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Chapter 1

Introduction

More than a century ago, Henri Bénard performed an intriguing experiment [9–
11]. He heated very thin layers (thickness of about one millimeter) of fluid from
below, and the resulting convective motions took the shape of a regular pattern of
hexagonal cells. The subsequent theoretical analysis of the convective instability
of a layer of fluid was due to Lord Rayleigh [130]. Thus the designation Rayleigh–
Bénard convection was coined for the motion of a fluid confined between horizontal
plates and heated from below. The critical parameter for onset of convection is
the Rayleigh number Ra, which indicates the ratio of buoyancy and dissipation in
the fluid.

Starting from the onset of convection at the critical Rayleigh number Rac =
1708 (for rigid walls), an entire range of secondary instabilities can occur at some-
what higher Rayleigh numbers [17, 29, 30]. Further increase of Ra leads to time-
dependent flow, chaotic time dependence, and, eventually, turbulence [142].

In this work classical Rayleigh–Bénard convection is modified: a rotation
with rotation vector perpendicular to the horizontal plates is applied. The ad-
dition of rotation in the convective system provokes some changes. The critical
Rayleigh number for the onset of convection is increased with rotation [38,39]. The
Küppers–Lortz instability [94, 95], acting above a critical dimensionless rotation
rate Tac (the Taylor number Ta gives the relative importance of Coriolis forces to
viscous forces), is responsible for a transition to time-dependent flow at Ra closer
to Rac than without rotation [17,29]. Thus, rotating convection sets in at a higher
critical Rayleigh number Rac, but the transition to time-dependent flow takes
place at a lower supercriticality Ra/Rac. Furthermore, it is well known that near
solid boundaries in rotating flows boundary layers are formed that can influence
the flow far away from boundaries [53,133], unlike boundary layers in non-rotating
flows. An effect that is relevant mostly for strong rotation is the Taylor–Proudman
theorem [124,155]: for slow motions in inviscid, strongly rotating flow the vertical
gradient of velocity is zero, i.e., a columnar or sheet-like two-dimensional flow is
observed. To better quantify ‘strong’ rotation the Rossby number is a good pa-
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2 Introduction — Chapter 1

rameter: it directly compares buoyancy to the Coriolis force. For strong rotation
compared to buoyancy Ro ≪ 1.

Fluid flow driven by buoyancy is ubiquitous in nature and technology. In many
cases the density differences within the fluid come from differences in temperature,
hence the designation thermal convection. Furthermore, some classes of fluid flows
are additionally affected by a rotation. The three largest categories are the geo-
physical flows, astrophysical flows and flows in technology.

Some large-scale motions in Earth’s oceans are driven by temperature-induced
buoyancy, and have length scales large enough such that the rotation of Earth
plays a role in the development. A key example is open-ocean deep convection:
in winter, in the Arctic and Antarctic seas surface cooling may lead to long-lived
vortical downward flow [28, 57, 105, 171]. This deep convection is of paramount
importance for the global thermohaline circulation [105].

Ever since the work of Hadley [68] on the origin of the trade winds, it is known
that rotation and convection can cause zonal flows on planets. Jupiter, Saturn,
Uranus and Neptune are known to possess zonal flows [73, 79], although it is
unclear whether these are driven by convection alone. Also in the interior of these
gaseous planets convective motion is found [31, 32]. Convection in the outer layer
of the Sun, which is strongly affected by its axial rotation [108], is related to these
planetary flows. Furthermore, rotating convection in Earth’s liquid-metal core is
believed to be the energy source of its self-sustained dynamo action [82, 137], and
thus also spherical convection geometries are of interest, see, e.g., Ref. [6].

A third application area of rotating convection is in technology. Convective
cooling in turbomachinery may be affected by rotation [51, 81]. In crystal growth
rotating heated susceptors are used for chemical vapor deposition, to enhance layer
uniformity by suppression of convective motions [136].

Hence, rotating Rayleigh–Bénard convection is a relatively simple, but rele-
vant model for many complex geophysical, astrophysical, and technological flows.
Results from studies of rotating convection can be used for the modelling of these
flows. Furthermore, rotating convection is also a very intriguing flow configuration
of fundamental interest. The Rayleigh numbers typical for the aforementioned ex-
amples are normally in the range of turbulent convection (for solar convection up
to Ra ∼ 1023). Thus in this work we focus on the turbulent regime.

An important result from non-rotating turbulent convection is the convective
heat transfer, normalised by the conductive flux as the Nusselt number Nu, and
its dependence on the parameters of the problem: the Rayleigh number and the
Prandtl number σ (which compares diffusivities of momentum and temperature).
The Nu(Ra, σ) behaviour was investigated in a multitude of fluids and over im-
pressive Ra ranges. A comprehensive theory has been formulated by Grossmann &
Lohse [63–66] that covers the entire (Ra, σ) parameter range. It is based on the
so-called large-scale circulation, a domain-filling circulation cell that is sponta-
neously generated in the convective fluid. The cell forms viscous boundary layers
near the walls. By characterizing the dissipation rates of kinetic energy and ther-
mal variance separately for bulk and boundary layers, the Nusselt number can be
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predicted, and its scaling with Ra and σ.
Ever since the first experiments by Rossby [134], it is known that rotation

may affect the heat transfer in an unexpected manner. Rossby found that, for
convection in water, there is a certain range of rotation rates (Taylor numbers)
for which Nu is increased relative to its static non-rotating value. The increase
was about 10%. An increased Nusselt number is counterintuitive, for Chan-
drasekhar [39] has shown that rotation stabilises convection (the critical Rayleigh
number is raised by rotation) and a reduction of the heat transfer is expected. For
constant Ra, at higher rotation rates approaching the critical value, Rossby indeed
measured a strongly decreased heat flux.

The mechanism responsible for the increase of heat transfer is not explicitly
described. Rossby [134] already hinted at the role that Ekman pumping could play.
The boundary layers in rapidly rotating flows have been described by Ekman [53].
These layers can actively influence the surrounding flow: if vorticity is found in the
outer fluid the boundary layers will subsequently enact a vertical velocity (Ekman
pumping), directed toward or away from the wall depending on the sign of vorticity.
Since these boundary layers are very thin, the fluid pumped away from the wall will
have considerably higher/lower temperature than the surrounding fluid. Thereby
the heat transfer can be enhanced. Stevens et al. [146] discuss another mechanism
for the increased heat flux: the thermal boundary layer becomes thinner under
rotation.

Flow visualisations in turbulent rotating convection [20, 21, 135, 183] showed
that many vertically aligned vortices are formed. Boundary-layer fluid converging
to form a plume must conserve angular momentum. Thus strong cyclonic (in
the direction of system rotation) vertical vorticity is induced in the plume. In
direct numerical simulations Julien et al. [84] found so-called Ekman spirals in
the boundary layers under such vortical plumes: the typical velocity profile found
within the Ekman layer. Ekman pumping indeed takes place inside the vortical
plumes. As the vortical plumes cross the cell vertically, they tend to lose their
vorticity. When approaching the vertically opposite side, they may even spin
down with formation of anticyclonic (directed against rotation) vorticity [135].

Another result from the visualisations is the observation that the large-scale
circulation is not formed in (strongly) rotating convection. Hence our current
understanding of heat transfer without rotation is not equally applicable to the
rotating case. Detailed information of the flow structuring and statistics of velocity
and temperature are needed to increase the understanding of rotating convection,
and to eventually be able to formulate an encompassing description as in the non-
rotating case [63–66].

Only very few experimental studies report on velocity measurements in rotat-
ing convection. Fernando et al. [54] and Boubnov & Golitsyn [21] introduced tracer
particles into the fluid, and determined particle displacements in illuminated pla-
nar cross-sections with particle-streak photography. The moving particles were
detected as streaks on the photographs; with the known shutter time a velocity
could be calculated for each streak. This elaborate processing finally provided up
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to 100 velocity vectors per image. A considerable improvement was gained by the
introduction of digital cameras and digital image processing with particle image
velocimetry (PIV) [129]. Using PIV several velocity fields per second can be mea-
sured, each consisting of more than 1000 vectors. Vorobieff & Ecke [168–170] ap-
plied PIV on horizontal cross-sections of their cylindrical convection cell. In-plane
velocity and out-of-plane vorticity could be measured. In this thesis we expand on
these measurements by the application of stereoscopic PIV (SPIV): two cameras
are used to obtain a stereoscopic view of the illuminated region, which allows for
a reconstruction of the out-of-plane velocity in addition to the in-plane compo-
nents. Additionally, previously unavailable statistics can be calculated, such as
the anisotropy tensor [42,101,102,143] and the correlation of vertical velocity and
vertical vorticity.

Numerical simulations of turbulent rotating convection were mostly performed
in horizontally periodic domains. Such domains mimic horizontally unbounded
convection problems, e.g., the atmosphere or the solar convection layer. Raasch &
Etling [128] applied large-eddy simulation in an investigation of the atmospheric
convective boundary layer. Julien et al. [83, 84] used direct numerical simulation
(DNS) on rotating Rayleigh–Bénard convection at several Rayleigh numbers while
keeping a constant Rossby number. Here, we perform DNS on a horizontally
periodic domain at constant Rayleigh number, with variation of the rotation rate.
The effects of rotation can be quantified. To our knowledge there are no numerical
simulations of turbulent rotating convection in a cylinder reported in the literature,
apart from the heat flux result by Oresta et al. [116]. DNS in a cylinder is also
covered in this thesis.

There are many open questions on turbulent rotating convection. Two limiting
cases of the flow phenomenology have been mentioned before: the large-scale circu-
lation for small rotation rates and the vortical-plume state in rotation-dominated
convection. What is the effect of rotation on the large-scale circulation, and how
is the transition between the two limiting cases accomplished? The vortical state
of turbulent rotating convection is mostly only qualitatively described. In (non-
convective) rotating turbulence it is found that rotation suppresses vertical velocity
compared with horizontal velocity [18]. How does this translate to rotating con-
vection, where the forcing is essentially vertical? In other words, what can be
said about the (an)isotropy of this flow? Related with the stabilising effect of
rotation on convection, the mechanism behind the increased heat transfer under
rotation is not well understood. Furthermore, there are laminar theories on the
boundary layers that are formed in strongly rotating flows (Ekman [53] and Stew-
artson [147, 148] layers), where it is found that viscous boundary layers decrease
in thickness when the rotation increases. How does this translate to rotating con-
vection, where the buoyancy and the thermal boundary layer might have some
influence? These questions will be addressed in this thesis.

Additionally, a topic will be addressed only for non-rotating turbulent con-
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vection: the scaling of structure functions.∗ There is an ongoing discussion in
the literature [13, 41, 106, 153] on whether there is a so-called Bolgiano–Obukhov
scaling range in convection [19, 110, 114], which would indicate that temperature
acts as an active scalar. Spatially separated multi-point velocity measurements
and results from numerical simulations are used to calculate structure functions
in the spatial domain. With the notion that the governing length scales are lo-
cal quantities dependent on the position in the cell it is shown that indeed a
Bolgiano–Obukhov range exists.

Thesis outline

The contents of the thesis are organised as follows. First, in Chapter 2 the equa-
tions of motion are simplified by application of the Boussinesq approximation,
suitable for all convection problems in this thesis. A short introduction on ro-
tating flows is also included, treating topics that will be encountered many times
in later chapters. The laboratory experiments are introduced and discussed in
Chapter 3, with attention to the experimental setup, flow phenomenology and a
statistical description of the turbulence. In Chapter 4 the numerical simulations
in a cylinder are presented. These results are compared with the results from the
experiments. A numerical simulation approach is used in Chapter 5 for a recti-
linear domain with horizontal periodicity. This is applied as an approximation
for an unbounded fluid layer. In Chapter 6 it is shown that the prescription of
symmetries in the governing equations may lead to an appropriate model for the
vortical plumes found in rotating convection. Chapter 7 treats the scaling prop-
erties of velocity and temperature structure functions in non-rotating convection.
Chapter 8 summarises the most important findings.

∗In the future this analysis will be extended to include rotation, but these results are not
included in this thesis.





Chapter 2

Theoretical background

In this chapter some theoretical preliminaries for the current work are introduced.
Studies on turbulent convection generally apply the Boussinesq approximation to
simplify the governing equations, which is detailed in Sec. 2.1.1. The changes
that occur in these equations when a rotating reference frame is considered are
indicated in Sec. 2.1.2. In Sec. 2.2 the various dimensionless parameters that will
be used to describe the flow are introduced.

In the limit of strong rotation some insightful results can be derived. These
consider the dominant force balance away from boundaries (the thermal-wind bal-
ance, Sec. 2.3), and the boundary layers that are found on the horizontal walls
(Ekman layers) and lateral walls (Stewartson layers) in case of a vertical rotation
vector, Sec. 2.4.

Finally, some useful definitions for convective turbulence are introduced in
Sec. 2.5.

2.1 Equations of motion

2.1.1 The Boussinesq equations

We start with the equations that express conservation of momentum, energy and
mass for a Newtonian fluid [96]:

̺

(

∂ui

∂t
+ uj

∂ui

∂xj

)

= − ∂P

∂xi
− ̺gδi3 +

∂σ′
ij

∂xj
, (2.1)

̺T

(

∂s

∂t
+ ui

∂s

∂xi

)

=
∂

∂xi

(

k
∂T

∂xi

)

+ σ′
ij

∂ui

∂xj
, (2.2)

∂̺

∂t
+

∂

∂xi
(̺ui) = 0 , (2.3)

7



8 Theoretical background — Chapter 2

with the viscous stress tensor

σ′
ij ≡ µ

(

∂ui

∂xj
+
∂uj

∂xi

)

− 2

3
µ
∂uk

∂xk
δij + ζ

∂uk

∂xk
δij .

These equations determine the evolution of the velocity u = (u1, u2, u3), density ̺
and entropy s in time t, with P the pressure, g the gravitational acceleration
(pointing in the negative x3-direction, which is vertically downward), and µ, ζ,
and k the dynamic viscosity, bulk viscosity, and thermal conductivity of the fluid,
respectively. Summation over repeated indices is assumed, and δij is the Kronecker
delta.

Boussinesq∗ [23] suggested that in many circumstances the density variations
and compressibility effects can be neglected, apart from the gravitational term (the
driving force for convection, thus it must be significant). It is then also valid to
keep the fluid properties constant, and independent of temperature. The density
variation ̺′ with temperature change T ′ is then approximated by a linear relation:

̺′

̺0
= −αT ′ , (2.4)

where T ′ of course must remain small, such that αT ′ ≪ 1.
Under these conditions, consider the density, pressure and temperature as hav-

ing small perturbations (̺′, P ′, T ′) relative to their static constant equilibrium
values (̺0, P0, T0): ̺ = ̺0 + ̺′, P = P0 + P ′ and T = T0 + T ′. Starting with
Eq. (2.3), we arrive at:

1

̺0

(

∂̺′

∂t
+ ui

∂̺′

∂xi

)

+

(

1 +
̺′

̺0

)

∂ui

∂xi
= 0 . (2.5)

Introducing a characteristic length scale L and a characteristic velocity scale U ,
we can estimate the terms as

1

̺0

(

̺′

L/U
+
U̺′

L

)

+

(

1 +
̺′

̺0

)

U

L
=
U

L
(1 − 3αT ′) , (2.6)

where αT ′ ≪ 1 is much smaller than the components of the velocity divergence.
Hence we arrive at the incompressibility condition

∂ui

∂xi
= 0 . (2.7)

The momentum equation (2.1) becomes much simpler: the dynamic viscosity can
be taken out of the gradient, which subsequently reduces to a Laplacian of velocity
using (2.7). We also subtract the hydrostatic pressure ∂P0/∂xi = −̺0gδi3. The
resulting equation is

(

1 +
̺′

̺0

)(

∂ui

∂t
+ uj

∂ui

∂xj

)

= − 1

̺0

∂P ′

∂xi
− g

̺′

̺0
δi3 + ν∇2ui , (2.8)

∗This approximation was also proposed earlier by Oberbeck [112].
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with the kinematic viscosity ν = µ/̺0. As in the prefactor of the left-hand
side the term ̺′/̺0 = −αT ′ ≪ 1 we can safely drop it. The buoyancy term
is changed: −̺′g/̺0 = gαT ′. Furthermore, the constant density factor is taken
into the pressure gradient. Remembering that pressure and density/temperature
fluctuations must remain small, the primes are dropped and the resulting equation
is:

∂ui

∂t
+ uj

∂ui

∂xj
= − ∂P

∂xi
+ gαTδi3 + ν∇2ui . (2.9)

The entropy equation (2.2) can also be simplified: the thermal conductivity k
is taken out of the derivative, which leaves the Laplacian of temperature. The
production of heat by viscous dissipation Φ ≡ σ′

ij(∂ui/∂xj) typically is of order of

magnitude 10−7 when compared to the other terms in the equation [39, 91], so it
is neglected. With the definition of the specific heat at constant pressure

cp ≡ T

(

∂s

∂T

)

p

, (2.10)

the derivatives of s can be rewritten as

T
∂s

∂t
= cp

∂T

∂t
, T

∂s

∂xi
= cp

∂T

∂xi
,

The equation reduces to

(

1 +
̺′

̺0

)

cp

(

∂T ′

∂t
+ ui

∂T ′

∂xi

)

=
k

̺0
∇2T . (2.11)

The term ̺′/̺0 ≪ 1 and can again be left out. Finally, introducing the thermal
diffusivity κ = k/(cp̺0) and dropping the primes, the entropy equation is reduced
to

∂T

∂t
+ ui

∂T

∂xi
= κ∇2T . (2.12)

In vector notation, the Boussinesq set is

∂u

∂t
+ (u · ∇)u = −∇P + gαT ẑ + ν∇2u , (2.13)

∂T

∂t
+ (u · ∇)T = κ∇2T , (2.14)

∇ · u = 0 . (2.15)

A rule of thumb for the validity of the Boussinesq approximation, often applied
in convection, is that the product α∆T . 0.2 [40, 111]. Here, ∆T is the maximal
temperature fluctuation, i.e., the temperature difference between the plates. In the
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Ω

β

sin
d

d
x

x

θ
β

Figure 2.1 – The unit vector x̂ rotates around Ω in a circle of radius sin β.

current work we are well within this margin. It is tacitly assumed, however, that ν,
and κ are not dependent on temperature. For turbulent convection deviations from
the Boussinesq approximation are discussed in [1–3,151,176,181]. The symmetry is
lost as the boundary layers at the top and bottom plates are not equal in thickness;
the average bulk temperature, which is normally the average of bottom and top
temperatures, is also changed.

2.1.2 Coriolis and centrifugal forces

The preceding equations are written for an inertial frame of reference. In a rotating
reference frame, like on our Earth, for example, the equations need to be adjusted.
We follow the approach of Greenspan [62] and Kundu & Cohen [91].

Define a coordinate frame spanned by (x̂, ŷ, ẑ) that rotates with constant angu-

lar velocity Ω relative to the inertial frame (X̂, Ŷ, Ẑ). Consider a position vector r

in the rotating frame. The rate of change of r (‘velocity’) in the inertial frame,
with subscript I, is

(

dr

dt

)

I

=
d

dt
(rxx̂ + ryŷ + rz ẑ)

=
drx
dt

x̂ +
dry
dt

ŷ +
drz
dt

ẑ + rx
dx̂

dt
+ ry

dŷ

dt
+ rz

dẑ

dt

=

(

dr

dt

)

R

+ rx
dx̂

dt
+ ry

dŷ

dt
+ rz

dẑ

dt
,

(2.16)

where the subscript R indicates the rotating frame.
Next, consider the time derivatives of the unit vectors (x̂, ŷ, ẑ). The three unit

vectors trace cones in the inertial frame. x̂ traces a cone with radius sinβ: β is
the constant angle between Ω and x̂ (see Fig. 2.1). In a time dt the change of x̂

is |dx̂| = sinβdθ in magnitude. The direction of dx̂ is perpendicular to both Ω

and x̂. Using that dθ/dt = Ω, these two findings exactly describe a cross product
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and we find for the time derivative of a unit vector:

dx̂

dt
= Ω× x̂ . (2.17)

With the result (2.17) we can rewrite (2.16) into

(

dr

dt

)

I

=

(

dr

dt

)

R

+ Ω× r . (2.18)

Applying this relation twice we obtain for the second time derivative of r (‘accel-
eration’):

(

d2r

dt2

)

I

=
d

dt

[(

dr

dt

)

R

+ Ω× r

]

R

+ Ω×
[(

dr

dt

)

R

+ Ω× r

]

=

(

d2r

dt2

)

R

+ 2Ω×
(

dr

dt

)

R

+ Ω × (Ω× r) .

(2.19)

In terms of accelerations a and velocities u:

aI = aR + 2Ω× uR + Ω× (Ω × r) . (2.20)

There are two extra contributions in the rotating reference frame: the Coriolis
acceleration 2Ω× u and the centripetal term Ω× (Ω× r). This last term can be
rewritten by defining r⊥, the projection of r on the plane perpendicular to Ω. It
follows that Ω× r = Ω × r⊥, and that

Ω× (Ω × r) = Ω × (Ω× r⊥) = −(Ω ·Ω)r⊥ = −Ω2r⊥ , (2.21)

with the use of the vector identity A× (B×C) = (A ·C)B− (A ·B)C. We arrive
at:

aI = aR + 2Ω× uR − Ω2r⊥ . (2.22)

The last term can be written as a gradient: Ω2r⊥ = ∇(1
2Ω2r2⊥). It can, without

loss of generality, be incorporated in the pressure gradient ∇p = ∇(P − 1
2Ω2r2⊥),

where p is commonly referred to as the reduced pressure. Inserting these fac-
tors into Eq. (2.9) gives for the fluid motion in a rotating frame (dropping the
subscripts):

∂u

∂t
+ (u · ∇)u + 2Ω× u = −∇p+ gαT ẑ + ν∇2u . (2.23)

For the remainder of this work the rotation vector Ω is taken vertically, pointing
against gravity: Ω = Ωẑ.
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2.2 Dimensionless numbers

The description of the flow behaviour can be done succinctly with dimension-
less numbers that give the ratios of different forces in the flow. For horizontally
unbounded rotating Rayleigh–Bénard convection, since there are six parameters
involved ((gα), ν, κ, Ω, ∆T and H) in three basic physical dimensions (length,
time and temperature), three dimensionless groups are needed [27]. This also fol-
lows from the nondimensionalisation of the governing equations. Introducing a
dimensionless position x̃ = x/H , velocity ũ = u/U , time t̃ = tU/H , temperature
fluctuation T̃ = T/∆T and pressure p̃ = p/U2 it follows that

∂ũ

∂t̃
+ (ũ · ∇̃)ũ +

2ΩH

U
ẑ× ũ = −∇̃p̃+

gα∆TH

U2
T̃ ẑ +

ν

UH
∇̃2ũ ,

∂T̃

∂t̃
+ (ũ · ∇̃)T̃ =

κ

UH
∇̃2T̃ ,

∇̃ · ũ = 0 .

(2.24)

By setting the buoyancy term to O(1) a relevant and convenient velocity scale is
found: the so-called free-fall velocity U =

√
gα∆TH [122], which is basically an

upper bound for buoyancy-generated velocity. The ‘traditional’ Rayleigh–Bénard
parameters [39], the Rayleigh number Ra and Prandtl number σ

Ra ≡ gα∆TH3

νκ
, σ ≡ ν

κ
, (2.25)

are hidden in this formulation:

ν

UH
=

√

σ

Ra
,

κ

UH
=

1√
σRa

.

The Rayleigh number is a ratio of buoyancy and dissipation. Diffusive properties
of the fluid are described by the Prandtl number.

The remaining group in (2.24) is the Rossby number

Ro ≡ U

2ΩH
, (2.26)

which compares inertial and Coriolis forces. With the current buoyant velocity
scale, Ro directly compares buoyancy and Coriolis forces. For Ro ≫ 1 buoyancy
is dominant, while for Ro ≪ 1 Coriolis forces are stronger.

A related parameter, often found in the literature [39], is the Taylor number

Ta ≡
(

2ΩH2

ν

)2

. (2.27)

The Taylor number is a dimensionless rotation rate. A convenient relation between
the various dimensionless parameters is Ro =

√

Ra/(σTa). Because of the valuable
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physical interpretation of Ro we will mostly be using the Rossby number rather
than the Taylor number.

In the sections on boundary layers in this chapter it will be advantageous to
use the Ekman number

Ek ≡ ν

ΩH2
. (2.28)

Note that Ek =
√

4/Ta.∗

For convective flow in bounded domains it is useful to define an additional
parameter, the aspect ratio

Γ ≡ D

H
, (2.29)

where D is the diameter (when a cylindrical volume is concerned, as in this study).
One of the primary results of many investigations of Rayleigh–Bénard convec-

tion is the vertical convective heat transfer through the fluid. A convenient way to
express this convective heat transfer in dimensionless form is to scale it with the
conductive heat flux that would be present in absence of convective motion. This
ratio is commonly designated the Nusselt number

Nu ≡ 〈q〉H
k∆T

, (2.30)

where 〈q〉 is the mean total heat-current density (convection and conduction).
The local (vertical) convective flux density is qconv = ̺cpwT = kwT/κ. Local
conduction is based on the (vertical) local temperature gradient qcond = k∂T/∂z.
This gives

Nu =
k
κ 〈wT 〉 + k

〈

∂T
∂z

〉

k∆T
H =

( 〈wT 〉
κ

+

〈

∂T

∂z

〉)

H

∆T
. (2.31)

Making velocity, temperature and length dimensionless as above, we arrive at the
fully dimensionless formulation

Nu =
√
σRa

〈

w̃T̃
〉

+

〈

∂T̃

∂z̃

〉

. (2.32)

Two forms of this equation are very useful for the calculation of Nu in numerical
simulations. At the horizontal plates convection is zero and the entire heat flux
must thus be conductive:

Nu =

〈

∂T̃

∂z̃

〉

z̃=0,1;t

, (2.33)

∗The numerical factor is absent from the definition of Ek as this formulation naturally arises
in the boundary-layer approximation presented momentarily in Sec. 2.4.
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where averaging over the plate (z̃ = 0 or z̃ = 1) and in time is adopted. When
(2.32) is averaged over the entire fluid volume the conductive part reduces to 1
and the result is

Nu = 1 +
√
σRa

〈

w̃T̃
〉

V,t
, (2.34)

where the averaging is intended over the entire fluid volume and in time.
In non-rotating convection the mean temperature is constant in the well-

mixed bulk and the temperature drop ∆T is found over the thermal bound-
ary layers [29, 63]. Assuming that the boundary layers carry a conductive heat
flux q = Nuk∆T/H , a very appropriate approximation for the thermal boundary
layer thickness δT is found:

δT =
H

2Nu
. (2.35)

2.3 Thermal wind balance

Consider quasi-steady large-scale flow in a rotating fluid with Ro ≪ 1. Away from
boundaries the effects of viscosity are negligible. Several terms in (2.23) can then
be discarded; the primary balance is (in component form):

−2Ωv = − ∂p

∂x
,

2Ωu = −∂p
∂y

,

0 = −∂p
∂z

+ gαT .

(2.36)

The horizontal balance described here is the geostrophic balance, relevant for large-
scale motions in the atmosphere and the oceans. It states that velocity is directed
parallel to isobars, thus that isobars are streamlines. In the z-component of the
(reduced) momentum equations we recognise the hydrostatic balance, where the
density is translated to temperature within the Boussinesq approximation.

Taking the derivative to y of the first equation, the derivative to x of the second,
and subtraction, we arrive at −2Ω(∂u/∂x + ∂v/∂y) = 0. With the condition of
incompressibility ∇ · u = 0 it follows that

∂w

∂z
= 0 . (2.37)

Starting from Eq. (2.36), taking the derivative to z of the two horizontal compo-
nents, and substituting for the vertical pressure gradient gives

2Ω
∂v

∂z
= gα

∂T

∂x
,

2Ω
∂u

∂z
= −gα∂T

∂y
.

(2.38)
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Eqs. (2.37) and (2.38) can be concisely written as

∂u

∂z
=
gα

2Ω
ẑ × ∇T . (2.39)

This is the thermal wind balance. It states that, under the conditions specified
before, horizontal temperature gradients cause vertical velocity gradients. It also
shows that vertical gradients of the vertical velocity component are always zero.
Note that this does not prohibit vertical motion, a constant vertical velocity is
still allowed.

This derivation for a barotropic flow results in the Taylor–Proudman theo-
rem [124,155]:

∂u

∂z
= 0 , (2.40)

stating that all vertical variation of velocity is prohibited. Away from boundaries
the flow is essentially two-dimensional, without vertical variations.

