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On Lyapunov theory for delay difference inclusions

R.H. Gielen, Student member, IEEE, M. Lazar, Member, IEEE and I.V. Kolmanovsky, Fellow, IEEE

Abstract— This paper provides a complete collection of Lya-
punov methods for delay difference inclusions. We discuss the
Lyapunov-Krasovskii (LK) approach, which uses a Lyapunov
function that depends on both the current state and the entire
delayed state trajectory. It is shown that such a function
exists if and only if the delay difference inclusion is globally
asymptotically stable (GAS). We also study the Lyapunov-
Razumikhin (LR) method, which employs a Lyapunov function
that is required to decrease only if the state trajectory satisfies
a certain condition. It is proven that the LR method provides a
sufficient condition for GAS. Moreover, an example of a linear
system which is globally exponentially stable but does not admit
a Lyapunov-Razumikhin function (LRF) is provided. Then, we
show that the existence of a LRF is a sufficient condition for
the existence of a Lyapunov-Krasovskii function and that only
under certain additional assumptions the converse is true. For
both methods, we establish what type of invariant/contractive
sets can be obtained from the respective functions.

I. INTRODUCTION

For discrete-time systems with uncertainties, difference
inclusions form an important modeling class, see, e.g., [1].
As any robustly stable system admits [2] a continuous
Lyapunov function (LF), Lyapunov theory is a method of
particular interest for stability analysis. For delay discrete-
time systems, delay difference inclusions have also proven
to be invaluable. Apart from their obvious application to
uncertain systems with delay, the interest in this type of
models was recently resuscitated by developments within
the field of networked control systems, see, e.g., [3] for an
overview. Network-induced effects such as variable sampling
intervals, variable communication delays and packet dropouts
can all be modeled [4] by a delay difference inclusion.

However, for systems affected by delays the classical
Lyapunov theory does not apply straightforwardly as the
influence of the delayed states can cause a violation of the
monotonic decrease condition that a standard LF obeys. To
solve this issue, two methods were proposed. The Lyapunov-
Krasovskii function (LKF) [5], which depends on both the
current state and the entire delayed state trajectory, and the
Lyapunov-Razumikhin function (LRF) see, e.g., [6], which is
required to decrease only if a certain condition on the delayed
state trajectory and current state holds. For continuous-time
systems it was shown in [7] that any system that is globally
asymptotically stable (GAS) admits a LKF. However, for the
LRF such a converse result is missing. It is known that the
LRF can be considered [7] a particular case of the LKF. Also,
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it is known [8] that any quadratic LRF yields a particular
quadratic LKF.

Unfortunately, for discrete-time systems, results similar
to the above continuous-time results are mostly missing.
One of the most commonly used approaches [9] to stability
analysis of delay difference inclusions is to augment the
state vector with all previous states/inputs that affect the
current state, which yields a standard difference inclusion
of higher dimension. Thus, stability analysis methods for
difference inclusions based on Lyapunov theory, e.g., [2],
become available. Recently, in [10] it was pointed out that
such a LF for the augmented state system provides a LKF
for the original system affected by time-delay. As such, an
equivalent notion of LKFs for discrete-time systems was
obtained. However, for LRFs the situation is more compli-
cated. The exact translation of this approach for discrete-time
systems yields a non-causal constraint [11]. An alternative,
Razumikhin-like condition for discrete-time systems was
proposed in [12], where the LRF was required to be less than
the maximum over its past values for the delayed states. To
the best of our knowledge, for discrete-time systems, both
converse theorems and a result on the connection between
LKFs and LRFs are missing. Moreover, for both continuous
and discrete-time systems, it remains an open question if
there exist systems that are GAS but do not admit a LRF.

In this paper we provide an example of a linear delay
difference equation which is globally exponentially stable
but does not admit a LRF. Thus, we have shown, for
the first time, that there exist discrete-time systems which
admit a LKF but do not admit a LRF. Furthermore, for the
Razumikhin method, we extend the results of [11] and [12] to
delay difference inclusions. Moreover, using the augmented
state system, we establish that any delay difference inclusion
that is GAS admits a LKF. Then, we show that the existence
of a LRF is a sufficient condition for the existence of a
LKF and that only under certain additional assumptions the
converse is true. For both methods, we establish what type of
invariant/contractive sets can be obtained from the respective
functions.

II. PRELIMINARIES

A. Notation and basic definitions

Let R, R+, Z and Z+ denote the field of real numbers,
the set of non-negative reals, the set of integers and the set
of non-negative integers, respectively. For every c ∈ R and
Π ⊆ R we define Π≥c(≤c) := {k ∈ Π | k ≥ c(k ≤ c)} and
ZΠ := {k ∈ Z | k ∈ Π}. For a vector x ∈ Rn, let [x]i,
i ∈ Z[1,n] denote the i-th component of x and let ‖x‖p :=
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(
∑n
i=1 |[x]i|p)

1
p , p ∈ Z>0, denote an arbitrary p-norm.

Moreover, let ‖x‖∞ := maxi∈Z[1,n] |[x]i| denote the infinity-
norm. Let φ := {φ(l)}l∈Z+ with φ(l) ∈ Rn for all l ∈ Z+

denote an arbitrary sequence. Let Col({φ(l)}l∈Z[0,N]) :=
[ φ(0)> ... φ(N)> ]> for some N ∈ Z+. Define ‖φ‖ :=
sup{‖φ(l)‖ | l ∈ Z+} and φ[0,k] := {φ(l)}l∈Z[0,k] . For
a symmetric matrix Z ∈ Rn×n let Z � 0 denote that
Z is positive definite. For an arbitrary set S ⊆ Rn, let
Int(S) denote the interior of S and let ∂S denote the
boundary of S. A function ϕ : R+ → R+ belongs to class
K∞ if it is continuous, strictly increasing, ϕ(0) = 0 and
lims→∞ ϕ(s) =∞.

