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SUMMARY. 

The analysis of soft biological tissue structures i~ complicated by 

complex material properties, a variation of material properties over 

specimens and often unknown interactions of tissue structures with 

their environment. For a theoretical analysis , commercially available 

programs - based on the Finite Element Method (FEM) - prove to be 

useful tools. A problem which cannot be tackled by existing FEM tools 

is that thin biological tissues have little flexural stiffness and 

can hardly support any in-plane negative stress . If a negative stress 

is about to appear, wrinkling occurs; this can have major 

consequences for the mechanical behaviour. The objective of the 

research, presented in this thesis, is to develop a membrane theory 

and FEM tools for the analysis of soft , biological tissue structures 

which can wrinkle . As most biological tissues are highly anisotropic, 

have a nonlinear stress -strain relationship and can undergo large 

deformations the theory has to account for these phenomena. 

A solution is found which enables to study the stresses in wrinkled 

membranes. This solution is used to formulate a membrane element. 

Experiments have been performed to verify the theory. Membranes of 

polymer material were loaded with a combination of extension and 

shear . It appeared that it is possible to give a quantitative 

prediction of the forces required to deform the membranes. 

The force transmission in collagenous connective tissue structures 

is examined. Rectangular membranes subjected to relatively simple 

load cases are studied and the influence of anisotropy and loading 

conditions on the stress patterns are examined . Moreover, the 

theoretically determined force transmission and deformations in 

collagenous connective tissue are compared with experimental results 

from Peters (1987). 
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It is examined whether commonly made assumptions in the analysis of 

slender structures, are also valid for slender collagenous connective 

tissue structures . 

Finally, a selection of problems is analysed (the behaviour of an 

inflated half sphere, torsion tests on skin tissue and the closing of 

an elliptical wound in skin). These examples are meant to illustrate 

the capabilities of the developed numerical tool. 

It is concluded that: 

- Experiments demonstrate that a quantitative prediction of force 

transmission in wrinkled and non-wrinkled membranes is possible 

with the developed numerical tool. 

Theoretical results for force transmission in collagenous 

connective tissue structures show qualitatively a fairly good 

agreement with experimental results . Both the experimental and 

theoretical investigations indicate that collagen fibres dominate 

the mechanical behaviour of collagenous connective tissue 

structures. A quantitative comparison between theoretical and 

experimental results requires a more realistic constitutive 

equation . 

- It is found that commonly used assumptions in the analysis of 

slender structures, do not hold for slender collagenous connective 

tissue structures . 
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SAMENVATTING. 

De analyse van zachte biologische weefsels wordt gecompliceerd door 

een complex materiaalgedrag van de weefsels, positieafhankelijkheid 

van materiaaleigenschappen en vaak slecht bekende interacties van 

weefselstructuren met hun omgeving. Commercieel verkrijgbare 

programmatuur, gebaseerd op de Eindige Elementen Methode, blijkt 

geschikt voor de analyse van biologische structuren. Een complicatie 

welke niet door bestaande programmatuur in rekening kan worden 

gebracht is de volgende. Dunne biologische weefsels kunnen geen 

negatieve spanningen (in het vlak van het weefsel) opnemen waardoor 

ze plooien. Dit verschijnsel kan wezenlijke gevolgen hebben voor het 

mechanisch gedrag van deze structuren. Het doel van het in dit 

proefschrift beschreven onderzoek is de ontwikkeling van een 

membraan-theorie en numeriek gereedschap gebaseerd op de Eindige 

Elementen Methode, die gebruikt kunnen worden voor de analyse van 

dunwandige structuren. Aangezien de spannings-rek relatie van veel 

biologische weefsels niet-lineair en anisotroop is en grote 

vervormingen mogelijk zijn, dient hiermee rekening te worden 

gehouden. 

Er is een methode ontwikkeld waarmee het mogelijk is om de 

spanningstoestand in een geplooid membraan te berekenen. Deze 

oplossing is gebruikt voor de formulering van een membraanelement. 

Verificatie van de theorie is uitgevoerd door middel van 

experimenten waarbij kunststof membranen werden opgerekt en 

afgeschoven. Hieruit bleek dat de werkwijze kwantitatieve uitspraken 

omtrent de krachtdoorleiding in plooiende membranen mogelijk maakt. 

Er is een begin gemaakt met een studie naar de wijze waarop 

collagene bindweefselstructuren krachten doorleiden. Voor een 
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rechthoekig membraan is, voor relatief eenvoudige belastings

situaties, de invloed van anisotropie en randvoorwaarden op de 

krachtdoorleiding bepaald. 

Vervolgens zijn enkele experimenten aan collageen bindweefsel 

geanalyseerd. Hierbij is bekeken of theorie en experimenten 

kwantitatieve overeenkomsten vertonen. 

Er is onderzocht of gangbare aannamen voor de analyse van slanke 

structuren, ook geldig zijn voor slanke collagene bindweefsel

structuren. 

Het gedrag van een halve bol belast door inwendige druk, de 

numerieke analyse van een torsietest op huid en de analyse van het 

sluiten van een elliptische wond in huid illustreren de mogelijkheden 

van het ontwikkelde numerieke gereedschap. 

Enkele conclusies uit het onderzoek zijn als volgt: 

- Experimenten tonen aan dat met het in dit proefschrift ontwikkelde 

numerieke gereedschap, kwantitatieve uitspraken over de 

krachtdoorleiding in plooibare membranen mogelijk zijn. 

- Theoretische resultaten voor de krachtdoorleiding in een collagene 

bindweefselstructuur vertonen kwalitatief een goede overeenkomst 

met experimentele resultaten. Voor een kwantitatieve vergelijking 

is een meer realistische constitutieve wet nodig. 

- Gangbare aannamen bij de analyse van slanke structuren blijken niet 

te gelden voor de slanke collagene bindweefselstructuren. 
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NOTATION. 

Scalars; 

a scalar 

Vectors· 
~ 

a vector 

lal length of vector a 
a·E dot product of vector a and vector E 
a*E cross product of vector a and v ector E 
a E dyadic product of vector a and vector E 

Tensors: 

A second-order tensor 

Ac conjugate of tensor A 

Arc right-conjugate of tensor A 

A-l inverse of tensor A 

A·a dot product of tensor A and vector a 

A·~ dot product of tensor A and tensor ~ 

A : ~ double dot product of t ensor A and tensor ~ 
3A third-order tensor 
4A fourth-order tensor 

det(A) determinant of tensor A 

Superscripts : 

* related to the estimated solution 

f related to the fictitious non-wrinkled membrane 

Subscripts ; 

0 related to the initial situation 
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Indices: 

Normally, indices can take the values 1,2 and 3 . However , 

indices which are Greek characters can only take the values 1 

and 2. 

Figures: 

A solid line in a figure indicates a positive value of the 

plotted result . A dotted line indicates a negative value. 
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CHAPTER 1: GENERAL INTRODUCTION. 

1.1 PROBLEM DEFINITION AND OBJECTIVE. 

Problem definition. 

From a theoretical point of view, the study of force transmission 

and deformations in soft biological tissue structures is complicated 

by many factors: 

- Deformations in tissues depend in a nonlinear way on loads applied 

to the tissues. 

- Due to, for instance, collagen fibre reinforcement the material 

behaviour can have preferential directions. 

- Soft biological tissues can undergo large deformations . 

- Stresses depend in a complex manner on the load history, i.e . the 

material behaviour is time-dependent . 

Material properties of soft biological tissues are in general 

position-dependent. 

- It is difficult to measure and control the interactions of a 

structure with the environment . However, the force transmission and 

deformations in structures are sensitive to these boundary 

conditions. For instance, the experimentally determined 

deformations in post mortum tests on collagenous connective tissue 

samples are strongly influenced by the way the tissues are clamped 

in an experimental set-up, Peters (1987) . 

The complications mentioned above, are subject of intensive 

research in biomechanics. A variety of nonlinear constitutive 

equations - expressing the relationship between stresses and 

deformations - is proposed for biological materials . Preferenti al 

directions in the material behaviour are accounted for by anisotropic 
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constitutive equations. Time-dependency is incorporated by visco

elastic or mixture models. Geometrically nonlinear theories take 

large deformations into account. 

For the theoretical study of the complications mentioned above, the 

Finite Element Method (FEM) has proved to be a suitable numerical 

tool. General purpose programs, based on the Finite Element Method, 

are commercially available. 

A problem which cannot be tackled by existing FEM programs, is 

discussed in the following. Many soft tissue structures in the human 

body are very thin . Examples of such tissues are lining tissues, 

cardiac valves or lung tissue. Also the fibre reinforced connective 

tissue which transmits forces from muscle to bone often appears as 

complex spatial structures of thin tissue. Thin soft biological 

tissue structures have little flexural stiffness. Furthermore, a 

negative in-plane stress will almost immediately lead to wrinkling. 

Thin structures are commonly modeled with membranes. In classical 

membrane theory, the assumption that the flexural stiffness is zero 

leads to good results. However, the classical theory does not exclude 

negative in-plane stresses, which may lead to poor results. It is 

hard to predict when and where wrinkling occurs, especially when the 

geometry of the membrane and/or the loading conditions are complex. 

For instance, Rousseau (1985) predicted negative stresses in a FEM 

analysis of closed cardiac valves. He assumed that in reality these 

areas would wrinkle . As will appear later, however, a theory which 

accounts for wrinkling may lead to different wrinkled areas. 

As wrinkling of soft biological tissue structures can have a 

considerable effect on the mechanical behaviour of these structures, 

some efforts have been made to take into account that negative in

plane stresses do not occur. Danielson et al. (1975) used a wrinkling 

theory to model the mechanical behaviour of skin. Fung (1975) 

discussed the influence of wrinkling of alveoli on the overall 

mechanical behaviour of the lung. Wrinkling theory has also been used 

to study technical applications of thin structures (Yooko, 1972; 

Miller, 1983; Wu, 1974). 

As mentioned above, soft biological tissues have a nonlinear 

stress-strain relationship, are anisotropic and can undergo large 

deformations. None of the theories presented in literature is capable 
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of dealing with all of these phenomena. Most theories are restricted 

to small deformations. The only theory which accounts for large 

deformations (Wu, 1981) is restricted to isotropic material 

behaviour. 

Objective. 

Wrinkling of soft biological tissue structures constitutes a 

problem which has important consequences for the mechanical 

behaviour, but cannot be solved by existing FEM programs. For this 

reason, the present thesis is aimed at developing a theoretical model 

and FEM tools for the analysis of membrane-like structures which can 

wrinkle. 

The author developed these tools as a part of a research program 

aimed at understanding the functional morphology of fibre reinforced 

connective tissue structures which transmit forces from muscles to 

bones . The research on this subject is performed in close cooperation 

by the Anatomical Department at the University of Limburg and t he 

Department of Engineering Fundamentals at the Eindhoven University of 

Technology. As an extensive anatomical description of collagenous 

connective tissue structures around the lateral side of the elbow 

joint was available, these structures were chosen as the object of 

investigation. The classical description of the elbow joint implies 

the presence of an articular capsule , reinforced by ligaments, next 

to muscles crossing the joint. In this classical description, these 

ligaments are thought to be essential for maintaining the integrity 

of the joint. A modern anatomical description (van Mameren and 

Drukker, 1984; van Mameren et al . 1985) suggests .that the collagenous 

tissue structures around the elbow joint may function in ano ther way. 

Dissection of the lateral cubital region shows that the articular 

connective tissue forms an integral part of the connective tissue 

structure belonging to the extensores carpi, extensores digitorum and 

supinator muscles . This connective tissue forms a three-dimensional, 

multi-layered configuration constituting compartments in which 

muscular tissue is situated. The muscular fibres are attached to the 

walls of the compartments. Muscular force is transmitted by the 
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connective tissue structure to the bones. The concept of connective 

tissue structures being in series, rather than parallel, to the 

contractile elements of the muscular tissue, raises the question of 

how these structures convey forces from contractile elements of the 

muscle to the bone. 

The investigations on how collagenous connective tissue structures 

around the elbow joint convey forces are divided into two projects. 

Peters (1986, 1987) studied the force transmission through parts of 

these structures experimentally. He applied well-controlled loads and 

measured stress and strain distributions . The strain distribut ion was 

measured by means of digital image processing, where the 

displacements of a number of markers provided information about the 

deformations of the tissue . The local force transmission was measured 

by means of a number of miniaturized force transducers . It was found 

that the arrangement of the collagen fibre network dominates the 

mechanical behaviour of the structures . 

Ligaments around joints are usually modeled with cables . However, 

from the modern anatomical description it has become clear that 

this is beyond reality. More sophisticated models are necessary, 

which take into account that the collagenous tissue consists of 

three-dimensionally shaped, membrane-like structures. The purpose of 

the second project, presented in this thesis, is the development of a 

numerical tool for describing the mechanical behaviour of thin 

structures. This tool is used to study the mechanical behaviour of 

collagenous connective tissue structures. 



-11-

1.2 CONTENTS OF THE THESIS . 

In chapter 2, a membrane theory is developed which does not allow 

for negative stresses . This geometrically nonlinear theory allows for 

a nonlinear and anisotropic stress-strain relationship of the 

material. 

Employing the principle of weighted residuals and the Finite 

Element Method, an approximate solution of the field equations is 

determined. A membrane element is developed in chapter 3. 

In chapter 4, several tests to verify the membrane element are 

described. First, FEM results are compared with results from chapter 

2 for a simple shear test with anisotropic material. Next, it is 

examined whether quantitative prediction of the force transmission in 

membranes is possible . This is done by comparing FEM results with 

results from experiments where membranes were loaded with a 

combination of extension and shear. 

In chapter 5, it is investigated how membrane-like collagenous 

connective tissue transmits forces . Also a qualitative comparison is 

made between theoretical results and experimental results . In the 

last part of this chapter, it is evaluated whether usually made 

assumptions in the analysis of slender structures, are valid for 

slender collagenous connective tissue structures. 

In order to demonstrate the capabilities of the developed FEM tool, 

a selection of problems (the mechanical behaviour of an inflated half 

sphere, torsion tests on skin and the closing of an elliptical wound) 

is presented in chapter 6. 

