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ABSTRACT: Fracture in quasi-brittle material is modelled by the partition-of-unity method. The mate-
rial properties are considered as random fields, after which the randomness of the response is analysed by
means of the geometric reliability method. The variation of the course of the crack upon variation of the
material parameters is taken into account when computing derivatives. The presented theory is applied to a
three-point bending experiment.

1 INTRODUCTION

The failure behaviour of engineering stuctures is sus-
ceptible for imperfections in the material. Each im-
perfection can be a source for micro-crack nucleation.
Subsequent growth and coalescence of these micro-
cracks may eventually lead to a loss of the load-
bearing capacity of the structure. In order to inves-
tigate this onset of failure in structures made of quasi-
brittle materials, all possible cracks need to be mod-
elled individually. In a finite element framework, the
cohesive zone approach is a suitable technique. Here,
a crack is modelled as a discontuity that is inserted in
the finite element mesh by means of special elements,
the interface elements. The opening of these interface
elements is governed by an additional consitutitve re-
lation. The partition of unity method (PUM) enables
to introduce these cohesive zones as discontinuities
in the displacement field that are irrespective of the
underlying mesh and can propagate during the simu-
lation (Belytschko and Black 1999), (Wells and Sluys
2001).
After introduction of the stochastic properties of the
imperfections in the material, the probability of fail-
ure of the specimen can be approximated by the ge-
ometric reliability method. Further to this quantita-
tive result, valuable insight in the failure mechanisms
of a body can be obtained. The geometric reliability
method has been applied previously to finite element
simulation which are based on smeared crack models

(Gutiérrez and De Borst 2004), where the nonlinearity
is restricted to the constitutitive relation only. In a par-
tition of unity implementation, the kinematic relations
are non-linear as well, at least with respect to time.
Numerical techniques to deal with the non-linear con-
stitutive relations used in previous contributions can
be adapted to PUM. Besides, new techniques will be
introduced to deal with the PUM-related sources of
non-linearity.
In this paper we will discuss the implementation of
the reliability method in a cohesive fracture model
based on a partition of unity implementation. After
the problem statement in the next section, section
three will give a short overview of the deterministic
partition of unity method. Section four will briefly
discuss methods to study stochastic properties of a
specimen. Derivatives of the equilibrium solution are
required for this study. In section five their computa-
tion is discussed. Special attention is paid to the fact
that the equilibrium solution of a partition of unity
model also depends on the course of the crack. A vari-
ation of the random variables leads to a change of this
course, which needs to be taken into account for the
proper computation of the derivatives. In section six
the presented method will be applied to a three-point
bending test.
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2 PROBLEM STATEMENT
Each macroscopic crack appearing in the quasi-brittle
material is modelled by means of PUM; an addi-
tional displacement field containing a discontinuity
is introduced. The relation between opening of the
crack vvv and traction over the crack ttt is prescribed
by a traction-separation law. The instant and direction
of propagation are controlled by applying a principal
stress criterion to a non-locally computed stress. The
fracture strength and fracture toughness are random
fields fs(xxx,θ) and Gc(xxx,θ). The response of the me-
chanical problem (uuu,λ ) is examined by selecting a
scalar measure of the response Q(uuu,θ) and requiring
a threshold value Q0. Failure is defined as the proba-
bility that the threshold is violated. The purpose of the
analysis is to compute the probability of failure and to
identify the most probable failure mechanisms.

3 DETERMINISTIC PARTITION OF UNITY
METHOD

The key feature of the partition of unity method is the
enhancement of the regular displacement field by the
addition of a second displacement field that includes
a discontinuity. The fundamentals of this method will
be treated shortly. For a more detailed discussion, see
e.g. (Babuska and Melenk 1997), (Wells and Sluys
2001) and (Remmers et. al. 2003). A generic body Ω

with discontinuity Γ is considered, see Fig. 1. The dis-

Γ

Ω−

Ω+n

t̄

∂Ωt

ū

∂Ω−

∂Ωu

∂Ω+

Figure 1. Generic body Ω containing a discontinuity Γ.
Boundary tractions t̄ and boundary displacements ū are
prescribed at ∂Ωt and ∂Ωu respectively.

