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ABSTRACT 

The die compaction of granular materials can be considered as a 

particular stage in manufacturing many ceramic products. To ensure 

product quality it is desired that after pressing the density of the 

so-called "green" compact is as homogeneaus as possible while the level 

of residual stresses is sufficiently low. The distribution of the density 

and the stress state are determined by the constitutive behaviour of the 

powder material, by the external friction (interaction between the powder 

material and the punch/die wall) and by the specific processing. The alm 

of the present research is to develop a numerical simulation procedure 

for the analysis of the state of the granular material during the 

compaction in a "geometrically complex shaped" die. The quantitative 

characterizations of the mechanica! powder behaviour and of the wall 

friction phenomena are supposed to be available. 

The constitutive powder behaviour is modelled with the theory of 

elastoplasticity (history dependence, physical non-linearity). For the 

wall friction Coulomb' s law is applied. The deformations are such that 

geometrical non-linearity is involved. The relations, which describe 

mathematically the compaction process, require a numerical elaboration. 

For that purpose the finite element methad is appropriate. It is chosen 

for an Eulerian problem formulation, which offers advantages with respect 

to the Lagrangian approach, when spatlal fixed boundary conditions have 

to be taken into account. As the resulting set of system equations is 

non-linear, the salution is determined iteratively (Newton-Raphson 

schemel. The structure of the necessary computations allows for the 

implementation in a standard finite element host program. 

For a number of geometrically different configurations the 

simulation results derived with the method developed, are presented and 

discussed. The calculations are performed using the properties of an 

artificial powder material selected from the literature. A limited 

quantitative comparison with reference data is possible. A reasonable 

agreement is observed. Qua! itati vely the present resul ts satisfy the 

expectations. 
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t. 
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A 8 • A B • A B ' A D 
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VI 
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vector 
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fourth order tensor 

column 

matrix 

zero vector 

second order zero 

fourth order zero 

second order unit 

fourth order unit 

unit matrix 

conjugation 

dyadic product 

inner product 

tensor 

tensor 

tensor 

tensor 

double inner product 

inversion 

t;T , ~T . • • • • • . • . . • • • • . • . . .. • . • transposition 
T T tJ ~ , A ~ , tJ !! , ~ !! . . . . . . . matrix product 

det(A] 

ln(A] 

sqrt[A] 

magnitude 

determinant 

natura! logarithm 

square root 

gradient 

material time derivative 

Jaumann time derlvative 



1.1 

1 I NTRODUCTI ON 

1. 1 i ve 

The theme of this thesis, die compaction of granular materials, is 

particularly of interest in the field of ceramic mater:ials production. 

After Kingery ( 1976) ceramics can be defined as: "the art and science of 

making and using articles which have as their essential component, and 

are in large part of, inorganic materials (metals excluded). This 

definition includes not only materials such as pottery, porcelain, 

refractories, structural clay products, abrasives, porcelain enamels, 

cements and glass, but also non-metallic materials, ferroelectrics, 

manufactured single crystals, glass-ceramics and a variety of other 

products, whi eh we re not in ex i stence unt i 1 a few years ago and many 

which do not exist today". Although other authors have sametimes more 

modest definitions, the above describes the situat:ion rather well. 

Ceramic mater i als can be di vided into three different categories: 

refractories, traditional ceramics (or perhaps better silicate ceramics) 

and technical ceramics including the remaining materials like composites. 

Refractorles include furnace bricks, blast furnace linings, etc. 

Traditional ceramics include articles as (ordinary) bricks, roof tiles, 

porcelain, faience, etc. The present research is confined to (a 

particular stage in the production process of) technica! ceramics. A 

general defini ti on of technica! ceramics is hard to gi ve, but roughly 

this class of mater i als comprises ceramics produced from synthet ie raw 

materials, and used mainly in technica! applications. For this category 

usually a distinction is made between functional and structural ceramics. 

Structural ceramics have primarily a mechanical function. In the category 

of functional ceramics the main purpose is not a mechanical one, but 

another property like the optica!, magnetic or (di-) electric behaviour 

is decisive. Currently 60 to 75% of the technica! ceramics applications 

belong to the functional sector, depending on the way of counting. In 

this sectien some typical ceramic materials and the characteristics of 

ceramics are l isted, and a survey of the various aspects of ceramics 

processing is presented. 

Oxides constitute the most important category of ceramics. Alumina 

(aluminium oxide), a widely used ceramic, belengs to this category. 
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Nitrides are already known for quite a long time (start of the twentieth 

century), but became only important after 1970. The most relevant 

representative is silicon nitride, foliowed by aluminium nitride. More 

recently the class of so-called oxy-nitrides has gained importance. 

Sialon (silicon aluminium oxy-nitride) is a recent developed ceramic 

which has already been commercialized. Alon (aluminium oxi-nitride) has a 

good resistance against radlation damage and can be made transparent. The 

expectations for this category of materials are rather promising. 

Carbldes form another important category, of which silicon carbide is the 

most well-known. A large number of other classes of ceramic materials 

exists, but in general the importance is less. 

Compared with other materials ceramics have particular advantages, 

however, which are occurring not always simultaneously. Some of them are: 

- low specific weight with respect to metals; 

- high melting point; 

- high stiffness and compression strength; 

- high hardness and high wear resistance; 

- high tensile strength at high temperature; 

- good creep resistance; 

- wide range of thermal and electrical conductivity; 

- low thermal expansion coefficient; 

- high corrosion resistance; 

- wide range of realizable structural and functional properties. 

Of course there are also drawbacks for ceramics. Brittleness is the most 

well-known, but poor reproducibility of properties is as least as 

important. The latter is largely determined by the degree of homogeneity 

achieved during processing. 

The advantages of ceramic materials listed above, have induced 

various practical appllcations. Ceramics have penetrated society much 

more than most people realize. While ceramics open the way for new 

applications, rather convincing arguments for applying ceramics can be 

found in already existing situations where ceramics replace other 

materials. These situations can be indicated mainly in the mechanica! 

field. Examples can be observed in the metal processing industry (tools 

for welding, cutting, extrusion, wire drawing, etc.) and in mechanica! 

constructlans (machine parts, seals, hearings, valves, pumps, etc.). In 
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electrical, optica! and chemica! industry a number of functional 

applications is found, where ceramics can be replaced only with large 

difficulties or cannot be replaced by other materials. 

Ceramics processing consists of four main branches: raw materials 

processing, consolidation to (so-called "green") compacts, densification 

to dense ceramics and machining to achleve a specific surface finish 

and/or size. Machining takes a somewhat different place than the other 

branches since it is not always necessary. At this time machining after 

densification is avoided largely or completely. Instead, it is attempted 

to make (near) net shape components. 

With respect to the raw materials the global considerations here are 

restricted to powder preparatien and the further processing. The 

objective of powder preparatien is to produce a powder material which has 

the required chemica! purity, phase composition and desirabie processing 

characteristics, including controllable packing, density and acceptable 

sinterability. Powder preparatien can be subdivided into preparatien from 

sol id state components, from 1 iquids and from gases. To the further 

processing of powders belong milling (or grinding), sieving and powder 

classificat ion. 

Powder compacts can be realized in various ways. Pressing is 

the most widely practiced method, either using dies or isostatically. 

Some other important techniques are slip-casting, injection moulding 

and extrusion. The importance of wet conso1idation techniques like 

filtration, sedimentation and electrophoretic deposition is growing. For 

consolidation the density (distribution), the pore size (distribution), 

the chemica1 homogeneity and the binder distribution over the compact are 

the major aspects to consider. The most important goal is to obtain a 

homogeneous compact in density as well as in other properties. A high 

average density on1y comes in second. 

The densification of the green compacts can be performed in various 

ways. Near1y all possibilities are variations of sintering. The compacts 

are brought at such high temperature that sufficient mobility is present 

to release the excess surface energy of the powder, thereby joining the 

particles together. When diffusion only takes place in the solid state, 

the process is called solid state sintering. When enhanced mobi 1 ity is 

realized by a smal! amount of liquid phase, the term 1 iquid phase 
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sintering is used. It is also possible to use non-reacted raw materials 

(where the proper chemica! compound is not yet formed at the start of the 

sintering process) for so-called reaction sintering. Applicatlon of an 

external pressure on the compact is called pressure sintering or 

hot-pressing. In this case the pressure can be applied (pseudo-) 

uniaxially or isostatically. 

Due to the usually high hardness of the sintered material machining 

is conventionally done by grinding, using diamond grinding wheels. Modern 

techniques like ultrasonic and laser machin\ng are becoming more 

important. In case of electrically conducting materlals spark erosion is 

another possibility. Apart from the demands for accuracy in dimensions, 

also the resulting surface roughness is important. A rather undesired 

consequence of machining is the possible introduetion of (mechanica!) 

defects which may influence the mechanica! behaviour of the material. 

From the possible powder compaction processes, in this thesis only 

die pressing is considered. In figure 1. 1. 1 a simple single action 

process to produce a cylindrical ring (Reed and Runk 1976) is visuallzed. 

Figure 1. 1. 1 Die fllling, compression and ejection 

The advantages of pressing with respect to other consolidation techniques 

can be found malnly in the speed of production combined with a rather 

wide range of shapes feasible. The drawback of die pressing is the 

non-homogenelty in density due to filling problems and inhomogeneous 

compactlon. This inhomogenelty wil! cause warpage, residual stresses or 
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cracking, either during the unloading cycle in the compaction process or 

during sintering. In most cases warpage is not allowed whi le residual 

stresses can have a negative influence on the f'inal properties of' the 

sintered product. The occurrence of' cracking is never allowed. 

Nevertheless, most of the shaping processes f'or ceramics are perf'ormed by 

pressing and probably will be performed so f'or many years to come, f'or 

reasans mentioned earlier. 

The possibilities to analyse powder compaction processes are 

limited, partly due to experimental reasans and partly due to theoretica! 

reasons. On the experimental side the inaccessibility of' powder material 

during compaction ("in situ") has to be mentioned. Besides, measurements 

of' density distributions af'ter compaction are involved with dif'ficulties. 

On the theoretica! side various approaches have been pursued. The 

microscopie approach deals with the movement of' individual powder 

particles under the influence of a force and of each other. This approach 

has given a valuable view on the local deformation processes, but still 

the information cannot be translated into global quantities. The 

compaction behaviour has been discussed in terms of' various empirica! 

equations. These equations are of some value for a comprehensive 

representat ion of data. In general only the overall behaviour during 

compaction is described and consequently local density varlatlans are nat 

discussed. Another drawback of the empirica! equations is the problem to 

extrapolate data from one conf'iguration to another. In more sophisticated 

approaches using the finite element method, local variations are included 

but in the usual Lagrangian approach problems arise to model material 

flow around corners. Besides, the constitutive behaviour of powders and 

the specification of powder/surrounding interaction, a necessary input 

for this type of approach, are nat generally understood. The validatien 

and quantification of constitutive models, uslng experimental data is 

still a delicate problem. Although the general behaviour during 

compaction of granular materials is roughly understood, the knowledge to 

predict reliably the density and stress distribution in a powder compact, 

is nat available. 

The alm of this thesis is to present an Eulerian numerical 

simulation method, which offers advantages with respect to the usual 

Lagrangian finite element approach, when it is necessary to account for 
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material flow around corners. Besides, it is notleed that with the 

creation of an alternative simulation method, the possibllity is achieved 

to compare results from basically different calculation procedures, which 

should be considered as a welcome aspect in the field of research on 

powder compaction processes, which is still involved with numerous 

uncertainties. Laberatory measurements are not incorporated in the 

present investigations but expertmental contributtons are of essential 

importance to reach further progress in future. 

1.2 Problem specification 

During powder compaction in a die, the internal volume between punch 

and die is reduced monotoneously, prescribed by the punch displacement as 

a function of the time. It is necessary that, apart from the very initia! 

stages of compaction processes, the internal volume remains completely 

filled with powder material without the occurrence of cavities, to ensure 

an adequate product quality. Provoked by this feature, lt is supposed 

that for any time T in the total compaction range of time, the volume VT 

occupied by the powder materlal is exactly known in advance. Additionally 

to the absence of cavitles, this supposition implies that punch and die 

are assumed to be rigid. Besides, this supposition reatricts the 

analysls to the loading stage only, as release of the pressure on the 

punch and remove of the product from the die is invol ved wi th an outer 

surface of the product, indetermined beforehand. For these unloading 

stages, the metbod to be presented here is not applicable because it will 

be used expl1citly that V< is known as a function of T Unloading 

requires a separate analysis, disregarded in this thesis, but rather 

straight forward. 

For the characterization of the granular material deformation a 

continuurn mechanics approach will be followed. The volume, occupied 

macroscopically by the granular substance, is considered to consist of 

continuously distributed material. With each spatlal position within the 

volume, a material partiele (or material point) is identified. To each 

partiele adequate mechanica! quantities are ascribed. Fields of these 

quantitles are assumed smooth. Initially adjacent material particles 

remain adjacent particles durlng the complete deformation history, 
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particles initially localized at the configuration boundary rernain 

localized at the boundary. The occurrence of fracture is considered to be 

beyond the scope of the present research, though crack phenomena aften 

limit technological possibilities in practice. When failure criteria are 

available the valtdation of process simulations with respect to this 

subject can be perforrned afterwards. Cracking should be avoided to 

guarantee reliability of products and therefore it suffices to determine 

the ini tiation. 

Point of departure for the sirnulations is the local existence of the 

deformation gradient tensor f re lated to an appropriate reference 

state. For a current state this tensor is defined by the equation 

.. 
dx 

-> 

.. 
f·dx (1.2.1) 

r 

with dx an arbitrary infinitesimal vector between two material points in 
r 

the reference state and d~ the associated ( material) vector in the 

current state. By the tensor IF , speelfled as a function of place and 

time (in the relevant range), the deformational history of the 

configuration is completely described. It is postulated that for a 

material partiele the local Cauchy stress tensor ~ at time r is uniquely 

determined by the deformational history of that partiele up to and 

including the time T • Consequently, thermal effects are excluded from 

the present considerations. As also viseaus effects are neglected the 

constitutive characterization of the continuurn material behaviour will be 

history dependent but not (explicitly) temperature and/or time dependent: 

with fixed positions of the material points the stress rate equals zero. 

The Cauchy stress tensor ~ is supposed to be symmetrie. 

Due to external influences (boundary loads) the continuurn material 

configuration is forced to deform. Frictional effects, involved with the 

load transmittance from the surrounding on the continuurn material are 

assumed to be independent of the velocity with which the load is applied. 

Besides, attention is only focussed on compaction processes executed in 

such a way that inertia farces can be neglected. 

The restrietlans mentioned above allow for a quasi-stationary 

approach where a number of subsequent equilibrium states will be 

examined. The time variabie T should be considered as a monotoneously 
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increasing parameter, introduced previously to indicate the level of 

progress in the deformation process only. When in the sequel the 

derivatives of physical quantitles with respect to the pseudo-time T are 

defined, these derivatives have to be interpreted as pseudo-rates. 

In global sense the assentlal limitations for the present research 

are speelfled now. Choices have been made to retain a surveyable 

objective. For reasons of simplicity, it is chosen additionally to 

restriet the investigations to rotational symmetrie configurations only. 

Generalizatlon to three dlmensional cases can be performed without 

essential modifications in the strategy to be outlined. 

1.3 Mathematica! modelling 

The configuration of the powder continuurn will be considered at an 

arbltrary time T wlthin the total compaction range of time. As a 

consequence of the restrictions introduced in the prevlous section, the 

mathematica! modelling for the partlcular process stage leads to the 

following requirements: 

- the stress tensor field should satisfy the local equilibrium equations 

for any point in VT ; 

- the stress tensor should be related to the local deformation and the 

deformation history by the constitutive equation (to be speclfied) for 

the continuurn material at any point in VT ; 

- the kinematica! and dynamica! boundary conditions should be satisfied 

in conformity with the global process specification (VT is prescibed) 

and with the constitutive equatlon for the contact phenomena (friction) 

occurring due to interaction between the powder material and the 

punch/die material. 

To describe mathematically the fields of physical quantities, an 

appropriate choice has to be made for the independent variabie necessary 

to indicate the posltion in VT It can be distlnguished between 

the Eulerian, the Lagrangian and the arbl trary Eulerian Lagrangian 

method. Subsequently, these possibilities will be elucldated. It is 

stated beforehand that a material point unlquely can be ldentified by the 
-+ 

position vector xr in the reference configuration. 

In case of the Eulerian (or spatlal) formulatlon a physical quantlty 
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is considered to be a function of the time ~ and of the posltion vector ~ 

in the geometrical space. For the present research the relevant domain V~ 
-> 

of x is dependent on the time ~ . The partlcular material partiele with 

position vector~ at time~ formally can be identified by ~ = ~ (~,~) . 
"'* "'* r r 

For the actual displacement u(x.~) of that partiele with respect to the 

reference state holds 

~-~ (~,T) (1.3.1) 
r 

The Eulerian approach is usually applied in fluid mechanics, motivated by 

the typical instantaneous formulated constitutive equations (reference

free formulation) and the often space associated boundary conditions. 

In case of the Lagrangian (or material) formulation a physical 

quantity is considered to be a function of the time ~ and the material 
-> -> 

identification vector x The domain of x is invariant here. The actual 
r r 

pos i tion vector of a particular material point in space is denoted by 

~=~(~.~) The displacement ~( ~ , T) wi th respect to the reference 
r r 

state of that material point equals 

~(~ 'T) ~(~ ,T)-~ (1.3.2) 
r r r 

The Lagrangian approach is usually applied in solid mechanics because the 

reference state is of essential importance then and, moreover, often the 

boundary conditions are material associated. 

To combine the meri ts of the Eulerian and the Lagrangian approach, 

and to avoid the demerits, the arbitrary Eulerian Lagrangian method can 

be applied. Physical quantities are considered to be a function of the 

time T and of a set of co-ordinates in a system, basically disconnected 

from space and material, but to be defined independently. It is not the 

aim to consicter this method in detail, reference is made to Schreurs 

(1983) and to Huetink (1986). Particularly for forming processes, the 

advantages of the procedure become clear. 

When an elaboration of the Lagrangian metbod is chosen for the 

simulation of powder compaction processes, frictional phenomena (notably 

slip) along non-smooth beundarles raise modelling difficulties, to be 

explained in the next section. The principal aim of this thesis is to 
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examine the utility of the Eulerian approach. As notleed before, the 

Eulerian method shows advantageous features when space associated 

boundary conditions have to be taken into account, which is definitely 

the motive here for the application to die compaction processes. 

.4 Simulations in the literature versus research 

The equations indicated in section 1. 3, which describe 

mathematically the compaction processes to be considered, allow only in 

trivia! ideal cases (geometrically simple configurati.ons, "simple" 

material behaviour, frictionleas interaction with the surrounding) for an 

explicit analytica! solution. For relevant practical problems, results 

can be obtained exclusively with the application of numerical methods. In 

genera!, compaction slmulation examples in the literature (Vermeer 1980, 

Thompson 1981, Hehenberger et al. 1982, Marlmoto et al. 1982, Broese van 

Groenou and Lissenburg 1983, Park 1985, Oh et al. 1987) are confined to 

finite element approximations, based on a Lagrangian problem formulation. 

The continuurn is divided into a finite number of geometrically simple 

elements, each element contains a unique and invariant set of material 

particles. This implies that during the compaction process the element 

geometry changes are determined by the deformation of the powder 

material. The fixed conneetion of finite elements to the continuurn 

material raises some difficulties: 

- initlally "well-shaped" elements can become inacceptably distorted 

during process progress, inducing theoretica! and numerical problems; 

- the account for slip along non-smooth boundary parts (space associated 

boundary conditions) is intrinsically involved with kinematica! 

inaccuracles. 

