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Metastability for Kawasaki dynamis atlow temperature with two types of partilesF. den Hollander 1 2F. R. Nardi 3 2A. Troiani 1January 31, 2011AbstratThis is the �rst in a series of three papers in whih we study a two-dimensional lattiegas onsisting of two types of partiles subjet to Kawasaki dynamis at low temperaturein a large �nite box with an open boundary. Eah pair of partiles oupying neighboringsites has a negative binding energy provided their types are di�erent, while eah partilehas a positive ativation energy that depends on its type. There is no binding energybetween neighboring partiles of the same type. We start the dynamis from the emptybox and ompute the transition time to the full box. This transition is triggered by aritial droplet appearing somewhere in the box.We identify the region of parameters for whih the system is metastable. For thisregion, in the limit as the temperature tends to zero, we show that the �rst entranedistribution on the set of ritial droplets is uniform, ompute the expeted transition timeup to and inluding a multipliative fator of order one, and prove that the transition timedivided by its expetation is exponentially distributed. These results are derived underthree hypotheses, whih are veri�ed in the seond and the third paper for a ertain subregionof the metastable region. These hypotheses involve three model-dependent quantities �the energy, the shape and the number of the ritial droplets � whih are identi�ed in theseond and the third paper as well.The main motivation behind this work is to understand metastability of multi-typepartile systems. It turns out that for two types of partiles the geometry of subritialand ritial droplets is more omplex than for one type of partile. Consequently, it is asomewhat deliate matter to apture the proper mehanisms behind the growing and theshrinking of subritial droplets until a ritial droplet is formed. Our proofs use potentialtheory and rely on ideas developed in [6℄ for Kawasaki dynamis with one type of partile.Our target is to identify the minimal hypotheses that are needed for metastable behavior.MSC2010. 60K35, 82C26.Key words and phrases. Multi-type partile systems, Kawasaki dynamis, metastable re-gion, metastable transition time, ritial droplet, potential theory, Dirihlet form, apaity.Aknowledgment. AT is grateful to Gabriele dalla Torre for fruitful disussions.
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1 Introdution and main resultsSetion 1.1 de�nes the model, Setion 1.2 introdues basi notation, Setion 1.3 identi�es themetastable region, while Setion 1.4 states the main theorems. Setion 1.5 disusses the maintheorems and plaes them in the proper ontext. For an overview on metastability and dropletgrowth, we refer the reader to the monograph by Olivieri and Vares [22℄, and the review papersby Bovier [3℄, [4℄, den Hollander [12℄, and Olivieri and Soppola [21℄.1.1 Lattie gas subjet to Kawasaki dynamisLet Λ ⊂ Z2 be a large �nite box. Let
∂Λ− = {x ∈ Λ: ∃ y /∈ Λ: |y − x| = 1},

∂Λ+ = {x /∈ Λ: ∃ y ∈ Λ: |y − x| = 1},
(1.1)be the internal boundary, respetively, the external boundary of Λ, and put Λ− = Λ\∂Λ−and Λ+ = Λ ∪ ∂Λ+. With eah site x ∈ Λ we assoiate a variable η(x) ∈ {0, 1, 2} indiatingthe absene of a partile or the presene of a partile of type 1 or type 2. A on�guration

η = {η(x) : x ∈ Λ} is an element of X = {0, 1, 2}Λ. To eah on�guration η we assoiate anenergy given by the Hamiltonian
H(η) = −U

∑

(x,y)∈Λ∗,−

1{η(x)=1,η(y)=2 or η(x)=2,η(y)=1} +∆1

∑

x∈Λ

1{η(x)=1} +∆2

∑

x∈Λ

1{η(x)=2},(1.2)where Λ∗,− = {(x, y) : x, y ∈ Λ−, |x − y| = 1} is the set of non-oriented bonds inside Λ−,
−U < 0 is the binding energy between neighboring partiles of di�erent types inside Λ−, and
∆1 > 0 and ∆2 > 0 are the ativation energies of partiles of type 1, respetively, 2 inside Λ.W.l.o.g. we will assume that

∆1 ≤ ∆2. (1.3)The Gibbs measure assoiated with H is
µβ(η) =

1

Zβ
e−βH(η), η ∈ X , (1.4)where β ∈ (0,∞) is the inverse temperature, and Zβ is the normalizing partition sum.Kawasaki dynamis is the ontinuous-time Markov proess (ηt)t≥0 with state spae Xwhose transition rates are

cβ(η, η
′) = e−β[H(η′)−H(η)]+ , η, η′ ∈ X , η 6= η′, η ↔ η′, (1.5)where η ↔ η′ means that η′ an be obtained from η by one of the following moves:

