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Chapter 1

Introduction

1.1 Automotive Power Transmission Devices

In the last decades, the stringency with respect to the emission regulations for modern

passenger cars has considerably increased throughout the world, in order to reduce

air pollution and fuel consumption. In order to fulfill these regulations, the automo-

tive industry investigates technical solutions that improve the emission performance

and reduce the fuel consumption of modern passenger cars. These research activities

concern innovative internal combustion engine (ICE) technologies, e.g., direct fuel in-

jection and advanced turbo configurations, the combination of the ICE with electric

motors, i.e., a hybrid electric vehicle (HEV), and lightweight construction materials,

for example. Although alternatives are investigated, the majority of modern passenger

cars is equipped with the ICE. Since the application of the ICE is inextricably con-

nected with the need for a power transmission device, see Lechner and Naunheimer

(1999, Section 2.3.2), the field of automotive power transmission devices is considered.

Power transmission devices or transmissions form the interconnection between the

ICE and the wheels of a vehicle. Generally, the transmission encompasses the com-

ponents between the crankshaft of the ICE and the drive shafts. The main function

of transmissions is the conversion of power from the ICE into traction of the vehicle.

Developments with respect to the transmission are mainly directed towards reduction

of the fuel consumption of a vehicle. The transmission affects the fuel consumption

of a vehicle in two ways. First, via the transmission variability, which relates to the

fuel-efficient generation of engine power. Second, via the transmission efficiency, which

relates to the fuel-efficient conversion of engine power. The transmission variability

relates to the selection of the transmission ratio in order to operate the ICE in such

a way that the requested power is generated with a minimum amount of fuel. The

transmission efficiency relates to the operation of the transmission components in or-

der to operate the transmission in such a way that the requested power is delivered

with a minimum amount of loss. Besides transmission variability and transmission
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efficiency, the optimization of characteristics or criteria that are related to the perfor-

mance and the quality of the transmission is pursued, e.g., reliability and serviceability,

centre distance (size), mass, production costs, noise, torque capacity, see Lechner and

Naunheimer (1999, Section 2.4).

Several transmission types are known, see Lechner and Naunheimer (1999, Sec-

tion 6.6). The classification of the transmission types is related to the two processes of

engaging the clutch / launching the vehicle and changing gear. Furthermore, the num-

ber of gears r that is provided by the transmission is considered, which is either finite

(discrete in a set, ri, i = 1, . . . , N) or infinite (continuous in a range, rmin ≤ ri ≤ rmax,

i = 1, . . . ,∞). Generally, the transmission variability is directly related to the number

of gears and the ratio coverage, i.e., r1 to rN or rmin to rmax. The transmission types in

mainstream automotive use are the manual transmission (MT), the automatic trans-

mission (AT), which is either full-automatic or semi-automatic, and the continuously

variable transmission (CVT). In case of the MT, the processes of engaging the clutch

/ launching the vehicle and changing gear are carried out manually by the driver. The

number of gears for vehicles that are newly sold is usually given by N ∈ {5, 6}. In

case of the full-AT, the processes of engaging the clutch / launching the vehicle and

changing gear are carried out automatically in accordance with a control system that is

either fixed or adaptive. The number of gears for vehicles that are newly sold is usually

given by N ∈ {4, 5, 6, 7, 8}. In case of the semi-AT, two types are mainly distinguished:

the automated manual transmission (AMT) and the dual clutch transmission (DCT).

For both types, the process of engaging the clutch / launching the vehicle is auto-

mated, which is achieved by means of a clutch that is electrohydraulically actuated.

The transmission ratio is selected by the driver via the lever. Recently, the DCT is

increasingly applied. Basically, a DCT consists of a single output shaft and two input

shafts, instead of a single input shaft. Each input shaft is equipped with a separate

multi-disc clutch, which is either of the dry type or of the wet type. The first input

shaft incorporates the odd gears, i.e., 1, 3, 5, . . ., whereas the second input shaft incor-

porates the even gears, i.e., 2, 4, 6, . . .. With this configuration, a shift from one gear to

another gear is accomplished without power interruption, since the shift is realized by

opening the clutch of one gear and closing the clutch of another gear simultaneously.

The number of gears for vehicles that are newly sold is usually given by N ∈ {6, 7}.
In case of the CVT, the processes of engaging the clutch / launching the vehicle and

changing gear are carried out automatically in accordance with a control system. The

number of transmission ratios within the finite range of the CVT is infinite and a

shift from one gear to another gear is accomplished without power interruption. As

a result, the CVT outperforms the MTs and the ATs in terms of the transmission

variability. In modern automotive applications, the toroidal CVT and the pulley CVT

are mainly used, see Lechner and Naunheimer (1999, Section 6.6.4). For the toroidal

CVT, the continuous variation of the transmission ratio is achieved by swiveling the

rolling elements. For the pulley CVT, the continuous variation of the transmission ra-

tio is achieved by shifting the translating sheaves. The power is transferred by means
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of friction for both CVTs. In contrast to these CVTs, the MTs and the ATs are fitted

with gear wheels / spur gears, which outperform the friction drives in terms of the

transmission efficiency, see Lechner and Naunheimer (1999, Table 2.11).

The variability potential of the CVT is nearly consumed, whereas the efficiency po-

tential of the CVT is hardly exploited, see Osawa (2005); Van der Sluis et al. (2006);

Hiraku (2008). For this reason, the attention is directed towards the exploitation of

the efficiency potential of the CVT. In this respect, the pulley CVT is exclusively

considered and the toroidal CVT is completely omitted, which is prompted by the pro-

duction volume. The toroidal CVT is applied in lawn tractors, for example, see Fuller

et al. (2007), which is a small market. The pulley CVT is applied in passenger cars,

which is a large market. Besides the application in passenger cars, the pulley CVT

is utilized in agricultural tractors (Savaresi et al., 2004) and refrigerated distribution

trucks (Janssen et al., 2007), for instance. For the pulley CVT, three transmission

types are distinguished:

Rubber V-Belt The rubber V-belt CVT for passenger cars has been introduced in

The Netherlands by DAF in February, 1958. The rubber V-belt CVT is called

the Variomatic, see, e.g., De Lange (1997). A Variomatic consists of two identi-

cal power transmission devices, which drive both rear wheels. A rubber V-belt is

clamped between two identical pulleys. A pulley consists of two conical drums,

one of which is axially adjustable. The distance between the conical drums is

adjusted by the centrifugal weights inside the conical drums. Hence, the trans-

mission ratio is mechanically controlled. In case of the rubber V-belt, the input

torque is approximately restricted to 100 [Nm].

Clearly, the rubber V-belt is particularly suited for low-power applications. Ex-

amples of low-power applications are lawn tractors, snow scooters, and motor

scooters. Currently, the dry hybrid V-belt is produced by Bando Chemical In-

dustries, see Yuki et al. (1995) and Takahashi et al. (1999). The dry hybrid

V-belt is utilized in refrigerated distribution trucks, where the CVT drives the

refrigeration system, see De Cloe et al. (2004).

Chain The chain is currently produced by LuK and Gear Chain Industrial (GCI).

The total production volume for the LuK chain has reached 1.300.000 chains in

2007, see Linnenbrügger et al. (2007). The chain assembly for the GCI chain

is depicted in Fig. 1.1a. Both chains are composed of links and pins, although

the geometry diverges between the LuK chain and the GCI chain. The torque

is transferred by the tension force in the chain. Since the links are reasonably

long, the noise level is fairly high and a polygon effect is typically present. The

LuK chain counteracts this phenomenon by variation of the length of the links,

which spreads the energy of the noise, see Indlekofer et al. (2002). The GCI chain

counteracts this phenomenon by design of the combination of the links, the pins,

and the strips, which avoids the generation of the noise, see Van Rooij and Frank

(2002). The input torque is approximately restricted to 600 [Nm] for the LuK
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chain (Linnenbrügger et al., 2007) and to 700 [Nm] for the GCI chain (Van Rooij

and Frank, 2002).

Metal V-Belt The metal V-belt, i.e., pushbelt, is produced by Bosch Transmission

Technology (BTT), which is formerly known as Van Doorne’s Transmissie (VDT),

see Hendriks et al. (1988). The annual production volume has increased from

approximately 250.000 pushbelts in 1995 to approximately 2.200.000 pushbelts

in 2008, whereas the total production volume has reached 10.000.000 pushbelts

in 2007. The pushbelt assembly is depicted in Fig. 1.1b. The pushbelt consists of

circa 400 V-shaped compression elements, i.e., segments, blocks, or plates, that

are held together by two sets of either 9 or 12 thin tension bands, i.e., rings

or loops. The torque is transferred by the tension force in the bands and the

compression force between the elements. The pushbelt terminology is explained in

Fig. 1.2. The bands are made of maraging steel on the basis of a fairly complicated

production process, see Pennings et al. (2005). Considerations with respect to the

design of the bands, e.g., the dimensions, are discussed in Brandsma et al. (1999)

and Vroemen (2001, Section 5.2.2). The centre line of the bands is the imaginary

line through the centre of the bands along the pushbelt. The element tilts with

respect to the rocking edge, see Fig. 1.2. The neutral line of the elements is the

imaginary line through the rocking edges of the elements along the pushbelt. The

width of the pushbelt is evaluated along the rocking edge, which is either 24 [mm]

or 30 [mm]. The contact areas between the bands and the elements are called

shoulders, i.e., saddles. Since the elements are reasonably thin, the noise level is

fairly low and a polygon effect is barely present. Considerations with respect to

the design of the elements, e.g., the dimensions, are discussed in Vroemen (2001,

Section 5.2.1). The input torque is approximately restricted to 450 [Nm].

(a) The Gear Chain Industrial chain (b) The Bosch Transmission Technology push-
belt

Figure 1.1: Photographs of power transmission elements.
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Figure 1.2: Pushbelt terminology (À: Bands; Á: Element; Â: Rocking edge; Ã: Centre line of
bands; Ä: Neutral line of elements; Å: Width of pushbelt; Æ: Shoulder).

1.2 Pushbelt CVT

Improvements with respect to the transmission efficiency are effectively achieved when

the primary sources of power loss within the CVT are tackled. For this reason, the

contribution of the individual power losses to the total power loss is identified. Since the

sources of power loss are located within the components of the CVT, the components

within the CVT are discussed in Section 1.2.1. The contribution of the individual

power losses to the total power loss is subsequently investigated in Section 1.2.2, which

reveals the primary sources of power loss within the CVT.

1.2.1 Components within Pushbelt CVT

Several components are incorporated in a pushbelt CVT, i.e., components between the

crankshaft of the ICE and the drive shafts. These components are given by a torque

converter (TC), a hydraulic system, a pushbelt variator, a drive-neutral-reverse (DNR)

set, and a final drive (FD). These components are schematically depicted in Fig. 1.3.

Torque Converter When a vehicle starts from standstill, the difference between the

ICE speed (idle speed) and the vehicle speed (zero speed) is bridged by the launch-

ing device of the CVT. Generally, a torque converter is employed, see Lechner

and Naunheimer (1999, Chapter 10). A power loss is associated with the torque

converter, which reduces the transmission efficiency. This problem is commonly

tackled by the use of a lock-up clutch. Essentially, the input shaft and the out-

put shaft of the torque converter are mechanically connected when the lock-up

clutch is engaged. The engagement is performed when the vehicle speed exceeds

a threshold. Besides a torque converter, a magnetic powder clutch is occasionally

used, see, e.g., Sakai (1990).

Hydraulic Pump for Actuation and Lubrication The hydraulic pump for actu-

ation of the variator, the torque converter lock-up clutch, and the clutches of the

DNR set and for lubrication of the pushbelt is directly driven by the crankshaft of

the ICE. The hydraulic system uses automatic transmission fluid (ATF). Besides

the hydraulic pump, the hydraulic system involves valves, channels, and hydraulic

cylinders that are attached to the variator. The hydraulic pump delivers flow in

proportion to speed and the dimensions are determined on the basis of worst-case
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Figure 1.3: Schematic illustration of pushbelt CVT without hydraulic actuation system (À: Torque
converter; Á: Torque converter lock-up clutch; Â: Drive-neutral-reverse set; Ã: DNR
set drive clutch; Ä: DNR set reverse brake; Å: Variator; Æ: Primary pulley; Ç:
Secondary pulley; È: Final drive; É: Differential gear unit).

analyses of possible events. As a result, the hydraulic pump delivers a surplus of

flow for a surplus of pressure for situations that are normally encountered, which

compromizes the transmission efficiency.

Variator In Fig. 1.4, the variator is depicted. The primary side (input, subscript “p”)

is the side of the variator that is connected to the crankshaft of the ICE. The

secondary side (output, subscript “s”) is the side of the variator that is connected

to the drive shafts. The variator consists of the combination of the metal V-belt,

the primary pulley, and the secondary pulley, which includes the bearings and

the shafts. The metal V-belt is clamped between two pairs of conical sheaves,

i.e., the pulleys. On each side, one sheave is permanently fixed and one sheave

is axially moveable. The axially moveable sheaves are located on opposite sides

of the pushbelt and are actuated by hydraulic cylinders. Adjustment of the

transmission ratio is achieved by simultaneous adjustment of the clamping forces

that are exerted on the axially moveable sheaves. This varies the running radii

of the pushbelt on the pulleys and, consequently, the transmission ratio. The

variator is able to cover any transmission ratio in between the two extremes Low

and High. The transition from Low to High is schematically depicted in Fig. 1.5.

When the pushbelt radius at the primary side is smaller than the pushbelt radius

at the secondary side, the variator is in underdrive. When the pushbelt radius
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at the primary side is larger than the pushbelt radius at the secondary side, the

variator is in overdrive.

Figure 1.4: Pushbelt variator.

À

À

Á

Á

Figure 1.5: Schematic illustration of the transmission ratios Low (top) and High (bottom) (À: Primary
side; Á: Secondary side).

Drive-Neutral-Reverse The DNR set enables the selection of drive, neutral, and

reverse. The DNR set consists of a planetary gear set, see Lechner and Naun-

heimer (1999, Section 6.4), with a drive clutch and a reverse brake. When the

drive clutch is engaged, the drag loss of the reverse brake reduces the transmis-

sion efficiency. The operation of the DNR set in terms of a torque fuse or a safety
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fuse is enabled when the DNR set is positioned between the output shaft of the

variator and the drive shafts for the wheels, see Schultheiß and Strenkert (2005).

Final Drive The final drive, see Lechner and Naunheimer (1999, Section 6.9), con-

nects the output shaft of the variator to the drive shafts for the wheels. Generally,

the final drive incorporates a differential gear unit, see Lechner and Naunheimer

(1999, Section 6.10).

1.2.2 Power Losses within Components

The main sources of energy loss in a pushbelt CVT with hydraulic actuation system

relate to the components in Section 1.2.1. Normally, a standardized driving cycle is

used to assess the emission performance and the fuel consumption of a vehicle. In

Europe, the new European driving cycle (NEDC) is generally employed, see European

Economic Community (2007). In Van der Sluis et al. (2006), the contribution of

the individual energy losses to the total energy loss is evaluated for the NEDC. The

distribution of the energy losses between the components within the CVT is depicted

in Fig. 1.6. The energy loss inside the DNR and the FD is small. The causes are found

in the drag losses inside the DNR and the friction losses inside the FD. The energy

loss for the TC is moderate, which is inherently related to the working principle,

see Lechner and Naunheimer (1999, Chapter 10) and Serrarens (2001, Section 6.2.4).

The energy loss inside the hydraulic system and the pushbelt variator is large, which

is in accordance with the observations in Ide (1999). The major source of energy loss

within the hydraulic system is the hydraulic pump. The minor sources of energy loss

within the hydraulic system are found in the servo valves, the seals, and the clearances.

A minor source of energy loss within the variator is found in the bearings of the variator

shafts. However, the major sources of energy loss within the variator are found in the

contacts: 1) between the innermost band and the elements and between adjacent bands,

i.e., a pushbelt internal energy loss, see Akehurst et al. (2004a) and 2) between the

elements and the pulleys, see Akehurst et al. (2004b) and Akehurst et al. (2004c).

0 10 20 30 40 50 60

Energy share [%]

 

 
TC
Hydraulic System
Pushbelt Variator
DNR + FD

Figure 1.6: Distribution of energy losses between components within pushbelt CVT for
NEDC (Van der Sluis et al., 2006).
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1.3 Reduction of Power Losses

1.3.1 Reduction of Power Losses via Optimization of Components

The optimization of individual components within the pushbelt CVT contributes to

the reduction of the power losses. This includes the reduction of leakages inside the

hydraulic system via the optimization of servo valves, seals, and clearances, for example,

see Faust et al. (2002a). Also, the selection of bearings is of importance. Furthermore,

the selection of lubricants is of importance, see David et al. (2007), where a trade-

off is generally involved. That is, bearings and gears require low friction levels to

improve durability and efficiency, whereas the contacts between the elements and the

pulleys require high friction levels to improve torque transfer. The control system of

the torque converter lock-up clutch enables a reduction of the power losses inside the

TC when the threshold with respect to the vehicle speed is decreased, see Lechner

and Naunheimer (1999, Section 10.7). However, this is generally accompanied by noise

and vibration, which complicates the control design, see Adachi et al. (2004). The

utilization of alternative actuation systems enables a reduction of the power loss that

is related to the hydraulic pump. In Bradley and Frank (2002) and Shastri and Frank

(2004), the actuation system is electrohydraulic, i.e., the hydraulic pump is electrically

driven by a servo. In Yuki et al. (1995) and Van de Meerakker et al. (2004), the

actuation system is electromechanic, i.e., the clamping forces are directly generated

by a mechanism in combination with a servo for a rubber V-belt and a metal V-belt,

respectively. This enables the application of on demand strategies. Typically, these

actuation systems are expensive, however. Alternatively, the reduction of the hydraulic

losses in the actuation is achieved by means of the application of a passive compression

spring, which is externally located on the primary pulley, see Beccari and Cammalleri

(2001). The implications of alternative pulley designs and alternative pushbelt designs

in terms of the torque capacity and the efficiency are discussed in Brandsma et al.

(1999), see also Vroemen (2001, Section 5.2.3).

1.3.2 Reduction of Power Losses via Design of Controllers

The variator is electronically controlled by the variator control system. Essentially, the

variator control system determines the desired pressures for the hydraulic actuation

system on the basis of the measurements that are obtained from the pushbelt varia-

tor. The hydraulic actuation system translates the desired pressures into the realized

pressures. The pressures in the hydraulic cylinders are directly related to the clamping

forces on the axially moveable sheaves. The level of the clamping forces determines

the torque capacity, whereas the ratio of the clamping forces determines the transmis-

sion ratio. When the level of the clamping forces is increased above the threshold for

a given operating condition, the variator efficiency is decreased, whereas the torque

capacity is increased. Besides, the durability of the pushbelt and the pulleys is nega-

tively affected. When the level of the clamping forces is decreased below the threshold
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for a given operating condition, the torque capacity is inadequate. This reduces the

variator efficiency and damages the pulleys and the pushbelt. Since this threshold is

not known, the level of the clamping forces is often raised for robustness in view of the

torque disturbances, which reduces the variator efficiency. The challenge is to reduce

the clamping forces towards the level for which the variator efficiency is maximized

and to handle the torque disturbances. This demands a control design in which the

variator efficiency is explicitly addressed. Furthermore, the avoidance of variator dam-

age is necessarily addressed in the control design, since wear of the elements and the

pulleys deteriorates the torque capacity and the life span, see Van Drogen and van der

Laan (2004). Examples of a damaged pushbelt and a damaged pulley are depicted in

Fig. 1.7.

(a) A damaged pushbelt (b) A damaged pulley

Figure 1.7: Photographs of variator damage.

The objective for the variator control system is twofold: 1. tracking a speed ratio

reference rs,ref , which is prescribed by the driveline control system and is generally

determined by a trade-off between fuel economy on the one hand and driveability on

the other hand, see, e.g., Smith et al. (2004); 2. optimizing the variator efficiency η.

The transmission ratio is represented by the speed ratio rs, which is easily computed

from the ratio of the measurements of the angular velocities. The variator efficiency

η is defined by the ratio of the output power and the input power, which is not mea-

sured, although the performance of the variator is obviously determined by the variator

efficiency η.

1.3.3 State-of-the-Art Control Designs

The state-of-the-art control designs are termed safety control design and slip control

design. These are successively discussed.

Traditionally, the majority of the approaches control the speed ratio via the primary

pulley with the primary hydraulic circuit and the torque capacity via the secondary

pulley with the secondary hydraulic circuit, see, e.g., Sakai (1990); Hirano et al. (1991);
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Sato et al. (1996). The primary pressure that is required in order to achieve the speed

ratio is computed by means of a feedback controller (closed loop). Several feedback con-

trol designs are encountered, e.g., PI(D) control (Hirano et al., 1991; Sato et al., 1996;

Kim et al., 1996; Pesgens et al., 2006), fuzzy control (Kim et al., 1996; Kim and Vacht-

sevanos, 2000), robust control (Adachi et al., 1999), feedback linearization (Van der

Laan and Luh, 1999), and LQG control (Kim et al., 1996). The secondary pressure that

is required in order to transfer the torque is computed by means of a variator model

(open loop). Since the variator model incorporates large uncertainties, a safety strat-

egy is employed, which utilizes a safety factor. Generally, the safety factor ranges from

1.2 [-] to 1.3 [-], which implies that the variator efficiency is seriously compromized.

Recently, the existence of a certain optimum for the variator efficiency as a function

of the slip in the variator is shown by means of experiments in Bonsen et al. (2003). This

observation is exploited by the control design that is proposed in Bonsen et al. (2005), as

well as in Simons et al. (2008), in Klaassen (2007), and in Rothenbühler (2009). These

approaches control the slip in the variator in such a way that a slip reference is tracked,

which corresponds to the optimum variator efficiency. A proportional-integral (PI) con-

trol design with gain scheduling is constructed in Bonsen et al. (2005), whereas a linear

quadratic Gaussian (LQG) control design is constructed in Simons et al. (2008). Both

manual loop-shaping and H∞ loop-shaping control designs are proposed in Klaassen

(2007, Chapter 6). A model reference adaptive control (MRAC) design is proposed

in Rothenbühler (2009). However, these approaches involve two issues. First, the de-

termination of the slip reference, see Klaassen (2007, Section 7.2) and Rothenbühler

(2009, Section 8.2.1). Since the slip value that corresponds to the optimum variator

efficiency depends on the operating conditions, e.g., the speed ratio, the variator load,

the variator wear, and the ATF temperature, the determination of the slip reference

is not straightforward and often time-consuming. This is typically caused by the com-

plexity and the unreliability of the available variator models, see Srivastava and Haque

(2009). Second, the reconstruction of the slip in the variator. This typically requires a

dedicated sensor, e.g., measurement of the pushbelt running radius (Nishizawa et al.,

2005) or measurement of the axially moveable sheave position (Bonsen et al., 2005;

Rothenbühler, 2009), which increases both the complexity and the costs. In addition,

the reconstruction of the slip in the variator on the basis of one of these measurements

is extremely sensitive to deformations in the variator, which are unknown, see Bonsen

(2006, Section 3.3.2) and Rothenbühler (2009, Section 6.1).

1.3.4 Limitations of State-of-the-Art Control Designs

The limitations of the state-of-the-art control designs are primarily governed by: 1. the

model knowledge that underlies the design and the operation of the variator control

system and/or 2. the sensor usage that underlies the design and the operation of the

variator control system.

Both the safety control design and the slip control design use a variator model.

Here, the quality of the variator model is affected by two aspects. First, the nonlin-
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earity of the system dynamics of the variator is unarguably high. Second, the quality

of the actuators and the sensors in the pushbelt CVT is typically low. The former

introduces the variations of the system dynamics and the latter limits the signal-to-

noise ratio (SNR). Both aspects complicate the construction of a model that forms a

high-quality description of the system dynamics. As a result, a low-quality descrip-

tion of the system dynamics is generally obtained and the control design on the basis

of this model is conservative. The first aspect primarily hampers physical modeling,

also known as modeling via first principles or white box modeling, since the system

dynamics are complex, see Bonsen et al. (2005) and Klaassen et al. (2008). The second

aspect particularly hampers experimental modeling, also known as modeling via system

identification or black box modeling, since the distinction between disturbances and

dynamics is obscure, see Klaassen (2007, Chapter 5). Hence, high-quality first princi-

ples models and/or high-quality system identification procedures are required. Besides,

the models for the control designs are fixed. However, the system characteristics are

significantly changed due to temperature-induced variations or due to wear-induced

variations, which are common. Since these phenomena are not captured by the mod-

els, the control designs are conservative.

Furthermore, the performance of the slip control design is limited by two issues,

which relate to model knowledge and sensor usage, respectively. First, the determi-

nation of the slip reference in relation to the variator efficiency is hampered by the

dependency on the operating conditions and the practicability of the variator models,

see Srivastava and Haque (2009). Generally, the variator models for this purpose are

highly inaccurate, highly unreliable, and computationally intensive. As a result, the

determination of the slip reference is not straightforward and often time-consuming.

Ultimately, the slip reference is conservative. Second, the application of a sensor for

the reconstruction of the slip in the variator, e.g., measurement of the pushbelt run-

ning radius (Nishizawa et al., 2005) or measurement of the axially moveable sheave

position (Bonsen et al., 2005; Rothenbühler, 2009), increases both the complexity and

the costs. This is clearly undesired. Furthermore, the reconstruction of the slip in

the variator on the basis of these measurements is hampered by deformations in the

variator, which are unknown. Compensation of deformations in the variator by means

of the variator models is laborious.

Finally, the role of the hydraulic actuation system is addressed, which is generally

underexposed. When the clamping forces are lowered to the level for which the trac-

tion potential of the variator is fully utilized, the robustness with respect to the torque

disturbances that are exerted on the variator is inevitably decreased. As a result,

variator damage is possibly caused by these torque disturbances, which are induced

by the ICE (primary side) or the road (secondary side). This is counteracted by the

variator control system via the determination of the desired pressures for the hydraulic

actuation system. For example, when a priori information with respect to the torque

disturbances is available, this is beneficially exploited by means of the application of

a disturbance feedforward control design. In this respect, the translation of the de-
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sired pressures into the realized pressures by the hydraulic actuation system gains in

importance, since the robustness in terms of the traction potential of the variator is

consumed. Specifically, the quality of the control design for the hydraulic actuation

system gains in importance, i.e., the accuracy and the rapidity of the response. Gen-

erally, however, the control design for the hydraulic actuation system is conservative.

This is primarily caused by two aspects. That is, the nonlinearity of the system dy-

namics is unarguably high and the interaction between the primary hydraulic circuit

and the secondary hydraulic circuit that is introduced by the pushbelt is quite se-

vere. This complicates the control design. Hence, high-quality first principles models

and/or high-quality system identification procedures are required, which form the basis

for high-performance systematic control designs that surpass low-performance ad hoc

control designs that are typically encountered.

1.4 Research Objectives

The discussion with respect to the sources of power loss in the pushbelt CVT in Sec-

tion 1.2.2 shows that the variator and the hydraulic actuation system dominate the

power losses. Two routes towards power loss reduction are recognized. The power

loss reduction measures in Section 1.3.1 are related to the adaptation of the compo-

nents, i.e., the hardware, which is expensive. The power loss reduction measures in

Section 1.3.2 are related to the modification of the controllers, i.e., the software, which

is inexpensive and attractive. However, the limitations of the state-of-the-art con-

trol designs in Section 1.3.3, which are identified in Section 1.3.4, impose restrictions

with respect to the performance that is ultimately achieved. On the basis of these

observations, the research objective is defined by:

Design a control system that optimizes the variator efficiency of a pushbelt

CVT that is equipped with a hydraulic actuation system, such that vari-

ator damage is avoided and functionality properties are preserved, i.e., a

prescribed transmission ratio reference is tracked, with the restriction that

measurements from sensors that are standard are exclusively used.

This general research objective is subdivided into specific research items.

1. The construction of a quantitative description of the input-output behavior of

the variator with predictive properties for control purposes is hampered, which is

discussed in Section 1.3.4. For this reason, the construction of a qualitative de-

scription of the input-output behavior of the variator with predictive properties

for control purposes is pursued. Specifically, the relation between the manipu-

lated variator inputs, i.e., the clamping forces Fp and Fs, the measured variator

outputs, i.e., the angular velocities ωp and ωs, and the variator efficiency η is

investigated. This provides insights with respect to the physics that governs the

input-output behavior of the variator, which is possibly exploited by a control

design that avoids the necessity of a model that is extremely detailed.
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2. A model of the dynamic characteristics of the hydraulic actuation system with

low complexity and high accuracy is required. This model of the dynamic charac-

teristics is suited for closed-loop control design of the isolated hydraulic actuation

system and for closed-loop simulation of the combined hydraulic actuation sys-

tem and variator in view of the suppression of torque disturbances. The hydraulic

actuation system includes a large number of hydraulic components and a model

of the dynamic characteristics is scarce, which is caused by the complexity, the

nonlinearity, and the necessity of a large number of physical parameters that are

uncertain or unknown. The application demands a model of the dynamic char-

acteristics that is experimentally validated and a modular approach is desired in

view of complexity and transparency.

3. For the hydraulic actuation system, physical modeling techniques are generally

slow, whereas experimental modeling techniques are typically fast. This is caused

by the complexity of the hydraulic actuation system in a pushbelt CVT. Hence,

when the model is solely used for control purposes, modeling via first principles

is laborious and modeling via system identification is preferable. Specifically, a

systematic approach towards a robust control design on the basis of a system iden-

tification procedure is desired. The approach improves from a low-performance

ad hoc controller to a high-performance robust controller.

4. On the basis of the insights with respect to the physics in Research Item 1, the

construction of a control design that optimizes the variator efficiency is required.

Preferably, the need for a detailed model of the complicated variator is avoided.

Furthermore, the adaptation with respect to temperature-induced variations or

wear-induced variations, i.e., variations of the system characteristics as a function

of time, is desired. The robustness of the control design with respect to the torque

disturbances that are exerted on the variator is necessarily addressed in view of

the avoidance of variator damage.

5. The control problem for optimizing the variator efficiency is isolated from the con-

trol problem for tracking the speed ratio reference in Research Item 4. With this

simplification, a single-input single-output (SISO) control problem is obtained,

whereas without this simplification, a multi-input multi-output (MIMO) control

problem is obtained. A solution for the MIMO control problem that simulta-

neously satisfies both variator control objectives is required. Within this scope,

the control design deals with the torque disturbances that are exerted on the

variator in view of the avoidance of variator damage. Ultimately, a comparison

between the performance of the final control design and the performance of the

conventional control design on the basis of a driving cycle is desired.
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Figure 1.8: Cascade control configuration.

1.5 Main Contributions and Outline

In view of the goal that is formulated in Section 1.4, the investigation of the research

items in Section 1.4 is pursued. These research items are strongly interrelated, which

is illustrated by the cascade control configuration in Fig. 1.8. Here, two systems to

be controlled are distinguished, i.e., the hydraulic actuation system and the pushbelt

variator. Furthermore, two controllers to be designed are recognized, i.e., Kinner for the

inner (fast) cascade loop and Kouter for the outer (slow) cascade loop. The motivation

for the cascade control configuration is twofold: 1. the design of the two controllers is

decoupled; 2. the uncertainty that is associated with the hydraulic actuation system,

i.e., the nonlinearity of the system dynamics, is removed by the inner cascade loop,

i.e., the input-output behavior of the hydraulic actuation system is approximately

linearized. The research items are successively considered in the individual chapters.

These are related to the systems to be controlled and the controllers to be designed

in Fig. 1.8. The content and the contribution of the individual chapters is shortly

discussed.

In Chapter 2, the relation between inputs and outputs of the variator is investigated

by means of models. Specifically, a stationary variator model is constructed, which is

experimentally validated. Insights with respect to the physics that governs the input-

output behavior of the variator are obtained. This is exploited by the control design

that is proposed in Chapter 5, in view of optimizing the variator efficiency. Related

results are published as Van der Meulen et al. (2007b).

In Chapter 3, a model for the hydraulic actuation system on the basis of first

principles is constructed and validated, which is characterized by a relatively low com-

plexity and a reasonably high accuracy. A modular approach is pursued with respect to

the first principles models of the hydraulic components, i.e., a hydraulic pump, spool

valves, proportional solenoid valves, channels, and hydraulic cylinders, which reduces

complexity and improves transparency. The model of the hydraulic actuation system

is composed of the models of the hydraulic components and is experimentally validated

by means of measurements that are obtained from a production pushbelt CVT, where

several experiment types are considered. A preliminary version of this chapter is pub-

lished as Van der Meulen et al. (2010c). Related results are reported in Van Iperen

(2009).
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In Chapter 4, a robust control design on the basis of a system identification pro-

cedure for the hydraulic actuation system is realized. The approach is intended to

improve from a low-performance ad hoc controller to a high-performance robust con-

troller. Here, robustness is enforced in view of the variations of the system dynamics

that are observed when the operating conditions of the hydraulic actuation system and

the variator are varied. Specifically, the robust controller is designed on the basis of

a model set, which is identified via two steps. First, the nominal model is estimated

on the basis of the identification experiments. Second, the nominal model is extended

with the model uncertainty on the basis of the validation experiments. Both the iden-

tification experiments and the validation experiments are performed while the ad hoc

controller is implemented. Preliminary results are published as Oomen et al. (2010).

Related results are reported in Elfring (2009).

In Chapter 5, a control design for the variator is proposed, which effectively im-

proves the variator efficiency and only uses the measurements of the angular veloc-

ities and the secondary pressure, which are standard. The relation between inputs

and outputs of the variator is investigated by means of experiments, from which one

input-output map is identified, which exhibits a maximum. This maximum indicates

performance in terms of the variator efficiency, although the location of the maximum

is uncertain. For this reason, the maximum of the input-output map is found by means

of extremum seeking control (ESC), which aims to adapt the input in order to max-

imize the output, where the use of a variator model is not required. Furthermore, a

robustness analysis with respect to torque disturbances shows that these are effectively

handled. A preliminary version of this chapter is published as Van der Meulen et al.

(Submitted for journal publication). Preliminary parts of this chapter are published

as Van der Meulen et al. (2009) and Van der Meulen et al. (2010b).

In Chapter 6, a solution for the MIMO control problem that simultaneously satisfies

both variator control objectives is proposed. The control design incorporates the ESC

design that is proposed in Chapter 5. Furthermore, the control design involves a

mechanism that deals with the torque disturbances that are exerted on the variator in

view of the avoidance of variator damage. Also, a comparison between the performance

of the final control design and the performance of the conventional control design on

the basis of a driving cycle is made. Preliminary parts of this chapter are published

as Van der Meulen et al. (2010a) and Van der Meulen et al. (2010b). Related results

are reported in Elfring (2009).

Finally, conclusions are drawn and recommendations for future research are given

in Chapter 7.

1.6 Experimental Setup

In Chapters 2, 4, 5, and 6, use is made of the experimental setup, which is shortly

introduced. The experimental setup is depicted in Fig. 1.9 and consists of five main

components. These are given by a pushbelt variator, two identical electric motors, a



1.6. Experimental Setup 17

hydraulic actuation system, and a data acquisition system. A close-up of the pushbelt

variator is depicted in Fig. 1.10. The experimental setup incorporates additional sensors

in comparison with a modern production CVT, which are primarily used for analysis

purposes.

ÀÁ
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Figure 1.9: Experimental setup with pushbelt variator (À: Pushbelt variator; Á: Primary torque
sensor; Â: Secondary torque sensor; Ã: Primary electric motor; Ä: Secondary electric
motor; Å: Hydraulic actuation system; Æ: Accumulator; Ç: Data acquisition system).
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Figure 1.10: Close-up of pushbelt variator (À: Pushbelt; Á: Secondary axially moveable sheave
position sensor; Â: Primary pressure sensor; Ã: Secondary pressure sensor).
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1.6.1 Pushbelt Variator

Consider the variator that is depicted in Fig. 1.11. The torques that are exerted on the

variator are denoted by Tp and Ts. Furthermore, the angular velocities are denoted by

ωp and ωs, the clamping forces by Fp and Fs, the axially moveable sheave positions by xp
and xs, and the running radii by Rp and Rs. Each shaft of the pushbelt variator (Bosch

Transmission Technology, type P811) is connected to one electric motor by means

of two elastic couplings with a torque sensor (HBM, type T20WN) in between. The

secondary axially moveable sheave position xs is measured with a dedicated incremental

length gauge (Heidenhain, type ST 3078).

Fs Ts

Tp Fp

xp

xs

Rs

Rp

ωp

ωs

Figure 1.11: Schematic illustration of pushbelt variator.

1.6.2 Electric Motors

The electric motors (Siemens, type 1PA6184-4NL00-0GA03) are located on either side

of the pushbelt variator. The maximum power level is equal to 81 [kW] from 2900 [rpm]

to 5000 [rpm], which is the maximum angular velocity. The maximum torque level is

equal to 267 [Nm] below 2900 [rpm]. Both electric motors are equipped with a rotary

encoder (Heidenhain, type ERN 1387). In terms of low-level control, both electric

motors GMj
, j ∈ {p, s}, see Fig. 1.12, include a current control system. In terms

of high-level control, the primary electric motor (motor functionality) is closed loop

velocity controlled, whereas the secondary electric motor (generator functionality) is

open loop torque controlled, see Fig. 1.12 and Klaassen et al. (2004, Section 3).

1.6.3 Hydraulic Actuation System

The hydraulic actuation system consists of several hydraulic pumps for actuation and

lubrication. The temperature of the ATF (Esso, type ATF EZL 799) is regulated to

TATF = 65 [◦C]. The pulley pressures in the hydraulic pressure cylinders are controlled

by means of two servo valves (Mannesmann Rexroth, type 4 WS 2 EE 10), which
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Tp,ref

Tp
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Figure 1.12: Control of electric motors GMj .

are fed from a shared accumulator. The accumulator is continuously pressurized to

pacc = 50 [bar]. The maximum pulley pressure levels are equal to pp,max = 20 [bar] and

ps,max = 38 [bar]. Each hydraulic pressure cylinder is equipped with a pressure sensor

(GE Druck, type PTX 1400). Both hydraulic actuation circuits GHj , see Fig. 1.13,

are closed loop pressure controlled.

−
pjpj,ref

GHjKHj

Figure 1.13: Control of hydraulic actuation circuits GHj .

The clamping forces Fp and Fs are mainly realized by the pulley pressures pp and ps.

However, centrifugal effects are also of relevance, since the ATF in the hydraulic pres-

sure cylinders often rotates with very high angular velocities. Furthermore, a preloaded

spring is attached to the secondary axially moveable sheave, which provides the sec-

ondary spring force Fspring,s. This spring guarantees a certain secondary clamping force

value when the hydraulic actuation system fails. On the basis of these contributions,

the clamping forces Fp and Fs are given by:

Fp = Appp + cpω
2
p (1.1a)

Fs = Asps + csω
2
s + Fspring,s(xs), (1.1b)

where Ap and As denote the pressure surfaces, whereas cp and cs denote the centrifugal

coefficients.

1.6.4 Data Acquisition System

The data acquisition system (dSPACE) consists of dedicated hardware and software

for real-time control purposes. The control system is implemented with a sampling

frequency of 1 [kHz], which includes obtaining sensor signals and sending actuator

signals.





Chapter 2

Pushbelt Variator – First Principles

Modeling and Validation

2.1 Introduction

In general, a friction drive consists of two surfaces that are in contact with each other,

where a relative velocity exists between the two surfaces. Examples of friction drives

are given by the contact between tyre and road and the contact between pulley and

pushbelt. Since there is a relative velocity, there also is a friction force between the

two surfaces. Both the magnitude and the direction of this friction force are essential

in the description of the friction drive behaviour. Therefore, a high-quality model

of the friction force characteristics is of crucial importance in the description of the

friction drive behaviour and in the design of control systems for these friction drives.

A common assumption in friction force models is that the normalized friction, i.e.,

the traction coefficient µ, is a nonlinear function of the normalized relative velocity

between the two surfaces, i.e., the relative slip ν. In general, the traction coefficient

µ ranges from 0 ≤ µ ≤ µmax [-], whereas the relative slip ν ranges from 0 ≤ ν ≤ 1

[-]. Here, µmax denotes the maximum traction coefficient, which occurs for the relative

slip value ν̃, i.e., µmax = µ(ν̃). This is illustrated in Fig. 2.1. Obviously, the traction

coefficient µ increases with the relative slip ν for 0 ≤ ν < ν̃ [-], whereas the traction

coefficient µ decreases with the relative slip ν for ν̃ < ν ≤ 1 [-]. In addition, both µmax

and ν̃ are determined by the operating conditions. Consequently, the traction curve

µ(ν) also depends on the operating conditions of the friction drive.

A model of the traction curve µ(ν) for the contact between tyre and road is of crucial

importance in the design of anti-lock braking system (ABS) control systems. The ob-

jective for the ABS control system is twofold: 1. maintaining the steering ability of the

vehicle during emergency braking, which enables obstacle avoidance; 2. decreasing the

braking distance of the vehicle during emergency braking. Both ABS control objectives

can be simultaneously satisfied when the relative slip ν is controlled in such a way that
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ν [-]

µ
[-]
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Figure 2.1: A traction curve example (ν < ν̃ → Micro-slip, ν > ν̃ → Macro-slip).

a relative slip reference νref is tracked, which corresponds to the maximum traction co-

efficient, i.e., wheel slip control, see, e.g., Johansen et al. (2003, Section 2). The relative

slip reference νref is prescribed by the driveline control system. The control input is the

clamping force Fbrake that is generated by the brake cylinder, which is present in the rel-

ative slip dynamics ν̇, together with the traction curve µ(ν), i.e., ν̇ = f(ν, µ(ν), Fbrake),

see, e.g., Johansen et al. (2003, Section 2). The traction curve µ(ν) is often modeled by

means of algebraic relationships between the relative slip ν and the traction coefficient

µ, i.e., static friction models. In Canudas-de-Wit et al. (2003b), several static friction

models are summarized. A well-known model of this type is the “Magic Formula”,

where the model parameters are identified from a comparison between the “Magic

Formula” and the measurements that are obtained from dedicated experiments with

specialized test rigs. A control design on the basis of the “Magic Formula” is pro-

posed in Solyom et al. (2004), see also Solyom and Rantzer (2003). Obviously, static

friction models do capture the stationary behaviour, but do not capture the transient

behaviour. In order to capture this behaviour, dynamic friction models are required,

which are formulated either as a lumped model or as a distributed model. A lumped

friction model assumes the existence of a contact point, whereas a distributed friction

model assumes the existence of a contact patch. In Canudas-de-Wit et al. (2003b),

several lumped dynamic friction models are addressed, e.g., the so-called “kinematic

model” and the “Dahl model”. On the basis of the LuGre dynamic friction model,

see Canudas de Wit et al. (1995), a distributed LuGre dynamic friction model is pro-

posed in Canudas-de-Wit et al. (2003b), see also Canudas-de-Wit et al. (2003a). In the
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distributed LuGre dynamic friction model, i.e., a bristle model, a contact patch exists

between the tyre and the road, which represents the projection of the part of the tyre

that is in contact with the road. Here, a normal force density function along the con-

tact patch is required. Alternative control designs that utilize a model of the traction

curve µ(ν) are found in Johansen et al. (2003); Petersen et al. (2003); Drakunov et al.

(1995); Ünsal and Kachroo (1999), for example.

A model of the traction curve µ(ν) for the contact between pulley and pushbelt

is of crucial importance in the design of variator control systems. The objective for

the variator control system is twofold: 1. tracking a speed ratio reference rs,ref , which

is prescribed by the driveline control system; 2. optimizing the variator efficiency η.

The variator efficiency η is not measured, although the performance of the variator is

obviously determined by the variator efficiency η. This variator control objective can be

satisfied when the relative slip ν is controlled in such a way that a relative slip reference

νref is tracked, which corresponds to the maximum variator efficiency, i.e., variator slip

control, see, e.g., Bonsen et al. (2005). The relative slip reference νref is prescribed by

the driveline control system. The control inputs are the clamping forces Fp and Fs that

are generated by the hydraulic cylinders, which are present in the relative slip dynamics

ν̇, together with the traction curve µ(ν), i.e., ν̇ = f(ν, µ(ν), Fp, Fs), see, e.g., Bonsen

et al. (2005). The traction curve µ(ν) is often described by means of characteristics

that are obtained from measurements, see Klaassen et al. (2008), which are possibly

approximated by piecewise linear fits, see Bonsen et al. (2005).

The quality of the model of the traction curve µ(ν) for the contact between pulley

and pushbelt is of crucial importance in the design of variator control systems. A

high-quality model is possibly obtained on the basis of the static friction models and

the dynamic friction models that are previously discussed for the contact between tyre

and road, which are black box models. This approach is not pursued for two rea-

sons. In Bonsen et al. (2003), the traction curve µ(ν) is experimentally determined by

means of dedicated experiments, which shows that the complexity and the dependency

on the operating conditions is high and, consequently, the construction of a related

static friction model, e.g., the “Magic Formula”, is hampered. In Ide et al. (2001), the

normal force density function along the contact patch between pulley and pushbelt is

experimentally determined by means of ultrasonic waves, which shows that the com-

plexity and the dependency on the operating conditions is high and, consequently, the

construction of a related dynamic friction model, e.g., the distributed LuGre dynamic

friction model, is hampered. Besides the traction curve µ(ν), the relation between the

clamping forces Fp and Fs and the geometric ratio rg (the primary running radius Rp

divided by the secondary running radius Rs) and the speed ratio rs (the secondary an-

gular velocity ωs divided by the primary angular velocity ωp) is of potential importance

in the design of variator control systems, which is motivated in Sakagami et al. (2007).

These characteristics are experimentally investigated in Sakagami et al. (2007, Fig. 3)

for a single choice of the operating conditions, although a foundation of the results on

the basis of physics is not given. This is of crucial importance in the design of variator
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control systems, however, since a foundation of the results for a complete range of the

operating conditions that is normally covered by the CVT is desired. These consider-

ations give rise to models on the basis of physics, which are white box models or first

principles models.

The main contribution of this chapter concerns the construction and the validation

of a first principles model for the pushbelt variator in a pushbelt CVT, which describes

the traction curve µ(ν) and the relation between the clamping forces Fp and Fs and the

geometric ratio rg and the speed ratio rs. The remainder of this chapter is organized as

follows. A literature overview of stationary variator models is given in Section 2.2. This

is followed by the construction of the stationary variator model in Section 2.3. The

stationary variator model is subsequently validated in Section 2.4, where the traction

curve µ(ν) and the relation between the clamping forces Fp and Fs and the geometric

ratio rg and the speed ratio rs are evaluated. A literature overview of transient variator

models is given in Section 2.5. Finally, the chapter concludes with a discussion in

Section 2.6.

2.2 Literature Overview of Stationary Variator Models

In the literature overview of stationary variator models, models of the chain variator

are neglected and models of the pushbelt variator are exclusively considered. Measure-

ments of the tension forces in the bands and the compression forces between the ele-

ments of a pushbelt are discussed in Section 2.2.1. Subsequently, a distinction is made

between pushbelt variator models without bands-elements interaction in Section 2.2.2

and pushbelt variator models with bands-elements interaction in Section 2.2.3. The

pushbelt variator models are shortly evaluated in Section 2.2.4.

Notation: Subscript j ∈ {p, s} denotes the primary pulley p or the secondary pulley

s. Furthermore, subscript b refers to the bands, subscript e to the elements, subscript

1 to the contact between bands and elements, subscript 2 to the contact between

elements and pulley, subscript 3 to the contact between adjacent bands, subscript l to

the lower strand of the pushbelt, and subscript u to the upper strand of the pushbelt.

The geometry of the pushbelt variator is depicted in Fig. 2.2. Here, Rj denotes the

distance between the centre of pulley j and the rocking edge and ωj denotes the angular

velocity of pulley j. The distance between the rocking edge and the centre line of the

bands is denoted by ∆R. Furthermore, a denotes the distance between the centres of

the pulleys. The angle of wrap of pulley j is denoted by ϕj, whereas half of the angle

of wrap of pulley j is denoted by Φj.

2.2.1 Force Measurements in a Pushbelt

Force measurements in a pushbelt are executed with dedicated data acquisition sys-

tems, see, e.g., Kimura (2005) and Yamaguchi et al. (2005). Typical results of such

measurements for the tension forces in the bands and the compression forces between
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Figure 2.2: Geometry of the pushbelt variator.

the elements are discussed in Fujii et al. (1993a), Fujii et al. (1993b), Kanehara et al.

(1994), and Kitagawa et al. (1995). Caution with respect to the interpretation of the

results is recommended, however, since the pushbelt is locally modified, which distorts

the distribution of the forces in comparison with a pushbelt that is unmodified. In Fujii

et al. (1993a), the relation between the speed ratio rs, i.e., the secondary angular ve-

locity ωs divided by the primary angular velocity ωp, the torque ratio, i.e., the torque

that is actually transmitted (with micro-slip occurring) divided by the torque that is

maximally transmitted (without macro-slip occurring), and the clamping force ratio,

i.e., the primary clamping force Fp divided by the secondary clamping force Fs, is ex-

perimentally investigated for stationary situations. Furthermore, the dependence with

respect to the magnitude of the torque that is maximally transmitted (less important)

and the magnitude of the primary angular velocity (more important) is evaluated. The

distribution of the compression force between the elements and the tension force in the

bands within the angles of wrap is experimentally determined in Fujii et al. (1993b) for

stationary situations. In the experiments, the primary pulley angular velocity ranges

between ωp = 150 [rpm] and ωp = 300 [rpm], which is fairly low. This possibly gives

rise to other friction mechanisms. The observations with respect to the measurements

show that both the compression force between the elements and the tension force in

the bands contribute to the power transmission between the pulleys. This motivates
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the construction of a stationary variator model in which the interaction between bands

and elements is explicitly modeled. Actually, the observations with respect to the

distribution of the compression force and the tension force in Fujii et al. (1993b) are

extensively used in Section 2.3.7. In Kanehara et al. (1994), the force that acts on

the element in a number of directions is measured by a number of specially designed

elements. Examples are the friction force in the radial direction and the friction force

in the tangential direction. The experiments are performed for stationary situations.

In the analysis, the results are qualitatively assessed and the reliability is questionable.

Similarly, the force that acts on the element in a number of directions is measured

by a number of specially designed elements in Kitagawa et al. (1995), although for

transient situations. In general, the conclusion is drawn that the force distributions

are completely altered when a transient situation instead of a stationary situation is

considered. Furthermore, the magnitude of the friction force in the radial direction is

significantly increased.

2.2.2 Pushbelt Variator Models without Bands-Elements Interaction

Several models of the pushbelt variator are known in which the pushbelt is modeled as

a continuum. Examples are found in Carbone et al. (2001), Carbone et al. (2002), Car-

bone et al. (2005), and Carbone et al. (2007). Several assumptions are made in order

to derive the model, which include: 1) the pushbelt is modeled as a single, homoge-

neous continuum without bending stiffness, i.e., the thickness of the pushbelt in the

transversal direction is neglected, 2) the deformation of the pushbelt in the longitudinal

direction and the lateral direction is neglected, 3) the deformation of the pulley due to

a clearance between the axially moveable sheave and the shaft (tilting of the axially

moveable sheave), a limited stiffness of the sheaves (elastic deformation of the sheaves),

and a limited stiffness of the shaft (bending of the shaft), is explicitly considered, 4) the

friction coefficient in the contact between elements and pulley is constant. Specifically,

the deformation of the pulley is described on the basis of the Sattler model, see Sattler

(1999b) and Sattler (1999a). The Sattler model provides expressions for half the pulley

wedge angle β̃(θ) for the deformed pulley and the running radius R̃(θ) of the pushbelt

for the deformed pulley, where θ denotes the circumferential coordinate, which are

given by:

β̃(θ) = β +
∆

2
sin
(
θ − θcentre +

π

2

)
(2.1a)

R̃(θ) =
R

tan(β̃(θ))

(
tan(β)− tan(β̃(θ)− β)

)
, (2.1b)

where β denotes half the pulley wedge angle for the undeformed pulley and R denotes

the running radius of the pushbelt for the undeformed pulley. Furthermore, ∆ is twice

the amplitude of the sinusoid, which is interpreted as the maximum wedge expansion,

whereas θcentre is the centre of the maximum wedge expansion, which is interpreted as

the angle for which the maximum wedge expansion is achieved. Here, ∆ is externally
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specified, see Section 2.5.1, whereas θcentre is internally computed, see Carbone et al.

(2005, Section 3). Alternatively, θcentre is externally specified on the basis of expressions

that are empirically derived in Pennestr̀ı et al. (2002, Section 3.2). In Carbone et al.

(2005), which is based on simulations, the friction coefficient between the elements

and the pulley is equal to µ2 = 0.10. In Carbone et al. (2007), which is based on

experiments, the friction coefficient between the elements and the pulley is equal to

µ2 = 0.09. Contrary to a multibody approach or a finite element method (FEM)

approach, the Carbone, Mangialardi, Mantriota (CMM) model solves a relatively small

number of equations and avoids a very large number of degrees of freedom. Since the

pushbelt is modeled as a single, homogeneous continuum without bending stiffness, the

expectation is that the CMM model is more suitable for the chain and less suitable for

the pushbelt. Nevertheless, the CMM model is experimentally validated by means of

measurements that are obtained from a pushbelt variator in Carbone et al. (2007).

The validation considers steady-state experiments. The input-output behaviour is

accurately predicted for unloaded conditions. The input-output behaviour is partially

predicted for loaded conditions. This is possibly improved when the interaction between

bands and elements is explicitly modeled, see Carbone et al. (2007, Section 6.2.2).

2.2.3 Pushbelt Variator Models with Bands-Elements Interaction

The model that is proposed in Becker (1987) is one of the first with respect to the

analysis of the forces within the pushbelt variator. In Becker (1987), the magnitude

of the slip between the elements and the pulley is neither investigated nor discussed.

Several assumptions are made in order to derive the model, which include: 1) the fric-

tion coefficient in the contact between bands and elements and in the contact between

elements and pulley is constant, 2) the radius Rj of the rocking edges at pulley j is

constant, i.e., the path of the elements at pulley j is part of a circle, 3) the tension

force S in the bands and the compression force Q between the elements are smooth

functions of the circumferential coordinate θ, 4) the two packs of bands are considered

as a single, solid pack, 5) a quasi-stationary situation is assumed, in which only the

centrifugal forces of the bands and the elements are considered. On the basis of these

assumptions, equilibrium equations of a section of bands and a section of elements are

derived. Here, the angle γ is defined by the angle of the friction force between the

elements and the pulley with respect to the tangent in the circumferential direction. In

the force equilibrium of a section of elements, the angle γ of the friction force between

the elements and the pulley is unequal to zero, i.e., γ 6= 0. Here, it is assumed that the

adoption of a constant average value for γ is allowed. Since the compression force Q(θ)

and the tension force S(θ) are coupled through the friction force between the innermost

band and the elements, the sign of the relative velocity between the innermost band

and the elements is required in order to determine these forces. Here, it is assumed

that this relative velocity is equal to zero at the pulley with the larger running radius,

whereas the innermost band lags the elements at the pulley with the smaller running

radius. Under these assumptions, a qualitative description of the compression force



28 Chapter 2. Pushbelt Variator – First Principles Modeling and Validation

Q(θ) and the tension force S(θ) is derived from the equilibrium equations. The angle γ

of the friction force between the elements and the pulley is derived from the direction of

the relative velocity between the elements and the pulley. This relative velocity is de-

composed into a radial component and a tangential component. The radial component

follows from the change of the running radius in the circumferential direction, whereas

the tangential component follows from the deformation of the elements in the tangen-

tial direction, which is caused by the compression force. As a result, the determination

of γ is iteratively performed. Then, four basic problems are distinguished, which are

solved by means of finite element models. The selection of one of these basic solutions

is governed by the geometric ratio rg, i.e., rg = Rp/Rs, the primary pulley torque,

and the primary pulley angular velocity. From the applicable basic solution, several

boundary conditions are derived, which enable the iterative determination of the angle

of the friction force between the elements and the pulley and the active compression

arcs. With these parameters, the compression force Q(θ) and the tension force S(θ) are

quantitatively determined. This allows for the computation of the clamping forces. In

this way, the compression force between the elements, the tension force in the bands,

and the clamping forces are estimated for a given operating condition.

