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In this article we derive the phoretic forces acting on a tracer particle, which is assumed to be small
compared to the mean free path of the surrounding nonequilibrium gas, but large compared to the
size of the surrounding gas molecules. First, we review and extend the calculations of Waldmann �Z.
Naturforsch. A 14A, 589 �1959�� using half-sphere integrations and an accommodation coefficient
characterizing the collision process. The presented methodology is applied to a gas subject to
temperature, pressure, and velocity gradients. Corresponding thermophoretic, barophoretic, and
rheophoretic forces are derived, and explicit expressions for spherical particles are compared to
known results. Second, nonequilibrium thermodynamics is used to join the diffusion equation for
the tracer particle with the continuum equations of nonisothermal hydrodynamics of the solvent. So
doing, the distinct origin of the thermophoretic and barophoretic forces is demonstrated. While the
latter enters similarly to an interaction potential, the former is given by flux-flux correlations in
terms of a Green-Kubo relation, as shown in detail. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2161214�
I. INTRODUCTION

Phoretic forces on a tracer particle are caused by inho-
mogeneities in the properties of the solvent, e.g., tempera-
ture, pressure, and velocity field, giving rise to thermo-,
baro-, and rheophoresis, respectively. Thermophoretic forces
caused by a temperature gradient give rise to dust structures,
are of central interest in the scavenging of aerosol particles in
clouds, when droplets and/or ice crystals grow or evaporate,
during the fall of hydrometeors,1,2 and have been discussed
in the context of nonequilibrium thermodynamics,3,4 and in
terms of a kinetic description, leading to a stochastic differ-
ential equation for a tracer particle in a solvent.5 In contrast
to thermophoretic forces, barophoretic effects caused by
pressure gradients6 and rheophoretic forces caused by veloc-
ity field gradients have been considered less frequently and
not yet elaborated in an extensive, complete, or unifying
fashion. The same is true concerning dielectrophoresis and
photophoresis.7,8 A recent review on experimental results and
theoretical approaches towards thermophoresis can be found
in Ref. 2.

Inspired by a “first-principles” approach involving half-
sphere integrations put forward by Waldmann,9 in this article
we will demonstrate how the diverse phoretic forces on a
dissolved tracer can be obtained in a conceptually simple
manner for particles of arbitrary convex shape and for arbi-
trary solvent velocity distribution functions. The simulta-
neous incorporation of thermo-, baro-, and rheophoresis is
complete in the sense that it accounts for inhomogeneities in
all of the independent field variables of a nonisothermal hy-
drodynamic description of the solvent.

a�Electronic mail: markus.huetter@mat.ethz.ch
b�
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The manuscript is organized as follows. In Sec. II we
derive the force acting on a surface element of a tracer par-
ticle by half-sphere integrations over solvent distribution
functions before and after a collision with the tracer particle.
All results will contain an accommodation coefficient a char-
acterizing the collision process �elastic versus diffusive, 0
�a�1�. In Sec. III, the general expressions for the phoretic
and friction forces are evaluated for a spherical tracer par-
ticle. The resulting forces will be used to write down both the
Langevin dynamics and the Fokker-Planck equation �FPE�
for the tracer particle, suitable for immediate numerical
implementation, complementing direct simulation Monte
Carlo methods.10,11 In Sec. IV, the dynamics of the tracer
particle is embedded in a wider description that encompasses
also the continuum equations for the nonisothermal hydrody-
namics of the solvent. Nonequilibrium thermodynamics is
used to examine the phoretic effects from a nonkinetic per-
spective.

II. KINETIC THEORY

The point of departure is the Boltzmann equation for the
velocity distribution function of solvent particles subjected to
temperature and flow gradients in a reference frame where
the mean velocity vanishes. By solving the Boltzmann equa-
tion for a rarefied gas one finds that the velocity distribution
function f�c� in its 13th moment approximation, which is
equivalent with a second-order orthonormal Sonine polyno-

12
mial expansion, holds as approximate asymptotic solution,

© 2006 American Institute of Physics11-1
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f0�c� = ns��/��3/2e−c̃2
, �1�

where the averages are calculated using f itself; c is the
peculiar velocity, i.e., solvent particle velocity relative to the
locally averaged, “macroscopic,” and eventually inhomoge-
neous flow velocity v of solvent particles, ��ms / �2kBT� is
used to define the dimensionless velocity c̃ via c̃=��c, the
quantities ns and ms denote number density and mass of the
solvent molecules, respectively, and f0 is Maxwell’s isotropic
velocity distribution function. Both distribution functions f
and f0 are normalized as 1�=ns

−1� f�c�d3c=1. In particular,
��c� f =0, �c2� f =3/2, and �c� f

2=4/�, unaffected by the
anisotropy of f . This feature, in turn, suffices to motivate the
expansion chosen in �1� using orthonormal Sonine
polynomials.13 The approach followed in this manuscript
goes beyond a 13th moment approximation. With the help of
Appendix B higher-order terms can be evaluated along the
lines indicated in this manuscript, and the results will not
depend on any approximation such as the hydrodynamic ap-
proximation. However, this limit had been often used. Next,
we introduce it; results will be stated in the later sections.

The expansion coefficients in �1� were related to micro-
scopic expressions for heat flux q and anisotropic friction

pressure tensor p
�

by Maxwell,9,14

�c�c̃2 −
5

2
�	

f
=

1

p
q , �2�

2c̃ c̃
�

� f =
1

p
p
�

. �3�

The symbol a
�

denotes the symmetric traceless part of a ten-

sor a, i.e., a
�

= 1
2 �a+aT�− 1

3Tr�a�1, and p= 1
3Tr�p� is the hydro-

static pressure. In the hydrodynamic approximation9,14,15

q = − � � T, � =
15

4

kB

ms
� , �4�

p
�

= − 2��v
�

, �5�

where � stands for the �Newtonian� viscosity of the pure

solvent, q denotes the heat flux, and p
�

the friction pressure
tensor. For an ideal gas made of rigid spheres of diameter d,
the viscosity is explicitly given as ���mskBT /� /d2 with a
prefactor of 5 /16,13,15,16 and p=nskBT. With or without hy-
drodynamic approximation, we will make use of the distri-
bution function �1� to calculate a pressure tensor, phoretic
forces, etc., for second-order Sonine polynomials below. The
extension to higher-order Sonine polynomials does not re-

quire any additional tools.
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A. Alternate notations

We mention two alternate notations of the distribution
function �1� supplemented with �2�–�5�.