Conclusions and suggestions for future research are given in 

chapter 7 . 
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CHAPTER 2: A THEORY FOR WRINKLED MEMBRANES . 

2.1 INTRODUCTION. 

By definition, membranes have zero flexural stiffness. This makes 

a membrane unstable when in-plane negative stresses appear. As a 

consequence, the membrane is not able to support any negative stress. 

The membrane may become slack (all the stresses being zero), or 

wrinkled (one principal stress is zero and the other is positive). In 

normal membrane theory, however, this phenomenon is not taken into 

account and negative stresses are permitted. A membrane theory which 

accounts for this phenomenon does not allow any negative stress to 

appear. The stress field after wrinkling is called a tension field. A 

tension field is uniaxial in the sense that it has only one non-zero 

principal stress component. In the direction perpendicular to the 

lines of tension the membrane is wrinkled. 

The modeling of wrinkled membranes apparently started by Wagner 

(1929). He tried to explain the behaviour of thin metal webs and 

spars carrying a shear load well in excess of the initial buckling 

value. Many authors (for instance : Reissner, 1938, Kondo et al . , 

1955, Mansfield, 1970, 1977) have discussed a geometrical l y linear 

theory . The direction of the line of tension is ~priori unknown in 

this theory . From the condition t hat the s t rain ene rgy of the 

membrane - which depends on the direction of the line of tension - is 

maximal, this direction can be determined. With models of this kind, 

the wrinkling of isotropic and anisotropic membranes can be described 

(Mansfield, 1977). A geometrically nonlinear analysis is more 

complex . Wu and Canf ield (1981) presented a model for wrinkled 

membranes which includes finite deformations. By modifying the 

deformation tensor, they were able to determine the real stress in 

membranes after wrinkling. The chosen modification for the 

deformation tensor did not alter the principal directions of t he 

Cauchy stress tensor. These principal directions only do no t alter if 

the material is isotropic; hence , the model is restricte d to 
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isotropic materials . An extensive survey of literature concerned with 

wrinkled membranes is given by Miller et al. (1983). 

Soft biological tissues are anisotropic and can undergo large 

deformations; consequently, it was necessary to develop a new model 

that is capable of dealing with these phenomena. In section 2.2, the 

theory is presented in detail. In section 2.3, the theory is applied 

to a membrane which is sheared and stretched. This test is also used 

for an experimental verification of the theory (chapter 4). 

2.2 THEORY. 

The starting points for the theory are: 

1) Plane-stress theory can be used . 

2) Flexure of a membrane does not introduce stresses. 

3) A membrane is not able to support any negative stress. If a 

negative stress is about to appear the membrane will wrinkle at 

once. 

The analysis is restricted to materials which behave 'Cauchy

elastic'. If it is taken into account that constitutive equations 

have to be material frame indifferent, the constitutive 

equation reads : 

(2.2.1) 

where: B is the deformation tensor 

H is a tensor function depending on the Green-Lagrange strain 

tensor : 1/2 (Bc•B- I). 

The exact shape of a membrane part after wrinkling is unknown. As a 

consequence, the deformation tensor B is unknown. Suppose, however, 

that the tensor f which corresponds to the deformation of the same 

membrane part to a fictitious non-wrinkled membrane is known . In 

reality, the deformations correponding to f do not occur because the 

membrane will wrinkle. Thus, the tensor f cannot be used 
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straightforward in the constitutive equation to determine the 

stresses. It will be shown in the following that the tensor f needs a 

modification, such that the modified tensor can be used to determine 

the real stresses in a wrinkled membrane. 

Consider an infinitesimal part of a membrane (fig. 2 . 2.1) around 

position x. 

... 
X 

mid surface 

Fig. 2.2.1 Vector a is tangent to the midsurface of the membrane. 

Vector a is an arbitrary unit vector that is tangent to the 

midsurface of the membrane. In mathematical terms, the assumption 

that negative stresses do not occur is represented by : 

-+ 
a • !l.. a~ o (2.2.2) 

Inequality (2.2 . 2) means that there is no direction with negative 

Cauchy stress. It can be proved that the following conditions are 

necessary and sufficient to satisfy equation (2.2.2) : 

-+ -+ 
~ 0 (2.2.3) nl . Q. . nl 

-+ -+ ;::: 0 (2.2.4) n2 . Q. . n2 

-+ -+ 
- 0 (2.2.5) nl . Q. . n2 
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where n1 and n 2 are orthonormal vectors. Due to (2.2 . 5) these vectors 

represent the g priori unknown principal directions of the Cauchy 

stress tensor. So, if the membrane wrinkles these vectors give the 

directions of the principal Cauchy stresses in the wrinkled membrane. 

The two inequalities represent the condition that neither of the 

principal Cauchy stresses can be negative. The conditions are 

sufficient because the stress in an arbitrary direction a is never 

negative if the conditions (2.2 . 3) - (2.2.5) are satisfied: 

~ 

a • Q (2.2 . 6) 

If both principal stresses are positive, the membrane is taut. If 

both principal stresses are zero, the membrane is slack. If one 

principal stress is zero (say in nl-direction) and the other 
principal stress (in n2-direction) is positive, the conditions 

become: 

~ ~ 

- 0 (2.2.7) nl ~ . nl 

~ . ~ > 0 (2 . 2 . 8) n2 . ~ n2 

~ ~ 

- 0 (2.2.9) nl . ~ . n2 

In this situation, the membrane may be wrinkled. In figure 2.2 . 2 a 

wrinkled membrane part is shown with solid lines; the dotted lines 

represent the fictitious non-wrinkled membrane part. The dotted 

membrane part would be the deformed geometry caused by a deformation 

tensor I. In the figure, nl denotes the direction in which the real 

principal Cauchy stress is zero. The problem to be solved is the 

determination of the value of the principal stress in n2-direction 
and the orthonormal vectors nl and n2. 
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wrinkled 

+-~4--- fictitious 
non-wr inkl ed 

Fig. 2.2.2 A wrinkled membrane part with deformed length L• and 

deformed width B and the fictitious non-wrinkled 

membrane part with length L<L • and width B. 

Due to the second assumption, the stresses in the real membrane 

part do not alter when it is straightened (by flexure only) into the 

plane of the fictitious non-wrinkled membrane part (fig . 2.2 .3) . 

"> / 
Fig. 2 .2.3 The wrinkled membrane part straightened into the plane 

determined by nl and n2. 
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As is argued above, the membrane part of fig. 2 . 2.3 contains the real 

stresses. Thus, the deformation tensor which leads to that membrane 

part corresponds to the real stresses. As the membrane part in figure 

2.2 . 3 has the same shape, but is longer in ~1 -direction compared to 

the fictitious non-wrinkled membrane part, that deformation tensor 

reads: 

(2.2.10) 

The non-negative number p equals the ratio (L•- L)/L. 

It should be noted that, if the material is anisotropic, the 

principal directions of the Cauchy stress tensor after wrinkling may 

differ from the principal directions in the fictitious non-wrinkled 

situation. The parameter P and the direction of the principal frame 

are determined from the coupled nonlinear conditions (2.2.7) and 

(2.2.9). The parameter p, which is never negative, is a measure of 

the size of the wrinkles. In fact, (1 + p) equals the real length of 

the membrane part in wrinkling direction divided by the length of the 

fictitious non-wrinkled membrane part in the same direction. 

Summarizing, it may be stated that the real stress state in a 

wrinkled membrane can be determined by substituting the modified 

deformation tensor f • in the constitutive equation: 
c 

Q(f') - 1/J f' • tl(~·) • f' (2.2 . 11) 

where : 

c 
~· - 1/2 ( f' · f' l J - det(f') ( 2.2 . 12) 

and where p and ~l are determined from the equations (2.2 . 7) and 

(2 .2.9). 

At this point there remains a problem. Suppose a deformation tensor 

f is given which, when substituted in the constitutive equation , 

leads to one or two negative principal Cauchy stresses; then , it is 

not immediately clear what the condition of the membrane is. To 
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determine whether the membrane is wrinkled or slack the Green

Lagrange strain tensor ~- l/2(Ic·I - l) can be considered. If both 

principal values of this strain tensor are negative, the material is 

not stretched in any direction, so the membrane part is slack. If one 

of the principal values of~ is positive, the material is stretched 

in some direction; thus, the membrane part cannot be slack but is 

wrinkled. 

When concentrated loads are applied to a membrane, the theory of 

this section can be used to determine the stresses. The two principal 

stresses can be positive (the membrane is taut), one can be positive 

while the other is zero (the membrane is wrinkled) or both principal 

stresses can be zero (the membrane is slack). Also when the membrane 

is loaded with a surface pressure, the starting points for this 

section are satisfied. Thus, also in that situation holds the 

theoretical model. It should be noted, however, that a membrane 

cannot be slack when there is any surface pressure. 

Note that no assumptions, such as geometrical linearity or 

isotropic material behaviour are imposed. Also if the material 

behaviour is time-dependent, the same modified deformation tensor can 

be used to determine the real stress state of a wrinkled membrane. 

2 . 3 EXAMPLE: SIMPLE SHEAR AND STRETCHING OF A MEMBRANE. 

The example presented in this section illustrates how to use the 

theory of the preceeding section . A membrane is deformed by simple 

shear and stretching (figure 2.3 . 1). 

F1 and F2 are the forces required to shear the membrane over a 

distance U and to stretch it over a distance V. Material coordinates 

are denoted by €i (0 ~ €i ~ 1 ; i-1,2,3). The initial position 

vector of a material point is given by: 

(2.3 .1) 
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where Bo is the initial width, Lo is the initial length and o0 is the 

initial thickness of the membrane. 

l ~ 1 =O 1 ~1 =1 all sides are s t r a ight 

~2=1 I 
-l 

12 I 
I - F1 

-> 

I 
so 

e2 

'u s =0 2_ 
-> .... _v 
e3 el 

Lo 

Fig. 2 . 3 . 1 Simple shear and stretching of a membrane. 

The displacement field of the fictitious non-wrinkled membrane is 

given by : 

(2.3 . 2) 

This leads to the deformation tensor: 

( 2 . 3.3) 

In simulating transversely isotropic material with e1 as the axis of 

rotational symmetry, the following representation of the tensor 
.... .... .... function tl(~) with respect to the frame e1 , e 2 , e 3 is chosen: 

Hell- E [(1-v)Ee11 + v(Ee22+ Ee33)) + (f-l)E Ee (2 . 3 .4) (l+v)(1- 2v) ~ 11 

(2.3 . 5) 
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(2.3.6) 

, if i is not equal to j (2.3.7) 

Efj are components of the Green-Lagrange strain tensor with respect 
to the frame ~1· ~2· e3. The parameter f dictates the measure of 

anisotropy of the membrane. The membrane is isotropic if f=l. 

The normal strain in ~3 -direction is eliminated with the plane

stress condition: 

(2.3.8) 

resulting in: 

l - II 

-II (2 .3.9) 

(2.3 . 10) 

(2.3.11) 

(2.3.12) 

It becomes clear in expressions (2.3.10) and (2.3.11) that the 

parameter f is the ratio of the material stiffness in !-direction and 

2-direction. The same constitutive equation is used in later chapters 

to allow for an easy interpretation of the anisotropy of a membrane. 

If the membrane wrinkles, the real Cauchy stresses are determined 

from the following set of equations : 

(2.3.13) 

c 
!l:(!:') - 1/J !:' • !!.(E') • !:' (2 .3 .14) 

c 
J - det(f:•) E • - 1/2 (!: • • !: • - l) (2.3.15) 
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e 
and by replacing E!j by E!j in (2.3.9) - (2.3 . 12). 

Denoting the direction of the principal frame by the angle a 

(fig. 2.3 . 2), the parameters a and pare determined from: 

(2.3 . 16) 

(2.3.17) 

Fig. 2.3.2 The direction of the principal frame is indicated by 

the angle a. 

This leads to two coupled nonlinear equations in a and p: 

h1 ( a , p ) - 0 (2.3.18) 

h 2 ( a , p ) - 0 (2.3 . 19) 

The unknowns a and p follow from numerical solution of (2.3.18) and 

(2.3.19). Dimensionless values of the model parameters for the actual 

analysis are given in table 2.3 . 1 . 
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Table 2.3.1 Dimensionless values of the model parameters. 

model parameter 

Lol Bo 

Do/ Bo 

U/ Bo 
E * B5 
v 
f 

value 

1[-] 

0.01[-] 

0.05[-J 
l06[N] 
0. 3 [ -] 
1 - 20[-] 

The analysis is performed for different values of the stiffness ratio 

f. Results are given in figs . 2 . 3.3 to 2.3 . 6. It can be observed in 

fig. 2.3.3 that the lines of tension tend toward the el-direction for 

increasing values of f. Note that when the stretching is strong 

enough the wrinkles are pulled out of the membrane . This occurs when 

the parameter~ becomes zero (fig . 2 . 3 .4). For increasing values of 

f, the forces required to deform the membrane increase (fig . 2 . 3 . 5 

and fig. 2 . 3 . 6) . 

a [-] 

2,0 

1.5 

1,0 

0 .5 

0 

v 

X ..._. X f= 20 x- -,.-
·-•- e-><-)(f=lO ::::::.-·-·-

-·-·-·-·~·-· f=l 

2 4 6 8 

• wrinkle d 

X taut 

Fig . 2.3.3 The angle a as a function of V for different values of 

the stiffness ratio f . 
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20 

"• B

0JQ f 
.............. v 

............... 
.........._. f=1 -· -· 

12 

• wrinkled 

x taut 

4 ""'· """ '-..... f=l 0 • • f=20 '-....... .............. 

----· 
0 2 4 6 8 10 

Fig. 2 . 3 .4 The parameter p as a function of V for different values 

of the stiffness ratio f. 

0.3 

0.2 

0.1 

0 

' 

/X 
f=20 

X 

/ -v 

/ 
./X ?/ f=10 

/ .............. . .............. 

/ ---· 
-· f = 1 -·-·--·-·-·-· 

2 4 6 8 

• wrinkled 

x taut 

Fig. 2 . 3 . 5 The force F1 as a function of V for different values of 

the stiffness ratio f. 
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v 
)(f=20 __ x---

__ x -xf=lo .--x ->< .- ·-· - .-
-·- ef=l ·-·-----.--·-·-

2 4 6 8 

• wrinkled 

X taut 

Fig. 2.3.6 The force F2 as a function of V for different values of 

the stiffness ratio f. 

