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The problem of the generation of mean magnetic fields by small-scale turbulence within the
framework of electron magnetohydrodynamics~EMHD! is considered. Two EMHD models are

investigated, a two and one-half dimensional (21
2D) model in which the magnetic field has all three

spatial components but, due to a strong external field, depends only on two coordinates, and a fully
three-dimensional~3D! model with an imposed stationary and homogeneous magnetic field. It is

shown that in the case of 21
2D turbulence two possible mechanisms are responsible for the

generation of mean magnetic fields. The first one is similar to thea-effect in the MHD dynamo
problem and is due to a nonzero helicity of the turbulence. The second one is related to the
anisotropy of the turbulence, which can give rise to negative dissipation~resistivity, viscosity! of the
mean field. The influence of electron inertia on the above effects is analyzed. Inertia results in a
qualitative modification of the helicity effects and may lead to a change in sign of the turbulent
viscosity. The criteria for the generation of mean magnetic fields are obtained. In the case of the 3D
model, the generation of large-scale helicons by the small-scale helicon turbulence is studied within
the framework of the adiabatic approximation. A closed set of equations for the evolution of both the
magnetic field of the large-scale helicon and of the generalized action of the small-scale turbulence
is obtained. The criterion for the resonant instability of a large-scale helicon due to its interaction
with small-scale helicon turbulence is obtained. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1645275#

I. INTRODUCTION

In the course of the last two or three decades, extensive
studies of the generation of large-scale structures by small-
scale turbulence have been carried out for several media,
such as conducting, nonconducting fluids, and ferromagnet-
ics ~see, e.g., Ref. 1 and the bibliography therein!. There are
two basic mechanisms on which such a turbulent generation
is based.

The first one is typical forhelical ~i.e., gyrotropic! tur-
bulence and can be called the turbulent dynamo mechanism.
By helical turbulence we mean turbulence with a bro-
ken parity invariance, so that its correlation tensor
^ai

t(x,t)aj
t (x8,t8)& depends on a nonzero net helicity

^at
•curlat&. Here, at is the vector field that describes the

turbulence and the angular brackets denote a statistical aver-
aging over the turbulent ensemble. This helical mechanism is

essentially three-dimensional~or at least 212D) and does not
exist in a purely 2D configuration. From a physical point of
view it is expected that such turbulence will arise in systems
where mirror symmetry is broken due to a variety of causes,
such as the presence of external force fields with pseudovec-
tor properties like a magnetic field or a Coriolis force.

The possibility of the generation of large-scale magnetic
fields in a conducting medium by a helical turbulent velocity
field has been pointed out in the pioneering paper Ref. 2, in
which it was reported that a homogeneous, isotropic turbu-

lent velocity field with nonzero helicity results in the so-
calleda-effect on the mean magnetic field

]^B&
]t

5a curl̂ B&1h¹2^B&, ~1!

whereh}^(vt)2&.0 is the turbulent resistivity~or magnetic
viscosity! and a}^vt

•curlvt& corresponds to helicity. This
a-effect is due to the helicity of the turbulence and leads to
an exponential growth of the large-scale magnetic field^B&,
irrespective of the sign ofa. The sign of the helicity
^B&•curl̂ B& of the mean field is determined by that of the
helicity of the turbulence.

The occurrence of thea-effect in nonconducting fluids,
described by standard hydrodynamical equations, has been
studied in Refs. 3–7.

In the first of these papers Krause and Ru¨diger have
shown that, unlike in the case of a conducting fluid described
by magnetohydrodynamics~MHD!, a homogeneous isotro-
pic incompressible hydrodynamic turbulence with only non-
zero helicity does not result into ana-effect on the mean
velocity. This conclusion is known as theexclusion theorem.
This theorem has been proven in the quasi-linear approxima-
tion which neglects correlation functions of higher than sec-
ond order. In subsequent papers it has been shown that addi-
tional symmetry-breaking physical properties of the system
allow to overcome this exclusion and to release a mechanism
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which makes it possible to pump energy from the helical
turbulence into the large-scale motions of a nonconducting
fluid. Within this context fluid compressibility,4,7 inhomoge-
neous regular flow,5 a gravity force and temperature
gradients,6 and anisotropy of the turbulence8 have been ana-
lyzed. All these additional factors result in the suppression of
small-scale motions in helical turbulence and in the transfer
of energy to larger scales.

A more favorable situation for the generation of large-
scale structures occurs in electron magnetohydrodynamics
~EMHD!, which describes fast, small-scale motions of the
electron fluid in a background of fixed ions. In incompress-
ible EMHD, the displacement current may be neglected and
a direct relationship between the magnetic fieldB and the
fluid velocity exists. It has been shown in Ref. 9 that 3D
homogeneous, isotropic, but helical turbulence results in an
effect on large scales that is similar to thea-effect in MHD.
The basic result we refer to is presented in Ref. 9

]^B&
]t

5curla¹2^B&2m¹4^B&, ~2!

where the turbulent coefficientsa andm are defined by the
helical and isotropic parts of the correlation tensor, respec-
tively. Like in MHD, the isotropic part of the turbulent spec-
trum leads to magnetic field diffusion, while the helicity of
the turbulence results in ana-effect that leads to a spontane-
ous amplification of the mean magnetic field. We will give a
more detailed discussion of~2! in Sec. III and will use it as a
benchmark for other results.

A second mechanism for the generation of large-scale
structures exists that does not involve helicity but is related
with the contributions from the mirror-symmetric parts of the
correlation tensor. In general this contribution results into
turbulent dissipation of the large-scale motions in the form of
viscosity and resistivity~magnetic viscosity!. Under some
conditions the associated diffusion constants can be negative
which means that turbulent energy is pumped into large-scale
perturbations. This mechanism occurs in the case of 2D tur-
bulence which is often characterized by an energy flow to-
wards large scales~inverse energy cascade! and where the
turbulence results into negative viscosity on large-scale mo-
tions. Instabilities due to negative viscosity have been dis-
cussed for several physical problems, see, e.g., Refs. 10–12.
Within the framework of the Navier–Stokes equation, it has
been shown10 that a two-dimensional, time-independent par-
allel periodic flow, a particular example of which is the Kol-
mogorov flow, is unstable with respect to large-scale pertur-
bations transverse to the basic flow. This instability is due to
negative viscosity~see Ref. 10 and references therein!.

In two recent studies11,12 the effect of negative viscosity
on large-scale fields has been analyzed for the Charney–
Hasegawa–Mima equation13,14 and its simplified version—
the geostrophic equation. These equations are the simplest
models used to describe both drift waves in the magnetized
plasma and Rossby waves in the ocean and the atmosphere
of planets.

The first of these papers11 has been motivated by experi-
ments on the transitions between regimes of low and high

plasma confinement (L –H transitions! in tokamaks. It has
been proposed that turbulent mechanisms could be respon-
sible for the generation of radial electric fields and sheared
poloidal flows that are observed in experiments. The theory
is based on the geostrophic equation without dissipation and
the derivation of the evolution equation of the large-scale
perturbations due to their interaction with small-scale turbu-
lence is carried out in the quasi-linear approximation. It is
shown that the contribution of the adiabatic electron re-
sponse is essential and, in the case of homogeneous isotropic
turbulence, gives rise to a negative viscosity effect on the
mean field. This does not occur in 2D incompressible hydro-
dynamics described by the Euler equation.15 The second
paper12 has been motivated by atmospheric and oceanic ap-
plications and deals with the 2D Charney equation supple-
mented by molecular viscosity and an external force. The
small-scale turbulent field is assumed to be sufficiently weak,
so that the Reynolds number of the small-scale motions is
small and terms that are quadratic with respect to the ampli-
tude of small-scale motions can be neglected in the equations
for the turbulent field. This is equivalent to a quasi-linear
approximation. Again the negative viscosity effect that has
been found is due to the same additional term, which corre-
sponds here to fluid compressibility. The 2D model is in
some sense the extreme limiting case of the anisotropic 3D
model, in which the gradients of the field variables along the
preferred direction are infinitely small compared to the gra-
dients in the perpendicular plane. Such an anisotropy can be
caused, e.g., by the presence of an external magnetic field. It
seems quite natural to assume that the turbulence possesses
different correlation properties in the directions along the
external magnetic field and in the perpendicular plane.
Hence, negative dissipation will play a significant role in 3D
anisotropic turbulent systems. In this paper we will show that
this also holds for turbulence in EMHD.