2.4 Ekman and Stewartson boundary layers

Ekman boundary layer

Consider slow motion (i.e. time derivatives and nonlinear terms can be neglected)
of a rotating fluid near a solid wall at z = 0 (the rotation vector is perpendicular to
the wall). The flow in the fluid bulk is in geostrophic balance with velocity ub; the
velocity in the Ekman boundary layer [53] is uE . The boundary condition on the
wall is uE = 0 at z = 0, while uE is matched to the bulk flow at z → ∞: uE = ub.
Inside the boundary-layer region (of typical thickness δE) the approximation is
applied that in the viscous term only the vertical derivatives are relevant:

−2ΩvE = −∂pE

∂x
+ ν

∂2uE

∂z2
,

2ΩuE = −∂pE

∂y
+ ν

∂2vE

∂z2
,

0 = −∂pE

∂z
+ ν

∂2wE

∂z2
.

(2.41)

In view of the incompressibility condition we conclude that wE = O(δE) is much
smaller than the horizontal components. Furthermore, the vertical derivative of
the pressure in the boundary layer is zero. This allows the matching of pE and pb,
which gives for pE :

−2Ωvb = −∂pb

∂x
= −∂pE

∂x
,

2Ωub = −∂pb

∂y
= −∂pE

∂y
,

(2.42)
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which in turn leads to

−2ΩvE = −2Ωvb + ν
∂2uE

∂z2
,

2ΩuE = 2Ωub + ν
∂2vE

∂z2
.

(2.43)

Multiplying the last line with i and addition gives

∂2(uE + ivE)

∂z2
− 2Ω

ν
i [(uE + ivE) − (ub + ivb)] = 0 . (2.44)

The particular solution follows from ∂ub/∂z = 0. Thus the differential equation
is readily solved:

uE + ivE = A exp

(

(1 + i)z
√

ν/Ω

)

+ B exp

(

−(1 + i)z
√

ν/Ω

)

+ ub + ivb . (2.45)

A length scale δE ≡
√

ν/Ω can be recognised, in dimensionless form: δE/H =

Ek1/2. It is remarkable that this boundary-layer scale is independent of any flow
velocity in the geostrophic interior.

To satisfy the boundary conditions uE = ub at z → ∞ and uE = 0 at z = 0,
we arrive at A = 0 and B = −(ub + ivb). Separating the real and imaginary parts
we finally obtain:

uE = ub − [ub cos(z/δE) + vb sin(z/δE)] exp(−z/δE) ,

vE = vb + [ub sin(z/δE) − vb cos(z/δE)] exp(−z/δE) .
(2.46)

The vertical velocity wE is found from incompressibility:

∂wE

∂z
= − ∂uE

∂x
− ∂vE

∂y

= −
(

∂ub

∂x
+
∂vb

∂y

)

[1 − exp(−z/δE) cos(z/δE)]

+

(

∂vb

∂x
− ∂ub

∂y

)

exp(−z/δE) sin(z/δE) ,

(2.47)

where the first term on the right-hand side is zero from ∇·ub = 0 and ∂wb/∂z = 0,
and the velocity derivatives of the second term form the bulk (vertical) vorticity ωb.
Integration yields:

wE = ωb

∫ z

0

exp(−z′/δE) sin(z′/δE)dz′

=
ωbδE

2
{1 − exp(−z/δE) [sin(z/δE) + cos(z/δE)]} .

(2.48)
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The Ekman boundary layer enacts a vertical bulk flow, which is found by match-
ing wb and wE at z → ∞:

wb =
ωbδE

2
. (2.49)

A remarkable feature of the Ekman layer is that it actively influences the bulk flow
through this vertical motion, which is known as Ekman pumping. For a negative
bulk vorticity ωb the flux is from the bulk into the boundary layer; this is referred
to as Ekman suction. Vertical velocity wb and vertical vorticity ωb are directly
related in magnitude and sign by (2.49), valid near the bottom wall. Near the top
wall a minus sign needs to be added.

Another important result is thus that the Ekman layer can drive a secondary
circulation. There is a flux of magnitude O(Ek1/2) through the Ekman boundary
layer whenever ωb 6= 0. This inward/outward flux must be compensated for; in
confined domains this typically occurs at sidewalls.

Stewartson boundary layers

As was noted in the previous section, the Ekman layers on top and bottom can
cause a circulation. For a confined domain as in the present study this means that
the circulation must be closed, and it turns out that this is accomplished with a
boundary layer on the sidewall. Such boundary layers are known as Stewartson
layers [62, 147,148].

Consider an upright cylindrical vessel of height and diameter H , bounded by
no-slip walls. As in the previous section the bulk is geostrophic, and Ekman layers
are found near the top and bottom plates. Assume that the bulk geostrophic
flow has a negative constant vorticity ωb. Because of the Ekman suction, there
is a net O(Ek1/2) radial outward flux found in each of the Ekman layers. These
fluxes flow into the Stewartson layer on the sidewall, which hence must contain
an O(Ek1/2) vertical flux. Additionally, the Stewartson boundary layer on the
sidewall should match the O(1) bulk flow vb to the sidewall with v = 0.

Although the analysis would lead too far here, it can be shown [147,148] that a

layer of thickness δS,1/4 ∼ HEk1/4 can carry the required vertical flux and match to
the bulk. But this layer cannot subsequently connect to the sidewall. An additional
layer is found within the Ek1/4 layer. This layer has a thickness δS,1/3 ∼ HEk1/3

from the sidewall. The flows inside these two layers close the circulation set up by
the Ekman layers.

2.5 Convective turbulence: some useful

definitions

Turbulence is dissipative: without input of energy, nonlinear processes (vortex
stretching) rapidly transfer energy to the smallest length scales where viscous
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action will reduce all velocities to zero. In convective turbulence there is continuous
input of energy by buoyant production: at the horizontal plates fluid is heated or
cooled, and fluid is subsequently set into motion by buoyancy. In equilibrium
the input of energy is matched by dissipation. Thus, important quantities in
convective turbulence are the dissipation rates of kinetic energy ǫ and thermal
variance N [110]:

ǫ ≡ ν|∇u|2 , N ≡ κ|∇T |2 . (2.50)

The smallest length scales found in the flow are related to the dissipation rates:
the Kolmogorov length η and the Batchelor length ηT [110]:

η ≡
(

ν3

ǫ

)1/4

, ηT ≡ η

√

κ

ν
. (2.51)

With the scalings of variables as in Sec. 2.2, these definitions are written in
dimensionless form as

ǫ̃ =

√

σ

Ra
|∇̃ũ|2 , Ñ =

1√
σRa

|∇̃T̃ |2, (2.52)

and

η̃ =
( σ

Ra

)3/8

ǫ̃−1/4 , η̃T = η̃σ−1/2 . (2.53)

These lengths are well-suited for the validation of grid resolution in numerical
simulations: the grid spacings should be small enough so that these lengths are
still resolved. Exact relations for the domain-averaged dissipation rates can be
derived [141,142,165]:

〈ǫ̃〉 =
Nu − 1√
σRa

,
〈

Ñ
〉

=
Nu√
σRa

. (2.54)

In Ch. 7 another length scale is introduced, the so-called Bolgiano length LB [19,
110,114]. Temperature is expected to act as an active scalar at length scales larger
than LB, while being passive at scales smaller than LB. The Bolgiano length is
defined as

LB ≡ ǫ5/4

(gα)3/2N3/4
, (2.55)

which in dimensionless form is written as

L̃B =
ǫ̃5/4

Ñ3/4
. (2.56)



Chapter 3

Laboratory experiments

In this chapter the experiments on turbulent rotating convection are presented.
First, a detailed description of the experimental apparatus is given in Sec. 3.1,
including the peripheral temperature control equipment and the parts necessary
for the actual measurement. The measurement technique, stereoscopic particle
image velocimetry (SPIV), is explained in Sec. 3.2. The third section of this
chapter (Sec. 3.3) details the experimental procedure.

The presentation of the results is started with an impression of the flow phe-
nomenology, and changes due to rotation (Sec. 3.4). The large-scale circulation
(LSC), the dominant structure in cylindrical convection without rotation, is found
for large Ro. The vortical-plume state is found at higher rotation rates. Next,
in Sec. 3.5 the dynamics of the LSC are described. A model is derived for the
azimuthal drift of the LSC under slow rotation. At higher rotation rates the LSC
is replaced by a collection of vortical plumes, whose detection and characterisation
is described in Sec. 3.6. Various statistics of the turbulence in rotating convection
are treated in Sec. 3.7, where the dependence on rotation of the root-mean-square
velocities and vorticities is shown, as well as their probability density functions
(PDFs). A discussion of the effects of rotation on the flow anisotropy, using the
invariants of the stress anisotropy tensor and the Lumley map [42, 101, 102, 143],
is presented in Sec. 3.8. In that Section we also consider the correlation between
vertical velocity and vertical vorticity.

The concluding Section 3.9 summarises the experiments and the most impor-
tant findings.

19
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Figure 3.1 – Sketch of the convection cell. Labels are explained in the text.

3.1 Experimental setup

3.1.1 Convection cell

A sketch of the convection cell is shown in Fig. 3.1. Letters between brackets in
this section and the next refer to labels in this sketch. In Fig. 3.2 a photograph of
the cell is provided for a perspective view.

The cylindrical measurement volume of the convection cell is confined from the
side with a Plexiglas tube of thickness 5 mm and inner diameter 230 mm (A). This
cylinder is slid over a copper disk 30 mm thick (B) that closes the cylinder from
below. Two O-ring seals are wrapped around the copper disk, making a tight fit
with the cylinder.

Clamped under the copper disk is an electric resistance heater (C). At the
centre of the disk a thermistor (D) is placed in a hole from below, so that the
temperature very close to the interface can be measured. This temperature probe
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Figure 3.2 – The convection cell. Photo credit: Bart van Overbeeke.
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is connected to a custom-made heater controller unit that keeps the temperature of
the bottom plate at a preset value. The excellent heat conduction of copper ensures
a uniform temperature condition at the interface. During operation temperature
fluctuations do not exceed 0.02 K.

The cooling of the fluid at the top of the cylinder is complicated by the need for
optical accessibility from above. At a height H = 230 mm above the copper plate
the cylinder is closed with a thin sheet of Plexiglas 1 mm thick∗ (E). A transparent
cooling chamber (F) is placed on top. The tubes connected there are used for
circulation of cooling water from a cooling bath (Haake V26/B refrigerated bath,
with Haake DC50 temperature control unit). To avoid large-scale flow structuring
in the flat geometry of the cooling chamber the inflow nozzles are fitted with finely-
meshed grids. A temperature probe (G) is placed inside the chamber, connected
to the temperature controller in the cooling bath. This arrangement controls
the temperature at the upper side of the cylinder. Temperature fluctuations are
smaller than 0.05 K. Homogeneity of the temperature inside the cooling chamber
was checked by measuring the temperature at nine different positions inside the
chamber; no horizontal temperature gradients were detected.

A rectangular box of Plexiglas (H) is placed around the cylinder. The space
in between the cylinder and the box is also filled with water to avoid excessive
refraction on the curved cylinder surface (the refractive index of Plexiglas n =
1.491 matches well with that of water: n = 1.333). Thus optical access from the
sides is also possible.

The convection cell and all other equipment mentioned here are placed on a
rotating table. The cylinder axis coincides with the axis of rotation. The specifi-
cations and further details of the rotating table can be found in [18].

3.1.2 Measuring arrangement

For the measurement the water is seeded with polyamid seeding particles of di-
ameter d = 50 µm (Dantec Dynamics A/S). Their density ̺ = 1.03 × 103 kg/m3

matches well with that of the water (̺ = 0.997 × 103 kg/m3 at the mean work-
ing temperature T = 24◦C), so that the particles are nearly neutrally buoyant.
According to Raffel et al. [129], the typical response time τr of such a particle to
changes in the fluid flow is

τr ≡ d2 ̺p

18ν̺f
, (3.1)

where ̺p is the density of the particles and ̺f the density of the fluid. Here τr =
1.6 × 10−4 s. The particles are responding very rapidly to changes in the flow.

∗In other works, e.g. [170, 178], sapphire windows are employed to seal the cell from above.
Sapphire has better heat conduction properties than Plexiglas. However, given the size of the
current setup, using sapphire would prove very costly. This, in addition to the ease of Plexiglas
for assembly, led us to the choice for a thin Plexiglas sheet.
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Illumination is done with a Nd:YAG laser (Quantel CFR400, wavelength 532
nm). Using a cylindrical lens the beam is expanded to a sheet of thickness ap-
proximately 2 mm, that traverses the convection cell horizontally (I). Two vertical
positions have been used: z = 0.5H at mid-height and z = 0.8H near the top
plate. The laser is operated at 15 Hz.

Above the cell two identical digital CCD cameras (J) (Kodak/Roper Scientific,
Megaplus ES1.0 – 10-bits) are mounted at off-cylinder-axis positions. Each camera
points inward at an angle of 35◦ with the axis. Due to the water-Plexiglas-air re-
fractions the effective angles inside the water are 25.5◦; this so-called stereoscopic
angle will be discussed in Sec. 3.2. The angular displacement of the cameras with
respect to the object plane requires the use of so-called Scheimpflug adapters (see
Sec. 3.2). The cameras record images with a resolution of 1008 × 1019 pixels and
a 10-bits dynamic range of greyscales. Laser and camera triggering and synchro-
nisation is done with a delay generator (Stanford Research Systems DG535).

The laser and the cameras are also placed on the rotating table, to assure con-
stant alignment. The custom-built table [18] has rotary joints to provide cooling
water for the laser in the rotating frame. An optical LAN coupling is also available
to control the experiment while rotating. To cope with the huge data generation
rate of the cameras (30 megabytes per second per camera), however, the computers
that store the camera images had to be co-rotating as well.

3.2 Stereoscopic particle image velocimetry

Stereoscopic particle image velocimetry (SPIV) is an extension of regular PIV. By
using two cameras instead of one it is possible to resolve the out-of-plane velocity
component in addition to the in-plane components.

The camera arrangement used in this work is the so-called angular displacement
configuration [123,129], which is shown schematically in Fig. 3.3. This configura-
tion generally provides the best accuracy for the out-of-plane displacements [123].
The consequence of this configuration is that, since the image and lens planes
are not parallel, the object plane must also be rotated relative to the lens plane.
When the Scheimpflug condition (image, lens and object planes must intersect in
a common line) is met the entire image is in focus.

Additionally, the camera views are warped, as is illustrated in Fig. 3.4. A
calibration with an in situ method is used to obtain the mapping functions for the
dewarping. A dark plate with a well-defined pattern of white dots is placed at the
position of the laser light sheet. The vertical position of this plate is changed in
small steps of 0.5 mm, so that a range of calibration images is recorded at several
vertical positions inside and just outside of the volume illuminated by the laser light
sheet (during calibration the normal room lighting is adequate for illumination).
An algorithm including a light sheet misalignment correction, described in more
detail in [18], provides the mapping functions to dewarp (illustrated in Fig. 3.4)
the camera images to physical space.



24 Laboratory experiments — Chapter 3
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γ

Figure 3.3 – The angular displacement configuration. The angle between the optical
axes of the camera lenses is γ, the stereoscopic angle. For the left camera the Scheimpflug
condition is indicated: object, lens and image plane intersect in a common line.

dewarp

Figure 3.4 – The warped images as recorded by the cameras need to be dewarped before
application of the PIV algorithm.
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After dewarping the normal PIV correlation procedure is followed separately
for each camera. The dewarped images are divided in parts of 32 × 32 pixels,
called interrogation windows, with 50% overlap of neighbouring windows. Corre-
sponding windows from two subsequent-in-time images are cross-correlated with
a two-dimensional fast Fourier transform (FFT). The position of the peak value
in the correlation is determined with sub-pixel accuracy; it provides the average
displacement of the particle pattern found within the window. The difference in
the displacements between left and right cameras is caused by the out-of-plane
displacement. The full three-dimensional displacement can now be determined
with a triangulation procedure [18].

At several steps in the procedure the vector fields are treated with the universal
outlier detection test of [174], to find and correct spurious vectors (or outliers)
using a so-called normalized median test.

The measured velocity fields at z = 0.5H are comprised of 49 × 57 vectors,
with spacings ∆x = 1.66 mm and ∆y = 1.93 mm, for a total measurement area
of approximately 9 × 12 cm2. At z = 0.8H the velocity fields consist of 53 × 55
vectors, with spacings ∆x = 2.30 mm and ∆y = 2.78 mm.∗ The measurement
area is roughly 12 × 15 cm2 in size.

3.3 Measurement procedure

The water to fill the convection cell with was pre-heated to 70◦C in a boiler to
degas, and was placed in the laboratory about one day in advance to adapt to
the ambient temperature. The filling of the cell is done slowly to avoid bubble
formation as much as possible.

Experimental temperature conditions are then set and the system is allowed
to adapt. After a change of the temperatures a settling period of at least half
an hour is used. Typical time scales for the adjustment reported in the literature
are τs ≈ 3×102 s for a water-filled cell in [26], and τs ≈ 2 hours for a cell filled with
dipropylene glycol. The latter was for a fluid with a kinematic viscosity roughly 30
times larger than that of water [154]. The adjustment process is expected to be
much slower in that case and one fourth of the two-hours settling time is a safe
assumption for the current experiment. A visual inspection of the tracer particle
motion in the current cell indeed pointed to a time scale of a few minutes, as
in [26].

Once the flow has adapted to the temperature setting, rotation is introduced.
The presence of fluid motion (the LSC) eases the adaptation to the rotation
compared to a still fluid, where the settling time is the so-called Ekman time
scale τE ≡ H/

√
νΩ (see, e.g., Ref. [90] and references therein). At the lowest rota-

tion rate used in this work, Ω = 0.01 rad/s, this time scale is τE = 2.4× 103 s. An

∗In Chapter 7 we have doubled the spatial resolution at z = 0.8H by using 16 × 16-pixels
interrogation windows. The velocity fields were primarily shaped by the LSC with a rather small
mean velocity, hence the refinement was possible.
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Table 3.1 – Parameters for the measurement series at height z = 0.5H .

∆T (K) Ω (rad/s) Ra Ta Ro
0.5 0 1.11 × 108 0 ∞
1.5 0 3.34 × 108 0 ∞
5.0 0 1.11 × 109 0 ∞
5.0 0.04 1.11 × 109 2.10 × 107 2.89
5.0 0.08 1.11 × 109 8.41 × 107 1.44
5.0 0.16 1.11 × 109 3.36 × 108 0.721
5.0 0.32 1.11 × 109 1.35 × 109 0.361
5.0 0.64 1.11 × 109 5.38 × 109 0.180
5.0 1.28 1.11 × 109 2.15 × 1010 0.090

estimate for the settling time is found from a model for the LSC: it is presented
in Sec. 3.5.4. Applying an impulsive spin-up from rest to Ω = 0.01 rad/s in this
model [Eq. (3.11)], we arrive at a settling time scale τs ≈ 6.6 × 102 s. Therefore,
for the lowest rotation rates the system is allowed to adapt for at least half an
hour. At the larger Ω & 0.1 rad/s this time can be lessened as then τE < τs and
the Ekman dynamics governs the adaptation.

In all experiments the average temperature of the water was kept at 24◦C. The
values of the fluid properties at this temperature are (taken from [98]): kinematic
viscosity ν = 9.23 × 10−7 m2/s, thermal diffusivity κ = 1.45 × 10−7 m2/s and
thermal expansion coefficient α = 2.50 × 10−4 K−1. Hence the Prandtl number
is σ = 6.37. The gravitational acceleration is g = 9.81 m/s2. These values will be
used throughout this thesis.

As mentioned before, two measurement positions have been used: at mid-
height z = 0.5H and close to the top plate at z = 0.8H . The settings for the
series at z = 0.5H are presented in Table 3.1, with the corresponding values of the
dimensionless numbers Ra, Ta, and Ro as defined in Eqs. (2.25) and (2.27). In
each of these experiments 104 velocity maps have been obtained at a rate of 15 Hz,
a duration of just over 11 minutes per measurement.

At the other height z = 0.8H more measurements have been carried out; the
parameters are reported in Table 3.2. This position was found to be better suited
than the mid-height to investigate azimuthal dynamics of the LSC at very small
rotation rates, therefore the extra focus on the low-Ω range. In the measurements
at Ω ≤ 0.03 rad/s one velocity map per second has been measured, but with 4×103

maps measured each measurement covered more than one hour. A longer mea-
surement duration is necessary to resolve the azimuthal drift of the LSC (Sec. 3.5).

At the highest rotation rates one should be aware of the centrifugal forces that
may become important. A convenient ratio is that of the centrifugal acceleration
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Table 3.2 – Parameters for the measurement series at height z = 0.8H .

∆T (K) Ω (rad/s) Ra Ta Ro
0.5 0 1.11 × 108 0 ∞
1.5 0 3.34 × 108 0 ∞
5.0 0 1.11 × 109 0 ∞
5.0 0.01 1.11 × 109 1.31 × 106 11.5
5.0 0.015 1.11 × 109 2.96 × 106 7.69
5.0 0.02 1.11 × 109 5.26 × 106 5.77
5.0 0.025 1.11 × 109 8.21 × 106 4.62
5.0 0.03 1.11 × 109 1.18 × 107 3.85
5.0 0.04 1.11 × 109 2.10 × 107 2.89
5.0 0.08 1.11 × 109 8.41 × 107 1.44
5.0 0.16 1.11 × 109 3.36 × 108 0.721
5.0 0.32 1.11 × 109 1.35 × 109 0.361
5.0 0.64 1.11 × 109 5.38 × 109 0.180
5.0 1.28 1.11 × 109 2.15 × 1010 0.090

and gravitational acceleration, here named the Froude number [70]:

Fr ≡ Ω2ρ

g
, (3.2)

where ρ = 11.5 cm is the radius of the cylindrical cell. In the current experiments,
at the highest rotation rate Ω = 1.28 rad/s, the Froude number is Fr ≈ 0.02. It is
clear that centrifugal effects can be safely neglected, as the centrifugal acceleration
is very small compared to the gravitational acceleration.

3.4 Flow phenomenology

We begin with a description of the flow phenomenology, as measured in the ex-
periments. Four representative velocity fields at z = 0.8H , Ra = 1.11 × 109 are
shown in Fig. 3.5, at Ro = ∞, 7.69, 0.72 and 0.09, respectively.

Starting with the non-rotating case [Ro = ∞, Fig. 3.5(a)], a spatial separation
of upward (red) and downward (blue) transport is observed. This separation is a
fingerprint of the LSC. Indeed, the horizontal components point from the red areas
to the blue areas, closing the LSC circulation pattern horizontally in proximity of
the upper plate. This horizontal flow will be used in Sec. 3.5 to define an orientation
of the LSC, using a method proposed by Xi et al. [178].

When a small rotation is added [Ro = 7.69, Fig. 3.5(b)], the situation changes
little in an instantaneous view. Still, the LSC can be recognised. Observation of
the temporal evolution learns us that the orientation describes a clockwise rotation
(anticyclonically, against the direction of rotation of the cell).
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Figure 3.5 – Typical velocity snapshots taken at height z = 0.8H , and Rayleigh num-
ber Ra = 1.11 × 109. Snapshots at four different Rossby numbers are shown. The
background colouring depicts the out-of-plane vertical velocity component, while the ar-
rows depict in-plane horizontal motions (only one fourth of the horizontal-velocity arrows
is drawn for clarity).
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For rotation rates such that Ro . 1 the LSC is not found. The rotational
constraints on the vertical motion have become too strong for an LSC to exist.
Instead, see Fig. 3.5(c) (Ro = 0.72), many smaller structures are formed. There
is also considerable vertical vorticity ωz ≡ (∇ × u)z to be found, of both signs
but with a preference for cyclonic vorticity. For the remainder of this chapter, the
term vorticity is used to designate the vertical component. This component can
be calculated from the SPIV data, and it is the most insightful for the current
problem.

At the highest rotation rate considered in these experiments, corresponding
to Ro = 0.09 [Fig. 3.5(d)], the strength of the vertical motions has decreased. The
regions where vertical velocity is observed have decreased in size relative to the
higher-Ro situations. Also, vertical velocity is confined to regions with considerable
vertical vorticity. Near the top wall patches of cyclonic vorticity tend to be related
to negative vertical velocity, and vice versa.

3.5 Large-scale circulation

The convective flow in the cell is, for zero and very small rotation rates, organised
into a domain-filling large-scale circulation (LSC). The LSC describes interesting
azimuthal dynamics [71, 178]. It is also the starting point of many theoretical
arguments on the convective heat transfer [63–66, 141]. Because of its relevance
for theory, and also out of fundamental interest, in this section we study the LSC
and its dynamics (azimuthal motions), both with and without rotation.

3.5.1 Method

Consider the velocity measurements at z = 0.8H , as depicted in Figs. 3.5(a, b).
Since the measurement area is near the top plate it is expected that the LSC closes
horizontally around this height in the cell. Therefore, the predominant horizontal
drift, found in both snapshots, is due to the LSC. We use the average direction
of the drift to define the azimuthal orientation χ of the LSC, following [178]. The
orientation χ is taken as the direction of the averaged horizontal velocity vector U:

U = 〈u〉c x̂ + 〈v〉c ŷ ,

where 〈.〉c indicates averaging over all vectors found within a circular area centered
at the origin, its diameter equal to the extent of the measurement area in the x
direction (left-right in the plots of Fig. 3.5). x̂ and ŷ are the respective unit
vectors. The evolution of χ in time is determined for the experiments in which an
LSC has been detected.

3.5.2 No rotation

Experiments at three different Ra values have been carried out. The time histories
of χ at Ra = 3.34 × 108 and 1.11 × 109 are shown in Figs. 3.6(a, b), respectively.
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Figure 3.6 – Time histories of χ at (a) Ra = 3.34 × 108, and (b) Ra = 1.11 × 109.
Autocorrelations C(τ ) of χ at (c) Ra = 3.34 × 108, and (d) Ra = 1.11 × 109. The peaks
indicating the oscillation period τ0 and secondary peaks are labelled.

These show an oscillation around an equilibrium position that is sustained for the
entire duration of the measurement (4000 s). Apart from a slight downward trend
at Ra = 3.34× 108 the equilibrium position remains still. The azimuthal motions
in both cases are oscillatory with well-defined oscillation periods: τ0 = 212 ± 3 s
at Ra = 3.34 × 108 and τ0 = 133 ± 2 s at Ra = 1.11 × 109. The time history of χ
at Ra = 1.11×108 is very erratic, and the autocorrelation does not show regularly
spaced peaks. As this Ra is close to the critical value for the onset of coherent
LSC oscillation (the critical value being Ra ≈ 5 × 107 reported in [127], for a cell
of similar size), we cannot provide conclusive evidence on the LSC dynamics at
this Ra using this technique.

We can compare the oscillation periods found for the two Ra values to the
findings of others. This comparison is carried out in Table 3.3, in terms of the
(dimensionless) oscillation frequency f0 ≡ H2/(τ0κ). Two experimental studies
are included: one by Funfschilling & Ahlers [56] using a shadowgraph technique
in methanol (σ = 6.0), and one by Xi, Zhou & Xia [178] (the inspiration for the
current method for investigation of the LSC) using PIV in water (σ = 5.3). In
both cases the oscillation frequency is reported as a power-law fit. Funfschilling &
Ahlers [56] report ω0 = 1.26 Ra0.460±0.012 in dimensionless form for angular fre-
quency ω0 ≡ 2πf0. Xi, Zhou & Xia [178] report f0 = 0.084 Ra0.50±0.01. The
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Table 3.3 – Comparison of the current dimensionless LSC oscillation frequency f0 =
H2/(κτ0) with other experimental studies.

Ra Current work Ref. [56] Ref. [178]
water (σ = 6.37) methanol (σ = 6.0) water (σ = 5.3)

3.34 × 108 (1.72 ± 0.02)× 103 1.67 × 103 1.54 × 103∗

1.11 × 109 (2.74 ± 0.04)× 103 2.90 × 103 2.80 × 103

∗Extrapolated result; the range of Rayleigh numbers investigated was 109 ≤ Ra ≤ 1010.
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Figure 3.7 – (a) Time histories of the LSC orientation χ at Ra = 1.11 × 109 and
at Ro = ∞, 11.5, 5.77, 3.85, 2.89, and 1.44. The vertical axis is normalised with a
factor 2π. (b) Absolute precession rate |ωLSC| as a function of Ro.

frequencies from these power laws at the current Rayleigh numbers are given in
Table 3.3. An acceptable agreement is found.

3.5.3 Effect of rotation on the LSC

Since the LSC is such an important ingredient of the dynamics at Ro = ∞, as well
as the inspiration for heat transfer scaling theories [37, 63–66, 141], it is expected
that an investigation of its dynamics under rotation provides useful results to
extend the theories to the rotating situation. We apply the same method as
outlined before in Sec. 3.5.1.

Time histories of χ recorded at several different rotation rates and at Ra =
1.11 × 109 are presented in Fig. 3.7(a). In all rotating experiments a gradual
negative/anticyclonic drift is observed. The LSC orientation precesses against the
direction of rotation (in the co-rotating reference frame). At Rossby numbers lower
than Ro = 1.44 a noisy χ signal was found with no clear trends; an inspection of
the velocity fields revealed that the LSC was not present at these higher rotation
rates.
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We can define a mean precession frequency ωLSC by fitting lines though the χ-t
plots; the slope is used for ωLSC. In Fig. 3.7(b) the results are plotted as a function
of Ro.

