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Abstract

Integrated performance simulation of buildings and heating, ventilation and air-

conditioning (HVAC) systems can help in reducing energy consumption and increas-

ing level of occupant comfort. However, no singe building performance simulation

(BPS) tool o�ers su�cient capabilities and �exibilities to accommodate the ever

increasing complexity and rapid innovations in building and system technologies.

One way to alleviate this problem is to use co-simulation, as an integrated approach

to simulation. Co-simulation approach represents a particular case of simulation

scenario where at least two simulators solve coupled di�erential-algebraic systems of

equations and exchange data that couples these equations during run-time. If the

simulators are loosely coupled the exchanged data are delayed. This paper analyzes

how this in�uences consistency and absolute stability of approximation of solution

in co-simulation. The consistency and zero-stability are studied for a general class

of the problem, while a detailed consistency and absolute stability analysis is given

for a particular simpli�ed two body problem. Since the accuracy of the solution ap-

proximation is always degraded in co-simulation, the paper concludes by discussing

ways how to improve the accuracy.
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building simulation, ...

1. Introduction

Integrated performance simulation of buildings and heating, ventilation and air-

conditioning (HVAC) systems can help in reducing energy consumption and increas-

ing level of occupant comfort. However, no singe building performance simulation

(BPS) tool o�ers su�cient capabilities and �exibilities to accommodate the ever

increasing complexity and rapid innovations in building and system technologies.

One way to alleviate this problem is to use co-simulation, as an integrated approach

to simulation. Co-simulation approach represents a particular case of simulation

scenario where at least two simulators solve coupled di�erential-algebraic systems

of equations and exchange data that couples these equations during run-time. It

allows various aspects of buildings to be modeled and simulated in di�erent and

for that the most appropriate tools. Compared to the traditional approach it o�ers

increased functionality and more �exibility for integrated simulation-based analysis

of innovative HVAC system technologies.

In general, co-simulation can be implemented using di�erent strategies, of which

a few will be mentioned here. In particular, from the coupling point of view, the

implementation can be enabled by either strong or loose coupling strategy (as illus-

trated in Figure 1).

• Strong coupling [1], or fully-dynamic [2], or onion coupling [3], requires an

iteration procedure to ascertain user-de�ned convergence criteria. It allows

longer time steps for the same accuracy compared to the previous strategy,

since iterations discard time delays. For the coupling to a transient component

model, history data plays an important role. A "passive" simulator, i.e., a

simulator that does not control the iteration process, must have an additional

mechanism to rewind its state, based on a request from the outside, in order to

ensure consistency of simulation data and synchronization of simulation time
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between coupled simulators. This can signi�cantly increase the e�ort for the

code adjustments.

• Loose coupling [1], or quasi-dynamic coupling [2], or ping-pong coupling

[3], where coupled simulators use the predicted coupling data. Sequential

staggered solution [4] means that the simulations are executed in sequence

and that the coupling data to only one of the simulators is delayed. Naive

modi�cation for parallel processing [4] means that the simulators are executed

in parallel and that the coupling data to both simulators is delayed. The latter

implementation is faster, but the former is more accurate. In this paper loose

coupling refers to the sequential staggered solution.

t
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Figure 1: Sequence of coupling data exchange. a) Time-state scheme of strong coupling; b) Time-
state scheme of loose coupling with sequential simulators execution; and c) Time-state scheme of
loose coupling with parallel simulators execution.

From the decomposition point of view, co-simulation can be enabled between the

same of the di�erent functional domains.

• Intra-domain system decomposition strategy means that the system is

decomposed within a single functional domain, e.g., within the HVAC domain.

This paper discusses the decomposition only within the HVAC and not within

the building domain.

• Inter-domain decomposition strategy allows system decomposition be-

tween di�erent functional domains, i.e., between the building and the HVAC
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system domain. A system can be decomposed so that the decomposed subsys-

tems are either connected in series or in parallel. Since this paper considers

tools in which the �ow is not pressure dependent and the �ow distribution

is prede�ned, there is no particular di�erence in the implementation of series

and parallel decompositions and they will not be regarded separately. However,

modeling of pressure driven �ow in systems with parallel system decomposi-

tion poses coupling constraints, e.g., sum of mass �ow in the parallel branches

needs to be equal to the mass �ow in the main branch keeping the pressure

drop in the parallel branches equal. [5] developed an algorithm that deals with

such coupled subsystems, connected in parallel, by using a sliding control.

