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A linear quadratic regulator based optimization problem is formulated in order to mini-
mize the broad-band low-frequency domain vibration and acoustic response of a baffled
simply supported plate by means of multiple optimally tuned mass–spring–damper sys-
tems. To this end, we propose a robust method to obtain a (stable) state–space model

Kirchhoff plate equation, which describes the plate vibrations, is discretized based on the
Rayleigh–Ritz method. The resulting state–space models of the plate and the mass–
springdamper systems are coupled to the radiation filter. Finally, the optimal spring
stiffness and damping values of each mass–spring–damper system are successfully
obtained by minimizing the kinetic energy or the far-field radiated sound power of the
plate for low computational cost. In general, the results indicate that tuned mass-spring-
damper systems have great potential to reduce the broadband low frequency vibration
and acoustic response of vibro-acoustic systems. From the results, it can be concluded that
there are fundamental differences between the optimal TMD systems if one minimizes the
kinetic energy or the far-field radiated sound power.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

The potential of using Tuned Mass–Damper (TMD) systems to obtain low-frequency stop bands in periodic (infinite)
panels is addressed by Claeys et al. in [1]. A TMD is a classical engineering device containing a mass, a spring, and a damper
which is attached to a main system to attenuate undesirable vibrations. The TMD is found in a wide range of applications, for
example, in buildings [2] and bridges [3]. By considering the ideal case, that is the main system is undamped and described
by a 1 Degree Of Freedom (DOF) dynamic model, the optimal tuning frequency and damping ratio of the TMD can be
computed based on analytical expressions, in which the amplitude magnification factor (the H1 norm) or the vibration
energy over all frequencies (the H2 norm) of the main system is minimized, see [4,5]. Although there exist analytical
expressions for the optimum tuning frequency and damping ratio of TMD systems for damped main systems [6], the
optimum parameter values are usually obtained numerically in this case. A disadvantage of using a single TMD attached to a
1DOF main system is that the effectiveness of the TMD is sensitive to errors in the eigenfrequency of the main system and to
damping variations of the TMD. In [7,8], it is shown that Multiple TMD (MTMD) systems are more effective to attenuate
n).
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undesirable vibrations when compared to a single TMD system. When using MTMD systems, the question arises of how to
divide the mass between the individual TMD systems and where the TMD systems should be positioned. In [9], it is shown
that MTMD systems with uniformly distributed mass are more effective in reducing the amplitude magnification factor,
whereas MTMD systems with a linearly distributed mass are more robust under mismatching between the eigenfrequencies
of the main system and the eigenfrequencies of the TMD systems.

A uniform, robust, and concise Linear Quadratic Regulator (LQR) based optimization problem is formulated in order to
optimize MTMD systems, in a broad frequency range, for multi-degree of freedom vibro-acoustic problems. To be more
specific, the mechanical properties of MTMD systems are efficiently optimized by minimizing not only the dynamic
response but also the acoustic response of a baffled, simply-supported, point-force excited plate by means of the proposed
methodology. Up to now, LQR based optimization is only applied to minimize the (narrow-band) vibration response of 1DOF
mechanical systems [13]. In order to compute the optimal parameter values of the MTMD systems when minimizing the
acoustic response based on a LQR optimization problem, a (stable) state–space model of the Far-Field Radiated Sound Power
(FFRSP) has to be available. This so-called radiation filter is introduced in the context of optimal state-feedback control of the
radiated sound power of thin walled structures by means of (multiple) point force actuators [10–12]. A stable representation
of the radiation filter can be obtained by spectral factorization of real rational matrices. In contrast to algorithms reported in
[10,11], we propose a robust solution to the spectral factorization problem of the radiation resistance matrix without having
any restrictions on the Laplace fits of the radiation resistance terms.

Summarizing, the focus of this work is to; (1) present a methodology for the optimization of MTMD systems for MDOF
vibro-acoustic systems where not only the vibration response but also the acoustic response of the system is minimized,
(2) present a robust spectral factorization algorithm in order to compute the radiation filter, and (3) to show that there are
fundamental differences in the optimal MTMD systems if one minimizes the broad-band low-frequency domain vibration
and acoustic response. This methodology is very attractive, since it can be used for passive optimization of MTMD systems as
well for active control based solutions. It is stressed that the proposed methodology is also applicable to complex systems.

This paper is organized as follows. The geometric description and the governing equations describing the dynamics of
the plate and the MTMD systems are presented in Section 2. In Section 3, the FFRSP of the plate is modeled in the frequency
domain and the corresponding (stable) radiation filter is computed based on spectral factorization techniques. Next, the
state–space model of the plate is coupled to the state–space model of the MTMD systems and the radiation filter. In Section
5, the optimization problem is outlined and the initial guess is defined. The results are presented and analyzed in Section 6.
For a single TMD system, the influence of the spatial location of the TMD system is examined. For MTMD systems, the
influence of the initial guess and the number of TMD systems is studied. In both cases, the differences between minimizing
the structural and acoustic response are highlighted. Finally, the conclusions are presented in Section 7.
2. Modeling of the dynamics

Fig. 1 shows a graphical representation of a baffled aluminum plate together with N mass–spring–damper systems. The
plate is mechanically excited by a (single) point force. The geometric and material properties of the system are shown in
Table 1, i.e. these choices are explained in Section 6. As mentioned before, the additional mass–spring–damper systems are
used to suppress the dynamic response of the plate in such a way that the Kinetic Energy (KE) or the FFRSP of the plate is
minimized by computing the optimal spring stiffness kn and damping value cn of each mass–spring–damper system.
Therefore, from this point on, the mass–spring–damper systems are referred to as MTMD systems.

