
 

Quasi one-dimensional flames

Citation for published version (APA):
Goey, de, L. P. H., & Lange, de, H. C. (1989). Quasi one-dimensional flames. Technische Universiteit
Eindhoven.

Document status and date:
Published: 01/01/1989

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/c0684720-0161-4d71-acee-302efb83df70


·~· 

( 

· .. 

Quasi one- dimensional 
flames 

L.P.H:de.Goey 
and 
H.C. de Lange 

Faculty .of 

i . . 
'' 

Mechanical Engineering 
t~ 
Eindhoven University of Technology 
5600 MB Eindhoven, The Netherlands 



QUASI ONE-DIMENSIONAL FLAMES 

L.P.H. de Goey and H.C. de Lange, 

Department of Mechanical Engineering, 

Eindhoven University of Technology, 

5600MB Eindhoven, The Netherlands 



QUASI ONE-DIMENSIONAL FLAMES 

VOORWOORD 

Dit onderzoek is uitgevoerd door de TUE, sectie Fabrieks- en 
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QUASI ONE-DIMENSIONAL FLAMES 

ABSTRACT 

This manuscript deals with the description of "quasi 

one-dimensional flames". The study of one-dimensional flames turns out 

to be an excellent tool to study the principles of premixed flames. It is 

shown that a flat flame is an ideal object in the search for a compact 

description of the global chemical nature of the flame by a limited 

number of parameters. These parameters are indispensable for a further 

study of more-dimensional premixed flames in practical burner 

environments. 

The one-dimensional combustion equations, ruled by a one-step 

reaction are presented in chapter 1. Chapters 2-3 deal with a new method 

to describe CH4/air and H2/air flames. This theory covers existing 

theories: it may be regarded as an extension of the s<K:alled 

activation-energy asymptotics theory for Ea>>RTb. Moreover, a new 

theory is formulated for smaller values of Ea. 

A numerical analysis is presented in the chapter 4. It is shown 

that it is possible to reduce the number of needed grid points needed to 

modellD premixed flames by roughly a factor of 6, when a coordinate 

transformation is used to describe the flame. This transformation is 

based on the theory, presented in the previous chapters. We hope to 

extend this method to more dimensions in the future. 

The method which is used to fix the overall chemical nature of 

the flame by 4 chemical parameters is explained in chapter 5. The 

parameters are found by solving a set of three non-linear equations 

(based on the theory of chapters 2-3) with measurements as input. This 

method is applied to the case of CH4/air flames and gives excellent 

results. It turns out to be possible to cover the most important features 

of the complicated chemical behavior of a combustion process by these 4 

chemical parameters. It is therefore concluded that this method in 

combination with the mentioned theory, is an elegant and direct method 

to describe the global chemical nature of the premixed flames. 
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QUASI ONE-DIMENSIONAL FLAMES 

CHAPTER 1: ONE-DIMENSIONAL COMBUSTION 

1.1 INTRODUCTION 

The rich physical structure and the interesting chemical features 

of combustion phenomena make the study of flames extremely 

challenging. Although there have been great developments in the last few 

years, there is still a lot to learn in combustion science. In engineering, 

for example, it is almost impossible to construct burners in a structured 

way supported by computer modeling because of the difficulty to 

entangle the effects of the geometry of the burner from the physical and 

chemical properties of the flame. Flames in domestic and industrial 

burners are therefore very difficult to model and are for the time being 

only moderately understood. 

For a more detailed study of flame properties, a burner is 

designed, which creates quasi one-dimensional (1D) flames. Such a 

burner will prove to be the ideal tool to study the physical and chemical 

nature of flames [1 ,2]. Moreover, the modeling of quasi 1 D flames is 

relatively simple because the coupled differential equations describing 

the mass, momentum and energy flow of the chemical components are 

one-dimensional. Furthermore, in numerical modeling the amount of grid 

points needed to solve the discretized equations in 1D situations is only a 

fraction of the number necessary for the modellation of more-dimensional 

geometries. The resulting reduction in computing time allows one to 

include the interaction of several chemical components (3], giving more 

detailed information on the chemical nature of combustion phenomena. 

For a description of complicated combustion 
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equipment, however, it seems to be necessary to describe the flame by 

only one overall chemical reaction which covers the most important 

features [4,5,6]. It is therefore of the utmost importance to develop a 

method to determine the best fitting one-step chemical-reaction 

parameters, that control the reaction speed of the combustion process. It 

turns out to be possible to determine these parameters by considering 

quasi lD flames. This is the main objective of this report. 

Chapter 1 serves as an introduction: we explain the physical 

situation and present the underlying equations. In chapter 2 we present a 

new theory for describing freely-propagating conduction and convection 

controlled premixed laminar flames ruled by a one-step reaction. We 

investigate the circumstances under which a certain part of the theory is 

applicable and derive approximate expressions for the profiles and flame 

speed. Chapter 3 deals with the extension of the theory to 

burner-stabilized flames. In chapter 4 we describe the numerical methods 

we use for solving the combustion equations, of which one is based on the 

previously mentioned conduction controlled flame theory. Finally, in 

chapter 5 we formulate a direct and elegant method to determine the 

Arrhenius parameters, which govern the overall chemical-reaction. The 

knowledge of the parameters and the newly developed algorithm are 

essential for the modellation of the more complex (more-dimensional) 

combustion configurations in industrial and domestic burners. We 

believe that there is great demand for these results because we are able 

to determine the necessary parameters for every gas mixture. For 

instance, this is of the utmost importance for the study of the effects on 

flame behavior in burners, caused by changes in the available natural gas 

composition in the Netherlands (7]. 
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1.2 ONE-DIMENSIONAL COMBUSTION 

In general, combustion is a. more-dimensional phenomenon, and 

may as such not be treated as a 1 D problem. For example, flames 

stabilized on a nozzle, such as Bunsen flames, display more-dimensional 

temperature, velocity and concentration variations: cooling at the nozzle 

edge can be important, the velocity profile at the nozzle rim is in general 

not flat and incomplete mixing of the reacting gases at the burner and 

diffusion give rise to more-dimensional concentration gradients. In this 

section we present a more complete description of the physical 

circumstances under which combustion can be regarded as a 1 D process. 

We consider a perfectly mixed gas of fuel and oxidant, which 

flows laminarly into the combustion area, where it is transformed into 

reaction products. (An additional part of the mixture may consist of 

inert gases, e.g. nitrogen in the case of combustion with air). We neglect 

time-dependent variations, use the coordinate system in which the flame 

is at rest as the frame of reference and assume the gas flow to be directed 

along the x-axis. The point x=O is positioned at the beginning of the 

reaction zone, which will be defined later. 

Fig. 1.1 is an example of a flame propagating freely with velocity 

-uf in an unburnt mixture at rest. We see that in our frame of reference 

the temperature T(x) and mass fractions yOX(x), yfu(x) of oxidant and 

fuel change rapidly over a. distance of near the flame front around x=O, 

while they are almost constant for I xI > of' The values of the physical 

observables are labelled with the index "u(nburned)" for x- -oo, while 

they have the index "b(urned)" for x- +oo. In our frame of reference 
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ONE-DIMENSIONAL COMBUSTION 

with the stationary flame, the velocity of the reacting gas uu equals uf. 

------Tb 

' :=±> I 
II .. t· -

-5.0 -2.5 0.0 2.5 5.0 7.5 

... Of .... x(m) * 1.0 E-4 

Fig. 1.1 The temperatare T(x), mass fractioas ~x(x), ~fu(x) 
as a faactioa of the coordiaate x aloag the propagatioa directioa 

ia a freely propagatiag JD flame. The poiat x=O iadicates the 

begiaaiag of the combtstioa zoae (see Chapter !). The flame 

thickaess 6£ is defiaed ia the fig•re. 

A flame may be considered as lD, when variations of all 
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parameters in one direction perpendicular to the flame sheet 

(x-direction), are much stronger than changes in the normal directions. 

Strictly speaking, it is impossible to create a perfect lD flame in 

practice, due to the influence of boundaries on the flame. However, it is 

possible to create flames displaying a local lD behavior in an 

environment lxl<of, IY-Yol<o, lz-z01<o of a point (O,y0,z0), when 

variations of an arbitrary observable 0 in perpendicular directions are 

small compared to changes of 0 along the x-axis, i.e. 

{1.1) 

for every point in the neighborhood of (O,y0,z0). 

To study lD combustion, we have to construct a burner with a 

sufficiently flat velocity- and temperature-profile at the nozzle edge: the 

nozzle diameter has to be of the order of the scale o, in order to prevent 

influences of physical boundaries on the structure of the lD flame. The 

geometry of a burner for which these conditions are satisfied is presented 

in chapter 3. For the time being we neglect perpendicular variations in 

the physical observables and consider only perfect lD flames. 
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ONE-DIMENSIONAL COMBUSTION 

1.3 EQUATIONS. 

The equations which govern deflagration processes are the 

conservation equations of mass, momentum, energy and species mass 

fractions, together with the equation of state of the system [8,9]. When 

condition ( 1.1) is satisfied it can be shown that all partial derivatives 

with respect to the normal directions y and z may be neglected compared 

to derivatives with respect to the x variable: the equations become 

one-dimensionaL The stationary state of the flame is then described by 

the solution of the equations to be presented in this section. 

Suppose we have a mixture made up of N fluids. Each fluid has 

mass density pi and moves with velocity ui (with 15i5N), while the 

mixture density and velocity are defined by p = I: pi and u = I: piui I p. 
1 l 

The mass fraction is denoted by yi = pi I p, which means that I: yi = 1. 
I 

Furthermore, the diffusion velocity of a single species i is given by 

ui = ui -u. Using the generalized form of Fick's equation, the 

conservation equation for piui is then given by 

~puYi) _ ~(p Dim~ yi) = ~i, (1.2) 

where we introduced the diffusion constant Dim of fluid i in the mixture 

m. The right-hand side ~i of Eq. (1.2) is the source-term describing the 

rate of change of the mass density of species i by chemical reactions. It is 

obvious that the total mass can not change by chemical reactions, so 

that t ~i = 0. Summing Eq. {1.2) over all l$i~N leads to the familiar 

continuity equation 
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QUASI ONE-DIMENSIONAL FLAMES 

d ax(pu) = 0, {1.3) 

due to the fact that the diffusion fluxes sum to zero E piui = 0. From 
I 

Eq. (1.3) we may conclude that pu = puuu 

Since the momentum and energy of an individual component i is 

of no interest, we consider the overall momentum and energy 

conservation equations only. The momentum-balance equation of the 

mixture is written as 

(1.4) 

which has the familiar form of a single-fluid momentum equation. In 

Eq. (1.4), P = E pi is the sum of the partial pressures, p indicates the 
I 

average coefficient of viscosity of the mixture and gx the gravitational 

acceleration along the x-axis. The equation describing the energy balance 

in the system has the following form 

(1.5) 

where we introduced the mixture thermal conductivity A and the 

- JT .. 
function cpT = cp(t)dt, with cp = f Y1c~ the specific heat of the 

mixture at constant pressure, depending on both temperature and 
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mixture composition. Furthermore, hi = hi(T=O) are constants denoting 
0 

the heat of formation of fluid i at temperature T=O. 

Eqs. (1.2)-(1.5) are N+2 independent coupled conservation 

equations, while we have N+3 independent variables: Yi(1sisN-1), P, u, 

p and T. The equation of state which rules the physical properties of the 

system, such as the interactions between the particles, completes the set 

of equations. For a dilute gas with weak interactions we can use the ideal 

gas law 

P = pRT, (1.6) 

where R is the specific gas constant of the mixture, assumed to be 

independent of the mixture composition. 

Eqs. (1.4)-(1.5) are simplified considerably under the 

circumstances which are important for us: we are primarily interested in 

combustion of hydrocarbons with air under atmospheric pressure 

conditions. In this case it turns out that the typical gas velocity u 

increases from about 0.1 to 1 mfs over a distance of order 10-3m. 

Compared to the pressure-term in Eq. (1.4), which is of order 108 Nm-3, 

we neglect the kinetic, viscous and gravitational parts ~pu2), ~p~) 
and gxp, because they are of order 103, 10 and 10 Nm-3, respectively. 

The momentum equation then reduces to P = P u. This approximation is 

generally known as the combustion approximation [10]. Eq. (1.5) may 

also be simplified considerably. We leave out the kinetic, gravitational 

and viscous terms ~pu3), pugx and :~pu~)+~p(~)2, because they 

are of order 103, 10 and 10 Jf(m3s), respectively. This is only a small 

fraction of the contribution of the convective and 
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conductive parts ~pu~PT) and ~~¥x), which are both of order 108 

Jf(m3s). The term ~[~Dim(~\ JTc~(t)dt] describing thermal 
1 

diffusion has the same order of magnitude as the conductive term 

because pDimc~/ ~ is of order 1. However, since the inert nitrogen part 

does not contribute to this term it is still considered to be of minor 

importance, because the mass fractions yi of the reacting gases are small 

compared to the inert nitrogen part. The right-hand side of the energy 

equation is not to be neglected. It describes the temperature increase in 

the combustion area due to chemical reactions. 

The set of equations has now reduced to N independent equations 

(1.7) 

and 

(1.8) 

with the N independent variables yi (15i5N-1) and T. Furthermore, the 

simplifications mentioned above indicate that the pressure is constant 

P=P u and that the gas velocity and mass density are easily related to 

the temperature by u=uupuRT/P u and p=P ufRT (when the total 

number of particles is unchanged). Thus, the remaining parameters Dim, 

~P' ~ and pi in the above equations are functions of T and yi only. In 

Chapter 2 we will simplify these equations even further when we discuss 

the conduction and convection controlled premixed flame theory. 
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1.4 COMBUSTION AND CHEMISTRY. 

