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1
Introduction

Parts of this chapter are described in:

P. Spijker, H.M.M. ten Eikelder, and P.A.J. Hilbers, Molecular Simulations, Lecture Notes, Technische
Universiteit Eindhoven (2006).



Many interesting physical phenomena can be investigated using molecular

modeling techniques. Because these methods are used throughout the remainder

of these thesis, it is important to know the foundation upon which molecular

modeling methods, such as molecular dynamics and Monte Carlo, are built. In

this chapter these foundations are discussed in detail, starting with the history of

the atom, because the atom is the building block of many molecular modeling

methods. Thereafter the way in which these atoms interact with each other is

discussed, followed by a more theoretical discussion on the physical background

of the relation between thermodynamics and individual particles. This allows

to introduce the method of molecular dynamics simulations and all kind of

computational tricks that come along with it. Subsequently the Metropolis

scheme, a special type of Monte Carlo simulations, is discussed. Finally, the

outline of this thesis is given to introduce applications of these molecular modeling

techniques.

For many centuries people have been wondering what makes up the world as we
know it. Based on abstract, philosophical reasoning ancient Greek and Indian scholars
came up with the concept that matter is composed of discrete units and thus cannot be
divided infinitely. In the fifth century BC the Greek philosopher Democritus named these
uncuttable pieces of matter άτoµoς, from which our word atom is derived. According
to Democritus there are many different kinds of atoms, each different in size and shape,
and the atoms had to be surrounded by something he called the void. Moreover, all
atoms move around in space at random, inevitably leading to collisions. These collisions
force the atoms to be arranged in specific ways, creating different substances. The
properties of these substances are solely based on the variations between the different
characteristics of the individual atoms. From Democritus’ point of view the four classical
elements, which were then thought to be the origin of matter (earth, water, air and fire,
see Figure 1.1a), are also composed of these atoms, like everything else. Unfortunately,
the ideas of Democritus were not able to overthrow the concept of the classical elements,
which remained the scientific and religious doctrine in Europe lasting all the way until
the seventeenth century, until the science of chemistry began to develop. Around
1661 the natural philosopher Robert Boyle argued that not the classical elements but
various combinations of so-called corpuscules were the building blocks of matter, and
thus revitalized the ideas of Democritus’ atoms [1]. Some hundred years later the French
scientist Lavoisier redefined the term element into a substance that could not be broken
down further by the methods of chemistry [2]. In the beginning of the nineteenth century
John Dalton used the rediscovered atomic view to propose, based on the atomic weight,
that each element consists of atoms of a single type, and these elements, when joined
together, form chemical compounds [3].

During the remainder of the nineteenth century many chemical elements were discovered,
and, as consequence, the theory of the four classical elements was dismissed. However,
scientists were in need to organize all information about the newly identified elements
in a concise and precise manner. Finally, around 1870, both Mendeleyev and Meyer
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airfire

earthwater

a) Classical elements b) Rutherford model c) Bohr model

Figure 1.1: Schematic depiction of three views on the building blocks of nature. In a) the symbols
for four classical elements are shown, in b) the model as proposed by Rutherford, and in c) the
model by Bohr.

independently developed the first periodic table of elements, in which elements are
ordered according to their atomic weight [4, 5].

Some years earlier, in 1827, the botanist Robert Brown provided more evidence for the
particle-based view of the world when he noticed, using a microscope, pollen grains
and spores of mosses executing a jittery motion while suspended in water [6]. However,
although at the end of the nineteenth century the key organizing principles of the periodic
table and Dalton’s view on matter were accepted by many chemists, not many of them
dared to attribute this to the imaginary atom, and scepticism remained as long as no
one had actually seen an atom. At the start of the twentieth century the French scientist
Perrin realized that the actual limit to material division could be determined if the value
of Avogadro’s number (the number of atoms needed to make up the atomic weight of
an element) could be established. Using different experimental techniques, which led to
similar estimates of Avogadro’s number, Perrin strengthened the idea that macroscopic
matter was made up of discrete atoms of measurable volume [7]. Almost at the same
time Einstein succeeded in deriving the mathematical theory behind the erratic motion
of particles in suspension, nowadays known as Brownian motion [8]. It did not take
long before Dalton’s atomic theory was verified by Perrin using Einstein’s work to
experimentally determine the size and mass of atoms [9].

Toward the end of the nineteenth century Clausius, Maxwell and Boltzmann performed
research on the kinetic theory of gases, which implied the presence of particles just
nanometers in size [10–12]. They realized that macroscopic properties in thermodynamics
had to emerge from the interactions of the individual particles at the microscopic level,
and together with Perrin’s observations, this allowed for the atomic doctrine to be finally
accepted. However, new experimental results by Rutherford immediately led to major
complications with a classical view of the atom being the base unit of matter, because they
suggested that most of the mass in an atom and all of its positive charge is concentrated in
a nucleus at the center of the atom, while negatively charged particles orbit this nucleus,
see Figure 1.1b [13]. These negatively charged particles, or electrons, were discovered
some years earlier by Thomson through cathode ray tube experiments [14]. A revision of
Rutherford’s model by Bohr suggested that the electrons did not orbit the nucleus freely,
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but instead are bound to specific orbits, see Figure 1.1c [15]. Due to the work by De
Broglie, Schrödinger and Heisenberg it soon became apparent that this planetary vision
of the atom was incorrect and that to a certain extent the subatomic particles behave as
waves [16–18]. As a consequence of this wave-particle duality it is impossible to measure
both position and momentum of a particle at the same time (now known as Heisenberg’s
uncertainty principle) and when measuring the momentum of a particle only a range of
probable positions for the particle can be obtained. These new theories eventually led to
the birth of quantum mechanics as an alternative to classical physics at the atomic scale.

1.1 Molecular modeling

Many molecular problems can be handled with the theory of quantum mechanics.
However, the calculation of the quantum mechanical wave functions describing the
possible states of a system through the Schrödinger equation is a formidable task for
even an average-size molecule. An exact solution to the Schrödinger equation is only
known for the simplest molecular structure, the hydrogen molecule, and still only when
assuming the motion of the electrons and nuclei being decoupled, according to the Born–
Oppenheimer approximation [19,20]. This approximation states that the electronic wave
functions only depend on the position of the nucleus and not on its momentum, and that
electrons instantaneously adjust to any changes in the position of the nucleus. Even with
this assumption calculating molecular systems of some size is virtually impossible using
quantum mechanics. There are some computational methods that can deal with larger
quantum mechanical systems, but still these systems are limited to less than hundred
atoms.
For larger systems it is, therefore, more convenient to approach the molecular system
as a many body problem, which can be treated with classical mechanics [21]. Using
the same Born–Oppenheimer approximation, it is possible to treat a particle as a single
point in space and to neglect its electron cloud. The validity of this approximation is
stressed even more because almost all the mass of an atom is concentrated in its nucleus.
Consequently, the energy of an atomic system is a function of the nuclear coordinates
only. For a many particle system this means that the Hamiltonian, H, of the system is the
sum of the kinetic and potential energy functions (K and U respectively) based on the set
of nuclear coordinates q and momenta p of all N particles

H
(
q1, . . . ,qN,p1, . . . ,pN

)
= K

(
p1, . . . ,pN

)
+ U

(
q1, . . . ,qN

)
. (1.1)

When systems are described with Cartesian coordinates r, rather than the generalized
coordinates q, the kinetic energy is expressed as

K
(
p1, . . . ,pN

)
=

N∑
i

p2
i

2 mi
, (1.2)

with mi the mass of particle i. It is with the potential energy function U in the Hamiltonian
of Equation (1.1) that the interesting information about the interaction between all particles
is stored. In conservative systems the potential energy U between two particles is directly
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related to the force F acting on them, and, thus, it is possible to construct the equations of
motion from the Hamiltonian. In general the force F acting on a particle may depend on
the position r and momentum p of the particle, but for many natural systems it is safe to
assume that the force only depends on the positions of the particles* . The equations of
motion determine the entire time-evolution of the system and, as a consequence, all of its
derived properties. In their Hamiltonian form the equations of motion are expressed as

dri

dt
=
∂H
∂pi

=
pi

mi
and

dpi

dt
= −

∂H
∂ri

= −∇iU (r1, . . . , rN) , (1.3)

with ∇i as the vector differential operator with respect to the Cartesian positions ri.
Unfortunately, only for a system with at most two particles an analytic solution to these 6N
coupled differential equations exists. However, when using sophisticated numerical
methods it is possible to approximate a solution to this vast number of differential
equations, although, due to the shear size of the systems, computers are required to
perform these computations. Formally, the description of the underlying problem in
terms of the Hamiltonian is correct, but it is more common to see the problem being
described using Newton’s laws of motion [22, 23], with the second law, F = m a, playing
the pivotal role. The collective term used to refer to both these theoretical methods and
computational techniques used to model and mimic the behavior of atoms, which are
described as point charges with an associated mass, is molecular modeling.

1.1.1 Interaction potentials: force field

From the equations of motions, see Equation (1.3), it is obvious that the behavior of the
atoms is described by the potential function U, which only depends on the positions
of the atoms. The potential energy function can be split into various contributions,
depending on the system under investigation. A very common approach is to separate
the intramolecular contributions (such as bond stretching) from the intermolecular con-
tributions (such as the Van der Waals interactions). The description of the intramolecular
and intermolecular contributions to the potential energy function is referred to as the
force field. These force fields are said to be empirical, thus they have been constructed
from experimental results rather than from first principles (the latter being the case with
quantum mechanical models). Moreover, empirical force fields are said to be transferable,
i.e., the same set of parameters can be used to model a series of related molecules, rather
than having to define a new set of parameters for each individual molecule [24–26].
Many of the empirical force fields used today can be interpreted in terms of a relatively
simple five-component picture of the intra- and intermolecular forces. These components
include bond stretching, angle bending, rotation around bonds (torsions or dihedrals),
non-bonded Van der Waals interactions and electrostatic interactions. For each of these

* An exception to this assumption is the magnetic force on a particle with electrical charge q and
momentum p in a magnetic field B, which is given by F = (q/m) p × B. However, for many systems
this force can be neglected, and assuming the forces to depend only on the positions is valid.
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components associated potential energies can be computed and the total potential energy
of the system is consequently described as

Utot = Ubond + Uangle + Utorsion + UvdW + Uelec . (1.4)

In this description contributions from hydrogen bonding are neglected and thought to be
included within the Van der Waals and electrostatic terms. More sophisticated force field
descriptions include additional terms (such as dipole or quadrupole contributions), but
always at the cost of a higher computational demand. The force fields used in this thesis
use the above mentioned five terms in the potential energy function. Therefore, each of
them, including their derived forces, is discussed in more detail in the following sections
of this chapter.

Bond stretching

The forces binding particles are very strong and a considerable amount of energy is
required to cause a bond to stretch, i.e., to deviate from its reference bond length, which
is the inter-particle distance at which the potential bond energy is minimal. However,
molecules undergo vibrational motions and a bond will deviate slightly from its reference
bond length. For two particles i and j this reference bond length is given by ri j =

∣∣∣ri j

∣∣∣ =∣∣∣ri − r j

∣∣∣. A bond is depicted schematically in Figure 1.2a. The energy UB related to this
bond is given by a harmonic potential function derived from Hooke’s law [27] and is
given by

UB

(
ri j

)
= ki j

(
ri j − r0

)2
, (1.5)

where ki j is the force constant of the bond pair and r0 is the reference bond length of this
pair. Both ki j and r0 are to be deduced from experiments and, thus, are parameters of the
force field. The motion of the particles is driven by the force acting on them and, due to
the assumption of conservative forces, is equal to the negative gradient of the potential
on a particle, and given by

Fi = −∇iUB = −
∂UB

∂ri j

∂ri j

∂ri
= −

∂UB

∂ri j

ri j

ri j
, (1.6)

where the chain rule has been applied to rewrite the partial derivative with respect to
particle i in terms on the bond vector ri j.

Angle bending

Between two bonds sharing a common particle an angle can be defined, which is shown
in Figure 1.2b for a set of three consecutive particles i, j and k with their bond angle
being θi jk. Based on the position vectors of the particles, the bond vectors for the two
bonds can be defined as ri j = ri − r j and rkj = rk − r j. The angle θi jk can then be expressed
as

cosθi jk =
ri j · rkj

ri j rkj
, (1.7)
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a) Bond
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j

kijkθ

b) Angle

i

j k ijklφ
l

c) Dihedral
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j
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l

d) Improper

Figure 1.2: Different types of bonded interactions, with from left to right bonded interactions,
angle interactions, dihedral torsion interactions and improper torsion interactions. The atoms,
distances and angles are labeled in accordance with the equations in the text.

with ri j and rkj the bond lengths, respectively. Several different potential functions exist to
describe angle bending. The two most commonly found potentials are the harmonic and
cosine harmonic potential. Similar to the bond potential the harmonic angle potential is
given by

UA

(
θi jk

)
= kH

ijk

(
θi jk − θ0

)2
, (1.8)

where kH
ijk is the force constant for the angle bending and θ0 the reference bond angle for

this specific triplet of particles. The cosine harmonic angle potential looks very similar to
the harmonic angle potential, but instead of θi jk its argument now is cosθi jk, which results
in the potential energy function

UA

(
θi jk

)
= kCH

ijk

(
cosθi jk − cosθ0

)2
, (1.9)

where kCH
ijk is the force constant for the angle bending and θ0 again the reference angle.

Please note that the force constants for the harmonic and cosine harmonic potentials are
different. It depends on the type of force field which equation favors over the other, but
from the functional forms one important aspect of the cosine harmonic angle potential can
be deduced. For angles other than 0◦, 90◦ or 180◦ the cosine harmonic angle potential is
not symmetric around θ0, which means that there is preference for the potential to move
the angle toward or away from the elongated position. This asymmetry is not always
desirable, and has to be taken into account when choosing a potential. In Figure 1.3a both
functional forms of the potentials for the angle bending are depicted.
The forces acting on the three particles i, j and k are determined in a similar way to the
forces for bond stretching, see Equation (1.6). However, by carefully applying the chain
rule the dependence on the angle θi jk can be incorporated explicitly, and, moreover, the
force can be made dependent on the bond vector rather than the position vector [28].
Thus, for the force exerted on particle i, in terms of the bond vector ri j and the angle θi jk,is
given by

Fi = −∇iUA = −
∂UA

∂ cosθi jk

∂ cosθi jk

∂ri j
= −

∂UA

∂ cosθi jk

1
ri j

(
rkj

rkj
−

ri j cosθi jk

ri j

)
. (1.10)

For the other two forces F j and Fk a similar result can be obtained. In addition to either of
the two functional angle potentials discussed above also a Urey-Bradley angle potential
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Figure 1.3: To the left, in figure a), the two different functional forms (harmonic and cosine
harmonic) of the angle potential are depicted with a reference angle of 180◦. In b) two Van
der Waals potentials (Lennard-Jones and Morse) are depicted as a function of r in units of the
Lennard-Jones parameter σ.

can be defined [29,30]. Basically the Urey-Bradley potential defines an extra virtual bond
between particles i and k of the angle. Typically, the force constant of this virtual bond
is one or two orders of magnitude smaller than corresponding real bond force constants.
Of course, also the reference bond length is different for the Urey-Bradley virtual bond.
The functional form of the Urey-Bradley potential is given by

UUB (rik) = kUB
ik

(
rik − rUB

0

)2
, (1.11)

where kUB
ik and rUB

0 are the Urey-Bradley force constant and reference bond length,
respectively, and rik =

∣∣∣ri j − r jk

∣∣∣ = |ri − rk|. The method for deriving the force is identical to
the normal bond potential.

Torsion terms

Two types of torsion potentials are most commonly used: dihedral angle potentials
and improper torsions. Both potentials rely on a quartet of atoms, bonded in one way
or the other. A dihedral angle potentials depends on four consecutive bonded atoms,
whereas the improper torsion depends on three atoms centered around a fourth atom.
The dihedral angle potential is mostly used to constrain the rotation around a bond,
whereas the improper torsion is used to maintain chirality on a tetrahedral extended
heavy atom or to maintain planarity of certain atoms. The main difference between both
torsion potentials is the definition of the torsional angle and the functional form of the
potential function. Fortunately, the difference in definition of the torsional angle can be
eliminated by numbering the atoms in a clever way.
In Figure 1.2c the definition of the torsional angle for the dihedral angle potential is given.
The angle φi jkl is the angle between the plane going through the particles i, j and k and the
plane going through the particles j, k and l. For the improper torsion the torsional angle
definition is shown in Figure 1.2d. The angle φi jkl still depends on the same two planes,
because the particles have been chosen in such a way that particle i is in the center.
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For each of these two planes their respective normal vectors can be calculated by taking
the cross product of two vectors lying in this plane. For the plane going through the
particles i, j and k this normal vector is denoted by m and for the plane going through the
particles j, k and l this normal vector is n. Using the bond vectors ri j, r jk and rlk these two
normal vectors can be expressed as

m = ri j × r jk and n = rlk × r jk . (1.12)

Similar to Equation (1.7) the torsional angle φi jkl can be defined based on these normal
vectors. The cosine and the sine of the torsional angle are given by

cosφi jkl =
m · n
m n

and sinφi jkl =
(m × n) · r jk

m n r jk
=

(
n · ri j

)
r jk

m n
, (1.13)

where m, n and r jk denote the lengths of the respective vectors. As a last step the torsional
angle φi jkl is defined as

φi jkl = −atan
(

sinφi jkl

cosφi jkl

)
= −atan


(
n · ri j

)
r jk

m · n

 , (1.14)

where the sign of the torsional angle is automatically set in the proper direction, according
to the IUPAC convention [31].
As with the angle bending potential several different functional forms are used to describe
the dihedral. One of the most common forms encountered is the cosine form, which
models the rotation barriers around bonds in accordance with thermodynamic data, and
is expressed as

UD

(
φi jkl

)
= kC

ijkl

(
1 + cos

(
ni jklφi jkl − φ0

))
, (1.15)

where kC
ijkl is the force constant, φ0 the angle where the potential passes through its

minimum value and ni jkl the multiplicity, which gives the number of minima as the bond
is rotated through 360◦. The multiplicity is a nonzero, positive integer number. However,
it is not uncommon that the rotation around a bond has local and global minima. In order
to accommodate this type of behavior the potential is split in its underlying harmonic
functions, each having its own force constant, multiplicity and reference angle. Therefore,
each of these harmonic contributions to the dihedral potential of a specific quartet of
particles has to be specified separately in the force field parameter set.
As mentioned before, the improper torsion potential is mainly used to maintain planarity
in a molecular structure. Hence, it has only one minimum and a harmonic potential can
be used. Therefore the improper torsion functional form is given by

UI

(
φi jkl

)
= kI

i jkl

(
φi jkl − φ0

)2
, (1.16)

where kI
i jkl is the corresponding force constant, which obviously differs from the force

constant in the cosine functional form. The reference dihedral angle φ0 should be
between −π and π.
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In order to compute the forces on all four particles due to the torsional interactions
two different approaches are possible. One is based simply on mathematical differentia-
tion [28, 32] and the other on first principles of mechanics [33], both leading to the same
result. For example, the force on particle j due to the dihedral is given by

F j = −∇ jUD = −
∂UD

∂φi jkl

∂φi jkl

∂r j
= −

∂UD

∂φi jkl

rlk · r jk

n2 r jk
n −

r2
jk + ri j · r jk

m2 r jk
m

 , (1.17)

where the functional form of the dihedral potential UD can also be replaced by the one of
the improper torsion UI. Similar results can be obtained for the forces on the other three
particles i, k and l.

Van der Waals interactions

Until now only intramolecular interactions have been considered. Besides these interac-
tions also intermolecular interactions, often called non-bonded interactions exists. These
interactions can, of course, occur within the same molecule, as long as they are out of
the range of either the bond, angle or dihedral interactions. Van der Waals interactions
are often referred to as the combination of attractive and repulsive forces between two
particles, which are not bonded to each other, and which are not due to any net electrical
charge on either of the two particles. The energy arising from this interaction varies
with the separation distance between the two particles. This energy is zero at infinite
distance, but as the separation distance is reduced the energy decreases, passing through
a minimum and from there on increasing rapidly.
The most common potential to model Van der Waals interactions is known as the Lennard-
Jones potential [34], which depends only on two parameters and is expressed as

ULJ

(
ri j

)
= 4 εi j

(σi j

ri j

)12

−

(
σi j

ri j

)6 , (1.18)

where εi j is the minimum (well depth) of the potential for the interaction between particle
i and j, σi j the collision diameter (the separation for which the energy is zero) and ri j

the separation distance. The attractive part of the potential (the part which contains
the power 6) has been both theoretically and experimentally validated [35, 36]. For the
repulsive part different powers are suitable, however, the power 12 is used most often,
since as a result the potential can be more easily computed, being the square of the
attractive part [24, 25].
The parameters (such as εi j and σi j) are not always given for a specific pair, but as a
parameter of the atom itself. To be able to calculate the Van der Waals interactions
the Lorentz–Berthelot mixing rules [37–39] are applied to determine the values for the
parameters, which are then given by

σi j = 1
2

(
σii + σ j j

)
and εi j =

√
εiiε j j , (1.19)

where σii, σ j j, εii and ε j j are the collision diameters for the particles i and j and the well
depths for the particles i and j, respectively. The collision diameter of a particle is related
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to its Van der Waals radius as 6√2 σii = 2 rvdW, which means that for a pair interaction the
minimum of the Lennard-Jones potential is located at the sum of each of the particle’s Van
der Waals radius. The force exerted on atom i as an effect of the Lennard-Jones potential
can be computed identical to the force for two particles bond to each other (since only
two particles are involved), see Equation (1.6).
Apart from the Lennard-Jones potential it is not uncommon to encounter different
potentials to describe Van der Waals interactions. The best known example of such a
different potential is the Morse potential [26], which is given by

UM

(
ri j

)
= Di j

[(
1 − e−ai j (ri j−r0)

)2
− 1

]
= Di j

(
e−ai j (ri j−r0)

− 2
)

e−ai j (ri j−r0) , (1.20)

where Di j is the well depth of the potential, r0 the distance at which the potential has
its minimum, and ai j is a shape parameter, determining the width and steepness of the
potential. All of these parameters are of course for the particle pair i and j. Together with
the Lennard-Jones potential, the Morse potential is schematically depicted in Figure 1.3b.

Electrostatic interactions

Electronegative atoms attract electrons more than less electronegative atoms, giving rise
to an uneven distribution of charge in a molecule. This distribution can be represented in
many ways, but one of the most common ways is to represent the charge distribution as
point charges localized throughout the molecule, mostly coinciding with the nuclei of the
atoms. The electrostatic interaction (also known as Coulomb interaction) between two
particles, in the same or a different molecule, is expressed by using Coulomb’s law

UE

(
ri j

)
=

qiq j

4πε0εRri j
, (1.21)

where qi and q j are the charges of particles i and j respectively, ε0 is the permittivity of
vacuum (ε0 ≈ 8.8542 · 10−12 C2/N/m2), εR the dielectric constant (εR = 1 for a vacuum by
definition) and ri j is the distance between particles i and j. Again the force computation
is analogous to Equation (1.6).

Exclude 1-3 or 1-4 interactions

When computing a bond interaction between two particles i and j, the computation of a
non-bonded interaction between this pair of particles is discarded, because it is believed
that the bond potential takes care of all interactions for this pair. In a similar way also
all non-bonded interactions between particles involved in an angle or torsion potential
can be excluded. However, it sometimes is desirable to incorporate some non-bonded
interaction for angles or dihedrals. Therefore, it is sometimes possible to set two exclusion
parameters which control the amount of exclusion of the non-bonded interaction for the
triplet or quartet of atoms.

1.1.2 Ensembles

Macroscopic systems contain many particles, and, in principle, the dynamics of a system
with N particles and constant energy is described by a Hamiltonian system of 6N
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time

Figure 1.4: Measuring an observable from a system that is in equilibrium. The system is shown
on the left, with an instrument connected to it, to measure the observable, which is shown on the
right. The dashed line corresponds to the time average.

differential equations. Even if all interactions between the particles and the (6N) initial
conditions are known, solving this system is practically impossible. However, many
macroscopic properties of the system can be studied without considering the behavior
of the individual particles. For instance pressure, temperature, and, entropy of a system
are in fact statistical averages of the behavior of very many particles. The study of the
relations between these and other properties of a system in equilibrium is the subject of
(classical) thermodynamics. On the other hand statistical physics, or statistical mechanics,
tries to relate individual properties of particles and their interaction to the macroscopic
observables that are studied in thermodynamics. For instance, in thermodynamics the
entropy is empirically defined, whereas in statistical physics a more precise definition of
the entropy can be given, based on the possible behavior of individual particles.
The basic tool of statistical physics is probability theory. Almost all results of statistical
physics are of a probabilistic nature. The equilibrium state considered in thermodynamics
is not the only possible state for a given system, although it is by far the most likely state.
In fact, the probabilistic approach also allows the study of the size of the fluctuations
around the equilibrium state.
Now consider a system in equilibrium containing N particles, where N is in the order
of 1023. It is possible to measure a thermodynamic variable of the system by inserting
an instrument into the system and reading its display. Such a measurement is called
an observation and the measured thermodynamic variable an observable, denoted by O.
Since the system is in equilibrium it is expected to find the same value of the observable
every time an observation is made, or, when observing constantly, the display is expected
not to change indicating that the observable is constant and, hence, the system is in
equilibrium. However, taking a close look at the observation, it can be seen that the
observable is not constant at all; it varies, apparently random, around the expected
equilibrium value of the observable, see Figure 1.4.
In order to get to the equilibrium value of the observable, the time average of the
observable can be taken

Ō =
1
τ

τ∫
0

O (t) dt , (1.22)

where the bar above the O indicates a time average and τ is the time used to make
the observation. One could argue that these fluctuations are caused by noise arising
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Figure 1.5: A thermodynamic representation of the three commonly distinguished ensembles.
Every time the variables which are kept constant in the specific ensemble are shown in the lower
left corner of the system.

from the instrument, but even with the most precise instrument these fluctuations are
still observed. This seems to be in contradiction with the laws of thermodynamics, which
simply state that in equilibrium the thermodynamic function remains constant. However,
these thermodynamic laws do not treat matter constituted of individual particles.
Previously, the positions and momenta of all particles have been coupled to each other
to form Hamilton’s equations of motion, see Equations (1.1) to (1.3), which completely
determined the state of the system, and for classical systems the Hamiltonian is the sum
of the kinetic and potential energy. With every state, specified by the positions and
momenta, there is a specific energy related. However, there are many sets of positions
and momenta that lead to the same specific energy.
Apparently the thermodynamic quantity of energy is related to the positions and momenta
of the independent particles. The same holds, in one way or the other, for every
thermodynamic variable. Therefore, the observable O can be written as a function of
the positions and momenta O = O

(
rN,pN)

. However, when time moves on the positions
and momenta of the particles change, and this new set of positions and momenta still
has to lead to the original specified observable. Because the positions and momenta are
a function of time, as a consequence the observable O depends on the time implicitly.
Due to the definition of the Hamiltonian, such a time trajectory of the system in phase
space (which is the space spanned by all positions r and by all momenta p of all particles)
remains on the same hypersurface. Fixing another macroscopic thermodynamic variables
would lead to an additional hypersurface on which the trajectory must remain. Such a
collection of possibly accessible states is called an ensemble.
In statistical physics several types of ensembles can be distinguished, for instance the
microcanonical ensemble (constant energy, volume and number of particles), the canonical
ensemble (constant temperature, volume and number of particles), and the isothermal-
isobaric ensemble (constant temperature, pressure and number of particles). In Figure 1.5
a thermodynamic equivalent of each of this ensembles is shown schematically.
A basic concept in statistical physics is that when observing a system moving through the
phase space, the system will eventually flow through all the microscopic states that are
consistent with the constraints being imposed to control the system. Thus, it is possible
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to count how often the system visits a specific microscopic state, or, in other words, to
measure the probability Pν of finding the system in microscopic state ν. This idea is called
ensemble averaging and when taking enough measurements over a long time, the time
average Ō should be the same as the ensemble average 〈O〉, which can be denoted by

Ō ≡
1
τ

τ∫
0

O (t) dt =
∑
ν

PνOν ≡ 〈O〉 , (1.23)

where Oν is the value for the observable in the microscopic state ν and where the pointed
brackets indicate the ensemble average. Systems that obey this equivalence are said to
be ergodic, and this equation is therefore known as the theorem of ergodicity. Although
the equivalence of time and ensemble averaging sounds reasonable, it is not at all trivial.
In fact it is very hard to prove, and there are many examples of non-ergodic systems.
However, it is believed that the theorem holds for all many particle systems encountered
in nature. By employing the theorem of ergodicity to the system, the problem is moved
from solving high dimensional differential equations to formulating the probability to
find a system in a specific microscopic state.

Microcanonical ensemble

Thermodynamically a microcanonical ensemble describes an isolated system (so the
volume V and number of particles N remain constant), which ensures no fluctuation
of the total energy in the system. Thus, the system can access only those of its microscopic
states that correspond to a given value E of the energy. The total number of microscopic
states corresponding to this value of the system’s energy is called the degeneracy of the
system, and is denoted by Ω = Ω (N,V,E).
In order to be able to proceed, another assumption (the second and last one, the theorem
of ergodicity being the first) has to be made, which is often referred to as the statistical
postulate (also known as the equal a priori probability postulate) and is expressed as

Given an isolated system in equilibrium, it is found with equal probability in each of
its accessible microscopic states.

This postulate is the fundamental assumption in statistical physics, since it states that a
system does not have any preference for any of its available microscopic states. Thus,
given Ω microscopic states corresponding to a particular energy level E, the probability Pν
of finding the system in a microscopic state ν with energy Eν is given by

Pν =
1

Ω (N,V,Eν)
, (1.24)

which obeys the important requirement that the sum of the probabilities should equal
one. It is obvious that for a many particle system to achieve the energy level Eν a large
number of different configurations is possible. For instance, if all particles have energy ε,
the energy for state ν is given by Eν = Nε. The distribution among all possible energy
states ν can be denoted as {0,N, 0, . . . }, which in this example means that there are 0
particles with energy 0, N with energy ε, zero with energy 2ε, and so on. Now if one
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particles moves to the ground state (its energy is zero) and another particle moves to a
more excited state (for instance with energy 2ε) the total energy remains constant. This
distribution for this particular energy state is thus denoted as {1,N−2, 1, . . . }. Both of these
two configurations have the same energy Eν, but the second is much more likely, since any
of the N particles could be in the ground or excited state, resulting in a total of N(N − 1)
possible arrangements of the particles. However, there is only one possible way to get
the first configuration. If the system is able to fluctuate between these two states, we
expect to find it most frequently in the second state. As a consequence, we also expect
the characteristics of the system to be dominated by the characteristics of that second
state. Thus, the statistical postulate allows to conclude that for a system at equilibrium
the thermodynamic state (which is based on macroscopic measured observables), which
could result from the largest number of microscopic states (the possible arrangements
of particles), is also the most probable thermodynamic state of the system. Therefore,
the statistical postulate that at fixed N, V and E all microscopic states are equally likely
provides a molecular foundation for the theory of thermodynamics.
The degeneracy* Ω governs the entropy of the microcanonical ensemble as stated in the
Boltzmann entropy formula

S = kB ln Ω , (1.25)

where kB is known as Boltzmann’s constant. From comparison with experiment it has
been shown that the value of Boltzmann’s constant is kB = 1.381 · 10−23 J/K. This equation
can be linked to the thermodynamic definition of temperature, 1/T = (∂S/∂E)N,V, to show
the microscopic definition of temperature, β, being given by

β =
1

kBT
=

(
∂ ln Ω

∂E

)
N,V

. (1.26)

The thermodynamic condition that temperature is positive requires that the degeneracy Ω

has to be a monotonic increasing function of the energy E. For macroscopic systems
encountered in nature this requirement is valid. The Boltzmann entropy formula is so
important since it couples the macroscopic world of thermodynamics (the entropy) to the
microscopic world of classical mechanics (the degeneracy).

Canonical ensemble

A convenient way to look at the canonical ensemble, which differs from the microcanonical
ensemble because the energy can fluctuate, is to define it as a subsystem of a microcanon-
ical ensemble. This microcanonical ensemble can then be seen as a heat bath, because
no work is done by the microcanonical system on the canonical subsystem and only heat
is exchanged. This allows to derive the distribution laws for the states in the canonical
ensemble. Assuming that the heat bath is very large with respect to the system, the energy
of the bath EB is consequently much larger than the energy of the system ES. Although, the

* In the case of the microcanonical ensemble the distribution of all particles across all possible microscopic
states is called the degeneracy. With other ensembles it is more common to encounter the term partition
function.
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energy in the total system can fluctuate the sum E = EB + ES remains constant. Suppose
the system S is in state ν with energy Eν, than the heat bath has energy E − Eν. As
a consequence the number of states accessible to the heat bath is ΩB (EB) = ΩB (E − Eν).
According to the statistical postulate the probability Pν for observing the canonical system
in the microscopic state ν with energy Eν is proportional to ΩB (E − Eν). Employing
mathematics allows to write this proportionality as Pν ∝ eln(ΩB(E−Eν)). A subsequent Taylor
expansion for ln (ΩB (E − Eν)) can be constructed, because Eν � E. Expanding ln (ΩB (E))
instead of ΩB (E) is simply a smart choice, because the former is a much less rapidly
varying function than the latter. The Taylor expansion is given by

ln (ΩB (E − Eν)) = ln (ΩB (E)) − Eν

(
∂ ln ΩB

∂E

)
+ 1

2E2
ν

(
∂2 ln ΩB

∂E2

)
+ · · · . (1.27)

It can be shown that the quadratic term is equal to 1/CV, where CV is the isochoric heat
capacity of the heat bath [40]. Therefore, if the heat bath is much larger than the system,
the quadratic term approaches zero, because the heat capacity approaches infinity. As a
matter of fact, similar results can be obtained for all higher order terms, thus leaving only
the linear term.
However, since it is assumed that the heat bath is very large compared to the system, the
system cannot affect the heat bath in any way. The degeneracy of the total system Ω can be
approximated by Ω ≈ ΩBΩS. If the two systems B and S would both have been isolated the
approximation would have changed in an equality. Because the number of possible states
for the canonical systems is much less than for the heat bath the degeneracy of the total
system reduces to ln ΩB ≈ ln Ω, where Ω. Because the total system is a microcanonical
ensemble, the microscopic definition of temperature for the derivative can be used, see
Equation (1.26), and, thus

ln (ΩB (E − Eν)) ≈ ln (Ω(E − Eν)) = ln (Ω (E)) − Eν

(
∂ ln Ω

∂E

)
= ln (Ω (E)) − βEν . (1.28)

Moreover, because the total system has a constant energy, the term ln (Ω (E)) is a constant.
Therefore the probability Pν to find the system in a microscopic state ν is now proportional
to e−βEν . Similar to the microcanonical ensemble the sum over all states for the probability
equals one, which enables finding the constant of proportionality, giving the so-called
Boltzmann distribution

Pν =
e−βEν∑
µ e−βEµ

, (1.29)

where the denominator is known as the canonical partition function, and is denoted
by Q (N,V,T). The reason why Q is called the partition function is that it describes how
the probabilities are partitioned among the different microscopic states based on their
individual energies. This probability can now be used to compute the value of any
observable, see Equation (1.23).
With the microcanonical ensemble the characteristic thermodynamic function is given
by the Boltzmann entropy formula, see Equation (1.25), and the characteristic thermody-
namic function F for the canonical ensemble is given by

F = −kBT ln (Q (N,V,T)) , (1.30)
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which couples a macroscopic quantity (the Helmholtz free energy F) to a microscopic
quantity (the partition function Q). Based on this equation it is possible to derive the
Gibbs entropy formula [40].

Isothermal-isobaric ensemble

The last ensemble to be considered is for a system with flexible and heat conducting
walls. Hence, the variables that are kept fixed in this isothermal-isobaric ensemble are
the number of particles N, the pressure P, and the temperature T. As a consequence the
constraints for the system are on the total energy and total volume of the ensemble [41],
and the partition function turns out to be

Q (N,P,T) =
∑
ν

∑
µ

Ω (N,V,E) e−βEνe−βPVµ , (1.31)

with ν identifying different energy states and µ different volumes. The characteristic
thermodynamic equation belonging to the isothermal-isobaric ensemble is the Gibbs free
energy

G = −kBT ln (Q (N,P,T)) . (1.32)

From the partition functions for both the canonical and isothermal-isobaric ensemble, see
Equations (1.29) and (1.31), it can be seen that both are in fact Laplace transformation of
the microcanonical partition function.

Factorization of the partition function

At the start of the discussion of the ensemble theory the classical view characterizing the
microscopic state of the system by a single point in phase space has been adopted. Such a
state is specified by listing all the positions, rN, and conjugate momenta, pN, of all classical
degrees of freedom in the system. Because the energy associated with a single point in
phase space is given by its Hamiltonian, the canonical partition function can be written
and partioned (using the fact that the Hamiltonian is the sum of the kinetic and potential
energy) as

Q =
∑
ν

e−βHν =
∑
ν

e−βK(pN)e−βU(rN) , (1.33)

where Hν is the Hamiltonian corresponding to state ν indicated by the specific point in
phase space.
When treating the classical model it is not entirely correct to express the partition function
as a sum of discrete terms, because the points in phase space form a continuum, and, thus,
the set of microscopic states is actually uncountable. Therefore, the partition function
takes the form of an integral and is given by

Q =
1

N! h3N

"
e−βH(rN ,pN)drNdpN =

1
N! h3N

∫
e−βK(pN)dpN

∫
e−βU(rN)drN , (1.34)
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with 1/
(
N!h3N)

being the constant of proportionality, and h is Planck’s constant. The
division by the factor N! arises from the fact that N identical particles should be indistin-
guishable and, because the phase space integral overcounts all states N! times, a correction
is necessary.
Using the same reasoning used for the separation of the discrete sums, the partition
function integral can by factorized as well. Using the definition for the kinetic energy in
the classical model, see Equation (1.2), the partition function integral turns out to be

Q =
1

N!

(
2πmkBT

h2

)3N/2 ∫
e−βU(rN)drN , (1.35)

where the integral over the coordinates is often referred to as the configurational integral.
So far only the partition function for a system with discrete energy states ν is translated
into the partition function for a system described by positions and momenta. For the
probability to find the system in a microscopic state ν a similar procedure as with
derivation of the canonical ensemble can be used. Instead of using the Boltzmann
distribution, see Equation (1.29), the probability to find the system in point

(
rN,pN)

in
phase space is now given by Ψ = Ψ

(
rN,pN)

. For this probability density it is possible to
write, using the fact that the Hamiltonian breaks into two parts,

Ψ
(
rN,pN

)
= Υ

(
rN

)
·Φ

(
pN

)
=

e−βU(rN)∫
e−βU(rN)drN

e−βK(pN)∫
e−βK(pN)dpN

, (1.36)

where Φ
(
pN)

denotes the probability for observing the system at momentum space
point pN, and Υ

(
rN)

the probability for observing the system at configuration space
point rN. Further factorization of the momentum distribution is possible, since the kinetic
energy is a sum of single particle energies, depending only on the momentum, and,
thus, Φ

(
pN)

is a product of independent distributions φ
(
pi

)
, each of which is a Maxwell-

Boltzmann distribution

φ
(
pi

)
=

e−βp2
i /2mi∫

e−βp2
i /2midpi

. (1.37)

This distribution is the correct distribution for a particle i with mass mi in a thermally
equilibrated system. Using the Maxwell-Boltzmann distribution and assuming that all
masses are equal mi = m, it is possible to calculate the ensemble average of the magnitude
of the momenta, which turns out to be

〈
p2〉 = 3mkBT. But, because in a conservative

system of N particles the kinetic energy is a function of the momenta only, the expression
of the kinetic energy, see Equation (1.2), can be extended as

K
(
p1, . . . ,pN

)
=

N∑
i=1

p2
i

2 mi
= 3

2NkBT , (1.38)

which couples temperature and kinetic energy directly to each other through the momenta
of the particles.
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1.1.3 Molecular dynamics

In the beginning of this section on molecular modeling Hamilton’s equations of motion
are brought forward as the ones that need to be solved in order to determine the time
evolution of the system. A popular simulation technique to model these equations of
motion is molecular dynamics, which solves the equations of motion using an appropriate
integration scheme. An example of such a scheme is the Verlet method [42], which gives
for the position of particle i at time t + ∆t the following update scheme

ri(t + ∆t) = 2ri(t) − ri(t − ∆t) + ∆t2 [Fi(ri(t))/mi] , (1.39)

which uses the current position ri(t), the previous position ri(t − ∆t) and the force Fi(ri(t))
on particle i with mass mi due to all other particles. Although the velocities are not
used to compute the new positions, they need to be computed, for instance to compute
the kinetic energy (and temperature). An adaptation of the Verlet algorithm which uses
the velocities, albeit it at half integer time steps, is the leapfrog algorithm [43], and the
updating scheme becomes

vi(t + 1
2∆t) = vi(t − 1

2∆t) + ∆t [Fi(ri(t))/mi]

ri(t + ∆t) = ri(t) + ∆t vi(t + 1
2∆t) .

(1.40)

It must be understood that instead of having the velocities at the same time as the positions
they are now shifted in time with respect to each other by an amount of 1

2∆t. Elimination
of the velocities from the leapfrog algorithm shows that the method is algebraically
equivalent to Verlet’s algorithm, and, hence, it gives identical trajectories [25]. There are
some advantages in using the leapfrog scheme. Numerical benefits derive from the fact
that at no stage the difference of two relatively large quantities to obtain a small one has
to be taken, which happens in Equation (1.39) in the Verlet algorithm. This adaptation
minimizes the numerical error [24].
Another integration type of the Verlet scheme, the velocity Verlet method [44], does
also not compromise precision and, furthermore, has the benefit of having positions and
velocities at the same time

ri(t + ∆t) = ri(t) + ∆t vi(t) + 1
2∆t2Fi(ri(t))

vi(t + ∆t) = vi(t) + [∆t/mi] [Fi(ri(t)) + Fi(ri(t + ∆t))] ,
(1.41)

In order to implement the velocity Verlet method correctly three steps are required, since
both the force at the current and next step are required. Therefore, the velocity at the new
time step is only computed when the forces have already been computed from the new
positions.
More advanced integration techniques exist, some of which are related to the Verlet
algorithm [45], or based on the Langevin equation [46], or use multiple time steps [47].
Independent of the used method, the time step ∆t has to be chosen in such a way that
the integration scheme resembles the motion of the particles correctly. When the time
step is chosen too small the movement of the particles is very small and the simulation
can take a very long time. However, more drastically is the problem that arises when the
time steps are chosen too large, resulting in instabilities, such as extreme collisions. In
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Figure 1.6: The choice of an appropriate time step is important to prevent motions that develop too
slow (left) or motions leading to instabilities (middle). With the appropriate time step collisions
occur smoothly (right).