Weak turbulence is very characteristic for plasmas. This
kind of turbulence is by its nature wave turbulence and is
usually considered as an ensemble of weakly interacting,
random waves described by the corresponding dispersion re-
lation. Such an approach to turbulence in plasmas is justified
when wave dispersion prevails over nonlinear effects.16 The
problem of the interaction of waves with very different
scales has been first investigated in Ref. 17, where the inter-
action between high-frequency, small-scale Langmuir waves
and low-frequency, large-scale acoustic waves has been stud-
ied. In this case the adiabatic approximation can be used.
Here, the term adiabatic means that the high-frequency,
small-scale modes propagate in a slowly varying weakly in-
homogeneous medium. The change in the parameters of the
medium is due to the presence of the low-frequency, large-
scale mode. The latter is obviously influenced by the high-
frequency modes, and this effect is taken into account by
averaging over the fast oscillations. In the approach sug-
gested in Ref. 17 the small-scale waves are described by the
wave kinetic equation for the occupation number in the
phase space of coordinates~due to their interaction with the
low-frequency, large-scale mode! and wave-vectors, and thus
are considered as quasi-particles. On the other hand, the low-
frequency, large-scale perturbations are described by equa-
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tions of hydrodynamic type, which are averaged over the fast
time- and space-scales of the small-scale waves. In recent
years the approach of Ref. 17 has been successfully applied
in the study of the generation of zonal flows and streamers in
tokamak plasmas by small-scale plasma turbulence, in the
context of the explanation ofL to H transitions in tokamak
experiments. Different kinds of plasma turbulence of drift
type have been investigated, drift turbulence,18,19 ion-
temperature gradient driven turbulence,20 and drift-Alvén
turbulence.21,22 It has been shown in these papers that in
general the system involving the small-scale turbulence and
the large scale zonal perturbation possesses some invariant
value depending only on the small-scale waves, the general-
ized action invariant, which is equivalent to the occupation
number, but usually does not coincide with it.

This paper is a contribution to the investigation of the
turbulent generation of large-scale structures in helical and
anisotropic media. Little attention has been paid up to now to
the turbulent generation of waves and the emphasis has been
on the generation of nonpropagating structures. Also, not
much attention has been paid to the problem of generation of
structures in EMHD. In order to fill this gap, we concentrate
in this paper on standard incompressible EMHD, where a
direct dependence between the magnetic fieldB and the elec-
tron fluid velocity v exists. This paper is organized as fol-
lows. The model of EMHD and the conditions under which it
is applicable are discussed in Sec. II. In Sec. III the problem
of the generation of large-scale perturbations by small-scale
EMHD turbulence is considered within the framework of a

2 1
2D model. The latter model is used to describe the electron

dynamics in a strong, external magnetic field. We consider
both basic mechanisms mentioned above, helicity and anisot-
ropy, and discuss the effect of electron inertia on the turbu-
lent coefficients. In Sec. IV, the spontaneous amplification of
large-scale helicons by small-scale helicon turbulence is ana-
lyzed within the framework of a 3D EMHD model with an
externally imposed homogeneous magnetic field. We use the
approach suggested in Ref. 17 and restrict our analysis to the
quasi-linear regime. This is justified when the amplitudes of
the small-scale helicons are so small that the associated non-
linear frequency shift is negligible compared to their highly
dispersive frequencies. Generally speaking, the frequencies
of the small-scale helicons are high if the background mag-
netic field is strong, and therefore, the quasi-linear approach
is justified. The main results presented in this paper are sum-
marized in Sec. V, where also an outlook is given on the
possible directions of future research on the turbulent gen-
eration of mean magnetic fields by EMHD turbulence.

II. ELECTRON MAGNETOHYDRODYNAMICS „EMHD…

Electron magnetohydrodynamics describes plasma mo-
tions with spatial scalesL,c/vpi and frequenciesvBi ,vpi

,v,vBe ,vpe , wherevpe,i andvBe,i are the Langmuir fre-
quencies and gyrofrequencies of electrons and ions, respec-
tively. In these ranges of length and time scales, the electrons
may be described by fluid equations; the ions form an immo-
bile, charge neutralizing background. We assume that the
equilibrium plasma density is homogeneous,n5n05const,

and restrict ourselves to the case of incompressible EMHD,
where the density remains unperturbed. This approach is jus-
tified if23

B0

4pen0l 0
!1, ~3!

whereB0 is a typical value of the magnetic field, andl 0 a
typical scale length of the phenomena involved. This in-
equality can also be written asde

2vBe
2 /vpe

2 !1, de
2

5c2/vpe
2 l 0

2 being the normalized electron inertial skin depth.
In this standard, incompressible EMHD model, the elec-

tron fluid motion is completely determined by the evolution
of the magnetic field, and described by the well-known equa-
tion ~see, e.g., Refs. 24 and 25!

]

]t
~B2de

2 curlv!5curl@v3~B2de
2 curlv!#, ~4!

where v52curlB. Here, we have normalized the spatial
variables to a typical spatial scalel 0 , time to the so-called
helicon timet05vBe

21( l 0vpe /c)2, the magnetic field strength
to B0 , and the velocity tol 0 /t0 .

Equation~4! means that the curl of the generalized mo-
mentum of the electron fluid, i.e., the generalized vorticity
B2de

2 curlv, is frozen into the electron fluid~see, e.g., Refs.
25 and 26!.

The plasma may be embedded in a uniform, homoge-
neous, background magnetic fieldB0 . In this case the
EMHD equation describes the helicon branch of plasma os-
cillations with dispersion relation~in dimensional form!

v5ucosuu
vBek

2c2

vpe
2 ~11k2c2/vpe

2 !
, cosu5

k•B0

kB0

, ~5!

wherek andv are the wave number and the frequency, re-
spectively. At this point it is appropriate to underline the
difference between the generation of large-scale vortices in
incompressible hydrodynamics and of mean-fields in EMHD
by small-scale turbulence. The right hand side of Eq.~4! can
be written as curl¹•(2BB1de

2vv). The first term is the
magnetic stress tensor and the second one is the Reynolds
stress tensor. Both tensors are symmetric. When electron in-
ertia may be neglected, i.e., in the limitde→0, Eq. ~4! is
known as Ohm’s law of an ideal plasma and describes the
conservation of magnetic flux with the motion of the electron
fluid. In the opposite limit where one may formally takeB
→0, Eq. ~4! becomes the hydrodynamic Euler equation that
describes the conservation of fluid vorticity. In spite of these
similarities, the actual equations in these limits are quite dif-
ferent with respect to which quantity is advanced in time or,
more fundamentally, to which quantity is conserved. In the
limit of ideal hydrodynamics (B→0), the curl of the veloc-
ity field is frozen into the velocity field, while in an ideal
magnetic fluid (de→0) the magnetic field is frozen into its
curl. As a result incompressible hydrodynamics and EMHD
possess very different properties in their ability to produce
turbulent effects on the mean fields. In incompressible hy-
drodynamics the helicity of the isotropic and homogeneous
turbulence itself does not lead to ana-like effect, while it
does in EMHD.
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III. THE GENERATION OF LARGE-SCALE FIELDS
IN 2 1

2D ELECTRON MAGNETOHYDRODYNAMICS

The spontaneous amplification of large-scale perturba-
tions by helical EMHD turbulence was first considered ap-
proximately twenty years ago.9 In that treatment a 3D model
of EMHD perturbations with spatial scalesl .de was con-
sidered. The problem of the behavior of mean fields with
spatial scaleL and time scaleT in the presence of homoge-
neous turbulent fluctuations with scalesl and t, was ana-
lyzed in the two-scale approximationl !L,t!T. The turbu-
lence was assumed to be strong, such that, in spite of the
disturbance of the turbulent field by the mean field, the re-
laxation processes restore the stationarity on a time scale of
the order of the correlation timet. In the case of isotropic
EMHD turbulence with broken parity invariance~nonzero
net helicity! Eq. ~2! for the evolution of the mean field was
obtained. In that equation the turbulent coefficientsa andm
are defined in terms of the helical and isotropic parts of the
spectral tensor, respectively,

m}^B2&, a}^B•curlB&. ~6!

The isotropic part of the turbulent spectrum leads to mag-
netic field diffusion on a typical time scaleL4/m, while the
chirality of the turbulence results into the growth of the mean
field on a time scaleL3/uau.

The applicability of the approach used in Ref. 9 requires
that the conditionsde, l !L,di are satisfied. Actually,de

enters the EMHD equations in the combinationde
2/ l 2, and

therefore the electron inertia effects can be neglected when
de

2! l 2. Taking into account thatdi /de5(mi /me)
1/2.40,

one concludes that the length-scale of the large-scale pertur-
bation should be of the order ofdi . It means that the theory
presented in Ref. 9 is on the limits of applicability of EMHD
for the large-scale perturbation.

Here we consider a similar problem of turbulent genera-

tion of the mean fields in the framework of 21
2D EMHD.

