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Chapter 1

Introduction

Recent development of modern genome science and technologies has produced new data types,

hence has opened a new era for data analysis. cDNA microarray, array CGH and SNP data

are among those data. A typical feature of these data is their high-dimensionality: the number

of dimensions which researchers can observe for single subject tremendously increased while

actual number of subject is relatively small. Hence, in this era, the change in measurement

environments requires new methodology to data analysis fields such as machine learning,

statistics and applied mathematics.

In statistics, the multiple testing methodology has been suggested as one of the solutions to

this problem. In fact, applying multiple testing to data is not a new technique but those crite-

ria and applications change a lot according to the newly generated data. Especially, dividing

research subjects into several categories, mostly two categories, control and treatment groups,

searching specific factors which affect significantly different feature has been performed quite

successfully in those kinds of high-dimensional data. However, performance and implementa-

tion of a multiple testing criterion depend on underlying assumptions, so one should be aware

of the condition and the limit of specific implementation of the multiple testing criterion for

use.

In this thesis, we investigate a recently developed and popularly used multiple testing cri-

terion, the false discovery rate and its applications to high-dimensional data. We do not

cover all the topics of the false discovery rate but more focus on several specific topics such

as effect size, dependence, clustering and discrete multiple testing. Here, we introduce our

contributions to the topics and we introduce examples of high-dimensional data types at the

end of this chapter.
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1.1 Testing criterions: FWER and FDR

By multiple testing, we mean performing more than one hypothesis test at the same time.

Performing a simple application of a single hypothesis testing multiple times produces the

error rate to be multiplied by a factor of the number of hypotheses. Hence, proper error

rate control for the whole hypothesis testing is important. Two criteria are commonly used

in multiple testing criteria: the family-wise error rate (FWER) and the false discovery rate

(FDR). FWER is defined as the probability of rejecting at least one hypothesis falsely and

FDR is defined as the expected proportion of false rejections in all rejected hypotheses. From

Table 1.1, FWER and FDR can be defined as P (V > 0) and E(V/R)1 mathematically.

Non-significant Significant total

True null U V m0

False null T S m1

total W R m

Table 1.1: Illustration of possible configuration for m hypothesis testing. U , V , T , S, W and

R are all random variables representing the number of hypotheses falling on each category.

m0 and m1 are the number of true and false null hypotheses respectively.

Generally, FWER control is known to be very conservative in high-dimensional data due

to its strict control. As an alternative, the FDR is proposed by Benjamini and Hochberg

(1995). Contrary to controlling the number of hypotheses, FDR controls the proportion of

hypotheses. That is, FDR is scalable. Due to this fact, it is more flexible to detect significant

variables while less strict in reducing false rejections, which is often regarded as a merit in

high-dimensional data analysis.

In the following sections, we assume the same multiple testing set-up and adopt the same

mathematical notations of Table 1.1 with π0 = m0/m, the proportion of true null hypothesis.

1.2 On FDR implementations

FDR implementations have been developed roughly in three folds. Firstly, likewise FWER,

since FDR is itself an error rate for multiple testing, proper control of the error rate has

been one of the main concerns in implementation. To do this, distribution of raw data or

test statistics of the data should be properly assumed in order to control the prespecified

significance level. Secondly, allowing more general distributional conditions to FDR control
1Note when R is zero, V/R is defined as 0.
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has been considered, hence FDR procedures for general dependence circumstances have been

developed. Thirdly, incorporating specific information contained in the data or connecting

post-processing steps to FDR procedures have been developed. In the following sections, we

consider those issues in the three directions and illustrate our contributions to those directions.

1.2.1 Control and estimation of FDR

In this section, we introduce general issues for FDR implementations: control and estimation.

We discuss two approaches for implementing FDR: Frequentist and Bayesian interpretation of

FDR. We continue further developments for FDR procedures in the direction of the adaptive

control.

FDR was first implemented by Benjamini and Hochberg (1995) (BH) from the Frequentist

perspective. Given ordered p-values, p(1) ≤ · · · ≤ p(m) and significance level α, BH procedure

finds a data-driven threshold p(k) from p(1) to p(m). The k is chosen as a maximal index

satisfying p(k) ≤ (k/m)α so that p-values smaller than p(k) are rejected. Under the assumption

of independence of null hypotheses, BH procedure is known to control FDR at the nominal

level α.

As a Bayesian interpretation of FDR, Efron (2008) introduced a two-group mixture approach

in microarray data analysis. In this set-up, the m test statistics are assumed to follow a

mixture distribution of true null, F0 and false null, F1 with mixing priors π0 and π1 = 1−π0.

Using the Bayes’ rule, Efron defined FDR as

FDR(t) = P (true null|T ≥ t) = π0F̄0(t)/F̄ (t) (1.1)

given a threshold t and a rejection region T ≥ t. Here, F (t) = π0F0(t) + π1F1(t) and

F̄ = 1−F . Estimation of FDR can be achieved by replacing the factors in (1.1) by estimates:

for example, F (t) can be replaced by the empirical distribution function and F0 is usually

given a priori by a distributional assumption and π0 can be given explicitly larger than some

number, say 0.9 as in Efron (2008). Thus likewise the BH procedure, a threshold for FDR

can be chosen to be maximum t so that FDR in (1.1) is controlled at a prechosen significance

level.

Note the difference of the two approaches for m0 in Table 1.1. m0 is assumed as a fixed

constant in the Frequentist approach while it is treated as a random variable in the Bayesian

approach.

The Bayesian framework is flexible as shown in the following sections but coherent to original

definition of FDR. Efron and Tibshirani (2002) proved that the Bayesian formulation for FDR

3



in (1.1) is essentially equivalent to the BH procedure. Storey (2003) also showed a very similar

result derived directly from slightly modified FDR definition (the positive FDR). Moreover,

the explicit formulation of FDR in (1.1) allows us more intuitive probabilistic framework for

FDR definition. For example, in microarray data analysis, FDR can be interpreted as the

probability that given a gene is claimed significant, actually the gene is not differentially

expressed or uninteresting.

Adaptive FDR control with π0 and null distribution estimation

Given a significance level α, actual achievable size of the BH procedure is known to be π0α,

which is strictly smaller than α if at least one false null hypothesis exists. In the equivalent

form, (1.1), it is also apparent that proper estimation of π0 results in more accurate estimation

of FDR. Hence, in principle, substituting m with the unknown m0 = mπ0 increases the size,

which motivates adding an estimating step for π0 in applying FDR procedures in practice.

We introduce three adaptive FDR procedures which are popularly used in the field of mi-

croarray data analysis. Those are Storey’s positive FDR (pFDR) procedure, Significance

Analysis of Microarray (SAM, Tusher et al. (2001)) and the adaptive Benjamini-Hochberg

(ABH, Benjamini et al. (2006)) procedure. Note the definition of pFDR is slightly different

from original definition of FDR but in the high-dimensional context, we can assume that

pFDR is asymptotically approximated to FDR 2. Plug-in type methods are applied to all the

three procedures. The first two procedures are explained via the Efron’s Bayesian FDR in

(1.1) and the last one is directly explained from the BH procedure.

The pFDR procedure consists of two estimation parts: π0 and threshold tα for given signif-

icance level α. The central idea of pFDR estimation is that true null p-values are uniformly

distributed and t values in (1.1) are replaced by p-values. So given threshold t, F̂0(t) = t and

F̂ (t) = R(t)/m where R(t) is the number of rejected hypotheses using the threshold t. The

remaining π0 is estimated from the fact that true null, m0 p-values are uniformly distributed

and for a constant λ between 0 and 1, the number of accepted hypotheses W is approximately

m0(1 − λ) assuming most large p-values are true null p-values. Hence, π̂0 is estimated from

the relation W (λ) ≈ m0(1−λ) = mπ0(1−λ). Lastly, tα is chosen to be a maximum satisfying

the following inequality:

p̂FDRλ(t) = π̂0(λ)
t

R(t)/m
≤ α (1.2)

where π̂0 = W (λ)/{(1− λ)m}. Compare this with (1.1).

2pFDR is defined as FDR divided by P (R > 0). In large-scale hypotheses testing context, it is not strange

to assume P (R > 0) ≈ 1.
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The SAM procedure is quite similar to the pFDR procedure. However, instead of using

p-values in (1.1), SAM uses the special statistic called d statistic which is similar to the

Z-statistic. The main idea is that true null d statistics are centered around 0 as true null

p-values are near 1 in Storey’s method. π0 is estimated from 50% of the centered quantiles.

Given upper and lower thresholds ∆up, ∆low, F0(∆) is estimated under permutational null

distribution. That is, F̂0, the empirical distribution of resampled d statistics. F̂ is, then the

empirical distribution of observed d statistics. Hence, given significance level α, thresholds

∆’s are computed to maximize the following constraint:

F̂DR(∆up,∆low) = π̂0
F̂0(∆low) + 1− F̂0(∆up)
F̂ (∆low) + 1− F̂ (∆up)

≤ α (1.3)

where π̂0 = #{di ∈ (25% quantile, 75% quantile)}/(0.5m). Note this allows asymmetric cut-

offs, ∆low and ∆up and SAM’s π0 estimation is equivalent to Storey’s π0 estimation when λ

is 0.5.

The ABH procedure is different from the previous two procedures. Basically the ABH pro-

cedure applies the BH procedure twice with different significance levels. First use is for the

estimation of π0 and second use is for control FDR. So in the first step, π0 is estimated as

W/m where W is the number of accepted hypotheses with significance level α/(1 + α). In

the second step, the BH procedure is applied again with significance level α/{π̂0(1 + α)} so

that overall control level is preserved at α.

Given significance level α, the three estimates for π0 can be represented as the followings:

W (λ)/{(1−λ)m}, W (0.5)/(0.5m) and W (tα/(1+α))/m for pFDR, SAM and ABH procedures

respectively, where tα/(1+α) is chosen by the BH procedure at the significance level α/(1+α).

A difference point is that the latter two methods use fixed threshold to estimate π0, while

the first method can be optimized further for λ before estimating the FDR. Storey suggests

a bootstrap approach to estimate the optimal λ.

1.2.2 Validation of FDR procedures

The availability of the previously mentioned FDR procedures are limited: the necessary

condition for proper control is based on the assumption of independence of test statistics.

However, exploratory analyses of the high-dimensional data often find apparent dependence

features among test statistics. Especially in the microarray data, expressed gene levels are

known to be highly correlated through common pathways or co-regulations. Hence it is

important to examine how far the prevalent FDR procedures could be carried out for different

dependent situations.
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Several procedures have been employed to deal with general dependence situations in the

high-dimensional data. Benjamini and Yekutieli (2001) showed the BH procedure controls

FDR up to the positive regression dependency condition. They also proposed a new FDR

procedure (BY) which controls FDR under general dependence situation. Storey et al. (2005)

defined a certain type of dependence situation called ‘weak dependence’, which includes finite

block-wise correlation structures, ergodic dependence and some mixing distributions. When

the number of hypotheses is large enough, under a certain limiting condition of V and S,

Storey showed that the pFDR procedure controls FDR asymptotically in the weak dependence

situation. For preserving correlational structures among test statistics, resampling techniques

have been suggested. Under the complete null hypothesis, Yekutieli and Benjamini (1999)

estimate FDR using the resampling distribution of V and a point estimate of S. Korn et al.

(2004) proposed permutation based approach controlling the proportion of false discoveries

(V/R).

The proposed methods have their own strengths and weaknesses. The BH and pFDR pro-

cedures are extended beyond the limit of the usual independence assumption. However, the

claimed dependencies are difficult to be verified in specific data context. The BY procedure

could be applied to arbitrary dependence situation but it shows too conservative results com-

pared to other FDR procedures. The resampling based methods seem most ideal to tackle

such situations but in an experiment with complex design, those are hard to implement and

also usually computationally demanding.

Correlation effects: phenomena

Besides the efforts to extend conventional methodologies to hold under more general condi-

tions, exploring high-dimensional data features to FDR estimation in terms of correlation has

been studied and brought into questions in applying conventional FDR procedures. Qiu et al.

(2005) performed simple simulation studies for the performance of nonparametric empirical

Bayes methods 3 and they showed that present strong correlations among gene expression

measurements in microarray data could increase variability of FDR estimates significantly.

Efron (2007) also showed that correlations could make null distribution of test statistics wider

or narrower so that conditional false discovery proportions strongly depend on present corre-

3Briefly, the empirical Bayes approach consist of the basic formulation in (1.1) and the ‘pooling’ step. In

microarray array data analysis, gene pooling refers to a data processing step assuming that all gene expressions

are generated from a common distribution. Hence, under this assumption, resampling using all test statistics

to estimate the null distribution is guaranteed, for example, the computation step for the numerator of (1.3).

Note for (1.1) there is no need to assume independence among test statistics.
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lations among test statistics while the marginal average of FDR estimates stay at the nominal

level.

The high-dimensional situations together with correlation effects make analysis much harder.

Troendle et al. (2004) illustrated that the performance of resampling based tests become poor

in terms of power 4 and actual size when the number of tests is much larger than the number

of observations. In the simulation study, even independently generated samples showed such

slow convergence phenomena. Such behavior is attributed to spurious correlations which

occurred in generating high-dimensional sample.

Correlation effects: guidelines

Up to now, it seems that no general solution has been suggested for a FDR procedure to hold

adequate control and sufficient power in arbitrary dependence situations. Instead, one may

suggest some guidelines for the usage of FDR procedures.

One guideline could be a suggestion for appropriate FDR procedures among conventional

ones which are relatively robust for correlated data. To do this, we may need a ‘test bed’,

a simulation set-up which holds sufficient generality for dependence situations so that each

FDR procedure is tested for its control and power. Systematic simulation set-up is needed to

compare various procedures and validate those procedures under the given situations.

In Chapter 4, we devised a new simulation set-up using constrained random correlation matri-

ces. Through comparing steps for conventional FDR procedures introduced above, the ABH

procedure is found to be most robust.

On the other hand, looking into the formula of FDR, we may derive certain factors of correla-

tions in the FDR estimation, which can be useful information for investigating FDR properties

under dependence. Since the false discovery proportion is a nonlinear function of V and S,

we may approximate it by the Taylor’s expansion. So, using the Delta method around the

point (E(V ), E(S)), we obtain the following approximation of FDR:

FDR ≈ E(V )
E(R)

− E(S)
E(R)3

var(V ) +
E(V )− E(S)

E(R)3
cov(V, S) +

E(V )
E(R)3

var(S). (1.4)

The approximation (3.2) has two implications. First of all, as a consequence of correlations

among test statistics, depending on the variances and covariance of V and S, estimates of

FDR under the independence assumption could be far off from the true FDR. And note that

the first term of the right hand side in (3.2) is the Storey’s approximation of FDR in the weak

dependence condition and in large-scale microarray data analyses, the Storey’s approximation
4Here we denote the average power of individual tests.
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is quite often applied. Hence, second, (3.2) could be used as an alternative approximation

when there is apparent strong correlations among test statistics.

In Chapter 3, we compare the Storey’s approximation to FDR and (3.2). We examine possible

effects of dependence through the factors, var(V ), var(S) and cov(V, S).

1.2.3 Customization of FDR

Until now, we have considered general properties of FDR procedures. In practice, given

specific data, we are often provided other information besides data itself. The information

outside of pure data can be incorporated into FDR control or estimation steps. Or from the

data processing point of view, FDR control can be flexibly adapted to post-processing steps.

In this section, we consider such applications arising in practicing FDR procedures.

Effect size

In microarray data, generally the null hypothesis assumes for the log-ratio of gene expression

level to be fixed at zero. But it can be regarded too ideal. In reality, biologists have often

used some fixed range instead of a fixed point for detecting significantly expressed genes, for

example, two-fold ratio cut for differentially expressed genes. The idea of the fixed range can

be translated into the effect size in statistical sense. That is, mean expression level µ of true

null genes (not differentially expressed genes) could be bounded by effect size k, which may

be provided in the data context.

Such idea is represented in the Efron’s one-group model for gene expression level (Efron

(2008)). While the two-group model implies strict distinction between true null and false null

like the point null hypothesis, the one-group model allows more flexible interpretation on the

true null hypothesis such as fixed range null hypothesis. Efron’s one-group model has the

following simple structure:

X = µ + ε where µ ∼ G and ε ∼ N(0, 1). (1.5)

Here, µ is the true expression level of a gene with the distribution of G and noise ε is added

to the observation X.

If we suppose the expression levels of true null genes is bounded by k, then FDR can have

the following form from (1.1),

FDR = P (|µ| < k|T (x) ≥ t) = P (|µ| < k)
P (T (x) ≥ t||µ| < k)

P (T (x) ≥ t)
= π0,k

F̄0,k(t)
F̄ (t)
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given the test statistic T and the threshold t. Since the distribution of X is a convolution of

G and the normal distribution, in order to estimate the FDR, one may need a deconvolution

procedure to recover the distribution G.

In Chapter 2, we develop the similar argument with the one-group model and discuss the issue

of effect size in the microarray data analysis. Furthermore, we introduce a nonparametric

deconvolution method to the problem mentioned in (1.5).

Discrete multiple testing

In this section, we consider a multiple testing problem with discrete data. Because of discrete-

ness of data, one can hardly achieve exact control level in the test. However, we introduce

a method for improving the power of the test. We investigate a multiple testing problem of

discrete case in Chapter 5.

When the test statistic is discrete in a single hypothesis testing, actual size of the test is

usually strictly smaller than the nominal size of the test. This is because of discreteness

of p-values of the test statistic. Hence, without a randomization step in the testing, it is

difficult to reach for the test size to the nominal level. In the multiple testing with discrete

test statistics, the situation does not change but often becomes worse.

The granular feature of discrete test statistics, however, can become an advantage, especially

in the Bonferroni procedure. Since every discrete test statistic has a lower bound for its

p-value, lower bounds of some test statistics could be always greater than the threshold

given significance level so that those hypotheses are excluded in the testing stage. In high-

dimensional data, such exclusion could lead to significant dimension reduction.

Tarone (1990) proposed such an idea to increase the power in the Bonferroni procedure

by removing the ‘irrejectable’ hypotheses given significance level α and the corresponding

threshold tα by the following way,

P (V > 0) ≤
∑

i∈M0

P (Hi(tα) = 1) =
∑

i∈M0(α)

P (Hi(tα) = 1)

≤
∑

i∈M0(α)

P (Hi(tαi) = 1) ≤ α,

where M0 is the collection of true null hypotheses and M0(α) is the subset of M0 of which

hypotheses can be rejected at FWER α. Due to discreteness of minimum significance levels

of hypotheses, larger significance level αi’s for individual test could be chosen further but

still controlling at the overall level α. Hi(t) is an indicator function of i-th hypothesis which

take 1 if rejected, otherwise 0. In the last step of the above inequality, larger individual
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thresholds together with dimension reduction to M0(α) to improve the conservativeness of

discrete testing.

Gilbert (2005) modified the BH FDR procedure based on this idea and showed substantial

improvement in power in HIV data with 118 positions of amino-acid sequences. However one

possible drawback of the modified FDR procedure is that it may produce counter-intuitive

results: a hypothesis with small p-value may not be rejected while a hypothesis with larger

p-value is rejected, when the first hypothesis is filtered before testing because of a large lower

bound.