Figure 1.6 this effect is illustrated schematically. For instance, if one is interested in the
vibrational motions inside a molecule, a suitable time step is around 1 fs, but for more
global motions a time step of several femtoseconds is not unusual. Within such a time
step typical displacements of particles is then of the order of picometers.

Periodic boundary conditions

In order to conserve the macroscopic behavior of the system under investigation, it is
important that the boundaries of the system are treated in a correct way. Several methods
to treat the boundaries exist, but the most common to encounter is periodic boundary
conditions. When using periodic boundary conditions the simulation universe is divided
into boxes, which are all exact replicas of the central box to form an infinite lattice [48].
During the simulation only particles in the central box are looked at. If, in the course
of the simulation, a particle moves in the central box, its periodic image in each of the
neighboring boxes moves in exactly the same way. Thus, if a particle leaves the central
box, one of its images will enter trough the opposite face. Hence, there are in fact no
walls at the boundaries of the central box. The number of particles in the central box is,
therefore, conserved. The box simply forms a convenient axis system for measuring the
coordinates of the N particles [24]. Fortunately it is not needed to store the coordinates
of all images of the particles, which would be an infinite set, since when a particle leaves
the central box by crossing a boundary, attention is switched to the image, which has just
entered the central box.
Not only the movement of the particles is limited by these periodic boundary conditions,
also the interactions between the particles are treated in the same way. It is, therefore,
important to ensure that the size of the box is chosen in such a way that the particle cannot
‘sense’ its own image in the neighboring box, and, hence, influences its own behavior.
Furthermore, when computing the interaction between a certain particle and any other
particle, one has to make sure to take the correct image of the other particle, in such a
way that the smallest distance between the particle and any of its images is computed.
This prerequisite is known as the minimum image convention. In the minimum image
convention, each particle ‘sees’ at most just one image of every other particle in the
system (which is repeated infinitely via the periodic boundary conditions), and the
interaction is computed with the closest particle or image.
Using periodic boundary conditions and the minimum image convention ensures that the
macroscopic behavior of the system is maintained, if we have chosen the size of the box
properly. One major drawback is that fluctuations having a wavelength larger than the
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length of the box cannot be achieved, since they do not fit in the periodic lattice. However,
periodic boundary conditions model most systems well.

Truncating potentials

The most time consuming part in a molecular dynamics simulation with N particles
is the computation of the non-bonded interactions. The number of intramolecular
interactions (for instance bonding) is proportional to the number of particles in the system,
but in contrast, the number of non-bonded interactions increases as the square of the
number of particles, since in general the non-bonded interactions are computed between
every pair of particles in the system. However, taking for example the Lennard-Jones
potential, as expressed by Equation (1.18), it can be seen that this potential falls off very
rapidly when the separation distance between two particles increases. At a distance of
already 2.5 σi j, the potential is almost zero. It is easily understood that when computing
the potential at distances much larger than 2.5 σi j computational power is wasted for the
type of model used to investigate the system. Therefore, it is clever to introduce a method
by which we do not have to take the contribution into account beyond, for instance, 2.5 σi j.
The most popular way to achieve this is by introducing a so-called cutoff distance. When
this cutoff is employed, all the interactions between all pairs of particles that are further
apart than a specified cutoff value are set to zero, taking into account the restrictions
applied by the periodic boundary conditions.
By itself, the use of a cutoff does not dramatically reduce the time to compute the non-
bonded interactions. This is because of the simple fact that still the distances between
every pair of particles in the system have to be computed to determine whether they lie
within the cutoff distance or not. This is almost as time consuming as computing all the
non-bonded interactions themselves.
To finally solve the problem of computing the 1

2N(N−1) distances, the non-bonded nearest
neighbor list can be used [42]. In this approach all particles within the cutoff distance of
one certain particle, together with all particles that are just a little bit further away (at a
distance called the Verlet radius) are stored in a list. Now only the non-bonded interactions
between the particle and its neighbors stored in the list have to be computed. The number
of non-bonded interactions to be computed therefore is no longer equal to 1

2N(N − 1) but
scales on average linearly with N.
However, the non-bonded nearest neighbor list has to be updated with regular intervals,
since two particles are not likely to remain in close proximity during the entire simulation.
As mentioned earlier, not only the particles within the cutoff distance are stored in the
list, but also particles within the Verlet radius. This is done to make sure no particles
will suddenly move into the cutoff distance without having the knowledge that they are
approaching and, therefore, introduce unwanted effects into the simulation. This extra
shell surrounding the cutoff radius has to be chosen of such a thickness that no particle
approaches closer than the cutoff distance before the list is updated. It is clear that the
size of this shell and the update frequency are strongly correlated.
There still is a small problem when updating the list: to determine which particles are
in close proximity all inter-particle distances have to be computed. For a large system
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this still is very time consuming. Therefore, it is common to divide a simulation box
in a number of cells. The length of each of these cells should be longer than the cutoff

distance. If the system is divided into M3 cells, there will be an average of N/M3 particles
in each cell. To find the new neighbors only the cell in which the particle is positioned and
its surrounding cells (26 in a 3D-system) are subject to the computation of the distances.
It is then necessary to consider just 27N/M3 particles on average rather than N, which
clearly is a reduction of computational time. Moreover, it is not necessary to look at all
26 surrounding cells, but only at half the number of these. This is because each pair
only needs to be computed once, due to Newton’s third law, and the interactions that are
caused by the half the cells not taking into account now, will be taken into account when
that cell is the central one. This means that only 13 cells and the cell itself need to be
searched to find the neighboring particles.

Temperature and pressure coupling

To maintain the temperature and pressure constant in a molecular dynamics simula-
tion (for instance in the case of a canonical or isothermal-isobaric ensemble) different
techniques exist. The most common technique to achieve keeping both the pressure and
temperature constant is the Berendsen loose coupling technique [49].
The key issue in the Berendsen loose coupling technique is that the system is coupled to
an external heat bath which is at constant temperature, and maintaining the temperature
of the system by exchanging heat with the external bath, which causes the velocities of the
particles to change, due to Equation (1.38). However, an instantaneously adjustment of
the temperature to its target value would influence the system too much, and, therefore,
the velocities are proportionally scaled at every time step from v to λv, where

λ2 = 1 + λc

(T0

T
− 1

)
, (1.42)

where T0 is the desired temperature and λc is the constant of proportionality, which has a
value between 0 and 1. It is clear that when λc = 1 the coupling technique returns to the
instantaneously adjustment scheme of the temperature. On the other hand, when λc = 0,
there is no scaling at all. One major advantage of this technique is that the Maxwellian
shape of the velocity distribution is maintained, because it is only multiplied by constants.
Similar to the Berendsen temperature coupling, there exists a Berendsen pressure cou-
pling. Instead of an external heat bath, an external pressure bath is now defined, which
rescales the positions of the particles rather than their velocities, since the pressure can be
expressed as a function of forces and positions only

P = ρkBT +
1

3V

N∑
i< j

Fi j · ri j , (1.43)

where ρ is the particle density. The positions at every time step can now be rescaled from r
to µr and also the box length L (assuming an isotropic system in a cubic box) from L to µL,
where

µ3 = 1 + µc

( P
P0
− 1

)
, (1.44)
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with P0 is the desired pressure, P is given by the previous equation and µc is the constant
of proportionality, which has, again, a value between 0 and 1. This equation only holds
for an isotropic system, but can easily been extended to an anisotropic system as well.
Besides the technique of loose coupling described by Berendsen, there are several other
methods to keep the pressure and temperature constant. Three methods that are also
like the Berendsen method based on velocity rescaling are the Parrinello-Rahman, the
Nosé-Hoover, and the Andersen [50–54] methods. A major advantage of the Nosé-
Hoover method is that it maintains the phase space trajectory, which is not the case for
the Andersen method [25]. However, all the four mentioned methods violate the energy
equipartition, because rescaling the velocities changes the proportion of the kinetic energy
found in the motions associated with the different degrees of freedom, finally leading to
zero kinetic energy for the internal degrees of freedom for a molecule. This phenomenon
has been addressed only recently, and is referred to as the flying ice cube [55].
A technique which does not violate the equipartition is velocity reassignment, although it
violates the deterministic character of the simulation. Langevin dynamics can be used as
such a technique, keeping the temperature and pressure constant. The basic idea behind
Langevin dynamics is the introduction of very mild stochastic damping to stabilize the
pressure and the temperature in molecular dynamics [56]. In the Langevin dynamics
approach Newton’s equations of motion are altered in such a way that a stochastic force
is introduced to the system. This stochastic force depends on the target temperature of
the system as well as the target pressure. Due to this stochastic force the velocities are
reassigned throughout the simulation, resulting in a technique to keep the temperature
and pressure constant, leading to the isothermal-isobaric ensemble. However, due to the
introduction of the stochastic force the linear momentum cannot be conserved, which
implies that the macroscopic behavior of the system will be diffusive and that a drift in
the system can occur [57–59].
By fixing the temperature or the pressure during a molecular dynamics simulation the
time trajectory describes the dynamic behavior of the system for one specific point in the
phase diagram. In order to investigate the behavior of the system at different points in
the phase diagram, the molecular dynamics simulation needs to be repeated at different
temperatures or pressures. However, to account for the correct phase behavior of the
system at that temperature or pressure the force field parameters might need to be
adjusted, indicating that it is important to notice that the force field could be limited
to specific circumstances.

1.1.4 Monte Carlo

Molecular dynamics generates a trajectory in phase space of the time evolution of the
system, which is located on a specific hypersurface specified by the chosen ensemble.
However, such a trajectory does not necessarily visit all possible points on the hypersur-
face in the phase space, defined by the macroscopic quantities kept constant. Moreover,
it is possible to write for a specific point in phase space the probability to be there,
see Equation (1.36), and, analogously, the complete phase space probability density can
be obtained. But because Liouville’s theorem states that the number of systems in an
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ensemble remains constant, some restriction apply for the phase space probability density.
One of these being that the phase space probability density is conserved along a particular
trajectory of a Hamiltonian system, and, more importantly, that Hamiltonian systems are
incompressible [60]. Or, to put it in other words, different trajectories of a system in phase
space cannot intersect. Thus, unless a system is truly ergodic, not all possible points in
phase space are visited when using the molecular dynamics simulation methods [24].
An alternative computational method to move around the phase space of a system is
the Monte Carlo technique. The central idea of Monte Carlo is to move the system
from one phase space point to the other, without the necessity of having a time-evolved
trajectory connecting these two phase space points. This transition is determined by
choosing the new phase space point based on a uniform random distribution. As a
consequence, Monte Carlo is a probabilistic approach rather than deterministic (which
is what molecular dynamics is). However, not every point in phase space is as likely
to occur; for instance, phase space points with a high total energy (when particles are
overlapping) are uncommon. Thus, choosing each phase space point based on a uniform
distribution is not a very smart choice, because non-physical configurations can occur
too often with respect to the expected underlying distribution (in the case of a canonical
ensemble the Boltzmann distribution). A way around this problem is to only generate the
new points in phase space making a large contribution to the ensemble distribution. This
strategy is called importance sampling and is at the basis of the Monte Carlo Metropolis
method [61]. Because a Monte Carlo method estimates the distribution of all points in
the phase space, it is possible to compute all kind of ensemble averages, and, thus, obtain
thermodynamic information of the investigated system. The latter is more difficult with
molecular dynamics, because the phase space distribution might be poorly sampled.
The main difference between the simple Monte Carlo approach (based on choosing
new points from a uniform distribution) and the Metropolis method is that the first
generates different states with equal probability and thereafter assigns the Boltzmann
weight e−U(rN)/kBT to compute ensemble averages, whereas the latter generates states
with a probability e−U(rN)/kBT and counts each of these equally. As can be seen from the
Boltzmann factors, in both Monte Carlo methods only the positions of the particles are
considered and not their momenta. Different Monte Carlo techniques, such as Direct
Simulation Monte Carlo, are on the other hand based on the momenta as well [62].
The Metropolis Monte Carlo method is an example of a Markov chain process, which
means that the new configuration only depends on the previous one and not upon any
other configurations. To implement the Metropolis method one needs to specify the
underlying stochastic matrix of the Markov process. It can be shown that using random
displacements for all particles generates an appropriate stochastic transition matrix [24].
Given a set of particles that are initially placed randomly across the system, the Metropolis
Monte Carlo scheme in the case of a canonical ensemble looks like:

• Randomly select a particle with position vector r and compute its potential en-
ergy U

(
rN)

based on the force field.

• Apply a random displacement r′ = r+ (2χ − 1) dmax to the particle, with χ a diagonal
matrix whose diagonal elements are independent randomly chosen uniformly
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distributed numbers between 0 and 1 and dmax the maximum displacement vector.
After the random displacement compute the new energy U

(
r′N

)
.

• Accept the trial move of this particle when the following criterion is met

rand(0, 1) ≤ e−β(U(r′N)−U(rN)), (1.45)

where rand(0,1) represents a number drawn from a uniform distribution between 0
and 1, and β is the inverse microscopic temperature.
• Repeat these step until a predefined stop criterion.

In the last step of the Metropolis scheme a trial move is always accepted when the new
energy is lower than the original one, and otherwise the trial move is accepted with a
certain probability. If a move is not accepted the current configuration is retained once
more, and, thus, emphasizes that the current phase space point is an important one.
It is obvious that the size of each trial move is determined by the size of the maximum
displacement vector dmax, which is an adjustable parameter and determines the rate of
convergence of the Metropolis method for the system under investigation. In order to
sample the underlying distribution of the system as good as possible a good random
number generator is essential. However, this a completely different type of study,
but, fortunately, there are many examples to implement good (pseudo)random number
generators [63].
The most important aspect when using the Metropolis Monte Carlo method is that it (after
a sufficient amount of iterations) in principal approximates the Boltzmann distribution,
and, thus, allows for many thermodynamic properties to be calculated.

1.1.5 Software implementation

Until now the theory behind the techniques of molecular dynamics and Monte Carlo
simulations has been discussed. However, these methods need to be implemented
in a computer program in order to allow for the computation of the time-evolving
trajectory (molecular dynamics) or random phase space points (Monte Carlo).
Recently, to perform molecular dynamics simulations, the computer program PumMa has
been developed. The acronym PumMa is derived from Parallel utility for the modeling
of Molecular aggregation. This program is based on the method presented about a
little over a decade ago [64, 65], which has then be used to model mainly oil/surfactant
systems [66–69]. The current version of PumMa is extended to incorporate the entire force
field discussed in Section 1.1.1, as well as all computational tricks discussed in the section
on molecular dynamics, with the Berendsen methods used for controlling the temperature
and pressure, and the leapfrog integration scheme to solve the equations of motion.
As the name states, PumMa is a parallel molecular dynamics program, which can be run
efficiently on machines with many processors, typically a Beowulf cluster with Unix as
its operating system and using MPI as its communication module. Because the code
is programmed in the third generation language C, the program PumMa can easily be
extended with new methods.
An example of such an extension is replacing the integration part of the molecular
dynamics code with the Metropolis scheme, and as such, obtain a Monte Carlo code.
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However, due to efficiency reasons the current Monte Carlo version of PumMa cannot be
run in parallel. Besides applying only trial moves of individual particles (as with the
original Metropolis scheme), also the possibilities to move or rotate entire molecules, or
even to rotate groups of particles around a specific bond have been implemented.

The time needed to complete a specific simulation using PumMa, for instance a molecular
dynamics simulation, depends heavily on the number of particles, the density of the
system (with a rare gas less interactions are likely to occur and the time to compute pair
interactions is decreased), and the number of iteration steps. To give an indication, the
time needed to complete a typical simulation of a system consisting of almost 100,000
particles (either solid or liquid) modeled for 750,000 iterations at 4 AMD 1.8 GHz
processors is roughly 30 days, which breaks down to an equivalent of approximately
14 seconds per iteration on 1 similar processor. On the other hand a system of only 30,000
particles (either solid or rare gas) modeled for 10 million iterations takes only 4,5 days on
2 AMD Quadcore 2 GHz processors, which means just over 3 iterations per second on 1
similar processor. It is obvious that the type of machine and type of systems affect the
amount of computation time heavily.

Unless stated otherwise, all simulations (either molecular dynamics or Monte Carlo)
described in this thesis are performed using PumMa. In the case of molecular dynamics
simulations the integration method used at all times is the leapfrog scheme. Extensions
to the code, such as new force field potentials or routines to collect specific data on the fly,
are described when necessary.

1.2 Thesis outline

In the following four chapters the principles of molecular modeling as explained in this
introduction are applied to several representative cases. In the second chapter molecular
dynamics simulations are used to investigate in atomistic detail the dynamic behavior,
such as the activation pathway, of a specific asthma-related protein found in human cell
membranes. However, the atomistic approach prevents the system size as well as the
time span of the simulation to increase sufficiently to follow the cascade of events upon
protein activation. Therefore, in the third chapter a coarse grained model to investigate
the behavior of transmembrane proteins at larger time and length scales is developed. In
order for this model to be applicable to transmembrane proteins it is necessary to define
new interaction types in the force field. The new model is compared with other coarse
grained models and applied to two different cases to show its prediction capabilities, both
using molecular dynamics and Monte Carlo simulation techniques.

Besides the biological applications discussed in the next two chapters the use of molecular
modeling techniques extends to other fields as well. Therefore, these modeling techniques
are used in the fourth and fifth chapter to investigate the heat transfer capabilities
of nanochannels, which are important for cooling microdevices and in lab-on-chip
applications. However, the modeling of nanochannels of reasonable size is computa-
tional expensive. Therefore, in these two chapters different boundary conditions to the
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molecular modeling problems are discussed, ranging from wall potential to stochastic
boundary conditions.
The sixth and final chapter discusses the results of both the biological and nanochannel
applications once more together with some general remarks on promising new steps in
molecular modeling.

27





2
Molecular Modeling

of the
β2-Adrenergic Receptor

Parts of this chapter are described in:

P. Spijker, N. Vaidehi, P.L. Freddolino, P.A.J. Hilbers, and W.A. Goddard III, Dynamic behavior of fully
solvated β2-adrenergic receptor, embedded in the membrane with bound agonist or antagonist, Proc.
Natl. Acad. Sci. USA, 103:4882-4887 (2006).



In many physiological processes, especially those involving signal transduction,

membrane bound G-protein coupled receptors (GPCRs) play a key role. These

GPCRs have been implicated in the pathology of many diseases, like Alzheimer,

atherosclerosis, HIV, hypertension and cancer metastasis. GPCRs are dynamic in

their conformational flexibility and this poses the greatest challenge in obtaining

structural information for GPCRs. Drug design efforts are increasingly tedious

especially with the paucity of available structural information, since membrane

proteins are inherently difficult to crystallize. Hence computational methods

to predict the structure, function and, more importantly, the conformational

dynamics are very critical to aid drug design and also to understand activation

processes in GPCRs leading to signal transduction. In this chapter the applicability

of molecular dynamics simulations to elucidate the activation pathway of the β2-

adrenergic receptor is investigated.

The cell membrane maintains the essential differences between the interior of a cell
and the extracellular environment and additionally has the task to transport signals or
substances from one side to the other. By doing so, the membrane is a rather complex
system on its own, consisting mainly of lipid molecules and membrane proteins. How
a membrane protein is associated with the lipid membrane reflects the function of the
protein. Transmembrane proteins can function on both sides of the membrane or transport
molecules across it. Cell-surface receptors are transmembrane proteins that bind water-
soluble signal molecules in the extracellular space and generate different intracellular
signals on the opposite side of the membrane.

The largest family of cell surface receptors is formed by the G-protein coupled recep-
tors (GPCRs), which are responsible for most transmembrane signal transductions by
hormones and neurotransmitters, as well as for the senses of vision, smell and taste [70–
72]. All of the GPCRs belong to a large family of homologous, seven-pass transmembrane
α-helical proteins, with an extracellular N-terminus and a cytoplasmic (intracellular) C-
terminus, see Figure 2.1a.

The interaction between the receptor and its target protein is mediated by a third protein,
a trimeric GTP-binding protein (G-protein). When a ligand (a signal triggering molecule)
binds to the extracellular domain of the GPCR, the receptor undergoes a conformational
change that enables the activation of the G-protein [73]. Although all GPCRs may be
activated by different ligands and may mediate different cellular responses, they all do
so through the same pathway. However, the same ligand can activate many different
receptor family members. For example, at least 9 different GPCRs are activated by
epinephrine (adrenaline).

It is important to realize that about half of all known drugs work through GPCRs, making
them a widely studied family of cell surface receptors in order to develop new drugs. For
instance genome sequencing projects are revealing vast numbers of new family members,
many of which are likely targets for new drugs that remain to be discovered. On the other
hand further knowledge on resolved GPCRs can lead to better and more specific drug
development.
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Figure 2.1: In a) a schematic representation of a GPCR is given. Shown are the seven
transmembrane helices and the connecting loops. The precise arrangement of the helices in
the lipid membrane depends on the protein. In b) a snapshot of a molecular dynamics simulation
of β2AR (dark) embedded in the lipid membrane is shown, with water omitted for clarity.

The adrenergic receptors are the class of GPCRs responsible for the so-called flight-fight
mechanism, which, for instance, makes the heart beat quicker and causes the pupils to
dilate. In other words, the adrenergic receptors are responsible for mediating the effects
of the catecholamines* epinephrine and norepinephrine [74]. Currently there are nine
known human adrenergic receptors. Three of the nine adrenergic receptors belong to
the β-subclass, of which β1-adrenergic receptor (β1AR) is found mostly in the vessels of
cardiac and skeletal muscle and is known to cause vasodilation and an increase in cardiac
output. Historically β-blocking drugs were developed to inactivate β1AR for treatment of
heart diseases.
The β2-adrenergic receptor (β2AR) protein is found predominantly in bronchial smooth
muscle, causing bronchodilation when activated. Anti-asthma drugs, such as salbutamol,
act as agonists (activators) to β2AR. However, current β-blocking drugs tend to antago-
nize (inactivate) β2AR, causing a bronchioconstriction risk to asthmatics. Similarly, anti-
asthma agonists for β2AR may interact with β1AR to cause such side effects as increased
heart rate and blood pressure [75]. As a consequence β2AR has been widely studied
resulting in a wide spectrum of pharmacologically well-characterized agonists (activators)
and antagonists (inhibitors) [76]. However, subtype selectivity continues to be a serious
issue for these and essentially all other GPCRs.

2.1 Computational model

Although over 800 GPCRs have been identified in the human genome, it has proven
difficult to obtain crystal structures of GPCRs. These crystal structures are important,
because they give experimental evidence of the three dimensional conformation of the

* Catecholamines are hormones released by the adrenal gland and named after their catechol group (a
benzene ring with two hydroxyl groups attached) and their derivation from the amino acids phenylalanine
and tyrosine.
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Figure 2.2: Chemical structures of ligands binding to β2AR. Epinephrine and salbutamol are
endogenous ligands (agonist), whereas butoxamine and norepinephrine are antagonists specific
for β2AR.

protein and allow to determine how a drug interacts with its protein target [77]. At the
moment the crystal structure is known only for four GPCRs. Since its crystal structure was
discovered earliest [78], rhodopsin is the most studied GPCR. This crystal structure is for
bovine rhodopsin and in the ligand-bound inactive form [79]. In the last year two more
crystal structures, β1AR and β2AR, have become available, and this time in the human
form [80–82]. More recently, the crystal structure of the human A2A adenosine receptor
has been determined [83].

This historical lack of 3D crystal structures has lead to the development of different
computational methods in order to predict the structure of a GCPR. Examples of such
prediction methods are homology modeling, which uses rhodopsin as a template model,
and prediction based on first principles. An example of the latter is the MembStruk
method, which does not rely on homology and is only provided with the organizing
principle that a GPCR has seven transmembrane domains [84]. MembStruk has been
used to predict the structure of several GPCRs, such as the β2-adrenergic receptor [74],
but also the dopamine receptor [85], and has been validated by comparing the predictions
to the then available crystal structure for bovine rhodopsin [79].

In addition to the structure prediction it is also of importance to predict the ligand binding
sites on the GPCR under consideration. A method capable of these predictions is the
HierDock method [86], which has been successfully applied to several GPCRs [74,85–88],
including the structure and agonist/antagonist binding sites for human β2AR [74].

The calculations validating the predicted structure of these ligand-GPCR complexes
involve approximations in the treatment of solvent and the lipid membrane that are
suitable to obtain an energy minimized structure, but not adequate for describing the
dynamics of the protein-ligand complex so relevant to activation by agonists and efficacy
of antagonists [73, 76, 89–92].

2.1.1 Structural model

In order to describe the dynamics of the protein-ligand complex it is necessary to extend
the previously described computational model by incorporating it into a large lipid
membrane while including full solvation with water and salt, in order to create the
biological relevant environment. To investigate whether such an extension gives more
insight on the dynamic behavior of GPCRs, β2AR is used as a test case, either in its
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Figure 2.3: Schematic representation of the amino acid sequence of β2AR used in the computational
model. Note that the C- and N-terminus ends are shortened and, also, that the loop between helix 5
and 6 has been shortened. The white circles denote amino acids in the loops and the light gray
ones in the helices. The dark gray colored amino acid are important in the activation pathway,
whereas the black amino acids indicate the conserved DRY-motif where the G-protein binds.

apoprotein form, with no ligand bound, or with the endogenous agonist epinephrine or
the β2-selective antagonist butoxamine bound, see Figure 2.2 for their explicit structures.

The initial 3D structure of the human β2AR is obtained from MembStruk predictions [74,
79, 84], while the 3D structures with the ligands epinephrine or butoxamine bound to
β2AR are obtained from HierDock predictions [74, 86].

The structure for β2AR used in the computations differs with respect to the protein
sequence reported in the Protein Data Bank [80, 93] on three locations. The residues
connected to either the N- or C-terminus have been omitted from the model, as well as
24 residues in the loop between helices 5 and 6. All of these residues are removed since
including them would increase the flexibility of those parts considerably, and, moreover,
it is hard to predict based on first principles what the exact positions of such flexible parts
are. Since neither of these residues are considered to be important in the activation of the
protein, omitting them is an appropriate approximation. Consequently, the first residue
in our computational model of β2AR is Gly-35 and the last one is Ser-329, and the residues
between Lys-235 and Arg-260 are not present in the model. In Figure 2.3 a schematic
representation of β2AR is shown using the one-letter residue abbreviation. In this figure
the above discussed deletions are shown as well. Furthermore, the DRY-motif (an Asp-
Arg-Tyr sequence) at the end of helix 3 is highlighted, since this is where the G-protein
binds and thus where activation signals are transduced.
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From ligand binding predictions [74] it can be seen that the protonated amine of epineph-
rine forms a salt bridge with the Asp-113 on helix 3. Also the catechol hydroxyl groups
form a hydrogen bonding network with Ser-203, Ser-204 and Ser-207 on helix 5 and the
β-hydroxyl group in the alkyl chain of epinephrine hydrogen bonds to Asn-293 on helix 6.
Furthermore, epinephrine has hydrophobic interactions with Val-119 on helix 3, Ile-169
on helix 4, and Phe-290 on helix 6.
The butoxamine antagonist, which is larger and more hydrophobic than epinephrine,
interacts with such additional hydrophobic residues as Trp-109 on helix 3 and Phe-289,
Phe-290 and Ile-294 on helix 6. The oxygens on butoxamine are involved in hydrogen
bonding interactions with Ser-203 and Ser-204, but there is no interaction with Ser-207
on helix 5. Although there is no direct experimental validation for this binding site,
the HierDock predictions give reasonable relative binding energies compared to other
agonist and antagonists [86]. Thus, it is believed that the predicted binding site for
butoxamine is correct. Both epinephrine and butoxamine are considered to be protonated
at physiological conditions.
Starting with these predicted structures molecular dynamics simulations of several
nanoseconds are performed. To construct the periodic cell for the molecular dynamics
simulations, the predicted structures of apo-β2AR, epinephrine-β2AR, and butoxamine-
β2AR are each independently embedded in the center of a square periodic lipid membrane
consisting of 200 dipalmitoylphosphatidylcholine (DPPC) molecules and solvated with
about 15,000 water molecules. The dimensions parallel to the membrane are 92 and
80 Å, while the diameter of the protein barrel is 27 Å. The periodic cell measures 100 Å
perpendicular to the membrane, while the thickness of the membrane is 38 Å and the
total length of the protein complex is 55 Å. The initial structure for epinephrine-β2AR, the
water omitted, is shown in Figure 2.1b. To compensate for the net charge of the protein
and ligand, 8 waters for the apoprotein or 9 waters for the ligand bound protein are
replaced by chloride ions to attain a zero net charge for the entire system. Each of the
three systems contains approximately 76,000 atoms.

2.1.2 Simulation details

Four independent molecular dynamics simulations, each 6 ns long, are carried out using
the program NAMD 2.5 for all energy minimization and molecular dynamics runs [94–
96]. Two of these simulations considered only apo-β2AR embedded in the membrane
and solvated in the water (including the chloride ions to account for the net charge).
These two apoprotein simulations differ only by having their initial velocities redefined
(independent assignment from Gaussian distributions). The other two simulations are
with epinephrine-β2AR and butoxamine-β2AR replacing the apoprotein.
The parameters for the protein are given by the CHARMM22 force field, using the TIP3
model for water [97, 98], and the parameters for the lipids by the CHARMM27 force
field [99]. This force field has been chose because it is the native force field of the
program NAMD. However, because not all parameters for epinephrine and butoxamine
are available in CHARMM, these parameters are derived from other parameters for similar
chemical groups already present in the CHARMM force field [100]. In addition, Gasteiger
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charges are used for both ligands [101]. Minimization of both ligands in vacuum for these
parameters led to bond lengths, angles and dihedrals similar to the quantum mechanical
results and the previous structures determined with Dreiding [102].
The process in each simulation is first to minimize the water and lipid membrane while
keeping the protein and ligand fixed. This is followed by an all-atom conjugate gradient
minimization of the entire system for 20,000 steps. Following this minimization, a 5 ps
molecular dynamics simulations for equilibration is carried out (not used for analysis)
using 1 fs time steps, followed by a 6 ns molecular dynamics simulation production run
using the same time step size. Langevin dynamics is used as a temperature control method
with the thermostat set at 310 K and the Nosé-Hoover Langevin piston pressure method
is used to control fluctuations in the barostat, which is set at a pressure of 1 bar. Here the
periodic cell was constrained to remain orthorhombic, but the cell parameters are allowed
to vary. A dielectric constant of 1 was used for the electrostatic interactions, because
the partial charges of the individual atoms already account for the correct collective
polarizability of the model. The electrostatic interactions are calculated using the Particle
Mesh Ewald (PME) method, where the PME-grid in the x, y and z directions is set at 96,
80 and 108 points, respectively. The Van der Waals interactions were described using a
Lennard-Jones function multiplied by a cubic spline switching function starting at 8 Å
and stopping at 12 Å, in order to make sure both the potential and the force go to zero
for large distances. The cut off radius for including atoms in the nearest neighbor list
is 13.5 Å. All 1-2 and 1-3 interactions are excluded, and 1-4 interactions are scaled by
multiplication with a force field predefined factor. The bonded interactions are calculated
every time step, the non-bonded interactions every other time step and the electrostatic
interactions every 4 time steps. The nearest neighbor list is updated every 20 time steps,
and every 10 ps a snapshot is written to the trajectory file for subsequent analysis.
The choice of the above described simulation parameters ensures on one hand that the
conditions are as close as possible to biological relevant conditions (e.g., the correct
temperature and pressure), and on the other hand that the computations are as efficient
as possible (by choosing an appropriate PME grid and potential truncation) without
compromising the result.

2.2 Results and analysis

Each of the three different structures are stable in the molecular dynamics studies,
supporting the accuracy of the MembStruk and HierDock predictions. However, there are
some important differences between the various molecular dynamics simulations. Both
apo-β2AR and epinephrine-β2AR exhibit somewhat flexible dynamic structures, while
the butoxamine-β2AR structure proves to be rigid and stiff. The molecular dynamics
simulation of epinephrine-β2AR shows that water enters the epinephrine binding cavity
to mediate the hydrogen bond between the catechol group of epinephrine and Ser-204 on
helix 5.
These results are compared to experimental results relevant to the process of coupling
agonist binding to G-protein activation, which is believed to involve motions of several
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transmembrane helices. Indeed motions of helices 3, 5, and 6 have been established to
be especially important [91]. Experiments show that binding of the ligand to helices 3
and 5 is fast, whereas the motion of helix 6 to bind non-covalently to the ligand takes
much longer [91]. Helix 6 is believed either to undergo a clockwise rotation to helix 5 or
a tilting in the cytoplasmic end toward helix 5. Piston-like movements of helix 6 into the
membrane have not (yet) been observed. The timescale of these motions are in the range
of nanoseconds (non-covalently binding) to milliseconds (rigid motions) [89]. The results
of these molecular dynamics simulation are consistent with most of these experimental
observations, as discussed in more detail below.

2.2.1 Changes in the receptor conformation during dynamics

Comparing the initial structure from the MembStruk-HierDock predictions of apo-β2AR
to the structure after 4 ns of molecular dynamics simulation in the presence of a full
membrane and water, reveals some changes in the conformation of the protein. For
instance, some helices tilt closer to each other, while the loops move substantially.
Matching the Cα atoms of the transmembrane helices of the apo-β2AR structure after
4 ns to the original structure for the two sets of molecular dynamics simulations, gives a
coordinate root mean square (CRMSα, only for the Cα-atoms and corrected for translation
and rotation) difference of 2.4 Å. In comparison the CRMSα for the loops is 6.0 Å and
5.4 Å, respectively. This is to be expected since these loops are much more flexible than
the membrane part of the protein.
Examining the two apo-β2AR structures over the period of 6 ns reveals the possibility of
some conformations to be more suitable for binding agonists, such as the orientation of
the OH-group of Ser-207 toward where the catechol OH of the ligand could be. On the
other hand some conformations are not so likely to be suitable binding spots for agonists,
due to the orientation of the OH-group of Ser-207 on helix 5 toward the OH-group of
Ser-165 on helix 4. Comparing the two different apo-β2AR structures with each other after
4 ns of simulation, the CRMSα difference equals 3.3 Å for the helical regions and 5.0 Å for
the loops, indicating the flexibility of the system, while initially the structures differ only
with respect to their velocities.
With butoxamine-β2AR less motion in the ligand and the helices compared to apo-β2AR
is observed, indicating a more rigid structure. Matching the protein structure after 4 ns to
the original butoxamine-β2AR structure gives a CRMSα change of 2.1 Å for the helices and
5.9 Å for the loops. Comparing the individual butoxamine molecules after 4 ns a RMS
difference of only 0.3 Å is observed. Thus, although the loops are still highly flexible, the
helices are much more rigid with butoxamine bound.
In the presence of the agonist epinephrine significant changes in the protein conformation
are observed, together with an upward movement of the epinephrine of about 1.2 Å,
although is does not move out of the docking cavity. As with the apoprotein the changes
in the protein after 4 ns of simulation are small (2.3 Å), showing that the important
structural elements of the predicted structure are maintained in the simulation. However,
more significant changes occur in the intracellular and extracellular loops. These undergo
large deformations, giving CRMSα differences ranging from 3 to 5 Å.
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a) Water mediated hydrogen bond b) Interhelical hydrogen bond

Figure 2.4: Structural elements in epinephrine-β2AR. (a) The water mediated hydrogen bond
between the para-catechol OH of epinephrine and Ser-204 (helix 5). This mediated hydrogen bond
has a length of 2.99 Å (from epinephrine to water) and of 2.75 Å (from water to Ser-204). (b) The
interhelical hydrogen bond between Ser-165 (helix 4) and Ser-207 (helix 5), with a length of 2.81 Å.
In both figures the hydrogen bonds are depicted by a dotted line, the protein is shown as a ribbon,
the serine residues of interest, the water and epinephrine are shown as a stick model. Water and
the membrane have been omitted for clarity. The program VMD is used for visualization [103].

When comparing the ligand-protein structures for each of the three cases it is observed
that binding of the antagonist leads to a more rigid structure. This increased rigidity may
play a role in the mechanism by which an antagonist prevents activation.

2.2.2 Water mediated hydrogen bonds

During the prediction process no explicit solvent has been incorporated in the model.
Therefore, the inclusion of the explicit water molecules in the molecular dynamics
simulations allows to determine whether water plays an important role in binding or
activation of the protein, and whether ligands reposition themselves in the docking cavity.
At some time steps during the molecular dynamics simulation of the epinephrine-β2AR it
has been observed that water mediates a hydrogen bond between Ser-204 on helix 5 and
the catechol OH-group of epinephrine, see Figure 2.4a.
At other times helix 5 is oriented in such way that it is able to form hydrogen bonds to
helix 4, for example when a hydrogen bond is formed between Ser-165 on helix 4 and
Ser-207 on helix 5, see Figure 2.4b. These interhelical hydrogen bonds between serines of
helices 4 and 5 are believed to represent the inactive state prior to binding of an agonist,
since binding of the epinephrine competes for some of these same serines on helix 5.
Hence as the agonist enters the binding pocket, helix 5 must rotate counterclockwise to
make the hydrogen bond with the ligand catechol groups. Indeed during the molecular
dynamics some changes are observed with the helix 5 orienting more toward helix 4
when the ligand moves away (to allow the explicit water to enter) and then helix 5
orients toward the ligand as it moves back (with extra water). These and other associated
motions might play a role in activation, and indeed a two state binding model leading
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to activation has been proposed by several authors [73, 74]. In contrast little rotation in
helix 5 has been observed for the antagonist complex and only small thermal fluctuations
for the apoprotein. Thus the observation of hydrogen bonds between helices or water
mediated hydrogen bonds between the helix and epinephrine can play an important role
in activation, making explicit water calculations an important final step in optimizing the
predicted structure. Similarly such explicit water is likely quite important in determining
absolute bonding energies.

2.2.3 Helical motions

To understand the initial events leading to activation of β2AR it is important to examine the
dynamic nature of the non-bonded distances to epinephrine from those residues known
from experiment to be involved in activation [73]. With respect to this the residues of
interest are Asp-113, Ser-165, Ser-203, Ser-207 and Asn-293 for epinephrine-β2AR and
Asp-113, His-172, Trp-286 and Ile-294 for butoxamine-β2AR. The non-bonded distances
for these residues are examined in more detail.
All hydrogen bond distances are considered to be the distance between the hydrogen
bond acceptor and the hydrogen atom of the donor. For salt bridges the distance between
an oxygen of the carboxylate group and the nitrogen of the protonated amine is used,
whereas for hydrophobic interactions the distance between a carbon atom to the closest
hydrogen of the hydrophobic part of the other molecule is reported.
The butoxamine-β2AR helix interactions are somewhat similar to those for epinephrine-
β2AR helix, but butoxamine-β2AR has fewer hydroxyl groups, fewer hydrogen bonds, and
is likely to have more hydrophobic interactions than epinephrine-β2AR. Figure 2.5 shows
the variation with time of non-bonded distances between the ligands epinephrine (top
figure) and butoxamine (bottom figure) and the residues of interest. These figures show
that the salt bridge between the Asp-113 (helix 3) and the protonated amine is preserved
throughout the dynamics for both ligands (arrows 1 and 2 in Figure 2.5), leading to an
average length of 2.8 Å for epinephrine-β2AR and 3.0 Å for butoxamine-β2AR. On the other
hand, the ligand-protein hydrogen bonds fluctuate during the simulation. The hydrogen
bond between the meta-catechol hydroxyl group of epinephrine with Ser-203 (on helix 5)
is maintained as a direct hydrogen bond for about 0.8 ns (the breakage is indicated by
arrow 3) and as a water mediated hydrogen bond for another 0.9 ns (its breakage is
indicated by arrow 4). The hydrogen bond between Asn-293 and the β-hydroxyl group
on the alkyl chain of epinephrine is lost near the beginning of the simulation (also at
arrow 3), but forms again after 2 ns (arrow 5). Most other hydrogen bonds between
helix 4 (Ser-165) and helix 5 (Ser-204) are lost almost immediately (again arrow 3).
During the molecular dynamics simulation, butoxamine continues to exhibit hydrophobic
interactions with His-172 (helix 4) and Trp-286 (helix 5) and Ile-294 (helix 6). Figure 2.5
shows that these interactions remain tight throughout the entire simulation run. It is
found that the hydrophobic interactions with Val-119, Ile-169 and Phe-290 also remain
rather constant (around 4.5 Å) throughout the simulation.
The non-bonded distances between residues on different helices were also analyzed to
understand how the dynamics in a lipid membrane and water affects the interhelical
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Figure 2.5: Variation of non-bonded distances with time for several residues in β2AR. The top
figure is for epinephrine-β2AR and the lower one for butoxamine-β2AR. The different residues are
listed to the right of the figures. For Ser-203 the distances to both two OH-groups of the catechol
moiety of epinephrine are shown. The arrows indicate specific events, discussed in the text.

distances. It appears that during the dynamics the Ser-207 (helix 5) breaks its hydrogen
bond with epinephrine forming instead a hydrogen bond with Ser-165 (helix 4) as seen in
Figure 2.4b. This is associated with the rotation of helix 5 mentioned above.

Based on visual inspection of the simulation trajectories it is decided to follow the
dynamics of certain residues explicitly. The distances between the residues are calculated
in the same way as for the lengths of the non-bonded interactions between ligand and
residue. For the apo-β2AR and epinephrine-β2AR simulations the distances of three pairs,
Thr-164 to Ser-203, Thr-164 to Ser-207, and Ser-165 to Ser-207 (all between helix 4 and
helix 5), are examined. Except for the pair Ser-165 to Ser-207, these interactions are not
found in the butoxamine simulation. On the other hand, in the butoxamine simulation
the pair Asp-113 to Asn-293 (from helix 3 to 6) seems interesting and is investigated. All
of these distances are shown in Figure 2.6.

In both the apo-β2AR and butoxamine-β2AR simulation the investigated hydrogen bonds
loosen during the molecular dynamics simulation. However, for epinephrine-β2AR the
hydrogen bond between Ser-165 and Ser-207 is conserved for almost 3 ns. It then loosens,
but at the same time the distance from Thr-164 (helix 4) to both Ser-203 (helix 5) and
Ser-207 (helix 5) tightens considerably (arrow 1 in Figure 2.6). For the next 3 ns the
distances remain constant, indicating strong interhelical interaction (arrow 2). Toward
the end of the simulation the hydrogen bond between Thr-164 and Ser-203 loosens, but the
hydrogen bond between Thr-164 and Ser-207, and Ser-165 and Ser-207 tightens, indicating
an increase in strength (arrow 3). The presence of these interhelical hydrogen bonds in
the agonist complex and their absence in the apoprotein and antagonist complex suggests
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right. The arrows indicate specific events, which are discussed in the text.

that these interactions induced by the agonist might be important for receptor activation.
Recent experiments on rhodopsin also showed the importance of interhelical hydrogen
bonding as a step in the protein activation [104].
Figure 2.7 shows the helical conformation of the epinephrine-β2AR for helices 3, 4, 5 and 6
for the initial (dark) and final (light, at 6 ns) conformations, including the ligand. At first
it can be seen that the epinephrine molecule has repositioned itself, as has been discussed
previously. The side view shows that helix 3 and helix 6 have moved downwards (about
5 Å), and that the intracellular ends of helices 4 and 5 have moved in different directions.
The top view illustrates the observation made above that the extracellular ends of helices 3
and 6 move apart. This is an important observation, since it is known that the G-protein is
coupled to the highly conserved DRY-motif located at the end of helix 3. The DRY-motif is
believed to play an important role in protein activation [105]. The motions observed with
respect to helix 3 provide a strong indication that such motions are involved in protein
activation.