2.1. Plate dynamics

The transversal displacement field wðx; y; tÞ of a thin, homogenous, isotropic plate with length Lx, width Ly, thickness H,
mass density ρ, modulus of elasticity E, and Poisson ratio ν is described by the Kirchhoff plate equation (shear forces are
Fig. 1. The geometric representation of a simply supported baffled plate with N TMD systems.
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neglected because H⪡Lx and H⪡Ly)

ρH
∂2w
∂t2

þcp
∂w
∂t

þD∇4w¼
XN
n ¼ 1

δ xn; yn
� �

unþδ xe; ye
� �

f tð Þ: (1)

Here, cp is the damping coefficient (the damping forces are modelled based on a linear viscous damping model),
D¼ EH3=12ð1�ν2Þ is the bending stiffness of the plate, un is the force between the nth TMD system and the plate surface, f(t)
is the external force, δ is the delta-dirac function, and ðxn; ynÞ and ðxe; yeÞ correspond to the locations of, respectively, the nth
TMD system and the external force. It is assumed that the plate is simply supported along its edges, leading to the following
boundary conditions: w¼0, ∂2w=∂x2 ¼ 0 for x¼0 and x¼ Lx and w¼0, ∂2w=∂y2 ¼ 0 for y¼0 and y¼ Ly. Eq. (1) is discretized
by expanding the transversal displacement field in a truncated series of mode shapes φmðx; yÞ and the corresponding modal
amplitudes wm(t) according to

wðx; y; tÞ �
XM
m ¼ 1

φmðx; yÞwmðtÞ; (2a)

where

φmðx; yÞ ¼
2ffiffiffiffiffiffiffiffiffi
LxLy

p sin
mxπx
Lx

� �
sin

myπy
Ly

� �
: (2b)

Substitution of Eq. (2b) in Eq. (1), multiplying the result by the orthogonal mode shapes, and integrating this expression
over the plate surface give a set of Ordinary Differential Equations (ODEs), which are expressed in state–space form by

introducing the state variable xp ¼ wT
p _wT

p

h iT
with wp ¼ w1 w2 … wM

� �T being a vector containing the modal

amplitudes of the plate and u¼ u1 u2 … uN
� �T is a vector with the forces between the MTMD systems and the plate

surface, hence

_xp ¼ApxpþBuuþBpf ðtÞ; (3a)

where

Ap ¼
0 I

�M�1
p Kp �M�1

p Dp

" #
; Bp ¼

0
M�1

p Fm

" #
; and Bu ¼

0
M�1

p B

" #
: (3b)

Here, Mp ¼ diag ρH ⋯ ρH
h i

is the mass matrix of the plate, Kp ¼ diag k1;1 ⋯ kM;M

h i
is the stiffness matrix of the

plate with km;m ¼D ðmxπ=LxÞ2þðmyπ=LyÞ2
h i2

, Dp ¼ diag 2ξ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mpk1;1

p
⋯ 2ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mpkM;M

ph i
is the damping matrix of the plate

with ξ being the dimensionless damping parameter, i.e. cp;m ¼ 2ξ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mpkm;m

p
, Fm ¼ φ1ðxe; yeÞ ⋯ φMðxe; yeÞ

h iT
, and

B¼
φ1ðx1; y1Þ ⋯ φ1ðxN ; yNÞ
⋮ ⋱ ⋮
φMðx1; y1Þ ⋯ φMðxN ; yNÞ

2
64

3
75: (4)

2.2. MTMD dynamics

In this work, the total mass of the MTMD systems is fixed and the MTMD systems are equally distributed over the plate
surface (if multiple TMD systems are added to the plate). By considering Nx TMD systems in the e!x-direction and Ny TMD
systems in the e!y-direction, the location ðxn; ynÞ of the nth TMD system is defined by

xn ¼
Lxnx

ðNxþ1Þ and yn ¼
Lyny

ðNyþ1Þ; (5)

for nx ¼ 1;…;Nx and ny ¼ 1;…;Ny. The total number of TMD systems is equal to N¼NxNy. Consequently, the (total) mass
ratio μ between the mass of the plate mp ¼ ρHLxLy and the total mass of the MTMD systems equals μ¼Nmd=mp, with md

being the mass of a single TMD system. Although, in this work, the MTMD systems are equally distributed and the total mass
of the MTMD systems is distributed uniformly, the proposed methodology can also be applied to random spatial and mass
distributions of the MTMD systems. The equation of motion of the nth TMD system is described by

md €qn ¼ �un; (6)

where qn is the displacement of the nth TMD system. As in Eq. (1), the force between the plate and the nth TMD system,
which can now be defined, is equal to

un ¼ kn qn�wðxn; ynÞ
� �þcn _qn� _wðxn; ynÞ

� �
; (7)



J. Michielsen et al. / Journal of Sound and Vibration 363 (2016) 166–180 169
where kn and cn are the stiffness and damping value corresponding to the nth TMD system. It is emphasized that the force un
is introduced not for compact notation but in order to be able to define an optimization problem based on a linear control
theory framework. Using this methodology, it is necessary to explicitly define the so-called control force of the system, i.e. in

this case the forces between the plate and the MTMD systems. By introducing the state variable xd ¼ qT
d

_qT
d

h iT
with

qd ¼ q1 q2 … qN
h iT

, the state–space form describing the dynamics of the TMD systems becomes

_xd ¼ AdxdþBdu; (8a)

where

Ap ¼
0 Id
0 0

	 

and Bd ¼

0
�M�1

d Id

" #
: (8b)

Here, Id is a N � N identity matrix and Md is a diagonal mass matrix containing the mass md of each TMD system.
3. Sound radiation modeling

By using Rayleigh's integral [14], the FFRSP PðωÞ of a baffled plate is computed in the frequency domain by

