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1. Introduction

1.1 Biochemical reaction networks

1.1.1 Signaling and regulation

The human body is remarkably robust. In general, it can function for many
decades and survive attacks by viruses, repair damaged tissue and adapt to
changes in nutrition and environment. Additionally, the human body can adapt
rapidly to temporal changes in demands, such as a sudden increase in physi-
cal activity. At the basis of this robustness and adaptation lies the cooperation
between cells.

Cells communicate by chemical signals (such as hormones), electrical sig-
nals (such as action potentials in neurons) or physical contact (using special-
ized molecules such as integrins). Healthy cells send out signals at the right
moment and other healthy cells respond to those signals by acting in the re-
quired way. The response can be very diverse: a change in the production and
excretion of chemical compounds, onset of cell division or even suicide (apop-
tosis). This amazing cooperation between cells is not only perceptible in adult
individuals; also the embryonal and fetal development from a single fertilized
oocyte (egg cell) to a newborn individual depends heavily on interactions be-
tween cells [54],[94].

In addition to cooperation between cells, many intracellular processes also
need to function in a cooperative fashion. Intracellular processes can be involved
in various cellular functions including metabolism, transport, repair and growth.
For a robust behavior at the cellular level, these processes need to be regulated
and coordinated with each other. Moreover, the functioning of these processes
should be adjusted to the aforementioned signals that the cell receives from its
environment. Most regulation and processing of signals is performed by bio-
chemical reactions [1],[11]. In fact, these reactions can be regarded as parts of
a larger cellular reaction network that includes reactions and interactions as di-
verse as vesicle transport, transcription and lipid metabolism.

The distinction between parts of the cellular reaction network is not clear-
cut. Many alternative classifications exist and often the same reaction or reactant
belongs to various classes. We further refer to metabolic networks when talking
about processes that are involved in the enzymatic production of metabolites.
Typically, these metabolites are relatively small molecules such as lipids, amino
acids, nucleic acids and carbohydrates. Typically, transcription (the synthesis
of RNA), translation (the synthesis of polypeptides and proteins), DNA replica-
tion and other processes that are involved in the biosynthesis of larger macro-
molecules are considered as separate parts of the cellular reaction network.

In this dissertation, we generally consider networks that are involved in sig-
nal transduction (or short signaling) and regulation as a single class of reaction
networks. The prime reason for this is that there is not a clear distinction between
them, as many molecules are involved in both signal transduction and regula-
tory processes. Secondly, signaling and regulation depend on the same types of
molecular interactions; in Section 1.1.2 we discuss some of those interaction types
for signaling pathways. Another unifying property is that malfunctioning parts
of signal and regulation networks play a key role in systemic diseases such as
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Figure 1.1: A simplified intracellular signaling pathway.

metabolic syndrome [47] and cancer [23],[78].

1.1.2 Signaling pathways

Let us first focus on some networks that are involved in signal transduction. A
cartoon of an idealized signaling pathway is shown in Figure 1.1. Here we as-
sume the intracellular signal is a ligand that can bind to a specific receptor in
the plasma membrane. This membrane receptor transfers the information to the
inside. Generally, membrane receptors are trans-membrane proteins (i.e., they
extend from the extracellular side of the membrane to the cytosolic side).

There are two major ways in which membrane receptors transfer information
to the inside of the cell. Firstly, there are membrane receptors which can func-
tion as ion channels or are attached to ion channels. If a ligand binds to such a
receptor, this leads to a change in the influx of ions, which triggers downstream
effects. Secondly, there are membrane receptors which have either a catalytic
site or a binding site at their cytosolic sides. In those receptors, the extracellular
binding of a ligand leads to a change in the conformation of the receptor. This af-
fects the catalytic activity of the catalytic site on the cytosolic side of the receptor.
Alternatively, it affects the binding affinity of the cytosolic side of the receptor
for specific enzymes; the binding of those enzymes can either increase their local
concentration or change their activity. After being activated, the catalytic site of
the receptor or receptor-bound enzymes can activate proteins downstream in the
pathway.

In signaling pathways, proteins are often activated by phosphorylation [18].
Protein phosphorylation is the covalent addition of a phosphate group to amino
acid residues in the target protein. This phosphorylation is catalyzed by enzymes
called protein kinases. The phosphate group is transferred from a donor molecule,
which is usually adenosine triphosphate (ATP) and in some cases guanosine

3
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Figure 1.2: Two types of molecular switches.

triphosphate (GTP). In general, a protein kinase is highly specific regarding the
targeted protein, the amino acid type and the position of the amino acid. Protein
phosphorylation targets mostly threonine, serine and tyrosine residues.

Some proteins can be phosphorylated at only one site, others can be phospho-
rylated at multiple sites. In most cases, the phosphate group can also be removed
by enzymes known as protein phosphatases. The combination of a phosphoryla-
tion and a dephosphorylation reaction yields a cyclic reaction motif known as a
‘phosphorylation-dephosphorylation cycle’ or a ‘phosphorylation cycle’. Such
a phosphorylation cycle can be regarded as a molecular switch (see also Fig-
ure 1.2(a)). If the target protein is an enzyme, phosphorylation can change its
enzymatic activity. In most cases the phosphorylation leads to an increase in
activity of the targeted enzyme, but it can also yield a decrease in activity.

In many signaling pathways, phosphorylation cycles activate each other in
a cascade-like fashion: if one cycle is activated, it activates the next and so on.
This is for instance the case in mitogen-activated protein kinase (MAP kinase or
MAPK) cascades [39],[74],[81]. These cascades form a class of signaling mod-
ules that is evolutionary conserved in eukaryotes. In generally, it consist of three
layers of phosphorylation cycles; however, there are some examples with four
or five layers. The top layer consist of a so-called MAP kinase kinase kinase
(MKKK) that can phosphorylate a MAP kinase kinase (MKK). If this MKK is ac-
tivated (generally phosphorylated), it can phosphorylate the MAP kinase, which
can again phosphorylate downstream signaling proteins.

Three well-known MAP kinase cascades are shown in Figure 1.3. MAP ki-
nases are involved in many different processes, including synaptic plasticity in
neurons, regulation of the cell cycle and apoptosis. The precise function of the
MAPK module is unknown, but various functions have been suggested, includ-
ing amplification of signals [63],[35], relay of signals over longer distances [60]
and the ability to distinguish between transient and sustained input signals [69].
It has also been shown that the topology of a MAPK cascade allows oscilla-
tory [43] and bistable [89] behavior.
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Activator RasGTP Src TRAF6-TAB1/2
↓ ↓ ↓ ↓

MKKK c-Raf1, B-Raf, A-Raf MEKK2 TAK1
↓ ↓ ↓ ↓

MKK MEK1/2 MKK5 MKK6
↓ ↓ ↓ ↓

MAPK ERK1/2 JNK1–3 P38

Figure 1.3: The generic MAPK cascade (in bold) and three human MAPK cas-
cades. Often, multiple proteins are possible at the same position in
the cascade (not all possibilities are shown in this figure). Adapted
from [74] and [39].

A motif somewhat related to the phosphorylation cycle is formed by a class of
proteins called GTPases. GTPases are active (i.e., they can activate downstream
signaling events) if they are bound to a GTP molecule. A GTPase can also hy-
drolyze its bound GTP molecule, which yields the inactive GTPase-GDP com-
plex. This self-inactivation is stimulated by the binding of another protein (con-
fusingly) called GTPase-activating protein (GAP). Another protein called gua-
nine nucleotide exchange factor (GEF) catalyzes the dissociation of GDP from
the GTPase, allowing the GTPase to bind another GTP and return to its active
state. The resulting cycle is shown in Figure 1.2(b).

Protein phosphorylation is a subclass of a larger class of so-called
post-translational modifications (PTMs). PTMs are covalent modifications of
proteins. Many types of PTMs are involved in signaling and regulation. Some
types of PTMs are reversible, while other are permanent. Like phosphorylation,
most PTMs involve the attachment of an additional group which changes the
properties of the protein. The attached groups and their physiological effects are
very diverse. Ubiquitination tags a protein in such a way that it is recognized by
the protein degradation machinery (proteosome). Sumoylation is involved in
stabilization of the protein, the localization in cellular compartments and the
interaction with other proteins. The addition of fatty acid groups in
myristoylation, palmitoylation, farnesylation and geranylgeranylation allows
proteins to attach to the plasma membrane or other intracellular membranes.
An entirely different type of PTM is the (irreversible) cleavage of a part of a
protein by specific protease enzymes. This proteolytic cleavage plays a major
role in the regulation of apoptosis.

Not only proteins are involved in intracellular signal transduction. Also
small molecules play a role, especially as so-called second messengers.
Well-known second messenger molecules are calcium ions (Ca2+), cyclic
adenosine monophosphate (cAMP) and lipids such as diacylglycerol (DAG) and
inositol triphosphate (IP3). Calcium can enter the cytosol from the extracellular
space through ion channels or can be released from the endoplasmic reticulum
(in muscle cells from the sarcoplasmic reticulum). Other second messengers are
often produced as one of the earliest intracellular effects that occur after the
binding of a ligand to a receptor. Second messengers often act as co-activators or
allosteric regulators of kinases downstream in the signaling pathway.
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1. Introduction

Signaling pathways can have various lengths and topologies. In addition
to covalent chemical reactions, also non-covalent interactions play an important
role in signal transduction. We already mentioned the binding of second messen-
gers to kinases. Another example of a non-covalent interaction is the formation
of protein-protein complexes. These complexes are very diverse and can have
many effects. A possible effect of the formation of a complex is a conformational
change in one of the proteins, which changes its enzymatic activity. A different
example is the occurrence of scaffold proteins, which bind multiple enzymes and
by that increase the activity or specificity of enzymatic reactions.

The end points of signaling pathways are very diverse. Many signaling
events lead to changes in mRNA transcription. This can lead to a change in the
expression of certain proteins but also to permanent changes in the phenotype of
the cell. The connection between the signaling pathway and the transcriptional
apparatus occurs through the activation (or deactivation) of specialized DNA
binding proteins known as transcription factors. The activation of those
transcription factors can for instance be caused by phosphorylation. Examples
of other end points of signal transduction are specific control points in metabolic
networks, the cytoskeleton and intracellular transport processes.

1.1.3 Unraveling the network

So far we have used the words ’cascade’ and ’pathway’ to describe the events that
lead from the initial binding of a ligand to some end point. Although these words
gives a reasonable impression of the main information flow, they may give the
false impression that signaling cascades act as isolated ‘wires’ that connect one
input to one output.

In reality, there is crosstalk between different signaling pathways. Moreover,
there are feedback and feed-forward connections within each pathway. Often,
the input signals from many receptors connect to the same signaling molecules.
These molecules are again coupled to many end points, through intricate net-
works of interactions. For this reason, it is better to talk about ‘signaling net-
works’ instead. It is generally assumed that these signaling networks do more
than just transferring information [44]. They may also process the information
and calculate some ideal response to the complex dynamic information they re-
ceive from their extracellular environment.

Also the end points of signaling networks are not always well defined. For
instance there is no clear edge between many pathways involved in signaling and
regulation. For example, the reactions involved in the activation of apoptosis can
be regarded as both signaling and regulation events. Another example is the
protein p53. This protein is activated as a result of various forms of stress, such
as nutrient deprivation, DNA damage and hypoxia. It is also involved in the reg-
ulation of various responses to this stress, such as apoptosis, DNA repair and cell
survival pathways [104]. It is also good to realize that, inside the cell, everything
is connected to everything. Aside from many regulatory and signaling connec-
tions between intracellular reaction networks, there are also some reactants (such
as ATP) that are involved in nearly all processes in the cell. Consequently, the
sum of all intracellular reactions can be regarded as a single reaction network as
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1.1 Biochemical reaction networks

well.
This entanglement between various chemical processes in the cell makes it

extremely difficult to obtain insight into the topology and dynamics these bio-
chemical reaction networks. Nevertheless, in the past decades, new experimen-
tal techniques have yielded large amounts of data about biochemical networks.
This has lead to an increase in knowledge about biology at the molecular level.
Simultaneously, a growing awareness has emerged that reductionism alone is in-
sufficient for unraveling the complex interactions within biochemical networks.
This awareness has led to the rise of the holistic field of systems biology [45],[46], in
which wet-lab experiments are combined with (multiscale) computational mod-
eling.

Models in systems biology can have many forms, depending on the system of
interest and the available measurements. The focus of a model can be on detailed
interactions within a small module [80] or on the emergent properties of a larger
network [15]. A number of different approaches for the modeling of biochemical
networks are discussed in Section 1.2. The focus in this dissertation is on spatial
homogenous systems. In some cases such systems can be modeled with a de-
terministic model. In other cases, stochastic models are required [97],[106]. The
choice between both modeling approaches is related to the number of molecules
involved in the system of interest. We will therefore shortly discuss the number
of molecules involved in intracellular signaling and regulation.
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Figure 1.4: Distribution of the number of molecules per cell for 3868 protein
species in yeast. Data obtained from [28].

Aside from the interactions with parts of the DNA (for which, in general, only
one or two copies are present in each cell), signaling and regulation networks
involve mainly proteins and small molecules. Small molecules (such as second
messengers and ATP) are usually present in large amounts. For proteins, the
exact number of copies in mammalian cells is unknown. However, we can get
some indication from measurements in yeast [28].

Figure 1.4 shows the distribution of the molecular counts per cell for pro-
teins in Saccharomyces cerevisiae (budding yeast). The number of molecules for
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1. Introduction

individual protein species ranges from forty up to one million copies, with a
median value of approximately 2250. Even though most proteins have molec-
ular counts of one thousand or more, there are still many types of proteins for
which only tens or hundreds of proteins are present. Moreover, many molecules
can be in many different forms, for instance due to multi-site phosphorylation,
which yields a lower number of molecules in the separate forms. In addition, it
is good to realize that molecules are not spread homogeneously through the cell;
in organelles or near membranes the concentration can be different from other
parts of the cell. This may imply for some networks that in certain regions the
number of molecules of a given protein type is very small, while the same protein
is abundant in other regions.

1.2 Modeling biochemical networks

1.2.1 Models and metaphors

Biochemical networks are large interconnected networks of complex interactions.
The unraveling of such networks seems impossible without the use of mathe-
matical modeling and computational methods. We should make a distinction
between models and metaphors. We further refer to ‘models’ if we mean math-
ematical descriptions (we do not discuss any physical or other types of models)
of existing chemical reaction systems.

In contrast with the above notion of models, metaphors are abstractions that
describe parts of the behavior of physical systems but omit some of details. Typi-
cally, such metaphors use ideas and concepts from other scientific disciplines. In
this way metaphors may provide intuition and novel insight into the described
system. For instance, biochemical networks involved in signaling and regulation
can be described as neural networks, Boolean networks and analog electronic
circuits [13],[22].

Somewhat on the boundary between models and metaphors is the class of
‘conceptual models’ (often also called toy models). On one hand a toy model can
be regarded as a model in the mathematical sense. On the other hand, it describes
an (physically not existing) abstraction of a physically existing system. Just like a
metaphor, its primary purpose is the gain of understanding and intuition about
a not fully understood or a partially parameterized complex system.

In Sections 1.2.2–1.2.4, we discuss various types of mathematical models of
reaction networks. Our primary focus is on spatially homogeneous systems, al-
though a few methods with spatial components are mentioned. There main lev-
els are defined: the microscopic level (which deals with individual molecules),
the macroscopic level (which deals with concentrations and reaction rates) and
an intermediate mesoscopic level. At the mesoscopic level, reactions are often
described as Markov processes. Therefore, a more detailed introduction of Mar-
kov processes is given in Section 1.2.5. The relations between the three modeling
levels are discussed in 1.2.7.
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1.2 Modeling biochemical networks

1.2.2 Microscopic models

At the microscopic level, we describe the reactions and interactions of individual
atoms or molecules. Microscopic modeling contains many different subdisci-
plines, which can roughly be divided into quantum chemistry and molecular
mechanics. The first class of approaches implicitly takes into account the be-
havior of the electrons, while the second describes the behavior of the system
in terms of individual atoms, groups of atoms (in ’coarse-grained’ methods) or
molecules.

One of the most accurate microscopic descriptions of reaction networks (aside
from the level of quantum chemistry) is one in terms of the positions, velocities
and interactions of all involved atoms. Such a level of modeling forms the ba-
sis for a class of simulation methods known as molecular dynamics [4]. If all
required parameters (including the initial positions and velocities of all atoms)
would be known, molecular dynamics gives a completely deterministic descrip-
tion of the system at the atomistic level. However, most parameters can at best
be estimated empirically under many restrictions. A second problem with a de-
scription at this level is the huge complexity. Analytical solutions can very rarely
be found, even for very simple systems. Even computational methods, such as
simulations can only be performed for systems with limited numbers of particles.
Nevertheless, such methods have proven to be very useful in the description of
molecular phenomena such as vesicle formation [62] and the study of gas-wall
interaction in nanochannels [61]. Moreover, atomistic and even quantum chem-
istry methods are used in drug design for modeling the interactions between
ligands and their molecular targets such as receptors.

Computational methods at the atomistic level, as well as coarse grained vari-
ants of molecular dynamics are not suitable for the modeling of large reaction
networks. The reason for this is twofold. Firstly, the parameters at this level can
at best be estimated empirically under many restrictions. Secondly, the above
mentioned complexity limits the time and length scales that can be simulated
by molecular dynamics. The dynamics of networks signaling and regulation
take place at the micrometer level on a timescale ranging from microseconds to
minutes (for some applications even hours, days or years). Even coarse-grained
molecular dynamics simulations of non-reacting molecular systems are only ca-
pable of describing time and length scales that are several orders of magnitude
below that scale. One of the reasons for the enormous computational costs are
the number of interactions between reactive species (such as proteins) and the
solvent (water).

In addition to the fact that modeling large reaction networks at a molecular
level is problematic, also the modeling of simple reactions at this level faces
some problems. Classic molecular dynamics simulations do not incorporate
chemical reactions. The use of force fields that allow the possibility of reactions
(e.g., ReaxFF [24]) leads to a further increase in computational costs. This limits
the applicability of such force fields on biochemical reaction networks.
Alternatively, there are (less accurate) hybrid methods, which allow instant
changes in chemical bonding with probabilities that depend on distances
between molecules [70],[107]. Although the latter method allows a much faster
calculation of the dynamics of the system, they can still only be applied to

9



1. Introduction

systems with limited time and length scales (as discussed above).

1.2.3 Macroscopic models

In systems biology most processes are modeled at a ‘macroscopic’ level. At this
level the dynamics of a reaction network are described in terms of real variables
such as concentrations or fractions, instead of integer numbers of molecules. The
rates of reactions are given by rate equations (also termed rate laws or reaction
rate equations), which in general are functions of the concentrations of involved
molecular species. Using those rate equations, the dynamics of the reaction sys-
tem can be described by a system of (ordinary or partial) differential equations.

When spatial inhomogeneities are involved, chemical reaction systems are
typically described by partial differential equations. However, in this disserta-
tion we focus on systems which are considered to be homogenous (also termed
well-stirred). In fact by assuming homogeneity, we assume that the reactions
take place on a much slower timescale than the diffusion. Typically, homoge-
nous macroscopic reaction systems are described by systems of coupled ordinary
differential equations (ODEs).

Macroscopic rate equations can have many forms. For the formulation of rate
equations, it is important to make a distinction between elementary and non-
elementary (or ‘complex’) reactions. Elementary reactions are reactions that take
place without further intermediates (i.e., with only one transition state). Complex
reactions are reactions for which the microscopic mechanism is constituted of
several elementary reactions. For elementary processes, the rate equations are in
general of the mass action type (which is discussed below).

According to the law of mass action [6],[49], the rate of each chemical reaction
is equal to the product of the concentrations (raised to some power) of its reac-
tants and a reaction rate constant. The sum of the powers of the concentrations
is called the ‘order’ of the reaction. Note that the order of a reaction is not the
same as its ‘molecularity’, the number of molecules that need to collide for the
reaction to take place. Most reactions are either unimolecular (i.e., of molecular-
ity one) or bimolecular (i.e., of molecularity two), while termolecular processes
(i.e., of molecularity three) and molecularities above three are considered highly
improbable.

For elementary mass action reactions the order and the molecularity have
identical values. Hence for an elementary unimolecular reaction of the form

A
k

GGGGGA B ,

with a rate constant k, the forward reaction rate is equal to k[A] (square brackets
denote concentrations). Similarly, for an elementary bimolecular reaction of the
form

A + B
k

GGGGGA C ,

with a rate constant k, the forward reaction rate is equal to k[A][B]. Also, two
identical molecules can be involved in an elementary bimolecular reaction of the
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1.2 Modeling biochemical networks

form

A + A
k

GGGGGA B .

In that case, the rate of the forward reaction (with rate constant k) is k[A]2.
All elementary reactions have a mechanistically identical inverse reaction, i.e.,

for each forward reaction there is also a backward reaction that goes through
the same transition state. This principle is called microscopic reversibility [57].
Since both reactions use the same mechanism, they lead to an equal but opposite
change in Gibbs Free Energy. In addition, this also implies ‘(chemical) detailed
balance’, a property that is further discussed in Chapter 2. It should be men-
tioned that the law of mass action assumes ideal gasses and dilute solutions.
Although in biology most reactions take place in a watery environment, this en-
vironment can hardly ever be regarded as dilute solutions. Nevertheless, in many
models of real-life biochemical networks, mass action kinetics are considered to
provide a reasonably accurate description of the true dynamics.

In cases in which the precise elementary steps are either unknown or are con-
sidered too complicated for a given application, the overall mechanism of a com-
plex reaction can be modeled by a single rate equation. If that equation has the
form of a mass action reaction, the order of the reaction should not necessarily be
an integer number. Also the possible partial orders (i.e., the powers to which the
individual concentrations are raised) of the individual reactants are not restricted
to integer values. In addition, also other molecular species that are not reactants
of the overall reaction can appear in the expression for the reaction rate. A well
know example of a complex reaction that is modeled by mass action kinetics is a
reaction mechanism with a rate limiting step. In that case the rate of the complex
reaction is assumed to equal the rate of its slowest elementary step.

Because often some of the elementary steps are omitted from a complex re-
action mechanism, it may only give a good approximation of the dynamics in a
specific range of the involved concentrations. Note that in general such a mech-
anism should be microscopically reversible, since the true elementary steps are
microscopically reversible as well. An exception occurs when the overall reaction
hides the consumption of some chemical species that is left out of the reaction
mechanism. In modeling of biochemical systems this is often the case when the
conversion of ATP to ADP is omitted from the rate equations. Another exception
is formed by cases in which the reaction can be considered to be practically irre-
versible. For instance, this can be due to a very large change in Gibbs Free Energy.
Alternatively, one of the products of the forward reaction can disappear from the
reaction system, for instance if it is volatile, or removed by other processes.

In addition to mass action kinetics, Michaelis-Menten kinetics are a common
type of rate equations. This type of kinetics is especially suitable for modeling
enzymatic reactions (i.e., reactions catalyzed by an enzyme). Assume for instance
that the formation of a product P from a substrate S, which is catalyzed by an
enzyme E, can be described by the following reaction scheme:

E + S
k1

EGGGGGGGGGGGGC

k−1

ES
k2

GGGA E + P .

11
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Clearly, this reaction scheme consist of a reversible and an irreversible reaction.
The first reaction may be elementary, but the second is not as it is modeled by
an irreversible reaction. The ‘quasi steady state approximation’ that leads to
the familiar Michaelis-Menten expression assumes that the concentration of the
enzyme-substrate complex ES changes instantly with the total substrate concen-
tration (i.e., [S]+[ES]) and the total enzyme concentration E0 = [E] + [ES]. Hence,
we assume

d[ES]
dt

= k1[E][S]− (k−1 + k2)[ES] = k1[S](E0 − [ES])− (k−1 + k2)[ES] = 0 .

This means that the concentration [ES] can be expressed in terms of the concen-
tration [S]:

[ES] =
[S] E0 k1

[S] k1 + k−1 + k2
.

Combining this with the rate equation for the formation of P from SE yields

d[P]
dt

=
[S] E0 k1 k2

[S] k1 + k−1 + k2
=

[S] E0 kcat

[S] + KM
=

[S]Vmax

[S] + KM
,

with the catalytic constant kcat = k2 and the Michaelis constant KM = (k−1 +
k2)/k1. Vmax = E0 kcat is the maximum rate of the reaction, which occurs if the
enzymes are saturated due to an excess of substrate (i.e., [S]� KM).

The use of Michaelis-Menten kinetics has at least two advantages over the
use of mass action kinetics. Firstly, the equation describes one flux instead of
three and is therefore easier to compute than the full mass action system. Sec-
ondly, there are only two parameters instead of three which need to be estimated
experimentally.

The classic Michaelis-Menten approach can further be extended to include
the interaction with inhibitors or additional activators. To fit a more sigmoidal
shaped rate equation (instead of the hyperbolic relation between the rate d[P]/dt
and the concentration [S] for classic Michaelis-Menten kinetics), the substrate
concentration and Michaelis constant can be raised to some power n:

d[P]
dt

=
[S]n Vmax

[S]n + (KM)n .

This type of kinetics is called Hill kinetics and n is called the Hill coefficient. The
use of Hill kinetics can sometimes be justified based on the underlying kinetics.
In this case, it is used to model a cooperativity effect, resulting from the binding
of multiple substrates to the same enzyme. In many other cases, Hill kinetics are
used because of a phenomenological fit to measurements, rather than a mecha-
nistic rationale.

The drawback of using Michaelis-Menten and other kinetics that are based
on quasi steady state assumptions, is that they are only valid under a number of
assumptions [65]. For instance, some simplifications are only valid in a certain
range of concentrations. If a certain (overall) reaction is observed in isolation
(for instance a single enzyme and a single substrate in a test-tube) or in a small
reaction network it may fulfill the requirements. However, this may not be the
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1.2 Modeling biochemical networks

case if the network is extended with additional reactions. A good example is the
combination of a phosphorylation and a dephosphorylation reaction. Goldbeter
and Koshland [32] have shown that for such a network (under certain condi-
tions) the use of two Michaelis-Menten type rate equations describes well the ob-
served ‘zero order ultrasensitivity’ phenomenon (i.e., the occurrence of a sharp
sigmoidal input-output relation between kinase concentration and phosphory-
lated species). However, the combination of multiple of such cycles described
by Michaelis-Menten kinetics yields results significantly different from those ob-
tained with the underlying mass action kinetics [102].

So far, we have seen that mass action kinetics provide the most accurate de-
scription. Based on those kinetics and some additional assumptions (for instance
quasi-steady state approximations), other kinetics can be introduced as well. For
true biological systems, however, it is often difficult to determine the precise un-
derlying mechanisms of individual reactions. For a full characterization many
parameters should be measured simultaneously in the same cell, which is practi-
cally impossible. A reasonable alternative seems to be to isolate and characterize
each individual reaction in vitro and then build a model of the network based on
the resulting parameters and estimates for the individual concentrations. How-
ever, the success of such an approach will be limited by the combinatorial com-
plexity of intracellular reaction networks. In other words, many proteins (and
other types of molecules as well) can form many different complexes with many
other types of proteins, leading to a large number of reaction species. This is
especially the case in networks involved with signaling and regulation.

Since the full underlying mechanism of many networks is partly unidentifi-
able, a more empirical approach is sometimes used. In such an approach, reaction
rate equations are used that do not directly reflect the underlying mechanism.
Above, a few examples of such an empirical approach were already discussed,
such as the use of mass action kinetics on non-elementary reactions and many
applications of Hill kinetics. Another example is the Generalized Mass Action
(GMA) system, which is part of a broader framework called Biochemical Sys-
tems Theory [84]. In a GMA system, the reaction rates are given by differential
equations of the form:

d[Xi]

dt
=

pi

∑
k=1

αi,k

M

∏
j=1

[Xj]
gi,j,k .

Hence, the rate of change in a concentration [Xj] is expressed in terms of the
concentrations [Xj] of all M reaction species*. The terms gi,j,k are apparent kinetic
orders and αi,k are rate constants. Mass action systems and so-called S-systems
can be considered as subtypes of GMA systems.

1.2.4 Mesoscopic models
Above we have seen two major levels at which we can describe chemical reaction
networks. Firstly, there is the microscopic level at which interactions of individ-
ual molecules are described. Secondly, there is the macroscopic level in which

*In this discussion we refrain from the distinction between reactive species and externally con-
trolled independent variables.
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only the concentrations of chemical species are modeled. Apart from the difficul-
ties with identifying parameters (see Section 1.2.3), there is a more fundamental
problem with the application of macroscopic models on real-life biochemical net-
works. Macroscopic models were initially developed for relatively large systems
(typically test-tubes and larger systems), while biochemical networks take place
in much smaller volumes with much smaller concentrations of individual chem-
ical species.

The most important general assumption in macroscopic models is that the
number of molecules of each involved reaction species is very large. This no-
tion of a ‘very large’ number of molecules is rather arbitrary. We can however
get some idea of how large this number should be, by discussing the two major
practical reasons for the need of large numbers of molecules. Firstly, the number
of molecules should be large enough to justify an expression of the concentration
as a real variable, rather than a rational number that changes stepwise with each
reacting molecule. Secondly, the number of molecules should be large enough to
neglect the influence of intrinsic noise (i.e., fluctuations ) on the expected behav-
ior of the system.

In a system with only one reaction, the average concentration does not
depend on the size of the system, whereas the standard deviation in terms of
concentrations decreases with system size. Typically, an increasing number of
molecules N (with the volume increasing in such a way that the total
concentration remains constant), the coefficient of variation (i.e., the standard
deviation divided by the mean) of a reaction system is of order N−1/2. However
in complex reaction systems, the intrinsic noise may affect the average behavior
of the system as well.

In general, these requirements are fulfilled for applications in chemical labs;
even a reaction volume as small as one microliter containing a dilute one
nanomolar solution still contains more than 108 molecules. On the other hand,
the intracellular counts of cell may be much lower. For instance, there may only
be tens or hundreds copies of some types of proteins in a cell (see Section 1.1.3
and Figure 1.4). For reaction networks that involve interactions between
proteins and DNA, the number of molecules is even lower: each cell contains
only one or two copies of each piece of DNA. On the other hand, for many
metabolic networks the concentrations of reactants are relatively large and a
macroscopic model may provide a reasonable description.

In cases in which the number of molecules is not large enough, a model
should be applied that takes properly into account the intrinsic stochasticity of
the reaction system. Many intermediate levels between the microscopic and the
macroscopic level exist, most of which take into account some stochasticity. For
instance, instead of modeling the positions, velocities and interactions of each
individual atom or molecule, it is also possible to keep track of only the reac-
tive species. In the simulation package Smoldyn, this is done by representing
the reactive molecules as points in space [5]. The diffusion is implemented in a
stochastic way by means of Brownian movement. When two particles are within
a close enough distance from each other, they can react with a probability that
can be related to macroscopic rate equations. Apart from Smoldyn, there are a
number of other spatial simulation packages available, including both particle
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1.2 Modeling biochemical networks

based and continuous descriptions of particles densities [52].
In this dissertation we focus on stochastic models of homogeneous systems

(i.e., systems in which no spatial component is involved). In accordance with Van
Kampen [40], we use the term ‘mesoscopic’ to refer to the stochastic description
of a chemical reaction system in terms of macroscopic variables. However, we
further use the additional assumption that the system is also spatially homo-
geneous. At the mesoscopic level, chemical reaction systems are described as
Markov processes (which are considered in detail in Section 1.2.5). We mostly
deal with systems that have a discrete state space (i.e., that describe reactions in
terms of individual molecules). In such model, there is a so-called propensity for
each reaction in each state. Using those propensities we can describe the time
evolution of the probabilities for each state with the ‘chemical master equation’
(CME) [64]. In some cases analytical results can be obtained by solving the CME,
in other cases numerical methods can be used. Alternatively, individual trajec-
tories can be simulated using Gillespie’s exact stochastic simulation algorithm
(SSA) or an adaptation of that algorithm [31]. Both the SSA and the CME are
further discussed in Section 1.2.6.

An alternative to the propensity-based methods with discrete state space, are
methods in which the state-space is considered to be continuous (just as is done
in the macroscopic model). In that case the probability density function of the
state-space is described by a partial differential equation called the Fokker-Planck
Equation. At approximately the same level, the Chemical Langevin Equation [30]
is used. This is a stochastic differential equation, which describes the change of
the mean in time in terms of some deterministic and some stochastic components.

1.2.5 Markov processes

Throughout this dissertation we often describe chemical reaction systems as Mar-
kov processes. A Markov process is a process in which the future state of the sys-
tem only depends on the present state and not on past states. Thus the process
can be regarded as memoryless. In this dissertation, we only consider time homo-
geneous (or stationary) processes, which means that the probability of a transition
from a given state to another state does not change over time. This may seem
trivial. However, if some of the reactions depend on reaction species (e.g., cata-
lysts or ATP) which are not explicitly modeled and thus considered to be outside
the observed system, the concentration of those species may fluctuate over time.
In that case the transition probabilities inside the observed system may fluctuate
as well.

A number of different types of Markov models can be distinguished. Below
we distinguish Markov processes based on three major criteria. Two of those
criteria deal with the state space, the third deals with the time parameter.

A first distinction is made based on the state space, which can either be dis-
crete and continuous. For the modeling of reaction systems (which inherently
consist of discrete molecules), it may seem obvious to consider a discrete state
space, in which each state represents a vector of integer numbers of molecules
of each involved chemical species. Indeed, in this dissertation we generally deal
with discrete state Markov systems. However, quite often reaction systems are
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modeled as a continuous state space Markov system; this is for instance the case
for the Chemical Fokker Planck Equation. Such an approximation is valid if the
number of molecules is so large that the state variables change with very small
steps.

A second distinction is made based on the finiteness of the state space. When
we consider a closed reaction system, the law of mass conservation constricts
the number of possible states. Hence, in general, such such a system has a finite
state space. However, for open systems, it is possible that the state space is not
restricted and thus infinitely large. This is for instance possible in a system that
contains a reaction by which products are made without the consumption of sub-
strates, as is often the case for models of gene transcription (see for instance [90]).
In such a system, most probability is often confined to states with a limited num-
ber of molecules. However, since such a model does not take into account the
finite pool of building blocks that is present in most physical systems, there is
still a small probability that the number of molecules will grow larger than any
finite integer. This problem can sometimes be overcome by truncation of the state
space [68].

A third distinction is made between discrete and continuous time Markov
processes. In a continuous-time Markov processes a real variable t describes the
time. Contrastingly, in discrete-time Markov processes time is often indicated by
a variable that only takes integer values. Sometimes, continuous time processes
are modeled as discrete-time Markov processes in which every time step repre-
sents some ∆t in the continuous process. Many authors reserve the term ‘Mar-
kov chain’ for stationary, discrete-time Markov processes with a discrete state
space [40]; while others use it as a synonym for Markov processes with a discrete
state-space [3]. Considering this ambiguity, we further avoid usage of this term.

In this dissertation we deal mostly with finite, continuous-time Markov pro-
cesses with a discrete state space (Chapters 3–5). Suppose we have a system
with n states. Then we can define a vector z(t) with n elements that contains the
probabilities zi(t) to find the system in states i at time t. The change of z over
time is given by

dz
dt

= M · z , (1.1)

where the transition matrix M = (mij) has elements mij that represent the rate of
exchange of probability between the states. For the modeling of chemical reaction
systems, this equation is called the ‘chemical master equation’ (CME) and the
non-diagonal elements of M are called reaction ‘propensities’.

An important property of matrix M is the extent to which it is ‘reducible’ [40].
The matrix can either be completely reducible, incompletely reducible or irre-
ducible.

M is irreducible if it describes a system in which each state can be reached
from each other state with a non-zero probability. This also means that such a
system has a unique equilibrium distribution with strictly positive probabilities
for all states. For most Markov processes described in this dissertation, M is
irreducible. If M is not irreducible, it can either be completely or incompletely
reducible.

M is completely reducible if, after a suitable permutation of the state numbers,
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M is of the form (
A 0
0 B

)
,

with square matrices A and B. If M is completely reducible, this means matrices
A and B represent two completely independent sub-systems as no probability
can flow between the states described by A and the states described by B.

M is incompletely reducible if, after a suitable permutation of the state numbers,
M is of the form (

A C
0 B

)
,

with square matrices A and B and a non-zero matrix C. If M is incompletely re-
ducible, the system contains two partially independent subsystems consisting of
the states represented by matrices A and B, respectively. The second subsystem
is independent of the first, although some probability leaks away into the first
subsystem. If matrix B is irreducible, the second subsystem has no probability
left in the equilibrium distribution , since all probability that was initially in the
second subsystem has moved into the first subsystem. An example of such a
system (in which the propensity for a transition from state zero to state one is
zero) is given in Section 4.4.

In addition to continuous-time Markov processes, we also encounter discrete-
time Markov processes with a discrete state space. This is the case in Chapter 6,
in which we numerically solve the CME. Since we do this with a first-order ex-
plicit method with constant step size (forward Euler), we in fact represent the
underlying continuous-time process by a discrete-time Markov model. For a
discrete-time process, the change of the probability vector z over time is given
by

z(t + ∆t) = T · z(t) , (1.2)

with the transition probability matrix T. For a given ∆t, this processes can be
related to the continuous-time process (with transition matrix M) by defining T
as:

T = exp(M∆t) = I + ∆tM · I + (∆t)2M2

2!
+O((∆t)3) .

See for instance [67]. In the approximation in Chapter 6, we only omit terms of
order (∆t)2 and higher and obtain

T = I + ∆tM . (1.3)

From (1.3) follows that matrix T is irreducible if it is constructed from an ir-
reducible matrix M. If M is irreducible and ∆t is small enough, the diagonal of
T contains only positive values. As a result, T is also aperiodic. This means that
individual trajectories from each state back to that same state can take any pos-
itive number of steps which is not restricted to multiples of some period d > 1.
If T is both irreducible and aperiodic, the Perron-Frobenius theorem [12] states
that one of the eigenvalues of T is equal to one, while all other eigenvalues have
absolute values smaller than one. As a result, iterative solving of the time devel-
opment of the probability vector z using (1.2) yields a convergence to the unique
equilibrium distribution.
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1.2.6 Propensity-based methods
As discussed above, the stochastic models for reaction systems are in general
considered as continuous-time Markov processes with a discrete state space. The
choice for a discrete state spaces arises from the fact that at the microscopic level,
we deal with molecules which are discrete entities. As a result each possible state
of the system is uniquely defined by a vector of non-negative integer state vari-
ables. Those state variables represent the number of molecules of each molecular
species that can be formed or consumed in the discussed reaction system.

The transitions between the states are due to chemical reactions for which the
probabilities in general depend on the state variables. We further assume that
only one reaction can occur at a time. Another important assumption is that each
reaction is assumed to be a Poisson process. That means that the time at which
a reaction occurs is independent of past events (i.e., the process is memoryless).
More precisely, if we observe a system at a time t, the probability that the next
reaction occurs at a time t + τ is a negative exponential of τ (and independent of
t).

Figure 1.5 shows an initial state (labeled zero) and M possible state transi-
tions. If only the ith reaction is allowed, the departure time from state zero is
exponentially distributed with some parameter r0,i. Hence the probability den-
sity function of the departure time is

f (τ) = r0,i exp(−τr0,i) .

If all M reactions are allowed, the time of the first reaction is the minimum
of the departure times for the individual reactions. This minimum follows again
a negative exponential distribution which has the sum of all propensities r̄0 as a
parameter:

r̄0 =
M

∑
i=1

r0,i .