�i� In view of connecting the distribution function of sol-
vent molecules with macroscopically observed gradi-
ents of intensive variables, one inserts Eqs. �2�–�5�
into �1� to recover the notation preferred in Refs. 5,
14, and 17,

f�c� = f0�c���c̃� ,

��c̃� = 1 − � · c̃�c̃2 −
5

2
� − �:c̃c̃ , �6�

where the nondimensional temperature gradient �
and the nondimensional, symmetrized, and traceless
velocity-gradient tensor �—hopefully these newly
chosen symbols help us to remember their physical
meaning throughout the manuscript—are given by

� =
3�

2p

1
��

� ln T = −
4

5p
��q , �7�

� =
2�

p
�v
�

= −
1

p
p
�

. �8�

�ii� For convenience, in the remainder of this manuscript
we are going to deal with a distribution function nor-
malized to unity, and to perform integrations over di-
mensionless quantities. We still have c̃=��c to define
a reduced velocity c̃. The dimensionless distribution
function f*�c̃�, with �f*�c̃�d3c̃=1, therefore reads

f*�c̃� =
f�c�

ns�
3/2 = f0

*�c̃���c̃� , �9�

where ��c̃��1 characterizes �anisotropic� deviations
from the isotropic, dimensionless, Maxwell distribu-
tion f0

*�c̃�=e−c̃2
/�3/2. The scalar function ��c̃� is ex-

panded into powers of c̃ as

��c̃� = �
m=0

�

�m�c̃��m��
mc̃� ,

=�0�c̃� + �1�c̃� · c̃ + �2�c̃�:c̃c̃ + ¯ , �10�

where ��mc̃� denotes the m-fold dyadic product of c̃,
and c̃= �c̃�. Writing this series in terms of Sonine
polynomials15 instead, as in �1�, offers some math-
ematical beauty, such that the coefficients Fm become
“moments” of f*, but for the present purpose, the no-
tation �10� will be useful. While the isotropic Max-
well distribution is trivially recovered for �0=1 and
�m	0=0, the distribution �1� transforms into �9� and
�10� with �0=1, �1�c̃�=−��c̃2−5/2�, and �2�c̃�=
�

−�=�2, as we read off from �6�.
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B. Forces on surface elements of convex particles

For a quiescent solvent, Waldmann9 calculated the stress
tensor � at any surface position of a quiescent tracer particle
in a straightforward manner. The related force dF on a sur-
face element dS—whose normal n points into the gas—of
the tracer particle is dF=−��n� ·n dS. In order to rederive
and extend his results we start from the kinetic pressure ten-
sor

��n� = �
c·n
0

msccf−�c�d3c + �
c·n	0

msccf+�c�d3c , �11�

where it is assumed that the rebound of the tracer particle
upon collision can be neglected due to the assumed large
mass disparity between tracer and solvent particles. In terms
of sizes, this assumption means that the diameter of the
tracer particle must be at least an order of magnitude larger
than that of the solvent molecules, resulting in a mass dis-
parity of three orders of magnitudes. In �11�, f−�c� and f+�c�
denote the velocity distribution functions for the gas particles
approaching to, and—after colliding—departing from the
tracer particle, respectively. Under the assumptions made in
Ref. 9, one uses f−�c�= f�c� with f the velocity distribution
function of the pure gas at the position of the dissolved
tracer. This implies the assumption that the velocity distribu-
tion of the solvent is disturbed only marginally by the pres-
ence of the tracer particle, which is satisfied if the tracer
particle size is substantially smaller than the mean free path
in the solvent, a regime often termed “large Knudsen num-
ber” or “free-molecule” limit. For the outgoing particles one
makes the plausible ansatz f+�c�= �1−a�f�c��+a�n+ /ns�f0,
with c�=c−2c ·nn the velocity of the reflected gas particle,
the Maxwell’s equilibrium distribution f0 �1�, and further in-
volving a coefficient 0
a
1 quantifying the amount of dif-
fusively �versus elastically, purely elastic for a=0� reflected
gas atoms. By making use of the uncrossability of the tracer
particle, ��c·n
0cf−d3c+�c·n	0cf+d3c� ·n=0, one can immedi-
ately evaluate n+=2ns

��Z0�n� and express � and dF as fol-
lows:

��n�
p

= 4�1 − a�Z1�n� · nnn + 2aZ1�n�n − a��Z0�n�1

+ ¯ �1 − nn� ,

��n�
p

· n = 4�1 − a�Z1�n� · nn + 2aZ1�n� − a��Z0�n�n ,

�12�

in terms of two dimensionless “projected moments” Z0 and
Z1, with the kth rank tensor

Zk = n · �
c̃·n
0

��
k+1c̃�f*�c̃�d3c̃ . �13�

Now we use our notations �9� and �10� and introduce spheri-
cal coordinates to split Zk for all k=0, 1, …, into integrals

over radial and angle coordinates as
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Zk�n� �
1

��
�
m=0

�

Rm,k�
m�k+m�n� , �14�

Rm,k � �
0

�

x3+m+ke−x2
�m�x�dx , �15�

�k�n� � −
1

�
�

y·n
0
��

ky��n · y�d2y . �16�

Using the methods of Ref. 18 and with the help of Appendix
A, we obtain �0=1, �1=−�2/3�n, �2= �1/4��1+nn�, etc.,
cf. Appendix B. In Ref. 9, the force has been calculated for a
distribution function of the form �1�. To summarize, once a
distribution function f or f* for the gas particles in the ab-
sence of a suspended particle is given, we can immediately
identify the coefficients �m in �10� and evaluate the force on
a surface element of a suspended object of arbitrary shape
�surface S� via the surface integral F=�SdF=−�S� ·n dS
with Zk�n� from �14� needed to evaluate � ·n from �12�.
Since the problem of the half-sphere integration of definition
�16� is solved, the remaining operation is the simple one-
dimensional radial integration in �15�.

For the important case that �m�c̃� in �9� has a polyno-
mial form and is symmetric in c̃, i.e.,

�m�c̃� = �
i=0

�

�m,ic̃
2i, �17�

we can explicitly evaluate also the radial integral,

Rm,k = �
i=0

�

�m,i�
0

�

x3+m+k+2ie−x2
dx ,

=�
i=0

�
�m,i

2
�2 + i +

m + k

2
� , �18�

involving the gamma function with �1�=1, �1/2�=��,
and ∀n	1�n+1�=n�n�.

C. Summary of results for surface elements

For a solvent velocity distribution function of the form

f�c� = f0�c��
i

�
m

c̃2i�m,i�
m��

mc̃� , �19�

where c̃ is the norm of the dimensionless peculiar velocity
c=��c of a gas particle, and f0 Maxwell’s distribution �1�,
�=ms / �2kBT�, and with the abbreviation

�x � �i + x� ! � �i + x + 1� , �20�

we arrive at expressions for Z0 and Z1 directly in terms of
given �’s �17�, known �’s �B2� carrying the surface element
normal n, and numerical factors �… �20�,

Zk = �
i=0

�

�
m=0

�
1

2��
�2+k+m

2

�m,i�
m�m+k. �21�
Inserting �21� into �12� yields
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�

p
· n = �

i=0

�

�
m=0

�

�m,i�
m�2�1 − a�

��
�3+m

2

�m+1 · nn

+
a

��
�3+m

2

�m+1 −
a

2
�2+m

2

�mn
 . �22�

These are the main results of this section and dF=
−� ·n dS the final expression for the force on a surface ele-
ment. The results are therefore valid for arbitrarily convex-
shaped tracer particles. For even more explicit expressions
for Z0 ,Z1, and � ·n, see Appendix C.

As side results, we can also evaluate the anisotropy of
the “technical” density n+ and the distribution function f+�c�
of gas particles just after colliding with the tracer particle at
its surface normal n. According to Sec. II B we have f+�c�
= �1−a�f�c−2c ·nn�+2a��Z0�n�f0�c� where ��Z0�n� is
given by �21� for k=0 or �C1�. Integrating f+�c� over the
tracer particle’s surface allows us to discuss the net effect of
a tracer onto the solvent within a distance below the mean
free path of gas particles.

