

the hani-sptlere model the viscous slip coefficient is. much larger. 

(::i,i) The assumptian of total acccmm:xlation of lllCillel1.tum. 

(iii) Direct and indirect experinental errors. An example of the seoond 

category involves the coefficient of viscosity needed for the determina

tion of the radius of the sphere and also of the constants A, B and C. 
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- In view of the important difference between the second order terms of 

the Maxwellian model and the B.G.K. model the results of Cercignani et al. 

are surprisingly close to the exper:inental results of M:illikan. 

For the near free-rolecular regime the Knudsen-Weber fornrula ( 5.1) leads 

to the fol..kMing expansicn up to the first order in 1/ E: 

z.... I 6 1-oc 
= na l:'ou B A+B (1- (A+B)E) (5.6) 

So with the values A, B and C of M:i1likan (5.3) this beoones: 

= na2p u/e4.13(1-0.44/E) (5.7) 
0 

The theoretical result on the other hand is given by (2. 33): 

= na2p
0
ule4.19{ 1-(0. 33-0.011A/A.8)!E} 

Liu, Pang and Jew (1965) claim that their value for the first order in 

1/E (0.33) agrees within 5% with Millikan's exper:inental data. We think 

that 'they made an error, maybe due to the different definitions of the 

mean free path in their paper and in Millikans paper. 

b. The th.enwphoretic force 

As the the:tlllOJ.lb::>retic force is small (order E), it is difficult to neasure 

it accurately. We thought it useful to repeat an exper:inent dcne previously 

by Rosenblatt and La Mer (1946), Schmitt (1959) and Jacobson and Brock (1965). 

We shall give a brief description of this experinent. Details can be found 

in the report of Van den Donk (1974), who carried out the measurements. 

The thennophoretic force was neasured on la:tex particles in a rodified 

Millikan cell. The cell had a cylindrical shape. The radius of the cylinder 

was 10 nm, the distance between the upper and la.rer pl.a:tes was 2. 23 nm. The 

temperature difference between the two plates varied between different 

neasurenents from 23 to 40 K <± 0.02 K). Small particles .of radius :: 0.5pm 

and large particles of radius = 3 p m were used. The particles were observed 

on a closed circuit T.V. • This had the advantage that it was less tiring to 

keep track of a particle than by looking through a microscope. 
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A representative numerical example for the thermophoretic force and 

velocity in our experiments with large particles 

-5 -1 -1 
p = 1atm, n = 2.263x10 kg.m .s 

.9..... T = 104Km - 1 a = 3\illl 
dz ' 

Then from (3.4) and a(
1) = 9/16 the force is: 

c 

F ~ -0.5 10-10N 
z 

in argon is as follo.vs: 
;>,.B 
~ = 6.23 

And with ( 4. 2) the thermophoretic velocity of a free-moving particle is: 

U ~ -4.10-2m.s-1 

In the figures 4 and 5 have plotted the experimental results for large 

particles, together with the theoretical result (3.16). In figure 5 we 

have also plotted the result of Jacobson and Brock (1965) for sodium-chloride 

particles in argon. 
0.5.-------------------------------------------------4 

0. 3t-

o. 2r-

.......... 

OL_ ______ _L ______ ~L------'~--------L--------L-------4 

0 0.05 0.1 0.15 0.2 0.25 0.3 
--+-£ 

ArCt-8h=6.32) 

. • • • experiment • • v • experiment 

-·-·-(3.16)a =a =1 ----(3.16)a =a =1 
e m e m 

Fig.4 Experimental and theoretical results for latex particles in Ar and He 
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0.20r-------------------------------------------. 

0.15 k-

" " '\. 
~ "· 0.10r- ••• ~-

0. OS r-

·"· . '\. .. • 

0.1 0.2 

.. 

0.3 
£ 

• • • o a experirrent x. ' ' ~ • experiment 
...... ...... ae=<lm=1 } (3.16) 

(3.16)a =a =1 ---- a =0.8, a =1 
e m e m 

5 Ex[:erimental and theoretical results for latex particles in air and 

sodi~chloride particles in argon 

F'r10fn the 4 and 5 we see that the most serious difference between 

and theory is shown by the results of a body with a high thermal 

cf. figure 6. F'r10fn the theory (3 .16 ) we see that in that case 

the theoretical result is very sensitive to the ratio A./A.B and to the 

ooefficient of energy accommodation. This accommodation coefficient is in 

unknown and the value of A./A.B cannot be found with the desired 

of accuracy from the publications of experimental work. In the 

paper of Jacobson and Brock (1965), for instance, we found that for sodiUI!I 
- -2 -1 -1 -1 chloride A.B - 10 cal. an . s • K (no indication of the 

temperature range in which this value holds is given). As for argon 

A. z 0.4 10-4ca1.an-1.s-1 .K-1 at 299 K we estimated AiA at 250. However, in 
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another paper of BrDck ( 1967) the 'ABO.. is taken to be 100, :in 

contradiction with the first paper mentioned. 