In that case the departure from state zero is described by the following probabil-
ity density function:

f (τ) = r̄0 exp(−τr̄0) .

The expected time for the next reaction is E(τ) = 1/r̄0. Clearly, the addition of
the other reaction channels (2, . . . , M) decreases the expected time of the depar-
ture from state zero. The parameters r0,1, . . . , r0,M also determine the probability
for each of the possible reactions. The probability that the first reaction that oc-
curs is the transition to state k is given by

P(reaction k) =
r0,k

r̄0
.

As shown above, the parameters r0,1, . . . , r0,M determine both the probability
and the expected time of the next reaction (or state transition). These parameters
are known as ‘propensities’. As discussed before, each propensity r0,k is the in-
verse of the expected time of the kth reaction when considered in isolation. More
important for the situation with multiple reactions, r0,kdt is the probability that
the next reaction will occur in the infinitesimal interval dt and will be of type k.
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Figure 1.5: Possible reactions from state zero.

Recall from Section 1.2.4 that the reaction propensities ri,j are the
non-diagonal elements of the matrix M in the CME. Here, we define the
elements mij more precisely:

mij =

{
−∑k 6=i ri,k if i = j ,
rj,i otherwise.

(1.4)

Clearly, the non-diagonal elements at row i of M account for the flux of probabil-
ity into state i, while the diagonal elements mii account for the flux of probability
from state i to all other states. Hence, the reaction propensities fully determine
the dynamics of the probability distribution z. Using the CME (1.1), properties of
the system, such as the time evolution of z, can be further investigated. In some
cases this can be done with an analytical approach, while in others numerical
methods are required.

Alternatively, an individual trajectory through the state space can be simu-
lated. For each initial state the possible transitions each have a probability de-
fined by their propensity. Hence, by drawing a random number we can deter-
mine the next reaction. Similarly, a second random number can be drawn to
determine the corresponding time for the first occurring reaction. After the reac-
tion the system is in a new state, with its own possible reactions and propensities.
Hence the same steps can be repeated, and so on. This algorithm (see Algo-
rithm 1) is known as the stochastic simulation algorithm (SSA) [29] or Gillespie
algorithm.

1.2.7 Relations between the three levels of modeling

So far, we have discussed three levels on which chemical reaction systems can be
modeled: the microscopic, macroscopic and an intermediate mesoscopic level.
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Algorithm 1: Gillespie algorithm (SSA)

initialize time t;
initialize state vector x;

repeat
calculate propensities ri(x) for all M possible reactions from state x;
r̄(x) := ∑M

i=1 ri(x);

draw τ from a negative exponential distribution with parameter r̄;
select a reaction k from {1, . . . , M} according to reaction probabilities

ri(x)/r̄(x);

update x according to reaction k;
t := t + τ;

until t ≥ tmax or other stop criterion;

In general microscopic and macroscopic models are defined in terms of variables
that only have a meaning at the level of modeling. For instance, the macroscopic
level does not provide information about positions of individual molecules. Sim-
ilarly, the microscopic level does not explicitly take into account macroscopic re-
action rate equations. In general we can state that moving from the microscopic
to the macroscopic level leads to a loss of information; the macroscopic model
provides only information about an ensemble of microscopic systems and cannot
be translated back into an individual microscopic system.

On the other hand, observations at the microscopic level can provide infor-
mation at the macroscopic level. For instance, concentrations are not micro-
scopic properties, but can still be estimated from observations of microscopic
systems. Similarly, for elementary reactions in ideal gasses or dilute solutions,
macroscopic rate constants can be related to microscopic quantities. However,
in general such relations cannot be found, since many rate equations result from
phenomenological fits rather than from detailed knowledge about the elemen-
tary mechanism.

Mesoscopic models are defined in terms of macroscopic variables. As a re-
sult, finding relations between mesoscopic and microscopic models leads to the
same difficulties as finding relations between macroscopic and microscopic mod-
els. However, the mesoscopic and macroscopic levels offer more possibilities for
comparison. Nevertheless, also such comparisons face many challenges and dif-
ficulties.

For individual elementary mass action reactions, the mapping between the
propensities at the mesoscopic level and rate equations at the macroscopic level
is relatively straightforward. Consider for instance a macroscopic reaction of the
form

A + B
k1

GGGGGGBFGGGGGG

k−1

C . (1.5)

Clearly, the time evolution of the macroscopic concentrations is described by dif-
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ferential equations:

d[A]

dt
=

d[B]
dt

= −d[C]

dt
= −k1 [A][B] + k−1 [C] . (1.6)

At the mesoscopic level, the numbers of molecules of the individual molecular
species A,B and C are denoted by nA, nB and nC, respectively. Each possible
state is represented by a vector of the form (nA, nB, nC). We assume that only one
reaction can occur at a time, hence from an arbitrary state (nA, nB, nC) only two
transitions are possible:

(nA + 1, nB + 1, nC − 1)← (nA, nB, nC)→ (nA − 1, nB − 1, nC + 1) . (1.7)

Clearly, the forward and backward transitions in (1.7) correspond with the for-
ward and backward reactions in (1.5), respectively.

Since we deal with elementary mass action reactions, each individual
molecule (in the case of a unimolecular reaction) or pair of molecules (in the
case of a bimolecular reaction) has an intrinsic reaction propensity. So we can
say that each of the nC molecules of type C has a propensity rbw for the
backward reaction; similarly each of the nAnB pairs of A and B molecules has a
propensity rfw for the forward reaction. This means that the time τ for the next
reaction is distributed according to the probability density function

f (τ) = r̄ exp(−τr̄) ,

with
r̄ = nAnBrfw + nCrbw .

Clearly, the expected time for the next reaction is

E(τ) = 1/r̄ = 1/(nAnBrfw + nCrbw) .

The probability that this reaction is a forward reaction is

pfw = nAnBrfw/(nAnBrfw + nCrbw) = nAnBrfw/r̄ ,

and the probability that it is a backward reaction is

pbw = nCrbw/(nAnBrfw + nCrbw) = nCrbw/r̄ .

Now we consider a small time step ∆t � E(τ). We assume that during this
time step only one or zero reactions take place (i.e., we neglect the possibility of
multiple successive reactions). Hence, the expected number of reactions during
this time step is

∫ ∆t
0 f (τ)dτ ≈ r̄∆t. Consequently, the expected change in the

number of molecules during this time step is now given by

∆nA = ∆nB = −∆nC ≈ r̄∆t (−pfw + pbw) = (−nAnBrfw + nCrbw)∆t . (1.8)

If we consider a volume V, the macroscopic differential equation (1.6) can also be
expressed in terms of number of molecules:

dnA

dt
=

dnB

dt
= −dnC

dt
= V NA(−[A][B] k1 + [C] k−1) = −nAnB

k1

V NA
+ nCk−1 ,
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where NA is Avogadro’s number. Hence, for a small time step ∆t, we find an
expected change in number of molecules given by:

∆nA = ∆nB = −∆nC =

(
−nAnB

k1

V NA
+ nCk−1

)
∆t . (1.9)

By comparing (1.8) and (1.9), we find that a similar time evolution in the meso-
scopic model and macroscopic model is only possible if rfw = k1

V NA
and rbw =

k−1.
We can generalize the above to describe all possible types of elementary mass

action reactions. In general, (the forward parts of) elementary reactions in a sys-
tem with M reaction species are of the form

v1X1 + . . . + vMXM
k

GGGGGA w1X1 + . . . + wMXM ,

with a macroscopic rate constant k. We let ni denote the number of molecules of
species Xi in the present state. Then, the propensity for such a reaction is given
by

r = rfw

M

∏
i=1

(
ni
vi

)
= rfw

M

∏
i=1

ni!
(ni − vi)! vi!

,

with rfw the reaction propensity of each individual combination of molecules that
can perform this reaction (this ‘combination’ is a generalization of the notion of
‘pairs’ in the bimolecular reactions above). In this case, the change in the number
of molecules of species Xj in a short time step ∆t due to the reaction is given by:

(
∆nj

)
reaction = (wj − vj) rfw ∆t

M

∏
i=1

ni!
(ni − vi)! vi!

.

In general, ni � vi. In the macroscopic limit ni becomes very large, while vi

remains constant. Hence, we can use ni !
(ni−vi)! vi !

≈ nvi
i /vi! and obtain:

(
∆nj

)
reaction ≈ (wj − vj) rfw ∆t

M

∏
i=1

nvi
i

vi!
. (1.10)

In the macroscopic system, the change of nj in a short time step ∆t due to the
reaction is given by:

(
∆nj

)
reaction = V NA

(
∆[Xj]

)
reaction = V NA (wj − vj) k ∆t

M

∏
i=1

[Xi]
vi

= V NA (wj − vj) k ∆t
M

∏
i=1

(
ni

V NA

)vi

= (wj − vj) k ∆t (V NA)
1−∑M

i=1 vi
M

∏
i=1

nvi
i . (1.11)
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1.2 Modeling biochemical networks

By combining (1.10) and (1.11), we find that the time evolution in the mesoscopic
and macroscopic model can only be similar if

rfw = k (V NA)
1−∑M

i=1 vi
M

∏
i=1

vi! .

Thus, we find the following general expression for the propensity of an elemen-
tary mass action reaction:

r = rfw

M

∏
i=1

(
ni
vi

)
= k(V NA)

1−∑M
i=1 vi

M

∏
i=1

ni!
(ni − vi)!

. (1.12)

This expression also holds for termolecular reactions or (unrealistic) reactions
with higher molecularities.

An approach similar to the one above can also be used to find expression for
mesoscopic propensities in terms the corresponding macroscopic rate equations
for systems with other types of chemical kinetics. Throughout this dissertation
we make sure that such mesoscopic descriptions act on the same time scale as
the macroscopic rate equation (i.e., the probability that a molecule reacts during
an infinitely small time scale is preserved in the translation from the macroscopic
to the mesoscopic model). We often express the amount of molecules in terms
of fractions. This provides a more straightforward comparison between the two
levels of modeling and a reduction in notational complexity.

If the macroscopic reaction kinetics are non-elementary, the corresponding
description at the mesoscopic level is somewhat artificial. For instance, for reac-
tion with Michaelis-Menten kinetics, the propensity is not an intrinsic property
of the individual pairs of enzyme and substrate molecules (as it is the case for
elementary reactions). Instead, the propensity for the reaction between a given
enzyme and substrate molecule depends on the number of substrate molecule
as well. Nevertheless, the fact that the mesoscopic level is often artificial does
not mean that it does not provide any useful information. A mesoscopic model
is still based on the same assumptions as the corresponding macroscopic model;
the only difference is that the mesoscopic model drops the assumption that the
number of molecules is so large that fluctuations can be ignored and that the state
space can be considered continuous.

The aforementioned translations from macroscopic to mesoscopic models en-
sure that on a short time scale the expected time development of the amounts
of molecular species at the mesoscopic level correspond with that at the macro-
scopic level. However, this does not necessarily mean that the expected time
development of the mesoscopic model as a whole follows the same path as the
macroscopic model. For a simple elementary reaction system it can be shown
that the expected behavior of the CME converges to the that of the corresponding
deterministic model if the volume tends to infinity [50]. However, as far as we
know, this result has not yet been extended to a more general class of systems.
Moreover, the consequences of the limit behavior in [50] for a finite volume (and
hence a finite number of molecules) are unknown.

A slightly different approach for matching the limit behavior of macroscopic
and mesoscopic models, uses tau-leaping and the Chemical Langevin Equation
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as intermediates [31]. Tau-leaping is an approximation of the SSA in which larger
time steps are made during which a number of reactions can take place. In that
approximation, the propensities of reactions are assumed to remain the same
during the course of a time step. Such an approximation requires the number of
reacting molecules to be sufficiently large. If the number of reactions during this
time step is large enough, the tau-leaping process can again be approximated by a
stochastic differential equation known as the Chemical Langevin Equation. This
differential equation describes the system in terms of continuous concentrations,
while taking into account intrinsic noise by means of a Gaussian distributed ran-
dom variable. The Chemical Langevin Equation can again be approximated by
the macroscopic reaction rate equations under the assumption that the volume
tends to infinity while the number of molecules are scaled in such a way that the
concentrations remain constant.

1.3 Thesis outline

In Section 1.2 we have seen that a macroscopic model in terms of reaction equa-
tions can be translated into a corresponding mesoscopic model in terms of reac-
tion propensities. In the resulting mesoscopic model, the CME describes the time
evolution of the probabilities of all possible states. This description allows us to
investigate the role of intrinsic noise on the behavior of the system. In particular,
the role of intrinsic noise can be recognized if we compare the macroscopic model
(further often referred to as ‘deterministic model’) with the corresponding meso-
scopic model (further often referred to as ‘stochastic model’) with various system
size (we generally express the size of a mesoscopic model in terms of numbers
of molecules). As discussed before, understanding the role of noise is especially
of importance in reaction networks involved in the regulation of intracellular
processes and the transfer of information between various regions of a cell.

So far, most applications of mesoscopic modeling on real-life reaction net-
works (e.g., [8],[14],[73]) rely on the use of simulations–especially Gillespie’s SSA
or derived approximate methods. Although such simulations provide valuable
information on possible individual paths, still a number of simulations is re-
quired to obtain statistical information on the behavior of the system. In fact,
through simulations information that is already hidden in the CME, is obtained
indirectly.

In this dissertation we use a different approach. We focus on systems for
which it is still possible to obtain the information of interest (e.g., the probability
distribution at a given time, expected transition times or the equilibrium distri-
bution) from the CME itself. Although a formal solution of the CME can easily
be found, this solution is usually not in a form in which one can directly express
any property of interest. We therefore discuss two approaches: an analytical ap-
proach and a numerical approach. Both approaches are briefly introduced below.

Chapters 3, 4 and 5 describe an analytical approach. In this approach we
make use of a stochastic property known as ‘detailed balance’. There is also a
chemical property with the same name. Both types of detailed balance and their
relation in mass action systems are discussed in Chapter 2. The hypothesis for
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1.3 Thesis outline

our analytical approach is that it is possible to derive a potential function that can
be used to describe both the macroscopic model and the mesoscopic model for
a class of systems for which only the macroscopic behavior is known. Most im-
portantly, we want to use such a potential function to describe the limit behavior
of the mesoscopic model for large numbers of particles and verify whether this
behavior can be related to that of he macroscopic model. Such a potential would
play a role roughly similar to that of the Gibbs Free Energy (in isothermal-isobaric
systems). By defining such an alternative potential function in terms of macro-
scopic variables, we do not have to deal with the underlying thermodynamics
(for which the derivation can be troublesome, particularly for non-elementary
reactions).

In Chapter 3 we show that it is indeed possible to define such a potential
function for a specific class of systems which describe the conversion between
two molecular species. In terms of macroscopic rate equations this means we deal
with single-variable systems. We show how this potential function can be used
to describe the equilibrium distribution, transition times and the time evolution
(in terms of the eigenvalues of matrix M) of a mesoscopic model. In particular,
we show that the potential function determines how these properties depend on
the number of molecules in the system.

In Chapter 4 we apply the methods from Chapter 3 in three case studies. The
first case deals with a unimolecular mass action systems. Since this system is
defined in terms of elementary reactions it also allows a straightforward descrip-
tion of the Gibbs free energy. This allows us to compare the Gibbs free energy
with our potential function for this specific system. The second and third case
deal with bistable systems: a phosphorylation cycle with an auto-catalytic (trans-
autophosphorylation) reaction and a module that is involved in the regulation of
the cell cycle.

The methods described in Chapter 3 are defined for single-variable systems.
However, it may be possible to generalize (parts of) this approach to a broader
class of systems. In particular, we are interested in the application of similar
methods to classes of multi-variable systems. This possibility is explored in
Chapter 5. In this chapter we deal with both elementary mass action systems
and systems with other types of kinetics.

Even though the above mentioned classes of single-variable and
multi-variable systems encompass many different systems, there are also many
systems that do not fit into this framework. One of the reasons is that it is not
always possible to define a useful potential function based on a given
macroscopic model. For instance, for an oscillating system, it is not possible to
define a potential function that monotonically decreases over time. We
hypothesize that for some of those systems that are not suitable for our
analytical approach, it is still possible to obtain information using
computational methods. We deal with such a computational method in
Chapter 6. In particular, we discuss how we can compute the time evolution of
the CME using a parallel C++ program. We apply this program on two case
studies: a phosphorylation cycle and a oscillating MAP kinase cascade.

A general discussion of both the analytical and the numerical approach is
given in Chapter 7. We discuss the differences and similarities between these two
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methods and Gillespie simulations, regarding applicability and the provided in-
sight into the behavior of the models of interest. This chapter also deals with the
possibilities, challenges and limits for further extension and broader application
of both frameworks.
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Parts of this chapter are described in:

M.N. Steijaert, P.A.J. Hilbers, H.M.M. ten Eikelder, Mass Action Reaction Systems:
Relating Stochastic and Chemical Detailed Balance (submitted)
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2. Detailed balance

2.1 Introduction

Throughout this dissertation, the principle of detailed balance plays an impor-
tant role. It is good to realize that this principle is used in various fields and
has various meanings. Therefore, we further distinguish between two types of
detailed balance: ‘stochastic detailed balance’ and ‘chemical detailed balance’.
The first refers to the notion of detailed balance in the field of probability theory,
while the second refers to the notion of detailed balance in chemistry. Below, we
further discuss both types of detailed balance. We also show that for mass action
reaction systems the criterions for chemical and stochastic detailed balance are
equivalent. Although this equivalence is generally assumed, we have so far not
encountered a general proof for this equivalence.

2.2 Stochastic detailed balance

In this dissertation we focus on the use of Markov models for the description
of chemical reaction systems. Therefore, we restrict our description of stochastic
detailed balance to such a system and discuss this property in terms of the CME
and reaction propensities. However, the discussion below is in general also true
for a broader class of Markov models.

A system described by the CME (1.1) has reached equilibrium if

dz
dt

= M · z = 0 .

This means that the probability zk for each state k has reached a value Zk for
which the influx of probability from other states equals the efflux of probability
to other states. If we express the elements of M in terms of propensities (see (1.4)),
this yields:

dzk
dt

= ∑
i 6=k

Ziri,k − Zk ∑
i 6=k

rk,i = 0 . (2.1)

However, there may still be cycles of more than two states through which there
is constant flux of probability. This is not visible in the equilibrium distribution
Z, but becomes clear if we for instance consider a single trajectory through the
state space. In contrast, it is also possible that in equilibrium the forward and
backward probability fluxes between each pair of states are balanced. Hence, for
a system with states 1, . . . , M, this means

Zkrk,i = Ziri,k for all k, i ∈ {1, . . . , M} . (2.2)

This property is called stochastic detailed balance. In some contexts, the same prop-
erty is also referred to as ‘time-reversibility’ (or short reversibility) [41]. Note that
(2.2) also implies that Z is the equilibrium distribution, since summing over all i
provides again the criterion in (2.1):

∑
i

Zkrk,i = ∑
i

Ziri,k ,

Zk ∑
i

rk,i = ∑
i

Ziri,k .
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Figure 2.1: The state space and propensities of possible transition for three sys-
tems: (a),(c) systems without stochastic detailed balance (b) system
with stochastic detailed balance.

In Figure 2.1(a) a cyclic system is shown with non-zero propensities r1,2 =
r2,3 = r3,1 = 1. Due do symmetry, we can easily see that the equilibrium dis-
tribution for this system is given by Z = ( 1

3 , 1
3 , 1

3 )
T. Even when the equilibrium

distribution is reached, there is a constant flow of probability from state one to
state two, from state two to state three and from state three back to state one.
Hence any trajectory that leaves state one has to pass though states two and three
(in that order) before it can again reach state one. Clearly, this system does not
have the stochastic detailed balance property.

Figure 2.1(b) also shows a cyclic system. In this case, all propensities are
equal to one. Also for this system the equilibrium distribution is given by Z =

( 1
3 , 1

3 , 1
3 )

T. However, in this case also the individual transitions between each
pair of states are balanced; hence this is a system with the stochastic detailed
balance property. Contrastingly, Figure 2.1(c) shows a system for which also
Z = ( 1

3 , 1
3 , 1

3 )
T but in which there is no detailed balance. This can easily be seen

from the fact that in equilibrium each of the probability fluxes in the positive
direction (i.e., 1 → 2, 2 → 3 and 3 → 1) are equal to 2

3 , while the probability
fluxes in the opposite direction are equal to 1

3 . Hence there is a net right-rotating
flux. Individual trajectories for this system can move in both directions, although
they show a larger tendency towards ‘right-rotating’ paths.

For small and simple systems such as the ones depicted in Figure 2.1, it is eas-
ily verified whether the process shows stochastic detailed balance. However for
larger systems this is not always straightforward. For instance, in some systems
there are pairs of states for which all reaction are balanced, while for other states
this is not the case. Another problem is that the equilibrium distribution is often
unknown. The solution to this problem is given by the Kolmogorov criterion [85],
which is equivalent to 2.2 and does not require the equilibrium distribution. This
criterion states that a system shows stochastic detailed balance if and only if for
each possible cycle of connected states 1, . . . , k (in which state k is again state
one) the products of the propensities of the forward reactions equals that of the
backward reactions:

k−1

∏
i=1

ri,i+1 =
k−1

∏
i=1

ri+1,i .
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2. Detailed balance

Clearly, for the system in Figure 2.1(b) the Kolmogorov criterion is met:

r1,2r2,3r3,1 = r2,1r3,2r1,3 = 1 .

On the other hand for the system in Figure 2.1(a) we find

r1,2r2,3r3,1 = 1 6= r2,1r3,2r1,3 = 0 ,

and for the system in Figure 2.1(c)

r1,2r2,3r3,1 = 1 6= r2,1r3,2r1,3 = 8 .

For irreducible Markov systems that show stochastic detailed balance, the
equilibrium distribution can easily be found. This is because the equilibrium
probability of each state can be expressed in terms of the equilibrium probability
of a direct neighbor state (i.e., a state that can be reached by a single reaction) and
the propensities of the forward and backward transitions between those states.
As a result all equilibrium probabilities can be expressed in terms of the equilib-
rium probability of one state. Next, by normalization to a total probability of one,
the equilibrium distribution can be found. For example, for the detailed balance
system in Figure 2.1(b), we find:

Z2 = Z1
r1,2
r2,1

,

Z3 = Z1
r1,3
r3,1

,

Z1 = 1/(1 + r1,2
r2,1

+
r1,3
r3,1

) .

2.3 Chemical detailed balance

The notion of detailed balance in chemistry (further ‘chemical detailed balance’)
is a property of a system of chemical reactions described at the macroscopic level.
However, for elementary reactions (see Section 1.2.3) this property can be related
to the requirement of microscopic reversibility (see below) at the microscopic
level.

For a good understanding of the principle of chemical detailed balance, it is
important to realize that there is a distinction between the notions ‘steady state’
and ‘equilibrium’. For a steady state it is sufficient that the concentrations of
all reaction species do not change over time. On the other hand, a true equi-
librium is a state in which for each individual reaction the forward rate equals
the backward rate [2]. For a closed system (i.e., a system that does not exchange
material with its surroundings) at constant pressure and temperature, an equilib-
rium state corresponds with a minimum in Gibbs Free Energy. Chemical detailed
balance is the property that at steady state all individual elementary reactions are
in equilibrium. Hence, in a system with chemical detailed balance, steady states
correspond with chemical equilibria [20].
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2.3 Chemical detailed balance

Onsager’s triangle

For a cycle of three unimolecular reactions (see Figure 2.2), Onsager [72] has
shown that for the occurrence of chemical detailed balance the product of the
equilibrium constants must equal one. Indeed, it can easily be seen that the com-
bination of the three individual equilibrium conditions

K1 = k1
k−1

= [B]
[A]

,

K2 = k2
k−2

= [C]
[B] ,

K3 = k3
k−3

= [A]
[C]

,

leads to Onsager’s relation

K1K2K3 = k1k2k3
k−1k−2k−3

= 1 .

A

C

B
k1

k-1

k2k3

k-3 k-2

Figure 2.2: Chemical reaction network with three unimolecular reactions. A, B
and C represent molecular species; ki and k−i denote the forward and
backward rate constants of a reversible reaction i.

Detailed balance in elementary mass action reactions

We can also find similar relations for larger systems consisting of elementary
mass action reactions. In this kind of systems also bimolecular reactions (and
possibly reactions with a higher molecularity) can occur. Typically such a system
consists of M chemical species (further denoted by X1, . . . , XM). Between those
species there are R elementary reversible reactions of the type

vi,1X1 + . . . + vi,MXM
ki

GGGGGBFGGGGG

k−i

wi,1X1 + . . . + wi,MXM ,

with accompanying equilibrium constants Ki = ki/k−i. Each of those reactions
has two reactant vectors: the vector vi = (vi,1, . . . , vi,M)T which contains the
numbers of molecules consumed in the forward reaction (and produced in the
backward reaction) and the vector wi = (wi,1, . . . , wi,M)T which contains the
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2. Detailed balance

numbers of molecules consumed in the backward reaction (and produced in the
forward reaction). We also define ∆i = wi − vi and the concentration vector
X = ([X1], . . . , [XM])T.

If X is an equilibrium state, Ki can be expressed as*:

Ki =
[X1]

wi,1 . . . [XM]wi,M

[X1]
vi,1 . . . [XM]vi,M

=
Xwi

Xvi
= X∆i . (2.3)

If X is a steady state, (2.3) may not hold. To describe the deviation of the ‘reaction
quotient’ X∆i of the ith reaction from the corresponding equilibrium constant Ki,
we define φi by

φi =
Ki

X∆i
= Ki X−∆i . (2.4)

Clearly, if X is an equilibrium state, φi = 1 for all i. However, in an arbitrary
steady state, there may be some reactions for which φi 6= 1.

We define a ‘reaction cycle’ as a linear combination c = (c1, . . . , cR)
T of reac-

tions 1, . . . , R for which
R

∑
i=1

ci∆i = 0 . (2.5)

In fact, each cycle c is also an element of the null space of the stoichiometric
matrix S = (∆1, . . . , ∆R) (i.e., as a vector c for which S · c = 0). For any reaction
cycle, it follows from (2.4) and (2.5) that in steady state

R

∏
i=1

φ
ci
i =

R

∏
i=1

(
KiX−∆i

)ci
=

(
R

∏
i=1

Kci
i

)(
X−∑R

i=1 ∆ici
)
=

R

∏
i=1

Kci
i . (2.6)

We now show that every steady state X gives rise to a cycle. The influence of
reactions on the concentration vector X is given by differential equations of the
form: (

dX
dt

)
reaction i

= (wi − vi)kiXvi + (vi −wi)k−iXwi .

Using (2.4), we find that in steady state(
dX
dt

)
reaction i

= ∆ik−iXwi (φi − 1) = ∆isi ,

with
si = k−iXwi (φi − 1) . (2.7)

The total contribution of all R reactions to the concentration vector X is given by:

dX
dt

=
R

∑
i=1

(
dX
dt

)
reaction i

.

*We use the convention that for vectors a = (ai) and b = (bi) of length n:

ab =
n

∏
i=1

abi
i .
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Clearly, if the system is in a steady state, we also know that

dX
dt

=
R

∑
i=1

si∆i = 0 .

Hence, s = (s1, . . . , sR)
T is a reaction cycle. Note that this cycle can also be empty,

i.e., s = 0.

If in a state X all reactions are in equilibrium, then it follows from (2.6) that
for each cycle c:

R

∏
i=1

Kci
i = 1 . (2.8)

Also the inverse is true: if ∏R
i=1 Kci

i = 1 for each cycle c, then each steady state
corresponds with the equilibrium of all individual reactions and therefore with
the equilibrium of the system. This can be proved as follows. Assume X is a
steady state. This means that for each reaction i, we can find φi and si using (2.4)
and (2.7). Since s = (s1, . . . , sR)

T is a reaction cycle (i.e., it takes the role of c in
(2.5)), it follows from (2.6) that

R

∏
i=1

φ
si
i =

R

∏
i=1

Ksi
i = 1 . (2.9)

Clearly (2.7) shows that for all i, φ
si
i ≥ 1:

φi = 1 → si = 0
φi < 1 → si < 0
φi > 1 → si > 0

→ φ
si
i ≥ 1 .

Combining this with (2.9) implies that φ
si
i = 1 for each i. This is only possible

if for each reaction either φi = 1 or si = 0 (which again yields φi = 1, as can be
seen in (2.6)). Recall that each reaction with φi = 1 is in equilibrium. Hence, if
(2.8) holds for each cycle c, then all individual reactions are in equilibrium and
the system has the property of chemical detailed balance.

Note that chemical detailed balance is not a state of the system; it is a property
of the system that is independent of the state. This is also reflected by the fact that
the chemical detailed balance criterion (2.8) only contains parameters Ki and ci
(for all i ∈ {1, . . . , R}) which are independent of the state of the system.
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Example I

To illustrate the above, we now discuss a reaction system with six reaction species
(A,B,C,D,E,F) and five reactions:

A
k1

GGGGGGBFGGGGGG

k−1

B , (2.10)

2B
k2

GGGGGGBFGGGGGG

k−2

C , (2.11)

C + D
k3

GGGGGGBFGGGGGG

k−3

E , (2.12)

A + D
k4

GGGGGGBFGGGGGG

k−4

F , (2.13)

A + F
k5

GGGGGGBFGGGGGG

k−5

E . (2.14)

This system has the following stoichiometric matrix:

S = (∆1, ∆2, ∆3, ∆4, ∆5) =


−1 0 0 −1 −1

1 −2 0 0 0
0 1 −1 0 0
0 0 −1 −1 0
0 0 1 0 1
0 0 0 1 −1

 .

This system shows chemical detailed balance if for each cycle c, (2.8) is ful-
filled. All possible cycles are vectors c for which S · c = 0. In this system, all
solutions are multiples of the vector (2, 1, 1,−1,−1)T. Hence, combining this
with (2.8), we find that this reaction system shows chemical detailed balance if
and only if

R

∏
i=1

Kci
i =

K2
1 K2 K3

K4 K5
= 1 . (2.15)

Minimal cycles

Often, it is not necessary to verify whether each individual cycle fulfills the crite-
rion in (2.8). In general, it suffices to verify this criterion only for minimal cycles.
In other words, it is sufficient to inspect only those cycles that cannot be formed
by a combination of cycles that have already been shown to fulfill (2.8). Equiva-
lently, we can say that it is sufficient to only consider a set of cycles that form a
basis. This can easily be shown as follows.

Suppose we have a basis of cycles t1, . . . , tQ. This means every other cycle c
in this system can be expressed as follows:

c =
Q

∑
j=1

θjtj ,
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with coefficients θj. For such a cycle, the left-hand side of (2.8) is given by:

R

∏
i=1

Kci
i =

R

∏
i=1

K
∑Q

j=1 θjtj,i

i =
R

∏
i=1

(
Q

∏
j=1

K
θjtj,i
i

)
=

Q

∏
j=1

(
R

∏
i=1

K
tj,i
i

)θj

. (2.16)

Now it suffices to verify if for each cycle tj the detailed balance criterion in (2.8)
holds. If that is the case, then it follows from (2.16) that each other cycle c also
fulfills the detailed balance criterion in (2.8).

Similarly, if a system is know to show chemical detailed balance (as is the case
for a properly build model of elementary reactions), only a number of parameters
has to be estimated while the others follow from detailed balance. Some recent
papers address this issue [19],[108]. Note that the methods in [19] and [108] only
deal with unimolecular and pseudo-unimolecular (i.e., reaction models in which
only one of the reacting molecules–for instance a receptor–is monitored) reac-
tions. However, considering the above, it should also be possible to develop sim-
ilar methods for elementary reaction systems of higher molecularity. The same
may be true for more complex non-elementary reaction systems.

A B
k1

k-1

D C
k-3

k3

k2k-2k-4k4

k-5

k5

Figure 2.3: Chemical reaction networks with four unimolecular reactions. A, B,
C and D represent molecular species; ki and k−i denote the forward
and backward rate constants of a reversible reaction i.

Example II

We can exemplify the occurrence of minimal cycles using the relatively simple
system in Figure 2.3. The equilibria of individual reactions in this system are
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given by

K1 = k1
k−1

= [B]
[A]

,

K2 = k2
k−2

= [C]
[B] ,

K3 = k3
k−3

= [D]
[C]

,

K4 = k4
k−4

= [A]
[D]

,

K5 = k5
k−5

= [A]
[C]

.

The stoichiometric matrix is given by

S = (∆1, ∆2, ∆3, ∆4, ∆5) =


−1 0 0 1 1

1 −1 0 0 0
0 1 −1 0 −1
0 0 1 −1 0

 .

For this system, a cycle basis can be found that consists of vectors (1, 1, 0, 0, 1)T

and (0, 0, 1, 1,−1)T. Using (2.8), this shows that the system shows chemical de-
tailed balance if and only if both the following criterions are fulfilled:

K1K2K5 = 1 ,
K3K4

K5
= 1 .

Clearly, those cycles correspond with the triangles A → B → C → A and A →
C→ D→ A in Figure 2.3.

In Figure 2.3 also a square (A→ B→ C→ D→ A) can be formed by combin-
ing the aforementioned triangles. This square corresponds with a reaction cycle
c = (1, 1, 1, 1, 0)T. Clearly, this vector is a linear combination of the two vectors
defined above. The relation between the equilibrium constants that results from
the application of (2.8) on c yields

K1K2K3K4 = 1 .

Indeed this third equality provides no new information, as it is a consequence of
the first two equalities. The same holds for all larger cycles, which can all be ex-
pressed as linear combinations of the two minimal cycles. Hence, two equalities
(corresponding to the basis of two cycles) are sufficient to determine whether this
system shows chemical detailed balance.

Microscopic reversibility

As mentioned in Section 1.2.3, the macroscopic notion of chemical detailed bal-
ance is closely related to the notion of microscopic reversibility [95]. Microscopic
reversibility means that all elementary chemical reactions are reversible at the mi-
croscopic level. At chemical equilibrium those elementary processes take place
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2.4 Relating the two types of detailed balance

at an equal rate. If a closed system of elementary reactions is at the macroscopic
level described by elementary kinetics, the energy within that system should also
be conserved. Consider for instance the cycle in Figure 2.2. In that cycle the
steady-state chemical potential differences (∆µ0

AB, ∆µ0
BC and ∆µ0

CA) of each of the
three reactions should sum up to zero [77]. Thus, we find:

∆µ0
AB = kBT ln

(
k−1
k1

)
,

∆µ0
BC = kBT ln

(
k−2
k2

)
,

∆µ0
CA = kBT ln

(
k−3
k3

)
,

∆µ0
AB + ∆µ0

BC + ∆µ0
CA = kBT ln

(
k−1 k−2 k−3

k1 k2 k3

)
= 0 ,

where T is the temperature and kB is the Boltzmann constant. The combination
of these equations again yields Onsager’s relation k1k2k3 = k−1k−3k−3.

Since all elementary reactions are microscopic reversible, the kinetic descrip-
tion of all closed reaction systems should show chemical detailed balance, [16].
On the other hand in open systems, there can be a constant consumption of
molecules for which the concentration is kept constant (e.g., ATP). This may lead
to reaction rate equations that are not detailed balanced, while the underlying el-
ementary reactions have the detailed balance property. As a result, such a system
will not always tend to a steady state that corresponds to chemical equilibrium.
Instead, the steady state of such a system can be a ‘non-equilibrium steady state’
(NESS) [76],[77]. Such a NESS can be a stable node, but it can also be a limit
cycle and even more complex temporal behavior is possible [25]. In contrast, in
systems with chemical detailed balance, true oscillations cannot occur, since that
would imply a periodic decrease and increase in Gibbs Free Energy. This would
be a violation of the second law of thermodynamics.

2.4 Relating the two types of detailed balance

In Section 2.3 we have seen that systems of R elementary mass action reactions
have the chemical detailed balance property if and only if for each minimal reac-
tion cycle c:

R

∏
i=1

Kci
i = 1 ,

with K1, . . . , KR the equilibrium constants of the individual reactions. In this sec-
tion we show that, if we construct a mesoscopic model from such an elementary
mass action system, the criteria for stochastic detailed balance in that mesoscopic
model are equivalent to those for chemical detailed balance in the corresponding
macroscopic model. To avoid ambiguity, we further refer to solutions c of (2.5)
as ‘macroscopic cycles’ and to cycles in the state space of a Markov model as
‘stochastic cycles’.

Typically, the mesoscopic model consists of a number of states. Each state
can be represented by a vector n = (n1, . . . , nM)T, in which ni is the number

37
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of molecules of type Xi and M is the number of molecular species. Since we
assume that only one reaction can occur at a time, we can identify each tran-
sition from state n in the mesoscopic model with a reaction ∆i in the macro-
scopic model. Hence, for each n there are a number of propensities of the form
rn,n+∆i and rn,n−∆i . Using (1.12) and a notation in which the factorial of a vector
a = (a1, . . . , an) is defined as a! = ∏n

i=1(ai!), we find the following expressions
for those propensities:

rn,n+∆i = ki(V NA)
1−∑M

j=1 vi,j n!
(n− vi)!

, (2.17)

rn,n−∆i = k−i(V NA)
1−∑M

j=1 wi,j n!
(n−wi)!

. (2.18)

Note that some of the propensities rn,n+∆i or rn,n−∆i can be zero; in that case a re-
action is impossible since there are not enough molecules available to allow such
a reaction to occur; as a result, the target state n + ∆i (with a negative number of
molecules for some reaction species) does not exist.

The Kolmogorov criterion states that a stationary Markov process shows
stochastic detailed balance if and only if for each stochastic cycle of states
(1,. . . ,k), in which state k is again the same state as state one, the following
equality holds:

k−1

∏
i=1

ri,i+1 =
k−1

∏
i=1

ri+1,i ,

or equivalently,

k−1

∏
i=1

ri,i+1

ri+1,i
= 1 . (2.19)

Next we discuss what this criterion looks like if we consider an elementary mass
action system. Importantly, we want to define such a criterion that is indepen-
dent of the numbers of molecules in the initial state. In other words, we are
interested in systems that fulfill the Kolmogorov criterion for any initial state
vector. For instance, consider a mesoscopic model that has an initial state with
zero molecules. In general (at least for elementary reactions), this means that no
reactions can occur. Hence, for this specific instance of the mesoscopic model,
no other states can be reached from the initial state; as a result, no stochastic
cycles can be found that disobey the Kolmogorov criterion. However, if, for the
same model with a different initial state, there are stochastic cycles that do not
fulfill the Kolmogorov criterion, we say that this model does not show stochastic
detailed balance.

Equation (2.19) contains the quotients of the propensities of forward reactions
from a state and the backward propensity to that state. By applying (2.17) and
(2.18), we can find an expression for such a quotient in an elementary mass action
system. Assume we encounter reaction i, (i.e., the reaction corresponding to Ki
and ∆i) in a state n. If we encounter that reaction in the direction corresponding
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2.4 Relating the two types of detailed balance

to the rate constant ki, the quotient is of the form

rn,n+∆i

rn+∆i ,n
=

ki
k−i

(V NA)
∑M

j=1(wi,j−vi,j)
(

n!
(n− vi)!

)
/
(

(n + ∆i)!
(n + ∆i −wi)!

)
= Ki(V NA)

∑M
j=1 ∆i,j

(
n!

(n− vi)!

)
/
(
(n + ∆i)!
(n− vi)!

