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Abstract: Assume k (integer k ~ 2) populations are given. The associated independent

random variables have continuous distribution functions with an unknown location parameter.

The selection goal is to select a non-empty subset which contains the best, in the sense of

largest location parameter, population with confidence level p. (k-1 < p. < 1). In the

present paper a generalized selection goal based on a general loss function is presented. This

new loss function takes into account the difference, in parameter value, between the best

population in the selected subset and the best of all k populations minus t(t ~ 0); it is zero if

an t-best population is an element of the subset. An t-best population is any population with

a parameter value within c of the value of the largest parameter. The generalized selection

goal is thought to be of great value from an application point of view. The subset selection

goal of Gupta is a special case of the introduced generalized selection goal.

The special case of two normal populations is studied in detail.

AMS Subject Classification: 62F07.

Key words: Subset Selection; selection; probability of correct selection; loss function; c-best
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1. Introduction

Statistical selection methods are concerned with the problem of selecting, out of a set of

k populations 11"1,' • ',11"1;, a non-empty subset containing the "best" population. This selec

tion is made on the basis of k independent samples, one from each population. Here, the

"best" population is, in most cases, defined as the one with the largest (or smallest) value of

an unknown parameter, e.g. the mean, or the variance. An agricultural experimenter, e.g.,

might be interested in the variety with the highest yield. In the case where the parameter

is the variance one might want to find the population with the smallest value of this parameter.

There are two basic approaches to subset selection. One approach, the indifference zone

approach, was suggested by Bechhofer (1954). The other approach, subset selection, was

presented by Gupta (1956, 1965). The indifference zone approach has as its goal the selec

tion of the best population. The sample sizes are chosen in such a way that, for some given

P* E (*, 1), the probability of a correct selection is at least P* whenever the best popula

tion is at least 6*(6* > 0, given) away from the second best. The subset selection approach

has as its goal the selection of a non-empty subset, as small as possible, containing the best

population with a given probability. And this probability requirement has to be met for all

possible parameter values.

Practical objections to selection procedures are of the type: "large sample sizes needed" for

the indifference zone approach and "large subsets" for the subset selection approach. For

strong requirements (large P* and/or small 6*), when using the indifference zone approach,

one has to pay with large sample sizes. Using the subset selection approach one pays, for

fixed sample sizes, with a large size of the selected subset. These large subsets are mainly

due to the fact that the probability requirement has to be met also for the least favourable

configuration (LFC) of the parameters. For the location model the LFC is, in many cases,

the configuration consisting of equal parameter values for the k populations.

Generalizations of the above approaches where, instead of looking for the best population,

the goal is to find the best t (2 ~ t < k) populations have also been considered (see e.g.

Gupta and Panchapakesan (1979) for these and other modifications).
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The performance of selection procedures can be improved by either increasing the sample sizes

or by weakening the probability requirements. An investigator might not be able or willing to

do either. However, he might be able to specify an € > 0 such that, from a practical point of

view, he is content when his subset contains an €-best population. Here, an c-best population

is any population with a parameter value within c of the value of the largest parameter. This

extension was introduced and studied by van der Laan (1992a) and (1992b).

In the present paper a further generalization is considered. It consists of replacing the zero-one

loss function by a continuous one. This new loss function takes into account the difference,

in parameter value, between the best population in the selected subset and the best of all

populations minus e (c ~ 0). A description of this generalization is given in Section 2. In

Section 3 the special case of two normal populations is studied in detail. Section 4 contains

some comparisons, for the case of two normal populations, of our results with those of Gupta

and van der Laan. Section 5 (Appendix 1) contains the proofs of some of our results, whereas

Section 6 (Appendix 2) contains tables of the risk function and the expected subset size for

the two-sample normal case with a quadratic loss function.

2. A generalized subset selection goal

Let, for i = 1"", k, Xi},"', Xin, be a sample from 1ri and suppose these k samples are

independent. It is assumed that XiI has distribution function F(x; (Ji), where (Ji E e c JR is

an unknown parameter, i = 1"", k. It is further assumed that F(x; (J) is, for each (J E e,
a known function of x. The ordered parameters are denoted by (J[l] ~ ••• ~ O[k] and the

population associated with 0[11 is denoted by 1r(i), i = 1,,'" k. The best population is 1r(k)'

We assume 1r(k) is unique, otherwise appropriate flagging is used. Finally, the selected subset

of indices from K = {1, ... , k} is denoted by d.