III. APPLICATION OF KINETIC THEORY TO
SPHERICAL TRACER PARTICLE

For the case of a spherical tracer particle with radius R
the force F� exerted by the solvent on the tracer particle
becomes, upon essentially integrating �22� over the unit
sphere �S1�,

F� = − �
�

� · n dS = − R2�
S1

� · n d2n

= R2�
i,m

�m,i�
m�2�1 − a�

��
� �3+m�

2
� p�m+1 · nn d2n

+
a

��
� �3+m�

2
� p�m+1d2n −

a

2
� �2+m�

2
� p�mn d2n
 .

�23�

The formula is valid inside and outside mechanical equilib-
rium, i.e., for arbitrary p= p�n�, and with or without hydro-
dynamic approximation. Most of the occurring integrals are
tabulated in Appendix B. If p is insensitive to n, the resulting
force solely depends on the coefficients �1,3,5,… of the un-
perturbed distribution function because of the property �m�
−n�= �−1�m�m�n�, and since integrals over odd “powers” of
n vanish for symmetry reasons. A sample expression for the
force �23� can be found in Appendix C.

In order to apply all the above results, to recover some
known formulas, and to generalize the treatment by
Waldmann9 who considered a temperature gradient, let us
take into account temperature, flow, and pressure gradients
�Fig. 1� of the gas, and switch to a reference frame of an
unperturbed gas moving with a laboratory speed vT=cT+v of
the tracer particle �at the location of the tracer�. The distri-
bution function of the gas to be used for the calculation of

the force on the tracer reads
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f*�c̃ − c̃T� = f0
*�c̃���c̃� , �24�

with ��c̃� from �6�. Assuming, as in Ref. 9, a tracer particle
peculiar velocity small compared with the peculiar velocity
of gas particles, cT�c, i.e., by neglecting second- and
higher-order terms in c̃T,

f*�c̃� = f0
*�c̃ + c̃T���c̃ + c̃T� = f0

*�c̃��1 − 2c̃ · c̃T���c̃ + c̃T� .

�25�

This is an explicit expression for f* upon replacing � from
�6� and casts f* into the form �19�. By comparing �25� with
�19� we read off the following coefficients needed to apply
the general formulas of Sec. II C:

�0,0 = 1 + 5
2� · c̃T, �0,1 = − � · c̃T,

�1,0 = 5
2� − 2c̃T − 2� · c̃T, �1,1 = − � ,

�2,0 = − � − 7�c̃T, �2,1 = 2�c̃T,

�3,0 = 2�c̃T. �26�

Only the symmetric parts of the �’s will actually enter the
calculation. According to Sec. II, prior applying the hydro-
dynamic approximations �7� and �8� in the next section, �
and � are self-consistently related to the expansion coeffi-
cients of the Sonine polynomial by

� = − 2�
2c̃
�

� f*, � = 4
5c̃� 5

2 − c̃2�� f*, �27�

with f* given by �25�.
When calculating the force on the tracer particle in terms

of the surface integral of � ·n given by Eq. �23�, in the case
of nonuniform situations attention must be payed to where
the position-dependent quantities are evaluated. In principle,
all contributions to � ·n should be evaluated at the surface
position rn�r+Rn, rather than at the particle center r. In the
following, this procedure is applied not to all space-
dependent terms in the expression for � ·n, but rather only to
the pressure p appearing therein, since it is assumed that
higher than first-order space derivatives are negligible for
simplicity.

For a spherical tracer particle with radius R, we now
insert �26� into �23�, write p�n�= p+Rn ·�p with p the hy-
drostatic solvent pressure evaluated at the center of the tracer

FIG. 1. Illustration of symbols used in the text. The solvent and the tracer
velocity are given by v and vT, respectively, and cT=vT−v. The subscript of
the forces indicates their physical origin, namely, friction and gradients in
temperature, pressure, and velocity.
particle, and use several of the formulas collected in Appen-
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dixes B and C to obtain thermophoretic ���T�, resistive
��c̃T�, rheophoretic ���v�, and barophoretic ���p� forces,

F� = F�T + FcT
+ F�v + F�p

c”̃T + F�p
c̃T , �28�

F�T = −
�̃�

4
� , �29�

FcT
= − �̃c̃T, �30�

F�v =
1

5
�̃��1 +

5�

4
a�� · c̃T, �31�

F�p
c”̃T = − V� � p +

6

5
V��1 +

a

3
�� · �p , �32�

F�p
c̃T =

a

20
V��c̃T� + �c̃T + c̃T · � 1� · �p , �33�

with surface area A�=4�R2, volume V�=A�R /3, coefficient

� with dimension of force,

�̃ =
4

3��
pA��1 +

�

8
a� , �34�

and coefficient �̃� for the special case of purely elastic col-
lisions,

�̃� � lim
a→0

�̃ =
4

3��
pA�. �35�

These coefficients are proportional to the surface area of the
tracer under consideration. The force contribution due to
pressure gradients has been split into a c̃T-dependent term,

F�p
c̃T , and a c̃T-independent term, F�p

c”̃T . One should notice that
only the terms �m,i with odd m contribute to F�T ,FcT

, and
F�v, only the even m contribute to F��p

, and that only the

forces Fc̃T
and F�p

c”̃T are affected by the accommodation coef-
ficient.

The density deviation becomes upon inserting the above
�’s into �21� with k=0,

n+ − ns

ns
= 2ns

��Z0 = ��c̃T · n −
1

2
�� + c̃T��:nn, �36�

which we can average over the sphere of radius R to obtain

�
SR

n+ − ns

ns
d2n = −

2�

3
� · c̃T, �37�

which noticeably does not vanish; n+ is actually smaller than
ns if cT=vT−v and �T point in the same direction, and larger
ns in the opposite limit. With �37� at hand the distribution
function f+�c� is immediately written down.

A. Rarefied gas in the hydrodynamic approximation

In order to appreciate the correspondence of parts of
these results with known formulas for rarefied gases, where

p=nskBT holds, we use the hydrodynamic expressions for �
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and � as well as the one for the heat conduction coefficient �
from Eqs. �4�, �7�, and �8�, to rewrite Eqs. �29�–�34� in a
dimensional form,

F�T = − 2�2�kBT

ms
R2� � ln T = − �0kBT � ln T , �38�

FcT
= − � cT, �39�

F�v =
16

15
�2�ms

kBT
R2��1 +

5�

4
a��v
�

· cT, �40�

F�p
c”̃T = − V� � p +

12

5
V��1 +

a

3
���v
�

· � ln p , �41�

F�p
c̃T =

3a

40
V���cT�� ln T� + �� ln T�cT

+ cT · �� ln T�1� · � ln p , �42�

with friction coefficient � and thermodiffusion coefficient �0

given by

� = ���̃ =
8

3
R2ns

�2�mskBT�1 +
�

8
a� , �43�

�0 =
5

4�2
�R

d
�2

� 0.88�R

d
�2

. �44�

Notice that �0 is not sensitive to the collision parameter a, in
contrast to �.