From the partitioning point of view, [6] de�nes two di�erent strategies.

• Implicit-implicit partitioning if the coupling data depends only on the

state variable(s) of the coupled subsystem, and

• Implicit-explicit partitioning if the coupling data depends on the state

variable(s) of the both coupled subsystems.

So far, there are a few examples of co-simulation in the �eld of BPS. Illustri-

ous examples are: the integration of high-resolution light simulator (Radiance) with

building energy simulator (ESP-r) [7] and the integration of computational �uid

dynamics simulator (FLUENT) with building energy simulator (ESP-r) [8]. In the

domain of HVAC simulators examples include integration of TRNSYS with several

other programs, e.g., MATLAB [9] and EES [10]. However, until now, there exists

neither general standardized framework for integration of BPS simulators nor guide-

lines for implementation of co-simulation with regards to its stability and accuracy.

State of the art BPS tools are, in general, not open for communication and the

co-simulation strategy that requires the least amount of work to do so will certainly

be preferred to those that require complicated and exhaustive changes to the code.
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The di�culty is that the building performance simulators typically contain legacy

code with more than 100,000 lines of code that mixes physical equations, data and

numerical solution algorithms. When using co-simulation, computationally expen-

sive systems of coupled di�erential and algebraic equations are partitioned and than

solved in separate simulators. On the one hand, strong coupling strategy requires

state-history rewinding, which is a di�cult task. On the other hand, the loose cou-

pling approach is more easily implemented, but due to time-delay of the coupling

data, the original numerical schemes need to be partitioned. Consequently, the sta-

bility and accuracy of the resulting numerical scheme are no longer guaranteed. The

focus of this paper is to investigate the characteristics of co-simulation implement-

ing the loose coupling strategy. Although the stability and accuracy of di�erent

approximation schemes are well known [11; 12; 13], the stability and accuracy of

the methods resulting from partitioning are rarely considered. As stated in [14], it

is di�cult, if not impossible, to determine these properties in a general sense. In

this paper, the co-simulation problem is stated for the general class of problems that

are encountered in BPS, but the stability and accuracy characteristics are obtained

only for few simple linear one-step numerical schemes, applied to a �rst-order linear

initial value problem.

1.1. Conventions

1. In the co-simulation discussed here, the sending and the receiving sequence

di�ers between coupled simulators. Thus, di�erent terms for simulators with

the di�erent sending and receiving sequences are adopted. The term base

simulator is used to address a building energy simulator, which also functions

as the overall simulation controller and starts the communication with sending

the coupling data to the interface, while the term external simulator is used to

address a simulator that starts the communication by reading those data from

the interface.
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2. Vectors are always column vectors and are denoted by bold letters and their

elements are denoted by subscripts.

3. Elements of a set or a sequence are denoted by superscripts.

4. f(·, ·) denotes a function where (·) stands for the undesignated variables.

f(x, y) denotes the value of f(·, ·) for the arguments x and y.

5. We say that a function f(·, ·) : Rm × R → Rm once (Lipschitz) continuously

di�erentiable if f(·, ·) is de�ned on Rm and R, and if f(·, ·) has a (Lipschitz)

continuous derivatives on Rm and R.

2. Numerical integration schemes

This paper considers �rst order initial value ordinary di�erential equations of the

form

ẏ(t) = f(y, t), (1)

y(a) = η,

where for some a, b ∈ R, with a < b and for some t ∈ [a, b] and for some m ∈ N,
η ∈ Rm f(·, ·) : Rm × R → Rm is assumed to be (Lipschitz) continuous in y and

in t and (Lipschitz) continuously di�erentiable in y and in t, which ensures that a

unique solution to (1) exists.

Numerical methods are used to approximate the solution of the initial value

problem (1). In (equidistant) discretization a continuous interval [a, b] is replaced

by the discrete point set {tn ∈ R | tn = a + n∆t; n = 0, 1, 2, . . . , N}. A numerical

method produces a sequence {yn ∈ Rm|n = 0, 1, 2, . . . , N}, which is the solution of

(1) in the discrete point tn (i.e., y(tn)). The rule for computing yn is de�ned in terms

of the values of yn at preceding n−1, n−2, . . . , n−k discretization points, k being the

step-number of the numerical method. A k-step general numerical approximation
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to the solution of the initial value problem (1) can be written as [12]:

k∑
j=0

αjyn+j = ∆tφf(yn+k, . . . ,yn, tn; ∆t) (2)

with initial condition yµ = ηµ, µ = 0, 1, . . . , k−1, where the subscripts f on the right

hand side indicate that the function φ, which characterizes the particular method,

depends on f.

