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Introduction

1.1 The hitchhiker’s guide to atomic physics

The idea that the world around us is composed of small and fundamental building
blocks goes back more than 2500 years. Already in the sixth century BC, philosophers
in ancient India developed theories that described how these building blocks of matter
could combine into more complex objects with different physical properties [1]. About a
century later, the Greek philosophers Leucippus and Democritus came up with the idea
that all physical objects are made of indivisible discrete units located in the void. These
smallest pieces of matter were called atomos, which means uncuttable or indivisible,
from which the modern name atoms is inherited. In the following years, Plato connected
the notion of atoms to the basic elements - fire, air, water and earth - and postulated a
geometrical basis underlying the structure of the atoms. However, his student Aristotle
regarded the basic elements to be continuous and rejected the idea that atoms are the
basic building blocks of reality. His natural philosophy continued to dominate the
Western view of the world throughout the Middle Ages.

Only in the late sixteenth century AD, experimental evidence in contradiction with
the Aristotelian physics led to renewed interest in the atomic view of the world. Well
known philosophers and early scientists, such as Bacon, Galilei, Descartes and Newton,
developed physical theories that were based on the atomic or corpuscular nature of
matter. With the great success of the kinetic theory of gases, developed independently
by Maxwell and Boltzmann in the late nineteenth century, a modern atomic theory
was born [2].

In the late nineteenth century, the physical world was thought to consist of matter
and radiation. All material objects were considered to be formed by indivisible atoms,
which could in turn form molecules and larger bodies. The wave theory of radiation was
firmly established by a whole range of experiments on electric and magnetic phenomena
and the success of geometrical optics, followed by the discovery of the fundamental
electromagnetic equations by Maxwell and the subsequent discovery of radio waves by
Hertz.

In the following years, new experimental data was found to be in strong contradic-
tion with the classical theories. In 1900, the measured spectrum of black body radiation
could only be understood with the help of Planck’s hypothesis that the interaction be-
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tween matter and radiation is quantized. It became clear that the classical distinction
between the corpuscular nature of matter on the one hand, and the wave character of
radiation on the other, could not be maintained.

Many experiments and a lot of new ideas eventually led to the development of
the theory of quantum mechanics by Bohr, Heisenberg, Schrödinger, Dirac, Pauli and
many others, ending the classical period and giving a completely new understanding,
often mind-boggling, of the microscopic world. Within quantum mechanics particles
have wave-like properties, while the quanta of radiation in many respects behave like
particles. For people outside of physics, quantum mechanics might seem to be a weird
theory, hardly understood even by well trained scientists, and it might even appear not
to be so important to our everyday lives. However, our modern world is in fact full of
technology, such as laser pointers and computer processors, that has its origin directly
in this beautiful theory.

In this thesis, we take a look at the behaviour of gases that consist of millions of
atoms, which are cooled to extremely low temperatures. At these ultralow tempera-
tures the atoms hardly move and the wave-like properties of the atoms become very
important. Because the properties of these atoms can easily be visualized with shadow
pictures and the gas can be probed in many other ways, ultracold atomic gases are
ideal systems to unravel some of the basic foundations of physics, that are hidden in
the microscopic quantum mechanical world.

1.2 Bosons, fermions, cold quantum gases and superfluids

In the last decade, ultracold atomic gases have been used to create complex, but well
controlled many-body quantum systems. These quantum gases can be used to study
quantum mechanical behavior at a macroscopic scale and are as such an ideal play-
ground to study fundamental phenomena originating from different fields of physics,
such as condensed matter and high energy physics, also in regimes that were previously
inaccessible.

The properties of atoms can be manipulated by a variety of tools. For instance,
the internal degrees of freedom, such as the orbital motion and spin state, can be
manipulated, detected and controlled by applying microwave radiation and/or laser
light. With magnetic and/or electric fields the internal energy levels of the atoms can
be shifted and their interaction properties can be controlled. Using the techniques of
laser cooling, optical and magnetic trapping, and evaporative cooling, atomic clouds
can be brought to degeneracy by decreasing the temperature such that the de Broglie
wavelength becomes comparable to the interparticle separation. And, last but not
least, with magnetic fields and lasers a zoo of different trapping geometries can be
realized, for instance creating artificial crystals or periodic lattices for the atoms and
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Figure 1.1 Different behavior of trapped bosons (left) and fermions (right) at zero tem-

perature. Identical bosons macroscopically occupy the same lowest-energy state and form

a BEC. Identical fermions are all in a different quantum state and fill the energy levels up

to the Fermi energy EF .

enabling studies of nearly-ideal 1D and 2D systems.
The fundamental particles in nature exist in two different kinds: those obeying

Bose-Einstein statistics and those obeying Fermi-Dirac statistics. From quantum field
theory it follows that there is a close connection between the quantum statistics of
the particles and their spin, the intrinsic magnetic moment of the particles [3]. The
spin is quantized and can either have an integer or half-integer value. In the case of
atoms, it is the total spin of the constituent electrons and the nucleus that adds up to
a half-integer or integer value. If the atoms have an integer total spin, as is the case for
the alkali atoms 7Li, 85Rb and 133Cs, they behave as bosons. In the case of half-integer
total spin, e.g. 6Li and 40K, the atoms have a fermionic character.

At room temperature, the different statistics of bosonic and fermionic particles
usually does not play a significant role, and a gas of atoms or molecules can be well
described by the classical kinetic gas theory of Maxwell-Boltzmann. However, at ul-
tralow temperatures, which is for dilute and weakly interacting alkali gases typically
on the order of micro Kelvins, the role of quantum statistics becomes apparent. A
dilute bosonic gas undergoes a phase transition at some critical temperature Tc below
which it acquires superfluid properties. At zero temperature, all the atoms are in the
same lowest-energy state and form a coherent matter wave, as sketched in the left part
of Fig. 1.1. This purely statistical quantum phenomenon is known as Bose-Einstein
condensation (BEC) and was already predicted by Einstein in 1924 [4]. Although the
superfluid behavior observed in 4He was proposed to be connected to the mechanism
of BEC, the strong interactions between the helium atoms prevent a direct comparison
with the non-interacting case considered originally by Einstein. Only in 1995, more
than 70 years after Einstein’s prediction, a clear signature of BEC has been observed in
ultracold dilute alkali gases (see Fig. 1.2) by Cornell, Wieman and Ketterle, for which
they were rewarded the Nobel prize in 2001 [5, 6].

Contrary to bosonic atoms, identical fermions are not allowed to occupy the same
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Figure 1.2 Two-dimensional momentum distribution constructed from shadow pictures

of bosonic atoms in a harmonic trap forming a BEC. From the left to the right, the

temperature is gradually decreased from above to well below the critical temperature

for BEC. When the BEC forms, one can clearly see a bimodal distribution of a peak

of condensate atoms on top of a gaussian distribution of thermal atoms. The peak is

characteristic for the macroscopic population of the harmonic ground state. Courtesy of

the Ketterle group.

state and a non-interacting gas of fermions smoothly crosses over from a thermal gas
to a quantum degenerate Fermi gas, where every fermion occupies a different quantum
state, shown in the right part of Fig. 1.1. However, there are ways to observe Bose
condensation in a gas of fermionic atoms. It turns out that interactions, contrary to
the bosonic case, are a crucial ingredient to achieve superfluidity in a fermionic gas.

When a fermionic gas consists of two different components, for instance two differ-
ent spins, which experience a weak mutual attraction, it is possible to form a superfluid
associated with the formation of Bose condensed pairs. These so-called Cooper pairs
play a crucial role in the understanding of superconductivity in metals and a theoret-
ical description of the mechanism responsible for pair condensation was first given by
Bardeen, Cooper and Schrieffer (BCS) in the 50’s [7]. The critical temperature scales
exponentially with the interaction strength, and for the weak interactions considered
in the BCS theory the typical Tc’s are extremely low. In conventional superconductors
these temperatures are typically Tc ∼ 10−5− 10−4TF , where TF is the Fermi tempera-
ture which is related to the highest occupied energy level in the degenerate Fermi gas
(see Fig. 1.1). In fermionic 3He, superfluid behavior has been observed [8] and a pos-
sible connection with the BCS mechanism was suggested, although, strictly speaking,
the interactions are too strong for the BCS theory to be valid.

It was later suggested that the two seemingly different mechanisms associated with
BCS-type and BEC-type superfluid behavior could actually be seen as different man-
ifestations of a single underlying phenomenon [9–11]. In BCS-BEC crossover theory,
the strength of the interactions between the fermions is a parameter that can be varied.
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Figure 1.3 Sketch of the BCS-BEC crossover in an ultracold gas of fermionic atoms.

The curve in the upper part of the figure is the scattering length a, which character-

izes the interatomic interactions at low collision energies. The bottom part of the figure

schematically shows the corresponding interaction potential with a fixed range R0 and a

variable strength or depth. The energy of the molecular bound state at the BEC side of

the crossover is decreased going from the left to the right and varies as −1/a2 close to

the resonance.

In the BCS regime, the interaction is weakly attractive, but too weak to bind pairs
of fermions in a vacuum. Pair formation only takes place due to the presence of a
degenerate Fermi sea (i.e. the other fermions) and the pairs are fragile in the sense
that their binding energy is small compared to other energy scales in the system.
Pairs are formed between atoms at opposite sides of the Fermi sea, and therefore
condense instantaneously in the lowest (center-of-mass) momentum state. This regime
is schematically shown in the right part of Fig. 1.3.

If the attraction is very strong, the fermions form tightly bound molecules with a
large binding energy. The dissociation temperature of the molecules is much larger
than the critical temperature for condensation. The internal fermionic degrees of free-
dom of these almost point-like molecules are not accessible and the molecules have a
purely bosonic character. These bosonic molecules can then condense at low enough
temperatures and form a BEC, as shown in the left part of Fig. 1.3.
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Figure 1.4 A log-log plot showing six distinct regimes for quantum fluids. The transition

temperature Tc is shown as a function of the relevant gap energy 2∆. Both quantities are

normalized by an effective Fermi temperature TF . For the BCS systems in region (a), and

the systems in the crossover region (b), 2∆ is the energy needed to break up a fermion pair,

and TF is the Fermi energy. For the systems in region (c), which are all strongly bound

composite bosons and exhibit BEC phenomenology, 2∆ is the smallest energy needed to

break the composite boson up into two fermions, i.e., ionization to a charged atomic core

and an electron, and TF is the ionic Fermi temperature. Figure adapted from Ref. [12].

In between the BCS and BEC limits, there is a regime that is called the BCS-
BEC crossover region. This regime, also known as the unitary regime, is very peculiar
because the important length scales that describe the system differ by orders of mag-
nitude. The scattering length a characterizes the interactions, while the mean inter-
particle separation is inversely proportional to the Fermi wavenumber kF . In the BCS
and BEC limits kF |a| ¿ 1, and simple mean-field descriptions based on this small
parameter work remarkably well. In the unitary regime kF |a| ≥ 1, and there is no
apparent small parameter that can be used in a perturbation theory of the many-body
system.

Fortunately, there is another length scale R0, which is related to the range of the
interaction potential. For separations larger than R0, the interaction potential vanishes,
as schematically indicated in the bottom part of Fig. 1.3. Away from any resonance,
i.e. in the BCS and BEC limits, |a| is on the order of R0. It is well known that a
short-range potential with a bound state close to zero energy gives rise to a very large
scattering length |a| À R0. However, the range R0 itself remains unchanged and the
diluteness condition kFR0 ¿ 1 can be used as a small parameter even in the vicinity
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of a resonance.
There has been an enormous effort over the last two decades to improve the theories

that simply interpolate between the BCS and BEC limit [13]. An important motivation
is the fact that the critical temperature in the crossover regime is on the order of TF ,
which is very high compared to the BCS regime. This makes crossover superfluidity
easily accessible in ultracold gases. These systems can also be related to models for
high-Tc superfluidity. Figure 1.4 shows a variety of superfluid systems, with their
typical critical temperatures and gap energies. The magnitude of the gap, respective
to the Fermi energy, places them either on the BEC or BCS side, or in the unitary
regime.

Feshbach resonances [14–16] are the indispensable tool in these experiments, as they
allow for an easy control of the interaction strength. In ultracold gases, the interatomic
interaction strength is usually characterized by the s-wave scattering length a. With
a Feshbach resonance, the interactions can be tuned from weak to strong and from
attractive to repulsive by simply changing an externally applied magnetic field. The
simple picture of a Feshbach resonance is that the colliding atoms can couple to a
molecular bound state with a different set of internal (spin) quantum numbers. Due to
the Zeeman effect, the internal energies depend on the externally applied magnetic field.
The free atoms and the bound state have different magnetic moments and the relative
energy difference can therefore easily be tuned. When the bound state is tuned close
to the collision energy of the atoms, the coupling becomes resonant and the scattering
length diverges. This realizes the unitary regime in the BCS-BEC crossover, which
is shown schematically in the middle part of Fig. 1.3. Tuning the bound state well
above the collision threshold, the interaction becomes weakly attractive and the BCS
regime is entered, as shown in the right part of the figure. For bound states tuned well
below the collision threshold, tightly bound molecules are formed, thus realizing the
BEC limit in the left part of the figure. In an ultracold gas of fermionic atoms with
a Feshbach resonance, it is clear that the whole crossover from BEC to BCS and vice
versa can be traversed and studied by gradually changing the magnetic field.

Atomic alkali gases prove to be an ideal system to study the BCS-BEC crossover, as
well as a large number of other interesting many-body phenomena that are difficult to
study, or even inaccessible, by other types of experiments. In a beautiful experiment by
the Ketterle group [17], the existence of superfluid behavior throughout the crossover
region has been demonstrated by the presence of a quantized vortex lattice in the
BEC, near-BCS and crossover region (see Fig. 1.5). Various other properties of the
crossover have been studied, such as spectroscopy of the gap, collective oscillations and
anisotropic expansion of the superfluid cloud [13, 18]. More recently, imbalanced spin
mixtures opened up a new and rich class of crossover physics, and there is still a large
amount of discussion about the exact nature of the ground state and the phase diagram
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Figure 1.5 Experimental demonstration of a quantized vortex lattice throughout the

BCS-BEC crossover. The dimensionless interaction parameter 1/kF a is positive in the

BEC regime, approaches zero in the crossover region and becomes negative on the BCS

side of the resonance. Courtesy of the Ketterle group.

of such a mixture with unequal spin populations.

Ultracold gases allow for nearly ideal realizations of many-body models that were
previously considered to be oversimplified toy models in the condensed matter commu-
nity. Alkali atoms in an optical lattice, sometimes referred to as an artificial crystal of
light, are an almost ideal experimental realization of the famous Bose-Hubbard model.
The depth of the lattice, and hence the tunneling strength, is easily controlled by
the laser intensity. The interatomic interaction strength can be controlled by using
a Feshbach resonance. The superfluid to Mott insulator quantum phase transition
has been studied by loading a BEC in an optical lattice [19], and more recently, also
the properties of fermions and Bose-Fermi mixtures in such a lattice have been ex-
plored experimentally [20–22]. The formation of ultracold (weakly bound) molecules
in homonuclear and heteronuclear gases is also a hot topic, in particular since it was
realized that such molecules in Fermi gases are collisionally stable close to a Feshbach
resonance [22–33]. Using strongly confining potentials in one or two directions, the
dynamics of ultracold gases can be reduced to 1D or 2D. This allows for investigations
of, for instance, the Tonks-Girardeau gas and bosonic Luttinger liquids [13, 18]. With
fastly rotating systems, a major goal is to reach the fractional quantum Hall regime,
where the quantized vortex lattice melts and quasi-particles with anyonic statistics are
predicted to determine the physics. New developments focus on the presence of disor-
der and Anderson localization, and dipolar interactions could give rise to a variety of
new and exotic quantum phases [13,18].
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1.3 This thesis

In this thesis, we study several interesting aspects of these strongly interacting and ul-
tracold atomic gases. The tunability of the interatomic interactions is of key importance
in all current experiments. We therefore focus on developing a deep understanding of
the physics associated with the resonances encountered in binary alkali collisions. We
identify new ways of tailoring the interatomic interactions, by combining magnetic and
electric fields and utilizing the interplay between different types of resonances. An an-
alytical scattering model is shown to describe the interaction properties for all regimes
of interest, by taking into account the two most important bound states of the system.
We introduce other important length scales, such as the effective range parameter, in
addition to the scattering length and demonstrate ways of incorporating the two-body
physics in many-body theories. We explore a counterintuitive regime of BCS-type su-
perfluidity by incorporating our scattering model in a simple but adequate many-body
description of a two spin-species fermionic gas. The properties of molecules at the
BEC side of the crossover are studied with a four-body method based on first princi-
ples, and it is shown that molecules which consist of heavy and light atoms constitute
a very promising system to study effects originating from universal three-body Efimov
physics.

This thesis is organized as follows: In chapter 2, we start by discussing the Hamil-
tonian that governs the two-body physics. It is followed by an introduction to the
scattering length and the coupled-channels method. Then we explain the incorpora-
tion of the two-body interactions in a many-body theory and discuss the fundamentals
of the BCS-BEC crossover theory. Improvements to the basic approach and the role
of energy dependence of the interactions are introduced. We conclude the chapter by
discussing three-body and four-body physics, and some aspects of molecule-molecule
scattering. This chapter provides a solid basis for the new physics presented in the
subsequent chapters.

In chapters 3 and 4, we develop an analytical model that encapsulates all of the rele-
vant scattering physics in atomic systems where open-channel potential resonances and
closed-channel Feshbach resonances give rise to complicated and non-trivial scattering
properties. This model provides much better physical insight than a pure numerical
approach, and is shown to describe important quantities, such as the molecular energies
and scattering phase shifts, with a high level of accuracy. The model is compared to
numerically exact coupled-channels calculations in two atomic systems: rubidium and
lithium.

In chapter 5, we study the BCS-BEC crossover using a many-body description of the
ultracold gas that includes the non-trivial energy dependence of the scattering model
of the previous chapter. We show that it gives rise to superfluid behavior associated
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with the formation of BCS-like pairs while the low-energy interactions are repulsive
in character. The energy dependence of the interactions is crucial, as it gives rise to
attractive interactions at the Fermi energy, necessary for the formation of Cooper pairs.

In chapter 6, we demonstrate new ways of controlling the interatomic interactions
using a combination of magnetic and electric fields. This leads to experimental control
of, for instance, the three-body parameter in the context of Efimov physics and of
non-universal behavior in the BCS-BEC crossover in fermionic gases.

In chapter 7, using a four-body method based on first principles, we solve the
molecule-molecule scattering problem to calculate several important properties of bosonic
and fermionic molecules that consist of light and heavy atoms. These type of molecules
are of current experimental interest, and we predict several exciting relations between
three- and four-body observables in these type of systems.

Chapters 3 to 5 have been published in Physical Review A, chapter 6 has been
submitted to Physical Review Letters and chapter 7 has been submitted to Physical
Review A. We end the thesis with concluding remarks.
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14 1 Introduction



2

From two-body to many-body physics in

cold alkali gases

2.1 Two-body Hamiltonian

The quantum mechanical description of the elastic scattering of two interacting alkali
atoms in principle should take into account the electric and magnetic forces between all
electrons and nuclei involved in the collision. Fortunately, the nuclei are much heavier
than the electrons. Due to this mass difference, the time scale for electronic processes
is much shorter than for the nuclear ones, and the electrons can adiabatically adapt
their position to the nuclear motion during the collision. This allows for the adia-
batic approximation to be made, which is essentially based on the Born-Oppenheimer
approximation [1], and the Shizgal approximation [2], where all spins are assumed to
be located at the position of their respective nucleus. The electronic problem is first
solved separately, while the nuclei are assumed to have a fixed position. The energy
of the electron problem (which depends on the position of the nuclei) is then used
as a potential for the nuclear interaction. As a result the scattering problem can be
reformulated in terms of an effective Hamiltonian [3] that contains a potential term
describing the interatomic interaction.

In combination with an external magnetic field, the effective two-body Hamiltonian
takes the following form:

H =
p2

2µ
+

2∑

j=1

(
V hf

j + V Z
j

)
+ V cen + V dd

spin + V dd
ε . (2.1)

The first term is the relative kinetic energy operator, with µ the reduced mass. The
second term describes the internal hyperfine and Zeeman energies of the individual
atoms j = 1, 2, which are given explicitly by

V hf
j =

ahf
j

~2
sj · ij , (2.2)

where sj and ij are the electron and nuclear spin operators of atom j and the constant
ahf

j is related to the hyperfine splitting, and

V Z
j = (γesj − γN ij) ·B, (2.3)
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Figure 2.1 Single atom hyperfine diagram for 87Rb for which ahf = 164.006 mK and

i = 3
2
. The conversion from Kelvin to GHz is given by the factor k/h ' 20.837 GHz/K.

where γe and γN are the electronic and nuclear gyromagnetic ratios, respectively. Note
that the valence electron feels a small effect from the electrons in the inner shells, and
γe differs slightly from the gyromagnetic ratio of a free electron. The ratio between γe

and γN is on the order of 103. The magnetic field B is assumed to be constant over
the range of the interaction, which is typically on the order of 25− 50 Å for the alkali
atoms.

At large separations, the interatomic interactions are negligible and the two-atom
system can be described by tensor products of the single-atom eigenstates, which we
call the asymptotic states. At zero magnetic field, the electronic and nuclear spin
combine to a total angular momentum f = s + i and the single-atom hyperfine states
can be labeled by |fmf 〉. Although f is strictly speaking not a good quantum number
at non-zero magnetic fields, it will be used to label the asymptotic (channel) states
at all magnetic fields. The hyperfine and Zeeman interactions lead to the well known
dependence of the energy of the hyperfine states on the magnetic field, an example of
which is given in Fig. 2.1.

The third term of Eq. (2.1) describes the central interatomic interactions, and
represents all Coulomb interactions between the electrons and nuclei of both atoms.
The central interaction does only depend on the distance between the nuclei r ≡ |r| and
is invariant under rotations of the orbital system. As a consequence, the orbital angular
momentum vector l is conserved and, choosing the direction of the magnetic field as
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the quantization axis, l and ml are good quantum numbers. The internal hyperfine
and Zeeman terms are invariant under independent rotations of the spin system around
the axis that runs parallel to the magnetic field and through the center of mass of the
two-atom system. The projection mF of the total spin F = S + I along this axis is
therefore separately conserved during the collision. As usual, S = s1 + s2 is the total
electron spin and I = i1 + i2 is the total nuclear spin. In the presence of only the
internal and central interactions this leads to the selection rules ∆mF = 0, ∆l = 0 and
∆ml=0.

The central interaction conserves the total spin F = S + I, as well as S and I sep-
arately and V cen can be decomposed into a singlet and triplet term

V cen(r) = VS(r)PS + VT (r)PT , (2.4)

where PS and PT are the projection operators on the singlet (S = 0) and triplet (S = 1)
subspaces. The asymptotic singlet and triplet potentials are given by

VS,T (r) = Vdisp(r)− (−1)SVex(r), (2.5)

with the familiar dispersive form at long range

V disp(r) = −C6

r6
− C8

r8
− C10

r10
− . . . , (2.6)

where Cn are the van der Waals dispersion coefficients. The exchange potential is
related to the symmetry of the electronic wave function and an analytic (asymptotic)
expression has been derived by Smirnov and Chibisov [4]

Vex(r) = Jr
7
2α−1e−2αr, (2.7)

where α is related to the atomic ionization energy as −α2/2 and J is a normalization
constant. Note that α and r are given in atomic units and are dimensionless. The
ground-state potentials for rubidium are shown in Fig. 2.2.

The last two terms of Eq. (2.1) describe the non-central anisotropic part of the
interactions. In the absence of electric fields, it contains the direct dipole-dipole in-
teraction of the electronic spins and the second-order spin-orbit coupling [5]. The
magnetic dipole moment of atom i is

µi = µσi, (2.8)

with µ the electronic magnetic dipole moment and σi the Pauli-spin vector of the
valence electron of atom i. The direct spin-spin interaction then takes the form:

V dd
spin =

µ2

4πµ−1
0 r3

[σ1 · σ2 − 3 (σ1 · r̂) (σ2 · r̂)] , (2.9)
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Figure 2.2 Singlet (S = 0) and triplet (S = 1) potentials for ground-state rubidium.

where µ0 is the magnetic constant. The second-order spin-orbit term has the same
angular dependence, but a different r-dependent prefactor. The spin-spin interaction
is rather weak and in many cases it can be neglected. However, in 87Rb and 133Cs
the spin-spin interaction gives rise to Feshbach resonances by coupling l = 2 and even
l = 4 (quasi-)bound states to the s-wave entrance channel, and these resonances have
been observed experimentally [5].

In the presence of an electric field, the s-wave symmetry of the electronic ground
state of the individual atoms is distorted due to the electric dipole coupling with excited
electronic states. At sufficiently small fields, as compared to typical atomic units on
the order of 1011 V/m, the atoms acquire a dipole moment according to

di = αi(0)ε, (2.10)

where αi(0) is the static electric polarizability of atom i, and ε is the applied electric
field. The interaction between the electric dipoles takes a form similar to the spin-spin
interactions:

V dd
ε =

α1(0)α2(0)
4πε0r3

[ε · ε− 3 (ε · r̂) (ε · r̂)] , (2.11)

where ε0 is the vacuum dielectric constant.
The angle-dependent structure of both the spin-spin and electric field induced

anisotropic interactions can be rewritten in terms of a scalar product of two irreducible
spherical tensors of rank 2. Using the familiar sum rules for the spherical harmonic
function and choosing the direction of the electric field as the z-axis, the interaction
induced by the electric field can conveniently be written as

V dd
ε = −2α1(0)α2(0)ε2

4πε0r3
P2 (cos θ) , (2.12)
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where P2 is the Legendre polynomial of order 2 and θ is the angle between the direction
of the electric field and the vector r. Due to its tensorial nature, the anisotropic part of
the interaction obeys triangle type selection rules and couples states with different or-
bital angular momentum according to the selection rule l− l′ = 0, 2, with the exception
of l = 0 → l′ = 0 which is forbidden [6].

In the presence of these anisotropic interactions, the two-atom system is not invari-
ant under independent rotations of the orbital and spin systems and the projections
mF and ml are not separately conserved. However, the anisotropic spin-spin interac-
tions are invariant under simultaneous 3D rotations of the internuclear vector r and the
spins. If we neglect the electric field for a moment, the total angular momentum is thus
conserved. In the presence of a magnetic field, the Zeeman term breaks the rotational
symmetry and introduces a cylindrical symmetry. Therefore, only the projection of the
total angular momentum along the magnetic field axis will be conserved. Consequently,
in the presence of a magnetic field the selection rule becomes ∆mtot = ∆(mF +ml) = 0.

If an electric field is introduced parallel to the magnetic field, the system will still
have cylindrical symmetry and ∆mtot = 0 holds as the selection rule. This can also
be understood by noting that in this case the electric dipole interaction can be written
as an ε dependent prefactor times the m = 0 component of a rank-2 tensor operator
for the orbital part of the relative motion (which is in fact the form of Eq. (2.12)),
from which it immediately follows that ml is conserved by the interaction with the
electric field. Clearly, the spin quantum numbers are also conserved by this part of the
interaction, and the electric field couples states with different l, while conserving F ,
mF and ml.

However, if the electric field is introduced at a certain non-zero angle with respect
to the magnetic field (which we still use as the quantization axis), the electric dipole
interaction is generally written as a superposition of m = −2,−1, . . . , 2 tensor compo-
nents and ml is no longer a conserved quantity. The electric field will thus couple states
with different l and ml in this case, while mF is still conserved by this part of the inter-
action. The selection rule ∆mtot = 0 is no longer valid, which physically results from
the absence of a well-defined cylindrical symmetry in the system. The presence of a
non-parallel electric and magnetic field therefore gives a much richer coupling between
the available asymptotic two-atom states.

2.2 Coupled channels

In a dynamic picture, two alkali atoms start their collision in some initial hyperfine
state, and at short distances other hyperfine states are coupled in by the interatomic
interactions. The set of collision channels is defined by the asymptotic states of the
binary system, i.e. by the hyperfine quantum numbers of the individual atoms that
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participate in the collision. Due to the Zeeman energy shift, the asymptotic energy of
the atoms in different channels may vary with respect to the initial energy. Therefore,
the interaction potentials are shifted as a function of the magnetic field. In those
channels where the asymptotic energy of the atoms is higher than the dissociation
threshold, the atoms can escape to infinity and the channel is energetically open. In
the channels where at large separations the atoms are below the dissociation threshold,
only bound states can form and the channel is energetically closed. Due to the coupling
with open channels, the closed channels can support quasi-bound states at positive
energies relative to the initial collision threshold. The resonant behavior which results
when the energy of such a quasi-bound state matches the collision energy, is thoroughly
discussed in chapter 3.

A schematic illustration of the interaction potentials for two different channels is
given in Fig. 2.3. At long range (region C), where the electron clouds do not significantly
overlap, the exchange interaction is negligible and the hyperfine interaction dominates.
Here f1 and f2 are good quantum numbers. At short range (region A) the exchange
interaction dominates, and S and I are good quantum numbers. In the region where
the two interactions have the same order of magnitude (region B), Vex ∼ V hf, the spin
coupling changes over a few a0 (where a0 = 5.2917 . . . 10−11 m is the Bohr radius). The
atoms are accelerated through this region by the dispersion interaction, and neither S
and I nor f1 and f2 are good quantum numbers.

A rigorous way to calculate the wave function of the colliding particles is the coupled
channels method. The channel states are defined as

|{αβ}±; lml〉 ≡ |α〉1|β〉2 ± |α〉2|β〉1√
2(1 + δαβ)

⊗ |lml〉, (2.13)

where |α〉 and |β〉 are the single-atom hyperfine states, where the subscripts indicate
atom 1 or 2, and l andml are the relative orbital angular momentum quantum numbers.
The channel states are (anti-)symmetrized under the exchange of atoms to account for
their bosonic or fermionic behavior, and their orbital angular momentum quantization.
The radial Schrödinger equation projected onto the channel states is found to be

[−~2

2µ
d2

dr2
+
l(l + 1)~2

2µr2
+ εα + εβ − Etot

]
ulml{αβ}(kαβ , r) =

−
∑

{α′β′};l′ml′

C
lml,l

′ml′
{αβ},{α′β′}(r)ul′ml′{α′β′}(kα′β′ , r). (2.14)

The three-dimensional scattering wave function is expanded in partial waves
ulml{αβ}(kαβ , r)/r and the coupling matrix is defined by

C
lml,l

′ml′
{αβ},{α′β′}(r) = 〈{αβ}; lml|

[
V cen + V dd

spin + V dd
ε

] |{α′β′}; l′ml′〉. (2.15)
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Figure 2.3 Schematic illustration of two different channel interaction potentials. The

channels are labeled by their asymptotic hyperfine eigenstates |α〉 and |β〉. The energy

difference ∆E can be magnetically tuned as the Zeeman energy shifts at different rates

for different channels. Note that the energy splitting is not to scale; the potentials are

typically several thousand Kelvin deep, while the energy splitting of the channels is on the

order of the hyperfine splitting which is typically on the order of 10−1 K.

The energies εα are the internal energies of the separate atoms, H int|α〉 = εα|α〉. The
channel momentum corresponds to the kinetic energy in that channel in the usual way

~kαβ =
√

2µ(Etot − εα − εβ), (2.16)

and is positive real for open channels and positive imaginary for closed channels. To-
gether with appropriate boundary conditions that specify the incoming and outgoing
waves, the coupled channels equations give a complete description of the scattering
process.

To obtain accurate results using the coupled channels method, the interaction po-
tential needs to be known over the full range of integration. However, the short-range
part of the potential for alkali atoms is insufficiently known to get the required ac-
curacy (compared to present experimental results). The accumulated phase method
allows one to replace the inner part of the potential by a simple boundary condition.
The simple idea behind this approach is that during the propagation from r = 0 to
some r = ra < r1, which is in the region where the singlet and triplet states are not
yet coupled, the singlet and triplet wave functions pick up a phase which summarizes
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the effect of the potential. These phases can be used as a boundary condition at ra
when integrating the coupled channels wave function outward. Details of the potentials
at distances r < ra are then replaced by the singlet and triplet phases, which can be
determined by comparing the calculations with experimental data. More details about
this procedure can be found in for instance [5].

2.3 The s-wave scattering length

For large separations the partial wave functions take the form

ulml
(k, r) ∼

r→∞ sin[kr − lπ/2 + δlml
(k)]. (2.17)

In the absence of interactions the scattering phase shift δlml
(k) = 0. The only remaining

effect of a potential is to simply shift the phase of the asymptotic wave function. At
low collision energies, s-wave scattering usually dominates and only the l = 0 part of
the wave function survives. For identical fermions the l = 1 component dominates at
low energy, as the wave function has to be anti-symmetric and s-wave scattering is
forbidden.

An important quantity in ultracold gases is the s-wave scattering length a, which
characterizes the binary interactions. In the introduction, we already mentioned the
important role of a tunable scattering length in fermionic gases to explore the physics
of the BCS-BEC crossover. Tunable interactions also play a role in many other experi-
ments, for instance in the study of Efimov three-body physics, where some observables
of the system show log-periodic behavior in a (see section 2.7).