)
= Kiσi

n!
(n + ∆i)!

, (2.20)

with σi = (V NA)
∑M

j=1 ∆i,j . For practical reasons, we also allow negative references
to reactions, i.e., reaction −i refers to reaction i in the inverse direction. This
means we also encounter negative indices, which have the following meaning:

∆−i = −∆i ,

K−i =
1
Ki

.

Recall that, for stochastic detailed balance, equation (2.19) should hold for
each possible stochastic cycle. Such a cycle starts and ends in the same state
(further ‘pivot state’). Since each transition in a mesoscopic cycle can be related
to a (macroscopic) reaction, we will now rewrite (2.19) in a more suitable form.
Given a pivot state n and a sequence of reaction numbers q = (q1, . . . , qT), we
can generate a stochastic cycle U = (u0, . . . , uT) defined by

ui =

{
n if i = 0 ,
ui−1 + ∆qi = n + ∑i

`=1 ∆q` otherwise .

Since U is a stochastic cycle, we also know that uT = u0 = n.
Note that each sequence q can be related to a macroscopic cycle c (as defined

in Section 2.3). More precisely, the number of forward occurrences minus the
number of backward occurrences of reaction number i in q equals element ci of
the macroscopic cycle. Hence, every macroscopic cycle corresponds to a num-
ber of sequences. Since each sequence can be combined with all possible pivot
states to generate a number of stochastic cycles, every macroscopic cycle also
corresponds to a number of stochastic cycles.

The combination of the above definition for a stochastic cycle with (2.20)
yields the following expression for the left-hand side of (2.19):

T

∏
i=1

rui−1,ui

rui ,ui−1

=
T

∏
i=1

Kqi σqi

ui−1!
ui!

=
T

∏
i=1

Kqi σqi =
T

∏
i=1

Kqi

T

∏
i=1

σqi .

Here, we use uT = u0. Since the sequence q corresponds to a macroscopic cycle,
∑T

i=1 ∆qi ,j = 0 for each molecular species j. Hence, we find:

T

∏
i=1

σqi = (V NA)
∑T

i=1 ∑M
j=1 ∆qi ,j = (V NA)

∑M
j=1 ∑T

i=1 ∆qi ,j = 1 .
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Combining the above, we find an expression for the Kolmogorov criterion for
a mesoscopic model of an elementary mass action reaction system. Hence, this
system shows detailed balance if and only if for each stochastic cycle U generated
with a non-negative pivot state n and reaction sequence q, the following equation
holds:

T

∏
i=1

Kqi = 1 .

Clearly, this expression does not depend on the pivot state n or on the order
in which reactions occur in the sequence q; it only depends on the number of
times each reaction occurs in a stochastic cycle. This means that this expression
can be translated into an equivalent expression in terms of the corresponding
macroscopic cycle c, which only contains the net occurrences of all reactions (i.e.,
combined occurrences of a reaction and its inverse cancel out each other) in the
sequence q. Thus we find:

T

∏
i=1

Kqi =
R

∏
i=1

Kci
i = 1 . (2.21)

This expression is both necessary and sufficient for stochastic detailed balance.
Since (2.21) is identical to (2.9), we can conclude that for an elementary mass
action system stochastic detailed balance implies chemical detailed balance and
vice versa.

2.5 Quotients of equilibrium probabilities

The combination of (2.20) with the stochastic detailed balance property (2.2)
yields the following expression for the ratio between the equilibrium
probabilities of two neighboring states (separated by a reaction i):

Zn+∆i

Zn
= Kiσi

n!
(n + ∆i)!

.

Now we assume that a state m can be reached from state n by a sequence of
reactions q1, . . . , qT . In that case, n and m are related by

m = n +
T

∑
i=1

∆qi ,

and their equilibrium probabilities are related as follows:

Zm

Zn
=

n!
m!

T

∏
i=1

Kqi σqi . (2.22)

In the following chapters, we often deal with reaction systems for which the
amounts of molecules are expressed in terms of fractions of a maximum (or total)
number of molecules N. In general, this N scales with the volume of the system
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V and thus corresponds to a maximum concentration cmax = N
V NA

. In this case,

the alternative rate constants k̂i (in terms of fractions) can be related to the usual
rate constants ki (in terms of concentrations) as follows:

k̂i =
ki

cmax

M

∏
j=1

c
vi,j
max = ki

(
N

V NA

)−1+∑M
j=1 vi,j

.

The corresponding alternative equilibrium constants K̂i are defined by

K̂i =
k̂i

k̂−i
= Ki

(
N

V NA

)−∑M
j=1 ∆i,j

.

Substitution into (2.22) yields the following formulation for the quotient of equi-
librium probabilities:

Zm

Zn
=

n!
m!

T

∏
i=1

K̂qi

(
N

V NA

)∑M
j=1 ∆qi ,j

(V NA)
∑M

j=1 ∆qi ,j

=
n!
m!

T

∏
i=1

K̂qi N
∑M

j=1 ∆qi ,j . (2.23)

In a reaction system in which only unimolecular reactions occur, ∑M
j=1 ∆qi ,j = 0

for each reaction qi and (2.23) reduces to:

Zm

Zn
=

n!
m!

T

∏
i=1

K̂qi . (2.24)
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Methods for
single-variable systems 3

Parts of this chapter are described in:

M.N. Steijaert, A.M.L. Liekens D. Bošnački, P.A.J. Hilbers, H.M.M. ten Eikelder,
Single-variable Reaction Systems: Deterministic and Stochastic Models (submitted)
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3. Methods for single-variable systems

3.1 Introduction

As discussed in Chapter 1, mesoscopic models of spatial homogenous chemical
reaction systems can be derived from the corresponding macroscopic models.
Section 1.2.7 discusses how this derivation is performed for elementary mass
action systems. In this chapter, we do the same for a class of systems which
are not necessarily elementary and do not necessarily have mass action kinetics.
We focus in particular on systems for which each involved molecule can be in
two ‘configurations’. This class of systems represents many different biological
processes. For instance, many signaling proteins can be modified by reversible
post-translational modifications such as phosphorylation or methylation. Other
examples include molecules that can switch between different conformations or
localizations within a cell.

We assume that the total amount of reactive species in each system is con-
served. As a result, the class of systems discussed in this chapter can be de-
scribed by a macroscopic rate equation with only one variable. As we will see in
Section 3.2, the corresponding mesoscopic model consists of a one-dimensional
chain of states. We further refer to such systems as ‘single-variable systems’. In
this chapter we introduce methods for the comparison between corresponding
macroscopic and mesoscopic models for those single-variable systems. Typically,
the mesoscopic model for such a system has an additional parameter N, which
indicates the number of molecules in the system. Not surprisingly, this N has a
huge impact on the behavior of the model.

Our aim in this chapter is to find methods to quantify the impact of the num-
ber of molecules N on various aspects of the behavior of the mesoscopic model.
In particular, we are interested in how the stochastic model behaves in the limit
of large N. If we know this limit behavior for a specific system, we should be
able to obtain a better understanding of how the behavior of the mesoscopic and
macroscopic models are related.

As already mentioned in Section 1.3, one of the key hypotheses of this disser-
tation is that it is possible for some classes of reaction systems to define a poten-
tial function that can describe the behavior of both mesoscopic and macroscopic
systems. Importantly, we do not want to derive such a potential function from
thermodynamic principles. Instead, we want a function that can directly be ex-
pressed in terms of parameters of the macroscopic rate equation. For the specific
class of systems dealt with in this chapter we can indeed build such a poten-
tial function. As discussed in Section 3.3, this potential function arises naturally
when we express the shape of the equilibrium distribution of the mesoscopic
model in terms of the number of molecules N.

In the remainder of this chapter, we show that the potential function defined
in Section 3.3.1 provides a useful framework for the analysis of various proper-
ties of the stochastic model for both small and larger numbers of molecules. In
Section 3.4 we show how the potential function leads to a simple expression for
the expected transition times between arbitrary states. Additionally, it describes
how these expected times depend on the number of molecules in the system.
Depending on the shape of the potential function, expected transition times can
either tend to constant values or grow exponentially with growing N. To further
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investigate the cause of exponential transition times in specific systems, we in-
troduce methods to decompose those times into conditional transition times and
accompanying probabilities. This is discussed in Section 3.5.

The expected times of transitions between individual states are also related to
the rate at which the probability distribution converges to the equilibrium distri-
bution. More insight into this convergence can be obtained from the eigenvalues
of the transition matrix of the stochastic model. Often this convergence depends
on a time constant that is the inverse of the smallest absolute eigenvalue. In Sec-
tion 3.6 we discuss how the potential function can be used to express this time
constant in terms of N. A general discussion about the presented framework is
given in Section 3.7.

3.2 Deterministic and stochastic models

The generic reaction system dealt with in this chapter consists of a total of N
molecules. Each molecule can be in either of the configurations X0 or X1.
Molecules can switch between those two configurations by the overall reactions

X0 
 X1 .

To allow a comparison between systems with various values of N, we define the
fraction x of the molecules that is in the X1 configuration. This fraction can be
derived from the number (denoted with #) or from the concentrations (in square
brackets) of involved molecules:

x =
#X1

#X0 + #X1
=

#X1

N
=

[X1]

[X0] + [X1]
.

As mentioned before, we will compare two representations of this generic sys-
tem.

The first representation of this system is a macroscopic representation, further
referred to as the ‘deterministic model’. In this representation we use a system
of ODEs to describe the time evolution of x. The rate at which X1 is formed from
X0 is given by a real, smooth, non-negative function a(x); the rate of the opposite
reaction is defined by a real, smooth, non-negative function b(x). Unless stated
otherwise, we further assume a(x) > 0 for all 0 ≤ x < 1, a(1) = 0, b(x) > 0 for
all 0 < x < 1 and b(0) = 0. The dynamics of the deterministic model are given
by

dx
dt

= a(x)− b(x) . (3.1)

The second representation of the system described above is a mesoscopic rep-
resentation, we will further referred to as the ‘stochastic model’. In this repre-
sentation we consider all possible ‘microstates’ (further ‘states’), each of which
corresponds with an integer number of molecules in configuration X1. Hence,
for N molecules the model describes all N + 1 possible states, which are num-
bered according to the number of X1 molecules (see Figure 3.1). We allow only
one reaction to occur at a time; hence, from each state k only states k − 1 and
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k + 1 (if defined) can be reached in one reaction step. Due to this ‘one-step-at-a-
time property’ and the Markovian properties of the model, the model is in fact
a Birth-and-Death process. For each state k ∈ {0, . . . , N}, the birth rate αk gives
the propensity of a state change to state k + 1 and the death rate βk gives the
propensity of a state change to state k− 1.

α1 αN−1

N

βN

. . .

β2β1

0 1 2 N-1

α0

Figure 3.1: The N + 1 states of the stochastic model.

One of the obvious differences between both models is that N is a parameter
of the stochastic model but not an explicit part of the deterministic model. Con-
sequently, the expected behavior of the stochastic model changes with growing
N, while the deterministic model is independent of N. Note that, to make a use-
ful comparison possible, the stochastic models with different values of N must
all correspond to the same concentration as is used in the deterministic model.
This means that the volumes of the stochastic models scale linearly with N. It is
generally assumed that the deterministic model only gives a good representation
of the behavior of the system in the thermodynamic limit (i.e., if the number
of molecules is large enough to neglect the influence of intrinsic noise on the
average behavior of the system). If that assumption is correct, the deterministic
model should describe the expected behavior of the stochastic model with a large
enough N.

The propensities of state change αk and βk in the stochastic model can be re-
lated to the deterministic production rates a(x) and b(x) as follows. By definition,
αk∆t is the probability of one birth reaction in a sufficiently small time interval
∆t in state k. Hence, if ∆t is so small that the probability of multiple reactions can
be neglected, αk∆t is also the expected increase of the number of X1 molecules.
Consequently, ∆x = 1

N αk∆t is the corresponding increase of x in the time interval
∆t. On a macroscopic scale this increase of x due to the birth reaction is given by
a(x)∆t = a( k

N )∆t. This yields

αk = Na( k
N ) . (3.2)

In the same way we can derive

βk = Nb( k
N ) . (3.3)

Note that there are no states k = −1 and k = N + 1, and thus β0 = 0 and
αN = 0. The relations in (3.2) and (3.3) are valid for all unimolecular and pseudo-
unimolecular reactions (i.e. reactions in which the total number of molecules
does not change).

Let z(t) be the probability distribution vector, which contains the probabili-
ties zk(t) that the system is in a state k ∈ {0, . . . , N} at a time t. The dynamics
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of the state probabilities in the stochastic model are described by the CME (see
Section 1.2):

dz
dt

= M · z , (3.4)

where the tridiagonal matrix M = (mij) (with i, j = 0, 1, . . . N), is given by

mij =


αj if j = i− 1 ,
β j if j = i + 1 ,
−αi − βi if j = i ,
0 otherwise.

(3.5)

Note that this CME describes a time-homogeneous Markov Process. As long as
all αi > 0 (with 0 ≤ i ≤ N − 1) and βi > 0 (with 1 ≤ i ≤ N) matrix M is
irreducible (see also Section 1.2.5). If one or more of those birth or death rates
are equal to zero, M becomes either completely or incompletely reducible. In
this chapter (and for most of the examples in Chapter 4), we generally assume
that M is irreducible. In cases where this assumption is violated, this is explicitly
stated. Note that in those cases some of the methods discussed in this section are
no longer valid and need to be adapted or reformulated.

The equilibrium distribution of birth-and-death processes is well known, see
for instance [40]. The equilibrium probabilities for all states are given by the
vector Z with elements

Zk =
1

C1

k−1

∏
i=0

αi
βi+1

, (3.6)

where the normalization constant C1 is given by

C1 =
N

∑
j=0

(
j−1

∏
i=0

αi
βi+1

)
. (3.7)

In fact, this distribution follows directly from the fact that this system fulfills the
stochastic detailed balance criterion (see also Section 2.2):

Zi = Zi−1
αi−1

βi
.

3.3 The equilibrium distribution

3.3.1 Asymptotic form of the equilibrium distribution

In this section we rewrite the equilibrium distribution in such a way that its be-
havior for N → ∞ can easily be inferred. It is easily seen from (3.6) that the ratio
of the equilibrium probabilities of states k and ` (with k < `) equals

Z`

Zk
=

`−1

∏
i=k

αi
βi+1

=
αk
α`

`

∏
i=k+1

αi
βi

=
a( k

N )

a( `
N )

`

∏
i=k+1

a( i
N )

b( i
N )

. (3.8)
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We first rewrite this expression such that its behavior for large N becomes more
clear. Define F and Qk,` by

F(x) = −
∫ x

0
ln
(

a(y)
b(y)

)
dy , (3.9)

Qk,` =
`

∏
i=k+1

a( i
N )

b( i
N )

. (3.10)

Function F turns out to be very useful when describing the equilibrium distribu-
tion and also for the analysis of stochastic transition times (see Section 3.4). Note
that F does not depend on the number of molecules N. In fact F has the role of a
‘potential function’.

Trivially

1
N

ln Qk,` =
1
N

`

∑
i=k+1

ln

(
a( i

N )

b( i
N )

)
=

1
N

`

∑
i=k+1

c( i
N ) , (3.11)

with the function c defined by

c(x) = ln
(

a(x)
b(x)

)
. (3.12)

The right hand side of (3.11) can be seen as a Riemann sum (i.e., as an approxi-
mation of an integral). The rectangle rule states that for sufficiently smooth func-
tions c ∫ β

α
c(x)dx = h

m

∑
i=1

c(α + ih) + ∆(α, β, h) ,

in which h = β−α
m is the step size and the error ∆(α, β, h) has the asymptotic

behavior
∆(α, β, h) = h

2 (c(α)− c(β)) +O(h2) .

See for instance [91]. Using this relation we can rewrite (3.11) as

1
N

ln Qk,` =
∫ ˆ̀

k̂
c(x)dx− 1

2N (c(k̂)− c( ˆ̀)) +O(N−2)

= −F( ˆ̀) + F(k̂)− 1
2N (c(k̂)− c( ˆ̀)) +O(N−2) , (3.13)

where ˆ̀ = `/N and k̂ = k/N and F is the potential function defined by (3.9).
Eliminating c with (3.12) finally results in

Qk,` = eN(F(k̂)−F( ˆ̀))

√
a( ˆ̀) b(k̂)
b( ˆ̀) a(k̂)

(1 +O(N−1)) . (3.14)

The relations (3.13) and (3.14) only hold for 0 < k, ` < N. In other cases, (3.13)
does not hold since either c(k̂) or c( ˆ̀) is undefined. Substitution of (3.14) in (3.8)
gives

Z`

Zk
= eN(F(k̂)−F( ˆ̀))

√
a(k̂) b(k̂)
a( ˆ̀) b( ˆ̀)

(1 +O(N−1)) . (3.15)
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Note that this also means that

Zk =
exp

(
−NF(k̂)

)
C2

√
a(k̂) b(k̂)

(1 +O(N−1)) ,

for all 0 < k < N, with

C2 =
N

∑
i=0

exp
(
−NF( i

N )
)

√
a( i

N ) b( i
N )

 .

The above equation expresses the ratio between the equilibrium probabilities
of states k and ` for a stochastic system with a given value of N. Now we want to
know how such a ratio changes for increasing N. Since we want to compare those
ratios for similar macroscopic situations, we let k and ` depend on N in such a
way that k̂ and ˆ̀ tend to constant values for large enough N. More precisely, we
consider the behavior of the right hand side of (3.15) for the case

k̂ ≡ k
N
→ k̃ and ˆ̀ ≡ `

N
→ ˜̀ if N → ∞ , (3.16)

with constant values k̃ and ˜̀.
Hence, we study situations with (almost) constant fractions k̂ ≈ k̃ or ˆ̀ ≈ ˜̀ of

phosphorylated molecules, while the total number of molecules N increases. Us-
ing (3.15) we see that in this case the behavior of Z`/Zk is determined by the sign
of F(k̃)− F( ˜̀). If F(k̃)− F( ˜̀) > 0, then Z`/Zk will increase exponentially with
increasing N. On the other hand, if F(k̃) − F( ˜̀) < 0, then Z`/Zk will decrease
exponentially with increasing N. Only if F( ˜̀) = F(k̃), then Z`/Zk will tend to
a finite constant value if N increases. This implies that, for sufficiently large N,
the maxima of the equilibrium distribution correspond with the minima of the
potential function F and the minima in the equilibrium distribution correspond
with maxima of F. Clearly, the potential function F determines the behavior of
the system for large values of N.

We can also relate the potential function F to the deterministic model. Let x(t)
be a solution of (3.1). The corresponding change over time of F(x(t)) is given by:

dF(x(t))
dt

= − ln
(

a(x)
b(x)

)
dx
dt

= − ln
(

a(x)
b(x)

)
(a(x)− b(x)) .

Now, there are two possibilities:

• if b(x) 6= a(x) then dF(x(t))
dt < 0 ,

• if a(x) = b(x) then dF(x(t))
dt = 0 .

Hence, any valid non-stationary solution x(t) of (3.1) yields a path on which F
decreases monotonically until a local minimum in F is reached. It can easily be
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3. Methods for single-variable systems

verified that (internal) local minima in F correspond with stable steady states
in (3.1), while local maxima in F correspond with unstable steady states*.

Hence, F is a Lyapunov function of (3.1). Note that, even though no ther-
modynamic quantities are introduced, the role of F resembles that of thermody-
namic potentials. In fact, we show in Section 4.2.2 that for a closed system with
unimolecular mass action kinetics, F is linearly related to the Gibbs Free Energy.
Hence, our potential function F can be regarded as a generalization of the Gibbs
Free Energy for this type of chemical reaction systems.

We have seen that the minima/maxima in F always coincide with
stable/unstable steady states of the deterministic model. We can combine that
knowledge with the above discussed convergence of the local maxima/minima
of the stochastic model for large N to the minima/maxima in F. This leads to
the conclusion that also local minima/maxima of the stochastic model
correspond with unstable/stable steady states in the deterministic model.

3.3.2 Equilibrium distributions near local maxima
In Section 3.3.1 we have shown how the ratio between the equilibrium probabil-
ities of two states can be expressed in terms of the function F. We can use that
relation to estimate the equilibrium distribution near a local minimum in F.

Let k be a local maximum of the distribution Z. From (3.15) we obtain

Z` = Zk exp
(

N(F(k̂)− F( ˆ̀))
) √ a(k̂) b(k̂)

a( ˆ̀) b( ˆ̀)
(1 +O(N−1)) , (3.17)

where k̂ = k
N and ˆ̀ = `

N .
If k and N are large, the maximum of the distribution in k corresponds with a

minimum of the function F in k̃ ≈ k̂. For points ` not too far away from k, we can
approximate the difference F(k̂)− F( ˆ̀) by a second order Taylor series:

F(k̂)− F( ˆ̀) ≈ −F′(k̂)( ˆ̀− k̂)− F′′(k̂)( ˆ̀− k̂)2

2
.

As F has a minimum in k̃, we know F′(k̂) ≈ F′(k̃) = 0; thus we can rewrite (3.17)
as

Z` ≈ Zk exp

(
−N F′′(k̂)( ˆ̀− k̂)2

2

) √
a(k̂) b(k̂)
a( ˆ̀) b( ˆ̀)

= Zk exp

(
−F′′(k̂)(`− k)2

2 N

) √
a(k̂) b(k̂)
a( ˆ̀) b( ˆ̀)

. (3.18)

*The correspondence between local extrema in F and steady states of the deterministic model is
generally valid for internal local extrema. However, for extrema at the boundaries, the situation is
more complicated. Recall that fractions x are only defined on the interval [0, 1]; hence, we require
that both b(0) = 0 and a(1) = 0. Hence in the deterministic model, steady states can only occur at
one of the boundaries, if either a(0) = 0 or b(1) = 0. If a(0) = b(0) = 0 or a(1) = b(1) = 0, the
local minimum/maximum in F corresponds with a stable/unstable steady state in the deterministic
model. In all other cases, F always has a local maximum at the boundary, which does not correspond
with a steady state in the deterministic model.
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3.3 The equilibrium distribution

Since ˆ̀ ≈ k̂, we know that
√

a(k̂) b(k̂)
a( ˆ̀) b( ˆ̀)

≈ 1. Note that, since k̂ is (approximately)

the position of a minimum of the function F, we have F′′(k̂) > 0. Hence, the dis-
tribution Z` behaves in the neighborhood of a local maximum k like a Gaussian
function

Z` ≈ Zk exp

(
− F′′(k̂)(`− k)2

2N

)
= Zk exp

(
− ( ˆ̀− k̂)2

2 σ2

)
, (3.19)

with variance σ2 = N/F′′(k̂).
Now we assume the maximum at k is the only maximum in the equilibrium

distribution. Hence, all probabilities Z` will be very small, except the Z` with `
near k. In that situation the sum of all probabilities Z` can be computed by using
the Gaussian approximation (3.19). Instead of summing over all `, it is sufficient
to sum over all ` with |`− k| ≤ d, where d is a few times the standard deviation
σ. This yields

N

∑
`=0

Z` ≈
k+d

∑
`=k−d

Z` ≈ Zk

k+d

∑
`=k−d

exp
(
− (`−k)2

2N F′′(k̂)
)

≈ Zk

∫ k+d

y=k−d
exp

(−y2

2N F′′(k̂)
)

dy

≈ Zk

√
2πN
F′′(k̂)

. (3.20)

Since the sum of all probabilities in the distribution must be one, we conclude
that in this situation the maximum of the probability distribution is approxi-
mately given by

Zk ≈
√

F′′(k̂)
2πN

. (3.21)

Note that this maximum probability Zk and the corresponding standard de-
viation σ (as discussed above) are expressed in terms of numbers of molecules
N. If N increases, the total probability is spread over a larger number of possible
states, yielding an decrease of Zk and an increase of σ. However if we want to
express the probability density in terms of fractions x of N, we have to multiply
Zk by N to ensure that the area below the curve is equal to one:

N Zk ≈
√

N F′′(k̂)
2π

.

Similarly, the standard deviation of this distribution is:

σ̄ =
σ

N
=

1
N

√
N

F′′(k̂)
=

√
1

N F′′(k̂)
.

Hence, in terms of fractions, the maximum probability increases with N, while
the standard deviation of the distribution around this maximum decreases with
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3. Methods for single-variable systems

N. Note that both distributions (i.e., in terms of fractions and in terms of numbers
of molecules) have identical coefficients of variation (i.e., the standard deviation
divided by the mean):

σ

k
=

σ̄

k̂
=

1√
N

1

k̂
√

F′′(k̂)
.

Recall that the approximation in (3.21) is derived under the assumption that
F has one unique global minimum. If F has two or more local minima, then
the probability distribution Z will also have two or more local maxima for large
enough N. It is easily verified that, in that situation, (3.21) is still an upper bound
for the local maximum of the probability distribution in k.

3.4 Expected transition times

It is often interesting to see how fast one state in the stochastic model is reached
from another state. This is particularly the case for bistable systems, such as the
ones discussed in Sections 4.3 and 4.4. In this section we show how the potential
function F can be used to calculate the expected time Tk→` for a transition from
state k to state `.

Let us first focus one the expected transition times between neighboring
states. The expected time for a transition from state k to state k + 1 is given by
the recursive equation

Tk→k+1 =
1
αk

+
βk
αk
Tk−1→k ,

which yields

Tk→k+1 =
k

∑
i=0

1
αi

k

∏
j=i+1

β j

αj
, (3.22)

see for instance [3],[40]. Similarly, the expected time for a transition from state k
to state k− 1 is given by

Tk→k−1 =
N

∑
i=k

1
βi

i−1

∏
j=k

αj

β j
. (3.23)

Note that the ‘single-step time’ Tk→k+1 takes into account all possible paths from
k to k + 1, including paths that visit states ` < k. We first analyze how this single-
step time changes if N tends to infinity. Rewriting (3.22) in terms of the functions
a(x) and b(x) yields

Tk→k+1 =
k

∑
i=0

1
Na( i

N )

k

∏
j=i+1

b( j
N )

a( j
N )

=
k

∑
i=0

1
Na( i

N ) Qi,k
, (3.24)

in which Qi,k is defined in (3.10). We would like to use the expression for Qi,k
given in (3.14). However, that expression does not hold for i = 0. Therefore, for
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3.4 Expected transition times

0 < k < N, we separate the summation as follows:

Tk→k+1 =
b( 1

N )

Na(0)a( 1
N ) Q1,k

+
k

∑
i=1

1
Na( i

N ) Qi,k
.

Since b( 1
N ) = O(N−1), the first term is O(N−1) times the second term. Hence

we can write

Tk→k+1 =

(
k

∑
i=1

1
Na( i

N ) Qi,k

)
(1 +O(N−1)) . (3.25)

Using (3.14), we can rewrite (3.25) as

Tk→k+1 =
k

∑
i=1

1
Na( i

N )
eN
(

F( k
N )−F( i

N )
) √√√√ a( i

N ) b( k
N )

b( i
N ) a( k

N )

(
1 +O(N−1)

)
. (3.26)

We now study the behavior of Tk→k+1 as the number of molecules N in-
creases, while the fraction of molecules in state X1 is (almost) constant. Hence,
we consider the limit

N → ∞, k̂ ≡ k
N
→ k̃ ,

for various points k̃. From (3.26) follows that

Tk→k+1 = O(N−1) if F(x) > F(k̃) for all x < k̃ ,
Tk→k+1 > C eγN (for positive constants C and γ) if F(x) < F(k̃) for any x < k̃ .

The first case will be further referred to as ‘non-exponential single-step times’,
while the second will be referred to as ‘exponential single-step times’. A simi-
lar dependence on F can be found for single-step times Tk→k−1 in the opposite
direction.

The reason for the occurrence of exponential single-step times is that a path
from state k to k + 1 may include ‘detours’ via states m with m < k. Both tran-
sitions with exponential and non-exponential single-step times include this kind
of detours, for which the probability decreases with N while the expected time
increases with N. The difference between the two types of single-step times is
that for the non-exponential type the decreasing probability of detours cancels
out their growing expected times, while for the exponential type the expected
times of some rare paths increase faster in N than their probabilities decrease.

For the non-exponential single-step times, a more precise analysis, by expand-
ing a( i

N ), b( i
N ) and F( i

N ) in a Taylor series around k̃, yields that

Tk→k+1 =
1

N(a(k̃)− b(k̃))
+O(N−2) for N → ∞ . (3.27)

Note that this behavior corresponds with that of the deterministic model, which
moves from any y = k̃ with a(y) > b(y) to y + ∆y = k̃ + 1

N in approximately a
time 1

N(a(y)−b(y)) .
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3. Methods for single-variable systems

Next, we consider the expected time for a transition from state k to a state `
with ` > k, which is given by

Tk→` =
`−1

∑
i=k
Ti→i+1 .

The combination of this expression with (3.26), yields an expression for the ex-
pected transition time (‘multi-step time’) between states k and ` (with ` > k) in
terms of the potential function F. A similar derivation can be used to find an
expression for the expected transition times in the opposite direction (i.e., from
state k to a state ` with ` < k). Both expressions can be used to analyze how
expected transition times in a given system depend upon N. Consider again the
multi-step time Tk→` with (` > k). This multi-step time can be found by summing
O(N) single-step times Tm→m+1 for all m ∈ {k, . . . , `− 1}. If all those single-step
times are of the non-exponential type, we find Tk→` = O(1). However, if one or
more of those single-step times are of the exponential type, we find Tk→` > C eγN

(with positive constants C and γ). Hence, the way multi-step times depend on N
is determined by the shape of F on the interval (0, ˜̀).

3.5 Conditional times and probabilities

In Section 3.4 is shown that single-step times can in some cases grow exponen-
tially with N. The underlying reasons for this behavior may not be intuitive. To
gain more insight into this behavior, we analyze the different paths that are possi-
ble between two states. In this analysis we distinguish three types of transitions:
direct transitions, unconditional transitions and conditional transitions. Next we
discuss those types and define the corresponding times and probabilities.

Direct transitions are transitions from one state to one of its direct neighbors
by means of a single reaction. The transition out of a state k is a Poisson process
with a total propensity αk + βk. Hence, the expected time τk for leaving state k is
given by

τk =
1

αk + βk

(see for instance [40]). The probability to reach states k+ 1 with a direct transition
from k is

pk,k+1 =
αk

αk + βk
,

while the probability to reach states k− 1 with a direct transition from k is

pk,k−1 = 1− pk,k+1 =
βk

αk + βk
.

Unconditional transitions are transitions between two arbitrary states. With
unconditional we mean that we take into account all possible paths between the
two states. Even if the two states are neighboring states, the paths can be very
long. For instance a path from k to k + 1 may pass through all states ` with ` < k.
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3.5 Conditional times and probabilities

The corresponding single-step times Tk→k+1 and Tk→k−1 and multi-step times
Tk→` are defined in Section 3.4.

Conditional transitions are also transitions between two arbitrary states. How-
ever, in this case, we restrict the possible paths by an additional condition. Con-
sider again paths that start in a state k. In the long run, all paths will have visted
all other states as well, including arbitrary states ` and m. Now we want to dis-
tinguish between those paths that first visit state ` and those that first visit state
m. We denote the probability of the occurrence of the first group of paths by P=m

k→`

and that of the second group of paths by P=`
k→m = 1−P=m

k→`. The corresponding
expected times are denoted by T =m

k→` and T =`
k→m, respectively.

A second type of conditional transitions are those that go from state k to ` via
state m, but that do not go through any states further away from k. Logically,
this type of transitions are only defined for cases in which either ` < k < m
or m < k < `. The probabilities for these paths are denoted by P (m)

k→`, while

the corresponding expected times are denoted by T (m)
k→`. Hence we distinguish

between two types of conditional transitions:

• P=m
k→` ; T =m

k→` : paths that go from k to ` before visiting m

• P (m)
k→` ; T (m)

k→`: paths that go from k to ` via m but not via any state further
away from ` (i.e., either m + 1 or m− 1 depending on the sign of `−m)

Below, we derive recursive relations that allow the computation of the probabili-
ties and expected times of conditional transitions.

3.5.1 Conditional probabilities

First, we discuss the probability P=m
k→` that a system that starts in state k reaches

` before state m. Trivially, P=m
k→` = 0 if m is equal to k, ` or any state number

between k and `. Also P=m
k→` = 1 if ` is equal to k or any state number between

k and m. In a birth-and-death process there is only a direct transition from each
state k to k− 1 and k + 1; hence for the non-trivial cases (i.e., any case with m <
k < l or l < k < m) we know

P=m
k→` = pk,k−1 P=m

k−1→` + pk,k+1 P=m
k+1→` . (3.28)

Since the state space consists of a chain of states, we also find that if either m <
k < n < ` or ` < n < k < m, the following equality holds:

P=m
k→` = P=m

k→n P=m
n→` . (3.29)

Using (3.28) and (3.29), we find the following expression for the transition
from k to k + 1:

P=m
k→k+1 =pk,k−1 P=m

k−1→k+1 + pk,k+1 P=m
k+1→k+1

=pk,k−1 (P=m
k−1→k P=m

k→k+1) + pk,k+1 .
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This yields the recursive expression

P=m
k→k+1 =

pk,k+1

1− pk,k−1 P=m
k−1→k

=
αk

αk + βk − βk P=m
k−1→k

. (3.30)

Analogously, we can derive

P=m
k→k−1 =

pk,k−1

1− pk,k+1 P=m
k+1→k

=
βk

αk + βk − αk P=m
k+1→k

. (3.31)

From (3.29) follows that conditional probabilities of the form P=m
k→` can be found

by multiplying expressions of the form (3.30) or (3.31):

P=m
k→` =

 ∏`−1
i=k P=m

i→i+1 if m < k < ` ,

∏k
i=`+1 P=m

i→i−1 if ` < k < m .

The second type of conditional probabilities P (m)
k→` can easily be expressed

in terms of expression of the form P=m
k→`. As shown in Figure 3.2, P (m)

k→` with
m < k < ` can be expressed as

P (m)
k→` = P=`

k→m P=m−1
m→` .

In addition, Figure 3.3 shows alternative expressions for P (m)
k→` (again with m <

k < `):

P (m)
k→` = P=m−1

k→` −P=m
k→` , (3.32)

and
P (m)

k→` = P=`
k→m −P=`

k→m−1 . (3.33)

Using P=`
k→m + P=m

k→` = 1, it can be shown that (3.32) and (3.33) are equivalent.
Expression (3.33) becomes clear when we realize that each path that starts

from state k will eventually reach state `. The probability to reach state m first
(i.e., before state ` is reached) is given by P=`

k→m. However, this probability still
includes the paths that move further away from state ` and visit state m− 1 (or
even some of the states m− 2, m− 3, . . . , 0) before reaching `. Therefore the prob-
ability P=`

k→m−1 of those paths needs to be subtracted to find P (m)
k→`.

In analogy with the above, we can find three equivalent expressions for P (m)
k→`

for the case ` < k < m :

P (m)
k→` = P=`

k→m P=m+1
m→`

= P=m+1
k→` −P=m

k→`

= P=`
k→m −P=`

k→m+1 .
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m-1   m  m+1        k ℓ-1 ℓ

{ }
(a) P (m)

k→` and T (m)
k→`

m-1   m  m+1        k ℓ-1 ℓ

{
{

*
{
{ {+{

(b) P (m)
k→` and T (m)

k→` in terms of the forms P=m
k→` and T =m

k→` , respectively

Figure 3.2: Conditional probabilities and times. Black circle: initial state of a tran-
sition; solid arrow: final state of a transition. Dark gray areas mark
states that are required; light gray areas mark optional states.
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m-1   m  m+1        k ℓ-1 ℓ

{ {
-

{

(a)

m-1   m  m+1        k ℓ-1 ℓ

-
{{ {
(b)

Figure 3.3: Alternative formulations of P (m)
k→` in terms of the form P=m

k→`. Black
circle: initial state of a transition; solid arrow: final state of a transi-
tion. Dark gray areas mark states that are required; light gray areas
mark optional states.
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3.5 Conditional times and probabilities

3.5.2 Conditional expected times
Now we want to find expressions for the expected time T =m

k→` that a system that
starts in state k reaches state ` before it reaches state m. We can easily see that
there are some trivial cases. Firstly, T =m

k→` = 0 if k = ` 6= m. Secondly, T =m
k→` = ∞

if either k ≤ m ≤ ` or ` ≤ m ≤ k. Thirdly, T =m
k→` = Tk→` if either k < ` < m or

m < ` < k. For the (non-trivial) cases in which either m < k < ` or ` < k < m,
we can derive the following expression:

T =m
k→` =

pk,k+1 P=m
k+1→`(τk + T =m

k+1→`) + pk,k−1 P=m
k−1→`(τk + T =m

k−1→`)

P=m
k→`

= τk +
pk,k+1 P=m

k+1→`T =m
k+1→` + pk,k−1 P=m

k−1→`T =m
k−1→`

pk,k+1 P=m
k+1→` + pk,k−1 P=m

k−1→`

. (3.34)

For the transition between adjacent states k and k + 1, (3.34) is reduced to

T =m
k→k+1 = τk +

pk,k−1 P=m
k−1→k+1

pk,k+1 + pk,k−1 P=m
k−1→k+1

T =m
k−1→k+1

= τk +
pk,k−1 P=m

k−1→k+1
pk,k+1 + pk,k−1 P=m

k−1→k+1
(T =m

k−1→k + T =m
k→k+1) ,

which leads to the recursive expression

T =m
k→k+1 =

(
τk +

pk,k−1 P=m
k−1→k+1

pk,k+1+pk,k−1 P=m
k−1→k+1

T =m
k−1→k

)
/
(

pk,k+1
pk,k+1+pk,k−1 P=m

k−1→k+1

)
=

pk,k+1 + pk,k−1 P=m
k−1→k+1

pk,k+1
τk +

pk,k−1 P=m
k−1→k+1

pk,k+1
T =m

k−1→k

=

(
1 +

βk P=m
k−1→k+1
αk

)
τk +

βk P=m
k−1→k+1
αk

T =m
k−1→k . (3.35)

Similarly, we can derive a recursive expression for T =m
k→k−1:

T =m
k→k−1 =

pk,k+1 P=m
k+1→k−1 + pk,k−1

pk,k−1
τk +

pk,k+1 P=m
k+1→k−1

pk,k−1
T =m

k+1→k

=

(
1 +

αk P=m
k+1→k−1
βk

)
τk +

αk P=m
k+1→k−1
βk

T =m
k+1→k . (3.36)

Note that T =m
m+1→m+2 = τm+1 and T =m

m−1→m−2 = τm−1. Hence, we can use (3.35)
and (3.36) to calculate the conditional expected times for transitions between all
neighboring states (i.e., conditional single-step times). Expressions for condi-
tional multi-step times T =m

k→` can be found by summing expected times for the
individual steps:

T =m
k→` =

 ∑`−1
i=k T =m

i→i+1 if k < ` ,

∑k
i=`+1 T =m

i→i−1 if k > ` .

Now, we can express times of the form T (m)
k→` in terms of the form T =m

k→` (see
also Figure 3.2). If m < k < `, the expected time to reach ` from k, via m but not
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via m− 1 can be expressed as:

T (m)
k→` = T =`

k→m + T =m−1
m→` .

Similarly, if ` < k < m, the expected time to reach ` from k, via m but not via
m + 1 can be expressed as:

T (m)
k→` = T =`

k→m + T =m+1
m→` .