• interhanging the states 0 ↔ 1 or 0 ↔ 2 at neighboring sites in Λ(�hopping of partiles inside Λ�),
• hanging the state 0 → 1, 0 → 2, 1 → 0 or 2 → 0 at single sites in ∂−Λ(�reation and annihilation of partiles at ∂−Λ�),2



and cβ(η, η
′) = 0 otherwise. This dynamis is ergodi and reversible with respet to the Gibbsmeasure µβ. Note that the dynamis preserves partiles inside Λ, but allows partiles to bereated and annihilated at ∂−Λ. Think of the partiles entering and exiting Λ along non-oriented edges between ∂−Λ and ∂+Λ. The pairs (η, η′) with η ↔ η′ are alled ommuniatingon�gurations, the transitions between them are alled allowed moves. Note that partiles at

∂−Λ do not interat with partiles inside Λ−.The dynamis de�ned by (1.2) and (1.5) models the behavior inside Λ of a lattie gas in
Z2, onsisting of two types of partiles subjet to random hopping with hard ore repulsionand with binding between di�erent neighboring types. We may think of Z2\Λ as an in�nitereservoir that keeps the partile densities �xed at ρ1 = e−β∆1 and ρ2 = e−β∆2 . In our modelthis reservoir is replaed by an open boundary ∂−Λ, where partiles are reated and annihilatedat a rate that mathes these densities. Consequently, our Kawasaki dynamis is a �nite-stateMarkov proess.Note that there is no binding energy between neighboring partiles of the same type.Consequently, the model does not redue to Kawasaki dynamis for one type of partile when
∆1 = ∆2.1.2 NotationTo identify the metastable region in Setion 1.3 and state our key theorems in Setion 1.4, weneed some notation.De�nition 1.2.1 [Partile numbers, ative bonds, empty and full on�gurations,paths℄(a) ni(η) is the number of partiles of type i = 1, 2 in η.(b) B(η) is the number of pairs of neighboring partiles of di�erent type in η, i.e., the numberof ative bonds in η.() � is the on�guration where Λ is empty.(d) ⊞ is the on�guration where Λ is �lled as a hekerboard (see Remark 1.4.6 below).(e) ω : η → η′ is any path of allowed moves from η to η′.(f) τA = inf{t ≥ 0: ηt ∈ A}, A ⊂ X , is the �rst entrane time of A.(g) Pη is the law of (ηt)t≥0 given η0 = η.De�nition 1.2.2 [Communiation heights, ommuniation level sets, stability lev-els, sets of stable and metastable on�gurations℄(a) Φ(η, η′) is the ommuniation height between η, η′ ∈ X de�ned by

Φ(η, η′) = min
ω : η→η′

max
σ∈γ

H(σ), (1.6)and Φ(A,B) is its extension to non-empty sets A,B ⊂ X de�ned by
Φ(A,B) = min

η∈A,η′∈B
Φ(η, η′). (1.7)(b) S(η, η′) is the ommuniation level set between η and η′ de�ned by

S(η, η′) = {ζ ∈ X : ∃ω : η → η′, ω ∋ ζ : max
ξ∈ω

H(ξ) = H(ζ) = Φ(η, η′)}. (1.8)3



() Vη is the stability level of η ∈ X de�ned by
Vη = Φ(η,Iη)−H(η), (1.9)where Iη = {ξ ∈ X : H(ξ) < H(η)} is the set of on�gurations with energy lower than η.(d) Xstab = {η ∈ X : H(η) = minξ∈X H(ξ)} is the set of stable on�gurations, i.e., the set ofon�gurations with minimal energy.(e) Xmeta = {η ∈ X : Vη = maxξ∈X\Xstab