For linear multi-step methods the system (2) can be written as

k∑
j=0

αjyn+j = ∆t

k∑
j=0

βjf(yn+j, tn+j), (3)

where {αi, βi ∈ R|i = 0, 1. . . . , k} are method-speci�c parameters.

This study is limited to members of the time weighting factor - parameter α -

family of linear one-step numerical methods:

yn+1 − yn = ∆t[(1− α)f(yn, tn) + αf(yn+1, tn+1)], (4)

where 0 ≤ α ≤ 1.

2.1. Consistency

Consistency of a numerical method is only concerned with the truncation errors

that result from the applied numerical method. The following de�nitions are taken

from the literature, e.g., [12].

De�nition 2.1 (LTE ). The local truncation error is the error produced in a

single step starting from the exact solution: LTEn+k(∆t) =
∑k

j=0 αj y(tn+j) −
∆tφf(y(tn+k), . . . , y(tn), tn; ∆t).

De�nition 2.2 (ULTE ). The unit local truncation error is de�ned as ULTEn+k(∆t) =

LTEn+k(∆t)
∆t

.
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De�nition 2.3 (Consistency ). Consider problem (1) and assume that it satis�es the

Lipschitz condition. The numerical method is said to be consistent if for all initial

value problems the unit local truncation error satis�es lim∆t→0 ULTEn+k(∆t) = 0.

2.2. Stability

In terms of stability properties of numerical methods, the distinction is made

between the zero-stability and the absolute stability.

2.2.1. Zero-stability

The zero-stability is only concerned with what happens in the limit as ∆t → 0.

It is a property of a numerical method (2) and not of the di�erential equation (1).

Assuming that the initial value problem (1) satis�es the Lipschitz condition, the

linear numerical method (3) tends to the linear constant coe�cient di�erence system
∑k

j=0 αjyn+j = 0, as ∆t → 0, whose characteristic polynomial ρ(r) =
∑k

j=0 αjr
j is

the �rst characteristic polynomial of the numerical method. Let roots of the ρ(r) be

{ri ∈ C | i = 1, 2, . . . , k}. The numerical method is said to be zero-stable if all the

roots of the (�rst) characteristic polynomial satisfy |ri| ≤ 1, and any root for which

|ri| = 1 is simple.

2.2.2. Absolute stability

For some numerical methods, there exists a value ∆t0 of the step-length such that

for �xed ∆t > ∆t0 the method is unstable. Absolute stability phenomenon considers

error behavior in a numerical method using a �nite value of ∆t [11; 12; 15]. The

absolute stability of the method (3) depends not only on the numerical method

but also on the problem itself. The standard analysis of the absolute stability of the

linear numerical method is based on the second characteristic polynomial [11; 12; 15]

and is restrictive to a constant matrix J = ∂f
∂y , which is not always the case [12]. To

study absolute stability of co-simulation alternative techniques will be used.
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2.3. Convergence

As ∆t → 0, the discrete point set converges to the continuous interval [a, b].

De�nition 2.4 (Convergence [12]). Consider problem (1) and let Xn , {tn ∈
R | tn = a + n∆t; n = 0, 1, . . . , (b − a)/∆t} and suppose f(·, ·) satis�es Lips-

chitz condition. The numerical method is said to be convergent if for all tn ∈ Xn:

lim∆t→0 yn = y(tn).

The necessary and su�cient condition for a numerical method to be convergent

is that it is both consistent and zero-stable [11; 12].