3.5.3 Contributions of paths by diameter
Using the above, we can discriminate between different paths according to the
farthest state reached before reaching the target state (i.e., by the ‘diameter’ of
the paths). In this way we can rewrite Tk→k+1 as

Tk→k+1 =
k

∑
i=0
P (i)

k→k+1T
(i)

k→k+1 , (3.37)

and Tk→k−1 as

Tk→k−1 =
N

∑
i=k
P (i)

k→k−1T
(i)

k→k−1 . (3.38)

The individual components of the form P (i)
k→k−1 and T (i)

k→k−1 and their products

P (i)
k→k−1 T

(i)
k→k−1 can be used to determine which paths have the largest influence

on the (unconditional) single-step transition times.

3.5.4 Contributions of individual states
By using (3.35) for cases with m > k + 1 we can find an alternative formulation
for Tk→k+1. Recall that in such cases P=m

k→k+1 = 1. Hence we find

Tk→k+1 =
τk (pk,k+1 + pk,k−1)

pk,k+1
+

pk,k−1

pk,k+1
Tk−1→k

=
τk

pk,k+1
+

pk,k−1

pk,k+1
Tk−1→k

=
k

∑
i=0

τi
∏k

j=i+1 pj,j−1

∏k
j=i pj,j+1

. (3.39)

Alternatively, this equation can also be derived from (3.22). In analogy with the
above, we can derive from (3.36) that

Tk→k−1 =
N

∑
i=k

τi
∏i−1

j=k pj,j+1

∏i
j=k pj,j−1

. (3.40)

Note that the resulting equations are summations of terms τi with an accompa-
nying weight. This weight represents the average number of times an individual
path (from k to k + 1 or from k to k− 1, respectively) makes a direct transition out
of state i. Hence, we can use (3.39) and (3.40) to calculate the influence each state
has on the expected transition time.
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3.6 Eigenvalue analysis

In Section 3.4 we have seen that although each state can be reached from each
other state, the expected time for such a transition can be extremely long and
may even grow exponentially with N. In general this is the case for transitions
that move away from the global minimum in F. Additionally, in some systems
also expected times for transitions towards the global minimum of F (but away
from a local minimum in F) can be extremely long. This also implies that between
certain states expected times in both directions are extremely long. As a result,
the probability distribution z(t) may converge very slowly to the equilibrium
distribution Z. In this section we discuss methods to obtain more information
about the eigenvalues of M. In Sections 4.3.5 and 4.4.6 these methods are used to
obtain more insight into the dynamics of z(t) and its dependence on N.

The solution of the CME (3.4), with a stochastic vector z(0) as initial value at
t = 0, is formally given by

z(t) = etM · z(0) .

Alternatively, we can express z(t) in terms of the eigenvalues and eigenvectors
of M. Suppose that λi is the ith eigenvalue of M (with |λ0| ≤ |λ1| ≤ |λ2| ≤
. . . ≤ |λN |) and vi is the corresponding eigenvector. Then we can write z(0) =

∑N
i=0 civi, with constants c0, . . . , cN . As a result, z(t) is given by

z(t) =
N

∑
i=0

civi exp(λit) . (3.41)

We can obtain more information on (3.41) by investigating the properties of
the eigenvalues. Firstly, the Perron-Frobenius theorem [12] (applied to the matrix
I + cM for a suitable c) yields that there is one simple eigenvalue λ0 = 0 with a
stochastic eigenvector v0. Secondly, Gershgorin’s circle theorem [27],[51] states
that each of the eigenvalues of M is in at least one of the discs with center−αi− βi
and radius αi + βi (with i = 0, 1, . . . N). Consequently, all eigenvalues have a non-
positive real part.

We define a tridiagonal matrix V = (vij) (with i, j = 0, 1, . . . N), with elements

vij =



√
αjβi if j = i− 1 ,√
αiβ j if j = i + 1 ,

−(αi + βi) if j = i ,
0 otherwise.

(3.42)

It can easily be verified* that matrix V is similar to matrix M (i.e., these matri-
ces share the same eigenvalues). As V is real and symmetric, we know that all

*When the determinant of a tridiagonal matrix A is expressed in terms of its elements Ai,j, the
off-diagonal elements only appear in products of the form Ak,k−1 Ak−1,k . For the tridiagonal matrices
M and V these products are identical. M and V also have the same elements on their diagonals. As a
result, the determinants det(M− ρI) and det(V− ρI) for any ρ are identical. This means that M and
V have the same eigenvalues.
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eigenvalues of both V and M are real. In summary this means that there is one
eigenvalue λ0 = 0; all other eigenvalues (λ1, . . . , λN) are negative and real.

Since z(0) and v0 are stochastic vectors and all other eigenvectors have a van-
ishing sum of elements, we know that c0 = 1. If t → ∞, all terms exp(λit) with
i > 0 tend to zero. Thus (3.41) converges to v0, which is equal to the equilibrium
distribution Z. Hence, (3.41) can be rewritten as:

z(t) = Z +
N

∑
i=1

civi exp(λit) . (3.43)

Clearly, the eigenvalues λ1, . . . , λN determine how fast z(t) converges to Z. Of-
ten, especially λ1 is important for the time required for this convergence and how
this time depends on N. This is for instance exemplified in Section 4.3.3, where
we analyze how λ1 of an autophosphorylation network (defined in Section 4.3.1)
depends on N.

As λ1 determines the rate of convergence, we often want to obtain an estimate
for this eigenvalue or derive its dependence on N. To this end, we make use of the
knowledge that the Rayleigh quotient of an eigenvector of a symmetric matrix is
equal to the corresponding eigenvalue [96]. For instance, we can express λ0 in
terms of the corresponding eigenvector w of V:

λ0 =
wT ·V ·w

wT ·w .

It can be verified that w has elements wi =
√

Zi. This is even true for cases in
which one of the birth or death rates (α0, . . . , αN−1, β1, . . . , βN) equals zero.

If x is the eigenvector of V corresponding to λ1, the value of λ1 is equal to the
Rayleigh quotient:

λ1 =
xT ·V · x

xT · x .

However, in general x is unknown. In those cases, we can make use of the prop-
erty that x is the vector perpendicular to w with the smallest absolute Rayleigh
quotient:

λ1 = max
y⊥w

(
yT ·V · y

yT · y

)
< 0 .

More precisely, by using an appropriate vector y perpendicular to w we can find
a lower bound for λ1:

yT ·V · y
yT · y ≤ λ1 < 0 . (3.44)

Using this knowledge and possible additional insight into specific systems, an
appropriate vector y can be constructed. This approach is applied in
Sections 4.3.5 and 4.4.6. In particular, in these sections we show that for some
systems, we can use (3.44) to find a bound for λ1 in terms of the potential
function F.
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3.7 Discussion

In systems biology, the behavior of a network is often described by a determin-
istic model based on macroscopic rate equations. In general, such a model is
assumed to be valid in the thermodynamic limit. However, in intracellular reac-
tion networks, only a limited number of molecules of each molecular species is
present. In such cases it is desirable to investigate the possible role of intrinsic
noise and its dependence on the number of molecules. As the microscopic pa-
rameters of the system are generally unknown, such an investigation requires the
derivation of a stochastic, mesoscopic model of the system from the determinis-
tic, macroscopic model. In this chapter we have defined both a deterministic and
a stochastic model for a class of (single-variable) reaction systems and introduced
methods for the comparison of the behavior those models.

The comparison of deterministic and stochastic models can profit from the
use of a potential function. We have previously hypothesized that for certain
classes of systems it is possible to derive such a potential function based on the
parameters of the (macroscopic) deterministic model. For the class of systems
discussed in this chapter, we have shown that it is indeed possible to derive such
a potential function. For classic mass action systems with known microscopic
parameters this potential function F is linearly related to the Gibbs Free Energy;
in Section 4.2.2 we derive such a relation for a specific reaction system.

For many mesoscopic models that are derived from macroscopic models,
such a linear relation between our potential function F and the Gibbs Free en-
ergy cannot be found. Often, macroscopic models are based on assumptions
and approximations such as Michaelis-Menten kinetics, which cannot always
be reduced to the underlying kinetics at the microscopic level. Therefore, the
corresponding mesoscopic model may not have a direct underlying microscopic
system and thus classic thermodynamic quantities such as the Gibbs Free Energy
are not defined. However, our function F can be regarded as a generalization
of the Gibbs Free Energy that can also be defined for such systems. In fact, we
can even describe open systems, i.e., systems that exchange materials with their
surroundings. This is possible if exchange of materials with the surroundings
is hidden in the kinetic description. For instance, a (single-variable) model of a
phosphorylation cycle may describe a system in which the total amount of pro-
tein stays the same, while there is a constant consumption of ATP that is hidden
in the rate equations.

In short, the methods introduced in this chapter can be applied as follows.
Starting from a (single-variable) deterministic model, a stochastic model can be
defined, which resembles a birth-and-death process. The study of that stochastic
model leads to the definition of a potential function F. This potential function is
defined in terms of deterministic rate laws and does not depend on the number
of molecules N. For the stochastic model, this function allows a straightforward
description of both the equilibrium distribution and the expected times of tran-
sitions between two arbitrary states. Those descriptions are valid for both small
and large numbers of molecules. Additionally, their dependence on N in the
thermodynamic limit (i.e., for N → ∞) can easily be found.

Also the dependence of the eigenvalues of M on N can be expressed in terms
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of the potential function F. This provides insight into the dynamics of the
stochastic model. At first sight, it may seem redundant to analyze both the
expected transition times and the eigenvalues of the system. However, it is good
to realize that both approaches provide different information. The expected
times provide information about how fast a state can be reached from an initial
state. On the other hand, the eigenvalue analysis provides information about
the dynamics and convergence of the probability distribution. Consequently,
both methods are complementary.

The function F can also be used as a Lyapunov function of the deterministic
model. As a result, we can show that local minima of F coincide with stable
steady states of the deterministic model and with local maxima in the equilib-
rium distribution for large N. Altogether, the function F and the above men-
tioned expressions in terms of F allow a clear comparison between the stochastic
and deterministic model. This framework is applied on some specific systems
in Chapter 4. In Chapter 5 we discuss some possibilities for extensions of this
framework to a larger class of reaction systems.

64



Examples of
single-variable systems 4

Parts of this chapter are described in:

M.N. Steijaert, A.M.L. Liekens D. Bošnački, P.A.J. Hilbers, H.M.M. ten Eikelder,
Single-variable Reaction Systems: Deterministic and Stochastic Models (submitted)
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4.1 Introduction

In Chapter 3 we have introduced a class of ‘single-variable’ systems that rep-
resent molecules that can switch between two configurations. For these systems
we have introduced a deterministic model, which describes the macroscopic time
evolution of the system in terms of fractions, and a stochastic model, which de-
scribes the mesoscopic time evolution for the same system if it consists of N
molecules. We have also introduced a number of methods to compare those two
models.

In this chapter, we apply those methods in three case studies. The first case
study (discussed in Section 4.2) deals with a reversible unimolecular reaction
with mass action kinetics. If we assume that this is an elementary reaction in a
system that does not exchange materials with its surroundings, we can also
derive the Gibbs Free Energy for such a system. This allows us to relate the
Gibbs Free Energy with our potential function F (see Section 4.2.2). The second
case study (see Section 4.3) is a phosphorylation cycle with a
trans-autophosphorylation reaction (i.e., a reaction in which a phosphorylated
protein can phosphorylate other proteins). The third case study (see Section 4.4)
deals with a module that is involved in the regulation of the eukaryotic cell
cycle.

In Section 4.5 follows a discussion about the three case studies. Since the
second and third case study deal with bistable systems, we also relate this work
with work from literature that deals with bistable system.

4.2 Reversible unimolecular reactions

4.2.1 Deterministic and stochastic model
In Section 3.2 we have introduced a generic formulation for a class of single-
variable systems. In this section we focus on the most simple case: a reversible
reaction between species A and B that is described by mass action kinetics (with
rate constants k1 and k−1):

A
k1

GGGGGGBFGGGGGG

k−1

B . (4.1)

This reaction can for instance represent the transition between two conformations
of the same protein.

A straightforward application of Section 3.2 yields the deterministic model in
terms of x = [B]

[A]+[B] :

a(x) = k1 (1− x) , (4.2)
b(x) = k−1 x , (4.3)

dx
dt

= a(x)− b(x) .

Clearly, for each set of parameters (i.e., reaction rate constants k1 and k−1) the
system always converges to the same steady state: xss =

k1
k1+k−1

. For this system,
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the potential function F can be found by combining (3.9) with (4.2) and (4.3):

F(x) = −
∫ x

0
ln
(

k1 (1− y)
k−1 y

)
dy

= −
∫ x

0

(
ln
(

k1
k−1

)
+ ln(1− y)− ln(y)

)
dy

= −
[
y ln

(
k1

k−1

)
− (1− y) ln(1− y)− y ln(y)

]x

0

= −x ln
(

k1
k−1

)
+ (1− x) ln(1− x) + x ln(x). (4.4)

In (4.4) the term −x ln
(

k1
k−1

)
is related to the chemical potential, while the term

(1− x) ln(1− x) + x ln(x) is related to the entropy of mixing [86]. The relation
between the potential function F and the Gibbs free energy in this system is dis-
cussed in Section 4.2.2. Figure 4.1 shows F(x) for a system with k1 = 2 and
k−1 = 1. In correspondence with the fact that there is only one steady state, F
only has one minimum at xss.

F
(x
)

x

0 0.5 1

−1

−0.5

0

Figure 4.1: Potential function F for unimolecular system with k1 = 2 and k−1 =
1. The dashed line marks the steady state xss of the corresponding
macroscopic system.

Using (3.2) and (3.3), we see that the corresponding stochastic model for N =
#A + #B molecules is given by:

αk = k1 (N − k) , (4.5)
βk = k−1 k . (4.6)

The equilibrium distribution can be found by substitution of (4.5) and (4.6) into
(3.6):

Zk =
1
C

k−1

∏
i=0

k1 (N − i)
k−1 (i + 1)

=
1
C

k−1

∏
i=0

N − i
i + 1

(
k1

k−1

)k

=
1
C

N!
(N − k)!k!

(
k1

k−1

)k
=

1
C

(
N
k

) (
k1

k−1

)k
, (4.7)
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in which the normalization constant C is given by

C =
N

∑
i=0

(
N
i

) (
k1

k−1

)i
=

(
1 +

k1

k−1

)N
.

This yields

Zk =

(
1 +

k1

k−1

)−N (N
k

) (
k1

k−1

)k

=

(
N
k

)(
k−1

k1 + k−1

)N−k ( k1

k1 + k−1

)k
. (4.8)

The same expression can also be derived using (2.24). Note that (4.8) is simply
the standard binomial distribution. As the probability for a single protein to be
in either of the configurations A or B does not depend on N, each molecule can
be regarded as an independent ‘experiment’. The probabilities to find a protein
in the A or in the B configuration are equal to k−1

k1+k−1
and k1

k1+k−1
, respectively.

Clearly, the probability to find k molecules in the B configuration is given by
the binomial distribution (4.8). In fact, for this specific case it is even possible
to describe the dynamics of the probability zk(t) in terms of the dynamics of the
probability for a single protein [10]:

zk(t) =
(

N
k

)
pA(t)(N−k) pB(t)k.

Here pA(t) and pB(t) = 1− pA(t) are the probabilities that at a time t, a single
protein is in configuration A or B, respectively. The reason why this system can
be described by the above binomial distribution is fairly simple. For unimolec-
ular mass action reactions the probability that one specific molecule reacts does
not dependent on the other molecules in the system. Therefore, each molecule
reacts due to its intrinsic reaction probability. Hence, the state of each of the N
molecules at a certain time can be regarded as an independent trial, thus their
collective behavior follows a binomial distribution.

The equilibrium distribution with k1 = 2 and k−1 = 1 for various N is shown
in Figure 4.2. Since this is a binomial distribution, we know that the mode (i.e.,
the value k with the largest equilibrium probability Zk) is in

k = b(N + 1) k1
k1+k−1

c*

and that the mean of the distribution is

< Zk >= bN k1
k1+k−1

c.

Hence, for N → ∞ the mean and mode of the distribution coincide at

µ = N k1
k1+k−1

.

*b. . .c denotes the floor operation
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Recall that the steady state of the deterministic model is at xss = k1
k1+k−1

. This
means that the mean (and for large N also the mode) of the equilibrium distribu-
tion of the stochastic model coincides with the (scaled) steady state (Nxss) of the

deterministic model. Since the standard deviation is σ =
√

N k−1
k1+k−1

k1
k1+k−1

, the
coefficient of variation (i.e., the standard deviation divided by the mean) is of the
form

σ

µ
=

√
N k−1

k1+k−1

k1
k1+k−1

N k1
k1+k−1

=
1√
N

√
k−1
k1

.

Hence, the equilibrium distribution narrows rapidly for growing N.

Z
k

k

0 2 4
0

0.1

0.2

0.3

(a) N = 5

Z
k

k

0 20 40
0

0.05

0.1

(b) N = 50

Z
k

k

0 200 400
0

0.01

0.02

0.03

0.04

(c) N = 500

Figure 4.2: Equilibrium distributions (N=5, 50, 500) for unimolecular system
with k1 = 2 and k−1 = 1. The dashed line marks the steady state
N xss of the corresponding macroscopic model.

A qualitative understanding of the transition times can easily be obtained by
observing the potential function F. F has one global minimum (see Figure 4.1).
As F decreases monotonically on the interval (0,xss), all single-step times Tk→k+1
in the positive direction are of the non-exponential type, while all single-step
times Tk→k−1 in the opposite direction are of the exponential type. On the inter-
val (xss,1), F increases monotonically. Hence, on that interval, single-step times
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Tk→k+1 are exponential and single-step times Tk→k−1 are non-exponential. As a
result, all multi-step transitions towards xss are non-exponential. On the other
hand, for all other multi-step transitions (either away from xss or passing xss) the
expected time grows exponentially with N.

4.2.2 Gibbs free energy
In this dissertation, we generally deal with mesoscopic systems that are derived
from macroscopic systems. However, if the reaction defined in (4.1) is an elemen-
tary reaction that occurs in a closed system (i.e., a system that does not exchange
materials with its surroundings), we can also derive the stable steady state from
a thermodynamic potential. Depending on the observed thermodynamic ensem-
ble, various potentials are used [10]. When we are dealing with biological sys-
tems, it is convenient to assume the system to have a constant temperature and
pressure. This means that we observe an isothermal–isobaric or NPT ensemble.
For such an ensemble, the Gibbs Free Energy G is the characteristic potential
function.

The Gibbs Free Energy is defined in terms of the internal energy E, the tem-
perature T, entropy S, pressure P and volume V:

G = E− TS + PV.

Hence, an infinitesimally small change in G is expressed as:

dG = dE− TdS− SdT + PdV + VdP = µdN − SdT + VdP

with µ =
(

∂G
∂N

)
T,P

. In the isothermal–isobaric ensemble, this is reduced to

dG = dE− TdS + PdV = µdN.

For a dilute solution the chemical potential for a chemical species i (with con-
centration ci) is given by:

µi = µ0
i + kBT ln

(
ci
c0

)
, (4.9)

with µ0 the chemical potential for a reference concentration c0 (typically one mo-
lar) and kB the Boltzmann constant. For a dilute solution with M unique chemical
species (denoted by numbers 1, . . . , M), G is given by:

G =
M

∑
i=1

ci
ctot

µi, (4.10)

with c1, . . . , cM expressing the individual concentrations of the individual species
and ctot = ∑M

i=1 ci.
Now consider the system in (4.1). Suppose the total concentration of A and B

molecules is ctot = [A] + [B]. Then, we can rewrite (4.10) for this system as:

G =
[A]

ctot
µA +

[B]
ctot

µB = (1− x) µA + x µB.

70



4.3 Trans-autophosphorylation

Using (4.9) and substituting the concentrations [A] = (1− x) ctot and [B] = x ctot,
we obtain:

G = (1− x)
(

µ0
A + kBT ln

(
(1−x)ctot

c0

))
+ x

(
µ0

B + kBT ln( x ctot
c0

)
)

= x
(

µ0
B − µ0

A

)
+ µ0

A + (1− x)kBT ln(1− x)

+(1− x)kBT ln( ctot
c0
) + x kBT ln(x) + x kBT ln( ctot

c0
)

= x (µ0
B − µ0

A) + (1− x)kBT ln(1− x) + x kBT ln(x)

+µ0
A + kBT ln( ctot

c0
) (4.11)

Note that the standard change in Gibbs free energy is related to the reaction con-
stant K = k1

k−1
given by

∆G0 = µ0
B − µ0

A = −kBT ln(K).

Substitution into (4.11) yields

G = −x kBT ln(K) + (1− x)kBT ln(1− x) + x kBT ln(x) (4.12)
+µ0

A + kBT ln( ctot
c0
)

It can easily be verified using (4.4) that for this specific system, our potential
function F and the Gibbs Free energy G are related by:

G = kBT
(
−x ln(K) + (1− x) ln(1− x) + x ln(x) + ln( ctot

c0
)
)
+ µ0

A

= kBT
(

F(x) + ln( ctot
c0
)
)
+ µ0

A (4.13)

4.3 Trans-autophosphorylation

4.3.1 The deterministic and the stochastic model
A single phosphorylation cycle with inter-molecular or trans-acting autophos-
phorylation is one of the smallest phosphorylation modules that can theoreti-
cally yield bistability [53]. In such a cycle, the phosphorylated species acts as a
kinase for its own production from the dephosphorylated species. We observed
that 143 out of 292 kinases in the Human Protein Reference Database [42] show
autophosphorylation*.

In this section a simple model of such an ‘autophosphorylation cycle’ (see
Figure 4.3) is used to exemplify how the methods discussed in Chapter 3 can
be used to analyze a bistable reaction network. We consider a substrate protein
A that can be phosphorylated into its phosphorylated form AP by kinase S. In
addition, A is also subject to an inter-molecular autophosphorylation reaction in
which phosphorylated kinase molecules AP phosphorylate other molecules A.
Finally, the phosphatase U dephosphorylates AP.

*In the Human Protein Reference Database, (Release 8, downloaded from http://www.hprd.org)
there are 292 proteins that catalyze a phosphorylation reaction. For 143 of those proteins, there is at
least 1 reaction in which the same protein is both the enzyme and the substrate of a phosphorylation
reaction.
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A AP

S

U

Figure 4.3: Substrate protein A is phosphorylated by either a kinase S or by
the phosphorylated protein AP; AP is dephosphorylated by a phos-
phatase U.

For this specific case study, x = [AP]
[A]+[AP]

= #AP
N represents the fraction phos-

phorylated protein. We assume Michaelis-Menten kinetics with identical nor-
malized Michaelis constants κ for all three reactions, catalytic rate constants k1
and k2 for the phosphorylation reactions, and the maximum velocity k3 for the
dephosphorylation reaction with a constant phosphatase concentration. Hence,
the reaction rates for the deterministic model (which are related to the birth and
death rates of the stochastic model by means of (3.2) and (3.3)) are given by

a(x) =
k1(1− x)s
κ + 1− x

+
k2x(1− x)
κ + 1− x

, (4.14)

b(x) =
k3x

κ + x
, (4.15)

dx
dt

= a(x)− b(x) .

For reasons of simplicity we use dimensionless parameters. We restrict our anal-
ysis to specific sets of parameters by choosing k1 = k2 = k3 = 1 and κ = 1

20 .
Note that the only remaining parameter is the ‘input signal’ s, which represents
the total amount of kinase S.

For both models, we can easily infer the long-term behavior. The determinis-
tic model (3.1) has one or more steady states that can either be stable or unstable.
As shown in Figure 4.4, the number of non-vanishing steady states depends on s.
For input signals s ≤ σ2 ≈ 0.651 the system has one stable steady state x = γ1(s)
with a low fraction of phosphorylated molecules, while for s ≥ σ1 ≈ 0.373
there is one stable steady state x = γ3(s) with a high fraction of phosphorylated
molecules. The most interesting parameter region is σ1 ≤ s ≤ σ2, where both sta-
ble steady states γ1(s) and γ3(s) exist. In this region, those stable steady states
are separated by an unstable steady state x = γ2(s). If s is varied within this
‘bistable region’, the model displays hysteresis. We further omit the argument s
and write γ1 instead of γ1(s), etc.

For the stochastic model, a first indication of the long-term behavior is given
by the equilibrium distribution Z (see also (3.6)). In addition to its dependence on
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γ3(s)

γ2(s)

γ1(s)

x
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0 σ1 0.5 σ2 1
0

0.5

1

Figure 4.4: The steady states of the autophosphorylation model as a function of
s. Solid lines denote stable steady states; the dotted line denotes the
unstable steady state.

s, the equilibrium distribution also depends on N. Figure 4.5 shows equilibrium
distributions for N = 100 and various values of s. Note that for this system (in
contrast to the system discussed in Section 4.2) the reaction probability of a single
molecule does not only depend on its intrinsic reaction probability. Instead it also
depends on the numbers of phosphorylated and dephosphorylated molecules.
As a result, the expected behavior of the system cannot be regarded as a collection
of N individual trials. Consequently, neither the probability distribution at a
given time t, nor the equilibrium distribution are binomial distributions.

For values of s within the bistable region of the deterministic model the
stochastic model yields a bimodal equilibrium distribution with two local
maxima at G1 and G3 and an intermediate local minimum at G2. For other
values of s, there is only one global maximum. For s < σ1 this maximum is
further referred to as G1, for s > σ2 the maximum is referred to as G3.

Figure 4.6 shows the equilibrium distributions for various N and for two in-
puts s that are in the bistable region. To allow a better comparison between the
distributions for various values of N, this figure shows these distributions in
terms of the fraction phosphorylated proteins k/N. The accompanying proba-
bility is expressed as NZk in order to allow an area below the curve equal to
one. Although all those distributions are bimodal, some show large differences
between the sizes of the two local maxima.

Numerical computation of the various probability distributions shows the fol-
lowing dependence on both s and N. If s is between σ1 and a certain threshold
σ0 ≈ 0.5297, the maximum probability of the first peak at G1 grows with increas-
ing N, while the size of the second peak decreases. On the other hand, if s is
between σ0 and σ2, the maximum value of the first peak decreases and that of the
second peak increases with increasing N. A deeper analysis of the form of the
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equilibrium distribution is given in Section 4.3.2.

4.3.2 Asymptotic behavior of the equilibrium distribution

As discussed for Figure 4.6, the shape of the equilibrium distribution of the
stochastic model depends on N. To obtain more insight into this behavior (par-
ticularly for large N), we apply the methods introduced in Section 3.3. Figure 4.7
shows the potential function F for input s = 0.52. Typically, within the bistable
region, this function has two local minima. Using (3.9) it can easily be shown that
the positions of the minima and the (internal) maximum of F correspond with
the stable and unstable steady states of the deterministic model, respectively (see
also Figure 4.4). Consequently, for all s in the bistable region the function F has
two local minima at γ1 and at γ3, separated by a local maximum at γ2. Since the
maxima/minima of F also correspond with minima/maxima of the probability
distribution, we have shown that stable/unstable steady states of the determin-
istic model correspond with maxima/minima of the equilibrium distribution.

The relative order of the two maxima of the equilibrium distribution in G1
and G3 can also easily be found. For s < σ0 the global minimum of F is in γ1,
while for s > σ0 the global minimum of F is in γ3. Now consider the case s < σ0
(as shown in Figure 4.7). In that case F(γ1) < F(γ3) and thus (3.15) implies that
the global maximum of the equilibrium distribution is in G1, if N sufficiently
large. Moreover, the quotient of the probabilities in G3 and in G1 tends to zero
exponentially fast in N. Hence, although the local maximum of the equilibrium
distribution in G3 exists for all N, this maximum becomes exponentially small
compared to the dominant maximum in G1. In fact, for large N and s < σ0,
most probability in the equilibrium distribution is concentrated around G1. This
means that, for t → ∞, the system will almost always be near γ1. Similarly, if
the input signal s > σ0, the dominant maximum of the equilibrium distribution
will be in G3. In this case the system will almost always be near γ3 for large t.
Only for s = σ0 both minima of F have the same value and both local maxima of
the equilibrium distribution will have non-vanishing (but not necessarily equal)
probabilities.

The previous considerations imply that the equilibrium distribution is hardly
bimodal (except for s = σ0) for large N. This contrasts with the deterministic
model, which has two stable equilibria for all s in the interval (σ1, σ2). However,
note that we are considering the equilibrium distribution, i.e., the distribution for
t → ∞. The system may still exhibit bistable behavior for large (finite) times. In
the next section we show that the time needed before the system loses its bista-
bility increases exponentially with N.

4.3.3 Expected transition times

In this section we discuss how single-step times Tk→k+1 and multi-step times
Tk→` for the autophosphorylation model depend on N. Again, we let k̂ and ˆ̀ tend
to constant values (k̃ and ˜̀, respectively) if N → ∞. As discussed in Section 3.4,
Tk→k+1 can depend on N in two ways. This single-step time can either be of
order 1/N or grow exponentially with N depending on the potential function F.
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Figure 4.5: Four equilibrium distributions for N = 100.
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Figure 4.6: The scaled equilibrium distributions NZk for s = 0.52 and 0.55, and
various N as a function of the fraction phosphorylated proteins k/N.
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Figure 4.7: The function F for input s = 0.52. Since 0.52 < σ0, the global mini-
mum of F is in γ1.

Depending on the constitutive single-step times, multi-step times can either be
constant or grow exponential with increasing N.
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Figure 4.8: Function F for s = 0.55 with regions I–V. The symbol ‘∗’ denotes the
value of x (with γ2 < x < γ3) for which F(x) = F(γ1).

Figure 4.8 shows F for s = 0.55. The regions (I–V) to which k̃ and ˜̀ belong
determine the asymptotic behavior of Tk→k+1 and Tk→`. For k̃ in regions I and IV,
there is no x < k̃, for which F(x) < F(k̃). Therefore, all Tk→k+1 are of the non-
exponential type. However, for each k̃ in regions II, III and V, there always is
an x < k, for which F(x) < F(k̃). Hence, in those regions, all single-step times
Tk→k+1 are of the exponential type. Remarkably, region III exemplifies that even
single-step times in the direction of increasing equilibrium probability can grow
exponentially with N.

We now compare the single-step times of the stochastic model with the be-
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havior of the deterministic model. Table 4.1 shows, for each region, the types of
single-step times in both directions and the sign of the derivative of the deter-
ministic model. Recall that the deterministic model moves from any y = k̃ with
a(y) > b(y) to y + ∆y = k̃ + 1

N in a timeO(N−1); analogously, it moves from any
y = k̃ with b(y) > a(y) to y + ∆y = k̃− 1

N in a time O(N−1).

Table 4.1: Behavior of the stochastic and the deterministic model in regions I–V.

Region I II III IV V

Tk→k+1 non-exp exp exp non-exp exp
Tk→k−1 exp exp exp exp non-exp

Deterministic model dx
dt > 0 dx

dt < 0 dx
dt > 0 dx

dt > 0 dx
dt < 0

‘exp’ denotes exponential single-step times; ‘non-exp’ denotes non-exponential single-step times.

I

II

III

IV

V

x

s

0 σ1 σ0 σ2 1
0

0.5

1

Figure 4.9: The steady states of the deterministic model (see also Figure 4.4)
plotted together with the ‘exponential’ (gray) and ‘non-exponential’
(white) regions in the stochastic model.

Table 4.1 shows that for regions I, IV and V the deterministic model moves
in the direction for which the single-step time in the stochastic model is non-
exponential. On average, the stochastic model makes a step of size 1/N in this
direction in a time O(N−1). This is in good agreement with the deterministic
model, which moves over the same distance in a timeO(N−1). Contrastingly, for
regions II and III the single-step times in both directions are of the exponential
type. For both of these regions the deterministic model moves in the direction of
the local minimum in F; again, the deterministic model moves over an interval
of size 1/N in that direction in a time O(N−1). This marks an inconsistency
between the stochastic and the deterministic model.
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For both regions II and III it can be shown that the occurrence of exponential
single-step times is due to rare detours that pass the local minimum in F. By
omitting those detours from the calculation, a non-exponential single-step time
is obtained which approximates the time of the deterministic model. As shown
in Figure 4.9, the discussed behavior of both models in regions I–V holds for all
σ0 < s < σ2. Similar, but mirrored, results can be obtained for all σ1 < s < σ0.

By summing the single-step times for all (typically order N) single-step times
between k and `, we find Tk→` = O(1) for large N, if both k̃ and ˜̀ are in the
same region with non-exponential single-step times (i.e., either region I or IV).
All other multi-step times, contain exponential single-step times in the range
{k, . . . , `} and therefore grow exponentially fast with N.

Figure 4.10(a) shows the expected times for transition between the local max-
ima of the equilibrium distribution G1 and G3 for s = 0.55. A path from one
switch state to the other includes a large number of exponential single-step times
in the direction of decreasing equilibrium probability. Logically, the expected
time for such a path grows exponentially in N. However, as discussed for re-
gion III in Figure 4.8, even expected times of single steps in the direction of in-
creasing equilibrium probability may grow exponentially in N. In Figure 4.10(b)
the expected transition times from state (G1 + G2)/2 to state G1 and from (G2 +
G3)/2 to state G3 are shown. That means we start ‘halfway the hill’ and go up-
wards, to the state with the highest local probability. In accordance with the
results for single-step times in region III, also these multi-step times grow ex-
ponentially in N. Again, this is remarkable, as in this region the deterministic
model moves relatively fast in the same direction.
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Figure 4.10: (a) Expected transition times from G1 to G3 (solid line) and from G3
to G1 (dashed line) as a function of N for s = 0.55. (b) Expected
transition times from (G1 + G2)/2 to G1 (solid line) and from (G3 +
G2)/2 to G3 (dashed line) as a function of N for s = 0.55.

4.3.4 Conditional expected times and probabilities
In Section 4.3.3 we have shown that even the expected times for one step in the
direction of increasing equilibrium probability can grow exponentially in N. This
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phenomenon is the reason for the exponential times in Figure 4.10. Here we fur-
ther analyze the single-step times (Tk→k+1 and Tk→k−1) to find the source of their
exponential growth in certain cases. Recall that a path from k to k + 1 can pass
through states ` with ` < k. Similar detours are possible in the opposite direc-
tion. To better understand the influences of such paths on the expected times, we
group paths based on the farthest state reached (i.e., on their diameter). For this
we make use of the conditional probabilities and times introduced in Section 3.5.

Consider equations (3.37) and (3.38):

Tk→k+1 =
k

∑
`=0
P (`)

k→k+1T
(`)

k→k+1 ,

Tk→k−1 =
N

∑
`=k
P (`)

k→k−1T
(`)

k→k−1 .

These equations show that the single-step times can be expressed in terms of
the contributions of groups of possible paths from k to k + 1 (or k − 1). Each of
those groups contains all paths that reach a certain state ` but no states further
away from k before reaching the final state (i.e., k + 1 or k− 1, respectively). For
each group we can calculate the conditional probability (P (`)

k→k+1 or P (`)
k→k−1) and

the conditional expected time (T (`)
k→k+1 or T (`)

k→k−1). The product of a conditional
probability and a conditional time yields the contribution of the group of paths to
the (unconditional) single-step time. Such separations are shown in Figures 4.11,
4.13 and 4.14.

Alternatively, the single-step times can be decomposed using (3.39) or (3.40):

Tk→k+1 =
k

∑
i=0

τ`
∏k

j=`+1 pj,j−1

∏k
j=` pj,j+1

=
k

∑
`=0

τ` wfw(`, k) ,

Tk→k−1 =
N

∑
`=k

τ`
∏`−1

j=k pj,j+1

∏`
j=k pj,j−1

=
N

∑
`=k

τ` wbw(`, k) .

Here, weight factors of the form

wfw(`, k) =
∏k

j=`+1 pj,j−1

∏k
j=i pj,j+1

and

wbw(`, k) =
∏`−1

j=k pj,j+1

∏`
j=k pj,j−1

determine the influence of each τ` on Tk→k+1 or Tk→k−1, respectively. In other
words, these factors represent the average number of times a state ` is passed
before reaching k + 1 or k − 1, respectively. Such separations are shown in Fig-
ures 4.12 and 4.15.

Figure 4.11 shows the contributions of paths separated by diameter on Tk→k+1
for k = 0.5 N. This value corresponds with region III in Figure 4.8. Recall that
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Figure 4.11: Separation of Tk→k+1 into the contributions of paths by diameter for
k = 0.5 N and s = 0.55.

in this region all single-step times are of the exponential type (see also Table 4.1).
This is even the case for steps that move in the same direction as the deterministic
model (i.e., towards the local and global maximum of F).

Trivially, the number of states between zero and k increases linearly with N.
However, the probability P (`)

k→k+1 for each state ` < k to be the state farthest
to the left visited before reaching k + 1, decreases exponentially with increasing
N (see Figure 4.11(a)–note the semi-logarithmic scale of the figure). Conversely,
the corresponding expected times T (`)

k→k+1 increase exponentially with increasing

N (see Figure 4.11(b)). The resulting contribution P (`)
k→k+1T

(`)
k→k+1 of state ` to

Tk→k+1 is shown in Figure 4.11(c). For most states ` this contribution decreases
exponentially with N. However, a closer look (see also the enlarged detail in
Figure 4.11(d)) reveals that for a number of states `, the product P (`)

k→k+1T
(`)

k→k+1
increases exponentially with N. For those states, the exponential increase of
T (`)

k→k+1 is much larger than the exponential decrease of P (`)
k→k+1. Consequently,

these states account for the exponential growth of Tk→k+1 with N.
It may seem counter-intuitive that the states near zero, rather than the states

near G1 ≈ N γ1, have the largest contribution on Tk→k+1. However, one must
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take into account that, once states near G1 are reached, it takes extremely long
before the path crosses again the barrier near G2 ≈ N γ2. In the time in between,
it is possible that the path visits states ` < G1. Now and then, such a path will
even visit state zero. If such an event occurs, the corresponding path will have
an extremely long expected time.

The fact that the states near ` = 0 have the largest products P (`)
k→k+1T

(`)
k→k+1,

does not mean that paths from k to k + 1 visit state ` = 0 frequently. In fact, Fig-
ure 4.12(a) shows that states near ` ≈ G1 have the largest contribution on Tk→k+1
in terms of numbers of visits. This is also in good agreement with the above; the
paths that cross the barrier at G2 spend a long time G1 before crossing the barrier
again. Some of those paths also visit state zero and therefore contribute to the
probability P (0)

k→k+1; even though they spend far more time near state G1 than
near state zero.
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Figure 4.12: Contributions of individual states to single-step times from k =
0.5 N (for s = 0.55). (a) Contribution of each τ` (with 0 ≤ ` ≤ k)
on Tk→k+1 (b) Contribution of each τ` (with k ≤ ` ≤ N) on Tk→k−1.

Figure 4.13 shows the contributions to Tk→k+1 with k = 0.5 N of paths sepa-
rated by their diameters. In this case, we consider a step in the direction opposite
to the direction of the deterministic model. Just like the Tk→k+1 for the same
value of k (see above), this time grows exponential with N. Also the shapes of
the curves in Figure 4.13 are similar to those in Figure 4.11: the probabilities
P (`)

k→k−1 for ` > k decrease exponentially with N, while the corresponding times

T (`)
k→k+1 increase exponentially with N. The products for some ` ≈ N increase

exponentially in N, yielding the exponential increase of Tk→k−1. In analogy with
the previous case, states ` ≈ G3 have the largest contribution on Tk→k−1 (see
Figure 4.12(b)). In the previous case, it may appear that that the crossing of the
barrier near G2 is an important reason for the long paths. However, in the present
case there are still extremely long paths, even though none of the paths crosses
G2. Apparently, the fact that k is located at a position with F(k/N) � F(γ3) is
sufficient to allow paths to remain near G3 for a long time (and occasionally even
visit states near N) before ending up in k− 1.