Vξ} is the set of metastable on�gurations, i.e., theset of non-stable on�gurations with maximal stability level.(f) Γ = Φ(Xmeta,Xstab).De�nition 1.2.3 [Optimal paths, gates, dead-ends℄(a) (η → η′)opt is the set of paths realizing the minimax in Φ(η, η′).(b) A set W ⊆ X is alled a gate for η → η′ if W ⊆ S(η, η′) and ω ∩ W 6= ∅ for all
ω ∈ (η → η′)opt.() A set W ⊆ X is alled a minimal gate for η → η′ if it is a gate for η → η′ and for any
W ′ ( W there exists an ω′ ∈ (η → η′)opt suh that ω′ ∩W ′ = ∅.(d) A priori there may be several (not neessarily disjoint) minimal gates. Their union isdenoted by G(η, η′) and is alled the essential gate for (η → η′)opt.(e) The on�gurations S(η, η′)\G(η, η′) are alled dead-ends.1.3 Metastable regionWe want to understand how the system tunnels from � to ⊞ when the former is a loalminimum and the latter is a global minimum of H. We begin by identifying the metastableregion, i.e., the region in parameter spae for whih this is the ase.Lemma 1.3.1 The ondition ∆1 + ∆2 < 4U is neessary and su�ient for � to be a loalminimum but not a global minimum of H.Proof. Note that H(�) = 0. We know that � is a loal minimum of H, sine as soon as apartile enters Λ we obtain a on�guration with energy either ∆1 > 0 or ∆2 > 0. To showthat there is a on�guration η̂ with H(η̂) < 0, we write

H(η) = n1(η)∆1 + n2(η)∆2 −B(η)U. (1.10)Sine ∆1 ≤ ∆2, we may assume w.l.o.g. that n1(η) ≥ n2(η). Indeed, if n1(η) < n2(η), then wesimply take the on�guration η1↔2 obtained from η by interhanging the types 1 and 2, i.e.,
η1↔2(x) =











1 if η(x) = 2,

2 if η(x) = 1,

0 otherwise, (1.11)whih satis�es H(η1↔2) ≤ H(η).Sine B(η) ≤ 4n2(η), we have
H(η) ≥ n1(η)∆1 + n2(η)∆2 − 4n2(η)U ≥ n2(η)(∆1 +∆2 − 4U). (1.12)Hene, if ∆1 + ∆2 ≥ 4U , then H(η) ≥ 0 for all η and H(�) = 0 is a global minimum. Onthe other hand, onsider a on�guration η̂ suh that n1(η̂) = n2(η̂) and n1(η̂) + n2(η̂) = ℓ24



for some ℓ ∈ 2N. Arrange the partiles of η̂ in a hekerboard square of side length ℓ. Then astraightforward omputation gives
H(η̂) = 1

2ℓ
2∆1 +

1
2ℓ

2∆2 − 2ℓ(ℓ− 1)U, (1.13)and so
H(η̂) < 0 ⇐⇒ ℓ2(∆1 +∆2) < 4ℓ(ℓ− 1)U ⇐⇒ ∆1 +∆2 < (4− 4ℓ−1)U. (1.14)Hene, if ∆1 +∆2 < 4U , then there exists an ℓ̄ ∈ 2N suh that H(η̂) < 0 for all ℓ ∈ 2N with

ℓ ≥ ℓ̄. Here, Λ must be taken large enough, so that a droplet of size ℓ̄ �ts inside Λ−. �Within the metastable region ∆1 + ∆2 < 4U , we will exlude the subregion ∆1,∆2 < U(see Fig. 1). In this subregion, eah time a partile of type 1 enters Λ and attahes itself to apartile of type 2 in the droplet, or vie versa, the energy goes down. Consequently, the ritialdroplet onsists of two free partiles, one of type 1 and one of 2. Therefore this subregion doesnot exhibit proper metastable behavior.

Figure 1: Proper metastable region.1.4 Key theoremsThe three theorems below will be proved subjet to the following hypotheses:(H1) Xstab = ⊞.(H2) There exists a V ⋆ < Γ = Φ(�,⊞) suh that Vη ≤ V ⋆ for all η ∈ X\{�,⊞}. In partiular,
Xmeta = �.(H3) The set C⋆

∂Λ− ⊆ G(�,⊞) of all on�gurations where some path in (� → ⊞)opt �rst enters
G(�,⊞) onsists of a single droplet somewhere inside Λ− and a free partile of type2 somewhere at ∂−Λ. The set C⋆

att obtained from C⋆
∂Λ− by attahing the free partilesomewhere to the droplet is suh that for every η ∈ C⋆

att all paths in (η → �)opt passthrough C⋆
∂Λ− .Remark 1.4.1 The free partile is of type 2 only when ∆1 < ∆2. If ∆1 = ∆2 (reall (1.3)),then the free partile an be of type 1 or 2. In the latter ase there is full symmetry of S(�,⊞)under the map 1 ↔ 2 de�ned in (1.11). 5



