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Chapter1
Introduction

1.1 Heat development in chips

Since the invention of the integrated circuit in 1958, there has been a rapid develop-
ment in chip technology. Not only is the number of components per chip increasing
exponentially according to Moore’s law [1], the operating speed of those components
also increases. Consequently, also the power consumption increases with a factor of
10 every 6 years [2]. The industry’s projection for the future is that this trend will
continue [3]. This energy is converted into heat, which causes the temperature of the
processor to rise. A processor chip with too high a temperature might malfunction
or even break down, so in order to enlarge their functioning time, the processors on
the integrated circuit have to be cooled.

1.2 History of chip cooling

In the 1940s, the earliest electronic digital computers, using vacuum-tube electronics,
were cooled with forced air [4]. The invention of the transistor in 1947 lowered the
heat production per component to a level where natural cooling was sufficient. The
invention of the integrated circuits caused higher packaging densities, resulting in
increasing heat production per area. From the 1970s, air cooling and liquid cooling,
forced and unforced, were used [5]. In the 1990s, the change in technology from
bipolar to CMOS reduced the power consumption. Within a few years however, the
power consumption increased to the same level as before.

In the 2000s, the limits of air fan cooling were reached, and new cooling methods
were needed. One method is microchannel cooling [6]. In microchannel cooling, a
fluid is flowing through a microchannel (diameter between 10 µm and 200 µm [7])
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in close contact with the processor. Due to the large area to volume ratio of the
microchannel compared to normal sized channels, the heat removal is larger than
in conventional air cooling. Heat transfer by forced convection for gases is in the
range 25− 250 kW/m2 [8], whereas experimental microchannels with water have
a heat flux of 500 kW/m2 [9]. Flow boiling might even increase the heat transfer,
because the heat of evaporation can be used: experiments have shown a critical heat
flux of 3183 kW/m2 [10].

To be able to use flow boiling in microchannels for practical applications, the op-
erational stability needs to be improved. To that end, a fundamental understanding
of the flow boiling phenomena is needed [11].

1.3 Physical problem

In a microchannel heat sink, several microchannels are put next to each other, see
Figure 1.1. The typical hydraulic diameter (defined as four times the area divided by
the perimeter) is 40 µm [12].

z

x

y

Figure 1.1: A schematic view of a microchannel heat sink, here with 9 microchannels.

The processor is located underneath, the coolant is flowing in the x-direction. In
flow boiling, the fluid starts as a liquid, but due to heat coming through the channel
walls, the liquid evaporates.

Flow type

To estimate a characteristic value of the corresponding Reynolds number (Re) in
a microchannel, a 1-dimensional model for typical microchannel with cross area
40 µm × 100 µm is considered, see Figure 1.2. It is assumed that in the evaporation
area, the local heat flux be 1500 W/cm2 (see Appendix A), being fully used to evap-
orate the liquid. In this simplification, on the left, the fluid is 100 % liquid coolant,
and on the right 100 % gaseous coolant with the same temperature, so all energy is
used for the phase transition and no energy is used to heat the fluids.
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40
μm

1
0

0
μ

m

50 nm

ρ = 1162 kg/m
3

v = 0.051 mm/s

ρ = 60.1 kg/m
3

v = 0.986 mm/s

Figure 1.2: A schematic view of the flow rates inside a microchannel, before and after evapora-
tion, with heat flux in the evaporation base area is 1473 W/cm2. The densities in this example
correspond to Argon, and all energy entering the fluid is used to vaporise liquid.

A large portion of the heat is transferred within the evaporation area, which is
approximately 50 nm wide (see Appendix A). With a typical microchannel diame-
ter of 40 µm, the evaporation area is 40 µm × 50 nm, every second 30 µJ of heat is
transferred into that area. By neglecting the other contributions to heat transfer, an
estimate of the flow rate is given. The coolant in this example is Argon, because
detailed knowledge on the molecular level about Argon is available. The evapo-
ration enthalpy of Argon at 120 K is 126.6 kJ/kg [13]; this means that the evapo-
ration rate is 237 · 10−12 kg/s; this is also the mass flux. Liquid Argon has a den-
sity of 1162 kg/m3, so the mean flow in the microchannel is 51 µm/s. Because the
dynamic viscosity of Argon is 111.6 · 10−6 kg/ms [13], the Reynolds number in the
liquid part is Rel = 0.021.

In the vapour region, the flow velocity is higher. Gaseous Argon at 120 K at
vapour pressure has a density of 60.1 kg/m3, so the mean gas flow in the microchan-
nel is 986 µm/s. With a dynamic viscosity of 10.0 · 10−6 kg/ms [13], the Reynolds
number in the vapour part is Reg = 0.24. Therefore, in the liquid part and in the gas
part, the flow is laminar.

Phase interaction regions

In reality, the situation is more complicated than shown in Figure 1.2, due to the wall
interaction. A more detailed view of a single microchannel is shown in Figure 1.3. In
this view, three phases are present; the liquid coolant on the left, the gaseous coolant
on the right, and the solid channel walls. The places where the phases interact are
important for the heat flux.

Due to the heat, the liquid coolant evaporates. There is no sharp line between
liquid and gas; there is an evaporation layer of some nanometers (not drawn to scale
in Figure 1.3) where the liquid coolant evaporates. This evaporation layer is, due to
interaction with the channel walls, shaped as a meniscus. Three main wall interac-
tions are distinguished: liquid-solid, gas-solid and the interaction of the solid and
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Figure 1.3: A side view of a microchannel near the phase transition interface.

the evaporation layer.

The liquid-solid interaction is responsible for the major part of the heat transfer
from channel wall to cooling fluid. The channel wall is superheated, so the coolant is
some degrees colder than the solid wall, a temperature gradient inside the wall [14]
and more importantly inside the liquid will occur.

The gas-solid interaction is in the gas region close to the wall. There, the Van
der Waals forces cause particles to stick to the wall, and an absorbed film layer of
liquid is wetting the channel wall [15]. Since the Van der Waals forces are so strong
that this layer will not evaporate, not even at higher temperatures, the heat transfer
in this region is negligible [16]. This is a problem in the application of evaporation
in microchannels, because if the evaporation layer moves such that the heat source
is not covered by liquid coolant but by gaseous coolant with a liquid film layer, the
heat will be hardly dissipated, and the temperature increases.

With respect to the heat transfer, the most important region is where both interac-
tion with the wall and evaporation takes place. This is also the most difficult region
to solve, as all phases come together. The region where the evaporation meniscus
reaches the absorbed film layer, named the microregion, is schematically shown in
Figure 1.4. In the left side of the picture, the heat transfer is dominated by wall-liquid
interaction and natural convection in the liquid. In the middle, where the evapora-
tion meniscus comes in contact with the film layer, the heat transfer is dominated
by the evaporation. On the right, the liquid film layer does not evaporate, and heat
transfer is very low. The microregion has been analysed for situations with evapo-
ration in a grooved heat pipe and nucleate boiling, see Appendix A. With realistic
materials (copper wall, R114 coolant) and realistic superheating, the heat flux peak in
the microregion is approximately seven times the heat flux on the liquid side, while
the heat flux on the gas side is negligible [16].

This heat flux peak in the microregion is typically tens of nanometers in size, but
can be responsible for the major part of the heat flow, so a detailed modelling of the
microregion is essential [16].
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Figure 1.4: A schematic view of the phase transition interface and the heat flux, close to the
microchannel wall.

Technology trends

The trends in miniaturizing are not only causing more heat production in chips, they
are also helping the heat removal technology. Currently, channels with diameter
of 40 µm can relatively easily be produced [12], and new technologies will reduce
the diameter even further. This will increase the area to volume ratio and thereby
increase the heat removal capacity. With flow boiling in smaller microchannels, the
heat flux in the microregion will dominate even more. At the same time, due to the
smaller length scales, boundary effects will be more important. One of the major
technological difficulties for smaller microchannels is the increased pressure gradi-
ent needed to drive the flow. Interaction on the molecular level may generate this
pressure gradient. Hence, detailed knowledge about processes in the microregion
will become more important in the future.

Stabilizing and controlling flow boiling

Although the increased heat flux is only occurring in a very small region, it can be
used effectively if it is located close to the heat source. The potential heat removal of
flow boiling of a hot spot is larger than in one-phase flow. At the moment, the main
problem with this approach is that the position of the evaporation interface is insta-
ble at high heat fluxes [17]. To use flow boiling for cooling of hot spots on integrated
circuits, the evaporation interface has to be stabilised. There are several solutions
possible [18], but all of them require a detailed understanding of the heat and flow
in the microregion. For other situations, a continuum model of heat and flow in
the microregion has been developed. This is described in full detail in Appendix A.
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Although this model gives satisfying results for heat flow in grooved heat pipe evap-
orators and nucleate boiling on a heated wall, some aspects of the model are not ac-
curate enough to describe the heat and mass flow for evaporation in a microchannel.
One major difference between the continuum model and the problem of evaporation
in microchannels is the wall temperature: the continuum model assumes a constant
wall temperature, where in the current problem hot spots may be important. There-
fore, the heat conduction is not one-dimensional anymore, which is an important
assumption for the continuum model. The coupling of curvatures between microre-
gion and macroregion can also be less straightforward as in the continuum model, as
in the current problem the evaporation interface is confined, and there is no constant
curvature. Finally, the liquid velocity profile in the continuum model was derived
with the assumption of a continuum, which is a crude approximation in the small
scales of the problem, and boundary conditions that are generally considered not
applicable in the microscale.

These limits of the continuum model can be overcome by using a particle-based
method such as Molecular Dynamics. The particle-based method do not assume that
the medium is continuous, but are computationally much more expensive.

1.4 Research objective and thesis outline

The aim of this study is to describe a multi-scale method to analyse heat and mass
flow in a liquid-gas microchannel in which the liquid evaporates, that is accurate
enough to include secondary flow effects and non-uniform wall temperatures and
that can predict the position of the maximum in heat conduction, so that the model
can be used to analyse different methods to stabilise and control flow boiling in mi-
crochannels. The structure of this thesis is shown schematically in Figure 1.5.

Chapter 2

Chapter 5

Chapter 2

Chapter 3

C
h

a
p

te
r 

4

Chapter 3

Chapter 3

Figure 1.5: An overview of the chapters.
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Firstly the standard numerical techniques used in the analysis, Computational
Fluid Dynamics (CFD), Direct Simulation Monte Carlo (DSMC) and Molecular Dy-
namics (MD), are explained in Chapter 2. The particle-based methods (DSMC and
MD) are explained and compared to CFD in three standard problems: Poiseuille flow
of gas in a microchannel, a gas between two walls with a different temperature, and
flow of a gas around a heated obstacle.

Chapter 3 deals with the wall interaction. Close to the wall density oscillations
occur which will influence the local heat transfer. In a microchannel, heat is trans-
ferred from the wall to the fluid. This will be studied in three sub-systems: heat
exchange between the gas and the wall, between the liquid and the wall, and inside
the wall. First with Molecular Dynamics and then with a numerically faster solu-
tion with vibrating walls, that has the same heat transfer properties as the explicit
method.

Because the evaporation is essential for the heat transfer, the numerical methods
used to model the evaporation need to be validated. This is considered in Chapter 4.
This will first be done for Argon, the most simple molecule, and then the complexity
is increased to oxygen.

With all this, a complete channel can be simulated. The crucial part is the microre-
gion, the subject of Chapter 5. The results of the Molecular Dynamics simulation of
microregion are compared to the continuums model described in Appendix A.

The Molecular Dynamics method is computationally too expensive, so only a
part of the microchannel can be simulated. In Chapter 6, the conclusions of the thesis
are summarized, and methods are discussed to make the simulation domain larger,
so that information about the complete microchannel is obtained.
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Chapter2
Numerical techniques

for nanoflows

2.1 Introduction

The physical problem, stated in Chapter 1, is to be solved numerically. For most
flow problems, Computation Fluid Dynamics (CFD) is the standard way to solve
them, and this approach is used in Section 2.2. But, if the Knudsen number is too
high, the small length scales in microchannels cause the Navier–Stokes equation to
break down, making the CFD solutions invalid in some areas. For such conditions,
other solution methods exist that are more suitable, such as Direct Simulation Monte
Carlo (DSMC) and Molecular Dynamics (MD). These are explained in Sections 2.3
and 2.4. These three methods are compared in Section 2.5, for three typical problems:
a Poiseuille flow, a thermal gradient, and a lubrication flow.

2.2 Computation Fluid Dynamics (CFD)

It is possible to use Computation Fluid Dynamics, solving the Navier–Stokes equa-
tions, to analyse the heat and mass flow inside a microchannel. This has previ-
ously been done for the heat flow, assuming a fully developed laminar continuum
flow [19], as well as for the heat and mass flow simultaneously, allowing properties
to vary with temperature [20].
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2.2.1 CFD theory

In computational fluid dynamics, solutions for the continuous Navier–Stokes equa-
tions are found. Many computational methods for this are found in literature [21].
As shown in Section 1.3, the flow inside a microchannel dominated by evaporation
is a Stokes flow, as the mass flow is very low. It is so low that the solution of the
Navier–Stokes equations will almost be equal to the solution of the problem where
the flow is ignored. This stationary solution is characterised by the gas-liquid in-
terface. In these small scales, external influences such as gravity are neglected, and
to minimize surface tension energy, the interface will be a section of a sphere. The
exact shape is determined by the wall-liquid-gas interaction, with the contact an-
gle. In Figure 2.1, the typical solution found by CFD methods for a two-dimensional
evaporation-driven flow in a channel is shown.

liquid

y

x

gas

Figure 2.1: The solution found by CFD methods for flow in a two-dimensional channel. The
contact angle changes with different wall material and different coolant.

2.2.2 CFD inaccuracies

The validity of the Navier–Stokes equation depends on the validity of the contin-
uum hypothesis: the Navier–Stokes equations assume that the fluid can be treated
as a continuous medium, whereas in reality the fluid in the molecular scale consists
of particles. The validity of the continuum assumption is seen from the Knudsen
number [22]. The Knudsen number Kn is defined as

Kn =
λ

L
, (2.1)

where λ is the mean free path of the particles and L is the physical length of the
system. For the Navier–Stokes equations to be valid, the Knudsen number should
be small compared to unity, with Kn < 0.1 as an accepted limit [7]. In a single phase
flow in a microchannel, the Knudsen number can be directly calculated. The mean
free path λ is calculated as the average that a particle travels between two collisions.
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In a Maxwellian velocity distribution, this is [23]

λ =
1√

2π σ2 n Y (n)
, (2.2)

where σ is the diameter of a particle, n is the number density and Y (n) is the pair
correlation function at contact, found from the Carnahan-Starling equation of state,
an approximation for the equation of state for a hard sphere gas, as

Y (n) =
1
2

2− η
(1− η)3

, (2.3)

where

η =
πσ3n

6
(2.4)

is the reduced density [24]. As an example, liquid Argon at 120 K has a density
of 1162 kg/m3 [13] with an atomic mass of 6.63 · 10−26 kg, so the number density
is n = 175 · 1026 m−3. Because the atomic diameter is σ = 0.340 nm, the reduced
density is η = 0.361 and the pair correlation is Y = 3.14. From (2.2), it follows that
the mean free path in liquid Argon at 120 K is λ = 0.0354 nm.

Argon in the gas phase at a temperature of 120 K has a density of 60.1 kg/m3.
The corresponding number density is n = 9.06 · 1026 m−3, so the reduced density
is η = 0.0186, which makes the pair correlation Y = 1.05. The mean free path for
gaseous Argon therefore is λ = 2.05 nm.

It follows that in gaseous argon, one-phase flow can be modeled in channels as
small as 20.5 nm. Because the mean free path of a gas is higher than for a liquid, the
gas phase is always the bottleneck in CFD calculations.

For flow boiling inside microchannels, the situation is more complicated. A local
Knudsen number Kn(~r) is defined, according to [25]

Kn(~r) =
λ∇ρ(~r)
ρ(~r)

. (2.5)

The solution shown in Figure 2.1 shows no density or temperature changes in the
liquid or in the gas; inside the medium, the density and temperature are uniform. At
the boundary however, large changes occur. At the boundary between liquid and
wall, the medium changes from liquid to solid wall, which would cause a density
jump at that point. The local Knudsen number (2.5) is infinite there, so CFD inac-
curacies are expected there. Similarly in the boundary between gas and wall, the
local Knudsen number becomes infinite, so CFD gives inaccurate results there. At
the boundary between liquid and gas, the density changes from the liquid density to
the gas density.

Because the Knudsen number becomes too large, close to the wall and at the
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evaporation interface, CFD will give wrong results in these regions. Because these
regions are the most important regions for evaporation in a microchannel, different
methods need to be used there, that give correct results at high Knudsen numbers.
Two of these methods are described below.

2.3 Direct Simulation Monte Carlo (DSMC)

If the Knudsen number becomes too large, the continuum approximation is not
valid, and the relevant equations change to the Boltzmann equation [22]. The Boltz-
mann equation is too complex to solve analytically, but it can be solved numerically
by particle-based techniques as Molecular Dynamics (MD) [26] and direct simulation
Monte Carlo (DSMC) [23]. First, DSMC is described.

In DSMC, the molecules are modeled with hard sphere particles, and collisions
between particles are stochastic. Because attracting forces between molecules are
neglected, only gases can be simulated. The stochastic collisions however make the
method significantly faster than Molecular Dynamics.

The original DSMC method by G.A. Bird [27], that solves the Boltzmann equa-
tions [28], was proposed for rarified gas flows. An extended version solving the
Enskog equation [29] was developed by Frezzotti [23], is also valid for denser gases.
This extended version is discussed below.

2.3.1 DSMC theory

The Direct Simulation Monte Carlo method as developed by Frezzotti [23] is a nu-
merical solution for the Enskog equation, which describes the evolution of the dis-
tribution function F of a gas with hard-sphere particles of equal diameter σ as

∂F

∂t
+ ~v · ∇F = JE(~r,~v, t), (2.6)

where ~v is the velocity, F (~r,~v, t) is the probability that there is a particle at time t
at position ~r with velocity ~v, and JE is the collision integral, the probability of a
collision with a particle at position ~r, with velocity ~v and time t, given by

JE(~r,~v, t) = σ2

∫∫ (
Y
(
n
(
~r +

σ

2
~k, t
))
F
(
~r + σ~k,~v∗1 , t

)
F
(
~r,~v∗, t

)

− Y
(
n
(
~r − σ

2
~k, t
))
F
(
~r − σ~k,~v1, t

)
F
(
~r,~v, t

))
H(~vr ·~k)(~vr ·~k) d~v1 d~k, (2.7)

where ~v∗ denotes a velocity after collision, Y is the pair correlation function given
in (2.3), H is the Heaviside step function and σ is the diameter of a particle. The
collision integral JE is an integral over all possible positions and velocities of a pos-
sible second particle involved in a collision: ~v1 is the velocity of the second parti-
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cle, ~vr = ~v1−~v is the relative velocity, and ~k is a unit vector that specifies the relative
position at the time of impact.

Numerically, (2.6) is simplified by a time splitting method: first F is advanced
through time according to

∂F

∂t
+ ~v · ∇F = 0, (2.8)

and in the second step the collisions are calculated according to

∂F

∂t
· ∇F = JE(F, F ). (2.9)

The first step is done by moving the particles according to their velocities. The sec-
ond step, in which the collisions take place, is the complicated part. To do this step,
the simulation first needs to estimate the number of collisions. Then, the particles
involved in the collisions are selected, and then the collisions are carried out.

The number of collisions Nc per time unit ∆t in a domain D is found from (2.6)
as

Nc =
1
2

∫ ∆t

0

∫

D

∫

V

∫

V

∫

D
W (~r,~v,~v1, t)d~k d~v1 d~v d~r dt, (2.10)

where V is the velocity space and

W (~r,~v,~v1, t) = σ2Y
(
n
(
~r − σ

2
~k, t
))

F (~r− σ~k,~v1, t)F (~r,~v, t)H(~vr ·~k) (~vr ·~k). (2.11)

In particle-based methods, the continuous distribution function F is approximated
by discretised particles. In a simulation with Np discretised particles, at positions ~ri
with velocity ~vi, the distribution function is

F (~r,~v, t) =
Np∑

i=1

δ(~r − ~ri)δ(~v − ~vi), (2.12)

where δ is the Dirac delta function. In the DSMC method, this distribution function is
further approximated. The simulation domain is divided into cells, and the density
is smoothed over such a cell. If in cell Cm the number of particles is Nm and the
number density is nm, the distribution function is

F (~r,~v, t) =
nm
Nm

Nm∑

i=1

δ(~v − ~vi), if ~r ∈ Cm. (2.13)

With (2.13), the number of collisions per time unit (2.10) simplifies to

Nc =
1
2

Nm∑

i=1

Mi∑

m=1

Nm∑

j=1

ν(m,j),i, (2.14)
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where Mi is the number of cells that can interact with particle i (these are the cells
that contain a portion of the sphere with center xi and radius σ) and

ν(m,j),i = σ2 nm
Nm

∫

S(m,i)

Y
(
n
(
~ri −

σ

2
~k, t
))

H
(
~vr ·~k

)
(~vr ·~k) d~k, (2.15)

here S(m, i) is the set of unit vectors ~k for which ~xi − σ~k ∈ Cm. In (2.14), the
term 1

2ν(m,j),i gives the probability that particle i collides with particle (m, j).

The number of collisions Nc can be calculated from (2.14), but this is computa-
tionally expensive. Instead, a Monte Carlo approach is used. A different number N̄c
is calculated, which includes both real and ”false” collisions. In a later stage, the
false collisions are filtered. The larger number N̄c is found by a majorant method.
For each probability of interaction ν(m,j),i, a larger probability ν̄(m,j),i is found from

ν(m,j),i ≤ ν̄(m,j),i = σ2AiCi
Nm

∫

S(m,i)

d~k, (2.16)

where for Ai and Ci holds

Ai ≥ nmY
(
n
(
~r − σ

2
~k, t
))

, Ci ≥ ‖~vm,j − ~vi‖, ∀m ≤Mi, j ≤ Nm. (2.17)

Then, the larger number N̄c is defined as

N̄c =
1
2

Np∑

i=1

Mi∑

m=1

Nm∑

j=1

ν̄(m,j),i, (2.18)

and because of the inequality in (2.16) it is larger than Nc in (2.14). The quantity N̄c
is easier to calculate, as (2.16) shows that ν̄(m,j),i does not depend on j, so

N̄c =
1
2

Np∑

i=1

Mi∑

m=1

Nm∑

j=1

σ2AiCi
Nm

∫

S(m,i)

d~k

=
1
2

Np∑

i=1

Mi∑

m=1

σ2AiCi

∫

S(m,i)

d~k =
1
2

Np∑

i=1

4πσ2AiCi. (2.19)

The quantitiesAi andCi are easy to calculate; it is computationally easy to assign the
same values to particles in the same cell. The probability for a particle to have a (real
or false) collision is found from the contribution of that particle to the total number
of collisions. Particle i contributes to the number N̄c with the term 2πσ2AiCi, so the
probability p̄i that particle i is selected for a (real or false) collision is

p̄i =
2πσ2AiCi

Nc
. (2.20)
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The collision partner is also found with a Monte Carlo approach. If particle i is
selected for a collision, the probability p̄m,i that it collides with a particle from cell m
is

p̄m,i =

Nm∑

j=1

ν̄(m,j),i

Mi∑

m=1

Nm∑

j=1

ν̄(m,j),i

=
1

4π

∫

S(m,i)

d~k. (2.21)

This is equal to the probability that a random vector with length σ that starts in
particle i ends in cell m. The cell of the collision partner for particle i is therefore
selected by drawing such a random vector from the position of particle i. If cell m is
chosen in that way, a particle j is chosen from that cell with probability

p̄(m,j),i =
ν̄(m,j),i∑Nm
j=1 ν̄(m,j),i

=
1
Nm

. (2.22)

This shows that every particle j in cell m has equal probability to be selected as
collision partner.

If the method has selected two particles as possible collision partners, it should
know whether the selection is real or false. Because the probability that particles i
and j are selected for a (real or false) collision is ν̄(m, j), i, and the probability that
they should have been chosen for a real collision is ν(m, j), i, the probability p(m,j),i

that a selected collision between particles i and j is real is their ratio,

p(m,j),i =
ν(m,j),i

ν̄(m,j),i
=

∫

S(m,i)

φ(~k) d~k
∫

S(m,i)

d~k

, (2.23)

where φ is given by

φ(~k) =
nmY

(
n
(
~r − σ

2
~k, t
))

Ai

H
(
~vr ·~k

)
(~vr ·~k)

Ci
. (2.24)

From the inequalities (2.17) it follows that 0 ≤ φ(~k) ≤ 1.

If particles i and j are selected for a real collision, their velocities ~v∗i and ~v∗j are
updated according to

~v∗i = ~vi + (~k ·~vr)~vr, ~v∗j = ~vj − (~k ·~vr)~vr, (2.25)

so conservation of momentum and energy is exact during the collision. If the colli-
sions turned out to be false, nothing happens.
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Method

Summarised, the method is:

1. Determine constants Ai and Ci from (2.17).

2. For every particle i, determine if there is a collision (real or false) from (2.20).

3. If i collides, select cell of partner by taking a random vector according to (2.21).

4. Select a particle from that cell. All particles in the cell have equal probability
according to (2.22).

5. Determine if the collision is real from probability φ(~k) from (2.24).

6. If the collision is real, update the velocities according to (2.25).

2.3.2 DSMC inaccuracies

There are several sources for inaccuracy in Direct Simulation Monte Carlo. If these
inaccuracies are kept small, the method will still give good result. In practice, this
means that the method is mostly used for dilute gases.

Conceptual inaccuracies

Direct Simulation Monte Carlo simulation give numerical solutions for the Enskog
equation (2.6), but this is not the fundamental equation; quantum effects are not in-
cluded. In situations with high energies, these effects may become important; how-
ever in the application discussed here they are negligible.

Another error is introduced by the approximation of the distribution function
in (2.13), where the density is averaged over a cell. Because for statistical reasons,
cells should contain no less than 30 particles [22], the cell volume has a lower limit.
Density fluctuations on a length scale smaller than the cell size are ignored in DSMC.

The collision method in DSMC is developed for hard-sphere particles without
internal structure. Methods to use DSMC with slightly more complicated structure
have been developed, but the method is not easily extendable to complex molecules.

Statistical inaccuracies

The Direct Simulation Monte Carlo method has as output the positions and veloc-
ities of all particles at multiple time steps. A collection of positions and velocities
at one time step is called a microstate. To get statistically significant results from
DSMC simulations, the number of microstates needs to be sufficient. For example,
the averaged number density n in an averaging volume Ω over an averaging time
interval ∆t, is

n(Ω, i dt) =
1
iΩ

i∑

j=0

N(Ω, j dt), (2.26)
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where N(Ω, j dt) is the number of particles in volume Ω at time j dt, and dt = ∆t/i.
Suppose that a simulation of total volume Ωtot and total time length ttot is being
analysed. This is done by choosing an averaging volume Ω and an averaging time
interval ∆t. If the aim of the simulation is to show space-dependent properties,
for example the density profile of particles close to a hard wall, the averaging vol-
ume Ω should be chosen small, so there are more grid points in space. If the aim
of the simulation is to show time-dependent properties, for example the develop-
ment of the temperature of a cold gas in a warm environment, the averaging time
step ∆t should be chosen small, so there are more grid points in time. However, in
all cases, the product Ω × ∆t should be chosen large enough to get statistically rel-
evant results. Many combinations are possible; the problem that is being analysed
determines what choice of parameters is optimal.

One limit case is a maximal averaging time interval ∆t. The averaging time in-
terval ∆t is usually chosen equal to the simulated time interval minus the equili-
bration time: after the simulation is in equilibrium, the desired information on the
macroscale can be calculated from the simulation results. The averaging volume Ω is
then chosen in such a way that the results are statistically significant. A longer sim-
ulation (longer simulated time interval) will provide more data to analyse (a longer
averaging time interval ∆t), so with the same significance (product Ω×∆t) the aver-
aging volume Ω can be chosen smaller and the result will be more accurate (higher
spatial resolution). In the limit of infinite simulated time, the time-averaged number
density n is

n(~r) = lim
‖Ω‖→0

lim
∆t→∞

1
‖Ω‖∆t

∫ ∆t

0

N(Ω, τ)dτ, (2.27)

where N(Ω, τ) is the number of particles in volume Ω at time τ , and the limits are
approached such that the product ‖Ω‖∆t is a positive constant, and that volume Ω
always contains ~r. In this limit, the spatial resolution is at its maximum, and the
number density is continuous. The drawback of this choice is that the time resolution
is minimal, therefore the situation is restricted to steady-state processes.

The other extremum is also seen, for example when the total number density is
calculated at a given time, this is pure spatial averaging. Equation (2.27) then reduces
to

n(Ω, t) =
N(Ω, t)
‖Ω‖

, (2.28)

which is a well known result: mean number density is total number of particles
divided by the volume. The averaging time interval is minimal (only one time step)
and the averaging volume is maximal.

In similar ways, continuous quantities such as force ~F , temperature T , pres-
sure P , and others are defined. Because these continuous quantities are derived
in a statistical way, the theory of statistical mechanics is used here.
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Interaction inaccuracies

Unlike real atoms, that have long-distance interaction, DSMC particles only interact
through direct collisions. Apart from collisions, particles do not attract nor repel
each other; in effect the potential energy is neglected. Solids and liquids, where the
potential energy is in the same order as the kinetic energy and therefore can not be
neglected, can therefore not be simulated with DSMC. In gases it depends on the
density and temperature.The potential energy Φ in gases is approximated by [30]

Φ =
2πNρ
m

∫ ∞

0

V (r) exp
(
−φ(r)
kBT

)
r2dr, (2.29)

where N is the number of particles, ρ is the density, m is the mass of one particle, φ
is the intermolecular potential, T is the temperature and kB is Boltzmann’s constant.
The kinetic energy Ukin for an ideal gas is

Ukin =
3
2
NkB T. (2.30)

The potential energy is proportional to the density, whereas the kinetic energy is
independent from the density; this indicates that for low densities the approximation
in DSMC is better.

In Figure 2.2, the ratio potential energy/kinetic energy is shown for Argon gas
at different temperatures and different densities. From this figure, it is seen that
the potential energy can only be neglected for low densities or high temperatures.
In other cases, the Direct Simulation Monte Carlo method will produce the wrong
results.
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Figure 2.2: The potential energy (2.29) to kinetic energy (2.30) ratio for an ideal gas approxima-
tion of Argon (Lennard-Jones interaction with parameters from table 2.1).
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To estimate the number of interactions, the pair correlation (2.3) is used. This
pair correlation was however derived for a gas with macroscopically uniform den-
sity in equilibrium. In situations where the gas does not have a macroscopically
uniform density, for example close to the wall, or is not in equilibrium, the pair cor-
relation will be different. For this reason, DSMC is an inappropriate method close to
a wall [31].

Boundary condition inaccuracies

In DSMC, only gases can be simulated, so solid walls can not be included explicitly
in a DSMC simulation. Reflective walls and diffusive walls may be used to approxi-
mate the solid wall behavior.

