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Reduced-Order Observer Design using a Lagrangian Method

Mark Mutsaers, Siep Weiland and Richard Engelaar

Abstract— This paper considers the problem of reduced-order
observer design. A design procedure is proposed in which the
impulse response of the observer is treated as the solution of a
general optimization problem. Using principles from variational
analysis, the corresponding Lagrangian system is reduced so as
to yield observers of reduced-order. Using this approach, two
different observer design problems are discussed and compared
on an industrial example.

I. INTRODUCTION

The problem to estimate non-measured signals from mea-

sured signals has led to a substantial body of literature in sig-

nal processing and control system design and is of paramount

importance in many applications. When the non-measured

signal is a state variable, the causal reconstruction of states

from partial state measurements is generally referred to as

an observer design problem [7]. Without the requirement of

causality the problem is usually called a filtering problem.

This paper considers the problem of reduced-order observer

design. Here, observers will be viewed as dynamical systems

that estimate non-measured (or non-measurable) signals from

partial state measurements in a causal manner, as in Fig. 2.

For observers of the usual Luenberger type, the dynamic

degree (or state dimension) is generally equal to the dynamic

degree of the plant. This means that observer designed for

systems of large complexity are typically complex. The most

common way to construct observers of low complexity is to

first reduce the plant and design low-order observers from

the reduced-order plant. Alternatively, the complexity of a

high order observer designed from a high order plant can

be reduced directly. These different design strategies are

illustrated in Fig. 1. Both strategies have the disadvantage

of being non-optimal in view of achievable performance of

low order observers. Indeed, (optimal) model order reduction

applied to optimal observers or optimal observers designed

for reduced-order models do not necessarily result in optimal

reduced-order observers.

The present paper is motivated to remedy this situation. We

propose a reduced-order observer design method in which a

reduction is established for the interconnected system that

consists of plant and observer. Using variational analysis

and Lagrangian methods, we approximate the Lagrangian

system that defines the interconnection of plant and optimal

observer, so as to yield a reduced-order interconnected sys-

tem.
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Fig. 1. Motivation for reduced-order observer design.

The paper is organized as follows. In Section II we formalize

the problem treated in this paper. To solve the reduced-order

observer problem, the theory of variational analysis will be

used which is briefly reviewed in Section III. In Section IV,

two specific types of reduced-order estimation problems are

considered in the context of linear systems. To compare the

reduced-order observers with other strategies, the method is

illustrated in Section V on an example of a binary distillation

column. In the last section of this paper, conclusions of the

proposed method are drawn and recommendations for further

work are given.

II. PROBLEM FORMULATION

The problem discussed in this paper amounts to estimating a

specific output of a large-scale plant by means of a dynamic

observer. The observer is required to have low complexity, so

as to comply to constraints on implementation, maintenance

or processing time. This design problem can be illustrated

using the block diagram in Fig. 2, where the large-scale plant

ΣP and the (to be designed) observer Σobs are depicted.

In this block scheme, the large-scale plant is influenced by

two types of disturbances d1 and d2, which reflect state- and

measurement noise on the output ỹ of the plant, respectively.

The to-be-estimated signal is z. The observer Σobs is a

dynamical system that processes the noisy measurements y

in a causal and linear manner to an estimate ẑ of z.

We consider the problem to find a low-order observer Σobs

that estimates z from y such that the estimation error e =
z − ẑ is minimal (for specific disturbances d1 and d2). We

assume the plant to be given and consider two criterion

functions on the estimation error e. The purpose of this

ΣP

Σobs

z

ẑ

ed1

d2

yỹ

Fig. 2. Problem formulation: Estimation of signal z using observer Σobs.
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paper is to compare, for both criteria, the performance of the

optimal observer, the performance of the optimal observer

designed for a reduced order plant and the performance of

the reduced-order observer that is inferred with the direct

method that we propose in this paper.