De�nition 1.4.2 (a) The set of on�gurations obtained from C⋆
∂Λ− by removing the free par-tile is denoted by P and is alled the set of protoritial droplets.(b) The set of on�gurations obtained from P by adding a free partile of the appropriate typeanywhere in Λ is denoted by C⋆(= P fp) and is alled the set of ritial droplets.() The ardinality of P modulo shifts of the protoritial droplet is denoted by N .Note that Γ = H(C⋆) = H(P) + ∆2, and that C⋆ onsists of preisely those on�gurations�interpolating� between P and C⋆

att where a free partile of type 2 enters Λ and moves to theprotoritial droplet.Theorem 1.4.3 limβ→∞ P�(τC⋆ < τ⊞ | τ⊞ < τ�) = 1 and limβ→∞ P�(ητC⋆− = ζ) = 1/|P| forall ζ ∈ P, where τC⋆− is the time just prior to τC⋆.Theorem 1.4.4 There exists a onstant K = K(Λ;U,∆1,∆2) ∈ (0,∞) suh that
lim
β→∞

e−βΓE�(τ⊞) = K. (1.15)Moreover,
K ∼

1

N

log |Λ|

4π|Λ|
as Λ → Z2. (1.16)Theorem 1.4.5 limβ→∞ P�(τ⊞/E�(τ⊞) > t) = e−t for all t ≥ 0.Remark 1.4.6 We will see in [15℄ that Xstab may atually onsist of more than the singleon�guration ⊞, namely, it may ontain on�gurations that di�er from ⊞ at ∂−Λ. In fat,depending on the hoie of U,∆1,∆2, large droplets with minimal energy tend to have a shapethat is either square-shaped or rhombus-shaped. Therefore, it is expedient to hoose Λ to havea similar form. However, sine this a boundary e�et that does not a�et our main theorems,we will ignore it here. A more preise desription will be given in [15℄.Remark 1.4.7 Hypothesis (H3) is needed only for the asymptotis in (1.16). As we will seein Setion 2.3, the value of K is given by a non-trivial variational formula involving the set ofall on�gurations where the dynamis an enter and exit C⋆. This set inludes not only the�Γ-valleys� around � and ⊞, but also �wells� inside C⋆ with energy < Γ and ommuniationheight Γ towards both � and ⊞. It ontains P and C⋆
att, and possibly more (as was shown in [6℄,Setion 2.3.2, for Kawasaki dynamis with one type of partile). As a result of this geometriomplexity, for �nite Λ only upper and lower bounds are known for K. What (1.16) says isthat these bounds merge and simplify in the limit as Λ → Z2, and that for the asymptotisonly the simpler quantity N matters rather than the full geometry of ritial and near ritialdroplets. We will see in Setion 2.3 that, apart from the uniformity property expressed inTheorem 1.4.3, the reason behind this simpli�ation is the fat that simple random walk on

Z2 is reurrent.1.5 Disussion1. The �rst part of Theorem 1.4.3 says that C⋆ is a gate for the nuleation, i.e., on its wayfrom � to ⊞ the path passes through C⋆. The seond part says that all protoritial dropletsare equally likely to be seen upon �rst entrane in C⋆. Theorem 1.4.4 says that the average6



nuleation time is asymptoti to KeΓβ, whih is the lassial Arrhenius law. Theorem 1.4.5,�nally, says that the nuleation time is exponentially distributed on the sale of its average.2. Theorems 1.4.3�1.4.5 are model-independent, i.e., they are expeted to hold in the sameform for a large lass of metastable stohasti dynamis in a �nite box. So far this has beenveri�ed for a number of examples, inluding Kawasaki dynamis with one type of partile (seeSetion 1.5 for a disussion). The model-dependent ingredient of Theorems 1.4.3�1.4.5 is thetriple
(Γ, C⋆, N). (1.17)This triple depends on the parameters U,∆1,∆2 in a manner that remains to be identi�ed.The set C⋆ also depends on Λ, but in suh a way that |C⋆| ∼ N |Λ| as Λ → Z2, with the erroroming from boundary e�ets. Clearly, Λ must be taken large enough so that ritial droplets�t inside.3. In [15℄ and [16℄, we will prove (H1)�(H3), identify (Γ, C⋆, N) and derive an upper bound on