The scattering phase shift can be expanded in even powers of the momentum k.
At low energies, keeping only terms up to second order, this results in the well known
effective range expansion

k cot δ0(k) = −1
a

+
Re

2
k2 +O(k4). (2.18)

From the definition of the s-wave scattering length

a ≡ − lim
k↓0

tan[δ0(k)]
k

, (2.19)

it follows directly that the phase shift is proportional to the scattering length in the
low energy limit, i.e. δ0(k) = −k a for k ↓ 0. This relation remains valid at finite k as
long as Rek

2/2 is negligible compared to 1/a. In chapter 5 we discuss narrow Feshbach
resonances, where the effective range parameter Re is large and negative. In this case
the simple scattering length description breaks down even in the ultracold regime, and
the full energy dependence of the scattering phase shift has to be taken into account
to properly describe the system. The interplay between several resonances also gives
rise to complicated energy dependence, which is discussed in chapter 3.
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Figure 2.4 Radial s-wave scattering functions at very low collision energy for an effectively

attractive and an effectively repulsive model potential, with negative and positive scattering

length a, respectively. Also shown is the case without interaction (V = 0). The scattering

length can be found by extrapolating the solution at large distances to the r-axis. For

clarity the r-axis has been shifted upwards for the radial wave function with negative a.

The physical meaning of a in low-energy scattering is illustrated in Fig. 2.4. We see
that the effect of the potential on the asymptotic behavior of the wave function, which
is proportional to sin k(r − a), is the same as that for a hard-sphere interaction with
r = a. Note that the terminology repulsive and attractive used here, does only refer
to the effect of the interaction on the scattering solutions for r → ∞. Although the
Van der Waals potential is an attractive potential in the sense that V < 0, quantum
mechanically it can be an effectively repulsive potential characterized by a > 0.

The scattering length depends sensitively on the shape of the wave function in the
interaction region r < R0, where R0 is the range of the interaction potential beyond
which the interactions can be neglected, i.e. V (r) ' 0 for r > R0. If the potential has a
bound state just below the scattering threshold, the oscillating part of the inner wave
function fits almost exactly in the interaction region of the potential and connects to
the asymptotic region with an almost zero slope. In this case the scattering length
is large and positive a À R0, much larger than the range of the interaction itself.
For a potential that has a bound state exactly at zero energy, the scattering length
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even diverges. If the potential is made slightly less attractive, the bound state is not
supported anymore and the scattering length will change sign, becoming large and
negative. From these considerations it is clear that there is an intimate connection
between bound states close to zero energy and resonant interactions, characterized by
|a| À R0. In chapter 3 we give a detailed explanation of potential resonances, the
Feshbach resonance mechanism, and the resulting tunability of the scattering length,
see for instance Fig. 3.1.

2.4 Pairwise interactions in the BCS-BEC crossover

In chapter 5, we discuss the BCS-BEC crossover using a many-body theory that is
intimately linked to the underlying two-body physics. In preparation of this chapter,
we discuss the relation between two-body and many-body physics in the context of the
BCS-BEC crossover in more detail in this section.

In dilute systems, the interparticle spacing (which scales with the density as k−1
F ∼

n−1/3) is much larger than the range of the interactions. To a good approximation,
the two-body interactions in these systems are more important than interactions where
three ore more particles are involved. An intuitive explanation can be given as follows:
the chance of finding three or more particles in a small volume on the order of the
range of the interactions R3

0 is much smaller than finding just two particles in this same
volume, and two-body processes dominate. A reasonable first approximation of a many-
body theory of a dilute atomic gas therefore retains only those Feynman diagrams that
contain repeated two-body interactions, throwing away those diagrams that require
three or more particles to participate in the interaction process simultaneously. The
resulting ladder or T -matrix approximation is well-known and, for instance, is the basis
for the Brueckner theory of nuclear matter [7] and also forms the starting point for
different theories of the BCS-BEC crossover.

The properties of two atoms with massm scattering in a vacuum can be conveniently
summarized by the transition (T -)matrix. The T -matrix relates the incoming and
outgoing parts of the scattering wave function and is directly linked to the scattering
phase shift discussed in section 2.3. There is a fundamental relation between the two-
body interaction potential V and the T -matrix, commonly known as the Lippmann-
Schwinger (LS) equation:

Tkk′(z) = Vkk′ − 1
V

∑
q

Vkq
1

2εq − z
Tqk′(z). (2.20)

Here z is the (complex) energy, we use box-normalization inside a volume V and the
shorthand notation Tkk′ = 〈k|T |k′〉 with |k〉 momentum eigenstates. The factor 1

2εq−z ,
with 2εq = ~2q2/m, is the (virtual) propagator of the pairs in vacuum between suc-
cessive interactions and can be found by integrating over the internal frequencies and
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Figure 2.5 Sketch of the ladder series for the T -matrix. The pair of arrows indicates the

pair propagator χ = 1/(2εq − z). The dashed line is the two-body interaction V .

momenta of the product of single-particle Green’s functions GG. In the continuum
limit the sum should be replaced by an integral: 1

V
∑

k → 1
(2π)3

∫
d3k.

A physical interpretation of this equation is that the T -matrix is obtained by writing
the LS-equation as a perturbation series. The simplest interaction process takes place
when two-particles interact only once and T (0) ' V , commonly known as the Born
approximation. Iterating the LS-equation by substituting T (n) in the right-hand side
to find T (n+1) and summing over all repeated binary interactions of the scattering
atoms, as schematically shown in Fig. 2.5, we find the solution to the LS-equation as
an infinite series of diagrams.

At the end of this chapter, we discuss the general potential V that includes all the
relevant microscopic details of the potential and Feshbach resonances that are studied
in chapter 3. However, in this section we use a simple model potential to introduce the
basic physics of the BCS-BEC crossover. It assumes that only the low-energy s-wave
scattering is important and relates the strength of the two-body interaction potential
to the s-wave scattering length. Physical scattering properties are described by the
on-shell T -matrix, which is defined for k = k′ and z+ = 2εk + i0+ where i0+ defines
outgoing wave boundary conditions as usual. At zero energy it is simply related to the
scattering length by T0 ≡ T00(0+) = 4π~2a/m.

To simplify the two-body LS-equation, and many-body equations in general that
contain interparticle interactions, it is useful to use a delta function (or zero-range)
potential with strength g. The use of a delta function potential Vkk′ = V = g introduces
an ultraviolet divergence in the LS-equation. To regulate this divergence we renormalize
the equations by relating the bare interaction strength g to the s-wave scattering length
a. This can be accomplished by solving the LS-equation at zero energy:

1
T0

=
m

4π~2a
=

1
g

+
1
V

∑

k

1
2εk

. (2.21)

At the same time, the regularized pair propagator in vacuum is defined by

χvac(k, z+) ≡ 1
2εk − z − i0+

− 1
2εk

, (2.22)

which renders the integrals convergent at large momenta. At non-zero energies the
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on-shell T -matrix is then given by

Tkk(2ε+k ) =
4π~2

m

1
1
a + ik

, (2.23)

which is a well known result for a zero-range interaction characterized by the scattering
length a.

The connection between the value of a and the strength (i.e. depth) of the interac-
tion potential g has already been illustrated in Fig. 1.3. The right part of the figure
denotes the weak coupling regime with small and negative scattering length. The left
part shows the strong coupling regime, where the potential can support tightly bound
molecules, which correspond to poles of the T -matrix Eq. (2.23). Therefore, the bind-
ing energy of the molecules is determined by the value of the scattering length, which
is small and positive in this case, by the relation |εb| = ~2

ma2 . When the bound state
crosses the zero-energy threshold, the scattering length diverges and changes sign. The
regime of large positive and negative a around this point of resonance is called the
unitary regime and corresponds to intermediate coupling.

We now consider a dilute gas of fermionic atoms with two spin components that have
equal populations and a mutual interaction described by the zero-range potential with
strength g. In the absence of interactions (g = 0) and approaching zero temperature,
both spin components will independently form a degenerate Fermi sea. However, in the
presence of weakly attractive interactions, i.e. in the weak coupling limit, the fermionic
gas undergoes a superfluid instability at the critical temperature Tc ∼ exp [π/(2kFa)],
which is the famous BCS temperature. For weak coupling a is small and negative,
Tc is exponentially small, and an experimental realization of the superfluid regime is
very difficult. The superfluid behavior originates from the simultaneous formation and
condensation of pairs of fermions at opposite sides of the Fermi sphere and the pairing
mechanism in the BCS regime is a cooperative effect. The presence of a Fermi sea
is essential, as the two-body potential does not support bound states in vacuum for
a < 0. The modification of the scattering properties due to the presence of a medium
gives rise to the superfluid instability.

In the strong coupling limit, pairs of fermions can form tightly bound molecules.
These molecules are composite bosons and in the strong coupling limit they have a
point-like character when compared to the interparticle spacing. These molecules can
therefore undergo usual BEC and the critical temperature is now on the order of the
Fermi temperature, which renders this regime much more accessible experimentally.

An intimate connection between the two regimes has already been suggested by
Eagles [8] and Leggett [9] many years ago. They showed that the BCS wave function
is able to capture the essential physics both in the BCS and the BEC limit at T =
0. The formation of pairs and the condensation of these pairs is captured by this
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approach, and as such it gives insight into the connection between BCS-type and BEC-
type superfluidity. In the regime of intermediate coupling, where the scattering length
diverges, there is no apparent small parameter and the simple mean field picture of
BCS cannot be expected to be quantitatively correct. However, it can be seen as an
approach that smoothly interpolates between the two limits.

An approach that generalizes the T = 0 mean field theory to finite temperature
has been given first by Nozières and Schmitt-Rink in 1985 [10]. They calculated Tc

for all coupling strengths and showed that it smoothly evolves from the BCS result to
the critical temperature for BEC of molecules. The approach is based on a ladder ap-
proximation for the interaction contribution to the grand canonical potential. Identical
governing equations can be found within a functional integral formulation by expand-
ing the action to second order in the gap, considering Gaussian fluctuations around the
trivial saddle point, which itself describes a normal state of free fermions [11].

The theory of NSR is based on thermodynamic quantities that are calculated from
the underlying microscopic physics. The thermodynamic (grand canonical) potential

Ω = E − TS − µN, (2.24)

is a function of the internal energy E of the particles, the temperature T , the entropy
S , the chemical potential µ and the number of particles N . Once the thermodynamic
potential is known, other thermodynamic quantities can be found by taking partial
derivatives, e.g. N = −∂Ω/∂µ at constant T and V .

These thermodynamic quantities can be linked to the microscopic physics of the
system with the help of statistical mechanics. Within the finite-temperature Green’s
function formalism [7,12], the single-particle Green’s function is defined as a statistical
average of the field operators (in second quantization) and can be used to calculate
expectation values of one-body operators, such as the mean number density and kinetic
energy of the particles. To evaluate two-body properties, such as the mean interaction
energy, the two-body Green’s function needs to be calculated in general. However, in
the case that the Hamiltonian consists of only one-body and two-body interactions, the
mean potential energy can be re-expressed in terms of the one-body Green’s function
as well.

We now consider a balanced two-component fermionic system in the normal state
(i.e. above Tc), where the two components are labeled spin-up and spin-down. The
density of both components is equal and related to the Fermi wave number by n↑ =
n↓ = n = k3

F /6π
2. The fermions experience a two-body s-wave interaction only between

opposite spins, which is described by the potential operator V̂ . The Green’s function
for a fermion with spin σ =↑, ↓ is defined by

Gσ (iωn,k) =
1

iωn − ξk − Σσ (iωn,k)
, (2.25)
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Figure 2.6 Self-energy in the ladder approximation, obtained by closing an external leg

of the interaction vertex Γ and integrating over the internal frequencies and momenta.

where iωn = (2n + 1)π/β are fermionic Matsubara frequencies, ξk = εk − µ and Σ is
the self-energy of the fermion. The self-energy describes the effect of the interaction
of a fermion with all the other fermions. Note that we use units where ~ = 1 in the
remainder of this section.

First we indicate how G and Σ can be used to calculate the thermodynamic poten-
tial. Writing the Hamiltonian as Ĥ(λ) = Ĥ0 − µN̂ + λV̂ , with λ a coupling constant,
it can be shown that the difference between the thermodynamic potential with (λ = 1)
and without (λ = 0) interactions is given by

Ω(λ = 1)− Ω(λ = 0) =
V
β

∫ λ=1

λ=0

dλ
2λ

trσ,n,ke
iωn0+

Σλ
σ (iωn,k)Gλ

σ (iωn,k) . (2.26)

Here V is the volume of the system, and trσ,n,k ≡
∑

σ

∑
n V−1

∑
k indicates that a sum

over spin states and fermionic Matsubara frequencies, and an integral over momenta
k should be taken. The convergence factor eiωn0+

is needed to ensure a proper choice
of contour integrals when evaluating the frequency sums. In the balanced case we
consider here, G and Σ do not depend on the spin index and the sum over spins gives
a factor of 2, which cancels with the factor 1/2 that is already present.

In the general case, performing the coupling constant integral is very difficult or
even impossible, because Σλ and Gλ need to be known for all values of λ. Moreover,
Σλ is in principle determined from all possible Feynman diagrams in all orders of
the interaction potential, and it is impossible to calculate it exactly. Depending on
the situation, there are other methods to evaluate the grand potential that are more
suitable and we will come back to this point in the next section. To make life a little
easier here, we make two approximations that result in the crossover theory of NSR.

The first one is to only keep the ladder diagrams of Fig. 2.5 when calculating the
self-energy Σ. The ladder diagrams constitute an infinite series, which can be summed
exactly using a many-body generalization of the LS-equation that was used to calculate
the T -matrix. The many-body T -matrix is called the interaction vertex Γ and takes
into account that the occupied energy levels in the medium are not available in the
scattering process. The self-energy is then found by closing one of the external legs of
the ladder series, schematically shown in Fig. 2.6, which comes down to the symbolic
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relation

Σλ = tr ΓλGλ, (2.27)

where tr indicates that all the internal variables should be integrated or summed over.
In the dilute gas limit (kFR0 ¿ 1), phase-space arguments can be used to argue
that the ladder diagrams are the most important ones in every order of perturbation
theory [7], although there is a catch (see the discussion of the Gorkov correction in the
next section). In the vacuum limit the LS-equation for the T -matrix is recovered and
this approach therefore ensures that the two-body interactions are properly taken into
account.

The second approximation is to replace Gλ by G0, both in Eq. (2.26) and in the
evaluation of the self-energy. The coupling constant then enters Eq. (2.26) in a simple
manner, allowing for a direct evaluation of the integral. Basically, by replacing Gλ '
G0+G0ΣλG0+. . . with G0 and considering the fact that Σλ ∼ n, we neglect corrections
that are of higher order in the density, compared to the leading order term.

In analogy with the LS-equation for the T -matrix, an explicit expression for the
interaction vertex is found to be

Γ (iΩm,q) = V − V χ (iΩm,q) Γ (iΩm,q) , (2.28)

where we use a zero range potential V and the pair propagator in the medium is defined
by

χ (iΩm,q) =
1
β

trn,kG
0

(
iΩm − iωn,

1
2
q + k

)
G0

(
iωn,

1
2
q− k

)
, (2.29)

with center of mass momentum q of the pair and Ωm = 2nπ/β bosonic Matsubara
frequencies. The role of Fermi statistics in the pair propagator can be seen more
clearly by performing the sum over the fermionic frequencies. This can be done with
the use of a contour integral by multiplying with a Fermi distribution function [7, 12],
which results in

χ (iΩm,q) =
∫

d3k
(2π)3

1− n0
q/2+k − n0

q/2−k

ξq/2+k + ξq/2−k − iΩm
, (2.30)

with

n0
k =

1
eξk + 1

(2.31)

the Fermi distribution function.
Multiplying the interaction potential with a coupling constant λ and using equations

(2.27) and (2.28), the self-energy becomes

Σ (iωn,k) = trm,q
λV

1 + λV χ (iΩm,q)
G0 (iΩm − iωn,q− k) , (2.32)
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and the coupling constant integral in the evaluation of the thermodynamic potential is
easy to perform:

Ω− Ω0 =
V
β

trm,qLog [1 + V χ (iΩm,q)] . (2.33)

The trace over the Matsubara frequencies can again be calculated with the help of a
contour integral, now by multiplying the kernel of the integral by the Bose distribution
function

g (ε) =
1

eβε − 1
, (2.34)

where the energy ε is defined with respect to the chemical potential. At the real axis,
the argument of the logarithm can be rewritten in terms of a phase φ as
|1 + V χ (ε±,q)| exp [±iφ (ε,q)] and the branch-cut singularity of the logarithm reduces
the contour integral to

Ω− Ω0 =
1
π

∑
q,ε

g(ε)φ(ε,q), (2.35)

which is the equation of NSR for the thermodynamic potential. The phase φ is related
to the effective interaction strength. The fact that φ is multiplied by a Bose distribution
function shows that the interaction energy calculated in Eq. (2.35) originates in the
formation of composite bosonic pairs.

This result is generalized to a more complicated potential V in chapter 5 to calcu-
late the properties of a dilute fermionic gas with resonant interactions. The use of a
zero range potential again introduces a divergence in momentum space, which can be
regulated in analogy with the renormalization of the T -matrix by using Eq. (2.21) and
defining the regularized pair propagator χ̄ (iΩm,q) = χ (iΩm,q)− (2εq)−1. The vertex
equation then takes the form

Γ = T0 − T0χ̄Γ. (2.36)

The number density can now be calculated by taking the derivative −∂Ω/∂µ which
gives the number equation

2n(µ, T ) = 2n0(µ, T )− 1
π

∑
q,ε

g(ε)
∂

∂µ
φ(ε,q), (2.37)

where n0(µ, T ) is the density of a non-interacting Fermi gas for a single spin component,
and the second term describes the pairing contribution to the total density.

To find the critical temperature Tc, the Thouless criterion [13] is used. It relates
the condensation of pairs to a divergence in the interaction vertex, which occurs first
for particles with zero center of mass momentum and at the Fermi energy. Hence the
critical temperature is found as a solution of Γ−1 (ε = 0,q = 0) = 0, which has the
explicit form

1 + T0

∫
d3k

(2π)3

{
tanh [(εk − µ)/(2kBT )]

2(εk − µ)
− 1

2εk

}
= 0, (2.38)
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which is also known as the gap equation.
The last two expressions both depend implicitly on the chemical potential and

temperature and a self-consistent solution gives Tc and the corresponding chemical
potential µc at Tc. A general solution can only be calculated numerically. In the BCS
and BEC limits, we can analytically estimate its solution. Let us first consider the weak
coupling BCS limit. In this case Tc is exponentially small, and from Eq. (2.37) it follows
that the chemical potential is approximately equal to the Fermi energy, µc ' εF . From
Eq. (2.38) it then follows that Tc = 8e−2γπ−1TF exp [π/(2kFa)], which is the usual
BCS critical temperature with γ = eC ' 1.78 with C the Euler constant. The ladder
approximation thus reduces to the BCS results in the weak coupling limit.

In the strong coupling limit, the interaction vertex is dominated by an isolated pole
that is related to the two-body bound state. The chemical potential becomes large and
negative, and the Fermi statistics virtually disappear in the pair propagator that enters
Γ. From the gap equation it then follows that the chemical potential approaches the
binding energy of the molecules, µc ' −|εb|/2. Close to the pole, the phase behaves as
a step function with strength π, and the derivative to µ gives a delta function that is
easily integrated out. Because n0 can be ignored, the number equation reduces to

n '
∑
q

g

(
1
2
εq

)
, (2.39)

which is the density of an ideal Bose gas of molecules with mass 2m. The critical
temperature is then found to be Tc ' 0.218TF , which is the usual Tc for BEC of a
non-interacting gas of bosons with mass 2m. We see that the ladder approximation
reduces to the usual BCS description on the weak coupling side of the resonance, while
it describes a gas of non-interacting molecules at the strong coupling side. A numerical
solution of these equations is discussed in chapter 5 and smoothly interpolates between
the two regimes.

2.5 More advanced crossover theories

In this section we consider some of the shortcomings of this simple implementation of
the ladder approximation, and discuss several improvements that can be made. Both in
the BCS and BEC limit, there are important corrections to the interaction energy that
are not taken into account by the simple ladder approximation with non-interacting
Green’s functions.

An important example of a second-order diagram that is not taken into account
in the ladder approximation is given in Fig. 2.7. It is an example of an induced
interaction and describes the effect of the polarization of the medium by the presence
of other fermions. A physical interpretation of the process is that the upper particle
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Figure 2.7 Second-order diagram that gives rise to the Gorkov correction for Tc. The

grey lines indicate the incoming and outgoing particles in the interaction process.

first interacts with a particle in the medium, exciting it above the Fermi sea and leaving
a hole. Then the lower incoming particle interacts with the upper particle and fills the
hole, returning the system to its original state. This process thus requires the presence
of three particles and is suppressed at low densities. An explicit calculation shows that
these diagrams are suppressed by a factor of kF |a| ¿ 1 compared to the leading order
terms in the BCS and BEC regimes, and one might be tempted to neglect the small
effect of the induced interaction.

However, this way of reasoning is very tricky. In fact, Gorkov showed that when
diagrams of the type in Fig. 2.7 are taken into account, this leads to a reduction in
the BCS critical temperature with a factor of about 2, a result that is completely
unexpected considering the arguments given above [14]. A nice explanation of this
somewhat counterintuitive result has been given in Ref. [15], where it was shown that
the induced interaction introduces terms of order kFa and can be taken into account
by replacing the interaction in vacuum by

kFa→ kFa

(
1 + kFa

2 + 4 ln 2
3π

)
. (2.40)

Indeed, the additional term seems to be suppressed by an additional factor of kF |a| ¿ 1,
but substitution of this equation in the BCS expression for Tc ∝ exp [π/(2kFa)] leads
to a reduction of the critical temperature by a factor of (4e)1/3 ' 2.2.

Also at the BEC side there is room for improvement. The most obvious problem of
the ladder approach in the strong coupling limit is the lack of interactions between the
bosonic molecules (dimers). A four-body calculation by Petrov et al. shows that the
interaction between dimers with fermionic constituent atoms is described by the dimer-
dimer scattering length add = 0.6a, where a is the fermionic scattering length [16].
(Note that the subscript in add indicates that we are dealing with dimers and should
not be confused with the similar superscript in the discussion of the magnetic and
electric dipole interaction properties in section 2.2.) A description of the BCS-BEC
crossover that includes the dimer-dimer interaction in the BEC limit has been a major
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Figure 2.8 Sketch of the most simple interaction process in a dimer-dimer collision:

exchange of an identical constituent atom.

goal of several theoretical papers in recent years.

For instance, the approach of Ref. [11] resulted in the NSR equations when expand-
ing up to second order in the gap, thus describing non-interacting molecules in the BEC
limit. However, expanding up to fourth order in the gap the dimer-dimer interaction
was found in the Born approximation, giving add = 2a. This result can be easily un-
derstood in an alternative way by considering the diagram of Fig. 2.8. It sketches the
most simple interaction between two molecules, the exchange of an identical fermion,
and describes the Born amplitude of the four-body T -matrix. Summing over the in-
ternal momenta and frequencies of the fermionic propagators, the result add = 2a is
found [17,18]. An important improvement was later found by the authors of Ref. [19],
who treated the interaction between the molecules in the ladder approximation and
found add = 0.75a. However, as pointed out in Ref. [18, 20] they missed an important
class of diagrams. These are related to the modification of the bare molecule-molecule
interaction (i.e. Born amplitude) due to three-body processes, and their inclusion does
give the exact result of Petrov for the scattering of two molecules in a vacuum. How-
ever, the inclusion of all these additional diagrams in a many-body theory proves very
difficult and actual calculations are technically very challenging.

Other approaches focus on a more sophisticated evaluation of the self-energy within
the ladder approach by keeping the dressed Green’s function G, instead of replacing
it with the free G0’s everywhere. For instance, in Ref. [21] the pair propagator was
chosen as GG0 instead of G0G0, while the self-energy is still ΓG0. This approach feeds
back part of the self-energy of the fermions into the pairs and gives the proper BCS gap
equation for T ≤ Tc. The resulting theory can be derived by truncating the equations
of motion for the Green’s function at the three-particle level [22].

In Ref. [17] the vertex and self-energy are treated within scheme where G is used
everywhere. This approach is Φ-derivable in the sense of Baym [23], which guarantees
that the theory is fully self-consistent, and conservation laws (which are important
when considering transport properties) and thermodynamic relations are obeyed ex-
actly. The fact that both Σλ and Gλ in Eq. (2.27) are calculated self-consistently seems
very appealing. However, in the BCS- and BEC-limits self-consistency does not play an
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important role due to the condition kF |a| ¿ 1, while it cannot even be controlled in the
crossover regime due to the lack of a small parameter. The self-consistent ladder ap-
proach describes the interaction between dimers in the Born limit, but misses an infinite
number of diagrams that are of the same importance [19]. In addition, an important
shortcoming of conserving approximations is the fact that the bosonic spectrum is not
gapless in the BEC regime and therefore not able to describe a Bogoliubov-Anderson
sound mode [24].

Other approaches include an extension of the ladder approximation to temperatures
below Tc [25], a 1/N expansion in the number of spin components [26] and an ε =
4− d expansion in the dimension of space d [27]. Fully numerical Monte Carlo studies
provided reliable quantitative results at zero temperature, that for instance describe the
scattering between dimers properly [28]. More recently, extensions to finite temperature
became available, such as the auxiliary field [29] and diagrammatic determinant [30]
Monte-Carlo methods.

A completely alternative approach [31] is based on the idea that the four-body
description of dimer-dimer scattering in a vacuum is based on a factorized form of the
four-body wave function in the limit that the distance r1 between a pair of fermions
(with opposite spin) goes to zero [16]:

Ψ(r1, r2,R) → f(r2,R)φ(r1) for r1 → 0, (2.41)

where φ(r1) is the analytically known molecular wave function, r2 is the distance
between the fermions in the other pair and R is the distance between the center of
mass of the pairs. The effective three-body wave function f(r2,R) describes the motion
of the other pair with respect to the first pair and contains all information that is needed
to find the scattering properties between the dimers.

The central idea of the approach in Ref. [31] is that, compared to the ladder ap-
proach that only describes atom-atom interactions, a more complete description of the
crossover can be given by retaining processes which describe the physics of atom-dimer
and dimer-dimer scattering. Such a theory should contain the four-body description
of Petrov in the vacuum limit. In other words, it needs to contain the three-body
correlations related to the effective three-body wave function f(r2,R).

This description should then reproduce the dimer-dimer scattering length add =
0.6a, because it contains essentially the same physics in the vacuum limit as the orig-
inal approach by Petrov et al. [16]. At the same time it is claimed that it contains
the Gorkov corrections on the BCS side of the resonance, and as such this approach
could be an important improvement when compared with other theoretical approaches.
Unfortunately, when this thesis was written a complete numerical evaluation of the the-
ory to check these assertions was still in progress. Preliminary results seem to indicate
that the interaction energy of the molecules at the BEC side of the resonance are



2.5 More advanced crossover theories 35

properly reproduced, while also Tc at the BCS side seems to be significantly lower
than the BCS result, indicating the presence of Gorkov like corrections to the critical
temperature [32].

An approach closely related to a phase shift description originally due to Fumi [33]
has been used to describe the properties of a normal (i.e. above Tc) gas of molecules
in equilibrium with the atomic component in Ref. [34]. It is based on the observation
that at the BEC side of the resonance (a > 0), the formation of molecules strongly
decreases the atomic fraction. For an equilibrium atom-molecule mixture, the chemical
potential is negative and the fermionic occupation numbers nk are small. The self-
energy, evaluated in the ladder approximation, is related to the interaction vertex
Γ. However, because the occupation numbers are small, the interatomic interactions
between the fermions are not modified by the presence of a degenerate Fermi sea. We
can then neglect the statistics in the pair propagator and Γ reduces to the T -matrix.

Let us first consider the limit where the interaction energy is small, and the thermo-
dynamic quantities can be calculated by means of non-interacting distribution func-
tions. Performing a coupling constant integration equivalent to the one we used to
derive the NSR expression, we find

Ω− Ω0 = − 1
V

∑

q,k

4π~2

m

δ (k)
k

n0
q/2+kn

0
q/2−k, (2.42)

where the phase shift δ of the T -matrix is evaluated at the relative momentum of
the colliding pair and can be derived from a microscopic description of the atomic
interactions, as for example studied in chapter 3. The right hand side of this expression
basically describes the interaction energy of the gas. This expression can be seen to
be completely equivalent to Eq. (2.35) by first writing the logarithm in Eq. (2.33) as a
power series: log (1 + x) ' x− x2/2 + x3/3 + · · · , then using the relations

1
ε± − ξq/2+k − ξq/2−k

= P 1
ε− ξq/2+k − ξq/2−k

∓ iπδ(ε− ξq/2+k − ξq/2−k) (2.43)

and (1−n0
q/2+k−n0

q/2−k)g(ξq/2+k+q/2−k) = n0
q/2+kn

0
q/2−k, and finally replacing the

phase of the interaction vertex Γ in Eq. (2.35) by the scattering phase shift in vacuum
to account for the absence of Fermi statistics in the T -matrix (note that there is a
different sign convention, that introduces an additional minus sign).

An improved expression for the interaction energy can be found by replacing the
non-interacting distribution functions n0

k by the self-consistent functions nk. The cou-
pling constant is then very difficult to perform. Fortunately, an expression for the ther-
modynamic potential can be derived within the Φ-derivable formalism of Baym and
Kadanoff [23]. The self-energy is then given by a generalization of the Hartree-Fock
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approach and found as a variational derivative of the functional Φ = trσ,kUσ,knσ,k:

Σσ =
δΦ
δnσ,k

= Uσ,k. (2.44)

For equal spin populations, the spin index σ drops out and only gives a numerical
factor in the sums over spins. The self-energy is defined by the mean-field expression
Uk = trk′gkk′nk′ , where the interaction gkk′ is related to the scattering phase shift

gkk′ = −4π~2

m

δ (|k− k′|/2)
|k− k′|/2 , (2.45)

evaluated at the relative momentum of the colliding pairs. Plugging the interaction
energy back into the distribution function results in

nk =
1

eβ(ξk+Uk) + 1
. (2.46)

The self-energy is basically evaluated from the first diagram in Fig. 2.6, where the
potential V needs to be replaced by the momentum dependent interaction gkk′ .

The expression for the thermodynamic potential is then found from the general
relation Ω = Φ + tr ln (−G)− tr (ΣG), which evaluates to

Ω =
2
β

∑

k

ln (1− nk)−
∑

k

Uknk, (2.47)

which is equivalent to the expression found in [34]. An experimental determination of
the interaction in an atom-molecule mixture of 6Li at ENS was found to be in excellent
agreement with this approach. The atom-molecule and molecule-molecule interactions
can be added in a mean-field approximation, but were found to play a minor role in
these experiments.

2.6 Crossover physics with an open-channel resonance

In chapter 3 we discuss the two-body physics that is related to the interplay of mul-
tiple resonances. An interesting situation occurs when the properties of a Feshbach
resonance are strongly modified by the presence of an open-channel resonance. This
means that, even away from the Feshbach resonance, the fermions experience a reso-
nant interaction. The resulting energy dependence of the scattering properties is highly
non-trivial, and not captured by a simple zero range potential approach that utilizes
only a single channel. In this section we indicate how the non-trivial energy dependence
can be included by means of a proper two-channel many-body description.

A system of fermions in two internal states (σ =↑, ↓) close to a Feshbach resonance
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can be described using the Fermi-Bose resonance Hamiltonian [35]

Ĥ =
∑

k,σ

εkâ
†
kσâkσ +

∑
q

(εq
2

+ ν
)
b̂†qb̂q

+
∑

qkk′
Vkk′ â

†
q/2+k↑â

†
q/2−k↓âq/2−k′↓âq/2+k′↑

+
∑

q,k

gk

(
b̂†qâq/2−k↓âq/2+k↑ + H.c.

)
, (2.48)

where εk = ~2k2/2m is the free fermion dispersion relation, Vkk′ is related to the reso-
nant part of the open-channel interaction potential, gk is the coupling matrix element
relating two open-channel (free) fermions to the closed-channel bound state, and ν is
the bare detuning of the bound state. The operators â(†)

kσ annihilate (create) fermions
in the open channel, while b̂(†)k annihilate (create) closed-channel bosons.

In principle, the interaction matrix elements Vkk′ and gk depend on the momentum
in a non-trivial way, which renders actual calculations difficult. We show below that
replacing the real interaction potentials with properly chosen contact potentials can
greatly simplify the calculations, while the exact two-body scattering properties are
correctly built into the many-body theory. Especially in the case of a large background
scattering length, choosing the right open-channel potential V is important to make
sure all energy dependence of the scattering process is correctly included.