Initial condition and numerical inaccuracies

DSMC, as any numerical method, has numerical inaccuracies. The time step and
cell dimensions should not be too large, otherwise the interactions are not modeled
correctly. Guidelines for the time interval ∆t and the cell dimension ∆x, to make
sure that macroscopic gradients are not overestimated and molecular motions and
collisions are uncoupled, are [32]

∆t ≤ λ

√
m

2kBT
, (2.31)

∆x ≤ λ

3
. (2.32)

Because the DSMC method is typically used for situations where the mean free path
length λ is relatively large, the last constriction does not cause problems for the sim-
ulation size. The first restrictions causes more problems; for gaseous Argon with a
density of 60.1 kg/m3 at a temperature of 120 K, this corresponds to a maximal time
step of 9.2 ps. A typical DSMC simulation is at a lower density, which means that
the maximal time step is higher, up to milliseconds.

The DSMC method needs initial conditions for the particle positions and veloc-
ities. If these initial conditions are chosen far from equilibrium, the simulation will
first need some time to reach the equilibrium. In most practical cases, an approxima-
tion for the equilibrium is easily found, and the initial positions and velocities can
be extracted from this approximation. Because of the relatively large time step of the
DSMC method, the real equilibrium is then quickly reached.
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2.4 Molecular Dynamics (MD)

Another, more accurate, particle-based method is Molecular Dynamics (MD). In
MD, the interaction between individual atoms and their motion is analysed. Be-
cause of computational limits, the number of atoms in one simulation is too small
for macroscopic simulations, and the simulation length scales are in the microme-
ter/nanometer regime. Due to the small time step in the order of femtoseconds, the
method is also bounded in the simulated time to nanoseconds.

2.4.1 MD theory

Numerical technique

In MD, simulations are performed by solving the equations of motion for individual
molecules, based on Newton’s second law,

mi
d2~ri
dt2

= ~Fi (2.33)

where mi is the mass of particle i, ~ri is the position of molecule i and ~Fi is the to-
tal force exerted on particle i. The motion of all the particles is found by numerical
integration. For optimal numerical stability, the leapfrog algorithm is used, an adap-
tation of the Verlet Algorithm [26]. The Verlet algorithm is derived by analyzing the
position ~r of a particle at times t−∆t, t and t+∆t. The Taylor series of these positions
are

~r(t−∆t) = ~r(t)− ~v(t)∆t+
~F (t)
2m

∆t2 − 1
6
d3~r(t)
dt3

∆t3 +O(∆t4) , (2.34)

~r(t+ ∆t) = ~r(t) + ~v(t)∆t+
~F (t)
2m

∆t2 +
1
6
d3~r(t)
dt3

∆t3 +O(∆t4) . (2.35)

These are combined into the Verlet scheme,

~r(t+ ∆t) = 2~r(t)− ~r(t−∆t) +
~F (t)
m

∆t2, (2.36)

where terms of the order ∆t4 are neglected. The Verlet scheme, that only calculates
positions, is rewritten as the leapfrog scheme by analyzing the velocities between
time steps, approximated by

~v(t− ∆t
2

) =
~r(t)− ~r(t−∆t)

∆t
, (2.37)

~v(t+
∆t
2

) =
~r(t+ ∆t)− ~r(t)

∆t
. (2.38)
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Both are combined with the Verlet scheme (2.36), with the result

~v(t+
∆t
2

) = ~v(t− ∆t
2

) +
~F (t)
m

∆t+O(∆t3), (2.39)

and the position is calculated directly from (2.38) as

~r(t+ ∆t) = ~r(t) + ~v(t+
∆t
2

)∆t. (2.40)

The leapfrog algorithm is algebraically equivalent to Verlet’s algorithm, but numeri-
cally more stable [33].

Intermolecular interaction

The force ~Fi on particle i is calculated through the potential energy Φ in the system,

~Fi = −∇iΦ. (2.41)

The total potential energy of the system Φ is a function of the positions of all the
particles in the system, ~r1, ~r2,. . .,~rN , and is written as

Φ =
N∑

i=1

φ1(~ri) +
N∑

i=1

N∑

j=i+1

φ2(~ri, ~rj) +
N∑

i=1

N∑

j=i+1

N∑

k=j+1

φ3(~ri, ~rj , ~rk) + · · · , (2.42)

where φ1 is the single potential, φ2 is the pair potential, φ3 is the triple potential,
et cetera. The first term φ1 from (2.42) can be used to induce flow, by applying a
force on a particle (gravity-like). It can also be used as a boundary condition: if in a
simulation particles are restricted to the area x > 0, this is specified by

φ1(x, y, z) =
{
∞ if x ≤ 0,
0 if x > 0.

(2.43)

The second part of (2.42), the pair potential function, determines the particle interac-
tion. Usually it is a function of the distance between the centers of the particles,

φ2(~ri, ~rj) = φ(‖~ri − ~rj‖). (2.44)

It is known that the force between the particles originating from this potential is a
repelling force on short ranges, and an attracting force on larger distances. The most
widely used pair potential is the Lennard-Jones (12-6) potential [26; 33; 34; 35],

φLJ(r) = 4 ε
((σ

r

)12

−
(σ
r

)6
)
, (2.45)
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where ε is the energy well depth and σ is the molecular diameter. With the right
parameters, it is a good approximation for Argon [36] and other noble gases.

The energy well depth ε and the molecular diameter σ depend on the involved
particles; if the particles involved are particles of typeA andB, the Lorentz–Berthelot
mixing rule [37] gives the interaction between A and B as a Lennard-Jones potential
with energy well depth εA−B and molecular diameter σA−B , given by

εA−B =
√
εA εB , σA−B =

σA + σB

2
, (2.46)

where εA is the interaction strengths of type A, and σA is the molecular diameter of
type A, given by σA = 25/6RAvdw, with RAvdw the Vanderwaals-radius of type A. To
reduce the computation time, the potential is usually truncated and shifted to the
truncated shifted Lennard-Jones potential φTSLJ [38],

φTSLJ(r) =
{
φLJ(r)− φLJ(Rc) if r ≤ Rc;
0 if r > Rc,

(2.47)

where Rc is the cut-off radius; Rc = 2.5 σ and Rc = 4.5 σ are often used. With these
radii, the truncation error φLJ(Rc) is small:

φLJ(2.5 σ) = −0.0161 ε, φLJ(4.5 σ) = −0.000482 ε, (2.48)

but the reduction in computation time is large. With these cut-off radii, the repelling
and attractive part of the Lennard-Jones potential are both approximated. To sim-
ulate hard-sphere-like interactions using MD (which is important to compare MD
to other models, for example DSMC), the cutoff radius is taken Rc = 21/6σ, which
means that only the repelling part of the Lennard-Jones potential is taken into ac-
count. The different potentials described above are shown in Figure 2.3.

Intramolecular interaction

The Lennard-Jones potential (2.45) and the truncated Lennard-Jones potential (2.47)
are only able to describe spherical particles. Most molecules are not spherical, but
they can be approximated by coupled spheres.

The intramolecular potential energy ΦAint of molecule A is a function of all the in-
ternal coordinates ~ri, and is found from (2.42), by summing all interactions between
atoms in the same molecule:

ΦAint =
NA∑

i=1

NA∑

j=i+1

φ2(~ri, ~rj) +
NA∑

i=1

NA∑

j=i+1

NA∑

k=j+1

φ3(~ri, ~rj , ~rk) + · · · , (2.49)

where NA is the number of atoms in molecule A. The first contribution φ2 is the
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Figure 2.3: The Lennard-Jones potential for various values of the cut-off radiusRc. The Lennard-
Jones potential without truncation is plotted by the solid line, the truncated shifted Lennard-Jones
potential truncated atRc = 21/6σ is plotted by the dashdotted line. The truncated shifted potential
for this value is non-increasing, which shows that there is only a repelling force.

vibrational contribution. Due to quantum-mechanical effects, the vibrational contri-
bution to the energy is absent at the temperatures of interest [39]. The vibrational
energy Evib is quantised with [40]

∆Evib = ~
√
k

m
, (2.50)

where ~ is Planck’s reduced constant, k is the spring constant of the bond between
the two atoms and m is the mass of the atoms. A characteristic temperature Tr is
found as

Tr =
~
kB

√
k

m
. (2.51)

Because in general the spring constant k is in the order of 100 N/m [41] and the mass
of atoms m is in the order 10−26 kg, this characteristic temperature is in the order
of 1000 K. Usually, the working temperature is lower, so the vibrational contribu-
tions can be neglected in most situations.

When the vibrational contribution is neglected, the dynamics of the rigid bond
is solved by constraint dynamics in the "Rattle" method [42]. If particles i and j are
connected by a rigid bond of length dij , the constraint gc is

gc = ‖ri − rj‖2 − d2
ij = 0. (2.52)

The derivative of this is added, with a Lagrangian multiplier λL, to the equation of
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motion (2.33),

mi
d2~ri
dt2

= ~Fi − λL∇igc. (2.53)

This velocity Verlet scheme (2.39–2.40)) representation of (2.53) is

~v(t+
∆t
2

) = ~v(t− ∆t
2

) +
~Fi − λL∇igc

m
∆t+O(∆t3), (2.54)

~r(t+ ∆t) = ~r(t) + ~v(t+
∆t
2

)∆t, (2.55)

so only the velocity calculation changes. The Lagrangian multiplier λ is determined
by the requirement that the constraint holds at time t+ ∆t.

If vibrational contributions are not neglected, the bond is modeled with the har-
monic bonding potential φBOND [41],

φBOND(r) = k(r − r0)2, (2.56)

where k is the binding constant, r = ‖~ri−~rj‖ is the distance between the two atoms,
and r0 is the equilibrium bond length.

The second contribution in (2.49) is the bend contribution. It only occurs in
molecules with three or more atoms, and depends on the angle between two bonds.
For example in aCO2 molecule, the angle between one C-O-bond and the other C-O-
bond. One way to calculate this effect in MD is with the harmonic bending poten-
tial φBEND [41],

φBEND(θ) = kbend
(
cos(θ)− cos(θ0)

)2
, (2.57)

where kbend is the bending constant, θ is the angle between the two bonds, and θ0 is
the equilibrium angle between two bonds.

The third contribution in (2.49) is the torsion contribution. For this, four or more
atoms are needed. It depends on the angle between two bends. Higher order con-
tributions also exist for molecules with more atoms, but in this thesis, the torsion
contribution and higher contribution are not used.

With the above parameters specified, the type of material is determined. Some
examples are seen in Tables 2.1–2.4. From these material properties, a Molecular
Dynamics time scale is determined as

tMD =

√
m σ2

ε
. (2.58)

For Argon, this becomes tMD
Ar = 2.15 ns.
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Argon-particle

Ar-atom
σAr 0.340 nm
mAr 6.63 · 10−26 kg
εAr/kB 121 K

Ar

Table 2.1: Molecular Dynamics properties for Argon (Ar) [43]. The configuration, shown in the
picture on the right, is the most simple one: only one atom per molecule, no bonds, no bends.

Calcium-particle

Ca-atom
σCa 0.340 nm
mCa 6.63 · 10−26 kg
εCa/kB 14520 K

Table 2.2: Molecular Dynamics properties for Calcium (Ca) [44]. The configuration, shown in
the picture on the right, is the most simple one: only one atom per molecule, no bonds, no bends.

Oxygen-particle

Oxygen-atom
σO 0.309 nm
mO 2.656 · 10−26 kg
εO/kB 44.6 K

O −O-bond k 60.9085 N/m
r0 0.120 nm

O

O

Table 2.3: Molecular Dynamics properties for Oxygen (O2) [41; 45]. The configuration, shown
in the picture on the right, is two Oxygen atoms that are chemically bonded by a O−O bond. The
bond constant k is high enough for the bond to be considered rigid for the temperatures considered
here.

Carbon dioxide-particle

Carbon-atom
σC 0.340 nm
mC 1.994 · 10−26 kg
εC/kB 29 K

Oxygen-atom
σO 0.301 nm
mO 2.656 · 10−26 kg
εO/kB 83.1 K

C −O-bond k 173.7 N/m
r0 0.120 nm

C −O/C −O-bend kbend 6.495 · 10−19 Nm
θ0 180◦

C

O

O

Table 2.4: Molecular Dynamics properties for Carbon Dioxide (CO2) [41; 46]. This configuration
is the most simple one in which a bend is present. The equilibrium bend angle is 180◦, which means
that the oxygen atoms are energetically favored to be in opposite positions. The model in [46] adds
a Coulomb force. The parameters for the Oxygen-atom differ from the ones in Table 2.3, because
the chemical bonding is different.
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Different Ensembles

A MD simulation as described in the previous section generates for every time step
all positions and velocities of all molecules. As with the DSMC simulations, a col-
lection of positions and velocities of particles is called a microstate. All microstates
will be different, but they all correspond to the same macroscopic properties. A col-
lection of microstates that represent the same macrostate is called an ensemble. With
the method described above, the model simulates a NVE-ensemble. This means that
the number of particles (N ) is constant, the volume (V ) is constant and the total en-
ergy (E) is constant. From a collection of microstates, macroscopic quantities are
calculated using statistical mechanics. For example, the temperature T (t) at time t is
calculated by [26]

T (t) =
1

NdofNkB

N∑

i=1

mi‖vi(t)‖2 =
2

NdofNkB
< Ekin >, (2.59)

where vi(t) is the velocity of particle i at time t, and Ndof is the number of degrees of
freedom (3 for a monoatomic molecule such as Argon, 5 for a diatomic molecule with
fixed bond length such as Oxygen). By averaging many microstates, the temperature
of the macroscopic system is found.

In some simulations, the total energy E is not specified, but the temperature; the
simulation is an NVT-ensemble. This may be achieved by a Nosé–Hoover thermo-
stat, or by Berendsen’s loose coupling technique [47]. In Berendsen’s loose coupling
technique, the system is coupled to an external heat bath with the desired temper-
ature Treq . The velocities in the simulation are scaled at every time step with a fac-
tor λT ,

λ2
T = 1 + λc

(
Treq
T (t)

− 1
)
, (2.60)

where λc is the proportional constant, 0 < λc < 1. The effect of this scaling is anal-
ysed by ignoring all particle interaction, such that v(t+ ∆t) = λT v(t), which implies

T (t+ ∆t) = λ2
TT (t), (2.61)

so after k time steps of size ∆t (using (2.60))

T (k∆t) = Treq + (1− λc)k(T (0)− Treq). (2.62)

The characteristic time ttemp = k∆t in which the temperature difference (T (k∆t) −
Treq) is half the initial temperature difference (T (0)− Treq) is

ttemp = − log(2)dt
log(1− λc)

. (2.63)
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From this, the velocity scaling constant λc is solved as

λc(∆t) = 1− 2
− ∆t
ttemp . (2.64)

This shows that λc is dependent of the time step ∆t; the characteristic time ttemp is
a more suitable parameter to describe the process. Note, however, that this ttemp is
not a measurable physical time: it is only a time needed to guide the stabilization
process. Choosing ttemp too small will cause overcorrection, so the temperature will
never stabilise, choosing ttemp too large will make the stabilization process too long.
A typical choice is ttemp = 0.4 ps [47].

Other ensembles are also possible. Instead of the volume, the pressure can be
prescribed, making the simulation an NPT- or NPE-ensemble. The pressure p in
volume V at time t is calculated with the Irving-Kirkwood [48] method from the
virial equation as [49]

p(V, t) =
2

NdofV
< Ekin > +

1
NdofV

N∑

i=1

N∑

j=i+1

(~ri(t)− ~rj(t)) · ~Fij(t), (2.65)

where the position of molecule i at time t is given by ~ri(t), and the force between
molecules i and j is given by ~Fij(t). To get the pressure at a specified level p0, a
Berendsen pressure coupling may be used [47]. The positions and volume are scaled
at every time step by a factor µ, where

µ3 = 1 + µc

(
p(t)
p0
− 1
)
, (2.66)

where µc is the proportional constant, 0 < µc < 1. Similar to the thermostat, a time
constant tpres is found for the barostat. A typical choice is tpres = 0.1 ps [47].

The internal energy U is calculated as the sum of the kinetic energy and potential
energy, as

U = Ekin +
N∑

i=1

Φi = Ekin +
N∑

i=1


φ1(~ri) +

N∑

j=i+1

φ2(rij)


 , (2.67)

where Φi is the potential energy of particle i, and rij is the length of the distance
between particle i and j. The enthalpy H is defined as [50]

H = U + p V. (2.68)

Other macroscopic properties can be calculated from microstates [33].
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2.4.2 MD inaccuracies

There are several sources for inaccuracy in Molecular Dynamics. A simulation can
be set up such that these inaccuracies are small; the biggest bottleneck to do this is
the numerical aspect, which requires a small time step.

Conceptual inaccuracies

The equations that are solved in MD simulations are not the fundamental equations,
but quantum effects are ”averaged”. In MD, charges are treated as static parame-
ters in the force field φ, so electronic polarization effects are not included [51]. By
restricting the particles to non-polar molecules, the static-charge approximation is
fairly good.

Statistical inaccuracies

Similar to Direct Simulation Monte Carlo simulations, microstates are generated by
MD simulations. A sufficient number of microstates is needed to get statistically
significant results. The issues for MD are the same as for DSMC.

Interaction inaccuracies

In the equation for potential energy in the system (2.42), only single potentials and
pair potentials are used. Higher order potentials, dependent on the positions of three
or more particles, are neglected. There has been debate about whether to include
higher order potentials. The addition of a third-order potential (the Axilrod-Teller
potential [52]) for simulations of Argon seems to produce simulation results closer
to experimental results [53].

For intermolecular interaction, the Lennard-Jones potential (2.45) is used here.
With the right parameters, it is a good approximation for Argon [36] and other noble
gases, but other potentials have been discussed [54]. The parameters that should be
used in the Lennard-Jones potential are also debatable [41].

Boundary condition inaccuracies

Molecular Dynamics simulations are performed in a small domain, due to compu-
tational limitations. To simulate a larger domain, periodic boundary conditions are
used in one or more dimensions. If the periodic boundaries are a distance L apart,
the simulation may generate non-physical waves with wavelength larger than L. By
choosing L large enough (more than 6 σ), this effect is negligible [33].

Other boundary conditions pose larger problems. Because the pressure can not
be calculated at one point at one time step, but should be calculated on a volume
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from many time steps, it is not straightforward to impose a pressure boundary con-
dition. The same restriction holds for the temperature. It is possible to use a buffer
zone: a volume where pressure/temperature are set with the methods from (2.4.1).

It is also a problem to use boundary conditions for walls. This will be dealt with
in Chapter 3.

Initial condition and numerical inaccuracies

The leapfrog scheme is order ∆t4 accurate, see (2.39). The numeric approximation
error could cause errors, as well as the round-off errors caused by the use of float-
ing point arithmetic. And indeed, a small perturbation in atomic trajectories can
grow at an exponential rate [55]. This is not a problem however, because the indi-
vidual atomic trajectories are not important, but the statistical properties of the en-
semble (see section 2.4.1). This is checked by analyzing the ensemble characteristics.
For example, in the microcanonical NVE-ensemble, the number of particles (N ), the
volume (V ) and the total energy (E) in the system are fixed, so the effect of numer-
ical instability of a microcanonical MD simulation is analysed by checking whether
these are constant.

In MD, the time step ∆t is determined by the accuracy of the approximation
in (2.39). Numerical experiments have shown that a time step of 0.002 tMD is around
the upper limit for which numerical errors do not change the total energy. For Argon,
this corresponds to a time step of 4.3 fs. This is approximately 1740 times smaller
than the DSMC time step; the MD method is therefore typically much slower.

2.5 Method comparison

To compare the three methods described above, CFD, DSMC and MD, model prob-
lems are used. In the application of microchannel cooling, the two most important
aspects are mass flow and heat transfer. The mass flow is tested with an isothermal
gas flow through a microchannel. The heat transfer is tested with a large temper-
ature gradient in a gas between two plates. Both aspects are tested together in a
lubrication flow, where a cold gas is forced to move past a heated obstacle.

2.5.1 Gas flow in a microchannel

The flow of gas in a channel, generating a planar Poiseuille profile, is a standard
problem in fluid dynamics. In the example here, the flow is assumed steady and fully
developed. The channel walls are made from Calcium at T = 180 K and the gas is
Argon at a temperature of T = 180 K at a density of ρ0 = 60.1 kg/m3. Furthermore,
the height/width ratio of the channel is so large that the flow is considered two-
dimensional, as if a gas is flowing between two plates. The plates are 10.57 nm apart



30 Numerical techniques for nanoflows

from each other.
The choice for an Argon gas in a Calcium channel is made because for these

materials, the information needed for MD calculations is known. The molecular
properties of Argon are well-known, and the Calcium forms a nice fcc-lattice [56].
The flow is pressure driven, with pressure gradient∇p equal to

∇p = 8.835 · 1012 Pa/m (2.69)

This extremely high pressure gradient is chosen because it generates a flow where
the mean velocities of the Argon molecules are not negligible to the thermal veloc-
ities. With a lower pressure gradient, the particle-based simulations would need
more computation time to find the mean flow in the thermal noise. With an even
larger pressure gradient, the flow would be supersonic, and shock effects would
play a role. The configuration is shown in Figure 2.4.

wall

wall

10.57 nm
y

x

Figure 2.4: The Poiseuille flow with pressure gradient ∇p = 8.835 · 1012 Pa/m and uniform
temperature 180 K. This will be solved with CFD, MD and DSMC.

To analyse the flow type, some dimensionless numbers are calculated. From the
results, it will be seen that the average velocity of the gas is around V = 20 m/s. This
is much higher than experimentally possible velocities, due to the extremely high
pressure gradient. The Reynolds number, calculated as

Re =
ρ0LV

µ
, (2.70)

where µ = 14.4 · 10−6 kg/ms [57] is the dynamic viscosity of Argon at 180 K with
density 60.1 kg/m3, is Re = 0.89. The flow is therefore laminar, so turbulent effects
are not important.

The validity of the continuum approximation is estimated by the Knudsen num-
ber, defined in (2.1). As calculated in Section 2.2.2, Argon with a density of 60.1 kg/m3

has a mean free path length λ = 2.04 nm. Here L is the channel height, 10.57 nm,
so Kn = 0.194. This classifies the flow as a transition flow [22]. In this region, CFD
is expected to give incorrect results and the DSMC or MD methods are advised.
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The effect of viscous heating is estimated from the Brinkman numberBr, defined
as [58]

Br =
µV 2

κT
. (2.71)

Because the thermal conductivity of Argon at 180 K is κ ≈ 14 mW/mK [13], the
Brinkman number is 0.4114, so viscous heating is ignored.

The effects of compressibility are estimated from the Mach Number M, defined
as

M =
V

c
, (2.72)

where c is the speed of sound. The speed of sound cid for an ideal gas is found as

cid =
√
γ kBT

m0
, (2.73)

where γ is the adiabatic index and m0 is the mass of a particle. For Argon at 180 K,
the adiabatic index γ = 5/3 and the molecular mass m0 = 6.63 · 10−26 kg, so the
speed of sound for Argon is c = 204 m/s. The Mach number therefore is M = 0.24.
At this Mach number, compressibility effects become important, but the gas is at
subsonic speed.

CFD

In CFD, the Navier-stokes equations for this problem are solved numerically. How-
ever, neglecting the compressibility effects, in this simple configuration an analytical
approach is still possible. Here, the analytical solution will be used, thereby elimi-
nating any numerical errors.

The Navier-Stokes equations for a stationary Newtonian fluid under incompress-
ible flow conditions are

ρ (~v · ∇~v) = −∇p+ µ∆~v, (2.74)

where ρ is the density, ∇p is the pressure gradient and µ is the dynamic viscosity.
Because the flow is in x-direction, the y- and z-components are ignored. The x-
component is further simplified because the flow is constant in the x and z-directions,
and becomes

µ
d2u

dy2
= ∇p, (2.75)

and the flow has a parabolic velocity profile. Because of symmetry,

du

dy
(0) = 0, (2.76)

where y = 0 is the center of the channel. The only remaining problem is the choice
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of the boundary condition at the wall. A first-order approximation is the no-slip
boundary condition, u(L) = 0. The velocity profile with the no-slip boundary con-
dition uNS is

uNS(y) =
∇p
2µ
(
L2 − y2

)
. (2.77)

It is known that a no-slip boundary condition is not exact, and many other boundary
conditions have been developed [59]. A second-order boundary condition, where
the variation in dynamic viscosity due to rarefaction effects is accounted for, is [60]

u(L) = λ
du

dy
(L)− λ2

2
du2

dy2
(L), (2.78)

with λ the mean free path length, for which the solution is

u(y) =
∇p
2µ
(
L2 − y2 + 2L λ− 2λ2

)
. (2.79)

In the example of this section, this corresponds to a slip velocity of 1.03 m/s. The
solution for the no-slip boundary condition (2.77) and the slip-velocity solution (2.79)
are shown in Figure 2.5.
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Figure 2.5: The Navier-Stokes result for body-force driven Poiseuille flow. The solution with
no-slip boundary condition (2.77) is shown with the solid line, the solution with slip-boundary
condition (2.79) is shown with the dashed line.
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DSMC

The same situation is also analysed with the Direct Simulation Monte Carlo method,
as described in Section 2.3. Because solids can not be simulated in DSMC, the walls
are replaced by thermal boundary conditions [61]: if a particle with mass m inter-
acts with a thermal wall normal to the x-direction at a temperature Tw, the velocity
changes to ~vnew, drawn from a Maxwell-distribution [23]. This thermal wall condi-
tion is explained in more detail in Section 3.2.2. With this boundary condition, the
wall is fully accommodating.

More general, a wall with accommodation coefficient α is defined as a wall where
every particle hasα probability of thermal reflection, and 1−α probability of specular
reflection, explained in Section 3.2.1. If α = 0, the wall is completely reflective, and
if α = 1, the wall is completely thermal. This wall condition is explained in more
detail in Section 3.2.3. In a thermal reflection, the velocity in the direction of the
flow is lost, while in a specular reflection this velocity is conserved. It is therefore
expected that the higher the accommodation coefficient, the lower the slip velocity.

In the DSMC simulation, 2436 hard sphere particles that represent Argon atoms
are used in a simulation box of 31 σAr × 46.89 σAr × 46.89 σAr with periodic bound-
ary conditions in y- and z-directions. The walls are kept at a constant temperature
of 180 K. To simulate the pressure gradient in (2.69), the gas particles are accelerated
in the x-direction with 1.47 · 1011 m/s2; in this way the pressure gradient is as given
in (2.69).

With these conditions, the flow profile is as shown in Figure 2.6, with a fully
thermally accommodating wall (α = 1) in solid line, and partially accommodating
wall (α = 0.5) in dashed line.

The accommodation coefficient α has a large effect on the results. The slip veloc-
ity is 10.41 m/s in the α = 0.5 simulation, while it is only 3.42 m/s in the fully ac-
commodated α = 1 simulation. There is no universal accommodation coefficient; it
changes with material, temperature and pressure [62]. This makes the use of DSMC
close to channel walls impractical.

MD with implicit walls

The Poiseuille problem can also be solved with Molecular Dynamics. To do this, 2436
Argon particles are simulated, in the same configuration as the DSMC simulation in
Section 2.5.1. The boundary conditions are exactly the same as in the DSMC sim-
ulations, and the flow is also generated by accelerating the gas particles in the x-
direction with 1.47 · 1011 m/s2. Also here, it is expected that the higher accommo-
dation coefficient results in a lower slip velocity. The results, for accommodation
coefficients α = 1 and α = 0.5 are shown in Figure 2.7.

The slip velocity 14.20 m/s for α = 0.5 calculated from these simulation results
is higher than the slip velocity of 5.99 m/s for α = 1.0. The values differ from the
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Figure 2.6: The time-averaged DSMC results for body-force driven Poiseuille flow, with accom-
modation coefficient α = 0.5 and α = 1. The dashed lines are the parabolic fits to these results,
based on a least squares approximation.

DSMC results in Section 2.5.1, because the DSMC and MD methods behave differ-
ently close to walls [63]. Because in most configurations the accommodation coeffi-
cient is not known, this type of boundary condition is impractical in MD simulations.

The CPU time needed for these results is higher than for the DSMC results: where
the DSMC simulation took 199 minutes to finish, the MD simulations lasted for more
than 3300 minutes.

MD with explicit walls

The accommodation coefficient α is not known in advance. A method that does
not use the accommodation coefficient is the use of explicit walls. In an explicit
wall, the wall is explicitly made from particles, in this case Calcium particles. These
are simulated here with the Lennard-Jones potential, with radius Rvdw = 0.191 nm,
mass m = 6.63 · 10−26 kg and potential depth ε/kB = 14520 K, see Table 2.2.

In the simulation, for walls 18000 Calcium particles are used, placed in a fcc-
lattice of 10 layers, inside a simulation box of 40 σAr × 46.89 σAr × 46.89 σAr,
with σAr the molecular diameter of Argon. In this way, the thickness of the wall
is around 8.9 σAr. Because of the periodic boundary conditions, parallel plates are
simulated in this way. Between these parallel plates, Argon gas is simulated with
the parameters from Table 2.1. The mass and size of the Calcium particles are com-



2.5 Method comparison 35

−20 −15 −10 −5 0 5 10 15 20
0

5

10

15

20

25

Position/σ

V
el

oc
it

y
[m s

]

α = 1

α = 0.5

Figure 2.7: The MD simulation results for body-force driven Poiseuille flow with implicit walls,
with accommodation coefficient α = 0.5 and α = 1.

parable to the mass and size of the Argon particles, but the intermolecular attraction
is much larger, which causes the Calcium to be in the solid phase at 180 K, whereas
Argon is in the gas phase.

According to the mixing rule (2.46), the Calcium-Argon intermolecular potential
has a depth of εCa−Ar/kB = 1325 K; this relatively large intermolecular potential
causes the Argon gas to attach to the Calcium wall. In this way, an absorbed film
layer is formed, as introduced in Chapter 1. The exact interaction between a fluid
and a wall is unknown; in some literature, the mixing rule is used [64], in other
simulations in literature, the mixing rule (2.46) is not used, and the interaction is
generally chosen smaller, such that the wall is more hydrophobic [65]. Because the
problem of interest here has hydrophilic walls, shown by the absorbed film layer, the
mixing rule is used here.

Between the Calcium plates, 8760 Argon particles were placed, such that the bulk
density at the center of the channel is 60.1 kg/m3. The gas particles are accelerated
in the x-direction with 1.47 · 1011 m/s2; in this way the pressure gradient is as given
in (2.69). The density profile of the gas is seen in Figure 2.8.

The film layer close to the wall is fully accommodated to the wall temperature
without evaporating. A close-up of this layer is seen in Figure 2.9. Due to this film
layer, the effective diameter of the channel is a few molecular diameters smaller. This
is negligible in macroscopic situations, but in the scales of this example, the effect is
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Figure 2.8: The density in the MD simulation (time-averaged) for body-force driven Poiseuille
flow. In the bulk, the density is 60.1 kg/m3; close to the walls at ±15.5 σAr the Argon gas
attaches to the wall.

