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2 1.1 Introduction

1.1 Introduction

Ever since the world became digital it is becoming increasingly cumbersome to
handle the huge amount of image information by human inspection. Photogra-
phers rely on photo-editing software in order to get from digits to visual images.
This opens big opportunities for creativity as well as for science. The huge and
ever increasing amount of medical data requires sophisticated image processing
to translate a doctor’s knowledge into mathematical models and algorithms, and
vice versa.

Automatic and reliable object retrieval algorithms are often required for various
kinds of search tasks, ranging from simple problems like license plate detection to
nearly prohibitively complicated tasks of tumor detection in medical images. This
thesis was initiated (as project in the IOP Image Analysis program 2003-2007) by
a document analysis problem of the company Océ-Technologies B.V, where the
detection of logos on document pages was required.

Many such algorithms have been proposed for a variety of specific tasks. How-
ever, only very few algorithms are designed to cope with the immense variability
of query tasks and image characteristics. This requires a generic approach towards
the problem of object retrieval. The development of generic object retrieval al-
gorithms confronts us with the need for a radically new design. There is one
system, capable of preforming the task seemingly effortlessly: human vision. In
this thesis we have been inspired by the studies of human visual perception, in
order to mimic the mathematical mechanisms found on the computer. This leads
us into the realm of computer vision.

Computer vision is a complement of biological vision. Studies of biological vision
model how human visual perception operates in terms of physiological processes.
Computer vision, on the other hand, studies and describes artificial vision sys-
tems. Exchange of knowledge between biological and computer vision has proven
increasingly fruitful for both fields. One of the important physical parameters of
the human visual system is scale (i.e. inverse resolution). In computer vision it
has inspired the development of scale-space theory, besides various other multi-
scale paradigms, which allows one to consider a fiducial input image at different
scales simultaneously.

The human visual system samples the outside world at multiple scales. In the
retina so-called receptive fields are located, which consist of groups of photore-
ceptors assembled in such a way that they constitue a set of apertures of widely
varying size. Together these receptive fields measure a scale-space of the retinal
input image [31, 28]. Using convolution with a normalized Gaussian kernel one
can simulate this effect as argued by Koenderink [48, 49, 51, 50, 52, 53]. Young
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1.2 Summary of this Thesis 3

[84, 85] reports that cells in the visual cortex have receptive field profiles that
indeed agree well with derivatives of a Gaussian.

The structure of a (retinal or artificial) image at multiple scales simultaneously
has been referred to by Koenderink as the image’s deep structure. Understanding
deep structure appears to be a prerequisite for success in revealing the inner
workings of the visual system, and thus also for the development of generic visual
routines in computer vision.

1.2 Summary of this Thesis

The main focus of the research presented in this thesis is to explore the use of
the deep structure of images in retrieval and matching applications. Over the last
decades, many approaches for image matching tasks have been developed. Most
of these are application-driven and heavily dependent on the type of the images
and objects involved (for example, modeling facial features in face-detection algo-
rithms). Some are more generic, but “messy” in the sense that they include a lot
of tunable parameters, which hampers their transparency and in this way limits
their applicability. The objective in this thesis is to develop a generic algorithm
for object retrieval, i.e. without taking into account any specific assumptions and
models for images and objects, and with as few parameters as possible. At the
same time this algorithm has to be robust with respect to various degrading fac-
tors, and scale invariant, so that similar objects will be retrieved regardless of
their size and irrespective of image resolution. (Of course, genericity, robustness,
and scale invariance are all subject to limitations in practice.)

The following summarizes the contents of this thesis.

Chapter 2 is devoted to the fundamental results of scale-space theory and the
deep structure of images. We study catastrophe theory, which yields certain
interest points in the form of singularities in scale space, so-called top-points.
We also study noise propagation in Gaussian scale space. We need this theory
to understand and predict the stability of top-points in section 3. A notion of
distance in scale-space is not trivial in view of the incommensurable nature of
the domains of scale and space. Two possible distances between points in scale-
space are nevertheless considered, viz. Eberly’s distance and circle overlap. These
distance measures will play a role in later chapters.

Chapter 3 discusses different possibilities for choosing interest points, such as
Harris, Hessian, Difference-of-Gaussian and top-points. These points are going
to be used for matching purposes, and should therefore be robust under certain
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4 1.2 Summary of this Thesis

groups of transformations. The choice of Laplacian top-points is justified on the
basis of their properties and by virtue of experimental results. There is always a
trade-off between invariance and discriminative power of the interest points. Forc-
ing points to be invariant to all possible transformations makes matching impos-
sible, since everything can so to speak be matched to everything. In other words,
one will have to trade off degree of invariance against accuracy and robustness of
matching performance. We restrict ourselves to the case of the scale-Euclidean
group and affine intensity changes. Top-points are invariant to these transforma-
tions. By virtue of their definition as a set of differential zero crossings, there
exists an analytic way to predict their sensitivity to additive noise, the knowledge
of which allows us to markedly improve matching results.

Chapter 4 describes several ways to combine information from the neighbor-
hood of a top-point (or other scale-space interest point) into a feature vector.
The decision about two points to be a match is taken based on a distance be-
tween the vectors. Therefore the same requirement about invariance to certain
transformations holds in this case. Several classic feature vectors are discussed
and compared to mathematically well-founded differential invariant descriptors.
Also, several ways to construct differential invariants from a set of derivatives are
considered, and their performance is compared. The essential point turns out to
be the use of a proper distance measure between two feature vectors. A novel
and effective way to do this is proposed. The performance using this new dis-
tance measure, as compared to standard Euclidean and Mahalanobis distance, is
shown to improve drastically, and even allows us to outperform the state-of-the-
art SIFT [65], even though our feature vector is an order of magnitude smaller in
size than the histogram data used by the latter.

Chapter 5 gives the full scheme for image matching and object retrieval, in which
the results of the previous chapters are combined. It describes the transition from
point-to-point matching to the final step in which the location of the object in the
scene is found. In order to do that, a transformation space in which each point
votes for a certain transformation, is considered. The specific transformation is
found by cluster analysis and taking average transformations for each cluster. The
estimated variance of each cluster enables us to determine the confidence level of
the object found.

It should be stressed that this thesis presents a generic method for object re-
trieval. Although tested against a benchmark of real and artificial photographs
and company logos, the method is thus more widely applicable. In general, how-
ever, one may want to compliment the generic model by any specific knowledge in
case the retrieval problem is restricted to a particular type of images and tasks,
e.g. in biomedical image analysis. Biological variability is, however, typically so
large, that it is impossible to start here before understanding the basic behavior
and mechanism. Therefore the first step is to deal with non-variable scenes, tak-
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1.2 Summary of this Thesis 5

ing into account typical “degrading” factors, such as rotation, zooming, occlusion,
linear intensity changes, and additive noise.

This project has been carried out in close collaboration with Océ-Technologies B.V
as part of the IOP project “Intelligent Scanners”. As a representative example
of a segmentation and recognition task in scanned documents, logo detection has
therefore been chosen as the main focus of the project, Figure 1.1. But recall that
no “logo-specific” assumptions are made, so that the algorithm presented in this
thesis is in no way optimized for this particular task. Rather, it is constructed
from the outset so as to be capable, in principle, of handling a much wider class
of retrieval tasks.

Object Scene

Figure 1.1: Typical logo detection task.
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8 2.1 Introduction

2.1 Introduction

In a typical image structures of various sizes can be observed, ranging from some
inner scale, limited by the image’s resolution (i.e. pixel size), to some outer scale,
limited by the size of the image itself. Only in rare cases the scale of the struc-
tures of interest is known, but in most cases it is unknown, so that a multi-scale
representation is required.

The objective of this chapter is to present some fundamental results from scale
space theory, which has been introduced precisely to deal with a priori unknown
scales in images.

2.2 Gaussian Scale Space

A number of approaches to build a multi-scale image representation has been
developed. Gaussian scale space theory was started by Iijima [32] in the context
of character and speech recognition in 1959 (cf. also Weickert for a retrospective
on early Japanese achievements [80]), and “re-discovered” more than 20 years
later by Witkin [82] in 1983 in the context of one-dimensional signals, and by
Koenderink [47] in 1984 in the context of multi-dimensional images. Since then
a variety of different types of scale space axioms has been considered, leading to
different scale space formulations. An extensive overview by Lindeberg can be
found in [61].

The choice for Gaussian scale space can be made on the basis of a set of suitable
axioms. Suppose a transformation Φ depends on a scale parameter t and trans-
forms the original image f into a blurred image, such that the following conditions
are satisfied:

• Linearity. If an image can be presented as a linear combination of two other
images, then the same should hold for the transformed image:

Φ[λf + µg,y, t] = λΦ[f,y, t] + µΦ[g,y, t] (2.1)

for all f, g ∈ L2(R
2), t > 0, λ, µ ∈ R.

• Spatial shift-invariance. There is no preferred location, therefore transform-
ing a translated image is the same as translating the transformed image:

Φ[f(x − b),y, t] = Φ[f(x),y − b, t] (2.2)
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2.2 Gaussian Scale Space 9

for all f ∈ L2(R
2), t > 0, b ∈ R

2.

• Rotation invariance. The transformation is isotropic, therefore transforming
a rotated image is the same as rotating the transformed image:

Φ[f(Rθ(x)),y, t] = Φ[f(x), Rθ(y), t] (2.3)

for all f ∈ L2(R
2), t > 0 and rotation Rθ for any angle θ ∈ [0, 2π].

• Scale invariance. If an image is spatially rescaled with factor a, then there
exists a unique t′ = Ψ[t] such that

Φ[f(x/a),y, t] = Φ[f(x),y/a, t′] . (2.4)

• Semi-group with respect to scale. Applying two successive transformations
with scales t1 and t2 is equivalent to applying a single one with scale t =
t1 + t2:

Φ[Φ[·, t1], t2] = Φ[·, t1 + t2] . (2.5)

• Separability. The N -dimensional transformation can be represented as a
sequence of N one-dimensional transformations. This axiom is mainly useful
from a practical point of view.

From the axioms of linearity and spatial shift invariance it follows that a blurred
version of a signal has to be a convolution of the signal with some kernel g(x, t).
The proof that the kernel should be a Gaussian (we restrict ourself henceforth to
the two-dimensional case only),

g(x, t) =
1

4πt
exp (−‖x‖2/4t) , (2.6)

can be done in different ways, for example, via dimensional analysis presented by
Florack [16], or by an argument of causality as outlined by Koenderink [47].

Note that without the separability requirement, a 1-dimensional family of so-
called α-kernels, is admitted. This was already pointed out by Florack in his PhD
thesis [14], and has been further pursued by Pauwels [72] and more recently by
Duits [10]. A special case within this family has been described by Felsberg and
Duits [13].

2.2.1 Scale Space of Two-Dimensional Images

Given a two-dimensional image f , its scale representation u(x, t) : R
2 × R → R

2

is defined in such a way that for any scale t > 0 it is given by the convolution
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10 2.2 Gaussian Scale Space

Figure 2.1: An image at successive, exponentially increasing, scales.

product
u(x, t) = (g(·, t) ∗ f)(x) , (2.7)

in which g is the Gaussian kernel,

g(x, t) =
1

4πt
exp(−‖x‖2/4t) . (2.8)

The original image arises in the limit of vanishing scale:

lim
t→0

u(x, t) = f(x) . (2.9)

Thus a coarse scale image is obtained by smoothing the fine scale image. A scale
space representation of a 2D image can be seen as a stack of images with scale as
the third dimension, as demonstrated in Figures 2.1 and 2.2.

Both separability and semi-group property can be used in order to improve the
computational efficiency. Separability is very useful in practice, as the smoothing
of a two-dimensional image can be replaced by two one-dimensional smoothings,
since the 2-dimensional Gaussian kernel g can be written as the product of two
one-dimensional kernels g1 : R × R

+ → R:

g(x, t) = g1(x, t)g1(y, t) . (2.10)

The commutative semi-group property states that n successive smoothings of an
image give the same result as one smoothing with an effective kernel size equal to
the sum of all n kernel sizes involved:
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2.2 Gaussian Scale Space 11

Figure 2.2: The scale space representation originating from Figure 2.1.

g(·, t1) ∗ . . . ∗ g(·, tn) ∗ f = g(·, t1 + . . . + tn) ∗ f . (2.11)

In order to accelerate the smoothing operation and alleviate memory and stor-
age demands re-sampling a coarse scale image by a corresponding scale factor
after every smoothing operation is possible. Such pyramid representations and
their aspects have been studied by Burt [6] and Meer et al. [66]. This type of
representation was used by Crowley [7] and Lowe [64] for local feature detection.
Additional relations then have to be introduced in order to find the correspond-
ing point locations at different scales. This makes any theoretical analysis more
complicated, so we will refrain from down-sampling for the sake of convenience.

Features, such as edges, corners, etc., can be expressed in terms of image deriva-
tives, and can be extracted at different scales. Since differential geometry is a
natural framework for describing geometric relations, a large number of formula-
tions in terms of derivatives is found in vision problems and frequently applied in
different formulations, in our case for the description of deep image structure, the
computation of interest points, and the construction of invariant feature vectors.
Derivatives can be computed in a well-defined an well-posed way by virtue of scale
space theory, which allows one to transform differentiation into integration, viz.
as follows:

∂xn(f ∗ g(·, t))(x) = uxn(x, t) =

∫

ξ∈R2

gxn(ξ, t)f(x − ξ) dξ . (2.12)
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12 2.3 Deep Structure in Scale Space

This means that differentiation boils down to convolution with a Gaussian deriva-
tive kernel. A Gaussian derivative kernel is given by

∂xng(x, t) =
1

(−2
√

t)|n|
Hn1

(
x

2
√

t
)Hn2

(
y

2
√

t
)g(x, t) , (2.13)

where n = {n1, n2} and Hni
(x) is the Hermite polynomial of order ni. Examples

of such kernels are given in Figure 2.3.

gx gxx gxx + gyy

Figure 2.3: Some Gaussian derivative kernels.

2.3 Deep Structure in Scale Space

Koenderink proposed to investigate the “deep structure” of an image, i.e. struc-
ture in the scale direction. In our work we focus on one approach, namely catas-
trophe theory. Koenderink has pointed out that Thom’s classification theorem [78]
can be applied in case of scale space images. Catastrophe theory in the context of
the scale space paradigm is now well-established and described by many authors,
i.e. ter Haar Romeny [27], Damon [8, 9], Griffin [24], Johansen [37, 38, 39], Kui-
jper [55, 54], Lindeberg [60, 59] and Loog [63]. For our purposes the most essential
details are given in Florack’s and Kuijper’s work on the topological structure of
scale space images [20], where the behavior of critical points in scale space for
generic images is described.

For every scale a set of critical points x is defined, at which the gradient vanishes,

∇u(x, t) = 0 .