By the application of rezoning these difficulties can be surmounted. For 

every process stage to be considered in principle a new appropriate 

element mesh can be generated. The relevant nodal and elemental 

quantities for that mesh have to be determined from the results for the 

previous state with extrapolation and interpolation techniques. The 

procedure generally requires manual interference, which is an obstacle 

for a fully self-controlled computational process simulation. 

This thesis deals with the simulation of compaction processes, based 



1.11 

on an elaboration of the Eulerian problem description with the finite 

element method. As the finite elements are fixed in space, the typical 

disadvantages of the Lagrangian approach as a consequence of kinematica! 

incompatibility along the boundary, are avolded. Finite element meshes 

for subsequent stages of the compaction process only require adaptation 

because of changing boundary geometry (reduction of the volume V ). These 
T 

adaptations, however, can be speelfled in advance as it is supposed that 

VT is a priori known as a function of the time T . 

1. 5 Preview 

The foundation of the strategy, developed to solve numerically the 

differentlal problem formulation and boundary conditions with application 

of the Eulerian approach, is outlined in chapter 2. A number of 

subsequent stages in the compaction process, which are defined by 

prescribed finite time steps (increments), is considered. For each stage 

the discretized equilibrium equations are derived, based on the finite 

element method. The substitution of the constitutive continuurn relations 

into these equations, results in the non-linear system 

f (u) 
~I ~ 

(1.5.1) 

with f
1 

and columns with internal and external nodal forces, 

respectlvely, and with u the column with incremental nodal displacements. 

When the boundary conditions are included the system (1.5.1) formally can 

be solved. For the actual solution the iterative Newton-Raphson scheme is 

applied. Preparatory calculations are performed for that purpose. 

In chapter 3 attention is focussed on the mechanical behaviour of 

granular materials. It is common practice to adopt the concepts of the 

theory of elastoplasticity, eventually leading to a rate formulation of 

the constitutive equation. With restrietion to isotropie behaviour, the 

general framework of the theory is presented. The integration of the rate 

type constitutive equation is discussed and iterative relations are 

derived. Af ter these theoretica! considerations a review of 

representative roodels for granular materials in the literature is given, 

as far as an obvious conneetion with the theory presented can be 
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lndicated. From the wide variety, a simple model is selected for further 

elaborations. The particular choice is made on the one hand for reasans 

of convenience, on the other hand to have a possibility to campare the 

numerical simulation results. 

In chapter 4 the non-trivial boundary conditlans are considered. To 

model the frictional interaction between the continuurn material and the 

surrounding, Coulomb's law is applied. As a continuatlon of the 

discretized approach, 1t was chosen for a generalized node orlented 

formulation of Coulomb's law. A number of assumptions is introduced to 

deal with frictional phenomena along non-straight edges. The actual 

incorporation of frictional boundary conditions is performed with 

so-called friction elements. With the introduetion of these elements, the 

necessary computations are structured such that implementation in a 

standard finite element code is possible, provided that sufficient 

flexibility is offered. 

In chapter 5 the numerical scheme to achleve simulation results is 

outlined. Attention is glven to the (iterative) salution procedure. A 

specific host program is chosen and the particular extensions for the 

incorporation of the present research are indicated. Some practical 

issues, the user is confronted with, are considered, especially pre- and 

post-processing. 

In chapter 6 the material model is quantified, based on data from 

the literature. For a number of compaction processes the results of the 

numerical simulation are presented. An internal check is lncluded to 

obtain information about the performance of the method developed. The 

comparison of results of the present research for compaction in a 

cyllndrical die with reference results independently derived, is 

discussed. The capabllltles to deal with complex shaped dies are shown. 

Unfortunately only tentative expectations and global experiences are 

available for an evaluation. 

Future experimental research is necessary to obtain a proper 

valtdation of the theoretica! developments. The first section of chapter 

1 deals with this subject. As matters stand at present laborieus 

expertmental work should be executed to reach a satisfactory situation. 

Chapter 1 concludes with comments upon the numerical method proposed in 

this thesis and with recommendatlons for a continuation. 
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2 COMPUTATIONAL STRATEGY 

2. 1 Introduetion 

A quasi-static continuurn deformation process is considered. Due to 

external loading the stress-free initial configuration is transformed 

into the final state. Throughout the complete history of load application 

the equations, describing mathematically the idealized reality, should be 

satisfied for any value of the time variable T , defining the particular 

stages of the proceeding of the process. For computational reasons this 

requirement will be relaxed by the execution of an incremental analysis 

procedure (Bathe 1982} with calculations for a discrete number of 

subsequent load levels at specific times. Because of path-dependent 

constitutive behaviour it will be necessary to introduce assumptions with 

respect to the continuurn deformation during each analysis step. 

Theoretically this raises limitations regarding the step size. In 

practice a suitable chosen incremental solution method will be needed to 

avoid numerical problems; besides, analysis results for intermediate 

times in the total range will often be of interest. 

In this chapter the foundations of the incremental calculations are 

explained by focussing on a single step t ~ T ~ t+t.t . It is supposed 

that at the beginning of the increment ( T = t} the distri bution of the 

Cauchy stress components in the domain Vt is known: the stress tensor 

field ~t(~) with the position vector~ in Vt is explicitly specified. The 

local previous deformational history, represented by the so-called 

history parameters !lt to be characterized in the next chapter, is also 

supposed to be available, implying the specification of 1) (~) with ~ in 
-t 

Vt . The size of the increment is defined by prescrihing the geometry of 

the continuurn boundary at the time T = t+t.t enclosing Vt+f.t . It is the 

aim to determine the state of the continuurn at the end of the increment 

(1; = t+t.t). This involves the calculation of the fields of the Cauchy 

stress tensor and the history parameters, 
... 

... 
~ • (x) 

t+ut 
and 

... 
:!lt+f.t (x) 

respectively, for x in the domain Vt+At . In section 2.2 the incremental 

procedure will be considered in more detail. For the solution of the set 

of (differential) equations resulting formally, the finite element method 

(Zienkiewicz 1977), based on the discretization of the incremental 

displacement field, will bè applied. Section 2.3 discusses this 
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displacement discretization while in section 2.4 the discretized 

equations of equilibrium for T = t+At are derived. The updating of 

stresses and history parameters requires extra attention, caused by the 

character of the continuum const1tut1ve relations and by the Eulerian 

approach adopted bere. 

appropriate strategy 

In section 2. 5 the problems are exposed and an 

is developed. After elaboration of the 

discretization the incremental transition is described by a non-linear 

set of (algebraic) equations. The solution can be obtained using a 

suitable iterative scheme. This is, togethe~ with the associated 

calculations, the subJect of section 2.6. 

2.2 Incremental procedure 

A deformation increment, with the continuum transforming from the 

configuration at time T = t into the configuration at time T = t+At , is 

completely determined by the incremental displacement field ~(~} . In the 

present approach ~(~) describes the displacement of a material partiele 

with position vector ~ at time T = t+.llt , during the increment. It is 

obvious that Vt+.llt constitutes the prescribed domain of the position 

vector ~ . For a material point P the definition of ~(~) is visualized in 

figure 2.2.1. With 0 the spatlal fixed ortgin is indicated. 

+ ... 
x-u(xJ 

0 0 

start of increment end of increment 

Figure 2. 2. 1 Incremental displacement 

The displacement field ~(~) has to satisfy the kinematica! boundary 

conditions. For points with a position vector ~ on the boundary of Vt+.llt 
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the vector ~-~(~) should end on the boundary of V 
t 

To apply the continuurn constitutive equations it is essential to 

trace a material particle. The local deformation of the continuurn is 

described by the deformation gradient tensor f see (1.2. 1), here 

defined with respect to the configuration at the start of the increment. 
-> 

For a partiele with position vector x at time T = t+At , it easily shows 

(2.2.1) 

-> 
with D the second order unit tensor and v the gradient operator in the 

current configuration Vt+At . At the start of the increment the stress 

tensor and the history parameters for the partiele are given by 

nr (~-~(~)) and 11 (~-~(~)) , respectively. Knowledge of the state at the 
t -t 

start of the increment (T t) and of the deformation gradient tensor is 

sufficient to determine the updated state at time T = t+At only in case 

of path-independent material behaviour. In general also the deformation 

path has to be supplied to define uniquely the incremental transition in 

the range t s_ T s_ t+At Additional assumptions with respect to the 

deformation path, to be presented in the next chapter, allow that the 
-> 

stress tensor and the history parameters at the time T = t+At , 1r A (x) t+ .... t 
and 11 • (~) respectively, formally can be determined if the -t+ .... t 
kinematica! quantities ~(~) and f(~) are given. 

The stress field ~rt+At (~) with ~ in \+At , to be expressed in the 

incremental displacement field ~(~) as indicated above, bas to obey the 

local equilibrium equation 

-> 
\1'11' t+At (2.2.2) 

and the dynamica! boundary conditions to be deduced from the modelling of 

the frictional interaction between the continuurn and the surrounding. 

With these requirements the derivation of the field ~(~) in principle is 

reduced to a compl icated mathematica! problem. The sol ut ion of this 

problem can be determined only in approximate sense. In the rest of this 

thesis this issue will be elaborated extensively. The final state 

resulting at the time T = t+At for the present increment constitutes the 

initia! state for the next increment. 
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2.3 Displacement discretization 

To manipulate the differentlal problem formulation, the incremental 
-t -t 

displacement field u(x) is approximated by a discretization within Vt+At" 

For a suitable chosen number of spatlal fixed points k: with position 

veetors ~k in Vt+At , the displacement veetors tik are consldered as 

(discrete} unk:nowns. Using an adequate interpolation between these 

points, the displacement of an arbitrary point in Vt+At with positlon .. 
vector x is expressed by 

(2.3.1) 

The complete set of displacement veetors tik const i tut es the column ~ , .. 
the column ~(x) contains the explicitly speelfled interpolation 

functions. With the introduetion of a (possibly locall vector base, the 
-t 

vector column :!:! can be decomposed into a scalar column :!:! with the 

components of the veetors tik • This gives 

~ = ~:!:! (2.3.2) 

where the vector matrix B provides the transference. Substitution of 

(2.3.2) in (2.3.1) results in 

(2.3.3) 

The column :!:! should be regarded as the discrete substitute of the field 

tic;h 

To realize the discretization the finite element metbod is applied: 

the volume Vt+At. is subdivided into a finite number of geometrically 

simple parts, the elements. For each element separately the displacement 

field is interpolated between the nodal points. The arrangements are 

settled such that the discretized field in Vt+At is continuous. Because 

of the restrietion to rotational symmetry the use of toroidal ring 

elements is evident. Mainly for simplicl ty reasans ordinary four node 

ring elements with a quadrilateral cross sectien were chosen. Within an 

element the displacement components in radial and axlal direction are 

bil inear functions of the local (isoparametric) co-ordinates. For an 
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element e the displacement interpolation can be denoted analogous to the 

interpolation on global level, so 

(2.3.4) 

~ --+e e -+ wlth B the element nodal displacement vector column and with !'::! (x) 

containing the elemental shape functions. It is clear that with the 

position vector ~ a spatlal point of the element 

indicated. In conformity with (2.3.2) and (2.3.3) the 

volume v"' is 
t+Át 

vector column ~e 

may be replaced by a scalar column ue with the element degrees of freedom 

(2.3.5) 

(2.3.6) 

The noctal positions at time • = t+llt , combined with the incremental 

displacements, enable the reconstruction of the volume occupied by the 

continuurn material at time • = t Figure 2.3.1 visualizes that the 

discretization intrinsically causes deviations when the material is 

slipping along a geometrically non-smooth boundary . 

• = t • = t+llt 

Figure 2.3.1 Effect of discretization 
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For the time 't" = t+A.t two elements are considered in this figure, with 

special attention to the nodes on the continuum boundary. If for the 

material partiele with the positlon vector ~k holds rik * 0 the 

reconstructed mesh for the time -r = t shows a part (fine shaded area) of 

Vt not taken into account. The consequences of these deviations will be 

neglected, supposing the local incremental displacements small with 

respect to the element dimensions. 

As pointed out earlier the stress field 11 • (~) and the field of t+ut 
~ 

history parameters lJ • (x) can be expressed in the displacement field 
~t+ut. 

and therefore, using (2. 3. 3), in the column ~ It is the alm to 

determine a kinematically admissible column ~ such that the stresses obey 

the equilibrium equation (2.2.2) and the d:ynamical boundary conditions, 

however, because of the discretization, in an approximate sense. The next 

section presents the basic principle for that purpose. 

2.4 Discretized equilibrium 

As the stress field is determined by a discrete number of variables 
~ 

(~). it is not possible to require that for all x in vt+A.t the 

equilibrium equation holds. Besides, when the finite element metbod is 

applied, the stress field following from the discretized field ci(~) will 

be discontinuous. To evereome the problems it is common practice to 

introduce the weak form of the weighted residuals formulation (Finlayson 

1972) of (2.2.2), equivalent wlth the virtual work equation. Easily it 

can be derived that 

(2. 4. 1) 

~ 

wi th At+A.t the continuurn boundary at ti me -r = t+A.t and nt+A.t the unit 

outward normal vector on that boundary. The requirement that this 

equation is satisfied for all admissible vector weighting functions ~(~) 

is an alternative for the original requirement that for all ~ in Vt+A.t 

the equilibrium equation is obeyed. For the present case a 

Bubnov-Galerkin weighting process is adopted, implying that ~(~) is 

chosen as 
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(2.4.2) 

with ~(~) defined as in equation (2.3.3) and with w the discrete 

bubstitute for the weighting field ~c;h . Substitution of (2. 4. 2) into 

(2.4. 1) gives 

(2.4.3) 

... 
here pt+At denotes the stress vector acting on the continuurn boundary 

t+At , which is related to ~t+At by 

... 
~ ·n t+At t+At (2.4.4) 

Introduetion of the columns with internal and external nodal forces, 

espectively, 

(2.4.5) 

(2.4.6) 

nd the requirement that (2.4.3) is satisfied for all columns ~ , results 

n the set of discretized equilibrium equations 

f (u) 
~I ~ 

f 
~e 

{2.4.7) 

The column fe has to be regarcled as the consistent discrete substitute 

(or the external load on the continuum. For noctal points inside the 

boundary of the element mesh the components of fe are equal zero, for 

nodes on the edge of the mesh the boundary conditions have to be taken 

1

1into account. The column f (u) is completely determined by the (internal) 
~t ~ 

btress field ~t+At(~) and consequently by the nodal displacements ~as is 

'[tlined in the previous section. 

The calculation of internal nodal forces with equation (2.4.5) will 

, performed by numerical integration, based on four Gauss quadrature 
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points per element. Then for the total assemblage of elements it can be 

written formally 

f (u) = 
-1 -

l: 
pe!l 

lp 

(2.4.8) 

where the superscript p indicates a particular integration point with 

position vector ~ and ~ is the total set of integration points for all 
lp 

continuurn elements at time • = t+At . The quantity vP denotes the volume 

fraction associated with integration point p . For the elaboration of 

(2.4.8) it is needed to determine the stress tensor ? = v (~P) in 
t+At t+At 

the integration points. As discussed in section 2. 2 this requires the 

availability of v (~P-\1(~P)) , n (~P-\1(~P)) and F(~P) . Because tic~P) and 
t ~t 

F(~P) for an integration point p in element e can be expressed in 

the element nodal displacements ~e it is posslble to compute the 

contributton of that element to the column f
1 

, the internal element 

nodal forces, when the column ~e is known. With a standard organlzation 

scheme the element contributtons are assembied to bulld up the column f
1

. 

The discretized equilibrium equations (2.4. 7) are examined with 

respect to the number of in i t ially known and unknown components of the 

columns u and f . It is supposed that at the time • = t+At for every 
- -e 

node in the mesh two (because of the present two dimensional description) 

additional relations can be supplied, necessary to complete the 

mathematica! formulation. For nodal points inside of the element mesh, 

the related components of fe are equal zero, as notleed before. For nodal 

points on the axls of rotational symmetry the radial displacement is 

suppressed, for such points inside of the continuurn the axial external 

force equals zero while for such points on the boundary of the continuurn 

the axial displacement will be prescribed. For nodal points on the 

boundary of the continuum, not localized on the axis of rotational 

symmetry, at least one kinematica! condition can be speelfled as pointed 

out insection 2.2 and depending on the local frictional behaviour, to be 

considered in chapter 4, one extra kinematica! or dynamica! relation. 

Resuming, it can be stated that the total number of equations enables the 

determination of :!! . The salution process will be discussed in section 

2.6 and more extensively in chapter 5. 
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2.5 Stresses and history parameters 

For an arbitrary integration point in the continuurn with position 

vector ~P at time ;; = t+At the stress tensor qP • = <U' (~P) and the t+L>t t+At 
history parameters !!~+At !Jt+At(~P) are to be determined from the 

constitutive equations, given the input quantities <U'P = <U' (~P-~(~P)) , 
t t 

TIP = 1} (~P-Û(~P)) and IFP = IF(~P) . Chapter 3 deals specifically wi th the 
-t -t 

particular constitutive formulation for the continuurn material and 

presents further elaborations. It is preferred, however, to discuss here 

the calculat ion of the input quantl ties and to gi ve at tent ion to the 

structure of the final mathematica! farm following from the constltutive 

modelling. 

At the start of the present increment, which describes the 

transition of the material during the range t ~;; ~ t+At , it is supposed 

that the numerical results for <U' (~) and 1} (~) at the end of the previous 
t -t 

increment are available as (averaged) discrete quantities in the nodal 

points of the element mesh for that increment. To determine the value of 

(U' and nt for ~ = ~p-~(~p) formally a search method in the mesh for the t 
volume V has to be appl i ed. Bes i des, the explicit expression of (U' and t t 

!lt in the nodal displacements 
-> 

(or ~) ~ for the mesh in V t+At is certainly 

not a straightforward exercise. Ta avoid a laborieus procedure an 

alternative approach is proposed to express s-P and Y!P in ~ . Based on 
t -t -· 

interpolation techniques <U' (~) and Tl (~) are calculated in the nodes of 
t -t 

the actual mesh for Vt+At The nodal results are contained in the column 

<U' and the matrix (each row in 1} equals TIT for the associated nodal 
-t -t -t 

-> 
point), ordered analogous to ~ in equation (2.3.1). It is notleed that 

interpolation can be omitted if the actual nodes in Vt+At are coinciding 

with the nodes in the previous mesh for Vt . The tensor column !t and the 

matrix~ are used for a modified discretization of the fields <U't(~) and 

1} (~) • In conformity with (2.3.1) it can be written 
-t 

(2. 5. 1) 

(2.5.2) 

nly defined and applicable for 
-> 
x in the domain Vt+At . With these 

xpressions and using (2.3.1) it can be derived that approximately 
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(2.5.3) 

(2.5.4) 

The accuracy of these relationshlps depends on the local smoothness of 

the distribution of stresses and history parameters in combination with 

the incremental step size. The deformation gradient tensor fP in an 

integration point can be derived immediately after substitution of 

equatlon (2.3.1) into (2.2.1) 

(2.5.5) 

The formulas (2.5.3), {2.5.4) and (2.5.5) provide the constitutive input 

variables, expressed in the incremental displacements of the nodal 

points. It should be realized that the procedure pointed out above, 

enables an elaboration of (2.4.8) on element level. The elemental 

contrlbution to the lnternal nodal forces column f can be determined 
~t 

-+ 
exclusively with the particular components of ~ , !;t and !lt for the 

element nodes. Sectien 2.6 deals with this subject in detail. To explaln 

further elaborations some attention is given to the computation of the 

stress tensor ",' • for an integratlon point p at the time T = t+t.t . 
t+.ut 

Going ahead on chapter 3 it is stated that the final constitutive 

formulation will read 

(2.5.6) 

with IRP the rotation tensor following from polar decomposition of the 

deformation gradient tensor fP . This decomposition is uniquely defined 

by the equations 

(2.5.7) 

(2.5.8) 

where ~P is called the right stretch tensor. The tensor t.;P denotes the 

rotation neutralized incremental change of the cauchy stress tensor, 
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formally to be expressed as 

(2.5.9) 

wi th 4~ 
a 

constitutive tensor and ~P the logarlthmic strain tensor, defined by 

ln[ll.lJ (2.5.10) 

The global structure of the constitutive formulation is needed in the 

next section. 