Apart from the uncerta:inty about the accOIIIIlOdation coefficients and the 

ratio of thermal conductivities, also an experimental e:rnY.P for the high 

canduct:ing particles is not unlikely. In the modified Millikan cell there 

exists a temperature gradient along the vertical walls which will cause a 

thermal creep floo. This floo might be :i.mpol:'tant when the therrnophoretic 

force is very small (as :in the case of thermal conductivities). As 

far as we knoo this effect has not yet been considered. 

The experimental results for small particles will not be here, 

because we only have the B.G.K. result for the first order Knudsen iteration. 

As the B.G.K. model has an :incorrect Prandtl number there is no reason to 

assume that the result of the first order Knudsen iteration will agree with 

the experimental one. Brock (1967) found for the B.G.K. model a result 

very different from the result of Ivchenko and Yalarrov (1970). In viw 

of section 3 we expect that the result of BrDck (1967) is wrong. That his 

theoretical result agrees very well with his experimental one, makes 

the only more suspect :in our op:inion. 

Conclusions 

- The second order theory of the thermophoretic force leads to a better 

agreenent with experimental data than the first order theory derived by 

Epste:in. 

- A fair agreenent between theory and experiment can be obta:ined :in JIDSt 

cases by a suitable choire of the accOllllllOdation coefficientsfor energy 

momentum. Hooever, the simplification :introduced in the theoretical 

treatnent and the passible systematic errors :in the experiments are such 

that no physical significance can be 

dation coefficients obta.ined :in this way. 

to the values of the accorrmo,-

- For a body with a thermal conductivity that is large in comparison with 

that of the gas there is no clear evidence that the disagreenent between 

theory and experiment can be expla:ined adequately by :incomplete accom:noda-

tion. M:Jre theoretical and experimental work is needed for this case. 
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APPENDIX 

A.1 The m.nnerical solution of the B.G.K. model for the first order diffusion 

slip in a binary gas mixture. 

a) The derivation of the integral 

The L.B.E. and its B.C. for this problem are cf. (III.1.18) (III.3.10) and 
(III.3.11): 

c 1-- h'+Lh' = 0 z az 

h' ARh'-(1-AR)~ 
c 

lim h' = 2Sc v 
z+oo x s 

1 2 k a ~ where ~ - - L D (c)c --
c n

0 
k= 1 x ax n 

Instead of (1.3) we write 

h~ = 2Scxvs 

where zg is taken far from the wall. 

at z o 

at z 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1. 5) 

With (1.2) and (1.5) the integral form of the L.B.E. (1.1), cf. (I.2.56) 

(I.2.57), is: 

1 2 z'-z h! =-I exp{v. --}[Kh'(z')] .dz'+c exp(-
1 c 1 c l X 

[ARh '-(1-AR)4?J i 
z 0 z 

and 
1 

2 z'-z h! =-I exp{v. -}[Kh'(z')] 
l c l c z z z 

g k 
For the B.G.K. model D is a constant. 

for c 2:0 z 
(1.6) 

(2Sv ) 
s for c <o 

z 
With the tables I. 3 and I. 4 ( 1. 4) 

(1. 7) 

can be written as: 
2 

P2o no a n1 
[ 4? ] = -2S c ---D-- [ill ] c 1 1 x p0 n10n20 ax n ' c (1. 8) 

With the B.G.K. model forK (I.4.15) and diffuse reflection for A (I.4.18) 

equations for (h! ,c ) : 
l X 
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() 1"'/ n nz I z = ~ c exp(-c --)de 
n YTT c 

0 

The functi<m I ( z) are the well-known Abrarrowi tz fllilctions . n 

(1.11) 

Equation (1.9) can be written as an integral equation for vlx(z) because 

with <P = h' + <P and (1. 8) we find: c 
P n2 

(h' c )- 2o __ o_ D ~ 
1' x p0 n10n20 <lx n 

p n 2 n 
(h' c )+ 1o __ o_ D ~ .J:. 

2' x p n1 n 2 ax n 
0 0 0 

Furthe:r110re we use: 

Fick's law (III.3.52), 

P2o ~o a n1 
v (z )~v = - - --- D --1x g s p

0 
n

10
n20 ax n 

and: z 

(1.12) 

( 1.13) 

(1.14) 

r I_1 ( lz-z'l )dz 1 = 1-I (z)-I (z -z) (1.15) 
0 0 0 g 

Then we find: 
z 

g 
vix(z) = J I_1 <1a1v1 !z'-zi){(1- n ~1)v1 (z')+ c1v

2
(z')}ls1v1dz' 

0 0 z 
& ~ d ~ 1 + v1(zg)I

0
(/a1v1 (zg-z))-c1 J I_1 <1a1v1 !z'-z!) n

1 
D ax n-1a1v1dz (1.16) 

0 0 

and a si.mil.a:r equation for v
2

x(z). 

The fact that a closed system of integral equations for v1x(z) and v2x(z) is 

follild, is typical for the B.G.K.-m:xlel. 

It is l1lOl:'e oonvenient to use dimensionless quanti ties. 