For isotropic materials (f- 1), the formulation of Wu and Canfield 

(1981) would produce the same results as the preceeding analysis with 

f-1, because for isotropic materials equation (2.2.10) degenerates to 

the same modification of the deformation tensor as proposed by Wu and 

Canfield for isotropic membranes. 

Results obtained from geometrically linear analyses with the 

theoretical model of this section, agree with results from 

geometrically linear formulations (e.g. the formulation of Mansfield , 

1977). 

More examples are reported by Roddeman (1985) (in Dutch) . 
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CHAPTER 3: NUMERICAL ANALYSIS OF WRINKLING MEMBRANES. 

3.1 INTRODUCTION. 

For many problems, analytical solutions do not exist or are tedious 

to derive. Employing the principal of weighted residuals and the 

Finite Element Method, an approximate formulation of the field 

equations is obtained. Solving this approximate formulation leads to 

an approximate solution for the field equations. 

A geometrically and physically nonlinear membrane element is 

formulated in this chapter. The stresses in the element are 

determined by using a modified deformation tensor if wrinkling 

occurs. The element is implemented in the finite element program 

DIANA (de Witte F.G . et al., 1987). 

3.2 DERIVATION OF THE STIFFNESS MATRIX AND THE EQUIVALENT NODAL 

FORGES OF A MEMBRANE ELEMENT. 

Assuming that inertia effects are negligible and that there are no 

body forces, the equilibrium conditions in local form are: 

(3.2.1) 

where ~ is the gradient operator with respect to the deformed 

configuration and£ is the Cauchy stress tensor. From the balance of 

moment of momentum it follows that the Cauchy stress tensor is 

symmetric: 

For a finite element model, an integral form of equation (3 . 2 . 1) is 

needed. Taking the inner product of the local equilibrium conditions 
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with an arbitrary vector function ~ and integrating the result over 

the deformed volume V leads to: 

~ ( ~·Q )•~ dV- 0 (3.2.2) 

This integral form is equivalent to the equilibrium conditions 

(3.2.1) because~ is arbitrary. Partial integration and application 

of Gauss' theorem yields: 

(3.2.3) 

where nA denotes the outward unit normal to the deformed surface A of 

the body. As the volume V and the surface A are .!! priori unknown, 

equation (3.2.3) is transformed to the initial configuration, with 

known volume v0 and surface A0 : 

(3.2.4) 

J is the volume change factor, Ja is the area change factor and ~O is 

the gradient operator with respect to the initial configuration. 

B denotes the real deformation tensor of the body. After some tensor 

manipulations, an equivalent formulation for equation (3.2.4) is 

found: 

( ~0~ )c ]dVo - i nA • ( Q·~ ) JadAO (3.2.5) 
0 

The term B- 1 • JQ is called the first Piola-Kirchhoff stress tensor n. 
The exact shape in wrinkling direction is not known if a membrane 

wrinkles, i.e. the deformation tensor B is unknown. However, B can be 

replaced by a similar deformation tensor ~. which is known. Consider 

the deformat ion of a wrinkled membrane as a deformation from the 

initial configuration to a fictitious non-wrinkled membrane (with 

corresponding deformation tensor f), followed by wrinkling of the 

membrane with corresponding deformation tensor Q (fig. 3 . 2 . 1) . 
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R 

-+ 

-+ 

wrinkled 
configuration 

fictitious non-wrinkled 
configuration 

Fig. 3.2.1 The total deformation R is decomposed into I and Q. 

Then : 

( 3. 2.6) 

where Q defines the shape of the wrinkles and satisfies: 

(3 .2.7) 

There are only stresses in the n2-direction, so i t is obvious t hat: 

(3.2.8) 

By means of (3.2.6) to (3.2.8) a simplified expression for the first 

Piela-Kirchhoff stress tensor is determined : 
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(3.2.9) 

It will prove to be useful to decompose the deformation tensor f as 

follows: 

(3.2.10) 

When (3 . 2.10) is substituted in (3.2.9), it is found that: 

thus: 

(3.2.11) 

It is easily shown that the last equation is also satisfied when the 

membrane does not wrinkle. The integral form of the equilibrium 

conditions now can be written as: 

(3.2.12) 

where IT is given by equation (3.2.11) while ~O- Ja nA•£ 

An estimated solution for the equilibrium condition in integral 

form (3.2.12) is marked with a superscript*· In general, the 

estimated solution will not satisfy (3.2.12) exactly and a better 

solution is searched for. The difference between the estimated 

solution and a solution satisfying the equilibrium condition (3.2.12) 

is indicated by the sign delta (6), so: 

n - n* + sn 

~ - ~* + 6~ 

etc .. 



-31-

Thus, equation (3.2.12) can be written as: 

(3.2.13) 

Equation (3.2.13) is perfectly equivalent to the equilibrium 

conditions (3.2 . 1). The difference between a displacement field 

satisfying the equilibrium conditions and the estimated displ acement 

field is regarded as the primary unknown of equation (3.2 . 13) . It is 

assumed that the estimated solution is close to the real solution; 

then, equation (3.2 . 13) can be linearized with respect to the primary 

unknown. According to equation (3.2.11) the linearized version of IT 

reads: 

(3.2.14) 

where 6( ~-l) is defined by: 

6( ~-1 (3.2.15) 

Linearization of equation (3.2.13) leads to: 

~0 [!(~o ~)c. 
*-1 
~ } : { 6(JQ) } 

*-1 
( JQ >*· <~o ~)c } : { 

* - 1 
6~ l) dv0 - { ~ . ~ . 

- ~ n* 
0 

( 3.2.16) 

Equation (3.2 . 16) will be discretized by means of the Finite Element 

Method. The observed mechanical system is divided into a fini te 

number of elements of finite dimensions . It is possible to give a 

general derivation of the equations without considering a special 

type of element. In the present case, however, it is convenient to 

use an element with constant strains and stresses. Otherwise, i t can 

be necessary to divide one element into wrinkled and non-wrinkled 
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zones, which complicates the analysis. Therefore, a triangular 

constant strain element is considered. The element is shown in figure 

\ 

3.2.2. 

2 ~ = 1 
--- 2 2 3 

Dt ~2=0 

\ 
,3 

1 

\ 
\ 

\ 
~ = 1 

1 ~ 1=0 

Fig. 3.2.2 A triangular co,nstant strain element. 

€1 , €2 and €3 are material coordinates. 

Equation (3.2.16) will be analysed for one element, so v0 is the 

initial volume of the element. The position of a material point in 

the element is given by: 

-+ 
X (3.2.17) 

where ~ are shape functions (depending on the material coordinates 

€T ; 0<€T<l ; T-1,2) and Xk are position VeCtOrS of the nodal 
points. D denotes the thickness of the membrane and is assumed to be 

constant over the element. Einstein summation convention is used, 

i.e . when an index occurs twice in a product term, this implies 

summation with respect to all possible values of that index . 

Normally, the possible values of an index are 1,2 and 3. However, 

indices which are Greek characters only can take the values 1 and 2. 

Equation (3 .2. 16) will be elaborated further for the element . It is 

shown in appendix A that~ does not depend on D. As a consequence, 
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the linearized version of ~ does not contain variations in D 

(appendix A): 

(3.2 .18) 

which is the advantage of using~ instead of I in expression (3.2.11) 

for the first Piola-Kirchhoff stress tensor. In (3.2.18), uk are 
nodal displacements and lOi are reciprocal vectors of base vectors in 
the initial configuration. The term 6n3 (in equation (3.2.18)) 

depends on the incremental nodal displacements (appendix C): 

thus: 

( 3.2.19) 

For elastic materials, the term 6(J~) in equation (3.2.16) can be 

written as (appendix B) : 

(3.2.20) 

The second-order tensor N;k (in (3.2 . 19)) and the third-order tensor 
3~~ (in (3.2 . 20)) depend on the current estimation of the nodal 

displacements. Substitution of (3 .2. 19) and (3.2.20) in (3 . 2.16) 

leads to: 

(3 . 2.21) 
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Because of the approximate displacement field, it is no longer 

possible to satisfy equation (3.2.21) for each weighting function~ . 

However, an approximation can be made by choosing well determined 

weighting functions for ~ . Often, good results are obtained by 

employing the shape functions , introduced in equation (3 . 2 . 17), as 

weighting functions. Thus: 

(3.2.22) 

where ~l and gk are weighting terms which can be chosen arbitrarily . 

Combination of (3.2.21) and (3.2.22) with the fact that all terms in 

the volume integral in expression (3.2.21) are constant over the 

volume yields: 

(3.2 . 23) 

In the development above, use has been made of the definition: 

where~ and v are arbitrary vectors. Furthermore e1 ,e2 and e3 denote 

an orthonormal vector base . 

The stiffness tensor and the equivalent nodal forces follow from 

expression (3.2 . 23). First, the stiffness tensor is derived. The term 

* * [ v0 .. .... .. N3k] in (3.2.23) is represented by Klk· Due to the 

presence of a surface pressure p, the second term in the left-hand 

side of (3 . 2 . 23) leads to (appendix E) : 
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(3.2.24) 

The total stiffness tensor of the element follows from the summation 

of the preceeding two terms: 

Second, the equivalent nodal forces are derived. The first term on 

the right-hand side of (3.2.23) results in: 

(3.2.25) 

* The vector 11 represents the equivalent nodal force in node 1 due 

to stresses in the membrane . The second term in the right-hand side 

of (3 . 2 . 23) r esults in : 

(3.2.26) 

* 
where ft is the equivalent nodal force on node 1 due to a surface 

pressure p on the membrane (appendix E). The tot al equivalent nodal 

forces follow from a summation of the preceeding two terms: 

3.3 LOGICAL STRUCTURE OF THE ELEMENT. 

Given a new estimation of the nodal displacements, the following 

criteria determine whether an element is taut, wrinkled or slack. 
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If both principal Cauchy stresses in an analysis without wrinkling 

are non-negative, the element is taut. Then, the stiffness matrix and 

the equivalent nodal forces are determined by normal analysis (i.e. 

without wrinkling terms). 

The element is wrinkled if at least one of the principal Cauchy 

stresses in the analysis without wrinkling is negative, and one 

principal Green-Lagrange strain in the analysis without wrinkling is 

positive (section 2.2). Then, the parameters which determine the size 

and the direction of the wrinkles CP and a in appendix B) are 

determined from the conditions that the stress in wrinkling direction 

is zero and the frame of wrinkling is the principal stress frame . 

These two conditions are solved by means of a Newton-Raphson 

iterative procedure . The new stiffness matrix and equivalent nodal 

forces are determined on the basis of wrinkling analysis. 

Otherwise, the element is slack and the stiffness matrix and the 

equivalent nodal forces only contain zeros. 

As there may be completely slack regions in the structure, the 

total stiffness matrix can be singular. To prevent difficulties with 

the Newton-Raphson iterative procedure, small disturbances are added 

to the stiffness matrix of each element. 
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CHAPTER 4: TESTING OF THE NUMERICAL TOOL . 

4 . 1 INTRODUCTION . 

The numerical tool, developed in chapter 3, is checked with two 

different types of tests. 

First, theoretical tests are used to verify whether the membrane 

element is correctly implemented and whether reasonable results are 

obtained . For instance, it is verified that rigid body translations 

and rotations don't lead to stresses, and that analytical results 

. from a uniaxial tensile test as well as results from a simple shear 

test without wrinkling can be reproduced. Some of the tests are 

discussed in section 4.2. A problem involving a flat membrane is 

discussed in sub-section 4.2.2, whereas sub-section 4 . 2 . 3 deals with 

a three-dimensionally shaped membrane . 

Second, experiments with membranes of polymer material are 

presented in section 4 . 3. In an experimental set-up, isotropic 

membranes were loaded with a combination of extension and shear. The 

wrinkling of the membranes had a considerable influence on the force 

required to stretch the membranes. This stretching force was measured 

and compared with results from a numerical analysis. 

4 . 2 THEORETICAL TEST PROBLEMS . 

4.2 . 1 Simple shear test. 

In section 2.3, the wrinkling of a membrane, deformed by simple 

shear and stretch, is analysed . Again, the behaviour of the membrane 

is studied when - with constant simple shear - the membrane is 

stretched. A mesh with 18 elements is used (fig. 4.2 . 1). The 

displacements of the nodes along the edges of the mesh are according 
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to simple shear. In fig. 4.2.2, the results for the stretching force 

F1 from section 2.3 are compared with results from a FEM analysis. 

Fig. 4.2.1 A mesh with 18 elements. 

[-] 

0.3 

0.2 

0.1 

results from 
chapter 2 

FEM results 

Fig. 4.2.2 The force F1 as a function of the stretching distance 

V for different values of the stiffness ratio f. 
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It is observed that there is complete agreement between the FEM 

results and the results from chapter 2. This also holds for the force 

4.2.2 The stretching of a half sphere. 

Kondo et al. (1954) proved that lines of tension (i.e. lines 

in the direction of the positive stresses in wrinkled membranes) are 

straight. This is used to check the results of this sub-section . 

The initial shape of the membrane is a half sphere, figure 4.2.3. 

u 

H 

Fig. 4.2.3 Stretching of a half sphere . 

The membrane (with initial thickness Do) is spatially fixed along 

edge A. The membrane is fixed to a rigid disc at a height H. The disc 
is displaced in e3- direction over a distance U. Due to rotational 

symmetry, only a small section of the sphere needs to be analysed, 

figure 4 . 2 . 4. 



-40-

F 

I 
Fig . 4.2.4 A small section of the sphere. 

F is the force required to stretch the section of the sphere. 

Material points in the planes P1 and P2 are forced to remain in these 

planes. Moreover, each node in P1 is tied to the corresponding node 
in p2 in such a way that their displacements in el-direction are the 
same and their displacements in e2-direction are opposite. 

The material behaviour is isotropic and linear elastic (according 

to section 2.3 with f-1). The analysis is geometrically nonlinear 

because large deformations are taken into account. Values of the 

model parameters are given in table 4.2 . 1 . 