2.6 Numerical elaborat iterative relatlons 

For an arbitrary continuurn element e the contribution f" to the 
-I 

column f 
~~ 

of internal nodal farces can be expressed in the nodal 

quant i ti es ~e , ttre and Tie for that element, constituting the relevant 
-t -"t 

partitions from the global quantities ~ , ttr and Tl , respectively. For 
·- -t -t 

integration point p of element e the equations (2. 5. 3), (2. 5. 4) and 

(2.5.5) become 

T 
T] -+ e -+e !fC~PJ ~ e [ :!._- ('V!:! ) p. ~ 4T 

t -t 
(2. 6. 1) 

T 
[ ~ e P ~/] TIP e !-!" ( ~p) 

-t :!lt !_-('V!'! } ·~ (2.6.2) 

IFP [ D-[ (~!'!e)p]T ~e 1 -c (2.6.3) 

Based on ~ , TIP and IFP the stress tensor ttrP A can be calculated. When 
t -t t+ut 

the set of integration points for element e is denoted by ~e , for the 
lp 

element column re = r"(ue) holds in conformlty with (2.4.8) 
-; -1 -

(2.6.4) 

It is obvious that (2.6.4) represents the element internal nodal forces 

fe expressed in the element nodal displacements ue through a 
-1 
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complicated non-linear relation. 

The non-11nearity on element level propagates to the system 

equations (2.4.7) and necessitates an iterative solution scheme. For each 
* iteration step it is supposed that an estimate .!:! for the real nodal 

displacement column ~ is available. It is the alm to construct an .. 
approximation for the deviations au to improve the estimates u by 

updating 

(2.6.5) 

• The iteration process will be repeated until by u the discretized 

equilibrium equations (2.4.7) and the boundary conditlans are satisfied, 

see sectien 2.4, with a speelfled accuracy. To determine ou the standard 

Newton-Raphson metbod is applied. Necessary for thls metbod is the 
• iterative relation between (infinitesimally) small changes of .!:! and the 

• associated changes of f
1 

• For this reason on element level an analogous 

iterative relation has to be derived. 
•e For each continuurn element e it is supposed that an estimate .!:! for 

the nodal displacements has been given. Substitution into (2.6.1), 

(2.6.2) and (2.6.3) results in the estimates ~ nP and FP 
• t. t. 

Subsequently ,PA is derived from the constitutive equations and (2.6.4) 
t+ t 

supplies the estimates fe for the element internal nodal forces. The 
~~ 

iterative relation between the nodal displacement changes and the 

internal nodal force changes formally can be written as 

(2.6.6) 

•e The matrix ~ , determined by the estimated state only, is called the 

elemental tangentlal stiffness matrix. Firstly, for the calculation of Q0 

the iterative change of A;P occurring in equation (2.5.6), is 

considered. With (2.5.9) it is obtained 

(2.6.7) 
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It is assumed that only small disturbances in the iterative procedure are 

introduced, when this equation is replaced by 

(2.6.8) 

4A 4A *p *p *p 
with IM

1 
= IM

1
(.-t,!1t•l:) the iterative rotatien neutralized fourth order 

constitutive tensor, defined such that for any arbitrary small o.:P holds 

(2.6.9) 

In chapter 3 the construction of 4M will be considered in detail. 
I 

Secondly, the iterative formulation of (2.5.6) leads to o0""P Wïth 
t+At 

(2.6.8) it can be derived easily that 

(2.6. 10) 

As the iterative changes oRP , o.-P and oi:P can be expressed linearly in 
t 

öue, relation (2.6.10) reads in concise notatien 

(2.6.11) 

Finally, substitution of (2.6.11) into the iterative version of (2.6.4) 

and confrontation with (2. 6. 6) results in a formula for the elemental 

tangentlal stiffness matrix 

(2.6.12) 

which closes the manipulations on element level. It can be shown that the 
•e matrix 9 generally is non-symmetrie. 

Wi th an assemblage process over the total number of elements the 

· iterative formulation for the global column with internal noctal forces 

it can be obtained 
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(2.6.13) 

• with Q the global tangentlal stiffness matrix. The iterative expression 

that will be used to solve the system equations (2.4.7) reads 

• • Q ~u = f -f (u) 
- ~ -e -1 ~ 

(2.6.14) 

In chapter 4 it is presented how the boundary conditions are taken into 

account. 
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3 CONSTITUTIVE FOR GRANULAR MATERIALS 

3.1 Introduetion 

The constitutive rnadelling of the granular material behaviour is of 

fundamental importance for the simulation of powder compaction processes. 

In this chapter attention will be focussed on the mechanica! behaviour of 

an imaginary representative material particle, to be considered as the 

basic constituent of the continuum. Since viseaus and thermal effects are 

excluded the Cauchy stress tensor ,(t) for an actual time t only depends 

on the deformation gradient tensor IF and its history from a speelfled 

initia! state. Formally the relation between ,(t) and the evolution of 

IF(r) , T ~ t , can be denoted with a functional expression. As befare the 

monotoneously increasing time variabie t indicates the progress of the 

deformation process and should not be regarded as a real time quantity. 

An explicit formulation of the constitutive equation for a certain 

material requires a mathematical modelling, evaluated by experiments. Two 

basically different methods can be distinguished: 

- a structural approach, consictering the granular material on a 

"microscopie" scale, concentrating on the morphology and behaviour of 

single particles and the interaction between them, foliowed by a 

globalization in order to predict or explain "macroscopie" 

observations; 

- a phenomenological approach, where a mathematica! framewerk is 

constructed, based on hypotheses with respect to the material 

behaviour, containing a number of parameters, accompanied by (aften 

advanced) experimental research to perfarm quantification. 

Al though the resul ts of the structural approach for granular mater i als 

are very interesting and promising (Bockstiegel 1966, Backstiegel 1967, 

Oyane et al. 1973, Sundström and Fischmeister 1973, Malerus 1975, Oda et 

al. 1980, Christoffersen 1981, Fischmeister and Arzt 1983), the methad is 

not yet developed thus far, that a reliable description of the behaviour 

can be obtained. Therefore, attention is focussed on the alternative 

methodology. The phenomenological approach, though less physically 

supported, offers actually better possibilities. The general foundations 

applied in the theory of metal elastoplasticity are adopted to describe 

the behaviour of granular materials. 
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Essential point of departure is the existence of an instantaneous 

yield criterion (Salençon 1974) 

0 (3. 1. 1) 

necessarily to be satisfied during lrreversible elastoplastic behaviour. 

As long as f(v, !J) < 0 the behaviour is reversible elastic, f(v, !J) > 0 

defines the domain of inaccessible stress states. With !! a column is 

denoted, which contains a number of history parameters (also called 

internal or bidden variables); the actual value of these parameters is 

completely determined by the deformation history. Since anisotropy is 

ignored, vin (3.1.1) can be replaced by its invariants, while!! wlll be 

composed of scalar quantities only. 

For the description of hlstory dependent materlal behaviour, lnstead 

of a functional, a rate formulation is more suitable. Objectivity 

requirements (Malvern 1969, Becker and BUrger 1975, Lal et al. 1979) 

result in 

41M: ID (3. 1. 2) 

With ; the objective Jaumann rate of the Cauchy stress tensor is 
J 

denoted, ~ is the non-objective materlal time derivative of v . The spin 

tensor 0 and the deformatlon rate tensor ID are defined by 

1 ~· -1 -c • c] 
2lf·f -IF ·f (3.1.3) 

(3. 1. 4) 

with ~ the material velocity vector. The fourth order constltutive tensor 
4

1M represents the lnstantaneous material properties; for an elaboration 

it is necessary to consider separately elastic and elastoplastic 

behaviour. It will be shown that 41M depends on the actual stress tensor 
4 4 and the actual values of the hlstory parameters: IM = IM(v,!l) . It is 

emphasized that in comparison with the functional formulation, in 

equation (3. 1. 2) the influence of the deformation bi story is discret ized 

by the introduetion of a limited set of parameters !! . 
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Fo~ elastoplastic behaviour an explicit expression fo~ the tenso~ial 

quantity 41M can be de~ived by invalving flow and hardening ~ules. In 

section 3.2 this will be explained in gene~al. Section 3.3 deals with the 

integ~ation (in time domain) of equation (3.1.2). The expresslons (2.5.6) 

and (2.5.9) for the incremental change of stress are de~ived. The 

iterative relation (2.6.8) will also be given attention. Section 3.4 

reviews a selection of constitutive models proposed in the literature, as 

far as a clea~ conneetion with the theory presented bere can be 

indicated. An actvaneed and sophisticated rnadelling with extended 

potentiality may provide a certain ~eliability, however, increases the 

number of necessary expertmental results. As these can be obtained aften 

laboriously, a campromise has to be found between the complexity of the 

model and the expertmental possibilities. Insection 3.5 a comparatively 

simple model is elaborated in detail, offering the opportunity to 

quantify the unknowns with relatively little expertmental effort. 

3.2 Theory of elastoplasticity 

Powder material will be considered as a continuurn with a mechanica! 

behaviour that can be described mathematically by the theories of 

elasticity and elastoplasticity. For a complete description of this 

behaviour with the instantaneous relation between change of stress and 

change of defo~mation, the following ingredients have to be necessarily 

supplied: 

- a specificat ion of the history parameters !l in conneetion wi th the 

irreversible part of the deformation; 

the shape of the yield surface, defined as the representation of 

(3. 1. 1) in the stress domain, in dependenee on the values of the 

parameters !l ; 

- the flow rule, prescrihing the "direction" of the irreversible part of 

the deformation rate, during elastoplastic behaviour; 

- the hardening rules, specifying the evolution of the parameters !l , 

during elastoplastic behaviour; 

- the elastic properties as a function of the parameters !l . 

A detailed exposition of these components will be presented, resulting in 

an applicable constitutive equation according to (3.1.2). 
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In conformity with the theory of elastoplasticlty it is assumed that 

for each value of the history parameters !! in the stress domain a 

subspace can be indicated, such that stress changes localized within this 

subspace cause reversible elastic deformations only. In that case there 

exists a unique relationship between the stress tensor ~(t) and the 

deformation tensor f(t) During elastic äeformations the history 

parameters !! remain constant. The subspace mentioned above is closed by 

the yield surface, which is completely determined by the parameters n . 
Only for a stress state represented on the yield surface irreversible 

elastoplastic behaviour can occur: v(t) is not uniquely related to f(t) 

anymore. During elastoplastic deformation :!) will change simultaneously 

with v to avoid vlolation of the yield criterion. Although the expression 

(3.1.1) for the yield surface is mathematically correct, especially for 

granular materials it is sometimes more convenient to distinct different 

parts i (i= 1,2, ... m), which each have their own analytica! formulation. 

For the instantaneous accessible subspace for the stress representation 

holds in that case 

V i (3. 2. 1) 

For an actual stress state with a representation on the yield 

surface and for certain choices of the deformation rate ~ the behaviour 

will be purely elastic, characterlzed by 

(3.2.2) 

4 e 4 e( ) . The fourth order tensor IM = IM ~.!J conta1ns the elastic properties. 

If with the "direction" of ~ elastoplastic deformation results, (3.2.2) 

looses validity. The total deformation rate tensor ~ is then additionally 

decomposed in an elastic part and a plastic part 

(3.2.3) 

The decomposition above is implicitly defined by 

(3.2.4) 
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A yield criterion i is indicated as act! ve (ie.of) if both f = 0 and 
1 

It is supposed that to any (active) yield criterion a "plastic f = 0 . 
1 

potentlal" g
1 

= g
1 
(.v, :!Jl is attached, such that the related particular 

contributton DP to DP can be written as 
1 

(3.2.5) 

with À a non-negative scalar. The above flow rules (3.2.5) are called 
l 

associated if g
1 

may be replaced by f
1 

• An addition over the active set 

results in the total plastic part of the deformation rate tensor 

(3.2.6) 

During elastoplastic behaviour the evolutions of the history 

parameters :!! have to be prescribed. It is assumed that every active yield 

criterion wlll contribute according to the hardening (or softenlng) 

rul es 

(3.2.7) 

with H = H (~.n) a column, composed of tensorlal quantities. 
~1 ~t ;.$ 

The changes of :!! and of ~ cannot be independent of each other, 

because the active yield criteria should remain satisfied. This 

requlrement offers the consistency relatlons, for ie.of 

ar [ar ] r 1 • 1 • 
-:.v+ - 11 = 0 
a~ an ~ 

(3.2.8) 

On account of the isotropy previously supposed, it can be proved that 

ar 
1 

ar 1 • 
av : v = 1:fif: IIT J (3.2.9) 

Substitution of equation (3.2.7) into (3.2.8) and use of (3.2.9) yields, 

for ieA 



8f 
l 0 

_.". .. 
8v · .1 

3.6 

The combination of (3.2.6) and (3.2.4) results in 

(3.2.10) 

(3.2.11) 

and after substitution of (3.2.11) into (3.2.10), for every value led the 

following equation is found 

(3.2.12) 

If these consistency relations are combined with the flow rules (3.2.5), 

a system of equations is obtained, from which the yet undetermined values 

of ~~ (led) can be calculated 

8g 
H :-J 
~j alf (3.2.13) 

By the introduetion of a column~ containing À
1 

(led), the linear system 

of equations above can be written concisely as 

The components c
11 

(led and jed) of the matrix C are defined by 

ar ag [ar ]T ag 
clj = _1. 41Me· _J - _1 lH • _J 

alf · ·a. an ~f av 

(3.2.14) 

(3.2.15) 

The column~ is composed of the tensorlal quantltles P
1 

(led) satisfying 

ar 
., = _l. 41Me 
.-1 a. · (3.2.16) 

If the active set of yleld criteria {d) is properly selected for a' 
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part icular deformat ion ra te tensor ID , the sol ut ion À of the system 

(3.2.14) should satisfy the condition À ~ 0 for every ieA. Because of 
i 

linearity of the system for À
1 

holds 

À 
1 

1'\:10 
i 

(3.2.17) 

with 1'\
1 

known tensorlal quantities, which can be determined if the matrix 

~ is regular. It is notleed that singularity of C indicates a not allowed 

combination of yield criteria, plastic potentials and hardening rules. 

With (3.2.6) and (3.2. 17) finally the relation between the total plastic 

part !OP of ID and 10 is obtained 

(3.2.18) 

where 4
1 represents a fourth order tensor defined by 

Bg 
l: _i {\ 

ieA av t 
(3.2. 19) 

With substitution of relation (3.2.18) into (3.2.4) the original goal, a 

constitutive equation for elastoplastic behaviour, formulated after 

(3.2.1) is achieved 

(3.2.20) 

Summarizing it can be stated that a complete constituti ve 

description requires the specification of a number of functions, 

expressible in ~ and ~ 

-
4Me to characterize the elastic behaviour; 

f
1 

1,2, ... m to define the distinct partsof the yield surface; 

g
1 

1,2, ... m the plastic potentials, accompanying f
1 

; 

- ~~ 1,2, ... m to take hardening phenomena into account. 

An increase of the number of history parameters in ~ and the number of 

yield surface parts m , generally results in a more advanced constitutive 

model. 

Equation (3.1.2), which represents the rate formulation for the 
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material behaviour, is repeated 

(3.2. 21) 

where 41M may be replaced by 41Me_t1Me: 4'1 . It is notleed that for pure 

elastic behaviour 4
'1 = 40 should be substituted. Based on (3.2.5), 

{3.2.7) and (3.2.17) the rates ~ can be derived 

{3.2.22) 

with the column ~ defined by 

(3.2.23) 

The equations (3.2.21) and (3.2.22) constitute a system of mutually 

coupled differentlal equations. In the next section the simultaneous time 

1ntegration of these equations is discussed. 

3.3 Integration procedure and iterative relations 

Considered is an incremental deformatlon process during a time step 

t ~ • ~ t+At . It is supposed that for the time T = t the state is given 

by the stress tensor CIT(t) and by the history parameters :g(t) . The 

deformation process for the increment t ~ T ~ t+At is defined by the 

deformation gradient tensor F(T) The configuration for T = t is 

indicated as the raferenee for the deformation, so f(t) = I with 8 the 

unit tensor. The integration of (3.2.21) and (3.2.22) should result in 

CIT(t+At) and :g(t+At) for the end of the increment. 

If an explicit expression for f(T) , t ~ T ~ t+At were avallable a 

straightforward numerical integration scheme could be applied. However, 

if only f(t+At) is supplied, as in the present research, assumptions with 

respect to the deformation path have to be added, in order to obtain a 

unique salution for CIT(t+At) and !f(t+At} . It is possible to establ1sh 

these assumptions in such a manner that with the integration process only 

rotatlon neutralized quantities are involved (Nagtegaal and Veldpaus 
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1982). Rotational effects will be taken into account then after the 

numerical integration. In this way it is achieved that the final salution 

obeys objectivity requirements. The procedure starts with the polar 

decomposition of the deformation gradient tensor 

IF( -r) IR(-r) ·II.J(-r) (3. 3.1) 

with IR the rotatien tensor and with liJ the positive definite symmetrie 

right stretch tensor. If i t is assumed that during t ~ -r ~ t+~t the 

directions of the eigenveetors of liJ remain unchanged, for the Jaumann 
0 

rate vJ of the Cauchy stress tensor it can be proved that 

0 

V 
J 

(3.3.2) 

with v = v(-r) the rotatien neutralized Cauchy stress tensor, defined by 

v(-r) (3.3.3) 

Combination of (3.3.2) with (3.2.21) results in 

:.. 
V= IRC·[ 4~:~]·1R (3.3.4) 

In conformity with (3.3.3) the rotatien neutralized deformation rate 

tensor ~ is introduced 

~ (3.3.5) 

With this definition (3.3.4) îs transformed into 

(3.3.6) 

where the rotatien neutralized fourth order constitutive tensor 4~ is 

formally defined by the requirement that for every arbitrary tensor A the 

following equation is statisfied 

~:A= IR· ~: [IR·A·IR] ·IR 4~ c [4 c ] (3.3.7) 
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,..... 4" .... 
Because of the isotropy supposed IM == IM(tr, IJ) easlly can be found from 
4 4 ~ 

IM = IM(tr,!J) wlth the replacement of tr by tr • The principal directlans of 

the stretch tensor V are assumed to be constant during t ~ T ~ t+At and 

consequently D equals the material rate of the logarithmic strain tensor 

c = e(T) , which is defined by 

a: == ln[V] (3.3.8) 

The final rate formulatlon for the constitutlve tehaviour reads 

(3.3.9) 

while the hardening evolutlon relations (3.2.22) similarly can be 

transformed into 

n=~:C: (3.3.to> 

The column ~ = ~(tr.!J) is obtained from the column ~ = ~(tr,n) , replacing 

.. by ... 