In the generic case this occurs at isolated points. These can be classified according
to the signature (sign of the determinant) of the Hessian matrix

H(u) = ∇∇T u =

[

∂2
xxu ∂x∂yu

∂x∂yu ∂2
yyu

]

. (2.14)

Points with non-zero determinant, referred to as Morse critical points, are minima,
maxima and saddles, where the first two have a positive Hessian signature and
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2.3 Deep Structure in Scale Space 13

the latter a negative Hessian signature. By definition the “charge” (i.e. Hessian
signature) of Morse critical points can never change, and the evolution of a critical
point over scale induces a critical path of corresponding charge.

The only generic events in scale space are creations and annihilations of pairs of
critical points with opposite Hessian signature, as demonstrated in Figure 2.4.
These events are called morsifications and they happen in non-Morse critical
points or top-points, for which one of the eigenvalues of the Hessian is zero. In the
following chapters we will consider top-points in more detail. Typical examples
of critical paths and top-points are illustrated in Figure 2.5.

scale

space annihilation creation

Figure 2.4: The generic catastrophes in isotropic scale space. Left: annihilation of a
pair of Morse critical points. Right: creation of a pair of Morse critical points. The
involved points have opposite Hessian signature.
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14 2.3 Deep Structure in Scale Space

Figure 2.5: Critical curves and critical points for an image. Visualization done in
ScaleSpaceViz [41].
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2.4 Noise Propagation in Scale Space

Noise is amplified by the action of differentiation. This is easily seen from the
Fourier transform

F{ ∂nx+nyu

∂xnx∂yny
}(ωx, ωy) = (ıωx)nx(ıωy)

nyF{u}(ωx, ωy). (2.15)

Therefore the practical use of Gaussian derivatives is limited by noise. On the
other hand, the smoothing effect of the Gaussian kernel reduces the noise, since

F{u}(ωx, ωy) ∝ e−t(ω2

x+ω2

y) . (2.16)

A thorough investigation of noise propagation in scale space is given by Blom [5],
who shows that the averaging property due to the extent t of the kernel may dom-
inate the high frequency noise contribution due to differentiation. Blom gives a
general description to compute the momenta M2

mx,my,nx,ny
=< Nmx,my

Nnx,ny
>

as a function of scale and order of differentiation, given the covariance matrix of
the fiducial (additive) noise function N . In two cases it is possible to give an
analytical solution, viz. (i) if the noise is spatially uncorrelated, and (ii) if the
spatial correlation is Gaussian. We focus on the last case only, since it is more
general, and is the most appropriate model for image matching problems.

The momentum M2
mx,my,nx,ny

of Gaussian derivatives of correlated noise in case
the spatial noise correlation distance τ is much smaller than scale t is given by [5]

M2
mx,my,nx,ny

≃< N2 >
( τ

2t

)

(−1

4t

)
1

2
(mx+my+nx+ny)

Qmx+nx
Qmy+ny

, (2.17)

with

Qn =



















1 if n = 0
0 if n odd

n/2
∏

i=1

(2i − 1) otherwise

(2.18)

in table 2.1 some values of Qn are given.

n 0 2 4 6

Qn 1 1 3 15

Table 2.1: Some values of Qn (Qn=0 if n is odd).

Note that the momentum depends only on the noise variance, and on the as-
sumption that the spatial noise correlation is Gaussian, but knowledge about any
further details of the actual noise distribution density function is not required.
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16 2.5 Distance in Scale Space

2.5 Distance in Scale Space

Although scale space is a not a metric space [15], applications often require some
notion of distance, for example, in the evaluation of image retrieval algorithms,
when the performance is judged on the basis of closeness of two matched points.
We consider two possible pseudo-metrics, which will be used in the matching
validation stage.

2.5.1 Eberly’s Riemannian Scale Space

Eberly [12] proposed a metric, which depends on a parameter ρ > 0, weighing the
relative importance of spatial and scale measurements. The metric is defined by

ds2 =
dx2

σ2
+

dy2

σ2
+

dσ2

ρ2σ2
(2.19)

In order to define the distance between two points (x1, y1, σ1) and (x2, y2, σ2), a
geodesic connecting these two points should be found. A geodesic (x(s), y(s), σ(s))
satisfies the following, so-called geodesic equations [69]:

σ̈ − σ̇2

σ
+

ρ2(ẋ2 + ẏ2)

σ
= 0, (2.20)

ẍ − 2ẋσ̇

σ
= 0, (2.21)

ÿ − 2ẏσ̇

σ
= 0. (2.22)

Here dots mean differentiation with respect to s. We choose length of the path
as the affine parameter, in terms of which the metric (2.19) can be rewritten as

ρ2(ẋ2 + ẏ2) + σ̇2 = ρ2σ2 . (2.23)

Combination of (2.20) and (2.23) yields an ordinary differential equation for σ(s),

σ̈ − 2
σ̇2

σ
+ ρ2σ = 0 , (2.24)

with solution, satisfying boundary condition σ(0) = σ1,

σ(s) = σ1
cosh(r1)

cosh(ρs + r1)
, (2.25)
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2.5 Distance in Scale Space 17

where r1 is an arbitrary constant.

Substituting (2.25) into equations (2.21) and (2.22) gives two ordinary differential
equations for x(s) and y(s). Using boundary conditions

x(0) = x1 , (2.26)

y(0) = y1 , (2.27)

the solutions can be written as

x(s) = C1(tanh(ρs + r1) − tanh(r1)) + x1 , (2.28)

y(s) = C2(tanh(ρs + r1) − tanh(r1)) + y1 , (2.29)

with two arbitrary constants C1 and C2. The relation between these two constants
can be found from equation (2.23)

C2
1 + C2

2 = σ2
1

cosh2(r1)

ρ2
. (2.30)

Imposing boundary conditions for s = S, where S is the length of the geodesic,

σ(S) = σ2 , (2.31)

x(S) = x2 , (2.32)

y(S) = y2 . (2.33)

yields a system of equations for the unknowns C1, C2, r1 and S. In order to
simplify notation, let us introduce r2, such that S = (r2 − r1)/ρ, and R =
√

(x2 − x1)2 + (y2 − y1)2, the spatial distance between (x1, y1) and (x2, y2). The
equations can then be written as follows:







































C1 = x2−x1

tanh(r2)−tanh(r1) ,

C2 = y2−y1

tanh(r2)−tanh(r1) ,

σ2 sinh(r2) − σ1 sinh(r1) = ρR,

σ2 cosh(r2) = σ1 cosh(r1).

(2.34)

Thus the distance between two arbitrary points can be written as

S = (r2 − r1)/ρ , (2.35)

with ri = ln(
√

b2
i + 1 − bi) , i = 1, 2 , (2.36)

and bi =
σ2

2 − σ2
1 − (−1)iρ2R2

2σiρR
, i = 1, 2 . (2.37)
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18 2.5 Distance in Scale Space

x1 x2
xx

σσ

σ1σ1

σ2σ2

x1 = x2

Figure 2.6: Different cases of geodesics (i.e. corresponding to different values of ρ).

For two points exactly above eachother (x1 = x2 and y1 = y2), the limit is
S = | lnσ2/σ1|/ρ. The geodesics are depicted in Figure 2.6.

2.5.2 Regions Intersection

An alternative way to introduce a concept of distance in scale space is as follows.
Every point (x0, t0) can be presented by its support region C, a ball with radius
proportional to the scale of the point:

C = {x|‖x − x0‖ < ρσ0} , (2.38)

where σ =
√

2t. The distance between two points can then be defined by one
minus the area of overlap of the two corresponding support regions:

S = 1 − |C2

⋂

C1|
|C2

⋃

C1|
, (2.39)

which yields 0 if the two discs coincide, and 1 if they have no overlap at all.
Any other case produces a distance between 0 and 1. Note that |C2

⋃

C1| =
|C2| + |C1| − |C2

⋂

C1|, therefore we need to compute only the overlap area.

In [67] a similar measure is used and computed numerically, although it could
have easily been computed analytically, using general knowledge about geometry.
We sketch the way to compute it. Let us denote the distance between the two
points x1 and x2 by r and their respective radii ρσi by Ri (i = 1, 2). Without
loss of generality we can assume that the first point x1 has the largest radius, so
R1 > R2. There are four possible situations, as depicted in Fig. 2.7:

1. It is evident that when the points are spatially far apart we have r ≥ R1+R2,
so that the circles do not overlap and their “distance” equals 1.



i

i

“thesis” — 2007/8/21 — 11:46 — page 19 — #25
i

i

i

i

i

i

2.5 Distance in Scale Space 19

1 2 3 4

R1R1R1R1

R2R2R2R2

a1a1 a2a2

xx yy

rr
rr

Figure 2.7: Four possible configurations of two circles.

2. If one circle is contained in the interior of the other we have r+R2 ≤ R1, so
that C2

⋂

C1 = C2 and C2

⋃

C1 = C1, which yields the distance 1−R2
2/R2

1.

For the remaining cases we denote x = (r2 +R2
1 −R2

2)/(2r), y =
√

R2
1 − x2.

The overlap area in these cases is the sum of areas of two circular seg-
ments. The first segment is the same for both cases, and has an area
a1 = (R2

1 arccos(x/R1) − xy)/π. For the second segment we obtain an
area a2:

3. If the second point is inside the first disc, so that r < R1, then a2 =

R2
2(1 − arccos

(

x−r
R2

)

/π) + (x − r)y/π.

4. If the discs overlap but neither center belongs to the overlap area, then

a2 = (R2
2 arccos

(

r−x
R2

)

− (r − x)y)/π.

In summary the distance is given by

S = 1 − a1 + a2

R2
1 + R2

2 − (a1 + a2)
, (2.40)

with a1, a2 defined as above (assuming a1 = a2 = 0 in the first case).

This geometric computation can be extended to the case of two ellipses, bounding
the support regions of the points, although the analytic expression requires the
consideration of more than 4 possible situations (4 different cases of ellipse inter-
section are shown in Fig. 2.8), since they can intersect in 0, 1, 2, 3, or 4 points. To
find the location of these points a 4th order equation generally needs to be solved.
In order to compute an area of a segment of an ellipse, we reduce the problem to
a calculation of a disc segment area by changing the system of coordinates.

In both introduced distance concepts there is a free parameter ρ to be chosen.
Wijk and Nuij [81] use Eberly’s distance in order to find the optimal animation
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20 2.6 Summary

Figure 2.8: Different cases of intersections of two ellipses.

between two views and the parametrization of arbitrary camera paths. From the-
oretical considerations and a psychophysical experiment they obtain an optimal
value close to ρ =

√
2.

2.6 Summary

In this chapter we have given an introduction to linear scale space theory. The
main properties of Gaussian scale space have been discussed. Separability, a
unique property of Gaussian scale space, allows one to speed up the computation
process. Down-sampling of blurred images, although not considered in this thesis,
will improve computational efficiency even further.

The analytical noise propagation results are important for a stability analysis of
top-points and feature vectors, which will be presented in the following chapters.

Two possible distance measures have been introduced in order to be able to vali-
date matching results. Both of them depend on some parameter which has to be
carefully chosen from a practical point of view. These distance measures will be
used in repeatability tests for interest points.
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3Interest Points

This chapter is partly based on:
E. Balmachnova, L.M.J. Florack, B. Platel and F.M.W. Kanters, Sta-
bility of Top-Points in Scale Space. In Scale Space Methods in Computer
Vision. Proceedings of the 5th international conference on Scale Space
2005, Germany, April 2005, pp 62–72.
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3.1 Introduction

Local descriptors evaluated at certain interest points in scale space are widely used
in object recognition and image retrieval due to their robustness under occlusion
and certain image transformations (rotation, zooming, up to some extent view
point changes), and due to their distinctive power.

Interest points are characteristic points in an image, with high information con-
tent. They should be robust to typical geometric image transformations and
distortions, noise and partial occlusion. There are numerous approaches for inter-
est point definition and detection. In this chapter we describe the most commonly
used ones, and introduce top-points as appropriate candidates of interest points.
In addition, we present a novel, analytical approach to measure the stability of a
top-point.

Top-points have been shown to provide a sparse representation of an image that
can potentially be used for image matching and image reconstruction [11, 19, 33,
34, 36, 44, 42, 43, 58, 70]. To handle unstable top-points that may deteriorate
performance, we derive a new stability measure, which reflects the variance of top-
point displacements induced by additive noise perturbation which is characterized
by a finite variance, but is otherwise unconstrained.

A top-point is an isolated point in scale-space where both gradient and Hessian
determinant vanish. We consider only generic top-points [8, 20]. These correspond
to stable events under typical, sufficiently small image distortions, such as additive
noise. This means that, in theory, generic top-points cannot vanish or change their
character, and are at best slightly displaced under a suitably small local image
distortion. In practice, adding noise to the image may, however, lead to large
displacements for some top-points, and to hardly noticeable displacements for
others. The singularity-theoretical concept of stability is consequently of little use,
as it is merely a necessary requirement for interest points, but the quantification
of the degree of stability becomes an important issue in practice. Thus in practice
we need to distinguish between stable and unstable top-points, depending on this
quantitative measure.

Section 3.3 is devoted to the derivation of an analytic expression describing the
behavior of top-points in case of additive noise. First we describe how to compute
the dislocation of a top-point for each noise realization by using a perturbation
approach. (The perturbation approach is a legitimate one by virtue of theoretical
stability, i.e. genericity.) In order to obtain a noise realization independent quan-
tity, the variances of top-point displacement in the various independent directions
as a function of noise variance and image derivatives are derived in Section 3.3.1.
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3.2 Interest points 23

The variances of top-point displacement along coordinate directions are dependent
on the coordinate system. To overcome this, certain invariants under Euclidean
coordinate transformations will be considered.

The derivation is of a purely analytical nature. Therefore we conclude the section
by a complementary, experimental verification. The conducted experiments con-
firm our theoretical predictions. Thus we have obtained a quantitative measure
of the degree of stability, and thus an operational criterion to distinguish between
stable and unstable (generic) top-points.

3.2 Interest points

In the following section we present the most popular candidates that have been
put forward as viable multi-scale interest points. There exists a wide range of
candidates, such as DoG (Difference-of-Gaussian), Harris points, Harris-Laplace
regions, Hessian-Laplace regions, top-points [65, 68, 73], to mention a few of the
most popular ones. We will briefly review some.

3.2.1 Difference-of-Gaussian points

Lindeberg [62] searches for maxima of the scale normalized Laplacian-of-Gaussian
(LoG) function (Equation (3.1)). Due to properties of Gaussian scale space, this
operator is rotationally invariant and well-adapted for blob detection (Figure 3.2):

LoG(x, σ) = σ2△u . (3.1)

Since u(x, t) satisfies the heat equation ut = △u, Equation 3.1 can be rewritten
as

LoG(x, σ) = σ
∂u

∂σ
. (3.2)

Lowe [65] proposed an efficient algorithm based on local extrema in the scale-space
pyramid built with so-called Difference-of-Gaussian (DoG) filters, an approxima-
tion of the original LoG. Note that “difference” pertains to variation with respect
to scale.

