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Summary

Dense gas-solid flows are encountered in many industrial applications such as pharma-
ceutical, chemical, food and agricultural processing, as well as energy generation. The
hydrodynamics of such flows is very complex, and is strongly influenced by the complex
fluid-particle interaction. Fluidized beds are a widely used industrial reactor type and are
particularly successful in attaining a thorough gas-solid contacting, which consequently
leads to excellent heat and mass transfer characteristics, facilitating efficient conversion of
chemical species. Yet, the design and scale-up of these reactors remains a challenge due to
the lack of full understanding of the fundamentals in dense gas-solid flows. Over the past
decades, Computational Fluid Dynamics (CFD) has rapidly developed as an effective tool
to reduce the number of costly and time-consuming experimental tests. To understand
the large-scale dense gas-solid flows from first principles, the multiscale modeling approach
constitutes a powerful scheme connecting transfer of mass, momentum and heat, which
prevail at a wide range of time and length scales. In this approach, smaller-scale (more
detailed) models are used to derive or improve closure relations for interphase transfer re-
quired in larger-scale (less detailed) models, which are used for prediction of flow behavior
at the engineering scale. This thesis focuses on the modeling of dense gas-solid flows at the
most detailed level, namely Direct Numerical Simulation (DNS), in which flows between
individual particles are fully resolved.

One of the closures that can be derived from DNS is the so-called drag correlation, which
describes the effective gas-solid interaction in larger-scale models and is essential for accu-
rate prediction of flow patterns in fluidized beds by these models. A combination of the
Ergun and Wen & Yu equations, which were established from experimental measurements,
has been often used in chemical engineering. Conversely, correlations obtained from DNS
have received increasing attention in recent years. However, it has been verified that the
grid resolution, at which the simulations were conducted for these correlations, was not
sufficiently high to properly resolve the boundary layers at higher Reynolds numbers (Ten-
neti et al., 2011). Most importantly, all the existing DNS correlations were obtained from
stationary particles and do not take into account the effect of particle mobility that occurs
in practical applications involving fluidized beds. Therefore, the validity of the current
drag correlations seems questionable for describing the realistic gas-solid interaction in the
larger-scale models for dense gas-solid flows. This motivates the primary objective of this
work, i.e., the development of an accurate drag correlation for the interphase momentum
exchange in dense gas-solid flows using DNS. The derivation of the drag correlation in
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this thesis consists of two components: highly accurate drag computations for stationary
particles and the inclusion of mobility effects for dynamic particles.

An immersed boundary method (IBM) has been applied to perform DNS of gas-solid
flows in this thesis. In this method, a finite difference discretization of the Navier-Stokes
equations is used to solve the fluid flow. Each solid particle is represented by a set of mar-
ker points that move with the particle itself, the motion of which is governed by Newton’s
equations of motion. At the surface of the particles, the no-slip boundary condition is im-
posed via a forcing term using a regularized delta function. However, as a consequence of
using a regularized delta function, an overestimation of the fluid-particle interaction force
at a finite grid resolution is observed, which becomes very pronounced at high Reynolds
numbers and dense packings. Thus, a methodology is developed in this work for highly
accurate prediction of the gas-solid interaction force by IBM simulations while using a re-
latively coarse computational grid. This methodology utilizes an optimal diameter dm for
the marker points distribution, which is evaluated based on the convergence of simula-
tion results for FCC arrays of particles with respect to the grid resolution. This optimal
dm is further found to be dependent on the grid resolution, Reynolds number, and solids
volume fraction φ as well. Subsequently, this methodology is tested to model the flow
past random arrays of stationary spherical particles. The results of drag force and flow
field from coarse-grid simulations are close to the converged results at a sufficiently high
resolution, and are consistent with those obtained from the same problem employing a
body-fitted grid using the ANSYS-FLUENT CFD package. Furthermore, by applying the
optimal dm from this methodology, experimental data for a single sphere sedimentation
are correctly reproduced by IBM simulations at a relatively low resolution.

With use of the optimal dm, we first perform highly accurate drag computations for sta-
tionary particles by IBM simulations of flows through random arrays of stationary mo-
nodisperse spheres at Reynolds numbers of [50, 1000] and solids volume fractions of [0.1,
0.6]. The simulation data of the drag force are compared to several DNS correlations pro-
posed in earlier literature, none of which proves accurate over the entire range of φ and
Re. Therefore, a new (static) drag correlation is established which fits the simulation data
with an average relative deviation of only 4%. This correlation is considered as so-far the
most accurate expression for the mean drag force in flows through stationary particles at
Re≤ 1000, and provides a basis to introduce the effect of particle mobility.

Subsequently, IBM simulations are performed for flows through dynamic suspensions of
monodisperse spherical particles with incorporation of the optimal marker points’ positi-
ons. The considered flow systems vary with Reynolds number (Re=[40, 910]), solids vo-
lume fraction (φ=[0.1, 0.4]), as well as particle/fluid density ratio (ρp/ρg=[500, 3000]).
Simulations show that the granular temperature, as a result of particle velocity fluctuations,
increases with increasing Re but decreasing ρp/ρg . Based on the simulation data, a rela-
tion is proposed for a modified Reynolds number ReT based on the granular temperature
for dynamic gas-solid systems with elastic particle collisions. Furthermore, the particle
mobility effect on the gas-solid interactions is analyzed by comparing the simulation data
for dynamic particles with those for stationary particles. It is shown that the drag force
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is increased due to the particle velocity fluctuations by an amount that is proportional to
ReT and φ. By introducing this mobility effect into our static correlation, a new (dyna-
mic) drag correlation is obtained which fits all the simulation data with an average relative
deviation of 6.5%. In comparison to other DNS correlations, this correlation is so-far the
only expression that incorporates the effect of particle mobility. Also, it is anticipated to
provide the best prediction of the interaction force in realistic gas-solid flows such as in
fluidized beds.

Finally, a study on fluidization of 5000 spherical particles in a pseudo-2D gas-fluidized
bed is conducted by both direct numerical simulations and experiments using non-invasive
optical monitoring techniques. Simulations are performed using IBM at a resolution of
dp/h = 5 while applying the optimal dm. Experimental measurements of solids motion
are conducted using an extended particle image velocimetry (PIV) technique and a digi-
tal image analysis (DIA) technique. Detailed comparison between the simulation results
and the experimental data reveals a reasonably good agreement with respect to the time-
averaged solids motion and the pressure drop over the bed. Furthermore, the magnitude of
the granular temperatures calculated from the IBM simulations is consistent with the ex-
perimental data. However, simulations provide more details on the granular temperature
regarding its spatial variation and the subtlety of its interpretation. As far as the author
knows, direct comparison between DNS and experiments of realistic gas-fluidization in
such detail has not been reported before in literature.
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Samenvatting

Gas-vast stromingen met hoge volume fracties van deeltjes komen veel voor in industri-
ële toepassingen zoals farmaceutische, chemische, voedsel en landbouw processen, even-
als bij energieproductie. De hydrodynamica van zulke stromingen is heel complex, en
wordt sterk beïnvloed door de complexe gas-deeltjes interactie. Wervelbedden (gefluïdi-
seerde bedden) zijn een wijdverbreid toegepast reactor type en zijn bovenal succesvol in
het bewerkstelligen van intensieve gas-deeltjes interacties, wat leidt tot excellente warmte-
en massatransport eigenschappen die zorgen voor efficiënte chemische conversie. Echter,
het ontwerp en de opschaling van deze reactors blijft een uitdaging door het ontbreken
van een volledig begrip van de fundamenten van dichte gas-vast stromingen. Gedurende
de afgelopen decennia heeft Computational Fluid Dynamics (CFD) zich snel ontwikkeld
tot een effectief hulpmiddel om het aantal dure en tijdsintensieve experimentele testen te
reduceren. Om grootschalige dichte gas-vast stromingen vanuit basisprincipes te begrijpen
vormt de ‘multi-scale’ aanpak een krachtig raamwerk dat transport van massa, impuls en
warmte op de verschillende tijd- en lengteschalen met elkaar verbindt. Binnen deze be-
nadering worden kleine schaal (meer gedetailleerde) modellen gebruikt voor het afleiden
of verbeteren van sluitingsrelaties voor interfase transport. Dit proefschrift concentreert
zich op de modellering op het meest gedetailleerde niveau van dichte gas-vast stromingen
m.b.v. Direct Numerieke Simulatie (DNS) waarbij de stroming tussen individuele deeltjes
in volledig detail opgelost wordt.

Eén van de sluitingsrelaties die berekend kan worden m.b.v. DNS is de zogenaamde drag-
correlatie, die de effectieve gas-vast interactie beschrijft in grofstoffelijkere modellen en es-
sentieel is voor de nauwkeurige voorspelling van de stromingspatronenen in wervelbedden.
Een combinatie van de Ergun en Wen & Yu vergelijkingen, welke bepaald zijn uit experi-
mentele metingen, is veel gebruikt binnen de scheikundige technologie. Daarnaast staan
correlaties bepaald m.b.v. DNS de laatste jaren volop in de aandacht. Het is echter bekend
dat de grid-resolutie, waarbij de simulaties voor deze correlaties uitgevoerd waren, niet
voldoende was om de grenslagen bij hogere Reynolds getallen goed te beschrijven (Tenneti
et al., 2011). Allerbelangrijkst, alle bestaande DNS correlaties zijn bepaald voor stationaire
deeltjes en nemen de invloed van deeltjes-beweging, dat voorkomt in praktische toepassing
zoals wervelbedden, niet in acht. Daarom is de geldigheid van de huidige drag-correlaties
twijfelachtig voor het beschrijven van realistische gas-deeltjes interactie in grofschalige mo-
dellen voor gas-vast stromingen. Dit is de motivering voor het primaire doel van dit werk:
het ontwikkelen van een nauwkeurige drag-correlatie voor de interfase impuls uitwisseling
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in gas-vast stromingen m.b.v. DNS. De bepaling van de drag-correlatie in dit proefschrift
bestaat uit twee componenten: heel nauwkeurige drag-berekeningen voor stationaire deel-
tjes en de incorporatie van mobiliteitseffecten voor dynamische deeltjes.

Een ‘immersed boundary method’ (IBM) is gebruikt in dit proefschrift voor de DNS
van gas-vast stromingen. In deze method wordt een eindige differentie discretizatie van
de Navier-Stokes vergelijking gebruikt voor de gasstroming. Elk deeltje wordt gerepre-
senteerd door een verzameling van markeringspunten die meebewegen met het deeltje,
waarvan de beweging volgt uit de bewegingsvergelijking van Newton. Op het oppervlak
van de deeltjes wordt de geen-slip randvoorwaarde opgelegd via een bronterm in de gasver-
gelijking, gebruikmakend van een geregulariseerde delta-functie. Echter, als gevolg van het
gebruik van een geregulariseerde delta-functie wordt er een overschatting van de gas-vast
interactiekracht bij eindige grid-resolutie waargenomen, die erg duidelijk wordt bij hogere
Reynolds getallen en dichte stapelingen. Daarom is er een methodologie ontwikkeld in
dit werk om zeer nauwkeurig gas-vast interactie krachten te voorspellen m.b.v. IBM si-
mulaties terwijl het gebruikte grid relatief grof is. Deze methode maakt gebruik van een
optimale diameter dm voor de plaatsing van de markeringspunten, die bepaald is met be-
hulp van simulaties van de grid-afhankelijkheid van bollen in FCC posities. Daarnaast
werd ook gevonden dat deze optimale dm afhankelijk is van grid-resolutie, Reynolds getal
en deeltjes volume fractie. Vervolgens is de methodologie getest voor de modellering van
stroming rond random geplaatste stationaire deeltjes. De resultaten voor de drag-kracht en
stromingsveld van grof-grid simulaties liggen dicht bij de geconvergeerde resultaten die ver-
kregen worden bij hoge resolutie, en zijn ook consistent met resultaten verkregen m.b.v.
het ANSYS-FLUENT CFD pakket, waarbij gebruik gemaakt is van een grid dat aan de
lichamen aansluit. Daarnaast, worden experimentele resultaten voor de sedimentatie van
een enkele bol correct gereproduceerd als de optimale dm uit deze methodologie toegepast
wordt voor IBM simulaties bij relatief lage resoluties.

Gebruikmakend van de optimale dm voeren we eerst zeer nauwkeurige dragberekeningen
uit voor stationaire deeltjes met behulp van IBM simulaties van stromingen door ongeor-
dende bollen configuraties bij Reynolds getallen van [50, 1000] en deeltjes volume fracties
van [0.1, 0.6]. De simulatieresultaten voor de drag-kracht worden vergeleken met verschei-
dene DNS correlaties die eerder in de vakliteratuur zijn geponeerd, waarvan geen enkele
nauwkeurig blijkt voor het gehele bereik van φ en Re. Daarom word er een nieuwe (sta-
tische) dragcorrelatie bepaald die correspondeert met de simulatie resultaten met binnen
een lage gemiddelde relatieve afwijking van 4%. Deze correlatie kan gezien worden als de,
op dit moment, meest nauwkeurige uitdrukking voor de drag-kracht in stromingen van
stationaire deeltjes bij Re≤ 1000 en vormt de basis waarop effecten van deeltjes mobiliteit
toegevoegd worden.

Vervolgens worden er IBM simulaties uitgevoerd voor stroming door dynamische sus-
pensies van monodisperse sferische deeltjes met inachtneming van de optimale marke-
ringspunten posities. De systemen zijn onderzocht voor verscheidene Reynolds getal-
len (Re=[40, 910]), deeltjes volume fracties (φ=[0.1, 0.4]), en ook deeltjes/gas dicht-
heid ratio’s (ρp/ρg=[500, 3000]). Simulaties laten zien dat de granulaire temperatuur,
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veroorzaakt door fluctuaties in de deeltjes snelheden, toeneemt met toenemende Re en
afnemende ρp/ρg . Gebaseerd op de simulatiegegevens wordt er een verband geponeerd
voor het gemodificeerde Reynolds getal ReT dat is gebaseerd op de granulaire temperature
van dynamisce gas-vast systemen met elastische botsingen. Daarnaast wordt het effect van
deeltjes mobiliteit op de gas-deeltjes interacties geanalyseerd door de simulatieresultaten
voor dynamische deeltjes te vergelijken met die voor stationaire deeltjes. Het blijkt dat de
drag-kracht toeneemt als gevolg van deeltjessnelheid fluctuaties met een bijdrage die pro-
portioneel is met ReT and φ. Door de toevoeging van dit mobiliteitseffect aan de statische
correlatie wordt er een nieuwe (dynamische) drag-correlatie gevonden die correspondeert
met alle simulatiegegevens met een gemiddelde relatieve afwijking van 6.5%. In vergelij-
king met andere DNS correlaties is dit tot nu toe de enige uitdrukking die het effect van
deeltjes mobiliteit incorporeert. Het is verwacht dat deze correlatie de beste voorspellin-
gen geeft voor de interactie krachten in gas-vast stromingen zoals in wervelbedden.

Ten slotte wordt er een studie van de fluïdisatie van 5000 sferische deeltjes in een pseudo-
2D wervelbed uitgevoerd d.m.v., beide, directe numerieke simulaties en experimenten met
niet-invasieve optische technieken. Simulaties worden uitgevoerd met IBM bij een reso-
lutie van dp/h = 5 met optimale dm. Experimentele metingen van de deeltjesbeweging
worden gedaan met een uitgebreide ‘particle image velocimetry’ (PIV) techniek en een
‘digital image analysis’ (DIA) techniek. De gedetailleerde vergelijking tussen simulatie re-
sultaten en experimentele data onthult een redelijk goede overeenkomst wat betreft de
tijdsgemiddelde deeltjesbeweging en de drukval over het bed. Bovendien is de grootte van
de granulaire temperatuur berekend uit de IBM simulaties consistent met de experimentele
gegevens. Echter, simulaties geven meer detail over de granulaire temperatuur met betrek-
king tot de ruimtelijke variatie en interpretatie subtiliteiten. Zover bekend bij de auteur,
is zo’n gedetailleerde directe vergelijking tussen DNS en experimenten van realistische gas-
fluïdisatie nog niet eerder gerapporteerd in de vakliteratuur.
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Variables

A area, [m2 ]
Cd drag coefficient, [-]
d diameter, [m]
D depth, [m]
f,F force, [N]
F dimensionless force, [-]
g gravitational acceleration, [m2/s]
h grid size, [m]
H height, [m]
L, l window size, [m]
N , n counting numbers, [-]
P pressure, [N/m2 ]
t time, [s]
u, u gas velocity, [m/s]
U, U superficial velocity, [m/s]
v, v particle velocity, [m/s]
V volume, [m3 ]
ω angular velocity, [rad/s]
W width, [m]
x , y, z x , y , z coordinates, [m]
4t time step, [s]

Greek letters

µ dynamic viscosity, [Pa· s]
ν kinetic viscosity, [m2/s]
φ solids volume fraction, [-]
Φ solids flux, [m3/(m2·s)]
ρ density, [kg/m3 ]
Θ granular temperature, [m2/s2 ]

xix



Subscripts and superscripts

b buoyancy
c collision
d drag
g, f gas/fluid
i, j, k indices
m marker points
max maximum
p particle
s ys system
x , y, z in x , y , z direction
2D, 3D in two, three dimensions

Abbreviations

CFD computational fluid dynamics
DIA digital image analysis
DNS direct numerical simulations
DPM discrete particle model
FCC face-centered cubic
ICCG incomplete Cholesky conjugate gradient
IBM immersed boundary method
KTGF kinetic theory of granular flow
LBM lattice-Boltzmann method
PIV particle image velocimetry
RDF radial distribution function
SIMPLE semi-implicit method for pressure linked equations
TFM two-fluid model
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CHAPTER1
Multiscale modeling of

gas-fluidized beds

The gas-fluidized bed is a very important gas-solid reactor that is widely used in many industrial
processes. This chapter first gives a brief introduction on the subject of multiscale modeling of
fluidized beds, including direct numerical simulations, discrete particle model and two-fluid
model. In this multiscale modeling approach, smaller-scale (more detailed) models are used to
derive or improve closure relations for interphase interactions (such as the drag force) required in
larger-scale (less detailed) models, which are used for the general understanding of flow behavior.
Due to its fundamental importance for understanding dense gas-solid flows, this chapter also
presents the current state of studies on the drag force. It illustrates the definitions of the drag
force, followed by an overview of the drag correlations that are quite often applied in research
as well as in engineering. Finally, an outline of this thesis is given.
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1.1 Gas-fluidized beds

1.1 Gas-fluidized beds

Gas-solid flows occur in many industrial applications such as pharmaceutical, chemical,
food and agricultural processing, energy generation, and in the environment as well. Usu-
ally, the gas and solids phases need to be brought into intimate contact for the sake of
mass and heat transfer or the conversion of chemical species. A thorough gas-solid con-
tacting can be achieved in fluidized beds, which are widely applied in large-scale industrial
processes involving physical and chemical transformations such as fluid catalytic crack-
ing, chemical looping combustion, and polymerization (Kunii and Levenspiel, 1991). In
a fluidized bed, solid particles move along with the carrier phase, which in most cases is
gaseous. This results in intense gas-solid contact facilitating heterogeneous reactions. Fur-
thermore, the pressure drop over a fluidized bed is usually low and limited to the buoyant
weight of the particulate phase.

When solid particles move in a fluid or when a fluid flows through a bed of particles,
the solids and fluid exert a force on each other. This force is called the drag force, and its
magnitude depends on the slip velocity between the fluid and the solids, the porosity of
the system, fluid properties like density and viscosity, and particle size. In gas-fluidized
beds, at a certain gas velocity, the drag force acting on a particle becomes large enough to
balance its gravity and the particle starts to “float” in the reactor. This phenomenon is
called fluidization and the corresponding gas velocity is called the minimum fluidization
velocity. When the gas velocity is increased beyond this minimal velocity, the particles
are lifted higher whereas the bed porosity increases. This continues until at the point of
minimum bubbling, the excess gas starts to form bubbles and consequently the bubbling
regime is entered. At even higher velocities, the bed can be further characterized by a slug-
ging regime, and subsequently a turbulent regime. The fluidization behavior also depends
on the density and size of the particles. Small particles with a low density are more easily
fluidized than large and heavy particles, as the gravity acting on the latter type is much
larger. The particle-particle interaction forces are relatively more important for small par-
ticles in comparison with those forces acting on large particles, causing small particles to
exhibit a certain (velocity) range of homogeneous expansion.

Although the concept of fluidization is simple, the hydrodynamics of fluidized beds is
extremely complex. Throughout the bed large gradients may occur in, for example, the
solids hold-up and velocities, due to bubble passage and/or particle clustering. This makes
it difficult to quantitatively predict, and hence well understand the bed behavior. Due to
this lack of full understanding of the fundamentals, the design and scale-up of fluidized bed
reactors still remains a challenge. In chemical engineering applications, pressure drop over
a fluidized bed often constitutes an important issue for the operation and optimization of
processes. While, the pressure drop is directly related to the drag force. Thus to determine
the optimal process condition, usually a compromise has to be found between energy loss
due to the drag and variables like process selectivity and equipment size. Therefore, a thor-
ough understanding of the drag force in gas-solid flows is of fundamental importance for
many applications of fluidized beds. Despite many researches on the drag force, establish-
ing an accurate drag correlation still remains an active but challenging subject of research.
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Chapter 1 Multiscale modeling of gas-fluidized beds

To contribute to this subject, the main objective of this thesis is to develop an accurate
drag correlation by performing direct numerical simulations of gas-solid flows, which will
be discussed later.

Furthermore, a good understanding of the mass transfer characteristics is necessary for the
prediction of fluidized beds under reacting conditions. If the reactions consume or produce
a significant amount of heat, heat transfer also becomes very relevant. Detailed informa-
tion on the species and temperature fields can help to develop engineering approaches for
reactor design of processes such as chemical looping combustion. The interphase heat and
mass transfer rates are described in terms of the Nusselt number (Nu) and the Sherwood
number (Sh), respectively, which depend on the solids volume fraction, the Reynolds,
Prandtl and Schmidt numbers. Extensive experimental and theoretical studies have been
conducted in this field and a variety of empirical correlations have been proposed to char-
acterize the mass or heat transfer coefficient, as reported in reviews by Gunn (1978); Kunii
and Levenspiel (1991); Kim and Kang (1997). Recently, there are also a few numerical
studies on determining gas-particle heat transfer coefficients in gas-solid systems (Kim and
Choi, 2004; Tenneti, 2013; Tavassoli et al., 2013). However, studies of mass transfer by
means of direct numerical simulations are much less abundant, among which Deen and
Kuipers (2013) considered mass transfer limited chemical conversion at the surface of par-
ticles. Even less work has been reported so far on the coupling of momentum, mass and
heat transfer, which is extremely challenging but needs more attention.

1.2 Multiscale modeling

As discussed above, quantitative understanding of gas-solid flows in fluidized beds is cru-
cial for efficient operation and optimization of processes. Experimental studies of bed
hydrodynamics are usually difficult and costly, and become very complicated for large
scale systems. Fortunately, Computational Fluid Dynamics (CFD) rapidly develops as
an effective tool to reduce the number of costly and time-consuming experiments. CFD
simulations have been increasingly used to predict dense gas-solid flow dynamics, and can
provide detailed information on the bed behavior for reliable and efficient design of flu-
idized beds. Although accounting for time-averaged turbulent behavior and turbulent
interactions between phases can in general make CFD simulation predictions more realis-
tic, turbulence-free flow is often assumed in fluidized beds ignoring the possibility of local
regions of turbulence. The reason is that unless an appropriate turbulence model with the
correct empirical constants and closures is used, the model predictions may be less consis-
tent with experimental data than the turbulence-free (laminar) model. More importantly
in dense gas-solid flows, turbulence is significantly dampened.

A major challenge in developing CFD models for industrial-scale fluidized beds is the
wide range of spatial scales involved: the flow behavior on the equipment scale in order
of meters is directly influenced by the detailed (gas-solid and solid-solid) interactions that
take place on the scale of particles in order of millimeters. Accurate prediction of large-
scale fluidized beds by resolving the flow phenomena on all length scales has been proven
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notoriously difficult via a single model. Therefore, different levels of modeling have to be
applied to bridge those various scales. A multiscale modeling approach was introduced
by van der Hoef et al. (2004) for dense gas-solid flows such as in fluidized beds, shown
in Figure 1.1. There are mainly three levels of modeling: Direct Numerical Simulations
(DNS), Discrete Particle Model (DPM) and Two-Fluid Model (TFM). The spirit is that a
smaller-scale model can be used to provide closure relations that are needed in larger-scale
models, thus enabling the modeling of a fluidized bed from small scale to engineering scale.

Figure 1.1: Multiscale modeling scheme for gas-fluidized beds.

1.2.1 Direct numerical simulations

At the most detailed level, direct numerical simulations fully resolve the flows around in-
dividual particles. The gas flow is described on a grid with a grid size that is much smaller
than the particle size. Considering the large number of grid cells needed to conduct such
simulations, only small systems, limited to several thousands of particles, can be simulated.
The motion of the particles is solved individually, incorporating their interaction with the
gas phase by imposing boundary conditions at the surface of the particles. Thus, the inter-
phase interactions are directly accounted for and computed. These detailed solutions from
DNS can be used to derive accurate closures, which are essential inputs for more coarse-
grained models of gas-solid systems. One of the key inputs for both DPM and TFM is the
closure for the momentum exchange, i.e., the drag law or drag correlation.

The past decades have been marked by a significant interest in DNS of gas-solid flows
due to the rapid increase in computational power, which enables modelling of larger sys-
tems and the introduction of additional equations to describe, e.g., mass and heat transfer.
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Meanwhile, a variety of DNS methods have been developed, which can be basically classi-
fied as those that rely on a body-fitted mesh to impose boundary conditions at the particle
surface, and those that employ fixed Catesian grids. The body-fitted approach includes the
Arbitrary Lagrangian-Eulerian method (Hu et al., 2001), the overset grid method (Bur-
ton and Eaton, 2005), as well as the method used by Balachandar and co-workers (Bagchi
and Balachandar, 2003). The principle disadvantage of this approach is that repeated re-
meshing and solution projection are required for moving objects.