Figure 2.9: The absorbed Argon layer (left) close to the Calcium wall (right). The Argon layer is
one molecule wide. The dots indicate the centers of the particles.

large.
The wall was kept at a constant temperature of 180 K. To stop the wall from mov-

ing with the gas, the wall momentum was set to zero every 30 time steps. The num-
ber of particles in this simulation is larger than in the previous simulation; this causes
the simulation to be considerably slower than the other simulation. For this reason,
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Figure 2.10: The MD results for body-force driven Poiseuille flow. The solid line shows the
numerical MD results, and the dashed line is the parabolic fit to these results.

the simulated time for the explicit wall simulation is shorter than the other simula-
tions, therefore the fluctuations are larger. The results are shown in Figure 2.10. In
some cases, a particle is pushed a little bit into the wall; this explains the oscillations
around ±15 σAr: the mean density here is calculated over only a few particles. In
the bulk, the expected parabolic profile is seen.

Because the film layer is attached to the wall, it is more difficult to define a slip
velocity. If the parabolic profile is extrapolated to the solid wall at±15.5 σAr, the slip
velocity is 4.7 m/s. If the film layer is regarded as part of the wall, and the parabolic
profile is extrapolated to the film layer at ±13 σAr, the slip velocity is 7.0 m/s.

Results

The results of this section are summarised in Table 2.5. The slip velocity is calculated
as the value of the parabolic fit to the simulation results at the channel boundary
at ±15.5 σAr; the computation time is the time needed to simulate 4.88 µs in real
time on one CPU. In the case of the CFD calculations, the result was found from an-
alytical calculations, so no simulation time was needed. In the MD simulation with
explicit walls, a shorter real time was simulated, so this computation time is an ex-
trapolation.
All calculations show a parabolic profile, as is expected. The difference between the
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Table 2.5: The results for Poiseuille flow for different types of simulations. The given computation
time is needed to simulate 4.88 µs in real time.

Simulation type maximum velocity slip velocity computation time
(m/s) (m/s) (minutes)

CFD, noslip 8.57 0.00 –
CFD, slip 9.61 1.03 –
DSMC, α = 1 9.12 3.42 199
DSMC, α = 0.5 17.84 10.41 199
MD, thermal α = 1 12.45 5.99 3366
MD, thermal α = 0.5 21.08 14.20 3526
MD, explicit 12.11 4.71–7.0 799200∗
∗: Extrapolated result.

maximum velocity and the slip velocity is 8.57 m/s in the CFD calculations, whereas
in the other methods the difference between the maximum velocity and the slip ve-
locity is nowhere larger than 7.43 m/s; this indicates that the viscosity of the fluid in
the DSMC and MD calculations does not match the viscosity of the fluid in the CFD
calculations.

Although the behaviour close to the wall is different, seen from the slip velocity,
the flow behaviour in the middle of the channel is comparable for all simulations. Be-
cause of the nature of the method, the MD simulations are considered more accurate
than the DSMC simulations, but they cost more time. Because the CFD and DSMC
methods are considerably faster than the MD method, a hybrid method where MD
is used for the solid-gas interaction and CFD [66] or DSMC [67] in the rest of the sim-
ulation domain can give the same accuracy as the MD method in less computation
time.

The MD simulation with explicit walls is considered to be the most accurate,
because the accommodation coefficient does not need to be guessed. However, the
computation time for this simulation type is very large. Most of the simulation time
is needed for the wall-wall or wall-gas interaction, so a hybrid method with CFD or
DSMC for the gas-gas interaction will not be able to save much time.

From these results, it is seen that the mass flow is lowest in the CFD simulation
without slip, and highest in the MD simulation with implicit walls and accommoda-
tion coefficient α = 0.5. The MD simulations show a larger mass flux than the DSMC
simulations, and a higher accommodation coefficient α results in a lower mass flux.

2.5.2 Gas between two plates

To analyse the capability of heat transfer on small scales for the different numerical
techniques, a situation with gas between two plates of different temperature is cho-
sen. In this example, the hot wall is 240 K, and the cold wall is 180 K. Both walls
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are made from Calcium. In between is an Argon gas, with mean density 60.1 kg/m3.
The two plates have a separation of 10.57 nm, so the temperature gradient in this
problem is 5.68 · 109 K/m. There is no net flow in the system. The configuration is
shown in Figure 2.11.

cold wall (180 K)

hot wall (240 K)

10.57 nmr = 60.1 kg/m
3

y

x

Figure 2.11: Gas between two plates of different temperature. The mean density of the gas
is 60.1 kg/m3.

Because the walls have different temperatures, heat will be transported from the
hot wall to the cold wall. On this small scale, the temperature jump of the gas is
the most important parameter. The temperature jump is defined as the difference
between the wall temperature and the temperature of the gas at the wall. In macro-
scale applications, this temperature jump is usually negligible, but on the micro-scale
its influence is large.

CFD

The CFD solution is found by numerically solving the conservation laws. In this
simple configuration, they can also be solved analytically; this analytical solution is
used to avoid numerical errors. From conservation of energy, the temperature T is
found from

∇2T = 0. (2.80)

Because there is no variation in the x- and z-directions, this is equal to

d2T

dy2
= 0, (2.81)

so this gives a linear temperature profile, only determined by the boundary condi-
tions. The standard boundary condition is that the temperature of the gas in contact
with a wall is the same as the temperature of the wall. With this boundary condition,
a profile shown by the dashed line in Figure 2.12 is found.

Similar to the Poiseuille flow, different boundary conditions are found in litera-
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ture for microfluidic situations [59]. A first-order boundary condition, found from
analyzing the rarefaction effects up to Knudsen number Kn < 0.1, is [68]

Tg(y = 0) = Tw + ξT
µ

P

(
2kBTw
m

)1/2
∂T

∂y

∣∣∣∣
y=0

, (2.82)

where y = 0 is the location of the wall, Tw is the wall temperature, ξT is the tem-
perature jump coefficient, µ is the viscosity and P is the pressure. For a monoatomic
gas with full accommodation, the temperature jump coefficient is estimated as ξT =
15/16

√
π ≈ 1.662 [68], and in the situation here, (2.82) corresponds to temperature

jumps close to 13 K. The temperature profile with this temperature jump boundary
condition is shown by the solid line in Figure 2.12.
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Figure 2.12: The CFD results for the temperature profile of a gas between two plates of different
temperature, without temperate jump (dashed line) and with temperature jump (2.82) (solid line).

The temperature jump for boundary condition (2.82) is not symmetric: the tem-
perature jump at the hot wall ∆Thot = 13.92 K is larger than the temperature at the
cold wall ∆Tcold = 12.07 K.

DSMC

In the DSMC simulation of gas between two plates of different temperature, 2436
Argon particles are put in a simulation box of 46.89 σAr × 31 σAr × 46.89 σAr, such
that the mean density is ρ = 60.1 kg/m3. The walls in the y-direction are modeled
as thermal walls (see Section 3.2.2) for α = 1, and as 50 % thermal walls and 50 %
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reflective walls for α = 0.5, in all other directions periodic boundary conditions are
used. With full accommodation (α = 1), the gas will accommodate more to the wall
temperature, which should result in a smaller temperature jump than with partial
accommodation (α = 0.5). This is indeed seen in the result for the DSMC simulation
of the gas between two plates in Figure 2.13.
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Figure 2.13: The DSMC results for the temperature profile of a gas between two plates of different
temperature, modeled with implicit walls with accommodation coefficient α = 1 and α = 0.5.

As with the Poiseuille problem in Section 2.5.1, the dependence of the results on
the usually unknown accommodation coefficient makes the method less practical.

MD with implicit walls

To analyse the problem of gas between two plates of different temperature in Molec-
ular Dynamics, implicit walls boundary conditions are again used, with accommo-
dation coefficients α = 1 and α = 0.5. The number of particles used is 2436, the same
as the number of particles used in Section 2.5.2. The simulation is otherwise the same
as the DSMC-simulation in Section 2.5.2. For the same reason, the temperature jump
for α = 1 is expected to be lower than the temperature jump for α = 0.5.

Indeed, Figure 2.14 shows that the temperature jumps for α = 1 (14.63 K for
the hot wall and 12.47 K for the cold wall) are smaller than the temperature jumps
for α = 0.5 (21.57 K and 20.42 K for the hot and cold wall). The temperature jumps
are larger than the corresponding DSMC results, due to the different behaviour of
the DSMC and MD methods close to walls [63].
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Figure 2.14: The MD results for the temperature profile of a gas between two plates of different
temperature, modeled with implicit walls with accommodation coefficient α = 1 and α = 0.5.

MD with explicit walls

With Molecular Dynamics simulations, the problem of gas between two plates of
different temperature can also be analysed. To do this, two walls of Calcium-atoms
in a fcc-lattice (similar to the walls in Section 2.5.1) were set to the required temper-
atures with a local thermostat, as described in Section 2.4.1. Between them, Argon
particles were placed. Similar to the situation in 2.5.1, the Argon gas formed a liquid
layer on the Calcium wall, which fully accommodated to the wall temperature. If
the simulation would only consist of two walls with gas in between, the pressure of
the gas would push the walls apart; to prevent this, two gas sections were used in
periodic boundary conditions. In the results below, the two gas sections have been
averaged.

The number of particles in this simulation is larger than the simulation in Sec-
tion 2.5.2, for two reasons: the wall is modeled with 36000 particles, and the liquid
layer cause 15850 Argon particles to be needed for the density in the gas part to equal
the required 60.1 kg/m3. This higher number of particles causes the simulation to be
considerably slower than the other simulation. For this reason, the simulated time is
shorter than the simulated time of the other simulations.

After a short equilibration time, the temperature profile is as shown in Figure 2.15.
The liquid at the layers (at the hot wall between 4.5 σAr and 6 σAr and at the cold
wall between 34 σAr and 35.5 σAr) has a high thermal conductivity and is in direct
contact with the wall, so it accommodates almost completely to the wall tempera-
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Figure 2.15: The MD results for the temperature profile of a gas between two plates of different
temperature, with explicit walls used.

ture. Away from the walls, between 10 σAr and 30 σAr, a clear linear temperature
profile is seen. In between the linear profile and the layers, a region with high tem-
perature gradient is seen, most clearly between 30 σAr and 34 σAr, the region in the
gas that is influenced by the liquid layer. The liquid layer is in full thermal contact
with the walls, and apparently functions as thermal insulator. The temperature jump
in this region can be considered equivalent to the temperature jump at the wall in the
other simulations.

Results

The results of this section are summarised in Table 2.6. The temperature jumps ∆T
are calculated as the value of the linear approximation to the simulation results of
the gas temperature at the positions of the wall; the computation time is the time
needed to simulate 4.88 µs in real time on one CPU. In the case of the CFD calcula-
tions, the result was found from analytical calculations, so no simulation time was
needed. In the MD simulation with explicit walls, a shorter real time was simulated,
so this computation time is an extrapolation. All simulation types show a linear tem-
perature profile away from the walls, but close to the walls the accommodation effect
has a large influence on the temperature jumps, and therefore on the heat transfer.
In all cases, the temperature jump on the hot wall is larger than on the cold wall. The
explicit MD simulation is considered to be the most accurate, but its simulation time
is also the largest.
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Table 2.6: The results for a temperature gradient. The given computation time is needed to
simulate 4.88 µs in real time.

Computation type ∆Thot ∆Tcold Computation time
(K) (K) (minutes)

CFD, nojump 0 0 –
CFD, jump 13.92 12.07 –
DSMC, α = 1 10.27 7.75 198
DSMC, α = 0.5 16.50 15.82 198
MD, thermal α = 1 14.63 12.47 3338
MD, thermal α = 0.5 21.57 20.42 3332
MD, explicit 13.49 9.36 788400∗

∗: Extrapolated result.

The MD method with thermal boundary conditions can be combined with CFD
or DSMC to decrease the computation time without losing accuracy. In the MD
method with explicit walls, the most computation time is needed for the wall-wall
and gas-wall interaction, so a hybrid method will not save much time.

Because the simulations all use Argon at mean density 60.1 kg/m3, the heat con-
ductivity k in the bulk is assumed to be similar in all simulations. From this, it
follows that the heat flux in the system is directly related to the temperature gra-
dient. It is quickly seen that the CFD calculation without temperature jump shows
the largest heat flux, and that the MD simulation with implicit walls and α = 0.5
shows the lowest heat flux. In general, a higher accommodation coefficient results
in a higher heat flux, and the DSMC simulations show higher heat fluxes than the
corresponding MD simulations.

2.5.3 Lubrication flow

Mass flow and heat transfer are often combined. To test the combination, a lubrica-
tion flow is used, see Figure 2.16.

In this simulation, a pressure-induced flow of a gas meets an obstacle with lower
temperature. The walls all have a temperature of 240 K, while the gas (Argon) en-
ters the simulation at 120 K; it can be seen as a gas that is cooling a device.The
mean density is 40.0 kg/m3. The mean free path length corresponding to this density
is 3.128 nm. In the narrowest part, the thickness is 10 σAr = 3.40 nm, so the Knud-
sen number Kn ≈ 1, and the problem is in the transition regime. By prescribing the
pressure at the inlet and at the outlet, the flow is pressure-induced, with a pressure
gradient of∇p = 5.89 · 1012 Pa/m.

In the MD and DSMC simulations, curved boundaries are complicated. For this
reason, the circle is modeled with blocks, shown in Figure 2.17. In CFD simulations,
it is no problem to simulate a circle, but because this is more difficult in MD and es-



2.5 Method comparison 45

wall

3.40 nmy

x

10.22 nm

wall

Argon

T =120K
in

T
=240K

w
all

T =240K
wall

Figure 2.16: Characteristics of the simulations.

pecially in DSMC, the CFD simulations will also use the simpler boundary geometry.
In this way, the models are compared better.

CFD

The problem is solved numerically with the package COMSOL. The dynamic vis-
cosity of Argon at temperature 180 K with density 40.0 kg/m3 is 14.1 · 10−6 kg/ms.
At the inlet, the pressure of the gas is 160 kPa with temperature 120 K, whereas
at the outlet the pressure is 0 Pa and a convective flux boundary condition. Be-
cause the length of the simulation is 80 σAr = 27.20 nm, the pressure gradient
is 5.89 · 1012 Pa/m, as required. At the inlet and outlet, the viscous stress is set to
zero. The temperature at the inlet is fixed at 120 K, and the thermal gradient at the
outlet is set at zero.

The situation is solved with two different kinds of wall conditions. The first one
is the thermal wall no-slip boundary condition, corresponding to accommodation
coefficient α = 1, and the other one allows a temperature jump according to (2.82)
and a slip according to (2.78), corresponding to accommodation coefficient α = 0.5.
The temperature distribution is seen in Figure 2.18. For this result, 11232 triangular
elements were used.

DSMC

The lubrication problem is also solved with the DSMC method. The domain is di-
vided in 668 cells of 2 σAr × 2 σAr × 315 σAr. In total, 20581 hard sphere particles
representing Argon atoms are placed into the system, so there are around 30 particles
per cell. The mean density is 40.0 kg/m3.

To induce the flow, a body force is applied, which accelerates the Argon particles
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Figure 2.17: Used geometry with artificial surface roughness.

Figure 2.18: COMSOL result for the temperature distribution in the lubrication flow. Red colour
is 240 K, blue colour is 120 K. Left: walls with slip condition (2.78) and temperature jump (2.82)
(corresponding to α = 0.5), right: walls with noslip condition and no temperature jump, corre-
sponding to α = 1.

in the x-direction by 1.47 · 1011 m/s2. This results in a pressure gradient between inlet
and outlet of∇p = 5.890 · 1012 Pa/m. For the walls, two accommodation coefficients
are analysed: α = 1 and α = 0.5. The temperature of the wall is fixed at 240 K. If a
gas particle leaves the simulation, it enters a buffer zone, where the temperature is
thermostatted to 120 K.

The temperature distribution is shown in Figure 2.19. It is seen that the tem-
perature of the gas has almost completely accommodated to the wall temperature
already before the narrowest point. When α = 0.5, the accommodation is lower,
which is expected from a lower accommodation coefficient α.

Downstream the narrowest point, the gas in the α = 0.5 simulation does not com-
pletely heat up to 240 K; this is an artefact from the periodic boundary conditions
used. On the right of the simulation, there is a buffer zone where the temperature is
decreased to 120 K. A small interaction between this buffer zone and the simulation
is seen.
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Figure 2.19: Temperature profiles for DSMC. Left: partial slip, corresponding to α = 0.5, right:
no slip, corresponding to α = 1.

MD

The same situation was also analysed in Molecular Dynamics. The results are shown
in Figure 2.20.

Figure 2.20: Temperature profiles for MD. Left: α = 0.5, right: α = 1.

Similar to the DSMC simulations, the MD simulation with higher accommoda-
tion coefficient α shows a higher temperature accommodation, which is expected. In
comparison to the DSMC simulations, the inlet temperatures at the left seem lower.
At this colder temperature, the density is higher, so potential energy interactions,
ignored in DSMC simulations, are stronger. The opposite is seen at higher tempera-
tures; the intermediate temperatures in MD extend further than in DSMC.

Comparison

Although the temperature profiles suggest that the simulation results are similar, the
heat flux is not the same. In Figure 2.21, the heat flux on the lower boundary, from
the wall to the gas, is shown for the three different methods, for α = 0.5 and α = 1.
The heat flux is calculated over the depth of the channel, 315 σAr.

In the simulations with α = 0.5, the heat flux is negligible after 55 σAr, and in
the simulations with α = 1 after approximately 40 σAr (which corresponds to the
narrowest part of the obstacle). This agrees with the temperature distributions plots,
where a constant temperature is seen in that region. In the CFD solution with α = 1,
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Figure 2.21: Heat flux comparison for the lower boundary. Left: α = 0.5, right: α = 1. The
DSMC result is shown in the solid line, the MD result with the dotted line.

at position 0 σ the gas starts with inlet temperature 120 K and immediately becomes
the wall temperature 240 K, this causes a local extremely high heat flux. The effect
is less dominant for α = 0.5, because there a temperature jump is allowed. Further
from the inlet, the CFD method underestimates the heat flux. It is also seen that
the DSMC simulation shows a higher heat flux than the MD simulation, which is in
agreement with the results from Section 2.5.2.

The same analysis is done for the upper boundary. The results are shown in
Figure 2.22. Here, the coordinate runs along the perimeter of the obstacle, with total
length 120 σAr, so 60 σAr corresponds to the narrowest part of the obstacle.
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Figure 2.22: Heat flux comparison for the upper boundary. Left: α = 0.5, right: α = 1. The
DSMC result is shown in the solid line, the MD result with the dotted line.

Because the upper boundary has corners, the CFD simulation results show peaks;
locally at these corners the heat flux is high. In the DSMC and MD simulations,
the results are averaged over a cell, so these peaks are less dominant in the results.
The heat fluxes in the CFD simulation are lower than the heat fluxes in the MD
simulations, which are again lower than the heat fluxes in the DSMC simulations.
The computation time is the time needed to simulate 4.88 µs in real time on one
CPU.
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Table 2.7: The results for lubrication flow.

Computation type Mass flux Total heat flux Computation time
(ng/s) (µW) (minutes)

CFD, nojump 8.46 3.08 2
CFD, jump 16.1 1.55 2
DSMC, α = 1 9.25 5.40 1850
DSMC, α = 0.5 12.0 4.27 1810
MD, thermal α = 1 8.57 3.83 29860
MD, thermal α = 0.5 11.0 2.83 30330

2.6 Conclusion

In this chapter, three numerical techniques to solve heat and flow problems in the
micro scale are described, Computational Fluid Dynamics (CFD), Direct Simulation
Monte Carlo (DSMC) and Molecular Dynamics (MD).

It is shown that although the CFD method supposedly breaks down if the length
scales become too small, the main discrepancy occurs close to the boundary, and
this effect can be compensated for with the proper boundary conditions. Although
there exist boundary conditions that compensate for the rarefaction effects, these
boundary conditions do not give exact results, and for the test problems shown, the
results are still considerably different.

The particle based methods, DSMC and MD can still solve the problems on the
small length scale. With test problems, it is shown that an important difference of
the models is the way they interact with walls. The DSMC method is considerably
faster than the MD method, but only works for gases up to a limited density, and
is difficult to generalise to more complex molecules. Moreover, the DSMC method
shows different wall behavior close to the walls. For the boundary condition, an
accommodation coefficient has to be known in advance, which is not always the
case.

The MD method can be used with implicit walls or with explicit walls. If im-
plicit walls are used, the accommodation coefficient should be known. And as in
the DSMC case, this is not always known in advance. If explicit walls are used, the
method gives the most accurate results. This is however too time-consuming to use
everywhere.
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Chapter3
Wall interaction models

for heat transfer1

1Parts of this chapter are described in
E.A.T. van den Akker, A.J.H. Frijns, A.A. van Steenhoven and P.A.J. Hilbers, Heat transfer on walls in
Molecular Dynamics simulations, ICNMM2008, Darmstadt 2008
and
E.A.T. van den Akker, A.J.H. Frijns, A.A. van Steenhoven and P.A.J. Hilbers, Heat Transfer between Walls
and Fluids: MD Simulations with Vibrating Walls, MicroFlu08, Bologna 2008
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3.1 Introduction

In Chapter 2, the particle-based methods DSMC and MD have been introduced.
They have been compared in Section 2.5, with the use of some simple wall mod-
els. The results of CFD, DSMC and MD were similar, except for the regions near the
wall. The slip velocity and temperature jump at the wall are different in all methods,
with the results from the MD method with explicit walls considered the most accu-
rate. Because the influence of the wall models is so large, they are analysed in this
chapter in more detail.

As was seen in Section 2.5, the type of wall model effects the mass flow and heat
transfer. In evaporation-induced flow, the effect of the chosen method on the mass
flow is very small. As shown in Section 1.3, the mean velocity of Argon at 120 K
at vapour pressure is 986 µm/s. This is much smaller than the thermal speed of the
molecules, vrms, defined as

vrms =

√
3kBT
m

= 273.8 m/s, (3.1)

so the thermal fluctuations are dominant in evaporation-induced flow. In this situ-
ation, the influence of the type of slip model on the results is negligible, so without
loss of accuracy the computationally cheapest boundary condition is chosen for the
mass flow. Because the reflective wall model is simple and cheap, it will serve as a
basis in this chapter.

For the heat transfer in evaporation-induced flow, the effect of the chosen method
on the mass flow is large: as shown in Section 2.5.2, the wall model has a large in-
fluence on the heat transfer between wall and fluid if the temperature difference be-
tween fluid and wall is large, which is typically the case with evaporation-induced
flow. Although the explicit wall model is considered superior, it is numerically ex-
pensive. In this Chapter, the different wall models are analysed in more detail, and
computationally cheaper wall models with the same heat transfer properties as the
explicit wall model are introduced.

Firstly, in Section 3.2, the existing wall models are summarised. All wall models
generate fluctuations in the density profile, which influence the heat transfer be-
tween fluid and wall. The source of these fluctuations and their effect on the heat
transfer are described in Section 3.3. Because the existing wall models are not accu-
rate enough or too time-consuming, a new wall model is introduced in Section 3.4,
based on a reflective vibrating wall. It is shown that the new wall model is computa-
tionally much faster than the explicit wall model, and has the same heat transfer. In
Section 3.5, this wall model is improved by examining the effects of a vibrating po-
tential wall. In Section 3.6, it is shown that the heat transfer inside the channel walls
can be considered infinitely fast on the scales of MD simulations, so the temperature
of the wall can be considered uniform.
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3.2 Overview of wall models

Different wall models are used in particle-based methods. Here, a summary of the
most important wall models is shortly presented. The wall models use the configu-
ration shown in Figure 3.1.

x

y

Wall

Particle

Figure 3.1: The standard configuration used in the wall models discussed here. The coordinate
system is chosen such that x-direction is normal to the wall.

In each wall model, a particle with velocity ~vold = (voldx , voldy , voldz ) and mass m
is interacting with a wall with temperature T oldw . The coordinate system is chosen
such that the normal of the wall is in the x-direction. A wall model should give the
particle velocity after the collision ~vnew = (vnewx , vnewy , vnewz ) and the temperature of
the part of the wall that has been affected by the collision, after the collision, Tneww . If
this temperature Tneww of the wall section is different from the temperature of the rest
of the wall T oldw , the thermal energy will quickly redistribute until the temperature
distribution is uniform. This is examined in more detail in Section 3.6.

3.2.1 Reflective wall boundary condition

If a particle reaches a reflective wall, its velocity normal to that wall is reversed: the
new velocity of the particle ~vnew is given as

~vnew = (−voldx , voldy , voldz ). (3.2)

In this way, the energy of the particle is conserved. In higher densities, because
particles close to the wall are pushed away from the particles in the bulk, there is a
net attractive force close to the wall, letting the particles wet the specular wall [63],
a result also seen with an explicit wall. In the interaction between a particle and a
reflective wall, the wall is not influenced, so

Tneww = T oldw . (3.3)

In fact, the temperature of the wall has no influence on the particle. The reflective
wall is very easy to implement, and has the numerical advantage that the energy in



54 Wall interaction models for heat transfer

the system remains constant. However, the disadvantage is that energy exchange
between wall and particle is impossible, so it is impossible to use a specular wall
to model heat exchange between a gas and a microchannel wall. Also, there is no
attraction between particles and the wall, so in a liquid-gas mixture, the liquid will
not be attracted to the reflective wall. For this reason, the reflective wall should
not be used in problems where this attraction to the wall is important, such as the
evaporation region close to a wall.

3.2.2 Thermal wall boundary condition

In a thermal wall, a particle that collides with the wall is assumed to have so many
interactions with the wall, that the outgoing velocity is completely determined by
the wall temperature Tw. This means that the new velocity ~vnew after the collision
is drawn from a velocity distribution of an ideal gas particle that passes through a
plane [23],

f(~vnew) = fx(vnewx )fy(vnewy )fz(vnewz ), (3.4)

where the velocity component normal to the wall has a Rayleigh distribution and
the components parallel to the wall have a Maxwell distribution:

fx(vx) =
mvx
kBT oldw

exp
(
− mv2

x

2kBT oldw

)
,

fy(vy) =
√

m

2πkBT oldw
exp

(
−

mv2
y

2kBT oldw

)
,

fz(vz) =
√

m

2πkBT oldw
exp

(
− mv2

z

2kBT oldw

)
. (3.5)

In this way, the particles after the collision have completely accommodated to the
wall temperature Tw. The old velocity ~vold is not used, so the particle loses all infor-
mation about its state before the collision. In the interaction between a particle and
a thermal wall, the wall is not influenced, so

Tneww = T oldw . (3.6)

Although the thermal wall guarantees that the gas particles will reach to the temper-
ature of the wall, the temperature of the wall is not influenced by the gas particles.
There is no real energy exchange between a particle and the wall; energy is only
added/removed to the particle. For this reason, as such the thermal wall can not be
used to simulate heat exchange between a microchannel wall and the fluid inside the
channel. As an additional problem, the total energy of the particles is not conserved,
which has numerical disadvantages.

The thermal wall model can be modified to simulate heat exchange, as was done
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in Chapter 2. This is done by associating a thermal mass Cth to the wall. The kinetic
energy ∆Ekin that the particle loses (or gains) during a collision is then transferred
to (or from) the wall, which then heats up (or cools down) with ∆Ekin/Cth. In this
way, the thermal wall model can be used to simulate heat exchange between a mi-
crochannel wall and the fluid, with the numerical advantage that the total energy
remains constant during a collision.

Similar to the specular wall model, the thermal wall model also ignores the attrac-
tion between a fluid particle and the wall, so in situations where this is important,
the thermal wall should not be used.

3.2.3 Diffusive-specular wall boundary condition

A general boundary condition, already discussed by Maxwell [69], is the diffusive-
specular boundary condition, a combination of the specular wall boundary condi-
tion and the diffusive wall boundary condition [70]. Here, when a particle with
velocity v interacts with a wall with temperature Tw, there is a probability α of a
diffusive reflection according to (3.4), and a probability 1− α of a specular reflection
according to (3.2). Here, α is called the accommodation coefficient [71]. Accommo-
dation coefficients are found from MD simulations, as

αQ =
Qi −Qr
Qi −Qw

, (3.7)

where subscripts i indicates particles going towards the wall, r particles moving
away from the wall and w reflected particles that would be in equilibrium with the
wall [70], and Q is a quantity, for example total energy, rotational energy or normal
momentum. The accommodation coefficient depends on the used quantity, on the
temperature and on the type of material. An improved model, where different ac-
commodation coefficients αn and αt are used for the normal and tangential direction,
has been developed [72].

The diffusive-specular wall model is computationally easy to use, and has the
advantage over the reflective wall model that the temperature of the particles ac-
commodates to the wall temperature, and as advantage over the thermal wall model
that the accommodation rate can be specified in the accommodation coefficient α. As
a disadvantage, the accommodation coefficient α is not always known a priori, and
depends on the temperature and materials. Total energy is not constant, which is
numerically disadvantageous, although that may be solved in a similar way as with
the thermal wall boundary condition. Because the diffusive-specular method is a
combination between the reflective wall and the thermal wall, the diffusive-specular
model is also not applicable in situations where the attraction between fluid and wall
is important.
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3.2.4 Explicit wall boundary condition

Another way to model the wall is to include the wall molecules in the simulation.
This method is named the explicit wall boundary condition. The atoms in a solid
are arranged in a lattice of minimal energy. For particles with a Lennard-Jones po-
tential (2.45), this is a face centered cubic (fcc) structure [73]. Other lattices exist, but
the materials important for microchannel devices (silver, aluminium, argon, gold,
calcium, copper) use the fcc structure [50], so the other lattices are not discussed.
In the explicit wall model, the wall particles attract the fluid particles, so it can be
used to model two-phase systems, which is a problem for the previously discussed
boundary conditions.

Initial positions for the particles inside an explicit wall can be generated in MD
simulations in different ways. One way is to start in an initially gaseous state, and
lower the temperature such that the gas condenses and freezes into a solid structure.
From this solid structure, the solid wall can be generated by removing particles and,
if necessary, copying some parts. Although this method works in every situation, it
can take some time to form a solid structure. An explicit wall can also be made by
starting with a wall at temperature 0 K, and heating it up. An explicit wall at 0 K
is easy to make. If the lattice axes are given by unit vectors ~a1, ~a2 and ~a3, and the
lattice constant (the minimal distance between two atoms) is a, the pressure at this
temperature follows from (2.65) as

p(a) =
1

3V

∞∑

i,j,k=−∞
~xijk · ~F (~xijk), (3.8)

where V is in this case the volume of the parallelepiped with edges ~a1, ~a2 and ~a3 (for
a fcc-lattice V = 2−1/2) and (i, j, k) = (0, 0, 0) is excluded from the sum, and ~xijk =
a(i~a1 + j~a2 + k~a3) is the position of the particle with lattice coordinates (i, j, k). The
lattice constant a is found by setting the pressure p(a) equal to the required pressure.
To have a pressure of zero, the Lennard-Jones potential with cut-off radius rc = 2.5 σ
needs a lattice constant of a = 1.09754 σ, while the Lennard-Jones potential with
cut-off radius rc = 4.5 σ needs a = 1.09121 σ. This solid can then be heated to the
required temperature.

As the solid heats up, it expands. If boundary conditions do not allow for this
expansion, high thermal stresses will occur, which are not physical. If the thermal
expansion coefficient is known, this can be compensated for, by starting with the
thermally expanded lattice, with the required temperature.