Such a model contains many aspects of a fully 3D turbulent
model and at the same time possesses some additional essen-
tial features due to its intrinsically anisotropic nature. Be-

sides the energy, 212D EMHD contains two sets of quadratic
invariants. One of these is the volume integral of the square
of the generalized momentum, the other one is the general-
ized helicity. The energy has a direct cascade for length
scales larger as well as smaller than the inertial skin depth
de , while the other invariants have an inverse cascade for
large and a direct cascade for small scale-lengths.27

A. 2 1
2D EMHD model

When the external magnetic field is dominant, the elec-
tron dynamics is effectively restricted to two dimensions and
the magnetic field depends only on two spatial coordinatesx
and y. In this case the magnetic field can be represented in
the form

B5“A3ez1Bez[curl~Aez!1Bez , ~7!

where bothA andB depend on (x,y,t). Thez-component of
the vector potentialA describes the poloidal magnetic field

andB is the axial field. In terms of these scalar functions the
set of EMHD equations takes the form~see, e.g., Refs. 24
and 28!

]

]t
~A2de

2¹2A!1@B,A2de
2¹2A#50, ~8!

]

]t
~B2de

2¹2B!2de
2@B,¹2B#1@A,¹2A#50, ~9!

where@ f ,g#[ez•@“ f 3“g# is the Poisson bracket. The sec-
ond of these equations can be obtained by taking the
z-component of Eq.~4!, while the first one by subtracting Eq.
~9! multiplied byez from Eq.~4!, solving the resulting equa-
tion of the form curla50 and taking itsz-component. In this
model, the magnetic field has all three spatial components,
but depends only on two coordinates. Therefore it is often

called a 21
2D model. This model can still describe helicon

mode if a transverse background magnetic field associated
with A0x52B0yx is present. It is generally assumed that
only 3D models can describe systems with nonzero helicity
@see, e.g., a statement made in Ref. 29, where the analysis of
EMHD turbulence is based upon Eqs.~8! and~9!#. However,
it can easily be checked that, generally speaking, the above

2 1
2D model possesses a nonzero helicity

B•curlB[¹A•¹B2B¹2AÞ0. ~10!

Thus, the 212D model, being simple compared to a 3D one,
still allows the description of helical motions of the electron
fluid.

B. Formulation of the problem and basic assumptions

The physical problem that we consider in this section is
the following. Let us assume that there is a homogeneous
plasma turbulence with spatial scalel which is maintained at
a stationary level by an external source and with prescribed
correlation properties to be discussed below. Our main pur-
pose is to study the effect of this turbulence on the evolution
of a spontaneous infinitesimal magnetic field perturbation
with typical spatial scaleL which is large compared to the
corresponding scalel of the turbulence,L@ l . In other
words, we are going to study the stability of small-scale tur-
bulence with respect to a large-scale perturbation. The as-
sumption of this separation of space scales introduces a small
parameterl /L into the problem and allows to apply a two-
scale expansion method. We represent bothA andB as sums
of regular, large-scale mean fields^A&,^B&, which are con-
sidered to be infinitesimal, and small-scale, random fields
Ã,B̃:

A5^A&1Ã, B5^B&1B̃, ^Ã&5^B̃&. ~11!

Hereafter ^¯& implies the ensemble averaging which is
equivalent to time averaging with the appropriate ergodic
assumption. In the absence of the large-scale field the ran-
dom components are reduced toAt andBt, which correspond
to the background turbulence~the zeroth order of the two-
scale expansion procedure!, so that

Ã5At1dA, B̃5Bt1dB, ~12!
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wheredA and dB are infinitesimal and represent the inho-
mogeneous part of the turbulent field due to its nonlinear
interaction with the mean field. The background turbulence
is considered to be homogeneous.

C. Equations for the mean and random fields

Our main goal is to study the evolution of the mean
fields. The equations describing the interaction of small-scale
turbulence with the mean-field follow from Eqs.~8! and ~9!
after substituting Eqs.~11! and~12!, and separating the mean
and random parts. The mean-field equations are

]

]t
$^A&2de

2¹s
2^A&%1^@Bt,dA2de

2¹2dA#&

1^@dB,At2de
2¹2At#&50, ~13!

]

]t
$^B&2de

2¹s
2^B&%1^@At,¹2dA#1@dA,¹2At#&

2de
2^@Bt,¹2dB#1@dB,¹2Bt#&50. ~14!

Due to the assumption that the background turbulence is ho-
mogeneous, the effect of small-scale turbulence in the mean-
field equations is proportional to the turbulent responses to
the large-scale perturbations (dA anddB).

The turbulent responses satisfy the equations,

]

]t
~dA2de

2¹2dA!1@Bt,^A&2de
2¹2^A&#

1@^B&,At2de
2¹2At#50, ~15!

]

]t
~dB2de

2¹2dB!1@At,¹2^A&#1@^A&,¹2At#

2de
2~@Bt,¹2^B&#1@^B&,¹2Bt# !50. ~16!

Here, we have limited ourselves to the quasi-linear approxi-
mation and, thus, have neglected quadratic terms like
^dBBt&2dBBt. Such an approach is justified if the turbu-
lence is controlled by the correlation properties of the source
rather than by nonlinear interactions between turbulent pul-
sations, i.e., when the following conditions are satisfied:

^~Bt!2&1/2/ l 2!
1

t
, ^~At!2&1/2/ l 3!

1

t
, ~17!

wheret is the correlation time of the turbulent pulsations.

D. The mean-field equations

To obtain a closed set of equations for the evolution of
the mean fields, Eqs.~15! and ~16! should be solved for the
inhomogeneous turbulent fieldsdA and dB in terms ofAt,
Bt and the mean fieldŝA&,^B&. The easiest way to do this is
to apply the Fourier representation of the fields

~At,dA!5E dk~Ak
t ,dAk!~ t !eikx,

~18!

^A&5E dq^A&q~ t !eiqx, etc.

Due to the above assumption of space-scale separationq
!k. The Fourier transformed Eqs.~15! and ~16! are

~11k2de
2!

]

]t
dAk~ t ! 1E dq~k3q!z$@11~k2q!2de

2#

3Ak2q
t ~ t !^B&q~ t !2~11q2de

2!Bk2q
t ~ t !^A&q~ t !%50,

~19!

~11k2de
2!

]

]t
dBk~ t !1E dq~k3q!z~k222kq!

3$de
2Bk2q

t ~ t !^B&q~ t !2Ak2q
t ~ t !^A&q~ t !%50. ~20!

In addition to space-scale separation we assume that the time
scales of the turbulence and of the large-scale perturbation
are separated too. We will show shortly that such an assump-
tion is always justified. Then, we find from Eqs.~19! and
~20!

dAk~ t !5E dq
~k3q!z

11k2de
2

3H ~11q2de
2!^A&q~ t !E

2`

t

Bk2q
t ~ t8!dt8

2@11~k2q!2de
2#^B&q~ t !E

2`

t

Ak2q
t ~ t8!dt8J ,

~21!

dBk~ t !5E dq
~k3q!z~k222kq!

11k2de
2

3H ^A&q~ t !E
2`

t

Ak2q
t ~ t8!dt8

2de
2^B&q~ t !E

2`

t

Bk2q
t ~ t8!dt8J 50. ~22!

It has been assumed that the turbulence is stationary and
homogeneous. These two conditions mean that the two-
point, two-time correlators of the turbulence depend only on
x2x8,t2t8. In addition, we adopt the reasonable assumption
that turbulence is isotropic in thex2y plane. Then, the cor-
relators can depend only onux2x8u. In the most general case
we will describe the turbulence by three spectral correlation
functions of second order

~^Bk
t ~ t !Bk8

t
~ t8!&, ^Ak

t ~ t !Ak8
t

~ t8!&, ^Ak
t ~ t !Bk8

t
~ t8!&!

5I (B,A,h)~k!d~k1k8!F~ t2t8!. ~23!

A nonzero value of*k2I h(k)dk implies that the turbulence is
helical and possesses nonzero~cross-!helicity ^v"B&52^Bt

•curlBt&Þ0. Further, if*dkk2(k2I A(k)2I B(k))Þ0, the tur-
bulence is anisotropic in the sense that^(¹Bz

t )22(¹Bx
t )2

2(¹By
t )2&Þ0. It is this latter effect that results into the tur-

bulent resistivity found in our previous paper.30

In agreement with the assumption that the characteristic
time T of the evolution of large-scale perturbations is large
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compared to the correlation time of turbulence,T@t, the
turbulence may be taken to be delta-correlated in time to a
first approximation

F~ t2t8!5dS t2t8

t D . ~24!

Below we will show that this time separation is consistent
with the assumption of space-scale separation.

Substituting Eqs.~21! and ~22! into Eqs.~13! and ~14!
we arrive at the following equations for the Fourier compo-
nents of the mean fields~the details of the calculation of the
averages of the Poisson brackets are given in Appendix A!:

~11q2de
2!

]

]t
^A&q1E

0

`

dkptk3q2H F1

2
~11q2de

2!I B~k!

2k~e!
~11k2de

2!~k22q2!

11k2de
21q2de

2 I A~k!G ^A&q

2k~e!
11k2de

2

11k2de
21q2de

2

3@112q2de
22kqde

2ek~e!#I h~k!^B&qJ 50, ~25!