V ⋆ subjet to a further restrition on the parameters, namely (see Fig. 2),
∆1 < U, ∆2 −∆2 > 2U. (1.18)More preisely, in [15℄ we will prove (H1), identify Γ, show that V ⋆ ≤ 10U , and onludethat (H2) holds as soon as Γ > 10U , whih will orrespond to a ertain subregion. We willalso see that it would be possible to show that V ⋆ ≤ 4U , provided ertain boundary e�ets(arising when a droplet sits lose to ∂−Λ) ould be ontrolled. Sine we will see that Γ > 4Uthroughout the region (1.18), this upper bound would settle (H2) without further restritions.In [16℄ we will prove (H3) and identify C⋆, N .The simplifying features of (1.18) are the following: ∆1 < U implies that eah time apartile of type 1 enters Λ and attahes itself to a partile of type 2 in the droplet the energygoes down, while ∆2 −∆1 > 2U implies that no partile of type 2 sits on the boundary of adroplet that has minimal energy given the number of partiles of type 2 in the droplet. Weonjeture that (H1)�(H3) hold without the restritions in (1.18). However, as we will see in[15℄ and [16℄, (Γ, C⋆, N) is di�erent when ∆1 > U .

Figure 2: Subregion of the proper metastable region onsidered in [15℄ and [16℄.4. Theorems 1.4.3�1.4.5 generalize what was obtained for Kawasaki dynamis with one type ofpartile in den Hollander, Olivieri and Soppola [14℄, and Bovier, den Hollander and Nardi [6℄.7



In these papers, the analogues of (H1)�(H3) were proved, (Γ, C⋆, N) was identi�ed, and boundson K were derived that beome sharp in the limit as Λ → Z2. What makes the model with onetype of partile more tratable is that the stohasti dynamis follows a skeleton of subritialdroplets that are squares or quasi-squares, as a result of a standard isoperimetri inequalityfor two-dimensional droplets. For the model with two types of partiles this tool is no longerappliable and the geometry beomes harder, as will beome lear in the two sequel papers.Similar results hold for Ising spins subjet to Glauber dynamis, as shown in Neves andShonmann [20℄, and Bovier and Manzo [8℄. For this system, K has a simple expliit form.Theorems 1.4.3�1.4.5 are lose in spirit to the extension for Glauber dynamis when an alter-nating external �eld is inluded, as arried out in Nardi and Olivieri [18℄, and to the extensionfor Kawakasi dynamis with one type of partile when the interation between partiles is dif-ferent in the horizontal and the vertial diretion, as arried out arried out in Nardi, Olivieriand Soppola [19℄.Our results an in priniple be extended from Z2 to Z3. For one type of partile thisextension was ahieved in den Hollander, Nardi, Olivieri and Soppola [13℄, and Bovier, denHollander and Nardi [6℄. The geometry of the ritial droplet is more omplex in Z3 thanin Z2, and this is also the ase for two types of partiles. All results arry over, exept that
C⋆ and N have so far not been identi�ed in full detail. Consequently, only upper and lowerbounds are known for K and, sine simple random walk on Z3 is transient, these bounds donot merge in the limit as Λ → Z3. For Glauber dynamis the extension from Z2 to Z3 wasahieved in Ben Arous and Cerf [2℄, and Bovier and Manzo [8℄, and K again has a simpleexpliit form.5. In Gaudillière, den Hollander, Nardi, Olivieri and Soppola [9℄, [10℄, [11℄, and Bovier, denHollander and Spitoni [7℄, the result for Kawasaki dynamis (with one type of partile) on a�nite box with an open boundary obtained in [14℄ and [6℄ have been extended to Kawasakidynamis (with one type of partile) on a large box Λ = Λβ with a losed boundary. Thevolume of Λβ grows exponentially fast with β, so that Λβ itself ats as a gas reservoir for thegrowing and shrinking of subritial droplets. The fous is on the time of the �rst appearaneof a ritial droplet anywhere in Λβ . It turns out that the nuleation time in Λβ roughly equalsthe nuleation time in a �nite box Λ divided by the volume of Λβ, i.e., spatial entropy entersinto the game. A hallenge is to derive a similar result for Kawasaki dynamis with two typesof partiles.6. The model in the present paper an be extended by introduing three binding energies
U11, U22, U12 < 0 for the three di�erent pairs of types that an our in a pair of neighbor-ing partiles. Clearly, this will further ompliate the analysis, and both (Xmeta,Xstab) and
(Γ, C⋆, N) may be di�erent. The model is interesting even when ∆1,∆2 < 0 and U < 0, sinethis orresponds to a situation where the in�nite gas reservoir is very dense and tends to pushpartiles into the box. When ∆1 < ∆2, partiles of type 1 tend to �ll Λ before partiles of type2 appear, but this is not the on�guration of lowest energy. Indeed, if ∆2 − ∆1 < 4U , thenthe binding energy is strong enough to still favor on�gurations with a hekerboard struture(modulo boundary e�ets). Identifying (Γ, C⋆, N) seems a ompliated task.2 Proof of main theoremsIn this setion we prove Theorems 1.4.3�1.4.5 subjet to hypotheses (H1)�(H3). Setions 2.1�2.2 introdue the basi ingredients, while Setions 2.3�2.5 provide the proofs.8