The explicit wall model is very detailed, but the drawback is that it is com-
putationally costly; in the examples of Section 2.5.1, where a gas with mean den-
sity 60.1 kg/m3 was used, only 8760 Argon gas particles were simulated together
with as many as 18000 wall particles, so most of the calculation time was spent on
the wall particles.
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In the explicit wall, the interaction strength between the fluid particles and the
wall particles is determined by the energy well depth between the fluid and the
wall, εF−W , see Equation 2.45. If the mixing rule (2.46) is used, this is determined
by the interaction strength of the fluid εF−F and the interaction strength of the
wall εW−W , according to [37]

εF−W =
√
εF−F εW−W . (3.9)

Because the interaction strength for the wall is larger than for the fluid, this means
that fluid particles will be attracted more to the wall than to other fluid particles,
and in the case of gas a liquid layer will develop close to the wall. The gas particles
interact with the liquid layer particles with an interaction strength εF−F . Because the
liquid layer is strongly attached to the wall, the effective interaction strength between
gas and wall will also be around εF−F , and the combination of wall and liquid layer
can be replaced by a wall with the effective interaction strength εeff

F−W . In literature,
the values for this effective wall interaction strength vary from around 0.1 εF−F
(hydrophobic walls) to 10 εF−F (hydrophilic walls) [71].

3.3 Density profile close to the wall

For all wall models, density fluctuations close to the wall are seen. In dense gases,
the density close to the wall is three times denser than the density in the bulk [63].
This has influence on the heat flux between gas and wall and the slip behaviour of
the gas close to the wall, so the density fluctuations are analysed in more detail here,
to see the effect on the heat conduction coefficient.

The fluctuations that occur close to the wall originate from the fact that the inter-
nal force ~F int, the force on a molecule due to the interactions with other molecules,
is not symmetric. This is most easily seen in the situation with a reflecting wall. A
molecule close to the wall is pushed towards the wall by molecules in the bulk, yet
there are no molecules to push it away from the wall. This results in a higher den-
sity close to the wall, the first layer. A little bit further from the wall, the first layer
pushes the molecules away, so it becomes a region with a lower density. This may
be repeated several times until the effect damps out.

The asymmetric force does not only generate fluctuations in force, but also in
pressure, as follows from the balance of momentum in equilibrium

∇p = n
(
~F int −∇Φext

)
, (3.10)

where p is the pressure, Φext is the external potential energy, and n is the number
density, defined as the number of particles per volume. With more knowledge about
the internal force ~F int and the pressure gradient∇p, this equation can be solved.
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Internal force

The internal force ~F int is defined as the total force originating from intermolecular
interactions, so excluding wall forces, gravity and intramolecular interactions. Be-
cause it is assumed that the internal force can be split into pair potentials, and each
pair of interactions originates from a potential energy function Φ, the internal force
on particle i is written as [48]

~F inti = −
N∑

j=1,j 6=i
∇Φ(~ri − ~rj). (3.11)

In this representation, the positions of the particles are treated as discrete. To be able
to find a continuous relation, (3.11) is rewritten in the equivalent form

~F inti = −
∫∫∫

Ω

N∑

j=1,j 6=i
δ(~u− ~rj)∇Φ(~ri − ~u)d~u, (3.12)

where δ is the Dirac delta function, and Ω is the system volume. The sum of Dirac
delta functions is the continuous representation of the discrete density: for a system
with N particles at positions ~r1, ~r2, . . ., the effective number density neff, defined as
the density of other particles surrounding a particle at position ~u, is given by

neff(~u,~r) =
N∑

j=1,j 6=i
δ(~u− ~rj). (3.13)

If the medium does not consist of particles but is continuous, the effective number
density also exists, and is continuous. With (3.13), the internal force (3.12) is written
as

~F int(~r) = −
∫∫∫

Ω

neff(~u,~r)∇Φ(~r − ~u)d~u , (3.14)

and in this way the internal force is written such that it can be evaluated not only for
discrete density distribution but also for continuous density distributions.

Because repulsive forces between particles prevent the particles from overlap-
ping, the effective number density neff is not equal to the number density; in the
direct vicinity of a particle’s center there is not likely to be another particle’s center.
This is expressed by means of the radial distribution function [74] g(r, n), as

neff(~u,~r) = n(~u)g
(
‖~u− ~r‖, n(~u)

)
. (3.15)

No exact equation for this radial distribution function is known, although several
analytical approximations for this function are used [74]. It is known that this radial
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distribution function can be expanded in powers of the density n as

g(r, n) = e
− Φ(r)
kBT

(
1 + ng1(r) + n2g2(r) + . . .

)
, (3.16)

where g1 and g2 are expressed in cluster integrals [75]. Substitution of (3.16) and
(3.15) in (3.14) gives

~F int(~r) = −kBT
∫∫∫

Ω

(
e
−Φ(~r−~u)

kBT − 1
)
·

∇
(
n(~u) + n(~u)2g1(‖~r − ~u‖) + n(~u)3g2(‖~r − ~u‖) + . . .

)
d~u . (3.17)

In this way, for given density n the internal force ~F int is defined in the continuous
limit. Equation (3.17) shows that when the density n is constant, there is no internal
force.

Equation of state

The relation between the density n and the pressure p is given by the equation of
state. In macroscopic problems, the equation of state relates the pressure p(~r) at
position ~r to the density n(~r) at position ~r. In the small scale of interest here, this
is no longer true and the pressure p(~r) should be related to the density distribution
around ~r. Similar to the analysis of the force earlier, the pressure is also defined in
the continuous limit, by simplifying (2.65) in a static isothermal continuous problem
to [48]

p(~r) = n(~r)kBT +
n(~r)

6

∫∫∫
neff(~r, ~u)~F (~r, ~u)(~r − ~u)T d~u , (3.18)

where neff(~r, ~u) again is the effective number density at position ~r, given that there is
a particle at position ~u, and ~F (~r, ~u) is the force between a particle at position ~r and a
particle at position ~u. With the help of equations (3.16) and (3.15), this becomes

p(~r) = n(~r)kBT +
n(~r)kBT

6

∫∫∫
∇
(
e
−Φ(~r−~u)

kBT

)

·
(
n+ n2g1(~r − ~u) + n3g2(~r − ~u) + . . .

)
(~r − ~u)T d~u . (3.19)

The integral shows that the pressure does not only depend on the density at ~r, but
also of the density distribution around ~r, although only for that region where the
exponential term does vanish, which is within a few molecular diameters. To com-
pare (3.19) with other equations of state, a gas consisting of hard-sphere particles
with radius rc with a constant number density n is considered. The potential energy
function ΦHS of a hard-sphere particle with radius rc is given by [75]

ΦHS(~r) =∞ if ‖~r‖ ≤ rc , ΦHS(~r) = 0 if ‖~r‖ > rc . (3.20)
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For a gas with such a potential energy function, (3.19) reduces to

p = nkBT + n2kBT
2πr3

c

3
+ n2g1(rc)nkBT

2πr3
c

3
+ n3g2(rc)nkBT

2πr3
c

3
+ . . . . (3.21)

It is known for a hard-sphere gas that g1(rc) = 5π/12r3
c and g2(rc) = 1.258702r6

c [75].
With these values, the equation of state is

p

nkBT
= 1 + 4η + 10η2 + 18.3648 η3 + . . . , (3.22)

where the reduced density η is defined by η = (πnr3
c )/6.

This is compared to the equation of state approximation for hard spheres by Car-
nahan and Starling [24],

p

nkBT
=

1 + η + η2 − η3

(1− η)3
= 1 + 4η + 10η2 + 19η3 + . . . , (3.23)

which is accurate up to η ≈ 0.47, the point of fluid-solid transition [76],The equations
of state are similar, so it is seen that (3.19) reduces to a known result for a constant
density is.

The Carnahan–Starling equation of state was derived for a uniform density pro-
file. If the density is fluctuating, the Carnahan–Starling equation of state performs
badly. At a point where the density distribution is in a local maximum, the density of
neighboring particles will be lower than the density in the maximum. Therefore, an
equation of state that is based on a uniform density will overestimate the pressure.
Similarly, at a point where the density distribution is in a local minimum, the density
of neighboring particles will be larger than the density in the minimum. Therefore,
an equation of state based on a uniform density will underestimate the pressure in
a density minimum. Overall, the equation of state based on a uniform density will
overestimate the effect of a density fluctuation on the pressure.

This could be solved by using non-uniform densities in the exact relation (3.19),
but this is nearly impossible, because higher order expansion terms g2, g3, . . . are not
all known explicitly. The higher order expansions are important, because (3.19) is
an expansion around n = 0, whereas the interest of this section is the fluctuations
around n = n∞, the bulk density. To overcome this problem, a different expansion
is introduced around n = n∞:

p(n) = p(n∞) +A (n− n∞) + . . . , (3.24)

where A is an unknown constant, independent of n. With this expansion, the higher
order terms are less important. It might be possible to express constant A in terms of
the higher order terms g2, g3, . . ., but for now a numerical approximation is sufficient.
Molecular Dynamics simulations with several densities suggest that this constant A
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can be approximated when n∞ < 0.5 σ−3 (in case of Argon: 856 kg/m3) by

A =
kBT

2n∞Veff
, (3.25)

where n∞ is the mean number density of the system and Veff is the effective volume
of a particle. To compare the Carnahan–Starling equation of state and (3.24), MD
simulations were performed with Argon particles with a truncated shifted Lennard
Jones potential (2.47) with cutoff radius Rc = 21/6σAr. The cutoff radius was chosen
such that the Argon particles only had repelling forces, so that they can be compared
to hard spheres, for which the Carnahan–Starlin equation of state was made. In the
calculation, dimensionless quantities have been used, but to allow for interpretation
of the results, the parameters of Argon (Table 2.1) are used to convert to dimensional
quantities.

In a simulation box of 40× 40× 40 σ3
Ar with reflective boundary conditions (Sec-

tion 3.2.1) in one dimension and periodic boundary conditions in the other two di-
mensions, 3280 Argon particles with the truncated shifted Lennard-Jones potential
(2.47) were placed. In Figure 3.2, the pressure is compared to the density for the MD
simulation results. In this example, density fluctuates around ρbulk = 690 kg/m3. In
comparison, the density of Argon at atmospheric pressure and room temperature is
around 1.78 kg/m3, so the simulated gas is dense, and a large pressure is expected.
Also shown is the relation according to the Carnahan–Starling equation (3.23), which
as predicted overestimates the slope.
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Figure 3.2: The relation between density and pressure, when the density is fluctuating
around 674 kg/m3. Simulation results from MD are shown in dots, the relation (3.23) is given by
the dotted line, the linear approximation (3.25) is shown by the solid line. The linear approximation
holds for fluctuations around this density.
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The approximation (3.24) works for dilute gases as well as for dense gases, al-
though the correspondence gets worse for denser gases. To show this, the number
of particles in the MD example was increased from 3280 to 4800, to make the bulk
density ρ∞ = 1029 kg/m3, the results of which are shown in Figure 3.3.
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Figure 3.3: The relation between density and pressure, when the density is around 1029 kg/m3.
Simulation results from MD are shown in dots, the relation (3.23) is given by the dotted line,
the linear approximation (3.25) is shown by the solid line. The linear approximation holds in this
regime, although the slope is slightly underestimated

This figure shows that for a higher density, the relation between pressure and
density can still be considered linear, but equation (3.25) slightly underestimates the
slope; the approximation (3.25) is less accurate here.

3.3.1 Analytical Derivation of Equilibrium State

To obtain an equation for the equilibrium density profile, the equation of balance of
momentum (3.10) and the equation of state (3.25) are combined into

∇n = n
2n∞Veff

kBT

(
~F int(n)−∇Φext

)
. (3.26)

This specifies the density profile, up to one boundary condition. This can be that the
total mass is known, or that the number density is known in one point:

• The total mass M is known:

m

∫∫∫

Ω

n(~r)d~r = M . (3.27)
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• The number density is known in a point ~y∗

n(~y∗) = n∗ . (3.28)

Generally, the fixed total mass condition is the most physical one, because in most
cases the total mass of the system is known. In the problem considered here, of
density fluctuations close to a wall, the bulk density n∞ far away from the wall is
given, so the second boundary condition is used. The combination of (3.26) and one
of these boundary equations completely specifies the problem. To solve it iteratively,
(3.26) is rewritten into

n(~r) = g(n(~r)) := n(~y∗) +
2n∞Veff

kBT

∫ ~r

~y∗
n(~z)

(
~F int(~z)−∇Φext(~z)

)
d~z , (3.29)

for some fixed ~y∗. A relaxed iterative scheme is used to solve this numerically:

ns+1(~r) = (1− ωrel)ns(~r) + ωrel g(ns(~r)), 0 < ωrel < 1 , (3.30)

where ωrel is the relaxation parameter [77]. For small ωrel, it is known that (3.30) con-
verges to the n(~r) defined by (3.29). After fitting this parameter, a value of ωrel = 0.15
showed a fast convergence for all calculations done. For initial density profile n0, the
macroscopic solution to the problem can be used. In the problem of density fluctu-
ation close to a wall, this is a constant density equal to the bulk density n∞. The
iterative scheme (3.30) is valid for a 3-dimensional problem, and may can be used
to numerically generate initial conditions that are already close to equilibrium for
DSMC simulations in complex configurations.

Simplifications at the Wall

In the analysis of gases close to a hard wall, the calculation presented above can be
simplified. First of all, because the main interest are dilute gases, all higher order
terms are negligible in (3.16), which leads to

~F int(~r) = −kBT
∫∫∫

Ω

∇n(e−
Φ(~r−~u)
kBT − 1)d~u . (3.31)

From (3.31), it is seen that

• The force is short-ranged due to the factor (e−
Φ(~u−~r)
kBT −1), which vanishes for ~u−

~r larger than a few atomic diameters.

• The force is a result of variations in number density due to the factor∇n.

• The internal force is negligible for macroscopic problems due to the Boltzmann
factor kB .
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Secondly, the problem of interest here, a gas close to a hard wall, is one dimensional.
If the problem is written using cylindrical coordinates and the potential energy func-
tion is rotational symmetric, equation (3.31) simplifies to

F (x~ez) = −kBT
∫ ∞

−∞

∫ 2π

0

∫ ∞

0

n(x+ z)
∂

∂z
(e−

Φ(r~er+θ~eθ+z~ez)
kBT )rdrdθdz. (3.32)

With rotational symmetry, Φ(r~er + θ~eθ + z~ez) = V(
√
r2 + z2) results in

= −2πkBT
∫ ∞

−∞
n(x+ z)

(∫ ∞

0

∂

∂z
(e−

V(
√
r2+z2)
kBT )rdr

)
dz (3.33)

= −2πkBT
∫ ∞

−∞
n(x+ z)

(∫ ∞

0

∂

∂r
(e−

V(
√
r2+z2)
kBT )zdr

)
dz (3.34)

= −2πkBT
∫ ∞

−∞
n(x+ z) z

(
1− e−

V(
√
z2)

kBT

)
dz, (3.35)

which can be written more compactly with V(−x) = V(x), so

F (x ~ez) = 2πkBT
∫ ∞

−∞
n(x+ z) z

(
e
−V(z)
kBT − 1

)
dz . (3.36)

In this way, only a one-dimensional convolution integral has to be calculated, which
simplifies the numerical calculations.

Numerical Aspects

Because it is known from previous simulations that close to a wall there are density
oscillations that damp out after several particle diameters, the grid is restricted to 0 ≤
x ≤ 8 σAr. Later results show that this is indeed large enough. For the numerical
computation, an equidistant grid is defined, with grid size ∆x = 0.04 σAr. Grid
points are then defined as xi = i ∆x, where i = 0, . . . , 200. On every grid point i,
the dimensionless number density ni is defined by ni = ρ(xi) σ3

Ar/mAr. Similarly, a
dimensionless force Fi is defined as Fi = F (xi)σAr/εAr. The wall only interacts with
particles at position x = 0, so for x > 0 there is no external potential energy due to
the wall, which implies Φext = 0.

Equation (3.29) reduces with this notation in the one-dimensional case to

g(ni) = n(y∗) +
2n∞Veff

kBT

∫ x

y∗
n(z)F int(z)dz . (3.37)

Because the density far away from the wall is taken equal to the bulk density, the
boundary condition at y∗ = x200 is n(y∗) = n∞. The integral is then approximated
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by the rectangle method, which gives

g(ni) = n∞ +
2n∞Veff

kBT

200∑

k=i

nkF k∆x . (3.38)

In every iteration step j, first the force is calculated from (3.36):

F ij = 2πkBT
∫ ∞

−∞
n(x+ z) z

(
e
− Φ(z)
kBT − 1

)
dz

≈ 2πkBT
∞∑

l=−∞
ni−ll

(
e
−Φ(xi)
kBT − 1

)
∆x2 =

∞∑

l=−∞
ni−lMl , (3.39)

where

Ml := 2πkBT l
(
e
−Φ(xi)
kBT − 1

)
∆x2 (3.40)

is independent of the density profile. Some special care has to be given to the sum-
mation in (3.39), because the summation refers to densities of points outside the grid;
this can be solved by noting that for x < 0, there are no particles, so ni = 0 if i < 0,
and for x > 8 σ, the density is assumed to be constant, so ni = n∞ if i > 200. After
this, the density profile is estimated with (3.38) as

gij = n∞ +
2n∞Veff

kBT

200∑

l=i

nljF
l
j∆x , (3.41)

and finally, the density is updated according to (3.30). To check convergence, the
error ei at time step i, estimated by

ei =
200∑

l=i

‖nil − ni−1
l ‖ . (3.42)

was calculated. This error is rapidly decreasing, with maximal precision reached
after about 200 iteration.

3.3.2 Results

To test the method, the problem of particles close to a reflective wall was considered.
In this macroscopically static problem, a gas is in contact with a wall that reflects
the gas particles as described in Section 3.2.1. It is assumed that far away from the
wall the gas has a uniform density, and that there is no heat flow. This problem has
been used in the past to verify the DSMC-method [23; 76] and density functional
calculations [78].



66 Wall interaction models for heat transfer

To find the number density profile for this problem, a MD simulation with 11835
truncated shifted Lennard Jones Argon particles in a volume of 18 σAr × 40 σAr ×
40 σAr has been performed. The cutoff radius was set at Rc = 21/6σAr, so only
the repulsive interactions were simulated. At x = 0 (and x = 18 σAr) the particles
interact with a reflective wall as described in Section 3.2.1. The temperature of the
particles is set at T = 120 K and remains constant in the simulation. The results
show that boundary effects are negligible at a distance of more than 5 σ from the
wall, so the distance of 18 σAr between the walls was large enough for the effects
close to the wall to be independent, so the results were analysed as if the simulation
box was infinitely large. There were 11835 particles in a volume of 28800 σ3

Ar, so the
overall density was ρ∞ = 674 kg/m3.

The simulation ran for 500000 time steps; based on the evolution of the total en-
ergy in the system this is more than enough for the equilibrium situation to develop.
To compare the results from the MD simulation to the results from the method de-
scribed here, the iteration described in Section 3.3.1 was performed, over the do-
main 0 < x < 9 σAr, with ρ(9 σAr) = 674 kg/m3.
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Figure 3.4: The number density n profile of a particle-based gas with a bulk number density n∞ =
0.41 σ−3, which corresponds to ρ = 674 kg/m3, close to a reflective wall. The MD simulation
results are shown as circles, the result from the semi-analytical method described here is shown
with a line.

The result is shown in Figure 3.4. It shows that the result from the iterative
method described above is virtually the same as the result from MD simulations.
The MD simulations lasted several hours, whereas the iterative solution was found
in 0.7 s.

A similar test was done for higher bulk density ρ = 1029 kg/m3, which corre-
sponds to n∞ = 0.60 σ−3, with the same conditions but more particles (17319). The
result is shown in Figure 3.5.
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Figure 3.5: The number density n profile of a particle-based gas with a bulk number density n∞ =
0.60 σ−3 close to a reflective wall. The MD simulation results are shown as circles, the results
from the semi-analytical method described here are shown with a line

Here, the CPU-time was also 0.7 s. The positions of the oscillations are the same,
but because the iteration scheme slightly underestimates the dependency of pressure
on density (see Figure 3.3), the amplitude of these oscillations are overestimated in
the iterative calculation.

The density profile of a gas close to a solid wall has also been calculated with
Density Functional Theory (DFT) for hard spheres [79], but also for Lennard-Jones
fluids [78]. The truncated shifted Lennard-Jones (2.47) particles, with cut-off ra-
dius rc = 21/6σ, are similar to hard-sphere particles because they only show re-
pulsive forces, therefore the density profiles in Figures 3.4 and 3.5 are comparable to
hard-sphere particle calculations in DFT. Compared to the hard-sphere calculations
in [78], our density profiles show better results for densities below n∞ ≈ 0.6 σ−3,
and DFT calculations give better results for higher densities. An important observa-
tion however is that in [78], the positions of the maxima are overestimated, whereas
the results from Section 3.3.2 predicts the positions of the maxima correct. Over the
years, different DFT-models have been developed that give improved results, see
for example [80; 81]; the results in Section 3.3.2 correspond to these improved DFT
results.

3.3.3 Effect on heat transfer

The density fluctuations close to the wall have an effect on the heat flux. The mag-
nitude of this influence can be estimated from the theory for continuous medium.
Although this relation does not hold exactly on the microscale, the effects of density
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fluctuations can be estimated. In a steady state, the temperature T is described by

∇ · (κ∇T ) = 0, (3.43)

with κ the thermal conductivity. Close to the wall, the problem is one-dimensional.
Furthermore, the thermal conductivity depends on the density ρ, so

d

dx
(κ(ρ)

dT

dx
) = 0. (3.44)

The fluctuations on the small length scale can be homogenised. This changes the
equation into

d

dx
(κ∗(x)

dT

dx
) = 0, (3.45)

where κ∗ is the homogenised thermal conductivity, given by [82]

κ∗(x) =

(
1

∆x

∫ x+∆x

x

1
κ(ρ(ξ))

dξ

)−1

, (3.46)

where ∆x is the area over which the thermal conductivity is homogenised. This
homogenised thermal conductivity κ∗ is always smaller or equal to the arithmetic
mean of the thermal conductivity κavg, given by [82]

κavg =
1

∆x

∫ x+∆x

x

κ(ρ(ξ))dξ, (3.47)

so the fluctuations decrease the effective thermal conductivity. If the thermal con-
ductivity is a linear function of the density, so

κ(ρ) = a · ρ, (3.48)

the homogenised thermal conductivity for the result in Figure 3.4, over the region
between the wall and 3 σAr, is

κ∗ =
1

3 σAr

∫ 3 σAr

0

1
a ρ(ξ)

dξ) = a · 690 kg/m3, (3.49)

whereas the thermal conductivity for a uniform density with the same mean density
would have been a · 741 kg/m3, a difference of 7 %.

3.3.4 Conclusion

The density fluctuations that occur close to the wall are a result of the asymmetry of
the internal force. A model for these density fluctuation has been developed, that is
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successful in predicting density, force and pressure profiles. The situation in a fluid
close to a wall is therefore understood. Also its consequences for the thermal con-
ductivity are estimated, and it has been shown that for a dense gas, the fluctuations
in density can decrease the thermal conductivity by 7 %.

3.4 Energy exchange gas-wall

The explicit wall model is considered to be very accurate. However, it is numerically
expensive. In this section, a different model that can still model the energy exchange
between a gas and the solid wall, but is computationally cheaper is introduced.

3.4.1 Vibrating Reflective Wall

Characteristics of the wall

Because the explicit wall model gives a good result in heat transfer but is very time
consuming, a new model is developed that mimics the behavior of an explicit wall,
but with reduced computation time. The computationally expensive positions and
velocities of the individual wall particles do not need to be calculated by the model,
but the macroscopic properties should be included. Because the new model is used
as boundary condition for gas particles in a MD simulation, the microscopic proper-
ties of the gas particles should be included in the model.

The interaction between a gas and a wall can be separated in multiple interactions
between a gas particle and the wall. For a new model to be accurate on the gas
side and computationally cheap on the wall side, it should be able to predict the
microscopic properties of the gas particle after the interaction (velocity and position)
and macroscopic properties of the wall after the interaction (for example mass and
temperature) from these properties before the interaction.

The effect of an explicit wall on a fluid bounded by that wall can be compared to
that of a vibrating wall. If a (section of the) wall is vibrating with total energy Ew,
mass Mw, and wall spring constant kw, the position u of the wall is given as

u(ϕ) =
√

2Ew
kw

cos(ϕ), ϕ =
√

kw
Mw

t, (3.50)

where ϕ is the phase. The wall spring constant kw can be estimated by looking at
an explicit wall. As an example, the Calcium wall described in Section 3.2.4 is used
here. All neighbouring particles vibrate around the equilibrium distance 21/6σCa,
so a Taylor expansion shows that the interaction can be approximated as a spring
with spring constant kw = 22/3εCa/σ

2
Ca; the total spring constant is of the same

order. The temperature of a MD simulation with Argon will be around εAr/kB , and
it will be shown later that this means that the energy of the vibrating wall Ew will be
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around εAr. From this, the amplitude of the wall vibration is calculated from (3.50)
as
√

2Ew/kw = 21/6
√
εAr/εCaσCa ≈ 0.1 σCa, so the wall vibrations are relatively

small.
The velocity of the vibrating wall vw is given as

vw(ϕ) = −
√

2Ew
Mw

sin(ϕ). (3.51)

The amplitude of the velocity of the wall vw, does not depend on the spring con-
stant kw. As will be seen in the next section, the interaction between gas and wall
does only depend on the velocity of the wall section.

Collisions between a particle and the wall

Because the thermal motion of the wall can be modeled as a vibrating wall, this
model is used for the interaction between a gas particle and the wall. In a MD sim-
ulation, interaction between particles conserve total momentum and energy, so to
mimic the explicit wall, these quantities are also to be conserved in the new model.
This is done by modeling the interaction as an inelastic collision between the parti-
cle and the part of the wall affected by the interaction. The wall itself is acting as
a purely reflecting wall. Because a purely reflective wall does not attract particles,
it can not be used for problems where attraction by the wall is an important aspect.
For the interaction of gases with a wall, the attractive force is less important, so in
what follows, only gases are considered. For simplicity, only mono-atomic gases are
considered here. The mass of the part of the wall affected by a collision with a gas
particle is given by Mw. If a particle with mass m and velocity perpendicular to the
wall vx hits the wall when the wall has a velocity vw, conservation of momentum and
kinetic energy determines that the velocities directly after the collision, v∗w and v∗x are

v∗w =
2

1 + µ
vx −

1− µ
1 + µ

vw, v∗x =
1− µ
1 + µ

vx +
2µ

1 + µ
vw, (3.52)

where µ = Mw/m. For this mass ratio µ, a value of 3.6 for powdery particles is
given in literature [83], and is used here. The energy transferred from the wall to the
particle in this single collision, ∆E is

∆E =
m

2
(
v∗2x − v2

x

)
= −2mµ(vx − vw)(vx + µvw)

(1 + µ)2
. (3.53)

The wall speed before the collision vw depends according to (3.51) on the phase ϕ
of the wall at the moment of collision. Not every phase has the same probability;
if the wall is moving away from an impending particle, the particle is less likely to
interact with the wall, and vice versa when the wall is moving towards the particle.
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Figure 3.6: Possible paths for a particle with a relative velocity before the collision of vr = 1.2 > 1
coming from above, colliding with a vibrating wall. At every time, the wall can be hit by a particle,
which means that every phase is accessible. The collision is more probable when the wall is moving
up.

Two situations are distinguished by the relative velocity vr, given by

vr = − vx
vMAX
w

= −vx
√
Mw

2Ew
, (3.54)

with vMAX
w being the maximal velocity of the wall as seen from (3.51). If vr is larger

than 1, the situation is as shown in Figure 3.6: the particle is always moving faster
than the wall, and the wall can be hit in every phase, although not all phases have
the same probability.

The probability that the first impact happens before phase ϕ∗ is equal to the prob-
ability that at time zero, when the wall position is maximal, the position of the parti-
cle is closer to the wall than the position that would result in an impact at phase ϕ∗,
so

P (ϕ < ϕ∗) = P (cos(ϕ) + ϕvr < cos(ϕ∗) + ϕ∗vr). (3.55)

At the last instant when the wall position is maximal before the collision, the particle
is between dimensionless position 1 and 1 + 2πvr. Because it is before the collision,
every position is equally probable, so uniformly distributed. Therefore, the proba-
bility that the impact happens before phase ϕ∗ is

P (ϕ < ϕ∗) =
cos(ϕ∗) + ϕ∗vr

2π vr
. (3.56)
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Figure 3.7: The trajectories of the vibrating wall (the full line) and an incoming particle (dashed
line), colliding two times (left image) and three times (right image). In both pictures the mass
ratio µ = 3.6, relative velocity before the collision vr = 1.3.

Therefore, the probability of impact at phase ϕ is given by

p(ϕ) =
1

2π
− sin(ϕ)

2πvr
. (3.57)

This is only the probability for the first collision; it can happen that when a particle
approaches the wall, there are multiple collisions, such as depicted in Figure 3.7; the
effect of these extra collisions is discussed later.

If vr is smaller than 1, the situation is as depicted in Figure 3.8: the particle is
sometimes moving slower than the wall, and when the wall is moving backwards
faster than the particle is moving forwards, the wall can not be hit in that phase. The
”critical path” that separates the accessible from the inaccessible phases is given by

x(ϕ) = cos(arcsin(vr)) + vr (arcsin(vr)− ϕ) , (3.58)

so phase ϕ is accessible if

cos(ϕ) + vrϕ > cos(arcsin(vr)) + vr arcsin(vr). (3.59)

The probability of collision at phase ϕ when vr < 1 is analysed in the same way as
when vr > 1, so the result is that if phase ϕ is accessible, the probability p(ϕ) of a
collision at phase ϕ is given by (3.57). This is also only valid for the first collision; if a
particle collides multiple times with the wall (similar to Figure 3.7), the total energy
exchange between wall and particle increases.

From (3.50) and (3.52), it is seen that the minimum velocity after a single collision
is given by

min(v∗x) =
1− µ
1 + µ

vx −
2µ

1 + µ

√
2
Ew
Mw

, (3.60)
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Figure 3.8: Possible paths for a particle (dotted lines) with a relative velocity vr = 0.6 < 1
coming from above, colliding with a vibrating wall (solid). Not every phase is accessible.

and the maximal velocity of the wall after the collision is

max(v∗w) =
√

2
Ew + ∆E

Mw
≈
√

2
Ew
Mw

, (3.61)

because generally ∆E will be small compared to Ew. If the minimal velocity of
the particle after the collision is larger than the maximal velocity of the wall after
the collision, they will never collide for a second time. Equations (3.60) and (3.61)
combined give

vr = −vx
√
Mw

2Ew
>

1 + 3µ
1− µ

. (3.62)

In this case, when only simple collisions can occur, the probability of the impact
phase is as given in (3.57). The expected value of the exchanged energy E [∆E] is
therefore calculated as

E [∆E] =
∫ 2π

0

∆E(ϕ)p(ϕ)dϕ = −2Ew
1 + 2v2

r − 2µ
(1 + µ)2

= −2Ew
1− 2µ+ 2µλE

(1 + µ)2
, (3.63)

where

λE =
v2
r

µ
=

1/2 m v2
x

Ew
(3.64)

is the ratio between particle energy and wall energy.
This expected value is exact for single collisions, but also a good approximation

for multiple collisions. Shown in Figure 3.9 is the exchanged energy E [∆E] predicted
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Figure 3.9: Mean total energy exchange in collisions. The solid line shows the result from (3.63)
where only single collisions are taken into account, the dashed line shows MD simulation results
where multiple collisions can occur, the mass ratio µ = 3.6.

by (3.63), compared to simulation results. In these simulations, for different relative
velocities vr, many particles were simulated which collide with a reflective vibrating
wall. The exchanged energy was calculated as the difference between the initial
energy of the particle, and the energy of the particle after the last collision with the
wall. For lower relative velocities (0.5 < vr < 3.5 here) the number of collisions per
interaction can be more than one, so the mean exchanged energy is higher than the
one given by (3.63), but from the figure it is seen that the difference is never large.
If the relative velocity vr is close to zero (0 < vr < 0.5), not all phases are accessible
although the calculation still assumes it, and the approximation overestimates the
energy exchange.