For a resonant open channel, the background scattering length has two contribu-
tions: abg = aP

bg +aP
res, where aP

bg ' R0 is on the order of the range of the open-channel
potential, and aP

res is the contribution from the potential resonance. We will now show
that the resonance Hamiltonian Eq.(2.48) reproduces the exact T-matrix when the di-
rect potential is chosen as a contact potential with strength V = Ṽ /(1 − αṼ ), where
α =

∑
k

1
2εk

and

Ṽ =
4π~2

m
aP
res (2.49)

is the resonant part of the open-channel potential. Note that the non-resonant part
of the open-channel potential (related to aP

bg) is not included in the Hamiltonian. If
we include this background part using a contact-potential, we basically introduce a
non-physical pole associated with aP

bg into the T -matrix. Leaving out the non-resonant
background part of the potential gives the correct poles of the T -matrix for all detun-
ings, while the error introduced in calculating phase-shifts, etc., is negligible.

To relate the many-body formalism to the two-body scattering properties, we take
the limit of zero density. From the Heisenberg equation of motion for the opera-
tors, we can find an effective Schrödinger equation for the open-channel pairs |χk〉 =
a†k,↑a

†
−k,↓|0〉. We first define a scattering state

|Ψk〉 = |χk〉+
g

z − ν
|φ〉, (2.50)
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which we demand to be an eigenstate of the Hamiltonian with energy z:

Ĥ|Ψk〉 = z|Ψk〉. (2.51)

The effective Schrödinger equation then contains a direct term proportional to V and
a term that gives rise to the Feshbach resonance:

z|χk〉 = 2εk|χk〉+
∑
q

(
V +

g2

z − ν

)
|χq〉. (2.52)

The effective potential that is experienced by the fermions, including the coupling to
the molecular state, is given by the bracketed term.

Solving the LS equation for the T-matrix with this effective potential we find

Tkk(2εk) =
Ṽ + ḡ2

2εk−ν̄

1 + ik
(
aP
res + m

4π~2
ḡ2

2εk−ν̄

) , (2.53)

where the coupling between the open and closed channels is renormalized by the direct
interaction as

ḡ =
g

1 + αV
. (2.54)

In the zero-energy limit the T-matrix takes the familiar form

Tkk(2εk) =
4π~2atot

m

1
1 + ikatot

, (2.55)

where the total scattering length is related to the interaction parameters as atot =
aP
res − ḡ2/ν̄. It can also be shown that the T-matrix of Eq. (2.53) corresponds to

the exact two-body T-matrix derived in chapter 3, using Gamow resonance states to
account for the interplay between open and closed channel resonances. This T-matrix
has been shown to reproduce full coupled-channel calculations for various alkali atoms.
The full energy dependence of the scattering process can thus properly be included
for all systems of current experimental interest. Note that it is crucial to make a
proper choice for the parameter aP

res that describes the scattering in the open channel.
Choosing abg or even |abg| instead of aP

res (see for instance [36]) is easily shown to lead
to unphysical results.

At the BEC side of the resonance, the energy of the molecules is an important
property as it directly relates to the chemical potential of the system. The coupling
between the bare molecular state and the scattering fermions leads to a self-energy
correction for the molecular energy. The self-energy of the molecules (in the vacuum
limit) is given by coupling to the open channel, propagation in the open channel, and
coupling back to the closed channel:

Σmol = gGdirg. (2.56)
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The open-channel propagator Gdir has a contribution from the direct interaction term
Vkk′ in the Hamiltonian, and can be calculated by means of the Dyson equation

Gdir = G0 (1 + V Gdir) . (2.57)

Rewriting Eq. (2.57), it can be shown that (1 + V Gdir) = (1−G0V )−1. Then, introduc-
ing contact potentials, the coupling matrix gets renormalized by the direct interaction,
and acquires additional energy dependence due to the open-channel resonance:

(1 + V Gdir) g =
ḡ

1 + ikaP
res

. (2.58)

The self-energy reduces to

Σmol(2ε+k ) =
gḡ

1 + ikaP
res

∑
q

1
2ε+k − 2εq

. (2.59)

This in turn determines the energy of the dressed molecules by the implicit equation

z = ν + Σφ(z), (2.60)

which can be shown to correspond with the poles of the exact two-body T-matrix, and
confirms that the two-body interactions are properly taken into account at the BEC
side of the resonance.

2.7 Few-body physics

In an ultracold mixture of atoms and dimers, the collisions between dimers and atoms,
as well as the mutual dimer-dimer interactions are important processes that determine
properties such as the stability and thermalization rate of the atom-dimer mixture. In
the unitary regime, atom-dimer collisions limit the lifetime of the mixture. Collisions
between dimers are of crucial importance in the strong coupling limit of BCS-BEC
crossover theories, where the dimer-dimer scattering properties should be properly
incorporated in a quantitatively reliable crossover theory. In a gas of ultracold fermionic
dimers, the dimer-dimer scattering properties are of key importance when considering
the possible realization of superfluidity, see for instance chapter 4.

Obtaining exact solutions of the three-body and four-body Schrödinger equation to
calculate the properties of atom-dimer and dimer-dimer collisions is technically chal-
lenging. Fortunately, the resonant two-body interaction can be used to simplify the
problem considerably. In the case of a large scattering length |a| À R0, short-range
details of the two-body interaction potential turn out not to be important. The inter-
actions can then be treated in the zero range approximation [37], which comes down
to replacing the interaction potential by a suitable boundary condition at r = 0. It
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assumes that two-body physics dominates when two atoms approach each other to
distances on the order of the potential range R0. The three-body wave function ap-
proximately factorizes into a product of the pair wave function of two particles on top
of each other, and the relative motion of the third particle with respect to this pair:
Ψ(r,R) ' φ(r)f(R), where r = |r| is the distance between the particles inside the pair
and R is the distance between the third particle and the pair. By neglecting the pene-
tration of the third particle in the range of interactions R0, which generate terms that
are of order R0/a¿ 1, the boundary condition for the three-body wave function at R0

is directly related to the two-body wave function and is known analytically. Finally,
R0 is taken to zero and the boundary condition takes the form:

∂

∂r
ln [rΨ(r,R)]

∣∣∣∣
r→0

=
∂

∂r
ln [rφ(r)]

∣∣∣∣
r→0

= kccot[δ(kc)]. (2.61)

Here kc is the relative momentum of the colliding pair and the scattering phase δ can
be obtained from the T -matrix (see for instance chapters 3 and 5).

For all non-zero distances we then have to solve the (much simpler) non-interacting
Schrödinger equation, while the zero range potential provides the correct asymptotic
form of the scattering wave function. This approach was first used in 1957 to consider
low energy scattering of a neutron and a deuteron [38]. Recent studies of atom-dimer
scattering in ultracold gases with resonant interactions [39, 40] are based on a similar
approach.

Identical governing equations can be found within a diagrammatic approach [18].
The most basic interaction in an atom-dimer collision is the exchange of the atom with
the identical constituent atom in the dimer, which can be considered to be the Born
term of the three-body T -matrix. The scattering properties are then found by building
up a ladder series of this basic interaction term, which gives the complete three-body
T -matrix. The propagation of the dimers is described by a two-body T -matrix in the
resonance approximation, which is a description that is equivalent to the zero-range
boundary condition used in the approaches mentioned above. The final equation and
the atom-dimer scattering length can then be shown to be identical to the ones found
in the zero-range approximation.

An amazing property of certain types of three-body systems is that a universal
family of weakly bound trimers can exist in the case that the two-body interactions
are sufficiently resonant. The effect is universal in the sense that is does not depend
on the detailed nature of the two-body interactions. The presence of this universal
class of trimer states was predicted theoretically by Efimov in the context of nuclear
physics [41], but soon considered to be a general effect. An experimental observation
of these Efimov trimers has been pursued in many fields of physics since. The first
unambiguous experimental demonstration of the presence of Efimov trimer states in
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an atomic gas of 133Cs bosons has been given only recently by the group of Grimm in
Innsbruck [42].

The most simple manifestation of the Efimov effect occurs in systems with iden-
tical bosonic particles. More generally, whether Efimov trimers exist depends on the
symmetry of the wave function, i.e. whether the particles are fermions or bosons, and
the mass ratio(s) of the particles in the three-body system. For example, in a system
with two identical heavy fermions and one light fermion with a mass ratio M/m > 13.6
Efimov trimers can be formed, but for smaller mass ratios trimers are absent.

The existence of a universal class of trimer states is most easily understood when
considering the three-body Schrödinger equation. For resonant values of the scattering
length |a| À R0, the three-body wavefunction in hyperspherical coordinates factorizes
into a product of a radial and an angular part at distances ρ . a, where ρ =

√
r2 + αR2

is related to the overall size of the three-body system and α is a constant that depends
on the masses of the atoms. After solving for the angular part, the (hyper)radial
equation takes a form that resembles the radial part of a 2D Schrödinger equation with
an effective potential s/ρ2:

(
− ∂2

∂ρ2
− 1
ρ

∂

∂ρ
+

s

ρ2

)
f(ρ) = Ef(ρ). (2.62)

The solutions are proportional to f ∼ K√s, with Kn a Bessel function of the second
kind of order n. The strength s of this interaction depends on the statistics and masses
of the particles and is found by solving the angular part of the equation, which is
directly related to the boundary condition implied by the zero range potential.

For positive s, the wave function f is a decreasing Bessel function. In the case
of an attractive potential (s < 0), the wave function strongly oscillates at distances
ρ . a, showing the presence of a large number of trimer bound states. If this attractive
potential is not cut off at small distances, there are bound states with arbitrarily low
energy and we have the well known phenomenon of the fall of a particle into the center
of an attractive 1/ρ2 potential [43]. In this case, the solutions to the Schrödinger
equation are not unique.

Physically, the presence of the non-resonant forces at distances smaller than the
range of the two-body potential R0 cuts off the 1/ρ2 potential at short range. A
proper solution of the three-body problem should take into account all details of the
interatomic potentials at short range, which is technically unfeasible. Fortunately,
to calculate the low-energy properties of the three-body system, we only need the
asymptotic part of the wave functions and we can use a trick which is similar to the
accumulated phase method in two-body collisions.

The solutions can be rendered unique by introducing a short-range boundary con-
dition to the s/ρ2 potential at a typical distance r0, in the range R0 ¿ r0 ¿ |a|. This
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Figure 2.9 Sketch of the binding energy of Efimov trimer states as a function of the

inverse scattering length 1/a (not to scale). The shaded region indicates the scattering

continuum for three atoms (a < 0) and for an atom and a dimer (a > 0), where the

molecular binding energy scales as −1/a2. The arrow marks the intersection of the first

Efimov trimer with the three-atom threshold, which was observed experimentally. Figure

adapted from [42].

introduces a three-body parameter in the theory, and for instance fixes the energy of
the trimer states as a function of the other scattering parameters, such as the scatter-
ing length. The solutions are then unique and for finite scattering length, there is a
finite number of Efimov trimers. In the case that |a| → ∞, the attractive three-body
interaction extends to infinity and the trimer levels condense to zero energy with the
exponential ratio En/En+1 = exp (2π/|√s|). A sketch of the appearance of Efimov
trimer states in a bosonic system is given in Fig. 2.9. The Efimov trimer states appear
first at the scattering length indicated by the arrow, where |a| is much larger than the
range of the two-body potential R0. Every time the scattering length is increased by
the scaling factor exp (π/|√s|) ' 22.7 a new trimer state appears. The dashed line
indicates the possible presence of a deeply bound trimer state, which is related to short
range physics and is not connected to the universal three-body physics at low energies.

The energy dependence of the two-body interactions can also play a significant role
in these systems. In chapter 3, we discuss two types of Feshbach resonances. For broad
resonances, the scattering length can be used to describe the two-body interaction at
all relevant energy scales. In this case, the boundary condition which is used in the
three-body equation does not depend on the collision energy and needs to be considered
as a parameter of the theory. It can be fixed by a more elaborate three-body calculation
at short range (see for instance [44]), or by input from experiment.
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For narrow resonances, a second length scale R∗ is introduced, which plays a role
similar to the familiar effective range term (see Sec. 2.3) and is directly related to
the energy dependence of the interactions. The zero-range boundary condition then
depends on the collision energy and it turns out that this energy dependence cuts off
the resonant interactions in the three-body system at a range that is proportional to
R∗ [40]. In this case, the three-body parameter can be linked directly to the two-body
physics. It can again be shown that a diagrammatic approach gives the same governing
equations [18], provided that the two-body T -matrix correctly incorporates all relevant
energy dependence.

The collisional properties of dimer-dimer collisions can be calculated by extending
the zero-range method to the four-body system. In the case of bosonic molecules
with constituent fermionic atoms (with equal masses), the problem was first solved by
Petrov [45] and the dimer-dimer elastic scattering length was found to be add = 0.6a,
where a is the interatomic scattering length.

In the case that the dimers consist of non-identical particles with very different
masses, the time scales associated with the motion of the light and heavy particles
separate and the Born-Oppenheimer (BO) method can be used to consider the physical
properties of the system. As we discuss in chapter 7, the existence of trimer states in
a system with two heavy atoms and a light one is easily understood in the BO picture.
In this approach, the exchange of a light fermion between two heavy atoms gives rise
to a −A/(mR2) attractive potential, where R is the distance between the heavy atoms
and A ' 0.16. Depending on the statistics and masses of the heavy atoms, the induced
attraction can give rise to the formation of universal trimer states in a collision between
two dimers.

For instance, let us consider bosonic molecules that consist of light and heavy
fermionic atoms. At small mass ratios, the dominant loss process is the formation
of deeply bound dimers, where the released binding energy is converted into kinetic
energy and the atoms are lost from the trap. The formation of deeply bound dimers
requires the presence of at least three fermions in a small volume (on the order of R3

0).
The p-wave symmetry of the three-fermion system gives rise to a centrifugal barrier
(Pauli suppression), which goes like 2/(MR2). This repulsive term competes with the
attraction induced between two heavy atoms by the exchange of a light one.

For small mass ratios the repulsive term dominates, which suppresses the dimer for-
mation rate and renders these bosonic molecules remarkably stable. Scaling properties
of the four-body wave function at small distances show that the inelastic loss rate scales
as (R0/a)s, where s depends on the mass ratio [45]. For equal masses s = 2.55 and
the loss rate decreases with increasing scattering length. The effect of the repulsion is
increased for larger a, which leads to the counterintuitive conclusion that the molecules
become more stable when they are more weakly bound. For M/m = 12.33 the repul-
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sive and attractive interactions cancel and s = 0. For mass ratios M/m > 12.33 the
attraction is stronger, 0 < s < 1 and the inelastic loss rate increases for increasing a.
For M/m > 13.6, the attraction is strong enough to give rise to Efimov physics and
the physics of the dimer-dimer collision changes completely. For example, the loss rate
will now show a log-periodic dependence on the scattering length a, which originates
from the particular scaling properties of the three-body subsystems. In this case we
need a three-body parameter to describe the dimer-dimer collisions.

A system consisting of fermionic molecules with constituent light fermions and
heavy bosons also leads to the formation of trimer states. In this case there is no
p-wave suppression in the three-body subsystems, and trimer formation can occur at
all mass ratios. One could therefore ask whether such molecules are stable at all.

Fortunately, as we explain in chapter 7, the Pauli statistics of the light fermion
gives rise to a repulsive interaction between the molecules at distances larger than the
scattering length. The presence of this barrier leads to a suppression of the trimer
formation rate and of the loss to deeply bound dimers. This renders ultracold gases
of this type of molecules stable enough to make them a promising candidate to study
some interesting aspects of the underlying three-body physics, such as the lifetime and
position of the trimer states. A direct study in an atomic gas might be less feasible
because of the increased loss rates compared to the molecular gas. We study the
collisional properties of these molecules in detail in chapter 7.
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Feshbach resonances are commonly described by a single-resonance Feshbach model, and

open-channel resonances are not taken into account explicitly. However, an open-channel

resonance near threshold limits the range of validity of this model. Such a situation exists

when the background scattering length is much larger than the range of the interatomic

potential. The open-channel resonance introduces strong threshold effects not included

in the single-resonance description. We derive an easy-to-use analytical model that takes

into account both the Feshbach resonance and the open-channel resonance. We apply our

model to 85Rb, which has a large background scattering length, and show that the agree-

ment with coupled-channels calculations is excellent. The model can be readily applied to

other atomic systems with a large background scattering length, such as 6Li and 133Cs.

Our approach provides full insight into the underlying physics of the interplay between

open-channel (or potential) resonances and Feshbach resonances.

3.1 Introduction

A magnetically induced Feshbach resonance [1, 2] is an indispensable tool to control
the atom-atom interaction in ultracold gases. By simply changing the magnetic field
around resonance, the s-wave scattering length, which is a measure for the strength of
the interactions, can be given basically any value. Exactly on resonance, the scattering
length is infinite, and its value is therefore much larger than any other lengthscale that
characterizes the atomic gas system. This means that the scattering length effectively
drops out of the physical problem. For very low temperatures and on resonance,
universal behavior has been predicted [3,4]. For higher temperatures, or for situations
further away from resonance, knowledge about the correct energy-dependence of the
scattering phase shift will be needed to account for an accurate description of a resonant
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two-body interaction [5, 6].
Crossing the Feshbach resonance, the scattering length a goes from positive to

negative values through infinity, and the effective interaction changes accordingly from
repulsive (a > 0) to attractive (a < 0). Using two atomic spin states of a fermionic
gas, it is possible to study the crossover region between a BCS superfluid and a Bose-
Einstein condensate (BEC) of molecules [7–9].

The Feshbach resonance is associated with a molecular state just below the collision
threshold. When the magnetic field is changed during an experiment, (quasi-bound)
molecules can be formed [10–12] while sweeping through the resonance. At JILA, co-
herent oscillations between atoms and molecules have been observed by applying two
magnetic field ‘Ramsey’ pulses close to resonance [13, 14]. The oscillation frequency
was directly related to the binding energy of the molecules. More recently, Feshbach
resonances were utilized in the formation of ultracold molecules from a degenerate
atomic Fermi gas [15–18]. Here molecules could be produced reversibly by sweeping
twice through resonance. In some cases these dimers have been cooled further down
below the BEC transition temperature [19–21]. In the case of bosonic systems, Fesh-
bach resonances have been utilized to produce ultracold sodium, cesium and rubidium
molecules [22–24].

Close to the magnetic field value of resonance B0, the s-wave scattering length a

shows a characteristic dispersive behavior and is given by

a(B) = abg

(
1− ∆B

B −B0

)
. (3.1)

The background part of the scattering length abg summarizes the effect of the direct
scattering processes in the open channel, without coupling to other closed spin channels.
∆B is the field width of the Feshbach resonance. An example of this behavior can
be seen in Fig. 3.1. Since the Feshbach resonance is responsible for the dramatic
behavior of the scattering length, the background process is usually considered not very
interesting, and is in some cases even neglected. The direct process is then associated
with non-resonant scattering, where the value of abg should be on the order of the van
der Waals potential range r0 ≡ (µC6/8~2)1/4 [25], with µ the reduced mass and C6

the van der Waals coefficient. This, however, is only true when there is no potential
resonance close to the collision threshold.

The effect of potential resonances can be easily estimated by comparing the value of
abg to the potential range r0. For example, in the case of 87Rb, the direct interaction
potential is non-resonant since abg = 100 a0 [26] and r0 is of the same order for
rubidium. There are also situations where this is not the case. When abg is large and
positive, there is an open-channel bound state very close to threshold. For example,
this occurs for 133Cs, where abg = 905 a0 [27, 28] is much larger than r0. In other
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Figure 3.1 Scattering length as a function of the magnetic field for 87Rb in the |f, mf 〉 =

|1, 1〉 hyperfine channel. The horizontal dashed line indicates the direct scattering length

abg = 100 a0 (with a0 the Bohr radius), and the vertical dotted line indicates the resonant

magnetic field B0 = 1007.4G. The field width is given by ∆B = 0.2G.

situations abg can be large and negative, indicating that the interaction potential has
a virtual state near threshold. Examples here are 85Rb with abg = −443 a0 [14], and
6Li where abg ≈ −2000 a0 [29, 30]. In these cases, the non-resonant description of
the background scattering process is not correct. This can be seen from a comparison
between the single-resonance Feshbach model and a full coupled-channels calculation
over the range of energies of interest for current experiments, as will be shown in the
following.

In this paper, we demonstrate how the potential resonance can be taken into account
analytically, by properly describing the interplay between the open-channel resonance
and the Feshbach resonance. The open-channel resonance is associated with a pole of
the direct part of the scattering matrix. In our approach, we include this open-channel
pole into the multi-channel Feshbach formalism. The resonance phenomena discussed
here in the context of cold atomic collisions are quite general, and have been studied
before in the context of nuclear physics [31], electron-atom collisions [32], and electron-
molecule collisions [33]. In previous work the potential resonance is indirectly included
in the closed-channel subspace, however, the potential resonance is actually located in
the open-channel subspace. In our approach, the distinction between open-channel and
closed-channel resonances is clearly made, which results in a better understanding of
the underlying physics.

The paper is outlined as follows. In Sec. 3.2 we introduce the basic ideas behind
our approach. In Sec. 3.3 we briefly discuss the theory of Feshbach resonances, based
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on a projection-operator approach. In Sec. 3.4 we discuss the properties of potential
resonances, and explain how the so-called Mittag-Leffler expansion can be used to
account for these resonances. The Mittag-Leffler expansion is used in Sec. 3.5 to discuss
the interplay between Feshbach resonances and potential resonances. In Sec. 3.6 we
give a thorough discussion of the results of our model. We compare our model with
other commonly used approaches in Sec. 3.7, and conclusions are drawn in Sec. 3.8.

3.2 Basic ideas

In this section, we introduce the basic ideas which are needed to describe the interplay
between potential resonances and Feshbach resonances. We first introduce the Feshbach
resonance with a non-resonant background scattering process, i.e. with a background
scattering length on the order of the range of the interatomic potential. Then we discuss
a single-channel s-wave resonance, and its relation to the poles of the scattering matrix.
In case the background scattering length is large, this indicates that the open channel
is nearly resonant, even without coupling to other channels. Then, we investigate the
effect of the open-channel resonance on the Feshbach resonance. We study two different
cases: one with large positive and one with large negative abg.

Feshbach resonances

The location of the vibrational bound states in the interaction potential determines
the scattering properties in ultracold atomic collisions. In a multi-channel collision
the incoming channel may be coupled to other (open and closed) channels during the
collision. A channel is energetically open (closed) when the total energy of the two-atom
system is above (below) the dissociation threshold energy of the incoming channel. In
the Feshbach formalism the total Hilbert space describing the spatial and spin degrees
of freedom is divided into two subspaces, indicated by P and Q. Generally, the open
channels are located in P-space, and the closed channels in Q-space. As a model
example, we consider the case with only one open (P ), and one closed (Q) channel. A
schematic illustration of the interaction potentials associated with these two channels
is shown in the left part of Fig. 3.2. Since the total energy is above the P -threshold,
this P -channel is automatically the incoming and outgoing channel. Later on, we also
consider the case where the total energy is below the P -threshold. Strictly speaking, the
P -channel is then energetically closed and should belong to the Q subspace. However,
for convenience we will still use the labelling P and Q to distinguish between these two
channels.

In the case of alkali atoms, the P and Q channels are associated with different spin
configurations, and have a different effective magnetic moment. The energy difference
between the channels can be tuned by changing the external magnetic field. This means
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Figure 3.2 Left part of figure: Schematic illustration of the P -channel (dashed) and

Q-channel (solid) interaction potential for B = 0. Right part of figure: The interac-

tion potentials are asymptotically connected to the magnetic field dependent two-particle

hyperfine-Zeeman eigenenergies. Also shown are the highest P -channel vibrational bound

state (νP,max) and a Q-channel vibrational bound state (νQ) close to the collision thresh-

old. At the resonant magnetic field B0 the coupling between the Q-channel bound state

and the P -channel scattering state becomes resonant.

that the P and Q potentials can be shifted relative to each other. The Zeeman energy
shift of the P -channel and Q-channel thresholds is schematically shown in the right part
of the figure. Also indicated is the energy of the highest P -channel vibrational bound
state (νP,max) and a Q-channel vibrational bound state (νQ) close to the P -threshold.

During the collision the atoms are coupled from the P -channel to the Q-channel.
The scattering process becomes resonant when a Q-channel bound state is located
close to the P -channel collision threshold, giving rise to a Feshbach resonance. The
unperturbed Q-channel bound state is dressed by the coupling to the P -channel. This
dressed state can be considered as a (quasi-)bound state of the total scattering system.
The colliding atoms are temporarily captured in the (quasi-)bound state, and after
a characteristic time τ = 2~/Γ, with Γ the decay width of the (quasi-)bound state,
they return to the P -channel. At the magnetic field value B0, where the dressed state
crosses the P -threshold, the scattering length has a singularity. The resulting behavior
of the scattering length was already shown in Fig. 3.1.

The scattering length is related to the zero-energy limit of the scattering matrix.
In the Feshbach description the energy-dependent scattering matrix is divided into two
parts. The direct part SP

direct describes the scattering processes in the P -channel, with-
out coupling to the Q-channel. The Feshbach resonance is described by the resonant
part SQ

res. The resulting total scattering matrix S = SP
directS

Q
res summarizes the energy
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and field dependence of the scattering process around resonance.
The direct part of the scattering process is usually assumed to be non-resonant.

In the treatment by Moerdijk et al. [34] the direct part of the scattering matrix is
described by a single parameter only: SP

direct(k) = exp[−2ikabg], where k is the relative
wavenumber of the two colliding particles. In the case abg is on the order of the range of
the potential r0, the resulting single-resonance Feshbach model accurately summarizes
the scattering process for the energies and magnetic fields of interest.

Potential resonances

The direct scattering properties are determined by the location of the bound states in
the P -channel potential. In case the P -channel has a bound state close to threshold, this
channel is nearly resonant and abg is large and positive. This has several important
implications, which have not been considered before in the description of Feshbach
resonances in cold atomic collisions. The P -channel potential resonance introduces a
resonance energy dependence of SP

direct, not included in the simple description based on
abg only. It is not straightforward to describe this resonance by means of a projection
formalism analogous to the Feshbach approach, since the bound state is located in the
open channel. Still, it is possible to understand the resonance behavior by studying
the poles of the scattering matrix.

There is a general connection between the resonances and bound states of a scat-
tering system, and the various poles of the scattering matrix [35]. For single-channel
s-wave collisions, the poles in the upper half of the complex k-plane can only be located
on the imaginary k-axis. Sufficiently close to the origin (k = 0), the poles in the lower
halfplane can only be located on the imaginary axis as well [36]. As a result, the en-
ergy E = ~2k2/2µ associated with these poles will be strictly negative. The P -channel
bound state is related to a pole of SP

direct on the positive imaginary k-axis, as indicated
in Fig. 3.3. If the bound state is located just below threshold, this pole is located close
to the origin.

Now imagine that the potential gradually becomes less attractive. Then, the bound
states will move towards threshold, and the poles of the S matrix will move down the
imaginary k-axis. Consequently, the bound-state pole close to the origin will move
towards k = 0, cross the origin when the bound state is located exactly at threshold,
and eventually turn into a so-called virtual-state pole on the negative imaginary k-
axis. The energy associated with this virtual state is negative, but there is no proper
physical bound state associated with this energy. A virtual state can be regarded as
a nearly-bound state that behaves much like a real bound state in the inner region of
the interaction potential. Only in the asymptotic region (r → ∞) the virtual state
‘discovers’ it does not quite fit to the size of the interaction potential, and the virtual
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The bound-state pole is located at the positive imaginary k axis. For a less attractive

potential, this pole will move down the imaginary k-axis, giving rise to a virtual state.

state exponentially explodes.
The direct part of the scattering matrix can be divided into a resonant and a non-

resonant part: SP
direct = SP

bgS
P
res. The background part is now related to the true range

of the potential, while the resonant part takes the form:

SP
res(k) = −k + iκ

k − iκ
, (3.2)

where iκ is the location of the pole on the imaginary k-axis. In the zero-energy limit,
the direct part of the scattering matrix is related to the background scattering length
as abg = aP

bg + 1/κ. Here aP
bg is on the order of r0, while the resonant contribution of

the P -channel is given by 1/κ. The important effect of a bound or virtual state near
threshold is the introduction of a resonance energy dependence of SP

direct. More details
will be given in Sec. 3.4.

Interplay

Now we return to a multi-channel collision, with a Feshbach resonance resulting from
coupling to Q-space, and a potential resonance associated with P-space. The total
scattering matrix takes the form S = SP

bgS
P
resS

Q
res, where the background part is related

to the true range of the potential. In a multi-channel problem, the bound and quasi-
bound states of the scattering system are related to the poles of the total S matrix.
The bound-state poles are located on the positive imaginary k-axis, whereas the quasi-
bound state poles are located in the lower half of the complex k-plane. These poles are
generally not located on the imaginary axis, as they are related to complex energies
ER − iΓ/2. Here ER is the energy, and Γ the decay width of the quasi-bound state.
The decay width is related to the lifetime of the quasi-bound Feshbach resonance state.
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Figure 3.5 Effect of virtual state on Feshbach resonance in 85Rb in the |2,−2〉 hyperfine

channel. Shown are the energy of the unperturbed Q-channel bound state (dotted line),

and of the (quasi-)bound state (solid line) which is ‘dressed’ by the coupling to the P -

channel. The (quasi-)bound state crosses the collision threshold at B0, the unperturbed

Q-channel bound state crosses the collision threshold at B0. Note that the energies are

give relative to the P -channel collision threshold (horizontal solid line).
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In Fig. 3.4, we consider the case where the P -channel has a bound state just below
threshold. This means that abg will be large and positive, which is the case for 133Cs, for
example. The bare bound states of the P andQ channels are indicated by the horizontal
(νP,max) and slanted (νQ) lines, respectively. These bare states are eigenstates in the
uncoupled P and Q subspaces. The bare Q-channel bound state crosses the P -channel
threshold at the magnetic field value B0. The dressed states are indicated by the solid
lines.

Below the P -threshold, the behavior of the dressed states resembles an avoided
crossing as described by a two-level Landau-Zener model. In the inset, the behavior
of the dressed state is shown close to the P -channel threshold. At B0 one of the
dressed bound states crosses the collision threshold, acquires a decay width, and turns
into a quasi-bound state. Exactly at B0, the s-wave scattering length goes through
infinity. Note that the binding energy of the dressed state curves quadratically towards
threshold according to the well-known relation εbind(B) = −~2/(2µa2(B)) ∝ (B−B0)2,
as follows from Eq. (3.1). At threshold, the slope of the dressed state energy shows a
discontinuity resulting from a non-zero decay width above threshold. We stress that,
although the behavior of the dressed states shows some resemblance with the two-level
Landau-Zener description, this model does not include these threshold effects and can
not be used to properly describe the interplay between a potential resonance and a
Feshbach resonance.

For abg large and negative, there is a P -channel virtual state near threshold. Ex-
amples here are 85Rb and 6Li. An example of the energy of the dressed states for this
situation is given in Fig. 3.5. Here the difference with the Landau-Zener model is even
more striking. The behavior of the dressed state energies can not be understood on
the basis of an avoided crossing between the Q-channel bound state and the P -channel
threshold. Based on a Landau-Zener approach, the dressed state above P -threshold
would be located at the righthand side of the bare Q-channel bound state, which clearly
is not the case. The binding energy still curves quadratically towards threshold, which
it crosses at the magnetic field B0. From the inset it can be seen that the slope of
the dressed state energy shows a discontinuity at threshold, which is even more dis-
tinct than the situation given in Fig. 3.4. For larger collision energies, the dressed
quasi-bound state curves back to the bare Q-channel bound state [39].

In the following we derive an analytical model that describes the interplay between
potential resonances and Feshbach resonances. We used this model to obtain Figs. 3.4
and 3.5, which are model examples applicable to 133Cs and 85Rb, respectively. In
Sec. 3.6 we show that the agreement between our model and full coupled-channels
calculations is excellent for a large domain of energies and magnetic fields, while the
single-resonance Feshbach model gives poor results in the same domain. We compare
our model with other approaches in Sec. 3.7.
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3.3 Feshbach Resonance Theory

Feshbach resonances in two-body collisions are related to the coupling of different spin
channels, and can be conveniently described in an approach due to Feshbach [1, 38].
In this approach the total Hilbert space H describing the spatial and spin degrees of
freedom is divided into two subspaces P andQ. In general P contains the open channels
and Q the closed channels. The S and T matrices, which are related to the transition
probabilities of the scattering process, are separated in two parts accordingly. The
P -part describes the direct interactions in the open-channel subspace, and the Q-part
describes the effect of the coupling to the closed-channels. Usually the Q-part contains
the resonances, and the P -part is assumed to be non-resonant. We discuss in Sec. 3.4
why in some cases the P -part can introduce resonant features as well. In Sec. 3.5 we
show how these P -channel resonances can be taken into account analytically. First we
discuss the Feshbach projection formalism in this section.

One can construct projection operators P and Q, which project onto the subspaces
P and Q, respectively. The Schrödinger equation for the two-body collision can then
be written as a set of coupled equations:

(Etot −HPP )|ΨP 〉 = HPQ|ΨQ〉, (3.3)

(Etot −HQQ)|ΨQ〉 = HQP |ΨP 〉. (3.4)

Here we use the notation |ΨP 〉 ≡ P |Ψ〉, |ΨQ〉 ≡ Q|Ψ〉, HPP ≡ PHP , HPQ ≡ PHQ,
etc., and Etot = E +Ethr is the total energy of the colliding atoms, with E the kinetic
energy and Ethr the energy of the open-channel threshold. As already mentioned, we
are only interested in scattering processes with only one open channel. The P -channel
is then simultaneously the incoming and outgoing channel. Also note that all energies
in the following are given with respect to the open-channel collision threshold.