The generalized loss function considered in this paper is, for each c ~ 0, of the form

{

0
L((J,d,e) =

h(O[k] - € - Irfea:- (Ji) if not,
(2.1)

with 0 = (O}"", Ok) and where h is a non-decreasing function defined on JR+.

Now let 8 be the decision function, i.e. let 8 be a function defined on the sample space and
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taking -values in the set of non-empty subsets of K. Our subset-selection goals are expressed

in terms of an upper bound on &eL(O,c(X),e) and/or on the expected subset size. These

upper bounds can be required to hold either for all 0 E ek or for some 0 E ek •

Gupta's and van der Laan's subset selection approaches are obtained as special cases of the

generalized one by taking h(x) = 1 for all x E JR+ with e = 0 for Gupta's and e > 0 for van

der Laan's.

In the next section the case of two normal populations, with equal variances and h(x) =

x P, P > 1, x E lR+ , is studied in detail.

3. The case of two normal populations

Let k = 2, nl = n2 = n and let XiI be N(Oi, 1), i = 1,2. Taking, for some p > 1, h(x) =

xP, x E lR+ , the loss function becomes

if not.

The decision rules, cc, considered in this section are of the form

{

dl = {1}

cc(x)= d2 ={2} if Xl-X2<-C

d12 = {1,2} if -c:$ Xl - X2 :$ C,

n

where Xi = *I: Xij, i = 1,2, are the observed means and where c ;:: 0 is a constant. These
j=l

rules are of the same form as the ones used by Bechhofer (1954), by Gupta (1956) and by

van der Laan (1992a) and (1992b). The difference between the various approaches is in the

criteria used for the choice of c. Bechhofer takes c = 0 and chooses n in such a way that

for some given pair (p* E (i,1), c* > 0). Gupta chooses c such that, for some given
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a: E (0,1),

Pe(OJ = 0[2] for some jEd) 2: 1 - a: for all °,
with d the smallest subset of K for which this goal can be achieved. The approach used by

van der Laan is to choose, for fixed e > 0 and a E (0,1), the constant c such that

Pe(II;lax
d

Oi 2: 0[2] - e) 2: 1 - a: for all °,
tE

where, as for the Gupta approach, d is the smallest such subset.

The criterium used in this section is an upper bound on eeL(O, 6c,e) and/or on eeSc, where

Sc is the size of the selected subset obtained when using the decision rule 6c. To simplify the

notation, the bars on Xi, i =1,2, will be left off.

We first obtain, in the next two theorems, expressions for the risk function and for the

expected subset size as functions of 0, c, c and n.

Theorem 3.1. The risk function of the rule 6c is given by

where J.L = 101-02 1, Cl)(.) is the standard normal distribution function and I(A) is the indicator

function of the set A.

Proof. First note that

if not,

if not,

and

L(O,dI2 ,c)=0 forallO.
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Thus

o elsewhere.

The result then follows from the fact that Xl - X2 has a N(lh - 92'~) distribution. 0

Theorem 3.2. The expected subset size is given by

Proof. The result follows immediately from

= 1 +Po(-c ~ Xl - X2 ~ c)

= 1 +~ (e-<Jio2)y'n) _~ (-e-~-02)y'n)

Some properties of R(p, 6e,c) and EaSe, as functions of p, c and c, are stated and proved in

Section 5. These properties are used below to study the behavior of 6e when, for a fixed

c ~ 0, an upper bound, Ro, is put on R(p, 6e,c). We will also, for a fixed Ro, look at the

influence of c on 6e , and study EoSe as a function of Ro.