Although the prediction for the mean exchanged energy E [∆E] is not exact, it is
accurate enough to be used for a new wall model. In this new model, the spring con-
stant kw is set to infinity, which has as effect that the position of the wall is constant,
and that the phase Φ becomes irrelevant. When a particle interacts with this new
wall model, the energy exchange is calculated from (3.63), so the mean value is used.
This means that the mean exchanged energy in the model is exact for large vr.

Directly after a collision, the part of the wall with mass Mw that was affected by
the interaction has reached the new energy Ew − ∆E. The major part of the wall
was not affected by this collision, and will still have its original energy. Because the
time scale for heat conduction in a solid is much smaller than between solid and a
gas [84], in the model the energy is immediately redistributed over the wall, see also
Section 3.6.
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Temperature of the Wall

The wall is said to have temperature Tw when the wall is in thermal contact with a
fluid with temperature Tw, and on average no heat is exchanged [50]. This is further
analysed with an ideal gas. The velocity vx of an ideal gas particle with tempera-
ture Tw and mass m passing through a plane, normal to that plane, is distributed
according to [49]

p(vx) =
mvx
kBTw

exp(− mv2
x

2kBTw
). (3.65)

In the vibrating reflective wall model, energy is exchanged as given by (3.63). So,
with given velocity vx normal to the wall, the energy exchange is given as

∆E(vx) = −2Ew
1 + 2v2

r − 2µ
(1 + µ)2

. (3.66)

From this, the expected energy exchange between an ideal gas particle and the wall
is calculated as

E [∆E] =

∞∫

0

∆E(vx)p(vx) dvx = − (1− 2µ)Ew + 2kBTw µ
π(1 + µ)2

, (3.67)

which means that no energy is exchanged when

Tw =
Ew
kB

2µ− 1
2µ

, (3.68)

which will be used here as the definition for the temperature of the wall.

3.4.2 Comparison to other models

To check the chosen value of the mass ratio µ = 3.6, a numerical model was imple-
mented for the new boundary condition, and compared to explicit wall results. In
the simulations, 1300 Argon gas molecules are placed between two Calcium walls.
One wall is initially hot (240 K), the other wall cold (120 K). The accessible volume
for the Argon gas is two times 46.89 σAr × 46.89 σAr × 33 σAr, which corresponds
to a mean density of ρ = 15.1 kg/m3. The gas was allowed to reach equilibrium,
and a temperature gradient in the gas developed. After that, the thermostats that
kept the walls at their initial temperature were removed. The interaction between
gas and wall will cool the hot wall and heat up the cold wall, and the temperature
developments of the walls were compared.

The Argon molecules are simulated with soft sphere molecules, with parameters
described in Table 2.1. Two different wall models were used for the Calcium walls:
the explicit wall simulation mentioned in Section 3.2.4, and the new wall model de-
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Figure 3.10: Simulation setup with new boundary conditions: at (I) and (II) vibrating reflective
walls with mass 9000mCa and initial temperature 120 K, at (III) and (IV) vibrating reflective
walls with mass 9000mCa and initial temperature 240 K. The temperature of the hot wall is de-
fined as the mean temperature between (I) and (II), the temperature of the cold wall is defined as the
mean temperature between (III) and (IV). Periodic boundary conditions are used in all directions,
such that all the walls are infinitely large, and there is a copy of the hot wall on the right of the cold
wall.

scribed above, with four boundary conditions as is shown in Figure 3.10. For the
explicit wall, the parameters for Calcium are in Table 2.2. Because each wall is repre-
sented with two boundary conditions here (one for each side), the temperature of the
wall is defined as the mean temperature of the two boundary conditions. The total
mass of the walls Mw = 18000mCa = 1.2 · 10−21kg is small from a macroscopic per-
spective. For that reason, the temperature fluctuations in the simulation are larger
than in realistic walls, where the temperature of the wall can be considered constant
on the time scale of the simulation. Because here the focus is on heat transfer between
gas and wall, the internal heat flow in the wall is not of interest.

The result for both simulations is shown in Figure 3.11. The results are similar:
the temperature develops the same in the simulation with the vibrating reflective
wall boundary conditions as in the simulation with the explicit walls. The simula-
tion with explicit walls shows a larger variance in temperature; this is because the
vibrating reflective wall boundary condition uses the expected energy exchange in
every interaction according to 3.63, thereby removing any variance in energy ex-
change. In situations where variance in heat exchange is considered important, this
can be included with minimal computational effort, by selecting a phase according
to (3.57) and using an exchanged energy according to (3.53).

To check the sensitivity in the mass ratio µ, the simulation was done again with
higher mass ratio µ = 8. After 4.3 µs, the temperatures of the cold and cold wall
were 150 K and 212 K respectively, compared to 141 K and 223 K with mass ra-
tio µ = 3.6. Because a change in mass ratio of more than 100 % results in a change
in heat transfer of only around 5 − 10 %, the sensitivity on parameter µ is low. The
situation is also shown for a variation of the diffusive-specular model [70], as de-
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Figure 3.11: Temperature development of a hot wall (starting at T = 240 K) and a cold wall
(starting at T = 120 K), both of mass 18000 mCa, with a gas with initial mean temperature T =
180 K and 1300 particles with mass mAr in between, simulated with explicit walls (black lines)
and vibrating reflective wall boundary conditions (grey lines).

scribed in Section 3.2.3. Because the standard diffusive-specular model prescribes a
constant wall temperature, the model was slightly changed to allow for a varying
wall temperature. This was done by giving the wall an energy according to (3.68),
and keeping the total energy in the system constant, such that in a collision between
a gas particle and the wall, the change in kinetic energy of the particle was equal to
the change of thermal energy in the part of the wall that was affected by the colli-
sion. Similar to the vibrating reflective wall boundary condition, the relative mass
of the affected wall section was assumed to be µ = 3.6. By trial and error, the ac-
commodation coefficient was fitted at α = 0.05, a low value in comparison to the
earlier mentioned value of α = 0.12 in [71], probably due to a lower density or the
varying wall temperature. The temperature development of the diffusive-specular
model with α = 0.05 is shown in Figure 3.12, and is compared to the explicit walls
result.

With this choice for the accommodation coefficient, the resulting heat transfer is
within acceptable range. However, the accommodation coefficient is not a constant
value, but depends on temperature, so in a different situation, a fitted accommoda-
tion coefficient, that might not be a priori known, is needed.

The simulation with explicit wall and with a boundary condition at the wall differ
in calculation time. Both simulations with vibrating reflective and with diffusive-
specular walls were more than 80 times faster than the full MD simulation (Table 3.1),
where all computations were performed with the MD-code PumMa.
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Figure 3.12: Temperature development of a hot wall (starting at T = 240 K) and a cold wall
(starting at T = 120 K), both of mass 18000 mCa, with a gas with mean temperature T =
180 K and 1300 particles with mass mAr in between, simulated with explicit walls (black lines)
and diffusive-specular boundary conditions with fitted accommodation coefficient α = 0.05 (grey
lines).

Table 3.1: Computation times of MD simulations with different walls needed to simulate 2000 τ
on 1 CPU.

Wall type CPU time
Explicit walls 13 h, 3 min
Vibrating reflective walls 12 min
Diffusive-specular walls 13 min

3.4.3 Conclusion

The results in this section show that a vibrating wall can be used as a concept to
replace explicit walls, and an example for dilute gases is given. Because with a
vibrating wall model, the individual positions of wall particles do not need to be
calculated, a large reduction in computation time is seen.

The heat transfer with the vibrating wall model is comparable to the explicit wall
model, and as no parameters had to be fitted for this result, which puts the method
above the diffusive-specular model, where the accommodation coefficient has to be
known. The only parameter in the model, the mass ratio µ between a particle and the
interacting part of the wall, is known from literature results, and has only a minor
influence on the results.
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3.5 Energy exchange liquid-wall

The derivation in Section 3.4 is valid for reflective walls. For dilute gases, this is a
good approximation of a channel wall, but for dense gases or liquids, explicit walls
are more realistic. In this section, the method is generalised for more general walls
with attracting forces. To do this, the wall is seen as consisting of vibrating sections.
A particle that comes close to the wall, interacts with this section of the wall that is
seen as one rigid vibrating body, shown in Figure 3.13.

Figure 3.13: Interaction between a particle and part of a wall, seen as a rigid vibrating body.
During the collision, the interactions by other particles (here in lighter shades) are ignored.

3.5.1 Equations of motion

For this rigid vibrating body, there is a potential energy function V that describes
the interaction between the wall and a fluid particle. If the position of the particle
is given as x, and the position of the wall as y, Newton’s second law says that the
differential equation for the position of the particle x is given by

d2x

dt2
= − 1

m

∂V

∂x
(x− y), (3.69)

where m is the mass of the particle. The motion of the wall y is determined by the
force between the wall and the particle, and the force of the spring. If the spring
has spring constant kw, then the differential equation for the position of the wall y is
given by

d2y

dt2
=

1
M

(
∂V

∂x
(x− y)− kwy

)
, (3.70)

where M is the mass of the part of the wall involved in the interaction. This effec-
tively means that the part of the wall involved in the interaction is seen as one bigger
and heavier wall particle. The first right-hand term corresponds to the fluid-wall in-
teraction and the second to the spring-wall interaction. The initial conditions are
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given as

x[0] = x0, x′[0] = v,
kw
2
y[0]2 +

M

2
y′[0]2 = Ew, y[0] =

√
2Ew
kw

cos(ϕ), (3.71)

where ϕ0 is the initial phase of the wall, 0 ≤ ϕ0 < 2π.
These equations were solved numerically in a one-dimensional Molecular Dy-

namics simulation using the leap-frog algorithm [26], where the Lennard-Jones po-
tential (2.45) was used for the interaction between the wall and the particle. The
result for initial conditions x0 = 1.5 σ, v = 5 σ/tMD (with tMD the dimensionless time
constant from (2.58)), Ew = ε and various initial phases of the wall ϕ0 is shown in
Figure 3.14.
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Figure 3.14: The motion of a particle (upper lines) hitting a vibrating wall (lower lines), as the
numerical solution of (3.69–3.70), with initial conditions (3.71) where x0 = 1.5 σ, v = 5 σ/tMD

and Ew = ε. The different small lines are the results for different initial phases of the wall ϕ0.
Also shown as the thick line is the solution for a non-vibrating wall.

Figure 3.14 also shows the solution for a non-vibrating wall. If a particle hits a
non-vibrating wall, no energy is exchanged: the outgoing velocity is equal to the in-
coming velocity. The solution where the particle hits a vibrating wall clearly shows
lower outgoing velocities; this shows that during the interaction, energy was trans-
ferred from the particle to the wall. Another thing that is seen in Figure 3.14 is that
different phases of the wall can result in a different energy exchange. To know the
exact heat transfer between particle and wall, the phase of the wall ϕ0 should be
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known. In a practical computation, many particle-wall collisions occur, and only the
average heat transfer is important. For this reason, the mean exchanged energy ∆E
is analysed here.

3.5.2 Energy exchange

From a dimensional analysis of the problem, three dimensionless parameters are
extracted:

δ =
√

2Ew
kwσ2

, λE =
1/2mv2

0 + V (x0)
kBTw

, and µ =
M

m
. (3.72)

Here, δ can be interpreted as the dimensionless wall amplitude directly related to
the temperature, λE is the ratio of energies of the particle and the wall, and µ is
the mass ratio between the particle and the part of the wall that is involved in the
interaction. From literature [83], a value of µ = 3.6 is shown to be reasonable in
powdery problems, and is assumed here also. The total energy of the particle Ep
(kinetic and potential) is a function of these three dimensionless parameters δ, λE
and µ, the initial phase of the wall ϕ0 and the time t, so

Ep = Ep(t; δ, λE , µ, ϕ0). (3.73)

The mean exchanged energy during a collision is defined as the difference between
the total energy of the particle before and after the collision, averaged over the initial
wall phases ϕ0, so

∆E(δ, λE , µ) =
1

2π

∫ 2π

0

(
Ep(t0; δ, λE , µ, ϕ0)− Ep(t∗0; δ, λE , µ, ϕ0)

)
dϕ0, (3.74)

where t0 is a time before the collision and t∗0 is a time directly after the first collision.
After the first collision between a fluid particle and an explicit wall, internal wall
vibrations will influence the outer wall behavior and the model will not be accurate
anymore, so the collisions after the first are ignored. Here, a linear approximation of
the exchanged energy in δ and λE will be used,

∆E(δ, λE , µ) ≈ ∆E(δ0, 0, µ) +
[
∂∆E
∂δ

]

λE

(δ − δ0) +
[
∂∆E
∂λE

]

δ

λE , (3.75)

with [∂∆E
∂δ ]λE and [∂∆E

∂λE
]δ constant. Here, δ0 corresponds to the dimensionless wall

amplitude corresponding to a typical temperature of the problem, and λE = 0 cor-
responds to a particle that almost escapes from the wall.

In the new approach, equation (3.75) is taken as a starting point. In the exact
situation, shown in Figure 3.14, a particle close to the wall interacts over a short
period of time with the wall, with an energy change that depends on the phase of
the wall ϕ0. In the new model, shown in Figure 3.15, the particle is not influenced
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by the presence of the wall until it crosses the ’interaction boundary’ of the wall. At
that moment, the energy exchange according to (3.75) takes place, and the particle
reverses its direction. The ’interaction boundary’, found from examining situations
as shown in Figure 3.14, is put at 0.8 σ from the wall. This is approximately the
distance at which the kinetic energy from the particle is completely changed into
potential energy, adjusted for the small distance that the wall moves. This distance
is slightly dependent on the energy of the particle, but this small influence is ignored
in the analysis, as it will not influence the results much. Hence, the distance of 0.8 σ
is used for all interactions.
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Figure 3.15: The new model, based on Figure 3.14. A particle moving towards the wall, is not
influenced by the wall until it crosses the interaction boundary, at a distance of 0.8 σ of the wall. At
that moment energy is exchanged according to (3.84), and the particle is reflected with the velocity
according to the new energy.

In this boundary condition, three parameters have to be specified: the energy
exchange with negligible particle energy and standard wall amplitude ∆E(δ0, 0, µ),
the sensitivity to a change in wall amplitude [∂∆E

∂δ ]λE and the sensitivity to a change
in energy ratio [∂∆E

∂λE
]δ . Two of them are found by analyzing the situation of an ideal

gas in contact with the boundary condition. In the model shown in Figure 3.15,
the potential energy contribution from the wall is neglected, so the dimensionless
parameter λE is

λE =
Ekin
kBT

, (3.76)
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where Ekin is the kinetic energy of the particle. The kinetic energy Ekin = 1/2mv2

of an ideal gas particle with temperature T passing through a plane, normal to that
plane is distributed according to [49]

p(Ekin) =
1

kBT
exp

(
−Ekin
kBT

)
, (3.77)

where kB is again Boltzmann’s constant.

With this distribution, the expected energy exchange E [∆E] between a wall and
an ideal gas, with the same temperature T , is

E [∆E] =

∞∫

0

∆E(Ekin)p(Ekin)dEkin = ∆E(δ0, 0, µ) +
[
∂∆E
∂λE

]

δ

+
[
∂∆E
∂δ

]

λE

(δ − δ0),

(3.78)
where the mathematical identity

∫ ∞

0

z exp(−z)dz = 1 (3.79)

was used. If the wall and the gas have the same temperature T , on average no heat
is exchanged [50], so E [∆E] = 0. Because this holds for every wall amplitude δ, two
of the three unknowns in (3.78) are known,

[
∂∆E
∂δ

]

λE

= 0, ∆E(δ0, 0, µ) = −
[
∂∆E
∂λE

]

δ

. (3.80)

This means that the exchanged energy ∆E is independent from δ. This is reasonable:
if δ changes, with λE and µ staying the same, this is equivalent to only the spring
constant kw changing. In a vibrating wall with fixed mass Mw and energy Ew, the
spring constant kw has no influence on the velocity amplitude, see (3.51), which is
important for the interaction between wall and particle. With the results from (3.80)
used, (3.75) becomes

∆E(δ, λE , µ) = (λE − 1)
[
∂∆E
∂λE

]

δ

. (3.81)

The coefficient
[
∂∆E
∂λE

]
δ

is estimated from (3.63) as

[
∂∆E
∂λE

]

δ

≈ − 4µ
(1 + µ)2

Ew. (3.82)

which for µ = 3.6 corresponds to −0.565 Ew. This estimate ignores the potential
energy contribution of the wall, so a better value was found from MD simulations.
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The temperature in problems of interest typically varies from 0.5 ε/kB to 2.0 ε/kB ,
(corresponding to temperatures between 60 K and 240 K for Argon), so 0.1 < δ < 0.2.
Because in practical situations the temperatures of the wall and the fluid in contact
with the wall will be similar, λE will be around 1 according to (3.72); here λE is sam-
pled from random distribution (3.77). In this parameter region, one-dimensional MD
simulations were performed, solving the equations of motion from Section 3.5.1, and
the remaining coefficient in (3.81) was fitted as

[
∂∆E
∂λE

]

δ

= (−0.531± 0.01)Ew, (3.83)

close to the prediction from (3.82). The result of the fit is shown in Figure 3.16.
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Figure 3.16: Shown in dots is the exchanged energy during the first collision, for several values
of δ (0.1 < δ < 0.2), between a particle and a vibrating wall for varying λE , and µ = 3.6 fixed,
found from MD simulations. The linear approximation with [ ∂∆E

∂λE
]δ = −0.682ε is shown with a

line.

Combining the results above, the relation for the exchanged energy during a col-
lision, used in the model, is

∆E(δ, λE , µ) = 0.531 (1− λE)Ew. (3.84)

Directly after a collision of a particle with the wall, the part of the wall involved in
the collision has a different energy level than the rest of the wall; then the energy is
redistributed in the wall. This assumes instantaneous energy transport; this assump-
tion is examined in more detail in Section 3.6.



3.5 Energy exchange liquid-wall 85

3.5.3 Results

MD simulation with explicit wall

To validate the new boundary condition, it is tested in a Molecular Dynamics situ-
ation, where Argon gas is interacting with a hot Calcium wall and a cold Calcium
wall. The Argon gas is modeled as described in Table 2.1, the Calcium gas as in
Table 2.2.

The interaction strength between Argon and Calcium εAr−Ca is not chosen ac-
cording to the mixing rule (2.46), but equal to the interaction between Argon and Ar-
gon εAr−Ar. In this way, the effect of a liquid Argon layer attached to the wall is sim-
ulated, as explained in Section 3.2.4. First, the problem is solved with an explicit wall,
to get an exact solution. The explicit wall MD simulation uses two walls of 18000 Cal-
cium particles each, with 28154 Argon particles placed in two sections between them.
The volume of one gas part is 32 σAr × 46.9 σAr × 46.9 σAr = 2767 nm3, and there
are 14077 gas particles per section, so the gas density is ρ = 338 kg/m3, which is
dense.

One Calcium wall is initially ’hot’ with temperature Th = 240 K, the other wall
is initially ’cold’ with temperature Tc = 120 K, and the Argon gas starts with an
initial uniform temperature Tg = 180 K. First, the simulation is allowed to reach
an equilibrium, with Berendsen thermostats [47] on both walls so that they keep
their temperature. The gas will go to its equilibrium state with a linear temperature
profile, as shown in Section 2.5.2. Then, the thermostats are switched off and the
temperature development is calculated. The temperature development of the walls
and the gas is shown in Figure 3.17.
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Figure 3.17: The temperature development in the MD simulation with explicit Calcium walls,
with mean Argon density ρ = 338 kg/m3.
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It shows that the temperatures of the hot wall and the cold wall converge to 180 K
in several hundred nanoseconds. This example is only meant to examine the heat ex-
change between gas and wall and is not a realistic simulation of a real microchannel;
here only 10 layers of wall molecules are simulated, so the heat capacity is several
orders of magnitude lower than in a realistic microchannel.

MD simulation with new boundary condition

The same situation is also solved with a vibrating potential wall model, according
to the model from Figure 3.15 and relation (3.84). Here, the walls were replaced by
the new model, as shown in Figure 3.10. Initially, the walls were given temperatures
of 120 K and 240 K. With the assumption that all 18000 wall particles have mean
energy (kinetic and potential) 3kBT , the total wall energy Ewall is related to the wall
energy Tw according to

Ewall = 18000 · 3kBTw. (3.85)

After every interaction, the exchanged energy ∆E was added to/removed from this
energy reservoir; this assumes that energy is exchanged instantaneously within the
wall. After every time step, the new wall temperatures are calculated with (3.85).
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Figure 3.18: The temperature development in the MD simulation with the new boundary condi-
tion based on linear approximation (3.84), with mean Argon density ρ = 338 kg/m3.

The result is shown in Figure 3.18. Similar to the explicit wall, the temperatures
of the hot wall and the cold wall converge to 180 K in several hundred nanoseconds.
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Explicit walls versus new boundary condition

The results above were derived from the same physical situations. Both models show
the temperatures of the hot wall and the cold wall reaching the same value in the
same way, as is seen in Figure 3.19.
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Figure 3.19: The temperature development in the complete MD simulation compared to the tem-
perature development of the MD simulation with the new boundary condition, with mean Argon
density ρ = 338 kg/m3.

These similar results were achieved with different simulation times; the explicit
wall simulation lasted about 70 hours, while the same simulation with the new
boundary condition took about 10 hours.

Although parameter [∂∆E
∂λE

]δ , equation (3.83), was not directly given by the model
and had to be fitted from simulations, it was fitted from simulations with a vibrating
rigid wall as shown in Figure 3.13, while the results of the model were compared to
an explicit wall simulation. The good agreement of time scale in Figure 3.19 suggests
that models based on a vibrating rigid wall can predict the heat exchange of the more
complex explicit wall.

The linear relation (3.84) appears to be a good approximation over a large pa-
rameter region, but it is not exact, and can differ for extreme values of δ and λE .
Furthermore, the derivation of (3.84) is based on an ideal gas, and the numerical
parameter in (3.83) has been fitted from a model with only one particle and a wall,
whereas in the analysed situation the fluid may be far from ideal, and more particles
can simultaneously interact with the wall. The results summarised in Figure 3.19
show that both effects are small, because the results with the new model agree well
with the explicit wall model.
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Table 3.2: Computation times of Molecular Dynamics simulations with different walls needed to
simulate 765 ns on 1 CPU.

Wall type CPU time
Explicit walls 70 h
Vibrating walls 10 h

3.5.4 Conclusion

For temperatures relevant for Molecular Dynamics simulations, the heat exchange
between a fluid and a solid wall was approximated with a linear relation. The lin-
ear coefficients were obtained from one-dimensional simulations of an interaction
between one particle and a vibrating potential wall. For low temperatures, a fluid
particle can have multiple collisions with a wall, but this is ignored in this model.
However, our simulations indicated that it can be used in real situations with more
simultaneous interactions. As a test, the new boundary condition was compared to
an explicit wall in a simulation of a gas between two walls of different temperatures.
The change in wall temperature in the two simulations were comparable, but the
computation time needed for the implicit boundary condition was small compared
to the explicit wall simulation.

3.6 Energy exchange wall-wall

Energy is also exchanged inside the wall, parallel to the fluid. This is because the
heat supplied to the wall is not always located at the same place as the heat removed
from the wall. This heat transfer should be modeled well.

3.6.1 Heat transfer in absence of phase transition

To analyse the heat transfer inside the Calcium wall, it is analysed as a continu-
ous medium. The heat transfer in a continuous situation is modeled by combining
Fourier’s law with conservation of energy into the heat equation [85],

1
αCa

∂T

∂t
= ∆T, (3.86)

where αCa is the thermal diffusivity and T is the temperature. Although it was
shown in Chapter 2 that the length scales in this problem are too small for con-
tinuous equations such as (3.86) to be valid, it is useful as a first estimate of the
physics involved. A common example in literature is the flow of Argon at tempera-
ture around 120 K through a Calcium microchannel [38].
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Because the thermal diffusivity for Calcium, αCa, is

αCa =
κ

ρ cp
= 0.20 · 10−3 m2/s, (3.87)

where κ = 201 W/mK is the thermal conductivity for Calcium [86], ρ = 1550 m2/kg
is the density and cp = 632 J/kgK is the specific heat ratio, the characteristic time
of heat transfer in the Calcium wall is σ2

Ar/αCa = 1.55 fs, which is smaller than
the time scale in Molecular Dynamics calculations of tMD = 1.22 ps, see Section 2.4.
This means that the heat transfer in the solid is faster than the interactions in MD
simulation. This suggests that if the number of interactions is not extremely large,
the energy redistribution in the solid can be considered infinitely fast with respect to
the Molecular Dynamics time step.

More information is deduced from the Biot number Bi, which is calculated as [85]

Bi =
hL

κ
, (3.88)

where κ is the thermal conductivity, L is the wall thickness and h is the heat transfer
coefficient. The Biot number identifies the relative significance of spatial tempera-
ture gradients within a material during heat conduction. If the Biot number is much
less than unity, spatial gradients within the solid can be neglected, and the solid
can be given an isothermal temperature. With the given value for κ and a value
of L = 10 σAr, a typical value for a wall thickness in a MD simulation [38], a Biot
number of unity is reached for h = κ/L = 59 · 109 W/m2K. Since for a phase tran-
sition the heat transfer coefficient is around 20 · 103 W/m2K [85], with local peaks
of 100 · 103 W/m2K, the Biot number is always smaller than one, and an isothermal
temperature is assumed.

3.6.2 Evaporative heat transfer

When a wall is heated with vapour formation as result, the heat transfer can be sig-
nificantly higher due to the phase transition, as shown in Appendix A. An example
situation is shown in Figure 3.20.

This microregion has a width in the order of one hundred nanometers and a
heat flux in the order of 1 kW/2cm for every kelvin the wall is superheated [16]. To
see if at this high heat transfer temperature differences occur within the wall, the
heat transfer in the wall is modeled, first with a continuous model, and then with
Molecular Dynamics.

As a first approximation for the heat flux inside the wall, the crude approximation
is made that the heat flux is uniform in this microregion, and is zero outside the wall.
Because a stationary situation is of interest here, the removed heat has to be returned
to system. This is done by applying a uniform heat flow from the other side of the
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Figure 3.20: The heat flux in the microregion, calculated with the model in Appendix A, for
Argon on 30 K superheated Calcium. In a small region (here between 0 nm and 100 nm), there
is a very large heat flux, in the microregion where the evaporation interface is in contact with the
wall.

wall. The physical situation is as shown in Figure 3.21.

Figure 3.21: Model of heat flow in the wall. The upper area with width 2 l has a heat flux of h∆T ,
the lower area with width 2L has heat flux h∆T l/L, because the system is in equilibrium. All
other boundaries are adiabatic. For boundary equation (3.93), the wall is considered infinitely thick
in the y-direction.
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In equilibrium, the temperature in the wall is modeled with the heat equation

∇2T = 0 (3.89)

with boundary conditions

∂T

∂x
(−L, y) = 0 (3.90)

∂T

∂x
(L, y) = 0 (3.91)

∂T

∂y
(x, 0) =

{
− q
′′

κ if −l < x < l;
0 if −L < −l < x or l < x < L,

(3.92)

∂T

∂y
(x,∞) = −q

′′ l
κL

, (3.93)

where q′′ is the heat transfer in the microregion and κ is the thermal conductivity
of the wall. The solution for this partial differential equation is found from Fourier
series analysis as

T (x, y) = T0 −
q′′ l
κL

y +
q′′

κ

∞∑

n=1

2L
n2π2

sin(nπl/L) cos(nπx/L) exp(−nπy/L), (3.94)

which can be checked by substitution. From this solution, the approximation of
uniform heat flow at the wall base can be validated. The heat flow in this solution is
shown in Figure 3.22.

Figure 3.22: The heat flow inside the wall, according to (3.94). Here, ∆T = 1 K, q′′l/κ = 0.002,
and L/l = 5.
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The temperature differences in the wall are according to (3.94) of the order q′′l/κ.
With given values q′′ = 107 W/m2, l = 20 · 10−9 m and κ = 200 W/mK, it is seen that
these temperature differences are in the order of 0.001 K. The heat flow is, accord-
ing to (3.94), of the order q′′l/L, which is around 107 W/m2. This shows that, al-
though the heat flow may be very large, the temperature difference in the wall, even
with this extremely high heat flow, is small compared to the thermal fluctuations.
The assumption of uniform temperature inside the Calcium wall seems appropri-
ate. The length scale at which temperature differences become relevant is estimated
from (3.94). Because the temperature difference is of the order q′′l/κ, and tempera-
ture differences become relevant from ∆T = 1 K, the length scale is

l =
κ∆T
q′′

, (3.95)

and with the numbers given above, this corresponds to 20 µm. This is currently not
in the reach of the Molecular Dynamics methods.

This assumption was tested in a MD simulation. The situation as described
in (3.22) was simulated with Calcium atoms in a fcc-lattice. Even with the extremely
high heat fluxes given above, the thermal fluctuations were always dominating, and
a thermal gradient as a result of the heat transfer could not be distinguished in the
length scales of the simulation.

3.6.3 Conclusion

The heat conduction in the Calcium wall can be considered infinitely fast in Molec-
ular Dynamics simulations, as shown from the time scale analysis, the Biot number
and the heat conduction solution for evaporative heat transfer. If explicit walls are
used, this effect is automatically compensated for. If vibrating wall models, as intro-
duced in Sections 3.4 and 3.5, are used, the temperature of the wall may be consid-
ered uniform, as long as the wall area is microscopic.

3.7 Conclusion

The heat transfer between fluid and wall is a very important aspect in the modelling
of evaporation in microchannels. The origin of the density oscillations close to walls
has been investigated, and a model that describes the density oscillations as well as
the pressure and internal forces oscillations is given. These density oscillations are
important for the heat transfer between fluid and solid, and cannot be ignored. In an
analysed situation of a dense Argon gas, it leads to an increase of the effective heat
conduction coefficient of 7 %.

Although the Molecular Dynamics method with explicit wall model gives accu-
rate results for the heat transfer, it is too time-consuming, so a different model has
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been considered. In this model, the explicit wall is replaced with a vibrating wall,
with finite energy. First, the wall is treated as a reflective wall, the results of which
can be used for dilute gases. It is shown that the heat transfer between a gas and this
wall is similar to the heat transfer between a gas and an explicit wall, in a reduced
computation time.

The wall model has been further generalised for a potential wall. In this way,
it is more suitable for dense gases and liquids. The interaction between fluid and
wall is expressed in one parameter, which can be fitted from computationally cheap
simulations. It is shown that this model, based on interaction between one particle
and the wall, can also be used in a simulation where many particles are in contact
with the wall, and that the resulting heat transfer agrees with explicit wall results.