continuity splits the body in two subdomains Ω− and
Ω+. The displacement field u is composed of a reg-
ular displacement field û and an additional displace-
ment field ũ, which are both continuous:

u(x, t) = û(x, t)+H (x)ũ(x, t) (1)

with t denoting (quasi-)time and H denoting a Heav-
iside step function:

H (x) =
{

H + = 1 if x ∈ Ω+

H − = 0 if x ∈ Ω− (2)

Assuming a small-strain formulation, the strain field
is found by application of ∇s, which is the symmetric
part of the differential operator:

ε(x, t) = ∇
sû(x, t)+H (x)∇sũ(x, t) (3)

The magnitude of the opening of discontinuity Γ is
defined as:

v = ũ(x, t) if x ∈ Γ (4)

Equilibrium of body Ω, subject to prescribed dis-
placement ū and prescribed tractions λ t̄, see Fig. 1,
can be expressed in a weak form:∫

Ω

(δ û+H δ ũ) · (∇ ·σσσ)dΩ = 0 (5)

with σσσ the Cauchy stress tensor and δ û and δ ũ being
any variational displacement taken of the space of ad-
missible regular and additional displacements respec-
tively. Application of Gauss’ theorem, use of the sym-
metry of the Cauchy stress tensor and use of the trac-
tions at the boundary ∂Ωt and discontinuity Γ yields:∫

Ω

∇
s
δ û : σσσ dΩ+

∫
Ω

H ∇
s
δ ũ : σσσ dΩ+

∫
Γ

δ ũ · tdΓ

=
∫

∂Ωt

δ û ·λ t̄dΓ+
∫

∂Ωt

H δ ũ ·λ t̄dΓ (6)

The equilibrium equations are solved by the finite el-
ement method. It has been shown by (Babuska and
Melenk 1997) that displacement field (1) can be cast
in the following discretised form:

u = Na+H Nb (7)

In this relation vector a contains the regular nodal de-
grees of freedom and vector b contains the additional
nodal degrees of freedom. Matrix N contains the el-
ement shape functions. Differentiation of the shape
functions and their assembly in matrix B yields the
discretised form of the strain field:

ε = Ba+H Bb (8)

The separation of material points at discontinuity Γ is
computed in discretised form by:

vvv = Nb if x ∈ Γ (9)

The variational displacements of eq. (6) being taken
of the same space of admissible displacements as
the true displacements û and ũ, their discretisation is
achieved by the same shape functions as used in equa-
tion (7) and (8). Rewriting the weak formulation (6)
using the discretisations and requiring the result to be
valid for each admissible variation δa and δb yields:

fi
a = λ f̂a ; fi

b = λ f̂b (10)

with:

fi
a =

∫
Ω

BT
σσσ dΩ (11)

2
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f̂a =
∫

Γt

Nt̄dΓ (12)

fi
b =

∫
Ω

H BT
σσσ dΩ+

∫
Γ

NtdΓ (13)

f̂b = f̂b =
∫

Γt

H Nt̄dΓ (14)

With all non-linear constitutive behaviour occuring in
the process zone lumped in the cohesive segment, the
stress at the bulk material is described by a linear elas-
tic stress relation:

σσσ = Cεεε = CBa+H CBb (15)

The traction over the cohesive segment has depen-
dence on the separation v, its deformation history κ

(assumed in this contribution to be, but not limited to,
a scalar) and material parameters w:

t = QT td; td = td(w,κ,v) (16)

with rotation matrix Q transforming the tractions in
the frame of reference of the crack to the global ref-
erence. In this contribution, history parameter κ is as-
sumed to follow Kuhn-Tucker relations:

κ̇ ≥ 0; veq−κ ≤ 0; κ̇(veq−κ) = 0 (17)

with veq an equivalent measure that is a function of
the current separation, veq = veq(v).
The equilibrium equations (10) are solved for by an
incremental-iterative approach. Possible occurence of
snap-back requires the use of a sophisticated control
method. The load steps are controlled by a control
function g with control parameter τ:

g(∆ui,∆λi,∆τi) = 0 (18)

for load step i. For this contribution the dissipation-
controlled method as described in (Verhoosel et. al
2008) has been applied.
A propagation criterion evaluates if and in which di-
rection discontinuity Γ will propagate. In this paper
the principal stress criterion is used; propagation oc-
curs upon surpassing of the fracture strength fs by
the major principal stress. It was observed by (Jirasek
1998) that use of the stress local at the discontinuity
tip leads to unaccurate prediction of the propagation.
It was concluded that a non-local stress σσσnl results
in a well-predicted propagation direction. However,
the instant of propagation is still poorly predicted due
to an underestimation of the tip stress by σσσnl . An
adaptation to this method, determining the moment
of propagation by a local stress criterion, is used by
e.g. (Wells and Sluys 2001). Although it improves
the equilibrium solution compared to a fully non-local
criterion, it still gives an unsatisfactory prediction of

the moment of propagation. In this contribution the
non-local stress criterion has been adapted for better
prediction of the instant of propagation while keep-
ing good prediction of direction of propagation. The
non-local stress is computed by:

σσσnl = σ̃ σ̂σσ (19)

with σ̂σσ a normalised non-locally computed stress σσσ1
and σ̃ the principal stress of an again non-locally, but
with more concentrated weight function, computed
stress σσσ2:

σ̂σσ = σσσ 1/Fmps(σσσ1); σ̃ = Fmps(σσσ2) (20)

with Fmps an operator computing the major princi-
pal stress and the non-local stresses computed by the
convolution integrals on domain Ω:

σσσ1 =
1

vφ1

(σσσ ∗∗∗φ1); σσσ2 =
1

vφ2

(σσσ ∗∗∗φ2) (21)

φ1(ξξξ )=exp
(
−‖ξξξ‖

2l2
nl

)
; φ2(ξξξ )=exp

(
−β‖ξξξ‖

2l2
nl

)
(22)

with lnl the non-local length and β > 1 a concentra-
tion factor. The terms vφ1 , vφ2 are computed by inte-
gration of φ1, resp. φ2 over domain Ω.

4 STOCHASTIC PARTITION OF UNITY
METHOD

The stochastic properties of material parameters, es-
pecially those most influential on the failure process,
are incorporated in the analysis. Since most material
parameters can only be strictly positive, a log-normal
distribution is assumed, see Fig. 2. It is obtained by
taking the well-known Gaussian distribution G(x,θ)
and applying the transformation (Crow and Shimizu
1988):

L(x,θ) = exp(G(x,θ)) (23)

The parameters of the Gaussian distribution, mean
µG and standard deviation σG, are determined from
the target log-normal distribution by:

µG = ln(µL)−
ln

(
1+C 2

L
)

2
; σG =

√
ln

(
1+C 2

L
)

(24)

φ
L

µL L
Figure 2. Probability density function for log-normal dis-
tribution
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with CL the coefficient of variation. The correlation
of the Gaussian field is related to the log-normal field
by:

ρG(xxx1,xxx2) =
ln(1+ρL(xxx1,xxx2)C 2

L )
ln(1+C 2

L )
(25)

In order to carry out stochastic computations, the un-
derlying Gaussian fields are discretised into a set of
uncorrelated standard normal variables sss by means of
a Karhunen-Loeve expansion truncated after M terms,
modelling first-order and second-order stochastic mo-
ments of the random field:

G(xxx,θ) ≈ GM(xxx,sss) = µG(xxx)+
M

∑
i=1

√
λi fi(xxx)si (26)

For computation of the expansion terms, see (Huang
et. al. 2001). The randomness of the material proper-
ties causes the equilibrium solution (u,λ ) to be ran-
dom as well. After selection of a (scalar) objective
Q that is a function of the equilibrium solution, i.e.
Q(u,λ ), this objective can be compared to a thresh-
old Q0. In this contribution the maximum load factor
attained will be selected as objective, i.e. Q = λp and a
threshold Q0 = λ0. With these definitions a limit-state
can be formulated such that Z < 0 denotes failure.
With the load factor as the objective, the limit-state
is formulated as:

Z = λp−λ0 (27)

In stochastic space spanned by s the limit-state defines
the domain of failure by Z < 0. A first-order approxi-
mation of the limit-state surface Z = 0 is obtained by a
(M–1)-dimensional hyperplane. Using that the prob-
ability density function defined on space s is multi-
variate uncorrelated standard normal, domain Z < 0
is best approximated by the half-space bounded by
the hyperplane that is tangent to the limit-state sur-
face Z(s) = 0 and crosses the point sβ closest to the
origin (Ditlevsen and Madsen 1996):

minimise ‖sβ‖ s.t. Z(sβ ) = 0 (28)

This point is called a β -point and the norm of sβ is
denoted by β . In case of a complex shaped limit-state
surface or the occurence of multiple β -points, an ap-
proximation by several hyperplanes can be made, see
Fig. 3. The β -point is located by a search algorithm,
for example the HL-RF algorithm, see (Hasofer and
Lind 1974) and (Rackwitz and Fiessler 1978). For
each iteration the limit-state Z is computed together
with its derivative ∂Z/∂ s, which is computed by:

∂Z
∂ s

=
∂Z

∂ (u,λ )
∂ (u,λ )

∂ s
(29)

Figure 3. Approximation of concave limit-state surface by
three hyperplanes (Gutiérrez and De Borst 1999).

The probability content of the domain bounded by
N hyperplanes is computed by use of the multivari-
ate standard normal cumulative distribution function
(Hohenbichler and Rackwitz 1982):

Pf = 1−ΦN(βββ ,ρρρβ ) (30)

with βββ a vector containing scalars β of each of the
hyperplanes and ρρρ a correlation matrix computed by:

ρρρ i j = ααα
T
i ααα j (31)

with αααk a vector of unit length, normal to the kth tan-
gent plane and pointing towards Z > 0. It must be
noted that the evaluation of eq. (30) can only be per-
formed numerically and becomes computationally ex-
pensive for large N. Bounds as described in (Ditlevsen
1979) and (Ditlevsen and Madsen 1996) can be used
to alleviate the computational burden. The result of
the geometric reliability method gives an approxima-
tion of the probability of failure. When the limit-state
surface is of complex shape, the error of the computed
probability of failure can be significant. An increase
of accuracy is achieved by application of importance
sampling, which uses the found β -points to perform a
Monte-Carlo simulation in an efficient way (Melchers
1999).

5 COMPUTATION OF SENSITIVITIES
For the search-algorithm for β -points, derivatives of
the equilibrium path with respect to random variables
s need to be computed, see eq. (29). For this purpose
the governing equations are differentiated w.r.t. ran-
dom variables s. Differentiation of the set of equations
(10) yields:

∂ fi
a

∂a
∂a
∂ s

+
∂ fi

a
∂b

∂b
∂ s

+
∂ fi

a
∂ s

∣∣∣∣
u

=
∂λ

∂ s
f̂a (32)

∂ fi
b

∂a
∂a
∂ s

+
∂ fi

b
∂b

∂b
∂ s

+
∂ fi

b
∂ s

∣∣∣∣
u

=
∂λ

∂ s
f̂b (33)

The computation of the terms in eq. (32) being sim-
ilar but less complicated as the terms of (33), only

4

1037



those terms of eq. (33) will be elaborated further. In
this equation (∂ fi

b/∂ s)
∣∣
u indicates the differentiation

of fi
b under constant a,b. It is noted that f̂b has no de-

pendency on material parameters. Differentiation of
the control function (18) yields:

∂g
∂ui

∂ui

∂ s
− ∂g

∂ui–1

∂ui–1

∂ s
+ . . . (34)