B. Delay difference inclusions
Consider the delay difference inclusion

x(k + 1) ∈ F (x[k−h,k]), k ∈ Z+, (1)

where x[k−h,k] ∈ Rn× . . .×Rn =: (Rn)h+1, h ∈ Z≥1 is the
maximal delay and F : (Rn)h+1 ⇒ Rn is a set-valued map
with the origin as equilibrium point, i.e., F (0[k−h,k]) = {0}.
We make the following standing assumption.

Assumption II.1 The set F (x[−h,0]) ⊂ Rn is compact and
nonempty for all x[−h,0] ∈ (Rn)h+1.

Let S(x[−h,0]) denote the set of all trajectories of (1) that
correspond to initial condition x[−h,0] ∈ (Rn)h+1. Further-
more, let Φ(x[−h,0]) := {φ(k,x[−h,0])}k∈Z≥−h

∈ S(x[−h,0])
denote a trajectory of (1) such that φ(k,x[−h,0]) = x(k) for
all k ∈ Z[−h,0] and φ(k+1,x[−h,0]) ∈ F (φ[k−h,k](x[−h,0]))
for all k ∈ Z+.

Definition II.2 System (1) is called D-homogeneous of or-
der t ∈ R if F (sx[−h,0]) = stF (x[−h,0]) for all x[−h,0] ∈
(Rn)h+1 and all s ∈ R. 2

Definition II.3 Let λ ∈ R[0,1]. A set X ⊂ Rn with
0 ∈ Int(X) is called λ-D-contractive for system (1) if
F (x[−h,0]) ⊆ λX for all x[−h,0] ∈ Xh+1. For λ = 1 a
λ-D-contractive set is called a D-invariant set. 2

Next, consider the following notions of stability.

Definition II.4 (i) The origin of (1) is globally attractive if
for all x[−h,0] ∈ (Rn)h+1 and all Φ(x[−h,0]) ∈ S(x[−h,0])
it holds that limk→∞ ‖φ(k,x[−h,0])‖ = 0; (ii) the origin
of (1) is Lyapunov stable (LS) if for every ε ∈ R>0 there
exists a δ(ε) ∈ R>0 such that if ‖x[−h,0]‖ < δ, then
‖φ(k,x[−h,0])‖ < ε for all Φ(x[−h,0]) ∈ S(x[−h,0]) and all
k ∈ Z+; (iii) System (1) is globally asymptotically stable
(GAS) if its origin is both globally attractive and LS. 2

Definition II.5 System (1) is called globally exponentially
stable (GES) if there exists a c ∈ R≥1 and a µ ∈ R[0,1)

such that ‖φ(k,x[−h,0])‖ ≤ c‖x[−h,0]‖µk for all x[−h,0] ∈
(Rn)h+1, Φ(x[−h,0]) ∈ S(x[−h,0]) and all k ∈ Z+. 2

Note that we are only interested in strong properties,
i.e., properties that hold for all x[−h,0] ∈ (Rn)h+1 and all
Φ(x[−h,0]) ∈ S(x[−h,0]).

III. STABILITY OF DELAY DIFFERENCE INCLUSIONS

In this section we present several theorems that provide
different necessary and/or sufficient conditions under which
the origin of the delay difference inclusion (1) is GAS.

A. The Krasovskii approach

As pointed out in the introduction, a standard approach
for studying stability of delay discrete-time systems is
to augment the state vector and then to obtain a LF
for this augmented state system. Hence, let ξ(k) :=
Col({x(l)}l∈Z[k−h,k]) and consider the difference inclusion

ξ(k + 1) ∈ F̄ (ξ(k)), k ∈ Z+, (2)

where the map F̄ : R(h+1)n ⇒ R(h+1)n is obtained from
F in (1) such that F̄ (ξ) is compact and non-empty for all
ξ ∈ R(h+1)n and F̄ (0) = {0}. We use S̄(ξ) to denote the set
of all trajectories of (2) from initial condition ξ ∈ R(h+1)n.
Let Φ̄(ξ) := {φ̄(k, ξ)}k∈Z+ ∈ S̄(ξ) denote a trajectory of
(2) such that φ̄(0, ξ) = ξ and φ̄(k + 1, ξ) ∈ F̄ (φ̄(k, ξ)) for
all k ∈ Z+.

Definition III.1 Let λ ∈ R[0,1]. A set X̄ ⊂ R(h+1)n with
0 ∈ Int(X̄) is called λ-contractive for system (2) if F̄ (ξ) ⊆
λX̄ for all ξ ∈ X̄. For λ = 1 a λ-contractive set is called an
invariant set. 2

Definition III.2 A function g : Rl ⇒ Rp, i.e., possible set-
valued, is called homogeneous of order t ∈ R if g(sx) =
stg(x) for all x ∈ Rl and all s ∈ R. 2

The following lemma relates stability of the delay differ-
ence inclusion (1) to stability of the difference inclusion (2).

Lemma III.3 The following two statements are equivalent:
(i) The delay difference inclusion (1) is GAS.

(ii) The difference inclusion (2) is GAS.