Finally, the heat transfer inside the wall is considered. It is shown that this heat
transfer in the solid is so fast, that the temperature may be considered uniform on
the length scales with which Molecular Dynamics deals. Even for extremely high
heat fluxes that occur in evaporation, a temperature difference of 1 K is only seen on
length scales above 20 µm.
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Chapter4
Validation of

Evaporation in
Molecular Dynamics1

4.1 Introduction

In microchannel cooling, the heat has to be removed from the system. This can be
done with single phase flow, but evaporation is more effective, because the enthalpy
jump for evaporation is much larger than the enthalpy increase corresponding to a
temperature increase.

Because of the small length scales of the problem, Molecular Dynamics is used
to simulate the evaporation in microchannels. On the molecular scale, the effectivity
of evaporation is seen from the large negative potential energy of a liquid molecule,
due to its neighboring molecules, compared to the kinetic energy. On this molecular
scale, there is no clear phase transition interface; starting from the liquid side there
first is a vapour-liquid interface, with the size of approximately one molecular di-
ameter, followed by a Knudsen layer, with the size of approximately one mean free
path length, and only then the gas is correctly described by vapour hydrodynamics.

1Part of this chapter is described in:
E.A.T. van den Akker, A.J.H. Frijns, A.A. van Steenhoven and P.A.J. Hilbers, Thermodynamic analysis of
Molecular Dynamics Simulations of Evaporation and Condensation, Eurotherm2008, Eindhoven 2008
and
E.A.T. van den Akker, A.J.H. Frijns, A.A. van Steenhoven and P.A.J. Hilbers, Validation of Molecular Dy-
namics simulations of evaporation and condensation of more complex molecules, Eurotherm Seminar
84, Namur 2009
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The MD method is in principle capable of simulating all these regimes, as the gas
particles in the simulation are identical to the liquid particles, and the phase is not
specified but follows from simulation results. It is however not a priori clear if the in-
tramolecular (within a molecule) and intermolecular (between different molecules)
interactions that are used in MD are a good representation of the real interactions.
The phase transition is more sensitive to these interactions than single phase prob-
lems.

In this chapter, the capability of the MD method with the standard intermolecular
and intramolecular interactions is tested. The ultimate goal is to be able to use MD
for arbitrary molecules. There are too many types of molecules to be tested, so in-
stead only the interactions are tested. If the interactions are represented correctly
in MD, a molecule combined from these interactions should also be represented
correctly in MD. First, the intermolecular interaction is tested, using Argon. Next,
the most important intramolecular interaction, the bond interaction, is tested, using
Oxygen.

4.2 Validation of intermolecular interaction

The commonly used intermolecular interaction is the Lennard-Jones interaction, de-
fined by Equation (2.45). To test this interaction for phase transition vapour-liquid,
Argon is used, with the parameters from Table 2.1. The phase transition is simulated
with MD, and the results are compared to experimental results from literature.

The parameters used for Argon are based on single phase simulations: the pa-
rameters have been fitted such that the virial equation of state agrees to the equation
of state for Argon, up to the second coefficient [87]. For single phase problems, many
simulations have shown that the Lennard-Jones interaction with these coefficients
is sufficient to describe the Argon system. In problems where both the liquid and
vapour phase are present, the full range of the Lennard-Jones potential is used (in
the liquid phase the attractive part is most important, whereas in the gas the long
range part gets more important), and the sensitivity to the potential energy function
is larger. If the difference between the potential energy between particles in the liq-
uid phase and particles in the gas phase is overestimated, then particles are more
likely to be in the liquid phase than they should, and this will have a large effect
on the gas density and vapour pressure. Before Molecular Dynamics is used for the
simulation of a microchannel, the intermolecular interaction potential should be val-
idated. This is done by obtaining thermodynamical results from MD simulations,
and comparing them to experimental results found in literature.

A widely-used method to get thermodynamical results for liquid and vapour in
equilibrium in Molecular Dynamics is the Gibbs ensemble Monte Carlo method [88].
In this method, the two phases are simulated in two separate volumes. Through vol-
ume changes and particle transfers, the pressure and chemical potential are made
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equal. The Gibbs ensemble Monte Carlo method has as disadvantage that the liquid-
vapour interface is not simulated, which makes the analysis of for example surface
tension impossible. Because the vapour-liquid interface and the Knudsen layer are
not included in the Gibbs ensemble, and they are needed for the microchannel sim-
ulation, the Gibbs ensemble is not used here.

Here, the one-dimensional phase transition from liquid Argon to vapour Ar-
gon is simulated. In the simulation, condensation and evaporation are assumed
to be in equilibrium, and the liquid, evaporation zone and vapour are all explic-
itly simulated. This is done in MD in a simulation box with size 20 σAr × 20 σAr ×
78 σAr (where σAr = 0.340 nm), with periodic boundary conditions in the x- and
y-directions; the periodic boundary conditions make sure that an infinite plate of
evaporation/condensation is simulated. To make analysis more convenient, an ex-
tra force is added to make sure that the liquid stays on one side, and the vapour on
the other side. This is not needed for the simulation itself, but makes analysis easier,
since the evaporation zone is not moving. On the left side, a hard wall is set, with an
extra force (φ1) from equation (2.42),

φ1(z) =

{
−εArz2

2 σ2
Ar

if z ≤ σAr;
0 if z > σAr,

(4.1)

replacing the physical force from particles not in the simulation region, which keeps
the liquid on its place [89]. This force in this representation is too simple to exactly
replace the particles in the bulk of the liquid: therefore the density profile will not
be uniform close to the boundary, but density oscillations will occur. A more ad-
vanced choice of the extra force than (4.1) can remove these oscillations, but this is
not needed in the analysis here, since the effect is damped out within a few molecular
diameters.

On the right side of the simulation domain, the gas particles are kept inside the
simulation box by a hard wall. As was shown in Section 3.3, this gives density os-
cillations that last for only several molecular diameters [63]. Since the simulation
domain is much larger, this does not influence simulation results, and the region
where the density oscillation occur is ignored in the simulation analysis. The com-
plete situation is illustrated in Figure 4.1.

Initially, 4500 particles are put into the simulation box in a fcc-lattice on the liquid
side; the initial temperature is set high enough such that once the simulation starts,
this immediately melts into a liquid. The liquid-vapour equilibrium is completely
determined by the temperature, so a Berendsen thermostat described in Section 2.4.1
is used to set the temperature of the particles in the simulation box at the desired
temperature (T = 120 K). Once the total energy in the simulation does not change
anymore, the thermostat is removed, and the simulation runs for millions of time
steps in the micro-canonical ensemble (NV E-constant).
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Figure 4.1: Schematic view of the simulation box with periodic boundary conditions in the x- and
y-directions, reflecting walls in the z-direction, and an extra force φ1 (4.1) on the left side. The
simulation box has size 20 σAr × 20 σAr × 78 σAr = 6.1 nm× 6.1 nm× 23.8 nm.

4.2.1 Equilibrium check

To get useful information from the simulation, it should be in equilibrium. To check
this, some physical properties are analysed. First, it was checked if physical proper-
ties (potential energy, kinetic energy, total energy, pressure, vapour pressure) remain
constant during the simulation. Apart from the first ten thousands of steps, all these
properties remained constant. This is a good indication that the simulation is in
equilibrium, although the simulation could in theory still be changing on a (for MD
simulations) small timescale.

Changes in the material properties are propagated with the speed of sound, so
the timescale on which the simulation is changing is in the same order of magnitude
as the time that is needed for a sound wave to cross the simulation box. The sound
of speed in the part of the simulation box where the Argon is in the gas phase is
approximated by the speed of sound in an ideal gas cidg , given by

cidg =
√
γ p

ρ
, (4.2)

where ρ is the density, p is the pressure and γ is the heat capacity ratio. At a temper-
ature of T = 120 K, the density is ρ = 60 kg/m3, and the pressure p = 1.2 MPa [13].
So, because for a mono-atomic gas γ = 5/3 [50], the speed of sound in Argon gas
at T = 120 K is

cgas = 200 m/s. (4.3)
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This is in quite good agreement with experimental results [90], which at a tempera-
ture of 120 K give a speed of sound between 189 m/s and 204 m/s for pressures be-
tween 12 kPa and 1000 kPa. The speed of sound in liquid Argon is larger than in Ar-
gon gas: experiments show a speed of sound in liquid Argon of around 750 m/s [91].
To find a lower limit for the time a wave needs to travel the simulation box, the speed
of sound in Argon gas is used in the entire simulation box. Because the length of
the simulation box is 78 σAr = 23.8 nm, the waves need maximally 119 ps to travel
the simulation box, which is many times smaller than the simulated time of 33 ns.
Because the macroscopic properties show only negligible fluctuations on this time
scale, it was concluded that the simulation is in equilibrium.

In the following analysis, it is assumed that in the equilibrium situation, the liq-
uid is on the left side of the simulation box, due to the attractive force (4.1), and that
the Argon in the rest of the simulation box is in the vapour phase. From the density,
it is clear that the liquid is on the left side. The density on the right side is much
lower, which indicates there is vapour, but it could contain droplets of liquid Argon.
This should be rare however, because the conservation laws of energy and angular
momentum prohibit the droplet formation through a two-body formation, so mini-
mally three particles should collide where the third particle takes away extra energy
and angular momentum [92], and in the case of such an event, the formed droplet
will quickly be absorbed into the liquid.

The existence of droplet was checked in the simulations by visual inspection of
the vapour phase at several time steps; no droplets were found.

4.2.2 Simulation results

The Molecular Dynamics simulations are interpreted thermodynamically with the
equations given in Section 2.4.1. The resulting temperature profile for the Molecu-
lar Dynamics results of Argon evaporation/condensation at 120 K is shown in Fig-
ure 4.2.

Because the overall temperature was set to be 120 K, and because the system is in
thermodynamic equilibrium, it was expected that the temperature in the liquid and
gas are both 120 K, which the figure also shows. The temperature fluctuations in the
gas are larger than in the liquid; this is related to the heat capacity. The molar heat
capacity CV,m is calculated from simulation results [33]

〈
E2
kin

〉
NV E

−
〈
Ekin

〉2
NV E

=
3
2
NA k

2
B T

2

(
1− 3NA kB

2 CV,m

)
, (4.4)

where NA is Avogadro’s number and 〈 · 〉NV E denotes the time average of the NV E-
simulation. For the Argon evaporation, this gives a result in the vapour phase
of CV,m = 1.56 NAkB , which is slightly higher than the theoretical result for an
ideal gas, CV,m = 3/2 NA kB .
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Figure 4.2: Time-averaged temperature in the equilibrium situation of phase transition. Because
the system is in equilibrium the liquid phase on the left and the gas phase on the right have the
same temperature.
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Figure 4.3: Pressure in the equilibrium situation of phase transition of Argon at 120 K. Because
the system is in equilibrium the liquid phase on the left and the gas phase on the right have the
same pressure of 1.1 MPa; on the phase transition interphase a drop in pressure is seen.

In thermodynamic equilibrium between the liquid phase and the gas phase, the
pressures in both phases should be equal. In Figure 4.3, the pressure profile of the
Argon evaporation/condensation simulation at 120 K is shown; both phases indeed
show equal pressures, albeit with different variance: the pressure in the liquid part
is fluctuating more than in the gas part, due to the higher adiabatic bulk modulus
in the liquid [93]. The pressure as measured in the gas part is 1106 kPa, which is
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close to the experimental result for 120 K found in literature [13]: 1213.0 kPa. The
figure also shows a drop in pressure at the phase transition (around 6 nm), which is
also found in other literature [43], and is an indication of surface tension. Over the
interface between liquid and gas, the surface tension γ is calculated by [94]

γ =
∫

(pN (x)− pT (x)) dx, (4.5)

where the integral goes from the liquid to the gas, pN is the normal stress component
and pT is the transverse stress component. For the equilibrium of evaporation and
condensation of Argon at 120 K, this gives a surface tension of 5.9 · 10−3 N/m, where
the literature gives 4.90 · 10−3 N/m [13].
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Figure 4.4: Density in the equilibrium situation of phase transition of Argon at 120 K. The
fluctuations on the left side are due to the extra force used to keep the liquid particles on the left
side.

The density profile for Argon evaporation/condensation at 120 K is shown in
Figure 4.4. The fluctuations in the region z < 2 nm in Figure 4.3 and Figure 4.4 are
due to the energy created by the artificial force (4.1) not exactly replacing the forces
of the non-simulated particles in the bulk. These fluctuations damp out in a few
nanometers, and this part of the simulation box is not used to compile the results.
Figure 4.4 shows that in the liquid phase, the density is 1172 kg/m3, which is close to
the literature-value [13] of 1162.8 kg/m3. In the vapour phase, the simulation gives
a density of 53.9 kg/m3, whereas the literature gives a value of 60.1 kg/m3.

Shown in Figure 4.5 is the enthalpy profile of Argon evaporation/condensation
at 120 K, calculated from (2.68). In the liquid, the enthalpy is −80.0 kJ/kg, where
literature [13] gives −78.61 kJ/kg. In the gas, the enthalpy is 50.0 kJ/kg, where liter-
ature gives 48.0 kJ/kg.
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Figure 4.5: Enthalpy in the equilibrium situation of phase transition of Argon at 120 K.

4.2.3 Discussion

The results obtained in the previous section depend on the cutoff radius Rc, as has
been noted before [95]. Table 4.1 shows results for various Rc. From Table 4.1, it is
seen that a cutoff radius ofRc = 2.5 σ, frequently used for MD-simulations, is not ac-
curate enough to be used for phase transition. A cutoff radius ofRc = 4.5 σ produces
better results. Not much is gained when the cutoff radius is increased to Rc = 5.5 σ.
Even the models with a higher cutoff radius seem to underestimate the gas density
and the vapour pressure; this is probably due to the long-range interactions that are

Table 4.1: Liquid/gas coexistence densities ρl and ρg , vapour pressure P , liquid and gas en-
thalpy Hl and Hg for Argon at temperature T = 120 K, for several cut-off radii Rc.

Source Rc ρl ρg P Hl Hg

(σAr) (kg/m3) (kg/m3) (kPa) (kJ/kg) (kJ/kg)
1 2.5 987 89.3 1823 -62.4 42.3
2 2.5 1097 84.3 1601 – –
2 4.4 1166 52.3 1125 – –
1 4.5 1172 53.9 1106 -80.0 50.0
2 5.5 1170 52.1 1082 – –
3 N/A 1162 60.1 1213 -78.6 48.0

1: MD simulations in this work.
2: MD simulations of [95] (enthalpies not given).
3: Experimental results from [13].
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not taken into account. The error made for the pressure is estimated by calculating
the pressure-tail correction ptail, given by [26],

ptail =
16
3
π εAr σ

3
Ar

ρ2

m2
0

[
2
3

(
σAr
Rc

)9

−
(
σAr
Rc

)3
]
, (4.6)

which decreases the calculated pressure by 7.9 kPa for Rc = 4.5 σAr, and 126 kPa
for Rc = 2.5 σAr. The values shown in Table 4.1 are uncorrected values. The cut-off
radius also has an effect on enthalpy and the surface tension, although the correction
is more difficult to predict [96].

To check if the good agreement between simulation results and experimental data
is coincidence or structural, different temperatures were also tested. The results,
shown in Figure 4.6, show that the results do not only agree for T = 120 K but also
on a wider range, and that all the trends seen in experimental results do also show
up in simulation results.

4.2.4 Conclusion

In Molecular Dynamics, the Lennard-Jones potential is commonly used to simulate
intermolecular interactions. Although the Lennard-Jones potential does not exactly
represent the potential energy between atoms, it is accurate enough for single phase
systems. In a liquid system, the short-range interaction dominates, whereas in a gas
system, the long-range interaction becomes important. If both phases are present,
then the complete range of the Lennard-Jones is used, and it is not a priori known
if the short-range and long-range interactions are well-balanced. In this Section, this
was tested with the evaporation/condensation equilibrium of Argon. The interac-
tions in the gas phase and the liquid phase of Argon are both accurately described
by the Lennard-Jones interaction, and because Argon is a mono-atomic molecule, the
intramolecular interactions are excluded from the problem.

The results show that the most important properties, such as vapour pressure,
liquid density, gas density and enthalpy jump are in agreement with experimental
results from literature, if the cut-off radius for the Lennard-Jones potential is not too
small. In particular, it was shown that a cut-off radius of 2.5 molecular diameters is
not large enough, while a cut-off radius of 4.5 molecular diameters is sufficient.

With the cut-off radius set at 4.5 molecular diameters, the results of Molecular
Dynamics simulations agree to experimental results. The largest error is made in the
gas density, where experimental results at 120 K show a gas density of 60.1 kg/m3,
and Molecular Dynamics show a gas density of 53.9 kg/m3. This difference does
not decrease when the cutoff radius is enlarged, so it is a result of the fact that the
intermolecular interaction between Argon atoms is not equal to the Lennard-Jones
interaction.
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(a) Liquid density.
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(b) Gas density.
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(c) Pressure.
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(d) Surface tension.
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(e) enthalpy jump

Figure 4.6: Comparison of various properties for the condensation/evaporation equilibrium for
Argon at temperatures between 105 K and 120 K. The MD simulation results (with cut-off ra-
dius Rc = 4.5 σAr are marked with a cross and experimental results [13] shown with the solid
line.

4.3 Validation of intramolecular interaction

As described in Section 2.4.1, the intermolecular interaction is simulated in MD with
bonds, bends, torsions, et cetera. Although the intermolecular interaction as vali-
dated in Section 4.2 is considered most important for the phase transition, the influ-
ence of the intramolecular interaction should also be validated.
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These interactions are validated by comparing the condensation/evaporation be-
havior of MD simulation with the interactions to experimental results from literature.
As an example, we consider the diatomic Oxygen molecule. The intramolecular in-
teraction in the Oxygen molecule is the bond between the two Oxygen atoms; at
the temperatures of interest, vibrations in this bond are absent, as argued before in
Section 2.4.1.

4.3.1 Influence of the bond

The main difference with the simulations of Argon as described in Section 4.2 is the
bond that is present in the Oxygen molecule. This bond has an influence on the
evaporation properties. From Table 2.3, it is seen that the bond length is 38 % of the
atomic diameter of oxygen.

The bond length in a diatomic molecule influences the evaporation enthalpy. If
the bond length is increased, the volume of the molecule increases, which decreases
the liquid density. On a molecular level, this means that a molecule has less neigh-
bouring molecules to interact with, so the potential energy per particle decreases.
As there is less interaction between liquid particles, the vapour phase becomes en-
ergetically more favorable, so a larger bond length corresponds to a larger vapour
density.

4.3.2 Validation of the modelling of the bond

To test the thermodynamic influence of the bond, the Oxygen molecule (O2) is used,
with parameters as given in Table 2.3. The intermolecular interaction is described
with the Lennard-Jones potential, with a cut-off radius of Rc = 4.5 σO, which
is large enough as follows from the results in Section 4.2. The used bond length
is r0 = 0.120 nm, which is used frequently [41; 45; 97], but other values are also
seen (e.g. 0.110 nm [98; 99], 0.124 nm [100] and 0.1017 nm [101]). Experimental re-
sults with near-edge x-ray absorption fine structures show that if oxygen is adsorbed
on a surface, the bond length may increase (to 0.147 nm on Silver and 0.132 nm on
Platinum [45]), which is consistent with density functional calculations that show
that the bond length increases when oxygen is adsorbed on Carbon nanotubes [98].

The Molecular Dynamics simulation of Oxygen is similar to the Argon simulation
in Section 2.4.1, although the different evaporation behavior of Oxygen required the
simulation to have periodic boundary conditions in all directions. As shown in Sec-
tion 3.3, a reflecting wall introduces density fluctuations. For Argon, these density
fluctuations were not influencing the results, but with Oxygen, the fluctuations are
large enough to have the Oxygen condensate into droplets. Unlike the monoatomic
Argon-molecule, a droplet can be started with only two Oxygen molecules, because
the extra energy in a collision can be converted into rotational energy. Therefore,
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Oxygen condensates more easily than Argon, and the Oxygen simulation needs a rel-
atively larger temperature for liquid-vapour equilibrium: in the Argon simulations,
the energy scale is εAr = 120 K · kB and with 120 K an equilibrium is found, whereas
for Oxygen, the energy scale is εO = 38.0 K · kB and the triple point is 54.36 K.

The simulation was done in a simulation box with size 80 σO × 20 σO × 20 σO,
and periodic boundary conditions in all directions. In order to keep the liquid at a
fixed place, a potential well at z = 40 σO was created, given by

φ0(z) =





−0.8 εO if ‖z − 40 σO‖ ≤ σO;
−1.2 εO + 0.4 εO

(‖40 σO−z‖−σO)
σ2
O

if σO < ‖z − 40 σO‖ ≤ 3σO;

0 if ‖z − 40 σO‖ > 3σO,
(4.7)

The force resulting from this energy well keeps the liquid around z = 40 σO, but
does not stop the liquid from moving around this point. To fix the position of the
evaporation zones, a reflective wall is placed at z = 40 σO. This reflective wall keeps
the particles from moving beyond z = 40 σO, but the particles at one side can still
influence the particles at the other side.

Figure 4.7: Schematic view of the simulation box with periodic boundary conditions in all direc-
tions. At z = 40 σO ≈ 12.36 nm, in the center, there is a reflective wall and a potential well, as
described by (4.7), to keep the liquid at its place.

The potential well (4.7) together with the reflective wall at z = 40 σO is sufficient
to keep the liquid-vapour interface at the same position throughout the simulation,
as will be seen in the results. The collision between a diatomic particle and a reflec-
tive wall is more complicated than the collision between a monoatomic particle and
a reflective wall; the collision also depends on the angle that the bond makes with
the wall. Here, the reflective wall is only used to keep the liquid from moving, so
a correct modelling of each collision is not needed. A naive but numerically quick
modelling of the wall collisions was used, in which the bond was ignored during the
collisions with the wall, and only restored in the next time step. The bond is restored
by rescaling the velocities, hence energy was not conserved. This was compensated
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by setting a thermostat on this area, that set the temperature of the liquid close to the
wall to a fixed value.

To reach equilibrium between liquid and gas, the temperature of the simulation
should be between the triple point (54.36 K) and the critical point (154.5 K) [50].
Simulations were run at three temperatures: around 100 K, 109 K and 118 K.

4.3.3 Results for oxygen molecules

The simulations reached equilibrium, and from the results, thermodynamic quanti-
ties were obtained. Below, the results are discussed in more detail for the simulations
with temperature 109 K, the results for 100 K and 118 K are similar and the same
comments hold.

Temperature

The temperature was calculated from the simulation results with the use of (2.59).
The result is shown in Figure 4.8.
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Figure 4.8: The temperature profile in the MD simulation of evaporation and condensation of
Oxygen at a temperature of 109 K.

Because the temperature at z = 40 σO = 12.36 nm was set to be 109 K and the
system is in thermodynamic equilibrium, it was expected that the temperature in
the liquid and gas are both 109 K, which the results indeed show. Because the colli-
sion between the diatomic molecule and the reflective wall at 12.36 nm has not been
modeled energy conserving, energy is lost at this point; this is seen as a temperature
dip.
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Density

The density profile is shown in Figure 4.9.
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Figure 4.9: The density profile in the MD simulation of evaporation and condensation of Oxygen
at a temperature of 109 K.

The results show a good separation between the gas phase and the liquid phase.
The density is higher around the reflective wall at z = 12.36 nm, due to the poten-
tial well (4.7), and the wetting effect of a wall described in Section 3.3. Away from
this region, the liquid shows a uniform density of 1019 kg/m3, slightly under the
literature-value [13] of 1040 kg/m3. In the vapour phase, the simulation gives a den-
sity of 24.3 kg/m3, whereas the literature gives a value of 20.1 kg/m3.

Pressure

The pressure profile is calculated with the use of (2.65). Because the bond in the
diatomic molecule has been simulated with the "Rattle" method [42], not all forces
needed for (2.65) have been calculated; the contribution of the missing bond forces Pb
has been estimated from their average value as [102]

Pc = nkBT, (4.8)

where n is the number density. The result is shown in Figure 4.10.
In thermodynamic equilibrium between the liquid phase and the gas phase, the

pressures in both phases should be equal. The pressure in the liquid part is fluc-
tuating more, and the gas pressure is more stable; this is due to the effect that the
adiabatic bulk modulus in the liquid is higher [93]. The vapour pressure in the
simulation is 727 kPa, larger than the experimental result for 109 K found in liter-
ature [13], 512 kPa. This is mainly explained by the fact that the vapour density in
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Figure 4.10: The pressure profile in the MD simulation of evaporation and condensation of Oxy-
gen at a temperature of 109 K.

the MD simulation is also higher than the vapour density in literature. The higher
pressure around z = 12.36 nm is mainly due to the potential well (4.7). The pressure
drop at the liquid-vapour interface that was seen for Argon in Section 4.2.2 is not
seen for Oxygen.
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Figure 4.11: The enthalpy profile in the MD simulation of evaporation and condensation of Oxy-
gen at a temperature of 109 K.

Shown in Figure 4.11 is the enthalpy profile, calculated from (2.68). The (constant)
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bond contribution to the enthalpy can not be calculated from the MD simulations,
so this is a relative enthalpy. In literature, the enthalpy goes from −371.4 kJ/kg in
the liquid to−180.5 kJ/kg in the gas phase, so the enthalpy jump is 191.1 kJ/kg [13].
The MD simulation show an enthalpy in the liquid of −112 kJ/kg, and in the gas
of 96 kJ/kg, so the jump is 208 kJ/kg.

4.3.4 Discussion and Conclusion

The results for the Molecular Dynamics simulations for temperatures 100 K, 109 K
and 118 K are shown in Table 4.2. These results show that the correspondence be-

Molecular Dynamics simulation results
Temperature Liquid density Vapour density Pressure Enthalpy jump

100.32 K 1026 kg/m3 15.8 kg/m3 420 kPa 206 kJ/kg
109.44 K 1019 kg/m3 24.3 kg/m3 727 kPa 208 kJ/kg
118.56 K 959 kg/m3 43.1 kg/m3 1066 kPa 187.4 kJ/kg

Experimental results from literature [13]
Temperature Liquid density Vapour density Pressure Enthalpy jump

100 K 1085 kg/m3 11.4 kg/m3 279 kPa 201.3 kJ/kg
109 K 1040 kg/m3 20.1 kg/m3 512 kPa 191 kJ/kg
118 K 979 kg/m3 37.4 kg/m3 972 kPa 175 kJ/kg

Table 4.2: Results for evaporation and condensation of O2.

tween literature and simulation results is not perfect. It should be noted that the
parameters for Oxygen from Table 2.3 used in the simulation have not been fitted for
Molecular Dynamics simulations, but have been found from independent measure-
ments, for example by near-edge x-ray absorption [45].

From this results, it is seen that MD results should be interpreted carefully. Al-
though the particles in the simulation are meant to simulate existing molecules, their
correspondence is never exact. The accuracy of these results, however, is comparable
to the results for Argon in Section 4.2, so the model that has been used for the bond
is accurate enough.

The agreement between the simulation results and experimental results in Ta-
ble 4.2 is not perfect, but could be improved by tuning the parameters. The available
parameters are the interaction strength εO, the molecular diameter σO and the rela-
tive bond length L∗ = r0/σO. The effects of these parameters can be visualised in
the density-temperature phase diagram. If the interaction strength εO is changed,
the simulation does not change, but the results are to be interpreted at a different
temperature. In the phase diagram a change in the interaction strength of a factor a
is seen as a shift in the temperature direction of a factor a, see Figure 4.12a. In the
same way, the influence of the molecular diameter σO is a scaling: a change in the
molecular diameter of a factor a is seen as a change in the density direction of a



4.3 Validation of intramolecular interaction 111

factor a−3, if the relative bond length is kept constant.
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(a) Increasing interaction strength εO .
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(b) Increasing molecular diameter σO .

Figure 4.12: The phase diagram of Oxygen, with the effect of increasing interaction strength (left)
and increasing molecular diameter (right). The MD simulation results are marked with a cross and
experimental results [13] shown with the solid line.

The effect of the relative bond length is less straightforward. To analyse this,
experimental results for Argon, Oxygen and Chlorine are analysed. Argon is a
monoatomic molecule, but can be considered as a diatomic molecule with relative
bond length L∗ = 0. As described before, Oxygen has a relative bond length of 38 %,
and Chlorine a bond length of 63 %. The three phase diagrams are shown together
in Figure 4.13, where the temperatures have been scaled by ε kB and the densities
by m0 σ

−3.
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Figure 4.13: The scaled phase diagrams of Argon, Oxygen and Chlorine.

The Figure shows that if the bond length is increased, the density-temperature
curve goes downward in the diagram. If the temperature is kept constant, the simu-
lation will see the liquid density and vapour density closing in on each other. There
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is also a shift in the density direction; if the bond length is increased, the density
decreases. These effects have been confirmed by Gibbs-Ensemble simulations in lit-
erature [103]. Altogether, this shows that if the bond length is increased while the
temperature is fixed, both effects cause the liquid density to decrease, while the ef-
fects are opposite for the vapour density.

In the results in Table 4.2, the liquid density is underestimated and the vapour
density is overestimated. This can be compensated by either increasing the interac-
tion strength εO, or decreasing the bond length. It should be noted that other values
for the interaction strength occur in literature, but none of these values is higher
than the one that has been used here. It therefore seems unlikely that the interac-
tion strength should be increased, and the most likely candidate to be changed is the
bond length.

4.4 Reinsertion of particles

In the sections above, condensation and evaporation are in equilibrium. In the sim-
ulation of net evaporation, the evaporation reduces the number of particles in the
liquid phase. In order to keep the simulation running, particles should be placed
back in the liquid. A particle can not be simply placed back at a random position,
because if it is too close to another particle, the shape of Lennard-Jones potential
causes an extremely high energy to be added to the system. There are methods to
put back particles in a liquid, most notable the USHER-method [104], the use of a
buffer zone, or the growing of particles. The buffer zone method is explained in
Section 4.4.1, the particle growing method in Section 4.4.2.

In the example of evaporation-driven flow in a microchannel in Section 1.3, the
evaporation rate is 237 · 10−12 kg/s. If this is analysed as if it is Argon, it means that
in every dimensionless time unit (2.15 ps), 7685 Argon particles have to be placed
back in an area of 17300 σ2

Ar.

4.4.1 Buffer-zone method

The buffer-zone method works with an added buffer zone where the particle is in-
serted, in which a large force pushes the particle towards the liquid. The liquid is
attached to the buffer zone by means of an extra force (4.1), which replaces the influ-
ence of the liquid particles not included in the simulation [89]. Between the buffer
zone and the liquid zone, a semipermeable reflective boundary condition is used,
such that particles can not move from the liquid zone to the buffer zone, but can
move from the buffer zone to the liquid zone.

The method is checked with Argon-molecules. The simulation setup is the same
as in Section 4.2, but now
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Liquid zoneBuffer

Figure 4.14: A model of the buffer zone. A particle that is placed in the buffer zone is pushed
towards the liquid zone, and will find its way in. Once the particle has crossed the buffer-liquid
boundary, it can not go back into the buffer zone.