We already mentioned that the chemical nature of flames is very 

complicated. For hydrocarbon flames it is known that about one hundred 

chemical species participate in several hundreds of reactions in the 

combustion process. The fuel gases are transformed step by step into the 

final product gases by means of numerous chain reactions [3]. For 

example, the main chain through which a methane molecule oxidizes is 

given by CH4-+CH3-+CH20-+CHO-CO....C02. The chain reactions are 

maintained by the presence of extremely reactive radical species (e.g. H · 

and OH · radicals). They therefore play an important role in the stability 

of the flame: a lack of radicals immediately interrupts the 

above-mentioned chain of successive reactions and leads to flame 

extinction. 

Each chemical reaction has its own typical "reaction rate" k 

(number of reactions in 1 m3 per second), which depends strongly on the 

temperature, the mass fractions of the participating species and the 

reaction order. A first-order reaction is simply a dissociation of a 

molecule into others A1-B1 +B2+ ... Furthermore, pth-order (p>l) 

reactions are of the form A1 + .. +AP -B1 + .. +Bq and take place only 

during collisions of the molecules A1' .. ,AP (the p incoming and q 

outgoing species are labelled with A1' .. ,AP and B1' .. ,Bq). To understand 

the temperature and concentration dependence of the reaction rate k, we 

now consider a single chemical reaction. 

The p ( > 1) molecules only react when one particle of each type 

A1' .. ,AP is within the small collision volume llV. The probability for 

16 



QUASI ONE-DIMENSIONAL FLAMES 

this to happen is proportional to D (niAV) "' pP D yi, where ni is the 
I 1 

particle density of species Ai (proportional to pi) and the product runs 

over the p colliding particles. However, niAv is so small at atmospheric 

pressure that the occurrence of more than 3-body collisions is negligible. 

The majority of reactions will therefore be of second order. 

If the temperature is high enough, the colliding particles form a 

metastable complex state A1 + .. +AP -(A1 A2 AP). This state may have 

a higher energy that the energy of the initial state A1 + .. + AP. The 

energy difference is called the activation energy 

Ea = E(AtA
2 

ApfEAt+ .. +Ap' The number of transitions to the complex 

state is proportional to the number of collisions with a sufficiently high 

kinetic energy Ek > Ea. This means that only collisions in the 

high-energy tail of the Maxwell-Boltzmann distribution-function 

exp(-Ek/RT) contribute. The metastable state usually breaks up again 

after a very short time: (A1A2 AP)-B1+ .. +Bq. These considerations 

make clear that the first step in the reaction 

A1+ .. +Ap-(A1A2 Ap)-B1+ .. +Bq dominates the transition 

probability and that k has the following form 

(1.9) 

Sometimes this well-known Arrhenius equation is presented with 

additional T-powers. However, we have to emphasize that the most 

important dependences are included in Eq.(1.9), although it was derived 

with heuristic arguments. 

Another important result of the reaction is that the variation in 

internal energy AH = f h~i-f h~i is compensated by a variation in 

17 
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kinetic energy of the particles, which ultimately expresses itself in a 

temperature variation of the gas mixture. 

The combined effect of a number of different chemical reactions 

on the mass fraction of species i is given by 

(1.10) 

where the subscripts "ere" and "des" denote the reactions in which 

particles of type i are created and destructed, respectively. Furthermore, 

the sere and sdes are the number of particles of type i (with molecular 

mass mi) to be created or destructed in a particular reaction. 

1.5 ONE-STEP ARRHENIUS MODEL. 

Although the presence of several chemical species is essential for 

the flame behavior, we neglect the presence of all intermediate species, 

because they are formed and destroyed very fast in the extremely thin 

reaction layer. For a numerical model of the global structure of the 

combustion process [4,5,6,11], this will be an appropriate assumption. 

For the one-step process fuel+oxidant-+products, we have to 

consider only the fuel, oxidant and product species with mass-fractions 

yfu, yox and yPr. Eqs. (I. 7)-(1.8) then reduce to three independent 

coupled differential equations to describe the flame properties. The 

variations in mass fractions are related by 

(1.11) 
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where s is the so-called stoichiometric factor, indicating the mass of 

oxidant needed to oxidize 1kg of fuel. We assume that pfu has the same 

form as Eq. (1.8): 

{1.12) 

with A the pre-exponential factor and a+ /J=p the overall reaction order. 

The net energy-release of the overall reaction is taken into account by 

taking ~H=h6u+shgx-(1+s)hgr, where ~H is the heat of combustion per 

mass unit of fuel. 

Note that this overall reaction must include the effect of all 

possible reactions in the combustion process. We already indicated in the 

previous section that a single basic reaction has the same structure as 

Eq.{l.ll), with integer-valued reaction orders a and /J. The effect of these 

reactions combined in one overall chain reaction therefore displays a 

complicated dependence upon temperature and mass fractions. However, 

it may be shown that the temperature dependence is still exponential, 

when a single reaction forms a bottleneck in the chain. The dependence 

on mass fractions remains still complicated. Here, we describe the 

dependence upon yi by taking non-integer valued orders a and /J. Note 

that the relation between fJ fa and s, found in the case of a single basic 

reaction, is also destroyed by the overall nature of Eq.{l.ll). 

In Chapter 5 we will show that Eq. {1.12) is a good guess for Eq. 

(1.10): it turns out that the four carefully determined Arrhenius 

parameters a, /1, A and Ea, introduced in Eq. (1.12), describe the overall 

transition rate to a good extent; govern the most essential features of the 
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flame and approximate the global flame structure very well. The 

determination of these four parameters for several fuel mixtures is one of 

the main goals of this report. 
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CHAPTER 2 FREELY~PROPAGATING FLAMES. 

2.1 APPROXIMATIONS AND CONSEQUENCES. 

The boundaries of furnaces and burners have an important effect on the 

nature of the combustion process. They act as heat sinks, radiation sources, 

flow obstacles and catalytic surfaces for chemical reactions. These disturbances 

are suppressed for flames, propagating freely upstream through the gas 

mixture. In this chapter we study the features of these flames, neglecting 

external influences. The effect of cooling due to the presence of a cold burner 

will be discussed in the next chapter. 

We describe the freely-propagating flame with Eqs. (1.7)-(1.8) using the 

one-step chemical model (section 1.5). As a first step we take a temperature 

and concentration independent specific heat, writing it as cp. We further 

introduce the temperature- and concentration-dependent Peclet "number" 

Pe=puuucp8f/~ (the length scale of is introduced in Fig.l.l). The 

Lewis-numbers of oxidant and fuel Lei=~/(pDimcp), on the other hand, are 

assumed to be constant. With these parameters we obtain three new 

differential equations for the dimensionless variables yfu' yax and T=Cp T I aH 

in the dimensionless coordinate { =x/ 8 f 

(2.1) 

(2.2) 

where /u=l, s0x=s and ,fu is given by Eq. (1.12). The mass fraction of 
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product gases yPr follows from yPr=l-Yin_yOX_yfu, with yin denoting the 

constant mass fraction of inert gases. 

These equations have the same form for unit Lewis numbers. This 

assumption, which will be relaxed later, may be used to simplify the equations 

by introducing the well-known Shvab-Zeldovich (10,12] variables Ji=r+ yi fsi. 

Dividing Eq. (2.1) by si and adding it to Eq. (2.2) we obtain 

i d i dJ ( 1 dJ) - 0 or-d!Ped! - , (2.3) 

for which we know the solution to be J1-~ ~t = J~. Here, we have used the 

boundary condition Ji-J~ for e--oo. Since T and yi are finite for all 

-oo < { < oo, we also have l-·J~ for {-+oo. The constant solution Ji=J~ is 
then perfectly valid. Furthermore, since the solution to Eq. (2.3) is unique, we 

know that it is the only one. The physical meaning of this constant Ji is that 

the total (kinetic, potential and internal) energy is conserved. 

Now the maximum temperature is determined by equating the Ji for 

t fu yfu e- -00 and ~- +oo. We then have Tu+Yu =Tb+ b and 

T u + y~x js=rb + ybx/s. The reaction stops for {- +oo when either the fuel or 

oxidant mass fraction vanishes. This means that vgx=O when sY!u> y~x or 

y~U=O when sv!u<~x. On the other hand, when sv!U=y~x we have a 

so-called stoichiometric mixture for which ybx=y~u=O. With the help of 

these considerations we find the "maximum temperature" Tb (adiabatic flame 

temperature): 

(2.4) 
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The assumption of unit Lewis numbers has another important 

consequence: we are now in the position to express both yfu and yax linearly 

in r: 

(2.5) 

This relation between r and yi makes it possible to reduce the set of 

differential equations (2.1 )-(2.2) to a single equation for r: 

dr d ( 1 dr) ( ) ~-~Pe~ =1JST. (2.6) 

The reaction source term S( r) has a complicated temperature dependence 

(using Eq.(1.12)) 

(2.7) 

where 1J is defined as 1J = A6fp~1 fuu and r a the dimensionless activation 

temperature ra= cpEa/(AH R). Eqs. {2.6) and (2.7) will be the starting point 

of the conduction- and convection-controlled premixed flame theory, to be 

presented in sections 2.2 and 2.3. We believe that the four chemical 

parameters A, a, P ·and Ea in 778( r) contain the most essential flame properties 

in a way, sufficiently accurate for most engineering purposes. 

The exponential temperature dependence of the chemical source-term 

778( r) in Eq.{2. 7) is extremely important. After a reasonable choice of the 

chemical parameters (see chapter 5) it is found that 778( r) is very small 

compared to the convective and conductive terms in Eq.(2.6) for r~r u' while 

it is large for rsrb. This means that we can introduce a critical temperature 
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T c for which qS( T c) has the same order of magnitude as the terms in the 

left-hand-side of Eq. (2.6). Hence, for T u <r<Tc (preheating zone) we may 

neglect qS( r). Note that this assumption takes care of the so-called 

cold-boundary problem [10,12], in which the reaction starts at {=-oo due to the 

finite value of qS( T u). 

On the other hand, in the reaction zone ( T c <r<rb) the chemical source 

term dominates the energy equation and can not be discarded. Moreover, in 

general we have to take into account both the convective and conductive 

terms in the differential equation (2.6) in the combustion zone. However, we 

will prove in section 2.2 that the convective term may be neglected when the 

source term is large enough. On the other hand, in section 2.3 it will shown 

that the conductive part may be discarded when qS( r) is small enough. 

2.2 CONDUCTION-CONTROLLED FLAMES. 

Suppose that the chemical source term qS( T) is so large that the 

average value in the reaction zone q'S=r!Tb qS(t )dt/( Tb-T c) is much larger 

than (Tb-Tc): 1}'S>>(rb-rc). It will be shown that the heat generated by 77S(r) 

is transported by a conductive heat-flux, while diffusive-fluxes equalize the 

creation of product particles and destruction of fuel and oxidant molecules. 

This means that the flame is controlled by conduction (second term of 

Eq.(2.2)) and diffusion (second term of Eq.(2.1)) and that the convective 

transport (first term of Eqs. (2.1-2)) may be neglected for T c <r<rb. We thus 

find 
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(2.8) 

(2.9) 

Eqs. (2.8) and (2.9) are integrated, with the use of the boundary 

conditions for {-+:t:oo: 

(2.10) 

(2.11) 

where the Peclet "number" is still a function of r, due to the temperature and 

concentration dependence of . .\. Note that Pe( r c)=l because of the definition of 

6f: 6f drc/dx = drc/d{ = (rc-ru)· 

Furthermore, we have to realize that r( {) and dr({)/d{ have to be 

continuous at {=0 (where r=rc) in order to fulfil heat-flux conservation at the 

critical temperature (see section 2.5). This condition is fulfilled only when the 

flame speed uruu has the correct value. We discuss this topic more 

extensively in section 2.5. The right-hand sides of Eqs.(2.10) and (2.11) are 

functions of r only. Thus, the determination of r({) is straightforward, 

although it has to be done by numerical integration. With the help of 

Eq.(2.11) it is possible to find an even better solution of Eq.(2.6) in the 

reaction zone. This higher-order solution is presented in Appendix A. 

In the case of a conduction controlled flame, Eq.(2.11) describes the 

part of heat transported by convection in the reaction zone. We observe that 

the right-hand side of Eq. (2.11) is much smaller than that of Eq. (2.9), when 

7J S >> [2qS (rb-rc)/Pe]112, where the average Peclet "number" Pe differs not 

much from unity. This inequality coincides with our assumption 
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q'S>>(rb-rc) and thus proves indeed that the convective contribution to the 

heat flux may be neglected in the reaction wne when q'S>>(rb-rc). 

Furthermore, Eqs.(2.10-ll) point out that 2q'S(rb-rc)~(rc-ru}2 , so that we 

finally come to the conclusion that the theory is applicable when the 

temperature increase in the reaction zone is much smaller than the 

temperature difference in the preheating wne: ( rb-r c)<<( T c-T u). In Appendix 

C it will be shown that (rb-rc)/rb = O(rb/ra) for conduction controlled 

flames, which means that rb/r a must be small. 

In Fig. 2.1 we compare the convective and conductive heat-flows 

Eqs.(2.9) and (2.11 ). The critical temperature T c (at e=o) is defined as the 

temperature where the two terms are equal: 

{2.12) 

where we used Pe( r c)=l. We see in Fig.2.1 that there is a region in the 

neighborhood of r c (and in some cases also close to rb) where the conductive 

and convective parts are both equally important. However, this area is very 

small and the effects on the temperature and concentration profiles are only 

marginal. Note that heat-flow as presented in Fig.2.1 makes sence only in the 

combustion zone ( r> r c). The conductive and convective fluxes should be 

opposite in sign in the preheating wne, so that the conductive flux is 

discontinuous at r=rc. The resemblance between Fig.2.1 (for r>rc) and Fig. 