PðωÞ ¼ _~w T
pRðωÞ _~w p; (9)

where _~w p is a vector containing the M (complex valued) modal velocities of the plate and RðωÞ is the radiation resistance
matrix. The elements of the radiation resistance matrix RðωÞ are obtained by solving the double surface integral

Rm;m0 ¼ωρ0

4π

Z
S

Z
S
φm x; yð Þφm0 x0; y0

� � sin kr
r

dS dS0; (10)

where k¼ω=c0 is the wavenumber,ω is the angular frequency, ρ0 and c0 are, respectively, the density and speed of sound of
air, and r is the Euclidean distance between the field point (x,y) and load point ðx0; y0Þ. Note that the diagonal terms of the
radiation resistance matrix RðωÞ describe the effectiveness of an individual mode in generating sound, whereas the off-
diagonal terms of the radiation resistance matrix describe to what extend the sound field produced by one mode can be
affected by another mode [15]. Note further that, the radiation resistance matrix is normal (the matrix is real, symmetric,
and positive definite). The radiation resistance matrix RðωÞ is evaluated numerically by first applying an appropriate
coordinate transformation in order to reduce the quadruple integral of Eq. (10) into a double integral [16,17]. As a result,
standard two-dimensional integration schemes can be used to compute the radiation resistance matrix.

3.1. Spectral factorization

As mentioned before, to solve a LQR based optimization problem in order to compute the optimal spring stiffness and
damping values of the TMD systems, a radiation filter has to be available. Hence, the square measure of the radiation filter,
which is used to define the cost function of the LQR problem, defines the FFRSP of the plate. Although there are more
methods to obtain a stable state–space model of the radiation filter [20,25], in this work, a stable state–space model of the
radiation filter is obtained by using spectral factorization. In this way, both the radiation filter and the solution of the
optimization problem are formulated in terms of Algebraic Riccati Equations (AREs) and Lyapunov equations, which are
closely related. It is not the intention to provide the reader with a detailed description of the spectral factorization theory,
see e.g. [18,19,21]. However, the basic steps involved in this procedure are presented for clarification and reproducibility of
the presented results. The first step is to compute a rational Laplace fit of each non-zero term of the radiation resistance
matrix, i.e. the frequency domain data Rm;m0 ðωÞ is transformed to the Laplace domain ~Rm;m0 ðsÞ. The rational Laplace fits are
computed by using an equation error method to identify the numerator coefficients bp and the denominator coefficients ap
of a rational Laplace function

~Rm;m0 ðsÞ ¼
PP

p ¼ 1 bps
2ðp�1ÞPQ

q ¼ 1 aqs
2ðq�1Þ

; (11)

which fits the data Rm;m0 ðωÞ the best for a specified order of the numerator and denominator polynomials of the Laplace
function, denoted by P and Q, respectively. In order to ensure that the fit is sufficiently accurate, the weighting function β for
the diagonal terms of the radiation resistance matrix is chosen as β¼ 1=Rm;mðωÞ. In this way, the absolute error between the
Laplace fit and the diagonal radiation resistance terms is equally scaled over the entire frequency domain. The weighting
function β for the off-diagonal (non-zero) terms of the radiation resistance matrix is defined as β¼ jRm;m0 ðωÞj2. In addition,
for the diagonal terms of the radiation resistance matrix, the relative degree of ~Rm;mðsÞ is chosen to be zero ðQ�P ¼ 0Þ to
ensure that lims-1 ~Rm;mðsÞa0, whereas the relative degree of ~Rm;m0 ðsÞ corresponding to the off-diagonal (non-zero) terms of
the radiation resistance matrix is chosen to be Q�P ¼ 2 to ensure that lims-1 ~Rm;m0 ðsÞ ¼ 0. In this way, it is ensured that the
radiation resistance matrix is positive definite for s-1. The second step is to transform the rational Laplace fits to a state–
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space realization of the form

RðsÞ ¼ C1 C2
� �

sI�
A1 0
0 A2

" # !�1 B1

B2

" #
þD; (12)

where the eigenvalues of the matrices A1 and A2 satisfy λðA1Þ ¼ �λðA2Þ. Due to the mathematical properties of the radiation
resistance matrix, there is pole-zero symmetry about the real and imaginary axis. Consequently, the A1;B1, and C1 matrices
are defined by selecting all stable poles/zeros of ~RðsÞ and half of the poles/zeros of ~RðsÞ which are located on the imaginary
axis. The final step is to spectral factorize RðsÞ in such a way that

RðsÞ ¼GT ð�sÞGðsÞ; (13a)

where GðsÞ is the stable spectral factor defined by

GðsÞ ¼ CrðsI�ArÞ�1BrþDr ; (13b)

with Ar ¼A1, Cr ¼D�1=2ðC1þBT
1XÞ, Br ¼ B1, and Dr ¼D1=2. The stable spectral factor is defined by the (unique) solution X of

the Algebraic Riccati Equation (ARE)

~A
T
XþX ~A�X ~RXþ ~Q ¼ 0; (14)

where ~A ¼A1�B1D
�1C1, ~R ¼ B1D

�1BT
1, and ~Q ¼ �CT

1D
�1C1. The rational laplace fit can contain poles/zeros on the ima-

ginary axis due to the fact that the degree of the Laplace fit is fixed a priori. As a result, the Hamiltonian matrix has
eigenvalues which are zero. In this case, the conventional algorithms to compute the solution of the ARE become proble-
matic, such as the matrix sign function method and the Schur method. Note that the solution of the ARE in Maltab is
obtained based on a Schur-type generalized eigenproblem [26]. Therefore, the algorithm presented in [22] is implemented
to compute the solution of the ARE defined in Eq. (14). In this way, an improved spectral factorization algorithm is pre-
sented, which can be applied to any degree of the Laplace fits as long as D is positive definite for s-1. To conclude, the
state–space formulation of the stable spectral factor (also called the radiation filter) is driven by the modal velocity of the
plate modes, leading to