Proof: First, we derive some preliminary results.
Therefore, let x[−h,0] ∈ (Rn)h+1 and let ξ :=
Col({x(l)}l∈Z[−h,0]). On a finite dimensional vector space
Rn all norms are equivalent [13], i.e., for any two norms
‖ · ‖p1 and ‖ · ‖p2 , there exist constants c, c ∈ R>0 such
that c‖x(0)‖p1 ≤ ‖x(0)‖p2 ≤ c‖x(0)‖p1 . Therefore, for any
norm ‖ · ‖p1 there exist constants c1, c2 ∈ R>0 such that

‖x[−h,0]‖p1 =

∥∥∥∥∥∥
 ‖x(0)‖p1

...
‖x(−h)‖p1

∥∥∥∥∥∥
∞

≥

∥∥∥∥∥c1
[ ‖x(0)‖∞

...
‖x(−h)‖∞

]∥∥∥∥∥
∞

= c1‖ξ‖∞ ≥ c1c2‖ξ‖p1 . (3)

Similarly, there exist constants c3, c4 ∈ R>0 such that

‖x[−h,0]‖p1 =

∥∥∥∥∥∥
 ‖x(0)‖p1

...
‖x(−h)‖p1

∥∥∥∥∥∥
∞

≤

∥∥∥∥∥c3
[ ‖x(0)‖∞

...
‖x(−h)‖∞

]∥∥∥∥∥
∞

= c3‖ξ‖∞ ≤ c3c4‖ξ‖p1 . (4)
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Furthermore, the definition of the p-norm yields

‖ξ‖pp =
(h+1)n∑
i=1

|[ξ]i|p =
0∑

i=−h

n∑
j=1

|[x(i)]j |p

≥
n∑
j=1

|[x(0)]j |p = ‖x(0)‖pp. (5)

From (5) and the fact that f(s) : R+ → R+ with f(s) := s
1
p

and p ∈ Z>0 is strictly increasing, it follows that ‖x(0)‖p ≤
‖ξ‖p for all p ∈ Z>0. It is straightforward to see from the
definition of the infinity norm that ‖x(0)‖∞ ≤ ‖ξ‖∞ holds
as well. In what follows, let Φ̄(ξ) ∈ S̄(ξ) correspond to
Φ(x[−h,0]) ∈ S(x[−h,0]) and vice versa.

Proof of (i)⇒(ii): As system (1) is globally attractive it
follows from (3) that there exists a c5 ∈ R>0 such that

lim
k→∞

‖φ̄(k, ξ)‖ ≤ lim
k→∞

c5‖φ[k−h,k](x[−h,0])‖ = 0,

for all ξ ∈ R(h+1)n, Φ̄(ξ) ∈ S̄(ξ) and all k ∈ Z+.
Thus, we obtain that the origin of (2) is globally attractive.
Furthermore, as the delay difference inclusion (1) is LS, it
follows from (3) that for all ε ∈ R>0 there exist δ, c5 ∈ R>0,
with δ ≤ ε, such that if ‖x[−h,0]‖ < δ then

‖φ̄(k, ξ)‖ ≤ c5‖φ[k−h,k](x[−h,0])‖ < c5ε,

for all Φ(x[−h,0]) ∈ S(x[−h,0]) and all k ∈ Z+. Moreover,
it follows from (4) that there exists a c6 ∈ R>0 such that
‖x[−h,0]‖ ≤ c6‖ξ‖. Therefore, we conclude that for every
ε̄ := c5ε ∈ R>0 there exists a δ̄ := 1

c6
δ ∈ R>0 such that if

‖ξ‖ < δ̄ and hence, ‖x[−h,0]‖ < δ, then

‖φ̄(k, ξ)‖ ≤ c5‖φ[k−h,k](x[−h,0])‖ < c5ε = ε̄,

for all ξ ∈ R(h+1)n, Φ̄(ξ) ∈ S̄(ξ) and all k ∈ Z+. Thus, we
have shown that (2) is LS and hence, it is GAS.

Proof of (ii)⇒(i): As the difference inclusion (2) is glob-
ally attractive it follows from (5) that

lim
k→∞

‖φ(k,x[−h,0])‖ ≤ lim
k→∞

‖φ̄(k, ξ)‖ = 0,

for all x[−h,0] ∈ (Rn)h+1, Φ(x[−h,0]) ∈ S(x[−h,0]) and all
k ∈ Z+. Thus, we obtain that the origin of (1) is globally
attractive. Furthermore, using (5) and as (2) is LS it follows
that for all ε̄ ∈ R>0 there exists a δ̄ ∈ R>0 such that if
‖ξ‖ ≤ δ̄ then

‖φ(k,x[−h,0])‖ ≤ ‖φ̄(k, ξ)‖ < ε̄,

for all Φ̄(ξ) ∈ S̄(ξ) and all k ∈ Z+. Moreover, it follows
from (3) that there exists a c7 ∈ R>0 such that ‖ξ‖ ≤
c7‖x[−h,0]‖. Therefore, we conclude that for every ε := ε̄ ∈
R>0 there exists a δ := 1

c7
δ̄ ∈ R>0 such that if ‖x[−h,0]‖ < δ

and hence, ‖ξ‖ < δ̄, then

‖φ(k,x[−h,0])‖ ≤ ‖φ̄(k, ξ)‖ < ε̄ = ε,

for all x[−h,0] ∈ (Rn)h+1, Φ(x[−h,0]) ∈ S(x[−h,0]) and all
k ∈ Z+. Thus, we have shown that (1) is LS and hence, it
is GAS, which completes the proof.