~11q2de
2!

]

]t
^B&q1E

0

`

dk
ptk3q2

11k2de
21q2de

2 k~e!

3@q22kqek~e!#

3$@~11k2de
2!I A~k!2de

4~k22q2!I B~k!#^B&q

2I h~k!~12k2de
212q2de

2!^A&q%50, ~26!

where

k~e!5
12A12e2

e2 , e[
2kqde

2

11k2de
21q2de

2 !1. ~27!

Note that the evolution equations~25! and ~26! become de-
coupled in the limit of vanishing helicity,I h→0. In the next
subsections we will consider several limiting cases of these
averaged equations.

1. The case kd e™1

First we will consider 212D EMHD turbulence with spa-
tial scales larger than the collisionless electron skin depth,l
.de . According to the discussion given in the beginning of
this section, the large-scale perturbation in this limiting case
has the scale-length which is close to the limits of applica-
bility of EMHD. At the same time, this limit is easier to
analyze, while it still possesses most features that are perti-
nent to the full model. Such an approach allows to reveal in
a more clear way the main physical processes.30

When electron inertia effects are negligible (kde!1),
we obtain from Eqs.~25! and~26!, after back transformation
to real space, the following leading order equations

]

]t
^A&2h¹2^A&1m¹4^A&1a¹2^B&50, ~28!

]

]t
^B&1m¹4^B&2a¹4^A&50, ~29!

where

h5
pt

2 E
0

`

dkk3@ I B~k!2k2I A~k!#

[~t/4!^~¹Bz
t !22~¹Bx

t !22~¹By
t !2&,

m5
pt

2 E
0

`

dkk3I A~k![~t/2!^~B'
t !2&, ~30!

a5
pt

2 E
0

`

dkk3I h~k![~t/8!^Bt
•curlBt&.

The coefficients~30! correspond to turbulent resistivity~or
magnetic viscosity!, turbulent viscosity, and to thea-effect,
respectively. The turbulent viscosity is always positive and
leads to damping of the mean field on the time scaleL4/m.
The turbulent resistivity can have either sign depending on
the values of the mean squares of the gradients of the axial
and poloidal components of the turbulent magnetic field. In
particular, when̂ (¹Bz

t )22(¹Bx
t )22(¹By

t )2&,0, i.e., when
the effect from the poloidal components of the magnetic field
prevails over the effect from the axial component, resistivity
becomes negative and tends to amplify the spontaneous
mean-field perturbation.

Recalling that the magnetic field in 21
2D EMHD model is

described by Eq.~7!, we can rewrite the set of equations~28!
and ~29! in the form of a single vector equation

]^B&
]t

5h¹2^B'&2a¹2 curl̂ B&2m¹4^B&, ~31!

where^B'& is the mean poloidal magnetic field. Except for
the contribution of turbulent resistivity, Eq.~31! has the same
form as the result~2! given in Ref. 9 for 3D isotropic turbu-
lence. A similar problem has been considered recently in Ref.

29, where the authors were mistaken in stating that their 21
2D

model cannot possess finite helicity. As a consequence their
treatment is restricted to mirror-symmetric turbulence. They
did found turbulent resistivity, but overlooked that it can be-
come negative and restricted their discussion to the suppres-
sion of turbulent diffusivity as a result of small-scale turbu-
lence in the poloidal components of the magnetic field.

An external magnetic fieldB0y corresponding toA0

52B0yx was taken into account in Ref. 29. This allows to
investigate finite frequency helicon~whistler! modes. It has
been found that for a turbulent state that consists only of a
collection of helicons@B(k)56kA(k)# the turbulent diffu-
sivity vanishes. The question of whistlerization of the turbu-
lent spectrum has been investigated numerically in Ref. 29,
and a tendency towards whistlerization and equipartition of
energy between poloidal and axial components of the mag-
netic field has been observed. In another recent paper31 a
detailed numerical simulation is presented of the decaying
2D EMHD turbulence in the regime where the spatial exci-
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tation scales are longer than the electron skin depth. The
study shows that the short-wavelength part of the spectrum
tends to be more whistlerized and that the spectrum is quan-
titatively more whistlerized with increasing strength of the
external magnetic field. Also, anisotropy of the spectrum in
the presence of a uniform external field along a particular
direction is found. These numerical results are at variance
with the results of two other papers28,32 on 2D simulations
without external magnetic field. The study of Ref. 28 on
EMHD turbulence is based upon a numerically observed
scaling of the power spectrum and categorically rules out the
influence of helicon modes on the energy transfer rate. The
numerical simulation of decaying EMHD turbulence in Ref.
32 shows a fast evolution towards equipartition of energy
when the system is initialized in such a state that the energy
is concentrated in the poloidal components of the magnetic
field, but no equipartition has actually been observed. No
such evolution is found in the opposite case, when initially
the energy is concentrated in the axial component of the
magnetic field: Rather a slow increase of the ratio of energy
in the axial component to that in the poloidal components
has been found. Thus the question whether helicons play a
role in the evolution of EMHD turbulence remains open and
requires further comprehensive studies.

2. The case kd eÐ1

Here, we consider a generalization of the equations con-
sidered in the previous subsubsection to the case of smaller-
scale EMHD turbulence where the effects of electron inertia
are important. Taking into account thate!1, expanding the
expressions under the integrals in Eqs.~25! and ~26! into a
power series overk/q, and transforming the resulting equa-
tions back to real space, we arrive at the following set of
mean-field equations

~12de
2¹2!

]

]t
^A&5h¹2^A&2m1¹4^A&

2a1~12de
2¹2!¹2^B&, ~32!

~12de
2¹2!

]

]t
^B&5a2¹4^A&2m2¹4^B&. ~33!

The turbulent coefficients are given by the first one of Eqs.
~30! and by

m15
pt

2 E
0

`

dkk3Fde
2I B~k!1S 11

k2de
2

~11k2de
2!2D I A~k!G ,

m25
pt

2
E

0

`

dk
k3

~11k2de
2!2

3@~11k2de
2!I A~k!2k2de

4I B~k!#, ~34!

a15
pt

2 E
0

`

dkk3I h~k!,

a25
pt

2
E

0

`

dk
k3~12k2de

2!

~11k2de
2!2

I h~k!.

Electron inertia does not change the resistivityh, which
arises from the anisotropy of the turbulence. On the other
hand, turbulent viscosity and helicity effect become different
in the equations for the evolution of^A& and of ^B&. The
turbulent viscosity effect on the poloidal component of the
magnetic field Eq.~32! is increased due to electron inertia.
Inertia can qualitatively modify the turbulent viscosity coef-
ficient m2 , which can become negative when the turbulence
spectrum is anisotropic and the axial component of the tur-
bulent magnetic field prevails over its poloidal components.
This condition is opposite to the one for negative resistivity.
The influence of inertia is most clearly seen in the evolution
of the axial component of large-scale magnetic field^B&. If
the spectral correlatorI h(k) has a peak atk.de

21 , electron
inertia results in a decrease and even a change of sign of the
helicity effecta2 in Eq. ~34!. In the case when the turbulence
is concentrated atk@de

21 its effect on the poloidal compo-
nents of the mean field is much stronger than on the axial
component a1.2(k2de

2)a2@ua2u and m1.(k2de
2)um2u

@um2u.

E. Instabilities of the mean-field perturbations

The turbulence leads to unstable mean-field perturba-
tions. We consider mean-field perturbations of the form

~^A&,^B&!5~A0,B0!exp~ iqx2 ivt !, ~35!

wherev andq are the frequency and the wave number of the
perturbation, and discuss the two limiting caseskde→0 and
kde>1.

1. The case kd e™1

The instabilities described by Eqs.~28! and ~29! have
been analyzed in Ref. 30. The dispersion relation follows
from the above set of equations

~g1hq21mq4!~g1mq4!2uau2q650, g52 iv. ~36!

In the limiting case of essentially anisotropic turbulence with
negligible helicity,a2!uhum, Eqs.~28! and ~29! decouple,
and the poloidal components of the large-scale magnetic field
are unstable if turbulent resistivity is negativeh,0. The
most unstable mode is characterized by the growth rate and
wave number:

gmax5
h2

4m
, qmax5S uhu

2m D 1/2

. ~37!

The assumption of separation of length and time scales re-
quires that the wavelength of the most unstable mode should
be large compared to the scale length of the turbulence, i.e.,
qmaxl!1, and its growth rate should be relatively slow,
gmaxt!1. Eliminating h and expressinggmax in terms of
qmax, this condition takes the form

gmaxt5mqmax
4 t!1. ~38!

According to Eq.~30! m;t^(B'
t )2&. On the basis of the

inequality ~17!, which justifies the application of the quasi-
linear approximation, we havem! l 4/t. The substitution of
this estimate into Eq.~38! shows that the inequality is satis-
fied automatically, i.e., any large-scale perturbation is slow
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compared to the correlation time of turbulence. This justifies
the approximation that the turbulence isd-correlated in time.