2b of Fukutani et al. [13] indicates that CH4/air combustion is well described 

by the here presented theory of conduction controlled flames. 
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Fig. 2.1 The convective and coaductive heat-flows as a function of r 

for a coaductioa-coatrolled flame. The critical poiat rc is defined as 

the temperature IDhere the heat-floms are equal. 

2.3 CONVECTION CONTROLLED FLAMES. 

Eqs.(2.9) and (2.11) point out that neither the convective nor 

conductive parts can be discarded when rjS is of the same order of magnitude 
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as ( r b -T c). However, we will show that a flame is ruled by convective 

transports only, when the source term 11S is small compared to (rb-rc). 

Suppose that the conductive term may be neglected. Then we have 

~ = Pe(r)[r-ru] for ru<r<rc and 

~ = 11 S( r) for T c <r<rb, 

(2.13) 

(2.14) 

instead of Eqs.(2.10-11) and the heat transport by conduction in the reaction 

zone is then given by 

(2.15) 

This part is negligible compared to the convective part when 

(2.16) 

because the Peclet "number" is of order 1. This condition is fulfilled in regions 

where S(r) is almost constant as a function of r. However, since S(r) is small 

for T-+Tc and for r-+rb, we estimate £rfqS(r)J as qSf(rb-rc). Therefore, it 

becomes clear that the conductive part is negligible in the complete 

temperature domain rc<r<rb, only when q'S<<(rb-rc). In contrast to the 

situation for conduction controlled flames we now conclude from Eqs.(2.13-14) 

that (rc-ru)=qS(rc)<<q'S<<(rb-rc): the temperature difference in the 

reaction zone is larger than the increase in the preheating zone. In Appendix B 

we will show that this condition may be fulfilled when r a becomes small 

enough. 

It is tempting to define the critical temperature r c as the point where 

28 



QUASI ONE-DIMENSIONAL FLAMES 

the conductive and convective heat fluxes are equal, i.e. where ~[p~f ~}J = 1, 

analogous to the formulation of conduction controlled flames. However, it is 

found that this condition can not be fulfilled in some cases, especially for very 

small 17'S values. It then appears that convective heat-flow is dominant for the 

entire temperature range r u <r<rb, so that r c=r u· Furthermore, since we 

then have uudr ufdx"" S( r u)f:O, it is possible to find a freely-propagating flame 

with dr uldx-0 only when uu -oo. This so-called cold-boundary problem (Ref. 

[10,12]) can be solved by replacing the exponential in the source term S( r) by 

exp[-r af( r-r u)]. We will show in Appendix B that the equation ~[p~t ~jJ = 1 

can always be fulfilled in this case for r c> r u· 

In Fig. 2.2 we present a typical behavior of the different heat flows in 

convection controlled flames. Note the resemblance between Fig.2.2 (for r>r c) 

and Fig.2a in the article of Fukutani et al. [13] for H2/air combustion. 

Apparently we here found a typical example of a convection controlled flame. 

Combining these result with those of the previous section, we conclude that a 

combustion phenomenon is conduction controlled when r a>>rb and 

convection controlled when ra~rb and ra>>ru. 
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The majority of combustion situations are ruled by large source terms. 

Therefore, we concentrate on the case of conduction controlled flames from 

here on. Implications for convection controlled flames will be mentioned 

briefly in Appendix B. 
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2.4 NON-UNIT LEWIS NUMBERS AND r-DEPENDENT Cp 

Up to here we used unit Lewis numbers and a constant specific heat cp. 

These assumptions are dropped now and the consequences are studied. 

Furthermore, we describe how approximate expressions for the temperature 

and mass fraction profiles may be obtained. 

Eq.(1.8) indicates that the assumption of a temperature independent 

specific heat does not affect the solution in the reaction zone, because the 

convective part is neglected for conduction controlled flames. Furthermore, 

since the differential equation in the preheating zone Eq. {1.8) has a simple 
-

structure, we may drop this assumption easily and replace cp by cp. The 

generalization of the convection controlled combustion theory to non-unit 

Lewis numbers and a r-dependent specific heat is summarized in appendix B. 

Our starting point is Eqs.(2.1-2) with arbitrary constant Lewis 
A 

numbers. The first term of Eq.(2.2) is replaced by d(cpr)/d{, where we 

introduced the function ~p = ~p I cp. \Vhen Eq.(2.2) is multiplied with si and 

added it to Eq.(2.1) we find the equation 

· d( c r) dYi . d 1 d . 1 d 1 dYi 
sl ~ + - sl ( r)+(Let)- ( ) 

ct{ ar- ~re~ ~rear· (2.17) 

Integrating from {=-oo to {=+oo gives the overall energy conservation equation 

(2.18) 

independent of the Lewis numbers. However, we can also integrate from -oo to 

{: 
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(2.19) 

or from { to +oo: 

(2.20) 

In order to assure energy conservation in our model, Eqs. (2.19) and (2.20) will 

be used in the preheating zone and in the reaction zone, respectively. 

As before, the reaction source term is neglected in the preheating zone, 

in both the energy and species conservation equations ( 2.1 )-( 2.2). Integration 

from -oo to {gives: 

(2.21) 

(2.22) 

(for ru<r<rc). Eq. (2.21)-(2.22) point out that Eq.(2.19) is satisfied in the 

preheating zone. 

The equations for the reaction zone r> r c are more difficult to handle. 

For conduction controlled flames, it is tempting to neglect the convective part 

of both equations (2.1) and (2.2). This would imply 

(2.23) 

and thus 

32 



QUASI ONE-DIMENSIONAL FLAMES 

i( ) ( i )-1 ( i i) s rb-r =- Le Y b-Y . (2.24) 

We see that Eqs.(2.23-24) are not in accordance with Eq.(2.20). However, 

Eq.(2.24) is a good first-order approximation of the relation between rand yi 

for temperatures close to rb, although it is certainly not appropriate for the 

entire temperature range, because then energy conservation would be violated. 

We therefore follow a more exact procedure in the reaction zone. First 

of all, relation (2.24) is used to decouple the energy and particle-species 

equations in the reaction zone. We find a new source-term 

S( r) = ( r ufr)P[y~u+Liu( rb-r)] 0 

[~x+Le0xs( rb-r)J~'exp(-r afr). 
(2.25) 

The energy-equation without convection is solved subsequently (cf. Eq.(2.9)) 

(2.26) 

The temperature profile r( {) is made continuous and differentiable at {=0 

( r=r c) by coupling the solution of (2.26) to the solution of Eq. (2.21) after a 

careful determination of uruu (as will be explained in the next section). Note 

that the only effect of the relaxation of the assumption of unit Lewis numbers 

on the temperature profile is the change of the reaction source-term from S( r) 
-

to S( r). 

After having determined r({) we may solve the species mass fraction 

equations by using Eq. (2.20). The derivatives in this equation are much larger 

than the other terms. We therefore substitute Eq.(2.24) in Eq.(2.20): 
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(Lei f 1 ~ = - si ~ 
+ siPe( r) [Lei( rb-r)-[~P( rb)rb-~p( r)rJ]. (2.27) 

This equation is not exact, but a very good approximation of Eq.(2.20). This 

means that we now have a solution to Eqs. (2.1)-(2.2) with a small 

discontinuity in the derivative of yi at {=0. Finally, Eq. (2.27) is divided by 

{*): 

{Leifl g;i =- si 

+ siPe( r) [Lei( rb-r)-[~p( rb)rb-~p( r)rJ] {*f1. (2.28) 

-
Given Eq.(2.11) with S replaced by S, the right-hand-side of Eq.(2.28) is a 

function of r only. Yi({) is now calculated from Eq.(2.22) and (2.28), although 

it has to be done numerically. We observe that the second term on the right of 

Eq.(2.28) is a small correction to the first term -si: we would recover 

Eq.(2.24), when it would be left out. 

2.5 BURNING VELOCITY 

The derivative dr/d{ in the reaction zone is uniquely specified by Eq. 
-

(2.11) with S replaced by S. In the preheating zone dr/d{ is fixed by Eq. 

(2.21 ). These derivatives have to be equal at {=0, due to heat-flux 

conservation, so that 

(2.29) 
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This condition can be fulfilled only when the velocity ur=uu is chosen 

appropriately. This is easy to understand, because Eq.(2.11) determines the 

convective heat-flux from the reaction zone to the preheating zone. This 

energy-flux is the speed at which the energy is transported and thus fixes the 

propagation speed of the flame uruu through the mixture. Using the 

definition of the Peclet "number" we then find the flame speed to be 

(2.30) 

The only unknown variable in the right-hand-side of Eq.(2.30) is T c· A first 

good estimate for uf is found by substituting 0 for the lower boundary in the 

integral (since S(r)~o for r<rc) and by replacing rc with Tb in the term in 

square brackets {because (rc-Tb)/Tb=O(rb/ra)). However, the flame speed 

can be determined more exactly by calculating r c properly. Combination of 
- . . 

Eqs.{2.12) and (2.29) leads to the equation: qS(rc)=[cp(Tc)Tc-cp(ru)rul· With 

Pe(r) = .\(r)/A(Tc) and Eq.(2.30) for ui we find 

2 Jb ~( t) Set) dt = ~( T c) Sc Tc) l~p( Tc)T c _,;p( T u)T ul· (2.31) 
rc . 

Eq.(2.31) is an implicit equation with r c as the only unknown variable. In 

order to calculate ur=uu with Eq.(2.30), we first have to solve (2.31 ). 
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In principle, uf and Tc can be calculated numerically with Eqs.(2.3Q-31) 

for every situation in which the physical constants depend on temperature and 

concentrations, although the Lewis numbers have to be constant. The flame 

speed uf and critical temperature T c can be determined analytically only in a 

limited number of cases due to the extremely complicated form of the integral 

in Eqs.{2.3Q-31). In Appendix C we will estimate the leading-order behavior of 

the integral. Furthermore, we present an approximate expression for T c and 

for uf for combustion of stoichiometric, fuel-rich and oxidant-rich mixtures. 

The thermal conductivity A is written as A( T)='X ( T/Tr) 1, where X and 1 are 

constants and T r a reference temperature. 

The results for uf found in Appendix Care summarized here. We start 

with the combustion of stoichiometric mixtures for which vgx=y~u=O. The 

final result is an asymptotic series in T b/ T a· The leading-order contribution 

( Tb/ T a is small due to the large value of the activation energy) looks as follows 

(2.32) 

Eq. (2.32) points out that the flame speed is extremely sensitive to 

changes in the flame temperature Tb. We therefore believe that heat losses 

have an important. influence on the propagation speed of the flame. This has 

both advantages and disadvantages. On the one hand it is difficult to control 

the heat losses due to radiation, conduction and convection close to the flame. 

On the other hand one can study flame-speed changes in a unique way by 

considering heat losses to the burner head (see chapter 3). 

Also the flame speed depends on the concentrations of fuel and oxidant 

as can be concluded from Eqs (2.4) and (2.14). Mixtures with large 
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concentrations of fuel or oxidant (near the so-called flammability limits) 

display a decrease in uf (see also Fig.2.3). Eqs.(2.30) and (2.32) are used in 

chapter 5 to find the concentration dependence of the propagation velocity of 

the flame within the flammability limits. However, Eq. (2.32) is not valid for 

combustion oxidant-rich and fuel-rich mixtures. In the case of oxidant-rich 

mixtures with A=(Y~x-sy~u)/sLe0x>>r~/r a Eq.(2.32) has to be replaced by 

(App.C) 

and for fuel-rich mixtures with A'=(sY!u_y~x)/sL/u>>r~/r a by (app.C) 

First of all we have to realize that rb decreases for increasing A(,) when y~n is 

kept constant, as can be concluded from Eqs. {2.4) and (2.18). For larger 

values of A(,), close to the flammability Jimits, uf decreases fast due to the 

extremely sensitive rb dependence in the exponential. However, the magnitude 

of a and /J determi~es how fast uf decreases for increasing A ('). 

In Fig.2.3 we present the flame speed found with Eq.(2.30) as function 

of the equivalence ratio ; (the fuel/air mass fraction ratio realative to that of 

a stoichiometric flame) in case of CH4/air combustion with suitably chosen 

parameters (see Table 5.2). The experimental behavior {14] is well described. 

Moreover, the results obtained with Eq.(2.30) are almost identical to those 

found with the numerical program which solves equations (2.1-2), when the 
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preexponential factor A is altered as prescribed in Ta.ble 5.2. 
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Fig. 2.3 The flame speed uf as a fnctioa of; (the actaal fael mass 

fractioa relative to that of stoichiometric combastioa) for CH4/air 

flames. The coati.uous liae represeats the experimeatal behavior [14]. 

The dotted liae displa,s the behavior foaad mith the 

coadtctioa-coatrolled flame tAeor71 (11ith parameters of Table 5.!). The 

differeace 111itA the resalts of the auerical program 11Aich solves 

Eqs.(!.1-t) exact l71 is extremelrs•all. 

An equation analogous to Eq.(2.30) for convection controlled flames is 
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presented in Appendix B. This equation does not contain an integral and can 

be worked out analytically without restrictions concerning the mixture 

composition. 

2.6 COMPARISON WITH NUMERICAL RESULTS AND OTHER 

METHODS 

In the last 20 years a lot of work has been done on the description of 

combustion processes via the so-called activation-energy asymptotics theory 

[10,15,16,17]. In this method one replaces A exp(-Ea/RT) in the reaction 

source term by A' exp(Ea/RTb-Ea/RT) and the combustion equations are 

investigated in the limit of an infinitely large activation energy Ea. The 

preheating zone is defined as the region where T <T b' while combustion takes 

place only when T=T b" Physical observables as the flame speed are 

subsequently determined as asymptotic series in RTb/Ea. In this section we 

compare the results of the theory presented in sections 2.2-2.5 with numerical 

results and with results obtained with the activation-energy asymptotics 

method [17}. 