In the standard approach, e.g., [14], [3], [10], [4], a LF
for the difference inclusion (2) is obtained. This LF is then
used to conclude that system (1) is GAS. Using Lemma III.3
we are now able to formalize this result. Moreover, we also
obtain the converse.

Theorem III.4 Let ᾱ1, ᾱ2 ∈ K∞ and ρ̄ ∈ R[0,1). The
following statements are equivalent:
(i) There exists a function V̄ : R(h+1)n → R+ such that

ᾱ1(‖ξ‖) ≤ V̄ (ξ) ≤ ᾱ2(‖ξ‖), (6a)
V̄ (ξ+) ≤ ρ̄V̄ (ξ), (6b)

for all ξ ∈ R(h+1)n and all ξ+ ∈ F̄ (ξ).
(ii) The difference inclusion (2) is GAS.

(iii) The delay difference inclusion (1) is GAS.

The equivalence of (i) and (ii) was proven in [2], Theo-
rem 2.7, under the additional assumption that the map F̄ is
upper semicontinuous. However, this assumption was only
used to prove certain robustness properties and can therefore
be omitted. Alternatively, this equivalence can be shown
following mutatis mutandis the reasoning used in the proof of
Lemma 4 in [15], which is a result for difference equations.
Furthermore, the equivalence of (ii) and (iii) follows from
Lemma III.3.

Remark III.5 Both the result of [2] and the one of [15]
require a stronger property than GAS, i.e., global uniform
asymptotic stability (UGAS), which assumes that δ(ε) can
be taken arbitrarily large when ε is arbitrarily large. The
interested reader is referred to [16] for more details on
UGAS. However, as all the other results presented in this
paper hold for systems that are GAS, but not necessarily
UGAS, we opted for not formally introducing the UGAS
property. In Theorem III.4, GAS should be understood as
UGAS. 2

We call a function V̄ that satisfies the hypothesis of
Theorem III.4 a LKF for the delay difference inclusion (1).
The following example clarifies the results derived above.

Example III.6 Consider the linear delay difference equation

x(k + 1) = x(k)− 0.5x(k − 1), k ∈ Z+, (7)

where x[k−1,k] ∈ R × R is the system state. Let ξ(k) :=
Col(x(k), x(k − 1)) and let Ā =

[
1 −0.5
1 0

]
, to obtain the

augmented state system

ξ(k + 1) = Āξ(k), k ∈ Z+. (8)

Next, consider a LF of the form V̄ (ξ(k)) := ξ(k)>Pξ(k). If
there exists [17] a ρ ∈ R[0,1) and a symmetric matrix P ∈
R2×2 such that [

ρP Ā>P
PĀ P

]
� 0, (9)

then V̄ is a LF for system (8) and hence (8) is GAS. Solv-
ing (9) yields that ρ = 0.95 and P =

[
1.3 −0.5
−0.5 0.7

]
is a
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feasible solution. From Theorem III.4 it then follows that
the delay difference equation (7) is GAS. As the function
V̄ (ξ(k)) = ξ(k)>Pξ(k) is a LF for the system (8), the
function V̄ (ξ(k)) = V̄ (x[k−1,k]) = 1.3x(k)2 − x(k)x(k −
1) + 0.7x(k − 1)2 is a LKF for system (7). 2

As the LKF is a function of the current state and all
delayed states, it becomes increasingly complex when the
size of the delay, i.e., h ∈ Z≥1, increases. Therefore, it would
be desirable to construct a LF that is directly applicable to
the non-augmented system.

B. The Razumikhin approach

The Razumikhin approach is a Lyapunov technique for
time-delay systems that deals directly with the delay differ-
ence inclusion (1).

Theorem III.7 Let α1, α2 ∈ K∞, ρ ∈ R[0,1) and let π :
R+ → R+ be a function such that π(s) > s for all s ∈ R>0

and π(0) = 0. Suppose there exists a V : Rn → R+ such that

α1(‖x‖) ≤ V (x) ≤ α2(‖x‖), ∀x ∈ Rn, (10a)

and, for all x[−h,0] ∈ (Rn)h+1, if π(V (x+)) ≥
maxθ∈Z[−h,0] V (x(θ)), then

V (x+) ≤ ρV (x(0)), (10b)

for all x+ ∈ F (x[−h,0]). Then system (1) is GAS.

The proof of the above theorem, which is omitted here
for brevity, is similar in nature to the proof given in [11],
Theorem 6 by replacing mutatis mutandis the difference
equation with the difference inclusion as in (1). It is obvious
that the LRF defined in Theorem III.7 is non-causal, i.e.,
(10b) imposes a condition on V (x+) if V (x+) satisfies some
other condition. Notice that the corresponding Razumikhin
theorem for continuous-time systems, i.e., Theorem 4.1 in
[6], is causal, because it imposes a condition on the deriva-
tive of V (x) if V (x) satisfies a certain condition. Next, we
present an extension of Theorem 3.2 in [12], which provides
a causal sufficient condition for stability of system (1).

Theorem III.8 Let α1, α2 ∈ K∞ and ρ ∈ R[0,1). If there
exists a function V : Rn → R+ such that

α1(‖x‖) ≤ V (x) ≤ α2(‖x‖), ∀x ∈ Rn, (11a)
V (x+) ≤ ρ max

θ∈Z[−h,0]

V (x(θ)), (11b)

for all x[−h,0] ∈ (Rn)h+1 and all x+ ∈ F (x[−h,0]), then
system (1) is GAS.