_x r ¼ ArxrþBr _wp

zr ¼ CrxrþDr _wp; (15)

and that, by using Parseval's theorem, the radiated sound power is equivalent to P ¼ R1
0 zTr ðtÞzrðtÞ dt. For several plate modes

and Q¼10, Fig. 2 shows some of the diagonal and off-diagonal terms of the radiation resistance matrix RðωÞ (solid lines),
together with the corresponding rational Laplace fit ~RðsÞ (gray square markers) and the result of the spectral factorization
RðsÞ (black circular markers). For example, the radiation resistance corresponding to the first plate mode m¼1,
i.e. mx ¼my ¼ 1, is denoted by Rð1;1Þ;ð1;1Þ. In general, it is seen that the radiation resistance of the volume displacing plate
modes is higher when compared to the non-volume displacing plate modes. In addition, it is observable that the off-
diagonal terms of the radiation resistance matrix can either have a positive or negative influence on the FFRSP of the plate. It
Fig. 2. Several diagonal (a) and off-diagonal (b) elements of the radiation resistance matrix (solid lines), together with the corresponding Laplace fit (gray
square markers) and the result of the spectral factorization (black circular markers).
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can be concluded that the rational Laplace model and the radiation filter match excellent with the radiation resistance
matrix.
4. State–space model of the full system

In the previous sections, the state–space models describing the transversal displacement field of the plate (Eq. (3b)), the
displacements of the TMD systems (Eq. (8b)), and the FFRSP of the plate (Eq. (15)) are derived. By defining the state variable

x¼ xT
p xT

d xT
r

h iT
, the state–space model of the total system becomes

_x ¼
Ap 0 0
0 Ad 0

BrΘ 0 Ar

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A

xþ
Bp

Bd

0

2
64

3
75

|fflfflffl{zfflfflffl}
B2

uþ
Fp
0
0

2
64

3
75

|fflfflffl{zfflfflffl}
B1

f ðtÞ; (16)

where the matrix Θ is defined in such a way that _wp ¼Θxp. In order to complete the state–space representation of the
system, the force between the TMD systems and the plate surface is written in the form

u¼ Ppy; (17a)

where Pp is a N � 2N block diagonal matrix containing parameters of the TMD systems

Pp ¼
k1 c1

⋱ ⋱
kN cN

2
64

3
75 (17b)

and y defines the relative distance and velocity between the TMD systems and the plate surface

y¼

q1�
PM

m ¼ 1 φmðx1; y1Þwm

_q1�
PM

m ¼ 1 φmðx1; y1Þ _wm

⋮
qN�

PM
m ¼ 1 φmðxN ; yNÞwm

_qN�
PM

m ¼ 1 φmðxN ; yNÞ _wm

2
66666664

3
77777775

_¼ C2x: (17c)

At this point, it is important to define the output of the system which is used to define the cost function to be minimized in
the optimization problem. Two outputs are considered: (1) the (scaled) modal velocities of the plate

zv ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ρH=2

p
Θ 0 0

h i
x; (18)

and (2) the output of the radiation filter

zr ¼ CrΘ 0 Dr
� �

x: (19)
5. Optimization problem

A LQR based optimization problem is defined in order to iteratively compute an optimum set of spring stiffness and
damping values of the TMD systems in such a way that the cost function of the system is minimized. The cost function to be
minimized in a LQR problem is defined as a square measure of the system output z, i.e. the H2 norm of the system output.
For a Linear Time Invariant (LTI) system, the H2 norm is defined as the RMS value of the system output for unit white noise
input (E½f ðtÞ� ¼ 0 and E½f T ðtÞf ðtþτÞ� ¼ IδðτÞ), hence

JHJ22 ¼ lim
T-1

E
1
T

Z T

0
zðtÞTz tð Þdt

	 

: (20)

Using the system output of Eq. (18) or Eq. (19), respectively, in combination with the above definition of the H2 norm results
in a cost function which describes the KE T of the plate and the FFRSP P of the plate. By considering the closed-loop system

_x ¼AcxþB1f ðtÞ
z¼ C1x; (21)

where Ac ¼ ðAþB2PpC2Þ and C1 is defined by either Eq. (18) or Eq. (19), the square of the H2 norm is obtained by solving

JHJ22 ¼ trace BT
1KB1

� 
; (22)
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where K is the (symmetric) observability Gramian. The observability Gramian is the solution of the Lyapunov equation

KAcþAT
cKþCT

1C1 ¼ 0: (23)

Note that the H2 norm is infinite if Ac is unstable. Therefore, a stable state–space model of the radiation filter is required. If
Ac is stable, the feedback gain matrix Pp is stabilizing the square of the H2 norm of the closed loop system. By altering the
spring stiffness and damping values of the TMD systems, the dynamic behavior of the system changes. Consequently, the
optimal parameter values of the TMD systems are computed by solving an iterative constrained minimization problem of
the form

arg min
Pp

trace BT
1KB1

� 
(24a)

subjected to

KAcþAT
cKþCT

1C1 ¼ 0: (24b)

As in [13,23,24], the gradient of the cost function with respect to the parameter values of the TMD systems is obtained by
using the Lagrange multiplier method. The Lagrange function LðPp;K; LÞ is defined as

L¼ trace BT
1KB1þ KAcþAH

c KþCH
1C1

h i
L

� 
; (25)

where L is the symmetric Lagrange multiplier matrix. Using the Lagrange function, the gradient of the cost function with
respect to the parameter values of the TMD systems equals

∂L
∂Pp

¼ 2BT
2KLC

T
2 � Ip; (26)

where K is the observability Gramian defined by Eq. (23) and the Lagrange multiplier matrix L is computed by solving a
second Lyapunov equation

LAT
c þAcLþB1B

T
1 ¼ 0: (27)

Note that matrix 2BT
2KLC

T
2 is not exactly the derivative of the Lagrange function with respect to the parameter values of the

TMD systems. The actual derivatives are found by multiplying 2BT
2KLC

T
2 entry by entry (denoted by �) with the matrix Ip,

where Ip is a matrix with ones at the entries of the parameter values of the TMD systems and zero elsewhere. Note further
that, the LQR based optimization problem is stated as an iterative decentralized control problem.