In the opposite limit of helical, but isotropic turbulence,
a2@uhum, helicity results in unstable large-scale perturba-
tions. The most unstable mode is characterized by

gmax5
a

4 S 3uau
4m D 3

, qmax5
3uau
4m

. ~39!

Again, like in the previous case, one finds that large-scale
perturbationsqmaxl!1 are automatically slow with respect to
the correlation time of the turbulence.

2. The case kd eÐ1

The dispersion relation for large-scale perturbations fol-
lows from Eqs.~32! and ~33!

ḡ21@hq21~m11m2!q4#ḡ2a1a2q6~11q2de
2!

1m2q6~h1m1q2!50, ~40!

whereḡ52 iv(11q2de
2). Its roots are given by

ḡ52 1
2 @hq21~m11m2!q4#6$ 1

4 @hq21~m12m2!q4#2

1a1a2q6~11q2de
2!%1/2. ~41!

In the limit of essentially anisotropic, but nonhelical (I h

50) turbulence, Eqs.~32! and~33! decouple, and the poloi-
dal components of the large-scale magnetic field are unstable
if the turbulent resistivity is negativeh,0. The axial com-
ponent of the large-scale magnetic field either grows due to
negative turbulent viscosity (m2,0) or damps if turbulent
viscosity is positive (m2.0). However, the growth~damp-
ing! rate of such an instability is small,

g52m2q4. ~42!

One of the components of the large-scale magnetic field will
grow and the another one will be damped. In the opposite
limit of helical, but isotropic (h50) turbulence, helicity re-
sults in the instability of the mean field only if

a1a2.0. ~43!

In particular, if the cross-correlator responsible for helicity
I h(k) is sufficiently smooth and helicity is concentrated at
kde>1, there is no instability due to helicity; helicity results
in oscillating modes RevÞ0, which are damped due to tur-
bulent viscosity. Again it can easily be checked by analogy
with the casel .de that the large-scale perturbation is auto-
matically slow compared to the correlation time of turbu-
lence and the approximation ofd-correlated turbulence is
justified ~see Ref. 33!.

IV. GENERATION OF LARGE-SCALE HELICONS
BY SMALL-SCALE HELICON TURBULENCE

In this section we will generalize our discussion to the
3D case. Let us assume that plasma is imbedded in a station-
ary and homogeneous background magnetic fieldB05ez .
Then the equation for the self-consistent magnetic field of
EMHD motions takes the form

]

]t
~B2de

2¹2B!1
]

]z
curlB5curl@~B2de

2¹2B!3curlB#,

~44!

where the magnetic field is normalized to the background
field. As has already been mentioned in Sec. II, this equation
has solutions in the form of helicons with eigenfrequencies
vk described by the normalized dispersion relation

vk
25

k2kz
2

~11k2de
2!2 . ~45!

The spatio-temporal structure of the helicon is determined by
the expression

B5Ckfk exp~ ikx2 ivkt !,
~46!

fk5k3~ex3k!2
ivk~11k2de

2!

kz
~ex3k!,

whereCk corresponds to its amplitude andfk defines its spa-
tial structure,ex is the unit vector along thex axis. Note that,
as follows from Eq.~46!,

curlB5
vk

kz
~11k2de

2!B, ~47!

so that a helicon is a nonlinear solution of the EMHD equa-
tions. It belongs to the class of force-free solutions and pos-
sesses a nonzero helicity.

We assume that the helicon turbulence has the typical
scale-lengthl and that a large scale helicon with character-
istic lengthL@ l has spontaneously arisen. We will study the
evolution of this larger-scale helicon due to its interaction
with the small-scale turbulence following the approach sug-
gested in Ref. 17 for studying the adiabatic interaction of
waves with different space and time scales.

We present the self-consistent magnetic fieldB in a form
similar to Eq.~11!:

B5H1b, ~48!

whereH corresponds to the large-scale helicon and depends
on slow time and space scales, andb describes the small-
scale helicon turbulence (^b&50). Due to its interaction
with the large-scale helicon,b depends on both fast and slow
time and space variables. The treatment is restricted to the
initial stage whenH is still infinitesimal.

Upon substituting Eq.~48! into ~44! and averaging over
the small scales, assuming thatl 5O(de), we arrive at the
following equation:

]H

]t
1

]

]z
curlH5^curl@~b2de

2¹2b!3curlb#&

52curl“•^bb2de
2~curlb!~curlb!&.

~49!

The helicon branch of plasma oscillations is strongly disper-
sive @see Eq.~45!#. Therefore, it seems to be reasonable that
typically the helicon turbulence can be considered as a weak
turbulence in the sense that the nonlinear frequency shift
~due to wave–wave interaction! is small compared to the
helicon frequency. In the range where the spatial scales are
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longer than the electron skin depth, isotropic34 and
anisotropic35,36 spectra of the weak helicon turbulence have
been found. Here, in contrast with Refs. 34–36, we actually
study stability of the helicon turbulence spectra with respect
to large-scale perturbations. We follow a quasi-linear ap-
proach and neglect the interaction between the small-scale
helicons in the evolution ofb and take into account only
their interaction with the large-scale helicon, which results in
the modulation of the small-scale helicons on the slow time
and space scales. Then, the equation forb takes the form

]

]t
~b2de

2¹2b!1
]

]z
curlb

5curl$~b2de
2¹2b!3curlH1H3curlb%. ~50!

It is seen from Eq.~49! that, in order to obtain a closed set of
equations describing the interaction of the large-scale helicon
with the small-scale helicon turbulence, it is necessary to
derive the equation for the correlation function of the turbu-
lence. To that end it is convenient to Fourier transform Eq.
~50! and, in the spirit of Ref. 17, obtain an analogue of the
wave-kinetic equation, i.e., an equation for the turbulent
spectral function.

A. The equation for the spectral function of helicon
turbulence

The application of the spatial Fourier transform to Eq.
~50! yields

~11k2de
2!

]bk

]t
2kzk3bk5 ik3Fk , ~51!

where

Fk5 i E dq$@11~k2q!2de
2#bk2q3~q3Hq!

1Hq3@~k2q!3bk2q#%. ~52!

In order to derive the required equation which will allow to
describe the correlation properties of the helicon turbulence
modulated by the large-scale helicon, we introduce the scalar
function ck defined by

ck5
1

ky
21kz

2 fk
!
•bk , fk

![f2k . ~53!

If the interaction between small-scale helicons and the large-
scale one is weak and, to leading order, only results in the
slow modulation of their amplitudes, we may neglect the
RHS of Eq.~51!. Then, we arrive at the following expression
@compare with Eq.~46!#:

bk5
ck

2k2 fk . ~54!

Substituting this relation into the RHS of Eq.~52!, which is
justified by the assumption of weak interaction between the
helicons of the different space and time scales, and multiply-
ing Eq. ~51! by fk

!/(ky
21kz

2), one finally arrives at an equa-
tion that contains onlyck and has a canonical left-hand side

]ck

]t
1 ivkck5

vk

2kz~ky
21kz

2!
E dq

11~k2q!2de
2

~k2q!2 ck2q

3~ fk
!3fk2q!•S iq3Hq2

vk2q

kz2qz

HqD . ~55!

We describe the small-scale turbulence by the spectral func-
tion ~the Wigner function! I k(x,t) defined by

I k~x,t !5E dq^ckc2k1q&exp~ iqx!. ~56!

The slow time and space dependence of the spectral function
corresponds to the modulation of the amplitudes of the
small-scale helicons due to their interaction with the large-
scale helicon. Hence, we may takeq!k.

To derive the evolution equation forI k(x,t) we multiply
Eq. ~55! by c2k1q and add a similar equation obtained by
interchangingk and 2k1q. Upon averaging the resulting
equation over small scales, and applying the operator
*dq exp(iqx), we obtain

]I k~x,t !

]t
1 i E dq~vk1v2k1q!^ckc2k1q&exp~ iqx!

5S1k1S2k , ~57!

where

S1k5 i E dqdpF vk

2kz~ky
21kz

2!

11~k2p!2de
2

~k2p!2 ^c2k1qck2p&

3~ fk
!3fk2p!1k→q2kG•p3Hp exp~ iqx!, ~58!

S2k5E dqdp exp~ iqx!Hp

•F vk

2kz~ky
21kz

2!

vk2p

kz2pz

11~k2p!2de
2

~k2p!2

3^c2k1qck2p&fk2p3fk
!1k→q2kG . ~59!

According to Eq.~45! the eigenfrequencies of the helicons
are real, Imvk50, and therefore,v2k52vk . Then, taking
into account a space-scale separation and expandingv2k1q
on the LHS of Eq.~57! in a series over the small parameter
q/k, we obtain

i E dq~vk1v2k1q!^ckc2k1q&exp~ iqx!