For a=0 we obtain the results for the case of purely
elastic collision processes between tracer and gas particles,
and for a=1 the purely diffusive limit, where the reflected
gas particles “equilibrate” during the collision. The expres-
sions for these forces hold for any ratio cT /� or � /c with
macroscopic flow strength �= �v�, as long as cT�c.

Equation �38� coincides with Epstein’s result,19 and Ref.
20 upon replacing � by the translational contribution to the
heat conduction coefficient � given by Eq. �4�. The thermo-
phoretic force �38� agrees also with the result of Fernandez
de la Mora and Mercer5 under the assumption that �i� the
solvent particles are significantly smaller and lighter than the
tracer particle and �ii� the differential cross section for
solvent-tracer collisions is a constant. It may be a surprise
that this �contribution to the� thermophoretic force is inde-
pendent of a; we could have chosen f+�c�= f−�c�� in �11� to
arrive at �38�. Reference 21 allowed the treatment of the
molecular scattering at the particle surface in apparently
more detail, taking into account tangential and normal mo-
mentum accommodation coefficients, but observations are
consistent with the result �38�, see also Ref. 2. Mason and
Chapman22 showed that the free-molecule thermophoretic
force could also be obtained from the dusty-gas model. Their
result was different from Waldmanns �38� by a factor of con-
stant because they only considered elastic collisions. How-
ever, Monchick et al.23 later showed that the dusty-gas model
agrees with �38� if inelastic collision is correctly accounted

for. In a large Knudsen number or free-molecule limit, the
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thermophoretic velocity is insensitive to particle radius, as
confirmed experimentally, and with decreasing Knudsen
numbers it is known to decrease, cf. Ref. 24.

The friction force and coefficient � given in �39� and
�43� are identical with the results of Epstein25 and
Waldmann,9 Eq. �3.8�, and Ref. 20. Notice the sensitivity of
the friction coefficient on the coefficient a characterizing the
collision process. Smallest friction comes together with
purely elastic collisions �a=0�; it considerably increases with
the amount of diffusively reflected gas particles �0
a�1�.
The friction coefficient �34� evaluated for a=0 agrees with
the result of Fernandez de la Mora and Mercer5 under the
same assumptions �aforementioned items �i� and �ii��.

The incorporation of the force proportional to the pres-
sure gradient �barophoretic� is noteworthy in view of linking
the tracer particle FPE with the nonisothermal hydrodynamic
description of the solvent in the next section. The continuum
hydrodynamics is captured in terms of the velocity field v,
the pressure p, and the temperature T of the solvent. There-
fore, inhomogeneities in all of these hydrodynamic variables
contribute to the force on the tracer particle. It is interesting
to note that the dominant contribution to the barophoretic
force, −V��p, does not depend on kinetic coefficients, con-
trary to all other force contributions. A similar observation
has been made in a slightly different context.6 The baro-
phoretic force derived here in terms of solvent pressure dif-
fers from force expressions derived in Refs. 26 and 27,
where the average pressure of multicomponent mixtures or
multiphase fluids is used.

In the absence of pressure gradients, the stationary pecu-
liar velocity of the spherical tracer particle achieved in the
force-free state, using F�=0 in �28�, reads

cT = −
1

4��
��1 +

�

8
a�1 −

1

5
�1 +

5�

4
a��
−1

· �

= −
�

5
��1 +

�

8
a�p1 +

1

5
�1 +

5�

4
a�p

�
−1

· �T , �45�

with � specified by �4�. Einstein28 calculated the velocity of
a spherical tracer in the absence of pressure ��p=0� and
velocity gradients ��=0�, assuming elastic collisions by dif-
ferent arguments, and obtained cT=−��T / �4p� which dif-
fers from �45� evaluated at a=0 exactly by a factor of 5 /4.
However, our result �45�—for the special case just
mentioned—simplifies to the one later derived by
Waldmann9 and with early experimental data.29,30 The larger
a, the smaller will be the magnitude of cT. Our equation �45�
generalizes these results to the case of nonvanishing flow
gradient. We refrain from writing down the generalization to
nonvanishing pressure gradient because it is given by the
expression for F�p

c̃T above.
As will be shown elsewhere, a cube and a sphere expe-

rience exactly the same thermophoretic force F�T per surface
area, and F�v is proportional to the surface area, in general.
For elastic collisions �a=0�, the same holds for the frictional
force. The orientation of the cube just enters the viscous
force where flow gradient and peculiar velocity couple. The

driving force F�p
c”̃T , however, is proportional to volume rather
than to the surface area, independent of geometry of the
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tracer particle. All except the “volume forces” F�̈p can be
considered as originated from surface effects, and the accel-
eration of the tracer particle of course depends on the ratio
between surface area or volume and mass of the tracer par-
ticle.

B. Fokker-Planck equation for thermophoresis

A particle suspended in an �inhomogeneous� heat bath
does not only experience the forces as described by Eq. �28�.
In addition, there are Brownian forces related to the friction
force by way of the fluctuation-dissipation theorem �FDT�.
Furthermore, there may be additional potential forces �e.g.,
gravitational and buoyancy�, which we like to capture by
incorporating a term of the form −���t�, where ��t� is the
corresponding potential for interaction with the tracer par-
ticle. According to Eqs. �28�–�33�, the force can be split into

a term independent of peculiar velocity c̃T, denoted as F�
c”̃T,

and a friction term as

F� = F�
c”̃T − � · cT,

� = ��1 −
1

5
�1 + �5�/4�a

1 + ��/8�a ��

−

aV�
��

20
�� · ��p�1 + ���p� + ��p��� , �46�

F�
c”̃T = F�T + F�p

c”̃T − ���t�, �47�

with symmetric friction tensor �. For a spherical particle, in
the relaxed momentum approximation �F��0, thus cT

��−1 ·F�
c”̃T� the change in particle position dr over a time

interval dt is given by the Itô-type stochastic differential
equation �SDE�

dr = �v + �−1 · F�
c”̃T�dt + �� · D�dt + B · dW , �48�

with B ·BT=2D, diffusion tensor D=kBT�−1, and dW de-
notes a three-dimensional Gaussian random variable with

dW� = 0 dWdW� = dt 1 . �49�

The divergence of D has to be introduced into Eq. �48� in
order to satisfy the FDT, as discussed below. Equations �48�
and �49� with �46� and �47� are the basic ingredients for a
Brownian dynamics simulation. The FPE for the probability
distribution function ��r� of the tracer particle, correspond-
ing to the SDE �48�, is given by �see, e.g., Ref. 31 or Sec.
11.4 of Ref. 18�

�t� = − � · ��v + �−1 · F�
c”̃T��� + � · �D · ��� . �50�

More specifically, if we disregard terms quadratic in field
gradients carried by the solvent, the friction FPE reads, upon

inserting the above forces evaluated for spheres into �50�,
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�t� = − � · �v�� − � · �D · �− �0 � ln T

−
V� � p

kBT
−

���t�

kBT
��
 + � · �D · ��� , �51�

with �=��1− 1
5 �1+ �5� /4�a� / �1+ �� /8�a���. In the absence

of solvent flow, v=0, the stationary solution of �51� is given
by the Boltzmann distribution function with respect to the
potential ��t�+V�p+�0kBT, irrespective the form of D, due
to insertion of the �� ·D� term in �48�.