A similar result has been obtained by Hart et al. [71]. A different measurement
technique was used. At half-height in the sidewall a thermistor (placed such that it
slightly intruded into the convective fluid) recorded time histories of temperature
for 24 hours or more. Due to the azimuthal precession of the LSC a sinusoidal signal
was measured. The peak in the frequency spectrum provided ωLSC. These authors
also modelled the LSC precession; this will be discussed in the next section 3.5.4.

3.5.4 A model for the LSC precession

The origin of the LSC precession has been considered in two different studies [24,
71]. Both state that the Coriolis acceleration, acting on the horizontal branches of
the LSC near the top and bottom plates, must enact the precession. The Coriolis
acceleration on a fluid parcel that is part of the LSC is given by

ac ≡ −2 (Ω + ωLSC) ẑ × u . (3.3)

As we consider the horizontal motion near the plates, this equation states that the
Coriolis acceleration points to the right of the direction of motion. After crossing
the horizontal extent of the cell, the particle will thus be deflected anticyclonically.
This is true for both top and bottom. The deflection is dependent on the fluid
velocity, for which we find an estimate from the non-rotating result. With the
azimuthal oscillation period it is possible to define a Reynolds number [25, 178]

Re ≡ ULSCH

ν
=

2H2

τ0ν
. (3.4)

In this formula a velocity scale ULSC ≡ 2H/τ0 is defined for the LSC. This relation
is highly applicable for Ra . 3×109 [25,179]. With the previously-mentioned τ0 =
133 ± 2 s, it follows that Re = 862 ± 13. For the typical LSC velocity we arrive
at ULSC = 3.5 × 10−3 m/s. It is assumed in the model that the velocity of the
LSC is largely unaffected by the rotation. This assumption of course becomes
invalid for Rossby numbers close to Ro = 1, as the LSC is not found anymore for
these Ro.

As is pointed out in [71], taking into account just the Coriolis force (obviously)
leads to a situation where the LSC is still in the laboratory frame and precesses
at −Ω (minus the rotation rate of the table) in the co-rotating reference frame. The
Coriolis force must be balanced by boundary-layer friction due to the precession.

The average Coriolis contribution is strongly dependent on the exact distribu-
tion of the horizontal velocity. Brown & Ahlers [24] assumed a horizontal velocity
profile u = 2ULSC(z − H/2)/H = 2ULSCζ/H in a conical region with the apex
at the cell centre (z = 0 at the bottom plate; to better match with [24] and for
ease the coordinate ζ = z − H/2 is introduced). Averaging over the cell then
yields 〈ac〉 = −ULSC(Ω + ωLSC)/2.
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Figure 3.8 – Vertical cross-section showing the model velocity field of the LSC according
to (3.5) and (3.6). The dotted lines indicate the boundaries of the conical region 0 ≤
|ρ| ≤ |ζ| ≤ H/2.

However, the elliptic shape of the LSC as sketched by Qiu & Tong [126] needs
to be taken into account as well. As measured in [178], the horizontal velocity
component is strongest near the cylinder axis and drops off toward the sidewall.
Based thereupon we propose a somewhat adjusted velocity profile from [24], with
a parabolic dependence on radius ρ and depth ζ within the conical region 0 ≤
|ρ| ≤ |ζ| ≤ H/2:

u =
2ULSC

H
ζ

(

1 − ρ2

ζ2

)

. (3.5)

The corresponding vertical velocity is obtained from incompressibility: ∂u/∂x +
∂w/∂ζ = 0. Within the conical region

w =
4ULSC

H
x ln |ζ| . (3.6)

The x in front of the logarithm prevents a singularity for ζ approaching zero, since
inside the conical region 0 ≤ |x| ≤ |ζ|. This model velocity field is sketched in
Fig. 3.8.

The domain-averaged Coriolis contribution is found by integration of u over
the cones (two times the contribution of one cone) and dividing by the volume of
the cylinder:

〈ac〉 = 2
−2 2ULSC

H (Ω + ωLSC)
π
4H

3

∫ H/2

0

ζ

[

∫ ζ

0

(

1 − ρ2

ζ2

)

2πρdρ

]

dζ

= −1

4
ULSC(Ω + ωLSC) .

(3.7)
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To estimate the boundary layer drag we follow [24]. A well-known estimate for
the viscous boundary-layer thickness δν in non-rotating convection is [65]

δν =
H

2
Re−1/2 . (3.8)

The viscous boundary layer becomes thinner for small enough Ro (see Sec. 4.3.2
and Ref. [146]), but for Ro & 1 this formulation is a good estimate of δν . Viscous
boundary layers are found near the plates and the sidewall. They are treated
independently, starting with the sidewall. The total volume that is covered by
this boundary layer is (in a Γ = 1 cylinder)

Volδν ,side =
π

4
H3 − πH

(

H

2
− δν

)2

= πδνH(H − δν) ≈ πδνH
2 .

With the circumferential velocity near the sidewall as VLSC = ωLSCH/2 the cell-
averaged sidewall drag is

〈

ν∇2VLSC

〉

side
=

ν

δ2ν
VLSC

πδνH
2

π
4H

3
= 2

ν

δν
ωLSC . (3.9)

Near the horizontal plates VLSC = ρωLSC, so this friction contributes

〈

ν∇2VLSC

〉

hor
= 2

1
π
4H

3

∫ H/2

0

ν

δ2ν
VLSC2πρδν dρ =

2

3

ν

δν
ωLSC . (3.10)

The total mean drag is 8νωLSC/(3δν). In terms of the time evolution of ωLSC we
arrive at

∂

∂t
ωLSC = −1

4
ULSC (Ω + ωLSC) − 8

3

ν

δν
ωLSC . (3.11)

For the statistically steady situation the time derivative is set to zero and after
some algebra we arrive at

ωLSC

Ω
= − 1

1 + 64
3 Re−1/2

. (3.12)

For comparison, from the original profile of [24] it follows that ωLSC/Ω = −1/(1+

12Re−1/2).
It is found that in the model the ratio ωLSC/Ω is dependent on the Reynolds

number; the model prediction for the current results does not overlap with those
of [71]. Hence the results of both studies need to be compared to the model
individually. This is done in Fig. 3.9. For the current results the model matches
well for Ro . 3. This is remarkable, considering that the LSC is not so prominent
in this range (Sec. 4.2.1) than at higher Ro, and that the mean velocity ULSC

thus may be affected by rotation. For larger Rossby numbers the observed ωLSC
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Figure 3.9 – LSC precession frequency ωLSC as a function of Ro for the current study
(circles), and Hart et al. [71] (crosses). The results of the current model (3.12) are
included (solid lines, the lower is for the current work and the higher for the parameters
of Hart et al.), as well as the model result of Brown & Ahlers [24] (dash-dotted lines,
the lower is for the current work and the higher for the parameters of Hart et al.). The
vertical dashed lines indicate at which Rossby number the boundary layer thickness δν of
(3.8) is equal to the Ekman boundary layer thickness δE = HEk1/2 for the two studies.
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is considerably lower than the model value. The model of Brown & Ahlers [24] is
intended for very high Rossby numbers, i.e., Earth’s rotation (Ω = 7.3×10−5 rad/s;
in the current setup this corresponds to Ro = 1.6×103). However, the dependence
on Ro of their model prediction could not be tested, as only one rotation rate
(Earth’s) was applied. We expect that additional effects not included in the model
provide additional friction in specific Rossby number ranges [e.g. remnants of the
azimuthal oscillation, as can be observed in Fig. 3.7(a)], which would lower the
LSC precession frequency.

For the experiment of [71] no Reynolds number has been reported; the theory
of Grossmann & Lohse [63–66] has been used to obtain Re = 1.0×104. In the com-
parison for Hart et al. [71] the model value is consistently too high. The Reynolds
number estimate may be the cause of this significant deviation: a lower Re due
to possible experimental non-idealities would lower the model prediction. Also, a
recent experimental study [25] shows that there may be significant deviations from
the Grossmann-Lohse theory for Ra & 3 × 109, depending on the exact definition
of Re. Thus the Reynolds number estimate we used for the Hart et al. case [71]
(where Ra = 2.9× 1011 is applied) may be a poor approximation of the real value.
The small difference between the model predictions of [24] and the current model
shows that the choice of the velocity profile is only a minor effect at this large Re
in the current model.

Additional effects can enter through the formation of Ekman boundary layers
on the plates. The Ekman layer has a thickness δE = HEk1/2. At rotation
rates higher than that for which δE = δν this effect is expected; this crossover is
indicated in the graphs of Fig. 3.9 with dashed lines. In terms of Rossby number,
for this experiment the transition is at Ro = 1.9. The friction on the horizontal
walls changes. On the sidewall it remains the same: the rotational boundary layer
scale δS,1/3 = HEk1/3 is much larger than δν in this parameter range. Applying δE
as the boundary layer thickness at the horizontal plates in (3.10) and δν at the
sidewall [keeping (3.9) as is] gives

ωLSC

Ω
= − 1

1 + 16Re−1/2 + 8
3Re−1Ek−1/2

, (3.13)

which is still dominated by sidewall friction in this parameter range. Negligibly
small deviations are found; the term 8

3Re−1Ek−1/2 remains very small compared

to 1+16Re−1/2 at these Ω values. Reduction of the boundary layer thickness alone
does not cover the elaborate slope change of the Hart et al. result for Ro . 2.3
(Fig. 3.9).

The absence of the LSC at higher rotation rates can be related to the inhibition
of vertical-velocity gradients by rotation, cf. the thermal wind balance (Sec. 2.3),
which does not allow a structure such as the LSC to exist. The Rossby number at
which this effect is expected to come into play is Ro ∼ 1. Here, indeed, for values
of Ro < 1 no LSC is found. It is remarkable that this Rossby number is defined
for a velocity scale U =

√
gα∆T H (Ro = U/(2ΩH)) that is the upper bound
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for velocity at a given Ra, and not the observed typical velocity ULSC, which is
considerably smaller (the ratio ULSC/U ≈ 0.07 at the current Ra). It is unclear
why in [71] a LSC exists for Ro as low as 0.4, while in this work it has disappeared
for Ro . 1. Our numerical simulations of Ch. 4 confirm the current experimental
results. There may be more factors of influence than covered here.

In both works, for the large Ro values, a secondary trend may be recognised.
For Ro & 5 in the current work (circles in Fig. 3.9) and for Ro & 3.5 in the
Hart et al. results (crosses in Fig. 3.9) the power-law slope is shallower than −1.
For 3 . Ro . 5 in the current work and for 2 . Ro . 3.5 in the results of Hart et
al. it is steeper than −1. This secondary effect cannot be found within the simple
model presented in this section. More detailed information on the LSC structure
and the friction mechanisms is necessary to capture the secondary trend.

Summarising, a simple model for the LSC precession under slow rotation is pre-
sented. Quantitative agreement between model and experiment has been achieved
for the current results at 1 . Ro . 3, while at higher Rossby numbers additional
dynamics, that are not included in the model, are expected to play a role. The
range of agreement between model and experiment is curious, as in this Rossby
number range the LSC is not as prominent as for higher Rossby numbers. The
agreement of the model with the results of Hart et al. [71], who apply a much
higher Ra = 2.9 × 1011, was much worse. A plausible cause is an overestimated
Reynolds number due to the large Ra [25].

3.6 Vortex identification

At Rossby values Ro . 1 the flow field is dominated by vortices. As previous
studies have attested [84, 135, 169, 170] their number, size, and rotation sense are
dependent on the rotation rate. There is not much qualitative data available on
the typical vortex radius [169] or the circulation contained within. Here we inves-
tigate the dependence on rotation of the typical vortex radius, vortex density, and
circulation. Separate statistics for cyclonic and anticyclonic vortices are presented.

The major difficulty in determining the vortex characteristics is that it is not
a priori clear what exactly constitutes a vortex. Vorticity is an obvious first-hand
criterion, but vorticity is also found in shear-dominated flow regions. Therefore,
more complicated quantities need to be used. Many authors, e.g. Refs. [43,69,77,
80, 115,172], have provided criteria that can be used for the detection of vortices,
mostly based on the velocity gradient tensor ∇u. Since in this case not all nine
components of ∇u are known the vortex detection criterion that we will use is
based on the two-dimensional velocity gradient tensor

∇u =

(

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

)

. (3.14)
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This tensor can be split into a symmetric and antisymmetric part:

∇u =
1

2

[

∇u + (∇u)T
]

+
1

2

[

∇u− (∇u)T
]

= S + Ω̃ , (3.15)

where S, the symmetric part, is also known as the rate-of-strain tensor, and Ω̃

(the tilde is to differentiate from the rotation vector), the asymmetric part, is also
known as the vorticity tensor (the superscript T indicates the matrix transpose).

A criterion introduced by [77] (intended for three-dimensional flows) is the
so-called Q criterion, which defines a vortex as a spatial region where

Q ≡ 1

2

(

‖Ω̃‖2 − ‖S‖2
)

> 0 , (3.16)

with the notation ‖A‖ =
√

Tr(AAT ) the Euclidean norm. A similar criterion,
but for two-dimensional flows, was introduced independently by Okubo [115] and
Weiss [172], but the usual definition has a minus sign when compared to (3.16)
and hence regions for which Q < 0 are considered vortices.

Vorobieff & Ecke [169,170] use a criterion based on the local flow topology as
introduced by [43]: within vortices the eigenvalues of ∇u are complex. Hence, the
vortex detection criterion is (Eq. (2) of [169]):

f ≡ [Tr(∇u)]2 − 4 det(∇u) < 0 . (3.17)

We remark that in the two-dimensional case considered here these criteria are
equivalent. The exact form of the criterion used here is found in [107], Eq. (13):

Q2D ≡
(

∂u

∂x
− ∂v

∂y

)2

+

(

∂v

∂x
+
∂u

∂y

)2

−
(

∂v

∂x
− ∂u

∂y

)2

. (3.18)

In the space occupied by a vortex Q2D < 0.
The measurements at z = 0.8H and Ro < 1 are investigated with crite-

rion Q2D. Because of measurement noise it was not possible to use the exact
criterion Q2D < 0. Three threshold values were chosen, based on the root-mean-
square value Q2D,rms. The following procedure was carried out:

1. From each experiment, for one in 50 velocity maps (one every 3.3 s), contours
of Q2D = −Q2D,rms, −2Q2D,rms and −3Q2D,rms were drawn.

2. The area enclosed by each contour was calculated.

3. Contours of area larger than ∆x × ∆y (based on the velocity vector sepa-
rations) were considered vortices; this operation excludes small-scale noisy
fluctuations.

4. The sign of vertical vorticity at the central point of a contour sets the rotation
sense of that vortex (cyclonic or anticyclonic).
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5. The areas enclosed by the contours were averaged for the vortices, separately
for each threshold and rotation sense.

6. As such the amount of vortices and their average area was determined, for
three Q2D thresholds and separated into cyclonic and anticyclonic vortices.

This procedure was repeated with a different starting frame to avoid any bias, and
with one in 100 velocity maps. The results were essentially identical in all cases.

In Fig. 3.10 we graphically represent these results. The averaged number of
cyclonic/anticyclonic vortices n± is converted to a number density (n±/Am, with
Am ≈ 15 × 12 cm2 the area of measurement) and scaled with the cross-sectional
area of the cylinder Ac = πH2/4: N± = n±Ac/Am. Hence N± is the average
number of cyclonic/anticyclonic vortices found within a horizontal cross-section
of the cylinder. The averaged vortex area A± is converted to a characteristic
dimensionless radius r± = (A±/π)1/2/H .

It is found that the vortex density of cyclonic vortices N+ has only minor
dependence on Ro. There is a slight downward trend: N+ decreases when Ro
is increased. The density of anticyclonic vortices N− shows a similar weak de-
pendence on Ro for the two highest Q2D thresholds [open black and filled black
symbols in Fig. 3.10(b)]; N− also decreases somewhat when Ro is increased. For
the two highest Q2D thresholds, at a given Ro, it is found that N+ is larger
than N−. At the lowest Q2D threshold [open grey symbols in Fig. 3.10(a,b)] it is
found that N− is mostly larger than N+: there are many patches of anticyclonic
vorticity detected with rather small Q2D values. In general, N+ and N− as found
here show less dependence on Ro than previous studies [20, 135, 170]. We will
further discuss this observation in Sec. 4.2.2; the numerical simulations provide
additional information.

Since Q2D is also a measure for the vorticity magnitude we can also discuss
the relative strength of vorticity found in the cyclonic and anticyclonic vortices.
By comparing the curves at the various thresholds, it can be concluded that the
average cyclonic vorticity is stronger than the average anticyclonic vorticity. This
is in agreement with the findings of Vorobieff & Ecke [169,170], who reported for
measurements even closer to the plate a population dominated by cyclones, with
stronger vorticity in the cyclones than in the anticyclones. Only at the weakest
threshold, more anticyclones than cyclones are found. Since the plane-averaged
vertical vorticity must be zero there must be equal amounts of vorticity of both
signs. Apparently the anticyclonic vorticity is found within patches containing
weaker vorticity than the cyclones. The anticyclones are the remnants of cyclonic
vortices, that were formed at the bottom and crossed the domain. Having lost
some vorticity while crossing, in addition they undergo vertical compression and
(anticyclonic) spin-down due to presence of the wall. This explains the relative
weakness of the anticyclonic vorticity.

The typical vortex radius for the cyclones [Fig. 3.10(c)] shows the expected
opposite trend of N+: r+ steadily decreases with decreasing Ro. It is also found
that the cyclonic vortices have a well-defined radius at each Ro: the mean radii
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Figure 3.10 – (a, b) Normalised density N of (a) cyclonic and (b) anticyclonic vortices
at several Ro < 1 calculated at z = 0.8H . For the filled black symbols the detection
threshold was 3Q2D,rms, for the open black symbols 2Q2D,rms and for the open grey
symbols Q2D,rms. The vertical lines indicate the rms spread; the tiny horizontal shift
is for clarity. (c, d) Normalised radius r of (c) cyclonic and (d) anticyclonic vortices.
Symbols as in (a, b).
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at the three Q2D thresholds differ only little in size. Thus it is concluded that
the cyclonic vortices have a well-defined size, that is almost independent of the
magnitude of their vorticity.

The radius statistics of the anticyclones clearly show that they are much less
well-structured. The large spread between the results at the various thresholds
and the large rms errors hint at a vortex distribution of many sizes and vorticity
magnitudes. The detection of anticyclones is complicated by their relative weak
vorticity in combination with the experimental noise. Nevertheless, at the three
lowest Rossby numbers a coherent result is found for the radius, which increases
as Ro increases (just as for the cyclones), only with a larger spread. Vorobieff &
Ecke [170] only detected anticyclones close to the top plate for Ro < 0.23 (at Ra =
3.2 × 108 and σ = 5.81).

For the measurements at height z = 0.5H this analysis based on Q2D does not
apply. From the simulation results it is found that Q2D is not a valid criterion
for detection of vortices at this height. The fully three-dimensional criterion Q
must be used, which cannot be calculated from the current experimental data.
See Fig. 4.6 for a comparison of the two criteria in a simulation.

Another descriptive parameter of the vortices is their circulation γ, the verti-
cal component of vorticity integrated over the cross-sectional area occupied by the
vortex. The vorticity ωz is only known in discrete points. We approximate the vor-
ticity profile inside a vortex by assuming a constant vorticity distribution at a level
equal to half the vorticity value at the centre of the vortex. Our approximation of
the circulation is thus, normalised with UH :

γ± =
A±ωz,centre

2UH
, (3.19)

where again a distinction is made between cyclones and anticyclones. The circula-
tions are calculated for the threshold 2Qrms. The mean circulations are depicted
in Fig. 3.11. A remarkable finding is that the circulation of cyclones is almost
unaffected by rotation. When the Rossby number is lowered and the vortex radius
decreases, the vorticity becomes larger to compensate. The circulation of the anti-
cyclones is smaller than for the cyclones, but their circulation increases somewhat
when Ro is decreased. An anticyclone thus typically contains less vorticity than
a cyclone. Indeed cyclones are stronger than anticyclones. At the lowest Ro the
difference between their strengths is smallest.

To summarise, the vortex detection algorithm based on the Q2D criterion has
been used to discuss the characteristics of the vortices found for Ro < 1 near the
top plate (at z = 0.8H). The vortex population was dominated by cyclones, and
the vortex density increased as Ro decreased. These findings are consistent with
those of [20, 135,169,170].
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Table 3.4 – Root-mean-square horizontal (urms) and vertical (wrms) velocity fluctuations,
normalised by ν/H , at Ra = 1.11 × 109, in the centre (z = 0.5H), without rotation
(Ro = ∞). The Prandtl numbers σ and aspect ratios Γ are also included.

Ref. σ Γ urmsH/ν wrmsH/ν
This work 6.37 1 307 ± 20 330 ± 20

[47] 5.46 0.79 - 458
[48] 6.48 0.79 - 388
[125] 5.4 1 434 439
[140] ?∗ 0.5/1 - 411

∗The Prandtl number for this study was not explicitly stated in the article. The value
for wrmsH/ν is taken from [47]. They present the power-law fit of the data of [140] in the
current dimensionless form.

3.7 Velocity and vorticity statistics

The description of the turbulence in terms of statistics of velocity and vorticity is
contained in this section. The effects of rotation are expressed in terms of turbu-
lence intensities (root-mean-square velocity and vorticity values) and probability
density functions (PDFs) of velocity and vorticity. Furthermore, a discussion of
anisotropy in terms of the Lumley map is presented along with a quantisation
of the correlation between vertical velocity and vertical vorticity in the lower-Ro
range.

3.7.1 Turbulence intensities

No rotation: comparison with other studies

The root-mean-square velocities measured in the centre of the cell at zero ro-
tation and Ra = 1.11 × 109 are compared to results from other studies in Ta-
ble 3.4. There is some dependence on the Prandtl number σ and the cell as-
pect ratio Γ. The Prandtl number dependence is covered in [48], and a scal-
ing wrmsH/ν ∼ σ−0.80±0.03 is reported there. No study has been found that
explicitly covers the Prandtl number dependence of urms in the cell centre; it is
expected to have a similar σ scaling as wrms. For the Γ dependence we com-
pare the results from Refs. [125] and [47]: the vertical-velocity fluctuations are
approximately 4% stronger when Γ is decreased from 1 to 0.79. Considering these
differences in control parameters between the various references shown in the ta-
ble, as well as effects of Γ and σ, we conclude that the current results match well
with those reported elsewhere.

We also report here the central root-mean-square vertical-vorticity value ωrms,
normalised by ν/H2: ωrmsH

2/ν = (8.0±1.0)×103. Unfortunately no suitable ref-
erence value was found with (approximately) matching dimensionless parameters.
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Figure 3.12 – (a) Root-mean-square velocities urms and wrms, normalised by ν/H , as
a function of Ro. Included are: urms at z = 0.5H (circles) and at z = 0.8H (trian-
gles), and wrms at z = 0.5H (squares) and at z = 0.8H (diamonds). A power-law
dependence Ro0.2 is also included (dotted line). (b) Root-mean-square normalised vortic-
ities ωrmsH

2/ν as a function of Ro, measured at height z = 0.5H (circles) and at z = 0.8H
(triangles). In both graphs the filled symbols on the right-hand side represent Ro = ∞.
Representative error bars are also included.

Rotational dependence of turbulence intensities

The turbulence intensities change when rotation is added, see Fig. 3.12, where
the normalised rms velocities urmsH/ν, wrmsH/ν and the normalised vorticities
ωrmsH

2/ν are presented as a function of Ro and at both measurement heights.
The effects of rotation can be roughly divided into two regimes: one for Ro & 1
where the presence of the LSC is characteristic, and one for Ro . 1 for which the
vortical columns are dominant.

For the regime Ro & 1 it is found that velocity fluctuations increase compared
to the corresponding values at Ro = ∞. It is plausible that the LSC, with its
added azimuthal drift dynamics, is responsible for the increased fluctuations. The
vorticity fluctuations are also increased.

At Ro . 1 the fluctuations are decreasing with decreasing Ro. For reference,
a matching power-law to the circles of Fig. 3.12(a) between Ro = 0.18 and Ro =
1.44 has the shape Ro0.2. In this regime the rotation attenuates the vertical
turbulence intensities. As the horizontal fluctuations are directly related to the
vertical fluctuations (the forcing of the flow is in the vertical direction) these
follow the same trend. The left-most point, at Ro = 0.090, may be an indication
of a transition toward a regime with stronger rotational dependence, where the
fluctuations are damped more and more while approaching the stable situation in
which convection is suppressed. Unfortunately, no critical value for the onset of
convection is known at the current parameter values.
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There is a difference in the behaviour at the two measurement heights. The
horizontal velocity fluctuations at z = 0.8H (triangles in Fig. 3.12), while being
about equal in strength to the vertical fluctuations at the same height, have a
flatter slope for Ro . 0.3 than the other curves. The near-plate dynamics of
the vortical columns are reflected here: the convergent flows feeding the vortex
columns and the divergent flows that occur as the fluid has reached the vertically
opposite side of the domain. Another remarkable finding concerns the fluctuations
at z = 0.5H . It is found that the rotation induces considerable anisotropy, in the
sense that vertical fluctuations are much larger than horizontal fluctuations. This
finding will be addressed in more detail in Sec. 3.8.

The effects of rotation on the velocity fluctuations is remarkably different from
non-convective rotating turbulence [18]. Here it is found that vertical fluctuations
are larger than horizontal fluctuations at all rotation rates, contrary to the sup-
pressed vertical fluctuations in rotating turbulence. Only at z = 0.8H and the
two lowest Rossby numbers the horizontal fluctuations are larger than vertical,
but here it is expected to be caused by proximity of the plate and spin-up and
spin-down of vortical plumes taking place.

The vorticity fluctuations for Ro . 1 remain rather constant. At the lowest Ro
values considered here, however, opposite trends are noticed for the two mea-
surement heights. At mid-height (z = 0.5H) ωrms decreases with decreasing Ro,
while increasing near the wall (z = 0.8H). The injection of vorticity close to the
walls can be directly detected here, while in the central region there is increased
dissipation of vorticity related with the strongly reduced horizontal velocity.

The current results can be compared to those of Vorobieff & Ecke [170], who
used a water-filled cell of aspect ratio Γ = 1. Although different Rayleigh and
Prandtl numbers are used there (Ra = 3.2 × 108, σ = 5.81), the observed trends
should be similar. As that study used PIV in a horizontal plane no vertical velocity
component was measured. The horizontal fluctuations at z = 0.5H were reported
to slowly decrease with decreasing Ro. Measurements in the plane directly below
the upper plate revealed that there the horizontal velocity fluctuations are largely
independent of rotation rate, consistent with the current results from somewhat
deeper inside the cell at z = 0.8H .

For the vorticity fluctuations the near-wall measurements of [170] showed a
dramatic increase as Ro decreases. This effect is not as large in the current study
since our ‘near-wall’ experiment is still quite far from the plate. As the vortices
are formed very close to the plates the effect is expected to be the strongest at that
vertical position. The vorticity fluctuations at mid-height showed a similar trend
as in the current study, except for the absence of the drop-off around Ro ≈ 0.1.
Measurements at lower Ro are required to elaborate on this difference.

3.7.2 PDFs of velocity and vorticity

Probability density functions (PDFs) of velocity have been studied extensively for
non-rotating convection (Ro = ∞). In Fig. 3.13 these are presented, for the two
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Figure 3.13 – Normalised PDFs of velocity fluctuations u (circles), v (triangles) and w
(squares) at Ra = 1.11 × 109, σ = 6.37, and Ro = ∞. (a) Height z = 0.5H (filled
symbols); the solid line is a reference Gaussian distribution. (b) Height z = 0.8H (open
symbols); the solid line is a reference Gaussian distribution. (c) Normalised PDF of
vertical vorticity ωz (diamonds); height z = 0.5H (filled symbols) and z = 0.8H (open
symbols); the solid line is a reference exponential distribution.

measurement heights, at Ra = 1.11 × 109. Also included, Fig. 3.13(c), are the
PDFs of vorticity.

The velocity PDFs have a near-Gaussian shape [included for reference with the
solid line in Figs. 3.13(a, b)], as was also reported from experiments by [5,125,126,
158, 170], and numerical simulations by [8, 35] (also in Sec. 4.3.5 of this thesis).
At height z = 0.8H the PDFs are somewhat widened, especially that of w. The
presence of coherent structures (plumes) raises the probability of extreme events
somewhat, thereby widening the PDF.

It has been known from earlier studies [8, 170, 184] that the vorticity PDFs
have an exponential shape. This is confirmed for the current distributions in
Fig. 3.13(c). Generally, for example in [36], the exponential shape of the vorticity
PDFs is related with the stronger intermittency of velocity derivatives than of
velocity itself. Physically, this points at a concentration of strong vorticity into
localised structures.