III. LAGRANGIAN METHOD

To illustrate the Lagrangian method, we consider the time-

invariant dynamical system:

ẋ = f(x, u), x(t0) = x0, (1)

where x ∈ L2(R
n) is the state, u ∈ L2(R

u) is the to-

be-optimized signal in the optimization problem and f is

a Lipschitz continuous function on R
(n+u)×1 that assumes

values in Rn×1. Typically, the to be designed signal u is a

control input, but for the purpose of this paper it will be

the impulse response of a filter. The optimization amounts

to finding u ∈ L2 that minimizes the general cost function:

J(x, u) =

∫ t1

t0

F (x, u)dt + E(x(t1)),

where the stage cost F (x, u) ∈ R+ is Lipschitz continuous

and where E(x(t1)) ∈ R+ is the end-point weighting.

The optimal signal u can be found by solving the primal

optimization problem:

Popt : min
u

J(x, u),

subject to : ẋ = f(x, u), x(t0) = x0.

Using variational analysis, the optimization can be solved by

introducing the Lagrangian functional

L(x, u, λ)= J(x, u) + 〈λ , f(x, u) − ẋ〉,

=〈1, F (x, u)〉+E(x(t1))+〈λ, f(x, u) − ẋ〉

=〈1, F (x, u)〉+ 〈λ̇, x〉 +〈λ, f(x, u)〉

+ E(x(t1)) − λ(t1)
⊤x(t1) + λ(t0)

⊤x(t0),

(2)

where λ ∈ L2(R
n) is the Lagrange multiplier and 〈·, ·〉

denotes the L2 inner product:

〈a, b〉 =

∫ t1

t0

a(t)⊤b(t)dt.

Using this Lagrangian, one can define the dual cost func-

tional ℓ : L2(R
n) → R as:

ℓ(λ) = inf
u

L(x, u, λ),

which is used in the dual optimization problem:

Dopt : max
λ

ℓ(λ).

Assuming that the dual cost function is feasible (so, ∃λ

such that ℓ(λ) > −∞), the Karush-Kuhn-Tucker (KKT)

conditions [2] show that optimal solutions u∗ (assuming they

exist) of Popt satisfy

∇L(x∗, u∗, λ∗) = 0.

As in [9], this condition results in the set of equations:

ẋ = f(x, u),

λ̇ = −∇x

[

F (x, u) + f(x, u)⊤λ
]

, (3)

0 = ∇u

[

F (x, u) + f(x, u)⊤λ
]

,

with the two-point boundary conditions:

x(t0) = x0 and λ(t1) = ∇xE(x(t1)).

The system (3) is called the adjoint system or the optimal

“closed-loop” system, because it contains the original system

dynamics as well as the optimization criteria. Because the

adjoint system contains twice the number of differential

equations as the original system (1), it can become quite

complex. We propose to reduce the adjoint system (3) to a

less complex system. The important advantage of reducing

the adjoint system is that the optimal signal u∗, which will

be the impulse response of an observer in this paper, can be

approximated optimally using a low-order adjoint system.

IV. REDUCED-ORDER LINEAR OBSERVER DESIGN

In this section we discuss the design of two optimal ob-

servers, namely the Kalman- and H∞ filter [4], [5]. Although

these observers are well known, we aim to develop a design

method that involves the Lagrangian (or adjoint) system

introduced in the previous section. From the adjoint system,

we will infer low-order observers for large-scale plants.

Because of the reduction techniques that will be compared

later on, we make the simplifying assumption that the model

of the plant ΣP, as in Fig. 3, is linear and described by:

ΣP :







ẋ = Ax + Bd1,

y = Cx + Dd2,

z = Hx,

(4)

where x ∈ L2(R
n), y ∈ L2(R

y), z ∈ L2(R), d1 ∈ L2(R
d1)

and d2 ∈ L2(R
d2). The introduced disturbance d1 is the

noise acting on the state vector and d2 can be seen as

output (measurement) noise. The matrices B and D are

used in the observer design for weighting the influence of

the disturbances acting on some specific states or outputs.

