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Abstract

Whilst being predominantly used in practice, linear and mixed
integer programming models for Supply Chain Operations Planning
(SCOP) are not well suited for modeling the relationship between the
release of work to a production unit and its output over time. In this
paper we propose an approach where the SCOP model is decomposed
into a deterministic materials coordination model and a stochastic lead
time anticipation model. The sub-models are linked through planned
lead times and workload targets. A novel algorithm is presented for
rescheduling aggregate workload such that planned lead times can be
met by the production unit. The approach that we present is more
general than the closely related clearing function concept. It can be
applied to multi-item resources without making assumptions on the
order of processing, it accurately captures the development of work-
load over time, and it yields a more reliable production planning.
Simulation experiments show that our approach yields reductions in
inventory holding costs up to 20% compared to a deterministic mate-
rials and resource coordination model.

Keywords: hierarchical production planning; lead time anticipation;
supply uncertainty; production smoothing
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1 Introduction

Thanks to advances in information and communication technology, firms
nowadays have access to detailed and up-to-date information about the state
of their primary process. This enables firms to exercise central control of
large and complex supply chain networks. Information sharing across part-
ners in the supply chain, access to point-of-sales data, and integrated sales-
and-operations planning, provides valuable advance demand information. On
the other hand, a volatile and demanding market requires firms to be highly
flexible and provide a reliable supply of a broad range of products, preferably
of the shelf. Firms are therefore looking for ways to reduce lead times and
inventories to gain competitive advantage but are encumbered by smaller
sales quantities and shorter product life cycles for individual products. As a
result, the problem of coordinating material flows and release of work-orders
to resources has become much more difficult. Decision making is particularly
difficult due to many forms of uncertainty in the information upon which de-
cision are based. Different forms of slack (capacity, time, and materials) are
created in order to deal with these uncertainties. In this environment, there is
a need for reliable dynamic planning methods that efficiently utilize available
information on the one one hand while taking heed of the uncertainties that
are inherent to production and demand processes. The stage for these meth-
ods are Advanced Planning Systems (APS). However, present-day APS’s are
mainly based on linear and mixed integer programming (LP/MIP) models
that are incapable of capturing the uncertainties. In this paper we present a
method that augments generic models for supply chain operations planning
with the ability to account for uncertainties in the production process.

APS are organized according to a hierarchical production planning (HPP)
concept (see Stadtler and Kilger, 2000). The idea of hierarchical decision
making is often attributed to Anthony (1965), and Hax and Meal (1975) are
the first to present a HPP model. Hierarchical planning systems are struc-
tured along the organizational levels of decision making. Decisions made
at different levels differ in scope, horizon, and detail of information needed.
HPP facilitates human interaction and their decomposition makes the plan-
ning problem computationally tractable.

Various frameworks for HPP are proposed in literature. See for example
Vollmann et al. (1984); Bitran and Tirupati (1993); Meyr et al. (2000); Hopp
and Spearman (2001). Most HPP frameworks separate three levels of control:
an aggregate level where long term plans for capacity and volume are decided
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on, an intermediate level where the coordination of material flows and as-
signment of work-orders to resources takes place, and a lower level where the
actual execution of production takes place. This methods proposed in this
paper concern the intermediate and lower levels.

Two HPP frameworks that are the conceptual basis for our work are
proposed by Bertrand et al. (1990, chapter 3) and by De Kok and Fran-
soo (2003). Both frameworks have a network of production units at the
lowest hierarchical level. The production unit (PU) is a self-contained part
of the production process where materials are transformed into other ma-
terials. Here, transformation may be understood in the most general sense
(e.g. assembly, packaging, transport). A key property of a PU is that only
the input is controlled by the higher hierarchical level. PUs are decoupled
from another by stock-points and may be part of multiple organizations (e.g.
supplier, sub-contractor, distributor).

There is a difference in focus of the two frameworks. The framework of
Bertrand et al. has a vertical focus. That is, the framework considers an
individual production unit. Although there is a separate function for the co-
ordination of material flows, the main objective in this framework is to find
the proper loading of the production unit such that reliable and short lead
times can be achieved. The framework of De Kok et al. on the order hand,
has a horizontal focus. Central to this framework is the coordination of ma-
terial flows in the production network. Production units are only considered
through a constant planned lead time, possible augmented by a deterministic
capacity constraint. The method presented in this paper aims at combining
both perspectives.

An important design parameter in any HPP concept is the linkage of
different levels of control. Poor design of these linkages inevitably leads
to inefficiencies and customer dissatisfaction. The terminology provided
by Schneeweiss (2003) is instrumental in describing HPP these linkages.
Schneeweiss describes planning hierarchies in terms of a top level and a base
level. Top and base level are linked through instructions in the top-down
direction and responses in the bottom-up direction. The concepts presented
by Schneeweiss are more elaborate, but here we only convey the basic ideas
applied to HPP. Order releases form the instructions, whereas the response
refers to periodic information provided by the PU on its state. Because of
processing uncertainties and a phenomenon that is called information asym-
metry (see De Kok and Fransoo, 2003), this response may be different than
the response that was anticipated by the top level. This yields the concept
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of the anticipation function. The anticipation function is the representation
of the PU as incorporated in the top level model. In reality, the anticipation
model can never fully predict the future state of the PU. Therefore there
is a need to introduce slack. The amount of slack needed depends on the
accuracy of the anticipation function used.

An important parameter in the coordination problem is the planned lead
time. The planned lead time prescribes the maximum time between the
release of a production order and the instant that the processed order is
available for use in downstream stages or for supply to the final customer. It
is the responsibility of the PU to dispatch jobs to resources such that orders
are processed within the planned lead time. In most practical situations, the
PU may only be expected to meet the planned lead time if the amount of work
is kept within limits. This requirement translates to additional constraints
or additional costs in the objective function of the top level model and are
part of the anticipation function.

It was already mentioned that non-linear relations between order release
to a PU and its output over time, are not easily captured in LP/MIP models.
The anticipation function in these models usually is a pessimistic maximum
capacity constraint. As a result, WIP levels in the PU are lower than neces-
sary leading to reduced throughput and long lead times. This problem was
recognized by Karmarkar (1989) who proposed the use of a clearing func-
tion in LP/MIP models for production planning. The clearing function is
an anticipation function that relates the total amount of work in the PU to
its expected periodic output. Inspired by results from queueing theory, Kar-
markar proposes a clearing function f(W ) = μ · W

W+k
, where μ is the nominal

production rate and k is a parameter determining how fast the nominal pro-
duction rate is achieved. The concave form of the clearing function allows
for a piece-wise linear approximation that is included in the LP/MIP model.