Figure 4.14 shows the contributions to Tk→k−1 of paths separated by their
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Figure 4.13: Separation of Tk→k−1 into the contributions of paths by diameter for
k = 0.5 N and s = 0.55.

diameters for k = 0.8 N. This value corresponds with region IV in Figure 4.8.
Recall that in this region all single-step times Tk→k+1 in the positive direction
are of the non-exponential type (see also Table 4.1). This is also the direction in
which the deterministic model moves if it starts in k/N. In agreement with the
decompositions for k = 0.8 N, the probabilities P (`)

k→k+1 for all states ` < k de-
creases exponentially with increasing N while the corresponding expected times
T (`)

k→k+1 increase exponentially with increasing N (see Figure 4.14(a) and (b), re-
spectively). However, in contrast with the other discussed cases, the resulting
product P (`)

k→k+1T
(`)

k→k+1 decreases exponentially with N for all ` < k (even for
all ` ≈ 0) (see Figure 4.14(c) and (d)). The decomposition in terms of contribu-
tions of each state (see Figure 4.15) also shows an exponential decrease in the
contributions of all states ` < k, although the curves still have a local maximum
near ` = G1. Apparently, in this case there are still long paths that stay a long
time near ` = G1 and visit incidentally states ` ≈ 0. However, the probabilities
of those paths decrease so fast with N that these paths no longer significantly
contribute to Tk→k+1.

The use of conditional probabilities does not only provide additional informa-
tion about the long-term behavior of the system. It also provides information on
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Figure 4.14: Separation of Tk→k+1 into the contributions of paths by diameter for
k = 0.8 N and s = 0.55.
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Figure 4.15: Contributions of τ` (with 0 ≤ ` ≤ k) of individual states to Tk→k+1
with k = 0.8 N and s = 0.55.

a much shorter timescale. If the stochastic model starts in a given state k between
G1 and G3 it will most likely after some time be near either G1 or G3. Most likely,
if G1 < k < G2 the system will first tend towards G1, while for G2 < k < G3
the system will first tend towards G3. If this happens, the stochastic system be-
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Figure 4.16: Probability P=G3
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to reach the left switch state G1 before the right

switch state G3 (left), and probability P=G1
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to reach
G3 before G1 (right).

haves in good agreement with the deterministic model. However, there is still
a possibility that the system first goes to the opposite switch state (i.e., the state
corresponding to the other local minimum in F).

To obtain insight into those probabilities, we have calculated for each initial
state k the probability P=G3

k→G1
to reach the left switch state G1 before the right

switch state G3 and the probability P=G1
k→G3

= 1− P=G3
k→G1

to reach G3 before G1.
These probabilities for various N are shown in Figure 4.16. Clearly, the prob-
ability that the system first reaches the local minimum in F increases with N.
However, there is still a reasonable chance that the systems switches to the oppo-
site switch state first. For instance consider the case k = 0.5 N. If N = 100, 28%
of the ‘initial switch events’ is wrongly predicted by the deterministic model. For
N = 200 and N = 300, this percentage decreases to 20% and 14%, respectively.
Even if N = 1000 (data not shown), still 2% of the initial switch events from
k = 0.5 N are wrongly predicted by the deterministic model.

4.3.5 Eigenvalue analysis

As discussed in Section 3.6, the eigenvalues λ1, . . . , λN of the transition matrix
M determine how fast the probability distribution z tends to the equilibrium
distribution Z:

z(t) = Z +
N

∑
i=1

civi exp(λit) . (4.16)

In general, these eigenvalues depend on N. For the autophosphorylation cycle,
the dependence of eigenvalues λ1 and λ2 on N is shown in Figure 4.17. This
figure shows that λ1 tends exponentially to zero if N → ∞, while λ2 converges
to a negative constant value. This has a number of implications for the dynamics
of the system. As λ2, . . . , λN are negative and do not vanish with increasing
N, the corresponding terms c2v2 exp(λ2t), . . . , cNvN exp(λNt) in (3.43) decrease
exponentially in t, for each N. However, λ1 tends to zero exponentially slow
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Figure 4.17: Eigenvalues λ1 (solid line) and λ2 (dashed line) of M as a function
of N for s = 0.55.

if N → ∞. As a result, the corresponding term in (4.16) decreases with a time
constant 1/λ1 that grows exponentially in N.

Roughly, the dynamics for a constant input s can be regarded as three sepa-
rate phases: (a) the initial phase, in which the terms corresponding to λ2, . . . , λN
decrease exponentially over time; (b) the ‘quasi-stationary’ phase, in which the
system can be approximated by the terms corresponding to λ0 and λ1; and (c)
the stationary phase, which occurs if the term c1v1 exp(λ1t) has also vanished.
In contrast with phase (c), both phases (a) and (b) depend on the initial condi-
tions. The length of phase (b) depends on both the initial distribution z(0) and
eigenvalue λ1 and grows exponentially with N. The three phases can easily be
recognized in Figure 4.18, which shows the values of z as a function of the time t
for a system with N = 200 and s = 0.55.

Figure 4.19 shows the elements of eigenvectors v0 and v1 for the first two
eigenvalues of M. As mentioned before, v0 corresponds with the equilibrium
distribution Z (see Figure 4.6). All quasi-stationary distributions depend on both
v0 and v1 and are of the form v0 + ϕ v1. For a given initial condition z(0), the sys-
tem will converge fast to v0 + ϕ v1, with ϕ depending on z(0). On a much longer
timescale, ϕ will tend to zero, eventually resulting in the equilibrium solution.

Using the method described in Section 3.6, we can obtain an estimate for the
value of λ1. To that end, we need to construct an approximate eigenvector y
for the matrix V (which is a symmetric matrix similar to M that is defined in
Section 3.6). From the numerical results shown in Figure 4.19 we know that the
corresponding eigenvector v1 for M looks roughly like an adapted form of v0 =
Z in which the first half is multiplied by a positive factor and the second half is
multiplied by a negative factor. If we were to construct an approximation for v1,
we could use such an approach to find an approximate eigenvector. As we do not
have any further information about the shape of the corresponding eigenvector
of V, we apply a similar approach to construct y.

Recall that V has an eigenvector w = (w0, . . . , wi, . . . , wN)
T corresponding to
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Figure 4.18: The probabilities zk for all states k in a system with N = 200 and
s = 0.55 as a function of time.

eigenvalue λ0. This vector w has elements wi =
√

Zi. We will use this vector
to construct parts of the vector y, which is used as an approximation for the
eigenvector corresponding to λ1. Let r be an index with 0 ≤ r < N. Define

yL = (w0, . . . , wr, 0, . . . , 0)T = (
√

Z0, . . . ,
√

Zr, 0, . . . , 0)T

and
yR = (0, . . . , 0, wr+1, . . . , wN)

T = (0, . . . , 0,
√

Zr+1, . . . ,
√

ZN)
T .

We now construct a vector y by

y = (1−ω)yL −ωyR

= ((1−ω)
√

Z0, . . . , (1−ω)
√

Zr,−ω
√

Zr+1, . . . ,−ω
√

ZN)
T , (4.17)

with a constant 0 ≤ ω ≤ 1. As discussed on page 62, the approximate eigenvec-
tor y has to be perpendicular to w, hence the condition

wT · y = (1−ω)
r

∑
i=0

w2
i −ω

N

∑
i=r+1

w2
i = 0 ,

must hold. Since ∑N
i=0 w2

i = 1, we find

r

∑
i=0

w2
i −ω = 0 ,
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Figure 4.19: The elements of eigenvectors v0 and v1 for the first two eigenvalues
λ0 and λ1 of the transition matrix M with s = 0.55 (with the value of
the absolute maximum scaled to 1).

which yields

ω =
r

∑
i=0

w2
i =

r

∑
i=0

Zi . (4.18)

Recall from (3.44) that we can obtain a lower bound for λ1 from the Rayleigh
quotient

yT ·V · y
yT · y .

Let us first consider the numerator of this quotient. The multiplication V · y
yields a vector with elements qi. Since each row in V only has non-zero entries
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on the diagonal and on the sub- and supra-diagonal positions, we find:

qi = vi,i−1 yi−1 + vi,i yi + vi,i+1 yi+1 .

Combining this with (4.17) and (3.42) yields

qi =


(1−ω)

(√
αi−1βiZi−1 − (αi + βi)

√
Zi +

√
αiβi+1Zi+1

)
if 0 ≤ i < r

(1−ω)(
√

αi−1βiZi−1 − (αi + βi)
√

Zi)−ω
√

αiβi+1Zi+1 if i = r
(1−ω)

√
αi−1βiZi−1 −ω(−(αi + βi)

√
Zi +

√
αiβi+1Zi+1) if i = r+1

−ω
(√

αi−1βiZi−1 − (αi + βi)
√

Zi +
√

αiβi+1Zi+1
)

if r+1 < i ≤ N

As this system shows stochastic detailed balance, we know that Zi−1 αi−1 =
Zi βi and Zi+1 βi+1 = Zi αi. Hence, the above reduces to

qi =


0 if 0 ≤ i < r ,
−
√

αiβi+1Zi+1 = −αi
√

Zi = −αr
√

Zr if i = r ,√
αi−1βiZi−1 = βi

√
Zi = βr+1

√
Zr+1 if i = r + 1 ,

0 if r + 1 < i ≤ N .

For the numerator of the Rayleigh quotient we thus obtain

yT ·V · y = yrqr + yr+1qr+1

= (1−ω)
√

Zr(−αr
√

Zr)−ω
√

Zr+1βr+1
√

Zr+1

= (ω− 1)αrZr −ωαrZr

= −αrZr .

The denominator of the Rayleigh quotient in (3.44) is given by

yT · y =
N

∑
i=0

y2
i = (1−ω)2

r

∑
i=0

Zi + ω2
N

∑
i=r+1

Zi .

Using (4.18), this can be written as

yT · y = (1−ω)2 ω + ω2(1−ω) = ω(1−ω) .

Combining the numerator and denominator we obtain the following lower
bound for the smallest positive eigenvalue of M

−αrZr

ω(1−ω)
≤ λ1 < 0 . (4.19)

This bound holds for any value of r. Note that, besides Zr, also ω depends on r,
see (4.18).

A possible choice is to select r = G2 such that r
N is (approximately) the po-

sition of the intermediate maximum γ2 of the function F. For this choice we
compute Zr and ω. Now ω is the total probability in the left part of the distribu-
tion, i.e., up to r. That part is centered around G1. Under the assumption that the
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peak around G3 has no significant influence on the distribution on the interval
(0, r), we can find in analogy with (3.20):

ω =
G2

∑
`=0

Z` ≈
G1+d

∑
`=G1−d

Z` ≈ ZG1

√
2πN

F′′(γ1)
. (4.20)

The right part of the distribution is centered around the point G3. Again using
the method of (3.20) we obtain

1−ω ≈ ZG3

√
2πN

F′′(γ3)
. (4.21)

Substitution of (4.20) and (4.21) in (4.19) gives

−αG2 ZG2

√
F′′(γ1)F′′(γ3)

2πNZG1 ZG3

≤ λ1 < 0 . (4.22)

We can rewrite the lower bound for λ1 to find its asymptotic dependence on N.
Firstly, we know αG2 /N ≈ a(γ2). Secondly, since for large N the probability
distribution for systems with σ0 < s ≤ σ2 has a global maximum at G3, we know
from (3.21) that

ZG3 ≈
√

F′′(γ3)

2πN
.

Thirdly, using (3.15) we find that the quotient

ZG2

ZG1

= O
(

eN(F(γ1)−F(γ2))
)

Combining the above, we rewrite the lower bound in (4.22) as:

−αG2 ZG2

√
F′′(γ1)F′′(γ3)

2πNZG1 ZG3

= −O
(

aγ2

√
F′′(γ1) N

2π
eN(F(γ1)−F(γ2))

)
.

Hence, we obtain a lower bound for λ1 with asymptotic behavior for N → ∞
given by

−O
(√

NeN(F(γ1)−F(γ2))
)
≤ λ1 < 0 . (4.23)

Note that the steps between (4.22) and (4.23) provide a bound for all systems
with σ0 < s ≤ σ2, i.e., for systems in which the right local maximum of the
equilibrium distribution is dominant. For systems with σ1 ≤ s < σ0, the left
local maximum of the equilibrium distribution is dominant. Hence, for those
systems we can find a bound by expressing the ratio ZG2 /ZG3 (instead of the
ratio ZG2 /ZG1 ) in terms of F and approximating ZG1 by a term of order 1/

√
N.

This leads to the lower bound for λ1 given by

−O
(√

NeN(F(γ3)−F(γ2))
)
≤ λ1 < 0 . (4.24)
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Clearly, for all values of s within the bistable range, λ1 tends to zero exponen-
tially fast if N → ∞. As a result, the convergence of the solution of (3.43) to the
stable equilibrium Z (which depends on a time constant 1/λ1) can take extremely
long for a large number of particles N. This result is in full agreement with the
results on the expected transition times discussed in Section 4.3.3.

Note that up to (4.19) the argument holds for any function F and any point
r. However, the selection of r to correspond with the minimum γ2 of F, that
lies between two maxima in γ1 and γ3, is of course only possible if F has this
behavior. If the parameter s is outside the bistable region, the function F only has
one maximum and, consequently, this estimate for λ1 cannot be given.

4.4 Bistability in the cell cycle

4.4.1 The cell cycle
The cell cycle is the sequence of events that regulates the multiplication of cells.
This highly structured mechanism is to a large extent preserved in all eukaryotic
organisms (see for instance [21] for a comparison of the cell cycle in various eu-
karyotes including yeast and mammals). The cell cycle is not only relevant for
embryogenesis (i.e., the development of an embryo), growth and repair of dam-
aged tissues. It is also relevant for homeostasis in healthy adult individuals. Most
importantly, the division of cells (regulated by the cell cycle) and the removal of
cells by apoptosis should be in balance. If this balance is disrupted (as is the case
in tumor tissue [34]), this has deleterious effects on the tissue and often on the
organism as a whole. Because of their influence on tissue homeostasis, cell cycle
molecules are potential targets of chemotherapeutic treatments [58],[83].

Figure 4.20: Phases of the cell cycle.

Roughly speaking, the cell cycle (see Figure 4.20) exist of two major parts:
the mitosis phase (M phase), in which the actual division of the cell and the
nucleus take place, and the interphase, in which the growth and duplication
of cell contents takes place. The M phase contains both the actual mitosis (the
process in which the nucleus and its contents are divided) and cytokinesis (the
division of the cytoplasm) [1]. The mitosis process can be further subdivided
into prophase, prometaphase, metaphase, anaphase and telophase. During each
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4.4 Bistability in the cell cycle

of those phases, separated steps in the division are carried out, including the
degradation of the nucleus, the formation of the mitotic spindle (the structure
build of microtubules that is used to pull apart the chromosomes towards the
two daughter cells) and the formation of the nuclear membranes of the daughter
cells. All of those steps are well coordinated by complex mechanisms such as the
mitotic spindle assembly checkpoint [37].

The interphase is subdivided into the synthesis phase (S phase), during which
new DNA is synthesized, and two so-called gap phases (G1 and G2 phase). In
addition, in some cells there is a temporary or permanent exit from the mitotic
cell cycle. We further refer to all exits as G0 phase (even though there is some
scientific dispute whether G0 is a separate phase or a specialized form of G1 [36],
and whether or not to distinguish between G0 and a process called hypermito-
genic arrest). During this G0 phase cells do not grow, duplicate or divide. This
is for instance the case for neurons in the human brain, which in general remain
permanently in the G0 phase throughout the adult life of the individual [36] and
in human liver cells, which only leave the G0 phase if damaged or removed tis-
sue needs to be replaced. Contrastingly, epithelial cells (such as skin cells) remain
dividing during the whole lifetime of the individual.

Just like the transitions within the M phase, the transitions within the inter-
phase and between interphase and M phase are also tightly regulated. In these
transitions Cyclin-dependent kinases (CDKs) play an important role [103]. In ad-
dition to those supposed core elements, many more protein-protein interactions
and transcriptional processes are involved. Furthermore, the rate of cell division
depends heavily on signals from outside the cell. In particular, extracellular sig-
naling molecules (collectively called mitogens) can bind to membrane receptors
which activates intracellular signaling cascades (such as the MAPK cascade) and
trigger mitosis. Also physical contact between the cell and its neighbor cells and
the extracellular matrix plays an important role in the activation and suppression
of mitosis [7].

4.4.2 Models of M phase control

In this section we focus on the transition between the G2 phase and the M phase.
In particular, we apply our methods on the Cdc2-Cyclin B activation model in-
troduced by Slepchenko et al. [87],[88]. This model deals in fact with the core
module from a more elaborate model of M phase control in the genus Xeno-
pus (African clawed frog) [71]. The most important complex in this module is
the M phase promoting factor (MPF), which contains Cyclin B and the Cyclin-
dependent kinase Cdc2. MPF can either be in an active (dephosphorylated) or an
inactive (phosphorylated) form (MPF-p). The phosphorylation and dephospho-
rylation of MPF are catalyzed by dephosphorylated Wee1 and phosphorylated
Cdc25 (i.e., Cdc25-p), respectively. Both Cdc25 and Wee1 are phosphorylated by
active MPF. This creates one positive and one negative feedback loop, which (un-
der appropriate conditions) can cause bistability. If enough MPF is in the active
state, it can phosphorylate other proteins and initiate mitosis.

The full reaction scheme is shown in Figure 4.21(a) and can be described by
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Figure 4.21: Reaction scheme of the Cdc2-Cyclin B activation model by
Slepchenko et al. [88]. Active species (CP=Cdc25-p, M=active
MPF and W=Wee1) are shown in gray; inactive species (C=Cdc25,
MP=inactive MPF-p and WP=Wee1-p) are shown in white. Dashed
arrows show the (residual) kinase activity of dephosphorylated
Cdc25. (a) Model with three variables; (b) Model with one variable.

the following system of ODEs:

dm
dt

= k1 c (mt −m) + ε k1 (ct − c)(mt −m)− k2 w m ,

= (1− ε) k1 c (mt −m) + ε k1 ct (mt −m)− k2 w m , (4.25)
dc
dt

= k3 m (ct − c)− k4 c , (4.26)

dw
dt

= k5 (wt − w)− k6 m w , (4.27)

with m, c and w representing the concentrations of the active species MPF, Cdc25-
p and Wee1, respectively. mt, ct and wt denote the total concentrations (i.e., both
active and inactive) of MPF, Cdc25 and Wee1, respectively. k1, . . . , k6 are reaction
constants and parameter ε accounts for the residual kinase activity of dephos-
phorylated Cdc25 (shown by dashed arrows in Figure 4.21). In the most simple
variant of this model ε = 0, which means that the kinase activity of dephosphory-
lated Cdc25 is neglected since it is much smaller than that of the phosphorylated
form Cdc25-p.

Clearly, this model consist of three variables (m,c,t); hence we cannot directly
apply our methods from Chapter 3. Contrastingly, the single-variable model
in [88] is well suited for application of the methods discussed in Chapter 3. This
model (see Figure 4.21(b)) is based on the assumption that the concentrations of
Cdc25-p and Wee1 instantly change with the active MPF. Using such a quasi-
steady state approximation, we find the following expressions for c and w in
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terms of m:

c =
k3 ct m

k3 m + k4
,

w =
k5 wt

k5 + k6 m
.

Combining this with (4.25) yields the single-variable model (in terms of concen-
trations):

dm
dt

= (1− ε)
k1 k3 ct m (mt −m)

k3 m + k4
+ εk1 ct (mt −m)− k2 k5 wt m

k5 + k6 m
.

Table 4.2: Parameters in MPF model with corresponding expressions in the
three-variable model and values (derived from values in [88]).

MPF model Three-variable model Values

A1 k4/(k1 k3 mt ct) 0.93
A2 1/(k1 ct) 0.56
B1 1/(k2 wt) 0.5
B2 k6 mt/(k2 k5 wt) 4.5

4.4.3 MPF model
In contrast with the above description in terms of concentrations, we now de-
scribe the single-variable model in terms of the fraction x = m/mt (i.e., the
fraction active MPF). We further refer to this model as the ‘MPF model’. The
dynamics of this model are given by:

a(x) = (1− ε)
x (1− x)
A1 + A2 x

+ ε
1− x

A2
, (4.28)

b(x) =
x

B1 + B2 x
, (4.29)

dx
dt

= a(x)− b(x) .

Here, A1, A2, B1 and B2 are constants that can be expressed in terms of the indi-
vidual rate constants k1, . . . , k6 and the total concentrations ct, mt, wt of the model
defined in (4.25)–(4.27). The parameter values for the MPF model are given in Ta-
ble 4.2. The parameter ε denotes the extent to which dephosphorylated Cdc25 is
capable of phosphorylating MPF. We will discuss the behavior of the model for
ε = 0 and 0 < ε� 1 (in the latter case we typically use ε = 0.005).

The influence of ε on dx/dt and F is shown in Figures 4.22 and 4.23, respec-
tively. Clearly, the change from ε = 0 to ε = 0.005 only has a small influence on
the shape of both curves. Moreover, the bistability of the system is preserved.
However, as shown in Figure 4.24, bistability is lost if ε becomes too large (i.e.,
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Figure 4.22: Time derivatives of the MPF model. Filled circles denote stable
and open circles denote unstable steady states of the deterministic
model. (b) shows a detail of (a)
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Figure 4.23: The potential function F for the MPF model. Filled circles denote
stable and open circles denote unstable steady states of the deter-
ministic model. (b) shows a detail of (a)
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Figure 4.24: The steady states of the MPF model as a function of ε. Solid lines:
stable steady states; dashed line: unstable steady state.

above a critical value εc ≈ 0.012). The mathematical role of ε is somewhat similar
to that of s in the autophosphorylation model in the sense that it controls the po-
sition of the stable and unstable steady states and determines whether the system
is bistable or not. However, the biochemical role is entirely different. ε represents
the residual activity of one of the kinases, while s represents the concentration
of one of the kinases. This means that ε cannot change over time, while s can be
controlled by systems outside the observed module. Hence control of s can be a
biological means for switching between the two stable steady states or shifting
the system to one of its monostable regions.

In the MPF model, a change in kinase or phosphorylase activity (or an alter-
native mechanism) is needed for such control, since it is unlikely that ε changes
over time. Such a control is supposed to occur through the modification of the
dephosphorylation of both Cdc25-p and Wee1-p (which is indirectly controlled
by the the presence of unreplicated DNA in the cell). Indeed, as shown in Fig-
ure 4.25(a), doubling of the rate constants for this dephosphorylation by means
of a change in parameters A1 and B2 (resulting from doubling both k4 and k5)
shifts the system to a monostable mode in which most MPF is in the inactive
form. Similarly, halving the phosphatase activity leads to a monostable mode in
which most MPF is in the active form (see Figure 4.25(b)).

Consequently, the physiological role of the MPF switch can easily be
explained in terms of the potential function (see Figure 4.26). In the G2 phase,
the switch should remain in its inactive state (i.e., a state near γ1) until signals
outside the module yield a temporary decrease in the activity of Cdc25-p and
Wee1-p. This changes the potential function in such a way that there is only one
minimum near γ3. If this change lasts long enough the system will most likely
end up in a state where MPF is active (i.e., a state near γ3). We assume that the
potential function returns to its original shape, after the external signals
disappear. If the MPF switch is in an active state it should not switch back to an
inactive state.
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Figure 4.25: The potential function F for the MPF model with ε = 0.005 and
changed dephosphorylation of Cdc25-p and Wee1-p.

The corresponding stochastic model is again a birth-and-death chain as
shown in Figure 3.1 with propensities:

αk = (1− ε)
A1

k
N (N − k)

A2 + A3
k
N

+ εA4(N − k) (4.30)

βk =
B1k

B2 + B3
k
N

(4.31)

Equation (4.30) shows an important aspect of the influence of ε on the stochastic
model. If ε = 0, we find α0 = 0 (while β1 > 0). That means that state zero is
an absorbing state. As a result, the matrix M is incompletely reducible (see Sec-
tion 1.2.5). This has huge implications for the asymptotic behavior of the model.
Moreover, since many of the equations in Chapter 3 contain a division by α0, they
may not be valid or need reformulation before they can be applied to the model
with ε = 0.

4.4.4 The equilibrium distribution
The formulation for the equilibrium distribution in (3.6) contains items of the
form αi/βi+1 and can therefore be used for both the ε = 0 and ε = 0.005 case.
Note that this would not be true for an alternative formulation for the equilib-
rium probabilities Zk with terms of the form βi/αi−1, since that would result
in divisions by zero. For ε = 0, the equilibrium distribution Z is of the form
(1, 0, . . . , 0)T for all N > 1. Hence independent of N and the initial state of the
system, all probability ends up in state zero.

The equilibrium distributions for ε = 0.005 and various values of N are
shown in Figure 4.27. In accordance with some of the figures in Section 4.3, we
show the scaled equilibrium distributions with N Zk as a function of k/N. This
allows a good comparison between the curves for various N and ensures a total
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Figure 4.26: The G2 to M phase transition in terms of the potential function F of
the MPF model. Solid arrow represents induced switching through
external simulation. Dashed arrows represent unwanted sponta-
neous switching due to intrinsic noise. Bold vertical arrows denote
the desired state in the G2 and M phase.
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Figure 4.27: The scaled equilibrium distributions N Zk for ε = 0.005 and various
values of N.

area under the curve equal to one. In this case there are two local maxima in the
distribution. Remarkably, the probability of the second peak increases, while the
probability of the first peak decreases with an increase of N. This is in contrast
with the afore-mentioned case in which ε = 0.

Note that the equilibrium distributions for ε 6= 0 show some qualitative re-
semblance with those for the autophosphorylation cycle discussed in Section 4.3.
In both cases there are two local maxima, separated by a local minimum. To
stress that similarity, we further use the same symbols G1, G3 and G2 to denote
the state numbers that correspond to the left local maximum, the right local max-
imum and the intermediate local minimum, respectively. We also use the sym-
bols γ1, γ3 and γ2 to refer to the corresponding local minima and intermediate
maximum in the potential function F. In analogy with the autophosphorylation
cycle, γ1, γ3 and γ2 are also the location of the steady states in the deterministic
model. Furthermore, we know that G1/N → γ1, G2/N → γ2 and G3/N → γ3 if
N → ∞.

Since F(γ1) > F(γ3) (see Figure 4.23) the maximum in G3 is dominant over
that in G1 if N is large enough. The same is true for all cases with 0 < ε < εc.
As shown in Figure 4.28, the ratio ZG3 /ZG1 of the probabilities of the two local
maxima grows exponentially in N, which is in good agreement with the theory
in Section 3.3.1. This figure shows that the exponential growth of ZG3 /ZG1 with
N is present for all values 0 < ε < εc. Contrastingly, as mentioned before, for
ε = 0, the shape of the equilibrium distribution does not depend on N. In this
specific case, all probability eventually ends up in state G1 = 0; hence ZG1 = 1
and both G2 and G3 are undefined. However, we can still define γ1 = 0, γ2 (the
position of the first local minimum in F) and γ3 (the position of the internal local
maximum).
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Figure 4.28: Ratios between the probabilities of the two local maxima of the equi-
librium distribution as a function of N for various values of ε.

4.4.5 Expected transition times

As discussed before, the shape of the potential function F for the MPF model (in
particular for 0 < ε < εc) is qualitatively similar to that of the autophosphoryla-
tion cycle. As a result, also the expected times for transitions show some qualita-
tive similarity, particularly with respect to their dependence on N. In agreement
with Section 4.3.3, we can define five regions (referred to as I–V) for which we
can derive the expected times in both direction based on the potential function
F. These regions are shown in Figure 4.29. Clearly, if ε = 0 this also means that
γ1 = 0; consequently, region I is undefined.

First, we consider the case 0 < ε < εc. Since F(γ1) > F(γ3), the quali-
tative behavior of this system in terms of expected times resembles that of the
autophosphorylation system with σ0 < s < σ2 (see for instance Figure 4.8). As a
result, Table 4.3 lists expected single-step times Tk→k+1 and Tk→k−1 that depend
similarly on N as those listed in Table 4.1 for the autophosphorylation cycle. Also
the signs of the derivatives dx/dt in the regions I–V of both deterministic models
are identical.

The expected times for transitions between the two local maxima of the equi-
librium distribution for ε = 0.005 are shown in Figure 4.30. Clearly, the expected
times in both directions increase exponentially with N. However, the exponent
for the expected time from G1 to G3 is much smaller than that for the expected
time from G3 to G1. This difference can be explained using the shape of the po-
tential function F (see Figure 4.29(b)). The expected time from G1 to G3 contains
exponential single-step times in regions II and III and non-exponential single-
step times in region IV. Contrastingly, the expected time in the opposite direction
contains exponential single-step times for all three regions II–IV.

Remarkably, not the number of exponential single-step times causes the dif-
ference between the multi-step times. Instead, there is a large difference between
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Figure 4.29: Function F for ε = 0 and ε = 0.005 with regions I–V. The symbol ‘∗’
denotes the value of x (with γ2 < x < γ3) for which F(x) = F(γ1).
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Table 4.3: Behavior of the stochastic and the deterministic model in the regions
I–V if 0 < ε < εc.

Region I II III IV V

Tk→k+1 non-exp exp exp non-exp exp
Tk→k−1 exp exp exp exp non-exp

Deterministic model dx
dt > 0 dx

dt < 0 dx
dt > 0 dx

dt > 0 dx
dt < 0

‘exp’ denotes exponential single-step times; ‘non-exp’ denotes non-exponential single-step times.

Table 4.4: Behavior of the stochastic and the deterministic model in the regions
II–V if ε = 0.

Region II III IV V

Tk→k+1 ∞ ∞ ∞ ∞
Tk→k−1 exp exp exp non-exp

Deterministic model dx
dt < 0 dx

dt > 0 dx
dt > 0 dx

dt < 0
‘exp’ denotes exponential single-step times; ‘non-exp’ denotes non-exponential single-step times.

the exponentials of the single-step times in the two directions. The exponen-
tial single-step times of the type Tk→k+1 in the regions II and III are relatively
small compared to the exponential single-step times of the type Tk→k−1 in the
regions II–IV. This is because the single-step times of the type Tk→k+1 are of or-
der exp(N F(γ2)− F(γ1)), while the single-step times of the type Tk→k−1 can be
as large as exp(N F(γ2) − F(γ3)). Since F(γ2) − F(γ1) � F(γ2) − F(γ3), this
causes a large difference in expected times.

T k
→

`

N

0 500 1000
100

1020

1040

Figure 4.30: Expected transition times from G1 to G3 (solid line) and from G3 to
G1 (dashed line) as a function of N for ε = 0.005.

Now we consider the case ε = 0. For this case, Table 4.4 contains the expected
single-step times in the stochastic model and the sign of the time derivative in
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the deterministic model for regions II–V. The content of this table is strikingly
different from that of Table 4.3 (i.e., the similar table for the case ε = 0.005). As
mentioned before, there is no region I if ε = 0. In the remaining regions the
expected times for Tk→k−1 have the same qualitative dependence on N as those
in Table 4.3. This also follows from the full expression for Tk→k−1 (given in (3.23)):

Tk→k−1 =
N

∑
i=k

1
βi

i−1

∏
j=k

αj

β j
,

since only states k > 0 are involved and those times can be expressed without
the use of α0. In this case it is also possible to express the the limit behavior for
large N in terms of the potential function F using (3.26).

For single-step times Tk→k+1 there is always a possibility that state zero is
reached before state k + 1. Once state zero is reached, the system can never reach
state k + 1, so the expected time becomes infinitely large even for small values
of N. As a result, all expected times in that direction are infinitely long (see also
Table 4.4). This is also reflected by the fact that (3.22) contains divisions by α0 = 0:

Tk→k+1 =
k

∑
i=0

1
αi

k

∏
j=i+1

β j

αj
.

In this case, the expression in (3.26) for the limit behavior of Tk→k+1 for large N
in terms of the potential function F cannot be applied. This is due to the fact that
(3.26) is derived under the assumption that a(0) > 0 and therefore also α0 > 0.
Hence this expression does not take into account the occurrence of the absorbing
state in the MPF model with ε = 0.

4.4.6 Eigenvalues

The irreducible model

Now we apply the eigenvalue analysis introduced in Section 3.6 on the MPF
model. For the irreducible model (i.e., the MPF model with 0 < ε < εc), the
used approach is similar to that for the autophosphorylation system discussed in
Section 4.3.5. In short, the approach includes the following steps.

First, we introduce a matrix V (as defined in Section 3.6) that is similar to
matrix M. This matrix has an eigenvector w = (wi) with elements wi =

√
Zi and

i ∈ {0, . . . , N}, which corresponds to the eigenvalue λ0 = 0 of both V and M.
Next, we use this vector to construct an estimate y for the eigenvector of V that
corresponds to eigenvalue λ1:

yL = (w0, . . . , wr, 0, . . . , 0)T = (
√

Z0, . . . ,
√

Zr, 0, . . . , 0)T ,

yR = (0, . . . , 0, wr+1, . . . , wN)
T = (0, . . . , 0,

√
Zr+1, . . . ,

√
ZN)

T ,
y = (1−ω)yL −ωyR

= ((1−ω)
√

Z0, . . . , (1−ω)
√

Zr,−ω
√

Zr+1, . . . ,−ω
√

ZN)
T .
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It follows from the restriction y ⊥ w that

ω =
r

∑
i=0

w2
i =

r

∑
i=0

Zi .

Now that we have constructed y, we use the intermediate steps discussed in
Section 4.3.5 to find the accompanying Rayleigh quotient

yT ·V · y
yT · y =

−αrZr

ω(1−ω)
=

−αrZr

(∑r
i=0 Zi) (∑N

i=r+1 Zi)
.

Hence, we can find a bound for eigenvector v1:

−αrZr

(∑r
i=0 Zi) (∑N

i=r+1 Zi)
≤ λ1 < 0 .

Next, we choose r = G2. Under the assumption that the distributions around
G1 and G3 are approximately Gaussian, we can apply the approximation
from (3.20) and obtain:

−αG2 ZG2

√
F′′(γ1)F′′(γ3)

2πNZG1 ZG3

≤ λ1 < 0 .

Finally, since the maximum at G3 ≈ Nγ3 is dominant, we can estimate λ1 by

−O
(√

N eN(F(γ1)−F(γ2))
)
≤ λ1 < 0.

Hence, also for this system, λ1 tends exponentially fast to zero if N → ∞ with
an exponential that depends on the shape of the potential function F. As a re-
sult, z converges to the equilibrium distribution Z with a time constant 1/λ1 that
increases exponentially with N.

The incompletely reducible model

For the incompletely reducible model (i.e., the MPF model with ε = 0), the eigen-
value analysis is somewhat different from the above. Since α0 = 0, both the
matrices M and V look slightly different (i.e., M has entries equal to zero at po-
sitions m0,0 and m1,0, while V has zeros at v0,0, v1,0 and v0,1). Nevertheless, V is
still similar to M, since the remarks in the footnote of page 61 are also valid for
this specific case.

The eigenvector of V that corresponds with λ0 is now of the form

w = (1, 0, . . . , 0)T.

Hence for the construction of the approximation of the eigenvector of V that
corresponds to λ1, we cannot straightforwardly apply the afore-mentioned ‘cut-
rescale-and-glue’ approach. Instead, we have to build an alternative vector y
perpendicular to w that has most of its probability in states i > 0. To that end we
have to revise our expression for w.
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We know that, even though all i > 0 have probabilities Zi = 0, the stochastic
detailed balance property must hold:

Zi = Zi−1
αi−1

βi
.

We also know that w has elements

wi =
√

Zi.

Combining the above yields an alternative expression for the elements of w:

wi =

√
αi−1

βi
Zi−1 =

√
αi−1

βi
wi−1 . (4.32)

Now we construct a vector y with the first r entries equal to zero and entry yr
equal to one. For all entries yi with i 6= r we ensure mutual relations similar to
those for the entries wi in w (i.e., similar to (4.32)). Hence, we define y = (yi)
with i ∈ {0, . . . , N} by

yi =


0 if i ∈ {0, . . . , r− 1} ,
1 if i = r ,

yi−1

√
αi−1

βi
if r < i ≤ N .

Clearly, for all 0 < r < N, the resulting vector y is perpendicular to w.
Using vector y defined above, we can again construct a Rayleigh quotient

that provides a lower bound for λ1. First we consider the numerator yT ·V · y of
this Rayleigh quotient. The multiplication V · y yields a vector with elements qi.
Since each row in V only has non-zero entries on the diagonal and on the sub-
and supra-diagonal positions, we find:

qi = vi,i−1 yi−1 + vi,i yi + vi,i+1 yi+1 .

Combining this with (4.17) and (3.42) yields

qi =



0 if 0 ≤ i < r− 1 ,√
αr−1βr if i = r− 1 ,

−αr − βr +

√
αrβr+1

(
αr

βr+1

)
if i = r ,

yi−1

(√
αi−1βi − (αi + βi)

√
αi−1

βi
+

√
αiβi+1

(
αi−1αi
βi βi+1

))
if i > r .

This can be rewritten into

qi =


√

αr−1βr if i = r− 1 ,
−βr if i = r ,
0 otherwise .

Hence, the numerator of the Rayleigh quotient equals

yT ·V · y = yr−1qr−1 + yrqr =
√

αr−1βr0− βr = −βr . (4.33)
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The denominator of the Rayleigh quotient is given by:

yT · y =
N

∑
i=0

y2
i =

N

∑
i=r

y2
i . (4.34)

Combining (4.33) with (4.34) yields the Rayleigh quotient

yT ·V · y
yT · y =

−βr

∑N
i=r y2

i
, (4.35)

and the corresponding lower bound for λ1:

−βr

∑N
i=r y2

i
≤ λ1 < 0 . (4.36)

Note that r > 0 can still be selected. To find a suitable value for r we investi-
gate the denominator (4.34). For i > r we know that

y2
i =

αi−1

βi
y2

i−1 .

This expression is similar to (3.8), so (in accordance with (3.15)) we can use the
potential function F such that for k ≥ r

y2
k

y2
r
= eN(F( r

N )−F(k̂))

√
a( r

N ) b( r
N )

a(k̂) b(k̂)
(1 +O(N−1)) . (4.37)

Now we choose r = G2 and, since yr = 1, we obtain from (4.37) the following
expression:

y2
k = eN(F(γ2)−F(k̂))

√
a(γ2) b(γ2)

a(k̂) b(k̂)
(1 +O(N−1)) .

The maximum of y2
k is located at k = G3 and is given by

y2
G3

= eN(F(γ2)−F(γ3))

√
a(γ2) b(γ2)

a(γ3) b(γ3)
(1 +O(N−1)) .

We now replace (4.36) by the weaker bound

−βr

y2
G3

≤ λ1 < 0 ,

which leads to

−Nb(γ2) eN(F(γ3)−F(γ2))

√
a(γ3) b(γ3)

a(γ2) b(γ2)
(1 +O(N−1)) ≤ λ1 < 0 .
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This yields the following bound in terms of orders of N:

−O
(

N eN(F(γ3)−F(γ2))
)
≤ λ1 < 0 .