By employing fixed Cartesian grids, re-meshing and projection are no longer needed, re-
sulting in a more efficient approach for moving particles. Even for stationary particles,
this approach is more practical than the body-fitted approach because of the wide range
of parameters encountered in gas-solid flows and the need to perform multiple indepen-
dent simulations of random particle configurations. Methods that employ fixed Cartesian
grids include the fictitious domain method (Patankar et al., 2000; Glowinski et al., 2001),
the Lattice Boltzmann Method (LBM) (Ladd, 1994a; 1994b), PHYSALIS (Prosperetti and
Og̃uz, 2001; Takagi et al., 2003), and the Immersed Boundary Method (Peskin, 1977, 2002;
Mittal and Iaccarino, 2005). Both LBM and IBM are popular for the investigation of the
gas-solid interactions. In IBM the no-slip boundary condition is indirectly imposed at
the particle surface via a forcing term in the Navier-Stokes equation. Different immersed
boundary methods can be distinguished with respect to the details of this forcing. A de-
tailed description of IBM used in this work will be given in Chapter 2. The LBM can be
viewed as a special discretization of the Boltzmann equation on a lattice to mimic gas col-
lisions. Hydrodynamic behavior emerges on longer length scales as a consequence of the
momentum transfer due to collisions. The fluid-particle interactions are modeled using
the so-called bounce back collision rules. Although a calibration of the particle diameter
is always required, this method has been considered an outstanding method to study par-
ticle laden flow. For a recent review on LBM for particulate flow, see Aidun and Clausen
(2010). Besides these widely used methods, PYSALIS uses a general analytic solution of
the Stokes equation in the flow domain close to particle boundaries to impose the no-slip
velocity boundary condition at the particle surface.

1.2.2 Discrete particle model

Discrete particle models typically simulate gas-solid flows on a laboratory scale. In this
model, the particles are tracked individually in the flow where the velocities of each par-
ticle are governed by Newton’s equation of motion. Particle-particle and particle-wall
interactions are explicitly taken into account using physical models like a hard sphere or
soft sphere model. Such a Lagrangian model for particles is very demanding in view of
both memory usage and CPU requirements due to the large number of inter-particle in-
teractions. Therefore the scale at which DPM simulations can be conducted is usually
limited to an amount of O (106) particles. Nevertheless, this maximum particle number
is several orders of magnitude larger than the number of particles feasible in DNS model.
The DPM can provide details of the particle-particle interactions, such as the distribution
of the velocity over the particles and the amount of energy that is lost due to collisions.
Such information is available for each individual particle, and can be used to derive or
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improve correlations for describing the effective particle-particle interactions in the con-
tinuum two-fluid model.

The fluid phase is treated as a continuum in DPM, and is governed by the volume-averaged
Navier-Stokes equations that are solved on a computational mesh with a grid size of typi-
cally 3-5 times the particle diameter. Therefore the flow between particles is not resolved,
and consequently the fluid-solid interactions are taken into account via effective transfer
coefficients for mass, momentum and heat. Empirical correlations can be used for these
transfer coefficients. However, crucial is that (1) the parameters existing in these corre-
lations have been obtained empirically for idealized conditions, and do not apply for all
situations that may occur in gas-solid systems, and (2) the basic experimental data only
provide indirect information on the drag force through measurements of either the pres-
sure drop or the terminal velocity of sedimenting particles. Even for well-defined systems,
it has been shown that the empirical correlations are not very accurate for momentum
exchange in both gas-solid systems (van der Hoef et al., 2008) and gas-liquid systems (Lau
et al., 2011). Conversely, correlations based on direct numerical simulations show the
advantages that not only the drag forces can be “measured” directly, but also arbitrary ma-
terial and flow conditions can be properly defined and perfectly controlled in simulations.
For instance, the DNS drag correlations from the work of Kuipers and co-workers (van der
Hoef et al., 2005; Beetstra et al., 2007) are now regarded as the standard for fluidized beds
and porous media, replacing the formerly used empirical correlations.

1.2.3 Two-fluid model

The two-fluid model is used on the largest scale in this multiscale modeling scheme for flu-
idized beds. In this type of modeling, both the fluid and the solid phases are considered as
interpenetrating continua by a set of generalized Navier-Stokes equations (Gidaspow, 1994;
Kuipers and van Swaaij, 1998). Similar as in DPM, closures are required to describe the
fluid-particle interactions (e.g., drag correlations from DNS). Besides, the particle-particle
interactions and distributions of variables like particle velocities are usually described by a
model based on the kinetic theory of granular flow (KTGF) (Lun et al., 1984). The KTGF
provides a sound theoretical framework to derive constitutive relations for the effective
pressure and stress tensor of the solid phase from the physics at the level of individual
particle-particle interactions.

The prediction of gas-solid flows in engineering-scale equipments can, in principle, only be
achieved with such a continuum model, since tracking of individual particles (DPM) or res-
olution of particle-level flow phenomenon (DNS) is not attempted. Thus TFM is widely
used in commercial fluid flow simulations for the design and optimization of fluidized
beds. Disadvantages are obviously the large amount of assumptions made in describing
interactions and the relatively low level of detail in the solutions: only volume-averaged
properties are computed. The reliability of these solutions, hence the predictive capability
of the model is determined by the accuracy of those closure relations.
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1.3 Drag correlations

1.3.1 Definitions

When a fluid percolates through assemblies of particles, each particle experiences two
forces from the fluid, namely a buoyancy-type force fb due to the average pressure gra-
dient and a force fd resulting from the local frictional losses. The sum of these two forces
is the total force fg→s that the fluid exerts on a solid particle. The reaction force from
the particle on the fluid manifests itself in a pressure drop. These forces are related to the
pressure drop over the system as follows:

−∇P =
Np

Vsys
fg→s =

Np

Vsys
(fd + fb) =

Np

Vsys
(fd − Vp∇P), (1.1)

where Np is the number of particles, Vsys the total system volume and Vp the volume of a
single particle. Eq. (1.1) can be written as:

−∇P =
φ

1−φ
fd

Vp
, (1.2)

with φ = NpVp/Vsys, the solids volume fraction. From Eqs. (1.1) and (1.2), it follows that

fg→s =
1

1−φ
fd . (1.3)

In literature both forces, the total fluid-solid interaction force (Hasimoto, 1959; Hill et al.,
2001a) and the local frictional force (Felice, 1994; van der Hoef et al., 2005), are sometimes
referred to as the drag force. As can be seen from Eq. (1.3), these two definitions of drag
force (van der Hoef et al., 2005) differ by a factor of (1−φ). To be clear, the drag force in
this thesis is reported as the friction-caused force.

Among the few theoretic analysis on the drag force, one is the Stokes relation fd,Stokes =
3πµg dpU for a single sphere (φ → 0) in the limit of creeping flow where the Reynolds
number approaches zero, which is defined as:

Re=
ρg dp|U|
µg

. (1.4)

In this expression, ρg represents the fluid density, dp the particle diameter, µg the fluid
viscosity and U = (1−φ)(u− v) the superficial velocity, with u the fluid velocity and v
the particle velocity.

For comparison of drag correlations from various sources, it is natural to define a dimen-
sionless drag force Fd that depends only on other dimensionless parameters. Commonly
the general drag force is normalized with the Stokes drag, resulting in a dimensionless drag
as:

Fd =
|fd |

|fd,Stokes|
=

|fd |
3πµdp|U|

. (1.5)
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It gives Fd = 1 for a single sphere in Stokes flow. Combining Eqs. (1.2) and (1.5), the
relation between this dimensionless drag force and the overall pressure drop follows as:

−∇P = 18µgU
φ

1−φ
Fd

d2
p

. (1.6)

In engineering, a drag coefficient Cd is commonly used for the representation of the drag
force, as defined as:

Cd =
2|fd |
ρg |U|2A

, (1.7)

with A the reference area. For a single sphere, A= πd2
p/4 and this equation can be rewritten

in terms of the dimensionless drag as:

Fd =
Re
24

Cd . (1.8)

Note that in order to obey the Stokes’ law, the drag coefficient should satisfy:

lim
Re→0,φ→0

Cd = 24/Re. (1.9)

1.3.2 Description of drag correlations

Owing to its importance for understanding the gas-solid flow behavior, many closures for
the drag law have been proposed in the past years from theoretical, experimental and com-
putational studies. Theoretical relations (Hasimoto, 1959; Sangani and Acrivos, 1982; Car-
man, 1937) are typically limited to small solids volume fractions (φ ) and/or low Reynolds
numbers. For Re > 1 and φ > 0.1, there are a few empirical correlations that were ob-
tained from analysis of experimental data (Ergun, 1952; Wen and Yu, 1962). As mentioned
earlier, direct numerical simulation is a powerful tool to obtain accurate correlations for
gas-solid interactions. Several drag correlations have been proposed on the basis of DNS
results, covering a wide range of Re andφ using the LBM (Hill et al., 2001b; Kandhai et al.,
2003; Beetstra et al., 2007) or IBM (Tenneti et al., 2011). Most of the currently available
correlations were obtained for monodisperse configurations of spherical particles, because
this greatly simplifies the parameterization of the systems. Importantly, they are con-
sidered as the basis to introduce more complexity in fluidized bed studies. For instance,
the models for polydisperse suspensions (van der Hoef et al., 2005; Beetstra et al., 2007;
Holloway et al., 2010) rest upon a drag law for equivalent monodisperse suspensions, with
modification accounting for the polydispersity. Besides, for non-spherical particles that are
often encountered in reality such as milled biomass particles, such gas-solid drag force will
depend on the orientation and amount of mutual alignment of the particles. To describe
the non-sphericity effect on fluidization or sedimentation (Richardson and Zaki, 1954;
Fonseca and Herrmann, 2004; Shardt and Derksen, 2012), additional parameters includ-
ing the average orientation and sphericity are usually introduced into a drag correlation
derived from spherical particles. Therefore, an accurate drag correlation for monodisperse
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systems of spheres is of fundamental importance. An overview of so-far existing drag cor-
relations for monodisperse systems is given below.

With respect to the problem of slow flow through particle assemblies, the simpler case
of flow through structured arrays of fixed spheres has been studied. Hasimoto (1959) first
derived the spatially periodic fundamental solutions to the Stokes equations, and obtained
expressions for drag relations for simple cubic (SC), body-centered cubic (BCC) and face-
centered cubic (FCC) arrays as follows:

Fd =







(1−φ)[1− 1.7601φ1/3 +φ − 1.5593φ2 +O (φ8/3)]−1 SC
(1−φ)[1− 1.7918φ1/3 +φ − 0.3292φ2 +O (φ8/3)]−1 BCC
(1−φ)[1− 1.7917φ1/3 +φ − 0.3020φ2 +O (φ8/3)]−1 FCC

(1.10)

These results are limited to dilute packings since only the first few terms up to O (φ2)
are given. Sangani and Acrivos (1982) modified these equations with additional terms in
the expansion up to O (φ10), and extended the validity to the entire range of solids vol-
ume fraction. Zick and Homsy (1982) solved an integral equation over the surface of the
spheres, and obtained the drag as a function of particle packing fractions. The effect of
increasing Reynolds number on the drag force in regular arrays was later on numerically
studied. Hill et al. (2001b) found that the non-dimensional drag in FCC arrays increases
linearly with the Reynolds numbers over a wide range of Re at relatively large solids vol-
ume fractions. Moreover, the drag was found to be dependent on the flow direction as well
at high Reynolds numbers in structured arrays.

The study of drag force becomes more complex when it comes to random arrays of par-
ticles. Among the drag correlations in literature, the mostly applied functional form is
defined as:

Fd(φ,Re) = Fd(φ, 0) +αRe. (1.11)
This is based on the drag force in the limit of Stokes flow Fd(φ, 0), to which a term linear
in Re is added accounting for the inertial effects. For the functional form of Fd(φ, 0) and
α, the following expressions were suggested in the 1920s:

Fd(φ, 0) =
aφ

18(1−φ)2
,α(φ) =

b
18(1−φ)2

. (1.12)

Ergun (1952) obtained the values of a = 150 and b = 1.75 on the basis of data for the
pressure drop over packed beds of various materials from a large number of experiments.
The combination of Eqs. (1.11) and (1.12) with these values of a and b is known as the Er-
gun equation, which is one of the most widely used correlations in engineering. Later on,
more accurate experimental and simulation data were obtained for the drag force. It was
then concluded that for dense fixed beds at low Reynolds numbers, Eq. (1.12) for Fd(φ, 0)
becomes more accurate with a = 180, which corresponds to Carman (1937) equation. Fi-
nally, van der Hoef et al. (2005) proposed the best fit (Eq. (1.13)) to all simulation data for
arbitrary solids volume fractions, which is a simple modification of the Carman equation.

Fd(φ, 0) =
180φ

18(1−φ)2
+ (1−φ)2(1+ 1.5

Æ

φ) (1.13)
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Conversely, the coefficient α was later on found to be dependent on not only the solids
volume fraction as in Eq. (1.12), but also on the Reynolds number. Hill, Koch and Ladd
(2001b) carried out LBM simulations for intermediate-Re flows (40<Re<120), and pro-
posed the following expression (along with Eqs. (1.13) and (1.11) referred to as HKL in
this thesis) for an extended range of Re:

α(φ) = 0.03365(1−φ) + 0.106φ(1−φ) +
0.0116
(1−φ)4

+
δF
Re

, (1.14)

where the term δF/Re was added by Beetstra et al. (2007) for a better prediction up to
Re< 200, with a rough estimate for δF , according to the original data, given by:

δF =
6φ − 10φ2

(1−φ)2
. (1.15)

Note that the drag relations proposed in Hill et al. (2001b) do not cover the full range of
solids volume fraction or Reynolds number encountered in fluidized beds. To this end,
Benyahia et al. (2005) modified the HKL correlation to some blended functions that are
continuous with respect to Re and φ.

Subsequently, extensive LBM simulations were performed by Beetstra et al. (2007) for
Reynolds number up to 1000. On the basis of their simulation data, a more complex func-
tional form (along with Eqs. (1.13) and (1.11) referred as BVK in this thesis) was proposed,
instead of a linear scaling with Re assumed by the Ergun-type correlation:

α(φ,Re) =
0.413

24(1−φ)2
×
(1−φ)−1 + 3φ(1−φ) + 8.4Re−0.343

1+ 103φRe−(1+4φ)/2
. (1.16)

Another widely used correlation in engineering (usually combined with Ergun equation)
is Wen & Yu equation, which is of the form differing from Eq. (1.11):

Fd(φ,Re) = Fd(0,Re)(1−φ)−β , (1.17)

where, Fd(0, Re) is the expression for the drag force acting on a single particle such as
Eq. (1.18) proposed by Schiller and Naumann (1935),

Fd(0,Re) =
�

1+ 0.15Re0.687 Re< 1000
0.44
24 Re Re> 1000

(1.18)

and β = 3.7. However, Di Felice (1994) found that β is actually independent of other
system variables except for the Reynolds number. An expression for β was proposed as
follows:

β = 3.7− 0.65exp{
−(1.5− logRe)2

2
}. (1.19)

Furthermore, Tenneti et al. (2011) proposed a correlation for the average fluid-particle
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interaction force based on DNS results for Re≤ 300. The correlation is converted to the
function of the dimensionless drag force used in this thesis as following (referred as TGS):

Fd(φ,Re) =
Fd(0,Re)
(1−φ)2

+
5.81φ
(1−φ)2

+ 0.48
φ1/3

(1−φ)3
+ (1−φ)φ3Re

�

0.95+
0.61φ3

(1−φ)2

�

,

(1.20)
in which, the single sphere drag correlation Eq. (1.18) is used.
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Figure 1.2: Dimensionless drag force as a function of Reynolds number at φ = 0.4.

Figure 1.2 shows the dimensionless drag as a function of Reynolds number from the above
drag correlations for a solids volume fraction of 0.4. Significant differences exist in pre-
dicted drag from the correlations, which also holds for other values of φ. Notwithstand-
ing numerous researches, no consensus has been reached on the most accurate expression
for the drag force in gas-solid flows. This remains an important concern to the physics
and engineering community. Note that the aforementioned correlations from numerical
studies are established on stationary particles. It is believed that the fixed bed approxima-
tion provides a good estimation for high Stokes number particles that are characteristic
of dense gas-solid flows such as in fluidized beds. However it is clear from visual obser-
vation or experimental measurements that dynamic particles have a range of velocities. It
is reported by Wylie et al. (2003) and Kriebitzsch et al. (2013a) that the particle velocity
fluctuations characterized by the particle granular temperature have a two-way effect with
the mean gas-solid momentum transfer. Hence, there is a need to accurately predict the
granular temperature and capture its relation to the mean drag force, which in turn should
lead to a better prediction of the flow field. This issue will also be covered in this thesis.
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1.4 Thesis outline

The focus of this thesis is on the most detailed level in the framework of multiscale mod-
eling, that is, the direct numerical simulations of gas-solid flows. An immersed boundary
method is employed to perform DNS of gas flow through assemblies of stationary or dy-
namic monodispersed spheres. The main objective of this work is the derivation of an
accurate drag correlation on the basis of IBM simulations for a wide range of parameters
(Reynolds number, solids volume fraction, solid/fluid density ratio).

Chapter 2 describes in detail the immersed boundary method that is used in this work.
Validations of the method are carried out for the drag force on a single sphere in Stokes
flow as well as in finite-Reynolds-number flow at Re=50 and 100, by comparing the results
to analytic solutions and detailed data reported in literature. In the same chapter, the grid-
size effect on the drag force is investigated for systems at finite Reynolds numbers. The
errors introduced by this effect drastically increase with increasing solids volume fraction
and increasing Reynolds number as well. A solution is proposed modifying the locations
of the Lagrangian marker points that represent the particle surface. This modification in
low-resolution (ratio of the particle diameter to the grid space) simulations produces a drag
force which approaches the converged value at infinite resolution.

Chapter 3 illustrates a methodology to calculate the modified diameter dm for the distri-
bution of marker points in IBM simulations. The calculations are based on comprehensive
simulations for the drag force in FCC arrays of spheres. This methodology is verified by
applying its results for simulations of the drag in random arrays of stationary spheres, sed-
imentation of a single sphere, as well as suspensions of dynamic spheres. It is subsequently
applied for all the simulations in the remaining chapters.

Chapter 4 presents the drag force data for random arrays of stationary spheres. Simu-
lations have been performed for a wide range of Reynolds numbers (50≤Re≤1000) and
solids volume fractions (0.1 ≤ φ ≤ 0.6). These data are compared to the literature drag
correlations, and a new (static) correlation is proposed that fits the simulation results much
better than the existing ones.

Chapter 5 deals with the effect of particle mobility on the mean drag force in dynamic
particle systems. Suspensions of spherical particles that can freely move in the flow are
investigated, considering different solids volume fractions, Reynolds numbers and parti-
cle/fluid density ratios. The results are compared with those data of static systems in
Chapter 4, and the relation between the particle granular temperature and the mean drag
force is quantified. As a result, a (dynamic) drag correlation is obtained which is better
than static correlations to describe the momentum transfer in the large-scale modeling of
fluidized beds.

Chapter 6 focuses on experiments and direct numerical simulations of a small pseudo-
2D gas-fluidized bed. An extended particle image velocimetry (PIV) technique and a dig-
ital image analysis (DIA) technique are utilized for experimental measurements of mean

12



Chapter 1 Multiscale modeling of gas-fluidized beds

solids motion and particle granular temperature. Accordingly, simulations of fluidization
are conducted using the IBM with applying our methodology at a relatively low resolu-
tion. The simulation results are compared with the experimental data in great detail. A
quantitative agreement is obtained in terms of the pressure fluctuations in the bed, the
time-averaged solids flux, the instantaneous granular temperature and its spectral charac-
teristics.

Chapter 7 gives an outlook on this research work. Some possible future research top-
ics can be: non-spherical particles, wet particles, the influence of particle clustering or
heterogeneity on the gas-solid hydrodynamics.
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CHAPTER2
Numerical methods

This chapter describes the immersed boundary method that is used in this work for direct nu-
merical simulations of gas-solid flows. In this method, the flow field is resolved on a structured
Cartesian grid, fully continuous in space and fixed in time (referred to as the Eulerian grid),
whereas each solid particle is represented by a set of Lagrangian marker points that attach to
and move with the particle surface. A regularized delta function is used to communicate be-
tween the Eulerian grid points and the marker points. On the surface of the particle, the no-slip
boundary condition is imposed in an indirect manner by adding a forcing term to the govern-
ing equations of the fluid. An iterative procedure is adopted for this forcing operation in order
to improve the approximation of the no-slip boundary condition. Validation cases are presented
in this chapter, showing that the method can accurately reproduce the analytical Stokes flow so-
lutions, as well as other published results for flows around a single particle at finite Reynolds
numbers.

This chapter also illustrates the strong dependence of the accuracy of this method on the spa-
tial resolution and hence the grid size. As a consequence of using a regularized delta function
for the interpolation and spreading of the quantities at the marker points, the sharp interface of
the particle is smeared and replaced by a thin shell, which has a width scaling with the grid size.
This effect leads to an overestimation of the fluid-solid interaction force, to correct for which,
a very fine grid is in principle required. An effective solution to remedy this grid-size effect is
to locate the marker points slightly inwards the interior of the particle instead of exactly on
the particle surface. In this way, the no-slip boundary condition can be imposed exactly on the
physical surface of the particle.
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2.1 Immersed boundary method

2.1 Immersed boundary method

The immersed boundary method (IBM) was first introduced by Peskin (1977) to study
flows around flexible membranes, especially in cardiac systems. The strength of this
method is that it combines the flexibility to model static or moving objects with a very
efficient fixed structured mesh solver. The coupling between the fluid and the solid phases
relies on a forcing term in the transport equations, accounting for the boundary con-
ditions applied on the surface of the solid objects. Ever since its introduction, it has
gained considerable attention and many researchers have contributed to the development
of this method as reviewed in Peskin (2002) and Mittal and Iaccarino (2005). Mohd-Yusof
(1997) introduced a direct forcing scheme to calculate the forcing term from the discretized
transport equations, such that the boundary conditions are imposed at discrete “marker
points” distributed over the surface of the immersed body. This approach was further im-
proved by Feng and Michaelides (2005) (combined with the lattice Boltzmann method)
and Uhlmann (2005) for simulations of particulate flow in multiphase systems. This
method has inspired many researchers, based on which a variety of modifications have
been proposed (Zhang and Zheng, 2007; Luo et al., 2007; Breugem, 2010; Kriebitzsch,
2011; Kempe and Fröhlich, 2012). The method used in this work basically also follows
their concept, which will be briefly introduced below and described in more detail in the
following sections.

Figure 2.1: Representation of an immersed particle on a Cartesian grid using an immersed
boundary method in (left) 3D and (right) 2D. The staggered arrangement of the fluid vari-
ables is sketched: the pressure is defined at cell centers (squares) and velocity components
are defined at the cell faces they are normal to (up-triangles for uz and right-triangles for
ux ). A set of Lagrangian marker points (circles) are uniformly distributed on the surface
of the particle.

The general features of this IBM can be illustrated by Figure 2.1. In this method, a fixed
Cartesian grid with a uniform grid size h is utilized to resolve the flow field, and the
governing equations are solved on all the grid points (including those locating inside the
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Chapter 2 Numerical methods

particles). Whereas, an immersed spherical particle is represented by a set of Lagrangian
marker points that are specified in terms of a diameter dm. Usually the marker points
are uniformly distributed over the surface of the particle, thus this diameter equals to
the particle diameter (dm = dp ) as shown in Figure 2.1. The recursive zonal equal area
partition algorithm of Leopardi (2006) is used for the markers distribution. It divides the
surface of a sphere into zones of equal area and the center points of these zones are used
as marker points. A volume ∆Vm is assigned to each marker point m such that the sum
of all these volumes forms a thin shell (of thickness equal to the grid size h) around each
particle. This allows to introduce a volume force defined at each Lagrangian marker point.
On the surface of the particle, the no-slip boundary condition has to be satisfied, which
means the fluid velocity at this location equals the particle velocity at its surface.

2.1.1 The fluid phase

The governing equations of mass and momentum for an incompressible Newtonian fluid
with constant physical properties are:

∇ · u= 0 (2.1)

ρg

�

∂ u
∂ t
+ u · ∇u

�

= −∇P −∇ · S+ fIB (2.2)

with density ρg , velocity u, modified pressure P = p−ρgg ·x and the viscous stress tensor
of the fluid:

S= −µg

�

∇u+ (∇u)T
�

, (2.3)

in which, µg represents the dynamic viscosity of the fluid. Eq. (2.2) consists of the Navier-
Stokes (NS) equation including a forcing term fIB, which is added to account for the pres-
ence of solid particles in the fluid phase.

The conservation equations (2.1) and (2.2) are spatially discretized on a staggered grid
using a standard central second-order finite difference scheme, except for the convective
term C = u · ∇u which is discretized by a second-order flux delimited scheme (Centrella
and Wilson, 1984). The spatial discretization of the viscous stress term results as:

∇ · S≈ −
µg

h2
Lu (2.4)

with L the symbol used in the spatial discretization of the Laplacian ∆.