The DoG can be approximated from Equation (3.2), taking the image difference
for two nearby scales separated by a constant multiplicative factor k:

DoG(x, σ) = u(x, kσ) − u(x, σ) . (3.3)
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24 3.2 Interest points

Note that this is a standard discrete difference scheme for a suitably sampled
logarithmic scale derivative.

Apart from this approximation a pyramid like approach is used to further speed
up the interest point detection process. The local extrema in the pyramid repre-
sentation determine the localization and the scale of interest points. The search
for local extrema is done by comparing a pixel to its 26 neighbors (Figure 3.1).
If all neighbors have a value lower or higher than the central pixel, this pixel is
marked as an interest point.

x

y

scale

Figure 3.1: Extrema in the scale-space representation of the Difference-of-Gaussian
images are detected by comparing a pixel (marked with ×) to its 26 neighbors in a 3×3
pixel region at the current and adjacent scales (marked with gray).

The common drawback of the DoG scheme is the detection of spurious local
maxima along straight edges, which are less stable, because their localization is
more sensitive to noise or small changes in neighboring texture.

3.2.2 Harris-Laplace Detector

The original Harris detector [29] selects the points for which two eigenvalues of
an autocorrelation matrix are large. Harris-Laplace detects corner-like structures.
This detector has shown to be very robust against noise and illumination changes,
but fails in the presence of scale changes between images. There are different ways
to adapt it such that it can handle scale changes. We will consider only one, which
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3.2 Interest points 25

Figure 3.2: LoG points in a synthetic image. Left: Original synthetic image. Right:
all LoG points of the image, in which the radius relates to the scale of the blob.

has shown to produce the best repeatability results. Mikolajczyk and Schmid [68]
introduced a scale-adapted version of the Harris corner detector [29]. Consider
the scale-adapted second moment matrix:

µ(sD, sI) = sDGsI
∗
(

usD ,xx usD,xy

usD ,xy usD ,yy ,

)

(3.4)

with sD the differentiation scale, sI the integration scale and GsI
a Gaussian

at scale sI . The Harris measure [29] combines the trace and determinant of this
matrix as a measure for “cornerness”. Scale selection is based on the local maxima
over scale of the normalized Laplacian of the image (LoG), i.e. scale selection is
independent of the measure expressed by Equation (3.4).

At each scale the interest points are extracted by detecting the local maxima in the
8-neighborhood of a point x. In order to reject the maxima of small cornerness,
since they are unstable under image transformations, a threshold is introduced as
follows:

det(µ(x, σn)) − α trace2(µ(x, σn)) > threshold . (3.5)

The matrix µ(x, σn) is computed with the integration scale σI = σn and the
differentiation scale σD = kσn, where k is a constant factor, from experiments
chosen to be 0.7. The Laplacian-of-Gaussian is used for maxima over scale, the
points for which the Laplacian responds below some threshold level are rejected.
Thus various ad hoc thresholds are involved in the construct.
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26 3.2 Interest points

Figure 3.3 shows an example of Harris Laplace points for a natural image.

Figure 3.3: Harris Laplace points and Hessian Laplace points of the butterfly.jpg image
projected on the original image. Left: Original image, with in the center all 110 detected
Harris Laplace points. Right: The strongest 250 Hessian Laplace points.

The straightforward iterative method for interest point detection can be described
as follows. Given an initial point x with scale σx:

• Find the local extremum over scale of the LoG for point x(k), otherwise

reject the point. The range of scales is limited to σk+1
x = sσ

(k)
x with s ∈

[0.7, . . . , 1.4].

• Detect the spatial location x(k+1) of a maximum of the Harris measure
nearest to x(k) for the selected σk+1

x .

• Go to step 1 if σk+1
x 6= σk

x or x(k+1) 6= x(k).

As can be seen the algorithm introduces yet another parameter, s.

The iterative algorithm applied for each point according to Mikolajczyk and
Schmid [68] is rather time consuming. Another important drawback is that the
approach contains several tunable parameters, thresholds and assumptions. Tun-
able parameters have to be set experimentally. Thresholds to ignore “unstable”
interest points, set for the corner response and the Laplacian-of-Gaussian, are also
chosen from experiments. Finding appropriate parameter values for each appli-
cation and type of images is an exhaustive task and requires some ground truth
data.

3.2.3 Hessian-Laplace points

Another set of points, invariant under the scale-Euclidean group, is introduced
by Mikolajczyk and Schmid [68], and referred to as Hessian-Laplace points.
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3.2 Interest points 27

Figure 3.4: Hessian-Laplace points of a synthetic image. Left: Original synthetic
image. Right: All 5 Hessian-Laplace points.

This approach combines a blob detection method (where the local spatial maxima
of the square of the determinant of the Hessian matrix was introduced by Lowe
[65] to eliminate edge responses) with the local scale maxima of the Laplacian.

The Hessian-Laplace detector is similar to DoG and they both detect the same
blob like structures. The advantage of Hessian-Laplace is in higher localization
accuracy in scale-space. The scale localization is also more accurate compared to
the Harris-Laplace detector. Laplacian scale selection performs better on blobs
than on corners. The difference with the Harris-Laplace algorithm is in looking
for the maximum of the signature of the Hessian,

σ4(uxxuyy − u2
xy)

2 , (3.6)

instead of the cornerness response.

Figure 3.4 shows an example of Hessian-Laplace points of a synthetic image.
For ordering the points by strength, the Laplacian is used. Figure 3.3 shows an
example of Hessian Laplace points for a natural image.

3.2.4 Top-points

In Section 2.3 we described the deep structure of an image and its top-points in
particular. Recall that top-points of a scale-space image representation u(x, y, t)



i

i

“thesis” — 2007/8/21 — 11:46 — page 28 — #34
i

i

i

i

i

i

28 3.2 Interest points

Figure 3.5: Top points of a synthetic image. Left: Original image with the critical
paths and top points (third dimension represents scale). Right: All four top points
projected on the image plane.

are defined by the following system of equations:

{

ux = uy = 0,
uxxuyy − u2

xy = 0 .
(3.7)

Our scale parametrization convention is such that u satisfies the following heat
equation:

ut = uxx + uyy. (3.8)

In practice top-points can be detected by intersecting the 3D zero-crossing sur-
faces ux = 0, uy = 0 and uxxuyy − u2

xy = 0. An example of top points of a
synthetic image is shown in Figure 3.5. On the left side, the original image with
the critical paths and the top-points are shown in a 3D view. The third dimension
represents scale.

From Equation (3.7) it is easy to see that the points are invariant under gray
value scaling and offset as well as scale-Euclidean transformations. It is possible
to retrieve the exact location of a top-point from any coarse estimation through
a closed-form vector equation which only depends on local derivatives in the esti-
mated point [20]. All these properties make top-points highly suitable as interest
points for invariant matching schemes.

Any linear scalar differential entity, such as the Laplacian, can be used as input
for the top-point detection algorithm. It has been shown that the Laplacian top-
points can be used for image matching [74] and reconstruction [40]. They are
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Figure 3.6: Laplacian top points of a synthetic image. Left: Original image. Right:
Strongest five Laplacian top-points projected on the image plane.

defined as follows:
{

uxxx + uxyy = uxxy + uyyy = 0
(uxxxx + uxxyy)(uxxyy + uyyyy) − (uxxxy + uxyyy)

2 = 0 ,
(3.9)

cf. Equation (3.7).

Note that the LoG points and their approximating DoG points lie on the critical
paths of the Laplacian image. There may be several extrema on the extremum
branch of a critical path, whereas there is only one top-point per annihilating
extremum/saddle pair. Instead of describing the behavior of local extrema in
scale space, Laplacian top points describe the behavior of blobs through scale.
Figure 3.6 shows the Laplacian top points of a synthetic image.

3.3 Stability of Top-points

In order to get reliable matching results, the top-points, used by the algorithm,
should be stable, or otherwise the algorithm should explicitly account for their
stability. Therefore the criterion of stability for top-points should be considered
first.

Suppose (x0, y0, t0) is a top-point for a fiducial scale-space image u. The stability
of the top-point can be defined by measuring the distance over which the point
moves after adding noise to the image. Therefore we need to understand how the
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30 3.3 Stability of Top-points

position of a top point in scale space is affected by additive noise perturbations.
This is the subject of the next section. After that we return to the issue of
stability.

3.3.1 Refining the Location of Top-points

In order to find the movement of a top-point under noise, we use the top-point
localization refining algorithm described by Florack and Kuijper [20].

Note that top-points are generic entities in scale space, thus cannot vanish or
appear when the image is only slightly perturbed. Throughout we will assume that
the noise variance is “sufficiently small” in the sense that the induced dislocation
of the top-point can be investigated by means of a perturbation approach. For
a given image u we consider its perturbations v under additive noise, i.e. v =
u + N , in which N denotes the noise function. If (x0, y0, t0) denotes a top-point
in u, then due to the noise perturbation it will have shifted to some neighboring
location (x0 + ξ, y0 + η, t0 + τ) in v. By using Taylor expansion, the displacement
(ξ, η, τ) of the top-point (x0, y0, t0) can be computed as follows (here g and H are
vector/matrix notation for the image gradient and Hessian, respectively):





ξ
η
τ



 = −M−1

[

g

detH

]

, (3.10)

where

M =

[

H w

zT c

]

, (3.11)

g = ∇v, H = ∇g, w = ∂tg, z = ∇detH, c = ∂tdetH. (3.12)

with all derivatives taken in the point (x0, y0, t0). Note that this linear refinement
algorithm can be iterated so as to produce a very accurate (sub-voxel) top-point
location. For a derivation we refer to [20].

Explicit expressions of ξ, η and τ in terms of image derivatives can be found in
Appendix A.

3.3.2 Propagation of Errors

In this section, the principles are discussed for the determination of the precision
or reliability of a compound “measurement” in terms of the precision of each
constituent. This subject is known as the propagation of errors [71].
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More precisely, suppose that the derived property f is related to the measured
properties x1, . . ., xn by the functional relation

f = f(x1, . . . , xn) . (3.13)

The function is assumed to be sufficiently regular.

Suppose that all x1, . . . , xn are random and possibly correlated. The propagation
of the variance of f can be approximated as

〈(f(x1, . . . , xn) − f(x̄1, . . . , . . . x̄n))2〉 ≈
n
∑

i=1

n
∑

j=1

∂f

∂xi

∂f

∂xj
〈(xi − x̄i)(xj − x̄j)〉 ,

(3.14)
where all derivatives are calculated for the mean vector (x̄1, . . . , x̄n).

3.3.3 Noise Propagation for Top-Point Displacement

The right hand side of Equation (3.10) consists of an algebraic combination of
image derivatives up to fourth order. Therefore we identify the random variables
(x1, . . . , xn) in our case with the noise derivatives1

(N1, N2, . . . , N14) = (Nx, Ny, Nxx, . . . , Nyyyy) . (3.15)

The computed “measurement” f is a vector of displacements





ξ(N1, . . . , N14)
η(N1, . . . , N14)
τ(N1, . . . , N14)



 (3.16)

in scale space.

The mean vector (N̄1, . . . , N̄n) is zero, therefore the mean displacement is zero as
well





ξ̄
η̄
τ̄



 =





ξ(N̄1, . . . , N̄n)
η(N̄1, . . . , N̄n)
τ(N̄1, . . . , N̄n)



 =





0
0
0



 . (3.17)

Therefore the variance of the displacement vector equals the second order mo-
mentum of the displacement, [〈ξ2〉, 〈η2〉, 〈τ2〉]T .

For simplicity, consider the variance in x direction 〈ξ2〉 only. Similar equations
hold for 〈η2〉 and 〈τ2〉.

1Note that the noise function N is assumed to be smooth.
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32 3.3 Stability of Top-points

Since the actual image v is obtained by adding noise N to the fiducial image u,
i.e. v = u + N , for every i we have

∂ξ

∂Ni
=

∂ξ

∂vi
, (3.18)

therefore (3.14) can be rewritten as

〈ξ2〉 =
n
∑

i=1

n
∑

j=1

∂ξ

∂vi

∂ξ

∂vj
〈NiNj〉. (3.19)

Recall that Ni (vi) is shorthand notation for a partial derivative of the noise
(image) function given by Equation (3.15).

More specifically the numerator of the expression for the displacement ξ (recall
Appendix A, Equation (A.1)) is a polynomial of vx, . . . , vyyyy, which can be rep-
resented as

vxF (vx, . . . , vyyyy)+ vyG(vx, . . . , vyyyy)+ (v2
xy − vxxvyy)H(vx, . . . , vyyyy). (3.20)

From this representation it is easy to see that derivatives of (3.20) with respect
to third and higher order image derivatives taken in the mean point vanish since

vx = ux = 0, vy = uy = 0, v2
xy − vxxvyy = u2

xy − uxxuyy = 0, (3.21)

in the respective top-points of u and v.

Therefore, the sum (3.19) contains terms with derivatives with respect to
vx, vy, vxx, vxy, vyy only. Hence in order to get the final expression for the variance
we only need to compute the mutual correlations of noise derivatives
Nx, Ny, Nxx, Nxy, Nyy, using formulas for noise propagation in scale space pre-
sented in Section 2.4. Higher order noise derivatives play no role.

3.3.4 Invariants

The variances 〈ξ2〉 and 〈η2〉 are not rotationally invariant, as they depend on the
choice of Cartesian coordinate axes. By rotation we get variances as functions of
the polar angle ϕ, 〈ξ2〉(ϕ) and 〈η2〉(ϕ).

After some simplifications the rotated variances can be written as

〈ξ2〉 = (A sin2 ϕ + B sin ϕ cosϕ + C)/D,
〈η2〉 = (A cos2 ϕ − B sin ϕ cosϕ + C)/D, (3.22)
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where A, B, C and D are functions of uxx, . . . , uyyyy (for the sake of complete-
ness the exact expressions are given in Appendix B). The variance of the total

displacement r =
√

ξ2 + η2 can be easily computed from (3.22)

〈r2〉 = 〈ξ2〉 + 〈η2〉 = (A + 2C)/D. (3.23)

Therefore 〈r2〉 is invariant under rotation, as expected, i.e.

〈ξ2〉′ + 〈η2〉′ = 0, (3.24)

where the prime denotes a derivative with respect to the angle of rotation. From
(3.24) one can easily see that if 〈ξ2〉′ is zero, then 〈η2〉′ is zero as well. This shows
that 〈ξ2〉 and 〈η2〉 have an extremum under the same rotation of the axes. The
extrema of 〈ξ2〉 (and 〈η2〉) can be reached by rotation, when (assuming genericity:
B 6= 0)

χ ≡ tanϕ =
A

B
+

√

1 +

(

A

B

)2

(3.25)

The extremal variances are

X = 〈ξ2〉 = χB+2C
2D ,

Y = 〈η2〉 = −B+2χC
2χD .

(3.26)

X and Y are obviously invariant under rotation and translation.