On the bases of Eq. �51�, the current of tracer particle in
the absence of pressure gradients and external forces is given
by j�=D · �−�0�� ln T��−��� �see Ref. 9�, with a thermod-
iffusion coefficient �0 given by Eq. �44�, in agreement with
Ref. 32.

The FPE �51� is the main subject of interest for the re-
mainder of the manuscript, where nonequilibrium thermody-
namic techniques will be used to examine its structure in
more detail.

IV. GENERIC FORMULATION WITH SINGLE-PARTICLE
DISTRIBUTION FUNCTION

Next, the phoretic effects covered by the FPE �51� are
embedded into a description of the solvent by using the gen-
eral equation for the nonequilibrium reversible-irreversible
coupling �GENERIC�.16,33,34 The kinetic derivation of the
force of the solvent on the tracer particle has shown that the
solvent enters in terms of its hydrodynamic variables only,
namely, its temperature, pressure and velocity, and deriva-
tives of these quantities. In that respect, it is sufficient to
choose a nonisothermal hydrodynamic description of the sol-
vent. Before proceeding to that embedding, the structure of
the full set of equations is given, and notation is introduced.

The solvent is described by the momentum density u,
the mass density �, and the internal energy density e. In
terms of these variables, the equations describing the noniso-
thermal hydrodynamics of the solvent and the FPE for the
tracer particle take the general form �see, e.g., Ref. 16�

�tu = − � · �vu� − � · � + �F�s� + �mtF�t�, �52�

�t� = − � · �v�� , �53�

�te = − � · �ve� − ��v�T:� − � · jq + mtF�t� · j�, �54�

�t� = − � · �v�� − � · j�, �55�

with v the velocity field of the solvent, � the total pressure
tensor, jq the heat flux, and j� the irreversible contribution to
the current density of the tracer particle probability. The
quantities F�s� and F�t� denote external forces �e.g., gravita-
tion� per unit mass of the solvent and tracer particle, respec-
tively, and mt is the mass of the tracer particle. In the remain-
der of this section, it is assumed that these external forces

can be derived from time-independent potentials.
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A. Method

For describing the nonequilibrium system we use the
so-called GENERIC �Refs. 33 and 34� formalism which
deals with isolated systems, i.e., the total energy is conserved
as well as entropy production is non-negative. �A recent ex-
tension to open systems can be found in Ref. 35.� The set of
independent variables presumably describing the relevant
physics in sufficient detail we denote by x, which may pos-
sess discrete as well as continuous indices. Its time evolu-
tion,

dx

dt
= L�x� ·

�E

�x
+ M�x� ·

�S

�x
, �56�

is fully characterized by two generators E and S, the total
energy and entropy functionals, respectively, in terms of the
state variables x, and L and M are certain matrices �opera-
tors�. The symbol · denotes the appropriate inner product.
The matrix multiplications imply not only summations over
discrete indices but also integration over continuous vari-
ables, and � /�x typically implies functional rather than par-
tial derivatives.16,33,34 The GENERIC framework imposes
conditions on the “building blocks” L and M. First, Eq. �56�
is supplemented by the degeneracy requirements

L�x� ·
�S

�x
= 0, M�x� ·

�E

�x
= 0 . �57�

The constraint that the �functional� derivative of the entropy
lies in the null space of L represents the reversible nature of
L. On the other hand, the requirement that the functional
derivative of the energy lies in the null space of M manifests
that the total energy is not altered by the M contribution to
the dynamics. Second, L must be antisymmetric and fulfill
the Jacobi identity,36 whereas M needs to be positive
semidefinite and Onsager-Casimir symmetric. The condition
�57� implies both the conservation of total energy as well as
a non-negative entropy production. The two contributions to
the time evolution of x generated by the total energy E and
the entropy S in �56� are called the reversible and irreversible
contributions, respectively.

B. Generating functionals

In the choice of variables we are inspired by the simi-
larities between the thermodiffusion model discussed above
and two-phase models. Particularly, part of the total volume
is occupied by the tracer particle, as manifested in the pres-
sure gradient force on the particle discussed in the previous
section. In the following, extensive quantities are referred to
as “intrinsic” �denoted by, e.g., �̃� if they are defined with
respect to the volume of the respective phase, and as “extrin-
sic” �denoted by, e.g., �� if defined with respect to the total
volume element, i.e., the sum of volumes of both phases. The
volume fraction of the solvent is given �s=1−V��, with �
the distribution function of the tracer particle in space, and
V�= �4� /3�R3 the volume of the tracer particle. The full set
of variables chosen here for the GENERIC description of
solvent hydrodynamics and tracer particle motion is given by

the extrinsic momentum density of the solvent u, the extrin-
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sic mass density of the solvent �, the extrinsic energy density
of the solvent e, and the distribution function � of the tracer
particle, i.e., x= �u ,� ,e ,��.

The generating functionals, total energy E and entropy S,
are expressed in terms of these variables as follows. The total
energy consists of the kinetic energy of the solvent and its
internal energy, supplemented by the effects due to external
�conservative� interactions with the solvent and the tracer
particle. The entropy consists of the entropy of the solvent
and configurational entropy due to the distribution function
of the tracer particle. In summary, we have

E =� � u2

2�
+ e + ���s� + ���t��d3r , �58�

S =� ��sŝ��̃s, ẽs� − kB� ln
�

�0
�d3r , �59�

where ŝ�� is the entropy function of the solvent, and �̃s

�� /�s and ẽs�e /�s denote the intrinsic mass and energy
density of the solvent, respectively. The external potentials
��s� and ��t� acting on the solvent and tracer particle, respec-
tively, are related to the external forces by F�s�=−���s� and
F�t�=−�1/mt����t�. Since the distribution function � is di-
mensional ����=m−3�, a normalization constant �0 needs to
be introduced in the logarithmic term of the entropy.

The functional derivatives of the generating functionals
are then given by

�E

�x
= �v,−

1

2
v2 + ��s�,1,��t��T

, �60�

�S

�x
= �0,−

�

T
,
1

T
,− kB�1 + ln

�

�0
� −

V�p

T
�T

, �61�

where � and T denote the chemical potential and the tem-
perature, respectively, of the solvent at pressure p, given in
terms of partial derivatives of ŝ��̃s , ẽs� as

−
�

T
�

� ŝ

� �̃s

, �62�

1

T
�

� ŝ

� ẽs

, �63�

p

T
� ŝ − �̃s

� ŝ

� �̃s

− ẽs
� ŝ

� ẽs

. �64�

The velocity of the solvent is defined as v=u /�.