We multiply Eq. (3.4) from the left with the resolvent (or Green’s) operator
GQQ(E+) ≡ [E+ −HQQ]−1:

|ΨQ〉 =
1

E+ −HQQ
HQP |ΨP 〉, (3.5)

where E+ = E + iδ with δ approaching zero from positive values. Substituting the
expression for |ΨQ〉 in Eq. (3.3), the problem in the P subspace is equivalent to solving
the Schrödinger equation (E−Heff)|ΨP 〉 = 0, where the effective Hamiltonian is given
by

Heff = HPP +HPQ
1

E+ −HQQ
HQP . (3.6)

The first term in the effective Hamiltonian describes the direct effect of the open-
channel subspace P on the scattering process. The second term in the effective Hamil-
tonian describes the coupling of P space to Q space, propagation through Q space,
and coupling back to P space again.
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The resolvent operator GQQ can be expanded in terms of the discrete (|φi〉) and
continuum (|φ(ε)〉) eigenstates of HQQ:

1
E+ −HQQ

=
∑

i

|φi〉〈φi|
E − εQi

+
∫ |φ(ε)〉〈φ(ε)|

E+ − ε
dε. (3.7)

Now suppose there is only one discrete bound state of HQQ for which the eigenvalue
εQb is close to the collision energy E of the scattering state. That is, the other Q-
channel bound states are located sufficiently far away from the P -threshold so that their
contribution can be safely neglected. In this case we can also neglect the continuum
expansion of HQQ, and the problem in the P subspace reduces to

(E −HPP )|ΨP 〉 = HPQ
|φb〉〈φb|
E − εQb

HQP |ΨP 〉. (3.8)

Now we can formally solve the coupled problem by multiplying from the left with
the resolvent operator GPP (E+) ≡ [E+ −HPP ]−1:

|ΨP 〉 = |Ψ+
P 〉+

1
E+ −HPP

HPQ
|φb〉〈φb|
E − εQb

HQP |ΨP 〉. (3.9)

The scattering state |Ψ+
P 〉 corresponds to the homogeneous part of the Schrödinger

equation projected into P space, and is an eigensolution ofHPP with outgoing spherical
wave boundary conditions. The scattering states are energy-normalized as
〈Ψ+

P (E)|Ψ+
P (E′)〉 = δ(E − E′), where δ(E) is the Dirac delta function.

Before calculating the S and T matrices, we introduce the Lipmann-Schwinger
equations for |Ψ±P 〉, where the superscript + (-) indicates outgoing (incoming) spherical
wave boundary conditions [41]:

|Ψ±P 〉 = |χP 〉+
1

E± −HPP
VPP |χP 〉. (3.10)

Here the Hamiltonian in P space is written as HPP ≡ H0
PP + VPP , where H0

PP rep-
resents the sum of the relative kinetic energy operator and the two-particle hyperfine-
Zeeman interactions, and VPP the interatomic interactions, both projected onto the
P-channel subspace. The unscattered states |χP 〉 are eigenstates of H0

PP .

The TP matrix, giving the transition amplitude due to scattering in the P subspace
only, can now be calculated as

〈χP |TP |χP 〉 ≡ 〈χP |VPP

[
1 +

1
E+ −HPP

VPP

]
|χP 〉

= 〈χP |VPP |Ψ+
P 〉. (3.11)
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Introducing the second term in the effective Hamiltonian Eq. (3.6), according to the
two-potential theorem [41] the total T matrix is given by

〈χP |T |χP 〉 = 〈χP |
[
VPP +HPQ

1
E+ −HQQ

HQP

]
|ΨP 〉

= 〈χP |VPP |Ψ+
P 〉

+〈Ψ−P |HPQ
1

E+ −HQQ
HQP |ΨP 〉, (3.12)

where we have used the formal solution for |ΨP 〉 given by Eq. (3.9) together with
relation Eq. (3.10). We see that apart from the direct term TP , the transition amplitude
contains a term which results from the coupling to the closed-channel subspace Q.

The relation between the S matrix S(k) = 〈χP |S|χP 〉 and the T matrix T (k) =
〈χP |T |χP 〉 is given by the operator equation S = 1−2πiT . From this equality, together
with the expansion of the resolvent GQQ, it follows that the S matrix of the effective
problem in P space is given by

S(k) = SP (k)− 2πi
〈Ψ−P |HPQ|φb〉〈φb|HQP |ΨP 〉

E − εQb
. (3.13)

Here SP (k) = 〈Ψ−P (E)|Ψ+
P (E)〉 is the direct part of the S matrix, which describes the

effect of the scattering process in P space only, without coupling to the closed channels
in Q space.

We can finally solve for |ΨP 〉 by multiplying Eq. (3.9) from the left with 〈φb|HQP ,
which results in

S(k) = SP (k)

(
1− 2πi

∣∣〈φb|HQP |Ψ+
P 〉

∣∣2

E − εQb −A(E)

)
. (3.14)

The term
A(E) ≡ 〈φb|HQP

1
E+ −HPP

HPQ|φb〉 (3.15)

in the denominator is the complex energy shift, which is the energy difference between
the bare bound state |φb〉 and the dressed (quasi-)bound state.

Inserting a complete set of eigenstates of HPP , the complex energy shift can be
written as A(E) = ∆res(E) − i

2Γ(E). The real part ∆res(E) shifts the unperturbed
energy εQb , and the imaginary part Γ(E) turns the unperturbed bound state |φb〉 into
a quasi-bound state. Note that A(E) is purely real for energies below the P -threshold
(i.e., E < 0). The energy of the dressed states can be found by solving for the poles of
the S matrix.

In the low-energy domain it is usually assumed that the real part of the energy shift
can be taken as approximately constant, ∆res(E) ' ∆res(E = 0). The energy width
Γ(E) = 2π|〈φb|HQP |Ψ+

P (E)〉|2 is proportional to k in the limit for k ↓ 0, which is a
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consequence of the surviving s-wave part of the scattering wave function. Therefore it
is usually assumed that Γ(E) ' 2Ck, with C a constant that characterizes the coupling
strength between P and Q [34]. The resulting expression for the S matrix

S(k) = SP (k)

(
1− 2iCk

E − εQb (B)−∆res + iCk

)
(3.16)

will be referred to as the single-resonance approximation.

The direct part of the S matrix is related to the direct part of the scattering length
as SP (k) = exp[−2ikabg], and the second term describes the resonant behavior due
to coupling to Q-space. In the limit k ↓ 0 this single-resonance expression for the S
matrix gives the dispersive behavior of Eq. (3.1).

However, the single-resonance approximation has a limited range of validity. More
specifically, it is based on the assumption that the scattering wave function |Ψ+

P 〉 can be
approximated by its low-energy s-wave limit, which is proportional to k1/2 (also known
as Wigner’s threshold law). If the P -channel has a low-energy resonance, such as a
(nearly-)bound state (with εPres = −~2κ2/2µ) close to threshold, this approximation
breaks down when |E/εPres| ¿ 1 is not satisfied.

In the following we show that the assumptions about the trivial energy dependence
of SP (k) and A(E) are not valid in the case the P -channel is nearly resonant. We derive
how the full energy dependence can be taken into account analytically. In Sec. 3.4 we
discuss the Mittag-Leffler expansion of the resolvent operator [E+ − HPP ]−1 based
on Gamow resonance states, which takes these P -channel resonances into account. In
Sec. 3.5 we derive analytical expressions for the energy shift and width based on this
expansion.

3.4 Open-Channel Resonances

Without coupling to the closed-channel subspace Q, the scattering properties in the
open-channel subspace P are governed by the uncoupled Schrödinger equation (E −
HPP )|ΨP 〉 = 0, which has scattering solutions |Ψ+

P 〉. We assume that the interatomic
potential is of finite range, i.e., it can be neglected beyond some radius R0 and is of
the form

VPP (r) =

{
VPP (r) for 0 ≤ r < R0,

0 for r ≥ R0.
(3.17)

The potentials used in the description of weakly interacting cold alkali gases have the
asymptotic form V (r) ∼ −C6/r

6. If we take R0 such that V (R0) is small compared
to the asymptotic kinetic energy E, the finite-range approximation can be applied
retaining high accuracy [42].
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The direct part of the S matrix is determined by the uncoupled P-space scattering
solutions. In the low-energy limit the scattering properties for single-channel problems
are determined by the s-wave part of the scattering wave function ψ±P (r) = 〈r|ψ±P 〉. If
there are no low-energy potential resonances, the scattering length abg of the uncoupled
HPP problem encapsulates the direct part of the scattering process in the low-energy
domain.

However, if HPP possesses a low-energy potential resonance this is not true in gen-
eral. The SP matrix contains a resonant feature and becomes strongly energy depen-
dent near the collision threshold. The direct part of the S matrix takes the form SP =
SP

bgS
P
res, where the background part of the S matrix, described by SP

bg = exp[−2ik aP
bg],

summarizes the effect of the P -channel potential on the scattering solutions, exclud-
ing the resonant part. The resonant part is described by SP

res. Note that we added
a superscript P to distinguish the P -channel resonance from the Feshbach resonance,
which is induced by coupling to the Q-channel.

The resonances and bound states of the P -channel interaction potential correspond
to the poles of SP . More specifically, the energy dependence of the resonant part SP

res

is determined by the analytical properties of the (P -channel) Jost function F(k) [44].
The Jost function is related to SP matrix as SP (k) = F(−k)/F(k), and the zeros of
the Jost function correspond to the poles of the SP matrix.

The Jost function F(k) is an entire function in k for finite-range potentials. In the
general case, the zeros of F(k) in the upper halfplane are only located at the imaginary
k axis, are finite in number, and correspond to the bound states in P space. Note that
since E < 0 in this case, the P subspace is in fact also energetically closed. There is a
countable, infinite number of zeros of F(k) in the lower halfplane. The poles located
in the third and fourth quadrant correspond to the resonances associated with a non-
zero angular momentum of the colliding particles, and are located symmetrically with
respect to the imaginary k axis. The poles located at the negative imaginary axis are
finite in number and correspond to the s-wave virtual states. Labelling the zeros by
kn, the Jost function can be written as the product [44]

F(k) =
∞∏

n=1

(
1− k

kn

)
h(k), (3.18)

where h(k) is a smooth function related to the range of the potential r0. This expression
is normalized such that it reproduces the correct behavior near threshold, F(k) → 1
for k → 0. Note that the physical parameter r0 should not be confused with the cut-off
radius R0, and typically r0 ¿ R0.

From the relation E = ~2k2/2µ it follows that the mapping from k to E is two-
to-one. As a result the single-valued functions of k, such as the Jost function and the
S matrix, will be double-valued functions of the complex energy E. However, we can
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map the upper and lower half of the complex k plane to two different complex energy
planes. The upper half (Im(k) > 0) is mapped onto the so-called physical (or first)
sheet, whereas the lower half (Im(k) < 0) is mapped onto the non-physical (or second)
sheet. If we consider the E plane as a two-sheeted Riemann surface [45], the afore
mentioned functions are single-valued functions of the energy E. Both sheets have
a branch-cut discontinuity on the real axis running from 0 to ∞. The two Riemann
sheets are connected by the positive real E-axis, where Im(k) = 0.

The bound states and resonances of a scattering system correspond to the poles of
S(k). If we consider the scattering matrix as a function of the collision energy, which
we will loosely write as S(E), there is a similar relation between the poles of S(E) on
the two Riemann sheets and the bound and resonance states of a scattering system.
The bound states correspond to the poles of S(E) at the negative real E axis on the
physical (or first) Riemann sheet. The l 6= 0 resonances correspond to the poles of
S(E) in the first and fourth quadrant of the complex E plane on the non-physical (or
second) Riemann sheet. The s-wave virtual states correspond to the poles of S(E) at
the negative real E axis on the non-physical Riemann sheet.

Virtual states

If the potential V effectively gets less attractive, the bound states of the potential will
move towards the collision threshold. At some point the highest bound state will cross
the collision threshold, and turn into a virtual state in the case of s-wave collisions. The
corresponding transition of a bound-state pole into a virtual-state pole is schematically
illustrated in Fig. 3.6. A virtual state behaves much like a bound state in the inner
region of the potential, but it is not a proper bound state as it behaves asymptotically
as e+|κ|r. The important effect of a low-energy virtual state is that it introduces a
resonance feature in the SP matrix.

In Sec. 3.6 we calculate the position of the poles of the SP matrix in the case of 85Rb,
and find a virtual state at εvirtual/kB = −6.45µK. This is close to threshold, since the
typical energies in current experimental setups are on the order of microKelvin. We
discuss how this virtual state can be accounted for in the following. The zero of the Jost
function associated with the virtual state is labelled by −iκvs, where κvs is a positive
constant. Furthermore, all other poles of the SP matrix are located far from the origin
k = 0, and the contribution of these distant poles to the SP matrix is summarized by
a smooth function g(k). The Jost function can then be written as

F(k) =
(

1 +
k

iκvs

)
g(k). (3.19)
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Figure 3.6 Schematic illustration of the movement of the poles of the S matrix in the

complex k plane (a) and the two-sheeted complex E plane (b). The solid E axes correspond

to the first (or physical) Riemann sheet, while the dashed E axes correspond to the second

(or non-physical) Riemann sheet. Both sheets have a branch-cut discontinuity on the real

axis running from 0 to ∞. The two Riemann sheets are connected by the positive real

axis, where Im(k) = 0. Initially, the pole is located at the positive imaginary k axis, which

corresponds to a bound-state pole on the negative real E axis on the first Riemann sheet.

If the interaction potential effectively gets less attractive the pole moves towards k = 0, at

some point crosses the origin, and turns into a virtual-state pole at the negative imaginary

k-axis. This corresponds to a virtual-state pole at the negative real E-axis on the second

Riemann sheet.

For real k it follows that the direct part of the S matrix is given by

SP (k) = e−2ikaP
bg
iκvs − k

iκvs + k
, (3.20)

where the background factor exp[−2ikaP
bg] summarizes the effect of all the non-resonant

poles of the SP matrix.
The scattering phase δ(k) is related to the SP matrix as SP (k) = exp[2iδ(k)], and

is evaluated as

δ(k) = −kaP
bg + arctan

[
k

κvs

]
. (3.21)

The background part is related to the phase of g(k), and is linear in k in the low-energy
limit [46]. The resonant part is related to the pole at k = −iκvs, and causes a ‘bump’
in the scattering phase at low energies. Moreover, if the virtual-state pole gets closer
to threshold (κvs → 0), the scattering length abg = aP

bg − 1/κvs will become more and
more negative.

To show that this virtual state has to be taken into account explicitly, Fig. 3.7
shows the scattering phase for 85Rb in the |f,mf 〉 = |2,−2〉 P -channel, without cou-
pling to the Q-channels. The black dots represent the numerical results, which are
obtained by solving the Schrödinger equation using the proper physical and state-of-
the-art rubidium potentials. The solid line is obtained from the virtual-state expres-
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Figure 3.7 Scattering phase δ(k) for 85Rb in the |f, mf 〉 = |2,−2〉 spin channel. The

black dots represent the numerical results. The solid line is obtained from Eq. (3.21). The

dashed line is obtained from the contact potential approximation δ(k) = − arctan[kabg].

The scattering length of 85Rb in this channel is abg = −443 a0, in agreement with coupled-

channels calculations. The background scattering length is aP
bg = +119 a0, and the virtual

state is located at kvs = −iκvs = −1.78 · 10−3i [1/a0], which corresponds to the term

−1/κvs = −562 a0 in the expression for abg.

sion, and the dashed line is obtained from the usual contact potential approximation
δ(k) = − arctan[kabg] [35]. Let us stress again that Fig. 3.7 shows the scattering phase
for the P -channel only, and the coupling to the Q-channel has been excluded from
this calculation. For this particular channel abg = −443 a0 [14]. The virtual state
contributes to the scattering length as −1/κvs = −562 a0, and aP

bg = +119 a0 is now
on the order of the potential range r0. More details about the numerical calculation
can be found in Sec. 3.6.

Comparing the virtual-state expression for δ(k) with the numerical results, the
agreement is excellent. If we compare the numerical results with the contact potential
expression, it is immediately seen that this expression already starts to deviate signifi-
cantly at a few microKelvin. This indicates that the scattering length parameter only
does not fully encapsulate the energy dependence of the scattering physics, and the
P -channel resonance should be taken into account explicitly.

Mittag-Leffler series

The S matrix, T matrix, and the resolvent (or Green’s) operator GPP (E) ≡ [E −
HPP ]−1 have their poles in common [47]. This suggests it is possible to expand the
resolvent in a Mittag-Leffler series [44], where the resolvent is written as a sum over
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the different pole contributions. The corresponding residues are related to the bound
and resonance states, which are eigensolutions of HPP . The scattering and transition
matrix can then be written as a sum over the pole contributions as well.

Eigensolutions associated with poles of the scattering matrix were first introduced
by Gamow in his theoretical description of α-decay [48]. In the case of s-wave scattering,
the Gamow function Ωn(r) = 〈r|Ωn〉 associated with the pole kn of the scattering
matrix, is defined as the solution to the radial Schrödinger equation that satisfies the
boundary conditions

{
Ωn(r)|r=0 = 0,

d
dr Ωn(r)|r=R = iknΩn(r)|r=R.

(3.22)

The radius R has to be chosen such that R > R0, i.e., it is applied in the asymptotically
free (V = 0) region of the interaction potential.

The Gamow states behave asymptotically as Ωn(r) ∝ exp[iknr]. For the bound
state poles kn = iκn, with κn a positive constant, the Gamow states are just the (prop-
erly normalized) bound state wave functions. However, for the poles with Im(kn) < 0
the Gamow states exponentially diverge. Due to this exponential divergence, the
Gamow states do not form an orthonormal basis for the P subspace. Defining a dual
set of Gamow states as ΩD

n ≡ Ω∗n, the Gamow states do form a biorthogonal set in the
sense that 〈ΩD

n |Ωn′〉 = δnn′ . Here δnn′ is the Kronecker delta, and the inner product
is defined by means of analytic continuation in k of the proper bound state eigenso-
lutions to the resonance poles in the lower half of the complex k-plane [49, 50]. The
normalization condition takes the form

〈ΩD
n |Ωn〉 =

∫ R

0

Ω2
n(r)dr +

i

2kn
Ω2

n(R) = 1. (3.23)

Note that, as before, R has to be chosen such that R > R0, in which case the normal-
ization condition does not actually depend on the precise choice of R.

The Gamow state |Ωn〉 is an eigenstate of HPP and has an eigenvalue En. The
dual state |ΩD

n 〉 is an eigenstate of H†
PP with the eigenvalue E∗n. This can be written

in Dirac notation as

HPP |Ωn〉 = En|Ωn〉,
〈ΩD

n |HPP = En〈ΩD
n |. (3.24)

From these last expressions it is immediately seen that the HamiltonianHPP is diagonal
with respect to the biorthogonal set of Gamow functions. The matrix elements of HPP

can be evaluated as 〈ΩD
n |HPP |Ωn′〉 = En′δnn′ .

Using the Gamow resonance states, the resolvent operator [E − HPP ]−1 can be
expanded as a sum over eigenstates associated with poles of the scattering matrix.
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This type of expansion is known as the Mittag-Leffler expansion. The properties of the
Mittag-Leffler expansion in terms of the Gamow resonance states have been extensively
studied in the literature, see e.g. Ref. [50–53]. We will therefore not give a derivation
of the Mittag-Leffler expansion, but refer the reader to the literature. We here just
give the Mittag-Leffler expansion of the resolvent operator:

1
E −HPP

=
∞∑

n=1

|Ωn〉〈ΩD
n |

2kn(k − kn)
, (3.25)

where n runs over all poles of the SP matrix. For notational convenience, we have
used units such that ~ = 2µ = 1 so that k corresponds to the energy as E = k2. Note
that E can be any complex energy in Eq. (3.25) in principle. In Sec. 3.5 we discuss
how the Mittag-Leffler expansion can be used to find the energy dependence of A(E)
analytically.

3.5 Interplay between Feshbach resonances and potential reso-

nances

Inserting the Mittag-Leffler series Eq. (3.25) in the complex energy shift Eq. (3.15)
results in

A(E) =
∞∑

n=1

〈φb|HQP |Ωn〉〈ΩD
n |HPQ|φb〉

2kn(k − kn)
. (3.26)

The complex energy shift of the unperturbed bound-state in the Q-channel is thus
expanded over the contribution of the various poles of the P -channel scattering matrix.
The exact expression for the complex energy shift derived here is the most important
difference with previous work on the interplay between single-channel and multi-channel
resonances.

We now illustrate the impact of a virtual state close to the collision threshold on
the coupling between the spin channels P and Q. The full S matrix has the form
S = SP

bgS
P
resS

Q
res, and the poles of this S matrix correspond to the energies of the

dressed (quasi-)bound states. In Sec. 3.4 we already mentioned that in the case of
85Rb there is a virtual state close to threshold. We assume that this pole is dominant,
and the effect of all other poles of the P -channel can be summarized by a background
term. The energy shift due to coupling then takes the form

A(E) =
〈φB |HQP |Ωvs〉〈ΩD

vs|HPQ|φB〉
2kvs(k − kvs)

. (3.27)

The basis |Ωn〉 is energy independent, as is the Q-channel bound state |φb〉. The
coupling HPQ = H†

QP is energy independent as well. It then follows that the energy
dependence of A(E) is fully determined by the denominator in Eq. (3.27), which is
proportional to 1/(k − kvs).
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As the numerator of Eq. (3.27) is a real constant and kvs = −iκvs, we can write the
complex energy shift as

A(E) =
−iAvs

2κvs(k + iκvs)
, (3.28)

where Avs = −〈φb|HQP |Ωvs〉〈ΩD
vs|HPQ|φb〉 is a positive constant. The extra minus sign

in this constant shows up for virtual states due to the normalization condition of the
Gamow states.

For real and positive k (or equivalently, for real and positive E on the physical
Riemann sheet) we can multiply the numerator and denominator with (k − iκvs) and
take the real and imaginary part of A(E):

∆res(E) =
− 1

2Avs

k2 + κ2
vs

, (3.29)

Γ(E) =
Avsk

κvs(k2 + κ2
vs)
. (3.30)

For k = iκ on the positive imaginary axis (or equivalently, for real and negative E on
the physical Riemann sheet) the energy shift is real-valued and given as

∆res(E) =
− 1

2Avs

κvs(κ+ κvs)
. (3.31)

The energies of the dressed states are given by the poles of the full S matrix, and
can be found by solving

(k + iκvs)(E − εb(B)−A(E)) = 0. (3.32)

We see that in the presence of a virtual state pole close to threshold, the denominator
of ∆res(E) gets close to zero for E → 0. Therefore, the energy of the dressed molec-
ular Feshbach state εbind = εb + ∆res(E), strongly depends on the energy E close to
threshold. For positive energies, the energy shift ∆res(E) and width Γ(E), related to
the quasi-bound Feshbach state, depend strongly on the energy as well.

In order to give an accurate description of the dressed (quasi-)bound Feshbach state,
it turns out that in the case of 85Rb the influence of the highest P -channel bound state
on the energy shift and width should be taken into account as well (see Sec. 3.6). As
can be seen in Fig. 3.10, this P -channel bound state and the Q-channel bound state
have a broad avoided crossing. In the inset, the effect of the virtual state close to
threshold is visible. However, on a larger scale it is clear that the (quasi-)bound state
has still not converged to the bare Q-state energy.

The expressions for the energy shift and width including both pole contributions
are given in the following. The pole associated with the highest P -channel bound state
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is denoted by kbs = iκbs. For real and positive k (or equivalently, for real and positive
E on the physical Riemann sheet) we take the real and imaginary part of A(E):

∆res(E) =
− 1

2Avs

k2 + κ2
vs

+
1
2Abs

k2 + κ2
bs

, (3.33)

Γ(E) =
Avsk

κvs(k2 + κ2
vs)

+
Absk

κbs(k2 + κ2
bs)

. (3.34)

Here Abs is a positive constant related to the coupling of the P -channel bound state to
the Q-channel bound state. For k = iκ on the positive imaginary axis (or equivalently,
for real and negative E on the physical Riemann sheet) the energy shift operator is
real-valued and given as

∆res(E) =
− 1

2Avs

κvs(κ+ κvs)
+

1
2Abs

κbs(κ+ κbs)
. (3.35)

The constants Avs and Abs can be found from input of coupled-channels calcula-
tions, or equivalently from measurement (see Sec. 3.6). Note that the contribution of
the virtual state to the energy shift is negative valued, and the contribution of the
proper bound state is positive valued. Let us stress that there are no free parameters
in this model. The model is fully characterized by only a few parameters, which are
determined by physical quantities directly related to the true interaction potentials.
These parameters can be extracted from numerical coupled-channels calculations, or
directly from experimental measurements. More details are given in Sec. 3.6.

3.6 Numerical method and results

The numerical results in this section are based on coupled-channels calculations [54]
for rubidium, based on the most recent knowledge of the interaction potentials [14,26].
These calculations take the coupling between the relevant spin channels into account,
i.e. P and Q are coupled. In order to find the physical properties of the open channel
only, we ‘turn off’ the coupling between P and Q. This allows us to calculate the
single-channel SP matrix, and find its poles and the background scattering length. In
order to find the other model-parameters, we perform a calculation where the coupling
between P and Q is again taken into account. In principle, only two data points are
needed to determine the constants Avs and Abs.

In Fig. 3.8 the SP matrix is shown for negative energies on the non-physical Riemann
sheet, i.e. Im(k) < 0, for 85Rb in the |2,−2〉 hyperfine channel. The pole of the SP

matrix on this sheet is located at εvirtual/kB = −6.45µK. This indicates that the
P -channel interaction potential has a virtual state at this energy. The phase of the SP

matrix for positive energies (on the physical sheet) was already shown in Fig. 3.7.
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Figure 3.8 SP matrix for negative energies on the non-physical Riemann sheet for 85Rb

in the |2,−2〉 hyperfine channel. The pole of the SP matrix on this sheet is located at

εvirtual/kB = −6.45 µK.

In order to compare the results of our model with the numerical coupled-channels
calculation, we perform a full calculation over a large energy and magnetic field range
around threshold and resonance. For positive energies with respect to the P -channel
threshold, the scattering phase δ(E,B) is calculated. At each energy value the deriva-
tive of δ(E,B) with respect to B is calculated. According to Eq. (3.14) the derivative
is given by the following expression:

∂δ(E,B)
∂B

=
∆µmagΓ(E)/2

[εQb (B) + ∆res(E)− E]2 + [Γ(E)/2]2
. (3.36)

Here ∆µmag is the relative magnetic moment of the bare Q-channel bound state with
respect to the P -channel threshold. This derivative function is the well-known Lorentz
curve. The center of the Lorentz curve is given by the condition E = εQb (B)+∆res(E),
which determines the location of the dressed quasi-bound Feshbach state. The energy
width of this state equals the width of the Lorentz curve. We can thus calculate the
position and width of the quasi-bound Feshbach state as a function of the collision
energy.

For negative energies with respect to the P -channel threshold, the coupled-channels
Schrödinger equation is integrated outward, starting in the inner region of the interac-
tion potential to some matching radius rm. The Schrödinger equation is also integrated
inward from some rmax to the matching radius rm. The boundary conditions at rmax

are such that the solution asymptotically vanishes and is physically acceptable. If the
two solutions obtained in this way are linearly dependent, the corresponding energy is
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Figure 3.9 Energy width of the dressed quasi-bound Feshbach state for 85Rb in the

|2,−2〉 hyperfine channel. The dotted line shows the energy width according to Eq. (3.30),

where only the virtual state, with κvs = 2.54 · 10−3 K1/2 is taken into account, and

Avs = 1.94 · 10−8 K2. The solid line shows the energy width according to Eq. (3.34),

where the highest bound state of the P -channel is included as well, with κbs = 0.103K1/2.

In this case Avs = 1.92 · 10−8 K2 and Abs = 1.26 · 10−5 K2.

an eigenenergy. At this energy, the full coupled potential has a bound state. This cal-
culation is repeated as a function of magnetic field, and thus gives the field-dependent
position of the dressed molecular Feshbach state.

The energy width of the dressed quasi-bound Feshbach state as calculated with a
coupled-channels method is shown in Fig. 3.9 (black dots). The dotted line shows the
energy width according to our model, where only the P -channel virtual state is taken
into account. The constant Avs is determined by comparing Eq. (3.30) with a single
low-energy data point. We see that for low energies the virtual-state expression and
the coupled-channels data agree very well. However, for energies larger than roughly
10 microKelvin, the virtual-state expression starts to deviate.

The solid line shows the energy width according to our model, taking the highest
bound state of the P -channel into account as well. The energy width is now accurately
described by our model for a large energy domain. We obtain the two parameters Avs

and Abs from a fit of Eq. (3.34) to two data points.

We now insert these parameters into the expressions for the energy shift ∆res(E) to
describe the energy of the dressed (quasi-)bound Feshbach state. The result is shown in
Fig. 3.10, where the black dots indicate the coupled-channels results and the solid line
is obtained from our model. In Fig. 3.11 we zoom in closer to the P -channel threshold.
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Figure 3.10 Energy of the dressed (quasi-)bound Feshbach state. The black dots indicate

the coupled-channels data. The thick solid line indicates the energy according to our

model. The thin solid line is the energy of the unperturbed Q-channel bound state,

which around threshold is given by the linear expression εQ
b (B) = ∆µmag(B − B0), with

∆µmag = −1.75 · 10−4 K/G = −3.64MHz/G and B0 = 160.1G.
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Figure 3.11 Same as in Fig. 3.10, but now for energies closer to the P -channel threshold.
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The unperturbed (or bare) bound state in the Q-channel subspace is dressed by the
coupling to the P -channel subspace. This induces an avoided crossing with the highest
P -channel bound state. The avoided crossing is broad in the sense that, even though
the unperturbed P -channel bound state is located at roughly εbound/kB ≈ −10mK,
close to the P -channel threshold the dressed state still has not converged to the bare
Q-channel bound state.

The P -channel virtual state is not located at the physical energy sheet, and there
is no avoided crossing of the usual kind between the dressed Q-channel (quasi-)bound
state and the virtual state. However, the virtual state is located close to the collision
threshold and induces a strong threshold effect. This threshold effect dominates the
behavior of the molecular binding energy near the collision threshold, and has to be
taken into account explicitly. In our model we take the relevant P -channel bound
and/or virtual states into account analytically. From these figures it is immediately
seen that our model agrees perfectly with full coupled-channels calculations for a very
large energy domain. The binding energy of the dressed molecular state that has been
measured in Ref. [13, 14] is described analytically with high precision.

3.7 Other approaches

In this section, we compare our model with some other approaches commonly used in
the description of Feshbach resonances. A model which is conveniently used in many-
body theories is the contact potential (or zero range potential). In this approach the real
interaction potentials are replaced by deltafunctions or pseudopotentials, proportional
to the s-wave scattering length a. In the vicinity of a Feshbach resonance the dispersive
formula Eq. (3.1) is used. The scattering matrix takes the form [44]

S(k) =
1− ika(B)
1 + ika(B)

. (3.37)

The molecular binding energy is determined by the pole of S(k), and is given as εbind =
−~2/(2µa2(B)). In Fig. 3.12 we compare the resulting binding energy (dotted line)
with the coupled-channels results (black dots). It is clear that close to the resonance
magnetic field B0, the contact model binding energy agrees quite well with the coupled-
channels binding energy. Further away from the resonance, the contact model energy
starts to deviate significantly from the exact binding energy.

In Eq. (3.16) the S matrix for the single-resonance Feshbach model is given. The
pole of this S matrix gives the energies of the dressed (quasi-)bound state. This energy
is indicated by the dashed-dotted line in Fig. 3.12. It can be clearly seen, as expected,
that the single-resonance model fails already relatively close to threshold.

Another commonly used model originates from the effective range approach. In the
contact model the scattering phase δ(k) is approximated as δ(k) = − arctan[ka], but
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this approximation already breaks down at low energies. In the effective range model
a second term is included to describe δ(k) further away from the collision threshold.
The scattering matrix is given as

S(k) =
−1/a(B) + r0(B)k2/2 + ik

−1/a(B) + r0(B)k2/2− ik
, (3.38)

where r0(B) is the effective range parameter [44]. The molecular binding energy can
again be found by solving

− 1
a(B)

+
1
2
r0(B)k2 − ik = 0, (3.39)

and is shown in Fig. 3.12 (dashed line). We determined r0(B) and a(B) simultaneously
from a coupled-channels calculation, by fitting to the scattering phase for two different
energy values, for several values of the magnetic field. Although the field-dependent
effective range model agrees reasonably well with the coupled-channels binding energy
for magnetic fields close to B0, it breaks down for fields larger than B ≈ 164 Gauss
and cannot be applied further away from threshold.