3. Consistency of co-simulation

In co-simulation, the system of equations (2) is �rst partitioned algebraically, and

then solved in coupled simulators. The coupling data depends on {yn+j ∈ Rm | j =

0, 1, 2, . . . , k; n = 0, 1, . . . , N}. If the simulators are loosely coupled, the coupling

data at tn+k is not available to (both) coupled simulators and needs to be predicted

based on the known data in the preceding time steps. In other words, the arguments

of the function φf are no longer yn+k but they are now yn+k
P , where yn+k

P represents

the predicted state vector. Thus, in loosely coupled co-simulation the (2) leads to

k∑
j=0

αjyn+j = ∆tφf(yn+k
P ,yn+k−1, . . . ,yn, tn; ∆t),

and (4) leads to

yn+1 − yn = ∆t[(1− α)f(yn, tn) + αf(yn+1
P , tn+1)]. (5)

To determine the consistency of co-simulation, De�nition 2.3 is used. For the
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numerical approximation (5), the local truncation error is:

ULTEn+1(∆t) =
1

∆t

(
y(tn+1)− y(tn)

−∆t
[(

1− α
)
f
(
y(tn), tn

)
+ αfP

(
y(tn+1), tn+1

)])
. (6)

Adding and substracting the same value αf(y(tn+1), tn+1) to the right hand side of (6)

and collecting terms that correspond to the local truncation error of the original,

non-partitioned numerical scheme yields

ULTEn+1(∆t) = ULTEn+1
non-partitioned

+ α
[
f
(
y(tn+1), tn+1

)− fP
(
y(tn+1), tn+1

)]
. (7)

Applying the norm on both sides of (7) and since f(·, ·) is Lipschitz continuous in y,

(7) yields

‖ULTEn+1(∆t)‖ ≤ ‖ULTEn+1
non-partitioned‖

+ αL‖(y(tn+1)− yP (tn+1)
)‖, (8)

where L is the Lipschitz constant.

To evaluate the order of the error, the exact solutions of the state vectors in the two

subsequent time steps, y(tn+1) and y(tn), can be expressed around time tn + α∆t,

for any α ∈ [0, 1], by means of a Taylor series1, which substituted into (8) using the

zero-order predictor yP (tn+1) = y(tn) yields

‖ULTEn+1(∆t)‖ ≤ ‖ULTEn+1
non-partitioned‖+ α L O(∆t). (9)

It follows from Equation (9) and from lim∆t→0 α LO(∆t) = 0 that if the original

1Because α ∈ [0, 1] is arbitrary, and thereby the same α as used in (5) can be picked.
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non-partitioned numerical scheme is consistent, i.e., lim∆t→0 ‖ULTEn+1
non-partitioned‖ =

0, then the partitioned numerical scheme is consistent as well.

The unit local truncation error introduced by the partitioning is of order one.

The order of the error of the �rst order accurate methods will not changed by the

partitioning. However, for the methods with the accuracy of the higher order, such

as Crank-Nicholson method (α = 1/2), which is of the order two, the order of the

error will be changed by the partitioning.

The in�uence of the system parameters on the error introduced by partitioning

will be further analyzed using a speci�c two-body problem in one of the following

sections.

4. Zero-stability and convergence of co-simulation

By inspection of the partitioned linear numerical method (5), it can be seen

that the partitioning changes only the right hand side of the Equation (5). The

�rst characteristic polynomial, that determines zero-stability of a numerical method,

depends only on the coe�cients on the left hand side of (5) and thus it does not

change with the partitioning. Consequently, the partitioning does not disturb the

properties of the zero-stability of the non-partitioned numerical method.

Since by (9) it was shown that the numerical method (5) is consistent, and since

the zero-stability of the original numerical scheme is not changed with partitioning,

it follows that the numerical method (5) is convergent.

However, the zero-stability from the �rst characteristic polynomial does not com-

pletely cover the situations analyzed in [14]. Kubler analyzed a situation where co-

simulated subsystems in a loop are modeled using algebraic equations, or where the

outputs of co-simulated subsystems in a loop are not only functions of their state,

but also (algebraic) functions of their inputs. The stability of the �rst characteris-

tic polynomial ensures the zero-stability only of of the part of the problem in this

case. Under assumptions that the output equations are time invariant and linear
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functions of the inputs, [14] showed that the stability is ensured if in addition one

of the coupled subsystems has no feed-through - meaning that the outputs depend

only on the state variables but are not algebraic functions of the inputs.

The absolute stability of the partitioned numerical method (5) will be examined

in the following section using a speci�c two-body system.