The NS solver is based upon a conventional fractional-step method for enforcing conti-
nuity. A robust and efficient Incomplete Cholesky Conjugate Gradient (ICCG) algorithm
is utilized to solve all the resulting sparse matrix equations. The convection term is dis-
cretized in time using an explicit second-order Adams-Bashforth method:

Cn+ 1
2 ≈

3
2

Cn −
1
2

Cn−1, (2.5)
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2.1 Immersed boundary method

in which, n represents the current time step. Whereas the Crank-Nicolson scheme is used
for the temporal discretization of the viscous stress term:

∇ · Sn+ 1
2 ≈

1
2
(∇ · Sn+1 +∇ · Sn) = −

1
2

µg

h2
L(un+1 + un). (2.6)

Thus, the tentative velocity field at the location of a marker point m, as calculated from
the discretized momentum equation is:

Ûm = Un
m +
∆t
ρg

�

−∇ · Sn
m − (

3
2

Cn
m −

1
2

Cn−1
m )−∇Pn

m

�

+
∆t
ρg

FIB
m , (2.7)

where, the viscous stress term is treated explicitly, which saves the cost of solving the three
linear systems of equations. This equation can also be written as:

Ûm = Û0
m +
∆t
ρg

FIB
m , (2.8)

where, Û0
m is a temporary velocity at the marker point that corresponds to the flow field

without the forcing. In terms of the no-slip boundary condition, Ûm has to equal the local
particle surface velocity V̂m at the location of the marker point. Hence it results in the
forcing as:

FIB
m =

ρg

∆t
(V̂m − Û0

m). (2.9)

2.1.2 Fluid-solid coupling

In this method, the no-slip boundary condition is actually enforced through the Lagrangian
marker points. Since the Lagrangian and Eulerian grids do not coincide, a discrete or reg-
ularized delta function D(x − Xm) is used to transfer information or physical quantities
between the marker points Xm and the Cartesian grid points x. Usually, the 3D delta
function is simply constructed by the multiplication of one-dimensional delta functions,
i.e.,

D
�

x−Xm

h

�

= δ
�

x − Xm

h

�

·δ
�

y − Ym

h

�

·δ
�

z − Zm

h

�

. (2.10)

Thus, the velocity Um at the marker points is interpolated from the fluid velocity field
ui, j,k via

Um =
∑

i

∑

j

∑

k

D
�xi, j,k −Xm

h

�

· ui, j,k. (2.11)

Subsequently, the Lagrangian IB force at each marker point is calculated according to
Eq. (2.9). However, the force density fIB is needed for Eq. (2.2) on the Eulerian grids,
which requires the reverse operation by spreading the Lagrangian force FIB

m calculated for
the marker points to the surrounding grid points:

fIBi, j,k =
∑

m

D
�xi, j,k −Xm

h

�

· FIB
m ·
∆Vm

h3
. (2.12)
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These mapping procedures are illustrated in Figure 2.2. There are a variety of discrete
delta functions available in literature (Roma et al., 1999; Höfler and Schwarzer, 2000; Pe-
skin, 2002; Darmana et al., 2006), however its effect on the IBM results by using different
functions was found negligible in Kriebitzsch (2011). Thus the one proposed by Deen
et al. (2004), which is a cheap clipped fourth-order polynomial function is employed in
this work. With a support of three times the grid size (s = 1.5h), their function is written
as:

δ(x − X ) =

�

15
16

�

(x−X )4

s5 − 2 (x−X )2

s3 + 1
s

�

−s ≤ (x − X )≤ +s,
0 else.

(2.13)

Figure 2.2: Interpolation and extrapolation of quantities defined at Lagrangian marker
points from and to the Eulerian grid points using a discrete delta function with a support
of 3h.

2.1.3 Motion of solid phase

The motion of a rigid particle i is described by Newton’s equations of motion, thus the
translational velocity vi and rotational velocity ωi evolve, respectively, according to:

mp,i
dvi

d t
= (ρp,i −ρg)Vp,ig+ Fg→s,i +

∑

j 6=i

Fc, j→i (2.14)

Θp,i
dωi

d t
= Tg→s,i +

∑

j 6=i

Tc, j→i (2.15)

with mass mp,i , density ρp,i and volume Vp,i of the particle. For a spherical particle,
the moment of inertia reads Θp,i = (1/10)mp,id

2
p,i . The terms on the right hand side of

Eq. (2.14) are the gravity reduced by buoyancy, the hydrodynamic fluid-particle interac-
tion force Fg→s,i and the total collision force Fc, j→i with other particles or the wall. While,
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2.1 Immersed boundary method

for Eq. (2.15) they are the fluid-particle torque Tg→s,i and the total collision torque Tc, j→i .
The expressions for the forces exerted by the fluid on a particle are given by:

Fg→s,i = −
∮

Γi

(Pn+ S · n)dσ, (2.16)

Tg→s,i = −
∮

Γi

((x− ri)× (S · n)) dσ, (2.17)

where, (x−ri) is the vector from the mass center ri of particle i to a point x on its surface Γi .

Obviously, the interphase force Fg→s,i and torque Tg→s,i can in principle be calculated from
numerical quadrature of the surface integrals via the above equations (2.16) and (2.17).
However, the immersed boundary method allows for an easier evaluation of these quanti-
ties using the IB forcing term. The interaction force that the fluid exerts on a particle can
be obtained by summation of the forces FIB

m acting on all the marker points on its surface.
Note that the inertia of the artificial fluid inside the volume occupied by the particle also
contributes to the IB forcing term, and therefore has to be subtracted in order to obtain
the correct interactions, thus:

Fg→s,i = −

�

∑

m

FIB
m ·∆Vm −

d
d t

∫

Vp,i

ρgudΩ

�

, (2.18)

Tg→s,i = −

�

∑

m

(Xm − ri)× FIB
m ·∆Vm −

d
d t

∫

Vp,i

ρg(Xm − ri)× udΩ

�

. (2.19)

Moreover, it can be shown (Uhlmann, 2005) that the inertia of the artificial fluid is equal
to the change of linear momentum of the center of mass of the internal fluid inside the
particle:

d
d t

∫

Vp,i

ρgudΩ= ρg Vp,i
dvi

d t
, (2.20)

d
d t

∫

Vp,i

ρg(Xm − ri)× udΩ=
ρgΘp,i

ρp,i

dωi

d t
. (2.21)

By combining Eqs. (2.18) with (2.20) and subsequently replacing Fg→s,i in Eq. (2.14), and
the same way for Tg→s,i in Eq. (2.15), it gives:

(ρp,i −ρg)Vp,i
dvi

d t
= (ρp,i −ρg)Vp,ig−

∑

m

FIB
m ·∆Vm +

∑

j 6=i

Fc, j→i , (2.22)

(ρp,i −ρg)
Θp,i

ρp,i

dωi

d t
= −

∑

m

(Xm − ri)× FIB
m ·∆Vm +

∑

j 6=i

Tc, j→i . (2.23)
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The equations of motion (2.22) and (2.23) for particles are discretized in time by simple
explicit Euler discretization:

vn+1
i = vn

i +∆t

�

−
1

(ρp,i −ρg)Vp,i

∑

m

FIB
m ·∆Vm + g

�

, (2.24)

ωn+1
i =ωn

i +∆t

�

−
ρp,i

(ρp,i −ρg)Θp,i

∑

m

(Xm − ri)× FIB
m ·∆Vm

�

. (2.25)

Note that no collisional interactions appear in these above equations because the collisions
are handled by an event-driven hard sphere model (Hoomans et al., 1996), which updates
the particle positions and prevents particles from overlapping.

2.1.4 Numerical algorithm

The implementation of this method into the single-phase CFD scheme is illustrated in
Figure 2.3, with each step explained below. Note that an additional iterative procedure is
adopted to achieve a more accurate enforcement of the no-slip boundary condition in an
effective way. The rational behind this iteration is that: Due to the use of a regularized delta
function, some marker points may share the same Eulerian grid points for the velocity
interpolation and force spreading operations. At these grid points the forcing required for
the desired particle velocity at one of the marker points is perturbed by the forcing needed
for the other and vice versa. As a consequence of this overlapping, the distribution of the
IB force around the interface of the particle may not exactly enforce the desired particle
velocity at the Lagrangian marker points. Therefore in this method, the IB forcing term
are iteratively adapted until the no-slip condition is enforced with a prescribed accuracy
using the following procedure:

(1) First the preliminary fluid velocity field û0 is calculated for the Eulerian grid, assuming
no presence of particles.

(2) The fluid velocity is interpolated at the location Xm of a marker point from its sur-
rounding Eulerian grid points xi, j,k using Eq. (2.11). The subscript ns represents the
iteration number of the forcing loop.

(3) After the interpolation, the IB force at the marker point is calculated via Eq. (2.9) with
FIB,0 = 0, and the particle velocity at the marker point is evaluated by:

Vm = vi +ωi × (Xm − ri). (2.26)

(4) Subsequently, the force at the marker point is distributed over the surrounding grid
points to obtain the Eulerian force density fIB according to Eq. (2.12).

(5) The intermediate velocity field û is then calculated with considering the presence of
particles by adding the IB force density.
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(6) The inner iteration is continued until the no-slip boundary condition is fulfilled up
to the specified level of accuracy. In other words, the mean difference between the
interpolated fluid velocity at the marker points and the particle velocity at the marker
points should become smaller than the defined bound by ε, or the maximum iteration
number ns,max is reached. Nm is the number of marker points distributed over a single
particle.

(7) The pressure correction is calculated by solving the Poisson equation.

(8) Finally, the velocity and pressure are updated which yields to the new velocity field
un+1 and pressure field Pn+1.

û0 = ûn +
∆t

ρg
·
(
−∇ · Sn − (

3

2
Cn − 1

2
Cn−1)−∇Pn

)

Ûns
m =

∑

i,j,k

D

(
xi,j,k −Xm

h

)
· ûns

i,j,k

FIB,ns+1
m = FIB,ns

m + ρg
Vm − Ûns

m

∆t

f IB,ns+1
i,j,k =

∑

m

D

(
xi,j,k −Xm

h

)
· FIB,ns+1

m · ∆Vm
h3

(
I− 0.5

µg∆t

ρgh2
L

)
ûns+1 = ûn +

∆t

ρg
·
(
−1

2
∇ · Sn − (

3

2
Cn − 1

2
Cn−1)−∇Pn + f IB,ns+1

)

1

Nm

∑

Nm

|Ûns+1
m −Vm| < ε || ns ≥ ns,max

∇2Φn+1 =
ρg
∆t
∇ · ûns+1

un+1 = ûns+1 − ∆t

ρg
· ∇Φn+1

Pn+1 = Pn + Φn+1

ns = 0

true

false

ns = ns + 1

Figure 2.3: Flow diagram of the immersed boundary method to calculate the flow field
and the forcing term during one time step.
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2.2 Validations

Different validations have been done and are presented in this section, to demonstrate that
this immersed boundary method can accurately reproduce the exact Stokes solution as well
as other published results for finite-Reynolds-number flows.

2.2.1 Stokes flow

For the first validation of the method, the flow around a single fixed sphere at low Reynolds
number (Re=0.1) is examined. The analytical solution for the drag on a single sphere in
Stokes flow is given in Eq. (1.5) and by definition its dimensionless drag force Fd,Stokes = 1.
Simulations are performed with a sphere positioned at the center of a cubic domain with a
size of 6.4 times the sphere diameter (dp = 1×10−3 m) in all three dimensions. A Dirichlet
boundary condition is applied for the velocity u0 at all boundaries of the computational
domain. Different domain sizes were tested and its influence on the simulation results
was found to be negligible. The kinetic viscosity of the fluid is defined as νg = µg/ρg =
1 × 10−5 m2/s. Different spatial resolutions dp/h = {10,15, 20,25, 30} are considered,
while the time step ∆t is set such as to keep the mesh Fourier number Fo =

υ∆t
h2 = 0.66

constant for all the simulations (Kriebitzsch, 2011).

Table 2.1: IBM results of the dimensionless drag on a single fixed sphere in Stokes flow.

dp/h 10 15 20 25 30
Fd 1.0734 1.0422 1.0274 1.0174 1.0123

 0

 0.005

 0.01

 0.015

 0.02

 0.025

 0.03

∆ u/u
0

Figure 2.4: Deviation between IBM simulation results at dp/h = 30 and the exact Stokes
solutions for the velocity, normalized by the velocity u0 at infinity. The background color
represents the magnitude, whereas the arrows are the vectors.
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Simulation results of the dimensionless drag force are given in Table 2.1. A clear con-
vergence towards the exact solution (Fd,Stokes = 1) is observed for the obtained force by
refining the grids. At the highest considered resolution, 30 grid cells per particle diameter,
the simulation predicts the drag force with only 1.23% deviation. In addition, the velocity
field is also compared to the exact analytical solution of the Stokes equations. Figure 2.4
plots the deviation of the numerical results at resolution dp/h= 30 from the analytical so-
lutions of the velocity field at the xz plane cutting through the center of the particle. Note
that the velocity deviation is normalized by the velocity u0 at infinity. With a maximum
relative deviation of 3.0%, it can be concluded that the flow field is accurately predicted.

2.2.2 Single-sphere flows at Re=50 & 100

Further validations have been done by performing simulations of the steady flow past a
fixed sphere at Re=ρg dp |U|

µg
≈ ρg dpu0

µg
= 50 and 100 with the velocity u0 in the direction

along z-axis. The simulation results are compared to those calculated with the PHYSALIS
method as reported by Zhang and Prosperetti (2005). IBM simulations are done at a spatial
resolution of dp/h= 20, with a computational domain size 9.8dp×9.8dp×19.6dp, which
is almost the same as the settings in Zhang and Prosperetti (2005). Free slip boundary
conditions are used on the domain boundaries parallel to the flow, a free outflow condition
at the downstream boundary, and a prescribed constant velocity condition at the inflow
boundary. The sphere center is located 4.9dp downstream from the inflow boundary and
centered in the middle of the square channel.
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(a) Re=50
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(b) Re=100

Figure 2.5: The normalized velocity u/u0 along the z-axis as a function of z/a
for different values of the cross-stream distance from the sphere center x/a =
{0.0884,0.566, 0.815,0.940, 1.064,1.189, 1.314,1.439, 1.689,1.939}, with a the sphere
radius. The red and black symbols are the IBM results and the PHYSALIS results, respec-
tively. The solid line corresponds to points inside the sphere.
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Figure 2.5a shows a comparison of the detailed flow field in the wake region of the sphere
between the IBM results and the PHYSALIS results for Re=50, while Figure 2.5b is for
Re=100. The velocity u in the inflow direction is normalized by the inlet velocity u0. Dif-
ferent symbols correspond to the values of cross-stream coordinate from the sphere center
between 0.0884 and 1.939. The red points denote the results from IBM simulation, whereas
the PHYSALIS results are shown in black. Quite a good agreement can be found in Fig-
ure 2.5, although some slight deviations are observed especially at the points downstream
from the sphere boundary. Moreover, Table 2.2 compares the computed drag coefficient
Cd (see definition in Eq. (1.7)) with the results reported in literature for a single particle.
Notably, the present IBM results are quite close to the results reported by White (1974)
and Kendoush (2000).

Table 2.2: Comparison of the computed drag coefficient Cd with literature results obtained
from correlations (White, 1974; Clift et al., 1978; Kendoush, 2000) and DNS (Beetstra
et al., 2007) for a single particle at Re=50 and 100.

Re White Clift et al. Kendoush Beetstra et al. PHYSALIS IBM

50 1.623 1.574 1.637 1.639 1.59 1.677
100 1.185 1.087 1.191 1.267 1.09 1.178

2.3 Correction for the grid-size effects

One of the known consequences of the use of the regularized delta function in the in-
terpolation and spreading operations as introduced in Section 2.1.2, is a resulting diffuse
particle surface “as felt” by the fluid. In fact, the sharp interface of a particle, where the
no-slip condition is supposed to be fulfilled, is replaced by a thin shell which for the par-
ticular delta function used in this work has a width of three grid cells. Consequently, the
fluid experiences the particle with an effective diameter slightly larger than its real physical
diameter dp. Since the drag force exhibits a strong non-linear dependence on the solids
volume fraction, this effect leads to an overestimation of the interaction force compared to
the exact result, especially in dense packing systems.

It can be expected that this overestimation of the interaction force scales with the sup-
port of the regularized delta function and hence the grid size. In the limit of h → 0,
the effective particle surface then overlaps the exact particle interface and hence the ex-
act interaction force is predicted. In general, this leads to a strong grid dependency of
the results obtained by this method, which means that in principle a high resolution is
usually required especially for problems involving dense packing of particles and/or high
Reynolds number flows (Peskin, 2002; Mittal and Iaccarino, 2005; Griffith and Peskin,
2005). In fact, even for low Reynolds numbers, Kriebitzsch (2011) observed a departure of
the finite-resolution simulation results from the exact values for the drag force on a particle
in regular arrays given by Hasimoto (1959). Furthermore, a slight effect of the grid size
can also be observed from Table 2.1 for the Stokes drag.
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3D to 2D

Figure 2.6: Illustration of the modification for marker points distribution in IBM. The
marker points (circles) are located slightly inwards from the particle interface to the inte-
rior of the particle. Consequently, the velocity interpolation and force spreading by the
use of the regularized delta function enforces the no-slip condition exactly on the surface
of the particle.

The error in the predicted interaction force related to this grid-size effect can be remedied
by modifying the locations of the marker points from the particle surface ∆d towards the
interior of the particle, such that the no-slip condition is satisfied as close as possible to the
particle surface. This is illustrated in Figure 2.6. It results in the diameter dm for marker
points distribution smaller than the particle diameter dp, and becomes herewith similar in
concept as known for LBM as the “effective hydrodynamic diameter”. This concept has
also been demonstrated valid for improving the accuracy of the drag force in IBM simula-
tions and the ∆d is described as “retraction distance” by Yu and Shao (2007) and Breugem
(2012). However, the LBM effective hydrodynamic diameter introduced by Ladd (1994b)
is constructed such that the simulation data for the drag force at finite grid resolutions
match the exact results by Hasimoto (1959), which are valid in the limit of Re → 0 and
φ → 0. Yet, this effective hydrodynamic diameter is then also applied to dense systems
and higher Reynolds numbers. On the other hand, the IBM retraction distance is generally
determined at the value of about one-third of the grid size only for particulate suspensions
at low Reynolds numbers. In both cases, the application to dense particulate flows at finite
(higher) Reynolds numbers seems questionable. Due to the non-linear relation between
the drag force and the solids volume fraction as well as the Reynolds number, the optimal
dm for the marker points distribution correspondingly needs to be determined more care-
fully. In the next chapter, a methodology is developed for the calculation of the optimal
dm, which allows for highly accurate prediction of the drag force in finite-Re flows past
particle assemblies by IBM simulations at low resolutions.
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CHAPTER3
A methodology for highly

accurate IBM results

Amethodology is developed and presented in this chapter to evaluate the optimal dm for marker
points distribution, which allows for highly accurate drag force predicted in dense gas-solid flows
at finite Reynolds numbers from IBM simulations at relatively low resolutions. Simulations of
face-centered-cubic (FCC) arrays of monodisperse spheres are first performed considering differ-
ent combinations of Reynolds number, solids volume fraction and grid resolution. Based on
the convergence of these results in the grid resolution, “resolution-free” values of the drag force
are then obtained by extrapolating the data to an infinite resolution. Subsequently, the relation
of these “resolution-free” drag forces with the solids volume fraction is determined, which is in
turn used together with the original simulation data to compute the relocation of the marker
points, so as to enable the accurate prediction of the drag force as well as the flow field with an
arbitrary coarse grid.

The optimal dm for marker points distribution obtained from FCC arrays is then verified for
the simulations of flows in random arrays of stationary monodisperse spheres. Following this
methodology, simulations of random arrays at relatively low resolutions result in the drag force
approaching to the converged result at a sufficiently high resolution. Furthermore, the averaged
drag forces obtained from IBM simulations of flow past a random configuration of fixed spheres
(φ=0.4, Re=100) are compared with those obtained from the same problem with a body-fitted
grid using the ANSYS-FLUENT CFD package.

In the same chapter, the methodology is also verified by applying it for simulations of systems
involving particle motion. With the modification of the marker points distribution derived
from the study of FCC arrays, the simulations on a coarse grid can reproduce the experimental
results for the sedimentation of a single sphere.
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3.1 Description of the methodology

3.1 Description of the methodology

In spite of increasing computer power, DNS is still prohibitively expensive for modeling
complex multiphase flows, such as high-Reynolds-number flows past large assemblies of
particles. With respect to the immersed boundary method described in Chapter 2, se-
vere grid-size effects on the simulation results are caused as a consequence of using the
regularized delta function for the interpolation and spreading operations. Thus, effective
simulations of such a problem require a very fine grid and a small time step, which inher-
ently leads to a drastic increase in computational costs. For this reason, suitable methods of
model reduction are needed, which serve to remedy the grid-size effects and hence obtain
reliable results from direct numerical simulations at relatively low computational cost. In
this chapter, a methodology is presented to obtain highly accurate results of the interaction
force in moderate-Re flows past assemblies of monodisperse spheres from coarse-grid IBM
simulations.

As discussed in Section 2.3, one of the effective solutions is to modify the distribution
of marker points from the surface slightly towards the interior of the particles, with a dis-
tance ∆d = dp − dm that is expected to scale with the Eulerian grid size h. Following a
similar idea of Ladd (1994b) for LBM, this modification ∆d is constructed such that the
simulation data for the drag force at a finite grid resolution matches the exact result. Note
that theoretical solutions for the drag force, such as from Hasimoto (1959) and Zick and
Homsy (1982), are valid only for very low Reynolds numbers, hence can not be used a
priori as a benchmark to determine the optimal dm for higher Re. For many practical
applications, one should in principle take fluid-solid systems with freely moving particles
as the benchmark. However, it is infeasible to obtain the exact drag force because such
simulations are extremely expensive and time-consuming even at a moderate resolution.
To this end, one can first construct the best possible estimate of the “true” drag in FCC
arrays at finite Reynolds numbers, which of all the regular arrangements resemble ran-
dom configurations best. This can be achieved by performing simulations with extremely
fine grids and extrapolating the results to an infinite resolution. It is referred to as the
“resolution-free” result, which is not the exact solution but sufficiently accurate to serve
as a benchmark to calculate the optimal dm for marker points redistribution. In addition,
based on the origin of this methodology, it can also be understood that this calibration
may remedy other computational errors regardless of their origins. The methodology is
briefly illustrated as follows.

First, simulations using the original method (dm = dp ) are carried out at different reso-
lutions to calculate the gas-solid interaction force of flows past monodisperse spheres ar-
ranged in a FCC configuration at certain values of φ and Re. Such a simulation can be per-
formed at a very high resolution due to the low computational cost as only four particles
are needed for the adopted periodic boundary conditions. Subsequently, a “resolution-free”
drag force F FCC

d is obtained by extrapolating these simulation data to an infinite resolution
(h→ 0). By doing this for various solids volume fractions, one can formulate a function
of F FCC

d versus φ at an arbitrary Reynolds number. Together with the original simulation
data, this function is in turn used to evaluate how muchφ should be modified such that the
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simulation result at a particular resolution exactly matches the value of F FCC
d . The modi-

fication of φ can be easily converted to the calibration of diameter dm for marker points
distribution. Finally, corresponding to an combination of (Re, φ, dp/h), the obtained dm
can be used in simulations for prediction of the gas-solid interaction force in arbitrary par-
ticle configurations. It should be stressed here that dm is only used to specify the location
of marker points, whereas dp keeps its use in the particle-particle force calculation.

3.2 FCC array of spherical particles

There are two approaches to conduct simulations for a problem of steady flow past fixed
particle assemblies. One can impose a mean pressure gradient over the computational
domain, along with zero particle velocities. As a result, the volume-averaged velocity
evolves to reach the steady-state solution that implies a Reynolds number corresponding
to the specified pressure gradient. The drawback of this approach is that the Reynolds
number can not be specified as an input for a desired value. Besides, due to the “mapping”
procedure in the IBM, a slight variation of the force might be caused by different particle
positions with respect to the Eulerian grid. Conversely, the other approach is to specify a
constant solid-phase mean velocity corresponding to a desired Reynolds number to all the
particles, while a uniform body force is applied to the fluid such that the total momentum
flux through the system is equal to zero. For the study of fluid-particle interaction force
in static arrays, these two approaches produce nearly the same result. Nevertheless in this
work, the second approach has been chosen for two reasons: the desired Reynolds number
can be specified as an input to the simulation, whereas it is an output in the first approach;
the particle positions with respect to the grid are averaged out.

Figure 3.1: FCC configuration of spheres with a solids volume fraction φ = 0.4. The
particles are scaled down to 50% of their real size for visualization.

Figure 3.1 shows an example of the simulated systems, where the spheres are arranged in
an structured FCC configuration in a periodic 3D box. All the particles are given the same
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3.2 FCC array of spherical particles

constant velocity v so that the entire assembly moves as a static configuration through the
domain in the direction of the line connecting the next-nearest neighboring particles. A
uniform body force is applied to the fluid phase, such that the superficial velocity U of the
fluid relative to the uniformly moving particles is equal to the negative particle velocity,
resulting in Re=ρg dp |U|

µg
=

ρg dp |v|
µg

. The physical properties of the fluid and the solids are
listed in Table 3.1. The computational domain size L is set together by the solids volume

fraction, the particle diameter and the number of particles: L = 3

r

Npπ

6φ ·dp. The considered
resolutions range from 12 up to 64 cells per particle diameter (80 for Re=800 and 1000).
The maximum forcing iteration number is set to ns,max = 5, which is more than sufficient
for accurate enforcement of the no-slip condition. The time step is chosen by the bound of
the Courant number C F L = ∆t|umax|

h < 0.1 as for the practical stability of the simulations.
The influence of ns,max and ∆t on the accuracy of resulted force was investigated and the
details are presented in Appendix A.

Table 3.1: Parameters used in the simulations of steady flow past FCC arrays of monodis-
perse spheres.

Parameter Value

particle diameter dp 1.6× 10−3 m
particle density ρp 500 kg/m3

fluid density ρg 1.0 kg/m3

fluid viscosity µg 1× 10−5 kg/(m·s)
solids fraction φ [0.01, 0.65]
Reynolds number Re 50,100,200,500,800,1000

3.2.1 Simulation results

Our IBM simulation program calculates the total force the fluid exerts on individual
particles, so that the drag force is obtained by the conversion according to Eq. (1.3).
“Resolution-free” results are subsequently obtained by fitting the simulation data of the
dimensionless drag force at different resolutions to a function with the form of Fd =
Fd,∞ + C · (dp/h)−2. Note that this particular functional form is chosen since the finite
difference scheme is 2nd order in space in the implementation of the immersed boundary
method. As an example, Figure 3.2 shows the simulation data for Re = 100,φ = 0.4 and
the fitting curve as a function of (dp/h)−2. It can be seen that the function fits the data
very well, which is also observed for the other combinations of solids volume fraction and
Reynolds number.

As an example here, Table 3.2 lists the extrapolated drag force for FCC arrays at Re=100.
All the obtained results of Fd,∞ for FCC arrays are presented in Table B.1 in Appendix B
for different Re and φ. Subsequently, each set of the data Fd,∞ for a particular Reynolds
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Table 3.2: “Resolution-free” results of the dimensionless drag force in FCC arrays of
spheres at Re=100, with the standard error of linear fitting.

