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Summary

Viscoelastic flow instabilities are very common for polymer processing flows and can give
rise to severe defects of the final product. In spite of this frequent occurrence, very little is
known about these flow phenomena which are found not only in complex flows but also in
simple flows (e.g. Taylor-Couette flow). This thesis is motivated by a viscoelastic flow in-
stability during the injection molding process. The occurrence of unstable flows in injection
molding can result in specific surface defects that are characterized by alternating shiny
and dull bands perpendicular to the flow direction. These defects, which are sometimes
referred to as flow marks, tiger stripes or ice lines, have been observed in injection mold-
ing of many polymers and polymer blend systems including PP, LDPE, ASA, PC/ABS.
Important questions that are addressed are: What are the critical flow conditions for the
onset of instability? and: How does this relate to the rheology of the polymer itself? but
probably the most intriguing question is: What is the physical mechanism of the driving
force for the secondary flow? This work is a numerical investigation to elucidate these
questions and to provide the limits of stability of injection molding flows.

Important aspects of the modeling of viscoelastic flows are the choice for the numer-
ical algorithm and rheological model. It is well known that the numerical algorithm is
essential for the correct prediction of the stability behavior of complex flows since most
numerical schemes produce approximate solutions that are not solutions of the original
problem. Also, if the numerical analysis is correct and approximate solutions are solutions
of the viscoelastic operator, the outcome of the stability analysis will be dependent on the
capability of the nonlinear constitutive model to describe real polymer melts.

The stability of a generic fountain flow has been investigated . This flow is considered as
a prototype flow for the injection molding process. The analysis is performed using a finite
element technique which is based on the DEVSS-Ḡ spatial discretization. Application of
this technique is necessary since this is one of the few spatial approximation schemes that
is able to capture the correct eigenmodes for several benchmark problems. In order to
model real viscoelastic melts, which are described by discrete spectra of relaxation times,
an efficient and accurate time integration technique for the viscoelastic operator has been
developed. Due to the presence of the free surface during injection molding, it is necessary
to include perturbations of the computational domain into the numerical analysis. These
domain perturbations are the result of general disturbances of the velocity field and are
expressed in the numerical scheme by local deformations of the fountain flow surface of the
flow front. Inclusion of these local deformations of the free surface increases the complexity

vii



viii Summary

of the numerical analysis substantially. Therefore, the domain perturbation technique that
is developed in this work is benchmarked in shear flows of two superposed fluids where
local deformations of the fluid/fluid interface are taken into account.

A suitable set of constitutive set of equations needs to be selected for the stability
analysis of the fountain flow. Apart from providing accurate predictions for the steady
base flows, the constitutive equations should also be able to capture the essential dynamics
of the polymer melt. The behavior of several nonlinear rheological models that are able
to describe the standard viscometric shear data for most polymers has been investigated
for simple shear flows (Couette and Poiseuille flows). Since the base flow solutions do not
vary along the streamlines for these flows, the stability behavior can be obtained from the
solutions of 1-dimensional generalized eigenvalue problems. This analysis shows that the
choice of the constitutive model is not a trivial one since not all nonlinear models are able
to capture the complex stability behavior of polymer melts. For example, it is shown that
critical Weissenberg numbers exist for the Phan-Thien–Tanner and the Giesekus model for
simple shear flows.

Due to the excellent results obtained for the linear stability analysis in shear flows
and the ability to describe full sets of viscometric data of several branched polymer melts,
the eXtended Pom-Pom (XPP) model has been selected for the stability analysis of the
fountain flows. For a one mode model with a ‘realistic’ set of parameters it is found that a
linear instability sets in at We ∼ 3. Also, the occurrence of instability could be postponed
when the number of arms in the eXtended Pom-Pom model is increased. This corresponds
to a higher degree of branching of the polymer melt and although this has some effect on
the shear properties of the different XPP fluids, the major influence of varying the number
of arms can be found in the extensional behavior. This indicates that the flows are more
stable for fluids with increased strain hardening. The structure of the leading eigenmode
turns out to be a swirling flow near the fountain flow surface which is consistent with the
experimental observations.



Chapter 1

General Introduction

1.1 Background

Industrial processing of polymeric materials is often limited by the occurrence of flow in-
stabilities. This can have severe implications on production rates as well as final product
properties. Some of the most notorious examples include polymer extrusion where in-
creasing flow rates can lead to the well known short wave sharkskin instability or when
production speeds are increased further, gross melt fracture. Another example can be found
in the extrusion of multilayer films where a jump of the normal stresses and viscosity mis-
match allows for spatially growing of oscillations of the fluid/fluid interface. An extensive
review on the subject of viscoelastic flow instabilities was written by Larson (1992). The
developed numerical tools and the obtained results in this work are applicable to general
complex flows of polymer melts. However, this research is motivated by a viscoelastic flow
instability during the filling stage of the mold in the injection molding process.

During injection molding, flow instabilities can cause non-uniform surface reflectivity on
the final product. This research focuses on a specific surface defect characterized by shiny
and dull bands roughly perpendicular to the flow direction which alternate on the upper
and lower surfaces of the mold as shown in figure 1.1. These defects, which are referred
to as flow marks, tiger stripes or ice lines, have been observed in a variety of polymer sys-
tems including polypropylene (Bulters and Schepens, 2000b), ASA (acrylonitrile-styrene-
acrylate) (Chang, 1994), ethylene-propylene block co-polymers (Monasse et al., 1999) and
PC (polycarbonate) / ABS (acrylonitrile butadiene-styrene) blends (Hobbs, 1996; Hamada
and Tsunasawa, 1996). The occurrence of these defects limits the use of injection molded
parts, especially in unpainted applications such as car bumpers.

The nature of the alternating bands depends on the polymer material. With polypropy-
lene and ASA injection molding, flow marks appear as dull, rough bands on the normally
smooth and shiny surface (Bulters and Schepens, 2000b,a; Chang, 1994). Scanning elec-
tron micrographs revealed that the flow marks have a striated surface topology showing
hills and valleys oriented in the flow direction (Chang, 1994). For polymer blend systems,
Hamada and Tsunasawa (1996) suggest that the differences in reflectivity can be associated
with differences in blend composition at the flow marks. During steady injection molding
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Top view

Bottom view

Side view

Flow Mark

Figure 1.1: Characteristic pattern for flow mark surface defects.

of PC/ABS blends, these authors note that the polycarbonate phase seems to preferen-
tially coat the mold wall leaving a shiny surface. In contrast, the flow mark bands were
found to contain a higher concentration of ABS and were cloudy. By selectively etching
the ABS component, approximate streamline patterns could be observed in cross sections
of the products. When the smooth PC rich surface was being deposited, the blend mor-
phology showed a symmetric smooth flow pattern approaching the free surface. However,
when the flow front passed through the region where flow marks were being deposited, the
steady flow pattern near the free surface had been disrupted and was no longer symmetric
(Hamada and Tsunasawa, 1996).

Other recent experimental findings have also concluded that the surface defects are
the result of an unstable flow near the free surface, similar to that shown in figure 1.2
(Bulters and Schepens, 2000b; Chang, 1994; Hobbs, 1996; Hamada and Tsunasawa, 1996;
Monasse et al., 1999). The two most common mechanisms which have been proposed for
the unstable flow are slip at the wall (Chang, 1994; Hobbs, 1996; Monasse et al., 1999) and
an instability at the stagnation point (Bulters and Schepens, 2000b; Monasse et al., 1999).
Due to the limited availability of rheological data, there is no clear understanding of the
rheological dependence of the instability, though Chang (1994) found that materials with
a higher recoverable shear strain (SR = N1

2τxy
) had less severe flow mark surface defects.

Figure 1.2: Unstable flow may cause surface defects.
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Figure 1.3: Kinematics of fountain flow region: Reference frame of mold (left) and refer-
ence frame of the moving interface (right).

A similar unstable flow mechanism was postulated by Rielly and Price (1961) to explain
the transfer of pigments during injection molding of high density polyethylene. If a small
amount of red pigment or crayon was placed on one mold surface, a transfer mark would be
present on the opposite wall downstream of the original mark. The transfer was attributed
to an ‘end-over-end’ flow pattern which was found to depend on injection speed and mold
thickness. The type of polymer (i.e. the rheological behavior) was also important as
transfer marks were not observed for a cellulose acetate or a polystyrene polymer (Rielly
and Price, 1961). Wall slip has been proposed as a possible mechanism for the transfer
marks by Denn (2001), but they may also have been caused by the same flow instability
which causes flow mark surface defects (Wissbrun, 2001).

Because of the complexity of the injection molding process (3-dimensional; non-iso-
thermal flow; fully elastic material rheology with many time scales; crystallization; fiber
or particulate reinforcement) it is not possible to address every aspect fully (Isayev, 1987).
There has been a large body of work which focused on different components of the complete
injection molding process. For example, the kinematics of injection molding of viscous shear
thinning materials are fairly well understood (Isayev, 1987). Whereas no simulations have
been performed specifically investigating flow mark surface defects, the fountain flow near
the advancing free surface (where the stagnation point instability has been postulated) has
been investigated, initially by Rose in 1961. As fluid elements move towards the advancing
interface, they ‘spill over towards the wall region being vacated by the advancing interface’
(Rose, 1961) as illustrated in figure 1.3:left.

The effect of the fountain flow on quenched stresses in injection molded products was
examined in detail by Tadmor (1974) and more recently by Mavridis et al. (1988). The
deformation history experienced by the fluid elements in the fountain flow can have a
significant impact on molecular orientation and trapped stresses in the injection molded
product. This is especially true in the surface layer since material which is deposited on
the mold surface, with the polymer molecules in a stretched state, will be rapidly cooled
creating a ‘skin layer’ with a high residual stress. Material in the core region cools more
slowly so the molecular stretch and orientation can relax (Mavridis et al., 1988; Tadmor,
1974). Since it is the ‘skin layer’ which determines surface reflectivity, the uniformity of
the elongational flow at the stagnation point will have a direct impact on surface quality.
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There are significant difficulties with incorporating elasticity into simulations of the
free surface flow because of the geometric ‘stick-slip’ singularity which exists at the contact
point where the free surface intersects the mold wall as summarized by Shen (1992). Elastic
constitutive equations are known to make geometric singularities more severe (Grillet et al.,
1999; Hinch, 1993). In order to make elastic injection molding simulations tractable, many
researchers have incorporated slip along the wall near the singularity (Sato and Richardson,
1995; Mavridis et al., 1988). Various formulations for the slip condition do not seem to
have a strong effect on the kinematics in the fountain flow region, but all seem to ease
the difficulties associated with numerical calculations, especially for elastic constitutive
equations (Mavridis et al., 1986, 1988; Shen, 1992).

Perhaps due to these difficulties associated with the geometric singularity, there have
been few fully elastic simulations of injection molding flow (i.e. coupled velocity and stress
calculations with an elastic constitutive equation). The few studies which have used real-
istic constitutive equations for polymer melts such as the Leonov model (Mavridis et al.,
1988), White-Metzner model (Kamal et al., 1986, 1988) and Oldroyd-B model (Sato and
Richardson, 1995) were mostly focused on modeling the deformation of tracer particles by
the fountain flow or predicting quenched elastic stresses in the final product and, unfor-
tunately, did not investigate the stresses in the fountain flow. As for other complex flows
such as flow around a cylinder, there have been numerous studies using various numeri-
cal methods and viscoelastic constitutive equations as summarized in a recent review by
Baaijens (1998).

1.2 Experimental motivation

At the DSM research labs, a series of injection molding experiments were carried out on
several commercial, impact modified polypropylene compounds. The tests were performed
on a standard bar shaped ruler mold with a length of 300mm, width of 30mm and thickness
of 3mm (figure 1.1). The frequency and severity of the flow mark surface defects were
recorded as a function of several molding parameters including mold and melt temperature
and mold design as well as geometric factors such as mold width, injection screw diameter
and buffer size. From the results, several potential mechanisms which had been proposed
to explain the occurrence of flow marks were discarded. Because the defects did not depend
on buffer size or screw and nozzle geometry, the possibility of an upstream instability in
the nozzle or gate was ruled out. The mold surface was modified by coating the mold with
a very thin layer of silicone oil or coating one side of the mold with a fluoropolymer. No
effect on the frequency of the surface defect was found so slip at the wall was discarded
as the cause of the flow marks. This leaves the possibility of an instability during mold
filling.

To further investigate this possible mechanism, a new two color injection molding tech-
nique was developed. The ruler mold was filled with polymer where the bottom 47% of the
polymer had been dyed black. If the flow is stable, the white material should flow along the
symmetry line in the center towards the free surface where it will be split by the stagna-
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Figure 1.4: Two color injection molding experiment compared with traditional injection
molded sample (Bulters and Schepens, 2000b).

tion point leaving a thin coating on the top and bottom surfaces of the bar. Instead, both
surfaces of the bar displayed alternating black and white strips which corresponded both
in location and frequency to the surface defects in the original experiments (figure 1.4).
This technique allows the investigation of the causes of the surface defects, independent of
the crystallization behavior of the polymer on the cold mold walls.

Short-shot experiments were also performed using the two color injection molding tech-
nique. Fittings were placed in the mold allowing the ruler mold to be only partially filled.
These experiments were carried out using a block of white polymer with a thin strip of
black polymer along the centerline. The results for a series of tests where the mold was
filled to different volume fractions is shown in figure 1.5. In a stable flow, the black ma-
terial should coat both mold surfaces. However, instead of the symmetric fountain flow
pattern expected at the interface, the black strip is first swept to the bottom side and
then flipped around to the top side. The alternating colors of the surface coating match
exactly the black and white stripped pattern observed when the mold is completely filled.
The oscillatory flow pattern has also been confirmed using high speed video of the mold
filling process using a thin colored stripe injected along the centerline of a clear matrix.
These results clearly strengthen the argument that the surface defects are caused by an
instability in the fountain flow. The effects of the flow instability are only apparent in the
fountain flow region and in the thin ‘skin layer’ on the surface of the finished product. The
channel flow far from the free surface remains stable.

Using these two color injection molding experiments, the dependence of the instability
on various parameters was reexamined. One surprising result is that the instability does
not depend on the mold temperature. However, the visibility of the surface defects in
traditional injection molding experiments is strongly dependent on the mold temperature.
For high enough mold temperatures, the surface defect disappears because the polymers
are able to relax before they solidify, but the two color injection molding shows that the
flow instability is not affected.

These experimental results lead to several simplifying assumptions when designing the
model injection molding problem for the numerical simulations. This thesis will focus
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Figure 1.5: Short shots with two color injection molding of filled polypropylene compound
(Bulters and Schepens, 2000b).

on two dimensional injection molding flow. Since the instability does not depend on the
temperature of the mold wall, isothermal calculations will be performed, neglecting tem-
perature effects.

1.3 Analysis

Prediction of the stability of complex flows requires the response of the flow to arbitrary
disturbances. In general, a flow is said to be stable when the perturbed flow returns to its
initial or unperturbed state. Since all physical systems interact with their environment in
one way or the other, perturbations of real life flows cannot be avoided.

Quite naturally, some questions arise with regard to the analysis of the stability of
general complex flows. For example, the magnitude of the initial disturbance at which
the flow becomes unstable may be of significant importance. Consider figure 1.6 which
gives two possible response diagrams to general perturbations. On the horizontal axis
the dimensionless flow parameter that characterizes the flow strength is defined whereas
the vertical axis denotes a scalar measure for the perturbation of the flow. Note that
due to the relatively slow motion and high viscosity of the polymer melt, inertia effects
can be neglected and the only critical parameter that drives the flow is the dimensionless
Weissenberg number (We). Although figure 1.6 serves only illustrative purposes and cannot
possibly describe all real life viscoelastic flows, it does show how the stability of the flow
can depend on finite amplitude perturbations. For the branch that is referred to as a
supercritical instability, the critical Weissenberg number at which instability sets in does
not depend on the magnitude of the initial perturbation whereas a subcritical (nonlinear)
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WecWec
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We We

Figure 1.6: Typical examples of branching diagrams for a supercritical (left) and a sub-
critical bifurcation (right). The horizontal axis denotes the branching param-
eter which is usually the dimensionless Weissenberg number (We) for polymer
melt flows. The vertical axis denotes a scalar norm of the perturbed flow.
For both bifurcations there exist a critical parameter (Wec) for which the flow
loses stability when the imposed perturbation is small (i.e. |A| → 0).

instability can be initiated by finite perturbations for We < Wec (Drazin and Reid, 1981).
Hence, the limit of stability for the supercritical case can be obtained from a local analysis
in which only infinitesimal disturbances are considered whereas the subcritical instability
requires a global (nonlinear) analysis on top of the local analysis.

The full stability analysis of the viscoelastic flow problem obviously includes a (weakly)
nonlinear analysis to determine, for instance, the character of the bifurcation point Wec

(if Wec exists). However, from a numerical point of view, the full nonlinear analysis of
the viscoelastic stability problem of a complex flow is not yet feasible and may not even
be desirable, yet. From an experimental point of view, the branching point (Wec) of
a finite amplitude or subcritical instability is not well defined since one should exclude
all finite perturbations from the experiments. Very often the steady flow breaks up into
unstructured flow patterns depending on the magnitude of the initial perturbation and
reproducible experiments are consequently difficult to obtain. The instability found in
the experiments described in section 1.2 results in a recurring flow pattern which might
indicate that the instability sets in for infinitesimal disturbances. In any case, the linear
analysis provides an upper bound for which the flow is guaranteed to lose stability and
the main concern of this work is to determine the critical Weissenberg number (Wec) from
a local analysis. If this point exists, it can be obtained from the analysis of infinitesimal
disturbances using the linearized governing set of equations.

As suggested by the experiments in the previous section, the steady flow breaks down
and a periodic motion is superposed on the steady flow. If this periodic secondary flow
is dictated by the small amplitude (linear) dynamics, Wec may be regarded as a so called
Hopf bifurcation point. Mathematically, this means that the linearized set of equations has
a pair of complex eigenvalues crossing the axis of neutral stability (Drazin and Reid, 1981;
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Seydel, 1994). However, it cannot be excluded that the periodic motion observed in the
injection molding experiments is the result of nonlinear interactions between the perturbed
variables. Nevertheless, if Wec exists and irrespective of the nature of this branching point,
the first task for any stability analysis of complex flows such as these is to find this critical
bifurcation point.

From a processing perspective, the most interesting questions are related to the position
of the branching point. Since processing conditions directly translate into the Weissenberg
number, numerical analyses of the stability problem of polymer melt flows might provide
the necessary insight in the limiting conditions of the forming process. Next to this, another
important question that should be posed is how the stability of the flow is influenced by
the (nonlinear) material behavior of the polymer melt. One of the major advantages of
numerical modeling of the stability problem is the fact that it provides an indication on
how to change processing parameters, or even the molecular structure of the polymer. To
relate this molecular structure to the stability characteristics of complex flows, application
of realistic rheological models is required. Hence, the development of constitutive models
that are able to predict realistic dynamics of polymer melts is of critical importance for
the stability analysis of these types of flows.

The primary goal of this research is to analyze the stability problem of viscoelastic
processing flows. In order to be able to predict the stability characteristics of these complex
flows (which are complex regarding both kinematics as well as material properties), some
important issues should be addressed thoroughly. First of all, an appropriate constitutive
model for the stress should be selected. Apart from providing accurate predictions for the
steady base flows, such a model should also be able to capture the essential dynamics of the
polymer melt. Second, the apparent loss of temporal stability of many numerical schemes
for viscoelastic flow computations should be taken into account. Especially for moderate
to high Weissenberg number flows this can become a severe problem when spurious (i.e.
purely numerical) instabilities are computed while the flow itself is physically stable.

In this thesis, the influence of the chosen rheological model on the stability dynamics
is investigated (chapter 2 and 3). Next, an efficient numerical algorithm is presented
that is both numerically stable and accurate. Special attention is paid to deformations
of the computational domain which result from perturbations of fluid/gas or fluid/fluid
interfaces (chapter 4). Finally, preliminary analyses of the fountain flow stability problem
are presented and discussed in chapter 5.



Chapter 2

Stability Analysis of Constitutive
Equations for Polymer Melts in
Viscometric Flows∗

Abstract

The stability of two representative constitutive equations for polymer melts, the exponen-
tial Phan-Thien–Tanner model and the Giesekus model, are investigated in planar shear
flows. For the Phan-Thien–Tanner equation, instabilities are predicted for both plane
Couette and Poiseuille flows using transient finite element calculations. A Chebyshev-Tau
spectral method is used to confirm that these instabilities are not spurious or an artifact
of the finite element formulation. Mechanisms are proposed based on an energy analysis
of the most unstable mode for each flow. The stability of plane Couette flow of a Giesekus
model is also probed using our spectral method and found to be stable for the range of
parameters investigated. However, in pressure driven flow, the Giesekus model is unstable
over a critical local Weissenberg number based on the shear rate at the channel wall. We
present the complete eigenspectrum for this model in both Couette and Poiseuille flows
and note that ‘ballooning’ of the continuous spectrum, which can cause spurious instabili-
ties, is significantly stabilized for this constitutive equation relative to the upper convected
Maxwell model or Phan-Thien–Tanner model. Both Poiseuille flow instabilities occur at
moderate Weissenberg numbers and, with more careful investigation, may be able to ex-
plain some of the unusual phenomena observed in slit flows of polymer melts (Petrie and
Denn, 1976; Legrand and Piau, 1998; Wang, 1999).

∗The contents of this chapter is based on Grillet et al. (2002a)

9
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2.1 Introduction

The study of polymer flows of both melts and solutions has been an important focus
for rheologists for many years and much computational work has been done to elucidate
polymer behavior in steady, complex flows as summarized in a recent review article by
Baaijens (1998). Recently, the study of the stability of polymer solutions in both shear
flow and more complex flows, such as flow around a cylinder, has become an area of
intense interest (e.g. (Renardy and Renardy, 1986; Larson et al., 1990; Öztekin et al.,
1994; Ganpule and Khomami, 1999; Sureshkumar et al., 1999)). However, since polymer
melts are more relevant to the polymer processing industry, we would like to extend the field
of stability analysis of viscoelastic fluids towards a better understanding of the dynamics
of polymer melt flows.

Due to the complexity of polymer melt rheology, defining a constitutive equation to
relate the polymer stress to the imposed deformation is a difficult task. While there have
been many analyses on how accurately various constitutive equations predict polymer
rheology and steady flows (e.g. Larson (1988); Li et al. (1998); Bogaerds et al. (1999)),
there has been far less work on how the choice of constitutive model affects the predicted
stability of a given polymer flow (Ganpule and Khomami, 1999; Larson et al., 1994). The
first constitutive equation commonly used to analyze the stability of elastic fluids was the
upper convected Maxwell (UCM) model. For a monodisperse polymer, this model assumes
that the entropic restoring force in a deformed polymer chain can be approximated as
a Hookean spring with one characteristic time scale λ. In steady shear, the UCM model
predicts a constant shear viscosity and first normal stress coefficient, though the assumption
of a linear force law results in a singular extensional viscosity. In 1967, Gorodtsov and
Leonov (1967) proved analytically that inertia-less, plane Couette flow (figure 2.1a) of a
UCM fluid is stable for all values of the shear rate γ̇. Their analysis showed that for short
wavelengths, there exist two discrete eigenmodes for which the real parts of the eigenvalues
(σR) scale with −1

2Wi
, where the Weissenberg number Wi = γ̇λ describes the relative strength

of elastic forces in the flow (c.f. figure 2.2). In addition to these discrete modes, they also
discovered a continuous spectrum along the line segment in the complex plane where the
eigenvalues σ = −1

Wi
+ iσI (with σI ∈ [0,−Umax kx]) for a given value of the streamwise

wavenumber kx and the maximum velocity Umax, in this case the velocity of the moving
wall.

The stability of plane Couette flow of a UCM fluid for arbitrary Reynolds number
was later proved analytically and confirmed numerically by Renardy and Renardy (1986).
Using a Chebyshev-Tau spectral method to numerically calculate the eigenspectrum of
the flow, they were able to resolve the discrete modes very accurately, but the continuous
spectrum appeared as a swollen balloon because of the singular nature of the eigenfunctions
belonging to this part of the spectrum (Renardy and Renardy, 1986; Graham, 1998). As
the number of Chebyshev polynomials N used to approximate the spectrum is increased,
the approximation of the continuous spectrum converges linearly towards the analytical
solution for a given wavenumber (Sureshkumar et al., 1999; Keiller, 1992). The authors
suggested that a poorly resolved continuous spectrum could result in spurious instabilities
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Figure 2.1: Planar flow geometries: a) Couette flow; b) Poiseuille flow.

in numerical calculations (Renardy and Renardy, 1986).
The stability of pressure driven flow in a channel of a UCM fluid was later studied by

Wilson et al. (1999) using a Chebyshev-Tau spectral method. For this flow (figure 2.1b),
there also exists a continuous spectrum at the same position as for plane Couette flow
and up to 6 discrete eigenmodes (c.f. figure 2.3b). Because the shear rate is not constant
across the channel, the eigenspectrum is no longer symmetrically distributed around σI =
−1

2
Umaxkx, where Umax is the centerline velocity when the walls are held stationary. Unlike

Couette flow, the continuous spectrum is a branch cut allowing discrete modes to be created
or destroyed if they intersect the continuous spectrum (Wilson et al., 1999). Because of the
added complexity of this flow, Wilson et al. were not able to prove that this flow is stable
for all Weissenberg numbers, but no physically relevant unstable eigenvalues were observed.
As in Couette flow, poorly resolved modes of the continuous spectrum can produce spurious
instabilities.

Adding a constant Newtonian solvent viscosity to the UCM model results in the
Oldroyd-B constitutive equation which is more suitable for modeling polymer solutions
such as Boger fluids (Larson, 1988). The steady rheological properties are very similar to
the Maxwell model and as such an infinite extensional viscosity is predicted above a critical
strain rate. The addition of solvent viscosity increases the complexity of the eigenspec-
trum (Wilson et al., 1999), introducing a second continuous spectrum which also spans
[0,−Umaxkx] on the imaginary axis, but with a real eigenvalue of −1

βWi
where β = ηs

ηs+ηp
is

the fraction of the shear viscosity due to the solvent (Wilson et al., 1999). The solvent
continuous spectrum also appears as a balloon in spectral calculations (c.f. figure 2.3a).

Artificial instabilities in plane Couette flow caused by underrefinement of the elastic
continuous spectrum for UCM and Oldroyd-B constitutive equations were studied in depth
by Keiller (1992). He showed that since the continuous spectrum scales linearly with both
wavenumber kx and the spectral polynomial order, N , the critical Weissenberg number
will scale with the aspect ratio of the mesh elements ∆y

∆x
= kmax

N
when the under-resolved

continuous spectrum is causing the flow to appear unstable (Keiller, 1992). This scaling
appears to hold even for complex flows because in transient finite element calculations of
flow around a cylinder with an Oldroyd-B model, the spurious results of Smith et al. have
a critical Weissenberg number which is determined by the aspect ratio of their elements ∆y

∆x
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and is otherwise independent of mesh refinement (Sureshkumar et al., 1999; Smith et al.,
2000). Keiller (1992) also found that for calculations with the UCM model, the addition of
a very small amount of solvent viscosity (β ≈ O(10−4)) could stabilize the spurious modes.

Because they predict a constant shear viscosity and an infinite extensional viscosity at
high strain rates, both the UCM and the Oldroyd-B constitutive models perform poorly in
capturing the shear and extensional rheology of polymer melts. Many models have been
proposed to improve the prediction of melt rheology (Larson, 1988), but because of their
increased complexity, they are not commonly used for stability analysis. The two models
which we will focus on are the Giesekus model and the exponential Phan-Thien–Tanner
(PTT) model. The first of these accurately predicts the shear thinning of the steady
shear viscosity and introduces a second normal stress difference controlled by a second
parameter ε. However, the Giesekus model predicts a plateau in the extensional viscosity
at high strain rates which is more characteristic for concentrated polymer solutions than
for polymer melts (Larson, 1988). Still, this model is a significant improvement over the
Oldroyd-B model and has been popular among computational rheologists (e.g. (Öztekin
et al., 1994; Ganpule and Khomami, 1999; Li et al., 1998; Bogaerds et al., 1999; Beris et al.,
1992)). We have specifically chosen the Giesekus model because it is one of the few models
which has also been used in numerical stability calculations. Ho & Denn used a shooting
method to track several discrete (even) eigenvalues of a Giesekus fluid in inertia-less plane
Poiseuille flow and found it to be stable for the range of Weissenberg numbers investigated
(Ho and Denn, 1977). Flow of a Giesekus fluid was later investigated at small Reynolds
number (Re = 1) and large wavenumber (kx ≥ 5) by Lim and Schowalter (1987) and
Blonce (1997) both using pseudo-spectral methods and was found to be stable.

To more accurately capture the extensional rheology of polymer melts, we shall also
investigate the exponential form of the Phan-Thien–Tanner model which predicts a strain
softening extensional viscosity at high strain rates. A region of strain hardening at in-
termediate strain rates can be adjusted using the parameter ε. We focus on the upper
convected form of the Phan-Thien–Tanner model as the use of the full form incorporating
the Gordon-Schowalter derivative causes a maximum in the shear stress as a function of
shear rate for some parameter values. Such a maximum has never been observed exper-
imentally and results in a discontinuous velocity profile in Poiseuille flow (Ganpule and
Khomami, 1999; Larson, 1988; Saramito, 1995; Alves et al., 2001). Both Leonov and later
Beris & Edwards have also shown that the Gordon-Schowalter form of the PTT model
is Hadamard unstable whereas the upper convected form is thermodynamically consistent
(i.e. well posed) and Hadamard stable (Leonov, 1992; Leonov and Prokunin, 1994; Beris
and Edwards, 1994).