By rotating the coordinate system we find directions in which the variance is
maximal, respectively minimal (these two directions are orthogonal) and we con-
struct an ellipse2 with principal directions and axes that reflect these extremal
noise variances (Figure 3.7).

Note that top-points, in the neighborhood of which there is a lot of structure, have
ellipses with very small radii (meaning that they are stable), whereas top-points
in rather flat locations tend to have large ellipses (i.e. they are unstable) (Figure
3.7). Another invariant is the variance of τ (scale instability) is given by

〈τ2〉 = 4t0((uxx + uyy)(uyy(3uxxuxyy + uxxxuyy)
2 − 2uxy(3uxxuxyy + uxxxuyy)×

(3uxxyuyy + uxxuyyy) + uxx(3uxxyuyy + uxxuyyy)
2))/D

(3.27)

2Note that Equation (3.22) does not parameterize an ellipse. An elliptical “gauge figure”
however is merely used for simplicity.
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34 3.3 Stability of Top-points

Figure 3.7: Variances of top-point displacements for all top-points projected on the
xy-plane.

3.3.5 Experiments

In order to validate the theoretical results, numerical experiments have been con-
ducted. Adding noise to the image results in changing top-point coordinates.
Some top-points hardly move, while others move quite a lot. It is practically
impossible by comparing two top-point clouds to tell which top-point of the fidu-
cial (“noise-free”) image corresponds to which top-point of the actual (noise per-
turbed) image. Therefore it is impossible to investigate the stability unambigu-
ously in a purely experimental way. Instead, we choose a somewhat different
approach, which combines theory and experiments.

For each noise realization N i, where i = 1, . . . , K labels consecutive experiments,
we use (3.10) as a refining algorithm in order to estimate the coordinates of the
actual top-point (x0 + ξi, y0 + ηi, t0 + τi), taking the coordinates of the original
top-point (x0, y0, t0) as an initial guess. The experiment consists of K = 500
noise realizations. Therefore, for each original top-point (x0, y0, t0) we compute
an array {(ξi, ηi, τi)}1≤i≤K of K = 500 displacements.
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The principal directions and maximum and minimum variances for the set of
points, obtained by noise perturbation, have been calculated. In order to find
principal directions, the extremum problem should be solved for the averages

〈ξ2〉(χ) = 1
1+χ2

∑K
i=1(ξi + χηi)

2/K,

〈η2〉(χ) = 1
1+χ2

∑K
i=1(−χξi + ηi)

2/K,
(3.28)

where χ is a tangent of the angle of rotation. The extrema for both variances
are reached under identical rotations, since the sum 〈ξ2〉(χ) + 〈η2〉(χ) does not
depend on χ.

The extremum corresponds to the angle given by

χ̃ = −

K
∑

i=1

(ξ2
i − η2

i )

2

K
∑

i=1

ξiηi

+

√

√

√

√

√

√

√

√

√

√













K
∑

i=1

(ξ2
i − η2

i )

2

K
∑

i=1

ξiηi













2

+ 1 . (3.29)

The variance in this direction is X̃ = 〈η2〉(χ̃):

X̃ =
1

1 + χ̃2

K
∑

i=1

(ξi + χ̃ηi)
2/K . (3.30)

and in the orthogonal direction:

Ỹ =
1

1 + χ̃2

K
∑

i=1

(−χ̃ξi + ηi)
2/K (3.31)

The comparison of theory and experiments is depicted in Figure 3.8. Since both
the theory and the experiments take into account derivatives up to fourth order,
the scale of the top-point should be large enough to obtain reliable results. The
value of ε denotes the relative difference between theoretical and experimental
variances in space and scale:

εX =
X − X̃

X̃
, (3.32)

εT =
T − T̃

T̃
. (3.33)

Figure 3.9 reveals that the relative difference between theoretical and experimental
results is small for large scales (less than 0.01 in spatial direction and 1 in scale
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36 3.4 Experiments

direction) and large for small scales due to computational errors in derivatives, as
expected.

3.4 Experiments

3.4.1 Database

For the experiments we use a data set containing transformed versions of 12 differ-
ent magazine covers. The covers contain a variety of objects and text. For every
magazine cover rotated, zoomed and noisy versions, as well as versions subject
to perspective transformations are stored. For each transformation the ground
truth is known, which enables us to verify the performance of different algorithms
on the database. Mikolajczyk’s data set used in [68, 67] is not suitable for our
purposes, as we want to set up ground truth for genuine group transformations
not confounded with other sources of image changes, such as changes in field of
view or lighting conditions, which is not the case in that database.

3.4.2 Repeatability

The stability and accuracy of the top-points are evaluated using the repeatability
criterion proposed by Schmid et al. [76]. The repeatability rate for an interest-
point detector is defined as the ratio between the number of correct point-to-point
correspondences and the minimum number of interest points detected in the image
pair.

Schmid called a point repeatable if the distance between the mapped point, ob-
tained as a result of the actual transformation, and the position where it would
be expected theoretically, is less than ǫ pixels, typically ǫ ≈ 2 [76].

Experiments show the repeatability of top-points under common transformations,
such as rotation, JPEG compression, noise addition and uniform scaling. Image
rotation causes some top-points to be lost or created due to the resampling of
the image as shown in Figure 3.11. In the Gaussian noise experiment we demon-
strate that by using the stability variances the repeatability of the top-points
can be increased (Figure 3.12). From all the points 100%, 50% and 30% of the
most stable top-points are selected for the repeatability experiments respectively.
The stability is calculated as one over area of the ellipse, representing top-point
stability.
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3.4 Experiments 37

Figure 3.8: Examples of top-point movements projected on the xy-plane under noise
realizations (crosses) and theoretical predictions (ellipses). Right column shows an en-
largement of the region of interest box in the neighborhood of a top-point as indicated
on the left.
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38 3.4 Experiments

Figure 3.9: Comparison of experimental and theoretical results. The value of ε denotes
the relative difference between theoretical and experimental variances, a. for spatial
displacement εX , and b. for scale-displacement εT .

Figure 3.10: A selection of images. From left to right: original, rotated, noise per-
turbed, scaled, perspectively distorted image.

From Figure 3.12 it is apparent that discarding unstable points increases the
repeatability significantly. The repeatability of the top-point detector is compared
to that of the DoG interest-point detector. In Figure 3.12 it can be seen that when
we apply a simple threshold on our stability measure (the DoG keypoints have
already been thresholded on stability) we slightly outperform the DoG interest-
point detector for the noise case. Both algorithms perform worst for a rotation
of 45 degrees as expected (resampling artifacts are most severe in this case).
On the average taken over the entire database of 45 degree rotated images the
repeatability of the DoG interest points is 78%. Our top-point interest-point
detector showed a repeatability rate of 85% when thresholded on stability. The
high repeatability rate of the top-points enables us to match images under any
angle of rotation and under high levels of noise.

Of course there is a trade-off between repeatability, which can be cranked up
artificially by removing an increasing number of less stable top-points, and infor-
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mation content, which decreases in the process. This obviously has to be taken
into consideration in the matching algorithm.

20 40 60 80 100 120 140

rotation
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90
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100

repeatability %
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1px

Figure 3.11: The repeatability rate of the top-points for different angles of rotation
for different ǫ.

3.5 Summary and Conclusions

In this chapter we focused on the most popular interest point detectors such as
the Harris detector, the Hessian detector and the Difference-of-Gaussian detector.
They are heavily based on tunable parameters and thresholds. These parameters
vary for different images. There is no clear relation between these parameters and
the image properties, therefore the choice is made on the basis of a training set
of experiments. The training set heavily influences the performance and should
be carefully chosen for every application.

To avoid this problem, a new type of interest point, the top-point, has been
introduced. Top-points are highly invariant interest points, suitable for image
matching. From their definition, it is apparent that top-points are invariant un-
der linear grey value changes as well as under scale-Euclidean transformations
(rotation, scaling, translation).

There is a trade-off between descriptive power and invariance. Highly invariant
points imply the possibility to match everything to everything, at least in prin-
ciple. In most applications it is sufficient to have invariance to small affine and
perspective changes. The top-points however are in theory not invariant to affine
or projective transformations just like the interest-point detectors mentioned ear-
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Figure 3.12: The repeatability rate of the top-points and DoG interest points for
additive Gaussian noise expressed in signal to noise ratio. By selecting 100%, 50% or
30% of the most stable points the repeatability is increased.

lier, but in practice they show to be fairly robust to small affine or projective
transformations.

The main focus was on stability analysis of top-points. We have described an
algorithm for computing stability measures for top-points. The algorithm is based
on a perturbation approach and uses properties of noise propagation in Gaussian
scale space. Variances of top-point displacements can be computed on the basis
of noise variance and fourth order differential structure at the top-point.

The advantage of this approach is that variances of displacements can be predicted
theoretically on the basis of the local differential structure.

The experiments have shown correspondence between the analytical predictions
and practice in cases where the scale of top-point is not too small for reliably
computing fourth order derivatives.

Analytically computed variances can be used for several applications, such as
stability measures and weight measures for a top-point based image retrieval al-
gorithm.

The repeatability of the top-points has proven to be better than the widely used
DoG interest points in a set of experiments.
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This chapter is partly based on:
E. Balmashnova, L.M.J. Florack and B.M. ter Haar Romeny, Feature
Vector Similarity Based on Local Structure. In Scale Space Methods in
Computer Vision.
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4.1 Introduction

The description of local image properties is the next step in our image matching
algorithm, after the extraction of interest points. The obtained feature vector
should be discriminative and robust.

There are numerous description techniques that can be used to compute a local
representation. In section 4.2 an overview of different local features is presented
in the context of scale and affine invariance. In our research we focus on the
feature vectors based on derivatives computed at an interest point, presented in
Section 4.3. Using these, algorithmic performance can be significantly improved
compared to evaluations by Mikolajczyk and Schmid [68] by introducing a sensible
distance measure for such descriptors. We describe and motivate the choice made
in this thesis, and present the validation results in Section 4.5.

Our approach to compute a distance measure is applicable to any feature vector
constructed from Gaussian derivatives taken at the interest point, and it shows
improvement as compared to Mahalanobis and Euclidean distances. The pro-
posed stability based similarity measure (SBSM) is based on the analysis of local
structure at the interest point, and therefore uses a more appropriate covariance
matrix than in case of the globally defined Mahalanobis distance. The symmetry
property intrinsic to a genuine distance function is lost (although this could eas-
ily be repaired by symmetrization), but this does not affect the matching results.
In fact, symmetry is not required conceptually, as we have an asymmetry in the
role of matched pairs; the query object is considered a “ground truth” object,
whereas the object to be retrieved is allowed to exhibit some variability relative
to this. Despite asymmetry of our measure, we will adhere to the terminology of
a “distance” for the sake of simplicity.

An experimental comparison of different types of differential feature vectors is
presented in Section 4.7.

4.2 An Overview of Popular Local Features

There is a variety of descriptors based on different image properties, i.e. pixel
intensities, edges, textures, etc. The most straightforward one, a vector of image
pixel values, using correlation as a distance measure, suffers from high computa-
tional complexity and low robustness to common intensity changes.

One group of approaches uses histograms to represent some characteristics of
shape and appearance. A simple one is the histogram of pixel intensities. A
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more sophisticated histogram based on so-called intensity-domain spin images,
was proposed by Lazebnik et al [57]. They describe a point neighborhood by a
two-dimensional histogram encoding the distribution of image brightness values,
where the two dimensions of the histogram are the distance from the center point
and the intensity value. Shape characteristics, more precisely the edge distribution
in the neighborhood, are used in the so-called geometric histogram [1] and shape
context [3].

Lowe [65] proposed a scale invariant feature transform (SIFT), a local descrip-
tor represented by a histogram of gradient distributions in the detected regions.
There are several successful modifications: rotation-invariant feature transform
(RIFT)[57], PCA-SIFT [83] (which takes advantage of Principal Component Anal-
ysis), SURF (Speeded Up Robust Features) [2], all improving performance over
the original approach. This group of local and differential descriptors (which will
be described in more detail in the next section), has been evaluated by Mikola-
jczyk and Schmid [68].

Another major group of techniques is based on spatial-frequency properties, such
as Laws’ filter mask [56], discrete cosine transform (DCT), wavelet transform [79],
and Gabor filters [23]. These descriptors are widely used in texture classification
and their evaluation is done by Grigorescu et al. [26], and by Randen and Husoy
[75].

In order to avoid a large number of parameters, required by most of the popular
descriptors, we concentrate on differential invariant descriptors [16, 17, 18], de-
scribed in the next section. These have additional conceptual advantages, such as
mathematical simplicity, and the possibility to construct complete systems in a
precise sense, i.e. sets of differential invariants that provably capture all differential
structure up to some predefined order given some invariance group.

4.3 Differential Invariant Descriptors

Local image structure can be captured by the so-called local jet [47], i.e. (roughly
speaking) the set of image derivatives computed up to some order. Differential
feature vectors can be expressed as functions on the local jet {u1, . . . , un} (for
brevity, we have indicated the various image derivatives by uk, k = 1, . . . , n), as
follows:

di = di(u1, . . . , un), i = 1 . . .m . (4.1)

So each feature vector has m components, and each component contains, in princi-
ple, all n derivatives up to the prescribed order. (Note that n cannot be arbitrary,
but is determined by this order and the dimension of space.) We consider several
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ways to build invariants as functions of this type, and give their interpretations.

4.3.1 Differential Invariants

Once the local jet has been calculated, the differential information up to N -th
order (say) is available. However, the jet components depend on one’s choice
of coordinate system, therefore are not invariant to irrelevant coordinate trans-
formations. One of the ways to avoid this problem is to choose one particular,
geometrically meaningful coordinate system, and to compute the local jet com-
ponents (which are then invariants by construction) expressed in this system.
Blom [4] and Florack et al. [16, 17, 18] proposed to use a gauge coordinate system
as a local frame, in which one axis (w) points in the same direction as the local
image gradient, the other axis (v) tangentially along the isophote. The N -jet at
a given base point has a finite number of independent degrees of freedom. In 2D,
e.g., the 3-jet consist of 7 invariants (intensity at the point is considered a zeroth
order differential invariant), the 4-jet captures 11 invariants, and so forth.