We here presented a new method to describe CH4/air (conduction 

controlled) and H2/air (convection controlled) flames. This theory can be used 

for all situations in which the source term is large or small enough in the 

combustion zone. We derived explicit expressions for the flame speed and 

profiles, which can be worked out easily by numerical integration. These 

formulas may be used for quite general combustion situations and can be 

generalized even up to higher orders. Moreover, we have shown that it is 

possible to take into account realistic temperature and concentration 

dependences of the physical constants, as long as the Lewis numbers remain 
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constant. 

the theory for conduction controlled flames corresponds with the 

activation energy method, when the limit of infinite activation energy is taken: 

to leading order in RT b/Ea, the equations for the flame speed appear to 

reduce to expressions comparable with those which activation~nergy 

asymptotics give for the cases of stoichiometric, extremely rich and extremely 

lean mixtures (compare, for example, Eq.(2.32) with Eq. {20) of Ludford [17] 

and Eq.(23) of Bush and Fendell [16]). The only difference is that Tc in the 

denominator of Eqs.(2.32) is replaced by Tb in the expressions found in the 

literature. This can be understood from the point of view that the difference is 

a higher-order effect (the temperature width of the combustion wne Tb-Tc is of 

order RT b/Ea)· 

The difference between the two theories becomes more clearly for 

smaller values for Ea. Consider, for example, the form of the temperature (or 

mass-fraction) profiles. In Fig.2.4 we compare the temperature profiles of a 

methane/air flame calculated with both theories and with results obtained 

with a numerical solution of Eqs.(2.1-2). The derivative of the temperature 

profile displays a discontinuous behavior at T=T b for the 

activation-asymptotics theory. On the other hand, the smooth profiles 

determined with the conduction flame theory are almost identical to the 

"exact" numerical Solution of Eqs.(2.1-2). 
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Other advantages of the conduction flame theory are discussed in 
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Chapters 4-5. In Chapter 4, Eqs.(2.1-2) are used to define a coordinate 

transformation, so that the most essential features of the structure of lD 

premixed flames is contained in the hidden coordinate. This turns out to be 

extremely useful to study lD premixed flames on a numerical basis. We hope 

to use this transformation also for 2D situations in the near future. Moreover, 

in Chapter 5 the method of chapter 2 (and 3) is used to determine a good first 

estimate of the parameters a, {J, A and Ea. In the introduction we already 

mentioned the usefulness of these results. 

The activation energy asymptotics method in no longer applicable when 

Ea has the same order of magnitude as RTb and the combustion process is 

dominated by convective transport. There is no comparable theory found in 

the literature corresponding to the part which describes convection controlled 

flames. The results of section 2.3 compared with results of Ref.[14] denote that 

H2/air flames are ruled by convective transport. Results of Kaskan [16] for the 

overall activation energy of H2/ air combustion seem therefore to be based on 

the wrong theory. Further investigations should point out whether the overall 

activation energy has values as large as reported in Refs.[19,20]. Coffee [6] 

finds much smaller values, in accordance with the heuristic arguments of 

section 2.3. 
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CHAPTER 3 BURNER-STABILIZED FLAMES 

3.1 STABILIZATION 

Up to now we only considered the ideal case of ID flames without 

external influences. In this chapter the effect of the presence of a cooled 

burner on the flame structure is studied. Such a burner is used for 

experimental studies of ID flame properties. A simplified sketch of the 

burner configuration we use is presented in Fig.3.1. The brass gauze at 

the burner end and the cooling mechanism are needed to obtain a 

homogeneous temperature distribution on the burner edge and to flatten 

the velocity distribution on the surface. 

messing gauze 

cooling rim 

Fig. 3.1 The flat-flame barner. The messing gaaze serves to 

flatten the velocity and tempera tare profiles n the 

perpendicalar directions. The cooliag rim is ased to fix the 

buraer temperatare (at x=O). 
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A theoretical analysis of burner-stabilized flames is given here. 

\Ve study the effects of heat losses on the flame speed and adiabatic 

temperature for the case of conduction controlled combustion. This 

method is extended to flames ruled by convection in Appendix B. 

We consider the combustion process in a specific mixture, with a 

known unperturbed velocity uf and temperature Tb (determined with the 

theory presented in the previous chapter). The mixture now flows 

through a burner (kept at temperature T u) with velocity uu. The only 

adjustable physical variable is the mixture-flow velocity uu. A change in 

uu leads on its turn to variations in the flame speed and both the critical 

and maximum temperatures. The new values of the flame speed and 

temperatures will be denoted with a quote: u£, T~ and Tb. 
First of all we have to note that the flame blows off from the 

burner head when the gas flow velocity through the burner uu exceeds 

the flame speed uf of the specific mixture. The flame will stabilize only 

when uu~uf' When uu<up the flame looses heat to the burner, leading to 

a decrease of the flame temperature Tb <rb and the flame speed u{<ur· 

We finally obtain a stable situation when the new flame speed equals the 

flow velocity: uf=uu. 

The new si~uation is shown in Fig.3.2. We shift the coordinate 

system with respect to the situation of chapter 2 and locate the origin 

x=O (or {=0) at the burner rim. The beginning of the reaction zone is 

located at a distance xc from the burner end, the so-called stand-off 

distance. We see that the temperature profile has a discontinuous 

derivative at the burner edge, whi1e the concentrations display a smooth 

behavior. 
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------

X 

The tempera tare aad mass-fractioa profiles for a 

baraer stabilized flame. The bwraer edge is located at x=O. The 

staad-off distaace (xc) is tlefiaetl as the tlistaace from the b1r1er 

to the begiaaiag of the comhstioa zoae (at T=T c)· 

First of all consider the temperature profile. We assume that the 

cooling is ideal (for more general situations see Re£.(18]): all the heat 

flowing from the flame into the burner head is absorbed instantaneously 

by the brass gauze at {=0. Therefore, we have r({)=ru for all {SO. 
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Furthermore, the derivative jbur=dr({=O+)/d{ of the temperature 

profile is proportional to the heat flux into the burner. As we now loose 

energy from the system, it is obvious that the adiabatic flame 

temperature Tb decreases compared to the temperature of a freely 

propagating flame. This decrease is proportional to the heat loss to the 

burner jbur· (Results for the flame speed, presented in the following 

section, will not alter when the burner is fixed at a temperature different 

from T u' as long as the energy flux into the burner and thus Tb is kept 

constant.) 

To obtain the energy conservation relation we use Eq.(2.17) and 

integrate from {=-oo to (=+oo: 

(3.1) 

The theory presented in chapter 2 remains valid for {>0, except for the 

replacement of rb by rb', where rb and Tb are related by 

A A 

cp( rb)rb = cp( rb)rb- jburfPe( T u). (3.2) 

We still have a preheating zone (O<(<{c) and a combustion zone 

({>{c). The equations which govern the temperature profile are now 

given by 

T = Tu for {~0, (3.3) 

(3.4) 
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~ ~ 

where rbur=jburfPe( r u) = cp( rb)rb-cp( r})rb, and 

(3.5) 

The derivative dr/d~ in the reaction zone is determined by Eq.(3.5), 
-

where the quote inS' denotes that rb in Eq.(2.25) is replaced by rb. Eq. 

(3.5) is integrated again to obtain r(e) for {>{c. Furthermore, r and 

dr/d{ have to be continuous at {={c, which fixes the solution in the 

preheating zone and rbur· Finally, for {<0 we simply have r({)=r u· 

We now turn to the mass fractions Yi( {). The profiles of the mass 

fractions are smooth near the burner, because of mass-flux conservation 

of the individual species (we neglect catalytic effects of the burner). The 

Yi( 0 are calculated as in chapter 2, since r( {) is known. The following 

equations now fix the mass fractions Yi( {): 

(3.6) 

~i = -siLei{~ + 

Pe( r) [Lei( rb-r)-[~p( rb)rb-~p( r)rJ]} 

(3.7) 

for {!{c. We have to point out that r({)=ru for {~0, so that the yi 

behave exponentially for {~0. We can determine dY~/d{ from Eq.(3.7) 

and also Y~ when the equation is integrated from {={c to {=oo. The 

concentration profile is made continuous at {={c by coupling it to the 
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solution of Eq.(3.6). This means that we have a small discontinuity in 

dY~/d( (when Lei11) as in the previous chapter. 

In practical situations one sometimes uses porous plug burner 

heads [1,2]. The effective area through which the mixture flows is smaller 

than the total area of the burner head. We introduce the parameter 

\1?(9) as the ratio of the open part of the burner head and the total area. 

We now take )1?<1 for within the porous burner (-L<{<O) and )1?=1 for 

{>0, where L is the thickness of the porous plug, to be considered large. 

This means that we have a discontinuous behavior of the flow velocity 

u(O: u({=O)=uu, while u(()=uuf~ for -L<{<O. The temperature profile 

is not changed because r({) is constant for {<0. There is, however, an 

important effect on the Yi({) profiles. We have to replace Eq.(3.6) by 

(3.8) 

for -L<{<O. This means that dYi(-L<{<O)/d{ is changed by a factor 

1/ v compared to original situation without porous plug. Furthermore, we 

find a discontinuity in the diffusive flux dYi/d{ at {=0: dYi({=O+)/d{ 

= ~ dYi({=O-)/d{ (the total diffusion mass flow is continuous, while the 

effective cross section is changed by a factor rp at {=0). The net result of 

the two effects is that the mass fraction profiles Yi({) do not change 

compared to the old situation for {>0, but have a different behavior for 

(<0. 
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3.2 FLOW VELOCITY AND FLAME TEMPERATURE 

Flat-flame burners are often used to study flame properties of 

fuel/oxidant mixtures [2]. In practical situations one usually fixes the 

flow velocity uu of the gas mixture. The heat loss Tbur is subsequently 

determined [1] or the adiabatic flame temperature Tb measured 

[19,20,21], in order to obtain information about the reactivity of the 

mixture. We will follow this last procedure to determine the Arrhenius 

parameters in chapter 5. In this section we therefore derive relations 

between Tb and uf-uu based on the conduction controlled flame theory. 

Following the same procedure as in section 2.5 we obtain for 

uf-uu of a burner-stabilized flame: 

(3.9) 

where we equated the right-hand sides of Eqs.(3.4) and (3.5) at T=T~. 

Eq.(3.9) reduces to Eq.(2.30) for Tbur=O, i.e. for freely-propagating 

flames. This limiting case describes the blow-off limit (the velocity 

uf-uu equals the unperturbed flame speed uf). 

To isolate the dominant temperature effect on the flame speed in 

Eq.(3.9} we first simplify the denominator: since Tb-T~ and Tb-Tc are 

small, we may replace T~ and T c by Tb and Tb. We find that the 

denominator of both Eqs.(3.9) and (2.30): cp[~p(Tb)Tb- ~p(Tu)Tu]2 is 

not sensitive to changes in Tb. 

As in chapter 2, we are now able to write down equations like 
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Eqs.(2.27-29) for burner-stabilized flames. We only consider the effect of 

heat losses and take the logarithm. Then we find 

2 2 T a T a rb, 
ln(u£ fur)=- :;:r +-;- + (1+a+/1+2) ln[-;-J, 

b b b 
(3.10) 

(3.11) 

and 

(3.12) 

for stoichiometric, lean and rich mixtures, respectively. 

Sometimes, the activation temperature T a is determined 

experimentally [19,20] with Eq.(3.10). However, the logarithmic term 

ln[r.;/Tb] has been neglected so far. This has been done because of the 

fact that the overall reaction order p is not known accurately enough. 

The values for T a' thus obtained, are much larger than numerically 

calculated values, with the use of complex chemistry (6]. However, we 

will show in chapter 5 that it is possible to reduce the discrepancy 

between these results and those obtained with the numerical studies, 

after a careful experimental determination of the parameters a,P and 1· 

3.3 STAND-OFF DISTANCE 

The stand-off distance is defined in section 3.1 as the distance 
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from the burner edge to where the temperature equals the critical 

temperature. We have to point out that this definition of the stand-off 

distance is not generally accepted. Other conventions are used in the 

literaturet e.g. the distance from the burner head to the visible flame 

sheet, from the burner to the place with maximum H-radical 

concentration, etc [2,20]. However,. the numerical values do not differ 

much, because the combustion zone is extremely thin. We will derive 

expressions for the stand-off distance based on the definition mentioned 

above (distance of the burner to the critical temperature) in this section. 

From Eq.(3.4) we may conclude that the dimensionless stand-off 

distance {cis given 

(3.13) 

Again, we substitute Eq.(3.2) for Tbur and find for the real stand-off 

distance xc = {cof 

(3.14) 

where the rb dependence of u£ is given by Eq.(3.9). In the case of a 

stoichiometric mixture, we find for the leading-order behavior of 
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Eq.(3.10): 

(3.15) 

The integral of Eq.(3.14) is difficult to determine analytically. The 
A 

integral is a logarithm for the special case of 1_:=0 and cp(t)=1, which 

corresponds to temperature independent ,\ and cp. Eq.(3.14) reduces in 

this case to 

(3.16) 

which agrees with results found in the literature [10]. Note that the 

numerator can be approximated by the constant value r c -r u· 

The logarithm in Eq.(3.16) shows only small variations, except 

for values of rb close to the blow-off limit rb, where xc goes to infinity 

logarithmically. We also observe that the denominator in the integral of 

Eq.(3.14) vanishes for t""Tu close to the blow-off limit (rb""rb). This 

means that the stand-off distance always increases logarithmically in the 

case of temperature dependent A and cp. On the other hand, u£ decreases 

for decreasing rb, as can be seen from Eq.(3.9) and (3.15). This means 

that xc grows also for decreasing rb. Because of the fact that xc-100 both 

for rb -~r u and rb""Tb, it is obvious that xc has to have a minimum 

somewhere in between. This minimum value for xc is probably the most 

stable flame situation, because small fluctuations in rb (or uf-uu) have 

only a marginal influence on the stand-off distance. Large variations in 

xc could lead to extinction of the flame. In Fig.3.3 we present xc 
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(Eq.(3.14)) as a function of rJ:, for a stoichiometric methane/air flame. 