5.1. Initial guess

The initial guess of the spring stiffness and damping values of the MTMD systems is based on a 1DOF undamped main
system with a single TMD system for which the optimum response is defined by the H2 norm of the velocity response of the
main system [6]. For this choice, the optimal ratio between themth eigenfrequency of the plate fm and the eigenfrequency of
the nth TMD system fn together with the corresponding optimal dimensionless damping parameter ξn is given by

f m
f n

¼ 1
1þμ

ffiffiffiffiffiffiffiffiffiffiffi
2þμ
2

r
and ξn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μð4þ3μÞ

8ð1þμÞð2þμÞ

s
: (28)
6. Results

The length Lx and the width Ly of the aluminum plate are chosen in such a way that the eigenfrequencies of the plate are
well separated. The plate thickness is chosen as h1¼1.0 [mm] because the differences between KE- and FFRSP-based
optimization are more pronounced for thin plates. The dimensions and the material properties of aluminum and air are
listed in Table 1. The frequency domain of interest is chosen as f r215 ½Hz�. In this frequency domain, there are M¼10 [–]
plate modes, i.e. 4 volume displacing plate modes and 6 non-volume displacing plate modes. The influence of the truncation
orderM of the modal series approximation of the transversal displacement field on the accuracy of the solution is addressed
in detail in Appendix A. At this point, it is important to emphasize that the proposed optimization methodology of the
Table 1
Geometric and material properties of the system.

Par. Value Unit Par. Value Unit Par. Value Unit

Lx 0.500 [m] ρ 2770 [kg/m3] ξ 0.005 [–]
Ly 0.425 [m] E 69 � 109 [N/m2] ρ0 1.205 [kg/m3]

H 0.001 [m] ν 0.33 [–] c0 343.2 [m/s]
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MTMD systems is not limited by the truncation order of the transversal displacement field. The selected plate modes and the
eigenfrequencies of the undamped plate are listed in Table 2. The point force is located at ðxe; yeÞ ¼ ðLx=5; Ly=5Þ [m]. In this
way, all the plate modes in the frequency domain of interest are excited. The total mass of the MTMD systems is varied
between 5 percent and 35 percent of the mass of the plate, i.e. 0:05rμr0:35 [–].

The effectiveness of the MTMD systems is quantified by comparing the KE of an equivalent plate to the KE of the plate
with the MTMD systems. The equivalent plate has a thickness of heq ¼ h1ð1þμÞ [mm], i.e. the weight of the equivalent plate
is identical to the weight of the plate with MTMD systems. In this way, not only the efficiency of the MTMD systems is
quantified but it is also directly compared to the performance of a plate with the same overall weight. The reduction in the
KE is defined by

ΔT ¼ 20 log10
JTeq J2
JT J2

� �
; (29)

where JT J2 denotes the H2 norm of the KE of the plate with the MTMD systems and JTeq J2 denotes the H2-norm of the KE
of the equivalent plate. Likewise, the reduction of the FFRSP is defined by

ΔP ¼ 20 log10
JPAeq J2
JPA J2

� �
: (30)

6.1. A single TMD system

In this section, a single TMD is added to the plate in order to highlight some fundamental differences between mini-
mizing the KE and the FFRSP of the plate. In addition, a distinction between minimizing the narrow-band and broad-band
low-frequency domain response is made in order to demonstrate the flexibility of the proposed optimization methodology.

Before presenting the results, first the KE and the FFRSP of the plate without TMD systems are compared. The dashed
black lines in Fig. 3 denote the KE (a) and the FFRSP (b) of the bare plate. Although both responses show a similar trend in
the sense that the resonance peaks are located at the same frequencies, the FFRSP is clearly influenced by the radiation
resistance matrix. For example, the fourth resonance peak, which corresponds to the (2,2) plate mode at 91.4 [Hz], is clearly
visible in the KE of the plate but is (almost) absent in the FFRSP. Based on this observation, it is expected that the mechanical
properties of the TMD system(s) are different for KE and FFRSP minimization.
Table 2
Included plate modes and the corresponding eigenfrequencies of the undamped plate.

m ðmx ;myÞ fm [Hz] m ðmx ;myÞ fm [Hz]

1 (1,1) 22.9 6 (1,3) 129.0
2 (2,1) 51.6 7 (3,2) 139.4
3 (1,2) 62.7 8 (2,3) 157.8
4 (2,2) 91.4 9 (4,1) 166.7
5 (3,1) 99.6 10 (3,3) 205.8