Recently, Selçuk (2007) shows that the periodic output grows much faster
with WIP to the nominal production rate than clearing functions based on
steady-state analysis of queueing models predict. He proposes the use of
expected output conditioned on the initial WIP. Missbauer (2009) presents
an approach where an overload phase (workload exceeds period capacity) is
distinguished from a transient phase (workload is less than capacity). Clear-
ing in the overloaded phase is approximated by a fluid model and clearing
in the transient phase is approximated by an exponential function. A simi-
lar transient approach is provided by Riano (2002). Like Missbauer, Riaño
models periodic output as a weighted sum of previous inputs. Weights are
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estimated from a ”transient Little’s law” and the problem is solved in an
iterative fashion. Multi-item clearing functions are presented by Hwang and
Uzsoy (2005), and Asmundsson et al. (2006). To disaggregate the expected
output quantity, both approaches use Little’s formula and assume that re-
maining lead times for all items are equal. A recent overview of literature on
clearing functions can be found in Pahl et al. (2007).

All of the above approaches aim to obtain expected periodic output as a
function of initial WIP and planned order releases. There are a number of
important limitations to this approach (although the transient approaches
overcome some of these limitations). Firstly, as Missbauer (2006) notices, in
multi-period planning, there is no fixed functional relationship between ex-
pected load and expected output over time since higher moments of the load
distribution are different for future periods. Secondly, expectation may not
be the best measure of output for SCOP models since it implies a substantial
probability that materials are unavailable at the time they are required in
downstream stages. It is likely that a more robust type of planning allows for
lower overall costs for slack. Finally, in a multi-item setting, periodic output
depends on the order of processing of items. A-priori assumptions on the
order of processing which are necessary for multi-item clearing functions, are
problematic since the PU is free to choose the order of processing as long as
the planned lead times are respected.

It is not likely that the limitations of clearing functions mentioned in
the previous paragraph are easily overcome. In this paper, we therefore
consider the use of an alternative anticipation function that considers lead
times rather than periodic output. In literature on production planning
under uncertain lead times it is generally assumed that lead times have a
load independent identical distribution. That is, capacity is assumed to
be infinite. In this literature the aim is either to find the optimal order
quantities (e.g. Lu et al., 2003), or to find the optimal planned lead time
(e.g. Yano, 1987; Ould-Louly and Dolgui, 2004; Tang and Grubbström, 2003).
Cakanyildirim et al. (2000) considers random lead times that depend on the
order size but are independent from another. The assumption that lead
times are independent is justified if orders are placed at external suppliers
and together only consume a small part of the supplier capacity. In this
paper, we assume that the capacity is finite and dedicated so waiting times
are an important part of the lead time.

The aim of our anticipation function that we propose in this paper, is
to verify whether a production plan can be realized within the planned lead
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times. In contrast to the periodic output perspective of clearing functions,
the lead time perspective does not require assumptions about the order of
processing. If necessary, the planned workload is smoothed over time such
that it becomes planned lead time feasible. The smoothing results in ag-
gregate release targets are fed back into the materials coordination model
such that an improved production plan can be generated. In the adjusted
plan, planned releases are such that the production units are able to reliably
process them within the planned lead time. As a result, tardiness of orders
is reduced, allowing for a reduction of the safety stocks. A simulation study
shows that this approach results in a reduction of total inventory holding
cost up to 20% compared with an approach where a deterministic maximum
capacity is assumed.

The remainder of this paper is structured as follows. First we describe
the basic idea behind the lead time anticipation approach. We then postulate
the LP formulation for the materials coordination model. Next, we derive
an approximate distribution of the workload at the start of each period.
We describe a novel algorithm for rescheduling the workload in a PU such
that the workload schedule is lead time feasible. The previous two steps
together form the anticipation model. We then propose a way to update the
materials coordination model with the aggregate release targets returned by
the anticipation model. Finally, we discuss the results of a simulation study
in which we compare our approach with the purely deterministic approach
and the clearing function approach.

2 A lead time anticipation approach

The materials and resource coordination problem in stochastic by nature.
However, given the planned lead times and a sales plan, it becomes a deter-
ministic optimization problem that can be solved using LP/MIP techniques.
In our lead time anticipation (LTA) approach, the stochastic characteristics
of PUs are captured in a separate anticipation model. The SCOP problem is
then solved by subsequently generating a production plan in the (determin-
istic) materials coordination model, evaluating it in the anticipation model,
and improving it in the materials coordination model with the feedback of
the anticipation model. These steps are also indicated in the HPP concept
in Figure 1.

Given the planned lead time, a sales plan (1), and the inventory state of
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Figure 1: hierarchical planning concept

the production network (2), the materials coordination model generates an
initial production plan such that customer demand is satisfied with minimal
inventories. The production plan contains planned order release quantities
for each item and for each period within the planning horizon. The release
quantities in each period imply an aggregate workload which is the sum of
random processing times for each item. In the LTA model, the resultant
schedule of aggregate workload releases (3) is checked against (planned) lead
time feasibility. The schedule is lead time feasible if, at all times, the work-
load can be processed within the planned lead time. Using a novel reschedul-
ing heuristic, workload is scheduled forward to earlier periods wherever the
planned lead time cannot be observed. This yields adjusted aggregate re-
lease targets (4) that are fed back into the materials coordination model in
the form of additional constraints on releases.

The LTA step is applied for each PU individually. As a result of setting
aggregate release targets for a PU, material requirements at upstream stages
may change. In order to make sure that all changes are taken into account, we
consider stages in the network sequentially, starting at the most downstream
stage. PUs are combined into stages according to their low-level code (LLC)
νk. The resource LLC is the maximum of the LLC’s of items produced on
that resource: νk = maxi∈Uk

{vi}. The item LLC vi is defined as usual:

vi :=

{
0, if NS

i = ∅
1 + maxj∈NS

i
{vj}, otherwise
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where NS
i is the set of successors of i.

The LTA approach is summarized in Figure 2. The cycle is performed
once for each stage in the production network. Only then, the final decision
is instructed to the PUs (9). In rolling schedule based planning, orders are
released only for the first period in the production plan. The SCOP problem
is solved again one period later, using up-to-date information on sales and
the state of the production network. In the next three sections we discuss
the three boxes in Figure 2 in more detail.

2.1 The materials coordination model

Before we continue with the description of the LTA model, we first postulate
the basic coordination model. Our formulation is an adaptation of De Kok
and Fransoo (2003). In this adaptation we explicitly model work in process
which is only implicitly included in the formulation of De Kok et al. Other
examples of LP/MIP models for production planning can for example be
found in Tempelmeier (2006); Pochet and Wolsey (2006). The notation used
in the model formulation can be found in Table 1. Constraints enumerate
over all items i or resources k, and over all periods t = 0, . . . , H − 1.