The extension to non-linear systems, resulting in convex

optimization problems and non-linear adjoint systems, is part

of further research and will make use of model reduction

techniques as introduced by [6], however for simplification

we will make use of linear systems in the remainder of this

paper.

ed1

y
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Fig. 3. Block diagram for Kalman filtering problem.
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The (causal) observer Σobs, that has to be designed with

respect to different optimization criteria, is defined by the

impulse response ρ ∈ L2(R
y):

Σobs : { ρ : R
+ → R

y | ẑ = ρ ∗ y }, (5)

where

(ρ ∗ y)(t) :=

∫ t

0

ρ(τ)y(t − τ)dτ.

The complexity (or the order) of the observer will be the

minimal dimension of the state space in the class of state

space representations of Σobs. Equivalently, the complexity

of Σobs is the McMillan degree of the Laplace transform of

ρ. In the following two subsections, two types of reduced-

order observers will be designed. Both methods result in a

Hamiltonian system, which can be reduced using methods

discussed in the third subsection.

A. Kalman filtering

In the case of Kalman filtering, the aim is to minimize the

estimation error, which is denoted by e(t) in the block dia-

gram (Fig. 3), and which is quantified by the cost function:

J(ρ) = ‖e‖2
L2

= ‖d1 7→ e‖2
L2

+ ‖d2 7→ e‖2
L2

. (6)

In the deterministic formulation of the Kalman filter, the

disturbances d1 and d2 are assumed to be impulses with

specific amplitudes, which are expressed in their covariances.

If the noise covariance matrices (Rd1
and Rd2

) are not

identity matrices, one can easily embed this information in

the system (4) by replacing the matrix B by BR
1/2
d1

and D by

DR
1/2
d2

. Using the block scheme of Fig. 3 and the dynamics

of the plant in (4), the two impulse responses that define the

error in (6) are given by

d1 7→ e : HeAtB − ρ ∗ CeAtB,

d2 7→ e : − ρD.

The first expression, given as an L2-norm, is quite complex

and it is therefore desired to simplify it, which can be done

by introducing the dynamical system ΣKalman:

ΣKalman :

{

ξ̇ = ξA − ρC,

ζ = ξB,
(7)

with initial value ξ(t0) = H ∈ R1×n. Now, the states

ξ(t) ∈ R
1×n and “outputs” ζ(t) ∈ R

1×d1 of the dynamical

system can represent the first part of (6). One has to note

that this dynamical system contains multiplications with rows

instead of columns. Therefore, the impulse response of the

observer ρ will also become a row, such that ρ(t) ∈ R1×y.

The introduction of (7) makes the cost function less complex,

however an extra end-cost weight is introduced on the state ξ:

J(ρ) = ‖ζ‖2
L2

+ ‖ − ρD‖2
L2

+ ξ(t1)Ẽξ(t1)
⊤

= ‖ξB‖2
L2

+ ‖ − ρD‖2
L2

+ ξ(t1)Ẽξ(t1)
⊤

= 〈1 , F (ξ, ρ)〉 + E(ξ(t1)),

such that, following the generalized form in Section III:

F (ξ, ρ) = ξBB⊤ξ⊤ + ρDD⊤ρ⊤ and

E(ξ(t1)) = ξ(t1)Ẽξ(t1)
⊤,

where Ẽ = P = P⊤ is the non-negative definite solution of

the following algebraic Riccati equation:

AP + PA⊤ − PC⊤(DD⊤)−1CP + Ṗ + BB⊤= 0,

with P (t1) = 0. The primal optimization problem for the

Kalman filtering case is therefore given by:

Popt : min
ρ

J(ρ),

subject to : ξ̇ = f(ξ, ρ), ξ(t0) = H,

with f(ξ, ρ) = ξA − ρC. This optimization criteria can be

rewritten in a Lagrangian functional, as done in (2) but now

with the multipliers λ(t) ∈ R1×n as rows. As mentioned

in Section III, the KKT conditions can be applied, namely

∇L(ξ∗, ρ∗, λ∗) = 0, which (when substituting the original

system matrices (4)) results in the set of equations:

ξ̇ = ξA − ρC,

λ̇ = −ξBB⊤ − λA⊤,

0 = ρDD⊤ − λC⊤,

which can be rewritten as an autonomous dynamical system:

ΣH̃K
:

{[

ξ̇ λ̇
]

=
[

ξ λ
]

A,

ρ =
[

ξ λ
]

C,

where

A =

[

A −BB⊤

−C⊤(DD⊤)−1C −A⊤

]

, C =

[

0
C⊤(DD⊤)−1

]

,

with the two-point boundary conditions:

ξ(t0) = H and λ(t1) = ξ(t1)P (t1).

Those two boundaries can be incorporated in this system by

introducing an auxiliary input u, taken to be the impulse

function u(t) = Hδ(t), resulting in the Hamiltonian system

for the optimal solution of the Kalman filtering problem (6):

ΣHK
:

{[

ξ̇∗ λ̇∗
]

=
[

ξ∗ λ∗
]

A + u
[

I P
]

,

ρ∗ =
[

ξ∗ λ∗
]

C,
(8)

which has the optimal impulse response of the (Kalman)

observer ρ∗ as output. Due to the complexity of (8), model

reduction techniques will be discussed in Section IV-C, to ob-

tain a desirable lower-order (Hamiltonian) system that results

in an observer, which approximates the optimal solution, in

less computation time.

B. H∞ filtering

Given a positive constant γ, the H∞ filtering problem

amounts to constructing the impulse response ρ of the filter

(5) such that:

Γγ(ρ) := sup
06=d∈L2

‖z − ẑ‖2
L2

‖d‖2
L2

≤ γ2. (9)
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Fig. 4. Block diagram for two-filter game for the H∞ filtering problem.

Here, d = col(d1, d2) is the disturbance entering the plant

(4), which is assumed to have initial condition x0 = 0.

Except for the square integrability, no other assumptions are

made on the noise d. The signal ẑ = ρ ∗ y is the output of

the filter. Whenever ρ satisfies this criterion, we will say that

the filter (5) achieves disturbance attenuation level γ.

In order to solve the H∞ filtering problem, we consider a

second filtering problem that is defined as follows. Associate

with the system (4) the state space evolution:

Σξ :

{

ξ̇ = ξA − αC + νH, ξ(0) = ξ0,

ζ = ξB,
(10)

where α ∈ L2(R
y) and ν ∈ L2(R) are signals and ξ(t) ∈

R1×n is a row vector for all time t. Define, for any pair of

signals α, ν and initial condition ξ0, the criterion function:

Jγ(α, ν, ξ0) := ‖ζ‖2
L2

+ ‖αD‖2
L2

− γ2‖ν‖2
L2

, (11)

subject to the state evolution (10). For arbitrary γ > 0 and

ξ0, we consider the zero-sum differential game with criterion

function Jγ in which α aims to minimize Jγ and ν aims to

maximize Jγ .

If we interpret α and ν as impulse responses of dynamic

filters, then the configuration of Fig. 4 depicts a corre-

sponding filtering problem in which one filter (with impulse

response α) minimizes the estimation error ǫ while the other

(with impulse response ν) maximizes the error ǫ. Unlike the

formulation of the H∞ filtering problem, the disturbances

d1 and d2 in Fig. 4 are δ-pulses in the formulation of this

two-filter game problem (see below).

More precisely, for fixed ξ0 we will say that the pair

(α∗, ν∗) ∈ L2 × L2 establishes a Nash equilibrium if the

corresponding evolution ξ of (10) belongs to L2 and if

Jγ(α∗, ν, ξ0) ≤ Jγ(α∗, ν∗, ξ0) ≤ Jγ(α, ν∗, ξ0)

holds for all (α, ν) ∈ L2 × L2. In that case, the number

J∗(ξ0) := Jγ(α∗, ν∗, ξ0) is called the value of the differen-

tial game. Similarly, we will say that α∗ ∈ A with A = L2

establishes a max-min equilibrium for Jγ if:

sup
ν∈L2

Jγ(α∗(ν), ν, ξ0) = sup
ν∈L2

inf
α∈L2

Jγ(α, ν, ξ0).