We will follow the potential-theoreti argument that was used in Bovier, den Hollander andNardi [6℄ for Kawasaki dynamis with one type of partile. In fat, we will see that (H1)�(H3)are the minimal assumptions needed to prove Theorems 1.4.3�1.4.5.2.1 Dirihlet form and apaityThe key ingredient of the potential-theoreti approah to metastability is the Dirihlet form
Eβ(h) =

1
2

∑

η,η′∈X

µβ(η)cβ(η, η
′)[h(η) − h(η′)]2, h : X → [0, 1], (2.1)where µβ is the Gibbs measure de�ned in (1.4) and cβ is the kernel of transition rates de�nedin (1.5). Given a pair of non-empty disjoint sets A,B ⊆ X , the apaity of the pair A,B isde�ned by

CAPβ(A,B) = min
h : X→[0,1]

h|A≡1,h|B≡0

Eβ(h), (2.2)where h|A ≡ 1 means that h(η) = 1 for all η ∈ A and h|B ≡ 0 means that h(η) = 0 for all
η ∈ B. The unique minimizer h∗A,B of (2.2) is alled the equilibrium potential of the pair A,Band is given by

h∗A,B(η) = Pη(τA < τB), η ∈ X\(A ∪ B). (2.3)Beause Λ is �nite, for every pair of non-empty disjoint sets A,B ⊆ X there exist onstants
0 < C1 ≤ C2 < ∞ (depending on Λ and A,B) suh that

C1 ≤ eβΦ(A,B)ZβCAPβ(A,B) ≤ C2 ∀ β ∈ (0,∞). (2.4)See [6℄, Lemma 3.1.1. These bounds are referred to as a priori estimates.An important onsequene of (H1)�(H2) and (2.4) is that {�,⊞} is a metastable pair inthe sense of Bovier, Ekho�, Gayrard and Klein [5℄:
lim
β→∞

maxη/∈{�,⊞} µβ(η)[CAPβ(η, {�,⊞})]−1

minη∈{�,⊞} µβ(η)[CAPβ(η, {�,⊞}\η)]−1
= 0. (2.5)Indeed, (1.4), (H1)�(H2) and the lower bound in (2.4) give that the numerator is boundedfrom above by e[V

⋆−H(�)]β/C1 = e(Γ−δ)β/C1 for some δ > 0, while (1.4), the de�nition of Γand the upper bound in (2.4) give that the denominator is bounded from below by eΓβ/C2,with the minimum being attained at �. See [6℄, Lemma 3.2.2.The property in (2.5) has a further important onsequene, namely,
E�(τ⊞) = [ZβCAPβ(�,⊞)]−1 [1 + o(1)] as β → ∞. (2.6)See [6℄, Proposition 3.2.3. Thus, the proof of Theorem 1.4.4 revolves around getting sharpbounds on ZβCAPβ(�,⊞). The a priori estimates in (2.4) serve as a jump board for thederivation of these bounds.2.2 Graph struture of the energy landsapeView X as a graph whose verties are the on�gurations and whose edges onnet ommuni-ating on�gurations, i.e., (η, η′) is an edge if and only if cβ(η, η′) > 0. De�ne9



� X ∗ the subgraph of X obtained by removing all verties η with H(η) > Γ and all edgesinident to these verties;� X ∗∗ the subgraph of X ∗ obtained by removing all verties η with H(η) = Γ and all edgesinident to these verties;� X� and X⊞ the onneted omponents of X ∗∗ ontaining � and ⊞, respetively.By (H1)�(H2) and the de�nition of Γ, we have
X� = {η ∈ X : Φ(η,�) < Γ = Φ(η,⊞)},