In Sun (1988), another model for the pushbelt CVT is proposed, which uses a

number of assumptions: 1) the presence or absence of a compression force between the

elements implies that the line of elements is considered as a continuous or discontinuous

line of elements, 2) after installation of the pushbelt, a certain initial tension force in

the bands (change in length of bands) and a certain initial compression force between

the elements (change in length of elements) occur, after which no further changes in

the total length of the bands and the elements are considered, 3) the friction force be-

tween the elements and the pulley coincides with the tangential direction in the active

compression arc and with the radial direction in the inactive compression arc for sta-

tionary situations, 4) the friction force between the elements and the pulley coincides

with the radial direction for transient situations, 5) the friction in the contact between

the innermost band and the elements, in the contact between the elements and the

pulley, and in the contact between adjacent bands is of the Coulomb type, 6) deforma-

tions of the variator are neglected, 7) misalignment of the pulleys is neglected. Here,

assumption 3 and assumption 4 are doubtful, since a physical motivation for these

assumptions is not given. On the basis of these assumptions, equilibrium equations of

a section of a single band and a single element are derived for both the primary pulley

and the secondary pulley. Subsequently, the deformation of the individual bands and

the elements is investigated, from which the velocity creep due to the individual bands

and the elements is obtained. For the computation of the input power to the pushbelt

and the output power from the pushbelt, this velocity creep is completely attributed

to the secondary pulley. Simulation results are shown for both a stationary situation

and a transient situation. In these simulations, the friction coefficient between the

innermost band and the elements is equal to µ1 = 0.01, the friction coefficient between

the elements and the pulley is equal to µ2 = 0.08, and the friction coefficient between
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adjacent bands is equal to µ3 = 0.005. Additional simulations, in which alternative

friction coefficient values are used, show that a larger value for µ2 increases the contri-

bution of the compression forces to the output power, whereas larger values for µ1 and

µ3 increase the contribution of the tension forces to the output power. Nevertheless,

in all considered cases, the compression forces have a minimum contribution to the

output power of 80 [%].

In Karam and Play (1992), another model for the mechanisms in a pushbelt variator

is derived. Since the pushbelt variator consists of a large number of parts, a numerical

approach is adopted in order to obtain a global equilibrium of the total mechanism on

the basis of the equilibria of all individual parts. Several assumptions are introduced

in order to derive the model. A number of assumptions is similar to the assumptions

in Becker (1987), which include: 1) the two packs of bands are considered as a single,

solid pack, 2) the friction in the contact between bands and elements and in the contact

between elements and pulley is of the Coulomb type, 3) the radius Rj of the rocking

edges is constant at pulley j. Several additional assumptions are used: 4) the pushbelt

is assembled with prestress and without play between the elements, 5) the bands are

rigid and the elements are deformable in the longitudinal direction, 6) deformation

of the variator due to a limited stiffness of the sheaves (elastic deformation of the

sheaves) is neglected. On the basis of these assumptions, equilibrium equations of a

section of bands and an element are derived. The force equilibrium of a section of

bands is extended to a global equilibrium of the bands. The force equilibrium of an

element is based on the situation in the contact between elements and pulley. Each

angle of wrap is divided into a so-called adherence zone and a so-called sliding zone.

In the adherence zone, the compression force between the elements is constant and

the force that is applied on each element by the pulley is constant. In the sliding

zone, the compression force between the elements either increases (driving pulley) or

decreases (driven pulley). In this case, the angle γ of the friction force between the

elements and the pulley is unequal to zero, i.e., γ 6= 0. Here, γ is derived from the

direction of the relative velocity between the elements and the pulley. This relative

velocity is decomposed into a radial component and a tangential component, which

are both calculated from the deformations of the elements. As a result, the velocity of

the elements is constant in the adherence zone, whereas the velocity of the elements

is not constant in the sliding zone. In addition, a constant average velocity for the

bands is considered, since the bands are rigid in the longitudinal direction. Besides

the equilibrium equations of all individual parts, a global equilibrium of the total

mechanism is derived, which concerns the moment equilibrium of both the driving

pulley and the driven pulley. In this way, a complex system of equations is obtained,

which is iteratively solved. In the simulations, the friction coefficient between bands and

elements is equal to µ1 = 0.01 and the friction coefficient between elements and pulley

is equal to µ2 = 0.12. The dependence of the simulation results on several parameters

is investigated, from which a number of conclusions is drawn. The variator efficiency

reaches a maximum value near the medium transmission ratio, i.e., for Rp = Rs. The
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distribution of the power transfer between the bands and the elements is essentially

related to the value of the friction coefficient in the contact between bands and elements

and in the contact between elements and pulley. Finally, the axial deformation of the

sheaves is incorporated in the model, which is evaluated by means of finite element

models. Essentially, this implies that the expression for the radial component of the

relative velocity between the elements and the pulley is extended with another term.

With respect to the simulations, this only results in a substantial change of the axial

forces, which are increased by 14 [%].

With respect to the analysis of the forces within the pushbelt CVT, the model in

the series of three papers Van Rooij and Schaerlaeckens (1993a,b,c) has similarities

with the model that is derived in Becker (1987). In Van Rooij and Schaerlaeckens

(1993a), the assumptions are introduced, which include: 1) the friction coefficient in

the contact between the innermost band and the elements, in the contact between the

elements and the pulley, and in the contact between adjacent bands is constant, 2)

the two packs of bands are considered as a single, solid pack, 3) the radius Rj of the

rocking edges at pulley j is constant, 4) the presence of play between the elements

is neglected. Since the distance he between the rocking edge and the shoulder of

the element is unequal to zero, i.e., he 6= 0, there exists a relative velocity between

the innermost band and the elements when Rp 6= Rs. Here, it is assumed that this

relative velocity is equal to zero at the pulley with the larger running radius, whereas

the innermost band lags the elements at the pulley with the smaller running radius.

Under these assumptions, three basic solutions are introduced for the distribution of

the compression force and the distribution of the tension force. One basic solution

applies to the overdrive transmission ratio, in which the tension force has a negative

contribution to the power transfer. In order to obtain a positive power transfer, the

contribution of the compression force is necessarily positive. The other two basic

solutions apply to the underdrive transmission ratio, in which the tension force has a

positive contribution to the power transfer. Then, in order to obtain a positive power

transfer, the contribution of the compression force is either negative or positive, which

provides two solutions. The applicable solution depends on the torque level.

In Van Rooij and Schaerlaeckens (1993b), equilibrium equations of a section of band

and a section of elements are derived. In the force equilibrium of a section of elements,

the angle γ of the friction force between the elements and the pulley is equal to zero,

i.e., γ = 0. Hence, in Van Rooij and Schaerlaeckens (1993b) γ = 0, whereas in Becker

(1987) γ 6= 0. From the equilibrium equations, the description of the compression force

and the description of the tension force is obtained. Subsequently, the expression for the

clamping forces is derived. These relations are utilized in a computational procedure,

which involves iterative computations for the calculation of the forces. The inputs

are given by either the primary clamping force Fp or the secondary clamping force

Fs, the speed ratio rs, i.e., rs = ωs/ωp, the primary pulley torque, and the pushbelt

velocity. The outputs are given by the unknown clamping force, the secondary pulley

torque, the distribution of the compression force, and the distribution of the tension
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force. Subsequently, expressions for the tension forces in the individual bands are

derived, which are required for the computation of the variator efficiency in Van Rooij

and Schaerlaeckens (1993c). In the simulations, the friction coefficient between the

innermost band and the elements is equal to µ1 = 0.07 and the friction coefficient

between adjacent bands is equal to µ3 = 0.03. From the simulations, a number of

conclusions is drawn. A discontinuity occurs in the ratio between Fp and Fs for the

medium transmission ratio, i.e., for Rp = Rs, when the transmitted torque is smaller

than the maximum transmittable torque. The tension force in the innermost band

is smaller than the tension forces in the other bands, when the bands perfectly fit

together.

In Van Rooij and Schaerlaeckens (1993c), the power losses in the variator are ad-

dressed, in order to determine the variator efficiency. Besides several minor sources of

power loss, two major sources of power loss are identified. The first major power loss

occurs in the contact between the innermost band and the elements and in the con-

tacts between adjacent bands at the pulley with the smaller running radius. In these

contacts, a relative velocity occurs and a normal force exists, which results in a power

loss. Furthermore, a relative velocity occurs in the contacts between adjacent bands at

the strands of the pushbelt, which results in a power loss due to viscous friction. The

second major power loss originates from elastic deformations due to changes in both

the tension force in the bands and the compression force between the elements. These

elastic deformations introduce a relative velocity in a number of contacts, including 1)

between the innermost band and the elements, 2) between adjacent bands, 3) between

the elements and the pulley. Several expressions are derived in order to describe these

power losses. Subsequently, a number of simulation results for the variator efficiency

is shown, from which several conclusions are drawn. The variator efficiency increases

when the primary pulley torque increases. A discontinuity occurs in the variator effi-

ciency for the medium transmission ratio, i.e., for Rp = Rs, which originates from the

transition between two basic solutions, see Van Rooij and Schaerlaeckens (1993a). The

variator efficiency decreases when the primary pulley angular velocity increases. The

maximum variator efficiency is reached for the medium transmission ratio.

In Kim and Lee (1994), the friction in the contact between bands and elements is

neglected. As a result, the tension forces in the bands are constant, which implies that

the compression forces between the elements are responsible for the power transfer.

This contradicts with the measurements of the tension forces in the bands and the

compression forces between the elements that are discussed in Fujii et al. (1993b).

The model of the pushbelt CVT in Asayama et al. (1995) has similarities with

the model in Becker (1987). In Asayama et al. (1995), measurements of the tension

forces in the bands and the compression forces between the elements are used for

validation purposes. Several assumptions are introduced in order to derive the model,

which include: 1) the two packs of bands are considered as a single, solid pack, 2) the

band lags the elements at the pulley with the smaller running radius, 3) the friction

in the contact between bands and elements and in the contact between elements and
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pulley is of the Coulomb type, 4) the elements are deformable in both the longitudinal

direction and the lateral direction, 5) deformations of the variator are neglected. On

the basis of these assumptions, equilibrium equations of a section of band and a section

of elements are derived. In the force equilibrium of a section of elements, the angle

γ of the friction force between the elements and the pulley is unequal to zero, i.e.,

γ 6= 0. Here, γ is derived from the elastic deformation of the elements, which is

composed of a radial component and a tangential component. The radial component

results from deformation in the lateral direction due to the clamping force, whereas the

tangential component results from deformation in the longitudinal direction due to the

compression force. From the equilibrium equations of a section of band and a section

of elements, the force equilibrium of a section of pulley is obtained. Subsequently,

a computational procedure is introduced for the calculation of the compression force

between the elements, the tension force in the bands, and the clamping forces, which

involves several iterative procedures, similar to Becker (1987). In order to validate the

model, measurements of the tension forces in the bands and the compression forces

between the elements are executed. The compression forces between the elements

are measured with two load cells, which are mounted on top of each other between

two adjacent elements. This principle deviates from Fujii et al. (1993b) and alludes

to improved measurements in the strands of the pushbelt. In the experiments, the

primary pulley angular velocity is equal to either ωp = 10 [rpm] or ωp = 20 [rpm],

which is extremely low. This possibly gives rise to other friction mechanisms. In the

simulations, the friction coefficient between bands and elements is equal to µ1 = 0.16

and the friction coefficient between elements and pulley is equal to either µ2 = 0.07 or

µ2 = 0.09. The correspondence between experiments and simulations in the underdrive

transmission ratio is good for the distribution of the tension force and is not good

for the distribution of the compression force. The mismatch for the distribution of

the compression force is possibly explained by the deformation of the pulleys, which

increases the pulley wedge angles. Essentially, this implies that the expression for the

angle γ of the friction force between the elements and the pulley is extended with a

term that depends on the deformation of the pulley. A renewed calculation of the

distribution of the compression force, in which the increase of the pulley wedge angles

is equal to ∆β = 0.005 [deg], shows that the correspondence between experiments

and simulations is improved. In the overdrive transmission ratio, the match between

experiments and simulations is fairly good for the distribution of the compression force,

although the deformation of the pulleys is neglected in this case.

In Kuwabara et al. (1998b), a numerical model for the pushbelt variator is proposed.

A number of assumptions is made, which include: 1) the two packs of bands are

considered as a single, solid pack, 2) deformations of the variator are neglected, 3) the

band lags the elements at the pulley with the smaller running radius, 4) the centrifugal

forces of the band and the elements are neglected. On the basis of these assumptions,

equilibrium equations of a section of band and an element are derived. The analysis

is performed for a single half of the pushbelt because of its symmetry. The numerical
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model consists of three kinds of linear springs and two kinds of interface components.

In the angles of wrap on both the primary pulley and the secondary pulley, nodes are

attached to each element. Element nodes are connected by a so-called element spring,

which represents the stiffness of the element in the longitudinal direction and transmits

a compression force only. The same number of nodes is attached to the band. Band

nodes are connected by a so-called band spring, which represents the stiffness of the

band in the longitudinal direction and transmits a tension force only. Each element also

has a so-called lateral spring, which represents the stiffness of the element in the lateral

direction. Each interface component forms the connection between the pulley and each

element, which determines whether the element sticks or slips on the pulley. Another

interface component forms the connection between the band and each element, which

determines whether the band sticks or slips on the element. Both strands between

the two pulleys have no nodes and are each represented by a linear spring. On the

basis of this numerical model, a procedure is proposed in which iterative computations

are performed in such a way that the equilibrium equations of the individual parts

and the global equilibrium of the pushbelt variator are satisfied. Subsequently, force

measurements of the tension forces in the bands and the compression forces between the

elements are compared to simulation results. In the simulations, the friction coefficient

between bands and elements is equal to µ1 = 0.09 and the friction coefficient between

elements and pulley is equal to µ2 = 0.09. A reasonably good correspondence between

experiments and simulations is found. A similar conclusion is drawn for the thrust

ratio, i.e., the ratio between the primary clamping force and the secondary clamping

force, as a function of the torque ratio, i.e., the ratio between the transmitted torque

and the maximum transmittable torque. Nevertheless, it is expected that the inclusion

of deformations of the variator improves the correspondence between experiments and

simulations.

Extensions of the model in Kuwabara et al. (1998b) are proposed in Kuwabara

et al. (1998a) and Kuwabara et al. (1999), where the tension forces in the individual

bands are considered. Without modifications, the numerical model in Kuwabara et al.

(1998b) only allows for the description of stationary situations. In Kuwabara et al.

(1998a), this numerical model is adapted in such a way that both stationary situa-

tions and transient situations are described. This is achieved through the utilization

of minute rotations of the pulleys instead of minute displacements of the nodes in the

computational procedure. In each step of this computational procedure, iterative com-

putations are performed in such a way that the equilibrium equations of the individual

nodes are satisfied. After execution of all steps in the computational procedure, a

global equilibrium of the pushbelt variator is enforced. For the stationary situation,

force measurements of the tension force in the band and the compression force between

the elements from Fujii et al. (1993a) and Fujii et al. (1993b) are compared to simula-

tion results. In the simulations, the friction coefficient between bands and elements is

equal to µ1 = 0.10 and the friction coefficient between elements and pulley is equal to

µ2 = 0.10. A reasonably good correspondence between experiments and simulations is
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found. For the transient situation, only simulation results for a fast and a slow change

of the speed ratio are shown, which include the speed ratio, the thrust ratio, the tension

force in the band, and the compression force between the elements. Subsequently, the

distribution of the tension forces in the individual bands is addressed. Another numer-

ical model is proposed, which again consists of multiple linear springs in conjunction

with interface components. That is, each individual band is represented by a chain

of linear springs and interface components are placed between two bands. Then, the

distribution of the tension forces in the individual bands is computed for two cases. In

the first case, the friction coefficient between the innermost band and the elements is

equal to µ1 = 0.10, the friction coefficient between the elements and the pulley is equal

to µ2 = 0.10, and the friction coefficient between adjacent bands is equal to µ3 = 0.10.

In the second case, the friction coefficients are equal to µ1 = 0.10, µ2 = 0.10, and

µ3 = 0.05, respectively. The distribution of the tension forces in the individual bands

is almost equal in the first case, whereas the tension force in the innermost band is

much larger than the tension forces in the other bands in the second case. Furthermore,

it is shown that the share of the tension force in the innermost band in the distribution

increases when the ratio between µ1 and µ3 increases. The numerical model for the

tension forces in the individual bands is discussed in more detail in Kuwabara et al.

(1999).

In Gerbert (1984), only the medium transmission ratio is considered, i.e., Rp =

Rs. Two cases are distinguished. In the first case, the pushbelt is assembled with

prestress and without play between the elements. Under the assumption that the

tension forces in the bands are constant, the compression forces between the elements

are responsible for the power transfer. Then, the behaviour of a metal V-belt is similar

to the behaviour of a rubber V-belt on both the primary pulley and the secondary

pulley. In the second case, the pushbelt is assembled without prestress and with play

between the elements. Again, the assumption that the tension forces in the bands are

constant, i.e., friction between bands and elements is neglected, is adopted. Then, the

variation of the compression forces between the elements takes place within an angle

ϕp,{ac} at the exit of the primary pulley and within an angle ϕs,{ac} at the exit of the

secondary pulley. As a result, there are gaps between the elements in the part between

the exit of the secondary pulley and the start of angle ϕp,{ac} only. Subsequently, it

is concluded that a metal V-belt behaves similar to a rubber V-belt on the secondary

pulley, since there are no gaps between the elements. However, there are gaps between

the elements on the primary pulley, the behaviour of which is further investigated by

considering a transition zone (the part between the entrance of the primary pulley and

the start of angle ϕp,{ac}) and a play take up point (the start of angle ϕp,{ac}). Here,

it is assumed that the elements are deformable in the lateral direction. Finally, the

existence of slip in the transmission is addressed, where it is mentioned that the gaps

between the elements cause slip in the transmission. Furthermore, it is recognized

that the magnitude of the slip in the transmission relates to the length of the so-called

transition zone and the total gap between the elements δ. The total gap between
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the elements δ results from the nominal total gap between the elements δ0 and the

additional gap that is caused by the compression forces and the tension forces in the

pushbelt.

In Gerbert (1996), the rubber V-belt is considered. Only the medium transmission

ratio is addressed, i.e., Rp = Rs. Within this scope, a general framework is developed

for the analysis of belt slip in transmissions with flat belts, V-belts, and V-ribbed belts.

Four contributions to belt slip are distinguished, including creep (longitudinal exten-

sion), compliance (transversal compression), shear deflection (transversal and lateral

variation), and flexural rigidity (seating and unseating). A thorough analysis of these

contributions is presented within the general framework. Finally, measurements of slip

as a function of traction for the three belt types under consideration are shown. A

reasonably good match between experimental results and theoretical results is found.

In Kobayashi et al. (1998), the mechanism that causes micro-slip in a pushbelt

variator is investigated. The analysis is based on the distribution of the gaps between

the elements of the pushbelt. A hypothesis is formulated, which states that micro-slip

occurs between the elements and the pulley when the elements are squeezed together

in order to close the gaps, which is required in order to generate a compression force

between the elements. This hypothesis incorporates several assumptions, including: 1)

micro-slip only occurs on the pulley where the gaps are located, 2) the total gap be-

tween the elements is evenly distributed between the elements in the inactive compres-

sion arc on the pulley where the compression force between the elements is generated.

The latter assumption is experimentally validated by using a high-speed camera and

a modified pushbelt, of which the nominal total gap between the elements is increased

to 26 [mm]. On the basis of this hypothesis, a simulation method is developed that

enables the prediction of the slip ratio and the slip-limit torque, i.e., the maximum

transferable torque, for the complete range of transmission ratios and clamping forces.

Essentially, the simulation method is based on the computation of compression force

distributions and tension force distributions, similar to Becker (1987) and Van Rooij

and Schaerlaeckens (1993b). In these computations, the friction coefficient between

bands and elements is equal to µ1 = 0.12 and the friction coefficient between elements

and pulley is equal to µ2 = 0.12. The total gap between the elements δ results from the

nominal total gap between the elements δ0 and the additional gap that is caused by the

compression forces and the tension forces in the pushbelt. Two cases are considered

for the computation of the mean gap between the elements δe and the slip ratio νj. In

the first case, the total gap between the elements is evenly distributed on the primary

pulley. Under the assumption that the transmission ratio and the primary pulley an-

gular velocity are constant, the occurrence of micro-slip on the primary pulley causes

the secondary pulley angular velocity to decrease. In the second case, the total gap

between the elements is evenly distributed on the secondary pulley. Under the assump-

tion that the transmission ratio and the primary pulley angular velocity are constant,

the occurrence of micro-slip on the secondary pulley causes the secondary pulley angu-

lar velocity to increase. Therefore, the sign of the slip ratio νs is opposite to the sign
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of the slip ratio νp. A comparison of simulation results and experimental results of the

slip ratio is shown. The experimental results show that slip ratios of approximately

3-4 per cent are measured before the slip-limit torque is reached. A good match be-

tween the simulation results and the experimental results is obtained in the micro-slip

region, whereas the slip-limit torque is inaccurately predicted. In order to improve the

prediction of the slip-limit torque, a friction coefficient between elements and pulley

is included that depends on the slip ratio. The corresponding friction characteristic is

experimentally determined. In this way, a good match between the simulation results

and the experimental results is obtained, both with respect to the micro-slip region

and the slip-limit torque.

In the series of three papers Akehurst et al. (2004a,b,c), the loss mechanisms that

occur within a pushbelt variator are investigated, both experimentally and theoretically.

A number of contacts within the variator is identified where a relative velocity occurs,

including 1) between the innermost band and the elements, 2) between adjacent bands,

3) between the elements and the pulley, 4) between adjacent elements. In Akehurst

et al. (2004a), the torque loss mechanism that results from a relative velocity between

the bands and the elements is analyzed. A first analysis considers the relative velocities

between the innermost band and the elements and between adjacent bands in the

situation where ωp 6= ωs. In this analysis, a required linear velocity is computed for

each band in such a way that the relative velocity between this band and its inner

partner, i.e., another band or the elements, is equal to zero within the angle of wrap.

As a result, a required linear velocity is computed for both the primary pulley and the

secondary pulley. With respect to the actual linear velocity of each band, it is assumed

that this velocity is equal to the mean of the two pulley required linear velocities. This

assumption is experimentally validated. As a result, a relative velocity exists in each

contact, on the basis of which a friction force is computed. Subsequently, the forces

between the innermost band and the elements, between adjacent bands, between the

elements and the pulley, and between adjacent elements are considered, which results

in equilibrium equations, similar to Van Rooij and Schaerlaeckens (1993b). Here, it

is assumed that the angle γ of the friction force between elements and pulley is equal

to zero, i.e., γ = 0. Next, the normal forces between adjacent bands are determined.

Here, it is assumed that the tension force is evenly distributed between all the bands.

Then, a power loss is identified between the innermost band and the elements and

between each pair of adjacent bands. Each power loss is derived from the normal force

and the relative velocity in the contact, under the assumption of a constant friction

coefficient. Finally, this power loss is converted into a torque loss, which is attributed to

the primary pulley. Simulation results of the torque loss mechanism for the underdrive

transmission ratio and the overdrive transmission ratio are shown, where a range of

primary pulley angular velocities, secondary pulley torques, and secondary clamping

forces is considered.

In Akehurst et al. (2004b), two additional torque loss mechanisms are considered,

which both result from deformations of the variator due to a clearance between the
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moveable sheave and the shaft (tilting of the moveable sheave), a limited stiffness of

the sheaves (elastic deformation of the sheaves), and a limited stiffness of the shaft

(bending of the shaft). The associated power losses occur in the contact between the

elements and the pulley. In a first analysis, the axial deformation of the sheaves is

measured on both the primary pulley and the secondary pulley. The experiments are

performed for a range of clamping forces and in both the underdrive transmission ratio

and the overdrive transmission ratio. From the axial deformation of both the fixed

sheave and the moveable sheave, the change in axial clearance between the sheaves is

computed. Since the experiments are performed for a limited number of situations, the

axial clearance between the sheaves is approximated as a function of the clamping force

Fj and the radius Rj. The first loss mechanism arises from a relative velocity between

the elements and the pulley at the entrance and the exit of the angle of wrap, i.e., in

the so-called wedge zone. This loss is similar to the loss that is proposed by Micklem

et al. (1994b,a), which is based on the presence of a wedging force when the elements

are forced into and pulled out of the angle of wrap. Expressions for the relative velocity

between the elements and the pulley in the wedge zones at the entrance and the exit of

both the primary pulley and the secondary pulley are determined. Here, it is assumed

that the actual velocity with which the pushbelt leaves the pulley is equal to the ideal

velocity, i.e., slip between the pushbelt and the pulley is neglected. Then, the power

loss in each wedge zone is derived from the normal force and the relative velocity in the

contact, under the assumption of a constant friction coefficient. Again, this power loss is

converted into a torque loss, which is attributed to the primary pulley. The second loss

mechanism arises from a relative velocity between the elements and the pulley when the

elements slide into the pulley wedge angle and slide out of the pulley wedge angle as the

elements travel from the entrance to the exit, such that a non-circular path is described.

The radial penetration of the elements is obtained from the axial deformation of the

sheaves. Then, a power loss is computed on the basis of this radial penetration of

the elements and the normal force in the contact, under the assumption of a constant

friction coefficient. Subsequently, the total torque loss mechanism in the pushbelt,

which consists of the individual torque loss mechanisms, is defined. These include 1)

the power loss between the innermost band and the elements and between adjacent

bands (Akehurst et al., 2004a), 2) the power loss in the wedge zones and 3) the power

loss between the entrance and the exit of the pulley (Akehurst et al., 2004b), and 4) the

power loss between the elements and the pulley that results from slip (Akehurst et al.,

2004c). The total torque loss mechanism is experimentally validated. Subsequently, the

individual torque loss mechanisms are addressed for both the underdrive transmission

ratio and the overdrive transmission ratio. In both cases, torque loss mechanism 1

has the largest contribution. The contribution of torque loss mechanism 2 is quite

significant, whereas the contributions of torque loss mechanisms 3 and 4 are quite small.

These conclusions are contradictory to the conclusions in Micklem et al. (1994b,a),

where torque loss mechanism 2 has the largest contribution. However, the conclusions

in Micklem et al. (1994b,a) are doubtful, since they are based on rather coarse torque
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measurements.

In Akehurst et al. (2004c), the torque loss mechanism that results from slip between

the elements and the pulley is analyzed. A model is proposed, which is essentially based

on the computation of compression force distributions and tension force distributions,

similar to Becker (1987), see also Akehurst et al. (2004a), in combination with the

gap theory that is proposed by Kobayashi et al. (1998). In this model, a positive slip

speed at the primary pulley is defined as the primary pulley traveling faster than the

elements, whereas a positive slip speed at the secondary pulley is defined as the elements

traveling faster than the secondary pulley. The negative slip speeds are defined the

other way around. Furthermore, two cases are considered, similar to Kobayashi et al.

(1998), which relate to the pulley where the compression force between the elements

is generated and the total gap between the elements is evenly distributed between the

elements in the inactive compression arc. Here, it is recognized that a negative slip

speed possibly exists in case this concerns the secondary pulley. The computation of the

slip speed vslip = ωpRp−ωsRs is based on the total gap between the elements δ, which

results from the nominal total gap between the elements δ0 and the additional gap

that is caused by the compression forces and the tension forces in the pushbelt. With

respect to the computation of the gap that is caused by the compression force, a variable

contact area between the elements is employed, which is a function of the compression

force. First, the case in which the compression force between the elements is generated

at the primary pulley is considered. Second, the case in which the compression force

between the elements is generated at the secondary pulley is considered. The slip

speed vslip is composed of contributions from the primary pulley and the secondary

pulley. In Akehurst (2001), additional details with respect to the computation of the

slip speeds are given. Obviously, another power loss occurs between the elements and

the pulley, which results from these slip speeds. On the basis of the slip speed and

the traction force in each section of the angle of wrap, a power loss is computed for

both the primary pulley and the secondary pulley. Finally, this power loss is converted

into a torque loss, which is attributed to the primary pulley. Experimental results

for the underdrive transmission ratio and the overdrive transmission ratio are shown,

where the slip speed is subdivided into a slip speed at the primary pulley and a slip

speed at the secondary pulley. The slip speeds are shown as a function of the variator

output torque for a range of secondary clamping forces. Simulation results are shown

for all situations, in which the friction coefficient between elements and pulley is equal

to µ2 = 0.13. In general, a good match between experimental results and simulation

results is obtained.

In Tarutani et al. (2005), another simulation method is developed for the compu-

tation of the compression forces between the elements, the tension forces in the bands,

and the clamping forces, similar to Kobayashi et al. (1998). In contrast to Kobayashi

et al. (1998), however, deformations of the variator due to a clearance between the

moveable sheave and the shaft (tilting of the moveable sheave) and a limited stiffness

of the sheaves (elastic deformation of the sheaves) are considered. These deformations
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are evaluated by means of finite element models. On the basis of this evaluation, the

angle γ of the friction force between the elements and the pulley is determined. Hence,

in Tarutani et al. (2005) γ 6= 0, whereas in Kobayashi et al. (1998) γ = 0. The de-

termination of γ is based on the assumption that the direction of the relative velocity

between the pulley and the elements, which consists of a tangential component and

a radial component, is equal to the direction of the friction force between elements

and pulley. Thus, the simulation method consists of three steps. In the first step, the

force distributions in the pushbelt are computed on the basis of a certain initial value

of γ. In the second step, these force distributions are used in order to evaluate the

deformation of the variator by means of finite element models. In the third step, the

angle γ of the friction force between the elements and the pulley is determined. As a

result, the computations are iteratively performed until convergence of γ is achieved.

The simulation results show that deformations of the variator have a small effect on

the compression forces between the elements and the tension forces in the bands and

have a large effect on the clamping forces. A comparison between simulations and ex-

periments reveals that the consideration of deformations of the variator improves the

correspondence between simulated and measured clamping forces.

Finally, the model that is developed in Srivastava and Haque (2007) and Srivastava

and Haque (2008) is mentioned. The model has similarities with the model that is de-

rived in Carbone et al. (2005), although the interaction between bands and elements is

explicitly modeled. A comparison between simulation results and experimental results

is not made, however. As a result, the model parameters are unrealistic.

2.2.4 Evaluation

With respect to the stationary variator models in literature, especially from the au-

tomotive industry, the presentation of the model properties is often masking and the

documentation of the model parameters is often lacking. This overview of the station-

ary variator models in literature attempts to clarify the model assumptions, the model

properties, and the model parameters. Here, the stationary variator models are classi-

fied into pushbelt variator models without bands-elements interaction in Section 2.2.2

and pushbelt variator models with bands-elements interaction in Section 2.2.3. The

former type of model is mainly represented by the model that is proposed in Carbone

et al. (2005). The latter type of model is subdivided into models that only address

the force distributions and the torque capacity of the variator and models that ex-

plicitly compute the slip in the variator. Examples of models that only address the

force distributions and the torque capacity of the variator are given by Becker (1987);

Van Rooij and Schaerlaeckens (1993b); Asayama et al. (1995); Kuwabara et al. (1998b,

1999). Examples of models that explicitly compute the slip in the variator are given

by Gerbert (1984); Kobayashi et al. (1998); Akehurst et al. (2004c). The relation be-

tween the slip in the variator and the distribution of the gaps between the elements

of the pushbelt is firstly recognized by Gerbert (1984). This hypothesis, i.e., the slip

between the elements and the pulley occurs when the elements are squeezed together to
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close the gaps, is quantitatively investigated by Kobayashi et al. (1998). The efficiency

of the variator is addressed by Van Rooij and Schaerlaeckens (1993c); Micklem et al.

(1994b,a, 1996). Since the design of the elements of the pushbelt is changed, the model

assumptions that are adopted in Micklem et al. (1994b,a, 1996) are questionable. This

motivates the models of the loss mechanisms that are constructed in Akehurst et al.

(2004a,b,c).

Alternatively, the classification of the stationary variator models is governed by

the friction models that are employed for the description of the friction in the contact

between the innermost band and the elements, the contact between the elements and

the pulley, and the contact between adjacent bands. Several friction models are known,

see the overview in Armstrong-Hélouvry et al. (1994), for example. Some of these

friction models are employed in literature for the description of the friction in the

aforementioned contacts of the variator. The overview in Table 2.1 indicates which

friction models are typically used in literature. Coulomb friction is generally employed

in the stationary variator models, which is occasionally extended with Stribeck friction.

Viscous friction is rarely encountered, see Guebeli et al. (1993), for example. The values

for Coulomb friction are found within the ranges 0.01 ≤ µ1 ≤ 0.16, 0.07 ≤ µ2 ≤ 0.13,

and 0.005 ≤ µ3 ≤ 0.10. Obviously, the spread for µ2 is small, whereas the spread

for both µ1 and µ3 is large. This originates from the accessibility of the contacts in

the variator in view of measurements for the validation of the friction models. The

friction model for the contact between the elements and the pulley is occasionally

validated in literature, see, e.g., Kobayashi et al. (1998), since this contact is accessible.

The friction models for the contact between the innermost band and the elements

and the contact between adjacent bands are not validated in literature, since these

contacts are not accessible. As a result, these friction models are typically tuned in

order to obtain a match between experiments and simulations for the input-output

behaviour that is globally observed. Generally, a larger value for µ2 increases the

contribution of the compression forces to the output power, whereas a larger value for

both µ1 and µ3 increases the contribution of the tension forces to the output power.

Hence, measurements of the distributions of the tension forces in the bands and the

compression forces between the elements are of use with respect to the determination of

the values for Coulomb friction. For this purpose, the quality of the force measurements

in Fujii et al. (1993b) is inadequate, however.

2.3 Stationary Variator Model

A stationary variator model is derived, for which the model objectives are twofold:

1. modeling of the traction curve µ(ν) for the contact between pulley and pushbelt,

which is of crucial importance in variator slip control designs (Bonsen et al., 2005),

disturbance feedforward control designs (Pesgens et al., 2006, Section 2), and variator

damage analyses (Peeters, 2006, Chapter 4); 2. modeling of the relation between the

secondary clamping force Fs and the speed ratio rs, which is of crucial importance
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Table 2.1: Overview of friction models in literature.
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Sun (1988) 0.01 0.08 0.005

Karam and Play (1992) 0.01 0.12

Van Rooij and Schaerlaeckens (1993b) 0.07 0.03

Asayama et al. (1995) 0.16 0.07–0.09

Kuwabara et al. (1998b) 0.09 0.09

Kuwabara et al. (1998a) 0.10 0.10 0.05–0.10

Kuwabara et al. (1999) 0.10 0.10 0.05

Kobayashi et al. (1998) 0.12 •
Akehurst et al. (2004c) 0.13

Guebeli et al. (1993) •
Carbone et al. (2005) 0.10

Carbone et al. (2007) 0.09

Srivastava and Haque (2008) • •

in control designs where the variator efficiency is optimized on the basis of the mea-

surements of the angular velocities ωp and ωs, from which the speed ratio rs is easily

reconstructed (Sakagami et al., 2007; Van der Meulen et al., 2009; Van der Noll et al.,

2009; Robert Bosch GmbH, 2009). The first model objective is addressed by the sta-

tionary variator model that is proposed in Kobayashi et al. (1998), although the model

parameters are improperly documented. The second model objective is not addressed

in literature, yet. For this reason, the stationary variator model is initially based on

the stationary variator model that is proposed in Kobayashi et al. (1998). The param-

eters of the pushbelt variator (Bosch Transmission Technology, type P811) are

summarized in Appendix A.1. The variator efficiency is not modeled, since the variator

efficiency is determined by, e.g., the automatic transmission fluid (ATF) temperature

and the variator wear, which hampers the construction of a model of the variator effi-

ciency, see Akehurst et al. (2004a,b,c). For this reason, the variator efficiency is derived

from measurements.

The model assumptions are introduced in Section 2.3.1. The description of the

geometric properties and the kinematic properties of the pushbelt variator is presented

in Section 2.3.2. Subsequently, the equilibrium equations are derived in Section 2.3.3,
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which is followed by the friction models and the constitutive equations in Sections 2.3.4

and 2.3.5, respectively. Then, the solution aspects are addressed in Section 2.3.6, which

is accompanied by the force distributions in Section 2.3.7. The implications of gaps

or play between the elements are illuminated in Section 2.3.8. Finally, the iterative

procedure for the solution to the stationary variator model is elucidated in Section 2.3.9.

2.3.1 Model Assumptions

In advance, two assumptions are adopted. First, the primary pulley angular velocity

ωp and the secondary pulley angular velocity ωs are positive, i.e., ωp > 0 and ωs > 0.

Second, the primary pulley torque Tp is positive, i.e., Tp > 0. A summary of the model

assumptions that are adopted is:

1. The two sets of bands are considered as a single, homogeneous continuum without

bending stiffness;

2. When compression forces are exerted between the elements, the line of elements

is considered as a single, homogeneous continuum without bending stiffness;

3. Deformations of the variator due to a clearance between the axially moveable

sheave and the shaft (tilting of the axially moveable sheave), a limited stiffness

of the sheaves (elastic deformation of the sheaves), and a limited stiffness of the

shaft (bending of the shaft), are neglected;

4. Bands and elements are deformable in the longitudinal direction and rigid in the

remaining directions. The deformations are linearly elastic and very small;

5. The pushbelt is assembled with play, i.e., gaps, between the elements, where the

total gap between the elements at the neutral line for the unloaded configuration

is denoted by δ0. The total gap between the elements at the neutral line for the

loaded configuration is denoted by δ, where δ > δ0 due to elongation of the bands

and compression of the elements;

6. The pushbelt is tangentially oriented in the wedge zones at the entrance and the

exit of the pulley, i.e., wedging is neglected;

7. The radial position of the centre of gravity of a section of elements coincides with

that of the rocking edge, whereas the radial position of the centre of gravity of a

section of bands coincides with that of the centre line of the bands.

As a consequence of these assumptions, the path of the elements at pulley j is part of

a circle.
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Figure 2.3: Geometry of the pushbelt (À: Bands; Á: Element; Â: Rocking edge; Ã: Centre line of
bands; Ä: Neutral line of elements).

2.3.2 Geometric and Kinematic Properties of the Pushbelt Variator

The geometry of the pushbelt is depicted in Fig. 2.3 and the geometry of the pushbelt

variator is depicted in Fig. 2.4. The primary running radius and the secondary running

radius are denoted by Rp and Rs, respectively. Here, Rj denotes the distance between

the centre of pulley j and the rocking edge. The ratio between the running radii Rp

and Rs is the geometric ratio rg, which is formally defined by:

rg =
Rp

Rs

. (2.2)

The distance between the rocking edge and the centre line of the bands is denoted by

∆R, which is formally defined by:

∆R = he +
Nbhb

2
, (2.3)

where hb and he denote the thickness of a single band and the distance between the

rocking edge and the shoulder, respectively. Furthermore, Nb denotes the number of

bands. The angle ϕ, the primary angle of wrap ϕp, and the secondary angle of wrap

ϕs are defined by:

ϕ = arcsin

(
Rs −Rp

a

)
(2.4)

ϕp = π − 2ϕ (2.5)

ϕs = π + 2ϕ. (2.6)

Here, a denotes the distance between the centres of the pulleys. Furthermore, Lb,0
denotes the nominal length of the centre line of the bands and Le,0 denotes the nominal

length of the neutral line. These are defined by:

Lb,0 = 2a cos(ϕ) + (Rp + ∆R)ϕp + (Rs + ∆R)ϕs (2.7)

Le,0 = Lb,0 − 2π∆R. (2.8)
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Finally, half of the primary angle of wrap ϕp and half of the secondary angle of wrap

ϕs are denoted by Φp and Φs, respectively, which are defined by:

Φp =
π

2
− ϕ (2.9)

Φs =
π

2
+ ϕ. (2.10)

With (2.2), (2.4), (2.7), and (2.8), eliminating Rp and Rs results in:

(
π

2
+

1− rg
1 + rg

ϕ

)
sin(ϕ)− 1− rg

1 + rg

(
Le,0
2a
− cos(ϕ)

)
= 0. (2.11)

If Lb,0 and rg are given, then (2.11) can be solved for ϕ. Subsequently, Rp and Rs are

given by:

Rs =
a

π

((
Le,0
2a
− cos(ϕ)

)
+
(π

2
− ϕ

)
sin(ϕ)

)
(2.12a)

Rp = rgRs. (2.12b)

ϕ

ϕp ϕs

Φp

Φp

Φs

Φs

Rp Rs

a

Qu

Qu

Ql

Ql

Su

Su

Sl

Sl

Tp Ts

∆R

Figure 2.4: Geometry of the pushbelt variator.

Obviously, the velocity of the bands at the centre line of the bands vb,j(θ) is related

to the strain of the bands at the centre line of the bands εb,j(θ). Similarly, the velocity
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of the elements at the rocking edge ve,j(θ) is related to the strain of the elements at the

rocking edge εe,j(θ). This relation is given by the continuity equation, which is defined

by:
v′i,j(θ)

vi,j(θ)
=

ε′i,j(θ)

1 + εi,j(θ)
, (2.13)

where i ∈ {b, e}. It is readily seen that:

vi,j(θ) = ci,j (1 + εi,j(θ)) , (2.14)

for i ∈ {b, e}, j ∈ {p, s}, and θ ∈ {−Φj,+Φj}. Here, ci,j denotes a constant.

The relative velocity v1,j(θ) of the elements with respect to the bands at their

contact area is defined by:

v1,j(θ) = ve,j(θ)
Rj + he
Rj

− vb,j(θ)
Rj + he
Rj + ∆R

. (2.15)

The relative velocity v2,j(θ) of the pulley with respect to the elements at their contact

area is defined by:

v2,j(θ) = ωjRj − ve,j(θ), (2.16)

where ωj denotes the angular velocity of pulley j.

Assume that the change in length of the bands and the change in length of the

elements can be neglected, i.e., εb,j = 0 and εe,j = 0. Then, the velocity of the

elements at the rocking edge ve,j(θ) and the velocity of the bands at the centre line

of the bands vb,j(θ) are constant, i.e., ve,j(θ) = ve and vb,j(θ) = vb. Consequently, the

relative velocities v1,p and v1,s are constant as well, see (2.15). It is readily seen that:

Rp

Rp + he
v1,p −

Rs

Rs + he
v1,s =

∆R(Rs −Rp)

(Rp + ∆R)(Rs + ∆R)
vb, (2.17)

where vb 6= 0 for the operating conditions that are normally encountered. As a result,

a relative velocity occurs on at least one of the pulleys, i.e., either v1,p 6= 0 or v1,s 6= 0,

if Rp 6= Rs. It is assumed that the bands stick with respect to the elements everywhere

on the pulley with the larger running radius and the bands slip with respect to the

elements everywhere on the pulley with the smaller running radius, i.e., v1,p = 0 and

v1,s > 0 if Rp > Rs, whereas v1,p > 0 and v1,s = 0 if Rp < Rs. When the strains

are not neglected, this assumption is rejected. Then, it is assumed that the bands slip

with respect to the elements everywhere on the pulley with the smaller running radius,

whereas the bands stick with respect to the elements on at least part of the angle of

wrap of the pulley with the larger running radius.

2.3.3 Equilibrium Equations

Equilibrium of the Bands on the Pulleys

Consider the section of the bands on pulley j that is depicted in Fig. 2.5. The radial

direction and the tangential direction are defined by ~er(θ) and ~eθ(θ), respectively. Here,
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Mb,j(θ)

Mb,j(Φj)

Rj + ∆R

Rj + he

Sj(θ)

Sj(Φj)

~er

~eθ

ρbv
2
b

w1,j(ψ)

q1,j(ψ)

ψ

θ

Φj

Nbhb

Figure 2.5: Section of the bands on pulley j.

a distributed quantity denotes a quantity that is defined per unit of circumferential

length. Since the bending stiffness of the bands is neglected, see Assumption 1, the

bending moment and the radial force in the individual bands are absent. However, a

difference between the tension forces in the individual bands is present, which results in

a bending moment with respect to the centre line of the bands. This bending moment

is denoted by Mb,j. Furthermore, the sum of the tension forces in the individual bands

is denoted by Sj. The first contribution to the external loading on the bands is given

by the distributed centrifugal force ρbv
2
b , where ρb denotes the band mass per unit of

circumferential length and vb denotes the velocity of the bands at the centre line of the

bands. Here, variations of this velocity as a consequence of variations of the strains

of the bands are neglected. The second contribution to the external loading on the

bands is given by the distributed normal force q1,j and the distributed friction force

w1,j, which are exerted by the elements on the innermost band. Moment equilibrium

of the section of the bands on pulley j between the angles ψ = θ and ψ = Φj requires

that:

Mb,j(θ)−Mb,j(Φj)− (Rj + ∆R)(Sj(θ)− Sj(Φj))+

+ (Rj + he)
2

∫ Φj

ψ=θ

w1,j(ψ) dψ = 0. (2.18)
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Force equilibrium of the section of the bands on pulley j between the angles ψ = θ and

ψ = Φj requires that:

− Sj(θ)~eθ(θ) + Sj(Φj)~eθ(Φj) +

∫ Φj

ψ=θ

w1,j(ψ)(Rj + he)~eθ(ψ)+

+ {q1,j(ψ)(Rj + he) + ρbv
2
b}~er(ψ) dψ = 0. (2.19)

These relations are valid for θ ∈ {−Φj,+Φj} and j ∈ {p, s}. Differentiation of these

relations with respect to θ results in the local equilibrium equations, which are given

by:

M ′
b,j(θ)− (∆R− he)S ′j(θ) = 0 (2.20)

S ′j(θ) + w1,j(θ)(Rj + he) = 0 (2.21)

−Sj(θ) + q1,j(θ)(Rj + he) + ρbv
2
b = 0. (2.22)

The boundary conditions are given by:

Sp(Φp) = Ss(−Φs) = Su (2.23)

Sp(−Φp) = Ss(Φs) = Sl (2.24)

Mb,p(Φp) = Mb,s(−Φs) = Mb,u (2.25)

Mb,p(−Φp) = Mb,s(Φs) = Mb,l. (2.26)

Equilibrium of the Elements on the Pulleys

Consider the section of the elements on pulley j that is depicted in Fig. 2.6. The radial

direction, the tangential direction, and the axial direction are defined by ~er(θ), ~eθ(θ),

and ~ez, respectively. Here, β denotes half the pulley wedge angle. Several external

forces and one external moment are exerted on the elements, which are given by:

1. the distributed centrifugal force ρev
2
e~er(θ), where ρe denotes the element mass

per unit of circumferential length and ve denotes the velocity of the elements at

the rocking edge. Here, variations of this velocity as a consequence of variations

of the strains of the elements are neglected;

2. the forces that are exerted by the innermost band on the elements, i.e., the dis-

tributed normal force−q1,j(θ)~er(θ) and the distributed friction force−w1,j(θ)~eθ(θ);

3. the forces that are exerted by the left-hand sheave on the elements, i.e., the

distributed normal force q2,j(θ)(sin(β)~er(θ) − cos(β)~ez), the distributed friction

force w2,j(θ)~eθ(θ) in the circumferential direction, and the distributed friction

force p2,j(θ)(cos(β)~er(θ)+sin(β)~ez) in the outward direction in the tangent plane

of the left-hand sheave;

4. the forces that are exerted by the right-hand sheave on the elements, i.e., the

distributed normal force q2,j(θ)(sin(β)~er(θ) + cos(β)~ez), the distributed friction
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Figure 2.6: Section of the elements on pulley j.

force w2,j(θ)~eθ(θ) in the circumferential direction, and the distributed friction

force p2,j(θ)(cos(β)~er(θ)− sin(β)~ez) in the outward direction in the tangent plane

of the right-hand sheave;

5. the distributed moments that are exerted by the left-hand sheave and the right-

hand sheave, i.e., the distributed moment m2,j(θ)(− sin(β)~er(θ) + cos(β)~ez) and

the distributed moment m2,j(θ)(sin(β)~er(θ) + cos(β)~ez). These moments take
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into account that the resultant of the friction forces between the elements and

the sheaves in general is not located at the rocking edge of the elements.

Deformation of the pulleys is neglected, see Assumption 3, which implies that there

is no radial displacement of the elements with respect to the sheaves. Deformation of

the elements in the transversal direction is neglected, see Assumption 4, which implies

that there is no radial displacement of the elements with respect to each other. Using

a so-called isotropic friction model, it is concluded that the distributed friction force

p2,j(θ) in the outward direction in the tangent plane of the sheaves is equal to zero

in the regions where the elements slip with respect to the sheaves. For simplicity, it

is assumed that the distributed friction force p2,j(θ) in the outward direction in the

tangent plane of the sheaves is equal to zero in the regions where the elements stick

with respect to the sheaves as well.

The contact between two elements can be considered in terms of a line contact at

the rocking edge. Since there is no radial displacement of the elements with respect

to each other, it is assumed that there are no bending moment and no radial force

in the cross-section between two elements. Consequently, the interaction between two

elements is given by the compression force between the elements at the rocking edge,

which is denoted by Qj.

Moment equilibrium of the section of the elements on pulley j between the angles

ψ = θ and ψ = Φj requires that:

−Qj(Φj)Rj +Qj(θ)Rj +

∫ Φj

ψ=θ

−w1,j(ψ)(Rj + he)
2+

+ 2w2,j(ψ)R2
j + 2m2,j(ψ)Rj cos(β) dψ = 0. (2.27)

Force equilibrium of the section of the elements on pulley j between the angles ψ = θ

and ψ = Φj requires that:

−Qj(Φj)~eθ(Φj) +Qj(θ)~eθ(θ) +

∫ Φj

ψ=θ

−w1,j(ψ)(Rj + he)~eθ(ψ)+

+ {−q1,j(ψ)(Rj + he) + ρev
2
e}~er(ψ)+

+ 2w2,j(ψ)Rj~eθ(ψ) + 2q2,j(ψ)Rj sin(β)~er(ψ) dψ = 0. (2.28)

These relations are valid for θ ∈ {−Φj,+Φj} and j ∈ {p, s}. Differentiation of these

relations with respect to θ results in the local equilibrium equations, which are given

by:

Q′j(θ)Rj − 2m2,j(θ)Rj cos(β) + w1,j(θ)(Rj + he)
2 − 2w2,j(θ)R

2
j = 0 (2.29)

−Q′j(θ)− w1,j(θ)(Rj + he) + 2w2,j(θ)Rj = 0 (2.30)

Qj(θ)− q1,j(θ)(Rj + he) + ρev
2
e + 2q2,j(θ)Rj sin(β) = 0. (2.31)
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With (2.21) and (2.22), rewriting (2.29), (2.30), and (2.31) results in:

S ′j(θ)he + 2m2,j(θ)Rj cos(β) = 0 (2.32)

S ′j(θ)−Q′j(θ) + 2w2,j(θ)Rj = 0 (2.33)

−Sj(θ) +Qj(θ) + ρbv
2
b + ρev

2
e + 2q2,j(θ)Rj sin(β) = 0. (2.34)

The boundary conditions are given by:

Qp(Φp) = Qs(−Φs) = Qu (2.35)

Qp(−Φp) = Qs(Φs) = Ql. (2.36)

There exists play between the elements for the unloaded configuration, see Assump-

tion 5. Play increases for the loaded configuration, since the bands are elongated and

the elements are compressed. The presence of play between the elements implies that

either Qu or Ql is equal to zero. Hence, two situations are distinguished. In the first

situation, Qu = 0 and Ql ≥ 0. In the second situation, Qu ≥ 0 and Ql = 0.

Clamping Force and Torque on the Pulleys

The clamping force Fj, which is exerted by the elements on the axially moveable sheave

of pulley j, is given by:

Fj = Rj

∫ +Φj

−Φj

cos(β)q2,j(θ)− sin(β)p2,j(θ) d θ. (2.37)

Previously, it is assumed that the distributed friction force p2,j(θ) is equal to zero.

With (2.34), rewriting (2.37) results in:

Fj =
1

2 tan(β)

∫ +Φj

−Φj

Sj(θ)−Qj(θ)− ρbv2
b − ρev2

e d θ. (2.38)

The torque Tj, which is exerted by the elements on the sheaves of pulley j, is given by:

Tj = 2Rj

∫ +Φj

−Φj

cos(β)m2,j(θ) +Rjw2,j(θ) d θ. (2.39)

With (2.32) and (2.33), rewriting (2.39) results in:

Tj = −(Su − Sl)(Rj + he) + (Qu −Ql)Rj. (2.40)

Alternative relations for the torque Tj are found in literature, e.g., Tj = −(Su −
Sl)Rj +(Qu−Ql)Rj and Tj = −(Su−Sl)(Rj +∆R)+(Qu−Ql)Rj. These relations are

obtained when the bending moment Mb,j in the bands and/or the distributed moment

m2,j(θ) between the elements and the sheaves are neglected. The differences between

these relations are reasonably small, since the distances he and ∆R are very small in

comparison with the running radius Rj.



2.3. Stationary Variator Model 51

2.3.4 Friction Models

The friction in the contact between bands and elements and in the contact between

elements and pulley is described by means of a friction model. The so-called isotropic

friction model relates the distributed friction force ~w in the contact between two bodies

to the distributed normal force q between these bodies and the relative velocity ~v of

these bodies. The friction model is given by:
{

~w = µ(~v)q ~v
|~v| if |~v| 6= 0

|~w| ≤ µ(~v)q if |~v| = 0
. (2.41)

For the distributed friction force w1,j in the contact between the innermost band and

the elements, the friction model is given by:
{
w1,j = µ1(v1,j)q1,j sign(v1,j) if v1,j 6= 0

|w1,j| ≤ µ1(v1,j)q1,j if v1,j = 0
, (2.42)

where the relative velocity v1,j is defined in (2.15). For the distributed friction force

w2,j in the contact between the elements and the pulley, the friction model is given by:

{
w2,j = µ2(v2,j)q2,j sign(v2,j) if v2,j 6= 0

|w2,j| ≤ µ2(v2,j)q2,j if v2,j = 0
, (2.43)

where the relative velocity v2,j is defined in (2.16).

Here, the friction model for the contact between bands and elements employs

Coulomb friction, see Fig. 2.7 (left). The friction model for the contact between ele-

ments and pulley combines Coulomb friction and negative viscous friction, i.e., Stribeck

friction, see Fig. 2.7 (right).
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Figure 2.7: Friction models for contacts in variator (Left : Between bands and elements; Right :
Between elements and pulley).