Effects of rotation on the PDFs are depicted in Fig. 3.14. Here the distributions
of the three velocity components and the vertical vorticity are given at the two
measurement heights [graphs on the left-hand side (a, c, e) are for z = 0.5H , those
on the right-hand side (b, d, f) correspond to z = 0.8H ] and at several Rossby
numbers Ro = 2.89, 1.44, 0.72, 0.36, 0.18 and 0.090. Figures 3.14(a, b) show that
the distribution of horizontal fluctuations does not change when rotation is added;
the PDFs remain close to the Gaussian shape. Also the distribution of vertical
velocity at z = 0.5H remains nearly Gaussian, although some widening can be
noticed. The concentration of the vertical transport into small coherent patches
accounts for this widening. At z = 0.8H , however, the distribution develops an
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Figure 3.14 – Normalised PDFs of horizontal velocity fluctuations u, v at (a) z = 0.5H
and (b) z = 0.8H . A reference Gaussian distribution (solid line) is buried under the
data points. Normalised PDFs of vertical velocity fluctuations w at (c) z = 0.5H and
(d) z = 0.8H . Reference Gaussian and exponential distributions are included (solid lines).
Normalised PDFs of vertical vorticity fluctuations ωz at (e) z = 0.5H and (f) z = 0.8H .
Reference Gaussian and exponential distributions are included (solid lines). The following
Rossby numbers are considered: Ro = 2.89 (circles), Ro = 1.44 (up triangles), Ro = 0.72
(squares), Ro = 0.36 (diamonds), Ro = 0.18 (down triangles), and Ro = 0.090 (crosses).
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asymmetry. The skewness

S ≡
〈

w3
〉

〈w2〉3/2
, (3.20)

is a dimensionless measure for the asymmetry of a PDF (w can be replaced by
any other variable): it is positive when the tail on the positive side is largest,
and negative when the negative tail is dominant. The positive skewness found
here (S ≈ 0.2 for all cases Ro ≤ 1.44) indicates that extreme positive values are
slightly more probable, and, consequently, that (positive) upward velocity toward
the top plate is spatially confined to a somewhat smaller area than downward
velocity [86, 92, 109]. This effect actually goes against the behaviour very close to
the plate, reported in [84], that the vertical-velocity PDF is skewed toward motion
directed away from the boundary.

We have reported on the skewness of vertical velocity in [92] (see Sec. 5.3 of
this thesis), and the same trend as in [84] is found there for the boundary-layer
region. There, the strong injection of cyclonic vorticity and related vertical motion
(Ekman pumping) is the cause of strong skewness near the plates, negative near
the top and positive near the bottom. Just outside this layer, up to mid-height (in
this range the current measurement location is situated), the skewness was found
to be of opposite sign. The interpretation that fits here is that at this height only
the strongest upward-transporting vortical columns remain, localising the upward-
directed vertical velocity into few small patches, and making the skewness positive.
This effect is considerably weaker than the aforementioned Ekman pumping in
terms of skewness magnitude. Note that the situation is vertically antisymmetric
with respect to the direction of vertical velocity and its skewness, see Sec. 5.3.

The vorticity distributions at mid-height, Fig. 3.14(e), are found to be only
weakly dependent on rotation. In the vorticity distribution closer to the top plate,
Fig. 3.14(f), a positive skewness develops under rotation due to the injection of
cyclonic vorticity at the top plate. This effect was also reported by Vorobieff &
Ecke [170], where the measurement was taken closer to the plate and hence the
effect was magnified.∗ As the Rossby number approaches zero the skewness de-
creases as in [170].

To quantify the effects of rotation on skewness and width of the vorticity PDFs,
the skewness and kurtosis of the distributions of ωz are presented in Fig. 3.15. The
kurtosis K is a measure of the importance of the tails of a PDF:

K ≡
〈

ω4
z

〉

〈ω2
z〉2

. (3.21)

For reference, the kurtosis of a Gaussian distribution is K = 3, while for an
exponential distribution it is K = 6. Due to the powers of three and four of

∗Fig. 12 of Ref. [170] shows the corresponding vorticity PDFs. These are negatively skewed
because of the clockwise/negative rotation direction of the turntable.
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Figure 3.15 – (a) Skewness Sωz and (b) kurtosis Kωz of vertical vorticity as a function
of Ro. The squares are for z = 0.5H , triangles for z = 0.8H . The filled symbols on the
right-hand side represent Ro = ∞. Representative error bars are also included.

the vorticity, needed for calculation of S and K, the error margins are rather
large. Still, there are trends to be observed. The skewness at both z = 0.5H
and z = 0.8H show a peak preference for cyclonic vorticity at Ro ∼ 1, while more
symmetric distributions are found for both Ro < 1 and Ro > 1. This effect has
also been mentioned in [170]. Indeed, the situation of unit Rossby number appears
to be a special case.

In the kurtosis plot of Fig. 3.15(b) a division into roughly three ranges is found.
For Ro & 1, K is approximately constant at the values found at Ro = ∞. In this
range the dynamics are only weakly influenced by rotation and hence no strong
rotational effects are expected. The triangles at Ro = ∞ and 1.44 are at K close to
six, indicating a near-exponential distribution. The triangle at Ro = 2.89 is found
at a value that is considerably lower than expected. We do not know the cause of
this deviation; due to the large error this point is inconclusive. As Ro decreases
past unity K is reduced, pointing at vorticity being distributed more smoothly
and less concentrated in small patches. The vortical plumes around Ro ≈ 0.4 are
not as confined as the plumes unaffected by rotation for Ro & 1.4. The rotation
confines patches of vorticity more and more (vortical plumes of smaller radial
extent) when Ro decreases further past Ro ≈ 0.5, thereby progressively structuring
the vorticity field. The increased structuring into concentrated small-scale patches
causes K in this range to rise when Ro decreases.
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3.8 Anisotropy in turbulent rotating convection∗

In this section we characterize anisotropy of the turbulence with the invariants
of the Reynolds-stress anisotropy tensor [42, 101, 102, 143]. We also consider the
correlation of the axial velocity component with the vertical component of vorticity.
This quantity is useful in characterization of the vortex-column state observed in
visualizations, e.g., Refs. [20,135,183], and numerical simulations [84,92] of rotating
convection.

With the three-component velocity data available from the measurement, it
is possible to calculate the Reynolds stress tensor Rij ≡ uiuj. Here ui is the ith
velocity component (i and j take integer values 1–3; i = 3 is the vertical direction);
the overbar indicates spatial averaging. Anisotropy can be characterized with the
deviatoric part of Rij , designated with

bij ≡ Rij

Rkk
− 1

3
δij , (3.22)

where δij is the second order Kronecker tensor and summation is implied over
repeated indices. bij is a symmetric tensor with zero trace. Plots of the second
and third invariants of bij , denoted here as II and III, allow for a graphical
evaluation of the anisotropy [42, 101,102,143]:

II ≡ −bijbji/2 and III ≡ bijbjkbki/3 = det(bij) . (3.23)

All realizable states are found within a triangular region in the (III,−II) space:
the so-called Lumley triangle (Fig. 3.16, after Fig. 1 of Ref. [143]). Three-compo-
nent (3C) isotropic turbulence is found for II = III = 0. The limit of two-
component (2C) axisymmetric turbulence is found in the left corner of the trian-
gle, while the right corner is the limit of one-component (1C) turbulence. The line
connecting the left and right extreme points is 2C turbulence. The curve connect-
ing the left extreme point to the origin is designated pancake-shaped turbulence
in [42] and disk-like turbulence in [143]: of the three eigenvalues (EV) of bij one is
smaller than the other two (that are equal in magnitude), so that one component
of the turbulent kinetic energy is smaller than the other two. On the right-hand
side bij has one EV larger than the other two, designated cigar-shaped turbulence
in [42] and rod-like turbulence in [143]. This analysis and its relation with the
actual turbulent eddy shape is delicate, as is mentioned by Refs. [42, 143].

We have calculated the invariants as a function of time for experiments at
several rotation rates and at both vertical measurement positions. Time traces
of trajectories in the Lumley triangle are shown in Fig. 3.17 at Ro = ∞, 1.44
and 0.09, for both vertical positions.

∗The contents of this section have been adopted from R.P.J. Kunnen, H.J.H. Clercx & B.J.
Geurts, “Enhanced vertical inhomogeneity in turbulent rotating convection” (submitted to Phys.

Rev. Lett.), leaving out the introductory paragraphs.
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Figure 3.16 – Map of realizable turbulence states (Lumley triangle) in terms of the
invariants II and III (after Fig. 1 of [143]).

Without rotation there are strong variations in time, especially at z = 0.5H .
There is some anisotropy observed, as fluctuations of vertical velocity are some-
what stronger compared with the horizontal components. When rotation is added
a concentration toward the limit of cigar-shaped turbulence is found at z = 0.5H ,
indeed pointing to a columnar flow structuring.∗ At z = 0.8H another effect may
be recognized: at this height a trend toward 3C isotropy is found, as the trajec-
tory is confined to a small region around the origin. Due to proximity of the wall
vertical fluctuations are damped and the horizontal fluctuations increase.∗

To quantify these observations we have calculated temporal averages 〈II〉
and 〈III〉 at several Ro and for both heights, and plotted the trajectories in the
Lumley map as a function of Ro. These are depicted in Fig. 3.18. The trajectory
at z = 0.5H is rapidly pressed against the limiting curve of axisymmetric turbu-
lence where bij possesses one large EV (cigar-shaped/rod-like turbulence [42,143]).
Indeed, a highly anisotropic state is reached at the lowest Ro = 0.09.

At position z = 0.8H , after an upward excursion the trajectory rapidly ap-
proaches the point (0, 0) as Ro decreases: the horizontal fluctuations are approxi-
mately equal to the vertical fluctuations, near the 3C isotropic limit. At the lowest
Rossby number under consideration (Ro = 0.09) 〈III〉 crosses zero to the negative
side while 〈II〉 has a larger value than at Ro = 0.18. These observations may be an
indication of a transition toward the range of axisymmetric turbulence where bij
possesses one small EV (pancake-shaped/disk-like turbulence [42, 143]), a trend

∗Also noted in the measured rms velocities at Ro = 0.09. At z = 0.5H the horizontal
u1,2,rms ≈ 0.58 mm/s are smaller than vertical u3,rms ≈ 0.97 mm/s. Conversely, at z = 0.8H,
u1,2,rms ≈ 1.00 mm/s is larger than u3,rms ≈ 0.74 mm/s.
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Figure 3.17 – Temporal evolution of the invariants II and III at: (a, b) Ro = ∞; (c,
d) Ro = 1.44; (e, f) Ro = 0.09. The figures (a, c, e) concern vertical position z = 0.5H
while (b, d, f) are for z = 0.8H . The gray lines are the limiting curves of the Lumley
map, cf. Fig. 3.16.
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Figure 3.18 – Trajectories in the Lumley map of the time-averaged invariants 〈II〉
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number order: from Ro = ∞ to 2.89, 1.44, 0.72, 0.36, 0.18, and 0.09. The gray lines are
the limiting curves of the Lumley map, cf. Fig. 3.16.
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Figure 3.19 – Joint PDFs of u3 and ω3 at Ro = 0.09 at positions: (a) z = 0.5H and
(b) z = 0.8H . The axes have been normalized by the respective standard deviations.

opposite to that found at z = 0.5H . Measurements at even lower Rossby numbers
are required to verify this statement.

As mentioned before, we know from studies like [170] that in rotating con-
vection the vertical components of velocity and vorticity are related, i.e., vertical
transport takes place in vorticity-dominated regions. Using the results from the
current experiments we can identify this correlation. In Fig. 3.19 we present the
joint probability density function (PDF) of u3 (the subscript 3 refers to the vertical
direction) and ω3 ≡ ∂1u2 − ∂2u1 (vertical vorticity component) at Ro = 0.09 for
both vertical positions.

At height z = 0.5H the joint PDF has a clear circular shape and hence there
is no correlation to be detected between u3 and ω3, but obviously we still expect a
correlation between u3 and temperature. However, this cannot be confirmed with
the present measurement.

At z = 0.8H the circular shape is replaced by an elliptic patch, elongated
along the diagonal. This negative correlation points out that downward/negative
velocity is preferentially coupled with cyclonic/positive vorticity, and vice versa.
We remark that this coupling is true for both plates; the correlation of u3 and ω3

near the bottom plate is thus expected to be strongly positive by similar arguments.
We use PDFs of the quantity ξ ≡ u3ω3 to further quantify the relation be-

tween u3 and ω3. If there is zero correlation between u3 and ω3 the distribution
function for ξ will be symmetric; for the situation as depicted in Fig. 3.19(b) we
expect a strongly asymmetric distribution with a large negative tail. In Fig. 3.20
PDFs of this quantity are shown for the two vertical positions and at two Rossby
numbers Ro = ∞ and 0.09. The PDFs have strong tails. This signals an in-
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Figure 3.20 – Normalized PDFs of ξ at (a) z = 0.5H and (b) z = 0.8H . The PDF
at Ro = ∞ is shown with crosses; circles are for Ro = 0.09. The black lines are reference
exponential distributions.

termittent distribution with strongly localized events. For reference, a fit to the
PDF indicated with crosses in Fig. 3.20(b) of the shape P (ξ) ∼ exp[−(|ξ|/ξ0)β ]
returned an exponent β = 0.44. Such a stretched-exponential PDF is expected for
distributions of products of variables [55].

Asymmetry of the PDF is quantified by its skewness S ≡
〈

ξ3
〉

/
〈

ξ2
〉3/2

. We
have calculated S for all Ro values considered and for both vertical positions.
These are depicted in Fig. 3.21. Starting on the right-hand side of the figure, it is
found that S ≈ 0 at Ro = ∞ for both heights considered. We can conclude that
the distributions of ξ are symmetric at Ro = ∞, and thus that without rotation
there is no correlation between vertical velocity and vertical vorticity, just like the
circular shape of Fig. 3.19(a).

With rotation added, for z = 0.5H the skewness remains close to zero (squares
in Fig. 3.21), and symmetry is approximately maintained. At Ro = 2.89 (and less
so at Ro = 1.44) the skewness is slightly positive. We expect that this observa-
tion has a relation to the LSC and its mean azimuthal motion for small rotation
rates [71]. The LSC precesses anticyclonically, thereby providing a background
of negative vorticity (the average vorticity is indeed negative at this Ro). We
do not yet know the exact effect of the anticyclonic precession on the PDF of ξ.
At Ro . 1 the LSC is no longer present and instead cyclonic vorticity is domi-
nant [170], leading in a similar way to negative skewness. The trend of S toward
zero at the smallest Rossby values stems from the trend toward symmetry in the
vorticity distribution [170].

At z = 0.8H , however, with decreasing Ro a growing negative skewness is
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Figure 3.21 – Skewness S of the PDF of ξ as a function of Ro for z = 0.5H (squares)
and z = 0.8H (triangles). The filled symbols on the right-hand side represent Ro = ∞.
In the bottom right a representative error bar is shown.

found, that attains a value S ≈ −3.5 at Ro = 0.09. The strong skewness empha-
sizes the strong coupling of negative vertical velocity to positive vertical vorticity
and vice versa near the top plate, by the vortex formation mechanism mentioned
before.

In conclusion, we have for the first time experimentally evaluated anisotropy
in turbulent rotating convection, and quantified the correlation between vertical
velocity and vertical vorticity. It is found that rotation increases inhomogeneity.
The considerable variation in turbulence phenomenology within the sample volume
exemplifies some of the challenges in the description and modeling of turbulent
rotating convection, which we hope to have given valuable input.

3.9 Conclusions

In this Chapter an apparatus is presented to investigate the flow in rotating con-
vection. Stereoscopic particle image velocimetry (SPIV) is applied to measure
the three components of velocity in two different horizontal cross-sections of the
convection volume. The principally varied parameter for the entire study is the
rotation rate.

The results obtained from the velocity measurements suggest a natural division
into two regimes:� For rotation rates such that the Rossby number is Ro & 1 there is only a
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minor effect of rotation on the fluid motion. An organisation into a domain-
filling circulation is observed. This well-known large-scale circulation (LSC)
is a characteristic feature of (non-rotating) convection in closed domains.� When Ro . 1 the rotational effect (Coriolis force) dominates. This is re-
flected in the formation of many small-scale vortical tubes that are respon-
sible for the vertical transport.

As is known from previous studies, e.g. Refs. [71, 178], the LSC possesses
interesting temporal dynamics. These dynamics are described, from the oscillation
in the azimuthal direction at Ro = ∞, to the azimuthal anticyclonic drift under
rotation at finite Ro > 1. A simple model for the azimuthal drift of the LSC
is proposed. Around Ro ∼ 1 the rotational constraints on the vertical transport,
commonly expressed through the Taylor–Proudman theorem and the thermal wind
balance, become too strong and the LSC is no longer formed.

For the vortex-dominated regime Ro . 1, a vortex detection algorithm based
on the two-dimensional Q2D criterion [43, 77, 115] has been applied to detect and
characterise individual vortices in the measurements at z = 0.8H . A dominance
of strong cyclonic vortices is found. It is found that, when Ro is decreased, the
number of vortices increases slightly, and the vortex radius becomes somewhat
smaller. Anticyclonic vortices are also found, but less in number and in size
than cyclones. At the lowest Rossby numbers the circulation of the anticyclones
approaches that of the cyclones.

In terms of turbulence intensities, rotation is found to decrease the level of
turbulence. Root-mean-square velocities both at the mid-plane and closer to the
top plate diminish with the Rossby number as Ro0.2. Remarkable differences with
rotating turbulence are found concerning the relative strength of vertical and hor-
izontal velocity components: in bulk turbulent convection vertical fluctuations
dominate over horizontal fluctuations. The enhanced injection of vorticity at the
bottom and top plates lets the root-mean-square vorticity rise as Ro decreases.
This effect is strongest closer to the plate, as expected. The probability density
functions (PDFs) of the velocity components were all Gaussian. No noticeable
effect of rotation was found in these PDFs, apart from a developing positive skew-
ness in the PDF of the vertical velocity. Vorticity PDFs near the top plate were
also positively skewed, an effect due to the strong cyclonic vortices that can be
observed there. The skewness magnitude peaks around Ro = 1.

With the three components of velocity readily available, it is possible to cal-
culate the elements of the Reynolds stress tensor. It also allows the description of
flow anisotropy in terms of the invariants of the Reynolds-stress anisotropy tensor,
and the graphical representation in the so-called Lumley triangle [42,101,102,143].
It is found that the turbulence at the two positions under consideration develop
different characteristics under rotation. At mid-height a trend toward so-called
‘cigar-shaped’ or ‘rod-like’ turbulence is observed, while as rotation increases the
situation closer to the top plate approached isotropy. This behaviour is again
remarkably different from rotating turbulence with full three-dimensional (non-
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thermal) forcing [18], where rotation induces ‘pancake-shaped’ or ‘disk-like’ tur-
bulence. A strong correlation is found between the vertical velocity and vertical
vorticity, but only closer to the plate. At the mid-plane no preferred coupling of
the two is detected.



Chapter 4

Rotating convection

simulated in a cylinder

For a meaningful comparison of numerical simulation results to experiments it
is important to take into account the geometry of the experiment. Since most
experiments on rotating convection use a cylindrical vessel, the choice to perform
simulations in a cylindrical domain is obvious. In this chapter the findings of
such a simulation study are presented and discussed. One major advantage of
numerical simulation is that more detailed (higher resolution) and more complete
data (three-dimensional fields of the velocity components and temperature) of the
flow are readily available. Thus we hope to gain more insight into the various
effects of rotation on turbulent convection.

The numerical scheme is described in Sec. 4.1. The parameter values used in
the various simulations are also included. Then a quantitative description of the
flow phenomenology is given (Sec. 4.2), through which we show the persistence of
the large-scale circulation under rotation. We also give statistics of the vortical
plumes that are formed at higher rotation rates. A secondary circulation, found
at low Rossby numbers, driven by the boundary layers near the bottom and top
walls and the sidewall is visualised. Sec. 4.3 covers the influence of rotation on
several statistical properties based on velocity and temperature. Included are root-
mean-square fluctuations of velocity, vorticity, and temperature, thicknesses of the
various boundary layers, the mean temperature gradient over the interior, and the
convective heat transfer (Nusselt number). Furthermore, probability distribution
functions of velocity, vorticity and temperature are reported at several rotation
rates. The section ends with a discussion of the anisotropy based on the invariants
of the anisotropy tensor and the Lumley triangle (Sec. 4.3.7). Whenever possible
these results are compared with the experimental data of the previous chapter
(Ch. 3). Convincing qualitative agreement is found. The results are summarised
and conclusions are drawn in Sec. 4.4.

59
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4.1 Numerical setup

Problem description

To obtain results from numerical simulations that are directly comparable to the
experimental findings of Ch. 3 a cylindrical formulation is mandatory. The com-
putational domain used here is a cylinder with aspect ratio Γ = 1. A rotation
of the cylinder is applied, vertically aligned with the cylinder axis and pointing
against the gravitational acceleration. The governing equations (2.24) are used,
leaving out the tildes for convenience:

∂u

∂t
+ (u · ∇)u +

1

Ro
ẑ × u = −∇p+ T ẑ +

√

σ

Ra
∇2u ,

∂T

∂t
+ (u · ∇)T =

1√
σRa

∇2T ,

∇ · u = 0 .

(4.1)

It is advantageous to formulate the problem in cylindrical coordinates (ρ, φ, z)
which indicate the radial, azimuthal, and vertical components, respectively. The
corresponding velocity vector is (uρ, uφ, uz). To match with the experimental
conditions the following boundary conditions are applied:

Bottom plate (z = 0) : u = 0 , T = 1 ,

Top plate (z = 1) : u = 0 , T = 0 ,

Sidewall (ρ = 1
2 ) : u = 0 ,

∂T

∂ρ
= 0 ,

(4.2)

hence all walls are no-slip, the bottom and top plates are kept at constant tem-
peratures, and the sidewall is adiabatic.

Numerical procedure

In cylindrical coordinates the governing equations (4.1) possess terms that include
a factor 1/ρ. These need special treatment to be evaluated at the cylinder axis ρ =
0. Verzicco & Orlandi [166] propose to rewrite the equations in terms of qρ = ρuρ,
qφ = uφ and qz = uz. This, in combination with the use of a staggered grid
(Fig. 4.1), alleviates the discretisation problems. qρ(ρ = 0) ≡ 0, and due to the
staggered grid this is the only velocity component that needs to be evaluated
at ρ = 0. The equations are discretised on the staggered grid by central finite-
difference formulations of second-order accuracy. The solution uses a fractional-
step procedure with the elliptic equation inverted using trigonometric expansions
in the azimuthal direction and a direct solver for the other two directions. Details
can be found in [163–166].
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Figure 4.1 – A grid cell near the cylinder axis (left) and a grid cell in the domain
(right). qρ, qφ and qz are evaluated at the faces of the cell; p and T at the centre. After
Fig. 1 of Verzicco & Orlandi [166].

Characteristic statistics

The gathering of statistical data is carried out in three ways:� First, averaging in the azimuthal direction of the three velocity components,
temperature and pressure is carried out, as well as calculation of their root-
mean-square (rms) values. Also, the dissipation rate of kinetic energy ǫ and
the thermal variance dissipation rate N , cf. Eq. (2.52), are calculated and
averaged in the azimuthal direction.� Second, the Nusselt number Nu, the dimensionless heat flux, is calculated.
As mentioned in Sec. 2.2, this can be done in two distinct ways, viz. us-
ing Eqs. (2.33) and (2.34). Both methods are used. The Nusselt numbers
calculated using these two methods must of course match in a well-resolved
numerical simulation.� Third, numerical probes positioned at several grid cells record time histories
of the three velocity and vorticity components, temperature, and pressure.
The probes are placed in three arrangements: 64 probes are distributed
evenly over a circle of radius ρ = 0.45 at mid-height z = 0.5; two series of 150
numerical probes are placed at respective heights z = 0.5 and 0.8, stretching
from ρ = 0.25, φ = 0, via ρ = 0, to ρ = 0.25, φ = π in straight lines. The
probe locations are schematically indicated in Fig. 4.2. (In simulations in
which no rotation was applied a slightly different probe configuration was
used, see Sec. 7.3.)

Parameters and resolution

Two series of simulations have been carried out. In one series no rotation was
applied; the Rayleigh number Ra was varied between 1 × 108 and 1 × 1010 and
two Prandtl numbers were used (σ = 4 and 6.4). These parameters are chosen
corresponding to two different experiments: our experiment, detailed in Ch. 3
and that of Sun et al. [153]. The results of the simulations without rotation will
be presented separately in Ch. 7; here we focus on the simulations with rota-
tion. This latter group of simulations are all at Ra = 1 × 109 and σ = 6.4, to
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Figure 4.2 – Positions of the numerical probes in the cylinder. The 64 probes on the
circle with ρ = 0.45 are indicated separately. The line segments at z = 0.5 and z = 0.8
indicate the positions of the other probes; for clarity the positions of individual probes
are not marked. The dash-dotted line represents the cylinder axis.

match with the experiments of Ch. 3. The Rossby numbers covered nearly three
decades: Ro = 0.045, 0.068, 0.090, 0.18, 0.36, 0.72, 1.08, 1.44, 1.80, 2.16, 2.52,
2.88, 5.76, 11.52. The ‘Rossby number refinement’ around Ro ≈ 2 was included
to more closely investigate the existence under rotation of the LSC, known from
Sec. 3.5. The case Ro = 0.068 was included to better describe the Nu trend at
lower Ro (Sec. 4.3.6).

The current numerical code has been validated and used for many studies into
turbulent convection by Verzicco and coworkers [4,34,35,116,149,150,160–165,167].
Hence, there is also a wealth of information on resolution requirements. Here we
follow the criteria of Verzicco & Camussi [165]. The number of grid points in
radial, azimuthal and vertical direction was Nρ ×Nφ ×Nz = 193×385×385. The
distribution of grid points in the radial and vertical directions was not uniform:
close to the walls a denser grid is applied than in the centre.

Verzicco & Camussi [165] make a distinction between boundary-layer and bulk
resolution. In the bulk flow the smallest length scales to be resolved are the
Kolmogorov length η and the Batchelor length ηT :

η ≡
(

ν3

ǫ

)1/4

, ηT ≡ η

σ1/2
. (4.3)

Since σ > 1 the smallest of these is the Batchelor length (i.e., temperature struc-
tures are finer than velocity structures in the flow, see for example Fig. 4.3). In
the bulk the grid spacing should be not too large compared to ηT (a maximal grid
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spacing of 4ηT was found to be acceptable [88, 165]). An inventory of local dissi-
pation ǫ at the centre of the domain and at the various Ro values was carried out.
It was found that ǫ generally increases there when rotation is added, and that ǫ at
the centre of the domain is maximal at Ro = 0.18. At that Ro the smallest bulk
lengths η ≈ 8 × 10−3 and ηT ≈ 3 × 10−3 are found. The maximal grid spacing
is ∆z = 0.0048. Hence the bulk resolution is sufficient according to [165].

The near-wall resolution is mainly determined by the thickness of the thermal
and viscous boundary layers, as enough grid points should be found within these
layers. Verzicco & Camussi [165] put forward the criterion that at least six points
should be found within the thinnest of the thermal and viscous boundary layer.
Without rotation a good estimate of the thermal boundary layer thickness is δT =
1/(2Nu) (see, e.g., Sec. 2.2 or Refs. [29, 63, 165]). As σ > 1 this layer is thinner
than the viscous layer. An estimate Nu ≈ 61 is obtained from [99] at Ra = 1×109,
Ro = ∞, and σ = 6.7. Thus, we estimate δT ≈ 8 × 10−3. Since it is expected
that under rotation the viscous boundary layer is considerably thinner (cf. the
Ekman boundary layer introduced in Sec 2.4) there are 12 points placed within
the viscous boundary layer. The very thin Ekman boundary layers under strong
rotation indeed posed considerable constraints in terms of near-wall resolution.
In an a posteriori check, at Ro = 0.045 (for which the thinnest boundary layers
are found, see Fig. 4.18) there were only 10 grid points found within the viscous
boundary layer, that had decreased in size past the thermal boundary layer. Still,
the near-wall resolution is well within the specified criterion.

A third validation that is applied in [165] concerns the Nusselt number results.
The definition (2.33), based on the mean temperature gradient at the plates, feels
mostly the near-wall resolution. Definition (2.34), the volume-and-time average
of conductive and convective fluxes, is more sensitive to the bulk resolution. The
results from both definitions were found to be matching within 1% in all of the
considered cases.

Finally, in one simulation a grid refinement has been applied. The parameter
values were Ra = 1 × 1010 and σ = 4, at Ro = ∞. The original resolution
wasNρ×Nφ×Nz = 193×385×385; the refined case applied 257×513×513. As will
be mentioned in Sec. 7.3, the Nusselt number obtained from the refined simulation
matched with that of the original within 1%. Given that the case Ra = 1 × 1010

was by far the most demanding of the current study, this resolution is deemed
adequate also for the other simulations.