Summarizing, the contact model, single-resonance Feshbach model, and effective
range model are low-energy approximations of the exact scattering matrix. These
approaches give reasonable agreement with the coupled-channels molecular binding
energy close to the resonant magnetic field B0, but for energies further away from
threshold these descriptions give poor agreement.

Our model has several important advantages compared to the models discussed
here. First of all, our model is directly based on the underlying physics of the in-
terplay between potential and Feshbach resonances. The contact potential model is
based on the assumption that the scattering phase can be replaced by its low-energy
limit, δ(k) = − arctan[ka(B)]. As we have seen, the potential resonance and Feshbach
resonance introduce additional energy-dependence of the scattering phase shift. The
single-resonance Feshbach model would give an adequate description for the situation
where abg is on the order of the range of the potential. However, when abg is large
compared to this range, this model breaks down as well. The effective range approach
gives a better description of the binding energy compared to the two previous mod-
els. However, it still breaks down at some point, and moreover, it does not give much
physical insight in the mechanism behind the additional energy dependence of various
cold-collision properties. Another clear disadvantage of the effective range approach is
that we have to calculate r0(B) numerically as a function of the magnetic field using
a coupled-channels method. In our model the binding energy is given by a simple an-
alytical formula, which gives an excellent description even for magnetic fields far from
B0 and energies on the order of milliKelvin. Our model is fully characterized by only a
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Figure 3.12 Comparison of coupled-channels calculations of the binding energy (black

dots) with the contact model (dotted line), the single-resonance Feshbach model (dashed-

dotted line), the effective range model (dashed line), and our virtual state model (solid

line). Although for the magnetic fields shown the effective range model and our model give

comparable results, our model gives an analytical expression for the binding energy. This

is not the case for the effective range model, where a field-dependent parameter r0(B) has

to be taken into account that has to be calculated numerically.

few parameters, which can be extracted from coupled-channels calculations, or directly
from measurements.

Two resonances in Q-space

Another approach that has been proposed in Ref. [55] is to use a double-resonance
parametrization of the scattering matrix within the Feshbach projection formalism.
The second resonance introduced should account for the influence of the potential
resonance on the properties of the Feshbach resonance.

The Feshbach projection formalism can be used to describe potential resonances,
albeit in a rather indirect manner. In a paper by Domcke [33], the Feshbach projection-
operator approach is used to describe potential resonances in scattering systems. The
projector onto the resonance states is defined as Q =

∑N
n=1 |φn〉〈φn|, where the set of

functions {〈r|φn〉} is an arbitrary orthonormal set of square-integrable functions. The
formal requirement on the projection operator Q is given as

〈r|Q|ψ〉 →
r→∞ 0 for any |ψ〉. (3.40)

The formalism leads to a decomposition of the scattering matrix into a resonant and
a non-resonant part, where the resonances are all contained in Q space if N is chosen
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large enough. The choice of the states |φn〉 to be used is arbitrary, however, and
the correspondence between these states and the real resonance states (such as the
Gamow states) is not clear. More specifically, the Gamow states in general do not
satisfy relation Eq. (3.40) and cannot be used to construct an operator onto the real
resonance states within this formalism.

However, as Domcke argues, increasing the number of states used in the projector
Q by one, seems to remove exactly one resonance pole from the background part of
the scattering matrix. One could therefore hope that adding an appropriate bound
state |φi〉, the virtual state resonance due to the Gamow resonance state |Ωvirtual〉 can
be indirectly included in the Q subspace. This is the approach followed in Ref. [55],
in order to account for the interplay between a Feshbach resonance and a potential
resonance in 6Li collisions. We will refer to this as the double-resonance approach.

Although the bound state introduced to account for the second resonance is not
clearly linked to the P -channel virtual state that gives rise to the potential resonance,
the double-resonance approach is mathematically equivalent to our model under some
constraints. We will show this in the following.

Introducing two Q-channel bound states |φi〉, one to account for the Feshbach res-
onance (i = b) and one to account for the virtual state resonance (i = v), the direct
part of the scattering matrix does not contain a resonant feature anymore and takes
the form SP

bg = exp[−2ikaP
bg], where aP

bg is on the order of the range of the interaction
potential. The Q subspace contains the two resonances introduced above, and the total
scattering matrix takes the form [55]

S(k) = SP
bg

(
1− 2ik(CbΛv + CvΛb)

ΛbΛv + ik(CbΛv + CvΛb)

)
. (3.41)

Here Λi = E− εQi −∆i is the detuning of the dressed state i with energy εQi +∆i. The
decay width of the dressed state i is given by Γi = 2Cik. Note that the energy shift
of both resonance states is approximately constant, and the decay width scales with k
according to the Wigner threshold law. This is a direct consequence of the removal of
the low-energy resonance from the direct channel by including the state |φv〉 into the
Q subspace.

The poles of the scattering matrix determine the (complex) energy of the dressed
resonance states. In the double-resonance approach these poles are determined by the
condition

ΛbΛv + ik(CbΛv + CvΛb) = 0. (3.42)

In our model the poles are determined by the condition

(k + iκvs)(E − εQb −A(E)) = 0, (3.43)
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if we only take the P -channel virtual state and the Q-channel bound state into account.
In other words, we neglect the avoided crossing with the highest P -channel bound
state. Under the constraint that the dressed bound state that removes the potential
resonance from the direct channel is located far away from the collision threshold, i.e.,
Λv ' −εv−∆v, the two approaches are equivalent if the following relations are satisfied:

Λv

Cv
= −κvs, (3.44)

Cb = −∆b

κvs
. (3.45)

These relations show how the double-resonance parameters are related to the position
of the virtual state (described by κvs), and the zero-energy shift of the dressed Feshbach
resonance state, ∆b = ∆res(E = 0). Note that the energy E always has to be negligible
compared to εv + ∆v, otherwise the double-resonance S-matrix will introduce a non-
physical energy-dependence in the scattering phase-shift.

The double-resonance model does give an equivalent description of the scatter-
ing process, and can be used to parameterize the scattering matrix and/or scattering
length. The link between the properties of the open-channel resonance and the second
resonance introduced in the double-resonance model is not really clear. Our model has
the important advantage that it is directly related to the underlying physics giving rise
to the P -channel resonance.

3.8 Conclusions

In this paper, we have derived an analytical model that describes the cold-collision
properties of two interacting particles near a Feshbach resonance with large background
scattering length. The large background scattering length results from an open-channel
resonance near threshold, and this resonance has to be treated explicitly. The open-
channel scattering is included in the Feshbach theory of resonances via a contribution
from its poles of the S matrix, and its non-resonant open-channel background scattering
length. Here the latter corresponds to the true range of the potential. As an example,
we study the B0 = 155 G Feshbach resonance of 85Rb, and we show that our model
compares excellent with numerical coupled-channels calculations in a large range of
energies around threshold.

Our model offers a simple physical picture for the understanding of threshold effects
around resonance. It explains how the energy-shift between the dressed (quasi-)bound
Feshbach state and the bare molecular state can be found. In the literature, several
other models have been proposed to describe the formation of (quasi-bound) molecules
(see for instance [11, 12, 56, 57]). We discuss in the following how our model compares
to some other models.
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Several ideas have been proposed to describe the formation of (quasi-bound) molecules.
In some descriptions (c.f. [11, 12, 56]) the threshold and (bare) molecular state are re-
garded as a two-level system, with an effective coupling that accounts for the coupling
between the open and closed channels. This results in a Landau-Zener crossing between
the threshold state and the molecular state. As can be seen from Fig. 3.5, a Landau-
Zener crossing does not correctly describe the dressed molecular state in case the open
channel has a virtual state near threshold. The difference is striking, since the quasi-
bound state in the continuum starts from threshold at B0 (where a is infinity), and
then curves towards the bare Feshbach state. In the Landau-Zener model the quasi-
bound state curves towards threshold at the other side of the bare Feshbach state. In
case there is a real bound state in the open channel, the behavior of the dressed quasi-
bound state appears to be qualitatively in agreement with the Landau-Zener crossing
(c.f. Fig. 3.4). However, this is only the case since there is a real avoided crossing below
threshold between the Feshbach state and the open-channel bound state. Threshold
effects (visible in the inset) are not accounted for in the Landau-zener crossing.

In other descriptions (c.f. [57]) the energy levels of an interacting pair of atoms
in a harmonic trap are calculated. Here the lowest state behaves as the Feshbach
bound state in the free-particle case for a small and positive, and connects to the
lowest harmonic oscillator state for a small and negative. All other trap states start
on one side of the resonance (a > 0) in a particular trap state n, and are connected
on the other side of the resonance (a < 0) to a trap state n + 1. There is a strong
field dependence of the eigenenergies for field values close to resonance, and the bare
trap-levels can be regarded as having avoided crossings with the quasi-bound state.
This can be understood from analytical models of two trapped atoms [6,58,59], which
calculate the energy shift of the trapped atoms due to interactions, using the scattering
phase as a boundary condition for the trap-wavefunction of the particles. In this way,
it can be seen that the level-energy is strongly field dependent when it coincides with
the quasi-bound Feshbach state in the free-atom case. In the situation of a virtual
state in the open channel (c.f. Fig.3.5), the quasi-bound state energy changes its slope
in a region close to threshold. The avoided crossings between bare trap-levels and
quasi-bound Feshbach state should therefore follow this behavior.

The interplay between an open-channel resonance and a Feshbach resonance is
usually not taken into account in the description of resonance many-body systems [60–
65]. The open-channel will have an important effect in a regime where the energies of
the system are on the order of or larger than the energy of the open-channel virtual
state. A clear example where this effect is visible is the Ramsey-fringe experiment
with 85Rb [13,14], where the range of binding energies is so large that the bound state
cannot be properly described by a single-resonance model.
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garno, Phys. Rev. A. 55, R3299 (1997).

[31] W. L. Wang and C. M. Shakin, Phys. Lett. 32B, 421 (1970); M. Micklinghoff, Nucl.

Phys. A295, 228 (1978); V. I. Kukulin and V. N. Pomerantsev, Ann. Phys. 111, 330

(1978).

[32] L. Rosenberg, Phys. Rev. A 30, 245 (1984).

[33] W. Domcke, Phys. Rev. A 28, 2777 (1983).

[34] A. J. Moerdijk, B. J. Verhaar, and A. Axelsson, Phys. Rev. A 51, 4852 (1995).

[35] J. R. Taylor, Scattering Theory (John Wiley and Sons, New York, 1972).

[36] Note that virtual-state poles can collide on the negative imaginary k-axis, and move

into the third and fourth quadrant of the complex k plane, see e.g. [37]. However, these

poles are located sufficiently far from the real k-axis, such that they can be included in

the background part of the scattering matrix.

[37] H. M. Nussenzveig, Nucl. Phys. 11, 499 (1959).

[38] H. Feshbach, Theoretical Nuclear Physics (John Wiley and Sons, New York, 1992).

[39] Note that similar behavior was found in the case of dipole-modified s-wave scattering of

low-energy electrons from weakly dipolar molecules [40]. However, the physical mech-

anism responsible for this behavior is different, and the open channel studied in this

reference does not contain a potential resonance. Moreover, in contrast to our approach,

the work in this reference is based on a phenomenological parametrization of the decay

width Γ(E).

[40] W. Domcke, J. Phys. B 14, 4889 (1981).

[41] C. .J. Joachain, Quantum Collision Theory (North Holland, New York, 1972).



References 79

[42] Note that R0 can be taken very large, and that for all practical purposes the difference

between the finite-range potential and the real potential are negligible in this case [35].

Mathematically, for potentials which behave asymptotically as 1/rn and whithout a

cutoff, the Jost function has a branch point at the origin, see e.g. [40, 43]. Within the

finite-range approximation the Jost function is an entire function of k.

[43] A. Herzenberg, J. Phys. B 17, 4213 (1984).

[44] R. G. Newton, Scattering Theory of Waves and Particles (Springer Verlag, Berlin, 1982).

[45] F. W. Byron and R. W. Fuller, Mathematics of classical and quantum physics (Dover

Publications, New York, 1992).

[46] Note that the background part is linear in k and should not be replaced by the contact

term − arctan[kaP
bg], even in the case kaP

bg ¿ 1 is not satisfied. This is related to the

fact that the background part summarizes the effect of all distant poles, and consists of

a sum over these pole contributions. All these contributions are linear in k in the energy

domain under consideration, and so is their sum.

[47] Note that the energy E can be any (complex) energy in this case, and it is not necessary

to include the extra term iδ approaching zero. This small imaginary term only has to

be included when calculating the physical scattering states, defined for real and positive

energies E (see for instance Ref. [44]).

[48] G. Gamow, Z. Phys. 51, 204 (1928).

[49] W. J. Romo, Nucl. Phys. A 116, 618 (1968).

[50] V. I. Kukulin, V. M. Krasnopol’sky, and J. Horáček, Theory of Resonances (Kluwer
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We perform an analysis of recent experimental measurements and improve the lithium

interaction potentials. For 6Li a consistent description can be given. We discuss theoretical

uncertainties for the position of the wide 6Li Feshbach resonance, and we present an

analytic scattering model for this resonance, based on the inclusion of a field-dependent

virtual open-channel state. We predict new Feshbach resonances for the 6Li-7Li system,

and their importance for different types of crossover superfluidity models is discussed.

4.1 Introduction

Resonances in cold atomic gases offer the key to connections with challenging condensed
matter physics. In particular, resonances make lithium atomic systems very versatile.
The first Bose-Einstein condensates (BEC) were quite small in number due to a negative
scattering length [1], later Feshbach resonances [2] have been used to create condensates
with positive scattering length and to generate bright solitons [3, 4] by changing the
scattering length a back to negative. Even more interesting is the usability to form
molecules, since the Feshbach resonance results from bringing a molecular state on
threshold. The connection between fermionic atoms and composite bosons (molecules)
has great impact for the study of the well-known crossover problem between BEC and
Bardeen-Cooper-Schrieffer (BCS)-type superfluidity [5–7].

In this Rapid Communication, we study several Feshbach resonances in the lithium
system. We first review the knowledge of the interatomic interaction potentials, and
use experimental data as input to improve these potentials. We discuss the special
situation for the wide 6Li resonance, where the background scattering length depends
strongly on the magnetic field. This will be interpreted as a field-dependent virtual state
(a second resonance) which is situated close to threshold. The full energy-dependent
scattering process can be parametrized according to a simple analytical model that
encapsulates both field-dependent resonances. Further, we apply our knowledge of
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the lithium interactions to a system of 6Li-7Li, and find several Feshbach resonances
which are accessible in current experimental setups. The underlying molecular state is
of a composite fermionic nature, which allows for a new type of crossover physics —
the transition of an atomic BEC to a molecular Fermi-type of superfluidity. Recently,
Feshbach resonances in a heteronuclear Bose-Fermi mixture have been observed [8, 9],
where polar fermionic molecules underly the resonance state.

4.2 Analysis

For an accurate prediction of resonance properties, we need a detailed understand-
ing of the actual interatomic potentials. Here we describe how we improved the
precision of existing potentials by using recent experimental measurements as in-
put. The potentials can be divided in two radial intervals. For large interatomic
separations r the potential is given by the sum of the dispersive Van der Waals
tail V vdw(r) = −C6/r

6 − C8/r
8 − C10/r

10 and the exchange contribution V ex
S (r) =

(−1)S+1Cexr7/2α−1e−2αr [10], resulting in two potentials: a singlet (S = 0) and a
triplet (S = 1) potential. The coefficient Cex is taken from Refs. [11, 12], α is directly
related to the ionization energy α2/2 [13], and C8 and C10 are taken from Refs. [14].
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For smaller r we use the model singlet and triplet potentials which have also been used
in Refs. [15, 16].

These short-range and long-range potentials are smoothly connected at r = 18a0,
with a0 the Bohr radius. To overcome the inaccuracies of the short-range potentials,
we make use of the accumulated phase method [15]. A boundary condition is applied
on the partial-wave radial wave functions at r = 17.5a0 in the form of a WKB phase
φS,T (E, `) = φ0

S,T (E, `)+∆φS,T . The first term on the right-hand side is calculated by
radial integration of the model potential up to 17.5a0 and is expected to account for
the energy and angular momentum dependence of the accumulated phase to a sufficient
degree of accuracy. The second term is an energy and angular momentum independent
shift of the phase, determined from experimental data. These corrections ∆φS,T to the
accumulated singlet and triplet phases can be converted to the more physical quantities
νDS,DT , which are the fractional vibrational quantum numbers at dissociation.

We determine the free parameters of our interaction potentials νDS , νDT , and C6

from experimental input by means of a χ2 minimization. An interisotope analysis in
which 7Li is related to 6Li by means of a simple mass-scaling relation failed, yield-
ing inconsistent results for νDS . This is a strong indication of a breakdown of the
Born-Oppenheimer approximation for the singlet potential. Such a breakdown was
demonstrated in detailed spectroscopy [17]. We therefore avoid mass scaling of the
singlet potential, and we perform two different analyses. In the first analysis, we only
take 6Li data into account. In the second analysis we investigate 7Li as well, however,
we only do a mass scaling for the triplet potential. Our total set of 6Li experiments
comprises 6 data points. The zero crossing of the scattering length of a system in the
two lowest hyperfine states [18,19]; in the same spin state configuration, the positions
of the narrow [20] and wide [7] Feshbach resonances; and the measurement of the scat-
tering length in the lowest and third to lowest hyperfine state [21] and the binding
energy of the most weakly bound triplet state [22].

4.3 Results

In our first analysis we obtain a minimum in the reduced χ2 distribution of χ2 =
0.5. The corresponding parameter values are νDS = 0.3496(5), equivalent with a
singlet scattering length aS = 45.3(1)a0 and νDT = 0.9954(2), corresponding to aT =
−2025(70)a0. For the leading dispersion coefficient we find C6 = 1388(6) at. units.
This result has been obtained with a Cex of Ref. [12]. When we weaken Cex to the
value of Ref. [11], we find that the optimal C6 is shifted to C6 = 1390 at. units. The
scattering lengths found are consistent with previous determinations [16, 22]. Our C6

coefficient agrees with the values found in ab initio calculations [14,23].
The objective of a second analysis [24] is to reevaluate the position of the wide
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s-wave Feshbach resonance of 6Li in the two lowest hyperfine states, without making
use of the experimental result B0=822G [7]. Here we want to combine all available cold
collision data on lithium, and we add the positions of three p-wave Feshbach resonances,
which have been measured recently [25], and experimental data of 7Li [3,26], to the set
of experiments. In this combined isotope analysis we perform a mass scaling procedure
for the triplet boundary condition only. As explained above, we will not mass-scale the
singlet potential but rather optimize the boundary conditions for the singlet potential
independently for the two isotopes, by making νDS,7 a free parameter independent of
νDS,6.

Since the p-wave resonances are measured with high accuracy, we also allow for
small corrections of the angular momentum dependence of φ0

S(E, `) via the parameter
∆φl

S by means of an addition ∆φl
S · l(l + 1) cf. [27]. By optimizing the interaction

parameters (νDS,6, νDS,7, νDT,6, ∆φl
S) for various fixed values of C6 we are able to

obtain a minimum reduced χ2 of 0.7. The dependency of χ2 on C6 is rather weak and
therefore the set of experiments does not restrict the C6 coefficient to an acceptable
degree. However, the minimal χ2 occurs for C6 = 1390.6 at. units close to ab initio



4.4 Analytic resonance model 85

values, when using Cex from Ref. [11], positioning the wide Feshbach resonance at
B0 = 826 G. We estimate 808 G < B0 < 846 G for 1388 < C6 < 1393 at. units, see
Fig. 4.1. For Cex from Ref. [12] we find a minimum χ2 = 0.5 for C6 = 1395.6.

4.4 Analytic resonance model

From now on, the properties of the Feshbach resonances will be derived from our first
analysis. First, we study the wide B0 = 822 G Feshbach resonance in the two lowest
hyperfine states of 6Li. This resonance is quite remarkable for two reasons: it has a
large width on the order of 100 G, and its background scattering length abg is strongly
depending on the magnetic field, which can be seen from the inset of Fig. 4.2. At
zero field, abg is 3 and positive, while for large field values abg is large and negative,
indicating the presence of a nearby virtual state in the open-channel subspace P [28],
see Chapter 3. Consequently several important quantities, such as the S and T matrices
which summarize the collision process, depend nontrivially on the collision energy E.
Here we will apply the model discussed in Ref. [28] (see Chapter 3) to this s-wave
Feshbach resonance. This model takes the virtual state into account explicitly, and
gives an analytical description of all important two-body quantities near the Feshbach
resonance.

In general, the relation between the background scattering length abg, the range of
the potential aP

bg, and the virtual state pole κvs, is given by abg = aP
bg − 1/κvs. The

range of the potential is related to the Van der Waals coefficient C6, and does not
depend on the magnetic field. Therefore, we account for the field dependence of abg

by generalizing the model of Ref. [28] (see Chapter 3) to the case of a field-dependent
virtual-state κvs(B). The complex energy shift is then given by

A(E,B) = ∆res(E,B)− i

2
Γ(E,B)

=
−iAvs(B)

2κvs(B)[k + iκvs(B)]
, (4.1)

where Avs(B) is related to the coupling matrix element between the open-channel
virtual state and the closed-channel bound state responsible for the Feshbach resonance.
Our wavenumber units are such that E = k2.

The total scattering length is then given by

a(B) = aP
bg −

1
κvs(B)

− lim
E→0

Γ(E,B)/2
k[εb(B) + ∆res(E,B)]

, (4.2)

where εb(B) = ∆µmag(B − B0) is the energy of the bare closed-channel bound state,
∆µmag = 2.0µB the magnetic moment, µB the Bohr magneton, and B0 = 539.5 G the
field where the bare closed-channel energy crosses threshold. For a fixed B value, the
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Figure 4.3 Two thresholds for the 6Li-7Li system which show the coincidence of two

Feshbach resonances. Inset: scattering length as a function of magnetic field, for the two

coinciding Feshbach resonances.

parameters Avs(B) and κvs(B) are obtained by fitting Eq. (4.2) to the coupled-channels
result for a(B), using two close-lying data points where we assume Avs and κvs locally
constant. Repeating this for every field value, we obtain explicit expressions for the
non-trivial energy dependence of the complex energy shift, using only the zero-energy
information contained in a(B). Note that there are only two free parameters, and
abg(B) is fixed once κvs(B) is known.

The fit functions are summarized in Table 4.1. In Fig. 4.2 we compare the dressed
(quasi-)molecular state calculated by coupled-channels methods and by our analytical
model, which agrees excellent. Therefore, this model can be used to analytically de-
scribe the S and T matrices [28], scattering phase shifts, etc., with similar precision as
a full coupled channels calculation, for a large range of energies and magnetic fields.
We note also that the narrow 543 G Feshbach resonance (width on the order of 0.1 G)
can be described by Feshbach theory. Here, however, an easier description is possible
based on only one single background part and a single resonance state, since the narrow
resonance has a ‘local’ background scattering length on the order of aP

bg. For narrow
resonances [29, 30], the typical resonance features in the continuum scattering which
depend on the details of the potential, are very important to the BEC-BCS crossover
physics, since they are visible for energies less than the Fermi energy, resulting in a
nonuniversal crossover picture.
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Table 4.1 Parameters of the virtual-state model. For the magnetic fields of interest

(530 G. B . 830 G), the parameters are given by a third-order polynomial fit, c0 +c1B +

c2B
2 + c3B

3. For Avs(B) the units are given by [cn] = K2G−n, and for κvs(B) the units

are given by [cn] = K1/2G−n. The range of the potential is given by aP
bg = 45 a0.

c0 c1 c2 c3

Avs(B) 1.62 · 10−5 −5.10 · 10−8 6.07 · 10−11 −2.56 · 10−14

κvs(B) 4.65 · 10−2 −1.54 · 10−4 1.92 · 10−7 −8.26 · 10−11

4.5 Creating fermionic molecules

Now we turn to the final topic of this paper, the study of Feshbach resonances in a
6Li fermion - 7Li boson mixture. We use again our first analysis of the interaction
parameters for 6Li, and perform a simple mass scaling of the accumulated phases for
the 6Li-7Li system. As discussed before, this leads to less accurate predictions for the
resonance positions as suggested by the accuracies from the 6Li interaction parameters.
We estimate the inaccuracies in the mixed isotope resonance positions to be on the order
of a few Gauss, due to inaccuracies of the mass-scaling relations.

Feshbach resonances in the 6Li-7Li system have been studied before in Ref. [16],
where only the case of magnetically trappable atoms was investigated. Moreover, those
resonances are accompanied by large inelastic exchange losses. We investigate only
6Li-7Li hyperfine state combinations where exchange losses are absent. Within these
boundaries, there are still numerous resonances present, and we restrict ourselves to the
most interesting results. The 6Li-7Li |1/2, 1/2〉⊗|1, 1〉 channel has the lowest energy in
the two-body hyperfine diagram. Therefore, this channel will not suffer from magnetic
dipolar relaxation. We find five Feshbach resonances at magnetic field values of 218 G,
230 G, 251 G, 551 G, and 559 G. Measurements of these resonances might provide
the missing information to exactly locate the position of the wide 6Li resonance, as all
mixed resonances arise from the same underlying bound state in the triplet potential.

Feshbach resonances between bosons and fermions give rise to a fundamentally
different type of crossover physics. Already some work on the interactions in Bose-Fermi
mixtures can be found in the literature [31,32], however, in order to describe correctly
the many-body physics and interactions close to resonance, more research is needed.
To make the system feasible, some requirements have to be fulfilled. For a stable BEC,
a positive scattering length for the bosons is required. Approaching the resonance from
the atomic side, the mixed boson-fermion scattering length will become negative, and
stability of the system could become and issue. At the other side of the resonance, it is
important that the effective interaction between the fermionic molecules is attractive.
Point-like composite fermions do not undergo s-wave collisions. However, close to
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resonance the molecules are long stretched, and an effective interaction mediated via
the bosons could be possible. An approach similar to Ref. [33] could be conclusive on
this and on the expected dependence of the inelastic rate coefficient on the scattering
length. Also, the effect of Pauli blocking will not be as strong as in Ref. [33] since a
three-body decay process with only one fermion and two bosons involved is possible.
However, a reduction with respect to the pure bosonic case could still be expected.

Another interesting situation occurs when two Feshbach resonances coincide. Fur-
ther away from resonance, where the size of the molecule is comparable to the size of
the potential, s-wave collisions are not allowed for these composite fermions. There-
fore, in order to preserve superfluid behavior in this region, two different molecular spin
configurations are needed to allow for s-wave collisions between molecules. Moreover,
it is desirable that the two resonances responsible for the molecule formation coincide.
Such a coincidence can be found from Fig. 4.3, where the 6Li-7Li |1/2,−1/2〉 ⊗ |1, 1〉
and |3/2,−3/2〉 ⊗ |1, 1〉 bound states and thresholds are plotted as a function of mag-
netic field. Every crossing of a bound state with threshold indicates the position of
a Feshbach resonance. It can be seen that at B = 305 G two Feshbach resonances
coincide. These two threshold channels have the same bosonic 7Li state, but a differ-
ent fermionic 6Li state. This coincidence is systematic, and will not depend on the
interaction parameters. The scattering lengths as a function of the magnetic field can
be seen in the inset of Fig. 4.3.

In conclusion, we analyzed recent experimental measurements for lithium, and
showed that mass scaling between 6Li and 7Li fails for the singlet potential. We investi-
gated uncertainties in the wide 6Li resonance position, and demonstrated an analytical
model for this resonance that includes the nearby virtual state. Finally, we showed
that 6Li-7Li mixtures feature accessible Feshbach resonances, giving rise to fermionic
molecules, yielding new BCS-BEC crossover physics.
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Superfluidity in an ultracold Fermi gas is usually associated with either a negative scat-

tering length, or the presence of a two-body bound state. We show that none of these

ingredients is necessary to achieve superfluidity. Using a narrow Feshbach resonance with

strong repulsive background interactions, the effective interactions can be repulsive for

small energies and attractive for energies around the Fermi energy, similar to the effective

interactions between electrons in a metallic superconductor. This can result in BCS-type

superfluidity while the scattering length is positive.

The crossover between Bardeen-Cooper-Schrieffer type superfluidity (BCS) and
Bose-Einstein condensation (BEC) is a fundamental and challenging problem in physics.
In ultracold Fermi gases, both types of superfluidity are related to the condensation
of atom pairs, which can be regarded as composite bosons. A crossover between the
BCS and BEC regimes, which has been predicted theoretically already several decades
ago [1–3], can be achieved by changing the strength of the interactions. While several
experiments have studied certain aspects of this strongly interacting state [4–7], only
recently the existence of superfluidity in the crossover regime has been unambiguously
demonstrated by experiment [8].

Experimentally the crossover is realized by changing the strength of the two-body
interactions via an s-wave Feshbach resonance [9, 10]. A measure for this interaction
strength at zero collision energy is provided by the scattering length a, which is the
first parameter in the effective range expansion of the scattering phase shift [11]. It
has been suggested that the physical properties in the crossover only depend on the
parameter (kFa)−1, with kF the Fermi wavenumber. This has the strong implication
that exactly on resonance, where a goes through infinity, all thermodynamic and su-
perfluid properties are independent of the microscopic details of the interactions, and
therefore should be universal quantities for all atomic systems under study [12–15].
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However, the microscopic physics that gives rise to the Feshbach resonance reveals
that more than one parameter is needed to describe the scattering phase shift. Apart
from the scattering length, the width of the Feshbach resonance is the most impor-
tant parameter. In order to understand the origin of this width, we have to separate
the resonance from the background interactions. At large relative distance, the two
interacting atoms are sensitive only to the background interaction potential. At short
distance, this potential is coupled to another potential with a different internal spin
configuration. The latter potential is energetically closed at long distance, and ex-
hibits a molecular state close to the collision threshold [9, 10]. The coupling strength
between these two potentials can be related to an energy width which, in comparison
to the Fermi energy of the system, categorizes a Feshbach resonance in terms of its
broadness. This width can be converted into an effective range coefficient, which is
the second parameter in the effective range expansion [11]. Using this approach, it has
been pointed out in several papers that universality does not hold for narrow Feshbach
resonances [16–19].

It should be noted that in these papers the background interactions were taken to
be small, and the Feshbach resonance was described using an effective range coefficient
independent of magnetic field or momentum. However, in case the background interac-
tions do have a resonant character – which is indicated by a large background scattering
length, as for example in some resonances in 6Li, 133Cs, and 85Rb – the scattering phase
shift shows non-trivial energy dependence beyond the effective range approximation,
due to the interplay between the background and Feshbach resonance [20], see Chapter
3.

In this paper we investigate the BCS-BEC crossover for a Feshbach resonance which
allows for a large background scattering length. We show that we can mimic a situation
well known from condensed-matter physics, where Cooper pairs can be formed due to an
effectively attractive interaction for relative wavenumbers around kF , while for smaller
wavenumbers the interaction is effectively repulsive. For electrons in a metal such
an interaction exists due to the combined effect of the Coulomb and electron-phonon
interactions [21], while in atomic systems this can be achieved by the interplay of a
Feshbach and a background resonance.

5.1 Feshbach resonances with large background scattering length

Feshbach resonances are presently an indispensable tool to control the atomic interac-
tions in cold atomic physics. By simply changing the magnetic field the interactions can
be tuned from weak to strong, and from effectively attractive to repulsive. We consider
a two-component Fermi gas in the dilute limit, i.e. the density n satisfies nr30 ¿ 1,
where r0 ' (mC6/16~2)1/4 [22] is the range of the potential, with m the atomic mass
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and C6 the van der Waals coefficient. The Fermi wavenumber kF is related to the
density of a single spin component as n↑ = n↓ ≡ n = k3

F /6π
2.

Feshbach resonances originate from the coupling of scattering atoms in an energet-
ically open channel, to one (or several) bound state(s) in energetically closed channels.
When the energy of a closed-channel bound state is close to the energy of the scattering
atoms, the scattering process becomes resonant. The effect of two-body interactions
on the atomic wave functions can be summarized by the energy-dependent scattering
phase shift δ(k), where k =

√
mE/~2, with E the relative collision energy. The scat-

tering matrix is related to the phase shift by S(k) = exp 2iδ(k), and for the cold alkali
gases under consideration its most general form is given by [20] (also see Chapter 3)

S(k) = SP (k)
E − νbare −∆(E)− i

2Γ(E)
E − νbare −∆(E) + i

2Γ(E)
. (5.1)

The direct part of the scattering matrix SP (k) describes the interactions in the open
channel, and ∆(E)− i

2Γ(E) is the complex energy shift, which describes the dressing
of the closed-channel bound state with bare detuning νbare due to the coupling with
the open-channel atoms.

In scattering systems with a background scattering length abg ' r0, the direct
interactions are non-resonant, and the energy shift takes the simple form ∆ − iCk.
The bare detuning is dressed by the constant term ∆ such that the dressed detuning
is given by ν = νbare + ∆. The scattering length diverges for ν = 0. The term iCk

describes the finite lifetime of the bound state coupled to the continuum, where the
coupling strength C is a constant related to the magnetic field width of the resonance
(see below).