2.3.5 Constitutive Equations

Since the elongation of the bands and the compression of the elements are very small,

the deformations of both the bands and the elements are linearly elastic, see Assump-

tion 4. With respect to the bands, the relation between the tension force in the bands
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and the strain of the bands at the centre line of the bands is given by:

Sj = kbεb,j, (2.44)

where kb denotes the stiffness of the bands, which is constant. With respect to the

elements, two situations are distinguished. First, the situation in which the elements

are within the primary angle of wrap ϕp or the secondary angle of wrap ϕs. Here,

the contact area between two elements is very small, since the contact between two

elements can be considered in terms of a line contact at the rocking edge. The relation

between the compression force between the elements and the strain of the elements at

the rocking edge is given by:

Qj = −keεe,j, (2.45)

where ke denotes the stiffness of the elements, which is constant. Second, the situation

in which the elements are within the strands of the pushbelt. Here, the contact area

between two elements is reasonably large. As a result, the compression of the elements

within the strands of the pushbelt is neglected.

2.3.6 Solution Aspects

The solution of the (differential) equations for the tension force Sj and the compression

force Qj for pulley j is directly determined by the slip situation. Four slip situations

are distinguished, which are given by:

1. slip between the innermost band and the elements and slip between the elements

and the pulley, i.e., v1,j 6= 0 and v2,j 6= 0;

2. slip between the innermost band and the elements and no slip between the ele-

ments and the pulley, i.e., v1,j 6= 0 and v2,j = 0;

3. no slip between the innermost band and the elements and slip between the ele-

ments and the pulley, i.e., v1,j = 0 and v2,j 6= 0;

4. no slip between the innermost band and the elements and no slip between the

elements and the pulley, i.e., v1,j = 0 and v2,j = 0.

Next, these four slip situations are addressed in detail.

Slip Situation 1

If v1,j(θ) 6= 0 and v2,j(θ) 6= 0 for θ ∈ Θj = [θ, θ], where Θj ⊂ [−Φj,+Φj] is non-

empty, then w1,j(θ) = µ1(v1,j)q1,j(θ)s1,j and w2,j(θ) = µ2(v2,j)q2,j(θ)s2,j. Here, s1,j =

sign(v1,j(θ)) and s2,j = sign(v2,j(θ)) are independent of θ. The differential equations

for the tension force in the bands Sj and the compression force between the elements

Qj are given by:

S ′j(θ) + µ1(v1,j)s1,j(Sj(θ)− ρbv2
b ) = 0 (2.46a)

S ′j(θ)−Q′j(θ) +
µ2(v2,j)s2,j

sin(β)
(Sj(θ)−Qj(θ)− ρbv2

b − ρev2
e) = 0. (2.46b)
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The solutions of the differential equations are given by:

Sj(θ) = ρbv
2
b + (Sj(θ)− ρbv2

b )e
−µ1(v1,j)s1,j(θ−θ) (2.47a)

Sj(θ)−Qj(θ) = ρbv
2
b + ρev

2
e + (2.47b)

+(Sj(θ)−Qj(θ)− ρbv2
b − ρev2

e)e
−
µ2(v2,j)s2,j

sin(β)
(θ−θ),

for θ ∈ Θj. Subsequently, the contribution F 1
j to the clamping force Fj, which is exerted

by the elements on the axially moveable sheave of pulley j, is computed. With (2.38),

substituting (2.46b) results in:

F 1
j =

cos(β)

2µ2(v2,j)s2,j

(Sj(θ)− Sj(θ) +Qj(θ)−Qj(θ)). (2.48)

Slip Situation 2

If v1,j(θ) 6= 0 and v2,j(θ) = 0 for θ ∈ Θj = [θ, θ], where Θj ⊂ [−Φj,+Φj] is non-empty,

then w1,j(θ) = µ1(v1,j)q1,j(θ)s1,j. Here, s1,j is independent of θ. Consequently, S ′j(θ) is

given by (2.46a) and Sj(θ) is given by (2.47a). Since v2,j(θ) = 0, ve,j(θ) is given by:

ve,j(θ) = ωjRj, (2.49)

see (2.16). Consequently, Q′j(θ) = 0 and Qj(θ) = Qj(θ). Subsequently, the contribution

F 2
j to the clamping force Fj, which is exerted by the elements on the axially moveable

sheave of pulley j, is computed. With (2.38), substituting (2.46a) results in:

F 2
j =

1

2 tan(β)

(
1

µ1(v1,j)s1,j

(Sj(θ)− Sj(θ))− (θ − θ)(Qj(θ) + ρev
2
e)

)
. (2.50)

Slip Situation 3

If v1,j(θ) = 0 and v2,j(θ) 6= 0 for θ ∈ Θj = [θ, θ], where Θj ⊂ [−Φj,+Φj] is non-

empty, then w2,j(θ) = µ2(v2,j)q2,j(θ)s2,j. Here, s2,j is independent of θ. Consequently,

S ′j(θ)−Q′j(θ) is given by (2.46b) and Sj(θ)−Qj(θ) is given by (2.47b). Since v1,j(θ) = 0,

vb,j(θ) is given by:

vb,j(θ) =
Rj + ∆R

Rj

ve,j(θ), (2.51)

see (2.15). Subsequently, the contribution F 3
j to the clamping force Fj, which is exerted

by the elements on the axially moveable sheave of pulley j, is computed. With (2.38),

substituting (2.46b) results in:

F 3
j =

cos(β)

2µ2(v2,j)s2,j

(Sj(θ)− Sj(θ) +Qj(θ)−Qj(θ)). (2.52)

With (2.51), the continuity equation (2.13) for bands and elements, and the constitutive

equations (2.44) and (2.45), rewriting results in:

Sj(θ)− Sj(θ)
kb

= −Qj(θ)−Qj(θ)

ke
. (2.53)

The tension force Sj(θ) and the compression force Qj(θ) can be determined on the

basis of (2.47b) in combination with (2.53).
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Slip Situation 4

If v1,j(θ) = 0 and v2,j(θ) = 0 for θ ∈ Θj = [θ, θ], where Θj ⊂ [−Φj,+Φj] is non-empty,

then vb,j(θ) and ve,j(θ) are given by:

vb,j(θ) = ωj(Rj + ∆R) (2.54a)

ve,j(θ) = ωjRj. (2.54b)

Consequently, S ′j(θ) = 0 and Q′j(θ) = 0, which implies that Sj(θ) = Sj(θ) and Qj(θ) =

Qj(θ). Subsequently, the contribution F 4
j to the clamping force Fj, which is exerted

by the elements on the axially moveable sheave of pulley j, is computed. With (2.38),

substituting Sj(θ) = Sj(θ) and Qj(θ) = Qj(θ) results in:

F 4
j =

θ − θ
2 tan(β)

(Sj(θ)−Qj(θ)− ρbv2
b − ρev2

e). (2.55)

2.3.7 Force Distributions

Consider Section 2.3.2. It follows that v1,p > 0 for Rp < Rs, i.e., rg < 1, which implies

that s1,p = +1 on the primary pulley. It follows that v1,s > 0 for Rp > Rs, i.e., rg > 1,

which implies that s1,s = +1 on the secondary pulley. This mechanism determines the

direction of the friction force between the innermost band and the elements. Hence,

the tension force in the bands decreases on the pulley with the smaller running radius

and increases on the pulley with the larger running radius, which is evaluated in the

running direction of the pushbelt. As a result, the angle of wrap ϕj of the pulley with

the larger running radius is divided into an active tension arc (S ′ 6= 0) and an inactive

tension arc (S ′ = 0). The inactive tension arc exists at the entry side of the pulley

with the larger running radius, which has size 4ϕ.

The regimes of operation of the pushbelt CVT are divided into two cases. The

Underdrive (U) case corresponds to rg < 1, where Sl > Su. Consequently, the tension

force in the bands assists the transmission of the input torque Tp > 0, see (2.40). This

implies that the compression force between the elements is located in either the lower

strand of the pushbelt (Qu = 0, for low input torques) or the upper strand of the

pushbelt (Ql = 0, for high input torques). This is governed by the magnitude of the

input torque Tp > 0. The former case is referred to as a Reversed (R) situation, whereas

the latter case is referred to as a Drive (D) situation. The UR case and the UD case

are depicted in Figs. 2.8 and 2.9, respectively. The Overdrive (O) case corresponds to

rg > 1, where Su > Sl. Consequently, the tension force in the bands counteracts the

transmission of the input torque Tp > 0, see (2.40). This implies that the compression

force between the elements is located in the upper strand of the pushbelt (Ql = 0) only.

As a result, a Drive (D) situation is exclusively obtained. The OD case is depicted in

Fig. 2.10.

For the compression force between the elements, a primary active compression arc

ϕp,{ac} and a secondary active compression arc ϕs,{ac} are distinguished. In these active

compression arcs, the compression force between the elements is increased or decreased.
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Figure 2.8: Distribution of pushbelt forces (black: Compression; grey: Tension) for UR case (rg < 1,
Sl = Smax > Su = Smin, Qu = 0).

In practice, the UD case and the OD case are primarily observed, since the input

torque Tp typically exceeds the value for which the transition from the UR case to the

UD case occurs.

2.3.8 Implications of Gaps or Play

Gaps or Play

In the unloaded configuration of the variator, play between the elements is observed,

since the pushbelt is assembled without prestress. The total gap between the elements

at the neutral line for the unloaded configuration is denoted by δ0. Hence, δ0 is defined

by:

δ0 = Le,0 −Nebe, (2.56)

where be denotes the thickness of a single element at the rocking edge and Ne denotes

the number of elements. Furthermore, Le,0 is defined by (2.8). In practice, δ0 ≥ 0,

since prestress is avoided, whereas δ0 � Lb,0, since play is minimized. In the loaded

configuration of the variator, play between the elements is increased, since the bands

are elongated and the elements are compressed. The total gap between the elements

at the neutral line for the loaded configuration is denoted by δ, where δ > δ0 due to
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Figure 2.9: Distribution of pushbelt forces (black: Compression; grey: Tension) for UD case (rg < 1,
Sl = Smax > Su = Smin, Ql = 0).

elongation of the bands and compression of the elements. Hence, δ is defined by:

δ = δ0 + ∆Lb −∆Le, (2.57)

where ∆Lb denotes the change in length of the bands and ∆Le denotes the change in

length of the elements. The elongation of the bands ∆Lb is defined by:

∆Lb =
1

EbAb
a cos(ϕ)(Su + Sl) +

∑

j∈{p,s}

1

EbAb
(Rj + ∆R)

∫ +Φj

−Φj

Sj(ψ) dψ, (2.58)

where Su and Sl denote the tension forces in the upper strand of the pushbelt and the

lower strand of the pushbelt. Here, Eb denotes the Young’s modulus of the bands and

Ab denotes the cross-sectional area of the bands. The compression of the elements ∆Le
is defined by:

∆Le =
∑

j∈{p,s}

− 1

EeAe
Rj

∫ +Φj

−Φj

Qj(ψ) dψ, (2.59)

since the compression of the elements within the strands of the pushbelt is neglected,

see Section 2.3.5. Here, Ee denotes the Young’s modulus of the elements and Ae denotes

the cross-sectional area of the elements.
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Figure 2.10: Distribution of pushbelt forces (black: Compression; grey: Tension) for OD case (rg > 1,
Su = Smax > Sl = Smin, Ql = 0).

Slip Definition

For simplicity, the attention is directed towards the UD case and the OD case only. The

motivation for this restriction is found in Section 2.3.7. Consider the UD case that is

depicted in Fig. 2.9 and the OD case that is depicted in Fig. 2.10. Assume that the total

gap between the elements δ is evenly distributed between the elements that are located

in the inactive compression arc ϕp,{ic} = ϕp − ϕp,{ac}, where Qp = 0. This assumption

is supported by the experimental results in Kobayashi et al. (1998). As a result, the

elements are not in contact with each other inside the inactive compression arc ϕp,{ic}
and the elements are in contact with each other outside the inactive compression arc

ϕp,{ic}, which includes the primary active compression arc ϕp,{ac}, the upper strand of

the pushbelt, the secondary angle of wrap ϕs, and the lower strand of the pushbelt.

In addition, two assumptions are adopted. First, the velocity of the elements inside

the inactive compression arc ϕp,{ic} is equal to ve,in = ωpRp, i.e., the elements are

instantaneously accelerated at the entry side of the primary pulley. Second, the velocity

of the elements outside the inactive compression arc ϕp,{ic} is equal to ve,out = ωsRs,

i.e., the compression of the elements is neglected.

Consider two successive elements at the entry side of the primary pulley. Specifi-

cally, the first element is located inside the primary inactive compression arc and the

second element is located inside the lower strand of the pushbelt. Hence, the elements
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are in contact with each other for θ = −Φp. Define the time interval ∆t = be
ve,out

.

Within the time interval ∆t, the distances that are traversed by the first element and

the second element are given by:

x1 = be
ve,in
ve,out

(2.60a)

x2 = be, (2.60b)

respectively. Subtracting (2.60) results in:

δe = be
ve,in
ve,out

− be, (2.61)

where δe denotes the gap between both elements at the neutral line. Expressions for

the total gap between the elements at the neutral line δ are given by:

δ = (ϕp − ϕp,{ac})Rp −Ne,inbe (2.62a)

δ = Ne,inδe, (2.62b)

where Ne,in denotes the number of elements inside the primary inactive compression

arc. With (2.62), eliminating Ne,in results in:

δe =
δbe

(ϕp − ϕp,{ac})Rp − δ
. (2.63)

Equating (2.61) and (2.63) results in:

ve,in
ve,out

− 1 =
δ

(ϕp − ϕp,{ac})Rp − δ
. (2.64)

Subsequently, the relative slip ν is defined by:

ν =
ωpRp − ωsRs

ωpRp

(2.65)

= 1− ωsRs

ωpRp

(2.66)

=
δ

(ϕp − ϕp,{ac})Rp

, (2.67)

where use is made of (2.64).

2.3.9 Iterative Procedure

For simplicity, the attention is directed towards the UD case only. Consider the UD

case that is depicted in Fig. 2.9. A relative slip value ν̃ exists, for which the primary

active compression arc ϕp,{ac} is equal to the primary angle of wrap ϕp, i.e., ϕp,{ac} = ϕp.

For ν̄ ≤ ν̃, the micro-slip mechanism in (2.67) is valid, whereas for ν̄ > ν̃, the micro-

slip mechanism in (2.67) is not valid. The computation of the relative slip value ν̃ is
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addressed when the algorithm is introduced. The input vector ū for the stationary

variator model is given by:

ū =




r̄g
ω̄p
ω̄s
F̄s


 (2.68)

=

[
ν̄

F̄s

]
, (2.69)

where ν̄ is computed from r̄g, ω̄p, and ω̄s, see (2.2) and (2.66). For ν̄ ≤ ν̃, the output

vectors ȳ and y for the stationary variator model are given by:

ȳ =

[
ν

Fs

]
(2.70)

y =



Tp
Ts
Fp


 . (2.71)

For ν̄ > ν̃, the output vectors ȳ and y for the stationary variator model are given by:

ȳ =
[
Fs
]

(2.72)

y =




ν

Tp
Ts
Fp


 . (2.73)

The objective of the iterative procedure concerns the minimization of the deviation

between the output vector ȳ and the input vector ū, which is achieved by the manip-

ulation of the parameter vector u for the stationary variator model. For ν̄ ≤ ν̃, the

parameter vector u for the stationary variator model is given by:

u =

[
Smin

ϕp,{ac}

]
, (2.74)

which implies that the minimum tension force in the bands Smin and the primary active

compression arc ϕp,{ac} are iteratively determined. For ν̄ > ν̃, the parameter vector u

for the stationary variator model is given by:

u =
[
Smin

]
, (2.75)

which implies that the minimum tension force in the bands Smin is iteratively deter-

mined.

When the geometric ratio r̄g is known, the quantities ϕ, ϕp, ϕs, Rp, and Rs are

determined, see Section 2.3.2. Subsequently, the quantities vb and ve are computed,
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which are given by:

vb = ω̄s(Rs + ∆R) (2.76a)

ve = ω̄sRs, (2.76b)

where ∆R is defined by (2.3). Consider the following algorithm.

Algorithm 2.3.1.

1. Assume initial values for S̃min and ϕ̃p,{ac}. Here, S̃min > 0, 0 ≤ ϕ̃p,{ac} ≤ ϕp for

ν̄ ≤ ν̃, and ϕ̃p,{ac} = ϕp for ν̄ > ν̃.

2. Compute the maximum tension force in the bands Smax, which is defined by:

Smax = (Smin − ρbv2
b )e

µ1ϕp + ρbv
2
b . (2.77)

3. For the primary pulley, j = p, compute the tension force in the bands Sp(θ) and

the compression force between the elements Qp(θ) according to Section 2.3.6, in

which use is made of ϕ̃p,{ac}. Evaluate Qmax = Qp(Φp). Evaluate the primary

clamping force Fp.

4. For the secondary pulley, j = s, compute the tension force in the bands Ss(θ)

and the compression force between the elements Qs(θ) according to Section 2.3.6,

in which use is made of ϕs,{ac}, which is unknown. Execute another iterative

procedure to determine ϕs,{ac} that satisfies Qs(Φs − ϕs,{ac}) = Qmax, where the

initial value ϕ̃s,{ac} = 0 is adopted. Evaluate the secondary clamping force Fs.

5. Then, Sl = Smax and Su = Smin, whereas Ql = 0 and Qu = Qmax. Evaluate the

torques Tp and Ts from (2.40).

6. With ϕp,{ac}, Sj(θ), and Qj(θ), j ∈ {p, s}, evaluate the relative slip ν, see Sec-

tion 2.3.8, for ν̄ ≤ ν̃.

7. For ν̄ ≤ ν̃, evaluate the objective function:

V (Smin, ϕp,{ac}) = (Fs − F̄s)2 + ζ(ν − ν̄)2, (2.78)

where ζ denotes a regularization factor. For ν̄ > ν̃, evaluate the objective func-

tion:

V (Smin) = (Fs − F̄s)2. (2.79)

8. For ν̄ ≤ ν̃, determine new values for Smin and ϕp,{ac}. For ν̄ > ν̃, determine a

new value for Smin. Continue with Step 2 and stop when the applicable objective

function in Step 7 is minimized.

The computation of the relative slip value ν̃ is performed with Algorithm 2.3.1,

where the steps are executed for ν̄ > ν̃. Two modifications are introduced. In Step 1,

the initial value ν̄ = 0 is adopted. In Step 8, ν̄ is adjusted to ν̄ = ν. When convergence

is achieved, ν̃ is given by ν̃ = ν̄ = ν.
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2.4 Model Validation

2.4.1 Quantitative Model Validation

The stationary variator model is validated by means of a quantitative comparison

between calculations and experiments. The criterion for the validation is given by the

traction curve µj(ν), which relates the relative slip ν to the traction coefficient µj. The

importance of the traction curve µj(ν) is extensively motivated in Section 2.1. The

relative slip ν is defined by:

ν = 1− ωsRs

ωpRp

(2.80)

= 1− rs
rg
. (2.81)

Here, the speed ratio rs is defined by:

rs =
ωs
ωp
. (2.82)

The traction coefficient µj is defined by:

µj =
Tj cos(β)

2RjFj
, (2.83)

for j ∈ {p, s}. For simplicity, the attention is directed towards the UD case only.

A specific experiment is performed in order to measure the traction curve µj(ν)

of the variator. The control system of the electric motors is depicted in Fig. 2.11.

Essentially, both the primary electric motor and the secondary electric motor are closed

loop velocity controlled. The control system of the hydraulic actuation circuits is

depicted in Fig. 2.12. Both the primary hydraulic actuation circuit and the secondary

hydraulic actuation circuit are closed loop pressure controlled. The torque is measured

in either shaft of the pushbelt variator. Basically, each shaft of the pushbelt variator is

connected to one electric motor by means of two elastic couplings with a torque sensor

in between.

−

Tj

GMj
ωj

Tj,ref
KMj

ω̄j,ref

Figure 2.11: Control of electric motors GMj
.

The variator is geometrically fixed, i.e., the primary axially moveable sheave po-

sition xp is mechanically constrained. Actually, the primary shaft of the pushbelt

variator is fitted with a ratio ring, which is located in between the primary axially

fixed sheave and the primary axially moveable sheave. Hence, the height of the ratio

ring hring determines the geometric ratio rg. Three ratio rings are depicted in Fig. 2.13.
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−
pjpj,ref

GHjKHj

Figure 2.12: Control of hydraulic actuation circuits GHj .

Table 2.2: Stationary operating points for experiments.

Quantity Unit rg= 0.5723 [-]

pp,ref [bar] 20

ps,ref [bar] 4;5

ωp,ref [rpm] 4368

ωs,ref [rpm] 2500 ≥ ω̄s ≥ 2250

Figure 2.13: Three ratio rings, which are used to mechanically fix the primary axially moveable sheave
(hring = 4.27 [mm]: rg = 1.33 [-]; hring = 6.10 [mm]: rg = 1.11 [-]; hring = 13.15 [mm]:
rg = 0.57 [-]).

The fixation is enforced by the choice of the primary pulley pressure reference pp,ref

in relation to the secondary pulley pressure reference ps,ref . That is, pp,ref is always

sufficiently high with respect to ps,ref .

The experiment is started from a certain stationary operating point, which is sum-

marized in Table 2.2. A range of secondary pulley pressure references is considered.

Initially, the experiment is started with ωs,ref = 2500 [rpm], which implies that ν = 0

[%]. In the first nonstationary part of the experiment, ωs,ref is linearly decreased from

ωs,ref = 2500 [rpm] to ωs,ref = 2250 [rpm] within the time interval ∆t = 60 [s]. For

ωs,ref = 2250 [rpm], ν = 10 [%]. In the second nonstationary part of the experiment,
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ωs,ref is linearly increased from ωs,ref = 2250 [rpm] to ωs,ref = 2500 [rpm] within the time

interval ∆t = 60 [s]. Finally, the experiment is finished with ωs,ref = 2500 [rpm], which

implies that ν = 0 [%]. Hence, the experiments are performed in a quasi-stationary

fashion. The primary pressure pp and the secondary pressure ps are transformed to the

primary clamping force Fp and the secondary clamping force Fs with (1.1).

The inputs of the stationary variator model are defined in Table 2.3. The outputs

of the stationary variator model are given by the primary clamping force Fp and the

torques Tp and Ts. The comparison between calculations and experiments is depicted

in Figs. 2.14, 2.15, 2.16, and 2.17. The angular velocities are depicted in Fig. 2.14,

which shows that the input of the stationary variator model is adequately chosen in

view of the measurement for both the primary angular velocity ωp and the secondary

angular velocity ωs. For 8 ≤ ν ≤ 10 [%], however, a small deviation is observed for the

secondary angular velocity ωs. This is caused by a deviation between the geometric

ratio for the simulations (rg = 0.5723 [-]) and the geometric ratio for the measurements

(rg ≈ 0.57 [-]), which results from a change of deformations in the variator. That is,

the geometric ratio is not fixed for the experiments, since deformations of the variator,

due to a clearance between the axially moveable sheave and the shaft (tilting of the

axially moveable sheave), a limited stiffness of the sheaves (elastic deformation of the

sheaves), and a limited stiffness of the shaft (bending of the shaft), are encountered.

The clamping forces are depicted in Fig. 2.15. Obviously, the primary clamping force

Fp for the measurements exceeds the primary clamping force Fp for the simulations.

This is caused by the choice of the primary pulley pressure reference pp,ref for the ex-

periments. As a result, the validation of the stationary variator model by means of a

comparison between calculations and experiments with respect to the primary clamp-

ing force Fp is hindered, which, consequently, holds for the primary traction coefficient

µp. For the secondary clamping force Fs, the input of the stationary variator model

is adequately chosen in view of the measurement for both cases. For 6 ≤ ν ≤ 10 [%],

however, a small deviation is observed, which is caused by the contribution of the cen-

trifugal effects, see (1.1b). The torques are depicted in Fig. 2.16. The correspondence

between the measured responses and the simulated responses is good in a qualitative

sense and reasonable in a quantitative sense. When the secondary clamping force Fs is

increased, the torque capacity of the variator is increased, which is correctly predicted.

Nevertheless, a mismatch is observed for the level of both the primary torque Tp and

the secondary torque Ts, where 1 ≤ ∆Tj ≤ 2 [Nm]. This is possibly caused by the

inaccuracy in the friction model for the contact between bands and elements and the

friction model for the contact between elements and pulley, which are not validated.

Furthermore, a small mismatch is observed for the overall shape of both the primary

torque Tp and the secondary torque Ts. The simulated response is smooth, whereas the

measured response is nonsmooth. Generally, a nonsmooth characteristic is measured

for underdrive transmission ratios, whereas a smooth characteristic is measured for

overdrive transmission ratios, see Bonsen (2006, Section 3.1.1). Apparently, the geo-

metric ratio plays a role in the smoothness that is observed. The traction coefficients
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are depicted in Fig. 2.17. Obviously, the validation of the stationary variator model

by means of a comparison between calculations and experiments with respect to the

primary traction coefficient µp is hindered, which is already argued before. For the sec-

ondary traction coefficient µs, the correspondence between the measured responses and

the simulated responses is good in a qualitative sense and reasonable in a quantitative

sense. Actually, the quality of the stationary variator model in terms of the secondary

traction coefficient µs is governed by the secondary torque Ts, see (2.83). As a result,

a small mismatch is observed for the overall shape of the secondary traction coefficient

µs. In view of the utilization for control purposes, the maximum max(µs) and the

location (ν,max(µs)) are of crucial importance in the design of control systems. From

Fig. 2.17, the conclusion is drawn that these aspects are accurately predicted.

Table 2.3: Stationary operating points for calculations.

Quantity Unit rg= 0.5723 [-]

ωp [rpm] 4368

ωs [rpm] 2500 ≥ ωs ≥ 2250

Fs [N] 4735;5707
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Figure 2.14: Angular velocities ωp and ωs for rg= 0.5723 [-] (Left : ps,ref = 4 [bar], Fs = 4735 [N];
Right : ps,ref = 5 [bar], Fs = 5707 [N]) (black: Experiments; grey: Calculations).
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Figure 2.15: Clamping forces Fp and Fs for rg= 0.5723 [-] (Left : ps,ref = 4 [bar], Fs = 4735 [N];
Right : ps,ref = 5 [bar], Fs = 5707 [N]) (black: Experiments; grey: Calculations).
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Figure 2.16: Torques Tp and Ts for rg= 0.5723 [-] (Left : ps,ref = 4 [bar], Fs = 4735 [N]; Right :
ps,ref = 5 [bar], Fs = 5707 [N]) (black: Experiments; grey: Calculations).
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Figure 2.17: Traction coefficients µp and µs for rg= 0.5723 [-] (Left : ps,ref = 4 [bar], Fs = 4735 [N];
Right : ps,ref = 5 [bar], Fs = 5707 [N]) (black: Experiments; grey: Calculations).

2.4.2 Qualitative Model Validation

The stationary variator model is validated by means of a qualitative comparison be-

tween calculations and experiments. The criterion for the validation is given by the

input-output behaviour, i.e., the characteristics (Fs, rg), (Fs, rs), and (Fs, ν). The im-

portance of the characteristics (Fs, rg), (Fs, rs), and (Fs, ν) is extensively motivated

in Sakagami et al. (2007); Van der Meulen et al. (2009); Van der Noll et al. (2009);

Robert Bosch GmbH (2009). For simplicity, the attention is directed towards the UD

case only.

A specific experiment is performed in order to measure the characteristics (Fs, rg),

(Fs, rs), and (Fs, ν) of the variator. The control system of the electric motors is depicted

in Fig. 2.18. Essentially, the primary electric motor is closed loop velocity controlled,

whereas the secondary electric motor is open loop torque controlled. The control system

of the hydraulic actuation circuits is depicted in Fig. 2.19. Both the primary hydraulic

actuation circuit and the secondary hydraulic actuation circuit are closed loop pressure

controlled. The torque is measured in either shaft of the pushbelt variator. Basically,

each shaft of the pushbelt variator is connected to one electric motor by means of two

elastic couplings with a torque sensor in between.

The geometric ratio is equal to either Low or High. In both cases, the primary

axially moveable sheave position is fixed, which is enforced by the choice of the primary

pulley pressure reference pp,ref in relation to the secondary pulley pressure reference

ps,ref . That is, pp,ref is always sufficiently low with respect to ps,ref for Low, whereas
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Figure 2.18: Control of electric motors GMj .

−
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GHjKHj

Figure 2.19: Control of hydraulic actuation circuits GHj
.

pp,ref is always sufficiently high with respect to ps,ref for High.

Table 2.4: Stationary operating point for geometric ratios Low and High.

Quantity Unit Low ratio High ratio

p̄p,ref [bar] 0 20

p̄s,ref [bar] 25 6

ω̄p,ref [rpm] 1000 1000

T̄s,ref [Nm] 14 14

The experiment is started from a certain stationary operating point, which is sum-

marized in Table 2.4 for both Low and High. In the nonstationary part of the experi-

ment, ps,ref is linearly decreased, where the rate d ps,ref/ d t is equal to d ps,ref/ d t = −0.1

[bar/s]. The experiment is stopped when the transition from micro-slip (open loop

stable) to macro-slip (open loop unstable) is passed, see Fig. 2.1. Hence, the experi-

ments are performed in a quasi-stationary fashion. The primary pressure pp and the

secondary pressure ps are transformed to the primary clamping force Fp and the sec-

ondary clamping force Fs with (1.1). Details with respect to the experiments are found

in Section 5.4.

The experimental results as a function of the secondary clamping force Fs are

depicted in Figs. 2.20, 2.21, and 2.22. From Fig. 2.20, the conclusion is drawn that

the geometric ratio rg monotonically increases when the secondary clamping force Fs
monotonically decreases. This results from a change of deformations in the variator.

For a high level of the secondary clamping force Fs, a linear dependence between the

secondary clamping force Fs and the geometric ratio rg is approximately observed.

When a linear dependence between the secondary clamping force Fs and the geometric
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ratio rg is assumed, the rate of change d rg/ dFs is given by:

d rg
dFs

∣∣∣∣
Low

= −7 · 10−7 (2.84a)

d rg
dFs

∣∣∣∣
High

= −7 · 10−6, (2.84b)

for Low and for High, respectively. Obviously, a discrepancy between the rate of change

for Low (2.84a) and the rate of change for High (2.84b) is observed. This is possibly

caused by the operating point, i.e., the geometric ratio, in which the rate of change is

approximated. The investigation of these phenomena, which are related to the pulley

deformation, is future research. Furthermore, Fig. 2.21 shows that the speed ratio rs is a

concave function of the secondary clamping force Fs with a global maximum. Finally,

Fig. 2.22 shows that the relative slip ν monotonically increases when the secondary

clamping force Fs monotonically decreases.
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Figure 2.20: Quasi-stationary experimental results for rg (Left : Low; Right : High).
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Figure 2.21: Quasi-stationary experimental results for rs (Left : Low; Right : High).

The calculations are performed twice. First, without pulley deformation, i.e., rg
is constant. This is in accordance with the model assumptions in Section 2.3.1. Sec-

ond, with pulley deformation, i.e., rg is not constant. This is in accordance with the

experimental results in Fig. 2.20. The primary angular velocity is equal to ωp = 4368
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Figure 2.22: Quasi-stationary experimental results for ν (Left : Low; Right : High).

[rpm] and the secondary torque is equal to Ts = 50 [Nm]. For both cases, the calcu-

lations are performed for the range 4700 ≤ Fs ≤ 5700 [N], which is in between the

stationary operating points that are experimentally validated in Section 2.4.1. For

the case without pulley deformation, rg(Fs) = 0.572300 [-]. For the case with pulley

deformation, rg(Fs = 5700) = 0.572300 [-], where the rate of change for Low (2.84a) is

adopted. Hence, the pulley deformation is lumped together into a linear dependence

between the secondary clamping force Fs and the geometric ratio rg. The inputs of the

stationary variator model are summarized in Table 2.5 for both cases. The outputs of

the stationary variator model are given by the primary clamping force Fp, the primary

torque Tp, and the secondary angular velocity ωs. The presentation of the theoretical

results shows the case without pulley deformation on the left and the case with pulley

deformation on the right.

Table 2.5: Stationary operating points for calculations without/with pulley deformation.

Quantity Unit Without pulley deformation With pulley deformation

ωp [rpm] 4368 4368

Ts [Nm] 50 50

rg [-] 0.572300 0.573000,0.572965,. . . ,0.572300

Fs [N] 4700,4750,. . . ,5700 4700,4750,. . . ,5700

The (Fs, rg) characteristic is depicted in Fig. 2.23. For both cases, the (Fs, rg)

characteristic is determined by the inputs of the stationary variator model, i.e., the

combinations between the secondary clamping force Fs and the geometric ratio rg, see

Table 2.5. The (Fs, rs) characteristic is depicted in Fig. 2.24. The (Fs, rs) characteristic

is determined by the response of the secondary angular velocity ωs, since the value of

the primary angular velocity ωp is fixed, see Table 2.5. For the case without pulley

deformation, the speed ratio rs monotonically decreases when the secondary clamp-

ing force Fs monotonically decreases. This disagrees with the experimental results in



70 Chapter 2. Pushbelt Variator – First Principles Modeling and Validation

Fig. 2.21 for Low and for High. For the case with pulley deformation, the speed ratio

rs is a concave function of the secondary clamping force Fs with a global maximum.

This agrees with the experimental results in Fig. 2.21 for Low and for High. Appar-

ently, the incorporation of the pulley deformation in the stationary variator model is

necessarily required in order to demonstrate the presence of a global maximum in the

(Fs, rs) characteristic. The (Fs, ν) characteristic is depicted in Fig. 2.25. The (Fs, ν)

characteristic is determined by the responses of the geometric ratio rg and the speed

ratio rs, see (2.81). For both cases, the relative slip ν monotonically increases when

the secondary clamping force Fs monotonically decreases, which is in accordance with

the experimental results in Fig. 2.22 for Low and for High. Moreover, the (Fs, ν) char-

acteristic for the case without pulley deformation and the case with pulley deformation

is similar. As a result, the traction curve µs(ν) is similar. Hence, the traction curve

µs(ν) is hardly changed by the incorporation of the pulley deformation in the stationary

variator model.
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Figure 2.23: Stationary theoretical results for rg (Left : Without pulley deformation; Right : With
pulley deformation).
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Figure 2.24: Stationary theoretical results for rs (Left : Without pulley deformation; Right : With
pulley deformation).
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Figure 2.25: Stationary theoretical results for ν (Left : Without pulley deformation; Right : With
pulley deformation).

2.5 Literature Overview of Transient Variator Models

A transient variator model is used for the description of the rate of change of the

transmission ratio ṙCVT, i.e., ṙg or ṙs, which is primarily determined by the primary

clamping force Fp and the secondary clamping force Fs. Several transient variator

models are known, e.g., the CMM transient variator model (Carbone et al., 2005),

the Ide transient variator model (Ide et al., 1995), and the Shafai transient variator

model (Shafai et al., 1995). These transient variator models are shortly discussed.

2.5.1 CMM Transient Variator Model

The CMM transient variator model is theoretically derived in Carbone et al. (2005,

Section 5) and experimentally validated by means of measurements that are obtained

from a pushbelt variator in Carbone et al. (2007). The CMM transient variator model

is given by:

ṙg = ωp∆
1 + cos2(β)

sin(2β)
σCMM(rg)

[
ln

(
Fp
Fs

)
− ln

(
Fp
Fs

)

eq

]

︸ ︷︷ ︸
χ1

, (2.85)

where the subscript “eq” refers to the logarithmic clamping force ratio at equilibrium,

i.e., in steady-state. Obviously, the rate of change of the geometric ratio ṙg is propor-

tional to the primary angular velocity ωp and the parameter ∆. The parameter ∆,

see (2.1), is used in the description of the deformation of the pulley and is interpreted

as the amplitude of the sinusoid, see Sattler (1999a) and Sattler (1999b). In Carbone

et al. (2007, Section 6.3), a relation between Fs [kN] and ∆ [rad] is proposed:

∆ = (1 + 0.02(Fs − 20)) · 10−3. (2.86)
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In Pennestr̀ı et al. (2002, Section 3.2), a relation between Tp [Nm], rs [-], and ∆ [rad]

is proposed:

∆p = 0.00045Tp (2.87a)

∆s =
0.00045

r0.55
s

Tp. (2.87b)

The parameter σCMM(rg) is addressed in Carbone et al. (2007, Section 4). The esti-

mation of the parameter σCMM(rg) on the basis of a comparison between the CMM

transient variator model and dedicated experiments in the frequency domain is de-

scribed in Elfring (2009, Chapter 6).

The Taylor series expansion of the term χ1 in (2.85) around the logarithmic clamp-

ing force ratio at equilibrium is given by:

ln

(
Fp
Fs

)
− ln

(
Fp
Fs

)

eq

=
1(

Fp
Fs

)
eq

[(
Fp
Fs

)
−
(
Fp
Fs

)

eq

]

︸ ︷︷ ︸
χ2

+

− 1

2

1
(
Fp
Fs

)2

eq

[(
Fp
Fs

)
−
(
Fp
Fs

)

eq

]2

+ · · · . (2.88)

The first-order term χ2 in (2.88) is closely related to the Ide transient variator model.

2.5.2 Ide Transient Variator Model

The Ide transient variator model is empirically derived on the basis of dedicated ex-

periments in Ide et al. (1994) and physically interpreted in Ide et al. (1996). The Ide

transient variator model is given by:

ṙg = ωpσIde(rg)Fs

[(
Fp
Fs

)
−
(
Fp
Fs

)

eq

]

︸ ︷︷ ︸
χ3

, (2.89)

where the subscript “eq” refers to the linear clamping force ratio at equilibrium, i.e.,

in steady-state. Obviously, the rate of change of the geometric ratio ṙg is proportional

to the primary angular velocity ωp. The parameter σIde(rg) is determined by means

of measurements, see Ide et al. (1994) and Pesgens et al. (2006), for example. A

comparison of the first-order term χ2 in (2.88) with the term χ3 in (2.89) reveals that

these are similar, since the order of magnitude of (Fp/Fs)eq is equal to O((Fp/Fs)eq) = 1

[-]. Therefore, the terms of order two and higher in (2.88) are a source of deviation

between the Ide transient variator model and the CMM transient variator model. The

deviation between both transient variator models is pronounced for (Fp/Fs)eq < 1, i.e.,

when rg < 1, while the deviation between both transient variator models is decreased

for (Fp/Fs)eq > 1, i.e., when rg > 1. Indeed, the terms of order two and higher in (2.88)

improve the description of the rate of change of the transmission ratio ṙg for rg < 1,

which is experimentally demonstrated in Carbone et al. (2007, Section 6.3).
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2.5.3 Shafai Transient Variator Model

The Shafai transient variator model is empirically derived in Shafai et al. (1995). Con-

trary to the CMM transient variator model and the Ide transient variator model, the

Shafai transient variator model is formulated in terms of the primary axially moveable

sheave position xp, which is defined by:

xp = 2 tan(β)(Rp −Rp,min), (2.90)

where Rp,min denotes the minimum primary running radius. The Shafai transient vari-

ator model is given by:

mShafaiẍp + dShafaiẋp = Fs

[(
Fp
Fs

)
−
(
Fp
Fs

)

eq

]
, (2.91)

where the subscript “eq” refers to the linear clamping force ratio at equilibrium, i.e.,

in steady-state. Here, mShafai is a representative mass parameter, which is related to

the mass of the primary axially moveable sheave and the pushbelt, whereas dShafai is

a representative damping parameter. Typically, the order of magnitude of mShafai is

equal to O(mShafai) = 3.5 [kg] and the order of magnitude of ẍp is equal to O(ẍp) = 0.05

[m/s2]. The parameter dShafai is typically estimated by means of measurements. The

order of magnitude of dShafai is equal to O(dShafai) = 1 · 106 [Ns/m], see Vroemen (2001,

Section 6.4) and Klaassen (2007, Section 3.2.4). Furthermore, the order of magnitude

of ẋp is equal to O(ẋp) = 0.01 [m/s]. As a result, mShafaiẍp � dShafaiẋp. For this reason,

the Shafai transient variator model is usually represented by:

dShafaiẋp = Fs

[(
Fp
Fs

)
−
(
Fp
Fs

)

eq

]
. (2.92)

With (2.2), (2.4), (2.7), and (2.90), approximating ṙg results in:

ṙg ≈
rg + 1

Rs

1

2 tan(β)

1

dShafai

Fs

[(
Fp
Fs

)
−
(
Fp
Fs

)

eq

]
, (2.93)

where the assumption 2ϕ� π is adopted.

2.5.4 Evaluation

The CMM transient variator model, the Ide transient variator model, and the Shafai

transient variator model are closely related, which stems from the structure. Basically,

all three transient variator models involve a difference between a momentary clamping

force ratio and a stationary clamping force ratio. Furthermore, all three transient

variator models incorporate one or more parameters that are estimated on the basis of

measurements, e.g., ∆ and σCMM(rg) for CMM, σIde(rg) for Ide, and dShafai for Shafai. A

comparison between the Ide transient variator model and the Shafai transient variator
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model on the basis of measurements is performed in Vroemen (2001, Section 6.4.1),

where the Ide transient variator model is finally adopted. This choice is partially

motivated by the prediction for the situation in which ωp = 0. If ωp = 0, then ṙg = 0,

which is explicitly stated by the Ide transient variator model. A comparison between

the CMM transient variator model and the Ide transient variator model on the basis of

measurements is performed in Carbone et al. (2007, Section 6.3). The CMM transient

variator model outperforms the Ide transient variator model, see the discussion in

Section 2.5.2. Nevertheless, when the CMM transient variator model is restricted to

the first-order term of the Taylor series expansion, see Section 2.5.1, the performance

of both transient variator models is similar.

2.6 Discussion

In this chapter, a stationary variator model for the variator in a pushbelt continuously

variable transmission (CVT) is constructed and validated, for which the model objec-

tives are twofold: 1. modeling of the traction curve µ(ν) for the contact between pulley

and pushbelt, which is of crucial importance in variator slip control designs (Bonsen

et al., 2005), disturbance feedforward control designs (Pesgens et al., 2006, Section 2),

and variator damage analyses (Peeters, 2006, Chapter 4); 2. modeling of the relation

between the secondary clamping force Fs and the speed ratio rs, which is of crucial im-

portance in control designs where the variator efficiency is optimized on the basis of the

measurements of the angular velocities ωp and ωs, which are inexpensive and robust,

from which the speed ratio rs is easily reconstructed (Sakagami et al., 2007; Van der

Meulen et al., 2009; Van der Noll et al., 2009; Robert Bosch GmbH, 2009). On the ba-

sis of a literature overview of stationary variator models, the stationary variator model

is initially based on the stationary variator model that is proposed in Kobayashi et al.

(1998), which covers the first model objective and omits the second model objective. A

quantitative comparison between calculations and experiments shows that the traction

curve µj(ν) is adequately described by the stationary variator model. A qualitative

comparison between calculations and experiments is subsequently performed for the

relation between the secondary clamping force Fs and the speed ratio rs. This shows

that the stationary variator model without pulley deformation is unable to predict the

observations. On the basis of measurements, the stationary variator model is extended

with a description of the deformations of the variator, which are lumped together. This

shows that the stationary variator model with pulley deformation is able to predict the

observations. Hence, the statement that this particular stationary variator model with

pulley deformation is able to predict the observations is valid. However, the statement

that any other stationary variator model with pulley deformation is able to predict

the observations is not valid. In other words, the set of the model assumptions that is

minimally required to predict the observations is unknown.

The importance of the pulley deformation in the stationary variator model is clearly

illustrated by model validation results for the relation between the secondary clamping
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force Fs and the speed ratio rs. This justifies that the pulley deformation is quantita-

tively examined for the range of the operating conditions that is normally covered by

the CVT, which is future research. Moreover, a reconsideration of the set of the model

assumptions is recommended. Possibly, the incorporation of the pulley deformation

in the stationary variator model enables the omission of a model assumption that is

currently employed in the set of the model assumptions, for instance. Preferably, the

hypothesis with respect to the relation between the slip in the variator and the distri-

bution of the gaps between the elements of the pushbelt is removed, since this model

assumption is debatable. With respect to the description of the pulley deformation,

the Sattler model (Sattler, 1999a) is possibly used, which is presently employed in

the CMM model, see Section 2.2.2. Of course, the evaluation of the set of the model

assumptions is necessarily supported by model validation activities. Finally, the inves-

tigations of the friction models for the contact between the innermost band and the

elements, the contact between the elements and the pulley, and the contact between

adjacent bands are opportunities for future research.





Chapter 3

Hydraulic Actuation – First Principles

Modeling and Validation

3.1 Introduction

The pushbelt continuously variable transmission (CVT) is a stepless power transmis-

sion device, which incorporates several components, e.g., the variator and the hydraulic

actuation system. The variator consists of a metal V-belt, i.e., a pushbelt, which is

clamped between two pairs of conical sheaves, i.e., two pulleys. Each pulley consists

of one axially moveable sheave and one axially fixed sheave. A transmission ratio

change is enforced by the hydraulic actuation system, which exerts forces on both axi-

ally moveable sheaves. Essentially, the hydraulic actuation system involves a hydraulic

pump, valves, channels, and hydraulic cylinders. Since the number of transmission ra-

tios within the finite range of the variator is infinite, the number of internal combustion

engine (ICE) operating points for a certain demanded power is unrestricted within this

range. This enables a reduction of the fuel consumption in comparison with stepped

power transmission devices, see Pfiffner and Guzzella (2001), since the exploitation of

the ICE characteristics is improved. However, this reduction of the fuel consumption is

counteracted by the energy losses that are associated with the CVT. The energy losses

are primarily caused by the variator and the hydraulic actuation system. When the

new European driving cycle (NEDC) is considered, these components are responsible

for 40 [%] and 36 [%] of the energy losses within the CVT, respectively, see Van der

Sluis et al. (2006).

A reduction of the energy losses can be achieved via optimization of the closed-

loop control system of the hydraulic actuation system and the variator, see Cheng and

De Moor (1994); Pesgens et al. (2006); Bonsen et al. (2005); Van der Noll et al. (2009);

Van der Meulen et al. (2009); Rothenbühler (2009). In this chapter, the attention

is directed towards the hydraulic actuation system. Models of the dynamic charac-

teristics of the hydraulic actuation system are required for closed-loop control design
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and closed-loop simulation, as well as for the optimization of design parameters within

the hydraulic actuation system. Two examples of modeling procedures are modeling

via system identification (Ljung, 1999) and modeling via first principles (Jelali and

Kroll, 2003, Chapter 4). The former approach provides linear models that provide in-

sight into the input-output behaviour and that enable the application of linear control

design methods. The latter approach involves nonlinear models that provide insight

into the various physical phenomena and that facilitate the analysis of changes with

respect to the configuration. Given the nonlinear nature of the hydraulic actuation

system on the one hand and the optimization of design parameters and the simulation

of closed-loop control systems as the intended model applications on the other hand,

the attention is directed towards first principles models. Furthermore, a modular ap-

proach is followed, which reduces complexity and improves transparency. Local linear

models for linear control design methods can be obtained afterwards via linearization

or approximate realization, see De Schutter (2000).

The first principles models are constructed on the basis of well-known physical

relations, e.g., mass balances and momentum balances, see Merritt (1967), for exam-

ple. Several packages are known for the implementation of this type of models, e.g.,

AMESim (Lebrun et al., 2009), DSHplus (Kett, 1993), and Modelica (Tiller, 2005;

Harman, 2006), which are particularly suited for simulation and analysis of changes

with respect to the configuration of the hydraulic system. The possibilities for closed-

loop control design and closed-loop simulation are often limited, however, despite inter-

faces with Matlab/Simulink, which is a package that is extremely suited for control

purposes. This motivates the use of Matlab/Simulink, which incorporates a toolbox

for hydraulic components and hydraulic systems. Since the fixed structure of the prede-

fined models within this toolbox often hampers modifications, e.g., additional springs

or advanced friction models for spool valves, generic component models are constructed.

A quantitative description of the input-output behaviour with predictive properties is

required for control purposes, which demands a model that is experimentally validated.

The validation of models for single hydraulic components by means of measurements

is often encountered, see, e.g., Zavarehi et al. (1999); Lin and Akers (1989); Handroos

and Vilenius (1990); Lin and Akers (1991); Tsai et al. (1991); Vaughan and Gamble

(1996), where several valve types are considered. However, first principles models for

complete hydraulic actuation systems are scarce, which is caused by the complexity,

the nonlinearity, and the necessity of a large number of physical parameters that are

uncertain or unknown. Hence, the validation of models for complete hydraulic actua-

tion systems by means of measurements is rarely seen. In this chapter, the model of the

dynamic characteristics of the hydraulic actuation system is experimentally validated,

for which measurements of the inputs (currents) and the outputs (pressures) are used.

Furthermore, measurements of the pump angular velocity and the transmission ratio

are used. The former simplifies the model of the hydraulic pump, whereas the latter

avoids the necessity of a model of the dynamic characteristics of the variator, which

interacts with the hydraulic actuation system in terms of a load. In Montanari et al.
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(2004), a similar approach is followed for the hydraulic actuation system of a clutch.

The main contribution of this chapter is the construction and the validation of a

modular first principles model for the hydraulic actuation system in a pushbelt CVT,

which is suitable for closed-loop control design and closed-loop simulation. A modular

approach is pursued in order to facilitate the analysis of changes with respect to the

configuration of the hydraulic system. The remainder of this chapter is organized as

follows. In Section 3.2, generic component models for the hydraulic actuation system

are constructed, after the introduction of model objectives and model assumptions. In

Section 3.3, specific component models for the Mercedes-Benz WFC280 hydraulic

actuation system are validated by means of measurements that are obtained from this

pushbelt CVT. Finally, the chapter concludes with a discussion in Section 3.4.

3.2 Construction of Component Models

The variator is actuated by the pressures that are applied to the axially moveable

sheaves. These pressures are controlled by the hydraulic actuation system. Further-

more, the hydraulic actuation system drives several auxiliaries (the torque converter,

for instance) and lubricates several components (the pushbelt, for instance). A sim-

plified configuration of a hydraulic actuation system is depicted in Fig. 3.1. The eight

main components are a hydraulic pump (À), two proportional solenoid valves (Æ and

Ç), and five spool valves (pressure reducing valve Á, pressure differential valve Â, and

pressure control valves Ã, Ä, and Å). In addition, several hydraulic volumes are dis-

tinguished in Fig. 3.1, e.g., the hydraulic cylinders of the variator (shaded areas) and

the channels between the components (solid lines).

Primary
pulley

Secondary
pulley

À

Á

Â

Ã

Ä

Å

Ç Æ

Primary
circuit

Secondary
circuit

Auxiliary
circuit

Lubrication
circuit

Figure 3.1: Simplified configuration of a hydraulic actuation system of a pushbelt CVT.

The hydraulic pump À is driven by the ICE via a fixed transmission ratio. A flow

is generated by the hydraulic pump, which enters the secondary circuit. The secondary
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valve Ã controls the secondary pressure, which is the pressure in the secondary pulley

cylinder. Furthermore, the secondary circuit feeds the primary valve Â and the solenoid

feed valve Á. The primary valve Â controls the primary pressure, which is the pressure

in the primary pulley cylinder that is reduced from the secondary pressure. This valve

directs the flow either from the secondary circuit to the primary circuit or from the

primary circuit to the tank. The surplus of oil in the secondary circuit is directed

towards the auxiliary circuit, which drives the auxiliary equipment. The auxiliary

pressure is controlled by the auxiliary valve Ä, i.e., a passive valve, which bleeds off

towards the lubrication circuit. The lubrication pressure is controlled by the lubrication

valve Å, i.e., a passive valve, which bleeds off towards the tank. The solenoid feed valve

Á is a passive valve as well, which generates a solenoid feed pressure that is applied to

both solenoid valves. Both the primary solenoid valve Æ and the secondary solenoid

valve Ç are electronically actuated and generate a pilot pressure that is applied to the

primary valve and the secondary valve, respectively. Basically, the primary solenoid

valve and the secondary solenoid valve function in terms of a power amplifier, i.e., from

solenoid current to pilot pressure, in view of the actuation power for the primary valve

and the secondary valve. In this way, the currents that are applied to the solenoid

valves (main control inputs) determine the pressures that are obtained in the pulley

cylinders (main control outputs).

A modular approach is pursued in order to facilitate the analysis of changes with

respect to the configuration of the hydraulic system. For this reason, generic compo-

nent models are constructed. The model objectives and the model assumptions are

introduced in Sections 3.2.1 and 3.2.2, respectively. The description of the hydraulic

pump model in Section 3.2.3 is followed by the spool valve model and the propor-

tional solenoid valve model in Sections 3.2.4 and 3.2.5, respectively. Subsequently,

the hydraulic volume model is derived in Section 3.2.6. Finally, the variator model is

discussed in Section 3.2.7.

3.2.1 Model Objectives

The intended model applications are closed-loop control design, closed-loop simulation,

and optimization of design parameters, i.e., open-loop simulation. These intended

model applications are investigated in order to derive a specification for the frequency

range that is described by the model of the hydraulic actuation system. The combina-

tion of the hydraulic actuation system with the variator is typically controlled by means

of a cascade controller, see Skogestad and Postlethwaite (2005, Section 10.5.3), where

the inner loop concerns the hydraulic actuation system and the outer loop concerns the

variator. The variator is subjected to torque disturbances, which are induced by the

ICE (primary side) or the road (secondary side). For these torque disturbances, the

orders of magnitude of the upper bound of the relevant frequency range are equal to

O(fmax,p) = 15 [Hz] (Serrarens, 2001, Section 6.2.1) and O(fmax,s) = 25 [Hz] (Klaassen,

2007, Section 4.2) for the primary side and the secondary side, respectively. Further-

more, the variator is forced to track a transmission ratio reference, which is prescribed
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by the driveline controller, see Serrarens (2001, Chapter 7). For the transmission ratio

reference, the order of magnitude of the upper bound of the relevant frequency range

is equal to O(fmax) = 1 [Hz]. In Klaassen (2007, Section 4.2), the pushbelt CVT

is electromechanically actuated, for which the order of magnitude of the closed-loop

bandwidth of the outer loop is equal to O(fbw) = 10 [Hz]. When a cascade controller is

applied, the order of magnitude of the closed-loop bandwidth of the inner loop is equal

to O(fbw) > 10 [Hz]. In this chapter, the pushbelt CVT is hydraulically actuated, for

which the specifications of the closed-loop bandwidths of both the inner loop and the

outer loop are typically lowered, which is imposed by the limitations of the hydraulic

actuation system. With this information, the frequency range fmin ≤ f ≤ fmax is of

relevance for the model of the hydraulic actuation system, with fmin = 0 [Hz] and

fmax = 25 [Hz].

3.2.2 Model Assumptions

A summary of the model assumptions that are adopted is:

1. The pressure in the tank is always equal to the atmospheric pressure. All pres-

sures are defined relative to the atmospheric pressure patmospheric, which is equal

to patmospheric = 1.0 [bar].

2. The mechanical compliance of the channels between the hydraulic components is

neglected.

3. The mechanical compliance of the hydraulic pulley cylinders is explicitly consid-

ered.

4. The temperature of the oil T has a constant value, which is equal to T = 80

[◦C]. For the used oil, Fuchs TITAN ATF CVT, see Fuchs Europe Schmierstoffe

GmbH (2005), the resulting value for the density is ρ = 797.8 [kg/m3] and the

resulting value for the dynamic viscosity is ηdyn = 7.859 · 10−2 [Ns/m2].

5. The bulk modulus of the oil E has a constant value, which is equal to E = 1 ·109

[Pa].