Let 
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u = la1v1z 

la2 v2 C/m1 
a= lal v1 = ~ 

(1.17) 

( 1.18) 



no · a n1 n2o n2o no ~ n1 
-g1(u)-D--=v --Cv +-Cv --CD-- (1.19) n10 ax n 1x n0 1 1x n

0 
1 2x n10 1 ax n 

no a n1 n1o n1o no a n1 
g (u) - D-- = v -- C v + - C v + - C D-- (1.20) 2 n20 ax n 2x n0 2 2x n0 2 1x n20 2 ax n 

Substitution of (1.17) to (1.20) into (1.16) leads to the following system 

of coupled integral equations: 

n
2 

o 
g1(u)-(1-~ c1){ J r_1<1v-ul)g1(v)dv+g1(o)I0 (o-u)} 

0 0 

n
1 

o 
+ ~ c1{f I_1Calv-ul)g2(v)dv+g2(o)I0 (ao-au)} = c1 

0 0 

( 1. 21) 

u < 0 

The value of o must be chosen in such a way that g1 (u) and g2(u) reach their 

asymptotic value (u--) within the desired accuracy. 

From (1.19), (1.20) and (1.14) we see that: 

n n 
2o (o) + 1o (o) = 1 (1.22) n g1 n g2 
0 0 

We can use ( 1. 2 2) and the numerical values of g1 ( o) and g2 ( o) to check 

whether the chosen value of o was large enough. 

The slip coefficient oD (2.15) is with (1.19) and (1.20): 

aD= -g1(o) + g2(o) 

We related the collision frequences v
1 

and v
2 

to the coefficient of 

viscosity and v12 to the diffusion coefficient, cf. table I.4. 

Then the pararreters in the equations ( 1. 21) can be written as: 

C1 = Tl(1/P1oD 

a = n2oTl(1)/m2/n1oTl(2)/m1 

o = {ls1n10kT0/TJ( 1)}zg 

where expressions for Tl
1 

and Tl 2 are given in table (I.4). 

(1.23) 

(1. 24) 

( 1. 25) 
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b) Numerical solution by finite differences 

Numerical solutions with this method have been used already for the 

problem of plane Poiseuille flow (Cercignani and Daneri, 1963), 

Poiseuille flow (Cercignani and Sernagiotto, 1966) and heat transfer 

between parallel plates (Bassanini, Cercignani and Pagani, 1967). 

The method consists of writing the equation 

0 
f(u) = f r_

1
<1v-uj)g(v)dv+g(o)I

0
(a-u) 

0 

as a set a linear albraic equations: 

N 
= I r. .g. 
i=1 1 ] J 

which can be solved numerically by the Crout algorithm. 

( 1. 27) 

(1.28) 

With (1.27) and (1.28) the equations for the problem (1.21) can be written 

as: 

where: 

and 

where 

2N 
L K .• ~ ;:; a. or 

j=1 l.J l. 

for i .s; N 
g. = { 1 

g2i-N fori> N 

={ c1 
for i .s; N 

K = = 

c2 for i > 

n 
(1- 2o C )I 

n 1 = 
0 

N 

z.-;;_g=~ 

n 
_...l£cr 

n l=a 
0 
n 

(1- 1o C )I 
n n 2 =a 

0 0 

is obtained by replacing v and u of ~ by av and au. 

So when the matrix~ is known the solution of the equations (1.21) is 

(1. 29) 

( 1. 30) 

( 1. 31) 

( 1. 32) 

There are many different ways of differencing equation 

(1.27). As sare methods are not directly applicable because of the 

of the kernel r_1 for u=v, we shall first reJlDVe this 
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,, 
'. 

We write: 
0 

f(u) ~ J I_
1

<1v-ul)(g(v)-g(u))dv+g(u) 
0 

or with (1.15) 
0 

0 
J r_

1
<1v-ul)dv+g(o)I

0
(o-u) 

0 

f(u) ~ J r_
1

<1v-ul)(g(v)-g(u))dv-g(u){1-I
0

(u)-I
0

(o-u)}+g(o)I
0

(o-u) 
0 

Without further proof we assume: 

lim I_
1

<1v-ul)(g(v)-g(u)) ~ o 
u+v 

(1. 33) 

( 1. 34) 

With (1.34) the differencing of the integral in (1.33) offers no problems 

anymore. 

In order to solve the problem in the shortest computation time we tried 

four rrethods of differencing. 

(i) Approximation of the integral by a stepwise constant integrand. 

This is the most obvious way of differencing. 

N-1 
f(y~i) ~ l I 

1
< lu.-u.IHg(u.)-g(u.))(u. 

1
-u.)+g(u.){1-I (u.)-I (~-u.)} 

j~1 - J l J l ' ]+ J l 0 l 0 l 

+gNio(~-ui) (1. 35) 

,/We took o ~ ~ and g(o) ~ gN 

(ii) Approximation of the integral by the trapezoidal rule. 'This method 

gives 

f (u.) 
l 

) 

a better approximation of the integral than (i). 