We construct the differential feature vectors in such a way that they are invariant
to certain transformations, notably rotation (a “trivial” prerequisite), zooming,
and linear intensity changes. In the experimental part we consider sets of differ-
ential invariants, evaluated at a top-point of the image Laplacian △u (at some
implicit scale and position). For top-points of the Laplacian image the following
set of equations holds:







∂x∆u = uxxx + uxyy = 0 ,
∂y∆u = uxxy + uyyy = 0 ,
detH(∆u) = (uxxxx + uxxyy)(uxxyy + uyyyy) − (uxxxy + uxyyy)

2 = 0 .
(4.2)

For this case the non-trivial, scaled and normalized differential invariants up to
third order are collected into the feature vector given by (4.3), using Einstein’s
summation convention1:

















σ
√

uiui/u
σuii/

√
ujuj

σ2uijuij/(ukuk)

σuiuijuj/(ukuk)3/2

σ2uijkuiujuk/(ulul)
2

σ2εijujkluiukul/(umum)2

















. (4.3)

Here ε is the Levi-Civita or permutation tensor defined in d spatial dimensions as

1That is, a sum over a spatial index of the type
∑d

i=1
Xii is condensed into Xii.
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follows:

εi1i2...id
=







0, if any two labels are the same
1, if i1, i2, . . . , id is an even permutation of 1, . . . , d

−1, if i1, i2, . . . , id is an odd permutation of 1, . . . , d .
(4.4)

This set is complete, in the sense that there exists no other third order invariant
(at a Laplacian top-point!) that is independent of the entries of Equation (4.3).

4.3.2 Gray Value Transformation Invariant

The invariants proposed by Florack et al. [18] are based on the local isophote
structure of an image. Isophotes are lines (in 2D) of constant value in an image,
and their shape is invariant under the group of invertible intensity transforma-
tions, u 7→ γ(u) with γ′ 6= 0.

By construction of the (v, w)-frame, the isophote can be locally parameterized by
v. Expressing the image function (locally around the origin of the local (v, w)-
frame, (v, w) = (0, 0)) in terms of in gauge coordinates, u(v, w), and writing
w(v) for the w-coordinate of the isophote as a function of v, we thus have that
u(v, w(v)) is constant along an isophote, whence

dn

dvn
u(v, w(v)) = 0 . (4.5)

Differential isophote structure of an image can now be captured by w′(0), w′′(0), . . .,
again evaluated at the base point of interest. Solving the equations one can easily
show that, by virtue of uv(0, 0) = 0, we obtain the following set up to fourth order
(in which all quantities are henceforth assumed to be evaluated at the origin):

w′ = 0,

w′′ = −uvv

uw
,

w′′′ = 3
uvvuvw

u2
w

− uvvv

uw
,

w′′′′ = −3
uvv(4u2

vw + uvvuww)

u3
w

+
6uvvuvvw + 4uvvvuvw

u2
w

− uvvvv

uw
.

(4.6)

The invariant w′′ is well known as the isophote curvature. A second set of invari-
ants can be obtained by considering flow lines (gradient integral lines, orthogonal
to the isophotes), which are also invariant to a gray scale transformation. (Both
sets are not complementary, but mutually dependent.)
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Let the flow line be parameterized by

X(λ) =

(

v(λ)
w(λ)

)

. (4.7)

The unit tangent vector of a flow line is, by definition, aligned with the gradient
(a dot indicates differentiation w.r.t. λ; we suppress the parameter λ henceforth
in the notation):

Ẋ =

(

v̇
ẇ

)

=
1

√

u2
v + u2

w

(

uv

uw

)

. (4.8)

Note that ‖Ẋ‖ is a trivial invariant, unlike higher order derivatives, which can be
computed by using (4.8):

‖Ẍ‖ =

∣

∣

∣

∣

uvw

uw

∣

∣

∣

∣

,

‖...
X‖ =

1

u2
w

√

u4
vw + (uwuvww + uvw(uvv − 2uww))2,

‖....
X ‖ =

1

|u3
w|

(9u2
vw(uwuvww + uvw(uvv − 2uww))2 + (uvw(6u2

ww + u2
vv)−

7u3
vw + u2

wuvwww − 5uwwuvwuvv + uw(uvww(uvv − 3uww)+

3uvw(uvvw − uwww)))2)1/2 ,

(4.9)
and so forth. The second order invariant ‖Ẍ‖ is the flow-line curvature. Note
that the third order derivative of the isophote, recall Equation (4.6), is expressed
in terms of both isophote and flow-line curvatures, as well as one third-order gray-
value invariant. This illustrates the dependencies that generally exist between the
isophote and flow-line induced systems of differential invariants.

As a third order feature vector we may choose

(σw′′, σ2w′′′, σ2‖Ẍ‖2, σ3‖...
X‖2) ,

and as a fourth order feature vector we may choose

(σw′′, σ2w′′′, σ3w′′′′, σ2‖Ẍ‖2, σ3‖...
X‖2, σ4‖....

X ‖2) ,

with, in the terminology of Equation (4.1), lengths m = 4 and m = 6, respectively.

4.3.3 Steerable Filters

We showed how to construct rotation invariant feature vectors using gauge coor-
dinates. Another approach was proposed by [22] in terms of steerable filters.
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The n-th order directional derivative in the direction indicated by the angle θ
with respect to the x-axis is given by

u(n)(θ) = ∂n
θ u = (cos θ∂x + sin θ∂y)nu . (4.10)

To obtain a set of n-th order, we compute (n + 1) directional derivatives oriented
in the directions given by the angles θn,i, in which i = 0, . . . , n labels the n + 1
directions. The directions are

θn,i = iπ/(n + 1) + θg , (4.11)

where θg is any fixed orientation at the point (in our case, the gradient direction).
Invariance to linear intensity changes is obtained by dividing the higher order
derivatives by the gradient magnitude, i.e. ‖∇u‖ = u′(θg). The n-th order feature
vector is

(

σu′′(θ2,0)

u′(θg)
,
σu′′(θ2,1)

u′(θg)
,
σu′′(θ2,2)

u′(θg)
, . . . ,

σn−1u(n)(θn,n)

u′(θg)

)

. (4.12)

In case of Laplacian top-points third order features are linear dependent, therefore
two of them should be dropped.

4.4 Validation

A proper comparison of different feature vectors requires an evaluation criterion
and a database. We use the database presented in 3.4.1, and in this section we
describe our choice of evaluation criterion.

4.4.1 Evaluation Criterion

We use a criterion proposed in [83]. It is based on the number of correct matches
and the number of false matches obtained for an image pair. With a “match” we
generally indicate an established coupling between a query and a scene object,
which may or may not be correct, i.e. the term as such is used here without the
implicit connotation of being correct. For the sake of definiteness we therefore
also refer to matched pairs in general as possible matches, to be distinguished
from the disjoint subsets of correct matches, respectively false matches (the latter
two according to some available ground truth):

#possible matches = #correct matches + #false matches . (4.13)

The operational criterion for calling a match correct will be discussed below. A
false match is a possible match that is not correct.
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We couple interest points, i.e. we establish a (possible) match, if the distance
between their feature vectors is below a certain threshold d. Note that since
we know the transformations we also know the ground truth for the matches.
Each feature vector from the reference image is compared to each vector from the
transformed image, and the number of correct matches as well as the number of
false matches, is counted. The threshold d is varied to obtain curves as detailed
in the next section. The results are presented with recall versus 1 − precision .
Recall is the number of correctly matched points relative to the number of ground
truth correspondences between two images of the same scene. A correspondence
refers to what we know from ground truth, and indicates a pairing of an object
and a scene point that has either been found as a correct match, or should ideally
have been found but has been overlooked as such.

So,

recall =
#correct matches

#correspondences
. (4.14)

Note also that

recall =
#possible matches − #false matches

#correspondences
. (4.15)

The number of false matches relative to the number of possible matches is ex-
pressed, by definition, by 1 − precision:

1 − precision =
#false matches

#possible matches
. (4.16)

In other words, using the previous definitions, Equations (4.13) and (4.16):

precision =
#correct matches

#possible matches
. (4.17)

(Note that recall and precision are independent quantities.) The number of correct
matches and correspondences is obtained with an overlap error, ε, so as to allow
for some tolerance in the true position of the target point and the one obtained by
transformation of the query point, for these (sub-pixel) positions will in practice
hardly ever be exactly equal. The overlap error measures how well the points
correspond under a transformation H . It is defined by the ratio of the intersection
and union of two disks S1 and S2 with centers in the interest points, x1 and x2,
and radii given by the scales of the points, σ1 and σ2,

ε = 1 − S2

⋂

HS1

S2

⋃

HS1
, (4.18)

where HS1 = {Hx|x ∈ S1}.
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In case of transformations close to scale-Euclidean ones, HS1 can be approximated
by a disk, and areas of intersection and union can be computed analytically. We
call a match correct if the error ε in the image area covered by two corresponding
regions is less than 50% of the region union. The number of correspondences in
order to compute recall in Equation (4.14) is determined with the same criterion.

A perfect descriptor gives a recall equal to 1 for any precision. In practice, due to
noise and transformations, the distance between two descriptors is almost never
exactly zero, so that the recall starts from some low value and increases with
increasing threshold. Horizontal curves indicate that the recall is attained with a
high precision and is limited by the specificity of the scene. A slowly increasing
curve shows that the descriptor is more sensitive to image degradation. If curves
corresponding to different descriptors are far apart and have different slopes, then
the discriminative power and robustness of the descriptors is different for a given
image transformation or scene type.

4.5 Distance

The space of features is a vector space, but it is not obvious how to introduce a
norm because of the incommensurability of the components. Similarity between
descriptors is usually computed with either the Euclidean or the Mahalanobis
distance measure. The Euclidean distance,

ρEuc(d
(1),d(2))2 =

m
∑

i=1

(d
(1)
i − d

(2)
i )2 , (4.19)

can be used if the components of descriptors are not correlated, the variables
change in the same range of values and have the same dimensions. But the Eu-
clidean distance does not make much sense in case of Equation (4.1), or (4.3), and
indeed performs poorly in practice as we will illustrate in section 4.6. A similarity
measure should take the correlation of features into account. The Mahalanobis
distance has been introduced as one of the ways to overcome this problem:

ρM (d(1),d(2))2 = (d(1) − d(2))T C−1(d(1) − d(2)) . (4.20)

The covariance matrix C is obtained from training data. It is always possible
to reduce computational time by transforming it into a Euclidean distance in a
suitably chosen system of coordinates:

C−1 = T T D−1T ,

dnorm = D−1/2Td , (4.21)

ρM (d(1),d(2)) = ρEuc(d
(1)
norm,d(2)

norm) ,
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where D is a diagonal matrix and T is an orthogonal matrix.

The Mahalanobis distance gives better matching results, but has three disadvan-
tages, viz.

• it requires a covariance matrix to be estimated from training data;

• performance results will depend on the training set used;

• it is a global measure, not optimally adapted to the local structure at any
feature point of interest.

We propose two approaches to overcome these disadvantages, one based on Tay-
lor expansion, and one generic measure similar to (but more generic than) the
Mahalanobis distance that obviates training altogether and takes into account
the local structure at the feature points of interest. In these cases the covariance
matrix is obtained directly from the differential structure at each interest point.
The matrix can be obtained in analytical form and reflects the actual behavior
of the descriptor due to small perturbations. In the next sections we present the
details of these approaches.

4.5.1 Taylor Expansion

We consider a novel approach to compare neighborhoods of two interest points.
Let us represent the structure of the image in a neighborhood of a point by the
Taylor expansion in a gauge coordinate system using a Gaussian window:

f(x)/f(0) =

(

1 +

∞
∑

n=1

n
∑

i=0

1

i!(n − i)!
fn,ix

iyn−i

)

exp(−x2 + y2

2σ2
) , (4.22)

where

fn,i =
∂nf(0, 0)

∂ix∂n−iy
/f(0, 0) ,

and x, y are gauge coordinates. In order to make it scale invariant, we scale the
coordinate system as

x′ = x/σ .

Then the distance between two neighborhoods can be expressed as an L2-norm
of the difference of two Taylor expansions f and g at the respective points, with
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scales σ1 and σ2 respectively, say:

I =

∫ ∫

(

N
∑

n=1

n
∑

i=0

1

i!(n − i)!
(σn

1 fn,i − σn
2 gn,i)x

iyn−i

)2

exp(−(x2 + y2))dxdy .

(4.23)

The introduced distance is invariant to rotation, zooming and grey value scaling.
It is possible to compute the distance analytically and to recast it in a form akin
to the Mahalanobis distance:

I =
N
∑

i1=0

N
∑

i2=0

∑

j1≤N−i1

∑

j2≤N−i2

Ci1j1i2j2(σ
i1+j1
1 fi1+j1,i1 − σi1+j1

2 gi1+j1,i1) ×

(σi2+j2
1 fi2+j2,i2 − σi2+j2

2 gi2+j2,i2) . (4.24)

Straightforward computation yields

Ci1j1i2j2 =







2π(j1 + j2 − 1)!!(i1 + i2 − 1)!!

i1!j1!i2!j2!
, if i1 + i2 = 2k ∧ j1 + j2 = 2l

0, otherwise

(4.25)

Therefore comparing two neighborhoods by their windowed Taylor series turns out
to be equivalent to comparing two feature vectors consisting of gauge derivatives
scaled by intensity at the center using the Mahalonobis distance. But unlike the
original Mahalonobis distance it does not require training data.

The performance of differential descriptors consisting of gauge coordinates is com-
pared for three different distance measures, Euclidean, and the two (empirical,
respectively analytical) Mahalanobis distances, one with a covariance matrix ob-
tained from training data, and the other one with the analytical covariance matrix
given by Equation (4.25). The experiments were conducted for different interest
points, namely DoG points and top-points, and for different image transforma-
tions. For all the cases Euclidean distance performs very poorly, whereas both
Mahalanobis distances perform approximately the same, although neither does
sufficiently well. The typical results for one of the experiments, in which DoG
points have been taken as interest points and the image has been rotated over 45
degrees (worst case scenario), are shown in Figure 4.1.

Because neither distance yields satisfactory performance we turn to a novel, al-
ternative distance measure in the next section.
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0.1 0.2 0.3 0.4 0.5 0.6
recall

0.2
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1
1-precision

Euclidean

Taylor

Mahalonobis

Figure 4.1: Evaluation of different distances in case of DoG points and differential
invariants for an experiment of matching image pairs under a 45 degree rotation.

4.5.2 Stability Based Similarity Measure

In this section a stability based similarity measure (SBSM) is introduced for
feature vectors that are composed of arbitrary algebraic combinations of image
derivatives. Feature matching based on SBSM is shown to outperform algorithms
based on Euclidean and Mahalanobis distances, and does not require any training.

Feature Vector Perturbation

We use a perturbation approach for estimation of the covariance matrix for each
feature vector. To this end we generically model changes in the image due to ren-
dering artifacts induced by transformations, jpeg-compression effects, and other
sources of noise as additive random perturbations. The distribution of the random
value is assumed to be the same for all pixels2.

Recall the notational convention for local jet components (partial image deriva-
tives) introduced in Equation (4.1). Due to linearity of scale-space the perturbed
local jet in the point is

{v1, . . . , vn} = {u1, . . . , un} + {N1, . . . , Nn} , (4.26)

where the last term models the perturbations in the various local jet components.