Whereas no stability analyses have been reported with the PTT model, the results
of some limited transient finite element calculations of an axisymmetric contraction flow
are available which use the full version of the exponential Phan-Thien–Tanner model
(Saramito, 1995). Only one parameter set was investigated (ε = 0.015, Gordon-Schowalter
derivative parameter a = 0.8) which was chosen to avoid difficulties associated with the
Gordon-Schowalter derivative. A transient finite element method with a semi-implicit time
integration (the Θ-method) was used to calculate long-time ‘steady’ results, though no in-
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dications of instability were mentioned for the range of Weissenberg numbers investigated
(Saramito, 1995).

Up to this point, all of the models and flows which have been mentioned have been
found to be stable. Before turning our discussion to complex flows, we would like to review
another paper from the literature about inertia-less, Poiseuille flow of a White-Metzner
fluid. Wilson and Rallison (1999) used an orthogonal shooting method to calculate the
discrete eigenvalues for this flow. At Wi = 2, unstable discrete eigenvalues exist for low
values of the power law index n < 0.3 (i.e. shear viscosity thinning faster than γ̇−0.7). The
numerical calculations are complemented by analytical results for the continuous spectrum
and asymptotic analyses showing that the flow is stable in the limits of short and long
waves (kx → ∞, 0). There were complications with their numerical calculations because
the continuous spectrum for a White-Metzner model is neutrally stable (i.e. σR = 0)
for n > 0 for all Weissenberg numbers and also the constitutive model is singular at the
centerline of the channel. As noted by the authors, the shooting method is limited because
it depends on continuation to track the eigenvalues and cannot be guaranteed of finding
all possible modes. They also proposed a mechanism for the instability based on the
normal stresses near the wall and the assumed dependence of the relaxation time on the
instantaneous shear rate of the White-Metzner model. The occurrence of an instability due
to shear thinning is surprising since the Giesekus model predicts that the shear viscosity
scales as γ̇−1, but it has been shown to be stable in inertia-less, Poiseuille flow (Ho and
Denn, 1977).

Despite the versatility of numerical methods to compute an entire eigenspectrum, they
require significant amounts of computer memory even for the one dimensional flows dis-
cussed above. Thus, they are prohibitively memory intensive for two dimensional flows.
In order to investigate the stability of complex flows such as the flow around a cylinder or
injection molding flow, more efficient finite element methods have been developed. Brown,
Szady, Northey & Armstrong proposed a method based on the stabilized finite element
methods commonly used for steady viscoelastic flow calculations (Brown et al., 1993). A
small perturbation was added to the transient governing equations which were then lin-
earized in the disturbance variables. Assuming that the initial random perturbation to the
stresses contains components of all the eigenmodes of the flow that can be captured by
the finite element mesh, integrating the equations forward in time for a long time should
isolate the most unstable eigenvalue and corresponding eigenvector (i.e. the mode with the
largest, though not necessarily positive, growth rate). Using the UCM constitutive equa-
tion and fully implicit time integration, only the stabilized EVSS-G/SUPG finite element
formulations was able to correctly capture the stability behavior and eigenvector for plane
Couette flow (Brown et al., 1993).

Unfortunately, fully implicit time integration is also very memory intensive and limits
the application of these stability methods to complex flow geometries. To circumvent this
is problem, Saramito (1995) applied the Θ-method, a semi-implicit method incorporating
operator splitting, to study viscoelastic contraction flows. While this method seems to
work well for polymer solution flows (Sureshkumar et al., 1999), aphysical oscillations in
time appear when it is used for flows with a low solvent viscosity fraction (i.e. β < 0.2)
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(Bogaerds et al., 2000a). Also, because these methods only provide information about the
most unstable eigenmode, it can be difficult to determine if that mode is real, or from an
under-resolved continuous spectrum and hence spurious. For example, when the stability
of flow around a cylinder was studied recently using a Θ-method, initial reports of an
instability were quickly retracted and blamed on spurious modes (Sureshkumar et al., 1999;
Smith et al., 2000). Unfortunately, later results were also mesh dependent suggesting that
the most unstable mode was from an under-resolved continuous spectrum (Smith et al.,
2000).

Another option for analyzing the stability of complex polymer flows is to use an Arnoldi
discretization which lies between the extremes of calculating the entire eigenspectrum and
only the most unstable mode by computing a small group of the most unstable eigenmodes
(i.e. modes with the largest σR). This method provides more complete information than
transient finite element methods, but can still be difficult to interpret (Sureshkumar et al.,
1999; Smith et al., 2000; Sureshkumar and Beris, 1995).

In this chapter, we shall use both a transient finite element technique and a spectral
calculation of the eigenspectrum to investigate the stability of plane Couette and Poiseuille
flow for two constitutive models for polymer melts: the exponential Phan-Thien–Tanner
and Giesekus models. First we will explain our numerical methods (section 2.2), then
benchmark the methods for plane Couette flow of an UCM fluid in section 2.3. We apply
our two dimensional Finite Element Method (FEM) to examine the stability of Couette and
Poiseuille flows of a Phan-Thien–Tanner fluid and specifically to demonstrate the difficulty
in interpreting the occurrence of an instability with this class of methods (section 2.4). In
sections 2.5 and 2.6 the full eigenspectrum of channel Poiseuille flow will be analyzed to
show that the instability is real (i.e. not spurious) before presenting results for the Giesekus
model in section 2.7.

2.2 Numerical methods

For inertialess, incompressible flows, the dimensionless equations of conservation of mass
and momentum can be written:

∇ · u = 0 , (2.1)

∇ · Π = 0 , (2.2)

where u is the velocity vector and the Cauchy stress tensor is Π. The components of the
total stress can be separated as Π = −pI +βD+ τ in terms of the pressure p, the polymer
stress τ and Newtonian solvent contribution which is proportional to the rate of strain
tensor D = ∇u + (∇u)T .

To complete the governing equations, a constitutive equation which relates the polymer
stress to the rate of deformation must be defined. The two constitutive equations applied
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in this chapter can be written as:

Phan-Thien–Tanner : Wi
∇
τ + exp

(
εWi

1 − β
tr(τ)

)
τ = (1 − β)D , (2.3)

Giesekus : Wi
∇
τ +

εWi

1 − β
τ · τ + τ = (1 − β)D , (2.4)

where ε is a constant parameter. The upper convected derivative is defined as:

∇
τ=

∂τ

∂t
+ u · ∇τ − τ · ∇u − (∇u)T · τ . (2.5)

For both Couette and Poiseuille flow, we define the Weissenberg number as:

Wi =
Uλ

H
, (2.6)

in terms of the mean velocity U and the half channel height H . The variables have been
non-dimensionalized by H , U and the total viscosity ηs +ηp with ηp the polymeric viscosity
and ηs a Newtonian contribution to the viscosity. The fraction of the solvent viscosity over
the total viscosity is denoted by β = ηs/(ηs + ηp). Though multiple modes are required to
capture the rheology of real (polydisperse) polymer melts (Larson, 1988), at this time we
present only calculations using a single mode which can at best qualitatively predict melt
rheology.

2.2.1 Spectral eigenvalue analysis

In order to calculate a discrete approximation to the eigenspectrum, we first discretize
the governing equations (2.1)–(2.4) using a Chebyshev-Tau spectral method as discussed
by Ganpule and Khomami (1999). Each variable is expanded in terms of Chebyshev
polynomials:

u =
N∑

n=0

unTn , (2.7)

where Tn is the nth order Chebyshev polynomial and N is the degree of polynomials used
in the discretization. The system of equations for the unknown coefficients X = (un, τn, pn)
can be written as:

M
∂X

∂t
+ KX = f , (2.8)

where M is the mass matrix multiplying the time derivative terms ∂�
∂t

, K is the steady dif-
ferential operator and the right hand side f is zero for Couette flow, but non-homogeneous
for Poiseuille flow. In order to decrease the number of degrees of freedom, we eliminate
the pressure from the conservation of momentum equations and rewrite the governing
equations in terms of the streamfunction ψ and polymer stress τ as X = (ψn, τn).
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The weighted residual form of the equations in the computational domain Ω is written:∫
Ω

[
M(Ẋ) + K(X) − f

]
Wn(y)dy = 0 ∀n = 0, 1, ..., N̄ , (2.9)

where N̄ is the number of equations for each variable. The weighting functions are defined
as:

Wn(y) =
2

cnπ
√

1 − y2
Tn(y) , (2.10)

where

c0 = 2; cn = 1, n > 0 . (2.11)

There are N̄ψ = Nψ − 4 weighting functions for the streamfunction due to the two no-slip
boundary conditions imposed at each channel wall:

ψ = 0,
∂ψ

∂y
= 0. (2.12)

For the stress components, using a streamfunction formulation has been shown to intro-
duce spurious modes in the eigenspectrum when Nτ = Nψ (Renardy and Renardy, 1986;
Graham, 1998). Graham (1998) found that introducing Neumann boundary conditions on
some of the stress terms eliminated the spurious modes without affecting the real eigen-
spectrum. We have found that by setting N̄τ = Nτ = Nψ − 2 for the stress components
we were also able to eliminate the spurious modes in our calculations. This choice of poly-
nomial spaces for the variables is analogous to our choice for the finite element method
discussed in the next section. As shown in figure 2.2b, this does not affect the Gorodtsov-
Leonov discrete eigenvalues in plane Couette flow. The same polynomial spaces were used
by Keiller in his streamfunction formulation and though he used a different strategy for
solving the eigenvalue problem, he makes no mention of spurious modes due to the elimi-
nation of pressure variables (Keiller, 1992). We calculate the steady flow by neglecting the
time derivative and solving for the unknown coefficients X̃ using a Newton’s method.

To determine the eigenspectrum, a normal mode expansion of the perturbed flow of
the form X = X̃(y) + X̂(y)e(ikxx+σt) is considered where X̂ is the eigenfunction, kx is the
dimensionless wavenumber in the flow direction x and σ = σR + iσI is the complex eigen-
value. If the real part of the eigenvalue is positive, the perturbation will grow in time
indicating an unstable flow, whereas the imaginary part determines if the instability is
oscillatory. It should be noted that this study only examines the stability of these flows
to two dimensional instabilities. Since the Squire theorem does not hold for these complex
constitutive models, three dimensional perturbations may also be important to the stability
of the flow, thus critical conditions reported here should be considered as an upper bound
(Blonce, 1997). We linearize the governing equations with respect to the small distur-
bance. Since only the constitutive equation contains time derivatives, the mass matrix M
is singular, so we reformulate the generalized eigenvalue problem as suggested by Goussis
and Pearlstein (1989) to map the infinite eigenvalues away from the true spectrum. The
resulting eigenvalue problem is solved using a QZ algorithm in Matlab.
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2.2.2 Finite element discretization

For our finite element calculations, we rewrite the governing equations in a weak formula-
tion using the stabilized, consistent DEVSS-G/SUPG method (Brooks and Hughes, 1982).
We have chosen this method because it has been shown to have superior convergence prop-
erties for steady flow calculations in complex geometries (Brooks and Hughes, 1982; Talwar
et al., 1994; King et al., 1988; Guénette and Fortin, 1995). The governing equations are
written as:(

φτ +
h

|u|u · ∇φτ , Wi
∇
τ +g(τ) + f(τ)τ − (1 − β)G

)
= 0 , (2.13)

(
φv, βD + τ + D − G − GT

)
−
(
∇ · φv, p

)
= 0 , (2.14)(

φp,∇ · u
)

= 0 , (2.15)(
φG, G −∇u

)
= 0 , (2.16)

where h is some characteristic element size and (a,b) denotes the L2 inner product over
the problem domain

∫
Ω

ab dΩ. The Phan-Thien–Tanner equation is recovered by setting:

g(τ) = 0 and f(τ) = exp

(
εWi

1 − β
tr(τ)

)
,

whereas the Giesekus model is obtained for:

g(τ) =
εWi

1 − β
τ · τ and f(τ) = 1 .

The polynomial spaces φ are chosen in the usual manner for low order finite elements
to satisfy the Babus̆ka-Brezzi condition and compatibility of the constitutive equation at
stationary points: φv is bi-quadratic and φτ , φp and φG are bi-linear (Talwar et al., 1994;
King et al., 1988; Talwar and Khomami, 1995). For steady base state flow calculations,
the transient term in the upper convected derivative is ignored, and the equations are
solved using a Newton iteration as discussed elsewhere (Talwar et al., 1994; King et al.,
1988; Grillet et al., 1999). For the transient calculations, we treat the time derivative
implicitly following Brown et al. (1993). For the simple channel flows discussed here, the
memory requirements of a fully implicit calculation are not restrictive and as such our time
integration is guaranteed to be numerically stable.

To determine the stability of the flow once the steady solution X̃ = (ũ, τ̃ , p̃, G̃) is
attained, we employ a linear stability analysis once again. A small perturbation δ =
(û, τ̂ , p̂, Ĝ) is added to the discretized governing equations (eqs. 2.13–2.16) and the second
order terms and higher are neglected. The resulting evolution equations for the perturba-
tion variables are then solved as a function of time starting with a random initial pertur-
bation to the polymer stresses. The transient calculations are continued until the L2 norm
of the perturbation variables displays a constant decay rate (or growth rate if the flow is
unstable) or has decayed below 10−5. The real part of the eigenvalue is taken from the
decay or growth rate of the norm.
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Figure 2.2: Eigenspectrum of plane Couette flow of a UCM fluid for Wi = 10, kx = 0.5:
a) N = 50(�), 100(◦), 200(+), Gorodtsov-Leonov analytical solution for the
continuous spectrum (CS –); b) Nτ = Nφ − 2(◦) and Nτ = Nφ (x) with 2
spurious modes both for N = 100.

2.3 Comparison with literature

The standard benchmark problem for stability methods of viscoelastic flows is the plane
Couette flow of a UCM fluid (Sureshkumar et al., 1999; Brown et al., 1993). Figure 2.2a
shows the full eigenspectrum for Wi = 10, kx = 0.5 for several polynomial orders N
calculated with the Chebyshev-Tau spectral method. As with the similar numerical method
used by Sureshkumar et al. (1999), we are able to reproduce the Gorodtsov–Leonov discrete
eigenvalues (Gorodtsov and Leonov, 1967) to 10 significant figures using the same number
of modes (N = 128). As mentioned previously, these results were calculated assuming
Nτ = Nφ − 2. For comparison we also show the eigenspectrum if we chose Nτ = Nφ = 100
in figure 2.2b where there are 2 additional spurious modes, but the Gorodtsov–Leonov
discrete modes are unchanged.

We can also test the inclusion of solvent viscosity by recreating some of the results of
Wilson et al. (1999) as shown in figure 2.3. We are able to accurately capture the position
of the 6 discrete modes associated with the elastic spectrum as well as the 10 discrete
modes near the solvent continuous spectrum which were shown in their paper.

We have also benchmarked our transient finite element method discussed in section 2.2.2
with the plane Couette flow of a UCM fluid. Figure 2.4 shows the real part of the most
unstable eigenvalue as a function of the inverse of the Weissenberg number for a 10x10
mesh of one channel height in length. For Wi >> 1, we capture the asymptotic scaling of
−1
2Wi

predicted by Gorodtsov and Leonov (1967).
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Figure 2.5: Dimensionless rheological properties of several model Phan-Thien Tanner flu-
ids with different values of ε: left – steady shear, right – planar extension.

2.4 Finite element results for a PTT fluid

Since we are confident that our finite element and spectral methods can accurately capture
the stability behavior of flows with simple constitutive equations, we present a series of
calculations using the more complex constitutive equations: the exponential Phan-Thien–
Tanner and Giesekus models. We begin with plane Poiseuille flow of a PTT fluid. Keep-
ing the linear viscoelastic properties fixed, we studied several values of the parameter
(ε = 0.05, 0.3, 0.9) which adjusts the maximum in the extensional viscosity and also the
onset of shear thinning of the shear properties as shown in figure 2.5. Although the ex-
tensional properties may not seem important when discussing shear flows, the disturbance
velocity fields contain extensional components. Depending on the initial state of polymer
deformation in the steady flow and the ε parameter, the effective extensional viscosity may
be higher or lower which could affect the growth rate of the disturbance.

We performed steady and linear stability calculations for these three rheologies in plane
Poiseuille flows with the finite element method described in section 2.2.2. As shown in
figure 2.6, the real part of the eigenvalue decreases linearly in the inverse of the Weissenberg
number for low Weissenberg numbers. For the most strain softening rheology ε = 0.9, this
trend holds for all Weissenberg numbers investigated. However, for more strain-hardening
rheologies, above a certain level of elasticity, the trend deviates from the expected linear
behavior, eventually becoming unstable. The perturbation velocity field for ε = 0.05,
Wi = 5 is shown in figure 2.7. The wavelength of the instability is long and easily resolved
on all of our meshes (which are listed in table 2.1), as opposed to the most unstable
eigenmodes for planar Couette flow where the growth rate increases as kx → ∞. Also all
of the perturbation stress components are smooth and well behaved, unlike the singular
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Figure 2.6: Real part of the most unstable eigenvalue for plane Poiseuille flow for several
PTT fluids with varying extensional rheology for both β = 0 and with a small
amount of solvent viscosity β = 0.02.

eigenfunctions of the continuous spectrum.
Because of the difficulties with spurious instabilities experienced by other authors using

a similar finite element method (Sureshkumar et al., 1999; Smith et al., 2000), we were
concerned that this instability might be artificial. To test our calculations, we focused on
the case ε = 0.05, Wi = 5 since this was just above the critical condition and the most
unstable value of the ε parameter that we had tried. Table 2.1 shows the calculated decay

Length ∆y ∆x ratio σR kx

6 0.2 0.3 0.667 +0.105
6 0.125 0.1875 0.667 +0.090 1.0
12 0.125 0.1875 0.667 +0.093
12 0.125 0.375 0.333 +0.091 1.2
12 0.125 0.75 0.167 +0.089 1.1
6 0.083 0.125 0.667 +0.063 1.3
12 0.083 0.125 0.667 +0.061 1.4
12 0.083 0.25 0.333 +0.066 1.4

Table 2.1: Transient finite element predictions for stability of Phan-Thien–Tanner fluid
in Poiseuille flow: ε = 0.05, Wi = 5.
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Figure 2.7: Perturbation velocity vector plot of most unstable eigenvector from linear
stability analysis of Poiseuille flow for a strain-hardening PTT fluid: Wi = 5,
ε = 0.05.

rate for several mesh refinements with different aspect ratio elements. Our predictions for
the growth rates and streamwise wavenumbers converge with mesh refinement and do not
depend specifically on the aspect ratio of the elements.

We also tested the effect of adding a small amount of solvent viscosity because this
was shown by Keiller (1992) to strongly stabilize spurious instabilities. The effect in this
flow was more complicated than expected. As shown in figure 2.6, setting β = 0.02 had
no effect at all for the stable very strain-softening rheology (ε = 0.9). There was a strong
stabilizing effect for ε = 0.3, almost completely reversing the deviation from a linear trend
with inverse Weissenberg number. However, for the most unstable case with ε = 0.05, the
effect was much smaller, only delaying the onset of the instability by 20%.

We also observe a similar instability in plane Couette flow of a Phan-Thien–Tanner
fluid though at much higher Weissenberg numbers. Figure 2.8 shows the real part of the
eigenvalue for both a UCM fluid and a PTT fluid with ε = 0.30. As shown in the last
three rows of table 2.2, our critical condition is not dependent on the aspect ratio of the
element and thus this instability does appear not to be spurious.

In summary, the instability of a Phan-Thien–Tanner fluid in planar Couette and Poiseuille
flow does not appear to show dependence on aspect ratio predicted for spurious instabili-

L ∆y ∆x ratio σR kx

6 0.125 0.1875 0.667 +0.0159
12 0.125 0.375 0.333 +0.029 1.05
12 0.125 0.75 0.167 +0.014 1.05
12 0.083 0.25 0.333 +0.0202 1.57

Table 2.2: Transient finite element predictions for stability of Phan-Thien–Tanner fluid
in plane Couette flow: ε = 0.3, Wi = 50.
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Figure 2.8: Real part of the most unstable eigenvalue for plane Couette flow of both a
UCM fluid and a PTT fluid with ε = 0.3.

ties associated with the continuous eigenspectrum predicted by Keiller (1992) and clearly
seen in the results of Smith et al. (2000). However, adding a small amount of solvent
viscosity can be strongly stabilizing for some rheologies (Keiller, 1992). Thus, we have
demonstrated the difficulty of ruling out a spurious instability on the basis of transient
finite element calculations alone.

2.5 Spectral calculations

In order to clarify the cause of this instability, we use spectral eigenspectrum calculations
and an energy analysis to confirm that this is not a spurious instability and help isolate
the driving force of the instability.

2.5.1 Poiseuille flow of a Phan-Thien–Tanner fluid

Figure 2.9 presents the eigenspectrum of a Phan-Thien–Tanner fluid in planar Poiseuille
flow for the same conditions as shown in figure 2.7. The structure of the eigenspectrum
is similar to that of a UCM fluid with a singular continuous spectrum and more than ten
discrete modes. For these parameters, there is one unstable discrete eigenmode which is
well separated from the continuous spectrum. The real part of the eigenvalue σR = 0.061
compares well with the finite element results using the refined meshes as shown in table 2.1.
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Figure 2.10: Neutral stability diagram for plane Poiseuille flow of a Phan-Thien–Tanner
fluid showing the critical condition as a function of streamwise wavenumber
kx for ε = 0.05.
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Figure 2.11: Neutral stability diagram for plane Poiseuille flow of Phan-Thien–Tanner
fluid as a function of ε: Critical Weissenberg numbers (a) for the most
unstable wavenumbers shown in (b).

Also of interest is the continuous spectrum which is tilted at an angle from the imaginary
axis because of the stress dependent relaxation time of the constitutive equation. We
can predict the location of the continuous spectrum by determining when the linearized
disturbance equations become singular (Wilson and Rallison, 1999). For a Phan-Thien–
Tanner fluid, we find that the leading order term of the equations for the τxy and τyy stress
components disappears for:

σ =
−1

Wi exp
(

εWi
1 − β

tr(τ̃)
) − ikxũx . (2.17)

This equation predicts the position of the continuous spectrum well, even though the
equation for τxx is not singular because the coefficient of the leading order term is different.
For the same flow with ε = 0 or equivalently with a UCM fluid, the continuous spectrum
is a vertical line parallel to the imaginary axis at σR = −1

Wi
with σI extending from 0

to −kxUmax = −1.5 kx. As ε is increased, the fluid begins to shear thin near the wall,
decreasing the maximum velocity in the channel and causing the continuous spectrum to
shorten and tilt away from the imaginary axis. Comparing results for various numbers
of Chebyshev modes (figure 2.9), we see that the discrete approximation converges to the
predicted line for the continuous spectrum.

Using the Chebyshev-Tau method, we can vary the streamwise wavenumber to deter-
mine the critical condition for a given PTT fluid rheology. The neutral stability graph is
shown in figure 2.10 for ε = 0.05 but is representative for other values of ε. Unlike the
most unstable mode for plane Couette flow of a UCM fluid, we see a strong wavenumber
selection with the most unstable mode having kx ≈ 1.0, in fairly good agreement with the
finite element simulations (c.f. table 2.1). The dependence on the parameter ε is shown
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ε Wicrit Wil,crit kx,crit

0.01 6.8 4.9 0.9
0.02 5.4 5.1 0.9
0.05 4.3 5.4 1.0
0.1 3.9 5.9 1.1
0.2 4.1 6.6 1.2
0.3 4.8 7.2 1.3
0.4 5.9 7.9 1.3
0.5 6.9 8.4 2.3

Table 2.3: Critical conditions for plane Poiseuille flow of a Phan-Thien–Tanner fluid:
N = 50.

in figure 2.11 and table 2.3. The left hand figure displays the critical Weissenberg number
for the most unstable streamwise wavenumbers given in the right hand figure. For small
values of the parameter, the critical condition becomes very large approaching the UCM
fluid limit, but as the fluid begins to shear thin, the critical condition drops significantly,
reaching a minimum for ε = 0.1, Wicrit = 3.9. For a highly strain thinning material, the
flow stabilizes again. The critical wavenumber is approximately independent of ε except
for the most strain softening rheology ε = 0.5 where the discrete mode responsible for the
instability switches. For the case ε = 0.05, kx = 1.0, we can compare the eigenfunctions
for the most unstable mode in figure 2.12 to the finite element method to note that the
results are almost identical.

2.5.2 Couette flow of a Phan-Thien–Tanner fluid

Using the same methodology as in section 2.5.1, we have also investigated plane Couette
flow of the Phan-Thien–Tanner constitutive equation. Two sample eigenspectra for ε = 0.3,
Wi = 50 are shown in figure 2.13. Since the steady polymer stress is constant across the
channel, the continuous spectrum is a vertical line segment as described by eq. (2.17),
though the position is shifted away from the imaginary axis because the shear thinning
decreases the effective relaxation. The discrete modes corresponding to the Gorodtsov–
Leonov modes are well separated from the continuous spectrum. Because the flow is sym-
metric, at short wavelengths there exists a pair of eigenvalues with the same real part, σR,
which are unstable representing instabilities localized to each wall (figure 2.13a). However,
at long wavelengths kx < 0.4, the two modes merge because the eigenfunction completely
fills the channel (figure 2.13b). Examining the dependence of the critical condition on
wavenumber in the neutral stability diagram (c.f. figure 2.14), we can clearly distinguish
these two regimes by the kink in the critical condition curve as a function of wavenumber.
The minimum at low wavenumber kx = 0.32 corresponds to a single mode which spans
the channel as shown in figure 2.15 and is somewhat more unstable than the secondary
minimum at kx ≈ 0.9. The most unstable wavenumber and the critical Weissenberg num-
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Figure 2.12: Eigenfunctions for most unstable eigenmode of PTT fluid in plane Poiseuille
flow at Wi = 5, ε = 0.05: left – transient finite element; right – Chebyshev-
Tau method. Contours represent equally spaced intervals of constant mag-
nitude.
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Figure 2.13: Eigenspectrum for plane Couette flow of a Phan-Thien–Tanner fluid: Wi =
50, ε = 0.3 a) kx = 1.0; b)kx = 0.32.

ber both depend on the degree of strain hardening on the elastic fluid. Figure 2.16 shows
the critical conditions for both the mode which spans the channel and the wall mode as a
function of ε. The most unstable wavenumbers which correspond to the critical conditions
are shown in figure 2.16b. For both modes, the critical ε is approximately 0.3.
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Figure 2.14: Neutral stability diagram for plane Couette flow of a Phan-Thien–Tanner
fluid as a function of kx for ε = 0.3.
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Figure 2.15: Eigenfunctions for most unstable eigenmode of PTT fluid in plane Couette
flow at Wi = 50, ε = 0.3, N = 100. Contours represent equally spaced
intervals of constant magnitude.
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Figure 2.16: Neutral stability diagram for plane Couette flow of a Phan-Thien–Tanner
fluid as a function of ε: Critical Weissenberg numbers (a) for the most
unstable wavenumbers shown in (b).