One typical example for discrete multiple testing problem in high-dimensional data is the

case of array CGH data. Array CGH data measure copy number counts in chromosomes as

log-ratios between test and reference samples. Each measurement unit of the data is then

encoded to integer values representing gain, loss, normal and other states for analysis. So,

comparing discrete states of two groups is the target of discrete multiple testing for those

data.

Spatial clustering

The necessity of combining measurement units of high-dimensional data is getting persuasive

in current research directions of multiple testing problems. The reason is two-fold. First,

since the number of hypotheses (measurement units) has increased enormously, it is desirable

to combine the units in order to improve the sensitivity of individual tests. For example,

dimensions of certain high-dimensional data such as SNP is around hundreds of thousands or

more and in case of the fMRI data, some authors develop FDR procedure assuming uncount-

able number of hypotheses (Pacifico et al. (2004)). In fact, in the latter case, it is supposed

to be impossible to perform individual hypothesis testing. In this case, discriminating power

for individual testing results could be improved by combining similar data patterns. Second,

scientists are becoming more interested in meaningful units of experiments represented as

collections of measurement units rather than the individual measurement units in some very

large dimensional data. This is mainly attributed to different point of view toward data and

can be best explained between cDNA microarray and array CGH data. In microarray data,

measurement units are genes which are already meaningful biological entities while in array

CGH data, one can hardly think the clone (measurement unit) alone has certain biological

meaning but a collection of clones, a clone region could have such meaning. So, in this case,

one needs to perform clustering analysis for the array CGH data.

Clustering technique is often suggested as a useful tool for this purpose. Clustering techniques
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refer to mathematical algorithms for partitioning the set of variables so that each partition

consists of similar variables in term of its own correlation measure. Hence, in the high-

dimensional data, clustering may be useful in combining similar variables in the data so that

the data dimension for multiple testing is reduced and the testing sensitivity is improved.

In practice, however, we need to be cautious in applying clustering technique to multiple

testing problems. If we obtain clustering results from the data which we would use for multiple

testing, then it means simply that we use data twice and there needs multiplicity correction

to clustering. We should also note that the marginal signals of data are not necessarily related

to clustering algorithms. That is, most clustering techniques are mainly based on correlations

among the data.

We introduce two cases for cluster usage which were suggested with relation to multiple testing

in fMRI data analysis. Pacifico et al. (2004) suggest a cluster utilized by spatial nature of

data and common signal patterns based on individual hypothesis testing. A cluster is defined

as a homogeneous connected component of rejected or accepted locations in fMRI data under

the following hypotheses testing:

H0 : µs = 0 vs. H1 : µs > 0 for each location s. (1.6)

So the characteristic of clusters made from this approach is data-dependent and stochatic.

The weak point of this approach is that it is difficult to perform multiple testing at cluster

level because it means to use the same data twice as mentioned before. On the other hand,

Benjamini and Heller (2007) suggested a cluster as a predefined quantity. Outside of data,

cluster information is given so the clusters are deterministic and data-independent. Therefore,

unlike the previous approach, cluster information can be directly used in the multiple testing

stage. The authors claim that the cluster level multiple testing improves the signal-to-noise

ratio. However, the clustering information should be provided beforehand which is not the

usual situation in high-dimensional data analysis.

According to the concepts of cluster, significance of cluster is defined respectively. In Pacifico’s

cluster model, significance of cluster is defined immediately; the connected components with

positive mean signals. In Benjamini’s case, a cluster is declared significant if at least one

location is significant:

H0 : µs = 0 for all s ∈ C vs. H1 : µs > 0 for at least one s ∈ C (1.7)

where C is a cluster. In both cases, significance of a cluster is defined for those clusters having

a significant signal.

In Chapter 5, we illustrate clustering and multiple testing issue for array CGH data. We

discuss the high-dimensionality of certain very large dimensional data with high resolution
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and we introduce a likelihood based discrete clustering method with consideration of physical

information of array CGH data. As a possible solution for data-driven clustering and multiple

testing, we suggest a new concept for the significance of a cluster.

1.3 High-dimensional data of this thesis

In this section, we introduce DNA microarray technology (Schwender et al. (2006); Arm-

strong and van de Wiel (2004)) which provides basic understanding of the high-dimensional

data types used in the following chapters. Those include gene expression microarrays and

array comparative genomic hybridization (array CGH). We focus gene expression microarray,

especially complementary DNA (cDNA) microarray here and we would briefly mention array

CGH data and other high-dimensional data types.

cDNA microarray is a recently developed device which quantifies activities of thousands or

more genes simultaneously in a cell in terms of relative abundance of mRNA molecules.

In principle, every cell in a body has same genetic material, DNA sequences and those DNA

sequences are transcribed into mRNA molecules and then the mRNA molecules are translated

into proteins which play a major role in most of cell functions. The whole process from DNA

to protein is called gene expression.

Biologists are typically interested in different types of cells such as different disease cells,

different types of certain tumor and different treatment effects on a cell. Those are char-

acterized by the role of proteins in the cell and these proteins are yielded according to the

process of gene expression. Therefore measuring the abundance of proteins in a cell is crucial

to understand the activity of the cell functions. However, it is difficult to measure many pro-

teins simultaneously, so instead of measuring protein amount, cDNA microarray technology

measures the abundance of mRNA molecules which is assumed to be translated into proteins.

To perform statistical analysis of the cDNA microarray data, we need preprocessing steps.

The preprocessing steps can be roughly divided into three: hybridization, image analysis and

normalization. In the hybridization step, the mRNA molecules from different samples, labeled

with fluorescent dye and annealed (hybridized) competitively to the previously immobilized

cDNA strands (probes) on the array slide. With the aid of a scanner, the relative amount of

hybridized mRNA molecules is obtained by measuring fluorescence intensities in the image

analysis step. The measured intensities, in principle, are assumed to represent the amount

of mRNA expressed. Finally, in the normalization step, possible technical biases which could

be confounded with biological variations among samples are removed. Those technical biases

include artifacts made in the process of printing, hybridization or scanning.
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One of the main purposes of gene expression microarray is to discover differentially expressed

genes (fragments of DNA molecules which are translated into proteins) among different sam-

ples. We assume that microarray data X is usually encoded as m × n matrix where m

represents the number of genes (probes) and n represents the sample size. We usually per-

form univariate hypothesis testing m times and p-values obtained from the hypotheses testing

are used for detecting significant genes. We assume this data representation in the following

chapters implicitly, otherwise we explain in detail.

In Chapter 5 we introduce array CGH data. Basically, array CGH data is also one of DNA

microarray data and is obtained under the same principle as that of cDNA microarray: the

competitive hybridization. However, there are some differences between cDNA microarray and

array CGH from a data analytic perspective. First, array CGH measures the copy number

variations of DNA molecules, that is, it is natural to encode the data as integers. Hence, for

applying multiple testing to the data, the discreteness of the data should be dealt carefully.

Second, the measurement units of array CGH data, clones, are hardly regarded as functional

or biological meaningful units in themselves, not like genes in cDNA microarray data. Hence,

discovering a region of clones is more advised than focusing in individual clones.

For other high-dimensional data which we mention in this thesis, there are functional magnetic

resonance imaging (fMRI) data and single nucleotide polymorphism (SNP) data. fMRI is

applied to study the structure of brain activity by imaging the organ and SNP microarray

is used to detect genetic variations in DNA sequences. Likewise cDNA microarray data and

array CGH data, dimensions of those data are usually over thousands. However, dimensions

of the four data types mentioned in this section are not fixed but have increasing trends with

the related technological advances.

1.4 Outline of thesis

The thesis consists of 5 chapters.

Chapter 1 introduces general contents for multiple testing problems, especially focused on the

FDR procedures in high-dimensional data.

Chapter 2 deals with the effect size issue in Section 1.2.3. Basically we use the same model

for gene expression of (1.5). To estimate FDR given the effect size k, we recover the true

density of true gene expression µ by deconvolution methods. For various noise distributions of

ε and simple block-wise dependence structures, we examined how the deconvolution method

robustly detect differentially expressed genes using simulation. Chapter 2 corresponds to the
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paper, van de Wiel and Kim (2007).

Chapter 3 deals with the Taylor expansion of FDR, the equation (3.2) in Section 1.2.2.

Storey’s approximation of FDR, FDR ≈ E(V )/E(R) is often used in large scale multiple

testing problems. We examine the conditions for which the approximation works in this

setting. Chapter 3 corresponds to the paper, Bar-Hen, Kim, and van de Wiel (2007).

Chapter 4 deals with dependence issue in Section 1.2.2. We propose a systematic simulation

setup to examine robustness under general dependence for various FDR procedures. With

a few parameters describing dependence, we investigates how conventional methods work

under the situation. We also observe the slow convergence of estimating null distribution by

resampling based methods. Chapter 4 corresponds to the paper, Kim and van de Wiel (2008).

Chapter 5 deals with a discrete multiple testing problem with the clustering application

discussed in Section 1.2.3. Given trinary valued data from array CGH, we implement a new

clustering method and suggest a quality measure of a cluster based on the likelihood. The

quality measure can be further used to indicate significance of clusters. Also, the Fisher’s

exact test and usual Pearson X2 are compared for the data.
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Chapter 2

Estimating the False Discovery

Rate using Nonparametric

Deconvolution

Abstract

Given a set of microarray data, the problem is to detect differentially expressed genes, using a False

Discovery Rate (FDR) criterion. As opposed to common procedures in literature, we do not base the

selection criterion on statistical significance only, but also on the effect size. Therefore, we select only

those genes which are significantly more differentially expressed than some f-fold (e.g. f = 2). This

corresponds to use of an interval null-domain for the effect size. Based on a simple error model, we

discuss a naive estimator for the FDR, interpreted as the probability that the parameter of interest

lies in the null-domain (e.g. µ < log2 2 = 1) given that the test statistic exceeds a threshold. We

improve the naive estimator by using deconvolution. That is, the density of the parameter of interest

is recovered from the data. We study performance of the methods using simulations and real data.

2.1 Introduction

Currently, the selection of genes using microarray data is often performed in two steps: first,

statistical selection is achieved by applying a False Discovery Rate (FDR) criterion and second,

further selection is performed by imposing an additional threshold on the fold change. Our

aim is to merge these two steps into one procedure. We concentrate on the two treatments

case and explain our method in the context of paired data. Small adjustments for the unpaired
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case are also discussed. We assume a model that considers biological variation only. When

technical replicates are available, we assume these have been merged. We also assume that

the data have been properly normalized to remove artificial effects. Technical dye-swaps are

recommended to largely remove gene and intensity-specific dye-effects after merging the dye-

swapped results (see Li et al. (2003)). If this is not feasible, biological dye-swaps may help to

remove (presumably additive) gene-specific dye-effects after averaging data within treatments

as we do. Then, we may assume that we are measuring differential expression between the

two treatments with additional error. Hence, we use the following simple model

Ygj = µg + εgj , (2.1)

where Ygj is the measurement for gene g and replicate j, µg is the differential gene g expression

and εgj is an error. For Yg, the average over the replicates, (2.1) reduces to

Yg = µg + εg, g = 1, . . . , G. (2.2)

We consider the case where µg are assumed to be identically distributed random variables.

Moreover, µg and εg are assumed to be independent. We study Gaussian error (εg ∼ N(0, σ2)),

which is sometimes assumed to hold in (properly normalized) gene expression studies, see f.e.

Kerr et al. (2000). In many cases, heteroscedasticity is observed among genes, in which case

a mixture of several normals is a more realistic unconditional error model. Also, a complete

nonparametric approach, which simply uses the empirical error distribution, is discussed.

The aim is to link statistical significance with the effect size. That is, we do not want to

base the selection criterion on statistical significance only. In the context of gene expression

studies, this philosophy was also propagated by Zhu et al. (2005), albeit for a different metric

(correlation) using a different solution for FDR control. We would like to use an FDR esti-

mation approach to select only those genes which are significantly more expressed than fold

f. Since one usually represents gene expression data on log2-scale we use k = log2 f. When we

define a statistic to measure differential expression, we aim to estimate a false discovery rate

for given threshold of the statistic. That is, we make a statement on the probability that the

effect size lies within a given null-domain H0:

|µg| < k, g = 1, . . . , G.

Estimating the FDR for this type of null-domain is different from the classical ‘differential

expression’ vs. ‘no differential expression’ case, since in the null-domain case µg = 0, one fixes

the mean log-ratio value and one can do explicit calculations given this value. Approaches

are the mixed normal models: (Ting Lee et al. (2000); Newton et al. (2001); Pan et al.

(2003); Broët et al. (2004)) and mixed beta on the p-values (see Baldi and Hatfield (2002)).
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Mixture models using a null-hypothesis point mass may result in reasonable approximations

when a large proportion of the probability mass is concentrated around this point. This

is quite controversial, though, since one attaches a positive probability to one single point,

µg = 0 (Baldi and Hatfield (2002), p.187). Typically, the distribution of a Z-type statistic

is modeled as a mixture of f0 and f1, which represent the null and alternative component.

Then, Bayes’s theorem is used to make a probabilistic statement about which gene belongs

to which population (null or alternative). We use the same rule, but we condition on the

parameter of interest, µg, rather than on the statistic. Also, the distribution of µg is obtained

by deconvolution arguments instead of a nonparametric Dirichlet process mixture model for

the Z-type statistic used in Do et al. (2005).

Most previously published methods rely on the fact that fixation of the null-domain enables

one to compute the distribution of the statistic. Here, we consider all log-ratios smaller than

k and hence we cannot fix their values. In a complete Bayesian setting one could assume a

density f on the mean values µ1, . . . , µG, but there is no natural choice of f (e.g. it may not

be symmetric in reality). This setting is taken in Scott and Berger (2006), who also show that

particular choices of f give completely different results. Therefore, we do not want to assume

anything about the parent distribution of µg when considering it as a random variable from

the genome-wide mean values.

Nowadays, more and more gene expression studies with a relatively large number of samples

(100 is not uncommon) have become available. Increase of power with point null-hypothesis

testing may lead to a large number of genes called significantly expressed, even after multiple

testing corrections. We show that our method helps to be more selective. This is especially

attractive when the genes called need to be verified by other techniques such as PCR. Efron

(2004) discusses the choice of the null-hypotheses and states that for large-scale simultaneous

testing it is often desirable to be more selective than in single hypothesis testing. The idea of

combining statistical significance with the effect size is also present in volcano plots (see e.g.

Jin et al. (2001)). Yao et al. (2004) show the use of including effect size into the selection

criterion when validating the gene expression results by Northern blot. However, if one applies

a standard multiple testing correction in the volcano plot, e.g. Benjamini-Hochberg (1995)

FDR control, this correction is not with respect to effect size k, but only with respect to

the fixed point null-hypothesis. Our method does incorporate the required effect size into

the FDR estimation. Lewin et al. (2006) discuss possible inclusion of effect size in null-

hypotheses and propose to apply FDR estimation to find cut-offs for posterior probabilities

in a full hierarchical (hence non-empirical) Bayes setting. Our method, however, explicitly

exploits the fact that “large-scale testing situations permit empirical estimation of the null
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distribution” (Efron (2004)), thereby avoiding parametric assumptions. Bickel (2004) also

supports our philosophy to include effect size into the selection criterion, but uses a very

different, non-parametric method combined with ROC (receiver operating characteristic).

2.2 FDR definition and estimation

We propose to use a method for which heavy prior assumptions are unnecessary. We de-

note the indicators for satisfying the test criterion by C1(t), . . . , CG(t), which depends on the

threshold t for the statistic. To perform explicit probabilistic calculations, we have to inte-

grate out over those values of the absolute log-ratio smaller than k. As a random variable,

Cg(t) depends on the distributions of µg and εg, which, assuming homoscedasticity, both are

identically distributed for all g. Therefore, we may remove the index in probabilistic com-

putations. For simplicity we introduce notions for the homoscedastic case only, but indicate

what changes are needed for the heteroscedastic case.

We aim to estimate a false discovery rate for given log2-fold k, defined as the a posteriori false

positive probability (Storey (2003)):

FDR(t) = P (H0|C(t) = 1) = P (|µ| < k|C(t) = 1) =
π0π(t)
p(t)

,

where π0 = P (|µg| < k) = P (|µ| < k), π(t) = P (C(t) = 1||µ| < k) and p(t) = P (C(t) = 1).

One may interpret π0 as the prior probability of a gene to be less than f-fold expressed (f = 2k),

which we assume to be gene independent. In the heteroscedastic case (allowing for different

distributions of εg), we replace C(t) by Cg(t) and average the false positive probabilities to

obtain FDR(t).

One may consider two alternatives for estimating p(t). Firstly, p(t) = P (C(t) = 1) may be

estimated by the fraction of genes for which the statistic exceeds threshold t: p̂(t) = S(t)/G,

where S(t) is the number of genes for which the statistic exceeding threshold t. Secondly, we

have

p(t) = P (|µ| < k)P (C(t) = 1||µ| < k) + P (|µ| > k)P (C(t) = 1||µ| > k)

= π0π(t) + (1− π0)π′(t),
(2.3)

where π′(t) = P (C(t) = 1||µ| > k) and an estimator is obtained by replacing π0, π(t) and

π′(t) by their estimators.

We prefer the second method, because it is consistent with the estimation used for π(t) (see

(2.4) and (2.5)) and it therefore guarantees that FDR(t) ≤ 1. Also, it returned more stable

results for the FDR(t) estimation in simulations.
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2.2.1 Naive FDR estimator

The naive estimator for FDR(t) is obtained by replacing the density of µ by the empirical one

of its estimator, the mean differential expression Y of which we have realizations y1, . . . , yG.

Then, π̂0 =
∑

g I{yg<k}/G and the estimator for

π(t) = P (C(t) = 1||µ| < k) =
1
π0

∫
|x|<k

P (C(t) = 1|µ = x)fµ(x)dx

is

π̂(t) =
1

Gπ̂0

∑
g: |yg |<k

P (C(t) = 1|µ = yg). (2.4)

The probability P (C(t) = 1|yg) can in some cases be computed exactly (e.g. when using a

t-statistic), while in other cases it could be estimated by simulation: impute yg into model

(2.2) along with random errors from distribution Fε and simply count how often C(t) = 1 in

the simulated data set.

The naive FDR estimate uses the (empirical) density fY as an approximation for fµ. Now,

suppose we have data with one major mode in the middle, which is most likely for gene

expression data. Then, the error process will cause fY to flatten out with respect to the true

fµ. Therefore, fY does not have the right tails and, in general, underestimates π0 = P (|µ| <
k). This is demonstrated in Figure 2.1.

Therefore, we need to improve the naive FDR estimator.

2.2.2 Improved estimation by discrete deconvolution

As outlined in the previous section, the distribution of Y may not accurately approximate

the (prior) distribution of µ. The central issue is then: given the model (2.2), can we obtain

a better estimate of π0, π(t), π′(t) and ultimately FDR(t)? We will show this is possible.

The crux of improving the FDR estimator is the recovering of the actual density of µ by decon-

volution. We assume µ to be i.i.d. with density fµ and to be independent of ε ∼i.i.d. N(0, σ2).

Then, Y1, . . . , YG are identically distributed random variables with density fY . Therefore, we

could, in principle, use the characteristic function equality φµ(ω) = φY (ω)/φε(ω) together

with Fourier inversion to retrieve fµ as in Delaigle and Gijbels (2002). However, computation

times were high for this method and results were not always satisfactory, so we did not pursue

this direction. Instead, we used the following method.