∂g
∂λi

∂λi

∂ s
− ∂g

∂λi–1

∂λi–1

∂ s
= 0

with u = [a b]T . Derivatives ∂u/∂ s must be solved
such that no violation of the displacement constraints
ū occurs. Elaboration of the last term before the
equal-sign of eq. (33) yields:

∂ fi
b

∂ s

∣∣∣∣
u

=
∫

Γ

NT ∂ t
∂ s

∣∣∣∣
u

dΓ+
∂ fi

b
∂Γ

∂Γ

∂ s
(35)

where a derivative of σσσ does not appear in the equa-
tion because of no explicit dependence of σσσ on s. The
derivative of t is evaluated by differentiation of eq.
(16):

∂ t
∂ s

∣∣∣∣
u

=
∂ t
∂w

∂w
∂ s

+
∂ t
∂κ

∂κ

∂ s

∣∣∣∣
u

(36)

The second term at the right-hand side of the equal
sign is obtained from the discretisation of the ran-
dom fields of material parameters (26). Evaluation of
the product after the plus-sign under the condition of
constant u requires the consideration of Kuhn-Tucker
relations (17). Noting that κ increases together with
equivalent measure veq of u in case of loading, while
κ is constant when no loading occurs, differentiation
under condition of constant u yields:

(
∂κ

∂ sss

∣∣∣∣
u

)i

=


0 if κ̇ > 0(

∂κ

∂ s

)i−1

if κ̇ = 0
(37)

Note that when κ̇ > 0, the increase of κ is accounted
for by derivatives w.r.t. b in eq. (33).
Remaining for elaboration is the last term of (35). The
location of cohesive segment Γ varies under variation
of random variables s. The derivative term takes into
account the contribution to the total derivative of fi

b
due to this variation. For this purpose the spatial loca-
tion of the intersection points of the cohesive segment
and the element boundaries will be considered. See
Fig. 4 for an illustration of these points, denoted by
p j. The cohesive segments are linear within an ele-
ment and have deflections at points p j. This enables
the location of the cohesive segment to be described
by interpolation functions. Considering component k

ppp j+2

ppp j+3
ppp j

ppp j+1

Figure 4. Cohesive segment passing through mesh. Points
p j locate intersection of cohesive segment and element
boundaries.

of the coordinate of a point on the cohesive segment
between points p1 and p2:

xk =
2

∑
j=1

h j(ξ )p jk (38)

The introduction of a formulation that parameterises
the cohesive segment enables the computation of
derivatives of fi

b with respect to points p j:

∂ fi
b

∂ p jk
=

∂

∂ p jk

∫
Ω

H BT
σσσ dΩ+

∂

∂ p jk

∫
Γ

NT tdΓ (39)

The first term after the equal-sign reflects the change
of subdomains Ω− and Ω+. Considering generic body
at Fig. 1, an increase of the y-coordinate of the left-
hand point results in expansion of domain Ωi and
shrink of domain Ω+. The derivative is evaluated by:

∂

∂ p jk

∫
Ω

H BT
σσσ dΩ = (40)

∫
Γ

BT
[
H (−)

σσσ
(−)−H (+)

σσσ
(+)

]
h jnk dΓ

with nk the kth component of the normal of the cohe-
sive segment and σσσ−, σσσ+ are stress σσσ evaluated at
the boundary Γ of subdomain Ω− and Ω+ resp. The
second term of eq. (39) reflects the shift of cohesive
segment Γ itself within the spatial domain, which af-
fects the evaluation of the integrand. Integrands N and
td have explicit dependency on x and via relation (38)
implicit dependency on p jk. Rotation matrix QT and
J = ‖∂x/∂ξ‖ have explicit dependency on p jk. This
turns the considered term into:

∂

∂ p jk

∫
Γ

NT QT td dΓ = (41)

∫
Γ

[
∂NT

∂xk
QT td +NT QT ∂ td

∂xk

]
h j + . . .