2.6 Energy analysis

Since the Chebyshev-Tau spectral method has confirmed that an instability occurs in
two viscometric flows for the exponential Phan-Thien–Tanner model, we investigate the
mechanism of this instability using an energy analysis. This method was first employed to
study elastic instabilities by Joo and Shaqfeh (1992) for Taylor-Couette flow of an Oldroyd-
B fluid and later modified for use with the UCM model by Ganpule and Khomami (1999).
We draw heavily on their papers in our derivation, though we have chosen to begin with the
isothermal energy equation, which is more general and simplifies the algebra considerably.
The energy equation for the perturbation is written:

〈D̂ : Π̂〉 = 0 , (2.18)

where D̂ is the perturbation velocity gradient tensor and Π̂ = −p̂I + βD̂ + τ̂ is the total
perturbation stress tensor. The 〈·〉 represents the integration σI

2π

∫
V t

dV dt over one wave-
length in space 2π

kx
and averaged over one period in time 2π

σI
. By rearranging the linearized

constitutive equation, we can write the perturbation polymer stress, τ̂ , as:

τ̂ = (1 − β)ẼD̂ +
Ê

Ẽ
τ̃ − WiẼ

∇̂
τ . (2.19)

The linearized form of the upper convected derivative is defined as:

∇̂
τ =

[
∂τ̂

∂t
+ û · ∇τ̃ + ũ · ∇τ̂ − (∇û)T · τ̃ − τ̃ · ∇û − (∇ũ)T · τ̂ − τ̂ · ∇ũ

]
. (2.20)

Also, we have simplified the equations by writing the linearized exponential term as:

E = Ẽ + Ê = exp

(
εWi

1 − β
tr(τ̃ + τ̂ )

)
= Ẽ +

εWi

1 − β
Ẽ tr(τ̂) , (2.21)
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where Ẽ is the steady value of E and is positive definite. All quadratic and higher order
terms in the perturbation variables have been neglected in these linearized equations.
Substituting this representation for the perturbation stress (eq. (2.19)) into the energy
equation (eq. (2.18)) yields:

〈[
βẼ(1 − β)

]
D̂ : D̂ − εWi

1 − β
Ẽtr(τ̂ )D̂ : τ̃ − WiẼD̂ :

∂τ̂

∂t
− WiẼD̂ :

[
û · ∇τ̃

]
−

WiẼD̂ :
[
ũ · ∇τ̂

]
+ WiẼD̂ :

[
(∇û)T · τ̃ + τ̃ · ∇û

]
+

WiẼD̂ :
[
(∇ũ)T · τ̂ + τ̂ · ∇ũ

]〉
= 0 . (2.22)

The pressure term drops out since D̂ : I is identically zero by incompressibility. At this
stage we follow the analysis of Ganpule and Khomami (1999) and split the polymer stress
into ‘elastic’ and ‘viscous’ parts in the time derivative term:

τ̂ = (1 − β)ẼD̂ + Σ̂ . (2.23)

Note that the viscous stress has been scaled with the effective dimensionless polymer
viscosity (1−β)Ẽ instead of the zero shear viscosity (1−β). This choice of scaling, which
is taken from the viscous dissipation term in the energy equation, has been found to keep the
‘elastic’ and ‘viscous’ parts of the stress of the same order as the total perturbation stress
τ̂ for all shear rates. Within the analysis however, the constant multiplier is somewhat
arbitrary as long as it is positive definite. Substituting eq. (2.23) into the time derivative
term of equation (2.22), one obtains:

D̂ :
∂τ̂

∂t
= D̂ :

∂Σ̂

∂t
+ (1 − β)ẼD̂ :

∂D̂

∂t
. (2.24)

By splitting the stress into elastic and viscous components, we now have a term which is
proportional to the growth rate of the norm of the perturbation velocity gradient tensor D̂:

d(VD)

dt
=

1

2
(1 − β)WiẼ2

∫
V t

d(D̂ : D̂)

dt
dV dt

= −φvis + φrelax + φelastic power + φpv1 + φps1 + φpv2 + φps2 , (2.25)

where
∫

V t
dV dt represents the volume–time integration. We have moved the growth rate

term to the left hand side. As discussed for the finite element calculations, if the left
hand side of the equation (2.25) is positive (i.e. the norm is growing), then the flow is
unstable. Table 2.4 defines the constituent terms of the growth rate in equation (2.25).
Equation (2.25) is very similar to the Oldroyd-B analysis (Joo and Shaqfeh, 1992) except
for the appearance of the effective viscosity or relaxation time, Ẽ, from the exponential
term in the Phan-Thien–Tanner constitutive equation. Additionally, there is a new term
φrelax which arises due to the perturbation of the effective relaxation time, Ê, but it has
only a mild stabilizing effect on the flow. By tracking all of the terms of eq. (2.25) as a
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term physical interpretation

dVD

dt
=

1

2
(1 − β)WiẼ2

∫
V t

d(D̂ : D̂)

dt
dV dt

total growth rate: flow is unstable if
positive

φvis = −
∫

V t

[
β + Ẽ(1 − β)

]
D̂ : D̂ dV dt viscous dissipation: always negative

φrelax = − εWi

1 − β

∫
V t

Ẽtr(τ̂ )D̂ : τ̃ dV dt changes in effective relaxation time

φelastic power = −Wi

∫
V t

ẼD̂ :
∂Σ̂

∂t
dV dt growth of purely elastic stress

φpv1 = −Wi

∫
V t

ẼD̂ :
[
û · ∇τ̃

]
dV dt

convection of base state stress gradients
by perturbation velocity

φps1 = −Wi

∫
V t

ẼD̂ :
[
ũ · ∇τ̂

]
dV dt

convection of perturbation stress gradi-
ents by base state velocity

φpv2 = Wi

∫
V t

ẼD̂ :
[
(∇û)T · τ̃ + τ̃ · ∇û

]
dV dt

coupling between base state stresses
and perturbation velocity gradients

φps2 = Wi

∫
V t

ẼD̂ :
[
(∇ũ)T · τ̂ + τ̂ · ∇ũ

]
dV dt

coupling between perturbation stresses
and base state velocity gradients

Table 2.4: Physical interpretation of terms from the energy analysis.

function of Weissenberg number, the driving force of the instability can be determined by
finding which terms grow with dVD

dt
, the total growth rate. In the next two sections, we use

this energy analysis to elucidate the mechanisms for the instabilities predicted in Poiseuille
and Couette flows of a Phan-Thien–Tanner fluid.

2.6.1 Mechanism for Poiseuille flow of Phan-Thien–Tanner fluid

Applying the energy analysis of section 2.6 to Poiseuille flow of a Phan-Thien–Tanner
fluid, we present in figure 2.17a the relevant terms for a range of Weissenberg numbers
around the critical condition, Wicrit ≈ 4.3. The other terms mentioned in Table 2.4 are left
out because they are either small or stabilizing. There turn out to be 2 terms which are
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Figure 2.17: Terms of the perturbation energy equation for Poiseuille flow of a Phan-
Thien–Tanner fluid with ε = 0.05, kx = 1.

strongly destabilizing: φps1 which represents convection of the perturbation stresses by the
base state velocity and φpv2 which incorporates the coupling between the base state stresses
and the disturbance velocity gradients. These two terms can be broken down further into
separate components as defined below:

PS1 − a : ũ
∂û

∂x

(
∂τ̂xx

∂x
− ∂τ̂yy

∂x

)
, (2.26)

PS1 − b : ũ

(
∂û

∂y
+

∂v̂

∂x

)
∂τ̂xy

∂x
, (2.27)

PV 2 − a :

(
∂û

∂x

)2

(τ̃xx + τ̃yy) , (2.28)

PV 2 − b :
∂û

∂x

(
∂û

∂y
− ∂v̂

∂x

)
τ̃xy , (2.29)

PV 2 − c :

(
∂û

∂y
+

∂v̂

∂x

)(
∂û

∂y
τ̃yy − ∂v̂

∂x
τ̃xx

)
. (2.30)

As shown in figure 2.17b, the most important components are PV 2 − a and PS1 − b
respectively. This driving force term is the same as found by Ganpule and Khomami
(1999) for purely elastic instabilities in multi-layer channel flow. Thus, this instability
mechanism appears similar, though in this flow there are no interfacial effects since the
material properties are continuous in the channel.
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v
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Figure 2.18: Mechanism for instability in Poiseuille flow of Phan-Thien–Tanner fluid: a)
the initial perturbation velocity in the y direction v̂ draws highly stretched
polymers in to the peaks and away from the wall; b) the gradients in the
polymer stress create a secondary flow which reinforces the initial pertur-
bation because of the presence of the wall.

As figure 2.18 schematically shows, a small perturbation velocity (v̂) is introduced near
one of the walls since the perturbations tend to be localized near a wall (figure 2.12).
The perturbation flow causes material from near the wall to be drawn into the peak of
the perturbation velocity and material from the core will be pushed into the troughs.
Because the shear rate in Poiseuille flow is not homogeneous across the channel, the effective
viscosity and relaxation time near the wall is lower due to the shear thinning. Compared
to the material from the core of the channel, the material near the wall will also have a
higher polymer stretch τ̃xx. If one takes a horizontal cross section through the perturbation
velocity, one will see gradients in the polymer stretch passing from peak to trough. Since the
polymers in the peaks are more stretched than the surrounding material and have a lower
effective relaxation time, they will begin to relax, pulling fluid from the sides towards the
peak (c.f. figure 2.18b). If the resulting flow draws more material into the peaks reinforcing
the initial perturbation, then the flow will be unstable. Whereas if the flow draws material
out of the peaks back towards the wall, the perturbation will be stabilized. This is where
the presence of the wall becomes important. The stabilizing back flow would have to occur
in the space between the perturbation and the wall, but the presence of the wall restricts
this flow, preventing material from being drawn out of the peak. The destabilizing flow in
the core is not restricted and thus the flow is unstable.
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Figure 2.19: General terms of the perturbation energy equation for Couette flow of a
Phan-Thien–Tanner fluid with ε = 0.30: a) overall terms; b) individual
components.

This proposed mechanism also explains the strong wavenumber selection seen for this
instability. If the wavenumber is large, then the perturbation decays very quickly away
from the disturbance streamline and would not be affected by the wall. Since the effective
viscosity near the wall is lower than in the core, the stabilizing backflow near the wall
would dominate and the flow would be stable. Likewise, if the wavenumber is small, then
the perturbation decays slowly away from the disturbed streamline. In this case, both back
flows would be restricted by the walls, so again the stabilizing backflow would dominate.

2.6.2 Mechanism for Couette flow of Phan-Thien–Tanner fluid

Performing an energy analysis for the planar Couette flow of a Phan-Thien–Tanner fluid
with ε = 0.3 and kx = 0.32, one again finds that φpv2 and φps1 are the most destabiliz-
ing terms, as shown graphically in figure 2.19a. Examining the coupling terms from the
constitutive equation, PV 2 − b is found to be the strongest destabilizing influence (c.f.
figure 2.19b).

To understand the mechanism, one should again consider a small perturbation in the
vertical component of the velocity in the channel v̂. Since the wavenumber is small (i.e.
the wavelength is long), the perturbation will completely fill the height of the channel and
hence be influenced by both walls simultaneously. Because the critical Weissenberg number
is very high (Wicrit ≈ 47 for ε = 0.3), this instability occurs well into the shear thinning
regime of the polymer (c.f. figure 2.5). Thus, regions where the shear rate is increased will
have a lower effective relaxation time and viscosity. If one draws the streamwise velocity
profile at different cross sections of the channel, one sees that the effective shear rate across
the channel varies due to the imposed perturbation as shown in figure 2.20. Noting the cross
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Figure 2.20: Mechanism for instability in Couette flow of Phan-Thien–Tanner fluid.

section marked (1), the shear rate near each wall has been decreased. Since the effective
viscosity in these regions increases, it becomes more difficult to shear the fluid near the
walls. The material along the centerline however experiences a higher effective shear rate
and hence a lower viscosity, so the material near the centerline is easier to shear than the
fluid near the walls. Thus, the differences in the effective shear rate caused by the initial
velocity perturbation are reinforced and the flow is unstable. The resulting streamline
pattern from superimposing the perturbation velocity profile shown in figure 2.15 over the
steady flow would resemble figure 2.20b.

2.7 Planar flows of a Giesekus fluid

Because the Giesekus model is also quite popular for the modeling of polymer melts, we
present results for the stability of that model in planar shear flows using the Chebyshev-Tau
spectral method. In figure 2.21, we present for the first time the complete and well-resolved
eigenspectra for the Giesekus model in viscometric channel flows. For both planar Couette
and Poiseuille flows (c.f. figure 2.21), we find that the basic structure of several discrete
modes and a continuous spectrum remains unchanged. However, for Couette flow there are
now 4 discrete modes, and in both flows, the continuous spectrum is split into two parts.
In Couette flow, there are two parallel lines, and for Poiseuille flow the two lines connect
to form a ‘V’ shape (figure 2.21). One can write simple equations for the two parts of the
continuous spectrum by using the linearized disturbance constitutive equations for the τxy

and τyy components of the polymer stress. Unlike the Phan-Thien–Tanner and Oldroyd-
B equations, the coefficients in front of the leading order term for the τxy and τyy stress
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Figure 2.21: Eigenspectra for Giesekus model at ε = 0.2: a) planar Couette flow, Wi = 5,
kx = 1.0, b) Poiseuille flow, Wi = 20, kx = 0.75.

components are not the same. Thus by setting each coefficient to zero to determine when
the two equations become singular, an algebraic equation for the continuous spectrum of
each stress component is recovered.

τyy : σ = − 1

Wi
− 2ε

1 − β
τ̃yy − ikxũx , (2.31)

τxy : σ = − 1

Wi
− ε

1 − β
(τ̃xx + τ̃yy) − ikxũx . (2.32)

These simple relations capture the dependence of the continuous spectra quite accurately.
As with the Phan-Thien–Tanner model, the τxx equation is not important in determining
the location of the continuous spectra.

Additionally, note that there is significantly less spreading of the continuous spectra in
figure 2.21 compared to figures 2.2 and 2.3 with the UCM and Oldroyd-B models and even
figure 2.9 for the Phan-Thien–Tanner model. Perhaps this is because only one component
of the constitutive equation is singular on each of these lines. Thus, fewer Chebyshev
modes are required relative to the UCM model to ensure that the continuous spectrum is
well resolved. This is somewhat dictated by the number of modes required to resolve the
steady solution. For example, with ε = 0.2, Wi = 50, 150 modes are required to guarantee
resolution of the steady solution because of the steep boundary layers which form near the
channel walls. Under-resolution of the steady flow results in extra spurious modes between
the two branches of the continuous spectrum, but does not strongly affect the stability
predictions. The improved resolution of the continuous spectrum may explain why the
Giesekus model is so popular for computational rheologists. Since there is less spreading of
the continuous spectrum, a coarser finite element mesh can produce accurate results with
a Giesekus model without the spurious instabilities from the continuous spectrum which
may occur for other constitutive equations like the UCM or Oldroyd-B.
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Figure 2.22: Neutral stability curve for the Poiseuille flow of a Giesekus fluid with ε = 0.2.

In agreement with previous researchers (Ho and Denn, 1977), planar Couette flow of
a Giesekus fluid was found to be linearly stable for all Weissenberg numbers investigated
(up to Wi = 50 for ε ∈ [0.05, 0.5]). However in the pressure driven flow, the eigenspectrum
has a discrete mode which emerges from the front of the continuous spectrum and becomes
unstable over a critical Weissenberg number. A neutral stability curve for ε = 0.2 is
presented in figure 2.22. The unstable discrete mode has not been observed by previous
researchers (Ho and Denn, 1977; Lim and Schowalter, 1987). Ho and Denn (1977) used a
shooting method to track several discrete modes as a function of Weissenberg number and
wavenumber. Because of difficulties with their numerical method, they were only able to
follow two of the five discrete modes to zero Reynolds number and may have missed the
unstable discrete mode (Ho and Denn, 1977). The later studies using a pseudo-spectral
method (at small but non-zero Reynolds number) focused on wavenumbers greater than
kx = 20 (Lim and Schowalter, 1987; Blonce, 1997). For the one case investigated at a
moderate wavenumber kx = 5 with Wi = 1, ε = 0.5 (Lim and Schowalter, 1987), our
calculations confirm that the flow is also stable in the limit of Stokes flow. For all values
of ε which we probed, the discrete mode which causes the instability crosses back through
the continuous spectrum to become stable again at high wavenumbers (c.f. figure 2.23),
thus it is not surprising that these other researchers did not find the flow to be unstable
Lim and Schowalter (1987); Blonce (1997).
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Figure 2.23: Eigenspectra for Poiseuille flow of Giesekus fluid as a function of wavenum-
ber for Wi = 40, ε = 0.2, N = 150: a) entire spectrum, b) closeup of
unstable discrete mode.

In figure 2.24a, the critical Weissenberg number is shown as a function of the nonlin-
ear parameter ε. The wavenumbers of the respective critical conditions are shown in the
neighboring graph. Unlike the Phan-Thien–Tanner model, the most unstable wavenumber
is strongly dependent on the rheological parameter ε. As ε increases, the most unsta-
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Figure 2.24: Neutral stability diagram for plane Poiseuille flow of a Giesekus fluid as
a function of ε: Critical Weissenberg number (a) and the most unstable
wavenumber (b). The global Weissenberg number Wi (− −∗−) is based on
the average shear rate in the channel whereas the local Weissenberg number
Wil,crit (−− ◦−)is based on the wall shear rate.
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ε Wicrit kx Wil,crit

0.05 61 0.3 43
0.1 38 0.45 44
0.2 18 0.75 43
0.3 9.5 1.25 46
0.4 4.6 1.75 47
0.5 2.1 4.0 56

Table 2.5: Critical conditions for Poiseuille flow of a Giesekus fluid: N = 150.

ble wavenumber shifts to shorter wavelengths. In each case, a discrete mode emerges to
the right of the continuous spectrum then crosses back over at higher wavenumbers (c.f.
figure 2.23). For all cases with ε < 0.5, the range of wavenumbers where behavior is
dominated by the discrete mode is quite narrow. The critical Weissenberg number also
decreases with ε from Wicrit ≈ 61 for ε = 0.05 to Wicrit ≈ 2.1 for ε = 0.5. The critical
conditions are summarized in table 2.5. Another feature is apparent from figure 2.24a.
The global Weissenberg number, Wi, based on the average shear rate in the channel is
not the best indicator for the onset of instability. Rather, the local Weissenberg number
based on the shear rate at the channel wall Wil,crit is almost constant for a wide range of ε
suggesting this is the more appropriate dimensionless parameter. This scaling is consistent
with experimental scalings found for the onset of melt extrusion instabilities (Wang, 1999).

To provide further insight into the mechanism of the Poiseuille flow instability, an
energy analysis as described in section 2.6 was performed. The scaling for the ‘viscous’
part of the polymer stress used in the splitting of the elastic stress is:

τ̂ =
1 − β + Wiτ̃yy

1 + εWi
1 − β

(τ̃xx + τ̃yy)
D̂ + Σ̂ , (2.33)

which takes into account the shear thinning of the model and scales the viscous contribution
by the effective dimensionless polymer viscosity. All of the terms listed in table 2.4 are
retained by setting Ẽ = 1 with the exception of the φrelax term because there is no stress
dependent relaxation time in the Giesekus model. An additional term appears because of
the quadratic τ ·τ term in the constitutive equation:

φGies = − εWi

1 − β

∫
V t

D̂ : [τ̃ · τ̂ + τ̂ · τ̃ ] dV dt . (2.34)

This term controls the effect of the coupling between the base stresses and the perturbation
stresses through the non-affine deformation in the Giesekus model. This term is always
negative and thus has a stabilizing effect on the flow. Figure 2.25 shows all of the terms
and also breaks down the components of the φps1 and φpv2 as was done for the Phan-
Thien–Tanner model. The same terms which played the strongest destabilizing role for
the Phan-Thien–Tanner model (PV 2− a and PS1− b) are once again the most important
factors suggesting that the mechanisms are very similar to those discussed in section 2.6.1.
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Figure 2.25: Terms of the perturbation energy equation for Poiseuille flow of a Giesekus
fluid with ε = 0.2, kx = 0.75.

2.8 Summary

The stability of two representative nonlinear constitutive equations for polymer melts has
been examined in planar Couette and Poiseuille flows. Using both finite element and eigen-
spectrum methods, we found that the Phan-Thien–Tanner constitutive equation exhibits
instabilities in both flows. The predicted growth rate and most unstable wavenumber are
in good agreement for the two numerical methods. The nonlinearity of the Phan-Thien–
Tanner constitutive equation introduces complexity into the eigenspectrum relative to a
UCM fluid. Because the effective relaxation time depends on the stress, for plane Cou-
ette flow the position of the continuous spectrum is shifted away from the imaginary axis.
In Poiseuille flow, the span along the imaginary axis decreases as the maximum velocity
decreases and the spectrum tilts away from the imaginary axis due to gradients in the
effective relaxation time across the channel. The position of the continuous spectrum can
be predicted by determining when the linearized disturbance constitutive equations for τxy

or τyy components of the polymer stress become singular.
To elucidate the mechanism of the instability in each of these flows, an energy analysis

was completed on the most unstable eigenmodes. Both instabilities are caused by the cou-
pling between the base state stresses and the perturbation velocity gradients. In Poiseuille
flow, a perturbation near one of the walls disrupts the stratification of the normal stresses
near the wall, triggering an instability. The interaction of the perturbation with the wall
explains the strong wavenumber selection seen in this instability.

For Couette flow, the most unstable mode is a very long wavelength instability which
interacts simultaneously with both channel walls. In this case the instability occurs at a
very high Weissenberg number where the material is strongly shear thinning. Thus, the
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perturbation velocity gradients change the effective viscosity across the channel reinforcing
the initial perturbation. Unfortunately most physical polymer melts never reach such a
strongly shear thinning regime (η ≈ γ̇−1) because of their polydispersity, so it is unclear if
the predicted Couette flow instability could be observed in a laboratory. The Poiseuille flow
instability however occurs at moderate Weissenberg numbers (for ε = 0.05, Wicrit ≈ 4.3)
well within the region of shear rates where the Phan-Thien–Tanner model can correctly
capture the shear rheology of many polymer melts.

Plane Couette flow of a Giesekus model was found to be stable using a Chebyshev-
Tau spectral method for the range of parameters investigated. However, an instability was
discovered in Poiseuille flow above a critical value of the local Weissenberg number based on
the wall shear rate, Wil,crit ≈ 45 for ε < 0.5. This instability has not been observed in the
numerical calculations of previous researchers (Ho and Denn, 1977; Lim and Schowalter,
1987), but this may be due to limited parameter space which had been explored. An energy
analysis on the unstable discrete mode revealed that the driving terms of the instability
were similar to those for the Phan-Thien–Tanner fluid instability. The eigenspectrum for
the Giesekus model is found to be more complicated than for a UCM or Phan-Thien–Tanner
fluid. The continuous spectrum splits into two parts for the Giesekus model because the
linearized disturbance constitutive equations for the τxy and τyy components of the polymer
stress become singular for different eigenvalues. The eigenvectors of the continuous spectra
at low Weissenberg numbers were also better resolved by the spectral method so that the
continuous spectra showed significantly less spreading parallel to the real axis. Thus fewer
eigenmodes are required to resolve the continuous spectrum which may explain why this
constitutive equation is so popular among computational rheologists.

The results of this study on the Phan-Thien–Tanner model and Giesekus models to-
gether with other research on the Pom-Pom model (Bishko et al., 1999), the full version of
the Phan-Thien–Tanner model (Saramito, 1995; Alves et al., 2001), the Johnson-Segalman
model (Fyrillas et al., 1999) and the White-Metzner model (Wilson and Rallison, 1999)
reveal a surprising weakness in computational rheology - the lack of models which can
predict linearly stable pressure driven flow of polymer melts. Even in this relatively simple
flow, many of the most common rheological models break down in an array of one and two
dimensional instabilities which can be expected to wreak havoc on numerical simulations.
However, the predicted numerical instabilities could also be related to experimentally ob-
served instabilities. Indeed, many unusual effects have been observed in experiments of
polymer melts through slit and capillary dies (Wang, 1999; Petrie and Denn, 1976; Legrand
and Piau, 1998; Denn, 2001). Perhaps using eigenvalue calculations or finite element sim-
ulations, some of these effects can be attributed to an elastic instability in the channel
flow.



Chapter 3

Stability Analysis of Polymer Shear
Flows Using the eXtended Pom-Pom
Constitutive Equations∗

abstract

The stability of polymer melt shear flows is explored using the recently proposed eXtended
Pom-Pom (XPP) model of Verbeeten et al. (2001). We show that both the planar Couette
and the planar Poiseuille flow are stable for ‘small’ disturbances. From our 1-dimensional
eigenvalue analysis and 2-dimensional finite element calculations, excellent agreement is
obtained with respect to the rate of slowest decay. For a single mode of the XPP model,
the maximum growth of a perturbation is fully controlled by the rightmost part of the con-
tinuous eigenspectrum. We show that the local fourth order ordinary differential equation
has three regular singular points that appear in the eigenspectrum of the Couette flow.
Two of these spectra are branch cuts and discrete modes move in and out of these contin-
uous spectra as the streamwise wavelength is varied. An important issue that is addressed
is the error that is contained in the rightmost set of continuous modes. We observe that
the XPP model behaves much better as compared to, for example, the Upper Convected
Maxwell (UCM) model in terms of approximating the eigenvalues associated with the sin-
gular eigenfunctions. We demonstrate that this feature is extended to the 2D computations
of a periodic channel which means that the requirements on the spatial grid are much less
restrictive, resulting in the possibility to use multi mode simulations to perform realistic
stability analysis of polymer melts. Also, it is shown that inclusion of a nonzero second
normal stress difference has a strong stabilizing effect on the linear stability of both planar
shear flows.

∗The contents of this chapter is based on Bogaerds et al. (2002a)
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3.1 Introduction

Purely elastic instabilities are very common for viscoelastic fluids like, for instance, dilute
polymer solutions as well as polymer melts and concentrated solutions. For a large part,
rheologists have focused their research on these dynamical phenomena towards polymeric
solutions and not to polymer melts. Well known examples are instabilities in viscometric
flows with curved streamlines, e.g. viscoelastic Taylor-Couette flow, cone-and-plate and
parallel-plate flows (Larson et al., 1990; Graham, 1998; McKinley et al., 1996). An extensive
review on viscoelastic instabilities of polymer solutions was written by Shaqfeh (1996).
For these flows, numerical stability analysis has proven to be an effective tool, not only
to resolve the critical conditions for the onset of instability but also to determine the
dynamical structure of unstable flows. In essence, these numerics can provide the necessary
insight into the dynamics that control the perturbed flows and drive instabilities.

We wish to investigate the dynamic behavior of flows of polymer melts under process-
ing conditions. Instabilities in these flows are often cause for severe product defects and
impose upper bounds on production rates. Examples of such instabilities include extru-
date distortions (Denn, 2001) and interfacial instabilities in multilayer processing flows
(Khomami and Ranjbaran, 1997). A comprehensive and far more complete review was
presented by Larson (1992). In a recent paper (Grillet et al., 2002b) we have described
the viscoelastic instability that may develop during the filling stage of injection molding.
Upon understanding such a complex flow problem there are a number of issues that need
to be addressed.

First of all, an appropriate constitutive model for the stress should be selected. Apart
from providing accurate predictions for the steady base flows, this model should also be
able to capture the essential dynamics of the polymer melt. Grillet et al. (2002a) showed
that this is a nontrivial task since generally accepted models for polymer melts can behave
very different in terms of their stability characteristics while their rheological properties
are similar. Their analysis proved that simple shear flows of the exponential Phan-Thien
Tanner (PTT) model has a limiting Weissenberg number above which a discrete eigenmode
becomes unstable. Especially for the Poiseuille flow configuration, this instability is found
for relatively small Weissenberg numbers. Therefore, to study a simplified injection molding
flow, for which it is experimentally observed that the instability is confined to the region
near the free surface rather than the upstream channel (Bulters and Schepens, 2000b),
application of the PTT model is questionable. Hence, in an effort to obtain a model
that generates physically relevant results, we study the behavior of the recently proposed
eXtended Pom-Pom model (XPP) of Verbeeten et al. (2001) which has demonstrated to
accurately describe a full set of viscometric shear and elongational data of a number of
polyethylene melts and, for more limited sets of data, of two polypropylenes (Swartjes,
2001).

Another important issue that needs to be taken into account is the apparent loss of tem-
poral stability for many numerical schemes for viscoelastic flow computations. Especially
for moderate to high Weissenberg number flows this can become a severe problem when
spurious, purely numerical, instabilities are computed while the flow itself is physically
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stable. For instance, for the stable planar Couette flow of an Upper Convected Maxwell
fluid (UCM), Brown et al. (1993) showed that the original formulations of both the EVSS
and EEME method in combination with SU(PG) lose linear stability for moderate values
of the Weissenberg number. Also, similar problems concerning the inability to capture the
continuous eigenmodes have been observed for the DG method (Bogaerds et al., 2000b).
Significant progress has been made by Brown et al. (1993) and Szady et al. (1995) who
were able to produce stable results by inclusion of a continuous projection of the velocity
gradient into the constitutive relation to yield the so-called EVSS-Ḡ method which has
later been extended to the DEVSS-Ḡ method.

As a first step towards the development of a set of numerical tools that can adequately
handle the complex stability problem of two and three dimensional polymer melt flows,
we need to investigate the behavior of simple shear flows. In this chapter, we apply both
a general finite element formulation as well as a one dimensional generalized eigenvalue
analysis to study the dynamical behavior of a ‘Pom-Pom’ fluid. In the following section we
will describe the governing equations including the XPP model. Next, the numerical tools
that are used will be explained and applied to examine the stability of the planar Couette
and Poiseuille flows of an XPP fluid. Generally, a polymer melt will have a characteristic
relaxation spectrum for which a single relaxation time is a very poor approximation. Hence,
to get physically realistic results, at the end, one has to use multi mode viscoelastic models.
However, we will first study the behavior of a single viscoelastic mode after which the
stability behavior of the flow of a multi-mode model is examined. As is common for
planar simple shear flows, we will limit our analysis to planar disturbances. However, it
should be noted that the transformation first made by Squire (1933) for viscous fluids
and Tlapa and Bernstein (1970) for UCM and Oldroyd-B fluids might not apply and as a
consequence there may exist 3-dimensional perturbations that are more unstable than the
planar disturbances.