2.3 Conclusion

The analysis of the fully solvated structures with a complete description of the membrane
makes it clear that the overall predicted β2AR structures are stable. The helices move
somewhat with respect to each other, but there are no large instabilities and the helical
conformations are preserved. The CRMSα comparisons show that the conformations
of β2AR are stable in the native membrane-water environment, allowing only modest
changes. This validates the MembStruk procedure, indicating that the predicted struc-
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a) Side view b) Top view

Figure 2.7: Schematic representation of the change in helical configuration for the helices
surrounding the docking cavity (helices 3 to 6). The initial configuration is shown dark (also
for the ligand epinephrine), whereas the final configuration is colored light. The remainder of the
protein as well as the membrane and the water are omitted for clarity.

tures are reasonably accurate. The minor changes in the ligand-protein interaction caused
by the presence of water and lipid indicate that including explicit water would have been
useful in docking the agonist to the receptor. The behavior of the interhelical loops shows
that these loops are very dynamic, which is to be expected, indicating that an ensemble
of favorable loop structures should be considered in the docking calculations.

Examination of the molecular dynamics trajectories indicates that explicit inclusion of
water has significant effects on ligand-residue interactions and that these interactions
change dynamically. The strong salt bridge interactions between Asp-113 (on helix 3)
and the protonated amine of both epinephrine and butoxamine are preserved in the
dynamics, confirming the importance of this interaction for the fast binding step of the
ligand, be it an agonist or an antagonist [91]. The hydrogen bonds between the serines on
helix 5 and epinephrine are forming slower, being water mediated and dynamic in nature.
Furthermore, an inter-helical hydrogen bond between helices 4 and 5 has been observed
that must break to form the hydrogen bonds with the catechol group of epinephrine.
This shows that the step of forming hydrogen bonds with the catechol group is slow,
involving a competition between forming interhelical hydrogen bonds (the inactive state
of the receptor) and forming the hydrogen bonds with the agonist epinephrine (the active
state). Thus the agonist binding and activation involves at least two steps, as observed in
the molecular dynamics simulations: the protonated amine contact with Asp-113 (helix 3)
is made first followed by rotation of helix 5 to make hydrogen bonds with the catechol
of epinephrine. These conclusions drawn from the molecular dynamics simulations are
consistent with similar conclusions by other researchers based on experiments [73, 104].

The motion downward of helices 3 and 6 (as seen Figure 2.7) occurred only with the agonist
epinephrine bound and not with either the antagonist bound protein or the apoprotein.
The movements of these helices could be involved in the activation of the protein [89],
and the motions observed probably show the beginning of these piston-like movements.
Especially since it is at this end of helix 3 that the G-protein binds.
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The changes in the interhelical hydrogen bonding between helix 4 and 5 as the agonist is
bound, are most interesting: they remain fairly stable throughout the simulation. Also
the occurrence of water mediated hydrogen bonds show that water can play a critical role
in ligand binding. The differences in the simulations between the antagonist-protein, the
agonist-protein, and the apoprotein structure make it clear that just 6 ns of simulation
already shows differences between agonist and antagonist that can be compared with
experiment. However, longer simulations would certainly contribute to confirm the
observed behavior.
In the current research certain analyzed residues have been selected based on visual
inspection of the simulation trajectory. Although it should, in principal, be feasible
to develop computational algorithms, which based on the trajectory can decide which
residues might be interesting to be analyzed further, the search space for such algorithms
is huge due to large amount of residues in a protein. Putting chemical knowledge about
the important residue interactions into the algorithm might reduce the search space, but
in the end it almost always has to be decided by the researcher which interactions are the
most promising. Using visual inspection completely relies on the chemical knowledge of
the researcher, and, thus, allows for a quick detection of promising residue interactions.
More recently the above described extension for investigating the activation pathway of
a GPCR using molecular dynamics has been applied to different GPCR complexes, such
as, for instance, the human DP receptor [106], the binding of the bacteriocin CbnB2 to
the immunity protein ImB2 [107], and the activation of the Mas-related gene receptor
MrgC11 [108].
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Many biological cellular processes occur at the micro- or millisecond time scale.

With traditional all-atom molecular modeling techniques it is difficult to investigate

the dynamics of long time scales or large systems, such as protein aggregation

or activation. Coarse graining can be used to reduce the number of degrees of

freedom in such a system, and, therefore, decrease the computational complexity,

allowing for the larger systems or longer time scales to be reached. In this

chapter a new coarse grained model for transmembrane proteins is developed.

Its performance is tested with respect to all-atom simulations of different protein

complexes. The model has been validated by investigating the adaptation of

the hydrophobic mismatch induced by the insertion of WALP-peptides into a

lipid membrane, showing that the first step in the adaptation is an increase

in the membrane thickness, followed by a tilting of the peptide. Furthermore,

the preferred orientation (either transmembrane or surface bound) of different

antimicrobial peptides is investigated using the new model both in molecular

dynamics as well as Monte Carlo simulations.

In the previous chapter the β2-adrenergic receptor has been investigated at the atomistic
level using molecular dynamics simulation techniques. This approach allows for the
exploration of ligand positioning and the initial events leading to protein activation.
However, due to the computational demand, it is for instance not feasible to model the
entire cascade of protein activation with atomistic detail. To partially overcome these
limitations it is possible to use a coarse grained model instead of the atomistic one.

With a coarse grained model typically several atoms are grouped into one particle (ignor-
ing the hydrogen atoms), while the interaction properties of the new particle are modeled
as close as possible to those of the original atoms it represents. By grouping atoms
together coarse graining reduces the degrees of freedom, and, therefore, the computational
cost. Moreover, due to the removal of high-frequency motions, such as the vibrational
movements of hydrogen atoms, larger steps can be made in molecular dynamics or
Monte Carlo simulations, allowing longer simulations. Simultaneously, the dynamics
in the coarse grained system is likely to be further increased as additional friction and
noise from eliminated degrees of freedom are absent. Still, an important point with coarse
graining a system is with determining the effective interactions between the coarse grained
particles. Unfortunately, this is also usually the most difficult phase in developing a coarse
grained model. Different approaches exist to deal with the problem of finding these
effective interactions, but they can be split into three main categories (phenomenological,
thermodynamic and multiscale models), although these categories are partly overlapping
and not always unambiguous [109].

One of the first applications of coarse grained methods has been the molecular dynamics
simulation of the aggregation of amphiphiles [66]. Since then many different applications
for coarse graining have been studied, ranging from polymer chains [110–116] to lipid
systems [117–121]. The latter received attention, since it allowed for the study of
many interesting properties of bilayer systems, such as the spontaneous formation of
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Figure 3.1: Mapping of the all-atom representation of phenylalanine (figures to the left, both
schematic and as chemical composition) to its coarse grained representation (figures to the right).
The center of the coarse grained backbone particle is determined by the position of the Cα atom,
whereas the coarse grained sidechain particle is positioned along the Cα-Cβ bond vector. The
brackets represent the repetitive unit.

vesicles [120], the fusion and fission of vesicles [122–124], as well as shape changes of
vesicles due to changing conditions in the environment [125].
More recently coarse graining methods have been applied to more complex systems such
as small peptides or even larger proteins [126–129], as well as viral capsids [130, 131].
However, all coarse graining methods differ in their approach with respect to the number
of atoms per coarse grained particle as well as in the way interactions are described. In
this chapter a new coarse grained model for proteins is developed. The main focus of the
model is on a qualitative description of transmembrane peptides and proteins (consisting
mainly of α-helices), but the coarse grained model is also tested against globular and
β-barrel proteins. Finally, to prove the applicability of the new coarse grained model, it is
used to investigate membrane inserting properties of WALP and antimicrobial peptides.

3.1 Computational model

As mentioned in the introduction above, one of the steps involved in designing a coarse
grained model is to choose the mapping of the original atoms to the coarse grained
particles. Different levels of coarse graining are possible, ranging from only omitting
the hydrogen atoms (the united atoms approach), to much higher level coarse grained
particles combining several original atoms. However, the most common approach is to
group four non-hydrogen atoms into one coarse grained particle [119, 120], because in
that case the volume of the spherical coarse grained particle resembles the volume of
the four underlying atoms well. Thus, in the case of lipid membranes for instance,
dipalmitoylphosphatidylcholine (DPPC) is represented by four particles in the head
group (representing the choline, phosphate and glycerol backbone) and two hydrocarbon
tails, each consisting of four tail particles.
In order to keep the coarse grained protein particles in the new model in the same range
of mass and size with respect to the previously mentioned coarse grained bilayer models,
amino acids are mapped into two coarse grained interaction sites, one for the backbone
and one for the sidechain. The backbone particle is located at the position of Cα in the
all-atom model, whereas the sidechain particle is located along the Cα-Cβ bond vector,
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Gly Ser ThrCys

TyrTrpHisArg Gln ProAsp Glu LysAsn

ValMetLeuIlePheAla

Figure 3.2: A schematic overview of all the residue types used in the coarse grained protein model.
The sizes of all particles are proportional with respect to each other. All residues (except for Gly)
can be assigned to any of the four groups (as discussed in the text): the neutral group (Cys, Ser,
Thr), the apolar group (Ala, Phe, Ile, Leu, Met, Val), the polar group (Arg, Asp, Asn, Gln, Glu, Lys,
Pro), and the aromatic group (His, Trp, Tyr). Each of these groups is indicated by a different color.

with its specific position depending on the specific residue type of the amino acid. The
size of the coarse grained particles resembles the size of the underlying original atoms.
In Figure 3.1 the mapping of phenylalanine to the coarse grained model is schematically
depicted.
All coarse grained protein particle types are denoted either by their full or abbreviated
name (e.g., isoleucine or Ile) or by two letters, where the backbone particle notation starts
with a B, and the sidechain particle notation with an S. Depending on the type of amino
acid the sidechain particle resembles, the second letter is added in accordance with the
one letter abbreviation for the residue (thus, SF for phenylalanine). For the backbone
particle three types are distinguished, only differing in mass: the default type (BB) and
two types to account for the proline residue (BP) and the glycine residue (BG, which has
no sidechain particle attached to the backbone).
The mass of all particles is computed directly from the chemical composition of the
all-atom representation of the particles. The size of the particles is computed from the
occupied volumes of the residues [132]. Because of the chosen spherical nature of the
coarse grained particles, the Van der Waals radius of each particle is computed directly
from its volume. The radii of the backbone particles are all assumed to be equal to that
calculated from glycine. To obtain the volumes of the sidechain particles of the other
residues, the volume of glycine is subtracted from the total residue volume. Since no
occupied volume for arginine has been reported, its volume is estimated to be equal to
that of phenylalanine which has an equal number of non-hydrogen atoms. This method
to obtain the size of the coarse grained particles is similar to that used by Levitt [133].
However, it is chosen to use particles that are less soft, with respect to their interactions,
than those used by Levitt, in order to make them more compatible with existing water
and lipid models. In Figure 3.2 a schematic overview of the sizes of all residue types in
the coarse grained protein model is depicted, and in Table 3.1 the masses and sizes of all
coarse grained particles are given, including the lipid and water parameters from [120].

3.1.1 Force field development

Besides the topological mapping of the original atoms into coarse grained particles, it is
also necessary to derive interaction parameters (the force field) for all of the coarse grained
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Table 3.1: Masses and sizes of the particles
in the coarse grained protein model (includ-
ing lipid and water).

Name Type Mass
(amu)

Radius
(nm)

Backbone BB 56.04 0.2512
(Gly) BG 57.05 0.2512
(Pro) BP 55.04 0.2512
Ala SA 15.04 0.1816
Cys SC 47.10 0.2107
Asp SD 58.04 0.2403
Glu SE 72.06 0.2767
Phe SF 91.13 0.3198
His SH 82.10 0.2888
Ile SI 57.12 0.2902
Lys SK 73.14 0.2926
Leu SL 57.11 0.2894
Met SM 75.15 0.2921
Asn SN 58.06 0.2542
Pro SP 42.08 0.2467
Gln SQ 72.09 0.2828
Arg SR 101.15 0.3198
Ser SS 31.03 0.1984
Thr ST 45.06 0.2369
Val SV 43.09 0.2620
Trp SW 130.17 0.3445
Tyr SY 107.13 0.3200
Lipid (head) H 56.11 0.2525
Lipid (tail) T 56.11 0.2525
Water W 72.05 0.2586

Table 3.2: Parameters for all bond interactions in
the coarse grained protein model (including lipid
and water).

Particles Bond length
(nm)

Force constant
(kJ/mol/nm2)

B*-B* 0.384 15733
BB-SA 0.077 5905
BB-SC 0.123 12748
BB-SD 0.171 14202
BB-SE 0.225 15704
BB-SF 0.223 17286
BB-SH 0.212 16591
BB-SI 0.176 14090
BB-SK 0.252 15805
BB-SL 0.194 14090
BB-SM 0.216 15991
BB-SN 0.167 14205
BB-SQ 0.225 15706
BB-SR 0.302 17964
BB-SS 0.117 9949
BB-ST 0.140 12442
BB-SV 0.140 12134
BB-SW 0.261 19515
BB-SY 0.248 18328
BP-SP 0.135 16761
SC-SC 0.289 4187
H-H 0.473 3156
H-T 0.473 3156
T-T 0.473 3156
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particles; both bonded and non-bonded interactions. However, as mentioned previously,
this is a difficult and tedious process, since the problem is highly multi-dimensional. First
the parameters of the coarse grained force field with respect to the bonded interactions
are derived, followed by the derivation for the non-bonded interactions. Parameters for
lipid and water molecules are taken from the bilayer model by Markvoort et al. [120].

Bonded interactions

Within coarse grained molecules several bonded interactions are possible, such as bonds,
angles, and torsions. In the current coarse grained model only bond and angle interactions
are considered, both in their harmonic form (see page 6). Torsion interactions, either
dihedral or improper, are not present in the model, in contrast to other coarse grained
protein models [129, 134]. Although torsion interactions are normally used in order to
stabilize the secondary structure of the protein, using these interactions also means that
it has to be decided on forehand which part of the protein is going to be, for instance,
helical, extended or in a loop. This reduces the general applicability of such a model
considerably. Therefore, the torsional interactions are discarded in the current model, but
in order to account for the ability to maintain the secondary structure a force field extension
is developed for non-bonded interactions, which is explained further on. Moreover, when
a coarse grained torsional interaction is mapped back into an all-atom interaction type, it
becomes a long range bonded interaction type. It is debatable whether such an interaction
type actually has a physical meaning, and, thus, omitting torsional interactions from the
coarse grained model seems appropriate.
Average bond lengths for coarse grained backbone particles are determined from all-
atom molecular dynamics simulations of both rhodopsin [135] and the β2-adrenergic
receptor [100]. For both trajectories the all-atom representation of the backbone has been
mapped into the coarse grained representation. Subsequently, the distances between
neighboring coarse grained backbone particles are determined. This gives a probability
distribution for the bond length for coarse grained backbone particles with an average
of 0.384 nm. Since both simulations are of transmembrane proteins (consisting mainly
of α-helices), the bond length distribution could be biased toward α-helices. However,
since the main goal is to develop a coarse grained protein model for transmembrane
proteins, this might not be a problem. Furthermore, the computed bond length is in good
agreement with previous studies where the same coarse grained bond length is based on
crystal structures of proteins found in the protein data bank [133, 136].
Unfortunately, the all-atom simulations do not hold sufficient data, due to the large
number of different particle types, to accurately determine the bond lengths between
coarse grained backbone particles and sidechain particles. Therefore, these bond lengths
are based on previously determined bond lengths by averaging across entries in the
protein data bank [137]. The bond length associated with the disulfide bond has been
obtained from the previously mentioned all-atom molecular dynamics simulations.
Bond strengths, or the force constants, are initially based on the constants reported by
Wallqvist [136] and, for the disulfide bond, by Levitt [133]. However, because in the
current model different masses are used, the constants have been adjusted in such a way,
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Figure 3.3: In a) a schematic depiction of the double angle potential is shown and in b)
the distribution of angles along the backbone chain as found in all-atom molecular dynamics
simulations for rhodopsin and the β2-adrenergic receptor are depicted. The distribution for
rhodopsin is on the left axis and for the β2-adrenergic receptor on the right axis.

that their oscillation frequencies are the same. For harmonic bonds, both the oscillation
frequency and the force constants are related through the reduced mass [120], and, thus,
the adapted force constant are easily computed. Both the bond lengths and force constants
are listed in Table 3.2.

In order to incorporate rigidity and allow for the anti conformation of the hydrocarbon
tail the coarse grained lipid model only uses harmonic angle interactions between tail
particles. Thus, the equilibrium angle for lipid particles is set to 180◦, with a force
constant of 5.408 kJ/mol/rad2. The harmonic angle potential allows only one equilibrium
angle to be set. Thus, the angle along the backbone of the protein would also only have
one equilibrium angle using this potential. However, the backbone of a protein can be in
very different conformations, for instance as α-helices or in random coils, for which the
angles along the backbone are very different (roughly around 90◦ and 120◦ respectively).
Introducing different particle types, with different angle potentials between them, for
each of these two possible conformations, would allow the different conformations, but it
would also impose a-priori knowledge upon the model. A different approach is to allow
two equilibrium angles in the potential energy function for the angle, and thus allow
different conformations using only one particle type. To this end a novel angle potential
with two equilibrium angles has been developed and is named the double angle potential.

The double angle potential is defined as a fourth power polynomial, which is determined
by five parameters given in the force field parameter set. These five parameters are:
the first equilibrium angle θ1, the second equilibrium angle θ2, the potential energy for
the first equilibrium angle VA (θ1), the potential energy for the second equilibrium an-
gle VA (θ2), and the maximal potential energy for the barrier between the two equilibrium
angles VA (ξ), where ξ is the angle belonging to the maximum of the barrier. It must be
noted that not ξ, but the height of the maximum is given in the force field parameter
set. In Figure 3.3a the general shape of the double angle potential is shown, indicating all
parameters discussed above. Others have also used fourth power polynomials to describe
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similar angles, but either with equal well depths [136] or with only one equilibrium
angle [26].
The functional form of the double angle potential is given by

VA

(
θi jk

)
= A g

(
θi jk

)
+ D , (3.1)

where A and D are both constants given by

A =
VA (ξ) − VA (θ1)

g (ξ) − g (θ1)
and D =

g (θ1) VA (ξ) − g (ξ) VA (θ1)
g (θ1) − g (ξ)

, (3.2)

and g
(
θi jk

)
the fourth power polynomial expressed as

g
(
θi jk

)
= 1

4θ
4
i jk −

1
3 (θ1 + θ2 + ξ)θ3

i jk + 1
2 (θ1θ2 + θ1ξ + θ2ξ)θ2

i jk − (θ1θ2ξ)θi jk . (3.3)

Furthermore, the angle belonging to the maximum of the barrier obeys the require-
ment θ1 < ξ < θ2 and the energies for the minima satisfy VA (ξ) > VA (θ1) and VA (ξ) >
VA (θ2). The value for ξ can be determined from all known parameters using the iterative
Newton-Raphson method, which requires only a few steps under normal conditions. In
Appendix A (see page 77) a complete derivation of the double angle potential is given.
Similar to determining the bond parameters for the coarse grained particles, both all-atom
molecular dynamics simulations are used again to extract the probability distribution for
the angles between coarse grained backbone particles, see Figure 3.3b. Furthermore, the
Boltzmann inversion method [111,113,138] has been used to obtain estimates for values of
the potential energy at any of the three angles. For the coarse grained backbone particles
this gives the equilibrium angles at 91.25◦ and 123.25◦, with potential energies of 0 kJ/mol
and 23.0 kJ/mol, respectively. The barrier energy is set at 23.7 kJ/mol. From these choices
it can easily be seen that the model is aimed at α-helices, rather than at random coils, since
the equilibrium angle around 90◦ is highly favored. By default the lowest energy in the
double angle potential is set to zero, because the offset of the potential is arbitrary.
The angle between coarse grained sidechain particles and two backbone particles (a B-B-S
angle) is also governed by the double angle potential. This angle is introduced to restrain
the movement of the sidechain particles. The two equilibrium angles are set such that the
backbone-sidechain bond is the bisector outward of the underlying angle in the backbone.
Thus, the equilibrium angles are chose to be 118◦ and 135◦, both with a corresponding zero
potential value. The barrier in between is very small (only 0.003 kJ/mol/rad2) allowing
sidechain particles to adapt their position along the backbone easily.

Non-bonded interactions

To account for interactions between coarse grained particles belonging to different mole-
cules and for long range interactions within the molecules not dealt with by the bonded
interactions an accurate description of non-bonded interactions is necessary. Between all
coarse grained particles, except those that are directly bonded or connected through an
angle (called 1-3 interactions), both Van der Waals and Coulomb interactions are modeled
by the Lennard-Jones potential (see page 10). When only repulsive interactions are to be
taken into account an adaptation of the Lennard-Jones potential is used. This adapted
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potential is known as the Weeks-Chandler-Andersen potential [139], which is effectively
a Lennard-Jones potential truncated at the point of minimal energy and shifted to remain
continuous. For distances larger than the truncation distance the potential is zero.
Within the coarse grained protein model three non-bonded interaction classes can be
distinguished: protein-protein, environment-protein, and environment-environment.
Since the model is developed for transmembrane proteins, the latter interaction class
consists mainly of lipid and water interactions. For the interactions between lipid and
water particles the force field given by Markvoort et al. [120] is used. In the case of globular
proteins only solvent interactions are of importance. In other models these interactions
are sometimes even modeled implicitly [134].
The second interaction class, environment-protein, deals with all interactions of the lipids
and water with the coarse grained protein particles. These interactions are especially
important in the case of transmembrane proteins, since in that case the environment is
heterogeneous. Recently, Ulmschneider et al. have derived implicit potentials for amino
acids in a membrane [140], where a potential of mean force for each amino acid is derived
from statistical data on the occurrence of the amino acid in the membrane region of the
transmembrane proteins. This splits all amino acids into four clearly distinguishable
groups:

• Polar: a group favoring a water surroundings, containing arginine, aspartic acid,
glutamic acid, lysine, asparagine, glutamine and proline, as well as the backbone
particles including glycine.

• Apolar: a group favoring the center of the membrane, containing alanine, isoleucine,
methionine, leucine, phenylalanine and valine.

• Aromatic: a group favoring the interface region between the hydrophobic core of
the lipid membrane and the water, containing histidine, tryptophan and tyrosine.

• Neutral: a group with no significant preference, containing cysteine, threonine and
serine.

From the general shapes of the implicit potential functions across the lipid membrane
an estimate is made of the explicit interaction energy to recreate these shapes. For the
polar group the interaction with water is favorable, so all cross interaction energies with
water are set to 1.97 kJ/mol, which corresponds roughly with one unit of kB T in the
implicit model of Ulmschneider. The interactions with the interface region of the lipid
membrane (the lipid head particles) is not unfavorable, but not very favorable either
and is, therefore, set to 0.50 kJ/mol, except for glycine, which interaction energy is set
to 1.00 kJ/mol. The interactions with the hydrophobic core (the lipid tail particles) are
unfavorable and, accordingly, are set to be repulsive only.
On the other hand with the apolar group the diversity between the residues is larger,
so some distinctions have to be made. For all residues in the group the interaction with
water is unfavorable and is therefore set to be repulsive. The interactions with the lipid tail
particles are set to be 1.00 kJ/mol for methionine and 1.97 kJ/mol elsewise. The interactions
with the lipid head groups are neither strong nor weak for most residues in this group
and is therefore set to 0.50 kJ/mol, except for phenylalanine. Phenylalanine has a much
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wider potential of mean force and, thus, seems to have a rather favorable interaction with
lipid head particles, bringing its interaction strength to 1.00 kJ/mol.
The aromatic residues, histidine, tryptophan and tyrosine, only favor the interface region,
so their interaction strengths with the lipid head particles is set to 1.97 kJ/mol. All other
environment interactions for this group are set to be repulsive only. The last of the four
groups, the neutral group, has no preference for any region, and, therefore, all interaction
strengths are set to 0.50 kJ/mol.
The only interaction class not discussed so far is the protein-protein interaction class.
These interactions are derived from the work by Liwo et al. [134]. However, since Liwo
does not only use Lennard-Jones potentials, but also potential functions based both on
distance and orientation, some adaptations to the parameters are necessary, because the
current force field does not have the possibility for orientation depended non-bonded
interaction potentials. These alterations have been made iteratively in the initial stage of
development of the coarse grained protein model. The interactions of backbone particles
with sidechain particles are estimated from the assumption of the backbone particles
being hydrophilic.
As mentioned before, the new coarse grained protein model excludes torsional interac-
tions, mainly since this could lead to a-priori knowledge of the protein conformation
being put into the model. However, to account for the most important structural
element in α-helices, hydrogen bonds, some alterations to the non-bonded interactions
are required. In regular α-helices the backbone particles which are above each other have
the opportunity to form hydrogen bonds. In terms of the chain sequence this means
that the backbone particles on position i and i + 4 can form a hydrogen bond, which
leads to an α-helix. Therefore the distance distribution for these backbone pairs have
been determined from the all-atom simulations. In Figure 3.4a these distributions are
depicted. From these distribution it can be seen that there exists an average hydrogen
bond length of 0.61 nm (measured between the Cα-atoms in the all-atom model). In order
to maintain α-helices in the coarse grained model, this distribution has to be reproduced.
However, this is not possible using only the Lennard-Jones potential, since the distance
for which the interaction energy is lowest is equal to 0.448 nm.
To overcome this problem an alternative type of the Lennard-Jones potential has been
developed, which is only active between backbone particles. The alternative description
consists of a regular Lennard-Jones potential, VLJ(ri j), combined with an inverted Gaussian
curve, VHB(ri j), giving VLJHB(ri j) = VLJ(ri j) + VHB(ri j), with VLJHB(ri j) the Lennard-Jones
hydrogen bond (LJHB) potential. The Gaussian curve accounts for the hydrogen bond
part of the potential, since it can be used to introduce a second minimum in the potential
at the distance at which the backbone particles should be in case a hydrogen bond is
formed. The hydrogen bond contribution is defined as

VHB

(
ri j

)
= −ηi j e−

1
2 (ri j−µi j)2

/κ2
i j , (3.4)

where µi j is the location of the hydrogen bond minimum, κi j determines the width
of the hydrogen bond well, and ηi j represents the well depth of the hydrogen bond
minimum. In Figure 3.4b a schematic representation of the LJHB potential is shown.
Both parameters µi j and κi j can be determined from the distribution shown previously,
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Figure 3.4: In a) the distribution of potential hydrogen bonding coarse grained backbone particles
along the backbone chain (i to i + 4) is depicted, whereas in b) the newly developed Lennard-Jones
hydrogen bond potential is shown. The dashed line in b) indicates the curve belonging to a regular
Lennard-Jones potential. The important parameters are indicated in the figure.

and in the case of backbone-backbone hydrogen bond interactions these are 0.61 nm and
0.015 nm, respectively. The depth of VHB(ri j) is determined from computing the Coulomb
contributions of the atoms the backbone particles represent involved in the hydrogen
bond maintaining the α-helix. Using the same all-atom molecular dynamics simulations,
the Coulomb energies for all of these hydrogen bond forming pairs have been computed
at the level of the coarse grained particles. The parameter ηi j is chosen in such a way
that the well depth of the LJHB potential is in agreement with the computed values
for the original Coulomb interactions. This gives for the well depth parameter of the
backbone-backbone interaction an energy of 15.0 kJ/mol. It is important to realize that
this LJHB potential is only active between coarse grained backbone particles, and, as
a consequence, other possible hydrogen bond interactions, such as between sidechain
particles, are incorporated in the regular Lennard-Jones interaction. The directionality
of the hydrogen bond is omitted from the model, mainly because the spherical coarse
grained particles do not easily allow directionality to be included. Furthermore, the
LJHB potential acts between any pair of backbone particles (except for those separated
by one or two bonds). Thus, there is no a-priori secondary structure knowledge imposed
on the model, and the LJHB potential has the ability to form α-helices, but only if the
backbone particles are close enough to each other. Otherwise, it simply acts as a normal
Lennard-Jones potential.
All energies associated with all non-bonded interaction classes discussed above (protein-
protein, environment-protein and environment-environment) are listed in Table 3.3. For
completeness also the interaction parameters of the lipid model have been incorporated.

3.1.2 Comparison to existing coarse grained protein force fields

In the previous section a complete description of the new coarse grained protein model
is given, including the topological mapping from atoms to coarse grained particles and
the parameters for the bonded interactions (bonds, angles and double angles), as well
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Table 3.3: Non-bonded interaction energies for the coarse grained model. All energies are in
units of kJ/mol. To represent the use of the truncated shifted Lennard-Jones potential (with only a
repulsive part) a R is used and the associated energy is 1.97 kJ/mol.
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as the parameters for the non-bonded interactions (Lennard-Jones interactions, with an
extension to account for the hydrogen bonds between backbone particles). However, this
is not the first coarse grained protein model that has been developed; over the past few
years researchers have come up with all kind of different force fields.

The first coarse grained protein models that have been developed mainly focussed on the
problem of protein folding [132–134,137,141]. The modeling of these folding processes is
very complex and computationally time demanding, and, therefore, using coarse grained
models can be very beneficial. Recently, different coarse grained models have been used
to investigate protein folding as well [126,127,142]. In most of these models the backbone
of the protein is represented by all of its heavy atoms along the chain, which is a clear
difference with the model introduced in this chapter, which only has coarse grained
backbone particles at the Cα positions. On the other hand, the sidechain particles are
modeled as one coarse grained particle as well.

A model that uses one coarse grained particle for the backbone and one for the sidechain
is the model developed by Voth et al. [128, 143, 144]. From this point of view it is
very comparable to the present model. However, Voth et al. use the force matching
algorithm [128, 145, 146] to determine free-form potentials from all-atom simulations for
all interactions between the coarse grained particles. The derived free-form potentials
are then used as tabulated input for their model. Although this method allows for rapid
determination of an underlying force field, it has to be derived again from all-atom
simulations for every new molecular structure, for every new mixture and for every new
state point. Thus, the model is not generally applicable.

The coarse grained protein model which currently receives most attention is the model
developed by Marrink et al. [129]. Recently Bond et al. have used this model to
investigate peptide insertion into a membrane, as well as the behavior of membrane
channel proteins [147–150]. Shih et al. have used Marrink’s model to take a closer look
at discoidal lipoprotein particles [151]. A model similar to Marrink’s has recently been
proposed in a study by Han et al. where they investigate poly-alanine based peptides [152].

In Marrink’s model the protein backbone is mapped into one coarse grained particle as
well, but the sidechains are not necessarily represented by one sidechain particle. For
instance, the sidechain parts of arginine and lysine are modeled by two coarse grained
particles, whereas the ring based sidechain particles have either three or four coarse
grained particles. Moreover, besides glycine, also alanine is modeled as a backbone
particle only.

The difference between the present model and Marrink’s model is not only in the number
of coarse grained particles, but also in their size. Whereas the coarse grained particles
in the new model all have different sizes, depending on their occupied volumes, in
Marrink’s model all particles have the same diameter (0.264 nm), except for the ring
based particles (0.241 nm). Similarly, in Marrink’s model the masses for all coarse grained
particles are the same (72 amu), with the ring based particles (45 amu) as an exception
again. Furthermore, instead of having different interaction types for each residue, in the
model of Marrink all coarse grained amino acids are made of the similar building blocks
as used in their lipid model [121], and, thus, the same coarse grained particle types are
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used to describe both lipids and amino acids. This is contrary to the present model, where
different particle types are used for lipids and amino acids.
With respect to the modeling of the bonded interactions, Marrink included torsion
interactions combined with backbone particle typing to fix the protein’s local secondary
structure. This is a major difference with the model presented here, which discards
torsion interactions explicitly to avoid imposing a secondary structure on forehand.
In a preliminary version of their model artificially bonds were added to constrain the
conformation and orientation of α-helices [153]. In model presented in this chapter the
secondary structure has to arise from the conformational freedom allowed by the double
angle and the Lennard-Jones hydrogen bond potentials. Thus, the present model allows
for transitions from α-helix to β-sheet structures, whereas adding constraints will no do
so.
Because Marrink’s model generally uses smaller and more particles to represent the
coarse grained sidechains, their force constants for bonds are smaller than the bond force
constants in the new model, which has larger and softer particles, but, consequently,
needs to reduce the flexibility of the bonds. Furthermore, to avoid numerical instabilities
arising from fast fluctuations, some backbone-sidechain bonds in Marrink’s model are
constrained.
The differences between each of these coarse grained protein models show that the
applicability of a specific model might be limited to specific cases. For instance either a
more general force field to investigate very different classes of proteins, or more limited
models for specific proteins with the secondary structure embedded within the model.

3.2 Performance analysis of the computational model

In the previous section a coarse grained model for transmembrane proteins has been
introduced, but to investigate the performance of this coarse grained model, simulations
of different types of systems are necessary. To that end two different series of molecular dy-
namics simulations are performed, the first being an analysis of the protein-environment
non-bonded interactions, and the second a set of seven different large protein complex
simulations, each simulated for tens of nanoseconds.
Evaluating whether the non-bonded interactions between the protein and the environ-
ment correspond to the potentials of mean force in the model by Ulmschneider [140] is
important. Therefore, molecular dynamics simulations for each protein particle type (see
Table 3.1) being pulled through a lipid membrane are performed. The lipids are modeled
as H4T4T4-molecules (representing DPPC), which means that each lipid molecule has
two tails of 4 T-particles each and a head group of 4 H-particles. These so-called steered
molecular dynamics simulations differ from normal molecular dynamics simulations with
respect to the fact that particles (in this case the protein particles) are pulled slowly but
steadily through the simulation box. However, the particles themselves are not directly
pulled, but instead they are connected to a phantom particle with a harmonic spring. The
phantom particle is then pulled at a constant velocity and, through the spring, the true
particle is pulled forward. The velocity at which this induced pulling occurs depends on
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Figure 3.5: Non-bonded interaction energy between the coarse grained protein particles and the
environment (lipids and water) as a function of the distance to the membrane center. The protein
particles are denoted by their common abbreviations and are put into their respective interaction
groups: apolar, polar, aromatic and neutral, see page 53.

the spring’s force constant, the pulling velocity for the phantom bead, and the interaction
of the particle with the environment. Thus, the protein particles are pulled from the
water phase through the membrane, to the other side of the membrane, back into the
water again. It is important to pull slowly in order not to disturb the equilibrium of the
system too much. Therefore, in all of these simulations the phantom particles are pulled at
0.002 nm/ps, which is two orders of magnitude below average thermal fluctuations. The
force constant of the harmonic spring is set at 100 kJ/mol/nm2. The molecular dynamics
simulations are performed at constant pressure (1 bar) and constant temperature (324 K),
and the size of the time step in the leapfrog integration scheme equals 12 fs.

During the simulations the non-bonded interaction energy between the protein particle
and the lipid-water environment is recorded as a function of the distance to the center of
the membrane, see Figure 3.5. Taking a closer look at these potential energy graphs shows
that with the current model all particles behave similar with respect to the potentials
of mean force presented by Ulmschneider. This indicates that protein-environment
interactions in the coarse grained protein model are as expected.

As mentioned previously, in order to analyze the behavior of the coarse grained protein
model at a larger level, seven different large protein complexes are simulated for tens
of nanoseconds. These seven proteins are selected to cover a wide variety of size,
shape and function to serve as test cases, and, therefore, are members of different
classes of proteins. Four of the selected proteins are transmembrane proteins (rhodopsin,
β2-adrenergic receptor, OMPF porin and the KCSA potassium channel) and three are
water-soluble (GFP, cytochrome P450-CAM and fasculin 1). The crystal structures for
each of these proteins are obtained from the protein data bank and converted into their
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a) Rhodopsin b) KCSA potassium channel

Figure 3.6: Initial configuration for the coarse grained molecular dynamics simulations for
rhodopsin (on the left) and the KCSA potassium channel (on the right). Both proteins are
embedded in an H4T4T4 lipid membrane, for both configurations only the part surrounding
the proteins is shown and water and some lipids have been removed for clarity.

respective coarse grained representations. The water-soluble proteins are solvated in
water only, whereas the transmembrane proteins are inserted in a periodic lipid membrane
of appropriate thickness, depending on the length of the transmembrane region of the
protein, and thereafter solvated in water. Rhodopsin, the β2-adrenergic receptor and the
KCSA potassium channel are inserted in a membrane consisting of H4T4T4-molecules,
while the membrane for OMPF porin (a β-barrel protein) consists of H4T3T3-molecules;
both membranes have an approximate area of 19 × 19 nm2. Two important remarks have
to be made. First, the four independent subunits of the KCSA potassium channel are not
connected by any bonds, and are thus treated as independent molecules in the simulations.
Secondly, some sections of the proteins are not included in the crystal structures and are,
therefore, not included in the coarse grained model. In particular for rhodopsin many
of the non-helical intra- and extracellular regions are left out. In Figure 3.6 the starting
conformations for rhodopsin and KCSA potassium channel are shown.

In all of the seven molecular dynamics simulations a time step of 12 fs is being used, al-
lowing for sufficient sampling of the fastest oscillations in the coarse grained model (those
in the bonded interactions), for a total simulation time of approximately 60 ns. Both the
temperature and the pressure are kept constant (at 324 K and 1 bar respectively) using
the Berendsen loose coupling techniques.

Whilst taking into account the different nature of each protein, all seven simulations
are analyzed in a similar fashion. For every protein the coordinate root mean square
difference of the Cα-atoms (CRMSα) with respect to the initial structure, and the change
in radius of gyration (Rg) are computed. Moreover, for each of the proteins the bond and
angle distributions of the backbone particles are determined.

In Table 3.4 the CRMSα is shown for each of the simulations. This CRMSα is an average
over the last 240 ps of the 60 ns simulation, and the crystal structure is used as a
reference point. For KCSA two values are shown, one for the individual subunits and
one for the entire complex, which takes the internal motions of the subunits into account.
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Table 3.4: Analysis results for seven different coarse grained protein molecular dynamics
simulations. Both the CRMSα and Rg (for the initial and final conformations) are given. All
numbers are an average over 240 ps of simulation time. For the KCSA potassium channel the
results are given for the total complex as well as for an average of the separate subunits. The
second column gives the protein data bank code for each protein, which can be used for future
reference.

Protein PDB-code CRMSα (nm) Rg
init (nm) Rg

fin (nm)

rhodopsin 1U19 0.323 ± 0.004 2.23 ± 0.005 2.19 ± 0.005
β2-adrenergic receptor 2RH1 0.382 ± 0.004 2.02 ± 0.005 1.97 ± 0.005
OMPF porin 2OMF 0.451 ± 0.003 2.10 ± 0.005 1.85 ± 0.005
KCSA (total) 1K4C 0.511 ± 0.002 2.12 ± 0.005 2.03 ± 0.005
KCSA (individual) 1K4C 0.393 ± 0.003 - -
GFP 1GFL 0.345 ± 0.003 1.99 ± 0.005 1.58 ± 0.005
cytochrome P450-CAM 2CPP 0.323 ± 0.002 2.13 ± 0.005 1.97 ± 0.005
fasculin 1 1FAS 0.196 ± 0.003 1.12 ± 0.005 1.02 ± 0.005

When the CRMSα is compared to the characteristic length scale of the model (being
the backbone bondlength of 0.384 nm), five out of seven proteins appear not to change
their conformations considerably. Only OMPF porin and the entire KCSA-complex show
somewhat more conformational change. However, since the independent subunits of the
KCSA potassium channel give a much lower CRMSα value than the total complex, it is
apparent that the subunits have moved with respect to each other, leading to a higher
CRMSα value. The results for the CRMSα suggest that the overall structure of these
proteins is preserved reasonably well in the coarse grained model.

Besides the CRMSα also the radius of gyration, Rg, is shown in Table 3.4 for both the
initial and the final conformation of the proteins. The radius of gyration is computed by
taking the root mean square distance for all individual protein particles with respect
to the geometric center of the protein [21]. From the results it can be seen that in
general the radius of gyration decreases during the simulations. However, the amount
of decrease is not the same for all proteins and, apparently, depends on the nature of the
protein. Both GFP and OMPF porin have a somewhat hollow cylindrical structure and
mainly β-sheets as their secondary structure, and show the largest decrease in radius of
gyration, 21% and 12% respectively. The other water-soluble protein, fasculin 1 (a small
randomly coiled protein), shows a smaller decrease (7%) in its radius of gyration. The
only transmembrane protein that has a relatively large decrease of its radius of gyration
is cytochrome P450-CAM. However, this protein contains α-helices as well as β-sheets
and random coils, which can explain the reduction in the radius of gyration. The other
three transmembrane proteins (rhodopsin, β2-adrenergic receptor and KCSA potassium
channel) have a decrease in their radius of gyration of less than 5%. Probably these
proteins are less compressible than the other four, or they are more stable in coarse
grained simulations.