Coordination model

(1) min
∑H

t=1

∑
i∈N ch

i I+
i (t) + cb

i I−i (t)
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Variable Description
H Planning horizon
L Planned lead time
Di(t) Demand for item i arriving in period t

I+
i (t) Physical stock of item i at the start of period t, before receipt of Ri(t−L)

I−i (t) Backlog of item i at the start of period t, before receipt of Ri(t − L)
Ri(t) Release quantity of item i at the start of period t
Xi(t) Quantity processed of item i in period t
Wi(t) Work in process (WIP) for item i, at the start of period t, after receipts

but before releases
N Set of all items
Uk Set of items produced on resource k
CAPk Periodic capacity of resource k
ui Capacity consumption for processing one unit of item i on its resource
ch
i Holding cost per period for item i

cb
i Backordering penalty cost per period for items i

Table 1: list of notation

Subject to:

(2)
I+
i (t + 1) − I−i (t + 1) = I+

i (t) − I−i (t)

−∑
j∈N aijRj(t) − Di(t) + Ri(t − L) + Pi(t),

,where Ri(s) := 0 for all s < 0.

(3) I−i (t + 1) − I−i (t) ≤ Di(t),

(4) Wi(t + 1) = Wi(t) + Ri(t) − Xi(t),

(5)
∑

i∈Uk

ui Xi(t) ≤ CAPk,

(6) Wi(t) + Ri(t) ≤
t+L−1∑

s=t

Xi(s),

The objective (1) is to minimize the sum of holding and backlog penalty
costs. The inventory balance constraint (2) links inventory from subsequent
periods in the horizon together and models the product BOM structure. Con-
straint (3) restricts backlogging to external demand only (for a discussion on
this topic see De Kok et al.). Constraint (4) captures the WIP development
in different periods. Constraint (5) limits periodic production to the nominal
production rate or production capacity. Finally, constraint (6) restricts re-
leases to what can be produced with the nominal capacity within the planned
lead time.

Note that constraints (4)-(6) are the anticipation function for the deter-
ministic materials and resource coordination model. In the LTA approach,
these constraints are replaced by the anticipation model and are therefore
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omitted in the materials coordination model. Without constraints (4)-(6) the
materials coordination model resembles the well-known Materials Require-
ments Planning (MRP) (Orlicky, 1975). However, it is essentially different
due to constraint 3, that ensures allocation of shortages is dealt with by the
model itself rather than being left to the planner.

2.2 The anticipation model

The objective of the anticipation model is to ensure that the production plan
is (planned) lead time feasible. That is, releases must be such that, at all
times, WIP can be processed within the planned lead time. Let Vt be the
sum of random processing times of the WIP at the start of period t, just after
releases. We will call Vt the aggregate workload. We furthermore introduce
the PU service level φ and a function Lφ returning the φth percentile of the
distribution of Vt. The lead time feasibility is defined as:

(7) Lφ
(
Vt

)
:= min

{
l : P {Vt ≤ l} ≥ φ

} ≤ L, t = 0, . . . , H − 1

Vt depends not only on {Ri(t)}i∈Uk
but also on any residual workload not

processed in the previous period. Without loss of generality, assume that
time is scaled such that the total available processing time is one planning
period. Let us define the residual workload variable V +

t := max{0, Vt − 1},
and let the variable Bt denote the additional workload caused by releases
{Ri(t)}i∈Uk

. Then, the development of workload over time is described by:

(8) Vt = V +
t−1 + Bt

We assume that processing times are exponentially distributed with rates
μi := CAPk/ui. Bt, the aggregate workload for releases in period t, is there-
fore a convolution of Erlang random variables. We approximate Bt by a
Gamma distribution. V +

t−1 is the residual processing time consisting of the
cumulative processing times of all waiting items plus the remaining process-
ing time of the item currently in service. Assuming that, after releases,
WIP consists of at least one job in all periods, the sum Vt := V +

t−1 + Bt

also is approximately Gamma distributed. Note that, if this assumption is
not satisfied, constraint (7) is satisfied by definition. Since V +

t−1 and Bt are
independent, the distribution of Vt is given by its mean and variance:

E [Vt] = E
[
V +

t−1

]
+ E [Bt] =: k

μ

Var [Vt] = Var
[
V +

t−1

]
+ Var [Bt] =: k

μ2
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, where E
[
V +
−1

]
:= 0 and Var

[
V +
−1

]
:= 0. Let Fk be CDF of Vt, and let

F̄k := 1−Fk. The mean and variance of V +
t are (the derivation can be found

in the appendix A):

(9)
E

[
V +

t

]
= k

μ
F̄k+1(1) − F̄k(1)

Var
[
V +

t

]
= (k+1) k

μ2 F̄k+2(1) − 2k
μ

F̄k+1(1) + F̄k(1) − E [V +]
2

By means of this recursive Gamma approximation of Vt, we are able to
evaluate feasibility constraint (7). If this constraint is violated in a period,
the production plan must be adjusted. Since delaying the release of work
to later periods clearly is not an option (the solution from the deterministic
model is an optimistic solution in the sense that infinite capacity is assumed),
only forward rescheduling of releases is allowed. Finding the optimal adjust-
ments for the schedule is involved. Through the recursion in equation 8, a
rescheduling decision for one period non-linearly affects workload in all sub-
sequent periods. Furthermore, a rescheduling decision and requires making
assumptions about the specific items being rescheduled. Rather than at-
tempting to develop an exact optimization algorithm, we propose a heuristic
approach based on the assumption that mean and variance are rescheduled
proportionally. That is, let 0 ≤ p < 1 the a scalar indicating the proportion
of work that is rescheduled from period t to period t− 1, then we define the
operation Bt → pBt, Bt > 0 such that pBt ∼ Gamma with E [pBt] = pE [Bt]
and Var [pBt] = pVar [Bt]. Furthermore we define the functions

Ṽt−1(p) = Vt−1 + p Bt, and Ṽt(p) = Ṽ +
t−1(p) + (1 − p)Bt

We make the following two observations:

1. (Monotonicity) Lφ(Ṽt(p)) is non-increasing in the rescheduling pro-
portion p.

Proof. Let 0 ≤ p̃ ≤ p̄ ≤ 1, V̄t := max{Vt−1+p̄ Bt−1, 0}+(1−p̄) Bt, and
Ṽt := max{Vt−1 + p̃ Bt − 1, 0} + (1 − p̃) Bt. The result follows directly
from the fact that for all possible realizations Vt−1, Bt we have that
V̄t ≤ Ṽt:

V̄t − Ṽt = max{Vt−1 + p̄ Bt − 1, 0} + (1 − p̄)Bt

−max{Vt−1 + p̃ Bt − 1, 0} + (1 − p̃)Bt

= max{Vt−1 + p̄ Bt − 1 − p̄ Bt,−p̄ Bt}
−max{Vt−1 + p̃ Bt − 1 − p̃ Bt,−p̃ Bt}

= max{0,−Vt−1 + 1 − p̄ Bt} − max{0,−Vt−1 + 1 − p̃ Bt}
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Figure 3: workload adjustment heuristic

Since −p̄ Bt ≤ −p̃ Bt, we have V̄t − Ṽt ≤ 0.