5. Analysis of co-simulation for a two-body system

To gain insight into solution characteristics of the partitioned numerical simula-

tion of building and HVAC simulators, the study is performed on a simple system as

shown in Figure 2. It constitutes of two subsystems with lumped capacities. Each

subsystem is represented by a single state variable. Each subsystem interacts with

the surrounding environment through heat transfer by conduction and convection

and with each other through �uid �ow. The subsystems are connected in a loop.

m�

m�

1 1
,T C

2 2
,T C

T∞

T∞

1
K

2
K

Figure 2: Simple system.
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5.1. Mathematical model

The system in Figure 2 is modeled as an initial value problem for t ∈ [a, b]:

SṪ(t) +CT(t) = g(t),

T(a) = T0, (10)

where

T(t) =




T1(t)

T2(t)


 ,S =




C1 0

0 C2


 ,C =




ṁcp + K1 −ṁcp

−ṁcp ṁcp + K2


 ,g(t) =




g1(t)

g2(t)


 ,

are (i) temperature vector, (ii) diagonal matrix for the capacity (with positive diag-

onal elements and thus invertible), (iii) interaction matrix and (iv) forcing function,

respectively. The subscripts 1 and 2 refer to the subsystems in Figure 2, and the

subscript∞ refers to the environment, Ci is the overall heat capacity of the ith sub-

system, Ki , UiAi, where Ui is the ith subsystem's overall heat transfer coe�cient

(assumed invariant) and Ai is the ith subsystem's heat exchange surface area, ṁ is

the working �uid mass �ow and cp is the speci�c heat capacity of the working �uid,

and the forcing function for the ith subsystem is gi(t) = KiT∞.

In general, the �ow rate and the heat transfer coe�cient are functions of time and

therefore the matrix C is time variant. The matrices S and C are also temperature

dependent. However, to simplify the analysis, the problem (10) is regarded as linear

with constant coe�cients. The problems introduced by the time-varying coe�cients

will be only commented.

Applying a characteristic linear numerical method from the α-family of methods

(4) for approximating the solution of the problem (10), and rearranging the equations

so that the known terms are placed on the right hand and the unknown terms on

the left hand side, yields

[S+ α∆tC]Tn+1 = ∆t[α g(tn+1) + (1− α)g(tn)] + [S− (1− α)∆tC]Tn (11)
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with initial condition T0 = T0.

In loosely coupled co-simulation, the numerical scheme (11) changes to:

[S + α∆tCI ]Tn+1 = ∆t[α g(tn+1) + (1− α)g(tn)]

+ [S− (1− α)∆tC]Tn − α∆tCETn+1
P (12)

with initial condition T0 = T0, where Tn+1
P is the predicted temperature vector at

tn+1, based on the known temperature vectors from the preceding steps, and CI

and CE are partitions of the matrix C. Di�erent decomposition strategies lead to

di�erent partitioning of the matrix C. One form of implicit-implicit partitioning

results to:

C = CI + CE =




ṁcp + K1 −ṁcp

0 ṁcp + K1


 +




0 0

−ṁcp 0


 . (13)

Another example for implicit-explicit partitioning results to:

C = CI + CE =




K1 −ṁcp

0 ṁcp + K1


 +




0 0

−ṁcp ṁcp


 .

5.2. Consistency

To get insights on how the systems characteristics, such as the thermal capac-

ity, in�uence the error introduced by the partitioning, the local truncation error

ULTEn+1(∆t) of the partitioned numerical approximation needs to be analyzed.

To accomplish this, �rst (12) is written in the form (4), which gives

Tn+1 −Tn = ∆ t
[
(1− α)S−1(gn −CTn)

+ αS−1(gn+1 −CI Tn+1 −CE Tn+1
P )

]
. (14)

Then, using the De�nitions 2.1 and 2.2 and the zero-order predictor TP (tn+1) =
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T(tn), and by expressing g(tn+1) and g(tn), and T(tn+1) and T(tn), around time

tn + α∆t, for any α ∈ [0, 1], by means of Taylor series, the error introduced by

partitioning can be obtained in the form αS−1CE Ṫ(tn + α∆t) ∆t + O(∆t2). The

error due to the partitioning is proportional to the factor α, and thus it is zero for

the explicit numerical scheme, as expected. The greater the capacity of the external

subsystem the smaller the error is. The lower the rate of change of the delayed data

at tn + α∆t and the smaller ∆t the smaller the error is.