Apart from the theoretical results, based on the parameters to be 

calculated in chapter 5, we also give the experimental data [2,20]. We 

find qualitative agreement with the experimental behavior: our values 

are smaller due to our definition of the flamesheet at r=rc. We further 

note that the experimental [2] adiabatic temperature rb seems to be 

determined inaccurately. 

12.5 

10.0 

7.5 

s, -
c.> 

5.0 >< 

2.5 

"15.0 17.5 20.0 22.5 

Tb (K) * 1.0 E 2 

Fi&· 3.3 

a stoichiometric CH4jair flame. The coatiuows liae represeats 

the ezperimeatal behavior [2]. The dotted liae displars the results 

of the theorr of chapter 3 (111ith the parameters of Table 5.t). 
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CHAPTER 4 NUMERICAL MODELING 

4.1 INTRODUCTION 

Memory storage and computation time problems appear when premixed 

laminar flames are modeled numerically. For example, using equidistant grid in 

the modeling of flames (the flame sheet width is of order Cfl0-4m) in burners 

(usual dimensions of order lm) would take a huge amount of computer memory 

and computation time. Furthermore, problems may occur (diverging solutions 

during the iteration) when calculations are performed using source-term 

linearization. These problems may be caused by the slowly-converging 

Taylor-series of the source-term in combustion problems (App.D). This makes it 

worthwhile to develop a numerical scheme, explicitly suited for solving 

combustion problems. 

A number of (control-volume based) numerical methods to solve the 

one-dimensional (lD) combustion equations will be introduced. In this way a 

study is made of the applicability of different numerical schemes. The main 

objective will be a reduction of the required number of grid points and 

computation time, since we venture to make numerical modeling of flames in 

domestic and industrial burners possible in future. Our intention is to study 

global flame structure and the effects of changes in the natural gas composition. 

In this study we make use of a one-step irreversible chemical scheme. 

First we derive a finite volume discretization scheme [22], which will be 

used in both an equidistant and in a gradient-adjusted grid [23]. To reach the 

same accuracy the gradient-adjusted grid will prove to need substantially less 

grid points, as is also stated by Smooke et al. [24]. Thus, this is a first step in 

solving the computer memory problem. However, since the gradient-adjusted 
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grid is determined by means of an equidistant grid solution and additional 

calculations are needed in the non-equidistant numerical scheme, there is only a 

slight reduction in computation time. 

One step further in solving the memory storage problems is the 

introduction of a new coordinate system based on the conduction controlled flame 

solution as derived in the previous chapters. We show that it is possible to 

develop a numerical scheme, fitted to the temperatur~profile of a lD-flame. 

Since, in detailed chemical kinetic calculations, temperature is one of the 

important parameters, the developed scheme might also be of use there. It 

eliminates the exponential nonlinearities and may thus circumvent the problems 

as observed by Smooke et al. {25]. In order to adapt this numerical scheme to 

more dimensional problems, a lot of effort will have to be spent on the analysis of 

the transformation in the future. 

In the new coordinate system, temperature will increase almost linearly. 

Therefore, it will not take much grid points to describe the temperature profile. 

Moreover, the initial temperature (linear) profile will closely match the 

converged solution. Therefore, there is a reduction in the number of iterations 

needed. Thus, the coordinat~transformation will also take care of the 

computation time problem. The conduction controlled flam~theory is therefore 

well suited for the use in coordinate-transformation, this in contrast to the 

activation-energy a.Symptotics theory [10]. 
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4.2 FINITE-VOLUME METHOD 

We rewrite the 1D combustion-equation (2.6) as 

~f(r)r-~ (g(r) ~] = h(r). (4.1) 

The Lewis numbers are assumed to be equal to one for simplicity. This choice has 

no influence on the numerical procedure. The scheme may be extended to a 

scheme which solves an arbitrary set of the coupled combustion-equations easily. 

To solve this non-linear differential equation numerically, it is first approximated 

by a linear equation. The solution to Eq.( 4.1) is found subsequently by using an 

iterative solution procedure. The h( r old), f( r old) and g( r old) are used to get a 

new solution r. To solve the linear equation, the {-interval will be discretized and 

the resulting matrix equation is solved using standard solver-routines. 

Underrelaxation is used to assure convergence to a stable solution. 

On the right-hand side of Eq.( 4.1) there is still the possibility to choose a 

linearized form: h( r) = h( r old) + ( r-r old) 6h( r old). Patankar [22] gives some 

examples of source-term linearization methods, based on first-order 

Taylor-expansions of h( r) around h( r old). However, in the case of combustion 

problems, the Taylor-series of h( r) converges very slowly even for small ( r-r old) 

(App.D). Thus, source-term linearization does not seem sensible. 

Bearing these considerations in mind and knowing r old( e), we may deduce 

f, g and has a function of!. We then find a linear equation in r: 

~ f(Or-~ (g({) ~] = h{e). (4.2) 
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Subsequently, r(O is solved in the grid-points ei by means of a finite volume 

method. This means that for each of the terms of Eq.( 4.2), the integrals are 

calculated over a control volume from ew (=({i-1-{i)/2) to ee (=({i+1+{i)/2) 

around each discretization point {i (Fig.4.1). The left-hand terms give: 

(4.3) 

~· 1 I- ~· 1 ~it 1 

I I I 

Fi&. 4.1 The control volume arouad poiat {i used to solve the 10 combustion 

Eq.(4.1). The bondaries are defiaed as the midpoiats {w=({i+{i_1)/2 and 

{e=( {i+ 1 +{i)/2· 

To make sure that the outgoing energy flux from the control volume 

around ei is equal to the incoming energy flux into the next control volume 

around {i+ 1, we use piece-wise linear profiles for r: 

{4.4a) 

and 
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( 4.4b) 

Since f and g are only weakly r-dependent (and thus weakly {-dependent), it is 

allowed to take f and gin the intermediate points as the mathematical mean off 

and g in the two surrounding points. 

When Eqs.( 4.3-4) are combined, we find: 

a.r. =a. 1r. 1+ a.+1r. 1+ b. 
1 1 I- 1- l 1+ 1 

(4.5) 

with 

(4.6) 

and with ai as defined in App.El. For equidistant grids the derived ai are similar 

to the coefficients of the hybrid scheme of Patankar [22] (section 5.2-1) derived 

by second-order Taylor expansion. This is not the case for non-equidistant grids. 

Therefore, for equidistant grid spacing our numerical scheme is equivalent to a 

scheme in which parabolic interpolation profiles are used. Thus, the scheme is of 

second order when the source-term is integrated according to Simpsons rule: 

(4.7) 

To determine h in the intermediate points we use parabolic interpolation 

(App.E2). This gives 
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(4.8) 

with A= ai+l-{i) = ({r{i_1). Note the heavy emphasis on the h(ei)-term. 

For non-equidistant grids the fortunate equivalence of the finite volume 

scheme with a second order scheme does not continue. Therefore, a first-order 

approximation of the source-term integral will suffice. We use mid-point 

integration method and piece-wise linear interpolation (App.E2): 

e. { 
bi =I 1 h(()d{ + Je h(e)d{ = 

{w {i 

[h(ei-1)+3h({i)](erei-1)/8 + 

[3h( {i )+h( {i+ 1 )]( {i+ 1-{i) 18· 

Compared to Eq. ( 4.8) there is much less emphasis on the h( {i)-term. 

\Ve use boundary conditions: 

: T 

. dr 
'<f[ 

=r u 

=0 

r({l) = T u' 

r({N) = r({N-1). 

(4.9) 

(4.10a) 

(4.10b) 

These boundary conditions model a flame, stabilized on a burner, with all 

variables known at e=o (App.F) and all derivatives equal to zero for {-100. Of 

course, this is an arbitrary choice but again the scheme may easily be extended to 

any other set of boundary conditions. 

The set of equations (4.6-10) can be rewritten as a tridiagonal 

matrix-equation: 

Mr=b =- _, (4.11) 
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with M a tridiagonal matrix containing the a.-coefficients, r a vector containing 
- 1 -

the ri and Q a vector containing the bi (App.E3). To solve this kind of equation 

standard procedures are available (TDMA, Thomas, etc.). 

4.3 GRADIENT ADJUSTED GRID 

The severe problem of memory-storage in premixed flame ca1culations 

may be solved by using a gradient-adjusted grid formulation, instead of an 

equidistant grid. A solution procedure is introduced in which the grid denseness 

increases in places where the solution changes rapidly. This solution method was 

earlier proposed by Dwyer et al. [23]. The !i 's are distributed according to: 

(4.12) 

with e l and ! N known (note that the sum of the N-1 integrals from ~ 1 to ~ N 

adds up to N-1 times the right hand side of Eq.(4.12)). 

It is clear from Eq.( 4.12) that in areas with steep r-gradients the second 

term in the integral dominates and therefore the grid-points become distributed 

according to the r-gradients. On the other hand, in areas with small r-gradients, 

where the first term in the integral dominates, grids-points will be distributed 

almost equidistantly. 

This grid adjustment is used in our computations by first searching an 

approximate solution, using an equidistant grid. Then, a grid-adjustment is 

performed. The first solution (Told(~)) in the newly obtained grid-points is 
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determined by interpolation of the old solution in the equidistant grid. 

Equidistant grid 

Grids x(T:500 K) x(T:1000 K) x(T:1500K) time 

25 0.773 10-5 9.954 10-5 43.24 10-5 0:33 

50 5.15110-5 19.14 10-5 46.12 10-5 4:31 

100 4.552 10-5 18.53 10-5 45.20 10-5 3:44 

200 4.341 10-5 18.64 10-5 45.33 10-5 7:08 

Adjusted grid 

Grids x(T:500 K) x(T:1000 K) x(T:1500K) time 

25 4.283 10-5 18.51 10-5 44.65 10-5 1:07 

50 4.326 10-5 18.65 10-5 45.26 10-5 2:11 

100 4.328 10-5 18.66 10-5 45.34 10-5 4:23 

200 4.329 10-5 18.67 10-5 45.36 10-5 8:50 

Table 5.1 The results of the equidistant grid solution compared to those 

of the adjusted grid according to Eq.(4.12) for the combust ion problem 

defined in Appendix F. (x(T): the x(m) at which the temperature Tis reached 

computing time: min.: sec.) 

In Table 4.1 results of our calculations obtained with the adjusted grid are 

compared with the equidistant grid results. It is obvious that the results obtained 

with non-equidistant grid spacing are much better for the same number of points. 

In this way a reduction in used computer memory is achieved (more then a factor 

of 4 ). For equidistant grids, computing time is influenced by the number of 

iterations needed to reach convergence. Since the equidistant grid solution is used 
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to determine the gradient-adjusted grid the same type of behavior in computing 

time at the same number of grids is found (there is even a. slight increase, due to 

the additional calculations needed in the gradient-adjusted grid). However, the 

computing time needed to reach the same accuracy is reduced with about a factor 

of three. 

4.4 COORDINATE-TRANSFORMATION 

From the conduction controlled flame theory, the approximate solution of 

the lD combustion equations for a burner-stabilized flame is known. This 

knowledge will be used to define a new coordinate-system x in which r increases 

almost linearly. 

The advantage of this almost linear increase is twofold. First, to describe a 

straight line only a few points are needed, which assures rapid convergence. 

Second, piece-wise linear interpolation as used in the numerical scheme will be 

almost perfect. Furthermore, in the new coordinate system there is no call for a 

gradient-adjusted grid. Thus, the earlier mentioned second-order equidistant 

scheme may be used. 

The solution of g(r)£f in the preheating zone (r<rc) (the source-term 

h( 0 is neglected) is given by 

(Eq.(3.4)), where rb :g( r )~I is the heat absorbed by the burner. In the 
Ur U u~:, TU 

reaction-zone ( r>r c) the approximate solution is given by: 
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Tb 
g(r) ~ = [2 J g(r) h(r) dr)1/ 2 (4.14) 

T 

(Eq.(3.5)). The coordinate-transformation is formed by adding the solutions in 

Eqs.(4.13-14) to give the new coordinate x: 

(4.15) 

with Xu = r u' xb = rb and ((Xu) = 0. Note that we are able to match both 

boundary conditions when ~~,is chosen appropriately, as will be shown in App.G. 

\Ve show in App.G that Eq.(4.15) approaches Eq.(4.13) and Eq.(4.14) in the 

preheating (X<Xc) and reaction (x>xc) wne, respectively; the transformation 

increases with f(x )x for x<xc and the variations are dictated by the integral term 

for x>Xc· 

When the overall reaction order is larger than one (p> 1), it turns out that 
-

dx/de equals zero at xb (close to xb). Eq.(4.15) is applicable for all reaction 

orders p. The e-definition area [O,oo> is mapped on either the x-definition area 
-

[xu,xb] when p>1 or the x-definition area [xu,xb] when p<l. We treat 

methane/ air combustion with the parameters of App.F for which p> 1. Note the 

striking resemblance of the transformed coordinate x(x) according to Eq.(4.15) 

and r(x), presented in Fig.4.2. 
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Fig. 4.2 Coordinate transformation .t(x) of Eq.(4.15) based on the 

conduction-controlled flame theory, used to solve the combustion equation 

Eq.(4.16) (continuous line). lr'e present the exact solution T(x) as a 

reference (dashed line). 