Table 4.2.1 Dimensionless values of model parameters. 

model parameter 

v 

value 

0.96[-] 

0. 04[ -] 
10 deg.~ 0 . 174 rad.(-] 

0. 2 [ -] 

6.25 104 [N] 

0 . 3 [ -] 
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The analysis is performed with SO elements. A view (from e1-

direction) on the mesh is shown in fig. 4.2.S. 

Fig. 4.2.S A mesh with SO element for the analysis of a section 

of the sphere. 

The deformation of the membrane is illustrated by means of the 

deformation along the material line P-Q (fig . 4.2 .4). The left-hand 

part of figure 4 . 2.6 illustrates the case without wrinkling. The 

right-hand part of this figure illustrates the case with wrinkling. 
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wrinkling is 
permitted 

Fig. 4 .2 .6 The deformation of the membrane along the material 

line P-Q. The initial configuration (Co) and the 

deformed configuration (C1) are shown. 

Q 

Q 

The dimensionless force F/(ERD0?) is 4.46 10- 2 [-] if wrinkling is 

not permitted . It should be noted that the deformed membrane is not 

entirely straight. 

The d imensionless force F/(ERD0?) is 3 . 90 10- 2 [-] if wrinkling is 

permitted. Thus, the wrinkled structure is less stiff. The direction 

of the material line P-Q after deformation is also the direction of 

the positive principal stress (the other principal stress , in 

tangential direction, is zero). Indeed the line P-Q is straight after 

deformation . This agrees with the theoretical prediction of Kondo et 

al . (1954) . 

For low values of the displacement U, FEM analysis shows that no 

force F is required if the membrane is allowed to wrinkle . This is 
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due to the fact that the membrane can undergo a small displacement U 

at the upper boundary by pure bending. A force F is only needed when 

U exceeds a critical value . 

4.3 EXPERIMENTS WITH ISOTROPIC MEMBRANES. 

A membrane was deformed by stretching and shearing (fig . 4.3 . 1) . 

d 

14 mm 

c 

a 45 mm 

b 

initial 
configuration 

l 

_v 

deformed 
configuration 

Fig. 4.3.1 Stretching and shearing of a membrane . 

The membrane was clamped along the edges a and d. The membrane was 

free to deform at the edges b and c . F1 and F2 denote the forces 

required to stretch the membrane over V and shear it over U. The 

deformations were kept small. Then, the used isotropic material 

(Silkolatex, Penrose Drain) behaves elastically. The stretching V was 

carried out in five steps of O.l[mm]. For each value of V, the 

membrane was sheared at a rate of 1 mm/min until U was approximately 

l.S[mm]. The experiment was repeated with five similar membranes . The 

dimensions of each membrane were 45xl4x0.135[mm). 

An illustration of the experimental set-up is given in fig. 4.3.2. 
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f orce transducer 

Fig. 4 . 3 . 2 A schematic view on the testing set-up. 

A force transducer (Hottinger Z6) was used to measure the force F1 . 

The measurement error with this transducer was less than 0 . 5% of the 

actual load; the error in the electronic force measuring system was 

less then 1% . The sensitivity with respect to the force F2 , in 

comparison with the sensitivity with respect to the force F1 , was 

determined to be less than 1% . The distance V was adjusted manually; 

the shearing was done by a tensile test machine (Zwick 1434). 

In the numerical analysis of the experiments, the deformations are 

considered to be small, i . e . geometrical linearity is assumed . The 

constitutive behaviour is assumed to be isotropic and linear elastic. 

In a tensile test , the ratio of the stretching strain and the 

contraction was determined by means of digital image processing. With 

this test, Poisson's ratio v was determined to be 0.44 ± 0 . 06 (95% 

confidence interval). Young's modulus E is determined by adjusting 
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its value in the finite element model in a way that the force F1 
equals the average experimental force where U- O.O[mm] and V-O.S[mm]. 

This results in E-1.58[N/mm2 ]. The analysis is performed with 96 

elements (fig. 4 . 3.3). 

c 

\\ 

l\1\ 

1\ 1\ 1\1\ 1\1\1\1\ 
d a 

1\1\1\1\ 1\1\l\1\ 

I\ I\ 1\1\1\1\ 

1\1\1\1\ 

b 

Fig . 4 . 3 . 3 A mesh with 96 membrane elements. 

The nodes along the edges a and dare displaced according to U and V. 

In fig . 4 . 3 .4, the average measured forces F1 with their 95% 

confidence interval are compared with numerical results for these 

forces. 
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F.E.M. 

• average experimental 

I 95% confidence interval 

• 
0.2 

0. 1 

V=O . 0 [mm] 

0.5 

• 
0.4 

0.3 

0.2 0.4 0.6 0.8 1.0 1. 2 1.4 

u [mm] 

Fig . 4.3 . 4 Comparison between experimental and numerical results 

for the force F1 as a function of the shearing 

distance U for different values of the prestretching 

distance V. 

Note that F1 increases linearly with V (when U-O[mm]); this 

supports the assumption that the stress-strain relationship of the 

polymer material is linear. 

Consider, for instance, the curve with V-0 . 3[mm]. It can be seen 

that when the shearing is small the force F1 remains constant. 
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However, if U-0.7[mm] wrinkling occurs and the force F1 increases. 

Curves for other values of V show the same phenomenon. For increasing 

value of V, the values of U at which the membranes wrinkle increase . 

The numerical results (solid lines) show a fairly good agreement 

with the experimental results. For low values of V, the theoretical 

results are within the experimental confidence interval. Especially 

for high values of V however, the moment of wrinkling seems to be 

postponed and the experimentally determined forces are lower than the 

theoretically predicted forces. This is probably due to the 

following: Brush et al. (1975) showed that, in plate analysis (thus 

including terms corresponding with flexural stiffness), a positive 

stress in one direction increases the negative stress which is 

required for the plate to buckle in the perpendicular direction. It 

is very likely that a positive stress will also have a stabilizing 

effect after the moment of buckling, such that the stresses will be 

in between the results for a completely buckled and a non-buckled 

plate. In the experiments, at the point where one principal stress 

becomes zero, the other principal stress is positive. The value of 

this positive principal stress increases for increasing values of the 

prestretching distance V. Hence, the larger the value of the 

prestretching distance V is, the greater the stabilizing effect will 

be. As membrane theory, does not include bending stiffness, the 

theoretically predicted forces differ from the experimentally 

determined forces. 

The theoretical points where wrinkling starts are dictated by the 

assumption that negative stresses do not appear. It can be seen that 

(especially for low values of the prestretching distance V, see the 

discussion above) the theoretical results for these points agree 

fairly well with the experimental results. This supports the main 

assumption that negative stresses do not appear. 

Comparing numerical and experimental results supports our opinion 

that it is possible to calculate the stress in a membrane after 

wrinkling by employing the theory presented in chapter 2 . The 

assumptions underlying the theory (a membrane wrinkles immediately 
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when negative stresses appear) could be confirmed. When high positive 

stresses appear in the perpendicular direction, however, theoretical 

results differ from experimental results due to the absence of 

flexural stiffness in membrane theory . 
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CHAPTER 5: ANALYSIS OF FORCE TRANSMISSION AND DEFORMATIONS 

IN COLLAGENOUS CONNECTIVE TISSUE STRUCTURES. 

5.1 INTRODUCTION. 

The membrane element, formulated in chapter 3, is used to 

investigate how collagenous connective tissue transmits forces . 

The stress and strain distributions are determined from: 

a) The equilibrium conditions. 

b) The constitutive behaviour of the connective tissue under 

consideration. Like the constitutive behaviour of other biological 

materials it is nonlinear, anisotropic and time-dependent . 

c) Boundary conditions which specify the interactions of the 

structure with its environment. 

The equilibrium conditions are given by equations (3.2.1). The 

constitutive behaviour and the boundary conditions are largely 

unknown and can vary among individuals. This suggests that it more 

realistic to search for qualitative rather than quantitative insight 

in the way collagenous connective tissue transmits forces. 

In section 5.3, the influence of material properties and boundary 

conditions on results for stress and strain distributions is 

examined. In this way, insight in the influence of several parameters 

is gained. In section 5.4, it is examined whether experimental 

results from Peters (1987) and theoretical results agree 

qualitatively. It is studied in section 5 . 5 whether commonly made 

assumptions in the analysis of slender structures, are valid for 

slender collagenous connective tissue structures. 
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5.2 CHOICE OF A CONSTITUTIVE EQUATION . 

The collagenous tissue is assumed to be elastic. It is assumed that 

the material is transversely isotropic, with the direction of 

collagen fibres as axis of rotational symmetry. More specific, the 

linear constitutive relationship of section 2.3 for plane-stress 

situations is used again: 

Hh- E 2 (f Eh + vE~2 ) (5.2.1) 
- v ) (1 

H22- E ( 2 - v ) 
E2z + vEh) (5 . 2 . 2) 

(1 

Hi2-
E 

Ei2 (5.2.3) 1 + v 

Here 1 and 2 respectively denote the local preferential direction of 

collagen fibres and the perpendicular direction . The parameter f is 

the ratio of the material stiffness in local 1 and 2-direction . 

Experiments performed by Peters (1987) indicate that the stiffness of 

specimens of collagenous connective tissue in the direction of the 

collagen fibres is about 500-600[N/mm2]; it is assumed that fE-

500 [ N/mm2 ] . Furthermore, the experiments indicated that the tissue is 

at least a 100 times as stiff in collagen fibre direction as in the 

perpendicular direction ; it is assumed that f- 100[-]. This leads to 

E- S(N/mm2 ] which is approximately the stiffness of elastin (Daly, 

1969). Furthermore, it is assumed that v- 0.4 [- ]. 

The avarage thickness of a specimen of collagenous connective 

tissue, used for experiments by Peters (1987), was 0.4[mm]. Unless 

indicated otherwise , this value is used for the thickness of 

membranes in this chapter. 
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5.3 FORCE TRANSMISSION AND DEFORMATIONS IN A RECTANGULAR MEMBRANE . 

The deformations in most problems of this section and section 5.4 

are small; geometrical linearity is assumed in both sections. A 

substantial reduction in computing time is gained, when small 

negative stresses are permitted. In the calculations presented in 

this section and section 5.4, negative principal stresses of less 

than 1 percent of the maximum positive stress in the entire membrane 

are permitted . 

The force transmission in a rectangular membrane is studied. Fig. 

5.3.1 shows the element mesh. 

e 
X 

80 !IUD 

Fig. 5.3.1 A mesh with 112 elements. 

13 !IUD 

As can be seen from fig. 5.3.1, the elements in the mesh are rather 

oblong. Although it is realized that, in general, less oblong 

elements lead to more accurate results, the following two arguments 

lead to the mesh of fig. 5.3.1. In order to study stress 

distributions over cross-sections, a large number of elements is used 

in ey-direction. For a reasonable computing time, it is necessary to 

limit the total number of elements. This limits the number of 

elements in ex-direction. It is checked for some calcuiations, 

however, that a larger number of - less oblong - elements (two times 

as many elements in ex-direction) leads to essentially the same 

results. 

The nodal points on the left edge are spatially fixed. The membrane 

is loaded at the right-hand edge in ex-direction. A load (S(N]) is 

applied to the center node of three nodal points for which the 
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displacements are coupled. The displacements of these three points in 

the ey-direction is suppressed . 

The first two problems are meant to examine the influence of 

anisotropy on the stress and strain patterns. In the first analysis, 

the material behaviour is isotropic whereas the second problem deals 

with an anisotropic membrane. The membrane is loaded symmetrically in 

both problems. The deformed meshes, the principal stresses and the 

principal strains are shown in figs. 5.3.2 and 5.3.3. A solid line 

represents a positive principal stress or strain. A dotted line 

represents a negative value. 
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Fig . 5.3.2 An isotropic membrane (E-SOO[N/mm2 ] and v-0.4[-]) loaded 

symmetrically at x-BO[mm], y-6.5[mm] with S[N]. 

a. Deformed mesh 

b. Principal stresses 

c. Principal strains 

The maximum principal Cauchy stress is 2.79[N/mm2 ] and the maximum 

principal strain is 5.58 10- 3 [-] in fig. 5 . 3.2. The maximum principal 

stress is 2.42[N/mm2 ] and the maximum principal strain is 
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3 . 86 10- 2 [-) in fig. 5.3.3. 

a . 

b. 

c. 

- stiffest direction 
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Fig . 5 . 3 . 3 An anisotropic membrane (E-S(N/mm2 ), v-0 .4[-] and 

f-100[-)) loaded symmetrically at x-80[mm], y- 6.5[mm] 

with S[N} . 

a. Deformed mesh 

b. Principal stresses 

c. Principal strains 

It is observed that : 

- If the material is isotropic, the largest principal strains are in 

the ex-direction. If the material is anisotropic, different regions 

can be distinguished in a cross-section. In the middle appears a 

zone with small strains in the ex-direction. This region is 

demarcated by a region with large principal strains which are 

rotated about 45 degrees relatively to the ex-direction, which 

indicates shearing of the material in this zone . The strains are 

small along the edges of the membrane. 
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- The strains decrease for decreasing x-coordinate for both the 

isotropic and anisotropic material. 

- For both isotropic and anisotropic material, the applied force is 

spread over the total cross-section . For the anisotropic membrane 

the applied force is spread less over the total cross-section than 

for the isotropic membrane. 

The influence of asymmetrical loading is studied in the following 

analysis. The results for this load case are shown in fig . 5 . 3 .4. 

--. stiffest direction 

··11111111111111\ 
b. 

---

' 

X X x 
X ~ X X x X 
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~ * x ~X X X X X ~ X ~ ~ 

' X "' " ~ -
X 

Fig . 5.3.4 An anisotropic membrane (E-S[N/mm ], v-0.4[-] and 

f-100[-]) loaded asymmetrically at x-SO[mm], y-1.625[mm] 

with 5[N]. 

a. Deformed mesh 

b. Principal stresses 

c. Principal strains 

The maximum principal stress is 3 . 43[N/ mm2 ] and the maximum principal 

strain is 4 . 97 10- 2 [ -] in fig. 5.3.4. The results of fig . 5.3.4 

should be compared with the r esults for the symmetrical load case 

(fig. 5.3.3). The force is spread less over the cross-section than it 
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is in the symmetrical load case. The strain pattern shows the same 

typical regions as for the symmetrical load case. 

a. 