The following theorem relates the differential game problem

to the H∞ filtering problem and is a key result for the

construction of filters that achieve disturbance attenuation

level γ.

Theorem 4.1: Consider the above differential game with

criterion Jγ(α, ν, 0) (i.e., with ξ0 = 0) and the H∞ filtering

problem with criterion Γγ(ρ).

1) If α∗(ν) establishes a max-min equilibrium then ρ∗ :=
α∗(δ) is the impulse response of an H∞ filter (9) that

achieves attenuation level γ.

2) Conversely, if ρ∗ is the impulse response of an H∞

filter (5) that achieves attenuation level γ, then the

convolution α∗(ν) := ν ∗ ρ∗ is a max-min equilibrium

for Jγ .

Sketch of the proof: To sketch the proof of 1), a completion

of the squares argument is used such that one can show that:

Jγ(α, ν, ξ0)= ξ0Pξ⊤0 + ‖ξPC⊤(DD⊤)−1/2−α(DD⊤)1/2‖2
L2

− ‖ξγ−1PH⊤ − γν‖2
L2

,

where P = P⊤ satisfies (13) below. This implies that:

α∗ = ξPC⊤(DD⊤)−1, ν∗ = γ−2ξPH⊤,

defines a Nash equilibrium of the differential game problem.

Moreover, a solution of the max-min problem is given by the

output α∗ = α∗(ν) of the system:

{

ξ̇ = ξ(A − PC⊤(DD⊤)−1C) + νH,

α∗ = ξPC⊤(DD⊤)−1,

where (13) implies σ(A−PC⊤(DD⊤)−1C) ⊂ C−. By [5]:

ρ∗H∞
= He(A−PC⊤(DD⊤)−1C)tPC⊤,

so conclude that indeed ρ∗H∞
= α∗(δ) as desired.

To prove 2), observe that:

α∗(ν) = ν ∗ He(A−PC⊤(DD⊤)−1C)tPC⊤ = ν ∗ ρ∗H∞
.

To solve the differential game filtering problem, we introduce

the Lagrangian functional, as in (2):

L(ξ, λ, α, ν)=Jγ(α, ν, ξ0)+

∞
∫

0

λ(t)⊤(ξA−αC + νH − ξ̇)dt.

For arbitrary γ > 0 and ξ0, the Nash equilibrium solution

(α∗, ν∗) is generated as the output of the Lagrangian system:

ΣHH∞,Nash
:

{[

ξ̇∗ λ̇∗
]

=
[

ξ∗ λ∗
]

A + u
[

I P
]

,
[

α∗ ν∗
]

=
[

ξ∗ λ∗
]

C,
(12)

where

A=
[

A −BB⊤

−RC+γ−2H⊤H −A⊤

]

, C=
[

0 0
R γ−2H⊤

]

,

with the matrix R given as R = C⊤(DD⊤)−1 and where

the input u is set to the pulse u(t) = δ(t)ξ0. Here, the matrix

P has to satisfy the three conditions [5]:














0 = AP +PA⊤−P
[

RC−γ−2H⊤H
]

P + BB⊤,

0 ≤ P,

σ(A − PRC + γ−2PH⊤H) ⊂ C−.

(13)
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Similarly, for arbitrary γ > 0 and ξ0 = 0, the max-min

equilibrium α∗(ν) is generated from the system:

ΣHH∞,mm
:

{[

ξ̇∗ λ̇∗
]

=
[

ξ∗ λ∗
]

A + ν
[

H 0
]

,

α∗ =
[

ξ∗ λ∗
]

C,
(14)

with

A =
[

A −BB⊤

−C⊤(DD⊤)−1C −A⊤

]

and C =
[

0
C⊤(DD⊤)−1

]

.