For further evaluation of the performance of the coarse grained protein model, the results
of the coarse grained simulations are compared to those from all-atom molecular dynamics
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Figure 3.7: On the left backbone bond distributions for the three all-atom simulations (black lines)
and the seven coarse grained simulations (gray lines). Using a similar color scheme the backbone
angle distributions are shown on the right. The all-atom simulations are on the left axis, and, if
applicable, the coarse grained simulations on the right axis. The protein data bank codes for the
proteins are used in the legend, see Table 3.4.

simulations for three proteins: rhodopsin, β2-adrenergic receptor and GFP. Whereas the
simulations of the former two are already available (and have been used before [100,135]),
the all-atom simulation for GFP needs to be conducted as well. A similar protocol as used
in the all-atom simulations discussed in Chapter 2 has been used to simulate GFP. The
same crystal structure as used for the mapping of the coarse grained model is taken as
starting conformation for the all-atom molecular dynamics simulation. For each of the
three all-atom simulations a trajectory of 1 ns is used for analysis, with snapshots taken
every several picoseconds.
From each of the coarse grained simulations, as well as from each of the all-atom
simulations, the bond distributions for the bonds between backbone particles and the
angle distributions within a triplet of backbone particles are computed, see Figure 3.7.
With respect to the bond distributions it is clear that the distributions for the coarse grained
simulations are slightly wider than for the all-atom simulations, but still acceptable. For
the angle distributions along the backbone it can be seen that the all-atom simulations of
rhodopsin and the β2-adrenergic receptor have a high peak around 91◦ and a shoulder
around 123◦, which coincides with the expected locations for the α-helices on one and
the loops and random coils on the other side. However, the all-atom simulation of GFP,
which is rich in β-sheets, has an angle distribution with only one broad peak centered
around 105◦. In the coarse grained model the backbone angle interaction is governed
by the double angle potential. The parameters for this potential are chosen to mimic
the α-helices of transmembrane proteins best. From Figure 3.7b it can be seen that the
angle distribution for all coarse grained simulations are similar to the all-atom angle
distributions for the transmembrane proteins rhodopsin and the β2-adrenergic receptor.
However, comparing the angle distributions for the all-atom and coarse grained GFP
simulations, it is clear that this distribution is not recovered in the coarse grained model.
Although there is no comparison with an all-atom simulation for OMPF porin, it is
unlikely that the coarse grained distribution for this protein is correct, since OMPF porin
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Figure 3.8: Distributions of potential hydrogen bond forming pairs in the all-atom simulations (on
the left) and in the coarse grained simulations (on the right). For the possible hydrogen bond
forming pairs of rhodopsin and the β2-adrenergic receptor backbone particles along the chain are
considered, where the dashed lines indicate i to i+3 pairs, solid lines i to i+4 pairs, and dash-dotted
lines i to i + 5 pairs. For GFP the possible hydrogen bond forming pairs are determined from the
crystal structure and monitored in both simulations. The same legend with respect to the protein
markers is used for both figures. In the left figure the distribution for β2-adrenergic receptor is put
on the right y-axis, whereas in the right figure the distributions for the i to i + 5 pairs are on the
right y-axis.

contains many β-sheets as well. This is emphasized when looking back at the CRMSα
and the decrease in the radius of gyration for both GFP and OMPF porin. Therefore,
the current coarse grained model might not be suitable for proteins containing β-sheets.
However, transmembrane proteins are modeled quite accurately.

When developing the coarse grained model special attention has been paid in recovering
the secondary structure in the model, without imposing any knowledge about the
secondary structure upon the model. Thus, the performance of the model can partially
be measured by the correct representation of the protein’s secondary structure. Since
the model is aimed at reproducing α-helices in transmembrane proteins, several non-
bonded backbone particle distances (or Cα distances in the all-atom simulations) along the
backbone chain are investigated for the rhodopsin and β2-adrenergic receptor simulations.
Because a regular α-helix is formed when there is a hydrogen bond between particle i and
its neighbor on position i + 4, this distance is tracked throughout the simulations. Also
the distances are monitored between particles which can form hydrogen bonds leading
to tighter and wider helices (i to i + 3 and i to i + 5). Besides investigating rhododpsin
and the β2-adrenergic receptor, also the hydrogen bond forming pairs found in the crystal
structure for GFP are tracked in both the all-atom and coarse grained simulations for GFP,
to see whether the model would allow for β-sheets.

All possible hydrogen bond distributions are shown in Figure 3.8. From the all-atom
distributions (Figure 3.8a) it can be seen that rhodopsin and the β2-adrenergic recep-
tor have similar hydrogen bond distributions for all possible hydrogen bond forming
pairs (i + 3 to i + 5). The only difference arises from the fact that in the all-atom model
of the β2-adrenergic receptor more intra- and extracellular loops are present, which arises
in the figure as longer tails for each of the three distributions. Turning the attention to
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the coarse grained model for these two proteins and their respective potential hydrogen
bond forming pairs (see Figure 3.8b) a clear peak can be seen around 0.61 nm, which
coincides with the distanceµi j in the Lennard-Jones hydrogen bond potential (see page 54).
However, while the peak for the i to i + 5 pairs is still present, albeit with a much lower
probability, the peak for the i to i + 3 pairs has moved to 0.61 nm as well. Although
the Lennard-Jones hydrogen bond potential is not active between backbone particles that
are bonded or connected directly with an angle, it is active between the i to i + 3 pairs,
favoring these pairs to be at the ideal distance for the hydrogen bond part of the Lennard-
Jones hydrogen bond potential. On the other hand visual inspection of both trajectories
showed that the structure of these coarse grained proteins is still helical, although the
helices are slightly tighter than true α-helices. However, this does not significantly affect
the lengths of the helices, nor does it cause the sidechain particles to point inward toward
the backbone helix. Therefore, the current representation of the coarse grained α-helix is
considered acceptable.

In both graphs of Figure 3.8 also the distribution for the possible hydrogen bond forming
pairs in GFP are depicted. From the all-atom distribution it is clear that most hydrogen
bond forming pairs have a distance between the Cα-atoms ranging between 0.35 and
0.39 nm, with only a very small secondary peak around 0.6 nm. In the coarse grained
representation of GFP two distinct peaks are observed: one broad peak around 0.52 nm
and a much sharper peak at 0.61 nm. The latter is consistent with the presence of
the Lennard-Jones hydrogen bond potential, but is not a good reproduction of the all-
atom distribution. More importantly, the difference between the all-atom and the coarse
grained distributions may have caused the large decrease in the radius of gyration for
GFP. Apparently the particle typing for the backbone in the case of α-helices should be
different from β-sheets, because the important peak in the hydrogen bond distribution (see
Figure 3.8a) is at a different distance for α-helices than for β-sheets (0.61 nm and 0.37 nm,
respectively), and, as a consequence, the parameter ηi j in the Lennard-Jones hydrogen
bond potential should be different as well. Hence, the current coarse grained model does
not seem to represent proteins with β-sheets very well.

Concluding the investigation of the performance of the coarse grained model, it has been
shown that proteins with α-helices can be modeled quite accurately, while proteins with β-
sheets cannot. Furthermore, the protein-environment interaction energies are reproduced
satisfactorily, as are the bond and angle distributions.

3.3 Case study: WALP-peptides

With respect to the structure and function of biological membranes the interaction between
proteins and lipids is crucial. An important factor of this interaction is matching the hy-
drophobic thickness of the membrane with the hydrophobic length of the transmembrane
protein segment. Processes that can be influenced by this hydrophobic matching include
protein activity, membrane domain formation and protein sorting [154,155]. Therefore, in
order to understand the effects of hydrophobic matching it is important to have detailed
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information at the molecular level. Furthermore, several theoretical models predicted the
existence of this hydrophobic matching [156, 157].
Because large protein complexes embedded in lipid membranes are difficult to study
both experimentally and theoretically, small model systems to understand the effect of
hydrophobic matching have been introduced which mimic the transmembrane segments
of membrane proteins. The best known example of these model systems is a family of
synthetic α-helical transmembrane model peptides, having a repeated alanine-leucine-
sequence flanked on both sides by tryptophan residues, called WALP-peptides [155,
158–160]. The flanking tryptophan residues have been chosen because these residues are
frequently found in membrane proteins near the membrane interfacial region and because
they orientate with the lipid headgroups [161]. At room temperature the helical axis of
these WALP-peptides is nearly perpendicular to the plane of the membrane and, the pep-
tide being membrane embedded, strongly protected from the solvent [162]. Furthermore,
because these hydrophobic peptides form well-defined α-helices, as has been proven by
several experiments [155,159,160,163–165], they are suitable to investigate the packing of
α-helices in transmembrane proteins, such as G-protein coupled receptors [166].
The previously mentioned experimental studies have been complemented by all-atom
molecular dynamics simulations investigating the properties of these peptides and their
folding into the membrane [167–170]. More recently, molecular dynamics simulation
studies of the insertion of WALP-peptides into the lipid membrane have been performed
using an adapted version of Marrink’s coarse grained model [148].
To show the applicability of the currently presented and validated coarse grained model
for transmembrane proteins, molecular dynamics simulations of WALP-peptides of
different length embedded in lipid membranes of different thickness are performed.
Fourteen peptides of systematically increasing length are used, denoted as WALPx, where
x is the number of residues in the peptide, ranging from 16 to 41. For example, the amino
acid sequence of WALP16 is GWWLALALALALAWWA. For longer peptides the LA-
sequence is extended.
To create the starting conformations for each of the peptides, first the all-atom α-helical
representation has been built. Subsequently, these all-atom representations have been
converted into their coarse grained counterparts. The peptides are then combined
with two different lipid membranes, either dilauroylphosphatidylcholine (DLPC) or
DPPC, represented in the coarse grained model by H4T3T3- and H4T4T4-molecules
respectively. The two different membrane are chosen to expose all WALP-peptides to
different membrane thicknesses. Finally, the entire system is solvated in water. The
resulting area for the lipid membrane is approximately 10 × 10 nm2. An example of the
coarse grained representation of WALP27 (with water omitted for clarity) is shown in
Figure 3.9a. In this figure also the definition of the hydrophobic mismatch is depicted,
which is the difference between the length of the hydrophobic part of the peptide (dP)
and the thickness of the hydrophobic part of the membrane (dL). A negative hydrophobic
mismatch means that the hydrophobic part of the peptide is shorter than the hydrophobic
part of the membrane, and a positive hydrophobic mismatch the opposite.
With fourteen different WALP-peptides in two different lipid membranes, at least 28 coarse
grained molecular dynamics simulations are to be performed. However, to improve
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dL dP

a) Hydrophobic mismatch b) Initial WALP35 c) Final WALP35

Figure 3.9: Configurations for different WALPs. In (a) the initial configuration for WALP27
embedded in an H4T3T3 lipid membrane is shown, with the thickness of the hydrophobic part
of the membrane (dL) and the hydrophobic part of the peptide (dP) indicated. In (b) and (c) the
initial and final configurations for WALP35 in an H4T4T4 lipid membrane are depicted. In each
figure water and some lipids are removed for clarity.

Table 3.5: The CRMSα (in nm) after 24 ns of coarse grained molecular dynamics simulations for
WALP-peptides of different length embedded in two different lipid membranes. The presented
values are an average of the final 240 ps of the simulations, and for each of the simulations the
standard deviation for the CRMSα equals 0.005 nm.WALPx

Lipid 16 17 19 21 23 25 27 29 31 33 35 37 39 41
H4T3T3 0.092 0.054 0.045 0.038 0.061 0.143 0.109 0.045 0.080 0.131 0.191 0.179 0.151 0.126

H4T4T4 0.052 0.188 0.184 0.208 0.048 0.084 0.209 0.241 0.162 0.146 0.323 0.174 0.266 0.261

statistical accuracy, all simulations are performed three times. In each of these three
repeated simulations the initial conformations are the same, but the initial velocities are
changed. Furthermore, all simulations are performed for 24 ns, with a time step size of
12 fs. Both the temperature and pressure are kept constant around atmospheric conditions
using the Berendsen loose coupling technique. All simulations are performed 10 K above
the melting temperature of the lipids in the membrane, which equals 293 K for H4T3T3
and 324 K for H4T4T4. Unless mentioned otherwise all presented results are the averages
of the three repeated simulations.

To verify whether the structure of the WALP-peptides remains intact after the coarse
grained molecular dynamics simulations, the CRMSα is computed for each peptide with
respect to its initial configuration. In Table 3.5 these values are shown for each peptide in
both type of membranes. For most simulations the CRMSα is very low, with values below
0.2 nm for 22 out of 28 peptides. Moreover, all peptides have a CRMSα which is below the
previously used threshold of 0.384 nm (the characteristic length scale of the model). Visual
inspection of the few peptides that have a somewhat larger CRMSα revealed that each
of the peptides still maintained its α-helical character. In Figures 3.9b and 3.9c the initial
and final configuration of the peptide with the highest CRMSα (WALP35 in H4T4T4) is
depicted, showing indeed the α-helix being maintained. The most probable cause for its
higher CRMSα is a small bend that appeared in the α-helix.
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The stress introduced in a lipid membrane by a hydrophobic mismatch due to an inserted
peptide can be relieved by at least two mechanisms [171]. The first mechanism involves
the membrane adapting its local thickness to match the length of the hydrophobic part
of the peptide, while the second mechanism is the tilting of the peptides to decrease any
positive hydrophobic mismatch. Obviously a negative hydrophobic mismatch cannot
be removed by tilting, because tilting would decrease the hydrophobic mismatch even
further. Using the coarse grained molecular dynamics simulations for the WALP-peptides
it is possible to investigate the occurrence of both mechanisms.
In order to compute the local membrane thickness the entire membrane is first divided
into a 17 × 17 grid of equally sized sections. For each of these 289 sections the membrane
thickness is computed separately by measuring the distance of the tail particles with
respect to the central membrane plane of that section. For each distance computation of
each lipid only the tail particles connected to the head particles are used. Multiplying
the obtained distance for each tail particle by two gives the local membrane thickness
of that lipid. Averaging for all lipids in a section gives the membrane thickness of that
specific part. For both lipid membranes (H4T3T3 and H4T4T4) the same procedure is
used. Because the membrane thickness is now known throughout the entire 17 × 17
grid, it is possible to compute the membrane adaptation due to the insertion of the
peptide. This adaptation is defined as the difference between the membrane thickness
near the peptide and far away from the peptide. It is observed that for smaller peptides
the membrane adaptation is negative, it increases as the peptide length increases, and
eventually becomes positive.
Subsequently, the hydrophobic mismatch is computed based on the thickness of the
membrane far away from the peptide (dL) and the hydrophobic length of the peptide (dP),
both measured at the beginning of the simulations. Because in each WALP-peptide the
outer amino acids are non-lipophilic, the hydrophobic length of the peptide is assumed
to be the distance between the average positions of the four N-terminal and the four
C-terminal backbone particles, which should more or less coincide with the beginning of
the hydrophobic part of the peptide.
In Figure 3.10 the membrane adaptation due to the peptide insertion is shown as a
function of the hydrophobic mismatch (gray circles, left axis). As can be observed there is
no membrane adaptation when the hydrophobic mismatch is zero. Moreover, when the
hydrophobic mismatch decreases the membrane becomes thinner around the peptide,
whereas when the hydrophobic mismatch increases the membrane thickens, until a
plateau is reached (approximately 0.15 nm of membrane adaptation). Hence, the first
proposed mechanism of relieving the stress introduced by the hydrophobic mismatch
is confirmed. In order to guide the eye, two sigmoid curves have been fitted to the
data, and are shown as well in the figure. The regression coefficient for both data sets is
rather high (0.93), and suggests that these curves represent the underlying mechanisms.
However, in order to confirm this, more research is needed.
The tilting of the WALP-peptides can be computed by determining the angle between
the helical axis and the normal to the membrane, where an angle of 0◦ coincides with
a perfect transmembrane alignment. Because all membranes are located in the xy-
plane, the membrane normal is chosen to be the z-axis of the system, which is accurate
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Figure 3.10: The effect of hydrophobic mismatch on peptide tilt and membrane adaptation. The
membrane adaptation is shown by the circles and indicated on the left vertical axis, while the
peptide tilt is on the right vertical axis and shown with squares. The lines are sigmoid curves
fitted to the data and are only to guide the eye; both lines have a regression coefficient of 0.93.

enough as long as the local oscillations of the membrane remain small. The helical
axis is computed using the same terminal residues as used for the computation of the
hydrophobic length of the peptide. This definition is expected to be accurate for α-
helical peptides, such as WALP-peptides. In Figure 3.10 the tilt angle of the WALP-
peptides is also shown, again as a function of the hydrophobic mismatch (white squares,
right axis). For the peptides with a negative hydrophobic mismatch the tilting varies
between 15◦ and 30◦, which can be assumed to be due to diffusion-driven stochastic
movements. When the hydrophobic mismatch increases the peptide tilt also increases
gradually, up to a tilt of approximately 70◦. The tilt angles computed for the WALP-
peptides of intermediate length (WALP19, 21, 23, 25) correspond well with previously
reported tilt angles from other simulations [148, 172, 173]. Unfortunately, experimental
tilt angles are much lower than those computed from molecular dynamics simulations,
due to an averaging effect caused by dynamic variations of the tilt and rotation of the
peptide [173, 174]. However, it can be shown that when applying the same averaging
procedures, which occur within the experiments, to the molecular dynamics simulations,
the same tilt angles are recovered [174]. Thus, it is shown in the simulations that peptide
tilting is a mechanism of relieving stress from a hydrophobic mismatched membrane.

One of the most interesting observations that can be made from Figure 3.10 is that the
membrane adaptation occurs at a lower hydrophobic mismatch than the peptide tilting.
Moreover, it seems that first the membrane adaptation is used to decrease tension from
the hydrophobic mismatch, followed by tilting of the peptides when the membrane can
no longer adapt its thickness easily. Thus, although both mechanisms for stress relaxation
have been proven, they occur sequentially and not in parallel, with the membrane
adaptation coming first.

Although the membrane adaptation has been shown to be the first step in dealing with
the introduced stress in the membrane due to the hydrophobic mismatch, this could be an
artefact caused by the force field when the lipids are not modeled rigid enough. Therefore,
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Figure 3.11: In a) the data shown in Figure 3.10 is repeated using only the sigmoid curves (solid
lines). The dotted lines are used to indicate the bandwidth (plus or minus the standard deviation)
for both the membrane adaptation (left axis) and the peptide tilt (right axis) as a function of
the hydrophobic mismatch. The circles and squares are the values computed from the stiffer
membrane. In b) three lipid tail angle potentials from different coarse grained models are
shown (a � denotes Marrink’s model, a 4 Klein’s, and a ◦ the current model).

four different WALP-peptides (WALP19, 23, 27 and 31) are put in an H4T3T3-membrane
where the force constant belonging to the angles in the lipid tails is doubled (from 5.41
to 10.82 kJ/mol/rad2). By choosing these peptides and this membrane a range for the
hydrophobic mismatch from 0 to 1.8 nm is used for further investigation. The consequence
of the increased force constant is that the lipids become much more rigid and, hence,
deformations and fluctuations in the membrane are less likely to occur, and, also, the
membrane thickens.

In Figure 3.11a the results for the membrane adaptation and peptide tilt angle as a function
of the hydrophobic mismatch for these four WALP-peptides are shown. In this figure
also the progression of the membrane adaptation and peptide tilt angle for the original
simulations is indicated using the (dashed) lines. From this figure it can be seen that the
peptide tilt (indicated by the squares) is not significantly different, and also the membrane
adaptation is in good agreement with the previous simulations. Only in the case of the
higher hydrophobic mismatch the membrane adaptation shows some deviation.

However, although the found value lies outside the bandwidth region (plus or minus
the standard deviation), from Figure 3.10 it can be seen that at similar hydrophobic
mismatches membrane adaptations ranging from 0.1 to 0.2 nm are found, and, thus,
the value for the stiffer membrane is believed to be at least similar to the case with the
normal membrane. Consequently, the stiffer membrane has no apparent effect on the
order or occurrence of the two mechanisms to reduce stress in the membrane due to
peptide insertion, and, thus, these mechanisms are thought to be a genuine property of
peptide-lipid interactions.

Comparing the angle potential for the lipid tails (with the original force parameter of
5.41 kJ/mol/rad2) with other force fields, such as Marrink’s or Klein’s [117, 121], it can
be seen that all of these are in good agreement, see Figure 3.11b. Therefore, changing
the force constant by as much as 100% does not seem plausible, and confidence in the

69



observed two-step mechanism in dealing with the hydrophobic mismatch is strengthened
once more.
In this case study the newly developed coarse grained model for transmembrane proteins
showed that it is applicable to investigate model peptide systems, such as WALP-peptides.
Moreover, the model showed that when dealing with a positive hydrophobic mismatch,
the peptide-membrane system first thickens the membrane around the peptide before the
peptide is tilted in order to reduce the hydrophobic mismatch.

3.4 Case study: antimicrobial peptides

As the first line of defense against hostile micro-organisms (such as bacteria and fungi)
many vertebrates use the same innate immune response. In tissues that make first contact
with intruders, antimicrobial peptides are released from precursor proteins; these cationic
and amphipatic peptides attack their target cells by permeabilizing the cell membrane,
eventually causing lysis and cell death [175–178]. Because the mechanism of destroying
the pathogen differs for antimicrobial peptides from conventional antibiotics, which
interact strongly with specific target molecules (usually proteins), antimicrobial peptides
represent a unique option to counter the growing microbial resistance to traditional
medicines [179, 180]. Moreover, certain antimicrobial peptides have shown to interact
with host cells directly to increase the expression of specific chemokines, integrins and
transcriptional factors [181], and, thus, can exhibit a broad spectrum of cytotoxic activity
against cancer cells [182].
Most antimicrobial peptides are relatively short, only 12 to 50 amino acids long, and many
adopt an α-helical structure when bound to lipid membranes [183]. Furthermore, these
peptides include two or more positively charged and a large number of hydrophobic
residues. From experiments it is known, as mentioned before, that antimicrobial peptides
associate with lipid membranes, and that they can assume either a transmembrane or
surface bound orientation [178–180].
Recently molecular simulations have given more insight on the dynamics of pore for-
mation by antimicrobial peptides, either at the all-atom level [184–187] or using a coarse
grained model [188–190]. A more detailed study by Ulmschneider et al. reported the ori-
entation preference (transmembrane or surface bound) for several different antimicrobial
peptides, both from simulations and experiments [191].
Using the new coarse grained model the same 16 peptides as investigated by Ulm-
schneider have been modeled, attempting to reproduce the same final orientations for
the peptides. The crystal structures for all antimicrobial peptides are obtained from the
Protein Data Bank [93] and converted into their respective coarse grained representation.
Furthermore, the coarse grained peptides are inserted in a membrane-water system and
for each of the antimicrobial peptides two different initial configurations are created:
one with the peptide inserted into the membrane (the transmembrane orientation) and
the other with the peptide on top of and parallel to the membrane (the surface bound
orientation). The membrane is build from H4T3T3-molecules modeling DLPC and has an
approximate area of 10 × 10 nm2. An example of the initial configurations for the peptide
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a) 1F0D surface bound b) 1F0D transmembrane c) 1FDM transmembrane d) 1FDM collapse

Figure 3.12: In a) the surface bound initial configuration for 1F0D is shown and in b) its
transmembrane counterpart for the samen peptide. The transmembrane initial configuration
for the longer peptide 1FDM is shown in c) and in d) the collapse of the two tails of 1FDM started
surface bound is depicted.

1F0D is shown in Figure 3.12a (surface bound) and in Figure 3.12b (transmembrane).
Subsequently, each of the 32 systems is subject to energy minimization in order to reduce
stress in the system caused by inserting the peptides. These minimized configurations are
used as the starting configurations for both molecular dynamics as well as Monte Carlo
simulations.
In the case of the molecular dynamics simulations each peptide-membrane-water system
has been simulated for 60 ns with a time step of 12 fs for the leapfrog integration scheme.
As with previous molecular dynamics simulations the temperature and pressure are kept
around atmospheric conditions using the Berendsen loose coupling technique, where
the temperature is chosen to be 293 K, which is 10 K above the melting temperature of a
DLPC membrane. For statistical accuracy reasons each simulation is repeated three times,
with only different initial velocities for the minimized structure. All presented results are
averages for these three simulations for each initial conformation of each peptide, unless
stated otherwise.
Because for all peptides the configurations have been obtained from their crystal struc-
tures, the CRMSα with respect to this structure is computed toward the end of the
molecular dynamics simulations for all peptides. In Table 3.6 the average CRMSα for each
peptide for the final 240 ps of each simulation is shown. For many peptides the CRMSα is
less than the characteristic length of the model (0.384 nm). However, for seven out of the 32
different peptide simulations either both initial peptide orientations (1FDM and 1MZT),
initial transmembrane peptide orientation (1F0G and 1F0H), or initial surface bound
peptide orientation (1PJE) show a larger CRMSα. Three of these peptides (1F0G, 1F0H
and 1PJE) originally do not have an α-helical character, but, due to the implementation
of the hydrogen bonds in the coarse grained model, are forced in an α-helical structure
nonetheless, explaining their larger CRMSα. The other two peptides (1FDM and 1MZT)
are considerably longer than any of the other peptides (approximately 50 residues long,
see Figure 3.12c for the transmembrane starting configuration of 1FDM) and have a kink
in the middle, which allows the peptides in the molecular dynamics simulations to fold
both termini against each other, causing a higher CRMSα. In Figure 3.12d the collapse of
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Table 3.6: The CRMSα (in nm) after 24 ns of coarse grained molecular dynamics simulations
for different antimicrobial peptides embedded in a lipid membrane (with a transmembrane or
surface bound initial orientation). The presented values are an average of the final 240 ps of the
simulations. For each of the simulations the standard deviation for the CRMSα equals 0.005 nm.

Antimicrobial peptide (PDB code)
Conformation 1A11 1F0D 1F0E 1F0F 1F0G 1F0H 1FDM 1HU5
Transmembrane 0.149 0.149 0.228 0.379 0.497 0.409 0.426 0.169

Surface bound 0.233 0.324 0.228 0.370 0.369 0.369 0.761 0.167

1HU6 1HU7 1MP6 1MZT 1PJD 1PJE 2MAG 2NR1
Transmembrane 0.316 0.238 0.196 0.479 0.223 0.305 0.112 0.247

Surface bound 0.376 0.298 0.137 0.650 0.366 0.406 0.103 0.269

the peptide 1FDM starting surface bound is shown. The radical changes of the peptide
structure, either by enforcing an α-helix or by folding the termini together, change the
orientation of the sidechain particles, which in their turn determine the solubility of the
peptide in the water or lipid phase, and, thus, their preferred orientation.

For the WALP-peptides discussed previously tilt angles of the peptides have been
computed. Using a similar procedure the tilt angle toward the end of the molecular
dynamics simulations is computed for all antimicrobial peptide simulations, either with
the transmembrane or surface bound initial configuration. In Figure 3.13 these tilt angle
distributions are depicted for each peptide and compared with tilt angles reported by
Ulmschneider [191]. For nine antimicrobial peptides (1A11, 1F0E, 1F0G, 1F0H, 1HU5,
1HU6, 1HU7, 2MAG and 2NR1) both initial configurations eventually converged to the
same tilt angles found by Ulmschneider. For another four peptides (1F0F, 1MP6, 1PJD
and 1PJE) the tilt angles from all molecular dynamics simulations are not completely
similar to the ones presented by Ulmschneider, but both configurations converge at least
to the same orientation within each others error margin. The standard deviations for 1F0F-
transmembrane, 1PJD-surface bound and 1PJE-surface bound are quite large. However,
when examining the trajectories it is observed that only one out of three simulations
converged to the expected value, which are the cause for the higher standard deviations.
Probably these peptides have not been able to adapt their orientation during the time
simulated. Finally, three peptides (1F0D, 1FDM and 1MZT) showed no convergence
to the expected orientation at all, but both 1FDM and 1MZT collapsed during the
simulations (folding the termini toward each other). Thus, it is not surprising that the
model is not able to predict the expected orientation for these peptides as found by
Ulmschneider, and more simulations are necessary to obtain a robust sampling.

Combining the results from the CRMSα and the tilt angle computations shows that the
only peptide that could not be predicted correctly is 1F0D. All others are either predicted
correctly, using coarse grained molecular dynamics simulations, or have such a high
CRMSα that the prediction cannot be accurate.

However, it is also interesting to investigate the energy landscape that belongs to an
antimicrobial peptide embedded in a membrane-water system. Therefore, Monte Carlo
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Figure 3.13: Peptide tilt angles from the coarse grained molecular dynamics simulations compared
to values reported previously by Ulmschneider [191]. For each peptide (indicated by their Protein
Data Bank code on the horizontal axis) the left bars are the values from Ulmschneider. The center
bars are for the simulations where the peptides initially started transmembrane, while the right
bars are for the simulations where they initially started surface bound. A tilt angle of 0◦ indicates
a transmembrane orientation, while angles around 90◦ indicate a surface bound orientation.

simulations using the Metropolis scheme (see page 24) for the same 16 peptide systems
are performed, again starting with the two different initial orientations. Each Monte Carlo
iteration consists of three phases. In the first phase all particles are independently subject
to a random move, which is either accepted or rejected by the Monte Carlo scheme. The
maximum allowed displacement in one move is 0.08 nm. The next phase consists of
random translations of entire molecules, with a maximum translation of again 0.08 nm.
After each molecule translation this move is tested for accepting or rejecting. All type
of molecules in the system are subject to these translations, which are in this model the
peptide, the lipids and the water molecules. In the last phase of the Monte Carlo iteration
it is tried to rotate each molecule independently around a randomly chosen axis through
its center of mass with a maximum rotation of 0.8◦.

It is important to notice that this Monte Carlo routine starts with a specific initial
configuration and randomly moves away from this conformation in search of new points
in the phase space of the system. Therefore it depends on the number of iterations in
the Monte Carlo simulation whether all possible conformations in the phase space are
visited. For all peptide systems (both starting transmembrane or surface bound) a total
of 600,000 Monte Carlo iterations is performed.

At the end of each iteration the non-bonded energies for all possible interaction types
are computed and stored for future analysis. An example of such an interaction type
is the non-bonded interaction between phenylalanine sidechain particles (SF) and lipid
tail particles (T). In the current coarse grained model a total of 153 different non-bonded
interaction types are present. Besides the tracking of the non-bonded energies at each
iteration, also the tilt angle of the peptide as well as the location of the center of mass of
the peptide with respect to the center of the membrane is recorded. Consequently, for
every possible orientation of the antimicrobial peptide the corresponding tilt, location
and non-bonded energy is known.
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Figure 3.14: The energy landscapes based on the peptide-environment and peptide-peptide non-
bonded interactions for three different antimicrobial peptides (1F0D, 1F0E and 1PJD) are shown
as a function of tilt angle (x-axis, in degrees) and position with respect to the membrane center (y-
axis, in nm). The darker the colors, the lower the energy is. Each energy graph is normalized
with respect to the highest and lowest energy encountered. Not sampled points in the energy
landscape are shown in white. Both the center of the membrane (at 0 nm) and the edge of the
membrane (at approximately 1.5 nm) are indicated. In each figure the same legend is used.

Using the collected data about the orientation and energy of the peptide allows for the
construction of the energy landscape as a function of tilt angle and location with respect
to the membrane center. In the construction of these energy landscapes only the non-
bonded interaction energies between peptide and environment, and within the peptide are
taken into account. Furthermore, the collected data from the transmembrane and surface
bound started simulations are combined. Energy landscapes give information on the
preferred orientation and location of the peptide, since it is most likely that each peptide
eventually moves to the orientation with the lowest energy. As illustrative examples the
energy landscapes for three antimicrobial peptides (1F0D, 1F0E and 1PJD) are shown in
Figure 3.14. Due to the method of sampling used in the Monte Carlo simulations, not all
possible tilt angles and locations are visited, and, thus, the energy landscapes are only
partially visible.

For 1F0D it can be seen that the energy is the lowest when the peptide is in a surface
bound orientation (see Figure 3.14a). Although it is visible that during the simulations the
transmembrane started peptide remained transmembrane and the surface bound started
peptide surface bound (since the two visible parts of the energy landscape are not joined),
the height of the energy landscape reveals information on the preferred orientation.
Similarly, for 1F0E the preferred orientation is clearly more surface bound, although the
peptide is embedded more into the bilayer in this orientation, see Figure 3.14b. Finally,
1PJD shows a transmembrane orientation as being the most favorable (see Figure 3.14c).

The orientations for all peptides predicted by the Monte Carlo simulations are in good
agreement with the tilt angles shown in Figure 3.13. Moreover, for some of the peptides
that could not be predicted using the molecular dynamics simulations (for instance 1F0D),
the energy landscapes obtained from the Monte Carlo simulations assisted in predicting
the orientation as reported by Ulmschneider. However, the Monte Carlo method needs
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improvement in order to sample more points in the phase space, and, therefore, reveal a
larger part of the energy landscape.
This case study has been an interesting application of the newly developed coarse grained
model. It showed that the model is capable of reproducing preferred orientations for
several antimicrobial peptides, based on their crystal structure only, using both molecular
dynamics and Monte Carlo simulation techniques. Moreover, in this specific case study
the coarse grained model could be particularly suitable, because gross properties of
the protein (which are retained in the coarse grained model) eventually determine its
orientation.

3.5 Conclusion

In this chapter a new coarse grained protein model aimed at transmembrane α-helical
proteins is described. The main philosophy of coarse graining in the new model is based
on existing models, for instance the size and mass of the coarse grained particles, but also
new interaction potentials are introduced, for example the double angle or the Lennard-
Jones hydrogen bond potential. Compared to other coarse grained protein models the
main difference with the presented model lies in the number of coarse grained particles
used for each side chain particle, and with the omission of torsional interactions to prevent
a-priori knowledge of the secondary structure being put into the model.
Before showing the applicability of the model, first a performance analysis has been
conducted, in order to show that the model behaves as expected. To that end it has
been shown that for each of the coarse grained sidechain particles its preferred location
in a lipid membrane is consistent with previously published results, showing that the
non-bonded interactions that govern this preference are correctly modeled.
Furthermore, seven very different protein complexes have been investigated using molec-
ular dynamics simulations for several tens of nanoseconds. In general the CRMSα for five
out of seven of these proteins has been within an acceptable range, indicating the the
coarse grained model performs well. A closer look at the radius of gyration of the protein
complexes with large CRMSα showed significant decreases, which is explained by the
fact that these proteins have a hollow structure and consist mainly of β-sheets. Thus, the
coarse grained model does not model β-sheet-rich structures very well.
For each of the seven protein complexes the bond and angle distributions are compared
to all-atom molecular dynamics simulations. Besides the intrinsic property of coarse
graining to give rise to softer potentials compared to all-atom potentials, which leads
to broader distributions, both all-atom and coarse grained distributions agree very well.
However, the possible hydrogen bond forming pairs in both the all-atom and coarse
grained representations of three out of seven protein complexes showed that the coarse
grained model strongly prefers a hydrogen bond distance of 0.61 nm, even for preferred
hydrogen bond distances in the all-atom model of around 0.5 nm. In the case of the β-
sheet-rich protein GFP, the performance with respect to possible hydrogen bond forming
pairs is even worse, as again a preferred hydrogen bond distance of 0.61 nm is found,
rather than of around 0.35 nm.
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The investigation of the performance of the coarse grained model showed that the new
model works reasonably well for proteins that are rich in α-helices, while proteins with β-
sheets cannot be modeled as accurately. However, since the aim has been the development
of a coarse grained model for transmembrane α-helical proteins, the current model is
acceptable. In order to incorporate β-sheets into the model it seems necessary to introduce
orientation dependence to the hydrogen bonding potentials.
The applicability of the model has been shown by two case studies, one for WALP-peptides
and one for antimicrobial peptides. The WALP-peptides are used both in experiments
and theory as a model system for the interaction between transmembrane peptides and
lipid membranes. Using the coarse grained protein model with molecular dynamics
simulations on WALP-peptides of different length and embedded in lipid membranes
of different thickness, it is shown that the apparent hydrophobic mismatch between
peptide and membrane can be resolved by two mechanisms. In the first mechanism
the membrane adapts its thickness to accommodate the peptide in its transmembrane
orientation. However, when it is no longer feasible for the membrane to adapt its
thickness, the second mechanism forces the peptide to tilt with respect to the membrane
normal. It is observed that both mechanisms occur sequentially and not in parallel.
Because antimicrobial peptides are potentially interesting as drug candidates to replace
current antibiotics, they are an interesting class of peptides to be studied by molecular
modeling techniques to elucidate their pore-forming capacities. Therefore, molecular
dynamics simulations of 16 different antimicrobial peptides are performed, both starting
in a surface bound and a transmembrane orientation. During the simulations many of
the peptides change their orientation to the orientation found in experiments. However,
since some of the peptides did not adopt their experimental orientations, additional Monte
Carlo simulations to explore the energy landscape of the peptides have been performed.
From these energy landscapes the preferred location for each of the peptides can be found
and shown to be consistent with experimental reported values. It must be noted that for
some of the antimicrobial peptides not so many experimental information is available.
Thus, it would be interesting to conduct tilt angle experiments to compare to the new
coarse grained model.
In the near future the applicability of the coarse grained model with respect to protein
aggregation needs to be investigated, because a possible imbalance in the cross-type
non-bonded interaction parameters could cause unwanted protein aggregation behavior.
Furthermore, the hydrogen bonding aspects of the current model could probably be
improved by adding directionality to the Lennard-Jones hydrogen bond potential, for
instance by looking at the angle between hydrogen bond forming pairs. However, the
current coarse grained model has been shown to be applicable to many interesting α-
helical transmembrane protein complexes.
Another challenging aspect of coarse graining a model is the reverse step, i.e., returning
to the all-atom model. However, this is not straightforward, but recently some advances
are reported [192,193]. The main advantage of this ‘back-mapping’ is that it is possible to
use a coarse grained model to advance the molecular dynamics simulation through time
more quickly and to switch back to the atomistic description when this is more important.

76



A Double angle potential

In Figure 3.3a the general shape of the double angle potential is shown, indicating all parameters.
In this appendix the functions that describe the double angle potential is derived. From this curve
some important observations can be made. For instance, the reference angle ξ lies in between the
two other reference angles: θ1 < ξ < θ2. Because the curve has a maximum at V (ξ), it follows
that V (θ1) and V (θ2) are the minima of the polynomial. Thus, the form of the derivative of the
fourth power polynomial V′ (θ) describing the double angle potential is easily determined

V′ (θ) = A (θ − θ1) (θ − θ2) (θ − ξ) ,

where A is a yet undetermined constant. The above equation can be expanded to become

V′ (θ) = A
[
θ3
− (θ1 + θ2 + ξ)θ2 + (θ1θ2 + θ1ξ + θ2ξ)θ − (θ1θ2ξ)

]
.

Integrating this equation gives the desired fourth power polynomial

V (θ) = A
[

1
4θ

4
−

1
3 (θ1 + θ2 + ξ)θ3 + 1

2 (θ1θ2 + θ1ξ + θ2ξ)θ2
− (θ1θ2ξ)θ

]
+ D ,

where D is an arbitrary constant of integration and is not determined yet. Renaming the part
within the square brackets in the above equation as g (θ) allows to simplify the integrated function
to

V (θ) = A g (θ) + D .

In the above equations some constants (A and D) still need to be determined. Based upon the
parameters supplied to the double angle potential, the following set of equations can be expressed

V (θ1) = A g (θ1) + D and V (ξ) = A g (ξ) + D

From the first equation the constant A can be isolated

A =
V (θ1) − D

g (θ1)
,

which can subsequently be reinserted into the second equation to give

D =
g (θ1) V (ξ) − g (ξ) V (θ1)

g (θ1) − g (ξ)
.

with another substitution this yields

A =
V (ξ) − V (θ1)
g (ξ) − g (θ1)

.

Although the constants A and D are now expressed in terms of the fourth power polynomial g (θ)
and the parameters θ1, V (θ1) and V (ξ), the variable g (ξ) is still unknown, since ξ is an unknown
parameter of V (θ). In order to compute the variable g (ξ), it is necessary to determine ξ. For this
purpose it is useful to take a close look at the derivative function V′ (θ) again. While constructing
the fourth power polynomial belonging to this derivative, V′ (θ) has been integrated completely.
However, integrating parts of the derivative (for example between θ1 and ξ) allows for the
computation of ξ. Therefore, the following two equations can be constructed

A I1 = A

ξ∫
θ1

(θ − θ1) (θ − θ2) (θ − ξ) dθ and A I2 = A

θ2∫
ξ

(θ − θ1) (θ − θ2) (θ − ξ) dθ
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where I1 and I2 are the areas under the curve (normalized with respect to the constant A). Since
integrating the derivative finally gives the full fourth order polynomial, the area under the curve
can be alternatively expressed as

A I1 = V (ξ) − V (θ1) and A I2 = V (θ2) − V (ξ)

from which the constant A can be calculated in two ways

A =
V (ξ) − V (θ1)

I1
and A =

V (θ2) − V (ξ)
I2

Since these two equations yield an equality, the quotient Q = I1/I2 is given by

Q =
I1

I2
=

V (ξ) − V (θ1)
V (θ2) − V (ξ)

,

which uses the three known parameters V (θ1), V (θ2) and V (ξ). Consequently, the value of Q
is also known. Inserting the simplified form of the fourth power polynomial eliminates the
constants A and D embedded within V (θ1), V (θ2) and V (ξ) from the expression of the quotient
and gives

Q =
g (ξ) − g (θ1)
g (θ2) − g (ξ)

.

Rearranging the above equation gives us an expression for the variable g (ξ) in terms of the
quotient Q, and the variables g (θ1) and g (θ2)

g (ξ) =
Q g (θ2) + g (θ1)

Q + 1
.

Since, this equality has only one unknown parameter, namely ξ, it is possible to determine this
parameter.
The first step is to move all terms to one side, resulting in a quartic equation in ξ,

Q g (θ2) + g (θ1) − (Q + 1) g (ξ) = 0 .

Now the definition for g (θ) can be used to expand each of the three functions in terms of θ1, θ2, ξ
and Q only. After rearranging the resulting quartic equation in ξ is given by

−
1
12 (Q + 1) ξ4 + 1

6 (Q + 1) (θ1 + θ2) ξ3
−

1
2 (Q + 1)θ1θ2 ξ

2

+
[

1
2

(
Qθ1θ

2
2 + θ2

1θ2

)
−

1
6

(
Qθ3

2 + θ3
1

)]
ξ +

[
1
12

(
Qθ4

2 + θ4
1

)
−

1
6

(
Qθ1θ

3
2 + θ3

1θ2

)]
= 0 .

Although this equation can be solved in the general case, using for instance Ferrari’s method [194],
its computation is very tedious and laborious. However, from the choice that V (θ) has two minima,
and one maximum, it follows that the maximum has to be located in between the two minima:
θ1 < ξ < θ2. From this requirement it can be seen that the quartic equation has a solution.
In order to compute the location of ξ the Newton-Raphson numerical analysis method can be
used [195, 196]. This method is an efficient algorithm for finding approximations of the roots a
real-valued function f (x). The basic idea of the method is to start with an initial guess x0 which is
reasonably close to the true zero. The tangent of the function f (x) at x0 is given by f ′ (x0), which
is equal to tanφ, where φ is the angle the tangent line makes with the x-axis. Using elementary
algebra it can be shown that tanφ = f (x0) / (x0 − x1), where x1 is the point where the tangent line
crosses the x-axis. Consequently, it follows

x1 = x0 −
f (x0)
f ′ (x0)

.

The zero of the tangent, x1, typically is a better approximation to the function’s root. Arrived at
this point all steps can be repeated until convergence, and the root of the function is found. Using
the Newton-Raphson method on the previously determined quartic equation gives a very good
estimate for ξ. Typically only a few iterations are needed for the method to converge.
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4
Wall Potentials

as Boundary Conditions in
Molecular Simulations
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Understanding heat transfer characteristics at the nanometer scale, in for instance

microchannels, demands a detailed study of the transport properties at gas-solid

and liquid-solid interfaces. An appropriate method to study heat transfer at

these interfaces is molecular dynamics simulations. However, the computational

cost involved in simulating the solid wall currently restrains the size of channels

which can be simulated. Therefore, the solid wall is sometimes replaced by

boundary conditions, which often compromise on macroscopic quantities, such as

density, temperature, pressure and heat flux. In this chapter a new particle wall

boundary condition is presented which is in good agreement with existing boundary

conditions, but allows for pressure calculations. Furthermore, the applicability

of this new boundary conditions with respect to its heat transfer capability is

investigated by using different types of oscillating walls. It is shown, either exact

or numerically, that using an assumption of infinite mass for the wall does not

allow heat transfer in both directions, whereas finite mass assumptions do. A

drawback of the latter method in the case of particle wall potentials is that it does

not essentially reduce the computational complexity aimed for by the particle wall

boundary potential, because particle-like interactions have to be introduced again.