φ 0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65

Fd,∞ 3.189 4.609 6.244 7.852 9.590 11.62 14.10 17.31 21.54 27.39 36.35 50.62 78.95 138.4
∆F 0.002 0.007 0.016 0.009 0.017 0.01 0.02 0.04 0.04 0.13 0.09 0.33 0.76 1.1

number is fitted to a function of φ:

F FCC
d =

1
(1−φ)2

·
1

a+ bφ1/3 + cφ1/2 + dφ + eφ2
specified Re. (3.1)

Note that this functional form has no physical origin but is chosen such as to provide the
best possible fit to the data. Figure 3.3 shows the data together with the fitting function
for Re=100, with the standard error amounting less than 2%. A very good agreement
between the data and the fits has also been obtained for all the other considered Reynolds
numbers. The obtained values of the parameters in Eq. (3.1) are presented in Table B.2 in
Appendix B.
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Figure 3.2: Dimensionless drag force as
a function of the inverse grid resolution
squared for Re=100 and φ = 0.4. The
points are IBM simulation results and the
solid line represents the fitting.
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spheres at Re=100. The points represent the
data in Table 3.2, whereas the solid line repre-
sents the fit formulated in terms of Eq. (3.1).

For completeness, those results of drag force for FCC arrays are also fitted to a general
function of Re and φ as Eq. (3.2), with an average relative deviation of 6.0%. This corre-
lation is slightly less accurate than the expression given by Eq. (3.1), hence it will not be
used for the calculation of the optimal dm for marker points distribution. However, it has
the advantage of providing an estimate for the drag force for FCC arrays in an arbitrary
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3.2 FCC array of spherical particles

system. More importantly, this type of expression for the drag force in FCC arrays, which
is based on DNS results over a wide range of Re and φ, has not been reported by other
studies in literature before.

F FCC
d (φ,Re) =

10φ
(1−φ)2

+ (1−φ)2(1+ 1.5
Æ

φ)

+

�

0.043φ(1+φ) + 0.028(1−φ) +
0.0545Re−0.343 − 0.00257

(1−φ)4

�

Re
(3.2)

In addition, there is an interesting observation from the study of flow past FCC arrays of
spheres. In the limit of φ → 0, Eq. (3.1) gives the drag forces smaller than those acting
on a single sphere in an unbounded flow. For instance, the dimensionless drag force for
single-sphere flow at Re=50 given by Tripathi et al. (1995) is 3.265, comparing to 2.097
given by Eq. (3.1) as well as the simulation result of 2.810 for φ = 0.01. The smaller
interaction force at a very small volume fraction, as compared to that on a single sphere,
follows from the momentum deficit in the wakes of the particles, which interacts strongly
with the particles directly downstream. The same phenomenon was also reported by Hill
et al. (2001b) for flows through regular arrays at Re exceeding approximately 20.

3.2.2 Calculation of dm

Together with the original simulation data for the drag force in FCC arrays at different
combination of (Re,φ, dp/h), the modification of φ is calculated with Eq. (3.1) by an iter-
ative procedure using Newton’s method. This modification ofφ is subsequently converted
to the corresponding value of a spherical diameter, which is used as dm for marker points
distribution.
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Figure 3.4: Normalized distance ∆d/h= (dp − dm)/h as a function of the resolution dp/h
for Re=100 and φ = 0.4.
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The results for Re=100 and φ = 0.4 are shown in Figure 3.4, with the normalized distance
as a function of the resolution. A fit to the obtained data is also given in this figure,
adopting a basic function with a simple format:

∆d
h
=

dp − dm

h
= a− b · (

dp

h
)c . (3.3)

In the limit of h → 0, this distance goes to zero and it corresponds to the traditional IB
method with dm = dp. The optimal dm, corresponding to ∆d/h, is found to be strongly
dependent on the Reynolds number and the resolution, and slightly on the solids vol-
ume fraction. The results for several resolutions, which are relatively low and commonly
applied for simulations of large particle assemblies, are presented in Appendix C.

3.3 Verifications

Validation cases have been done for applications of the optimal dm, which are obtained
from the study of FCC arrays, for coarse-grid simulations of flows through random con-
figurations of particles as well as systems involving particle motion.

3.3.1 Random arrays of stationary spheres

First, the mean drag force in random arrays of stationary spheres is computed at relatively
low resolutions to assess the contribution of the optimal dm. Simulations were performed
with 108 particles randomly placed in a periodic 3D domain. Different Reynolds numbers
(Re=50 and 100) and solids volume fractions (φ = 0.2,0.5, 0.6) have been considered.
The mean results of the calculated drag force are evaluated by averaging over 10 samples
of particle configurations. Details on the generation of random configurations and the
simulation implementations are described in Chapter 4.

Simulations are respectively carried out without modification dm = dp (case i), with dm
reported in Kriebitzsch (2011) that are calculated in terms of the Re-limited analytical so-
lutions given by Hasimoto (1959) as is standard in LBM (case ii), and with dm obtained
in this work from FCC arrays (case iii). Three grid resolutions of dp/h ≈ 12, 16,20 are
considered for all three cases, where the results are compared in Figure 3.5. It is clearly
demonstrated that the resolution significantly effects the results of the drag force if the
location of marker points is not modified (dm = dp ). By adopting dm calculated from
the Hasimoto correlation, the decrease of the force with increasing resolution is smaller
than that in case i. However, a resolution effect is still present in case ii. By contrast, the
results in case iii do not show a clear trend, but rather seem to fluctuate with deviations
much smaller than in either case i or case ii. Importantly, even at a low resolution of
dp/h= 12.0, the simulation results of case iii are much closer to those obtained at high res-
olution (dp/h= 20.0) in comparison with case i or case ii. All in all, the comparisons from
Figure 3.5 demonstrate that a good estimate of gas-solid interaction force in random arrays
can be achieved from coarse-grid simulations with applying the optimal dm for marker
points distribution obtained from the methodology in this work.
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Figure 3.5: Dimensionless drag force multiplied by porosity squared from simulations
of random arrays at φ = 0.2,0.5, 0.6 and Re=50, 100 (see in legend) as a function of the
resolution dp/h. The error bars represent the standard deviation of data from the simulated
10 configurations. Comparison in each figure is between: (case i) without modification of
dm, (case ii) with dm calculated in terms of Hasimoto correlation, and (case iii) with dm
obtained from FCC arrays in this work.
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3.3.2 Comparison with body-fitted method

As an alternative assessment, the drag force calculated from IBM simulations with apply-
ing the optimal dm obtained from the methodology, is compared to the result obtained by
solving the same problem using a body-fitted method in ANSYS-FLUENT. The problem
considered here is steady flow past a random configuration of 32 spheres in a periodic 3D
cubic box at a solids volume fraction of φ = 0.4 and mean Reynolds number of Re=100.

The FLUENT simulations are performed using three different resolutions, corresponding
to grids of 1.9 million, 3.2 million and 5.1 million polyhedral cells, respectively. Transla-
tional periodic boundary conditions are implemented at the domain boundaries, in which
all variables (except pressure) at periodic planes are identical. A no-slip boundary condi-
tion is implemented at all the impermeable walls of the spheres. A second-order upwind
scheme is used for discretization of the convective terms, and the SIMPLE algorithm for
the computation of the pressure corrections. On the other hand, two IBM simulations are
performed using the same configuration: one is at a relatively low resolution (dp/h = 16)
with the dm obtained from the methodology in this chapter, and the other one is at a high
resolution (dp/h= 72) without any modification (dm = dp ).

Table 3.3: Simulation results of dimensionless drag force in a random array of 32 spheres
at φ = 0.4 and Re=100.

IBM FLUENT

Grids dp/h=16 dm <
dp

dp/h=72 dm =
dp

1.9 million 3.2 million 5.1 million

Fd 26.5 27.2 19.5 26.7 26.8

Table 3.3 compares the dimensionless drag forces resulted from IBM simulations with those
from FLUENT calculations. Firstly, it is clear that the low-resolution IBM simulation with
applying the optimal dm indeed provides the drag force very close to the result from the
IBM simulation at an extremely high resolution, which is consistent with the conclusion
obtained in Section 3.3.1. Conversely, the body-fitted method simulation at a low resolu-
tion gives a poor prediction. Most importantly, Table 3.3 shows a good agreement between
IBM results and the converged result calculated from the body-fitted method using FLU-
ENT. Those comparisons give more confidence that by modifying dm for marker points
distribution according to the proposed methodology in this work, the gas-solid interaction
force in random configurations of particles can be best predicted even with coarse-grid sim-
ulations.

3.3.3 Flow field

An important question is whether the optimal dm not just provides a more accurate drag
force, but also serves for improving the flow field. For this, it is important to make clear
that the relocation of marker points is not just an ad-hoc way of improving the drag force,
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but that there is also a clear rationale behind it: due to the use of smoothed delta function,
the actual location where the slip velocity vanishes does not coincide with the positions
of marker points but slightly away from them. By locating the marker points slightly
inwards the interior of the particle, the location where the zero-slip velocity is exactly
fulfilled consequently comes much closer to the actual particle surface, which would also
imply an improved flow field.

(a) (b)

(c)

Figure 3.6: Contours of slip velocity at yz plane for FCC array at φ = 0.5 and Re=100.
(a) dp/h = 32, dm = dp; (b) dp/h = 32, dp − dm = 0.8h; (c) dp/h = 72, dm = dp. The dots
represent the examples of marker points.

In order to check this, the flow field for FCC system at φ = 0.5 and Re=100 is studied
in detail. Figure 3.6 compares the contours of slip velocity from simulations at a resolu-
tion of dp/h = 32 without (a) and with (b) the modification of dm to that (c) at a very
high resolution of dp/h = 72 without any modification (dm = dp ). This high resolution
result is regarded as the “true” flow field (note that it is of course not exactly true, but
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close enough to truth for the present comparison). Figure 3.6a clearly shows that when
the marker points are attached to the sphere interface in a low-resolution simulation, the
no-slip condition is fulfilled a slight distance away from the particle surface. However, by
retracting the marker points slightly inward from the sphere interface, the slip velocity in
Figure 3.6b vanishes much closer to the particle surface. It can be seen that this indeed re-
sults in an overall flow field that is much closer to the high resolution result in Figure 3.6c,
as compared to Figure 3.6a where the marker points are not retracted.

3.3.4 Sedimentation of a single sphere

The methodology was finally verified by applying it to one of the benchmark problems in-
volving particle mobility - sedimentation of a single sphere in an enclosure, which has been
investigated experimentally and numerically for many years. Simulations are performed
using the geometry and physical properties as reported in experimental study of ten Cate
et al. (2002). A single sphere with a diameter dp = 15 mm and density ρp = 1120 kg/m3

is released from its rest position at a height of H = 120 mm from the bottom of a box
with dimensions depth × wid th × height = 100 × 100 × 160 mm. Four different fluid
properties are considered as shown in Table 3.4, together with the Reynolds number Rep
based on the particle terminal velocity. Free-slip condition is used for the domain bound-
aries. A grid resolution of dp/h = 12 along with the modification of the marker points
distribution (dp − dm = 0.64h) is applied for all the simulations.

Table 3.4: Fluid densities and viscosities, as well as Rep for a single sphere sedimentation.

Case 1 Case 2 Case 3 Case 4

ρ f [kg/m3 ] 970 965 962 960
µ f [kg/(m·s)] 0.373 0.212 0.113 0.058
Rep [-] 1.5 4.1 11.6 31.6
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Figure 3.7: Particle trajectories (left) and sedimentation velocities (right) for a single sphere
sedimentation in an enclosure.
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In Figure 3.7, the particle trajectories and settling velocities versus time are plotted for sim-
ulation results as well as the experimental data reported by ten Cate et al. (2002). Clearly, a
very good agreement between the simulations and experiments is achieved. This indicates
that the application of the methodology in the IBM coarse-grid simulations can provide
quite accurate prediction of such systems involving particle mobility.

3.4 Summary

A methodology is described in this chapter to calculate the optimal diameter dm for marker
points placement near a sphere’s surface, which allows for a better enforcement of the no-
slip boundary condition at the particle surface and consequently results in more accurate
prediction of the interaction force as well as an improved flow field. The basic concept
of this methodology is to modify dm in IBM simulations at a finite resolution, such that
the obtained results of the drag force exactly match the converged results at an infinite
resolution. To this end, simulations of flows through FCC arrays of stationary spheri-
cal particles have been performed at grid resolutions ranging from dp/h = 12 up to 80,
considering different solids volume fractions and Reynolds numbers. The simulation data
are extrapolated to an infinite resolution to obtain the converged results of the drag force,
which are subsequently used as the “exact” values for the calculation of the optimal dm for
marker points distribution. The obtained dm is found to be dependent on the Reynolds
number, the solids volume fraction as well as the resolution.

This methodology is then verified by applying the obtained dm in the simulations of flows
through random configurations of spheres at solids volume fractions φ = 0.2,0.5 and
Reynolds numbers Re= 50,100. With the use of optimal dm, simulation results of the
drag force are obtained almost consistent regardless of the different resolutions, where as
the grid-size effect clearly presents in the results from simulations without modification
of dm or with modified dm obtained in terms of Hasimoto correlation. Furthermore,
IBM simulations are also compared to the body-fitted method simulations using ANSYS-
FLUENT package for the drag force in steady flow through a random configurations of
spheres at φ = 0.4 and Re= 100. A good agreement is obtained between the IBM results
with applying the optimal dm and the converged results from body-fitted method simula-
tions.

It is further verified that the use of the optimal dm obtained in this methodology not
only provides more accurate calculation of the drag force, but also serves for an improved
flow field. This is done by performing simulations of FCC arrays at φ = 0.5 and Re= 100
at a relatively low resolution with or without displacement of the marker points distribu-
tion, as well as at an sufficiently high resolution. The detailed flow field in the vicinity
of the particle surface is compared between the three tests, and a clear approaching of the
zero-slip velocity to the particle interface is observed in the simulation results with the use
of optimal dm obtained from this work.

Finally, this methodology is also verified by the application of the obtained dm in the
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modeling of systems involving particle motion. The simulations are proven to accurately
reproduce the experimental results of a single sphere sedimentation reported in literature.
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CHAPTER4
Drag force in static arrays of

spherical particles

IBM simulations have been performed for flows through random arrays of stationary spheres
at Reynolds numbers in the range of [50,1000] and solids volume fractions from 0.1 to 0.6.
With the optimal diameter dm applied for marker points distribution, these simulations are
conducted at a relatively low resolution but can provide sufficiently accurate predictions of the
gas-solid interaction force.

This chapter first describes the generation of particle random configurations using: a standard
hard-sphere Monte-Carlo method for φ < 0.5, and an event-driven method combined with
particle swelling procedure for φ ≥ 0.5. The randomness of the obtained particle configura-
tions is carefully examined by evaluating the radial distribution function of particle positions.
Subsequently, simulation results for the mean drag force are reported. These data are then fit-
ted to a function with an average relative deviation of 4%, which is proposed as a new drag
correlation for stationary particle systems. This new drag correlation is compared with some
existing correlations reported in literature, which are also based on DNS of static arrays of
spheres. Comparisons in terms of grid resolution, domain size, and parameter space of Re and
φ indicate that the correlation proposed in this chapter should provide the best possible estimate
of the mean drag force in the flows through stationary particles at Re≤ 1000.
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4.1 Random configurations

4.1 Random configurations

The problem considered in this chapter is flow through stationary spherical particles ar-
ranged in random arrays in a periodic 3D box, as shown in Figure 4.1 as an example of the
utilized particle configurations. Such random arrays are carefully generated in this work,
with two different methods described below. Moreover, the pair correlation function g(r)
(or radial distribution function (RDF)) has been measured for the obtained configurations.
It is able to indicate the presence of crystal-like structures by describing how density varies
within a distance between r and r + dr from a reference particle. For hard spheres, it
follows:

g(r) =
V

Np(Np − 1)
·

1
Ω

 Np
∑

i=1

Np
∑

j=1, j 6=i

δ(r − ri j)

!

(4.1)

where V = L3 is the volume of the periodic cell, Ω = 4
3π[(r + dr)3 − r3] is the volume of

the spherical shell, and δ(x) is equal to one if r = ri j and zero otherwise.

Figure 4.1: A random configuration of
spheres at φ = 0.4. The particles are scaled
by 50% for visualization purpose.
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Figure 4.2: Radial distribution function of
random configurations at φ = 0.2 created
by MC method.

First, a standard hard sphere Monte-Carlo (MC) method (Frenkel and Smit, 2002) is ap-
plied: all the particles are initially placed in an ordered FCC configuration; then each
particle is randomly moved, with the displacement accepted only if no overlap is detected
at the new position with any of the other particles. The MC procedure samples the ther-
modynamic state. Figure 4.2 shows the RDF for the obtained configurations at φ = 0.2,
which indicates a good degree of randomness without any visible structure. Note that the
RDF is plotted by either averaging over numbers of samples or considering a system with
a large number of particles in order to reduce the statistical uncertainty.

However, at a solids volume fraction of 0.494 a hard-sphere liquid starts to form, with
its melting point at 0.545 (so 0.494-0.545 is the coexistence region) (Karayiannis and Laso,
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Chapter 4 Drag force in static arrays of spherical particles

(a) MC (b) ED

Figure 4.3: Examples of particle configurations at φ = 0.5 with periodic boundary condi-
tion created by MC method and ED method. The particles are scaled by 50% for visual-
ization purpose.
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(b) ED

Figure 4.4: RDFs of random configurations at φ = 0.5, 0.55,0.6 created by MC method
and ED method.

2008; Noya et al., 2008). Therefore, atφ larger than 0.494, the MC procedure does not pro-
duce fully isotropic configurations anymore. Subsequently, an event-driven (ED) method
combined with particle swelling procedure (Kumar et al., 2012) is applied to create ran-
dom configurations of dense arrays. Comparing the MC sample at φ = 0.5 visualized in
Figure 4.3a with the ED sample in Figure 4.3b, it is seen that the ED method drastically
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improves the degree of randomness of the resulting particle configuration. Moreover, as
can be seen from Figure 4.4a in the RDFs of dense packings (φ = 0.5, 0.55,0.6) peaks
appear at r =

p
2n, which indicate an underlying crystal structure. This structure can

however be broken down by using the ED method, shown in Figure 4.4b for the RDFs of
dense packings.

Therefore, in this work, random configurations at φ < 0.5 are created using the standard
hard sphere Monte-Carlo method, whereas dense random arrays at φ ≥ 0.5 are generated
using the event-driven method combined with particle swelling procedure by Kumar et al.
(2012).

4.2 Simulation results

IBM simulations of flows past random arrays of stationary spheres have been carried out
for Reynolds numbers ranging from 50 to 1000 and solids volume fractions from 0.1 to
0.6. With the use of periodic boundary condition, a total number of 108 particles are con-
sidered in all simulations, which is quite a larger number in comparison to the similar type
of simulations reported in literature. Simulations are conducted with the same approach
described in Section 3.2 for FCC arrays: All the particles are given the same constant ve-
locity v so that the entire assembly moves as a static configuration through the domain
along the direction of z-axis; A uniform body force is applied to the fluid phase, such that
the superficial velocity U of the fluid relative to the uniformly moving particles is equal
to the negative particle velocity, resulting in Re=ρg dp |v|

µg
. Besides, as reported by Beetstra

(2005) the gas-solid interaction force in random arrays is slightly dependent on the details
of the configuration of the particles, yet at the same value of φ. Thus in this work, a mean
drag force is evaluated by averaging over different particle configurations at identical solids
volume fraction. We found that the difference between the mean force obtained from 10
samples and that from 15 samples is less than 1%, so that we restrict ourselves to ten con-
figurations. The physical properties of the fluid and the particles are listed in Table 4.1.
A grid resolution of dp/h ≈ 16 is applied for Reynolds numbers of 50 and 100, while
dp/h ≈ 12 is used for the rest. For each combination of (Re, φ, dp/h), the optimal dm
for the marker points distribution is individually calculated according to the methodology
reported in Chapter 3.

Simulation results of the dimensionless drag force Fd in random arrays of stationary spheres
are reported in Table 4.2. Each value is the mean averaged over ten different particle config-
urations, with the associated standard deviation∆F included in this table. Comparing this
table with these given in Table B.1, it can be concluded that the mean drag force is larger
in assemblies of particles arranged in random configurations than in those of a regular
structure like FCC.
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Table 4.1: Parameters used in the simulations of flows past random arrays of stationary
spheres.

Parameter Value

maximum iteration number ns,max 3
time step ∆t [1e-6 s, 4e-6 s]
particle diameter dp 1.6× 10−3 m
particle density ρp 500 kg/m3

fluid density ρg 1.0 kg/m3

fluid viscosity µg 1× 10−5 kg/(m·s)
Reynolds number Re 50,100,200,500,800,1000
solids fraction φ 0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5,0.55,0.6

Table 4.2: Averaged dimensionless drag force in flows through random arrays of stationary
spheres.

Re φ 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6

50 Fd 5.720 7.181 8.801 11.14 13.07 17.03 21.40 27.14 35.26 47.46 67.92
∆F 0.100 0.104 0.137 0.16 0.17 0.19 0.27 0.24 0.45 0.71 0.79

100 Fd 8.639 10.12 12.29 14.87 18.21 22.17 27.51 34.37 46.14 65.30 87.87
∆F 0.200 0.25 0.27 0.29 0.32 0.41 0.55 0.66 0.77 1.23 1.23

200 Fd 10.67 13.29 18.21 19.80 24.15 28.26 33.95 42.53 54.43 71.25 99.36
∆F 0.22 0.28 0.30 0.46 0.33 0.35 0.60 0.91 0.90 1.39 1.18

500 Fd 18.40 23.14 27.18 37.24 39.75 49.45 58.50 77.41 89.04 112.8 155.1
∆F 0.15 0.26 0.30 0.31 0.89 0.49 0.60 0.61 0.75 1.2 1.8

800 Fd 28.62 35.15 39.27 48.60 59.53 72.45 83.02 97.69 122.6 157.2 197.5
∆F 0.42 0.30 1.10 0.66 0.46 0.58 0.97 1.05 1.0 1.5 2.2

1000 Fd 31.63 39.20 45.52 62.68 68.72 82.25 102.7 111.4 140.2 172.2 208.5
∆F 0.39 0.48 0.38 0.60 0.48 1.01 1.3 1.2 1.1 1.6 2.2

4.3 A new (static) drag correlation

In order to acquire a general drag relation for the entire parameter space of Re and φ, we
also include results from existing relations for low-Re flows and single-sphere flows. On
the basis of all these data, a drag correlation is proposed, which gives a good fit to the data
with an average relative deviation of |F sim

d − Fd |/F sim
d = 4%:

Fd(φ,Re) =
10φ
(1−φ)2

+ (1−φ)2(1+ 1.5
Æ

φ)

+
�

0.11φ(1+φ)−
0.00456
(1−φ)4

+
�

0.169(1−φ) +
0.0644
(1−φ)4

�

Re−0.343
�

Re
(4.2)
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4.3 A new (static) drag correlation

Note that this correlation has been combined with Eq. (1.13), which has been considered
the most accurate description for the drag force in low-Re flows. Furthermore, the drag
on an isolated sphere resulting from the correlations (Eq. (1.18)) proposed by Schiller and
Naumann (1935) is also taken into account, and shown in Figure 4.5 with symbols at
φ→ 0. In this figure, Fd(φ,Re) ·(1−φ)2 calculated from Eq. (4.2) is shown by solid lines,
together with the IBM data (symbols) from Table 4.2. It can be seen that this proposed
correlation provides quite a good fit to the data obtain from the IBM simulations. In
addition, some existing drag correlations mentioned in Section 1.3.2 are also plotted in
this figure: dash-dot lines represent the HKL correlation (Hill et al., 2001b), dotted lines
for the BVK correlation (Beetstra, 2005), and dashed lines for the TGS correlation (Tenneti
et al., 2011).

4.3.1 Comparison with existing correlations

The proposed drag correlation, Eq. (4.2), is compared with existing correlations reported
in literature, which were obtained from direct numerical simulations of stationary particle
assemblies, shown in Figure 4.5. In general, the HKL and the BVK correlations are in a
reasonable agreement with our simulation results at lower Reynolds numbers of 50 and
100, but markedly differ from those at higher Re. This observation is consistent with the
results reported by Tenneti et al. (2011), who concluded that the HKL correlation was
valid only up to Re=100 and the difference between the BVK correlation and their results
was more than 30% when Re approaches to 300. Indeed, one can see in Figure 4.5 that
the differences between the HKL drag law and the new proposed correlation increase with
Reynolds number when Re goes beyond 100. Since the HKL relation was extended from
LBM simulation results of Re< 120, such discrepancy is not surprising.

Differences between the BVK and our IBM correlation increase significantly with increas-
ing Reynolds number and are noticeably more pronounced for larger solids volume frac-
tions. With respect to the BVK correlation, a constant resolution of 17.5 lattice units
across a particle diameter was used for φ ≤ 0.2, and for higher solids volume fractions
the results were averaged over two resolutions of 17.5 and 25.5 lattice units. As is known
for denser packings, there are more narrow gaps between particles, which correspondingly
require higher resolution for DNS-type simulations. Therefore, by using a constant reso-
lution for a range of φ from 0.2 up to 0.6, the BVK drag law might be under resolved and
the grid size effects on the results are enhanced with increasing φ. This is consistent with
our observation from Figure 4.5. Comparing to both the HKL and the BVK, our IBM
simulations are consistently better resolved regarding the grid-size effects, especially for
high Reynolds numbers and dense packings. However, in Figure 4.5 there is another in-
teresting observation specially from the HKL correlation, i.e., it can qualitatively capture
the change of Fd(φ,Re) · (1−φ)2 with increasing φ, regardless of the Reynolds number.
In fact, this observation became the rationale for adopting a similar functional form of
α(φ,Re) from the HKL correlation to our new correlation Eq. (4.2). Consequently, as is
seen in Figure 4.5, our new correlation not only gives the optimal estimate of the data, but
also describes the detailed dependency.
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Figure 4.5: Fd(φ,Re) · (1−φ)2 as a function of the solids volume fraction φ, for Reynolds
number Re={50, 100, 200, 500, 800, 1000} in sequence. Fd(φ,Re) used in figures are:
(symbols) the simulation data in Table 4.2 and the single-sphere drag correlation results
(at φ → 0) with the error bars for the standard errors; (solid lines) Eq. (4.2); (dash-dot
lines) HKL; (dotted lines) BVK; (dashed lines) TGS.
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4.3 A new (static) drag correlation

Besides, it is shown that the TGS correlation predicts drag forces in the same order of
magnitude as our simulation data for most of the studied Reynolds numbers. However, it
does not capture the changing shape of Fd(φ,Re) · (1−φ)2 with increasing φ, as the HKL
correlation and Eq. (4.2) do. Based on their simulation results, the TGS correlation is a
fitting function adopting the drag force Fisol(Re) acting on an isolated sphere moving in
an unbounded medium, for which they used the single sphere drag correlation proposed
by Schiller and Naumann (1935). We can see from Figure 4.5 that the TGS meets all the
data points at φ→ 0, which represent the force values from single sphere drag laws. How-
ever, finding an accurate estimate for Fisol(Re) or F(0,Re) has challenged the scientific
community for a large number of years. Our current knowledge is mainly based on exper-
imental data as the correlation by Schiller and Naumann (1935). Numerical simulations
of such systems challenge the computational cost due to the required unbounded domain.
Conversely, the development of drag laws for Stokes flows F(φ, 0) is more mature using
direct numerical simulations. For instance, we apply the correlation proposed by van der
Hoef et al. (2005) that is a simple modification of the Carman (1937) equation based on
LBM simulations of low-Reynolds-number flow past spheres for an entire range of φ. As
a starting point for deriving a defined drag correlation, taking Fisol(Re) as in the TGS or
F(φ, 0) as in our new correlation Eq. (4.2) might lead to such discrepancies in Figure 4.5
for predicting the drag force in general flow conditions. Finally, the current IBM simula-
tions are considered better in terms of the number of particles (Np = 108 vs. TGS: Np ≤ 41
for Re> 100) as well as Reynolds numbers (Re≤ 1000 vs. TGS: Re≤ 300).