• there is a bufferzone on the left side of the liquid region, where a constant force
with size ~Fb is applied to particles towards the liquid;

• every 0.215 ps (0.1 time units), a particle is selected from the region on the right
side;

• this particle is relocated to a position in the bufferzone, at a distance of 3 σAr
from the liquid; (Figure 4.14.)

• the particle in the buffer zone is given a velocity towards the liquid.

To make this method work, it should be energetically more favorable for a particle
to enter the liquid than to stay out. Furthermore, the impulse added to the system
should not be too large, otherwise the liquid is pushed away from the boundary. The
situation before and after the insertion is shown in Figure 4.15.

1234 1234

Figure 4.15: A simplified model of a particle (black) that enters the liquid (grey) from the buffer-
zone. For the bufferzone method to work, the energy in the situation after insertion (right) should
be lower than the energy in the situation before insertion (left).
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Before the insertion, in the left image, total energy is given by

E
before
tot = El + El−i + Ei, (4.9)

where El is the total energy of the liquid particles, El−i is the potential energy of the
interaction between the liquid particles and the particle in the insertion zone, and Ei
is the potential energy of the particle in the insertion zone, due to the force towards
the liquid zone. After the insertion, in the right image, the total energy is

E
after
tot = El + El−g + Eg, (4.10)

whereEl is the total energy of the liquid particles, including the inserted particle, but
excluding particle 1;El−g is the potential energy of the interaction between the liquid
particle and particle 1, and Eg is the energy of particle 1. The energy difference ∆E
between the two states is

∆E = E
before
tot − Eafter

tot = El−i + Ei − El−g − Eg. (4.11)

The energy between the liquid particle and the inserted particle El−i is the mirrored
version of (4.1), shifted to z = −σAr. If the inserted particle is at z = −1, this shows
that the potential energy El−i = −εAr/2. Also, because of the force ~Fb in the buffer
zone, the potential energy of the inserted particle Ei is ‖~Fb‖σAr. If particle 1 has
evaporated, the remaining potential energy is negligible. Therefore,

∆E = −εAr/2 + ‖~Fb‖σAr. (4.12)

Because this should be positive, the force Fb should be larger than εAr/(2 ·σAr). This
shows that the force should not be chosen too small. In fact, with this value the parti-
cle does eventually enter the liquid, but it may take many time steps, and the buffer
may even overflow if the force is too small. For this reason, a force of 15 εAr/σAr is
used.

To make sure that the impulse is not too large, there is an upper limit to this
force. The mass of the particle is usually negligible compared to the mass of the total
system, so one collision will not disrupt the system, but many small collisions could
do this.

With trial and error, appropriate values for the force strength ~Fb were found, and
with a value of ‖~Fb‖ = 15 εAr/σAr no problems were encountered. In Figure 4.16,
the results for two different forces ~Fb are shown. If the force on the particle is too
low, the particle initially bounces back, although it will find its way into the liquid
eventually. If the force is high enough, the particle will enter the liquid at the first
occasion.
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Figure 4.16: Two examples of particles coming from the buffer zone (negative position) to-
wards crossing the boundary (at 0 nm). In the left picture, the force on the particle is ~Fb =
10 εAr/σAr = 49 pN and the particle bounces back, in the right picture, the force on the particle
is ~Fb = 15 εAr/σAr = 73 pN, and the particles finds its way into the liquid.

4.4.2 Particle Growing method

Another method is to have the particle interaction growing. When a particle is to
be reinserted, it is placed at the boundary. Normally, this would cause large forces
when the particle is close to a different particle, but in this method the forces have an
upper limit which is growing over time, as if the particle is growing. This is done by

0 0.5 1 1.5 2 2.5 3

0

5

10

15

20

25

30

1st time step

2nd time step

3rd time step

Distance (σ)

Fo
rc

e
(ε

/σ
)

Figure 4.17: The time-dependent force between an inserted particle and other particles. At the
first time step after the insertion, the maximal force is 0 εAr/σAr, at the next time step 10 εAr/σAr,
and so on. After 100 time steps, the maximal force is 1000 εAr/σAr; in later time steps the force is
not restricted anymore. In this example, the used time step is 0.0025 tMD

Ar .

restricting the force, as is seen in Figure 4.17. In the first time step after the collision,
the maximum force is 0 εAr/σAr, and every time step the maximum force is increased
by a small amount (10 εAr/σAr), until the maximum force is 1000 εAr/σAr. Because
in the simulation the force never becomes this high, the interaction is at that stage
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practically unrestricted, so at this point the restriction is removed, and the inserted
particle is treated like any other particle. The upper limit on the force F changes the
potential energyU , because they are related by F = −∇U . The effect on the potential
energy is shown in Figure 4.18.
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Figure 4.18: The time-dependent potential energy between an inserted particle and other particles.
After 100 iteration steps, the time-dependent potential energy is practically indistinguishable from
the Lennard-Jones potential, and the restriction is taken away.

4.4.3 Method comparison

To test both methods, they have been tested with Argon. The simulation setup is
the same as the simulation setup in Section 4.2 with cutoff radius Rc = 4.5 σAr, only
now net evaporation is induced, by removing one Argon atom every ten time units
(2.15 ps) from the gas phase and inserting it into the liquid zone. Because the area
is 18× 18 σ2

Ar, this corresponds to an evaporation rate of 823 kg/m2 s. The particle to
be removed was selected randomly from the particles in the area given by z > 45 σAr.

In the case of the buffer method, this particle was inserted into the liquid was
set 3 σAr behind the liquid, with the x- and y-position distributed uniformly. The
force on the particle in the buffer zone was 15εAr/σAr, as described in Section 4.4.1.

For the particle growth method, the particle was inserted at the edge of the sim-
ulation (z = 0 σAr), with the x- and y-position also distributed uniformly, and with
the maximum force restricted to 0 εAr/σAr. The simulation was run with time steps
of 0.0025 t0, and every time step the maximum force was increased with 2 εAr/σAr,
until after 500 time steps the force on the particle was no longer restricted, as de-
scribed in Section 4.4.2. The insertion of a particle therefore took 1.25 t0 = 2.69 ps.

In the problems where the vapour particles were reinserted into the liquid, the
evaporation of 823 kg/m2 s was balanced by the artificial condensation due to the
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reinsertion, also of 823 kg/m2 s. As a result, the thermodynamic quantities over the
liquid domain and the vapour domain should not change. This is shown in Table 4.3.
The results show that both methods for insertion give approximately the same result

Table 4.3: The thermodynamic quantities compared for no net evaporation (results from Sec-
tion 4.2), and net evaporation with the buffer method and the particle grow method. In the last two
instances, Argon gas is evaporating at 120 K with a net evaporation rate of 1.48 kg/m2 s.

No net evaporation Buffer method Particles growing
Vapour density 60.1 kg/m3 57.9 kg/m3 56.1 kg/m3

Liquid density 1162 kg/m3 1146 kg/m3 1151 kg/m3

Vapour pressure 1213 kPa 1199 kPa 1191 kPa
Enthalpy jump 127 kJ/kg 127 kJ/kg 129 kJ/kg
Numerical accuracy: vapour density ±2 kg/m3, liquid density ±9 kg/m3, vapour

pressure ±8 kPa, enthalpy jump ±3 kJ/kg.

as the situation without net evaporation. The computation times for the two meth-
ods with net evaporation were the same as the situation without evaporation.

To see if the simulation with the buffer method is stable, the simulation was re-
peated with a 10 % higher force Fb in the buffer zone. The simulation gave a vapour
density of 56.0 kg/m3, a liquid density of 1153 kg/m3, a vapour pressure of 1166 kPa
and an enthalpy jump of 128 kJ/kg, so the higher force did not significantly change
the results. Similarly, the stability of the particle growing method was tested by in-
creasing the growth of the maximum interaction force by 10 %. This simulation gave
a vapour density of 59.3 kg/m3, a liquid density of 1149 kg/m3, a vapour pressure
of 1226 kPa and an enthalpy jump of 128 kJ/kg. The change in results was smaller
than the inaccuracy of the method, so the method is stable.

4.5 Conclusion

In this Chapter, evaporation in Molecular Dynamics has been validated. This vali-
dation is needed, because even if Molecular Dynamics gives correct results for both
the liquid phase and the vapour phase, that does not guarantee a valid phase transi-
tion. In Section 4.2, the intermolecular interaction, described with the Lennard-Jones
potential, have been validated. This has been done by simulating evaporation for Ar-
gon, a molecule with only one atom, and comparing the result to experimental data
from literature. In the Molecular Dynamics simulation, the interaction between two
particles is for practical reasons cut off at a certain distance, the cutoff radius. The va-
lidity of the simulation of evaporation depends on this cutoff radius. It is shown that,
if the cutoff-radius is chosen large enough (4.5 σ), the results of Molecular Dynamics
simulations of Argon agree with experimental results for liquid-vapour equilibrium
of Argon from literature.
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In Section 4.3, this is extended for intramolecular interaction as bonds. The most
simple configuration, an O2-molecule with one bond, has been simulated by Molec-
ular Dynamics simulations, and been compared to experimental results from litera-
ture. The simulation results agree with experimental results with the same accuracy
as Argon, so the model for the bond is accurate enough to be used in simulations of
evaporation and/or condensation.

These validations have been performed in an evaporation-condensation equilib-
rium, with no net evaporation. If a problem with net evaporation is simulated, the
number of liquid particles decreases. If nothing is done, the simulation will even-
tually run out of liquid particles. If this is not desirable, a liquid inflow has to be
simulated. In Section 4.4, the problem of how particles can be put back in the liquid
is discussed. Two methods were compared for this, one where a buffer zone is added
next to the liquid, in which simulation particles are pushed into the liquid, and one
where the inserted particle starts with small interaction, which grows until the par-
ticle reaches its normal interaction. Both methods were tested for generating net
evaporation in Argon, and both gave good results with negligible extra computation
time.



Chapter5
Molecular Dynamics

simulation of the
microregion1

5.1 Introduction

If a liquid evaporates on top of a solid wall, up to 80 − 90 % of the heat transfer
through the wall can take place at the microregion [105]. Hence, if the heat transfer
in the system is to be known, this region should be modeled accurately. Compu-
tationally, it is the most difficult region in the microchannel evaporation problem,
because it involves solid, liquid and gas phases.

This problem has also been encountered in other research, and models have
been developed. The continuum model from Stephan et al. [105], described in Ap-
pendix A, can be used to give predictions of mass flow and heat transfer in the mi-
croregion. The results from the continuum model are in agreement with experiments
on a macroscopic scale, but the predictions on the nanoscale can not be verified ex-
perimentally, as the resolution of experiments is still above 1 µm [106]. Also, the as-
sumptions used for the continuum model might not all be valid for the microchannel

1Part of this chapter has been accepted for:
A.J.H. Frijns, E.A.T. van den Akker, P.A.J. Hilbers, P. Stephan and A.A. van Steenhoven, Evaporative Mi-
crochannel Cooling: an Atomistic Approach, 14th International Heat Transfer Conference, Washington
2010
and
E.A.T. van den Akker, A.J.H. Frijns, P.A.J. Hilbers, P. Stephan and A.A. van Steenhoven, Molecular Sim-
ulation of the Microregion, 2nd GASMEMS Workshop, Les Embiez, July 2010
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evaporation problem.
For these reasons, the microregion problem has been modeled with Molecular

Dynamics. The MD simulations provide the data that is needed to verify the as-
sumptions in the continuum model. The results on heat transfer on the nanoscale
can be compared to the results from the continuum model.

The continuum model needs some material constants as input. In the MD simula-
tions, the fluid is Argon, and the solid material is Calcium. Most material constants
of Argon and Calcium are known, but the dispersion parameter (which describes
the interaction between fluid and solid) for the combination Argon–Calcium is not
known. In Section 5.2, MD simulations are described from which the dispersion pa-
rameter was found. This dispersion parameter was used in the simulations with the
continuum model. In Section 5.3, the boundary conditions for the MD simulation are
derived. Finally, in Section 5.4, the results from the full MD simulation are reported.

5.2 Dispersion parameter

Due to the superheating of the wall in the microregion, the temperature at the liquid
side of the liquid-vapour interface is not equal to the temperature at the vapour side
of that interface, which causes a capillary pressure pc. This capillary pressure is
related to the thickness of the liquid layer δ by

pc = Aδ−3, (5.1)

whereA is the dispersion parameter, also known as the Hamaker constant [107]. This
dispersion parameter is needed to obtain results in the continuum model described
in Appendix A.

Experimentally, dispersion parameter has been obtained for various fluid-solid
combinations, but not for Argon on Calcium. However, Molecular Dynamics simu-
lations can be used to determine the dispersion parameter [108].

To obtain the dispersion parameter from MD simulations, the situation of a bub-
ble on a heated wall is analysed, see Figure 5.1. If the wall is superheated, such
that the wall temperature is Twall and the liquid temperature is Tliquid, the capillary
pressure is found as [105]

pc =
(
Twall

Tliquid
− 1
)
ρl∆hv, (5.2)

where ρl is the density of the liquid, and ∆hv is the enthalpy difference of evapora-
tion. The problem can be simplified further by only analyzing the area close to the
wall, illustrated in Figure 5.2.

On top of the wall, with temperature Twall, a small film layer forms, which accom-
modates to the wall temperature. Away from that film layer, the vapour is in thermal



5.2 Dispersion parameter 121

Figure 5.1: The bubble on a heated wall.

Figure 5.2: The situation that is used in the MD simulations. The dispersion parameter can be
found from this type of simulation with (5.3).

contact with both the film layer of temperature Twall, and the liquid in the bulk with
temperature Tliquid. Over the entire vapour region, the thermal interaction between
the vapour and the liquid with temperature Tliquid is dominant, so the vapour also has
temperature Tliquid and corresponding saturated pressure psat(Tliquid). In the Molecu-
lar Dynamics simulation, only the part shown in Figure 5.2 is simulated. Because
the liquid is not in the simulation, the vapour is in thermal equilibrium with the film
layer, so has temperature Twall. The effect of the liquid temperature is generated by
specifying the vapour pressure, and calculating the corresponding temperature for
which the vapour would be saturated, so the term Tliquid in (5.2) becomes Tsat. The
dispersion parameter A is then found from the combination of (5.1) and (5.2) as

A = δ3

(
Twall

Tsat
− 1
)
ρL∆hv. (5.3)



122 Molecular Dynamics simulation of the microregion

In the MD simulations, with Argon on a Calcium plate, the wall temperature
is 120 K in all simulations. The pressure of the vapour is varied by changing the
number of particles in the simulation. The saturation temperature corresponding to
that pressure is then found from tables in literature [13], as is the evaporation en-
thalpy ∆hv . The Argon and Calcium particles are simulated with a Lennard-Jones
potential with cut-off length 4.5 σAr and parameters as in Tables 2.1 and 2.2, and the
interaction Argon-Calcium according to the mixing rule (2.46). The initial simulation
was with 8000 gas particles, later simulations reduced the number of particles. The
simulations with more than 6000 particles showed droplet formation in the vapour,
which indicates that the vapour is oversaturated, so these results have been ignored.
Similarly, if fewer than 3000 gas particles were used, all the gas particles would at-
tach to the wall, so these results have also been ignored.

The start of the film layer is defined the average between the last location of a wall
particle and the first location of a film layer particle, the end of the film layer is de-
fined as the last position where the density of Argon is locally higher than 100 kg/m3.
This 100 kg/m3 is chosen arbitrarily; any other value higher than the vapour density
and lower than the liquid density could have been chosen. For the simulations with
lower pressure, this cut-off density is probably too high, so the thickness of the film
layer is underestimated. This is shown in Figure 5.3.

15 20 25 30
0

50

100

150

200

250

300

350

400

450

500

Position (σAr)

D
en

si
ty

(k
g
/m

3
)

Figure 5.3: The density profile for the situation with 5000 Argon particles, zoomed in at the film
layer. The start of the layer is defined as the first position where the Argon density is nonzero,
here at position 17.7 σAr. The end of the film layer is defined as the last position where the density
is 100 kg/m3, here at 22.2 σAr. The thickness of the film layer is therefore 4.5 σAr.

In Table 5.1, the results from the MD simulation are shown. The pressure and
density are both calculated in the vapour part, at more than 5 σAr away from the
evaporation interface. The thickness is measured as explained above. From the
vapour pressure and vapour density, a corresponding saturation temperature can
be read from literature tables [13], as shown in Table 5.2.
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Table 5.1: The results from the Molecular Dynamics simulations. The film thickness is measured
in σAr = 0.340 nm.

Number of Pressure Density Thickness Thickness
Ar-particles left right

(±0.05 MPa) (±1 kg/m3) (±0.3 σAr) (±0.3 σAr)
6000 1.51 MPa 57.3 kg/m3 5.5 σAr 5.5 σAr

5500 1.31 MPa 49.9 kg/m3 5.1 σAr 5.0 σAr

5000 1.08 MPa 42.4 kg/m3 4.3 σAr 4.5 σAr

4000 0.54 MPa 23.1 kg/m3 2.7 σAr 2.8 σAr

3000 0.16 MPa 7.0 kg/m3 2.5 σAr 2.7 σAr

Table 5.2: The temperature corresponding to the pressure is defined as the temperature for which
the saturation pressure is the one reported in the Pressure row in Table 5.1, the temperature cor-
responding to the density is defined as the temperature for which the saturation density is the one
reported in the Density row in Table 5.1.

Number of Corresponding Corresponding
Ar-particles temperature (P ) temperature (ρ)

(±1 K) (±1 K)
6000 124.4 K 119.1 K
5500 121.5 K 118.8 K
5000 118.1 K 114.1 K
4000 106.6 K 103.8 K
3000 91.2 K 88.1 K

These two values do not agree: the saturation temperature corresponding to the
vapour pressure is a few degrees higher than the saturation temperature correspond-
ing to the vapour density. This is because the Lennard-Jones potential does not
exactly agree to Argon, as shown in Section 4.2. Because the saturation tempera-
ture corresponding to the vapour pressure for 6000 particles is higher than the wall
temperature, this temperature seems to be the least accurate one, so further on the
saturation temperature corresponding to the density is used. In the rest of the calcu-
lation, the difference between this saturation temperature and the wall temperature
is calculated; when this difference is small as with 6000 particles, the inaccuracy of
the temperature difference can be larger than the temperature difference itself.

The dispersion parameter A is calculated from (5.3), and the results are shown in
Table 5.3. The accuracy in the final result is the estimated accuracy due to the grid
size and overall motion. The systematic error due to the choice of cut-off density, is
not taken into account; in the results with low vapour density (for 4000 and 3000 par-
ticles) the film thickness δ is underestimated, so the value forAmay also be underes-
timated as much as 1 σAr. Based on these results, an estimate for the dispersion pa-
rameter A of Argon on Calcium around 120 K is (5± 1) · 10−20 J. This is reasonable,
compared to the dispersion parameter of Argon on Platinum of 5.3 · 10−20 J [108].
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Table 5.3: Results of the simulations. For lower vapour densities, especially with 3000 particles,
the film thickness is underestimated.

Number of Ar-atoms (Twall/Tsat − 1) δ3 A
6000 0.0076 (5.5± 0.2) σ3

Ar (0.73± 0.9) 10−20J
5500 0.0101 (5.0± 0.3) σ3

Ar (0.74± 1.6) 10−20J
5000 0.0571 (4.4± 0.4) σ3

Ar (2.7± 2.5) 10−20J
4000 0.1561 (2.7± 0.5) σ3

Ar (2.0± 4.1) 10−20J
3000 0.3621 (2.6± 0.8) σ3

Ar (4.7± 5.1) 10−20J

5.3 Simulation of the microregion

The dispersion parameter for Calcium-Argon is now determined at A = 5 · 10−20 J,
so all the data needed to get a result from the continuum model is known. The
material parameters to be used are shown in Table 5.4.

The model that has been used to obtain these results is based on the assumption
that a continuum approach is valid in the microregion. Because of the small scales
involved in the problem, this approximation may not be valid. This is analysed in
Section 5.3.1, which will show that in part of the domain the Knudsen number is
large, which implies that the continuum approximation does not hold. The effects
of this incorrect assumption can not be seen from experiments, as the length scale
of the heat flux peak is too small. To see if the results from the continuous model
are still valid, the microregion is analysed with Molecular Dynamics. This is com-
putationally a large problem, so to make the computation as efficient as possible, in
Section 5.3.2 the exact location of the microregion is determined. Only this section
will be studied in more detail in Section 5.4.

5.3.1 Knudsen number analysis

The value for the dispersion parameter, A = 5 · 10−20 J, as derived by the MD sim-
ulations, will be used in the continuum model by Stephan et al. [105]. The results,

Table 5.4: The materials parameters used to obtain the results from the continuum model.

Heat of evaporation ∆hv 0.126 · 106 J/kg
Vapour density ρv 60.14 kg/m3

Liquid density ρl 1162.8 kg/m3

Thermal conductivity of liquid λl 0.0839 W/m K
Saturation pressure at 120 K psat 12.13 bar
Surface tension σ 0.0049 N/m
Viscosity of liquid vL 0.9598 m2/s
Dispersion parameter A 5 · 10−20 J
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as delivered by Christian Kunkelmann from Technische Universität Darmstadt, are
shown in Figure 5.4.
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Figure 5.4: The film layer position results for the continuous solution found with the method
described in Appendix A, for Argon on Calcium with 10 K superheat.

The validity of the continuum solution is analysed from the local Knudsen tem-
perature number (2.5), which is similar to the local Knudsen number as defined in
Section 2.2.2. It is assumed that the temperature profile is linear from the wall to the
liquid-vapour interface, so

T (x, y, z) = Twall + (Tiv(x)− Twall)
y

δ(x)
. (5.4)

The local Knudsen temperature number in the liquid is then calculated as

Kn(x, y, z) = λref

∣∣∣∣
∇T (x, y, z)
T (x, y, z)

∣∣∣∣ , (5.5)

where the reference mean free path length λref is the mean free path length of a gas
in equilibrium with the same temperature as the liquid [109]. The result is shown in
Figure 5.5.

The Knudsen temperature number takes a maximal value in the liquid of 0.0536,
which classifies the situation as transition flow [7], for which the continuum equa-
tions are not automatically valid. Because the temperature and pressure have jump
discontinuities between the liquid and the vapour, the Knudsen temperature and
Knudsen density number take on infinite values there. In the vapour, the continuum
model approximates the density and temperature to be uniform, so the Knudsen
number is zero.

From the Knudsen number analysis it is expected that the differences between
continuum model and Molecular Dynamics simulation results will be located at the



126 Molecular Dynamics simulation of the microregion

x-Position/σAr

y-
P

os
it

io
n/

σ
A

r

 

 

50 100 150 200 250 300
0

50

100

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Figure 5.5: The Knudsen temperature number in the liquid found from the continuum solution.

liquid-vapour interface or at the heart of the microregion around x = 180 σAr.

5.3.2 Microregion size

The microregion is defined as the region in which the interface liquid-vapour Ti is
no longer equal to the saturation temperature Tsat and the interface curvature K is
not constant. From the results from the continuum model, the microregion can be
determined, as shown in Figure 5.6.
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Figure 5.6: The capillary pressure (left) curvature (right) results for the continuous solution
found with the method described in Appendix A, for Argon on Calcium with 10 K superheat.

Figure 5.6a shows that the capillary pressure is constant on the left of x = 50 σAr,
and negligible on the right of x = 300 σAr. Figure 5.6b shows that the curvature is
constant before x = 50 σAr and after x = 350 σAr.

These results show that the microregion is located between x = 50 σAr and x =
350 σAr; on the right the liquid has approximately constant curvature and negligible
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capillary pressure, and on the left the adsorbed film layer has a constant capillary
pressure.

To analyse the correctness of the continuum model in the microregion, the mi-
croregion is simulated in Molecular Dynamics. The number of particles needed
for this simulation can be estimated from the continuous result in Figure 5.4. Be-
tween 50 σAr and 350 σAr, the continuum model predicts a liquid area of 7443 σ2

Ar.
In the MD simulation, a three-dimensional system is used, and periodic boundary
conditions are used for the third dimension. The depth of this third dimension in
the simulation is set at 10.96 σAr. This is large enough to avoid periodicity problems:
for a fluid with Lennard-Jones intermolecular potential, the depth of this third di-
mension should be more than 6 σ [33]; although the cutoff radius Rc in the microre-
gion simulation is larger than usual (4.5 σAr versus 2.5 σAr), the depth of 10.96 σAr

is large enough to compensate for this. This makes the total volume of the liquid
around 81600 σ3

Ar. Because the maximal sphere packing is 74 %, approximately 60000
particles are needed for the simulation of the liquid region. The total simulation size
is 300 σAr × 260 σAr × 10.96 σAr, so the rest of the volume, around 773000 σ3

Ar, is
taken up by the vapour phase. At a density of 60.14 kg/m3, approximately 27500
particles are needed for this, so in total the simulation needs 87500 Argon particles.

5.3.3 Boundary conditions for MD

The boundary conditions that are used for the MD simulation are all taken from the
microregion model (Appendix A). In the z-direction, all boundary conditions are
periodic.

Figure 5.7: Schematic view of the boundary conditions for the full simulation. The grey area
indicates the region where the density is controlled.

The simulation size in the x-direction is 296.14 σAr. On the right side, at bound-
ary A in Figure 5.7, the boundary condition should mimic a liquid flows inward,
with a velocity profile derived from (A.9) and (A.16) as
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u(y) =
3Q′′

2ρL∆hvδ

(
2
y

δ
−
(y
δ

)2
)
, (5.6)

where δ is the height of the liquid. The value for the total heat flux per unit lengthQ′′

is taken from the continuum solution as 6.45 W/m. At the boundary condition A, the
total mass flow in the direction perpendicular to the wall is

Q′′

∆hv
=

6.45 W/m2

0.126 · 106 J/kg
= 51 µg/s m2. (5.7)

The depth of the simulation box is 10.96 σAr = 3.73 nm, so 0.190 · 10−12 kg/s is trans-
ported. Per time unit of 2.15 ps, the transported mass is 4.16 · 10−26 kg = 6.27 mAr,
so the mass transfer through boundary condition A is 6.27 Argon particle per di-
mensionless time unit. The temperature profile at A is described as a linear temper-
ature profile, with temperature near the wall equal to Twall, and temperature near
the evaporation interface equal to Tsat. This is achieved by applying a thermal wall
(Section 3.2.2) with the linear temperature profile.

In the continuum model, the position of the interface between boundary condi-
tion A and boundary condition B is not pre-defined, but the curvature K is. Ideally
this should be done also in the Molecular Dynamics simulations; however, this is
too complicated for practical purpose, so in the MD simulation, the position of the
interface at the boundary is fixed at a height of 95 σAr, taken from the continuum
solution. The continuum solution shows that the interface has an angle of 39.8◦ with
the wall; this is imposed with a potential energy function similar to (4.1) as follows:

φ(x, y) =
{
φ1 (296.14 σAr − x) if y ≤ 95 σAr;
φ1 (296.14 σAr − x+ tan(39.8◦)(y − 95 σAr)) if y > 95 σAr,

(5.8)

where φ1 is given in (4.1):

φ1(z) =

{
−εArz2

2σ2
Ar

if z ≤ σAr;
0 if z > σAr,

In this way, the boundary for the potential energy well is at y = 95 σAr; because
particles will stick to this potential well, the location for the liquid-vapour bound-
ary will be slightly higher. It is a priori unknown how much the extension of the
boundary is, therefore this will be compensated for in the results.

At boundary conditions B, C and D, reflective boundary conditions (Section 3.2.1)
are used. In the continuum model, the pressure is prescribed at these boundary
conditions, as the saturation pressure Argon at the liquid temperature. In the MD
simulation, this is done by prescribing the density in a region where the particles are
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in the vapour phase, shown in Figure 5.7 by the shaded region, given by

x− y < 50 σAr and y > 50 σAr. (5.9)

The volume of this area is 406068 σ3
Ar. Because at 120 K, the saturated vapour density

is 60.14 kg/m3, this area should contain 14477 Argon particles. Eleven times per di-
mensionless time unit, the number of particles in this region is checked, and if more
particles are present, they are relocated to the liquid inlet boundary condition A. If
the number of particles in the region is less than 14477, nothing happens.

At boundary condition E, the film layer has no heat flux and no mass flux per-
pendicular to the wall. At boundary conditions F and H, the wall has no heat flux
perpendicular to the wall. At boundary condition G, the position of the wall is kept
constant, as is the temperature. The heat added to the wall is recorded at every posi-
tion. As calculated above, every dimensionless time unit 6.27 Argon particles have
to be removed from the vapour region. They are selected randomly from all the
particles in the area (5.9); this has a volume of 16.2 · 10−24 m3. The vapour density
at 120 K is 60.14 kg/m3, so the volume should contain 0.975 · 10−21 kg, equivalent
to 14705 Argon particles.

Since the flow at boundary A is considered parabolic, the particles are inserted
between y = 10 and y = 95, in a parabolic profile, with probability p given by

p(y) = −3(295 σAr − 10 σAr − y)(10 σAr − y)
2(85 σAr)3

. (5.10)

The method used is the insertion method where the interaction between the particles
is growing, described in Section 4.4.

5.4 Results

After the simulation reached equilibrium, which was checked by analyzing the total
energy in the system, the simulation ran for 1000000 time steps of 0.0025 tMD. After
every 500 time steps, the positions and velocities of the particles were stored, and
these 2000 microstates were averaged.

5.4.1 Verification of assumptions

With the results from the MD simulation, some assumptions that were made in the
derivation of the solution in Appendix A are checked.
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No slip boundary condition

The velocity profile in the continuum model is assumed to be parabolic, with a no-
slip boundary at the wall. Although it is known that on a molecular scale the no-
slip boundary condition does not hold, the flow here is so small that the no-slip
approximation should work. The thermal velocity (3.1) of the Argon particles close
to the wall is 270 m/s, whereas the maximal inflow velocity is 1.6 m/s, which follows
from (5.6). With the 2000 independent microstates, the standard deviation in the
results is 3.5 m/s, which is not enough to separate the maximal velocity from the
thermal noise, and the situation for the slip flow is even worse.

Parabolic velocity profile

For the same reason as the no-slip boundary condition, there is not sufficient data to
validate this.

One-dimensional heat flux

In the continuum model, the heat flux is assumed to be negligible in the horizontal
direction. The isotherms for the solution found by the continuum model are shown
in Figure 5.8.
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Figure 5.8: The isotherms in the central part of the microregion.

The figure shows that the isotherms are not horizontally, therefore the approx-
imation of one-dimensional heat flow is not valid here. The superheat of 10 K is
larger than the normal superheat in the model, and the approximation will be better
for lower temperatures. The difference is largest close to x = 300 σAr, where the
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isotherms have an angle of 39.8◦ to the solid. However, around 200 σAr, where the
solution shows the highest heat flux, the isotherms are almost horizontal, so for the
largest part of the heat flux, the approximation may still be valid.

Linear heat flux

The continuum model assumes a linear temperature profile between the wall and
the evaporation interface; the MD simulation supports that, see Figure 5.9.
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Figure 5.9: The temperature profile on x = 250 σAr. The MD results are shown by the dots, the
prediction from the continuum model by the solid line. For y > 40 σAr, the Argon is gaseous, so
temperature fluctuations are larger.