6. The presence of entrapped air is explicitly considered, which is expressed by the

effective bulk modulus of the oil. The effective bulk modulus of the oil E ′ [Pa] is

defined by:

E ′(p) = E
1 + rV

1 +
(

patmospheric

p+patmospheric

) 1
κ
rV

E
κ(p+patmospheric)

, (3.1)

see Jelali and Kroll (2003, Section 3.1.3.1), which is a function of the pressure

p [bar]. Here, κ denotes the isentropic exponent, i.e., a dimensionless variable,

which is equal to κ = 1.4 [-]. Furthermore, rV denotes the ratio between the

volume of entrapped air and the volume of oil, which is evaluated for the atmo-

spheric pressure. For a hydraulic actuation system of a pushbelt CVT, the volume
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ratio rV is typically fixed within the range 0 < rV ≤ 0.01 [-], see, e.g., Pesgens

et al. (2006). On the basis of this observation, the volume ratio rV is equal to

rV = 0.005 [-].

7. The presence of ripples, which are caused by the finite number of vanes or teeth

of the hydraulic pump, is neglected in the computation of the flow.

8. The springs are linear and the spring stiffness is fixed.

9. The dynamic characteristics of the pressure sensors are neglected.

10. The volume flow through each valve opening is turbulent.

11. The dynamics of the channels between the hydraulic components is described

by the pressure dynamics (low-frequency behaviour) (Jelali and Kroll, 2003, Sec-

tion 3.2.1) for Lpipeline ≤ Ltransition or by the pipeline dynamics (high-frequency

behaviour) (Jelali and Kroll, 2003, Section 4.2.5) for Lpipeline > Ltransition, where

Lpipeline denotes the length of the pipeline. Obviously, Ltransition denotes the length

for which the transition occurs, which is defined by:

Ltransition =

√
E′(p)
ρ

10fmax

, (3.2)

when the pipeline is rigid, see Jelali and Kroll (2003, Section 4.2.5). Here, a

worst-case evaluation for Ltransition is performed on the basis of the pressure that

is minimally expected. Specifically, if p is equal to p = 1.0 [bar], then Ltransition

is equal to Ltransition = 1.3 [m]. Furthermore, the order of magnitude of Lpipeline

is equal to O(Lpipeline) = 0.5 [m]. As a result, the pressure dynamics is employed

for the channels between the hydraulic components, see Section 3.2.6.

12. Deformations of the variator, which includes the pushbelt, are neglected. This

includes skewing of the pulleys and bending of the shafts, for example.

13. Slip between the pushbelt and the pulleys is neglected.

14. The flows towards auxiliary or lubrication as well as the leakage flows from the

hydraulic pulley cylinders are laminar.

15. The calculation of the area of a notch for a spool valve is based on a projected

2D circle segment instead of a curved 3D circle segment.

16. The valve spool is concentrically positioned inside the valve housing.

17. The dynamics between the desired solenoid current Isol,ref and the realized solenoid

current Isol is modeled by means of a time delay, which is equal to ∆T = 0.03 [s].
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3.2.3 Hydraulic Pump Model

The hydraulic pump model is based on the flow that is generated by the pump, see Jelali

and Kroll (2003, Section 4.2.3.1). The pump flow Qpump is given by:

Qpump = ηvolumetricVdisplacement
ωpump

2π
, (3.3)

where ηvolumetric represents the volumetric efficiency, which accounts for internal leakage.

The volumetric efficiency is a function of the pump angular velocity ωpump and the

pump pressure ppump, see Fig. 3.2. Furthermore, Vdisplacement denotes the theoretical

displacement volume per revolution of the pump.
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Figure 3.2: Theoretical volumetric efficiency of the hydraulic pump (solid black: ppump = 6.9 [bar];
solid grey: ppump = 20.7 [bar]; dashed black: ppump = 83.0 [bar]).

3.2.4 Spool Valve Model

A schematic representation of a spool valve is depicted in Fig. 3.3. A spool valve

consists of a valve spool, which is positioned inside a valve housing. The spool motion

is only evaluated for the axial direction, which involves four forces, i.e., Fpilot, Fspring,

Ff , and Ffric, see Fig. 3.3. The spool position determines the valve opening between

the input channel and the output channel. As a result, the pressure drop is regulated

by the spool position. First, the model for the restriction is derived. Afterwards, the

model for the valve spool dynamics and the models for the forces are derived.
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Fspring

Ffric

Fpilot

γd

Lf

Apilot

ppilot,2

Arestriction

ppilot,1

Qvalve

pvalve,2 pvalve,1

Ff

xspool

Figure 3.3: Schematic overview of the cross-section of a spool valve.

Restriction Model

The relation between the flow through a spool valve Qvalve and the pressure drop across

a spool valve ∆pvalve, i.e., the pressure drop between the input channel pressure pvalve,1

and the output channel pressure pvalve,2, is defined by:

∆pvalve = Rh,valve|Qvalve|Qvalve, (3.4)

where Rh,valve denotes the total hydraulic resistance of a spool valve. The total hy-

draulic resistance Rh,valve is composed of two contributions, which involve the geome-

try of both the valve housing and the valve spool. This series connection of hydraulic

resistances is defined by:

Rh,valve = Rh,valvehousing +Rh,valvespool. (3.5)

The hydraulic resistance of the valve housing Rh,valvehousing is obtained from the man-

ufacturer. The hydraulic resistance of the valve spool Rh,valvespool is derived from the

orifice equation for a turbulent flow, see Jelali and Kroll (2003, Section 3.3.3). The

hydraulic resistance of the valve spool Rh,valvespool is given by:

Rh,valvespool =
ρ

2α2
d,valveA

2
valve(xspool)

, (3.6)

where ρ denotes the density of the oil, αd,valve denotes the discharge coefficient of the

valve opening, and Avalve denotes the area of the valve opening, which is a function of

the spool position xspool. According to Van der Sluis (2001), the discharge coefficient

of the valve opening αd,valve [-] for the spool valve in Fig. 3.3 can be described by:

αd,valve = −0.035

(
2(xspool − Lopen)

dspool − drod

)2

− 0.056

(
2(xspool − Lopen)

dspool − drod

)
+ 0.674, (3.7)

for xspool ≥ Lopen. The transition of the valve opening from fully closed to partly

opened occurs when xspool = Lopen, see Fig. 3.4. This is a second order approximation

on the basis of results from McCloy and Martin (1980, Section 4.5.1). Here, drod and

dspool denote the diameters of the rod and the spool, respectively, which are indicated

in Fig. 3.4.
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The spool valve incorporates several notches in the valve housing, where Nnotch

denotes the number of notches. As a result, three situations are distinguished for the

area of the valve opening Avalve, see Fig. 3.4. These situations include: 1) valve is

closed, 2) valve passes one or more notches, and 3) valve is opened. The last situation

contains a transition from partly opened to fully opened. The description of Avalve and

the rate of change Ȧvalve for the indicated situations is given by:

1. Valve is closed, 0 ≤ xspool ≤ Lopen:

Avalve = 0 (3.8a)

Ȧvalve = 0 (3.8b)

2. Valve passes notch, Lopen < xspool ≤ Lopen + Lnotch:

ϕ = arccos

(
Rnotch − xspool + Lopen

Rnotch

)
(3.9)

Avalve = NnotchRnotch(ϕRnotch − sin(ϕ)(Rnotch − xspool + Lopen)) (3.10a)

Ȧvalve = 2Nnotchẋspool

√
R2

notch − (Rnotch − xspool + Lopen)2 (3.10b)

3. Valve is opened, xspool > Lopen + Lnotch:

ϕ = arccos

(
Rnotch − Lnotch

Rnotch

)
(3.11)

Avalve = min(Avalve,1, Avalve,2) (3.12a)

Avalve,1 = NnotchRnotch(ϕRnotch − sin(ϕ)(Rnotch − Lnotch)) + (3.12b)

+πdspool(xspool − Lopen − Lnotch)

Avalve,2 =
π

4

(
d2

spool − d2
rod

)
(3.12c)

Ȧvalve =

{
πdspoolẋspool if Avalve = Avalve,1

0 if Avalve = Avalve,2
(3.13)

The rate of change Ȧvalve is used in the flow force model, see Section 3.2.4.

When the spool valve is closed, i.e., xspool ≤ Lopen and Avalve = 0 [m2], a leakage

flow occurs. This leakage flow results from a radial clearance ∆R between the valve

spool and the valve housing, see Fig. 3.4. According to Van der Sluis (2001) and Jelali

and Kroll (2003, Section 4.2.1.1), the leakage flow can be assumed to be laminar for

Lopen − xspool � ∆R. This laminar leakage flow Ql,lam for the spool valve in Fig. 3.3

can be described by:

Ql,lam =
πdspool∆R

3

12ηdyn(Lopen − xspool)
∆pvalve, (3.14)
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Figure 3.4: Schematic overview of the situations of a spool valve.

see Van der Sluis (2001); Srnik et al. (2005). According to Van der Sluis (2001), the

leakage flow can be assumed to be turbulent for Lopen − xspool ≈ ∆R. This turbulent

leakage flow Ql,tur for the spool valve in Fig. 3.3 can be described by:

Ql,tur = αd
π

4

(
(dspool + 2∆R)2 − d2

spool

)√2

ρ
|∆pvalve| sign(∆pvalve), (3.15)

see Van der Sluis (2001). Here, the discharge coefficient for sharp-edged orifices is

employed, which is equal to αd = 0.611 [-], see Jelali and Kroll (2003, Section 3.3.2.1).

In the spool valve model, the leakage flow Ql,valve is given by the following equation:

Ql,valve = min(Ql,lam, Ql,tur), (3.16)

which avoids unrealistically high leakage flows.

Valve Spool Dynamics Model

The valve spool dynamics model is given by:

mspoolẍspool = Fpilot − Fspring − Ff − Ffric, (3.17)

where mspool denotes the mass of the valve spool. The forces are given by the pilot force

Fpilot, the spring force Fspring, the flow force Ff , and the friction force Ffric, see Fig. 3.3.

The simulation of this valve spool dynamics model requires that the boundaries for

the valve spool within the valve housing, i.e., the minimum spool position and the

maximum spool position, are explicitly addressed, see, e.g., Srnik et al. (2005).
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Pilot Force Model

In Fig. 3.3, a restriction is placed in the pilot channel, which introduces a pressure drop

∆ppilot between the pilot pressure before the restriction ppilot,1 and the pilot pressure

after the restriction ppilot,2. The pilot pressure ppilot,1 is either actively controlled by

means of a proportional solenoid valve or passively applied by means of a pressure

feedback, e.g., from pvalve,2 to ppilot,1. The pilot pressure ppilot,2 is applied to the pilot

surface of the valve spool, which generates the pilot force Fpilot. The pressure drop

∆ppilot is derived from the orifice equation for a turbulent flow, see Jelali and Kroll

(2003, Section 3.3.3). The pressure drop ∆ppilot is given by:

∆ppilot =
ρ

2

(
Apilot

αdArestriction

)2

|ẋspool|ẋspool, (3.18)

where Apilot denotes the pilot surface and Arestriction denotes the restriction surface, see

Fig. 3.3. With the pressure drop ∆ppilot, the relation between the pilot pressure ppilot,1

and the pilot force Fpilot is defined by:

Fpilot = Apilotppilot,2 = Apilot(ppilot,1 −∆ppilot). (3.19)

Spring Force Model

The valve spool is often connected to the valve housing by means of a spring. The spring

exerts a force on the valve spool and defines the initial spool position, see Fig. 3.3. The

spring force Fspring is defined by:

Fspring = Fspring,0 + kspring(xspool − xspool,0), (3.20)

where kspring denotes the spring stiffness and Fspring,0 denotes the spring force for the

initial spool position xspool,0.

Flow Force Model

A flow through a spool valve exerts two types of axial forces on the valve spool, namely

the stationary flow force Ff,stationary and the transient flow force Ff,transient, i.e., Ff =

Ff,stationary + Ff,transient. The stationary flow force is caused by the difference between

the jet angle γopen for the flow through the fully opened port with area Ain and the

discharge angle γd for the flow through the partly opened port with area Avalve, see

Fig. 3.5. Actually, the jet angle γopen enables a reduction of the stationary flow force

by means of flow force compensation, see McCloy and Martin (1980, Section 8.3.2).

Specifically, γopen = π
2

[rad] for a spool valve without flow force compensation and

γopen <
π
2

[rad] for a spool valve with flow force compensation. According to McCloy

and Martin (1980, Section 8.3.2), the stationary flow force can be described by:

Ff,stationary = 2αd,valveAvalve(xspool)∆pvalve(
cos(γd)− 0.72

Avalve(xspool)

Ain

cos(γopen)

)
. (3.21)
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According to Van der Sluis (2001), the discharge angle γd [rad] for the spool valve in

Fig. 3.3 can be described by:

γd = 0.016

(
2(xspool − Lopen)

dspool − drod

)3

− 0.060

(
2(xspool − Lopen)

dspool − drod

)2

− 0.048

(
2(xspool − Lopen)

dspool − drod

)
+ 1.207, (3.22)

for xspool ≥ Lopen. This is a third order approximation on the basis of results from Mc-

Cloy and Martin (1980, Section 4.5.1).

Valve housing

Qvalve

Qvalve

Avalve

Ain

Ff,stationary

γopen

γd

Valve spool

Figure 3.5: Schematic overview of the flow through a spool valve with flow force compensation.

The stationary flow force Ff,stationary occurs for a stationary flow through the spool

valve. For a transient flow through the spool valve, fluid accelerations give rise to

the transient flow force Ff,transient. The transient flow force acts in either the closing

direction or the opening direction for Ȧvalve > 0 and Ȧvalve < 0, respectively. According

to McCloy and Martin (1980, Section 8.4), the transient flow force can be described

by:

Ff,transient = Lfαd,valveȦvalve(xspool)
√

2ρ|∆pvalve| sign(∆pvalve), (3.23)

where Lf denotes the flow length, which is the distance between the center of the inflow

and the center of the outflow, see Fig. 3.3.

Friction Force Model

The friction force Ffric consists of a Coulomb friction force FCoulomb and a viscous

friction force Fviscous, see also Srnik et al. (2005). The value of FCoulomb depends on the

Coulomb friction coefficient µCoulomb and the normal force Fnormal in the contact between

the valve spool and the valve housing. The value of Fviscous depends on the viscous

damping coefficient dviscous and the spool velocity ẋspool. With these contributions, the

friction force Ffric is defined by:

Ffric = FCoulomb sign(ẋspool) + dviscousẋspool. (3.24)
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Obviously, the friction force Ffric involves nonlinear behaviour, i.e., sign(ẋspool), which

hampers the simulation of the friction force model. Straightforward solutions for the

simulation of this friction force model are known, see, e.g., Karnopp (1985).

3.2.5 Proportional Solenoid Valve Model

A schematic representation of a proportional solenoid valve is depicted in Fig. 3.6. A

proportional solenoid valve is typically used for the actuation of a spool valve. As a

result, the solenoid pressure psol, see Fig. 3.6, is equal to the pilot pressure ppilot,1, see

Fig. 3.3. A proportional solenoid valve consists of a valve spool with a ball valve on the

one side and a connection to the valve housing by means of a spring on the other side.

The valve spool is electromechanically actuated by means of a voice coil. Between the

input channel and the output channel, a spring driven accumulator is placed. Two

pressure drops are distinguished. First, the pressure drop ∆psol,1 across the input

channel, i.e., between the solenoid feed pressure psolfeed and the solenoid pressure psol.

Second, the pressure drop ∆psol,2 across the output channel, i.e., between the solenoid

pressure psol and the atmospheric pressure patmospheric. Here, the solenoid feed pressure

psolfeed is typically generated by a solenoid feed valve. Both pressure drops are regulated

by the spool position xsol, which is actively controlled by means of the voice coil. The

voice coil is actuated by the solenoid current Isol. The configuration of the spring and

the voice coil determines whether the proportional solenoid valve is normally closed

(NC) or normally opened (NO), which relates to the output channel. The proportional

solenoid valve in Fig. 3.6 is of the NC type.

Fmag

Voice coil

xsolpsol

patmospheric

Accumulator

Afixres

Abalres

psolfeedQsol,1

Qsol,2

Figure 3.6: Schematic overview of the cross-section of a proportional solenoid valve.

The proportional solenoid valve model consists of three parts. The first part relates
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the flow through the input channel Qsol,1 and the pressure drop across the input channel

∆psol,1. This is a restriction model, see Section 3.2.5. The second part describes the

pressure dynamics inside the accumulator, which follows from Section 3.2.6. The third

part relates the flow through the output channel Qsol,2 and the pressure drop across

the output channel ∆psol,2. Basically, this is a spool valve model, which follows from

Section 3.2.4. The main modifications concern the absence of one or more notches and

the presence of a magnetic force, see Section 3.2.5.

Restriction Model

The relation between the flow through the input restriction Qsol,1 and the pressure drop

across the input restriction ∆psol,1, i.e., the pressure drop between the solenoid feed

pressure psolfeed and the solenoid pressure psol, is defined by:

∆psol,1 = Rh,sol,1|Qsol,1|Qsol,1, (3.25)

where Rh,sol,1 denotes the total hydraulic resistance of the input restriction. The total

hydraulic resistance Rh,sol,1 is composed of two contributions, which involves a fixed

restriction and a ball valve restriction. This series connection of hydraulic resistances

is defined by:

Rh,sol,1 = Rh,fixres +Rh,balres. (3.26)

The hydraulic resistance of the fixed restriction Rh,fixres and the hydraulic resistance of

the ball valve restriction Rh,balres are given by:

Rh,fixres =
ρ

2α2
dA

2
fixres

(3.27a)

Rh,balres =
ρ

2α2
dA

2
balres(xsol)

, (3.27b)

which are derived from the orifice equation for a turbulent flow, see Jelali and Kroll

(2003, Section 3.3.3). Here, Afixres denotes the area of the fixed restriction and Abalres

denotes the area of the ball valve restriction, which is a function of the spool position

xsol. For the minimum spool position xsol,min, the ball valve restriction is completely

opened, i.e., Abalres = Abalres,max, whereas for the maximum spool position xsol,max, the

ball valve restriction is completely closed, i.e., Abalres = 0. According to Van der Sluis

(2001), the area of the ball valve restriction Abalres for the proportional solenoid valve

in Fig. 3.6 can be described by:

Abalres =

{
Abalres,max if xsol,min ≤ xsol ≤ Lbalres(

xsol,max−xsol

xsol,max−Lbalres

)
Abalres,max if Lbalres < xsol ≤ xsol,max

, (3.28)

where two regimes are involved. The transition between these regimes occurs when

xsol = Lbalres, where Lbalres denotes the length for which this transition occurs.
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Magnetic Force Model

The magnetic force Fmag is generated by the voice coil, which is actuated by the solenoid

current Isol. The relation between the solenoid current Isol and the magnetic force Fmag

is approximated by means of a measured input-output map, i.e., a static input-output

relation, which is obtained from the manufacturer. A static input-output relation

is assumed, since the dynamics of the electrical part is fast in comparison with the

dynamics of the mechanical part. The measured input-output map for the proportional

solenoid valve is depicted in Fig. 3.7, where the magnetic force Fmag is normalized.

Actually, the measured input-output map shows a hysteresis curve when the upward

sweep and the downward sweep are successively performed. Hence, one solenoid current

value corresponds to two magnetic force values, which are averaged in Fig. 3.7 for model

simulation purposes.
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Figure 3.7: Relation between solenoid current Isol and magnetic force Fmag (normalized) of a propor-
tional solenoid valve.

3.2.6 Hydraulic Volume Model

The hydraulic actuation system of a pushbelt CVT includes several hydraulic volumes,

e.g., the channels between the hydraulic components and the hydraulic pulley cylinders,

which are attached to the axially moveable sheaves of the variator. The pressure

dynamics inside a hydraulic volume is defined by:

ṗ =
1

Ch + Cd
(Qin −Qout), (3.29)
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where Qin denotes the inflow and Qout denotes the outflow, see Jelali and Kroll (2003,

Section 3.2.1). Furthermore, Ch denotes the hydraulic capacitance, which relates to the

compliance of the oil, whereas Cd denotes the deformation capacitance, which relates

to the compliance of the compartment. The hydraulic capacitance Ch is defined by:

Ch =
V0

E ′
, (3.30)

where E ′ denotes the effective bulk modulus of the oil and V0 denotes the initial volume

of the compartment, which is evaluated for the atmospheric pressure, see Jelali and

Kroll (2003, Section 3.5.1). The mechanical compliance is only considered for the

hydraulic pulley cylinders, where the deformation capacitance Cd is determined by

means of a finite element method (FEM) analysis, see Van der Sluis (2001).

The analysis of the pressure dynamics inside a hydraulic pulley cylinder requires

that the axially moveable sheave motion is explicitly considered. Essentially, the ax-

ially moveable sheave motion results in a change of both the flow and the volume.

Specifically, the pressure dynamics inside a hydraulic pulley cylinder is defined by:

ṗj =

(
E ′

V0,j + Ajxj + Cd,jE ′

)
(Qj −Ql,j − Ajẋj), (3.31)

see Fig. 3.8, where the subscript j ∈ {p, s} denotes either the primary pulley p or the

secondary pulley s. Furthermore, xj, ẋj, and Aj denote the position, the velocity, and

the pressure surface of the axially moveable sheave. Finally, Qj represents the flow into

the hydraulic pulley cylinder and Ql,j represents the leakage flow from the hydraulic

pulley cylinder to the tank, which is laminar, see Fig. 3.8. As a result, the leakage flow

Ql,j is defined by:

Ql,j = Cl,jpj, (3.32)

where Cl,j denotes the hydraulic pulley cylinder leakage flow coefficient, see Jelali and

Kroll (2003, Section 4.2.2.1).

The leakage flows Ql,aux and Ql,lub that leave the auxiliary circuit and the lubrication

circuit, respectively, are laminar as well. Actually, these flows are responsible for the

actuation and the lubrication of several components within the CVT. The leakage flows

Ql,aux and Ql,lub are defined by:

Ql,aux = Cl,auxpaux (3.33a)

Ql,lub = Cl,lubplub, (3.33b)

respectively. Here, Cl,aux is the auxiliary leakage flow coefficient and Cl,lub is the lubri-

cation leakage flow coefficient.

3.2.7 Variator Model

The variator is schematically depicted in Fig. 3.9. The pushbelt interconnects the

primary pulley and the secondary pulley, which causes the interaction between the
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Qj

Ql,j

xj

Aj

Figure 3.8: Schematic overview of a hydraulic pulley cylinder.

hydraulic pulley cylinders via the axially moveable sheaves. Actually, the position xj
and the velocity ẋj of the axially moveable sheave are required for the evaluation of

the pressure dynamics inside a hydraulic pulley cylinder, see (3.31). However, the

positions xp and xs and the velocities ẋp and ẋs of the axially moveable sheaves are

not measured. Therefore, these quantities are determined by the variator model on the

basis of measurements of the angular velocities ωp and ωs.

The position xj and the velocity ẋj of the axially moveable sheave are defined by:

xj = 2 tan(β)(Rj −Rj,min) (3.34a)

ẋj = 2 tan(β)Ṙj, (3.34b)

where β denotes half the pulley wedge angle. Furthermore, Rj,min denotes the minimum

running radius. Obviously, values for the running radius Rj and the rate of change of

the running radius Ṙj are required, which are not measured. Therefore, expressions

for the running radii Rp and Rs and the rates of change of the running radii Ṙp and Ṙs

are derived, which are related to the transmission ratio rCVT and the rate of change of

the transmission ratio ṙCVT. The transmission ratio rCVT is defined by:

rCVT =
ωs
ωp

=
Rp

Rs

, (3.35)

since the relation ωpRp = ωsRs holds, which follows from Assumptions 12 and 13. The

transmission ratio rCVT is computed on the basis of the angular velocities ωp and ωs,

which are measured. On the basis of the geometry of the variator, expressions for the

running radii Rp and Rs and the variable ϕ are derived, which are given by:

Rs =
2

rCVT
(Le,0 − 2a)

π
(

1
rCVT

+ 1
)

+

√
π2
(

1
rCVT

+ 1
)2

+ 4
(

1
rCVT

− 1
)2 (

Le,0
a
− 2
) (3.36a)

Rp = rCVTRs (3.36b)

ϕ = arcsin

(
Rp −Rs

a

)
, (3.36c)
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where Le,0 denotes the length of the pushbelt and a denotes the distance between the

centers of the pulleys, see Klaassen (2007, Section 3.2.1). Here, use is made of (3.35).

With (3.36), expressions for the rates of change of the running radii Ṙp and Ṙs are

derived, which are given by:

Ṙs = − π + 2ϕ

(π − 2ϕ) + rCVT(π + 2ϕ)
ṙCVTRs (3.37a)

Ṙp = ṙCVTRs + rCVTṘs, (3.37b)

where the rate of change of the transmission ratio ṙCVT is involved.

Fs Ts

Tp Fp

xp

xs

Rs

Rp

ωp

ωs

β

a

Figure 3.9: Schematic overview of a pushbelt variator.

The rate of change of the transmission ratio ṙCVT is approximated from the trans-

mission ratio rCVT, which is measured. The transmission ratio rCVT is numerically

differentiated, which provides the differentiated rate of change of the transmission ra-

tio ṙCVT,d. Afterwards, the signal is noncausally filtered, for which a first order low-pass

filter is employed. The cut-off frequency of the first order low-pass filter is equal to

fc = 10.0 [Hz]. This provides the filtered rate of change of the transmission ratio

ṙCVT,f , which is used for the approximation of ṙCVT. Alternatively, the rate of change

of the transmission ratio ṙCVT can be determined by a transient variator model. Several

transient variator models are known, e.g., Ide (Ide et al., 1994), Shafai (Shafai et al.,

1995), and CMM (Carbone et al., 2005), see Section 2.5. Generally, these transient

variator models are extremely simplified, however, which introduces uncertainty and

inaccuracy. For this reason, the aforementioned approach is followed.

3.3 Validation of Component Models

Knowledge with respect to the quality of a model is generally required before a model is

used for the intended model applications. This demands for model validation activities,

where the quality of a model is typically assessed by means of a confrontation with
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measurements. Therefore, the generic models of the hydraulic actuation system of the

pushbelt CVT are adapted towards the specific components of the hydraulic actuation

system of the pushbelt CVT from which the measurements are obtained. Afterwards, a

comparison between simulations and measurements is performed in a qualitative sense.

That is, the amplitude, the frequency, and the overall shape of both the simulated

response and the measured response are evaluated. On the basis of the results, several

adjustments are proposed in order to improve the correspondence between simulations

and measurements. Furthermore, this comparison reveals whether the model objectives

from Section 3.2.1 are achieved and the model assumptions from Section 3.2.2 are valid.

In Section 3.3.1, the pushbelt CVT that is used and the experiments that are performed

for model validation purposes are introduced. The model parameters of the pushbelt

CVT are discussed in Section 3.3.2. The model complexities of the first principles

models are shortly reviewed in Section 3.3.3. Subsequently, the comparison between

simulations and measurements is addressed in Sections 3.3.4, 3.3.5, and 3.3.6. Finally,

this comparison is evaluated in Section 3.3.7.

3.3.1 Transmission and Experiments

For model validation purposes, the Mercedes-Benz WFC280 pushbelt CVT is em-

ployed, which is depicted in Fig. 3.10a. The Mercedes-Benz A-Class and B-Class

vehicles are commercially sold with this transmission. The Mercedes-Benz WFC280

pushbelt CVT consists of several components, which include a torque converter (TC), a

pushbelt variator, a drive-neutral-reverse (DNR) set, a final drive (FD), and a hydraulic

actuation system, see Kiesel et al. (2005). The disassembled valve housing and a single

valve spool of the Mercedes-Benz WFC280 hydraulic actuation system are depicted

in Fig. 3.10b for illustration. A schematic representation of the Mercedes-Benz

WFC280 hydraulic actuation system is depicted in Fig. 3.11, where several hydraulic

components are omitted for simplification. Essentially, the hydraulic actuation system

in Fig. 3.11 is equal to the hydraulic actuation system in Fig. 3.1, although the inputs

and the outputs are added in Fig. 3.11.

Several measurements are performed, for which two configurations are distinguished.

In the first configuration, referred to as Configuration 1, the transmission is installed on

a test rig. That is, the hydraulic pump and the primary pulley are driven by the elec-

tric motor of the test rig and the secondary pulley is not loaded by the test rig. In the

second configuration, referred to as Configuration 2, the transmission is implemented

in a test vehicle. That is, the hydraulic pump and the primary pulley are driven by

the ICE of the test vehicle and the secondary pulley is loaded by the test vehicle. For

both configurations, several signals are captured, which are used as the inputs of the

model. These signals include the pump angular velocity ωpump, the angular velocities

ωp and ωs, from which the transmission ratio rCVT is computed, and the solenoid cur-

rent references Isol,p,ref and Isol,s,ref . For Configuration 1, also the primary pressure pp,

the secondary pressure ps, and the lubrication pressure plub are measured, which are

compared to the outputs of the model. For Configuration 2, also the solenoid feed pres-
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(a) Pushbelt CVT

(b) Disassembled valve housing and single valve spool

Figure 3.10: Photographs of the Mercedes-Benz WFC280 pushbelt CVT.

sure psolfeed and the auxiliary pressure paux are measured, which are compared to the

outputs of the model. Hence, model validation is divided among both configurations.

With Configuration 1, step response experiments and sinusoidal response experiments

are performed. With Configuration 2, normal operation experiments are performed. A

first order low-pass filter is applied to the signals of the primary pressure pp and the

secondary pressure ps for the suppression of noise. The cut-off frequency of the first

order low-pass filter is equal to fc = 7.1 [Hz]. The measurements are acquired with a

sampling frequency of 200 [Hz].
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Figure 3.11: Schematic overview of the Mercedes-Benz WFC280 hydraulic actuation system.

3.3.2 Model Parameters

The first principles model of the hydraulic actuation system involves a large number

of model parameters. A major part of these model parameters is typically provided

by the manufacturers. A minor part of these model parameters is directly obtained

from the dimensions of the hydraulic actuation system. A small number of model

parameters is manually tuned on the basis of a single experiment, which is arbitrarily

selected from the available measurements. This concerns the model parameters Fspring,0

(primary spool valve), Cl,aux (auxiliary circuit), and Cl,lub (lubrication circuit). Obvi-

ously, this single experiment is not used for model validation purposes. The model

parameters of the pushbelt CVT (Mercedes-Benz, type WFC280) are summarized

in Appendix A.2. Only a limited number of model parameters is presented, which

clarifies the overview.

3.3.3 Model Complexities

The first principles model of the hydraulic actuation system involves a large number

of generic component models, which are given by the hydraulic pump model in Sec-

tion 3.2.3, the spool valve model in Section 3.2.4, the proportional solenoid valve model

in Section 3.2.5, the hydraulic volume model in Section 3.2.6, and the variator model

in Section 3.2.7. The hydraulic pump model is used 1 time and incorporates 0 states,

which adds 0 states to the model. The spool valve model is used 5 times and incorpo-

rates 2 states, see (3.17), which adds 10 states to the model. The proportional solenoid

valve model is used 2 times and incorporates 3 states, see (3.17) and (3.29), which adds

6 states to the model. The hydraulic volume model is used 6 times and incorporates 1

state, see (3.29) or (3.31), which adds 6 states to the model. The variator model is used

1 time and incorporates 0 states, which adds 0 states to the model. For the variator
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model, both the transmission ratio rCVT and the rate of change of the transmission

ratio ṙCVT are derived from the measurements of the angular velocities, which avoids

integration. Finally, the first order low-pass filter for the primary pressure pp and the

secondary pressure ps adds 2 states to the model. Overall, the first principles model

of the hydraulic actuation system incorporates 24 states. Hence, the model that is ob-

tained via the combination of a large number of generic component models is complex.

This hampers open-loop simulation and closed-loop simulation in real-time.

3.3.4 Step Response

The step response experiment is performed with Configuration 1. The measurements

that serve as the inputs of the model are depicted in Fig. 3.12. The validation results

are depicted in Fig. 3.13. The pump angular velocity ωpump and the primary angular

velocity ωp oscillate around a fixed value, which is observed from Fig. 3.12. Further-

more, the primary solenoid current reference Isol,p,ref has a square-wave shape, whereas

the secondary solenoid current reference Isol,s,ref has a fixed value. As a result of this,

the primary pressure traverses along a square-wave shaped trajectory, i.e., a sequence

of step responses, whereas the secondary pressure oscillates around a fixed value, which

is observed from Fig. 3.13. As a consequence of this, the secondary angular velocity ωs
traverses along a saw-tooth shaped trajectory and the transmission ratio rCVT has a

saw-tooth shape, see Fig. 3.12. Finally, the lubrication pressure oscillates around the

atmospheric pressure.
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Figure 3.12: Measurements of inputs of model for step response experiment with Configuration 1
(j ∈ {p, s}: grey: p; black: s).
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The correspondence between the measured responses and the simulated responses

for the pressures in Fig. 3.13 is good in a qualitative sense and reasonable in a quanti-

tative sense. The primary pressure shows three stationary phases. For the stationary

phase with low pressure, a good match is obtained, whereas a small deviation is ob-

served for the stationary phases with high pressure. For the secondary pressure, a

small deviation is observed for the stationary phases as well. These deviations are

possibly caused by the inaccuracy in the relation between the solenoid current Isol and

the magnetic force Fmag. Both the primary pressure and the secondary pressure show

two transient phases, which are the responses to the negative step and the positive

step in the primary solenoid current reference Isol,p,ref . For both pressures and both

transient phases, the simulated response lags behind the measured response. This is

possibly caused by the inaccuracy in the time delay between the solenoid current ref-

erence Isol,ref and the solenoid current Isol. Furthermore, a small mismatch is observed

with respect to the amplitude of the transient responses for both pressures. A possible

cause of this mismatch concerns the filtered rate of change of the transmission ratio

ṙCVT,f , which is one of the inputs of the pressure dynamics inside both hydraulic pulley

cylinders. For the lubrication pressure, a small mismatch is observed, which is possibly

caused by the model for the flow from the lubrication circuit to several components,

e.g., TC, pushbelt, DNR, and FD. A detailed model for the flow that leaves the lu-

brication circuit can improve the accuracy. Another possible cause of this mismatch

concerns the computation of the lubrication pressure in combination with the level

of the lubrication pressure. Since the lubrication pressure is close to the atmospheric

pressure, the pressure drop across the lubrication valve is close to zero. As a result,

the computation of the flow through the lubrication valve is numerically unreliable,

see (3.4). As a consequence, the computation of the lubrication pressure is typically

inaccurate as well.

3.3.5 Sinusoidal Response

The sinusoidal response experiment is performed with Configuration 1. The measure-

ments that serve as the inputs of the model are depicted in Fig. 3.14. The validation

results are depicted in Fig. 3.15. Both the pump angular velocity ωpump and the pri-

mary angular velocity ωp show a stationary response, which is observed from Fig. 3.14.

Furthermore, the primary solenoid current reference Isol,p,ref has a sinusoidal shape, i.e.,

a sequence of sinusoids, whereas the secondary solenoid current reference Isol,s,ref has

a fixed value. As a result of this, the primary pressure pp follows a sinusoidal shaped

trajectory, whereas the secondary pressure ps shows a stationary response, which is

observed from Fig. 3.15. Since the average value for the secondary pressure is high in

comparison with the average value for the primary pressure, the variator is constantly

operated in the lowest transmission ratio. Hence, both the secondary angular velocity

ωs and the transmission ratio rCVT show a stationary response, see Fig. 3.14. Essen-

tially, this implies that the filtered rate of change of the transmission ratio ṙCVT,f is

approximately equal to zero, which reduces the importance of this part of the variator
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Figure 3.13: Validation results for step response experiment with Configuration 1 (grey: experimental
result; black: simulation result).

model. Finally, the lubrication pressure plub shows a stationary response as well.

A close resemblance between the measured responses and the simulated responses

for the pressures in Fig. 3.15 is observed. For the secondary pressure, a small deviation

is observed for the stationary response. This deviation is possibly caused by the inac-

curacy in the theoretical volumetric efficiency of the hydraulic pump, which determines

the flow that is generated by the hydraulic pump. Furthermore, for both the secondary

pressure and the lubrication pressure, the pressure band for the measured response is

large in comparison with the pressure band for the simulated response. A cause of

this deviation concerns measurement noise, although more causes are possibly distin-

guished. First, for the secondary pressure, the absence of ripples in the computation of

the flow that is generated by the hydraulic pump. Second, for the lubrication pressure,

the absence of a detailed model for the flow that leaves the lubrication circuit.

Actually, the sinusoidal response experiment consists of two experiments. In the

first experiment, the sequence of sinusoids ranges from 0.1, 0.2, . . . , 1.0 [Hz], which is

shown in Figs. 3.14 and 3.15. In the second experiment, the sequence of sinusoids ranges

from 1.0, 2.0, . . . , 10.0 [Hz], which is not shown. For both the measured responses

and the simulated responses of the primary pressure, a nonparametric estimate of

the transfer function from Isol,p,ref to pp is computed for the discrete frequency grid

Ω = {0.4, 0.5, . . . , 10.0} [Hz], see Fig. 3.16. Here, the frequencies {0.1, 0.2, 0.3} [Hz] are

omitted, since the number of periods is extremely limited, which is caused by the length

of the time interval within which these frequencies are injected. For both the magnitude
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Figure 3.14: Measurements of inputs of model for sinusoidal response experiment with Configuration
1 (j ∈ {p, s}: grey: p; black: s).
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Figure 3.15: Validation results for sinusoidal response experiment with Configuration 1 (grey: exper-
imental result; black: simulation result).
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and the phase, a good match is obtained for low frequencies (f < 2 [Hz]). For high

frequencies (f > 2 [Hz]), however, a mismatch is observed for both the magnitude and

the phase. The nonparametric transfer function estimate for the simulated response

shows a phase lag with respect to the nonparametric transfer function estimate for

the measured response. This is possibly caused by the inaccuracy in the time delay

between the solenoid current reference Isol,ref and the solenoid current Isol, see also

Section 3.3.4.
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Figure 3.16: Nonparametric estimate of transfer function from Isol,p,ref to pp for discrete frequency
grid Ω (◦: experimental result; ∗: simulation result).

3.3.6 Normal Operation

The normal operation experiment is performed with Configuration 2. The measure-

ments that serve as the inputs of the model are depicted in Fig. 3.17. The validation

results are depicted in Fig. 3.18. From the trajectory that is driven by the test vehicle,

certain responses for the pump angular velocity ωpump, the primary angular velocity

ωp, and the secondary angular velocity ωs are obtained. Consequently, this also holds

for the transmission ratio rCVT. Here, the transmission is operated in the fail-safe

mode. This implies that both the primary solenoid current reference Isol,p,ref and the

secondary solenoid current reference Isol,s,ref are equal to zero, which is observed from

Fig. 3.17. Essentially, two additional fail-safe valves are active, which are omitted from

Fig. 3.11. These fail-safe valves are modeled, however, for which generic component

models are adapted. Here, the benefits of a modular approach are visible. As a result,
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model validation on the basis of the solenoid feed pressure psolfeed and the auxiliary

pressure paux is enabled.
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Figure 3.17: Measurements of inputs of model for normal operation experiment with Configuration 2
(j ∈ {p, s}: grey: p; black: s).

The correspondence between the measured responses and the simulated responses

in Fig. 3.18 is good for the solenoid feed pressure psolfeed and reasonable for the auxiliary

pressure paux. A small mismatch is observed with respect to the level of the stationary

response for the auxiliary pressure. A possible cause of this mismatch concerns the

model for the flow from the auxiliary circuit to several components, e.g., TC, lock-up

clutch of the TC, drive clutch of the DNR, and reverse brake of the DNR. A detailed

model for the flow that leaves the auxiliary circuit can improve the accuracy.

3.3.7 Evaluation

The step response experiment in Section 3.3.4 and the sinusoidal response experiment

in Section 3.3.5 are mainly intended for the evaluation of the primary pressure response

that is enforced by the primary solenoid current reference for one operating condition.

Nevertheless, both the time domain results and the frequency domain results are rep-

resentative for other operating conditions, which are obtained when the average value

for the primary pressure is changed. The step response experiment and the sinusoidal

response experiment are also performed for the evaluation of the secondary pressure re-

sponse that is enforced by the secondary solenoid current reference. Again, the results

for one operating condition are representative for other operating conditions. Since the

added value is limited, the results of these experiments are completely omitted.
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Figure 3.18: Validation results for normal operation experiment with Configuration 2 (grey: experi-
mental result; black: simulation result).

From Section 3.2.1, the conclusion is drawn that the frequency range 0 ≤ f ≤ 25

[Hz] is of relevance for the intended model applications. Obviously, the conclusion

from the sinusoidal response experiment in Section 3.3.5 is restricted to the frequency

range 0 ≤ f ≤ 10 [Hz], which is imposed by the test rig. In the frequency domain, the

experimental result and the simulation result adequately resemble for low frequencies

(f < 2 [Hz]) and slightly deviate for high frequencies (f > 2 [Hz]). The expectation is

that this deviation increases for the frequency range 10 ≤ f ≤ 25 [Hz]. Essentially, the

conclusion from the step response experiment in Section 3.3.4 is related to the frequency

range 0 ≤ f ≤ 25 [Hz], although the derivation of frequency domain conclusions on

the basis of time domain results is troublesome. In the time domain, however, the

correspondence between the experimental result and the simulation result is acceptable.

Summarizing, experiments for model validation purposes are needed for the frequency

range 10 ≤ f ≤ 25 [Hz]. This enables the validation of the model within this frequency

range.

Eventually, the quality of the model of the hydraulic actuation system in terms of

accuracy and reliability determines whether the model is suited for the intended model

applications. The quality of the model is generally insufficient for feedforward control

design, which is observed from the deviation between the experimental result and the

simulation result in the frequency domain. Nevertheless, the quality of the model is

possibly sufficient for feedback control design, which is determined by the closed-loop

specifications that are imposed.
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3.4 Discussion

Developments with respect to the power transmission device of a passenger car are

mainly directed towards reduction of the fuel consumption of a passenger car. Within

this scope, reduction of the energy losses within the pushbelt continuously variable

transmission (CVT) is possibly achieved via optimization of the closed-loop control

design of the hydraulic actuation system and the variator. As a consequence, a model of

the dynamic characteristics of the hydraulic actuation system with low complexity and

high accuracy is required, e.g., for closed-loop control design, for closed-loop simulation,

and for optimization of design parameters. For this reason, a modular first principles

model for the hydraulic actuation system is constructed and validated in this chapter,

which is suited for the aforementioned purposes.

The hydraulic actuation system of a pushbelt CVT includes a hydraulic pump, spool

valves, proportional solenoid valves, channels between the hydraulic components, and

hydraulic cylinders, which are attached to the variator. These components are sep-

arately modeled, where a modular approach is pursued, which facilitates both the

construction of the models and the analysis of changes with respect to the config-

uration of the hydraulic actuation system, e.g., the operation in the fail-safe mode.

The transparency is also improved by the modular approach. For example, the pro-

portional solenoid valve model incorporates the spool valve model. Furthermore, the

accumulator inside the proportional solenoid valve, the channels between the hydraulic

components, and the hydraulic pulley cylinders are modeled by the pressure dynamics

for a hydraulic volume. The interconnection of the models for all of the components

leads to a system of nonlinear equations, i.e., algebraic equations and differential equa-

tions, which forms a representation of relatively low complexity of a hydraulic actuation

system of relatively high complexity. Examples of nonlinearities are the effective bulk

modulus of the oil, the leakage flow, the flow force, and the friction force. The model

has the solenoid current references as inputs and the pressures in the hydraulic pulley

cylinders as outputs.

The model of the hydraulic actuation system is validated by means of measurements

that are obtained from the Mercedes-Benz WFC280 pushbelt CVT. The model

parameters are either directly provided, directly measured, or identified. Three cases

are considered, i.e., a step response experiment, a sinusoidal response experiment, and

a normal operation experiment. The correspondence between the measured responses

and the simulated responses is fairly good for all of the cases. With respect to the

intended model applications, the frequency range 0 ≤ f ≤ 25 [Hz] is of relevance,

whereas the model is only validated for the frequency range 0 ≤ f ≤ 10 [Hz], which is

a restriction that is imposed by the test rig.

Opportunities for future research concern the validation of the model for the fre-

quency range 10 ≤ f ≤ 25 [Hz] and the utilization of the model for the intended model

applications. Furthermore, the mismatch between the measured responses and the

simulated responses is obviously determined by: 1) the accuracy of the model param-
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eters and 2) the choice of the model complexities. For model validation purposes, the

Mercedes-Benz WFC280 pushbelt CVT is employed, which is commercially sold.

This transmission is both compact and complex, which restricts the number of sig-

nals that is captured for model validation purposes. As a result, model validation for

isolated component models is typically hampered and model validation for combined

component models is consequently performed. As a consequence, the justification of

the model assumptions and the model complexities is complicated. Two approaches

for future research are distinguished, in order to justify the model assumptions and the

model complexities. The first approach extends the number of signals that is captured

for model validation purposes, which enables model validation for isolated component

models and abandons model validation for combined component models. The second

approach investigates simplifications and extensions of the models of the components.

That is, the approach initially starts with simplified models of the components and

gradually extends to detailed models of the components, in order to improve the cor-

respondence between the measured responses and the simulated responses.



Chapter 4

Hydraulic Actuation – System

Identification and Robust Control

4.1 Introduction

The power losses for the hydraulic actuation system and the variator in a pushbelt

CVT are simultaneously reduced when the clamping forces for the variator are lowered,

see Van der Sluis et al. (2006). Specifically, the clamping forces are reduced towards

the level for which the traction potential of the variator is fully utilized, i.e., the

torque capacity is fully exploited. However, this approach is inevitably accompanied

by a reduction of the robustness in terms of the torque capacity in view of the torque

disturbances that are exerted on the variator. As a result, variator damage is possibly

caused by these torque disturbances, which are induced by the ICE (primary side)

or the road (secondary side). The occurrence of variator damage is actively avoided

by the variator control system, which incorporates a disturbance feedforward control

design on the basis of the torque that is generated by the ICE, for instance. Since

the torque that is generated by the ICE is highly oscillating, the desired pressures for

the hydraulic actuation system are highly oscillating. In this respect, the translation

of the desired pressures into the realized pressures by the hydraulic actuation system

is of crucial importance, since the robustness in terms of the traction potential of the

variator is consumed. Specifically, the quality of the control design for the hydraulic

actuation system is of crucial importance, i.e., the accuracy and the rapidity of the

response.

For the control design of the hydraulic actuation system and the variator, a cas-

cade control configuration, see Skogestad and Postlethwaite (2005, Section 10.5.3), is

typically employed. The inner (fast) loop concerns the hydraulic actuation system and

the outer (slow) loop involves the variator. The motivation for a cascade control con-

figuration is particularly found in the observation that the feedback control design for

the inner loop is decoupled from the feedback control design for the outer loop, which
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allows the combination of different control designs with different control objectives, see

Chapter 6. The control problem for the hydraulic actuation system is a servo prob-

lem with two inputs and two outputs, i.e., a multivariable problem. Although control

design approaches are known for the solution to a multivariable problem, see, e.g., Ma-

ciejowski (1994), Skogestad and Postlethwaite (2005), and Zhou et al. (1996), a mul-

tivariable model of the hydraulic actuation system is necessarily required. Generally,

the control design for the hydraulic actuation system is conservative, since the quality

of the multivariable model is limited. This is primarily caused by three aspects: 1. the

nonlinearity of the system dynamics is unarguably high; 2. the interaction between

the primary hydraulic circuit and the secondary hydraulic circuit that is introduced

by the pushbelt is quite severe, and 3. the quality of the actuators and the sensors is

typically low. Basically, these aspects complicate the construction of the multivariable

model. This leads to the ad hoc control designs that are typically encountered, which

are inadequate. Therefore, a systematic approach towards a high-quality multivariable

model is required, which is subsequently used for a high-performance control design.

A systematic approach is found in Cheng and De Moor (1994), where a robust

control design for the secondary circuit of the hydraulic actuation system in a pushbelt

CVT is investigated. However, a restrictive assumption is imposed, which states that

the secondary axially moveable sheave position is fixed, i.e., the interaction between

the primary circuit and the secondary circuit by means of the pushbelt is neglected.

As a result, a SISO control problem is obtained, where the secondary pilot pressure

is the input and the secondary cylinder pressure is the output. Here, the dynamics

of the secondary PWM valve that generates the secondary pilot pressure and the sec-

ondary pressure sensor that measures the secondary cylinder pressure are neglected.

Basically, the secondary circuit consists of the secondary valve, a channel, and the

secondary cylinder, of which the components, i.e., capacitors, inductors, and resis-

tors, are modeled via first principles, after which these models are connected via bond

graph techniques. The system is subject to uncertainties, e.g., the temperature, the

specified design data, and the nonlinearities, which are modeled via norm-bounded

perturbations, after which the system is represented by a linear fractional transforma-

tion (LFT). Four control designs are proposed: 1) PID control on the basis of the limit

cycle method (LCM) (Åström and Hägglund, 1984), 2) H∞ optimal control (Doyle

et al., 1989), 3) µ synthesis with D − K iteration (Packard and Doyle, 1993), 4) µ

synthesis with PID parameter search on the basis of a PID parameter space that is

locally gridded. The robustness of stability and performance for these control designs

is analyzed with singular value tests and µ tests. Furthermore, the control designs are

evaluated by means of simulation.

Generally, system identification methodologies are fast, inexpensive, and accurate in

comparison with first principles procedures. For this reason, a robust control design on

the basis of a system identification procedure is pursued, see also Oomen (2010). Specif-

ically, the approach consists of three steps, where the quality of the model is assessed

in view of the control design, i.e., (robust-) control-relevant. First, the control-relevant
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nominal model is estimated on the basis of the identification experiments, where the

operating conditions cover the centre of the ranges that are normally covered by the

CVT. Second, the extension of the control-relevant nominal model with the model un-

certainty towards the robust-control-relevant model set on the basis of the validation

experiments, where the operating conditions cover the aggregate of the ranges that are

normally covered by the CVT. Hence, robustness is enforced in view of the variations

of the system dynamics that are observed when the operating conditions of the hy-

draulic actuation system and the variator are varied. This inclusion of the variations

of the system dynamics in the model uncertainty is motivated by the complexity of the

relations between the operating conditions and the variations of the system dynam-

ics. Both the identification experiments and the validation experiments are performed

while a low-performance ad hoc controller is implemented. Third, the synthesis of a

high-performance robust controller on the basis of the robust-control-relevant model

set.

The main contribution of this chapter is twofold. First, the application of the

abovementioned approach to improve from a low-performance ad hoc controller to a

high-performance robust controller for the hydraulic actuation system of a pushbelt

CVT for the range of the operating conditions that is normally covered. Second, the

execution of the abovementioned experiments for identification and validation to ob-

tain the frequency response function (FRF) measurements in view of the signal-to-noise

ratio (SNR), which is limited. Specifically, multisine excitation signals are designed,

which provide high-quality information while fast and inexpensive. The remainder of

this chapter is organized as follows. The preliminaries are addressed in Section 4.2,

which includes a description of the general hydraulic actuation system control config-

uration and a description of the systematic approach towards a robust control design

on the basis of a system identification procedure. In Section 4.3, the control-relevant

nominal model is identified, whereas in Section 4.4, the robust-control-relevant model

set is estimated. In Section 4.5, the control design and the performance evaluation are

described, where both simulations and experiments are presented. Finally, the chapter

concludes with a discussion in Section 4.6.

4.2 Preliminaries

4.2.1 General Hydraulic Actuation System Control Configuration

The general hydraulic actuation system control configuration is depicted in Fig. 4.1.

Here, P is the system to be controlled and K is the controller to be designed. Further-

more, w denotes the exogenous inputs, z denotes the exogenous outputs, u denotes the

manipulated variables (outputs of the controller), and v denotes the utilized variables

(inputs of the controller), e.g., commands and measurements. The system P comprises

the hydraulic actuation system, see Fig. 4.2, which is schematically depicted in Fig. 4.3.

The servo valves are fed from a shared accumulator and the hydraulic cylinders are
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interconnected by means of the pushbelt.

P

K

w z

u v

Figure 4.1: General hydraulic actuation system control configuration.

À

Â

Á

Ã

Figure 4.2: Photograph of the hydraulic actuation system for the pushbelt CVT (À: Primary servo
valve; Á: Secondary servo valve; Â: Pressure measurement at primary hydraulic cylinder;
Ã: Pressure measurement at secondary hydraulic cylinder).

The exogenous inputs w and the exogenous outputs z are defined by:

w =




pp,ref

ps,ref

Tp
Ts
rs




(4.1)

z =

[
pp,ref − pp
ps,ref − ps

]
, (4.2)

respectively. The objective for control of the hydraulic actuation system is to track both

the primary pressure reference pp,ref and the secondary pressure reference ps,ref , which

are prescribed by the variator control system, see Chapter 6. Finally, the torques Tp and

Ts that are actually exerted on the variator and the speed ratio rs that is ultimately

realized by the variator are considered in terms of disturbances. The manipulated
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Ts

Tp

xp

xs

ωp

ωs

ps

pp

VpVs

pacc

patmospheric

Figure 4.3: Schematic illustration of the hydraulic actuation system for the pushbelt CVT.

variables u and the measured variables v are defined by:

u =

[
Vp
Vs

]
(4.3)

v =




pp,ref

ps,ref

pp
ps


 , (4.4)

respectively. The primary pressure pp and the secondary pressure ps are measured by

the pressure sensors, see Fig. 4.3. Finally, the primary voltage Vp and the secondary

voltage Vs are computed by the controller K, which are supplied to the servo valves,

see Fig. 4.3.

4.2.2 Hydraulic Actuation System Control Objectives

Consider the one degree-of-freedom control configuration that is depicted in Fig. 4.4.

Here, P denotes the hydraulic actuation system and K denotes the feedback controller.



112 Chapter 4. Hydraulic Actuation – System Identification and Robust Control

The inputs u and the outputs y are defined by:

u =

[
Vp
Vs

]
(4.5a)

y =

[
pp
ps

]
, (4.5b)

which are derived from (4.3) and (4.4), respectively. Furthermore, r2 contains the

setpoint and r1 contains the input that is additionally injected between the hydraulic

actuation system P and the feedback controller K. Generally, r1 is generated by a

feedforward controller, which is presently omitted for simplification. The reference

input r2 is defined by:

r2 =

[
pp,ref

ps,ref

]
. (4.6)

The closed-loop transfer function matrix T (P,K) is defined by:

T (P,K) :

[
r2

r1

]
7→
[
y

u

]
=

[
P

I

]
(I +KP )−1

[
K I

]
, (4.7)

see Fig. 4.4.

−

r1

r2

u y

PK

Figure 4.4: One degree-of-freedom control configuration.

The control criterion J (P,K) is defined by:

J (P,K) = ‖WT (P,K)V ‖∞, (4.8)

where W and V are the weighting filters, see Oomen (2010, Section 2.2.1). The motiva-

tion for the H∞ norm, i.e., ‖X‖∞ denotes the H∞ norm of the transfer function matrix

X, is twofold: 1. the H∞ norm enables the design of weighting filters on the basis of

classical loop-shaping techniques, see, e.g., McFarlane and Glover (1990) and Vinni-

combe (2001); 2. the H∞ norm enables the representation of model uncertainty by

means of norm-bounded operators, since the H∞ norm is a so-called induced norm.