The differentlal equations (3.3.9) and (3.3.10) allow a simultaneous 

numerical integration procedure with complete ignorance of rotational 

effects. The additlonal assumption of a uniform strain path 

c == 
dt+At) 

At (3.3.11) 

is not in contradiet ion wi th the previous assumptlon concernlog the 

deformation during the iocrement consldered. With relation (3.3.11) the 

actual integration of (3.3.9) and (3.3.10) can be performed, resulting in 
~ 

tr(t+At) and !J(t+At) Formally the solution can be expressed as 

;(t+At) = tr(t)+4~ :c(t+At) (3.3.12) 
a 

A 

nCt+At) == !J(t)+ ~a:a:(t+At) (3.3.13) 

4A 4A 
An appropriate computational scheme for IM = IM ((tr(t),l)(t),c(t+At)) , 

a a ~ 

to be called the rotatien neutralized averaged constitutive tensor, and 



3.11 

for V V ((ar(t),ll(t),e(t+At)) , the column with rotatien neutralized 
~a ~a -

averaged tensors for the evolution of the history parameters, will be 

derived intherest of this section. It is notleed that formula (3.3.12) 

was used in chapter 2, equation (2. 5. 9). To account for rotational 

effects during the increment, application of 

ar(t+At) (3.3. 14) 

is necessary. This result was also used previously for equation (2.5.6). 

Wi th separation of deformational and rotational influences, the 

desired quanti ties for the end of the increment have been determined. 

The quantities 4~a and ~a , appearing in the expresslons (3. 3. 12) 

and (3.3.13), should be calculated using a numerical procedure for the 

integration of the mutually coupled differentlal equations 

~ 
1 4Ä ~ 

1/1" = At IM( ar, !jl: d t+At) (3.3.15) 

1 
~(ar.!Jl:dt+At) !l At 

(3.3.16) 

which have been obtained after substitution of (3.3. 11) into (3.3.9) and 

into (3.3. 10). Besides, the iterative version of equation (3.3. 12), 

previously formulated as (2.6.8) in chapter 2, is required. This implies 

that also an expression for the iterative rotatien neutralized 

constitutive tensor 4~ should be derived. For a detailed outline of the 
i 

numerical scheme applied, a concise notatien for the system of equations 

(3.3. 15) and (3.3.16) is introduced 

(3.3.17) 

The column ~ contains the components of ar with respect to some invariant 

vector base and the elements of the column !l . The column ~ is composed 

of the components of the incremental strain tensor d t+At) In the 
4~ A 

matrix ~(~) the quantities IM and ~ are combined. As usually the total 

time range t ~ r ~ t+At is divided into a finite number (n) of time 

steps or subincrements. A particular subincrement i with t
1 
~ <: ~ t

1
+1 , 

i= O,l, ... n-1 , t
0 

=tand tn t+At, will be considered separately. It 
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is supposed that for the beginning of the subincrement at T = t
1 

, the 

matrices~~ and ~~ are given, defined such that the column~~= ~(T = t
1

) 

can be calculated by 

z 
~1 

z +IC x 
~o -t~ 

and that for the iterative change a~ 1 of the column ~~ holds 

az = L ax 
~1 -1 -

(3.3.18) 

(3.3.19) 

It is the alm to derive equations for ~1 •1 and ~1 + 1 , representing the 

heart of the numerical procedure. Starting from i = 0 (it is obvious that 

~ = ~ = 2. ) wlth a glven ~0 , subsequently all subincrements can be 

activated, resulting finally in IC and in L . With the components of 
....... ....... 4~ 4~ 

these matrices, the construction of the quantities !Ma ~ .. and 1M
1 

easily can be performed. 

For subincrement 

difference equation 

the calculatlons are based on the finite 

z -z 
~t+l -1 

t -t 
1+1 I 

A ( z +<';; [ z -z l ) ~ 
- -1 -1+1 ~t .• 

with 0 ~ <';; ~ 1 . Using Taylor expansion yields 

z -z 
-1+1 ~t 

t -t 
1+1 I 

Solving z 
-1+1 

z 
-1+1 = 

= [A(z )+l;;[z -z J{8a~} ]x - -1 -1+1 ~I z -
~ z=z 

- -1 

from this relationship results 

[ I rr r z + -<';; XT 
0

- A(z) 
-1 t -t - z - -1 

1+1 I - z=z 
- -1 

in 

~ 

(3.3.20) 

(3.3.21) 

(3.3.22) 

and it can be shown that for relatively small subincrements, IC is 
-1+1 

approximated by 

IC 
-1+1 

IC +AIC (x, z ) 
-i -1 - -1 

(3.3.23) 
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where the matrix AK (x,z ) is expressedas 
-1 ~ ~1 

AK (x, z ) 
-i ~ ~~ [[t -t ]r+<[t -t ] 2xr{aa~}r ]A(z) 

i +1 1 - 1+1 I ~ z - ~1 
~ z=z 

- -1 

(3.3.24) 

The resul t for z to be obtained from (3. 3. 18) wi th K for 
~1+1 -1+1 

subincrement i, probably will vlolate the (active) yield criteria. To 

maintain consistency a correction will be performed, using a projection 

method. This issue will not be discussed here. 

For the iterative column oz it can be derived that 
~1+1 

(3.3.25) 

and consequently for L results with (3.3.19) the recurrence relation 
-1+1 

If it is chosen for an explicit integration scheme (~ 

for ~1+1 and !::
1

+
1 

simplify into 

K K + [t -t ] A( z ) 
-1+1 -1 1+1 i - ~~ 

L = [r+ [t -t Jxr{aa~} ]L + [t -t JA(z ) -1+1 - 1+1 I - Z -1 1+1 I - ~1 
- z=z 

- -1 

(3.3.26) 

0) the relations 

(3.3.27) 

(3.3.28) 

The size of the subincrements can be manipulated to obtain the accuracy 

wanted. It can be arranged easily that the transition from elastic into 

elastoplastic material behaviour colneldes with a subincremental 

transition. In case the explicit integration scheme is applied, the 

number of subincrements n should be larger than for an implicit scheme, 

to obtain a comparable accuracy. For stability considerations reference 

is made to the literature. 
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3.4 Review of the llterature 

The cold compaction of powders has been wldely investigated in the 

past. Almost twentyfive years ago a comprehensive review was presented by 

Bockst ie ge 1 and Hewing (1965). They compared and eval uated numerous 

publications on die compaction and concluded that the state of the art at 

that time was not giving satisfaction. They critically commented upon the 

different relations between the compactlog pressure and the average 

powder density, including the related considerations or assumptions with 

respect to the physical behaviour. They noted a general lack of account 

for partiele size distribution and for internal and external frictional 

phenomena. A universa! procedure for a reliable modelling of reality was 

not available. 

Since 1965 a large number of authors is concerned with the same 

subject. It is not the aim to perferm an extensive survey, but a few 

contributtons will be memorized. Ka.waklta and LUde (1970) presented a 

modelling theory which offers a common physical basis for prevlously 

publishad relations. James (1972) reviewed exhaustively the literature on 

the consolidation of powders. Hardly a progress of fundamental knowledge 

can be observed. It is fel t then that, bes i des a considerat ion of die 

compact ion ( unidirect ional pressing), i t is necessary to study other 

processes. Koerner (1973) described the triaxial compaction experiment, 

which enables the investigation of the three dimensional relation between 

stress and deformation. Concurrently Lade and Duncan (1973) reported on a 

theoretically more penetrating study with respect to this technique. 

Broese van Groenou (1978) and Strijbos et al. (1979) discussed the 

possibillties of experimental research and the difflculties concerning 

the empirica! constitutive modelling. It is generally accepted then that 

a proper phenomenological approach of three dimensional powder behaviour 

necessitates a mathematica! framewerk as a point of departure. The theory 

of elastoplasticity, as elaborated in section 3. 2 constitutes such a 

framework. The following will be confined to contributtons on the 

elastoplastic description of granular materials. The literature on this 

subject is spread over the fields of theoretica! and applied mechanica 

(solid as well as soil) and ceramics. The past decades numerous 

publications have appeared, proposing and considering a variety of yield 

criteria and flow rules for granular materials. It is almost impossible 
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to perform a complete comparative survey, nevertheless, an attempt is 

made to give a representative impression. The typical specificatien of 

yield criteria (yield surfaces or yield loci) enables a classification. 

Several research-workers apply the (semi-) circle of the Mohr 

representation of the stress state in a ~/T (normal stress/shear stress 

on the same material plane) co-ordinate system to introduce the yield 

surface. Critica! stress states, inducing irreversible plastic 

deformation, are considered; the envelope of the Mohr's circles belonging 

to these, constitutes the yield surface. The classical Mohr-Coulomb yield 

With ~ and ~ surface, see figure 3.4.1, is a well-known example. 
max min 

the maximum and minimum principal stresses for a cri ti cal stress state 

are denoted, C (C ~ 0) can be interpreted as the cohesion strength and ~ 

(~ ~ 0) as the (internal) friction angle. 

elastic 
behaviour 

T 

1 

c-a 
Figure 3.4. 1 Mohr-Coulomb yield surface 

The absence of a closure (cap) for negative values of ~ is criticized 

as being unrealistic. Ashton et al. (1965) presented a modification. They 

proposed a yield surface, expressed as T = T(~. p) where p, the mass 

densi ty, acts as a history parameter, see figure 3. 4. 2. The complete 

surface is composed of two distinct parts: a "yield" surface and a 

"consolidation" surface, for both the re lation T = T(~,p) is 

characterized by a power law. The intersectien of the consolidation 

surface with the ~ axis is indicated by D, the densification pressure. 

Figure 3.4.2 Yield surface after Ashton et al. (1965) 
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Another modification of the Mohr-Coulomb criterion was suggested by 

Schwartz and Holland ( 1969). They actually accepted the Mohr-Coulomb 

surface, but assumed a continuous increase in cohesion (C) and a 

continuous decrease in angle of internal friction (1{1) as densificatlon 

proceeds. The yield criterion undergoes a transition from a Mohr-Coulomb 

type at low pressures to one approaching a Tresca type at high pressures. 

Due to the absence of a closure for negative values of ~. the description 

of compaction with a pure hydrastatic pressure fails. Neither Ashton et 

al. nor Schwartz and Holland presented a flow rule. Weidier and Paslay 

(1969) paid attention to this subject from a thermodynamica! point of 

view, resulting in general but hardly applicable statements. Nova (1977) 

presented a yield surface in the ~/T plane, defined by a single relation 

f(O',T,:g) = 0 , see flgure 3.4.3. It is noticed that coheslon was not 

taken into account. 

0 -a 

Figure 3.4.3. Yield surface after Nova (1977) 

The column !l with history parameters contains two identifled quantities: 

the plastic volumetrie strain (equivalent to the density) and an 

effect i ve shear strain. In i t ially a lso a number of hidden variables is 

introduced but the influence remalns unclear. To complete the theory, 

bestdes a yield criterion also a plastic potentlal is defined and applied 

to derive a (non-assoclated) flow rule. For an elementary loading case an 

elaboration of the equations was executed, including time integration. 

The constitutlve models indlcated above, share a common dlsadvantage. The 

yield surface, as considered in a space of components of the stress 

tensor ' is not smooth: in the space of principal stresses the 

intersection of the yield surface with a plane perpendicular to the 

hydrostatic axis is hexagonal. It is obvlous that, due to this profile, 

in a numerical procedure extra precautions are required. 

A second category of yield criteria in the literature is expressed 
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according to the equation 

0 (3. 4. 1) 

where the pressure p and the effective or equivalent stress q (Von Mises) 

are defined by 

p 

q 
d ar 

(3.4.2) 

ar+ pH (3.4.3) 

The Drucker-Prager model is a classica! example of the set (3.4.1), 

comparable with the Mohr-Coulomb model mentioned earlier. Figure 3. 4. 4 

shows the graphical representation in a p/q co-ordinate system. 

( 

Figure 3.4.4 Drucker-Prager yield surface 

Suh (1969) presented a yield surface resembllng a lemniscate, see figure 

3.4.5. Hardening has been taken into account, however, the specification 

of expresslons for !! is not quite evident. An associated flow rule was 

proposed, sometimes providing results inconsistent with reality. 

c o-p 
Figure 3.4.5 Yield surface after Suh (1969) 

DiMaggio and Sandler (1971) introduced a yield surface, composed of two 

distinct parts, a curved invariable Drucker-Prager part (ideally plastic) 
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and a curved closing cap depending on the density (hardening). In spite 

of notleed deflciencles, they also sugggested an associated flow rule. 

The contributton of Wilde (1977) did not really supply new developments. 

Hls specification of two history parameters, the first invariant of the 

plastic strain tensor and the second invariant of the plastic strain 

deviator, is rather questionable. Vermeer (1978) publisbed a theory for 

cohesionless material, with a yleld surface as has been visualized in 

figure 3. 4. 6. 

volumetrie 
yield locus 

0 -P 

Figure 3.4.6 Flow surface after Vermeer (1978) 

For the shear yield condition, an effective plastic strain ë, deflned by 

t 

E = J I~ 11r\ opd d• (3.4.4) 

<=0 

represents the deformation history, the volumetrie yield condition is 

determined by the resulting permanent denslty after local unloading. With 

respect to the shear yield locus a non-associated flow rule is suggested, 

for the volumetrie yield locus an associated flow rule is proposed. The 

theory presented offers powerful possibilities for the mathematica! 

modelling of powder behaviour. Nemat-Nasser and Shokooh (1980) unified in 

a general context a number of specialized theories of various authors, 

uslng a single criterion. They used the plastic volumetrie change and the 

plastic distortlonal work as history parameters. A non-assoclated flow 

rule was applied. The formulation allows for finite strains, which 

enables to deal with large configuratlon changes. Suggested are 

constitutive relations with potentiality for quantitative description of 

reality. Various yield functions from the category under consideration 

were compared and discuseed by Doraivelu et al. (1984). They observed 

large differences and emphasized the need for a yield function for porous 
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materials, which is der i ved from a physic-ally based criterion. They 

adopted yield to start when the total deformation energy reaches a 

critical value, depending on the density, and presented a new single 

yield criterion. Of course a physical support has to be preferred, 

however, the approach chosen by them is rather questionable. As a final 

example of (3.4.1) the contribution of Duszczyk in 1987 is mentioned. He 

recommended an elliptical yield surface because of its simple 

mathematica! form. Hlstory was characterized by the density and an 

associated flow rule was proposed. 

A third category of more sophisticated yield surfaces for isotropie 

granular material behaviour is obtained by extension of (3.4.1) with the 

third invariant, det[u] , of the Cauchy stress tensor u. Representative 

contributions have been supplied by Lade (1977), by Vermeer (1978) and by 

Dorris and Nemat-Nasser (1982). It is not the alm to go in detail on the 

morleis they presented. 

The above ment ioned references to empirica! material models show a 

wide variety. In the majority of cases the models are confronted with 

experimental results; mostly no clear indications for rejection are 

found. Future research, theoretica! as well as experimental, on the 

constituti ve behaviour of powder material is necessary for an adequate 

discrimination. However, reliable experiments are very laborieus, 

especially for high pressures. It is almast impossible to avoid 

disturbances from external friction. The desire to consicter homogeneaus 

deformation only has to be released. An interaction between numerical 

simulation procedures to deal with inhomogeneity and well-conditioned 

experiments could offer important developments. An example of such a 

procedure is presented by Oomens et all. (1988). For the simulation of 

compaction processes with granular materials, in this thesis an 

appropriate choice from the available models is made in the next section. 

3.5 Selected model and specification 

The numerical simulation of powder compaction processes requlres the 

implementation of a constitutive model in the computer software. The 

previous review of models in the 1 i terature makes clear that from a 

physlcal point of view hardly a well-motivated choice can be made. This 
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justifies to take practical aspects into account. The selection of a 

Drucker-Prager type yield cri terion is then evident. Because of the 

continuous description an elliptical yield surface offers advantages. It 

is supposed that the yield surface wlll be determined by one history 

parameter only. With this restriction, the permanent (mass-) density pP 

seems to be an appropriate choice for this parameter, as the 

compressibility of the material is considered to be of fundamental 

importance. The permanent density is defined bere as the density of the 

(deformed) material, remaining after local fully unloading (elastically). 

Finally an associated flow rule will be applied. 

The mathematica! representation for the yield criterion reads 

2[ D+C]
2 2 2[D-C]2 

f(p,q,pP) = F p-;a- +q -F ;a- = 0 (3.5.1) 

with the cohesion described by C(pp) ~ 0 , the densification pressure by 

D(pp) > 0 and the axis ratio of the elllpse (a measure for internal 

friction) by F(pP) > 0 , F = 2q~aax/[D-C] . It is emphasized that the 

yield criterion is characterized by only three history dependent 

quantities. In figure 3.5.1 the yield surface is visualized. 

elastic 
region 

Figure 3.5.1 Elliptical yield surface 

Equation (3.5.1) can be considered as a special form of (3.4.1) and more 

generalized of (3.1.1). In hls thesis Park (1985) proposed the model as 

adopted here. The model was also suggested by Duszczyk ( 1987), however, 

in a simplified formulation, assuming symmetry of the elliptical yield 

surface with respect to the q axis. 

Application of the associated flow rule implies 

À?:. 0 (3.5.2) 
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For the evolution of the history parameter pP, 

(3.2.7), it is written 

(3.5.3) 

as a specificatien of 

(3.5.4) 

It is noticed that pp , defined by this expression, actually is not 

exactly equal to the permanent density after stress relaxation. However, 

without presenting the details, it can be shown that the deviations are 

small if during elastoplastic behaviour the elastic deformations are 

dominated by plastic deformations. 

Wi th the theory presented in section 3. 2 the fourth order tensor 
4~ , see (3.2. 19), can be calculated, resulting in 

(3.5.5) 

while for the tensor column V , see (3.2.23), here reduced to the tensor 

V, holds 

(3.5.6) 

During elastoplastic material behaviour these tensors describe 

instantaneously the changes of the stress tensor v and the history 

parameter pP , according to (3.2.20) and (3.2.22) 

0 

V 
J 

V:[) 

(3.5.7) 

(3.5.8) 

in dependenee on the deformation rate. These relations are applied for 

the numerical implementation. 
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Mainly following Park (1985), for C(pP) 

following empirica! expresslons are adopted 

pp-pp 
= F + [ F -F ] 1 nl 

1 2 1 p p 
pmax -plnl 

(3.5.9) 

(3.5.10) 

(3.5.11) 

where C 
1 

5. 0 , ?f 5. 0 , D 
1 

> 0 , {3 < 0 , F 
1 

> 0 and F 
2 

> 0 represent 

constant material properties. By pp the initia! density of the 
ln! 

(undeformed) material and by pp the hypothetical maximum permanent 
max 

density is denoted. Additionally elastic behaviour is characterized by 

(3.5.12) 

For the Lamé quantities À = À(pP) and ~ = ~(pP) it is assumed 

(3.5.13) 

(3.5.14) 

with \ , À
2 

, 1-1
1 

and 1-1
2 

having a constant positive value. The Lamé 

parameters À and 1-1 are related to Young's modulus E and Poisson's ratio v 

by the equations 

À 
V = 2[j.t+;\] (3.5.15) 

The specification above contains twelve constants to be quantified, to 

define completely the material behaviour. 
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4 BOUNDARY CONDITIONS 

4.1 Introduetion 

In chapter 2 for the configuration at the time r = t+At the 

discretized equilibrium equations have been derived. With the forma! 

introduetion of the columns f (u) and f , containing the internal and 
~~ ~ ~ .. 

external nodal farces, respectively, the local equilibrium equation 

(2.2.2) was replaced by 

f (u) 
"'i ,.... 

f 
~e 

(4.1.1) 

From a consideration of initially known and unknown variables, as 

performed insection 2.4, it was clear that for every noctal point on the 

boundary of the element mesh, two extra relations had to be supplied to 

the system (4. 1.1). The trivial boundary conditions will not be regarded 

in the present chapter, attention will be focussed on those parts of the 

continuurn boundary, involved with frictional phenomena. 