4.2 Flow phenomenology

Just as in the experiments, the organisation into coherent structures is studied
based on the numerical results. Due to availability of more detailed velocity data
the detection criteria for both the large-scale circulation and the vortical plumes
can be refined. Thereby a better description of the flow phenomenology is ob-
tained. This section is separated according to the dominant structuring found
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Figure 4.3 – Horizontal cross-sectional plot at mid-height at Ro = 5.76 of (a) vertical
velocity and (b) temperature. Red is for upward motion and above-average temperature,
while blue indicates downward motion and below-average temperature. The LSC is best
recognised in the vertical-velocity plot as the spatial separation of upward motion (top-
right) and downward motion (bottom).

in the flow: the large-scale circulation (LSC) for Ro & 1 and the collection of
unsteady vortical plumes for Ro . 1.

4.2.1 Large-scale circulation

The LSC is observed in the simulation results. In Fig. 4.3 typical horizontal cross-
sectional snapshots of temperature and vertical velocity are shown, in this case
at Ro = 5.76. The LSC is visible as the spatial separation of large, coherent
regions of upflow (red) and downflow (blue) in Fig. 4.3(a). In the temperature
plot, Fig. 4.3(b), this separation is not as clear. Since the Prandtl number σ > 1
the small-scale structuring in the temperature field is finer than in the velocity
field.

While such visualisations may aid in the detection of an LSC, we also define
a quantitative criterion. A procedure used in [24] is followed. The data from
the numerical probes at mid-height near the sidewall are used. We fit sinusoidal
functions to the axial velocity as recorded by these probes using a fast-Fourier
transform in the azimuthal direction. The average energy content En of each
Fourier mode n can then be determined. The n = 1 mode can be interpreted as
the ‘LSC mode.’ In figure 4.4 an example fit of the n = 1 mode is shown.

Figure 4.5 gives the relative energy content of modes n = 0, n = 1, n = 2, n = 3
and the sum of modes n ≥ 4. Our criterion for existence of an LSC demands that
the n = 1 mode is the most energetic mode, i.e., E1 is the largest contribution to
the total energyE. A rough division into three Ro ranges is observed. For Ro & 2.5
there is a strong n = 1 contribution pointing to an LSC that is hardly affected by
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the rotation. For Ro . 1.2 the n = 1 mode is buried under higher-order modes;
no LSC is present. The transition range 1.2 . Ro . 2.5 shows a dramatic change,
the n = 1 mode decreases rapidly with decreasing Ro. Yet the n = 1 mode is the
strongest individual mode in this range. The transition point at Ro ≈ 1.2 matches
well with the experimental results of Sec. 3.5, where at Ro = 1.44 the LSC was
detected while at Ro = 0.72 it was absent.

4.2.2 Vortex identification

The vortical plumes that are detected for Ro . 1 are the most active components
in the flow, as almost all of the vertical transport of fluid and heat is found in
the interior of the vortices. Their size and number density are hence important
for the total vertical transport through the fluid layer. In Sec. 3.6 some meth-
ods for the identification of vortices in a velocity field have been introduced. The
criteria boiled down to the comparison of the norms of the symmetric and anti-
symmetric parts of the velocity gradient tensor ∇u. Regions where the rotational
(antisymmetric) part is largest are considered part of a vortex.

The simulations provide the opportunity to compare the two-dimensional cri-
terion Q2D of (3.18) with the full three-dimensional Q criterion of (3.16). The
components of the velocity gradient tensor in cylindrical coordinates are given in
Appendix A. In Fig. 4.6, for a rotation-dominated case at Ro = 0.045, contours
based on these criteria plotted at z = 0.5 and at z = 0.8 are compared. It can
be concluded that the two criteria are nearly interchangeable at z = 0.8. It can
thus be anticipated that the use of Q2D in the experimental data does not lead
to different results. At z = 0.5, however, there are considerable differences, so the
full three-dimensional criterion must be applied there (which is not possible with
the available experimental data). It is also found that at that height the shapes
of the vortical regions are distorted by mutual interactions such as merger [84].

The Q criterion can also give an indication of the spatial structure of vortices
inside the domain. Such a snapshot is presented in Fig. 4.7. The threshold value
that is used to make this isosurface plot is Q > 1.3, which is approximately
one hundredth of the maximal Q found in this snapshot. A threshold slightly
above zero avoids the inclusion of small-scale fluctuations arising in the numerical
derivatives. From the isosurface plot it can be appreciated that the vortices are
largest and most numerous near the top and bottom plates. Also, most vortices do
not stretch from top to bottom: the vortices, on entering the bulk, gradually lose
vorticity, and experience spin-down when approaching the opposite plate. Such
an arrangement is readily observed in the visualisations of [135]. In our numerical
simulations on a horizontally periodic domain (Ch. 5) this structuring can also be
found; it inspired the theoretical study of Ch. 6.

A comparison of snapshots of Q at various Ro is presented in Fig. 4.8. Four
Rossby numbers are included: Ro = 0.09, 0.18, 0.36 and 0.72. At lower rotation
rates (higher Ro) considerably increased vertical variations are found. The colum-
nar flow as expected from the Taylor–Proudman theorem is only found at the
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Figure 4.6 – A comparison between the two-dimensional criterion Q2D and the three-
dimensional criterion Q for vortex identification. Contours indicating the circumference
of vortical regions are shown in horizontal cross-sections of the cylinder at z = 0.5 (upper
row) and at z = 0.8 (lower row), for a simulation at Ro = 0.045.
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Figure 4.7 – Snapshot of Q isosurfaces at Ro = 0.045.

lowest Ro. Especially in the central part of the cylinder an intricate network of
entangled tubes is found. Another difference is found in the average thickness of
the vortices. It is clear that this is best measured closer to the plates, as there the
vortical tubes are still aligned vertically. The average thickness decreases as Ro
decreases. The vortex number density shows opposite behaviour: more vortices
are found at lower Ro.

To quantify the vortex number density and the average size, an analysis similar
to Sec. 3.6 has been carried out, but here it is based on Q rather than Q2D.
Two heights are considered: z = 0.8 for comparison with the results from the
experiments, and z = 0.98 very close to the top plate where the ‘cold’ vortices are
formed (on the bottom side the same statistics are found, but for ‘warm’ vortices).
On a horizontal cylinder section contours of a threshold Q value are drawn, and
their enclosed area is calculated. Two thresholds are applied: 0.01 max(Q) and
Qrms.

∗ Additionally, a lower bound for the vortex area A > 1 × 10−4 is applied
to eliminate small-scale fluctuations. The size of the minimal area is comparable
to the value used for the experimental results. At Ro = 0.045, where the vortices
are smallest, typical values for A are six times larger than the lower bound on
the vortex area. Vortices are thus typically much larger than the lower bound on

∗At z = 0.8 for all Ro it is found that Qrms is approximately four times larger
than 0.01max(Q); at z = 0.98 the ratio Qrms/[0.01max(Q)] between the thresholds changes
gradually from four to six between Ro = 0.72 and Ro = 0.045, respectively.
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the vortex area. Separate statistics are calculated for cyclonic and anticyclonic
vortices. The results are presented in Fig. 4.9 as N+ and N−, the number of
cyclonic and anticyclonic vortices found in the entire cross-section, and the average
areas A± of the vortices shed into effective radii r± =

√

A±/π. These quantities
have been averaged over five independent velocity snapshots; only minor variations
of the vortex statistics are found between the snapshots.

In the graphs representing N+ clear trends are observed; with decreasing Ro
the number of cyclonic vortices increases. At the higher position z = 0.98 the N+

graphs follow an approximate power law N+ ∼ Ro−0.5. At the slightly lower
position z = 0.8, for the two lowest Ro under consideration, the vortex densities
are smaller than at z = 0.98, indicating that many vortices formed near the top do
not stretch far downward before dissolving. This conclusion can also be reached
on the basis of visualisations as in Figs. 4.7 and 4.8(a). At the three highest
Rossby numbers 0.18 ≤ Ro ≤ 0.72 the vortex population at z = 0.8 is larger than
at z = 0.98. There are cyclonic vortices formed (and anticyclones dissipated) in
between these two heights. The mean height at which the vortices are formed
decreases when Ro is decreased. For reference, the dimensionless Ekman layer
thickness is δE = 0.011 at Ro = 0.72 and δE = 5.4 × 10−3 at Ro = 0.18. (The
boundary layers are also treated in Sec. 4.3.2.) At both z = 0.8 and z = 0.98 the
population of anticyclonic vortices is not that much smaller in number than the
cyclonic population, but most anticyclonic vortices are rather weak, i.e., they are
only found when the lowest threshold 0.01 max(Q) is applied.

The average vortex radii r+ are slowly decreasing with decreasing Ro. The
anticyclonic vortices are generally smaller than the cyclones at z = 0.8, but con-
siderably larger than the cyclones at z = 0.98. The radial spread and anticyclonic
spin-down of the anticyclones have progressed furthest at the latter height.

We can compare quantitatively the numerical results on vortex statistics in
Fig. 4.9(a,b) concerning the height z = 0.8 and the corresponding results from
the experiments in Fig. 3.10. To match the thresholds, the solid black symbols of
Fig. 4.9 are comparable to the open grey symbols of Fig. 3.10. The vortex densities
match very satisfactorily. The average vortex radii are also comparable in size,
although the radii found from the numerical simulations are smaller. The radii for
the anticyclonic vortices behave differently between experiments and simulations.
The anticyclones, being weaker than the cyclones, are more difficult to detect in
the experiments due to experimental noise.

Vorobieff & Ecke [169,170] also investigated the characteristics of the vortical
plumes. The average radii [169] are not easily compared because of differences in
Rayleigh number: here Ra = 1 × 109 while in [169] Ra = 2 × 108. The vortex
number densities from [170] are linearly dependent on Ω, which implies N ∼
Ro−1. Here, at z = 0.98, the height most comparable to the measurement position
of [170], we obtain N ∼ Ro−0.5. Furthermore, the density of anticyclones in [170]
is always considerably less than the cyclone density; the first anticyclones are
detected for Ro = 0.19 (at Ra = 3.2×108 and Γ = 1). Here, anticyclones are found
at all Rossby numbers, but they are mostly rather weak. It is thus plausible that
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in [170] also some threshold value on the vortex detection criterion f [Eq. (3.17) in
this work] is applied; since the applied threshold value is not known a quantitative
comparison is not possible. It must be stated that the solid triangles in Fig. 4.9(c)
hint at a possible relation N− ∼ Ro−1, but the corresponding N+ curve does not
follow this slope.

Boubnov & Golitsyn [20] report an empirical relation N ∼ Ω ∼ Ro−1 for air-
cooled convection without a top wall. In a study by Sakai [135] a model was derived
for the horizontal separation between vortices, based on geostrophic dynamics,
Ekman boundary layers and a heat flux independent of rotation. Two limits were
found, based on the boundary layer thicknesses δE =

√
2HTa−1/4 for the viscous

boundary layer and δT = 3.8HRa−1/3 for the thermal boundary layer (based
on δT ∼ Nu−1 and an experimental result for Nu without rotation). One limit,

for δE ≫ δT , was N ∼ Ta−1/4 ∼ Ro1/2; the other, for δT ≫ δE , was N ∼
Ta3/4 ∼ Ro−3/2. It was stated by Sakai [135] that this last limit does not apply
when the critical Taylor number is approached, since then the heat flux is strongly
dependent on rotation (Ta). At the current parameter values we are quite far from
either limit: δT /H ≈ 4 × 10−3 and 3 × 10−3 . δE/H . 1 × 10−2. Thus based
on Sakai’s model a dependence of N on Ro in between the two limits is expected.
From the current results and the findings of the other studies, we expect that the
vortex number density scaling is quite strongly dependent on the exact parameter
range under consideration.

Also for the vortices found in the simulations we can calculate an approximate
circulation γ. The same approximations as in Sec. 3.6 are applied: the cross-
sectional area of the vortex is filled with a constant vertical-vorticity level equal
to half the vertical vorticity at the centre of the vortex. The dependence of vortex
circulation on Ro is presented in Fig. 4.10. The situation at z = 0.8 corresponds
very well to the experimental result of Fig. 3.11. The circulation of the cyclonic
vortices is largely unaffected by rotation, while the anticyclonic circulation in-
creases when Ro is lowered. At z = 0.98 a stronger dependence on Ro is found.
For Ro = 0.72 there are very strong cyclonic vortices formed [compare the vertical
scales of Figs. 4.10(a) and (b)], while only weak anticyclones are found. As the
Rossby number decreases, the cyclonic circulation decreases while the anticyclonic
vortices become stronger. The circulations of cyclones and anticyclones are of
equal magnitude at Ro = 0.045. Still, cyclones are preferred in number, i.e., there
are more cyclones than anticyclones.

Comparing Figs. 4.10(a) and (b), a strong vertical decay of the vortices is
readily observed. At Ro = 0.72 the cyclonic circulation decreases by a factor three
between z = 0.98 and z = 0.8. A visual inspection revealed that many vortices
detected at z = 0.98 do not stretch far in the vertical direction: vorticity is in-
jected near the plates into vortices with strong circulation, but the circulation is
rapidly lost when the vortex moves vertically downward. Apparently, the vortices
are not very stable. At Ro = 0.045, about 35% of cyclonic circulation is lost
between the two heights. These structures do not extend to the height z = 0.8
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Figure 4.10 – Dimensionless vortex circulations γ± as a function of Ro at (a) z = 0.8
and (b) z = 0.98. The mean circulation of cyclonic vortices γ+ is depicted with squares;
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and therefore the large decrease is found. Anticyclonic circulation is roughly 60%
lower at z = 0.8 than at z = 0.98. The findings concerning the circulation match
with the results of Vorobieff & Ecke [169], who found a 50% decrease of the maxi-
mal (minimal) vertical vorticity value within cyclonic (anticyclonic) vortices when
comparing measurements near the top plate and at z = 0.75H , respectively.

Characteristics on the size, number density, and circulation of the vortex popu-
lation have been obtained. Several intuitive results have been confirmed: stronger
rotation leads to smaller vortices and correspondingly larger vortex densities. The
circulation of the vortices decreases as the distance to the plate increases. It is
remarkable that at z = 0.98 and Ro = 0.045 the mean circulations of cyclones and
anticyclones are equal. No uniform scaling of the vortex density has been found
for this work and various other results found in the literature [20,135,169,170]. A
strong dependence of the scalings of vortex size and vortex density on the various
parameters Ra, Ro, σ, and boundary conditions (open upper side or solid upper
wall) is anticipated, complicating the formulation of a simple model to estimate
the scalings.

4.2.3 Secondary circulation

It is well known that boundary layers in rotating flows can drive secondary cir-
culations [58, 62, 118]. These can be studied from azimuthal averages of the three
velocity components. Such plots are given in Fig. 4.11 for three typical Rossby
numbers Ro = ∞, 2.88, and 0.36. The left-hand side of each picture is the position
of the cylinder axis (dash-dotted line), while the right-hand side is the sidewall.
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In Fig. 4.11(a) a signature of the LSC is found. Its elliptic shape points with its
major axis at an angle with the cylinder axis (see the sketch in Fig. 4.12, and also
in [126]). It is due to this mean tilt of the elliptic LSC, combined with the rotation
sense as shown in Fig. 4.12, that the azimuthal average is not zero; especially
upward and downward motions are separated in these azimuthally averaged plots.
In the top half upward motion (positive uz) is found near the cylinder axis while
the downward flow (negative uz) is strongest near the sidewall. The opposite
situation is found for uz in the bottom half. The azimuthal velocity uφ has no
mean profile, just small fluctuations. The averaged radial velocity uρ has maximal
values near the intersections of the horizontal plates with the sidewall, consistent
with the averaged vertical velocity near these regions. Note also the weak radially
inward flow near the sidewall around half-height.

When a small rotation is introduced [Ro = 2.88, Fig. 4.11(b)], a first observa-
tion is that the mean velocities become smaller. The vertical velocity still has the
dominant structuring due to the LSC, but especially near the cylinder axis some
disturbances appear. For the azimuthal velocity a remarkable difference is found:
it has a well-defined structure. As was observed previously in the laboratory ex-
periments, the LSC is precessing anticyclonically. The Coriolis force, deviating
the parts of the LSC with mean horizontal velocity to the right, is driving the
precession. The blue regions in the azimuthal velocity plot represent this anticy-
clonic motion. In the central sidewall region, however, a stronger cyclonic motion
is found. This is understood from angular momentum conservation. The radially
inward flow of the LSC at this position (moving inward from the sidewall) is first
spun up cyclonically. Then, when its direction of motion becomes more horizontal,
the Coriolis force, together with anticyclonic spin-down of radially outward flow,
directs it into the resultant anticyclonic motion. It must hence be concluded that
the sidewall is not a suitable location for measurements of the LSC precession, as
a cyclonic drift is found there. Yet, the existence criterion of the LSC as proposed
in Sec. 4.2.1 is still applicable: the shape of the azimuthal profile of vertical ve-
locity is still sinusoidal when an LSC is present. In the experiments of Ch. 3 the
orientation of the LSC is determined in a vertically off-centre position (z = 0.8H)
and close to the cylinder axis (0 ≤ ρ . 0.25H), so that the correct anticyclonic
drift is measured.

At much lower Ro, when the LSC is not formed, a secondary circulation is
found that is driven by the boundary layers. In Fig. 4.11(c) we investigate this flow
at Ro = 0.36. A division of the domain into several regions is appropriate, bounded
by the various boundary layer length scales. The Ekman layers of thickness δE =
Ek1/2 are found on the horizontal plates (Sec. 2.4). Near the sidewall the inner and
outer Stewartson layers are found (Sec. 2.4), with respective thicknesses δS,1/3 =

Ek1/3 and δS,1/4 = Ek1/4. In Fig. 4.13 the bottom right-hand corner is magnified
for each velocity component, so that the various boundary layers are more easily
recognised.

The most remarkable change is found in the azimuthal velocity. Similar figures
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Figure 4.11 – Azimuthally averaged velocity components uz (left), uφ (centre) and uρ

(right), at (a) Ro = ∞, (b) Ro = 2.88 and (c) Ro = 0.36. The left-hand side of each
picture is the cylinder axis ρ = 0; the right-hand side corresponds to the sidewall ρ = 0.5.
In (c) the dashed lines indicate typical boundary-layer thicknesses: δE = Ek1/2 near the
bottom and top plates, and δS,1/3 = Ek1/3 and δS,1/4 = Ek1/4 near the sidewall (δS,1/3

is closest to the sidewall).
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Figure 4.12 – Schematic view from the side of the ‘tilted’ LSC in the cylinder. The
dash-dotted line is the axis of the cylinder.

Figure 4.13 – Close-up of the bottom-right corner of Fig. 4.11(c) (Ro = 0.36). Dashed
lines as in Fig. 4.11(c). (a) uz; (b) uφ; (c) uρ.
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Figure 4.14 – Sketch of the mean secondary circulation at Ro = 0.36. The plot shows
the range 0 ≤ ρ ≤ 0.5; 0 ≤ z ≤ 0.5. The boundary layers, indicated with the dashed
lines, have their thicknesses exaggerated for clarity.

for Rossby numbers in between 2.88 and 0.36 (not shown here) revealed that
as Ro decreases the cyclonic flow region [the red region found in the uφ plot in
Figs. 4.11(b,c)] is confined to a sidewall region of smaller and smaller size. The
cyclonic motion is still caused by spin-up due to weak radial inflow. This inward
flux is not easily observed in the current view; the colour scale is chosen based
on the dominant radial outward boundary-layer flow near the bottom and top
plates. The bulk has a mean anticyclonic velocity to compensate for the cyclonic
vorticity formed by spin-up (angular momentum conservation) of the radial inflow
in the δS,1/3 layer. Indeed, there must be radial inflow from the δS,1/3 layer as it
is continually fed from above and below [see Fig. 4.11(c), the plots of uz and uρ].

No mean vertical flow is encountered except in the Stewartson layers near
the sidewall. A rough division is found into flow directed towards the plate in
the thicker δS,1/4 layer and flow directed vertically away from the plate in the
thinner δS,1/3 layer. Close to the horizontal plate in the thicker of the Stewartson
layers there is radial inflow (directed toward the cylinder axis), that collides with
the radial flow outward through the Ekman layers. At the intersection point local
inflow into the bulk region is observed.

A cartoon of the secondary circulation is shown in Fig. 4.14. In this figure the
left-hand side represents the cylinder axis while the right-hand side is the sidewall.
Only the lower half of the vertical cylinder extent is shown; the mean flow is
vertically symmetric in the mid-plane. Note that since the circulation is driven
by the boundary layers, which can only support smaller volume fluxes, the mean
velocities in the bulk will be very small and hardly noticeable.

We note that the secondary circulation that is found here is considerably dif-
ferent from that suggested by [72], based on a linear mean temperature gradient,
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or that of [76] enacted by centrifugal buoyancy. In both these works there is no
up-down symmetry, which is still fulfilled here. It must also be stated that the
aforementioned circulation is only of secondary magnitude. The still-turbulent
field of the vortical plumes is dominant.

4.3 Rotational dependence of turbulence

statistics

We have seen in the preceding sections that rotation has a profound influence on
the phenomenology of turbulent convection. Therefore we also expect considerable
changes in the turbulence statistics due to the rotation. Several properties of the
turbulence are presented as a function of the Rossby number, viz. turbulence in-
tensities (Sec. 4.3.1), thicknesses of the boundary layers near the walls (Sec. 4.3.2),
the mean temperature gradient that develops over the bulk fluid (Sec. 4.3.3), and
probability density functions (PDFs) of temperature (Sec. 4.3.4) as well as veloc-
ity and vorticity (Sec. 4.3.5). An important result which was inaccessible in our
experiment is the convective heat flux, discussed in Sec. 4.3.6. This section is
concluded with a discussion of the turbulence anisotropy in Sec. 4.3.7.

4.3.1 Turbulence intensities

Since the critical Rayleigh number for onset of convection goes up when a rotation
is added [38,39], it is generally believed that rotation stabilises the turbulent flow,
i.e., turbulent fluctuations are diminished. This was readily confirmed, for Ro . 2,
in the experiments (Sec. 3.7.1). Here the numerical results are compared to these
experimental data, and expanded as now also temperature statistics are included.

The strength of the turbulent fluctuations is represented with the root-mean-
square values of velocity, vertical vorticity and temperature. In Fig. 4.15 the
horizontal and vertical rms velocities are plotted as a function of Ro. The values are
taken close to the cylinder axis at two vertical positions: z = 0.5 and z = 0.8. The
horizontal rms velocity urms is taken as the rms value of the azimuthal velocity uφ;
calculation of uρ near the axis is difficult [166]. The vertical rms velocity wrms is
based on uz. Similarly, we also report the rms values of the vertical vorticity
(denoted with ωrms) and rms temperature fluctuation (Trms) in Fig. 4.16.

The results for both rms velocities and the rms vorticities are similar to those
of the experiments (Fig. 3.12). The approximate power-law dependence with ex-
ponent 0.2 of the velocity rms values from the experiments (Sec. 3.7.1) is also valid
for the current results. Since lower Rossby numbers are achieved in the simula-
tions we have expanded the lower-Ro extent: a steeper slope than for Ro & 0.1
is observed in all curves. The rms vorticity at z = 0.8 is found to attain a maxi-
mal value at Ro = 0.09, the lowest value considered in the experiments. At even
lower Ro, ωrms diminishes as well.

A stronger dependence on Ro is found for the rms temperatures, shown in
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Figure 4.15 – Root-mean-square velocities and their variation with Ro. (a) At z = 0.5
the horizontal rms values urms are indicated with circles and the vertical rms values wrms
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Figure 4.16 – Root-mean-square values of (a) vorticity and (b) temperature as a function
of Ro. In both plots the circles belong to z = 0.5 while the triangles are for z = 0.8. The
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slope Ro−0.32 is also included (dotted line).
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Fig. 4.16(b). A power law with negative exponent −0.32 fits the results at both z =
0.5 and z = 0.8 for nearly two decades of Ro. Only at the lowest Ro = 0.045 there
is a small drop-off in Trms. For Ro & 5 there is hardly any effect of rotation
on Trms. Under rotation the vortical plumes that develop need considerably more
thermal contrast to break out from the boundary layer into the bulk fluid, as the
critical Ra has increased.

For a direct quantitative comparison of experiment and simulation a rescaling
of the velocity and vorticity is required. To convert the ‘numerical’ velocity and
vorticity to the dimensionless form used in the presentation of the experimen-
tal results we need to multiply them with

√

Ra/σ. The comparison is found in
Fig. 4.17. The profiles for the various quantities urms, wrms, and ωrms from exper-
iment and simulation show an excellent qualitative agreement in their dependence
on Ro. At both measurement heights z = 0.5H and z = 0.8H the comparison
is very favourable. Even the details of the profiles at z = 0.8H , such as the flat-
ter urms profile and the steeper ωrms profile for Ro ≤ 0.36, are well-represented in
experiment and simulation.

The experimental velocity rms values are approximately 25% below the numer-
ical results. The discrepancy is a quantitative indication of the deficiencies and
non-idealities of the experimental setup, and the measurement method. In the
vorticity comparison the difference is even larger.∗

The results for turbulence intensities from the numerical simulations confirm
the findings from the experiments that rotation does indeed decrease the turbulent
fluctuations. Another confirmation of the increased stability is found from the rms
temperature: stronger fluctuations are needed for plumes to penetrate into the
bulk.

4.3.2 Boundary layers

Viscous boundary layers are formed near both horizontal plates and near the
sidewall. Thermal boundary layers are only found near the horizontal plates, as the
sidewall is adiabatic. Under rotation the boundary layers are active: fluid exchange
between boundary layer and bulk takes place due to Ekman pumping and/or
suction. The thickness of the boundary layer is important for the magnitude of
these fluxes.

A commonly applied definition of the boundary layer size is the distance to the
wall of the maximum in the rms velocity or temperature. This definition has been
used to find boundary layer scales near the horizontal plates (from the azimuthal-
velocity rms profile and rms temperature profile on the cylinder axis) and near
the sidewall (from the azimuthally averaged vertical-velocity rms profile in radial
direction at mid-height). These are presented for the various Ro in Fig. 4.18.

The thermal boundary layer thickness is nearly independent of Ro. It is buried

∗Curvature of particle displacement in rotational regions is lost in SPIV, and differential
estimates are biased to lower magnitudes (p. 166 of Ref. [129]). This magnifies the discrepancy
between experiment and simulation concerning vorticity.
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within the thicker viscous layer (as σ > 1), and only the viscous boundary layer
is directly affected by rotation. Only at the lowest Ro considered here the viscous
boundary layer is thinner than the thermal layer. Then the bulk flow field can
directly affect the thermal layer; at even lower Ro a change of its thickness is
expected. The viscous boundary layer thickness near the horizontal plates rises
with increasing Ro up to Ro ≈ 2. Its slope matches well with the dimensionless
Ekman layer thickness δE = Ek1/2 ∼ Ta−1/4 ∼ Ro1/2, but quantitatively it is
roughly a factor two larger.

The viscous layer on the sidewall shows more changes under rotation. At the
lowest Ro . 0.2 considered, the thickness follows the Stewartson layer δS,1/3 =

Ek1/3 ∼ Ro1/3. Around Ro ≈ 2 there is a considerable widening, as the LSC
is rather unstable at this Ro. The layer thickness for Ro & 3 is unaffected by
rotation.

4.3.3 Mean temperature gradient

In non-rotating convection the vertical mean temperature profile can be divided
into three regions: a well-mixed isothermal (convective) bulk, with two (con-
ductive) boundary-layer regions of dimensionless thickness δT = 1/(2Nu) [29,
63]. When rotation is added a mean temperature gradient persists over the fluid
bulk [72, 84]. Other measurements [21, 54] in air-cooled rotating convection with-
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out a solid top plate also indicated the presence of a mean gradient. The presence
of the gradient can be seen as an indication that the vertical mixing is less efficient
than in the non-rotating case.

In the current simulations the mean temperature is averaged in time at the
cylinder axis. Next, the mean gradient is calculated at mid-height z = 0.5 by
fitting a linear function for 0.3 < z < 0.7. The strength of the mean gradient and
its dependence on Ro is depicted in Fig. 4.19. At high Ro & 3 a small positive
gradient is found. This is explained by the overturning motion of the LSC. Warm
plumes rise on one side of the cylinder, then cross horizontally in the upper half of
the cylinder. Cold plumes cross the cell in opposite fashion. On the axis a small
positive gradient may be found.