2This need not be realisitic in detail, but it is the order of magnitude that matters here.
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Let us rewrite Equation (4.1) for the unperturbed image as

di = di(u) , (4.27)

and for the perturbed image as

d̃i = d̃i(v) . (4.28)

Noting that according to Equation (4.26) v = u+N, in self-explanatory notation,
the difference between the two descriptors (4.27–4.28) can be approximated by a
Taylor expansion of Equation (4.28) around u up to first order in N:

∆di = d̃i − di =

n
∑

k=1

∂di

∂vk
|vk=uk

Nk . (4.29)

Therefore, the approximate covariance matrix Σ is given by (〈Ni〉 is assumed to
be zero)

Σij =< ∆di∆dj >=

n
∑

k=1

n
∑

l=1

∂di

∂vk
|vk=uk

∂dj

∂vl
|vl=ul

< NkNl > . (4.30)

The covariance matrix C =< NkNl >1≤k,l≤n of the noise derivatives is given in
Section 2.4.

Similarity Measure

We define the similarity between feature descriptors d and d0 in a similar way as
the well-known Mahalanobis distance, except that for every point d0 we insert its
own covariance matrix, recall Equation (4.30):

ρ(d;d0) = (d − d0)
T Σ−1

d0
(d− d0) . (4.31)

Consequently, the function ρ(d;d0) is not symmetric, therefore it is not a distance
in the strict sense. The reference image d0 is considered to be the “ground truth”.
The covariance matrix and, as a consequence, the distance are proportional to the
constant ǫ2〈N2〉, i.e. the product of noise variance and pixel size. This constant
is the same for all points of the reference image and hence does not change the
ordering of distances from some fiducial object point to the set of all points of the
reference image, therefore the constant can be omitted.

4.6 Experiments

In our experimental setting the distance between every point from the reference
image and every point from the transformed one is calculated for the database
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presented in Section 3.4.1. Two points are considered to be matched if the distance
ρ, Equation (4.31), between their feature vectors is below a certain threshold d.
The result obtained by varying d is presented by a curve. The curve presents
1 − precision versus recall as a function of d. The covariance matrix for the
Mahalanobis distance was obtained by training on the data set itself, so that it
may be regarded ‘optimal’ in the sense that no better results are likely to be
obtained in practice when using a different training set.

Experiments were conducted with different choices of image transformations,
feature vectors and interest points. For every pair of images a recall versus
1 − precision curve is constructed, and then the mean curve over 12 pairs is
computed. In all the experiments usage of SBSM improved the performance.
Here we present three examples. Figure 4.2 depicts SBSM, Euclidean and Ma-
halanobis curves in case of 5% noise, where differential invariants are used in
Difference-of-Gaussian points. In Figure 4.3 top-points are used as interest points
and differential invariants as features for the 45 degree rotation experiment previ-
ously addressed. Figure 4.4 depicts results of using steerable filters at top-points
for image rotation and zooming.

0 0.2 0.4 0.6 0.8
1-precision

0.2

0.4

0.6

0.8

1

re
ca

ll

3

2

1

Figure 4.2: Evaluation of different distances in case of DoG points, differential invari-
ants for 5% noise. 1- SBSM, 2- Euclidean distance, 3- Mahalanobis distance.

4.7 Evaluation of Different Differential Descriptors

The descriptor performance has been evaluated for different transformation types
with Laplacian top-points as interest points. We choose SBSM as a distance
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Figure 4.3: Evaluation of different distances in case of top-points, differential invariants
and 45 degree rotation. 1- SBSM, 2- Euclidean distance, 3- Mahalanobis distance.
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Figure 4.4: Evaluation of different distances in case of top-points, steerable filters and
rotation plus zooming. 1- SBSM, 2- Euclidean distance, 3- Mahalanobis distance.

measure, since it gives the best performance, for the following descriptors:

• Gray value transformation invariants, invariant to the scale-Euclidean group
and the group of invertible intensity transformations.

• Steerable filters, invariant to the scale-Euclidean group and linear intensity
transformations.
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• Differential invariants, invariant to the scale-Euclidean group and intensity
scaling.

• Differential invariants without the first feature, which does not contain the
zeroth order gray value at the point of interest. Excluding the first feature
makes the feature vector invariant to affine intensity transformations.

To evaluate the performance for image rotation, we used images with a 45 degree
rotation angle, since it represents the most difficult case. All the descriptors are
invariant to rotation and should give robust results. Since the gray value invari-
ant feature vector has the smallest dimension, its lower discriminative power is
predictable and corresponds to the performance depicted in Figure 4.5. Differ-
ential invariants give the best performance. Increasing the order of invariance
(from taking maximum third order derivatives to maximum fourth order) leads
to improving performance of feature vectors based on differential invariants and
worsens performance of steerable filters and gray value transformation invariants.

In case of 5% Gaussian noise (Figure 4.2) and 50% scaling (Figure 4.7) the same
effect of increasing order of invariance is observed.

The last experiment involves affine intensity changes given by Ĩ = 0.1 + 0.5I,
with Imax = 1. Since the full set of differential invariants is not invariant to
intensity offset, it performs the worst as depicted in Figure 4.8. Excluding the
first feature eliminates this problem and gives the best performance. The gray
value transformation invariants again lack the discriminative power due to smaller
dimensionality, among others.

In this case all four chosen feature vectors worsen the performance as the order
of derivatives increases.

From the experiments we draw the conclusion that the feature vector constructed
from the differential invariants without the zeroth order feature is the most appro-
priate choice for problems involving the scale-Euclidean group of transformations
and affine intensity changes.

From all the points 100%, 50% and 25% of the most stable top-points are selected
for repeating the experiment, respectively. The stability is defined through stabil-
ity of the top-points and is calculated as 1/detΣ where Σ is the covariance matrix
for top-point stability. From Figure 4.9 it is apparent that discarding unstable
points increases the performance of the feature vector significantly. Another sta-
bility criterion is considered in experiments shown in Figure 4.10. There stability
is defined through stability of the feature and is calculated as one over the de-
terminant of the covariance matrix in the feature space. Figure 4.11 shows that
in case of 50% of points, both criteria give about the same performance and in
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Figure 4.5: Evaluation of different differential descriptors for the 45 degree rotation
case. a- gray value transformation invariants, b- steerable filters, c- differential invari-
ants, d- differential invariants without gray value as a feature. Top: up to third order
derivatives. Bottom: up to fourth order derivatives.
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Figure 4.6: Evaluation of different differential descriptors for the 1% additive Gaussian
noise case. a- gray value transformation invariants, b- steerable filters, c- differential
invariants, d- differential invariants without gray value as a feature. Top: up to third
order derivatives, Bottom: up to fourth order derivatives.
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Figure 4.7: Evaluation of different differential descriptors for the 50% image scaling
case. a- gray value transformation invariants, b- steerable filters, c- differential invari-
ants, d- differential invariants without gray value as a feature. Top: up to third order
derivatives, Bottom: up to fourth order derivatives.
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Figure 4.8: Evaluation of different differential descriptors for the linear illumination
case. a- gray value transformation invariants, b- steerable filters, c- differential invari-
ants, d- differential invariants without gray value as a feature. Top: up to third order
derivatives, Bottom: up to fourth order derivatives.
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Figure 4.9: Comparison of SIFT and different invariants for the 45 degree rotation
case. Differential invariants taken in 100%, 50% and 25% of the most stable points,
where stability is defined by variances of top-point stability.

case of 25% of points, the selection of stable points is more important than that
of stable feature vectors. Of course, both stability criteria can be combined for
further improvement.

4.8 Summary and Conclusions

In this chapter we focused on differential type of feature vectors. These descriptors
have very small dimensionality; in comparison to SIFT the dimensionality is ten
times lower. They have a clear geometric interpretation, as they represent local
image structure. They are easy to implement and fast to compute.

We have introduced a new stability based similarity measure (SBSM) for feature
vectors constructed by means of differential invariants. The algorithm is based
on a perturbation approach and uses properties of noise propagation in Gaussian
scale-space.

The advantage of this approach is that a local covariance matrix describing the
stability of the feature vector can be predicted theoretically on the basis of the
local differential structure, and that no training data are required. In fact the
analytical noise model underlying the SBSM replaces the role of training. The
drawback of using SBSM is a necessity to store a covariance matrix for every
point of the reference image. But even with the necessity to store the matrix, the
dimensionality of the descriptive data per point is much lower in comparison to
SIFT.
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Figure 4.10: Comparison of SIFT and different invariants for the 45 degree rotation
case. Differential invariants taken in 100%, 50% and 25% of the most stable points,
where stability is defined by the covariance matrix of the feature vector.

Another advantage of SBSM is the possibility of using it in order to threshold
interest points with very unstable and therefore unreliable feature vectors. One
can think of eigenvalues of the covariance matrix as a criterium. This allows one
to reduce the amount of data stored as well as computational time needed for
matching.

The experiments show improvement in performance for different choices of interest
points, different combinations of derivatives and several transformations.

The second set of experiments was meant to investigate performance of different
feature vectors. It shows that differential invariants are generally the best choice in
case of the scale-Euclidean group. In the situation with illumination changes, the
intensity value should be excluded from the feature vector in order to outperform
the other feature vectors.

In the last experiments the importance of taking into account stability of the
points and the feature vectors is convincingly demonstrated.
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Figure 4.11: Evaluation of differential invariants for the 45 degree rotation case. Top:
50% of the most stable points. Bottom: 25% of the most stable points. Stability is
defined by: a - variances of top-point stability, b - covariance matrix of the feature
vector.
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5Object Retrieval

This chapter is partly based on:
B. Platel, E.G. Balmachnova, L.M.J. Florack, and B.M. ter Haar
Romeny, Top-Points as Interest Points for Image Matching. In Eu-
ropean Conference on Computer Vision (ECCV), pages 418–429, 2006



i

i

“thesis” — 2007/8/21 — 11:46 — page 66 — #72
i

i

i

i

i

i

66 5.1 Introduction

5.1 Introduction

Object retrieval and matching are typical applications that can be based on image
representations given in terms of interest points. The advantage of using such rep-
resentations, together with suitably defined local descriptors (“feature vectors”),
is (i) manifest invariance to scale-Euclidean transformations, and (ii) tolerance to
occlusion and other types of object distortions insofar as these leave some appre-
ciable subset of interest points and feature attributes associated with the object
approximately unaffected. These issues of invariance, respectively robustness, are
crucial requirements for any object retrieval algorithm.

In this chapter we combine our knowledge about the interest points (Chapter 3)
and feature vectors (Chapter 4) into an object retrieval algorithm. The task is
to recognize the occurrence of a fiducial object in a scene (via transformation
parameter clustering), and to retrieve its location(s), size(s), and pose(s) relative
to an arbitrary scene image coordinate system (by virtue of the properties of each
detected cluster).

The complete algorithm is summarized in a flowchart (Figure 5.1), and will be
explained step by step in this chapter.

5.2 Matching Algorithm

The first step in the object retrieval algorithm is the detection of interest points for
both the query object image and the scene image (recall Chapter 3). The second
step is to compute the feature vector for each interest point (recall Chapter 4).
To establish point correspondences we use the similarity measure (SBSM) defined
in Section 4.5.2. The final step is to estimate the transformation between the
images. In the following sections we discuss each step of the algorithm.

5.2.1 Interest Point Detection

We use Laplacian top-points as interest points (Section 3.2.4). Their locations
are initially detected in a fast, but approximate way. A refining algorithm (Sec-
tion 3.3.1) allows us to obtain a more precise location of the top-point in scale
space. The stability measure can be used in order to threshold the most unstable
and therefore unreliable points. The result of the detection algorithm is the loca-
tion and scale of the interest point (x, y, σ), and the orientation at the point. The
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Figure 5.1: Flowchart describing the complete “object location, size, and pose re-
trieval” algorithm.

orientation is defined by the gradient angle at the location of the interest point

θ(x, y, σ) = arctan(uy/ux) . (5.1)

Note that θ is well defined for interest points where ∇u 6= 0, which holds gener-
ically at Laplacian top-points. We exclude Laplacian top-points with zero gradi-
ent, since these are non-generic entities, and (consequently) are rarely found in
practice (in typical images).

5.2.2 Feature Vector and Similarity Measure

A local feature vector is constructed using differential invariants as described in
Section 4.3.1. We exclude the zeroth order feature, since it encodes the intensity
value at the point and is therefore not invariant to intensity shift. The feature
vector thus contains five elements, each of which is invariant under the group of
scale-Euclidean spatial transfomations and affine intensity changes
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. (5.2)

For each descriptor d0 from the query object the local image covariance matrix
Σ−1

d0
(recall Equation (4.30)) is computed. The Stability Based Similarity Measure

(SBSM) is used to define a “distance” to an arbitrarily chosen second descriptor
d:

ρ(d;d0) = (d − d0)
T Σ−1

d0
(d − d0) . (5.3)

Note that Equation (5.3) is dimensionally consistent, unlike some measures used
in the literature, such as the Euclidean distance. The use of a Euclidean distance
would make no sense here.

5.2.3 Matching

We follow the standard approach for interest point matching. First we search
for point-to-point correspondences. From every pair of points (xo, yo, σo) and
(xs, ys, σs) (in which the subscripts refer to object, respectively scene) the relative
translation, rotation and scaling can be found, as follows:

• Rotation. Every point has an orientation expressed by the angle defined in
Equation (5.1). The difference in angles yields the relative rotation matrix
Rθ with angle θ = θs − θo.

• Scaling. In a similar fashion, the difference between (logarithmic) scales
allows us to compute the relative scaling transformation Ψa(x) = ax with
zoom factor a = σs/σo.

• Translation.T(∆x,∆y)(x, y) = (x+∆x, y+∆y), where the relative translation
vector (∆x, ∆y) is obtained as

(∆x, ∆y) = (xs, ys) − (Rθ ◦ Ψa) (xo, yo). (5.4)

Therefore, each pair of corresponding points gives a point in a 4-dimensional trans-
formation space (viz. a Lie group) represented by (θ, a, ∆x, ∆y) corresponding to
transformation

(x′, y′) = T(∆x,∆y) ◦ Rθ ◦ Ψa(x, y).
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This space will be referred to as a pose space, as points in this space define
the “pose” (in the sense of all aforementioned coordinates) of the object in the
scene. Due to noise, rendering, re-lighting, occlusion and non-scale-Euclidean
distortions, two different pairs of corresponding object/scene points never give
the same transformation, and consequently map to slightly different points in the
pose space. If these degrading factors are not too severe, this results in one or more
clusters in pose space around locations that describe the actual poses of the object
in the scene. Multiple clusters may correspond to a case where multiple copies
of the object are present in the scene. Robustness is tantamount to the ability
to correctly detect and delineate the corresponding clusters. In particular, if we
look at the effect of occlusion in isolation, assuming all other degrading factors
to be negligible, we may observe that very high amounts of partial occlusion do
not necessarily jeopardize retrieval, as long as enough object/scene pairs remain
to produce a correct cluster.

The weight of a point in pose space is taken as the inverse distance given by
the SBSM, i.e. its similarity to the corresponding object point determines our
confidence in the evidence it provides.