We use a discrete deconvolution method which is analogous to the penalized least square

method (see Green and Silverman (1994), chapter 3). Instead of a regression function, we con-

sider a probability mass function with probability constraints. We assume our data y1, . . . , yG

19



where G is the number of genes in each slide. We may explain the entire procedure in three

basic steps which are estimation, deconvolution and cross-validation. Briefly, we estimate the

parameters of the error density and find the optimal penalty parameter λ̂ which is used in

the deconvolution to create an estimate of fµ with good fit and smoothness.

Estimation

Assuming ε ∼ N(0, σ2), σ2 is estimated by the mean of gene-wise estimated variances.

Deconvolution

1. Make equal-sized bins, B−L, . . . , B−1, B0, B1, . . . , BL. Here, B0 is centered around 0

and the bins with negative indices cover the negative values. More specifically, let

R = max(|y1|, . . . , |yG|), then, B` = [`h − h/2, `h + h/2] where h = 2R/(2L + 1) is

the common width of the bins. The number of bins, 2L + 1, is chosen automatically

according to the binning formula in Freedman and Diaconis (1981).

2. Calculate relative frequencies of y1, . . . , yG, P (Y ∈ B`) ≈ #(Y ∈ B`)/G for ` =

−L, . . . , L.

3. Given the estimated error distribution, compute estimated error probabilities, P (ε ∈
B`) ≈

∫
B`

f̂ε(x) dx for ` = −L, . . . , L.

4. Under the probability convolution equation, we have,

P (Y ∈ B`) =
L∑

i=−L

P (µ ∈ Bi)P (ε ∈ B`−i),

Set pµ(i) = P (µ ∈ Bi) to be unknowns for i = −L, . . . , L and zero, otherwise. Further-

more, set P (ε ∈ Bi) = 0 for i < −L or i > L.

5. Add penalty parameter λ to make the density of µ smooth and find optimal solution of

pµ(i) for i = −L, . . . , L by minimizing the following squared error with penalty:

L∑
i=−L

P (Y ∈ Bi)−
L∑

j=−L

pµ(j)P (ε ∈ Bi−j)

2

+λ
L∑

i=−L+1

(pµ(i)− pµ(i− 1))2

constraints:
L∑

i=−L

pµ(i) = 1, pµ(i) ≥ 0 for i = −L, . . . , L.

Optimal λ is chosen by cross-validation.
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Cross-validation

1. For V -fold cross-validation, divide D = {B−L, . . . , BL} into equally-spaced bin collec-

tions D1, . . . , DV such that Dv = {B−L+v−1, B−L+V +v−1, B−L+2V +v−1, . . . , B−L+mV +v−1}
where m = b(2L− v + 1)/V c and v = 1, . . . , V .

2. Fix λ. For each v = 1, . . . , V , perform the deconvolution step to find {pµ(i)}L
i=−L by

minimizing the following quantity:

∑
Bi∈D\Dv

(
P (Y ∈ Bi)−

L∑
`=−L

pµ(`)P (ε ∈ Bi−`)

)2

+λ

L∑
`=−L+1

(pµ(`)− pµ(`− 1))2.

under constraints:
L∑

i=−L

pµ(i) = 1, pµ(i) ≥ 0 for i = −L, . . . , L.

Denote the solution for particular values of v and λ by pµ(i|v, λ) = pµ(i).

3. Perform a Newton-type grid search to find optimal λ̂ satisfying the following equation:

λ̂ = arg min
λ

V∑
v=1

∑
Bi∈Dv

(
P (Y ∈ Bi)−

L∑
`=−L

pµ(`|v, λ)P (ε ∈ Bi−`)

)2

.

FDR estimate

After estimation of fµ with f̃µ by the previous two steps, we compute a new FDR estimator.

First, we obtain new estimators for π0 = P (|µ| < k), π(t) = P (C(t) = 1||µ| < k) and

π′(t) = P (C(t) = 1||µ| ≥ k),

π̃0 =
∫

|x|<k

f̂µ(x)dx, π̃(t) =
∫

|x|<k

P (C(t) = 1|µ = x)f̂µ(x)dx,

π̃′(t) =
∫

|x|≥k

P (C(t) = 1|µ = x)f̂µ(x)dx.

(2.5)

Then, the estimator for FDR(t), using (2.3), is

F̃DR(t) =
π̃0π̃(t)

π̃0π̃(t) + (1− π̃0)π̃′(t)
.

Heteroscedastic case

Let us now discuss the case with different σg’s, which we assume to be uncorrelated to the
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mean µg. When this assumption is violated, a practical solution is to remove this correlation

by variance-stabilization (VSN; Huber et al. (2002)) . Strictly, we cannot consider the data

y1, . . . , yG to be replicates from the same density fY , because the σg’s differ. However, we

are not interested in the separate cases, so one may think of y1, . . . , yG as been generated in

two steps: pick µg and σg independently from densities fµ and fσ, generate errors from the

conditional normal densities and from these compute mean value yg. Then, the unconditional

density of errors, fε, where nuisance parameter σg is integrated out, is a mixture of normal

components. The number of components is maximally equal to G, but since we replace σg by

its estimator it may be more robust to ‘group’ the estimated values and use fewer components.

This is also computationally more convenient. In practice, we have used a ten component

mixture. We found that use of more components (e.g. 25 or 50) hardly influenced the results.

The mixture distribution is then used in the deconvolution and the data is regarded as a

balanced sample of the convolution fµ ∗fε. The rest of the deconvolution and FDR algorithm

is the same as in the homoscedastic case.

Unpaired two treatment case

Again, we assume that the arrays have been properly normalized to remove non-treatment

related effects. Then, we write,

Ygjk = Gg + GTgj + εgjk,

where g indicates gene, j = 1, 2 is treatment and k is replicate. Moreover, Gg and GTgj

indicate baseline and differential gene expression, respectively, and εgjk is the Gaussian error.

We reduce the model by computing averages over the replicates and subtracting those for the

two treatments. Then, Yg = Yg1 − Yg2 = GTDg + εg, where GTDg denotes the difference

GTg1 − GTg2, Ygj is the average over replicates Ygjk and εg ∼ N(0, σ2
g) and σg is the pooled

standard error of the means, which could possibly depend on genes again. The rest of the

procedure is along the same lines as for the paired case.

Testing

In the homoscedastic case, we may assume σ to be known, since the amount of data for

estimating σ is huge. We used a simple Z-test,

Cg(t) = 1 iff
|Yg| − k

σ/
√

n
> t. (2.6)

For the FDR computation we need to compute probabilities π(t) = P (Cg(t) = 1||µg| < k),

which is straightforward from the fact that Ygj ∼ N(x, σ2) and Yg = (
∑n

j=1 Ygj)/n imply
Yg−k
σ/
√

n
∼ N(x− k, 1).
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In the heteroscedastic case, one may opt to use a basic t-test. However, it has been noted

that estimation of the gene-wise standard deviations is often improved by applying shrinkage

(empirical Bayes) methods. We use the following variance estimate (Smyth (2004)):

s̃2
g =

(n− 1)s2
g + d0s

2
0

n− 1 + d0
(2.7)

Global parameters s0 and d0 are determined as described by Smyth (2004). Alternatively,

one may use default settings s0 = med(s1, . . . , sG) and d0 = 10 (Long et al. (2001)). Then,

Cg(t) = 1 iff
|Yg| − k

s̃g/
√

n
> t.

For FDR estimation, we need to estimate probabilities of the kind P (Cg(t) = 1||µ| = x), where

each index g may be associated with different values of sg. Then, Yg−k
s̃g/

√
n

is approximately

distributed as NCT(n + d0 − 1, λ), which is the non-central T -distribution with n + d0 − 1

degrees of freedom and non-centrality parameter λ = (x− k)/(s̃g/
√

n).

While normal error is an important case, especially because εg in model (2.2) is an average,

it may sometimes fail to hold in gene expression data. This failure has consequences for

both deconvolution and computation of the distribution of the test statistic. The usual

residual plots may be used to check normality visually. In principal, deconvolution and FDR

computations can be performed with other parametric alternatives, but we proceed here with

an empirical alternative when assuming homoscedasticity. Note that we have for the estimated

residuals in model (2.1):

ε̂gj = ygj − ȳg = εgj − εg,

where εg is the average of (εgj)N
j=1 which converges in probability to 0. Therefore, Fε̂gj

→ Fεgj .

However, often N is not very large in gene expression studies. We have V (εgj) = (n/(n −
1))V (ε̂gj), so given a sample from Fε̂gj

, we scale the sample by a factor (n/(n − 1))1/2 to

obtain a more accurate sample from Fεgj . Finally, an independent sample from Fε̂gj
may be

obtained by using only one residual per fixed g.

We have checked that the above procedure worked well for N = 8 and t4 random errors for

the simulation cases discussed in Simulation section: in all cases the deconvoluted density

was close to the case with normal error.

When normality is not assumed, testing is performed using bootstrapping arguments: sample

µg from fµ, then sample εgj from the pool of residuals and scale these errors as described

above. Finally, compute the value of the statistic given in (2.6) and repeat this procedure to

obtain an estimate of the distribution of the statistic.
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2.3 Simulation results

We simulate a sample of G = 8, 000, mean log-ratios from a mixture of 3 normal distributions,

µ ∼ 1/16N(−2.0, 0.42) + 7/8N(0, 0.52) + 1/16N(2.0, 0.42), considering down-, non- and up-

regulated genes. We apply 6 different kinds of error distributions to the generated samples.

• Case 1. ε ∼ N(0, 0.4242), g = 1, . . . , G.

• Case 2. ε ∼ scaled t− distribution with d.f. = 4.

• Case 3. ε ∼ 1/G
∑G

g=1 N(0, σg), σg ∼ Uniform[0.212, 0.636].

• Case 4. ε ∼ 1/G
∑G

g=1 N(0, σg), σg ∼ Gamma distribution with mean and variance

equal to those of simulation 3.

• Case 5. Three different errors are applied independently to three different groups of

genes. For most down-regulated 500 genes, ε ∼ N(0, 0.2122), for most up-regulated

500 genes, ε ∼ N(0, 0.6362) and for the rest, non-regulated 7000 genes, ε is given by

N(0, 4242).

• Case 6. Same errors are applied as in Case 5. However, under consideration of depen-

dencies among genes, correlations are given to three different groups additionally. For

the up- and down-regulated genes, pairwise correlation of 0.7 is used within both groups.

Non-regulated genes are divided further into 100 groups and uniform correlations ranged

from 0 to 0.2 are assigned to each group independently.

Figure 2.1 shows the results of applying naive estimators and deconvolution-based estimators

for fµ for all error cases. In each plot, the density estimated by naive method reflects the

effect of random errors, that is, the multi-modal characteristic has vanished. On the contrary,

the deconvolution-based densities almost recover the true density shape regardless of error

distributions. Note that for each of the six cases we show the results for one error distribution

estimation method only; however other results were visually very similar and hence not shown.

Table 2.1 shows the FDR estimation simulation results for four situations of assumptions

on the error distribution. The Homoscedastic Normal model assumes the error distribu-

tion is normal, while Homoscedastic Non-Normal leaves the error distribution unspecified.

Heteroscedastic Normal assumes the error distribution is a mixture of normals. The same

assumption holds for Heteroscedastic Normal (Shrinkage), but in the estimation step we use

the shrinkage method (2.7) with s0 and d0 determined as in Smyth (2004). Under these

assumptions, we find a threshold t such that F̃DR(t) ≈ 0.1 and evaluate the true FDR using
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Figure 2.1: Each plot shows naive (solid), deconvolution-based (dashed) and true (dotted)

densities. (a): Simulation 1, Homoscedastic Normal; (b): Simulation 2, Homoscedastic Non-

normal; (c): Simulation 3, Heteroscedastic (shrinkage); (d): Simulation (e): Simulation 5,

Homoscedastic Normal; (f): Simulation 6, Heteroscedastic (shrinkage).
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min. max. ave. sd ave. ave. ave.

FDR FDR FDR FDR thres- # comp.

hold bins time

Case 1

Homosced. Normal 0.0783 0.1240 0.0968 0.0135 1.04 75 1:42

Homosced. Non-normal 0.0783 0.1292 0.0978 0.0149 1.03 75 1:41

Heterosced. Normal 0.0783 0.1187 0.0949 0.0112 1.19 75 80:50

Heterosced. Normal (Shr.) 0.0783 0.1240 0.0969 0.0134 1.04 75 42:10

Case 2

Homosced. Normal 0.0962 0.1247 0.1117 0.0102 1.07 77 2:18

Homosced. Non-normal 0.0968 0.1140 0.1080 0.0049 1.09 77 1:48

Heterosced. Normal 0.0820 0.1035 0.0928 0.0074 1.23 77 88:21

Heterosced. Normal (Shr.) 0.1057 0.1264 0.1174 0.0061 1.06 77 69:08

Case 3

Homosced. Normal 0.0909 0.1158 0.1038 0.0083 1.01 84 2:27

Homosced. Non-normal 0.0838 0.1089 0.0964 0.0075 1.08 84 2:15

Heterosced. Normal 0.0605 0.0856 0.0743 0.0085 1.16 84 84:55

Heterosced. Normal (Shr.) 0.0903 0.1117 0.1025 0.0070 0.99 84 68:05

Case 4

Homosced. Normal 0.0962 0.1307 0.1121 0.0120 1.08 79 2:12

Homosced. Non-normal 0.1048 0.1343 0.1161 0.0093 1.06 79 1:58

Heterosced. Normal 0.0777 0.1182 0.0994 0.0137 1.19 79 88:22

Heterosced. Normal (Shr.) 0.1071 0.1414 0.1254 0.0112 1.02 79 69:41

Case 5

Homosced. Normal 0.0937 0.1178 0.1028 0.0080 1.04 75 1:48

Homosced. Non-normal 0.0892 0.1113 0.1006 0.0071 1.05 75 1:55

Heterosced. Normal 0.0885 0.1050 0.0960 0.0056 1.20 75 85:05

Heterosced. Normal (Shr.) 0.1032 0.1236 0.1122 0.0058 1.04 75 68:23

Case 6

Homosced. Normal 0.0800 0.1653 0.1126 0.0289 1.03 74 1:41

Homosced. Non-normal 0.0797 0.1623 0.1124 0.0294 1.04 74 1:45

Heterosced. Normal 0.0729 0.1335 0.0998 0.0195 1.19 74 84:39

Heterosced. Normal (Shr.) 0.0858 0.1667 0.1195 0.0280 1.02 74 68:24

Table 2.1: Comparison of FDR for six different error distributions. Average FDR, standard

deviation of FDR, average threshold, average number of bins and average computing time

(minutes:seconds) are shown, based on ten simulations.
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this threshold. For comparisons, we paired the simulation results. The first two cases aim at

comparing simple normal error with heavy tailed error. Case 3 and 4 aim at comparison of the

heterogeneity of mixture components. With cases 5 and 6 we study the effect of dependency:

Case 6 is created by adding correlation to the error distributions of Case 5. For all cases,

ten data sets were simulated and the FDR was estimated for each of these. Table 2.1 also

displays the standard deviations of the true FDR (fixing the target F̃DR(t) to 0.1 for each

data set separately) as well as the extremes.

For Case 1, we observe that for all four methods the average true FDR is close to the target

FDR (0.1). For Case 2, with heavy-tailed errors, Homoscedastic Non-Normal does indeed

best, while Heteroscedastic Normal is quite far off. Heteroscedastic Normal (Shrinkage) ap-

proximates well for Case 3, while it performs worse for Case 4. This is to be expected, because

in Case 3 the range for σg is restricted, while in Case 4 the range of true standard deviations

is much larger. Hence, shrinkage may lead to a too large bias for some cases in the latter case.

From Cases 5 and 6, we conclude that the imposed correlation structure has limited effect on

the accuracy of the method, especially for Homoscedastic Normal and Heteroscedastic Normal

(Shrinkage). In general, the simplest and fastest method, Homoscedastic Normal, performs

rather well for all cases with the possible exception of Case 4, where heteroscedasticity is

large. Note that standard deviations are rather small in general. For Case 6 these are slightly

larger, which can be expected for a strong dependency case.

Finally, Table 2.1 displays computing times on an Intel Pentium 4 2.8GHz processor. It is

clear that the first two methods are much faster than the other two. We experienced that

computing times hardly depend on the number of samples and increases less than linear with

the number of genes.

2.4 Illustration with microarray data

Below we illustrate our method, which we name FDRffold, for two published data sets. It

is very difficult to compare FDRffold with other existing methods, since these mostly focus

on FDR estimation under H0 : µ = 0 which leads to a less stringent selection criterion. In

a way, this ‘incomparability’ is similar to that of FDR and family wise error rate (FWER)

based methods, where the latter is usually more stringent, but guarantees strong control of

the error rate. We show, however, results of both FDRffold and SAM (Tusher et al. (2001)).

We focus on the ‘comparison’ with SAM, because it is a popular and powerful FDR-based

method which supports the use of an additional mean f-fold criterion for selection.
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Data set 1

We analyze the data which were reported by Alizadeh et al. (2000). We choose 8 cDNA

intensity slides with 4 DLCL type samples (lc7b019, lc7b057, lc7b056, lc7b058) and 4 CLL

type samples (lc7b047, lc7b069, lc7b070, lc7b048) from the Stanford Microarray Database

(http://genome-www5.stanford.edu/). The data is normalized using print-tip loess normal-

ization by the R Limma package (see Smyth (2004)). After normalization, we obtain valid

gene expression data with G = 7671 and n = 8.

Gene-wise standard deviations are estimated by the empirical Bayes approach in equation

(2.7) and we get the deconvoluted density by the unpaired option. Figure 2.2 shows the

estimated density and its FDR plot. From Figure 2.2 (b), we find a threshold t ≈ 1.2 such

that FDR(t) ≤ 0.1.

Given fold f = 2 and FDR(t) ≤ 0.1, our method finds 734 differentially expressed genes. SAM

finds 1425 genes for the same FDR (but with respect to µ = 0) using the additional 2-fold

option. It is expected that our method finds fewer genes: we require the FDR to be estimated

with respect to the fold. Therefore, for the 734 genes we are certain that the majority is really

more than 2-fold differentially expressed. SAM does not guarantee this: those genes are on

average (over the samples) more than 2-fold expressed, but FDR is estimated only with respect

to the ‘no differential expression’ hypothesis.

Naturally, lowering the log2-fold threshold, for example from k = log2 2 to log2 1.5 makes

the two numbers come relatively closer: with log2 1.5-fold ratio, SAM finds 1999 genes and

FDRffold finds 1272.

For comparison, we study the robustness of results when a slide is removed. Let Si denote

the set of genes selected by removing slide i(1 ≤ i ≤ M) and |Si| denotes the number of genes

selected. The robustness index, Ri, is defined as

Ri =
|
⋂

1≤i≤M Si|
|Si|

.

Hence, this is the proportion of genes consistently called after removing a slide with respect

to the total number of genes called after removing slide i. Table 2.2 shows the results for

FDRffold and SAM on robustness. For each slide, FDRffold produces larger proportions

than SAM, indicating that the fraction of ‘stable genes’ is slightly larger for FDRffold than

for SAM.