Taking frictional behaviour into account is usually considered as a 

special case of handling more general contact problems, occurring during 

the interaction of bodles along the boundary. Numerous recent 

publications deal with this issue, theoretica! mathematica! as well as 

practical numerical approaches can be observed. In hls thesis Baaijens 

(1987) gave an extended exposure upon the inequality variational 

principles and algorithms to describe and simulate contacting bodies. The 

contri bution of Vermeer ( 1983) presents some interest ing e laborat i ons, 

which are supported physically. By Huetink (1986) and Van der Lugt (1988) 

frictional effects were modelled by an additional boundary layer wi th 

finite thickness. It is out of order to discuss the variety of 

possibilities in detail here. 

For simplicity it is chosen for a node oriented strategy, as is also 

common use in standard commercial finite element programs (MARC 1988), 

where the local frictional requirements are directly ascribed to the 

nodal variables. Separately for every boundary node k involved, two extra 

relations (in the noctal displacement ~k and/or the external noctal force 

fk) are derived, to complete the system (4.1.1). The extra relations are 
" governed by the particular local frictional status (stick or slip and 



4.2 

slip direction), controlled by inequality condltions. 

For the constitutlve modelling of frictional behaviour in the 

literature on powder technology, mainly Coulomb's law is applied. The 

publication of Shima and Yamada ( 1984). with the applicatlon of a Von 

Mises type friction law, can be considered as an exception. It should be 

noticed, however, that their work deals with powder rolling processes. 

For die compaction of powder an adeption of Coulomb's law is supported by 

expertmental investigations, reported by Strijbos ( 1976), Strijbos and 

Knaapen (1978). Broese vanGroenou (1978) and Strijbos et al. (1979). On 
-> 

behalf of the mathematica! formulation the local unit outward normal n on 

the continuurn boundary is defined. When the Coulomb friction ratio is 

denoted with q; , the stick condition, expressed in the local Cauchy 

stress tensor v for the continuum, reacts 

(4. 1. 2) 

where the normal stress v:nn is supposed to be negative (pressure), 

otherwise contact interaction between the continuurn (powder material) and 

the surrounding (walls of the die and the punch) will vanish. For slip in 

a tangentlal direction along the boundary the following equation should 

be satisfied 

(4.1.3) 

-> 
where v is defined as the local relative velocity of the continuurn along 

the boundary with respect to the contact partner. The discretized 

description of the continuurn behaviour derived in chapter 2, necessitates 

a relaxation of the local frictional boundary conditions. The node 

oriented strategy to be outlined in the rest of this chapter, can be 

considered as a particular form of relaxation. 

When the equations (4.1.2) and (4.1.3) are generalized for a 

particular boundary node k , instead of v·ri the external nodal force fk 
-> ->k -> e 

is substituted. The relativa slip velocity v is replaced by [u -u ]/l1t 
->k -> 

wi th u the incremental node displacement vector and u the 
s 

incremental displacement vector of the continuurn surrounding. 

s 

local 

It is 
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notleed that during stick ~k equals ~ In case the outward normal 
s 

veetors on the distinct parts of the continuurn boundary meeting in node k 
~ 

are different, the unique definition of n requires extra attention. For 

the two dimensional configurations, to which the present research is 

restricted, the obvious choice visual ized in figure 4. 1. 1 is made. The 
~ ~ 

normal n ( jnj = 1) for node k is assumed to be perpendicular to the line, 

connecting the two adjacent nodes (j and 1) on the boundary. 

Figure 4. 1.1 Definition of the normal on the boundary 

Possible inaccuracies caused by this assumption, become smaller when the 

element mesh is finer. It is obvious that for a straight boundary the 

definition above also applies, and simplifies to the usual one. An 

additional problem, occurring due to the generalization of (4. 1.2) and of 

(4.1.3), is the definition of the frictional status (stick or slip) in 

case the two edges of the surrounding, localized at a node k, are moving 

(translating in axial direction) with respect to each other. With this 

phenomenon is dealt for instanee in the corner enclosed by punch and die, 

as shown in figure 4.1.2. 

Figure 4.1.2 Partly rnaving surrounding edges 
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It is defined that stick applies when the continuurn material remains in 

the corner. If for the example visualized, the incremental punch .. 
displacement is denoted by u

8 
, for node k the stick status consequently 

.. k .. 
implies u = u

8 

When in general is dealt with contact problems the possible 

occurrence of gaps should be taken into account. For the compaction 

processes considered bere, it is assumed that the conditlens are such 

that it is not necessary to model this phenomenon. The strategy presented 

in chapter 2, with the presupposition that the continuurn volume Vt+At at 

the end of the increment t ~ T ~ t+At is known, excludes these effects. 

This means that theoretically the implementation allows for fk·~ > 0 , 
e 

which is physically unrealistic. A process simulation showing violence of 
~k .. . t·e·n ~ 0 formaliy should be reJected, although, because also ether 

inaccuracies are present, small transgresslons may be accepted. This 

limitation is not to be considered of serieus practical importance as for 

proper die compaction processes, gaps between the powder continuurn and 

the punch or die have to be avoided. 

For the boundary nodes, lnvolved with frlctional effects, the extra 

relations to complete the system (4.1.1) are presented in sectien 4.2. 

Though each separate friction status leads to a particular mathematica! 

formulation, a unified description is derived. Also attention will be 

focussed on the iterative expressions, to be applied in the salution 

procedure for the resulting set of non-linear equations. In sectien 4.3 

it is demonstrated that by the introduetion of so-called friction 

elements the usual structure of finite element metbod implementations can 

be malntained. 

4.2 Nodal contributtons 

Consldered is a boundary node k at the time T = t+At , locallzed 

such that possibly material slip might occur during the lncremental step 

t ~ T ~ t+At . In figure 4.2.1 the relevant part of the mesh boundary is 

drawn. Additionally to the normal unit vector n , prevlously lntroduced, 

in this flgure the normal unit veetors ~P and ~n , and the tangentlal 
.. ..P d .. n unit veetors e , e an e are defined. The materlal slip is arbitrarily 

indlcated as positive when the incremental material displacement vector 
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[\ik-~ J • ~n < 0 
s 
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[~k-~ ]·~P > 0 and as negative 
s 

-> 
For the definition of the vector u 

s 

to the previous section. 

Figure 4.2.1 Definitions at the mesh boundary 

when ->k 
u satisfies 

, reference is made 

For each frictional status (stick, positive slip, negative slip) boundary 

relations are presented. 

al For stick the extra equation reads 

->k 
u 

-> 
u 

s 

to be applicable if the inequality condition 

(4. 2. 1) 

(4.2.2) 

is sat isfied. The quant i ties I{JP and I{Jn denote the Coulomb friet ion 

ratio's, for positive and negative slip, respectively. 

b) For positive slip (~k = ~ +s ~P , s ~ 0) the extra equations read 
s 

~k.~p .. ->p 
u ·n 

s 

:tk .. p :tk .. 
r · e+I(J jr · n I 

e e 
0 

with the inequality condition 

(4.2.3) 

(4.2.4) 
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(4.2.5) 

It is assumed here that the incremental displacement remains smaller 

than the element side length. By distinguishing between normal 

pressure (fk·~ < 0) and normal tension (fk·~ > 0) and introducing for 
e e :ik _. 

each case a separate substatus, in (4.2.4) the term 11· ·nl can be 
::tk-+ ::tk-+ e 

identified with either +1· ·n or -1· •n 
e e 

c) For negatlve slip (~k = ~ +s ;n , s ~ 0) the extra equations read 
s 

-+k -+n -+ -+n 
u ·n = u ·n 

s 

0 

wlth the inequallty condition 

(4.2.6) 

(4.2.7) 

(4.2.8) 

Similar remarks as for positlve slip can be made here for negative 

slip. 

A serious theoretica! problem is the application of Coulomb's law at 

nodal level, in case ~P.~n ~ 0 (non-straight boundary). Tentatively it is 

expected that Coulomb's friction ratio requires adaptation, when in the 

configuration local convexities or concavlties are present. The following 

consideratlon indiçates how an estlmate for the substitute Coulomb' s 

ratio can be derlved. To support the expoaltion reierenee is made to the 

geometry visualized in figure 4.2.1. With positive slip in nodektaken 

as an example, the associated substitute ratio ~P is considered. When 

positive slip occurs, this substitute ratio is deflned by the ratio of 

frictional force and normal force, so 

'fk -+ ·e 
~p = .. 

fk .. ·n 
(4.2.9) 

.. 
provided 'fk -+ 0 

e 
·n?!. (normal tension) is excluded from the consideration. 
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Formally the nodal force fk can be decomposed in a contribution fp from 
e 

the edge connecting the nodes j and k , and a contribution fn from the 

edge connecting the nodes k and l . Then the following vector equation is 

obtained 

(4.2. 10) 

Both contributions are supposed to satisfy the usual Coulomb's law (with 

friction ratio ~P) in case of positive slip. This implies that for fp and 
:tn r· the following equations hold 

(4. 2. lll 

(4.2.12) 

-+p -+p :tn -+n 
if additionally the conditions f ·n s_ 0 and t ·n S. 0 are fulfllled. 

From (4.2.9), (4.2.10), (4.2.11) and (4.2.12) it is easily found that 

[fP.~P][~P·~+~P ~P·~]+[tn.~n][~n.~+~P ~n·~] 

[fP.~P][~P·~+~P ~P·~]+[fn·~][~n.~+~P ~n·~] 
(4.2.13) 

This relation to determine ~P can be applied when for the normal forces 

ratio, [fP.~P]/[fn.~nl an estimate is available. An appropriate physical 

foundation for quantlfication of this normal forces ratio, which is 

beyond the scope of this thesis, fails. A reasonable value based on 

practical experience can be supplied, however. Besides, computational 

resul ts der i ved wi th a part icular specificat ion of ~P can be examined 

with respect to this aspect afterwards. 

For positive and negative slip two different Coulomb friction 

ratio's ~Pand ~n have been introduced. This makes it possible of course 

to deal wi th a different surface qual ity invol ved wi th slip in one 

direction or the other, but offers also some rnadelling flexibility in the 

neighbourhood of surrounding edges which are locally translating with 

respect to each other. 

For a boundary node k , involved with friction (a so-called 

frictional node), the contribution to the system (4.1.1) can be 
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formulated with a uniform notatien 

(4.2.14) 

for any frictional (sub-) status. In this equation with uk and fit the 
~ -e 

-+k fk components of u and e with respect to a chosen vector base are denoted. 

The quantities g
1
J and p

1 
{i = 1,2 and J = 1,2) can be calculated when 

the part icular (sub-) status for the node is establi shed. For each 

relevant boundary node the equation (4. 2. 14) should be supplied to 

(4.1.1) to enable the determination of the unknown variables. The 

solution should be such, that the applying inequalities, accompanying the 

contributtons (4.2.14), are not violated. Intherest of this section the 

(iterative) solution procedure will be explained. 

Point of departure is the avallability of a kinematically admissible 
• estimate ~ for the nodal displacements ~ and of an according estimate for 

• the status of each frictional boundary node. Substitution of~ in (4.1.1) 
• results in the column f with estimates for the external nodal forces 
-e 

• • f f (u) 
-· ""'1 -

(4.2.15) 

Additionally to the (dynamica!) requirements, presented in chapter 2, to 
• *lt •lt 

be satisfied by !e , for each frictional node k , the columns ~ and fe• 
• • to be extracted as partitions of u and f , should satlsfy (4.2.15) and 
- ~e 

the associated inequality condition. To reduce or eliminate the 

divergences occurring, an iterative scheme will be applied. 
*lt •lt For every frlctional node k , the estimates ~ and !e are confronted 

with the local friction conditions, prescribed by the status supposed. 

From thls confrontation it can be decided systematically to maintain the 

frictional status or to change that status. The iteratlve version of 

(4.2.14) applies for öuk and öfk 
- -e 

(4.2.16) 
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with S and p (i = 1,2 and j = 1,2) based on the updated status. These 
Ij I 

equations should be combined with the iterative version of (4.1.1), 

formula (2.6.14) derived in chapter 2. With (4.2.15) the latter can be 

written as 

* f -f (u) * f -f of (4. 2. 17) 
~e ~1 ~ ..... e ...... e ~e 

With the solution of the sets (4.2.16) and (4.2.17) the incremental 

estimates can be improved. The next sectien presents practical aspects to 

accomplish the solution process. 

4.3 Friction elements 

The system (4. 1.1), representing discretized equilibrium, is 

considered again. The column ~ containing the noctal displacements, is 

extended to the column ~ , by appending the column fr with the external 

nodal forces fk for all frictional nodes k . The system (4. 1. 1) then 
-e 

formally can be written as 

t 
T 

V (4.3. 1) 

Equation (4.3.1) is obtained from (4.1.1) by moving the components fk for 
-e 

the frictional nodes from the right-hand-side to the left-hand-side. In 

(4.3.1) the components of the right-hand-side, associated with the 

displacements ~k of the frictional nodes, then equal zero. It is easy now 

to extend the system (4.3.1) with the relations (4.2.14) for all 

frictional nodes, because the column in the left-hand-side of (4.2.14) is 

a subset of y . This results in the final system 

(4.3.2) 

for which a solution should be determined. Consictering the columns ~ and 

r it can be stated that for a priori known components of ~ (explicit 

kinematica! boundary conditions) the associated components of ~ (reaction 

forces from the surrounding on the continuum) are unknown. Unknown 

components of ~ correspond with known components of ~· 



4.10 

It is the aim to find (iteratively) the solution of (4.3.2), 

provided also the frictional inequalities are satisfied. A solution of 

(4.3.2), vlolating these inequalities, is invalid and should be rejected. 

With updating of the status for the frictional nodes, the attempt to 

solve the adapted system (4. 3. 2) with satisfaction of the inequality 

conditions, can be repeated. Neither the existence, nor the uniqueness of 

a solution will be discussed. Perhaps the above suggests that for an 

estimated status of the frictional nodes, the sol ut ion of (4. 3. 2) is 

calculated first, foliowed by a check of the inequality conditions 

afterwards. Though this is a real possibility, experience shows that it 

is advantageous to modify ( if necessary) the status of the frictional 

nodes after each lteration cycle, which is in conformity with the 

procedure, outlined in section 4. 2. In the rest of this section an 

iterat ion cycle is considered and so-called friction elements will be 

introduced for adminlstrative reasons. 
• It is supposed that initially an estimate v for the (unknown) 

components of ~ and an estimate for the status of each frictional node 

are specified. Vlolation of (4.3.2) or the frictional inequalities 

requires an iterative cycle, implying, after a possible adaptation of the 

status of each frictlonal node, the solution of 

IC= {:~}T • 
~! 

(4.3.3) 

This iterative equation is equivalent with the combination of (4.2.16) 

for each frictional node and (4. 2.17) for the continuum. With the 
• solution a~ to be calculated from (4.3.3) the original estimate ~ is 

updated and the cycle has to be repeated as long as convergence fails. 

For the structure of the matrix K holds 

(4.3.4) 

• with g defined in (2.6.13), with ~ an (with zeros) extended unit matrix, 
T T and with q (i = 1,2) containing the (extended) rows g and a for each 

-1 11 "'21 
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frictional node. With the introduetion of a so-called friction element 

for each frictional node, the matrix K can be assembled, based on the 

usual standard finite element method procedures. The column ve with the 

nodal degrees of freedom of the friction element e , to incorporate the 

boundary conditions for the frictional node k , is composed of ~k and fk 
~e 

e 
V (4.3.5) 

The contribution on element level of the friction element e to the global 

matrix K then can be written as 

Ke 0 0 -1 0 (4.3.6) 

0 0 0 -1 

T T 
gll g12 

T T 

g21 g22 

The element contribut ion to the right-hand-side or of equation (4. 3. 3) 

can be fomulated as 

ore 0 - Ke *k (4.3.7) ~ 

0 

pl 
p 
~e 

p2 

where the upper part is originated by the transition from (4. 1.1) to 

{4.3. 1) and the lower part was already derived in equation (4.2. 16). When 

the element degrees of freedom are distributed over two noctal points, 

node k with uk and node k with fk as degrees of freedom, node k can be 
1 ~ 2 ~e 1 

coupled to the continuurn node k while node k
2 

remains uncoupled. 

To avoid numerical problems a global sealing factor S is introduced, 

representing a measure for the (average) stiffness (force/displacement). 

Insteadof (4.3.5), ve will bedefinedas 
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(4.3.8) 

Consequently the element matrix Ke and the right-hand-side column ore are 

adapted 

Ke = 0 0 -s 0 (4.3.9) 

0 0 0 -s 
S T 

llu 
S T 

912 

S T 
S:;u 

5 T 
g22 

or,"' = 0 - Ke *k (4. 3. 10) ~ 

0 

s p1 r:;s 
s p2 

With thls sealing it is achieved that the quantitles in oy have the same 

dimenslon, which also applies for the quantitles in or, . In the next 

chapter an extra convenianee of this feature will be shown. To conclude 

lt is notleed that a friction element is characterized by the surrounding 

displacement vector ti , the unit veetors ~ , ~P and ;n (or equivalently 
s 

~ , ~ and ~n) and the friction ratio's ~P and ~n . So, with ten scalar 

quantities the behaviour is defined. 
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5 OUTLINE OF THE SOLUTION PROCESS 

5.1 Introduetion 

In chapter 2 the discretizations in time (incremental procedure) and 

in space (finite element method) have been discussed. When a particular 

compaction process should be simulated these discretizations have to be 

speelfled by the investigator. Each time step, to be characterized by the 

continuurn boundary at the end of the increment, necessitates the 

generation of an appropriate element mesh. Experience plays an important 

role to arrive at a suitable choice. The validity of a number of 

assumptions, introduced in chapter 2, 3 and 4, has to be regarded. 

A review of the theory with respect to this issue yields in summary: 

- the set of displacement fields (2.3.1), determined by the finite 

element mesh, should contain a sample that properly approximates the 

exact displacement field; this also includes that local relative 

material displacement (slip) along non-straight parts of the boundary, 

should be small wi th respect to the element dimensions, see figure 

2.3. 1 and also sectien 4.2; 

- the stress field (2.5. 1) and the field of history parameters (2.5.2), 

to be supplied at the start of the increment, should be a sufficiently 

accurate reflection of the real fields, to allow application of (2.5.3) 

and (2.5.4), and besides, the local incremental displacements should be 

limited for this purpose; 

- the local incremental deformation path should be approximately uniform, 

as was required for equation (3.3.11), while insection 4.2 the local 

displacernents along the boundary were supposed to change monotoneously 

during an increment. 

A unique quantification of these conditions is impossible. When for an 

incremental step the final resul ts are obtained, an eval uat ion can be 

performed, however, also necessitating a consideration of the quality of 

the input variables. Based on controlling actions, it can be decided to 

repeat the incremental calculations, using a smaller time step (smaller 

decrease of the continuurn volume) and/or a finer element grid. 

The incremental computations, resulting in a solution of the system 

equations (4.3.2), are outlined in section 5.2. Attention will be glven 

to the particular numerical implementation for the iterative procedure, 
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including the converganee criterlon. Some aspects of the computer program 

developed, are considered in more detail. Section 5.3 deals with the 

transformatlens of the output values of one increment into input values 

for a succeeding increment. It is notleed that no attempt has been made 

to create a fully automatic transformation facllity. Manual control is 

felt to be essential in this stage of research. When sufficient 

experience will be gained with the program, a well-constructed interface 

between incremental steps, should be developed for user convenience. 

5.2 Incremental iteration 

For each incremental step, the system equations (4.3.2) have to be 

solved, using an iterative procedure. It is the alm to determine an 
• approximation y for the column y, such that the components of the 

unbalance a~ ' defined by (4.3.3) 

(5. 2.1) 

can be neglected. The a priori unknown components of t (reactlon forces 

associated with explicltly prescribed or suppressed displacements) are 
• identified with the corresponding components of !JCyl , resulting in a 

zero contribution to a~ . As the remaining non-trivia! components of o~ 

have an equal dimension (force), obtained by the sealing as pointed out 

in section 4.3, a suitable convergence criterion for the iterative 

procedure reads 

lar! < f 
""' u.x res 

(5.2.2) 

where with jórl the (in absolute sense) largest component of ar is 
- ~x -

denoted. The maximum allowed residual force f , which has to be small 
res 

wlth respect to representative nodal forces on the continuurn elements, 
• should be specified. An estimate y , vlolating (5.2.2), has to be 

improved by the execution of an iterative cycle. 