First note that, by Lemma 5.2, part iii), m~R(p,6e,c) is, for each c ~ 0, continuous and
J.&_

strictly decreasing in c and converges to 0 as c - 00. So, for any c ~ 0 and any Ro E

(0, maxR(p, 60 , c», there exists a c(c, Ro) such that
J.&~o
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Further, CuSe is (see Theorem 3.2) independent of Eand, by Lemma 5.3, part ii), CuSe is, for

each fixed p ~ 0, strictly increasing in c. So, if one requires of the procedure that

(3.1)

with m;x CuSe as small as possible, then ~e(e.Flo) is the unique rule satisfying this requirement.

Further, by Lemma 5.2, part iv), maxR(p, ~e,E) is decreasing in E. SO C(E, Ro) is decreasing in
~~o

E (in fact, by (6.3), C(E, Ro) = c(O, Ro) - E) and this implies that maxCuSe(e Flo) is decreasing
~~o •

in E.

Another way to decrease the expected subset size is to require that the bound Ro holds

only for some values of JL. By Lemma 5.1, parts iii) and iv), there then is, when Ro E

(O,maxR(JL,~e,E)), an interval I(Ro,c,E) = (a(Ro,c,E), b(Ro,c,E)) such that
~~o

{
> Ro for p E I(Ro,c,E)

R(P,~e,E)
$ Ro elsewhere.

By the same reasoning as above one sees that the smallest max CuSc for which
~~o

R(p, ~e, E) $ Ro for a $ p $ b (3.2)

can be achieved, for given (a, b) with E $ a < b, is decreasing in Ro and decreasing in E.

Finally, one could require that m~CuSc $ 1+T/o for some given T/o E (0,1). This would lead
~-

to an upper bound on c and thus to a lower bound, R(T/o), on max R(p, Dc, E). The only way
~~o

to then achieve (3.1) in case R(T/o) > Ro is to increase E.

In order to apply in practice the above subset selection technique, tables of R(p, ~c, E),

Pm(C,E), maxR(p,Oc,E), CuSc and of a(Ro,c,E) and b(Ro,c,E) as functions of P,C,E, Ro
~~o

and n are needed. Such tables have been computed for the case where p = 2, n = 1 and

E = 0 and can be found in Section 6. How these tables can be used in the case where n > 1

or E >°is explained in Section 6.
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4. Comparison with Gupta's procedure

A comparison of the selection methodology presented in this paper with Gupta's subset

selection procedure makes clear that the selection procedure based on loss functions is more

flexible that Gupta's approach. The presented method has as main characteristics: prac

tical applicability and flexibility. These positive aspects of the proposed approach are due

to the fact that upper bounds can be fixed for the expected loss and the expected subset

size. Expected loss and the size of the subset are not completely comparable or exchangeable

characteristics. That is the reason we are dealing with these characteristics separately in the

presented selection procedure.

The difference between the loss function approach and Gupta's subset selection approach will

now be illustrated.

Using the loss function approach with £ = 0.5 one can take R ~ Ro = .0405 for all p.. This

gives (see Table 2 and (6.3» c(£, Ro) = 1.0. From this it follows that (see Table 3)

maxE:oS1o = 1.520 ,>0 .
1-1-

Using the same selection constant c = 1.0, one finds, by linear interpolation in the table of

Butler and Butler (1987), Po«.5 - best) in subset) ~ 0.85 .

Using Gupta's subset selection approach for the best population, one finds, from the same

table, Po (best in subset) ~ 0.77 .

As a second example, suppose the loss function with £ = 0.5 has to satisfy R ~ Ro = 0.017

for all p. with maxE:oSe as small as possible. Then (see Table 2 and (6.3» c = 1.5 and Table
I-I~O

3 gives E:oS1.5 ~ 1.711 for all p. .

Using the same selection constant c = 1.5, one finds, from Butler and Butler (1987), Po«.5

best) in subset) ~ 0.92 .

Using Gupta's subset selection approach for the best, one finds, Po(best in subset) ~ 0.85 .