2. (Bounded residual work) Residual workload increases if we resched-
ule a proportion of work from period t to period t − 1. However, the
increase in residual workload Ṽ +

t−1 is bounded from above because Ṽt−1

is bounded by constraint (7). Assuming that initially Lφ
(
Vt−1

)
< L,

Ṽ +
t−1 will first (probabilistically) increase with p up to the point where

constraint (7) is tight. After that point, work from period t− 1 will be
rescheduled to earlier periods such that constraint (7) remains satisfied
with equality, and Ṽ +

t−1 approximately remains unchanged with a fur-

ther increase of p. (There is no unique distribution of Ṽ +
t−1 such that

constraint (7) is satisfied with equality.)

Our workload adjustment heuristic is schematically shown in Figure 3.
This figure shows the total workload (Ṽt) just after new releases as a function
of the proportion of workload p that is rescheduled to the previous period.
Total workload is the sum of residual workload (Ṽ +

t−1) and released workload

(B̃t). Point (p1, v1) represents the point where constraint (7) is tight for the
previous period, that is Lφ

(
Ṽ +

t−1

)
= L. Beyond this point, residual workload

increases no further and therefore total workload decreases faster with p.
In the following, bold small letters (e.g. vt are bt) denote vectors with

elements mean and variance defining the Gamma distribution of the corre-
sponding random variables with capital letters (e.g. Vt and Bt). Furthermore,
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Υ : R
2 → R

2 is the function mapping workload on residual workload (see
equation (9)), and Lφ : R

2 → R is defined similar as in (7) but now with
the random variable in its argument replaced by its defining mean-variance
vector.

The algorithm proceeds as follows. First, the total and residual workload
are calculated for each period. Starting from the latest period within the
horizon and working backward, workload is rescheduled to previous periods
whenever constraint (7) is not satisfied. The point (p1,v1) is found as follows.
The proportion p and workload v̂t−1 = vt−1 + p ∗ x at which (7) is satisfied
with equality, are determined using simple line search. Here, x is the search
direction. If p is negative, then the search direction is x := vt−1 (i.e. existing
workload in period t − 1 must be reduced in order to meet the constraint).
If p is positive, then the search direction is x := bt representing that work in
period t−1 will be increased with work from period t. We set p1 := max{0, p}
and v1 := Υ(v̂t−1) + (1 − p1) ∗ bt. Next, we establish whether the optimal
proportion p∗ is smaller or greater than p1. If Lφ(v1) ≤ L, the optimal
proportion is p∗ ≤ p1 and is found in region I in Figure 3. If Lφ(v1) > L,
the optimal proportion is p∗ > p1, which is found in region II in Figure 3.
The curves in regions I and II are described by:

L(p) :=

{
(I) Lφ

(
Υ(vt−1 + pbt) + (1 − p)bt

)
, if 0 ≤ p ≤ p1

(II) Lφ
(
Υ(v̂t−1) + (1 − p)bt

)
, if p1 < p ≤ 1

Both functions are decreasing in p so we use a simple bisection search to find

p∗ = min {p : L(p) ≤ L, 0 ≤ p ≤ 1}

The workload smoothing algorithm described here can be found in ap-
pendix B. The result of the algorithm is a schedule {b̃t}0≤t<H that satisfies
the lead time feasibility constraint (7) in all periods. However, the original
plan may imply a workload for which no lead time feasible plan is possible.
In that case, there is an overflow amount of workload which is given by b̃−1.

2.2.1 Overloading

The existence of any overflow workload indicates that no planned lead time
feasible plan is possible that satisfies all dependent and independent require-
ments. It may be decided that the overflow work should be released to the PU
nonetheless such that total backlog costs are kept at a minimum. We refer to
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the release of any overflow workload as overloading of the PU. From the lit-
erature on clearing functions we learn that overloading of the PU results in a
higher expected output, and thus a faster reduction of the backlog. However,
overloading also leads to high WIP levels and tardiness of orders (even though
the items are available no later than in the original plan). Particularly in
convergent network topologies, tardiness may lead to synchronization stocks
in downstream stages1. The alternative strategy is therefore to discard the
overflow workload altogether. We refer to this strategy as the conservative
strategy and the strategy with overloading as the overloading strategy.

In busy situations, the overflow (b̃−1) may be high. It seems to make
no sense to overload the PU directly with a large amount of work. Such
a strategy would lead to large and costly WIP levels without significant
reduction of the backlog. In a single item setting, the optimal loading of
the PU is easily determined. The objective is to minimize the sum of WIP
carrying cost and backlog cost.

min cw W − cb
E [X|W ]

, where W is the maximum WIP in the PU and E [X|W ] is the clearing
function of Selçuk (2007). Since E [X|W ] is concave in W , the cost function
is convex and the first order condition is

P {Q ≤ W ∗} = 1 − cw

cb

, where P {Q ≤ x} := P {X ≤ x|W = ∞}. I our multi-item setting the out-
put optimal loading quantity is less easily determined. We define f := cw

cb ,
and rewrite the cost function in a workload equivalent form:

min
p,0≤p≤1

[
f E [p ∗ V ] − E [min{L, p ∗ V }]

]

Here, we take into account that the WIP does not leave the PU until the
end of the planned lead time. Since the minimum function is concave, this
cost function is convex as well. Let the total workload for a period be V ∼
Gamma(k, μ), let Fk(·) be its cdf, and let F̄k(·) :=

(
1 − Fk(·)

)
. The right

part of the cost function is:

E [min{L, V }] =

∫ L

0

v dFk(v) + L F̄k(L) =
k

μ
Fk+1(L) + L F̄k(L)

1Synchronization stocks are stocks of other materials caused by delayed production due
to tardiness of the material.

14



and the cost function becomes:

(10) min
p,0≤p≤1

[p k

μ

(
f − Fp k+1(L)

)
+ L F̄p k(L)

]

The fraction f remains to be determined. Backlog and WIP costs are not
specified for workload. Inspired by a well-known relation between fill-rate,
backordering cost, and holding cost (see Silver et al., 1998, chapter 7), we
set the fraction f :

f =
φ

1 − φ

The optimal p∗ for period 0 is found though a convex optimization routine.
If p∗ is less than 1, the remaining workload (1−p)∗V is scheduled backward
to period 1. Next, the optimal overloading is determined for period 1, and
so on until p∗ = 1.

2.3 Updating the materials coordination model

If the original production plan is not planned lead time feasible, the aggre-
gate release targets returned by the anticipation model are used to generate
additional constraints in the materials coordination model. Two issues that
need to be addressed are disaggregation and material feasibility. The dis-
aggregation issue refers to the fact that the release targets returned by the
anticipation model specify only the aggregate amount of work that should be
released. No specification is given as to what item types should be produced.
In a multi-item setting, constraints corresponding to these aggregate release
targets, should be formulated such that orders are released for items that are
actually required. The material feasibility issue arises from the fact that the
scope of the anticipation model is an individual PU. Material dependencies in
the production network are not taken into account. It may not be possible to
meet the aggregate release targets because material required for production
cannot be made available timely. If the aggregate release targets are rigid,
this leads to backlogging of dependent demand for these materials. However,
due to constraint (3) in the materials coordination model, this is not allowed
and leads to an infeasible coordination problem.