C. Reversible dynamics

In order to determine the reversible dynamics, we now
construct the operator L. It has been discussed and illustrated
earlier16,34 that this operator is closely related to the genera-
tor of space transformations on the field variables. For the
evolution equations of momentum density, mass density, and
internal energy density, the usual reversible contributions
shall be implemented here. The distribution function � trans-

forms as a scalar density, in accord with the first term on the
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right-hand side of the FPE �51�. In view of the functional
derivatives �60� and �61�, we hence propose the following
reversible operator �see also Ref. 16�:

L = −�
��u + u � �T �� e � + � · �rev ��

�� 0 0 0

�e + �rev · � 0 0 0

�� 0 0 0
� , �65�

with �¯�T denoting the transpose with respect to the discrete
vector indices. All derivative operators act on everything to
their right, also on the functions multiplied to the right of the
operator L. The reversible contribution �rev=�rev�� ,e ,�� to
the total pressure tensor � is determined by way of the de-
generacy requirement for the entropy �57�, with the result

�rev = �p + kBT��1 , �66�

independent of the normalization constant �0, as expected.
Note that this Poisson operator �65� is antisymmetric by con-
struction and satisfies the Jacobi identity.16,37,38

It is straightforward to show that L · ��E /�x� results in
the reversible contributions to the full set of dynamics equa-
tions, i.e., Eqs. �52�–�55� are reproduced with the reversible
contribution to the pressure tensor, �rev given by Eq. �66�,
and with jq= j�=0.

D. Irreversible dynamics

1. Decomposition

The dissipative contributions to the dynamic equations
of the variables x are captured by the metric matrix M,
which can be written in the form39

M = C · R · C†, �67�

where the superscript † denotes not only the transposition of
discrete vector indices but implies also calculating the ad-
joint with respect to the usual scalar product on the space of
functions. The idea behind the splitting �67� is to satisfy the
degeneracy requirement for the functional derivative of en-
ergy in terms of C† ·�E /�x=0, and R then represents the
bare relaxation phenomena. The symmetry and positive
semidefiniteness of R transfer directly to M by virtue of the
decomposition �67�.

The dissipative phenomena we concentrate on here shall
all originate from spatial inhomogeneities. For the solvent
that includes relaxation of the gradients of the velocity field
through viscous stresses and heat flow in the internal energy
balance, while in the FPE for the tracer particle it is the
diffusive motion itself. The driving forces for these effects
are gradients of intensive variables. Since the functional de-
rivative of the entropy is free of spatial differentiation, the
latter must come into play through the matrix C†. Therefore,
one needs to satisfy the degeneracy requirement, Eq. �57�,
for the energy through an operator C† that contains spatial
derivatives. By inspection of the functional derivative of the

†
energy, a most natural choice for C seems to be
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C† = �� 0 − ��v� 0

0 0 � 0

0 0 V�p � − ����t�� �
� . �68�

The brackets �¯� indicate that the derivative operator con-
tained therein acts only within the brackets, whereas all other
derivative operators in the above equation act also on func-
tions that are multiplied to the right of C†. In principle any
linear combination of the rows in Eq. �68� could have been
chosen. However, with the above definition of C† the follow-
ing expressions are obtained for the thermodynamic driving
forces for the relaxation mechanisms:

C† ·
�S

�x
= � − ��v�/T

��1/T�
− kB����/� − ����t��/T − �V� � p�/T� , �69�

which are proportional to “classical” dissipative fluxes of
momentum, energy, and tracer particle density. In particular,
V�p acts as a potential, in accord with the FPE �51�.

We point out that since �E /�e=1, we could also have
chosen to omit the brackets �…� in Eq. �68�, and let the
derivatives act also on everything multiplied to the right.
However, doing so would have resulted in an expression for
C† ·�S /�x which is related to Eq. �69� simply through a ma-
trix multiplication. Therefore, the choice to introduce the
brackets �…� was by no means restrictive, but it simplifies
the discussion. For example, the momentum relaxation is
comfortably formulated in terms of ��v� /T, while using
��v /T� in conjunction with ��1/T� enforces inconvenient
arrangements.

Based on the expression �68� the adjoint operator be-
comes

C =�
− � 0 0

0 0 0

− ��v�T − � − V� � p − ����t��
0 0 − �

� . �70�

Since M · ��S /�x� must result in the irreversible contribu-
tions to the dynamic Eqs. �52�–�55�, we can show by virtue
of the decomposition �67� and with �70� that

� �visc

jq − V�pj�

j�

� � R · C† ·
�S

�x
, �71�

with �visc the viscous contribution to the total pressure tensor
�=�rev+�visc, and jq and j� the total dissipative energy den-
sity current and the probability density current of the tracer
particle, respectively.

2. Solvent contributions

The pure relaxation processes are specified through the
elements of the matrix R. Since this work focuses on how
the solvent couples to the tracer particle, the dissipative ef-
fects in the solvent itself are assumed to be given by the
standard Newton’s expression for the viscous pressure and

Fourier’s law of heat conduction. In view of the physical
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interpretation of the thermodynamics fluxes given in Eq. �71�
and the thermodynamic driving forces �69�, the pure solvent
contributions to R, denoted by R�s� hereafter, can be given
readily �see also Ref. 16�,

R�s� = �TDuu 0 0

0 �T21 0

0 0 0
� , �72�

representing Newton’s expression for the viscous pressure
and Fourier’s law of heat conduction. The fourth rank tensor
Duu is described by the elements

Dijkl
uu = ���ik� jl + �il� jk� + �̂�ij�kl, �73�

where the index pairs �i , j� and �k , l� refer to multiplications
of Duu with second rank tensors from the left and right, re-
spectively, and �̂��− 2

3�. It is tacitly assumed that the ma-
terial properties are isotropic for simplicity. We note that this
fourth rank tensor is symmetric and positive semidefinite if
both ��0 and ��0, where � and � are the shear and the
dilational viscosities, respectively. The thermal conductivity
of the solvent is denoted as ��0. For the case of a rarefied
gas, one has �=0, and the shear viscosity � and the thermal
conductivity � are given by �4�, and the paragraph thereafter.

3. Tracer particle contributions

The irreversible contributions to the FPE for the tracer
particle are incorporated into the GENERIC in the following
way. First, dynamic contributions to the FPE arise due to
entries in the lowest row of R. Second, in view of �51� and
the driving forces �69� one observes that these entries in the
lowest row are all proportional to �. In this context we note
that there is a bound only on the integral of �, but not on the
local values of � itself; so, if the distribution is rather local-
ized, then the values of � in that region of space can get
relatively large. Hence, in order to achieve positive semidefi-
niteness of R for all � at all space points r, all tracer particle
contributions to R must be proportional to �. The matrix R
can hence be written as the sum of two terms due to the
solvent �s� and the tracer �t�, R=R�s�+R�t�, where R�s� is
given by �72� and R�t� is proportional to the distribution
function �.

Using the driving forces �69�, the diffusion term in �51�
is reproduced with R�t�,��=�D /kB. It is essential to note that
by doing so also the term proportional to �p is reproduced
exactly. For the remaining irreversible terms in the FPE, one
gets R�t�,�e=�0T�D, so that the third row of R�t� takes the
form �� /kB��0 ,�0kBTD ,D�. Since the matrix R�t� must be
symmetric, the entire third column is also known. The re-
maining matrix elements are filled in based on the assump-
tion that the effect of the tracer particle on the energy density
current is proportional to the particle probability current.
This assumption leads to a symmetric and positive semidefi-

nite R�t� of the form
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R�t� =
�

kB�
0 0 0

0 ��0kBT�2D ��0kBT�D
0 ��0kBT�D D

�
= �0, �0kBT , 1 �T�D

kB
�0, �0kBT , 1 � . �74�

In conjunction with the second component of Eq. �71�, one
finds that the total dissipative heat flow contains a contribu-
tion due to the tracer particles of the form

jq,�t� = ��0kBT + V�p�j�. �75�

The tracer particle transports a thermal energy, �0kBT, and a
mechanical energy, V�p. The particular form of these terms
is connected to the fact that the tracer particle has been as-
sumed both incompressible and athermal, for simplicity.