In Table 4.3, we would like to further compare the parameter space regarding the num-
ber of particles Np, Re, φ and grid resolution for the DNS simulations, based on which
these drag correlations are proposed. It is clear that IBM simulations in this work have con-
sidered a larger number of spheres than the others. The HKL and the TGS correlations are
extrapolated from simulation results for Re<120 and Re≤300, respectively. While, simu-
lations for the BVK correlation are not as highly resolved as the others by using constant
resolutions for the wide range of studied Re and φ. Moreover, the TGS correlation does
not involve simulation results for very dense systems (φ = [0.5, 0.6] is a very important
range for fluidized bed studies). In contrast, all of these parameters have been studied over
a larger parameter space in this work. Note that the optimal dm, which is used in this work
to correct for the resolution effects, was individually evaluated on the basis of simulation
results of FCC array with resolution up to 64 for low Re and 80 for high Re.

Table 4.3: Comparison of the studied parameters (Np, Re, φ and grid resolution) for DNS
simulations of different drag correlations.

Correlation Np (Re> 100) Re φ Resolution

HKL 16 40<Re<120 up to 0.641 9.6-41.6
BVK 54 20<Re<1000 6 values in [0.1, 0.6] 17.5, 25.5
TGS ≤41 Re≤300 5 values in [0.1, 0.5] 20-60
Eq. (4.2) 108 Re≤1000 11 values in [0.1, 0.6] evaluated dm
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Chapter 4 Drag force in static arrays of spherical particles

4.4 Conclusions

In this chapter, the mean drag force is calculated by IBM simulations of flows past static
random arrays of monodisperse spheres. A large number of simulations have been per-
formed for Reynolds numbers ranging from 50 to 1000 and solids volume fractions from
0.1 up to 0.6. The simulations have applied the optimal dm for marker points distribution,
which is individually evaluated for the specific combination of (Re, φ, dp/h) according
to the methodology described in Chapter 3. This allows for more accurate prediction of
the gas-solid interaction force (as being close to grid-size independent) from simulations at
relatively low resolutions. Besides, we have carefully created particle configurations with a
high degree of randomness, especially for dense packings.

Simulation results of the mean drag force in random arrays are reported in Table 4.2.
Apart from these IBM data, to acquire a general drag relation, we also consider the drag
force from existing correlations for low-Re flows and single-sphere flows. Finally, a new
(static) drag correlation Eq. (4.2) for static arrays of monodisperse spheres is developed,
which covers an entire range of solids volume fractions and Reynolds numbers up to 1000.
This expression has a quite simple form, but gives a good estimate for the effective drag
force with an average relative deviation of 4% with respect to the basic data. It is then
compared with some correlations reported in literature, which are also proposed based on
direct numerical simulations of stationary particle assemblies. It turns out that both the
HKL and the BVK correlations agree well with the drag results for Re≤ 100, but have a
significant deviation at higher Reynolds numbers regardless of φ. Conversely, the TGS
correlation gives force results that are fairly close to our simulation data. However, it does
not describe the detailed changing of the drag force with the solids volume fraction. All
comparisons indicate that our new correlation is so-far the best possible prediction of the
drag force in flows past static arrays of monodisperse spheres at Re≤1000.
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CHAPTER5
Drag force in dynamic

suspensions of spherical particles

In this chapter, direct numerical simulations are reported for dynamic suspensions of spherical
particles using the immersed boundary method with the optimal dm applied for the marker
points distribution. The properties of the flow systems considered for these simulations vary
with Reynolds number, solids volume fraction, as well as particle/fluid density ratio. Based on
the simulation results, the granular temperature, as a result of the particle velocity fluctuations,
is first studied. It is found to increase with increasing mean flow Reynolds number and decrease
with increasing particle inertia (or high density ratio). Furthermore, nondimensionalization of
the granular temperature is undertaken by defining a dimensionless ReT , which is subsequently
parameterized in terms of mean flow Re and particle/fluid density ratio for dynamic gas-solid
suspensions with elastic particle collisions.

By comparing these simulation data of dimensionless drag with the results reported in Chap-
ter 4 for static arrays, the effect of particle mobility on the gas-solid interaction force is analyzed
in detail. The drag force is found to increase with increasing granular temperature and solids
volume fraction. Finally, a new (dynamic) drag correlation is obtained in terms of Re, φ and
ReT , which for the first time takes into account the particle mobility effect. Besides, the results of
the drag force for dynamic particles are also compared with earlier proposed drag correlations in
literature, which are all developed on the basis of DNS of stationary particles. The conclusion is
drawn that our new (dynamic) drag correlation is so-far the best possible expression for the in-
terphase momentum exchange in computational fluid dynamics models, in which the gas-solid
interactions are not directly resolved.
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5.1 Introduction

In order to develop a drag closure, it is natural to perform direct numerical simulations
of a statistically homogeneous suspension with freely moving particles over a wide range
of flow quantities. However, such simulations are computationally prohibitive. A general
simplification for high Stokes number particles (such as in gas fluidization) is to simulate
steady flow past assemblies of stationary particles with sampled configurations, where ul-
timately the drag force is obtained by averaging over these samples. This idea has been
exploited to extract drag correlations by several researchers (Hill et al., 2001b; Beetstra
et al., 2007; Tenneti et al., 2011) as well as in our work detailed in Chapter 4.

Nevertheless, dynamic particles are more realistic and are in principle preferred for de-
veloping closures required in predictive-level CFD modeling of gas-fluidized beds. This
insight drives more attention and effort on DNS of moving particles (Yin and Koch, 2007;
Wang et al., 2008; Breugem, 2010; Yacoubi et al., 2012; Shardt and Derksen, 2012), which
are however much more complex compared to stationary particles. An increase of the
gas-solid interaction force with the granular temperature (energy contained in the parti-
cle velocity fluctuations) was reported by Wylie et al. (2003) and Tenneti et al. (2010),
based on DNS of flows past homogeneous assemblies of monodispersed particles possess-
ing random motion in a periodic box. Yin and Sundaresan (2009) performed LBM simu-
lations of low-Re flow in bidisperse fixed beds and suspensions with particle-particle rel-
ative motions. Comparison of their simulation results indicated that the particle-particle
momentum transfer in freely evolving suspensions is an important contribution to the
fluid-particle drag. Recently, DNS of a small fluidized bed consisting of 2000 particles
was performed by Kriebitzsch et al. (2013b) and compared to DPM simulation results for
exactly the same system. It was found that the (true) DNS force is significantly larger
than the gas-solid force computed in DPM simulations via existing well-accepted drag cor-
relations that were obtained for stationary particles, as typically implemented in current
DPM and TFM type modeling. The conclusion was drawn that the appropriateness of
existing static correlations for gas-solid systems with particle granular temperature (such
as in fluidized beds) is a crude approximation. Therefore for a more accurate description of
the hydrodynamic force in fluidized systems, the effect of the local granular temperature
should be considered in the drag correlation.

In this chapter, we present a detailed study for the effect of particle mobility on the gas-
solid drag force. DNS of periodic particulate systems with freely moving particles are
performed using the immersed boundary method. Wide ranges of flow quantities, such
as Re, φ and particle/fluid density ratio ρp/ρg , have been considered. By comparing
the simulation results for dynamic particles to those for stationary particles, the effect of
particle mobility on the mean interphase momentum transfer is analyzed. This effect is
quantified by a function of granular temperature and solids volume fraction, which is then
introduced into our static drag correlation to better represent the gas-solid interactions in
the larger-scale CFD simulations of particulate flows as encountered in fluidized beds.
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5.2 Suspensions of dynamic spheres

IBM simulations of dynamic sphere suspensions are conducted in periodic 3D domains
along with zero initial velocity of the particles. A steady flow is established by imposing a
mean pressure gradient over the computational domain (via a mean body force on the fluid
phase), whereas the particles can freely move according to the forces acting on them due
to the fluid and mutual collisions. The particle-particle collisions are treated as perfectly
elastic through a hard sphere approach. In such simulations the mean particle velocity and
the mean fluid velocity change in time, but their difference–the mean slip velocity–attains
a steady value. This steady-state solution implies a steady value of the mean flow Reynolds
number, which depends on the problem parameters (pressure gradient, fluid and particle
densities, solids volume fraction and the particle acceleration), and this value is not known
a priori. In this work, we specify the pressure gradient based on the static drag correlation
(Eq. (4.2)) for a desired Reynolds number. Thus, the obtained steady-state mean Re will
not equal the desired value but will be quite close to it.

An unbounded suspension is approximated by a suspension consisting of many particles
in a cubic unit cell with periodic boundary conditions. We need to first ensure that the
computational domain size is sufficiently large so that further increase in box size has a
negligible effect on the mean flow quantities. To this end, we have chosen two systems
(φ = 0.2 & 0.4) to investigate the domain size effect, with the parameters listed in Ta-
ble 5.1. Particularly for φ = 0.2 with a domain size of 8.75dp, two sets of particle di-
ameter and fluid viscosity are considered while the desired Reynolds number is kept the
same. The simulation results for the mean superficial velocity U and the mean granular
temperature Θ are shown in Figure 5.1a and 5.1b for φ = 0.2 and φ = 0.4, respectively.
The square root of the granular temperature

p
Θ, in other words the RMS deviation of the

particle velocity, is evaluated as:

p
Θ =

√

√

√

√

1
3Np

Np
∑

n=1

[vn(t)− 〈v(t)〉] · [vn(t)− 〈v(t)〉], (5.1)

with the mean solids velocity:

〈v(t)〉=
1
Np

Np
∑

n=1

vn(t). (5.2)

Whereas, the mean superficial velocity is evaluated as:

U = (1−φ)|〈u(t)〉 − 〈v(t)〉|, (5.3)

with the mean fluid velocity given by:

〈u(t)〉=
1

nx ny nz

nx
∑

i=1

ny
∑

j=1

nz
∑

k=1

ui, j,k(t). (5.4)
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Table 5.1: Simulation parameters for investigating the effect of domain size and viscosity.

φ
ρp

ρg

dp

h
dp−dm

h
∆P
L [Pa/m] dp [m] µg [kg/(m·s)] Np

L
dp

0.2

500 12.2 1.1 390.6 1.6× 10−3 1× 10−5 108 6.56
500 11.9 1.1 390.6 1.6× 10−3 1× 10−5 256 8.75
500 12.1 1.1 390.6 1.6× 10−3 1× 10−5 500 10.9
500 12.1 1.1 390.6 3.2× 10−3 2× 10−5 256 8.75

0.4
500 12.1 1.4 2401 1.6× 10−3 1× 10−5 108 5.21
500 11.9 1.4 2401 1.6× 10−3 1× 10−5 256 6.95
500 12.0 1.4 2401 1.6× 10−3 1× 10−5 500 8.68
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Figure 5.1: The mean superficial velocity and the square root of the mean granular tem-
perature from simulations with different domain sizes or viscosity (see in legend).

First, it can be seen in Figure 5.1 that the mean superficial velocity and the mean granular
temperature both eventually attain a steady value for all the cases considered. The same
observation has been reported by Tenneti et al. (2010) that a steady granular temperature
is attained not only in Stokes flow but also for moderate Reynolds number, and is indepen-
dent of the initial granular temperature of the suspension. Subsequently, one can observe
that from the smallest domain with Np = 108, which we have utilized for simulations of
stationary particles, a further increase in the domain size has only a slight influence on U
and
p
Θ. For a fixed Reynolds number and solids volume fraction, variation of particle

diameter and fluid viscosity only affects the evolution of the granular temperature, but has
no influence on the mean flow quantities at the steady state. The same observations have
also been found for other solids volume fractions and Reynolds numbers.
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Chapter 5 Drag force in dynamic suspensions of spherical particles

Figure 5.2 shows the radial distribution function g(r) of particle configurations from simu-
lations of dynamic particles at φ = 0.4 & 0.55. The black lines stand for the initial particle
configurations, which are strongly structured for such dense systems. The red lines repre-
sent the g(r) computed by averaging over different instantaneous configurations obtained
in the simulation after U and

p
Θ both reach a statistically steady state. It can be seen that

the structures in the initial configurations are dissipated and a homogeneous particle sys-
tem is obtained at the steady state. We have also confirmed this by visualizing the particle
configurations from simulations, which show no particle clustering or structuring existing
at steady state. Such a homogeneous system has been observed for all the simulations of
dynamic particles reported in this chapter.

1 1.5 2 2.5 3 3.5 4
0

1

2

3

4

5

r/d
p
 [−]

g(
r)

 [−
]

 

 

steady
initial

(a) φ = 0.4

1 1.5 2 2.5 3 3.5 4 4.5
0

2

4

6

8

10

r/d
p
 [−]

g(
r)

 [−
]

 

 

initial
steady

(b) φ = 0.55

Figure 5.2: Radial distribution function of particle configurations from simulations of dy-
namic particles. The black line is for an initial configuration, while the red line represents
the configuration after a steady state is reached in the simulations.

5.3 Simulations of dynamic particles

IBM simulations of dynamic particles have been performed for various solids volume frac-
tions, Reynolds numbers, as well as different particle/fluid density ratios. The general
simulation parameters are listed in Table 5.2. As evident from Figure 5.1 the domain size
has a minor effect on the mean flow quantities, and consequently we have kept a com-
putational domain size of about 10dp for all the simulations conducted for prediction of
the drag force. Besides, the optimal dm for marker points distribution is evaluated indi-
vidually in terms of dp/h, φ, and the desired Re corresponding to the specified pressure
gradient. All the simulations were continued such that both the granular temperature and
the superficial velocity reached their steady-state values. Time-averaging of U , Θ and Fd
was subsequently performed.
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5.3 Simulations of dynamic particles

Table 5.2: Parameters used for simulations of dynamic particles.

Parameters Values Units

Particle density ρp [500, 3000] kg/m3

Particle diameter dp 1.6× 10−3 m
Domain Size L ∼ 10dp m
Fluid density ρg 1 kg/m3

Fluid viscosity µg 1× 10−5 kg/(m·s)
Grid resolution dp/h ∼ 12 –
Normal restitution coefficient 1 –
Tangential restitution coefficient 1 –
Friction coefficient 0 –
Time step [1× 10−6, 1× 10−7] s

5.3.1 Granular temperature

Figure 5.3 shows the evolution of the granular temperature with respect to its three compo-
nents ( x -, y - and z- directions) from simulations of dynamic particle suspensions at solids
volume fractions of 0.2 and 0.4, respectively. It is seen that the granular temperature is
initially dominated by Θz rather than the other two components, which can be attributed
to the body force acting in the z-direction. Nevertheless, it becomes isotropic when the
steady state is reached. Such an isotropic granular temperature arises from momentum
transport being dominated by collisions between particles.
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Figure 5.3: Three components (see in legend) of the granular temperature as a function of
dimensionless time from simulations of dynamic particles at φ = 0.2 (left) and φ = 0.4
(right).
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Chapter 5 Drag force in dynamic suspensions of spherical particles

As evident from Figure 5.2, the evolving gas-solid suspensions computed in this chapter
are homogeneous at a steady state regardless of the initial particle configurations. In sta-
tistically homogeneous suspensions undergoing elastic collisions, the particle acceleration-
velocity covariance alone governs the evolution of the granular temperature. Fluctuations
in the hydrodynamic force experienced by particles in a gas-solid flow affect the evolution
of particle velocity fluctuations, which in turn can affect the mean and variance of the hy-
drodynamic force. Therefore, it is significant to evaluate the particle velocity fluctuations
(or granular temperature) for the development of an accurate expression for the drag law.
In order to quantify the magnitude of particle velocity fluctuations in terms of dimen-
sionless parameters, we define a modified Reynolds number ReT based on the granular
temperature as:

ReT =
ρg dp

p
Θ

µg
. (5.5)

0 200 400 600 800 1000
0

5

10

15

20

25

30

35

Re [−]

R
e T

 [−
]

 

 

φ=0.1
φ=0.15
φ=0.2
φ=0.25
φ=0.3
φ=0.35
φ=0.4
φ=0.45

Fit ~ Re0.85

(a)

500 1000 1500 2000 2500 3000

0.02

0.03

0.04

ρ
p
/ρ

g
 [−]

R
e T

/R
e 

[−
]

 

 

IBM data

Fit  ~ (ρ
p
/ρ

g
)−0.5

(b)

Figure 5.4: Symbols in (a) represents simulation data of steady ReT at different solids
volume fractions and Reynolds numbers for a density ratio of 500, whereas the solid line
indicates the fit given by Eq. (5.6). (b) shows the variation of steady ReT normalized by Re
with particle/fluid density ratio for φ = 0.4 and Re=450± 40. Symbols denote the data
from IBM simulations and the solid line indicates the function (ρp/ρg)−0.5 as in Eq. (5.6).

Figure 5.4a shows the data of steady ReT obtained from IBM simulations at different solids
volume fractions and Reynolds numbers for a particle/fluid density ratio of 500. It is
observed that the steady granular temperature varies very slightly with the solids volume
fraction, but significantly increases with the mean flow Reynolds number. This observa-
tion can be explained based on the fact that the particles pick up energy from the fluid
where the energy in the system increases with increasing Re. Figure 5.4b shows the vari-
ation of the steady ReT with particle/fluid density ratio for a solids volume fraction of
0.4. As it is not known a priori, the mean flow Re for the data points considered in this
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5.3 Simulations of dynamic particles

figure is about 450± 40. Thus in Figure 5.4b, the steady ReT is normalized by the steady
flow Re. It is found that the steady granular temperature decreases with increasing den-
sity ratio. This observation is expected because particle velocities change slowly due to
higher inertia (larger density ratio) of the particle. Similar dependency of the steady gran-
ular temperature on mean flow Reynolds number and particle/fluid density ratio has also
been reported by Tenneti et al. (2010). Finally based on all the data obtained from our
IBM simulations, the following function is proposed for ReT based on the steady granular
temperature:

ReT

�

Re,
ρp

ρg

�

= 2.108Re0.85

�

ρp

ρg

�−0.5

, (5.6)

which gives an average relative deviation of 5.5% to the basic simulation data. The fitted
curves shown in Figure 5.4 indicate that the agreement is quite satisfying. We stress that
this expression is best to apply for dynamic gas-solid suspensions with elastic particle col-
lisions. At given φ, ρp/ρg and Re, inelastic collisions along with energy dissipation may
result in a decrease in the magnitude of the granular temperature.

5.3.2 A new (dynamic) drag correlation

Simulation data of Re, ReT and dimensionless drag force Fd obtained from IBM simula-
tions of dynamic particles are listed in Table B.3 for different solids volume fractions with a
particle/fluid density ratio of 500. All these values are calculated by time-averaging over the
simulation results after a steady state is reached. Figure 5.5 compares the simulation data
of Fd for dynamic particles with some drag correlations developed on the basis of direct
numerical simulations of stationary particles. The symbols denote the simulation data for
dynamic particles at Reynolds numbers covering a range from 40 to 900 and solids volume
fractions of 0.1, 0.2, 0.3 and 0.4, respectively. The solid lines represent Eq. (4.2) derived
from our IBM simulations of flows past random arrays of stationary particles detailed in
Chapter 4. By direct comparison of our simulation results for dynamic suspensions with
the results obtained earlier for static arrays, it is clear that the drag force is enhanced due
to the particle mobility. With fixed solids properties, this enhancement of the drag force
increases with both Reynolds number and solids volume fraction. In addition, the static
drag correlations proposed by Hill et al. (2001b), Beetstra (2005) and Tenneti et al. (2011)
are also plotted in Figure 5.5 by dash-dot lines, dotted lines and dashed lines, respectively.
Same as Eq. (4.2), the drag force predicted by the TGS correlation is smaller than the dy-
namic drag force at arbitrary Re and φ. In contrast, the HKL and the BVK correlations
produce a static drag force that exceeds the dynamic drag at small solids volume fractions
and high Reynolds numbers. Conversely, the dynamic drag forces at large φ or small Re
are still larger than those given by these two correlations. Such observations can be ex-
pected based on the features of these correlations, which we have analyzed in detail in
Section 4.3.1. Generally speaking, owing to the relatively low resolutions for the con-
ducted LBM simulations, both HKL and BVK correlations overpredict the drag force for
stationary particles, which coincidentally makes them approaching to the true drag law for
dynamic particle systems. This conclusion also explains the fairly successful application of
these two correlations in DPM and TFM simulations of gas-solid flows.

58



Chapter 5 Drag force in dynamic suspensions of spherical particles

40 160 280 400 520 640 760 880
0

10

20

30

40

50

Re [−]

F
d [−

]

 

 

IBM, dynamic
IBM, static
Hill et al. (2001)
Beetstra et al. (2005)
Tenneti et al. (2011)

(a) φ = 0.1

40 160 280 400 520 640 760 880
5

20

35

50

65

Re [−]

F
d [−

]

 

 

IBM, dynamic
IBM, static
Hill et al. (2001)
Beetstra et al. (2005)
Tenneti et al. (2011)

(b) φ = 0.2
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Figure 5.5: Dimensionless drag force as a function of mean flow Reynolds number at
different solids volume fractions. The symbols represent the data obtained from IBM
simulations of dynamic particles with a particle/fluid density ratio of 500. Note that the
error bars are too small to visualize. The lines indicate the drag correlations developed
based on DNS of stationary particles: (solid lines) Eq. (4.2), (dash-dot lines) HKL, (dotted
lines) BVK, and (dashed lines) TGS.

The contribution of the particle mobility to the gas-solid interactions can be directly quan-
tified by comparing our simulation results of the drag force for dynamic particles to those
for stationary particles at otherwise identical conditions. Figure 5.6a shows the behavior
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5.3 Simulations of dynamic particles

of the force difference ∆F , which is the dynamic drag subtracted by the static drag, as a
function of ReT for different solids volume fractions. It is found that at a given φ, ∆F
increases linearly with ReT , which can be demonstrated by the sample fits shown in this
figure. The slope of this linear fit varies with φ, and is further observed to be proportional
to φ(1−φ)−2, which is illustrated from the relation of ∆F with φ shown in Figure 5.6b.
Note that since the values of Re or ReT are not fixed, the data points are not categorized
for a set of φ in this figure. Finally the following relation is given:

∆F = 2.98ReT
φ

(1−φ)2
, (5.7)

which quantifies the contribution of the particle velocity fluctuations to the drag force.
Together with the characteristics of ReT expressed by Eq. (5.6), it is understood that for
dynamic particles the gas-solid interaction force increases with Re and φ, but decreases
with increasing density ratio as well as energy dissipation by inelastic collisions.
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Figure 5.6: Deviation of the dimensionless drag force ∆F between dynamic particles
(ρp/ρg = 500) and stationary particles obtained from IBM simulations. Fd,st is calcu-
lated from Eq. (4.2) with the corresponding values of Re and φ for the simulation data
of dynamic drag force Fd,mv . (a) shows variations of ∆F as a function of ReT at different
solids volume fractions (given in the legend). (b) shows variations of ∆F as a function of
φ for all the data with different Reynolds numbers. The solid lines represent sample fits
given by Eq. (5.7).

Subsequently by combing Eq. (4.2) and Eq. (5.7), a correlation for the dimensionless drag
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Figure 5.7: Dimensionless drag force for dynamic particles as a function of Re at different
solids volume fractions (given in the legend). Symbols represent the data obtained from
IBM simulations. Solid lines in (a) indicate the fits given by Eq. (5.8), whereas those in (b)
represent for Eq. (5.8) combined with Eq. (5.6).

force in dynamic particle suspensions is obtained as:

Fd(φ,Re,ReT ) =
10φ
(1−φ)2

+ (1−φ)2(1+ 1.5
Æ

φ)

+
�

0.11φ(1+φ)−
0.00456
(1−φ)4

+
�

0.169(1−φ) +
0.0644
(1−φ)4

�

Re−0.343
�

Re

+ 2.98ReT
φ

(1−φ)2
.

(5.8)

where, the first term is the expression for the drag force in low-Re flows, the second term
accounts for the inertial effects, and the last term represents for the particle mobility effect.
As shown in Figure 5.7a, this correlation gives a good fit to our simulation data with
an average relative deviation of |F sim

d − Fd |/F sim
d = 6.5%. So far, Eq. (5.8) is the first

drag correlation established from detailed direct numerical simulations of gas-solid flows
with mobile particles. With careful investigation of the particle mobility effect on the
hydrodynamics, naturally this new dynamic drag correlation can replace all the existing
correlations for the best possible description of gas-solid effective momentum transfer in
predictive unresolved CFD simulations. Besides, one can combine Eq. (5.8) with Eq. (5.6)
for a direct estimation of the drag force based on Re and φ. As shown in Figure 5.7b,
this combination also matches the simulation data quite well, but slightly less accurate
than Eq. (5.8) alone. This can be attributed to the fact that the dependence of ReT on
φ is not considered in the expression Eq. (5.6), which as shown in Figure 5.4a is very

61



5.4 Conclusions

weak but does exist. Moreover, Eq. (5.6) predicts ReT for gas-solid suspensions with elastic
collisions, and the energy dissipation due to inelastic collisions is not accounted for. On
the other hand, at arbitrary particle properties the local granular temperature can be easily
calculated in large-scale models such as DPM and TFM via particle individual velocities
and KTGF model, respectively. Thus, Eq. (5.8) can be readily implemented into large-scale
predictive CFD models for more accurate prediction of the effective drag force.