The accuracy of the partitioned numerical scheme that uses (�rst-order) predic-

tion for the coupling data can be evaluated in the similar way, by using the exact

solutions of the temperature vectors in the two subsequent time steps, T(tn−1) and

T(tn), expressed around tn + α∆t by means of a Taylor series. Substituting these

expressions into the expression for ULTE, one obtains the error introduced by the

partitioning in the form −αS−1CE T̈(tn + α∆t) ∆t2. Thus, the additional error is

of order two and thereby it can be concluded that the prediction of the coupling

data enhances the accuracy of co-simulation.

To comment on the in�uence of time variant coe�cients of the matrix C to

the error introduced by the partitioning, the case when heat conduction system of

equations (10) is coupled to the algebraically modeled �uid �ow system of equations

is discussed. In co-simulation, the algebraic system of equations is partitioned as

well.

Let C(tn+1; ∆t) , C∗(tn+1; ∆t) + ∆C(tn+1
I ; ∆t) be the unknown exact value and

let ∆C(tn+1; ∆t) contain the error introduced by the partitioning in one time step.

Following the same procedure as before, the error due to the partitioning is obtained

in the form: α2S−1∆C(tn+1; ∆t) + O(∆t). The order of the error depends on the

order of the error introduced by ∆C(tn+1; ∆t).

For the sequential staggered solution, the coe�cients of ∆C(tn+1; ∆t) depend on

the position of the mass �ow controlling device. If the mass �ow controlling device is
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modeled in the external simulator, and the mass �ow is a liner function (e.g., when

using a proportional controller) of the subsystem's state which is simulated in the

base simulator, yields to an error introduced by the partitioning of order one.

If the mass �ow is a function of the state simulated in the base simulator, at the

time tn+1 the external simulator will use the value of the mass �ow ṁ(T n
1 ), while

the base simulator will calculate and use the value of the mass �ow ṁ(T n+1
1 ), hence

mass is not conserved at each discrete time point.

A similar problem rises also for algebraically modeled humidi�cation and dehu-

midi�cation processes in a partitioned system. Both humidi�cation and dehumidi-

�cation should be simulated in the external simulator so that mass is conserved.

To conclude, the order of the error stays unchanged and is O(∆t) and therefore

the corresponding mutated numerical scheme is consistent. However, the absolute

value of the error varies for di�erent time-state communication schemes.

5.3. Absolute stability

The second characteristic polynomial [11; 12; 15] is used to determine the abso-

lute stability of numerical methods. However, due to the partitioning, the second

characteristic polynomial can not be used to determine the absolute stability of the

mutated method.

The absolute stability of the mutated numerical methods (5) (used with the

sequential staggered coupling) is analyzed by using Routh-Hurwitz stability criterion

as reported in [6] and [16].

The stability of the partitioned numerical method (12) can be examined by

seeking nontrivial solutions for g(tn) = 0, n = 1, 2, . . . N and Tn+1
P = Tn in the

form Tn+1 = ATn, or Tn+1 = γTn, where γ represents one of the eigenvalues

{γi ∈ C | i = 1, 2, . . . , m} of A. γ is also known as the solution ampli�cation

factor. The system is stable when max |γi| ≤ 1 for all i ∈ {1, . . . , m}. To analyze

the Routh-Hurwitz criterion, γi is replaced by γi = 1+zi

1−zi
, where zi represents one of

{zi ∈ C | i = 1, 2, . . . , m}, which maps the unit circle de�ned by |γi| ≤ 1 into the
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negative real half-plane Re(z) ≤ 0. Substituting expressions for Tn+1 and γi in (12)

the following system is obtained:

J(z)Tn = 0, (15)

where J(z) = [2S+α∆t(CI−CE)−(1−α)∆tC]z+∆tC. To obtain nontrivial solution

of (15), detJ(z) needs to be zero. If the following replacements are introduced:

τ1 = ṁcp + K1; τ2 = ṁcp + K2; µ = ṁcp; ζ1 = C1; ζ2 = C2; for implicit-implicit

partitioning (13), (15) yields

det




[2ζ1 + (2α− 1)∆tτ1]z + ∆tτ1 (∆tµ− 2α∆tµ)z −∆tµ

∆tµz −∆tµ [2ζ2 + (2α− 1)∆tτ2]z + ∆tτ2


 = 0

The above equation yields:

a0z
2 + a1z + a2 = 0, (16)

where

a0 = [2ζ1 + (2α− 1)∆tτ1][2ζ2 + (2α− 1)∆tτ2] + (2α− 1)∆t2µ2,

a1 = [2ζ1 + (2α− 1)∆tτ1]∆tτ2 + [2ζ2 + (2α− 1)∆tτ2]∆tτ1

+ 2(1− α)∆t2µ2, and

a2 = ∆t2τ1τ2 −∆t2µ2.