Therefore, the use of oscillating wall potentials (both with finite and infinite mass)

is limited and depends on the system under investigation, for instance whether

the system is in equilibrium or when only heat flow to the system is required.

Miniaturizing of electronic components over the past decades has lead to an increase in
power consumption used by these components [197]. To maintain good performance
of such devices cooling is essential. Unfortunately, current cooling techniques limit
the further miniaturization, and, therefore, development of new microscale cooling
techniques is essential. Examples of such new techniques are micro- and nanochannels,
which use a gas or liquid flow to cool the device locally.

Besides the applicability of micro- and nanochannels as cooling devices, these channels
are also very promising to be used in lab-on-chip devices for biological, chemical and
medical analysis [198, 199] or even explosive detection [200]. Some of the techniques
being used in these lab-on-chip devices are microfluidic particle image velocimetry [201],
electrokinetics [202, 203], or nanopit arrays [204, 205].

Although it is evident that many interesting applications exist for micro- or nanochannels,
the underlying physics is not yet fully understood, and debate is going on whether or
not fundamentally new physical effects emerge or if the macroscopic laws of physics can
simply be scaled down to the microscale [206]. It appears that in systems of microsize
flow and transport properties can no longer be described sufficiently by a Navier–Stokes
continuum approach, because this approach requires the size of the system being not too
small and the gas not very dilute [62]. For smaller length scales it is possible to change to
governing equations of the flow model from the Navier-Stokes equations to the Boltzmann
equation, which can be solved for instance through the Burnett equations [207]. However,
at sufficiently small length scales the particle behavior becomes essential and, therefore,
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particle simulation methods are necessary. Examples of such are the direct simulation
Monte Carlo method and molecular dynamics simulations.
Unfortunately, in the direct simulation Monte Carlo method particles are treated as hard
spheres, making the model too simplified for many applications. In this method collisions
are generated stochastically and post-collision velocity distributions are determined from
kinetic theory. Furthermore, boundary conditions are used to describe the gas-solid
interface [208, 209]. These boundary conditions are a crucial ingredient, but it is often
not trivial to determine them experimentally or from continuum differential equations.
Recently, the direct simulation Monte Carlo technique has been thoroughly compared
with the Navier–Stokes continuum approach, indicating that the latter failed for rarefied
gases [210].
On the other hand molecular dynamics can be used to investigate the influence of the
gas-solid interface in close detail, because this technique allows the walls to be modeled
explicitly. Recently, molecular dynamics studies, investigating the influence of the gas-
solid interface interactions on the heat flow in nanochannels, has been reported, in which
the behavior of a gas confined between two plates is investigated [211, 212]. Moreover, a
hybrid method, coupling the direct simulation Monte Carlo and the molecular dynamics
method together, to study the properties of gases in micro- and nanochannels has been
reported recently [213]. In this hybrid method the advantages of both molecular dynamics
and direct simulation Monte Carlo are combined, performing molecular dynamics near
the walls, and direct simulation Monte Carlo in the bulk phase. Furthermore, it is shown
that by changing the interaction model from hard sphere to Lennard-Jones, the molecular
dynamics results differ considerably from the direct simulation Monte Carlo results,
underlining the importance to simulate the interactions of the molecules near and with
the wall accurately. Moreover, it is important to understand the transport properties, such
as heat flux, of gases at the gas-solid interface [214], which can be investigated in detail
with molecular dynamics simulations.
Although the recent gain in computational power allows for the study of larger channels
with molecular dynamics or the hybrid method, microchannels are still too large to be
simulated, simply due to the huge amount of computational cost. Especially the explicit
modeling of the solid wall in molecular dynamics restrains the simulation size. Therefore,
the solid wall is sometimes replaced by an appropriate boundary condition. Different
types of such boundary conditions have been suggested over the years, examples include
the reflective and thermal wall [215, 216]. Whereas the reflective wall reverts the particle
when it hits the wall, the thermal wall introduces a stochastic force on a particle when it
strikes the wall, giving the particle on re-entrance a new velocity sampled from a Gaussian
probability distribution. This model has been used in many other studies, such as the
investigation of the velocity slip in channels [217] or the flow of liquid argon between two
platinum surfaces [218]. In the next chapter these two boundary conditions are discussed
in more detail.
A major drawback of both the reflective and the thermal wall is that they do not carry
any information of the underlying configuration of the solid wall. To be able to include
such information, the boundary condition has to be derived from the solid’s point of
view. In his pioneering work Lennard-Jones derived such relations for several types of
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a) SC b) FCC c) BCC

zλ

λ

d) Side view

λ

λ

e) Top view

Figure 4.1: In the left three figures (a, b, and c) three common crystal structures found in solids
are schematically depicted. In d) the side view of a gas particle in close proximity of an SC solid
wall is depicted, and in e) the corresponding top view. The distance to the wall is indicated by z
and the distance between two adjacent lattice points is indicated with λ.

crystals [219–221]. Subsequently, Hove and Steele used these relations to derive potentials
which describe the interaction between gas molecules and the solid wall [222,223]. Crucial
in these derivations are the lattice sums using Fourier series to arrive at the proposed
potential. Based on this work, Abraham [224] proposed four types of wall potentials: the
Lennard-Jones wall as given by Steele [225], the Lennard-Jones (10-4) wall, a Boltzmann
weighted wall and the reflective wall. Both the Steele and 10-4 wall potential have been
used extensively over the years. For instance, the Steele potential has been used in studies
of the solvation forces of dense fluids [226–228], or the dynamics of liquid filled pores [229]
and the 10-4 potential has been used in work on the solid-fluid interface [230], the flow
in micropores [231], or in work on the velocity auto-correlation function of confined
fluids [232].
In this chapter a new type of wall potential boundary condition is presented, which
can be used for any type of solid wall crystal structure. Moreover, specific aspects of the
molecular dynamics routine are incorporated into the potential, such as truncation and the
type of potential. It is also shown that the potential contributes to the pressure components
perpendicular and parallel to the wall. Using this new potential several simulations of
a gas confined between two parallel plates at different temperatures and with different
bulk densities, ranging from rarefied to dense, are performed. Perpendicular to the
walls the density, temperature, heat flux and pressure profiles have been obtained when
the system is in equilibrium. For comparison also molecular dynamics simulations are
performed with explicit solid walls, which are kept at a temperature comparable to the
temperatures of the simulations with the new boundary condition. Furthermore, the
results are compared to the Steele and 10-4 boundary condition. In the last part of the
chapter the possibility for wall potentials to transfer heat to and from the system through
oscillations is investigated in detail.

4.1 Model

Many solids have a specific crystal structure, for example a simple cubic (SC), face
centered cubic (FCC, such as platinum or gold) or body centered cubic (BCC, for example
sodium or iron). In Figures 4.1a to 4.1c these three types of crystal structures are
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schematically depicted. Besides these cubic based crystal structures, other crystal also
occur in nature. For example magnesium and titanium form hexagonal crystal structures,
whereas mercury is rhombohedral. But because the cubic crystal structures are very
common, focus will be on them. Moreover, when examining the FCC and BCC lattice in
close detail, it can be seen that they can be constructed by combining multiple SC lattices.
Consequently, the derivation of the new potential is performed with the SC lattice, because
extending the model to the FCC or BCC case is relatively easy, and is treated further on.
The points of one layer in the SC lattice can mathematically be defined in terms of the
distance λ between two adjacent lattice points, see Figure 4.1d. In the case of an SC lattice,
this distance is similar to the lattice constant κ, which gives the shortest distance between
any two lattice points. In case of lattices of atoms, this distance is equal to the sum of
the Van der Waals radii of two individual atoms (because this is the distance at which the
pair potential is minimal). Furthermore, the unit area element, D(i, j), of a lattice of square
unit cells is defined as

D(i, j) =
{ (

x, y
) ∣∣∣ iλ ≤ x < (i + 1)λ ∧ jλ ≤ y <

(
j + 1

)
λ
}
, (4.1)

which holds for any integer value of the lattice point coordinates i and j.
Assume a gas particle is at a distance z from the multi-layered SC solid wall, see
Figure 4.1d, where the distance z is measured with respect to the plane going through
the centers of the atoms in one layer of the crystal lattice. For convenience the first layer
of the lattice is set to be at z = 0. Between the gas particle, located at coordinates x, y
and z, and any particle of the solid wall the interaction energy can now be computed.
In most molecular dynamics systems, as well as in this system, the forces arising from
the interaction between particles are conservative and central, which means that for the
distance r between two particles r2 = x2 + y2 + z2. Therefore, the potential energy Û of the
gas particle due to the first layer of the lattice is given by

Û
(
x, y, z

)
=

∑
i, j∈Z

U
(
x − iλ, y − jλ, z

)
, (4.2)

where U
(
x − iλ, y − jλ, z

)
is the potential energy function due to the interaction of the gas

particle with one lattice particle located at
(
iλ, jλ

)
for any integer value of i and j. The

contribution of the second layer is found by changing z to z + λ in the expression above,
and so on for any other layer. When modeling the wall explicitly in a molecular dynamics
simulation, it is the above equation which gives the contribution of the interaction of the
wall with the gas particle.
Instead of the explicit computation the objective is to introduce a new boundary condition
for the solid wall. Thus, writing Equation (4.2) as an elementary function instead of
the double summation seems appropriate. Unfortunately, this can be very laborious.
However, replacing Equation (4.2) by the average over 0 ≤ x < λ, 0 ≤ y < λ , which is
depicted by the shaded area in Figure 4.1e and is given by Equation (4.1), the average
potential energy of a single gas particle due to the interaction with one layer of the solid
wall can be written as

V (z) =
1
λ2

λ∫
0

dx

λ∫
0

dy Û
(
x, y, z

)
=

1
λ2

∑
i, j∈Z

λ∫
0

dx

λ∫
0

dy U
(
x − iλ, y − jλ, z

)
. (4.3)
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where it is assumed that the wall particles remain at their lattice points at all time and
where Equation (4.2) has been inserted as well. It is easily seen that each point (x, y) ∈ R2

occurs exactly once in each of the integrals in Equation (4.3). Hence, this expression can
be rewritten as

V (z) =
1
λ2

∞∫
−∞

dx

∞∫
−∞

dy U
(
x, y, z

)
. (4.4)

Furthermore, the above obtained expression is valid for any central potential U (r) =

U
(
x, y, z

)
that vanishes sufficiently fast when r→∞.

In most molecular dynamics simulations non-bonded interactions, such as between gas
and solid wall particles, are modeled by a Lennard-Jones potential, see page 10. Because
the Lennard-Jones potential decays rapidly to zero for large r, it is often truncated beyond
a certain cut-off length, rc, and shifted in such a way that the potential energy function
remains continuous. This results in the truncated shifted Lennard-Jones potential, which
is derived from the standard Lennard-Jones potential as

UTSLJ (r) =

{
ULJ (r) −ULJ (rc) if r ≤ rc

0 if r > rc
, (4.5)

where ULJ (rc) is referred to as the shift function. The potential function in Equation (4.4)
is replaced by this truncated potential. It is by using this truncated shifted Lennard-Jones
potential that the current approach differs considerably from previous work [219,222,223].
As a consequence the crystal lattice does not extend to infinity in all directions. The fact
that it does not extend to infinity for the perpendicular direction is important, because
by treating every layer of the lattice separately, only a finite number of layers have to
be considered (those within the cut-off length). For each of these layers the integral of
Equation (4.4) can be computed directly and subsequently combined, whereas Hove and
Steele needed to go via Fourier space to account for all layers of the solid. By using polar
coordinates (see Appendix B on page 110), the average potential energy caused by one
layer of the crystal lattice is finally given by

VLJ (z) = 2πε
(
σ
λ

)2
[
2
5

(
σ
z

)10

−

(
σ
z

)4
]

+
πULJ (rc)
λ2 z2

− 2πε
(
σ
λ

)2
[
12
5

(
σ
rc

)10

− 3
(
σ
rc

)4
]
, (4.6)

which is valid for 0 < z ≤ rc. Formally, the parameters ε and σ depend on the type of
pair interaction, but for convenience the subscripts i j are dropped. The second part of the
expression is due to the shifting of the truncated Lennard-Jones potential, and the third
part by the truncating of the Lennard-Jones potential. Beyond the cut-off distance rc the
potential equals zero.
Because the potential energy is pair-wise additive, the total potential energy VSC due to
all layers of the SC lattice is given by

VSC (z) =
∑

′

m=0

VLJ (z + mκ) , (4.7)

where m is the layer number (the first layer has m = 0), κ the lattice constant and the
prime indicates that only those layers within the cut-off distance rc have to be taken into
account. This last requirement follows immediately from the definition of the truncated
shifted Lennard-Jones potential in Equation (4.5).
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4.1.1 Other lattices

The above derivation is valid for an SC lattice, but can easily be extended to the FCC
lattice by changing the size of the unit cell and lattice constant. Where for an SC lattice
the lattice constant κ and the size of the unit cell λ are the same, for an FCC lattice the
smallest distance between any two lattice points, is no longer along the axis of the unit
cell, but along the diagonal of a face of the unit cube, see Figure 4.1b. Hence, the size
of the unit cell is λ =

√
2κ. Substituting this value into Equation (4.4) would give the

integral of the potential for one layer of the FCC lattice. Because one FCC lattice layer
is basically a combination of two SC lattice layers, shifted with respect to each other, a
multiplication by two is involved, to obtain the correct potential function for one FCC
lattice layer. Thus, the factor in front of the integral of Equation (4.4) turns out to be 1/κ2,
which is the same as for the SC lattice. Adjacent layers in the FCC lattice are separated
by a distance λ/2, which expressed in terms of the lattice constant equals κ/

√
2.

In the case of a BCC lattice, the smallest distance κ in the lattice is from one of the corner
points to the point in the center of the unit cube, see Figure 4.1c. For the size of the unit
cell this means λ = 2κ/

√
3. In the BCC lattice no multiple lattices are merged in one layer,

and, thus, no multiplication similar to the FCC case is needed. The value of the size of
the unit cell can be readily inserted into the potential function for one layer. Similar to
the FCC lattice, adjacent layers are separated by a distance λ/2, which is in terms of the
lattice constant κ/

√
3.

The total potential energy due to all layers for both the FCC and the BCC lattices are

VFCC (z) =
∑

′

m=0

VLJ

(
z +

mκ
√

2

)
, and VBCC (z) =

∑
′

m=0

VLJ

(
z +

mκ
√

3

)
, (4.8)

where the prime still indicates that the summation is only performed over all layers within
the cutoff distance rc. In Figure 4.2a the effective potentials for an SC and FCC lattice are
shown, when a cut-off radius of 2.5 σ is employed. Because the FCC lattice has the highest
density in the topmost layer, its effective potential has the lowest minimum.

4.1.2 Other pair potentials

When computing the integral of Equation (4.4) any type of central potential that vanishes
sufficiently fast can be assumed. So far, the truncated shifted Lennard-Jones potential
has been used, which lead to the wall potential of Equation (4.6). Instead of using this
Lennard-Jones type of potential, it is also possible to use the Morse potential as defined by
Equation (1.20) on page 11. Introducing a similar truncation (at z = rc) and shifting as with
the Lennard-Jones potential, and dropping again the subscripts for the pair-depending
parameters of the Morse potential, the solution of Equation (4.4) for one layer of the lattice
is given by

VM (z) =
πD
a2λ2

[(
1
2 + a z

)
e−a(z−r0)

− (4 + 4 a z)
]

e−a(z−r0) +
πUM (rc)
λ2

(
z2
− r2

c

)
−
πD
a2λ2

[(
1
2 + a rc

)
e−a(rc−r0)

− (4 + 4 a rc)
]

e−a(rc−r0) , (4.9)
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Figure 4.2: Potential energy curves for the three new wall potentials based on the Lennard-
Jones pair potential for each of the crystal lattices (on the left) and for two already known wall
potentials (see Section 4.2.1) compared with two new wall potentials based on the Lennard-
Jones (LJ) or Morse pair potentials (on the right). The Morse potential is chosen in such a way that
it matches the Lennard-Jones potential with the same well depth and minimum best, based on a
least-squares comparison. In both graphs the distances are shown in units of σ and the energies
in units of ε.

where D, a and r0 are the original parameters from the Morse potential and λ is again the
smallest distance between any two adjacent lattice points. The value for the shift function
is in this case given by UM (rc). A full derivation to arrive at this second type of wall
potential can also be found in Appendix B. Identifying which part of this wall potential is
responsible for the shifting or truncation is as straightforward as with the Lennard-Jones-
based wall potential, and are, again, the second and third part, respectively.
In order to account for all layers in the lattice, when using the Morse potential as
the interaction potential between the solid and the gas, the same addition of several
layers as with the Lennard-Jones-based wall potential can be used, see Equation (4.7),
and, moreover, all previous derivations for different lattice types still hold as well, see
Equation (4.8).
In Figure 4.2b both the new wall potentials based on the Lennard-Jones (LJ) and Morse
pair potentials are shown as functions of their respective units of length and energy. The
parameters for the Morse potential have been chosen in such a way that the are as close
as possible, based on a least-squares comparison on the domain z ∈ (0.75 σ∗, 2.5 σ∗), to
the Lennard-Jones potential with the same location and depth of the energy minimum.
In the figure, also two other, already existing, wall potentials are shown. However, the
discussion of their functional forms is delayed until Section 4.2.1.

4.1.3 Force and pressure calculation

Because the force exerted by the wall on the gas particle is given by the gradient of the
wall potential, it can be seen from Equations (4.6) and (4.9) that there is no contribution to
the force in the x- and y-directions, due to the fact the wall potential is a function of z only.
However, one could argue that it is not fair to compute the force from the derived wall
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potential, because the x- and y-dependence has been averaged out. Therefore, it is more
appropriate to substitute the formal definition of the force (being the negative gradient of
the potential with respect to the position vector) into the integral of Equation (4.4), instead
of the potential function U

(
x, y, z

)
. This gives

F (z) =
1
λ2

∞∫
−∞

dx

∞∫
−∞

dy
(
−
∂U (r)
∂r

)
=

1
λ2

∞∫
−∞

dx

∞∫
−∞

dy
(
−
∂U (r)
∂r

r
r

)
, (4.10)

which is a vector equation and where r = (x, y, z) is the position vector for the gas particle,
with r being the length of this vector. Taking a look at the x- and y-components of this
vector equation it can be seen (because for the x-component (r/r)x = x/r) either x or y
remains within the integral. But because the domain of integration extends from −∞
to +∞, the negative and positive values for x and y cancel each other, and, thus, their
contribution to the force vector is zero. Furthermore, it can be shown that the above
equation for z is equal to taking the derivative of the wall potential function with respect
to z, because z can be taken out of the integrals. Thus, simply differentiating the wall
potential equations with respect to z gives the force due to this wall potential.
Moreover, from the equations that describe either the potential or the force in the z-
direction it is possible to determine the location of the minimum energy of both potentials,
at least due to one layer of the crystal lattice. For both the Lennard-Jones and Morse-based
wall potentials these two minima are found at

zmin =
σ rc

6
√

r6
c − σ6

and zmin = r0 −
1
a

ln
(
2 − e−a(rc−r0)

)
(4.11)

for the Lennard-Jones and Morse-based wall potentials, respectively. It is interesting
to notice that the minima for both potentials is shifted to the left with respect to the
underlying Lennard-Jones and Morse potentials on which the wall potentials are based.
Furthermore, it can be observed that the force equations for one layer have more than one
extremum. In the case of the Lennard-Jones-based wall potential a maximum is found
at z = rc, and for the Morse-based wall potentials two other maxima occur at z = 0 and
at z = rc as well. Thus, although both pair potentials are not continuous in the force (due to
the truncation), the average force exerted on the gas particles turns out to be continuous.
The first step to derive the pressure contribution is to consider only the contribution
to the pressure arising from the interaction between a gas particle and the wall. The
instantaneous pressure for a system of N particles can readily be calculated from the pair
interactions in molecular dynamics and is given by Equation (1.43) which is repeated for
completeness here

P = ρkBT +
1

3V

N∑
i< j

Fi j · ri j (1.43)

The scalar dot product part in the above equation is known as the virial W =
∑

i< j Fi j · ri j.
It is possible, by repeating the method used before to derive the wall potentials, to obtain
an expression for the virial that includes the force contributions in the x- and y-directions.
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The contribution to the virial that stems from the interaction between a gas particle at
position (x, y, z) and all particles in the first layer of the wall (at z = 0) is given by

Ŵ
(
x, y, z

)
= −

∑
i, j∈Z

∂U (s)
∂s

· s , (4.12)

where s is the vector (x − iλ, y − jλ, z) and U is the potential that describes the interaction
of a gas particle and one wall particle, i.e., the pair potential. Similar to the derivation
of the wall potential, the virial Ŵ

(
x, y, z

)
can be approximated for z > 0 by the average

over 0 ≤ x < λ, 0 ≤ y < λ , giving

W (z) =
1
λ2

λ∫
0

dx

λ∫
0

dy Ŵ
(
x, y, z

)
= −

1
λ2

∞∫
−∞

dx

∞∫
−∞

dy
(
∂U
∂x

x +
∂U
∂y

y +
∂U
∂z

z
)
. (4.13)

The integrals of the first two terms between the brackets, involving only x and y, can be
rewritten using partial integration, whereas the third term between the brackets can be
simplified by taking the derivative with respect to z and multiplication of the integral
with z out of the integral. This gives

W (z) =
2
λ2

∞∫
−∞

dx

∞∫
−∞

dy U
(
x, y, z

)
− z

∂
∂z

1
λ2

∞∫
−∞

dx

∞∫
−∞

dy U
(
x, y, z

)
(4.14)

Using V(z) as defined in Equations (4.6) and (4.9) allows the approximation of the virial
to be written as

W (z) = 2 V (z) − z
∂V (z)
∂z

= 2 V (z) + z F (z) . (4.15)

As with the force and the potential energy, the contribution of one gas particle to the virial
is a summation of the contributions of all layers within the cut-off distance rc. Hence,
again summations like Equation (4.4) have to be used to obtain the total virial contribution
of one gas particle.

4.2 Simulations

In order to compare the newly derived wall potential with an explicit solid wall, molecular
dynamics simulations of different systems are performed both with an explicit solid wall
and with different boundary conditions. To that end the new wall potential based on the
Lennard-Jones potential is used, see Equation (4.6), which acts as a boundary condition
for the molecular problem.

4.2.1 Other wall potentials

Besides comparison with explicitly modeled solid walls, also molecular dynamics simu-
lations with two other boundary conditions have been performed, which allows further
comparison to the new potential. Because the new model is derived from the explicit
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solid wall configuration, comparison seems appropriate with similar types of boundary
conditions. Therefore, the new boundary condition potential is compared with the Steele
potential [223] and the 10-4 potential [224]. Converted to the units used in this chapter
the Steele potential is expressed as

V (z) = 2πε
(
σ
λ

)2
2
5

(
σ
z

)10

−

(
σ
z

)4

−

√
2

3
(
1 + 0.61

√
2
)3

(
σ
z

)3
 , (4.16)

and the 10-4 potential, which drops the part with z−3, is given by

V (z) = 2πε
(
σ
λ

)2
[
2
5

(
σ
z

)10

−

(
σ
z

)4
]
. (4.17)

It should be reminded that these potentials have been derived explicitly for the FCC
lattice [224], and, hence, only the value for λ belonging to the FCC lattice should be used.
In Figure 4.2b both the Steele and the 10-4 potential are shown, together with the
new potentials (both based on Lennard-Jones and Morse), all with the lattice constant
belonging to the FCC lattice. From the figure differences between the four potentials
are obvious. The Steele and the Lennard-Jones-based wall potential are very different,
whereas the 10-4 potential follows the Lennard-Jones-based wall potential for small
distances and the Steele potential for larger distances. Furthermore, the Morse-based
wall potentials differs from each of the three other potentials.
The forces due to these potentials are easily computed. Similar to the new potential only
the perpendicular component of the force remains. However, whereas the new type of
potential presented in this chapter allows the explicit calculation of pressure contributions
in the directions parallel to the wall, this is not possible for these two other potentials,
because the pressure is not discussed in the original papers. Consequently, only the
resulting equation for the force (which is zero for the parallel directions) can be used to
determine the pressure contribution. The Lennard-Jones-based wall potential and both
the Steele and 10-4 potentials have been incorporated into the molecular dynamics code
in order to perform simulations without an explicit solid wall.

4.2.2 Method

Because the interest does not lie with specific gas-wall interactions but more with the
general behavior of either the explicit solid walls, the newly derived potential or the
two other potentials, parameters expressed in reduced units are used in the simulations.
These units have values typically around one and improve the numerical stability of the
simulations [24, 25]. Furthermore they facilitate error estimation and, when one wants
to model a specific system, they can easily be converted to SI units. The reduced units
in these simulations have as unit for length σ∗, as unit for mass m∗, and as unit for
energy ε∗. All other reduced units can be derived out of these choices, such as the units
for temperature T∗, density ρ∗, pressure P∗ and time τ∗ [233].
For each different type of boundary condition, either explicit or a wall potential, a similar
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c) Density profiles

Figure 4.3: In a) and b) the simulation boxes for the explicit and wall potential simulations are
shown in an orthographic view, respectively. In both figures the z-axis goes from left to right
and the gas density n0 equals 0.05 ρ∗. To the right, in c), the density profiles for the explicit solid
wall (top) and the new wall potential (bottom) simulations at 1.0 T∗ are shown. These density
profiles are normalized with respect to the bulk density.

system has been used in the simulations, only differing with respect to the different
temperatures T (0.5 T∗, 1.0 T∗ and 1.5 T∗) and five different particle densities n0 (ranging
from 0.01 ρ∗ to 0.4 ρ∗). The system size is chosen in such a way that the accessible gas
volume of the simulation box is equal for both the explicit and wall potential simulations.
For the explicit simulations the box size is approximately 47 x 47 x 37 σ∗, and for the
wall potential simulations approximately 47 x 47 x 31 σ∗. Small variations in the box size
between different simulations depend only on the initial temperature, because a lattice of a
higher temperature has a somewhat lower density. In all cases the walls are separated from
each other in the z-direction, and in the x- and y-directions periodic boundary conditions
are used. In the explicit solid wall case the wall consists of 18,000 particles arranged in a
10 layer FCC lattice, obtained from a previous crystallization simulation [211]. The total
number of gas particles in the simulation box ranges from 660 for the lowest gas density
(n0 = 0.01ρ∗) to 26,500 for the highest gas density (n0 = 0.4ρ∗). In Figures 4.3a and 4.3b
examples of systems with an explicit wall and with wall potentials are shown.

For the explicit wall simulations gas particles are randomly placed between the two
parallel plates, depending on the required density. The same initial configurations have
been used for all wall potential simulations with the wall particles removed. The box
size in the z-direction is based upon the location of the center of the density peak of
the outer layers of the solid wall determined from the explicit simulations, ensuring that
no particles are placed too close to the implicit wall initially and that the gas accessible
volumes of the explicit and wall potential simulations are equal.

For the explicit simulations the solid wall is not restricted in any way, except for the
Lennard-Jones interactions between the particles upon forming the FCC crystal. In
principle the walls can move freely through the simulation box. However, because the
mass of the wall is large compared to the mass of one gas particle, a single collision hardly
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affects the wall. Moreover, collisions occur from both sides at an equal rate, keeping the
wall fixed at its initial position. Furthermore the crystal is consolidated by a relatively
strong Lennard-Jones interaction parameter, εWW = 6.0ε∗, which prevents the crystal from
melting within the investigated temperature range.
Both the gas and, in the case of the explicit wall simulations, wall particles have unit mass
and an equal Van der Waals radius resulting in a collision diameter σ for each interaction
of 1 σ∗. The interaction strength for gas-gas interactions is set to εGG = 0.5ε∗ and for gas-
wall interactions to εGW = 1.0ε∗. The fact that the gas particles are in the gas phase and
the wall particles in the solid phase is solely controlled by the Lennard-Jones parameter ε.
Because both the Steele and 10-4 potential are derived explicitly for the FCC case, and the
crystal structure of the solid wall is an FCC lattice too, the lattice constant λ in the new
wall potential is set to resemble an FCC lattice as well.
For every boundary condition fifteen simulations are performed, resulting in a total of
sixty simulations. Every simulation consists of two parts: an equilibration phase and a
production run, in which macroscopic quantities such as density, temperature, pressure
and heat flux are obtained in the direction perpendicular to the wall. With the explicit wall
simulations equilibrium is reached by controlling the temperature of the wall by coupling
it to an external heat bath, which in its turn heats up or cools down the gas through
collisions of gas particles with the wall until equilibrium is reached. The coupling to
the heat bath is achieved by using the Berendsen loose coupling technique. To ensure
equilibrium in the case of the wall potential simulations, the particles are coupled to
the external heat bath until equilibrium is reached, followed by the production run part
in which no temperature is enforced upon the gas. In other words, the first part of
the simulation is in the canonical (constant number of particles, constant temperature
and volume) ensemble, whereas the last part is in the microcanonical (constant energy
instead of temperature) ensemble. This simulation protocol ensures that both the explicit
simulations and wall potential simulations are in equilibrium and that the temperatures of
the gases are equal, allowing comparison between explicit and wall potential simulations.
Depending on the gas density, simulations are run for 5,000,000 iterations, using a time
step of 0.001 τ∗, for the lowest gas densities or for 750,000 iterations for the higher densities
both ensuring sufficient statistics.

4.2.3 Results

At the top of Figure 4.3c the density profiles, normalized with respect to the bulk density,
are shown for the simulations with the explicit solid wall at a temperature of 1.0 T∗, and
for all five densities. In this profile the wall is defined to start at the center of the first
lattice layer, i.e., z = 0 σ∗. From this figure it is obvious that the wall influences the nearby
particles, because the density deviates from the density found in the bulk, which can be
seen toward the right of the figure. It is energetically favorable for a particle to be close
to the wall, because more neighbors contribute to a lower potential energy of the particle.
Consequently this effect is the strongest for rarefied gases, and for high density gases
the wall surface can even be saturated, resulting in the formation of a second peak in the
density profile just below 2.0 σ∗, which is called molecular layering and is also observed in
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experiments [234,235]. Furthermore, if the gas density increases gas particles are pressed
against the wall, increasing the local density even further.
Similar profiles are constructed for the system with the wall potential derived previously,
see the bottom of Figure 4.3c. Although very much similar to the profiles from the explicit
solid wall simulations, differences are evident. The density near the wall is lower with the
new wall potential than with the explicit solid wall, and the peaks are much narrower. The
main reason for this difference is that with the explicit solid wall the surface is not smooth,
because particles are aligned on a lattice and because they oscillate at these lattice points,
in contrast to the new wall potential, which has no explicit particles and is an average
across the surface, which is by definition smooth. Hence, particles can penetrate further
in the case of the explicit solid wall than with the new wall potential. This accounts for
both the lower density peaks as well as their narrowness.
The effect is even stronger when the Steele potential is used, as can be seen in Figure 4.4c,
for a system with bulk density of 0.1 ρ∗ and temperature 1.0 T∗, showing that the Steele
potential resembles the FCC lattice poorly. The density for 10-4 potential is almost
identical to the new wall potential, although the latter approximates the explicit solid
wall better between 1.0 σ∗ and 1.5 σ∗, but not around the second peak at σ∗.
For the lower temperature (T = 0.5 T∗) crystallization at the wall surface is observed in
all cases, see Figure 4.4a, whereas for the higher temperature (T = 1.5 T∗) the density
peaks near the wall are much lower, because particles have too much kinetic energy to
stick to the wall surface for a while, and, thus, remain in the bulk phase most of the
time, see Figure 4.4e. However, the most notable difference between the density profiles
for the three temperatures is the change in location of the maxima of the density for the
explicit simulations. Because for the lowest temperature (T = 0.5 T∗) the amplitudes of the
oscillating wall particles are much smaller than for the higher temperatures, gas particles
can come nearer to the wall, and, thus, the first density peak shifts to the left as well.
For either of the three boundary potentials this density shift is not observed, because a
wall potential lacks any kind of dependence on the thermal motions, which is a major
drawback.
As expected for systems in equilibrium, the temperature profiles showed that the gas
is at the desired temperature. This justifies the used simulation protocol for the wall
potentials, by equilibrating the systems in the canonical ensemble first, before switching
to the microcanonical ensemble for data collection.
Another important property, especially when cooling is desired, is the net flow of heat in
the gas, which is given by the heat flux vector q. The heat flux vector for a system with N
particles and pair potentials only, is given by

q =
d
dt

N∑
i

Ei ri =

N∑
i

Ei vi + 1
2

∑
i, j

(
Fi j · vi

)
ri j . (4.18)

where Ei is the total (both kinetic and potential) energy of particle i, ri the position vector
of particle i, vi its velocity vector, and ri j and Fi j are the inter-particle separation and force
vectors between particles i and j, respectively [236, 237]. The conversion from the time
derivative of the single summation form to the form with the two added summations is
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d) Heat flux profile (1.0 T∗)
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e) Density profile (1.5 T∗)
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f) Heat flux profile (1.5 T∗)

Figure 4.4: In the left column of figures the density profiles close to the wall (explicit or modeled
with a wall potential) are shown for the three different temperatures. To the right the profiles
for the z-component of the heat flux vectors are shown for simulations with different boundary
conditions as well. In all figures the overall density equals 0.1 ρ∗.
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Table 4.1: Total pressure (in P∗) at 1.0 T∗ for
all systems at all densities (n0 in ρ∗). The first
column gives the values when using an explicit
solid wall, whereas the other three columns are
for the respective wall potential simulations.

n0 Expl. Steele 10-4 New

0.01 6.7 · 10−3 9.7 · 10−3 9.4 · 10−3 7.3 · 10−3

0.05 3.8 · 10−2 4.8 · 10−2 4.8 · 10−2 3.8 · 10−2

0.10 8.0 · 10−2 9.7 · 10−2 9.6 · 10−2 8.0 · 10−2

0.20 1.8 · 10−1 2.0 · 10−1 1.9 · 10−1 1.7 · 10−1

0.40 4.4 · 10−1 4.6 · 10−1 4.5 · 10−1 4.2 · 10−1
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Figure 4.5: Pressure profiles near the wall
for simulations with different boundary
conditions. Again the temperature is 1.0 T∗

and the overall density equals 0.1 ρ∗.

only valid for pair potentials in classical systems, and its derivation is somewhat elaborate,
see Appendix C on page 111.

For a system in equilibrium with both walls at the same temperature the net heat flux has
to be zero, which should be the case for the systems under investigation. Indeed for all
simulations the net heat flux equals zero. Due to the geometry of our system, the focus
is only on the z-component of this vector, qz. It is possible to construct a local version
of qz, similar to constructing a local density. Observing these heat flux profiles it is seen
that local deviations occur, especially close to the wall. However, these deviations are
most likely caused by the way data is collected perpendicular to the wall. The value
for qz computed for particle-particle interactions is assigned to the bins of the particle
centers only, but because it depends on the inter-particle separation, its value should
actually be distributed along all intermediate bins. Todd et al. have presented a different
method for calculating the heat flux distribution, based upon their developed method of
planes [238, 239]. However, Todd’s method is not implemented in the current molecular
dynamics code, mainly because the method does not allow the heat flux to be computed
for individual particle types. Furthermore, although the method used in the molecular
dynamics code to determine the heat flux distribution leads to anomalies close to the wall,
these are only induced by the data collection method, and not by the potential used to
describe the interaction with the wall. Consequently, in order to compare different wall
boundary conditions, the used method in this work is still appropriate, because the same
method of data collection is used with the explicit solid wall as well as with the wall
potentials, and the same anomalies should appear in all simulations.

In Figures 4.4b, 4.4d and 4.4f the z-component of the heat flux vector for all types of
boundary conditions is shown for a gas with density at 0.1 ρ∗ and temperatures 0.5 T∗,
1.0 T∗ and 1.5 T∗, respectively. From this figure it can be seen that the heat flux decreases
as the temperature increases and, moreover, it is clear that neither of the wall potentials
approaches the result from the explicit solid wall simulations. Besides the small shift
along the z-axis, which is caused by the lack of possibility for particles to penetrate the
lattice in the case of the wall potentials, the shape of the curve is similar to the explicit
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solid wall, with first a decrease in the heat flux, followed by an increase, before arriving
at the equilibrium value zero. Integrating out the profiles gives, as expected, for the total
heat flux a zero value. Again, the new potential and the 10-4 potential are very much
similar, but the Steele potential again is not. That the peaks are much higher for the
wall potentials is caused by the same effect as with the more narrow peaks in the density
profile.
Because the new derivation allowed for the pressure to be computed exactly, in contrast
to the Steele and 10-4 potential, the profile of the pressure for a gas for all simulations
at 1.0 T∗ and 0.1 ρ∗ is shown in Figure 4.5. Again, as with the heat flux, due to the way
pressure values are assigned to the bins, the peaks close to the wall are anomalies of
the data collection method. Based upon similar arguments as for the heat flux they still
provide a very good method to compare the different boundary conditions. From the
figure it is apparent that the new potential is more in agreement with the explicit solid
wall than the Steele and 10-4 wall potentials. Because it is not possible for these two
potentials to compute the pressure contributions parallel to the walls, their profiles lack
the dip just above 1.0 σ∗. This result shows that incorporating the x- and y-contributions
to the pressure is important to obtain the correct pressure profile.
That the new potential is much closer to the explicit solid is even more stressed when the
pressure averages of the total system are compared. For low densities the explicit solid
wall and the new potential give almost identical pressures, whereas the other two wall
potentials are not in agreement with the explicit solid wall simulations, see Table 4.1 for
the case of 1.0 T∗. For higher densities the pressures are much more in the same range for
all simulations, which is mainly caused by the high density dependence of the pressure.
For the two other temperature cases a similar agreement is found. Again, this shows the
importance to account for all pressure contributions, something that is possible with the
new potential, but not with the other two wall potentials.

4.2.4 Discussion

A new particle wall boundary condition for molecular dynamics simulations has been
proposed to replace explicit solid walls in the simulations of nanochannels in order to
reduce the computational complexity and allow the investigation of larger channels. The
new wall potential is derived from averaging the contributions of one layer of the solid
wall, to get a function that only depends on the distance to the wall. By applying
the common practice in molecular dynamics to truncate and shift potential energy
function for pair interactions, allowed the wall potentials to be computed explicitly, using
straightforward calculus rather than Fourier computations. Furthermore, this allowed
the exact derivation of the contribution to the pressure in the directions perpendicular
and parallel to the wall, something not possible with other existing wall potentials, such
as the Steele or 10-4 potential.
Simulations of gases at different temperatures and different densities (varying from
rarefied to dense gases) showed that the new potential is in good agreement with the 10-4
potential and to a less extend with the Steele potential. All three wall potentials suffer
from the fact that they treat the wall as a smooth surface, resulting in density profiles much
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too narrow and shifted compared to the explicit solid wall simulations or experiments.
Apparently, averaging the lattice surface is not a very good approximation. Similar effects
have been observed by Abraham, and as a solution he proposed the Boltzmann weighted
wall, which give results that are significantly better in density profiles compared with
explicit wall simulations than the 10-4 potential [224]. However, there is no closed form
equation for the Boltzmann weighted wall, and for every new problem (i.e., different wall
and gas particles or a different crystal lattice) a tabulated form of the Boltzmann weighted
wall equation needs to be computed.
With the explicitly modeled walls it is observed that with decreasing temperature the first
density peak shifts toward the wall. However, when the wall potentials are used, this
shift is not seen. The main reason for this is the lack of the thermal fluctuations of the wall
in the case of the wall potentials, which is a major drawback when using wall potentials
in thermally interesting problems. In the next section more attention is paid to the heat
transfer capabilities of oscillating wall potentials.
Furthermore, the net heat flux equalled zero, as expected, whereas the pressure profiles
clearly showed the difference between the three potentials. The lack of the possibility to
compute pressure components parallel to the wall is a major drawback for the Steele and
10-4 potential.
Moreover, due to the derivation of the new wall potential and by splitting the contributions
of the different lattice layers, different types of crystal lattices can be incorporated into the
boundary conditions easily. Even lattices consisting of different types of particles (such
as a Na-Cl lattice) are possible to be used.
Using any of the wall potentials instead of the explicit solid walls reduces the compu-
tational time considerably, because no pair interactions within the lattice, consisting of
thousands of particles, have to be computed, and only the interactions between gas and
solid and within the gas remain.
The new wall potential can also be used to improve the direct simulation Monte Carlo
method by replacing the hard wall boundary conditions with these new boundary
conditions, to model particle behavior close to the wall.

4.3 Heat transfer with boundary potentials

Based on the fact that the new wall potential does not resemble the explicit wall exactly
it cannot be perfect. A major drawback, holding for any type of wall potential, is the
impossibility of the potential to transfer heat to or from the system. When constructing
the wall potential it is assumed that the particles making up the lattice used for the
derivation are immobile. Consequently, any kinetic components are removed from the
model and no heat can be transferred as a result. Therefore, if a single particle approaches
a wall modeled with a boundary potential with a certain velocity, it will ultimately, due
to the law of energy conservation, leave the vicinity of the wall with the same absolute
velocity. In this part of the chapter the possibility to incorporate the heat transfer into
a particle wall boundary condition is investigated, by introducing oscillations to the
boundary condition.
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Figure 4.6: In a) the kinetic energy change ∆E (in mA2ω2) as function of the moment of collision t
with the hard wall (solid line) for vin = −2Aω is shown. When the probability of colliding with
the oscillating hard wall is taken into account the energy change is different (dashed line). In b) it
is schematically depicted how particles with different initial velocities collide with a harmonically
oscillating hard wall. Depending on their initial velocities particles cannot collide with the wall
at every given position (as is clear for the right group of particles).

Possibly heat transfer capabilities could be introduced to the wall potentials by letting
them oscillate with a certain amplitude and frequency, corresponding to a specific
temperature. However, because it is difficult to describe the collisions of a single particle
with an oscillating particle wall boundary potential analytically, a simpler system is
investigated first: the oscillating hard wall.