5. Appendix 1

In this section some properties of the risk function R(p., be, c) and the expected subset size

E:oSe as functions of j.t, c and £ are stated and proved.
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Lemma 5.1. The risk function R(It, 6c , c) satisfies

i) R(It, 6c , c) =0 for all e ~ 0 when It ~ c ,

ii) for each It > c, R(It, 6c, c) is strictly decreasing in e ,

iii) for each e ~ 0, R(It,6c ,c) is strictly increasing in It on (c,ltm(e,c)), strictly

decreasing in It on (ltm(e, c), 00), with

-e +c +v(e +c)2 +!(P+ 1)
c < Itm(e, c) < 2 '

iv) for each e ~ 0, R(It, 6c , c) converges to 0 as It - 00 .

(5.1)

Proof. The results (5.1, part i)) and (5.1, part ii)) follow immediately from Theorem 3.1.

Further, (5.1, part iv)) follows from Theorem 3.1 by using l' Hopital's rule. For the proof of

(5.1, part iii)), let x = cjfvn and let

R(x) =(x/!;, - e - c)P(1- cp(x)) .

Then, for It> c, x > ~vn and

{
R(x) > 0 for x > ~vn
R(7ff) =o.

Further, by (5.1, part iv)) lim R(x) = 0 .
:1:-+00

Now note that

dR(x) /!;,-- = (x - - e - c)P-1h(x)
dx n '

where

hex) = p/!;,(l- cp(x)) - (x/!;, - e - c)~(X) .

This function h satisfies, for fixed c, c ~ 0,

dh(x) f2 f2
~ = (x 2V;; - (c +c)x - (p +1)V;; )~(x) ,

8



so that

<0 for ~vn < x < x*
dh(x) { =0 for x = x*dx

>0 for x> x* ,

where x. = V(c +e)' +~ I) +c +e Further, h(<±t,jii) = p,j!(I- 'l!(7,-,jii)) > 0
2 2/n Y2

and the minimum value of h is negative because lim h(x) = O. Thus
:r:-+oo

=0 for x=~vn

dR >0 for ~vn<X<Xm (5.2)
dx

=0 for x = Xm

<0 for x> xm ,

where ~vn < Xm < x*.

From (5.2) it follows that R(7fvn) = (p - c)Pt}("7?vn) is strictly increasing in P for

( 12 12 -c+e+V(c+e)2+.!(p+l) . • •
£<P<Pm c,c)=xmYTi-c<x*YTi-C= 2 n andstrlctlydecreasmgmp

for P > Pm(C, c). Then (5.1, part iii)) follows from the fact that R(p, Dc, c) = R( cjfvn)I(p >

c). 0

In the following lemma the behaviour of Pm (c, c) and of R(Pm(c, c), Dc, c) as a function of c

is studied.

Lemma 5.2.

i) For each c ~ 0, Pm (c, c) is continuous and strictly decreasing in c,

ii) for each c ~ 0, Pm(C, c) converges to c as C- 00,

iii) for each c ~ 0, R(Pm(c,e),oc,c) is continuous and strictly decreasing in C and converges

to 0 as C- 00,

iv) R(Pm(c,e),Dc,c) is, for each c > 0, strictly decreasing in c.

9



Proof. By Theorem 3.1 and Lemma 5.1, part iii), ILm(c,e) is the unique solution, in IL, to

{

.!!:..-(IL - e)P(1 - cT>( .£±J!.Jn» = 0
dlL ";2

IL > e ,

or equivalently, to

{
p..ft.(1- cT>(7f.Jn» - (IL - e)cp(7fV1i) = 0

It> e .
(5.3)

This shows that ILm(c, c) has a derivative with respect to e (and is therefore continuous in e)

for all c ~ 0 and all e > O. Further, ii) follows from (5.3) and the fact that

lim 1 - cT>(y) = 0 .
y--+oo cp( y)

For the second part ~f i), take the derivative with respect to c of (5.3), with IL replaced by

ILm(e,e). This gives

where 1L~(e,C) = dlLm(e,c)/dc. Further, (5.4) is equivalent to

'() 2p-n(lLm(e,c)-c)(C+lLm(e,c»
ILm c,c = - 2p + 2 - n(lLm(C, c) - c)(e + ILm(e, e» .

So, in order to prove the second part of i), it is sufficient to show that

(ILm(e,e) - c)(e + Jlm(e,e» < ~ for all e ~ O.