It is supposed that for every stage in the incremental computation, 
• an estimate y for (the a priori unknown components of) the column y is 

available. For a continuurn element the contributton to ar , considered on 
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e *e *e element level, equals -:[ 1 (~) , see (2.6.4), where u is a particular 
• partition of v . For a friction element it is necessary to confront the 

*e • 
column~ , see (4.3.8), also to be selected frcm ~ , with the frictional 

inequalities, defined in sectien 4.3. From this confrontation the 

frictional status of the element is established, needed to compute the 

contribution (4.3.10) of the friction element to the column ar . It can 

be shown that the particular contribution of the uncoupled node (k ) only 
2 

*e equals zero if y is consistent with the inequality conditions. In case 

of inconsistency, the criterion (5. 2. 2) will be violated, consequently 

resulting automatically in the execution of a (repeated) iteration cycle. 

When the convergence criterion (5.2.2) provokes the activatien of an 
• iteration cycle, the original estimate ~ should be improved by 

• • v := v+ov (5.2.3) 

where the i te rat i ve change ov bas to be determined from tbe system 

(4.3.2), recalled bere 

IC av (5.2.4) 

The matrix IC can be assembied with the usual finite element metbod 
• procedures, necessitating the calculation of the matrices rl for tbe 

continuurn elements with (2.6.12) and of thematrices ICe for the friction 

elements with {4.3.9). By the partitioning of o~ in an a priori known and 

unknown part, as is usual in practice, and corresponding partitioning of 

IC and or tbe sol ut ion of the system (5. 2. 4) can be acbieved by 

straightforward numerical recipes. After adaptation of the previous 
• estimate v with (5.2.3) the procedure can be repeated. 

The computational strategy outlined above, is completely analogous 

to the usual strategy for analyses of non-linear behaviour in solid 

mechanics, based on the finite element method. It will be clear that the 

numerical implementation can be performed by extension of an existing 

code, provided sufficient flexibility is offered. For a number of 

accidental reasons, not relevant in the present context, the DIANA 

program (DIANA 1988) was chosen to insert the computations for an 

incremental transit ion ( t :!_ T :!_ t+llt). The modul ar structure of tbis 
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program enables a user to include own developments. It was required of 

course to inform the program administration and organization segments 

with the presence of two additional elements, the continuurn element 

described in chapter 2 and the friction element described in chapter 4, 

and to supply appropriate element routines for the calculation of element 

matrices and columns to enable assemblage of the system equations 

(5.2.4). The extensions provided are considered and commented in the rest 

of this section. 

With respect to the input specification, additional to the standard 

possibilities, extra facilities were created to supply: 

- the topological description (connectlvity) of the new elements in the 

'elements'-table; 

- the properties of the new elements (the material behaviour of the 

continuurn elements and the characterlzation of the friction elements) 

in the 'materials'-table (in principle to each element a different set 

of properties can be ascribed); 

- the nodal stresses and history parameters at the start of the increment 

(T = t) , in chapter 2 denoted with the column .- and the matrix 1J 
-t -t 

(here reduced toa column withnodal permanent densities), see (2.5.1) 

and (2.5.2), composing an additional table; 
• - the initia! estimates ~ for the nodal degrees of freedom and estimates 

for the status of the friction elements, composing two additional 

tab les. 

Though specification of initia! estimates formally can be omitted, it is 

obvious that suitable ohosen values may decrease the number of lteration 

cycles needed to satisfy the converganee criterion (5.2.2). 

After reading the input and controlling activities, preparatlons are 

performed to create the element matrices and columns, to assembie the 

global system of equatlons and to solve that system. In the standard 

DIANA structure it is then usual to execute a linear step (geometrically 

and physically llnear), to achleve a flrst estimate for ~ and to proceed 

wlth the module for non-linearity. It was declded to deviate from this 

standard scheme and to create a substantive continuation. In the strategy 

for the present research, outllned previously, but also in generality, 

the llnear step may be skipped. This only contributed in minor sense to 

the decision to deviate from the DIANA frame. The princlpal reason, to 
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continue the computation apart from the DIANA facilities, was the absence 

of a salution routine for non-symmetrie systems of equations, necessary 

here to solve (5.2.4). The above implies that with respect to the DIANA 

program only, but thankfully, use was made of the input and input control 

modules, of the data base system and of numerous matrix manipulation 

routines. All real computational provisions were implemented in an 

appending module. 

The global structure of the i te rat i ve calculat ion scheme of this 

module is visualized below. 

i initial ~ I 

I ,,,l:nt c~lculatlons, 
: assemblage 

I ·r =. '~-~§~(-~-)-~----~ 

convergence no 
'-----,-------' yes 

• • v := v+ov 

The calculations on element level have been explained extensively in 

chapter 2 and chapter 4, the assemblage process is straightforward, the 

convergence criterion was considered previously. Remains to focuss 

attention on the salution process and on the incremental output. To deal 

with the system of non-linear equations Lanczos algorithm, as implemented 

in the NAG Fortran Library (NAG 1987), routine F04QAF, was applied. 

Besides Ö[ as input variable, the procedure requires the specificatien of 

a user subroutine APROD. This subroutine should provide the columns t+K s 

and ~+KT~ for given columns s and t . This implies that the assemblage of 

the global system matrix K easi ly can be avoided (advantageous wi th 

respect to computer memory usage), as the columns ~ ~ and ~\ can be 

constructed from elemental contributions. Because the subroutine APROD is 
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called approximately n times (n equals the nurnber of unknowns) it was 
•e e chosen to store the elemental matrices cg and ~ ) for all elements, as 

for the continuurn elements the derivation is rather time consurning. This 

storage of course diminishes the advantage mentioned above. For a 

detailed exposition on the foundations of the NAG solution routine, 

reference is made to the llterature. 

The output for an incremental analysis is composed of the columns ~ 

and r with nodal variables, of the values of stress components and 

history parameters (permanent densities) in the integration points of the 

continuurn elements and of the status of the friction elements. The 

quantities defined for the element integration points were extrapolated 

to the nodal points on element level. To arrive at unambiguous results 

for the nodes on global level, an averaging procedure was performed. With 

the output quantities speelfled above, the input file for a succeeding 

incremental step has to be generated. Besides, arrangements are provided 

to visualize the incremental results for stress components and the 

permanent density. A universa! file, to be passed through the 1-DEAS 

post-processor (1-DEAS 1986), is written for this purpose. No facilities 

were created to visualize the lncremental displacement field. Layout 

technica! problems led to this decision. 

5.3 Interface between increments 

An incremental step i concludes with the stress components and the 

permanent densi ty in the nodal points of the mesh, appl led during the 

lncrement, covering the continuurn at the end of the step. The analysis of 

a succeeding increment 1+1 requires these quantlties as input variables, 

however, ascribed now to the updated set of nodal points. Though in 

principle the meshes for step i and step 1+1 are completely independent, 

in practice the mesh for step 1+1 generally can be generated from the 

mesh for step i , with only little changes of nodal co-ordinates or with 

the removal of a number of elements. Figure 5. 3. 1 shows schematically 

these coilÏiguratlon adaptations. For a compaction process three 

subsequent stages are considered with a punch gradually displacing with 

respect to the die. The mesh for increment 1+1 is constructed from the 

mesh for increment i by node reallocat ion, the mesh for increment i +2 
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follows from the mesh for increment 1+1 by element removal. 

increment i ncrement 1 + 1 increment 1+2 

Figure 5. 3. 1 Remeshing between increments 

With remeshings of the type indicated, it is obvious that the calculation 

of the initia! nodal quantities for an increment i+l , from the nodal 

quantities at the end of increment i can be performed wi th simple 

interpolation techniques. An ad hoc computer facility is easily 

constructed to reduce manual operations. Whether it is necessary or not 

to renurnher nodes and elements after a rezoning with topological changes, 

depends on the typical features of the computer code and is considered 

here of minor importance. It is noticed that rezoning, based on simple 

reallocation of the boundary nodes only, may result in meshes with 

elements, differing much from ideal shaped elements. In practice, 

however, no negative influences were observed. 

Additional non-trivial input tables for an increment are composed of 
• the initial estimates v for (the unknown components of) the nodal 

variables v and of the estimates for the status of the friction elements. 

For the very first incremental step a sensible choice can be achieved 

from simple physical considerations. For succeeding increments the final 
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results of the prevlous lncrement, lf necessary scaled and with suitable 

adaptat i ons for the nodes in the viclni ty of movlng boundaries, can be 

applied fruitfully. Also for this input tables a simple ad hoc auxiliary 

computer program can be helpful. 

The transformation of the output quantities of the previous 

increment, into input quantities for the current increment, can be fully 

automated. Examples can be found in the literature (Geiten and Konter 

1982, Schreurs 1983, Nagtegaal and Rebelo 1986). The development of an 

automatic interface between increments, possibly with computer 

interactlve facillties, is not given attention here. Optimization of the 

procedure should be based on experience gained in the performance, which 

at this stage is insufficient. In chapter 7 this subject is reconsidered. 

The absence of interfacing constructions implles that for the present 

research a manual method had to be applied, that after all, hardly can be 

called laborieus. The principal disadvantage is the impossibllity to 

execute a number of subsequent increments, without manual interference. 
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6. NUMERICAL SIMULATION RESULTS 

6.1 Introduetion 

This chapter presents the results for a number of numerically 

simulated compaction processes. The main object is to demonstrate the 

possibilities of the metbod developed. Besides, relevant general 

mechanica! features, observed during the particular simulations of powder 

compact ion, wi 11 be report ed. 

Apart from the characterization of the frictional interaction 

between powder and the surrounding, the specification of the constitutive 

equation for the powder material behaviour should be supplied to perform 

a numerical analysis. For a particular powder material the appropriate 

properties can be obtained only from experimental research, where 

at tention is focussed on the re lation between deformation ( incl uding 

deformation history) and stresses. To evaluate the numerical compaction 

si mulat ion resul ts also experiments are necessary, but now concentrated 

on the distribution of physical quantities in the compact. In spite of an 

extensive exploration of publisbed investigations, 1t appeared to be 

impossible to find contributions which deal for a specific powder with 

the quantification of the elliptical model selected in sectien 3.5 (or 

which provide sufficient data for that purpose) and which addi tionally 

report on experimental results for (non-homogeneous) die compaction with 

the same powder. Experimental lnvestigations were not included in the 

present research; as discussed in chapter 1 the central theme was the 

construction of a suitable numerical procedure to simulate or to predict 

reality. The consideration above reflects a principal problem associated 

with the present research objective: references for an adequate 

evaluation of the methad are rather limited. 

As pointed out above, experimental data reported in the literature 

which describe local phenomena in compaction processes, are unfortunately 

unsuitable for a quantitative comparison with the results to be derived 

with the present method. Nevertheless, for a qualitative indication on 

the performance of the methad developed, a global impression can be 

obtained from these data. Though reliable measurements are irreplaceable 

for a proper quantitative evaluation, the following strategy is 

considered to be acceptable to examine the capabi 1 ities of the present 
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approach. For an artificial ceramlc powder material, Park (1985) 

speelfled in hls thesis the mechanica! behaviour, partly based on 

expertmental data for fine Ottawa sand. From thls specification the 

material properties are derived, which will be used for the execution of 

the calculations in this chapter. Park also presented numerical 

simulation results for powder compaction in a cylindrical die. These 

resul ts are compared wi th the resul ts of the present method to obtain 

quantitative information with respect to the performance. Mainly based on 

the material description gi ven by Park, a data set has been created 

suitable as input for the numerical calculations here. The particular 

specification below, of the material parameters in the equations (3.5.9), 

(3. 5. 10), (3. 5. 11), (3. 5. 13) and (3. 5. 14), wi 11 be followed by some 

comments. 

p 
Plnl = 1.86 (g/cm3

) pp 
ma x = 2.70 (g/cm3

) 

c 
1 = -0.04 (GPa) r = -0.05 

D 
1 = 0.0075 (GPa) (3 -1.55 

F 1.4 F = 0.2 
1 2 

À == 2.6 (GPa) À = 15.0 (GPa) 
1 2 

IJ.l 2.6 (GPa) 11-2 = 15.0 (GPa) 

The denslty parameters pP and pp , the cohesion parameters C and r , 
lnl -x 1 

and the densification parameters D
1 

and (3 were explicitly speelfled by 

Park and could be borrowed directly. It is notleed that the ratio 

PP lpP is rather high (0.69); for ceramic powders this value is 
lnt1 1 max 

usually closer to 0.5 . The values chosen above for the internal friction 

parameters F
1 

and F
2 

require extra explanation. For the yield criterion, 

Park used a lemniscate function as visualized in figure 3. 4. 5. An 

examinatien of the mathematica! expression he applied, showed an almost 

constant ratio 2qmaxj[D-C] in dependenee on the permanent denslty 

parameter pp , approximately equal to 1. 0 . The consUstent choice 

F(pp) = 1.0 for the elliptical model selected here (see figure 3.5.1), 

was considered to be unrealistic, as experience indicates that F(pp) 

should be a decreasing funct ion of pp (Oh et al. 1987, De Wi th 1989). 

Therefore, the values of F
1 

and F
2 

were speelfled such that a clearly 
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decreasing function F(pP) was achieved, while at the same time for ideal 

compaction in a cylindrical die (frictionless homogeneous uniaxial 

compression) the material response was similar to the results (axial 

strain: -0.12) presented by Park. With respect to the elastic material 

properties, Park specified the values for the compression modulus and the 

shear modulus of fully dense material. Based on these quantities, À(pP ) 
ma x 

and p.(pp we re derived, which appeared to be equal (Poisson's ratio 
ma x 

V = 0. 25) 0 With the extra assumption À(pp) = p.(pp) for pp < pp s. pp 
In! - max 

and with the ratio of the sound veloeities in the powder material for 

pp = pp and pp = pp given by Park, the values of the elastic 
max In! 

parameters À
1 

= p.
1 

and À
2 

= p.
2 

could be determined. The specification of 

Lamé's elasticity parameters above implies that Poisson's ratio is taken 

equal to 0. 25 independent of the densi ty pP. Practical experience 

shows, however, that for loose powder material Poisson's ratio is usually 

considerably smaller than 0.25 . The deviation of reality introduced here 

is of minor importance during real powder compaction, as in that case 

reversible elastic behaviour is generally dominated by irreversible 

plastic behaviour. It will be clear that for the simulation of unloading 

processes, not included in the present research, an adequate relation 

v = v(pp) should be taken into account, as in that case elastic behaviour 

is dominating. 

To demonstrate the features of the artificial material defined 

before, the compaction process in a cylindrical die is examined. Friction 

is left out of consideration and, consequently, the configuration remains 

homogeneous. An appropriate cylindrical co-ordinate system is defined, 

with r the radial, e the tangentlal and z the axial co-ordinate. In that 

system the non-tri vial components of the logari thmic strain tensor a: 

(defined with respect to the initial state) will be denoted by c 
rr 

c 99 = c rr and c zz and the associated components of the Cauchy stress 

tensor ar by O"rr , o-99 = O"rr and o-
22 

• Subsequently the following process 

stages are distinguished. 

1:" = t 
0 

1:" = t 
1 

initial state 

c = 0 
rr 

c = 0 
zz 

0" = 0 
rr 

0" 
zz 

uniaxial compression with prescribed c 
zz 

0 

c = 0 c < 0 0" < 0 0" < 0 
rr zz rr zz 
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T = t axial unloading (elastically) until er = 0 
2 zz 

c = 0 c < 0 er < 0 er = 0 
rr zz rr zz 

T = t tot al unloading (elastlcally) 
3 

€: > 0 c < 0 er = 0 er = 0 
rr zz rr zz 

The following table shows the results, derived with the theory presented 

in chapter 3. Four independent loading cases are examined. For each of 

these cases the process is started with loose powder material 

(pP = pP ). The material is uniaxially loaded then while for each 
ini 

loading case a different value of c 
zz 

is prescribed. Subsequently, 

unloading in two stages is considered. With p the real material density 

is denoted, to be equal to 

-[c +c +c ] 
p e rr ee zz 

p = pini 

The quantities pand q are defined by (3.4.2) and (3.4.3). 

Loading case I II III 

T = t c -0. 1 -0.2 -0.3 
1 zz 

p (g/cm3
) 2.056 2.272 2.511 

pP (g/cm3
) 2.036 2.240 2.449 

er (GPa) -0.0716 -0.1206 -0.3015 
zz 

er (GPa) -0.0354 -0.0862 -0.2616 
rr 

p (GPa) 0.0475 0.0977 0.2749 

q (GPa) 0.0362 0.0344 0.0399 

T = t c -0.0952 -0.1950 -0.2909 
2 zz 

3 2.046 2.260 2.488 p (g/cm ) 

er (GPa) -0.0115 -0.0460 -0.1611 
rr 

p (GPa) 0.0077 0.0307 0.1074 

q (GPa) 0.0115 0.0460 0. 1611 

T = t c -0.0957 -0.1961 -0.2938 
3 zz 

c 0.0007 0. 0017 0.0044 
rr 

p (g/cm3
) 2.044 2.255 2.473 

(6. 1. 1) 

IV 

-0.4 

2.775 

2.600 

-1.2104 

-1.0910 

1. 1308 

0.1194 

-0.3690 

2.690 

-0.6875 

0.4583 

0.6875 

-0.3795 

0.0159 

2.634 
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At the stage T = t
1 

the obvious increase of the ratio p/q with increasing 

load level is striking. The representation of the stress state in the p/q 

plane, approaches (considered relatively) thc p axis for increasing 

loads. Besides, the difference between the real permanent density at 

< == t and the value of pP should be noticed. The deviations are due to 
3 

the evolution of the elastic properties of the material during 

elastoplastic deformation. 

With the material behaviour characterized above, a number of 

compact ion processes is numerically simulated. All of these processes 

started wi th loose powder material, pP = pP In sectien 6. 2 the 
lnl 

results for the compaction in a cylindrical die, when friction is taken 

into account, are presented. The initial height/radius ratio was chosen 

equal to 4/3 , the final value of this ratio was equal to 1 . The problem 

was elaborated in three different ways. The comparison of the results 

offers confidence in the performance of the method developed. In sectien 

6.3 is also dealt with the compaction in a cylindrical die, but now for 

an initia! height/radius ratio equal to 3 This configuration was 

selected to campare results with the research by Park. The differences 

will be discussed. In sectien 6.4 compaction in a ring-shaped die with a 

conical part is considered. The capability to account for material slip 

along a non-straight boundary is demonstrated. Two different values of 

the frictional ratio were applied to show the influence of boundary 

phenomena on the continuurn behaviour. Finally, in sectien 6.5 the results 

are presented for compaction in a cylindrical die with a concentric core, 

a configuration examined by Park as well. 

6.2 Performance test 

Considered is a compaction process in a cylindrical die. The Coulomb 

friction ratio rp for the contact between continuurn and the surrounding 

is taken 0.3 . The initia! height/radius ratio (H /R) is equal to 4/3 , 
0 0 

for the final value of this ratio holds HIR
0 

= 1 The process is 

visualized in figure 6.2. 1. The simuiatien is executed in three different 

ways as will be outlined in the following, to obtain information on the 

performance of the method by a mutual comparison of the results. 

The first calculation was performed with a relatively coarse element 
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mesh. Initially the total number of continuurn elements was equal to 35. 