The aggregate release targets that are used for the generation of additional
release constraints in the materials coordination model are expressed in mean
processing time. In the following sub-sections, the non bold-faced letters bk(t)
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and b̃k(t) denote the mean processing time for orders released in the original
and the adjusted plan respectively. Similarly, the adjusted planned releases
are denoted by R̃i(t).

2.3.1 Material feasibility

The anticipation model returns aggregate release targets that, when adhered
to, ensure that planned lead times are met. However, the scope of the antic-
ipation model is a PU in isolation. Material dependencies (specified by the
bill-of-materials) in the production network are not taken into account. Pro-
vided there is no overflow workload (b̃k(−1) = 0), the anticipation model is a
forward scheduling algorithm. Assuming that value is added to the product
in every stage, echelon stock of an item is more expensive in a downstream
stage than in an upstream stage. Therefore, downstream production plans
are not affected by forward scheduling. Upstream releases clearly are affected
since forward scheduling causes dependent requirements to move forward in
time as well. Since backlogging of dependent requirements is not allowed
(constraint 3), increased dependent demand must either be satisfied from in-
ventory that is physically available, or from increased production. If neither
is possible, a ”hard” aggregate release target yields an infeasible coordination
problem. In order to avoid this infeasibility, deviations from the aggregate re-
lease targets must be admitted at a penalty cost. Introducing a new variable
Ok(t) for the amount of deviation from plan, we get the following constraints:

(11)
Ok(t) =

∑t
s=0 b̃k(s) −

∑
j∈Uk

uj

CAPk

(
Wj(0) +

∑t
s=0 R̃j(s)

)
,

Ok(t) ≥ 0, t = 0 . . . , T − 1

If there is an overflow workload, the aggregate release targets may imply
a downward adjustment of cumulative releases. That is:

t∑
s=0

b̃k(s) <
∑
j∈Uk

uj

CAPk

(
Wj(0) +

t∑
s=0

Rj(s)
)
, for some t ≥ 0

In this case, constraint (11) forces a downward adjustment of releases. This
adjustment may also result in downward adjustment of releases in the down-
stream echelon. As a result, penalty costs in the downstream echelon may
increase. Note however, that this cannot lead to an infeasible coordination
problem since releases are not bounded below in (11).
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We have not yet discussed how a deviation from the aggregate release
targets should be penalized. The penalty costs assigned to a deviation from
the plan may influence the allocation of capacity shortages. In this paper,
we take a simple approach and set these penalty cost equal to the backlog
cost of an item. For this reason we make the deviation variable dependent
on the item (instead of the resource).

2.3.2 Disaggregation of aggregate release targets

Specifying a aggregate release target may lead to planned orders for items
for which there is no requirement. This situation occurs if materials used
in production are not timely available, and penalty costs can be avoided by
producing another item that is not required. We would like to limit planned
production to those items for which there is a requirement. These quantities
are given by the original production plan.

In the context of the issue described in the previous paragraph, we in-
troduce the notion of delta blocks. Delta blocks are sets of subsequent plan-
ning periods in which there is a positive cumulative deviation of the re-
leased workload in the original plan (bt) from the target (b̃t). Let δ(t) :=∑t

s=0

(
b̃s − bs

)
, δ

( − 1
)

:= 0, we define the set of delta blocks Δ:

(12) Δ :=
{

(tl, tu) : δ
(
tl − 1

) ≤ 0, δ
(
tu

) ≤ 0, δ
(
t
)

> 0, 0 ≤ tl ≤ t < tu < H
}

Penalties can only be incurred for periods within these delta blocks. Also
we have for any delta block (tl, tu) that

∑tl−1
s=0 b̃k(s) ≤ ∑

j∈Uk

uj

CAPk

(
Wi(0) +

∑tl−1
s=0 Ri(s)

)
, and∑tu

s=0 b̃k(s) ≤ ∑
j∈Uk

uj

CAPk

(
Wi(0) +

∑tu
s=0 Ri(s)

)

That is, the original cumulative planned production is at least equal to the
release targets, both just before the delta block, and at the end of the delta
block. This implies there are no material shortages just before and just at
the end of each delta block. It is therefore sufficient to specify:

(13)
tu∑

s=tl

R̃i(t) ≤
tu∑

s=tl

Ri(t), for all i ∈ Nk, (tl, tu) ∈ Δk
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3 Simulation experiments

In the preceding section, we have presented a method for SCOP where we
captured the stochastic behavior of the PU into a separate lead time antic-
ipation model. Given the planned lead times (and the sales plan), the co-
ordination problem becomes deterministic and can be solved using LP/MIP
techniques. The separation of the anticipation function allowed us to model
the behavior of a PU more accurately than possible in a LP formulation of
the integral problem. We presented a new rescheduling algorithm in order to
generate lead time feasible production plans. The objective of our lead time
anticipation (LTA) approach is to reduce the investment needed in WIP and
finished goods inventory (FGI). In this section we verify to what extend our
approach achieves its goal using discrete event simulation.

We compare our LTA approach to an approach where throughput is as-
sumed to be deterministic (DT), and the clearing function approach (CF). We
furthermore compare the overloading and conservative strategies discussed
in section 2.2.1. We refer to the overloading strategy as LTA-OL and to the
conservative strategy as LTA-CS. The clearing function used for comparison
is the one proposed by Selçuk (2007, chapters 4,5)2 The short term clearing
function of Selçuk was selected because it proved to be superior to the long
term clearing functions used elsewhere.

The statistic of interest in our simulation experiments is the relative total
holding cost (THC) difference (positive figures indicate an improvement):

THCbenchmark − THCalgorithm

THCbenchmark

, where the algorithm may be LTA-CS or LTA-OL and the benchmark may be
DT or CF. To be able to compare inventory costs for the selected approaches,
fill rates for end-items are equalized at 98% using the safety stock adjustment
procedure of Kohler-Gudum and De Kok (2002).

Motivated by the idea that PUs have a single bottleneck, they are rep-
resented in the simulation model by single server queues. Yet, since several
other non-critical activities may be required, processed items arrive at the
downstream stock point no earlier than a planned lead time after their re-
lease. Demand is dynamic and is known over the planning horizon. The fact

2We use a break-point parameter ε = 0.20, the value that yielded best performance in
the experiments of Selçuk.
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that our interest here is in supply uncertainty and not in demand uncertainty,
justifies the use of perfect advance demand information.