Now suppose that (5.5) is not true, i.e. suppose that

10
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then (see (5.3))

Now note that

1 - ~(y) - cp~y) < 0 for all y > o.

This follows from

lim (1- ~(y) - CPy(y» =0,
y-+oo

.!£(1 -~(y) - cp(y» =
dy Y

-rp(y) - -y
2

CP(Y)2 - cp(y) = cpCf) > o.
Y 11

Then (5.5), and thus the second part of i), follows from (5.7) and (5.8).

(5.7)

(5.8)

For the proof of iii) note that the first part follows from Theorem 3.1, Lemma 5.1, part iii)

and the first part of i) of the present lemma. The second part of iii) follows from the fact

that, by Lemma 5.1, part ii), R(j.t,6c,E) is strictly decreasing in c for each j.t > E. For the

third part of iii) note that, by Theorem 3.1 and Lemma 5.1, part iii),

( C) ( ( ) )71 (-C - j.tm(C,E) r.::)maxR j.t,vc,E = j.tm C,E: - E: ~ 10 yn.
~~o y2

The result then follows from the fact that, by part ii) ofthe present lemma, j.tm(C,E) converges

to Ease ---+ 00. 0

For the proof of iv) note that, for every fixed j.t and every C > 0, R(j.t, 6c, E) is strictly de

creasing in E for E < j.t. The result then follows from the fact that, by Lemma 5.1, part iii),

max R(j.t, 6c, £) is attained for a value of j.t > E.
~~o

Finally, Lemma 5.3 below gives the behaviour of £(JSc as a function of c and of j.t.
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Lemma 5.3.

i) For each JL ~ 0, Pe(Se = 1) =1 if c =0,

ii) for each JL ~ 0, £sSe is strictly increasing in c and converges to 2 as c --t 00,

iii) for each c > 0, £eSe is strictly decreasing in JL and converges to 1 as JL --t 00.

Proof. Part i) is trivially true. Further, part ii) follows immediately from Theorem 3.2. For

part iii) note that, for all JL, C > 0,

f2 d C-JL c+JLV;, dJL £eSe = -cp( v'2 vn) + cp( v'2 vn) < 0

and that, for all c ~ 0,

6. Appendix 2

In this section tables of the values of R(JL, Dc, 0), JLm( C, 0), max R(JL, Dc, 0), £eSe and of
I-&~O

aeRo, c, 0) and b(Ro,c, 0) for several values of JL, c and Ro are given for the case where p = 2

and n = 1. When n > 1, multiplication of the observations by yfii gives variance 1. One

can then apply the procedure to these new observations. But a more practical way is to note

that (see Theorem 3.1)

(6.1)

where JL* = JL..Jii, c* = cyfii, c* = cvn and where Rn denotes the risk function for n

observations. Also, with the same change in notation,

where 0* = Oyfii. Further, from (6.1), one obtains

12



Finally,
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Table 1. R(/l, Dc, 0) for some values of /l and c

c
0 0.5 1.0 1.5 2.0 2.5 3.0

/l

0.5 .0905 .0599 .0361 .0197 .0096 .0042 .0017
1.0 .2397 .1444 .0786 .0385 .0169 .0067 .0023
1.5 .3249 .1770 .0867 .0381 .0150 .0053 .0016
2.0 .3146 .1542 .0678 .0267 .0094 .0029 .0008
2.5 .2409 .1059 .0416 .0146 .0046 .0013 .0003
3.0 .1525 .0600 .0210 .0066 .0018 .0005 .0001
3.5 .0816 .0286 .0090 .0025 .0006 .0001 .0000
4.0 .0374 .0117 .0033 .0008 .0002 .0000 .0000

Values of R(/l, Dc, €) can be obtained from the above table by using the fact that (see Theorem

3.1) R(/l, Dc,€) = (fI:;e?R(/l,Dc,O)I(/l > €) when p =2.