Using the coordinate-transformation in Eq.( 4.1) gives a new combustion 

equation: 

~ f(x)r + ~ (g(x) * ~) = h(x)/(dx/dO. (4.16) 
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We define the new functions g'(x) and h'(x) as 

g'(x) 

h'(x) 

= g(x) ~ 
= h(x)/(dx/d{) 

. 
(note that h'(x) is not defined in x=xb). This gives 

~ f(x)r + ~ (g'(x) *) = h'(x), 

(4.17a) 

(4.17b) 

(4.18) 

which is analogous to Eq.( 4.1 ). To solve Eq.( 4.18), a finite volume scheme is used 

with control volumes from Xw to Xe around Xp similar to the previously described 

ones. Since r(x) will be an straight line approximately, the r-gradients will be 

more or less constant over the whole x-interval. So, we may suffice with 

equidistant grid spacing and therefore, we have a second-order scheme. 

The set of linear equations is the analogous to the one derived in App.El, 

replacing g(O by g'({) and h(~) by h'(~) and defining a new A as A=xrxi-l 

(l~i5N). Note that the dx/d~ part of g'(x) is known exactly in the intermediate 

points. Since the dx/de variations are large, it is essential to use this knowledge 

in Eq.(4.3). 

The boundary condition in x=xu is given by: 

( 4.19) 

In x=xb we chose to describe the boundary condition by: 
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dr/dx=O. (4.20) 

The choice of the last boundary condition is quite arbitrary. Therefore, the 

r(x)-profile is is found only approximately near Tb' although it converges to the 

right solution when enough grid points are used. However, the choice of the 

boundary condition has no influence on the remainder of the profile, which is 

calculated accurately with only very few grid-points. When a more precise 

description of the r(x)-profile near rb is wanted, we may either adapt the 

boundary condition or extend the solution from ~(x<xb) to {-100 by use of one of 

the previously described solution procedures. 

The solution r(x) to the problem as described in App.F is presented in 

Fig.4.3. The almost linear increase of r(x) shows that the proposed coordinate

transformation indeed takes proper care of the steep gradient problem. 
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Fig. 4.3 The solution r(x) of the combustion equation according to Eq.(4.16) 

(continuous line). A staight (dashed) line is presented as a reference. 

The proposed method (Table 4.2) needs less grid-points to obtain the same 

accuracy as the schemes described in the previous sections (Table 4.1 ). 

Furthermore, due to the simplicity of the numerical scheme and the small 

number of iterations needed to reach convergence a substantial reduction in 

computing time is achieved. However, in problems where a number of 

subsequential coordinate-transformations are needed (e.g. due to different 

boundary conditions), this computation-time reduction may be smaller. 
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Grids x(T:500 K) x(T:lOOO K) x(T:1500K) time 

25 4.329 10-5 18.665 10-5 45.253 10-5 0:27 

50 4.330 10-5 18.667 10-5 45.363 10-5 0:53 

100 4.330 10-5 18.667 10-5 45.365 10-5 1:46 

200 4.330 I0-5 18.667 10-5 45.365 10-5 3:31 

Table 4.2 :The coordinate transformed solution applied to the combustion 

problem defined in appendix F. The gridpoints are distributed equaly over 

the coordinate transformation and the remaining area (x(T): x (m) at which 

temperature Tis reached; computation time: min.: sec.). 

In the near future we hope to adapt this solution procedure to 

more-dimensional analysis, where, in other numerical schemes, memory-storage 

and computation time are real problems. The results of this scheme in the 

one-dimensional problem are encouraging in this respect. However, to make a 

coordinate-transformation possible in more-dimensional problems, a lot of effort 

still has to be put in the analysis of the describing equations. Furthermore, the 

coordinate-transformation may also be useful in detailed chemical kinetics 

computations, because of the fact that problems with the exponential 

nonlinearity (25] of the source-terms are circumvented. 

69 



QUASI ONE-DIMENSIONAL FLAMES 

CHAPTER 5 DETERMINATION OF CHEMICAL PARAMETERS 

5.1 OBJECTIVE 

In this chapter the theory presented so far is applied to practical 

situations. We present a mew method to determine the one-step 

irreversible reaction parameters o,f],A and Ea, which describe the most 

essential features of hydrocarbon/ air combustion. It is possible to 

determine the chemical parameters in a number of ways, based on both 

experimental and numerical studies [4,5,6,19). All methods cover either 

the behavior of the freely-propagating flame speed or reproduce the effect 

of heat losses on burner-stabilized flames. here, we reveal an elegant 

manner to find the chemical parameters, based on a reproduction of both 

the flammability behavior and the influences of heat losses on 

burner-stabilized flames near blow-off. The thus found set of parameters 

is therefore well suited for numerical flame modeling in combustion 

equipment. 

The theory of chapters 2-3 is used as starting point, while 

experimental results are taken as input. The method is applied to 

CH4/air flames successfully. For now, previously reported experimental 

data [14,19] are used to determine a, /3, A and Ea for CH4/air flames. 

We intend to apply the method to our own measurements in the future; 

the described procedure will be used to find the chemical parameters as a 

function of natural-gas composition to be able to predict the effect of gas 

composition on the behavior of flames in domestic heating equipment. 

Because we are interested primarily in combustion of 

hydrocarbons, we stick to the conduction flame theory. The obtained 
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results are compared with values found with other experimental work 

and with numerical studies. 

Our starting point is the study of flames stabilized on a burner as 

presented in Fig.3.1. We vary the gas flow speed uu and measure the 

flame temperature Tb. The blow-off point, where uu=uf and Tb=Tb, is 

used as reference. Besides Tb and uu, we also measure Tu and the mass 

fractions of reactant and product gases, in order to determine the 

stoichiometric factor, the specific heat and the heat of combustion. The 

Arrhenius parameters are subsequently determined from the behavior of 

the overall speed uu as a function of the flame temperature T b and the 

equivalence ratio ~· 

5.2 METHOD OUTLINE 

Physical properties 

In order to find reliable values for the Arrhenius parameters, it is 

necessary to determine the physical properties of the mixture first. 

Although we concentrate on combustion of hydrocarbon/air flames, it is 

easy to extend the method to arbitrary mixtures. The physical 

parameters ..\ and ·Pu of the mixture are supposed to be ruled by the 

properties of the abundant nitrogen part, since the mixture always 

contains approximately 75 mass% inert nitrogen gas. We take the mass 

fraction of 0 2 in air to be y~x = 0.232 y~ir=0.232 {1-Y~u). 
Furthermore, the weak temperature dependence of the specific heat is 

neglected: cp =1. The values used are presented in Table 5.1. They are 

derived by interpolation of experimental data [26-29] and assumed to be 
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independent of the fuel composition. 

1 
yO X 

u 

1.25 kg m-3 

1.09 w-2J(mKsecf1 

7.70 10-1 

0.232 (1-Y!u) 

N2,T=273K 

N2,T=1500K 

4%,T<1400K 

Table 5.1: The physical properties for hydrocarbon/air combustion. 

The specification of the enthalpy release AH and average specific 

heat cp is very delicate; they may not be treated as ?-independent. This 

is seen when the behavior of the adiabatic temperature Tb as a function 

of ~ is considered: T b at blow-off appears to be wrong for ~> 1, when it is 

described by ?-independent values of AH and cp. Instead, we use the 

following equation: 

(5.1) 

where i runs over the hydrocarbons, N2,o2,co2,co and H20. For a 

given mixture, we measure the temperatures Tb and mass fractions ,u 
v!,b and determine AH(~) and cp(~) with Eq.(5.1), using values for the 

heat of formation h~ and specific heat c~(T) from Ref.(29]. This method 

gives better values for the flame temperature Tb as a function of~. 
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We already noted that we take into account CO production 

(apart from H20 and C02 formation) and neglect the presence of H2 

and other gases. The inclusion of CO is necessary, because the 

prescription for "complete" combustion: fuel+02 -+ 2+H20+fuel (~>1) 

and fuel+02 -+ C02+H20+02 (~<1) is insufficient, even with 

f-dependent cp and L\H values, to find accurate values for T b. It is 

therefore necessary to include CO formation for rich mixtures: 

fuel+0 2 -+ C02+CO+H20 (~>1). However, the Tb values become less 

accurate for increasing ~ (~1.2): this is caused by a neglect of (an 

increasing amount of) H2 product gases (see Ref.[9]). In Fig.5.1 we 

present our results of Tb as a function of~ for CH4jair flames, compared 

with results of the "complete" combustion model and with more detailed 

calculations [9]. It is concluded that the neglect of H2 is less significant. 
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220. -~ 
C> . -... 
-200. 
:::.::: -

180. 

160. 

7.5 10.0 12.5 15.0 

rp { 1) • 1.0 E -1 

Fig. 5.1 The adiabatic temperature Tb tJS a fnctioa of ~. The 

coatiaaoas liaes represeat the resalts foaad ~ith dettJiled 

calcaltJtioas of Strehlo~ [9] (lo~er oae), aad ~ith the "complete 

combastion 11 model (upper one). The dotted carve displays the 

results of Eq.(5.1.), ttJkiag iato accont COt, CO 111d HtO as product 

gtJses. 

The theory summarized in the previous section may be used for 

lean and stoichiometric mixtures. For rich mixtures ( 1 < ;'S 1.4), however, 

the theory has to be modified: the hydrocarbon and oxygen gases are 

transformed completely into other products (CO, C02 and 
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H20 ). This means that the combustion process is described by 

stoichiometric equations, with s varying with the fuel concentration: for 

rich flames Eqs.(2.34) and (3.12) have to be replaced by Eq.(2.33) and 

(3.10), respectively, with a variable s=Y~x/Y~u. For '<1, sis constant 

and calculated from the measured initial hydrocarbon mass fractions 

(s=3.98 for CH4). The choice of Lewis numbers is discussed in the next 

section. 

Chemical parameters 

We now turn to the chemical parameters. From the theory 

presented in chapters 2-3 we conclude that the flame speed depends in a 

complicated way on all the parameters a, /3, A and Ea. Before A and Ea 

can be found, the overall reaction order p=a+/3 has to be determined 

first. In the literature [30], one usually finds p by varying the pressure 

P u or r u· From Eq.(3.9) it may be concluded that a variation of Pu 

(proportional to P u when r u is kept constant and proportional to r ~ 1 

when P u is fixed) leads to changes in the flame speed such that 

u£2 ""p~-2 . We have to point out that p changes when Puis varied over a 

large interval: the flame will be ruled by two-body reactions in the limit 

of Pu- 0, so that p- 2 in this limiting case. The relative importance of 

three-body collisions inqeases for increasing Pu· This leads to a decrease 

of p because the third-order reactions are recombination reactions, which 

tend to slow the reaction speed down [30). This behavior is recovered in 

Ref.30, where p is measured by varying the pressure Pu· At atmospheric 

pressure and room temperature a value of p~l.O is found for CH4/air 

flames, consistent with other theoretical values [31]. Here, we will not 
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choose for this method to find p. Instead, the behavior of uu near 

blow-off is used to find the all parameters, because our primary interest 

concerns the blow-off behavior of burner-cooled flames under atmospheric 

circumstances. 

Eqs.(3.10-12) indicate that the difference in combustion behavior 

of lean, stoichiometric and rich mixtures under variations of Tb is partly 

contained in the parameters 4 and {J. It seems obvious to use these 

equations to determine 4 and {J (and thus also p=4+{i). However, the 

mentioned breakdown of the validity of Eq.(3.12) for rich mixtures 

prevents the use of this equation. Eqs. (3.Io-11), when used at one 

specific point on a lean u{ versus Tb curve and one on the stoichiometric 

curve, (blow-off points with values uf and Tb are reference points), are 

two independent equations with 4,{J, T a as unknown variables: 

(5.2) 

(5.3) 

To describe the rich behavior of the flame speed also, we introduce a 

third equation (with the help of Eq.(2.32)): 
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(5.4) 

The ~ in brackets denotes the equivalence ratio where uf, Tb, T a' AH, cp 

and s are taken. Eq. (5.4) is an approximate equation determined by the 

flammability behavior of rich mixtures when the term 

[rb( (1)=1 )-r u]
2 
/[ rb( ~> 1 )-r uf in Eq.{2.32) is replaced by 

T~( ~=1 )/ T~( ¢> 1 ). One specific point on the rich branch of the 

flammability curve (with parameters uf( ¢> 1 ), rb( ¢> 1 ), AH( ¢> 1 ), 

cp(¢>1) and s(¢>1)) used in Eq.(5.4) gives a third equation. We now 

have three independent equations (5.2-4) by use of which a,(J and r a can 

be found. The equations (5.2-4) are strongly nonlinear and thus have to 

be solved numerically by iteration. This method appears to work 

extremely well. Both the theory of chapters 2-3 and the numerical 

program which solves the coupled differential equations for yfu, yax and 

T give excellent results when the values for a,(J, and r a found with 

Eqs.(5.2-4) are used. 

The above-mentioned choice of equations (5.2-4) to determine a,(J 

and r a might seem quite arbitrary. However, one has to realize that this 

method takes care of the lean, the rich and the stoichiometric behavior of 

flames. The use of an equation like (5.4) for the lean branch of the 

flammability curve is not favorable because the choice of chemical 

parameters hardly influences the behavior of the curve. Moreover, an 

equation like Eq. (5.2) for rich mixtures is also not sensible because then 
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we would have two analogous equations, which could be in contradiction 

with each other. The only reasonable alternative would be a least square 

fit to all experimental data points, using all equations mentioned. 

However, this method is more difficult and time consuming, while the 

proposed simple method already gives good results. 

After having found a, fJ and r a we finally fix the pre--exponential 

factor A with Eq.(3.9) at blow·off. Note that we do not need to know 

Liu and Le0x, because we may define .AS=~(Liu)a(Le0x)"'. The 

uncertainty of the Lewis numbers is contained within A, when we 

determine .Awith Eq.(3.9) instead of A. For CH4/air mixtures, however, 

we use Lefu=0.83 and Le0x=LO. Due to the fact that the conduction 

controlled flame theory predicts somewhat smaller values for uu than the 

ones found when the coupled set of differential equations for T and Y1 is 

solved, it is necessary to adjust the A value found with Eq.(3.9) (see 

Table.5.2). This is needed because of the neglect of the convective term 

in the combustion zone. However, the other parameters o:,/J and r a do 

not need to be modified for the case of CH4/air flames. This will 

probably guarantee the success of our method for more general fuel 

compositions in the future. 
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5.3 RESULTS 

We calculate the chemical parameters of CH4/air combustion 

with the method described in section 5.2. The experimental data of 

Kaskan [19] are taken as input. Kaskan measures the flame speed as a 

function of the flame temperature for a number of mixture compositions. 