At smaller Rossby numbers Ro . 2 a mean negative gradient persists. While
a quantitative description is still lacking, a qualitative description of the observa-
tion of a mean temperature gradient in rotating convection is given by Julien et
al. [84, 85, 97, 145]. First, it is noted that the rotation induces cyclonic vorticity
in the plumes. Fluid near a horizontal plate converging to a plume formation
site spins up cyclonically. Then, arguments from two-dimensional turbulence are
invoked, stating that like-signed vortices show a tendency to attract each other
and merge [107, 157]. Indeed, merger events of vortical plumes in rotating con-
vection have been reported in many studies [20, 52, 84, 145, 183], and such events
are also readily identified in, e.g., vorticity animations of our experiments. It is
then stated that the quasi-two-dimensional vortex interaction induces horizontal
mixing. Julien et al. [85] consider the momentum and heat budgets for individ-
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ual plumes in rotating convection. It was found that the buoyancy of a plume
decreases when it travels vertically away from its origin, and the mechanism was
fluid exchange between the vortex and the bulk fluid. Thus the extraction of heat
from warm plumes and the heat input into cold plumes could be described. This
ensemble of processes then accounts for the mean temperature gradient. In sum-
mary: (i) under rotation full three-dimensional turbulent mixing is less efficient;
(ii) however, the quasi-two-dimensional behaviour of the vortical plumes promotes
horizontal mixing when compared to vertical mixing; (iii) the increased horizontal
mixing maintains the mean bulk temperature gradient.

Whether the quasi-two-dimensional vortex interactions are the cause of the
horizontal fluid exchange is not yet proved. In our simulations a mean negative
gradient is observed for Rossby numbers as high as two, where no vortical plumes
are observed. Additional effects may be the cause of the mean gradient. Secondary
circulations driven by centrifugal effects could also maintain a mean temperature
gradient in a confined domain [76], though centrifugal effects are very small in this
work.

The magnitude of the mean gradient depends on the Prandtl number σ: in
Sprague et al. [145] it is found that the gradient is smaller at higher σ. Intuitively,
at higher σ > 1 temperature structures are smaller than velocity structures, and
the strongly buoyant fluid with higher/lower temperature than the surroundings
is contained ‘deeper within’ the plume. Its heat and buoyancy is thus not as easily
exchanged and mixed with the ambient fluid. Thus the heat/buoyancy is carried
along with the plume toward the vertically opposite side without much loss. At
lower σ < 1 the opposite situation arises. Consider a ‘warm’ plume, formed at
the bottom. Its fluid with higher temperature is mostly stripped off in the lower
part of the domain, increasing the average temperature there. Similarly, a ‘cold’
plume loses its buoyancy in the upper half of the domain, decreasing the average
temperature near the top. Thus a stronger mean gradient can be maintained
at lower σ, and the mean temperature drop over the thermal boundary layers is
smaller.

When the Rossby number is decreased, eventually the gradient must approach
the conductive value 〈∂T/∂z〉 = −1 throughout the fluid. All fluid motions are
then inhibited by rotation and the only heat transfer is due to conduction, for
which Nu = 1 by definition.

4.3.4 PDFs of temperature

The probability density function (PDF) of temperature was an important ingredi-
ent in the discovery of the ‘hard’ turbulent state [37,74] in non-rotating convection.
It was found that at Rayleigh numbers above a certain critical value (in the cited
experiments in helium, Rac ≈ 4× 107) the temperature PDF changed from Gaus-
sian to exponential. This transition is ascribed to a change in the plume release in
the boundary layers [37]. Above the critical Ra value the release of plumes from
the boundary layers is highly intermittent, generating localised bursts of strong
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Figure 4.20 – Temperature PDFs at (a) z = 0.5 and (b) z = 0.8. From top to bottom
the corresponding Rossby numbers are: Ro = 11.52, 2.88, 1.44, 0.72, 0.36, 0.18, 0.090
and 0.045. The curves are shifted downward by intervals of one decade for clarity.

temperature contrast, differing from a smoother plume structure with Gaussian
temperature statistics below the critical value. Exponential temperature PDFs
have also been found in water (σ ≈ 5) [144] and in mercury (σ ≈ 0.02) [59] at high
Rayleigh numbers.

For convection with rotation these PDFs have also been investigated. In sim-
ulations at σ = 1 and various Rayleigh numbers at constant Ro = 0.75 the
PDFs remain Gaussian. In experiments at σ = 6.3, for Ra values up to 5 × 108

and 0.1 ≤ Ro ≤ 1.5, only exponential PDFs have been observed [99]. In contrast,
experiments [71] at σ = 8.4 and at even higher Ra ≈ 3 × 1011 display Gaussian
statistics at Ro = 6.

Temperature PDFs have been calculated from the numerical probe data. In
Fig. 4.20(a) the PDFs, at z = 0.5, are shown for 11.52 ≤ Ro ≤ 0.045. It is
found that our simulations fully confirm the findings of Liu & Ecke [99]: in all
cases exponential distributions are found. At the lowest Rossby numbers there is
some ‘confinement’ found: the tails of the PDF are cut off at certain temperature
values. The horizontal axis is scaled with the rms temperature. Since the scaling
variable Trms has increased in size considerably, see Fig. 4.16(b), the temperature
range under consideration has also increased considerably. Temperature values
found in the fluid always remain confined to 0 ≤ T ≤ 1.

The same plots for height z = 0.8 reveal a remarkable uniformity [Fig. 4.20(b)].
The PDFs are skewed negatively. As the measurement is taken closer to the top
wall, plumes with lower-than-average temperatures are more probable, therefore
the stronger negative tail. The shapes at all Ro considered here are very similar.
For the lowest Ro the confinement of 0 ≤ T ≤ 1 is observed. In terms of skewness:
S ≈ −2 for Rossby numbers 0.72 and higher, for the lower Rossby numbers S
decreases in magnitude with decreasing Ro to S ≈ −1 at Ro = 0.045. The
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prominent tail on the left-hand side is confined for Ro = 0.36 and lower, hence the
smaller skewness value.

Since the parameter range for these numerical simulations is comparable to
that used by Liu & Ecke [99], it is not surprising that the exponential PDFs are
found here as well. The intense temperature fluctuations in rotating convection are
thus predominantly associated with the presence of confined coherent structures:
the vortical plumes. The transition from the plumes of non-rotating convection to
the vortical tube-like structures of rotating convection apparently has no effect on
the shape of the temperature PDF.

4.3.5 PDFs of velocity and vorticity

Unlike the temperature PDFs, the PDFs of velocity in non-rotating convection
are known to be Gaussian from many measurements [5, 125, 126, 158, 170]. Our
experiments confirmed this finding (Sec. 3.7.2). Vorobieff and Ecke [170] showed
experimentally that under rotation the PDFs of the horizontal velocity components
did not change by much: they observed a development of weak exponential tails,
especially close to the top plate. This development was related to the organisation
of the flow into small-scale vortices. The shapes of the horizontal-velocity PDFs
found here reproduce those of Vorobieff & Ecke [170] and Sec. 3.7.2 well. The
distribution of horizontal velocity fluctuations is only weakly influenced by rotation
[Fig. 4.21(a,b)].

The influence of rotation on the vertical velocity PDF has not as extensively
been studied. In simulations at Ro = 0.75 [84], near the boundary layer, a
wider distribution was found with skewness toward motion directed away from
the boundary. In our simulations (Ch. 5 of this thesis, also Ref. [92]) we con-
firmed this skewness behaviour, but also saw an opposite trend (skewness favour-
ing motion toward the wall) in a vertical range starting just outside the boundary
layer. Our experimental results from Sec. 3.7.2 confirmed the latter finding. In
Fig. 4.21(c,d) we show the numerical vertical-velocity PDFs. They feature, at both
considered heights, a development of wider tails, especially for the lower Ro val-
ues. No strong skewness is observed. In the experiments, at z = 0.8H , a positive
skewness was found since only an enhanced positive tail was measured. The ‘cold’
vortical plumes, with negative vertical velocity, are not explicitly changing the
negative tail of the vertical-velocity PDF as in the simulations. We do not know
what exactly causes this difference between the experiment and the simulation. A
possible explanation is presented in several steps:� Due to the poorer thermal conductivity of the plate in the experiments, there

is less buoyancy added to a plume as it is formed.� The plume undergoes a smaller buoyant acceleration, and also less spin-up
by vortex stretching. This lessens the lateral confinement of cold plumes in
the experiments, as is also seen from the larger vortex radii found in the
experiments compared to the simulations.
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Figure 4.21 – PDFs of horizontal velocity at (a) z = 0.5 and (b) z = 0.8; PDFs of
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scale structures; the negative/left-hand side of the PDF does not show an
enhanced tail.

The interaction of the fluid with the horizontal plates in turbulent rotating
convection leads to injection of strong cyclonic vorticity into the flow. This effect
can be observed in PDFs of vertical vorticity, depicted in Fig. 4.22. Again the
exponential shape is recovered without rotation [8, 170, 184]. When rotation is
added considerable preference for cyclonic vorticity is developed [84, 170]. This is
especially true for the off-centre position z = 0.8 (upper row in Fig. 4.22).

To quantify the asymmetry in the vorticity distributions their skewnesses Sωz

have been calculated. The changes of Sωz
with Ro are depicted in Fig. 4.23. The

distributions at z = 0.8 (triangles) attain increasingly high Sωz
values when Ro

is decreased. The Ekman pumping mechanism is highly active for Ro as low
as Ro = 0.045. No signs of a possible ‘symmetrisation’ of the distribution, re-
ported by Vorobieff & Ecke [170] for Ro . 0.3 at Ra = 3.2 × 108, is found here.
More surprising, however, is the trend near Ro ∼ 1 found for Sωz

calculated at
mid-height z = 0.5 (squares). Also at this position the vorticity distribution is pos-
itively skewed. At higher and lower Ro nearly symmetric distributions are found
at mid-height. This effect can also be found in the work of Vorobieff & Ecke [170],
although not as pronounced since only one of their measurements is at a Rossby
number of order one.

A comparison of Fig. 4.23 with our previous experimental result shown in
Fig. 3.15 reveals that in the experiment the skewness values are considerably
smaller. Especially for the height z = 0.8 the experiments produce smaller values.
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We expect that this difference is explained by similar arguments as before on the
vertical-velocity skewness: the reduced spin-up by vortex stretching of the plumes
in the experiment means that the plumes are less vortical. Fluctuations of vortic-
ity are smaller, and the positive tail of the PDF is less pronounced. This results
in a smaller skewness Sωz

. Also the underresolution of gradients by SPIV (see p.
166 of Ref. [129]) can play a role here.

Correlation of uz and ωz

In Sec. 3.8 the relation between the vertical velocity uz and the vertical vorticity ωz

was investigated, by plotting PDFs of the product uzωz. The skewness of these
distributions can be used to quantify the correlation between the two. A similar
analysis is performed for the simulation results. The skewness Suzωz

is presented
in Fig. 4.24 for several Ro values, and at z = 0.5 and 0.8. Again, the numerical
values of the skewness are larger than those found in the experiment (Fig. 3.21),
but the same trends are found. At z = 0.8 the skewness becomes a large negative
value for smaller Rossby numbers. At z = 0.5 it does not show much variation
with Ro, apart from being positive at Ro = 2.88 and negative for the smallest Ro.
Thus the preferred coupling of negative uz and positive ωz (and vice versa) at
off-centre position z = 0.8 is also readily observed in the simulations. (Near the
bottom plate the preferred coupling is of positive uz and positive ωz, or negative uz

and negative ωz.)
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4.3.6 Heat transfer

The convective heat transfer, expressed in dimensionless form with the Nusselt
number Nu, has an interesting dependence on the rotation rate. Although rotation
increases the critical Rayleigh number for onset of convection [38, 39] there is a
range of rotation rates (or Rossby numbers) where Nu is larger than in the non-
rotating situation. The Ekman pumping taking place inside the vortical plumes
is an efficient mechanism for entrainment of boundary-layer fluid (with strong
temperature contrast) into the vortical plumes and subsequent transport of this
fluid to the vertically opposite side. At higher rotation rates the stabilising effect
of the rotation becomes more and more prevalent and Nu approaches one, for a
conductive state with zero flow velocity and a linear temperature gradient over
the fluid.

In Fig. 4.25 the Nusselt number Nu is presented as a function of Ro and scaled
with its corresponding value at Ro = ∞ (no rotation). This visualisation shows
the relative increase of Nu under rotation, and makes it easier to include results
from other studies that may not match exactly in terms of Rayleigh and Prandtl
numbers, or domain aspect ratio. The current results are depicted with squares.
Other studies that are included:� Ref. [134] (dashed line), reporting experiments in water in a range of Rayleigh

numbers. Here a cross-section of the results at constant Ra = 2.5 × 106 is
given. The Prandtl number σ = 6.8 was constant. The aspect ratio was
varied, but always Γ > 6.
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Figure 4.25 – Relative Nusselt number Nu(Ro)/Nu(Ro = ∞) as a function of Ro. The
current simulation results are included with squares. The dashed line is taken from [134]
at Ra = 2.5 × 106, σ = 6.8, Γ > 6. Triangles represent results of [99] at σ = 6.3
and Γ = 0.78 (cuboid cell), extrapolated to Ra = 1 × 109. Circles are taken from [116]
at Ra = 2 × 108, σ = 0.7, Γ = 0.5.� Ref. [99] (triangles), for experiments in water, extrapolated to Ra = 1×109∗,

at σ = 6.3. A non-cylindrical near-cubical cell was used with side-to-height
aspect ratio Γ = 0.78.� Ref. [116] (circles), using direct numerical simulations at Ra = 2 × 108 in
a σ = 0.7 fluid. The domain was a cylinder with Γ = 0.5.

Indeed, in all included results a rise of Nu is found in a range of Ro. But the Rossby
numbers for the peak Nusselt values from the various studies disagree; there are
dependencies on all parameters Ra, σ and even Γ, plus other possible influences like
the geometry (cylinder vs. cuboid). We note that for rotating convection in liquid
helium at Ra = 2×104 and 1×105, σ = 0.49 and Γ = 9.86, no increased Nu under
rotation was observed [119]. But these parameters are far from the current values
as included in the figure. Oresta et al. [116] compare the Nu(Ro) dependencies at
two different Rayleigh numbers: Ra = 2 × 108 and 9 × 105, and the increased Nu
was only found for the higher Ra.

Concerning the current results some observations are made. The increased Nu
is found for 0.05 . Ro . 2. The upper limit of this range is in close agreement
with the break-up of the LSC. The maximal heat transfer is found at Ro ≈ 0.2, for

∗The Nusselt number results of [99] are presented as power law exponents and prefactors based
on fits in the range 5× 106 ≤ Ra ≤ 5× 108; here we extrapolate the power laws to Ra = 1× 109.
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which definitely no LSC is present. Thus the LSC takes no part in the increased
heat transfer under rotation. At Ro = 0.045 the Nusselt number is still 95% of
the non-rotating value, so this situation is still quite far from the conductive state.
We also note that the reduced heat flux for Ro < 0.18 coincides with the Ro range
where steeper slopes are found in both horizontal and vertical rms velocities of
Fig. 4.15 as well as in the rms vorticity plot of Fig. 4.16(a).

4.3.7 Anisotropy

As a final comparison of our simulations and experiments the anisotropy of the
flow is concerned with the invariants of the anisotropy tensor and the Lumley
map [42, 101, 102, 143]. For a theoretical introduction and the experimental re-
sults, see Sec. 3.8. It was found that rotation affects the turbulence anisotropy
tensor differently in various positions inside the cylinder: in the central region the
tensor has one dominant eigenvalue, pointing out that velocity fluctuations in one
direction (vertical) are dominant; closer to the top plate a remarkably isotropic
state is found, where the velocity fluctuations in the three spatial directions are
roughly equal of strength. This behaviour is remarkably different from rotating
turbulence [18], where rotation causes the anisotropy tensor to develop two large
eigenvalues and horizontal velocity is strongest.

The invariants of the anisotropy tensor can also be calculated from the time
series of velocity components, obtained from the numerical probes at positions z =
0.5 and z = 0.8. In Fig. 4.26 Lumley maps at representative Ro values are shown,
with the temporal evolution of the invariants II and III. At Ro = 11.52∗ there is
a lot of spread in time for the invariants, at both heights. When the Rossby num-
ber is decreased distinct trends are observed at the two heights. At mid-height
the trajectory is increasingly pressed against the limiting curve for axisymmet-
ric turbulence with one large eigenvalue (EV) (‘cigar-shaped turbulence’ in [42]
and ‘rod-like turbulence’ in [143]). This again points at the development of the
columnar vortical plumes under rotation, as can be inferred from visualisations in
Figs. 4.7 and 4.8. At z = 0.8 a reduction in the spread of the trajectory is ob-
served: it is confined to a smaller area near the origin of the graph (the point that
designates three-component isotropic turbulence). Thus at this height the tur-
bulence becomes increasingly isotropic as Ro is reduced. When comparing these
figures to the corresponding results from the experiments (Fig. 3.17) it is clear that
in all cases the spread of the trajectory is larger in the simulations than in the
experiments. The measurement technique records diminished fluctuations in the
experiment compared to the simulations. This can account for the quantitative
difference. The qualitative trends are still the same.

A concise view of the dependence on rotation of the invariants is obtained
by taking the time-averaged values and plotting the time averages in a Lumley
triangle. This plot is shown in Fig. 4.27. Included are the following Rossby

∗The simulation at Ro = ∞ had its probes in other locations for the analysis of Ch. 7.
Therefore Ro = 11.52 is used as the case for which rotation is not important.
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Figure 4.26 – Temporal evolution of the invariants II and III at selected Rossby
numbers: (a,b) Ro = 11.52, (c,d) Ro = 1.44, (e,f) Ro = 0.36, (g,h) Ro = 0.045. Two
vertical positions are included: (a,c,e,g) at z = 0.5 and (b,d,f,h) at z = 0.8. The thick
grey lines are the boundaries of the Lumley triangle, cf. Fig. 3.16.
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numbers: Ro = 11.52, 2.88, 1.44, 0.72, 0.36, 0.18, 0.09, 0.068 and 0.045. The path
that belongs to z = 0.5 (filled triangles) shows no clear uniform direction for the
higher Rossby numbers Ro > 1. At lower Ro the path goes downward up to the
point for Ro = 0.18, the point closest to the isotropic state in this path. For the
lowest Ro < 0.18 the path follows the bounding curve upward, which indicates the
growing anisotropy as one EV of the anisotropy tensor (the EV corresponding to
vertical velocity fluctuations) becomes larger relative to the other two EVs. The
path at z = 0.8 nearly uniformly approaches the point of isotropy at the origin.

Qualitatively the paths in the Lumley triangle from experiment (Fig. 3.18) and
simulation (Fig. 4.27) are very similar. Only quantitatively there is some discrep-
ancy. The stronger fluctuations in the simulations (and corresponding stronger
excursions of the trajectories in the maps of Fig. 4.26) translate to larger numeri-
cal mean values in the simulation results. Another difference is that the excursion
toward the negative side of 〈III〉, toward pancake-shaped or disk-like turbulence,
found in the experiment at z = 0.8H , is not reproduced in the simulations. It may
well be that at even lower Ro such a development is also observed in the simula-
tions. Lowering Ro below 0.045 would require grid refinement and considerably
more computational effort. (If the viscous boundary layer thickness follows the

scaling Ro1/2 also for Ro < 0.045, then a reduction of Ro by a factor four requires
twice the number of vertical grid points. The time step must then be halved as
well. A simulation at four times lower Ro ≈ 0.01 would thus take about four times
as many resources. Additional grid refinement may be necessary to resolve the
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sidewall viscous layer, which also becomes thinner.)

4.4 Conclusions

The effects of rotation on many aspects of the flow could be described and fur-
ther understood using direct numerical simulation. From the numerical results, a
tentative separation into three regimes based on the Rossby number is suggested:

Ro & 2 — In this range of Rossby numbers the flow behaviour is dominated by
the presence of the large-scale circulation (LSC). Variation of Ro has only
minor effect. The LSC is hardly affected in strength. There is some shake-
up found in the root-mean-square velocity fluctuations near Ro ≈ 2, which
we suspect is a sign of instability of the LSC under rotation. Over a small
range 1.2 . Ro . 2.8 the LSC strength changes considerably due to ro-
tational constraints: the LSC is absent at Ro ≈ 1.2 but still dominant
at Ro ≈ 2.8. In distribution functions of the vertical vorticity some slight
asymmetry is found, pointing at a preference for cyclonic vorticity even for
modest rotation rates.

0.1 . Ro . 2 — The LSC is replaced by vortical columns as the dominant flow
structure. However, in the central region of the cell still a disordered turbu-
lent state is found: the vortices generally do not penetrate far into the fluid
bulk. The number of vortices rises when Ro is decreased, and their mean ra-
dius decreases. A clear preference for cyclonic vortices is observed, although
there are many weak anticyclonic vortices. The vortices and the Ekman and
Stewartson boundary layers, found respectively near the horizontal plates
and the sidewall, enact a mean secondary circulation. The thicknesses of
the viscous boundary layers scale according to the dimensional estimates of
laminar rotating flow.

In this range the turbulence intensity drops as rotation is increased: the
root-mean-square velocities obey a power-law dependence ∼ Ro0.20. A mean
vertical temperature gradient is found in the bulk fluid, in contrast with the
well-mixed interior found in non-rotating convection. In spite of these signs
of stabilisation the convective heat flux, the Nusselt number, is larger than
without rotation. Ekman pumping in the vortical plumes is an efficient
mechanism for extraction of fluid from the boundary layers and its subse-
quent transport toward the vertically opposite side.

Ro . 0.1 — In the entire fluid volume the vortical plumes are found. Rotation has
a more pronounced influence on the turbulence intensities, including vortic-
ity: a considerably steeper dependence on Ro is reported in this range. The
heat transfer is also adversely affected by the rotation; for Rossby numbers
below 0.1 it is abruptly reduced. The anisotropy in the flow reaches oppo-
site extremes: in the centre a clear anisotropy is found where one velocity
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component is dominant, while closer to the plates a transition toward the
isotropic state is observed.

The division into three regimes matches with the classification by Boubnov &
Golitsyn [21,22]: these authors label the first regime ‘thermal turbulence,’ the sec-
ond regime ‘irregular geostrophic turbulence,’ and the last regime ‘(quasi-)regular
vortex grid.’

Many comparisons between the current numerical results and those from our
experiments have been performed. Qualitatively a very good agreement was found.
Quantitatively the discrepancies are well-described by stating that turbulent fluc-
tuations in the experiments were generally less intense than in the simulations.
The experimental conditions are obviously not as well-controlled as in the numer-
ical setting with idealised boundary conditions. Furthermore, the measurement
technique (SPIV) by definition induces some averaging at the smallest scales that
also feeds the discrepancy.



Chapter 5

Numerical simulation on a

periodic domain

Since in many occurrences of rotating convection in nature no strong lateral con-
finement is felt, e.g., the outer convective layer of the Sun, it is also worthwhile to
investigate such a configuration. This can be approximated in numerical simula-
tions by using periodic boundary conditions in the horizontal directions.

Section 5.1 contains a description of the numerical method that has been used
for the simulations on this computational domain. In Sec. 5.2 the averaged vertical
profiles of velocity, vorticity and temperature are shown with their dependence on
rotation. Then in Sec. 5.3 the heat transfer (Nusselt number) and its relation with
the flow structures is discussed. In Sec. 5.4 the probability density functions of
temperature, velocity and vorticity are presented. The chapter proceeds with the
turbulent kinetic energy balance in Sec. 5.5 and concluding remarks (Sec. 5.6).

5.1 Numerical setup

The governing equations remain the same as in the bounded simulations, Eq. (4.1):

∂u

∂t
+ (u · ∇)u +

1

Ro
ẑ × u = −∇p+ T ẑ +

√

σ

Ra
∇2u ,

∂T

∂t
+ (u · ∇)T =

1√
σRa

∇2T ,

∇ · u = 0 .

(5.1)

The scales H (for length), τ =
√

H/(gα∆T ) (for time) and ∆T (for temperature)
have been used to render the equations in a dimensionless form. Now the equations
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are solved on a rectilinear domain with no-slip isothermal walls on top and bottom:

u = 0 , T = 1 , at z = 0 ,

u = 0 , T = 0 , at z = 1 .
(5.2)

In both horizontal directions periodic boundary conditions are applied. The hor-
izontal extent of the domain is important, as it should not strongly influence the
flow by imposing a length scale through the periodicity. The natural horizontal
length scale should hence be considerably smaller than the horizontal extent of the
computational domain. Motivated by the fact that the horizontal scale decreases
when rotation is applied [39,135] and the observation that the statistics of velocity
and temperature are only significantly affected as the domain width becomes com-
parable to its height [88], the horizontal lengths are taken twice the vertical size.
At the lowest nonzero Taylor number considered here, Ta = 1.6× 105 (Table 5.1),
the critical wavenumber for onset of convection is kcH = 8.1 [39], comparable to
the minimal domain size constraints used in [83,84]. kc is larger at higher Ta [39];
the horizontal length scale decreases when rotation is increased.

The discretisation of the equations follows the skew-symmetric scheme pro-
posed in [159]. By adhering to the (skew-)symmetry of the original differential op-
erators, stability of the scheme is ensured on any grid, as well as mass, momentum
and kinetic energy conservation for the inviscid case. Second-order accurate differ-
ence formulations combined with Richardson extrapolation give fourth-order ac-
curacy in this approach, at sufficiently fine spatial resolutions. Time-advancement
uses a so-called one-leg (one evaluation of fluxes per time step) scheme similar to
the popular Adams–Bashforth scheme [173]. For further details on the numerical
implementation and the validation for turbulent flow in a channel the reader is
referred to [159].

Two series of simulations at different Ra have been performed. In these runs Ta
was varied; the parameter settings and resolutions are summarised in Table 5.1.
The Rayleigh numbers are smaller than in the simulations in the cylinder. In
periodic systems the volume of the computational domain is typically larger (com-
pare the current domain of volume 2 × 2 × 1 = 4 to the cylinder of volume π/4).
Maintaining the same spatial resolution, the grid for the periodic domain requires
more grid points than the grid for the cylinder. Thus it is computationally more
demanding to attain high Rayleigh numbers in the horizontally periodic domain.

The grid was uniform in the horizontal directions. A vertical distribution with
a higher density of grid points near the walls is used to resolve the boundary
layers. In all simulations the Prandtl number is set to σ = 1, a value comparable
to that of air and cryogenic helium gas for which σ ≈ 0.7. The latter is a popular
convection fluid for experiments since very high Rayleigh numbers can be reached,
see, e.g., [37, 111, 119]. Because of the applied periodicity it is possible to use
Chandrasekhar’s result for the critical Rayleigh number Rac at onset of convection
under rotation [38,39], which is valid for a horizontally unbounded fluid layer and
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Table 5.1 – Parameter values and resolution settings of the simulations. Note the
increased vertical resolution for the four highest-Ta values at Ra = 2.5 × 106; this is
to resolve the viscous boundary layer whose thickness decreases considerably at high
rotation rates.

Ra = 2.5 × 106 Ra = 2.5 × 107

Ro Ta Nx ×Ny ×Nz Ta Nx ×Ny ×Nz

∞ 0 128 × 128 × 64 — —
4.00 1.6 × 105 128 × 128 × 64 1.6 × 106 192 × 192 × 128
3.20 2.4 × 105 128 × 128 × 64 2.4 × 106 192 × 192 × 128
2.50 4.0 × 105 128 × 128 × 64 4.0 × 106 192 × 192 × 128
1.33 1.4 × 106 128 × 128 × 64 1.4 × 107 192 × 192 × 128
1.00 — — 2.5 × 107 192 × 192 × 128
0.75 4.5 × 106 128 × 128 × 64 4.5 × 107 192 × 192 × 128
0.50 1.0 × 107 128 × 128 × 64 1.0 × 108 192 × 192 × 128
0.40 1.6 × 107 128 × 128 × 64 1.6 × 108 192 × 192 × 128
0.33 2.3 × 107 128 × 128 × 64 2.3 × 108 192 × 192 × 128
0.25 4.0 × 107 128 × 128 × 128 — —
0.16 1.0 × 108 128 × 128 × 128 — —
0.13 1.5 × 108 128 × 128 × 128 — —
0.10∗ 2.5 × 108 128 × 128 × 128 — —

∗According to Chandrasekhar’s stability criterion (5.3) this situation should remain stable: con-
vection is completely suppressed, the initial condition of a linear temperature gradient persists
and Nu = 1.

for Ta & 104:

Rac ≃ 8.7 × Ta2/3 . (5.3)

For Ra = 2.5 × 106 we expect suppression of convection for Ro < Roc ≃ 0.127;
for Ra = 2.5 × 107 the critical value is Roc ≃ 0.072. With these simulations quite
a complete overview of the effects of rotation on convection can be presented.

The simulation at Ra = 2.5×106 and Ro = 0.1 is carried out as a validation of
the numerical code as a whole, since convection should be suppressed by rotation
with these parameters. Indeed, root-mean-square flow velocities are of order 10−6,
the linear temperature gradient remains and the Nusselt number remains 1 with
seven digits of accuracy. The conductive state is thus well-reproduced.