Proof: Let ρ̂ := ρ
1

h+1 ∈ R[0,1). Moreover, let θ+
opt :=

arg maxθ∈Z[−h,0] ρ̂
−(θ+1)V (x(θ + 1)) and let

U := max
θ∈Z[−h,0]

ρ̂−θV (x(θ)),

U+ := max
θ∈Z[−h,0]

ρ̂−(θ+1)V (x(θ + 1)).

Next, we will prove that U+ ≤ U . Suppose that θ+
opt = 0.

Then, for all x+ ∈ F (x[−h,0]) by (11b) it holds that

U+ = ρ̂−1V (x+) ≤ ρ̂−1 max
θ∈Z[−h,0]

ρ̂(h+1)V (x(θ))

≤ max
θ∈Z[−h,0]

ρ̂−θV (x(θ)) = U. (12)

Furthermore, if θ+
opt ∈ Z[−h,−1] it holds that

U+ = max
θ∈Z[−h,−1]

ρ̂−(θ+1)V (x(θ + 1))

= max
θ∈Z[−h+1,0]

ρ̂−θV (x(θ)) ≤ max
θ∈Z[−h,0]

ρ̂−θV (x(θ)) = U.

(13)

Therefore, from (12) and (13) it follows that U+ ≤ U for
all x[−h,0] ∈ (Rn)h+1 and all x+ ∈ F (x[−h,0]). Letting

U(k) := max
θ∈Z[−h,0]

ρ̂−(k+θ)V (x(k + θ)), (14)

it follows that U(k + 1) ≤ U(k) for all x[k−h,k] ∈
(Rn)h+1. Therefore, the inequality U(k + 1) ≤ U(k) can
be applied recursively, which yields U(k) ≤ U(0) ≤
maxθ∈Z[−h,0] V (x(θ)). Next, combining (14) and the above
inequality yields

V (φ(k,x[−h,0])) ≤ ρ̂kU(k) ≤ ρ̂k max
θ∈Z[−h,0]

V (x(θ)),

for all x[−h,0] ∈ (Rn)h+1, Φ(x[−h,0]) ∈ S(x[−h,0]) and
all k ∈ Z+. Observing that maxθ∈Z[−h,0] α2(‖x(θ)‖) =
α2(‖x[−h,0]‖) and applying (11a) yields

‖φ(k,x[−h,0])‖ ≤ α−1
1 (ρ̂kα2(‖x[−h,0]‖)), (15)

for all x[−h,0] ∈ (Rn)h+1, Φ(x[−h,0]) ∈ S(x[−h,0]) and all
k ∈ Z+. From (15) it then follows that

lim
k→∞

‖φ(k,x[−h,0])‖ ≤ lim
k→∞

α−1
1 (ρ̂kα2(‖x[−h,0]‖)) = 0,

for all x[−h,0] ∈ (Rn)h+1, Φ(x[−h,0]) ∈ S(x[−h,0]) and all
k ∈ Z+. Hence, global attractivity is established. Further-
more, for every ε there exists a δ(ε) := α−1

2 (α1(ε)) such that
if ‖x[−h,0]‖ < δ, then ‖φ(k,x[−h,0])‖ < α−1

1 (ρ̂kα2(δ)) ≤ ε,
for all Φ(x[−h,0]) ∈ S(x[−h,0]) and all k ∈ Z+. Hence, LS
is established, which completes the proof.

Note that for ρ = 0 Theorem III.8 requires a somewhat
different proof. However, as the modifications are straight-
forward, we chose not to explicitly treat this exception in the
above proof. The same applies to the proof of Theorem IV.1,
that will be given in the next section. We call a function
that satisfies the hypothesis of Theorem III.7 a non-causal
LRF and one that satisfies the hypothesis of Theorem III.8 a
LRF. Next, we use Example III.6 to show that the converse
of Theorem III.7 and Theorem III.8 is not true in general.

Lemma III.9 The following statements are true:
(i) System (7) is GES;

(ii) System (7) does not admit a non-causal LRF;
(iii) System (7) does not admit a LRF.
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Proof: Let c1 ∈ R>0 and c2 ∈ R≥c1 . It was shown
in Example III.6 that system (7) admits a quadratic LKF.
A quadratic LKF satisfies the hypothesis of Theorem III.4
with α1(s) := c1s

2 and α2(s) := c2s
2 and therefore it is

straightforward to show that system (7) is not only GAS
but even GES. The proof of claim (ii) and (iii) proceeds by
contradiction.

To prove the second claim, suppose that there exists a
non-causal LRF V : R→ R+ for system (7). Let x(0) = 1,
x(−1) = 0 and let π : R+ → R+ be any function such that
π(s) > s for all s ∈ R>0 and π(0) = 0. From (7) we obtain
that x(1) = 1. As

π(V (x(1))) = π(V (1)) ≥ max
θ∈Z[−1,0]

V (x(θ)) = V (1),

it follows from (10b) that

V (x(1)) = V (1) ≤ ρV (x(0)) = ρV (1).

Obviously, as ρ ∈ R[0,1) we have reached a contradiction
and hence, V is not a non-causal LRF for system (7). As
the functions V and π were chosen arbitrarily, we have
established the second claim.