N-1 
~ l ;[r 1<1u.-u.l){g(u.)-g(u.)}+I 

1
<1u.+1-u.l){g(u.+1)-g(u.)}](u. 1-u.) 

j ~1 - J l J l - J l J l ]+ J 

( 1. 36) +g(u.){1-I (u.)-I (u..-u.)}+g"'I (u..-u.) 
l Ol ONl HONl 

'fhe matrix elerrents of ! are 

/.-)ri1 = ;r_1 (I u1-ui I Hu2-~1 ) i f. 1 

/' liN= ;r_1 <1~-uii)(~-~-1 )+I0(~-ui) 
I .. = 
l] 

I .. 
ll 

i f. N 

if. j, j f. 1, j f. N (1.37) 
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(iii) Approximation of g ( v) by a 

g. ~ g(u.+
1
/2+u./2) ' l l l 

(1. 38) 

This method was used by Cercignani and Daneri (1963). With this method we 

do not need the formula (1. 33) because the sigularity vanishes after 

integration of I_1<1v-ul) and we have 

N uj+1 
f. = L g. f <lv-u./2-u. 112l)dv+gNI (~.+ 1-u./2-u.t1/2) (1.39) l . 

1 
] l l + 0 --N l l 

J= uj 

where: f. = f. (u.+1/2+u./2) (1.40) l l l l 

ll = 'N+1 

If we define: 

I~. sgn(w. 
1
/2+w./2-u.)I <iu. 

1
/2+u./2-u.j) 

l] l + l J 0 l+ l J 

we find for the elerrents of I: 

I.. 
l] 

= 
* * ' * = Iij+1-Iij-0iNiiN+1 

* * * 1+Iii+1-Iii-oiNiiN+1 

where oiN is the Kronecker symbol. 

(iv) Approximation of g(v) by a 

g. = f g(v)dv/(u. 
1
-u.) 

l l+ l 
ui 

i ¢ j 

(1.41) 

( 1. 42) 

(1.43) 

This rrethod was proposed by 

of (iii) and leads to 

and Daneri (1963) as an improvement 

N ui+1 uj+1 
(u. 1-u.)f. = L g. I du f 

l+ l l. j=1 J u. u. 
l J 

where o :: 'N+1 
If we define here: 

I~.= I
1
(ju.-u.l) 

l.J J l. 

ui+1 
I v-ul )dv+~ I I (jN+1-u)du 

u. 0 
l 

we find after integration the following elements for I 
= 

* * * * * I.. (-I.+1 "+1-I. .+I. 1 .+o.NI. 1 N 1-o.NI. N 1)/(u. 1-u.) i 'F j l] l. ,] l.,J l.+ ,] J l.+ ' + J l., + l.+ l. 

(1.45) 

• * • * • ' I .. = 1+(-I.+1 .+1-I .. +2I .. 1+oiNIN+1 N 1-oiNIN N 1)/(u. 1-u.) (1.46) 
l.l. l. ,l. l,l. l.,l.+ ' + ' + l.+ l. 
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c) The computer program 

This part of the work has been performed 

not be reported here. 

B. van Bree (1972) and will 

d) The accuracy of the results 

We started the computational work with method (ii) of differencing, 

equidistant steps as was propcsed by van Bree. In order to know 

the accuracy of the results we investigated the influence of the number 

of steps and the influence of the choice for o. As we did not find 

a satisfactory, quick, convergence to limiting values, we tried a 

varying step width (small steps for small values of u and ones 

for large values of u). The improvement was somewhat disappcinting 

because the varying steps needed more computational time than the 

equidistant steps for the same number of steps. (With N equidistant 

steps N different values of I( lu.-u.l) need to be calculated. With 
l. J 

varying steps this will be ~N(N+1)). For that reason we tried also 

the metha:B (iii) and (iv) which have the advantage that only one 

Abramowitz function is needed. This allowed us to take more , but 

still the results are considered to be accurate to only two decimals. 

The problem of diffusion slip has an important disadvantage for the 

computation time with problems for a simple gas. There are 

extra independent parameters in the problem which can be chosen 

viz: 

- The concentration ratio. 

- The parameters depending on the nature of the components of the 

mixture. 

Their influence on the results is not known a priori. With all the 

different computer programs.we used not only mueh computer time but also 

much of our own time. We think that more analytical work on this problem 

should be done to find a different method for numerical solution giving 

better results in less computation time. 

e) Results 

We have listed the results of five mixtures in the tables below. The 

transport ccefficients needed for the calculation can be found in 

Chapter III section 3. c. 
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For z we choose 
g 

m1~ 
z = 30D 
g 2(~+~)kT 

We used method (iv) for differencing with 29 steps. The average romputa-

tion time was 78 seronds • 

Table A.1 The diffusion slip roefficient for various mixtures 

nin CID (Ar-H2) crD (Ar-He)! CID (Ar-Ne) aD <Ar-co
2

) 

0 5.39 2.34 0.28 0.080 

0.2 2.34 1.46 0.25 0.069 

0.4 1.52 1.07 0.23 0.058 

0.6 1.14 o. 86 0.21 0.047 

0.8 0.91 o. 72 0.20 0.037 

1 0.76 0.62 0.18 0.026 

T~le A.2 The diffusion slip coefficient for N2-H2 

nln 0 0.15 0.25 0.35 I 0. 45 0.55 0.65 0. 75. 0.85 1 

aD 1.49 1.17 1.03 o. 921 0. 83 0.76 0.70 0.651 0.61 o. 55 

The ratio of the number fl\ll(l;s Rz
1 

(III.3.61) is plotted as a function of 

nln in figure 6. 