3.1 Test bed

The simulation program is coded in the Microsoft Visual C# 2008 program-
ming language. The planning problem is solved every period using ILOG
CPLEX 11.0. PUs are modeled as single server queues with exponential pro-
cessing times where orders are processed in a work-conserving FCFS manner.
Processed items (or finished work-in-progress) wait in the PU until the end of
the lead time when they are shipped to the downstream stock point. Periodic
planning decisions are translated into multiple unit size orders per item that
are released to the production in random order. Demand is sampled from
a Gamma distribution with squared coefficient of variation 0.5. Perfect ad-
vance demand information is available to the planning model in the planning
horizon. Demand occurs in unit size lots at the end of the period (there may
be multiple lots per period), just before orders are shipped from the PUs. In-
ventory, work-in-progress (WIP), and finished work-in-progress (FWIP) are
measured continuously. The planning problem is solved at the beginning
of each period after demand and shipments from the previous period have
occurred.

The simulation experiment is set-up along the lines of Law (2007). Ev-
ery simulation run consists of 30 replications. For each replication, a set of
random number streams is generated for each period, resource, and demand
generator. Common random numbers are used across different planning ap-
proaches. Every replication starts with an empty system and has a warm-up
of 100 periods. Statistics are collected over 5000 periods.

3.2 Experimental design

In order to make a rigorous comparison of approaches, we vary the param-
eters of the production network. One important parameter is the network
topology. We carefully select a number of simple topologies offering different
challenges. Topologies are identified by their number that is given in brack-
ets. The simplest of topologies is the single item single stage topology (1).
Here, material coordination plays no real role. The simplest of models where
material coordination is required is the single item 2-stage serial system (2).
Synchronization of material flows is important in convergent networks (3)
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Figure 4: Simulated Supply Chain topologies

and allocation of materials is important in divergent networks (4). Finally,
we select a topology where available production time in the upstream PU has
to be allocated between two components that are both required for assembly
of the final product in the downstream PU (5). The resultant topologies are
depicted in Figure 4.

There are numerous other parameters that may influence the performance
of our LTA approach. LTA aims at smoothing order releases if capacity in
some future period is tight, resulting in lower tardiness of orders. Con-
sequently, safety stocks for end items may be reduced, leading to a lower
overall inventories. This leads us to formulate the following hypothesis:

1. LTA is particularly useful in situations where capacity is tight. We
therefore expect that LTA has a greater impact on performance at
higher utilization levels.

2. High variation in service times implies a greater risk of idle time and
tight capacity. Therefore, we expect that LTA has a greater relative
performance at lower processing rates (implying higher variance).

3. Uncertainty in the supply of components hampers production in the
whole echelon. For this reason we think that the LTA has a higher
relative performance if the bottleneck resource occurs upstream.

4. A longer planning horizon provides more opportunities for anticipation
and increases its relative performance.
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5. Longer planned lead times provide more opportunities to respond to
changes in the workload and a lower coefficient of variation for the
cumulative processing time. Consequently, we hypothesize that the
benefit of LTA is lower at longer planned lead times.

6. Since customer service levels are fixed, poor lead time reliability needs
to be compensated by high safety stocks for end items. Therefore, we
expect that LTA has a greater impact on total cost if there is a high
added value in the downstream stage.

Table 3.2 shows the experimental design for the simulation experiments.
The PU service level refers to the level φ used in the LTA approach. For
topologies 3 - 5, fixed service levels of 0.7 for LTA-CS and 0.9 for LTA-
OL are used. For topologies 2-5, the planned lead time is set equal for the
upstream and the downstream stage. Production rates are stated for the
downstream stage. The production rate of the upstream stage is determined
by the ratio of utilization rates. Processing symmetry determines whether
processing times on multi-item PUs are equal or different. In the asymmetric
processing case, the processing time of one item is twice the processing time
of the other item. Utilization rates for topologies 2 - 5 are shown as pairs
./. referring to the upstream and downstream stage respectively. In the
asymmetric case, the stage containing two PUs has one with a utilization
rate of 75% and another with a utilization rate of 85%.

Table 2: experimental design

Factor Topology 1 Topology 2 Topology 3 Topology 4 Topology 5

PU service level 0.7, 0.9 0.7, 0.9 0.7 / 0.9 0.7 / 0.9 0.7 / 0.9
Planning horizon 10, 20 10, 20 20 20 20
Planned lead time 2, 3 2, 3 2 2 2
Production rate 10, 20 10, 20 10 10 10
Processing symmetry n/a n/a n/a symmetric, symmetric,

asymmetric asymmetric
Utilization rate 0.75, 0.85 0.85 / 0.75, 0.85 / 0.75, 0.85 / 0.75, 0.85 / 0.75,

0.75 / 0.85, 0.75 / 0.85, 0.75 / 0.85 0.75 / 0.85
asymmetric asymmetric

Value added n/a 37.5% 20%, 50% 20%, 50% 20%, 50%

The results of the simulation experiments are summarized in Tables 3.2,
3.2, 3.2, and 3.2. Wherever the PU service level is not explicitly mentioned,
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the values φ = 0.7 for LTA-CS and φ = 0.9 for LTA-OL were used. Topologies
3-5 are multi-item settings where CF cannot be applied. The results of the
simulation experiments are discussed in the next section.

Table 3: Simulation results for LTA-OL, topologies 1 and 2

Relative improvement Topology 1 Topology 2
DT CF DT CF

Internal service 0.7 5.57% 0.63% 3.49% 2.25%
0.9 8.15% 3.38% 6.08% 4.90%

Horizon 10 6.43% 4.85% 2.00% 3.56%
20 9.87% 1.91% 10.15% 6.23%

Lead time 2 11.06% 4.25% 7.88% 6.15%
3 5.24% 2.52% 4.27% 3.65%

Production rate 10 9.41% 4.31% 6.79% 6.89%
20 6.89% 2.45% 5.36% 2.91%

Utilization rate 0.85/0.75 9.54% 3.32% 7.12% 3.64%
0.75/0.85 6.76% 3.45% 5.03% 6.16%

Results shown are percentage reduction of total holding cost in comparison with deterministic and
clearing function approach respectively.

Table 4: Simulation results for LTA-CS, topologies 1 and 2

Relative improvement Topology 1 Topology 2
DT CF DT CF

Internal service 0.7 4.24% -0.78% 1.92% 0.69%
0.9 2.58% -2.45% -4.70% -5.76%

Horizon 10 1.77% 0.07% -0.62% 1.04%
20 6.71% -1.63% 4.45% 0.34%*

Lead time 2 6.75% -0.43% 2.76% 0.99%
3 1.73% -1.13% 1.07% 0.38%

Production rate 10 4.40% -1.03% 1.28% 1.41%
20 4.08% -0.53% 2.55% -0.03%*

Utilization tate 0.85/0.75 5.11% -1.43% 2.75% -0.95%
0.75/0.85 3.37% -0.13% 1.08% 2.33%

Results shown are percentage reduction of total holding cost in comparison with deterministic and
clearing function approach respectively. A ’*’ indicates that the result is not significant (α=0.05).