To prove the third claim, suppose that there exists a LRF
V : R → R+ for system (7). Let x(0) = 1 and x(−1) = 0.
From (7) we obtain that x(1) = 1. It follows from (11b) that

V (x(1)) = V (1) ≤ ρmax{V (x(0)), V (x(−1))} = ρV (1).

Obviously, as ρ ∈ R[0,1) we have reached a contradiction. As
the function V was chosen arbitrarily, we have established
the third claim, which completes the proof.

In the remainder of this paper, we focus on LRFs and
disregard non-causal LRFs. Next, we show that the existence
of a LRF implies the existence of a LKF and that only under
certain additional assumptions the converse is true.

IV. RELATIONS BETWEEN LKFS AND LRFS

For continuous-time systems it was shown in [7] that
LRFs form a particular case of LKFs, when only Lyapunov
stability is of concern. The proof given in [7], Section 4.8,
establishes that V̄ (x[−h,0]) := maxθ∈Z[−h,0] V (x(θ)) is a
LKF for any LRF V and continuous-time dynamics, in the
sense that system (1) is LS. A similar reasoning shows that
the same result also holds for delay difference inclusions.
More precisely, any function that satisfies the hypothesis of
Theorem III.8 with ρ = 1 provides a LKF, i.e., V̄ (x[−h,0]) =
maxθ∈Z[−h,0] V (x(θ)), that satisfies the hypothesis of The-
orem III.4 with ρ̄ = 1, which is sufficient to show that (1)
is LS. However, it is also clear that when global asymptotic
stability is imposed, i.e., ρ̄ ∈ R[0,1), the same candidate LKF
no longer works. In [8] an example was provided where this
connection result was generalized to ρ̄ ∈ R[0,1) for quadratic
candidate functions. Next, we show how the continuous-time
result of [7] can be extended for delay difference inclusions
to allow for ρ̄ ∈ R[0,1), via a more complex candidate LKF.

Theorem IV.1 Suppose that V : Rn → R+ satisfies the
hypothesis of Theorem III.8. Let ρ ∈ R[0,1) correspond to
this function and let ρ̂ := ρ

1
(h+1) ∈ R[0,1). Then

V̄ (x[−h,0]) := max
θ∈Z[−h,0]

ρ̂−θV (x(θ)), (16)

satisfies the hypothesis of Theorem III.4.

Proof: Suppose that maxθ∈Z[−h,−1] ρ̂
−θV (x(θ + 1)) ≥

V (x+) for some x+ ∈ F (x[−h,0]). Then, we obtain

max
θ∈Z[−h,−1]

ρ̂−θV (x(θ + 1))− ρ̂ max
θ∈Z[−h,0]

ρ̂−θV (x(θ)) ≤

max
θ∈Z[−h,−1]

ρ̂−θV (x(θ + 1))− ρ̂ max
θ∈Z[−h+1,0]

ρ̂−θV (x(θ)) = 0.

Conversely, suppose that maxθ∈Z[−h,−1] ρ̂
−θV (x(θ + 1)) ≤

V (x+) for some x+ ∈ F (x[−h,0]). Then, (11b) yields

V (x+)− ρ̂ max
θ∈Z[−h,0]

ρ̂−θV (x(θ))

≤ V (x+)− max
θ∈Z[−h,0]

ρ̂h+1V (x(θ)) ≤ 0.

Thus, we obtain that

max{V (x+), max
θ∈Z[−h,−1]

ρ̂−θV (x(θ + 1))}

− ρ̂ max
θ∈Z[−h,0]

ρ̂−θV (x(θ)) ≤ 0,

for all x+ ∈ F (x[−h,0]). Hence, letting ρ̄ := ρ̂ ∈ R[0,1), the
candidate LKF (16) satisfies inequality (6b). Next, we show
that (16) satisfies (6a). Inequality (11a) yields

max
θ∈Z[−h,0]

ρ̂−θV (x(θ)) ≥ max
θ∈Z[−h,0]

ρ̂hα1(‖x(θ)‖).

Observing that maxθ∈Z[−h,0] α1(‖x(θ)‖) = α1(‖x[−h,0]‖)
and using (3) it follows that there exists a c1 ∈ R>0 such
that ρ̂hα1(c1‖ξ‖) ≤ V̄ (ξ). Furthermore, using the same rea-
soning, it also follows from (11a) and (4) that there exists a
c2 ∈ R>0 such that maxθ∈Z[−h,0] ρ̂

−θV (x(θ)) ≤ α2(c2‖ξ‖).
Hence, the hypothesis of Theorem III.4 is satisfied for ρ̄ := ρ̂,
ᾱ1(s) := ρ̂hα1(c1s) ∈ K∞ and ᾱ2(s) := α2(c2s) ∈ K∞,
which completes the proof.

Next, we establish under what conditions the existence of
a LKF implies the existence of a LRF.

Lemma IV.2 Suppose that V̄ : R(h+1)n → R+ satisfies the
hypothesis of Theorem III.4. Moreover, let α3, α4 ∈ K∞ be
such that α3(s) ≤ α4(s) and α3(s) > ρ̄α4(s) for all s ∈ R+.
If there exists a function V : Rn → R+ satisfying (11a) and

0∑
θ=−h

α3(V (x(θ))) ≤ V̄ (x[−h,0]) ≤
0∑

θ=−h

α4(V (x(θ))),

(17)

then V satisfies the hypothesis of Theorem III.8.