In scattering systems with a background scattering length |abg| À r0, the open
channel in general has a bound or virtual (nearly-bound) state close to the zero-energy
collision threshold. In this case, the resonant energy dependence of the open-channel
propagator gives rise to non-trivial energy dependence of the energy shift. Explicitly
taking into account the resonance poles of both the closed-channel bound state and
the open-channel bound (or virtual) state, the energy shift can be written as ∆(E)−
i
2Γ(E) = ∆− iCkζ−1

k [20], see Chapter 3. Here the complex energy shift is written as
its value at zero collision energy ∆ ≡ ∆(E = 0), which is real, and an additional term
that accounts for the energy dependence of both the real part of the complex energy
shift ∆(E)−∆, as well as the imaginary part Γ(E). The coupling strength C is related
to the magnetic field width ∆B = B′0 −B0 as C = ∆µmag∆BaP , ν = ∆µmag(B −B0)
is the dressed detuning, ∆µmag is the magnetic moment difference between the open
and closed channel, and ζk = 1 + ikaP with aP = abg − r0 describes the additional
energy dependence related to the resonant direct interactions. B0 is the field where
a(B) diverges, and B′0 is the field where a(B) = r0. The interplay between the two
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resonances is thus described by the scattering phase shift:

δ(k) = −kr0 − arg ζk − arg (E − ν + iCkζ−1
k ). (5.2)

From Eq. (5.2) it follows that the total scattering length is related to these parameters
by

a(B) = r0 + aP

(
1− ∆B

B −B0

)
. (5.3)

In the following, we will discuss scattering systems with a resonant direct interaction
between the fermions. In this case the non-resonant interaction terms related to r0 will
generally have a small effect compared to the resonant terms, and will be ignored in
the remainder of this paper.

The system can be described equivalently by taking into account the scattering poles
of the T matrix of both the molecular and background bound (or virtual) states [11],
which can be shown to correspond to solutions of

1/a+ ik −Re(k,B)k2 = 0, (5.4)

where Re(k,B) = ~2(1+ ikaP )/(maP ∆µmag(B−B′0)) is a generalized energy and field
dependent effective range parameter. These poles determine the two-body T matrix
and scattering phase shift uniquely. In contrast to previous work [16–19], where Re

was taken to be a constant, here Re depends on both energy and magnetic field and
describes the most general Feshbach resonance that can be found in ultracold alkali
gases. Note that for magnetic fields where a ' r0, the effective range parameter
Re actually diverges and cannot be neglected even in the case of a broad resonance.
The usually considered expressions for Feshbach resonance scattering without an open-
channel resonance [10] can be seen as a limit of the general expression Eq. (5.2) for
small abg.

5.2 Many-body description

In order to describe the many-body properties of the system, we use the thermodynamic
approach introduced by Nozières and Schmitt-Rink (NSR) [3]. This approach is based
on a simplified description of the full crossover problem and cannot be expected to give
quantitatively precise results. Therefore, in recent years several directions have been
pursued in order to formulate a more complete crossover theory [23–29]. However,
the NSR description does capture the essential physics giving rise to the crossover
phenomenon. Especially the very simple relation between the two-body phase shifts
in vacuum, and the in-medium phase shift used in NSR make this approach a very
convenient framework to study the role of energy dependent scattering in a many-body
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system. In the following, we show how to generalize this approach in order to include
the energy-dependent phase-shift given by Eq. (5.2).

Within the NSR approach, the two-body interactions are taken into account in the
ladder approximation. The two-body interactions are described by the many-body T
matrix, which can be found by solving the Lippmann-Schwinger equation (LS)

T̃ = U − UχT̃ , (5.5)

where U is the two-body interaction potential, that generally depends on the relative
collision energy E, and χ is the two-particle propagator. In a vacuum, the many-body T
matrix should reduce to the two-body T matrix, which is known analytically and gives
rise to the scattering phase shift given by Eq. (5.2). The bound states and resonances
are described by the poles of the two-body T matrix, and uniquely characterize the
scattering properties in the two-body sector. We are thus faced with constructing a
potential U that gives the correct poles in the two-body limit. Using this potential
ensures that the two-body physics is built correctly into the many-body theory.

It can be shown from coupled-channels scattering theory that the effective interac-
tion potential for the fermions in the open channel is given by

Ukk′(E) = Vkk′ +
gkgk′

E − νbare
, (5.6)

where V is related to the direct interactions between fermions in the open channel,
and the second term describes the coupling of fermions to and from the closed-channel
bound state [30]. To simplify the equations, it is convenient to replace the microscopic
finite-range interaction potentials with contact potentials that correctly reproduce the
scattering properties described by Eq. (5.2) in the two-body limit. However, since
contact potentials do not explicitly depend on Fourier momentum, they introduce un-
physical ultraviolet divergences which have to be regulated explicitly by renormalizing
the potential and two-body propagator. The appropriate regularization procedure has
been discussed in detail in Ref. [31], where it was shown that the T matrix is described
by the renormalized LS equation

T (E) = Ueff(E)− Ueff(E)χ̄0(E+)T (E), (5.7)

where the renormalized effective interaction is related to the microscopic parameters
of section I by

Ueff(E) =
4π~2

m

(
aP +

C

E − ν

)
, (5.8)

and the two-body pair-propagator in vacuum is explicitly regularized to account for
the ultraviolet divergences:

χ̄0(E+) =
∑

k

(
1

2εk − E+
− 1

2εk

)
, (5.9)
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with E+ approaching the real axis from above, and εk = ~2k2/2m. It can be shown
that Eq. (5.7) with the effective potential Ueff(E) Eq. (5.8) exactly reproduces the pole
equation of Eq. (5.4).

The many-body T matrix is obtained by replacing the regulated pair-propagator in
vacuum by the regulated in-medium two-particle propagator, which is defined as

χ
(
q, ε+

)
=

∑

k

(
1− f(ξ+)− f(ξ−)

2εk − 2εp
− 1

2εk

)
, (5.10)

where the relative energy of the atoms E = 2εp defines a relative momentum p ≡√
m
~

(
ε+ − 1

2εq + 2µ
)1/2, with the total energy of the scattering atoms (relative to the

chemical potential) ε+ approaching the real axis from above, and 1
2εq the center-of-

mass momentum of the scattering particles. The medium effects are described by the
Fermi distribution functions

f(ξ±) =
1

eβ(ξ±−µ) + 1
, (5.11)

with β the inverse temperature and ξ± = εq/2±k. The interactions are thus described
by the many-body T matrix

T̃
(
q, ε+

)−1 = Ueff(2εp)−1 + χ
(
q, ε+

)
. (5.12)

This way of replacing the bare interactions by physical (renormalized) interactions is
quite general, and closely related to a method due to Gorkov [32], and used subsequently
in different forms [33,34].

We now proceed to give a description of the many-body system in the NSR ap-
proach. The number density N/V = 2n, with N the total number of atoms in a
volume V , is found at a temperature T (in the normal state) by first calculating the
thermodynamic grand potential Ω within the ladder approximation, and then taking
the derivative to the chemical potential µ: 2n(µ, T ) = − ∂

∂µ
Ω
V . The grand potential is

then found to be
Ω = Ω0 +

1
π

∑
q,ε

g(ε)φ(q, ε), (5.13)

where Ω0 corresponds to a non-interacting gas of fermions, g(ε) = (exp(βε)− 1)−1 is
the Bose distribution function, and the phase of the many-body T matrix φ = φP +φQ

has a contribution from the resonant background

φP (q, ε) = Im log
(

1 +
4π~2aP

m
χ

(
q, ε+

))
, (5.14)

as well as from the Feshbach resonance

φQ(q, ε) = Im log
(
ν − 2εp − 4π~2C

m
Π

(
q, ε+

))
, (5.15)
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Figure 5.1 Critical temperature Tc in the crossover region as a function of (kF a)−1

in the case of broad and narrow Feshbach resonances with different background inter-

action strengths kF aP . Dashed line: broad resonance where (kF a)−1 is the only rele-

vant parameter; solid, dash-dotted and dotted lines: narrow resonance where C̃ = 1 and

kF aP = +0.5, 0,−0.5 respectively.

where Π (q, ε+) = χ (q, ε+)
(
1 + 4π~2aP

m χ (q, ε+)
)−1

includes the dressing of the Fesh-
bach molecules due to the resonant background interactions. Note that we exclude the
contribution from a possible pole associated with the background interactions when
aP > 0 in the energy integral in Eq. (5.13), since we assume that the corresponding
molecular state cannot be populated. The critical temperature is determined from the
gap equation T̃−1(q = 0, ε = 0) = 0, which relates the instability of the gas towards
the formation of condensed pairs to a divergence in the many-body T matrix. Solving
the number and gap equations self-consistently gives the critical temperature Tc and
chemical potential µc at this temperature as a function of the interaction parameters.

In the vacuum limit, where the two-particle propagator reduces to imp/4π~2 and
the energy of the scattering particles is ε = 2εk + 1

2εq − 2µ, the phase shift φ(q, ε) only
depends on the relative energy 2εk and is related to the scattering phase shift Eq. (5.2)
by φ(q, 2εk + 1

2εq − 2µ) = −δ(k) − π. Since kF r0 ¿ 1, we neglect the range of the
background potential, and then the effective interaction Eq. (5.8) exactly reproduces
the non-trivial energy dependence of Eq. (5.2).

5.3 Results and discussion

We now turn to the numerical results. We first consider the case of a broad Feshbach
resonance, characterized by C̃ ≡ 4kFC/3πµF À 1 or equivalently |kFRe(0, B0)| ¿ 1.
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Figure 5.2 Critical temperature Tc in the BCS limit, for small negative and positive

scattering length kF a, in the case of a narrow Feshbach resonance with kF aP = +1 (solid

line), and of a broad resonance (dashed line). Inset: chemical potential µc at Tc for

identical parameters.

We solved the number and gap equations numerically with C̃ = 100, and for different
values of −1 < kFa

P < 1. The results are not sensitive to the actual value of kFa
P ,

and an example is shown in Fig. 5.1 (dashed line). This reproduces the well known
results previously obtained by NSR and others [3, 35]. In this case the only relevant
parameter in the crossover region is the total scattering length Eq. (5.3), and details
of the interactions at higher energy scales do not enter the phase integral Eq. (5.13) as
they are cut off by the distribution functions.

In the case of a narrow Feshbach resonance (C̃ . 1), details of the interactions
turn out to be essential in the crossover region, as well as in the BCS- and BEC-limits.
In Fig. 5.1 the critical temperature in the crossover region is shown for several nar-
row resonances (C̃ = 1) with different values of the background interaction strength
kFa

P (solid, dash-dotted and dotted lines). In the BEC limit (right side of figure),
the critical temperature approaches the limiting value Tc ' 0.218TF , and superfluidity
is dominated by the condensation of molecules. Compared to a broad resonance, Tc

is suppressed in the crossover region, while in the BCS-limit (left side of figure), the
critical temperature remains a much larger fraction of the Fermi temperature TF com-
pared to the broad resonance case. Somewhat surprisingly, Tc becomes larger in the
BCS-limit if the background interactions are more repulsive.

This leads us to the very interesting situation when the background scattering
length is large and positive, while the Feshbach resonance is narrow. In Fig. 5.2 the
critical temperature for a narrow resonance (C̃ = 1) with strong repulsive background
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interactions (kFa
P = +1) is shown (solid line) [36]. The cusp around Tc/TF = 0.1 is

not physical, but an artifact resulting from the NSR approach [36, 37]. If the system
is initially on the BCS-side of the resonance (kFa ' −0.5), and subsequently tuned
away from resonance towards the point where a becomes close to zero, we find that
the critical temperature can still be a large fraction of the Fermi temperature. This
in contrast with a broad resonance (dashed line), where the superfluid state is lost
before a changes sign. Going through the point a = 0, the low-energy interactions
become effectively repulsive as a > 0. However, the frequency dependence of the
phase shift can still give rise to attractive interactions close to the Fermi energy. In
Fig. 5.3 the phase φ(k) is shown for the same resonance parameters as in Fig. 5.2, and
with the total scattering length equal to kFa = +0.3. A positive phase corresponds
to effectively repulsive interactions, while a negative phase corresponds to attractive
interactions. In the case of a broad resonance, we immediately see that for a > 0
the interactions are repulsive at all relevant energies. For the narrow resonance with
strong repulsive background interactions, although the interactions are repulsive for
low collision energies, the atoms colliding at energies close to the Fermi energy feel an
attractive interaction, which is the reason that the system can still become superfluid.

From the inset of Fig. 5.2 we see that for kF a & 0.35 the chemical potential becomes
larger than µF , reflecting the fact that superfluidity can be retained even when the total
system acts as effectively repulsive. The repulsive behavior is indeed expected from the
positive scattering length for the fermions. The fact that this system with repulsive
interactions can still form a superfluid is a direct consequence of the energy dependence
of the interactions for a narrow Feshbach resonance.

We have done an independent check of our calculation by comparing this interesting
regime to the regular BCS limit. Since we are in the regime where Tc/TF < 0.1 and
µ ' µF , the BCS result can be expected to become valid again. We compared the
functional dependence of Tc/TF versus kFa by using the well-known BCS formula

Tc/TF =
γ

π
exp

(
− π

2|kFa(p)|
)
. (5.16)

Instead of using the scattering length a, we replace it by a ’energy-dependent scattering
length’ a(p), related to the relative collision energy via p =

√
mE/~2, defined from the

scattering phase shift Eq. (1):

a(p) ≡ − tan [δ(p)] /p. (5.17)

We probe this redefined scattering length at relative wavenumber p =
√

2mµ/~2, which
corresponds to the relative momentum of two particles on opposite sides of the Fermi
sphere. In the regime under consideration (using the chemical potential given in Fig.2)
the value of a(p) will be negative, and we find from Eq. (5.16) basically the same ratio of
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Tc/TF as in Fig. 2. By probing the energy-dependent interaction at the Fermi sphere,
we thus find in the BCS limit a result that compares excellently with our enhanced
NSR method.

We have studied the presently known Feshbach resonances for 6Li and 40K, which
are the atoms currently used to study the BCS-BEC crossover. However, none of these
resonances satisfy the conditions needed to observe the results presented above. But
since there are several bosonic systems which do satisfy the requirement of having a
narrow resonance with large abg, there is no principal reason why a fermionic system
could not be in a similar situation. Possible candidates will be fermionic alkali mixtures,
such as 6Li−40K.

In conclusion, a positive scattering length is usually associated with repulsive in-
teractions in the context of ultracold atomic gases. In the case of a narrow Feshbach
resonance, the interactions are strongly energy dependent. We have shown that in
the special case of a large and positive background scattering length, the interactions
can be repulsive for small energies, whereas attractive for energies around the Fermi
energy, similar to the effective interactions between electrons in a metallic supercon-
ductor. This results in fermionic superfluidity while the scattering length is positive,
without the presence of bosonic molecules in the system.

This work was supported by the Netherlands Organization for Scientific Research
(NWO).
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The scattering length is commonly used to characterize the strength of ultracold atomic

interactions, since it is the leading parameter in the low-energy expansion of the scattering

phase shift. Its value can be modified via a magnetic field, by using a Feshbach resonance.

However, the effective range term, which is the second parameter in the phase shift ex-

pansion, determines the width of the resonance and gives rise to important properties of

ultracold gases. Independent control over this parameter is not possible by using a mag-

netic field only. We demonstrate that a combination of magnetic and electric fields can

be used to get independent control over both parameters, which leads to full control over

elastic ultracold interactions.

6.1 Introduction

Cold atomic gases with resonant interactions are extremely versatile systems. They
allow for the experimental realization of a variety of fundamental models from con-
densed matter or high energy physics, and can go well beyond the basics of those
models. Illustrative examples are the experiments on the crossover between BCS- and
BEC-type superfluidity with fermionic gases [1–7], and the experimental signature of
the long-sought three-body Efimov trimer states with bosonic gases [8]. Also, mixtures
of fermionic and bosonic atoms lead to interesting possibilities: heteronuclear molecules
can be created with anisotropic interactions, for which new quantum phases have been
predicted [9–12].

Key to these exciting developments is the ability to precisely control the interatomic
interactions in ultracold alkali-metal gases. Magnetic field induced Feshbach resonances
[13] have been the indispensable tool providing experimental control of the strength of
the interactions. The low-energy interactions are characterized by the s-wave scattering
length and can be tuned from weak to strong and from repulsive to attractive by simply



104 6 Total control over ultracold interactions via electric and magnetic fields

changing the magnetic field. Magnetic field sweeps over a Feshbach resonance have been
used to create ultracold molecules [14–17].

The width of the Feshbach resonance is an important parameter that is directly
related to the energy dependence of the interactions. In the case of a broad resonance,
the scattering length can be used to describe the system at all relevant energy scales,
leading to universal behavior [18–21]. However, in the case of a narrow Feshbach
resonance the microscopic physics underlying the resonance can give rise to non-trivial
energy dependence and additional scattering parameters are needed to describe the
system [22–25], also see Chapter 3. The energy dependence of the interaction strength
may lead to interesting new physics such as the localization of Efimov states [26],
phonon-like induced superfluidity in fermionic gases [27] (see Chapter 5), as well as a
clearly distinct Higgs mode in the excitation spectrum of superfluid fermions [28].

A second way of tuning the low energy properties of these systems is to apply a
dc electric field [29–32]. The electric field polarizes the colliding atoms and induces an
electric dipole-dipole interaction. This anisotropic interaction couples states of differ-
ent orbital angular momentum. The coupling can give rise to potential or Feshbach
resonances in the s-wave scattering length at particular electric field values.

In the presence of either an electric or a magnetic field, the zero-energy scattering
length is the only parameter that can be independently tuned. However, we demon-
strate that for a suitable combination of electric and magnetic fields the width of
the Feshbach resonance can also be controlled. In this work we focus on the inter-
play between the electric field induced potential resonances and magnetic field induced
Feshbach resonances, which leads to the possibility of tailoring the energy dependence
of the interactions.

This work is organized as follows: We start by explaining the physics underlying
the interesting interplay between the potential and Feshbach resonances, as induced
and controlled by electric and magnetic fields. We indicate how a simple analytical
model captures the essential physics and compare the model to full coupled-channels
calculations. Since rubidium is currently used in electric trap experiments [33, 34], we
give several examples of the interaction properties of 85Rb atoms. It can be considered
as a model system used to give a proof-of-principle of the tunability of the energy
dependence of the interactions. We end with concluding remarks.

6.2 Resonances with magnetic and electric fields

Feshbach resonances originate from the coupling of two atoms interacting via an en-
ergetically open channel, to one (or several) bound state(s) in energetically closed
channels. The position of the bound state(s) can be tuned by changing the magnetic
field. When such a bound state is energetically close to the relative kinetic energy of
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the two atoms, the scattering process becomes resonant. The signature of a potential
resonance is a large (absolute) value of the background scattering length, much larger
than the range of the van der Waals potential rVDW = (mC6/16~2)1/4 [35], with m the
atomic mass and C6 the van der Waals dispersion coefficient. In previous work [25] (see
Chapter 3) we derived a conceptually simple model that encapsulates all the essential
physics of the open and closed channel resonance states, and gives a very accurate
description of, for instance, the molecular energies and scattering phase shifts for all
energies and magnetic fields of interest. At zero energy, the scattering properties are
conveniently summarized by the s-wave scattering length

a(B) = r0 + aP

(
1− ∆B

B −B0

)
, (6.1)

where r0 ' rVDW is the non-resonant and aP the resonant part of the open-channel
(or background) scattering length. The Feshbach resonance is located at the field B0

and is furthermore characterized by the width ∆B. There is a fundamental relation
between the width of the resonance ∆B and the energy dependence of the interatomic
interactions, described by the scattering phase shift [27] (see Chapter 5):

δ(k) = −kr0 − arg (ζk)− arg
(
E − ν + iCkζ−1

k

)
, (6.2)

where E = ~2k2/m is the relative collision energy of the atoms in the open channel,
ζk = 1 + ikaP , ν = ∆µmag(B − B0) the detuning of the closed-channel bound state
and C = aP ∆µmag∆B proportional to the width of the resonance, with ∆µmag the
magnetic moment difference between the open-channel scattering threshold and the
closed-channel bound state. At the resonant field B0, the resonance width can be
related to a length scale that plays the role of an effective range parameter [27] (see
Chapter 5):

R∗(B) =
~2

m(C − aP ν)
ζk. (6.3)

In the case that R∗ ¿ r0 and
√
R∗aP ¿ r0, the resonance is called broad and the

phaseshift is well described by the simple relation δ(k) = − arctan [ka(B)] for the
energies k ¿ r−1

0 of interest to cold collisions. If R∗ À r0 and/or
√
R∗aP À r0, the

resonance is narrow and energy dependent corrections beyond the scattering length
approximation are needed to properly describe the interactions. In all cases Eq. (6.2)
gives an accurate description at all relevant energies.

In the presence of an electric field, the electronic s-wave symmetry of the individual
atoms is distorted due to the electric dipole coupling with excited electronic p-wave
states. At sufficiently weak fields the atoms acquire a dipole moment according to
di = αi(0)ε, where αi(0) is the static electric polarizability of atom i, and ε is the
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applied electric field. The interaction between the electric dipoles takes the familiar
form [36]:

α1(0)α2(0)
4πε0r3

[ε · ε− 3 (ε · r̂) (ε · r̂)] , (6.4)

where ε0 is the vacuum dielectric constant. The angle-dependent structure of the
anistropic interactions can be rewritten in terms of a scalar product of two irreducible
spherical tensors of rank 2. Due to its tensorial nature, the anisotropic part of the
interaction obeys triangle type selection rules and couples states with orbital angular
momentum according to the selection rule l − l′ = 0, 2, with the exception of l = 0 →
l′ = 0 [36].

When an electric field is applied, the coupling between different angular momentum
states has several important effects. First of all, the energy of the weakliest bound (or
virtual) state in the open channel is shifted, and the sign and strength of the open-
channel scattering, characterized by aP = aP (ε), can be tuned in and out of resonance
(see inset Fig. 6.2). This also allows for control of the energy dependence of the
interactions, characterized by R∗. It can be shown that the width of the resonance
is proportional to the resonant part of the open-channel scattering length, ∆B ∝ aP

and therefore C ∝ (aP )2. The effective range parameter R∗ can be controlled through
its dependence on aP and C. Furthermore, the energies of the s-wave bound states in
the closed channels are shifted, which leads to a shift in the positions of the Feshbach
resonances, B0 = B0(ε), and additional (usually very narrow) resonances show up due
to the electric field induced coupling of the open-channel scattering state to closed-
channel bound states.

Using the electric field, the interactions at non-zero energies can be controlled. The
magnetic field can be used independently to control the total scattering length a(B, ε)
at this particular electric field value. This independent control of the zero-energy
interactions, and the non-zero energy corrections, provides the unique opportunity to
tailor the interatomic interactions in many possible ways. In practice, this means
full control over the elastic interactions in the ultracold regime. We give interesting
examples in the remainder of this work.

6.3 Results and discussion

We use a full coupled-channels method [37] for a rigorous determination of the scatter-
ing properties of the Rb atoms. The spin-spin interaction in this method comes from
the magnetic dipole and second-order spin-orbit interactions, and its angular structure
is very similar to the electrically induced dipole-dipole interaction, which has its origin
in the Stark effect. We extended the existing numerical code by carefully including
the electric dipole-dipole interactions, allowing for arbitrary relative orientations of the
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Figure 6.1 s-wave scattering length a as a function of the magnetic field at three different

electric field strengths.

applied magnetic and electric fields. Interestingly, to a high degree the two fields oper-
ate on independent degrees of freedom: B influences the spin system and ε the orbital
system. Each of these subsystems has its rotational symmetry axis, the directions of
B and ε, respectively, and therefore its own conserved quantum numbers (mF ‖ B
and ml ‖ ε). Only the relatively weak spin-spin interaction correlates the two parts.
Varying the orientation of B or ε in future experiments might therefore offer fascinat-
ing prospects for studying quantum degenerate gas samples with different preferred
electric and magnetic axes. From this point of view 87Rb might be a promising choice,
since its d-wave shape resonance may be expected to enhance collective quadrupole
oscillations of atom pairs induced by time-varying magnetic or electric fields.

We now consider 85Rb atoms in the (f1, f2)F,mF = (2, 2)4,−4 two-particle hyper-
fine state, where fi are the hyperfine quantum numbers of the individual atoms that
add up to total spin F with projection mF on the magnetic axis. The electric field
is taken parallel to the magnetic field. In this case, there is only one s-wave channel
that is energetically open. We calculated the scattering length for this channel as a
function of the magnetic field at several electric field strengths, and typical results are
shown in Fig. 6.1. In principle, the coupling to l 6= 0 open channels can give rise to
inelastic losses. However, in the cases we consider here the effect is very small and can
be neglected.

In the absence of an electric field, there are several Feshbach resonances within the
range of magnetic fields shown, as seen from the continuous line of Fig. 6.1. The broad
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The magnetic field position of the broadest resonance as a function of the applied electric

field is shown by the thick line. The position of the bare closed-channel state, shifted

from the (dressed) resonance position by the width as B′
0 = B0 − ∆B, is shown as the

dash-dotted line. The narrow resonances are indicated by thin lines. Inset: resonant part

aP of open channel scattering length as a function of electric field.

resonance at B0 = 154.85 G is related to an s-wave molecular state with total spin
quantum number F = 4, while there is a narrow resonance at B0 ' 220.20 G that
originates from an F = 6 s-wave molecular state. The other resonances shown are
extremely narrow and originate in the anisotropic coupling to F = 6 closed-channel
bound states with l = 2. The large and negative background scattering length abg =
r0 + aP consists of a non-resonant part r0 ' 120 a0 and a resonant part aP ' −570 a0

related to a virtual state. Examples of the scattering length at non-zero electric fields
are shown as the dashed and dash-dotted line. It is clear that the electric field has a
large effect on the resonance structure. The Feshbach resonances that were considered
initially at zero field are shifted towards lower or higher magnetic fields and their widths
are increased or decreased by orders of magnitude.

In Fig. 6.2 we show the magnetic field position of the broadest resonance (thick
line) as a function of the applied electric field. The position of the bare closed-channel
state, shifted from the (dressed) resonance position by the width as B′0 = B0−∆B [25]
(see Chapter 3), is shown as the dash-dotted line. The narrow resonances are indicated
by thin lines. If the electric field is increased, the bare states are shifted due to their
anisotropic coupling with other closed-channel states. Simultaneously, the virtual state
in the open channel, coupled to l 6= 0 open-channel states, approaches the scattering
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threshold and becomes bound at the resonance field of about εr ' 5.3 · 107 V/m. This
gives rise to a divergence in the open channel scattering length aP , as clearly visible in
the inset of Fig. 6.2. For ε > εr, aP changes sign and for high electric fields the open
channel eventually becomes non-resonant.

From Fig. 6.2 it is evident that the electric field induced couplings give rise to an
avoided crossing between the open-channel shape resonance and the Feshbach reso-
nance. We checked that this avoided crossing is accurately described by the analytical
scattering model of Ref. [25] (see Chapter 3), which predicts the scaling ∆B ∝ aP .
Using this model, the numerical data of Fig. 6.2 (thick red line) are accurately repro-
duced.

From these considerations, we reach the exciting conclusion that the width of the
resonance can be simply controlled by varying the electric field. It can be increased
when approaching the resonance in aP at εr. When aP becomes non-resonant at high
electric fields, the Feshbach resonance becomes narrower. An example is shown by the
dash-dotted line of Fig. 6.1, where the scattering length shows a narrow resonance at
a field of B0 = 26.1 G, which is related to the same F = 4 molecular state that gives
rise to the broad 154.9 G resonance at zero electric field.

Perhaps the most interesting situation to study is a narrow resonance with a res-
onant open channel. In the vicinity of εr, where aP can be tuned to large positive
or negative values, we therefore focus our attention on one of the additional narrow
resonances that are coupled in by the electric field. We fix the electric field just above
the electrically induced resonance at ε = 5.6 · 107 V/m. This gives a large and positive
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aP = 1916 a0 (see inset Fig. 6.2), related to a weakly bound state in the open channel.
The magnetic field is tuned close to the narrow resonance at B0 = 179.50 G. At the left
side of the resonance, where there are no molecules in the system, the total scattering
length is first large and negative, but has a zero crossing at 179.48 G. Just to the
left of this zero crossing, the scattering length becomes positive and the zero-energy
interactions have a repulsive character. However, due to the fact that this resonance
is very narrow, the interactions become attractive at non-zero energies, which can for
instance lead to the formation of a BCS-like state with positive scattering length [27],
see Chapter 5. The tunability of the energy dependence of the interactions is shown in
Fig. 6.3.

In conclusion, we showed that the energy dependence of the interactions can be
controlled by combining electric and magnetic fields. This is particularly interesting in
two-component fermionic systems, where the electric field could potentially be used to
control the crossover from universal behavior to non-universal behavior by tuning the
Feshbach resonance from broad to narrow. Tunability of the open-channel scattering
length aP allows for a systematic study of the interplay between open-channel shape
resonances and closed-channel Feshbach resonances. Another exciting application is
in the study of three-body Efimov physics, where the control of the effective range
parameter R∗ gives rise to a tunable three-body parameter [26].

In this work, we used 85Rb to give a proof-of-principle of the tunability of the
relevant interaction parameters, such as the width and open-channel (background)
scattering length. A disadvantage of this particular system is the relatively high elec-
tric field of order 500 kV/cm needed to achieve the full control over the ultracold
interactions. However, the effect is very general and similar control can be achieved in
ultracold gases of other alkali-metal atoms. Especially a mixture of different species, in
particular light and heavy atoms. Good candidates are 6Li fermions with 40K fermions
or 133Cs bosons, as the permanent dipole moment of the heteronuclear collision com-
plexes gives rise to much lower necessary electric fields on the order of tens of kV/cm,
easily generated in current experiments [31, 32]. The necessary fields on the order of
hundreds of kV/cm could perhaps be reached in experiments utilizing atom chips.

We thank P. Pinkse for usefull discussions. This work was supported by the Nether-
lands Organization for Scientific Research (NWO).
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We consider weakly bound heteronuclear molecules (dimers) formed in a two-species atomic

mixture with a large mass difference. We focus on dimers containing light fermionic atoms,

as they manifest collisional stability due to an effective dimer-dimer repulsion originating

from the exchange of the light atoms. In order to solve the dimer-dimer scattering problem

we develop a new theoretical approach, which provides a physically transparent and quan-

titative description of this four-atom system in terms of three- and two-body observables.

We calculate the elastic scattering amplitude and the rates of inelastic processes such as

the trimer formation and the relaxation of dimers into deep molecular states. Irrespective

of whether the heavy atoms are bosons or fermions, the inelastic rate can be significantly

lower than the rate of elastic collisions. This is promising for obtaining strongly interacting

systems of bosonic and fermionic molecules. Moreover, a measurement of the inelastic

rate, which is a four-body observable, can be a very efficient and precise tool for determin-

ing three-body observables such as the three-body parameter, positions of Efimov states

and their lifetime.

7.1 Introduction

For many years the production of ultracold molecules was a long term goal of various
experiments [1,2]. A remarkable breakthrough in this field has recently been achieved
by combining the ability to cool ultracold atomic gases to very low temperatures and
the ability to associate pairs of them into weakly bound dimers by using Feshbach
resonances [3–11]. This approach turns out to be efficient for obtaining homonuclear
weakly bound molecules out of both fermionic and bosonic atoms. In the first case the
Pauli exclusion principle for the constituent atoms makes the molecular gas remarkably
stable [12–14], which has allowed for the observation of the Bose-Einstein condensation
(BEC) of molecules and a study of their superfluid properties [6–9]. Molecules consist-
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ing of bosonic atoms are sufficiently stable only if they are very dilute or completely
isolated from each other, for example, by an optical lattice. However, exploration of
such molecules, and strongly interacting bosonic atoms in general, is still on the short
list of many experiments motivated by the potential opportunity to study Efimov few-
body physics [15–17]. Evidence for the existence of Efimov states has recently been
obtained in experiments with cesium atoms in Innsbruck [18].

The tunability of the interspecies interaction in heteronuclear mixtures has been
demonstrated in a number of experiments [11, 19–24], which is an important step to-
wards obtaining ultracold heteronuclear molecules. This is believed to be a very re-
warding project because of the electric dipole moment that they posses in their ground
state. There exists a wide range of proposals to use such molecules for studies of novel
quantum phases, realizing quantum computing schemes, testing fundamental physical
concepts, etc. (see for instance [1, 2, 11] and references therein).

Taking into account the success in associating homonuclear molecules from ultracold
atomic samples, it seems reasonable to generalize this technique for mixtures of different
atoms. So far, this scheme has been used to create weakly bound K-Rb molecules in an
optical lattice [11]. The association of atoms to a weakly bound molecular state can be
applied in principle in many other experiments studying ultracold mixtures with various
fermionic and bosonic isotopes. The main concern of this scheme is the collisional
stability of the molecules that are associated into highly excited ro-vibrational states.
Stabilizing such weakly bound dimers without isolating them from each other opens up
a number of interesting research directions such as the study of novel quantum phases
in bosonic molecular gases [25] and in the presently completely unexplored fermionic
molecular gases. It would also shed light on many intriguing questions related to the
few-body physics with atoms of different masses and statistics.