Routh-Hurwitz criterion [17] de�nes the signs for the coe�cients: a0, a1, and a2,

in order to have all the roots, z, of the Equation (16) in the left half plane Re(z) ≤ 0,

which is the mapped stability criterion. So, all the roots of the polynomial (16) have

negative real parts i� the inequalities: a0 > 0; a1 ≥ 0; a2 ≥ 0 hold.

If α ≥ 1/2 then both a0 and a1 are positive. A criterion: τ1τ2 ≥ µ2 is additionally

required in order to satisfy the third inequality. It is obvious that this is satis�ed,

as (ṁcp + K1)(ṁcp + K2) ≥ (ṁcp)
2 always holds. Therefore, the co-simulation
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is unconditionally stable if both coupled simulators employ time weighting factor

greater than or equal 1/2.

If the time weighting factor is less then 1/2, the co-simulation is conditionally

stable. The necessary stability criteria is ∆t20 < 4ζ1ζ2
(1−2α)2(τ1τ2−µ2)

.

If the error introduced by the partitioning of the algebraic system of equations is

taken into account, the stability criterion is too complex to obtain. The calculation

of the required criterion is cumbersome and will not be stated here.

For implicit-explicit partitioning the stability criterion di�ers. The coe�cient a2

stays unchanged, while even for the time weighting factor α ≥ 1/2 the inequalities

a0 > 0; a1 ≥ 0 do not hold for all values of coupling term ṁcp. Due to the partition-

ing of the diagonal term of the C matrix, implicit-explicit partitioning (inter-domain

system decomposition) has a more strict stability criterion.

It can be shown that for α = 1/2, the critical time step equals ∆t0 = 2/µ. More

general expressions for the critical time step for the implicit-explicit partitioning is

can be obtained by following a cumbersome calculation path and it doesn't result in

elegant formulae. As it could have been expected, the critical time step is smaller

than the critical time step calculated for the implicit-implicit partitioning (intra-

domain decomposition approach).

If the subsystems are linked by a control loop, the absolute stability criterion

is in�uenced by the control parameters. However, even for a simple case with a

proportional controller, the stability criterion is di�cult to express easily and will

not be reported here.

To illustrate the stability criterion in terms of ∆t0, the Routh-Hurwitz crite-

rion on derived polynomials are exercised on the example from the Figure 2 ap-

plying a simple proportional controller. The system is modeled and simulated in

Mathematica 6. For the particular example, the Routh-Hurwitz analysis resulted in

∆t0 = 121 s. Two co-simulations with time steps smaller and greater than ∆t0 are

executed to show the introduced instabilities. The results are shown in Figure 3.
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Figure 3: Illustration of introduced instabilities using a value for time step greater than the critical.
Graphs obtained for ∆t = 120 s and ∆t = 122 s
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5.4. Measures to improve accuracy of co-simulation solution

5.4.1. Comparison to an analytical solution

To illustrate the behavior of the error introduced by the partitioning the analytic

solution of the system (10):

T = Tae
(t−a)S−1C

is compared to the results obtained by co-simulation (12) executed with several

di�erent coupling time steps. The results are shown in Figure 4. With increasing

the coupling time step, the accuracy of co-simulation results is degraded, as expected.

20000 40000 60000 80000
time@sD

2

4

6

8

10

Temperature @CD

DDDDt=1min

DDDDt=10min

DDDDt=1h

Analytical solution

Figure 4: Comparison of free-response system's analytical solution to results of co-simulation with
di�erent coupling time steps.

To enhance accuracy, several measures can be taken:

• Co-simulation can be executed with small time steps. However, so far only

heuristic approach for determination of the discretization step size has been

used.

• Instead of loose coupling, co-simulation can implement strong inter-simulator
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coupling. As discussed in the introduction, the strong coupling approach re-

quires increased e�ort for code modi�cation to ensure the correct synchroniza-

tion and correct rewinding of the state of the passively executed simulator.

• Co-simulation can run with a variable time step size. The discretization step

could be calculated based on the numerical error tolerance. The employment of

the variable time step approach requires a time step controller. The controller

can be implemented in any of the coupled simulators, or in an external tool. In

either case, both coupled simulators need to have additional features in order

to change the simulation time step during the execution time. As this feature

is available only in few state of the art tools from the BPS domain, it will not

be discussed further.