Note, however, that unstable interest points actually have small distances to all
interest points. This is clearly an undesirable property, as such interest points in-
duce points in pose space with large weights. It is therefore important to threshold
unstable points first in order to avoid unreliable matching results. (Alternatively,
weight could be redefined so as to trade off similarity and stability; we do not
pursue this option here.)

The next step is to cluster weighted points in this 4-dimensional space. In order
to be independent of irrelevant image parameters such as image size, pose space
is normalized. The angle parameter is naturally bounded. The minimal and
maximal scaling factors, λ− respectively λ+, have to be set manually, depending
on the application in which the matching algorithm is used. For our purpose here
the admissible scaling factor λ is confined to (λ− = 0.2 ≤ λ ≤ 5 = λ+). This
means that matches can be found for objects in the scene that range in scale
from five times smaller up to five times larger than the query object. Possible
translations are obviously bounded by scene image size.

The Hough transform [30] is mostly used in order to find the pose. In the SIFT
algorithm Lowe [65] discretizes the pose space into very broad bins, where each
bin occupies a cell in pose space of the following resolutions: 30 degrees in the
angular dimension, factor 2 in the scale dimension and 0.25 times the training
image size for the translation. If there are 3 points in one bin, they form a cluster
by definition. This gives many false responses, and one broad cluster can be
split into several clusters; therefore this ad hoc procedure requires tuning and
postprocessing.
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We propose to use a different clustering method, based on the Expectation Maxi-
mization (EM) algorithm. The EM algorithm finds maximum likelihood estimates
of parameters in a probabilistic model, where the model depends on so-called un-
observed latent variables. EM iteratively computes first the expected values of the
latent variables, and then the maximum likelihood estimates of the parameters
given the data and setting the latent variables to their expectation values.

We make an assumption that a cluster in pose space can be modeled as a Gaussian
mixture, and that outliers have a uniform distribution, to which parameters of
the mixture should be fitted.

In order to initialize the algorithm, the model requires knowledge about the num-
ber of clusters and initial guesses for the mean values for each class. This problem
is the subject of the following sections.

5.2.4 Estimating the Number of Clusters

If the number of identical object entities in the scene is not known beforehand,
it should be estimated. If the object appears in the scene several times, it means
that for some points there are several matches with almost equally high weights.

If we consider for every point the average weight over its n best matches to a
scene, then while n increases, this average decreases (since every next match has
a lower weight). As long as n remains smaller than the actual number of object
entities, all the weights involved are close to one another, so that the average
decreases slowly with n. As soon as n reaches the actual number of the entities,
the average value suddenly drops much faster. This transient behavior is used in
order to estimate the number of clusters.

Of course, due to occlusion and noise, the same transient behavior won’t be
observed for every point in the object. In order to make a robust estimation
we need to average over the most reliable points. For every object point, we
sort the matches according to their weight. Denoting by wi

j the weight of the
j-th match of the i-th object point, we therefore average over the most reliable
matches according to the following algorithm:

1. For every point compute the average over the best n matches:

Wi(n) =
1

n

n
∑

j=1

wi
j . (5.5)
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2. Find the p largest values of Wi(n) and put them into vector Kp(n):

Kp(n) = {the p largest values of list Wi(n).} (5.6)

p is the highest possible number of clusters. It is possible to take all the
matches, but if application allows to guess p, it saves computation time.

3. Find the mean value of Kp(n):

Rp(n) =
1

p

p
∑

j=1

Kj(n) . (5.7)

4. Compute the derivative by finite difference:

Qp(n) = Rp(n) − Rp(n + 1) . (5.8)

We take the value n where Qp(n) reaches its maximum as a reasonable approxi-
mation of the number of clusters.

5.2.5 Initialization

A weighted k-medians clustering approach is used to make an estimation of the
initial means µc for the Gaussian mixture model in the expectation maximiza-
tion algorithm. The k-medians algorithm is similar to the well known k-means
algorithm, but is less sensitive to outliers.

The k-medians algorithm is randomly initialized with k initial cluster centroids,
where k is the number of clusters. Every weighted pose space point is assigned to
the cluster whose centroid is closest to that point (measured with the Euclidean
distance taking into account the periodicity in the angle dimension). This gives
k sets of weighted points. For each set a new centroid is calculated by taking the
weighted median. After several iterations of this process nothing will be changing.
The resulting medians are used as initial values for the means µc of the Gaussian
mixtures in the EM algorithm. The result of the weighted k-medians may depend
on the initial seeding. This is the reason for running the EM for a number of
different initializations of the k-medians algorithm, after which the result with
the best log-likelihood is chosen. This is illustrated in the bottom of the flowchart
(Figure 5.1).

The expectation maximization algorithm returns the location µc for each cluster,
the covariance matrix Σc and the weight of the cluster ωc (coefficient of the
corresponding Gaussian in the mixture). At this stage clusters with a very low
weight could be discarded by setting a threshold on the cluster weight.
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5.3 Estimating the Object Transformation

For each found cluster the center µc is enough to describe a scale-Euclidean trans-
formation as it contains the translation, scaling and rotation of the object in the
scene (∆x, ∆y, a, ∆θ) as described in Section 5.2.3. In many cases affine transfor-
mations and perspective changes of planar objects occur. In this case the clusters
will be less pronounced. The EM algorithm finds these clusters as Gaussians lo-
cated at µc and with a covariance matrix Σc. The outliers are dropped when
they exhibit a Mahalanobis distance from the cluster centers

d(x, µc) =

√

(x − µc)
TΣ−1

c (x − µc)

larger than a threshold.

In order to obtain a not necessarily scale-Euclidean transformation, not the pose
coordinates themselves are taken from the cluster points, but the information
from which pose coordinates are obtained, namely the object feature information
(xo, yo, σo, θo) and the scene feature information (xs, ys, σs, θs) of the correspond-
ing object/scene pairs. The affine transformation of an object point (xo, yo) to
an image point (xs, ys) can be written as:

[

xs

ys

]

=

[

m1 m2

m3 m4

] [

xo

yo

]

+

[

tx
ty

]

, (5.9)

in which the object translation is (tx, ty) and the affine rotation, scale and stretch
are represented by the parameters mi.

Since the goal is to solve for the transformation parameters, Equation (5.9) is
rewritten to gather the unknowns into a column vector:









xo yo 0 0 1 0
0 0 xo yo 0 1

. . .

. . .

























m1

m2

m3

m4

tx
ty

















=







xs

ys

...






(5.10)

This equation shows a single match, but any number of matched pairs can be
added, where each matched pair contributes two extra rows to the first and last
matrix. At least three matched pairs are needed to provide a solution.

The above linear system can be written as Ap = b, and the least-squares solution
for the parameters p = [m1, m2, m3, m4, tx, ty] T can be determined by solving

p =
[

ATA
]−1

ATb. (5.11)
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Equation (5.11) minimizes the sum of squares of the distances from the projected
object locations to the corresponding scene locations.

For perspective changes of planar objects a similar linear system can be written
as

xs =
m1 + m2xo + m3yo

1 + m7xo + m8yo

ys =
m4 + m5xo + m6yo

1 + m7xo + m8yo
,

(5.12)

which can be rewritten as a linear system with respect to the unknowns as









1 xo yo 0 0 0 −xsxo −xsyo

0 0 0 1 xo yo −ysxo −ysyo

. . .

. . .

































m1

m2

m3

m4

m5

m6

m7

m8

























=







xs

ys

...






. (5.13)

By using Equation (5.11) the least-squares solution for the unknown parameters
p = [m1, m2, m3, m4, m5, m6, m7, m8]

T can be found. A minimum of four point
matches is needed to find a solution.

Since the clustering is done in the pose space, the output of the EM is always a
set of clusters, where all the points have similar rotation angle and scaling factor.
Therefore only small deviations from a scale-Euclidean transformation can be
found with sufficient accuracy. Otherwise, the appropriate assumption about the
kind of transformation should be taken into account before constructing the pose
space. In our case it is not relevant, since the interest points are not invariant to
affine and perspective transformation, but are only robust under transformations
locally “close” to a scale-Euclidean one.

5.4 Retrieval Examples

In this section some retrieval examples are shown, keeping in mind that this PhD
project has been carried out in close collaboration with Océ-Technologies B.V.
as part of the IOP project “Intelligent Scanners”. As a representative example
of a segmentation and recognition task in scanned documents, logo detection has
therefore been chosen as the main focus of the project. But recall that no “logo-
specific” assumptions are made, so that the algorithm presented in this thesis is
in no way optimized for this particular task. (In fact, logos tend to complicate
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the retrieval task for reasons outlined below.) Rather, it is constructed from the
outset so as to be capable, in principle, of handling a much wider class of retrieval
tasks.

A set of different logos is used as objects to be found in the different documents.
In all the cases the logos were put in the documents, sometimes semitransparent,
and the documents were printed out and scanned again in order to acquire the
actual scene images.

In the results, shown in the figures referenced below, rectangles show the outline
of a retrieved object, whereas circles represent the points which contributed to
this result.

Figure 5.2 depicts the result of successful matches in the presence of noise, scale-
Euclidean transformations, and intensity changes.The difficulty in the case of
logos is that they tend to have too little distinctive structure. Put differently, a
top-point representation tends to be too sparse for accurately representing a logo.
For this reason it is an especially challenging task to use logos in our experiments,
which is perhaps somewhat counterintuitive on first thought, considering that
logos are “simple” iconic images. This complication is the reason why in Figure 5.3
the second logo was not found. In Figure 5.4 the small text of the logo has top-
points on very small scales, which cannot be used for reliable computation of
derivatives. The match was found on the basis of the large letters. The same logo
is present in Figure 5.3 and could not be found due to the fact that the scene
contains a lot of text, which has the same structure as the logo. In this case any
retrieval algorithm, based only on point-to-point matches would fail as well. The
only solution here would be to match a cloud of multiple points to another one,
rather than to match pointwise.

In the next experiments the scene is obtained artificially, by scaling and rotation
of the magazine covers. As a result, some of the images have high degree of
occlusion, one of the covers (Animal times) has two entities with different scales,
another (Travel) has two entities with the same transformation, translated with
respect to each other. Figure 5.5 shows that the algorithm is capable to deal with
this task successfully. Figure 5.6 depicts that despite the dithering of the scene
the object still can be found.

The last two Figures 5.7-5.8 show results in case of real images taken by a camera,
where the magazine covers should be detected in the presence of perspective
changes and occlusion. Due to the high degree of occlusion, the transformation
could not be found very accurately, but the algorithm apparently is sufficient for
detection purposes.
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Figure 5.2: The Falco logo is localized on the image, the circles represent the interest
points on which the recovered pose is based. The size of a circle represents the scale of
the interest point.



i

i

“thesis” — 2007/8/21 — 11:46 — page 76 — #82
i

i

i

i

i

i

76 5.4 Retrieval Examples

Figure 5.3: Logo retrieved from a document. The circles represent the interest points
on which the recovered pose is based. The size of a circle represents the scale of the
interest point. The pose is calculated from a scale-Euclidean transformation. The other
two logos (the second Océ logo and the TU/e logo) could not be retrieved.
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Figure 5.4: The pose of the TU/e logo is found on the basis of top-points corresponding
to the large logo structure. The scale-Euclidean information contained in the cluster
center µc however is still accurate.
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78 5.4 Retrieval Examples

Figure 5.5: Three magazine covers are found in the image in the presence of scale-
Euclidean transformations and occlusion. In the case of the car magazine the occluded
part of the cover is more than 80%.
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Figure 5.6: The magazine cover is found in the image despite dithering. Conven-
tional image descriptors are often too close to pixel level to be able to handle this case
successfully.
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Figure 5.7: The magazine cover is found in the image despite a significant degree of
occlusion. The pose is calculated using Equation (5.13), yielding a correct identification
of the underlying perspective transformation.
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Figure 5.8: The pose of the “Motor Trend” magazine is almost correctly found by the
scale-Euclidean transformation. A more accurate transformation cannot be found due
to the high degree of occlusion.



i

i

“thesis” — 2007/8/21 — 11:46 — page 82 — #88
i

i

i

i

i

i

82 5.5 Summary and Discussion

5.5 Summary and Discussion

In this chapter a retrieval algorithm has been proposed. The algorithm uses the
interest points and feature vectors of the object image and compares them to the
interest points and feature vectors of the scene image. Matches between these
features can be interpreted as points in pose space.

By means of clustering in this pose space and solving for affine or perspective
transformations based on the points contained in the clusters, the pose of the ob-
ject can be retrieved even for transformations beyond the scale-Euclidean frame-
work.

For clustering the expectation maximization (EM) algorithm with a Gaussian
mixture model has been used. The EM algorithm gives the most likely parameters
of the mixture model. The advantage of this method is that the properties of the
clusters are known after running the EM algorithm. Size, location and shape are
described by the parameters found by the algorithm. This makes it possible to
accurately select points contained in the cluster and to say something about the
certainty of the cluster, e.g. a cluster with a high weight and small size is very
likely to be accurate and most relevant. From the features contained in the pose
space clusters, the affine or projective pose of an object can be obtained by finding
the least-squares solution of a linear system. Experiments have been conducted
confirming these conjectures.

One should be careful with the choice of algorithms used in each particular appli-
cation. When there is little structure in the object only a few interest points exist,
and performance will be poor. This is a general problem for all methods based
on interest point matching. The experiments show that the algorithm performs
well in most cases when enough reliable interest points are present. The scale-
Euclidean transformation obtained from the pose space cluster center is often still
reasonably accurate even in cases where there are only a few points in a cluster.

For now, the weight of a match has been defined as the inverse of the SBSM
distance. Unstable points in the object would have small distances to a lot of
points, therefore would introduce outliers with very high weights, which could
potentially lead to failure of the algorithm. It is crucial to drop unstable points
before matching. This also allows one to make the database smaller and more
reliable. This is still an open question, since there is no universal threshold. There
is also a possibility to define weight as a function combining information about
the SBSM and the stability information of the point (for example, the area of the
stability ellipse). This requires further research and experiments.
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6.1 General Summary

A generic algorithm for object retrieval, i.e. one without taking into account any
specific assumptions and models for images and objects has been presented. At
the same time this algorithm is robust with respect to various degrading factors,
and scale invariant. The approach gives reliable recognition in the presence of
significant occlusion, affine intensity changes and Scale-Euclidean transformations
of an image. A more detailed summary of the systematic study towards the
construction and evaluation of this algorithm as carried out in this thesis are
outlined step by step in the next sections.

6.2 Characteristic Points and their Properties

The detection of characteristic points is the first step in the algorithm. Robustness
and invariance of the chosen points is crucial for the algorithm. The requirement
of scale invariance leads us to taking into consideration the deep structure of
an image. Because of the requirements of robustness to partial, but potentially
severe, image occlusion, an algorithm based on interest point matching has been
taken as our choice of preference.