Proof: Applying (17) in (6b) yields

α3(V (x+))− ρ̄α4(V (x(−h)))+
0∑

θ=−h+1

α3(V (x(θ)))− ρ̄α4(V (x(θ))) ≤ 0, (18)
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for all x+ ∈ F (x[−h,0]). As α3(s) > ρ̄α4(s) for all s ∈ R+

it follows that
∑0
θ=−h+1 α3(V (x(θ)))− ρ̄α4(V (x(θ))) > 0.

The above and V (x(−h)) ≤ maxi∈Z[−h,0] V (x(θ)) yields
that (18) is a sufficient condition for

α3(V (x+))− ρ̄α4( max
θ∈Z[−h,0]

V (x(θ))) ≤ 0, (19)

for all x+ ∈ F (x[−h,0]). As α3(s) > ρ̄α4(s) there exists a
ρ ∈ R[0,1) such that s > ρs ≥ α−1

3 (ρ̄α4(s)) for all s ∈ R+.
Hence, we obtain

V (x+)− ρ max
θ∈Z[−h,0]

V (x(θ)) ≤ 0,

for all x+ ∈ F (x[−h,0]). Thus, the conditions of Theo-
rem III.8 are recovered and the proof is completed.

The following corollary is a slight modification of
Lemma IV.2.

Corollary IV.3 Suppose that the hypothesis of Lemma IV.2
holds with (17) replaced by

max
θ∈Z[−h,0]

α3(V (x(θ))) ≤ V̄ (x[−h,0]) ≤ max
θ∈Z[−h,0]

α4(V (x(θ))).

(20)

Then V satisfies the hypothesis of Theorem III.8.

While the assumptions of Lemma IV.2 and Corollary IV.3
might seem restrictive they provide valuable insights when
quadratic or polyhedral LF candidates are used. For example,
a quadratic (polyhedral) LKF V̄ (ξ) = ξ>P̄ ξ (V̄ (ξ) =
‖P̄ ξ‖∞) with blockdiagonal matrix P̄ provides a quadratic
(polyhedral) LRF V (x) = x>Px (V̄ (x) = ‖Px‖∞) via
Lemma IV.2 (Corollary IV.3).

V. INVARIANT AND CONTRACTIVE SETS

Invariant and contractive sets are at the basis of many
control techniques, see, e.g., [18]. In most receding horizon
control (RHC) strategies, an invariant set in combination with
a locally stabilizing controller is used to establish stability.
For example, for delay continuous-time systems, an invariant
set obtained from a LRF was used in [19] to establish
stability of such a RHC scheme.

Lemma V.1 Suppose that system (2) is homogeneous1 of
order t = 1 and let λ ∈ R[0,1). The following two statements
are equivalent:
(i) System (2) admits a LKF that is homogeneous of order

t ∈ R>0.
(ii) System (2) admits a λ-contractive set.

Proof of (i)⇒(ii): Consider a sublevel set of V̄ , i.e., V̄ :=
{ξ ∈ R(h+1)n | V̄ (ξ) ≤ 1}. As ρ̄V̄ (ξ) = V̄ (ρ̄

1
t ξ) it follows

from (6b) that ξ+ ∈ ρ̄ 1
t V̄ for all ξ ∈ V̄ and all ξ+ ∈ F̄ (ξ).

Hence, V̄ is a λ-contractive set with λ := ρ̄
1
t ∈ R[0,1) for

the difference inclusion (2).

1For example, (uncertain) linear systems are homogeneous of order t = 1.

Proof of (ii)⇒(i): Let V̄ denote a λ-contractive set for
system (2) and consider the Minkowski function [20] of V̄ ,
i.e.,

V̄ (ξ) := inf{µ ∈ R+ | ξ ∈ µV̄}. (21)

Recall that by definition a λ-contractive set is bounded and
contains the origin in its interior. As such, letting ā1 :=
maxξ∈V̄ ‖ξ‖ > 0 and ā2 := minξ∈∂V̄ ‖ξ‖ > 0 yields

a−1
1 ‖ξ‖ ≤ V̄ (ξ) ≤ a−1

2 ‖ξ‖.

Next, let ν ∈ R>0. As system (2) is homogeneous of order
1, νV̄ is a λ-contractive set, as shown in [20]. Therefore, for
all ξ ∈ R(h+1)n and all ξ+ ∈ F̄ (ξ)

V̄ (ξ+) = inf{µ ∈ R+ | ξ+ ∈ µV̄}
≤ inf{µ | ξ ∈ µ(λ−1V̄)} = λV̄ (ξ).

Therefore, for the candidate function (21) the hypothesis
of Theorem III.4 is satisfied with α1(s) := a−1

1 s ∈ K∞,
α2(s) := a−1

2 s ∈ K∞ and ρ̄ := λ ∈ R[0,1). As (21) satisfies
V (sx) = sV (x) for all s ∈ R, the proof is complete.

Note that, the implication (i)⇒(ii) holds for any system
(2), i.e., any homogeneous LKF induces a ρ

1
t -contractive set.

Unfortunately, it remains unclear what a contractive set V̄ ⊂
R(h+1)n implies for the delay difference inclusion (1) and for
the trajectories Φ(x[−h,0]) ∈ S(x[−h,0]) in the original state
space Rn in particular. The above observation indicates an
important drawback of LKFs. While a system admits a LKF
if and only if the system is GAS, a LKF does not provide a
contractive or invariant set in the non-augmented state space.
Thus, we obtain another reason why it is worth to search for
a LRF instead of a LKF, if one exists.