• Instead of the zero-order prediction of the coupling data, the more accurate

prediction can be used. This approach will be addressed further in more detail.

5.4.2. Predictors

The accuracy might be improved by using more accurate predictors for the de-

layed coupling data instead of the zero-order predictors (values available in the

previous time step). For example, the �rst-order predictor: Tn+1
P = Tn +∆tṪn, can

be estimated by using the known values for the predicted coupling data available in

two preceding time steps: Tn+1
P ≈ 2Tn −Tn−1.

The Figure 5 shows comparison between results obtained by co-simulation with

and without predictions. The results of co-simulation using �rst-order predictor is

signi�cantly closer to the reference curve than the results of co-simulation using

zero-order predictor. The �rst-order predictor is more accurate for the case when

the average value is communicated compared to the corresponding instantaneous

value. The reason for that lays in the fact that the averaging increases the order of

the predictor.

[18] compared the performance of several predictors (for �uid /structure cou-
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Figure 5: Comparison between co-simulation results with and without predictions.

pling) and found out that the most accurate and stable predictor is the one that

adapted for the case, studied here, has the form: Tn+1
P = Tn +∆t(1.5Ṫn−0.5Ṫn−1

),

which numerical estimate is Tn+1
P ≈ 2.5Tn − 2Tn−1 + 0.5Tn−2. The comparison

between the simple �rst-order predictor and predictor suggested by [18] for larger

time steps are shown in Figure 6. The second-order predictor, suggested by Piperno

is more accurate.

Depending on the order of the predictor, there may be several coupling data that

need to be initialized. In the �rst time step, the values of the coupling data in one

or more preceding time steps are assumed to be equal to the initial value of that

variable.

The above considers and is restricted to the situations where the change of cou-

pling data per time step is small. However, in more realistic applications the changes

of the coupling data may not be smooth. In such cases the predictor may overesti-

mate the future value of the coupling data, which can lead to lowered accuracy and

is discussed in [19].

22



25000 50000 75000 100000 125000 150000 175000
time@sD

10

20

30

40

Temperature @CD Reference curve
Piperno prediction

Simple prediction

Figure 6: Co-simulation results using di�erent predictors plotted against the reference curve, ob-
tained with the larger time step.

6. Discussion and conclusions

The study reported in this paper was limited to algebraic partitioning of linear

one-step numerical methods. The investigation showed that new numerical methods,

obtained by the partitioning of the original numerical methods, are zero-stable and

consistent, and thus convergent. The unit local truncation error of the original

numerical method is increased. The order of the error due to the partitioning is

one, which means that the order of the error of the second-order accurate methods

is reduced by the partitioning.

To gain insights into how HVAC system characteristics in�uence the error in-

troduced by the partitioning, the error study was continued on a two-body system,

described by a system of linear �rst-order di�erential equations with constant coef-

�cients. It was shown that the error was related to the system's characteristics as

follows. The greater the capacity of the subsystem simulated in the external sim-

ulator, the smaller the error is. Also, the lower the rate of change of the delayed

coupling and the smaller ∆t the smaller the error is.
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Further, an investigation of the error behavior under the in�uence of time vary-

ing coe�cients of the matrix C showed that the greater the error in the time vary-

ing coe�cients, introduced by the partitioning in one simulation time step, i.e.,

∆C(tn+1; ∆t), and the greater the temperature T(tn + α∆t), the greater the over-

all unit local truncation error was. Also, it was shown how the order of the error

depends on ∆C(tn+1; ∆t).

The stability analysis, using the Routh-Hurwitz stability criterion, was performed

on the two-body system. The analysis resulted in a cumbersome calculation pro-

cedure already when small complexities were introduced to the problem. For the

two-body system represented by a system of linear �rst order di�erential equations

with constant coe�cients, the partitioned numerical method is unconditionally sta-

ble for the time weighting factor α ≥ 1/2.

To enhance accuracy, several measures can be taken, such as (i) the use of the

strong coupling, (ii) the use of a variable time step and (iii) the use of predictors

for the coupling data. With assumptions that the changes in the coupling data

is smooth, the use of a �rst-order predictor increases accuracy of loosely coupled

co-simulation.
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