Fig. 3. The KE (a) and the FFRSP (b) of the bare plate (dashed black lines) together with the response of the plate with a single TMD system which is
positioned at the center of the plate for μ¼ 0:05 [–] (light gray lines), μ¼ 0:2 [–] (black lines), and μ¼ 0:35 [–] (dark gray lines). The narrow-band KE and
FFRSP is minimized in the frequency domain 17o f o28:5 [Hz].
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6.1.1. Narrow-band optimization
In order to demonstrate the flexibility of the optimization methodology, first the KE and the FFRSP are minimized in a

narrow-band frequency domain. To this end, a single TMD system is added to the center of the plate. In order to minimize
the narrow-band response, the cost functions are filtered by means of a second order Butterworth bandpass filter with cut-
off frequencies f 1 ¼ 17 [Hz] and f2¼28.5 [Hz], i.e. only the response in the white area of Fig. 3 is included in the cost
function. Hence, the state–space model of the full system is extended to include this band-pass filter. Fig. 3 shows the KE
(left plot) and the FFRSP (right plot) for a single TMD system with a mass ratio of μ¼ 0:05 [–] (light gray lines), μ¼ 0:2 [–]
(black lines), and μ¼ 0:35 [–] (dark gray lines). It is seen that the narrow-band response is minimized efficiently. The
response is further reduced in the narrow frequency-band by increasing the mass of the TMD system. Although the response
is minimized efficiently in the predefined narrow frequency-band, it is seen that the response outside this frequency-band
might deteriorate.
6.1.2. Low-frequency domain optimization
Next, a single TMD is added to the plate in order to minimize the low-frequency domain response of the system, i.e. the

KE and FFRSP in the frequency domain f r215 [Hz] are minimized. Fig. 4 shows the reduction in the KE (T is minimized) and
the reduction in the FFRSP (P is minimized) for a single vibration absorber positioned at; (1) the excitation point ðLx=5; Ly=5Þ
(circles), (2) the center of the plate ðLx=2; Ly=2Þ (diamonds), and (3) the upper right corner of the plate ð4Lx=5;4Ly=5Þ
(squares).

The largest reduction in the KE is obtained by positioning the TMD system at the point of excitation, whereas the lowest
reduction is obtained by positioning the TMD system at the center of the plate. This is not surprising because, for this
position, the TMD system can only affect the response of the volume displacing plate modes, whereas the ð1;2Þ and ð2;1Þ
plate modes have a large contribution to the low-frequency domain KE, see the left plot of Fig. 3. In addition, it is seen that
the reduction in the KE is negative for μ40:12 [–]. This result indicates that the low-frequency domain KE is more effi-
ciently reduced by using an equivalent plate with the same overall weight. Furthermore, it is seen that increasing the mass
ratio does not necessarily mean that a higher reduction is achieved. In fact, this is only the case if the TMD system is located
at the point of excitation. In general, it is seen that the FFRSP is reduced the most by positioning the TMD at the point of
Fig. 4. The reduction in the KE (a) and the FFRSP (b) for a single TMD system positioned at the excitation point (circles), the center of the plate (diamonds),
and the upper right corner of the plate (squares).

Fig. 5. The uncoupled eigenfrequency (a) and dimensionless damping parameter (b) for a single TMD system which is positioned at the excitation point
ðLx=5; Ly=5Þ (circles), the center of the plate ðLx=2; Ly=2Þ (diamonds), and the upper right corner of the plate ð4Lx=5;4Ly=5Þ (squares). Black lines; T is
minimized. Gray lines; P is minimized.
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excitation. When compared to the previous case, where the KE was minimized, now the FFRSP is reduced second best if the
TMD is positioned at the center of the plate. This is not surprising since the volume displacing plate modes radiate sound the
most efficiently. Finally, it is seen that, for the considered positions, the FFRSP of the plate with the vibration absorbers is
always smaller than the FFRSP of a plate with the same overall weight.

The (uncoupled) eigenfrequency f 0;nd
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
knd=md

p
=2π of the TMD system and the corresponding dimensionless damping

parameter ξnd ¼ cnd=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mdknd

p
is shown in Fig. 5, where black and gray lines correspond to the mechanical properties which

are obtained by minimizing T and P, respectively. Circles, diamonds, and squares denote the mechanical properties of the
TMD system which is located at, respectively, the excitation point, the center of the plate, and at the upper right corner of
the plate. Based on the initial guess of Eq. (28), it is expected that the eigenfrequency of the TMD system decreases and that
the dimensionless damping parameter increases for higher mass ratio's. However, it is seen that both the eigenfrequency
and the dimensionless damping parameter decrease for higher mass ratio's. The dimensionless damping parameter is in
addition high which indicates that the TMD system is overdamped, i.e. for the most cases ξ0;nd 41. High damping values are
a direct result of low-frequency domain performance optimization, i.e. small damping values are obtained for narrow-band
performance optimization. Note that the spring stiffness is very small and that the dimensionless damping parameter is
extremely high for the TMD system located at ðxnd ; ynd

Þ ¼ ð4Lx=5;4Ly=5Þ [m] if μ40:18 [–]. This result indicates that the TMD
system behaves like as an added point mass instead of a dissipative mass–spring–damper system.

It is expected that an added point mass is encountered, especially for larger mass ratio's and P minimization, because the
low-frequency domain response is minimized. When compared to a TMD with a very high spring stiffness, the advantage of
a mass–damper system with a high damping value is that not only the high frequency domain response is reduced but also
the magnitude of the response at resonance can be altered, i.e. there is an optimum damping value of the mass–damper
system for which the low-frequency domain response is minimum.

6.2. Multiple TMD systems

In this section, multiple TMD systems are added to the plate and the influence of the initial guess and the number of TMD
systems is addressed.

6.2.1. Influence of the initial guess
Both cost functions are convex for N¼1. The cost function is not convex for N41. Therefore, the influence of the initial

guess is studied by running a multi-start optimization problem for 20 initial guesses with N¼9 [–] vibration absorbers. The
first and second initial guess are defined in such a way that all vibration absorbers are used to suppress the first ðm1 ¼ 1Þ and
tenth ðm1 ¼ 10Þ resonance peak of the plate. The third initial guess is based on the fact that only the volume displacing plate
modes radiate sound the most efficiently. This leads to the initial guess as shown in Table 3. For the remaining initial
guesses, each TMD system is defined to suppress a random plate resonance.