Data set 2

Although Table 2.2 shows that our method returns slightly more robust results than SAM,
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Slide removed 1 2 3 4 5 6 7 8
Deconvolution 691 735 623 633 565 668 730 679

(%) 67.6 63.5 75.0 73.8 82.7 69.9 64.0 68.8
SAM 1146 1481 1232 1259 1212 1431 1565 1345
(%) 63.0 61.5 73.9 72.4 75.2 63.7 58.2 67.7

Table 2.2: Comparison of robustness removing one slide in turn.

one may question whether the slight increase weighs against the fact that FDRffold calls fewer

genes. Therefore, we performed a second study on a larger data set, which is randomly split

into a test set and a validation set. Both SAM and FDRffold are applied to the test set using

k = log2 f = log2 2 = 1, resulting in two sets of genes called. We use the validation set only

to validate those genes called in the test set. We chose to use the same validation method, a

simple two-sample t-test, for validating the results of both procedures, so that the stability of

the gene sets found in the test set could be compared. From the test set we also obtain the

direction of the differential expression. Since we are interested in genes not just differentially

expressed, but with minimal difference equal to k′, the validation t-test was one-sided with

null-hypothesis H0 : µg = ±k′, where the sign is determined by the direction of the differential

expression detected in the test set. The alternative is of type ‘>’ when the sign is positive

and ‘<’, otherwise. Moreover, k′ is gradually increased from 0 to 1 (and decreased to -1).

This procedure was repeated 10 times on random splits of the entire data set. Figure 2.3

shows the average proportion of genes for which the call in the test set was confirmed in the

validation set (marginal p-value < 0.05) for both SAM and FDRffold. Results for negative

values of k′ have been merged with their positive counterparts.

We analyze the data which was illustrated in Pepe et al. (2003). The data consists of 1536

genes with 53 subjects, 30 subjects from cancer tissue and 23 subjects from normal tissue.

Over 10 randomly selected test sets, SAM finds about 100 significant genes and our method

finds about 24 significant genes on average with k′ = 1 and FDR ≈ 0.1.

From Figure 2.3 it is obvious that FDRffold is much more stable than SAM with additional

f-fold criterion. In fact, for k′ = k = 1, the proportion of stable genes is almost three times

higher.

2.5 Software

We have an implementation in Matlab. For the constraint minimization in our algorithm,

we use Matlab optimization subroutines, “fmincon”,“fminbnd”. Input parameters of the

program are input file name, experiment type, error type, fold-ratio and FDR error rate.
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Figure 2.2: Estimated density (dashed line in (a)) and (b): FDR plot for lymphoma data.
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Figure 2.3: Validation of SAM with additional f-fold criterion and FDRffold (a): Estimated

density (dashed line); (b): Comparison of proportions validated.
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Input file format is the same as the SAM input file format. If one has data in Excel format

which is compatible with SAM, then one may apply it to this program. For experiment type

parameter, one may use “SM”(simulation data), “P”(paired data) and “UP”(unpaired data).

For example, the lymphoma data described before are “UP”, unpaired data type. For the

error type parameter, one may use “HM”(Normal error model, homoscedastic case, Z-statistic

(2.6)), “HT”(Normal error model, heteroscedastic case, basic t-statistic), “EB”(Normal error

model, heteroscedastic case, t-statistic using empirical Bayes (2.7)), “EM”(Empirical error

model, homoscedastic case, Z-statistic). See the section on testing for more detail. Fold-ratio

f and FDR error rate are optional parameters for which one may try various values. Output

of the program is a list of differentially expressed genes for given FDR and fold-ratio f, figures

of the estimated density, an FDR plot and plots for checking normality of errors. For more

details, please contact the authors.

2.6 Discussion

We have discussed a new method for FDR estimation, which calls genes only if the differential

expression is significantly larger than a positive fold f. The current practice of additional

selection after FDR estimation based on a mean f-fold criterion is inconsistent and may give

the biologist the wrong impression about the significance of the selected set of genes.

Several extensions of our method are possible. When a systematic relationship between

σ and µ is present, we currently apply VSN to remove this relationship. However, one

could incorporate the error model into the (discrete) deconvolution. A natural extension is

to use other types of statistics for measuring differential expression, such as nonparametric

ones. Possibly the most challenging extension are more complex ANOVA models than (2.1):

one possibly has to deal with multi-factorial designs and the comparison of more than two

treatments. In the latter case one could think of a multiple comparisons setting in which

one requires the maximal fold to exceed a specified threshold. Finally, in combination with

model 2.2 and the error distribution, knowing the deconvoluted prior density, fµ, in principle

allows one to estimate gene-wise posterior probabilities, P (µg > k|Yg1, . . . , YgJ), where J is

the number of samples. We aim to study the use of these as an alternative to FDR in the

future.

One difficulty with our method is the choice of k. Optimally, it should a priori be based

on experts opinion or as Efron (2004) states: “the scientist should specify the definition of

Uninteresting versus Interesting”. Most biologists use either k = log2 2 or log2 1.5. In practice,

different values of k can be tried. The preferred value depends strongly on the means one
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has for validation (e.g. by PCR): a large value of k will generally result in a small set of

genes, but with high validity. Finally, in some cases the deconvoluted density may suggest a

reasonable choice for k. For example, when fµ is tri-modal, as in Figure 2.1, one could set

k equal to the value corresponding to the dip between the large mode (“null-domain”) and

the small modes, because there expressed genes are well separated from non-expressed ones.

Such a value may, apart from the sign, be different on the negative and positive axis which

would suggest the use of two asymmetric cut-offs.

Even without estimating the FDR, deconvolution may be of interest. It allows estimation

of the proportion of genes with a relative small differential expression, π0, obtained from

fµ. Langaas et al. (2005) discuss methods for estimating this proportion in the context of

point null-hypotheses. Ruppert et al. (2007) also tackle this problem in this context and

use B-splines to fit the density of non-null genes. They note that their approach can be

used to estimate a so-called ‘falsely interesting discovery rate’ which is a concept somewhat

similar to ‘our’ FDR because it includes the effect size in the criterion. However, it still

includes the p-values based on point null-hypotheses. The deconvolution could possibly be

further improved by specifically using the fact that one expects fµ to be composed of three

components representing down-regulated genes, (nearly) non-differentially expressed genes

and up-regulated genes.
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Chapter 3

Some Comments on False Discovery

Rate

In the paper of Qiu and Yakovlev (2007), the authors discussed a classical approximation used

for estimation of the False Discovery Rate (FDR) (Benjamini and Hochberg (1995); Dudoit

et al. (2003); Genovese and Wasserman (2004); Storey et al. (2005)).

Let X and Y represent respectively the number of false and true positives. They study the

difference between E
(

X
X+Y

∣∣∣X + Y > 0
)

and E(X)
E(X)+E(Y ) .

Expectation of the ratio is the true definition of the FDR while the ratio of the expectation

is erroneous rejection rate. As mentioned by the authors, there is some confusion between

the two quantities since the erroneous error rate is easier to handle mathematically than

FDR. They present some examples and perform a large simulation study to highlight the

discrepancy between both quantities.

The aim of this note is to give a more general framework to their results. We apply the bivari-

ate delta method (Bickel and Doksum (1976), chapter 1, p30-32). Namely, using Benjamini-

Hochberg paper’s notations we have:

E(V/R) ≈ E(V )
E(R)

− E(S)
(E(R))3

var(V ) +
E(V )− E(S)

(E(R))3
cov(V, S) +

E(V )
(E(R))3

var(S) (3.1)

with V + S = R

Proof : The result is based on the Taylor expansion up to the second order of a bivari-

ate function f(V, S) = V
V +S at the neighborhood of E(V, S). The necessary conditions of
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regularity of f(., .) are not restrictive in the FDR context. Namely we have:

f(V, S) ≈ f(E(V ), E(S))

+ (V − E(V ))
∣∣∣∣δf(V, S)

δV

∣∣∣∣
V =E(V ),S=E(S)

+ (S − E(S))
∣∣∣∣δf(V, S)

δS

∣∣∣∣
V =E(V ),S=E(S)

+
1
2
(V − E(V ))2

∣∣∣∣δ2f(V, S)
δV 2

∣∣∣∣
V =E(V ),S=E(S)

+
1
2
(S − E(S))2

∣∣∣∣δ2f(V, S)
δS2

∣∣∣∣
V =E(V ),S=E(S)

+ (V − E(V ))(S − E(S))
∣∣∣∣δ2f(V, S)

δV δS

∣∣∣∣
V =E(V ),S=E(S)

Easy derivations of V
V +S with respect to V and S give:

V

V + S
≈ E(V )

E(V ) + E(S)
+ (V − E(V ))

E(S)
(E(V ) + E(S))2

+ (S − E(S))
−E(V )

(E(V ) + E(S))2

+
1
2
(V − E(V ))2

−2E(S)
(E(V ) + E(S))3

+
1
2
(S − E(S))2

2E(V )
(E(V ) + E(S))3

+(V − E(V ))(S − E(S))
E(V )− E(S)

(E(V ) + E(S))3
(3.2)

Taking the expectation on both sides and noting that E(V − E(V )) = E(S − E(S)) = 0

completes the proof.

Note the function f(V, S) is concave with respect to V and convex with respect to S. Using

Jensen’s inequality, we have

f(V,E(S|V )) ≤ E(f(V, S)|V ) and E(f(V, S)|S) ≤ f(E(V |S), S). (3.3)

Hence from (3.2) and (3.3), we obtain the following approximate forms of lower and upper

bound of (3.1) under independence assumption between V and S1 by taking expectations,

E(V/R) ≥ E(
V

V + E(S)
) ≈ E(V )

E(R)
− E(S)

(E(R))3
var(V ) (3.4)

E(V/R) ≤ E(
E(V )

E(V ) + S
) ≈ E(V )

E(R)
+

E(V )
(E(R))3

var(S). (3.5)

The larger the correlation is, the more the performance of the Taylor expansion in (3.1)

depends on the distribution of (V, S). In some cases, one may improve the performance

by choosing other base points, say (v1, s1) different from E(V, S). In this case, the Taylor

expansion around (v1, s1) is:

1In Bar-Hen et al. (2007), we do not assume the independence, hence it should be corrected. We add correct

formula for approximate upper and lower bounds for FDR in the Appendix of this chapter.
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E(V/R) ≈ v1

r1
+

s1

r2
1

(E(V )− v1)−
v1

r2
1

(E(S)− s1)

−s1

r3
1

(var(V ) + (E(V )− v1)2) +
v1

r3
1

(var(S) + (E(S)− s1)2)

+
v1 − s1

r3
1

(cov(V, S) + (E(V )− v1)(E(S)− s1)) (3.6)

where r1 = v1 + s1.

Table 3.1 shows results of several approximations for the first simulation as set up by Qiu

and Yakovlev (2007). We display the results for more values of ρ than in their Table 1.

We only consider the case of m = 3000. In Table 3.1, pFDR and mFDR refer to the true

and marginal FDR (erroneous rejection rate), respectively, while aFDR, lower aFDR, upper

aFDR and aFDR1 denote approximate quantities of the right hand side of the equations (3.1),

(3.9), (3.11) and (3.6), respectively. To compute aFDR1, we take into account the empirical

distribution of 10000 generated points and we find the point which minimizes the sum of the

third order terms of the Taylor expansion and expand the Taylor series based on that ‘center

point’. Table 3.1 leads to several conclusions. Firstly, it may be observed that mFDR does not

approximate pFDR well for ρ ≥ 0.6 as is the case for the data-based simulation the authors

perform (Qiu and Yakovlev (2007), Table 3). In both cases the mFDR approximations are

conservative, or as the authors put it: “simulated mFDR is always biased-up relative to the

pFDR in the presence of positive correlations”. However, from (3.1) we observe that the

conservative nature in both simulation studies is mostly due to the small variance of S (and

covariance between V and S), because large effect sizes are enforced in both simulations. The

conservative nature of mFDR is certainly not necessarily true. The small variance of S also

explains why the upper aFDR is close to mFDR. Secondly, the second order approximations,

aFDR and aFDR1 are potentially more accurate than mFDR, although for aFDR this is only

true for ρ = 0.2. We found that the inaccuracy of aFDR, the expansion around E(V, S), is

due to the peculiar ‘boomerang shape’ of the bivariate (V, S) distribution for this simulation

set up. This also explains why aFDR1, which roughly expands around the center of mass of

this distribution, performs better. However, our experience is that in a simulation setting for

which the bivariate (V, S) distribution is ‘near-ellipsoid’ also aFDR outperforms mFDR in

approximating the true pFDR.

The expansion (3.1) shows that, because of the variance terms, pFDR and the erroneous

error rate (mFDR) may be different even when the true positive and the false positive are

independent. From a practical point of view it is difficult to estimate parameters such as

cov(V, S), var(V ) and var(S) which are necessary to use the alternative approximations. It

may be necessary to use re-sampling procedures or assume a parametric model for estimating
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ρ = 0.0 pFDR mFDR aFDR aFDR1 lower aFDR upper aFDR

BH(0.05) 0.033428 0.033463 0.033335 0.033335 0.033336 0.033371

BH(0.10) 0.066815 0.066883 0.068653 0.068655 0.068654 0.068725

BH(0.15) 0.100171 0.100267 0.105120 0.105118 0.105121 0.105226

ρ = 0.2 pFDR mFDR aFDR aFDR1 lower aFDR upper aFDR

BH(0.05) 0.032881 0.035557 0.032331 0.032926 0.032834 0.035465

BH(0.10) 0.065087 0.071754 0.065047 0.068008 0.065419 0.073863

BH(0.15) 0.096833 0.108476 0.097815 0.104447 0.098077 0.114270

ρ = 0.4 pFDR mFDR aFDR aFDR1 lower aFDR upper aFDR

BH(0.05) 0.032099 0.038677 0.029250 0.033233 0.029916 0.038665

BH(0.10) 0.063051 0.078988 0.055935 0.069731 0.056428 0.081617

BH(0.15) 0.093042 0.119474 0.081852 0.106937 0.082198 0.126578

ρ = 0.6 pFDR mFDR aFDR aFDR1 lower aFDR upper aFDR

BH(0.05) 0.029238 0.042930 0.017258 0.034965 0.017911 0.043089

BH(0.10) 0.056404 0.084707 0.031834 0.069954 0.032285 0.087843

BH(0.15) 0.083083 0.126378 0.048771 0.106450 0.049067 0.134425

ρ = 0.8 pFDR mFDR aFDR aFDR1 lower aFDR upper aFDR

BH(0.05) 0.026404 0.048785 0.000085 0.038836 0.000439 0.049440

BH(0.10) 0.052301 0.097752 0.001130 0.077387 0.001281 0.102338

BH(0.15) 0.077393 0.144739 0.008474 0.115954 0.008510 0.155651

Table 3.1: Simulation results for cases with correlation parameter ρ equal to 0, 0.2, 0.4, 0.6

and 0.8 when m = 3000, m0 = 2000 and m1 = 1000. Data are generated from the procedures

in Section 4 of Qiu and Yakovlev (2007).

such quantities. In any case, we believe the expansion and the bounds to be useful in studying

which data-dependent characteristics cause pFDR and mFDR to differ and to what extent.

Appendix: approximate upper and lower Bound for FDR

Let f(v, s) = v/(v + s). Then the Taylor expansion of f around (v0, s0) is

f(v, s) ≈ v0

r0
+

s0

r2
0

(v − v0)−
v0

r2
0

(s− s0)−
s0

r3
0

(v − v0)2

+
v0

r3
0

(s− s0)2 +
v0 − s0

r3
0

(v − v0)(s− s0) (3.7)

where r0 = v0 + s0. Using the Jensen’s inequality,

E

(
V

V + S

∣∣∣∣V = v

)
≥ v

v + E(S|V = v)
= f(v,E(S|V = v)),

E

(
V

V + S

∣∣∣∣S = s

)
≤ E(V |S = s)

E(V |S = s) + s
= f(E(V |S = s), s).
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Applying the inequalities to the Taylor formula of FDR in (3.7),

f(v,E(S|V = v)) ≈ v0

r0
+

s0

r2
0

(v − v0)−
v0

r2
0

(E(S|V = v)− s0)

− s0

r3
0

(v − v0)2 +
v0

r3
0

(E(S|V = v)− s0)2

+
v0 − s0

r3
0

(v − v0)(E(S|V = v)− s0),

f(E(V |S = s), s) ≈ v0

r0
+

s0

r2
0

(E(V |S = s)− v0)−
v0

r2
0

(s− s0)

− s0

r3
0

(E(V |S = s)− v0)2 +
v0

r3
0

(s− s0)2

+
v0 − s0

r3
0

(E(V |S = s)− v0)(s− s0).

Let E(V ) = v0 and E(S) = s0. Then taking expectations results in

FDR ≥ E(f(V,E(S|V )))

≈ v0

r0
− s0

r3
0

var(V ) +
v0

r3
0

var(E(S|V )) +
v0 − s0

r3
0

E(V − v0)(E(S|V )− s0)

=
v0

r0
− s0

r3
0

var(V ) +
v0

r3
0

var(E(S|V )) +
v0 − s0

r3
0

cov(V, S) (3.8)

≥ v0

r0
− s0

r3
0

var(V ) +
v0 − s0

r3
0

cov(V, S) (3.9)

FDR ≤ E(f(E(V |S), S))

≈ v0

r0
+

v0

r3
0

var(S)− s0

r3
0

var(E(V |S)) +
v0 − s0

r3
0

E(E(V |S)− v0)(S − s0)

=
v0

r0
+

v0

r3
0

var(S)− s0

r3
0

var(E(V |S)) +
v0 − s0

r3
0

cov(V, S) (3.10)

≤ v0

r0
+

v0

r3
0

var(S) +
v0 − s0

r3
0

cov(V, S) (3.11)

From (3.9) and (3.11), we obtain the following approximate upper and lower bound of FDR.

v0

r0
− s0

r3
0

var(V ) +
v0 − s0

r3
0

cov(V, S) ≤ FDR ≤ v0

r0
+

v0

r3
0

var(S) +
v0 − s0

r3
0

cov(V, S) (3.12)

The effect of cov(V, S) in (3.12) can be negligible in certain dependence situations. If V and

S are uncorrelated, then (3.12) immediately implies (3.4) and (3.5) so the covariance term

disappears. Otherwise, one may assume that the maximal number of nonzero correlation

between true null and false null test statistics is fixed. This assumption makes sense for

various high-dimensional data. For example, in the cDNA microarray data, genes are assumed

to have correlations with other genes locally. In the array CGH data or the fMRI data, one

often describe correlations between measurement units as local spatial patterns. In both

cases, such local dependence assumption is stronger than the assumption we suggested.
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Here we derive that the covariance term is negligible asymptotically under the assumption for

the fixed maximal number of correlations between true and false null hypotheses and fixed

rejection probabilities for true and false null hypotheses. Suppose M0 and M1 are sets of

true null hypotheses and false null hypotheses and write V and S as
∑

i∈M0
1i and

∑
i∈M1

1i,

respectively where 1i is the indicator function that i-th hypothesis is rejected. Also assume

pi = E1i. Then

cov(V, S) =
∑

i∈M0

∑
j∈M1

cov(1i, 1j).