3.2 Problem definition

Here, only incompressible, isothermal and inertia-less flows are considered. In the absence
of body forces, these flows can be described by a reduced equation for conservation of
momentum (3.1) and conservation of mass (3.2):

�∇·σ = �0 , (3.1)

�∇·�u = 0 , (3.2)

with �∇ the gradient operator, and �u the velocity field. The Cauchy stress tensor σ can be
written as:

σ = −pI + τ , (3.3)

with an isotropic pressure p and the extra stress tensor τ . The problem is supplemented
with a constitutive equation which relates the extra stress to the kinematics of the flow.
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The choice of this constitutive relation will have a major impact on the results of the
stability analysis (Grillet et al., 2002a). Motivated by the excellent quantitative agreement
of the Pom-Pom constitutive predictions and dynamical experimental data (Inkson et al.,
1999; Graham et al., 2001; Verbeeten et al., 2001), we use the approximate differential
form of the XPP model to capture the rheological behavior of the fluid. As is customary
for most polymeric fluids, the relaxation spectrum is discretized by a discrete set of M
viscoelastic modes:

τ =

M∑
i=1

τ i . (3.4)

For a (branched) polymer melt, this multimode approach introduces a set of equivalent
Pom-Poms each consisting of a backbone and a number of dangling arms. The original
differential form of the Pom-Pom model for a single viscoelastic mode as it was introduced
by McLeish and Larson (1998), is formulated as a decoupled set of equations for the
evolution of orientation of the backbone tube (S):

∇
A +

1

λb

[
A − I

3

]
= 0 S =

A

tr(A)
, (3.5)

and evolution of the backbone tube stretch (Λ):

Λ̇ = Λ
[
D : S

]
− eν(Λ − 1)

λs

[
Λ − 1

]
for Λ ≤ q , (3.6)

which relate to the polymeric stress by:

τ = G
(
3Λ2S− I

)
. (3.7)

The upper convected derivative of A, a tensor which acts as an auxiliary variable to define
the orientation of the backbone tube is defined by:

∇
A =

∂A

∂t
+ �u · �∇A − L·A−A·LT . (3.8)

The characteristic time scale of the relaxation of the backbone orientation is defined by λb

whereas relaxation of the tube stretch is controlled by λs. The parameter ν in equation
(3.6) is taken, based on the ideas of Blackwell et al. (2000), as ν = 2/q with q the number
of dangling arms at both ends of the backbone. The plateau modulus is represented by
G whereas the kinematics of the flow are governed by fluid velocity �u, velocity gradient
L = �∇�u T and rate of deformation D = (L + LT )/2.

Recently, Verbeeten et al. (2001) have modified the Pom-Pom model and effectively
combined the set of equations (3.5), (3.6) and (3.7) into a single relation for the extra stress.
Furthermore, they were able to extend the model with a second normal stress difference
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Figure 3.1: Planar shear flows, Couette flow (left) is driven by movement of one (or both)
walls. Poiseuille flow (right) is driven by a stream wise pressure gradient. The
gap width is defined as H whereas L represents the stream wise length scale
as is used in the 2D FEM calculations.

which is absent in the original approximate Pom-Pom formulation. The eXtended Pom-
Pom (XPP) model is defined by:

∇
τ +

{
1

λb

[α

G
τ ·τ + Fτ + G(F− 1)I

]}
− 2GD = 0 , (3.9)

with an auxiliary scalar valued function F:

F= 2reν(Λ − 1)
[
1 − 1

Λ

]
+

1

Λ2

[
1 − α tr(τ ·τ )

3G2

]
,

and tube stretch:

Λ =

√
1 +

tr(τ )

3G
.

The ratio of both relaxation times is defined as r = λb/λs and again, ν is taken as 2/q. The
second normal stress difference (N2) is controlled with the additional parameter α (N2 �= 0
for α �= 0) which amounts to anisotropic relaxation of the backbone orientation.

3.3 Computational methods

To assess the stability behavior of the Pom-Pom model in viscometric shear flows as de-
picted in figure 3.1, there are different approaches that can be followed. Since the base
state solution does not vary along streamlines, the classical approach involves expanding
the disturbances into spatially periodic perturbations along these streamlines and the re-
sulting 1D Generalized Eigenvalue problem (GEVP) can be solved (see e.g. Renardy and
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Renardy (1986); Ganpule and Khomami (1999); Grillet et al. (2002a)). A second approach
involves tracking of the perturbed flow in time for a periodic flow domain of length L (figure
3.1) using, for instance, a Finite Element Method (FEM) (Brown et al., 1993; Grillet et al.,
2002a).

3.3.1 Spectral eigenvalue analysis

In order to obtain a discrete approximation of the eigenspectrum of the flows as depicted in
figure 3.1, we discretize the governing variables into coefficients of a truncated Chebyshev
expansion up to order N . To yield a complete set of equations we use a Chebyshev-Tau
method as described in Gottlieb and Orszag (1977) and Canuto et al. (1988).

Since base flow solutions are not readily available for these nonlinear models, we com-
pute the steady state velocity and polymeric stress using the same Tau method. No-slip
boundary conditions are imposed on both confining walls (either moving at velocity V
or stationary) and for Poiseuille flow a nonzero pressure gradient is imposed as a non-
homogeneous boundary condition.

The stability behavior is examined by introducing small normal mode perturbations
(δ̂) to the base flow of the form:

δ̂(x, y, t) = δ(y)eiκx + σt , (3.10)

with κ a real wavenumber and σ the complex eigenvalue associated with the eigenmode
δ(y). When we substitute the perturbed flow into the governing equations (3.1), (3.2) and
(3.9) and retain only the terms that are linear in δ, the expressions that govern the stability
behavior for sufficiently small perturbations are obtained:

iκ
(
τxx − p

)
+ τ ′

xy = 0 , (3.11)

(
τ ′
yy − p′

)
+ iκτxy = 0 , (3.12)

iκux + u′
y = 0 , (3.13)

and: (
σ + iκũx + 2

ατ̃xx

λbG
+ ζ1

)
τxx +

(
τ̃xx + G

)[
ζx
2 τxx+ ζy

2 τyy+ ζz
2τzz+ ζ3τxy

]
+

2
(ατ̃xy

λbG
− ũ′

x

)
τxy + iκ

(
τ̃ ′
xxuy − 2

[
τ̃xx + G

]
ux

)
− 2τ̃xyu

′
x = 0 , (3.14)

(
σ + iκũx + 2

ατ̃yy

λbG
+ ζ1

)
τyy +

(
τ̃yy + G

)[
ζx
2 τxx+ ζy

2 τyy+ ζz
2τzz+ ζ3τxy

]
+

2
ατ̃xy

λbG
τxy +

(
τ̃ ′
yy − 2iκτ̃xy

)
uy − 2

(
τ̃yy + G

)
u′

y = 0 , (3.15)
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(
σ + iκũx + 2

ατ̃zz

λbG
+ ζ1

)
τzz +

(
τ̃xx + G

)[
ζx
2 τxx+ ζy

2 τyy+ ζz
2τzz+ ζ3τxy

]
+

τ̃ ′
zzuy = 0 , (3.16)

(
σ + iκũx +

α(τ̃xx+ τ̃yy)

λbG
+ ζ1

)
τxy + τ̃xy

[
ζx
2 τxx+ ζy

2 τyy+ ζz
2τzz+ ζ3τxy

]
+

ατ̃xy

λbG

(
τxx+τyy

)
−ũ′

xτyy+
(
τ̃ ′
xy−iκ

[
τ̃xx+G

])
uy −

(
τ̃yy+G

)
u′

x = 0 . (3.17)

Here, the primes refer to gradients in the cross stream direction and the tildes denote the
base flow solution. The additional constants ζ1, ζ3 and ζ i

2 are defined as:

ζ1 =
3G2 − αtr(τ̃ ·τ̃ )

3λbG
2Λ̃2

+ 2νeν(Λ̃ − 1)
(
1 − 1

Λ̃

)
, ζ3 =

−4ατ̃xy

3λbG
2Λ̃2

,

and:

ζ i
2 =

1

3λbGΛ̃2

{
νeν(Λ̃ − 1)

( 1

Λ̃
+ ν

(
Λ̃ − 1

))
− 2ατ̃ii

G
+

tr(τ̃ ·τ̃ ) − 3G2

3G2Λ̃2

}
.

The above equations for the perturbation variables δ(y) = (ux, uy, p, τxx, τyy, τzz, τxy)(y)
are approximated by the discrete eigenvalue problem:

Aδ = σMδ , (3.18)

with the no-slip boundary conditions at both walls:

ux(±1) = uy(±1) = 0 . (3.19)

Note that M is singular due to the imposition of the boundary conditions as well as the
momentum and continuity equations. We remove the resulting infinite eigenvalues using
the method described by Goussis and Pearlstein (1989)

3.3.2 Finite element analysis

The stability of these viscoelastic shear flows is also examined by means of a mixed finite
element formulation. Since spurious stability results are easily generated for this type of
analysis, the selected FEM should at least produce accurate results for problems for which
analytic expressions exist (Bogaerds et al., 2000b). The mixed FEM considered in this
chapter is based on the DEVSS method of Guénette and Fortin (1995) and the EVSS-Ḡ
method of Brown et al. (1993) and Szady et al. (1995).

The original three field formulation (�u, τ , p) is transformed into a four field formulation
(�u, τ , p, Ḡ) by considering the velocity gradient as an additional dependent variable. Hence,
in addition to the variational weak formulations of equation (3.1), (3.2) and (3.9) using a
Galerkin approach, we seek �u ∈ U and Ḡ ∈ G from a basic Least Squares (LS) functional
that satisfies:

J(�u, Ḡ) =
1

2

(
||Ḡ− �∇�u T ||2Ω

)
≤ J(�Φu,Φ�̇) ∀ �Φu ∈ U, Φ�̇ ∈ G , (3.20)
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where U and G are the appropriate functional spaces for �u,Ḡ and ||Ḡ − ∇�u T ||2Ω denotes

the L2-norm of the residual of Ḡ − �∇�u T . From J(�u, Ḡ) ≤ J(�Φu,Φ�̇) it follows that:(
Φ�̇ − �∇�Φu

T , Ḡ
T − �∇�u

)
= 0 , (3.21)

where (. , .) denotes the usual L2-inner product on the domain Ω. If the finite element ap-
proximation spaces for (�u, τ , p, Ḡ) are defined by (Uh,Th,Ph, Gh ), the DEVSS-Ḡ equations
are now available by combining the Galerkin and Least Squares variational formulations
into:

Problem DEVSS-Ḡ: Given τ n = τ (tn), find �u ∈ Uh, τ ∈ Th, p ∈ Ph and Ḡ ∈ Gh

at t = tn+1 such that for all admissible test functions �Φu ∈ Uh, Φ� ∈ Th, Φp ∈ Ph and
Φ�̇ ∈ Gh,(

Φ� +
h

|�u|�u · ∇Φ� ,
τ − τ n

∆t
+ �u ·∇τ − Ḡ·τ − τ ·ḠT

+

1

λb

[α

G
τ ·τ + Fτ + G(F− 1)I

]
− G

(
Ḡ + Ḡ

T
))

= 0 , (3.22)

(
�∇�Φu

T , τ + β
(

�∇�u − Ḡ
T
))

−
(
∇·�Φu , p

)
= 0 , (3.23)

(
Φp , ∇·�u

)
= 0 , (3.24)

(
Φ�̇ , Ḡ

T − �∇�u
)

= 0 , (3.25)

and β usually taken as β = λbG. With h some characteristic grid size, additional stabiliza-
tion is obtained by inclusion of SUPG weighting of the constitutive equation (Brooks and
Hughes, 1982). As was already pointed out by Fan et al. (1999), we note that DEVSS-Ḡ
methods are essentially Galerkin Least Squares (GLS) methods for which the acronym
hardly seems appropriate.

Evidently, the set of equations should be supplemented with suitable boundary condi-
tions on parts of the boundary (Γ) of the flow domain. On both walls Dirichlet conditions
are enforced on the velocity to account for the no-slip conditions on the fluid-solid inter-
face. Also, depending on the flow problem, we apply periodic boundary conditions at the
in- and outflow boundaries of the domain for either (�u, τ , p, Ḡ) or (�u, τ , Ḡ). Contrary to
the Couette flow, the driving force for the Poiseuille flow is enforced by a prescribed flow
rate (Q) on the periodic boundary (Γp):

Q =

∫
Γp

�u·�n dΓ , (3.26)

with �n the normal on Γp. Equation (3.26) is enforced using a Lagrange multiplier method
which consequently adds:

λ

∫
Γp

�Φu ·�n dΓ , (3.27)



Stability Analysis of Polymer Shear Flows Using the XPP Constitutive Equations 51

to the weak momentum equation (3.23) where λ acts as the Lagrange multiplier. Since
for Poiseuille flow all dependent variables but the pressure are considered to be periodic,
it is easily confirmed that the Lagrange multiplier λ may be physically interpreted as the
pressure drop over the channel length. In order to consistently compare these finite element
simulations with the eigenvalue analysis of section 3.3.1, λ/L acts as the non-homogeneous
boundary condition that drives the 1D channel flow.

Similar to the eigenvalue analysis, to explore the linear stability behavior of steady flow
situations, the governing FEM equations are linearized around the base state solution.
Tracking the growth of the L2-norm of an initially random perturbation to the stress in
time, allows for the evaluation of the stability of the flow.

The implicit approach used in the above FE equations results in a fully coupled set of
algebraic equations. From a numerical point of view, this can be quite inefficient. However,
since simulations in this chapter are limited to simple 2D flows, this is not yet an issue.
Furthermore, stability issues concerning the temporal integration scheme itself are avoided
whereas more explicit time integration schemes may be more efficient but often impose
severe restrictions on the time step as expressed by the Courant condition.

A choice remains to be made about the order of the interpolation polynomials of the
different variables with respect to each other. As is known from solving Stokes flow prob-
lems, velocity and pressure interpolations cannot be chosen independently and have to
satisfy the Babuska-Brezzi condition. Likewise, interpolation of velocity and extra stress
has to satisfy a similar compatibility condition. We report calculations using low order
finite elements, using bi-linear interpolation functions for viscoelastic stress, pressure and
Ḡ and bi-quadratic interpolation for velocity unknowns.

3.4 Results

In order to examine the stability of Couette and Poiseuille flow of a Pom-Pom polymer,
we first need to specify the nonlinear parameters (r, q, α) in the models (i.e. specify the
structure of the equivalent Pom-Pom). To simplify the analysis somewhat, we first assume
that the steady state second normal stress difference is absent. Hence, the anisotropy
parameter α = 0 whereas α �= 0 will be considered in a later stage.

Figure 3.2 shows some viscometric functions for simple shear for both the Pom-Pom and
the XPP model. As with most rheological models based on tube theory, both Pom-Pom
constitutive equations can, for certain combinations of model parameters, show excessive
shear thinning. From the decrease of the steady shear stress with increased shear rate
(λbγ̇ = O(1)), it is expected that these Pom-Pom models can be unstable in a similar
way as the Johnson-Segalman and the Phan-Thien Tanner model using mixed upper and
lower convected derivatives (Leonov, 1992). Since we want to avoid instabilities associated
with this excessive shear thinning behavior, the shear stress needs to be a monotonically
growing function of the shear rate.

At least within the range of deformation rates ( γ̇λb < O(100)) considered in this
chapter, we can achieve this monotonic behavior for a sufficiently large number of arms
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Figure 3.2: Viscometric functions of the original Pom-Pom model (r = 2, q = 9) · · · and
the eXtended Pom-Pom model (r = 6, q = 3) −−, (r = 2, q = 9) −−−. Shown
are shear stress (left), viscosity (middle) and first planar viscosity (right).

and small ratio of relaxation times. We limit ourselves in considering only (r, q) = (2, 9)
and do not make it our goal to compare the dynamic behavior of the original Pom-Pom
model with our XPP model. Also, no attention will be paid to the loci of neutral stability as
functions of the nonlinear material parameters. This is partly due to the excessive thinning
behavior of the model but also because of the fact that we have set out to investigate (and
if possible understand) the relation between the physical stability properties of polymer
melt flows and the chemical structure of this complex material. In view of this, we leave
parameter variation as future work and concentrate on the behavior of the XPP model for
the above parameter set.

Concerning the extensional rheology, this dataset corresponds to the planar extension
hardening curve of figure 3.2 (right). It is worth mentioning that the steady rheology of
this model is very similar to the exponential version of the Phan-Thien Tanner model which
was found to be unstable in plane Poiseuille flow by Grillet et al. (2002a) (using only the
upper convected derivative) for moderate Weissenberg numbers (We ≈ 5) and wavenumber
O(1).

3.4.1 Comparison with literature

Before we present any numerical analysis of shear flows of XPP fluids, we show that our
spectral eigenvalue code is able to resolve the eigenspectra for a number of benchmark
problems known in literature. One of the main concerns for this type of analysis is the
fact that the numerical approximation of the eigenspectrum can contain modes that are
not present in the spectrum of the original differential operator. Possible sources for the
generation of these spurious modes are, for example, incompatible expansion orders for
the perturbation variables and the way the boundary conditions (3.19) are imposed. As a
consequence, it is very likely that these modes exist in our computed spectra next to the
approximation of the true spectrum.

From a theoretical point of view, the location and structure of the eigenspectra for shear
flows of a UCM fluid have been the subject of many studies (Gorodtsov and Leonov, 1967;
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Figure 3.3: Eigenspectrum of Couette flow of a UCM fluid (left) for We = 10.0 and κ =
1.0 Also, eigenspectrum of Poiseuille flow (right) for We = 1.0 and κ = 0.4
(see also Wilson et al. (1999): figure 5). Both spectra were generated using
Chebyshev expansions upto order N for all perturbation variables. Although
less visible for Poiseuille flow, it is clear that parasitic modes are present.

Renardy and Renardy, 1986; Wilson et al., 1999) and may be regarded as the standard
benchmark problems to test a code against. Figure 3.3 shows the full eigenspectrum for
both planar Couette and Poiseuille flow for several polynomial orders (N) and equal order
expansion for all perturbation variables. As can be seen, both eigenspectra contain a
continuum set of eigenmodes which are associated with a regular singular point of the
fourth order ordinary differential equation which is obtained after reduction of the original
formulation to a single equation. For both flows this singularity is obtained when:

We(σ + iκũx) + 1 = 0 , (3.28)

which is the line segment from σ = −We−1 to σ = −We−1− iκV with We the dimensionless
Weissenberg number and V the fluid velocity at the moving wall or the centerline velocity
for a Poiseuille flow. For the Couette flow we observe the two discrete Gorodtsov-Leonov
eigenvalues which we are able to reproduce to 10 significant numbers similar to the values
obtained by Sureshkumar et al. (1999) using the same polynomial order (N = 128). In
the paper of Wilson et al. (1999), it was shown that the number of discrete eigenmodes
increases from two for Couette flow to six for the elastic spectrum of Poiseuille flow. These
modes (at least five of them with one too close to the continuum set to be resolved) are
also captured by our code.

However, next to the continuous eigenspectra and discrete modes, there are also spuri-
ous modes present in figure 3.3. As was observed by Sureshkumar (2001), these modes may
exist near an under resolved set of continuous eigenmodes which renders them difficult to
isolate from the desired spectrum. Based on mesh refinement studies and leaning rather
empirically on the approach of Renardy and Olagunju (1998) we have expanded ux up to
the same order as u′

y from equation (3.13). Similarly, τxx and p are expanded up to the
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Figure 3.4: Exact same problem as figure 3.3 except the polynomial orders for
(ux, uy, p, τxx, τyy, τxy, τzz) are now (N−1, N, N−3, N−3, N−1, N−2, N−3).

same order as τ ′
xy from equation (3.11) and τxy to the same order as τ ′

yy from equation
(3.12). If we now take the expansion order for τyy equal to N − 1 we obtain polynomial
orders for (ux, uy, p, τxx, τyy, τxy, τzz) as (N−1, N, N−3, N−3, N−1, N−2, N−3). The cor-
responding eigenspectrum that is obtained is shown in figure 3.4. Although this approach
does not guarantee the absence of spurious modes, we (contrary to the full expansion)
did not observe any of these modes for the UCM model nor for the XPP model that will
be addressed in the next section. Notice that in the absence of any coupling between τzz

and the other variables, the linearized zz-component of the constitutive equation simply
implies relation (3.28).

3.4.2 Couette flow of an XPP fluid

For our XPP model we first focus on the planar Couette flow. Based on the backbone
orientation relaxation time, the dimensionless Weissenberg number We is defined as:

We =
λbV

H
. (3.29)

Using the spectral eigenvalue analysis described in section 3.3.1, figure 3.5 shows the com-
plete spectrum for We = 5.0, κ = 0.5 and a number of different polynomial orders using
the full spectral operator as described in the previous section. In this figure, the modes
2, 4 and 5 are regarded as being spurious since only the coefficients for the highest cross
streamwise spatial frequency are nonzero and the corresponding eigenfunctions converge
towards the trivial solution. Although not shown here, these modes are very sensitive to
variations of κ. For the above reasons only mode 1 and 3 are labeled as discrete with the
smooth eigenmodes for uy also shown. Although the algebraic relationship between the
primitive variables appear to be quite different as compared to the UCM equations, we
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were still able to remove the spurious modes from our eigenspectra in figure 3.6 using the
same polynomial orders as were used to generate figure 3.4.

In addition to the discrete and spurious modes there now appear to be three sets of
continuous eigenmodes. In order to determine the exact location of these modes we should
combine the perturbation equations into a single fourth order differential equation for (for
example) uy and search for singular points of this ODE. However, the algebraic complexity
of our constitutive equations makes it rather difficult to obtain analytic expressions for the
coefficients of this fourth order equation. Hence we shall adopt a partially numerical ap-
proach to find singular points of the ODE. If we write our linearized constitutive equations
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Figure 3.5: Computed eigenspectrum of Couette flow of an XPP fluid for (We = 5.0, r =
2.0, q = 9, α = 0, κ = 0.5) and increasing polynomial orders. Equal order
expansions have been used to generate the spectrum. The subgraphs show
the solutions for uy (note the differences in scale) of the separate modes for
N = 100 and N = 200. Only mode 1 and mode 3 are converged and yield
a nontrivial solution whereas for the other modes only the coefficients of the
highest spatial frequencies are nonzero.
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(3.14 to 3.17) as:

AT =






s 0 0 −2γ̇
0 s 0 0
0 0 s 0
0 −γ̇ 0 s


 + F


 T = BUy , (3.30)

with T = [τxx τyy τzz τxy]
T , Uy = [uy u′

y u′′
y]

T and s = σ + iκũx. Notice that F and
B are constant R

4×4 and R
4×3 matrices with F nothing but the numerical evaluation of

the Jacobian of the function between brackets in equation (3.9). Both F and B are easily
generated from viscometric functions as shown in figure 3.2. Since A′ = iκI we have
T = A−1BUy, T′ = A−1BUy

′ − iκA−1A−1BUy and T′′ = A−1BUy
′′ − 2iκA−1A−1BUy

′ −
2κ2A−1A−1A−1BUy. Combining these results according to the vorticity equation

iκ(τ ′
xx − τ ′

yy) + κ2τxy + τ ′′
xy = 0 ,

yield the desired coefficients of the ODE as a function of s. Without loss of generality we
can set κ = 1.0 and evaluate the above equations using the symbolic manipulation of Math-
ematica. The full expressions for the coefficients for (We, r, q, α, κ) = (5.0, 2.0, 9, 0.0, 1.0)
are described in appendix 3.A. Table 3.1 lists the singular points of the ODE together with
the roots of the indicial equations showing that the singular points are all regular, similar
to the UCM model. In this way we are able to locate the singular points for a Couette flow
but we also observe that not all singular points of the equation have a contribution in the
full spectrum of the flow. A cause for this may be that the characteristic determinant of
solutions associated with these points does not vanish for the imposed boundary conditions
(uy(±1) = u′

y(±1) = 0). In other words, the structure of the solutions (which can include
logarithmic terms) may be such that they are not able to satisfy the boundary conditions
at the walls.

Figure 3.6 also shows schematically the trajectories of the seven discrete modes as
functions of the imposed wavelength. We have observed two discrete modes which move
into the leftmost continuous spectrum for very long waves (κ = 0.03). We also found one

s0 γ

-0.139698 0 1 2 2.1892

-0.408581 0 1 2 3

-0.730514 0 0.8479 1 2

-0.737378 0 1 3 4

-0.376639 ± i 0.326416 0 1 3 4

Table 3.1: Singular points (s0) of the fourth order differential equation describing Couette
flow of an XPP fluid for (We, r, q, α, κ) = (5.0, 2.0, 9, 0.0, 1.0) together with
the roots (γ) of the indicial equations according to Frobenius theory (see also
appendix 3.A.



Stability Analysis of Polymer Shear Flows Using the XPP Constitutive Equations 57

−0.8 −0.6 −0.4 −0.2 0
−4

−3

−2

−1

0

1

2

σr

σ i κ___

κ=0.350
κ=0.375
κ=0.400

→ 0κ

→ ∞κ

→
0

κ

−0.8 −0.6 −0.4 −0.2 0
−4

−3

−2

−1

0

1

2

σr

σ i κ___
κ=0.25
κ=1.00
κ=5.00
κ=10.0

κ=0.41κ=0.03

κ=0.36
κ=0.83

κ=0.50

Figure 3.6: Computed eigenspectrum for Couette flow of the XPP model (r = 2, q =
9, α = 0) for different wavenumbers κ at We=5 (N = 100).

mode branching off the rightmost continuous spectrum for κ = 0.36 with a turning point
at κ = 0.50. Two of the remaining four modes move into the same continuous spectrum
for κ = 0.36 whereas two modes converge to σi = 0 and σi = κV for short waves. Note that
there are no discrete modes branching off the ‘middle’ continuous spectrum. Within the
range of Weissenberg numbers investigated, the observed number of discrete eigenmodes
remained constant and also the trajectories (as a function of κ) did not qualitatively change.
Only the wavelengths at which they branch off varied.

Contrary to the UCM model (and some other differential models (Grillet et al., 2002a))
the maximum growth of a perturbation is fully controlled by the rightmost set of continuous
modes. Of course, then the computational accuracy will be determined by the ability to
capture the spatial structure of the continuous eigenfunctions. The non-integrable singular-
ities associated with the extra stress perturbations for these modes will prevent numerical
schemes to resolve these eigenfunctions. Still, convergence of spectral methods towards the
true singular spectrum is observed although linear (at best) with increasing spatial reso-
lution An important question is now, how the approximation of the continuous spectrum
converges towards the singular point of the ODE. The behavior of our model as compared
to the UCM model is shown in figure 3.7 for (We, κ) = (10.0, 1.0). The left graph shows
the rightmost continuous spectrum and its convergence with increasing spatial resolution.
Notice that for We = 10.0, σr of this continuous set is larger than 1/We. As compared to
the UCM model, the shape of the spectrum has changed from a ‘balloon’ to a single line
segment. The right part of figure 3.7 shows a comparison of the UCM and XPP model for
the error that is contained in the approximation of the M modes that define the continuous
set. Here, we have defined a mean error ε̄ as:

ε̄ =
1

M

M∑
i=1

|εi| ,
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Figure 3.7: Rightmost set of continuous modes (left) for different polynomial orders at
(We, κ) = (10.0, 1.0). The singular point (s0) for this spectrum is located at
s0 = −0.08303. Computed error (as a measure for ‘ballooning’) contained
in the approximation of the rightmost continuous spectrum as a function of
polynomial order N (right). There is no reason to use a logarithmic scale for ε̄
other than to show the large difference of convergence towards the continuous
spectra.

with εi the error of the real parts of the continuous eigenmodes of the rightmost spectrum.
Fortunately, the XPP model behaves much better in terms of capturing the continuous
spectra and we expect this behavior to extend to the 2D FEM computations.

Since the stability of the Couette flow is now fully determined by the rightmost part
of the continuous spectrum, the maximum growth rate does not depend on the imposed
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Figure 3.8: Applied flow domain, in- and outflow are periodic (left). Grids are equidis-
tant with Nx elements in the streamwise direction and Ny in the cross stream-
wise direction. Also, temporal evolution of Lδ

2 for Couette flow and different
streamwise discretizations Ny = 10, L=5H, We = 25 and ∆t = 0.1 (right).



Stability Analysis of Polymer Shear Flows Using the XPP Constitutive Equations 59

0.0 0.1 0.2 0.3
−0.20

−0.15

−0.10

−0.05

0.00

1
We
____

σ r
,σ̂

 GEVP
 FEM

0 0.5 1 1.5
−0.05

−0.04

−0.03

−0.02

−0.01

0.00

∆y

∆x
___

σ̂
 Ny=10
 Ny=15
 Ny=20
 Ny=30

Figure 3.9: Computed growth rates using FEM at We = 25 for different cross streamwise
discretizations and aspect ratios (left). The filled symbols represent a long
mesh L=5H whereas the open symbols represent a short mesh L=H. Growth
rates as a function of Weissenberg number are plotted in the right graph.
Both computed with the 1D Eigenvalue analysis as well as the finite element
algorithm.

wavelength. For the finite element linear stability analysis this means that the computed
rate of decay of the L2-norm of the disturbance (Lδ

2) should not be a function of the
finite element mesh (figure 3.8, left). In other words, whatever the perturbation that
can be accommodated by the spatial discretization, the decay rate should be constant.
Considering the fact that we cannot resolve the non-integrable eigenfunction, we still would
like to be able to approximate the largest growth rate of a random perturbation. Following
the work of Keiller (1992) who derived a condition on the element aspect ratio (rather than
the absolute resolution) to reduce the error resulting from the singular eigenspectrum, we
expect the rate of decay of Lδ

2 to be dependent on the aspect ratio as well as the amount
of ‘ballooning’ as indicated in figure 3.7. A similar dependence on the element aspect ratio
has been suggested by Smith et al. (2000) for the Oldroyd-B model. Following from the
spatial structure of the Gorodtsov-Leonov modes, the boundary layer can only be resolved
accurately for element aspect ratios below some critical value. However, our problem is
dominated by the continuous modes except maybe at points where discrete modes are
branching off the rightmost spectrum (figure 3.6).