Figs. 6 and 7 show the influence of the initial guess of the mechanical properties of the vibration absorbers on the
reduction in the KE and FFRSP respectively. In both figures, the left plots show the response of the plate without the
vibration absorbers (black lines) and the upper and lower bound of the optimal responses which correspond to the opti-
mally tuned vibration absorbers based on the different initial guesses. The light gray area corresponds to μ¼ 0:05 [–] and
the dark gray area to μ¼ 0:35 [–]. The right plots in Figs. 6 and 7 show the reduction in, respectively, the KE and FFRSP for
each initial guess.

From Fig. 6, it is seen that the reduction in the KE of the plate by adding N¼9 [–] vibration absorbers with a mass ratio of
μ¼ 0:05 [–] and μ¼ 0:35 [–] is approximately 8.5 [dB] and 10.7 [dB]. The reduction in the KE for μ¼ 0:05 [–] shows a
deviation of approximately 0.5 [dB] with respect to the average reduction. For μ¼ 0:35 [–], the reduction is less dependent
on the initial guess of the mechanical properties of the vibration absorbers. Based on this result, it can be concluded that the
cost function of the optimization problem is not convex. However, the results indicate that similar minima are found for
different initial guesses. Although the reduction in the KE is more or less independent of the initial guess, it is emphasized
that the response is certainly influenced by the initial guess of the mechanical properties of the vibration absorbers, see the
left plot of Fig. 6. With exception of the 9th resonance peak, it is seen that the response of the remaining resonance peaks is
attenuated. The 9th resonance peak, which corresponds to the (4,1) plate mode, is not affected by the vibration absorbers
since the displacement of this mode is zero at all the locations of the vibration absorbers. Since the reduction is approxi-
mately independent of the initial guess, the differences between the upper and lower bound in the response of the KE are
explained by phenomena similar to the “waterbed effect” known from control theory. For example, a high reduction at low
Table 3
The definition of the third initial guess.

Vibration absorber location Plate mode

ðLx=4; Ly=4Þ ðLx=2; Ly=4Þ ð3Lx=4; Ly=4Þ (3,3) (1,3) (3,3)
ðLx=4; Ly=2Þ ðLx=2; Ly=2Þ ð3Lx=4; Ly=2Þ (3,1) (1,1) (3,1)
ðLx=4;3Ly=4Þ ðLx=2;3Ly=4Þ ð3Lx=4;3Ly=4Þ (3,3) (1,3) (3,3)



Fig. 6. For μ¼ 0:05 [–] (light gray) and μ¼ 0:35 [–] (dark gray), the influence of the initial guess of the mechanical properties of the vibration absorbers on
the reduction in the KE.

Fig. 7. For μ¼ 0:05 [–] (light gray) and μ¼ 0:35 [–] (dark gray), the influence of the initial guess of the mechanical properties of the vibration absorbers on
the reduction in the FFRSP.

Fig. 8. For different numbers of vibration absorbers, the reduction in the KE (a) and the FFRSP (b), where μ¼ 0:05 (light gray), μ¼ 0:2 (black), and μ¼ 0:35
[–] (dark gray).
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frequencies means that the reduction is less at high frequencies. On the other hand, a high reduction at high frequencies
means that the reduction is less at low frequencies. Apparently, this is an inherent property of minimizing the low-
frequency domain response of the system.

Similar observations hold for the reduction in the FFRSP of the plate, see Fig. 7. For μ¼ 0:05 [–] and μ¼ 0:35 [–], the
reduction in the FFRSP is approximately 8.7 [dB] and 14.6 [dB]. For μ¼ 0:05 [–], the vibration absorbers are tuned in such a
way that the response of the volume-displacing plate modes is attenuated, i.e. these modes contribute the most to the
FFRSP. For μ¼ 0:35 [–], all the resonance peaks are attenuated (with exception of the 9th resonance peak) since all the plate
modes contribute to the FFRSP in this case.

From this point on, the initial guess of the mechanical properties of the vibration absorbers is tuned to the eigen-
frequency of the first plate mode.
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6.2.2. The effect of the number of MTMD systems
Fig. 8 shows the reduction in the KE (T is minimized) and the FFRSP (P is minimized) for different numbers N of equally

distributed MTMD systems and three mass ratio's, namely μ¼ 0:05 [–] (light gray), μ¼ 0:20 [–] (black) and μ¼ 0:35 [–]
(dark gray). In general, the results indicate that; (1) the reduction increases for higher mass ratio's, (2) the reduction in the
FFRSP is higher when compared to the reduction in the KE, and (3) there is an optimum number of vibration absorbers for
each optimization and mass ratio if the KE is minimized, whereas the reduction in the FFRSP is always the highest for N¼16
[–] vibration absorbers, see Table 4. In addition, it is seen that the reduction in both the KE and the FFRSP is (very) small if
N¼4 [–] vibration absorbers are added to the plate. In fact, the negative reduction in the KE for N¼4 [–] with μ¼ 0:35 [–]
indicates that the performance of an equivalent plate with the same total weight as the plate with the vibration absorbers is
better. By comparing the results from Fig. 4 with Fig. 8, it is seen that the performance of MTMD systems is, in general, better
than the performance of a single TMD system (at least for the considered positions and for NZ0). From a design perspective
this is convenient since there is no longer a need to compute the optimal location of the MTMD systems.
Table 4
The optimum number of vibration absorbers, which leads to the highest reduction in the KE and the FFRSP for different mass ratio's.

Mass ratio μ¼ 0:05 [–] μ¼ 0:20 [–] μ¼ 0:35 [–]

The KE is minimized N¼36 N¼25 N¼16
The FFRSP is minimized N¼16 N¼16 N¼16

Fig. 9. The response of the plate without the vibration absorbers (dashed black lines) and the response of the plate with N¼4 (light gray lines), N¼25
(black lines), and N¼49 [–] (dark gray lines) vibration absorbers for μ¼ 0:05 [–], where T is minimized (a) and P is minimized (b).