The m.nrerical result is compared with the results of the approximations 

given by the Maxwell, variational and half-range manents methods. 

The solid line between the dashed lines has been calculated fran the 

tables A.1 and A.2 with (III.3.61). 
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A.2 The hydrodynamic distribution function in spherical coordinates 

a. The transforma.tion 

The spherical coordinates are chosen in the ususal way. So: 

x = rsinEicos<j>; y = z = rcose (2 .1) 

The velocities in the spherical coordinate system are 9' = (cr,c6 ,c<P) with 

the following relation with the velocities in the cartesian system 

2 = (c ,c ,c ) : 
X y Z 

where: 

c' = c·e a - -a a r,e,.p 

e = (sinecos.p,sinesin.p,cose) -r 
~e = (cosecos.p,cosesin.p 

~., = (-sin.p,cos<j>,o) 

(2.2) 

(2.3) 

For the transformation of the hydrodynamic distribution function we only 

need the identity 

v'·c' = v·c - - --
and the transformation of 2 • Vlji into 

With the abbreviated notation 

a = .L 
r ar' 

2 • Vlji can be written as: 

s;·Vlji = crarlji+c8a8Tjl+c.,a.,Tjl+ I (crarc~+c6 a 6c~+c<Pa<Pc~) a 
a . 

With (2.2) and (2.3) we find 

a c' 2 r-
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(2.4) 

(2.5) 

Tjl a=r,e ,.p (2.6) 

(2.7) 



With (2.4) ffild (2.6) the function ~( 1 ) (I.3.14) reads as follows: 

~ (1) ::: 

- ~ 
no k 

A(c) 
no 

- 2.... B(c) { 
no 

where 

{ crd.'a' +c8 dKB +cq, dk<P} 

T T } 
+ceae T +c<l>a¢ T 

0 0 

)a v +Cc2-~c2 )(1 v +8 r r 8 r r 

1 ) ' 1 - V0 +o 8v +c C~lril - V~+o 
r" r r'f rr 'f 

)+(c2-~c2)(1 v +cote 
.p r r r 

(sineae sine v¢+aq,ve)} (2. 8) 

a ::: r,e ,q, (2.9) 

The function 

<1>(2) 

2._ I IJ 
no k 

1 +
n 

0 

{cc;-,c2)ar~+(c~-,c2) 

+(c2-J.c2) cl ci + cote ci +il ci ) 
' ~ r ~ r -kB ¢-k<P 

+2crc 8 ardk 8+2crc<Par~¢+2c8c<l>a 8~q,} 
T 1' 

{cc;-~c2 )a; ~ +Cc~-~c2 )(r 
0 

+(c2-~c2) cl a !._ + cote a 
¢ r r T

0 
r 

T T 
arae T +2crc.Para¢ 

0 

3 3 +(c c2C- a v - -- v +2a a v - -a v +il 2v ) r e r r r r 2 r r e e r e e e r 

+cczclav-2._v+ , 2 2 cote 
r <P r 'r r r2 r r "rve+ 8r 8.pv.p- r 8.pv¢+ 7 aevr 

_ 4cote v +a2v ) 
r2 8 <P r 

cazv + la v + 1 a v- !_ v ) 
eererrrerz8 

2 2. 2 
arve+2ilrilevr- r arve+ 

+c c2(a2v +2a a v + 1 a v -
84>¢8 8¢<jJrr8 r2 

cote 2 2 v -2 a v - - v + - a v 
0 r ¢ ¢ .r2 s r e r 
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+ 1 a v ) 
r r ~ 

(2 2 2 2 ~ + 2 ~ ~ _ 2cot6 
+CrCBC~ araBv~- r a 6v~+ ara~v6- r o~VB o~oBVr ~ 

+ 4cot6 v - 2cot6 a v )} 
r2 ~ r ~ ~ 

b. The hydrodynamic distribution function near the wall 

- The function w( 1) 
c 

(2.10) 

As the slip boundary conditions are of fimt or higher order, the substitu

tion of these effects into w ( 1 ) would lead to second or higher order 

terms. So up to the first order w( 1) can be simplified by use of the no-slip 
c 

conditions 

(o) T(o) = T 
w ~'k = 0 

Another simplication can be made with the help of the linearized Euler 

equations cf. (1.3.44) 

2 cote 
arvr+ r vr+aeve+ -r- ve+a~v~ = 0 

and 

v L = o, i.e; ca E_,a
6 

E_,a,. L) = Co,o,o) 
Po r Po Po "' Po 

With (2.11) to (2.13) the function w(l) (2.8) can be written as w( 1 ): 
c 

- 1_ L Dk(c){c a ~ +c a ~ +c a ~} 
n

0 
k 6 6 n ~ ~ n r r n 

1 { T T 1' - - A(c) c a - +c a - +c a -} 
n

0 
r r T

0 
6 6 T

0 
~ ~ T

0 

- 1_ B(c){c c6a v +c c,.a v,.} 
n r rrr"'r"' 

0 
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(2.11) 

(2.12) 

(2.13) 

(2.14) 



With v~) = o, and Fick:'s law one can see that in this order of approximation 

also: 

= 0 
n 

So this term can be removed from ( 2 .14) 

Th f 
. (2) 

- e unctlon <I> c 

(2.15) 

Th f . ( 2 ) . f d . h h f' """" d't' f (1 ) e unctlon if! lS oun Wl t t e lrst o,~. uer con l lOns or if! 

d h l .c di · f ( 2 ) f h · l'f' · an t e no-s lp con tlons or <I> • For urt er slmp l lcatlons we can use 

the Stokes equations (1.3.38) to (1.3.41) and (1.3.44). 