From the varying behavior, he concludes that the activation energy 

varies with ,P and assumes uf(,p) "'expf-ra(tP)/rb]. We, on the other 

hand, assume Ea to be constant and try to incorporate the different 

behavior in the a,(J variables. When this is done we find a ~ 2.8 and 

(J ~ 1.2 and Ea=33 kcal/mole when Eqs.(5.2-4) are solved numerically. 

This leads to p ~ 4.0, which differs a lot from the value p ~ 1.0, found in 

Ref.28. The reason for the disagreement has to be found partly in 

experimental inaccuracy. Another important part of the discrepancy, 

however, is probably caused by the differences between experimental 

flame temperatures and Tb prescribed with the model proposed in section 

5.2; the high value of a can be explained by the fact that rb when 

predicted by Eq.(5.1) for ,P~l.3 is too small (see Fig.5.1). 

We have to make some important remarks here. A large negative 

value of a would have been found when the "complete" combustion 

model had been used. In fact, even for large negative values for a it 

would have been impossible to describe the decreasing behavior of the 

rich part of the flammability plot of Fig.2.3. Moreover, the maximum in 

the flammability plot at ,P~l.l would disappear when CO formation 

would have been left out at stoichiometric combustion. 

For the activation energy Ea and the pre-exponential factor A we 
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find Ea=33 kcal/mole and A=4.22 1015 (kgm-3r3sec-l (for theory of 

chapters 2-3).However, when the coupled equations for yfu,yax and T 

are to be solved, we find A=2.87 1015 (kgm-3f 3sec-1 as the optimal 

choice. The other parameters a,{J and Ea remain unchanged. The 

pre-exponential factor is very sensitive to all changes and makes sense 

only in combination with the choice of parameters presented here. 

Our value for Ea is much smaller than that found by Kaskan and 

others [20] (more than a factor of 2 difference), but agrees well with 

chemical-kinetic calculations of Coffee et al. [6] The discrepancy with 

Kaskan is explained by the fact that the values obtained by Kaskan are 

based on the very simple assumption regarding the behavior of the flame 

speed: u£2 "' exp( -Ea/RT i:)· The additional temperature dependence 

( T {)p+ 'Y+ 2 is neglected in this expression. Neglects of this factor leads to 

a strong increase of Ea. The value of Ea found here, agrees remarkably 

well with the theoretical values, obtained with chemical-kinetic 

calculations [6]. In these calculations it is assumed that a=l and /3=2 (so 

that p=3), because there are two 0 2 molecules needed to react with one 

CH4 molecule. This value for p does not differ much from our p::4.0. 

However, the assumption of Ref.6 is quite arbitrary, in our opinion. 
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Ea 33 kcaljmol 

Q 2.8 

p 1.2 

A 4.22 1015 (kgm-3ra-P+1sec-1 (chapt 2-3) 

A 2.87 1015 (kgm-3ra-P+1sec-1 (Eqs.(2.1-2)) 

Table 5.2: The chemical parameters for CHlair combustion. 

In Table 5.2 we summarized the results for the chemical 

parameters of CH4/air combustion. These results were used in the 

figures of the previous chapters, where we compared our work with 

numerical and experimental behavior. In chapter 3 we reported that the 

behavior of the stand-off distance resembles the experimental curve 

qualitatively (Fig.3.4 ). In Fig.2.3 it was shown that of the data for the 

flame speed as a function of' as measured by Andrews and Bradley [14] 

match with our results. 
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45.0 50.0 55.0 60.0 65.0 

1/Tb (1/K) * 1.0 E -5 

ln(uf) as a fuction of 1/rb for CH4fair combustion 

mith; = 0.8, 1.0 and 1.2. The dotted curves are experimental data of 

laskan. The continous curves are foud mith the theory of 

chapters 2-9 and the parameters of Tables 5.1-2. The difference mith 

the resllts of the aumerical program which solves Eqs.(2.1-2) is 

extremel'U small (mhea A is altered as iadicated ia Table 5.2). 

In Fig. 5.2 we compare u{ as a function of Tb with Kaskan's 

results. The ;= 1 and ;=0.8 graphs are used as input to determine the 

parameters by Eqs.(5.2-3) and are therefore described well 
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by our results. For ;=1.2 we find a small mismatch: Kaskan's results 

display a somewhat steeper behavior than ours. In Fig.5.3 we present the 

unperturbed flame speed as a function of the burner temperature r u· The 

results agree well with the experimental data [14] and the chemical 

calculations of Ref. l3l]. 

35.0 

- 30.0 I 
~ 

Q - 25.0 
* -Cll 

'8 20.0 --=' 15.0 

10.0 

5.0 

30.0 40.0 50.0 60.0 70.0 80.0 90.0 

T u (K) • 1.0 E 1 

Fig. 5.3 The aaperturbed flame speed uf as a faactioa of the 

burner temperahre Tu for stoichiometric metha~ejair combust io• 

(dotted line) Ve preseat the experimental behavior of Aadrews et 

al.[14] as a reference (continuous liae): uu=O.IO + 0.00000371 T! 

mfs. 
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We may conclude that the correspondence with experiments and 

other work is satisfactory. This is certainly the case for the behavior of 

the combustion process near blow-off, in which we are primarily 

interested since the main purpose of our future research lies in the study 

of stability problems close to the blow-off limit. 

5.4 CONCLUSIONS 

We have presented a new method to describe CH4/air and H2/air 

flames. This theory covers existing theories: it is an extension of the 

so-called activation-energy asymptotics theory when Ea>>RTb. 

Moreover, we are able to formulate a new theory for smaller values of 

Ea. 

In chapter 4 we have shown that it is possible to reduce the 

number of needed grid points needed to model ID premixed flames by 

roughly a factor of 6, when a coordinate transformation is used to 

describe the flame. This transformation is based on the theory, presented 

in Chapters 2-3. 

In chapter 5 we have used the theory of chapters 2-3 to describe 

CH 4/ air flames: we may conclude that the method to fix the overall 

chemical parameters as described in chapter 5, in combination with the 

mentioned theory, is an elegant and direct method. It turns out that we 

able to cover the complicated chemical behavior of a combustion process 

by a few chemical parameters. We assume that this remains the case 
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when we turn to natural gas/air combustion in the future. 
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SYMBOL TABLE 

A Arrhenius constant (ML-3)1-pT-1 

a Coefficient in differential equation (chapter 4) 

b Coefficient in differential equation (chapter 4) 

c Constant in Eq.(4.13) 

D Diffusion constant L2T-1 

d Constant (App.E) 

c Specific heat L2T-2K-1 

E Energy L2T-2 

F Hypergeometric function in Eq.(C.5) 

f A function (chapter 4) 

g A function (chapter 4) 

gx Graviational accelleration 

along x-axis LT-2 

~H Specific heat of combustion L2T-2 

h A function (chapter 4) 

ho Formation energy at T=O L2T-2 

I Integral in Eq.(C.l) 

J Shvab-Zeldovich variable 

j Temperature derivative (chapter 3) 

K Integral in Eq.(C.4) 

k Reaction rate L-3T-1 

L Pourous plug thickness L 

Le Lewis number 

M Tridiagonal matrix 

m Molecular mass M mole-1 

N Number of fluids (chapter 1) 

N Number of grid points (chapter 4) 

n Particle density L-3 

0 Arbitrary observable (chapter 1) 

Pe Peclet number 
p Pressure MC1T-2 

p Overall reaction order 

R Specific gas constant L 2T-2K-l 

s Source term 
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s Stoichiometric factor 

T Temperature K 

t Temperature variable 

u Diffusion velocity LT-l 

u Velocity LT-l 

AV Collision volume L-3 

X Position on x-axis L 
y Mass fraction 

tl Reaction order of fuel 

/3 Reaction order of oxigen 

r Gamma function 

i Power describing temperature dependence of..\ 

A Unburnt mass fraction 

b Distance L 

b~ {-{i variation in Eq.(E.4) 

f Convective heat transport (App.A) 

( Temperature variable 

1J Constant in Eq.(2.6) 

..\ Thermal conductivity MLT-3K-l 

p Coefficient of viscosity ML-IT-l 

p Mass den.sity ML-3 

(f Parameter in App.C 

T Dimensionless temperature 

{ Dimensionless coordinate 

p Ratio of open to total area 

~ Stoichiometric ratio 

X Dimensionl~ss temperature 

Superscripts 

ere Created (chapter 1) 

des Destructed (chapter 1) 

fu Fuel 

i Component number 

(i) ith order approximation (App.A) 

in Inert 

m Mixture 

92 



QUASI ONE-DIMENSIONAL FLAMES 

ox Oxidant 

pr Product 

r Reference 

Subscripts 
a Activation 

b Burnt 

bur Burner (chapter 3) 

c Critical 

e East 

f Flame 

Control volume number (chapter 4) 

k Kinetic 

old Previous iteration (chapter 4) 

p Constant pressure 

u Unburnt 

w West 

93 



QUASI ONE-DIMENSIONAL FLAMES 

APPENDIX A 

In section 2.2 we have shown that the convective heat-transport in the 

reaction zone is only a fraction of the total energy flux for the case of 

conduction/diffusion controlled flames. This makes clear that we can use 

perturbation theory for r>rc. We regard the convective part as a perturbation to 

the total transport and determine higher-order approximations by substituting 

the small correction back into the original differential equation. Our starting 

point is Eq. (2.6) 

(A. I) 

The first-order approximation is given by Eq. (2.9) 

(A.2) 

which leads to the convective heat transport given by Eq. (2.11) 

(A.3) 

where the superscript "(i)" denotes that this is a ith-order approximation. The 

critical point is defined as the point where f(l)(rc)=qS(rc), i.e. where 

drl iJ 1 dr)l at r=r =- 0~,Pe at r=r . However, in the preheated zone we have the 
c c 

following relation: ~I r=r = + ~~~)I r=r . There is no way to solve this 
c c 

problem in first order, because the first and second derivatives are strictly 
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positive and negative, respectively. This means that the second derivative of r is 

discontinuous at r=rc in first order. A second-order approximation can be found 

by substituting Eq.(A.3) in Eq.(A.1 ): 

d 1dr (1) 
-~re~) = 1J S(r)- f (r). (A.4) 

The right-hand-side of Eq.(A.4) is again a function of r only, so that 

(2) 7b (1) 
dr = Pe( r){2 J [qS(t~ -f (t)]dt]1/2=f(2)(r) 
~ 

7 
e(t) ' (A.5) 

where t(2)~t( 1 ) because TJS">>£(1). The first derivative is still strictly positive 

because TJS">>~l). However, the second derivative is zero when 1JS=t(1) as can 

be seen from Eq. {A.4), and becomes even positive for smaller r. We therefore 

define a new (second-order) critical point rc where 1JS(rc)-£(1)(rc)=t(2)(rc). 

This prescription has the advantage that the second-order derivative is now 

continuous for all {. 

We can repeat the above presented calculation an arbitrary number of 

times. The approximation of order i is then given by: 

(A.6) 

On the other hand, we have to point out that the exact solution of Eq.(A.1) is 

given by 

(A.7) 
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where f(r):dr/d~, which can be rewritten as 

(A.8) 

This proves that the solution of (A.6) is exact in the limit of i to infinity. 

However, it is only a formal solution because it is a difficult task to determine 

the distortion integrals f(i)(r). Even the first-order approximation €(l)(r) is 

extremely difficult to calculate due to the complicated r-dependence of S. 
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APPENDIXB 

In chapters 2 and 3 we concentrated on the case of conduction controlled 

flames. In this appendix we briefly mention the analogous results for the case of 

convection controlled flames. 

The extension of the theory to non-unit Lewis numbers and a r-dependent 

cp is straightforward. Eqs.(2.17-22) remain unchanged. Eqs.(2.23-24) for the 

combustion zone have to be replaced by 

(B.l) 

and 

(B.2) 

Again, we find that Eq.(2.20) is not satisfied. However, Eq.(B.2) is a good 

approximation of the relation between r( O and Yi(e), because of the fact that 

the first-order derivatives with respect to ~ in Eq.(2.20) are small compared to 
-

the other terms. Using Eq.(B.2) we see that the expression for S( r) now contains 
~ 

no Lewis numbers. Instead it includes cp(r) functions. The temperature profile is 

calculated by 

(B.3) 

and the mass fraction profiles with Eq. (2.20), together with Eq.(B.l) 
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(B.4) 

The burning velocity is found by equating Eqs. (B.3) and (2.21) at r=rc: 

2 ~ 

2 Ap~- A(rc)S(rc) [d ~ J-1 
u = ( r)r . 

f c [c (r )r -c (r )r] Fp r=r ppccpuu c 

(B.5) 

where r cis defined as the temperature where ~[p~f ~1]=1. Eq.(B.5) is an explicit 

equation for u~, which can be used for all situations when the combustion process 

is ruled by convection. The critical temperature r c is the only unknown variable. 