Figure 3.8 (right) shows some results for meshes with different aspect ratios. Con-
verged results are obtained for grids that are stretched in the streamwise direction. From
this graph, estimations of the maximum growth rates σ̂ can be obtained. For a number
of different cross streamwise discretizations and aspect ratios, estimated growth rates are
plotted in the figure 3.9 (left). We have used meshes with different lengths in the main
flow direction in order to be able to capture different wavelengths. However, given the
rightmost continuous spectrum, both the long and short channel should yield similar re-
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Figure 3.10: Steady Poiseuille flow for We = 5. Mean flow v̄ = Q/H = 1 and ∂p/∂x =
0.356.

sults. Figure 3.9 (right) shows that similar results are obtained for the maximum growth
of small disturbances using both numerical schemes. Also, no instability was found for the
range of Weissenberg numbers investigated.

3.4.3 Poiseuille flow of an XPP fluid

For the Poiseuille flow of the XPP model, the Weissenberg number is defined as:

We =
2λbQ

H2 . (3.31)

based on the imposed flow rate Q and a characteristic length scale equal to half the channel
width H/2. In order to generate similar conditions for the base flows of both numerical
methods, we use the Lagrange multiplier from equation (3.27) to impose the non homoge-
neous boundary condition for the 1D eigenvalue problem. The base state of the pressure
driven flow of an XPP fluid is plotted in figure 3.10 for We = 5. Notice that this flow has
a maximum local Weissenberg number (λbγ̇) near the walls of about 25.

The full spectrum of a Poiseuille flow at We = 2.0 for different wavenumbers is shown
in figure 3.11. It turns out that the rightmost part of the spectrum is again a branch of
the continuous spectrum. In addition to the continuous spectra there are now four discrete
modes. Two modes moving into the continuous spectrum for κ ≈ 1.0 and the other two
merging to a symmetric and a anti-symmetric mode with similar growth rates and wave
speeds. The structure of the eigenfunctions of these modes are also shown in figure 3.11
(right) for κ = 10.0.

The overall stability results for Poiseuille flow of the XPP model are plotted in the
right graph of figure 3.12. Similar to the results for Couette flow, the flow remains linearly
stable for all Weissenberg numbers investigated. The excellent agreement between both
numerical schemes found for the Couette flow is also obtained for the pressure driven flow.
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shown are the eigenfunctions associated with the discrete modes that con-
verge towards σi = 0 as κ → ∞ (right). Shown here are the eigenfunctions
for κ = 10.0.

Despite of the fact that the local Weissenberg number near the walls is of the same order as
the constant shear flow of figure 3.9, we did not observe the strong influence of the aspect
ratio on the maximum growth rate (figure 3.12, left).

0.0 0.5 1 1.5 2
−0.5

−0.4

−0.3

−0.2

−0.1

0.0

∆y

∆x
___

σ̂

 Ny=10
 Ny=15
 Ny=20
 Ny=25
 Ny=30

0 0.5 1 1.5 2
−1.5

−1.0

−0.5

0

1
We
____

σ r
,σ̂

 GEVP
 FEM

We=5

We=2

Figure 3.12: Computed growth rates at We = 2.0 and We = 5.0 for different cross
streamwise discretizations and aspect ratios. The filled symbols represent
a long mesh L=5H whereas the open symbols represent a short mesh L=H
(left). Computed growth rates as a function of Weissenberg number (right).
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Figure 3.13: Computed eigenspectrum for Couette flow of the XPP model (r = 2, q =
9, α = 0.1) for different wavenumbers κ at We=5 (N = 100).

3.4.4 Second normal stress difference

To study the effect of a nonzero second normal stress difference on the stability properties
of the viscometric shear flows, we can set α �= 0. For multimode models, to describe a real
branched polymer melt, the value of α usually decreases with increasing number of arms
(Verbeeten et al., 2001). Hence the anisotropic behavior of the tube is decreased near the
center of a Pom-Pom molecule. However, for our one-mode model we set α = 0.1 which
generates a moderate second normal stress difference in the shear flows.

For α = 0.1 the full spectrum is shown in figure 3.13. Since the influence of α on the
in-plane dynamics is very limited, it is appropriate to compare this graph with figure 3.6.
There are some similarities and differences that are easily observed. First of all, there are
still three separate branches of the continuous spectrum and the number of discrete modes
remains the same. More importantly, for We = 5 the maximum growth rate is shifted
significantly towards the more stable part of the complex plane.

Figure 3.14 shows the influence of the second normal stress difference on the stability
properties of both shear flows. The solid line represents the maximum growth rates as are
presented in figure 3.9 and figure 3.12. It is clear that the nonzero second normal stress
difference has a strongly stabilizing effect on both the Couette as well as the Poiseuille
flow. For the Couette flow, at very high Weissenberg numbers, the line for α = 0 is crossed
and the flow eventually loses stability. However, this is observed for shear rates where the
validity of a single mode model becomes highly questionable.

3.4.5 Multi-mode simulations

We also illustrate the feasibility of multi-mode simulations. From this it follows that it
does not always have to be the continuous spectrum that determines the most dangerous
eigenmodes. Linear data together with the nonlinear parameters of the XPP model are
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Figure 3.14: Computed growth rates as a function of Weissenberg number for (r = 2, q =
9, α = 0.1), Couette flow (left) and Poiseuille flow (right). Solid lines indi-
cate computed growth rates for α = 0.

shown in table 3.2. Although this is still a fictitious set of material parameters valid for a
limited range of deformation rates, it can be representative for a branched polymer melt
within those rates of deformations.

The full eigenspectrum for this 2-mode fluid for Couette flow is shown in figure 3.15.
The velocity V of the moving wall was taken such that γ̇ = 1 which is well within the
nonlinear region of the model but still far from the excessive shear thinning already shown
in figure 3.2. The most dangerous eigenmodes are now part of the discrete rather than the
continuous eigenspectrum. For this symmetric flow, both eigenmodes remain in front of
the continuous spectrum and move to σi = 0 and σi = −V for κ → ∞. The structure of
the ‘upper’ discrete eigenmode for κ = 2.5 is shown in figure 3.16.

When the 2-mode XPP model is analyzed for Poiseuille flow, the average base flow
velocity is taken as Q/H = 1 which subsequently yields max (γ̇) ≈ 5 near the channel walls.
Linear stability is again dominated by a branch of the continuous spectrum (figure 3.17).
Also, typical parts of the eigenspectra for the separate viscoelastic modes are observed.
However, there is an additional branch around σr ≈ −2.5. A similar branch was also
observed for Couette flow in figure 3.15.

Maxwell XPP

mode η G λb q r α

1 0.3 1.20 0.25 2 3.0 0.0

2 0.7 0.28 2.50 9 2.0 0.0

Table 3.2: Material parameters for a 2-mode XPP model.
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Figure 3.15: Computed eigenspectrum (N = 100) for Couette flow (γ̇) of the 2-mode
XPP fluid. Full spectrum (left) and rightmost part (right).

3.5 Conclusions

The stability characteristics of the recently proposed XPP model have been investigated for
viscometric shear flows using both a 1-dimensional generalized eigenvalue analysis and a 2-
dimensional finite element analysis. Although these numerical methods are fundamentally
different, excellent agreement was found for the maximum growth rates of the flows.

For the relevant range of Weissenberg numbers investigated, the simple shear flows of
the XPP fluid remain stable. Moreover, for a single mode model, the most dangerous part
of the eigenspectrum proved to be a branch of the continuous spectrum. This is not always
necessarily true for multi-mode approximations and discrete modes can move in front of the

τxx τyy

τzz τxy

H

Figure 3.16: Components of a discrete eigenmode. Plotted is the perturbation near the
stationary wall for κ = 2.5 which corresponds to σ = −0.5517 − 0.1684 i.
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Figure 3.17: Computed eigenspectrum (N = 100) for Poiseuille flow (Q/H = 1) of the
2-mode XPP fluid. Full spectrum (left) and rightmost part (right).

continuous spectrum. We also find that the inclusion of a relatively small second normal
stress difference (α = 0.1) has a strongly stabilizing effect on these simple shear flows.
Hence, experimental data of the second normal stress difference may be necessary in order
to be able to accurately capture the stability behavior of polymer melts.

If we compare the results presented in this chapter with the linear stability of other
(commonly used) nonlinear constitutive models, there are some important differences that
can be observed. For instance, Couette flow of the Giesekus and the linear PTT model have
been found linearly stable for these flows on more than one occasion (Lim and Schowalter,
1987; Grillet et al., 2002a). However, the obvious drawback of these models is their inabil-
ity to predict the qualitatively correct behavior of polymer melts in an elongational flow
(i.e. extensional softening at high strain rates)(Larson, 1988). Recent investigation of the
exponential PTT model by Grillet et al. (2002a), which is able to describe these features,
revealed that this model is unstable for planar shear flows. Despite of the close similarity
between the viscometric functions of the exponential PTT model and the XPP model (fig.
3.2) the dynamic response to infinitesimal disturbances of the XPP fluid is very different.

Some care should be taken into account concerning the spatial distribution of the grid
that determines the accuracy of capturing the dominating mode. An obvious disadvan-
tage of the temporal integration of an initially random disturbance is that only the most
dangerous eigenmode is captured rather than (a part of) the full spectrum. This makes
it difficult to discriminate between the various types of eigenmodes. For the dynamic
simulations of the planar Couette flow, we have shown that, for decreasing element aspect
ratio, the maximum growth rate converges towards the true singular point of the governing
ordinary differential equation. With regard to this grid refinement strategy, the important
question is whether this behavior carries over to mixed shear and extensional flows for
which dynamic simulations can be the essential part of the analysis and freedom of mesh-
generation is often limited. Recent analysis of Renardy (2000) revealed that the continuous
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parts of the spectra of UCM fluids in such complex flows (without stagnation points) are
always stable. This was confirmed by Sureshkumar (2000) in a numerical study on the
structure of the eigenspectrum of the linearized viscoelastic operator subjected to steady
state kinematics in shear dominated complex flows. Although, for this journal bearing
flow, increasing the streamwise resolution did show an increasing spread of the balloon of
continuous eigenvalues, increasing the wall normal resolution did not improve this. This
indicates that the challenges posed by dynamic simulations of complex viscoelastic flows
might not be resolved simply by reducing the element aspect ratio. Hence, the issue of
grid refinement is still a the major problem that needs to be addressed when the stability
analysis is extended towards multidimensional flows.

3.A Coefficients for Couette flow

In this appendix the the full fourth order differential equation is presented for the Couette
flow as described in section 3.4.2 (We, r, q, α, κ) = (5.0, 2.0, 9, 0.0, 1.0). This ODE, which
is closely related to the Orr-Sommerfeld equation for Newtonian flows, can be written as:

u′′′′
y + α3(s)u

′′′
y + α2(s)u

′′
y + α1(s)u

′
y + α0(s)uy = 0 , (3.32)

with its complex coefficients αi(s):

α3 =
4.895i((−0.042+0.312i)+s)((−0.042−0.312i)+s)(0.341+s)((0.742+0.037i)+s)((0.742−0.037i)+s)

(0.140+s)((0.377−0.326i)+s)((0.377+0.326i)+s)(0.731+s)(0.737+s)
,

α2 = −13.981(0.234+s)(0.434+s)(0.683+s)(0.609−0.047s+s2 )(0.112+0.571s+s2)(0.614+1.563s+s2)

(0.140+s)(0.409+s)(0.731+s)(0.737+s)2(0.248+0.753s+s2)
2

,

α1 = 4.895((0.742+0.158i)−is)(−3.233+s)((−0.158−0.742i)+s)(0.009+s)((0.390−0.059i)+s) × ...

((0.390+0.059i)+s)(0.516+s)(0.617+s)((0.814−0.051i)+s)((0.814+0.051i)+s)

((0.140+s)(0.409+s)2(0.731+s)(0.737+s)2(0.248+s(0.753+s))2)
,

and

α0 =
12.981(0.507+s)(0.625+s)(0.317+(−0.164+s)s)(0.154+s(0.775+s))(2.700+s(1.502+s))(0.657+s(1.618+s))

((0.140+s)(0.409+s)2(0.731+s)(0.737+s)2(0.248+s(0.753+s))2)
.



Chapter 4

Time Dependent Finite Element
Analysis of the Linear Stability of
Viscoelastic Flows with Interfaces∗

abstract

In this chapter we present a new time marching scheme for the time dependent simulation
of viscoelastic flows governed by constitutive equations of differential form. Based on
the ideas of Carvalho and Scriven (1999), a domain perturbation technique is introduced
that can be applied to viscoelastic flows with fluid/fluid interfaces or free surfaces. This
chapter mainly focuses on the development and, consequently, benchmarking of Finite
Element algorithms (FEM) that can efficiently handle the stability problems of complex
viscoelastic flows. Since spurious or non-physical solutions are easily generated for this type
of analysis using Finite Element techniques (FEM), both the new time stepping scheme
and the domain perturbation technique are benchmarked in simple shear flows of Upper
Convected Maxwell (UCM) fluids. Both single and two layer flows are considered for which
the dominating mode and associated growth rate of a perturbation are solutions of the 1-
dimensional Generalized Eigenvalue Problem (GEVP). We show that both the growth rate
and the most dangerous eigenmode of the simple shear flows can be accurately captured
by our transient algorithm.

∗The contents of this chapter is based on Bogaerds et al. (2002c)

67
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4.1 Introduction

Over the past decades, a number of numerical algorithms have been developed in order
to be able to accurately and efficiently compute solutions of viscoelastic flows that exhibit
both shear and elongation (i.e. complex flows). For instance, some of the most success-
ful methods presently available employ the Streamline Upwind Petrov Galerkin (SUPG)
method (Marchal and Crochet, 1987) or the Discontinuous Galerkin (DG) method (Fortin
and Fortin, 1989) to handle the hyperbolic constitutive equation, while lack of ellipticity
of the momentum equations is resolved using the Explicitly Elliptic Momentum Equa-
tion (EEME) formulation of King et al. (1988), the Elastic Viscous Stress Split (EVSS)
formulation (Rajagopalan et al., 1990), or, more recently, Discrete Elastic Viscous Stress
Splitting (DEVSS) (Guénette and Fortin, 1995). An extensive review on these mixed finite
element methods was presented by Baaijens (1998). For the majority of these numerical
techniques, emphasis is laid on the computation of steady state flow solutions. However,
both from a material processing as well as a numerical point of view, simulation and pre-
diction of transient viscoelastic flow phenomena probably represent the most challenging
task of computational rheology today. For instance, the study of the stability of polymer
solutions in complex flows, such as the flow around a cylinder (Sureshkumar et al., 1999;
Smith et al., 2000) or the corrugated channel flow (Sureshkumar, 2001), has gained at-
tention. Besides the study of complex flows of polymer solutions, there is an increasing
interest in the numerical investigation of polymer melt flows that are more relevant to the
polymer processing industry (Ho and Denn, 1977; Lim and Schowalter, 1987; Ganpule and
Khomami, 1999; Grillet et al., 2002b).

The development of numerical tools that are able to handle these dynamic flow phe-
nomena (i.e. the transition from steady to transient flows as dictated by the stability
problem) requires a number of important issues to be addressed properly. First of all,
the constitutive equation that relates the polymer stress to the fluid deformation (and
deformation history) needs to be defined. While most present research focused on the
stability behavior of the Upper Convected Maxwell (UCM) model (e.g., Gorodtsov and
Leonov, 1967; Renardy, 2000; Smith et al., 2000), there has been much less interest on
how the choice of constitutive model affects the predicted stability of a given polymer melt
flow (Ho and Denn, 1977; Larson et al., 1994; Ganpule and Khomami, 1999; Grillet et al.,
2002a; Bogaerds et al., 2002a). This is an important issue when the dynamics of polymer
melt flows are predicted using numerical simulations. In two recent papers (Grillet et al.,
2002a; Bogaerds et al., 2002a) we have shown that this is not a trivial task since generally
accepted models for polymer melts can behave very different in terms of their stability
characteristics.

In this chapter we will address the second issue which involves the development of the
computational techniques. We need to develop a numerical method (i.e. the discretized
problem) that is able to predict the correct dynamics of the viscoelastic operator. In an
earlier paper by Grillet et al. (2002b) we have set it our goal to study the stability behavior
of complex processing flows with particular emphasis on the fountain flow problem as it
occurs during injection molding. In this chapter, the analysis of the stability behavior was
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limited to a fixed computational domain. This means that deformations of the domain
which are the result of perturbations of the fountain flow surface were not included in
the numerical analysis. To further complete the stability analysis of this type of complex
viscoelastic flow, the domain perturbation should be taken into account. Hence, the goal
of this chapter is to develop an efficient numerical method that can to predict the correct
linear dynamics of complex viscoelastic flows with interfaces.

There are some basic requirements that the applied numerical scheme should meet.
First, stable spatial finite element discretizations should be applied for the time-dependent
stability problems. This is illustrated by the fact that numerical approximations that
are not solutions of the continuous problem (i.e. spurious solutions) are easily generated
for different spatial discretization schemes (Brown et al., 1993). Second, in an effort to
model real polymer melts, multimode models require the use of dedicated and efficient time
marching schemes and, finally, the governing set of equations should take the perturbation
of the domain boundaries into account. In the sequel of this chapter, we will develop an
efficient numerical technique for time dependent problems that is suitable for complex flows
with interfaces and benchmark this method for single- and multilayer shear flows for which
the normal mode expansion provides an ‘exact’ solution of the linear stability problem.

4.2 Flows and governing equations

Here, we consider incompressible and isothermal creeping flows of viscoelastic fluids. These
flows can be described by a set of equations which include the conservation of momentum:

∇·σ = �0 , (4.1)

and the conservation of mass:

∇·�u = 0 , (4.2)

with ∇ the gradient operator and �u the velocity field. The Cauchy stress tensor σ is
defined as:

σ = −pI + τ , (4.3)

with isotropic pressure p and extra stress tensor τ . Within the scope of this chapter, a
sufficiently general way to describe the evolution of the extra stress tensor is obtained by
using a single-mode differential form constitutive equation:

λ
∇
τ + f d(τ ) = η(L + LT ) , (4.4)

with relaxation time λ, viscosity η and deformation gradient tensor L = ∇�u T . The upper
convected time derivative of the extra stress tensor is defined as:

∇
τ =

∂τ

∂t
+ �u·∇τ − L·τ − τ ·LT . (4.5)
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Figure 4.1: Planar shear flows, Couette flow (left) is driven by movement of one (or both)
walls. Poiseuille flow (right) is driven by a stream wise pressure gradient. The
distance between the parallel plates is defined as H whereas H1 defines the
position of the interface relative to the bottom plate.

The Upper Convected Maxwell (UCM) model is obtained for f d(τ ) = τ . Other models
are obtained for different functions for f d(τ ) which include, for instance, the Giesekus
model, the Phan-Thien–Tanner (PTT) models (without mixed upper and lower convected
derivatives) and the recently proposed eXtended Pom-Pom (XPP) model of Verbeeten
et al. (2001)

In order to assess the temporal stability characteristics of our operator splitting method
as will be discussed in the next section, we investigate the viscometric shear flows as
depicted in figure 4.1. The planar Couette and the planar Poiseuille flow are considered
for both single fluid systems as well as multilayer systems consisting of two separate fluids.
For these multilayer flows there is an additional equation that governs the deformation
of the fluid/fluid interface. Here, we consider the displacement of the interface in normal
direction:

�n · ∂�x

∂t
= �n · �u , (4.6)

where �n denotes the interface normal vector and �x the local position vector of the interface.
Without loss of generality, we limit ourselves to application of the UCM model. It is
important to note that there exist a fairly large amount of literature on the stability
behavior of the UCM model in simple shear flows (see e.g. Gorodtsov and Leonov (1967);
Ho and Denn (1977); Renardy and Renardy (1986); Lee and Finlayson (1986); Wilson et al.
(1999)).

In the remainder of this chapter, the flows have been non-dimensionalized using a
characteristic length scale (H/2) and the mean viscosity of the two fluid layers. The
dimensionless flow strength of the different layers is then expressed by the viscoelastic
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Weissenberg number (We) which is defined as:

Wei =
λiV

H
, (4.7)

for Couette flow and:

Wei =
2λiQ

H2 , (4.8)

for Poiseuille flow with Q the total imposed flow rate and i ∈ {1, 2}. Furthermore, a
dimensionless interface positions is defined by ε = H1/H.

4.3 Computational methods

To capture the temporal stability behavior of the viscoelastic flows, two intrinsically differ-
ent computational methods are considered. A more or less standard 1-dimensional spectral
method is used to generate a Generalized Eigenvalue Problem (GEVP) of the viscomet-
ric flows. This expansion into so called normal modes will serve as an ‘exact’ solution of
the linear stability problems that are presented here. The method that will be developed
and benchmarked against solutions of the eigenvalue problem is a Finite Element Method
(FEM) with temporal evolution based on an operator splitting method (Θ-scheme) in or-
der to efficiently integrate the governing equations in time. Special emphasis is paid to
the flows of superposed fluids where the domains of the separate fluids should be able
to deform as a consequence of disturbances of the fluid/fluid interface. Hence, a domain
perturbation technique in relation with the linear stability characteristics of the bulk flow
will also be discussed. For both the GEVP and the FEM the general approach for the
linear stability analysis is as follows. The analysis requires an expansion of the governing
equations on the computational domain in which only first order terms of the perturbation
variables are retained. Hence, neglecting higher order terms, we may express the physical
variables as the sum of the steady state and perturbed values. For instance, we can write
for the polymeric stress:

τ (�x, t) = τ̃ (�x) + δτ (�x, t) , (4.9)

where τ̃ denotes the steady state value whereas δτ denotes the perturbation value of the
extra stress. In the sequel of this chapter we will omit the δ in front of the perturbation
variables. For instance, τ will denote the perturbed stress.

4.3.1 Spectral eigenvalue analysis

In order to obtain a discrete approximation of the eigenspectrum of the multilayer flows
as depicted in figure 4.1, we discretize the governing variables into coefficients of a trun-
cated Chebyshev expansion up to order N . To yield a complete set of equations we use
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a Chebyshev-Tau method as described in Gottlieb and Orszag (1977) and which has pre-
viously been used in Bogaerds et al. (2002a) for single system shear flows. The stability
behavior is examined by introducing small normal mode perturbations (δ̂) to the base flow:

δ̂(x, y, t) = δ(y)eiκx + σt , (4.10)

where δ̂ are the perturbations of the polymer stress, pressure and the velocity. The per-
turbation of the interface position (ĥ, in the direction normal to the interface) is described
by:

ĥ(x, t) = heiκx + σt , (4.11)

with κ a real wavenumber and σ the complex eigenvalue associated with the eigenmode
(δ(y), h). Substitution of equation (4.10) and (4.11) into the governing equations and re-
taining only first order terms of the perturbation variables yields a complete set of equations
for the bulk flow:

λ
[
(σ + iκũx)τxx − 2ũ′

xτxy + iκ(τ̃ ′
xxuy − 2τ̃xxux) − 2τ̃xyu

′
x

]
+

τxx − 2ηiκux = 0 , (4.12)

λ
[
(σ + iκũx)τyy − 2iκτ̃xyuy

]
+ τyy − 2ηu′

y = 0 , (4.13)

λ
[
(σ + iκũx)τxy − ũ′

xτyy + (τ̃ ′
xy + iκτ̃xx)uy

]
+ τxy − η(ux + iκuy) = 0 , (4.14)

iκ
(
τxx − p

)
+ τ ′

xy = 0 , (4.15)

(
τ ′
yy − p′

)
+ iκτxy = 0 , (4.16)

iκux + u′
y = 0 , (4.17)

and a description for the perturbation of the interface position:

(σ + iκũx)h − uy = 0 . (4.18)

The base flow solution is denoted by the tildes and gradients in the wall normal direction
are denoted by the primes. Both on the confining walls and on the fluid/fluid interface,
boundary conditions need to be imposed. These boundary conditions are the no-slip con-
ditions (ux = uy = 0) on the walls and continuity of interfacial velocity, normal stress
and shear stress on the fluid/fluid interface. The correct linearizations of these boundary
conditions were first defined by Chen (1991) and are continuity of x-velocity:

[[ux]] + [[ũ′
x]]h = 0 , (4.19)
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Figure 4.2: Computed spectrum for Couette flow of two superposed UCM fluids with
(ε, We1, We2) = (0.5, 1.0, 2.0) and N = 100 (see Wilson et al., 1999, figure 9).

continuity of y-velocity:

[[uy]] = 0 , (4.20)

continuity of normal stress:

[[τ ′
xy + iκ(τxx − τyy)]] = 0 , (4.21)

and continuity of shear stress:

iκ[[τ̃xx − τ̃yy]]h − [[τxy]] = 0 , (4.22)

with [[·]] the jump operator over the interface. If the bulk flow perturbation variables
are defined as δ(y) = (ux, uy, p, τxx, τyy, τxy)(y) and the necessary boundary conditions are
imposed, a Generalized Eigenvalue Problem (GEVP) is obtained:

A

[
δ

h

]
= σM

[
δ

h

]
, (4.23)

which is solved using a QZ-algorithm. The Chebyshev-Tau method as applied here, has
shown to produce the correct eigenspectra for several benchmark flows (Grillet et al., 2002a;
Bogaerds et al., 2002a). The computed eigenspectrum for similar flow conditions as those
used by Wilson et al. (1999, figure 9) is shown in figure 4.2. It can be seen that there is
excellent agreement with the spectrum computed by Wilson et al. (1999).
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4.3.2 Finite element analysis

One of the major concerns when the linear stability behavior of viscoelastic flows is investi-
gated by means of temporal integration of the governing equations using a Finite Element
Method (FEM) is the appearance of ‘spurious’ solutions that result from the spatial dis-
cretization of the differential operator. For the 1D-GEVP, these artifacts of the numerical
solution methods are fairly well documented (Renardy and Renardy, 1986; Graham, 1998;
Bogaerds et al., 2002a). However, on complex flows, for which FEM has its practical rele-
vance, the amount of literature is far less extensive (Brown et al., 1993; Szady et al., 1995;
Bogaerds et al., 2000b; Sureshkumar, 2001).

We will first describe our FEM on stationary domains before moving on to domains
that do not need to remain stationary due to the presence of free surfaces or fluid/fluid
interfaces. Hence, if the governing set of linearized equations is considered:

λ
(∂τ

∂t
+ �̃u ·∇τ + �u ·∇τ̃ − ˜̄G·τ − τ · ˜̄GT − Ḡ·τ̃ − τ̃ ·ḠT

)
+

τ − η
(
Ḡ + Ḡ

T
)

= 0 , (4.24)

−∇ ·
(
τ + α (∇�u − Ḡ

T
)
)

+ ∇p = �0 , (4.25)

∇·�u = 0 , (4.26)

Ḡ
T −∇�u = 0 , (4.27)

with Ḡ the auxiliary velocity gradient tensor and α the stabilizing parameter as defined for
the DEVSS method (Guénette and Fortin, 1995). Again, the tildes denote the base flow
variables. In order to obtain an efficient time marching scheme for eqs. (4.24) to (4.27)
we consider an operator splitting method to perform the temporal integration. The major
advantage of operator splitting methods is the decoupling of the viscoelastic operator into
parts which are ‘simpler’ and can be solved more easily than the full problem. Due to the
stiffness of the viscoelastic stability problem as defined above, it is worthwhile to consider a
Θ-scheme to perform the temporal integration (Glowinski, 1991; Glowinski and Pironneau,
1992). Hence, if we write equation (4.24) to (4.27) as:

∂x

∂t
= A(x) = A1(x) + A2(x) , (4.28)

the Θ-scheme is defined following Glowinski and Pironneau (1992):

xn+Θ − xn

Θ∆t
= A1(x

n+Θ) + A2(x
n) , (4.29)

xn+1−Θ − xn+Θ

(1 − 2Θ)∆t
= A1(x

n+Θ) + A2(x
n+1−Θ) , (4.30)
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Figure 4.3: Stability envelope of the Θ-scheme for A1 = βA and A2 = (1 − β)A with µ
the spectrum of A. Regions for stable time integration are indicated by the
arrows for different values of β and it can be seen that for 0.5 ≤ β ≤ 1.0 this
Θ-scheme is unconditionally stable for this special choice of A1 and A2.

xn+1 − xn+1−Θ

Θ∆t
= A1(x

n+1) + A2(x
n+1−Θ) , (4.31)

with time step ∆t and Θ = 1 − 1/
√

2 in order to retain second order accuracy. Formally,
only the constitutive equation and the perturbation equation for the interface contain the
temporal derivatives which implies that the first term of equation (4.28) should be multi-
plied by a diagonal operator with the only non-zero entrees being the ones corresponding
to these equations. The remaining problem is to define the separate operators A1 and A2.
In essence, we like to choose A1 and A2 in such a way that solving equation (4.29) to (4.31)
requires far less computational effort as compared to solving the implicit problem while
the stability envelope of the time integrator remains sufficiently large. If the simplified
problem A1 = βA and A2 = (1 − β)A is considered, the stability envelopes are plotted in
figure 4.3 for different values of β. The arrows point towards the region of the complex
plane for stable time integration. Obviously, setting β = 0 yields only a small portion of
the complex plane whereas 0.5 ≤ β ≤ 1.0 results in a scheme that is unconditionally stable.
Based on the argument that we split the viscoelastic operator into a kinematic problem
and a transport problem for the advection of polymer stress, we can define A1 and A2 from
the approximate location of the governing eigenvalues. For instance, the viscous (Stokes)
problem has eigenvalues which are essentially real and negative. The absolute value has the
tendency to grow very fast with mesh refinement (For a 1-dimensional diffusion problem
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using a low order FEM, max (|µ|) = O(N2) with N the number of grid points) and it is
convenient to define A1 as the kinematic problem for given polymer stress. On the other
hand, the eigenspectrum of the remaining advection operator in the constitutive equation
is located close to the imaginary axis (however not on the imaginary axis due to the intro-
duction of Petrov-Galerkin weighting functions later on) and we define A2 as the transport
of extra stress. We can then define our Θ-scheme (A1 and A2) for the temporal evolution
of polymer stress perturbations as:

A1 = −




λ
(
�u ·∇τ̃ − Ḡ·τ̃ − τ̃ ·ḠT

)
+ τ − η

(
Ḡ + Ḡ

T
)

−∇ ·
(
τ + α (∇�u − Ḡ

T
)
)

+ ∇p

∇·�u

Ḡ
T −∇�u




, (4.32)

and:

A2 = −




λ
(
�̃u ·∇τ − ˜̄G·τ − τ · ˜̄GT)

0

0

0




. (4.33)

Based on the above definitions for A1 and A2, the kinematic (elliptic saddle point) problem
for �u, p, Ḡ is updated implicitly in the first (eq. 4.29) and last (eq. 4.31) step of the Θ-
scheme whereas the transport of polymeric stress is updated explicitly. Conceptually, this
operator splitting is very similar to the Θ-scheme that was developed by Saramito (1995)
and later applied to study the linear dynamics of complex viscoelastic flows by Sureshkumar
et al. (1999) and Smith et al. (2000). The difference being the fact that the term:

λ
(
�u ·∇τ̃ − Ḡ·τ̃ − τ̃ ·ḠT

)
− η

(
Ḡ + Ḡ

T
)

, (4.34)

is now contained within A1 rather than A2. The redefinition of A1 and A2 is motivated
by the fact that the earlier Θ-schemes can only be applied to assess the linear stability
dynamics of viscoelastic flows with a sufficiently large purely Newtonian contribution to
the extra stress. For real polymer melts this generally is an unacceptable modification of
the material description.