Recall that F(γ3) − F(γ2) < 0. This means that also for the incompletely re-
ducible model (i.e., the case ε = 0), the eigenvalue λ1 tends exponentially to
zero. As a result, the time constant 1/λ1 for the disappearance of the probability
from all states 0 < i ≤ N grows exponentially with N.

4.5 Discussion

In this chapter we have applied the methods introduced in Chapter 3 on three
systems. The first system (see Section 4.2) uses mass action kinetics. Since, for
such kinetics, each molecule has its own intrinsic reaction probability (which is
independent of the concentration or number of molecules), the corresponding
stochastic model follows a binomial distribution. For elementary mass action
systems, it is also possible to obtain an expression for the Gibbs Free Energy,
which can be related to the expression of our potential function F. For the system
in Section 4.2, we find that the potential function F is linearly related to the Gibbs
Free Energy.

In addition to mass action kinetics, it is also possible to apply our methods
on systems for which the (macroscopic) deterministic model has other kinetics.
This is exemplified in both the autophosphorylation cycle in Section 4.3 and the
MPF model in Section 4.4. Below, both systems are discussed in detail. It is
good to realize that these systems are not directly based on elementary reactions.
Moreover in the kinetics some energy dissipation is hidden (for instance by the
sustained consumption of ATP), which allows the occurrence of two stable steady
states. This contrasts with the reversible mass action system in Section 4.2, which
has a single single steady state that corresponds with the chemical equilibrium.

4.5.1 The autophosphorylation cycle

In Section 4.3, we have applied our methods on an idealized autophosphoryla-
tion system. The relative simplicity of this autophosphorylation module and its
Michaelis-Menten kinetics allow us to analytically study both the deterministic
and the stochastic dynamics. In particular, the macroscopic dynamics can be
described by a single-variable deterministic model and the stochastic description
has the form of a finite birth-and-death process. Analysis of this relatively simple
system provides insight into its behavior to an extent that is generally impossible
for more complex systems.

It is not surprising that, for kinase concentrations s within the bistable re-
gion, the equilibrium distribution is bimodal. For small N, the two maxima in
the distribution are of the same order of magnitude. For large N there are al-
ways two local maxima, but one of them becomes dominant. That means that,
for sufficiently large N, almost all probability is concentrated around the domi-
nant global maximum. The shape of such an equilibrium distribution may seem
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counter-intuitive, as one might expect both local maxima to have the same or-
der of magnitude. Note, however, that the equilibrium distribution is of limited
importance for the behavior of the module as a ‘bistable switch’ (i.e., a module
of a reaction network that acts as a toggle switch [98]). In fact, the equilibrium
distribution does not depend on the initial state of the system. In other words,
the stochastic system loses its memory if t → ∞, making it impossible for this
system to ‘memorize’ its initial ‘switch state’ infinitely long.

Nevertheless, this autophosphorylation module can act as a bistable switch
for finite times. An insight into the relative stability of this switch can be obtained
from the expected transition times between the switch states. We have shown
that the expected times for both the transitions G1 → G3 and G3 → G1 grow
exponentially in N. Hence, for sufficiently large N, both switch states are ‘meta-
stable’. So, although one of the local maxima in the equilibrium distribution
seems to vanish for large N, it is still remarkably stable for a long time. Only after
a time that grows exponentially in N, the memory is lost. This is also reflected
by the fact that one of the eigenvalues of M tends exponentially to zero with
increasing N.

In some respects the behavior of the deterministic model reflects that of the
stochastic model for very large N. For instance, the local maxima of the equilib-
rium distribution tend to the stable steady states of the deterministic model for
N → ∞. However, the deterministic model only represents the expected behav-
ior of the stochastic model during the initial and quasi-stationary phase. Indeed,
the length of the quasi-stationary phase grows exponentially in N.

Hence, in the limit N → ∞ the subsequent stationary phase is never reached.
For transition times between different fractions of phosphorylated protein the
comparison is more complicated. If a transition is impossible in the deterministic
model, this is reflected by an infinitely long expected time in the stochastic model
for N → ∞. If a transition is possible in the deterministic model, the correspond-
ing expected time in the stochastic model can either tend to the transition time in
the deterministic model or–remarkably–grow exponential for N → ∞ (see also
Figure 4.8), depending on the shape of F.

4.5.2 The MPF model

In Section 4.4, we have discussed a model for M-phase control in the cell cy-
cle (the MPF model). Although this model describes only a small module of
the complex interactions in the cell cycle, it also gives an impression how this
and other bistable subnetworks are involved in the transition between different
phases of the cell cycle. From a mathematical point of view, we have two dif-
ferent MPF-systems, which are characterized by the form of the matrix M of the
corresponding mesoscopic models. The first system is the ‘irreducible system’,
for which 0 < ε < εc. The second is the ‘incompletely reducible system’, for
which ε = 0.

The distinction between both systems is reflected by the methods used in the
analysis of the corresponding mesoscopic models. The irreducible model can
be analyzed using the methods introduced in Chapter 3, while the incompletely
reducible model requires some adaptations to the standard approach. Also the
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behavior of mesoscopic models for both systems shows some clear differences.
For example, the incompletely reducible model has a qualitatively different equi-
librium distribution and infinitely long expected times. Contrastingly, in the
deterministic models there is no clear distinction between the irreducible and
incompletely reducible system; the same holds for the potential function F. As
a result, for ε = 0, the stochastic model is inconsistent with the deterministic
model.

This inconsistency can be interpreted in two ways: either the deterministic
model fails to describe a discontinuity that is present in the described physical
system or the discretization of the state space yields an unrealistic absorbing state
in the stochastic model. For the MPF model, the latter is true. On one hand, the
residual activity of the phosphorylated Cdc25 only has a marginal effect on the
deterministic model and can therefore be omitted without large effects (other
than the shift of the positions of the steady states). On the other hand, in the
stochastic model the residual activity should be taken into account to prevent
the occurrence of an absorbing state. The absorbing state in this system is a
mathematical consequence of the simplification rather than a physically realistic
phenomenon.

The effects of omitting the residual activity of phosphorylated Cdc25 exempli-
fies that some simplifications have different effects on a deterministic model and
the corresponding stochastic model. This may be surprising, since both models
are based on nearly the same assumptions. In fact, the only difference is that for
the deterministic model we assume the number of molecules to be large enough
to ignore the role of noise and to allow a continuous state space.

Since the irreducible system provides the most accurate description of the real
system, we further discuss this variant. Again, the potential function F provides
insight into the behavior of the corresponding stochastic model. As shown in
Figure 4.29(b), this function has an asymmetric form. The minimum at γ3 is
much deeper than the other minimum at γ1. This is reflected by the shape of the
equilibrium distributions in Figure 4.27, in which (for large enough N) nearly all
probability is concentrated around G3. Logically, for all 0 < ε < εc, the ratio
between the equilibrium probabilities in G3 and G1 grows exponentially with N
(see Figure 4.28).

More important for the physiological role of the MPF system are the expected
switching times between G1 and G3 (see Figure 4.30). As explained in Figure 4.26,
external signals can temporarily change the shape of the potential function and
by that induce a switching from a state near G1 to a state near G3. Before the
occurrence of those signals, the MPF system should not spontaneously (i.e., due
to intrinsic noise) switch to a state near G3. Similarly, after the external signal, the
system should remain in an active state near G3. To minimize the occurrence of
such erroneous switching, the number of molecules N should be large enough.
Note in this context also the asymmetry: for a given N, the M phase is consider-
ably more stable than the G2 phase. However, for this specific system, there is an
additional mechanism: the G2 phase is stabilized by the formation of aggregates
of inactive MPF. Because of this, the system will remain long enough in the G2
phase until some external signal pushes the switch to its M phase state (i.e., to a
state with a large fraction of active MPF) and induces mitosis.
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4.5.3 Bistability in larger real-life networks

In Sections 4.3 and 4.4 we have seen that relative small reaction motifs can cause
bistability. As discussed by [79], also other small motifs allow the occurrence of
bistability in signaling networks. Bistability is not only a theoretical property of
signaling and regulation motifs. The MPF system discussed in Section 4.4 exem-
plifies that bistability does occur in biology. Many more real-life examples are
known. Although the functions of those bistable modules can be very different,
they seem to share the property that they can switch fast between two states at
the correct moment (through external influences), while they avoid switching at
other moments.

One example of a bistable module is the protein Ca2+/calmodulin-dependent
protein kinase II (CAMKII) [55],[56],[66], which is involved in synaptic plasticity
(i.e., the cellular process that is required for the storage of memory in the brain).
Although the exact mechanism is much more complicated, the CAMKII network
shares some characteristics with our autophosphorylation network. CAMKII
proteins form rings on which each protein can be phosphorylated and dephos-
phorylated. In addition, phosphorylated CAMKII proteins can autophosphory-
late other CAMKII proteins. This results in two switch states: one with a large
and one with a small fraction of phosphorylated proteins. The highly phosphory-
lated switch state can be stable for a long time and induce other processes which
potentiate the synaptic connection between two neurons. The CAMKII is partic-
ularly interesting in the context of this dissertation, since it is known to function
in small regions known as post-synaptic densities [17],[26]. In each of those re-
gions only small amounts of CAMKII are present; even counts as low as thirty
holoenzymes (rings of twelve proteins) have been reported to occur in a typical
post-synaptic density [75].

For the CAMKII system we cannot, as we did for the MPF model, isolate
a bistable motif that represents the core of its behavior. We can however gain
some qualitative understanding of such a switch from our autophosphorylation
network (or from the MPF model as well). Recall that the shape of the potential
function F provides information about both the deterministic and the stochastic
description of this network. Hence, manipulation of the shape of F affects the
properties of the system for both large and small numbers of particles.

In the autophosphorylation system, the shape of F can be changed by the
input kinase concentration s. For instance, a temporary increase in s can shift the
potential function from a regime with two minima to a function with one local
minimum and by that increase the probabilities for states with large fractions of
phosphorylated proteins. A more complex reaction system may involve more
sophisticated mechanisms to reshape the potential function and by that manip-
ulate the properties of the switch. For example, deeper minima in the potential
function may lead to a more stable switch, even for small numbers of molecules.

4.5.4 Related work

The quasi-stationary behavior of the autophosphorylation cycle and the irre-
ducible MPF model are reminiscent of Keizer’s paradox described by [100]. That
system also deals with one reactive species of interest. This species is involved
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in two reactions: an autocatalysis reaction and a first-order degradation reac-
tion. The deterministic model has two stable equilibria: total extinction (i.e., zero
molecules) and a non-zero concentration for which degradation and autocataly-
sis are balanced. The stochastic model has one true equilibrium (total extinction)
and a quasi-stationary distribution (corresponding to the non-zero stable equi-
librium of the deterministic model). In analogy with our autophosphorylation
system, the quasi-stationary distribution in the system of [100] vanishes after ex-
ponentially long times. This system and the incompletely reducible MPF model
exemplify how an absorbing state can yield quasi-stationarity (see also [3] for
more examples). However, the autophosphorylation cycle model and the irre-
ducible MPF model show that absorbing states are not a necessary requirement
for quasi-stationarity.

In the field of statistical physics, other bistable reaction systems (see for in-
stance [38],[82]) have been studied with interesting results that partially overlap
with ours. There are however some clear differences. In statistical physics the
dependence of the equilibrium distribution on the number of molecules N is usu-
ally studied by describing the dynamics of the stochastic system with a Fokker-
Planck equation and then studying the stationary solutions of the Fokker-Planck
equation. Note, however, that the Fokker-Planck equation is only an approx-
imation that is obtained by omitting higher order terms. In our approach we
start with the exact equilibrium distribution (3.6) and manipulate that to obtain
the exact expression (3.8) for the quotient of two probabilities. This leads to the
asymptotic behavior as given in (3.15). The potential function F arises in this
derivation in a very natural way.

Also the expected transition times between the (meta-stable) switch states
have been studied before. In general it is known that those times grow with
the number of molecules [40]. However, our approach provides a more generic
framework to investigate the exact dependence on the number of molecules.
Moreover, our expression for the expected single-step times (3.26) using the po-
tential function F gives much more insight. In particular, the comparison of the
expected times in both directions and the corresponding times in a determinis-
tic model (as summarized for the autophosphorylation system in Figure 4.8 and
Table 4.1) is in our view a remarkable result.

For many chemical reaction systems, it is practically impossible to study the
stochastic dynamics analytically. In most of those cases, the Gillespie algorithm
(see Section 1.2.6) provides a useful tool to obtain insight into the behavior of
the system. However, one should keep in mind that a solid stochastic analysis
may in some cases require an extremely large number of Gillespie simulations.
For example, in the autophosphorylation cycle the expected time for a transition
from one given state to another may depend heavily on rare paths. A reasonable
estimation of this expected time from Gillespie simulations requires enough sim-
ulations to sufficiently sample all those rare paths. For increasingly large values
of N, the probability of those paths (but not necessarily their influence) decreases
exponentially, leading to an exponential increase in the number of required sim-
ulations.
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5.1 Introduction

In Chapter 3 we have introduced a framework for the analysis on a class of reac-
tion systems in which each molecule can be in two configurations. In short, this
framework introduces a potential function that can be derived from the macro-
scopic rate equations. This potential function provides information of both the
macroscopic (deterministic) and mesoscopic (stochastic) model of this system. In
particular, it allows to find an expression for the limit behavior of the mesoscopic
model for large number of molecules.

In this chapter, we explore the possibilities for extending this framework to
other classes of systems. In particular, we are interested in systems with more
variables. The first extension (discussed in Section 5.2) is to add an additional
configuration to the generic model in Chapter 3. This yields a reaction system
with three configurations. In Section 5.3, we generalize this approach to describe
systems that consist of M configurations that can be reached by a single reaction
from the same state. Another generalization is given in Section 5.4, in which we
deal with a chain of elementary mass action reactions.

An entirely different system is discussed in Section 5.5. Here we deal with a
system with reversible polymerization reactions. This system has the property
that the number of non-vanishing state variables (not just the number of states)
depends on the number of monomers in the system. Nevertheless, with some
small adaptations, we can still define a potential function for this system. In
addition, we describe an alternative approach to find local maxima in the proba-
bility distribution without the use of the Gillespie algorithm.

A discussion of the different systems dealt with in this chapter is given in
Section 5.6. In this section, we also discuss the possibilities of further extensions
of our framework as well as limitations to our approach.

In our approach, it is only possible to define a useful potential function for
systems in which the stochastic model shows stochastic detailed balance. This is
already the case for the single-variable systems discussed in the previous chap-
ters. For instance, in expressions for the ratios between equilibrium probabilities
of individual states, we make use of the property that in stochastic detailed bal-
ance systems such ratios can be expressed in terms of propensities only (see for
instance (3.8)). For the examples of single-variables systems in Chapter 4 we do
not have to verify the stochastic detailed balance criterion; the generic system
defined in Chapter 4 already assures stochastic detailed balance. The first reason
for this is that the restrictions on the deterministic system assure that in the cor-
responding stochastic model all states are connected. The second reason is that
the state space consists of a single chain of states, which prevents the occurrence
of stochastic cycles.

For the multi-variable systems discussed in this chapter, we have to ensure
that the stochastic detailed balance holds. For elementary mass action systems,
this can easily be verified, since, as discussed in Chapter 2, for these systems
chemical detailed balance implies stochastic detailed balance and vice versa. For
other systems we have to ensure that for each possible stochastic cycle the Kol-
mogorov criterion (see Section 2.2) holds. In practice this comes down to en-
suring that for each minimal stochastic cycle this criterion holds. By definition,
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5.2 Systems with three molecular configurations

all other cycles can be expressed in terms of those minimal cycles and can be
shown to fulfill the Kolmogorov criterion if that criterion holds for the minimal
cycles. The choice of minimal cycles depends on the system of interest. Often,
for all cycles that consist of the same sequence of reactions, a single criterion can
be derived that is independent of the ‘pivot state’ in which the cycle starts and
ends.

5.2 Systems with three molecular configurations

5.2.1 The stochastic and the deterministic model

The first class of system we discuss in this system, are system with three configu-
rations, which are connected by four reactions. This means, we are interested in
systems of the form:

X1
a1

EGGGGGGGGGGGGC

b1

X0
a2

GGGGGGBFGGGGGG

b2

X2 .

The transitions between species X0 and the two other configurations are
reversible, but not necessarily microscopic reversible. In other words, the
forward and backward reactions may use a different mechanism. Only in the
case of elementary mass action reactions, the forward and the backward
reaction have the same transition state.

The number of molecules in the configurations X0, X1 and X2 are denoted by
n0, n1 and n2, respectively. Similar to the systems discussed in Chapters 3 and 4,
we assume a constant number of molecules N = n0 + n1 + n2 or, equivalently,
a constant sum of concentrations [X0] + [X1] + [X2]. Consequently, we can again
express the amounts of the three molecular species in terms of fractions x0, x1
and x2 defined by:

x0 = n0
N = [X0]

[X0]+[X1]+[X2]
,

x1 = n1
N = [X1]

[X0]+[X1]+[X2]
,

x2 = n2
N = [X2]

[X0]+[X1]+[X2]
.

Note that for a given x1 and x2, the fraction x0 cannot be chosen independently.
Hence, the state of the system is determined by x1 and x2, while x0 is only used
as a short notation for 1− x1 − x2.

This system can be described by a (macroscopic) deterministic model that
consists of the following set of differential equations:

dx1

dt
= a1(x1, x2)− b1(x1, x2) ,

dx2

dt
= a2(x1, x2)− b2(x1, x2) .

Here, the reaction rates are given by non-negative functions a1, b1, a2 and b2. As
already mentioned we assume that the fractions x1, x2 and x0 always sum up to
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α2(0, N−1) β2(0, N)

(0, 1)

(0, N−1) (1, N−1)

α1(0, N−1)

β1(1, N−1)

(1, 1)

α2(0, 0) β2(0, 1) β2(N−1, 1)β2(1, 1)α2(1, 0) α2(N−1, 0)

(0, 0)
β1(1, 0)

α1(0, 0)

(1, 0) (N−1, 0)
β1(N, 0)

α1(N−1, 0)
(N, 0)

β1(1, 1)

α1(0, 1)

...
...

. . .

. . .

(N−1, 1)

(0, N)

Figure 5.1: State space of the two-variable system

one. This is only possible if we require that a1 = a2 = 0 if x1 + x2 = 1, b1 = 0 if
x1 = 0 and b2 = 0 if x2 = 0. Note that, in contrast to Chapter 3, we do not include
the restrictions that non-boundary states have non-zero propensities. However,
in Sections 5.2.2 and 5.2.3 we introduce methods that can only be applied if the
corresponding stochastic model shows stochastic detailed balance. We further
assume that the stochastic model has an irreversible transition matrix M; this
also holds for all other systems discussed in this chapter.

From the deterministic model we can again construct a corresponding
stochastic model. In this model each state can uniquely be represented by a
vector (n1, n2); n0 only depends on n1 and n2 and is used as a short notation for
N − n1 − n2. From each state, there are at four (or less) possible transitions with
propensities α1(n1, n2), β1(n1, n2), α2(n1, n2) and β2(n1, n2), which correspond
with the macroscopic rate equations a1(x1, x2), b1(x1, x2), a2(x1, x2) and
b2(x1, x2), respectively. The states and possible transitions for a given N are
shown in Figure 5.1. In accordance with the single-variable system, the relations
between the propensities and macroscopic rate equations are given by:

α1(n1, n2) = Na1(
n1
N , n2

N ) ,
β1(n1, n2) = Nb1(

n1
N , n2

N ) ,
α2(n1, n2) = Na2(

n1
N , n2

N ) ,
β2(n1, n2) = Nb2(

n1
N , n2

N ) .

For reaction systems of the above form that have a stochastic model with
detailed balance, we can again derive a potential function. In the special case of
elementary mass action reactions, the derivation in Section 5.2.2 can be used. For
other systems, a generic method is given in Section 5.2.3.
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5.2 Systems with three molecular configurations

5.2.2 Mass action reactions
Now we discuss a specific subtype of the above introduced class of systems: a
system of elementary mass action reactions. In particular, we discuss the follow-
ing system:

X1
k1

EGGGGGGGGGGGGC

k−1

X0
k2

GGGGGGGBFGGGGGGG

k−2

X2 .

Since this system is elementary and it has no macroscopic cycles, it shows (both
chemical and stochastic) detailed balance for all combination of rate constants
(see Chapter 2.

For this system, the rates of the individual reactions are given by

a1(x1, x2) = k1(1− x1 − x2) = k1 x0 ,
b1(x1, x2) = k−1 x1 ,
a2(x1, x2) = k2(1− x1 − x2) = k2 x0 ,
b2(x1, x2) = k−2 x2 .

Hence, the corresponding stochastic model is given by the following propensi-
ties:

α1(n1, n2) = k1(N − n1 − n2) = k1 n0 ,
β1(n1, n2) = k−1 n1 ,
α2(n1, n2) = k2(N − n1 − n2) = k2 n0 ,
β2(n1, n2) = k−2 n2 .

Due to stochastic detailed balance, we can use (2.24) to express the ratio of
two equilibrium probabilities in the stochastic model in terms of the propensities
of an arbitrary path between those states. Since state (n1, n2) can be reached
from state (0, 0) by n1 reactions of type 1 and n2 reactions of type 2, we obtain
the following expression:

Z(n1,n2)

Z(0,0)
= Kn1

1 Kn2
2

N!
n1!n2!n0! ,

= Kn1
1 Kn2

2

(
N

n1, n2, n0

)
, (5.1)

with K1 = k1
k−1

and K2 = k2
k−2

.
Using (5.1) we can also find expressions for the probabilities Z(n1,n2)

. First we
need to find an expression for 1

Z(0,0)
:

1
Z(0,0)

= ∑
n1,n2

Z(n1,n2)

Z(0,0)
= ∑

n1,n2

Kn1
1 Kn2

2

(
N

n1, n2, n0

)
.

Since

(a + b + c)N = ∑
n1,n2

(
N

n1, n2, n0

)
an1 bn2 cn0 ,
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we can rewrite the above and obtain:

1
Z(0,0)

= (K1 + K2 + 1)N .

Hence, we obtain from (5.1):

Z(n1,n2)
= (K1 + K2 + 1)NKn1

1 Kn2
2

(
N

n1, n2, n0

)
,

=
(

K1
K1+K2+1

)n1
(

K2
K1+K2+1

)n2
(

1
K1+K2+1

)n0
(

N
n1, n2, n0

)
. (5.2)

Clearly, the expression for Z(n1,n2)
in (5.2) is a multinomial distribution. This

property also follows from the fact that, when an elementary mass action sys-
tem is in equilibrium, each molecule has its own intrinsic probabilities K1

K1+K2+1 ,
K2

K1+K2+1 and 1
K1+K2+1 to be in configurations X1, X2 or X0, respectively.

Taking the logarithm of both sides of (5.1) yields

ln

(
Z(n1,n2)

Z(0,0)

)
= n1 ln(K1) + n2 ln(K2) + ln

(
N

n1, n2, n0

)
,

= n1 ln(K1) + n2 ln(K2) + ln N!− ln n1!− ln n2!− ln n0! .

Next, we apply Stirling’s approximation ln(n!) ≈ n ln n− n:

ln

(
Z(n1,n2)

Z(0,0)

)
≈ n1 ln(K1) + n2 ln(K2) + (N ln N − N)

−(n1 ln(n1)− n1)− (n2 ln(n2)− n2)− (n0 ln(n0)− n0) ,
= n1 ln(K1) + n2 ln(K2) + (n1 + n2 + n0) ln(N)

−n1 ln(n1)− n2 ln(n2)− n0 ln(n0) ,
= n1 ln(K1) + n2 ln(K2)− n1 ln

( n1
N
)
− n2 ln

( n2
N
)
− n0 ln

( n0
N
)

.

Since we are interested in cases for which n1
N → x1, n2

N → x2 and thus also n0
N →

x0, we can rewrite this equation in terms of x1, x2, x0:

ln

(
Z(n1,n2)

Z(0,0)

)
≈ −N F(x1, x2) ,

where

F(x1, x2) = −x1 ln(K1)− x2 ln(K2)

+x1 ln (x1) + x2 ln (x2) + x0 ln (x0) . (5.3)

Hence, we can again express the probability of a state (n1, n2) in terms of a po-
tential function F:

Z(n1,n2)
≈ Z(0,0) e−NF( n1

N , n2
N ) .
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5.2 Systems with three molecular configurations

We now choose an arbitrary set of parameters: K1 = 1
2 and K2 = 2. The

resulting potential function F for this parameter set is shown in Figure 5.2. The
expression in (5.3) can be split up into the two components shown in Figure 5.2(b)
and (c). The first component (x1 ln (x1) + x2 ln (x2) + x0 ln (x0)) has a minimum
at the concentration x1 = x2 = x0 = 1

3 and can be roughly regarded as the en-

tropy of mixing. The second component (−x1 ln
(

1
2

)
− x2 ln (2)) has its minimum

at (x1, x2) = (0, 1) (where all molecules are of the type X2) and is roughly similar
to the chemical potential, as it depends on the macroscopic reaction rates. The
combination of both potentials (i.e., the potential function F) has its minimum
at a state which corresponds with the equilibrium state with x1 = K1

K1+K2+1 and

x2 = K2
K1+K2+1 .

-1
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1

(c)

Figure 5.2: Contour plots of the potential function and its components for the
unimolecular mass action system with k1 = k−2 = 1 and k−1 =
k2 = 2; ‘+’ denotes the macroscopic equilibrium state; (a) the poten-
tial function F, (b) the component x1 ln (x1) + x2 ln (x2) + x0 ln (x0),
(c) the component −x1 ln (K1)− x2 ln (K2).
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5.2.3 The general case

Now we return to the general system defined in Section 5.2.1. Instead of using
the approach in Section 5.2.2 (which is only suitable for elementary mass action
systems), we can also express ratios in the stochastic model in terms of F using
an approach similar to the one described in Chapter 3. Recall that this approach
(in contrast with the approach in Section 5.2.2) is not possible for states in which
the fraction or the number of molecules of any of the molecular species is zero. In
this approach we frequently use notations of the form n̂1 ≡ n1

N , n̂2 ≡ n2
N , ˆ̀1 ≡ `1

N
and ˆ̀2 ≡ `2

N .
If the reaction system shows stochastic detailed balance, we can express the

ratio between the equilibrium probabilities of states (`1, `2) and (n1, n2) as:

Z(n1,n2)

Z(`1,`2)
=

n1−1

∏
i=`1

α1(i, `2)

β1(i + 1, `2)

n2−1

∏
j=`2

α2(n1, j)
β2(n1, j + 1)

.

If 0 < `1, `2, n1, n2 < N, this can be rewritten into

Z(n1,n2)

Z(`1,`2)
=

(
α1(`1, `2)

α1(n1, `2)

n1

∏
i=`1+1

α1(i, `2)

β1(i, `2)

)(
α2(n1, `2)

α2(n1, n2)

n2

∏
j=`2+1

α2(n1, j)
β2(n1, j)

)
,

=

(
a1( ˆ̀1, ˆ̀2)

a1(n̂1, ˆ̀2)

n1

∏
i=`1+1

a1(
i
N , ˆ̀2)

b1(
i
N , ˆ̀2)

)(
a2(n̂1, ˆ̀2)

a2(n̂1, n̂2)

n2

∏
j=`2+1

a2(n̂1, j
N )

b2(n̂1, j
N )

)
,

=

(
a1( ˆ̀1, ˆ̀2)

a1(n̂1, ˆ̀2)
Q1

) (
a2(n̂1, ˆ̀2)

a2(n̂1, n̂2)
Q2

)
,

with

Q1 =
n1

∏
i=`1+1

a1(
i
N , ˆ̀2)

b1(
i
N , ˆ̀2)

and

Q2 =
n2

∏
j=`2+1

a2(n̂1, j
N )

b2(n̂1, j
N )

.

Now we define

c1(x1, x2) = ln
(

a1(x1, x2)

b1(x1, x2)

)
,

c2(x1, x2) = ln
(

a2(x1, x2)

b2(x1, x2)

)
,

F1(x1, x2) = −
∫ x1

0
ln
(

a1(y, x2)

b1(y, x2)

)
dy ,

F2(x1, x2) = −
∫ x2

0
ln
(

a2(x1, y)
b2(x1, y)

)
dy .
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In analogy with the one-dimensional case in Chapter 3, we can write

1
N

ln(Q1) =
1
N

ln

(
n1

∏
i=`1+1

a1(
i
N , ˆ̀2)

b1(
i
N , ˆ̀2)

)
,

=
1
N

(
n1

∑
i=`1+1

c1(
i
N , ˆ̀2)

)
,

= F1(n̂1, ˆ̀2)− F1( ˆ̀1, ˆ̀2) +
1
N

E1

where E1 = O(1) describes the error that occurs since we replaced a summation
by an integral. This provides the following expression for the product Q1

Q1 = exp(N(F1(n̂1, ˆ̀2)− F1( ˆ̀1, ˆ̀2)) exp(E1) .

Similarly, we can find the following expression for Q2 in terms of F2:

Q2 = exp(N(F2(n̂1, n̂2)− F2(n̂1, ˆ̀2)) E2 exp(E2) ,

where E2 = O(1) is again the error term. Thus we can write

Z(n1,n2)

Z(`1,`2)
= exp

(
N(F2(n̂1, n̂2)− F2(n̂1, ˆ̀2) + F1(n̂1, ˆ̀2)− F1( ˆ̀1, ˆ̀2))

)
E , (5.4)

where E = exp(E1 + E2). We want to write the right hand side of (5.4) in terms of
the difference F(n̂1, n̂2)− F( ˆ̀1, ˆ̀2), where F is a suitable potential function. We
could define F by

F(x1, x2) = F1(x1, 0) + F2(x1, x2) ,

but this form is not suitable for the use of F in (5.4). More general, we define the
potential function F(x1, x2) by

F(x1, x2) = −
∫ (x1,x2)

(0,0)
(c1(r1, r2) , c2(r1, r2)) dr , (5.5)

where the integration is along a sufficiently smooth curve r = (r1, r2) from (0, 0)
to (x1, x2). F(x1, x2) does not depend on the curve from (0, 0) to (x1, x2) if c1 and
c2 can be seen as the components of a conservative vector field. This yields the
condition

∂c1(x1, x2)

∂x2
=

∂c2(x1, x2)

∂x1
.

Using the definition of c1 and c2 this becomes

1
a1

∂a1

∂x2
− 1

b1

∂b1

∂x2
=

1
a2

∂a2

∂x1
− 1

b2

∂b2

∂x1
. (5.6)

We will show that (5.6) also follows from the detailed balance condition (i.e.,
the Kolmogorov criterion discussed in Chapter 2) for the stochastic model. This
criterion states that, for each stochastic cycle in the state space, the product of
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the forward and backward propensities are equal. Hence, for the smallest cy-
cle that starts at an arbitrary state (n1, n2) and passes through (n1 + 1, n2 + 1),
we can divide the clockwise propensities of the cycle by the counter-clockwise
propensities and find:

α1(n1, n2)α2(n1 + 1, n2)β1(n1 + 1, n2 + 1)β2(n1, n2 + 1)
α2(n1, n2)α1(n1, n2 + 1)β2(n1 + 1, n2 + 1)β1(n1 + 1, n2)

= 1 .

Rewriting this in terms of the functions a1, . . . , b2, using xi = ni/N and ε = 1/N
gives

a1(x1, x2)a2(x1 + ε, x2)b1(x1 + ε, x2 + ε)b2(x1, x2 + ε) =

a2(x1, x2)a1(x1, x2 + ε)b2(x1 + ε, x2 + ε)b1(x1 + ε, x2)

Now by using Taylors formula and considering terms up to the first order in
ε, we obtain

a1a2b1b2 + εa1
∂a2

∂x1
b1b2 + εa1a2

∂b1

∂x1
b2 + εa1a2

∂b1

∂x2
b2 + εa1a2b1

∂b2

∂x2
=

a2a1b2b1 + εa2
∂a1

∂x2
b2b1 + εa2a1

∂b2

∂x1
b1 + εa2a1

∂b2

∂x2
b1 + εa2a1b2

∂b1

∂x1
,

where all functions have the arguments (x1, x2). Elementary algebra finally gives

a1
∂a2

∂x1
b1b2 + a1a2

∂b1

∂x2
b2 = a2

∂a1

∂x2
b2b1 + a2a1

∂b2

∂x1
b1 ,

which is equivalent to (5.6). Hence, the detailed balance condition for the stochas-
tic model implies the existence of the potential function F defined in (5.5). With
this potential function we can rewrite (5.4) as

Z(n1,n2)

Z(`1,`2)
= exp(N(F(n̂1, n̂2)− F( ˆ̀1, ˆ̀2)) E .

Since E = exp(E1 + E2), and E1 = O(1) and E1 = O(1), the behavior of the
quotient Z(n1,n2)

/Z(`1,`2)
for large values of N depends on the potential difference

F(n̂1, n̂2)− F( ˆ̀1, ˆ̀2). Finally, we remark that, similar to Chapter 3, more precise
expressions for the error terms E1, E2 and E can be given.

5.2.4 Double autophosphorylation system
The above method is only possible for a system with stochastic detailed balance.
This class of systems is not limited to elementary mass action systems. Consider
for instance the reaction system shown in Figure 5.3. This is an artificial system
with two auto-catalytic reactions inspired by the autophosphorylation cycle in
Section 4.3.

Similarly to the autophosphorylation system in Section 4.3, we use Michaelis-
Menten kinetics with reduced units (i.e., in terms of fractions instead of concen-
trations). Although some combinations of different Michaelis constants are also
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S2

U2

S1

U1

X1 X0 X2

Figure 5.3: Double autophosphorylation.

possible, we assume all reactions to have the same (reduced) Michaelis constant
κ. Similarly the analysis below would still be possible if the catalytic constants for
each individual reaction has a different value; however, we restrict our analysis to
the case where all catalytic constants and the maximum rates of the dephospho-
rylation reactions (catalyzed by phosphatases U1 and U2) are equal to one. We let
s1 and s2 represent the influence of kinases S1 and S2,respectively. The dynamics
of this system can be described by the following set of differential equations

dx1

dt
= a1(x1, x2)− b1(x1, x2) ,

dx2

dt
= a2(x1, x2)− b2(x1, x2) ,

dx0

dt
= −a1(x1, x2) + b1(x1, x2)− a2(x1, x2) + b2(x1, x2) ,

with rate equations

a1(x1, x2) =
(s1 + x1)(1− x1 − x2)

κ + (1− x1 − x2)
,

a2(x1, x2) =
(s2 + x2)(1− x1 − x2)

κ + (1− x1 − x2)
,

b1(x1, x2) =
x1

κ + x1
,

b2(x1, x2) =
x2

κ + x2
.

Clearly, we can also define the corresponding stochastic system with states
(n1, n2) and propensity functions α1(n1, n2), α2(n1, n2), β1(n1, n2) and β2(n1, n2).

α1(n1, n2) = N
(s1 + n̂1)(1− n̂1 − n̂2)

κ + (1− n̂1 − n̂2)
,

α2(n1, n2) = N
(s2 + n̂2)(1− n̂1 − n̂2)

κ + (1− n̂1 − n̂2)
,

β1(n1, n2) = N
n̂1

κ + n̂1
,

β2(n1, n2) = N
n̂2

κ + n̂2
.
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It can easily be seen that this system show stochastic detailed balance, since for
each minimal cycle the clockwise product of propensities equals the counter-
clockwise product:

α1(n1, n2)α2(n1 + 1, n2)β1(n1 + 1, n2 + 1)β2(n1, n2 + 1)
α2(n1, n2)α1(n1, n2 + 1)β2(n1 + 1, n2 + 1)β1(n1 + 1, n2)

=
(s1 + n̂1)(1− n̂1 − n̂2)(s2 + n̂2)(1− n̂1 − 1

N − n̂2)(n̂1 +
1
N )(n̂2 +

1
N )

(s2 + n̂2)(1− n̂1 − n̂2)(s1 + n̂1)(1− n̂1 − n̂2 − 1
N )(n̂2 +

1
N )(n̂1 +

1
N )

(κ + 1− n̂1 − n̂2)(κ + 1− n̂1 − n̂2 − 1
N )(κ + n̂2 +

1
N )(κ + n̂1 +

1
N )

(κ + 1− n̂1 − n̂2)(κ + 1− n̂1 − 1
N − n̂2)(κ + n̂1 +

1
N )(κ + n̂2 +

1
N )

= 1 .

The potential function for this system with various values of s1 and s2 is
shown in Figure 5.4. Also in this system, the local minima of the potential func-
tion correspond with the stable nodes of the differential equation. Figures 5.4(a)–
(c) show cases in which s1 = s2. Clearly, this system is monostable if both s1
and s2 are small (Figure 5.4(a)); this regime corresponds to autophosphorylation
cycle in Chapter 4 with s < σ1. If both s1 and s2 are around 0.5 (Figure 5.4(b)), the
system is tristable (i.e., the deterministic system has three stable steady states and
F has three minima); this case corresponds with the bistable region σ1 < s < σ2
for the autophosphorylation cycle. If both s1 and s2 are much larger, the system
is bistable (Figure 5.4(c)); this case corresponds with the case σ2 < s in the au-
tophosphorylation cycle. If s1 and s2 are not equal, F depends asymmetrically
on x1 and x2. Some examples of this asymmetric dependence are shown in Fig-
ures 5.4(d)–(f).

5.2.5 Circular two-variable reaction system
The two-variable system introduced in Section 5.2.1 can be extended by an extra
reaction yielding:

X1 EGGGGC X0 GGBFGG X2 GGBFGG X1 .

In this way we create a cycle, in which there is a direct transition between any of
the three configurations. The new reactions are represented in the deterministic
model by rate equations a3 (which describes the reaction from X1 to X2) and b3
(which describes the reaction from X2 to X1). Thus, the differential equations are
now of the form:

dx1

dt
= a1(x1, x2)− b1(x1, x2)− a3(x1, x2) + b3(x1, x2) ,

dx2

dt
= a2(x1, x2)− b2(x1, x2) + a3(x1, x2)− b3(x1, x2) .

In the stochastic model, the corresponding propensities are given by:

α3(n1, n2) = Na3(
n1
N , n2

N ) ,
β3(n1, n2) = Nb3(

n1
N , n2

N ) .
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(f) s1 = 0.5; s2 = 0.7

Figure 5.4: Contour plots of the potential function F for the double autophospho-
rylation cycle for various s1 and s2. ‘+’ denotes a stable node in the
deterministic model, ‘♦’ denote a saddle node.

Clearly, the addition of the two new reactions changes the dynamics of the
system. However, if the deterministic system shows chemical detailed balance,
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5. Multi-variable systems

the addition of those equations does not change the equilibrium. A similar effect
occurs in the stochastic model. On one hand, the addition of the new propensities
can change the dynamics of the CME. On the other hand, if the new model shows
stochastic detailed balance, the new propensities do not change the equilibrium.
This also means that alternative expressions for the equilibrium probabilities can
be found that include terms α3 and β3. Nevertheless, the old expressions (in
terms of α1, β1, α2 and β2) still hold. Consequently, for a system with stochastic
detailed balance, we can ignore the direct reactions between X1 and X2 for the
formulation of the potential function F.