The operator in spherical coordinates is given by: 

v2 a r2a + 
r2 r r 

With the first order 

(2.16) 

o the function <1> ( 
2 ) becomes 

c 

+ L-1A(c) { (c2-~c2 ) a2 !.._ +(c2-~c2 ) c.! a !.._ +i12 T 
n r rT e a rT e 

0 ' 0 0 
1 . T T 

+(c2-~c2)(- a - + ae - +a2 .p a r T
0 

a T
0 

<!> 

T T T 
+2crcearae +2crc$ara<l> ~ +2c6c.pae".p ~J 

0 0 

+ .!._ L-1P B(c){c3 a2v -c c22i12v +c3 1_ a v +c c2 (i12v -.£.a v ) 
n0 1 r r r r .p r r e a r e e r r e a r e 

+c c 2 1. a v +c3 1. a v +c c 2 Ca 2v - .£. a v )+c c 2 1. a v } e .p a r e .p a r .p .p r r .p a r .p .p e a r .p (2.17) 
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Nomenclature 

a 

A 

A' 
A(c) 

B(c) 

s: 
c 

0 
cc 

D 

d 3r 

d 3r 

~(c) 

Eik 
E 

f(~,s;,t) 

f. (c) 
lO 

fd(E:) 

fT(E:) 
f (E:) 

v 
F 

h 

h~ 

h 
0 

h' 
0 

h' 
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radius of the sphere 

gas-wall interaction operator 

modified gas-wall interaction operator, cf. (1.2.4-2) 

lJhaprnan-Enskog f\.mction, cf. Table I. 3. 

Chaprnan-Enskog function, cf. Table I.3. 

molecular velocity 

rnagni tude of s: 
cf. (1.3.16) 

cf. (I. 3.19) 

binary diffusion coefficient 

multicomponent diffusion coefficient 

thermal diffusion coefficient, cf. Table I. 3. 

Chapman-Ehskog function, cf. Table I. 3. 

streaming operator, cf. (I.2.2) 

volume element in configuration space 

volume element in, velocity space 

"C.E." function, cf. Table I.3. 

multicomponent temperature diffusion coefficient, cf.Table I.3. 

operator cf. (I.2.51) 

velocity distribution function 

absolute Maxwellian 

cf. (IV.2.20) 

cf. (IV. 4-. 2) 

cf. (IV. 4-. 2) 

force 

deviation from hydrodynamic distribution function, cf. (I.2.17) 

sQlution of auxiliary equation, cf. (II.2.9) 

s~urce term, cf. (I.2.4-7) 

source term, cf. (I.2.4-8) 

related to h, cf. (III.3.9) and (III.4-.8) 

trial function for h 

trial function for h* 

colUJJ)J1 ( 1 , 1 , ••••••• ) 



~ 
K 

I 
m. 

l 

M. 
rl 

M. 
l 

M 

n 

p 

p 

Pr 

T 
s 

u 
u 
y 

v 
~m)1) )2) - ,_ 

functional for the integra-differential form of the L.B.E. 

functional for the form of the L.B.E. 

Boltzmarm constant 

thermal diffusion ratio 

integral matrix operator (I. 2. 11) 

mean free path 

molecular mass 
-27 

relative molecular mpss mi = Mrix1.66x10 kg 

molecular mass ratio (III.3.51) 

integral matrix operator (I.2.69) 

total number density 

unit normal vector on S pointing into the gas 

hydrostatic pressure 

projection operator (I. 3. 3) 

Prandtl number 

traoeless pressure-tensor 

heat flux density vector 

radius vector 

reflection operator (I.2.20) 

region of the surface 

time 

temperature 

first and second order temperature jUJ'Ip 
= T(1) 

integral matrix operator 

velocity in z direction, cf. (IV. 2. 2) 

hydrodynamic velocity 

mass velocity 

first and second order slip velocity 
v = v(l) 

S X 
region in the configuration space 

region of the l:ody 

number velocity 
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Greek synibols : 

Superscripts 

(M) 

(V) 

(H) 

(n) 

126 

accommodation coefficient for tangential momentum of componerti 
acconmcx:l.ation for kinetic energy of component i 

column <s1,s2 ..... ) 

= m./2kT 
l 0 

Kronecker o 
kth l f 'de . . co umn o 1 nt1ty ma.tr1x 

Knudsen number (IV .1.1) 

coefficient of viscosity 

thermal conductivity 

thermal conductivity of the body 

matrix of collision frequencies 

mass density 

viscous slip coefficient 

thermal creep coefficient 

temperature jump coefficient 

diffusion coefficient 

slip coefficient,cf. (III.5.66,67,68) 

slip coefficient for diffuse reflection, cf. (III.5. 75) 

part of slip coefficient resulting from non-diffuse 

cf. (III.5. 75) 

column of "distribution" functions, cf. (1.1.1) 

source term in boundary condition, cf. (1.2.19) 

hydrodynamic fupctions 

extrapolation of hydrodynamic functions to the cf. (A. 2) 

asymptotic hyclrOOynainic functions 

exact solution of the linearized Boltzmann equation. 