NT ∂QT

∂ p jk
td +NT QT td

(
∂J/∂ p jk

J

)
dΓ

5
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where a positive value of
(

∂J/∂ p jk
J

)
indicates increase

of integration domain Γ. The spatial derivative of trac-
tion td , considering (16), is obtained by:

∂ td

∂xk
=


∂ td
∂v

(
∂N
∂xk

b
)
+ ∂ td

∂w
∂w
∂xk

if κ̇>0
∂ td
∂v

(
∂N
∂xk

b
)
+ ∂ td

∂w
∂w
∂xk

+ ∂ td
∂κ

∂κ

∂xk
if κ̇=0

(42)

with history κ at a point on the cohesive segment dif-
ferentiated w.r.t. spatial coordinate xk by:

∂κ

∂xk
=

∂veq

∂v
∂N
∂xk

b∗ (43)

with b∗ the value of vector b at the last step for which
loading at the evaluated point occured.
The derivatives computed w.r.t. points p are used for
the symbolic term ∂ fi

b/∂Γ of eq. (35). The deriva-
tive ∂Γ/∂ s still needs to be computed. The coordi-
nates of points p are dependent on the violation crite-
rion. Besides, PUM prescribes points p to be located
at element boundaries, a condition that must remain
satisfied when computing derivatives of p. Arrows in
Fig. 4 illustrate the allowed direction of derivatives
∂p/∂ s. In this contribution the computation of only
derivatives of points p originating from a propaga-
tion will be presented. Derivatives of points p origi-
nating from a nucleation are determined in a similar,
but more complex way. For simplicity, the moment
of violation τv is assumed to be non-varying. A prop-
agation at tip coordinate xt occurs when the princi-
pal stress of non-local value σσσnl equals the fracture
strength. The direction of propagation is determined
from σσσnl . The derivative of σσσnl is determined by:

∂σσσnl

∂ s
=

∂σσσnl

∂u
∂u
∂ s

+
∂σσσnl

∂xxxt

∂xxxt

∂ s
(44)

Note that derivative of tip coordinate xt is dependent
on the propagation at a previous load step and is there-
fore known when evaluating eq. (44). The derivative
of displacement vector u is also known, since the
propagation at load step i takes place after compu-
tation of the derivatives of the equilibrium solution
at load step i. Term ∂σσσnl/∂u is obtained by differ-
entiation of eq. (19), which amounts to taking spatial
derivatives of the Gaussian weight functions (22). Re-
sult (44) is used to compute the derivative of the direc-
tion of propagation θp, which is normal to the major
principal stress. Denoting the function that gives the
direction of propagation by θp = P(σσσnl), the deriva-
tive of θp is computed by:

∂θp

∂ s
=

∂P

∂σσσnl

∂σσσnl

∂ s
(45)

The computation are concluded by translating deriva-
tives of θp into derivatives ∂ ppp j/∂ s such that these

points remain constrained to the element boundaries.
Expressing points ppp by:

ppp j = xxxt +α jr(θp) (46)

with r a vector pointing in direction θp and α j com-
puted such that point ppp j resides at the element bound-
ary that is intersected by rrr. The derivatives of ppp are
obtained by solving ∂α j/∂ s from the following set
of equations:

∂p j

∂ s
=

∂xv

∂ s
+

∂α j

∂ s
r+α j

∂r
∂θp

∂θp

∂ s
(47)

(∂p j/∂ s,n j) = 0 (48)

with n j the normal to the element boundary at which
point p j resides.
With all terms of eq. (32)–(34) determined, deriva-
tives of the equilibrium path (∂u/∂ s, ∂λ/∂ s) can be
solved for. Note that the matrix containing derivatives
(∂ fi

a/∂a), (∂ fi
a/∂b), (∂ fi

b/∂a) and (∂ fi
b/∂b) has

been decomposed for computation of the determin-
istic solution and can be re-used. Derivatives ∂p/∂ s
are computed at the moment of propagation and after
solving the equilibrium solution and its derivatives.