X⊞ = {η ∈ X : Φ(η,⊞) < Γ = Φ(η,�)},
(2.7)with X� and X⊞ disonneted in X ∗∗.We now have all the geometri ingredients for the proof of Theorems 1.4.3�1.4.5 along thelines of [6℄, Setion 3. Our hypotheses (H1)�(H3) replae Propositions 2.3.7�2.3.8, Theorem2.3.10 and Propositions 2.4.1�2.4.2 in [6℄.2.3 Proof of Theorem 1.4.4Proof. Our starting point is (2.6). Realling (2.1�2.3), our task is to show that

ZβCAPβ(�,⊞) = 1
2

∑

η,η′∈X

Zβµβ(η)cβ(η, η
′) [h∗

�,⊞(η)− h∗
�,⊞(η

′)]2

= [1 + o(1)]Θ e−Γβ as β → ∞,

(2.8)and to identify the onstant Θ, sine (2.8) will imply (1.15) with Θ = 1/K. This is done infour steps.1. For all η ∈ X\X ∗ we have H(η) > Γ, and so there exists a δ > 0 suh that Zβµβ(η) ≤
e−(Γ+δ)β . Therefore, we an replae X by X ∗ in the sum in (2.8) at the ost of a prefator
1 + o(e−δβ). Moreover, as shown in [6℄, Lemma 3.3.1, there exist C < ∞ and δ > 0 suh that

min
η∈X�

h∗
�,⊞(η) ≥ 1−Ce−δβ , max

η∈X⊞

h∗
�,⊞(η) ≤ Ce−δβ. (2.9)(The proof given in [6℄ uses a renewal argument in ombination with (2.3) and the a prioriestimates in (2.4).) Therefore, on the set X� ∪ X⊞, h∗�,⊞ is trivial and its ontribution to thesum in (2.8) an also be put into the prefator 1 + o(1). Consequently, all that is needed is tounderstand what h∗

�,⊞ looks like on the set
X ∗\(X� ∪ X⊞) = {η ∈ X ∗ : Φ(η,�) = Φ(η,⊞) = Γ}. (2.10)However, h∗

�,⊞ is also trivial on the set
X ∗∗\(X� ∪ X⊞) =

I
⋃

i=1

Xi, (2.11)whih is a union of wells Xi, i = 1, . . . , I, in S(�,⊞) for some I ∈ N. (Eah Xi is a minimal setof ommuniating on�gurations with energy < Γ and with ommuniation height Γ towardsboth � and ⊞.) Namely, as shown in [6℄, Lemma 3.3.2, inside eah Xi we have
|h∗

�,⊞(η)− Ci| ≤ Ce−δβ (2.12)10



for some onstant Ci ∈ [0, 1], and therefore the ontribution to the sum in (2.8) of the tran-sitions inside a well an also be put into the prefator 1 + o(1). Thus, only the transitions inand out of wells ontribute.2. In view of the above observations, the estimation of ZβCAPβ(�,⊞) redues to the studyof a simpler variational problem, namely,
ZβCAPβ(�,⊞) = [1 + o(1)]Θ e−Γβ (2.13)with

Θ = min
C1...,CI

min
h : X∗→[0,1]

h|X
�

≡1, h|X
⊞

≡0, h|Xi
≡Ci ∀ i=1,...,I

1
2

∑

η,η′∈X ∗

1{η↔η′} [h(η) − h(η′)]2. (2.14)See [6℄, Proposition 3.3.3. This redution uses that
• Zβµβ(η)cβ(η, η

′) = 1{η↔η′} e
−Γβ for all η, η′ ∈ X ∗ that are not either both in X� or bothin X⊞ or both in Xi for some i = 1, . . . , I.To hek the latter, note that there are no allowed moves between these sets, so that either

H(η) = Γ > H(η′) or H(η) < Γ = H(η′) for allowed moves in and out of these sets. In(2.14), the approximate boundary onditions given by (2.9) and (2.12) are replaed by sharpboundary onditions. Combining (2.6) with (2.13�2.14), we see that we have ompleted theproof of (1.15) with K = 1/Θ. The variational formula for Θ is non-trivial beause it dependson the geometry of the wells Xi, i = 1, . . . , I.3. So far we have only used (H1)�(H2). In the remainder of the proof we use (H3) to prove(1.16). This goes as follows. When the free partile attahes itself to the protoritial droplet,the dynamis enters the set C⋆
att. The entrane on�gurations of C⋆