Maxwell 

Variational 

Half-range 
th ord . . n er approXlrna.tlon 



Subscripts 

B 

i 

(i) 

n 

0 

t 

w 

Notation 

[ ]1 
(pi,IJii) 
(p,1j;) 

(p,1j;)+ 

((p,1j;)) 

constituent of the mixture 

constituent part 

nonnal component 

zeroth order approximation (with respect to linearization) 

tangential component or tangential of 

wall 

first approximation 

inner product of a constituent in velocity space, cf. (I.1.4) 

complete inner product in velocity space, cf. ( I.l. 5) 

inner product in velocity 

complete inner product in 

cf. (I.2.60) 

c > 0 n -
and configuration space, 
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Sa'Il2nvatting 

Vlakbij een wa11d bevindt zich een J<-inetischc grenslaag vJaar-'-D &2 

snelheidsverdelingsfunctie van de moleculen ai·wijkt van de (llydn:..'Ciyna'I'ische) 

verdelingsfunctie ver van de Wru'ld. Het effect van. deze grenslau.g cp de 

hydrDdynarnische strcrring kru'l in rekening gebracht worden met zogenaru~Kle 

slip-randvcx:>rwaarden. Het berekenen van deze sJ ip met· benaderde methoden 

is het centrale thema van dit werk. Daar dit probleem ir1 zijr: 

erg gecomplic.:eerd is llebben wij ons beperkt tot een forrnalisme vJaanvcce' 

het volgende geldt: 

- Reynoldsgetal, l'lachgetal en relat:i ve temperatuurverschillen zijn klein. 

Dit houdt in dat de Boltzmann-vergelij:ring mag worden gelineariseerd. 

- De inwendige vrijheidsgraden van de IIDleculen spelen geen rol. 

Er· is (vrijwel) geen beperking ingevoerd vcx:>r de wisselwerking va11 de 

gasmoleculen onderling en met de wand. Verder wordt een gasmengsel van 

willekeurige samenstelling beschouwd. 

In hcx:>fdstuk I wordt de gelineariseerde Boltzman,'1vergelijking met zijn 

randvoorwaarden behandeld. Het fonnalisme vcx:>r de hydrodynamische verdelings

distributiefunctie van een gasmengse1 wordt vereenvoudigd me·t behulp van 

een prcjectie-operator. Een uitbreiding van de bestaande theorie word·t ge

maakt naar een veel-temperaturentheorie. 

Er wordt een eenvoudig model voor de botsings-operator van de lineaire 

Boltzmarnvergelijking (B.G.K. model) en een model voor de gas-wand wisselwer-

king behandeld. Door te eisen, dai: de hydrDdynarnische snelheidsverdelings- ... 

fu.'1ctie, die berekend kan worden met het mcxiel, in goede benadering overeen-

komt met die van de lineaire Boltzrnann-vergelijking (hierna afgekort als 

L.B.E.), kunnen de botsingsfrequenties van het model voor een veel-cornponen

tenmengsel berekend worden. 

In hcx:>fdstuk II worden twee rnethcx;ien behandeld om benaderde oplossingen 

vcx:>r het probleem te 1vinden: 

- De variatiernethode. 

- De "half-range moments 11 methode . 

In de literatuur worden twee verschillende variatiefw1ctionalen gebruikt: 

De functionaal voor de L.B.E. met randvoorwaarden en de functionaal voor 

de integraalvergelijking, die uit de L.B.E. met randvoorwaarden afgeleid 

kan worden. 
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De overeenkomsten en verschillen van beide functiona.len worden onderzocht. 

Er blijkt dat voor eenvoudige problemen beide functionalen tot een enkele 

functionaal herleid kunnen worden. De "half-range moments" methode kan 

worden beschouwd als een bizonder geval van de methode van gewogen resi

duen. Deze ~rethode kan op zijn beurt in verband gebracht worden ~ret de 

variatie-methode. Aan de hmd van deze overeenkomst kan in het algemeen een 

betere keuze voor de gewichts- en probeerfuncties gemaakt worden dan de 

tot dusver gangbare. 

In hoofdstuk III wordt het slipprobleem behandeld voor een bolvormig 

oppervlak, ~ret een straal die groat is t.o.v. de gemiddelde vrije weglengte 

van de gasiiDleculen. De eerste orde slip is voor een bolvonnig oppervlak 

dezelfde als voor een vlakke plaat. De resultaten die wij voor de eerste orde 

slip vinden ~ret de in hoofdstuk II beschreven methoden zijn in het algemeen 

niet nieuw. Wij berekenen de slipcoefficienten voor de snelheidslip en 

temperatuursprong in een enkelvoudig gas voor drie modellen van de botsings

operator: 

- Het B.G.K. model. 

- Het Maxwell-model (L.B.E. voor Maxwellmoleculen). 

- Het harde bollen-model (L.B.E. voor harde bollen). 