Now we fix pi to α for all true null hypotheses and to β for all false null hypotheses, then

cov(V, S) = m2π0π1

√
α(1− α)β(1− β)ρ̄.

where π0 = m0/m, π1 = 1 − π0 and ρ̄ is the average correlation between true and false null

indicators. Given the maximal correlations k between true and false null indicators, the above

covariance term becomes

cov(V, S) ≤ mkπ0π1

√
α(1− α)β(1− β).

Therefore,

lim
m→∞

v0 − s0

r3
0

cov(V, S) ≤ lim
m→∞

m(π0α− π1β)
m3(π0α + π1β)3

mkπ0π1

√
α(1− α)β(1− β) = 0, (3.13)

assuming m0/m → π0.
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Chapter 4

Effects of dependence in

high-dimensional multiple testing

problems

Abstract

Background: We consider effects of dependence among variables of high-dimensional data in multiple

hypothesis testing problems, in particular the False Discovery Rate (FDR) control procedures. Recent

simulation studies consider only simple correlation structures among variables, which is hardly inspired

by real data features. Our aim is to systematically study effects of several network features like sparsity

and correlation strength by imposing dependence structures among variables using random correlation

matrices.

Results: We study the robustness against dependence of several FDR procedures that are popular

in microarray studies, such as Benjamin-Hochberg FDR, Storey’s q-value, SAM and resampling based

FDR procedures. False Non-discovery Rates and estimates of the number of null hypotheses are

computed from those methods and compared. Our simulation study shows that methods such as

SAM and the q-value do not adequately control the FDR to the level claimed under dependence

conditions. On the other hand, the adaptive Benjamini-Hochberg procedure seems to be most robust

while remaining conservative. Finally, the estimates of the number of true null hypotheses under

various dependence conditions are variable.

Conclusions: We discuss a new method for efficient guided simulation of dependent data, which

satisfy imposed network constraints as conditional independence structures. Our simulation set-up

allows for a structural study of the effect of dependencies on multiple testing criterions and is useful

for testing a potentially new method on π0 or FDR estimation in a dependency context.
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4.1 Background

Scientists regularly face multiple testing of a large number of hypotheses nowadays. Typically

in microarray data, one performs hypothesis testing for each gene and the number of genes is

usually more than thousands. In this situation, direct application of single hypothesis testing

thousands times produces a large number of false discoveries. Hence, alternative testing

criterions for controlling errors of false discoveries have been introduced.

It is widely recognized that dependencies are omnipresent in many high-throughput studies.

Such dependencies may be regulatory or functional as in gene pathways, but also spatial such

as in SNP or DNA copy number arrays because of the genomic order. Although attempts

to infer such interactions from data have been made, it is a notoriously difficult problem.

Usually solutions focus on some modules with relatively few elements and many samples,

in particular for model organisms (see e.g. Wille et al. (2004)). With this in mind, one

prefers multiple testing methods that are robust to several degrees of dependency in these

network-type data. Therefore, we set out to develop a simulation program that allows us to

test any multiple testing method for its robustness with respect to dependency parameters

using realistic nested network structures.

One of the most widely used multiple testing criterions for controlling errors of false discoveries

is False Discovery Rate (FDR). FDR is introduced in Benjamini and Hochberg (1995) and

is defined as the expected proportion of the number of falsely rejected hypotheses among

total number of rejected hypotheses. Since in most cases, underlying distributions of data are

unknown, there are several implementations of FDR under different assumptions.

Benjamini and Hochberg (1995) first suggest an implementation of FDR by a linear step

up approach. For an m hypotheses multiple testing problem with m0 true null hypotheses,

the Benjamini-Hochberg (BH) procedure finds maximal k such that p(k) ≤ γ(k/m) where

k = 1, . . . ,m, p(k)’s are the observed ordered p-values and γ is the prespecified level of

significance. The BH procedure is known to control

FDR ≤ m0

m
γ = π0γ ≤ γ. (4.1)

under independence assumption of test statistics. Later, Benjamini and Yekutieli (2001) prove

the BH procedure controls FDR under positive regression dependency condition and they

introduce a modification of the above procedure to control arbitrary dependence circumstances

(BY). Storey (2003) introduces the positive false discovery rate (pFDR) and the q-value.

pFDR is known to control error rate under the clumpy dependency condition (Storey and

Tibshirani (2001)). Significance Analysis of Microarray (SAM) is developed for the purpose of

statistical analysis of microarray data (Tusher et al. (2001)). SAM FDR is known to estimate
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the expected number of false discoveries over the observed number of total rejections under

the complete null hypothesis (Dudoit et al. (2003)).

In (4.1), there still remains some space of improvement for tighter control if we were to know

π0. Adaptive procedures are developed to gain more power by estimating π0 in this sense.

To estimate π0, Storey and Tibshirani (2001) use the fact that independent null p-values

are distributed uniformly on [0, 1] and then plug the estimator π̂0 into the FDR-estimator.

Benjamini et al. (2006) estimate m0 in a two-stage adaptive control of FDR (ABH). Under

the assumption of independence of test statistics, they show the ABH procedure controls

nominal significance level. Careful simulation studies on the comparison of performance of π0

estimation methods are done by Black (2004) and Langaas et al. (2005). Black (2004) notes

that the violation of uniformity of p-values due to the presence of non-null cases could bias

estimates of π0 upward.

Recently, several works incorporates correlations among test statistics to estimate FDR. Re-

sampling based approaches are immediate in utilizing sample correlation structure (Westfall

and Young (1993)). However, since it is difficult to resample from the true null and the false

null distributions separately, it is common to assume the complete null hypothesis and set

the number of true discoveries fixed in order to estimate FDR conservatively, as is shown in

the resampling based method of Yekutieli and Benjamini (1999); Reiner et al. (2003).

Since the procedures mentioned above are often used, we would like to study validity of those

procedures under fairly general dependence circumstances and how correlations among test

statistics affect results of FDR multiple testings. Also, we would like to examine the effect of

violation of independence of p-values on π0 estimations. Hence, designing general dependence

conditions is our main concern. In previous works, for convenience of simulations, data

are often assumed multivariate normally distributed. Typically in microarray data analysis,

equi-correlated normal structures such as single pairwise correlation matrices or block diagonal

matrices with a single pairwise correlation in each block are considered (Qiu et al. (2005); Korn

et al. (2004)). Equi-correlated structures are easy to understand and implement. Moreover,

control of dependence conditions is easy by increasing or decreasing single correlations. But

they are hardly regarded to represent reality. Random correlation matrices are more realistic

candidates, because they reflect heterogeneity between the correlations. However, since the

class of random correlation matrices is too large, multiple testing results generated from two

arbitrary random correlation matrices are difficult to compare.

Therefore, we propose constrained random correlation matrices to reflect the generality of

random correlations and the comparability like equi-correlation models to simulation studies.

For simulation studies, we generate a sequence of random correlation matrices and as con-
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straints we impose conditional independence structures on the random correlation matrices

in a ‘nested’ way. Then the sequence of random correlation matrices is ordered in terms of a

dependence parameter and we control the strength of dependence by the dependence parame-

ter. An alternative, non-nested, approach is discussed by Jung and Jang (2006) who simulate

multivariate normal test statistics while conserving the correlation structure as present in the

data in an asymptotic sense.

In our simulation results, we show how the dependence parameter can serve as a measure

of FDR behavior under correlation-based dependence conditions. We prove that this depen-

dence parameter is in fact strongly related to the variance of pairwise correlations. Using

this structural simulation setting, we compare the performance of several FDR estimating

methods.

4.2 Results

We illustrate simulation results. Here, we consider two cases for the proportion of true

null hypotheses: π0 = 0.8 and π0 = 0.95. Both cases show similar results, so we fo-

cus on the first case. For π0 = 0.95, we refer to Figure 4.4. We do not take into ac-

count for small π0’s because in high-dimensional data with thousands hypotheses one is

usually interested in the case when only small portions of total hypotheses are truly sig-

nificant. We generate 16 correlation matrices Σ based on 16 edge densities, which are the

proportions of non-zero partial correlations over all possible pairs of partial correlations,

0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5, 0.6, 0.7, 0.8, 0.9, 1. Note for a nested sequence

of random correlation matrices, we use one initial Z matrix (see Algorithm 2) for each π0.

The total number of hypotheses is set to m = 1000 and sample sizes for X and Y are 10

each. The number of resamples to compute average FDR in (4.5) are B = 2000. The fixed

true difference is chosen to have 80% power for individual two group t-statistic when FDR

significance level is 0.1 under independence of t-statistics.

Figure 4.1 shows the FDR results under dependence when π0 = 0.8. Nominal significance

level γ is 0.1. The black solid line represents reference FDR results using (4.5). Under

independence, FDR(c0.1) = 0.1 as expected by the law of large number. But it decreases to

around 0.085 when the edge density increases to 0.25 and then it flattens around at 0.087.

The results of SAM and Qvalue seem to overestimate FDR and these increase to 0.16 and

0.13, respectively. On the other hand, BH, ABH, RBH procedures seem to be conservative

under dependence. As in (4.1), under independence, BH procedure controls FDR at level

0.08 = π0γ = (0.8)(0.1). The ABH procedure shows very similar behavior to the results of
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the BH but is closer to the nominal level because of adaptivity.

Surprisingly, the point RBH estimates seem to perform better under dependence than the

reference FDR. Figure 4.2 shows that those estimates are even close to the nominal level

0.1 while the upper limit RBH estimates in both Figures remain conservative. The difference

between the two estimates is small under independence, but becomes larger as the edge density

increases. The reason behind these phenomena is hard to explain because the implementation

of FDR-AME is modified from the algorithms of Yekutieli and Benjamini (1999). But, we may

infer the following two points. First, as in Yekutieli and Benjamini (1999), both estimators

are assumed to be less than or equal to the true FDR under the complete null hypothesis

with the assumption of independence of the number of false discoveries, V and the number

of true discoveries, S and the subset pivotality condition, which can be easily violated in our

setting. Second, more importantly, the two estimators of ŝ(γ) take into dependence conditions

account differently and the ŝ(γ) estimator of the point RBH procedure is downward biased as

explained in Yekutieli and Benjamini (1999) so that the resampled FDR is estimated upward.

In both Figure 4.1 and Figure 4.2, the BY procedure shows too conservative results because

when m = 1000,
∑1000

i=1 i−1 ≈ 7.5, which causes the BY adjusted p-values to be larger than

BH adjusted p-values by a factor of 7.5.

Figure 4.3 shows the False Non-discovery Rate (FNR) results under dependence. The FNR is

introduced by Genovese and Wasserman (2002). It is defined as the proportion of the number

of falsely accepted hypotheses over the total number of accepted hypotheses. The FNR is a

dual quantity to the FDR. One may regard the FNR as a type 2 error rate if the FDR is

regarded as a type 1 error in multiple testing problems. Using a single testing cut-off, we

may expect that the FDR performances behave opposite to the FNR performances. Here, we

observe that the BY procedure has the largest FNR. The SAM procedure has the smallest

FNR while the BY procedure is most conservative and the SAM procedure is most liberal in

the FDR control under dependence.

It is hard to decide which one is recommended in practice when apparent dependence is

observed. However, in this simulation, if most weight is given on adhering strict control level

and gaining more power is a secondary goal, the ABH seems to be most robust and desirable

under dependence cases.

Figure 4.4 shows the π0 estimates for four different methods. Internal π0 estimation methods

of SAM and ABH do not seem to be affected by dependence. On the contrary, π0 estimations

of Qvalue and “convest” show severe sensitivity to dependency along the edge density. The

latter may be improved by restricting the p-values density to the convex domain (Langaas et al.

(2005)). Interestingly, note that π0 estimations of SAM and Qvalue are based on Storey (2002)
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and Storey and Tibshirani (2003), respectively. Both of these use π̂0(λ) = W (λ)/((1− λ)m)

where λ is an intermediate parameter to compute estimates of π0 and W (λ) is the number

of hypotheses whose p-values are greater than λ. In SAM, λ is set to 0.5 and estimates of π0

are computed while in the default method of Qvalue, the function π̂0(λ) of λ is smoothed by

spline functions of order 3 on λ = 0, 0.01, 0.02, . . . , 0.95.

Besides the edge density, the strength of the present correlations also influences FDR. The

variance of pairwise correlations was previously described as an important parameter in FDR

estimation (Efron (2007)). We show that our parameter M , the number of rows of the initial

Z matrix, may be used to control it, which is suggested by the asymptotic relation, as given in

equation (4.4). Figure 4.5 shows the relation between variance of correlations and FDR(cγ)

for M = 1001. Up to around 0.2 of edge density, variance of correlations and FDR(c0.1)

behave exactly opposite and then both quantities flatten.

In Figure 4.7, we compare the effect of five different M values, 1001, 1010, 1025, 1046 and 1073

on FDR results (the reference FDR in (4.5)). Using (4.4), approximate standard deviations

of correlations ρij for the five M values are 1/
√

3, 1/(2
√

3), 1/(3
√

3), 1/(4
√

3) and 1/(5
√

3).

We observe that the FDR results for small M are more variable than that for large M . From

(4.4), we expect variability almost disappears as M −m becomes large.

4.2.1 An illustration with real data

In this section, we address an example on how to apply biological information such as path-

ways using random correlation matrices. Basically, we use estimated marginal mean and

variance from data and apply pathway information such as gene sets to correlation struc-

tures. Algorithm 3 shows the detailed procedure. It uses Algorithms 1 and 2, which are

discussed in the Methods section.

Algorithm 3. Application of random correlation structures to real two sample data.

1. Compute m-dimensional sample mean and sample variance vectors, µ̂X , µ̂Y , σ̂2
X , σ̂2

Y from

data X1, . . . , Xn1 and Y1, . . . , Yn2 .

2. Prepare interested gene sets GS1, . . . , GSk and make a sequence of nested gene sets

N1, . . . , Nk by iterative merging. That is, for each j = 1, . . . , k, Nj = GS1 ∪ . . . ∪GSj .

3. Generate a sequence of binary adjacency matrices A1, . . . , Ak from N1, . . . , Nk. Com-

ponents of adjacency matrices are encoded as 1 for presence of edge and 0 for absence

of edge. For example, [Al]i,j = 1 means both i-th and j-th gene are in Nl.
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Figure 4.1: Average FDR results under dependence when π0 = 0.8. The x-axis corresponds

to the proportion of edges in the network and the y-axis corresponds to FDR estimates for

various procedures. Testing cut-off c is tuned such that true FDR is 0.1 under independence.

FDR(c) (solid black) represents true FDR values in terms of (4.5) using the fixed c. The FDR

procedures and corresponding lines in this figure are the following ones: BH (dashed red),

BY (dotted green), SAM (dot-dashed blue), Qvalue (dashed cyan), ABH (purple), the upper

limit RBH (dashed black), the point RBH (dotted red).
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Figure 4.2: Average FDR results under dependence when π0 = 0.95. See Figure 4.1 for

explanation.
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Figure 4.3: Average FNR results under dependence when π0 = 0.8. The y-axis corresponds

to FNR estimates for various procedures. For the other explanation, see Figure 4.1.
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Figure 4.4: Average π0 estimates under dependence when π0 = 0.8. The x-axis corresponds to

the proportion of edges in the network and the y-axis corresponds to π0 estimates for various

procedures. The π0 estimators and corresponding lines are SAM (solid black), Qvalue (dashed

red), ABH (dotted green) and the convex estimator of Langaas et al. (2005) (dot-dashed).
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Figure 4.5: Variances of correlations and FDR(c) when π0 = 0.8. The solid line represents

variance of correlations and the dashed line represents FDR(c). For comparison, we transform

var(ρij) to var(ρij)/10 + 0.1 so that two quantities have same scale.
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4. According to A1, . . . , Ak, generate a sequence of random correlation matrices, R1, . . . , Rk,

using Algorithms 1 and 2.

5. Generate sample from X∗b
1 , . . . , X∗b

n1
∼ N(µ̂X ,diag(σ̂X)Rjdiag(σ̂X)) and Y ∗b

1 , . . . , Y ∗b
n1
∼

N(µ̂Y ,diag(σ̂Y )Rjdiag(σ̂Y )) for b = 1, . . . , B.

6. Do multiple testing B times and estimate average FDR from (5).

We applied the above algorithm to the “Two Class” example data of Excel add-in of SAM

which consists of 1000 genes with 10 control and 10 treatment experiments. Along with

the data provided, we used gene sets file, “c2.v2.symbols.gmt” for pathway information from

MSigDB Subramanian et al. (2005). There are 1687 gene sets in the file and we chose those

10 gene sets (Gene Set 291, 698, 861, 885, 1069, 1177, 1179, 1237, 1345, 1453) which overlap

more than 50 genes with the gene list of the “Two Class” data.

For B = 1000, we applied the BH FDR method with significance level 0.1 to find differentially

expressed genes for each random correlation matrices. The number of detected genes and the

gene lists had few variation. The median number of detected genes decreases as the edge

density increases and around 100 genes were always detected regardless of the edge density,

see Table 4.1.

R1 R2 R3 R4 R5 R6 R7 R8 R9 R10

edge density 0.003 0.012 0.022 0.037 0.067 0.089 0.107 0.140 0.169 0.182

#total discoveries 110 110 110 110 110 109 108 107 107 106

Table 4.1: Median number of detected genes under increasing edge densities and the corre-

sponding correlation matrices

We illustrated the different 16 genes and significance for 10 correlation structures in Table 4.2.

In Table 4.2, rows represent genes and columns represent correlation matrices. The table is

read as for example, ranks of frequencies of significance declaration for SSR1 were less than

median detected number 110 for R1, . . . , R5, 108 for R7 and 107 for R8, R9.

Interpretation on the results of Table 4.2 depends on the specific correlation structures given

in R1, . . . , R10 and there does not seem clear trends in rejections for 16 genes. Since marginal

distributions of single genes do not change when we apply various correlation structures to

correlation matrices of the multivariate normal distribution, the result that almost all detected

genes were the same confirms our expectation.
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R1 R2 R3 R4 R5 R6 R7 R8 R9 R10

PRKCZ 1 1 1 1 1 1 1 0 1 1

HSPA4 1 1 0 0 0 1 0 0 0 1

SIAT7B 0 0 1 1 0 0 0 0 1 0

40222 s at 1 1 1 1 1 0 1 0 1 1

36374 at 0 0 0 0 0 0 0 1 1 0

1627 at 0 0 0 0 0 1 0 0 0 0

SSR1 1 1 1 1 1 0 1 1 1 0

SEDLP 1 1 1 1 1 0 1 0 0 0

VG5Q 0 0 0 0 1 1 0 0 0 0

MAN2B1 1 1 1 1 1 1 1 1 0 1

NDUFS1 0 0 0 1 1 0 0 0 0 0

AMT 1 1 1 0 1 1 0 1 1 1

STX3A 1 1 1 1 1 1 1 1 0 1

AP3S2 1 1 1 1 1 1 1 1 0 0

SLC35A2 0 0 0 0 1 0 0 0 0 0

METTL3 1 1 1 1 0 1 1 1 1 0

Table 4.2: 16 genes showing different significance feature under nested 10 correlation matrices
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4.3 Discussion and Conclusions

We considered effects of dependence on FDR multiple testing results using multivariate normal

samples. We found that in all our simulations, the simple adaptive Benjamini-Hochberg

procedure (Benjamini et al. (2006)) is most optimal under dependence, since it achieves

relatively high power while remaining conservative. By definition, FDR is the expected value

of a nonlinear function of indicator random variables of rejection. Hence, for computations of

FDR, we need to take into account of the joint distribution of the indicator random variables.