4.3.1 Oscillating hard wall

Consider a harmonically oscillating hard wall with amplitude A and frequency ω. The
position zw and velocity vw of the wall as function of time t are given by

zw(t) = A sin(ωt) and vw(t) = Aω cos(ωt) . (4.19)

Suppose a particle with mass m and initial position zp > A moves in the direction of the
wall with velocity vin. In order for the particle to eventually collide with the oscillating
wall vin has to be smaller than zero. If the collision takes place at time t0, then the velocity
of the particle with respect to the wall is given by vin − vw(t0). Consequently, after the
collision the particle has a velocity of vw(t0) − vin with respect to the wall. Therefore, the
velocity of the particle after the collision is vout = 2vw(t0)−vin. The change in kinetic energy
for a collision at time t0 of the particle is thus given by

∆E(t0) = 1
2 m

(
v2

out − v2
in

)
= 1

2 m
(
(2 vw(t0) − vin)2

− v2
in

)
= 2 m vw(t0) (vw(t0) − vin) . (4.20)

The velocity of the particle after the collision, and, hence, the energy difference, depends
heavily on the moment of collision. In Figure 4.6a the kinetic energy difference ∆E as
function of t is shown for the case vin = −2Aω (solid line). From this figure it can be
seen that collisions during half of the period (from π

2ω to 3π
2ω ) lead to a decrease in energy.
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However, the amount of energy change is much less when the energy is decreased than
compared to when the energy is increased (before π

2ω and after 3π
2ω ). As a consequence, the

total energy change
∫ 2π/ω

0
∆E(t0)dt0 is equal to 2mπA2ω.

For the described situation the wall has a maximum absolute velocity of Aω, see Equa-
tion (4.19), whereas the particle has an initial velocity vin < 0. Clearly, a collision while the
wall and particle are both moving in the direction of the negative z-axis is only possible
if vin ≤ −Aω. Similarly, if −Aω < vin < 0 collisions are not possible during a part of
the period. An example of this situation is shown in Figure 4.6b, where two groups of
particles are shown. The particles with the high velocity (dashed lines) can collide with
the wall in every position. However, the particles with the low velocity (dotted lines)
cannot collide with the wall in every position; they cannot collide with the wall on times t
with Aω cos(t) < vin.
First consider the case where the particles can hit the wall at any position, i.e., vin ≤ −Aω.
Suppose a particle at t = 0 has as initial position z(0), with 0 ≤ z(0) < Z with Z = − 2π

ω vin,
then the particle is bound to hit the wall in the first period. The moment of collision t0

satisfies 0 ≤ t0 < 2π
ω . However, if the initial position z(0) of the particle is distributed

uniformly in the interval [0,Z), then the distribution of the collision time t0 is not uniformly
on the interval [0, 2π

ω ). As can be deduced from Figure 4.6b, the probability of a collision
with a wall moving in the direction of the negative z-axis is always smaller than the
probability of collision with a wall moving in the direction of the positive z-axis (toward
the approaching particle).
It is possible to calculate the probability density p(t0) of the moment of collision t0. The
easiest way is to transform the system to a moving coordinate system having velocity vin.
As a consequence the particle is always at rest at its initial position z(0), while the wall has
velocity v̂w(t) = Aω cos(ωt)−vin. From the assumption vin ≤ −Aω it follows that v̂w(t) ≥ 0.
Hence, in this coordinate system the wall always moves in the direction of the positive
z-axis. In one period ( 2π

ω ) the wall moves a distance Z = − 2π
ω vin. Because the position of

the (non-moving) particle is uniformly distributed in [0,Z), the probability of a collision
in a time interval is equal to the fraction of the total distance Z that the wall moves in that
time interval. In the interval between t0 and t0 + dt0 the wall moves over v̂w(t0)dt0. Thus
the probability of a collision in this interval is given by

p(t0)dt0 =
v̂w(t0)dt0

Z
, (4.21)

which implies

p(t0) =
vw(t0) − vin

−2πvin/ω
=
ω
2π
−

ω
2πvin

vw(t0) . (4.22)

Note that, because vin < 0, the probability of a collision is maximal if the wall moves at
maximal velocity in the positive z-direction, and minimal if the wall moves at maximal
velocity in the negative z-direction (with respect to the original coordinates). The effect
of this probability on the expected energy change, the product p(t)∆E(t), is also shown in
Figure 4.6a (dashed line).
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Using the results of Equations (4.20) and (4.22) the expected energy change of the particle
is easily calculated and given by

∆E =

2π/ω∫
0

p(t)∆E(t)dt =

2π/ω∫
0

(
ω
2π
−

ω
2πvin

vw(t)
) (

2 m vw(t) [vw(t) − vin]
)
dt . (4.23)

Because the integrals of odd powers of vw(t) over one period vanish, Equation (4.23)
becomes

∆E =

2π/ω∫
0

(2 mω
2π

v2
w(t) +

2 vin mω
2πvin

v2
w(t)

)
dt =

2 mω
π

2π/ω∫
0

v2
w(t)dt

=
2 mω
π

2π/ω∫
0

A2ω2 cos2(ωt)dt = 2 m A2ω2 .

(4.24)

Hence, the expectation value of the energy change is always positive, and, surprisingly,
it does not depend on the velocity of the particle colliding with the wall.
So far the assumption vin ≤ −Aω has been made, meaning that particles can hit the wall
at any position. However, removing this restriction does not make the energy change
decrease. In the most extreme case, particles can no longer collide with the oscillating
wall when it is passing through the phases π

2ω < t < 3π
2ω . From Figure 4.6a it can be

observed that in this range the energy change is negative. Hence, omitting this part due
to a decreased velocity, clearly does not lead to a negative energy change, moreover the
energy increase can even be larger than calculated in Equation (4.24).
Depending on the initial position and velocity of the particle, a particle may collide
multiple times with the wall, rather than only once. In the above calculations this is not
taken into account. However, it is possible to compute the energy change when multiple
collisions are allowed. For a particle with unit mass and when Aω = 1 the energy change
is shown in Figure 4.7a, where it can be seen that, due to the multiple collisions, the energy
change even increases around vin = −1. Note that when −vin is much larger than 1, the
computed energy change is equal to the analytically computed value of 2 m A2ω2.
So far only changes in the incoming velocity of the particle have been considered, but it
is also possible to change the amplitude and frequency of the oscillating hard wall. In
Figure 4.7c the energy change of a particle with unit mass approaching at different speeds
is shown with respect to the wall velocity, which is chosen by changing the amplitude
from 0 to 0.2, while keeping the oscillation frequency at ω = 20 (and the maximal wall
velocity being the product of both ranges from 0 to 4). The choice of these parameters
ensure that the oscillating hard wall behaves within the physical range. The theoretic
energy change, as computed in Equation (4.24), in this case only depends on the wall
velocity Aω. Although the energy change follows this theoretic prediction for higher
velocities of the incoming particle, it does not for lower incoming velocities. Again, this
is easily understood when looking back at the probability a particle has of colliding with
the wall, because for these lower velocities the assumption vin ≤ −Aω is no longer valid,
and neither is the expected energy change.
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Figure 4.7: In the figures on the left the energy changes of an oscillating hard wall are shown, for
a) different incoming velocities, c) different wall velocities, and e) different oscillation frequencies.
In a) the energy change is shown when only one collision is considered (solid line) or when
multiple are considered (dotted line). To the right the same figures are shown for the case of
an oscillating wall potential modeled by Equation (4.6). In b) the energy changes for different
oscillation frequencies are shown. In c)-f) the energy changes are computed for different initial
velocities (in Aω).
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Before the oscillation frequency has been fixed and the amplitude has been changed.
However it is also possible to do the opposite. For an amplitude of 0.05 and oscillation
frequencies ranging from 0 to 80 the computed energy change is shown in Figure 4.7e.
Because in the case of the oscillating hard wall the maximal wall velocity depends equally
on the amplitude as on the oscillation frequency, the energy change is similar to that of
Figure 4.7c.
It is important remembering that an individual particle can decrease its kinetic energy
after a collision, see Figure 4.6a, but that, on average, the energy can only increase, i.e.,
when all collisions are accounted for. Thus, from these calculations it can be concluded
that on average an oscillating hard wall can only transfer heat to the system.

4.3.2 Oscillating wall boundary potential

Although the result of the oscillating hard wall does not allow for heat transfer to and
from the system, the question is whether a soft wall, such as the previously discussed
wall potential, can.
Unfortunately, the calculations employed on the oscillating hard wall are not feasible with
an oscillating particle wall potential, because particles do not simply collide with the wall,
but are repelled and attracted due the potential. Consequently, particles can stay close to
the wall for a longer time, and there is no deficit moment of collision. On the other hand,
it is possible to compute the expected energy change using a numerical model.
In this model it is the objective to solve the equations of motion for a single particle
colliding with an oscillating wall, modeled by the particle wall boundary potential of
Equation (4.6). In this equation the distance to the wall z is the important variable,
which is of course subject to the oscillations of the wall, and, therefore, depends on
time. This distance, denoted as r(t), is expressed as r(t) = z(t) − A sin(ωt + φ), where A
and ω are as before, and φ is the phase shift of the oscillating wall. This phase shift
accounts for the different initial positions of the wall. In the case of the hard wall this has
been accomplished by explicitly changing the initial position of the approaching particle.
Because the phase shift accounts for the different positions of the wall when a particle
approaches, it is necessary in the computation of the expected energy change. Moreover
all phase shifts need to be accounted for, and, thus, its range is defined as 0 ≤ φ < 2π.
For simplicity the numerical model uses the same reduced units as introduced before.
Furthermore, the interaction strength ε between the wall and particle is considered to
be unity, and similarly the collision diameter σ and the mass m of the particle are unity.
For the crystal lattice of the wall the simple cubic lattice is assumed with the lattice
parameter λ of the potential equal to 6√2 σ∗. The cut-off distance for the particle wall
boundary potential is set at 2.5 σ∗.
In order to get an idea of the order of magnitude of the amplitudes and oscillation
frequencies for the particle wall boundary potential, molecular dynamics simulations of
an explicit particle wall are performed. The wall consists of 10 layers of each 1,800 wall
particles. At either side of the wall a gas is present, varying in reduced number density
from 0.01 to 0.4ρ∗. The simulations are carried out at a reduced temperature of unity. After
the simulations the motions of the wall particles in the z-direction are investigated and
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Figure 4.8: Results from analysis of the motions in the z-direction of wall particles in molecular
dynamics simulations of an explicit solid wall. In a) the probability distribution for the
displacement for lattice particles for these motions are shown, and in b) the corresponding
probability distribution for the oscillation frequency.

their displacements as well as their oscillation frequencies are determined, see Figure 4.8.
The amplitude A is directly related to the displacement, and from the figure it is observed
that a reasonable value is 0.05 σ∗. An appropriate range for the oscillation frequency ω is
found to be between 0 and 100 τ∗−1, with the most probable frequency being around 20 τ∗−1.
In Figure 4.8b it can be seen that the left flank of the distribution is not smooth, i.e., there is
small shoulder around 13τ∗−1. This shoulder is caused by the fact that the data for all layers
of the wall is used to compute the frequency distribution, where the two outermost layers
behave slightly different than the internal layers, because they only have interactions
with wall particles on one side. Also the effect of different gas densities contributes to
this shoulder.

Using all given ranges for the amplitude, oscillation frequency and phase shift, the
equations of motion for the gas particle are solved using a fourth order Runge-Kutta
integration method [240]. The initial position of the particle was chosen in such a way
that it was far away not to be subject to the (oscillating) particle wall boundary potential,
but close enough to approach the wall within a reasonable amount of time. The time
interval over which the integration takes place ensured that at the end of the interval the
particle was again far away from the wall. Therefore, the correct change in energy, like in
Equation (4.6), can be computed.

For different initial velocities of the particle, chosen in such a way that the particle
eventually collided with the oscillating wall, the expected energy change for the entire
spectrum of frequency and phase shifts is obtained similar to the case of the oscillating
hard wall, see Figures 4.7b, 4.7d, and 4.7f. It is apparent that with an oscillating wall
potential the energy changes are much larger, especially when the amplitude of the
oscillation (or the wall velocity) is changed, see Figure 4.7d.

More interestingly, when changing the oscillation frequency, see Figure 4.7f, it can be seen
that in the lower limit of zero oscillation frequency, the wall is not moving and due to the
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law of energy conservation, no energy change is to be observed. On the other hand, the
upper limit of high oscillation frequencies, also shows that eventually the energy change
is zero again. In between energy is always transferred from the wall to the particle and
the amount depends on the incoming velocity of the particle. However, below a certain
initial velocity (of at least 1.0 Aω) no significant difference in the expected energy change
is observed, probably indicating that at these initial velocities, the attraction and repulsion
due to the wall potential is dominating the energy transfer.
The fact that the energy change approaches zero again for sufficiently high oscillation
frequencies can be explained by the fact that due to the high oscillation compared to the
velocity of the approaching particle, the particle does not anymore feels an oscillating
potential U (z + A sinωt), but an average potential Ū (z), which is given by

Ū(z) =
ω
2π

2π/ω∫
0

U (z + A sinωt) dt

=
ω
2π

2π/ω∫
0

[
U(z) + U′(z)A sinωt + U′′(z)1

2A2 sin2ωt + . . .
]

dt

= U(z) +
A2ω
4π

U′′(z)

2π∫
0

1
ω

sin2ωτdτ + · · · = U(z) + 1
4A2U′′(z) + . . . ,

(4.25)

where in the second step the approximation of sufficiently large frequencies is applied
by using a Taylor series expansion. Consequently, using the laws of energy conservation
implies that a particle that approaches with a specific energy also leaves the wall with the
same energy, and, therefore, no energy is exchanged.
Although the numerical calculations are focused on the potential given by Equation (4.6),
it is believed that the obtained results hold for all potentials of this type, i.e., potentials
with an attractive and repelling part, such as the Lennard-Jones potential. Thus, it seems
that a harmonically oscillating wall potential can only transfer heat to the system.

4.3.3 Oscillating walls with finite mass

In all results on oscillating walls discussed so far, the oscillating wall, being either a
hard wall or given by some kind of potential function, is not influenced by the motion
of the approaching particle. In other words, the oscillating hard wall and oscillating
wall potential are said to have infinite mass, because in that case their motion will not be
disturbed by approaching gas particles. However, when considering an explicit solid wall
in a molecular dynamics simulation, it is observed that the motion of the wall particles is
influenced by, for instance, gas particles.
Therefore, it is interesting to investigate an oscillating wall with finite mass, and whether
such a wall is capable of decreasing the energy change due to a collision with the wall.
As before, an oscillating hard wall is considered first.
Again, consider a harmonically oscillating wall with amplitude A and frequency ω,
whose motion is dictated by Equation (4.19). Furthermore, this time the wall has a
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mass M, whereas an approaching particle has mass m. If the same initial conditions and
requirements are used as with the previously discussed oscillating hard wall, it can be
shown, using only the laws of conservation of energy and momentum, that the velocity
of the particle after the collision with the wall with finite mass is given by

vout =
2 M

M + m
Aω cos(ω t0) −

M −m
M + m

vin . (4.26)

Similar to the previous case, the change in kinetic energy ∆E(t0) can be computed for a
collision at time t0 and is given by

∆E(t0) =
2 M m

(
M v2

w(t0) − (M −m)vw(t0)vin −m v2
in

)
(M + m)2 . (4.27)

When dealing with the oscillating hard wall with infinite mass it was possible to determine
a probability density function p(t) for colliding with the wall, and from this density
function it was possible to calculate the expected change in energy due to a collision
with the wall. In the case of a wall with finite mass, the probability density function p(t)
does not change, and, therefore it is still given by Equation (4.22). However, because
the function giving the change in kinetic energy has changed due to the transition from
infinite to finite mass, the expected energy change is different. Similar to Equations (4.23)
and (4.24) the result for the expected energy change is given by

∆E =
M m

(M + m)2

(
(2 M −m)A2ω2

− 2 m v2
in

)
. (4.28)

From this result it can be seen that depending on the mass and the initial velocity of the
particle approaching the oscillating wall, the expected energy can indeed be decreased.
Thus, using a wall with finite mass allows for heat transfer to and from the system,
when an appropriate wall mass M is chosen. Note that in the case M approaches infinity,
Equation (4.28) reduces to the previous result of Equation (4.24). Furthermore, it has to be
noted that similar to the results of Equation (4.24) the result for the case with finite mass
is only valid if the velocity of the incoming particle is larger than Aω, or in other words,
that the particle can hit the wall at all times, and when only one collision with the wall is
taken into account.
Whereas it is straightforward to analytically compute the energy change for the specific
case described above, it is not the case when multiple collisions have to be taken into
account. However, using a similar numerical approach as for the hard walls with infinite
mass, see page 101, allows for the computation of the energy change as a function of both
the incoming velocity and wall mass.
In Figure 4.9a the energy change is shown as function of the mass of the wall M and
the velocity of the incoming particle vin in units of Aω. The mass of the gas particle is
unity and the initial amplitude and oscillation frequency are as determined before from
Figure 4.8. It can be seen that for a lower wall mass and a higher incoming velocity it is
possible to have a negative energy change, i.e., to transfer heat away from the gas particle.
Moreover, it can be seen that when a particle approaches the wall with a low velocity
less energy is transferred to the particle. In that case, the slow moving particle collides
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b) Wall potential with finite mass

Figure 4.9: Contour plots of the energy changes in the case of (a) an oscillating hard wall with
finite mass (taken into account multiple collisions) and (b) an oscillating wall potential with finite
mass. In both figures the change in wall mass is on the x-axis and the change in incoming velocity
of the gas particle on the y-axis, and both are in reduced units. Darker colors indicate energy
decrease, while lighter color energy increase, see the colorbar next to the figures. The dotted line
indicates the contour of zero energy change.

almost always with the oscillating wall in its maximum amplitude, i.e., the point where
the velocity of the oscillating wall is almost zero, and as a consequence almost no energy
is transferred.
Of course a very interesting case would be an oscillating wall with finite mass modeled
by a wall potential. This implies that the wall should be modeled as a pseudo particle
with a certain mass, which has a pair interaction with a gas particle according to the
wall potential. However, to prevent the pseudo wall particle to move freely after the
interaction, it is attached to a harmonic spring that is fixed somewhere in space. Together
with the mass of the wall particle, the force constant of the spring determines the oscillation
frequency and amplitude of the wall, and, hence, the amount of heat transfer.
Due to Hooke’s law the oscillation frequency, mass and spring constant are related with
each other. In the numerical computations the spring constant is fixed in such a way, that
for a pseudo particle having unit mass the oscillation frequency is comparable to the ones
found from the molecular dynamics simulations, see Figure 4.8b. By changing the mass
of the pseudo (wall) particle and the incoming velocity of the gas particle (similar to the
case of the oscillating hard wall with finite mass) the energy change can be computed. In
Figure 4.9b these energy changes are shown. Again, the combination of a low mass and
high incoming velocity allows for a negative energy change, but also for low velocities
throughout the entire mass range.
However, in order to implement a method with pseudo wall particles into a molecular
dynamics code, one needs to implement an extra integration routine to take care of the
pseudo wall particle and the interaction between the gas and pseudo particle. Although
this method in principle reduces the computational time, with respect to a simulation
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in which the wall is modeled explicitly, it clearly is more complicated than using only
an oscillating wall potential. However, it does allow for heat transfer in both directions,
given an appropriately chosen amplitude and frequency for the spring.

4.4 Conclusion and discussion

In the first part of this chapter a particle wall boundary condition has been derived using
a new method, which accounts for the structure of the modeled crystal lattice and as
well incorporates common practices from molecular dynamics, such as truncation and
shifting of potential energy functions. This potential is able to replace explicit solid walls
in molecular dynamics simulations in order to reduce the computational complexity and
to allow for the investigation of larger channels. In the first section it is noticed that this
potential allows for the contributions to the pressure tensor in the parallel directions of
the wall to be computed as well. Furthermore, due to the way the potential is expressed,
it allows for many different types of crystal lattices to be modeled, even lattices consisting
of different types of particles (such as a Na-Cl lattice).

However, it has also been observed that this particle wall boundary condition does not
allow for heat transfer to and from the system, because the particles making up the lattice
are thought to be immobile during the derivation of the potential. A simple approach to
introduce heat transfer capabilities to the system would be to introduce a harmonically
oscillating wall modeled by a wall potential.

In that light first an oscillating hard wall is considered, because for such a wall the
probability density of colliding with the wall can be calculated, as well as the expected
change in energy. It has been shown that such a wall can only add heat to the system,
and, therefore, an oscillating hard wall cannot function as a means to transfer heat in both
directions.

Next a numerical model has been presented which has been used to compute the expected
energy change of a particle colliding with an oscillating wall modeled by the previously
derived particle wall boundary potential. From this numerical model it followed that,
regardless of the initial velocity of the approaching particle, again, only heat could be
added to the system.

Both the oscillating hard wall and wall potential are implicitly modeled with infinite
mass. Hence, they are not affected in their motion by an approaching particle. It is this
phenomenon that prevents both methods to remove heat from the system. Therefore, the
oscillating hard wall has been reconsidered, although now with finite mass. This showed
that depending on the mass of the wall and the particle, and the initial velocity of the
particle, the wall is capable of transferring heat in both directions. Furthermore, it has
been shown that this also holds for an oscillating wall potential.

A drawback of describing the interaction between the wall and a particle with an
oscillating wall potential with finite mass is that it requires the introduction of pseudo
wall particles, which need to be coupled by a spring to a fixed point. Hence, the aim
to reduce computational complexity is not essentially achieved when using particle wall
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boundary conditions as a method for heat transfer, because pseudo particles need to be
introduced.
Furthermore, in deriving the particle wall boundary potential, all information in the
directions parallel to the wall is lost, and the remaining pair potential is only based upon
the distance to the wall, rendering the wall perfectly smooth. The surface roughness in
the parallel directions could be introduced into the particle wall boundary condition, for
instance by assigning a part of the explicit wall independently to each particle, such that
each particle interacts with an explicit wall. However, this increases the complexity of the
boundary condition to such a great extend, that it probably is more efficiently to model
the wall explicitly. An in between solution is a combination of both a non-oscillating wall
potential and one layer of wall particles. The wall potential then keeps the outer layer at
its place, while the outer layer in its turn can interact with the gas particles and transfer
heat to and from the system.
On the other hand wall potentials are very useful if one is interested in modeling an explicit
wall in a situation were the system is in equilibrium, for instance when no heat flux occurs
in the system and when no flow is imposed to the system, or when only heat flow to the
system is considered. However, if one is interested in non-equilibrium situation different
boundary conditions should be used (for instance stochastic), to account for effects such
as heat transfer.
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B Calculation of the wall potential integrals

The average potential as a function of the distance z to the wall can be found by computing the
integral given by Equation (4.4) on page 86. Substituting the truncated shifted Lennard-Jones
potential, see Equation (4.5), into this integral, gives the following integral to be computed

V (z) =
1
λ2

∞∫
−∞

dx

∞∫
−∞

dy UTSLJ
(
x, y, z

)
,

where the argument of the potential function UTSLJ has already been changed from the interparticle
distance r into the location with respect to the wall given by

(
x, y, z

)
. Remember that r2 = x2+y2+z2.

It is possible to swap these Cartesian coordinates with polar coordinates by choosing r̂2 = x2 + y2,
and, as a consequence, r̂2 = r2

− z2. The above integral can subsequently be written as

V (z) =
1
λ2

2π∫
0

dφ

√
r2

c−z2∫
0

[
4εσ12

( 1
r̂2 + z2

)6
− 4εσ6

( 1
r̂2 + z2

)3
−ULJ (rc)

]
r̂ dr̂ ,

where the truncated shifted Lennard-Jones potential has been expanded using the new coordinate
system and ULJ (rc) is the value for the Lennard-Jones potential at the truncation point rc. By
simply changing the integration variables and adjusting the integration limits this equation can
be further reduced to

V (z) =
2π
λ2

1
2 r2

c−
1
2 z2∫

0

[
4εσ12

( 1
r̂2 + z2

)6
− 4εσ6

( 1
r̂2 + z2

)3
−ULJ (rc)

]
d
(

1
2 r̂2

)

=
π

λ2

r2
c−z2∫
0

[
4εσ12

( 1
r̂2 + z2

)6
− 4εσ6

( 1
r̂2 + z2

)3
−ULJ (rc)

]
dr̂2

=
π

λ2

r2
c∫

z2

[
4εσ12

( 1
r̂2 + z2

)6
− 4εσ6

( 1
r̂2 + z2

)3
−ULJ (rc)

]
d
(
r̂2 + z2

)

=
π

λ2

r2
c∫

z2

(
4εσ12

s6 −
4εσ6

s3 −ULJ (rc)
)

ds ,

where in the last line the substitution s = r̂2 + z2 has been used. This final integral is not difficult to
compute, because each of the three terms can be computed independently. After some rearranging
this gives

V (z) = 2πε
(
σ
λ

)2
[
2
5

(
σ
z

)10
−

(
σ
z

)4
]

+
πULJ (rc)
λ2 z2

− 2πε
(
σ
λ

)2
[
12
5

(
σ
rc

)10
− 3

(
σ
rc

)4
]
,

which is the result for the wall potential based on the truncated shifted Lennard-Jones potential,
see also Equation (4.6).
In Section 4.1.2 another wall potential has been derived, this time based on a Morse potential, which
has also been truncated and shifted in similar fashion to the Lennard-Jones potential. Using the
same technique above to change the coordinate system to polar and changing the integration
variables and limits allows to derive the Morse-based wall potential. The starting point is the
integral

V (z) =
1
λ2

2π∫
0

dφ

√
r2

c−z2∫
0

[
D e−2a (

√

r̂2+z2−r0)
− 2 D e−a (

√

r̂2+z2−r0)
−UM (rc)

]
r̂ dr̂ ,
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where again the coordinate transformation has already taken place (similar to the transformation
discussed above), and where this time the shift function (due to the truncation) is UM (rc). Skipping
some intermediate steps, the final result expressed in the same substituted variable s, is given by

V (z) =
π

λ2

r2
c∫

z2

[
D e−2a (

√
s−r0)
− 2 D e−a (

√
s−r0)
−UM (rc)

]
ds .

The solution of the integrand of the indefinite form of this integral turns out to be

−D
2 a2

(
1 + 2 a

√
s
)

e−2 a(
√

s−r0) −
−4 D

a2

(
1 + a

√
s
)

e−a(
√

s−r0) − s UM (rc) .

Substituting the lower and upper limits z2 and r2
c into this result and multiplying with the con-

stantπ/λ2 gives, after some rearranging, the desired Morse-based wall potential, see Equation (4.9),

V (z) =
πD
a2λ2

[(
1
2 + a z

)
e−a(z−r0)

− (4 + 4 a z)
]

e−a(z−r0) +
πUM (rc)
λ2

(
z2
− r2

c

)
−
πD
a2λ2

[(
1
2 + a rc

)
e−a(rc−r0)

− (4 + 4 a rc)
]

e−a(rc−r0) .

C Derivation of the heat flux vector equation

The net flow of heat in a medium can be given by the heat flux vector q. This flow fluctuates about
zero for a system at thermal equilibrium. The heat flux vector is given by

q =
d
dt

N∑
i

Ei ri ,

where the summation is over all N particles in the system, and ri is the position vector for particle i
and Ei its corresponding energy (kinetic and potential). In several books and papers [41, 236, 237]
a different form of this equation, more suitable for systems consisting of pair potentials, can be
found. In this section it is shown how to arrive at this recasted heat flux vector equation, since a
full derivation is not always given in the previously mentioned works. The original equation for
the heat flux vector, as shown above, can be expanded using the chain rule to give

d
dt

N∑
i

Ei ri =

N∑
i

Ei vi +

N∑
i

dEi

dt
ri . (C.1)

Analyzing the derivative of the energy Ei with respect to time for particle i, which consists of a
potential and kinetic part, gives (in the case of a classical system)

Ei = 1
2

N∑
j,i

U(ri j) + 1
2 miv2

i ,

where U(ri j) is the potential energy function that only depends on the interparticle distance ri j =∣∣∣ri − r j
∣∣∣, for instance a Lennard-Jones potential. Furthermore, mi is the mass of particle i, and the

sum is over all N particles j in the system, except where particle j is the same as particle i. The
time derivative of this equation is consequently

dEi

dt
= 1

2

N∑
j,i

∂U
∂ri j

dri j

dt
+ mivi ·

dvi

dt
.
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Using Newton’s second law the rightmost term mivi · dvi/dt can be rewritten to Fi · vi. Assuming
only conservative and central potentials, such as the aforementioned Lennard-Jones potential, the
force due to such a potential is Fi = −∇iU(ri j). Hence, the time derivative of Ei can be rewritten as

dEi

dt
= − 1

2

N∑
j,i

Fi j ·
(
vi − v j

)
+ Fi · vi .

Since the total force Fi on particle i can be expanded to be the sum of the contributions of each
pair Fi =

∑N
j,i Fi j, the time derivative can subsequently be expanded and combined to (because

the summation goes over j instead of i)

dEi

dt
= − 1

2

N∑
j,i

Fi j · vi + 1
2

N∑
j,i

Fi j · v j + vi ·

N∑
j,i

Fi j = 1
2

N∑
j,i

Fi j ·
(
vi + v j

)
.

Substituting this expression into the rightmost term of Equation (C.1) gives

N∑
i

dEi

dt
ri = 1

2

N∑
i

N∑
j,i

(
Fi j ·

(
vi + v j

))
ri .

Rewriting the double sum to a single sum and introducing an antisymmetric matrix A, which
elements are Ai j = Fi j ·

(
vi + v j

)
, simplifies this equation to

N∑
i

dEi

dt
ri = 1

2

∑
i, j

Ai j ri .

The summation can now be slit into a part where i < j and a part where i > j∑
i, j

Ai j ri =
∑
i< j

Ai j ri +
∑
i> j

Ai j ri .

Exchanging the variables in the last sum and using the antisymmetric property of A gives∑
i, j

Ai j ri =
∑
i< j

Ai j ri −
∑
j>i

Ai j r j =
∑
i< j

Ai j

(
ri − r j

)
=

∑
i< j

Ai j ri j .

Resubstituting the expression for A and employing the same technique of sum expansion and
exchanging summation variables gives∑

i< j

Ai j ri j =
∑
i< j

(
Fi j ·

(
vi + v j

))
ri j =

∑
i< j

(
Fi j · vi

)
ri j +

∑
i< j

(
Fi j · v j

)
ri j

=
∑
i< j

(
Fi j · vi

)
ri j +

∑
j<i

(
Fi j · vi

)
ri j =

∑
i, j

(
Fi j · vi

)
ri j ,

which gives for the part of Equation (C.1) involving the time derivative of Ei finally

N∑
i

dEi

dt
ri = 1

2

∑
i, j

(
Fi j · vi

)
ri j .

Substituting this expression into the original full derivative of Equation (C.1) gives the final result
for the heat flux vector, in the case of systems described with classical potentials, as

q =

N∑
i

Ei vi + 1
2

∑
i, j

(
Fi j · vi

)
ri j .
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5
Accommodation Coefficients

and
Velocity Correlations

Parts of this chapter are described in:

P. Spijker, A.J. Markvoort, S.V. Nedea, and P.A.J. Hilbers, Velocity correlations between impinging
and reflecting particles using MD simulations and different wall models, in Proceedings of the
6th International Conference on Nanochannels, Microchannels and Minichannels, 62276, Darmstadt,
Germany, ASME (2008).

P. Spijker, A.J. Markvoort, P.A.J. Hilbers, and S.V. Nedea, Velocity correlations and accommodation
coefficients for gas-wall interactions in nanochannels, Proceedings of the 26th Symposium on Rarefied
Gas Dynamics, 1084:659-664, (2008).

P. Spijker, A.J. Markvoort, S.V. Nedea, and P.A.J. Hilbers, Using velocity correlation profiles to compute
accommodation coefficients, submitted (2009).



For understanding the behavior of a gas close to a channel wall it is important

to model the gas-wall interactions correctly. When using molecular dynamics

simulations these interactions can be modeled explicitly, but the computations are

time consuming. Replacing the explicit wall with an appropriate wall model reduces

the computational time, while the main wall effects and same characteristics

should still remain. Elaborate wall models, such as Maxwell–Yamamoto

model or Cercignani–Lampis model need a phenomenological parameter (the

accommodation coefficient) for the description of the gas-wall interaction as an

input. Therefore, computing these accommodation coefficients in a reliable way

is very important. In this chapter two systems (platinum walls with a noble gas

confined between them) are investigated and are used for comparison of the results

of the stochastic wall models and the explicit wall simulations. Based on both

the explicit wall and the stochastic simulations, accommodation coefficients are

computed and compared. Velocity correlations between incoming and outgoing

particles colliding with the wall have been used to compare explicit and stochastic

models even further. Furthermore, these velocity correlations allowed for a

new method to compute the accommodation coefficient to be presented, which

improved the correlation behavior of the stochastic wall models considerably.

In the previous chapter it has been investigated whether wall potentials can replace
explicitly modeled walls in molecular dynamics simulations of nanochannels. Although
wall potentials allow for good approximations of the density and pressure near the wall,
they do not allow heat transfer in any direction. Therefore, it has subsequently been
investigated whether applying oscillations to the wall potentials enhanced their heat
transfer capabilities. In the case of oscillating walls with finite mass this proved to be
possible in general. However, due to the averaging affect in the direction parallel to the
wall when deriving the wall potentials, a wall potential only acts in the perpendicular
direction, i.e., there is no force contribution in the parallel directions. Together with the
increasing complexity involved in computing interactions with oscillating wall potentials,
the use of (oscillating) wall potentials is limited.
Whereas the new boundary conditions in the previous chapter have been derived mainly
from the point of view of the wall particles, it is also possible to derive boundary conditions
by focusing on the gas particles instead. To this end stochastic wall models for the
boundary conditions are discussed first in this chapter, followed by a set of molecular
dynamics simulations of two different gas-wall systems. For each of these systems
interaction parameters between the gas and the wall are determined from so-called contact
angle simulations. Based on the collision data of the molecular dynamics simulations
phenomenological parameters (the accommodation coefficients) can be computed and
used potentially as input for the stochastic wall models. These stochastic models are
then compared to the molecular dynamics simulations. One of the most promising
new methods of comparison is the velocity correlations between the incoming and
outgoing velocities of particles colliding with the wall. Finally, a new method to compute
accommodation coefficients is presented.
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5.1 Stochastic wall models

When a gas particle collides with a solid wall it is reflected in a certain manner depending
on the type of the wall and on the strength of the interaction between the gas and the solid.
This collision affects the particle’s velocity, and, as a consequence, its energy. Stochastic
wall models exploit the property of velocity change by adapting the particle’s velocity
upon collision with the wall, and, thus, transfer heat to or from the system.
A collision is said to be purely reflective when the solid wall is perfectly smooth and
there exists an infinite interaction potential with the gas particle, thus, the solid wall is
a hard wall. In the event of such a collision a particle is thus send back with the same,
but reverted, velocity. Hence, the perpendicular component (vz) of a particle impinging
on the wall is reversed, whereas the parallel components (vx) remain unchanged* . This
definition of perpendicular (z) and parallel (x or y) is maintained throughout the entire
chapter. In terms of probability distributions for the outgoing velocities both the parallel
and perpendicular directions can be denoted by Dirac functions as

PR
‖
(vx) = δ(vx − v′x) and PR

⊥
(vz) = δ(vz + v′z) , (5.1)

where the prime indicates the velocity of the incoming particle, and the superscript R is
used to indicate the reflective wall probability distribution. This model is referred to as
the reflective wall model.
A different model to treat collisions assumes that a particle upon collision is assigned a
new velocity based on the temperature of the wall. The reasoning behind this model is that
when a particle hits a rough wall it undergoes a series of collisions within the wall, and,
finally, its velocity when leaving the proximity of the wall is randomized and uncorrelated
with its initial velocity [216]. The distribution of the velocities for particles leaving the
wall is completely determined by the temperature of the wall. This so-called thermal wall
model thus results in purely diffusive reflection. For the velocity components parallel to
the wall the new velocity is drawn from a Gaussian distribution

PT
‖
(vx) =

√
m

2πkBT
e−(m/2kBT) v2

x , (5.2)

where m is the mass of the particle, T the temperature of the wall, kB Boltzmann’s constant,
and the superscript T denotes the thermal wall probability distribution. The velocity
component perpendicular to the wall is randomly drawn from a Rayleigh distribution

PT
⊥

(vz) =
m

kBT
vz e−(m/2kBT) v2

z , (5.3)

where the sign of vz must be chosen appropriately according to the wall location [216]. In
literature [241–243] both probability functions of the thermal wall are often referred to as
Maxwellian distributions, but because this is neither formally true nor clear, the correct
names for the distributions (Gaussian and Rayleigh) are used here. Thus, after a collision

* vx is used to indicate both parallel components x and y, because they are mutually interchangeable as
long as there is no flow in the system in either of the parallel directions.
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with a wall modeled by the thermal wall model a particle has no recollection whatsoever
of its incoming velocity.
Both these wall models have already been proposed by Maxwell [12], but the thermal
wall model has been extended and generalized more recently [215, 244–246]. Apart from
the two separate models, Maxwell also proposed a linear combination of the models,
considering the real reflecting surfaces as an intermediate between a perfectly elastic
smooth surface (reflective wall) and a perfectly absorbing surface (thermal wall) [247].
The linear combination is governed by the accommodation coefficient α, which represents
the weight of the diffusion in the gas colliding with the wall, and is by definition between
zero (reflective) and one (thermal). A more detailed discussion on accommodation
coefficients is deferred until further on in this chapter (see page 125).
Recently, Yamamoto et al. adapted the Maxwell model by allowing different accom-
modation coefficients for the different components of the velocity [242]. According to
Yamamoto the velocity component parallel to the wall for a reflected particle is randomly
drawn from the following distribution

PY
‖
(vx) = αE PT

‖
(vx) + (1 − αE) PR

‖
(vx) , (5.4)

whereαE indicates the accommodation coefficient as computed from the total energy of the
gas particles. For the perpendicular direction Yamamoto uses the following distribution
function to draw new velocities from

PY
⊥

(vz) = αvz PT
⊥

(vz) + (1 − αvz) PR
⊥

(vz) , (5.5)

where αvz is the accommodation coefficient computed from the perpendicular velocity
components. From both perpendicular and parallel distributions it can be seen that they
are a linear combination of the Rayleigh or Gaussian distribution of the thermal wall
and the Dirac distribution of the reflective wall. Thus, each impinging particle is reflected
either specularly or diffusely at the wall, where the accommodation coefficient determines
the percentage of the particles being reflected in either way.
Another phenomenological model, like the above discussed Maxwell–Yamamoto model,
is the model proposed by Cercignani and Lampis [248–251] and later extended by
Lord [252–254]. This model also uses two accommodation coefficients, albeit different
ones than in the case of Yamamoto’s extension of the Maxwell model. As with all previous
models, the Cercignani–Lampis model treats the velocity components independently. The
probability distribution for the parallel velocity components is given by

PCL
‖

(vx) =

√
m
kT

1
2παvx(2 − αvx)

× exp

− m
2kT

(
vx − (1 − αvx)v′x

)2

αvx(2 − αvx)

 (5.6)

where αvx is the accommodation coefficient based on the parallel components of the
velocity, and v′x is the incoming velocity component in the parallel direction. In the
perpendicular direction the probability distribution equals

PCL
⊥

(vz) =

√
m
kT

√
2

αEz

vz × I0

 m
kT

√
1 − αEz

αEz

vz v′z

 × exp
(
−

m
2kT

v2
z + (1 − αEz)v′z

2

αEz

)
, (5.7)
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Figure 5.1: An orthographic representation of the system under consideration for the molecular
dynamics simulations. In this case the argon particles are trapped between two parallel platinum
plates, which form an FCC-lattice. The central wall is the warm wall (600 K) and the outside walls
are the cold walls (300 K). The dimensions of the system are 50× 10× 10 nm, and the total number
of atoms is approximately 28,000.

where I0 is the modified Bessel function of the first kind and this time the accommodation
coefficient αEz is computed from the perpendicular energy component only, and v′z is the
incoming velocity component in the perpendicular direction.
In the remainder of this chapter all of these four stochastic wall models (which differ from
simple conditions, such as the reflective and thermal wall, to more elaborate models, such
as the Cercignani–Lampis model) are compared to molecular dynamics simulations in
order to investigate their performance with respect to their heat transfer capabilities.

5.2 Molecular dynamics simulations

In Chapter 4, which is about the wall potentials, the molecular dynamics simulations have
been performed on an arbitrary system, i.e., in reduced units and with all particles having
the same mass. This allowed for a detailed analysis of the wall potentials as a function
of different parameters, such as density, temperature and gas-wall interaction. However,
in order to compare simulation results to experiments it is necessary to move away from
the arbitrary system and to perform simulations on ‘real’ systems.
One of the most studied nanochannel systems, both experimental and theoretical, is that
of a noble gas (e.g., argon, xenon or helium) confined between two metal plates (e.g.,
steel, platinum) [255–260]. Recently, numerical studies using particle models on similar
systems have been reported both for monoatomic gases [218, 261–266], and for diatomic
molecular gases [267, 268].
In order to allow for comparison with both experimental and other numerical studies
the systems that are used in the molecular dynamics simulations are for argon (Ar)
or xenon (Xe) particles trapped between two parallel platinum (Pt) plates of different
temperatures (a warm and a cold wall). In Figure 5.1 a representation of such a system
is depicted. Notice that in each system only argon or xenon is present between the walls,
so no mixtures of these gases are examined.
The masses for argon, xenon and platinum in the molecular dynamics simulations are set
to 39.95 amu, 131.3 amu, and 195.1 amu, respectively, and the diameters for each of the
three particle types are set to 0.382 nm for argon, 0.441 nm for xenon, and 0.277 nm for
platinum.
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In both systems only non-bonded interactions are considered, which are all modeled using
Lennard-Jones potentials. Based on the atomic diameters the characteristic lengths σii for
each of the atoms can be computed (see page 11), which are 0.340 nm for argon, 0.393 nm
for xenon, and 0.247 nm for platinum. Using the Lorentz–Berthelot mixing rules (see
again page 10) the characteristic lengths belonging to cross-type non-bonded interactions
can be computed.
Based on computations using the Sutton-Chen potential, which is more applicable for
metals like platinum, a Lennard-Jones interaction strength for the platinum-platinum
interaction of 19.42 kJ/mol is reported [269]. However, because this interaction strength
is only derived around atmospheric conditions, using a higher interaction strength is
necessary for the temperature ranges that are investigated in this chapter to prevent the
crystal lattice from evaporating. Therefore, an interaction strength of εPt-Pt = 31.36 kJ/mol
is used for this interaction [242]. Due to this strong interaction strength the platinum
particles form an FCC-lattice, which does not melt even at higher temperatures. For
the gas-gas interactions the standard interaction strengths for argon and xenon are used,
which are εAr-Ar = 0.996 kJ/mol and εXe-Xe = 1.834 kJ/mol, respectively [24].