The above treatment shows also that, on one hand, the
�V�p� term in the FPE and the energy density current origi-
nates through the degeneracy requirement and physical in-
sight about the meaning of the components of �71�. Particu-
larly, the appearance of V�p in the FPE does not depend on
choosing some phenomenological coefficients appropriately,
but rather originates from proper definitions of the system
variables and the entropy function. On the other hand, the
terms in the FPE and energy density current proportional to
�0kBT enter through the relaxation matrix R, i.e., through
off-diagonal phenomenological coefficients, similar to Refs.
3 and 4. This difference is also of importance in the follow-
ing.

4. Green-Kubo relation

The elements of the relaxation matrix R can be inter-
preted in terms of equilibrium flux-flux correlations,16 as dis-
cussed in the following. The elements of the entire dissipa-
tive matrix can be written in the form16,40

�1 + ��xj���xk��Mjk�r,r�� =
1

� kB
��xj

f�r���xk
f ,*�r��� ,

�76�

where �xk
f ,* denotes the adjoint of �xk

f with respect to the
usual scalar product on the space of functions. The quantity
��xj

f�r� is given by the time integral

��xj
f�r� = �

0

�

ẋj
f�r,t�dt , �77�

with ẋj
f the rapidly fluctuating part to the evolution of xj.

Here, � is an intermediate time scale separating the slow
degrees of freedom from the fast ones. The symbol ��xj�
takes the values +1 and −1 if the variable is even or odd
under time reversal, respectively. Writing M in terms of two
space arguments �r ,r�� implies integration over r� when
multiplied with a function from the right. It reduces to the
notation in terms of a single variable r �as used further
above� in the case of local-field theories �see Ref. 16 for
further details�.

In order to satisfy the degeneracy requirement for the
energy �57�, only energy-conserving fluctuations are consid-

ered which satisfy
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� ẋ f ,†�r� ·
�E

�x�r�
d3r = 0, �78�

where the superscript † �defined after Eq. �67�� implies both
transposition of discrete indices and calculation of the ad-
joint with respect to the scalar product on function space. In
view of the decomposition of M described above, we make
the formal ansatz,

ẋ f ,† = �� f , jq
f , j�

f � · C†. �79�

For a microscopic derivation of the occurrence of the opera-
tor � in ẋ f ,†, the reader is referred, e.g., to Ref. 41. The
meaning of � f , jq

f , and j�
f as the fluctuations in the stress

tensor, energy density flux, and particle flux, respectively,
becomes evident when calculating the entropy production

� ẋ f ,† ·
�S

�x
d3r =� �� f , jq

f , j�
f � · C† ·

�S

�x
d3r , �80�

with the aid of Eq. �69�. The full dissipative matrix for both
solvent and tracer particle relaxation can hence be written in
the form

M�r,r�� = C�r� · Rcorr�r,r�� · C†�r�� , �81�

with the matrix of correlations

Rcorr =
1

2�kB��
���

f�r�
��jq

f �r�
��j�

f �r�
�����

f�r��
��jq

f �r��
��j�

f �r��
�

T

� , �82�

if one assumes that the stress fluctuations � f are not corre-
lated with jq

f and j�
f . If the correlations are all local, i.e.,

proportional to the Dirac delta function ��r−r��, the matrix
�81� with the �r ,r�� notation can be transformed into the
dissipative matrix in the r notation, corresponding to our
discussion in Secs. IV D 1, IV D 2, and IV D 3.

Comparison of the correlation matrix Rcorr in Eq. �82�
with R�s�+R�t� given by Eqs. �72� and �74� nicely illustrates
that the thermophoretic effect is directly connected to the
cross-correlations of the form ��jq

f �r���j�
f �r��� �see also

Ref. 6 for a similar conclusion�. In particular, we know that
this correlation gives rise to a term proportional to �0kBT in
the FPE of the tracer particle, and to a corresponding contri-
bution to the energy density current. In contrast, the V�p
contribution in the FPE and the energy density current is of a
different origin, as already discussed.

V. DISCUSSION AND CONCLUSIONS

The phoretic forces on a tracer particle in an inhomoge-
neous solvent have been examined from two different per-
spectives. First, in Sec. II, we used a kinetic description of
collisions between tracer particles and the particles of a rar-
efied inhomogeneous gas, i.e., the solvent. We derived the
thermo-, baro-, and rheophoretic forces for general convex
tracer particles, corresponding to the gradients in tempera-
ture, pressure, and velocity of the solvent, respectively.
While the apparence of the thermo- and rheophoretic forces
goes back to the corresponding terms in the Chapman-
Enskog velocity distribution function of the solvent, the

barophoretic force originates from the finite spatial extension

cense or copyright; see http://jcp.aip.org/about/rights_and_permissions



044511-11 Phoretic forces on convex particles J. Chem. Phys. 124, 044511 �2006�

Downlo
of the tracer particle. The results presented in Sec. II C apply
to arbitrarily shaped convex tracer particles with or without
hydrodynamic approximation and therefore allow, along the
lines indicated in this manuscript, and, in particular, with the
help of the appendices, to compute results for even more
general situations compared with the application to spherical
tracers worked out in Sec. III.

In the second part �Sec. IV�, we formulated a joint de-
scription of the tracer particle diffusion and the nonisother-
mal hydrodynamics of the solvent. Here, the equation of
state of the solvent need not be restricted to rarefied gases.
The distinction between thermo- and barophoretic forces
again became apparent. On the one hand, the barophoretic
force arose naturally due to the finite volume occupied by the
tracer particle, in accord to the kinetic description. On the
other hand, the thermophoretic effect came into play by way
of cross-coupling effects, i.e., off-diagonal elements in the
matrix of phenomenological transport coefficients. We have
shown how this can be understood, in the setting of the non-
equilibrium thermodynamics formalism used here, in terms
of correlations between fluctuations in the heat current and
the tracer particle current, i.e., in terms of a Green-Kubo
expression.

In both the kinetic and the nonequilibrium thermody-
namics description of the phoretic effects, the barophoretic
force can be traced back to the finite volume of the tracer
particle. Also, in both descriptions we found that the baro-
phoretic force is reversible in nature. In contrast, the thermo-
phoretic effect was found to be irreversible in both descrip-
tions.

The nature of the solvent-tracer particle collisions was
captured in the accommodation coefficient a, which affects
the force exerted on the tracer particles, as discussed in the
kinetic description. In the FPE �51� modeled in the nonequi-
librium thermodynamics section, the parameter a surfaces
only in the diffusion tensor D of the tracer particle. If we had
not neglected terms quadratic in the field gradients carried by
the solvent, then also the pressure gradient term in the FPE
would depend on a. Including those terms would imply using
a more complex expression for the matrix C when splitting
the dissipative matrix M in the GENERIC treatment. Here,
in Sec. IV, we illustrated the dominant effects and their
physical background in rather straightforward terms. An ex-
tension to include higher-order effects was outside the scope
of this manuscript.