5.3 Multiple coupled unimolecular reactions

5.3.1 M-variable systems
We can generalize the system discussed in Section 5.2 to a larger class of sys-
tems. Instead of two configurations we assume M + 1 different configurations
X0 . . . XM. Each of the configurations X1 . . . XM can be formed from configura-
tion X0; similarly, X0 can be formed from all other configurations. The num-
ber of molecules in configuration Xi is denoted as ni, while the total number of
molecules is again denoted by N.

Again, we formulate a deterministic model, in which the amount molecules in
each configuration is given as a fraction of the total amount in all configurations.
Hence, for a species Xi, the fraction is given by

xi =
ni
N

=
[X]i

[X0] + . . . + [XM]
.

Since the total concentration (or number) of molecules is constant, the fraction X0
depends on the other fractions as follows:

x0 = 1−
M

∑
i=1

xi .

As a result, x0 is a dependent variable and the system has M independent vari-
ables x1, . . . , xM. States of the deterministic model are represented by vectors of
the form:

x = (x1, . . . , xM)T .

The possible reactions are given by equations of the form

X0

ai(x)
GGGGGGGGGBFGGGGGGGGG

bi(x)
Xi , (5.7)

in which ai(x) and bi(x) represent the rates of formation of species Xi from X0 and
of species X0 from Ai, respectively. Hence, the time evolution of the deterministic
model is given by a system of ODEs of the form:

dxi
dt

= ai(x)− bi(x) , (5.8)
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5.3 Multiple coupled unimolecular reactions

or, equivalently,

dx
dt

=

 a1(x)− b1(x)
...

aM(x)− bM(x)

 . (5.9)

The corresponding stochastic model has states given by vectors of the form
n = (n1, . . . , nM)T. Again, n0 is a dependent variable, which is used as a short no-
tation for n0 = N−∑M

i=1 ni . We also define vectors of the form n̂ = ( n1
N , . . . , nM

N ).
Each transition in the stochastic model corresponds with a reaction in the deter-
ministic model and has a propensity of the form

αi(n) = Nai(n̂) ,

or
βi(n) = Nb1(n̂) .

If this system shows stochastic detailed balance, we can again construct a
potential function F. This potential function can be used to find an expression
for the equilibrium distribution of the stochastic model for various N. Moreover,
it can be used to relate this equilibrium to the steady states of the determinis-
tic model. Below, we discuss two derivations for F: one for unimolecular mass
action reactions (discussed in Section 5.3.2) and one for a more general class of
systems (discussed in Section 5.3.3).

5.3.2 Unimolecular mass action system

Now we assume the system introduced in Section 5.3.1 is a unimolecular elemen-
tary mass action system. This means we only have reactions of the form:

X0
ki

GGGGGBFGGGGG

k−i

Xi ,

with rate constants ki and k−i and an equilibrium constant Ki =
ki

k−i
. In this case

the rates ai and bi of the deterministic model are given by:

ai(x) = ki

(
1−

M

∑
j=1

xj

)
= ki x0 ,

bi(x) = k−i xi .

The propensities of the corresponding stochastic model are given by:

αi(n) = ki

(
N −

M

∑
j=1

nj

)
= ki n0 ,

βi(n) = k−i ni .
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5. Multi-variable systems

Using intermediate steps similar to those in Section 5.2.2, we find

Zn

Z0
=

Z(n1,...,nM)

Z(0,...,0)
=

M

∏
i=1

Kni
i

(
N

n0, n1, . . . , nM

)
. (5.10)

From this equation, we can again derive that

1
Z0

=

(
1 +

M

∑
i=1

Ki

)N

.

Thus, we find that the equilibrium distribution is again a multinomial distribu-
tion of the form:

Zn =

(
1

1 + ∑M
j=1 Kj

)n0 M

∏
i=1

(
Ki

1 + ∑M
j=1 Kj

)ni ( N
n0, n1, . . . , nM

)
.

Using (5.10), we can also derive the following expression for the potential
function F:

F(x) =
M

∑
i=0

xi ln(xi)−
M

∑
i=1

xi ln(Ki) .

This allows us to express ratios between equilibrium probabilities in expressions
of the form:

Zn ≈ Z0 e−NF(n̂) .

5.3.3 Generic reaction system

We can also derive more generally valid expressions for the equilibrium distri-
bution and the potential function for systems of the class defined in Section 5.3.1.
To do that, we follow steps similar to those in Section 5.2.3.

Define a vector c = (c1, . . . , cM)T with elements

ci(x) = ln
(

ai(x)
bi(x)

)
.

Now we can express the potential function by an expression similar to that in
(5.5). This path follows from the integration of c over an arbitrary smooth path
r = (r1, . . . , rM) of (macroscopic) states:

F(x) = −
∫ x

0
c(r)dr .

Since, we require stochastic detailed balance, we know that this integral only
depends on c(0) and c(x) and not on the path r. The obtained potential function
F allows again expression of ratios between equilibrium probabilities of the form

Zn

Zm
= exp (N(F(m̂)− F(n̂)) E ,
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5.4 Chain of successive reactions

with an error term E = O(1). In this expression, m and n are stochastic state
vectors; m̂ and n̂ are the vectors obtained by dividing all elements of m and n by
N.

Also for this M-variable system, we can relate the deterministic model to the
potential function F. Let x(t) be a solution of (5.9). The corresponding change
over time of F(x(t)) is given by:

dF(x(t))
dt

= ∇F(x)T · dx
dt

= −c(x)T · dx
dt

= −
M

∑
i=1

ln
(

ai(x)
bi(x)

)
(ai(x)− bi(x)) .

Hence, we obtain a summation of terms ln
(

ai(x)
bi(x)

)
(ai(x)− bi(x)) for each reac-

tion i. For each of those terms there are two possibilities:

• if bi(x) 6= ai(x) then ln( ai(x)
bi(x)

)(ai(x)− bi(x)) < 0 ,

• if ai(x) = bi(x) then ln( ai(x)
bi(x)

)(ai(x)− bi(x)) = 0 .

This means that dF(x(t))
dt ≤ 0 for each solution x(t) of (5.9). Only if the system is in

a steady state, we know that ai(x) = bi(x) for each individual reaction and thus
we find dF(x(t))

dt = 0. If the system is not in a steady state, the deterministic model
will move in a direction in which F decreases until a minimum in F is reached.
Consequently, F is a Lyapunov function of (5.9) and minima in F correspond with
stable steady states in the deterministic model.

5.3.4 Additional reactions

In Sections 5.3.1–5.3.3, we have only discussed M-variable systems for which all
Xi configurations can be converted into all other configurations Xj via configu-
ration X0. This class can easily be extended to include systems in which also
reactions of the form

Xi GGBFGG Xj ,

with i, j 6= 0 are possible. In fact, it is also possible to extend this to an ‘all-to-all’
reaction system, in which each configuration can directly be converted in each
other configuration. The only restriction to the use of above methods on such
systems is that the mesoscopic model should show stochastic detailed balance.

If such an all-to-all reaction system fulfills the stochastic detailed balance cri-
terion, the equilibrium probability for each state can be expressed in terms of the
subset of possible reactions given by (5.7). The additional reactions do not influ-
ence the equilibrium distribution. Also the potential function can be expressed
in terms of the same subset of reactions.

5.4 Chain of successive reactions

In addition to the unimolecular mass action systems considered in Sections 5.2.2
and 5.3.2, it is also possible to apply our methods to a system that consists of a
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5. Multi-variable systems

chain of M coupled unimolecular elementary reactions. In particular, we con-
sider a system of the form

X0
k1

EGGGGGGGGGGGGC

k−1

X1
k2

GGGGGGGBFGGGGGGG

k−2

. . .
kM

GGGGGGGGBFGGGGGGGG

k−M

XM ,

with Ki = ki
k−i

. If those reactions occur in a closed system, the sum of the con-
centrations is constant over time. We consider the fractions x0, . . . , xM defined
by:

xi =
[Xi]

∑M
j=0[Xj]

.

Under the assumption that the system shows chemical detailed balance, we can
omit any other reactions (e.g., direct transitions between X1 and X3). Both the de-
terministic and the stochastic model for this system can easily be obtained using
an approach similar to those in previous sections. Typically, states in the deter-
ministic model are expressed by vectors of the form x = (x1, . . . , xM), while states
in the deterministic model are expressed by vectors of the form n = (n1, . . . , nM)

The equilibrium distribution of the stochastic model with N molecules fol-
lows again a multinomial distribution. An expression for this distribution can
easily be found using (2.24). Since all reactions are unimolecular, we find the
following expression for the ratio between the probabilities in states n and a ref-
erence state 0 (in which all N molecules are in configuration X0):

Zn

Z0
=

N!
n0! n1! . . . nM!

K∑M
i=1 ni

1 K∑M
i=2 ni

2 . . . KnM
M

=

(
N

n0, n1, . . . , nM

)
K∑M

i=1 ni
1 K∑M

i=2 ni
2 . . . KnM

M .

From this we can use steps similar to those in Section 5.3.2 and find the following
expression:

Zn =

(
N

n0, n1, . . . , nM

) (
1
L

)n0 M

∏
i=1

(
∏i

j=1 Kj

L

)ni

,

where L = ∑M
i=0 ∏i

j=1 Kj. We can also find that the potential function F is given
by

F(x) = −
M

∑
i=1

xi ln

(
i

∏
j=1

Kj

)
+

M

∑
i=0

xi ln(xi) .

Hence, also for this system, we can express the probabilities of states
n = (n1, . . . , nM) in terms of a potential function F and the number of molecules
N by an equation of the form:

Zn ≈ Z0 exp(−NF( n1
N , . . . , nM

N )) .
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5.5 Reversible polymerization reactions

5.5 Reversible polymerization reactions

5.5.1 Supramolecular polymerization

In this chapter, we have, so far, only discussed unimolecular or
pseudo-unimolecular reactions, i.e., systems in which the reactions do not alter
the total number of molecules or molecular complexes. Now we discuss a type
of systems for which the number of molecules changes. In particular, we focus
on systems in which identical monomers polymerize.

The system dealt with in this section is based on a model by Zhao and
Moore [109]. They discuss reversible polymerization in the context of chemical
synthesis of bio-inspired materials. Reversible polymerization reactions occur in
particular in system in which monomers are bound by non-covalent bonds (e.g.,
hydrogen bonds or stacking through π-π interactions) instead of covalent
bonds. As a result the formed oligomers and polymers in such a reaction system
are complexes rather than molecules. Therefore, such a polymerization process
is called supramolecular polymerization [33].

In the context of intracellular signaling and regulation, reversible polymer-
ization and complex formation processes often involve many different subunits.
Hence, for the description of such processes, the discussed reaction system is
overly simplified. Nevertheless, this section may provide insight into those pro-
cesses as well. Also the synthesis of filaments in the cytoskeleton involves poly-
merization reactions related to those discussed in this section. However, these
reactions are often practically irreversible due to the consumption of ATP.

The system we deal with in this section is based on mass action kinetics and
uses a nucleation-elongation mechanism. In such a mechanism there is first a
nucleation process in which a small oligomer is formed. This nucleation process
is energetically disfavored and relatively slow. Once such an oligomer is formed,
the further elongation occurs faster; moreover, larger polymers are energetically
favored over smaller polymers. We further assume a single nucleation step, i.e.,
we assume that the nucleation involves the formation of a dimer and that all
further elongation occurs with identical rate constants.

We denote free monomers by X1; polymers that consist of i monomers are
indicated by Xi. Typically, a system consisting of a total of N monomers has
N − 1 possible reactions. The formation of dimers has rate constants knuc and
k−nuc and an equilibrium constant Knuc = knuc/k−nuc. All further reaction steps
(i.e., elongation reactions in which polymers of length i ∈ {3, . . . , N} are formed)
have rate constants ke and k−e and an equilibrium constant Ke = ke/k−e. Hence,
the system consists of the following set of reactions:

2X1
knuc

EGGGGGGGGGGGGGGGGC

k−nuc

X2 , (5.11)

Xi−1 + X1
ke

EGGGGGGGGGGGGC

k−e

Xi . (5.12)
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In accordance with Section 2.3, we can construct a stoichiometric matrix S

S =


−2 1 0 . . . 0 0
−1 −1 1 . . . 0 0

...
...

...
. . .

...
...

−1 0 0 . . . −1 1

 .

Since S · c = 0 only has a trivial solution c = 0, there are no reaction cycles
and the deterministic model has the chemical detailed balance property for all
possible combinations of rate constants.

5.5.2 The deterministic model
Again we construct the deterministic model in terms of fractions xi, which can
be related to the number of polymers of length i (denoted by ni) and the corre-
sponding concentration [Xi] as follows:

xi =
ni
N

=
[Xi]

[X1] + . . . + [XN ]
.

States of the deterministic model can be represented by vectors of the form:

x = (x1, . . . , xN) .

Note that the notion of fractions in this system differs from the notion of fractions
in the unimolecular systems we have seen before. For unimolecular systems,
the sum of fractions of the different configurations or molecule types is always
equal to one. In this case the fractions denote the numbers of polymers of each
individual length divided by the total number of (free and bound) monomers.
Hence, now the sum of the numbers of polymers multiplied by the correspond-
ing lengths equals one, i.e.,

N

∑
i=1

i xi = 1 . (5.13)

The given equilibrium constants Knuc and Ke are already expressed in terms of
fractions. These constants can be related to the usual constants K̃nuc and K̃e in
terms of concentrations by

Knuc = K̃nuc ctot ,
Ke = K̃e ctot ,

in which ctot = ∑N
i=1 i [Xi] is the total concentration of monomers.

In each state x a number of reactions can occur. The rates at which the forward
and reverse nucleation reactions occur is given by the following equations:

anuc(x) = knuc x2
1 ,

bnuc(x) = k−nuc x2 .
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The rates for the elongation reaction in which a polymer of length i ∈ {3, . . . , N}
is formed from a polymer of length i− 1 and the accompanying reverse reaction
are given by

ai(x) = ke x1 xi−1 ,
bi(x) = k−e xi .

In equilibrium, the fractions of monomers and dimers are related by:

x2 = Knuc x2
1 = σ Ke x2

1 , (5.14)

where σ = Knuc/Ke. Similarly, the fractions of polymers of length i ≥ 3 are given
by:

xi = Ke x1xi−1 . (5.15)

By combining (5.14) and (5.15), we can also find the following expression, which
is valid for all i ≥ 2:

xi = Ki−2
e Knuc xi

1 = σKi−1
e xi

1 . (5.16)

Using (5.16), we can find an expression for the sum of the fractions multiplied
by the number of monomers in the corresponding polymer:

N

∑
i=1

i xi = x1 +
N

∑
i=2

i σKi−1
e xi

1 = (1− σ)x1 +
σ

Ke

∞

∑
i=1

i (Ke x1)
i

= (1− σ)x1 +
σ

Ke

Ke x1

(1− Ke x1)2 = (1− σ)x1 +
σ x1

(1− Ke x1)2 .

By combining this with (5.13), we find

(1− σ)x1 +
σ x1

(1− Ke x1)2 = 1 , (5.17)

or, equivalently,

(1− σ)Ke x1 +
σ Ke x1

(1− Ke x1)2 = Ke ,

as given by equation 29 in [109]. With this expression of Ke in terms of Ke x1, we
can derive the relation between Ke and x1. This relation (for various values of
σ) is shown in Figure 5.5. For σ = 1, the model represents a isodesmic system
(i.e., a system in which the nucleation and elongation reactions have the same
equilibrium constants. The corresponding curve in Figure 5.5 has a sigmoidal
shape. For smaller σ, the curve becomes less symmetric. If σ is small enough
(e.g., σ = 0.001), there is a sharp threshold near Ke = 1.

Recall that Ke depends on K̃e (the equilibrium quotient in terms of concentra-
tions) and the total monomer concentration ctot. The threshold (near Ke = 1)
in Figure 5.5 marks a critical concentration. Below this concentration, nearly
all monomers are free monomers. An increase of ctot above this critical con-
centration, leads to more and longer polymers, while the concentration of free
monomer stays approximately the same. This results in a sharp decrease of the
fraction of free monomers x1.

131



5. Multi-variable systems

Figure 5.6 presents the same information in an alternative way (note that fig-
ures Figure 5.5 and Figure 5.6 correspond with Figure 6 in [109]). In this figure,
the factor Ke x1 is shown. This factor determines how large the fraction xi is
compared to the fraction xi−1. Since the total concentration is limited, this factor
is always smaller than one. If Ke x1 � 1, fractions xi decrease fast with increasing
i. Contrastingly, if Ke x1 ≈ 1, this means that the fractions xi decline very slowly
with increasing i. In other words, the larger Ke x1, the larger the fractions of long
polymers. In the remainder of this section we discuss the case Ke = 10; in that
case, σ has a large influence on the value of Ke x1.

If we combine the values for x1 with (5.16), we can also find the other fractions
xi. For Ke = 10, these fractions are shown in Figure 5.7. Clearly, xi decreases
exponentially with i, for all shown values of σ. However, the curves for small
values of σ decline much faster than those for larger σ. This is in good agreement
with the observation that in Figure 5.6 the factor Ke x1 for a given Ke (and thus
also for Ke = 10) approaches one for decreasing values of σ.

5.5.3 The stochastic model

We can also define a stochastic model for the system defined in (5.11) and (5.12).
In this model, states are represented by vectors of the form n = (n1, . . . , nN).
Since the total number of monomers is constant, we know that in each state
∑N

i=1 i ni = N. Given a state n, the propensities for the forward and backward
nucleation reaction can be expressed as follows:

αnuc(n) =
knuc n1 (n1 − 1)

N
,

βnuc(n) = k−nuc n2 .

Similarly, the propensities for the forward and backward formation of a polymer
of size i ∈ {3, . . . , N} can be expressed as follows:

αi(n) =
ke n1 ni−1

N
,

βi(n) = k−e ni .

Hence, the probabilities of a state n and its neighbor state n+∆nuc that is reached
by a nucleation reaction are related by:

Zn+∆nuc

Zn
= Knuc

n1 (n1 − 1)
N(n2 + 1)

= σKe
n1 (n1 − 1)
N(n2 + 1)

. (5.18)

In the same way, the probabilities of a state n and its neighbor state n + ∆i that is
reached by an elongation reaction of the type Xi−1 + X1 GGA Xi (with i > 2) are
related by:

Zn+∆i

Zn
= Ke

ni−1 n1

N(ni + 1)
. (5.19)
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Figure 5.5: The fraction of free monomers x1 in a steady state of the deterministic
model as a function of Ke for various σ.
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Figure 5.6: The product Ke x1 for the deterministic model as a function of Ke for
various σ.
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Figure 5.7: The fraction of polymers xi in a steady state of the deterministic
model for various σ and Ke = 10. Line styles denote same σ as in
Figures 5.5 and 5.6.
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5.5.4 The potential function
We can again derive a potential function for this system. However, the number of
needed state variables (i.e., the number of possible polymer lengths) grows with
N. This contrasts with all previously considered systems, in which the number
of states grows with N, while the number of non-vanishing state variables is
independent of N (except for some cases in which one of the reactants is missing).
In fact, the number of state variables in the deterministic model is infinite, while
in the deterministic model the number of state variables is finite for any finite N.
To deal with this when constructing a potential function, there are two options.
Firstly, one could either truncate the state space and thus construct a potential
function that is only valid for a certain N. Secondly, one could define a potential
function in a state space with an infinite number of state variables. In this section,
we apply the second option.

We want to express the quotient of equilibrium probabilities of the states n =
(n1, n2, n3, . . .) and m = (N, 0, 0, . . .) in terms of a potential function F. Since
stochastic detailed balance holds, we can select any sequence of reaction that
leads from m to n. To describe a suitable reaction sequence we introduce

uk =
∞

∑
j=k

nj .

We start in state m = (N, 0, 0, . . .) and perform subsequently the following reac-
tions:

• u2 reactions to form dimers, leading to a state (N − 2u2, u2, 0, 0, . . .),

• for each i > 2, ui reactions to form Xi from X1 and Xi−1. For each i this leads
to the next state (N − 2u2 −∑i

j=3 ui, n2, . . . , ni−1, ui, 0, . . .).

Eventually, after υ = ∑∞
i=2 ui steps, state n = (n1, n2, n3, . . .) is reached.

Now we apply (2.23), which is the expression for the quotients of equilibrium
probabilities between two states in an elementary mass action reaction system
that was derived in Section 2.4. The right hand side of this expression contains
two parts. The first part is the quotient of the factorials of the two state vec-
tors of interest; recall that the factorial of a vector a = (a1, . . . , an) is defined as
a! = ∏n

i=1(ai!). The second part is a product of terms of the form Ki N
∑∞

j=1 ∆i,j for
each reaction i. The chosen reaction sequence from m to n only contains bimolec-
ular reactions in which the total number of molecules (here polymers and free
monomers) decreases by one in each (forward) reaction step; consequently, we
find that for each of those reactions Ki N

∑∞
j=1 ∆i,j = Ki N−1.

Only in the first u2 reactions the equilibrium constant Knuc = σKe is used; in
all subsequent u3 + u4 + . . . reactions the equilibrium constant is Ke. Hence, from
(2.23) we obtain the following expression:

Zn

Zm
=

Z(n1,n2,n3,...)

Z(N,0,0,...)
=

N!
n1! n2! n3! . . .

(
Knuc

N

)u2
(

Ke

N

)u3+u4+...

=
N!

n1! n2! n3! . . .
σu2

(
Ke

N

)υ

.
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Since

n1 = N − 2u2 −
∞

∑
j=3

uj = N − u2 − υ,

we know that
υ = N − n1 − u2 = N − u1 .

Thus, we obtain
Zn

Zm
=

N!
n1! n2! n3! . . .

σu2

(
Ke

N

)N−u1

. (5.20)

This implies

ln
(

Zn

Zm

)
= ln(N!)−

∞

∑
j=1

ln(nj!) + u2 ln(σ) + (N − u1) ln
(

Ke

N

)
.

If we approximate the factorials using Stirling’s approximation, we obtain

ln
(

Zn

Zm

)
= N ln(N)− N −

∞

∑
j=1

(nj ln(nj)− nj) + u2 ln(σ) + (N − u1) ln
(

Ke

N

)

= N ln(N) − N −
∞

∑
j=1

nj ln(nj) + u1 + u2 ln(σ) + (N − u1) ln
(

Ke

N

)
. (5.21)

Since we are interested in cases for which ni
N → xi, we can rewrite (5.21) in

terms of fractions xi. We we introduce s1 and s2 by

s1 =
∞

∑
j=1

xj =
1
N

∞

∑
j=1

nj =
1
N

u1

s2 =
∞

∑
j=2

xj =
1
N

∞

∑
j=2

nj =
1
N

u2

Using these relations we rewrite (5.21) into the following expression:

ln
(

Zn

Zm

)
= N ln(N)− N −

∞

∑
j=1

Nxj ln(Nxj) + Ns1 + Ns2 ln(σ) + N(1− s1) ln
(

Ke

N

)

= N

(
ln(N)− 1−

∞

∑
j=1

xj ln(Nxj) + s1 + s2 ln(σ) + (1− s1) ln
(

Ke

N

))

= N

(
(1− s1) ln(Ke)− 1−

∞

∑
j=1

xj ln(xj) + s1 + s2 ln(σ)

)

Taking the state (N, 0, 0, . . .) as reference state, we define the potential function F
by

F(x1, x2, x3, . . .) = (s1 − 1)(ln(Ke)− 1) +
∞

∑
j=1

xj ln(xj)− s2 ln(σ) .
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5.5.5 The minimum of F
The potential function F can be used to analyze the behavior of the equilibrium
distribution of the stochastic model as function of N. Here we search for a mini-
mum of F and show that it corresponds with the macroscopic equilibrium state.
A complication in finding a minimum of F is the fact that the mass conservation
constraint

∞

∑
j=1

j xj = 1 (5.22)

must hold. Hence we use the Lagrange multiplier method. Define

H(λ, x1, x2, x3, . . .) = F(x1, x2, x3, . . .) + λ

(
∞

∑
j=1

j xj − 1

)
,

where λ is the Lagrange multiplier. A minimum of F that also satisfies the mass
conservation constraint can now be found by setting all derivatives of H equal to
zero. To do this, we perform the following steps. First, we set the derivative of H
with respect to x1 equal to zero.

∂H
∂x1

= ln(Ke) + ln(x1) + λ = 0 . (5.23)

Next, we consider the derivatives of H with respect to xj, for j = 2, 3, . . ..

∂H
∂xj

= ln(Ke) + ln(xj)− ln(σ) + j λ = 0 . (5.24)

The derivative of H with respect to λ gives again the constraint (5.22). We now
try to solve the equations (5.22), (5.23) and (5.24). From (5.23) we obtain

x1 =
e−λ

Ke
.

Furthermore, using (5.24) gives

xj =
σ

Ke
e−j λ =

σ

Ke
(Kex1)

j .

Substitution of this result in (5.22) gives

x1 +
σ

Ke

∞

∑
j=2

j (Kex1)
j = x1 +

σ

Ke

(
Kex1

(1− Kex1)2 − Kex1

)
= 0

Finally, rewriting this expression leads to

x1(1− σ) +
σx1

(1− Kex1)2 = 1 .

This equation is identical to (5.17). Analysis of the Hessian matrix shows that F
is a convex function, which indicates that the found solution is indeed the min-
imum of F. Hence the minimum of F under the constraint (5.22) corresponds
indeed with the equilibrium state of the macroscopic system.
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5.5 Reversible polymerization reactions

5.5.6 Local search

In theory, the probability distribution of the stochastic model can again be cal-
culated for a given N, using (5.20) or expressions of the form (5.18) and (5.19).
However, for large N, this is almost impossible. Nevertheless we can obtain
some insight into the shape of the equilibrium distribution by finding states for
which the probability is a (local) maximum in the distribution. In general, a so-
lution may be found using the Gillespie algorithm (discussed in Section 1.2.6).
However, if we are not interested in the dynamics and only want to find a lo-
cal maximum in the equilibrium distribution, we can also apply an alternative
approach that is much faster than the Gillespie algorithm.

For this approach we make use of equations (5.18) and (5.19). From an arbi-
trary state there are a number of possible reactions; some of those lead to a state
with a higher probability. We evaluate all possible neighbor states and move to
the neighbor state with the largest probability (i.e., to the neighbor state m with
the largest Zm/Zn, given the current state n). If none of the possible Zm/Zn has
a value above one, a local maximum has been reached. In this way we perform
a local search with ‘best improvement’. Alternatively, we can perform a local
search with ‘first improvement’, by moving to the first neighbor state with a ratio
above one, without verifying the ratios for all other neighbor states.

Neither first improvement, nor best improvement guarantees that we find a
global maximum. Numerical trials indicate that searches with best improvement
generally yield solutions with a higher equilibrium probability than searches
with first improvement. For local search with best improvement we observe
that for different initial conditions, different local maxima may be found. An
additional observation (see Figure 5.8) is that for increasingly large N, these local
maxima are increasingly similar.

For systems with various N, Figures 5.9 and 5.10 show the fraction monomers
in the local maxima of the probability distribution that are found when perform-
ing a local search (with best improvement) starting from a state n = (N, 0, . . . , 0)
in a system with σ = 0.001 and Ke = 10. Clearly, for increasing N, the (local)
maximum of the equilibrium distribution approaches the steady state of the de-
terministic model. If we consider the fraction x1 of free monomers as a function
of Ke (shown in Figure 5.9), we see that this fraction is very different for small N,
while for larger values of N the curve approaches that of the deterministic model.
The curve for the stochastic model with N = 104 shows a reasonable agreement
with that for the deterministic model. However, if we consider the fractions xi
with i ≥ 2 in Figure 5.10, the curve for the stochastic model with N = 104 differs
considerably from that for the deterministic model. For small N, the local search
finds a local maximum which is entirely different from the steady state of the
deterministic model. For larger N, the fractions found by the local search are in-
creasingly similar to those of the deterministic state state. Typically, the fractions
xi correspond well for small i; the region in which there is a good correspondence
increases with N. For larger i the xi in the stochastic solutions tend zero linearly
with i, while the xi in the steady state of the deterministic model tend to zero
with i in an exponential fashion.
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Figure 5.8: The number of polymers ni of length i for a local maximum in the
equilibrium distribution of the stochastic model (with Ke = 10 and
σ = 0.001). Maxima were found by a local search with first improve-
ment from initial states (N, 0, . . . , 0) (solid line) and (0, N

2 , 0, . . . , 0)
(dotted line). n1 is not shown. All ni with i > 100 are equal to zero
and are omitted from the figures.

5.6 Discussion

In Sections 5.2–5.4 we have extended and applied some of the methods from
Chapter 3 to some multi-variable systems. In particular, we have shown that it
is possible to derive a potential function for a number of classes of systems with
two or more reversible unimolecular reactions. This possibility is not restricted
to systems with elementary reaction kinetics or very exotic kinetics. In fact, it
is possible to apply such an approach on reaction systems with an appropriate
topology (such as the generic systems in Sections 5.2–5.4) and kinetics that allow
stochastic detailed balance in the mesoscopic model. For example, potential func-
tions can also be derived for classes of reaction systems with Michaelis-Menten
or Hill kinetics.

The potential function F can be used to describe both the (mesoscopic)
stochastic and the (macroscopic) deterministic model. For the stochastic model
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Figure 5.9: The fractions of monomers n1
N for a local maximum in the equilibrium

distribution of the stochastic model (for σ = 0.001 and Ke = 10) with
various N, and the corresponding fractions x1 in the steady state of
the deterministic model as a function of Ke.
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Figure 5.10: The fractions of polymers ni
N (with i ≥ 2) for a local maximum in

the equilibrium distribution of the stochastic model (for σ = 0.001
and Ke = 10) with various N and the corresponding fractions xi in
the steady state of the deterministic model. Monomer fraction is not
shown.

we can again show that the equilibrium distribution can be described in terms
of both the potential function and the number of molecules N. For the
deterministic model, F is again a Lyapunov function. As a result, the minima of
F correspond again with stable steady states of the deterministic model.

The definition of a potential function for multi-variable systems may also pro-
vide means for a further analysis of the dynamic properties of both the stochastic
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and the deterministic model. For the stochastic model, such an analysis could
be based on the methods for expected times and eigenvalues that are introduced
for single-variable systems in Chapter 3. However, such an application would
involve some adaptations. The main reason for those adaptations is that two ar-
bitrary states in a multi-variable system can be connected via various sequences
of states. This is in contrast with single-variable systems, in which there is always
a single connection between two states. For instance, in the systems in Chapter 4,
paths from state 1 to state 42 always pass through each of the states 2, . . . , 41.

Some multi-variable reaction systems (such as the system in Section 5.2.5)
also contain reactions that (due to stochastic detailed balance) can be omitted
from the expression for the equilibrium distribution and the potential function
F. However, those reactions can influence the dynamics of both the determinis-
tic and the stochastic model and should, therefore, be taken into account when
describing the dynamics of those models.

In Sections 5.2–5.4 and Chapters 3 and 4, we only consider systems that con-
sist of unimolecular and pseudo-unimolecular reaction systems. In those sys-
tems, the number of molecules is constant. It should be possible to extend this
approach to bimolecular or termolecular reactions, i.e., systems in which the total
number of molecules may differ between states. For simple systems, such as a
system with a single reaction of the form 2 X1 EGGGGC X2, this may be relatively
straightforward. However, in other systems, such an extension of our approach
may be more challenging.

Even though the classes of systems discussed in Sections 5.2–5.4 are all uni-
molecular, they may encompass some real-life signaling modules that are of bi-
ological interest. For example, the generic M-variable system in Section 5.3 can
be used to model proteins that form complexes and are modified by various re-
actions. An example of such a protein is Insulin Receptor Substrate 1 (IRS-1), a
signaling molecule that is involved in the cellular response to insulin [93]. This
protein has a potential role in type II diabetes mellitus and may also be involved
in some types of cancer [9]. The IRS-1 molecule can be phosphorylated at 37
different sites (according to the Human Protein Research Database [42]). It can
also bind to the insulin receptor and other proteins such as Grb2 [99] and various
isoforms of P3IK. Due to all possible combinations of these modifications and
interactions, the IRS-1 protein can be in a large number of possible configura-
tions. If the other proteins involved in the signaling are present in relatively high
concentrations, IRS-1 may be an interesting candidate for application of methods
similar to those discussed in Section 5.3.

In Section 5.5, we discuss a system with reversible polymerization reactions.
This system contains bimolecular reactions. The most striking property of this
system is that the number of non-vanishing state variables grows with the num-
ber of monomers N. As a result, the deterministic model has an infinite number
of state variables and the comparison between a stochastic and a deterministic
representation is not straightforward. Nevertheless, we can still define a poten-
tial function for this system that provides some information about both models.

This system is also suitable for an alternative approach to obtain information
about the equilibrium distribution. Instead of using the Gillespie algorithm to
obtain a state with a high probability, we have performed a local search. The
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results indicate that this approach indeed provides useable information about
the stochastic model. Although the results are promising, further analysis of this
method is needed to compare the speed and the performance of this approach
compared to that of the Gillespie algorithm. In addition to the straightforward
local search used in this chapter, some more sophisticated approaches may be
applied to find local maxima in the state space.

The results obtained in Section 5.5 exemplify that polymerization and the for-
mation of complexes can influences the rate at which the behavior of the stochas-
tic model tends to that of the corresponding deterministic model with growing N.
In particular, for the reversible polymerization we observe the following. With
increasing N, the fractions in the stochastic model tend to those in the determin-
istic model. However, there is a difference in the rate of convergence between the
fractions of different polymer lengths. The larger the polymer length i, the larger
the N that is required for a good correspondence between xi in the deterministic
model and ni/N in the stochastic model.
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Eikelder, Computing the Stochastic Dynamics of Phosphorylation Networks, J. Com-
put. Biol., 17(2):189–199, (2010)
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6.1 Introduction

So far, we have encountered classes of reaction systems that can be studied ana-
lytically. For larger and more complex reaction systems, it may become hard or
even impossible to solve the CME analytically. One of the reasons is the combi-
natorial complexity inherent in interconnected reaction systems. Another reason
is the synthesis of new molecules, which yields an infinitely large state space.
The latter occurs for instance in the stochastic analysis of gene regulatory net-
works [68]. In most cases, it is therefore necessary to simulate the development
of the system over time using the Gillespie Algorithm (see Section 1.2.6) or one
of the approximate procedures derived from the Gillespie algorithm.

In this chapter, we use an alternative approach and deal with systems for
which a numerical solution to the CME can still be found. In particular, we
apply this approach on phosphorylation cascades, which are ubiquitous motifs
of intracellular signaling and regulation networks (see also Section 1.1). More
specifically, we neglect the synthesis and degradation of proteins, but still allow
complex formation and post-transcriptional modifications. As a result, the total
concentration of each protein type is constant and the state space of the system
is finite, although each protein can still be in a number of different states. In this
chapter, we focus on phosphorylation reactions, but these methods can also be
applied to other post-translational modifications such as methylation or acetyla-
tion.

Although, in principle, the formal solution of the CME can be given, its actual
computation may be problematic due to the size of the state space. For instance,
a single phosphorylation cycle with 100 proteins that can be in two states (de-
phosphorylated and phosphorylated), contains 101 states. If three of those cycles
form a cascade, the resulting system contains about 106 states, even if intermedi-
ate complexes are disregarded. To compute the time evolution of this system and
even that of much larger systems, we have built a C++ program that can perform
a parallel computation on a cluster of multiple CPUs. This program is optimized
to efficiently deal with the inherent sparsity of the system, which is due to the
fact that from each state only a limited number of neighbor states can be reached
in one step.

We have used a modular set-up that allows the combination of different ki-
netics, including simplified linear mass action systems, Michaelis-Menten and
fully mechanistic mass action (i.e., explicitly dealing with all intermediate reac-
tion complexes as separate reaction species). This approach also allows us to
include some molecule types as constant concentrations (as long as their concen-
trations do not change over time) rather than variables.

Our program has been applied to two networks. First we have studied a
single phosphorylation cycle with Michaelis-Menten kinetics. Secondly, we have
investigated how the oscillatory MAP kinase model of [43] behaves under con-
ditions with small numbers of proteins.
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6.2 Methods

Solving the chemical master equation

Recall from Section 1.2.5 that the formal solution of the CME is given by:

z(t) = eMtz(0) . (6.1)

Various techniques are available to evaluate this formal solution (6.1), as dis-
cussed by [67]. Here, we discuss a different approach, based on the forward
Euler integration scheme. In this approach, the time evolution of the probability
distribution is given by

z(t + ∆t) = T · z(t) , (6.2)

where T is the transition probability matrix. For time steps ∆t, this matrix is
given by

T = exp(M∆t) = I + ∆tM · I + (∆t)2M2

2!
+O((∆t)3) .

In the forward Euler approach, we omit terms of order (∆t)2 and higher and
obtain

T = I + ∆tM .

Iterative application of equation (6.2), for a small enough ∆t, yields the time evo-
lution of the probability vector z(t). This method is further referred to as the
power method [48].

The major computational cost of the power method is due to the multiplica-
tion of T and z(t). As the size of T is the square of the number of states, the
maximum size of a system that can be numerically evaluated is limited. Two
approaches can be applied to lessen this limitation. Firstly, the implementation
of the methods should take into account the sparsity of T. As only one chemical
reaction is allowed to occur at a time, each state only has a limited number of
neighbor states. Because of this, T is not only very sparse, but becomes even
sparser when the number of states increases. Hence, taking into account the
sparsity of T reduces both memory requirement and the number of floating point
operations per iteration. Secondly, a matrix-vector multiplication can easily be
implemented in a parallel program. In this way, the matrix T can be distributed
over a number of computer nodes. The first advantage of this is that only a part
of T is stored on each node, allowing storage of a larger state space. The second
advantage is an increase in speed.

We have built an object-oriented C++ program (hereafter referred to as CME
solver) that provides a parallel implementation of the power method. This pro-
gram takes into account the sparsity of T. The CME solver is specifically designed
for the stochastic modeling of networks of reversible phosphorylation cycles that
do not consider protein synthesis and protein degradation. It allows users to
construct networks in a modular way. In this program, a module is defined as
a collection of species and a number of reactions that allow the interconversion
of those species. Typically, a module represents different phosphorylation states
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or configurations of the same protein. Some of the reactions can be catalyzed by
species from other modules. However, in the current set-up, enzyme-substrate
complexes are not explicitly taken into account.

The modular structure of the user input is preserved in the internal represen-
tation of the network in the program. This allows a relatively straightforward
state-space enumeration method. Such an enumeration method assigns a unique
number to each possible state, which is required to construct the matrix M (and
from that T). First ‘local’ state numbers are defined for the numbering within
each cycle. Next, these local state numbers are combined to enumerate all pos-
sible combinations of local states, yielding ‘global’ state numbers. Although the
CME solver can calculate the time evolution of z(t) over a user-defined time
range, for many applications the equilibrium distribution is required. The equi-
librium distribution Z is the vector to which z(t) converges if t is large enough.
To find this vector, the iterations are repeated until a user-defined stop criterion
is met. In the case studies discussed in this chapter, the maximum element-wise
change is used as the stop criterion.

The CME solver evenly distributes the enumerated states over all available
processor nodes. Then, on each node the necessary part of matrix T is con-
structed and the probability vector is set to the user-defined initial probability
distribution. In the iteration process each node updates its own part of the prob-
ability vector and sends the results to the other nodes. After every specified
number of iterations, the program writes the current state of the system to an
output file.