5.4 Conclusions

In this chapter, the effect of particle mobility on the gas-solid interaction force has been re-
ported. Simulations have been performed for flows past dynamic suspensions of monodis-
perse spherical particles using the IBM, while applying the optimal dm based on the method-
ology described in Chapter 3. With periodic boundary conditions applied, the domain size
for the computational box is found to have a minor effect on the mean flow quantities. Uti-
lizing an optimal domain size of about 10dp, we have performed simulations of dynamic
particles for various solids volume fractions, Reynolds number and particle/fluid density
ratios. For all the simulations, a steady state of Re, granular temperature Θ and drag force
has been attained, concurrent with a homogeneous suspension that is independent of the
initial particle configuration.

First, we have investigated the granular temperature, a key parameter characterizing the
dynamics of particle suspensions. A modified Reynolds number ReT is defined where the
square root of the granular temperature, quantifying the magnitude of the particle velocity
fluctuations, is used as the characteristic velocity. It is found that the steady granular tem-
perature varies slightly with φ, but strongly increases with increasing Re and decreasing
particle/fluid density ratio. Based on the simulation data for dynamic particles subject to
elastic collisions, an expression for ReT is proposed as Eq. (5.6) in terms of mean flow
Reynolds number and density ratio.

Subsequently, the dimensionless drag forces obtained from IBM simulations of dynamic
particles are analyzed and compared with some drag correlations that were obtained ear-
lier from DNS of stationary particles. Significant differences have been observed between
the dynamic drag force and the prediction given by any of the correlations for static ar-
rays. A direct comparison between the data in this chapter and the results in Chapter 4
for static particle arrays shows that the drag force is increased due to the particle mobility.
The increase in the drag force is further found to possess a linear relation with ReT where
the slope varies with φ, as given by Eq. (5.7). Finally, a new drag correlation Eq. (5.8)
is obtained, for the first time, taking into account the particle mobility effect based on
detailed DNS of gas-solid flows. This correlation can be considered so-far the best possible
representation of the effective drag force in unresolved CFD simulations of gas-solid flows.
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CHAPTER6
Dynamics in a small pseudo-2D

fluidized bed

In this chapter, we report our study on fluidization of 5000 spherical particles in a pseudo-2D
gas-fluidized bed by both direct numerical simulations and experimental measurements. Simu-
lations are performed using the IBM at a relatively low resolution, while applying the optimal
dm obtained from the results in Chapter 3. Experimental measurements of solids mean mo-
tion are conducted using a combined technique of particle image velocimetry (PIV) and digital
image analysis (DIA). The PIV technique is extended as well to directly measure the particle
granular temperature, which is the key characteristics of the fluctuations in solids random mo-
tion.

This work is so far the first direct comparison in such detail between DNS and experiments
for realistic gas fluidization. The detailed comparison reveals a reasonably good agreement
with respect to the time-averaged solids motion, the flow regime and the pressure fluctuations.
In addition, the granular temperatures calculated from our IBM simulations also show a very
good agreement with the experimental data, but provide more details with respect to the varia-
tions corresponding to bubble formation and eruption. From our investigation, it also becomes
clear that attention should be paid on the measurement and interpretation of the granular tem-
perature.
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6.1 Introduction

As is introduced in Chapter 1, a sound understanding of the transport phenomena in gas-
fluidized beds is vital to improve the state-of-the-art of the relevant industrial processes.
There exists a vast amount of literature on experimental investigations of transport phe-
nomena in gas-fluidized beds. Over the years, many techniques (van Ommen and Mudde,
2008) have been developed to perform measurements in such systems. These techniques
basically fall into two broad categories: invasive and non-invasive techniques. The inva-
sive techniques, such as optical probes and capacitance probes, can to some extent locally
interfere with the bed dynamics and hereby influence the outcome of the measurement.
Conversely, the non-invasive techniques, by definition, do not disturb the bed behavior.
For example, X-ray tomography is a non-invasive technique frequently used to obtain the
voidage distribution in a horizontal cross-section of the bed. Particle Image Velocime-
try (PIV) and Digital Image Analysis (DIA) are two of the most common non-invasive
techniques applied to analyze the instantaneous solids motion and study gas bubbles’ be-
havior, respectively. Note that the application of these two techniques is limited to flat
and pseudo-2D fluidized beds, due to the requirement of visual accessibility. Laverman
et al. (2008) combined PIV and DIA techniques to correct for the influence of particles
raining through the roof of the bubbles on the measured time-averaged solids velocity pro-
files. These measuring techniques (Bokkers et al., 2004; Link et al., 2004; Lim et al., 2007;
van Buijtenen et al., 2011; de Jong et al., 2012) have been extensively applied to dense
gas-fluidized beds to obtain the time-averaged solids circulation patterns, bubble size, ve-
locity and hold-up distribution, which are used to validate or compare with numerical
models. Recently reported work (Dang et al., 2013; Patil et al., 2015) have combined PIV
and DIA with infrared thermography to study the mass and heat transfer characteristics
in gas-fluidized beds. In addition, a very important parameter to characterize dense gas-
solid flows is the granular temperature, i.e., the fluctuations of particle velocities. Holland
et al. (2008) and Müller et al. (2008) reported time-averaged measurement of the granular
temperature in gas-fluidized beds using magnetic resonance (MR) techniques, and found
fair agreement with their simulation results. Dijkhuizen et al. (2007) extended the PIV
technique to enable the simultaneous measurement of instantaneous velocity and granular
temperature fields in dense gas-fluidized beds. This extended PIV technique was demon-
strated for a bubble forming and rising in the bed and a freely bubbling fluidized bed. So
far, no further work has been reported with respect to the utilization of this technique.

Despite numerous experimental investigations, quantitative understanding of the flow
behavior in gas-fluidized beds remains challenging. In this respect, computational fluid
dynamics (CFD) simulations can, in many cases, complement experimental studies by
providing detailed information that is difficult to obtain otherwise. Researchers have de-
veloped a variety of CFD models that describe gas-solid flows at different levels of de-
tails (van der Hoef et al., 2008), such as shown in Figure 1.1. Among those models, DNS
is the most accurate model to study fluid dynamics in fluidized beds, from which the results
can also be used to improve the larger-scale models. However, owing to the complexity
of particle-flow interactions, direct numerical simulations of inertial particulate flow with
finite-size particles have often been restricted to a small number of particles. This means
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that DNS of fluidization is prohibitively expensive even for fluidized beds at lab scale,
where the number of particles is in the order of thousands.

Together with the rapid increase of computing power, parallel implementation of DNS-
type methods opens an interesting option to study gas-solid suspensions with a relatively
large number of particles. Albeit at relatively low Reynolds number (Re≤ 20), Höfler
and Schwarzer (2000) first managed to simulate O (10000) particles in a fluid. Later, the
lattice-Boltzmann method (LBM) has been used to perform DNS of 8000 spheres settling
in a periodic cubic box (Yin and Koch, 2007) and low-Re fluid flow in bidisperse fixed
beds with up to 5207 particles (Yin and Sundaresan, 2009). Furthermore, Jin et al. (2009)
simulated the separation of 21,336 particles of two different densities in a viscous fluid
using a fictitious domain method. Apart from those, large-scale DNS of particulate flow
were conducted by Xiong et al. (2012) for a 3D suspension of 129,024 particles (75 µm)
driven by gravity in a periodic domain. Also, Liu (2011) has numerically demonstrated
the capability of the PHYSALIS method to simulate the electric field with the order of one
million particles. To investigate the segregation of particle suspensions, the largest simu-
lation based on a fully resolved fluid-structure interaction performed at the Jülich Super-
computing center contains 264 million spherical objects (Götz et al., 2010). Nevertheless,
direct numerical simulations of fluidization in realistic systems are very rarely reported,
due to the complex gas-solid interactions in comparison with sedimentation or segregation
of particles by gravity. Pan et al. (2002) did simulate the fluidization of 1024 spheres in liq-
uids at finite Reynolds numbers of O (1000), and compared the results with an experiment.
Also, Deen et al. (2012) performed DNS of liquid fluidization of 1296 spheres to study the
fluid-particle heat transfer characteristics. Fluidization of 400 spheres in a gas-fluidized bed
was simulated by Kuwagi et al. (2010) using a volumetric-type immersed boundary (IB)
method, in which inhomogeneous gas flow was observed in the particle bed. Kriebitzsch
et al. (2013b) compared DNS with DPM simulations of a small gas-fluidized bed consisting
of 2000 particles, which showed some discrepancy of the computed gas-solid interaction
force. Finally, the latest DNS of fluidization reported in literature was a study of the heat
transfer of 225 heated spheres in a gas-fluidized bed (Feng and Musong, 2014).

In Chapter 3, we have developed a methodology that allows for highly accurate IBM sim-
ulations of dense gas-solid flows at relatively low resolutions. This can efficiently reduce
the computational cost of simulations and accordingly make it feasible for modeling flu-
idization in a realistic system with O (1000) particles. Consequently, a direct comparison
between DNS and experiments of fluidized beds is possible. This will be demonstrated
in this chapter with DNS of fluidization of 5000 spherical particles in a small pseudo-2D
gas-fluidized bed. The simulation results will be directly compared with experimental mea-
surements conducted in a lab set-up using the extended PIV (Dijkhuizen et al., 2007) and
DIA techniques. Detailed comparisons are reported for pressure drop fluctuations over
the bed, bed expansion, time-averaged solids flux, as well as the instantaneous granular
temperature.
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6.2 Definition of the granular temperature

The concept of granular temperature arises from an analogy between the random motion
of individual particles in granular systems (like fluidized beds) and the thermal motion
of molecules in kinetic theory. The granular temperature concept has been playing an
increasingly significant role in characterizing the flow behavior in fluidized beds as well
as general granular flows. However, as pointed out by Campbell (2006) both the concept
and interpretation of granular temperature measurements can cause some confusion. Tra-
ditionally, granular temperature is taken to characterize the unsteady component of the
particle velocity. Various granular temperatures may be defined depending on whether
one includes the random kinetic energy associated with rotational and vibrational modes
as well as the basic translational motions. Besides, with a time-averaged measurement in
time-variant systems, an apparent granular temperature might be defined based on the
fluctuations in the bulk motion as a function of time. In addition, one can even define
a granular temperature based on the fluctuation velocities due to the interaction between
the solids and gas phase. So the main question is which velocity fluctuations comprise a
granular temperature definition?

We denote the particle random translational velocity as v in fluidized beds. This velocity
is decomposed into the sum of two components, namely the averaged velocity 〈v〉 and the
fluctuation velocity v′ = v−〈v〉. The granular temperature Θ, defined as the average of the
squared fluctuation velocity, is given by 3Θ ≡ 〈v′ · v′〉. In kinetic theory, the granular tem-
perature is obtained by applying ensemble averaging, which is defined instantaneously at
each point in time. This ensemble average however is a mathematical idealization and does
not exist in experimental measurements. Further, for the experimental measurements in
fluidized beds, Jung et al. (2005) identified two different “types” of granular temperatures
in terms of the type of realistic averaging 〈〉. The first was termed particle granular tem-
perature, which is defined by local spatial averaging (〈v〉x and 〈v′ ·v′〉x ) and corresponds to
the instantaneous variance in the velocity distribution. Such a granular temperature is due
to the random oscillations of particles in small regions for a small time period, and varies
with time and position. The second was further employed by Müller et al. (2008), where
it was given as the time-averaged (〈v〉t and 〈v′ · v′〉t ) variance of the mean velocity and was
termed bubble granular temperature. Conversely, this bubble granular temperature does
not represent relative motion between particles but rather fluctuations that occur at longer
time and length scales. In bubbling fluidized beds, the bubble granular temperature due
to the motion of the bubbles is usually higher than the particle granular temperature due
to the particle oscillations. According to this classification, most of the reported exper-
imental techniques such as the magnetic resonance (MR) and positron emission particle
tracking (PEPT) measure the bubble granular temperature or a combined bubble with
particle granular temperature.

In this work, we report the particle granular temperature based on the spatial averaging of
squared fluctuation velocity of particles. Experimental measurements are conducted using
the extended PIV technique, which will be detailed in Section 6.3.1. Calculations from nu-
merical simulations will be given in Section 6.5.3. Importantly, the optimal choice of the
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size of the unit volume, which is taken to apply the spatial averages of 〈v〉x and 〈v′ · v′〉x,
respectively, is subtle. Note that these two averaging can take place with two nonequal
volume sizes. Consequently, this volume size affects the obtained granular temperature in
the following way: if a too small volume size is used, larger statistical errors occur in the
measurements; if a large volume size is applied, the obtained granular temperature involves
the local heterogeneity (within the volumes) that is influenced by the flow behavior at a
macro scale. Thus, an ideal volume size should be chosen large enough to avoid the statisti-
cal errors, but small enough to capture the spatial variations in the locally relative motion
of particles. A careful analysis on this issue will be given in Section 6.5.3.

6.3 Experimental techniques

6.3.1 Extended Particle Image Velocimetry

The PIV technique extended by Dijkhuizen et al. (2007) is used to simultaneously measure
the instantaneous particle velocity and granular temperature fields in a pseudo-2D fluidized
bed. A high speed CCD camera is used to record the front view of the bed, which is
illuminated using a pair of LED lamps. Two subsequent images of particles, recorded with
a short time delay∆t, are divided into small interrogation areas. Cross-correlation analysis
is applied to determine the volume-averaged displacement, s̄(x, t), of the particle images
between the interrogation areas in the first and second images. Note that outliers are
removed with a standard median filter. Subsequently, the velocity within the interrogation
area is found by dividing this displacement with image magnification M and the time delay:

v(x, t) =
s̄(x, t)
M∆t

. (6.1)

The definition of the granular temperature, written in terms of displacement, can be given
by Eqs. (6.2) and (6.3). For a Gaussian velocity profile the variance of the displacement
can be easily related to the standard deviation σd :

Θx = mp〈(vx − 〈vx〉)2〉=
mp

(M∆t)2
〈(sx − s̄x)

2〉=
mp

(M∆t)2
σ2

d,x ; (6.2)

Θz = mp〈(vz − 〈vz〉)2〉=
mp

(M∆t)2
〈(sz − s̄z)

2〉=
mp

(M∆t)2
σ2

d,z (6.3)

where, mp is the particle mass whereas (s̄x , s̄z) represents the average displacement.

In order to determine the standard deviation σd related to the granular temperature, the
following procedure is applied:

• The spatial cross-covariance within the interrogation areas of two images is calcu-
lated, and a Gaussian function is fitted to the displacement peak. The corresponding
standard deviations are obtained as σcc,x and σcc,z .

• The same approximation is applied to the auto-correlation of both individual im-
ages. An average of the two standard deviations is taken, which results in σac,x and
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σac,z . These obtained variances represent the correlation peak width due to the finite
particle size.

• The width of the peak in the cross-correlation has two contributions. One is due
to the fact that the particles have a finite size and are non-uniformly lighted, which
can be presented by the peak width in the auto-correlation. The other contribution
is due to the variation in the velocities of the particles, which correspond to the
granular temperature. As the cross-correlation can be written as the convolution of
Gaussian functions, it yields that the variance (σ2

cc ) that characterizes the width of
the peak in the cross-correlation is the sum of the variance (σ2

ac ) due to the particles’
profiles and the variance (σ2

d ) of the displacements. This can be written as:

σ2
d,x = σ

2
cc,x −σ

2
ac,x , (6.4)

σ2
d,z = σ

2
cc,z −σ

2
ac,z . (6.5)

• Finally, the obtained values of the variances σ2
d in displacement are used to calculate

the granular temperature according to Eqs. (6.2) and (6.3).

6.3.2 Digital Image Analysis

The DIA algorithm is used to compute the instantaneous profile of the solids volume
fractions from the images of particles. The digital image consists of pixels with different
intensities, distinguishing the particles from the gas phase. After a series of preprocess-
ing steps, namely, background subtraction, elimination of overexposed and underexposed
pixels, the image is corrected for inhomogeneity and then normalized between 0 and 1.
Here 1 is representative for the brightest particles and 0 for the background or the gas.
The normalized values in the 2D image are then averaged over the interrogation areas with
the same size as used for PIV to obtain the apparent 2D solids volume fraction (φ2D ).
These 2D results are subsequently translated to the 3D solids volume fractions using the
correlation proposed by de Jong et al. (2012):

φ3D(x, t) =

¨

Aφ2D(x,t)
1−φ2D(x,t)/B φ2D(x, t)< 0.6

A+0.6/B

0.6 φ2D(x, t)≥ 0.6
A+0.6/B

(6.6)

where, the parameter A is determined by the bed depth D and the particle diameter, as
A = 1.028dp/D. While the remaining fitting parameter B is determined such that the
deviation between the computed bed mass averaged in time and the experimental bed mass
is minimal (usually less than 0.05%). The computed bed mass is obtained by multiplying
the tested φ3D(x, t) averaged in space with the solids density and the bed volume.

6.3.3 Combined PIV and DIA

The instantaneous particle velocity vectors obtained from PIV do not account for the
number of particles that possess those velocities. When time-averaged velocity profiles are
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computed using PIV data only, the dynamics of the particles can be misinterpreted, espe-
cially because of particle raining through the bubbles, where a small number of particles
possess a relatively high velocity, while the particle volumetric flux is small. To correct for
this, the instantaneous particle velocity is multiplied with the instantaneous solids volume
fraction, followed by averaging over time to obtain the time-averaged volumetric particle
flux:

〈Φ(x, t)〉=
1
Nt

Nt
∑

t

(v(x, t) ·φ3D(x, t)) , (6.7)

which provides a better representation of the solids motion.

6.4 Experimental/simulation set-ups

Simulations and experiments are performed for a pseudo-2D fluidized bed sketched in Fig-
ure 6.1. The sizes of the bed are given in Table 6.1, together with the properties of the
glass particles used in this work. The spherical particles possess a diameter of 2.5 mm and
a density of 2526 kg/m3, which are Geldart D type particles. The depth of the bed is as-
sumed to be sufficiently small to display pseudo-2D behavior and is large enough to avoid
extreme particle-wall interaction. For the experiments, the air flow rate was controlled by
a digital mass flow controller and supplied at the bottom of the bed through a porous plate
gas distributor. To prevent electrostatic build-up, the air was first humidified to 60− 70%
relative humidity. The pressure drop over the bed was recorded by a high frequency differ-
ential pressure sensor, which was connect to the inside bed through a fine wire mesh at the
centre of the bottom bed indicated in Figure 6.1. Figure 6.2 shows the determination of
the minimum fluidization velocity (umf ≈ 1.33 m/s) from the pressure drop data, which
were measured as gradually increasing the superficial gas velocity ug (converted from the
flow rate) during the experiments. One can observe that the pressure drop in static bed
increases nonlinearly with the superficial gas velocity. This is attributed to the relatively
large size of particles utilized in this work, for which Ergun equation expresses the pressure
drop along the length of a packed bed. Two sets of experiments have been conducted at
ug of 2.4 m/s and 2.6 m/s, which correspond to 1.8umf and 1.95umf , respectively. Digital
images of particles are recorded by a LaVision ImagerPro HS CCD camera with the expo-
sure time set to 1 ms and zero delay time. The frequency with which the PIV image pairs
were recorded was 100 Hz. The PIV calculations of the velocity field were conducted with
the commercial software package DaVis (LaVision). A multi-pass correlation algorithm
was performed using interrogation areas of 64×64 pixels during the first pass and 32×32
pixels with an overlap of 50% during the second pass. Accordingly, the interrogation of
32× 32 pixels was used for DIA and the granular temperature measurements as well.
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Figure 6.1: Schematic representation
of the pseudo-2D fluidized bed.
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Figure 6.2: Pressure drop over the bed as a func-
tion of gas velocity.

Table 6.1: Parameters used for the simulations and experiments of fluidization.

Parameters Simulations Experiments

Bed (W × D×H ) 100× 15× 250 mm3 100× 15× 1000 mm3

Particle density ρp 2526 kg/m3 2526 kg/m3

Particle diameter dp 2.5 mm 2.5 mm
Particle number Np 5000 5000
Gas density ρg 1.2 kg/m3 air
Gas viscosity µg 1.8×10−5 kg/(m·s) air
Superficial gas velocity ug 2.4 m/s, 2.6 m/s 2.4 m/s, 2.6 m/s
Normal restitution coefficient 0.97 -
Tangential restitution coefficient 0.33 -
Friction coefficient 0.1 (p-p), 0.2 (p-w) -
Time step 1× 10−5 s -

Table 6.1 also gives the parameters used for IBM simulations. Note that the height of
the freeboard was reduced, in comparison with the height of the experimental set-up, to
drop the computational load. However, exactly the same number of particles were used
in the experiments and simulations. Restitution coefficients and friction coefficient cor-
responding to glass beads were used in the hard sphere model for particle-particle (p-p)
and particle-wall (p-w) collisions. The inflow velocity was specified at the bottom, while a
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constant pressure outflow boundary condition was used at the top. Simulations were per-
formed at a grid resolution of dp/h = 5, along with the optimal diameter dm of 1.65 mm
and 1.6 mm at ug = 2.4 m/s and ug = 2.6 m/s, respectively. Utilization of such a low reso-
lution (less grids) can drastically reduce the computational cost, which however in conven-
tional IB methods will result in poor predictive accuracy of the simulations. According to
the methodology detailed in Chapter 3, highly accurate results can also be obtained from
IBM simulations at low resolutions by modifying the diameter dm for marker points dis-
tribution, which is found to be dependent on grid resolution and Reynolds number, and
slightly on solids volume fraction. The values of dm here for simulations of fluidization at
dp/h= 5 are estimated on the basis of the results reported in Appendix C.

6.5 Results

In this section, we will present the results from both IBM simulations and the experimental
measurements. Two gas velocities have been considered in this work, but with similar
observations found. Hereby Section 6.5.1 to 6.5.3 will focus on reporting the results for
ug = 2.6 m/s, corresponding to 1.95umf . Additional results for the other case (ug =
2.4 m/s) will be presented and discussed in Section 6.5.4.
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Figure 6.3: Typical snapshot from IBM simulation of fluidization: (a) 3D presentation; (b)
particle velocity profile ( vp,x and vp,z ) averaged over the bed depth; (c) the color represents
the magnitude of the gas velocity and the vector indicates the direction. The vectors are
shown at grid cells with an interval of 2dp for visualization purposes.

Figure 6.3a shows a 3D representation of a typical snapshot obtained from our IBM sim-
ulation of fluidization at a gas velocity of 1.95umf . For better visualization, we do not
show the entire column height here. The corresponding particle velocity profile is shown
in Figure 6.3b, where the vectors represent the particle velocities averaged over the y -
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direction grid cells. It can be seen in Figure 6.3a that a bubble reaches the top of the
particle bed, where the eruption of this bubble is about to commence. Accordingly in the
particle velocity profile, one can observe the upward motion of particles at the nose and
wake of the bubble and the downward motion of particles at the left and right sides of the
bubble. Also, there are a few particles raining through the roof of the bubble. Such an
instantaneous velocity profile has also been obtained from our experiments using the PIV
measurement.

The instantaneous gas velocity profile in the central plane of the bed is given in Figure 6.3c,
where the vector indicates the direction and the color represents the magnitude of the ve-
locity. Note that, only the gas velocities located in grid cells with an interval of 2dp are vi-
sualized here. Clearly, the channelling of the gas flow through the bubble and recirculation
of the gas around the bubble are visible in the vector plot. Consequently, the high-velocity
gas flows in the central part of the bed. Conversely, such detailed quantification of the gas
motion is very difficult to obtain experimentally.

6.5.1 Pressure fluctuations

The pressure drop predicted from the IBM simulation is computed by first averaging the
pressure at the bottom plane z0 = 0.5h and the top plane z1 = H−0.5h over the horizontal
grid cells, viz:

〈P(z, t)〉=

∑nx
i

∑ny
j σi j Pi j(z, t)

∑nx
i

∑ny
j σi j

, (6.8)

where σi j equals zero if the grid cell center is located inside a solid particle and one other-
wise. Subsequently the bed pressure drop is computed as the difference:

∆P(t) = 〈P(z0, t)〉 − 〈P(z1, t)〉. (6.9)

The simulation results for the pressure drop calculated via Eqs. (6.8) and (6.9) are plotted
over time in Figure 6.4a. Whereas Figure 6.4b plots the difference between the pressure
at the central point of the bottom plane from the simulation and the atmosphere pres-
sure. It is seen that different values of time-averaged pressure drop are obtained from these
two calculations, namely, average measurement and point measurement. This point mea-
surement from simulations is obtained in the same way as our experimental measurement
using a differential pressure sensor. A part of the experimental data is plotted in Fig-
ure 6.4c, which gives the same value of time-averaged pressure drop as obtained by point
measurement from the simulation results shown in Figure 6.4b. This time-averaged value
(∆P = 5.4 mbar) is consistent with the maximum fluidization pressure drop obtained in
Figure 6.2. Note that the time-averaged value in Figure 6.4c is obtained over a longer time
(about 5 min) than shown in this figure.
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Figure 6.4: Pressure drop as a function of time (a) computed from the IBM simulation
according to Eqs. (6.8) and (6.9), (b) computed from the IBM simulation as the difference
of the pressure at the central point of the bottom plane and the atmosphere pressure, (c)
recorded during the experiment of fluidization at the superficial gas velocity of 1.95umf .
The straight dot lines represent the mean value averaged over time.

The complex pressure fluctuation phenomenon in gas-fluidized beds, as evident from these
figures, has been studied by many researchers and reviewed by Bi (2007). Pressure fluctu-
ations are composed of many contributions, including local bubble-induced fluctuations,
global bed oscillations, and propagating pressure waves originating in other locations (e.g.,
bed surface and distributor). Different approaches of the pressure measurement can lead
to quantitative deviation in the results as demonstrated by Figure 6.4a and Figure 6.4b.
Since the main path of bubbles is along the central axis of the bed, the point measurement
is strongly influenced by the local bed dynamics as a consequence of bubble passage. In
contrast, by taking spatial averaging of the pressures, the variation of the pressure drop re-
flects the global bed oscillations or periodic bubble formation. Besides, the fluctuations of
experimentally obtained pressure drop in Figure 6.4c turn out to be more complex in com-
parison with those of simulation data in Figure 6.4b. This can be caused by the pressure
waves originating from bottom of the experimental set-up. For instance, the porous plate
at the bottom of the bed can not possibly provide a perfectly uniform gas distribution as
specified in simulations. Consequently, there occurs the fluctuations in the preferred direc-
tion of bubble passage. Moreover, in the experiments, the air was humidified by flowing
through a vessel of water. This procedure is not fully stable and might introduce propagat-
ing pressure waves from the bottom of the bed. Nevertheless, the time-averaged pressure
drop (∆P = 5.4 mbar) predicted by the IBM simulation is consistent with the experimen-
tal result.