att are either in X⊞ or in oneof the Xi's. In the former ase the path an reah ⊞ while staying below Γ in energy, in thelatter ase it annot. By (H3), if the path exits an Xi, then for it to return to X� it must passthrough C⋆, i.e., it must go through a series of on�gurations onsisting of a single protoritialdroplet and a free partile moving away from that protoritial droplet towards ∂−Λ. Now,this bakward motion has a small probability beause simple random walk in Z2 is reurrent,namely, the probability is [1 + o(1)] 4π/ log |Λ| as Λ → Z2 (see [6℄, Eq. (3.4.5)). Therefore,the free partile is likely to re-attah itself to the proto-ritial droplet before it manages toreah ∂−Λ. Consequently, with a probability tending to 1 as Λ → Z2, before the free partilemanages to reah ∂−Λ it will re-attah itself to the protoritial droplet in all possible ways,whih inludes a way suh that the dynamis enters X⊞. In other words, after entering C⋆
attthe path is likely to reah X⊞ before it returns to X�, i.e., it goes over the hill. Note that inthe limit as Λ → Z2 the wells Xi beome irrelevant, and only the transitions in and out of X�and X⊞ are important.Remark 2.3.1 The protoritial droplet may hange eah time the path enters and exits an

Xi. There are Xi's from whih the path an reah ⊞ without going bak to C⋆ and withoutexeeding Γ in energy (see [6℄, proof of Theorem 1.4.3).4. As a result of the above observation, Θ an be sandwihed between two sums of apaitiesinvolving simple random walk on Λ+ starting on ∂+Λ and ending on the largest irumsribing,11



respetively, insribing square (or rhombus; reall Remark 1.4.6) of the protoritial droplet.The sum runs over all possible loations and shapes of the protoritial droplet. See [6℄,Proposition 3.3.4, for details. In the limit as Λ → Z2, eah of these apaities has the sameasymptoti behavior, namely, [1+ o(1)] 4π/ log |Λ|, irrespetive of the loation and shape of theprotoritial droplet (provided it is not too lose to ∂+Λ, whih is a negligible fration of thepossible loations). Therefore the onlusion is that Θ = K−1 grows like [1 + o(1)] 4π/ log |Λ|times the number of protoritial droplets in Λ. The latter number grows like [1 + o(1)]N |Λ|,and so we have proved (1.16). �2.4 Proof of Theorem 1.4.5Proof. The proof is immediate from Bovier, Ekho�, Gayrard and Klein [5℄, Theorem 1.3(iv),and the observations made in Setions 2.1�2.3. The main idea is that, eah time the dynamisreahes the ritial droplet but �fails to go over the hill and falls bak into the valley around
��, it has a probability exponentially lose to 1 to return to � beause, by (H2), � lies atthe bottom of its valley (reall (2.3) and (2.9)) and �start from srath�. Thus, the dynamismanages to grow a ritial droplet and go over the hill only after a number of unsuessfulattempts that tends to in�nity as β → ∞, eah having a small probability that tends to zeroas β → ∞. Consequently, the time to go over the hill is exponentially distributed on the saleof its average. �2.5 Proof of Theorem 1.4.3Proof. See [6℄, Setion 3.5. The proof relies on the fat that the on�guration spae X an bepartitioned into surfaes with a �xed number of partiles of type 2, i.e.,

X =

|Λ|/2
⋃

n=0

V2
n, V2

n = {η ∈ X : n2(η) = n}. (2.15)Clearly, all paths from � to ⊞ must pass through all these surfaes, and G(�,⊞) ⊆ V2
n∗ with n∗the number of partiles of type 2 in C⋆. The optimal transitions from V2

n to V2
n+1 our when toa on�guration with minimal energy in V2

n a partile of type 2 is added somewhere at ∂−Λ. Forthe ase n = n∗ the transitions must all be optimal, sine P onsists of those on�gurations in
V2
n∗−1 with minimal energy Γ−∆2, and the on�gurations in C⋆

∂−Λ are obtained from those in
P by adding a partile of type 2 at ∂−Λ. Therefore, with eah on�guration η̂ ∈ P, onsistingof a protoritial droplet with n∗ − 1 partiles of type 2, we an assoiate a set of on�gurationsin C⋆

∂−Λ, onsisting of the same protoritial droplet as in η̂ and a free partile anywhere at
∂−Λ. Sine this free partile is equally likely to appear at any loation in ∂−Λ, the entraneinto C⋆

∂−Λ from P ours along an optimal path, and the entrane distribution is uniform.The �rst laim in Theorem 1.4.3 also follows from the general analysis in Manzo, Nardi,Olivieri and Soppola [17℄, Setion 5.
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