As shown in Theorem 4.1, we can use this Hamiltonian

system to calculate the optimal estimator filter ρ∗ := α∗(δ)
for the H∞ estimation problem.

C. Model reduction of Hamiltonian systems

The order of the Hamiltonian systems from both filtering

problems, given in (8), (12) and (14) is twice the order of

the plant. Because the original system (4) already contains a

large number of states, reduction methods need to be applied.

1) Reduction of uncontrollable states:

All three Hamiltonian systems are non-minimal. A minimal

representation can be obtained by performing a non-singular

state transformation:
[

ξ σ
]

=
[

ξ λ
]

[

I −P

0 I

]

,

with P the solution of the Riccati equation corresponding to

the specific filtering problem. One can easily show that the

given transformation gives that σ = 0 is an un-controllable

state, and therefore the following minimal systems are equiv-

alent to (8) and (14):

Σmin
HK

=

{

ξ̇∗ = ξ∗(A − PC⊤(DD⊤)−1C) + uI,

ρ∗Kalman = ξ∗PC⊤(DD⊤)−1,

and

Σmin
HH∞,mm

=

{

ξ̇∗ = ξ∗(A − PC⊤(DD⊤)−1C) + νH,

α∗ = ξ∗PC⊤(DD⊤)−1,

where the impulse response of the optimal Kalman filter

ρ∗Kalman is generated by taking u(t) = Hδ(t) and the impulse

response of the optimal H∞ filter ρ∗H∞
= α∗(δ) is obtained

by taking ν(t) = δ(t). One can notice that both minimal

realizations look similar, however different solutions for the

Ricatti equations are used in them.

2) Balanced truncation:

We reduce the complexity of the minimal Hamiltonian

systems Σmin
HK

and Σmin
HH∞,mm

, which are both asymptotically

stable, by applying the method of balanced truncation. A

state space transformation is performed to bring Σmin
HK

and

Σmin
HH∞,mm

in balanced form, and we truncate the least

observable- and least controllable states to infer reduced-

order systems Σ̂min
HK

and Σ̂min
HH∞,mm

of lower order.

In turn, the output of Σ̂min
HK

generates the impulse response

of the reduced-order filter ρ̂∗Kalman by taking u(t) = Hδ(t)
as input of the reduced system. Similarly, the output of

Σ̂min
HH∞,mm

generates ρ̂∗H∞
= α̂∗ by taking ν(t) = δ(t) as

input to the reduced-order system.

VB

VT

LT

LB B;XB

D;X D

MD

MB

KD

KB

F;zF

Reboiler

Condensor

F Feed flow
zF Feed composition
XB Bottom composition
XD Distillate composition
VB Boilup vapor flow
LT Reflux flow
LB Bottom liquid flow
VT Top vapor flow
MB Reboiler holdup
MD Condensor holdup
B Bottom product flow
D Distillate product flow

KB Stabilizing P-controller
KD Stabilizing P-controller

Fig. 5. Application: distillation column.

V. EXAMPLE: BINARY DISTILLATION COLUMN

This method of Kalman- and H∞ observer design, using the

model reduction techniques, will be illustrated on a model

of a binary distillation process. Therefore, we make use of a

linearized time-invariant (stabilized) model of a distillation

column containing 41 stages. More details on the originally

non-linear model of this column can be found in [8].

The column and the used symbols in this application are

given in Fig. 5, where flow units are in kmol/min, holdups

in kmol and compositions in mole fraction.

The input disturbances (d1) of this system, which are affect-

ing the states directly, are the feed flow and composition.

The four outputs we are interested in, disturbed by measure-

ment noise d2, are the bottom-, the distillate compositions

and the condensor- and reboiler holdups. Summarizing, the

disturbances d1 and d2 are influencing:

d1 → col(F, zF ) and d2 → col(XB, XD, MB, MD).