The theoretical description of elastic and inelastic dimer-dimer collisions requires
the solution of the four-atom problem, which, in the general case, can hardly be ac-
complished. An efficient theoretical approach based on the short-range character of the
interatomic forces allows for the calculation of scattering properties of weakly bound
homonuclear and heteronuclear bosonic molecules consisting of fermionic atoms [12–14].
However, this approach is limited to the case where the mass ratio of the constituent
atoms is smaller than a critical value of 13.6 and the subsystem of one light and two
heavy fermions does not support three-body weakly bound Efimov states. Then the
scattering amplitude is a universal function of the atom-atom scattering length a and
the atomic masses, and the so-called three-body parameter is not needed. For larger
mass ratios or in the case of bosonic constituent atoms one has to take into account
the existence of such three-body bound states, the three-body parameter comes into
play, and it is still debated whether an additional four-body parameter is required to
describe four-body observables [26,27].
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In this paper we discuss the scattering properties of weakly bound dimers which
consist of atoms with a large mass difference. Both the light and heavy atoms are in
a single (internal) quantum state, and the weakly bound molecular states are formed
in the gaseous mixture at a large and positive scattering length for the light-heavy
interaction. Our attention is focused on dimers containing light fermionic atoms, as
these dimers should be collisionally stable due to an effective dimer-dimer repulsion
originating from the exchange of the light atoms. We develop a new approach for
solving the dimer-dimer scattering problem, which besides the short-range character of
the interatomic interactions, relies on a large difference in the masses of atoms forming
a dimer. The latter circumstance allows us to use the Born-Oppenheimer adiabatic
approximation and integrate out the motion of one light atom substituting it by an
effective potential acting on the heavy atoms. This reduces the dimer-dimer scattering
to a three-body problem, which can be solved by modifying the method presented in
Ref. [28].

Such a hybrid Born-Oppenheimer (HBO) approach provides a transparent descrip-
tion of the four-body system of two light and two heavy atoms. It allows one to express
four-body observables in terms of the light-heavy scattering length a and the three-
body parameter for the subsystem of one light and two heavy atoms. Remarkably, this
relation can be inverted and can be used to retrieve information on the three-body
system from the collisional properties of the dimers. As we show in this paper, the life-
time of a gas of dimers can significantly exceed the lifetime of an atomic mixture or an
atom-dimer mixture. This suggests that indirect measurements of three-body effects
through four-body observables can be more efficient and precise than using three-body
systems directly.

We present a detailed analysis of elastic and inelastic dimer-dimer collisions based
on the HBO approximation. We calculate the s-wave (p-wave) amplitudes of elastic
scattering between ultracold bosonic (fermionic) dimers and discuss the relaxation of
dimers into deep bound states as well as the formation of trimer bound states in
dimer-dimer collisions. As shown, the inelastic rates are significantly suppressed by
the long-range exchange repulsion between the dimers.

The paper is organized as follows. In Section 7.2 we introduce the Born-Oppenheimer
approximation for the three- and four-body problem in which both light atoms are adi-
abatically eliminated and in Section 7.3 we discuss possible inelastic decay mechanisms
in dimer-dimer collisions. We then justify the need for a more sophisticated HBO
approach to describe the dimer-dimer scattering. Section 7.4 contains the derivation
of the HBO equation for the four-body problem and in Section 7.5 we show how it
can be used for calculating elastic and inelastic dimer-dimer collisional properties. We
present the results for the dimer-dimer scattering amplitude as a function of the atomic
scattering length and the three-body parameter in the case of bosonic and fermionic
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molecules. We also discuss implications of the results for experimental observation of
dimers, Efimov trimers, and related few-body physics. In Section 7.6 we discuss the
validity of the HBO approach and compare the HBO results with the exact calculations
for moderate mass ratios and in Section 7.7 we conclude.

7.2 Born-Oppenheimer approximation for three- and four-body

systems

Consider the interaction between two weakly bound dimers consisting of atoms with
very different masses and let us discuss the dimer-dimer scattering properties. A nat-
ural way to benefit from the large mass ratio is to use the Born-Oppenheimer (BO)
approximation [29], where it is assumed that the state of the fast light atoms adia-
batically adjusts itself to the positions of the slow heavy atoms. In Ref. [30] the BO
approach has been developed for a three-body system with an emphasis on the Efimov
effect. The four-body case has been briefly discussed in Ref. [14].

BO potentials

Within the BO approach the four-body problem can be split in two parts. First, we
calculate the wavefunctions and binding energies of the light atoms in the field of the
heavy atoms fixed at a distance R from each other. The sum of the light-atom binding
energies gives the potential energy surface for the heavy atoms, and the second step
of the BO procedure is to consider the motion of the heavy atoms in this effective
potential.

We assume that the interaction between the light atoms is not resonant and can
be neglected. Then each of the light atoms independently moves in the field created
by the pair of heavy atoms. For the interaction between the light and heavy atoms we
use the zero-range Bethe-Peierls approach [31], assuming that the motion of the light
atoms is free everywhere except for a vanishing distance between the light and heavy
atoms. This approach makes sense for RÀ R̃e and

aÀ Re, (7.1)

where a is the scattering length for the light-heavy interaction, and Re (R̃e) is the
characteristic radius for the light-heavy (heavy-heavy) interatomic potential. In this
case, there are two bound states of a light atom in the field of two heavy ones: the
gerade state (+) with the wavefunction remaining unchanged under permutation of the
heavy atoms (R → −R), and the ungerade state (−) with the wavefunction changing
its sign under this operation. The corresponding wavefunctions are given by

ψ±R(r) = N±
(
e−κ±(R)|r−R/2|

|r−R/2| ± e−κ±(R)|r+R/2|

|r + R/2|
)
, (7.2)
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where N± are normalization coefficients, which depend on R. The corresponding bind-
ing energies equal

ε±(R) = −κ2
±(R)/2m, (7.3)

where m is the mass of a light atom, and we use units such that ~ = kB = 1. The
parameters κ±(R) follow from the equation

κ±(R)∓ exp [−κ±(R)R] /R = 1/a. (7.4)

Equation (7.4) is obtained by applying the Bethe-Peierls boundary conditions to the
wavefunctions ψ±R of Eq. (7.2) at vanishing light-heavy separations:

ψ ∝
(

1
|r±R/2| −

1
a

)
, |r±R/2| → 0. (7.5)

For large R the perturbative expansion of Eq. (7.4), up to terms of the second order
in the small parameter exp(−R/a), leads to the binding energies

ε±(R) ≈ −|ε0| ∓ 2|ε0| a
R

exp(−R/a) +
Uex(R)

2
, (7.6)

where ε0 = −1/2ma2 is the binding energy of a single molecule within this BO approx-
imation with fixed heavy atoms, and

Uex(R) = 4|ε0| a
R

(
1− a

2R

)
exp(−2R/a). (7.7)

The ungerade (−) state energy is always higher than the energy of the gerade (+)
state. Moreover, for R < a the ungerade state is no longer bound. The gerade state is
bound for any R. For R¿ a its energy equals

ε+(R) ≈ −0.16/mR2. (7.8)

The energies of both states are shown in Fig. 7.1.
In the case that the light atoms are noninteracting bosons or distinguishable fermions,

it is energetically favorable for them to occupy the gerade state and follow it adiabat-
ically when the heavy atoms modify their relative positions. Then the light atoms
mediate an effective attraction between the heavy atoms. The effective potential in
this case equals 2ε+(R)+2|ε0|, and the remaining part of the BO procedure is to solve
the Schrödinger equation for the heavy atoms moving in this potential. However, such
molecules are expected to be very short-lived because of the collisional relaxation into
deep bound states. Qualitatively, this is similar to the situation with homonuclear
dimers consisting of bosonic atoms.

From this point on we will focus on the case where light atoms are identical fermions,
and the light-heavy molecules can be long-lived [14]. Then the wavefunction of two light
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Figure 7.1 (1) BO potentials ε± in units of the dimer binding energy |ε0| as found by

solving the three-body problem of one light and two heavy atoms. The light atom can

exist in a symmetric (+) and antisymmetric (-) bound state with respect to the double

deltafunction potential formed by the two heavy atoms. In the limit of large distances

both BO potentials approach the binding energy of a dimer: ε± → −|ε0|. The energy εν

indicates the position of a trimer state in the ε+ potential, where two heavy atoms are

bound together by the exchange of the light one. (2) The scattering of two dimers, each

consisting of a light fermion and a heavy fermion or boson, is a four-body problem where

the exchange of the light fermions between the heavy atoms provides a potential energy

for the heavy atoms. Because of the Pauli principle, one of the light fermions is in the

symmetric state, while the other one is in the antisymmetric state. At distances R ≥ a, the

potential for the dimers (with respect to the asymptotic energy of the two dimers −|2ε0|)
is then found to be Ueff = ε+ + ε−+2|ε0|. For R < a, the BO procedure fails. However, a

solution of the problem within the hybrid Born-Oppenheimer method (see Sec. 7.4) shows

that the potential behaves as repulsive barrier, which is indicated by the dashed line.

atoms in our BO problem is an antisymmetrized product of the gerade and ungerade
wavefunctions:

ψR(r1, r2) = [ψ+
R(r1)ψ−R(r2)− ψ+

R(r2)ψ−R(r1)]/
√

2. (7.9)

The BO adiabatic approach is valid at distances R > a, where the effective interac-
tion potential between the molecules is the sum of ε+(R) and ε−(R). At sufficiently
large inter-heavy separations, satisfying the condition exp (−R/a) ¿ 1, the effective
potential (with respect to the energy of two dimers −2|ε0| at distances R → ∞) can
be written as

Ueff(R) = ε+(R) + ε−(R) + 2|ε0| ≈ Uex(R), (7.10)

and is shown in Fig. 7.1. The potential Uex originates from the exchange of light
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fermions and thus can be treated as an exchange interaction. It is purely repulsive
and, according to Eq. (7.7), has the asymptotic shape of a Yukawa potential at large
R. Direct calculations show that Uex is a very good approximation to Ueff for R & 1.5a.

The corresponding Schrödinger equation for the molecules in the center of mass
reference frame reads

(−∇2
R/M + Ueff(R)− ε)Ψ(R) = 0, (7.11)

where ε is the collision energy, and M is the mass of a heavy atom. Note, that the
repulsive effective potential is inversely proportional to the light mass m, whereas the
kinetic energy operator in Eq. (7.11) has a prefactor 1/M . Therefore, for a large mass
ratio M/m, the heavy atoms approach each other at distances smaller than a with an
exponentially small tunneling probability P ∝ exp(−B

√
M/m), where B ∼ 1. Our

analysis shows that the elastic part of the scattering amplitude can be calculated with
a very high accuracy from Eq. (7.11) for M/m & 20 and it is practically insensitive to
the way we choose the boundary condition for the wavefunction at R = a.

Elastic scattering of dimers

When the heavy atoms are fermions, the light-heavy molecules are composite bosons
and the dimer-dimer s-wave scattering length add is on the order of a ln

√
M/m. The

effective range of the potential has the same property. Let us demonstrate the calcu-
lation of the scattering length add for two bosonic dimers in the limit M/m À 1. In
this case the dominant contribution to the scattering comes from a narrow vicinity of
R = add À a, where the effective potential can be approximated by Eq. (7.7) with a
constant preexponential factor:

Ueff(R) ≈ 2
ma

exp(−2R/a)
add

. (7.12)

Then the zero energy solution of Eq. (7.11) that decays towards smaller R reads

Ψ(R) =
a

R
K0

(√
2M
m

a

add
e−R/a

)
, (7.13)

where K0 is the modified (decaying) Bessel function of the second kind. Comparing
the result of Eq. (7.13) at large R with the asymptotic behavior Ψ(R) ∝ 1− add/R we
obtain an equation for add:

add =
a

2
ln

(
e2γ

2
M

m

a

add

)
, (7.14)

where γ ' 0.5772 is the Euler-Mascheroni constant. From this expression we find
add ≈ a ln

√
M/m, and the scattering cross section is

σdd = 8πa2
dd. (7.15)
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From Eq. (7.13) we see that the interval of distances near R = add, where the wave-
function changes, is on the order of a. This justifies the use of Eq. (7.12). In fact, the
corresponding corrections to Eq. (7.14) can be obtained by treating the difference of
Eqs. (7.7) and (7.12) perturbatively. In this way the first order correction to the dimer-
dimer scattering length is −(3/4)a2/add, where add is determined from Eq. (7.14).

Qualitatively, Ueff(R) can be viewed as a hard-core potential with the radius add,
where the edge is smeared out on a lengthscale ∼ a ¿ add. Therefore, the ultracold
limit for dimer-dimer collisions, required for the validity of Eq. (7.15), is realized for
relative momenta of the dimers k satisfying the inequality

kadd ¿ 1. (7.16)

It can be useful (see Ref. [25]) to approximate the potential Ueff by a pure hard core
with the radius add. This approximation works under the condition ka ¿ 1, which is
less strict than Eq. (7.16).

In the case where the heavy atoms are bosons, the diatomic molecules formed
by these atoms with the light fermions are composite fermions and they can scatter
from each other only with odd orbital angular momenta. Then, at the low momenta
k satisfying the condition Eq. (7.16), the leading channel is p-wave scattering. At
interdimer separations exceeding the radius add of the interaction potential Ueff(R),
but still smaller than their de Broglie wavelength 1/k, the radial wavefunction of the
relative motion of the dimers takes the form Ψ(R) ∝ k2(R − 3βdd/R

2), where the
quantity βdd is the p-wave scattering volume. The scattering amplitude then reads

f
(p)
dd = k2βdd. (7.17)

For the hard-core like potential Ueff(R) we find that the scattering volume is given by:

βdd ≈ (1/3)a3
dd, (7.18)

with add following from Eq. (7.14). Accordingly, the scattering cross section is

σ
(p)
dd ≈ (8π/3)k4a6

dd. (7.19)

Note that equations (7.14) and (7.18) are obtained in the extreme limit M À m and
assuming the absence of inelastic processes. The accuracy of these results for not
extremely large mass ratios M/m and their possible modification due to the presence
of inelastic scattering channels will be discussed in Section 7.5.

Let us now mention that in our numerical calculation we do not find resonances in
the dimer-dimer scattering amplitude, which could appear in the presence of a weakly
bound state of two dimers, i.e. a four-body bound state with E = 2ε0. Here we give
a qualitative explanation of the absence of these bound states. Suppose there is such
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a state with energy ε → 0. Then, at distances R > a the wavefunction of the heavy
atoms should exponentially decay on the distance scale ∼ a

√
m/M ¿ a, since Ueff

represents a barrier with the height ∼ 1/ma2. This means that the heavy atoms in
such a bound state should be localized mostly at distances smaller than a. The gerade
light atom is also localized at this distance as seen from the shape of the function ψ+.
The motion of the ungerade light atom relative to the localized trimer can be viewed as
scattering with odd values of the angular momentum. Due to the centrifugal barrier,
the bound states of this atom with the trimer should be localized at distances ∼ a from
the heavy atoms. In this case the BO approximation is expected to work, since the
ungerade light atom is moving much faster than the heavy atoms. However, this leads
to a contradiction, because in the BO approach discussed above the ungerade state at
interheavy separations R < a is unbound. We thus conclude that weakly bound states
of two dimers are absent.

Although there are no resonances in the dimer-dimer collisions, there are branch-cut
singularities in the scattering amplitude. They are related to the presence of inelastic
processes and are discussed in the next section.

7.3 Inelastic processes. Qualitative analysis

We distinguish two types of inelastic processes in dimer-dimer collisions. The first one
is the relaxation of one of the colliding dimers into a deeply bound molecular state, the
other dimer being dissociated. The second process is the formation of bound trimers
consisting of two heavy and one light atom, the other light atom carrying away the
released binding energy.

We start with the formation of trimer states, which for the reason mentioned below
can be called Efimov trimers. A schematic picture of this inelastic process is given
in part (1) of Fig. 7.2. The existence of such trimer states can be seen from the BO
picture for two heavy atoms and one light atom in the gerade state. Within the BO
approach the three-body problem reduces to the calculation of the relative motion of
the heavy atoms in the effective potential created by the exchange of the light atom.
For the light atom in the gerade state, this potential is ε+(R) found in the previous
section. The Schrödinger equation for the wavefunction of the relative motion of the
heavy atoms χν(R) reads:

Ĥχν(R) =
[−∇2

R/M + ε+(R)
]
χν(R) = ενχν(R). (7.20)

The Efimov trimers are nothing else than the bound states of heavy atoms in the
effective potential ε+(R). Accordingly, they correspond to the discrete part of the
spectrum εν , where the symbol ν denotes a set containing angular (l) and radial (n)
quantum numbers. For R ¿ a the potential ε+(R) is proportional to −1/R2 (see
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Figure 7.2 Three most probable inelastic processes that can take place during a collision

of two weakly bound dimers consisting of a light (small) and a heavy (large) atom. In

case (1), Efimov trimers are formed when one light and two heavy atoms approach each

other to distances on the order of a. The fourth light particle flies away releasing the

trimer binding energy. In case (2), one light and two heavy atoms approach each other to

distances on the order of the range of the interatomic potential Re ¿ a and subsequently

form a deeply bound two-body state. This process is a pure three-body loss process and

the fourth light particle is a spectator. In case (3), deeply bound states are formed when

one heavy and two light atoms approach each other to distances on the order of Re. Here

the fourth heavy particle is a spectator.

Eq. (7.8)) and, if this effective attraction overcomes the centrifugal barrier, we arrive
at the well known problem of the fall of a particle to the center in an attractive 1/R2

potential. Then, for a given orbital angular momentum l, the radial part of χν can be
written as

χν(R) ∝ R−1/2 sin(sl logR/r0), R¿ a, (7.21)

where

sl =
√

0.16M/m− (l + 1/2)2. (7.22)

The three-body parameter r0 fixes the phase of the wavefunction at small distances
and, in principle, depends on l. When sl is real, the wavefunction (7.21) has infinitely
many nodes, which means that in the zero-range approximation there are infinitely
many trimer states. This is one of the properties of a three-body system with resonant
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interactions discovered by Efimov. We see that the fall to the center is possible in several
angular momentum channels, provided the mass ratio is sufficiently large such that sl is
real. However, for practical purposes, and for simplicity, it is sufficient to consider the
case where the Efimov effect occurs only for the angular momentum channel with the
lowest l for a given symmetry. This implies that when the heavy atoms are fermions
and l is odd, the mass ratio should be taken in the range 14 . M/m . 76 in order
to confine ourselves to the Efimov effect in l = 1. For bosonic heavy atoms, where l
is even, we set l = 0 and consider M/m . 39 to avoid the Efimov effect for l ≥ 2. In
both cases we need a single three-body parameter r0.

The formation of Efimov trimers in cold dimer-dimer collisions (with the collision
energy ε → 0) is energetically allowed only if εν < −2|ε0| (also see Fig. 7.1). This
means that the trimers that we are interested in are relatively well bound and their
sizes are smaller than a. Therefore, the process of trimer formation is exponentially
suppressed for large mass ratios as the heavy atoms have to tunnel under the repulsive
barrier Ueff(R). Moreover, this process requires all four atoms to approach each other
to distances smaller than a, and the rate of this process decreases when the trimer size
decreases, because it is more difficult for two identical light fermions to be in a smaller
volume. In order to carry out the quantitative analysis of the trimer formation the
motion of the ungerade fermion for R < a should be properly taken into account. A
method which allows us to do this will be presented in Section 7.4.

From Eq. (7.21) it follows that the behavior of the three-body system does not
change when r0 is multiplied or divided by

λl = exp(π/sl). (7.23)

On the other hand, a dimensional analysis shows that the quantity εν/ε0 depends only
on the ratio a/r0. This means that, except for a straightforward scaling with a, the
properties of the three-body system do not change when a is multiplied or divided by λl.
This discrete scaling symmetry of a three-body system, which shows itself in the log-
periodic dependence of three-body observables, has yet to be observed experimentally.
In the case of three identical bosonic atoms, where the BO approach does not work and
the three-body problem is solved exactly [15], the observation of the consequences of the
discrete scaling requires to change a by a factor of λ ≈ 22.7, which is technically very
difficult in ongoing experiments with cold atoms. In this respect three-body systems
with a very large mass difference can be more favorable because of smaller values of λ.
For example, in order to see one period of this log-periodic dependence in a Cs-Cs-Li
three-body system a has to be changed only by a factor of ∼ 5.

At this point it is worth emphasizing that three-body effects can be observed in a
gas of light-heavy dimers, where the interdimer repulsion originating from the exchange
of the light fermions strongly reduces the decay rate associated with relaxation of
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the dimers into deep bound states. The trimer formation in dimer-dimer collisions
is very sensitive to the positions and sizes of Efimov states, and the measurement of
the formation rate can be used for demonstrating the discrete scaling symmetry of a
three-body system. Indeed, as our results in Section 7.5 show, this rate should have
the log-periodic dependence on a and is detectable by measuring the lifetime of the gas
of dimers.

Let us now discuss the relaxation of the dimers into deeply bound states in dimer-
dimer collisions. The typical size of a deep bound state is on the order of the character-
istic radius of the corresponding interatomic potential. We first consider the relaxation
channel that requires one light and two heavy atoms to approach each other to dis-
tances ∼ R̃e ¿ a, as schematically shown in part (2) of Fig. 7.2. Unlike the trimer
formation, this decay mechanism is a pure three-body effect. The other light atom
is just a spectator. A qualitative scenario of this process is the following. With the
tunneling probability which is exponentially suppressed for large M/m, two dimers ap-
proach each other at distances R ∼ a. Then the heavy atoms are accelerated towards
each other in the potential ε+(R), and the light atom in the gerade state is always
closely bound to the heavy ones as seen from the shape of the function ψ+. The most
convenient way to take into account the relaxation process that occurs when the heavy
atoms (and the gerade light fermion) are at interatomic separations ∼ R̃e is to con-
sider the three-body parameter r0 as a complex quantity and introduce the so-called
elasticity parameter η∗ = −slArg(r0) [17]. As follows from the asymptotic expression
for the wavefunction (7.21), a negative argument of r0 ensures that the incoming flux
of heavy atoms is larger than the outgoing one:

Φout/Φin = exp[4slArg(r0)] = exp[−4η∗] < 1. (7.24)

This mimics the loss of atoms at small distances due to the relaxation to deep bound
states. Applied to the analysis of Efimov states, the imaginary part of r0 leads to the
appearance of an imaginary part of εν . This means that any Efimov state has a finite
lifetime τ due to the relaxation. For small |Arg(r0)| and for trimer states that are
localized at distances smaller than a, we get τ−1/|εν | = 4|Arg(r0)| = 4η∗/sl. Strictly
speaking this indicates that it is not possible to separate the relaxation process and the
trimer formation process, because the trimers that are formed in dimer-dimer collisions
will eventually decay due to relaxation. Nevertheless, as we will show in Section 7.5,
both the modulus and argument of the three-body parameter can be determined by
measuring the lifetime of a gas of dimers, leading to a number of quantitative pre-
dictions concerning the structure of Efimov states in the three-body subsystem of one
light and two heavy atoms.

Another relaxation channel is the one in which two light fermions approach a heavy
one at distances ∼ Re ¿ a, see part (3) of Fig. 7.2. This decay mechanism is quite
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different from the ones described above. On the one hand, it is not exponentially
suppressed for large mass ratios as the heavy atoms do not have to approach each
other to distances . a. On the other hand, there is a suppression of the decay because
of the Fermi statistics of the light atoms, which strongly reduces the probability of
finding them in a small volume.

We establish the dependence of the relaxation rate constant on a and estimate its
dependence on Re and the atomic masses without performing a detailed analysis of the
short-range physics. For a fixed and large inter-heavy separation R, the relaxation rate
Γ(R) is proportional to the probability W of finding two light atoms within a sphere of
radius ∼ Re around the heavy atom, multiplied by the frequency of relaxation events.
This frequency is on the order of 1/mR2

e since there is no other energy scale at distances
∼ Re. The probability W can be obtained by considering the limit r1, r2 → −R/2 in
Eq. (7.9). To the leading order in exp(−R/a) we get

ψR(r1, r2) ≈ e−R/a

23/2πa2R

(
1 +

a

R

)[
r2 ·R
r1R

− r1 ·R
r2R

]
(7.25)

and W ∼ |ψR(r1, r2)|2R6
e with r1,2 ∼ Re in the expression for the wavefunction ψR.

This gives an estimate for the relaxation rate as a function of R:

Γ(R) ∼ (1/mR2
e)(R

6
e/a

4R2) exp(−2R/a). (7.26)

Finally, Γ(R) should be averaged over the motion of the heavy atoms, which leads to
the relaxation rate constant for the heavy-light-light process in dimer-dimer collisions:

αhll =
∫

Γ(R)|Ψ(R)|2d3R ∼ R4
e

Ma3

1

ln
√

M
m

. (7.27)

The main contribution to the integral in Eq. (7.27) comes from RÀ a where we use the
expression (7.13) for the wavefunction Ψ(R). From Eq. (7.27) we see that αhll ∝ a−3,
i.e. this relaxation mechanism is strongly suppressed for large dimers.

In the case of fermionic molecules, i.e. p-wave collisions, the relaxation rate constant
(7.27) should be multiplied by an additional factor (ka)2 ln2

√
M/m, where k is the

scattering momentum.
Summarizing the results of sections 7.2 and 7.3, we find that the simple BO approach

works well for calculating the elastic part of the dimer-dimer scattering amplitude as
the main contribution to this quantity comes from large distances between the heavy
atoms, where the adiabatic approximation for the motion of the light atoms is valid.
This is also the case for the process of relaxation of dimers to deep bound states which
occurs in the three-body subsystem consisting of one heavy and two light atoms. The
other inelastic processes (trimer formation and the relaxation in the system of one light
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and two heavy atoms) require two heavy atoms to approach each other to distances
R < a, where the adiabatic approximation breaks down. Quantitative studies of these
inelastic processes will provide us with the estimate of the lifetime of the gas of dimers.
These studies are also needed to establish the relation between three- and four-body
observables, which can be useful for the exploration of three-body effects and Efimov
physics. In the next section we present a modified BO approach to tackle these issues.

7.4 Hybrid Born-Oppenheimer method

As we argued in Section 7.2, the BO method works well for the gerade fermion. Its
state is characterized by the wavefunction ψ+

R(r) and energy ε+(R), both adiabatically
adjusting to the motion of the heavy atoms. In the usual BO approximation the light
atom is integrated out, introducing a potential energy surface (PES) for the heavy
atoms which in this particular case is given by ε+(R). The PES can be improved by
incorporating the so-called adiabatic Born-Oppenheimer correction. The idea of this
procedure is to retain ψ+

R(r) as the wavefunction of the light atom, but to calculate
the PES as the expectation value of the full Hamiltonian of the three-body system:

Ĥ3 = −∇2
R/M −∇2

r/2µ3 + Int.terms. (7.28)

Here µ3 = 2mM/(2M +m), and r is the coordinate of the light atom relative to the
center of mass of the heavy atoms. The interaction terms describe the short range light-
heavy interactions equivalent to the boundary conditions (7.5). The PES calculated
by using ψ+

R(r) of Eq. (7.2) reads

〈ψ+|Ĥ3|ψ+〉 = −κ2
+(R)/2µ, (7.29)

where µ = mM/(M + m). It is easy to see that in our case the adiabatic correction
results in the substitution m→ µ in all formulas of the previous section. In the follow-
ing we will keep this substitution in mind and, in particular, use the same notations
ε±(R) and ε0 for the “renormalized” quantities.

Strictly speaking, the adiabatic correction does not improve the accuracy of the BO
procedure as we are still missing non-adiabatic terms which are of the same order of
magnitude. However, including this correction has the advantage that the renormalized
ε±(R) asymptotically tend to the exact binding energy of a dimer, ε0 = −1/2µa2, which
is more convenient for further analysis.

Once the light atom in the gerade state is integrated out, the original four-body
problem reduces to a three-body problem, which is described by the three-body
Schrödinger equation

[Ĥ −∇2
r/2µ3 − E]Ψ(R, r) = 0. (7.30)
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Here Ĥ is given by Eq. (7.20), E = −2|ε0| + ε is the total energy of the four-body
system in the center of mass reference frame, and ε is the dimer-dimer collision energy.
The interaction of the light atom with the heavy ones is included in the form of the
boundary condition (7.5) for Ψ, and the ungerade symmetry for this atom is taken into
account by the condition

Ψ(R, r) = −Ψ(R,−r). (7.31)

Let us now discuss the symmetry properties of the reduced three-body wavefunc-
tion Ψ(R, r). In the case where the heavy atoms are identical fermions, we have
Ψ(R, r) = −Ψ(−R, r). Combined with Eq. (7.31), this leads to the condition Ψ(R, r) =
Ψ(−R,−r). Therefore, Ψ(R, r) describes atom-dimer scattering with even angular
momenta, and for ultracold collisions we are facing the s-wave atom-dimer scattering
problem. Performing a similar analysis in the case where the heavy atoms are identical
bosons we naturally arrive at the p-wave atom-dimer scattering problem. Both cases
are consistent with our understanding of the dimer-dimer scattering once we recall that
there exists a “hidden” gerade fermion.

In order to solve Eq. (7.30) we follow the method of Ref. [28]. We introduce an
auxiliary function f(R) and write down the wavefunction Ψ(R, r) in the form

Ψ(R, r) =
∑

ν

∫

R′
χν(R)χ∗ν(R′)Kκν (2r,R′)f(R′), (7.32)

where

Kκν (2r,R′) =
e−κν |r−R′/2|

4π|r−R′/2| −
e−κν |r+R′/2|

4π|r + R′/2| (7.33)

and

κν =

{ √
2µ3(εν − E), εν > E,

−i
√

2µ3(E − εν), εν < E.
(7.34)

For εν < E, trimer formation into the state ν is possible. In this case κν is imaginary
and the function (7.33) describes an outgoing wave of the light atom moving away from
the trimer. The choice of the sign in Eq. (7.34) ensures that there is no incoming flux
in the atom-trimer channel.

It can be directly checked that the wavefunction (7.32) satisfies Eqs. (7.30) and
(7.31) for any f(R). It is also easy to see that for the case of fermionic atoms, where
Ψ(R, r) = −Ψ(−R, r), one has f(R) = f(−R). Then only antisymmetric χν are
contributing to the sum in Eq. (7.32). Otherwise, if we choose antisymmetric f(R), it
gives Ψ(R, r) = Ψ(−R, r) and describes bosonic heavy atoms with symmetric χν .

The function f(R) can be obtained by applying the Bethe-Peierls boundary condi-
tion (7.5) to the wavefunction (7.32). Namely, we take the limit r → R/2 in Eq. (7.32)
and fix the ratio between the regular term and the coefficient in front of the singular
term proportional to 1/|r − R/2|. In this way we obtain an integral equation for f .
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However, this equation is not convenient for numerical calculations, and we modify it
by using the following procedure.

We note that taking a finite number of terms in the sum over ν in Eq. (7.32) does
not give any singularities. Therefore, the |r −R/2|−1-peak in Ψ(R, r) is provided by
the high-energy part of the sum, and the corresponding coefficient does not depend on
the shape of the potential ε+(R) in the Hamiltonian Ĥ. Let us introduce Ψ0(R, r) by
the formula

Ψ0(R, r) =
∑

ν

∫

R′
χ0

ν(R)χ0∗
ν (R′)Kκ0

ν
(2r,R′)f(R′), (7.35)

where the superscript 0 in the right hand side corresponds to the eigenfunctions and
eigenenergies of Eq. (7.20) with ε+(R) ≡ ε0. The difference Ψ(R, r)−Ψ0(R, r) is not
singular for r → R/2 and its value in this limit is given by

L̂′f(R) = Ψ(R,R/2)−Ψ0(R,R/2) =∫

R′

∑
ν

[χν(R)χ∗ν(R′)Kκν
(R,R′)− χ0

ν(R)χ0∗
ν (R′)Kκ0

ν
(R,R′)]f(R′). (7.36)

The function Ψ0(R, r) can be calculated straightforwardly by turning the sum over
ν in Eq. (7.35) into an integral over k:

∑
ν

χ0
ν(R)χ0∗

ν (R′) → (2π)−3

∫
d3keik·(R−R′), (7.37)

and substituting ε0ν → k2/M + ε0. In the limit r → R/2 we get

Ψ0(R, r → R/2) = sin2 θ(|r−R/2|−1 −
√

2µ(ε0 − E))f(R)/4π − L̂f(R), (7.38)

where θ = arctan
√

1 + 2M/m, and the integral operator L̂ is given by

L̂f(R) = P

∫

R′

{
G(|R−R′|) [f(R)− f(R′)]±G(

√
R2 +R′2 − 2R ·R′ cos 2θ)f(R′)

}
,

(7.39)
with the symbol P indicating the Principal Value of the integral (see [13]). The plus
(minus) sign in Eq. (7.39) applies in the case of fermionic (bosonic) heavy atoms. The
function G is defined as

G(X) =
sin 2θM(ε0 − E)K2(

√
M(ε0 − E)X/ sin θ)

8π3X2
, (7.40)

where K2(z) is the exponentially decaying Bessel (Macdonald) function.
Finally, adding up Eqs. (7.36) and (7.38) and comparing the result with the bound-

ary condition (7.5), we find the following equation for f(R):
{
L̂− L̂′ + sin2 θ

√
2µ(ε0 − E)− 1/a

4π

}
f(R) = 0. (7.41)
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The operators L̂ and L̂′ conserve angular momentum and, expanding the function f(R)
in spherical harmonics, we deal with a set of uncoupled 1D integral equations for each
of the radial functions fl(R). These equations are given in the Appendix in the case of
l = 0, 1.