Fig. 10. The response of the plate without the vibration absorbers (dashed black lines) and the response of the plate with N¼4 (light gray lines), N¼25
(black lines), and N¼49 [–] (dark gray lines) vibration absorbers for μ¼ 0:35 [–], where T is minimized (a) and P is minimized (b).



Fig. 11. (a) The KE at fe¼300 [Hz] for different truncation orders M. (b) The number of modes which corresponds to the convergence criterion of (A.1)
(black line) and the modal density defined by (A.2) (gray line).
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For μ¼ 0:05 [–], Fig. 9 shows the KE (T is minimized) and the FFRSP (P is minimized) of the plate with N¼4 [–] (light gray
lines), N¼25 [–] (black lines), and N¼49 [–] (dark gray lines) vibration absorbers. For reference, the KE and the FFRSP of the
plate without the vibration absorbers are depicted by black dashed lines. Only a few plate modes are affected by using N¼4
[–] vibration absorbers. Although the overall low-frequency domain performance is the worst in this case, the plate response
is still efficiently suppressed at low frequencies f o75 [Hz]. For the remaining cases, it is seen that the response is very
efficiently attenuated, especially by using N¼49 [–] vibration absorbers. It is emphasized that the response of the plate with
the vibration absorbers is much lower than the response of the equivalent plate independent of the number of vibration
absorbers.

In general, the reduction increases for higher mass ratios's. Therefore, Fig. 10 shows the plate response for again N¼4 [–]
(light gray lines), N¼25 [–] (black lines), and N¼49 [–] (dark gray lines) vibration absorbers but now with a mass ratio of
μ¼ 0:35 [–]. When compared to μ¼ 0:05 [–], it is seen that the response level is even more uniform in the entire frequency
domain and smoother at high frequencies.
7. Conclusion

The dynamic response of a baffled, aluminum, simply supported, point-force excited plate is reduced in such a way that
the KE or the FFRSP is minimized by adding multiple mass–spring–damper systems to the plate and by tuning the spring
stiffness and damping value of each mass–spring–damper system by solving an iterative LQR based optimization problem.
As demonstrated, this methodology is suitable to reduce both the narrow-band and low-frequency domain structural and
acoustic response of the system. The reader should keep in mind that if the low-frequency domain response of the system is
minimized, the MTMD systems are not applied in the classical way, i.e. the MTMD systems are used to minimize the low-
frequency domain response instead of the response near a single (unwanted) resonance peak. When using this optimization
methodology, the main modeling challenge is to compute a state–space model describing the radiated sound power of the
plate. To this end, an improved spectral factorization algorithm is implemented to compute the radiation filter.

From the results, it can be concluded that the optimal location of a single TMD system is at the point of external exci-
tation for both KE-based and FFRSP-based optimizations. In general, the TMD systems behave like an added point mass for
FFRSP-optimization in combination with a high TMD mass. If MTMD systems are added to the plate, the following con-
clusions can be drawn. First of all, a different initial guess of the mechanical properties of the MTMD systems results in the
same reduction in the KE and the FFRSP. However, the response of the systems is strongly influenced by the initial guess,
especially when minimizing the FFRSP. Secondly, it can be concluded that distributing the added mass uniformly over
MTMD systems, instead of using a single TMD system, results in a higher reduction in the KE and the FFRSP of the plate.
However, the optimal number of MTMD systems is different for both optimizations.

Overall, MTMD systems have a great potential to reduce the KE and the FFRSP of the plate. Although, in this
work, the MTMD systems are distributed periodically and the total mass of the MTMD systems is distributed uniformly, the
proposed methodology can also be applied to random spatial and mass distributions of the MTMD systems. In
addition, it is emphasized that the state–space model of the baffled plate allows one to study active control based solutions
as well.
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Appendix A. The choice of the number of modes and convergence of the solution

The number of plate modes has to be defined in such a way that the plate displacement is accurate in the frequency
domain under consideration. Convergence of the solution can be addressed by computing, for example, the KE at the highest
frequency point fe of the frequency domain of interest for several truncation orders M. Here, it is assumed that the plate
modes are ordered in such a way that the corresponding eigenfrequencies increase monotonically. Fig. 11(a) shows the KE at
fe¼215 [Hz] for several truncation orders M. As expected, the KE converges to a constant value if the number of plate modes
increase. In addition, it can be concluded that the solution is converged forM412 [–]. Note that convergence of the solution
below 215 [Hz] is also guarantied since the undamped eigenfrequencies of the plate modes increase monotonically and
because the modal superposition principle is used to approximate the displacement field of the plate.

In order to systematically address the convergence of the solution, the relative error ε is introduced

ε¼ jTðf e;MiÞ�Tðf e;Mi�1Þj
Tðf e;MiÞ

; (A.1)

where Tðf e;MiÞ is the KE at fe for truncation order Mi and Tðf e;Mi�1Þ is the KE at fe for truncation order Mi�1. Based on Eq.
(A.1), the convergence criterion is defined by the truncation order M for which the relative error is εr0:01 [–]. The black
line in Fig. 11(b) denotes the number of plate modes which satisfy this convergence criterion for several plate thicknesses H.
It is seen that the truncation order decreases for thicker plates. This is expected, since the modal density decreases. A
measure for the modal density is found by counting the number of eigenfrequencies fm of the undamped plate in the
frequency domain of interest

M¼
X1
m ¼ 1

ðf mr215½Hz�Þ: (A.2)

The measure for the modal density is denoted by the gray line in Fig. 11(b). From the results, it can be concluded that the
truncation order depends on the frequency domain of interest and the modal density.
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