3.3 Discussion

Most of the effects that can be observed are as we hypothesized. We will
only discuss some remarkable results. Our simulation results clearly show
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Table 5: Simulation results for LTA-OL, topologies 3 – 5

Relative improvement Topology 3 Topology 4 Topology 5
Processing time Symmetric n/a 13.17% 11.82%
symmetry Asymmetric n/a 14.64% 13.30%
Utilization rate 0.85/0.75 22.72% 17.27% 14.86%

0.75/0.85 10.56% 11.01% 10.27%
Asymmetric 11.86% 13.43% n/a

Value added 20% 15.06% 13.53% 12.60%
50% 15.04% 14.27% 12.53%

Results shown are percentage reduction of total holding cost in comparison with deterministic approach.

Table 6: Simulation results for LTA-CS, topologies 3 – 5

Relative improvement Topology 3 Topology 4 Topology 5
Processing time Symmetric n/a 3.22% 4.73%
symmetry Asymmetric n/a 4.40% 6.63%
Utilization Rate 0.85/0.75 12.79% 5.96% 8.48%

0.75/0.85 0.59*% 1.57% 2.88%*
Asymmetric -2.21% 3.90% n/a

Value Added 20% 3.82% 3.71% 5.80%
50% 3.62% 3.91% 5.57%

Results shown are percentage reduction of total holding cost in comparison with deterministic approach.
A ’*’ indicates that the result is not significant (α=0.05).
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that the LTA-OL approach is superior to all other approaches in terms of
inventory holding cost. There is not a single scenario where LTA-OL does
not outperform DT and CF. The LTA-CS approach still outperforms DT for
most combinations of parameters but, especially for topology 1, its relative
performance is lower than CF. Releases in LTA-CS are more restricted than
in the other approaches. As a consequence it takes more time to recover
from a backlog situation and safety stocks need to be higher. This explains
why this approach shows better performance at lower PU service level φ. In
multi-stage topologies, the benefit of higher lead time reliability in LTA-CS
appears to be somewhat greater indicating that lead time reliability may
be more important if there are multiple stages. LTA-OL does not restrict
releases and yields better relative performance than LTA-CS.

The planning horizon has a particularly large effect on the relative per-
formance of anticipation functions. If little advance demand information is
available, there are no opportunities for anticipation. It remains a topic
for future research to study the performance of anticipation functions if the
advance demand information is unreliable (e.g. peek demand cannot be fore-
seen).

Another factor that drastically influences relative cost performance is the
planned lead time. If planned lead times are long, a higher WIP is kept in
the PU. Pooling effects make that the variability of the cumulative service
time for the WIP is low. Furthermore, during a long planned lead time there
are more opportunities to respond to changes in the workload. As a result,
the relative performance of an anticipation function is reduced. Interpreted
differently, this result shows that the LTA approach may allow for shorter
planned lead times that would otherwise not be practical because of the high
uncertainty.

An interesting outcome of the simulation experiment is that relative per-
formance with anticipation functions in the single stage is lower at higher
utilization levels. We may explain this effect as follows. A high utilization
level implies that there is a limited amount of slack available in each period.
Consequently, a surplus of workload in one period needs to be rescheduled
to multiple earlier periods which may be impossible if the horizon is short.
This idea is confirmed when we look at the interaction effect of utilization
level and length of horizon3. In scenarios with a long horizon, more periods

3This can be seen from more detailed simulation results that are not included in this
paper.
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are available for rescheduling and the difference between low utilization and
high utilization is smaller.

In the simulation experiments for topologies 2 - 5 , we compare alternative
utilization profiles: one with high utilization in the upstream stage, and one
with high utilization in the downstream stage. The results show that both the
clearing function approach and the anticipation approach yield higher relative
performance for the scenarios with a high utilization in the upstream stage.
This may be explained by the fact that anticipation functions create slack in
the upstream stage allowing for lower safety stocks of the (more expensive)
downstream item. The asymmetric utilization profiles for topologies 3 and 4
result in performances that are roughly the average of the performance for
the other two profiles.

Finally, it is remarkable to see that the effect of added value is relatively
small. It seems that the benefit of anticipation functions is quite insensitive
to the cost structure.

4 Summary and conclusions

In this paper we present a method for supply chain operations planning that
explicitly takes into account the stochastic nature of production processes.
The method combines the focus on the coordination of material flows in the
framework of De Kok and Fransoo (2003) with the focus on the loading of
production units in the framework of Bertrand et al. (1990). The key feature
of our lead time anticipation (LTA) approach is the separation of the planning
problem into a deterministic materials coordination model and a stochastic
lead time anticipation model.

Given planned lead times and a sales plan, an initial schedule of future
planned order releases is generated by the materials coordination model.
This production plan is checked against lead time feasibility in the lead time
anticipation model. A production plan is lead time feasible if the production
unit is able to process the WIP within the planned lead time in all periods.
We have presented a novel algorithm for smoothing the workload in case the
initial production plan is not lead time feasible. This algorithm produces
aggregate release targets that are used to update the materials coordination
model, such that a lead time feasible production plan can be generated.

The LTA approach is relatively easy to implement in existing APS sys-
tems. No information other than what is commonly available in APS systems
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is required.
There are situations where it is not possible to generate a lead time fea-

sible production plan that timely satisfies all demand. We discussed two
strategies for dealing with these situations. In the conservative strategy re-
liable planned lead times of primary concern and no more work is planned
than the amount that can be realized reliably. Any overflow workload is
discarded. In the overloading strategy, fast reduction of the backlog is more
important than meeting the planned lead times, and high workload levels are
maintained in the production unit in order to maximize output.

Results from a simulation study show that the overloading strategy is
superior to the conservative strategy in terms of total inventory holding cost.
The conservative strategy results in lower levels of output in busy periods.
Consequently, higher safety stocks for end items need to be maintained. How-
ever, the conservative strategy may be improved further by adding a back-
ward pass to the LTA algorithm where overflow workload is planned in the
first period where capacity is available. This is a topic for further research.

The simulation study shows that, in comparison to a purely deterministic
planning model with a fixed maximum capacity, the LTA approach leads to
reductions in inventory holding costs of 5% to 20%. The LTA approach
particularly performs well in the following situations:

• Advance demand information is available for future periods

• There is a bottleneck production unit (high utilization) upstream in
the production network

• There is variation in the cumulative processing times of orders

• Planned lead times are few periods long

We have also compared the LTA approach with the closely related clearing
function approach and found that the overloading strategy always performs
better in terms of inventory holding costs. We have not compared the LTA
approach to a multi-item clearing function approach, but we believe that
our focus on lead times rather than periodic output allows for more accurate
modeling, and expect therefore that the performance of the LTA approach is
also better here.

The LTA approach presented in this paper offers many opportunities for
fine-tuning and improvement. The following topics are, in our opinion, most
interesting for future research.
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• The LTA algorithm presented in this paper leads to a forward schedul-
ing of planned order releases. However, the items that are affected are
not required at an earlier time. These items may thus be allowed a
longer planned lead time. This yields the idea of dynamically planned
lead times. The concept of dynamically planned lead times was already
discussed by Selçuk (2007) and it would be interesting to see how it
can be applied to the LTA approach.