5.2.1 Using contact angles to determine gas-wall interactions

The only non-bonded interaction parameter not yet determined is the one for the gas-wall
interactions, εGW. With respect to the heat transfer capabilities of the system this is the
most important parameter, and, therefore, it is important to derive it accurately.
Recently, Maruyama et al. performed simulations of a liquid argon droplet in contact with
a platinum surface in order to obtain the gas-wall interaction parameter for platinum and
argon [261]. When such a liquid droplet is placed in contact with a solid surface, some
degree of wetting occurs, which is determined by a force balance between adhesive and
cohesive forces [270]. The angle at which the droplet interface meets the solid surface
is called the contact angle. Others have used the same technique to obtain interaction
parameters for water-carbon and water-silica interactions [271, 272].
From a thermodynamical point of view the existence of such a contact angle (or better a
contact line between the liquid, vapor, and solid interface) can be understood by assuming
that the system is in equilibrium, and, thus, that the chemical potential should be equal in
all phases [273]. In the case of a liquid argon droplet placed on a platinum surface, three
phases can be distinguished: a solid phase (S, the platinum wall), a liquid phase (L, the
droplet), and a vapor phase (V, containing evaporated particles from the liquid droplet).
For each of the three contact interfaces the free energies can be written down, which
are γSV, γSL, and γLV, respectively. In equilibrium Young showed [274] that these three
energies are related to each other through the contact angle

γLV cosφ0 = γSV − γSL , (5.8)

where φ0 is the equilibrium contact angle. Because the free energy γLV for the liquid-
vapor interface is related to the interaction parameter for the gas-gas interactions εGG,
the two unknowns are γSV and γSL. However, if it is assumed that the difference γSV −

γSL is proportional to the gas-wall interaction parameter, Equation (5.8) gives a linear
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relationship between the Lennard-Jones parameter εGW and the contact angle φ0 [261].
It follows that a low value of the contact angle (thus cosφ0 ≈ 1) corresponds to a
high Lennard-Jones interaction parameter. However, it must be noted that surface
roughness, which is eliminated from this simplified model, is known to enhance the
contact angle [275]. It is debated whether this macroscopic derivation of the contact angle
is applicable to the microscopic scale, where the particle size becomes important, but some
studies, including this one, indicate that this is at least approximately correct [276–279].
Using different interaction strengths for the platinum-argon interaction parameter εPt-Ar,
Maruyama et al. showed different contact angles of the argon droplet with the platinum
surface, which indeed formed a linear relationship [261,262]. Based on their contact angle
simulations, Maruyama et al. decided to use a quite wettable interaction strength between
platinum and argon of 0.538 kJ/mol. However, the computation of the Lennard-Jones
parameter σ in their work is not correct* , which leads to a different wetting behavior.
Therefore, to re-parameterize the gas-wall interaction parameter between platinum and
argon new simulations similar to those by Maruyama et al. need to be performed. More-
over, because Maruyama et al. only investigated platinum and argon, these simulations
have to be repeated in the case of xenon and platinum as well. For both argon and xenon
the same simulation protocol is followed.
In this protocol first a liquid droplet of the gas is formed by cooling down randomly
placed gas atoms from 300 K to a temperature within the range belonging to the liquid
phase (which is 85 K for argon, and 163 K for xenon, respectively). From each of these
simulations the formed droplet is extracted, dismissing any gas atoms in the vapor phase
surrounding the droplet. In the case of argon this leads to a droplet consisting of 2535
atoms (with an approximate diameter of 6 nm), and for xenon to a droplet with 2338
atoms (approximately 7 nm in diameter). Each of the droplets is then placed in the
proximity of a platinum solid wall of 20×20 nm2 and several layers thick. In the direction
perpendicular to the wall the simulation box extended for at least 10 nm ensuring that
the droplet does not interact with the periodic image of the platinum wall.
Subsequently, for each of the two gases a series of molecular dynamics simulations are
performed at the same temperatures as mentioned previously, with different Lennard-
Jones parameters for the gas-wall interaction strength, while keeping all other parameters
fixed. In the case of argon the range for εPt-Ar extends from 0.20 kJ/mol to 0.75 kJ/mol and
for xenon the range of εPt-Xe is from 0.20 kJ/mol to 1.15 kJ/mol. In both cases the interaction
parameters are changed with steps of 0.05 kJ/mol each time.
Depending on the interaction parameter the droplet exhibits different wetting behavior.
In Figure 5.2 two snapshots for the argon simulation with εPt-Ar = 0.6 kJ/mol are shown,
one from the beginning of the simulation (around 40 ps) and the other toward the end of

* Maruyama et al. mention that in their platinum crystal the nearest neighbors are at 0.277 nm, which
they use as Lennard-Jones parameter σPt-Pt. However, in a crystal lattice the nearest neighbor is found at
the distance 6√2 σPt-Pt. Thus, when computing σPt-Ar they use the Lorentz–Berthelot mixing rules with the
wrong σPt-Pt value. Their characteristic length for the platinum-argon interaction is 0.309 nm, whereas it
should be 0.294 nm.
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a) Snapshot around 40 ps b) Snapshot around 300 ps

Figure 5.2: Two snapshots from the contact angle simulations for an argon droplet near a platinum
wall. In this simulation the interaction parameter εPt-Ar equals 0.6 kJ/mol. In a) the system is shown
as it is around 40 ps after the start of the simulation, and in b) the same system but now around
300 ps. For clarity the vapor is omitted from the snapshots.

the simulation (around 300 ps). The simulations are stopped when the droplet reaches
equilibrium, i.e., its shape does not change anymore.
From each simulation density profiles for the final configuration are computed, which are
constructed in the r, φ-plane, with the axis normal to the platinum surface going through
the center of mass of the droplet. These radial density profiles allow for the contact angle
to be computed by fitting a circle through the liquid-vapor interface and to determine the
angle between this circle and the platinum wall, see Figure 5.3a.
The computations of the radial density profiles are influenced by the choice of an
appropriate bin size, which lead to different contact angles. In order to reduce errors due to
the choice of the bin size, six different bin sizes are used to compute the contact angles and
each of these are treated as different and independent contact angle measurements. Thus,
for each molecular dynamics simulation with a different gas-wall interaction parameter,
six contact angles are measured, which allow for an average contact angle to be computed
along with its variance.
In Figure 5.3b the relation between the cosine of the contact angles and the gas-wall
interaction parameter is shown. For both argon and xenon it is clear that there exists a
linear relationship, which is stressed even more by performing a least squares linear fit
through all measured contact angles for each gas (giving regression coefficients of 0.96
and 0.97, respectively). The deviations from the linear fit for small contact angles (so
cosφ0 is close to one) are caused by the fact that determining the contact angle is difficult
when the droplet is almost flat. Thus, these simulations indicate that Young’s relation of
Equation (5.8) is valid even at the nanoscale.
Although there is now a clear relationship between the wettability character of the gas
and the interaction parameter of the Lennard-Jones potential, the choice of the parameters
is still to be made. Because experiments on the same systems as used in the simulations
are non-existing, this choice cannot be confirmed on an empirical basis. Maruyama et al.
choose to use a quite wettable parameter for argon in order to prevent bubble nucleation
at the platinum surface [262]. For the lack of other arguments, Maruyama’s argument to
prevent bubble nucleation is used to choose the Lennard-Jones interaction parameters.
In Maruyama’s case the quite wettable parameter coincides with a contact angle of
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Figure 5.3: In a) the radial density profile for an argon droplet on a platinum surface is
shown, which is used to compute the contact angle belonging to the Lennard-Jones interaction
parameter εPt-Ar = 0.6 kJ/mol. The horizontal line indicates the first layer of the platinum wall and
the circle approximates the argon droplet. The contact angle is the angle between the horizontal
and the tangent line of the circle at the contact point (dashed). In b) the relation between the
Lennard-Jones interaction parameter and the cosine of the contact angle is shown for both argon
and xenon. The bars denote the standard deviation found for a specific contact angle (see text).
The linear least square fits including their regression coefficients are also shown.

approximately 41◦ (cosφ0 = 0.75). Using this contact angle the interaction parameters
between platinum and argon or xenon can be deduced from Figure 5.3b, which give for
εPt-Ar = 0.6580 kJ/mol and for εPt-Xe = 1.0235 kJ/mol.

5.2.2 Simulation details

As mentioned previously in the system that is investigated gas particles are trapped
between two platinum walls at different temperatures. Each of the walls consists of
13,520 atoms equally divided across the 10 layers of the FCC-lattice. The lattice is only
sustained by the Lennard-Jones interactions between the platinum atoms. The centers
of the walls are separated by a distance of 25 nm, and both walls extend approximately
10 nm in the other two directions, but due to periodic boundary conditions, the plates are
in fact infinitely large. Between each of the two plates 650 gas atoms are present, resulting
in a particle density of 0.26 nm−3 for each of the two channels. In order to take advantage
of the periodic boundary conditions, always two channels are modeled at once, one with
the cold wall on the left side and with the hot wall on the right side, and vice versa for
the second channel, see Figure 5.1.
Based on the particle density and geometry of the system the Knudsen number, which is
a measure of the rarefaction of the gas, can be computed. The Knudsen number is defined
as the ratio between the mean free path λ of the atoms and the characteristic dimension L
of the system. In dilute systems the mean free path of atoms is given by λ = (

√
2π d2 n)−1,

where d is the particle diameter and n the number density, which equals the ratio of the
number of particles N and the volume V. Furthermore, the volume in the system under
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investigation is V = A L, where A is the surface area of the platinum walls and L the
distance between the walls, being the characteristic dimension of the system. Thus, the
equation of the Knudsen number reduces to

Kn =
A

√
2π d2 N

. (5.9)

Based on the parameters and dimensions of the two types of systems the Knudsen
numbers can be computed, which are 0.24 for argon and 0.18 for xenon, respectively.
Because the Knudsen numbers are of the order 10−1, the continuum description is
obsolete, justifying the usage of molecular dynamics simulation to describe this kind
of systems [206].
In the molecular dynamics simulations of the nanochannels the temperatures of both
walls are controlled by coupling each of the walls separately to an external heat bath,
which are both controlled by Berendsen thermostats. One wall always remains at 300 K,
whereas the temperature of the other wall is chosen from 150, 300, 360, 450, 600 or 1200 K.
Collisions of gas particles with either wall heats up or cools down the gas, thus leading
to a heat flow in the gas. Initially the gas particles are set to have an average temperature
which is exactly in between the two wall temperatures. It should be noted that the gas
particles are not coupled to an external heat bath, and that their temperature change is
caused only by collisions with other particles (wall or gas). The pressure in the system is
kept at 1 bar using the Berendsen barostat.
Each simulation consists of two parts. In the first part the system is run until equilibrium
is reached, whereas the second part is used as a production run: typically over several
million time steps (with a time step size of 2 fs). For both systems equilibrium is always
achieved within 1 ns (using the same time step size), thus the production run is started
after the first 1 ns of simulation. Because the total number of particles in the system is
about 28,000 all simulations are performed on multiple processors, but it still takes about
15 hours to compute a 1 ns trajectory on six processors.

5.2.3 Tracking of collisions

During the production run part of the simulations, the gas particles that collide with either
wall have been traced. In the case of a hard wall a collision is well defined, but when the
wall is modeled explicitly using interaction potentials, such a collision is less well defined.
Therefore, for every particle moving toward the wall which crosses a virtual border, its
three velocity components are logged. When the particle crosses the virtual border again,
this time moving away from the wall, its velocity components are logged again. This
event of crossing the virtual border is now called a collision. Thus for every particle
colliding with the wall its incoming and outgoing velocity components are known, and,
consequently, also is the change in kinetic energy due to the collision with the wall. Due
to the low density of the system, gas-gas interactions near the wall are infrequent, but if
they occur, they are included as a gas-wall interaction. Moreover, the residence time of
the collision (the time between the first and the last logging) is recorded as well.
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The location of the virtual border is important and is determined by two factors. First
the virtual border has to be far enough away from the wall in order to prevent particles
still to be influenced by the wall, i.e., the interaction potential equals zero at this distance.
Secondly, the upper limit for the location of the virtual border is determined by the mean
free path of the gas particles.
The first restriction requests the virtual border to be located at least at the truncation point
of the Lennard-Jones potential for the gas-wall interaction, which equals 0.734 nm for
argon and 0.916 nm for xenon. Although the mean free path gives the average distance
a gas particle can travel before it collides with another gas particle, collisions between
particles can occur after traveling a much shorter distance. Therefore, to prevent gas-gas
interactions to influence the result of the collision, the virtual border is placed at exactly
the truncation point of the potential.
The number of collisions recorded at one wall depends on the temperature of the system,
but is typically around 100,000 for 10 ns of simulation at the current particle density.

5.3 Computing accommodation coefficients

When gas particles collide with a surface, they exchange heat. In other words the
velocity of the gas particle is changed by the collision with the wall in such a way
that, on average, the temperature of the gas is closer to the temperature of the wall.
A phenomenological parameter that describes the amount of adaptation to the wall
temperature is the so-called accommodation coefficient. When the particles on average
do not change their temperature, the accommodation coefficient is said to be zero,
whereas when they completely adopt the temperature of the wall, the accommodation
coefficient is one. As such, the accommodation coefficient of zero corresponds to a
reflective wall and the accommodation coefficient of one to a thermal wall, and, thus,
can be seen as the weight of the diffusion in the gas colliding with the wall. These
empirical accommodation coefficients are necessary to bring theoretical models of gas-
wall interactions into agreement with experimental observations [260].
When discussing the different stochastic wall models previously, several types of accom-
modation coefficients have been introduced. Each of these accommodation coefficients
can be computed in different ways; for instance one of the methods to compute the
accommodation coefficient is to look at the temperature gradient across a nanochannel
and split the contributions for particles moving toward and away from the wall [280]. One
can then deduce a temperature for incoming and outgoing particles and, when compared
to the wall temperature, this gives an accommodation coefficient. Another approach is to
look at the velocity change upon collision, and to compute the accommodation coefficient
based on the average incoming and outgoing velocities, and on the expected average
velocity belonging to the wall with a specific temperature [242]. In the latter approach it
is also possible to look at energies or heat fluxes instead of velocities only.
Accommodation coefficients are very sensitive to many gas and surface conditions, and,
consequently, the method to compute the accommodation coefficient is very impor-
tant [265].
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Table 5.1: Based on Equations (5.2) and (5.3) it is possible to compute the expected values for
several observables, e.g. the velocity, the energy, or the heat flux. As mentioned in the text the
expected values for the energy (and also for the heat flux) are proportional to their expected values
for specific velocities, apart from some constants. Therefore, in this table, only the expected values
for specific velocity types are shown.

Type Expected values for the thermal wall distribution

Velocity 〈vx〉 = 0
〈
vy

〉
= 0 〈vz〉 =

√
π

2

√
2kB T

m 〈v〉 =
3
√
π

4

√
2kB T

m

Energy
〈
v2

x
〉

= kB T
m

〈
v2

y

〉
= kB T

m

〈
v2

z
〉

= 2kB T
m

〈
v2〉 = 4kB T

m

Heat flux
〈
vxv2〉 = 0

〈
vyv2

〉
= 0

〈
vzv2〉 =

5
√
π

4

(
2kB T

m

)3/2 〈
v3〉 =

15
√
π

8

(
2kB T

m

)3/2

Regardless of either method described above, the general form of the equation for both
methods that gives the accommodation coefficient is

ακ =
〈κI〉 − 〈κO〉

〈κI〉 − 〈κT〉
, (5.10)

where κ can be any quantity, such as the velocity in the parallel direction vz or the
total energy E. The brackets denote that the average values for these quantities need to
be computed, and the subscripts denote whether the average value is to be computed
from the incoming particles (I), the outgoing particles (O) or from the thermal wall
distribution (T).
Using the recorded velocity components of the collisions at one of the walls in the
molecular dynamics simulation it is possible to compute an accommodation coefficient
belonging to that wall in that specific system. For instance, in the case of the simulation
with argon trapped between two platinum walls (one at 300 K and the other at 600 K), the
perpendicular velocity accommodation coefficient for the wall at 300 K can be computed
using Equation (5.10), where κ is replaced by vz. Because the velocity, the kinetic energy
and the temperature are related (see page 18), the energy accommodation coefficient
can be computed by simply substituting κ with v2, because all other variables are kept
constant and are thus divided out in Equation (5.10).
Although the molecular dynamics simulations provide values for 〈κI〉 and 〈κO〉, the value
for 〈κT〉 needs to be computed from the thermal wall distribution. But because the thermal
distribution is given in closed form by Equations (5.2) and (5.3), this is straightforward,
see Appendix D. In Table 5.1 several expected values (for the velocity, energy and heat
flux) for the thermal wall distribution are listed. These values can immediately be used
in Equation (5.10) to compute the accommodation coefficient.
The accuracy at which the accommodation coefficient is known depends on the accuracy
at which the expected values for specific quantities are measured. Thus, it is important to
have sufficient independent measurements to allow for an accurate computation of the
expected values. In the case of the tracking of the collisions in the molecular dynamics
simulations this accuracy is determined by the number of collisions that are recorded.
In order to know how many collisions allow for sufficient statistical accuracy one
molecular dynamics simulation of 100 ns timespan is performed. In this simulation
one wall is at 300 K and the other at 1200 K. During these 100 ns a total of approximately
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Figure 5.4: The accommodation coefficient as function of the number of collisions taken into
account to compute the accommodation coefficient. The top figures are for the wall at 300 K, and
the bottom figures for the wall at 1200 K. The left figures give the accommodation coefficient based
on the velocities, and the right figures for the energies. The dashed horizontal lines in this figure
indicate a 2.5% error region.

1 million collisions per wall is recorded. Using Equation (5.10) first the accommodation
coefficient is computed if only one collision is taken into account, followed by taking two
collisions into account, and so on until all collisions are taken into account. In Figure 5.4
the results for the accommodation coefficients for the velocity and energy for both the
wall at 300 K and at 1200 K are shown. The accommodation coefficients are normalized
with respect to their steady state accommodation coefficient (i.e., at the end of the 100 ns
simulation). Whenever the accommodation coefficients stay within 2.5% of their steady
state value, it is believed that the computation of the accommodation coefficients is
accurate. From the figure it can be seen that when at least more than 100,000 collisions
are taken into account, the computation of the accommodation coefficients is always
accurate enough. When the accommodation coefficients are computed for the velocity
components only, the value with acceptable accuracy is already reached when around
30,000 collisions are taken into account. Because the molecular dynamics simulations
typically span several tens of nanoseconds, enough collisions are present to compute the
accommodation coefficients accurately.
To facilitate better error estimation when computing accommodation coefficients, the
set of recorded collisions for one wall from a specific system is divided into several
subsets, and for each of these subsets the average incoming and outgoing velocities are
subsequently computed. These averaged velocities are then used together to compute the
overall average velocities. Mathematically this trick does not change the value for average
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Table 5.2: Accommodation coefficients for different gas-wall systems (shown as blocks of two
rows). The system with both walls at 300 K is omitted from this table as explained in the text. The
first column indicates the temperature of the wall. The next four columns give the accommodation
coefficient for the three velocity components and the absolute velocity. The last four columns give
the accommodation coefficient for the three energy components and the total energy. Between the
brackets the standard deviation for each computed value is given.

Accommodation coefficients for Pt-Ar
T (K) αvx αvy αvz αv αEx αEy αEz αE

150 0.71 (0.00) 0.70 (0.00) 0.47 (0.02) 0.41 (0.02) 0.34 (0.03) 0.34 (0.04) 0.50 (0.02) 0.43 (0.02)

300 0.61 (0.00) 0.60 (0.01) 0.47 (0.01) 0.40 (0.01) 0.28 (0.03) 0.28 (0.02) 0.46 (0.01) 0.37 (0.01)

300 0.55 (0.01) 0.55 (0.00) 0.45 (0.12) 0.35 (0.11) 0.21 (0.31) 0.26 (0.11) 0.46 (0.10) 0.35 (0.11)

360 0.52 (0.01) 0.53 (0.01) 0.46 (0.11) 0.36 (0.08) 0.22 (0.08) 0.21 (0.11) 0.46 (0.10) 0.35 (0.07)

300 0.53 (0.01) 0.53 (0.01) 0.43 (0.03) 0.34 (0.03) 0.24 (0.06) 0.22 (0.07) 0.45 (0.04) 0.35 (0.04)

450 0.49 (0.01) 0.49 (0.00) 0.44 (0.03) 0.34 (0.02) 0.21 (0.03) 0.19 (0.04) 0.44 (0.04) 0.32 (0.02)

300 0.50 (0.00) 0.51 (0.00) 0.40 (0.02) 0.31 (0.01) 0.21 (0.03) 0.22 (0.02) 0.44 (0.02) 0.33 (0.01)

600 0.45 (0.01) 0.44 (0.01) 0.43 (0.02) 0.32 (0.01) 0.17 (0.03) 0.19 (0.02) 0.42 (0.01) 0.30 (0.01)

300 0.46 (0.01) 0.46 (0.01) 0.36 (0.01) 0.27 (0.02) 0.19 (0.02) 0.19 (0.03) 0.42 (0.01) 0.31 (0.02)

1200 0.40 (0.00) 0.40 (0.01) 0.44 (0.01) 0.32 (0.02) 0.17 (0.02) 0.17 (0.03) 0.42 (0.01) 0.29 (0.02)

Accommodation coefficients for Pt-Xe
T (K) αvx αvy αvz αv αEx αEy αEz αE

150 0.90 (0.01) 0.90 (0.00) 0.50 (0.11) 0.50 (0.12) 0.54 (0.15) 0.55 (0.17) 0.62 (0.07) 0.59 (0.09)

300 0.67 (0.02) 0.67 (0.01) 0.61 (0.03) 0.54 (0.02) 0.40 (0.05) 0.42 (0.04) 0.60 (0.03) 0.51 (0.02)

300 0.65 (0.00) 0.65 (0.01) 0.55 (0.03) 0.45 (0.02) 0.34 (0.08) 0.33 (0.07) 0.59 (0.02) 0.47 (0.02)

450 0.56 (0.01) 0.55 (0.01) 0.54 (0.04) 0.43 (0.04) 0.27 (0.09) 0.30 (0.07) 0.55 (0.03) 0.43 (0.04)

300 0.64 (0.01) 0.64 (0.00) 0.53 (0.02) 0.44 (0.01) 0.36 (0.03) 0.34 (0.04) 0.57 (0.02) 0.46 (0.01)

600 0.49 (0.01) 0.50 (0.01) 0.56 (0.02) 0.43 (0.02) 0.27 (0.04) 0.25 (0.04) 0.56 (0.02) 0.42 (0.02)

velocities, but based on the intermediate average velocities it is possible to compute
a standard deviation for that specific velocity. For instance, if the average incoming
velocity in the perpendicular direction of one subset is denoted by v̄z, then the average
value for the entire set is given by 〈vz〉 = 1

M

∑
v̄ i

z, where the sum is over all M subsets and
where i denotes a specific subset. The standard deviation of this velocity component ∆vz

is then given by ∆vz
2 = 1

M

∑
(v̄ i

z − 〈vz〉)2. Having the standard deviation for all velocity
and energy components κ allows, following the form of Equation (5.10), to compute the
standard deviation for the accommodation coefficient (∆ακ) as follows

∆ακ = (|〈κO〉 − 〈κT〉|∆κI + |〈κI〉 − 〈κT〉|∆κO) / (〈κI〉 − 〈κT〉)
2 , (5.11)

where the subscripts I, O, and T are used again to indicate the quantities for the incoming
particles, outgoing particles, or the thermal wall, respectively.
Using the above method to compute both the average and standard deviation for the
accommodation coefficients, eight different accommodation coefficients are computed
for each wall in all platinum-argon and platinum-xenon simulations. These eight
accommodation coefficients are for the three velocity components (αvx , αvy , and αvz), the
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total velocity (αv), the three energy components (αEx ,αEy , andαEz), and the total energy (αE).
In Table 5.2 a complete overview for all computed accommodation coefficients can be
found.
This table shows several interesting phenomena, for instance, when the overall tem-
perature of the system increases (i.e., when the warm wall gets hotter), all of the
accommodation coefficients decrease. Furthermore, the colder wall in each simulation
always has a higher accommodation coefficient than the warm wall. The differences
between all types of accommodation coefficients for each wall temperature are also
consistent throughout all simulations. Thus, the accommodation coefficients for the
parallel velocity components are always larger than the accommodation coefficient for the
perpendicular velocity, which is again larger than the accommodation coefficient for the
total velocity. With the energies, the highest accommodation coefficient is always found
with the accommodation coefficient for the perpendicular component of energy, while
the accommodation coefficient of the parallel components of the energy this time have
the lowest value. The only deviations are found for the accommodation coefficient of the
perpendicular velocity with the higher temperature ranges (600 K for xenon and 1200 K for
argon). It can also be observed that on average the accommodation coefficients based on
the energy are lower than for those based on the velocities. The overall standard deviations
for the accommodation coefficients are low, except when the two wall temperatures are
close to each other (e.g., for argon when the warm wall is at 360 K), and for the platinum-
xenon case with the lowest wall temperature (150 K).
The only simulations that are omitted from Table 5.2 are the simulations where both
walls have the same temperature (300 K in this case). The main reason for this is that
it is impossible to compute an accurate accommodation coefficient using Equation (5.10)
when both walls are almost at the same temperatures. When both walls have the
same temperature, the gas between the walls has on average the same temperature,
because the systems are in thermal equilibrium. In that case the average value for 〈κI〉

is close to the value computed from the thermal wall distributions 〈κT〉, making the
denominator in Equation (5.10) almost zero, and the entire equation thus undefined.
The same phenomenon also causes the higher standard deviations when the wall for
the platinum-argon system is at 360 K, because the denominator is then near zero.
This immediately shows that it is not possible, using Equation (5.10), to compute the
accommodation coefficients for a system with no heat flow, i.e., with two walls at almost
the same temperature.
The main difference between the argon and xenon accommodation coefficients (those of
xenon being higher on average) is due to the higher interaction strength with platinum
for xenon. This allows for stronger attraction of xenon particles to the platinum wall
and, thus, more energy transfer, giving rise to higher accommodation coefficients. For
the lowest temperature (150 K) this even caused xenon atoms to stick to the wall for a
long period of time, forming a layer on top of the platinum wall. Other xenon particles
now collide with the liquid xenon layer rather than with the wall, but are still counted
as collisions with the wall, leading to more erratic reflection causing the higher standard
deviations. Simulations for the same system with the gas-gas interaction set to zero (i.e.,
the case of free molecular flow), showed this standard deviation to return to its normal
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values, indicating that the condensation of xenon indeed caused the higher standard
deviations.

5.3.1 Wall model simulations

Previously, four different wall models have been discussed. These models can be
implemented as boundary conditions in the molecular dynamics simulations to replace
the solid platinum wall, and new simulations can be performed. However, due to the
different boundary conditions a different behavior for the gas is to be expected. The
systems eventually will reach thermal equilibrium, but this is not necessarily the same
type of thermal equilibrium as for the same system modeled using explicit platinum walls.
Comparison of the wall models with the explicit solid wall is then not straightforward.
A better method is to use the recorded incoming velocities from the molecular dynamics
simulations as input for the wall models and to compute the new outgoing velocities
accordingly. The advantage in the comparison with the explicit wall simulations is
that in this case the same incoming distributions of velocities are used. Because the
number of recorded collisions in the molecular dynamics simulations is large, i.e., the
incoming velocity distributions are smooth, accurate outgoing velocity distributions can
be computed for each wall model.
However, in order to compute the new velocities for the Maxwell–Yamamoto model and
the Cercignani–Lampis model some accommodation coefficients are needed as input pa-
rameters for these models. In the case of the Maxwell–Yamamoto model these parameters
are the accommodation coefficient for the perpendicular velocity component αvz and the
accommodation coefficient for the total energy αE. With the Cercignani–Lampis model
the accommodation coefficient for the parallel velocity αvx and for the perpendicular
component of the energy αEz are needed. For each wall in each different simulation these
values can be obtained from Table 5.2.
Thus, for all types of systems that have been examined using the molecular dynamics
simulations with the explicit platinum wall, the new outgoing velocities have been
computed for all four stochastic wall models. Subsequently it is possible to compute
the accommodation coefficients using the similar procedure as with the explicit platinum
walls.
Obviously, the accommodation coefficients in the case of the reflective or thermal wall are
all respectively zero or one, but this is not necessarily the case for the accommodation co-
efficients for the Maxwell–Yamamoto model and Cercignani–Lampis model. In Table 5.3
accommodation coefficients for the Maxwell–Yamamoto model and Cercignani–Lampis
model are shown for argon and walls at 150, 300 and 600 K.
Comparing the results for the Maxwell–Yamamoto model and the Cercignani–Lampis
model with the results for the explicitly modeled platinum walls shows that the accom-
modation coefficients are not the same for the two wall models and are also different from
the computed accommodation coefficients for the explicit walls. Only the accommodation
coefficients for the parallel velocity components computed from the Cercignani–Lampis
model and the accommodation coefficients for the perpendicular velocity component
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Table 5.3: Examples of accommodation coefficients for two different platinum-argon systems with
the boundaries modeled by the Maxwell–Yamamoto model and the Cercignani–Lampis model,
with the input accommodation coefficients obtained from Table 5.2. The same legend for the table
is used as with Table 5.2.

Accommodation coefficients for the Maxwell–Yamamoto model
T (K) αvx αvy αvz αv αEx αEy αEz αE

150 0.43 (0.01) 0.43 (0.01) 0.46 (0.01) 0.43 (0.01) 0.42 (0.02) 0.41 (0.03) 0.46 (0.02) 0.44 (0.01)

300 0.37 (0.00) 0.37 (0.01) 0.48 (0.02) 0.43 (0.01) 0.36 (0.03) 0.36 (0.03) 0.48 (0.02) 0.42 (0.01)

300 0.33 (0.00) 0.33 (0.00) 0.40 (0.02) 0.36 (0.01) 0.33 (0.01) 0.33 (0.01) 0.40 (0.02) 0.37 (0.01)

600 0.30 (0.01) 0.30 (0.01) 0.44 (0.01) 0.38 (0.01) 0.30 (0.03) 0.30 (0.01) 0.44 (0.01) 0.37 (0.01)

Accommodation coefficients for the Cercignani–Lampis model
T (K) αvx αvy αvz αv αEx αEy αEz αE

150 0.71 (0.00) 0.70 (0.01) 0.36 (0.02) 0.61 (0.01) 0.90 (0.01) 0.91 (0.01) 0.38 (0.02) 0.63 (0.01)

300 0.61 (0.01) 0.60 (0.01) 0.24 (0.02) 0.55 (0.01) 0.87 (0.02) 0.83 (0.03) 0.24 (0.02) 0.54 (0.01)

300 0.50 (0.00) 0.51 (0.00) 0.24 (0.02) 0.48 (0.01) 0.75 (0.01) 0.76 (0.01) 0.25 (0.02) 0.49 (0.01)

600 0.46 (0.01) 0.44 (0.00) 0.12 (0.03) 0.42 (0.01) 0.69 (0.02) 0.69 (0.01) 0.13 (0.02) 0.40 (0.01)

from the Maxwell–Yamamoto model are the same as those computed from the explicit
walls.
It is interesting to see whether the accommodation coefficients are recovered that have
been used as input parameters for the two models. It can be seen that whenever an
accommodation coefficient based on a parallel velocity component is used in a model,
this accommodation coefficient is recovered. However, this is not the case for the
accommodation coefficients based on energy components. Apparently, neither of the
two models generates the correct distribution for the energy components, nor does it for
the perpendicular and total velocity distributions.

5.4 Velocity correlations

Besides the computation of the accommodation coefficients using the recorded incoming
and outgoing velocities upon a collision with the wall, it is also possible to look at the
incoming and outgoing velocity distributions, as done by others [242, 243, 281]. This
allows for another comparison between the explicit walls and the walls modeled by any
type of boundary condition. Moreover, the same recorded velocities allow to investigate
the correlation between incoming and outgoing velocities, and to compare the models
even more extensively.
These correlations between incoming and outgoing velocities can be depicted as a two
dimensional probability distribution profile, which gives for a specific incoming velocity
the distribution of outgoing velocities. Such correlation profiles can be constructed for
each velocity component or for the total velocity.
In the case of the reflective wall model a strong correlation is to be expected between
incoming and outgoing velocities, since particles are reflected with the same velocity,
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only the direction is reversed. In a correlation profile this shows up as a diagonal line. On
the other hand, because the thermal wall model applies diffusive reflection, no correlation
is to expected at all for the thermal wall, which can be seen in a correlation profile as a
two dimensional Gaussian probability density function.
Because both the reflective and the thermal wall describe the wall reflection in the limits
of pure reflective or pure diffusive behavior, the results from other wall models as well as
explicitly modeled walls are expected to be in between these two extremes.
In Figure 5.5 the velocity correlation profiles for the platinum-argon system with the wall
at 150 K are shown for all wall models (from the explicit wall to the Cercignani–Lampis
model). In this figure the first column gives the correlation for the parallel component
of the velocity, the second column for the perpendicular component, whereas the third
column gives the correlation for the absolute velocity. It has to be mentioned that in
the case of the perpendicular velocity components both the incoming and outgoing
velocity are given a positive value for clarity in the figure (because the velocity is
reversed upon collision, the incoming and outgoing velocities should have an opposite
sign). In all velocity correlation profiles the dashed lines indicate the cases for perfect
reflection (diagonal) and perfect diffusion (horizontal) for a wall with a temperature of
150 K. Finally, the last column gives the distributions of the outgoing velocities (both
the perpendicular and parallel component, solid lines) in comparison with the same
distributions obtained from the molecular dynamics simulation (dashed). On the first
row the results from the simulation with explicit modeled walls are shown, followed by
the results for the reflective and thermal wall models. Thereafter the correlations and
distributions from the Maxwell–Yamamoto model and the Cercignani–Lampis model are
given.
The molecular dynamics simulation with explicit walls clearly shows a correlation
between incoming and outgoing velocities. Furthermore, the correlation profile for the
perpendicular velocity component is not symmetrical along the diagonal line, indicating
that the incoming gas on average leaves the wall with a lower temperature. This is in
agreement with the fact that in the simulation with one wall at 150 K the other wall is at
300 K, and particles approaching the cold wall just came from the warm wall, and, thus,
should be cooled down by this wall.
The velocity correlation profiles for the reflective wall show that there is a very high
correlation between incoming and outgoing velocities, which is to be expected due to the
nature of the reflective wall model. On the other hand the thermal wall indeed shows no
correlation, which can be best observed from the correlation distribution for the parallel
direction. In this correlation profile the shape of the distribution is perfectly ellipsoid. If
the wall would have had the same temperature as the incoming gas particles on average,
the shape would be spherical. The elliptical behavior thus indicates that the thermal wall
cools down the gas.
The Maxwell–Yamamoto model shows a very different correlation with respect to the
explicit wall simulation. Recall from the equations for the Maxwell–Yamamoto model,
Equations (5.2) and (5.3), that a particle is reflected either specularly or diffusively.
Consequently, in the correlation profiles both the reflective and thermal wall correlation
distributions can be identified.
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Finally, the Cercignani–Lampis model shows better comparison with the explicit wall
simulation. Although the shapes of the distributions are not exactly the same, similar
characteristics are recovered, such as the diagonal orientation of the correlation distribu-
tion for the parallel velocity components. Also the shape of the distribution for the total
velocity is very similar to the distribution from the explicit wall simulation.
Turning the attention to the distribution profiles (the last column in Figure 5.5), different
observations can be made. All of the four wall models are in good agreement with the
distributions for the explicit wall simulation, especially the Maxwell–Yamamoto model
and Cercignani–Lampis model.
So, where the distribution profiles give the impression that all wall models are in good
agreement with the explicit wall simulation, it is from the velocity correlation distribution
that it can be observed that only the Cercignani–Lampis model compares well with the
explicit wall simulation on both analysis methods.
In Figure 5.6 a similar figure is shown, but this time for the wall at 600 K. This time
the comparison of correlation distributions show a similar result as for the 150 K wall.
However, the distribution for the parallel component of the Cercignani–Lampis model is
far more elliptical than the shape for the same distribution in the explicit wall simulation,
which is more of a diamond shape. The velocity distributions in the last column of the
figure show that the reflective wall, the thermal wall, and the Cercignani–Lampis model
perform less than with the wall at 150 K. Only the Maxwell–Yamamoto model always
retains the same velocity distribution as the explicit wall model, but has a very poor
correlation distribution comparison.

5.4.1 Improvement of the Maxwell–Yamamoto model

Looking again at the velocity correlation profiles for the reflective wall, poor agreement is
observed. From the velocity correlation distributions for the Maxwell–Yamamoto model
similar poor agreement is observed, mainly because the Maxwell–Yamamoto model de-
pends on the distribution for the reflective wall. A closer look at the Maxwell–Yamamoto
model gives an indication why this model resembles the explicit wall simulations so
poorly. From Equations (5.4) and (5.5) it can be seen that the new distribution is a linear
combination of the original distribution and the distribution imposed by the thermal wall
based on an accommodation coefficient α. As mentioned previously, this means that a
particle is reflected either specularly or diffusively.
A different approach to the Maxwell–Yamamoto model is to create a linear combination
of the velocities rather than of the probability distributions. Thus, when a particle collides
with the wall, it keeps some part of its original incoming velocity (the reflective part) and
it is given also a part of a new velocity based on the thermal wall. As with the original
Maxwell–Yamamoto model the accommodation coefficient determines how much of each
of the two is incorporated. Thus, for a low accommodation coefficient the reflective wall
is weighted more and the thermal wall less, while the opposite is true for a higher
accommodation coefficient.
Using this adaptation to the Maxwell–Yamamoto model for the new velocities in the
parallel direction results in velocity correlations and velocity distributions for the wall
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Figure 5.5: Velocity correlation distributions for the 150 K wall in the platinum-argon system.
These distributions are for incoming and outgoing velocities for the velocity components
indicate at the bottom of each column. On the x-axis always the incoming velocity
and on the y-axis the outgoing velocity both in nm/ps. The dashed lines indicate the
reflective (diagonal) and thermal (horizontal) cases. In the last column the corresponding velocity
distributions (perpendicular black and parallel gray) for the reflecting particles (circles) are shown
in comparison with the distribution obtained from the explicit wall simulations (dashed).

134



E
xp

lic
it

w
al

l

−1.0 −0.5  0.0  0.5  1.0
−1.0

−0.5

 0.0

 0.5

 1.0

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

−1.00 −0.50  0.00  0.50  1.00
 0.00

 1.00

 2.00

R
efl

ec
ti

ve
w

al
l

−1.0 −0.5  0.0  0.5  1.0
−1.0

−0.5

 0.0

 0.5

 1.0

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

−1.00 −0.50  0.00  0.50  1.00
 0.00

 1.00

 2.00

T
h

er
m

al
w

al
l

−1.0 −0.5  0.0  0.5  1.0
−1.0

−0.5

 0.0

 0.5

 1.0

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

−1.00 −0.50  0.00  0.50  1.00
 0.00

 1.00

 2.00

M
ax

w
el

l–
Y

am
am

ot
o

−1.0 −0.5  0.0  0.5  1.0
−1.0

−0.5

 0.0

 0.5

 1.0

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

−1.00 −0.50  0.00  0.50  1.00
 0.00

 1.00

 2.00

C
er

ci
gn

an
i–

L
am

p
is

−1.0 −0.5  0.0  0.5  1.0
−1.0

−0.5

 0.0

 0.5

 1.0

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

 0.00  0.25  0.50  0.75  1.00
 0.00

 0.25

 0.50

 0.75

 1.00

−1.00 −0.50  0.00  0.50  1.00
 0.00

 1.00

 2.00

Parallel Perpendicular Total Distribution

Figure 5.6: Velocity correlation distributions for the 600 K wall in the platinum-argon system.
These distributions are for incoming and outgoing velocities for the velocity components
indicate at the bottom of each column. On the x-axis always the incoming velocity
and on the y-axis the outgoing velocity both in nm/ps. The dashed lines indicate the
reflective (diagonal) and thermal (horizontal) cases. In the last column the corresponding velocity
distributions (perpendicular black and parallel gray) for the reflecting particles (circles) are shown
in comparison with the distribution obtained from the explicit wall simulations (dashed).
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at 600 K in the platinum-argon system as shown in Figures 5.7a and 5.7c. Although the
correlation profile now resembles the explicit wall simulation much better (compare with
the first row of Figure 5.6), it can be observed that the distribution is also tilted with
respect to the diagonal. Furthermore, the velocity distributions show a worse agreement
with the explicit wall simulation than the original Maxwell–Yamamoto model.
However, recall that the distribution of the parallel component of the incoming velocity is
a Gaussian distribution with a certain standard deviation depending on the temperature.
Similarly, the distribution for the parallel component of the outgoing velocity, dictated by
the thermal wall, is also a Gaussian distribution, see Equation (5.4). Therefore, the adapted
outgoing velocity is a linear combination of two normal distributed random variables
weighted by the accommodation coefficient, leading to a new Gaussian distribution,
which can be written as

vx[0,TN] ∼ α · vx[0,TT] + (1 − α) · vx[0,TR] , (5.12)

where the first part of the right-hand side is the random variable drawn from the Gaussian
distribution of the thermal wall, with temperature TT, while the second part is the
random variable drawn from the Gaussian distribution of the incoming velocities, with
temperature TR, while TN indicates the standard deviation (the new temperature) for the
new outgoing Gaussian distribution. Using the additive property of random variables
from Gaussian distributions, the new temperature TN equals

TN = α2 TT + (1 − α)2TR . (5.13)

However, to affect the temperature correctly, the weighing of the accommodation coef-
ficients in Equation (5.13) should not be squared, because an impinging particle with
the temperature of the wall, should reflect with the same temperature, which is, based
on Equation (5.13) not the case. Therefore, the new temperature TN has to obey the
relationship TN = α(TT − TR) + TR, and, thus, the linear combination in Equation (5.12)
involves

√
α for the thermal part and to

√
1 − α for the reflective part, giving

TN =
√
αTT +

√

1 − αTR , (5.14)

which changes the linear combination of the random Gaussian variables of Equation (5.12)
to

vx[0,TN] ∼
√
α · vx[0,TT] +

√

1 − α · vx[0,TR] . (5.15)

When using this new
√
α-model for the parallel directions, again velocity correlations

and distribution are obtained for the wall at 600 K in the platinum-argon system, see
Figures 5.7b and 5.7d. From these figures it can be seen that the new model removes the
tilt from the velocity correlation distribution and aligns the velocity distribution with the
explicit wall simulation.
Unfortunately, a similar adaptation of the Maxwell–Yamamoto model for the perpendic-
ular direction is not possible, because in that case two random variables are drawn from
a Rayleigh distribution, for which it can be shown (see Appendix E) that there exists no
addition rule similar to the addition rule for Gaussian distributions.
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Figure 5.7: Comparison of the parallel velocity components for both adapted versions of the
Maxwell–Yamamoto model for the warm wall (600 K) in the platinum-argon case. In a) and c)
the results are shown for the adapted version using α, whereas in b) and d) the results are shown
when

√
α is used in the adapted model.

Hence, the proposed adaptation for the Maxwell–Yamamoto model in the parallel di-
rection improves the behavior of the Maxwell–Yamamoto model considerably, mainly
because it is more in agreement with the explicit wall simulations from the velocity
correlations point of view. Whereas the original Maxwell–Yamamoto model already
matched the velocity distributions of the explicit simulations, particles reflect either
specularly or diffusively. In the adapted model, particles obtain a completely new velocity
after the collision, partially from their original velocity, and partially from the wall. On
the microscopic level of the particles the adapted model, thus, seems more realistic than
the original Maxwell–Yamamoto model.