Notice that, based on equation (4.32) there is hardly any gain in computational effi-
ciency since the constitutive relation cannot be decoupled from the remaining equations in
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a weighted residual formulation. However, the updated polymeric stress at t = tn+Θ can
be written as:

τ (tn+Θ) = P−1 ·
[ λ

Θ∆t
τ (tn) − F 1

(
�u(tn+Θ), Ḡ(tn+Θ)

)
− F 2

(
τ (tn)

)]
, (4.35)

with:

P =
λ + Θ∆t

Θ∆t
I , (4.36)

for the UCM model. The tensor functionals F 1 and F 2 depend only the kinematics of the
flow at tn+Θ and the polymeric stress at tn:

F 1

(
�u(tn+Θ), Ḡ(tn+Θ)

)
= λ

(
�u ·∇τ̃ − Ḡ·τ̃ − τ̃ ·ḠT

)
− η

(
Ḡ + Ḡ

T
)

, (4.37)

and:

F 2

(
τ (tn)

)
= λ

(
�̃u ·∇τ − ˜̄G·τ − τ · ˜̄GT)

. (4.38)

Substitution of eqs. (4.35) into (4.32) yields a modified momentum equation in which
the only degrees of freedom are the kinematics of the flow at tn+Θ. The kinematics of
the flow and the constitutive relation can then be solved separately. If the finite element
approximation spaces for (�u, τ , p, Ḡ) are defined by (Uh,Th,Ph, Gh ), the complete weak
formulation of our Θ-scheme can be written as follows:

Problem Θ-FEM step 1a: Given the base flow (�̃u, τ̃ , ˜̄G) and τ̂ = τ (tn), find �u ∈ Uh,

p ∈ Ph and Ḡ ∈ Gh at t = tn+Θ such that for all admissible test functions �Φu ∈ Uh, Φp ∈ Ph

and Φ�̇ ∈ Gh,(
∇�Φu

T , P−1 ·
[ λ

Θ∆t
τ̂ − F 1(�u, Ḡ) − F 2(τ̂ )

]
+ α

(
∇�u − Ḡ

T
))

−(
∇·�Φu , p

)
= 0 , (4.39)(

Φp , ∇·�u
)

= 0 , (4.40)

(
Φ�̇ , Ḡ

T −∇�u
)

= 0 , (4.41)

with (. , .) the usual L2-inner product on the (stationary) domain Ω. The kinematics of the
flows are solved separately from the constitutive relation and an update for the polymeric
stress is now readily obtained from:

Problem Θ-FEM step 1b: Given the base flow (�̃u, τ̃ , ˜̄G) and τ̂ = τ (tn), �u = �u(tn+Θ) and
Ḡ = Ḡ(tn+Θ) find τ ∈ Th at t = tn+Θ such that for all admissible test functions Φ� ∈ Th,(

Φ� +
he

|�̃u| �̃u · ∇Φ� , λ
(τ − τ̂

Θ∆t
+ �u · ∇τ̃ + �̃u · ∇τ̂ − ˜̄G·τ̂ − τ̂ · ˜̄GT−

Ḡ·τ̃ − τ̃ ·ḠT
)

+ τ − η
(
Ḡ + Ḡ

T
))

= 0 . (4.42)



78 Chapter 4

The second step involves the solution of the transport problem:

Problem Θ-FEM step 2: Given the base flow (�̃u, τ̃ , ˜̄G) and τ̂ = τ (tn+Θ), �̂u = �u(tn+Θ)

and ˆ̄G = Ḡ(tn+Θ) find τ ∈ Th at t = tn+1−Θ such that for all admissible test functions
Φ� ∈ Th,(

Φ� +
he

|�̃u| �̃u · ∇Φ� , λ
( τ − τ̂

(1 − 2Θ)∆t
+ �̂u · ∇τ̃ + �̃u · ∇τ−

˜̄G·τ − τ · ˜̄GT − ˆ̄G·τ̃ − τ̃ · ˆ̄GT)
+ τ̂ − η

(
ˆ̄G + ˆ̄G

T))
= 0 . (4.43)

The third fractional step (eq. 4.31) corresponds to symmetrization of the Θ-scheme and is
similar to step 1. In the above weak formulation, additional stabilization of the hyperbolic
constitutive equation is obtained by inclusion of SUPG weighting functions (Brooks and
Hughes, 1982) using some characteristic grid size he.

The above decoupling of the constitutive relation from the remaining equations provides
a very efficient time integration technique which is second order accurate for linear stability
problems. The efficiency becomes even more evident when real viscoelastic fluids are
modeled for which the spectrum of relaxation times is approximated by a discrete number
of viscoelastic modes. For simplicity, the procedure is described for the UCM model.
However, if nonlinear models like the PTT, Giesekus or the XPP model are considered as
is common for polymer melts, a generalization of the θ-scheme is readily obtained since
this requires only a redefinition of P in equation (4.36) and P−1 can be evaluated either
analytically or numerically.

A choice remains to be made for the approximation spaces (Uh,Th,Ph, Gh). As is known
from solving Stokes flow problems, velocity and pressure interpolations cannot be chosen
independently and need to satisfy the LBB condition. Likewise, interpolation of velocity
and extra stress has to satisfy a similar compatibility condition. We report calculations
using low order finite elements using similar spatial discretizations as were defined by Brown
et al. (1993) and Szady et al. (1995) (continuous bi-linear interpolation for viscoelastic
stress, pressure and Ḡ and continuous bi-quadratic interpolation for velocity).

Evidently, the set of equations should be supplemented with suitable boundary condi-
tions on parts of the boundary (Γ) of the flow domain. On both walls Dirichlet conditions
are enforced on the velocity to account for the no-slip conditions on the fluid-solid inter-
face. Also, the in- and outflow boundaries of the domain are considered to be periodic
boundaries. The boundary conditions on the fluid/fluid interface and the deformation of
both fluid domains will be described in the next section.

4.3.3 Domain perturbation technique

The Θ-method described in section 4.3.2 is discussed for flows defined on stationary do-
mains. As a consequence the important class of free surface flows and flows with internal
fluid/fluid interfaces cannot be simulated yet. Due to the deformation of the interfaces as a
result of the perturbation of the flow, the computational domain should also be allowed to
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Figure 4.4: Mapping of steady computational domain (Ω0) with free surface (Γ0) and
perturbed domain (Ω, Γ) onto a reference square. The outward normal of the
base flow is defined by �n0.

deform according to the interface perturbation. Hence, next to the perturbation variables
defined previously (�u, τ , p, Ḡ) also the perturbation of the computational domain �x should
be considered. However, the nature of linear stability analysis implies that the distur-
bances are infinitely small and the domain deformation can be localized to the interface.
Hence, in order to account for these disturbances it is not necessary to consider the full
computational domain but rather the part of the domain near the interface. In the sequel,
we will use a domain perturbation technique that was derived by Carvalho and Scriven
(1999) for the prediction of the (Newtonian) ribbing instability observed in deformable roll
coating.

If the base flow domain (Ω0, Γ0) is considered, as schematically depicted in figure 4.4,
and allow the domain to be perturbed into (Ω, Γ), the governing equations are solved on
the perturbed domain. For instance:∫

Ω
(ã + a) dΩ =

∫
ξ, η

(ã + a)J dξdη , (4.44)

in which the tilde denotes the base flow and J the Jacobian of the mapping:

J =
∂(x̃ + x)

∂ξ

∂(ỹ + y)

∂η
− ∂(x̃ + x)

∂η

∂(ỹ + y)

∂ξ
, (4.45)
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Figure 4.5: Definition of Hδ which is zero inside the domain and increases smoothly
towards unity on the interface. For this example,

∫
∂Hδ

∂ξ
dξ = −1 for δ → 0.

which equals approximately:

J ≈ J0 +
(∂x

∂ξ

∂ỹ

∂η
− ∂x

∂η

∂ỹ

∂ξ

)
+
(∂x̃

∂ξ

∂y

∂η
− ∂x̃

∂η

∂y

∂ξ

)
, (4.46)

when only linear terms are retained. Hence, linearization of the right hand side of equation
(4.44) yields:∫

Ω0

ã dΩ +

∫
Ω0

a dΩ +

∫
ξ, η

ã

[(∂x

∂ξ

∂ỹ

∂η
− ∂x

∂η

∂ỹ

∂ξ

)
+
(∂x̃

∂ξ

∂y

∂η
− ∂x̃

∂η

∂y

∂ξ

)]
dξdη . (4.47)

The first term of equation (4.47) corresponds to the base state equations which is zero
whereas the second term is part of the conventional stability equations (eqs. 4.39 to 4.43).
The perturbation of the domain is restricted to the interface by the introduction of the
function Hδ which equals 1 on the interface and vanishes smoothly inside the domain
(figure 4.5). With the definition:

�x = hH0�n0 = hH0
( ∂ỹ

∂Γ0
,− ∂x̃

∂Γ0

)
with H0 = lim

δ→0
Hδ , (4.48)

the domain perturbation is governed by the disturbance of the interface in normal direction
multiplied by H0. Equation (4.47) can now be simplified significantly since the definition
of H0 implies:∫

ξ
H0dξ = 0 and

∫
ξ

∂H0

∂ξ
dξ = ±1 . (4.49)

Effectively, this means that linearization of equation (4.44) now reads:∫
Ω

(ã + a) dΩ ≈
∫
Ω0

a dΩ +

∫
Γ0

ãh dΓ , (4.50)
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and the last integral has been reduced to a boundary integral on the interface with the
addition of the scalar function h (i.e. perturbation in normal direction).

Similar to equation (4.44), we can write:∫
Ω

∂(ã + a)

∂(x̃ + x)
dΩ =

∫
ξ, η

[∂(ã + a)

∂ξ

∂(ỹ + y)

∂η
− ∂(ã + a)

∂η

∂(ỹ + y)

∂ξ

]
dξdη , (4.51)

using the definition of spatial derivatives for isoparametric mappings:

∂a

∂x
=

1

J

[∂a

∂ξ

∂y

∂η
− ∂a

∂η

∂y

∂ξ

]
. (4.52)

Retaining only the first order terms, equation (4.51) now reduces to:∫
Ω

∂(ã + a)

∂(x̃ + x)
dΩ ≈

∫
Ω0

∂ã

∂x̃
dΩ +

∫
Ω0

∂a

∂x̃
dΩ +

∫
Γ0

h
∂x̃

∂Γ

∂ã

∂Γ
dΓ , (4.53)

where the first term of the right-hand-side corresponds to the base flow solution and there-
fore vanishes from the stability equations. The extra contribution due to the perturbation
of the computational domain is again reduced to a boundary integral over the stationary
interface.

In order to arrive at a complete set of stability equations, the governing equations
are expanded using the technique described above. The extra approximation space (Hl)
required for the unknown function h defined on the interface consists of quadratic functions
similar to the original grid. The Θ-scheme for deformable domains is now defined as follows:

Problem Θ-FEM step 1a: Given the base flow (�̃u, τ̃ , ˜̄G) on Ω0, τ̂ = τ (tn) and ĥ = h(tn),
find �u ∈ Uh, p ∈ Ph, Ḡ ∈ Gh and h ∈ Hl at t = tn+Θ such that for all admissible test
functions �Φu ∈ Uh, Φp ∈ Ph, Φ�̇ ∈ Gh and Φh ∈ Hl,{

LHS eq.4.39
}
−
∫
Γ0

∇�Φu

T
: P−1 ·

[
λ
(
ũx

∂x̃

∂Γ
+ ũy

∂ỹ

∂Γ

)∂τ̃

∂Γ
+ L̃

]
h dΓ+∫

Γ0

(∂x̃

∂Γ

∂Φx
u

∂Γ
�ex�ex+

∂ỹ

∂Γ

∂Φy
u

∂Γ
�ey�ey+

∂ỹ

∂Γ

∂Φx
u

∂Γ
�ex�ey+

∂x̃

∂Γ

∂Φy
u

∂Γ
�ey�ex

)
: τ̃h dΓ −∫

Γ0

(∂x̃

∂Γ

∂Φx
u

∂Γ
+

∂ỹ

∂Γ

∂Φy
u

∂Γ

)
p̃h dΓ = 0 , (4.54)

{
LHS eq.4.40

}
+

∫
Γ0

Φp

(∂x̃

∂Γ

∂ũx

∂Γ
+

∂ỹ

∂Γ

∂ũy

∂Γ

)
h dΓ = 0 , (4.55)

∫
Γ0

Φh

[h − ĥ

Θ∆t
+
(
ũx

∂x̃

∂Γ
+ ũy

∂ỹ

∂Γ

)∂h

∂Γ
− �n0 ·�u

]
dΓ = 0 , (4.56)

with LHS the left-hand-sides of the original Θ-equations evaluated on the stationary domain
(Ω0). The Lagrangian residual of the stationary constitutive relation is denoted by L̃ and
defined as:

L̃ = −λ
(

˜̄G·τ̃ + τ̃ · ˜̄GT )
+ τ̃ − η

(
˜̄G + ˜̄G

T )
. (4.57)
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Equation (4.54) to (4.56) are supplemented by equation (4.41) which has no additional
terms under the conditions discussed below. Equation (4.56) is the linearized kinematic
condition on the interface. The weak form of the constitutive equation in step 1b now
reads:

Problem Θ-FEM step 1b: Given the base flow (�̃u, τ̃ , ˜̄G) on Ω0, τ̂ = τ (tn), �u = �u(tn+Θ),
Ḡ = Ḡ(tn+Θ) and h = h(tn+Θ) find τ ∈ Th at t = tn+Θ such that for all admissible test
functions Φ� ∈ Th,

{
LHS eq.4.42

}
+∫

Γ0

(
Φ� +

he

|�̃u| �̃u ·∇Φ�

)
:
[
λ
(
ũx

∂x̃

∂Γ
+ ũy

∂ỹ

∂Γ

)∂τ̃

∂Γ
+ L̃

]
h dΓ = 0 . (4.58)

Notice that in the above formulation, all kinematics including the perturbation of the
interface, are governed by the operator A1.

A solution of the transport problem as defined by equation (4.43) is obtained from:

Problem Θ-FEM step 2: Given the base flow (�̃u, τ̃ , ˜̄G) on Ω0, τ̂ = τ (tn+Θ), �̂u = �u(tn+Θ),
ˆ̄G = Ḡ(tn+Θ) and ĥ = h(tn+Θ), find τ ∈ Th and h ∈ Hl at t = tn+1−Θ such that for all
admissible test functions Φ� ∈ Th and Φh ∈ Hl,

{
LHS eq.4.43

}
+∫

Γ0

(
Φ� +

he

|�̃u| �̃u ·∇Φ�

)
:
[
λ
(
ũx

∂x̃

∂Γ
+ ũy

∂ỹ

∂Γ

)∂τ̃

∂Γ
+ L̃

]
ĥ dΓ = 0 , (4.59)

∫
Γ0

Φh

[ h − ĥ

(1 − 2Θ)∆t
+
(
ũx

∂x̃

∂Γ
+ ũy

∂ỹ

∂Γ

)∂ĥ

∂Γ
− �n0 ·�̂u

]
dΓ = 0 . (4.60)

In the above equations, the line integrals related to the natural boundary conditions
have been omitted. For instance, for free surface flows without capillary forces, the pertur-
bation of the normal and shear stress vanishes. On the other hand, when superposed fluids
are considered, the force balance on the interface requires continuity of the perturbation of
the normal and shear stress which is obtained in a weak sense by omitting these integrals.
The linearized boundary condition that imposes continuity of x-velocity (eq. 4.19) implies
that the velocity perturbations are discontinuous across the interface. In order to simplify
the computations, we restrict ourselves to multilayer flows of fluids with equal viscosity.
In this way the velocity perturbations are continuous across the interface ([[ux]] = 0 since
[[ũ′

x]] = 0) and computations can be performed using continuous velocity fields whereas the
remaining degrees of freedom are discontinuous across the fluid/fluid interface. In general,
the steady state velocity gradient will not be continuous across the fluid/fluid interface
and a jump of the perturbation velocity should be allowed. However, to show the validity
of the finite element technique presented in this chapter, this is not a necessary feature.
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Also notice that the line integrals related to the DEVSS parts of the equations have
been omitted from the governing equations. This can be seen if the weak form of the
Laplace operator is considered:

−
(
�Φu , ∇ · α∇�u

)
=
(
∇�Φu

T
, α∇�u

)
−
∫
Γ

�Φu · (α�n · ∇�u) dΓ , (4.61)

and linearization of the boundary integral introduces gradients of the domain perturbation
normal to the boundary (i.e. ∂h/∂n �= 0). However, we cannot compute normal gradients
of h which is defined only on the interface and it is necessary to define α in such a way that
the linearized boundary integral resulting from (4.61) vanishes. Without loss of generality
we can set α = 0 on the boundary and α = 1 inside the domain (with α increasing
continuously from 0 to 1). It is easily observed that linearization of equation (4.61) with
α = 1 − H0 yields a set of equations that only need to be evaluated on the steady state
domain.

4.4 Results

In this section results are presented for the linear stability problem of shear flows of UCM
fluids. We will first discuss the behavior of the Θ-scheme in single layer flows (i.e. planar
Couette and Poiseuille flows). Next, two-layer flows are considered. The corresponding
eigenspectra that determine the stability of these multilayer flows consist of the spectra of
the bulk flows of the two fluids (similar to the single layer flows) and a number of interfacial
modes (Renardy, 1988; Wilson et al., 1999). For the flows considered here, there is always
an interfacial mode that is the dominating one which is usually well separated from the
remaining parts of the eigenspectra as opposed to single fluid flows. For single layer flows
the most dangerous eigenmodes are often very close to the so-called continuous spectrum of
singular eigenfunctions which is a notorious source for the generation of spurious solutions
of the stability problem (Keiller, 1992).

4.4.1 Single fluid flows

Some typical eigenspectra of shear flows of UCM fluids can be seen in figure 4.6. For the
Couette flow, it was shown by Gorodtsov and Leonov that the eigenspectrum consists of
two discrete wall modes and a so-called continuous spectrum which is associated with a
regular singular point of the governing ordinary differential equation. The leading modes
are the discrete Gorodtsov-Leonov modes with maximum growth rate σr = −1/(2We) for
κ → ∞ and We >> 1. The remaining modes are part of the continuous spectrum which is
defined by the line segment σ = −1/We to σ = −1/We − iκV. Recently, Renardy (2000)
showed that the continuous spectrum remains stable for complex flows of a UCM fluid
without stagnation points and governed by the line segment σr = −1/We.

Figure 4.7 shows the evolution of the L2-norm of a random perturbation of Couette flows
for different lengths of the computational domain (L=H and L=5H). Based on different ideas
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Figure 4.6: Eigenspectrum of Couette flow of a UCM fluid (left) for We = 10.0 and
κ = 1.0 Also, eigenspectrum of Poiseuille flow (right) for We = 1.0 and
κ = 0.4 (see also Wilson et al. (1999): figure 5). The maximum order of the
Chebyshev polynomials is denoted by N .

but leading to a similar criterion, both Smith et al. (2000) and Keiller (1992) recognized
the importance of refinement of the grid aspect ratio next to absolute refinement of the
computational domain. Using a Discontinuous Galerkin (DG) spatial discretization scheme
for the extra stress variables, Smith et al. (2000) discussed the wavenumber dependence of
the structure of the cross streamwise velocity perturbation of the Gorodtsov-Leonov modes
in the wall normal direction. This results in steep boundary layers with decreasing layer
depth as the wavenumber increases. For instance, the boundary layer is shown in figure 4.8
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Figure 4.7: Evolution of the L2-norm of an initially random perturbation of the extra
stress tensor for channel length L=H (left) and L=5H (right). Both grids
are equidistant with aspect ratio r = ∆y/∆x = 1 and 20 elements in cross-
streamwise direction.
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Figure 4.8: Estimates of the growth rates (left) as a function of the Weissenberg number
obtained from the exponential growth in figure 4.7 and from computational
domains that have been refined near the walls in order to be able to cap-
ture the steep boundary layer dictated by the wall modes. Also shown are
the limit lines for the growth of the continuous spectrum (dashed) and the
growth of the Gorodtsov-Leonov modes (solid). The right graph shows the
τxx component of the GL wall mode for the stationary wall at We = 10 and
κ = H/2π.

(right) by means of the τxx component of the GL wall mode for the stationary wall at We =
10 and κ = H/2π. Since finer streamwise discretization allows for higher wavenumbers to
occur, directional refinement can therefore not be performed independently. In other words,
if the steep boundary layers (which depend on the wavelength that is allowed by the grid)
are not resolved accurately, we cannot expect mesh converged estimates of the computed
growth rate. This is clear from figure 4.8 (left) where the estimated growth rates are plotted
for both the grids used in figure 4.7 which are equidistant and grids that were refined near
the walls in order to capture the wall modes. It should be noted that although the results
in figure 4.7 do not yet represent the true dynamics of the UCM model since the mesh still
needs to be refined in order to capture the boundary layer, the estimation of the growth
rate of the Gorodtsov-Leonov modes is underpredicted.

This is in contrast with the findings of Smith et al. (2000) and Bogaerds et al. (2000b)
using Discontinuous Galerkin (DG) interpolation for the extra stress variables where un-
derresolved solutions seem to overpredict the growth of a perturbation of the flow. Stability
of the EVSS-Ḡ/SUPG spatial discretization was first observed by Brown et al. (1993) and
later by Bogaerds et al. (2000b) for the DEVSS-Ḡ/SUPG method using fully implicit tem-
poral integration. Smith et al. (2000) claimed that the instability found using the DG
scheme could be attributed to the fact that DG is less diffusive in a model problem as
compared to Petrov-Galerkin methods. Consequently, there may be less damping of short
wave disturbances which can result in boundary layers that cannot be resolved on the
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Figure 4.9: Evolution of the L2-norm of an initially random perturbation of steady
Poiseuille flow with channel length L=2H (left). Exponential growth for dif-
ferent Weissenberg numbers (right). Also shown are the limit lines for the
growth of the continuous spectrum (dashed) and the growth of the Gorodtsov-
Leonov modes (solid).

actual spatial grid.

An alternative explanation was given by Keiller (1992) who derived a wavelength crite-
rion based on the failure of the numerical approximation to capture the remaining spectrum
(continuous spectrum). It can be seen from figure 4.6 that, for the spectral method, the ap-
proximation of the continuous spectrum converges only linearly due to the singular nature
of the eigenfunctions. In fact, the error contained in the approximation of the continuous
spectrum is almost constant when the product κN is kept constant (Keiller, 1992). Hence,
insufficient cross-streamwise discretization as compared to streamwise discretization can
easily allow the leading mode to be part of the continuous spectrum. From this point of
view, the ability of the chosen spatial discretization (continuous or discontinuous) could
also be a determining factor for the numerical scheme to capture the true flow dynamics.
Whatever the problems are that may arise in a complex stability problems such as these,
we show in figure 4.8 (left) that our method is capable of predicting the dynamics of the
Couette flow up to very high Weissenberg numbers.

Application of the Θ-scheme to Poiseuille flow of the UCM model also results in accurate
results with respect to the long time temporal growth of a perturbation of the flow. Figure
4.9 shows mesh converged results for different values of the Weissenberg number. The
spectrum of Poiseuille flow was already shown in figure 4.6 (right). There is again a
continuous spectrum of singular eigenmodes with real part −1/We. In addition to this
spectrum, there are now 6 discrete eigenmodes (Wilson et al., 1999). In the short wave
limit, the leading modes behave as the Gorodtsov-Leonov wall modes with real parts at
−1/(2We). Figure 4.9 (right) shows estimates of the growth rates obtained with the Θ-
scheme which can be observed to follow the −1/(2We) line.
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4.4.2 Two-layer flows

For the multilayer flows, we first study the Couette flow of two UCM fluids with We1 = 0.1
and We1 = 1.0. Figure 4.10 and figure 4.11 show the eigenspectra for flows with layer
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Figure 4.10: Eigenspectrum of two-layer Couette flow of UCM fluids (left) for
(ε, We1, We2) = (0.60, 0.1, 1.0) and N = 75. The blowup shows the lo-
cus of the leading mode as the wavelength ∆ is varied. The (right) graph
shows the maximum real part of this mode as a function of the imposed
wavelength.
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Figure 4.11: Eigenspectrum of two-layer Couette flow of UCM fluids (left) for
(ε, We1, We2) = (0.25, 0.1, 1.0) and N = 75. The blowup shows the lo-
cus of the leading mode as the wavelength ∆ is varied. The (right) graph
shows the maximum real part of this mode as a function of the imposed
wavelength.
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ε We1 We2 ∆GEVP
m max(σr) ∆FEM

m σ̂ L ∆x

0.60 0.1 1.0 4.5 0.025 3.0 0.018 3.0 0.15

0.60 0.1 1.0 4.5 0.025 4.5 0.023 4.5 0.15

0.60 0.1 1.0 4.5 0.025 4.0 0.021 9.0 0.30

0.25 0.1 1.0 <0.6 0.015 0.6 0.015 2.0 0.08

0.25 0.1 1.0 <0.6 0.015 0.8 0.007 4.0 0.16

Table 4.1: Results for Couette flow of superposed UCM fluids using the GEVP and FEM.
The maximum growth rate of a normal mode (max(σr)) is obtained from figure
4.10 and 4.11 together with the dominant wavelength ∆GEVP

m . Corresponding
finite element calculations have been performed on a computational domain
with length L and spatial resolution in streamwise direction ∆x. Estimates of
the computed growth rate using the FEM are expressed by σ̂ whereas ∆FEM

m

denotes the approximate dominant wavelength after exponential growth at
t = 100.

thickness ratio ε = 0.60 and ε = 0.25. Next to the continuous spectra of the different fluids
and the discrete wall modes (although barely visible there exist one wall mode for each
fluid layer), there are five discrete modes present that can be attributed to the presence of
the fluid/fluid interface. The trajectories of the leading interface modes as a function of
the imposed wavenumber (or wavelength ∆) are also shown in the blowups of the spectra.
If the real parts of the leading mode are plotted against the wavelength (figure 4.10 and
figure 4.11, right) it is apparent that both flows exhibit a shortwave instability with similar
growth rates. This is consistent with the shortwave analysis of Renardy (1988) where this
instability was shown to be independent of the interface position ε. The main difference
between the two flows is the fact that for ε = 0.60 the growth rate exhibits a maximum at
∆ ≈ 4.5 whereas the long time dynamics for ε = 0.25 are fully determined by the shortwave
instability.

In the previous section we have shown that our Θ-method is able to predict the correct
dynamics of shear flows of single layer UCM fluids. The question which we shall address
here is whether we are also able to predict these dynamics for multilayer flows using the
technique described in section 4.3.3. Table 4.1 summarizes results obtained from the GEVP
(figure 4.10 and 4.11) and finite element (FEM) simulations. Depending on the wavelengths
associated with the maximum growth rate computed using the GEVP, a number of different
streamwise lengths (L) have been selected for the FEM computations. It can be seen that
the growth rate is accurately predicted for both values of the relative layer depth.