14



Table 2. JLm(c, O) and maxR(JL,De, 0) for some values of c
J.£~O

c JLm(c, O) maxR(JL, Dc, 0) c JLm(C, 0) max R(JL, Dc, 0)
J.£>O J.£>O

.0 1.684 .331 1.6 1.201 .0344

.05 1.665 .312 1.65 1.189 .0316

.1 1.647 .294 1.7 1.177 .0290

.15 1.630 .277 1.75 1.165 .0267

.2 1.612 .260 1.8 1.154 .0245

.25 1.594 .244 1.85 1.142 .0224

.3 1.577 .229 1.9 1.131 .0205

.35 1.560 .215 1.95 1.120 .0188

.4 1.544 .202 2.0 1.109 .0172

.45 1.527 .189 2.05 1.098 .0157

.5 1.511 .177 2.1 1.088 .0143

.55 1.494 .166 2.15 1.077 .0130

.6 1.479 .155 2.2 1.067 .0119

.65 1.463 .145 2.25 1.057 .0108

.7 1.447 .135 2.3 1.047 .0098

.75 1.432 .126 2.35 1.037 .0089

.8 1.417 .117 2.4 1.027 .0081

.85 1.402 .109 2.45 1.018 .0074

.9 1.387 .102 2.5 1.008 .0067

.95 1.372 .0947 2.55 .999 .0060
1.0 1.358 .0880 2.6 .990 .0055
1.05 1.344 .0817 2.65 .981 .0049
1.1 1.330 .0758 2.7 .972 .0044
1.15 1.316 .0703 2.75 .963 .0040
1.2 1.303 .0652 2.8 .954 .0036
1.25 1.289 .0603 2.85 .946 .0033
1.3 1.276 .0558 2.9 .937 .0029
1.35 1.263 .0516 2.95 .929 .0026
1.4 1.250 .0476 3.0 .921 .0024
1.45 1.238 .0439
1.5 1.225 .0405
1.55 1.213 .0373

Values of JLm(c,c) and of maxR(JL, De,c) can be obtained from the above table by noting that,
J.£~O

with v = JL - c,

(6.2)

= R(v, De+~, 0) ,

which implies that
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J-Lm(C,c)=c+J-Lm(C+c,O) }

max R(J-L, Dc, E) = max R(J-L, De+e,0) .
~~o ~~o

Table 3. £oSc for some values of J-L and c1

J-L
0 .1 .2 .3 .4 .5 .6 .7

C

.1 1.056 1.056 1.056 1.055 1.054 1.053 1.052 1.050

.2 1.112 1.112 1.111 1.110 1.108 1.106 1.103 1.100

.3 1.168 1.168 1.166 1.164 1.162 1.158 1.154 1.149

.4 1.223 1.222 1.221 1.218 1.214 1.210 1.204 1.198

.5 1.276 1.276 1.274 1.270 1.266 1.260 1.253 1.246

.6 1.329 1.328 1.326 1.322 1.316 1.310 1.302 1.293

.7 1.379 1.379 1.376 1.372 1.366 1.358 1.349 1.339

.8 1.428 1.427 1.425 1.420 1.413 1.405 1.395 1.384

.9 .1.475 1.474 1.471 1.466 1.459 1.450 1.440 1.427
1.0

.
1.520 1.519 1.516 1.494 1.482 1.4691.511 1.503

1.5 1.711 1.710 1.706 1.700 1.692 1.682 1.669 1.654
2.0 1.843 1.842 1.839 1.833 1.826 1.817 1.806 1.793
2.5 1.923 1.922 1.920 1.916 1.911 1.904 1.896 1.887
3.0 1.966 1.966 1.964 1.962 1.959 1.955 1.950 1.944

J-L
.8 .9 1.0 1.5 2.0 2.5 3.0

C

.1 1.048 1.046 1.044 1.032 1.021 1.012 1.006

.2 1.096 1.092 1.088 1.064 1.042 1.024 1.012

.3 1.143 1.138 1.131 1.097 1.063 1.036 1.018

.4 1.191 1.183 1.175 1.129 1.084 1.049 1.025

.5 1.237 1.228 1.217 1.161 1.106 1.062 1.032

.6 1.283 1.272 1.260 1.193 1.128 1.075 1.039

.7 1.327 1.315 1.301 1.226 1.151 1.090 1.047

.8 1.371 1.357 1.342 1.258 1.174 1.105 1.056

.9 1.414 1.398 1.382 1.291 1.198 1.121 1.066
1.0 1.455 1.439 1.421 1.323 1.223 1.138 1.076
1.5 1.638 1.619 1.600 1.483 1.355 1.237 1.144
2.0 1.778 1.762 1.743 1.631 1.498 1.361 1.240
2.5 1.876 1.863 1.849 1.758 1.637 1.500 1.362
3.0 1.936 1.928 1.919 1.855 1.760 1.638 1.500