Several a posteriori checks of resolution and domain size have been performed.
One case (Ra = 2.5 × 106, Ro = 0.75) has been considered at various resolutions
and domain sizes. These are compared in Fig. 5.1. Specifically, the vertical profiles
of (a) average temperature and (b) root-mean-square (rms) temperature, and (c)
the rms of vertical velocity and (d) the rms of horizontal velocity are compared.
A further discussion of the physical significance of these quantities is presented
momentarily in Sec. 5.2. Here we restrict ourselves to assessing effects of domain-
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Figure 5.1 – Resolution and domain size check for the simulation at Ra = 2.5×106, Ro =
0.75. (a) Average temperature. (b) Root-mean-square temperature. (c) Root-mean-
square vertical velocity. (d) Root-mean-square horizontal velocity. The following cases
are included: resolution 128×128×64, domain size 2×2×1 (circles, this case is taken from
Table 5.1), resolution 128×128×128, domain size 2×2×1 (crosses), resolution 64×64×32,
domain size 2 × 2 × 1 (pluses), resolution 128 × 128 × 128, domain size 1 × 1 × 1 (up
triangles), and resolution 64 × 64 × 64, domain size 1 × 1 × 1 (down triangles).
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Figure 5.2 – Convergence of the averaging in time at Ra = 2.5 × 106, Ro = 0.75. The
mean after averaging during a time tave, normalised by the mean for tave = 100, is de-
picted for the Nusselt number calculated at the top wall (crosses) and at the bottom wall
(pluses). Also included is the vertical root-mean-square velocity at mid-height (circles).

size and spatial resolution. Clearly, grid refinement and decrease of the domain
size has very little influence on these statistics; even a coarsening of the grid still
reproduces the results quite accurately.

Another issue is the resolution near the walls. The boundary layers that are
formed near the bottom and top walls can be very thin compared to H . A suitable
measure for their thickness is the minimum d of the wall-normal distances at
which the maximal root-mean-square of the temperature and velocity occur, for
the thermal and viscous boundary layers, respectively. It was verified that in all
simulations at least 9 grid points are located within d. A similar procedure was
carried out for the simulations at Ra = 2.5 × 107. In all these simulations at
least 10 grid points were found within d. The near-wall resolutions are considered
acceptable, as, for example, in [165] six points clustered in the boundary layers are
found to give reliable results. A related validation of the near-wall resolution can
be based on the Nusselt number calculated as the average wall-normal temperature
gradient. The Nusselt numbers in the validation runs were all within 1% of the
reference case of Table 5.1. This correspondence also establishes that the time
averaging was performed over a sufficiently long time (illustrated in Fig. 5.2).

As a final validation we compare the smallest turbulent length scales to the
largest grid spacing in the domain. The smallest relevant length scale in this
turbulent flow is estimated by the Kolmogorov length η ≡ ν3/4/ǫ1/4, where ǫ
is the kinetic energy dissipation rate. In these convective flows the Batchelor
scale ηT ≡ η/σ1/2 is also relevant, but for unit Prandtl number it is equal to η
and does not require separate consideration. An a posteriori validation is carried
out using the calculated dissipation rate ǫ (see also Sec. 5.5). In all simulations
we verified that the maximal grid spacing was always smaller than 4η, a criterion
found to be sufficient in [88, 165].
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Figure 5.3 – Average temperature profiles, 〈T 〉, as a function of z, for: (a) Ra = 2.5×106 ,
(b) Ra = 2.5× 107. The curves are: Ro = ∞ (thick solid line), Ro = 4.00 (⊳), Ro = 3.20
(◦), Ro = 2.50 (+), Ro = 1.33 (▽), Ro = 1.00 (∗, only for Ra = 2.5× 107, see Table 5.1),
Ro = 0.75 (♦), Ro = 0.50 (�), Ro = 0.40 (×), Ro = 0.33 (△), Ro = 0.25 (•), Ro = 0.16
(⊲), Ro = 0.13 (⋆), and Ro = 0.10 (dashed line). Note that the horizontal axes do not
represent the full temperature range. The insets of (a) and (b) are the Ro = ∞ and Ro =
4.00 curves plotted for the full temperature range (0−1), respectively. At Ra = 2.5×107

no Ro = ∞ case is simulated.

5.2 Vertical profiles for velocity, vorticity and

temperature

Vertical profiles of the mean temperature and rms fluctuations of velocity, vorticity
and temperature provide a general overview of the influence of rotation on the
convection in a horizontally unbounded domain. The periodicity and the related
translational invariance allow the averaging to be carried out in time and in the
horizontal directions. Thus depth profiles are obtained.

In Fig. 5.3 the vertical profile of average temperature 〈T 〉 is presented, at
both Rayleigh numbers and all Rossby numbers considered here. For the non-
rotating case (thick solid line in the left panel) the well-known profile consisting
of two boundary layers connecting the well-mixed bulk to the walls is recovered
(see also, e.g., [86]). As rotation is introduced, a negative temperature gradient
in the bulk is found. Its magnitude is dependent on Ro. The gradient in the bulk
should become equal to −1 when Ro is lower than the critical Rossby number.
This applies at Roc ≃ 0.127 for Ra = 2.5 × 106 and at Roc ≃ 0.072 when Ra =
2.5×107. At Ra = 2.5×106 and Ro = 0.10 indeed the linear gradient is conserved
(dashed line in the left panel). [The lowest Rossby number used at Ra = 2.5×107

(Ro = 0.33) is still quite far from the corresponding Roc.]
We have calculated the gradient of average temperature 〈T 〉 at half-height (z =
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Figure 5.4 – Mid-plane temperature gradient as a function of Ro. Open symbols are
for Ra = 2.5 × 106, while filled symbols correspond to Ra = 2.5 × 107. The dashed line
on the right-hand side indicates the level of the gradient at Ro = ∞. Also included is
the critical Rossby number Roc = 0.127 of linear stability for Ra = 2.5 × 106 (dash-
dotted line). The conductive gradient ∂ 〈T 〉 /∂z(z = 0.5) = −1 is found at Ro = 0.1,
Ra = 2.5 × 106. The results from the cylinder simulations (Fig. 4.19) are also included
(grey squares).

0.5) and plotted it against Ro in Fig. 5.4. Here it can be seen that for most of the Ro
range the gradient is roughly independent of Ra, as the filled and open symbols
coincide rather well. This observation was also made in [84], where the gradient
was investigated as a function of Ra for constant Ro. As Ro approaches Roc a
sudden increase of the magnitude of the gradient is found, rapidly approaching
the conductive value of −1. This can be interpreted as a ‘laminarisation’ of the
flow under the constraint imposed by strong rotation. It must be emphasised that
at the higher Ra = 2.5 × 107 the strongly decreased gradient is expected close
to Roc = 0.072, passing well beyond the current parameter range. Therefore, the
rapid deviation is only found at the lower Ra = 2.5×106 with the Ro values chosen
here. The physical origin of the mean gradient in rotating convection has already
been covered in Sec. 4.3.3. Here the gradient grows faster with increased rotation
due to the smaller Prandtl number (σ = 1 compared to σ = 6.4 in Sec. 4.3.3) [145],
as well as the lower Rayleigh number [reducing the critical Ta for suppression of
convection as in Eq. (5.3)].

In order to investigate fluctuations in the temperature fields, we turn to the
rms of the temperature. This property is defined here as Trms =

√

〈(T − 〈T 〉)2〉
in terms of averages over horizontal planes and over time. The vertical profiles
of Trms are depicted in Fig. 5.5. The profile obtained in the non-rotating case is
very similar to that found in [86]. The highest rms-values occur near the walls
where plumes are formed. When rotation is added the boundary-layer behaviour
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Figure 5.5 – Root-mean-square temperature fluctuations, Trms, as a function of z, for:
(a) Ra = 2.5 × 106, (b) Ra = 2.5 × 107. The curves are labelled as in Fig. 5.3.

is not affected much. In the bulk, however, a strong increase of the fluctuations is
noticed. The plumes need a larger temperature difference with the surroundings
to penetrate into the bulk fluid. However, this behaviour does not persist to the
asymptotic range of very low Ro. In fact, in the lowest-Ro cases in Fig. 5.5(a)
a rapid decrease of the fluctuations is noticed, confirming the laminarisation un-
der sufficiently strong rotation. At the higher Ra the effects of rotation are less
profound as all cases considered are still highly supercritical, i.e., Ro ≫ Roc.

We next proceed with the velocity, and first consider the rms of the vertical
velocity wrms =

√

〈w2〉 in Fig. 5.6. Notice that it is meaningless to consider 〈w〉;
since we are taking a planar average covering an entire domain cross-section, the
average vertical velocity must by definition be zero due to incompressibility. The
profiles of wrms reach their maximal value in the central region. The stabilising
effect of rotation is directly observable: with decreasing Ro the profiles are lowered,
approaching zero in the steady limit at Roc. The rms values at Ra = 2.5×107 are
lower than at Ra = 2.5×106. This is caused by the scaling velocity U that changes
as Ra1/2. Fluctuations at the higher Ra are found to be stronger, as is expected
from the stronger turbulence at the higher Ra. Due to the high supercriticality
(Ro ≫ Roc) the effects of rotation are not as profound as at the lower Ra.

For the treatment of the horizontal velocity components we follow the definition
of Kerr [86]:

urms =
√

〈u2〉 + 〈v2〉 , (5.4)

where it is implied that 〈u〉 ≈ 〈v〉 ≈ 0. The correctness of this assumption was
verified separately. In Fig. 5.7 the vertical profiles of urms are shown. From these
results we clearly infer that also horizontal fluctuations decrease with increasing
rotation-rates. Interestingly, we observe in Fig. 5.7(a) that in the central region



5.2 — Vertical profiles for velocity, vorticity and temperature 105

0 0.05 0.1 0.15 0.2
0

0.2

0.4

0.6

0.8

1

w
rms

z

(a)

0 0.05 0.1 0.15
0

0.2

0.4

0.6

0.8

1

w
rms

z

(b)

Figure 5.6 – Vertical rms velocities, wrms, as a function of z, for: (a) Ra = 2.5 × 106,
(b) Ra = 2.5 × 107. The curves are labelled as in Fig. 5.3.
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Figure 5.7 – Horizontal rms velocities, urms, as a function of z, for: (a) Ra = 2.5× 106,
(b) Ra = 2.5 × 107. The curves are labelled as in Fig. 5.3.
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Figure 5.8 – Mid-plane rms values as a function of Ro. Open symbols are for Ra = 2.5×
106, while filled symbols correspond to Ra = 2.5× 107. Included are urms (circles), wrms

(triangles), and Trms (squares). The dashed lines with open symbols on the right-hand
side indicate the corresponding values for Ro = ∞ at Ra = 2.5×106. Also included is the
critical Rossby number Roc = 0.127 of linear stability for Ra = 2.5 × 106 (dash-dotted
line).

the curve corresponding to Ro = 4 (with left triangles) is at a higher value than
in the non-rotating Ro = ∞ case (thick solid line). This arises since the plumes
are spun up while accelerating away from the walls, thereby gaining horizontal
velocity. This is only a rather small effect and at lower Ro the overall damping
effect of rotation becomes dominant: the flow is driven in the vertical direction by
buoyancy, and thus if vertical velocities decrease the horizontal components must
follow suit.

As a summary of the previous results we plot the mid-plane rms values of
temperature, and, horizontal and vertical velocity as a function of Ro in Fig. 5.8.
The velocity statistics all show a similar trend as a function of Ro. The values have
an approximate power law dependence on Ro for a wide range of rotation rates. For
sufficiently low values of Ro approaching Roc a sudden drop of velocity fluctuations
towards zero occurs. Temperature fluctuations have an opposite correlation for
large Ro, and show the same asymptotic decrease toward zero near Roc. The fitted
power laws for the scaling ranges are collected in Table 5.2. A comparison of the
two Rayleigh number cases shows that the relative fluctuations of both velocity
and temperature are smaller at higher Ra in the scaling adopted here. Their
dimensional forms do increase when Ra is increased. A comparison of numerical
values for Ra = 2.5× 106, Ro = 0.75 with the results reported by Julien et al. [84]
shows excellent agreement: here we find Trms = 0.0795, compared to Trms = 0.0793
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Table 5.2 – Power-law fits to the root-mean-square velocities and temperatures of
Fig. 5.8. The last column contains power-law fits to the corresponding cylinder data
of Figs. 4.15(a) and 4.16(b).

cylinder
Ra = 2.5 × 106 Ra = 2.5 × 107 Ra = 1 × 109, σ = 6.4

urms 0.098 Ro0.30±0.02 0.090 Ro0.27±0.01 0.031Ro0.26±0.01

wrms 0.114 Ro0.25±0.01 0.098 Ro0.22±0.01 0.046Ro0.19±0.02

Trms 0.077 Ro−0.18±0.01 0.056 Ro−0.13±0.01 0.020Ro−0.34±0.02

in [84] (with the value adapted to our scaling). Considering the vertical velocity,
wrms = 0.108 from this work is to be compared to wrms = 0.110 (same adaptation
of the scaling of [84]). A comparison of the Rossby number scalings for the periodic
domain and the cylinder shows that the rms velocities scale similarly. The rms
temperatures, however, have a stronger Ro dependence in the cylinder. We expect
that this is due to the difference in Prandtl number.

One of the prominent dynamic effects of the background rotation is the in-
troduction of strong vertical vorticity ωz = (∇ × u)z into the flow field near
the no-slip walls. As fluid converges towards a site at which a plume forms in-
side the boundary layer, it is spun up cyclonically, gaining positive ωz. While
the plume crosses the bulk its excess vorticity is gradually lost and even anti-
cyclonic vorticity may appear during spin-down and radial outflow on the other
side of the domain. The flow phenomenology is described well as a collection of
vortical plumes through which vertical transport of heat and momentum takes
place [20, 84, 135,145,169,170,182,183].

To quantify the effects of Ro on the vertical vorticity we focus on some char-
acteristic Ro values at Ra = 2.5 × 106. We include Ro = ∞ as a (non-rotating)
reference case, Ro = 4.00, 2.50, 1.33, 0.75, 0.40, 0.16 and 0.13. In Fig. 5.9 we
show the vertical profiles of the rms vertical vorticity ωz,rms. It is verified that in
all simulations the horizontal planar average 〈ωz〉 is zero at all vertical positions.
The profile for Ro = ∞ is reminiscent of the wrms profile in Fig. 5.6, with a broad
maximum around the mid-plane. In case rotation is added, two maxima arise
close to the sidewalls, corresponding to the spin-up of converging fluid feeding the
plumes. The vertical position of the maxima matches well with the position of
the maxima in urms (cf. Fig. 5.7), reinforcing the notion that the spin-up is a
boundary-layer effect. The bulk value does not change much under rotation for
a wide range of Ro values. Only at strong rotation (here for cases Ro = 0.4 and
lower) a decrease in central ωz,rms is experienced. Furthermore, we observe that
the highest boundary-layer ωz,rms value is not simply found in the case of highest
rotation (lowest Ro), but here around Ro = 0.4. Apparently, at a sufficiently low
value of Ro the stabilising effect of rotation becomes so important that it effectively
suppresses fluid motion.
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Figure 5.9 – Root-mean-square vorticity, ωz,rms, as a function of z, for Ra = 2.5 × 106

and: Ro = ∞ (thick solid line), Ro = 4.00 (⊳), Ro = 2.50 (+), Ro = 1.33 (▽), Ro = 0.75
(⋄), Ro = 0.4 (×), Ro = 0.16 (⊲) and Ro = 0.13 (⋆).
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Figure 5.10 – Skewness of vorticity, Sωz , as a function of z, for Ra = 2.5×106 . Symbols
as in Fig. 5.9.
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To further characterize the effect of rotation on vorticity, we concentrate on the
vertical-vorticity skewness Sωz

=
〈

ω3
z

〉

/ω3
z,rms. This is a measure for the asym-

metry of the cyclonic/anticyclonic vorticity distribution. In Fig. 5.10, we plotted
vertical profiles of Sωz

. A positive value of Sωz
indicates that strong cyclonic

(positive) vorticity is preferred by the system, with weaker anticyclonic (nega-
tive) vorticity filling a larger portion of the domain to retain the required zero
average vorticity over horizontal cross-sections. Intuitively, one would expect the
skewness to be larger at higher rotation rate, but it is found that the dependence
is not monotonous. In fact, there is a rotation-rate at which skewness is most
pronounced, see Fig. 5.10. Without rotation the vorticity distribution is virtually
symmetric at all heights. Correspondingly Sωz

≈ 0, as indicated by the thick
solid line. For the cases with non-zero rotation in Fig. 5.10 there is positive skew-
ness throughout the layer. At the mid-plane Sωz

is only very weakly dependent
on Ro, while close to the walls large differences are found. There is a strongly
antisymmetric vorticity distribution near the walls for intermediate Ro, maximal
near Ro = 2.5, while the skewness for very low Ro (e.g., in case Ro = 0.16) tends
toward zero throughout the domain. This effect has also been discussed by Voro-
bieff & Ecke [170], but differences in domain composition (a cylinder with rigid
walls of [170] compared with a horizontally periodic box) and Prandtl number
(in [170] σ = 5.81 while here σ = 1) prevent a more detailed comparison here.
Julien et al. [84] also discuss Sωz

. For Ra = 2.5×106, Ro = 0.75 only the extremal
value Sωz

≈ 4.5 is given, which matches very well with the extremal value observed
in the current simulations.

5.3 Heat flux intensification by vortical flow lo-

calization in rotating convection∗

In this section two quantities are of special interest, viz., the Nusselt number Nu
and the vertical-velocity skewness Sw. The Nusselt number Nu is the total heat
flux (convection and conduction) normalized by the conductive heat flux that
would be present in absence of convection. Nu can be obtained from the wall-
normal derivative of the average temperature [86]: Nu = ∂ 〈T 〉 /∂z|wall. The

vertical-velocity skewness Sw is defined as Sw =
〈

w3
〉

/
〈

w2
〉3/2

. The averaging
for the Nusselt number converged quite rapidly; within 20 dimensionless time-units
the value was within 1% of its final value. For the vertical-velocity skewness Sw,
however, a longer time of averaging was necessary. In order to satisfactorily retain
the symmetry with respect to the horizontal mid-plane an averaging of 300 time-
units was found necessary.

∗The contents of this chapter have been adopted from R.P.J. Kunnen, H.J.H. Clercx & B.J.
Geurts, “Heat flux intensification by vortical flow localization in rotating convection.” [92]. The
introductory paragraphs are left out and the figures are updated with more simulation results
when applicable.
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An interpretation of Sw, as given by Moeng & Rotunno [109], concerns the
spatial distribution of upward and downward motions in horizontal cross-sections
of the domain. If the area occupied by patches of upward motion is larger than
that occupied by downward motion the average downward velocity has to be larger
than the average upward velocity as the flow is incompressible. The resulting
vertical-velocity skewness will then be negative. Similarly, a large positive skewness
indicates strongly localized upward motion. Hence the vertical-velocity skewness
is indicative of the structuring of convective flows. Additionally, Sw is a quantity
that is used in theories of turbulent diffusion in the planetary boundary layer, see
e.g. [50], and its value is thus an interesting property in itself.

Figure 5.11 shows the vertical-velocity skewness as a function of the vertical
coordinate and Rossby number for Ra = 2.5 × 106. Only the bottom half of the
vertical extent is shown because of symmetry. The S-shaped curve for the non-
rotating case (Ro = ∞, ×) is shown for the full vertical extent in the inset; it is
very similar to the profiles found in previous numerical simulations [86, 109]. In
these references, the shape is explained by noting that close to the walls only a few
strong plumes coming from the other side can penetrate. Thereby the motion of
cold (hot) fluid towards the hot (cold) wall is becoming more and more localized
when approaching the wall, and thus increasing the absolute value of Sw.

Interestingly, with decreasing Ro the near-wall tails of the curves gradually
change sign, pointing to a change in flow-structuring near the walls. At Ro = ∞
near the walls the motion towards the wall is concentrated in localized intense
structures, i.e., Sw < 0 near the bottom wall and Sw > 0 near the top. A gradual
transition can be observed with decreasing Ro towards a final situation where the
motion directed away from the walls is dominated by localized intense structures,
resulting in a positive Sw near the bottom wall and Sw negative near the top wall.
The extreme case is around Ro = 0.75; for lower Ro the near-wall Sw decreases
again (see, e.g., the curve for Ro = 0.16 in figure 5.11).

The near-wall transition of Sw was also found in simulations with σ = 0.25
and σ = 4, at the same Rossby (Ro = 0.75) and Rayleigh numbers (Ra = 2.5×106).
In the simulation at Ra = 2.5×107, Ro = 0.75 the same effect was found, with Sw

being even closer to zero in most of the domain, while growing in narrow regions
close to the bottom and top walls. This case was very similar to the Sw curve
presented in [84], albeit at lower Ra.

Summarizing, at low (and zero) Taylor numbers the flow towards the bound-
aries is localized in smaller structures with a negative (positive) Sw near the bottom
(top) wall, while at larger Taylor numbers (Ta & 4 × 105 at Ra = 2.5 × 106) the
flow directed away from the boundaries is concentrated in localized plumes with
a positive (negative) Sw near the bottom (top) wall.

Having established that the skewness of vertical velocity is indicative of con-
vective flow structuring, the next step is an inspection of the actual structures that
are found in the flow. Following [109], horizontal cross-sections of vertical velocity
close to the bottom wall (z = 0.015) are presented in Fig. 5.12(a,b) at Ro = ∞
and 0.75, respectively.
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Figure 5.11 – Skewness of vertical velocity for Ra = 2.5 × 106. For clarity only six
curves are included: Ro = ∞ (×), Ro = 4.00 (©), Ro = 2.50 (�), Ro = 1.33 (△),
Ro = 0.75 (+), and Ro = 0.16 (•). Only the lower half of the vertical extent is shown
given the symmetry of top and bottom halves. In the inset the full vertical extent of Sw

is depicted for the case Ro = ∞.
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Figure 5.12 – Horizontal cross-sections of snapshots of vertical velocity. The solid
contours on the white areas indicate upward motion, while the dashed contours and the
gray areas are for downward motion. The contour increment is 0.01. The cross-sections
are taken at height z = 0.015, inside the viscous boundary layer near the bottom wall.
(a) Ro = ∞. (b) Ro = 0.75.
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A striking observation is that under rotation there are many small structures
with a large upward velocity. These are found to be so-called thermal vortices.
As fluid converges to a plume-formation site it is spun up cyclonically due to
angular momentum conservation, and the resulting plume therefore contains cy-
clonic (positive) vorticity. Note that this is true for plumes emanating from both
top and bottom walls. With increasing Ta (decreasing Ro) the number of these
thermal vortices is found to be increasing, or, equivalently, their separation is de-
creasing. This was also observed in laboratory experiments [20,135] and numerical
simulations [84].

The occurrence of vortical structures near solid boundaries reveals an addi-
tional mechanism for vertical mass and heat transport, Ekman pumping. A vorti-
cal flow of positive vertical vorticity is matched to the no-slip wall via an Ekman
boundary layer, as described in, e.g., [58]. The Ekman layer, unlike the regular
viscous Prandtl boundary layer, induces a vertical motion outside its confines.
Transport of fluid away from the walls is concentrated in localized vortices with
intense vertical transport induced by Ekman pumping. However, as a hot (cold)
plume rises (sinks) and approaches the other wall its vorticity decreases and can
even become negative (anticyclonic) by vortex tube compression when the fluid is
spread radially outward. The ensemble of these effects is that near the walls small
intense cyclonic vortices with intense vertical transport are scattered between much
larger regions of radially spreading plumes coming from the other side. Localized
and intense Ekman pumping and the radial spread of plumes when approaching
the other side are the mechanisms that are responsible for the transition of Sw

near the walls under rotation.
The local changes in flow structuring under rotation also have an effect on the

heat transfer properties of the entire domain. In Fig. 5.13 the Nusselt number Nu
is shown as a function of the Taylor number Ta for the two Ra values considered.
For Ra = 2.5 × 106, at moderate values 0 < Ta . 5 × 106 the heat flux is higher
than in the nonrotating situation (Nu increasing under rotation was also noticed
in [99, 119, 134]), coincident with the transition of Sw near the walls. In this
regime the heat flux can increase since Sw indicates an increasing localization of
velocity directed away from the boundary that, along with the cyclonic nature
of these structures, gives rise to localized strong Ekman pumping as an efficient
mechanism for extracting heat from the boundary layer. The Ra = 2.5×107 series
shows a quantitatively similar Nu increase.

At higher Ta the extremal Sw values reduce, cf. Fig. 5.11. In this regime,
with increasing Ta, the convective motions become more and more suppressed.
This is a consequence of rotation on the convective flow: under geostrophic condi-
tions (steady flow, inertial and viscous forces negligible compared to the Coriolis
force, i.e., small Ro and large Ta) the bulk flow is in the so-called thermal-wind
balance [58] and vertical motion is independent of the vertical coordinate. In com-
bination with the no-slip boundaries it can be stated that the vertical motion tends
to zero. Hence, rotation suppresses vertical motion, and thus also convection, in
the geostrophic bulk regime. This explains the rapid decrease of Nu in the high-Ta
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regime.
For comparison, other numerical and experimental results for Nu are included

in figure 5.13. The dash-dotted line gives Rossby’s [134] experimental results using
water (σ = 6.8). As a further comparison, two simulations at this σ have been
carried out; these values are represented by squares and triangles for bottom and
top walls, respectively. There is a minor gap between the experimental results
and our simulations. This can be explained by the finite flow domain in the
experiment. The sidewalls cause the measured Nu values to be lower than in the
horizontally unbounded case. This flow-domain effect is also depicted by Kerr [86],
who compared Nu obtained from horizontally unbounded simulations to the finite-
domain experimental results by Wu & Libchaber [177], both using a σ = 0.7 fluid.
The value taken from the double-periodic simulations of Julien et al. [84] (σ = 1),
indicated by the star in Fig. 5.13, matches very well to the current study.

There is also a wealth of studies on upper bounds for Nu to be found in the
literature. A rigorous analytic bound for σ → ∞ was derived in [45]. However, in
the current parameter regime this bound is about a factor 20 above the simulation
results. A bound, also for σ → ∞, that was found to be better suited here was
obtained by a variational method by Hunter & Riahi [78]; it is depicted with the
dashed lines in figure 5.13. The bound consists of three separate regimes, and
even the increase of Nu at moderate Ta is included. Also the rapid decay of Nu
for high Ta is clearly represented. The discrepancy in the actual values can be
explained by the differences in σ. For values up to σ ≈ 6 the heat transfer is larger
for larger-σ fluids. When σ grows larger than 6, Nu will be dropping again, albeit
only very slightly [88, 145].

In the inset in figure 5.13 the dependence of the viscous boundary layer thick-
ness δν and the thermal boundary layer thickness δT on Ta is shown. The boundary
layer thicknesses were defined as the heights at which the horizontal rms velocities
and the rms temperature values are maximal. It can be seen that δT is roughly in-
versely proportional to Nu, as expected. An interesting transition was found for δν ,
right around the Ta value of maximum heat flux. The transition is from the (nondi-

mensionalized) classical Ekman boundary layer thickness
√

ν/(ΩH2) =
√

2 Ta−1/4

(indicated with the solid line) to a flatter profile. Coarse-gridded simulations at
lower Ta values have revealed that δν does not increase by much more; it in-
stead approaches the non-rotating δν value which is just slightly below the value
at Ta = 1.6 × 105.

We have used the skewness of vertical velocity as a measure for localization
of vertical motion to clarify the heat transfer of rotating convection at different
rotation rates. As the rotation rate increases the motion directed away from
the boundaries becomes more and more localized in slender vortical plumes with
cyclonic vorticity. Ekman pumping in these vortices increases extraction of heat
from the boundary layers and thus also the heat flux. At even higher rotation rates
the heat flux decreases as the quasigeostrophic conditions in the bulk increasingly
inhibit convection.
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Figure 5.13 – Dependence of Nu on Ta. For Ra = 2.5 × 106 the crosses denote Nu
calculated at the top wall, the circles are for Nu calculated at the bottom wall, and the
value for Ta = 0 is indicated by the dotted line. The pluses and diamonds give Nu at
top and bottom wall for Ra = 2.5× 107, respectively. Rossby’s experimental result [134]
for water (σ = 6.8, Ra = 2.5 × 106) is depicted with the dash-dotted line. The dashed
lines are upper bounds for the heat flux for σ → ∞, Ra = 2.5 × 106 obtained with a
variational method in [78]. The inset shows the dependence of the viscous boundary layer
thickness δν (filled triangles) and the thermal boundary layer thickness δT (filled circles)
on Ta. At Ta = 1.5 × 108, δT ≈ 0.18 is excluded from the inset graph. The solid line is
the classical Ekman boundary layer thickness.
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Figure 5.14 – PDFs of various flow properties at Ro = 1.33 for Ra = 2.5 × 106 (solid
lines) and Ra = 2.5× 107 (dashed lines). The top row (a-c) is for the mid-plane z = 0.5,
while the bottom row (d-f) is taken close to the lower wall at z ≈ 0.05. Quantities included
are: (a,d) vertical velocity w, (b,e) temperature T , and (c,f) vertical vorticity ωz. The
dotted lines in (a,b,d,e) are reference Gaussian distributions; dotted lines in (c,f) are
reference exponential distributions.