The objective for the control design concerns the minimization of the control criterion

J (P,K), which provides the optimal controller Kopt. This optimization problem is

formally defined by:

Kopt = arg min
K
J (Po, K), (4.9)

where Po denotes the true system.
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4.2.3 Robust Control

Since the true system Po is not known, the solution to the optimization problem (4.9) is

hampered. For this reason, the true system Po is approximated by the nominal model

P̂ . On the basis of the nominal model P̂ , the nominal controller KNP is computed,

which is given by:

KNP = arg min
K
J (P̂ ,K). (4.10)

Indeed, for KNP in combination with P̂ , the control criterion (4.8) is necessarily min-

imized. However, the nominal model P̂ deviates from the true system Po. Hence,

for KNP in combination with Po, the control criterion (4.8) is possibly unbounded.

The performance degradation that is obtained when the nominal controller KNP is

implemented on the true system Po is expressed by:

J (Po, K
opt) ≤ J (Po, K

NP). (4.11)

For this reason, the quality of the nominal model P̂ is explicitly addressed in view of

the control design. That is, the nominal model P̂ is extended towards a model set P ,

which is presumed to contain the true system Po. This condition is expressed by:

Po ∈ P . (4.12)

A worst-case control criterion JWC(P , K) is associated with the model set P , which is

defined by:

JWC(P , K) = sup
P∈P
J (P,K). (4.13)

On the basis of the worst-case control criterion (4.13) in conjunction with the condi-

tion (4.12), the performance guarantee is given by:

J (Po, K) ≤ JWC(P , K), (4.14)

for a feedback controller K. That is, if the feedback controller K satisfies the worst-case

control criterion JWC(P , K), then the feedback controller K is guaranteed to achieve

this worst-case performance measure when the feedback controller K is implemented

on the true system Po. This motivates the use of the worst-case control criterion (4.13)

for the control design. On the basis of the model set P , the robust controller KRP is

computed, which is given by:

KRP = arg min
K
JWC(P , K). (4.15)

The performance guarantee that is obtained when the robust controller KRP is imple-

mented on the true system Po is expressed by:

J (Po, K
opt) ≤ J (Po, K

RP) ≤ JWC(P , KRP). (4.16)



114 Chapter 4. Hydraulic Actuation – System Identification and Robust Control

4.2.4 System Identification for Robust Control

Clearly, the robust controller KRP is directly affected by the model set P , see (4.15).

If the model set P is overly large, then the worst-case control criterion JWC(P , KRP) is

not tight. That is, the robust controller KRP is overly conservative. The construction

of a high-performance robust controller KRP is enabled when the model set P is robust-

control-relevant, i.e., when the size of the model set P is intentionally minimized in

terms of the worst-case control criterion (4.13). The model set P is constructed on the

basis of the nominal model P̂ , which is extended with the model uncertainty ∆u. The

model set P is robust-control-relevant when the optimization problem dual to (4.15)

is solved. Hence, the robust-control-relevant system identification problem for the

robust-control-relevant model set PRCR is given by:

PRCR = arg min
P
JWC(P , Kexp), (4.17)

subject to the constraint in (4.12). Here, a low-performance experimental controller

Kexp is utilized, which is already implemented on the true system Po. The necessity for

the experimental controllerKexp follows from the absence of both the nominal controller

KNP and the robust controller KRP, since the nominal model P̂ and the model set P
are not known, yet. Since the robust-control-relevant system identification criterion

in (4.17) is directly affected by the choice of the experimental controller Kexp, iterations

with respect to identifying a robust-control-relevant model set PRCR and designing a

robust controller KRP are possibly required, which is discussed in, e.g., Schrama (1992);

Albertos and Sala (2002); De Callafon and Van den Hof (1997).

4.2.5 Approach

The approach that is taken to improve from the experimental controller Kexp to the

robust controller KRP involves several steps.

1. The execution of identification experiments while the experimental controller

Kexp is implemented on the true system Po.

2. The identification of the nominal model P̂ on the basis of the identification ex-

periments.

3. The execution of validation experiments while the experimental controller Kexp

is implemented on the true system Po.

4. The quantification of the model uncertainty ∆u on the basis of the validation

experiments.

5. The construction of the robust-control-relevant model set PRCR on the basis of

the nominal model P̂ , which is extended with the model uncertainty ∆u.

6. The synthesis of the nominal controller KNP on the basis of the nominal model

P̂ .
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7. The synthesis of the robust controller KRP on the basis of the robust-control-

relevant model set PRCR.

8. A comparison between the experimental controller Kexp, the nominal controller

KNP, and the robust controllerKRP in terms of both J (P̂ ,K) and JWC(PRCR, K).

Obviously, the estimation of the nominal model P̂ and the model uncertainty ∆u

is separated, which is done for two reasons. First, when the identification of the

model set is directly performed, this results in computationally intractable procedures

or leads to overly conservative results. Second, when the construction of the model

set is splitted, this enables the exploitation of the validation experiments that are

independently obtained.

4.3 System Identification of a Nominal Model

4.3.1 Control-Relevant System Identification

The construction of the robust-control-relevant model set PRCR requires the identifi-

cation of the nominal model P̂ . The control-relevant system identification criterion

for the nominal model P̂ is derived from the interrelation between the designed per-

formance measure J (P̂ ,K) and the achieved performance measure J (Po, K) for a

feedback controller K, which is given by:

J (Po, K) ≤ J (P̂ ,K) +
∥∥∥W

(
T (Po, K)− T (P̂ ,K)

)
V
∥∥∥
∞︸ ︷︷ ︸

χ1

, (4.18)

see Oomen (2010, Section 2.3.1) for details. Clearly, a minimization of the perfor-

mance degradation, which is represented by the term χ1 in (4.18), is desired in view

of the control design. Hence, the control-relevant system identification problem for the

control-relevant nominal model P̂CR is given by:

P̂CR = arg min
P̂

∥∥∥W
(
T (Po, K

exp)− T (P̂ ,Kexp)
)
V
∥∥∥
∞
, (4.19)

where the experimental controller Kexp is employed, see Schrama (1992) for details.

The solution to the optimization problem (4.19) is cumbersome, since the H∞ norm

is involved. For this reason, the frequency domain interpretation of the H∞ norm is

exploited, which enforces that the optimization problem is tractable. Furthermore, the

knowledge with respect to the true system Po is generally obtained from measurements

that are performed in a finite time interval. As a result, a discrete frequency grid Ω(ωk),

k = 1, . . . , F , is obtained, where F denotes the number of frequencies. On the basis

of these considerations, the control-relevant system identification problem in (4.19) is

approximated, which is shown by:

P̂CR = arg min
P̂

sup
ωk∈Ω

σ̄
(
W
(
T (Po, K

exp)− T (P̂ ,Kexp)
)
V
)

(4.20)

subject to T (P̂CR, Kexp) ∈ RH∞,
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where σ̄ denotes the maximum singular value. See Oomen (2010, Section 2.3.4) for de-

tails. The prerequisites for the solution to the optimization problem (4.20) are twofold:

1. the closed-loop transfer function matrix T (Po, K
exp) for the discrete frequency grid

Ω and 2. the weighting filters W and V . Both prerequisites are successively addressed.

4.3.2 Nonparametric System Identification

The control-relevant system identification problem in (4.20) requires the closed-loop

transfer function matrix T (Po, K
exp) for the discrete frequency grid Ω. Since r2 and r1

are externally supplied, i.e., free of disturbances, see Fig. 4.4, this system identification

problem is of the open loop type. This enables the application of well-established

techniques from the system identification field, see Pintelon and Schoukens (2001).

Consider the configuration for the system identification problem that is depicted in

Fig. 4.5. Here, ∆pp,ref and ∆ps,ref denote the deviations that are possibly superposed

to the nominal values p̄p,ref and p̄s,ref . Furthermore, dp and ds denote the disturbances,

e.g., noise.

pp,ref

ps,ref

Ts

ωp

pp

ps

∆pp,ref

∆ps,ref

p̄p,ref

p̄s,ref

dp

ds

Vp

Vs
PK

−

−

Figure 4.5: Configuration for system identification problem.

The input u(t), the output y(t), and the reference input r2(t) are defined by:

u(t) =

[
Vp(t)− V̄p
Vs(t)− V̄s

]
(4.21a)

y(t) =

[
pp(t)− p̄p
ps(t)− p̄s

]
(4.21b)

r2(t) =

[
∆pp,ref(t)

∆ps,ref(t)

]
, (4.21c)

respectively. Here, V̄j and p̄j denote the means of Vj(t) and pj(t). The system identi-

fication problem is divided into two parts, i.e., i ∈ {1, 2}. For both experiments, the

input u<i>(t), the output y<i>(t), and the reference input r<i>2 (t) are collected. Two

cases are distinguished with respect to the construction of the reference input r<i>2 (t).

In the first case, which is indicated by the matrix Za, the inputs are independently
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excited, which is shown by:

[
r<1>

2 (t) r<2>
2 (t)

]
=

[
1 0

0 1

]

︸ ︷︷ ︸
Za

⊗z(t). (4.22)

In the second case, which is indicated by the matrix Zb, the inputs are simultaneously

excited, which is shown by:

[
r<1>

2 (t) r<2>
2 (t)

]
=

[
1 1

1 −1

]

︸ ︷︷ ︸
Zb

⊗z(t), (4.23)

see Pintelon and Schoukens (2001, Section 2.7). The excitation signal z(t) is either

periodic or nonperiodic. The use of periodic excitation signals is strongly advocated

in Pintelon and Schoukens (2001), in view of frequency response function (FRF) mea-

surements that are low-cost and high-quality. The main advantage of periodic excita-

tion signals in comparison with nonperiodic excitation signals is given by the possibil-

ity of reducing variance by means of averaging techniques, without introducing bias.

For nonperiodic excitation signals, the application of windowing techniques involves

a trade-off between reducing variance and introducing bias. Here, the multisine is

applied, i.e., a sum of sine waves that are harmonically related, which is a periodic ex-

citation signal. The superiority of the multisine in view of the excitation signal design

for the hydraulic actuation system is confirmed in Elfring (2009, Section 4.3), where

a comparison between the swept sine, the pseudo random binary sequence (PRBS),

and the multisine, see Pintelon and Schoukens (2001, Section 4.3.1), is experimentally

performed. The multisine is defined by:

z(t) =
F∑

k=1

αk cos(2πfkt+ ϕk), (4.24)

where the index k denotes the sine wave. Furthermore, F denotes the number of

frequencies, fk the frequency, αk the amplitude, and ϕk the phase. The frequency fk
is a multiple of the fundamental frequency fmin, which is expressed by:

fk = Nkfmin, (4.25)

where Nk ∈ N. Here, N denotes the set of natural numbers. Furthermore, the funda-

mental period is equal to 1/fmin. The Schroeder phases are used, see Schroeder (1970),

which are defined by:

ϕk =
−k(k − 1)π

F
, (4.26)

for which the crest factor, i.e., the ratio between the peak value of z(t) and the root

mean square (RMS) value of z(t), is fairly low.

The sampling frequency is equal to fs = 1000 [Hz] and the fundamental frequency is

equal to fmin = 0.05 [Hz]. Two cases are distinguished with respect to the construction
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of the discrete frequency grid Ω(fk). In the first case, which is indicated by the super-

script “a”, the number of frequencies F in the discrete frequency grid Ωa(fk) is equal to

F = 29 [-], where Ωa(fk), k = 1, . . . , F , is given by Ωa(fk) ∈ {0.05, . . . , 46} [Hz]. In the

second case, which is indicated by the superscript “b”, the number of frequencies F in

the discrete frequency grid Ωb(fk) is equal to F = 29 [-], where Ωb(fk), k = 1, . . . , F , is

given by Ωb(fk) ∈ {0.05, . . . , 48} [Hz]. Specifically, the discrete frequency grids Ωa(fk)

and Ωb(fk) are given by:

Ωa(fk) = {0.05; 0.10; 0.20; 0.30; 0.40; 0.50; 0.60; 0.70; 0.80; 0.90, . . . (4.27a)

. . . , 1.0; 2.0; 3.0; 4.0; 5.0; 6.0; 7.0; 8.0; 9.0; 10.0, . . .

. . . , 14.0; 18.0; 22.0; 26.0; 30.0; 34.0; 38.0; 42.0; 46.0}
Ωb(fk) = {0.05; 0.15; 0.25; 0.35; 0.45; 0.55; 0.65; 0.75; 0.85; 0.95, . . . (4.27b)

. . . , 1.5; 2.5; 3.5; 4.5; 5.5; 6.5; 7.5; 8.5; 9.5; 12.0, . . .

. . . , 16.0; 20.0; 24.0; 28.0; 32.0; 36.0; 40.0; 44.0; 48.0}.

Moreover, the low-pass character of the system requires that the amplitude αk is

nonuniformly chosen, in order to ensure that the system is adequately excited. Al-

though the number of frequencies F is limited, the damped character of the system

suggests that the discrete frequency grids are sufficiently dense. Finally, the number

of fundamental periods M is equal to M = 44 [-]. The measurements of the input, the

output, and the reference input for each of the fundamental periods are transformed

to the frequency domain via the discrete Fourier transform (DFT), see Pintelon and

Schoukens (2001, Section 2.2). Subsequently, the spectra of the input, the output, and

the reference input are averaged, see Pintelon and Schoukens (2001, Section 2.5). This

provides the spectra of the input U<i>(j2πfk), the output Y <i>(j2πfk), and the ref-

erence input R<i>
2 (j2πfk). The relation between the spectra follows from (4.7), which

is given by:

[
Y <1> Y <2>

U<1> U<2>

]
=

[
Po

I

]
(I +KexpPo)−1Kexp

[
R<1>

2 R<2>
2

]
, (4.28)

where the argument ωk is dropped for simplification. As a result, the estimate of the

closed-loop transfer function matrix T (Po, K
exp) is given by:

T (Po, K
exp) =

[
Y <1> Y <2>

U<1> U<2>

] [
R<1>

2 R<2>
2

]−1 [
I Kexp−1]

, (4.29)

for each of the frequencies ωk.

When the operating conditions of the hydraulic actuation system and the variator

are varied within the range that is normally covered by the CVT, the system dynamics

are significantly changed. When these variations of the system dynamics are neglected

in the control design, this probably deteriorates the control performance or possibly

destabilizes the closed loop. The variations of the system dynamics are more pro-

nounced in relation to the speed ratio rs, the primary pressure pp, and the secondary
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pressure ps. The variations of the system dynamics are less pronounced in relation to

the primary angular velocity ωp and the secondary torque Ts. The lower pressure con-

straints are given by pj ≥ pj,low, where pj,low = 0 [bar]. The upper pressure constraints

are given by pj ≤ pj,max, where pp,max = 20 [bar] and ps,max = 40 [bar]. The range

of the speed ratio of the CVT is bounded by the minimum speed ratio rs,min and the

maximum speed ratio rs,max, where rs,min ≈ 0.41 [-] and rs,max ≈ 2.25 [-]. For the iden-

tification experiments, the operating conditions cover the centre of the aforementioned

ranges. Furthermore, the matrix Za and the discrete frequency grid Ωa are exclusively

used. The operating conditions (Number 1) are summarized in Table 4.1. The identi-

fication experiments are subsequently used for the identification of the control-relevant

nominal model P̂CR. For the validation experiments, the operating conditions cover

the aggregate of the aforementioned ranges. Furthermore, the matrices Za and Zb
and the discrete frequency grids Ωa and Ωb are alternately used. The operating condi-

tions (Numbers 2 – 16) are summarized in Table 4.1. The validation experiments are

subsequently used for the quantification of the model uncertainty ∆u.

The estimate of T (Po, K
exp) is depicted in Fig. 4.6. The confidence intervals are

omitted, since the variance errors are negligible. Indeed, the damped character of the

system is observed.

Table 4.1: Operating conditions for identification / validation experiments.

Number p̄p,ref [bar] p̄s,ref [bar] ωp [rpm] Ts [Nm] rs [-] Z Ω

1 7.0 11.2 1200 1 1.19 Za Ωa

2 7.0 11.2 1200 1 1.20 Za Ωa

3 7.0 11.2 1300 1 1.20 Za Ωb

4 7.0 11.2 1300 1 1.22 Zb Ωb

5 10.2 17.0 1300 1 1.22 Za Ωb

6 12.3 17.0 1300 63 1.27 Za Ωb

7 5.0 14.2 1250 1 0.59 Za Ωa

8 5.0 14.2 1350 1 0.61 Za Ωb

9 5.0 14.2 1350 1 0.62 Zb Ωb

10 7.2 20.0 1350 0 0.59 Za Ωb

11 10.1 20.0 1350 69 0.60 Za Ωb

12 6.9 10.0 650 0 2.15 Za Ωa

13 6.9 10.0 650 0 2.14 Za Ωb

14 7.0 10.0 650 0 2.19 Zb Ωb

15 13.25 20.0 650 1 2.05 Za Ωb

16 16.1 20.0 650 44 2.12 Za Ωb
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Figure 4.6: Estimate of T (Po,K
exp) from nonparametric system identification.

4.3.3 Weighting Filter Design

The control-relevant system identification problem in (4.20) requires the weighting

filters W and V . The weighting filters W and V are used to specify the requirements for

the control design. Clearly, the weighting filter design requires knowledge with respect

to the system dynamics. Here, the FRF estimate of Po for ωk ∈ Ωa is employed,

which is derived from the FRF estimate of T (Po, K
exp) for ωk ∈ Ωa. This involves

straightforward matrix calculations, see Oomen (2010, Section 5.3.3) for details. The

singular values of the identified system Po for ωk ∈ Ωa are depicted in Fig. 4.7.

For the weighting filter design, a loop-shaping design procedure is adopted, see Mc-

Farlane and Glover (1990), Papageorgiou and Glover (1999), Vinnicombe (2001), and

Skogestad and Postlethwaite (2005, Chapter 9), for instance. Specifically, the open-

loop singular values are shaped. First, the identified system is scaled (Skogestad and

Postlethwaite, 2005, Section 9.4.2 Step 1). Here, a normalization with respect to the

upper pressure constraints pj ≤ pj,max is performed. The scaled system Pscaled is defined

by:

Pscaled =

[
1

pp,max
0

0 1
ps,max

]
Po. (4.30)

The singular values of the scaled system Pscaled for ωk ∈ Ωa are depicted in Fig. 4.7.

Second, the scaled system is shaped by means of the precompensator W1 and the

postcompensator W2 (Skogestad and Postlethwaite, 2005, Section 9.4.2 Step 3). The
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Figure 4.7: Singular values for systems related to estimate of Po from nonparametric system identi-
fication (solid black: Identified system Po; solid grey: Scaled system Pscaled; dashed
black: Shaped system Pshaped).

shaped system Pshaped is defined by:

Pshaped = W2PscaledW1. (4.31)

The weighting filters W2 and W1 are designed to specify the requirements for the control

design. The singular values of the shaped system Pshaped are adjusted in such a way that

the open-loop shape is typically desirable. Specifically, integral action and first-order

roll-off are introduced. Additionally, the singular values of the shaped system Pshaped

are aligned in such a way that the open-loop gain is approximately one for the desired

closed-loop bandwidth (Skogestad and Postlethwaite, 2005, Section 9.4.2 Step 4). Here,

the desired closed-loop bandwidth is equal to fbw = 6 [Hz]. The singular values of the

shaped system Pshaped for ωk ∈ Ωa are depicted in Fig. 4.7. Finally, the weighting filters

W and V are derived from the weighting filters W2 and W1 in conjunction with the

scaling in (4.30). This involves straightforward matrix calculations, see Oomen (2010,

Section 5.3.3) for details.

4.3.4 Control-Relevant Coprime Factor Identification

The control-relevant system identification problem in (4.20) requires the closed-loop

transfer function matrix T (Po, K
exp) for the discrete frequency grid Ω and the weighting

filters W and V . These prerequisites are addressed in Section 4.3.2 and Section 4.3.3,

respectively. Subsequently, the control-relevant nominal model P̂CR is identified. For
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this purpose, the right coprime factorization {No, Do} of Po and the right coprime

factorization {N̂ , D̂} of P̂ are introduced, see Zhou et al. (1996) for definitions. On the

basis of these definitions, the control-relevant system identification problem in (4.20)

is rephrased, which is shown by:

P̂CR = arg min
θ

sup
ωk∈Ω

σ̄

(
W

([
No(ωk)

Do(ωk)

]
−
[
N̂(θ, ωk)

D̂(θ, ωk)

]))
(4.32)

subject to

[
N̂

D̂

]
∈ RH∞,

where θ denotes the parameter vector. The right coprime factorization {No(ωk), Do(ωk)}
is computed from T (Po, K

exp) for ωk ∈ Ω, where use is made of Kexp and V , see Oomen

(2010, Section 2.3.4) for details.

In Oomen and Bosgra (2008b), the parameterization of the coprime factors N̂ and

D̂ is specifically chosen in view of the construction of the model uncertainty in relation

to the control criterion. See Oomen (2010, Chapter 2) for details. As a result, the

state dimension of a minimal realization of the coprime factors N̂ and D̂ is 11, where

5 states originate from the experimental controller Kexp, 4 states originate from the

weighting filters W and V , and 2 states originate from the parameterization of the

control-relevant nominal model P̂CR, see (4.19).

A Bode diagram of the FRF estimate of Po for ωk ∈ Ωa (nonparametric) and

the control-relevant nominal model P̂CR (parametric) is depicted in Fig. 4.8. Several

conclusions are drawn from a comparison between the FRF estimate of Po for ωk ∈ Ωa

and the control-relevant nominal model P̂CR. Both for low frequencies and for high

frequencies, a reasonably large deviation is observed, whereas for the desired closed-

loop bandwidth region, a highly accurate resemblance is observed. This corresponds

to the control-relevant region in view of (4.32).

4.4 Construction of a Robust-Control-Relevant Model Set via

Model Validation

The robust-control-relevant model set PRCR is obtained from the construction of the

model uncertainty ∆u around the control-relevant nominal model P̂CR in view of the

control design. The model uncertainty ∆u accounts for both the approximations that

are associated with the control-relevant nominal model P̂CR and the variations of the

system dynamics that are observed when the operating conditions of the hydraulic

actuation system and the variator are varied within the range that is normally covered

by the CVT. Herein, a guarantee with respect to the constraint in (4.12) is necessarily

required. The extension of the control-relevant nominal model P̂CR with the model

uncertainty ∆u involves several aspects, which include: 1. the structure of the model

uncertainty and 2. the size of the model uncertainty. The first aspect is addressed in

Section 4.4.1, whereas the second aspect is addressed in Section 4.4.2. Finally, the
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Figure 4.8: Bode diagram of identified system Po (solid black: Nonparametric model; solid grey:
Parametric model).

identification robust-control-relevant model set is constructed in Section 4.4.3 and the

validation robust-control-relevant model set is constructed in Section 4.4.4.

4.4.1 Towards Robust-Control-Relevant Model Sets

The interconnection between the norm-bounded perturbation ∆u and the control-

relevant nominal model P̂CR is represented by:

P =
{
P | P = Fu(Ĥ,∆u),∆u ∈∆u

}
, (4.33)

where Fu denotes the upper linear fractional transformation (LFT). Here, Ĥ contains

P̂CR and the structure of the model uncertainty. The norm-bounded set ∆u is defined

by:

∆u =
{

∆u ∈ RH∞ | ∆u(e
jω) ∈ C2×2, ω ∈ [0, 2π)

}
, (4.34)

where C denotes the set of complex matrices. The dual-Youla-Kučera parameterization

is used for the representation of the model uncertainty, see Oomen (2010, Section 2.4.1)

for details. Specifically, the dual-Youla-Kučera parameterization provides the dual-

Youla-Kučera model set PdYK, which characterizes all candidates that are internally

stabilized by the experimental controller Kexp. The dual-Youla-Kučera model set PdYK

is defined by:

PdYK =
(
N̂ +Dcon∆u

)(
D̂ −Ncon∆u

)−1

, (4.35)
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where ∆u ∈ RH∞. Here, a right coprime factorization {Ncon, Dcon} of Kexp is em-

ployed. On the one hand, the dual-Youla-Kučera model set PdYK does contain the

true system Po, since the experiments demonstrate that the experimental controller

Kexp stabilizes the true system Po. On the other hand, the dual-Youla-Kučera model

set PdYK does not contain any candidates that are not stabilized by the experimental

controller Kexp, which avoids conservatism in view of the control design. On the basis

of the dual-Youla-Kučera parameterization, a connection between the control criterion

and the size of the model uncertainty is subsequently established.

Consider a certain P ∈ PdYK and a certain ∆u ∈ ∆u. For the experimental

controller Kexp, the control criterion J (P,Kexp) is defined by:

J (P,Kexp) = ‖WT (P,Kexp)V ‖∞ (4.36a)

= ‖Fu(M̂,∆u)‖∞ (4.36b)

= ‖M̂22 + M̂21∆uM̂12‖∞, (4.36c)

where any right coprime factorization of P̂CR and any right coprime factorization of

Kexp is employed in the dual-Youla-Kučera parameterization (4.35). Here, M̂ is parti-

tioned as:

M̂ =

[
M̂11 M̂12

M̂21 M̂22

]
. (4.37)

Clearly, M̂ contains the control-relevant nominal model P̂CR, the weighting filters W

and V , and the dual-Youla-Kučera parameterization. For a specific right coprime fac-

torization {N̂ , D̂} of P̂CR (Oomen, 2010, Theorem 2.3.4) and a specific right coprime

factorization {Ncon, Dcon} of Kexp (Oomen, 2010, Definition 2.4.2), the worst-case con-

trol criterion is bounded by:

JWC(PdYK, Kexp) ≤ ‖M̂22‖∞ + sup
∆u∈∆u

‖∆u‖∞ (4.38a)

≤ J (P̂CR, Kexp) + sup
∆u∈∆u

‖∆u‖∞, (4.38b)

see Oomen (2010, Section 2.4.3) for details.

The importance of the upper bound in (4.38b) is found in the observation that

the size of the model uncertainty is transparently connected to the worst-case control

criterion. Hence, the estimation of the model quality is directly interpreted in terms

of the control performance. As a consequence, the identification of the robust-control-

relevant model set PRCR in (4.17) is straightforward in comparison with other coprime

factorizations and other model uncertainty structures, in which the contribution of the

model uncertainty is deformed by the terms M̂12 and M̂21.

4.4.2 Validation-Based Uncertainty Modeling

The size of the model uncertainty, see (4.33) and (4.38b), is estimated by means of

the validation-based uncertainty modeling approach that is proposed in Oomen and
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Bosgra (2008a) and Oomen (2010, Chapter 4). The validation-based uncertainty mod-

eling approach estimates the size of the model uncertainty on the basis of the validation

experiments that are independently obtained. Specifically, the norm-bound γ is deter-

mined, which is defined by:

γ(ωk) = σ̄ (∆u(ωk)) , (4.39)

for ωk ∈ Ωa ∪ Ωb and ∆u ∈ ∆u. In view of the upper bound in (4.38b), the mini-

mization of the norm-bound γ enables the maximization of the control performance.

However, the guarantee with respect to the constraint in (4.12) requires that the dual-

Youla-Kučera model set PdYK encompasses the true system Po. The validation-based

uncertainty modeling approach employs the setup that is depicted in Fig. 4.9. Here,

both Mo and Fu(M̂,∆u) are excited by the manipulated input w, which is shown by:

zo = Mow + do (4.40a)

zm = Fu(M̂,∆u)w + dm, (4.40b)

where zo is the output of the true system and zm is the output of the approximative

model. Here, do is the true disturbance and dm is the disturbance model. Furthermore,

the discrepancy ε is defined by:

ε = zo − zm. (4.41)

Together, the choice of ∆u and the choice of dm enable that the observed model-

reality mismatch is explained, i.e., ε = 0 is achieved. The approximative model is

equipped with a disturbance model in order to avoid conservatism with respect to the

uncertainty model. In this context, the observed model-reality mismatch is necessarily

subdivided into a contribution from the unmodeled system dynamics and a contribution

from the applied disturbance phenomena. Clearly, the former contribution is related

to the input-output behavior, whereas the latter contribution is not related to the

input-output behavior. This observation is exploited in order to discriminate between

unmodeled system dynamics and applied disturbance phenomena. To this end, the

application of periodic excitation signals is pursued, which enforces that the input-

output phenomena are repeatedly detected in the observed model-reality mismatch.

This observation provides a basis for the construction of the disturbance model and

the uncertainty model. This yields a nonconservative norm-bound γ for the admissible

perturbation set (4.34), see Oomen (2010, Chapter 4) for details.

The outcome of the validation-based uncertainty modeling approach is both a non-

parametric bound and a parametric bound for the minimum-norm validating ∆u. The

nonparametric bound is overbounded by the parametric bound, which is required in

view of the control design, see, e.g., Skogestad and Postlethwaite (2005).

4.4.3 Construction of Identification Robust-Control-Relevant Model Set

First, the validation-based uncertainty modeling approach is executed for the data

sets with Number 1, see Table 4.1, which are previously used for identification. As a
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Figure 4.9: Setup for validation-based uncertainty modeling approach.

consequence, the resulting identification robust-control-relevant model set is denoted by

P id. Since the operating conditions for the data sets with Number 1 cover the centre

of the ranges that are normally covered by the CVT, the variations of the system

dynamics are not captured. Hence, the robust controller KRP,id that is designed on the

basis of the identification robust-control-relevant model set P id probably deteriorates

the control performance or possibly destabilizes the closed loop when the operating

conditions of the hydraulic actuation system and the variator are varied. As a result,

the robust controller KRP,id is mainly considered for comparison purposes. Specifically,

a comparison with a control design that addresses the variations of the system dynamics

is performed. This comparison reveals the degradation of performance that is imposed

by the increase of robustness.

In Fig. 4.10, the model validation results for the data sets with Number 1 are

presented. Both the estimation of the control-relevant nominal model P̂CR and the

quantification of the model uncertainty ∆u are performed in a robust-control-relevant

domain. Indeed, the control-relevant nominal model P̂CR is accurately modeled in the

desired closed-loop bandwidth region, see Fig. 4.8. That is, a mismatch is allowed for

low frequencies and for high frequencies. Nevertheless, the norm-bound γ peaks in

the region of the desired closed-loop bandwidth, see Fig. 4.10, despite the accuracy of

the control-relevant nominal model P̂CR. Apparently, the quantification of the model

uncertainty ∆u in a robust-control-relevant domain minimizes the importance of the

accuracy for the low frequency ranges and for the high frequency ranges from the

perspective of the control performance.

In consideration of the robust controller synthesis on the basis of the set of not

invalidated models, the nonparametric bound in Fig. 4.10 is overbounded by a para-

metric bound, which is both biproper and bistable. Ideally, the parametric bound is

tight in the region where the nonparametric bound is largest. This is exactly achieved

by the second order overbound that is depicted in Fig. 4.10. With this second order

overbound, the resulting identification robust-control-relevant model set P id is con-

structed.
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4.4.4 Construction of Validation Robust-Control-Relevant Model Set

Second, the validation-based uncertainty modeling approach is executed for the data

sets with Number 1 that are previously used for identification and for the data sets

with Numbers 2 – 16 that are exclusively used for validation, see Table 4.1. As a

consequence, the resulting validation robust-control-relevant model set is denoted by

Pval. Since the operating conditions for the data sets with Numbers 2 – 16 cover

the aggregate of the ranges that are normally covered by the CVT, the variations

of the system dynamics are captured. Hence, the robust controller KRP,val that is

designed on the basis of the validation robust-control-relevant model set Pval probably

preserves the control performance and presumably stabilizes the closed loop when the

operating conditions of the hydraulic actuation system and the variator are varied. As

a result, the robust controller KRP,val is mainly considered for application purposes.

Furthermore, this control design is used in the comparison between a control design

that neglects the variations of the system dynamics and a control design that addresses

the variations of the system dynamics. See Section 4.4.3.

In Fig. 4.11, the model validation results for the data sets with Numbers 1 – 16

are presented. When the result of Fig. 4.11 and the result of Fig. 4.10 are compared,

the conclusion is drawn that the norm-bound γ for the explanation of the observed

model-reality mismatch is significantly increased. This is expected, since the system
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dynamics are significantly changed when the operating conditions of the hydraulic

actuation system and the variator are varied within the range that is normally covered

by the CVT.

In addition, a discrepancy with respect to the size of the model uncertainty is

observed between data sets that use the discrete frequency grid Ωa and data sets that

use the discrete frequency grid Ωb. Recall that the data sets that serve the identification

use the discrete frequency grid Ωa. Observe that the data sets that dominate the model

uncertainty use the discrete frequency grid Ωb. Two causes are distinguished. Firstly,

the introduction of interpolation errors due to the use of the discrete frequency grid

in (4.20). For the hydraulic actuation system, however, the FRF estimate of the true

system is relatively smooth, which weakens this argument. Secondly, the acquisition

of linearizations of the true system around other trajectories due to the change of

the excitation signal design in (4.24), which is caused by the discrete frequency grid.

This is also observed in the identification of a linear approximation of a nonlinear

system, see Pintelon and Schoukens (2001, Chapter 3). It is expected that the latter

phenomenon dominates the former phenomenon for the hydraulic actuation system.

In consideration of the robust controller synthesis on the basis of the set of not inval-

idated models, the nonparametric bound in Fig. 4.11 is overbounded by a parametric

bound, which is both biproper and bistable. Ideally, the parametric bound is tight in

the region where the nonparametric bound is largest. This is exactly achieved by the

second order overbound that is depicted in Fig. 4.11. With this second order overbound,

the resulting validation robust-control-relevant model set Pval is constructed.

4.5 Control Design and Performance Evaluation

Three controllers are synthesized, which are subsequently compared by means of sim-

ulations and experiments. On the basis of the control-relevant nominal model P̂CR,

the nominal controller KNP is synthesized, see (4.10), which is mainly considered for

comparison purposes. The synthesis is performed by means of a standard H∞ opti-

mization algorithm, see, e.g., Zhou et al. (1996). On the basis of the identification

robust-control-relevant model set P id and the validation robust-control-relevant model

set Pval, the robust controller KRP,id and the robust controller KRP,val are synthesized,

see (4.15). The synthesis is performed by means of a generalization of the D − K

iteration, see Zhou et al. (1996), which is closely related to the skewed-µ analysis pro-

cedure that is considered in, e.g., Fan and Tits (1992). The procedure is summarized

in Oomen (2010, Appendix B).

4.5.1 Control Designs

The results for the control designs are presented in Table 4.2.

Several observations are made.

1. The experimental controllerKexp stabilizes the true system Po, which is concluded
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Table 4.2: Results for control designs.

Kexp KNP KRP,id KRP,val

Minimized criterion - J (P̂CR, K) JWC(P id, K) JWC(Pval, K)

J (P̂CR, K) 6.14 1.77 2.23 3.57

JWC(Pval, K) 7.98 ∞ 18.56 4.09

from the identification experiments and the validation experiments. Specifically,

the control-relevant nominal model P̂CR in conjunction with the experimental

controller Kexp results in a control criterion of J (P̂CR, Kexp) = 6.14. On the

basis of the validation robust-control-relevant model set Pval, the experimental

controller Kexp results in a worst-case performance of JWC(Pval, Kexp) = 7.98.

Clearly, the upper bound for the worst-case performance in (4.38b) holds, since

the norm-bound γ is equal to 3.02. Hence, the norm-bound γ is directly connected

to the control criterion, which confirms that the model uncertainty is actually

described in a robust-control-relevant domain.

2. The nominal controller KNP deliberately neglects the variations of the system

dynamics that are observed when the operating conditions of the hydraulic actu-

ation system and the variator are varied during the control design. Obviously, the
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control-relevant nominal model P̂CR in conjunction with the nominal controller

KNP results in a control criterion of J (P̂CR, KNP) = 1.77, which is optimal.

Hence, the nominal controller KNP is significantly improved in comparison with

the experimental controller Kexp in terms of the control criterion. However, ro-

bustness is sacrificed in favour of performance. In particular, the experimental

controller Kexp does stabilize all systems in the validation robust-control-relevant

model set Pval. Ultimately, the worst-case performance JWC(Pval, Kexp) = 7.98

is achieved. In contrast, the nominal controller KNP does not stabilize all sys-

tems in the validation robust-control-relevant model set Pval. Consequently, the

worst-case performance JWC(Pval, KNP) =∞ is unbounded.

3. The robust controller KRP,val explicitly addresses the variations of the system dy-

namics that are observed when the operating conditions of the hydraulic actuation

system and the variator are varied during the control design. Obviously, the vali-

dation robust-control-relevant model set Pval in conjunction with the robust con-

troller KRP,val results in a worst-case performance of JWC(Pval, KRP,val) = 4.09,

which is optimal. As a result, two bounds in relation to the experimental con-

troller Kexp and the nominal controller KNP are satisfied:

JWC(Pval, KRP,val) ≤ JWC(Pval, Kexp) (4.42a)

JWC(Pval, KRP,val) ≤ JWC(Pval, KNP), (4.42b)

which is confirmed by the results in Table 4.2.

4. The robustness of the robust controller KRP,id is limited, since the identifica-

tion robust-control-relevant model set P id is solely estimated on the basis of the

identification experiments. When the robust controller KRP,id is analyzed with

the control-relevant nominal model P̂CR, this reveals that the performance on

the one hand slightly degrades in comparison with the nominal controller KNP

and on the other hand significantly improves in comparison with the robust con-

troller KRP,val. However, when the robust controller KRP,id is evaluated with

the validation robust-control-relevant model set Pval, the robustness is enhanced

in comparison with the nominal controller KNP, although the performance is

significantly degraded in comparison with the robust controller KRP,val.

On the basis of this analysis, the conclusion is drawn that the performance of the

robust controller KRP,val is optimal for the validation robust-control-relevant model

set Pval, which covers the variations of the system dynamics that are expected when

the operating conditions of the hydraulic actuation system and the variator are varied

within the range that is normally covered by the CVT. The robust controller KRP,val

outperforms the experimental controller Kexp in terms of the control criterion, which

is approximately halved.

A Bode diagram of the control designs Kexp, KNP, and KRP,val is depicted in

Fig. 4.12. Clearly, the experimental controller Kexp is a diagonal controller, i.e., a de-

centralized controller, see Skogestad and Postlethwaite (2005, Section 3.5). Obviously,
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the gain of the nominal controller KNP is significantly increased. Moreover, the nomi-

nal controller KNP is inherently multivariable, since the magnitude of the off-diagonal

elements is comparable to the magnitude of the diagonal elements. A comparison be-

tween the nominal controller KNP and the robust controller KRP,val reveals that the

gain is decreased, which is presumably required for robustness.
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Figure 4.12: Bode diagram of control designs (solid black: Experimental controller Kexp; solid grey:
Nominal controller KNP; dashed black: Robust controller KRP,val).

4.5.2 Simulations

The evaluation of the control designs in Section 4.5.1 is initially performed by means

of the control-relevant nominal model P̂CR in Section 4.3.4. As a result, the nominal

values p̄p,ref and p̄s,ref (Number 1) are found in Table 4.1. Specifically, the closed-loop

step responses are evaluated. That is, the transfer function r2 7→ y is considered,

which is determined by the closed-loop transfer function matrix T (P̂CR, K), see (4.7).

The evaluation is sequentially performed, i.e., first ∆pp,ref = 1 [bar] and ∆ps,ref = 0

[bar], second ∆pp,ref = 0 [bar] and ∆ps,ref = 1 [bar]. The closed-loop step responses

are depicted in Fig. 4.13. On the basis of the responses in Fig. 4.13 (top left), the

conclusion is drawn that a reduction of the rise time corresponds to a decrease of the

control criterion, see the evaluation for J (P̂CR, K) in Table 4.2. This confirms the rel-

evance of the control criterion. Furthermore, on the basis of the responses in Fig. 4.13

(bottom right), the conclusion is drawn that the oscillation for the experimental con-

troller Kexp is significantly reduced for the control designs KNP, KRP,id, and KRP,val.
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The experimental controller Kexp is evidently diagonal, whereas the control designs

KNP, KRP,id, and KRP,val are inherently multivariable, which is the cause of these im-

provements. Finally, the responses in Fig. 4.13 (top right, bottom left) show that the

interaction between the primary hydraulic circuit and the secondary hydraulic circuit

for the experimental controller Kexp is reduced for the control designs KNP, KRP,id,

and KRP,val.
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Figure 4.13: Closed-loop step responses (r2 7→ y) (solid black: Experimental controller Kexp; solid
grey: Nominal controller KNP; dashed black: Robust controller KRP,id; dashed grey:
Robust controller KRP,val).

4.5.3 Experiments

The evaluation of the control designs in Section 4.5.1 is subsequently performed by

means of the implementation on the true system Po of the experimental controller Kexp

and the robust controller KRP,val. A comparison with KNP and KRP,id is not performed,

since robust stability is violated and robust performance is deteriorated in comparison

with KRP,val, respectively. In order to obtain a concise presentation of the results,

the evaluation of the control designs Kexp and KRP,val is restricted to a comparison

with the control-relevant nominal model P̂CR, which implies that the nominal values

p̄p,ref and p̄s,ref (Number 1) are found in Table 4.1. Similar results are obtained when

the operating conditions of the hydraulic actuation system and the variator are varied

within the range that is normally covered by the CVT. Again, the closed-loop step

responses are evaluated, see Section 4.5.2. The closed-loop step responses are depicted
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in Fig. 4.14 and Fig. 4.15, where Kexp and KRP,val are implemented, respectively. Since

the measurements are severely corrupted with noise, a fourth order low-pass filter is

applied. The cut-off frequency of the fourth order low-pass filter is equal to fc = 10.0

[Hz]. Furthermore, the closed-loop step responses are measured 10 times, which are

subsequently averaged.

The correspondence between the measured responses and the simulated responses

for the control designs Kexp and KRP,val in Fig. 4.14 and Fig. 4.15 is good. This con-

firms the accuracy of the control-relevant nominal model P̂CR in view of the control

design. Indeed, the robust controller KRP,val outperforms the experimental controller

Kexp, which is in accordance with the expectations on the basis of the simulations in

Section 4.5.2. The oscillations in the experiments are not predicted by the simulations.

These oscillations are possibly caused by the centrifugal effects in the hydraulic cylin-

ders or the accumulator. Since the control-relevant nominal model P̂CR incorporates

2 states, these oscillations are not predicted, which are consequently addressed by the

validation-based uncertainty modeling approach.

0 0.2 0.4 0.6 0.8 1
6.8

7

7.2

7.4

7.6

7.8

8

ou
tp

ut
p

p
[b

ar
]

input rp
2

0 0.2 0.4 0.6 0.8 1
6.8

7

7.2

7.4

7.6

7.8

8

input rs
2

0 0.2 0.4 0.6 0.8 1
11

11.5

12

12.5

ou
tp

ut
p

s
[b

ar
]

t [s]
0 0.2 0.4 0.6 0.8 1

11

11.5

12

12.5

t [s]

Figure 4.14: Closed-loop step responses (r2 7→ y) for experimental controller Kexp (grey: Simulation
result; black: Experimental result).

4.6 Discussion

Developments with respect to the power transmission device of a passenger car are

mainly directed towards reduction of the fuel consumption of a passenger car. Within
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Figure 4.15: Closed-loop step responses (r2 7→ y) for robust controller KRP,val (grey: Simulation
result; black: Experimental result).

this scope, reduction of the energy losses within the pushbelt continuously variable

transmission (CVT) is possibly achieved via optimization of the closed-loop control

design of the hydraulic actuation system and the variator. A cascade control system is

typically employed, where the inner (fast) loop concerns the hydraulic actuation system

and the outer (slow) loop involves the variator. The motivation for a cascade control

system is particularly found in the observation that the feedback control design for

the inner loop is decoupled from the feedback control design for the outer loop, which

allows the combination of different control designs with different control objectives,

see Chapter 6. The closed-loop control design of the hydraulic actuation system is a

servo problem, which requires that both the primary pressure reference pp,ref and the

secondary pressure reference ps,ref are accurately tracked by the primary pressure pp
and the secondary pressure ps, respectively. However, the nonlinearity of the system

dynamics is unarguably high, the interaction between the primary hydraulic circuit

and the secondary hydraulic circuit that is introduced by the pushbelt is quite severe,

and the quality of the actuators and the sensors is typically low. This hampers a robust

control design on the basis of a system identification procedure.

In this chapter, a systematic procedure is followed to improve from a low-performance

experimental controller to a high-performance robust controller. The low-performance

experimental controller is simply diagonal, whereas the high-performance robust con-

troller is inherently multivariable. Furthermore, robustness is enforced in view of the
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variations of the system dynamics that are observed when the operating conditions of

the hydraulic actuation system and the variator are varied. Specifically, the robust con-

troller is designed on the basis of a robust-control-relevant model set, which is identified

via two steps. First, the control-relevant nominal model is estimated on the basis of the

identification experiments, where the operating conditions cover the centre of the ranges

that are normally covered by the CVT. Second, the extension of the control-relevant

nominal model with the model uncertainty on the basis of the validation experiments,

where the operating conditions cover the aggregate of the ranges that are normally

covered by the CVT, which accounts for the variations of the system dynamics. Both

the identification experiments and the validation experiments are performed while the

experimental controller is implemented on the true system. Specifically, the frequency

response function (FRF) measurements are obtained with multisine excitation signals,

which are low-cost experiments that provide high-quality information. The robust con-

troller outperforms the experimental controller in terms of the control criterion, which

is approximately halved. This is confirmed by the closed-loop step responses, which

are measured with the true system.

Since the robust-control-relevant model set depends on the experimental controller

that is used for the experiments, further performance improvement is possibly achieved

when the identification of the robust-control-relevant model set is repeated with the

robust controller that is designed in Section 4.5. As a result, iterative identification

and control design is pursued. In contrast to iterative identification and control design

on the basis of a nominal model, see Hjalmarsson et al. (1995), a procedure is obtained

that monotonically converges in terms of the worst-case control criterion.

In this chapter, robustness is assumed with respect to the operating conditions of

the hydraulic actuation system when these are fixed, i.e., the model uncertainty is linear

time-invariant (LTI). Both theoretical results and practical results, see Shamma (1994)

and Chapter 6, respectively, confirm that for the robust controller that is obtained,

robustness is incorporated with respect to the operating conditions of the hydraulic

actuation system when these are varied as well. The explicit analysis of these robustness

aspects in both identification and control design is considered as a useful extension of

the results in this chapter.

In this chapter, a control design is proposed that incorporates robustness with

respect to the variations of the system dynamics, where the controller parameters are

fixed as a function of time. Performance is possibly improved when the control design

is adapted in relation to the operating conditions, where the controller parameters

are modified as a function of time. This includes linear parameter-varying (LPV)

control, for instance. However, reliable system identification for robust control design

procedures and robust control synthesis procedures require further research, which is

discussed in, e.g., Groot Wassink et al. (2005).

Regarding the results in this chapter, further performance improvement is possi-

bly achieved by: 1. considering a two degrees-of-freedom control configuration, see,

e.g., Papageorgiou and Glover (1999) and 2. determining a tight parametric overbound
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of the robust-control-relevant model uncertainty, see, e.g., Scheid and Bayard (1995).



Chapter 5

Extremum Seeking Control

5.1 Introduction

The pushbelt CVT is a stepless power transmission device, which is able to provide

infinitely many transmission ratios within a finite range. In comparison with stepped

power transmission devices, e.g., manual transmissions (MTs) and automatic transmis-

sions (ATs), this characteristic property of the CVT enables: 1) a more comfortable

driveline behavior, since the power transfer is not interrupted and 2) a more efficient

driveline behavior, since the number of ICE operating points for a certain demanded

power, i.e., combinations of torque and velocity, is not restricted, which improves the

exploitation of the ICE characteristics and decreases the fuel consumption, see Pfiffner

and Guzzella (2001). In order to further improve the performance of the CVT, the

reduction of the power losses that are associated with the CVT is considered.

The primary sources of power loss concern the variator and the actuation system,

see Van der Sluis et al. (2006). The variator consists of a metal V-belt, i.e., a pushbelt,

which is clamped between two pairs of conical sheaves, i.e., two pulleys. The pushbelt

consists of circa 400 V-shaped compression elements that are held together by two

sets of either 9 or 12 thin tension bands. A transmission ratio change is enforced by

the actuation system, which exerts forces on both axially moveable sheaves, i.e., one

for each pulley. Since the majority of modern production CVTs is equipped with a

hydraulic actuation system, the focus is on this type of actuation system. Nevertheless,

alternative actuation systems are investigated, e.g., electromechanic (Van de Meerakker

et al., 2004) and electrohydraulic (Shastri and Frank, 2004), in order to reduce the

actuation system losses. The variator losses include the power loss: 1) in the bearings

of the variator shafts, 2) between the innermost band and the elements and between

adjacent bands, i.e., a pushbelt internal power loss (Akehurst et al., 2004a), and 3)

between the elements and the pulleys (Akehurst et al., 2004b,c).

The level of the variator power losses is strongly related to the level of the clamping

forces. A reduction of the clamping forces leads to a reduction of the variator power
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losses. Furthermore, this results in a reduction of the actuation system power losses,

since the hydraulic pressures are lowered. The main reason for the application of large

clamping forces concerns avoidance of variator damage. Variator damage results from

repeated occasions of a (too) high level of slip in the variator, which are typically

induced by torque disturbances. Recently, research with respect to variator wear has

shown that the variator is able to withstand substantial levels of slip, see Van Drogen

and van der Laan (2004), which enables a reduction of the clamping forces. When

the clamping forces are decreased, the slip in the variator is increased. A transition of

the variator behavior from open loop stable (micro-slip) to open loop unstable (macro-

slip) occurs, since the friction force between the pushbelt and the conical sheaves is

limited. Moreover, the variator efficiency initially increases, reaches a maximum, and

ultimately decreases. The variator efficiency maximum occurs within the region for

which the variator behavior is open loop stable, see Sakagami et al. (2007).

In Bonsen et al. (2003), the existence of a certain optimum for the variator ef-

ficiency as a function of the slip is shown by means of experiments. As a result, a

straightforward approach is to control the slip in such a way that a certain slip refer-

ence is tracked, which corresponds to the optimum variator efficiency, see Bonsen et al.

(2005). However, this approach involves two issues. First, the determination of the

slip reference, see Klaassen (2007, Section 7.2). Since the optimum variator efficiency

depends on, e.g., the transmission ratio, the variator load, and the variator wear, the

determination of the slip reference is not straightforward and often time-consuming,

which is typically caused by the complexity and the unreliability of the available vari-

ator models, see Srivastava and Haque (2009). Second, the reconstruction of the slip

in the variator. This typically requires a dedicated sensor, e.g., measurement of the

pushbelt running radius (Nishizawa et al., 2005) or measurement of the axially move-

able sheave position (Bonsen et al., 2005), which increases both the complexity and

the costs. In addition, the reconstruction of the slip in the variator on the basis of one

of these measurements is extremely sensitive to deformations in the variator, which are

unknown.

These considerations give rise to alternative approaches, which only utilize the sen-

sors that are typically available in modern production CVTs, i.e., the sensors for the

primary pulley angular velocity, the secondary pulley angular velocity, and the sec-

ondary pulley pressure. In Faust et al. (2002b), the transfer characteristic between the

pulley pressure and the difference between the pulley angular velocities is experimen-

tally investigated. The pulley pressure is modulated by means of a periodic signal and

the difference between the pulley angular velocities is measured, after which the sig-

nals are processed and a slip measure is obtained. This slip measure is used to adjust

the control signals, i.e., the pulley pressures, which requires the determination of a

slip reference. However, a model-based derivation of the slip reference is troublesome,

which is already argued before. Hence, a technique is desired that searches for the

optimum variator efficiency and adjusts the control signals accordingly. In this way,

indirect control of the variator efficiency by means of direct control of the slip in the
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variator is avoided.

The approach that exploits the presence of a so-called extremum, i.e., either a min-

imum or a maximum, in a specific uncertain input-output equilibrium map, to adapt

the input in order to optimize the output, is called extremum seeking control (ESC),

see Åström and Wittenmark (1995, Section 13.3) and Krstić and Wang (2000). Since

in general the primary pulley torque and the secondary pulley torque are not measured,

the computation of the variator efficiency is not feasible. As a result, adaptation of the

clamping force (input) to optimize the variator efficiency (output) is not possible. For

this reason, the input-output equilibrium map in which the clamping force is the input

and the ratio between the pulley angular velocities is the output is considered, which

also incorporates a maximum, see Chapter 2. When the argument of this maximum

results in a variator efficiency value that is close to the variator efficiency maximum,

the variator efficiency is indirectly improved. When several assumptions are satisfied,

the considered ESC approach is able to perform the adaptation in such a way that the

closed loop system is stable.

The main contribution of this chapter is twofold. First, the use of the maximum

in the input-output equilibrium map in which the clamping force is the input and the

ratio between the pulley angular velocities is the output in order to improve the vari-

ator efficiency is motivated, see also Van der Meulen et al. (2009) and Van der Noll

et al. (2009). The presence of this maximum is experimentally shown in Sakagami

et al. (2007) as well, although the use of this input-output equilibrium map for control

purposes is not pursued. The main reason for this is found in the observation that mea-

surements of the pulley angular velocities are severely corrupted with noise. Second,

the optimization of the mentioned input-output equilibrium map by means of ESC is

experimentally demonstrated. The motivation for the application of ESC follows from

the observation that a quantitative prediction of the extremum by means of a variator

model is a hard task.

The remainder of this chapter is organized as follows. The definitions are addressed

in Section 5.2. The control objectives are introduced in Section 5.3. In Section 5.4, the

feasibility of the control objectives is shown by means of quasi-stationary experiments.

The ESC approach is described in Section 5.5, together with closed loop experiments.

The robustness of the ESC feedback mechanism with respect to torque disturbances is

analyzed in Section 5.6. Finally, the chapter concludes with a discussion in Section 5.7.

5.2 Definitions

The variator geometry is depicted in Fig. 5.1. The torques that are exerted on the

variator are denoted by Tp and Ts. Furthermore, the angular velocities are denoted by

ωp and ωs, the clamping forces by Fp and Fs, the axially moveable sheave positions

by xp and xs, and the running radii by Rp and Rs. In the definitions, the variator

geometry is ideal.
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Figure 5.1: Schematic illustration of pushbelt variator.

The geometric ratio rg and the speed ratio rs of the variator are defined by:

rg =
Rp

Rs

(5.1)

rs =
ωs
ωp
. (5.2)

The relations between the axially moveable sheave positions xp and xs and the running

radii Rp and Rs are given by:

Rp = Rp,min +
xp

2 tan(β)
(5.3)

Rs = Rs,min +
xs

2 tan(β)
, (5.4)

respectively, where xp = 0 for Rp = Rp,min and xs = 0 for Rs = Rs,min. Here, β

denotes half the pulley wedge angle, which is usually equal to β = 11 [deg]. Under

the assumption that the pushbelt is rigid in the longitudinal direction, i.e., the length

Le,0 is fixed, there exists a relation Rp = fRp(Rs, a, Le,0), where a denotes the distance

between the centers of the pulleys, see Klaassen et al. (2008, Section 3.1). When

the secondary axially moveable sheave position xs is measured, the secondary running

radius Rs is obtained from (5.4). The primary running radius Rp follows from the

relation Rp = fRp(Rs, a, Le,0). Then, the geometric ratio rg is obtained from (5.1). The

relative slip ν is defined by:

ν =
ωpRp − ωsRs

ωpRp

= 1− rs
rg
, (5.5)

see Bonsen et al. (2003). Observe that the definition of the relative slip ν is similar to

the definition of the longitudinal slip in tyre friction models, see Canudas-de-Wit et al.

(2003b). The variator efficiency η is defined by:

η =
Pout

Pin

=
Tsωs
Tpωp

, (5.6)
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where Pin and Pout denote the input power and the output power, respectively. This

definition prevents the distinction between the sources of power loss within the variator

and neglects the power for the hydraulic actuation system.