To have an idea of the order of magnitude of r c we now assume cp to be 

r-independent for simplicity: cp( r)=L We then find: 

App-2::\ 
u~ =- u (rcfrr)''t(rufrc)P [Y~u + (rb-rc)]a 

cp [ r c -r u] 

[Ybx + s(rb-rc)]p exp(-rafrc), 
(B.6) 

with A(r)=I(rfrr)l, I;r and rr being constant parameters. Note that u~ does not 

depend on Lewis numbers. The critical temperature then obeys the following 

relation for a stoichiometric mixture 

(B.7) 

The left-hand side of this equation goes to infinity for r c -+T u' and becomes 

negative for large r c values (when p>O). This means that Eq.(B. 7) always has a 
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solution. Note that re-T u decreases for decreasing T a values. The theory may be 

applied when ra"'rb, i.e. when (rc-ru)<(rb-rc). 

The discussion of burner-stabilized flames, given in section IV for 

conduction controlled combustion, is easily extended to flames ruled by 

convective transport: the rc, rb and uf have to be replaced by rb, r~ and u£. The 

expression for u£ corresponding to Eq.(3.9) is now given by Eq.(B.5) with a 

somewhat altered denominator: 

(B.8) 

Writing A(r)=I(r/rr)' and taking ~p=l, we obtain the following approximate 

equation for the flame speed in a stoichiometric mixture 

(B.9) 

We now use Eq.(B.7) for r~ with the term in curly brackets replaced by 

{ r ~-r u + r b-r i,}. Equation (B.9) can easily be extended to non-stoichiometric 

mixtures and a r-dependent specific heat. 
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APPENDIX C 

In this appendix we estimate the integral 

Tb 

I= I A(t) S(t) dt (C.l) 

rc 

of Eqs.(2.29-30). Furthermore, with the thus obtained result we derive 

approximate expressions for r c and uf We start with the case of a 

stoichiometric mixture, for which the final oxidant and fuel concentrations 

vanish: vgx=Y~u=O. First of all we replace rc by 0 in Eq.(C.l). This is a 

valid approximation, because the contribution of the integral for r< r c is very 

small. The integral in Eq.(C.l) then reduces to 

Tb 

I=Jr;isPr~(Lefu)a(Le0x/ It i[~b- l]Pexp(-r aft)dt. 

0 

We substitute x = :b- 1 so that I can be written as 

where K only depends on T afrb: 

00 

K(rafrb) =I [x+lr7-
2 

xP exp(-raxfrb) dx 

0 

= ( r b/ r a)p+ 1 f(p+ 1) 2F 0(;+ I ,p;-r a! r b). 

(C.2) 

(C.3) 

(C.4) 
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Here 2F 0 is a so-called hypergeometric function [32]: 

F (r+I p·z) _ I] rfk+r+2) r( p+k+l) £k/k' 
2 0 ' ' - k=O ( 1 + 2) r(p+ 1 ) ·. (C.5) 

Substituting this result in Eq. ( C.3) we find : 

I=l r-rs/1 rP(Lefu)a(Le0x/ 
r u 

r ~+ 1 exp( -r a! r b)( r b/ r a)p+ 1r(p+ 1) 2F 0( r+ 1 ,p;-r a! r b). (C.6) 

The expansion of 2F 0 in rb/r a seems to converge in the first instance, due to 

the fact that r b/ r a is small (the activation energy is much larger than the 

flame temperature). However, this is an asymptotic series, which does not 

converge at all: the combination of r-functions in Eq.(C.5) increases faster 

than ( r b/ r a)k /k! goes to zero for k-<oo. The series only makes sense for small 

rb/r a when it is cut off after a few terms. The leading-order behavior is given 

by Eq.( C.6) with 2F 0 replaced by 1 and is found when the factor [x+ 1 rr-2 in 

Eq.(C.4) is replaced by 1. That this substitution indeed gives the leading-order 

behavior is understood when one realizes that the main contribution to (C.4) 

comes from x values of order rb/r a' which is small compared to 1. 

In order to find the magnitude of r c compared to rb, we now substitute 

Eq.(C.6) for I in Eq.(2.31) and obtain 

(C.7) 
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Furthermore, we neglect the r u-term in square brackets, write cp=l and 

rc=(o+lf1rb. We then find the following estimate for (J 

(C.S) 

The huge influence of changes in r b on the exponential can be damped only 

when (J is small enough (order rb/r a). We write (J1=(J7 af7b and find finally 

(C.9) 

Eq.(C.S) indicates that (J
1 is almost constant during changes in rb. This means 

that 7 b-r c is indeed small and of order 7~/ r a· 

We now consider the flame speed uf for a stoichiometric mixture. Using 

Eq.{C.6) for I we find 

The leading-order behavior (k=O term): 

exp(-r /r } r i+P+2 
a b b 

(C.lO) 

(C.ll) 
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is found when the factor [x+ 1 rr-2 in Eq.( C.4) is replaced by 1. 

We now turn to the case of an under-stoichiometric mixture, for which 

A=(Y~x-sv!u)/sLe0x>O. Eq.(C.2) is then replaced by 

(C.12) 

As before, we substitute x = (~b- 1) and replace [x+1]P-7-2 by 1. Then we 

write y=xr afrb and find forK': 

00 

K'(ra/rb)=(rbfra)p+l Jya[y(l+~ )+;ra]p exp(-y)dy. 
0 b Tb 

(C.l3) 

For A<<r~/r a we may substitute y for the term in square brackets and we 

recover Eq.(C.4). For t.\>>r~fra we replace the term in square brackets by 

(t.\r a! r~)p (note that the main contribution to Eq.( C.l3) is found for y values 

of order 1) so that we now have 

exp(-r fr )r 7+a-P+2 
a b b 

instead of Eq.(C.ll). The behavior of rc is analogous as before. 

(C.14) 

The propagation velocity for under-stoichiometric mixtures is 

calculated in a similar way. The final result is given by 
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(C.15) 

where !J.'=(sY!u_y~x)/sLiu. 

We have to take in mind that the maximum temperature rb depends 

on the initial oxidant and fuel concentrations, as can be seen from Eqs.(2.4) 

and (2.14). rb decreases for increasing A(,). The magnitudes of a and /3 thus 

determine whether the flame speed increases or decreases for increasing A (') 

close to the stoichiometric point. However; we see from Eqs.(C.14) and (C.l5) 

that uf decreases fast near the flammability limits (i.e. for large enough values 

of A(')) due to the extremely sensitive rb dependence in the exponential. 
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APPENDIX D: SOURCE TERM LINEARIZATION 

In numerical schemes it is of common use to linearize the source-term in 

order to speed up convergence during the iteration (time-) process: it takes into 

account the effect of variations in the source term on the solution of the 

differential equation. This only works when the linearized source term is a 

reasonable approximation to the actual source-term. However, the source-term 

Taylor series in combustion problems with high activation is slowly-converging. 

A linearized form based on the first-order Taylor-term can therefore be used only 

for extremely small variations. The variations have to be so small that the 

number of needed grid point has to be enormous. Linearization is therefore of no 

use and is even able to cause converging problems. 

This difficulty is easily illustrated by taking a=/3=0. Then the source-term 

becomes: 

(D.l) 

When this is expanded into Taylor series in each grid-point around r old we get: 

(D.2) 

This means that source-term linearization with respect to iteration (time-) step is 

a good approximation to the actual source-term when the r-adjustment is small: 
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APPENDIX D 

(D.3) 

Note that a typical Ta"' 0(100) Told' when Told is small enough. This gives 
-2 

r-T old"' (10 )Told· 
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APPENDIX E: COEFFICIENTS TO DETERMINE r( fi) 

The coefficients ai App.(E.l) and the source term integral App.(E.2) defined as 

in Eqs.( 4.6-9) are determined for equidistant and for non-equidistant grid 

spacing. In App.E.3 the matrix-equation Eq.(4.11} is worked out. 

APPENDIX E.l: DETERMINATION OF~ 

\Vith piece-wise linear interpolation of r we find Eq.( 4.3) to be given by: 

(E.l) 

With f and g in {e and {w taken as the mathematical mean in the surrounding 

points. 

It is now easy to deduce the arcoefficients defined in Eq.( 4.5). First we 

define !J.e= ( f+ 1-{.) and !J. = ( {.-{. 1 ): 1 1 w 1 ]-

ai-l = -g({w)f!J.w- f({w)/2, 

ai = g({w)f!J.w+g({e)f!J.e- {f({w)-f({e)}/2, 

ai+l = -g({e)/lle + f({e)/2, 

(in equidistant grids !J.=Ile=!J.w)· 

(E.2a) 

(E.2b) 

(E.2c) 

If r decreases in one grid point this must lead to a decrease of r in the 

neighboring points. This condition leads to the demand that ai-l and ai + 1 should 

have the same sign opposite to the sign of ai. First of all we have to note 
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that both f and g are positive functions. Moreover, we choose A to be so small 

that f(~e)-f(~w)<<(g(~e)+g({w))/A so that ai is positive. Eq.(E.2a) denotes that 

ai-l is negative. The ai+l can be made negative by setting g((e)/A=f(~e)/2 or 

zero by setting g(~e)/A>f((e)/2. This prescription defines an upwind scheme, 

because ai reduces to g({w)/A-f({w)/2 in this case. Furthermore, we would like to 

point out that we may conclude from Eq.(E.l) that T=constant is a possible 

solution when the source term equals zero (since then f((e)=f({w)). 

The thus found numerical scheme is the same as the hybrid scheme 

derived by Patankar [22] by a second-order-Taylor expansion. We have to note 

that the exponential scheme (where exponential interpolation profiles are used 

according to the exact solution for h( T)=O) and the hybrid scheme are similar for 

sufficiently small A. 

APPENDIX E.2: DETERMINATION OF~-

In a equidistant grid (grid spacing A) we use parabolic interpolation and 

Simpsons rule to determine the source term integral over the control volume. 

To find h in the intermediate points by second order interpolation we write: 

h( 60=d0+d16{+d26{2 

with 6{={-{i (when expanding around {i) 

The d0 1 2 are found to be: 
' ' 

do= h({i), 

dl = {h({i+l)-h({i-1)}/2A 
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and 

(E.5c) 

According to Simpsons rule the source term integral is given by: 

(E.6) 

By definition (e=(i+!J./2 and (w=(r!J./2. When we use this and Eqs.(£.3-{)), we 

find: 

bi= fwh{{')d{' = {h((i-1)+22h{(i)+h{(i+l)} ~· 
e 

(E.7) 

Note that the integral is almost fully determined by the value h( (i). 

For non-equidistant grids we have to use another determination of the 

source-term integral, since parabolic interpolation leads to excessive calculations. 

By using piece-wise linear and a Newton-Raphson integration formula we can 

overcome these problems. 

Piece-wise linear interpolation gives: 

h({e) = {h({i+I)+h({i)}/2, 

h({w) = {h({i-l)+h({i)} /2, 

while Newton-Raphson integration of the source term leads to: 

(E. Sa) 

(E.8b) 
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(E.9) 

Combination of Eqs.(E.S-9) now gives: 

(II.IO) 

with !J.w and !J.e defined as in App.E.l. Note that Eq.(E.IO) puts less emphasis on 

h({i) than Eq.(E.7). 

APPENDIX E.3: THE MATRIX-EQUATION. 

The matrix-equation Eq.(4.11) we have to solve is given by: 

where the first (r1=Tu) and the last (-TN_1+TN=O) equations fix the boundary 

conditions given in Eq.( 4.10) and Eq.( 4.19-20). 
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APPENDIX F 

The physical and chemical parameters used for the comparison of the different 

numerical schemes are presented here. The thermal conductivity 

..\ = J*(T /1500.0) i 

Tu 3.00 102 K 

Pu 1.13 kg m-3 

uu 0.08 m/s 

J 1.09 10-2 J(mKsf1 

I 0.77 

Liu 1.0 

Leox 1.0 . 
cp( r) 1.0 

cP 1300 Jkg-lK-l 

AH 4.55 107 Jkg-1 

s 3.983 ~=1 

9=1 v!u=0.045 

yO X 
u 

S*yfu 
u 

Ea 3.28 Kcal mor1 

() 2.8 

(j 1.2 

A 4.22 1015 kgm9s-l 

The chemical parameters a,() and Ea are chosen according to Table 5.2. All the 
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unburnt boundary conditions (with index u) are defined at x = 0. While the 

burned boundary condition for the equidistant and the gradient adjusted grid 

(dT/dx = 0) is defined at x =10-2m. 
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APPENDIX G: COORDINATE TRANSFORMATION 

The coordinate transformation is formed by linear combination of Eqs.( 4.13-14): 

(0.1) 

This coordinate transformation satisfies the boundary condition at (-too. The 

constant K will be fixed by the boundary condition x=xu at e=o. The coordinate 

transformation then also satisfies this boundary condition. When the solutions for 

the preheating zone Eq.(4.13) and for the reacting zone Eq.(4.14) are connected 

differentiable in r=r c' we find: 

(0.2) 

Since the source term h( () ::- 0 for ( <(c we may write for x<xc: 

(0.3) 

Substituting this approximation in Eq.(O.l) gives at x=xu: 

(0.4) 

This has to be equal to rbur according to Eq.(4.13). Therefore, K has to be chosen 

as: 
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(G.5) 

The coordinate transformation thus represents the correct solution at x=Xu· Note 

that in conduction controlled flames K~l, since Xc~Xb (Chapter 2); choosing K=l 

may cause problems due to negative values of Eq.(G.l) at x=Xu· Thus,the 

coordinate transformation increases with f(x)x. Therefore, the x-profile now 

approximately matches the temperature profile found with the conduction 

controlled flame theory Eq.(4.13) for x<Xc· 

For x>xc we know that variations in f(x)x-f{eb)xb are much smaller than 

those in the integral term in Eq.(G.l). Therefore, the coordinate transformation 

will closely resemble the conduction controlled flame solution for x> Xc· 

The coordinate transformation now matches both boundary conditions 

and the transformed coordinate x increases approximately with ( as the 

temperature r according to the conduction controlled flame theory for both x<Xc 

and for x>Xc· Therefore, we expect the temperature r to increase almost linearly 

with the transformed coordinate X· 
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