The stages in this system are described using two states each,

so the complete model of the column contains 82 states.

Therefore, the Hamiltonian matrices obtained in the observer

designs is of 164th order, so the low-order observer design

for the Kalman- and H∞ filters have to be used.

In this section, the “reduce-then-optimize” method, which

is the common used approach, will be compared with the

(in this paper introduced) “direct” approach and with the

results using the optimal observer designed using the full-

order plant model. In those comparisons, the plant and the

minimal Hamiltonian systems are reduced using the balanced

truncation technique such that they only have 4 states.

The to-be-estimated state in all the results is the liquid

composition located on the 21st stage of the distillation

column, which is around the location where the feed enters.

We have chosen to use input- and output disturbances that

do not have a zero-mean, such that the advantage of using

H∞ filtering techniques over the Kalman filter, which is

used in a lot of applications nowadays, can be shown. These

disturbance signals, that are depicted in Fig. 6, are used to

drive the original system to obtain an output signal y.

When observing the results of the estimation in Fig. 7, one

can state that the “direct” method has a smaller error than

the “reduce-then-optimize” approach and that the estimation

using the proposed method follows the optimal estimation
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using the full-order model quite well. This can also be seen

in Table I, where the absolute error between the real state z

and the estimations is given. Here one also can see that, due

to the non-zero mean values of the disturbances, the H∞

filter performs better than the Kalman estimator.

Method Absolute error Kalman Absolute error H∞

Optimal estimation 3.0067 · 10−1 8.7228 · 10−2

“Direct” approach 2.0081 · 10−1 6.6854 · 10−2

Reduce-then-optimize 1.1519 1.1944

TABLE I

ABSOLUTE ERRORS (
R

∞

0
|z − ẑ|dt) USING DIFFERENT METHODS.

Disturbances used to calculate system output y
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Fig. 6. Disturbance signals, with non-zero mean value, used in simulations;
solid signals are (small) output disturbances, which have a mean around 0.1

mole fraction / kmol, while the input disturbances F (blue dashed) and zF

(green dots) are larger, with mean values 0.497 kmol/min and 0.899 mole
fraction, respectively.

VI. CONCLUSIONS

A direct method for designing reduced-order observers is

presented in this paper. Instead of applying model reduction

techniques on the dynamics of the plant before designing the

observer (“reduce-then-optimize”), an approximation of the

adjoint systems, which are obtained by variational analysis

on an optimization problem, has been made. The two dif-

ferent observer types discussed in this paper (Kalman and

H∞) result, when using linear time-invariant systems, in

quadratic cost functions, which allow us to represent the

adjoints as LTI Hamiltonian systems whose outputs result in

the impulse responses of the optimal observers (and “worst-

case” noises). Balanced truncation is used as technique to

reduce the complexity of these Hamiltonian systems, which

allows us to obtain the observers using less computational

time.

In this paper, both types of observers have been designed

for a binary distillation column that is described by 82
ordinary differential equations. In the comparison between

the optimal observers, designed using the full-order model,

the “reduce-then-optimize” methodology and the “direct”

approach, which is introduced in this paper, one can observe

that the proposed method for observer design performs better

than the generally used one. In the latter two methodologies,

the balanced truncation is used to reduce the plant model (or

the adjoint system, respectively) to an order 4, which makes

the observer design less time consuming, which is required

in real-life applications.
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(a) Estimation results using Kalman filtering.
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(b) Estimation results using H∞ filtering.

Fig. 7. Comparison of filtering techniques and the used strategies.

The design of the observers in this paper has been worked

out for linear systems (with quadratic cost functions),

however an extension to non-linear plants, that results in

non-linear adjoint systems, has to be made. This yields to

other model reduction techniques. More research has to be

carried out in further work on approximation methods like

proper orthogonal decompositions [3], in combination with

Galerkin projections, or minimal descriptions of non-linear

(port-) Hamiltonian systems [6].
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