The rheophoretic �velocity gradient� force arises in the
kinetic description analogously to the thermo- and baro-
phoretic forces. Only in the transition to the FPE in the re-
laxed momentum approximation the velocity gradient is ab-
sorbed into the diffusion tensor D. In so doing, the gradient
in the field variables of the solvent seem to enter asymmetri-
cally into the FPE of the tracer particle. The FPE can be
formulated in a more symmetric form if momentum relax-
ation of the tracer particle is avoided. Then one obtains a
FPE for the distribution function f�r ,p�, where p is the mo-
mentum of the tracer particle.

This work is currently extended to tracer particles of
42
ellipsoidal, rectangular, cylindrical and other shapes.
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APPENDIX A: INTEGRATION OVER HALF UNIT
SPHERE

Using conventional spherical coordinates and an arbi-
trary orthogonal system �e1,2,3�, a unit vector is usually ex-
pressed as

n = niei = cos���sin���e1 + sin���sin���e2 + cos���e3.

For any given vector u=uû, u= �u�	0, we can choose e3

= û, the condition u ·n	0 corresponds to n3	0, and we
have, for an arbitrary function g�û ,n�

�
u·n	0

g�û,n�d2n = �
n3	0

g�û,n�d2n

= �
0

2� �
0

1

g�e3,n�dn3d� , �A1�

where the minus sign from dn3=−sin���d� is captured by
convenient integration bounds for n3. With

0 = �
S1

�
mn
�

d2n ∀m=0,1,2,3

= �
u·n
0

�
mn
�

d2n + �
u·n	0

�
mn
�

d2n , �A2�

where ��mn� denotes an m-fold dyadic product of n, all
integrals of the type �A1� involving even m’s are immedi-
ately evaluated, since the integrand does not change sign
under the transformation n→−n, i.e., for arbitrary u,

∀m=0,2,4,…�
u·n	0

�
mn
�

d2n =
1

2
�

S1

�
mn
�

d2n = 0 , �A3�

is independent of u, specifically, for m=2,

�
u·n	0

nn d2n =
1

2
�

S1

�nn
�

+
1

3
1�d2n =

1

6
�

S1

1 d2n

=
2�

3
1 . �A4�

For odd moments, this is different. For the first moment we
have, since n3 is independent of �, and n1,2 do change sign
under the transformation �→−�,

�
u·n	0

n d2n = − �
u·n
0

n d2n = �
0

2� �
0

1

n dn3d� = �û .

�A5�

Scalar-valued integrals involving û and n therefore simplify

to
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�
u·n	0

��
mŵ��m��

mn�d2n = 2��
0

1

n3
mdn3 =

2�

1 + m
,

�A6�

such that we finally have �u·n	0û ·n d2n=�,
�u·n	0û ·nn d2n= �2� /3�û, �u·n	0ûû :nn d2n=2� /3,
�u·n	0ûn d2n=�ûû, etc.

APPENDIX B: INTEGRAL TABLE

The tensors �k, k=0, 1, 2, … are defined in �16� as
integrals over half a unit sphere, and can be rewritten with
the help of Appendix A, where û=e3 for convenience,

�k�û� � −
1

�
�

n·û
0
��

kn��û · n�d2n ,

=−
1

�
e3 · �

0

2� �
−1

1

��
k+1n�dn3d� . �B1�

The lowest-order tensors read �higher rank tensors can be
provided by the second author upon request�

�0 = 1,

�1 = −
2

3
n ,

�2 =
1

4
�1 + nn� ,

�3 = −
2

3
�nnn − nnn

�
� ,

�4 = −
7

24
nnnn
�

+
1

4
nnnn +

3

20
�11�sym,

�5 = −
2

7
�11n�sym,

�6 =
1

64
�5�111�sym + ��

6n� − 5�nnnn1�sym

+ 15�nn11�sym� ,

�7 = −
2

9
�n111�sym, �B2�

where the symbol T
�

denotes the symmetric traceless part18 of
tensor T, and �T�sym the symmetric and normalized part. In
particular,

�1n�sym �
1

�1n + 1n1 + n1� ,

3
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�11�sym =
1

3
�11 + 111 + 111� , �B3�

In components, �11�sym����
= 1

3 �������+������+�������.
With the help of Refs. 18 and 43

�
S1

�
kn
�

�
mn
�

d2n = 4�
m!

�2m + 1� ! !
�k,m��m�, �B4�

where ��m� denotes the isotropic tensor of rank m, cf. Refs.
18 and 44, we explicitly calculate nonvanishing integrals to
be denoted as �ij

k involving �0-4 over the unit sphere needed
to evaluate the force on a tracer in the previous sections

�ij
k �

1

�
�

S1

�i�
j��

kn�d2n . �B5�

The hereby defined quantity �ij
k is a tensor of rank i+k−2j

and vanishes for symmetry reasons if i+k is odd. Nonvan-
ishing integrals needed in this manuscript are �00

2 = 4
31,

�10
1 =− 8

91, �20
0 = 4

31, �21
2 =2�11�sym, �00

4 = 4
5 �11�sym,

�20
2 = 1

5 �11�sym+ 1
311, �30

1 =− 8
15�11�sym, �31

3 =− 16
75�11�sym

− 8
4511, �40

0 = 4
5 �11�sym, and �41

2 = 2
5 �11�sym. Some further use-

ful formulas, if �=�
�

and u an arbitrary unit vector,

��2�2 =
1

3
�:nn , �B6�

��2�3 = −
4

15
� · n , �B7�

��u��3�3 = �u���3�3 = −
4

15
�:un . �B8�

APPENDIX C: EXPLICIT EXPRESSIONS FOR Z0 ,Z1,
AND FORCE

For the case that �2,i is symmetric traceless, the first
terms of the expressions �21� and �22� for Z0 ,Z1, and � ·n
become

��Z0 = �
i=0

� �1
2

�0,i −
�3/2

3
�1,i · n +

�2
8

�2,i:nn

+
1

2
�5/2�3,i�

3�3 + ¯ , �C1�

��Z1 = �
i=0

�

−
�3/2

3
�0,in +

�2
8

�1,i · �1 + nn� −
2

15
�5/2�2,i · n

+
1

2
�3�3,i�

3�4 + ¯ , �C2�

by using identities listed in the foregoing section, in particu-

lar �B7�. Inserting �C1� and �C2� into �12� yields
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�

p
· n = �

i

− �0i�a

2
�1 +

4 − 2a

3��
�3/2�n + �1i

· � a�2
4��

1 + �4 − 3a

4��
�2 +

a�3/2

3 �nn� + ¯ . �C3�

For example, the first terms of the related force �23� on a
spherical tracer, assuming constant pressure p, become

F� =
1

3
A�p�

i=0

� � 1
��

�2 +
1

3
a�3/2��1,i + ¯ �3,i + ¯

=
1

3
A�p�8 + a�

4��
�1,0 +

48 + 5a�

8��
�1,1� + ¯ . �C4�
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