0.55 

b. 

c. 

0.50 

X . 

0.45 

X 
X 

__. stiffest direction 

0.40 0.35 0.30 0.25 

X 

X ~ 

Fig. 5.3.5 An anisotropic membrane (E-5[N/mm ], v=0.4[-] and 

f-100[-)) loaded at x-SO[mm], y-1.625[mm) with S(N). The 

thickness increases linearly from 0.25(mm) at x-SO[mm) to 

0.55(mm) at x-O[mm] . 

a . Deformed mesh 

b . Principal stresses 

c. Principal strains 

The maximum principal stress is 5.38 (N/mm2 ) and the maximum 

principal strain is 6.23 10- 2 [-) in fig. ~ . 3.5. 

The following example is meant to study the influence of thickness 

variations . The thickness increases linearly from the right-hand side 

to the left-hand side. Otherwise, the analysis equals the preceeding 

analysis. Results are given in figure 5.3.6. It should be noted that: 
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- Due to the small thickness, the stresses and strains are high for 

large values of the x-coordinate. 

- The stresses and strains decrease rapidly in comparison with the 

analysis with constant thickness (fig. 5.3.4); this is caused by 

the increasing thickness for decreasing x-coordinate. 

5.4 COMPARISON BETWEEN EXPERIMENTAL AND THEORETICAL RESULTS. 

The objective of this section is to examine whether qualitative 

agreement exists between experimental and theoretical results . Peters 

(1987) performed in vitro experiments on a specimen of collagenous 

connective tissue. The specimen was obtained from the fascia 

overlaying the human extensor digitorum muscle. The shape of the 

specimen was nearly rectangular, figure 5.4.1. 

4 

A 

Fig . 5.4.1 A specimen of collagenous connective tissue . Loads were 

applied to the strips 1,2,3 and 4. Three force transducers 

were installed and are denoted by a, b and c. The black 

spots are markers which were used to determine strains in 

the specimen by means of digital image processing, Peters 

(1987). 

Collagen fibers were mainly orientated in the longitudinal direction, 

diverging slightly however . Some fibres end on a part of one of the 

long edges (denoted by A in figure 5 . 4.1) . The specimen was clamped 

along one edge. Loads were applied to strips of the specimen (denoted 

by 1,2,3 and 4 in fig. 5.4.1); thes e strips were hardened by greasing 

them with bond. In order to measure forces, two transducers (a and c) 
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were mounted parallel close to the clamp. A third transducer (b) was 

mounted in line with (a). Strain distributions were measured by means 

of digital image processing. 

The size of the membranes in section 5.3 is nearly equal to the 

size of the specimen . For theoretical analyses, the constitutive law 

(equations (5 . 2 . 1) to (5.2 . 3)) and the mesh of the section 5.3 (fig. 

5.3.1) are used. Fig. 5.4.2 shows the thickness of the membrane 

elements . The hardening of the strips where loads were applied to the 

specimen, is simulated theoretically by coupling the displacements of 

three nodal points. The load (S[N]) is applied to the center node of 

these three nodal points. The displacement in lateral direction (~y

direction) of these three nodes is suppressed. Two experiments are 

examined. In the first experiment, the specimen was loaded at strip 4 

with a force of S[N]. In the second experiment, a load of S[N) was 

applied to strip 1. 

' --- - -,-0. 57 _ ~o .~a ~ __ o .~ 5 _ ~ __ o.~6- _: __ 0(1- _ :- _o.~~- _ :- _o.~o- _ 

0 . 57 0.'44 : 0.)8 I 0.)2 I 0:) 4 I 0.31 0.26 

-1- - ~ - - - - - !..._ - - - - -· - - L - - .:. - - - - - ~ - - __ _ 
. 0.69; 0 . 40 ; 0 . 4 ) : 0:45 : 0.50 0.33 0.65 

I I 
Fig. 5.4.2 The thickness of elements (in millimeters) is based on 

measurements of Peters (1987). 
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As the thickness of the specimen is asymmetric, results from the 

theoretical analyses of these experiments may differ. Figs. 5.4.3 and 

5.4.4 show the results. 

~ stiffest direction 

a. 11111111111\ll-
b. 

c. 
X 
X 

X 

X X 
X ~ 

:*: x .X 

Fig. 5.4.3 Theoretical results for an anisotropic membrane 

(E-5 [N/mm2], v-0.4[-] and f-100[-]) loaded at 

x-SO[mm], y-1.625[mm] with S[N). 

a. Deformed mesh 

b . Principal stresses 

c. Principal strains 

The max imum principal stress is 4.16[N/mm2 ] and the maximum 

principal strain is 5.58 10- 2 [-) in fig. 5.4.3. It is observed that 

the asymmetrical thickness, only leads to small asymmetries in the 

strains and stresses (compare figs . 5 . 4.3 and 5 .4.4). 
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Furthermore, it should be noted that the force transmission is 

mainly in ex-direction . Thus, incisions in ex-direction (required 

for the installment of buckle transducers, Peters, 1987) do not 

significantly influence the strain and stress field. This validates 

the use of the force transducers. 

--. stiffest direction 

. 111111111111111" 
b. 

c. 
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Fig. 5.4.4 Theoretical results for an anisotropic membrane 

(E-S[N/mm2 ], v-0.4[-] and f-100[-]) loaded at 

x-BO[mm], y-11.375[mm] with S[N]. 

a. Deformed mesh 

b. Principal stresses 

c. Principal strains 

The maximum principal stress is 6.04[N/mm2 ] and the maximum 

principal strain is 7.45 10- 2 [-] in fig. 5.4.4. 

Theoretical results for the force transmission are compared with 

experimental results in figs. 5.4.5 and 5.4.6. 



-60-

Force[N] 

2.00 • 
2 

--- ... 4=P-l.!lO 

1.00 

0.00 L......-.o..l..~~ ....... -........r.~~ ........ ~~.....::~~~_.____._j 
o.o 2.0 4.0 15.0 1.0 10.0 u.o 14 .0 

Y [mm] 

exp. 
results: 
O=a 

)(=b 

e =c 

theor. 
results: 
cr. set 2 

cr. se t 1 

Fig. 5.4.5 Comparison between experimental (a, b and c) and 

theoretical results (lines) for the force transmission in 

two cross-sections. The forces are shown as functions of 

they-coordinate. The anisotropic membrane (E-5[N/ mm2 ], 

v-0.4[-J and f-100[-]) is loaded at x-SO[mm], y-1.625[mm] 

with 5 [N]. Experimental results are determined by Peters 

(1987) . 

In these figures, the results for forces in two cross-sections 

(denoted 1 and 2 in fig. 5 . 4.2) are given. The lines represent 

theoretical results. These theoretical results are determined by 

multiplying the maximum principal stress in an element by 1 . 5[mm] 

(which is the width of a force transducer) and the thickness of the 

element; thus, these are theoretical predictions for the forces which 

would be measured by a force transducer . 



-61-

Force[N] 

\.60 

1.•o 12 11 exp. ,--
results: 

1.20 y ~ 
a ~ r I O=a 1 c 

1.00 I I 0 ')(=b 
0.10 X e=c 

0.60 / 

0.40 

0.20 -----
0.00 theor. 

0.0 2.0 4.0 6.0 1.0 10.0 12.0 14.0 results: 
y [mm] 

cr. set 2 
cr. set 1 -----------

Fig. -5.4.6 Comparison between experimental (a, b and c) and 

theoretical results (lines) for the force transmission in 

two cross-sections. The forces are shown as functions of 

they-coordinate . The anisotropic membrane (E-S[N/mm2 ], 

v-0.4[-] and f-100[-]) is loaded at x-SO[mm], y-11.375[mm] 

with S[N]. Experimental results are determined by Peters 

(1987). 

The results are instructive: 

- Consider the (theoretical) force transmission in cross-section 1. 

Only a small part of the cross-section (the part which is in line 

with the applied force) contributes to the force transmission. 

- The part of cross-section 2 which is in line with the applied force 

contributes less to the force transmission than the equivalent part 

in cross-section 1. This indicates that the force is spread over 

the cross-sections. It can be seen, however, that this is only a 

minor effect. 

-The transducers (a), (b) and (c) only measure forces when the 

applied force is in line with these transducers; thus, also the 



-62-

experimental results indicate that only a small part of each cross

section contributes to the force transmission. 

- It is remarkable that when the applied force is in line with 

transducers (a) and (b), the force measured by transducer (a) is 

higher than the force measured by transducer (b). This phenomenon 

is not observed in the theoretical analysis. Local variations in 

the collagen fibre network might be of importance. 

- The force measured by transducer (c) when the applied force is in 

line with this transducer is higher than the force measured by 

transducer (a) when the applied force is in line with transducer 

(a). This also follows from the FEM analysis, however less 

pronounced. Thus, this difference can only partially be explained 

by the varying thickness of the specimen. Peters suggests that the 

high force measured by transducer (c) might be caused by fibres 

debouching transducer (c) and ending on a broad part of the 

specimens edge where the force of 5[N] is applied to the tissue. 

An illustrative example of an experimentally determined strain 

pattern, when the specimen is loaded at strip 1 with 3[N], is given 

in figure 5 .4.7. The maximum (negative) principal strain is 0.13 [ -] . 

Also in this strain pattern, regions with large shear can be 

distinguished. This experimentally determined strain pattern agrees 

qualitatively fairly well with the theoretically predicted strain 

pattern (strains in fig. 5.4.3). 

)( ;'( '\(, • ' 'It 

,)(· ,....: X .~ :-· 

X~ X ;-.:;.< 
,_: ;oe.. "/... ' X ;' ~· 

Fig. 5.4.7 Experimentally determined strains (Peters, 1987) f or 

loading the specimen at strip 1 with 3[N]. 

Although the applied load is only 3[N], the experimentally determined 

strains are larger than those from the theoretical analysis (figure 

5.4.3), for which the applied force is 5[N]. This may be caused by 

the following : in reality, biological materials have a nonlinear 
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stress-strain relationship. The stiffness is low for small 

deformations and high for large deformations. In the theoretical 

analysis, however, a linear stress-strain relationship with the high 

stiffness is used for all deformations. This leads to an 

underestimation for the strains. In order to obtain more accurate 

results, it will be necessary to use a more realistic (nonlinear) 

stress-strain relationship. 

In the last part of this section, the effect of the orientation of 

collagen fibres on the force transmission is studied theoretically. 

The stiffest direction in the membrane is rotated over 5 degrees. The 

principal Cauchy stresses for both load cases, are shown in figure 

5.4 . 8 . The maximum principal stress when the membrane is loaded at 

x-SO(mm], y-1 . 625[mm] is 7.29[N/mm2]. The maximum principal stress 

when the membrane is loaded at x-SO[mm], y-11.375[mm] is 5.92[N/mm2 ]. 

Results for the force transmission in each cross-section are strongly 

influenced by the rotation of the stiffest direction, as is shown in 

figs. 5 .4.9 and 5 . 4.10. Thus, the force transmission is very 

sensitive to (local) differences in the orientation of collagen 

fibres. 
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The overall conclusion of this section is, that there is a fairly 

good qualitative agreement between the theoretical and experimental 

results. In order to be able to compare experimental and theoretical 

results quantitatively, it will be necessary to: 

- determine experimentally a more realistic constitutive law. 

- take into account the local arrangement of collagen fibres in the 

structure . 

) ,o __ 
stiffest direction 

- ~ a. 

-- --r - - --b. 

Fig. 5.4.8 Theoretical results for an anisotropic membrane 

(E- 5[N/ mm2], v- 0.4[-] and f - 100[-]) when the stiffest 

direction is rotated over 5 degrees. 

a. The membrane is loaded at x-80[mm], y-1.625[mm] with 

5[N]. 

b. The membrane is loaded at x-80[mm], y-1 . 625[mm] with 

5[N]. 
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Fig. 5.4.9 Theoretical results for the force transmission in two 

cross-sections. The stiffest direction is rotated over 5 

degrees. The anisotropic membrane (E-5[N/mm2 ], v=0.4[-], 

f-100[-]) is loaded at x-BO[mm], y-1.625mm] with 5[N]. 
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Fig. 5.4.10 Theoretical results for the force transmission in two 

cross-sections. The stiffest direction is rotated over 5 

degrees. The anisotropic membrane (E-5[N/mm2 ], v-0.4[-], 

f-100[-]) is loaded at x-BO[mm], y-11.375[mm] with 5[N]. 
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5.5 MODELING OF SLENDER COLLAGENOUS CONNECTIVE TISSUE STRUCTURES. 

5.5 . 1 Introduction. 

Collagenous connective tissue often constitutes compartments in 

which muscular tissue is situated. Muscular fibres are attached to 

rather slender walls of these compartments. Mechanical models for 

slender structures are commonly based on a set of assumptions: the 

Bernoulli hypotheses . By means of these assumptions, the mechanical 

behaviour of slender structures is characterized by well-known, 

relatively simple expressions. The purpose of this section is to 

study whether these assumptions are valid if the membrane is 

anisotropic and/or wrinkles. If these assumptions are valid, the 

mechanical behaviour of collagenous connective tissue structures can 

be characterized by established models. If the assumptions appear to 

be violated, however, more sophisticated tools are required to 

analyse the structures . As an example, a rectangular membrane is 

subjected to 'shear', figure 5.5.1. 

L 

Fig. 5.5.1 The edge at the right-hand side is displaced vertically 

over a distance U. This requires a normal force N, a 

shear force S and a moment M. 

u 
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The Bernoulli hypotheses are: 

1) Cross-sections remain plane. 

2) Cross-sections remain perpendicular to the axis of the beam . 

3) The shape of cross-sections does not change. 