Besides, the in-bed pressure measurements are commonly used to characterize the dynam-
ics of gas-fluidized beds for different fluidization regimes. According to Johnsson et al.
(2000) and van Ommen et al. (2011), the simulation results of pressure fluctuations shown
in Figure 6.4a and Figure 6.4b indicate a single bubble regime. Whereas, the pressure
fluctuations measured experimentally shown in Figure 6.4c correspond to a single bub-
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ble (8-10.6 s) combined with exploding bubble (10.6-13 s) regime. We have also confirmed
this observation from the videos of our experiment and simulation. Figure 6.5 shows some
snapshots obtained from our simulation and experiment for fluidization at ug = 1.95umf .
A very similar flow behavior can be observed from this comparison, which corresponds
to the single bubble regime. In this regime, big bubbles (larger than half of the width
bed dimension) are formed, with their center, on a time average basis, coincides with the
center-line of the bed. After the eruption of a bubble, the bed collapses to a state free of
bubbles, lasting for a short time, during which the velocity is not higher than minimum
fluidization velocity. The larger single bubbles lift a major part of the bed mass above the
location of the pressure measurement, which result in periodic pressure fluctuations. In
this sense, the single bubble regime resembles a slugging regime. In contrary, large explod-
ing bubbles possess a similar size to those of the single bubble regime, since the maximum
bubble size is limited by the bed height. After the eruption of the exploding bubbles,
the bed collapses like in the single bubble regime. However, the pressure fluctuations of
the exploding bubbles have an amplitude greater than that of the single bubbles, but with
some particles clustering in the freeboard which effect on the formation of coming bub-
bles. The exploding bubble regime is also governed by the dynamics of large bubbles, but
the signal is more complex than that of the single bubble regime and no clear periodicity
can be observed.

Figure 6.5: Snapshots from the IBM simulation (top) and experiment (bottom) at ug =
1.95umf with an equal interval of 0.05 s.
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6.5.2 Time-averaged results

The filtered time-averaged solids volumetric flux, computed using PIV/DIA based on the
experimental images, is shown in Figure 6.6a, whereas the results obtained from the IBM
simulation are shown in Figure 6.6b. The solids circulation patterns can readily be ob-
served from both results, clearly revealing the existence of two symmetric vortices with
their centers located at a bed height of 0.045 m (about 18dp ). In these circulation pat-
terns, particles move upwards in the center of the bed and flow downwards close to the
side walls. At such an intermediate fluidization velocity (1.95umf ), the down-flow regions
extend completely down to the distributor. Using the PIV images, we observe that bub-
bles, after formation at the distributor, move very rapidly towards the center of the bed
and then rise vertically until they erupt at the surface of the particle bed. Thus, the pro-
nounced upward motion of the particles in the central region is induced by the bubble
motion. In other words, the particles are carried or driven by the rapidly rising bubbles.
These results correspond well to observations reported in many other studies (Bokkers
et al., 2004; de Jong et al., 2012; Dang et al., 2013; Patil et al., 2015).
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Figure 6.6: Time-averaged solids volumetric flux (a) computed by PIV/DIA from experi-
mental images and (b) calculated from the IBM simulation.

Qualitatively, the solids circulation patterns predicted by the IBM simulation are in agree-
ment with the trend as found experimentally using PIV/DIA measurements. However,
one can notice that the degree of symmetry in the circulation pattern in Figure 6.6b is less
pronounced compared to that in Figure 6.6a. The fact that the IBM results lack complete
symmetry can be attributed to the relatively short simulation time, of about 7 s, in compar-
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ison to a total time of 40 s for PIV/DIA imaging. Another noticeable difference between
these two figures is the bed expansion. Namely, the time-averaged bed expansion obtained
from PIV/DIA is slightly larger than that predicted by the IBM simulation. Some possible
reasons for this discrepancy are as follows. First, as discussed above, large exploding bub-
bles occur in the experiment due to the propagating pressure waves originating from the
bottom of the bed, which consequently cause the increase of the bed expansion. Secondly,
the DIA algorithm utilizes a correlation to convert the solids volume fractions from 2D to
3D. This correlation was however derived by using DPM simulation results, the accuracy
of which is a priori dependent on the incorporated closures. Therefore, the use of such
a correlation might lead to some departure of the 3D results from the true experiment.
Furthermore, the collision coefficients used in the IBM simulation are chosen on reported
values in the early work by Hoomans (2000). As is known, the energy dissipation due
to the p-p and p-w interactions has a strong influence on the bed behavior. Consequently,
some difference of the predicted solids pattern might result from a slight mismatch of these
parameters between simulations and experiments. In addition, we apply an optimal diam-
eter dm in the simulation to achieve a better prediction of the gas–solid interaction force.
However, the dm is found dependent on the grid resolution, the solids volume fraction as
well as the mean flow Reynolds number. In other words, the optimal dm for different local
particle groups are in principle not the same, due to the distributions of local φ and slip
velocity in a fluidized bed. Thus, applying a constant dm in the entire (heterogeneous)
system seems a simplification for accurate prediction of the overall gas-solid interaction
hence the flow behavior. Besides, these parameters (φ, Re) are all time-variant in fluidized
beds. Apparently from the comparison in Figure 6.6, the bed expansion might be slightly
underestimated by the use of dm = 1.6 mm during the whole computation.

Figure 6.7 shows the quantitative comparison between the simulation and the experimen-
tal results for the lateral profiles of the time-averaged axial solids flux at different heights
of the bed. Generally, a good agreement is obtained in this comparison, although some
quantitative difference of the bed expansion is found in Figure 6.6. Besides, the IBM sim-
ulation slightly underpredicts the solids flux close to the walls, in comparison with the
PIV/DIA results. This observation is consistent with the reason given above with respect
to the particle properties like for the p-w interactions used in simulations. Conversely, the
mass balance indicated by the lateral summation of the solids flux from PIV/DIA is not
satisfied as well as in the simulation results. Again, this observation corresponds to the
reason regarding the DIA algorithm using the 2D to 3D correlation derived on the basis
of DPM simulations.

Nevertheless, both Figure 6.6 and Figure 6.7 suggest that a reasonably good agreement
has been obtained with respect to the time-averaged solids motion resulted from the IBM
simulation and the experimental data. The slight difference of the time-averaged bed ex-
pansion is attributed to several reasons in regard to experimental measuring techniques as
well as input parameters for the simulations.
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Figure 6.7: Lateral profiles of the axial solids flux from the simulation and the experiment
at different bed heights (see legends).

6.5.3 Granular temperature

As a very important parameter to characterize the flow behavior in dense gas-fluidized
beds, the particle granular temperature is measured in the experiments and simulations
conducted in this work. The experimental measurement using the extended PIV technique
has been introduced in Section 6.3.1. Whereas from the IBM simulations, which provide
in detail the information of individual particles, the granular temperature is calculated as:

Θ3D = (Θx +Θy +Θz)/3, Θ2D = (Θx +Θz)/2; (6.10)

Θk =
1
np

np
∑

i=1

[vk(i, t)]2 − 〈vk(t)〉2 k = x , y, z; (6.11)

〈vk(t)〉=
1
np

np
∑

i=1

vk(i, t). (6.12)

with np the number of particles in unit volume applied for spatial averaging. As addressed
in Section 6.2, the issue on the volume size will be first analyzed on the basis of the simu-
lation results in the following discussion.
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If the size of the unit volume equals the size of the particle bed, which means np equals the
total number Np of particles, the obtained granular temperature characterize the relative
particle motion at a macro scale, which is dominated by the motion of big bubbles in such
a bubbling fluidized bed. Figure 6.8 gives the square root of this granular temperature
calculated with np = Np in both Eq. (6.11) and Eq. (6.12).
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Figure 6.8: Square root of the granular temperature as a function of time obtained from
the simulation of fluidization at ug = 1.95umf .

A distinct difference in the magnitudes of the granular temperature between 2D and 3D is
observed in Figure 6.8a near the peak areas. This can be explained by the highly anisotropic
behavior of the granular temperature revealed in Figure 6.8b. In other words, the granular
temperature in the vertical (z) direction (the direction of the flow), is much more pro-
nounced than in lateral ( x , y ) directions. The ratios of Θz/Θx and Θz/Θy in Figure 6.8b
are on average ∼5.8 and ∼13, respectively. The finding of anisotropy is in agreement with
the reported observations for the time-averaged granular temperature (Holland et al., 2008;
Müller et al., 2008). An anisotropic granular temperature indicates that the motion of the
particles is directly responsible for the transmission of the momentum, which means par-
ticles move relatively to the local average velocity and thus transport their momentum
around the bed. Besides, another interesting observation can be made by comparing Fig-
ure 6.8 with Figure 6.4a. The peaks in the plot of pressure drop over time imply the
static particle bed, whereas the valleys indicate the highest bed expansion. Accordingly
in Figure 6.8, starting from the static particle bed, the granular temperature continuously
increases with the upward motion of the particles carried by the bubble. This increase
progresses till the highest bed expansion is attained, when the bubble reaches the surface
of the particle bed. Subsequently, the eruption of the bubble induces the second increase
of the granular temperature up to the maximum, although the bed expansion starts to de-
crease due to the downward motion of those particles at the top of the bubble. This second
increase stops once the bubble eruption is completed. Afterwards, the granular tempera-
ture decreases to the minimum with the mean downwards motion of all the particles. This
observation implies that the highest values of the granular temperature appear when the
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maximum bubble velocity prevails. This can be attributed to the dominated influence by
the motion of big bubbles on the motion of particles, thus on the macroscopic granular
temperature in such a bubbling fluidized bed.

Conventionally in many applications, the granular temperature characterizes the relative
motion of particles at a small scale. Thus, one would consider the so-called locally spa-
tial averaging with a unit volume of small size, which is assumed to consist of a relatively
homogeneous system. In this sense, we subdivide the computational domain into small
boxes with a dimension of l × D × l. For each of these boxes (or windows), the calcula-
tion is conducted using the velocities of the particles present in the box. Figure 6.9 shows
the results obtained by applying different window sizes l of 10dp, 4dp, 2dp, using two ap-
proaches: (case i) the local granular temperatures are obtained by evaluating both Eq. (6.11)
and Eq. (6.12) within the small boxes; a mean value is subsequently obtained by averaging
the local granular temperatures over the boxes which contain particles. (case ii) Eq. (6.12)
is calculated within a small box m to obtain the local averaged particle velocity 〈v〉(m, t);
the granular temperature is obtained by averaging over the entire bed, i.e., np = Np in
Eq. (6.11), with 〈v〉(m, t) used for those particles that locate in the same box m.

By inspecting Figure 6.9, a distinct difference is observed between the results obtained from
these two approaches. The granular temperatures obtained in case i are on average ∼10%
larger than in case ii. Conversely, the curves in case ii, especially with a larger l, resemble
more the variation of the global granular temperature shown in Figure 6.8a. On the other
hand, inspection of Figure 6.9 with respect to the box/sindow size reveals that by reducing
the box size l from 10dp to 2dp, the magnitude of Θ decreases with 25%. The differences
in the obtained granular temperatures correspond to that to what extent the macroscopic
relative motion of the particles are involved in individual small windows/boxes. When
the window size is reduced to 2dp, the granular temperature obtained in case ii is very
close to the conventional granular temperature based on ensemble averaging in the kinetic
theory of granular flows. In addition, it is also seen that the difference between Θ3D and
Θ2D is reduced. This can be explained by Figure 6.10, which shows the three components,
Θx ,Θy and Θz , calculated using the two approaches with l = 2dp. When comparing to
Figure 6.8b, the anisotropy of the granular temperature remains in this figure, but the
differences between the components of Θ are significantly reduced. In this figure, the gran-
ular temperature in the vertical direction exceeds the granular temperature in both of the
horizontal directions by a factor of ∼2, where it is ∼5.8 and ∼13 for x - and y - directions
shown in Figure 6.8b. These numbers might also explain the disagreement with respect to
the reported ratios by Holland et al. (2008) and Müller et al. (2008). In addition, as shown
in Figure 6.10 with the use of a small window size, the difference of the obtained granular
temperature between two horizontal ( x - and y -) directions is negligible. This implies an
effective way to obtain Θ3D from 2D information such as in experimental measurements,
i.e., Θ3D ' (2Θx + Θz)/3. Last but not the least, the granular temperatures obtained in
Figure 6.9, regardless of the two approaches, no longer reveal the turning point shown in
Figure 6.8, which reflects the eruption of the bubble.
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Figure 6.9:
p
Θ calculated by two different approaches: cases i and ii. The 2dp to 10dp

indicate the window size used for averaging.
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Figure 6.10:
p
Θ in three directions calculated by the approaches of case i ( left) and case

ii (right) with l = 2dp.
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Figure 6.11: Comparison of the
p

Θ2D between the experiment (left), the IBM simulation
(middle) and the IBM-PIV (right).

The above analysis indicates the subtlety in the measurement or interpretation of the gran-
ular temperature, especially in case direct comparison between experiments and simulation
results (obtained from e.g. DPM and TFM) is undertaken. In our experimental work, the
granular temperature is measured by the extended PIV technique, with interrogation areas
of 32 × 32 pixels. It is easily understood that this experimental measurement is similar
to the calculation used in case i with l = 2dp. In Figure 6.11, we compare results from
the experiment, the IBM simulation and the IBM-PIV. For the IBM-PIV calculation, we
first create rendered images using different snapshots from the IBM simulation, where the
locations of individual particles are provided. In these images, the normalized intensity is
between 0 and 1, with 0 representing the gas phase, 1 representing the particles that locate
near the front wall of the bed, and values in between representing the rest of particles in
terms of their location in bed depth. Subsequently, the granular temperature on the basis
of these images is calculated using the extended PIV technique, with applying the same in-
terrogation areas as for the experimental images. From Figure 6.11, a very good agreement
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Figure 6.12: The magnitude of the complex Fourier coefficients Υ for the fluctuations in
the granular temperature shown in Figure 6.11.

can be observed on the magnitude as well as the variations of the granular temperature.
Furthermore, we also find the same characteristic frequency ( f = 2± 0.3 s−1 ) of the fluc-
tuations of granular temperature, as shown in the frequency spectra plotted in Figure 6.12.
Hereby, it is indicated the first successful application of this technique for experimentally
measuring the granular temperature in a fully developed gas-fluidized bed, extending the
findings of Dijkhuizen et al. (2007). However, such experimental measurements are not
yet able to capture the detailed variations of the granular temperature, such as shown in
Figure 6.8 from a direct numerical simulation.

6.5.4 A different fluidization velocity

Figure 6.13 gives the time-averaged solids flux profile for fluidization at ug = 2.4 m/s,
corresponding to 1.8umf . A good agreement can be observed between the PIV/DIA data
and the IBM simulation results. Similar as shown in Figure 6.6 the circulation patterns
are quite pronounced, clearly showing two symmetric vortices with the down-flow region
extending completely down to the bottom of the bed. However, the center of these vortices
is located, at a bed height of ∼0.042 m, slightly lower than that (about 0.045 m) at a little
higher superficial gas velocity of ug = 2.6 m/s.
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Figure 6.13: Time-averaged solids flux from (left) PIV/DIA and (right) IBM simulation of
fluidization at ug = 2.4 m/s.

Figure 6.14 plots the data for the normalized average particle height, the bed pressure drop,
the square root of the granular temperature, and the normalized average gas-solid force as
a function of time obtained from the IBM simulation of fluidization at ug = 2.4 m/s. The
average particle height 〈rz(t)〉 and average gas-solid total force 〈 fgs(t)〉 is computed from
the known position rz,i(t) and force fgs,i(t) of individual particles i, respectively, via

〈g(t)〉=
1
Np

Np
∑

i=1

gi(t), (6.13)

where g stands for rz or fgs. The pressure drop is calculated as the point measurement
explained in Section 6.5.1, whereas the granular temperature is calculated via Eqs. (6.10)-
(6.12) with np = Np. Clearly, one can observe that the variations of these variables are well
corresponded to each other. An increase of the average particle height, corresponding to
an increase of the bed expansion and hence an decrease of the mean solids volume fraction,
is associated with a decrease of the average gas-solid force and accordingly a decrease of
the bed pressure drop. Furthermore, the time-averaged pressure drop (∆P = 5.4 mbar)
predicted by the simulation is consistent with the results at ug = 2.6 m/s shown in Fig-
ure 6.4b and 6.4c, as well as the maximum fluidization pressure drop obtained in Figure 6.2.
Finally, applying the time-averaged flow quantities from this figure, i.e.,

p
Θ = 0.0947 m/s,

〈rz〉= 13.72dp (corresponding to φ = 0.398), and U = 2.4 m/s, Eq. (5.8) gives the dimen-
sionless gas-solid total force Fg→s = 172.7, which agrees quite well with the time-averaged
value of 182.8 presented in this figure. The conclusion can be made that even with the
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assumption of homogeneous systems, the dynamic drag correlation Eq. (5.8) can provide
a good estimate of the gas-solid interaction force in gas-fluidized flows.
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Figure 6.14: Average particle height 〈rz〉 normalized by the particle diameter, point-
measurement pressure drop ∆P over the bed, square root of the global granular tempera-
ture

p

Θ3D, and average gas-solid total force 〈 fgs〉 normalized by the Stokes force using the
superficial gas velocity ug , obtained from IBM simulation of fluidization at ug = 2.4 m/s.
The straight dot line represents the time-averaged pressure drop.

In addition, the fluctuations of the granular temperature are also analyzed at this gas veloc-
ity, with the frequency spectra shown in Figure 6.15. Again, a quantitative agreement on
a characteristic frequency of f = 2± 0.2 s−1 is obtained between the experiment, the IBM
simulation and the IBM-PIV results.

In general, observations obtained from the experiment and the simulation of fluidization
at ug = 2.4 m/s are similar to those discussed in Sections 6.5.1-6.5.3 for ug = 2.6 m/s.
Although slight difference is found in the time-average solids flux profile, the influence of
the superficial gas velocity on the dynamics of the fluidized bed is not pronounced since
the two considered velocities are quite close.
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Figure 6.15: The magnitude of the complex Fourier coefficients Υ for the fluctuations in
the granular temperature for ug = 2.4 m/s.

6.6 Conclusions

The methodology detailed in Chapter 3 allows for better predictions of the gas-solid inter-
action force using the immersed boundary method even with a relatively coarse grid. This
enables direct numerical simulations of a small but real gas-fluidized bed. In this study, we
performed IBM simulations of a pseudo-2D gas-fluidized bed with 5000 spherical particles.
The simulation results are directly compared with experimental data using the extended
PIV and DIA techniques. The time-averaged pressure drop measured from experiments
is consistent with the value predicted by the simulations. Moreover, a reasonably good
agreement with respect to the time-averaged solids motion is obtained between simulations
and experiments, where typical circulation patterns are obtained with the solids moving
upwards in the middle of the bed and downwards near the walls. A slight difference is
observed in the time-averaged bed expansion, which can be attributed to various reasons
including the relatively short computing time, simulation input data such as the particle
properties and the used constant dm, as well as the 2D to 3D volume correlation used in
the DIA algorithm.

Besides, as IBM simulations provide the information (velocities, positions) of individual
particles, it allowed us to investigate the granular temperature in detail. The observed
anisotropy of the granular temperature is consistent with the conclusions reported in liter-
ature. However, the ratio of the components of Θ should be examined as well with respect
to the interpretation or definition of the granular temperature, in case experimental and
simulation data are compared. Furthermore, it turns out that the granular temperature at
the macro scale reveals more details of the gas-solid flows, such as the upward and down-
ward motions of the particles as well as the eruption of the bubbles. Conversely, such
details can not be observed from the conventional granular temperature at the micro scale,
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as measured in experimental studies and most of the larger-scale modeling (DPM, TFM).
For instance, the granular temperature in TFM is calculated based on the KTGF closures
for unresolved particle interactions, which is related to the relative motion of particles at
a small length scale. One could also use TFM velocity data to compute the granular tem-
perature at a macro scale, which is related to the variance of the velocities in the resolved
solids phase. Moreover, distinct differences are observed between the magnitudes of those
obtained granular temperatures with respect to different volume/window/box sizes for
the spatial average. Therefore, we suggest that care should be taken in studies of granular
temperature, especially for direct comparisons between experiments and simulations while
using different types of models. Subsequently, using the artificial images generated from
the IBM simulation results, we demonstrate the successful application of the extended PIV
technique for measuring the granular temperature in the bubbling fluidization regime.
Quantitative agreements have been obtained between our experiments and IBM simula-
tions, with respect to the granular temperature and its spectral characteristics as well.

Finally, we conclude that a successful comparison has been made in this study between
IBM simulations and experiments conducted for a pseudo-2D gas-fluidized bed. Direct
numerical simulations of fluidized beds, in all aspects, provide more detailed and valuable
quantitative information for understanding the bed behavior.

86



CHAPTER7
Outlook

Dense gas-solid flows have been the subject of intense research over the past decades, owing to
its wealth of scientifically interesting phenomena, as well as its direct relevance for innumer-
able industrial applications such as processes in fluidized beds. To understand the large-scale
dense gas-solid flows from first principles, a multi-scale modeling strategy constitutes a powerful
framework to account for the transfer phenomena prevailing at a wide range of scales in space
and time. As the most detailed model, direct numerical simulation plays a very important role
by providing data or insights to develop closure laws which can represent the effective interphase
interactions in less detailed models. The long-term objective of this project is to develop a funda-
mental understanding and quantitative description of the wide variety of complex phenomena
observed in dense gas-solid flows. The work reported in this thesis demonstrates the application
of DNS with respect to improving the drag correlation by modeling flow past static and dy-
namic homogeneous gas-particle suspensions using an IBM. This motivates further development
of more complex but realistic problems/systems. This chapter will introduce some possible ex-
tensions for the multi-scale methodology to attack even more complicated systems, including
non-spherical particles, wet particles, and particle clustering/heterogeneity.
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7.1 Extension for spherical particles

From DNS of flows through static and dynamic arrays of monodisperse spheres, which
have been detailed in Chapter 4 and Chapter 5 respectively, a drag correlation accounting
for the particle mobility effect is proposed as Eq. (5.8). This correlation is considered to
replace all the existing static drag laws for the description of effective gas-solid momentum
exchange in unresolved CFD simulations of dense gas-solid flows. Yet, some extensions of
this work can be recommended for the sake of the accuracy of these predictive simulations.

First of all, as indicated in Section 5.3.2, our new drag correlation Eq. (5.8) can readily
be implemented into larger-scale models like DPM and TFM for simulations of fluidized
beds. The ReT in this correlation can be calculated in such simulations based on the gran-
ular temperature, which can readily be evaluated in both the DPM and the TFM. On the
other hand, the detailed investigation in Section 6.5.3 indicates the subtlety in the measure-
ment or interpretation of the granular temperature in gas-fluidized systems. This means
that attention needs to be paid on the implementation of our new drag correlation into
DPM and TFM with respect to the term of ReT . In general, the control volume that
is specified for the evaluation of the granular temperature should be sufficiently large to
account for the presence of neighboring particles, and also be restricted to locally homo-
geneous particle systems. In addition, an identical control volume is prerequisite for the
calculation of ReT , Re and φ in the prediction of the drag force.

Secondly, an effective way for a direct estimation of the drag based on known flow quan-
tities is provided by Eq. (5.8) with an expression for ReT given by Eq. (5.6). However,
Eq. (5.6) does not take into account the contribution by inelastic particle collisions, which
to some extent can reduce the magnitude of the granular temperature. Therefore, IBM
simulations in this thesis can be extended for dynamic spherical particles with inelastic
collisions. In addition to Re, φ and ρp/ρg , the relevant parameters to explore are nor-
mal restitution coefficient, tangential restitution coefficient and friction coefficient. Based
on those simulation data, a comprehensive relation of ReT can be obtained, which subse-
quently can be incorporated into Eq. (5.8) for accurate prediction of the drag force.

Furthermore, Eq. (5.8) is derived for the drag force in systems consisting of monodisperse
spherical particles. In reality however, truly monodisperse systems are rarely encountered.
Usually, particles in fluidized beds cover a certain range of diameters rather than a unique
size, or a particle size distribution results from physical and/or chemical processes (i.e.
polymerization). Thus, the influence of this polydispersity on the drag force needs to be
taken into account for the derivation of the drag correlation from direct numerical sim-
ulations. Extensions of IBM simulations reported in this thesis should involve additional
parameters, such as the number of particle species, diameter ratios, distribution widths
around an average diameter, mixture composition, etc. However, the parameter space of
these variables in polydisperse systems is quite large. Hence, a similar approach as applied
by Beetstra (2005) can be considered, which limits the study to bidisperse systems with a
certain range of diameter ratios. With those simulation data, an extra term accounting for
the polydispersity can be added to Eq. (5.8), which is valid for monodisperse systems.
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7.2 Non-spherical particles

Particles, in nature, form in different shapes that can be roughly categorized as spherical
and non-spherical. With respect to dense gas-solid flows, most of the numerical investi-
gations are dedicated to spherical particles, which simplify the treatment of gas-solid drag
and particle collisions. However, particles in industrial applications are rarely spherical.
As a very important example, biomass, irregular non-spherical particles, are abundantly
encountered in fluidized beds owing to its great potential for sustainable energy conver-
sion processes (Cui and Grace, 2007). Such particles experience anisotropic gas drag and
anisotropic collisions, which directly affect the voids and heterogeneous structures, as well
as mass and heat transfer rates in the systems. Thus, studying the dependence of physi-
cal properties on particle shape/orientation is of fundamental importance, not only for
advancing our scientific understanding of dense gas-solid flows, but also for industrially
important processes. Particularly, to derive high quality drag relations from DNS for non-
spherical particles is absolutely essential for a quantitative prediction of such processes in
larger-scale modeling simulations.