(6.3)

IMore extensive tables can be found in van der Laan and van Eeden (1993). This Memorandum is available

on request.
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Table 4. a(Ro, c, 0) and b(Ro, c, 0) for some values of c and Ro

Ro a(.l) b(.l) Ro a(.7) b(.7)

.01 .153 4.571 .01 .195 3.829

.02 .221 4.222 .02 .287 3.447

.03 .275 3.999 .03 .364 3.196

.04 .323 3.830 .04 .435 3.000

.05 .367 3.692 .05 .503 2.834

.06 .408 3.573 .06 .570 2.687

.07 .448 3.468 .07 .638 2.551

.08 .485 3.373 .08 .708 2.422

.09 .522 3.285 .09 .781 2.296

.10 .558 3.204 .10 .861 2.168

.15 .735 2.851

.20 .923 2.539

.25 1.155 2.210

Ro a(.2) b(.2) Ro a(.8) b(.8)

.01 .158 4.450 .01 .205 3.701

.02 .229 4.096 .02 .303 3.311

.03 .287 3.870 .03 .387 3.053

.04 .337 3.698 .04 .464 2.850

.05 .384 3.556 .05 .540 2.677

.06 .427 3.434 .06 .615 2.520

.07 .469 3.326 .07 .694 2.373

.08 .510 3.228 .08 .778 2.229

.09 .549 3.137 .09 .871 2.083

.10 .589 3.052 .10 .981 1.926

.15 .786 2.678

.20 1.010 2.329

.25 1.364 1.877

Ro a(.3) b(.3) Ro a(.9) b(.9)

.01 .164 4.327 .01 .216 3.572

.02 .238 3.969 .02 .321 3.174

.03 .299 3.739 .03 .412 2.907

.04 .352 3.563 .04 .498 2.695

.05 .402 3.418 .05 .583 2.511

.06 .448 3.293 .06 .671 2.342

.07 .494 3.181 .07 .765 2.178

.08 .538 3.079 .08 .873 2.011

.09 .581 2.984 .09 1.007 1.823

.10 .624 2.895 .10 1.235 1.548

.15 .848 2.493

.20 1.136 2.079
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Ro a(.4) b(.4) Ro a(1.0) b(1.0)

.01 .171 4.204 .01 .228 3.441

.02 .249 3.841 .02 .342 3.033

.03 .313 3.606 .03 .441 2.757

.04 .369 3.427 .04 .537 2.534

.05 .422 3.278 .05 .636 2.336

.06 .473 3.148 .06 .742 2.148

.07 .522 3.032 .07 .864 1.956

.08 .570 2.926 .08 1.026 1.734

.09 .618 2.826

.10 .666 2.732

.15 .930 2.289

.20 1.428 1.663

Ro a(.5) b(.5) Ro a(1.5) b(1.5)

.01 .178 4.080 .01 .317 2.752

.02 .260 3.711 .02 .506 2.261

.03 .328 3.472 .03 .715 1.871

.04 .389 3.288 .04 1.108 1.348

.05 .446 3.134

.06 .500 3.000

.07 .554 2.879

.08 .607 2.766

.09 .661 2.661

.10 .716 2.559

.15 1.045 2.050

Ro a(.6) b(.6) Ro a(2.0) b(2.0)

.01 .186 3.955 .01 .515 1.944

.02 .273 3.580

.03 .345 3.335

.04 .410 3.146

.05 .472 2.987

.06 .532 2.846

.07 .592 2.719

.08 .652 2.599

.09 .714 2.485

.10 .779 2.374

.15 1.269 1.702

Values of aeRo, C,E) and ofb(Ro , C,E) can be obtained from Table 4 by noting that (see (6.2»
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