. i E dqq•
]vk

]k
^ckc2k1q&exp~ iqx!

5
]vk

]k
•“E dq^ckc2k1q&exp~ iqx!5

]vk

]k
•“I k~x,t !.

~60!
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To express the quantities averaged over the ensemble in Eqs.
~58! and ~59! in terms of the spectral function we use the
inverse of Eq.~56!

^ck2pc2k1q&5
1

~2p!3 E dx8I k2p~x8,t !exp~2 i ~q2p!x8!.

~61!

Expanding the integrands in Eqs.~58! and~59! to powers of
the small parametersp/k and q/k and restricting the calcu-
lation to linear terms, we finally arrive at the following ex-
pressions~the details of the calculation are given in Appen-
dix B!:

S1k.0, ~62!

S2k. “Fvk

kz
~k•H!G• ]

]k F11k2de
2

k2 ~ky
21kz

2!I k~x,t !G
3

k2

~11k2de
2!~ky

21kz
2!

2“I k~x,t !•
]

]k Fvk

kz
~k•H!G .

~63!

Substituting Eqs.~60!–~63! into Eq. ~57!, we finally obtain

]Nk

]t
1

]

]k Fvk1
vk

kz
~k•H!G•“Nk

2“•Fvk1
vk

kz
~k•H!G ]Nk

]k
50, ~64!

where

Nk5
11k2de

2

k2 ~ky
21kz

2!I k . ~65!

Equation ~64! is in conservation form which means that
*Nkdkdx5const. Therefore,Nk can be interpreted as the
generalized action invariant of the system under consider-
ation. It can also be interpreted as an analogue of the distri-
bution function of helicon quasi-particles. At the same time,
one can check, with an accuracy up to a multiplicative factor,
that Nk is equal to the spectral energy density of the small-
scale helicon turbulence (11k2de

2)^bkb2k&.

B. The mean-field equation

To obtain a closed set of equations it is necessary to
express the RHS of Eq.~49! in terms ofNk . Since this RHS
does not vanish to leading order one may takeb in the form
of the set of helicons with slightly modulated amplitudes and
substitute

b5E dk

2k2 ckfk exp~ ikx! ~66!

and

curlb5E dk

2k2

vk

kz
~11k2de

2!ckfk exp~ ikx!. ~67!

Then, one obtains~the details of the calculation are given in
Appendix C!

^blbm2de
2~curlb! l~curlb!m&5E dk

I k

4k4 f lk f mk
! ~12k2de

2!.

~68!

The productf lk f mk
! is calculated from definition~46! and the

Chandrasekhar identities37

~e jplki2e iplkj !epkl[k2e i j r er2~e•k!e i j r kr , ~69!

~e jplei2e iplej !epkl[~e•k!e i j r er2e i j r kr , ~70!

wheree is an arbitrary vector. As a result, we arrive, after
rather lengthy but straightforward calculations, at

f lk f mk
! 5~ky

21kz
2!Fk2S d lm2

klkm

k2 D2 i
vk

kz
~11k2de

2!e lmrkr G .
~71!

The first term here is mirror-symmetric and corresponds to
the isotropic part of the correlation tensor of turbulence,
while the second is related to the helicity of turbulence. Fi-
nally, the substitution of Eqs.~68! and ~71! into Eq. ~49!
yields the mean-field equation

]H

]t
1

]

]z
curlH5curlE dk

12k2de
2

4k2~11k2de
2!

3Fk~k"“Nk!1 i
vk

kz
~11k2de

2!“Nk3kG .
~72!

C. Instability of large-scale helicon

The evolution of the large-scale helicon due to its inter-
action with the small-scale helicon turbulence is described
by Eqs.~64! and ~72!. We representNk5Nk

01dNk , where
Nk

0 is the equilibrium part anddNk its perturbation by the
large-scale helicon, and assume that the perturbations are
proportional to exp(2iVt1iq"x). Then from Eq.~64! we
find the correction to the generalized action invariant due to
the small-amplitude long-wavelength perturbations:

dNk52
vk

kz
~k•H!

q•]Nk
0/]k

V2q•]vk /]k
. ~73!

Substituting this result into Eq.~72!, we obtain

2 iVHq2qzq3Hq

5q3E dk
12k2de

2

4k2~11k2de
2!

vk

kz
~k•Hq!

q•]Nk
0/]k

V2q•]vk /]k

3Fk~k"q!1 i
vk

kz
~11k2de

2!q3kG . ~74!

This equation completely defines the dispersion relation.
Due to its rather complicated vector form it is not easy to
carry out a stability analysis. We restrict ourselves to two
cases.

First, we assume that the leading order correction to the
frequency of the large-scale helicon, due to the interaction
with the turbulence, is small because of the small amplitude
of helicon turbulence. Then, the solution of Eq.~74! can be
represented in the form
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Hq5Hq
(0)1Hq

(1)1 . . . , V5V (0)1dV (1)1¯ . ~75!

To zero order we have

2 iVHq
(0)2qzq3Hq

(0)50. ~76!

This equation describes the large-scale helicon (q2de
2!1),

whose eigenfrequency and eigenfunction are

V (0)5vq , vq
2[q2qz

2 , Hq
(0)5A0fq , ~77!

wherefq is defined by Eq.~46! in the limit qde→0. To next
order we have

2 ivqHq
(1)2qzq3Hq

(1)2 idV (1)Hq
(0)

5q3E dk
12k2de

2

4k2~11k2de
2!

vk

kz
~k•Hq

(0)!
q• ]Nk

0/]k

vq2q•]vk /]k

3Fk~k"q!1 i
vk

kz
~11k2de

2!q3kG . ~78!

Since the Fourier componentHq
(1) is perpendicular toq, it

can always be expanded over the vectorsex3q and q3(ex

3q), i.e., it can be represented in the form

Hq
(1)5A1

(1)fq1A1
(2)fq

! . ~79!

Then, substituting Eqs.~77! and~79! into Eq. ~78! we arrive
at the equation

22ivqA1
(2)fq

!2 idV (1)A0fq

5A0q3E dk
12k2de

2

4k2~11k2de
2!

vk

kz
~k•fq!

q•]Nk
0/]k

vq2q•]vk /]k

3Fk~k"q!1 i
vk

kz
~11k2de

2!q3kG . ~80!

Use the identitiesfq•fq[fq
!
•fq

![0 to eliminateA1
(2) . Scalar

multiplication of Eq.~80! with fq
! , and using the identityq

3fq
!5 i (vq /qz)fq

! , yields the dispersion relation

dV (1)5
1

fq•fq
! E dk

12k2de
2

4k2~11k2de
2!

~k•fq!~k•fq
!!

3
q•]Nk

0/]k

vq2q•]vk /]k F ~k"q!
vk

kz

vq

qz
1

k2q2

11k2de
2G . ~81!

When the spectral width of the helicon turbulenceDvk ex-
ceeds the nonlinear growth rate~decrement!, the resonant
instability can take place. For such a resonant instability the
phase velocity of the long-wavelength helicon approaches
the group velocity of the package of small-scale helicons so
that

1

vq2q•]vk /]k
5P 1

vq2q•]vk /]k
2 ipdS vq2q•

]vk

]k D .

~82!

The growth rate of such an instability follows from Eqs.~81!
and ~82!

Gq[Im dV (1)

52p
1

fq•fq
! E dk

12k2de
2

4k2~11k2de
2!

~k•fq!~k•fq
!!S q•

]Nk
0

]k D
3F ~k"q!

vk

kz

vq

qz
1

k2q2

11k2de
2GdS vq2q•

]vk

]k D . ~83!

Since fq•fq
!.0 and (k•fq)(k•fq

!)>0, and because also the
term within the curly brackets is also non-negative on the
basis of the helicon dispersion relations@see Eqs.~46! and
~77!#, we find that the instability condition is

~12k2de
2!S q•

]Nk
0

]k DU
vq5q•]vk /]k

,0. ~84!

The mechanism of this instability is similar to Landau damp-
ing on particles: The long-wavelength helicon is driven by its
resonant interaction with quasi-particles characterized by ve-
locity ]vk /]k and a distribution functionNk .

The second problem we consider is similar to the one

studied in the framework of the 212D model. We assume that
the correlation properties of the helicon turbulence are con-
trolled by an external source, and replace the resonant de-
nominator V2q•]vk /]k on the RHS of Eq.~73! by its
broadened counterpartV2q]vk /]k1 iDvk , whereDvk is
nonlinear broadening. For a white noise source, which in fact
corresponds to the formulation of the problem in Ref. 9 and
in Sec. III, we should simply replaceV2q]vk /]k by iDvk
on the RHS of Eq.~73!. Then, instead of Eq.~73! we have

dNk5
1

Dvk

vk

kz
“•F ~k•H!

]Nk
0

]k G . ~85!