7.5 Low-energy dimer-dimer scattering

The hybrid Born-Oppenheimer approximation (HBO) developed in Section 7.4 can
be used in various ways for obtaining the rates of elastic and inelastic dimer-dimer
collisions. For example, substituting the solution of Eq. (7.41) into Eq. (7.32) one can,
in principle, restore the total wavefunction Ψ(R, r) and find the scattering amplitudes
from the asymptotic shape of this wavefunction at R→∞. However, for the problem of
ultracold dimer-dimer collisions this is not needed as there is a more elegant procedure.

At large distances (RÀ a) the reduced wavefunction Ψ(R, r) takes the form:

Ψ(R, r) ≈ Ψ(R)ψ−R(r). (7.42)

Comparing the singular parts of Eqs. (7.38) and (7.42) in the limit r → R/2 we obtain

f(R) ∝ Ψ(R); RÀ a. (7.43)

Thus, at large distances f(R) can serve as the wavefunction for the dimer-dimer motion.
In particular, it contains the dimer-dimer scattering phase shift.

In the HBO approach the dimer-dimer scattering amplitude add is determined from
the large distance behavior of the solution of Eq. (7.41) for E = 2ε0. In the case of
fermionic heavy atoms, the leading channel at ultralow energies is the s-wave scattering,
and the solution of Eq. (7.41) should be matched with

f0(R) ∝ 1/R− 1/add, (7.44)

at distancesRÀ a ln
√
M/m. In the case of p-wave dimer-dimer scattering (i.e. bosonic

heavy atoms and fermionic molecules) the solution of Eq. (7.41) at these distances
should be matched with

f1(R) ∝ R− 3βdd/R
2. (7.45)

The numerical procedure of HBO is described below. In Fig. 7.3 we compare the
real parts of add (solid) and βdd (dashed) obtained within HBO with the results of
Eqs. (7.14) (dotted) and (7.18). We rewrite Eq. (7.18) as ((3βdd)1/3/add)(add/a) so
that it approximately coincides with the dotted line as well. One sees a relatively good
agreement even for moderate values of M/m. The HBO result for add is in agreement
with our previous calculations which use the exact four-body equation for M/m < 13.6
(see [14] and Section 7.6). We also get a good agreement with the Monte Carlo results
for M/m < 20 [32].
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Figure 7.3 The dimer-dimer s-wave scattering length, add/a, (solid) and the quantity

(3βdd)1/3/a for p-wave scattering (dashed), calculated by using the HBO method. The

dotted line is the result of Eq. (7.14).

In this formalism it is straightforward to account for inelastic processes of trimer
formation and relaxation of dimers into deep bound states. In the latter case we mean
the relaxation process that requires one light and two heavy atoms to closely approach
each other. The light-light-heavy relaxation channel is well described by the simple
BO approach (see Section 7.3) and we do not consider it here.

Let us first assume that the rate of relaxation into deep molecular states is negligible
and omit this process. Then the three-body parameter is real, and the trimer formation
rate is determined by the imaginary part of the s-wave scattering length or the p-wave
scattering volume. The rate constant is given by [33]

α = −16π
M

×
{

Im(add), heavy fermions,
3k2Im(βdd), heavy bosons,

(7.46)

where k ¿ 1/a is the dimer-dimer scattering momentum. Alternatively, if we need to
know the rate of trimer formation into the state ν, we can substitute the solution of
Eq. (7.41) in Eq. (7.32) and calculate the flux of light atoms at r → ∞. We checked
that summing over ν gives the same result as Eq. (7.46). We find that the contribution
of the highest “dangerous” trimer state is by far dominant and α is very sensitive to
its position.

We now include the relaxation of the dimers into deep bound states. As we have
mentioned in Section 7.3, the light-heavy-heavy relaxation process can be taken into
account by adding an imaginary part to the three-body parameter. The total inelastic
decay rate is then still given by Eq. (7.46). However, strictly speaking we can no longer
distinguish between the trimer formation into a particular state and the relaxation to
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deep states, since the trimers ultimately decay due to the relaxation processes. In this
sense the only decay channel is the relaxation to deep bound states. However, for a
sufficiently long lifetime of a trimer, i.e. if the trimer states are narrow resonances, we
can still see a pronounced dependence of the total inelastic decay rate on the position
of the highest “dangerous” trimer state (see below).

The calculation of the intrinsic lifetime of a trimer requires a detailed knowledge of
short-range physics and is beyond the scope of this paper. Estimates of the imaginary
part of the trimer energy, τ−1, from the experimental data on Cs3 trimers [18] show
that it is smaller than the real part εν by a factor of approximately 4 (in this case
η∗ ≈ 0.06). From a general point of view, we do not expect that the trimers with
a binding energy εν < −2|ε0| are very long-lived. However, one can have relatively
narrow resonances, and we perform calculations for various values of Φout/Φin.

In the case of a complex three-body parameter the Hamiltonian Ĥ [Eq. (7.20)] com-
bined with the boundary condition (7.21) no longer represent a Hermitian operator.
Instead, this operator is equivalent to the Schrödinger operator with a complex absorb-
ing potential, and in a real basis set its representation is a complex symmetric matrix.
Methods of calculating Green’s functions and other properties of such operators are
known in quantum chemistry (see [34] and refs. therein). The formalism is based on
using the canonical symmetric bilinear form instead of the Hermitian inner product.
In our case, this results in the formal removal of the complex conjugation for all χ∗ν in
Section 7.4, i.e. replacing χ∗ν → χν everywhere. This does not lead to any contradiction
with the “Hermitian” case as the eigenvectors of Hermitian operators can be chosen to
be real.

We have performed a numerical analysis of the elastic and inelastic rates for bosonic
and fermionic heteronuclear dimers for different values of M/m. A brief sketch of the
numerical procedure is the following. We diagonalize the Hamiltonian Ĥ of Eq. (7.20)
on a finite but large grid in coordinate space and find the sets {εν , χν(R)} and
{ε0ν , χ0

ν(R)}. The latter is obtained from Eq. (7.20) with ε+(R) = ε0. The three-
body boundary condition (7.21) for χν is implemented by introducing an additional
(complex) potential at very short distances. Then, we calculate the kernels of the
integral operators L̂ and L̂′ and solve Eq. (7.41). In order to characterize the elastic
and inelastic dimer-dimer scattering properties we use Eqs. (7.44), (7.45), and (7.46).

In Fig. 7.4 we present the results for the inelastic collisional rate in the case of
bosonic molecules with the mass ratio M/m = 28.5, which corresponds to the case of
171Yb-6Li dimers. The solid line corresponds to the case of a real three-body parameter.
It is convenient to introduce a related quantity, a0, defined as the value of a at which the
energy εν of a trimer state exactly equals E = 2ε0. This new “dangerous” trimer state
becomes more deeply bound for a > a0 and the rate constant steeply grows proportional
to the density of states in the outgoing atom-trimer channel. The corresponding orbital
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Figure 7.4 The inelastic rate constant for bosonic dimers with M/m = 28.5 as a function

of the atom-atom scattering length a. The solid line corresponds to the case of a real three-

body parameter. The results plotted in dashed, dotted, dashed-dotted, and dash-dot-dot

lines are obtained by taking into account the light-heavy-heavy relaxation process, with

η∗ = 0.1, 0.5, 1, and ∞, respectively (see text). The quantity a0 is the value of a at which

the energy of a trimer state equals E = 2ε0 and a new inelastic channel opens. The inset

shows the region a ≈ a0 in greater detail to see the threshold behavior (7.47).

angular momentum equals 1 and the threshold law reads (see also inset in Fig. 7.4)

α ∝ const + (E − εν)3/2 ∝ const + (a− a0)3/2. (7.47)

The constant term in Eq. (7.47) describes the contribution of more deeply bound states,
which is typically very small. In fact, as the trimer states become more compact, both
light atoms should approach the heavy atom and each other to smaller distances where
the trimer formation takes place. Since these atoms are identical fermions, there is a
strong suppression of the trimer formation to these deeply bound states.

The plot is periodic on logarithmic scale, the multiplicative factor being equal to
λ1 ≈ 7.3 consistent with Eqs. (7.23) and (7.22) (with m → µ). The dashed, dotted,
and dashed-dotted curves are obtained for η∗ = 0.1, 0.5, and 1, respectively. The
corresponding values of the ratio Φout/Φin are 0.67, 0.14, and 0.02. The flat line
represents the limiting case of η∗ = ∞ or Φout/Φin = 0. This case is universal in the
sense that physical observables depend only on the masses and the atomic scattering
length.

For a very weak light-heavy-heavy relaxation, the dimer-dimer inelastic collision
can be viewed as the formation of a trimer (with the rate constant α) followed by its
slow decay due to the relaxation. In this case one can think of detecting the trimers
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spectroscopically. We note, however, that even for the conditions corresponding to
the dashed curve in Fig. 7.4, i.e. for η∗ as small as 0.1, the decay rate of a trimer
τ−1 ≈ 0.25|εν | is rather fast, which is likely to make its direct detection difficult. For
larger η∗ one cannot separate the formation of trimers from their intrinsic relaxational
decay, and α is practically the relaxation rate constant. Remarkably, according to
our results, it remains quite sensitive to the positions of trimer states (in this case
resonances) for values of η∗ up to 0.5 and even larger. This suggests that measuring the
lifetime of a gas of dimers as a function of a gives important information on three-body
observables. Moreover, for small η∗ one can have a stable molecular gas in sufficiently
broad regions of a, where “dangerous” trimer states are far from the trimer formation
threshold.

We have also calculated the inelastic rate α for other mass ratios in the range
20 < M/m < 76. Its dependence on the scattering length has the same structure as
plotted in Fig. 7.4. The maximum of the rate constant is well fitted by the formula
αmax = 5.8(a/M) exp(−0.87

√
M/m). The position of the flat line (Φout = 0) is also

well fitted by α∞ = 1.6(a/M) exp(−0.82
√
M/m). The multiplicative factor in the

log-periodic dependence is given by Eqs. (7.23) and (7.22) with l = 1.
We can now estimate the rate constants for 171Yb-6Li dimers with the range Re <

5nm. On the basis of Eq. (7.27) and the results in Fig. 7.4 we find that for a = 20nm
the upper bound of the inelastic rate constant αmax ≈ 4 × 10−13 cm3/s and is larger
than the rate of relaxation into deep bound states in the system of one heavy and two
light atoms αhll. For larger a the heavy-light-light relaxation can be neglected and the
lifetime of the gas of dimers is determined solely by the rate constant α. The elastic
rate constant for a thermal gas with a ∼ 20nm and T ∼ 100nK equals

αel ≈ 8π|add|2
√

2T/M ∼ 4× 10−11cm3/s. (7.48)

Here we used the calculated s-wave dimer-dimer scattering length add ≈ 1.4a. We see
that αel is much larger than α and this inequality becomes even more pronounced for
larger a due to the scaling relations αel ∝ a2 and αmax ∝ a.

In Fig. 7.5 we present the results for the inelastic collisional rate in the case of
fermionic dimers with mass ratios 14.5 and 22.2, having in mind 87Rb-6Li and 133Cs-
6Li dimers respectively. We observe essentially the same structure of the graphs as
in the case of bosonic molecules. However, now we have p-wave scattering and the
rate constant has an additional factor ∝ (ak)2, where k is the relative momentum
of the dimers. The multiplicative factor in the log-periodic dependence is now given
by Eqs. (7.23) and (7.22) with l = 0, since the light-heavy-heavy three-body atomic
complex exhibits the Efimov effect in the configuration with zero angular momentum.
The dimer-dimer scattering volumes are equal to βdd ≈ 0.73a3 for M/m = 14.5 and
βdd ≈ 0.98a3 for M/m = 22.2.
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Figure 7.5 The inelastic rate constant for fermionic dimers with the mass ratios M/m =

14.5 and 22.2. The notation used is the same as in Fig. 7.4.

For fermionic molecules with other mass ratios the inelastic rates behave in a similar
way as plotted in Fig. 7.5. Considering M/m < 39 in order to avoid the Efimov effect
in the l = 2 channel, the quantities αmax and α∞ for a given relative momentum
k can be well fitted by the formulas αmax = 14.3(a3k2/M) exp(−0.88

√
M/m) and

α∞ = 2.8(a3k2/M) exp(−0.77
√
M/m). The rate constant of elastic collisions is given

by

αel ≈ 48π|βdd|2k5/M. (7.49)

In the case of Cs-Li dimers we find that for a À Re ≈ 3nm the upper bound αmax

greatly exceeds αhll. Moreover, for a thermal molecular gas with a = 20nm and T ∼
100nK the quantities αmax is comparable with αel and both are approximately equal to
4×10−14cm3/s. We suggest that in order to optimize the collisional rates and lifetime of
a gas of dimers and obtain αel À α one modifies the scattering length or temperature,
since dimer-dimer inelastic and elastic rates strongly depend on these parameters. The
scaling relations for the rate constants read: αel ∝ a6k5 and αmax ∝ a3k2.

It is useful to mention that for fermionic dimers the relaxation rates in the case
of atom-dimer collisions are higher than in the case of dimer-dimer collisions. The
relaxation rate constant for collisions of Cs-Li dimers with Cs atoms is α ∼ a/m ≈
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2×10−10cm3/s and it exceeds by 3 orders of magnitude the relaxation rate for collisions
of these dimers with Li atoms. Although these estimates are valid within an order of
magnitude, they indicate that a pure gas of dimers should have a longer lifetime. At
least, one should avoid mixing Cs-Li dimers with free Cs atoms.

7.6 Validity of the Hybrid Born-Oppenheimer approximation

Our derivation of the HBO method in Section 7.4 is based on two assumptions. First,
we rely on the short-range character of the interatomic forces. Namely, all our results
are valid under the condition (7.1). It assumes that the range Re of the interatomic
van der Waals potential is much smaller than the typical de Broglie wavelength of the
atoms, which is on the order of a. In this case we can treat the interatomic potential
using the zero-range Bethe-Peierls model [31].

The second important assumption is to use the Born-Oppenheimer approximation
to integrate out the light fermion in the gerade state. We rely on the presence of the
small parameter m/M . In the beginning of Section 7.5 we explained how the simplest
(clamped nuclei) approximation can be improved by adding the Born-Oppenheimer
diagonal correction. In principle, further improvements can be made by systematically
expanding the wavefunctions and energies in powers of m/M . However, it is believed
that the amount of work that has to be done in order to get the next order term in this
expansion is comparable to the work required for the exact solution of the problem.

In such a situation it looks optimal to check the validity of the HBO results by
comparing them with the ones obtained by using the exact four-body calculations [14].
In Fig. 7.6 we present the comparison of add for bosonic molecules in the 3D case
calculated exactly (solid curve) and by using the HBO method (dashed curve). Already
for M/m ∼ 10 the results agree within the accuracy limits. The exact method requires
a huge configuration space for M/m ≈ 10 and its accuracy drops significantly at larger
mass ratios. We estimate the relative precision of this “exact” calculation at the highest
mass ratio in Fig. 7.6 to be 2 or 3%. In fact, we believe that the HBO method is more
accurate for M/m & 10. To justify this belief we have performed the same analysis in
the 1D case, where the exact method can be pushed to higher mass ratios. The HBO
results agree very well with the results of the exact methods (see inset in Fig. 7.6). In
both cases for the considered mass ratios there are no trimer states and we neglect any
inelastic decay.

In certain aspects the accuracy of the HBO method can be limited by the accuracy
of the BO approximation for the three-body problem. For example, the BO result for
λ1 in the case of Cs-Cs-Li three-body system is 5.3 whereas the exact value of this
multiplicative factor is close to 4.9. Accordingly, the results presented in Fig. 7.5 (and
also in Fig. 7.4) can slightly deviate from the actual numbers. However, we believe
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Figure 7.6 Dimer-dimer s-wave scattering length obtained by the exact four-body method

(solid line) and HBO (dashed line). Inset shows results of similar calculation in 1D.

that the HBO approach reasonably well reproduces the shape of the inelastic rate
dependence on a even for these not very large mass ratios, and, more importantly, it
captures the qualitative physics behind the processes of trimer formation and relaxation
into deep bound states.

Finally, the wavefunction of a four-body system, in which one of the three-body
subsystems exhibits Efimov physics, has many nodes (infinite in the zero-range ap-
proximation) in both real and momentum space. At present, as far as we know, there
is no reliable method that can handle the very large configuration spaces arising in such
problems. The HBO approach allows one to use a significantly reduced configuration
space and is likely to be the only approach that is capable of solving such four-body
problems for large mass ratios.

7.7 Concluding remarks

Concluding the paper, we would like to emphasize several issues important for future
studies. First of all, mixtures of light fermionic atoms with heavy fermions or bosons are
promising for the observation of the Efimov effect. The search for Efimov trimer states
was in the agenda of physicists for more than 30 years, mostly in nuclear and atomic
physics [15–17]. The main reason is a remarkable discrete scaling symmetry of the
system: dimensionless three-body observables are invariant under the transformation
a→ λn, where n is any integer and the value of λ is fixed by Eq. (7.23). For example,
invariant are the ratios of binding energies to ε0 or the ratio of the atom-dimer scattering
length to a. However, the evidence for Efimov states was obtained only recently in
Innsbruck experiments with cesium atoms through the measurements of the rate of
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three-body recombination as a function of a [18]. An important aspect is that the factor
λ for a three-body system of one light and two heavy atoms can be relatively small,
for example λ ≈ 5 for the 133Cs-133Cs-6Li system instead of 22.7 for the Cs3 trimer.
This can allow the observation of several oscillations of the log-periodic dependence of
three-body observables in the same window for the values of the two-body scattering
length a.

We should mention here that a direct observation of bound Efimov trimers can be
rather difficult because of their short intrinsic lifetime. Indeed, considering a trimer
with the energy |εν | ≈ 10µK and assuming an optimistically small η∗ ∼ 10−2, we obtain
a trimer lifetime on the order of 100 µs. Therefore, one should invent indirect ways of
identifying the existence of Efimov trimers. The key idea that we bring in with this
paper is that the observation of the Efimov effect can be made in a gas of dimers. From
our results for the dimer-dimer inelastic collisional rate (trimer formation) in Figs. 7.4
and 7.5 one can extract information on the binding energies of trimer states, their
lifetimes, and also on the value of the three-body parameter. The dependence α(a)
immediately gives the ratio Φout/Φin and, hence, the trimer lifetime τ . The positions
of the minima of the curve α(a) indicate the values of the two-body scattering length
a at which one has a trimer state with the binding energy 2ε0.

One can think of obtaining long-lived bound heavy-heavy-light trimer states in an
optical lattice acting on the heavy atoms and increasing their effective mass [25]. The
heavy atoms in these states will be localized in different lattice sites and the light
atom will be delocalized between them. For example, one can consider the 40K-40K-
6Li system which does not exhibit the Efimov effect in free space and will show the
presence of Efimov trimers in an optical lattice under an increase of the K mass by
more than a factor of 2. The intrinsic lifetime of such trimers will be huge as their
decay into a 6Li-40K (or 40K-40K) deeply bound molecule and a free atom requires the
heavy 40K atoms to tunnel to the same lattice site, which is strongly suppressed by the
Pauli principle in a deep lattice.
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Appendix

Explicit expressions for the operators L̂ and L̂′ in the case of s-wave scattering (f(R) ≡
f0(R)) and p-wave scattering (f(R) ≡ f1(R) cos θR) are obtained by performing the
angular integration in Eqs. (7.36) and (7.39). The calculation is straightforward and
here we present only the resulting expressions.

In the case of the s-wave scattering we get

L̂f0(R) =
q sin2 θ cos θ

2π2
P

∫ ∞

0

dR′
R′

R

{

[
K1 (q|R−R′|/ sin θ)

|R−R′| − (R′ À −R′)
] (
f0(R)− f0(R′)

)
+

1
cos 2θ

[
K1

(
q
√
R2 +R′2 − 2RR′ cos 2θ/ sin θ

)
√
R2 +R′2 − 2RR′ cos 2θ

− (R′ À −R′)
]
f0(R′)

}
.(7.50)

Here q =
√
M(ε0 − E) and in each of the square brackets the second expression is the

same as the first one with R′ replaced by −R′.
The action of the operator L̂′ on a spherically symmetric function reads

(L̂′)f0(R) =
∑

l=1,3,...

2l + 1
2π

∫ ∞

0

∑
n

[
χn,l(R)χ∗n,l(R

′)K(l)
κn,l

(R,R′)−

χ0
n,l(R)χ0∗

n,l(R
′)K(l)

κ0
n,l

(R,R′)
]
f0(R′)R′2dR′, (7.51)

where χn,l(R) is the radial part of the eigenfunction of Eq. (7.20) with the orbital
angular momentum l and radial quantum number n. The quantities χ0

n,l(R) and κ0
n,l

correspond to solutions of Eq. (7.20) in which ε+(R) is substituted by ε0. The kernel
K

(l)
κ is defined as

K(l)
κ (R1, R2) = 2Il+1/2(κR</2)Kl+1/2(κR>/2)/

√
R1R2, (7.52)

where the functions Iµ(z) and Kµ(z) are the modified Bessel functions of the first
and second kind, and R< (R>) is the smallest (largest) of the coordinates R1,2. For
εν ≡ εn,l < E, i.e. negative imaginary κn,l [Eq. (7.34)], we use the rules K(−iz) =
(πiµ+1/2)Hµ(z) and Iµ(−iz) = Jµ(z).

In the p-wave case we define the radial operator L̂l=1 by the relation L̂[f1(R) cos θR] =
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cos θRL̂l=1f1(R). The explicit form is given by

L̂l=1f1(R) =
q sin2 θ cos θ

2π2
P

∫ ∞

0

dR′
R′

R

{[
K1(q|R−R′|/ sin θ)

|R−R′|

−(R′ À −R′)
]
f1(R) + sin θ

[(
K0(q|R−R′|/ sin θ)

qRR′

+
K0(q

√
R2 +R′2 − 2RR′ cos 2θ/ sin θ)

cos2 2θqRR′

)
+ (R′ À −R′)

]
f1(R′)

−
[(

K1(q|R−R′|/ sin θ)
|R−R′| +

K1(q
√
R2 +R′2 − 2RR′ cos 2θ/ sin θ)

cos 2θ
√
R2 +R′2 − 2RR′ cos 2θ

)

+(R′ À −R′)
]
f1(R′)

}
, (7.53)

and for the radial part of the operator L̂′ we have

(L̂′)l=1f1(R) =
1
2π

∑

l=0,2,...

∫ ∞

0

∑
n

[
χn,l(R)χ∗n,l(R

′)K̄(l)
κn,l

(R,R′)−

χ0
n,l(R)χ0∗

n,l(R
′)K̄(l)

κ0
n,l

(R,R′)
]
f1(R′)R′2dR′, (7.54)

where the kernel K̄(l) is given in terms of K(l) [Eq. 7.52]:

K̄(l)
κn,l

(R,R′) = (l + 1)K(l+1)
κn,l

(R,R′) + lK(l−1)
κn,l

(R,R′). (7.55)
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Conclusions and Outlook

The scope of current research on cold atomic gases extends well beyond the field of
atomic physics itself. It basically allows for both experimental and theoretical studies
of complex quantum matter under extreme conditions. In this thesis we have seen that
quantum degenerate gases of alkali atoms are extremely well controlled and versatile
model systems that have successfully been used to explore fundamental condensed mat-
ter physics problems such as the BCS-BEC crossover and the superfluid-Mott insulator
transition. The diverse means of manipulating and observing these atomic gases with
lasers, and magnetic and/or electric fields, enables the study of such models in regimes
that are not accessible in condensed matter systems. Although these atomic gases are
extremely dilute, the role of interactions and correlations is very important.

Moreover, cold atomic gases are very useful to other fields. For instance in metrol-
ogy, where these gases are used to study a possible variation in time of the fundamental
constants in nature or to develop extremely sensitive interferometers. Other future ap-
plications are for example found in the field of quantum information processing and
nonlinear dynamics.

The tunability of the interactions between the atoms, with the possibility of forming
resonantly bound molecules, is one of the crucial ingredients in experimental studies
with cold atomic gases. In this thesis we explained how the interplay between several
resonances gives rise to important energy dependence of the interatomic interactions.
We showed that this energy dependence can be controlled by using external electric
fields, while the zero-energy interactions are independently controlled by a magnetic
field. This effectively leads to a total control over the relevant interaction parame-
ters in cold alkali gases and can be used to study the crossover between universal and
non-universal interactions in the unitary regime. The energy dependence of the inter-
actions can have important consequences for the thermodynamic behavior of a gas. We
showed how it can lead to BCS-type superfluidity, even if the zero-energy interactions
are repulsive. We also considered the properties of resonantly bound heteronuclear
molecules, where the constituent atoms have a large mass difference. We showed that
a cold gas of such molecules is a very promising system to study the log-periodic scal-
ing properties of universal Efimov three-body physics, which is experimentally very
challenging in other systems.

There are many intriguing questions that still need to be answered, both experi-
mentally and theoretically. For example, a complete and quantitative understanding
of the BCS-BEC crossover is still lacking. Improving current theories by adding three-
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and four-body correlations is an important step, as this will include the atom-molecule
and molecule-molecule interaction processes. Another improvement could focus on the
role of pairs with non-zero momentum. New quantum phases are expected in two-
component fermionic gases with a density imbalance, where there is still discussion
about the nature of the ground state at different polarizations.

Experiments with mixtures of fermionic atoms with a mass difference pursue the
creation of ground state polar molecules. These polar molecules have long-range
anisotropic interactions and are expected to form new exotic quantum phases and
have applications in quantum information processing. These polar molecules are also
very promising in view of the study of quantum magnetism in cold gases. The elec-
tric dipole-dipole interaction between the molecules in an optical lattice leads to much
stronger spin-spin coupling strenghts and may lead to an antiferromagnetically ordered
phase at temperatures that are more easily accessible compared to atomic gases. This
phase could be studied by using noise correlations or Bragg spectroscopy.

Before arriving at these ground state molecules, there is interesting new physics to
explore in the mixtures themselves as well. For example, the mass difference or the
anisotropy of the interactions may lead to novel types of superfluid pairing. Adding
disorder to the system, novel Bose glass phases are expected to appear. In an ultracold
gas under fast rotation, nontrivial vortex lattice structures may appear due to the
simultaneous presence of dipolar interactions and Feshbach resonances.

In this thesis we discussed the scattering properties of resonantly bound heteronu-
clear molecules. If these molecules are loaded into an optical lattice that acts only on
the heavy atoms, the lifetime of Efimov trimers will be enhanced by orders of magni-
tude. This is very promising for an experimental observation of such trimers, which
are too shortlived without the presence of optical lattices. Moreover, if the effective
mass of the heavy atoms is increased above a critical value, due to the large repulsion
between the dimers, the system is expected to undergo a quantum transition into a
crystalline phase. Finally, the creation of relatively stable fermionic molecules from
a mixture of fermionic and bosonic atoms allows for the study of possible superfluid
properties of, at present completely unexplored, composite fermions.



Summary

Cold quantum gases with resonant interactions

We study ultracold gases of alkali-metal atoms in the quantum degenerate regime.
The interatomic interactions in these type of systems can be tuned using resonances
induced by magnetic or electric fields. The tunability of the interactions, together with
the possibility of confining the atoms with several kinds of external potentials, allows
for a completely novel approach to study basic problems in many-body physics, and
moreover, allows to enter regimes which have never been accessible in condensed matter
or nuclear physics. For example, this has led to the experimental demonstration of an
intimate relation between two types of superfluidity: the crossover from Bose-Einstein
condensation of tightly bound molecules to the superfluid behavior related to weakly
bound BCS-like pairs. Another experimental landmark was reached when the existence
of universal Efimov three-body bound states was proven in experiments with ultracold
bosonic cesium atoms.

In this thesis, we study several aspects of these strongly interacting and ultracold
atomic gases. We develop an analytical model that encapsulates all of the relevant
scattering physics in atomic systems where open-channel shape resonances and closed-
channel Feshbach resonances give rise to complicated and non-trivial scattering prop-
erties. This model provides lots of physical insight and is shown to describe important
quantities, such as the molecular energies and scattering phase shifts, with a high level
of accuracy. The model is compared to full numerical coupled-channel calculations in
two atomic systems: rubidium and lithium.

We study the BCS-BEC crossover using a many-body description of the ultracold
gas that includes the non-trivial energy dependence of the scattering model. We show
that it gives rise to superfluid behavior associated with the formation of BCS-like pairs
while the low-energy interactions are repulsive in character. The energy dependence of
the interactions is crucial, as it gives rise to attractive interactions at the Fermi energy,
necessary for the formation of Cooper pairs.

We demonstrate new ways of controlling the interatomic interactions using a com-
bination of magnetic and electric fields. This leads to experimental control of, for in-
stance, the three-body parameter in the context of Efimov physics and of non-universal
behavior in the BCS-BEC crossover in fermionic gases.

Using a four-body method based on first principles, we solve the molecule-molecule
scattering problem to calculate several important properties of bosonic and fermionic
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molecules that consist of light and heavy atoms. These type of molecules are of current
experimental interest, and we predict several exciting relations between three- and
four-body observables in these type of systems.



Samenvatting

We bestuderen ultrakoude gassen van alkali atomen in het quantum gedegenereerde
regime. The interatomaire wisselwerkingen in dit type systemen kan worden ingesteld
met behulp van resonanties die worden gëınduceerd door elektrische en magnetische
velden. De instelbaarheid van de wisselwerking, tezamen met de diverse mogelijkheden
om atomen op te sluiten met behulp van externe potentialen, maken het mogelijk om
fundamentele problemen uit de veel-deeltjes fysica op een compleet nieuwe manier te
bestuderen. Daarnaast bieden deze systemen de mogelijkheid om regimes te bereiken
en bestuderen die in het conventionele gecondenseerde materie onderzoek onbereikbaar
zijn. Dit alles heeft bijvoorbeeld geleid tot het experimentele bewijs voor een nauw ver-
band tussen twee verschillende typen superflüıditeit: the overgang van Bose-Einstein
condensatie van sterk gebonden moleculen naar superflüıde gedrag dat samenhangt met
de vorming van BCS paren van fermionische atomen. Een andere mijlpaal werd be-
reikt met het experimentele bewijs dat het bestaan van universele Efimov drie-deeltjes
gebonden toestanden in een gas van ultrakoude bosonische cesium atomen aantoonde.

In dit proefschrift bekijken we een aantal aspecten van deze ultrakoude en sterk
wisselwerkende atomaire gassen. We ontwikkelen een analytisch model dat de es-
sentiële fysica omvat in atomaire systemen waarin open-kanaals potentiaal resonan-
ties en gesloten-kanaals Feshbach resonanties aanleiding geven tot gecompliceerde ver-
strooïıngs eigenschappen. Dit model biedt niet alleen fysisch inzicht, maar beschrijft
tevens een aantal belangrijke grootheden, zoals the energie van de moleculen en de ver-
strooïıngs fase, met grote nauwkeurigheid. Het model wordt vergeleken met volledig
numerieke gekoppelde kanalen berekeningen voor twee atomaire systemen: rubidium
en lithium.

We bestuderen de BCS-BEC overgang met behulp van een veel-deeltjes beschrij-
ving van het ultrakoude gas, waarin de niet-triviale energie afhankelijkheid uit het
bovenstaande verstrooïıngs model is ingebouwd. We laten zien dat dit kan leiden tot
de vorming van BCS paren, ondanks dat de atomaire interacties bij lage energie een
repulsief karakter hebben. De energie-afhankelijkheid van de interacties speelt hierin
een cruciale rol, omdat hierdoor de interacties rondom de Fermi energie een attractief
karakter kunnen hebben, wat een noodzakelijke voorwaarde is voor de vorming van
BCS paren.

We laten zien dat met behulp een geschikte combinatie van elektrische en magne-
tische velden de inter-atomaire wisselwerking heel precies gecontroleerd kan worden.
Dit leidt bijvoorbeeld tot experimentele controle over de drie-deeltjes parameter in de



Samenvatting 147

context van Efimov fysica en tot niet-universeel gedrag in de BCS-BEC overgang in
fermionische gassen.

Met behulp van een vier-deeltjes methode die rechtstreeks is gebaseerd op de on-
derliggende fysica, bestuderen we de eigenschappen van molecuul-molecuul botsingen.
We berekenen enkele belangrijke grootheden voor moleculen die ieder bestaan uit een
licht en een zwaar atoom. Dit type moleculen staat momenteel erg in de belangstelling,
en we voorspellen een aantal belangrijke relaties tussen de drie-deeltjes en vier-deeltjes
observabelen van deze systemen.
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