5.4.2 Velocity correlations to compute accommodation coefficients

Based on the recorded velocity components of particles colliding with the wall it is shown
to be possible to compute accommodation coefficients with good accuracy. However,
when the walls in the system both have the same temperature and the system is in
thermal equilibrium, the accommodation coefficients can no longer be computed using
the widely accepted Equation (5.10), because division by almost zero occurs. Therefore,
the general method to compute the accommodation coefficient is not always applicable.
A different method to compute the accommodation coefficients is provided by the velocity
correlation profiles. As mentioned previously, in the case of a reflective wall a very
strong correlation is to be expected, and no correlation at all in the case of a thermal
wall (diffusive collisions). Thus, if the velocity correlation for a specific wall is close to
the velocity correlation belonging to the reflective wall the accommodation coefficient
is zero, whereas if the correlation is much more like the thermal wall correlation the
accommodation coefficient is close to one.
An easy method to compute the accommodation coefficient based on this observation is
to compute a line that best fits the collision data based on a least squares approximation,
and to compare this line with the diagonal (reflective collisions) and horizontal (diffusive
collisions) lines. If the line has the same slope as the diagonal the accommodation
coefficient is said to be zero, and when the line has the same slope as the horizontal line
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Table 5.4: An overview of different accommodation coefficients computed based on the velocity or
energy correlation distributions. The legend is the same as in Tables 5.2 and 5.3. For the simulation
with both walls at 300 K only one row is included, because the walls are thermally equal.

Accommodation coefficients for Pt-Ar
T (K) αvx αvy αvz αv αEx αEy αEz αE

150 0.67 0.67 0.76 0.56 0.76 0.75 0.75 0.53

300 0.57 0.57 0.79 0.55 0.70 0.69 0.75 0.47

300 0.53 0.53 0.73 0.49 0.65 0.66 0.70 0.44

300 0.48 0.48 0.67 0.41 0.60 0.60 0.67 0.40

600 0.42 0.42 0.71 0.45 0.57 0.56 0.65 0.38

Accommodation coefficients for Pt-Xe
T (K) αvx αvy αvz αv αEx αEy αEz αE

150 0.89 0.90 0.93 0.90 0.93 0.93 0.93 0.89

300 0.64 0.64 0.87 0.71 0.76 0.76 0.83 0.65

300 0.66 0.66 0.82 0.67 0.75 0.76 0.81 0.63

300 0.61 0.61 0.78 0.62 0.71 0.72 0.78 0.61

600 0.47 0.48 0.78 0.59 0.61 0.62 0.75 0.53
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Figure 5.8: Velocity correlations for the platinum-xenon system with 150 K wall (a and c) and the
600 K wall (b and d). Both the parallel and the perpendicular correlation profiles are shown. In all
figures the mean value for the incoming and outgoing velocities is depicted by the circle, whereas
the solid line indicated the linear least square fit through all collision data.

the accommodation coefficient is one. Consequently, the accommodation coefficient is
given by α = 1 − β, where β is the slope of the least squares fitted line. In terms of the
recorded incoming and outgoing quantities κ the accommodation coefficient using this
method can thus be written as

ακ = 1 −

∑
i

(
κ i

I − 〈κI〉
) (
κ i

O − 〈κO〉
)

∑
i

(
κ i

I − 〈κI〉
)2 , (5.16)

where each sum is over all recorded collisions for that specific quantity κ. The subscripts
indicate again whether the quantities belong to the incoming (I) or outgoing (O) velocities,
and the brackets indicate as usual the average values.
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Figure 5.9: In a) the velocity correlations from the explicit wall simulation for platinum-argon
at the 600 K wall is shown, and in b) the correlations from the Cercignani–Lampis model (CL)
using the accommodation coefficients computed using Equation (5.10) are shown. In c) the
same correlations but now from the Cercignani–Lampis model using as input parameters the
accommodation coefficients derived using the linear least squares method, see Table 5.4, are shown.
In d) the velocity distributions of the Cercignani–Lampis model with the new accommodation
coefficients is shown compared with the explicit wall simulations (dashed line).

In Figure 5.8 velocity correlation profiles for the platinum-xenon case are shown (with
either the 150 K or 600 K wall) together with the least squares fitted line (solid). Also
the point belonging to the average incoming and outgoing velocity is depicted (circle),
through which the least squares fitted line passes.
From this figure it can be seen that when the shape of the velocity correlation is close to the
thermal wall correlation (compare Figures 5.8a and 5.8c with the third row in Figure 5.5)
the least squares line is almost horizontal. Similarly, if the least squares line is close to
the diagonal, the velocity correlation resembles the correlation from the reflective wall
better (see Figures 5.8b and 5.7b).
In Table 5.4 an overview of the accommodation coefficients for some of the systems are
shown as computed from the velocity correlations. This time the system with both walls
at 300 K is included, showing that using this method, it is possible to compute an accurate
accommodation coefficient for a system in thermal equilibrium.
So far only velocity correlation profiles have been constructed, but based upon the
recorded incoming and outgoing velocity components it is also possible to compute energy
correlation profiles. Using a similar least square fitting procedure as with the velocity
correlation profiles, also accommodation coefficients for the energy can be computed,
which are included in Table 5.4 as well.
The same overall observation as with the accommodation coefficients computed using the
traditional method can be made, e.g., the accommodation coefficient decreases when the
temperature increases. However, whereas the accommodation coefficients for the parallel
velocities from this table are more or less in agreement with the previously reported table,
this is not the case for the accommodation coefficients for the perpendicular velocity. On
general they are much higher and the decrease of the accommodation coefficient with
increasing temperature is not very profound.
Previously the accommodation coefficients computed using the traditional method have
been used as input for the Cercignani–Lampis model, see page 131. However, also the
newly computed accommodation coefficients based on the linear least squares can be used
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as input for the Cercignani–Lampis model. In Figure 5.9 the velocity correlations for the
perpendicular directions are shown for the explicit wall simulations for platinum-argon
with the wall at 600 K, for the same wall using the Cercignani–Lampis model based on the
original accommodation coefficients from Table 5.2, and the Cercignani–Lampis model
using the accommodation coefficients computed using the linear least squares method.
From this figure it is clear that using the newly computed accommodation coefficients
improves the velocity correlations for the perpendicular velocity considerably. Whereas,
in the case of using the old accommodation coefficients the shape of the correlation is
far more elliptical, the shape of the correlations for new accommodation coefficients
is far more in agreement with the explicit simulations. Also, the outgoing velocity
distribution in the perpendicular direction (see Figure 5.9d) aligns almost perfectly with
the distribution from the explicit wall simulation (compare with the rightmost figure on
the last row of Figure 5.6). Moreover, recomputing the accommodation coefficient αEz

from the perpendicular velocity correlation shows that it is also in reasonable agreement
with the accommodation coefficient αEz used as input (0.57 vs. 0.65). Thus, this new
method of computing the accommodation coefficients, based on the linear least square
fitting procedure, does not only give better outgoing velocity distribution, but also better
velocity correlation profiles.

5.5 Conclusion and discussion

To remove the computational demanding solid walls from molecular dynamics simu-
lations boundary conditions are often used. In the previous chapter the use of wall
potentials as such a boundary condition has been investigated and in this chapter the
stochastic wall models have been discussed. The most common stochastic wall models to
encounter are (in order of complexity) the reflective wall model, the thermal wall model,
the Maxwell–Yamamoto model, and the Cercignani–Lampis model. The advantage of
stochastic models above wall potentials is that they are in principal capable of better
approximating the heat transfer characteristics of walls. Therefore, these stochastic
models are compared with molecular dynamics simulations using an explicitly modeled
solid wall.
The two systems that have been examined with either the explicit or the stochastic walls
are those of a gas (argon or xenon) trapped between two platinum walls of different
temperature. In order to be able to perform the simulations a set of appropriate parameters
is needed. For the gas-gas and wall-wall interactions consistent parameters are found
throughout literature.
However, in the case of the gas-wall interactions this is not the case. For the platinum-
argon interaction, Maruyama et al. performed so-called contact angle simulations to use
the wettability character of argon to determine an appropriate Lennard-Jones interaction
parameter. Unfortunately, Maruyama made a mistake in computing the characteristic
length σ belonging to the platinum-argon interaction, which leads to a different wettability
behavior. Thus, to compute the interaction parameters, Maruyama’s simulations are
repeated with the correct characteristic length. Using the same wettability argument,
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Lennard-Jones interaction parameters for the platinum-argon and platinum-xenon in-
teraction are derived. Many other researchers have used Maruyama’s parameters [218,
282–286], but because the difference between the current and Maruyama’s platinum-
argon interaction parameter is significant (0.658 kJ/mol versus 0.538 kJ/mol respectively,
both based on the same wettability argument of a 41◦ contact angle), the results of their
simulations are debatable. Although the contact angle simulations allowed to compute
new Lennard-Jones interaction parameters for both platinum-argon and platinum-xenon,
the lack of experimental data of similar contact angles makes it hard to justify the choice
of the parameters.
It is not uncommon to encounter, as a different model to describe gas-wall interactions, a
modified version of the Lennard-Jones potential, which independently scales the interac-
tion parameter ε for the repulsive and for the attractive part of the potential [287–289]. A
straightforward, but very questionable, approach to model the gas-wall interactions that
is used sometimes is to get the parameters from the Lorentz–Berthelot mixing rules [290].
Both of the above mentioned different Lennard-Jones models and parameters are almost
exclusively used for the platinum-argon case; different type of systems are rarely reported.
A different type of potential that can be used to model the platinum-argon or platinum-
xenon interactions is the Morse potential, as has been done by Yamamoto et al. [242,
263, 264]. However, these Morse potentials are not in agreement with the Lennard-Jones
potentials determined from the contact angle simulations. For instance, the well depth
of the platinum-xenon Morse interaction in Yamamoto’s model is set to 2.648 kJ/mol,
whereas the Lennard-Jones potential for the same interaction is only 1.024 kJ/mol, but
both wells have approximately the same width. Moreover, the distance rmin at which the
potential is minimal (i.e., the force is zero), is very different as well, and very strange in
the case of Yamamoto’s platinum-xenon interaction. Whereas in the case of platinum-
argon rmin equals 0.46 nm, for platinum-xenon this distance is set to 0.32 nm, although the
diameter of the argon and xenon particles is the other way around, respectively 0.33 nm
and 0.42 nm. Thus, it is not strange to see different behavior between the Lennard-Jones
model used in this chapter and the Morse model used by Yamamoto.
In the molecular dynamics simulations with explicitly modeled platinum walls the colli-
sions of the gas particles with either platinum wall (which are at different temperatures)
are recorded. Based on this collision data it has been shown to be possible to compute the
accommodation coefficients for each wall temperature in each system using the traditional
relationship as given by Equation (5.10). In Table 5.2 these accommodation coefficients
have been presented.
In their work, Yamamoto et al. report several different accommodation coefficients for
the platinum-xenon systems [242]. Comparing their accommodation coefficients (for
the same Knudsen number and temperature) with the ones from Table 5.2 shows poor
agreement for all temperatures and types of accommodation coefficients. The differences
are most probably due to the use of the different potential (Morse vs. Lennard-Jones) with
the choice of parameters discussed previously. Comparison with experimental result is
difficult, because such results are almost non-existing. Sharipov et al. report experimental
accommodation coefficients for rarefied gas flows (including xenon and argon) in a
glass tube with accommodation coefficients close to unity [291], but differences between
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the systems in the experiments and the simulations (glass vs. platinum) make a good
comparison almost impossible. Therefore, it would be very useful for the development
of these models if new experiments on the systems used in this chapter are performed.
Moreover, from both the experimental and the simulation side it should be tried in order
to allow for a good comparison to measure or compute the same physical property.
Using the recorded incoming velocities from the explicit molecular dynamics simulations,
outgoing velocities for each of the four discussed stochastic wall models have been
computed. Using the same method to compute the accommodation coefficient, it is
shown that all models exert a different behavior with respect to the accommodation
coefficients, and are (except for some components with the Maxwell–Yamamoto model
and the Cercignani–Lampis model) also different from the explicit wall simulations.
Moreover, accommodation coefficients that have been used as input in the Maxwell–
Yamamoto model and the Cercignani–Lampis model are only recovered when they are
based on the velocity. Thus, both models do not generate the same outgoing velocity
distributions as are obtained from the explicit wall simulations.
To investigate the differences between the stochastic wall models and the explicit wall
simulations, correlation profiles between incoming and outgoing velocity components
are examined. From these correlation profiles it is observed that only the Cercignani–
Lampis model behaves more or less similar to the explicit wall simulations. The
Maxwell–Yamamoto model, which recovers the outgoing velocity distribution of the
explicit wall simulations almost exactly, is on the level of the velocity correlation in strong
disagreement with the explicit wall simulations. So far, many researchers only looked
at the velocity distributions but not at the velocity correlations, but the results of the
simulations presented in this chapter, show that, in order to resemble explicit simulations
best, the correlations should be taken into account when judging stochastic models on
their applicability.
It has also been shown that an adaptation of the Maxwell–Yamamoto model for the parallel
velocity components improves the performance of the model with respect to the velocity
correlations considerably, while still retaining the same outgoing velocity distributions.
This adaptation is based on the additive property of Gaussian probability distributions.
Furthermore, it is shown that such an additive property does not exist for the Rayleigh
probability distribution (which determines the perpendicular velocity component), and
that it is thus not possible to use the same adaptation to improve the Maxwell–Yamamoto
model for the perpendicular velocity components.
Because neither of the stochastic wall models matched the data from the explicit wall
simulations perfectly, it has to be considered whether more elaborate models to describe
the gas-wall interaction are in place. Moreover, none of the models reproduce the details
of scattering revealed by molecular beam studies [281]. For instance, all of the discussed
models lack the interplay between the velocity components, which could be important
from the point of view of equipartition to be included. This interplay between the
velocity components is most likely introduced by the roughness of the wall. Because
the wall forms an FCC lattice it does not look smooth for an approaching gas particle.
Depending on whether the particle hits the wall exactly at a lattice point (where there
is a platinum particle) or just next to it, alters its reflection direction considerably. An
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important parameter in this case is the particle size compared to the size of the wall
particles. For instance, in the case of xenon (which is much larger than argon) the
platinum wall looks smoother, and it is to be expected that their is less interplay between
the velocity components.
Based on the velocity correlation profiles a new method, using linear least squares
fitting, to compute accommodation coefficients has been presented. It has been shown
that this accommodation coefficient corresponds in the case of the parallel velocity
component to the accommodation coefficient computed using the traditional method.
This correspondence is due to the additive property of Gaussian distributions as described
above. Nonetheless, the new method gives different accommodation coefficients for the
perpendicular velocity component as well as for the accommodation coefficients based
on the energy. The new method approaches the computation of the accommodation
coefficient from a different perspective, and, in contrast to the traditional method, is
capable of computing accommodation coefficients in the cases where both walls are at the
same temperature and the system is in thermal equilibrium.
Furthermore, if the accommodation coefficients computed from the linear least squares
approach are used as input in the Cercignani–Lampis model, the velocity correlations of
this model are in even better agreement with the explicit wall simulations than before.
Moreover, in the new method of computing the accommodation coefficient no longer
average velocities from the thermal wall case are necessary as input. This all indicates
that this new method of computing the accommodation coefficients is promising.
The major drawback with respect to the accommodation coefficients is that there exists
no relationship between these phenomenological parameters, which are used in many
theoretical models, and the physical parameters determining the interaction between
the gas and wall. As such, the accommodation coefficients are not the right physical
parameter to describe the heat transfer capabilities of gas-wall systems, and, for every
change of physical conditions (e.g., different type of wall particles, different temperature,
different density) the accommodation coefficients need to be recomputed from explicit
wall simulations in order to be used in the theoretical models. Thus, the applicability of
stochastic wall models as a replacement of explicit walls is limited, because explicit wall
simulations are still necessary to compute the parameters needed for the stochastic wall
models.
Although stochastic wall models possess heat transfer capabilities, they lack, with respect
to explicit wall simulations, the possibility for adhesion of particles to the wall. Upon
a collision with the wall, new velocities are assigned to the colliding particles, which is
re-emitted into the gas phase immediately. The models could of course be extended to
incorporate a residence time for a collision, but still the layer forming due to adhesion
on top of the wall surface is impossible. If the particle density is high enough layering
can still occur with the stochastic models, but this is due to the fact that the particles are
pressed to the wall rather than attracted by the wall.
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D Computing expected values for the thermal wall

To be able to compute the accommodation coefficients using Equations (5.10), it is necessary to
know the expected value of the thermal wall distribution for the desired quantity. Because the
probability distributions for the thermal wall are known, see Equations (5.2) and (5.3), this is rather
straightforward. However, especially in the case of the expected values for the total velocity, total
energy and all heat fluxes, this is less the case. In this appendix it is shown how to compute the
expected values for the total velocity. The other five expected values can be derived similarly.
Given the probability distribution P(x), defined for all real values of x, the expected value for x is
given by

〈x〉 =

∞∫
−∞

x P(x) dx .

In the case of the expected value for the total velocity
〈
v2

〉
, given by the thermal wall distribution

functions, this can be written as

〈
v2

〉
=

∞∫
−∞

∞∫
−∞

∞∫
0

v2 PT
‖
(vx) PT

‖
(vy) PT

⊥(vz) dvx dvy dvz ,

where the integral from 0 to∞ is for the perpendicular direction (z). Substituting the expressions
for the probability density functions, collecting terms, using v2 = (vx + vy + vz)2, and changing to
the polar coordinates (v, φ, θ), reduces the above equation to

〈
v2

〉
=

2
π

( m
kB T

)2
π/2∫
−π/2

π∫
0

∞∫
0

v5 sin2 φ cosθ e−m v2/(2kB T) dv dφ dθ .

The terms involving only v, φ, and θ can be individually collected, giving

〈
v2

〉
=

2
π

( m
kB T

)2
π/2∫
−π/2

cosθ dθ

π∫
0

sin2 φ dφ

∞∫
0

v5 e−m v2/(2kB T) dv .

This reduces even further (by solving the integrals for φ and θ) to

〈
v2

〉
= 2

( m
kB T

)2
∞∫

0

v5 e−m v2/(2kB T) dv ,

which can be solved using standard integrals, giving for
〈
v2

〉
= 4 kB T/m.

E Sum of two Rayleigh distributed variables

It is well known that the probability density function belonging to the sum of two independent
random variables is the convolution of both probability density functions for the independent
random variables. This property can be used to show that the sum of two independent Rayleigh
distributed variables is not a Rayleigh distributed variable by itself.
Given two Rayleigh probability distributions f1 and f2 with two different parameters σ1 and σ2,
their densities are expressed as

f1(x) = x
σ2

1
e−x2/(2σ2

1) and f2(x) = x
σ2

2
e−x2/(2σ2

2) .
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Their convolution g(z) is then given by

g(z) =

z∫
0

f1(x) f2(z − x) dx =

z∫
0

x
σ2

1
e−x2/(2σ2

1) z−x
σ2

2
e−(z−x)2/(2σ2

2) dx

= 1
σ2

1σ
2
2

z∫
0

x (z − x) e−x2/(2σ2
1)−(z−x)2/(2σ2

2) dx .

Now suppose that z is very small, then the exponential terms in the above equation can be
approximated by a Taylor expansion. This changes the integrals to

g(z) ≈ 1
σ2

1σ
2
2

z∫
0

x (z − x)
(
1 − x2

2σ2
1

) (
1 − (z−x)2

2σ2
2

)
dx ,

where the two rightmost expressions between the brackets are very close to one for small z. Thus,
the integral is even simplified further to

g(z) ≈ 1
σ2

1σ
2
2

z
z∫

0

x dx −

z∫
0

x2 dx

 = z3

6 σ2
1σ

2
2
.

If the new distribution obtained from the addition of the independent Rayleigh variables also
should be a Rayleigh distribution, than both distributions should behave similar for small values.
However, from the definitions of the Rayleigh probability distribution functions it can be seen
that for small values they behave linear, whereas the result of the convolution shows a cubic
relationship. Thus, the sum of two independent Rayleigh variables does not result in another
Rayleigh distribution.
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Conclusion and discussion

Molecular modeling is the collective term used to refer to theoretical methods and
computational techniques used to model and mimic the behavior of atoms. In the first
chapter two popular molecular modeling methods (molecular dynamics and Monte Carlo)
are described in detail, from the empirical force field describing the interactions between
the atoms to the statistical physics that forms the molecular basis of thermodynamics.
Furthermore the software implementation of these techniques in the in-house developed
program PumMa is discussed. Because the code is programmed in a third generation
language, extensions needed for specific research purposes, as discussed in this thesis,
are easily added.

During drug design molecular modeling methods have shown to be very critical as well
as to be able to understand activation processes in many proteins. However, the lack
of crystal structures of proteins, bound to the cell membrane, makes it hard to develop
computational models for these types of proteins from experiments. Therefore, different
computational methods are used to predict the structure of membrane bound proteins,
such as G-protein coupled receptors, from their amino acid sequence only.

In the second chapter the molecular dynamics method is used to investigate in atomistic
detail the function and, more importantly, the conformational dynamics of a G-protein
coupled receptor, whose structure has been predicted using first principle methods. This
G-protein coupled receptor, the β2-adrenergic receptor, is involved in the treatment of
asthma, and, thus an important target in drug design. In the molecular dynamics
simulations this protein has been examined in its native environment, i.e., embedded
in a lipid bilayer and surrounded by water and salt, and both in its unbound state or with
signal activating or blocking molecules bound.

The analysis of these fully solvated and membrane embedded structures makes it clear
that the overall predicted β2-adrenergic receptor structures are stable in their native
membrane-water environment. These results validate the first principle prediction
methods as a good instrument to investigate G-protein coupled receptors.

During the dynamics piston-like movements of several helices of the β2-adrenergic
receptor are observed, which are most probably involved in the activation of the protein,
and in the signal transduction to the G-protein. However, because the simulations span
only 6 ns, to fully understand the activation pathway simulations of tens or hundreds
of nanoseconds are necessary. These longer simulations would certainly contribute to
confirm the currently observed activation behavior, as well as experimental data.

Moreover, examination of the molecular dynamics trajectories indicated that explicit
inclusion of water has significant effects on the interactions between the protein and the
activation molecules and that these interactions change dynamically. In some cases water
trickles into the binding pocket to mediate hydrogen bonding between the activation
molecule and the protein. This indicates that the inclusion of water in the prediction of
the docking capabilities of interaction molecules in the model is important. Therefore, it
should be considered to include water molecules in docking algorithms in the near future.
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The procedure to investigate the dynamic behavior of the β2-adrenergic receptor de-
scribed in this chapter has recently been applied to other systems as well, indicating
the importance of considering both the influences of the dynamic behavior and the
environment (water and lipids) on the prediction of protein activation.
With the all-atom molecular modeling technique used to investigate the β2-adrenergic
receptor it has been shown to be computationally challenging to investigate dynamics of
long time scales, such as protein aggregation or activation. Along the same lines, also the
size of the systems that can be investigated using all-atom molecular modeling methods
are restrained by the computational demands. As such coarse graining can be used
to reduce the number of degrees of freedom, and, thus, to decrease the computational
complexity, allowing for larger systems or longer time scales to be reached.
In the third chapter of this thesis the above mentioned coarse graining procedure is used
to develop a new model for transmembrane α-helical proteins. The main philosophy in
this new coarse grained method is based on existing models, for instance with respect to
the size and mass of the coarse grained particles. However, to allow specific interactions,
the force field discussed in the first chapter has been extended and modified to incorporate
new potentials that can deal with hydrogen bonds (the Lennard-Jones hydrogen bond
potential) and angle interactions with more than one reference angle (the double angle
potential). Especially the double angle potential, which uses the energy barriers between
the different angle conformations as input, shows high potential to be used in other
models as well, for instance in all-atom models.
Compared to other coarse grained protein models the main difference with the new
model lies in the number of coarse grained particles used for each side chain particle, and
with the omission of torsional interactions to prevent a-priori knowledge of the protein’s
secondary structure being put into the model. Also the size and mass of the particles in
the new model are in agreement with the chemical composition of the underlying atoms.
The applicability of the new transmembrane α-helical protein coarse grained model has
been proven by investigating several very different sets of proteins (from soluble, α-helical
to β-sheet rich proteins) using molecular dynamics simulations. Although the new coarse
grained model resembled α-helical proteins well, it might not be suitable for proteins
containing β-sheets. This is mainly due to difference in the nature of the hydrogen bonds
between α-helices and β-sheets. Whereas the former forms hydrogen bonds with close
neighbors, it is far more difficult to predict for the latter where hydrogen bonds are
formed. The current implementation of the hydrogen bonds, by using the Lennard-Jones
hydrogen bond potential, thus seems mainly suitable for α-helices and less for β-sheets.
Incorporating directionality, such as the angle between hydrogen bond forming pairs, in
the coarse grained hydrogen bond potentials could in principal increase the hydrogen
bonding capacity of the model. Nonetheless, the new coarse grained model has been
shown to be applicable to many interesting α-helical transmembrane protein complexes.
To show the applicability of the model even further, is has been applied to two special
cases: WALP-peptides and antimicrobial peptides. The first serve as a model system
for both experiments and theory to investigate the interaction between transmembrane
α-helical peptides and lipid membranes, whereas the latter are antibiotics whose pore-
forming capacities are of great interest to act as target-specific drug candidates. Based
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on the molecular dynamics simulations of the WALP-peptides it is concluded that the
apparent hydrophobic mismatch between peptide and membrane can be resolved by
two mechanisms (membrane thickness adaptation and peptide tilting) and that these two
mechanisms occur sequential and not in parallel.

In the case of the antimicrobial peptides besides molecular dynamics simulations also
Monte Carlo simulations are performed to investigate the most favorable orientation of
these peptides in lipid membranes. It has been shown that many of the orientations
found with the molecular simulation techniques are in agreement with experimental
observations. However, for some of the peptides experimental data is not yet available,
but it would be interesting to see whether the simulations predict the orientations correctly.

The use of molecular modeling techniques extends also beyond the biological applications
discussed so far. For instance, the heat transfer characteristics of devices such as
nanochannels are not yet fully understood, and molecular modeling techniques can be
used to give more insight on these processes. Nanochannels are of importance, because
they are promising devices that can be used to cool small electronic components efficiently,
and can be used as lab-on-chip devices for biological, chemical and medical analysis.
Thus, understanding the interactions between the channel walls and the medium flowing
through it (liquid or gas) is of great importance.

However, the computational cost involved in simulating the solid channel wall currently
restrains the size of the channels that can be investigated with molecular dynamics
simulations. To reduce these computational costs the solid wall is often replaced by
boundary conditions, such as a wall potential or a stochastic model. In the fourth chapter
the wall potentials have been investigated in detail, whereas the stochastic models have
been the subject of the fifth chapter.

Although some wall potentials exist in literature, a new wall potential has been derived,
because using computational tricks employed in the molecular dynamics simulations,
allowed for a wall potential more in agreement with explicit wall simulations. Fur-
thermore, in contrast to other wall potentials, the derivation of the new wall potential
allowed for pressure calculations to be included. The new wall potential derivation is
based on averaging the contributions of one layer of the solid wall to get a function that
only depends on the distance to the wall. By using this method it is also shown that is
possible to incorporate different crystal lattices in the derivation of a wall potential, and
allowing more complicated lattices, such as a Na-Cl lattice, to be used as well. Moreover,
the wall potential reduces the computational complexity considerably, because no pair
interactions with the lattice particles have to be computed. In principal it is also possible
to incorporate the wall potential as a boundary condition in other modeling techniques
than molecular dynamics, such as the direct simulation Monte Carlo method.

Although the new wall potential is in good agreement with other wall potentials, it also
led to narrower density profiles for a gas close to the wall in comparison with explicit
walls. Due to the averaging of the wall in the derivation of the wall potential the roughness
effect, which causes broader density profiles, has been removed. If a wall potential only
depends on one directional parameter, it is not possible to completely reintroduce this

150



roughness effect, although a Boltzmann weighing apparently improves the behavior with
respect to roughness.
Furthermore, because all kinetic components from the explicit solid wall are removed
in the derivation of the wall potential, it is not possible to transfer heat using only wall
potentials. Therefore, the possibility of transfer heat to the system by using oscillating
wall potentials has been investigated. It is shown that it is only possible to transfer heat to
and from the system when the oscillating wall potential has a finite mass. In the cases of
a oscillating wall potential with infinite mass heat can only be transferred to the system.
However, in that case the computational complexity is in principal not reduced, because
particle-like interactions with the oscillating wall potential have to be introduced again.
The use of (oscillating) wall potentials is thus limited by the types of system under
investigation. Wall potentials are very useful if the main interest of the simulation is with
the part of the system not close to the walls, and they are especially useful if it allows the
system to be represented as a sphere rather than a cube, because the number of particles,
and, thus, the computational demand, is then decreased significantly. The choice of using
wall potentials as a boundary condition has to be made with care, because unwanted
effects can be introduced at ease, but also great computational benefits can be achieved.
Another approach to reduce the computational costs when modeling liquid or gas flows
in a channel is to model the solid walls with stochastic models. These models adapt the
velocities of the particles colliding with the wall in such a way that the system on average
shows the same thermodynamic behavior as when the walls are modeled explicitly. In
contrast to the wall potentials these stochastic models are thus capable of approximating
the heat transfer characteristics of the explicit modeled solid wall.
Four well known stochastic models have been investigated in detail using two gas-wall
model systems and have been compared extensively with the explicit wall molecular
dynamics simulations. However, before the latter simulations could be performed, new
gas-wall interactions parameters need to be derived, because the parameters from the
current literature are inconsistent or wrongly derived.
Based on the explicit wall simulations it is shown to be possible to compute the accom-
modation coefficient, which is a phenomenological parameters that indicates the amount
of diffusivity introduced by collisions with the wall. However, these accommodation
coefficient computations are only accurate as long as the two walls in the system have a
different temperature.
To allow for a better computation of the accommodation coefficients a new method is
presented, which relies on the correlation between the incoming and outgoing velocities
of the colliding particles. It is shown that when using this model the accommodation
coefficient can still be accurately computed, even when both walls have the same
temperature. Moreover, the accommodation coefficients computed using the new method
allows for the stochastic wall models to be in better agreement with the explicit wall
simulations.
As mentioned earlier the accommodation coefficients are phenomenological parameters
and as such they are not connected to any physical parameter. Moreover, the accommo-
dation coefficients differ from system to system, from condition to condition, and are thus
very hard to use as parameters to describe the heat transfer capabilities.
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On the other hand, the velocity correlations that can be constructed from molecular
dynamics simulations to describe the interaction with the wall, give a good insight into
the physics of the gas particles colliding with the wall, and can as such be used as basis
to develop new (stochastic) wall models.
The major drawback with the stochastic wall models lies with the fact that particles are
immediately re-emitted after a collision, and, thus, no condensation at the solid wall is
possible. This contrasts with the results from both the explicit wall and wall potential
simulations. Both the wall potentials and the stochastic models have their benifits, but
each approximates the explicit case on different aspects.

In this thesis two very different applications to molecular modeling have been inves-
tigated. However, they both are aimed at reducing the computational cost currently
involved with the modeling of large systems.
The coarse grained protein model showed that it is possible to develop a more abstract
model to describe the behavior of transmembrane proteins in lipid bilayers. However, in
order to predict the activation pathways of, for instance, larger transmembrane proteins
all-atom molecular modeling techniques that incorporate chemical detail better than
coarse grained models are still necessary, although the possibility of switching between
an all-atom and coarse grained description is also promising.
In the case of the nanochannels it is shown that good understanding of the gas-wall
interactions is important, and that neither model (wall potential or stochastic model) can
fully replace the molecular detail of explicit wall simulations.
Thus, in order to reduce computational costs considerably and still keep the atomistic
detail where needed, the development of hybrid molecular modeling methods is promis-
ing. In the case of the nanochannels already some advances are made with combining
molecular dynamics and direct simulation Monte Carlo together [213,292,293]. Another,
very promising approach is to combine continuum fluid dynamics calculations and
molecular dynamics simulations [294–296].
Another approach is to invest in new faster machines to compute the above problems
in full molecular detail. However, the current capacity of the computer processing units
limits this development. Therefore, the recent interest in porting the computational
expensive routines of molecular dynamics to the faster graphics processing units promises
to be very interesting and could allow for more complex simulations in the same time
needed now on ordinary processors [297, 298].
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Summary

Many interesting physical and biological phenomena can be investigated using molecular
modeling techniques, either theoretically or by using computer simulation methods, such
as molecular dynamics and Monte Carlo simulations. Due to the increasing power of
computer processing units, these simulation methods allowed over the last decades for
the dramatic increase in knowledge of the behavior of systems at the molecular level.
In the first part of this thesis the foundations of molecular modeling techniques are
revisited. Empirical force fields and the physical background between thermodynamics
and individual particles are discussed.
The applicability of molecular modeling techniques is shown by two representative cases.
First, the molecular dynamics simulation method is used to understand the dynamics of
specific proteins at the molecular level. This is important, because drug design efforts
are increasingly laborious, especially with the paucity of available structural information.
Therefore, computational methods are helpful in predicting the structure of proteins, and,
more importantly, to predict conformational dynamics leading to protein activation. To
that end a specific asthma-related protein, the β2-adrenergic receptor, is investigated in
atomistic detail together with the molecules that can bind to the protein to cause activation
or inhibition. Clearly, molecular dynamics simulations are an important tool to provide
further knowledge on the activation pathway of this protein.
Although these all-atom simulations give some insight on the dynamics, the compu-
tational demand does not allow for systems much larger than several nanometers or
time scales exceeding several nanoseconds. An attempt to overcome these problems is
presented by the development of a coarse grained description of the transmembrane
proteins. Because coarse graining reduces the number of degrees of freedom, the
computational demands decrease, and larger systems can be investigated. However,
to maintain the specific characteristics of transmembrane proteins, the general force
field used in molecular modeling techniques needs to be extended with hydrogen
bonding capabilities and helical backbone stabilization. This new coarse grained model is
applicable to transmembrane proteins, and is used to investigate two independent cases:
WALP-peptides and antimicrobial peptides. The first serve as a model system for both
experiments and theory to investigate the interaction between transmembrane peptides
and lipid membranes, whereas the latter are antibiotics whose pore-forming capacities are
of great interest to act as target-specific drug candidates. From the molecular dynamics
simulations of the WALP-peptides it is shown that the apparent hydrophobic mismatch
between peptide and membrane can be resolved by two mechanisms (membrane thick-
ness adaptation and peptide tilting) and that these two mechanisms occur sequential
and not in parallel. In the case of the antimicrobial peptides it is shown that many of
the orientations found with the molecular simulation techniques are in agreement with
experimental observations.
The second case to show the applicability of the molecular modeling techniques is that
of the heat transfer characteristics of gas flows in nanochannels. Understanding these
characteristics is important, because these very small channels are considered to be
promising devices to locally cool systems (such as computer processing units) or to
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be used in lab-on-chip devices for at home medical diagnostics. Thus, understanding
the interactions between the channel walls and the gas flow is of great importance.
Unfortunately, the computational cost involved in simulating the solid wall, currently
restrains the size of the systems that can be investigated using molecular dynamics
simulations. Therefore, instead of the explicit modeling of the solid wall, appropriate
boundary conditions are used, such as wall potentials or stochastic models. Both of
these boundary conditions are examined in great detail and a new wall potential is
presented. Also the investigations of a specific case of a channel with platinum walls with
a noble gas (argon or xenon) in between allows to introduce a new method to compute
an important heat transfer determining parameter. Furthermore, it is shown that both
boundary conditions have their benefits and drawbacks, and that the use of either one
depends heavily on the application under consideration.
Both cases used to show the applicability of molecular modeling techniques, although
very different from each other, indicate the importance of particle simulation methods.
Investigating the interactions at the molecular level, and the development of new models
allows for an even better understanding of underlying molecular processes.

Brevis complexio

Quamquam in scientiis lingua Brittannica hoc tempore maxima est, ita non semper fuit.
In antiquitate Graeca et Romana literae multae in lingua Graeca aut in Latina lingua
scriptae erant, quae sola lingua scientiarum restabat. Itaque hoc scriptum examinis brevis
complexio in lingua Romanorum continet ut ea mos, permulta saecula tradita, maneret.
Multae res naturales physicaeque intellectae non bene sunt in modo moleculario. Ex-
perimenta eius parvi modi plerumque non adhuc effici possunt. Fieri autem potest
ut simulationibus instrumenti computatorii haec experimenta diligentia molecularia
studerentur. Hoc scriptum examinis doctrinam duarum notarum artium simulandi
per instrumentum computatorium tractat. Duo quoque usus varii, proteini et fossae
perparvulae, edisseruntur.
Quoniam simulare proteinos per instrumentum computatorium multiplex et aliqantum
temporis requirit, forma universalior proteinorum explorandorum maioribus modis tem-
poris longitudinisque inventa est. Haec forma nova cum formis praesentibus comparata
atque per indicia experta inspecta est.
Et simulationes fossarum perparvularum multiplicitate instrumenti computatorii impe-
diuntur, praesertim propter solidum parietem. Igitur conatus sum duobus variis modis
pro hoc pariete conditionem construere.
Utrumque exemplum demonstrat rationes molecularie simulandi valde magnae sunt ad
bene cognoscendum res tam parvi modi, at etiam fines amplitudini artium esse quae
simulari possint. Ergo inventionis formarum novarum adhuc maxime interest.
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Samenvatting

Met behulp van modelleringstechnieken op de moleculaire schaal is het mogelijk om
veel natuurkundig interessante verschijnselen te onderzoeken, enerzijds theoretisch en
anderzijds gebruikmakend van computersimulatiemethoden. Voorbeelden daarvan zijn
moleculairedynamica- en Monte Carlosimulaties. Bij moleculairedynamicasimulaties
worden de bewegingen van de individuele deeltjes in het systeem aan de hand van
de krachten die op de deeltjes werken op een deterministische manier uitgerekend.
In het geval van de Monte Carlomethode worden de bewegingen van de deeltjes juist
niet op een deterministische, maar op een stochastische manier uitgerekend. Dus waar
moleculairedynamicasimulaties het tijdgedrag van het systeem laten zien, genereert een
Monte Carlosimulatie mogelijke toestanden van het systeem. In het eerste hoofdstuk van
dit proefschrift wordt de theoretische achtergrond van deze computersimulatiemethoden
behandeld.
Om de toepassing van onder andere de moleculairedynamicamethode te laten zien, wordt
in het tweede hoofdstuk uitgebreid stil gestaan bij een specifiek biologisch probleem,
namelijk de dynamica van transmembraangebonden eiwitten. Bij het ontwerpen van
medicijnen is het erg moeilijk om te voorspellen welke medicijnen effect zullen hebben
op deze specifieke eiwitten. Dit komt onder meer omdat de driedimensionale structuur
van deze eiwitten vaak onbekend is. Daarom zijn in het verleden computermethoden
ontwikkeld om op basis van de aminozuurvolgorde van de eiwitten de uiteindelijke struc-
tuur te voorspellen. Met behulp van moleculairedynamicasimulaties kan inzicht worden
verkregen in het dynamisch gedrag van deze eiwitten in hun natuurlijke omgeving, zeker
wanneer het gehele systeem in volledig atomair detail wordt beschreven. Onder andere
de activatie van de eiwitten door specifieke moleculen kan zo worden onderzocht. Om
dit kracht bij te zetten wordt in het tweede hoofdstuk stilgestaan bij een specifiek eiwit,
de β2-adrenerge receptor, wiens (de)activatie van belang is bij de behandeling van astma.
Gebleken is dat alhoewel het volledig atomair modelleren van de eiwitten veel informatie
oplevert, de grootte en tijdspanne van de te onderzoeken systemen beperkt worden
door de beschikbare rekencapaciteit. Ondanks dat de kracht van moderne computers
toeneemt en de kennis van systemen op moleculaire schaal de laatste jaren evenredig
snel is toegenomen, blijken systemen groter dan enkele tientallen nanometers nog niet
op een efficiënte manier berekend te kunnen worden. Daarom wordt in het derde
hoofdstuk een abstracter model om transmembraaneiwitten te modelleren gepresenteerd,
een zogenaamd coarse grained-model. Alhoewel dit model op het eerste oog veel op een
atomair model lijkt, is het toch nodig om enkele specifieke interacties, die afwezig zijn in
meer abstracte modellen (zoals waterstofbrugvorming en helixstabilisatie), toe te voegen.
Het nieuwe model is uitvoerig getest op verschillende transmembraaneiwitten en kleinere
peptideketens. Hieruit blijkt dat het model een goede voorspellende waarde heeft ten
aanzien van het gedrag van transmembraaneiwitten.
Een volledig andere toepassing van molecairemodelleringstechnieken is om de warm-
teoverdracht in heel kleine kanaaltjes, zogenaamde nanokanalen, in kaart te brengen.
Het is belangrijk om deze eigenschappen te begrijpen, omdat nanokanalen een veelbe-
lovende toepassing zijn om computerprocessoren beter te kunnen koelen. Ook worden
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nanokanalen al gebruikt in apparaten voor medische thuisdiagnose. Daarom zijn plati-
num nanokanalen met daarin verschillende soorten edelgas (argon en xenon) uitvoerig
bestudeerd om de specifieke interactie tussen wand en gas te onderzoeken.
Omdat in de moleculairedynamicasimulaties de meeste rekentijd gebruikt wordt om
de banen van de atomen die de wand vormen te berekenen, is de grootte van de
nanokanalen, die met deze computersimulatiemethode onderzocht worden, beperkt.
Daarom wordt in het vierde hoofdstuk ingegaan op de mogelijkheid om de wand van de
nanokanalen te vervangen door een analytische potentiaal, al dan niet met de capaciteit
tot warmteoverdracht.
Een totaal andere aanpak om de wanden van de nanokanalen te onderzoeken wordt
besproken in het vijfde hoofdstuk. Met behulp van stochastische modellen is het
mogelijk om de macroscopische warmteoverdracht van de nanokanalen relatief goed
te beschrijven, maar deze modellen hebben als nadeel dat het gedrag van de individuele
gasatomen niet overeenkomt met waarnemingen uit moleculairedynamicasimulaties
waarin de volledige wand expliciet is gemodelleerd. Ook wordt in dit hoofdstuk een
nieuwe methode geı̈ntroduceerd om een parameter (de accommodatiecoëfficiënt) die de
warmteoverdracht karakteriseert te bepalen.
De keuze tussen aan de ene kant analytische potentialen en stochastische modellen aan de
andere kant, wordt met name ingegeven door het soort probleem dat onderzocht wordt.
Elk van deze randvoorwaarden heeft zo zijn positieve en negatieve kanten.
Beide toepassingen (eiwitten en nanokanalen) laten zien de moleculairemodellerings-
technieken belangrijke methoden zijn om het fysische gedrag op deze kleine schaal te
onderzoeken. De ontwikkeling van nog slimmere en betere modellen en technieken zal
in de toekomst belangrijk blijken om het gedrag op moleculaire schaal beter te leren
begrijpen.
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