To focus on joint distributional properties of FDR, we have designed to observe variations of

FDR in terms of variations of correlation structures and we have fixed other parameters such

as marginal distributions and probabilities of rejections for true null and false null hypotheses.

Therefore, our results could be additional useful guideline to FDR estimation methods which

have been developed based on marginal distributional assumptions.

Nowadays, explaining high-dimensional data with conditional independence structures is quite

active especially in microarray data analysis (Schafer and Strimmer (2005); Wille et al. (2004);

Dobra et al. (2004); Jones and West (2005)). Such methods focus on testing on partial

correlation coefficients. The necessary and sufficient condition of zero partial correlation is

the same as (4.2). The results of testings on partial correlations is a network which can be

used directly in our simulation framework when, for example, testing on difference of means

between two groups of samples. Then, our simulation set-up can be regarded as a data-guided

simulation to study whether a particular multiple testing method is useful for the data at

hand. As a data-guided simulation using known gene sets (Efron and Tibshirani (2007);

Subramanian et al. (2005)), we introduce an algorithm for using real data in the Results

section. Although a very slight downward trend for the number of discoveries with respect to

increasing edge density (dependence) is found, we observe that the BH FDR method is very

robust in this setting as well.

In our simulation study, we did not categorize test statistics. Most of the FDR methods in the

Results section are based on simple gene specific t-statistic, while SAM uses its own statistic

using the fudge factor which stabilizes estimates of gene-wise variances. The effects of using

such modified t-statistics are not clear but we can reflect those effects from the viewpoint of

sample sizes. As sample sizes increase, the fudge factor of SAM shows a convergence feature,

although it does not improve SAM’s anti-conservative bias under dependence conditions. As

an alternative to the fudge factor, the random variance model (RVM) by Wright and Simon

(2003) can be used and simple replacement of the pooled variance of t-statistic by the RVM

variance results in close control of the FDR to the nominal level under dependence in moderate

52



to large sample size conditions. For the effects of various sample sizes on the fudge factor

and π0 estimates of SAM and the RVM FDR, see Figure 4.8(a), 4.8(b), 4.8(c) and 4.8(d) of

Appendix.

Effect size may be another important factor in evaluating FDR methods. We consider the

cases for multiple small effect sizes or very small proportion of fixed effect size, for example

π0 = 0.99. In both cases, we observe overall similar patterns of the FDR estimates shown in

the Results section [see Figure 4.10(a),4.10(b),4.10(c),4.10(d) of Appendix].

Generally in high-dimensional situation, we doubt that the permutational based approach to

estimate joint distributional properties of test statistics always give a correct answer. In a

further simulation study, the estimated spread of ordered SAM statistics under permutational

null hypothesis shows to be narrower than that of the true distribution. Note that the

difference becomes wider as edge density increases. This seems to cause the anti-conservative

feature of SAM under dependence. For more detail on the effect of sample size and the

performance of SAM and RVM, see Appendix for more detail.

Efron (2007) notices that variance of pairwise correlations plays an important role in charac-

terizing FDR, defined somewhat differently as the expected number of false rejections over the

observed number of rejections, E(V )/R. We confirm this finding, but in our network-based

simulation set-up, we found it natural to characterize FDR using two parameters: first, edge

density to decide the proportion of interactions present and second the variance of pairwise

correlations. This allows to study multiple testing methods for a given prior network.

Other interesting works on the effects of dependence on the number of false discoveries rather

than FDR are Owen (2005) and Korn et al. (2004) who discuss that large positive correlations

may result in high variation on the number of false discoveries. Under simple correlation

structures, Qiu et al. (2005) investigate the vulnerability of application of empirical Bayes

theory under strong correlations.

One can extend our simulation framework by considering the distribution of the Z matrix.

Until now, we have considered the constrained random correlation matrices depending on

the fixed single Z matrix and given nested structures. Taking into account the distribu-

tional properties of Z as a prior, one may attain explicit posterior distribution of covariance

matrices Σ1, . . . ,Σd. A family of covariance matrices as a Gaussian ensemble can also be con-

sidered as described in Wagner (1984). However, both approaches require very complicated

mathematical computations so these remain as future works.

Our simulation set-up is also useful for testing a potentially new method on π0 or FDR

estimation in a dependency context. One may not have designed the procedure for the
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multivariate normal setting in particular; however, it seems reasonable that the new method

should perform well under these conditions to be of general use. Or one may at least sketch

the boundaries of the usefulness of the method in terms of type of network, edge density, and

correlation strength.

4.4 Methods

In this section, firstly, we introduce the property of conditional independence in multivariate

normal distributions and its implications as graphical representations. Secondly, we introduce

how to incorporate conditional independence structures to random correlation matrices and

how to generate constrained random correlation matrices in a ‘nested’ way. Thirdly, we

introduce FDR methods and π0 estimation methods used in this simulation study.

Conditional independence correlation structures

In multivariate normal distributions, conditional independence among variables is a well es-

tablished property (see chapter 5, p.129 in Lauritzen (1996)). It states: if X = (X1, . . . , Xm)T

is a multivariate normal vector with variance-covariance matrix Σ, then

Xi ⊥⊥ Xj | {the rest variables} if and only if [Σ−1]ij = 0. (4.2)

Here, “⊥⊥” represents independence between random variables.

Also, the conditional independence property has a nice graphical interpretation (Whittaker

(1990)). Every node in the graph denotes a random variable and every missing edge between

two nodes means that the two random variables satisfy the condition (4.2). If there is no edge

in the graph, it corresponds to independence structure, that is, the corresponding variance-

covariance matrix is the identity matrix. If nodes are fully connected, we may regard it as

completely dependent structure. For m = 4, we illustrate a sequence of graphs with various

conditional independence structures in Figure 4.6.

Given m dimensional multivariate normal distribution, however, there are 2(m
2 ) different con-

ditional independence structures or graphs. Comparing every pair of structures for large m

is infeasible. But note that the class of structures is a partially ordered set by inclusions

or exclusions of edges. In the partially ordered set, the minimal element is the totally in-

dependence structure corresponding to identity variance-covariance matrix in a matrix form.

Maximal elements are completely dependent structures without any conditional independence

constraints, that is every entry of inverse of the variance-covariance matrix is non-zero. Hence,
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Figure 4.6: Graphical representation of conditional independence structures when m = 4. A

sequence of possible nested structure is depicted when the number of nodes is 4. The left

most graph represents complete independence between variables and the right most graph

represents complete dependence between variables. The dependence structure of every left

graph is contained in the structure of the graph right of it.

it is meaningful to regard a partially ordered path as a sequence of dependence conditions

as in the single correlation structures. Comparisons through a partially ordered path give

insights on dependence effects. Then, it is natural to regard the proportions of edges in a

path as a dependence parameter. Figure 4.6 shows such an instance of the partially ordered

path. In following sections, we use the term ‘edge density’ as proportion of edges and by a

‘nested’ sequence we mean a partially ordered path of conditional independence structures.

Generating constrained random correlation matrices

Unconstrained random correlation matrices are generated simply by products of matrix trans-

poses and its standardizations Marsaglia and Olkin (1984). Let Z be an M×m matrix whose

entries are generated from independent standard normal distributions. If M is greater than

m, then the matrix W = (ZT Z)−1 is a symmetric positive definite matrix with probabil-

ity one. M will be used as a parameter to control the strength of the correlations. After

standardizing W , we obtain

Σ = diag(W )−1/2 W diag(W )−1/2. (4.3)

Then Σ is an unconstrained random positive definite correlation matrix.

To incorporate conditional independence structures into the process (4.3), we need to trans-

form the Z matrix into a matrix Z̃ such that Z̃ bears the information on the structures.

These transformations are basically based on successive orthogonal projections. For a simple

example, consider imposing the simple constraint X1 ⊥⊥ X2|{rest} on Σ in (4.3). We carry

out the following steps. First, we generate the Z = [z1, . . . , zm] matrix with m column vec-

tors. Second, we let z̃2 = z2 − z1(zT
1 z1)−1zT

1 z2, then z̃2 is the residual vector of z2 projected
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(a) e1 = 0/6 (b) e2 = 1/6 (c) e3 = 2/6 (d) e4 = 3/6


1 0 0 0

1 0 0

1 0

1




1 1 0 0

1 0 0

1 0

1




1 1 0 0

1 1 0

1 0

1




1 1 0 0

1 1 0

1 1

1


(e) e5 = 4/6 (f) e6 = 5/6 (g) e7 = 6/6


1 1 0 1

1 1 0

1 1

1




1 1 1 1

1 1 0

1 1

1




1 1 1 1

1 1 1

1 1

1



Table 4.3: Constraint matrices corresponding to the graphs in Figure 4.6

onto the linear space spanned by z1. Finally, if we replace matrix W in (4.3) by (Z̃T Z̃)−1

where Z̃ = [z1, z̃2, z3, . . . , zm], then Σ is a random correlation matrix satisfying the constraint

[Σ−1]12 = 0 by construction.

For imposing a large number of conditional independence constraints, we provide general steps

below. First, we introduce a constraint matrix J . J is an m ×m symmetric binary matrix

whose diagonal entries are one. Its off-diagonal entries equal to zero represent conditional

independence between the row and column variables. These also correspond to the missing

edges in the graph. So, the J matrix is useful in the sense that it directly shows its whole

structures and it gives computational convenience when one considers generating random

structures. For the above example, the (1, 2) and (2, 1) positions of the J matrix are set

[J ]12 = [J ]21 = 0 and [J ]ij = 1 for the other entries. Table 4.3 shows the constraint matrices

according to the conditional independence structures of Figure 4.6.

Now, we provide two algorithms used for our simulation studies. Basically, we apply the

second algorithm and the first one is included in the second one.

Algorithm 1. Generating a constrained random correlation matrices given constraint matrix

J .

1. Generate an Z = [z1, . . . , zm] matrix from standard normal distributions.

2. Let Il = {k : [J ]kl = 0 for k = 0, . . . , l − 1} for l = 1, . . . ,m and zIl
be the matrix

consisting of column vectors of Z with indices in Il.

56



3. Let z̃1 = z1.

4. For each l = 2, . . . ,m, z̃l = zl − Plzl where Pl = z̃Il
(z̃T

Il
z̃Il

)−1z̃T
Il
, i.e. the projection of zl

onto the space spanned by {z̃i : i ∈ Il}.

5. Let Z̃ = [z̃1, . . . , z̃m]. Then Σ with W = (Z̃T Z̃)−1 is a random correlation matrix with

constraint matrix J .

Algorithm 2. Generating a nested sequence of constrained random correlation matrices.

1. Generate a Z matrix from standard normal distributions.

2. Generate a sequence of edge densities, e1, . . . , ed with 0 = e1 < · · · < ed = 1.

3. Generate a nested sequence of random constraint matrices J1, . . . , Jd according to edge

densities, e1, . . . , ed. Note the proportion of non-zero off-diagonal elements in Ji is ei.

4. Given the Z matrix, generate Σ1, . . . ,Σd according constraint matrices J1, . . . , Jd by

Algorithm 1. Then Σ1 = I and the sequence of random correlation matrices has nested

conditional independence structures.

Variance of correlations and the choice of M

In this simulation study we assume that dependence conditions are determined by condi-

tional independence structures of random correlation matrices. However, it is meaningful to

understand the relation between structural dependence and dependence given by pairwise

correlations. Even though the randomness in the generation process (4.3) makes it difficult

to grasp the relation, average variance of pairwise correlations depends on the parameter M ,

which is the number of rows of the initial Z matrix.

The role of the parameter M used in generating the Z matrix is to control the variance of

pairwise correlations, which in turn is an important parameter in FDR estimation (Efron

(2007)). The expectation and variance of pairwise correlations ρij are approximately

E(ρij) = O((M −m + 2)−2), var(ρij) =
1

M −m + 2
+ O((M −m + 2)−2) (4.4)

when Z is generated from standard normal distributions [see Appendix for more detail].

Hence for large M , we expect average pairwise correlations are close to zero and the effect of

dependence when M is large is almost ignorable.

Average variances of off-diagonal entries in (4.3) decrease very quickly to zero as M increases.

Hence, in this paper, when m = 1000, we focus on FDR results for M = 1001 since this value
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illustrates the effects of dependence in the most unrestricted way. For large M −m, variances

of pairwise correlations are close to zero and the effects are almost negligible. In Figure 4.7,

we show the FDR results for such a case.
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Figure 4.7: FDR(c) with different M values. For various M −m values, FDR(c) is computed.

The M − m values and corresponding lines are 1001 (solid black), 1010 (dashed red), 1025

(dotted green), 1046 (dot-dashed blue) and 1073 (dashed cyan).

Simulation details

We perform unpaired two group t-test under multivariate normal distribution. Each group

has the same correlation matrix, but a proportion π0 of the total number of hypotheses has

different mean. The mean difference is computed given fixed probabilities of rejection of true

and false null hypotheses. General simulation steps are the followings.

1. Find cγ satisfying FDR(cγ) = γ under independence assumption.

2. Generate random correlation matrices Σ1, . . . ,Σd from given structures in Algorithm 2.

3. For each Σj , X1, . . . , Xn1 ∼ Nm(µX ,Σj) and Y1, . . . , Yn2 ∼ Nm(µY ,Σj).

4. Apply various multiple testing procedures to these data and compare the corresponding

results of FDR, FNR and π0 estimates.
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In this simulation study, we also intend to observe generic features of FDR behavior un-

der dependence circumstances. Therefore, we consider a reference FDR. It is hard to find

testing cut-offs which produce exact control under dependence conditions. Hence under the

independence condition and significance level γ, we compute a testing cut-off cγ such that

FDR(cγ) = γ (Dudoit et al. (2003)) and we apply this cut-off to dependence cases. Using a

Monte-Carlo method, we obtain approximate FDR values for fixed cut-off cγ under depen-

dence conditions. Hence from B random samples, we compute the following quantity for each

i = 1, . . . , d,

FDR(cγ ,Σi) ≈
1
B

B∑
b=1

vb,i

vb,i + sb,i
. (4.5)

FDR procedures, π0 estimation methods and software used in the simula-

tions

We briefly introduce the FDR implementations used in the simulation studies. Most of them

are regularly used and all of them are developed in R software packages (Ihaka and Gentleman

(1996)).

• Benjamini-Hochberg procedure (BH): Implemented FDR control by a linear step-up pro-

cedure (Benjamini and Hochberg (1995)). From ordered observed p-values p(1), . . . , p(m),

it finds maximal k such that p(k) ≤ γ k
m given significance level γ. It is known to con-

trol FDR at level γ m0
m under independence assumption of test statistics. π0 estimation

procedure is not implemented, hence π0 is assumed to be 1. We use R package multtest

for this procedure.

• Benjamini-Yekutieli procedure (BY): Benjamini and Yekutieli (2001) extends the BH

procedure to control FDR at level γ under arbitrary dependence conditions. It uses the

linear step-up procedure, and it finds maximal k such that p(k) ≤ γ k
m(
∑m

i=1 i−1)−1. We

use R package multtest for this procedure.

• Adaptive Benjamini-Hochberg procedure (ABH): The ABH procedure improves the BH

procedure by estimating m0. Given significance level γ, the two-stage ABH procedure

first performs the linear step-up BH procedure to find r1, the number of rejected hy-

potheses at level γ∗ = γ/(1 + γ). It estimates m̂0 as m − r1 and then applies γ∗ m
m̂0

as

a new significance level in the second step. Under the independence assumption of test

statistics, ABH is known to control FDR at level γ (Benjamini et al. (2006)). We use

R package FDR-AME for this procedure.
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• Significance Analysis of Microarray (SAM): Based on Tusher et al. (2001), the SAM

procedure is developed. For two-class, unpaired data, it uses a t-statistic combined

with a fudge factor which makes test statistics more stable when sample variance is

very small. Using permutations and a user-specified cut-off, it produces asymmetric

testing results. To apply the same significance level γ as other FDR procedures, we set

median FDR level to be γ instead of using the user-specified cut-off. We use R package

samr with internal permutation number 200.

• Qvalue: Storey (2002) proposes a new multiple testing criterion q-value based on pFDR.

pFDR is defined as the expected proportion of the number of false rejections over the

number of rejections given the number of rejections is at least one. q-value is the

minimum pFDR where the statistic is declared significant. The estimates of q-values are

computed from a function of individual p-values while preserving the order of p-values.

We use R package qvalue and choose the default option “smoother” as “pi0.method”.

• Resampling based FDR adjustments (RBH): Resampling based FDR estimation is based

on the resampling distribution of p-values under the complete null hypothesis. Basically,

it is defined as ER(γ)∗ [R(γ)∗/(R(γ)∗ + ŝ(γ))] where R∗(γ) is the number of resampling-

based p-values less than γ. Two estimators conditioned on ŝ(γ) are proposed. The

point RBH estimator is based on ŝ(γ) = r(γ)−mγ and the upper limit RBH estimator

is based on ŝ(γ) = r(γ) − r∗β(γ) where r∗β(γ) is 1 − β quantile of R∗(γ) (Yekutieli and

Benjamini (1999)). We use R package FDR-AME for this procedure.

ABH, SAM and Qvalue contain internal π0 estimation. Recently, another π0 estimation

method is introduced by Langaas et al. (2005). Here, p-values are modeled as f(p) = π0 +

(1−π0)h(p) where h(p) is a convex decreasing density of false null hypotheses with h(1) = 0. In

this set-up, nonparametric maximum likelihood estimation is employed to compute estimate

of π0. For the case of non-convexity of f , the authors advise to restrict the domain to the

convex part of f , but this is not implemented yet. We use the convest function in the limma

R packages in the default option.

Simulation program

We developed R code for this simulation studies. The code can also be used in a supervised

sense, using known gene sets.
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Appendix 1

Expectations and variances of off-diagonal elements of Σ in equation (4) are obtained basically

from the distribution of sample correlation coefficients of bivariate normal sample. We need

the following three propositions.

Proposition 1. [An application of Theorem 5.1.5, p.151, p.156-157, Muirhead (1982)] Let

Σ be distributed as W2(n, V ) the Wishart distribution of degree of freedom n and parameter

V . Then the expectation and the variance of r = σ12/
√

σ11σ22 are

E(r) = ρ− ρ(1− ρ)2

2n
+ O(n−2), var(r) =

(1− ρ2)2

n
+ O(n−2)

where

Σ =

[
σ11 σ12

σ21 σ22

]
, V =

[
1 ρ

ρ 1

]
.

Proposition 2. [Theorem 3.2.5, p.92, Muirhead (1982)] If Σ ∼ Wm(n, V ) and C is k ×m

of rank k then CΣCT ∼ Wk(n, CV CT ).

Proposition 3. [Theorem 3.2.10 (i), p.93, Muirhead (1982)] Suppose Σ ∼ Wm(n, V ) where

Σ =

[
Σ11 Σ12

Σ21 Σ22

]
, V =

[
V11 V12

V21 V22

]

and put Σ11·2 = Σ11 − Σ12Σ−1
22 Σ21 and V11·2 = V11 − V12V

−1
22 V21. Then

Σ11·2 ∼ Wk(n−m + k, V11·2)

where Σ11 and V11 are k × k matrices.