• We assumed that the internal structure of the PU can be represented by
an single server queue. The conceptual approach presented in this pa-
per provides opportunities to apply other results from queueing theory.
Additional research in this area is promising and therefore encouraged.

• We have only considered uncertainty in processing times. Other types
of supply uncertainty can be considered.

A Surplus distribution of a Gamma r.v.

Let V be a Gamma random variable with parameters k and μ such that
E [V ] = k

μ
and Var [V ] = k

μ2 We define the surplus distribution of V over L
as:

P[V L+ ≤ x] := P[max{0, V − L} ≤ x]

Let Fi(·) be the cdf of a Gamma distribution with shape parameter i and
scale parameter 1/μ, and let F̄i(·) := 1 − Fi(·). We can derive the first two
moments of V L+ directly:

E
[
V L+

]
=

∫ ∞
0

max{0, x − L} dFk(x)
=

∫ ∞
L

(x − L) dFk(x)
=

∫ ∞
L

x dFk(x) − L F̄k(L)

=
∫ ∞

L
x e−µx(μx)k−1μ

Γ(k)
dx − L F̄k(L)

= k
μ

F̄k+1(L) − L F̄k(L)

and

E
[
(V L+)2

]
=

∫ ∞
L

(x − L)2 dFk(x)
=

∫ ∞
L

x2 dFk(x) − 2L
∫ ∞

L
xdFk(x) + L2 F̄k(L)

= k(k+1)
μ2 F̄k+2(L) − 2L k

μ
F̄k+1(L) + L2 F̄k(L)
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B Workload smoothing algorithm

1. Initialize with t := H − 1, ṽt := bt, for all 0 ≤ t < H

2. Set v0 := b0 and for each period t := 1..T −1 calculate vt := Υ(vt−1)+
bt

3. Set t := T − 1

4. If Lφ
(
vt

) ≤ L then goto step 9

5. If Lφ
(
vt−1

)
> L then

p̄ := max
{

p : Lφ
(
(1 + p) · vt−1

)
< L,−1 <= p < 0

}
,

and v̂t−1 := p̄ · vt−1

else
p̄ := min

{
p : Lφ

(
vt−1 + p · bt

) ≥ L, 0 <= p <= 1
}

,

and v̂t−1 := vt−1 + p̄ · bt

6. Set p1 := max{0, p̄}, v1 := Υ(v̂t−1) + (1 − p1)Bt.

7. If Lφ(v1) ≤ L then
p∗ := min

{
p : 0 ≤ p ≤ p1, Lφ

(
Υ(vt−1 + pbt) + (1 − p)bt

)}
else

p∗ := min
{
p : p1 < p ≤ 1, Lφ

(
Υ(v̂t−1) + (1 − p)bt

)}

8. Set b̃t−1 := b̃t−1 + p∗ · b̃t, vt−1 := vt−1 + p∗ · b̃t, and b̃t := (1 − p∗) · b̃t

9. If t > 1 then t := t − 1, goto 4 else goto 10

10. Set p̄ := min
{
p ≥ 0 : Lφ

(
(1 − p) · b̃0

) ≤ L
}

, b̃−1 := p̄ · b̃0, b̃0 :=

(1 − p̄) · b̃0

11. Stop.

References

Anthony, R., 1965. Planning and Control Systems: A Framework for Analy-
sis. Harvard University Press.

28



Asmundsson, J., Rardin, R., Uzsoy, R., 2006. Tractable nonlinear production
planning models for semiconductor wafer fabrication facilities. Semicon-
ductor Manufacturing, IEEE Transactions 19 (1), 95–111.

Bertrand, J., Wortmann, J., Wijngaard, J., 1990. Production Control: A
Structural and Design Oriented Approach. Amsterdam : Elsevier, Ch. 3.

Bitran, G., Tirupati, D., 1993. Logistics of Production and Invetory. Vol. 4
of Handbooks in OR & MS. North-Holland, Ch. Hierarchical Production
Planning, pp. 523–568.

Cakanyildirim, M., Bookbinder, J., Gerchak, Y., 2000. Continuous review
inventory models where random lead time depends on lot size and reserved
capacity. International Journal of Production Economics 68 (3), 217–228.

De Kok, A., Fransoo, J., 2003. Supply Chain Management: Design, Co-
ordination and Operation. Vol. 11. Elsevier, Ch. Planning Supply Chain
Operations: Definition and Comparison of Planning Concepts, pp. 597–
676.

Hax, A., Meal, H., 1975. Studies in Management Sciences,. North Holland-
American Elsevier, New York, Ch. Hierarchical Integration of Production
Planning and Scheduling.

Hopp, W., Spearman, M., 2001. Factory Physics. Irwin McGraw-Hill.

Hwang, S., Uzsoy, R., 2005. A single stage multi-product dynamic lot sizing
model with work in process and congestion. Tech. rep., Purdue University.

Karmarkar, U., 1989. Capacity loading and release planning with work-in-
progress (WIP) and leadtimes. Journal of Manufacturing Operations Man-
agement 2, 105–123.

Kohler-Gudum, C., De Kok, A., 2002. A safety stock adjustment procedure
to enable target service levels in simulation of generic inventory systems.
Tech. rep., Eindhoven University of Technology.

Law, A., 2007. Simulation Modeling and Analysis, 4th Edition. McGraw-Hill.

Lu, Y., Song, J.-S., Yao, D. D., 2003. Order fill rate, leadtime variability, and
advance demand information in an assemble-to-order system. Operations
Research 51 (2), 292–308.

29



Meyr, H., Wagner, M., Rohde, J., 2000. Supply Chain Management and
Advanced Planning - Concepts, Models, Software and Case Studies, 1st
Edition. Springer-Verlag Berlin, Ch. Structure of Advanced Planning Sys-
tems, pp. 75–77.

Missbauer, H., 2006. Lead time management and order release in manufac-
turing systems, working Paper.

Missbauer, H., 2009. Models of the transient behaviour of production units to
optimize the aggregate material flow. Int. J. Production Economics 118 (2),
387–397.

Orlicky, J., 1975. Manufacturing Requirements Planning. McGraw-Hill.

Ould-Louly, M., Dolgui, A., 2004. The MPS parameterization under lead
time uncertainty. International Journal of Production Economics 90 (3),
369–376.

Pahl, J., Voss, S., Woodruff, D., 2007. Production planning with load depen-
dent lead times: an update of research. Ann Oper Res 153 (1), 297–345.

Pochet, Y., Wolsey, L., 2006. Production Planning by Mixed Integer Pro-
gramming. Springer.

Riano, G., 2002. Transient behavior of stochastic networks: Application to
production planning with load-dependent lead times. Ph.D. thesis, Georgia
Institute of Technology.

Schneeweiss, C., 2003. Distributed Decision Making, 2nd Edition. Springer-
Verlag Berlin.
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