Despite the high interest, only a few researchers have numerically investigated particles
with non-spherical shapes, which are mostly cubes (Galindo-Torres, 2013), cylinders (Koch
and Ladd, 1997; Tavassoli et al., 2015) and ellipsoids (Fonseca and Herrmann, 2004). Con-
versely, there have been a variety of parameters proposed to characterize the impact of
non-spherical particles on the dynamics of gas-solid systems, such as, effective diameter,
normalized spanwise extension, normalized crosswise extension, aspect ratio, sphericity,
crosswise sphericity, lengthwise sphericity, the Zingg factor, the Corey shape factor, vol-
umetric shape factor, roundness, orientation, and so on. As for particle size, the com-
monly applied measure is the effective diameter, which is the diameter of the volume-
equivalent sphere. For isotropically shaped particles, this effective diameter approximates
to the screen size of the particles. However, Richter and Nikrityuk (2012) studied the flow
around ellipsoids and cubes, and concluded that the relation between the drag coefficient
and the particle geometry is mainly influenced by the normalized spanwise particle length.
With respect to the particle shape, a shape factor is often utilized, which means that the
particle is compared to a sphere and the characteristic dimension is corrected with the
selected shape factor. In fluidization literature, the particle sphericity is most commonly
used especially for close to isometrically shaped particles. Commonly it is recognized that
particles experience higher drag as they become less spherical. Hölzer and Sommerfeld
(2008) developed a regression formula based on the standard, crosswise and lengthwise
sphericity, and claimed that this approach allows different particle shapes and different
particle orientations to be included. However, Loth (2008) has reported that regularly-
shaped particles of different shapes but the same sphericity can have significantly different
drag coefficients. Further, he concluded that the aspect ratio is the best shape factor for
spheroids, the surface area ratio for regular particles, and the Corey shape factor for irregu-
lar particles. Besides, Liu et al. (2008) have experimentally established that the Zingg factor
well describes the effect of particle morphology on fluidization characteristics of regular
particles with sphericity ranging from 0.6 to 0.8. Nevertheless, according to Taylor (2002),
a generalized quantitative definition of shape does not exist and different definitions may
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be used depending on the application. For investigations on the anisotropic drag and col-
lisions of bio-materials, which often have a flake-like or cylinder-like shape, normalized
spanwise length and Corey shape factor can be considered to describe the size and shape
well, respectively.

In addition, orientation is also very important to characterize fluid-particle interaction.
For instance, biomass particles with their size and shape well described can experience dif-
ferent drag forces due to their orientations in the flow. Many existing studies are dedicated
to the orientation preference of non-spherical particles. For instance, Shardt and Derksen
(2012) performed direct simulations of dense suspensions of red blood cells and observed a
preferentially vertical orientation of the particle. Oschmann et al. (2014) also reported that
elongated particles tend to align parallel to the walls of the vessel, and a smaller number
of particles take up orientations perpendicular to the walls. Generally speaking, elon-
gated or flattened particles tend to align with their largest size in the flow direction and
their smallest dimension in the direction of the velocity gradient (Guo and Curtis, 2015).
This alignment becomes more significant as the particles become more elongated or flat-
ter. Thus for DNS of non-spherical (biomass) particles, as a first step, one can study the
orientation preference to reduce the parameter space of the to-be-performed simulations.

Finally it should be noted that biomass, especially long thin biomass rods, cannot easily be
fluidized because of their peculiar shapes, sizes and densities. For proper fluidization and
processing of biomass particulates in a fluidized bed, a second fluidization medium such as
silica sand is used to promote smooth fluidization, but also acts as a heat carrier. Usually,
sands are categorized as irregular spherical particles. Thus, interaction and mixing of the
(spherical and non-spherical) species becomes an additional aspect for process operation.
There is, in principle, no fundamental problem to construct particles in various shapes in
direct numerical simulations with the IBM, which is highly suitable for modeling particles
with complex geometries. The major challenge would be to detect the contact with the
neighbor particles and to calculate the overlap area, intersection and contact points, normal
and tangential contact vectors. To this end, single particle collision experiments, similar to
those on spherical particles, can contribute to assessing the (approximate) validity of the
contact model used in DNS.

7.3 Wet particles

Gas-fluidized beds with liquid injection have a significant potential for a wide variety of
solids handling processes carried out within the chemical, pharmaceutical, agriculture and
food industries (Heinrich et al., 2003). In such a fluidized bed, collisions between droplets,
originating from atomisation of a liquid feed, and bed particles, and collisions between
the wet bed particles themselves, are the mechanisms whereby the liquid spreads over the
particle surfaces, which will determine the morphology of the produced particles and also
their further transport within the system. From the daily practice of solids production
and handling, it is known that wet particles behave completely different (i.e. much more
complicated) from dry particles. Nevertheless, a fundamental description of the dynam-
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ics of wet particles coupled with fluid dynamics is seriously missing. Therefore, a solid
understanding and a priori knowledge of the behavior of wet particles is of significant im-
portance for proper control of these gas-solid processes in terms of the product quality,
system efficiency and production rate. To this end, discrete particle models can be applied
as a valuable research tool to gain more insight and to test continuum theories describ-
ing these processes. However, the predictive capability of these models depends on the
accuracy of the particle-particle contact dynamics, which is not well understood for wet
particles. Thus, the main issues remaining are the determination of the conditions under
which wet particles stick or rebound upon impact, and the determination of an effective
restitution coefficient of such particles.

Over the past decade, extensive experimental/analytical research has been conducted to
estimate the wet interactions via experimental determination of effective (wet) restitution
coefficients. The elastohydrodynamic theory of Davis et al. (1986) was the first theoretical
framework to combine fluid dynamics with solid mechanics for modeling wet particle col-
lisions. The theory describes the wet collision based on two non-dimensional parameters:
the Stokes number (St) that represents the ratio of the inertia of the sphere and viscous
forces from the liquid, and the elasticity parameter that represents the ratio of viscous
forces tending to deform the sphere and the elasticity force resisting deformation. More-
over, at wet conditions a critical impact velocity is obtained, for impacts below which no
rebound occurs. Later, Davis et al. (2002) conducted experimental tests for examination
of this theory, and described their results by a simple expression of the form:

ewet = edr y(1− Stc/St), (7.1)

where ewet and edr y are the wet and dry restitution coefficients, respectively, and Stc is the
critical Stokes number below which no rebound is observed. According to this model,
the wet restitution coefficient is always lower than the dry restitution coefficient, due to
the viscous losses associated with fluid flow. This model was further verified by extensive
experimental results obtained by Davis and co-workers (Kantak and Davis, 2004; Kan-
tak et al., 2005; Kantak and Davis, 2006), and it has received a lot of attention since its
development. In addition, Joseph et al. (2001) experimentally measured the approach
and rebound of a particle colliding with a wall in a viscous fluid. Their experiments also
demonstrated that the particle rebound velocity mainly depends on the impact Stokes
number and weakly on the elastic properties of the material. At low impact velocities and
thin liquid layer surface roughness of the particle plays an important role. Further, Fu
et al. (2004) correlated properties of the granules (in terms of binder content, porosity,
shape, and surface characteristics) prepared under different operating conditions by esti-
mating the restitution coefficient. Antonyuk et al. (2009) obtained experimental results
for the particle collision (at 2.36 m/s impact velocity) and compared those with numeri-
cal results obtained by numerically solving the equation of motion by considering various
forces acting on the particle. In the range beyond the critical impact velocity, it was found
that higher impact velocities lead to lower restitution coefficients. This work was extended
in Mueller et al. (2011) for measurements of the normal restitution coefficient for three
wet granules on a hardened steel plate. Recently, Sutkar et al. (2015) developed a novel ap-
proach to determine wet restitution coefficients through a unified correlation and energy
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analysis. The efficiency of this approach was analyzed by comparing the obtained results
with the model by Davis et al. (2002) and experiments performed by impacting a spherical
particle on a stationary plate covered with a thin liquid layer of water or glycerol solution.

Despite many significant results, experimental studies for wet interactions are often lim-
ited. In general, such experiments are performed by impacting a particle on a target plate
covered with thin liquid films or immersed in liquids to mimic wet particle collisions. It
is very difficult to control a thin and/or maintain a uniform liquid layer thickness on the
target plate or around the particle. More significantly, experiments under actual fluidizing
condition (in another words, low particle velocities, multiple-particle collisions) are virtu-
ally impossible to perform and to control. Conversely, these challenges in experiments can
relatively easy be overcome by using direct numerical simulations. Comparing to experi-
mental measurements, DNS also possesses some additional advantages including a) more
accurate measurement of the restitution coefficient in terms of exact identification of the
impact and rebound velocities based on the trajectory of the particle; b) easy implementa-
tion and control of systems such as a dry particle colliding with a wet plate, a dry particle
colliding with a wet particle, and collision of two wet particles; c) complete investigation of
the effects of physical properties including density and size of the particle, impact velocity
and angle, thickness of the liquid layer, viscosity of the liquid, etc. d) providing detailed in-
formation to advance the understanding of the mechanisms for granule collisional energy
loss. In the reported work by Jain et al. (2012), a combined volume of fluid and immersed
boundary method (VOF-IBM) was applied to perform DNS of a particle impacting on
thin liquid films, in order to understand the effect of physical properties on the apparent
restitution coefficient. With detailed experimental validations using the results obtained
by Antonyuk et al. (2009), the applicability of the VOF-IBM model to study wet-particle
collisions was demonstrated. With the increase of computational capability, the VOF-IBM
model can also be used to study parameters relevant in fluidized beds with liquid injection
and liquid spreading in packings in a very detailed way.

7.4 Particle clustering/heterogeneity

Fluid-particle systems such as in fluidized beds manifest structures over a wide range of
spatial and time scales. The clustering of particles in fluidized beds (Wilhelm and Kwauk,
1948), circulating fluidized beds (Horio and Kuroki, 1994; Helland et al., 2007) and flu-
idized bed risers (Agrawal et al., 2001; Cocco et al., 2010) has been reported as a funda-
mental issue to be understood in (dense) gas-particle flows. The resulting heterogeneity
has a significant effect on the transport and overall chemical conversion rate in these sys-
tems. Depending on operating conditions and material properties, particle clusters can
exist on two scales: (i) meso-clusters consisting of a few to 20 or more particles, and (ii)
macro-clusters consisting of hundreds of particles that may exist as spheres, strands or
streamers. To be clear, we here restrict the clusters as groups of particles held together as
a result of hydrodynamics effects, which should be distinguished from agglomerates that
consist of particles held together by cohesive forces such as electrostatics, capillary and
van der Waals forces, etc. The study of particle clusters has received a lot of attention,
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resulting in many experimental and simulation studies. The formation of such clusters
has a significant impact on the average gas-solid interactions (McMillan et al., 2013). For
instance, particle configurations inside a cluster experience a considerably lower drag than
particles in random arrangement (Shah et al., 2013). In general, it was shown that for
heterogeneous configurations (which are typically encountered in gas-fluidized beds) there
can be large deviations between the domain-averaged interaction force and the true individ-
ual forces (ten Cate and Sundaresan, 2006; Kriebitzsch et al., 2008). Therefore, for better
understanding of the bed dynamics, the mechanism of cluster formation and the effect of
clusters/heterogeneity on the hydrodynamics is very important, which is however poorly
understood at present.

All the drag closures currently used in DPM and TFM simulations are based on the as-
sumption that the system is locally homogeneous. Those closures often quantify the lo-
cally averaged drag in terms of the local quantities, i.e., the solids volume fraction, the
slip velocity, the mean-squared fluctuation velocity of the particles and the fluid proper-
ties, which are averaged with respect to the grid size used in such simulations. Interfaces
at heterogeneous structures such as bubbles or the bed surface and clusters are not taken
explicitly into account. To account for these effects of clustering/heterogeneity, the con-
ventional drag correlations based on homogeneous systems are often modified such as
using sub-grid scale and energy minimization approaches. Despite these modifications, the
performance of CFD models has been limited to qualitative agreement with experimen-
tal measurements (Shuai et al., 2011). An accurate drag correlation, which incorporates
the effect of particle clustering (or local heterogeneity), can pave the way to improve the
predictive accuracy of CFD simulations that solve the full continuum equations as encoun-
tered in the KTGF.

The typical question raised is how much the momentum transfer changes when a particle
is on the edge of a bubble, or when the particle is part of a cluster, as compared to when it is
part of a homogeneous suspension. Quantification of the effects of clusters/heterogeneity
on fluid-particle drag can, in principle, be achieved by performing DNS in large computa-
tional domains, which provide detailed information on the flow and individual particles,
thus mechanism of the formation of particle clusters can be obtained. Ma et al. (2009) is
one of the few publications so far to address such simulations on heterogeneous gas-solid
suspensions where dynamic clustering is inherent. Their computations have demonstrated
the severe impact of the heterogeneity on the drag closure, however this effect can not be
described by simply incorporating in the drag closure a term proportional to the gradi-
ent in the solids volume fraction. Thus, the main challenge is how to parameterize this
complex effect, which undoubtedly requires further massive DNS of inhomogeneous sus-
pensions.

As a starting point, one can first study the effect of a single cluster on the gas-solid drag
force. Simulations can be performed with flows through (static or dynamic) particles
with a (fixed or moving) cluster of a few particles. Controlling parameters that can be
considered are: Reynolds number (superficial gas velocity), solids volume fractions (the
global one in the system and the local one inside the cluster), the radial distribution func-
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tion of configurations, particle properties including size, density and surface morphology
(elasticity, friction, shape). At a comprehensive level, DNS can be performed in large com-
putational domains with each particles free to translate, rotate and form clusters. As an
additional controlling factor, wall effects need eventually to be considered in these simula-
tions as well.
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APPENDIXA
Effects of the time step and the

iteration number

With respect to the immersed boundary method used in this work, there are two basic
and essential parameters for the simulation setups: the time step ∆t and the number ns of
forcing iterations. Firstly, time dependence of the method due to the time discretization
needs to be investigated. Besides, the number of forcing iterations dictates to what extent
the no-slip boundary condition is fulfilled, and therefore has a significant effect on the
accuracy of the simulation results of the interphase interaction force. The effects of the
time step ∆t and the iteration number ns on the accuracy of the predicted gas-solid drag
force are investigated by the detailed study of the flow through FCC array of spheres at
Re=100 and φ = 0.5. Grid resolutions considered in this study rang from dp/h = 16 to
64.

Figure A.1a gives the results of dimensionless drag force as a function of (dp/h)−2 for dif-
ferent time steps (∆t = 1 × 10−5s, 4 × 10−6s, 1 × 10−6s), with the number of iterations
set to ns = 5. It can be seen that the effect of ∆t on the obtained drag force is negligible.
Therefore, it can be concluded that the present IBM simulations with forcing iterations ap-
plied are almost time-step independent. Note that ∆t should satisfy the Courant stability
condition C F L = |umax |∆t

h < 1.

The effect of iteration number ns on the dimensionless drag force is shown in Figure A.1b.
It is first observed that the results for ns = 0, which represents the original Uhlmann
(2005) method, are much lower than those with IB forcing iterations irrespective of the
resolution. This demonstrates the significant improvement of the iterative IBM based on
the original method, namely to collectively enforce no-slip boundary condition by itera-
tive solutions. By increasing ns from 0 to 2, it is seen in Figure A.1b that the values of Fd
substantially increase. However, increasing ns from 2 to 5 yields much smaller increase in
Fd . Specifically for the resolutions dp/h ≥ 32, deviation ∆F between ns = 2 and 5 is only
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Figure A.1: Effects of (a) the time step and (b) the iteration number on the simulation
results of the dimensionless drag force for FCC arrays of spheres at Re=100 and φ = 0.5.

within 1% difference. This suggests that ns = 2 is optimal for sufficient accuracy of the
IBM results while maintaining the computational efficiency of the method. This optimal
value ns = 2 is also in accordance with the conclusion reported by Breugem (2012).
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APPENDIXB
Simulation data

Table B.1: “Resolution-free” results of the dimensionless drag force in FCC arrays of
spheres, with the standard error of linear fitting.

HHH
HHφ
Re 50 100 200 500 800 1000

0.01 2.810
(±0.004)

3.189
(±0.002)

3.388
(±0.001)

9.873
(±0.012)

17.350
(±0.140)

0.05 3.965
(±0.001)

4.609
(±0.007)

5.536
(±0.016)

13.940
(±0.068)

21.973
(±0.074)

0.1 5.249
(±0.003)

6.244
(±0.016)

8.186
(±0.001)

18.096
(±0.060)

28.543
(±0.015)

32.437
(±0.210)

0.15 6.572
(±0.010)

7.852
(±0.009)

10.906
(±0.016)

22.119
(±0.198)

34.099
(±0.104)

39.398
(±0.153)

0.2 8.060
(±0.016)

9.590
(±0.017)

13.415
(±0.029)

26.108
(±0.135)

38.414
(±0.031)

45.720
(±0.144)

0.25 9.836
(±0.019)

11.621
(±0.014)

15.657
(±0.230)

30.167
(±0.163)

43.881
(±0.275)

49.431
(±0.923)

0.3 12.036
(±0.029)

14.104
(±0.018)

18.026
(±0.076)

33.891
(±0.193)

49.073
(±0.204)

57.531
(±0.094)

0.35 14.868
(±0.033)

17.305
(±0.036)

21.159
(±0.081)

38.765
(±0.245)

56.601
(±0.419)

64.557
(±0.353)

Continued on next page
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Table B.1 – Continued from previous page
HH

HHHφ
Re 50 100 200 500 800 1000

0.4 18.729
(±0.046)

21.544
(±0.043)

25.626
(±0.151)

45.070
(±0.398)

63.720
(±0.036)

76.364
(±0.408)

0.45 24.140
(±0.007)

27.394
(±0.133)

32.390
(±0.065)

55.072
(±0.759)

78.634
(±0.803)

89.043
(±0.343)

0.5 31.964
(±0.196)

36.354
(±0.093)

43.203
(±0.455)

70.110
(±0.350)

99.740
(±0.690)

106.177
(±0.487)

0.55 44.714
(±0.182)

50.621
(±0.329)

57.434
(±0.738)

101.129
(±0.513)

135.293
(±1.053)

155.477
(±0.399)

0.6 65.332
(±0.388)

78.952
(±0.764)

88.276
(±0.568)

139.296
(±1.436)

186.176
(±1.972)

214.635
(±1.797)

0.65 96.149
(±0.816)

138.394
(±1.089)

156.842
(±1.285)

231.763
(±2.604)

309.271
(±6.006)

Table B.2: Parameters in fitting function Eq. (3.1) for FCC arrays at different Reynolds
numbers.

Re a b c d e

50 0.4765 -0.2694 -0.6410 0.9255 -0.5904
100 0.2829 1.6162 -3.3701 2.4318 -1.1539
200 0.3619 0.8975 -2.783 2.645 -1.332
500 0.01395 1.546 -2.618 1.714 -0.7608
800 0.0425 0.5563 -1.055 0.797 -0.3879
1000 0.4309 -2.958 3.385 -0.9059 0.04115
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Table B.3: Simulation data for flows past dynamic arrays of monodisperse spherical parti-
cles with a particle/fluid density ratio of 500. All the values are obtained by time averaging
over the simulation results after a steady state is attained for Re, ReT and Fd all. Note that
the standard deviations by averaging are less than 1%, thus are not presented here.

φ Re ReT Fd

0.1

53.76 2.56 6.342±0.062
100.6 4.32 9.054±0.11
185.3 7.36 12.78±0.19
404.6 15.04 23.51±0.28
715.5 24.48 36.17±0.64
891.5 28.32 40.83±0.59

0.15

48.48 2.72 7.251±0.028
100.3 5.28 12.36±0.15
179.5 7.52 18.39±0.22
416.2 14.88 34.33±0.49
708.3 24.16 45.59±0.63
809.0 28.48 53.88±0.68

0.2

46.56 2.72 10.15±0.06
99.04 4.80 14.87±0.09
169.0 8.32 24.69±0.19
401.1 15.52 39.79±0.26
724.5 24.80 53.31±0.37
835.7 28.48 59.16±0.48

0.25

48.96 2.88 13.04±0.08
90.56 4.80 19.58±0.09
173.9 8.00 30.21±0.16
399.2 16.32 52.67±0.35
710.6 25.28 72.68±0.44
891.2 31.68 93.38±0.61

0.3

49.28 2.56 15.81±0.05
89.44 4.80 23.37±0.11
163.2 7.68 34.22±0.16
376.6 14.88 61.96±0.31
621.3 24.32 99.61±0.54
727.3 28.16 109.9±0.46

Continued on next page
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Table B.3 – Continued from previous page

φ Re ReT Fd

0.35

45.28 2.40 20.01±0.11
84.96 3.68 32.46±0.19
161.6 7.84 47.83±0.19
357.6 13.28 73.39±0.37
560.6 21.60 119.5±0.63
685.6 25.44 133.1±0.61

0.4

45.44 2.72 27.04±0.06
84.48 4.96 44.06±0.11
152.3 6.88 53.48±0.11
344.5 13.60 95.70±0.31
553.2 19.52 127.1±0.32
673.4 25.76 168.9±0.47

0.45

42.56 2.24 32.61±0.09
84.00 3.84 49.29±0.17
137.9 5.44 66.88±0.17
324.6 11.36 122.9±0.37
531.6 16.64 164.1±0.64
676.8 20.48 189.5±0.53
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APPENDIXC
Results of the optimal dm for

marker points distribution

A detailed investigation on the optimal diameter dm used for marker points distribution
is presented in Chapter 3, which can be applied to correct for the grid-size effects in IBM
simulations of dense gas-solid flows. On the basis of all the simulation results for FCC ar-
rays of stationary spheres, ∆d/h was calculated for individual combinations of Re, φ and
dp/h. Table C.1 to Table C.3 list the results of∆d/h for simulations of gas-solid systems at
resolutions of dp/h = 12, 16 and 20, respectively. It is found that ∆d/h strongly depends
on Re and dp/h, while it slightly varies with φ. Thus the data are averaged over all the
solids volume fractions for each combination of Re and dp/h, which are also presented in
these tables together with the averaging standard deviation.

Considering the wide range of flow conditions encountered in practice, it is convenient
to have a general correlation of ∆d/h based on all data. This correlation is preferred to be
of a simple functional format, which can be easily implemented into the IB method. Under
this consideration, solids volume fraction φ is eliminated from the dependent variables of
the correlation. This simplification is appropriate since the maximum deviation of ∆d/h
for different φ is about 10% from all the calculated data. Therefore, an averaged value of
∆d/h is taken over the entire range of φ, such as shown in the above tables. In Figure C.1
the averaged ∆d/h at different Re and dp/h are shown by symbols with error bars for the
standard deviations. These data are fitted to a function as:

∆d
h
=

dp − dm

h
=

1
1.187+ 0.03416(dp/h)1.507

+ 0.079Re0.5 − 0.001Re (C.1)

which is plotted as the lines in this figure. In the limit of an extremely fine grid (h→ 0),
Eq. (C.1) gives ∆d approaching to zero. Note that the results for low Reynolds number
reported by Kriebitzsch (2011) are also taken into account in this equation, as shown
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by the symbols at Re=10 in Figure C.1. It should be stressed here that this correlation
provides the estimation of dm that are suitable only for the immersed boundary method
followed the concept of Uhlmann (2005) with the use of a regularized delta function with
a support of three grid cells. No test has been done yet for other types of immersed
boundary methods.

Table C.1: Results of ∆d/h for different Re and φ at a resolution of dp/h= 12.

H
HHHHφ

Re 50 100 200 500 800 1000

0.1 0.751 1.000 1.280 1.646 1.729 2.121
0.15 0.786 0.958 1.259 1.737 1.762 2.270
0.2 0.800 0.975 1.440 1.735 1.862 2.056
0.25 0.819 1.029 1.445 1.748 1.803 1.880
0.3 0.852 1.089 1.495 1.744 1.800 1.874
0.35 0.888 1.122 1.503 1.688 1.755 1.847
0.4 0.912 1.127 1.379 1.697 1.801 2.176
0.45 0.896 1.091 1.400 1.599 1.793 1.862
0.5 0.910 1.077 1.355 1.582 1.689 2.035
0.55 0.893 1.048 1.356 1.583 1.670 1.901
0.6 0.855 1.014 1.308 1.533 1.679 1.879

average 0.851 1.048 1.334 1.656 1.758 1.917
deviation 0.055 0.058 0.053 0.078 0.061 0.081

Table C.2: Results of ∆d/h for different Re and φ at a resolution of dp/h= 16.

HH
HHHφ

Re 50 100 200 500 800 1000

0.1 0.647 0.844 1.001 1.465 1.486 1.932
0.15 0.703 0.780 0.967 1.642 1.481 2.019
0.2 0.701 0.797 1.290 1.600 1.794 1.902
0.25 0.720 0.883 1.297 1.688 1.692 1.681
0.3 0.750 0.955 1.357 1.647 1.674 1.743
0.35 0.783 1.001 1.494 1.592 1.639 1.543
0.4 0.808 1.017 1.269 1.610 1.696 1.875
0.45 0.823 1.015 1.336 1.533 1.702 1.751
0.5 0.840 1.007 1.295 1.490 1.608 1.914
0.55 0.836 0.983 1.291 1.492 1.595 1.842
0.6 0.800 0.952 1.243 1.444 1.623 1.864

average 0.765 0.945 1.235 1.564 1.689 1.791
deviation 0.065 0.078 0.136 0.083 0.055 0.123
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Table C.3: Results of ∆d/h for different Re and φ at a resolution of dp/h= 20.

H
HHHHφ

Re 50 100 200 500 800 1000

0.1 0.570 0.729 0.813 1.321 1.292 1.769
0.15 0.640 0.647 0.803 1.524 1.277 1.799
0.2 0.622 0.663 1.170 1.472 1.699 1.778
0.25 0.641 0.765 1.178 1.626 1.590 1.615
0.3 0.668 0.848 1.223 1.561 1.562 1.644
0.35 0.699 0.905 1.485 1.511 1.537 1.415
0.4 0.725 0.930 1.177 1.536 1.592 1.662
0.45 0.758 0.947 1.275 1.467 1.612 1.647
0.5 0.779 0.945 1.241 1.409 1.534 1.810
0.55 0.786 0.925 1.235 1.411 1.528 1.785
0.6 0.751 0.897 1.185 1.366 1.573 1.848

average 0.726 0.895 1.162 1.502 1.614 1.723
deviation 0.052 0.061 0.196 0.070 0.057 0.078
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Figure C.1: Results of normalized distance ∆d/h versus Reynolds number for different
resolutions (see legend). The symbols represent the averaged value over φ = [0.1, 0.6]
with the error bars for the standard deviation, while Eq. (C.1) is plotted as lines.
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