5.3 Control Objectives

The objective for control of the driveline is often a weighted optimum of fuel economy

and driveability, see Smith et al. (2004). The objective for control of the variator, i.e.,

one of the driveline components, is twofold. First, to track the speed ratio reference

rs,ref , which is prescribed by the driveline control system. Second, to optimize the

variator efficiency, under the condition that variator damage is avoided. In this chapter,

the focus is on the latter objective. Since the number of sensors in modern production

CVTs is limited, i.e., only the primary pulley angular velocity, the secondary pulley

angular velocity, and the secondary pulley pressure are measured, the variator efficiency

is unknown. As a result, direct control of the variator efficiency is prevented and

indirect control of the variator efficiency is pursued. Of course, this approach is only

useful when a conventional variator control system is outperformed, which is formalized

below.

A conventional variator control system in modern production CVTs employs a so-

called safety strategy, which is either relative or absolute, in order to handle both

uncertainties and transients Van der Sluis et al. (2006). The relative safety strategy

and the absolute safety strategy are defined by:

Frel,s =
αrel,f |Tp| cos(β)

2µRp

(5.7)

Fabs,s =

(
1 + (αabs,f − 1)Tp,max

|Tp|

)
|Tp| cos(β)

2µRp

, (5.8)

where the traction coefficient µ is equal to µ = 0.09 [-]. The factor 2 accounts for the

number of friction surfaces and Tp,max denotes the primary external torque maximum,

i.e., the maximum torque that is theoretically generated by the ICE. Furthermore, αrel,f

and αabs,f denote the relative safety factor and the absolute safety factor, respectively.

In this chapter, the relative safety strategy is adopted for comparison purposes. This

avoids the (arbitrary) choice of Tp,max.

Consider the following definition and assumptions.

Assumption 5.3.1. In order to isolate the control problem for optimizing the variator

efficiency from the control problem for tracking the speed ratio reference, the variator is

geometrically fixed, i.e., the primary axially moveable sheave position xp is mechanically

constrained.

For this reason, the secondary side is used for evaluation purposes. The evaluation

assumes a certain stationary operating point, with ωp = ω̄p and Ts = T̄s, as well as

rg = r̄g, which follows from Assumption 5.3.1.
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Definition 5.3.2. In a conventional variator control system, the secondary clamping

force is given by:

Fsafe,s =
αf |Ts| cos(β)

2µRs

, (5.9)

where the relative safety value αf is equal to αf = 1.3 [-].

Remark 5.3.3. In Van der Sluis et al. (2006), the absolute safety value αabs,f = 1.3

[-] is applied, which is representative for modern production CVTs. Assume that both

αrel,f = 1.3 [-] and αabs,f = 1.3 [-] are fixed. A comparison between (5.7) and (5.8)

reveals that Frel,s ≤ Fabs,s. Observe that |Tp| � Tp,max for large periods of time within

the standardized driving cycles, see Van der Sluis et al. (2006). This implies that

Frel,s � Fabs,s for large periods of time within the standardized driving cycles, which

follows from a comparison between (5.7) and (5.8). As a result, the relative safety

strategy in Definition 5.3.2 evaluates the best-case performance of the absolute safety

strategy in Van der Sluis et al. (2006) in terms of the variator efficiency.

Assumption 5.3.4. The variator efficiency η is a concave function of the secondary

clamping force Fs with a global maximum that is defined by (Fs|η=ηmax , ηmax).

Assumption 5.3.5. The speed ratio rs is a concave function of the secondary clamping

force Fs with a global maximum that is defined by (Fs|rs=rs,max , rs,max).

Consider Definition 5.3.2 and Assumptions 5.3.4 and 5.3.5.

Assumption 5.3.6. The relation between the secondary clamping force values is given

by:

Fs|η=ηmax
< Fs|rs=rs,max

< Fsafe,s. (5.10)

Consider the following proposition.

Proposition 5.3.7. If Assumptions 5.3.4, 5.3.5, and 5.3.6 hold, then obtaining the

maximum of the input-output equilibrium map in which the clamping force is the input

and the speed ratio is the output is equivalent to improving the variator efficiency in

comparison with a conventional variator control system.

In Section 5.4, Assumptions 5.3.4, 5.3.5, and 5.3.6 and Proposition 5.3.7 are evalu-

ated.

5.4 Quasi-Stationary Experiments

A specific experiment is performed in order to show that Assumptions 5.3.4, 5.3.5,

and 5.3.6 are satisfied. The geometric ratio is equal to either Low or High. The

experiment is started from a certain stationary operating point, which is summarized

in Table 5.1 for both Low and High. In both cases, the primary axially moveable

sheave position is fixed, which is enforced by the choice of the primary pulley pressure
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reference pp,ref in relation to the secondary pulley pressure reference ps,ref . That is,

pp,ref is always sufficiently low with respect to ps,ref for Low, whereas pp,ref is always

sufficiently high with respect to ps,ref for High. A range of secondary external torque

references is considered.

Table 5.1: Stationary operating points for geometric ratios Low and High.

Quantity Unit Low ratio High ratio

p̄p,ref [bar] 0 20

p̄s,ref [bar] 25 6

ω̄p,ref [rpm] 1000 1000

T̄s,ref [Nm] 14,28,. . . ,84 7,14,. . . ,42

5.4.1 Experiment Design

A quasi-stationary experiment is designed. The secondary pulley pressure reference

ps,ref is defined by:

ps,ref(t) = p̄s,ref − 0.1t. (5.11)

The experiment is stopped when the relative slip exceeds the predefined value ν = 5

[%].

5.4.2 Experimental Results

In order to obtain a concise presentation of the experimental results, only the highest

geometric ratio is considered for T̄s,ref = 14 [Nm]. Similar results are obtained for the

lowest geometric ratio and alternative secondary external torque references. The an-

gular velocities and the torques are depicted in Fig. 5.2. The primary angular velocity

error ω̄p,ref − ωp is typically small due to closed loop velocity control, whereas the sec-

ondary torque error T̄s,ref − Ts is possibly large due to open loop torque control. The

secondary angular velocity ωs initially increases, reaches a maximum, and ultimately

decreases. The primary torque Tp decreases, since the pushbelt internal power loss is

reduced. The secondary pressure is depicted in Fig. 5.3. The experimental results as

a function of the secondary clamping force Fs are depicted in Fig. 5.4. From Fig. 5.4

(bottom left) and Fig. 5.4 (top left), the conclusion is drawn that Assumptions 5.3.4

and 5.3.5 are satisfied, respectively. Furthermore, Fig. 5.4 (bottom left) shows that

Assumption 5.3.6 is satisfied, since Fs|η=ηmax < Fs|rs=rs,max < Fsafe,s. A change of the

geometric ratio is observed in Fig. 5.4 (top right), which results from a change of defor-

mations in the variator. Finally, Fig. 5.4 (bottom right) shows that the relative slip ν

monotonically increases when the secondary clamping force Fs monotonically decreases.

Indeed, the experiment is stopped when the relative slip exceeds the predefined value

ν = 5 [%].
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Figure 5.2: Quasi-stationary experimental results for High and T̄s,ref = 14 [Nm] (solid black: Mea-
surement; solid grey: Reference).
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Figure 5.3: Quasi-stationary experimental results for High and T̄s,ref = 14 [Nm] (Left : Reference;
Right : Measurement).

5.4.3 Interpretation

A comparison is made between the situation in which Fs = Fs|rs=rs,max and the situation

in which Fs = Fsafe,s. The results of the comparison are depicted in Fig. 5.5 for Low

and in Fig. 5.6 for High. In these figures, the situation for which the variator efficiency

reaches its maximum is equal to 100 [%], i.e., Fs = Fs|η=ηmax and η = ηmax, which

is done for normalization purposes. From Fig. 5.5 and Fig. 5.6 (left), it is concluded

that Assumption 5.3.6 holds for all secondary external torque references. The average

ratios for Fs|rs=rs,max/Fs|η=ηmax and Fsafe,s/Fs|η=ηmax are equal to 130 [%] and 145 [%]

for Low and 105 [%] and 143 [%] for High, respectively. From Fig. 5.5 and Fig. 5.6
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Figure 5.4: Quasi-stationary experimental results for High and T̄s,ref = 14 [Nm] (solid black: Mea-
surement; solid grey: Fs|η=ηmax ; dashed black: Fs|rs=rs,max ; dashed grey: Fsafe,s).

(right), it is concluded that Proposition 5.3.7 holds for all secondary external torque

references. The average ratios for η(Fs|rs=rs,max)/ηmax and η(Fsafe,s)/ηmax are equal to

96.6 [%] and 95.2 [%] for Low and 99.7 [%] and 98.7 [%] for High, respectively. This

completes the motivation for a technique that searches for the maximum in the input-

output equilibrium map in which the clamping force is the input and the speed ratio

is the output.
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Figure 5.5: Comparison between approaches in terms of percentages with respect to maximum variator
efficiency for Low (Left : Fs = Fs|rs=rs,max (black) and Fs = Fsafe,s (grey); Right :
η = η(Fs|rs=rs,max) (black) and η = η(Fsafe,s) (grey)).
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Figure 5.6: Comparison between approaches in terms of percentages with respect to maximum variator
efficiency for High (Left : Fs = Fs|rs=rs,max (black) and Fs = Fsafe,s (grey); Right :
η = η(Fs|rs=rs,max) (black) and η = η(Fsafe,s) (grey)).

5.5 Extremum Seeking Control

The presence of a maximum in the input-output equilibrium map in which the clamp-

ing force is the input and the speed ratio is the output is investigated by means of

experiments in Section 5.4. A quantitative prediction of this extremum by means of a

variator model is a hard task, especially in real-time. This is caused by the complex-

ity and the unreliability of the available variator models, in which several phenomena

are typically simplified, e.g., the local friction models. Since the use of a variator

model is not required in the ESC approach, i.e., a non-model-based approach, this

approach is applied to the variator. The ESC approach applies to situations where

a nonlinearity exists in the control problem, which has either a (local) minimum or a

(local) maximum. Here, the nonlinearity exists in the variator behavior, i.e., a physical

nonlinearity, which appears through the input-output equilibrium map. Alternatively,

the nonlinearity exists in the objective function of a certain optimization problem, see

the anti-lock braking system (ABS) control problem in Zhang and Ordóñez (2007),

for example. Basically, the ESC approach derives the (local) gradient of the input-

output equilibrium map, which enables the adaptation towards the extremum. This

is illustrated in Fig. 5.7. The nonlinear system is explicitly perturbed by a sinusoidal

perturbation, for example. Roughly, the response of the nonlinear system is in phase

to the left of the extremum, zero at the extremum, and out of phase to the right of the

extremum. On the basis of correlation between the periodic perturbation and the peri-

odic response, the (local) gradient of the input-output equilibrium map is determined.

Recently, the application of ESC is experimentally demonstrated for several industrial

problems, e.g., an axial-flow compressor (Wang et al., 2000) and an electromechanical

valve actuator (Peterson and Stefanopoulou, 2004).
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Figure 5.7: Schematic illustration of periodic perturbation and periodic responses for input-output
equilibrium map with maximum.

5.5.1 Assumptions

Consider the general single-input single-output (SISO) nonlinear system:

ẋ = f(x, u) (5.12a)

y = g(x), (5.12b)

where x ∈ Rn is the state, u ∈ R is the input, y ∈ R is the output, and f : Rn×R→ Rn

and g : Rn → R are smooth. Here, the state x, the input u, and the output y are defined

by:

x = rs (5.13)

u = Fs (5.14)

y = x. (5.15)

A certain stationary operating point is considered, with ωp = ω̄p, Ts = T̄s, and rg = r̄g,

where ω̄p, T̄s, and r̄g are constants. The secondary clamping force Fs initially starts

from Fs = F̄s. A decrease of the secondary clamping force Fs ultimately results in

a transition of the variator behavior from open loop stable to open loop unstable,

since the friction force between the pushbelt and the conical sheaves is limited. The

transition of the variator behavior from open loop stable to open loop unstable occurs

for the secondary clamping force value F̃s.

The following assumption is introduced with respect to the transition. Consider

Assumption 5.3.4.

Assumption 5.5.1. The relation between the secondary clamping force values is given

by:

F̃s < Fs|η=ηmax
. (5.16)
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This implies that the variator efficiency maximum occurs within the region for

which the variator behavior is open loop stable. This assumption is supported by the

experimental results in this chapter and in Sakagami et al. (2007, Fig. 3).

The following assumptions are introduced with respect to the SISO nonlinear sys-

tem (5.12).

Assumption 5.5.2. There exists a smooth function h : R→ Rn such that:

ẋ = 0⇔ x = h(u), (5.17)

for the interval u > ũ.

From the quasi-stationary experimental results in Fig. 5.4 (top left), it follows that

Assumption 5.5.2 is satisfied.

Assumption 5.5.3. There exists u∗ ∈ R such that:

∂y

∂u

∣∣∣∣
u=u∗

= 0 (5.18)

∂2y

∂u2

∣∣∣∣
u=u∗

< 0. (5.19)

That is, the input-output equilibrium map y = g(h(u)) has a maximum for u = u∗.

From the quasi-stationary experimental results in Fig. 5.4 (top left), it follows that

Assumption 5.5.3 is satisfied.

5.5.2 Objective and Concept

In practice, a variator control system is typically implemented in terms of pulley pres-

sures instead of clamping forces. The interconnections between pulley pressures and

clamping forces are given by (1.1). Consider the control configuration in Fig. 5.8. Here,

GV denotes the relation between ps and rs and THp and THs denote the relations be-

tween pp,ref and pp and ps,ref and ps, respectively. Furthermore, ∆Tp and ∆Ts denote

the deviations that are possibly superposed to the nominal values T̄p and T̄s.

pp,ref
THp

pp

THs

ps,ref ps

rs
[

.
ESC

] [
. GV

]

Tp

∆Tp

Ts

∆Ts

T̄p

T̄s

Figure 5.8: Control configuration.
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This suggests the introduction of the following definitions:

u = ps (5.20)

uref = ps,ref . (5.21)

The following objective is formulated with respect to the SISO nonlinear system (5.12).

Objective 5.5.4. Design a feedback mechanism from y to uref without the knowledge

of both u∗ref and the function h that maximizes the steady-state value of y.

The feedback mechanism is depicted in Fig. 5.9. Use is made of a sinusoidal pertur-

bation αm sin(2πfmt), which is added to ûref , i.e., the estimate of the optimum input

u∗ref . As a result, the input of the hydraulic actuation system uref is defined by:

uref(t) = ûref(t) + αm sin(2πfmt), (5.22)

where αm denotes the perturbation amplitude and fm denotes the perturbation fre-

quency. When the periodic perturbation is slow in comparison with the variator dy-

namics, the variator essentially manifests itself in the form of a static map. Conse-

quently, there is no interference between the variator dynamics GV and the feedback

mechanism. When ûref is on either side of u∗ref , the periodic perturbation enforces a

periodic response of the output of the variator y, which is either in phase or out of

phase with the periodic perturbation. With this information, the feedback mechanism

from y to ûref is designed, which consists of the following operations:

ξ1 = Hb(s)y (5.23)

ξ2 = Hb(s)u (5.24)

ξ3 = ξ1ξ2 (5.25)

ξ4 = Hl(s)ξ3 (5.26)

ûref =
1

s
Iξ4. (5.27)

Here, Hb(s) denotes a band-pass filter, Hl(s) denotes a low-pass filter, and I denotes

the integrator gain. The band-pass filter Hb(s) enforces the suppression of “DC compo-

nents” and noise for y and u, which results in ξ1 and ξ2, respectively. As a result, ξ1 and

ξ2 are approximately two sinusoids, which are out of phase for ûref > u∗ref and in phase

for ûref < u∗ref . In either case, the product of both sinusoids ξ3 has a “DC component”.

The low-pass filter Hl(s) extracts the “DC component” of ξ3, which results in ξ4. Fi-

nally, ûref results from integration of ξ4, with integrator gain I. The initial condition

for the integrator is equal to ūref , which corresponds to a certain stationary operating

point. Observe that (5.26) contains the gradient information and (5.27) represents the

gradient update law, which enables the adaptation of ûref towards the optimum input

u∗ref .

Obviously, the feedback mechanism incorporates five design options. These are the

perturbation amplitude αm, the perturbation frequency fm, the band-pass filter Hb(s),
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Figure 5.9: Feedback mechanism from y to uref for ESC.

the low-pass filter Hl(s), and the integrator gain I. The selection of these design

options is closely related to the proof of stability for the closed loop system, which is

addressed in Krstić and Wang (2000). The feedback mechanism in Krstić and Wang

(2000) is similar to the feedback mechanism in Fig. 5.9. However, a high-pass filter

is employed instead of a band-pass filter. The main reason for the application of a

band-pass filter concerns the suppression of noise. When Assumptions 5.5.1, 5.5.2,

and 5.5.3 are satisfied, convergence of the solution (x(t), ûref(t), ξ4(t), y(t)) towards a

certain neighborhood of the point (h(u∗ref), u
∗
ref , 0, g(h(u∗ref))) is guaranteed by Krstić

and Wang (2000, Theorem 5.1) for a suitable choice of the design options. A suitable

choice of the design options is made in Section 5.5.3.

5.5.3 Design Options

The perturbation amplitude αm, the perturbation frequency fm, the band-pass filter

Hb(s), the low-pass filter Hl(s), and the integrator gain I are given by:

αm = 0.7 (5.28)

fm = 3 (5.29)

Hb(s) =

2
2πfm

0.01s
1

(2πfm)2
s2 + 2

2πfm
0.01s+ 1

(5.30)

Hl(s) =
1

1
2π1
s+ 1

(5.31)

I = 250. (5.32)

The Bode diagrams of the band-pass filter Hb(s) and the low-pass filter Hl(s) are

depicted in Fig. 5.10. Both filters are discretized on the basis of a first-order hold

discretization scheme, in order to realize a discrete time implementation.

Upper bounds are imposed on the perturbation amplitude αm and the perturba-

tion frequency fm, in order to confine the size of the region to which the solution

converges Krstić and Wang (2000, Theorem 5.1). On the other hand, a sufficiently

large αm and fm are required in order to excite the variator and to achieve conver-

gence, respectively, see Ariyur and Krstić (2003, Section 1.2.3). The band-pass filter
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Hb(s) is designed in accordance with the perturbation frequency fm and enforces the

suppression of “DC components” and noise. The cut-off frequency of the low-pass filter

Hl(s) is a fraction of the perturbation frequency fm, see Krstić and Wang (2000). Fi-

nally, the integrator gain I is limited in order to confine the size of the region to which

the solution converges Krstić and Wang (2000, Theorem 5.1). On the other hand, a

sufficiently large I is desired in order to accelerate convergence.
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Figure 5.10: Bode diagrams of filters in experiments (Left : Band-pass filter Hb(s); Right : Low-pass
filter Hl(s)).

5.5.4 Convergence

Several approaches to accelerate convergence are known. The application of one or more

of these approaches in order to improve the convergence speed via the optimization

of available functionality (αm, fm, Hb(s), Hl(s), and I) or the introduction of extra

functionality is possible. A selection of these approaches is discussed, although the

implementation is not pursued in order to direct the attention towards the basics of

the operation of the feedback mechanism. The theoretical analysis in Tan et al. (2008)

shows that the convergence speed of the closed loop system is determined by: 1) the

integrator gain I, 2) the perturbation amplitude αm, 3) the perturbation frequency

fm, 4) the power of the dither signal, i.e., the excitation signal, which is evaluated

for a normalized version, i.e., a dither signal of the same shape with amplitude 1 and

period 2π. Regarding 1): Krstić (2000) extends the integrator in the feedback loop

with a dynamic compensator, e.g., a proportional-derivative (PD) compensator, in
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order to improve the stability properties of the feedback loop, which allows a larger

integrator gain and a higher convergence speed. Another approach that pursues this

objective is given by the introduction of a phase shift between the excitation signal at

the summation point (modulation signal) and the excitation signal at the multiplication

point (demodulation signal), see Krstić (2000). Regarding 2): Henning et al. (2008)

proposes a scheme that adapts the perturbation amplitude from a large value away

from the extremum to a small value close to the extremum. Regarding 3): Tan et al.

(2008) shows that the larger the perturbation frequency, the higher the convergence

speed. Regarding 4): Tan et al. (2008) shows that the ratio between the power of a

normalized square wave, a normalized sine wave, and a normalized triangle wave is

given by 1 : 1
2

: 1
3
, which implies that the convergence speed is highest for a square

wave and lowest for a triangle wave. Another approach that improves the convergence

speed is given by the estimation of the extremum on the basis of the identification

of the uncertain input-output equilibrium map by means of Chebyshev polynomials,

which assists the estimate of the optimum input that is obtained from the integrator,

see Takata et al. (2005).

5.5.5 Closed Loop Experiments

The operation of the feedback mechanism is evaluated by means of closed loop experi-

ments. The angular velocities and the torques are depicted in Fig. 5.11. The secondary

pressure is depicted in Fig. 5.12. The experimental results as a function of the sec-

ondary clamping force Fs are depicted in Fig. 5.13. For 0 ≤ t ≤ 50 [s], the loop is

opened in front of the integrator, i.e., ûref = ūref . For t > 50 [s], the loop is closed in

front of the integrator, i.e., ûref 6= ūref . From Fig. 5.12, it follows that uref decreases

towards u∗ref , which is approximately reached for t ≈ 100 [s]. From a comparison be-

tween Fig. 5.4 and Fig. 5.13, it follows that the feedback mechanism converges towards

a small neighborhood of the extremum rs = rs,max. In order to accelerate convergence,

a choice of the initial condition for the integrator close to u∗ref is desired, which is pro-

vided by the conventional variator control system, for example. Alternative approaches

to accelerate convergence are discussed in Section 5.5.4.

In order to elucidate the operation of the feedback mechanism, the signals in the

feedback loop are depicted in Fig. 5.14. For 50 ≤ t ≤ 55 [s], uref > u∗ref and ξ1 and ξ2

are approximately two sinusoids. Since both sinusoids are approximately out of phase,

the product ξ3 has a “DC component”. The low-pass filter Hl(s) extracts the “DC

component” of ξ3, which results in ξ4. For 105 ≤ t ≤ 110 [s], uref ≈ u∗ref and several

changes are observed in comparison with uref > u∗ref . The amplitude of ξ1 decreases

and the phase of ξ1 shifts with respect to ξ2. As a result, the product ξ3 oscillates

around zero, which also holds for ξ4 due to the application of the low-pass filter Hl(s).

This implies that ûref oscillates around u∗ref .
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Figure 5.11: Closed loop experimental results for High and T̄s,ref = 14 [Nm] (solid black: Measure-
ment; solid grey: Reference).
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Figure 5.12: Closed loop experimental results for High and T̄s,ref = 14 [Nm] (Left : Reference; Right :
Measurement).

5.6 Robustness Analysis

The torques Tp and Ts that are exerted on the variator are considered in terms of

disturbances, see the control configuration in Fig. 5.8. For the closed loop experiments

in Section 5.5.5, the torque Tp is quasi-stationary and the torque Ts is stationary, see

Fig. 5.11. However, the torque disturbances that are encountered when the variator

is installed in a passenger car are transient of nature. These torque disturbances

possibly enforce a transition of the variator behavior from open loop stable to open

loop unstable. This transition occurs for the secondary clamping force value F̃s, which

corresponds to the relative slip value ν̃. This possibly destabilizes the ESC feedback
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Figure 5.13: Closed loop experimental results for High and T̄s,ref = 14 [Nm].
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mechanism, since the proof of stability for the ESC feedback mechanism holds when

the variator behavior is open loop stable (ν < ν̃) and terminates when the variator

behavior is open loop unstable (ν > ν̃), see Section 5.5.2. Therefore, the robustness of

the ESC feedback mechanism with respect to these torque disturbances is analyzed.

The torque disturbances are induced by the ICE (primary side) or the road (sec-

ondary side). The primary torque disturbance ∆Tp is typically imposed by the driver

who depresses the accelerator pedal for acceleration of the vehicle. The secondary

torque disturbance ∆Ts is typically induced by the road, where persistent torque dis-

turbances and nonpersistent torque disturbances are distinguished. Changing from a

road that runs level to a road that runs uphill or changing from a smooth asphalt

road to a rough gravel road are typical examples of torque disturbances with a per-

sistent character. Driving across obstacles or unevennesses are typical examples of

torque disturbances with a nonpersistent character. Several artificial obstacles that

are representative for real roads are described in Schmeitz (2004, Section 4.1.1 and

Section 5.2.1), which involve a step bump, a sine bump, and a trapezoid bump, for

example.

Regarding the primary side, the engine control unit (ECU) of the ICE measures

several variables, e.g., the accelerator pedal position or the throttle valve angle and

the crankshaft velocity. These variables in combination with the performance map of

the ICE enable the estimation of the torque, see Lechner and Naunheimer (1999, Sec-

tion 3.3.2). Subsequently, this estimate of the torque is transferred to the transmission

control unit (TCU). Hence, a priori information with respect to the primary torque

disturbance ∆Tp is typically available. Regarding the secondary side, a priori infor-

mation with respect to the secondary torque disturbance ∆Ts is typically unavailable.

A specific exception is found in the situation where knowledge of the road in front of

the driven wheels, i.e., preview information, is used, see, e.g., Hać (1992); Prokop and

Sharp (1995), which is rare, however.

Obviously, when a priori information with respect to the torque disturbances ∆Tp
and ∆Ts is available, this is beneficially exploited by means of the application of a

feedforward controller. That is, the measured disturbances Tj are related to the manip-

ulated variables Fj via a variator model, see (5.9), of which the quality is questionable,

see Van der Sluis et al. (2006, Section 2.3). Especially the traction coefficient µ is

uncertain. Here, the subscript j ∈ {p, s} denotes either the primary pulley p or the

secondary pulley s. On the one hand, it is expected that the quality is sufficient to

maintain stability of the closed loop system with the ESC feedback mechanism during

transient situations. On the other hand, it is expected that the quality is insufficient

to guarantee performance of the closed loop system without the ESC feedback mech-

anism during stationary situations. Feedforward of the primary torque disturbance is

generally possible, whereas feedforward of the secondary torque disturbance is typi-

cally impossible. The robustness of the ESC feedback mechanism with respect to both

torque disturbances is analyzed. A primary torque disturbance ∆Tp that resembles a

depression of the accelerator pedal is considered in Section 5.6.1, whereas a secondary
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torque disturbance ∆Ts that resembles the passage of a step bump is considered in

Section 5.6.2. Finally, both situations are evaluated in Section 5.6.3.

5.6.1 Primary Disturbance

For the primary disturbance, a primary torque reference Tp,ref is defined, i.e., Tp,ref =

T̄p,ref + ∆Tp,ref . Here, the nominal value T̄p,ref is extended with the deviation ∆Tp,ref ,

which resembles a depression of the accelerator pedal. In order to resemble the situation

for a passenger car, the control system of the electric motors is modified, see Fig. 5.15.

Essentially, the primary electric motor is open loop torque controlled, whereas the

secondary electric motor is closed loop velocity controlled. Hence, the situation is

interchanged in comparison with the control system of the electric motors in Fig. 1.12.

Tp

−

Ts

GMp

GMs ωs

ωp

Tp,ref

Ts,ref
KMs

T̄p,ref

ω̄s,ref

∆Tp,ref

Figure 5.15: Control of electric motors GMj
for primary disturbance.

A specific experiment is performed in order to analyze the robustness of the ESC

feedback mechanism. The analysis in Section 5.4.3 shows that the robustness margin

in terms of the clamping force is equal to 30 [%] for Low and 5 [%] for High, i.e.,

Low is least critical and High is most critical. Therefore, the highest geometric ratio is

considered. The experiment is started from a certain stationary operating point, which

is summarized in Table 5.2. Subsequently, the experiment proceeds along the steps that

are described in Section 5.5.5. The ESC feedback mechanism converges towards a small

neighborhood of the extremum rs = rs,max, which is approximately reached for t ≈ 100

[s]. Finally, the deviation ∆Tp,ref is superposed to the nominal value T̄p,ref for t ≥ 400.0

[s]. The chosen deviation ∆Tp,ref is representative for a depression of the accelerator

pedal with moderate impact.

The experiment is performed twice. First, without feedforward of the primary

torque disturbance ∆Tp,ref . Second, with feedforward of the primary torque disturbance

∆Tp,ref . A contribution ∆ps,ref is added to the estimate of the optimum input p̂s,ref ,

which is defined by:

∆ps,ref = 0 (5.33a)

∆ps,ref =
1

As

∆Tp,ref cos(β)

2µRp

, (5.33b)

for the case without feedforward and the case with feedforward, respectively. The
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Table 5.2: Stationary operating point for geometric ratio High and primary disturbance.

Quantity Unit High ratio

p̄p,ref [bar] 20

p̄s,ref [bar] 6

ω̄s,ref [rpm] 2230

T̄p,ref [Nm] 67
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Figure 5.16: Closed loop experimental results for High and primary disturbance (Left : Without feed-
forward; Right : With feedforward) (black: Measurement; grey: Reference).

presentation of the experimental results shows the case without feedforward on the left

and the case with feedforward on the right.

The angular velocities are depicted in Fig. 5.16, whereas the torques are depicted

in Fig. 5.17. For the case without feedforward, the deviation ∆Tp (Fig. 5.17 (top left))

accelerates mainly the primary pulley (Fig. 5.16 (top left)), since the variator is un-

able to transfer the additional torque. As a result, the secondary angular velocity ωs
subsequently oscillates around the secondary angular velocity reference ω̄s,ref (Fig. 5.16

(bottom left)), which is enforced by the secondary torque Ts (Fig. 5.17 (bottom left)).

For the case with feedforward, the deviation ∆Tp (Fig. 5.17 (top right)) accelerates

both the primary pulley and the secondary pulley (Fig. 5.16 (top right and bottom

right)), since the variator is able to transfer the additional torque. As a result, the
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Figure 5.17: Closed loop experimental results for High and primary disturbance (Left : Without feed-
forward; Right : With feedforward) (black: Measurement; grey: Reference).
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Figure 5.18: Closed loop experimental results for High and primary disturbance (Left : Without feed-
forward; Right : With feedforward).
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Figure 5.19: Closed loop experimental results for High and primary disturbance (Left : Without feed-
forward; Right : With feedforward).
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Figure 5.20: Closed loop experimental results for High and primary disturbance (Left : Without feed-
forward; Right : With feedforward).



160 Chapter 5. Extremum Seeking Control

399 399.5 400 400.5 401
−2

0

2
x 10

−3

ξ 1
[-]

399 399.5 400 400.5 401
−0.5

0

0.5

ξ 2
[-]

399 399.5 400 400.5 401
−2

0

2
x 10

−4

ξ 3
[-]

399 399.5 400 400.5 401
−2

0

2
x 10

−4

t [s]

ξ 4
[-]

399 400 401 402 403
−2

0

2
x 10

−3

399 400 401 402 403
−0.5

0

0.5

399 400 401 402 403
−2

0

2
x 10

−4

399 400 401 402 403
−2

0

2
x 10

−4

t [s]

Figure 5.21: Closed loop experimental results for High and primary disturbance (Left : Without feed-
forward; Right : With feedforward).

secondary angular velocity ωs ultimately decreases towards the secondary angular ve-

locity reference ω̄s,ref (Fig. 5.16 (bottom right)), which is enforced by the secondary

torque Ts (Fig. 5.17 (bottom right)).

For the case without feedforward, the speed ratio rs drops (Fig. 5.18 (top left)),

which follows from the responses of ωp and ωs, whereas the geometric ratio rg slightly

increases (Fig. 5.18 (bottom left)). As a result, the relative slip ν rises (Fig. 5.19 (bot-

tom left)). The experiment is stopped when the relative slip exceeds the predefined

value ν = 15 [%]. Obviously, the variator enters in the macro-slip region, i.e., the

variator behavior is open loop unstable and ν > ν̃. Observe that the variator efficiency

η drops (Fig. 5.19 (top left)). The contribution ∆ps,ref and the estimate of the opti-

mum input p̂s,ref are depicted in Fig. 5.20 (left), together with the secondary pressure

reference ps,ref and the secondary pressure ps. Apart from the sinusoidal perturbation,

ps,ref is only determined by p̂s,ref , since the case without feedforward is considered, i.e.,

∆ps,ref is equal to (5.33a). It is observed that the estimate of the optimum input p̂s,ref

slightly decreases, which is undesired, since the deviation ∆Tp is obviously positive.

This behavior is also observed from the signals in the feedback loop (Fig. 5.21 (left)),

especially from ξ4, which contains the gradient information. Hence, the ESC feed-

back mechanism without feedforward is unable to adapt to the change of the operating

condition.

For the case with feedforward, both the speed ratio rs (Fig. 5.18 (top right)) and

the geometric ratio rg (Fig. 5.18 (bottom right)) slightly decrease. This is caused by
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the change of the operating condition. As a result, the relative slip ν slightly increases

(Fig. 5.19 (bottom right)). Obviously, the variator operates in the micro-slip region,

i.e., the variator behavior is open loop stable and ν < ν̃. Observe that the variator

efficiency η slightly increases (Fig. 5.19 (top right)). The contribution ∆ps,ref and the

estimate of the optimum input p̂s,ref are depicted in Fig. 5.20 (right), together with

the secondary pressure reference ps,ref and the secondary pressure ps. Apart from

the sinusoidal perturbation, ps,ref is mainly determined by ∆ps,ref , since the case with

feedforward is considered, i.e., ∆ps,ref is equal to (5.33b). It is observed that the

estimate of the optimum input p̂s,ref slightly changes, since the contribution ∆ps,ref is

apparently inaccurate. This behavior is also observed from the signals in the feedback

loop (Fig. 5.21 (right)), especially from ξ4, which contains the gradient information.

Hence, the ESC feedback mechanism with feedforward is able to adapt to the change

of the operating condition.

5.6.2 Secondary Disturbance

For the secondary disturbance, a secondary angular velocity reference ωs,ref is defined,

i.e., ωs,ref = ω̄s,ref +∆ωs,ref . Here, the nominal value ω̄s,ref is extended with the deviation

∆ωs,ref , which resembles the passage of a step bump. In order to resemble the situation

for a passenger car, the control system of the electric motors is modified, see Fig. 5.22.

Essentially, the primary electric motor is open loop torque controlled, whereas the

secondary electric motor is closed loop velocity controlled. Hence, the situation is

interchanged in comparison with the control system of the electric motors in Fig. 1.12.

The control signal for the secondary electric motor Ts,ref consists of the closed loop

contribution Ts,ref,fb and a feedforward contribution Ts,ref,ff , i.e., Ts,ref = Ts,ref,fb+Ts,ref,ff .

The feedforward contribution is defined by:

Ts,ref,ff = Ĝ−1
Ms

∆ωs,ref , (5.34)

which aims to reduce the tracking error ω̄s,ref + ∆ωs,ref −ωs. The control signal for the

primary electric motor Tp,ref consists of the open loop contribution T̄p,ref and a feedback

contribution Tp,ref,fb, i.e., Tp,ref = Tp,ref,fb + T̄p,ref . The feedback contribution is defined

by:

Tp,ref,fb = Kd(ω̄s,ref − ωs), (5.35)

which aims to reduce the tracking error ω̄s,ref −ωs. As a result, the feedback controller

Kd resembles the driver behavior. The driver aims to maintain a velocity of the vehicle

that is constant.

A specific experiment is performed in order to analyze the robustness of the ESC

feedback mechanism. Again, the highest geometric ratio is considered. The exper-

iment is started from a certain stationary operating point, which is summarized in

Table 5.3. Subsequently, the experiment proceeds along the steps that are described in

Section 5.5.5. The ESC feedback mechanism converges towards a small neighborhood

of the extremum rs = rs,max, which is approximately reached for t ≈ 100 [s]. Finally,
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Figure 5.22: Control of electric motors GMj
for secondary disturbance.

the deviation ∆ωs,ref is superposed to the nominal value ω̄s,ref for 400.0 ≤ t ≤ 400.6

[s]. The chosen deviation ∆ωs,ref is representative for the passage of a step bump with

moderate impact. The amplitude is restricted by both the stationary capabilities and

the transient capabilities of the test rig, which are physically limited.

Table 5.3: Stationary operating point for geometric ratio High and secondary disturbance.

Quantity Unit High ratio

p̄p,ref [bar] 20

p̄s,ref [bar] 6

ω̄s,ref [rpm] 2230

T̄p,ref [Nm] 67

The angular velocities are depicted in Fig. 5.23, whereas the torques are depicted

in Fig. 5.24. For t < 400.0 [s], both ωs,ref (Fig. 5.23) and Tp,ref (Fig. 5.24) are accu-

rately tracked. For t ≥ 400.0 [s], the response ωs clearly deviates from the reference

ωs,ref . The response ωs lags behind the reference ωs,ref and the amplitude shows a

large mismatch, except for the amplitude of the first positive peak. Nevertheless, the

frequency of the first two oscillations is similar. For the oscillation that follows, the

response ωs strongly deviates from the reference ωs,ref , where the response ωs is sub-

critically damped. These deviations are attributed to the inaccuracy of the inverse

model Ĝ−1
Ms

, which deteriorates the feedforward contribution Ts,ref,ff . This inaccuracy

is mainly caused by the nonlinearity of the power electronics of the electric motors.

Since the response ωs clearly deviates from the reference ω̄s,ref , the feedback controller

Kd generates the feedback contribution Tp,ref,fb, which is slow, see Fig. 5.24. As a re-

sult, the primary angular velocity ωp largely follows the secondary angular velocity ωs.

However, the speed ratio rs shows a small oscillation in the intermediate time interval

400.0 ≤ t ≤ 400.5 [s], whereas the geometric ratio rg is stationary in the complete time
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Figure 5.23: Closed loop experimental results for High and secondary disturbance (black: Measure-
ment; grey: Reference).
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Figure 5.24: Closed loop experimental results for High and secondary disturbance (black: Measure-
ment; grey: Reference).
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Figure 5.25: Closed loop experimental results for High and secondary disturbance.
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Figure 5.26: Closed loop experimental results for High and secondary disturbance.

interval 399.0 ≤ t ≤ 403.0 [s], see Fig. 5.25.
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Figure 5.27: Closed loop experimental results for High and secondary disturbance.
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Figure 5.28: Closed loop experimental results for High and secondary disturbance.

The oscillations in the angular velocities ωp and ωs and the torques Tp and Ts are
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the source of the oscillations in the variator efficiency η, which is depicted in Fig. 5.26.

Similarly, the oscillation in the speed ratio rs is the source of the two positive peaks in

the relative slip ν, see Fig. 5.26. Despite these two positive peaks in the relative slip ν,

the transition of the variator behavior from open loop stable to open loop unstable is

not enforced, since max(ν) ≈ 1.3 [%] and max(ν) < ν̃. Observe that the response ν of

the test rig is conservative in comparison with a passenger car, however. This is mainly

caused by the primary inertia of the test rig. The inertias of the primary electric motor

Jp and the secondary electric motor Js are equal to Jj = 0.503 [kgm2], see Siemens

AG (1997, Page 3/9). The primary inertia Jp is approximately 3 times larger and the

secondary inertia Js is approximately 16 times smaller than the corresponding inertias

in a passenger car. Hence, the primary inertia of the test rig is large in comparison

with a passenger car, which suggests that the positive peaks in the relative slip ν for

the test rig are high in comparison with a passenger car.

The secondary disturbance is very fast, which is deduced from Fig. 5.26. The two

positive peaks in the relative slip ν appear and disappear within the time interval

400.0 ≤ t ≤ 400.5 [s]. Since the ESC feedback mechanism is relatively slow, the sec-

ondary disturbance is not noticed. This is deduced from Fig. 5.27, where the estimate

of the optimum input p̂s,ref , the secondary pressure reference ps,ref , and the secondary

pressure ps are depicted. Both ps,ref and ps oscillate around p̂s,ref , where the oscillation

is primarily introduced by the sinusoidal perturbation. Hence, the estimate of the op-

timum input p̂s,ref is not adapted on the basis of the secondary disturbance. This is

confirmed by the signals in the feedback loop, which are depicted in Fig. 5.28. Notice

that the variator operates in terms of a torque fuse. That is, the secondary disturbance

is fused by the variator, i.e., the relative slip is shortly increased, while the secondary

disturbance is not suppressed by the variator control system.

5.6.3 Evaluation

The robustness of the ESC feedback mechanism with respect to a primary disturbance

that resembles a depression of the accelerator pedal is analyzed in Section 5.6.1. Two

cases are considered. Initially, the primary disturbance is applied without feedforward

and the variator subsequently enters in the macro-slip region, i.e., the variator behav-

ior is open loop unstable and ν > ν̃, from which the conclusion is drawn that the ESC

feedback mechanism without feedforward is unable to adapt to the change of the oper-

ating condition. Finally, the primary disturbance is applied with feedforward and the

variator subsequently operates in the micro-slip region, i.e., the variator behavior is

open loop stable and ν < ν̃, from which the conclusion is drawn that the ESC feedback

mechanism with feedforward is able to adapt to the change of the operating condition.

The robustness of the ESC feedback mechanism with respect to a secondary distur-

bance that resembles the passage of a step bump is analyzed in Section 5.6.2. The

conclusion is drawn that the secondary disturbance is not noticed by the ESC feedback

mechanism, since the secondary disturbance is fast and the ESC feedback mechanism

is slow. Observe that the variator operates in the micro-slip region, i.e., the variator
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behavior is open loop stable and ν < ν̃.

Further considerations are related to the duration of the secondary disturbance.

Assume that the variator enters in the macro-slip region, i.e., the variator behavior

is open loop unstable and ν > ν̃. When the duration of the secondary disturbance

is short, i.e., less than a few seconds with a high-frequency character, the secondary

disturbance is not noticed by the ESC feedback mechanism. In the time interval

where the secondary disturbance is present, the estimate of the optimum input is not

adapted and the closed loop system generally remains stable. This situation applies

to road irregularities that are often encountered, e.g., a curb, a pot-hole, or a manhole

cover. When the duration of the secondary disturbance is long, i.e., more than a few

seconds with a low-frequency character, the secondary disturbance is noticed by the

ESC feedback mechanism. In the time interval where the secondary disturbance is

present, the estimate of the optimum input is adapted and the closed loop system

possibly becomes unstable. This situation demands for modifications that are related

to the closed loop system, where two possibilities are distinguished.

In the first possibility, the ESC feedback mechanism is modified in order to cope

with systems of which the dynamics is unstable. In Zhang et al. (2007), the ESC

feedback mechanism is extended in order to deal with marginally stable systems and

moderately unstable systems. The marginally stable systems incorporate single inte-

grators or double integrators. The moderately unstable systems incorporate slightly

unstable poles. A compensator is included in the feedback loop, in order to introduce

a phase lead that compensates for the phase lag that originates from the unstable dy-

namics. For the variator, the transition from open loop stable to open loop unstable

implies that the real-valued pole shifts from the left-half plane (LHP) to the right-half

plane (RHP). Although the definition of moderately unstable systems is vague, the ex-

pectation is posed that the variator is excluded from this class of moderately unstable

systems. In the second possibility, the low-level control system, i.e., the ESC feedback

mechanism, is supervised by a high-level control system. The high-level control system

incorporates a detection mechanism and a conventional control system. When desta-

bilization is detected by the detection mechanism, see, e.g., Yamaguchi et al. (2004),

the ESC feedback mechanism is overruled by the conventional control system. After

the secondary disturbance is appropriately handled by the conventional control system,

the ESC feedback mechanism is reinvoked.

5.7 Discussion

In this chapter, a control design for the variator in a pushbelt continuously variable

transmission (CVT) is proposed that effectively improves the variator efficiency and

only uses the measurements of the angular velocities and the secondary pulley pres-

sure, which are standard. From a series of experiments, several conclusions are drawn:

1) a global maximum exists for the variator efficiency (dedicated measurement) as a

function of the secondary clamping force, 2) a global maximum exists for the speed
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ratio (standard measurement) as a function of the secondary clamping force, and 3) the

argument in 2) results in a variator efficiency value that approximates the maximum

in 1). This motivates the consideration of the input-output equilibrium map in which

the secondary clamping force is the input and the speed ratio is the output, although

the location of the maximum is uncertain. For this reason, the maximum of the input-

output equilibrium map is found by means of extremum seeking control (ESC), which

aims to adapt the input in order to maximize the output. In this way, the variator

efficiency is improved in comparison with a conventional control design, which is suc-

cessfully demonstrated by means of experiments. Furthermore, the robustness of the

ESC feedback mechanism with respect to a primary side disturbance that resembles

a depression of the accelerator pedal and a secondary side disturbance that resembles

the passage of a step bump is analyzed. The former is successfully handled by mainly

a feedforward controller, whereas the latter is successfully handled by only the ESC

feedback mechanism.

The findings in this chapter are restricted to the transmission ratio extremes Low

and High. Nevertheless, a smooth extension of the results to any transmission ratio

in between these extremes is expected. This is already indicated by experimental

results in Van der Noll et al. (2009). The secondary control objective for the variator

concerns improving the variator efficiency, which is highlighted in this chapter and,

therefore, a single-input single-output (SISO) control problem is obtained. Essentially,

the secondary pressure is the input and the speed ratio is the output. The ESC

feedback mechanism is employed, which requires further research in order to improve

convergence (see Section 5.5.4) and to handle transitions of the variator behavior from

open loop stable to open loop unstable, which are possibly caused by disturbances.

In this context, either an improved test rig or an instrumented test vehicle is useful.

The primary control objective for the variator concerns tracking a prescribed speed

ratio reference, which is neglected in this chapter. Generally, the primary pressure and

the secondary pressure are the inputs and the speed ratio is the output, which yields

a multi-input single-output (MISO) control problem (see Fig. 5.8). This requires the

extension of the ESC feedback mechanism towards a feedback control design that

satisfies both control objectives, which is considered in Chapter 6.



Chapter 6

Tracking Control and Extremum Seeking

Control

6.1 Introduction

The objective for the variator control system is twofold: 1. tracking a speed ratio

reference rs,ref , which is prescribed by the driveline control system; 2. optimizing the

variator efficiency η. The speed ratio rs is easily computed from the ratio of the mea-

surements of the angular velocities. The variator efficiency η is not measured, although

the performance of the variator is obviously determined by the variator efficiency η.

This problem is explicitly addressed by the control design that is proposed in Bon-

sen et al. (2005), as well as in Simons et al. (2008) and in Rothenbühler (2009). These

approaches control the slip in the variator in such a way that a slip reference is tracked,

which corresponds to the optimum variator efficiency. A proportional-integral (PI) con-

trol design with gain scheduling is constructed in Bonsen et al. (2005) in which the geo-

metric ratio dynamics is neglected, whereas a linear quadratic Gaussian (LQG) control

design is constructed in Simons et al. (2008) in which the geometric ratio dynamics is

explicitly considered via the CMM transient variator model, see Carbone et al. (2005).

A model reference adaptive control (MRAC) design is proposed in Rothenbühler (2009).

However, these approaches involve two issues. First, the determination of the slip ref-

erence, see Klaassen (2007, Section 7.2) and Rothenbühler (2009, Section 8.2.1). Since

the slip value that corresponds to the optimum variator efficiency depends on the oper-

ating conditions, e.g., the speed ratio, the variator torques, the variator wear, and the

automatic transmission fluid (ATF) temperature, the determination of the slip refer-

ence is not straightforward and often time-consuming. This is typically caused by the

complexity and the unreliability of the available variator models, see Srivastava and

Haque (2009). Second, the reconstruction of the slip in the variator. This typically re-

quires a dedicated sensor, e.g., measurement of the pushbelt running radius (Nishizawa

et al., 2005) or measurement of the axially moveable sheave position (Bonsen et al.,
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2005; Rothenbühler, 2009), which increases both the complexity and the costs. In

addition, the reconstruction of the slip in the variator on the basis of one of these mea-

surements is extremely sensitive to deformations in the variator, which are unknown,

see Bonsen (2006, Section 3.3.2) and Rothenbühler (2009, Section 6.1).

These drawbacks are avoided by the control design that is proposed in Chapter 5,

which effectively improves the variator efficiency and only uses the measurements of

the angular velocities and the secondary pressure, which are standard. The control

design exploits the observation that the maximum of the (ps, rs) equilibrium map and

the maximum of the (ps, η) equilibrium map are achieved for secondary pressure values

that nearly coincide. This motivates the consideration of the input-output equilibrium

map in which the secondary pressure ps is the input and the speed ratio rs is the output,

although the location of the maximum is not known. Moreover, the location of the

maximum is determined by the operating conditions, which implies that the location

of the maximum is not fixed. For these reasons, the maximum of the input-output

equilibrium map is found by means of extremum seeking control (ESC), see Krstić

and Wang (2000), which aims to adapt the input in order to maximize the output.

The control problem for optimizing the variator efficiency is isolated from the control

problem for tracking the speed ratio reference in Chapter 5. With this simplification,

a single-input single-output (SISO) control problem is obtained (input: ps, output:

∂rs/∂ps). Without this simplification, a multi-input multi-output (MIMO) control

problem is obtained (inputs: pp and ps, outputs: rs and ∂rs/∂ps), which is not treated,

yet.

The main contribution of this chapter concerns a solution for the MIMO control

problem that simultaneously satisfies both variator control objectives. This is basically

achieved by means of the ESC design, which is integrated with a tracking control (TC)

design. The combination of the TC design and the ESC design, which is denominated

the low-level control system, is supervised by the high-level control system. Supervi-

sion is required, since destabilization of the ESC design is possibly induced by torque

disturbances, see Section 5.6. The high-level control system incorporates a conven-

tional control system and a detection mechanism. When destabilization is detected by

the detection mechanism, the low-level control system is overruled by the conventional

control system. After stabilization is enforced by the conventional control system, the

low-level control system is reinvoked.

The remainder of this chapter is organized as follows. On the basis of the literature

overview in Section 6.2, a strategy for the solution of the MIMO control problem is pro-

posed. Subsequently, the preliminaries are addressed in Section 6.3. This includes the

general variator control configuration, the variator control objectives, several variator

characteristics, and the constraints. The high-level control system and the low-level

control system are introduced in Section 6.4, together with the ESC design options.

A model of the system dynamics, which is required for the TC design, is developed in

Section 6.5. The TC design, which is composed of a feedback linearization design and

a linear control design, is discussed in Section 6.6. The performance of the final control
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design that is composed of the high-level control system and the low-level control sys-

tem is compared to the performance of the conventional control design that is proposed

in Pesgens et al. (2006). The comparison is performed by means of the test rig on the

basis of a modified driving cycle in Section 6.7. Finally, the chapter concludes with a

discussion in Section 6.8.

6.2 Literature Overview

The system design and the control system of the Ford CTX 811 CVT, which is of the

pushbelt type, are described in Abromeit and Wilkinson (1983). The hydraulic control

system operates a line pressure control valve and a ratio control valve. The former

controls the oil pressure that is supplied to the secondary pulley cylinder in order to

transfer the torque. The latter controls the oil flow that is supplied to the primary

pulley cylinder in order to change the ratio. The focus is on the ratio control valve,

which is electronically controlled. Two ratio control strategies, a comfort/economy

mode and a sport/performance mode, are compared.

In Wade (1984), the mechanics, the hydraulics, and the electronics of a power-

train that is equipped with a CVT of the chain type are discussed. Furthermore, the

control system, i.e., engine control, clutch control, and CVT control, is addressed.

The hydraulic actuation system involves two proportional pressure control valves. The

pressures in the hydraulic pulley cylinders are simultaneously controlled in order to

transfer the torque, which amounts to open loop control on the basis of the estimated

torque. The pressure controllers are augmented by a ratio controller in order to achieve

the desired ratio response, which amounts to closed loop control on the basis of the

measured ratio.

The pushbelt CVT for passenger cars has been introduced in Japan by Subaru in

February, 1987. The system design and the control system of this Subaru electro CVT

(ECVT) are extensively described in Sakai (1990), where also a comparison between

the ECVT and the 3-speed AT in terms of driving performance and fuel economy

is presented. The control system consists of the electronic control unit that controls

the magnetic powder clutch and the hydraulic control unit that controls the pushbelt

variator. From the transfer function between the rate of change of the speed ratio and

the acceleration of the vehicle, the existence of a so-called (initial) inverse response

is observed, i.e., the vehicle initially decelerates and subsequently accelerates. The

driveability is seriously compromized by the occurrence of this phenomenon, which

is directly related to the magnitude of the rate of change of the speed ratio. This

emphasizes the importance of the rate of change of the speed ratio, which is not used

for feedback control purposes, however. Two pulse width modulation (PWM) solenoid

valves are used, where the line pressure control valve controls the secondary pressure

and the pulley ratio control valve derives the primary pressure from the secondary

pressure. For the secondary pressure, i.e., the line pressure, a safety factor of 1.2 [-] is

employed. With respect to the pulley ratio control valve, the oil flow is actually steered
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into the primary pulley cylinder in accordance with a computed value for the rate of

change of the speed ratio, which depends on the desired value for the rate of change of

the speed ratio.

A detailed description of the system design and the control system of the Suzuki

SCVT, which is of the chain type, is given by Hirano et al. (1991). The hydraulic system

includes a line pressure control valve that controls the pressure in the secondary circuit

and a ratio control valve that controls the flow in the primary circuit. Both valves

operate in conjunction with a PWM three way solenoid. Furthermore, the secondary

pressure corresponds to the line pressure, from which the primary pressure is directly

reduced. The line pressure closed loop control subsystem incorporates a PI controller

and the line pressure setpoint is determined on the basis of a minimum safety factor of

1.3 [-]. The ratio closed loop control subsystem also incorporates a PI controller and

the engine speed setpoint is determined on the basis of a certain strategy for engine

operation. Hence, the ratio is indirectly controlled via the engine speed.

The Subaru ECVT, introduced in Sakai (1990), has evolved to the Subaru E2CVT,

described in Sato et al. (1996). The hydraulic system is fed by the hydraulic pump,

after which the secondary pressure is regulated by the secondary proportional solenoid

valve, whereas the primary pressure is reduced from the secondary pressure by the pri-

mary proportional solenoid valve. The performance map of the ICE (inputs: throttle

valve angle and velocity, output: torque estimate) in combination with the perfor-

mance map of the variator (inputs: torque estimate and speed ratio reference, output:

secondary pressure reference) provides the secondary pressure reference, which is mul-

tiplied by a safety factor. The secondary pressure is directly controlled by a static

feedforward controller and a dynamic feedback controller of the PI type. The speed

ratio is actively controlled via the primary pressure. A feedforward controller based on

the Ide model (Ide et al., 1995) is applied (output: primary pressure estimate) and a

feedback controller based on the PID type is added.

In Kim et al. (1996), the control design for a pushbelt CVT that is equipped with

3-way PWM high speed solenoid valves for adjustment of the primary pressure and the

secondary pressure is considered, where two feedback loops are distinguished. On the

basis of several variables, a line pressure reference and a speed ratio reference are derived

from a line pressure map and a speed ratio map, respectively. Subsequently, the line

pressure error is fed to the feedback controller for the secondary pressure, whereas the

speed ratio error is fed to the feedback controller for the primary pressure. With respect

to the feedback controllers, PID control designs, LQG/LTR control designs, and fuzzy

control designs are evaluated, which are not specified, however. From experiments, the

conclusion is drawn that the fuzzy control design shows the most promising response,

whereas the LQG/LTR control design shows the least promising response, which is

attributed to the nonlinearities of the pushbelt CVT that are inadequately addressed

within the control design.