For the simulation 10 incremental steps were used. The elements directly 

under the punch were gradually reduced in dimension, and îor increment 5 

removed. For the contlnuation a similar remeshing procedure was applied. 

For lncrement 10, 25 elements were leît. 

punch position,H=Ho 
,:~....:~"~"""in erement 5, H= 0.875 H0 

in erement 10,H =0. 750 H0 

Figure 6.2.1 Cylindrical die compaction 

Figure 6.2.2 shows the contour plots of the permanent density pP and the 

axlal stress vzz aîter 5 increments, height reduction [H
0
-H]/H

0 
= 0.125. 

D 

A 

~ ~~ c 

~ 

~ t-
17 

/""" 
~ / y 

I! iy1 
I B 

PP level 1 1.95 (g/cm3
) 

level 8 2.30 (g/cm3
) 

step 0.05 (g/cm3
) 

A 

V level 
zz 

level 

step 

Flgure 6.2.2 Results aîter 5 incremental steps 

1 -0.15 (GPa) 

9 -0.07 (GPa) 

0.01 (GPa) 
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In figure 6. 2. 3 the resul ts after 10 increments are presented, height 

reduction [H -H]/H = 0.250 . 
0 0 

D 

A 
a 

pp , level 1 

level 10 

step 

7 

10 

~ \ 
c 

~ \ 
"-

ri 
h 

rfffi 
B 

2. 10 (g/cm3
) 

2. 55 (g/cm3
) 

0. 05 (g/cm3
) 

D 

A 

! I 

zz 

6 
~ 

level 1 

level 7 

step 

l~ 
c 

6( s\ 

'\.... 

( 
I/ 

B 

-0.80 (GPa) 

-0.20 (GPa) 

0.10 (GPa) 

Figure 6.2.3 Results after 10 incremental steps 

As can be expected, density as well as axial stress (absolute value), 

reach a maximum in the corner C between the punch and the die (r = R
0 

, 

z = H). The minimum is local ized in the corner B between the die bottorn 

and the slde wall (r = R
0 

, z = 0). Materlal slip occurs of course along 

the side wall BC in negative z direction, but for higher deformation 

levels also along the punch near C in negative r direction and along the 

die bottorn near B in positive r direction. 

The maximum residual force f allowed by the convergence 
res 

criterion (5.2.2), was taken 5% of the maximum nodal force or smaller. In 

general convergence was obtained in about 2 or 3 i teration cycles, 

however, in the early stages of the deîormation process, considerably 

more iterations were necessary. This is due to the large difference in 

the tangentlal stifîness between elastic and elastoplastic material 

behaviour. In the fully elastoplastic range an excellent convergence rate 

was observed. 
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A second way to solve the same problem simply can be obtained by a 

reversed approach. The side wall is rigldly coupled to the punch and 

moved down, together with the punch. It is clear that the resulting state 

should be exactly upside down with respect to the previous configuration. 

The incremental procedure was chosen identical with the procedure 

outlined above. The computational difference is then caused by the 

opposite locatlon where remeshlng is executed. In the previous modelllng, 

remeshing was performed in the area of high densi ty and stresses, now 

this is done in the area of low values of these quantities. Figure 6.2.4 

shows the results after 5 increments. To simplify a direct comparison, 

the contour plots are presented upside down. 

4 

pP , level 1 

level 8 

step 

I 

I ~ 
~ y-

/ -
V y / 

Yy 

1. 95 (g/cm3
) 

2. 30 (g/cm3
) 

0. 05 (g/cm3
) 

0" 
zz 

level 1 

level 9 

step 

-0.15 (GPa) 

-0.07 (GPa) 

0.01 (GPa) 

Figure 6.2.4 Results after 5 incremental steps, reversed approach 

In figure 6.2.5 the results after 10 lncrements are given. When figure 

6.2.2 is compared wlth figure 6.2.4 and figure 6.2.3 wlth figure 6.2.5, a 

reasonable agreement can be noticed, though minor deviat i ons can be 

observed. These deviations are caused by differences in the particular 

discretization for both approaches, due to the metbod chosen to perform 

the remeshing. 
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7 

pp level 1 2.10 (g/cm3
) a- level 1 -0.80 (GPa) 

zz 
level 10 2.55 (g/cm3

) level 7 -0.20 (GPa) 

step 0.05 (g/cm3
) step 0.10 (GPa) 

Figure 6.2.5 Results af ter 10 incremental steps, reversed approach 

pP , level 1 

level 8 

step 

1. 95 (g/cm3
) 

2. 30 (g/cm3
) 

0. 05 (g/cm3
) 

a-
zz 

leve 1 1 

level 9 

step 

-0. 15 (GPa) 

-0.07 (GPa) 

0. 01 (GPa) 

Figure 6.2.6 Results after 5 incremental steps, finer mesh 

A third solution of the problem was achieved with a considerably 

refined element mesh, initially 64 and finally 48 continuurn elements were 
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applied. As for the first calculation, the punch was moved down with 

respect to the die. The results, to be compared with the foregoing, are 

presented in figure 6.2.6 and figure 6.2.7. 

7 10 

\ \\ a'. V ~ 
a\ 9\ ~ 
\ s\... 

.....-. 

/ / 
17 ~ "\ 

( - I 

8 ~ "_, ~ 6 r 
pp • level 1 2. 10 (g/cm3

) 0' level 1 -0.80 {GPa) 
zz 

level 10 2.55 (g/cm3
) level 7 -0.20 (GPa) 

step 0.05 (g/cm3
) step 0.10 {GPa) 

Flgure 6.2.7 Results after 10 incremental steps, finer mesh 

It can be concluded that the various approaches lead to rather similar 

results. Generally the dlfferences are considerably smaller than the step 

size for the levels used to visualize the distributions. Even at 

locations with relatively high gradlents in the quantities displayed, the 

agreement is satisfying. This offers confidence in the reliability of the 

method developed, and in the numerical implementation. Qualitatively the 

results obtalned bere resembie data from measurements reported in the 

literature (Kingery 1976). 

6.3 Cylindrlcal die compaction 

In thls sectien also unlaxial compression in a cyl indrlcal die is 

considered, see figure 6.2.1, however, now with the inltial height/radlus 

(H
0
/R

0
} equal to 3. The external friction ratio fJ is agaln given the 

value 0. 3 . The punch is gradually moved down with respect to the die. 

Thls configuration is selected, as results can be compared quantitatlvely 

with those presented by Park. 
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Park also applied the finite element method, however, with the common 

Lagrangian approach. The final state, with a height reduction [H -H]IH 
0 0 

equal to 0.25 , is reached in 16 incremental steps. Figure 6.3.1 shows 

the distribution of the permanent density pP for various stages of the 

deformation process. It can be observed that a considerable height 

reduction is necessary to obtain some material densification in the lower 

parts of the die. In the corner between die bottorn and die wall the 

density has a minimum value and even for 25% height reduction only a 

slight compaction is found there. The maximum density is localized in the 

corner between punch and die wall, as could have been expected. Figure 

6.3.2 presents the distributions of the axial stress ~ . The occurrence 
zz 

of stress concentrations in the corner between punch and die wall is not 

surprising. The results obtained are globally confirmed by experiences 

reported in the literature (Train 1957, Kingery 1976, Strljbos et al. 

1977, Hehenberger et al. 1982, Oh et al. 1987). 

Park presented graphs of the densi ty and of the axial stress as. a 

function of the co-ordinates along the boundary of the continuurn for a 

height reduction of 11.3% . The results of Park and of the present 

research are compared in the figures 6.3.3, 6.3.4, 6.3.5 and 6.3.6 . 
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Figure 6.3.6 Axial stress as a function of z/H 

In the figures 6.3.3 and 6.3.4 it is shown that in the present research 

the compaction of the material in the lower part of the die has just 

started, while the results of Park indicate more progress of the 

compaction process. Besides, near the corner between punch and die wall, 

wi th the present methad a considerably higher densi ty is found, in 

comparison with Park's results. The figures 6.3.5 and 6.3.6 show that the 

present research produces more pronounced stress concentrations near that 

corner. A higher stress level near the corner between punch and die wall 

and as a consequence an increase of the influence of frictional effects 

in that area apparently causes the delay in compaction in lower parts of 

the die. 

A number of reasans can be indicated to explain the differences 

observed above: 

- the results presented by Park are related to the element integration 

points close to the boundary; with an extrapol at ion to the boundary 

some reduction of the differences is obtained, but the effects are 

certainly not enough to neutralize the differences completely; 

- the constitutive model for the continuum, applied by Park (lemniscate 

type yield surface) and the present model (elliptical yield surface) 

are different, nevertheless, for particular loading cases the results 

are rather similar; 

- Park applied the theory for small deformations (geometrical linearity) 

and he concluded with the suggestion that it is necessary to base the 
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numerical analysis on the large deformation theory; for the present 

research the geometrically non-linear theory is incorporated. 

As the stress concentratien occurring in the corner between the punch and 

the die wall appears to be highly responsible for the global behaviour of 

the material, it is notleed that future research, theoretica! as well as 

experimental, definitely should focuss on this subject. 

6.4 Compaction in a partly conical ring-shaped die 

Compaction of granular materlal in a cyllndrical die, prevlously 

examined in sectlon 6.2 and 6. 3, can be considered as a deformatlon 

process that can be simulated with the common Lagrangian approach, as 

well as with the Eulerian procedure developed here. There are hardly 

indications to prefer one method to the other. In this section a problem 

is analysed, with material slip along non-smooth parts of the continuurn 

boundary. This shows the advantageous capabilities of the present method. 

In figure 6.4.1 the initial configuration of the compaction in a 

ring-shaped die with partly a conical edge, is visualized. 

i 
1.51 -l J 1.91 

Figure 6.4.1 Compaction in a ring-shaped die 

The punch is moved down in 5 incremental steps. Each of these steps gives 

a reduction of the total helght, equal to 0.05 t . Inltlally the number 

of continuurn elements was equal to 45 (for increment 1 the mesh is shown 

in ft gure 6. 4. 1). For increment 4 this nurnber was reduced to 38 . All 
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nodes along the boundary were connected to friction elements, with the 

exception of the nodes in point A, D and E, see f'igure 6.4.1, as for 

these locatlons stick can be predicted in advance. Coulomb' s friction 

ratio~ was taken 0.3 , except for the friction elements connected to the 

nodes in point B and C where for this ratio substitute values were 

applied, approximated as outlined in sectlon 4.2. To determine the 

substitute Coulomb's ratio ~P (only positive slip is considered) for the 

nodes in B and C with equation (4.2.13), it is necessary to specify 

reasonable estimates for the normal forces ratio [fP.~Pl/[fn.~nl in these 

nodes. With this ratio chosen equal to 1.0 and 0.5 for B and C, 

respectively (it is notleed that not only the local stress state but also 

the length of the element sides, see figure 6.4.1, is involved), from 

(4.2.13) it is concluded that ~P can betaken 0.4 for both points. 

In figure 6. 4. 2 the pattern of material slip along the continuurn 

boundary is presented for 3 stages in the compaction process, after 

increment 1, 3 and 5. 

E ..-.-----.......... o 

A 

c 

A B 

increment increment 3 

• boundary nodes with stick 

o boundary nodes with material slip 

~ slip direction 

( 

A 

Figure 6.4.2 Stick and slip along the boundary 

-
! 

B 

increment 5 

Figure 6. 4. 3 presents for these stages the density distribut ion and 

figure 6.4.4 shows the associated distributions of the axial stress. It 

is notleed that the element mesh is not displayed for visual reasons. 
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As can be expected, directly under the punch near the die walls a 

concentratien of denslty and stresses occurs. In the lower part of the 

die delay of material compaction is observed. It is emphasized that only 

just below the punch remeshing was required to reduce the continuurn 

boundary, comparable with the procedure foliowed insection 6.2 and 6.3. 

This type of remeshing is bere controlled by tbe problem characterization 

and not by the results obtained, a feature of the metbod to be consldered 

as an advantage wi th respect to tbe usual Langrangian approach. 

Consequently, tbe present metbod allows for parameter varlatlans witb a 

minimum of manual effort. 

To examine the frictional influence, tbe analysis of the problem 

above, was repeated with a friction ratio 0.6 (in pointBand C 0.8). Tbe 

results are presented in the figures 6.4.5, 6.4.6 and 6.4.7. 

E 0 E 0 
E 0 

A 

[ 
j l 

B A B 
increment 1 increment 3 

• boundary nodes with stick 

o boundary nodes with material slip 

~ slip direction 

0,-
c 

A B 

increment 5 

Figure 6.4.5 Stick and slip, increased friction ratio 

--t 

A comparison of the figures 6. 4. 5, 6. 4. 6, and 6. 4. 7 wi th the figures 

6.4.2, 6.4.3 and 6.4.4 clearly shows the effects of the increase of the 

frictional pbenomena. Material slip along the boundary is restricted now 

to the cylindrical die walls or even only a part of these walls. For tbe 

density and the stresses the concentrations near the points D and E are 

much more pronounced. At the bottorn of the die the differences are small. 

[ 
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6.5 indrical die with concentric core 

As a final example to demonstrate the capabi 1 ities of the present 

methad the compaction of a granular material in a cylindrical die with a 

concentric core is analysed. In figure 6.5. 1 the initial configuration is 

shown, while also the mesh with continuurn elements for increment 1 is 

visualized. 

3l 

Figure 6.5. 1 Compaction in a cylindrical die with cancentric care 

The punch was incrementally moved down, with 6 steps equal to 0.1 e. The 

cent inuum was di vided into 67 elements for increment 1, reduced to 62 

elements for increment 6. Near point B the mesh was refined. The nodes on 

the boundary were connected to friction elements, apart from the nodes in 

point C, D and E and of course the nodes on the central axis. The Coulomb 

friction ratio ~ was taken 0.3 except for the friction element 

connected to point B. It was assumed that in case of negative slip (see 

section 4.2), possibly occurring at point B, only the core top and nat 

the cyl indrical care wall contri but es to the nodal force in B. This 

assumption led to a substitute Coulomb's ratio ~n equal to 1.8 for the 
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friet ion element in vol ved. For increment 3 and increment 6 the resul ts 

are presented in figure 6.5.2 and figure 6.5.3. 

increment 3 increment 6 
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) 

Figure 6.5.2 Distributions of the permanent density 
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Figure 6.5.3 Distributioos of the axial stress 
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For all increments computed, stick was found at point B. Just below 

point B the density gradient proves to be relatively high. In figure 

6.5.3 it can be observed that in that area positive axial stresses occur, 

which is certainly not surprising. Directly under the punch similar 

phenornena are found as for the exarnples in the previous sections. Above 

the top of the core near point B an area wi th increased compaction 

resul ts. The configuration considered here was also analysed by Park 

( 1985) and was actually chosen for that reason, ho wever, he applied a 

different set of material properties as used for the present research 

(section 6.1). Park (probably) suppressed the material displacernents at 

point B, so wi th respect to thls aspect hls analysis can be compared 

globally with the present one. The results for the density presented by 

Park show some qualltative resernblance with the results displayed in 

figure 6.5.2; for the stresses reference results fail. Expertmental 

research on compaction in a similarly shaped die as considered here, 

1 reported by Morirnoto et al. (1982), globally confirrns the results derived 

with the present method. 

It is notleed that the element mesh used for this configuration is 

defini tely not quite refined enough to produce reliable results in the 

neighbourhood of point B. The rough discretization is unsuitable to 

represent the distri but i ons of the re levant quanti ti es in an adequate 

manner. It is obvious that with a finer element rnesh an improved accuracy 

can be reached. Wi thin the scope of the present research there was no 

reason to really execute such a computation. With the coarse mesh applied 

here, complications with respect to the numerical convergence of the 

i teration procedure to reduce residual forces could be expected. The 

absence of such complications should be considered as a support for the 

performance of the method developed. 

It has been pointed out in sectien 6.4 that it is quite simple to 

examine the influence of (small) modifications in the problem description 

with the present method. It was dernonstrated that varlation of the 

frictional conditions could be surveyed with almost negligible 

manipulation. For the example considered in the present section it can be 

stated similarly that the influence of a smoothening of the corner at 

point B (see figure 6.5.1) easily can be examined. Figure 6.5.4 shows the 

original mesh in the vicinity of B and the modification introduced here, 
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which is obtained by reallocation of the node in point B only. In this 

way the radius of curvature simulated approximately equals 0.24 t. 

B -

Figure 6.5.4 Node reallocation in B 

For three boundary nodes (1, 2, 3) a substitute friction ratio has to be 

supplled. A gradual decrease of the normal pressure along the boundary 

near B ls assumed in the direction of possible (negative) slip. With the 

theory presented insection 4.2 the substitute ratio ~n can be estimated 

as 0. 35 for node 1, 0. 45 for node 2 and 0. 60 for node 3. Wlth an 

identical lncremental procedure as applied before, the calculation is 

repeated. The results are dlsplayed in flgure 6.5.5 and figure 6.5.6. 
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Flgure 6.5.5 Permanent density, curved core edge 
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Figure 6.5.6 Axial stress, curved core edge 
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For the new situation clearly slip is observed at the boundary near B. 

For node 1 (indicated in figure 6. 5. 4) the incremental (negative) slip 

equals 0. 0002 t for increment 1 and increases gradually up to 0. 0029 t 

for increment 6. For node 2 these values are 0.007 tand 0.011 t , 

respectively, and for node 3 is found 0.004 tand 0.016 t , respectively. 

A comparison of the figures 6. 5. 5 and 6. 5. 6 with the figures 6. 5. 2 and 

6.5.3 shows some minor differences. The adaptation of the geometry 

affects apparently only locally the compaction process simulated. 
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7 DISCUSSION AND PERSPECTIVE 

7.1 On the evaluation 

The numerical simulation methad presented in this thesis, has been 

evaluated exclusively with respect to the computational performance. When 

a particular granular material and a particular compaction process are 

selected, for a proper "input" description attention should be given to: 

the constitutive properties of the granular material, which have to be 

determined experimentally and have to be modelled within the framewerk 

of elastoplasticity; 

- the frictional behaviour between powder materlal and punch/die wall 

material, which has to be measured and characterized mathematically by 

a friction law. 

For the evaluation of numerical "output" data, it is necessary to execute 

"in situ" measurements during the real compact ion process and/or to 

extract experimental results from the products after compaction. Without 

exception the experiments indicated above are very laborieus whlle 

considerable uncertainties may influence the results. In the the rest of 

this section an impression is presented of experimental investigations 

reported in the 1 i terature. It is nat the aim to gi ve a complete ar 

extended review here. 

Ta characterize the mechanica! behaviour of granular materials, it 

is camman practice to restriet to homogeneaus configurations or actually, 

to configurations supposed to be homogeneaus during laad application. 

Well-known examples are isostatic compression, uniaxial stress and 

uniaxial strain compression and triaxial compresslon. Isostatic 

compression is performed in a pressure vessel, the powder densi ty is 

reearcled as a function of the pressure. Contributions to this issue are 

numerous, here reference is made to Schwartz and Holland (1969) and to 

Helliwell and James (1975). Uniaxial single compression is executed with 

a (precompacted) powder cylinder, loaded axially between flat dies. In 

radial direction the displacements are free. Frictional effects are 

reduced as much as possible. Experiments are reported by Kuhn and Downey 

(1971) and by Doraivelu et al. (1984). Constrained uniaxial compression 

is realized by compaction of powder material in a cylindrical die. Ta 

obtain information about frictional disturbances the (initial) 
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height/diarneter ratio can be varied. A large number of authors has dealt 

with this subject, undoubtedl;y beeause of the obvious association with 

practical processes. Mentioned are Oudemans (1965), Soekstiegel and 

Hewing (1965), Strijbos et al. (1977) and Isherwood and Katwiremu (1982). 