Figure 4.12 shows computational results obtained from the 1-dimensional eigenvalue
problem for a superposed Poiseuille flow with (ε, We1, We2) = (0.60, 0.1, 1.0). From the
locus of the leading eigenmode in the complex plane, it can be seen that there exist a
wavelength ∆GEVP

m = 1.9 for which the real part of this mode exhibits a maximum. Figure
4.13 shows finite element calculations of the same problem on a computational domain
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Figure 4.12: Eigenspectrum of two-layer Poiseuille flow of UCM fluids (left) for
(ε, We1, We2) = (0.60, 0.1, 1.0) and N = 75. The blowup shows the lo-
cus of the leading mode as the wavelength ∆ is varied. The (right) graph
shows the maximum real part of this mode as a function of the imposed
wavelength.
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Figure 4.13: Evolution of the L2-norm of a perturbation of a two-layer Poiseuille flow
with (ε, We1, We2) = (0.60, 0.1, 1.0) together with the estimate of exponen-
tial growth (left). Also shown are the stress components of the leading
eigenmode at ∆GEVP

m = 1.9 using GEVP (middle) as well as the structure of
the perturbation after exponential growth at t = 100 (right). The length of
the computational domain is L = 2∆GEVP

m .
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Figure 4.14: Eigenspectrum of two-layer Poiseuille flow of UCM fluids (left) for
(ε, We1, We2) = (0.60, 1.0, 2.0) and N = 75. The blowup shows the lo-
cus of the leading mode as the wavelength ∆ is varied. The (right) graph
shows the maximum real part of this mode as a function of the imposed
wavelength.

L = 2∆GEVP
m . With our method, we can accurately predict both the growth rate of a

disturbance as well as the structure of the eigenfunction of the dominant mode.
A similar Poiseuille flow (ε, We1, We2) = (0.60, 1.0, 2.0) has also been investigated. Fig-

ure 4.14 shows the governing spectrum for this flow together with the locus of the leading
mode for varying wavelengths. The wavelength for which the growth rate exhibits a max-
imum has shifted to ∆GEVP

m = 0.7. Results of the dominating mode of the GEVP and the
long time solution of of the FEM are shown in figure 4.15. The computed growth rate after
exponential growth for this flow σ̂ = 0.0154 for a computational domain equal to ∆GEVP

m .
The upper and lower graphs show all components of the perturbation vectors which are
clearly consistent for both computational methods.

4.5 Conclusions

The stability of viscoelastic planar shear flows of single and two-layer superposed UCM
fluids has been investigated. Based on the work of Carvalho and Scriven (1999), we have
developed a numerical technique that is able to efficiently handle stability problems of
viscoelastic flows on complex domains with fluid/gas (free surface) or fluid/fluid interfaces.
Using a generalized eigenvalue analysis of the shear flows, we have benchmarked our new
time marching technique and the handling of the perturbations of the computational do-
main. It was confirmed that our method is capable of accurately predicting exponential
growth of both single and multilayer flows up to considerable values of the Weissenberg
number. In addition, the GEVP does not only provide for the dominant growth rate of
the normal modes, it also provides for the structure of the eigenfunctions associated with
this leading mode. Making use of the fact that, for multilayer flows, the dominant mode
is usually well separated from the remaining part of the eigenspectrum, we were also able
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Figure 4.15: Leading eigenmode for Poiseuille flow using the GEVP for (ε, We1, We2) =
(0.60, 1.0, 2.0) and ∆GEVP

m = 0.7 (upper graph). Structure of the solution of
the perturbation after exponential growth (σ̂ = 0.0154) using the Θ-scheme
with channel length equal to ∆GEVP

m (lower graph).

to predict these eigenfunctions from the solution of the perturbed flow after exponential
temporal growth.
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Chapter 5

Stability Analysis of Injection
Molding Flows∗

abstract

We numerically investigate the stability problem of the injection molding process. It was
indicated by Bulters and Schepens (2000a) and Bulters and Schepens (2000b) that surface
defects of injection molded products may be attributed to a flow instability near the free
surface during the filling stage of the mold. We examine the stability of this flow using
the eXtended Pom-Pom (XPP) constitutive equations. The model allows for controlling
the degree of strain hardening of the fluids without affecting the shear behavior consid-
erably. To study the linear stability characteristics of the injection molding process we
use a transient finite element algorithm that is able to efficiently handle time dependent
viscoelastic flow problems and includes a free surface description to take perturbations of
the computational domain into account. It is shown that the fountain flow, which is a
model flow for the injection molding process, is subject to a viscoelastic instability. If the
various rheologies are compared, we observe that the onset of unstable flow can be delayed
by increasing the degree of strain hardening of the fluid (by increasing the number of arms
in the Pom-Pom model). The most unstable disturbance which is obtained after exponen-
tial growth is a swirling flow near the fountain flow surface which is consistent with the
experimental findings.

∗The contents of this chapter is based on Bogaerds et al. (2002b)

93
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5.1 Introduction

We have investigated the stability of a generic fountain flow as depicted in figure 5.1:right
which is considered as a prototype flow for the injection molding process.

Flow instabilities during injection molding can cause non-uniform surface reflectivity.
This work is limited to the specific surface defects characterized by shiny and dull bands,
roughly perpendicular to the flow direction and alternating on the upper and lower surfaces
(figure 5.2). These defects, referred to as flow marks, tiger stripes or ice lines, have been
observed in a variety of polymer systems including PP (polypropylene) (Bulters and Schep-
ens, 2000b), ASA (acrylonitrile-styrene-acrylate) (Chang, 1994), Ethylene-Propylene block
co-polymers (Monasse et al., 1999) and PC (polycarbonate)/ABS (acrylonitrile butadiene-
styrene) blends (Hobbs, 1996; Hamada and Tsunasawa, 1996). The occurrence of these
defects can limit the use of injection molded parts, especially in unpainted applications
such as car bumpers.

From recent experimental findings it is concluded that the surface defects are the result
of an unstable flow near the free surface similar to that shown in figure 5.3 (Bulters and
Schepens, 2000b; Chang, 1994; Hobbs, 1996; Hamada and Tsunasawa, 1996; Monasse et al.,
1999). These experiments also revealed that the cause of the instabilities is of an elastic
nature. Due to the limited availability of rheological data, there is no clear understanding
of the rheological dependence of the instability, though Chang (1994) found that materials
with a higher recoverable shear strain (SR = N1

2τxy
) had less severe flow mark surface defects.

There can be significant difficulties with incorporating elasticity into simulations of the
free surface flow because of the geometric singularity which exists at the contact point
where the free surface intersects the mold wall as summarized by Shen (1992). Elastic
constitutive equations are known to make geometric singularities more severe (Grillet et al.,
1999; Hinch, 1993). In order to make elastic injection molding simulations tractable, many
researchers have incorporated slip along the wall near the singularity (Sato and Richardson,
1995; Mavridis et al., 1988). Various formulations for the slip condition do not seem to have
a strong effect on the kinematics near the free surface, but all formulations seem to ease
the difficulties associated with the numerical calculations, especially for elastic constitutive

x

y

V
PP

Figure 5.1: Kinematics of fountain flow region: Reference frame of mold (left) and refer-
ence frame of the moving interface (right).
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Top view

Bottom view

Side view

Flow Mark

Figure 5.2: Characteristic pattern for flow mark surface defects.

equations (Mavridis et al., 1986, 1988; Shen, 1992).

In chapter 4 (see also Bogaerds et al. (2002c)), a time marching scheme has been devel-
oped that is able to handle the complex stability problem of viscoelastic flows with non-
steady computational domains which result from perturbed free surfaces or fluid interfaces.
It was shown that this method is able to accurately predict the stability characteristics of
a number of single- and multilayer shear flows of Upper Convected Maxwell (UCM) fluids.
Several studies that set out to develop numerical tools that are able to handle complex
flow geometries have been troubled by the occurrence of steep boundary layers and poorly
resolved continuous spectra (Keiller, 1992; Brown et al., 1993; Sureshkumar et al., 1999;
Smith et al., 2000). From a computational point of view, the UCM model may be suitable
for benchmarking of newly developed numerical methods but it is a rather poor model
to study realistic flows of polymer melts as they have material functions that cannot be
described by the UCM model. The choice of a constitutive relation is not a trivial one. In
chapter 2 and 3 (see also Grillet et al. (2002a) and Bogaerds et al. (2002a)), we have shown
that generally accepted closed form rheological models like the Phan-Thien–Tanner, the
Giesekus and the more recently introduced Pom-Pom model (McLeish and Larson, 1998;
Verbeeten et al., 2001) show completely different linear stability characteristics in simple
shear flows. In order to generate results that are physically meaningful, we need to apply a
constitutive set of equations that is able to capture the dynamics of real viscoelastic melts

Figure 5.3: Unstable flow may cause surface defects.
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in both shear and elongation. For our computations we use the eXtended Pom-Pom (XPP)
model of Verbeeten et al. (2001) because of the ability of the XPP model to accurately
describe full sets of viscometric shear and elongational data of a number of polyethylene
melts and for limited sets of data of two polypropylenes (Swartjes, 2001).

In the sequel of this chapter, we will give a short description of the governing set of
nonlinear equations that describe the flow. A more extensive treatment of the Pom-Pom
and eXtended Pom-Pom (XPP) equations can be found in McLeish and Larson (1998) and
Verbeeten et al. (2001) respectively. The numerical algorithm that is used to study the
stability problem is presented in section 5.3 together with the applied boundary conditions.
Results of the fountain flow problem are presented in section 5.4. In an effort to relate
material properties to the stability characteristics of the flow, we have studied the behavior
of several parameter settings of the XPP model. Also, some of the major problems that
trouble the numerical analysis of the fountain flow problem are discussed.

5.2 Governing equations

We assume incompressible, isothermal and inertia-less flow. In the absence of body forces,
these flows can be described by a reduced equation for conservation of momentum (5.1)
and conservation of mass (5.2):

�∇·σ = �0 , (5.1)

�∇·�u = 0 , (5.2)

with �∇ the gradient operator, and �u the velocity field. The Cauchy stress tensor σ can be
written as:

σ = −pI + τ , (5.3)

with an isotropic pressure p and the extra stress tensor τ . The set of equations is sup-
plemented with the kinematic conditions that describes the temporal evolution of the free
surface:

�n · ∂�x

∂t
= �u · �n , (5.4)

where �x denotes the local position vector describing the free surface and �n the associated
outward normal vector.

In order to obtain a complete set of equations, the extra stress should be related to
the kinematics of the flow. The choice of this constitutive relation will have a major
impact on the results of the stability analysis (Grillet et al., 2002a). Motivated by the
excellent quantitative agreement of the Pom-Pom constitutive predictions and dynamical
experimental data (Inkson et al., 1999; Graham et al., 2001; Verbeeten et al., 2001), we use
the differential form of the XPP model to capture the rheological behavior of the fluid. As
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is customary for most polymeric fluids, the relaxation spectrum is discretized by a discrete
set of M viscoelastic modes:

τ =

M∑
i=1

τ i . (5.5)

For a (branched) polymer melt, this multimode approach introduces a set of equivalent
Pom-Poms each consisting of a backbone and a number of dangling arms.

Verbeeten et al. (2001) have modified the original Pom-Pom model of McLeish and
Larson (1998) and effectively combined the set of governing equations into a single relation
for the extra stress. Furthermore, they were able to extend the model with a second normal
stress difference which is absent in the original Pom-Pom formulation. The eXtended Pom-
Pom (XPP) model is defined by:

∇
τ +

{
1

λb

[α

G
τ ·τ + Fτ + G(F− 1)I

]}
− 2GD = 0 , (5.6)

with
∇
τ the upper convected derivative of the extra stress, F an auxiliary scalar valued

function:

F= 2reν(Λ − 1)
[
1 − 1

Λ

]
+

1

Λ2

[
1 − α tr(τ ·τ )

3G2

]
, (5.7)

and tube stretch (Λ):

Λ =

√
1 +

tr(τ )

3G
. (5.8)

The characteristic time scale for relaxation of the backbone orientation is defined by λb and
relaxation of the tube stretch is controlled by λs whereas the ratio of both relaxation times
is defined as r = λb/λs. The parameter ν in equation (5.7) is taken, based on the ideas
of Blackwell et al. (2000), as ν = 2/q with q the number of dangling arms at both ends
of the backbone. The plateau modulus is represented by G whereas the kinematics of the
flow are governed by fluid velocity �u, velocity gradient L = �∇�u T and rate of deformation
D = (L+LT )/2. The second normal stress difference (N2) is controlled with the additional
parameter α (N2 �= 0 for α �= 0) which amounts to anisotropic relaxation of the backbone
orientation∗. In order to study the influence of the second normal stress difference on the
temporal stability of the flow, α can be varied. However, this is beyond the goal of this
part of the work and for the remainder of this chapter we will assume N2 = 0.

∗Clemeur et al. (2002) showed that for the XPP model and certain parameter sets (non-zero second
normal stress difference), turning points can exist for the steady state viscometric functions
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Figure 5.4: Computational domain for fountain flow. In addition to the solid walls (Γw)
there is a free surface (Γf) with outward normal �nf. The upstream boundary
conditions are imposed on a periodic domain (Γ1

p ,Γ2
p ).

5.3 Numerical simulations

In this section we present the numerical model that is used to determine the linear stability
characteristics of the injection molding process. In general, linear stability analysis requires
an expansion of the governing equations on the computational domain in which only first
order terms of the perturbation variables are retained. Hence, neglecting higher order
terms, we may express the physical variables as the sum of the steady state and perturbed
values. For instance, we can write for the polymeric stress:

τ (�x, t) = τ̃ (�x) + τ ′(�x, t) , (5.9)

where τ̃ denotes the steady state value and τ ′ denotes the perturbation of the extra stress.
Once the steady state values of the unknowns are obtained, the resulting evolution equa-
tions for the perturbation variables are solved as a function of time with initially random
perturbations of the extra stress variables. The transient calculations are continued until
exponential growth (or decay) is obtained for the L2-norm of the perturbation variables or
until the norm of the perturbation has dropped below a threshold value.

The computational domain on which we perform our analysis is presented in figure
5.4. The governing equations for both the steady state and the stability computations are
solved using the stabilized DEVSS-Ḡ/SUPG method (Brooks and Hughes, 1982; Guénette
and Fortin, 1995; Szady et al., 1995). The spatial discretization based on continuous
interpolation for all variables has shown to produce accurate estimates of the stability
problem on several occasions using a fully implicit temporal integration scheme (Brown
et al., 1993; Grillet et al., 2002a; Bogaerds et al., 2002a). Here, we employ an efficient
operator splitting Θ-scheme for the temporal evolution of the perturbed variables. Both
the steady state and the transient weak formulations of the equations are discussed in the
next two sections.

Due to the presence of a free surface (Γf, figure 5.4) during flow, the computational
domain does not remain constant during evolution of an arbitrary disturbance. Hence,
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the next section describes a temporal integration scheme of the weak formulation of the
perturbation equations which is able to take linearized deformations of the free surface into
account. Being one of the first authors who raised the question how the computed flow
stability relates to the imposed boundary conditions, Renardy (2002) showed for the fiber
drawing process that stability (or instability) can be strongly dependent on the type of
boundary conditions that are applied. The issue of the boundary conditions is addressed
in section 5.3.3.

5.3.1 Finite element steady state analysis

Using the DEVSS-Ḡ/SUPG equations, the original three field formulation (�u, τ , p) is trans-
formed into a four field formulation (�u, τ , p, Ḡ) by considering the velocity gradient as an
additional dependent variable. If the finite element approximation spaces for (�u, τ , p, Ḡ)
are defined by (Uh,Th,Ph, Gh), the full set of nonlinear DEVSS-Ḡ equations are defined as:

Problem DEVSS-Ḡ/SUPG: Find �u ∈ Uh, τ ∈ Th, p ∈ Ph and Ḡ ∈ Gh such that for all

admissible test functions �Φu ∈ Uh, Φ� ∈ Th, Φp ∈ Ph and Φ�̇ ∈ Gh,(
Φ� +

he

|�u|�u ·∇Φ� , �u ·∇τ − Ḡ·τ − τ ·ḠT
+

1

λb

[α

G
τ ·τ + Fτ + G(F− 1)I

]
− G

(
Ḡ + Ḡ

T
))

= 0 , (5.10)

(
∇�Φu

T , τ + β
(
∇�u − Ḡ

T
))

−
(
∇·�Φu , p

)
= 0 , (5.11)

(
Φp , ∇·�u

)
= 0 , (5.12)

(
Φ�̇ , Ḡ

T −∇�u
)

= 0 , (5.13)

with β taken as β = λbG and (. , .) the usual L2-inner product on the domain Ω. With
he some characteristic grid size, additional stabilization is obtained by inclusion of SUPG
weighting of the constitutive equation (Brooks and Hughes, 1982). Throughout this chap-
ter, a Newton iteration method to obtain 2-dimensional steady state results.

The shape of the steady state free surface is solved decoupled from the weak formulation
described by equation (5.10) to (5.13). Each iteration therefore consists of a Newton
iteration of (5.10) to (5.13) on a fixed domain (say Ωn−1) after which the position of the
nodal points in the computational domain are updated following a new approximation of
the free surface (Γf). In order to find this new estimate of the free surface, only variations
of the x-position of the nodal points on the fountain flow surface are considered. Since
the computations are performed in a moving reference frame, the steady state position of
the wetting point (wetting line in 3 dimensions) remains fixed with respect to the frame
velocity (V, figure 5.1).
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Figure 5.5: The x-position of the free surface (H(y)) is determined from the local normal
velocity �u · �n.

The n-th iteration of the free surface shape is obtained in the following way. If the
local x-position of the free surface of the n-th iteration is denoted by Hn(y) (figure 5.5),
the steady state formulation of the kinematic condition (eq. (5.4)) can be expressed as:

un
y

∂Hn

∂y
− un

x = 0 , (5.14)

where �un denotes the new velocity approximation on the previous domain (Ωn−1). Since
the wetting point is fixed, Dirichlet boundary conditions (H = constant) are applied
on both mold walls. Obviously, this formulation provides the desired shape of the free
surface except for the stagnation point region where H is undetermined since there, both
velocity components vanish. On the other hand, it can be seen that near both geometrical
singularities, ∂H/∂y approaches ±∞ since only uy vanishes.

In order to resolve the problem associated with the approximate surface near the stag-
nation point, we define an auxiliary equation for Hn. If the new approximate surface
position is found by a displacement in the surface normal direction (figure 5.5) then:

Hn(y0 + ∆y) = Hn−1(y0) +
[
ε(�un · �nn−1)nn−1

x

]
y0

, (5.15)

where nx denotes the x-component of the normal vector and ∆y = ε(�un · �nn−1)nn−1
y . In

general �u · �n will be small and ε denotes an O(H/V) parameter with H a characteristic
length scale. In addition, the first order Taylor expansion for H(y) near y0 is considered:

Hn(y0 + ∆y) = Hn(y0) +

[
∂Hn

∂y

]
y0

∆y , (5.16)

which can be combined with equation 5.15 to yield the expression:

Hn +
∂Hn

∂y
ε(�un · �nn−1)nn−1

y = Hn−1 + ε(�un · �nn−1)nn−1
x . (5.17)

Of course, this expression is not consistent as y approaches the mold walls but, unlike equa-
tion (5.14), it does provide an efficient way to update the free surface near the stagnation
point.
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The complete set of equations that describes the shape of the free surface is defined using
both equation (5.14) and the inconsistent equation (5.17). A common approach to obtain
a solution for this overdetermined system is a so called general least squares minimization
algorithm (Bochev and Gunzburger, 1998). It is easily observed that combining (5.14) and
(5.17) leads to the desired shape of the interface despite of the fact that equation (5.17)
loses validity near the mold walls. This can be seen since the iterative process is aborted
when the L2-norm of the iterative change of the interface position has dropped below some
small value (throughout this chapter ||Hn − Hn−1||Γf

< 10−9) and equation (5.17) only
converges when ||�u · �n||Γf

approaches 0:

||Hn − Hn−1||Γf
= ε

∣∣∣∣
∣∣∣∣ (�u · �n)

[
nx − ∂H

∂y
ny

] ∣∣∣∣
∣∣∣∣
Γf

= ε

∣∣∣∣
∣∣∣∣�u · �n

nx

∣∣∣∣
∣∣∣∣
Γf

< 10−9, (5.18)

since ∂H(y)/∂y = −ny/nx.
The global iterative process is also aborted when both the L2-norms of the iterative

change as well as the residual of the governing equations have dropped below 10−9.

5.3.2 Finite element stability analysis

Time integration of the DEVSS-Ḡ equations is performed using a second order operator
splitting Θ-scheme. Application of the operator splitter provides the basis for efficient
decoupling of the constitutive equations from the remaining generalized Stokes equations.
Details of the Θ-scheme can be found in Glowinski (1991) and Glowinski and Pironneau
(1992). The effectiveness of this approach becomes more evident when real viscoelastic
melts are modeled for which the spectrum of relaxation times is approximated by a discrete
number viscoelastic modes. Based on the work of Carvalho and Scriven (1999), our Θ-
scheme was developed in Bogaerds et al. (2002c) together with a domain perturbation
technique for the analysis of viscoelastic multilayer flows or free surface flows (chapter
4). It is not necessary to consider deformations of the full computational domain due
the fact that only infinitesimal disturbances of the domain in the region of the interface
are considered and it suffices to confine the domain perturbations to the interface or free
surface. Hence, in addition to the usual perturbed variables (perturbed kinematics and
stress), the normal deviation from the steady state interface position was introduced as an
auxiliary perturbed variable to describe the deformation of the computational domain.

Following Carvalho and Scriven (1999) and Bogaerds et al. (2002c), we introduce this
new variable h that describes the perturbation of the steady state free surface. However,
given the impenetrable solid walls, the deformation of the free surface cannot be consis-
tently described by the normal displacements. This is easily observed if we consider the
flow region near the geometric singularities where the normal displacements should be con-
strained. On the other hand, without introduction of (numerical) wall slip, the velocity
perturbation vanishes in the singularity but there is no reason to assume that this also
holds for the surface deformation. Obviously, one of the major difficulties for the fountain
flow analysis is to find a consistent formulation for the free surface deformation. Figure
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Figure 5.6: Computational domain for fountain flow. In addition to the solid walls (Γw)
there is a free surface (Γf) with outward normal �nf. The upstream boundary
conditions are imposed on a periodic domain (Γ1

p ,Γ2
p ).

5.6:left shows the problem that arises from the surface description using normal displace-
ments. We could constrain the normal displacement at the singularities as indicated in the
figure. However, this would suppress a mode of deformation which may be important for
the stability of the flow and, furthermore, we would need to solve a convection dominated
problem with the boundary conditions applied to the ‘downwind’ nodes. As is shown in
figure 5.6:right, a consistent alternative formulation is found by taking into account only
the wall parallel deformation of the free surface.

Here, we will limit ourselves to a short description of the numerical scheme, full details
can be found in chapter 4. The Θ-method allows decoupling of the viscoelastic operator
into parts that are ‘simpler’ which can be solved more easily than the implicit problem.
Hence, if we write the governing linearized equations as:

∂x

∂t
= A(x) = A1(x) + A2(x) , (5.19)

with x the perturbation variables, the Θ-scheme is defined following Glowinski and Piron-
neau (1992):

xn+Θ − xn

Θ∆t
= A1(x

n+Θ) + A2(x
n) , (5.20)

xn+1−Θ − xn+Θ

(1 − 2Θ)∆t
= A1(x

n+Θ) + A2(x
n+1−Θ) , (5.21)

xn+1 − xn+1−Θ

Θ∆t
= A1(x

n+1) + A2(x
n+1−Θ) , (5.22)

with time step ∆t and Θ = 1 − 1/
√

2 in order to retain second order accuracy. Formally,
only the constitutive equation and the perturbation equation for the free surface contain
the temporal derivatives which implies that the left hand side of equation (5.19) should
be multiplied by a diagonal operator with the only non-zero entrees being the ones corre-
sponding to these equations. The remaining problem is the one that defines the separate
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operators A1 and A2. In essence, we like to choose A1 and A2 in such a way that solving
equation (5.20) to (5.22) requires far less computational effort as compared to solving the
implicit problem. It is convenient to define A2 as the advection problem for the extra stress
and A1 as the viscous generalized Stokes problem. With these definitions for A1 and A2

and following Bogaerds et al. (2002c) (chapter 4), the weak formulation of our numerical
scheme reads:

Problem Θ-FEM step 1a: Given the base flow (�̃u, τ̃ , ˜̄G) on Ω0, τ̂ = τ (tn) and ĥ = h(tn),
find �u ∈ Uh, p ∈ Ph, Ḡ ∈ Gh and h ∈ Hl at t = tn+Θ such that for all admissible test
functions �Φu ∈ Uh, Φp ∈ Ph, Φ�̇ ∈ Gh and Φh ∈ Hl,(

∇�Φu
T , P−1 ·

[ 1

Θ∆t
τ̂ − F 1(�u, Ḡ) − F 2(τ̂ )

]
+ β

(
∇�u − Ḡ

T
))

−(
∇·�Φu , p

)
−
∫
Γ0

∇�Φu

T
: P−1 ·

[
ũy

∂τ̃

∂Γ
+

∂ỹ

∂Γ
L̃
]
h dΓ +∫

Γ0

(∂Φy
u

∂Γ
�ey�ey +

∂Φx
u

∂Γ
�ex�ey

)
: τ̃h dΓ −

∫
Γ0

∂Φy
u

∂Γ
p̃h dΓ = 0 , (5.23)

(
Φp , ∇·�u

)
+

∫
Γ0

Φp
∂ũy

∂Γ
h dΓ = 0 , (5.24)

(
Φ�̇ , Ḡ

T −∇�u
)

= 0 , (5.25)

∫
Γ0

[
Φh + le

ũy

|ũy|
∂Φh

∂Γ

][h − ĥ

Θ∆t
+ ũy

∂h

∂y
+ uy

∂h̃

∂y
− ux

]
dΓ = 0 , (5.26)

with the functionals:

F 1

(
�u(t), Ḡ(tn+Θ)

)
= �u ·∇τ̃ − Ḡ·τ̃ − τ̃ ·ḠT − G

(
Ḡ + Ḡ

T
)

, (5.27)

F 2

(
τ (t)

)
= �̃u ·∇τ − ˜̄G·τ − τ · ˜̄GT

, (5.28)

and:

P =
1

Θ∆t
I +

∂F 3(τ )

∂τ

∣∣∣∣
τ=τ̃

, (5.29)

where F 3(τ ) denotes the function between brackets in equation (5.6) while the Jacobian
of this functional (∂F 3/∂τ |τ̃ ) is evaluated around the base flow. The Lagrangian residual
of the stationary constitutive relation is defined as:

L̃ = −
(

˜̄G·τ̃ + τ̃ · ˜̄GT )
+ F 3(τ̃ ) − G

(
˜̄G + ˜̄G

T )
. (5.30)

The additional integrals in equation (5.23) and (5.24) on the steady state free surface (Γ0)
result from the surface deformations of these free surfaces whereas the new surface shape is
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determined from the kinematic equation equation (5.26). For this equation, special weight-
ing functions have been applied in order to produce non-oscillatory results. Upwinding is
performed with the weighting functions:

Φh + ∆y
ũy

|ũy|
∂Φh

∂y
≈ Φh + le

ũy

|ũy|
∂Φh

∂Γ
, (5.31)

where ∆y is some characteristic length in the y-direction of the free surface. Here, we have
used the actual length le of an element on the surface and the derivatives in the direction
of the steady state free surface since ∆y ≈ nxl

e and ∂/∂y ≈ (1/nx)∂/∂Γ.
Using the above approach, the kinematics of the flow at t = tn+Θ are obtained from

(5.23) to (5.26). An update for the polymeric stress is now readily available using these
kinematics:

Problem Θ-FEM step 1b: Given the base flow (�̃u, τ̃ , ˜̄G) on Ω0, τ̂ = τ (tn), �u = �u(tn+Θ),
Ḡ = Ḡ(tn+Θ) and h = h(tn+Θ) find τ ∈ Th at t = tn+Θ such that for all admissible test
functions Φ� ∈ Th,(

Φ� +
he

|�̃u| �̃u ·∇Φ� ,
τ − τ̂

Θ∆t
+ F 1(�u, Ḡ) + F 2(τ̂ ) +

∂F 3

∂τ

∣∣∣∣
τ̃
· τ
)

+∫
Γ0

(
Φ� +

he

|�̃u| �̃u ·∇Φ�

)
:
[
ũy

∂τ̃

∂Γ
+

∂ỹ

∂Γ
L̃
]
h dΓ = 0 . (5.32)

The second step of the Θ-scheme (5.21) involves the transport problem of the polymeric
stress:

Problem Θ-FEM step 2: Given the base flow (�̃u, τ̃ , ˜̄G) on Ω0, τ̂ = τ (tn+Θ), �̂u = �u(tn+Θ),
ˆ̄G = Ḡ(tn+Θ) and ĥ = h(tn+Θ), find τ ∈ Th and h ∈ Hl at t = tn+1−Θ such that for all
admissible test functions Φ� ∈ Th and Φh ∈ Hl,(

Φ� +
he

|�̃u| �̃u ·∇Φ� ,
τ − τ̂

(1 − 2Θ)∆t
+ F 1(�̂u, ˆ̄G) + F 2(τ ) +

∂F 3

∂τ

∣∣∣∣
τ̃
· τ̂
)

+∫
Γ0

(
Φ� +

he

|�̃u| �̃u ·∇Φ�

)
:
[
ũy

∂τ̃

∂Γ
+

∂ỹ

∂Γ
L̃
]
ĥ dΓ = 0 , (5.33)

∫
Γ0

[
Φh + le

ũy

|ũy|
∂Φh

∂Γ

][ h − ĥ

(1 − 2Θ)∆t
+ ũy

∂ĥ

∂y
+ ûy

∂h̃

∂y
− ûx

]
dΓ = 0 . (5.34)

The third fractional step (5.22) corresponds to symmetrization of the Θ-scheme and is
similar to step 1.