After substitution of Eq.~85! into Eq. ~72! it follows

]H

]t
1

]

]z
curlH5curlE dk

12k2de
2

4k2~11k2de
2!

vk

kz

1

Dvk

3H k~k•“ !F“~k•H!•
]Nk

0

]k G
1 i

vk

kz
~11k2de

2!“F“~k•H!•
]Nk

0

]k G3kJ .

~86!

Assuming that bothNk and Dvk are isotropic and depend
only on k, so that]Nk /]k5(k/k)]Nk /]k, and taking into
account thatvk /kz also depends only onk, according to the
dispersion relation~46!, we can integrate the RHS of Eq.
~86! over the angle ink-space. The second term inside the
curly brackets is odd with respect tok and vanishes when
averaged over the angle. As a result we arrive at the equation
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]H

]t
1

]

]z
curlH5a¹2 curlH, ~87!

wherea is defined by

a5
p

15E0

`

dk
k3~12k2de

2!

11k2de
2

vk

kz

1

Dvk

]Nk

]k
~88!

and

E f ~k!kikjklkmdk

5
4p

15 E
0

`

dkk6f ~k!~d i j d lm1d i l d jm1d imd j l !, ~89!

has been used. Note thata differs from zero only if there is
an additional asymmetry between helicons with positive and
negative phase velocitiesvk /kz and possessing the positive
and negative values of helicity, correspondingly, in the sense,
that they have different values of (1/Dvk)]Nk /]k ~e.g., due
to the properties of the turbulence source!. A similar conclu-
sion but in a different form has been drawn earlier in Ref. 9.
The dependence ofa on kde , namely, a change of its sign
whenk crosses the value 1/de is similar to the result found in
Ref. 38, where in the framework of the dissipative EMHD
stability of the helicon maintained by the external force with
respect to the large-scale perturbations has been investigated.
Equation~87! has a form which is similar to Eq.~2!, except
for the turbulent viscosity term in the latter. The dispersion
relation for the large-scale helicon follows from Eq.~87!

V25q2~qz2 iaq2!2, ~90!

which means that independently of the sign ofa, one of two
helicons with the opposite signs of the phase velocity alongz
axis is unstable. When the coefficienta becomes small~of
orderl /L) due to a partial compensation related to the above
mentioned effect, the turbulent viscosity, which is the next
order term in expansion over a small parameterl /L, starts to
play a significant role and can result in damping of the large-
scale helicon.

V. CONCLUSION

In this paper we have considered the problem of the
generation of large-scale perturbations by small-scale turbu-
lence within the framework of electron magnetohydrody-

namics. We have investigated two EMHD models: A 21
2D

model in which the magnetic field has all three spatial com-
ponents, but depends only on two coordinates, and a fully 3D
model with an imposed stationary and homogeneous mag-
netic field.

It is shown that 212D EMHD turbulence has properties
that usually are considered to be pertinent to both 2D and 3D
turbulence. On the one hand, similarly to 3D EMHD

turbulence,9 the 21
2D turbulence with nonzero helicity~actu-

ally cross-helicity! results into ana-effect, like in MHD. On
the other hand, if the spectrum of the turbulence is aniso-

tropic, then 21
2D turbulence results into dissipation~resistiv-

ity, viscosity! of the mean field, like purely 2D turbulence,

which can benegative. Both mechanisms, thea-effect and
negative dissipation lead to spontaneous amplification of the
mean field.

We have shown that EMHD turbulence with scale length
l .c/vpe leads to two mechanisms that can destabilize mean
fields, thea-like effect and turbulent resistivity. Turbulent
viscosity is always positive in this case. The turbulent resis-
tivity is different from zero only in the absence of equiparti-
tion between the energies in the axial and poloidal compo-
nents of the turbulent magnetic field. The effect of negative
resistivity is largest in the 2D case where the turbulent mag-
netic field is purely poloidal. The characteristic scale lengths
and growth rates of the instabilities caused by both negative
resistivity and thea effect have been analyzed. These quan-
tities are completely defined by the correlation properties of
the turbulence.

The influence of inertia on the generation of mean fields

is also analyzed in the 212D model by considering turbulence
with scale lengthl<c/vpe . It is shown that the coefficient
of resistivity does not depend on electron inertia. At the same
time, the effect of inertia results in an asymmetry of the
a-effect and of viscosity in the equations describing the evo-
lution of the axial and poloidal components of the large-scale
magnetic field. Thea-effect in the equation for the axial
component of the perturbed magnetic field decreases and
even a change of sign may occur.

The influence of inertia on viscosity is particularly im-
portant in the equation for the axial component of the large-
scale magnetic field. The viscosity coefficient becomes nega-
tive when the axial component of the turbulent magnetic
field prevails over its poloidal components. This condition is
opposite to the one for resistivity to takes its maximal nega-
tive value, i.e., in the case of purely 2D EMHD turbulence.

We have studied the modification of the stability condi-
tions of the mean field perturbations compared to the casel
.c/vpe . The most important difference is the absence of
instability due to the helicity of the turbulent field when the
spectral density of helicityI h(k) is a monotonous function
and concentrated in the scale lengths belowde .

A significant difference of 3D EMHD model with a

background magnetic field from 21
2D model is the existence

of waves with nonzero frequency called helicons~or
whistlers!. If the background magnetic field is sufficiently
strong, the helicon turbulence can be described by the wave-
kinetic equation within the standard weak turbulence ap-
proach. We have studied the interaction of the small-scale
helicon turbulence with the large-scale helicon based upon
the adiabatic approximation technique proposed in Ref. 17. A
closed set of equations for the evolution of both the magnetic
field of the large-scale helicon and the generalized action
invariant of the small-scale turbulence is obtained@see Eqs.
~64! and ~72!#. We have used this set of equations to study
the linear stability of the large-scale helicon. Two cases have
been considered. In the case when the spectral width of the
helicon turbulenceDvk exceeds the nonlinear growth rate
~decrement! the resonant instability takes place. The mecha-
nism of this instability is similar to Landau damping on par-
ticles. When condition Eq.~84! is fulfilled the long-
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wavelength helicon is driven by its resonant interaction with
quasi-particles, that correspond to the small-scale helicons.
In the other case, we have considered the problem which is

similar to that studied within the framework of the 21
2D

model. Assuming that the correlation properties of the heli-
con turbulence are controlled by the external source, we have
replaced the resonant denominator in the expression for the
perturbation of the generalized action by its broadened coun-
terpart, and in the case of an isotropic white noise source, we
have derived the equation for the large-scale helicon evolu-
tion similar to Ref. 9, in which the small-scale turbulence has
resulted in thea-like effect. We have found that in order that
the coefficienta does not vanish, the additional condition of
asymmetry between the helicons with positive and negative
values of the phase velocity along the background field is
required.
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APPENDIX A: AVERAGING THE POISSON BRACKETS

To derive the averages of the Poisson brackets we use
Eq. ~18! and take into account the correlation properties~23!.
For example,

^@At,¹2dA#1@dA,¹2At#&5E E dk8dk~k3k8!z~k822k2!^Ak
t dAk8&e

i (k81k)x

5E E E dk8dkdq
~k83q!z

11k82de
2 ~k3k8!z~k822k2!ei (k81k)x

3F ~11q2de
2!^A&qE

2`

t

^Ak
t ~ t !Bk82q

t
~ t8!&dt82~11~k82q!2de

2!^B&qE
2`

t

^Ak8
t

~ t !Ak2q
t ~ t8!&dt8G

5E E E dk8dkdq
t

2

~k83q!z

11k2de
2 ~k3k8!z3~k822k2!ei (k81k)xd~k1k82q!

3@~11q2de
2!I h~k!^A&q2~11~k2q!2de

2!I A~k8!^B&q#

5E E dkdq
t

2

~k3q!z
2~2kq2q2!

11~k2q!2de
2 eiqx@~11q2de

2!I h~k!^A&q2~11k2de
2!I A~k!^B&q#. ~A1!

The averages of the other Poisson brackets are calculated in
a similar way,

^@Bt,¹2dB#1@dB,¹2Bt#&

5E E dkdq
t

2

~k3q!z
2~2kq2q2!~k22q2!

11~k2q!2de
2

3$I h~k!^A&q2de
2I B~k!^B&q%e

iqx, ~A2!

^@Bt,dA2de
2¹2dA#1@dB,At2de

2¹2At#&

5E E dkdq
t

2
~k3q!z

2H F ~11q2de
2!I B~k!

2
~11k2de

2!~k22q2!

11~k2q!2de
2 I A~k!G ^A&q

2
112q2de

222kqde
2

11~k2q!2de
2 ~11k2de

2!I h~k!^B&qJ eiqx.

~A3!

The integration over the angle ink-space can be performed
using the formula:39

E
0

p cosnudu

11a cosu
5

p

A12a2 SA12a221

a D n

, a2,1. ~A4!