Lemma V.2 Suppose that system (1) is D-homogeneous2 of
order t = 1 and let λ ∈ R[0,1). The following two statements
are equivalent:
(i) System (1) admits a LRF that is homogeneous of order

t ∈ R>0.
(ii) System (1) admits a λ-D-contractive set.

Proof of (i)⇒(ii): Consider a sublevel set of V , i.e., V :=
{x ∈ Rn | V (x) ≤ 1}. If maxθ∈Z[−h,0] V (x(θ)) ≤ 1 then it
follows from (11b) that V (x+) ≤ ρ. Hence, V (ρ−

1
t x+) ≤ 1,

which yields x+ ∈ ρ
1
t V for all x[−h,0] ∈ (V)h+1 and all

x+ ∈ F (x[−h,0]). Hence, V is a λ-D-contractive set with
λ := ρ

1
t for the delay difference inclusion (1).

Proof of (ii)⇒(i): Let V denote a λ-D-contractive set for
system (1) and consider the Minkowski function [20] of V ,
i.e.,

V (x) := inf{µ ∈ R+ | x ∈ µV}. (22)

Letting a1 := maxx∈V ‖x‖ > 0 and a2 := minx∈∂V ‖x‖ > 0
yields

a−1
1 ‖x‖ ≤ V (x) ≤ a−1

2 ‖x‖.

2For example, linear delay systems are D-homogeneous of order t = 1.
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Next, consider any ν ∈ R>0 and let x[−h,0] ∈ (νV)h+1.
Then, ν−1x[−h,0] ∈ (V)h+1 and therefore F (ν−1x[−h,0]) ⊆
λV . As system (1) is assumed to be D-homogeneous of
order t = 1 it follows that F (x[−h,0]) = νF (ν−1x[−h,0]) ⊆
λ(νV). Thus, we have shown that if V is a λ-D-contractive
set then νV is a λ-D-contractive set as well. Therefore, for
all x[−h,0] ∈ (Rn)h+1 and all x+ ∈ F (x[−h,0])

V (x+) = inf{µ ∈ R+ | x+ ∈ µV}
≤ inf{µ | max

θ∈Z[−h,0]

x(θ) ∈ µ(λ−1V)}

= max
θ∈Z[−h,0]

λV (x(θ)).

Therefore, the candidate function (22) satisfies the hypothesis
of Theorem III.8 with α1(s) := a−1

1 s ∈ K∞, α2(s) :=
a−1

2 s ∈ K∞ and ρ := λ ∈ R[0,1). As (22) satisfies V (sx) =
sV (x) for all s ∈ R, the proof is complete.

Let V ⊂ Rn denote a D-invariant set. Suppose that system
(1) is D-homogeneous of order 1 and x[−h,0] ∈ (νV)h+1,
ν ∈ R+. Then, all trajectories Φ(x[−h,0]) ∈ S(x[−h,0])
satisfy φ(k,x[−h,0]) ∈ νV for all k ∈ Z+.

Suppose now that system (1) and system (2) are D-
homogeneous and homogeneous of order 1, respectively.
Moreover, suppose that system (1) admits a set V ⊂ Rn
which is λ-D-contractive. Then, it follows from Lemma V.2
that system (1) admits a LRF. Moreover, it follows from
Theorem IV.1 that system (1) admits a LKF which in
turn, through Lemma V.1, guarantees the existence of a λ-
contractive set for system (2).

Suppose again that system (1) is D-homogeneous of order
1 and it admits a LKF that satisfies the hypothesis of
Lemma IV.2 or Corollary IV.3. Then, from Lemma IV.2 or
Corollary IV.3 it follows that there exists a LRF and hence
a V ⊂ Rn which is λ-D-contractive.

VI. CONCLUSIONS

A complete collection of Lyapunov techniques that can
be used for stability analysis of delay difference inclusions
was presented. Both the Lyapunov-Krasovskii approach and
the Lyapunov-Razumikhin method were discussed. It was
shown that a delay difference inclusion is GAS if and only if
it admits a Lyapunov-Krasovskii function (LKF). Moreover,
it was shown that the existence of a Lyapunov-Razumikhin
function (LRF) is a sufficient condition for stability but not
a necessary one. Next, it was shown that the existence of a
LRF is a sufficient condition for the existence of a LKF and
that only under certain additional assumptions the converse
is true. For both methods, we derived a different type of
invariant/contractive set which can be obtained from the LKF
and LRF, respectively.
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[9] K. J. Åström and B. Wittenmark, Computer controlled systems, theory
and design. Englewood Cliffs, NJ: Prentice Hall International, Inc.,
1990.

[10] L. Hetel, J. Daafouz, and C. Iung, “Equivalence between the
Lyapunov-Krasovskii functionals approach for discrete delay systems
and that of the stability conditions for switched systems,” Nonlinear
Analysis: Hybrid Systems, vol. 2, no. 3, pp. 697–705, 2008.

[11] S. Elaydi and S. Zhang, “Stability and periodicity of difference
equations with finite delay,” Funkcialaj Ekvacioj, vol. 37, pp. 401–
413, 1994.

[12] B. Liu and H. J. Marquez, “Razumikhin-type stability theorems for
discrete delay systems,” Automatica, vol. 43, pp. 1219–1225, 2007.

[13] E. Kreyszig, Introductory functional analysis with applications. John
Wiley & Sons, 1989.

[14] F. Yang, Z. Wang, Y. S. Hung, and M. Gani, “H∞ control for
networked systems with random communication delays,” IEEE Trans-
actions on Automatic Control, vol. 51, no. 3, pp. 511–518, 2006.
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