A geometrically linear theory leads, with the assumptions 1-3, to the 

following expressions for the normal force, shear force and moment : 

N= 0 S- 12EIIL3 U M- 6EIIL2 U (5 . 5 .1) 

where: 

E is Young's modulus 

I- 1 o0H3 (Do is the thickness; H is the height) is the 
TI' 

moment of inertia 

L is the length 

U is the 'shearing' distance 

This section is focussed on gaining insight in the influence of: 

- isotropy I anisotropy, 

- geometrical linearity I geometrical nonlinearity, 

- wrinkling is not permitted I wrinkling is permitted 

on the validity of the above mentioned assumptions. Results for in

plane deformations of the membrane are used to verify the assumptions 

1 and 2 . It is not possible to verify the third assumption (the shape 

of cross-sections does not change) by means of results for in-plane 

deformations . 
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5.5.2 FEM analysis. 

Values of geometrical data for the actual analysis are given in 

table 5.5.1. The constitutive equations (5.2 . 1)-(5 . 2.3) are used. 

Table 5.5 . 1 Values for geometrical data . 

length L 

height H 

thickness n0 
shearing distance U 

BO[mm] 

13[mm] 

0 . 4[mm] 

20[mm] 

The mesh contains 240 elements, figure 5 . 5.3. The nodes on the left 

edge are spatially fixed. The nodes on the right edge are displaced 

vertically over a distance U. 

Fig. 5 . 5 . 2 A mesh with 240 elements is used to analyse the 

'shearing' of a slender membrane. 

Figures 5 .5. 3 and 5.5.4 show the resul ts for strains and stresses 

from a geometrically linear analysis where the membrane is not 

permitted to wrinkle. Consider, for instance, cross-section A-A in 

the deformed membrane (figure 5.5 . 3). It can be observed that this 

cross-section remaines plane and perpendicular to the deformed axis. 

As a consequence, the r equired moment and the required shear force 

a r e expected to agree with analytical results from expression 

(5.5.1) . The FEM results for the shear force and the moment differ 

about 7 % from the analytical results. More accurate results can be 

obtained by employing non-conforming elements which are especially 

suitable for the analysis of bending problems, Zienkiewicz (1977). 

MFEM "' 1.07 
Manal . 
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It is observed in figure 5 . 5.4 that the cross-section A-A is not 

plane nor perpendicular to the axis of the membrane when the material 

is anisotropic. 

Figs. 5 . 5 . 5 and 5 . 5 . 6 show results from a geometrically nonlinear 

analysis . From cross-section A-A in fig. 5.5.5 it becomes clear that 

the assumptions 1 and 2 remain valid when the material is isotropic. 

For the anisotropic membrane they are violated again, fig. 5.5.6. If 

the material is anisotropic, the stress pattern is nearly similar to 

that found in a simple shear analysis. 

Results from a geometrically linear analysis, where wrinkling is 

permitted, are given in figs. 5 . 5.7 and 5.5.8. The isotropic membrane 

shows a strong lateral contraction. For the anisotropic membrane the 

contraction is even stronger and the deformations of the elements in 

the center of the membrane are extremely large. However, the very 

large deformations in the center of the membrane together with the 

assumption that the deformations are small (geometrical linearity), 

indicate that the analysis is in fact not proper. It is necessary to 

perform a geometrically nonlinear analysis. 

Results from a geometrically nonlinear analysis - where wrinkling 

is permitted - are shown in figs . 5.5 . 9 and 5.5.10 . Taking large 

deformations into account considerably affects the results for the 

deformations . The lateral contraction is less strong compared to the 

geometrically linear analysis . Again, however , the assumptions 1 and 

2 are not satisfied . 

It has become clear that the assumptions 1 and 2 are violated - in 

the examined example - if the membrane is anisotropic and/or 

wrinkles. As a consequence , the mechanical behaviour of slender 

collagenous structures cannot be characterized by expressions of the 

type (5.5 . 1). 
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Fig. 5 . 5 . 3 The material behaviour is isotropic (E- 5[N/mm2 ] and v-

0.4[-]). The analysis is geometrically linear. Wrinkling 

is not permitted . 

The maximum principal stress i n fig. 5.5 . 3 is 0.59[N/mm2 ] 
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------~ - -- --. ~- ---. ---:.- --. --.. 
..... -.. . ~-----

, ,. " ,"' ...... : ..... -· ·-- :~::::::;;.::.-:=-"::;=;i.::7-·-
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- -=--..::. - .... " " " • • .. .... " .... ... - ::_:::------- -
._....;_:--· - ... .... . . ""; __ ~--

·--- --- -~·.:::.:::-~-:::::::._~=.:::.:;;::_-..__ --• • - ..... . • •• " "" " •• 

=~:=: --~ ---·: ·--· ·- -· ·:: __ .. 
-- - -:._.r--- -::::....=--:...--- ----- --===-===-----

~ 

Fig. 5.5.4 The material behaviour is anisotropic (E- 5[N/mm2 ], v-

0 . 4[ - ] and f- 20[-]). The analysis is geometrically 

linear . Wrinkling is not permitted. 

The maximum principal stress in fig. 5.5.4 is 5.3l[N/mm2] . 
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stiffest d " ~rection 
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Fig. 5.5.6 The material b h 
0.4[-] e aviour is and f- 20 [- anisotropi ( nonli }) . The a o E- 5 [N/mm' 

near . Wrinkling nalysis i ], v-is not s geometrical! 
permitted Y 

The maximum principal stress in f · · is ig. 5 5 6 
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Fig. 5.5.7 The material behaviour is isotropic (E- 5[N/mm2], v-

0.4[-]). The analysis is geometrically linear . Wrinkling 

is permitted . 

The maximum principal stress in fig . 5.5.7 is 0.55[N/mm2 ] . 

stiffest direction 

Fig. 5.5.8 The material behaviour is anisotropic (E- 5[N/mm2], v-

0 .4[ - ), f- 20[-]). The analysis is geometrically linear. 

Wrinkling is permitted. 

The maximum principal stress in fig. 5.5 . 8 is 5.04[N/mm2]. 
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Fig. 5.5 . 9 The material b 
0 . 4[-]) ehaviour is 

· The anal 
Wrinkli ysis is 

ng is permitted 

isotro i p c (E- 5[N/mm2 
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The maximum principal stress in fi g . 5 . 5 . 9 is 

--- s t iffest d ' ~rection 
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anisotropic 

The anal 
Wrinkli ysis is 
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CHAPTER 6: ANALYSIS OF A SELECTION OF PROBLEMS . 

6 . 1 INTRODUCTION. 

The tool developed in chapters 2 and 3 is not only useful for 

analysing the force transmission in collagenous connective tissue 

structures, but it can be used to analyse other thin structures too. 

The main purpose of this chapter is to illustrate this . A selection 

of problems is presented in the following sections. Slightly 

different problems are studied in literature, restricted however to 

geometrical linearity or simple material behaviour (isotropic or 

inextensible material). The problems which are analysed here, are not 

subjected to such restrictions. Hence, the results of this chapter 

cannot be directly compared with results from literature . Whenever 

possible , however, some general remarks on the results reported in 

this thesis and results from literature are made. 

In section 6 . 2, a pneumatically inflated structure - a half sphere 

with a rigid disc on top - is analysed. In section 6 . 3, a torsion 

test is described which has been used to determine mechanical 

properties of skin. The closing of an elliptical wound is examined in 

section 6.4. 

6.2 THE MECHANICAL BEHAVIOUR OF AN INFLATED HALF SPHERE WITH A RIGID 

DISC ON TOP. 

6.2.1 Introduction. 

The behaviour of membrane-like structures loaded with pressure 

perpendicular to their surface is of practical interest. In 

biomechanics for instance, cardiac valves are loaded by blood flow. 

Pneumatically inflated fabric constructions are used in the building 

industry. In spacecrafts there is a difference between internal and 
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external pressure on thin plates which are used to reduce the weight 

of the spacecrafts. 

The behaviour of inflated structures has been analysed by Miller et 

al . (1983) and Yokoo et al . (1972), both assuming geometrical 

linearity and inextensible material behaviour. Although Miller 

presented a membrane element (geometrically linear and isotropic) his 

analysis of inflated structures is analytical, because the element 

formulation is limited to in-plane loading of flat membranes . 

This section deals with the behaviour of a half sphere with a rigid 

disc on top, see fig. 4 . 2.3 . This structure is inflated with a 

pressure p . The pressure p is the load per area of deformed surface . 

The rigid disc is displaced vertically over a distance U. Except for 

the surface pressure, the problem equals the one of sub-section 

4.2.2. The same isotropic material properties are used and again the 

analysis is geometrically nonlinear. 

The analysis is performed for pR~ 62 . 5(N] . The values of the 

vertical displacement U follow from U/Ro- 0.07 and 0 . 16[-]. These 

values lead to typical results, as will be shown in the following 

sub-section. 

6.2.2 FEM analysis. 

Again, only a small section of the half sphere needs to be 

analysed. The same section and the same element mesh as in sub

section 4.2.2 are used (fig. 4 . 2 .4). 

If the structure is only inflated, the entire membrane is taut . For 

low values of the vertical displacement U, the entire structure 

remains taut. At a certain value of this displacement 

(U/Ro~ 0 . 06(-]), wrinkling occurs. This i s illustrated by means of 

the results for U/Ro= 0.07(-]. The deformations along the line P-Q 

(see fig. 4 . 2 .4) are shown in fig . 6.2 . 1. 
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p 

Q 

Q 

Fig. 6.2.1 Deformation of the half sphere along the line P-Q 

(U/Ro- 0.07[-]). c0 denote s the initial configuration 

and c1 denotes the deformed configuration. 

The stresses (solid lines) are shown in the deformed mesh (dotted 

lines) on the left-hand side of fig. 6.2.2. The direction and the 

size of wrinkles are illustrated by means of solid lines on the 

right-hand side of this figure . The direction of a solid line denotes 

the direction of wrinkling (vector nl in chapter 2). The length of a 

line corresponds to the value of p, thus corresponds to the size of 

the wrinkles. It should be recalled that (l+P) equals the real length 

of a material line in wrinkling direction divided by the fictitious 

non-wrinkled length of the same material line. Wrinkling starts above 

the middle of the structure. Near the boundaries the membrane is 

taut . This is caused by the fact that at the boundaries tangential 

deformations are suppressed, thus also wrinkling is suppressed in 

tangential direction. As expected, the wrinkled part of the structure 

is not straight in the direction of tension (fig. 6.2.1). This is 

necessary to ensure equilibrium of the pressure and the in-plane 

positive stress. 
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Principal stresses Wrinkles 

Fig. 6.2.2 Principal stresses and wrinkles in the half sphere where 

U/Ro- 0.07[-]. 

The maximum principal stress follows from stress*R6- 4300[N]. The 
maximum value of fi is 2.7 10- 3 [-] . 

Increasing the displacement of the disc (U/Ro- 0.16[-]) extends the 

zone of wrinkling, fig. 6.2 . 3. 
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Fig . 6.2.3 The solid lines indicate the wrinkles for U(R0- 0.16[-]. 

The maximum value of fi is 7.44 10- 3 [-]. 

6.3 TORSION TESTS ON SKIN. 

6.3 . 1 Introduction. 

A rigid circular disc (radius Rd) and a guard ring (radius Rg) are 

attached to skin (fig . 6.3 . 1). Turning the rigid disc over an angle~ 

requires a moment . The ratio of the angle ~ and the moment gives 

information about the mechanical properties of skin. Torsion tests 

have been used by several authors to obtain information on the 

mechanical properties of skin (see Wijn, 1980 for a survey of the 

literature). An important advantage of this test is that it can be 

performed in vivo. As the skin wrinkles, tension field theory has to 

be applied for the theoretical analysis. 
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The radii of the disc and the guard ring are Rd- S.O[mm) and Rg-

12.5[mm). The initial thickness of the membrane is 1.2[mm) (which is 

a typical value for skin, Manschot, 1985). 

skin 

Fig. 6.3.1 Torsion test on skin. The disc is rotated over an 

angle ~. 

6.3.2 FEM analysis . 

A mesh with 240 elements is used, fig. 6.3.2. The nodal points on 

the outer circle are spatially fixed. The nodal points on the inner 

circle are rotated according to the rotation of the rigid disc. The 

analysis is geometrically nonlinear. 

In reality, the constitutive behaviour of skin is complex 

(nonlinear, time-dependent and anisotropic). However, this section is 

intended to illustrate the suitability of the developed tool for the 

analysis of torsion tests . This also can be accomplished by using a 

relative ly simple constitutive relationship; hence, the material 

behaviour is assumed to be elastic: 

Q - 1/J I . H( ~ ) . Ic (6.3.1) 
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~ stiffest 
direction 

Fig. 6.3.2 A mesh with 240 elements for the FEM 

analysis of torsion tests on skin. 

In order to get insight into the effects of anisotropy, the first 

analysis is performed with the constitutive equation of section 2.3 

where E- 9.56 l0- 4 [N/mm2), v- 0.25[-J and f-10[-]. The calculation is 

performed for the disc's rotation~ 10.0 degrees. Results for the 

stresses are given in fig. 6 . 3 . 3; the table in this figure gives 

stresses in 12 elements at the inner circle. As expected, the maximum 

principal stresses appear in the stiffest direction. In rotational 

direction, the stresses differ considerably as can be seen by 

comparing similar elements in rotational direction (similar elements 

in rotational direction are elements which would have the same 

stresses for isotropic material. The elements 1,3,5,7,9 and 11 are 

similar in that respect. Also the elements 2,4,6,8,10 and 12 would 

have the same stresses for isotropic material). 



stiffest 
direction 

-- --

-82-
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element stress(l0-~/mm2] 

1 2.89 

2 12.6 

3 9.62 

4 26 . 8 

5 14 . 3 

6 11.5 

7 3.07 - ...,___ 
8 --- 2.80 

9 1. 73 

10 2.60 

11 1. 62 

12 3.33 

Fig. 6.3.3 Principal stresses for the angle of rotation~ 10.0•. 

The material behaviour is according to section 2.3 with 

E= 9.56 l0- 4 [N/mm2], v- 0 . 25[-] and f-10[-]. 

The maximum principal stress in fig. 6 . 3 . 3 is 26 . 8 10-4 [N/mm2 ] . The 

maximum value of pin fig. 6.3.4 is 0 . 489[ - ] . The majority of 

wrinkles appear at the inner circle. Of course, the direction of the 

wrinkles is always perpendicular to the direction of tension (compare 

figs. 6.3.3 and 6.3.4). 