Applying this formula to Eqs.~A1!–~A3! we obtain

^@At,¹2dA#1@dA,¹2At#&

5E dqE
0

`

dq
ptk3q2dk

11k2de
21q2de

2 k~e!eiqx@kqek~e!2q2#

3@~11q2de
2!I h~k!^A&q2~11k2de

2!I A~k!^B&q#,

~A5!
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^@Bt,¹2dB#1@dB,¹2Bt#&

5E dqE
0

`

dk
ptk3q2~k22q2!

11k2de
21q2de

2

3k~e!eiqx@kqek~e!2q2#

3$I h~k!^A&q2de
2I B~k!^B&q%, ~A6!

^@Bt,dA2de
2¹2dA#1@dB,At2de

2¹2At#&

5E dqE
0

`

dkptk3q2eiqxH F1

2
~11q2de

2!I B~k!

2
~11k2de

2!~k22q2!

11k2de
21q2de

2 k~e!I A~k!G ^A&q

2
11k2de

2

11k2de
21q2de

2 k~e!

3@112q2de
22kqek~e!de

2#I h~k!^B&qJ , ~A7!

wheree and k~e! are defined by Eq.~27!. Substituting Eq.
~A7! in Eq. ~13!, and Eqs.~A5!, ~A6! in Eq. ~14! and apply-
ing the Fourier transformation we arrive at Eqs.~25! and~26!
for the Fourier components of the mean fields.

APPENDIX B: CALCULATION OF S1k AND S2k

Using Eq.~61! we represent Eq.~58! in the form

S1k5
i

~2p!3 E E E dx8dqdp exp@ iqx2 i ~q2p!x8#

3H vk

2kz~ky
21kz

2!

11~k2p!2de
2

~k2p!2 I k2p~x8!fk
!3fk2p

1
vq2k

2~qz2kz!@~qy2ky!21~qz2kz!
2#

3
11~q2k2p!2de

2

~q2k2p!2 I k~x8!fq2k
! 3fq2k2pJ •~p3Hp!.

~B1!

In the calculation ofS1k andS2k we restrict ourselves to the
terms of lowest order with respect to the ratio of the small-
scale lengthl to the large-scale oneL, namely, we take into
account only the terms of orderl /L and neglect terms of
higher orders. Therefore, we retain only linear terms with
respect top andq. As a result Eq.~B1! is reduced to

S1k.
i

~2p!3E E E dx8dqdp exp@ iqx2 i ~q2p!x8#

3
11k2de

2

k2~ky
21kz

2!
I k~x8!H vk

2kz
fk
!3fk2

v2k

2kz
f2k
! 3f2kJ

•~p3Hp!

5 i E dp exp~ ipx!
vk~11k2de

2!

2kzk
2~ky

21kz
2!

I k~x!

3~ fk
!3fk1fk3fk

!!•~p3Hp!50. ~B2!

The calculation ofS2k is a similar but much more compli-
cated task which requires rather lengthy calculations. First,
similarly to Eq.~B1! we can rewrite the expression forS2k in
the form

S2k5
1

~2p!3 E E E dx8dqdp exp@ iqx2 i ~q2p!x8#

3H vk

2kz~ky
21kz

2!

vk2p

kz2pz

11~k2p!2de
2

~k2p!2 I k2p~x8!

3fk2p3fk
!1

vq2k

2~qz2kz!@~qy2ky!21~qz2kz!
2#

3
vq2k2p

qz2kz2pz

11~q2k2p!2de
2

~q2k2p!2

3I k~x8!fq2k2p3fq2k
! J •Hp . ~B3!

We representS2k in the form of a seriesS2k.S2k
(0)1S2k

(1) with
respect to a small parametersp/k andq/k. Then, we obtain

S2k
(0)5

1

~2p!3 E E E dx8dqdp exp@ iqx2 i ~q2p!x8#

3
11k2de

2

2kz
2k2~ky

21kz
2!

I k~x8!Hp•~vk
2fk3fk

!1v2k
2 f2k3f2k

! !

5E dp exp~ ipx!
vk

2~11k2de
2!

2kz
2k2~ky

21kz
2!

I k~x!

3Hp•~ fk3fk
!1fk

!3fk![0. ~B4!

To simplify further calculations it is useful to take into ac-
count that the expansion of any arbitrary functionAk2q can
be represented in the form

Ak2q[Ak1(p2q)2p.Ak1F ~p2q!•
]

]kGAk2S p•
]

]kDAk .

~B5!

ThenS2k
(1) takes the form
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S2k
(1)5

1

~2p!3 E E E dx8dqdp exp@ iqx2 i ~q2p!x8#Hp•H 2
vk

2kz~ky
21kz

2!
fk3fk

!S p•
]

]k
D Fvk~11k2de

2!

kzk
2 I k~x8!G

2
vk

2~11k2de
2!

2kz
2k2~ky

21kz
2!

I k~x8!F S p•
]

]k
D fk3fk

!G2
vk~11k2de

2!

kzk
2 I k~x8!fk

!3fkS p•
]

]k
D F vk

2kz~ky
21kz

2!
G

2
vk

2~11k2de
2!

2kz
2k2~ky

21kz
2!

I k~x8!F fk
!3S p•

]

]k
D fkG1I k~x8!F ~p2q!•

]

]k
G S vk

2~11k2de
2!

2kz
2k2~ky

21kz
2!

fk
!3fkD J . ~B6!

The terms in Eq.~B6! that are proportional to@(q•]/]k)fk
3fk

!# cancel each other. We represent the remaining part of
the integral in the formS2k

(1)5S2k
(1a)1S2k

(1b) , where

S2k
(1a)52

1

~2p!3 E E E dx8dqdp exp@ iqx2 i ~q2p!x8#Hp

•fk3fk
!H vk

2kz~ky
21kz

2!
S p•

]

]kD Fvk~11k2de
2!

kzk
2 I k~x8!G

2
vk~11k2de

2!

kzk
2 I k~x8!S p•

]

]kD F vk

2kz~ky
21kz

2!G J , ~B7!

S2k
(1b)5

1

~2p!3 E E E dx8dqdp exp@ iqx2 i ~q2p!x8#

3I k~x8!Hp•F ~p2q!
]

]k
GF vk

2~11k2de
2!

2kz
2k2~ky

21kz
2!

fk
!3fkG .

~B8!

Equation~B7! is easily integrated overq andx8,

S2k
(1a)52E dp exp~ ipx!Hp•fk3fk

!
vk

2

2kz
2~ky

21kz
2!

S p•
]

]k
D

3F ~11k2de
2!~ky

21kz
2!

k2 I k~x!G
5 i

vk
2

2kz
2~ky

21kz
2!
“~H•fk3fk

!!

•

]

]k
F ~11k2de

2!~ky
21kz

2!

k2 I k~x!G . ~B9!

The integral in Eq.~B8! can be calculated using the identity

i ~p2q!exp@ i ~p2q!x8#5
]

]x8
exp@ i ~p2q!x8#,

and applying the integration by parts overx8. As a result we
obtain

S2k
(1b)5 i“I k~x!•

]

]k F vk
2~11k2de

2!

2kz
2k2~ky

21kz
2!

H•fk
!3fkG . ~B10!

Finally, taking into account that

fk
!3fk[

2ivk

kz
~11k2de

2!~ky
21kz

2!k, ~B11!

and adding Eqs.~B9! and ~B10! we arrive at Eq.~63!.

APPENDIX C: CALCULATION OF THE AVERAGE IN
EQ. „49…

To calculate the average on the RHS of Eq.~49! in terms
of Nk we takeb and curlb in the forms defined by Eqs.~66!
and ~67!. Their substitution results into

^blbm2de
2~curlb! l~curlb!m&

.E E dkdk8
^ckck8&
4k2k82 f lk f mk8

3F12de
2 vkvk8

kzkz8
~11k2de

2!~11k82de
2!G

3exp@ i ~k1k8!x#

5E E dKdk
^cK1k/2c2K1k/2&

4~K1k/2!2~2K1k/2!2

3 f l ,K1k/2f m,2K1k/2 exp~ i kx!

3H 12de
2 vK1k/2v2K1k/2

~Kz1kz/2!~2Kz1kz/2!

3@11~K1k/2!2de
2#@11~2K1k/2!2de

2#J
5

1

~2p!3 E E E dKdkdx8
I K1k/2 exp@ i k~x2x8!#

4~K1k/2!2~2K1k/2!2

3 f l ,K1k/2f m,2K1k/2

3H 12de
2 vK1k/2v2K1k/2

~Kz1kz/2!~2Kz1kz/2!

3@11~K1k/2!2de
2#@11~2K1k/2!2de

2#J . ~C1!

Here K[(k2k8)/2 corresponds to small scales, andk[k
1k8 to large scales, so thatk!K. Therefore, Eq.~C1! can
be significantly simplified by neglecting terms of orderk/K
in the integrand. Carrying out the integration overk andx8,
recalling thatv2k52vk , and taking into account the dis-
persion relation~45!, one obtains Eq.~68!.
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