From deterministic rates to propensities

Matrix M contains the propensities of the reactions in the system. The propen-
sity of a reaction is the time derivative of the probability that this reaction occurs
before time t, provided that this reaction is the first reaction to occur. This means
that the propensity multiplied by an infinitesimally small time step dt yields the
probability that this reaction will occur in the next dt. If the propensity functions
are known, the corresponding rates for a deterministic description can be calcu-
lated. This provides a valid representation of the system, whenever stochastic
fluctuations can be neglected. However, often only deterministic rate laws are
known instead of the reaction propensities needed for a stochastic modeling.
In those cases, deterministic rate equations need to be converted into the cor-
responding propensity functions.

To simplify this conversion, we only deal with fractions instead of concentra-
tions; that is, instead of using the concentration [X1], we denote the amount of a
chemical species X1 by a fraction x1 of the maximum concentration of X1 (C1):

x1 =
[X1]

C1
.

For a phosphorylation cycle, the maximum concentration C1 is easily defined, as
it corresponds to the total concentrations of the protein in all its configurations
(dephosphorylated, single phosphorylated, double phosphorylated, etc.).
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For very small volumes, in which the number of molecules is less than a few
thousand, it makes more sense to express the amount of X1 as the number of
individual molecules n1. For a volume V, the fraction of X1 is

x1 =
n1

N1
,

with N1 the total number of molecules that belong to the same cycle as X1. N1
and C1 are related by N1 = NAVC1, where NA is Avogadro’s Number.

Now, consider a reaction that produces molecules X1. If this reaction has a
propensity r, the probability that n1 is increased by one in a small time step ∆t is
given by:

P(n1 → n1 + 1) = r∆t.

If ∆t is so small that at most one reaction can occur, the expected increase in X1
is:

E(∆n1) = P(n1 → n1 + 1) = r∆t,

or, expressed in fractions

E(∆x1) =
E(∆n1)

N1
=

P(n1 → n1 + 1)
N1

=
r∆t
N1

. (6.3)

The corresponding deterministic reaction rate can be described as a function f of
the fractions (x1, x2, x3, ...) of the involved chemical species:

dx1

dt
= f (x1, x2, x3, ...). (6.4)

From equation (6.4) it follows that for a sufficiently small ∆t, the production of
X1 is given by:

∆x1 = f (x1, x2, x3, ...)∆t. (6.5)

The increase of x1 in the deterministic model must equal the expected increase of
x1 in the stochastic model. Hence, we obtain from (6.3) and (6.5) that

r∆t
N1

= f (x1, x2, x3, ...)∆t.

This leads to the relation between the propensity functions and the deterministic
rate:

r = f (x1, x2, x3, ...)N1. (6.6)

Note that (6.6) is only valid for unimolecular and pseudo-unimolecular reactions
(i.e., reactions in which the total number of molecules does not change). For a
number of different reaction types, this relation is shown in Table 6.1. Note that
Michaelis-Menten reaction are expressed in terms of reduced Michaelis constants
of the form κ1 = Km1 /C1 (with C1 the total concentration of substrates in the cycle
and Km1 the Michaelis constant in terms of concentrations).
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Table 6.1: Propensities of stochastic reactions and rates of deterministic reactions.

Reaction type Reaction Macroscopic Mesoscopic
rate equation propensity

Mass action unimolecular
X1

k1−→ X2 k1 x1 k1 n1

Mass action catalyzed
X1

X3
⇓−→ X2

k1 x3 x1 k1
n3
N3

n1

Michaelis-Menten
X1

X3
⇓−→ X2

k1 x3 x1
κ1+x1

k1(n3/N3)n1
κ1+n1/N1(explicit enzyme)

Michaelis-Menten
X1

⇓−→ X2
v1x1

κ1+x1

v1 n1
κ1+n1/N1(implicit enzyme) a

Michaelis-Menten
X1

⇓`X3−−−→ X2

v1 x1
(1+ x3

κ3
)(κ1+x1)

v1 n1
(1+ n3

N3 κ3
)(κ1+

n1
N1

)(non-competitive inhibition) a,b

a In this reaction, the activity of the enzyme is hidden in the constants v1 and κ1.
b In this reaction, κ3 is the reduced Michaelis constant of inhibitor X3.

6.3 Single phosphorylation cycle

The first case study deals with a single phosphorylation cycle, which is a com-
mon motif in signaling networks. The described model (see Figure 6.1) uses
Michaelis-Menten kinetics. In this cycle, the dephosphorylated protein A can be
phosphorylated by kinase S, leading to its phosphorylated form Ap. The inverse
(dephosphorylation) reaction is catalyzed by phosphatase U.

A AP

S

U

Figure 6.1: Single phosphorylation cycle.

In the deterministic description, the fraction x of phosphorylated protein Ap
is expressed as x =

[Ap]
[A]+[Ap] and the fraction of dephosphorylated protein is 1− x.

The dynamics of this system are given by:

dx
dt

=
v1(1− x)
κ1 + 1− x

− v2 x
κ2 + x

, (6.7)

in which v1 and v2 are the maximum rates for the phosphorylation and the de-
phosphorylation reaction, respectively, for given concentrations of S and U. κ1
and κ2 are the respective (reduced) Michaelis constants of those reactions. As
described by [32], the steady-state solution of (6.7) has a sigmoidal shape.

For the stochastic case, the amount of protein is expressed as an integer num-
ber of molecules. The total number of phosphorylated and dephosphorylated
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6.3 Single phosphorylation cycle

proteins is denoted by N; the number of phosphorylated proteins is n; leaving
N − n dephosphorylated proteins. As n ranges from zero to N, there are N + 1
possible states. Each state is denoted by the corresponding value of n. From each
state n, only the states n + 1 and n− 1, if existent, can be reached.

Recall that zn(t) is the probability that the system is in state n at time t. As
both reactions are Michaelis-Menten reactions with an implicit enzyme type re-
actions (see Table 6.1), the transition matrix M for this specific system is filled
with items mij defined as

mij =



v1(N−j)
κ1+

N−j
N

if j = i− 1 ,

v2 j
κ2+

j
N

if j = i + 1 ,

− v1(N−i)
κ1+

N−i
N
− v2i

κ2+
i
N

if i = j ,

0 otherwise.

(6.8)

Note that N and n are equal to N1 and n1 , respectively, in the convention of Table
6.1. The non-diagonal items mij of M contain the summed propensities of all
reactions that cause a transition from state j to state i, while the diagonal elements
mii are minus the sum of the propensities of all reactions that are possible from
state i. As a result, all column sums of M are zero.

The CME solver was run for various ratios v1/v2, with both N = 10 and
N = 100, as shown in Figures 6.2(a) and 6.2(b). These figures also show the cor-
responding deterministic solution. Clearly, in both figures, the stochastic equilib-
rium distribution is centered around the steady-state solution of the deterministic
system. As discussed in Chapter 3, the expected value of those distributions con-
verges to the deterministic solution when N increases. In addition, increasing N
leads to a decrease in relative variation around this mean.

For this simple system, an exact analytical solution for the equilibrium dis-
tribution Z = (Z0, . . . , ZN) (similar to solutions given in Chapter 3) can also be
found:

Zn = lim
t→∞

zn(t) =
∏n−1

i=0
αi

βi+1

∑N
j=0

(
∏

j−1
i=0

αi
βi+1

) . (6.9)

Here, αi and βi are the propensities in a state i for the respective phosphorylation
and dephosphorylation reaction, which are given by:

αi =
v1(N − i)
κ1 +

N−i
N

,

βi =
v2n

κ2 +
i
N

.

This allows us to compare the distributions in Figures 6.2(a) and 6.2(b) with the
corresponding distributions that are calculated from (6.9). Using a stop criterion
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Figure 6.2: Equilibrium distributions for the fraction of phosphorylated proteins
n/N as a function of v1/v2, with (κ1 = κ2 = 0.1), when (a) N = 10 (b)
N = 100. For each value of v1/v2, the highest probability is shown in
black and other probabilities are scaled accordingly (shown in gray
scale). The corresponding deterministic solution is shown with a
white line.

threshold of 10−10 for the power method, we determined the maximum absolute
element-wise difference between the distributions computed with both methods.
For both the systems with 10 and 100 molecules, this difference is of the order of
10−8. This indicates that the equilibrium distributions obtained with the CME-
solver are good approximations of the exact distributions.

6.4 Oscillatory MAPK network

The second case study is the MAP kinase network described by [43]. This net-
work (see Figure 6.3) comprises three layers of phosphorylation cycles: the MAP
kinase (MAPK), the MAP kinase kinase (MKK) and the MAP kinase kinase ki-
nase (MKKK), each of which can be dephosphorylated, single-phosphorylated
or, in the cases MAPK and MKK, double-phosphorylated. Phosphorylation of
MKKK by Ras is inhibited by MAPK-PP.

The model consists of ten reactions, which are of types that are listed in Ta-
ble 6.1: reactions 3,4,7 and 8 are Michaelis-Menten reactions with an explicit en-
zyme; reactions 2,5,6,9 and 10 are Michaelis-Menten reactions with an implicit
enzyme; and reaction 1 is a Michaelis-Menten reaction with non-competitive in-
hibition.

The ODEs in [43] describe the (macroscopic) dynamics of the concentrations;
however, in this case study we express each chemical species as a fraction of the
total concentration in the corresponding cycle. Because of that, scaled reaction
parameters are needed; these are listed in Table 6.2. For this set of parameters,
the (macroscopic) deterministic model displays sustained oscillations (see Fig-
ure 6.4). Similar, yet less regular, dynamics can be found for a single Gillespie
simulation (see Figure 6.5 (a)–(d)). Typically, the oscillations become more regu-
lar with an increasing number of molecules. The time evolution of the probability
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Ras

MKKK MKKK-P

MKK MKK-P MKK-PP

MAPK MAPK-P MAPK-PP
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8

9

Figure 6.3: Topology of the MAPK network (adapted from [43]). The dashed
line represents a negative feedback from MAPK-PP to MKKK due to
(pure) non-competitive inhibition of the phosphorylation reaction.

Table 6.2: Rate equations and parameter values of the MAPK cascade model.

Reaction number Parameter values

1 v1 = 0.025 s−1 κ1 = 0.1 κI = 0.03
2 v2 = 0.0025 s−1 κ2 = 0.08
3 k3 = 0.025 s−1 κ3 = 0.05
4 k4 = 0.025 s−1 κ4 = 0.05
5 v5 = 0.0025 s−1 κ5 = 0.05
6 v6 = 0.0025 s−1 κ6 = 0.05
7 k7 = 0.025 s−1 κ7 = 0.05
8 k8 = 0.025 s−1 κ8 = 0.05
9 v9 = 0.0017 s−1 κ9 = 0.05

10 v10 = 0.0017 s−1 κ10 = 0.05

The reaction numbers correspond to the numbers in Figure 6.3. The parameter values were taken
from [43] and were scaled to express the dynamics in terms of fractions, rather than concentrations.
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Figure 6.4: Deterministic simulation results for MAPK-PP (solid line) and MAPK
(dashed line). Simulations start in a state in which all MAPK, MKK
and MKKK are dephosphorylated.

density function, as calculated with the CME solver, is shown in Figure 6.6(a). In
contrast with both the deterministic results and the single run Gillespie simula-
tions, the oscillations in the probability density function fade out. In addition, the
average behavior of a large number of Gillespie simulations (see Figure 6.6(b))
corresponds well with the results of the CME solver and shows the same phe-
nomenon. Results of the CME solver and averages of Gillespie simulations with
various numbers of molecules (data not shown) show that the oscillations take
more time to die out for larger numbers of molecules.

At first sight this disappearance of oscillations may seem counter-intuitive.
One could hypothesize that the oscillations die out because individual trajecto-
ries or Gillespie runs stop oscillating after a certain amount of time. However,
this explanation can be discarded because such a phenomenon has not been
found in any of the individual simulations that were used to calculate the average
in Figure 6.5. The real explanation can be found by analyzing the frequencies of
the oscillations. As stated before, the oscillations display variations in their pe-
riods. Initially, most trajectories of the system oscillate approximately in phase.
However, due to random events, some periods are longer than others. As a result,
individual trajectories will move slowly out of phase. After some time, the initial
synchrony is lost. Logically, the average of a large number of unsynchronized
oscillators will not display any oscillations.

6.5 Discussion

The stochastic dynamics of well-stirred chemical reaction systems can generally
be described by the CME. However, it is often difficult or even impossible to
solve this equation. Therefore, often simulations are required to obtain insight
into the stochastic dynamics of such a system.

Here, we focus on networks of coupled phosphorylation cycles and omit all
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Figure 6.5: Gillespie simulations for systems of different sizes. The numbers in
the captions indicate the total amount of proteins (i.e., the sum of all
configurations for each protein) for the MKKK, MKK and MAPK re-
spectively. Simulations start in a state in which all MAPK, MKK and
MKKK are dephosphorylated. The solid black line represents MAPK-
PP; the gray line represents MAPK.
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Figure 6.6: Time evolution of probability distributions, computed with the CME
solver (a) and the average of 100,000 Gillespie simulations (b), for a
system containing 10 MKKK, 30 MKK and 30 MAPK proteins. In the
initial state all MAPK, MKK and MKKK are dephosphorylated.

protein synthesis and protein degradation reactions. For such a system the time
evolution of the CME can still be solved numerically. However, the numerical so-
lution is computationally hard, even for relatively small numbers of molecules, as
the state space grows with a power law as a function of the number of molecules.
Moreover, the number of possible state transitions grows quadratically with the
number of possible states. Hence, the maximum system size that can be solved
in practice is limited by available computational power and memory.

We have discussed two improvements that allow us to deal with much larger
systems. Firstly, the state-transition matrices often are extremely sparse. Taking
that into account, it is possible to make use of the available memory in a more
efficient way. Secondly, as the major costs in memory and computation time are
due to multiplications of a matrix and a vector, this computation can also be per-
formed by a parallel program that can be run on a cluster of multiple computers.
We have implemented both methods in a parallel C++ program, which is avail-
able upon request. The maximum size of the systems for which the dynamics can
be computed with this program depends on the topology of the network. On a
cluster of 24 processor nodes that each have a memory of 1 GB the single phos-
phorylation cycle can be calculated for systems with tens of millions of proteins.
For the MAPK, the maximum number of states on the same processors is also of
the order of ten million states; this corresponds to a system with for instance 16
MKKK, 48 MKK and 48 MAPK proteins. The calculation of the dynamics of the
system with 10 MKKK, 30 MKK and 30 MAPK proteins (see Section 6.4) takes
approximately 5 hours using 24 AMD Opteron 270 processors with each 1 GB of
memory.

The program has been applied to two case studies: a single phosphorylation
cycle and a three-layer MAPK network with a negative feedback. The first case
study deals with a single phosphorylation cycle described by Michaelis-Menten
kinetics. As this system is fairly simple, it can also be solved analytically (as
discussed in Chapter 3). This allows us to compare the results of both methods
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and verify the correctness of our software. The results obtained with both ap-
proaches were shown to be in good agreement. As expected, for small systems,
the equilibrium distribution for a system with a small number of molecules, dis-
plays a large variance. For larger systems, the relative variance decreases and the
solution converges to that of the corresponding macroscopic ODE model.

The second case study deals with a MAPK network, for which the macro-
scopic model shows sustained oscillations. The probability distribution of the
corresponding mesoscopic model displays oscillations as well, which do how-
ever attenuate over time. For larger systems, it takes more periods before the os-
cillations have vanished from the probability distribution. Gillespie simulations
show that the reason for this is not that the system stops oscillating, but that the
oscillation is ‘less periodic’ than that of the deterministic system. As a result,
many separate but identical systems (e.g. a collection of similar, unconnected
cells) will de-synchronize over time due to random events. When observing an
infinite number of systems (which is implicitly done by the CME), the synchrony
between those systems will disappear over time. In the long run, synchrony will
be lost and sustained oscillations of individual systems will be hidden in the av-
erage behavior. Such a desynchronization is indeed known to occur in vitro for
some oscillatory reaction systems. This is for instance shown for the circadian
rythms in dissociated cell cultures [105]. If the number of molecules is large,
individual systems will behave more deterministically, leading to a slower loss
of synchrony between systems. As a result, the oscillation in probability distribu-
tion will last much longer, but eventually disappear as well. Another remarkable
phenomenon is that the frequency of the observed oscillations in the probabil-
ity distribution increases with the number of molecules in the system. Gillespie
simulations confirm that this increase also is present in individual systems.

The models in both case studies are based on Michaelis-Menten kinetics.
Those kinetics are a simplification of the fully mechanistic mass action
description and are only valid in a limited number of cases. If not all
requirements for this simplification are fulfilled, a fully mechanistic description
is needed that takes into account intermediary enzyme-substrate complexes.
This can easily be implemented in our program for the description of a single
protein species that can be phosphorylated at one or more sites. However, for
the description of multiple layers of phosphorylation cycles, the implementation
becomes less straightforward, as the same enzyme-substrate complex now
belongs to two different cycles. This is a major challenge for our current
modular method of state space enumeration.

Although our applications focus on phosphorylation cycles, the same meth-
ods can also be applied to other reversible post-translational modifications such
as methylation, acylation and glycosylation [59] (see also Section 1.1). Moreover,
more complex interactions and feedback loops can easily be implemented. How-
ever, there are two limitations. Firstly, our methods are only applicable to sys-
tems with a constant number of proteins. In other words, only modifications
of existing proteins and the formation of complexes between them are allowed.
Secondly, so far we have only considered a top-down influence of kinases, i.e., we
suppose that the number of molecules of a given kinase influences its substrate
and product molecules, but we neglect possible influence of substrate and prod-
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uct concentrations on the kinase. Because of that, some hidden feedback effects
may be missed [102]. This problem can be overcome by using a fully mechanistic
description as discussed above.

For the majority of stochastic chemical reaction systems, simulations are re-
quired to obtain insight into the dynamics. For a small number of cases (e.g.,
the phosphorylation networks discussed above) the average behavior of a reac-
tion network can also be solved numerically, without running a large number of
simulations. One of the advantages of this method is that it implicitly takes into
account all rare trajectories (such as the ones that occur in the autophosphory-
lation cycle discussed in Section 4.3), a sufficient sampling of which would take
a large number of Gillespie simulations. However, even for this class of sys-
tems, individual Gillespie simulations may still provide additional insight into
the dynamics, as exemplified by the seemingly disappearing oscillations in our
second case study. This shows that both methods are partially complementary
rather than fully interchangeable. Therefore, it may prove worthwhile to apply
the described methodology to other phosphorylation networks that, so far, have
only been studied using deterministic models or Gillespie simulations.
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Intracellular signaling and regulation processes are ubiquitous elements of
organisms in all domains of life. On one hand, these processes are crucial for
a robust and reliable functioning at the cellular level. On the other hand, mal-
functioning of these processes often leads to erroneous behavior of the cell and
may ultimately cause disease. For this reason, these networks have gained much
interest in many fields of biology and medicine. One of those fields is systems
biology, in which the study of such reaction systems is accompanied by mathe-
matical and computational modeling.

In this dissertation we have discussed two levels at which such reaction
systems can be modeled: a macroscopic, deterministic level and a mesoscopic,
stochastic level. The major goal of this study is to compare the properties of
both models and to relate their behavior at different regimes (in particular at
regimes with small and larger numbers of molecules).

Mesoscopic models do not necessarily reflect all the effects of intrinsic noise
in the true chemical reaction system. Instead, they provide an estimate of those
effects based on what is known at the macroscopic level. In general, the macro-
scopic description provides a phenomenological fit to the dynamics observed
under specified conditions and under the assumption that the system ins spa-
tially homogeneous. Consequently, if there is a discrepancy between the behav-
ior of the true (often unknown) elementary reaction system and the macroscopic
model, this discrepancy will also be reflected by the corresponding mesoscopic
model.

In addition to assumptions that influence both the macroscopic and the meso-
scopic model, there are also assumptions that only have a significant impact on
the mesoscopic model. A good example is displayed by the MPF model in Sec-
tion 4.4. The residual activity of a dephosphorylated kinase can be omitted from
the macroscopic MPF model without major effects. However, the same simplifi-
cation yields clearly different behavior in the corresponding mesoscopic model.

Commonly, mesoscopic models are studied by means of simulations using
the Gillespie algorithm (see Section 1.2.6). In this dissertation we have exten-
sively described two alternatives to this approach. Below, we further discuss all
those methods and their advantages and disadvantages as well as some possible
extensions.

In Section 1.3 we have hypothesized that, for some classes of systems, it is
possible to define a potential function that provides information about both the
stochastic and the deterministic model. In Chapters 3–5 we have shown that it is
indeed possible to derive such a potential function for a class of single-variable
systems as well as some classes of multi-variable systems. It may be possible to
further extend this approach to other classes of systems, in particular to systems
for which the stochastic model displays stochastic detailed balance.

The derived potential function allows a further analysis of the equilibrium
distribution of the stochastic model. In particular, it yields expressions in terms
of the number of molecules that allow a clear comparison with the steady states
of the deterministic model. From this perspective, the analytical approach pro-
vides more information than the Gillespie algorithm, since from the latter such
a comparison can only be performed indirectly. For instance, assume that we
want to compare the expected behavior of a stochastic model for various num-
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bers of molecules with the corresponding deterministic model. In that case, we
can derive an analytical expression of equilibrium probabilities in terms of the
number of molecules and the potential function, which can directly be related to
the steady states of the deterministic model. Alternatively, the use of the Gille-
spie algorithm would require a number of simulation with different numbers of
molecule. In general, trends can be recognized after a statistical analysis of the
results of those simulations. However, this would not yield a direct proof of the
exact behavior. Such a proof can only be obtained with our analytical approach
or other analytical approaches, for instance by using a Fokker-Planck equation.

In Chapters 3 and 4, we have shown for single-variable system that also dy-
namic properties of the stochastic model can be expressed in terms of the po-
tential function and the number of molecules. In particular, we are able to find
expressions for expected transition times and the convergence of the probability
distribution in terms of the potential function and the number of molecules. In
future, this approach may be extended to describe the dynamics of multi-variable
systems as well. Application of this approach allows a better understanding of
the behavior of reaction systems. For bistable systems, it has been suggested
before that one of the eigenvalues of the transition matrix tends exponentially to
zero with the number of molecules [100],[101]. In general, such behavior is ex-
trapolated from numerical results obtained for different numbers of molecules.
Our analytical approach allows an actual proof for such behavior.

The shape of the potential function also provides intuitive insight into the
behavior of the macroscopic and mesoscopic representations of a system. On
one hand, the behavior of the macroscopic model depends roughly on the lo-
cal properties of the potential function. If the system is in a certain state, the
macroscopic model moves to a local minimum of the potential function. For the
single-variable systems in Chapters 3 and 4, this movement takes approximately
the same time as the corresponding transition in the mesoscopic model if paths
that tend to a different local minimum of the potential function are excluded. On
the other hand, the mesoscopic model roughly depends on the potential function
in the whole state space (or at least a much broader range of it). This model will
preferably tend to any minimum and may from there again move to some other
minima (if existent) via less preferable states. As a consequence, the expected
time to a state of interest (e.g., a local maximum of the potential function) should
take into account all those possible paths. As a consequence, such an expected
time may be extremely long compared to the corresponding time in the macro-
scopic model.

This dissertation focusses on the role of intrinsic noise in reaction networks,
i.e., noise that is an intrinsic property of the reaction system itself. In real-life
biological networks, also extrinsic noise plays an important role [92]. The term
extrinsic noise is generally used to indicate all noise that is not considered to be
intrinsic noise. Typically this includes noise in parameters rather than variables
of the reaction system of interest. For certain applications it may be interesting to
further extend our methods to study the role of such noise terms as well.

In Chapter 6 we have introduced a numerical approach. Such an approach
is particularly suitable for systems in which an analytical approach is difficult or
impossible. When we discuss the applicability of such a numerical approach, we
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have to keep in mind two properties of signaling and regulation networks. Intra-
cellular reaction networks often are highly interconnected networks. For a gen-
eral reaction scheme, the state space of a mesoscopic model may easily explode
with growing numbers of molecules, due to combinatorial complexity. How-
ever, signaling and regulation networks are also known to be highly modular. A
good example are MAPK cascades, which show a typical layered structure. This
modularity also allows a modular internal representation and makes it easier to
parallelize the computation. Such a parallel computation can be performed us-
ing our CME-solver, which is especially suitable for cascades of phosphorylation
cycles. As exemplified with the MAPK model, this CME-solver can also be used
to compute the time evolution of the probability distribution for oscillating sys-
tems and other systems for which the stochastic model does not show stochastic
detailed balance.

Since both our analytical and numerical approach aim at specific classes of
systems, the Gillespie algorithm has a broader applicability. However, for spe-
cific systems of interest, special extension of our methods may be derived that
can be used to study those systems as well. In many cases, the use of multiple
methods provides complementary information. In systems with stochastic de-
tailed balance, also the local search approach shortly discussed in Section 5.5 can
be used. This approach is particularly useful in cases in which only information
about the equilibrium distribution is needed. In those cases, a local search may
provide a fast alternative for the Gillespie algorithm.
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phasenübergang. Z. Physik 270:67–73 (1974)

[39] G. L. Johnson and R. Lapadat. Mitogen-activated protein kinase pathways me-
diated by ERK, JNK, and p38 protein kinases. Science’s STKE 298(5600):1911–
1912 (2002)

[40] N. G. van Kampen. Stochastic Processes in Physics and Chemistry. North-
Holland (1992)

[41] F. P. Kelly. Reversibility and stochastic networks. Wiley, New York (1979)

[42] T. S. Keshava Prasad, R. Goel, K. Kandasamy, S. Keerthikumar, S. Kumar,
S. Mathivanan, D. Telikicherla et al. Human Protein Reference Database–2009
update. Nucleic Acids Res. (2008)

[43] B. N. Kholodenko. Negative feedback and ultrasensitivity can bring about
oscillations in the mitogen-activated protein kinase cascades. FEBS Journal
267(6):1583–1588 (2000)

[44] B. N. Kholodenko. Cell signalling dynamics in time and space. Nat. Rev. Mol.
Cell Biol. 7(3):165–176 (2006)

[45] H. Kitano. Computational systems biology. Nature 420(6912):206–210 (2002)

[46] H. Kitano. Systems biology: a brief overview. Science 295(5560):1662–1664
(2002)

[47] H. Kitano, K. Oda, T. Kimura, Y. Matsuoka, M. Csete, J. Doyle and M. Mu-
ramatsu. Metabolic syndrome and robustness tradeoffs. Diabetes 53(suppl 3):S6
(2004)
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Summary
Stochastic modeling of intracellular signaling and regulation

The communication within a cell is taken care of by an intriguing system of
‘messages in molecular bottles’ known as intracellular signaling. This signaling
system is coupled to other biochemical reaction systems that regulate specific
intracellular processes.

For a good understanding of the biochemical reaction networks involved in
signaling and regulation, molecular biological techniques are essential. These
techniques provide valuable information about the individual chemical reactions
and interactions that constitute the reaction network. However, even with this
knowledge, the complex interplay between those reactions cannot fully be un-
derstood. Therefore, there is an increasing demand for mathematical modeling
and simulations to help to unravel the secrets of intracellular signaling and reg-
ulation.

The most commonly used methods for mathematical modeling of biochemi-
cal reaction systems are deterministic. In such methods, differential equations are
used to describe the average behavior of a reaction system. These methods are
suitable for relatively large systems. However, of some types of molecules that
are involved in intracellular signaling and regulation, only several hundred or a
few thousand copies are present in a cell. In those cases, random events (intrin-
sic noise) may play an important role and so-called stochastic modeling methods
may provide a better description of the behavior of the reaction network. Such
stochastic methods take into account that from an initial state various other states
can be visited subsequently.

In this dissertation, we investigate biochemical reaction systems for which
both deterministic and stochastic models are constructed. For those systems,
we study how the behavior of the stochastic model depends on the total num-
ber of molecules. In addition, we relate this dependency to the behavior of the
corresponding deterministic model. Depending on the topology of the reaction
system, we use an analytical or a numerical approach to study the stochastic
model.

In our analytical approach, we introduce a novel framework, based on a po-
tential function, similar to potential functions in thermodynamics. This function
does not only provide more information about the stochastic model; it also pro-
vides a means for a straightforward comparison between the stochastic and the
deterministic model. This provides more insight into the applicability of both
models under different circumstances. In particular, we can determine how the
behavior of the stochastic model depends on the number of molecules in the
system. In general, with an increasing numbers of molecules, the behavior of
the stochastic model tends to that of the deterministic model. The rate at which
the former tends to the latter depends on the potential function for the reaction
network. For various properties of interest we can find an analytical expression
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for this rate.
Although the analytical approach provides more detailed information, our

numerical approach can be applied to a broader class of reaction systems. In this
approach, we explicitly compute the probability to find the system in a given
state, as a function of time. With increasing numbers of molecules, also the total
number of states grows. This causes an increase in computation time. However,
by using a parallel computer cluster the computation time can be reduced. In
this dissertation, we introduce a program that can perform such parallel compu-
tation. This program also deals efficiently with the limited number of possible
state transitions in biochemical reaction networks. As a result, our program can
compute the stochastic dynamics of relatively large reaction systems.

Both our approaches provide novel tools to obtain insight into the behavior of
networks involved in intracellular signaling and regulation. In this dissertation
we apply our methods on both conceptual and real-life reaction systems. We deal
with three types of systems: closed elementary systems, oscillatory systems and
bistable (or multistable) systems.

In this context, the notion closed systems is used for elementary systems that
do not exchange materials with their surroundings. For such a system, the po-
tential function has only one local minimum. The corresponding deterministic
model predicts that the system converges to the state with the lowest potential.
On the other hand, if the number of molecules is small, the stochastic model
predicts that there is still a reasonable chance to find the system in states with a
higher potential.

Oscillatory systems are examples of systems for which the potential function
cannot be defined. Nevertheless, we can still apply our numerical methods on
such systems. As an example, we have studied a MAPK-network. For this net-
work, both the deterministic and the stochastic model predict a sustained oscil-
lation. However, there is a clear difference if we would apply those models to
predict the behavior of the MAPK-network in a group of uncoupled cells. If, ini-
tially, all cells oscillate in phase, the deterministic model predicts that they will
remain oscillating in a synchronous fashion. On the other hand, the stochastic
model predicts that they will move out of phase. Such a desynchronization is
indeed known to occur in vitro for some oscillatory systems.

The bistable reaction systems that are dealt with in this dissertation allow
the formulation of a potential function. In those cases, the potential function
has two local minima. According to the predictions of the deterministic model,
the system converges to the nearest local minimum. Contrastingly, the stochastic
model predicts that the system can move to either local minimum of the potential
function. Moreover, in the stochastic model, there is still a possibility to switch
from one ‘stable’ state (i.e., a state with a local minimum of the potential function)
to the other. In a biological context, such switching events are often unwanted.
However, the occurrence of such events can be limited by increasing the number
of molecules at the cost of cellular resources. With our methods it is possible to
study how the number of molecules is optimized in specific real-life networks.
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Samenvatting
Om ervoor te zorgen dat alle processen in de verschillende cellen van ons li-
chaam op elkaar zijn afgestemd, is communicatie noodzakelijk. Binnen cellen
vindt deze communicatie plaats door middel van een ingewikkelde ‘moleculaire
flessenpost’ die bekend staat als intracellulaire signaaltransductie. De netwerken
van chemische reacties die deze signaaltransductie mogelijk maken zijn op hun
beurt weer gekoppeld aan reactienetwerken die specifieke processen reguleren.

Om intracellulaire signaaltransductie en regulatie goed te kunnen begrijpen,
zijn metingen met moleculair biologische technieken noodzakelijk. Deze technie-
ken leveren een schat aan informatie op over de individuele biochemische reac-
ties en interacties. Het blijkt echter ingewikkeld om ook het samenspel van deze
reacties binnen grotere reactienetwerken te begrijpen. Om dit samenspel verder
te doorgronden, wordt in toenemende mate gebruik gemaakt van wiskundige
modellen en computersimulaties.

De meest gebruikte methoden voor het beschrijven van biochemische reac-
ties zijn deterministisch van aard. Hierbij worden differentiaalvergelijkingen ge-
bruikt die het gemiddelde gedrag beschrijven van een reactiesysteem. Voor re-
latief grote reactiesystemen blijkt dit inderdaad een goede voorspelling te geven
van het werkelijke gedrag van het systeem. Als reactiesystemen echter molecu-
len bevatten waarvan er maar enkele honderden aanwezig zijn in een cel, gaan
toevalsprocessen een rol spelen en blijken zogenaamde stochastische methoden
soms een betere beschrijving van de werkelijkheid te geven. Deze stochastische
methoden houden er, in tegenstelling tot deterministische methoden, rekening
mee dat er vanuit een toestand meerdere vervolgtoestanden mogelijk zijn.

In dit proefschrift onderzoeken we biochemische reactiesystemen die we zo-
wel met een deterministisch als met een stochastisch model beschrijven. We
bestuderen de eigenschappen van de stochastisch modellen voor verschillende
aantallen moleculen en relateren die aan de eigenschappen van de bijbehorende
deterministische modellen. Afhankelijk van de structuur van een reactiesysteem,
kunnen we het stochastische model bestuderen met een analytische of een nume-
rieke benadering.

In onze analytische benadering maken we gebruik van een potentiaalfunctie.
Met deze functie kunnen we niet alleen het stochastische model beter begrijpen,
maar kunnen we het ook beter vergelijken met het bijbehorende deterministisch
model. Hierdoor verkrijgen we meer inzicht in de omstandigheden waaronder
beide modellen toepasbaar zijn. In het bijzonder kunnen we bepalen hoe het ge-
drag van het stochastisch model afhangt van het aantal moleculen in het systeem.
Naarmate het aantal moleculen in het systeem toeneemt, gaat het gedrag van het
stochastische model steeds meer lijken op dat van het deterministische model.
Hierbij hangt de precieze afhankelijkheid van het aantal moleculen samen met
de vorm van de potentiaalfunctie en de eigenschappen waarin we geı̈nteresseerd
zijn.

Hoewel de analytische benadering veel informatie geeft, is onze numerieke

171



Samenvatting

benadering toepasbaar op een grotere klasse van reactiesystemen. Met een nu-
merieke methode kunnen we uitrekenen hoe de kans dat het reactiesysteem zich
in een gegeven toestand bevindt afhangt van de tijd. Naarmate het aantal mole-
culen in het reactiesysteem groter is, zal ook het aantal mogelijke toestanden gro-
ter zijn. Dit resulteert in langere rekentijden. Door gebruik te maken van een pa-
rallel computercluster, kan de benodigde rekentijd aanzienlijk worden beperkt.
In dit proefschrift introduceren we een computerprogramma dat dergelijke bere-
keningen parallel kan uitvoeren. Dit programma houdt rekening met het feit dat
voor biochemische reactienetwerken slechts een beperkt aantal toestandsover-
gangen mogelijk is. Hierdoor kunnen we het gedrag van grotere systemen op
een efficiëntere manier doorrekenen.

Onze beide benaderingen bieden nieuwe methoden om meer inzicht te ver-
krijgen in intracellulaire signaaltransductie en regulatie. In dit proefschrift pas-
sen we deze methoden toe op zowel conceptuele als bestaande reactiesystemen.
Drie groepen systemen komen aan de orde: gesloten elementaire systemen, os-
cillerende systemen en bistabiele/multistabiele systemen.

Onder gesloten systemen verstaan we in dit geval elementaire reactiesyste-
men die geen stoffen uitwisselen met hun omgeving. Voor dit soort systemen
heeft de potentiaalfunctie maar één locaal minimum. Het bijbehorende determi-
nistische model voorspelt dat een dergelijk systeem altijd naar de toestand con-
vergeert die hoort bij dat minimum. Het stochastische model voorspelt echter
dat er voor kleine aantallen moleculen nog steeds een redelijke kans bestaat dat
het systeem zich na verloop van tijd in een toestand bevindt waar de potentiaal
niet minimaal is.

Oscillerende systemen zijn voorbeelden van systemen waarvoor geen poten-
tiaalfunctie gedefinieerd kan worden. Het gedrag van deze systemen kunnen we
uitrekenen met behulp van onze numerieke methode. Als voorbeeld beschou-
wen we een MAPK-netwerk. Zowel het deterministische als het stochastische
model voorspellen dat dit systeem blijft oscilleren. Wanneer we echter kijken
naar meerdere cellen waarin dit netwerk aanvankelijk synchroon oscilleert, zien
we een duidelijk verschil tussen beide modellen. Het deterministische model
voorspelt dat alle cellen in fase blijven lopen, terwijl het stochastische model
voorspelt dat de cellen uit fase gaan lopen. Uit experimentele waarnemingen
blijkt dat het gedrag dat voorspeld wordt door het stochastische model inder-
daad kan optreden.

Voor de bistabiele systemen die behandeld worden in dit proefschrift kunnen
we wel een potentiaalfunctie definiëren. De potentiaalfunctie voor een derge-
lijk systeem heeft twee minima. Het deterministische model voorspelt dat het
systeem convergeert naar een locaal minimale potentiaal. In het stochastische
model kan het systeem bewegen naar ieder van de minima in de potentiaalfunc-
tie en vervolgens alsnog overgaan van de ene ‘stabiele’ toestand naar de andere.
De kans op een dergelijke overgang, die in een biologische context vaak onge-
wenst is, wordt kleiner naarmate het aantal moleculen groter is. Met onze metho-
den is het mogelijk te bestuderen hoe in bestaande reactiesystemen de afweging
wordt gemaakt tussen ongewenste toestandsovergangen en het aanwenden van
schaarse bouwstoffen voor de productie van een groter aantal moleculen.
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Eikelder, Single-variable Reaction Systems: Deterministic and Stochastic Models
(submitted)

• M.N. Steijaert, P.A.J. Hilbers, H.M.M. ten Eikelder, Mass Action Reaction Sys-
tems: Relating Stochastic and Chemical Detailed Balance (submitted)

• I. Fahrenfort, M.N. Steijaert, T. Sjoerdsma, E. Vickers, H. Ripps, J. van As-
selt, D. Endeman, J. Klooster, R. Numan, H.M.M. ten Eikelder, H. von Gers-
dorff, M. Kamermans, Hemichannel- Mediated and pH-Based Feedback from
Horizontal Cells to Cones in the Vertebrate Retina, PLoS ONE, 4(6), e6090,
(2009)

• S.J. Zhang, M.N. Steijaert, D. Lau, G. Schütz, C. Delucinge-Vivier, P. De-
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Hilbers, Stochastic Switching Behavior of a Bistable Auto-phosphorylation Net-
work, 12th annual International Conference on Research in Computational
Molecular Biology (RECOMB 2008); Singapore (2008)

• M.N. Steijaert, A.M.L. Liekens, H.M.M. ten Eikelder, P.A.J. Hilbers, A Bio-
chemical Reaction Network with Multiple Functionalities, eighth International
Conference on Systems Biology (ICSB 2007); Long Beach, California, United
States (2007)

• M.J. Mulder, M.N. Steijaert, N.H.L. Kuijpers, H.M.M. ten Eikelder, P.A.J.
Hilbers, A computational model of the retina, First Dutch Conference on Bio-
Medical Engineering; Egmond aan Zee, The Netherlands (2007)

178


	Contents
	1. Introduction
	2. Detailed balance
	3. Methods for single-variable systems
	4. Examples of single-variable systems
	5. Multi-variable systems
	6. Computing stochastic dynamics
	7. Concluding remarks
	Bibliography
	Summary
	Samenvatting
	Dankwoord
	Curriculum vitae
	List of publications