De diffusieslip in een binair gasmengsel wordt alleen voor de eerste twee 

modellen berekend. Deze slip wordt voor het B.G.K. model niet alleen met de 

benaderde methoden, maar ook meer exact met de computer berekend. Uit de 

vergelijking van de resultaten van de benaderingsmethoden, met die welke 

verkregen zijn ~ret meer exacte methoden, blijkt dat in de meeste gevallen 

de meer exacte oplossing tussen de benaderde oplossing van de variatie

~rethode en "half-range mo~rents" methode in ligt. Verder blijken deze metho

den ongeveer even nauwkeurig te zijn. 

De berekeningen ~ret de variatie methode zijn het eenvoudigst. Om deze reden 

is de 2e orde slip alleen ~ret de variatiemethode berekend. De 2e orde slip 

was tot nu toe alleen voor het B.G.K. model van een enkelvoudig gas Jret 

diffuse reflectie aan de wand behandeld (Sone). De uitdrukkingen voor de 

2e orde slip, die wij afleiden zijn geldig voor een veelcomponentenmengsel 

en voor een willekeurig model voor de wisselwerking tussen de gasmoleculen 

onderling en met de wand. 

De slipcoefficienten die we vinden voor het B.G.K. model van een enkelvoudig 

gas kOJren goed overeen met de resul taten van Sone, welke op geheel andere 
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wijze berekend zijn. Wij hebben deze slipcoefficienten ook Voor' Maxwell

moleculen berekend. Deze wijken sterk af van de B.G.K.-slipcoefficienten. 

In hoofdstuk IV worm de thenroforese behandeld. Dit effect is een 

interessant en belangrijk gevolg van slip, andat het niet gevonden worot 

als er geen slipvoorwaarden voor de Stok:es-vergelijkingen toegepast worden. 

Om de thermoforetische snelheid uit te rekenen in een enk:elvoudig gas. 

worden eerst de wrijvingskracht en de thennoforetische kracht apart 

behandeld en daarna aan elkaar gelijk gesteld. 

De thenroforetische kracht blijkt sterk af te hangen van de verhoud;ing 

van de wanntegeleidingscoefficienten van het lichaam en het gas. Voor de 

thermoforetische kracht is ook nog een bescheiden experiment uitgevoerd 

in een Millikan-rondensator om vergelijking met de theorie rogelijk te 

•JJBken. 

Invoering van de 2e orde slip blijkt een verbetering van de bestaande 

theorie te geven, rraar de overeenkomst tussen theorie en experiment is 

nog geenszins bevredigend. Als oorzaken liggen het meest voor de hand: 

- De onnauwkeurigheid van de theoretische slipooefficienten door het 

gebruik van het Maxwell-model en het zeer eenvoudige model van gas

wand wisselwerking • 

. r,·. De uitdrukkingen die wij hebben afgeleid vertonen namelijk ee.n sterke 

afhankelijkheid van de accc.rnJJDdatiecoefficienten, waarvan wij geen be

i,. trouwbare ex:perimentele gegevens hebben. 

- De experimentele gegevens Voor' kleine Knudsengetallen zijn niet betrouw

baar of ontbrek:en. 

Di t komt doprdat de thenroforetische kracht voor kleine Knudsengetallen 

zeer klein is. 

Tenslotte hebben wij met het eenvoudige lrodel van de gas-wand wisselwerking 

ook de thermoforese in het gebied van vrij-roleculaire-stroming (groot 

Knudsengetal) berekend. Ook hier blijkt de verhouding van de wanntegeleidings

coefficienten van het bolletje en het gas een belangrijke rol te spelen. 
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STELLINGEN 
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afhankelijkheid van de diffusiecoefficient van het Knudsengetal berekend 

worden. 
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Proefsahr>ift, Leiden (196'1). 

II Wegens de verschillende definities van vrije weglengte in de gaskinetica, 

zou het verdienen om deze grootheid te ncmnaliseren of niet 

te gebruiken in kwantitatieve resultaten. 

III In de laatste decennia heeft de kinetische gastheorie grote invloeden 

ondergaan van de ,plasmafysica en neutron transport 

theorie. 

Shen, S.F., A theory for the slip flow boundary aonditions over a 

surfa~ by arbitrary gas-surfaae interaation parameters. 
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Williams, M.M.R., Mathematiaal methods in partiale transport theory. 

Butterworths, London (19'11). 

IV dienstverband heeft rreer het karakter van een 

functie in de maatschappij dan van een '-'V"'-"'·"'-'~· ... 1", 

daartoe. 

V Naast provinciale wegen vindt men vaak achtereenvoigens 

bamen - . Deze volgorde zou beter omgedraaid kunnen worden. 

VI De invloed van de CJedeputeerde Staten ap het dagelijks bestuur van 

gemeenten is (no g) weinig doel treffend als het gaat om het 

behoud van natuur- en cultuur-landschap. 

VII Een experirrent waarin men een populatie drosophila mega.loiga.l:>tElr 

de overtuiging bijbrengt dat hun gedrag door opvoeding --J,----
een andere door middel van leren dat hun gedrag is , zou 

verhelderend werken in de nature-nurture controverse in de 

wetenschappen. 
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