6 NUMERICAL SIMULATIONS
The presented theory is applied to a three-point bend-
ing test. In Fig. 5 the geometry, constraints and load-
ing conditions are shown. The width w equals 400
mm and height h equals 100 mm. A regular mesh of
101 x 30 four-noded elements is used. The traction-
separation law t(v) from (Wells and Sluys 2001) has
been used. This relation assumes exponential decay
of the normal and shear tractions upon increase of
the normal separation vn. The material has Young’s
modulus E = 35 GPa and Poisson’s ratio ν = 0.15.
The fracture strength fs and fracture toughness Gc are
modelled as random fields with mean µ f = 3.0 respec-
tively µG = 0.1 and coefficient of variation C f = CG
= 0.2. Correlation coefficients have been chosen ρ f =
ρG = 50 mm for both materials.
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Figure 5. Geometry and loading conditions for three-point
bending beam experiment.

The performance of the proposed propagation crite-
rion (19) is evaluated by comparing the solution curve
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Figure 6. Solution curve generated by propagation criterion
as used by (Wells Sluys 2001).
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Figure 7. Solution curve generated by use of propagation
criterion (19).

generated by this criterion with a solution curve gen-
erated by the method as presented in (Wells and Sluys
2001). In Fig. 6 and 7 the results for both methods
are presented. Since the initial linear elastic branch
of the solution curve is not influenced by the propa-
gation criterion, only the non-linear part of the curve
has been shown. Note the increased smoothness of the
curve when using propagation criterion (19).
In Fig. 8 the equilibrium solution has been shown for
an imperfection positioned concentrically (solid line)
and an imperfection of the same size positioned ec-
centrically. The concentrically positioned imperfec-
tion, and subsequent eccentric nucleation, results in
a lower peak load λp. Because of the homogeneity of
the random fields, the occurence of an imperfection
at a concentrical position and at a eccentrical position
are both as likely to occur. The higher susceptibility of
the structure to imperfections positioned close to the
horizontal center position observed in Fig. 8 increases
understanding of the limit-state surface. A reliability
analysis with a threshold for the maximum load fac-
tor λ0 = 62 yields a β -point corresponding with an
imperfection in the random fields of fracture strength
and fracture toughness both positioned concentrically.
The positions of the imperfections correspond with
understanding of the stochastic problem from obser-
vations of Fig. 8. The probability of failure equals Pf
= 1.36 ·10−2.
However, imperfections positioned eccentrically but
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Figure 8. Solution curves for three-point bending test.
Solid line represents imperfection at concentric location.
Dashed line represents imperfection at eccentric location.

close to the horizontal center position also add signif-
icantly to the probability of failure. On basis of these
observations, the domain of failure is expected to be
concave. To capture the probability content of the
domain of failure appropriately, the use of only one
β -point is unsatisfactory. The method as described
by (Guan and Melchers 1997) can be utilised. This
method constructs a piece-wise approximation of the
limit-state surface from n tangent planes:

gi(s) =
∂g
∂ s

∣∣∣∣
s0

(s− s0) = 0 (49)

Subsequently samples s j of stochastic space are taken,
after which functions gi(s) are evaluated at s j in order
to check if sample s j is in the domain bounded by
the piece-wise approximation of the limit-state sur-
face. Future work will incorporate the implementa-
tion of the method developed by (Guan and Melchers
1997) and implementation of Monte-Carlo simulation
for further verification of the numerical results.

7 CONCLUSIVE REMARKS
A first-order reliability analysis is applied to a par-
tition of unity model. The widely used propagation
criterion is adapted with the aim to better predict the
instant of propagation. Increased smoothness of the
solution curve is observed and confirms the intended
improvement.
A method for computation of derivatives, required
for the search algorithm that is part of the reliabil-
ity method, has been developed and incorporates the
variation of the course of the crack upon variation of
the random variables that discretise material proper-
ties. Numerical simulations demonstrate that the char-
acteristic β -point is found and the probability of fail-
ure can be computed. Comparison of this numerical
result with mechanical insight confirms the correct-
ness of the β -point.
Future work will incorporate the multi-tangent plane
method to more accurately compute the probability of
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failure and Monte-Carlo analysis to verify numerical
results.
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