We have proposed Laplacian top-points as interest points, and have justified this
choice by investigating their properties, and by comparison with other types of
interest points. The algorithm has a strong mathematical foundation, which has
enabled us to derive many results in analytically closed form. For instance, by
virtue of the definition of characteristic points in terms of a set of differential zero
crossings, there exists an analytic way to predict their sensitivity to additive noise,
the knowledge of which has allowed us to markedly improve upon our matching
results.

Likewise, we have carried out a rigorous stability analysis for the locations and
scales of top-points based on a perturbation approach, using mathematical prop-
erties of noise propagation in Gaussian scale space. The result of this stability
analysis is expressed in terms of variances of top-point displacements as functions
of noise variance and fourth order differential image structure. These variances
can be used in a variety of cases, e.g. for thresholding unreliable points (whereby
the threshold has a clear physical meaning, which facilitates its determination
taking into account requirements for any particular task), or for setting proper
weights for the top-points in the matching algorithm. Experiments have been
conducted, supporting the theoretical conjectures.

Another set of experiments has shown that for scale-Euclidean transformations in
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the presence of noise, Laplacian top-points outperform the state-of-the-art DoG
points.

6.3 Feature Attributes of Characteristic Points

The second important step in the matching algorithm is a proper choice of fea-
ture vector used to characterize the local neighbourhood of a characteristic point.
Such feature attributes are necessary in order to be able to “compare points”. We
have described several ways to combine information from the neighborhood of a
top-point (or other scale-space interest point) into a feature vector. The decision
about two points to define a match has been taken based on a distance measure
between the feature vectors. Therefore the same requirement of invariance to cer-
tain transformations used in the operational definition of the characteristic points
themselves applies to the construction of their feature attributes. Several classic
feature vectors have been discussed and compared to mathematically well-founded
differential invariant descriptors. These descriptors have very small dimension-
ality in comparison to SIFT, viz. one order of magnitude smaller. They have
a clear geometric interpretation, as they capture local (coordinate independent)
image structure. They are easy to implement and fast to compute.

6.4 Feature Vector Similarity Measure

The next essential point has turned out to be the use of a proper distance measure
between two feature vectors. We have proposed a novel and effective way (SBSM
= Stability Based Similarity Measure) to construct such a measure, based on a
stability analysis of feature vector behavior under additive noise perturbations.
The performance using this new distance measure, as compared to the standard
Euclidean and Mahalanobis distances, has been demonstrated to improve drasti-
cally. The advantage of this approach is that a local covariance matrix describing
the stability of the feature vector can be predicted theoretically on the basis of the
local differential structure, so that no training data are actually required (whereas
these are needed to obtain the Mahalanobis distance). In addition, unlike with the
global Mahalanobis distance, the covariance matrix is adapted to the structure
in the immediate neighbourhood of the relevant base point. In fact the analyt-
ical noise model underlying the SBSM replaces the role of training altogether.
Another advantage of SBSM is the possibility of using it in order to threshold
interest points with very unstable and therefore unreliable feature vectors. One
can think of eigenvalues of the covariance matrix as a criterion. This allows one
to reduce the amount of data stored as well as computational time needed for
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matching.

The drawback of using SBSM is the necessity to store a covariance matrix for every
interest point of the reference image. Nevertheless, even despite this necessity to
store such a matrix, the degrees of freedom per interest point remain much lower
in comparison to SIFT.

6.5 Performance Evaluation and Comparison with SIFT

We have carried out a set of experiments comparing performance of the descriptors
for various image transformations and additive noise. The use of SBSM has been
shown to outperform state-of-the-art SIFT [65], even though our feature vector
is an order of magnitude smaller in size than the histogram data used by the
latter. It shows that differential invariants are generally the best choice in case of
the scale-Euclidean group. In situations with illumination changes, the intensity
value should be excluded from the feature vector since it is not invariant to such
transformations. In the last experiments the importance of taking into account
the stability of points and feature vectors has been convincingly demonstrated.

6.6 Putting Everything Together

We have designed a complete scheme for image matching and object retrieval,
in which the choices of interest points and feature vectors have been justified by
all foregoing theoretical considerations and experimental tests. Starting out from
point-to-point matching it predicts the location of a query object in the scene. In
order to accomplish that, a transformation space in which each point votes for a
certain transformation, has been introduced. The specific transformation has been
singled out by cluster analysis, followed by computing the average transformation
for each cluster. For clustering the expectation maximization (EM) algorithm
with a Gaussian mixture model has been used, without claiming optimality (this
would be hard to underpin in view of genericity). The EM algorithm gives the
most likely parameters of the mixture model. The advantage of this method is
that the properties of the clusters are known after running the EM algorithm.
The object’s size, location and shape are described by the parameters found by
the algorithm. This makes it possible to accurately select points contained in a
cluster and to say something about the fidelity of each cluster, e.g. a cluster with
high weight and small size is very likely to be accurate and most relevant.

In addition, from the features contained in the pose space clusters, the affine or
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projective pose of an object can be obtained, if desired, by finding the least-squares
solution of a linear system. This is a refinement of the scale-Euclidean search that
can be even further generalized to account for other spatial transformation groups.
The estimated variance of each cluster enables us to determine the confidence level
of the object found.

6.7 Genericity versus Specificity

It should be stressed that this thesis presents a generic method for object re-
trieval. Although tested against a benchmark of real and artificial photographs
and company logos, the method is thus more widely applicable. Typically, how-
ever, one may want to complement the generic model by any specific knowledge
one is in possession of in cases where the retrieval problem is applied to a particu-
lar problem domain with a restricted class of image characteristics and objectives,
e.g. in biomedical image analysis. As a representative example of a specific seg-
mentation and recognition task, logo detection in scanned documents has been
chosen as the focus for experimentation in this thesis project. But recall that no
“logo-specific” assumptions have been made, so that the algorithm presented in
this thesis is in no way optimized for this particular task. Rather, it has been
constructed from the outset so as to be capable, in principle, of handling a much
wider class of retrieval tasks. As such, the object retrieval algorithm proposed in
this thesis may be regarded as either applicable to a broad spectrum of object
retrieval tasks and image databases, with state-of-the-art overall performance, or
as a skeleton for further specialization via add-ons that capture specific knowledge
in more restrictive settings. In the latter case state-of-the-art performance will
rely crucially on the ingenuity of the add-ons. Despite the obvious limitation of a
generic approach in any specific application, it does have the advantage that one
does not have to start from scratch for each and every specific case.

Any approach based on interest point matching presumes that images have enough
points to enable a reliable match. Therefore, there is a restriction on the size of
images and objects, as well as on their structural complexity. Very small images
and objects, or images and objects with a lot of flat (“a-typical”) plateaus, are
beyond the scope of the proposed method.

6.8 Recommendations for Future Research

For now, the relative weight of a characteristic point in the matching scheme is
defined as the inverse of the SBSM distance. As an undesirable consequence,
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unstable points in the object tend to have small distances to many points, thus
introducing outlier clusters with high weights, which in turn may potentially lead
to failure of the algorithm. It is clearly crucial to drop or at least attenuate the
influence of such unstable points before matching. This would also allow one
to make the database smaller in addition to rendering it more reliable. This is
still an open question, since there exists no universal threshold. There is also a
possibility to define weights as a function combining information about the SBSM
and the scale-space localization stability of the point (for example, the area of the
stability ellipse defined by the spatial variances). This requires further research
and experiments.

Of course, in practice speed is one of the major concerns as well. Prototyping was
done in this project with the help of Mathematica, very suited for the design of
algorithms. For faster implementation, say, C++ should be considered in order
to make the algorithm usable in real applications. Further speed improvements
can be made, e.g. by taking a pyramid scale-space representation in the point
detection algorithm, i.e. by downsampling discrete space in proportion to scale.

The stability information, described in this thesis can improve performance of top-
points in such applications as image reconstruction [35] and optic-flow problems
[36].

Classification of objects is an open problem in general. Local descriptors will be
a logical choice in order to arrive at some classification robust to occlusions and
certain scene variations. The object’s attributes “live” at different scales. The
compact representation in terms of such sparse attributes may be very useful when
the object has a very complex appearance. Classification schemes are usually of
a statistical nature, such as AdaBoost and Support Vector Machines. Of course,
much research is needed in order to choose proper descriptors for this problem.
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In this appendix we give expressions for displacements in the spatial and the scale
directions. The refining equations (3.10) in terms of image derivatives are given
by

[

ξ
η

]

=

(

(v2
xy − vxxvyy)

[

vxy(vxxy + vyyy) − vyy(vxxx + vxyy)
vxy(vxxx + vxyy) − vxx(vxxy + vyyy)

]

−

(vy(vxxx + vxyy) − vx(vxxy + vyyy))

[

−2vxyvxyy + vyyvxxy + vxxvyyy

2vxyvxxy − vyyvxxx − vxxvxyy

]

+

(vyy(vxxxx + vxxyy) + vxx(vxxyy + vyyyy) − 2vxy(vxxxy + vxyyy))
[

vyvxy − vxvyyvxvxy − vyvxx

])

/
detM

(A.1)
The scale displacement equals

τ = (−(v2
xy − vxxvyy)

2 + vy(2v2
xyvxxy + uxx(vyyvxxy + vxxvyyy)−

vxy(3vxxvxyy + vyyvxxx)) + vx(2v2
xyvxyy + vyy(vxxvxyy + vyyvxxx)−

vxy(3vyyvxxy + vxxvyyy)))/detM
(A.2)

In both formulas we have a denominator

detM = (vyyvxxy + vxxvyyy − 2vxyvxyy)(vxy(vxxx + vxyy) − vxx(vxxy + vyyy))
+(vyyvxxx + vxxvxyy − 2vxyvxxy)(vxy(vxxy + vyyy) − vyy(vxxx + vxyy))+
(vxxvyy − v2

xy)(vxx(vxxyy + vyyyy) + vyy(vxxxx + vxxyy)) − 2vxy(vxxxy + vxyyy))
(A.3)
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In Section 3.3.4 the variances 〈ξ2〉 and 〈η2〉 are given as functions of the polar
angle ϕ with four parameters A, B, C and D which have the following expressions:

A = 3(uxx − uyy)(uxx + uyy)
2(uxx(uxxy + uyyy)

2 + (uxxx+
uxyy)((uxxx + uxyy)uyy − 2uxy(uxxy + uyyy))) + 4t0(((−2uxxyuxy+
uxxuxyy + uxxxuyy)(uxxy + uyyy) + (uxxx + uxyy)(−2uxyuxyy + uxxyuyy

+uxxuyyy) + 2uxy(2uxy(uxxxy + uxyyy) − (uxxxx + uxxyy)uyy−
uxx(uxxyy + uyyyy)))

2 + 2(−2uxy(uxxxy + uxyyy)uyy + (uxxxx + uxxyy)u
2
yy

−(uxxy + uyyy)(−2uxyuxyy + uxxyuyy + uxxuyyy) + u2
xy(uxxyy + uyyyy))×

(−(uxxx + uxyy)(uxxuxyy + uxxxuyy) + (uxxy + uyyy)(uxxyuyy + uxxuyyy)+
2uxy(uxxxuxxy − uxyyuyyy) + (−uxx + uyy)(2uxy(uxxxy + uxyyy)−
(uxxxx + uxxyy)uyy − uxx(uxxyy + uyyyy))) + (−(uxxx + uxyy)(uxxuxyy+
uxxxuyy) + (uxxy + uyyy)(uxxyuyy + uxxuyyy) + 2uxy(uxxxuxxy − uxyyuyyy)+
(−uxx + uyy)(2uxy(uxxxy + uxyyy) − (uxxxx + uxxyy)uyy − uxx(uxxyy+
uyyyy)))

2 − 2((−2uxxyuxy + uxxuxyy + uxxxuyy)(uxxy + uyyy)+
(uxxx + uxyy)(−2uxyuxyy + uxxyuyy + uxxuyyy) + 2uxy(2uxy(uxxxy+
uxyyy) − (uxxxx + uxxyy)uyy − uxx(uxxyy + uyyyy)))((uxxx + uxyy)×
(−2uxyuxyy + uxxyuyy + uxxuyyy) − uxy(−2uxy(uxxxy + uxyyy)+
(uxxxx + uxxyy)uyy + uxx(uxxyy + uyyyy))))

(B.1)

B = −6uxy(uxx + uyy)
2(uxx(uxxy + uyyy)

2 + (uxxx + uxyy)((uxxx+
uxyy)uyy − 2uxy(uxxy + uyyy))) + 4t0(2(−2uxy(uxxxy + uxyyy)uyy+
(uxxxx + uxxyy)u

2
yy − (uxxy + uyyy)(−2uxyuxyy + uxxyuyy + uxxuyyy)+

u2
xy(uxxyy + uyyyy))((−2uxxyuxy + uxxuxyy + uxxxuyy)(uxxy + uyyy)+

(uxxx + uxyy)(−2uxyuxyy + uxxyuyy + uxxuyyy) + 2uxy(2uxy(uxxxy+
uxyyy) − (uxxxx + uxxyy)uyy − uxx(uxxyy + uyyyy))) + 2(−(uxxx+
uxyy))(uxxuxyy + uxxxuyy) + (uxxy + uyyy)(uxxyuyy + uxxuyyy)+
2uxy(uxxxuxxy − uxyyuyyy) + (−uxx + uyy)(2uxy(uxxxy + uxyyy)−
(uxxxx + uxxyy)uyy − uxx(uxxyy + uyyyy)))((uxxx + uxyy)(−2uxyuxyy+
uxxyuyy + uxxuyyy) − uxy(−2uxy(uxxxy + uxyyy) + (uxxxx + uxxyy)uyy+
uxx(uxxyy + uyyyy)))

(B.2)

C = 3(uxx + uyy)
2(−(uxxx + uxyy)uyy + uxy(uxxy + uyyy))

2+
4t0((−2uxy(uxxxy + uxyyy)uyy + (uxxxx + uxxyy)u

2
yy + (uxxy + uyyy)×

(2uxyuxyy − uxxyuyy − uxxuyyy) + u2
xy(uxxyy + uyyyy))

2 + ((uxxx + uxyy)×
(−2uxyuxyy + uxxyuyy + uxxuyyy) − uxy(−2uxy(uxxxy + uxyyy)+
(uxxxx + uxxyy)uyy + uxx(uxxyy + uyyyy)))

2)
(B.3)
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D = 8
√

t30(vyyvxxy + vxxvyyy − 2vxyvxyy)(vxy(vxxx + vxyy) − vxx(vxxy+
vyyy)) + (vyyvxxx + vxxvxyy − 2vxyvxxy)(vxy(vxxy + vyyy) − vyy(vxxx + vxyy)))

(B.4)
〈τ2〉 = 4t0((uxx + uyy)(uyy(3uxxuxyy + uxxxuyy)

2 − 2uxy(3uxxuxyy + uxxxuyy)×
(3uxxyuyy + uxxuyyy) + uxx(3uxxyuyy + uxxuyyy)

2))/D
(B.5)
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