A choice remains to be made for the approximation spaces Uh,Th,Ph, Gh and Hl. As is
known from solving Stokes flow problems, velocity and pressure interpolations cannot be
chosen independently and need to satisfy the Babuska-Brezzi condition. Likewise, inter-
polation of velocity and extra stress has to satisfy a similar compatibility condition. We
report calculations using low order finite elements using similar spatial discretizations as
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were defined by Brown et al. (1993) and Szady et al. (1995) (continuous bi-linear interpo-
lation for viscoelastic stress, pressure and Ḡ and continuous bi-quadratic interpolation for
velocity). We have used linear interpolation functions for the free surface deformation h.
Except for the fact that this choice for the approximation space produces non-oscillatory
results for the fountain flow problem, there is not yet a mathematical framework available
that supports this choice.

5.3.3 Boundary conditions

The analysis is performed in a moving reference frame (figure 5.1:right). A consequence
of this approach is that the velocity of both confining walls is prescribed which equals the
opposite of the frame velocity V. In order to retain a constant amount of fluid within the
computational domain, the net flux through the upstream channel should be set to zero.
This can be accomplished using different types of boundary conditions. If we consider
the computational domain as depicted in figure 5.1, we may simply prescribe the velocity
unknowns on the upstream boundary (Γ1

p ). However, there are two basic reasons to reject
this approach. The nonlinear character of the constitutive equations prohibits the use of
Dirichlet boundary conditions to obtain true base flow solutions without prior knowledge of
the steady state solutions of viscometric channel flows. Furthermore, from an experimental
point of view, prescribing local velocity unknowns is very ineffective. Instead, it would be
much more convenient to prescribe a global unknown like, for instance, the total flux
through the channel which can be measured relatively easy.

A more important reason not to apply Dirichlet boundary conditions concerns the linear
stability analysis. For a fiber drawing flow, Renardy (2002) observed a strong dependence
of the computed linear stability on the type of boundary conditions applied. Even for this
relatively ‘simple’ fiber drawing flow it is quite unclear which degrees of freedom should
be prescribed. For our generic fountain flow, using a moving frame of reference, we also
expect a strong dependence on the boundary conditions if Dirichlet boundary conditions
are applied to other boundaries than the two confining walls.

Still, we may regard the upstream region as a planar channel flow. Hence, instead of
specifying the necessary upstream degrees of freedom, we consider a part of the upstream
flow domain to be periodic on which the volumetric flow rate is prescribed. The major
advantage of this approach is that the stability of planar channel flows can be determined
separately. In chapter 3 the stability characteristics of planar channel flows of the XPP
model using both 1-dimensional eigenvalue analyses across the channel gap as well as
periodic finite element analyses have been computed. The disadvantage of this approach
lies in the fact that an internal periodic boundary condition increases the complexity of
the governing equations for both steady state computations and stability analyses. This
will be discussed next.

The volumetric flow rate Q is enforced using a Lagrange multiplier method. If at first
we consider a periodic channel flow (for instance the flow depicted in figure 5.1 without
the downstream fountain flow) with periodicity for all variables except pressure p. Using
the Lagrange multiplier method we need to solve the additional equation on the periodic
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boundary (figure 5.4):∫
Γ2

p

�u · �n dΓ − Q = 0 , (5.35)

which determines the flow rate. As a consequence there is a symmetric addition to the
momentum equation:

Λ

∫
Γ2

p

�Φu · �n dΓ , (5.36)

where Λ denotes the Lagrange multiplier and �n is the outward normal. If the boundary
terms in the weak form of the momentum equations are omitted, it is easily verified that
Λ equals the pressure drop over the periodic channel. The boundary contribution can be
written as:∮

�Φu, σ ·�n dΓ =

∫
Γ1

p +Γ2
p

�Φu, τ ·�n − p�n dΓ = (p1 − p2)

∫
Γ2

p

�Φu · �n dΓ , (5.37)

since �Φu = �0 on Γw, �n1
p = −�n2-

p and τ (Γ1
p ) ·�n1

p+τ (Γ2
p ) ·�n2-

p = 0. Hence, the constant pressure
drop p1 − p2 is represented by the Lagrange multiplier. For the internal periodic boundary
of the fountain flow, this procedure is somewhat more complicated since the sum of the
boundary terms now equals:∮

�Φu, σ ·�n dΓ =

∫
Γ1

p +Γf

�Φu, σ ·�n dΓ . (5.38)

Clearly Γ1
p and Γf are not periodic and the above analysis fails. However, we may write the

right hand side of equation (5.38) as:∫
Γ1

p

�Φu, σ ·�n1
p dΓ +

∫
Γ2

p

�Φu, σ ·�n2-
p dΓ +

∫
Γ2

p

�Φu, σ ·�n2+
p dΓ +

∫
Γf

�Φu, σ ·�nf dΓ . (5.39)

Since Γ2
p is periodic with Γ1

p the sum of the first two terms of equation (5.39) is similar
to equation (5.37). The last term vanishes since we weakly enforce the stress balance
(σ · �n = �0) on the free surface. This leaves only the additional term:∫

Γ2
p

�Φu, (τ − pI) ·�n2+
p dΓ , (5.40)

which should be included in the governing equations together with equation (5.35) and
(5.36). In the sequel of this paper, we will enforce the volumetric flow rate by prescribing
the velocity of the reference frame at the mold walls and simply assume Q = 0 for both
the steady state and stability calculations.
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5.4 Results

The stability of the fountain flow problem is examined using the XPP model. As was
already discussed in section 5.2, α �= 0 falls outside the scope of this chapter and hence,
we assume N2 = 0 for simple shear flows. The structure of the equivalent Pom-Pom is
then fully determined by the nonlinear parameter r (=ratio of relaxation times) and q
(=number of arms). The stability of the flow is studied as a function of the relative elastic
flow strength, i.e. the dimensionless Weissenberg number We which is defined as:

We =
2λbQ

H2 , (5.41)

and is based on the imposed volumetric flow rate Q and a characteristic length scale (half
the channel width H/2).
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Figure 5.7: Steady state viscometric functions a) shear stress – shear rate b) viscosity –
shear rate and c) planar elongational viscosity – extension rate, for different
numbers of arms q and r = 2.
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Mesh 1 Mesh 2 Mesh 3

No. of elements 892 1468 2202

No. of elements on free surface 20 30 40

Total length to wetting point 14H

Length periodic inflow 3.5H

Table 5.1: Characteristics of the grids used for the fountain flow computations.

It is well known that most rheological models based on tube theory can show exces-
sive shear thinning behavior in simple shear flows. This holds for the original Pom-Pom
equations for which the steady state shear stress decreases with increasing shear rate when
λbγ̇ = O(1). However, it also holds for certain combinations of the nonlinear parameters of
the XPP model although, compared with the original Pom-Pom equations, this maximum
is shifted several orders to the right depending on the material parameters.

We use a single mode model to investigate the influence of the rheology of the polymer
melt on the stability behavior of the injection molding process. Therefore, the nonlinear
parameters should be chosen in such a way that the shear stress remains a monotonically
growing function for the shear rates that fall within the range of the investigated flow
situations. In this work we will model differences in polymer melt rheology by variations
of the parameter q. Figure 5.7 shows some of the steady state viscometric functions for
different values of the number of arms attached to the backbone (q = 5, 9, 13) and constant
ratio of relaxation times (r = 2). This choice of parameters has a major impact on the
extensional behavior of the model where extensional hardening is increased significantly
with increasing number of arms. The influence of the viscometric functions in simple shear
is much less severe, although it can be seen that the maximum in the shear stress – shear
rate curve shifts to the left when the number of arms is decreased.

5.4.1 Steady state results

In this section we present computational results of the viscoelastic fountain flows of the
previously described XPP fluids. Table 5.1 and figure 5.8 show the meshes that were used
to analyze both the steady state results as well as the linear stability characteristics. In
the sequel of this section we steady state results are presented that are computed on the
most refined mesh which is shown in figure 5.8.

Starting with an initially circular shape of the free surface and using the technique
described in section 5.3.1 to compute the steady state of the free surface, figure 5.9 shows
the base flow solution of the fountain flow surface for various rheologies and Weissenberg
numbers. In the left graph, one half of the free surface is shown for (r, q) = (2, 9). Com-
paring the shape of the free surface as a function of We, it can be observed that for small
Weissenberg numbers as well as for higher We the shape of the surface is flattened. More-
over, the relative position of the stagnation point on the free surface exhibits a maximum
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Figure 5.8: Finest mesh used for the computations (Mesh 3), full mesh and detail of the
fountain flow region.

for varying We (figure 5.9 (right)). Due to the differences in the rheologies of the XPP
fluids, this maximum shifts considerably to the left for the extensional hardening fluid.

Figure 5.10 shows some base state variables along the steady free surface. Since the
fountain flow surface varies in shape and has therefore variable length, we have scaled the
position on the surface by its total length. The left graph shows the tangential velocity
along the surface. We observe that in the stagnation point where the fluid deformation is
purely extensional, the extension rate is somewhat higher for the strain hardening material.
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Figure 5.9: Shape of the steady state free surface (left) for (r, q) = (2, 9) and various
values of the Weissenberg number. The position of the stagnation point is
located at y = 0. Position of the stagnation point relative to the intersection
with the wall as a function of Weissenberg number (right).
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Figure 5.10: Steady state velocity (left) and the tangential stress τtt (right) on the free
surface for We = 2.5 and various values of the number of arms q. The
position on the free surface is scaled with the total surface length.

Also, from the right graph, a strong build up of the tangential stress (τtt) is seen near the
walls of the mold whereas the tangential stress is relatively constant for a large part of the
free surface. Contour plots for the different rheologies at We = 2.5 are presented in figure
5.11 to 5.13. Although there are only minor differences between these graphs, we observe
that the viscoelastic stress decay more rapidly for q = 5. Due to the increasing shear
thinning behavior of the fluid with q = 5, the streamlines are somewhat more compressed
as compared to the more extensional hardening rheologies.

5.4.2 Stability results

Results of the linear stability analysis of the fountain flows are presented in this section.
Starting with an initially random perturbation of the extra stress tensor, we track the L2-
norm of the perturbed variables in time. Assuming that the most important eigenmodes
are excited in this way, exponential behavior will be obtained when all rapidly decaying
modes have died out. Hence, the norm of the perturbed variables can grow exponentially
in time, in which case we will call the flow unstable, or the norm can decay and the flow will
remain stable for the limit of small perturbations. From the temporal growth (or decay)
of the perturbation norm, the approximate leading growth rate of the flow is determined
which will be larger than zero when the flow is unstable. In addition to an estimate of the
most dangerous growth rate, information is obtained about the structure of the leading
eigenmode from the solution of the perturbed variables after exponential growth.

Figure 5.14 shows the estimated growth rates (σ̂) for the fountain flow simulations.
For the meshes described in table 5.1 and (r, q) = (2, 9) stability results are given in the
left graph. We observe that the results converge with decreasing grid size. It should be
noted though that for all three meshes the grids are relatively coarse in the vicinity of the
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Figure 5.11: Steady state result of the XPP fluid for We = 2.5 and (r, q) = (2, 5).

geometrical singularity. This proved necessary due to the fact that the stability equation
for the perturbation of the free surface is very sensitive to disturbances of the wall normal
velocity close to the wall when ∂h̃/∂y → ∞ (eqs. 5.26 and 5.34). Still, the estimated
growth rates converges towards a single curve. In the sequel of this chapter we will present
results that are computed on mesh 3 (table 5.1).

For the XPP fluid with (r, q) = (2, 9) which corresponds to the moderate strain hard-
ening material, we observe that the flow loses stability at We ≈ 2.8. Similar trends of the
stability curves are plotted in the right graph for the other fluids with (r, q) = (2, 5) and
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Figure 5.12: Steady state result of the XPP fluid for We = 2.5 and (r, q) = (2, 9).

(r, q) = (2, 13) From this figure it is clear that the point of instability is shifted toward
lower Weissenberg numbers when q = 5. Although the steady state computations failed to
converge for We > 2.5 and q = 13, the estimated growth rates are considerably below the
other curves which suggests that the flows may be stabilized when q is increased.

After exponential growth or decay, the characteristic eigenfunction of the flow is ob-
tained. For the unstable flow (r, q) = (2, 5) at We = 2.5 the perturbation velocity vectors
are shown in figure 5.15. It can be seen that this eigenfunction corresponds to a swirling
motion very similar to the unstable flows that were observed by Bulters and Schepens
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Figure 5.13: Steady state result of the XPP fluid for We = 2.5 and (r, q) = (2, 13).

(2000a) and Bulters and Schepens (2000b). The periodic motion that may be expected
from these experiments was not observed during the temporal integration of the disturbance
variables. Instead, the perturbation is either clockwise or counter clockwise depending on
the initial conditions. If the shape of the perturbed free surface is inspected by adding to
the base flow shape an arbitrary constant times the surface perturbation h, we obtain the
upper right graph of figure 5.15. Summarizing the other flow situations (both stable and
unstable), the observed characteristic spatial eigenmode was always similar to the swirling
flow near the fountain flow surface.
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5.5 Conclusions

We have investigated the linear stability of a model injection molding flow by means of
a transient finite element algorithm. This work is an extension of earlier work (Grillet
et al., 2002b) in which we investigated a similar flow on a fixed computational domain
using the Phan-Thien–Tanner model. It is shown that allowing the computational domain
to deform due to perturbations of the flow field is an essential feature for the modeling of
this viscoelastic instability.

The main goal of this work was to investigate the influence of the fluid rheology on the
stability characteristics of the injection molding flows. It was found that a linear instability
sets in at We ≈ 2.8 for (r, q) = (2, 9). Also, the occurrence of instability can be postponed
when the number of arms in the eXtended Pom-Pom model is increased. Although this
has some effect on the shear properties of the different XPP fluids, the major influence of
varying the number of arms can be found in the extensional behavior of the fluids. This
would indicate that the flows might be stabilized by fluids with increased strain hardening.

The structure of the leading eigenmode turns out to be a swirling flow near the fountain
flow surface. This seems to be consistent with the experimental observations of Bulters
and Schepens (2000a) and Bulters and Schepens (2000b).

Some care should be taken into account with regard to the singularities where the free
surface intersects with both mold walls. From an experimental point of view, the work
of Bulters and Schepens (2000a) and Bulters and Schepens (2000b) does not show special
behavior of the flow around these singularities. However, they do impose a number of
numerical difficulties. In this work, all the spatial meshes that have been used are rather
coarse near the singularities and although this seems to be justified by the experiments,
further investigation of the influence of these points on the overall stability might be
necessary.
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Chapter 6

Conclusions & Recommendations

This thesis is a numerical investigation of viscoelastic flow instabilities that may occur
during flows of polymer melts. For industrial applications and processing flows, the most
important questions are: What are the critical flow conditions for the onset of instability?
and: How does this relate to the rheology of the polymer itself? In other words, can the
polymer be modified in such a way that the onset of unstable secondary flow is shifted to
higher Weissenberg numbers (which is equivalent to higher processing rates)?

In order to elucidate these questions and to provide a (numerical) basis for the prediction
and analysis of the stability of complex processing flows, some important issues needed to
be addressed. First of all, in chapter 2 and chapter 3, the influence of the choice for
the constitutive model on the predicted flow stability has been investigated. Second, the
applied numerical algorithm plays an important role in the analysis of viscoelastic flow
instabilities. For instance, it is well known that most numerical methods can produce
approximated solutions that are not solutions of the original continuous problem. This
research focused on the stability problem of the injection molding process. One of the
numerically challenging tasks of this flow is the fact that there is a free surface during the
filling stage of the mold. This free surface cannot remain stationary due to perturbations
of the flow field and therefore, the deformation of the computational domain should be
included in the numerical analysis. These issues were addressed in chapter 4, where the
domain perturbation technique is developed and applied to two-layer flows whereas the
actual analysis of the injection molding flows was performed in chapter 5.

6.1 Conclusions

The stability of a number of constitutive equations of differential form for polymer melts
has been investigated for planar shear flows. In addition to finite element analysis, 1-
dimensional spectral eigenvalue analysis was performed for these flows to confirm that the
stability results were real and not artifacts of the numerical technique. In chapter 2, some
conventional constitutive models have been investigated. Stability results showed that
the exponential Phan-Thien–Tanner model without the Gordon-Schowalter derivative is
unstable for both Couette and Poiseuille flow. The predicted growth rate and the most
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unstable wavenumber are in good agreement for the two, intrinsically different, numerical
methods. The nonlinearity of the Phan-Thien–Tanner constitutive equation introduces
complexity into the eigenspectrum when compared to a UCM fluid. Because the effective
relaxation time depends on the stress, for plane Couette flow the position of the continuous
spectrum is shifted away from the imaginary axis. In Poiseuille flow, the span along the
imaginary axis decreases as the maximum velocity decreases and the spectrum tilts away
from the imaginary axis due to gradients in the effective relaxation time across the channel.

For Couette flow, the most unstable mode is a very long wavelength instability which
interacts simultaneously with both channel walls. In this case the instability occurs at a
very high Weissenberg number where the material is strongly shear thinning. Thus, the
perturbation velocity gradients change the effective viscosity across the channel reinforcing
the initial perturbation. Unfortunately most real polymer melts never reach such a strongly
shear thinning regime (η ≈ γ̇−1) because of their polydispersity, so it is unclear whether the
predicted Couette flow instability could be observed in a laboratory. The Poiseuille flow
instability however, occurs at moderate Weissenberg numbers (for ε = 0.05, Wicrit ≈ 4.3)
well within the region of shear rates where the Phan-Thien–Tanner model can correctly
capture the shear rheology of many polymer melts.

Plane Couette flow of a Giesekus model was found to be stable using a Chebyshev-Tau
spectral method for the range of parameters investigated. However, an instability was
discovered in Poiseuille flow above a critical value of the local Weissenberg number based
on the wall shear rate, Wil,crit ≈ 45 for ε < 0.5.

In chapter 3, the stability of the recently proposed eXtended Pom-Pom (XPP) model
has been investigated for planar shear flows. For the relevant range of Weissenberg numbers
investigated, the simple shear flows of the XPP fluid remain stable. Moreover, for a single
mode model, the most dangerous part of the eigenspectrum proved to be a branch of the
continuous spectrum. It has been shown that this is not always necessarily true for multi-
mode approximations and discrete modes can move in front of the continuous spectrum.
The fact that the XPP fluids do not show signs of the instability in simple shear flows, as
observed for the other non-linear models, in combination with the capability of the Pom-
Pom equations to capture the viscometric data of several polymer melts makes this model
better equipped for the stability analysis of complex polymer melt flows.

In chapter 4, the numerical algorithm that is used for the complex injection molding
flows has been developed and benchmarked in simple shear flows of two superposed Upper
Convected Maxwell (UCM) fluids. A temporal integration technique for the viscoelastic
operator has been proposed that can accurately and efficiently handle the transient vis-
coelastic flow problems and also handle the linear stability problem of deformed spatial
grids due to disturbances of the velocity field. Despite the fact that the stability problem
of shear flows of UCM fluids is difficult to solve (one of the reasons being the singular na-
ture of the continuous eigenfunctions), the method accurately predicted the correct growth
rates for both single- and two-layer flows. Moreover, for the multilayer flows, the predicted
eigenfunctions obtained after exponential growth of a perturbation correspond well with
the ‘exact’ solutions.

The numerical toolbox developed in chapter 4 and the knowledge obtained in chapter
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3 regarding the stability behavior of an XPP fluid in shear flow are combined in chapter 5
where a generic injection molding flow has been investigated using a single mode of the XPP
constitutive equations. The influence of the fluid rheology on the stability characteristics
of the injection molding flows has also been investigated. It was found that a linear
instability sets in at We ≈ 2.5 for (r, q) = (2, 5) and We ≈ 2.8 for (r, q) = (2, 9). Thus,
the occurrence of instability can be postponed when the number of arms in the eXtended
Pom-Pom model is increased. Although this has some effect on the shear properties of the
different XPP fluids, the major influence of varying the number of arms can be found in
the extensional behavior of the fluids. This indicates that the flows might be stabilized by
fluids with increased strain hardening. The structure of the leading eigenmode turns out to
be a swirling flow near the fountain flow surface. This is consistent with the experimental
observations of Bulters and Schepens (2000a) and Bulters and Schepens (2000b).

6.2 Recommendations

In this thesis, a numerical toolbox has been developed that can be used to study the linear
stability behavior of complex viscoelastic flows where a fluid/fluid or fluid/gas interface is
present. This work focuses on the injection molding process but these numerical methods
can also be applied to other processing flows that are troubled by viscoelastic instabili-
ties. However, a specific problem of injection molding flows is the presence of geometric
singularities where the fountain flow surface intersects with the mold walls. Numerically,
this poses problems for both the computation of the steady state solution as well as the
dynamic stability behavior. This is easily seen since the disturbance of the fountain flow
surface is defined in the direction parallel to the mold walls. The spatial derivative of
the free surface position in the wall normal direction will then approach infinity near the
singularities. This results in a formulation where the stability of the flow is sensitive to
variations of the wall normal velocity on the free surface near the walls. Overall, this leads
to a problem that is not very well-posed. In this thesis, this is ‘resolved’ by application of
rather coarse grids near the singularities in order to keep the spatial derivative of the free
surface position in the wall normal direction bounded. Further investigation or even refor-
mulation of the stability problem near the singularities may be necessary to fully elucidate
the influence of these contact points on the overall stability of the flow.

Variation of the nonlinear parameters of the constitutive model allows for the investi-
gation of the influence of the fluid rheology on the onset of secondary flows. However, for
the XPP model (and most other models) the viscometric functions in shear and extension
cannot be controlled independently. This means that it is rather difficult to find a general
criterium for the occurrence of instability. Such a criterium would be desirable if the sus-
ceptibility of polymer melts for the onset of instability needs to be determined beforehand.
This drawback could be resolved by application of multi-mode models as is customary for
real polymer melts. Hence, in order to model real viscoelastic melts and to find a general
criterium for the onset of unstable flow, a next step would be to incorporate multi-mode
models. Closely related to this is the fact that the physical mechanism of the secondary
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flows still needs to be elucidated. The analysis of simple shear flows can be performed by a
so called energy analysis where the different contributions of the perturbed variables to the
energy perturbation is determined over a period of time. For complex flows this analysis
is somewhat more complicated and further investigations are necessary in order to develop
the complex variant of this 1-dimensional energy analysis.

The experiments of Bulters and Schepens (2000a) and Bulters and Schepens (2000b),
but also the preliminary experiments of Rielly and Price (1961), indicate that the steady
injection molding flow breaks down into a time periodic motion. One of the questions that
may be asked is whether this motion is dictated by the linear dynamics (Hopf instability) or
by the nonlinear interactions between the perturbed flow variables. The leading eigenmode
that is computed using the linear stability analysis described in this work did not show the
periodic motion. This means that, depending on the initial conditions for the disturbed
flow, the swirling flow is either clockwise or counter clockwise. Hence, in order to investigate
the time periodic disturbed flow, the full set of nonlinear equations should be taken into
account.

It is well known that comparison between experiments and linear stability analysis often
fails. One of the reasons for this is that linear stability analysis provides the critical flow
conditions above which no stable flow can exist. Therefore, if the instability observed in
the experiments is subcritical, quantitative comparison between the linear stability analysis
and experiments will be difficult. Still, with the numerical toolbox that is developed in
this thesis, the linear stability of flows of real viscoelastic melts can be computed and
irrespective of the nature of the critical point, experimental validation is not only necessary
but essential for the correct modeling and understanding of viscoelastic flow instabilities. In
conclusion, one might pose that the stability analysis of a real polymer melt flow is ‘as good
as’ the rheological model applied. Therefore, modeling of these secondary flow phenomena
is probably one of the most stringent tests of the validity of nonlinear constitutive models.
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Samenvatting

Dit promotieonderzoek behelst de numerieke analyse van viscoelastische instabiliteiten in
complexe stromingen zoals die voor komen in vormgevingsprocessen van polymere pro-
ducten. Het probleem is toegespitst op de verklaring van het optreden van zogenaamde
‘flow marks’ of ‘tiger stripes’ in gespuitgiete producten van, bijvoorbeeld, polypropyleen
en lage dichtheid polyethyleen. Belangrijke vragen zijn: Bij welke procescondities treden
deze stromingsinstabiliteiten op en hoe hangt dit samen met het constitutieve gedrag van de
polymere smelt? en: Wat is de drijvende kracht voor het ontstaan van deze stromingsinsta-
biliteiten? Numerieke methoden vormen de basis voor de stabiliteitsanalyse van complexe
viscoelastische stromingen en kunnen daarmee ook een basis zijn voor de verbetering van
polymere productieprocessen.

Belangrijke aspecten van een stabiliteitsanalyse (in het bijzonder een lineaire stabiliteits-
analyse) van viscoelastische stromingen zijn de juiste keuzes van numeriek algoritme en
het reologisch model. Het is bekend dat lineaire stabiliteitsberekeningen aan dit type
stromingen zeer gevoelig zijn voor niet-fysische, zogenaamde ‘spurious’, modes. Verder is
het van belang dat het constitutief gedrag van de polymeer voldoende nauwkeurig wordt
beschreven door het gekozen model. Naast conventionele niet-lineaire modellen zoals het
Phan-Thien-Tanner (PTT) en Giesekus model is tevens het stabiliteitsgedrag van het eX-
tended Pom-Pom (XPP) model bestudeerd.

Bij het onderzoek aan complexe stromingen wordt de nadruk gelegd op een gestileerde
versie van de fonteinstroming zoals die optreedt in een matrijs tijdens het spuitgieten. Voor
de analyse wordt een Eindige Elementen Methode (EEM) gebruikt die voor de ruimtelijke
discretisatie gebaseerd is op de DEVSS-Ḡ techniek. Uit benchmark problemen, waarvoor
analytische oplossingen voorhanden zijn, blijkt dat de EEM met deze discretizatie het sta-
biliteitsgedrag goed beschrijft. Voor een efficiënte en nauwkeurige tijdsintegratie is een
tweede orde Θ-methode geformuleerd. Introductie van een extra vergelijking die de de-
formatie van het vrije oppervlak (polymeer/lucht interface of flow-front) beschrijft blijkt
essentieel voor een juiste analyse van de stroming. Introductie van deze lokale deformatie
van het vrije oppervlak maakt de numerieke analyse aanzienlijk gecompliceerder. Om deze
reden wordt de hier ontwikkelde numerieke methode eerst getoetst voor afschuifstromingen
van twee gesuperponeerde viscoelastische vloeistoffen waarvoor het ‘exacte’ stabiliteitsge-
drag bekend is.

Voorafgaand aan de analyse van complexe stromingen is het noodzakelijk om het gedrag
van de verschillende modellen in simpele (1-dimensionale) stromingen te bestuderen. Voor
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deze afschuifstromingen (Couette en Poiseuille stromingen) is een gegeneraliseerd eigen-
waardeprobleem opgesteld met behulp van een spectrale Chebyshev-Tau methode. Hoewel
alle getoetste modellen in staat zijn de resultaten van standaardmetingen aan polymere
smelten in afschuiving te beschrijven blijken er grote verschillen te zijn tussen hun dyna-
mische responsies op verstoringen. Hieruit blijkt dat niet alle numerieke algoritmen maar
zeker ook niet alle constitutieve modellen in staat zijn het complexe fysische stabiliteitsge-
drag te beschrijven.

Vanwege de goede resultaten die behaald zijn met het XPP model is er voor gekozen dit
model te gebruiken voor de analyse van het gestileerde spuitgietprobleem. De resultaten
van de numerieke analyse van de fonteinstroming laten zien dat er een kritisch punt is
(We ∼ 3) waarbij de stroming instabiel wordt. Voor het XPP model waarvoor de niet-
lineaire parameter gevarieerd is die het aantal armen aan de polymere ruggengraat beschri-
jft, blijkt dat dit kritische punt naar hogere stromingssnelheden kan worden verschoven
wanneer het aantal armen verhoogd wordt. Dit betekent grofweg dat de ‘extensional hard-
ening’ is toegenomen terwijl de eigenschappen in afschuiving vrijwel constant blijven. De
zogenaamde instabiele eigenfunctie in de buurt van het vloeifront komt kwalitatief overeen
met de stroming die men zou verwachten op basis van de ‘short-shot’ experimenten.
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