A more realistic constitutive law for skin, based upon experiments, 

is proposed by Tong and Fung (1976) and leads to the following plain

stress form for the tensor function H(~) in equation (6.3.1): 

(6 . 3 . 2) 
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(6.3.3) 

(6.3 . 4) 

where: 

stiffest 
direction 

element betha[-] 

1 0 . 187 

2 0 . 134 
\ 

. --~\,\'\'1'1) II i I 
3 0 . 242 

4 0 . 291 

- ,,; I I 5 0.409 --- I 6 0.154 
"'/ / 

7 / /, 0.454 
I ----- 8 0.322 

I I I'I( == 9 0.489 :! II 1,1,\s\~-- . 10 0.315 

11 0.413 

12 0.090 

Fig . 6 . 3.4 Solid lines denote the direction and size of the 

wrinkles in the deformed configuration for the angle 

of rotation t- 10 .0" . The material behaviour is 

according to section 2.3 withE- 9 . 56 l0-4 [N/mm2], v-

0.25(-] and f- 10[ - ] . 

In the expressions above, use has been made of the fact that skin is 

orthotropic, i.e. it has two perpendicular planes of symmetry. Tong 
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and Fung determined the parameters a1 ,a2 ,a4 ,a1 ,a2 ,a4 and c by fitting 

this constitutive equation to the results of biaxial experiments 

performed on rabbit skin by Lanir and Fung(l974). The values of these 

parameters depended markedly on the loading cycles chosen in the 

experiments. Typical values of the parameters in the constitutive 

equation are taken from Tong and Fung: 

Table 6 . 3.1 Values of the parameters in the constitutive 

equations (6.2.2)-(6.2.4). 

al 12 . 7 [ -] Ql-Q2 1.02 l0- 3 [N/mm2 ] 

a2 3. 79 [ -] 0<3 7 . 65 10-4 [N/mm2 ] 

a3 7 . 80[-) 0<4 2 . 54 10-4 [N/ mm2 ] 

a4 0 . 587[-] 
c 7 . 79 l0- 7 [N/mm2 ] 

The 1 and 2-direction are switched in comparison with the notation 

of Tong and Fung (in order to keep t ,he local 1-direction as stiffest 

direction everywhere in this thesis) . The 1-direc tion cor responds 

to the preferential direction of collagen fibres in the skin . 

As Lanir and Fung conducted stretching experiments only, the 

parameters corresponding to shear, a 3 and a 3 , could not be 

determined. The preceeding values are chosen quite arbitrari l y. In 

the foll owing analyses, the strain pe rpendicular to the plane (E33 ) 

is determined f r om the assumption that skin is incompres sible . 

An impression of the constitutive equation is given in fig. 6.2.5 . 

This figure shows the forces which are required to deform a 

r ectangular piece of skin , of initial size Lo*Bo- lO*lO[mm] and 

1.2[mm] thick. The forces are shown as functions of dimens ionless 

de forma t ions U/Lo and U/Bo wher e U is defined in fig. 6 . 3 .5 for each 

load case . For small deformations, the behaviour is nearly linear and 

isotropic with Young ' s modulus E- 9.56 l0-4 [N/mm2 ] and Poisson's 

ratio v - 0.25[-]. For large deformations the behav iour is highly 

nonlinear and anisotropic. 
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Fig. 6.3.5 An impression of the constitutive law expressed by 

equations (6.2.2.)-(6.2.4). 

The parameters a (angle of the principal stress frame in the 

element) and p (size of the wrinkles) are determined iteratively by a 

Newton-Raphson solution procedure if an element is wrinkled. The 

initial estimates for a and p in the Newton-Raphson procedure are the 

values from the preceeding iteration step of the finite element 

program. Due to a poor initial estimate, the value of p in the 

Newton-Raphson solution procedure may become so large that 

calculation of the stresses leads to an overflow error on the 

computer, which is caused by the exponential part in the stress

strain curve . This problem can be circumvented by increasing the 

number of increments into which the total load step (i.e. the 

rotation of the inner circle) is divided . When the angle of rotation 
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is about 39 degrees, the strains comply with the nonlinear part of 

the exponential constitutive law. Then, the increments need to be 

very small, which makes the analysis tedious. A total angle of 39.2 

degrees is reached. In order to study the torsion test for low 

strains, the analysis is also performed at an angle 10 times as small 

( 3. 92 degrees) . 

Principal Cauchy stresses for the angle of rotation~ 3.92 degrees 

are given in fig. 6.3.6. 

stiffest 
direction 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

5.76 

8.69 

5 . 78 

8. 72 

5 . 79 

8. 70 

5. 77 

8.67 

5.76 

8.66 

5.75 

8.66 

Fig. 6.3 . 6 Principal stresses for the angle of rotation~ 3 . 92•. 

The maximum principal stress in fig. 6.3.6 is 8.72 l0- 5 [N/mm2 ] . As 

the deformations are small (the maximum principal Green-Lagrange 

strain is 7.80 10- 2 [-]), the skin behaves almost isotropic and the 

stresses are nearly constant in rotational direction (compare the 

elements 1,3 , 5 , 7,9 and 11). 

The major wrinkles appear around the inner disc (fig. 6.3.7) . Also 

the field of the parameter p is nearly constant in rotational 

direction. 
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element betha[-] 

1 0.127 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

0.092 

0.127 

0.092 

0.127 

0.092 

0.127 

0.092 

0.127 

0.092 

0.127 

12 0.092 

Fig. 6.3.7 Solid lines denote the direction and size of the 

wrinkles in the deformed configuration for~ 3.92•. 

The maximum value of~ in fig. 6.3.7 is 0.127[-]. 

Results for ~ 39.2 degrees are shown in the figs. 6.3.8 (principal 

stresses) and 6.3.9 (wrinkles). The parameter~ differs considerably 

in rotational direction. The largest values of ~ are found at the 

inner disc. Note that the maximum value of the parameter ~ is 

extremely h:l:gh. 
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I I 

element 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

9.86 

44.8 

8.43 

46.7 

8.15 

31.9 

9.73 

22.7 

11.0 

22.1 

11.0 

12 28.7 

Fig. 6.3.8 Principal stresses for the angle of rotation~ 39.2°. 

The maximum principal stress in fig. 6.3.8 is 46.7 l0- 4 [N/mm2 ]. 

Any theoretical analysis aimed at determining material properties 

by means of this experiment, should take into account that the stress 

and strain fields are inhomogeneous, especially for large 

deformations. Hence, it is impossible to compare experimental results 

with simple analytical calculations in order to determine material 

properties. It is necessary to compare this type of experiment with 

FEM calculations instead. Such an approach is suggested by Hendriks 

et al., 1988. 
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element 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Fig. 6.3.9 Solid lines denote wrinkles in the deformed 

configuration for~ 39.2". 

The maximum value of fi in fig. 6.3.9 is 18.55[-]. 

6.4 CLOSING OF AN ELLIPTICAL WOUND IN SKIN. 

6.4.1 Introduction . 

betha[-] 

14.96 

2.384 

8 . 966 

2.269 

8.093 

2.539 

11.07 

2.588 

18.55 

2.482 

0.365 

2.750 

When the edges of a wound are sutured together tightly, a stress 

field in the skin is initiated. Probably, the stresses acting upon a 

wound are important for predicting how it will heal. Hence, it is of 

interest to analyse the stress field in skin after a wound is closed. 

As wrinkling occurs, Danielson and Natarajan (1975) used tension 

field theory to study this type of problem. They claim to take large 

deformations of skin tissue into account. However, the constitutive 

equation they used is not material frame indifferent. 
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Langer (1861) recorded that holes in skin tend to become 

elliptical. The long axis of the ellipse seems to correspond with the 

preferential direction of collagen fibers (Brown, 1971 and Finlay, 

1969). In this section, the closing of an elliptical wound is studied 

(fig. 6.4.1). 

square stiffest 
direction 

skin 

Fig . 6 . 4 . 1 Closing of an elliptical wound in the center of a 

square. 

The long axis of the ellipse is 20[mm] long and the short axis is 

S[mm] long. The wound is placed in the center of a square (100*100 

[mm]). The skin tissue is spatially fixed along the edges of the 

square. The constitutive equation from the preceeding section (eqs. 

(6 . 3.2)-(6.3.4)) is used. The stiffest direction is chosen to 

correspond to the long axis of the ellipse. 
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6.4.2 FEM analysis. 

As there are two planes of symmetry, only a quarter of the problem 

is analysed. The mesh contains 128 elements, fig. 6.4.2. The nodal 

points in the planes of symmetry are kept in these two planes. The 

nodal points at the boundaries of the square are spatially fixed, 

whereas the nodes on the ellipse are displaced in a way that the 

ellipse is closed. The closing of the ellipse leads to stresses as 

shown in fig. 6.4.3 (the maximum principal stress is 2.29 

l0- 4 [N/mm2]). 

stiffest 
direction 

Fig. 6.4.2 A mesh with 128 elements for the analysis of the closing 

of an elliptical wound. 

As the edge of the ellipse is shortened by straightening it, tissue 

is forced away from the side of the wound, and the stresses are 

negligible in that region. Just above the closed wound, both 

principal stresses are positive. Although Danielson and Natarajan 
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(1975) studied a slightly different problem, it is rather surprising 

that they assumed ~ priori that wrinkles extend from the closed wound 

to the boundaries. This assumption conflicts with the results of this 

section. 
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stiffest 
direction 

Fig. 6.4.3 Principal stresses in the skin if wrinkling is 

permitted. 

The solid lines in fig. 6.4.4 show the direction and size of 

wrinkles (the maximum value of fi is 1.68[-]). Slack elements are 

denoted by a triangle. Particularly to the right of the closed wound, 

membrane parts are slack or wrinkled. It may be desirable that the 

size of wrinkles does not become too excessive. 

Calculations like the one presented in this section can be used for 

optimization of the geometry of incisions in skin with respect to 

stresses or the size of wrinkles. 
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' 

stiffest 
direction 

Fig. 6.4.4 Solid lines denote the direction and the size of 

wrinkles in the deformed configuration. A triangle 

denotes a slack element. 
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CHAPTER 7: CONCLUSIONS AND RECOMMENDATIONS. 

7.1 THEORETICAL MODEL AND SOFTWARE. 

Summary. 

A theoretical model and software for the analysis of wrinkled 

membranes has been developed. The software uses a triangular constant 

strain element. The constant strain element is chosen to prevent the 

possible appearance of different regions in one element, for instance 

wrinkled and taut regions, which would complicate the element 

formulation considerably. A Newton-Raphson solution procedure is used 

for all the analyses presented in this thesis. 

Conclusions and recommendations. 

The geometrically nonlinear model describes the wrinkling of 

anisotropic membranes. As stated in chapter 2, the model can also be 

used when the material behaviour is time-dependent. However, it is 

not evident how to account for permanent deformations. Probably, the 

same modification of the deformation tensor can be used when a 

membrane is wrinkled. It is not clear, however, how to decide whether 

a membrane part is wrinkled or slack. This needs further 

.investigation. 

For biological materials, it is necessary to include time

dependency in the element formulation. Although it will complicate 

the element formulation, it may be worthwhile to investigate higher 

order elements. For some types of problems, this might lead to a 

substantial reduction in the number of elements needed for accurate 

results. 

Especially for the problems presented in sections 5 . 3 and 5.4, the 

Newton-Raphson solution procedure of the finite element program 

showed converging problems for large numbers of elements. Probably, 
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this may become the major difficulty for future research. For more 

complex geometries and material properties, it can be necessary to 

use other types of solution procedures (for instance, globally 

convergent restricted step methods) . 

7.2 EXPERIMENTS ON ISOTROPIC MEMBRANES. 

Summary. 

Isotropic membranes of polymer material were subjected to a 

combination of extension and shear. The occurrence of wrinkling 

depended on the ratio of the extension and shear. 

Conclusions and recommendations. 

The experiments demonstrated that: 

- it is possible to predict when wrinkling occurs, 

- quantitative prediction of forces in wr inkled membranes is 

possible. 

- high positive stresses in one direction , stabilize the wrinkling 

behaviour in the perpendicular direction , 

An experimenta l verification of the theory for anisotropic membranes 

is not performed yet, but should be pa r t of future res earch. 

7.3 APPLICATIONS TO SOFT BIOLOGICAL TISSUES. 

Summary. 

The force transmission in collagenous connective tissue structures 

i s studied in Chapter 5. Special attention is given to the influence 

of mat erial properties and boundary conditions. Theoretical results 

f or force transmission and deformations are compa red with 

experimental results. Torsion tests on skin and the closing of an 

elliptical wound are presented in chapter 6. 
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Conclusions and recommendations. 

Results for stress and strain distributions are dominated by the 

highly anisotropic material behaviour. In the analysis of anisotropic 

rectangular membranes, it is found that the force transmission is 

mainly in line with the applied force. Also the strain distributions 

are affected by the anisotropy. A zone with normal strains appears in 

line with the applied force. This zone is demarcated by a zone with 

large shear strains. The strains along the edges of the membranes are 

small. The theoretical results for force transmission and 

deformations agree qualitatively fairly well with experimental 

results. A quantitative comparison requires a more realistic 

constitutive law and more detailed information on the local 

arrangment of the collagen fibre network. 

It is questionable, into what detail biological tissues should be 

studied. A very detailed study (for instance, taking separate elastin 

and collagen fibres into account) is not realistic, due to the vast 

amount of data needed for such study. However, as stress 

distributions prove to be very sensitive to variations in the 

stiffest direction of a membrane, at least some information on the 

local arrangement of fibre networks is needed. The required amount of 

structural data is related to the extent quantitatively accurate 

results are needed. 

The analysis of torsion tests on skin demonstrated that strain 

fields are in general inhomogeneous. For this reason, it is necessary 

to record experimentally the inhomogeneous strain field and relate 

these experiments to a theoretical analysis which accounts for the 

inhomogeneous strain field. The experimental determination of 

inhomogeneous strain fields can be accomplished by means of digital 

image processing, Peters (1987). The Finite Element Method can be 

used to determine inhomogeneous strain fields theoretically. Hendriks 

et al. (1988) propose nonlinear filtering to relate the experimental 

and theoretical results. Such a combined theoretical/experimental 

approach may provide a valuable tool for the determination of 

material properties of soft biological tissues. 
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APPENDIX A: FORMULATION OF A TRIANGULAR ELEMENT. 