Now, let S = ZT Z and W = S−1 where Z is an M×m matrix whose row vectors are generated

from Nm(0, V ) independently and let W11 =

0
B@

wii wij

wji wjj

1
CA for some indices i and j, then from

Proposition 3 we obtain W−1
11 = S11·2 ∼ W2(M − m + 2, V11·2) and U =

0
B@

u11 u12

u21 u22

1
CA =

diag(V11·2)−1/2W−1
11 diag(V11·2)−1/2 ∼ W2(M −m + 2,

( 1 ρ
ρ 1

)
) for some ρ from Proposition 2.

Let R = W−1
11 =

0
B@

r11 r12

r21 r22

1
CA . Then the following equations hold by simple calculations.

r12√
r11r22

=
u12√
u11u22

= − wij√
wiiwjj

= −ρij
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where ρij is the (i, j)-th component of Σ in equation (3). Therefore, from Proposition 1,

E(
u12√
u11u22

) = ρ− ρ(1− ρ)2

2(M −m + 2)
+ O((M −m + 2)−2),

var(
u12√
u11u22

) =
(1− ρ2)2

M −m + 2
+ O((M −m + 2)−2).

Since V = Im×m, ρ = 0 in the simulations, we obtain

E(ρij) = E(
wij√
wiiwjj

) = O((M −m + 2)−2),

var(ρij) = var(
wij√
wiiwjj

) =
1

M −m + 2
+ O((M −m + 2)−2).

Appendix 2

Figure 4.8(a) shows results of FDR estimates of SAM under dependence. In the figure, the

bias patterns of SAM still exist even for large sample size and we investigate possible reasons

for that phenomena based on three distinct factors of SAM.

To understand these biases of SAM under strong dependence in estimating FDR, first we

considered that SAM uses a test statistic different from the ordinary two sample t-statistic,

which incorporates the idea of stabilization of gene-wise variance. Second, the π0 estimation

of SAM was considered. Third, since null distributions of the SAM statistic are estimated

by permutation, we compared the true distribution and the permutational null distribution

by the Monte Carlo method. Additionally, the random variance model (Wright and Simon

(2003)) which assumes an inverse gamma distribution for overall gene variance was used to

estimate FDR and was compared with SAM’s gene-wise variance estimation.

We used the same correlation matrices as in the Results section for π0 = 0.8. For the Monte

Carlo study, we generated data for B = 1000 times. In particular, sample sizes are given

10, 25, 50 and 100 to see effects of high dimensionality on the FDR estimation.

First, we considered the fudge factor s0 of SAM which stabilizes gene-wise variance estima-

tions. Figure 4.8(d) shows estimates of the fudge factor decrease as sample size increases.

Hence for sufficient large sample size, we may expect the SAM statistic behaves similar to

the ordinary two group t-statistic and dependence patterns for FDR estimates of SAM can

be similar to those of two sample t-statistic. Variance modeling approach by Wright and

Simon (2003) also shows that FDR estimates of their approach become closer to the nominal

level 0.1 as sample size increases. Therefore, for large sample, the random variance model

suggested by Wright and Simon (2003) performed well on overall FDR estimation while the
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convergence of the fudge factor of SAM estimation doesn’t seem to decrease the biases of

SAM FDR estimation.

Second, Figure 4.8(c) shows π0 estimates of SAM become closer to true π0 = 0.8 as sample

size increases. Similarly, we can expect that SAM estimates of π0 converge to true π0 when

sample size is sufficiently large. Also, the performance of π0 estimation, likewise the fudge

factor of SAM doesn’t seem to improve the performance of SAM FDR estimation.

Third, we considered distributions of permutational null model implemented in SAM. Since

FDR estimation mainly concerns tail distributions of test statistics, we computed average

5th and 95th quantiles under permutational null hypothesis for B = 1000 times. Figure

4.9(a), 4.9(c) and 4.9(b) show that the spread of 5th and 95th quantiles of true distribution

of dependence case (edge density is 0.2) is wider than that of independence case (edge density

is 0.0). Considering the following SAM FDR estimation equation, we may conclude that

since the tail quantiles of true distribution are wider, more false positives are rejected in the

numerator of the equation and that causes SAM FDR estimation to be larger than those of the

SAM permutational null distribution. Comparing Figure 4.9(c) with 4.9(b), we observe that

this phenomena do not disappear even when we increase the number of permutation from 200

to 1000. Therefore SAM’s biases under dependence circumstance as in the Results section

seem to be caused by the high-dimensionality and insufficient performance of permutation

under that situation. Note SAM FDR estimation equation is

F̂DR(∆) = π̂0

#{d∗b(i) ∈ Γ(∆)}/B

#{d(i) ∈ Γ(∆)}

where Γ(∆) = [cutlow(∆), cutup(∆)]c and di = x̄i/(si + s0). For detailed explanation of the

above equation, see the Users guide and technical document of SAM.
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(a) (b)

(c) (d)

Figure 4.8: (a) FDR estimation using SAM when sample size are 10 (solid 1), 25 (dashed

2), 50 (dotted 3), 100 (dash-dotted 4). (b) FDR estimation using random variance model

when sample size are 10 (solid 1), 25 (dashed 2), 50 (dotted 3), 100 (dash-dotted 4). (c) π0

estimation using SAM when sample size are 10 (solid 1), 25 (dashed 2), 50 (dotted 3), 100

(dash-dotted 4). (d) s0 estimation using SAM when sample size are 10 (solid 1), 25 (dashed

2), 50 (dotted 3), 100 (dash-dotted 4).
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(a)

(b)

(c)

Figure 4.9: 5th and 95th quantiles for permutation distribution (blue line), estimated true

distribution (red line) and ∆ cut-offs (dashed line) for SAM (a) SAM permutation = 200, 1000

generated sample, edge density = 0.0. (b) SAM permutation = 200, 1000 generated sample,

edge density = 0.2. (c) SAM permutation = 1000, 1000 generated sample, edge density =

0.2.
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Figure 4.10: (a) Average FDR results under dependence when true difference is distributed

as standard normal and π0 = 0.8, BH(1, dashed black), BY(2, dashed red), SAM(3, dotted

green), Qvalue(4, dot-dashed blue), ABH(5, dashed cyan). (b) Average π0 estimates under

dependence when true difference is distributed as standard normal and π0 = 0.8, SAM(1,

solid black), Qvalue(2, dashed red), ABH(3, dot-dotted green), Convex(4, dotted blue). (c)

Average FDR results under dependence when π0 = 0.99 and fixed true difference, BH(1,

dashed black), BY(2, dashed red), SAM(3, dotted green), Qvalue(4, dot-dashed blue), ABH(5,

dashed cyan). (d) Average π0 estimates under dependence when π0 = 0.99 and fixed true

difference, SAM(1, solid black), Qvalue(2, dashed red), ABH(3, dot-dotted green), Convex(4,

dotted blue).
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Figure 4.11: (a) Average FNR results under dependence when π0 = 0.95. BH (dashed red),

BY (dotted green), SAM (dot-dashed blue), Qvalue (dashed cyan), ABH (purple), the upper

limit RBH (dashed black), the point RBH (dotted red). (b) Average π0 estimates under

dependence when π0 = 0.95. SAM (solid black), Qvalue (dashed red), ABH (dotted green)

and the convex estimator of Langaas et al. (2005) (dot-dashed). (c) Variances of correlations

and FDR(c0.1) when π0 = 0.95. The solid line represents variance of correlations and the

dashed line represents FDR(c). For comparison, we transform var(ρij) to var(ρij)/10 + 0.1

so that two quantities have same scale.
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Chapter 5

Clustering and Testing of array

CGH Data

5.1 Introduction

Array Comparative Genomic Hybridization (CGH) technique was designed to measure chro-

mosomal aberrations, which are known to be involved in the cancer development process.

Through hybridization, fluorescent labeled chromosomes are extracted from test and refer-

ence samples. It produces data which are log ratios of intensities of the two samples. With the

log-ratio data, copy number information for chromosomes is provided which is represented as

different levels through segments. We are especially interested in segments of chromosomes

which show levels of gain or deletion since those segments can be possible causes to develop

cancer.

Data obtained from array CGH technique are often encoded as normal, gain and loss (dele-

tion) by assigning discrete states on the segments of chromosomes according to integer copy

numbers. Generally to this purpose, two processing steps are performed: segmentation and

calling.

Segmentation denotes a process to find breakpoints from single copy number profiles. Sev-

eral segmentation algorithms are proposed. Olshen et al. (2004) estimate the location of

change-points by a non-parametric approach and attain significance using permutation. Jong

et al. (2004) use a regularized maximum likelihood method with Gaussian noise to detect

breakpoints. Hupé et al. (2004) assume Gaussian models and using penalized likelihood and

clustering, they segment the data. Picard et al. (2005) also assume Gaussian models and us-

ing adaptive penalty, they estimate breakpoints. Fridlyand et al. (2004) use Hidden Markov
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Models to estimate breakpoints in the data. Other approaches exist using hierarchical cluster-

ing Wang et al. (2005) and Fused Lasso, a special smoothing technique Tibshirani and Wang

(2008). For the general comparison of segmentation algorithms, we recommend Willenbrock

and Fridlyand (2005); Lai et al. (2005).

After segmentation, assigning discrete states to the segmented data is referred to as calling

process (van de Wiel et al. (2007)). In this paper, we assume that the data for analysis are all

properly discretized by preprocessing steps using sound segmentation and calling algorithms.

We further assume that the discretized data are preprocessed by a ‘collapsing’ step. In the

next section, we introduce the new concept, ‘collapsing’ for the discretized array CGH data,

which we think it is an indispensable step for data consisting of considerable repetitious and

redundant measurement units.

For simplifying terminologies used in this paper, we refer to a clone region (or simply a region)

as a contiguous set of clones preprocessed by the collapsing step and we refer to a cluster as

a set of regions which is combined by a certain clustering algorithm.

Given the discretized data, our study proceeds in two directions. First, we aim to discover

region-wise association among clone regions. We propose a clustering algorithm with consid-

eration of spatial patterns and assessing statistical significance for each cluster. Second, we

aim to perform proper region-wise multiple testing. Selecting a suitable test statistic for the

discrete data and detecting significantly different regions using the false discovery rate (FDR)

procedure are considered. In the end, we suggest a new meaningful significance to clusters

combining the two directional approaches.

5.1.1 High-dimensionality

High-dimensionality has been a common theme for the analyses of data produced by high-

throughput genome technologies. It denotes the situation that the number of measurement

units (clones in array CGH data) which researchers want to observe at the same time is

much larger than the number of samples. Due to the large dimension, traditional multi-

ple testing procedures such as the Bonferroni method implementing family-wise error rate

(FWER) criterion often yields very conservative results. Instead, FDR procedures such as

the Benjamini-Hochberg method and SAM (Significance Analysis of Microarray) are popu-

larly used as alternatives for this purpose.

While the term ‘high-dimensionality’ is used neutrally in terms of the number of variables,

some authors note that technological developments in data generating processes can allow a

more specific approach for the data. Benjamini and Heller (2007) suggest that the assumption
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of infinitely many elements in a cluster is not unrealistic for fMRI data in an environment of

improved technical resolution. In this case, the large number of variables does not necessarily

imply increased number of ‘distinct’ measurement units but rather they may appear as rep-

etitions of similar copies of small number of ‘distinct’ measurement units. We may call this

increased resolution and the data generated from this step as ‘high-resolution’ data.

A similar development has occurred for our type of genomic data. Here, the resolution

increased from chromosome arms (∼ 40) to Bacterial Artificial Clones (∼ 5, 000), to oligonu-

cleotides (∼ 30, 000, later > 200, 000).

We may briefly describe the above idea in a simple mathematical framework. Suppose we

have X1, . . . , Xm distinct data which corresponds to distinct units of some subject and the

data may not be observed. By increasing the resolution of the data, we observe an inflated

number of data as
f1,1(X1), f1,2(X1), · · · f1,n1(X1),

f2,1(X2), f2,2(X2), · · · f2,n2(X2),

· · · · · · · · · · · ·
fm,1(Xm), fm,2(Xm), · · · fm,nm(Xm)

The functions fi,j ’s expand almost same data from the number m to the number n1+· · ·+nm.

For such functions, one may simply model them as fi,j(Xk) = Xk + εijk where E(εijk) = 0

and var(εijk) ≈ 0.

Discretized array CGH data can be regarded as such high-resolution data. Discretized array

CGH data usually appears as a large number of distinct blocks and the block consists of

almost same discretized clones across as many as tens to a hundred clones. So, regions in

the data correspond to distinct blocks and those regions may be considered as a biologically

functional units.

For these data, a step for collapsing repetitious variables is necessary since it reduces unnec-

essary dimension of data and enhances computational convenience. Conventional clustering

methods using correlational association among variables seem not appropriate in this stage

because it may yield mingled clusters: repetitiously copied clones mixed with similarly be-

having clones. Hence this may weaken the performance and interpretation of the clustering

methods usually performed in the next stage. From this data point of view, it is desirable

to separate two procedures: collapsing and clustering. The first step is necessary because

of technical resolution and is used for dimension reduction. The latter step is applied for

combining similar behaving clone regions so that one may obtain hints of collective behaviors

of clones.

We do not suggest any mathematical algorithm for the collapsing process in this paper. But
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for the data of this paper, we add a simple collapsing step before clustering and testing stages

as in van de Wiel and van Wieringen (2007).

5.1.2 Significance of clustering

In array CGH data, researchers are often more interested in biologically meaningful units

of clone regions, usually consisting of correlated regions. Quite often, simple exploratory

data analysis shows the data itself have strong spatial correlation patterns. Hence clustering

correlated regions and testing on the cluster level might give more interpretable results.

The idea of multiple testing based on clustered results is not new. In the recent paper of

Benjamini and Heller (2007), they introduced cluster level multiple testing in fMRI data

analysis. Moreover comparing to voxel-wise (individual measurement level) multiple testing,

they asserted that their method improved SNR (signal to noise ratio) and gained statistical

power.

Even though both array CGH data and fMRI data have strong spatial correlation patterns

and region-wise inference is preferable, we should be careful in applying the methodology of

Benjamini and Heller (2007) directly. As they cautioned in their paper, because of inter-

pretability of testing results, cluster information should be given independently from testing

sample whether its nature is stochastic or pre-defined. In array CGH data, however, it is

hardly possible to obtain such information a priori. One possible way is splitting testing

samples in two parts so that one is used for clustering and the other one is used for testing

which guarantees independence between clustering and testing. However, in that case, we

should accept significant power loss due to splitting.

More importantly, since partitioning based on correlation clustering is stochastic in nature,

clusters obtained do not necessarily reflect biological realities and one may concern about

the stability of clusters. Another important issue for clustering is capturing the specific

dependence feature of array CGH data. In Figure 5.1, we observe typical block-wise structure

of associations among regions in the data.

Therefore, we propose a new modeling approach to the analysis of array CGH data incor-

porating stochastic and spatial nature of the data. We find a maximum likelihood estimate

from the model and we do hypothesis testing for the significance of each clusters conditioned

on the maximum likelihood clusters.
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Figure 5.1: Entropy-related correlation plot for Data2 with 436 clone regions.

5.1.3 Discrete multiple testing

The goal of region-wise multiple testing in array CGH data is to find significantly expressed

regions between two groups, a test group and a reference group. We consider a region-wise

test of independence between groups and states. Data for each region is tabulated by a 2× 3

contingency table. We perform nominal independence test for association between 2 groups

and 3 states.

In principle, discrete data produces discrete test statistics and discrete p-value distribution.

Actual multiple testing control level for discrete data are usually conservative, because in-

dividual achievable significance level is strictly smaller than nominal individual significance

level so that overall control level becomes smaller. Also, depending on null distributions,

p-value of each region-wise test may differ.

For different null assumptions, different implementations are suggested. Once we assume

fixed row and column margins, Fisher’s exact test is most desirable. If we assume fixed

row margin alone, unconditional tests can be used but we still need to specify remaining

parameters (nuisance parameters) which are not used in the testing. Or we may consider a

permutational null distribution preserving correlation structures among regions. Since sample

size of each group is small, we exclude the case of using asymptotic null distribution. For the
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detail, we explain those assumptions and implementations in the Methods section.

5.2 Methods

5.2.1 Clustering model and testing

Our motivation for clustering comes from Figure 5.1. In Figure 5.1, we illustrate information

correlations Kent (1983) for pairs of all regions. Strong correlation features are concentrated

in the diagonal parts of Figure 5.1 and spatial dependence patterns are notably block-wise

structures. We incorporate this feature in our modeling approach. Since a log-linear model

is generally used for discrete data modeling, we apply log-linear type modeling but aim to

adapt our data to more realistic features such as physical distance between regions, the specific

spatial correlations and practical consideration for efficient optimization for clustering.

Let m be the number of regions and n be the number of subjects under consideration and let

each region be indexed according to the spatial location of chromosomes, that is, (i − 1)-th

and (i + 1)-th region are the neighbors of i-th region. The goal is to identify clusters so that

regions in one cluster behave similarly.

We first consider the quadratic exponential model (QEM) in Cox and Wermuth (1994) which

approximates log-linear models for binary data up to 2nd order interactions. In our case

we consider trinary valued variables. Hence, for xA = (xi)i∈A and xi ∈ {0,−1, 1} where

A ⊂ {1, . . . ,m}, marginal distribution pA of xA can be

ln pA(xA) = αA +
∑
i∈A

βA,ixi +
∑

i<j∈A

γA,ijxixj .

The discrete values ‘0’, ‘−1’ and ‘1’ denote normal (= 2 copies), loss (< 2 copies) and gain

(> 2 copies) respectively. We do not consider amplification (high copy number gain) and

double deletion (0 copies) as separate states because of computational complexity of clustering

algorithm.

Since our purpose is not to specify every 2nd order interactions γA,ij , but to bind variables

which are in the same cluster, it may be better to simplify the above model by assigning

one average 2nd order interaction per cluster. Since in actual array CGH data we can obtain

physical base-pair distance between two regions, it is better to use physical chromosomal infor-

mation to our model. In our model, we assume the dependence of two regions becomes weaker

for farther pairs of regions as in p.430 of Cressie (1993). Hence the interaction parameter
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γA,ij is represented as γAd̃ij and

d̃ij =

{
d−k

ij / max{d−k
ij } if i and j are in the same chromosome,

0 otherwise.

where dij is the base-pair distance between two regions i and j and the maximum is computed

over the pairs of the same chromosome. k is the decreasing rate of spatial dependence.

Common choices for k are 0, 1, 2 as in Cressie (1993). Therefore our full model is

p(x) =
K∏

i=1

pAi(xAi) (5.1)

and

ln pAi(xAi) = αAi +
∑
j∈Ai

βAi,jxj + γAi

∑
j<k∈Ai

d̃jkxjxk

where {Ai}K
i=1 is a partition of {1, . . . ,m} and each Ai consists of contiguous regions such

that every region in Ai has lower index than Aj if i is less than j. From (5.1), we know that

xAi and xAj are independent for different i and j.