Triaxial compression of powder c;ylinders is performed in a pressure 

vessel with a device to control the axial stress independentl;y from the 

radial stress. The interestlog range of rotational symmetrie stress 

states can De investigated, resulting in stress/strain relations. 

Contributions on this issue are presented by Koeroer (1971), Koeroer 

( 1973), Lade and Duncan (1973), Broese van Groenou ( 1978) and 

Nemat-Nasser and Shokooh (1980). The Jenike shear cell experiment (Ashton 

et al. 1965, Schwartz and Weinstein 1965) is considered to be unsuitable 

to determine continuum behaviour as in fact railure is examined. If the 

simple elliptical material model as proposed in section 3.5 were 

appropriate for the granular material, the parameters playing a role 

could be quantified based on experimental research of the type indicated 

above. However, it is rather questionable whether this model gives a 

reasonable description of reality. A more sophisticated model, see for 

instanee Dorris and Nemat-Nasser (1982), offers better possibilities, but 

a suitable quantifieation neeessitates a tremendous experimental effort. 

Besides, it is unlikely that the experlments mentioned, satisf;y for a 

proper validation. Additionally also results for non-homogeneaus 

eonfigurations will have to be used. It is notleed that the physical 

insight, which can be obtained from (micro-) structural research, 

definitely contributes to arrive eventuall;y at a reliable description. In 

particular thls research could be important to identif;y the adequate 

histor;y parameters. 

The interaction between powder material and punch/die walls should 

be modelled wi th a friet ion law. Unt il now, for die compaction only 

Coulomb' s law has been applied, expertmental research to quantify the 

friction ratio is reported b;y Strijbos (1976). He used a shear test 

apparatus, essentlally consistlog of a plate clamped between two 

eylindrieal compacts of powder material. The force necessar;y to move the 

plate wi th respect to the compacts has been compared wi th the normal 

loads applled on the plate by the compacts. The friction ratio appeared 

to be significantl;y dependent on the partiele size versus the plate 
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roughness and of the hardness of powder and plate material. From the 

results it is clear that powder/wall friction during compaction is 

determined by quantities that operate on a microscopie scale. The 

phenomenon that under certain circumstances macroscopie slip occurs due 

to microscopie fa i l ure of the powder material near the wall, is an 

indication to consicter also Von Mises type friction rules. With respect 

to frictional behaviour of powder material along non-straight boundaries 

no references have been found. 

The inaccessibility of the granular material during die compaction 

is a dominating difficulty for the execution of "in situ" measurements 

during compaction processes. Generally serieus disturbances of the 

process have to be avoided. Mechanica! behaviour recorded during die 

compaction is therefore aften limited to the relation between the punch 

displacement and the load. With an arrangement for double sided 

compaction globally the force transmittance can be recovered. By local 

force (stress) transducers in the die wall or the punch, or by 

concentrically split punches, more detailed information on stress 

variations along the continuurn boundary can be collected. Aspects of 

accuracy are hardly given attention in the literature. Broese van Groenou 

(1978) presented an interesting review with respect to the possibilities 

for "in situ" measurements. Recently Starmans (1989) proposed a new 

methad to establish the stress distribution along punches in loading, 

using strain transducers embedded in the tool; the practical realization 

is a current object of investigation. The actual availability of local 

information is rather unsatisfactory and it is emphasized that future 

research should be focussed on this issue. 

After the compaction process, (green) products can be examined with 

respect to geometry, local densi ty and residual stresses. It can be 

stated that in the l i terature mainly the experimental determinat ion of 

the density distribution is reported (Bockstiegel 1966, Broese van 

Groenou 1978, Morimoto et al. 1982, Broese van Groenou and Lissenburg 

1983). Granulometry, porosimetry, X-ray methods and methods based on 

hardness measurements are usually appl ied, the resul ts appear to be 

certainly suitable for a qualitative characterization of the density 

distribution but a quantitative camparisen with theoretica! results is 

still involved with difficulties. Also this issue deserves more attention 
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in future. 

With the overall picture glven above, it is attempted to present an 

impresslon on possibilities and difficulties in the experimental research 

associated with die compaction processes. It is obvious that for a 

particular well-defined process, the evaluation of the performance of the 

numerical simulation method presented in this thesis, requires a 

considerable investment in laboratorium equipment and investigator 

effort. However, it can be stated definitely that without experiments the 

work performed remains on an academica! level. As pointed out in chapter 

1 it is the alm to proceed the investigations explicitly with an 

expertmental program. It is notleed that for future explorations on the 

relations between theory and practlce, the numerical metbod developed 

here can be of essential importance, as experiments do not have to be 

limited to homogeneous configurations only. 

7.2 On the numerical 

In chapter 1 the objectlve of the present research was defined and a 

number of general restrictions was introduced. Only the loading stages of 

die compaction of dry granular materials were adopted as the subject of 

the investigation. The considerations were conflned to quasi-static 

processes, without account for inertia, thermal and viscous effects. To 

allow for a continuurn approach, macroscopie material fracture had to be 

disregarded. These overall restrictions will not be dlscussed here as the 

necessity to limit to a surveyable and workable purpose is obvious. The 

restrietion to rotational symmetrie configurations is solely made for 

practical reasons but is by no means essential. 

The discretization in (pseudo-) time domain explained in chapter 3, 

resulting in an incremental procedure and the spatlal discretization 

(finite element method) are performed to solve the governing differentlal 

equations. An Eulerian problem approach was proposed, the advantages with 

respect to the Lagrangian problem description have been shown in section 

6.4 and 6.5. When the present method is applled, the flnite element mesh 

configuration is not influenced by the material displacements, but 

controlled completely by the lncrements in time. Especially when material 

slip along non-smooth parts of the spatlal boundary occurs, the merlts of 
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the Eulerian approach become clear. The use of the Lagrangian approach 

requires a remeshing procedure determined by the incremental 

displacements, for the Eulerian approach remeshing is prescribed in 

advance by the speelfled volume reduction and therefore an automatic 

incrementation can be arranged much easier. It is notleed that a 

(combined) arbitrary Eulerian Lagrangian procedure (Schreurs 1983) will 

be most attractive, which certainly should be examined in future 

theoretica! investigations. 

The accuracy of the approximation due to discretizations can be 

examined by repeating a previous analysis with smaller time steps and/or 

a refined element mesh, and comparison of the results. An example of such 

an inspeetion was presented insection 6.2. When desired, a very accurate 

salution of the mathematica! equations can be obtained, but with 

considerable uncertainties in the rnadelling this is rather meaningless 

and wasted energy. The quality of modelling and the calculational 

accuracy should be in reasanabie balance. For the spatlal discretization 

four node isoparametrie ring elements with a quadrilateral cross section 

are applied. It is not possible to give an unambiguous answer to the 

question whether or not a more actvaneed element type is preferable. 

In order to determine the stresses and history parameter(s) for a 

material partiele in an element integration point at the end of an 

incremental step, i t is required that these quanti ti es at the start of 

the step are available. Insection 2.5 an approximation methad was chosen 

to calculate these initial values, based on the gradients of the 

associated distributions, derived with extrapolation and averaging, 

instead of "exactly" tracing the partiele during the increment. This 

choice, originated from the supposition that wlth the applied 

discretization in space the fields of stresses and history parameter(s) 

are reasonably described, is made to obtain a computational elaboration 

in conformity with standard finite element programming. An assessment of 

the performance of this metbod and alternative procedures requires a 

competitive examinatien which is not included in the present research. In 

generality, with a rough discretlzation serious inaccuracies can be 

generated, affecting adversily the solution. It is recommendable, of 

course, to adapt the finite element mesh to the features of the process 

considered, to prevent for erroneous results. Apart from the reliability 
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of the analysls, it was observed (section 6. 5) that with the method 

proposed here, in spite of the rough discretization, no computational 

convergence problems occurred, though these possibly could be expected. 

In chapter 3 the mathematica! modelling of the mechanica! behaviour 

for granular mater i als wi thin the framework of the theory of 

elastoplasticity was considered. The applicability of this theory is 

generally accepted and will not be discussed here. Section 3.1 was 

confined to instantaneous isotropie behaviour. The deformation history 

was represented wi th scalar hl story parameters only ( isotropie 

hardening). It is questionable whether this assumption is satisfactorily 

realistic; only with very laborious experlmental research for a 

particular material an answer can be produced. A negative answer is 

especially important when is dealt with processes where the loading 

directions for material particles are considerably changing in time. In 

section 3. 3 the integration of the rate type constitutive equation was 

elaborated. A construction, ensuring incremental objectivity was chosen. 

A simple numerical lntegration scheme was presented, certainly inviting 

to efficiency improvements, but offering for the present research 

appropriate capabilities. The iterative version of the constitutive 

equation, necessary for the iterative solution procedure, proved to be 

highly attractive for the calculational convergence rate. Insection 3.5 

a material model was selected for further applications. The choice was 

determined rather by motives of expediency than by physical 

considerations. The review of models presented in sectlon 5. 4 showed a 

wide variety, the description based on an elliptical yield surface 

dependent on the permanent density as single history parameter and use of 

an associated flow rule, appeared to be suitable. Such a model is capable 

to accomodate the elementary requirements on material response, besides, 

reference could be made to the numerical results derived by Park (1985). 

For the present investigation this selection seemed most appropriate and 

justifiable. Actually the point of view above is considered to be 

fWmissible as attention was focussed more on the metbod for simulation 

than on a reliable description or prediction of reallty. As pointed out 

n section 7.1, the confrontation of theory and experimentsis essential 

n future developments; this thesis partlally contributes to that 

urpose. 
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In chapter 4 attention was concentrated on the frictional boundary 

conditions, to model the interaction between the powder continuurn and the 

punch/die walls. The application of eaulomb's law has been adopted from 

the literature, in section 7.1 some comments are given already. To 

account for slip and stick conditlans a node oriented approach was 

followed, involved with some rnadelling complications when non-straight 

edges show up. Insection 4.2 the problems have been exposed, a salution 

methad was presented but actually more research is required with respect 

to this issue. The strategy to generalize eaulomb's law to nodal level 

should be reconsidered in future investigations. Apart from the rnadelling 

problems indicated, the numerical elaboratlon proved to be quite 

effective. Besides, the usual structure of finite element implementations 

was maintained. 

In chapter 5 the numerical elaboration was outlined. The theoretica! 

formulation was structured such that implementation in an existing code 

could be performed, However, because of insufficient flexibility of the 

code selected, this affered actually only limited convenience. To solve 

the non-1 inear system equat i ons the Newton-Raphson i te rat ion scheme was 

applied. The disadvantage of the rather time consuming calculation of the 

tangentlal matrix (especially the contributton of the continuurn elements, 

due to the numerical integration of the constitutive equations) is fully 

compensated by the excellent convergence performance. Nevertheless, an 

incremental analysis did require a relatively lengthy calculation, 

undoubtedly caused by some lack of efficiency in the computational coding 

designed. No effort has been invested to optimize the program, as it is 

felt that for continuatien of this research, a computer code, more 

independent from existing facilities, should be developed. In any case 

the choice for embedding should be reconsidered. For the same reason and 

because of still insufficient experience with the method, no attempts 

were performed to create an actvaneed interface between incremental 

calculations or a fully automatic incrementation procedure. With the 

application of simple auxiliary tools manual interaction can be indicated 

as rather limited. 

In chapter 6 the practical applicability of the methad was 

investigated. Section 6.2 dealt with an internal check and a satisfactory 

performance was established. Numerical input data were obtained from Park 
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(1985). As he reported the results of a cylindrlcal die compaction 

slmulation based on these data, a limited comparison with the results of 

the present metbod could be made. It has been observed that serious 

differences occur in regions with high gradients in the distributtons of 

density and stresses. A number of possible causes has been indicated in 

section 6.3. Apart from local differences, globally a reasonable 

agreement was experlenced. In the sections 6.4 and 6.5 the capabilities 

of the present metbod to deal with complex shaped configurations became 

clear. In a unified way frlctional phenomena (stick and slip) could be 

modelled. In view of this aspect the Eulerian metbod developed in this 

thesis is definitely preferabie wi th respect to the common Langrangian 

approach. 

It can be concluded that for the simulatlon of die compaction 

processes for granular materials a powerful competitive procedure bas 

been presented. The discussion above, however, indicates a number of 

problems still to be solved. Especlally, attention should be focussed on 

the relatlon between theory and reallty. To support that purpose the 

metbod developed can contribute substantially. 

7.3 Recommendations 

In the previous sections of this chapter a number of recommendations 

for future research have been lndicated. To conclude this thesis on the 

die compaction of granular materials, a recapitulation of the most 

:important recommendations is presented. 

a) Micro-structural research should be performed to obtain a physical 

basis for the constitutive modelling of powder material behaviour. 

b) For the constitutive description of frictional phenomena, attention 

should not be restricted to Coulomb's law only. 

c) For slmulatlons based on the finite element method, the arbitrary 

Eulerian Lagrangian approach should be implemented to provide more 

flexlbili ty. 

The node associated procedure to account for the frictional boundary 

condltions in the numerical analysis should be reconsidered. 
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e) Extended experimental investigations should be executed to supply 

reliable modelling input parameters and to evaluate quantitatively 

simulation results. 

f) A hybrid numerical experimental method to support the quantification 

of constitutive parameters should be developed and examined. 
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SAMENVATTING 

Het compacteren van poeders in een matrijs is een vormgevingsproces 
dat onder andere wordt gebruikt bij de vervaardiging van talrijke 
keramische producten. Ten behoeve van de productkwaliteit is het gewenst 
dat na beëindiging van het persproces het zogenaamde "groene" product een 
zo homogeen mogelijke dichtheid heeft terwijl het niveau van de residuele 
spanningen begrensd blijft. Zowel de dichtheidsdistributie als de 
spanningstoestand worden bepaald door het constitutieve gedrag van het 
poedermateriaal, door de uitwendige wrijving (interactie tussen 
poedermateriaal en de stempel/matrijs wand) en door de specifieke 
proceskeuze. Doel van het onderzoek is de ontwikkeling van een numeriek 
simulatie programma om de toestand van de granulaire materie te 
voorspellen tijdens het compacteren in een "in geometrisch opzicht 
complex gevormde" matrijs. Er wordt van uit gegaan dat de kwantitatieve 
karakterisering van het mechanisch gedrag van het poedermateriaal en 
gegevens met betrekking tot de wandwrijving beschikbaar zijn. 

Het constitutieve gedrag van het poedermateriaal wordt gemodelleerd 
met de theorie der elastoplasticiteit (geschiedenisafhankelijkheid, 
fysische niet-lineariteit). De wandwrijving wordt beschreven met de wet 
van Coulomb. De deformaties ZlJn zodanig dat er sprake is van 
geometrische niet-lineariteit. De relaties die het compacteringsproces 
wiskundig vast leggen, kunnen slechts via numerieke benadering tot een 
oplossing worden gebracht. Daartoe wordt de methode der eindige elementen 
gehanteerd. Gekozen is voor een Euler probleemformulering, die ten 
opzichte van de Lagrange beschrijvingswijze voordelen biedt bij het in 
rekening brengen van aan de geometrische ruimte gebonden randvoor
waarden. De oplossing van het resulterende stelsel systeemvergelijkingen 
wordt in verband met het niet-lineaire karakter iteratief (Newton-Raphson 
procedure) bepaald. De structuur van de noodzakelijke berekeningen is 
geschikt voor implementatie in bestaande elementenmethode programmatuur. 

Voor een aantal geometrisch verschillende configuraties worden de 
resultaten, die op basis van de ontwikkelde simulatie methode zijn 
gevonden, gepresenteerd en voorzien van commentaar. Voor de beschrijving 
van het materiaalgedrag is gebruik gemaakt van literatuurgegevens voor 
een denkbeeldig poeder. Een beperkte vergelijking van berekenings
resultaten met die in de literatuur was mogelijk waarbij een redelijke 
overeenkomst geconstateerd kan worden. In kwalitatief opzicht voldoen de 
voorspellingen aan de globale verwachtingen. 



STELLINGEN 

behorende bij het proefschrift 

A SIMULATION METHOD FOR THE DIE COMPACTION OF GRANULAR MATERIALS 

1) Het numeriek oplossen van plasticiteitsproblemen leidt tot een 
iteratieschema (Newton-Raphson), waarbij de relatie tussen de 
iteratieve verandering van de deformaties en de iteratieve 
verandering van de spanningen verdisconteerd moet worden. Het 
geschikt kiezen van deze relatie is van essentieel belang voor de 
convergentiesnelheid van het oplossingsproces. 

- Dit proefschrift, paragraaf 3.3 

2) Als de (gegeneraliseerde) wrijvingswet van Coulomb op knooppunt
niveau wordt toegepast voor de randvoorwaarden van een gediscreti
seerd systeem, dient, wanneer de rand locaal niet recht is, de 
"echte" wrijvingscoëfficiënt aangepast te worden. 

- Dit proefschrift, paragraaf 4.2 

3) Het is onjuist dat bij rotatie-symmetrisch matrijspersen van poeders 
de axiale spanning op de centrale as onafhankelijk zou zijn van de 
axiale coördinaat. 

Schwartz, E.G. & Weinstein, A.S. 1965. 
Hodel tor compaction of ceramic powders. J. Am. Ceram. Soc. 48 , 
346 

Thompson, R.A. 1981. 
Hechanics of powder pressing: I. Hodel for powder densification. 
Am. Ceram. Soc. Bull. 60 , 237 

4) Bij het iteratief oplossen van de gediscretiseerde evenwichtsverge
lijkingen voor niet-1 ineaire vaste stof problemen, is het incon
sequent om een convergentiecriterium, gebaseerd op de iteratieve 
verandering van het verplaatsingsveld, te hanteren. 

- Bathe, K.J. 1982. 
Finite element procedures in engineering analysis. Prentice
Hall, Englewood Cliffs, N.J., U.S.A. 

5) Het begrip "lineair elastisch materiaalgedrag" is rekbaar. 

6) De oplossing van een (niet-lineair) vaste stof probleem is uiteraard 
onafhankelijk van de gekozen referentieconfiguratie. Dat de "total 
Lagrange" en de "updated Lagrange" benadering tot verschillende 
resultaten leiden wordt veroorzaakt door verschil in de gehanteerde 
constitutieve vergelijkingen voor het materiaalgedrag en niet door 
de beschrijvingswijze zelf. 

HARC 1988. 
HARC general purpose finite element program, rev1s1on K3, user 
manuals. HARC Analysis Research Gorporation, Palo Alto, U.S.A. 



7) Bij de analyse van plastische plaatbuiging, waarbij omkering van de 
spanningen, werkend op materiële deeltjes, duidelijk aanwijsbaar is, 
is anisotrope versteviging van grote invloed op de spannings
verdeling. Bij de modelvorming dient daarmee expliciet rekening 
gehouden te worden. 

- Brekelmans, W.A.H. & Hoogenboom, S.H. 1987. 
Stationary sheet bending and straightening. Proceedings of the 
second conference on technology of plastic1ty, Stuttgart, West 
Germany 

8) Bij numerieke simulaties van de realiteit dient een balans gezocht 
te worden tussen de kwaliteit var, de modelvorming en de nauwkeurig
heid van de berekeningen. 

9) De theoretisèhe achtergronden van commercieel verkrijgbare eindige 
elementenmethode pakketten worden in het algemeen onvoldoende aan de 
gebruikers beschikbaar gesteld. 

10) De gebruikersvriendelijkheid van algemeen toepasbare computerpro
grammatuur dient bij voorkeur beoordeeld te worden door onervaren 
potentiële gebruikers. 

11) Binnen een onderzoekgroep zullen pluriformiteit en incompatibiliteit 
van computer hard- en software in het algemeen aanleiding geven tot 
communicatieproblemen. 

W.A.M. Brekelmans, oktober 1989 