In all the appendices, for convenience, no asterisk is used to 

idicate an estimated value. 

In this appendix, a triangular membrane element is formulated 

(fig. 3 . 2 . 2) . The position of a material point in the element is 

given by: 

(A.l) 

where ~k are nodal coordinates, rt3 is the unit normal vector on the 

element and ~ are shape-functions depending on the triangular 

coordinates ei: 

(A . 2) 

D is the current thickness which is assumed to be constant over the 

element. Base vectors in the initial configuration are: 

(A . 3) 

(A.4) 

(A.S) 

where the subscript 0 denotes values in the initial configuration . 

The reciprocal base vectors are given by: 

(A . 6) 

(A . 7) 

(A.8) 
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(A.9) 

From the definition of the deformation tensor I it follows that: 

(A.lO) 

Comparing equations (3.2.10) and (A.lO) it is clear that: 

(A . ll) 

The linearized version of this similar deformation tensor~ reads: 

(A.l2) 
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APPENDIX B: DETERMINATION OF S( J~ ). 

According to chapter 2, the stresses in a wrinkled membrane are 

determined by modifying the deformation tensor in the constitutive 

equation: 

c 
J~) - l' . 8(1') • l' (B.l) 

where: 

(B.2) 

The parameter p and the direction of the principal Cauchy frame 

(which is determined by the angle a, see figure B.l) follow from the 

conditions for zero stress in wrinkling direction and zero shear 

stress in the principal frame (appendix D, equations (D.l) and 

(D.2)). 

2 

3 

Fig. B.l The direction of the principal stress frame is given 

by the angle a. 

Each time the element is wrinkled, these parameters are determined 

by solving these nonlinear, coupled conditions iteratively by a 

Newton-Raphson routine. 
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In the following steps, equation (B . l) will be simplified . First, 

the Green-Lagrange strain tensor will be simplified; this tensor is 

defined by : 

c 
&• - 0.5 < I' · I' - l (B.3) 

The auxiliary tensor ~ is defined by: 

(B.4) 

and the 'modified auxiliary tensor': 

(B . 5) 

As terms like (a~ja€~ ~Or ~k ) • n3 are always zero, because for 
instance with r-1, ( ~1 - x3) is perpendicular to n3, it can be 

proved that expression (B.3) may be replaced by: 

c 
&· - 0.5 [ ~· • ~· 

2 .... ... 
+ D 'YQ3'Y03 - l (B.6) 

The tensor function H (in equation (B.l)) is expected to be known 

with respect to an orthonormal base wi in the initial configuration 
(with w3 perpendicular to the plane of the element): 

However, it can be shown in a straightforward manner that the 

restriction of plain stress, n3 • £ • n3- 0, leads to: 

This r esult i s used t o elimina te the Green-Lagrange stra in in w3 
direction in expression (B.7). Thus, (B.8) in combination with 

expression (B . 7) leads to: 

(B. 7) 

(B.8) 

(B.9) 
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where the terms Hij only depend on in-plane strains. Now, it can be 

shown that the Cauchy stresses can be determined from the simplified 

expression: 

c 
CJ~) - ~· • tl • a· 

where tl is given by equation (B.9). In order to determine o(J~) 

expression (B.lO) needs to be linearized: 

c c c 
o(J~)- s~·· tl • ~· + ~·· otl • ~· + ~·· tl • s~· 

As: 

the increment of~· in equation (B.ll) reads: 

(B.lO) 

(B.ll) 

(B.l2) 

(B.l3) 

Linearization of equation (B.4) produces the increment o~ in equation 

(B.l3): 

(B.l4) 

The increment of the vector n1 in equation (B.l3) can be represented 

by the following expression (appendix C): 

(B.l5) 

Furthermore, the increment otl in equation (B.ll) is given by: 

c c 
1 o.5 sa· . ~· + o.5 ~· • s~· (B.l6) 

where the fourth-order tensor 4M contains derivatives of the tensor 

function tl with respect to the strains. Combination of (B.l2) to 

(B.l6) with (B.ll) yields: 
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(B.l7) 

where: 

(B.18) 

c ~ ~ c ~ ~ 

+ o.S!A' ·<fiM1b1+ fin1M!)·Alcll· A' + A'·H·!Ac·(fin1M! + fiMlb1 )l 

(B.19) 

(B.20) 

The increments ofi en &a in equation (B.17) are derived in appendix D: 

(B.21) 

(B.22) 
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which results in the following expression : 

(B . 23) 

where: 

(B . 24) 

(no summation on a and p) 
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APPENDIX G: DETERMINATION OF Snj. 

An orthogonal set of vectors v1 , v2 and v3 is introduced with v3 
perpendicular to the surface of the membrane (fig . G.l). 

+ 
v3~~------------------e 

3 

Fig . G. l v1 , v2 and v3 is an orthogonal set of vectors in the 

element. 

Increments of these vectors are represented by: 

(G . l) 

(G.2) 

(G.3) 

(G.4) 
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where the tensors yjk contain the derivatives of vj with respect to 
the nodal displacements ~k and are determined from the expressions 

(C.l) - (G.3): 

The direction of the principal orthonormal frame ni is indicated by 

the angle a. Comparing figures B.l and C.l yields : 

(C.S) 

(C . 6) 
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(C . 7) 

It is easily shown that increments of the vectors nj are given by : 

(C . B) 

-+ 

The vectors Mj contain partial derivatives of nl with respect to a . 
The tensors Mjk contain partial derivatives of nj with respect to 
uk. These terms read : 

.... 
M!- -sin(a) ~1/ l~1l - cos(a) ~2/l~2l 

.... 
M2- cos(a) ~111~1 1 - sin(a) ~2/l~2l 

As (appendix D): 

( C.9) 

it follows that: 

(C.lO) 

where : 
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(no summation on o) 

Thus, the increments in the principal directions depend, via 

expression (C . lO), on increments in the nodal displacements. 

(C . ll) 
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APPENDIX D: DETERMINATION OF oa AND op . 

The angle a (appendix C) and the parameter P (appendix B) are 

determined from the coupled nonlinear conditions 

rt1 • !!. • rt1 -0 (the principal stress in wrinkling direction is zero) 
and rt1 • !!. • rt2 - 0 (the shear stress in the principal frame is 

zero): 

(D.l) 

(D.2) 

Linearization of (D.l) and (0 . 2) results in: 

(D.3) 

(D.4) 

It is shown in appendix C that: 

... 
ortJ - Mj oa + Mjk . ouk (D.S) 

and in appendix B that: 

0 (Jf!.) - ~i sp + f>a oa + 3A 
-k . s\ik (D . 6) 

Combination of (D.S) and (D.6) with (D . 3) and (D.4) leads to : 

(D.7) 

(D. B) 

where : 
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(0.9) 

~ ~ 

bla- M1·<J~)·nl + nl•aa·nl + nl•(J~)·Ml (0.10) 

(0 . 11) 

(0 . 12) 

(0.13) 

(0.14) 

By employing (0.7) to (0.14), it is possible to determine expressions 

for ofi and oa. These expressions are of the form: 

(0.15) 

(0.16) 
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APPENDIX E: DETERMINATION OF ADDITIONAL TERMS DUE TO 

THE PRESENCE OF A SURFACE PRESSURE. 

The equivalent nodal forces due to the presence of surface pressure 

will be derived first. The surface pressure p is defined as the load 

perpendicular to the plane of the deformed membrane per unit of 

deformed area. This load contributes to the integrated load on the 

membrane which reads (equation (3 . 2.12)) : 

(E.l) 

where the surface load£ is: 

see fig. E.l. 

p 

Fig. E.l The surface pressure p is defined as a load pe r area of 

deformed surface . 

If the membrane is taut, all the terms in the integral are known. 

However, if the membrane is wrinkled, the surface normal rtA is 

unknown. Then, the integral is approximated with an integr a l with 

respect to the fictit i ous non-wrinkled membrane: 
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r (Jaf ~ ) ~ ciA 'A nfA • e. • n 0 
0 

(E.2) 

where nfA is the outward unit normal on the fictitious non-wrinkled 
membrane, J~ is the ratio of the fictitious non-wrinkled surface area 
and the initial surface area and £z p nfA nfA · Expression (E.2) 

results in: 

(E.3) 

where Af denotes the surface of the fictitious non-wrinkled element ... ... in the deformed configuration . The vectors c 01 and c02 are base 

vector s in t he initial configuration and €1 and €2 are material 

coordinates (appendix A). Thus, the surface pressure leads to 
... 

equivalent nodal forces f~ - 1/3 A£ p nfA (1-1,2,3) perpendicular to 

t he plane of the fi c ti tious non-wr inkled element. The surface Af and 
the surface normal nfA depend on the current estimations for the 

nodal displacements of the element. 

The presence of surface pressure also leads to an additional part 

of the s t iff ness matr i x. Linear iza tion of expression (E . 3) leads t o : 

I o<Ji n £A. £ ) • fi ciAo - P 1;3 scAf nfA)· cfi1+ fi2 + fi3) CE.4) 
0 

The surface area Af is given by: 
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Ar- ((a+b+c)(a+b-c)(a-b+c)(-a+b+c)/16) 0 · 5 (E . 5) 

where a,b and c denote the lengths of the edges of the element : 

Thus, the increment in the surface area Af is: 

(E.6) 

where: 

NAl- -Na/(a3) <xl - x2> + Nb/(b3) <x2 - xl> 

NA2-
3 -Nb/(b ) <x2 - xl> + Nc/(c3) <x3 - x2> 

NA3- Na/(a3) <xl - x3> - Nc/(c3) <x3 - x2 > 

where : 

Na- 0.5Af/16{(a+b-c)(a-b+c)(-a+b+c)+ (a+b+c)(a-b+c)(-a+b+c) 

(a+b+c)(a+b-c)(-a+b+c)- (a+b+c)(a+b-c)(a-b+c)} 

Nb- 0.5Af/16{(a+b-c)(a-b+c)(-a+b+c)+ (a+b+c)(a -b+c)(-a+b+c) 

-(a+b+c)(a+b-c)(-a+b+c)+ (a+b+c)(a+b-c)(a-b+c)} 

Nb- 0.5Af/16{(a+b-c)(a-b+c)(-a+b+c)- (a+b+c)(a-b+c)(-a+b+c) 

+(a+b+c)(a+b-c)(-a+b+c)+ (a+b+c)(a+b-c)(a-b+c)} 

The increment in the surface normal due to increments in the nodal 

displacements reads (appendix C, equation (C.lO)): 

(E.7) 
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From equations (E.4) to (E.7) it follows that: 

(E.8) 

where: 

The term Ktk represents an additional stiffness term which results 

from the presence of surface pressure. 
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STELLINGEN 

behorende bij het proefschrift 

FORCE TRANSMISSION IN WRINKLED MEMBRANES 

!, De spanningen in een geplooid membraan ZLJn te bepalen door toepassing van 
een gemodificeerde deformatietensor in het constitutief verband, 

2. 

Hoofdstuk 2 van dit proefschrift. 

Bij 
van 
van 
Bij 
tot 

zowel contactproblemen als plooiende membranen ZLJn bepaalde deformaties 
de bestudee rde constructie uitgesloten. Een mathematische beschrijving 
deze verschijnselen kan daarom op sterk analoge wijze gebeuren. 
de numerieke analyse van plooiende membranen zal deze werkwijze echter 
grote rekentijden leiden. 

Baaijens F.P.T. (1987) 
On a numerical method to solve contact problems. 
Proefschrift, Technische Universiteit Eindhoven. 

Dit proefschrift. 

3. In een analyse, waarbij plooien niet in rekening wordt gebracht, kunnen ge
bieden in een membraan negatieve hoofdspanningen vertonen, In tegenstelling 
tot een suggestie van Rousseau, is het niet vanzelfsprekend dat deze gebie
den in we rkelijkheid zullen plooien. 

E~P.M. Rous seau, Mechanical Specifications for a Closed Leaflet Valve 
Prosthesis, proefschrift TUE (1985), 

4. Het door Fung gesuggereerde verband tussen negatieve rekken en plooien van 
een membraan is niet juist. 

Fung Y,C, (1975) 
Stress, deformation, and Atelectasis of the lung. 
Circulation Research, Vol, 37, pp. 481-495. 

5. Bij de bestuder i ng van het kniegewricht modelleerde Wismans bindweefsel
structuren random de knie met veren, De door hem gevonden grote gevoeligheid, 
van modelresultaten voor de stijfheid van deze veren, geeft aan dat een meer
diomensionale modellering van deze structuren gewenst is. 

J.H.S,M, Wismans, A three-dimensional mathematical model of the human knee 
joint, proefschrift Technische Universiteit Eindhoven (TUE)(I980), 

6, De sterke beperkingen waaraan experimenten met biologische structuren onder
hevig zijn, noodzaken tot theoretisch onderzoek waarin eenvoudiger de invloed 
van diverse parameters kan worden bestudeerd. 

7. De bij trekproeven aan bindweefsel gevonden hysteresis in de kracht
verlengingskromme is slechts gedeeltelijk te wijten aan irreversibele pro
cessen in het bindweefsel. 

C.G.C. Dijkers, Bepaling van de Mechanische Eigenschappen van Bindweefsel 
bij de Elleboog op Traditionele Wijze, intern rapport TUE, WFW 87.045 (1987). 



8. Aangezien 'pseudo-elastische' materiaalwetten bepaald met het ene 
experiment, meestal niet in staat zijn een ander experiment te voor
spellen, hebben ze slechts een zeer beperkte waarde. 

Tong P. and Fung Y.C. (1976) 
The stress-strain relationship for the skin. 
J. Biomechanics, Vol. 9, pp. 649-657. 

9. Aangezien veel technische problemen te formuleren zijn als een m~n~
maliseringsprobleem, verdienen oplosmethodieken hiervoor veel (meer) 
aandacht binnen het studiepakket van een technische universiteit. 

10. Het is van eminent belang dat spoedig een 'UNIX operating system' als 
standaard erkend wordt. 