The temperature profile in the Molecular Dynamics results is linear from y =
0 σAr to y = 40 σAr, the location of the evaporation interface. The slopes are however
different; the MD results show that the temperature at the evaporation interface Tiv

is higher than the prediction from the continuum model. This is not specific to the
location, as shown in Figure 5.10. The temperature at the evaporation interface pre-
dicted by the continuum model is lower than the results from the MD simulation.
This can be due to a difference in heat transfer, thermal conductivity λL or interfacial
heat transfer A.3.

5.4.2 Profile

According to the continuum model, the microregion should see a strong curvature
of the meniscus, in the order of 1/100 nm; the result in Figure 5.11, created by time-
averaging the results, indeed shows such a curvature. In Figure 5.12, the liquid
height δ of the Molecular Dynamics simulation is compared to the prediction from
the continuum model. Because boundary condition (5.8) could only prescribe the
location of the potential well, and not the location of the liquid-vapour boundary,
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Figure 5.10: The interface temperature in the continuum model (solid line) and in the MD sim-
ulations (dots).

Figure 5.11: The density profile of the time-averaged result of the MD simulation of the microre-
gion. A droplet is seen on the left.

the position of the liquid-vapour boundary in the MD simulation was 100.2 σAr,
higher than the required 95.0 σAr. The continuum solution predicts a liquid height
of 100.2 σAr at x = 355 σAr, so to be able to compare the results, the right side of
the MD simulation was positioned at x = 355 σAr. Figure 5.12 shows that the MD
simulation predicts a slightly higher liquid profile between x = 180 σAr and x =
300 σAr, while the curvature is about the same.
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Figure 5.12: The liquid height δ found by the continuum model of Stephan et al. (dashed line)
compared to the result from the MD simulation (solid line).

5.4.3 Heat transfer

Figure 5.13 shows the temperature of the liquid close to the wall. The results from
the MD simulation agree nicely to the prediction from the continuum model.

100 150 200 250 300 350
115

116

117

118

119

120

121

122

123

Position (σAr)

T
em

pe
ra

tu
re

(K
)

Figure 5.13: The MD result for the liquid temperature close to the wall, between y = 4 σAr and
y = 6 σAr. The solution calculated from the continuum model by Stephan et al. is shown with the
solid line, the results from the MD simulation with the dots.

The minimum temperature and its location agree for both methods. Around x =
250 σAr, the temperature in the MD simulation is lower than the temperature pre-
dicted by the continuum model; this corresponds to the region in Figure 5.12 where
the MD simulation shows more liquid.

Both models show that the temperature of the liquid close to the wall is lower
around x = 200 σAr. Because the wall temperature is prescribed to be 120 K at the
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bottom of the wall, this shows that the heat flux is highest in that area, just as what
the continuum model predicts.

The heat flux can be calculated from the temperature difference between the wall
and the liquid close to the wall. The results for the MD simulation and the continuum
model are shown in Figure 5.14.
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Figure 5.14: The heat transfer in the microregion, as predicted by the continuum model (solid
line), and calculated from the MD results. The heat transfer calculated from the temperature
difference between the wall and the liquid directly above the wall is shown with the dotted line,
and the heat transfer calculated from the temperature difference between the wall and the interface
is shown with the dashed line.

The figure also shows the heat transfer calculated from the difference between
wall temperature and interface temperature Tiv. Whereas the heat transfer calcu-
lated from the liquid temperature corresponded to the heat transfer predicted by
the continuum model, the heat transfer calculated from the interface temperature
underestimates the heat flux. Because the total heat flux from wall to liquid is the
same as the total heat flux from wall to vapour, the real value of the heat transfer
must be higher than the calculated heat transfer. This can be due to the interfacial
heat resistance at the liquid-vapour interface (A.3), but could also be explained by
an interfacial heat transfer at the solid-liquid interface, which has been shown to ex-
ist in Molecular Dynamics simulations [110], but has been ignored in the continuum
model.

5.5 Conclusion

The validity of the continuum approximation in the microregion has been tested
by comparing results from a continuum model to results from Molecular Dynamics
simulations. To obtain results from the continuum model, the Dispersion parameter
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should be known; because no literature result for this exists, Molecular Dynamics
simulations were used to obtain this value for Argon on Calcium.

The Molecular Dynamics simulation was used to simulate the details in the mi-
croregion. The simulation size and boundary conditions were determined from the
results from the continuum model.

The Molecular Dynamics simulation showed a profile that is similar to the contin-
uum solution, and the temperature close to the wall was also similar in both cases,
which suggests that the heat transfer is similar. The predictions of the continuum
model are therefore also valid on the microscale.

The results from the continuum model show a large heat flux in the microregion.
Experiments have verified the existence of this large heat flux, but can not validate
whether it is represented correctly by the continuum model.

Based on the Knudsen number analysis, the continuum model may fail to de-
scribe the temperature at the evaporation interface, and the approximation of one-
dimensional heat flux is also not valid everywhere. But the location of the evapora-
tion interface and the heat flux from the solid to the liquid agree quite well. The heat
flux calculated from the temperature close to the wall agrees to the prediction from
the continuum model, but the heat flux calculated from the interfacial temperature
underestimates the heat flux. The interfacial heat resistance may be responsible for
this.

Overall, the continuum model by Stephan et al. gives a good prediction for the
contact line and the heat transfer through the channel wall, but the prediction for the
interfacial temperature does not agree to the results from the Molecular Dynamics
simulation. The interfacial heat resistance may be different in both models, but it can
not be concluded which is the correct one.
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Chapter6
Concluding discussion

6.1 Conclusions

The problem of heat removal on computer chips is becoming larger and larger, be-
cause they are becoming more powerful and smaller at the same time. Microchannel
cooling is an interesting solution for this, as it is capable of removing up to twenty
times more heat than in conventional cooling. Furthermore, with evaporation large
local cooling can be localized on the hot spots, so that the heat removal is even more
effective.

The heat and flow problems in microchannels are complex to solve, because of
the small scales in the problem. The Knudsen number can be larger than 0.1, such
that the fluid can not be approximated as a continuum, but the particle behavior is
important. The Molecular Dynamics method is capable of solving the problems on
that small length scale, but it is computationally very expensive, so it should only
be used in regions where the other methods fail. This can bee seen from the dimen-
sionless Knudsen number: in places where the Knudsen number is large, Molecular
Dynamics should be used, in other regions other faster methods speed up the cal-
culation. Because in MD the motion of every individual atom is calculated, it is
practically impossible to simulate one entire microchannel with Molecular Dynam-
ics. This thesis shows how the heat transfer and mass flow in a microchannel can be
determined by applying Molecular Dynamics in the parts of the channel where the
Knudsen number is large. For the problem of the microchannel, these parts are the
regions where different phases are in contact with each other (close to the walls and
at the phase transition).

Molecular Dynamics simulations showed that density oscillation occur on the
sides of the channel, where the liquid and vapour are in contact with the solid wall;
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there the thermal conductivity decreases up to 7 %. The interaction between the liq-
uid or vapour coolant and the solid wall determines the behaviour in the bulk fluid.
Since the Molecular Dynamics simulation of the wall is time-consuming, a combined
model was made, in which the liquid and vapour are simulated by Molecular Dy-
namics, and the wall as a group of particles clumped together. It was shown that the
heat transfer in this model is similar to the Molecular Dynamics results, at reduced
computation time. In this way, the interaction between liquid/vapour coolant and
solid microchannel wall can be simulated faster at the same precision.

At the evaporation interface, the CFD method does not model the existence of
a Knudsen layer, which at these small scales is important. A phase transition be-
tween liquid and gas can be simulated with Molecular Dynamics, but because the
full range of the potential energy function is used, the results are very sensitive to the
right choice of interaction. A systematic approach was followed, in which the inter-
actions between atoms were isolated, and the correct modelling of these interaction
was determined by comparing the Molecular Dynamics results with thermodynamic
properties found in literature. The Molecular Dynamics simulation is capable of sim-
ulating this region on the nanoscale, and it was shown that if the cut-off length for
the potential energy function is chosen large enough, the thermodynamic quantities
are close to experimental results.

At the place where the three phases interact, the microregion is located. In this
microregion, a large part of the heat transfer between a microchannel wall and the
coolant takes place. Continuum models for this microregion exist, but experiments
have sofar been unable to give information about the microregion on the nanoscale,
so it was not clear if the continuum model was correct. In this thesis it was shown
that a Molecular Dynamics simulation of the microregion, that gives detailed infor-
mation, shows a similar temperature profile and contact line profile as the continuum
models. Hence, it can be concluded that the predictions by the continuum model on
the microregion, developed by Stephan et al. [105], predicts the heat transfer and
the interface profile correctly, even though the assumption of one-dimensional heat
transfer may not be valid for a superheat as large as 10 K. The only restriction is the
interfacial heat transfer, for which the models show different results.

6.2 Recommendations for further research

The largest restriction on the results in this thesis are on the size of the simulation,
and the use of materials: only coolant Argon in a Calcium microchannel.

The Molecular Dynamics simulation of the microregion in Chapter 5 was com-
putationally challenging, but from a macroscopic view, the simulated volume and
time were small. It is obvious that if a simulation with 200.000 particles is problem-
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atic, macroscopic problems with in the order of 1026 particles are unsolvable. Some
approaches can help to make Molecular Dynamics simulation be useful for a larger
volume and time.

The obvious first solution is to increase the number of particles in a simulation,
by using parallel computation methods. The simulated volume is then divided into
subvolumes, each of which is sent to a different processor. The processors then have
to communicate interactions and mass transfer between the sub volumes. If the sub-
volumes are chosen wisely such that the communication is minimal, the group of
processors can simulate more particles than a single processor. In this way, and test
calculations with more than 12 · 109 have already been done, using 2016 nodes [111].

It may look like the problem of restricted simulation size will solve itself, but that
is false hope: even with 1011 particles no microscopic situation can be simulated.
For this reason, the available computation time should be used wisely. If the initial
configuration of the Molecular Dynamics simulation is not chosen carefully, the sim-
ulation may spend a long time in a sub-optimal local energy minimum. Although
the simulation should ultimately reach the true equilibrium, this can take up a lot of
simulation time. This may be prevented by choosing the initial configuration wisely.
The CFD solution, that is found computationally cheap compared to the Molecular
Dynamics solution, gives a crude but useful approximation for the initial configura-
tion, and sometimes this can be improved by for example the method explained in
Section 3.1. The problem of how to translate the continuum results into discrete par-
ticle positions will still be hard to solve, even though models have been developed
to do this [112].

For most problems, the CFD solution gives acceptable results, and the Molecular
Dynamics method is only needed in small regions. To determine where the Molecu-
lar Dynamics method should be used, the CFD solution can be used. From this CFD
solution, the Knudsen number can be determined, as explained in Section 2.2. Where
the Knudsen number is low, the CFD solution gives good results, so it is a waste of
computation time to use Molecular Dynamics there. If the CFD solution shows that
the Knudsen number is low in some parts of the simulation domain and high in other
parts, the CFD method and the Molecular Dynamics method can be coupled without
significant loss of accuracy. The coupling itself is however problematic: it is straight-
forward to translate the Molecular Dynamics results into continuous quantities, but
it is difficult to extract particle positions and velocities from the continuous quanti-
ties without overlapping particles. This is essentially the same problem as finding
initial positions, and the same models are used here [112]. It is known that DSMC
performs than MD better in low densities, so in areas where the CFD solution pre-
dicts low densities, a coupling of DSMC and MD can save even more computation
time [67].

The previous Chapters in this thesis have mainly used Argon as coolant. Argon
is an obvious choice from a Molecular Dynamics perspective, because the interac-
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tion between Argon molecules is well-understood, but would be impractical to be
used in real-life applications, because the temperature of 120 K is for most situations
impractical, and its thermal conductivity is low compared to other materials [13].
Instead, other fluids are used as coolants, for example 1,1,1,2-Tetrafluoroethane (also
known as R-134a) [113]. This has 8 atoms of three types, 7 bonds, 6 bends and 2 tor-
sions. Although this can be modeled with MD, every interaction introduces a small
error, and it is likely that these errors accumulate to such a large error on the thermo-
dynamic behavior, that the MD simulations would be not much more than a waste
of computation time.

Water, with only three atoms per molecule, may appear on first sight to be a good
candidate for MD simulations, but water may be the most difficult small molecule. If
it is modeled as three atoms, connected by two bonds and one bond, as described in
Section 2.3, the thermodynamic properties derived from the MD simulation will be
nowhere close to water, because the electric polarity and hydrogen bonds are then
ignored. There have been models created in literature to solve this problem [114; 115;
116; 117], but there is no definite standard yet, as all proposed potential functions
fail on some points. The strategy outlined in this thesis can be used to show which
model suits best for the microchannel problem, by comparing the thermodynamic
quantities of interest in the evaporation-condensation equilibrium.

The best candidate molecule that can be modeled in MD and still has practical
applications is Nitrogen. For MD, Nitrogen is simple enough because it consists
only of two atoms, similar to Oxygen that has been modeled in Section 4.3, while
it is in use as a coolant for supercomputers [118]. These operate at temperatures
around 70 K, and at that temperature the bond can be considered stiff, as was done
in the analysis for Oxygen in Section 4.3.

The material for the microchannel wall has been Calcium throughout this thesis.
This choice was also not made to resemble a practical usage, but purely for ease of
simulation. Better models for more realistic materials are available in literature [119].
The heat transfer properties between a coolant and the a solid is not so much influ-
enced by the properties inside solid but more by the interaction between the solid
and the coolant, so the correct choice of potential for this interaction is crucial.

Because the continuum model still gives good results in the microregion, it may
be possible to use some of its results to replace Molecular Dynamics simulation, such
as the heat transfer through the wall, eliminating the need to simulate the channel
wall. Because the microregion accounts for a large part of the heat transfer, this
should be done with great care.

Other applications besides microchannel cooling also exist. The Molecular Dy-
namics simulation of the microchannel problem is quite similar to the contact line
problem, and the Molecular Dynamics simulation could be used to simulate dy-
namic contact lines, although restricted to time scales shorter than a microsecond
for computational reasons. An example of this contact line problem is immersion
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lithography, where a fluid is placed between the wafer and the lens; the interaction
between fluid and wafer/lens can be modeled in Molecular Dynamics.
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AppendixA
Microregion continuum

model

The heat flow in the microregion of evaporation in a microchannel is similar to the
heat flow in other situations, such as the heat flow in the microregion of grooved
heat pipe evaporators and nucleate boiling on a heated wall. These situations have
been analysed by Peter Stephan et al. ([16; 105]). They developed a continuum model
for the microregion based on molecular interactions. The situations that the model
was developed for, are in many ways similar to the problem of evaporation in mi-
crochannels. Some differences remain, which cause the continuum model to not be
directly applicable. In this appendix, the continuum model is described, with spe-
cial care given to the assumptions needed for the model, and the differences with the
problem of evaporation in microchannels are given.

A.1 Model description

In the analysis of the heat flow in grooved heat pipe evaporators and nucleate boiling
on a heated wall, the problem can be simplified by assuming that the temperature at
the interface liquid-vapour Tiv is equal to the saturation temperature Tsat, and that
the interface has a constant curvature K. These assumptions are valid over most of
the domain, but not in the microregion, the place where the evaporation interface is
close to a solid wall [120]. Therefore, the problem is divided into a microregion and a
macroregion, see Figure A.1. In the microregion, the evaporation zone interacts with
the wall, and adhesion effects are in balance with curvature and interfacial thermal
resistance effects. In this Figure, the vapour phase is on the left and the liquid phase
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Figure A.1: The division between microregion and macroregion (from [121]).

is on the right. In the vapour phase, a thin layer is adsorbed by the wall, causing an
adsorbed liquid film. The van der Waals forces between the film layer and the wall
are so strong, that this layer will not evaporate, even at high wall temperatures, and
the heat transfer through this film layer is negligible. This film layer continues into
the microregion, where the mass flow is dominated by the strong evaporation. This
microregion is connected to the macroregion, where the transverse flow is dominant.
The heat and mass flow in the macroregion are calculated with a standard contin-
uum model, and the microregion is analysed with a more detailed model. The two
models are connected through their boundary conditions, and the problem is solved
iteratively. Because the microregion is of most interest here, it is discussed further.

A.2 Heat flux in the microregion

To analyse the heat and mass flow in the microregion, coordinates are introduced:1

at x = 0, the film layer is connected to the microregion and y = 0 corresponds to
the interface between wall and liquid. The thickness of the liquid layer at position x
is denoted by δ(x). At x = 0, the thickness δ(0) is the thickness (ca. 1 nm) of the
adsorbed film layer. At x = ∆x, the microregion is connected to the macroregion,
and the curvature of the liquid layer should match the curvature of the macroscopic
evaporation meniscus.

The temperature at the wall-liquid interface is given by Tw and the temperature at
the liquid side of the liquid-vapour interface by Ti. If the heat conduction is assumed

1The description here varies from [16]: there a bubble was analysed so cylindrical coordinates were
used, here a microchannel is analysed so cartesian coordinates are used, similar to [105].
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one-dimensional in the y-direction, the heat flux in the liquid film q′′ is given by

q′′(x) =
λL
δ(x)

(Tw − Ti) (A.1)

where λL is the thermal conductivity of the liquid. This is equal to the heat flux from
the liquid to the vapour, which is given by [122]

q′′(x) =
1
Ri

(Ti − Tiv) , (A.2)

where Tiv is the temperature at the vapour side of the liquid-vapour interface, andRi
the interfacial thermal resistance, given by [123]

Ri =
Tsat
√

2πR Tsat
∆h2

vρv

(2− f)
2f

, (A.3)

with Tsat the saturation temperature, R the universal gas constant, ∆hv the heat of
evaporation, ρv the vapour density and f the condensation coefficient. From (A.1)
and (A.2), the temperature at the liquid-vapour interface Ti can be eliminated. The
result is

q′′(x) =
Tw − Tiv(x)
Ri + δ(x)/λL

. (A.4)

In the macroregion, the temperature at the vapour side of the liquid-vapour interface
temperature Tiv(x) is equal to the saturation temperature of the gas Tsat, but in the
microregion it is different, which causes a capillary pressure pc(x),

Tiv(x) = Tsat

(
1 +

pc(x)
∆hv ρL

)
(A.5)

where ρL is the liquid density. With (A.5), the heat flux (A.4) can be written as

q′′(x) =
Tw − Tsat

(
1 + pc(x)

∆hv ρL

)

Ri + δ(x)/λL
. (A.6)

This heat flux is removed at the interface δ(x) by evaporation. The evaporation
causes a mass flow in the liquid.

A.3 Mass flux in the microregion

Because the problem is stationary, the mass flow caused by the evaporation is bal-
anced by a mass flow from the liquid macroregion into the microregion, induced
by the capillary pressure difference. To analyse this mass flow, a one-dimensional
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boundary layer is assumed, and the convective terms in the momentum equation
are neglected. At the wall, a no-slip boundary condition is applied, and at the liquid-
vapour interface, the velocity is assumed maximum, so

u(x, 0) = 0, (A.7)
∂u

∂x
(x, δ(x)) = 0. (A.8)

The velocity profile u (in the direction parallel to the wall) can be derived from the
momentum equation as

u(x, y) = − 1
νLρL

dpc
dx

(
y2

2
− δ(x)y

)
, (A.9)

where νL is the kinematic viscosity of the liquid and ρL the density of the liquid.
From the mass balance at the evaporation interface y = δ(x), it follows that the
evaporation rate ṁevap is

ṁevap(x) =
∂

∂x

(
ṁ(x)δ(x)

)
, (A.10)

where ṁ is the mean mass flux, found from (A.9) as

ṁ(x) =
ρL
δ(x)

δ(x)∫

0

u(x, y) dy = −δ(x)2

3νL
dpc
dx

, (A.11)

so (A.10) becomes

ṁevap(x) = − 1
3νL

∂

∂x

(
dpc
dx

δ(x)3

)
. (A.12)

It thus follows that the evaporation is determined by the capillary pressure pc and
the interface position δ.

A.4 Differential equations in the microregion

Because it is assumed that the heat flux is completely used for the phase transition
of the liquid to vapour, the heat flux (A.6) and the mass flux (A.12) are related by

∆hvṁevap(x) = q′′(x), (A.13)

so

−∆hv
3νL

∂

∂x

(
dpc
dx

δ(x)3

)
=
Tw − Tsat

(
1 + pc(x)

∆hvρL

)

Ri + δ(x)/λL
. (A.14)
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This can be simplified by introducing Q′′(x) as the total heat transferred in the area
between 0 and x,

Q′′(x) =

x∫

0

q′′(x) dx. (A.15)

With this, (A.14) can be integrated over x to yield

Q′′(x) = −dpc
dx

∆hvδ(x)3

3νL
. (A.16)

The capillary pressure pc is expressed as [105]

pc(x) = σK(x) +A/δ3(x), (A.17)

with σ the surface tension, K the curvature and A the dispersion constant, also
known as Hamaker constant [105]. The dispersion parameter determines the strength
of the interaction between the solid and the fluid. The first term of (A.17) is due to
the interface curvature and the second term due to the adhesion pressure [124]. The
curvature K is related to the liquid layer thickness δ by the rules of differential ge-
ometry as

K(x) =
δ′′(x)

(1 + δ′(x)2)3/2
. (A.18)

The final differential equation is found by combining (A.17) and (A.18), to get an
expression for δ′′(x),

δ′′(x) =
(
1 + δ′(x)2

)3/2 1
σ

(
pc(x)−A/δ3(x)

)
. (A.19)

The equations (A.14), (A.16) and (A.19) form a set of differential equations for the
heat and mass flow in the microregion. At x = 0, where the microregion is connected
to the film layer, the heat flow is neglected, so (A.4) shows that Ti,eq(0) = Tw. The
capillary pressure at x = 0 can then be found from (A.5) as

pc(0) = ∆hvρL

(
Tw
Tsat

− 1
)
. (A.20)

At x = 0, the curvature K(0) = 0, so from (A.17) it follows that

δ(0) = 3

√
pc(0)
A

. (A.21)

At x = ∆x, the microregion is connected to the macroregion. At that point, the
curvature K(∆x) should be equal to the curvature of the macroscopic evaporation
meniscus.
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In conclusion, the heat and flow in the microregion are given by the set of differ-
ential equations

dδ

dx
= δ′(x) (A.22)

dδ′

dx
=

(
1 + δ′(x)2

)3/2 1
σ

(
pc(x)− A

δ3(x)

)
(A.23)

dpc
dx

= −3νLQ′′(x)
∆hvδ(x)3

(A.24)

∂Q′′

∂x
=

Tw − Tsat
(

1 + pc(x)
∆hvρL

)

Ri + δ(x)/λL
(A.25)

with initial conditions

δ(0) = 3

√
pc(0)
A

(A.26)

δ′(0) = 0 (A.27)

pc(0) = ∆hvρL

(
Tw
Tsat

− 1
)

(A.28)

Q′′(0) = Q′′0 (A.29)

where Q′′0 is chosen such that the curvature of the microregion is the same as the
curvature of the macroregion, so K(∆x) = Kmacr. All constants are either material
constants, or found from the solution to the macroscopic problem. This system is
solved numerically by a Runge-Kutta scheme.

Figure A.2: Numerical results for the microregion model (from [16]).



A.5 Marangoni effects 149

The results for the model for the microregion are shown in Figure A.2. At the
transition from adsorbed film layer to liquid, around x = 0.1 µm in Figure A.2, the
heat flux is maximal, and the interface temperature changes from the wall tempera-
ture Tw to the saturated temperature Tsat.

A.5 Marangoni effects

At the evaporation interface, the velocity is assumed maximal (A.8). Due to surface
tension and evaporation effects, this is unlikely to hold at a nanometer scale. Later
work [125] improved this boundary condition to the Marangoni boundary condition,
to include surface tension-driven effects,

τph,l =
dσ

da
, (A.30)

where τph,l is the viscous shear stress, σ is the surface tension and a is the coordinate
parallel to the phase interface. This results in an improved velocity profile parallel
to the wall of

u(x, y) = − 1
νLρL

dpc
dx

(
y2

2
− δ(x)y +

σ′(x) y√
1 + δ′(x)2

)
. (A.31)

Although this improves results, the continuum flow description remains too coarse
to describe the small-scale phenomena occurring on the nanometer scale.

A.6 Problems for microchannel evaporation

Although this model gives satisfying results for heat flow in grooved heat pipe evap-
orators and nucleate boiling on a heated wall, there are some reasons to assume that
some aspects of the model are not accurate enough to describe the heat and mass
flow for evaporation in a microchannel. The problem of evaporation in microchan-
nels is physically different from the situations where the continuum model was de-
veloped for.

The continuum model has a wall with a constant temperature, whereas in the
microchannel problem hot spots occur in the wall, and the assumption of constant
wall temperature Tw is not valid. This also has an effect on (A.1), as there the heat
conduction through the liquid is assumed one-dimensional, in the direction normal
to the wall. For the continuum model, this assumption was checked by comparing
the temperature gradients in the final calculation [105] in the situation of a uniformly
heated wall. If there is a ”hot spot” in the wall, the heat from the hot spot will spread
out into the liquid, also parallel to the wall, and this assumption is not automatically
valid anymore.
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The continuum model also assumes unconfined bubbles. In a microchannel, the
evaporation interface is confined, so the curvature of the evaporation interface can
not be assumed constant in the macroregion.

Some important assumptions in the continuum model are done in the derivation
of the velocity profile (A.9). The flow is assumed continuum, with no-slip boundary
condition (A.7) at the wall interface. The no-slip boundary condition is known to
be invalid at a molecular level, and at small scales density fluctuations near the wall
become important [63]. A particle-based method such as Molecular Dynamics can
improve this boundary condition.
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Summary

Particle-based Evaporation Models and Wall Interaction
for Microchannel Cooling

Microchannel cooling, in which a coolant flows through a microchannel, is a efficient
method for heat removal. The heat removal can be improved by having the coolant
evaporate inside the microchannel. Although it is clear that this method can achieve
large local cooling, the process is not fully understood yet. CFD descriptions fail at
the small length scales, but particle-based method still work.

Two of the most important particle-based techniques are Direct Simulation Monte
Carlo (DSMC) and Molecular Dynamics (MD). DSMC is computationally faster, but
is less accurate and only works for gases. MD is more time-consuming, but also
works in the liquid and solid phase. In the simulation of microchannels, the channel
walls can also be simulated explicitly with MD, which increases the accuracy. The
methods (CFD, DSMC and MD) are analyzed on their weaknesses and strengths,
and compared in three standard problems: a Poiseuille flow, a gas with a tempera-
ture gradient between two walls, and lubrication flow around a heated obstacle. The
results show that the modelling of the fluid-wall interaction crucial for the overall
behavior.

In the simulation of evaporation inside microchannels, the treatment of fluid-wall
heat transfer is the most important. In gases close to walls, density fluctuations occur,
which have a large effect on the heat transfer between wall and gas; these fluctua-
tions have been analyzed in more detail. For heat transfer between a microchannel
wall and the coolant, the explicit wall model can be used in MD with great accuracy,
but also with great computational costs. Other wall models that are computationally
cheaper exist, but they are less accurate, or have parameters that are unknown a pri-
ori. To overcome this problem, a new model was introduced, based on a vibrating
wall model, that cuts back on computation time but has an accuracy comparable to
the explicit wall model.
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Evaporation can be modeled in MD, but to be sure that the simulations give the
right result, it has to be validated with experimental results. First, the intermolecular
interaction was validated, by looking at evaporation of Argon. Then, the bonds were
validated, by analyzing Oxygen evaporation. In this way, more complex molecules
consisting of atoms with internal bonds have also been checked.

The two problems of fluid-wall interaction and evaporation come together at the
microregion. This microregion is important in the analysis of a microchannel, as the
most heat is transferred here. To validate the MD simulation of this microregion,
simulation results are compared to the results of a model of this region based on a
continuous description.

With the models now available, a complete microchannel with evaporative cool-
ing can be simulated. However, it is computationally too expensive to use MD for the
full domain, so MD is only used for the most relevant parts where CFD methods are
inaccurate (close to the walls, at the evaporation interface and in the microregion),
and CFD methods are used for the bulk.



Samenvatting

Deeltjesmethoden voor verdamping en wandinteractie
in microkanaalkoeling

Een efficiënte methode voor warmteverwijdering is microkanaalkoeling. De koeling
kan nog hoger worden door gebruik te maken van verdamping binnen het micro-
kanaal. Alhoewel het duidelijk is dat hiermee een grote lokale koeling bereikt kan
worden, wordt het principe nog niet goed genoeg begrepen om in de praktijk toe te
passen. De schaal van het probleem is zo klein dat CFD-beschrijvingen niet meer
kloppen, maar deeltjesmethoden zijn nog wel toepasbaar.

Twee van de belangrijkste deeltjesmethoden zijn Direct Simulation Monte Car-
lo (DSMC) en Moleculaire Dynamics (MD). DSMC geeft sneller resultaten, maar is
minder nauwkeurig, en werkt alleen voor gassen. Voor MD is meer rekentijd nodig,
maar dit werkt ook voor vloeistoffen en vaste stoffen. Bij de simulatie van microka-
nalen kan in MD ook de kanaalwand worden meegesimuleerd, wat de nauwkeurig-
heid vergroot. De sterke en zwakke punten van CFD, DSMC en MD zijn vergeleken
met drie standaard problemen: Poiseuille flow, een gas tussen twee platen met tem-
peratuurverschil, en stroming om een verwarmd obstakel. De resultaten laten zien
dat de modellering van de interactie met de wand cruciaal is voor het resultaat.

Wanneer de technieken gebruikt worden om verdamping binnen microkanalen
te simuleren, is de behandeling van het warmtetransport tussen de kanaalwand en
de vloeistof of het gas het belangrijkste. Door randeffecten zijn er dicht bij de wanden
dichtheidsfluctuaties, die het warmtetransport beïnvloeden; hun invloed is geanaly-
seerd. Omdat de MD simulatie waarin de wand volledig wordt meegenomen veel
rekentijd nodig heeft, is een model gemaakt, gebaseerd op een vibrerende wand,
dat sneller resultaat geeft, maar hetzelfde effect heeft. Anders dan andere modellen
heeft het model op basis van de vibrerende wand geen onbekende parameters.
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Verdamping kan in MD gesimuleerd worden, maar het is niet zeker of het resul-
taat correct is. Om dit te controleren, zijn resultaten van MD-simulaties vergeleken
met experimentele resultaten. De interactie tussen moleculen wordt vrij goed behan-
deld in MD, wat blijkt uit de resultaten voor Argon. Zodra er interne bewegingen of
rotaties in het molecuul mogelijk zijn, zoals bij Zuurstof, wordt het resultaat minder
goed.

In de "microregion"komen de problemen van vloeistof-wand interactie en ver-
damping samen. Deze microregion is belangrijk, omdat het merendeel van het warm-
tetransport hier plaatsvindt. De microregion is gesimuleerd met MD, en de resulta-
ten van deze simulatie zijn vergeleken met de resultaten van een model op basis van
een continuümbeschrijving.

Met de modellen die ontwikkeld zijn, kan in principe een volledig microkanaal
beschreven worden, maar in de praktijk is dat vanwege de te grote rekentijd nog niet
te doen. Daarom wordt het microkanaalprobleem alleen op de belangrijke plekken
opgelost met de nauwkeurige MD-simulaties, en wordt de rest met CFD-methoden
opgelost.
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