Finally we search a partition which optimize the following criterion:

{̂Ai} = arg max
{Ai}∈C

∏
{Ai}

p̂Ai(xAi) (5.2)

where C is the collection of ‘contiguous’ partitions of {1, . . . ,m}.

Generally searching the space C for large m is almost intractable. Hence for the computational

convenience, we restrict the maximum size of a cluster, for example maximum number of

regions in a cluster is less than 9 and each component of (5.2) is computed through deviance

measure (Lindsey (1996)) of each component. By restricting the maximum number of regions,

we can achieve the global optimum for the equation (5.2) by applying the Dijkstra’s shortest

path algorithm due to the specific spatial structure (Cormen et al. (2000)). Note that the

number of cluster K is not defined a priori and computed through the optimization step.

Since the clustering algorithm is based on a likelihood and a cluster is formed from neighboring

regions, it is necessary to examine significance of a cluster. Given a partition, we perform

hypothesis testing on γ = 0 for each cluster. For the testing, we may consider using likelihood

ratio testing and obtain p-value using χ2 approximation. However, when the sample size is

small, the asymptotic χ2 test can be very poor. Instead, we use the normal approximation

to r∗ using the modified profile likelihood as illustrated in Pierce and Peters (1999).

p-value(γ) = Φ̄(r∗γ)
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where r∗γ = rγ + NPγ + INFγ . rγ is the directed likelihood ratio statistic and NPγ is an

adjustment for the elimination of the nuisance parameter β’s and INFγ is an adjustment for

the information. See Pierce and Peters (1999) for the detail.

5.2.2 Region-wise multiple testing: p-values and test statistics

Region-wise multiple testing consists of discrete univariate hypothesis testings. Null hy-

potheses assumes independence between group variable and state variable. We illustrate

three different assumptions for null hypothesis and discuss corresponding properties of FDR

implementations.

Consider an association test between groups (reference and test) and states (loss, normal and

gain) for 2× 3 contingency table n = (n11, n12, n13, n21, n22, n23) as Table 5.1.

group \ state loss normal gain

reference n11 n12 n13 n1+

test n21 n22 n23 n2+

n+1 n+2 n+3 n++

Table 5.1: Contingency table representation of region-wise copy number variation between

two groups.

Conditional test (Fisher’s exact test) is the association test assuming both margins are fixed.

Once the both margins are fixed, then the probability of the contingency table n is computed

as

p(n) =

∏
i n+i!

∏
j nj+!

n++!
∏

ij nij !

and its p-value is computed as

p-value =
∑

p(n)≤p(n0)

p(n). (5.3)

where n0 is the observed contingency table. For the FDR implementation of conditional tests,

Tarone (1990); Gilbert (2005) uses special null assumptions for the Fisher’s test and attains

efficient dimension reduction by considering only ‘rejectable’ hypotheses.

If we assume that only row margin is fixed, unconditional test can be considered. In our data,

it is reasonable to fix sample sizes (n1+, n2+) since sample sizes are actually fixed through

clones while the number of states for clones are different. So, the probability for Table 5.1 is

computed as

p(n) =

∏
i π

ni+

i

∏
j nj+!∏

ij nij !
(5.4)
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where π1, π2, π3 are nuisance parameters. Then one can usually compute p-values using test

statistics after estimating the nuisance parameters following Storer and Kim (1990), hence

p-value =
∑

T≥T0

p̂(T ) (5.5)

where p̂(T ) = p(T ; π̂1, π̂2, π̂3) and π̂1, π̂2 and π̂3 are maximum likelihood estimates for π1, π2

and π3 respectively.

Under permutational null distributions, one can compute p-values by

p-value =
B∑

b=1

#{T ∗b ≥ T0}
B

(5.6)

from B number of (subject-wise) permutations and T0 is the observed test statistic for the

contingency table. Permutational test is essentially same as the conditional test because the

sample space of permuted data is same as the sample space of contingency tables with given

margins.

For selecting suitable test statistic for unconditional assumption, we suggest to use expected

p-values (EPV, Sackrowitz and Samuel-Cahn (1999)) as a criterion. EPV is the mean of

p-value under alternative hypothesis hence 1− EPV can be used to evaluate powers for test

statistics. We did simple simulation studies for X2, G2 and PD and illustrate average EPVs

for 10, 000 randomly chosen parameters in the following table. Table 5.2 shows mean and

EPV X2 G2 PD

mean 0.2987374 0.2992055 0.2986785

10% quantile 0.0993023 0.0990870 0.0996221

20% quantile 0.1631170 0.1634079 0.1629756

30% quantile 0.2163423 0.2166263 0.2162492

40% quantile 0.2671544 0.2676433 0.2671278

50% quantile 0.3138767 0.3144194 0.3137475

60% quantile 0.3584323 0.3597862 0.3587092

70% quantile 0.3996753 0.4003780 0.3994590

80% quantile 0.4358614 0.4369816 0.4358352

90% quantile 0.4701787 0.4704658 0.4702538

Table 5.2: Mean and quantiles of expected p-values of X2 (Pearson Chi-square), G2 (likelihood

ratio), PD (power divergence) for different 10, 000 random parameters

quantiles of EPVs for X2 and PD are almost equal and slightly better than G2. Hence, we

simply suggest to use X2 for region-wise test statistic.
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The following test statistics are the definitions of the three test statistics.

X2 =
∑
ij

(nij − n̂ij)2

n̂ij

G2 = 2
∑
ij

nij log
(

nij

n̂ij

)

PD =
2

λ(λ + 1)

∑
ij

((
nij

n̂ij

)λ

− 1

)

where λ is chosen as 2/3 as recommended by Read and Cressie (1988).

5.3 Results

We analyze two datasets from Wilting et al. (2006) (Data1) and from Douglas et al. (2004).

Both datasets have preprossed to have ternary values, 0, −1 and 1. Data1 has 167 regions

in rows and 9 and 7 subjects in columns involved in cervical carcinogenesis, representing two

profiles as 9 squamous cell carcinomas and 7 adenocarcinomas, respectively. Data2 has 436

regions in rows and 7 and 30 subjects in columns involved in colorectal cancer, representing

two group states as microsatellite instability and chromosomal instability, respectively.

For the clustering algorithm, the maximum number of regions per cluster is constrained by

9 and the parameter k, decreasing rate of spatial dependence is set to 1. γ is rescaled by

γ̃ = (eγ − 1)/(eγ + 1) so that it lies between −1 to 1 as the nominal correlation coefficient

(equation (6.5.10) in p.430 of Cressie (1993)). The γ’s are tested under the null hypothesis

γ = 0. Using the Benjamini-Hochberg procedure with control level 0.1, we adjust raw p-values

from the p-values from the profile likelihood.

For the region-wise testing, we compare p-values for conditional, unconditional and permuta-

tional assumptions. For unconditional case, we use X2 statistic and compute exact p-values

by estimating the probabilities of gain, loss and normal from (5.5). Permutations are per-

formed 10, 000 times for each region and p-values are computed from (5.6). p-values of the

Fisher’s exact test are computed from (5.3).

Figure 5.2 and 5.3 shows clustering results for Data1 and Data2 respectively. We apply the

clustering algorithm to the pooled data. Note that the γ̃ values are all positive, which can be

explained that although the data is encoded by trinary values, actual data of local segments

apparently shows binary features, such as 0/1 or 0/ − 1. Hence, we also perform individual

testing according to actual data pattern for each region.

With the significance level 0.1 of Benjamini-Hochberg procedure, In Data1, 2 regions are
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Figure 5.2: Clustering plot for Data1. Yellow and white bars are separated according different

clusters. On top of the bars, the point-line plot shows the association coefficient γ̃ values.

Straight red lines represents significant regions for unconditional X2 test.
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Figure 5.3: Clustering plot for Data2. Yellow and white bars are separated according different

clusters. On top of the bars, the point-line plot shows the association coefficient γ̃ values.

Straight red lines represents significant regions for unconditional X2 test.

79



significant for unconditional X2 test, 1 for permutational test using X2 statistic and 2 for

the conditional Fisher’s exact test and 42 clusters are found. In Data2, Over 436 regions, 42

regions are significant for unconditional X2 test, 26 for permutational test using X2 statistic

and 42 for the conditional test and 70 clusters are found.

Table 5.3 shows p-values for regions in cluster 5 and 6 of Data1. Both clusters contains

significant regions but the association coefficient γ̃ in cluster 6 is much larger than that of

cluster 5 and both p-values against γ = 0 is significantly small. Thus, we may regard the

regions in cluster 5 are more associated than those of cluster 5. Moreover, although region

30 and 31 in cluster 6 are not detected by the level we chosen, p-values of those regions are

actually very small, unlike the regions of cluster 5. Table 5.4 shows p-values for regions in

cluster 4 and 5 of Data2 with the same significance level and procedure as Table 5.3. Since in

both clusters, the association coefficient γ̃ is around 1, hence we may regard regions in both

clusters are strongly associated.

cluster region
p-value (region)

γ̃ p-value (γ = 0)
unconditional permutational conditional

5

21 0.3567 1.0000 1.0000

0.4047 0.0000

22 0.4866 1.0000 1.0000

23 0.2077 0.4802 0.4750

24 0.7020 1.0000 1.0000

25 0.1704 0.2496 0.1346

26 0.1081 0.1059 0.1042

27 0.0100 0.0116 0.0119

28 0.0005∗ 0.0014 0.0014∗

6

29 0.0003∗ 0.0009∗ 0.0014∗

1.0000 0.004430 0.0040 0.0078 0.0087

31 0.0040 0.0078 0.0087

Table 5.3: p-values from region 21 to region 31 of Data1, which consist of cluster 5 and

6. Significant regions by Benjamini-Hochberg procedure with 0.1 control level are marked

by “*”. γ̃ is the association coefficient taking values from −1 to 1 and its p-value for null

hypothesis γ = 0 is shown.

In these cases, the biologist may prefer to focus on the entire clusters rather than the individual

region for further research.

Interestingly, p-values patterns for three tests do not seem to agree. For example, p-values

of conditional test for region 14 and 18 are very small compared to other detected regions,

80



cluster region
p-value (region)

γ̃ p-value (γ = 0)
unconditional permutational conditional

4

14 0.0050∗ 0.0048∗ 0.0009

0.9760 0.0000

15 0.0046∗ 0.0047∗ 0.0031∗

16 0.0193 0.0155 0.0092∗

17 0.0172 0.0374 0.0057

18 0.0020∗ 0.0037∗ 0.0036

19 0.0154 0.0259 0.0066∗

20 0.0078∗ 0.0075 0.0036∗

5

21 0.0032∗ 0.0062 0.0070

0.9632 0.000022 0.0120 0.0184 0.0113

23 0.0186 0.0220 0.0125

Table 5.4: p-values from region 14 to region 23 of Data2, which consist of cluster 4 and

5. Significant regions by Benjamini-Hochberg procedure with 0.1 control level are marked

by “*”. γ̃ is the association coefficient taking values from −1 to 1 and its p-value for null

hypothesis γ = 0 is shown.

but those regions are not detected, which is counter-intuitive for the conventional Benjamini-

Hochberg procedure. Actually, this phenomena result from the inherent modified FDR pro-

cedure for the Fisher’s test (Gilbert (2005)). The core feature of Gilbert (2005) method is

to select ‘rejectable’ hypotheses comparing minimum significance level for each region with

predefined FDR level in order to reduce total number of hypotheses under consideration.

And those two regions are eliminated from the selection procedure because their minimum

significance level are too large to be rejected.

Note that p-values of permutational test shows very similar to p-values of conditional test

in both Tables. As mentioned in Methods section, essentially p-values should agree with the

p-values of conditional test and with large number of resampling and data, we expect the

permutational p-value converges to the conditional p-value.

5.4 Discussion

In this paper, we propose new analytic methods for array CGH data. We combine discrete

multiple testing framework with clustering results. We regard our clustering results not as

deterministic or independent quantities from testing sample but as stochastic and dependent

quantities. In most cases of array CGH data analysis, it is hard to obtain predefined clustering
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information and also we are often in a situation of insufficient sample size to split clustering

and testing sample. However, because of stochastic and dependent nature of our clustering,

it may be problematic to infer directly by testing on the cluster level. Therefore, we simply

display qualities of clustering by a strength measure of association within cluster and indi-

vidual multiple testing results. We think our approach is not the final step for analyze array

CGH data but instead it may serve as an intermediary step to support further researches.

For the individual hypothesis testing, the unconditional test such as X2 is preferable to

the permutational or the conditional test at the moment. As shown in Results section, the

modified method for FDR of Gilbert (2005) shows counter-intuitive list of p-values. Without

the modification, the Fisher’s exact test is known to be conservative due to the discreteness

of data, which is also shown in the p-value list. The permutational test can be an alternative

for the conditional test but it needs very large number of resampling to attain proper p-value.

However, more importantly, it is natural to fix only the row margin (the sample size) and not

fix the column margin (the totals of gain, loss and normal states) for the cluster analysis and

region-wise reasoning.

One of the advantages of our clustering algorithms is an ability to assess quality per cluster.

In Results section, γ’s of some clusters are not significantly different from 0. Regions in

those clusters are not necessarily associated with each other. Hence, even though we find a

significant region in one of the clusters, significance of the cluster is not guaranteed, which is

a different point of view from deterministic clustering algorithms such as in Benjamini and

Heller (2007).

We introduce a new conceptual idea on high-dimensional data: division into two steps, col-

lapsing and clustering. We often observe high-resolution feature in the high-throughput data

such as fMRI data in brain image study and array CGH data. However, mathematical for-

mulation and its statistical application for collapsing may not be easy in general. Also it may

depend on the specific data generating mechanism heavily. We leave it as a future research

topic.

Our clustering algorithm may suggest a development for DNA probe design in low dimensional

platforms. If strongly associated clusters could be verified in further studies, then one may

consider to combine neighboring regions of the clusters into single clones. Longer clones

may enhance interpretability of DNA experiments because measurement units could be more

meaningful to biologists. Also, by reducing dimension in terms of the number of clones,

statistical analysis of these data may avoid some difficulty of high-dimensionality and gain

more power.
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Summary

False Discovery Rate Procedures for High-Dimensional Data

My research focus has been on the investigation of the properties of the false discovery rate

(FDR, Benjamini and Hochberg (1995)) procedures in high-dimensional data. FDR is a

recently developed multiple testing criterion and is defined as the expected proportion of

false rejections among all rejected hypotheses. Because of its simple formula and detecting

power for signals especially in high-dimensional data, it is highly adaptable to modern high-

throughput genomic data.

Simple definition of FDR, however, does not guarantee a complete solution for the analysis of

complex high-dimensional data. Moreover, high-dimensionality defined as a situation of being

enormously large number of variables in the data with relatively small number of samples

makes the analysis more complicated. In this situation, a complete distributional description

for the data is impossible and use of any sample-size asymptotics which is often used in

conventional statistical hypothesis testing could be erroneous. Thus, simplified assumptions

for the data have been often used in order to apply suitable FDR procedures.

In this context, my interests have been in how the FDR implementations could reflect reality of

specific data features and on the other way around how the specific information for generating

the data can be utilized in the analysis part.

During my PhD study, I have tried to tackle those problems. Two data-specific directions

were mainly considered: cDNA microarray and array CGH. Depending on those data, we

have considered issues such as dependence effects on FDR estimation, effect sizes, modeling

with clusters and discrete multiple testing problems.

Effect size: cDNA microarray data

One of the main reasons to use models when applying FDR procedures for high-dimensional

data is to elucidate the structure of data more clearly so that to discover the corresponding
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signals in the data by accommodating information outside of data.

One may obtain such information in the processes of generating data itself or in the ex-

ploratory analysis of given data. Sometimes the information is given by experimental experts

for the specific pre- or post-processing stages.

In the microarray data analysis, we have assumed that the criterion for discriminating differ-

entially vs. non-differentially expressed genes is supplied by the biologists. The criterion is

translated into the effect size of gene expression levels in the multiple testing stage and we

implemented a new FDR procedure using a nonparametric deconvolution method based on

the criterion. In this way, we could develop a testing method for combining the information

of experts knowledge with statistical significance and we discussed on this topic in Chapter

2.

Validation studies for FDR estimation: cDNA microarray data

Most FDR implementations usually assume certain kinds of independence among test statis-

tics and it is not clear how such assumptions affect FDR estimation and control in reality.

Under some special types of dependencies (for example, weak dependence in Storey et al.

(2005), positive regression dependency in Benjamini and Yekutieli (2001)), it is known that

there are respective procedures controlling FDR under such dependence situations (the posi-

tive FDR in Storey (2003) and the Benjamini-Hochberg procedure in Benjamini and Hochberg

(1995)). However, it is difficult to develop FDR procedure for general dependence situation.

A modification of the Benjamini-Hochberg procedure (Benjamini and Yekutieli (2001)) is

claimed to control FDR under general dependence situation but it is too conservative to use

in practical purposes.

Instead of developing a new FDR procedure for general dependence situation, we may consider

Taylor approximation of FDR and investigate how the second moments of V (the number of

true null hypotheses rejected) and S (the number of false null hypotheses rejected) contribute

to the overall behavior of FDR under general dependence. Under the weak dependence

situation and large sample size (which is usually assumed in the cDNA microarray data

analysis), it is known that E(V )/E(V + S) well approximate FDR (Storey and Tibshirani

(2003)) so it could be interesting to compare the weak dependence and a possible ‘strong’

dependence in practice. We expressed the approximation of FDR and showed how var(V ),

var(S) and cov(V, S) affect FDR and we discussed on this topic in Chapter 3.

In general, however, it is difficult to know distributions of V and S in advance and as men-

tioned before some of proposed FDR procedures work well under certain dependency con-
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ditions. Thus, validating proposed FDR procedures under general dependence situations is

valuable. We proposed a new simulation scheme for generating fairly general correlation struc-

tures. Furthermore, using random correlation matrices, we impose certain nested structure

in the scheme so that we could track dependence effects to FDR. In the study, we observed

the adaptive Benjamini-Hochberg procedure (Benjamini et al. (2006)) is quite robust in the

dependence conditions. We also observed a slow convergence phenomena in estimating null

distributions in the popular SAM procedure (Tusher et al. (2001)) when there is strong cor-

relations among tests. We discussed on this validation study in Chapter 4.

Clustering and discrete multiple testing: array CGH data

Implementing FDR procedures for detecting significant clone regions in array CGH data is

quite different from the implementation for cDNA microarray data. Most of all, array CGH

data is usually encoded as integer copy numbers which are discrete while cDNA microarray

data are encoded as continuous quantities. Moreover, measurement units (often called clones)

of array CGH data have different nature: genes consisting of cDNA microarray are biologically

functional units themselves but a clone is hardly considered as a functional unit rather certain

contiguous clones often regarded as a meaningful unit.

In this context, we performed exploratory data analysis for modeling spatial dependence in

the data. Throughout segmentation (Lai et al. (2005); Willenbrock and Fridlyand (2005)),

calling (van de Wiel et al. (2007)) and collapsing (van de Wiel and van Wieringen (2007))

algorithms, we assumed that data is discretized by encoding gain, normal and loss. Using the

exploratory analysis, we confirmed spatial dependence as strong block-wise dependence so we

proposed a likelihood based model for clusters of the discretized data using physical distance

information between cluster regions. We also proposed efficient optimization algorithm for

the clustering. We discussed on this topic in Chapter 5.
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