A pushbelt variator is considered in Adachi et al. (1999), where the primary pressure

is determined by a servo valve that is actuated by the stepper motor and the secondary
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pressure is determined by the line pressure that is controlled by a pressure regulator

valve. The stepper motor is mechanically linked to the servo valve. The characteristics

between the output (transmission ratio) and the input (stepper motor position) are

experimentally determined, both static and dynamic. The former is subject to manu-

facturing variations, whereas the latter is subject to operating condition dependencies,

e.g., the transmission ratio, the shift direction, and the line pressure. A SISO con-

trol design is proposed, which consists of a robust compensator for nonlinearities and

disturbances and a model-matching compensator with two degrees-of-freedom.

In Van der Laan and Luh (1999), a model-based control design for the pushbelt

variator is considered, which consists of both primary angular velocity control and

clamping force control. The corresponding control objectives are given by the accuracy

target of ±20 [rpm] in order to minimize the fuel consumption and the safety factor

of 1.3 [-] in order to guarantee the torque capacity, respectively. The secondary valve,

i.e., a pressure control valve, controls the pressure that exists in the secondary circuit,

whereas the primary valve, i.e., a flow control valve, controls the flow that enters

or leaves the primary circuit. The underlying model consists of three parts: 1) the

hydraulics, 2) the variator, and 3) the driveline. Both hydraulic circuits are described

by a mass balance, where compressibility is explicitly considered. The variator is

described by the rate of change of the speed ratio, i.e., a transient variator model, which

is experimentally determined in Ide et al. (1994). These models are experimentally

verified by means of both a test rig and a test vehicle. The controller input is given by

the primary angular velocity reference, whereas the controller outputs are given by the

valve currents. The primary angular velocity is controlled by the primary valve. The

model-based primary angular velocity control design employs a feedback linearization

design in combination with a PI control design. The clamping force is controlled by

the secondary valve. The clamping force reference is determined by the maximum of

three evaluations: 1) a secondary safety demand (stationary, normal shift speeds), 2)

a primary safety demand (high shift speeds towards Low), and 3) a desired shift speed

demand (high shift speeds towards High). The model-based clamping force control

design employs a PI control design as well. Finally, a comparison between the reference

control design and the model-based control design on the basis of measurements from

a test vehicle is performed.

In Kim and Vachtsevanos (2000), the focus is on a model that relates the primary

pressure (input) to the speed ratio (output), on the basis of which a SISO control

design is proposed, which forces the variator to track a prescribed speed ratio refer-

ence. A fuzzy logic model is constructed with five fuzzy membership functions for the

premise part obtained via the fuzzy clustering method and one linear equation for each

consequent part obtained via the least squares method. That is, the range of operating

conditions is divided into a finite number of cells, within which the variator dynamics is

approximated by means of a linear equation. A transition from one cell to another cell

is enforced by the fuzzy logic controller, where a nonlinear global controller is achieved

by a set of linear local controllers. That is, a linear local controller is designed for each
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consequent part of the fuzzy logic model, which are smoothly interconnected over the

range of operating conditions by means of fuzzy logic.

In Foley et al. (2001), the control design for a pushbelt CVT is investigated, where

the secondary pressure is determined by the line pressure and the primary pressure is

controlled by the primary solenoid valve. The control objectives are given by tracking

a desired engine speed (prescribed) and tracking a desired speed ratio (derived), for

which the primary solenoid valve is the control input u. The model consists of the

dynamics for the primary inertia and the dynamics for the secondary inertia that are

interconnected via the effective force in the pushbelt, which is extended with the speed

ratio dynamics. Two models for the speed ratio dynamics are identified on the basis

of a neural network. On the basis of these models, a backstepping control design is

derived that satisfies both control objectives. A stability analysis is given via Lyapunov

and a performance analysis is given via simulation.

The control design for a power split CVT is investigated in Setlur et al. (2003),

where the control objectives are given by tracking a desired wheel speed and tracking

a desired transmission ratio. The power split CVT integrates a CVT (input side)

and a planetary gear train (PGT) (output side), which enables the use for high-power

applications. The input power is split between the path from the primary pulley to

the PGT and the path from the primary pulley via the secondary pulley to the PGT,

which implies that the variator is partially bypassed. The control design covers both

the ICE and the power split CVT, where the control inputs are given by the throttle

valve angle and the rate of change of the transmission ratio. On the basis of a simplified

model of the driveline, i.e., the ICE, the power split CVT, and the wheel, a nonlinear,

adaptive, backstepping control design is proposed. Stability of the control design is

theoretically proved and performance of the control design is numerically investigated

by means of a simulation.

6.2.1 Evaluation

The majority of the approaches control the torque capacity of the CVT via the sec-

ondary pulley with the secondary hydraulic circuit and the transmission ratio of the

CVT via the primary pulley with the primary hydraulic circuit. A specific exception

is found in Wade (1984), where both pulley pressures are simultaneously controlled

and the pulley pressure controllers are augmented by a transmission ratio controller.

Generally, the traction potential of only one of the two pulleys is fully utilized in order

to transfer the torque, which is determined by the operating condition. This motivates

the allocation of control of torque capacity to the pulley that is most critical regarding

the traction potential and control of transmission ratio to the pulley that is least criti-

cal regarding the traction potential. This reduces conservatism, which implies that the

efficiency of both the variator and the hydraulic actuation system is slightly improved,

since the pulley pressures are decreased. As a result, control of torque capacity and

control of transmission ratio possibly switches between both pulleys, which completely

depends on the operating condition. This strategy is proposed in Pesgens et al. (2006).
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Generally, the pulley pressure reference that is actually required in order to achieve

the transmission ratio is computed by means of a feedback controller, both in Pesgens

et al. (2006) and in the approaches that are previously discussed. Several designs of

the feedback controller are encountered, e.g., PI(D) control (Hirano et al., 1991; Sato

et al., 1996; Kim et al., 1996), fuzzy control (Kim et al., 1996; Kim and Vachtsevanos,

2000), robust control (Adachi et al., 1999), feedback linearization (Van der Laan and

Luh, 1999), and LQG control (Kim et al., 1996). When control of torque capacity and

control of transmission ratio switches between both pulleys, the feedback controller is

necessarily designed in order to achieve stability and performance for both situations.

In Pesgens et al. (2006), this is achieved by means of a feedback linearization design

in combination with a linear control design of the PID type.

Generally, the pulley pressure reference that is minimally required in order to trans-

fer the torque is computed by means of a variator model, both in Pesgens et al. (2006)

and in the approaches that are previously discussed. Since the variator model incor-

porates large uncertainties, a safety strategy is employed, which multiplies the pulley

pressure reference that is minimally required with a safety factor. In the approaches

that are previously discussed, the safety factor ranges from 1.2 [-] to 1.3 [-]. Since

the pulley pressure reference is increased, the efficiency of both the variator and the

hydraulic actuation system is seriously compromized, which motivates the application

of the ESC feedback mechanism, see Chapter 5. Since the ESC feedback mechanism

is adaptive, changes of the variator characteristics, e.g., due to temperature-induced

variations or due to wear-induced variations, are accounted for. Furthermore, the

durability of the pushbelt and the pulleys is improved when the pulley pressures are

decreased, although variator damage is possibly induced by torque disturbances. Vari-

ator damage results from repeated occasions of excessive levels of slip in the variator.

Consequently, the avoidance of variator damage is necessarily addressed in the control

design.

In this chapter, a control design is proposed that integrates the ESC design with a

tracking control (TC) design, see Section 6.4. The ESC design is supervised in order to

safeguard the avoidance of variator damage. The TC design is constructed in order to

track the transmission ratio reference, where the feedback controller switches between

the primary hydraulic circuit and the secondary hydraulic circuit. As a result, a model

of the system dynamics for both hydraulic circuits is required, see Section 6.5. The TC

design consists of a feedback linearization design in combination with a linear control

(LC) design, see Section 6.6.

6.3 Preliminaries

6.3.1 General Variator Control Configuration

The general variator control configuration is depicted in Fig. 6.1. Here, P is the sys-

tem to be controlled and K is the controller to be designed. Furthermore, w denotes
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the exogenous inputs, z denotes the exogenous outputs, u denotes the manipulated

variables (outputs of the controller), and v denotes the utilized variables (inputs of

the controller), e.g., commands and measurements. The system P comprises the hy-

draulic actuation system that is closed loop pressure controlled and the variator. The

exogenous inputs w and the exogenous outputs z are defined by:

w =




rs,ref

T̂p
Tp
Ts


 (6.1)

z =

[
rs,ref − rs
−η

]
, (6.2)

respectively. The objective for control of the variator is twofold, see z. First, to track

the speed ratio reference rs,ref . Second, to optimize the variator efficiency η. These

variator control objectives are addressed in Section 6.3.2. The speed ratio reference

rs,ref is prescribed by the driveline control system, see w. Furthermore, the torque

that is presumably applied to the input side of the variator is denoted by T̂p. When a

vehicle is considered, the torque that is generated by the ICE is typically estimated by

the ECU, see Lechner and Naunheimer (1999, Section 3.3.2). Finally, the torques that

are actually exerted on the variator, which are denoted by Tp and Ts, are considered

in terms of disturbances. The manipulated variables u and the measured variables v

are defined by:

u =

[
pp,ref

ps,ref

]
(6.3)

v =




rs,ref

T̂p
ωp
ωs
ps



, (6.4)

respectively. The speed ratio rs is reconstructed from the angular velocities ωp and

ωs, which are measured. Furthermore, the secondary pressure ps is measured, which is

used in the ESC feedback mechanism. Finally, the pressure references pp,ref and ps,ref

are computed by the controller K, see u, which are supplied to the hydraulic actuation

system that is closed loop pressure controlled, see Chapter 4.

6.3.2 Variator Control Objectives

The variator control objectives are given by tracking the speed ratio reference rs,ref and

optimizing the variator efficiency η.
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Figure 6.1: General variator control configuration.

Speed Ratio Reference and Driveline Efficiency

The primary variator control objective relates to the transmission ratio. Generally,

three candidates are known for this controlled variable. These are given by control of

the ICE angular velocity ωICE, control of the speed ratio rs, and control of the rate of

change of the speed ratio ṙs, see Vroemen (2001, Section 7.1). The setpoints for these

candidates are provided by the driveline control system, where the computation of the

setpoints is subject to the ICE angular velocity constraints ωICE,min and ωICE,max and

the CVT speed ratio constraints rs,min and rs,max.

Control of the ICE angular velocity makes sense, since this determines the operat-

ing point of the ICE. However, when the torque converter is opened, the ICE angular

velocity ωICE and the primary angular velocity ωp are decoupled. This implies that

control of the ICE angular velocity by means of the variator control system makes

no sense. Control of the rate of change of the speed ratio makes sense, since this

is directly related to the driveability. The control background for this is found in the

transfer function from the rate of change of the speed ratio input to the vehicle velocity

output, see Liu and Stefanopoulou (2002, Section 2) and Serrarens (2001, Section 6.5.2

and Section 7.4.1). This transfer function contains a nonminimum phase (NMP) zero,

which causes a so-called inverse response. This inverse response compromizes the drive-

ability, which motivates control of the rate of change of the speed ratio. However, the

reconstruction of the rate of change of the speed ratio ṙs from the angular velocities ωp
and ωs, which are typically measured, is troublesome. Generally, the angular velocities

ωp and ωs are numerically differentiated, which amplifies noise. This renders control

of the rate of change of the speed ratio unfavourable. Obviously, the speed ratio rs is

easily reconstructed from the measurements of the angular velocities ωp and ωs, which

are inexpensive and robust. This makes control of the speed ratio favourable.

The objective for the driveline control system is often a weighted optimum of fuel

economy and driveability, see Serrarens (2001) and Smith et al. (2004). With respect

to vehicle driveability, a distinction is made between driver-vehicle interaction in the

lateral direction and the longitudinal direction. This distinction is often expressed

with the terms “handling” and “driveability”, respectively. In this case, only the

driver-vehicle interaction in the longitudinal direction, i.e., driveability, is considered.

In Wicke (2001), driveability is defined by: “Driveability relates to the perception of

the vehicle’s longitudinal response to a change in demand by the driver during transient

vehicle operation.” Alternative definitions are found in Serrarens (2001).

Driveability is predominantly determined by the power that is available for imme-
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diate acceleration when the accelerator pedal is depressed. The so-called power reserve

is the product of the actual engine speed and the torque reserve, i.e., the difference

between the maximum engine torque and the actual engine torque for the actual en-

gine speed. Obviously, the power reserve is increased when the engine is operated at

a higher engine speed and a lower engine torque for a given power request, which has

negative consequences for the fuel economy. The trade-off between fuel economy on the

one hand and driveability on the other hand is made by the driveline control system

via the generation of the speed ratio reference rs,ref . The strategies for the computation

of the speed ratio reference rs,ref in mainstream automotive use are given by: 1) speed

envelope strategy (Deacon et al., 1994), 2) single track strategy (Chan et al., 1984),

and 3) off the beaten track strategy (Vahabzadeh and Linzell, 1991). Overviews with

respect to these strategies are found in Liu and Paden (1997) and Pfiffner and Guzzella

(2001), for example.

Variator Efficiency and Variator Damage

In Van Drogen and van der Laan (2004), the occurrence of adhesive wear in the contact

between the elements and the pulley is investigated in relation to alternative control

strategies for the pushbelt CVT, where slip between the elements and the pulley is

explicitly considered. A distinction is made between mild wear and severe wear. Mild

wear concerns tribochemical wear, abrasive wear, and fatigue, which is allowed. Severe

wear concerns adhesive wear, which is not allowed. The adhesive wear mechanism

occurs for high levels of the adhesion forces in the contact between the elements and

the pulley, which results in detachment of fragments from one surface and attachment

of fragments to the other surface. Obviously, a relation is required that describes the

transition from mild wear to severe wear as a function of several operating conditions,

e.g., a failure diagram. The IRG-OECD transition diagram is adopted, see Schipper

and de Gee (1995) for details, in which failure is mapped as a function of normal force

F and relative velocity v, i.e., a so-called F/v-failure diagram. The F/v-failure dia-

gram distinguishes between a region of efficient performance (mild wear) and a region

of inefficient performance (adhesive wear). Experiments are performed in order to de-

termine the F/v-failure diagram, for which a typical experimental setup is used that

consists of two electric motors and a variator. Both a constant primary pressure and a

constant secondary pressure are applied, in such a way that the geometric transmission

ratio remains unchanged, i.e., either Low or High. In addition, the velocity of both

electric motors is controlled, in such a way that a certain slip reference is tracked.

Specifically, the slip increases during 2 seconds and the slip decreases during 2 seconds,

which is achieved for a fixed level of the primary velocity and a linear change of the

secondary velocity. This implies that macro-slip occurs during 4 seconds. As a result,

longer periods of macro-slip are not considered. Several levels of the primary velocity

are examined and several combinations of normal force and maximum relative velocity

are evaluated. For each normal force, a certain maximum relative velocity exists for

which adhesive wear occurs. This combination of normal force and maximum relative
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velocity provides a point in the F/v-failure diagram. The F/v-failure diagram for both

Low and High is depicted in Fig. 6.2, for ωp = 1500 [rpm]. Here, the variator absolute

slip vabs and the element normal force Fnormal are defined by:

vabs = ωpRp − ωsRs (6.5)

Fnormal = celementFs, (6.6)

where the coefficient celement is equal to celement = 0.0174 [-] for Low and celement = 0.0176

[-] for High, see Van Drogen and van der Laan (2004). Here, the element normal force

Fnormal denotes the normal force that is perpendicularly exerted on the side of a single

element, which is obtained when the clamping force is equally distributed over the

elements within the angle of wrap of the primary pulley for Low and of the secondary

pulley for High. From the F/v-failure diagrams, a number of conclusions is drawn. For

a certain level of the normal force, the maximum relative velocity for which adhesive

wear occurs in Low is smaller than in High. The maximum relative velocity for which

adhesive wear occurs in both Low and High increases when the level of the primary

velocity increases. Summarizing, the F/v-failure diagram is suitable for the prediction

of adhesive wear in case a combination of normal force and relative velocity is given.
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Figure 6.2: F/v-failure diagram of pushbelt variator (Bosch Transmission Technology, type
P811) for ωp = 1500 [rpm] (Van Drogen and van der Laan, 2004) (black: Low; grey:
High).

In Van der Laan et al. (2004), a similar analysis with respect to the occurrence

of adhesive wear in the contact between the elements and the pulley is performed,

which results in the F/v-failure diagrams. On the basis of these F/v-failure diagrams,

alternative control strategies are discussed in which the variator is controlled in such

a way that two objectives are achieved. The first objective is that the failure lines

are not crossed and the second objective is that the variator efficiency is optimized.

One possible control strategy is given by the approach in which the slip in the variator

is directly controlled. Quantitative specifications for this control strategy, which are

required in order to achieve the aforementioned objectives, are not given. Finally,

experimental results are shown, where the transition from micro-slip to macro-slip is

enforced. When macro-slip occurs, the secondary actuation force is increased, which

enforces the transition from macro-slip to micro-slip. The corresponding F/v-failure
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diagram shows that the failure line is not crossed, which implies that adhesive wear is

avoided.

6.3.3 Variator Characteristics

The torque ratio τj for pulley j is defined by:

τj =
Tj cos(β)

2µCVTRjFj
, (6.7)

where µCVT denotes the maximum traction coefficient between the pushbelt and the

pulley, which is equal to µCVT = 0.09 [-]. A motivation for this choice of the maximum

traction coefficient is given by Pesgens et al. (2006, Section 2). The torque ratio

τj for pulley j represents the ratio between the torque that is actually transmitted

and the torque that is maximally transmitted, which is deduced from the maximum

traction coefficient, see Vroemen (2001, Section 6.3.2). Generally, the primary clamping

force Fp and the secondary external torque Ts are not measured when a vehicle is

considered. This hampers the computation of the torque ratio τp for the primary

pulley and the torque ratio τs for the secondary pulley. For this reason, the ratio

Ts/Rs is approximated by the ratio Tp/Rp. On the basis of this approximation, the

torque ratio τ ′s is introduced, which is defined by:

τ ′s =
T̂p cos(β)

2µCVTRpFs
, (6.8)

where T̂p denotes the estimate of the primary external torque Tp. Obviously, τ ′s = τs
when the three conditions: 1. T̂p = Tp, i.e., no inaccuracies in the estimate, 2. Pin =

Pout, i.e., no losses in the variator, 3. ν = 0, i.e., no slip in the variator, are satisfied,

see Pesgens et al. (2006, Section 2).

The rate of change of the speed ratio ṙs is determined by a model of the variator

dynamics, i.e., a transient variator model. Several transient variator models are known,

e.g., Ide (Ide et al., 1995), Shafai (Shafai et al., 1995), and CMM (Carbone et al., 2005),

see Section 2.5. These transient variator models are very similar, for example, when

the high order terms of the CMM transient variator model are neglected, the first

order term of the Ide transient variator model is obtained. In view of the applications

of the transient variator model, the Ide transient variator model is adopted, which is

experimentally validated, see Ide et al. (1994) and Ide et al. (1996).

For stationary situations, the Ide transient variator model computes the primary

clamping force Fp, which is required for preservation of the speed ratio rs, i.e., ṙs = 0,

where the secondary clamping force Fs, the speed ratio rs, and the torque ratio τs are

necessarily time-invariant. The expression for the primary clamping force Fp is given

by:

Fp = κCVT (rs, τs)Fs, (6.9)

where κCVT(rs, τs), the pulley thrust ratio, is a nonlinear function of the speed ratio

rs and the torque ratio τs. The pulley thrust ratio is experimentally determined,
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see Fig. 6.3 and Fig. 6.4. Here, ln(κCVT) versus ln(rs) is depicted, see also Vroemen

(2001, Section 6.3.2). Basically, the experiments are performed for a certain level

of the secondary pressure, i.e., ps = 12 [bar]. The secondary external torque Ts is

subsequently applied, in such a way that a certain level of the torque ratio τs is achieved.

The primary pressure pp is accordingly adjusted, in such a way that a certain level of

the speed ratio rs is achieved. This procedure is executed for the grid that is spanned

by the range of the torque ratio τs and the range of the speed ratio rs.
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Figure 6.3: Experimental pulley thrust ratio κCVT of the variator (Bosch Transmission Technol-

ogy, type P811) in 2D representation (·: τs ≈ 0.1 [-]; ◦: τs ≈ 0.2 [-]; ×: τs ≈ 0.3 [-];
+: τs ≈ 0.4 [-]; ∗: τs ≈ 0.5 [-]; �: τs ≈ 0.6 [-]; �: τs ≈ 0.7 [-]; O: τs ≈ 0.8 [-]; M:
τs ≈ 0.9 [-]).

For transient situations, the Ide transient variator model predicts the rate of change

of the speed ratio ṙs, where the primary clamping force Fp, the secondary clamping

force Fs, the speed ratio rs, the torque ratio τs, and the primary angular velocity ωp
are possibly time-varying. The expression for the rate of change of the speed ratio ṙs
is given by:

ṙs = σIde (rs) |ωp|Fshift (6.10a)

Fshift = Fp − κCVT (rs, τs)Fs, (6.10b)

where Fshift denotes the shift force. The shift force Fshift involves a force difference,

which is weighted by the pulley thrust ratio κCVT. Essentially, the change of the

speed ratio is enforced by the shift force Fshift. Furthermore, σIde(rs) is a parameter of

the Ide transient variator model, which is interpreted in terms of a gain. Obviously,
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Figure 6.4: Experimental pulley thrust ratio κCVT of the variator (Bosch Transmission Technol-

ogy, type P811) in 3D representation.

the parameter σIde is a nonlinear function of the speed ratio rs. The parameter is

experimentally determined, see Fig. 6.5. Basically, the experiments are performed for

a certain level of the secondary pressure, i.e., ps = 6 [bar]. The primary pressure

pp is accordingly adjusted, in such a way that a certain level of the speed ratio rs is

achieved. Then, the shift force Fshift alternates between a positive value and a negative

value, which is enforced by the primary pressure pp, in such a way that the rate of

change of the speed ratio rs alternates between a positive value and a negative value.

Consequently, the speed ratio rs is locally perturbed. On the basis of (6.10), the

parameter σIde is computed. This procedure is executed for the grid that is spanned

by the range of the speed ratio rs.

The Ide transient variator model states that the parameter σIde depends on the

speed ratio rs, which is a simplification. For example, the CMM transient variator

model states that the parameter σCMM, i.e., the equivalent of the parameter σIde, de-

pends on the speed ratio rs and the amplitude ∆ of the sinusoid, which is used in the

Sattler model for the description of the deformation of the pulley, see Sattler (1999a)

and Sattler (1999b). The amplitude ∆ of the sinusoid depends on several quantities,

which include: 1. the secondary clamping force Fs (Carbone et al., 2007, Section 6.3)

and 2. the primary external torque Tp and the speed ratio rs (Pennestr̀ı et al., 2002,

Section 3.2). Nevertheless, these dependencies are complex, which motivates the sim-

plification that is adopted in the Ide transient variator model.
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Figure 6.5: Experimental parameter σIde of the variator (Bosch Transmission Technology, type
P811).

6.3.4 Constraints

The constraints for the feedback controller K are imposed by the hydraulic actuation

system and the variator.

For the hydraulic actuation system, the pressure constraints are given by:

• the lower pressure constraints pj ≥ pj,low, where pj,low = 1 [bar]. These lower

pressure constraints guarantee that the primary hydraulic circuit and the sec-

ondary hydraulic circuit are always pressurized. Consequently, the perturbation

amplitude αm of the sinusoidal perturbation of the ESC feedback mechanism is

restricted by the value for pj,low, i.e., αm < pj,low, see (6.25);

• the upper pressure constraints pj ≤ pj,max, where pp,max = 20 [bar] and ps,max = 38

[bar]. These upper pressure constraints originate from the primary pressure relief

valve and the secondary pressure relief valve, respectively. The pressure relief

valves are included in the hydraulic circuits in order to limit the pressures that

are maximally reached, see Jelali and Kroll (2003, Section 2.2.1.1). This prevents

damage of the channels, the hydraulic cylinders, and the variator.

The design of the feedback controller K is facilitated by the reformulation of pulley

pressure constraints to clamping force constraints. The clamping forces Fp and Fs
are mainly realized by the pulley pressures pp and ps. However, centrifugal effects

are also of relevance, since the oil in the hydraulic pressure cylinders often rotates
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with very high angular velocities. Furthermore, a preloaded spring is attached to the

secondary axially moveable sheave, which provides the secondary spring force Fspring,s.

This spring guarantees a certain secondary clamping force value when the hydraulic

actuation system fails. On the basis of these contributions, the clamping forces Fp and

Fs are given by:

Fp = Appp + cpω
2
p (6.11a)

Fs = Asps + csω
2
s + Fspring,s(xs) (6.11b)

Fspring,s(xs) = Fspring,s(xs,max) + kspring,s(xs,max − xs), (6.11c)

where Ap and As denote the hydraulic pressure cylinder surfaces, whereas cp and cs
denote the centrifugal coefficients. Furthermore, kspring,s denotes the spring stiffness and

Fspring,s(xs,max) denotes the spring force for the maximum secondary axially moveable

sheave position xs,max. These relations enable the computation of Fj,low and Fj,max on

the basis of pj,low and pj,max, respectively.

For the variator, the torque constraints Fj ≥ Fj,torque are defined. The critical

clamping force Fj,torque for pulley j is required for the transfer of the external torque

Tj for pulley j. The critical clamping force Fj,torque for pulley j is defined by:

Fj,torque =
|Tj| cos(β)

2µCVTRj

, (6.12)

see, e.g., Pesgens et al. (2006, Section 2). For simplicity, the losses within the variator

are neglected, i.e., Fj,torque = Ftorque. Here, the critical clamping force Ftorque is defined

by:

Ftorque =

(
|T̂p|+ αabs,f T̂p,max

)
cos(β)

2µCVTRp

, (6.13)

see, e.g., Pesgens et al. (2006, Section 4). Here, T̂p denotes the estimate of the primary

external torque Tp and T̂p,max denotes the estimate of the maximum primary external

torque Tp,max. Here, T̂p,max = 155 [Nm], which is the torque capacity of the pushbelt

variator (Bosch Transmission Technology, type P811). Obviously, the absolute

safety strategy is employed, where the absolute safety factor αabs,f is equal to αabs,f =

0.3 [-], see Van der Sluis et al. (2006).

Summarizing, the clamping force constraints for the feedback controller K are given

by:

Fj,min ≤ Fj ≤ Fj,max, (6.14)

where Fj,min is defined by:

Fj,min = max(Fj,low, Ftorque). (6.15)
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6.4 Integration of Tracking Control and Extremum Seeking

Control

The variator control objectives are given by tracking the speed ratio reference rs,ref

and optimizing the variator efficiency η, which are discussed in Section 6.3.2. The

simplified block diagram of the variator control system is depicted in Fig. 6.6. The

combination of the TC design and the ESC design, i.e., the low-level control system,

enables that the variator control objectives are simultaneously satisfied. The low-level

control system is supervised by the high-level control system. Supervision is required,

since destabilization of the ESC feedback mechanism is possibly induced by torque

disturbances, see Section 5.6. The high-level control system incorporates a conventional

control system and a detection mechanism. When destabilization is detected by the

detection mechanism, the low-level control system is overruled by the conventional

control system. After stabilization is enforced by the conventional control system, the

low-level control system is reinvoked, see the discussion in Section 5.6.3.
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Figure 6.6: Simplified block diagram of variator control system (À: Tracking control; Á: High-level
control system; Â: Low-level control system).

The high-level control system is described in Section 6.4.1. The low-level control
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system is addressed in Section 6.4.2. The ESC design options are summarized in

Section 6.4.3. The detailed block diagram of the variator control system is depicted in

Fig. 6.7. In Sections 6.4.1, 6.4.2, and 6.6, the elements of the variator control system

in Fig. 6.7 are successively discussed.

6.4.1 High-Level Control System

The clamping force constraints (6.14) are continuously evaluated by the conventional

control system, which guarantees that these clamping force constraints are accounted

for. Essentially, the conventional control system computes the minimum clamping

forces Fj,min that are required for the transfer of the torque and the ratio changing

forces Fj,ratio that are required for the change of the ratio. For preservation of a speed

ratio rs, i.e., ṙs = 0, the primary ratio changing force Fp,ratio and the secondary ratio

changing force Fs,ratio are related to the minimum secondary clamping force Fs,min and

the minimum primary clamping force Fp,min, respectively. That is, if Fs,min (or Fp,min)

is increased, for example, see (6.15), then Fp,ratio (or Fs,ratio) is necessarily increased for

preservation of the speed ratio rs. This compensation is incorporated in the computa-

tion of the ratio changing forces Fp,ratio and Fs,ratio. On the basis of the Ide transient

variator model (6.10b), the ratio changing forces Fp,ratio and Fs,ratio are given by:

Fp,ratio = Fshift,ref + κCVT (rs, τ
′
s)Fs,min (6.16a)

Fs,ratio =
−Fshift,ref + Fp,min

κCVT (rs, τ ′s)
, (6.16b)

where Fshift,ref denotes the shift force reference. Here, the pulley thrust ratio κCVT is

interpolated on the basis of rs and τ ′s, see Section 6.3.3. From this discussion, the

conclusion is drawn that either the minimum secondary clamping force Fs,min or the

minimum primary clamping force Fp,min is active, which are paired with the primary

ratio changing force Fp,ratio and the secondary ratio changing force Fs,ratio, respectively.

As a result, the clamping force references Fp,ref and Fs,ref are given by:

Fp,ref = Fp,ratio

Fs,ref = Fs,min

}
if Fp,ratio ≥ Fp,min (6.17a)

Fp,ref = Fp,min

Fs,ref = Fs,ratio

}
if Fp,ratio < Fp,min. (6.17b)

This scheme enforces that the shift force Fshift tracks the shift force reference Fshift,ref .

The shift force Fshift is defined by:

Fshift = Fp,ref − κCVT (rs, τ
′
s)Fs,ref , (6.18)

see (6.10b). With (6.16), (6.17), and (6.18), the expressions for the shift force Fshift are

given by:

Fshift =

{
Fp,ratio − κCVTFs,min = Fshift,ref if Fp,ratio ≥ Fp,min

Fp,min − κCVTFs,ratio = Fshift,ref if Fp,ratio < Fp,min
. (6.19)
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Figure 6.7: Detailed block diagram of variator control system.
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Obviously, the shift force Fshift tracks the shift force reference Fshift,ref . This holds in

the case of Fj,ratio ≤ Fj,max, which states that the actuators are not saturated. In the

case of Fj,ratio > Fj,max, Fj,ref = Fj,max and Fshift 6= Fshift,ref . Hence, once the actuators

are saturated, the rate of change of the speed ratio is limited. The computation of the

shift force reference Fshift,ref is addressed in Section 6.6. The primary clamping force

reference Fp,ref and the secondary clamping force reference Fs,ref are transformed to the

primary pressure reference pp,ref and the secondary pressure reference ps,ref with (6.11).

The sinusoidal perturbation of the ESC feedback mechanism is continuously added to

the secondary pressure reference ps,ref , which is implicitly assumed.

The detection mechanism is related to the tracking error ers . The tracking error

ers is defined by:

ers = rs,ref − rs. (6.20)

Initially, the variator is controlled by the conventional control system. The low-level

control system is instantly invoked once the following conditions are simultaneously

satisfied:

Fp,ratio ≥ Fp,min (6.21a)

|ers| ≤ ẽrs , (6.21b)

where ẽrs denotes the upper bound for the tracking error ers . The low-level control

system is overruled by the conventional control system once the following conditions

are simultaneously satisfied:

|ers| > ẽrs (6.22a)

Fp,ratio ≤ Fp,max (6.22b)

Fs,ratio ≤ Fs,max. (6.22c)

The addition of the constraints (6.22b) and (6.22c) ensures that the low-level control

system is not overruled by the conventional control system when the actuators are satu-

rated. The low-level control system is instantly reinvoked once the foregoing conditions

are simultaneously satisfied, see (6.21a) and (6.21b).

6.4.2 Low-Level Control System

The low-level control system is derived from the high-level control system, see Sec-

tion 6.4.1. The detection mechanism is discarded, whereas the conventional control

system is retained. One modification is additionally introduced, which is initiated by

the application of the ESC feedback mechanism, see Section 5.5.2. This concerns the

computation of the critical clamping force Ftorque, see (6.13). Here, the critical clamping

force Ftorque is defined by:

Ftorque =

(
|T̂p|+ αabs,f T̂p,max

)
cos(β)

2µCVTRp

+ F̂s,ref . (6.23)
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The first term in (6.23) is a feedforward contribution, which is based on a variator

model, see (6.13). The second term in (6.23) is a feedback contribution, which is com-

puted by the ESC feedback mechanism and is derived from the output of the integrator,

i.e., p̂s,ref , see Section 5.5.2. Essentially, p̂s,ref is transformed to F̂s,ref with (6.11). The

quality of Ftorque is obviously determined by the variator model, see the discussion in

Section 5.6. On the one hand, it is expected that the quality of the variator model is

sufficient to maintain stability of the closed loop system with the ESC feedback mech-

anism during transient situations. On the other hand, it is expected that the quality

of the variator model is insufficient to guarantee performance of the closed loop system

without the ESC feedback mechanism during stationary situations.

The switch from the high-level control system to the low-level control system en-

ables the integrator of the ESC feedback mechanism. That is, the parameter αESC,a

is changed from αESC,a = 0 to αESC,a = 1, see (6.29). When one of the minimum

clamping forces Fj,min is equal to the lower clamping force constraints Fj,low, see (6.15),

the integrator of the ESC feedback mechanism is disabled. This is governed by the

parameter αESC,b, see (6.29), which is defined by:

αESC,b =

{
0 if Fp,min = Fp,low ∨ Fs,min = Fs,low

1 if Fp,min > Fp,low ∧ Fs,min > Fs,low
. (6.24)

Basically, this conditional integrator anti-windup mechanism fixes the output of the in-

tegrator during instances of actuator saturation, which originate from the lower clamp-

ing force constraints Fj,low. During instances of actuator saturation, the closed loop

between the input F̂s,ref and the outputs ps and rs is effectively broken. This is normally

followed by the integrator windup phenomenon, which is avoided by the implementa-

tion of the conditional integrator anti-windup mechanism, see Franklin et al. (1994,

Section 4.2.7). The switch from the low-level control system to the high-level control

system disables the integrator of the ESC feedback mechanism. That is, the parameter

αESC,a is changed from αESC,a = 1 to αESC,a = 0, see (6.29). Furthermore, a reset of

the integrator of the ESC feedback mechanism is performed, i.e., p̂s,ref = 0 [bar].

6.4.3 Extremum Seeking Control Design Options

The perturbation amplitude αm, the perturbation frequency fm, the band-pass filter

Hb(s), the low-pass filter Hl(s), and the integrator gain I are given by:

αm = 0.7 (6.25)

fm = 9 (6.26)

Hb(s) =

2
2πfm

0.003s
1

(2πfm)2
s2 + 2

2πfm
0.003s+ 1

(6.27)

Hl(s) =
1

1
2π1
s+ 1

(6.28)

I = αESC,aαESC,b1250, (6.29)
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where the parameters αESC,a ∈ {0, 1} and αESC,b ∈ {0, 1} switch the integrator on and

off. The Bode diagrams of the band-pass filter Hb(s) and the low-pass filter Hl(s)

are depicted in Fig. 6.8. Both filters are discretized on the basis of a first-order hold

discretization scheme, in order to realize a discrete time implementation.

The design options are changed in comparison with the design options in Sec-

tion 5.5.3. Both the perturbation frequency fm and the integrator gain I are increased

in order to improve the convergence speed, see the discussion in Section 5.5.4. The

increase of the perturbation frequency fm enforces a change of the band-pass filter

Hb(s). Finally, the damping ratio of the band-pass filter Hb(s) is modified.
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Figure 6.8: Bode diagrams of filters (Left : Band-pass filter Hb(s); Right : Low-pass filter Hl(s)).

6.5 Nonparametric System Identification

The control design for the combination of the hydraulic actuation system and the

variator requires a model of the system dynamics, which is accurate and reliable. Gen-

erally, two approaches are distinguished for the construction of a model of the system

dynamics. These are given by:

• physical modeling, also known as modeling via first principles or white box mod-

eling, where the model is obtained from the physical relations that are related to

the system, and
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• experimental modeling, also known as modeling via system identification or black

box modeling, where the model is obtained from the input-output data that are

measured with the system.

Physical modeling techniques are generally slow and involve nonlinear models that

provide insight into the physical phenomena. Experimental modeling techniques are

typically fast and provide linear models that provide insight into the input-output

behavior. In view of the accuracy that is required for control design purposes, models

obtained from first principles are typically limited and models obtained from system

identification are consequently preferred.

Modeling via system identification poses several challenges, however. First, the

nonlinearity of the system dynamics of the combination of the hydraulic actuation sys-

tem and the variator is unarguably high. Second, the quality of the actuators and the

sensors is typically low. The former introduces the variations of the system dynam-

ics and the latter limits the signal-to-noise ratio (SNR). Both aspects complicate the

construction of a model that forms a high-quality description of the system dynamics.

The first aspect is addressed via the identification experiment design. The presence of

variations of the system dynamics is accounted for via the selection of the operating

conditions of the hydraulic actuation system and the variator, which is free, apart from

physical boundaries. The second aspect is addressed via the excitation signal design.

The poorness of SNR is accounted for via the selection of the input signals of the

hydraulic actuation system, which is free, apart from physical constraints.

Generally, modeling via system identification provides a model that is either para-

metric or nonparametric. In a parametric model, the system dynamics is described

by a specific model structure, which typically amounts to a small number of model

parameters. In a nonparametric model, the system dynamics is described by a specific

system measurement, which typically amounts to a large number of data points. For

example, transfer function models are parametric models and frequency response func-

tion (FRF) measurements are nonparametric models. The construction of parametric

models versus nonparametric models is typically expressed in terms of slow and com-

plex versus fast and simple. Generally, a parametric model is necessarily required for

the application of automatic loop-shaping techniques, whereas both parametric models

and nonparametric models are suited for the application of manual loop-shaping tech-

niques. Here, the manual loop-shaping approach is pursued, since this facilitates the

connection with the ESC feedback mechanism in comparison with the automatic loop-

shaping approach. For this reason, a nonparametric model of the system dynamics is

constructed.

The nonparametric system identification problem is defined in Section 6.5.1. Sub-

sequently, the excitation signal design is addressed in Section 6.5.2. Finally, FRF

measurements are discussed in Section 6.5.3.
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6.5.1 Nonparametric System Identification Problem

Consider the configuration for the system identification problem that is depicted in

Fig. 6.9. Here, ∆pp,ref and ∆ps,ref denote the deviations that are superposed to the

nominal values p̄p,ref and p̄s,ref . Furthermore, d denotes the disturbances, e.g., noise.

The system identification problem is to find a high-quality description of the system

dynamics between the input uj and the output y, which are defined by:

uj = ∆pj,ref (6.30a)

y = rs − r̄s, (6.30b)

where r̄s denotes the mean of rs. Here, the system identification problem is divided

into two parts, in which the inputs up and us are successively used for excitation.

This enables the construction of a model of the system dynamics for both hydraulic

circuits. Obviously, this system identification problem is of the open loop type, see

Fig. 6.9, which enables the application of well-established techniques from the system

identification field, see Pintelon and Schoukens (2001).

pp,ref

ps,ref

[
THpp

THps

THsp
THss

]

Ts

ωp

rs[
GVp

GVs

]
pp

ps

∆pp,ref

∆ps,ref

p̄p,ref

p̄s,ref

d

Figure 6.9: Configuration for system identification problem.

When the operating conditions of the hydraulic actuation system and the variator

are varied within the range that is normally covered by the CVT, the system dynamics

are significantly changed. When these variations of the system dynamics are neglected

in the control design, this probably deteriorates the control performance or possibly

destabilizes the closed loop. Here, the variations of the system dynamics are addressed

via a set of local linear models, which are obtained from a sequence of identification

experiments. The sequence of identification experiments encompasses a selection of the

operating conditions, where the operating conditions are determined by p̄p,ref , p̄s,ref ,

ωp or ωs, and Tp or Ts. The selection of the operating conditions is summarized in

Table 6.1. This choice of the operating conditions warrants that the speed ratio rs is

extensively varied within the range that is normally covered by the CVT, since the

speed ratio rs dominates the variations of the system dynamics. On the basis of this

sequence of identification experiments, the set of local linear models is constructed.

This forms a representation of the nonlinear system.
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Table 6.1: Operating conditions for identification experiments.

Number p̄p,ref [bar] p̄s,ref [bar] ωp [rpm] ωs [rpm] Tp [Nm] Ts [Nm] r̄s [-]

1 5.3 11.0 2900 -39 1.7

2 6.1 12.0 3500 -37 2.0

3 6.0 30.0 2900 -44 0.6

4 5.0 17.0 2900 -39 0.9

5 6.0 15.5 2900 -37 1.1

6 6.0 15.5 3500 -39 1.1

7 6.0 12.7 2900 -38 1.4

8 6.0 12.7 3500 -37 1.5

9 10.0 14.9 1100 1 2.1

10 10.0 15.4 1300 1 1.6

11 10.0 17.0 1300 0 1.2

12 10.0 20.0 1300 0 1.0

13 10.0 23.0 1300 0 0.9

14 10.0 27.0 1300 0 0.5

15 10.0 16.5 1750 1 1.6

16 10.0 19.5 1750 0 1.0

17 10.0 26.0 1750 0 0.7

18 10.0 16.5 2500 2 1.7

19 10.0 19.5 2500 1 1.1

20 10.0 26.0 2500 0 0.8

6.5.2 Excitation Signal Design

The excitation signal u(t) is either periodic or nonperiodic, where the subscript j is

dropped for simplification. The use of periodic excitation signals is strongly advocated

in Pintelon and Schoukens (2001), in view of FRF measurements that are low-cost and

high-quality. The main advantage of periodic excitation signals in comparison with

nonperiodic excitation signals is given by the possibility of reducing variance by means

of averaging techniques, without introducing bias. For nonperiodic excitation signals,

the application of windowing techniques involves a trade-off between reducing variance

and introducing bias. Here, the multisine is applied, i.e., a sum of sine waves that are

harmonically related, which is a periodic excitation signal. The multisine is defined by:

u(t) =
F∑

k=1

αk cos(2πfkt+ ϕk), (6.31)

where the index k denotes the sine wave. Furthermore, F denotes the number of

frequencies, fk the frequency, αk the amplitude, and ϕk the phase. The frequency fk
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is a multiple of the fundamental frequency fmin, which is expressed by:

fk = Nkfmin, (6.32)

where Nk ∈ N. Here, N denotes the set of natural numbers. Furthermore, the funda-

mental period is equal to 1/fmin. The Schroeder phases are used, see Schroeder (1970),

which are defined by:

ϕk =
−k(k − 1)π

F
, (6.33)

for which the crest factor, i.e., the ratio between the peak value of u(t) and the root

mean square (RMS) value of u(t), is fairly low.

The sampling frequency is equal to fs = 1000 [Hz] and the fundamental frequency

is equal to fmin = 0.05 [Hz]. The number of frequencies F in the discrete frequency

grid Ω(fk) is equal to F = 41 [-], where Ω(fk), k = 1, . . . , F , is given by Ω(fk) ∈
{0.05, . . . , 48} [Hz]. Moreover, the low-pass character of the system requires that the

amplitude αk is nonuniformly chosen, in order to ensure that the system is adequately

excited. Although the number of frequencies F is limited, the damped character of the

system suggests that the discrete frequency grid Ω(fk) is sufficiently dense. Finally,

for each of the operating conditions, the number of fundamental periods M is equal to

M = 44 [-]. The measurements of the input ul(t) and the output yl(t) for each of the

fundamental periods are transformed to the frequency domain via the discrete Fourier

transform (DFT), see Pintelon and Schoukens (2001, Section 2.2), where the index

l denotes the fundamental period. This provides the spectra of the input Ul(j2πfk)

and the output Yl(j2πfk). Subsequently, the spectra are averaged. Afterwards, the

averages are divided, which provides the FRF. Hence, the FRF P (j2πfk) is defined by:

P (j2πfk) =
1
M

∑M
l=1 Yl(j2πfk)

1
M

∑M
l=1 Ul(j2πfk)

, (6.34)

where l = 1, . . . ,M . For illustration purposes, the time domain representation of the

input ul(t) and the frequency domain representation of the input |Ul(j2πfk)| for a

single fundamental period are depicted in Fig. 6.10. Here, the input for the primary

side of number 18 in Table 6.1 is considered.

6.5.3 Frequency Response Function Measurements

The set of FRFs P (jωk), which consists of Pi(jωk), i = 1, . . . , 20, is depicted in

Fig. 6.11. Here, the system P is composed of the transfer function between the in-

put pp,ref and the output rs (left) and of the transfer function between the input ps,ref

and the output rs (right). The confidence intervals are omitted, since the variance

errors are negligible. The variations of the system dynamics are clearly visible. Fur-

thermore, the low-pass character of the system and the damped character of the system

are indisputably confirmed.
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Figure 6.10: Representation of excitation signal for primary side of number 18 in Table 6.1 (Left :
Time domain; Right : Frequency domain).
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Figure 6.11: Set of FRFs P (jωk) (Left : Primary side input; Right : Secondary side input).

6.6 Tracking Control Design

The design of the tracking controller KTC for the combination of the hydraulic ac-

tuation system and the variator requires a model of the system dynamics, which is

developed in Section 6.5. Specifically, the system P between the input pj,ref and the

output rs is identified. The inputs pp,ref and ps,ref are separately considered, since the

tracking controller KTC switches between the primary hydraulic circuit and the sec-

ondary hydraulic circuit. When the operating conditions of the hydraulic actuation

system and the variator are varied, the system dynamics are significantly changed. For

the inputs pp,ref and ps,ref , these variations of the system dynamics are clearly observed

in Fig. 6.11. Essentially, the consequence of these observations with respect to the
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design of the tracking controller KTC is twofold. That is, the tracking controller KTC

guarantees stability and performance in the presence of:

• the variations of the system dynamics between the input pj,ref and the output rs,

and

• the switches between the inputs pp,ref and ps,ref .

Obviously, the tracking controller KTC is applied to a nonlinear system. The track-

ing controller KTC is either linear or nonlinear, where several control design approaches

are known. One linear control design is given by a tracking controller KTC(θ) that in-

corporates robustness with respect to the variations of the system dynamics, where

the controller parameters θ are fixed as a function of time t. Generally, stability is

guaranteed, although performance is limited. Performance is possibly improved when

the tracking controller KTC is modified in relation to the operating conditions, which

amounts to a nonlinear control design. One nonlinear control design is given by a track-

ing controller KTC(θ(t)), where the controller parameters θ are modified as a function of

time t. Examples of such control design approaches are adaptive control (Åström and

Wittenmark, 1995) and gain scheduling control (Leith and Leithead, 2000; Rugh and

Shamma, 2000), which includes linear parameter-varying (LPV) control. Actually, gain

scheduling control is sometimes classified in terms of adaptive control, see Åström and

Wittenmark (1995, Section 1.4). In adaptive control, the controller parameters θ are

adapted as a function of time t on the basis of the tuning mechanisms that are fed with

measurements. Observe that feedback from the performance of the closed loop system

to the controller parameters θ is present. In gain scheduling control, the controller pa-

rameters θ are scheduled as a function of time t on the basis of the scheduling variables

that are inferred from measurements. Observe that feedback from the performance of

the closed loop system to the controller parameters θ is absent. The scheduling vari-

ables are necessarily correlated with the variations of the system dynamics, although

the dependencies are complex, which implies that the determination of the scheduling

variables is not straightforward. When the scheduling variables are determined, the

controller parameters θ are subsequently calculated. Hereto, the operating conditions

are varied within the range that is normally covered by the CVT, which implies that

the computation of the controller parameters θ is often time-consuming.

Here, the system P is composed of the hydraulic actuation system that is closed

loop pressure controlled and the variator, which forms a nonlinear system. The vari-

ations of the system dynamics are mainly attributed to the input-output behaviour

of the variator, since the input-output behaviour of the hydraulic actuation system

is approximately linearized by the feedback controller, see Skogestad and Postleth-

waite (2005, Section 2.2.5). The input-output behaviour of the variator is described by

the Ide transient variator model (6.10). This suggests the construction of a feedback

linearization design, see, e.g., Slotine and Li (1991, Chapter 6), which cancels the non-

linearities that are captured by the Ide transient variator model. When the feedback

linearization design is applied, the input-output behaviour of the combination of the
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hydraulic actuation system and the variator is approximately linearized. This enables

the construction of a linear control design in order to deal with inaccuracies that are

associated with the Ide transient variator model and disturbances that are related to

the combination of the hydraulic actuation system and the variator.

The feedback linearization design is described in Section 6.6.1. The linear control

design is addressed in Section 6.6.2.

6.6.1 Feedback Linearization Design

The feedback linearization design is constructed on the basis of the inverse of the Ide

transient variator model (6.10a), which is defined by:

Fshift,ref =
ṙs,ref + u

σIde (rs) |ωp|
, (6.35)

where the input u is newly defined. The inputs in (6.35) are given by the rate of

change of the speed ratio reference ṙs,ref for feedforward and the input u for feedback.

The output in (6.35) is given by the shift force reference Fshift,ref , which is employed

in (6.16). Basically, a weighting of the input u with the reciprocal of both σIde(rs) and

|ωp| is applied in (6.35). This cancels the nonlinearities that are captured by the Ide

transient variator model.

On the basis of (6.35), two feedback linearization gains are derived. When the speed

ratio rs is controlled by the primary side, the gain from δu to δpp,ref is applied, which

follows from (6.35), (6.16a), and (6.11a). When the speed ratio rs is controlled by the

secondary side, the gain from δu to δps,ref is applied, which follows from (6.35), (6.16b),

and (6.11b). Here, δ denotes a perturbation. The gains are collected in the feedback

linearization matrix V , which is defined by:

V =

[
δpp,ref
δu

0

0
δps,ref
δu

]
. (6.36)

The gains are given by:

δpp,ref

δu
=

1

Ap

1

σIde (rs) |ωp|
(6.37a)

δps,ref

δu
=

1

As

1

σIde (rs) |ωp|
−1

κCVT (rs, τ ′s)
. (6.37b)

The gain for the primary side (6.37a) scales the magnitude, whereas the phase shift

equals 0 [deg], since (6.37a) is always positive. The gain for the secondary side (6.37b)

scales the magnitude, whereas the phase shift equals 180 [deg], since (6.37b) is always

negative. The product of the set of FRFs P (jωk) and the feedback linearization matrix

V is depicted in Fig. 6.12.
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Figure 6.12: Set of FRFs P (jωk)V (Left : Primary side input; Right : Secondary side input).

6.6.2 Linear Control Design

On the basis of the product of the set of FRFs P (jωk) and the feedback linearization

matrix V , the feedback controller KLC(s) is designed, see Skogestad and Postlethwaite

(2005, Chapter 2). The feedback controller KLC(s) computes the input u on the basis

of the tracking error ers . The feedback controller KLC(s) is defined by:

KLC(s) = KgainKPID(s)Knotch(s)Kroll-off(s). (6.38)

The feedback controller KLC(s) is composed of four terms, which are specified by:

Kgain = 0.1 (6.39a)

KPID(s) =
288

π
+ 1 + αLC

144

s
+

20

π
s (6.39b)

Knotch(s) =

1
(2πfm)2

s2 + 2
2πfm

0.002s+ 1
1

(2πfm)2
s2 + 2

2πfm
0.05s+ 1

(6.39c)

Kroll-off(s) =
1

1
2π4.5

s+ 1

1
1

2π15
s+ 1

, (6.39d)

where the parameter αLC ∈ {0, 1} switches the integrator on and off. The gain

term (6.39a) and the proportional-integral-derivative (PID) controller (6.39b) are stan-

dard, see Franklin et al. (1994, Section 4.2). The notch filter (6.39c) is implemented in

order to reduce the suppression of the periodic response of the speed ratio rs, which is

enforced by the sinusoidal perturbation of the ESC feedback mechanism. The roll-off



6.6. Tracking Control Design 199

term (6.39d) is added in order to reduce the amplification of noise. The Bode diagram

of the feedback controller KLC(s) is depicted in Fig. 6.13. The feedback controller

KLC(s) is discretized on the basis of a first-order hold discretization scheme, in order

to realize a discrete time implementation.
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Figure 6.13: Bode diagram of feedback controller KLC(s).

When one of the clamping force references Fj,ref is equal to the upper clamping

force constraints Fj,max, see (6.14), the integrator of the PID controller is disabled,

see (6.39b). This is governed by the parameter αLC, which is defined by:

αLC =

{
0 if Fp,ref = Fp,max ∨ Fs,ref = Fs,max

1 if Fp,ref < Fp,max ∧ Fs,ref < Fs,max
. (6.40)

Basically, this conditional integrator anti-windup mechanism fixes the output of the

integrator during instances of actuator saturation, which originate from the upper

clamping force constraints Fj,max. During instances of actuator saturation, the closed

loop between the input u and the output rs is effectively broken. This is normally

followed by the integrator windup phenomenon, which is avoided by the implemen-

tation of the conditional integrator anti-windup mechanism, see Pesgens et al. (2006,

Section 5).

The feedback controller KLC(s) stabilizes the product of the set of FRFs P (jωk)

and the feedback linearization matrix V . This conclusion is drawn on the basis of the

loop transfer function L(jωk), which is defined by:

L(jωk) = KLC(jωk)P (jωk)V. (6.41)
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The set of FRFs L(jωk) is depicted in Fig. 6.14. Two stability margins, i.e., the

gain margin and the phase margin, are evaluated, see Skogestad and Postlethwaite

(2005, Section 2.4). The gain margin is approximately equal to 2.2 [-], whereas the

phase margin is approximately equal to 45 [deg]. These values form the indication

of worst-case stability margins. This is a consequence of the variations of the system

dynamics, which are not eliminated by the feedback linearization design. Typically, a

gain margin larger than 2 [-] and a phase margin larger than 30 [deg] is required for

robustness, see Skogestad and Postlethwaite (2005, Section 2.4.3). These requirements

are obviously satisfied.
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Figure 6.14: Set of FRFs L(jωk) (Left : Primary side input; Right : Secondary side input).

The performance of the closed loop system is evaluated by the sensitivity function

S(jωk), which is defined by:

S(jωk) =
1

1 + L(jωk)
. (6.42)

The set of FRFs S(jωk) is depicted in Fig. 6.15. Here, the performance of the closed

loop system is indicated by the bandwidth of the closed loop system. The bandwidth

of the closed loop system is defined by the frequency fbw, which is the frequency where

1/
√

2 [-] is firstly crossed by |S(j2πf)| from |S(j2πf)| < 1/
√

2 to |S(j2πf)| > 1/
√

2,

see Skogestad and Postlethwaite (2005, Section 2.4.5). From Fig. 6.15, it follows that

the frequency fbw ranges from fbw ≈ 0.6 [Hz] to fbw ≈ 1.8 [Hz], which is satisfactorily

high. This is concluded on the basis of the frequency domain characteristics of the

speed ratio references rs,ref that are typically expected. Furthermore, the robustness
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of the closed loop system is indicated by the H∞ norm of the sensitivity function

‖S(jωk)‖∞. Typically, ‖S(jωk)‖∞ ≤ 6 [dB] is required for robustness, see Skogestad

and Postlethwaite (2005, Section 2.4.3). From Fig. 6.15, it follows that ‖S(jωk)‖∞ < 5

[dB], which is reasonably good.
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Figure 6.15: Set of FRFs S(jωk) (Left : Primary side input; Right : Secondary side input).

6.7 Evaluation of Control Designs

In this section, the performance of the control design that is composed of the ESC

design and the TC design is compared to the performance of the control design that

is proposed in Pesgens et al. (2006). The comparison is performed by means of the

test rig, see Section 1.6. Both control designs are evaluated on the basis of a modified

driving cycle, which is derived from a standardized driving cycle, i.e., the extra urban

driving cycle (EUDC). A modified driving cycle is used, since the capabilities of the

test rig are physically limited.

The test rig control system is described in Section 6.7.1. Several modifications

are applied in order to simulate the modified driving cycle. The modified driving

cycle is based on a realization of the EUDC, which is driven by a Mercedes-Benz

A200 Turbo. The vehicle parameters and the auxiliary parameters together with the

realization of the EUDC are introduced in Section 6.7.2. Subsequently, the modified

driving cycle is discussed in Section 6.7.3. Finally, the performance of the control

designs is compared in Section 6.7.4.
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6.7.1 Test Rig Control System

The test rig control system for the simulation of driving cycles is depicted in Fig. 6.16.

Both electric motors are open loop torque controlled, where the control signals are

given by Tp,ref and Ts,ref for the primary electric motor and the secondary electric

motor, respectively. The torques Tp and Ts that are actually exerted on the variator

are regarded as the torque that is generated by the ICE and the load that is imposed

by the road. The pressures pp and ps are exerted on the axially moveable sheaves of

the variator by the hydraulic actuation system that is closed loop pressure controlled,

see Chapter 4. The pressure references pp,ref and ps,ref are computed by the variator

control system, for which the vector of signals θ and the secondary pressure ps are the

inputs. The vector of signals θ is defined by:

θ =
[
ωp ωs rs Rp Rs T̂p rs,ref

]T
, (6.43)

where the angular velocities ωp and ωs are measured, on the basis of which the speed

ratio rs is computed. The running radii Rp and Rs are derived from the speed ratio

rs on the basis of the variator geometry, see (3.36a) and (3.36b). Furthermore, the

estimate of the primary torque T̂p is equal to the primary torque reference Tp,ref , i.e.,

T̂p = Tp,ref . Finally, the speed ratio reference rs,ref is prescribed by the driveline control

system.

In Fig. 6.16, three setpoints are externally specified, of which the speed ratio refer-

ence rs,ref is already mentioned. In addition, the secondary angular velocity reference

ωs,ref and the secondary torque reference Ts,ref are required. Here, ωs,ref is derived from

the vehicle velocity, whereas Ts,ref is derived from the road load, see Section 6.7.3.

The block “Test Rig Control” in Fig. 6.16 incorporates a feedback controller, which

aims to reduce the tracking error eωs . The tracking error eωs is defined by:

eωs = ωs,ref − ωs. (6.44)

As a result, the feedback controller resembles the driver behavior, since the driver

aims to maintain a vehicle velocity, which is directly related to the secondary angular

velocity reference ωs,ref . Normally, the driver prescribes the accelerator pedal posi-

tion, from which the torque that is generated by the ICE follows. Here, the primary

torque reference Tp,ref is directly specified by the feedback controller, which is of the

proportional-integral (PI) type in series with a roll-off term. With eωs as input and

Tp,ref as output, the feedback controller Kd(s) is defined by:

Kd(s) =

(
2

π
+

1

s

)
1

1
2π1.5

s+ 1
0.8

30

π
. (6.45)

The Bode diagram of the feedback controller Kd(s) is depicted in Fig. 6.17. The

feedback controller Kd(s) is discretized on the basis of a first-order hold discretization

scheme, in order to realize a discrete time implementation.
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Figure 6.16: Test rig control system for simulation of driving cycles.

6.7.2 Mercedes-Benz A200 Turbo

The test vehicle is a Mercedes-Benz A200 Turbo (W169), which is depicted in

Fig. 6.18. The vehicle parameters, the auxiliary parameters, and the realization of the

EUDC are successively discussed.

Vehicle Parameters

The vehicle parameters are summarized in Table 6.2. The vehicle parameters are

obtained from Mercedes-Benz Belgium Luxembourg NV (2009).

On the basis of the frontal height h and the frontal width w, the maximum vehicle

cross-section A, i.e., the projected frontal area, is defined by:

A = hw. (6.46)
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Figure 6.17: Bode diagram of feedback controller Kd(s).

Figure 6.18: The Mercedes-Benz A200 Turbo (W169).

Furthermore, the wheel angular velocity ωwheel and the final drive ratio rfd are defined



6.7. Evaluation of Control Designs 205

Table 6.2: Vehicle parameters of Mercedes-Benz A200 Turbo (W169).

Parameter Description Value Unit

cw drag coefficient 0.31 [-]

h frontal height 1.595 [m]

w frontal width 1.764 [m]

mkw vehicle mass (kerb weight)a 1340 [kg]

rfd final drive ratio 1/4.86 [-]

Rwheel static wheel radiusb 0.31 [m]

a The kerb weight mkw relates to a vehicle of the stan-

dard type with a mass of 68 [kg] for the driver, a mass

of 7 [kg] for the luggage, and the fuel tank filled to 90

[%] of the capacity.
b The static wheel radius Rwheel is directly derived from

the size of the tyre, which is given by 195/55 R16.

by:

ωwheel =
vvehicle

Rwheel

(6.47)

rfd =
ωwheel

ωs
, (6.48)

where vvehicle denotes the vehicle linear velocity.

Auxiliary Parameters

Besides the vehicle parameters, the computation of the driving resistance requires

several parameters that are related to the surroundings, which are designated the

auxiliary parameters. The auxiliary parameters are summarized in Table 6.3.

On the basis of the vehicle parameters in Table 6.2 and the auxiliary parameters in

Table 6.3, the driving resistance is computed. The driving resistance Fdr is defined by:

Fdr = mkwgfr cos(αinc)︸ ︷︷ ︸
1

+mkwg sin(αinc)︸ ︷︷ ︸
2

+
1

2
ρaircwAv

2
vehicle

︸ ︷︷ ︸
3

+mkwavehicle︸ ︷︷ ︸
4

, (6.49)

which is composed of the rolling resistance term 1, the gradient resistance term 2,

the air resistance term 3, and the acceleration resistance term 4, see Lechner and

Naunheimer (1999, Section 3.1.6). Here, avehicle denotes the vehicle linear acceleration.

Under the assumption that the final drive efficiency is considered ideal, the secondary

torque Ts is given by:

Ts =
Fdrvvehicle

ωs
. (6.50)
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Table 6.3: Auxiliary parameters.

Parameter Description Value Unit

αinc angle of inclination 0 [rad]

fr rolling resistance coefficienta 0.010 [-]

g gravitational acceleration 9.81 [m/s2]

ρair air densityb 1.199 [kg/m3]

a The value of the rolling resistance coefficient fr applies

to a smooth tarmac road, see Lechner and Naunheimer

(1999, Table 3.1).
b The value of the air density ρair is valid under the con-

dition that the air pressure equals 1.013 [bar], the rela-

tive air humidity equals 60 [%], and the air temperature

equals 20 [◦C], see Lechner and Naunheimer (1999, Sec-

tion 3.1.3).

Extra Urban Driving Cycle

A standardized driving cycle is normally used to assess the emission performance and

the fuel consumption of a vehicle. In Europe, the new European driving cycle (NEDC)

is generally employed, which consists of two parts, see European Economic Community

(2007). Part one is the so-called urban driving cycle (UDC), which represents driving

conditions inside a city. The duration, the average velocity, and the maximum velocity

of the UDC are equal to 780 [s], 18.7 [km/h], and 50 [km/h], respectively. Furthermore,

the idling time is equal to 31 [%]. Part two is the so-called extra urban driving cycle

(EUDC), which represents driving conditions outside a city. The duration, the average

velocity, and the maximum velocity of the EUDC are equal to 400 [s], 62.6 [km/h],

and 120 [km/h], respectively. Furthermore, the idling time is equal to 5 [%]. Normally,

part one and part two of the NEDC are successively driven by the test vehicle without

interruption. For the comparison of the performance of the control designs, however,

a minimization of the idling situations is desired. For this reason, the attention is

restricted to the EUDC.

The EUDC is driven by the test vehicle, for which a chassis dynamometer is em-

ployed. The realization of the EUDC is depicted in Fig. 6.19, which shows both the

vehicle linear velocity vvehicle and the speed ratio rs. Obviously, there is a delay between

the desired vehicle linear velocity and the realized vehicle linear velocity, which is in-

duced by the driver. The speed ratio is probably determined by one of the strategies

that are discussed in Section 6.3.2.
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Figure 6.19: A realization of the EUDC by the Mercedes-Benz A200 Turbo (black: Measurement;
grey: Reference).

6.7.3 Modified Driving Cycle

A modified driving cycle is designed, since the capabilities of the test rig are physically

limited. The modified driving cycle is based on the responses of the vehicle linear

velocity and the speed ratio in Fig. 6.19. The limitations of the test rig are fourfold.

1. The test rig lacks a launching device, e.g., a torque converter or a magnetic

powder clutch, see Lechner and Naunheimer (1999, Section 4.2), which prevents

the simulation of idling situations. Therefore, time intervals in which vvehicle = 0

are replaced by time intervals in which vvehicle 6= 0, where a minimum primary

angular velocity for the primary electric motor is defined. Here, the minimum

primary angular velocity for the primary electric motor is equal to ωp,min = 1000

[rpm].

2. The torque capacity of the pushbelt variator and the secondary angular velocity

for the secondary electric motor are limited to TCVT = 155 [Nm] and ωs,max =

5000 [rpm], respectively, which restricts the maximum vehicle linear velocity.

Here, the maximum vehicle linear velocity is equal to vvehicle,max = 102 [km/h].

3. The range of the speed ratio of the CVT is bounded by the minimum speed

ratio rs,min and the maximum speed ratio rs,max. Here, rs,min = 0.48 [-] and

rs,max = 2.17 [-]. Consequently, the speed ratio is accordingly scaled.

4. The test rig lacks a disc brake, which implies that the brake torque is entirely gen-

erated by the primary electric motor. Normally, the brake torque is distributed

between the disc brakes and the ICE, which generates a drag torque, see Lechner

and Naunheimer (1999, Section 11.5.2). For this reason, a minimum primary

torque for the primary electric motor is defined. Here, the minimum primary

torque for the primary electric motor is equal to Tp,min = −30 [Nm], which sim-

ulates the drag torque of the ICE. Consequently, the secondary torque for the

secondary electric motor is accordingly adjusted.

On the basis of limitations 1 and 2, the response of the vehicle linear velocity vvehicle

in Fig. 6.19 is adjusted to the vehicle linear velocity reference vvehicle,ref . The resulting
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vehicle linear velocity reference vvehicle,ref is depicted in Fig. 6.20. Using the vehicle

linear velocity reference vvehicle,ref , (6.47), and (6.48), the secondary angular velocity

reference ωs,ref is computed. The resulting secondary angular velocity reference ωs,ref

is depicted in Fig. 6.20. Using the vehicle linear velocity reference vvehicle,ref , (6.49),

and (6.50), the secondary torque reference Ts,ref is computed. On the basis of limitation

4, the secondary torque reference Ts,ref is adjusted. The resulting secondary torque

reference Ts,ref is depicted in Fig. 6.20. On the basis of limitation 3, the response of the

speed ratio rs in Fig. 6.19 is adjusted to the speed ratio reference rs,ref . The resulting

speed ratio reference rs,ref is depicted in Fig. 6.20.
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Figure 6.20: Setpoints for the simulation of the modified driving cycle.

6.7.4 Closed Loop Experiments

The final control design, see the high-level control system and the low-level control

system in Section 6.4 in combination with the feedback linearization design and the

linear control design in Section 6.6, is compared to the conventional control design,

see Pesgens et al. (2006). The evaluation is performed on the basis of the modified

driving cycle, which is discussed in Section 6.7.3. The presentation of the experimental

results shows the conventional control design on the left and the final control design

on the right.

The torques are depicted in Fig. 6.21, whereas the angular velocities are depicted

in Fig. 6.22. For both cases, the secondary torque reference Ts,ref is largely tracked by

the secondary torque Ts (Fig. 6.21 (bottom)). Deviations are observed, however, which
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are attributed to the open loop control of the secondary electric motor. The secondary

angular velocity reference ωs,ref is accurately tracked by the secondary angular velocity

ωs (Fig. 6.22 (bottom)) for both cases. This is enforced by the feedback controller

Kd(s), which generates the primary torque reference Tp,ref . For both cases, the primary

torque reference Tp,ref is largely tracked by the primary torque Tp (Fig. 6.21 (top)).

Deviations are observed, however, which are attributed to the open loop control of

the primary electric motor. The speed ratio and the tracking error are depicted in

Fig. 6.23. The speed ratio reference rs,ref is accurately tracked by the speed ratio rs
(Fig. 6.23 (top)) for both cases. This is confirmed by the tracking error ers (Fig. 6.23

(bottom)). Hence, the variator control system satisfies the first control objective, see

Section 6.3.2. For the conventional control design, |ers| < 0.02 [-], whereas for the final

control design, |ers| < 0.03 [-], which are small. Furthermore, the standard deviation

of the tracking error ers is equal to 0.0013 [-] and 0.0016 [-] for the conventional control

design and the final control design, respectively, which are similar. Hence, driveability

is not affected by the periodic response of the speed ratio rs, which is enforced by the

sinusoidal perturbation of the ESC feedback mechanism.
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Figure 6.21: Closed loop experimental results for modified driving cycle (Left : Conventional control
design; Right : Final control design) (black: Measurement; grey: Reference).

Two oscillations are predominantly observed in both cases (Fig. 6.23 (bottom)),

for t ≈ 118 [s] and t ≈ 359 [s], which are induced by the switch in (6.19). That is,

the primary clamping force reference Fp,ref and the secondary clamping force reference

Fs,ref are determined by either Fp,ratio and Fs,min or Fp,min and Fs,ratio. Switching is

obviously governed by the condition in (6.19), which involves Fp,ratio and Fp,min. Both
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Figure 6.22: Closed loop experimental results for modified driving cycle (Left : Conventional control
design; Right : Final control design) (black: Measurement; grey: Reference).
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Figure 6.23: Closed loop experimental results for modified driving cycle (Left : Conventional control
design; Right : Final control design) (black: Measurement; grey: Reference).
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Figure 6.24: Closed loop experimental results for modified driving cycle (Left : Conventional control
design; Right : Final control design) (black: Measurement; grey: Reference).

Fp,ratio and Fp,min are determined on the basis of measurements, see (6.16a) and (6.15),

respectively. Since measurements are inherently corrupted with noise, multiple switches

are typically performed, whereas one switch is obviously desired. This phenomenon is

called chattering. The condition in (6.19) is depicted in Fig. 6.25 for the low-level

control system of the final control design. Chattering is clearly observed in Fig. 6.25,

for 112 ≤ t ≤ 132 [s] and 358 ≤ t ≤ 361 [s]. Chattering is possibly avoided by means

of the implementation of a hysteresis or a relay, for example.

The pressures are depicted in Fig. 6.24. For both cases, the primary pressure refer-

ence pp,ref and the secondary pressure reference ps,ref are accurately tracked by the pri-

mary pressure pp and the secondary pressure ps, respectively. This confirms the quality

of the closed loop control of the hydraulic actuation system, see Chapter 4. The upper

pressure constraints are not activated for both cases. The lower pressure constraints are

not activated for the conventional control design (Fig. 6.24 (left)), whereas the lower

pressure constraints are activated for the final control design (Fig. 6.24 (right)). The

lower primary pressure constraint pp,low is occasionally activated in the time intervals

112 ≤ t ≤ 132 [s], 145 ≤ t ≤ 150 [s], and 358 ≤ t ≤ 383 [s], whereas the lower secondary

pressure constraint ps,low is occasionally activated in the time intervals 111 ≤ t ≤ 130

[s], 149 ≤ t ≤ 150 [s], and 358 ≤ t ≤ 361 [s]. Obviously, these lower pressure constraints

are properly handled by the final control design. In the final control design, the switch

from the high-level control system to the low-level control system, see (6.21), is per-

formed for t = 29.262 [s]. Here, the upper bound for the tracking error ers is equal to
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Figure 6.25: Control signals for low-level control system of final control design (Fp,ratio < Fp,min →
f(Fp,ratio − Fp,min) = 0, Fp,ratio ≥ Fp,min → f(Fp,ratio − Fp,min) = 1).

ẽrs = 0.03 [-]. Consequently, the output of the integrator p̂s,ref changes from p̂s,ref = 0

to p̂s,ref 6= 0. The output of the integrator p̂s,ref is depicted in Fig. 6.25, which confirms

the observation. The conditional integrator anti-windup mechanism fixes the output of

the integrator p̂s,ref during instances of actuator saturation, which originate from the

lower pressure constraints pj,low, see (6.24). Indeed, the output of the integrator p̂s,ref

is fixed in the time intervals 111 ≤ t ≤ 132 [s], 145 ≤ t ≤ 150 [s], and 358 ≤ t ≤ 383

[s]. This confirms the operation of the conditional integrator anti-windup mechanism.

Besides these time intervals, the output of the integrator p̂s,ref is continuously adapted

by the ESC feedback mechanism. The switch from the low-level control system to the

high-level control system is not performed, since the condition (6.22a) is not satisfied,

which is obviously desired.

The pressures pp and ps for the conventional control design and the final control

design are depicted in Fig. 6.26. The variator efficiency η for the conventional control

design and the final control design is depicted in Fig. 6.27. For both the pressures pp
and ps and the variator efficiency η, the responses for the conventional control design

and the final control design nearly coincide for t < 29.262 [s] when the high-level

control system is activated and clearly deviate for t > 29.262 [s] when the low-level

control system is activated. The pressures pp and ps are decreased, whereas the variator

efficiency η is increased. Hence, the variator control system satisfies the second control

objective, see Section 6.3.2. The deviations are enforced by the output of the integrator

p̂s,ref , which is continuously adapted by the ESC feedback mechanism, see Fig. 6.25.
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Figure 6.26: Closed loop experimental results for modified driving cycle (black: Conventional control
design; grey: Final control design).
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Figure 6.27: Closed loop experimental results for modified driving cycle (black: Conventional control
design; grey: Final control design).

The output of the integrator p̂s,ref shows changes both with a negative gradient and with

a positive gradient, which is explained by the terms in (6.23). The first term in (6.23)

is a feedforward contribution, which is based on a variator model. The variator model

modifies the manipulated variable (Ftorque) in relation to the measured disturbances (T̂p
and Rp). The final control design particularly relies on this feedforward contribution

during transient situations. The second term in (6.23) is a feedback contribution, which

is computed by the ESC feedback mechanism. The ESC feedback mechanism adapts

the manipulated variable (Ftorque) in response to the controlled variables (ps and rs).

The final control design typically relies on this feedback contribution during stationary

situations. Hence, the ESC feedback mechanism accounts for the inaccuracies that are
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introduced by the variator model. This adaptation guarantees the performance of the

final control design.

The losses within the pushbelt CVT are primarily determined by the variator and

the hydraulic actuation system. The level of these losses is directly related to the level

of the pressures, see, e.g., Ide (1999). The level of the pressures is clearly lowered by the

final control design in comparison with the conventional control design, see Fig. 6.26.

Consequently, the variator efficiency is clearly increased, see Fig. 6.27. Simultaneously,

the hydraulic actuation system efficiency is significantly improved, which is not visu-

alized, however. This is caused by the test rig, which prevents the evaluation of the

hydraulic actuation system efficiency. For this reason, the implementation of the con-

ventional control design and the final control design in a test vehicle is desired. When

the fuel consumption of the test vehicle is measured for a standardized driving cycle,

e.g., the NEDC, the improvements for the components of the pushbelt CVT are in-

tegrally evaluated. Basically, the final control design is compared to the conventional

control design in terms of the fuel consumption. For example, a reduction of the fuel

consumption of 3.7 [%] for the NEDC is reported in Van der Noll et al. (2009), where

the control design is also based on the ESC feedback mechanism.

6.8 Discussion

In this chapter, a control design for the variator in a pushbelt continuously variable

transmission (CVT) is proposed that effectively improves the variator efficiency and

only uses the measurements of the angular velocities and the secondary pressure, which

are standard. The variator control design simultaneously satisfies both objectives for

the variator control system: 1. tracking a speed ratio reference, which is prescribed

by the driveline control system; 2. optimizing the variator efficiency. This is actually

achieved by a combination of tracking control (TC) and extremum seeking control

(ESC), i.e., the low-level control system. The TC design and the ESC design are

closely intertwined on the basis of a compensation that is derived from the Ide tran-

sient variator model. Here, the clamping force constraints that are applicable to the

primary side and the secondary side are separately evaluated. Either the minimum pri-

mary clamping force constraint or the minimum secondary clamping force constraint

is active, which involves the contribution of the ESC design. The TC design operates

the side that remains. As a result, switching of the TC design and the ESC design be-

tween the primary hydraulic circuit and the secondary hydraulic circuit occurs, which

is governed by the operating conditions. The TC design is composed of a feedback lin-

earization design on the basis of the Ide transient variator model and a linear control

design on the basis of the frequency response function (FRF) measurements that are

obtained with multisine excitation signals. The ESC design is improved by a change

of the design options, which accelerates the convergence. The low-level control system

is supervised by the high-level control system. Supervision is required, since destabi-

lization of the ESC design is possibly induced by torque disturbances. The high-level
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control system incorporates a conventional control system and a detection mechanism.

When destabilization is detected by the detection mechanism, the low-level control

system is overruled by the conventional control system. After stabilization is enforced

by the conventional control system, the low-level control system is reinvoked. Finally,

the performance of the final control design is successfully evaluated on the basis of a

modified driving cycle. The experiments show that the conventional control design,

i.e., the absolute safety strategy, which is commonly used, is outperformed.

Several opportunities for future research are recognized. The performance of the

ESC design is improved when the convergence is accelerated, via optimization or ex-

tension of the ESC design. The performance of the TC design is improved when the

cancellation of the variations of the system dynamics is improved, via optimization

of the feedback linearization design, for example. Furthermore, chattering is clearly

observed, which results from switching of the TC design and the ESC design between

the primary hydraulic circuit and the secondary hydraulic circuit. Chattering is pos-

sibly avoided by means of the implementation of a hysteresis or a relay, for example,

which is future research. Finally, the implementation of the final control design and

the conventional control design in a test vehicle is desired. When the fuel consumption

of the test vehicle is measured for a standardized driving cycle, e.g., the new European

driving cycle (NEDC), the improvements for the components of the pushbelt CVT are

integrally evaluated, which contrasts with the test rig. Basically, the final control de-

sign is compared to the conventional control design in terms of the fuel consumption,

which is future research.





Chapter 7

Conclusions and Recommendations

Developments with respect to the transmission of a passenger car are mainly directed

towards reduction of the fuel consumption, which is directly related to reduction of

the emissions. The transmission affects the fuel consumption of a vehicle via the

transmission efficiency and via the transmission variability, i.e., the performance po-

tential. Within this scope, the pushbelt continuously variable transmission (CVT)

surpasses alternative transmissions in terms of the performance potential. Specifically,

the variability potential of the pushbelt CVT is nearly consumed, whereas the efficiency

potential of the pushbelt CVT is hardly exploited. For this reason, the attention is

directed towards the exploitation of the efficiency potential of the pushbelt CVT. This

is achieved by the optimization of the control system of the hydraulic actuation system

and the variator, which is both effective and inexpensive. The main challenge is to

reduce the clamping forces towards the level for which the traction potential of the

variator is fully utilized, see Sun and Hebbale (2005), since this reduces the friction

loss associated with the variator and the energy loss associated with the hydraulic

pump. Constraints are given by: 1) avoiding the failure of the variator, which is pos-

sibly induced by the torque disturbances, 2) tracking the transmission ratio reference,

which is typically prescribed by the driveline control system. Hence, the main research

objective is to design a control system that achieves these objectives. Moreover, the

resources of the control system are restricted to measurements from sensors that are

standard, which avoids additional complexity and limits additional costs.

In Section 7.1, the conclusions with respect to this general research objective are

presented. This is followed by the recommendations for future research in Section 7.2.

7.1 Conclusions

The conclusions are categorized in line with the specific research items that are outlined

in Section 1.4.
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Pushbelt Variator – First Principles Modeling and Validation

In Chapter 2, a stationary variator model for the pushbelt variator is constructed

and validated, which provides insights with respect to the physics that governs the

input-output behaviour. Initially, the stationary variator model is constructed without

pulley deformation and the validation is performed on the basis of the traction curve,

which interrelates the running radii, the angular velocities, the clamping forces, and

the torques. The traction curve is of crucial importance in variator slip control designs,

disturbance feedforward control designs, and variator damage analyses. A quantita-

tive comparison between calculations and experiments shows that this input-output

behaviour is adequately described by the stationary variator model without pulley de-

formation. Subsequently, the relation between the manipulated variator input (the

clamping force Fs) and the measured variator output (the ratio of the angular veloci-

ties ωs and ωp) is investigated, in view of the control design. A qualitative comparison

between calculations and experiments shows that this input-output behaviour is incor-

rectly predicted by the stationary variator model without pulley deformation. On the

basis of measurements, the stationary variator model is extended with pulley deforma-

tion, which resolves this deficiency. Hence, in view of the input-output behaviour, the

deformations of the variator are essential.

Hydraulic Actuation – First Principles Modeling and Validation

In Chapter 3, a modular first principles model for the hydraulic actuation system is

constructed and validated, which is suited for closed-loop control design, for closed-

loop simulation, and for optimization of design parameters. The components of the

hydraulic actuation system are separately modeled, which facilitates both the construc-

tion of the models and the analysis of changes with respect to the configuration, e.g.,

the operation in regular mode versus the operation in failure mode. The model of the

hydraulic actuation system is validated by means of measurements that are obtained

from the Mercedes-Benz WFC280 pushbelt CVT. Three types of experiments are

considered, i.e., a step response experiment, a sinusoidal response experiment, and a

normal operation experiment. The correspondence between the measured responses

and the simulated responses is fairly good for these three types of experiments. How-

ever, in view of the applications of the model, the frequency range 0 ≤ f ≤ 25 [Hz] is

of relevance, whereas the model is only validated for the frequency range 0 ≤ f ≤ 10

[Hz], which is a restriction that is imposed by the test rig. Ultimately, the model is

not used for closed-loop control design and for closed-loop simulation for two reasons.

First, the construction of the global nonlinear model and the derivation of the local

linear models for linear control design methods is laborious. Second, in view of the

closed-loop simulation of the combination of the hydraulic actuation system and the

variator, the variator model in Chapter 2 is impracticable.
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Hydraulic Actuation – System Identification and Robust Control

In Chapter 4, a procedure on the basis of system identification is followed to improve

from a low-performance ad hoc controller to a high-performance robust controller for

the hydraulic actuation system. The low-performance ad hoc controller is diagonal,

whereas the high-performance robust controller is multivariable. Robustness is en-

forced in view of the variations of the system dynamics that are observed when the

operating conditions are varied. Specifically, the robust controller is designed on the

basis of a model set, which is identified via two steps. First, the nominal model is

estimated on the basis of the identification experiments, where the operating condi-

tions cover the centre of the ranges that are normally covered by the CVT. Second,

the extension of the nominal model with the model uncertainty on the basis of the val-

idation experiments, where the operating conditions cover the aggregate of the ranges

that are normally covered by the CVT, which accounts for the variations of the system

dynamics. Both the identification experiments and the validation experiments are per-

formed while the ad hoc controller is implemented. Specifically, the frequency response

function (FRF) measurements are obtained with multisine excitation signals, which

provide high-quality information while fast and inexpensive. The robust controller

outperforms the ad hoc controller in terms of the control criterion. This is confirmed

by the experiments.

Extremum Seeking Control

In Chapter 5, a control design for the variator is proposed that effectively improves the

variator efficiency and only uses the measurements of the angular velocities and the

secondary pressure, which are standard. The control design exploits the observation

that the maximum of the (ps, rs) map and the maximum of the (ps, η) map are achieved

for secondary pressure values that nearly coincide. This motivates the consideration of

the input-output map in which the secondary pressure ps is the input and the speed

ratio rs is the output, although the location of the maximum is not known. Moreover,

the location of the maximum is determined by the operating conditions, which implies

that the location of the maximum is not fixed. For these reasons, the maximum of the

input-output map is found by means of extremum seeking control (ESC), which aims to

adapt the input in order to maximize the output, where a model is not required. Since

the ESC feedback mechanism is adaptive, changes of the variator characteristics, e.g.,

due to temperature-induced variations or due to wear-induced variations, are accounted

for. Furthermore, the robustness of the ESC feedback mechanism with respect to a

primary side disturbance that resembles a depression of the accelerator pedal and a

secondary side disturbance that resembles the passage of a step bump is analyzed. The

former is successfully handled by mainly a feedforward controller, whereas the latter is

successfully handled by only the ESC feedback mechanism.
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Tracking Control and Extremum Seeking Control

In Chapter 6, a control design for the variator is proposed that simultaneously satisfies

both objectives for the variator control system: 1. tracking a speed ratio reference,

which is prescribed by the driveline control system; 2. optimizing the variator efficiency.

This is actually achieved by a combination of tracking control (TC) and extremum

seeking control (ESC), i.e., the low-level control system. The TC design and the

ESC design are closely intertwined on the basis of a compensation that is derived

from the Ide transient variator model. Here, the clamping force constraints that are

applicable to the primary side and the secondary side are separately evaluated. Either

the minimum primary clamping force constraint or the minimum secondary clamping

force constraint is active, which involves the ESC design. The TC design operates the

side that remains. As a result, switching of the TC design and the ESC design between

the primary hydraulic circuit and the secondary hydraulic circuit occurs. The TC

design is composed of a feedback linearization design on the basis of the Ide transient

variator model and a linear control design on the basis of the frequency response

function (FRF) measurements that are obtained with multisine excitation signals. The

ESC design is addressed in Chapter 5. The low-level control system is supervised by the

high-level control system in view of destabilization of the ESC design, which is caused

by torque disturbances. Finally, the experiments on the basis of a representative driving

cycle show that the final control design outperforms the conventional control design,

i.e., the absolute safety strategy, which is commonly used.

7.2 Recommendations

In this section, several recommendations for future research are given.

• The importance of the deformations of the variator in the stationary variator

model is clearly illustrated by experiments and simulations. However, the de-

formations of the variator are lumped together, which violates the transparency

and reduces the practicability. For this reason, it is worthwhile to decompose the

total deformation into the individual contributions, e.g., a clearance between the

axially moveable sheave and the shaft (tilting of the axially moveable sheave), a

limited stiffness of the sheaves (elastic deformation of the sheaves), and a limited

stiffness of the shaft (bending of the shaft), which are quantitatively examined

for the range of the operating conditions that is normally covered by the CVT.

Then, a model of the deformations of the variator is possibly incorporated in the

stationary variator model.

• The friction models in the stationary variator model are tuned in order to obtain a

match between experiments and simulations for the input-output behaviour that

is globally observed. As a result, the friction models compensate for phenomena

that are not related to the friction in the contacts of the variator. This limits
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the universality of the stationary variator model. Therefore, it is worthwhile to

investigate the friction models for the description of the friction in the contacts

of the variator. In this context, measurements of the distributions of the tension

forces in the bands and the compression forces between the elements are useful.

• The modular model of the hydraulic actuation system is validated by means of

measurements that are obtained from the Mercedes-Benz WFC280 pushbelt

CVT. However, the modular model is only validated for the frequency range

0 ≤ f ≤ 10 [Hz] instead of the frequency range 0 ≤ f ≤ 25 [Hz], which is a

restriction that is imposed by the test rig. Therefore, it is worthwhile to validate

the modular model for the frequency range 10 ≤ f ≤ 25 [Hz].

• With respect to the control design for the hydraulic actuation system, the robust

controller depends on the robust-control-relevant model set, whereas the robust-

control-relevant model set depends on the ad hoc controller that is used for the

experiments. Hence, performance is possibly improved when the approach alter-

nates between the identification of the robust-control-relevant model set and the

design of the robust controller. Furthermore, the control design is fixed with re-

spect to the variations of the system dynamics. Performance is possibly improved

when the control design is adapted in relation to the operating conditions. For

this reason, it is worthwhile to investigate adaptive control and gain scheduling

control, for example.

• Two opportunities for future research with respect to the ESC design are re-

lated to stability and performance. The first aspect, i.e., stability, relates to the

transition of the variator behavior from open loop stable to open loop unstable,

which is possibly induced by the torque disturbances. This possibly destabilizes

the ESC feedback mechanism, since the proof of stability for the ESC feedback

mechanism holds when the variator behavior is open loop stable and terminates

when the variator behavior is open loop unstable. Therefore, it is worthwhile

to investigate extensions of the ESC feedback mechanism in order to cope with

systems of which the dynamics is unstable. The second aspect, i.e., performance,

relates to the convergence speed of the ESC design, which is moderate. For this

reason, it is worthwhile to improve the convergence speed via the optimization of

available functionality or the introduction of extra functionality, see Section 5.5.4.

• When the final control design, i.e., the combination of the TC design and the ESC

design, is operated, chattering is clearly observed, which results from switching

of the TC design and the ESC design between the primary hydraulic circuit and

the secondary hydraulic circuit. Chattering is possibly avoided by means of the

implementation of a hysteresis or a relay, for example. Therefore, it is worthwhile

to investigate these measures.

• Finally, the losses within the pushbelt CVT are primarily determined by the
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variator and the hydraulic actuation system. However, the evaluation of the hy-

draulic actuation system efficiency is prevented by the test rig. For this reason, it

is worthwhile to implement the conventional control design and the final control

design in a test vehicle. When the fuel consumption of the test vehicle is measured

for a standardized driving cycle, e.g., the new European driving cycle (NEDC),

the improvements for the components of the pushbelt CVT are integrally evalu-

ated. Basically, the final control design is compared to the conventional control

design in terms of the fuel consumption.



Appendix A

Continuously Variable Transmission

Parameters

A.1 Pushbelt CVT Type P811

The parameters of the pushbelt CVT (Bosch Transmission Technology, type

P811) are summarized in Table A.1.

A.2 Pushbelt CVT Type WFC280

The parameters of the pushbelt CVT (Mercedes-Benz, type WFC280) are summa-

rized in Table A.2.
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Table A.1: Parameters of pushbelt CVT (Bosch Transmission Technology, type P811).

Parameter Description Value Unit

Ap hydraulic cylinder surface (primary) 197.92 · 10−4 [m2]

As hydraulic cylinder surface (secondary) 97.19 · 10−4 [m2]

cp centrifugal coefficient (primary) 345.2 · 10−6 [N/rpm2]

cs centrifugal coefficient (secondary) 45.72 · 10−6 [N/rpm2]

Fspring,s(xs,max) spring force preload (secondary) 536 [N]

kspring,s spring stiffness (secondary) 10.4 · 103 [N/m]

Ab cross-sectional area of bands 32 · 10−6 [m2]

Ae cross-sectional area of elements 1.44 · 10−4 [m2]

Eb Young’s modulus of bands 1.73 · 1011 [N/m2]

Ee Young’s modulus of elements 2.10 · 1011 [N/m2]

hb thickness of a single band 0.185 · 10−3 [m]

he distance from rocking edge to shoulder 1.0 · 10−3 [m]

bb width of bands 9.8 · 10−3 [m]

be thickness of a single element 1.5 · 10−3 [m]

Nb number of bands 9 [-]

ρb band mass per unit of length 0.25 [kg/m]

ρe element mass per unit of length 1.5 [kg/m]

a variator centre distance 155 · 10−3 [m]

β half the pulley wedge angle 11 [deg]

δ0 nominal total gap between elements 0 [m]

Lb,0 nominal length of centre line of bands 649.68 · 10−3 [m]
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Table A.2: Parameters of pushbelt CVT (Mercedes-Benz, type WFC280).

Component Parameter Value Unit

Variator a 180 · 10−3 [m]

Le,0 747.70 · 10−3 [m]

β 11 [deg]

Rp,min 31.77 · 10−3 [m]

Rs,min 35.52 · 10−3 [m]

Ap 190.97 · 10−4 [m2]

As 87.04 · 10−4 [m2]

Hydraulic pump Vdisplacement 12 · 10−6 [m3/rev]

Pulley cylinders V0,p 118 · 10−6 [m3]

V0,s 59 · 10−6 [m3]

Cd,p 1.97 · 10−12 [m5/N]

Cd,s 2.53 · 10−13 [m5/N]

Cl,p 3.63 · 10−12 [m5/Ns]

Cl,s 1.04 · 10−12 [m5/Ns]

All valves FCoulomb 0.05 [N]

dviscous 0.5 [Ns/m]

∆R 14.25 · 10−6 [m]

Solenoid feed valve mspool 7.0 · 10−3 [kg]

drod 6.20 · 10−3 [m]

dspool 10.00 · 10−3 [m]

kspring 2104 [N/m]

Fspring,0 64.0 [N]

xspool,0 41.2 · 10−3 [m]

Primary valve mspool 23.0 · 10−3 [kg]

drod 6.00 · 10−3 [m]

dspool 12.00 · 10−3 [m]

kspring 1537 [N/m]

Fspring,0 36.1 [N]

xspool,0 25.5 · 10−3 [m]

Secondary valve mspool 23.0 · 10−3 [kg]

drod 6.00 · 10−3 [m]

dspool 14.00 · 10−3 [m]

kspring 577 [N/m]

Fspring,0 4.6 [N]

xspool,0 15.3 · 10−3 [m]
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Component Parameter Value Unit

Auxiliary valve mspool 16.0 · 10−3 [kg]

drod 6.00 · 10−3 [m]

dspool 11.70 · 10−3 [m]

kspring 2296 [N/m]

Fspring,0 20.0 [N]

xspool,0 19.0 · 10−3 [m]

Cl,aux 2.54 · 10−11 [m5/Ns]

Lubrication valve mspool 10.0 · 10−3 [kg]

drod 5.50 · 10−3 [m]

dspool 11.45 · 10−3 [m]

kspring 2600 [N/m]

Fspring,0 7.0 [N]

xspool,0 13.4 · 10−3 [m]

Cl,lub 1.23 · 10−9 [m5/Ns]
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Sattler, H. Stationäres Betriebsverhalten stufenlos verstellbarer Metallumschlingungs-

getriebe. Ph.D. Thesis, Universität Hannover, Hannover, Germany, 1999b.

Savaresi, S. M., Taroni, F. L., Previdi, F., and Bittanti, S. Control System Design on a

Power-Split CVT for High-Power Agricultural Tractors. IEEE/ASME Transactions

on Mechatronics, 9(3):569–579, 2004.

Scheid, R. E. and Bayard, D. S. A Globally Optimal Minimax Solution for Spec-

tral Overbounding and Factorization. IEEE Transactions on Automatic Control,

40(4):712–716, 1995.

Schipper, D. J. and de Gee, A. W. J. Lubrication Modes and the IRG Transition

Diagram. Lubrication Science, 8(1):27–35, 1995.

Schmeitz, A. J. C. A Semi-Empirical Three-Dimensional Model of the Pneumatic Tyre

Rolling over Arbitrarily Uneven Road Surfaces. Ph.D. Thesis, Delft University of

Technology, Delft, The Netherlands, 2004.

Schrama, R. J. P. Accurate Identification for Control: The Necessity of an Iterative

Scheme. IEEE Transactions on Automatic Control, 37(7):991–994, 1992.

Schroeder, M. R. Synthesis of Low-Peak-Factor Signals and Binary Sequences With

Low Autocorrelation. IEEE Transactions on Information Theory, 16(1):85–89, 1970.

Schultheiß, M. and Strenkert, J. Torque Fuse Regelung der Abtriebskupplung eines

CVT. VDI-Berichte 1917, pages 287–305, 2005.

Serrarens, A. F. A. Coordinated Control of the Zero Inertia Powertrain. Ph.D. Thesis,

Eindhoven University of Technology, Eindhoven, The Netherlands, 2001.

Setlur, P., Wagner, J. R., Dawson, D. M., and Samuels, B. Nonlinear Control of a

Continuously Variable Transmission (CVT). IEEE Transactions on Control Systems

Technology, 11(1):101–108, 2003.

Shafai, E., Simons, M., Neff, U., and Geering, H. P. Model of a continuously variable

transmission. In U. Kiencke and L. Guzzella, editors, Proceedings of the 1st IFAC

Workshop on Advances in Automotive Control, 1, pages 105–113. Ascona, Switzer-

land, 1995.

Shamma, J. S. Robust Stability with Time-Varying Structured Uncertainty. IEEE

Transactions on Automatic Control, 39(4):714–724, 1994.



Bibliography 239

Shastri, S. and Frank, A. A. Comparison of energy consumption and power losses of

a conventionally controlled CVT with a Servo-Hydraulic Controlled CVT and with

a belt and chain as the Torque Transmitting Element. In Proceedings of the 2004

International Continuously Variable and Hybrid Transmission Congress, 04CVT-55.

Davis, CA, 2004. CD-ROM.

Siemens AG. ROTEC – Low-Voltage Motors for Variable-Speed Drives. 1997. Advance

Catalog DA 65.3.

Simons, S. W. H., Klaassen, T. W. G. L., Veenhuizen, P. A., and Carbone, G. Shift

dynamics modelling for optimisation of variator slip control in a pushbelt CVT.

International Journal of Vehicle Design, 48(1/2):45–64, 2008.

Skogestad, S. and Postlethwaite, I. Multivariable Feedback Control: Analysis and De-

sign. John Wiley & Sons, Chichester, West Sussex, England, second edition, 2005.

ISBN 0-470-01168-8.

Slotine, J.-J. E. and Li, W. Applied Nonlinear Control. Prentice-Hall, Upper Saddle

River, New Jersey, 1991. ISBN 0-13-040890-5.

van der Sluis, F. Hydraulic models VDT and VDT+ system. Internal Report 70093/8,

Van Doorne’s Transmissie, Tilburg, The Netherlands, 2001.

van der Sluis, F., van Dongen, T., van Spijk, G.-J., van der Velde, A., and van Heeswijk,

A. Fuel Consumption Potential of the Pushbelt CVT. In Proceedings of the FISITA

2006 World Automotive Congress, F2006P218. Yokohama, Japan, 2006. CD-ROM.

Smith, M. H., Barth, E. J., Sadegh, N., and Vachtsevanos, G. J. The Horsepower Re-

serve Formulation of Driveability for a Vehicle Fitted With a Continuously Variable

Transmission. Vehicle System Dynamics, 41(3):157–180, 2004.

Solyom, S. and Rantzer, A. ABS control - a design model and control structure. In

R. Johansson and A. Rantzer, editors, Nonlinear and Hybrid Systems in Automotive

Control, Chapter 5, pages 85–96. Springer-Verlag, London, 2003. ISBN 0-7680-1137-

X.
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Summary

High-Performance Control of Continuously Variable Transmissions

Nowadays, developments with respect to the pushbelt continuously variable trans-

mission (CVT) are mainly directed towards a reduction of the fuel consumption of a

vehicle. The fuel consumption of a vehicle is affected by the variator of the CVT,

which transfers the torque and varies the transmission ratio. The variator consists of

a metal V-belt, i.e., a pushbelt, which is clamped between two pulleys. Each pulley

is connected to a hydraulic cylinder, which is pressurized by the hydraulic actuation

system. The pressure in the hydraulic cylinder determines the clamping force on the

pulley. The level of the clamping forces sets the torque capacity, whereas the ratio of

the clamping forces determines the transmission ratio. When the level of the clamping

forces is increased above the threshold for a given operating condition, the variator

efficiency is decreased, whereas the torque capacity is increased. When the level of the

clamping forces is decreased below the threshold for a given operating condition, the

torque capacity is inadequate, which deteriorates the variator efficiency and damages

the pulleys and the pushbelt. Since this threshold is not known, the level of the clamp-

ing forces is often raised for robustness, which reduces the variator efficiency. The

challenge for the control system is to reduce the clamping forces towards the level for

which the variator efficiency is maximized, although the variator efficiency is not mea-

sured. Furthermore, avoiding a failure of the variator in view of torque disturbances

and tracking a transmission ratio reference are necessarily required.

Two state-of-the-art control strategies are presently used, i.e., safety control and

slip control. These control strategies involve limitations that follow from the model

knowledge and/or the sensor use that underlies the control design. For this reason,

the objectives of the research in this thesis are oriented towards improvements with

respect to the model knowledge of both the hydraulic actuation system and the variator,

which is subsequently exploited in the control design of both components, to improve

the performance. The resources of the control designs are restricted to measurements

from sensors that are standard. A cascade control configuration is proposed, where

the inner loop controls the hydraulic actuation system and the outer loop controls the
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combination of the inner loop and the variator. The elements of the cascade control

configuration are the subject of the research in this thesis.

For the hydraulic actuation system, modeling via first principles and modeling via

system identification are pursued. Modeling via first principles provides a nonlinear

model, which is specifically suited for closed-loop simulation and optimization of design

parameters. A modular approach is proposed, which reduces the model complexity,

improves the model transparency, and facilitates the analysis of changes with respect to

the configuration. The nonlinear model is validated by means of measurements from

a commercial CVT. Modeling via system identification provides a model set, which

is subsequently used for the hydraulic actuation system control design. A model set

of high-quality is constructed, which is achieved by the design of the identification

experiments that deals with the limited signal-to-noise ratio (SNR) that arises from

actuators and sensors of low-quality. The hydraulic actuation system control design is

multivariable, which is caused by the interaction between the hydraulic cylinders that

is inherently introduced by the variator. Stability and performance are guaranteed for

the range of operating conditions that is normally encountered, which is demonstrated

with the experimental CVT.

A variator control design is proposed that deals with both the transmission ratio and

the variator efficiency in terms of performance variables, where the transmission ratio is

measured, while the variator efficiency is not measured. The variator control design uses

the standard measurement of the angular velocities, from which the transmission ratio

is constructed, as well as the standard measurement of the pressure. Essentially, the

variator control design exploits the observation that the maximum of the transmission

ratio and the maximum of the variator efficiency are achieved for pressure values that

nearly coincide. This observation is derived from both simulations with a nonlinear

model and experiments with the experimental CVT. This motivates the use of the

pressure-transmission ratio map, although the location of the maximum is not known.

For this reason, the maximum of the input-output map is found by a so-called extremum

seeking control (ESC) design, which aims to adapt the input in order to maximize the

output. A robustness analysis shows that an input side disturbance that resembles a

depression of the accelerator pedal and an output side disturbance that resembles the

passage of a step bump are effectively handled. Finally, the ESC design is extended with

a so-called tracking control (TC) design, which enables that optimizing the variator

efficiency and tracking a transmission ratio reference are simultaneously achieved. The

variator control design that is composed of the ESC design and the TC design is

evaluated with the experimental CVT. Simulation of a driving cycle shows that the

final variator control design outperforms the conventional variator control design in

terms of the variator efficiency.



Samenvatting

High-Performance Control of Continuously Variable Transmissions

Tegenwoordig zijn ontwikkelingen met betrekking tot de duwband continu vari-

abele transmissie (CVT) hoofdzakelijk gericht op een reductie van het brandstofver-

bruik van een voertuig. Het brandstofverbruik van een voertuig wordt bëınvloed door

de variator van de CVT, welke het koppel overdraagt en de overbrengingsverhouding

varieert. De variator bestaat uit een metalen V-riem, i.e., een duwband, welke tussen

twee poelies wordt geklemd. Elke poelie is verbonden met een hydraulische cilinder,

welke onder druk wordt gebracht door het hydraulische actuatie systeem. De druk

in de hydraulische cilinder bepaalt de klemkracht op de poelie. Het niveau van de

klemkrachten stelt de koppelcapaciteit in, terwijl de verhouding van de klemkrachten

de overbrengingsverhouding bepaalt. De variator efficiëntie wordt verlaagd wanneer

het niveau van de klemkrachten wordt verhoogd boven de drempel voor een gegeven

werkpunt, terwijl de koppelcapaciteit wordt verhoogd. De koppelcapaciteit is ontoe-

reikend wanneer het niveau van de klemkrachten wordt verlaagd onder de drempel voor

een gegeven werkpunt, hetgeen de variator efficiëntie verslechtert en de poelies en de

duwband beschadigt. Aangezien deze drempel niet bekend is, wordt het niveau van

de klemkrachten dikwijls verhoogd voor robuustheid, hetgeen de variator efficiëntie re-

duceert. De uitdaging voor het regelsysteem betreft het reduceren van de klemkrachten

tot het niveau waarvoor de variator efficiëntie wordt gemaximaliseerd, alhoewel de vari-

ator efficiëntie niet wordt gemeten. Daarbij is het vermijden van een storing van de

variator met het oog op koppelverstoringen en het volgen van een overbrengingsver-

houding referentie onvermijdelijk benodigd.

Twee state-of-the-art regelstrategieën worden momenteel gebruikt, i.e., safety con-

trol en slip control. Deze regelstrategieën brengen beperkingen met zich mee die volgen

uit de model kennis en/of het sensor gebruik dat ten grondslag ligt aan het regelont-

werp. Om deze reden zijn de doelen van het onderzoek in dit proefschrift gericht op

verbeteringen met betrekking tot de model kennis van zowel het hydraulische actuatie

systeem als de variator, welke vervolgens wordt benut in het regelontwerp van beide

componenten, om de prestatie te verbeteren. De bronnen van de regelontwerpen zijn
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beperkt tot metingen van standaard sensoren. Een cascade regelconfiguratie wordt

voorgesteld, waarbij de binnenste lus het hydraulische actuatie systeem en de buiten-

ste lus de combinatie van de binnenste lus en de variator regelt. De elementen van de

cascade regelconfiguratie zijn het onderwerp van het onderzoek in dit proefschrift.

Voor het hydraulische actuatie systeem wordt modelleren via fysische relaties en

modelleren via systeem identificatie nagestreefd. Modelleren via fysische relaties levert

een niet-lineair model, dat specifiek geschikt is voor gesloten lus simulatie en opti-

malisatie van ontwerpparameters. Een modulaire aanpak wordt voorgesteld, welke

de model complexiteit reduceert, de model transparantie verbetert en de analyse van

veranderingen met betrekking tot de configuratie vergemakkelijkt. Het niet-lineaire

model wordt gevalideerd met behulp van metingen van een commerciële CVT. Mo-

delleren via systeem identificatie levert een model set, die vervolgens wordt gebruikt

voor het hydraulische actuatie systeem regelontwerp. Een model set van hoge kwaliteit

wordt geconstrueerd, hetgeen wordt bereikt door het ontwerp van de identificatie ex-

perimenten dat omgaat met de beperkte signaal-ruis verhouding (SNR) dat een gevolg

is van actuatoren en sensoren van lage kwaliteit. Het hydraulische actuatie systeem

regelontwerp is multivariabel, hetgeen wordt veroorzaakt door de interactie tussen de

hydraulische cilinders welke inherent wordt gëıntroduceerd door de variator. Stabiliteit

en prestatie zijn gegarandeerd voor het bereik van bedrijfsomstandigheden dat normaal

wordt tegengekomen, hetgeen wordt gedemonstreerd met de experimentele CVT.

Een variator regelontwerp wordt voorgesteld dat omgaat met zowel de overbren-

gingsverhouding als de variator efficiëntie in termen van prestatievariabelen, waarbij

de overbrengingsverhouding wordt gemeten, terwijl de variator efficiëntie niet wordt

gemeten. Het variator regelontwerp gebruikt de standaard meting van de hoeksnelhe-

den, waaruit de overbrengingsverhouding wordt afgeleid, alsmede de standaard meting

van de druk. In wezen benut het variator regelontwerp de observatie dat het maxi-

mum van de overbrengingsverhouding en het maximum van de variator efficiëntie wordt

bereikt voor drukwaarden die vrijwel samenvallen. Deze observatie wordt afgeleid uit

zowel simulaties met een niet-lineair model als experimenten met de experimentele

CVT. Dit motiveert het gebruik van de druk-overbrengingsverhouding map, alhoewel

de locatie van het maximum niet bekend is. Om deze reden wordt het maximum van

de ingang-uitgang map gevonden door een zogenaamd extremum seeking control (ESC)

ontwerp, hetgeen tracht de ingang te adapteren teneinde de uitgang te maximaliseren.

Een robuustheid analyse toont aan dat een verstoring aan de ingaande zijde welke een

indrukking van het gaspedaal nabootst en een verstoring aan de uitgaande zijde welke

de passage van een oneffenheid nabootst effectief worden verwerkt. Uiteindelijk wordt

het ESC ontwerp uitgebreid met een zogenaamd tracking control (TC) ontwerp, het-

geen mogelijk maakt dat het optimaliseren van de variator efficiëntie en het volgen van

een overbrengingsverhouding referentie gelijktijdig worden bereikt. Het regelontwerp

dat is opgebouwd uit het ESC ontwerp en het TC ontwerp wordt geëvalueerd met de

experimentele CVT. Simulatie van een rijcyclus toont aan dat het definitieve regel-

ontwerp het conventionele regelontwerp overtreft in termen van de variator efficiëntie.



Dankwoord

Dit proefschrift vormt de afsluiting van mijn promotieproject, dat van start is gegaan

met een projectbijeenkomst op 8 mei 2006. Toen werd de stand van zaken op het gebied

van optimalisatie van de continu variabele transmissie met behulp van regeltechniek

besproken, waarbij vele uitdagingen boven kwamen drijven. Deze uitdagingen hebben

mij de afgelopen jaren beziggehouden, wat heeft geresulteerd in dit proefschrift. Bij de

totstandkoming hiervan hebben veel mensen een rol gespeeld, waarvan ik er enkele in

het bijzonder wil noemen.

Ten eerste wil ik Maarten Steinbuch bedanken voor het bieden van de mogelijk-

heid om dit promotietraject te doorlopen. Maarten, je enthousiasme en je positieve

kijk op het onderzoek zijn voor mij erg belangrijk geweest, met name tijdens de pe-

riodes waarin het onderzoek wat minder vlot verliep dan ik graag wilde. Verder wil

ik Bram de Jager bedanken voor zijn begeleiding als copromotor. Bram, je scherpe

blik op de problematiek en je kritische terugkoppeling op mijn werk hebben mij veel

inzicht gegeven. Ook wil ik Frans Veldpaus bedanken voor onze wekelijkse discussies

op maandag. Frans, je jarenlange ervaring en je precieze instelling zijn voor mij erg

waardevol geweest. Als laatste wil ik Bram Veenhuizen bedanken voor zijn rol in de

beginfase van het promotieproject.

Het werken met een complexe proefopstelling en het realiseren van een nieuwe sensor

vereisen de ondersteuning van technici. Hiervoor wil ik Ruud van den Bogaert, Toon

van Gils, Wietse Loor, Erwin Meinders en Jan de Vries bedanken. Daarnaast hebben

mijn afstudeerders een waardevolle bijdrage geleverd aan het onderzoek. Hiervoor

bedank ik Luuk Peeters, Jorg Beckers, Rokus van Iperen en Jos Elfring. Bij Bosch

Transmission Technology wil ik Tom van Dongen, Erik van der Noll en Francis van der

Sluis bedanken voor de deelname in, de discussies over en de ondersteuning van het

promotieproject. Verder bedank ik Okko Bosgra, Jan Swevers en Nick Vaughan voor

hun deelname in de kerncommissie en voor hun waardevolle terugkoppeling op mijn

werk. Daarnaast bedank ik Edward Holweg en Frans Veldpaus voor hun deelname in

de promotiecommissie.

Mijn collega’s van de vakgroep wil ik graag bedanken voor het creëren van een
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