5.4 PDFs of velocity, vorticity and temperature

Changes in flow properties due to rotation, at large and small scales can be il-
lustrated by computing the probability density function (PDF) of several char-
acteristic properties. We include PDFs of vertical velocity, vertical vorticity and
temperature at two vertical positions: at mid-height (z = 0.5) and at z ≈ 0.05 close
to the bottom wall. Results for two Rayleigh numbers at the same Rossby number
of Ro = 1.33 are compared in Fig. 5.14, while the influence of rotation is assessed
at constant Ra = 2.5 × 106 for several rotation rates, i.e., at Ro = ∞, 0.75, 0.16
in Fig. 5.15.

Starting with the constant-Ro, variable Ra comparison of Fig. 5.14, it is found
that the bulk PDFs are similar in shape for both Ra values considered. Tem-
perature distributions are nearly Gaussian, vertical-velocity PDFs are found to
be slightly narrower than Gaussian. In the temperature PDFs the transition to
a near-exponential shape, found earlier in non-rotating convection in cylindrical
domains for high Ra & 4 × 107 and σ = 0.7 [37, 74], is indeed not observed at
the current Ra values. The exponential distribution was postulated to be caused



116 Numerical simulation on a periodic domain — Chapter 5

by intermittent releases of thermal plumes from the boundary layers. Exponential
temperature PDFs at high Ra & 4 × 107 have subsequently also been found in
water (σ ≈ 5) [144] and in mercury (σ ≈ 0.02) [59]; we found exponential tem-
perature PDFs in simulations on a cylinder and at σ = 6.4 (Sec. 4.3.4). In the
rotating case there is both numerical [84] and experimental [71] evidence that the
temperature PDF remains close to Gaussian, which is also found here. However,
there are also situations in which exponential temperature PDFs are found under
rotation, see Sec. 4.3.4. Exponential vorticity PDFs are recovered, as in [83, 84]
and Sec. 4.3.5, emphasising the structuredness of the vorticity field into localised
regions of strong vorticity [83]. There is a slight positive skewness, as was already
noted in Fig. 5.10.

Closer to the wall the distributions change considerably. At Ra = 2.5 × 106

the vertical-velocity PDF, shown by the solid line in Fig. 5.14(d), is strongly
skewed towards positive values, i.e., strong motion directed away from the wall
is favored (Sec. 5.3 and Ref. [92]). The effect is almost absent for the higher Ra
distribution. This is due to the fact that the vertical position at which the PDF
was recorded is just outside the (thinner) boundary layer: at Ra = 2.5 × 106

(Ro = 1.33) the boundary layer thickness is δν = 0.053, while at Ra = 2.5 × 107

(Ro = 1.33) it is δν = 0.034. A Gaussian distribution is recovered at z ≈ 0.05 at
the higher Ra = 2.5×107. The occurrence of a skewed distribution is thus strongly
coupled with the boundary layer region, as it is within the boundary layer that
the vortical plumes originate.

The temperature PDFs are ‘cut off’ on the right-hand side by the temperature
boundary condition on the wall. The sum of mean temperature plus any fluctua-
tions must always remain between 0 and 1. This condition, with the rather high
mean temperature at this height (see Fig. 5.3, at z ≈ 0.05), does not allow strong
positive temperature fluctuations, therefore the sudden drop on the right-hand
side of these PDFs. Mainly for the higher Ra-value the distribution is skewed
towards higher temperature, which is indicative of the ‘warm’ vortical tubes that
originate near the bottom wall.

Vorticity PDFs are extremely skewed to the right (see also Fig. 5.10), pointing
to the formation of the vortical tubes possessing strong cyclonic (positive) vorticity
that were discussed earlier.

We proceed with the comparison of PDFs at various Ro, while keeping Ra =
2.5× 106, given in Fig. 5.15. The non-rotating (Ro = ∞, solid lines) distributions
reported here show a good agreement with those of [8]. Vertical velocity has a
narrower-than-Gaussian shape in the centre, while near the wall a considerable
negative skewness is found (Sec. 5.3 and Ref. [92]). The temperature PDF at the
mid-plane has exponential tails related to strong fluctuations [8] but the tails must
be bounded at finite temperatures by the boundary conditions. Near the wall a
similar distribution to that of Fig. 5.14(e) is found. Exponential distributions are
found for vorticity, just as in [8].

The addition of a moderate rotation (displayed at Ro = 0.75 by the dash-dotted
lines, and by the solid lines at Ro = 1.33 in Fig. 5.14) provides Gaussian velocity
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Figure 5.15 – PDFs of various flow properties at Ra = 2.5×106 for Ro = ∞ (solid lines),
Ro = 0.75 (dash-dotted lines) and Ro = 0.16 (dashed lines). The top row (a-c) is for the
mid-plane z = 0.5, while the bottom row (d-f) is taken close to the lower wall at z ≈ 0.05.
Quantities included are: (a,d) vertical velocity w, (b,e) temperature T , and (c,f) vertical
vorticity ωz. The dotted lines in (a,b,d,e) are reference Gaussian distributions; dotted
lines in (c,f) are reference exponential distributions.
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and temperature statistics at the mid-plane [84]. The vorticity PDF remains
exponential, with a slight positive skewness. Julien et al. [83] draw parallels with
the so-called ‘hard turbulent convection’ [37,74] based on these exponential PDFs

and their reported Nu ∼ Ra2/7 scaling that is also recovered at Ro = 0.75, as these
two findings are characteristic for the hard turbulent convection. Near the wall
the skewness of the velocity PDF changes sign. We elaborated on this observation
in Sec. 5.3. For the vorticity the strong positive skewness is appreciated.

At the highest rotation rate (Ro = 0.16, dashed lines) a trend toward Gaussian
statistics is found in all PDFs. Thus a state is achieved in which the vortical
plumes are not as dominant, in the sense that extreme vorticity fluctuations are
much rarer. The vorticity distributions retain a small positive skewness. This
indicates that a near-equilibrium between the number of cyclonic and anticyclonic
vortical tubes is reached in contrast with the strongly skewed ratio for moderate
rotation [170].

5.5 Kinetic energy budget

The dynamics of turbulent flow in the Rayleigh-Bénard configuration, and the
influence of rotation on it can be characterized further by concentrating on the ki-
netic energy. The budget equation for the averaged turbulent kinetic energy 〈E〉 =
〈

(u2 + v2 + w2)/2
〉

in convection is [49, 87, 109]

〈wT 〉 +

√

σ

Ra

∂2

∂z2
〈E〉 − ∂

∂z
〈wE〉 − ∂

∂z
〈wp〉 − ǫ = 0 , (5.5)

where 〈·〉 denotes averaging over a sufficiently long time and over the horizontal
directions. The first term is the buoyant production, the second term is due
to molecular dissipative transfer, the third is the turbulent transport term, the
fourth is the pressure transport term, and the fifth is the dissipation rate ǫ =
√

σ/Ra|∇u|2. In the statistically stationary state averaging over sufficiently long
time implies that d 〈E〉 /dt = 0. The addition of rotation does not change this
equation directly. However, the balance of these terms may change indirectly,
thus characterising rotational effects.

In Fig. 5.16 we present the five terms in the budget equation (5.5) and their
dependence on z at Ra = 2.5 × 106 for four different Rossby numbers, viz. Ro =
∞, 1.33, 0.75 and 0.16. The case Ro = ∞ in Fig. 5.16(a) shows profiles very
similar to those reported in [49, 87, 109]. The conjecture of [87] that pressure
transport (dash-dotted line) dominates over turbulent transport (thin solid line)
in the boundary layer (z & 0.9) is readily confirmed by our simulations. A conse-
quence is that shear production is not important in the boundary layer; instead,
pressure transports energy from the bulk into the boundary layer [87, 132], where
it is dissipated. This contrasts with the energy budget for the boundary layer in
turbulent channel flow [104] where the kinetic energy is actively produced by the
shear in the boundary layer, and pressure transport is found to be only a small
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Figure 5.16 – Kinetic energy budget at Ra = 2.5 × 106. Terms shown are: 〈wT 〉 (thick
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p
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shown; the terms remain approximately constant for 0.15 ≤ z ≤ 0.85.



120 Numerical simulation on a periodic domain — Chapter 5

−1 −0.5 0 0.5 1
x 10

−3

0.5

0.6

0.7

0.8

0.9

1

(a)

loss                      gain

z

−1 −0.5 0 0.5 1
x 10

−3

0.5

0.6

0.7

0.8

0.9

1

(b)

loss                      gain

z

Figure 5.17 – Buoyant production (thick solid line) and dissipation (dashed line) terms
for (a) Ro = 1.33 and (b) Ro = 0.75 from which the corresponding terms at Ro = ∞
[Fig. 5.16(a)] are subtracted. The thin solid line is the full term −∂ 〈wE〉 /∂z, divided
by 20 for scale

contribution. Very close to the wall the energy budget reduces mainly to a balance
between molecular transfer (dotted line) and dissipation (dashed line). In the bulk
the buoyant production is seen to be balanced predominantly by the dissipation
term, with some contribution from the pressure-driven transport of energy to the
boundary layers.

Under strong rotation [e.g., Fig. 5.16(d)], all terms in the budget are strongly
reduced. This shows that under these conditions the turbulence intensity is con-
siderably lowered, as already discussed previously. At moderate rotation-rates,
cf. Figs. 5.16(b,c), only quite gradual changes in the budget can be observed for
most of the terms, compared to the non-rotating case. No qualitative changes are
observed except in the turbulent transport, which is seen to change sign under ro-
tation. At zero rotation there is turbulent transport of energy from the boundary
layer into the bulk, while under rotation this transport is reversed. These changes
are better interpreted with a plot showing actual changes in the various terms by
subtracting the corresponding Ro = ∞ terms. We emphasise here that turbulent
transport remains much smaller than the pressure transport.

Changes in the production and dissipation terms relative to the non-rotating
case are of interest to understanding effects of rotation. These are collected in
Fig. 5.17, where the differences between contributions from the rotating- and the
non-rotating case are displayed. The buoyant production terms show an increased
value close to the boundaries, while the difference in the bulk is very small. This is
an indication of the added vertical heat transfer under moderate rotation. Under
these conditions, rotation expresses itself by increasing the amount of fluid with
a higher thermal contrast, from regions close to the walls, to participate in the
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Figure 5.18 – Kinetic energy budget for Ra = 2.5× 107, Ro = 1.33. Line styles are the
same as in Fig. 5.16.

buoyant production.
The dissipation is seen to be redistributed in Fig. 5.17. In the (thinner) bound-

ary layers the dissipation is reduced, perhaps pointing at a more laminar boundary
layer. An increased dissipation is found throughout the bulk. This may pertain to
the statement of Julien et al. [84] on the persistence of an average bulk tempera-
ture gradient, cf. Fig. 5.3, i.e., it being caused by lateral mixing. The proposition
in [84] was also considered above in Sec. 5.2. The increased dissipation can here
be interpreted as extra lateral mixing. Another argument for this interpretation
is found in the difference profile of dissipation in Figs. 5.17(a,b) where the largest
gains are found rather close to the boundary layers, where tubes of like-signed
vorticity are most intense. The strong vorticity causes more interaction between
individual vortex tubes, which would result in an increased lateral mixing and
increased dissipation.

Now we can address the changes in the turbulent transport term under rotation.
The vertical profile of this term without subtraction of the corresponding Ro = ∞
profile, but divided by 20, is also included in Fig. 5.17. It can be concluded that
this term represents the Ekman transport of the buoyant production maxima of
Fig. 5.17 toward the bulk, where the extra dissipation is now found. Quantitatively
these graphs do not show the full redistributions: actually all the transport terms
change in magnitude (not shown explicitly), but only the turbulent transport term
shows a radically different behaviour due to the rotation.

In Fig. 5.18 we presented the kinetic energy budget at the larger Ra = 2.5×107,
with Ro = 1.33. It is found that the dimensionless numerical values decrease
(notice the change of scale on the horizontal axis compared to Fig. 5.17). This
is just an effect of the nondimensionalisation with the Ra-dependent velocity and
time scales that are used in this investigation. The other features of the energy
budget are very similar to those seen at the lower value of Ra, with the exception
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that the boundary-layer region is thinner at the higher Ra-value.

5.6 Conclusions

Effects of rotation on turbulent Rayleigh–Bénard convection have been assessed
with direct numerical simulation. The results underpin generally that rotation
stabilises the flow, i.e., averaged turbulence intensities decrease. Curiously, there
is a range of rotation rates, where, in spite of the reduced turbulent intensity, the
heat transfer is increased relative to the non-rotating situation. Rotation causes
the thermal plumes to spin up cyclonically, thus adding considerable vorticity to
the flow. This vorticity triggers so-called Ekman pumping: the Ekman boundary
layer that connects the vortical plumes to the walls ‘pumps’ fluid from very close to
the wall (and thus with considerable thermal contrast) into these plumes. Hence
an added vertical fluid transport takes place which also increases the heat transfer.
The additional Ekman transport is also found in the kinetic energy budget.

Another important effect is the average temperature gradient over the fluid
bulk. The increased lateral mixing, found from the kinetic energy budget as
stronger energy dissipation in the bulk, accounts for the persistence of this gradi-
ent. Furthermore, the gradient is shown to be dependent on Ro, but not so much
on Ra at constant Ro.

Probability density functions show the existence of extreme vorticity structures,
both with and without rotation, pointing at a state of ‘hard turbulence’ [83].
The temperature has Gaussian statistics, unlike the near-exponential statistics in
the non-rotating case. Under rotation the probability of extreme temperature
fluctuations is smaller. Vorticity PDFs show exponential shapes at the mid-plane.
Near the walls extreme positive skewness is found, indicative of the strong vorticity
generated there.

The results presented here are useful as a system in which sidewall effects
are absent. It is applicable as a model to unbounded convective flows, such as
found in the atmosphere. A quantitative comparison to results from confined
domains can be complicated. In the periodic case there is no strong tendency to
form a large-scale circulation (although plumes also tend to cluster in periodic
domains [117,131]). Also, the stability criteria for onset of convection are different
(Ref. [39] for unbounded domains versus Ref. [60, 61] for cylindrical domains).
Despite these differences the Rossby number dependencies of the rms velocity and
temperature are similar to those obtained from the simulations in the cylinder. A
difference is found in the heat transfer: the increase of the Nusselt number under
rotation is less pronounced than in the cylinder. Thus the sidewalls may play some
role in the increased heat transfer.



Chapter 6

A model for vortical plumes

in rotating convection∗

In turbulent rotating convection a typical flow-structuring in columnar vortices is
observed. In the internal structure of these vortices several symmetries are approx-
imately satisfied. A model for these columnar vortices is derived by prescribing
these symmetries. The symmetry constraints are applied to the Navier–Stokes
equations with rotation in the Boussinesq approximation. It is found that the
application of the symmetries results in a set of linearized equations. An investi-
gation of the linearized equations leads to a model for the columnar vortices, and
a prediction for the heat flux (Nusselt number) that is very appropriate compared
with results from direct numerical simulations of the full governing equations.

∗The contents of this chapter have been adopted from J.W. Portegies, R.P.J. Kunnen, G.J.F.
van Heijst & J. Molenaar, “A model for vortical plumes in rotating convection” [121] leaving out
the introductory parts that have already been covered in this thesis; some symbols have been
changed from the article to match with the current notation.

123
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Figure 6.1 – Isosurfaces of w = ±0.07. Red surfaces indicate upward motion; blue is
for downward motion.

6.1 Introduction

The prime inspiration for the current investigation stems from the numerical
study of Ch. 5. Here we provide a typical image from a simulation using Ra =
2.5 × 106, σ = 1, and Ta = 108. In this case Ro = 0.158, thus a strong rotational
constraint is expected. An isosurface plot of the vertical velocity component in
Fig. 6.1 shows the columnar flow structuring typical of rotation-dominated turbu-
lent convection. The red surfaces are for w = +0.07, so for columns with upward
motion, while the blue surfaces at w = −0.07 are for columns with downward
motion. The number of columns with upward and downward motion is roughly
equal. Also the sizes are similar. This is expected given the inherent symmetries
of the Boussinesq equations. The columnar structuring due to rotation was found
in all simulations for which Ro . 0.5. This can be taken as the border of the range
of validity for the current work.

The internal structures of the vortical columns, found at the lower Rossby
numbers, was found to nearly obey certain symmetries. [The ensemble-averaged
profiles of 40 columns with upward motion are shown later, in Fig. 6.6(a). These
symmetries were found to be also valid for the ‘downward’ columns.] Vertical
cross-sections of such vortex columns showed that the vertical velocity is nearly
symmetric in the midplane, while the vertical vorticity component is antisymmet-
ric in the midplane. For a confined radial extent it seemed also reasonable to
consider the vortex column to be independent of the azimuthal orientation. Thus
the question arose whether demanding a compliance with these symmetries and
conditions would perhaps give solutions to the governing equations, as these so-
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lutions would be very helpful for modelling the vortical-convection state and its
heat transfer properties. This chapter contains the results of that assignment.

It is profitable to rewrite the governing equations (4.1) in terms of θ, the
temperature deviation from the conductive profile T (z) = T0 + (1

2 − z/H)∆T :

∂tu + u · ∇u +

√

σTa

Ra
ẑ × u = −∇p+ θẑ +

√

σ

Ra
∇2u , (6.1a)

∂tθ + u · ∇θ − w =
1√
σRa

∇2θ , (6.1b)

∇ · u = 0 . (6.1c)

We also shift the vertical coordinate z, such that z = − 1
2 is at the bottom plate

and z = 1
2 at the top plate.

In Sec. 6.2 we introduce the formal symmetry considerations and, subsequently,
the solution procedure. We present the results of this model with comparison to
the DNS results in Sec. 6.3. Section 6.4 contains concluding remarks.

6.2 A heuristic model

It is convenient to proceed with cylindrical coordinates (ρ, φ, z) and the associated
velocity vector (uρ, uφ, uz). Our objective is thus to search for (i) axisymmetric, (ii)
steady (viz. time-independent), and (iii) vertically symmetric solutions according
to

uρ(ρ, z) = −uρ(ρ,−z) , (6.2a)

uφ(ρ, z) = −uφ(ρ,−z) , (6.2b)

uz(ρ, z) = uz(ρ,−z) , (6.2c)

θ(ρ, z) = θ(ρ,−z) . (6.2d)

Under the assumption of axial symmetry all φ derivatives are zero, and the steadi-
ness of the solution implies vanishing of the time derivatives. In view of the
prescribed symmetries, Eqs. (6.1) split up in even and odd parts that vanish sep-
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arately. This results in:

−
√

σTa

Ra
uφ = −∂ρp+

√

σ

Ra

(

∇2 − 1

ρ2

)

uρ , (6.3a)

√

σTa

Ra
uρ =

√

σ

Ra

(

∇2 − 1

ρ2

)

uφ , (6.3b)

0 = −∂zp+ θ +

√

σ

Ra
∇2uz , (6.3c)

−uz =
1√
σRa

∇2θ , (6.3d)

∂ρuρ +
uρ

ρ
+ ∂zuz = 0 , (6.3e)

and the conditions that all nonlinear parts be zero. Thus the symmetries lead to
the linearized versions of the governing equations. Note that a solution of (6.3)
probably does not satisfy the full equations including the nonlinear terms. Still,
as a heuristic model we continue with the linearized equations. The linear set of
equations is often used in studies concerning the onset of convection, e.g. [39,60,61].
In this case, however, an alternative solution procedure is applied in view of the
axial symmetry, leading to a new solution.

Because of (6.3e) it is possible to introduce a streamfunction ψ(ρ, z) according
to

uρ = −1

ρ
∂zψ , uz =

1

ρ
∂ρψ . (6.4)

In view of (6.2a) and (6.2c) ψ is even in z. The boundary conditions for ψ
are: ∂zψ = ∂ρψ = 0 at z = ± 1

2 .
We can now eliminate p by cross-differentiation of (6.3a) and (6.3c). Three

equations remain:

√

σTa

Ra
∂zuφ = ∂ρθ +

1

ρ

√

σ

Ra

(

∇2 − 2

ρ
∂ρ

)2

ψ , (6.5a)

−
√

σTa

Ra
∂zψ = ρ

√

σ

Ra

(

∇2 − 1

ρ2

)

uφ , (6.5b)

−∂ρψ =
ρ√
σRa

∇2θ . (6.5c)

Next, we try to separate variables and write the solution as the product of a
function depending on z and a function depending on ρ. For the latter, radial part
we take either J0(kρ) (even symmetry) or J1(kρ) (odd symmetry). Here J0 and J1

are Bessel functions of order zero and one, respectively, and k is a constant to be
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determined later on. In particular, we use the following Ansatz:

ψ = kρJ1(kρ)Ψ(z) , (6.6a)

uφ = J1(kρ)Φ(z) , (6.6b)

θ = J0(kρ)Θ(z) . (6.6c)

The boundary conditions translate to

Φ = Θ = Ψ = Ψ′ = 0 , z = ±1

2
. (6.7)

We insert these trial functions into the set (6.5). By use of the well-known prop-
erties

∂x [xmJm(x)] = xmJm−1(x) ,

and

J−m(x) = (−1)mJm(x) ,

valid for integer values ofm, we find that the dependence on the radial coordinate ρ
drops out. What remains are three linear ordinary differential equations in terms
of the vertical coordinate z:

√

σTa

Ra
Φ′ = −kΘ + k

√

σ

Ra
(∂zz − k2)2Ψ , (6.8a)

−k
√

TaΨ′ = (∂zz − k2)Φ , (6.8b)

−k2
√
σRaΨ = (∂zz − k2)Θ . (6.8c)

By differentiating (6.8b) once, applying the operator (∂zz −k2) to (6.8a), and sub-
stituting, we arrive at a single sixth-order differential equation concerning just Ψ:

(∂zz − k2)3Ψ + TaΨ′′ + k2RaΨ = 0 . (6.9)

Eq. (6.9) can be solved by substituting Ψ = exp(λz) and finding the roots of
the characteristic equation

λ6 − 3k2λ4 + (3k4 + Ta)λ2 + k2Ra − k6 = 0 . (6.10)

The roots of the cubic equation in x ≡ λ2 are:

x1 = k2 − 21/3Ta

ζ
+

ζ

3(21/3)
, (6.11a)

x2 = k2 +
(1 + i

√
3)Ta

22/3ζ
− (1 − i

√
3)ζ

6(21/3)
, (6.11b)

x3 = x∗2 , (6.11c)
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where ∗ denotes complex conjugation and the symbol ζ is used to represent the
real, positive constant

ζ ≡
[

√

108Ta3 + 272k4(Ra + Ta)2 − 27k2(Ra + Ta)

]1/3

.

Since only the real parts of these solutions are relevant for the current problem
the roots are written in a slightly different way. We introduce the constants f , g,
and h as

f ≡ 1

2

√
2
√

|x2| + ℜ(x2) ,

g ≡ 1

2

√
2
√

|x2| − ℜ(x2) ,

h ≡
√
−x1 .

The minus sign in the definition of h is put there since positive values of x1 give
unphysical solutions, so that relevant values of h are now real. Concerning f and g,
it holds that

x2 = [±(f + ig)]2 ,

x3 = [±(f − ig)]2 .

The general solution reads as

Ψ = a1 cos(hz) + a2 sinh(fz) sin(gz) + a3 cosh(fz) cos(gz)

+ a4 sinh(fz) cos(gz) + a5 cosh(fz) sin(gz) + a6 sin(hz) , (6.12)

where the coefficients a1,2,3 are for the even parts, while a4,5,6 are for the odd
parts. The odd parts can be taken out since Ψ must be even, which implies
that a4 = a5 = a6 = 0. From Eq. (6.8b) a similar notation is now obtained for Φ,
with the even parts already left out as Φ is odd:

Φ = b1 sinh(kz)+ b2 sin(hz)+ b3 sinh(fz) cos(gz)+ b4 cosh(fz) sin(gz) . (6.13)

Coefficients b2,3,4 are found in terms of a1,2,3 from (6.8b):

b2 = −a1

√
Ta

hk

h2 + k2
,

b3 = k
√

Ta
(a2g − a3f)(f2 + g2) + (a2g + a3f)k2

(f2 − g2 − k2)2 + 4f2g2
,

b4 = −k
√

Ta
(a2f + a3g)(f

2 + g2) − (a2f − a3g)k
2

(f2 − g2 − k2)2 + 4f2g2
.

The coefficient b1 is not determined by a1,2,3 and needs to be solved along with
these coefficients. Similarly, Θ is written as

Θ = c1 cos(hz)+ c2 sinh(fz) sin(gz)+ c3 cosh(fz) cos(gz)+ c4 cosh(kz) . (6.14)
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With (6.8a,6.8c) c1–c4 can be fully expressed in terms of the previous unknowns:

c1 = k2

√
σRa

h2 + k2
a1 ,

c2 = −k2
√
σRa

2a3fg + a2(f
2 − g2 − k2)

(f2 − g2 − k2)2 + 4f2g2
,

c3 = −k2
√
σRa

a3(f
2 − g2 − k2) − 2a2fg

(f2 − g2 − k2)2 + 4f2g2
,

c4 = −
√

σTa

Ra
b1 .

Now the boundary conditions are applied. Note that, because of symmetry, only
the boundary conditions at z = 1

2 are evaluated; the conditions at z = − 1
2 are

then automatically satisfied. We introduce a matrix M such that the boundary
conditions are:

M ·









a1

a2

a3

b1









= 0 . (6.15)

M has the rather unwieldy shape:

M =













cos(h
2 ) sinh(f

2 ) sin(g
2 )

−h sin(h
2 ) f cosh( f

2 ) sin(g
2 ) + g sinh(f

2 ) cos( g
2 )

k2
√
σRa

cos( h
2
)

h2+k2 k2
√
σRa

2fg cosh( f
2
) cos( g

2
)−(f2−g2−k2) sinh( f

2
) sin( g

2
)

(f2−g2−k2)2+4f2g2

−k
√

Ta
h sin( h

2
)

h2+k2 k
√

Ta
g(f2+g2+k2) sinh( f

2
) cos( g

2
)−f(f2+g2−k2) cosh( f

2
) sin( g

2
)

(f2−g2−k2)2+4f2g2

cosh( f
2 ) cos( g

2 ) 0

f sinh(f
2 ) cos( g

2 ) − g cosh( f
2 ) sin(g

2 ) 0

−k2
√
σRa

2fg sinh( f
2
) sin( g

2
)+(f2−g2−k2) cosh( f

2
) cos( g

2
)

(f2−g2−k2)2+4f2g2 −
√

σTa
Ra cosh(k

2 )

−k
√

Ta
f(f2+g2−k2) sinh( f

2
) cos( g

2
)+g(f2+g2+k2) cosh( f

2
) sin( g

2
)

(f2−g2−k2)2+4f2g2 sinh(k
2 )













.

(6.16)

With given Ra, Ta and σ, the determinant of M vanishes for values of k that form
nontrivial solutions. These roots can be found with iterative numerical methods.
Finally, to obtain a solution we must determine the constants a1,2,3 and b1. Three
of these can be expressed in terms of the fourth; here we write a2,3 and b1 in terms
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of a1, where Mij denote the individual matrix elements of M :

a2 =
M13M21 −M11M23

M12M23 −M13M22
a1 ,

a3 =
M12M21 −M11M22

M13M22 −M12M23
a1 ,

b1 =
a1

M12M23M34 −M13M22M34

(

M13M22M31 −M12M23M31 −M13M21M32

+M11M23M32 +M12M21M33 −M11M22M33

)

.

The last unknown constant, a1, is a free parameter. An upper bound for a1 can be
given on physical grounds by demanding that the temperature θ + 1

2 − z remains
between 0 and 1 for all z. This will be used later on to give an upper bound for
the heat transfer through the vortical plume.

6.3 Results of the model

In this section we first show the general shape of the model solution. A comparison
with the DNS is carried out, with variation of the governing parameters. Finally
an upper bound for the heat flux through an array of vortices is derived.

The first case we consider is for fixed values Ra = 2.5 × 106, σ = 1. This is
equal to the parameters used in Ch. 5. Fig. 6.2 shows the values of k as a function
of Ta. There are two limits to the parameters that are applied here. The first
gives an upper limit for Ta as a function of Ra; it is the Chandrasekhar stability
criterion for onset of convection Rac ≈ 8.7 Ta2/3

c [39]. For given Ta, Ra must be
larger than Rac for convection to set in. It is found that the highest allowable Ta
value that allows a solution in the model (Ta = 2.08 × 108 at k = 28.1) matches
rather well with the Chandrasekhar limit value Tac = 1.54 × 108. We choose a
lower limit of Ta by demanding that the flow is rotation-dominated, i.e. Ro ≤ 1
and thus Ra ≤ σTa.

Another observation considers the growing number of possible solutions as Ta
decreases. Then, two branches are formed: one at k ≈ 39, the ‘narrow vortex,’
and another with a stronger dependence on Ta, the ‘wide vortex.’ Of the two,
the narrow-vortex solution is of interest here because it is most comparable to the
DNS results. Indeed, for the wide vortex its radius ρ0 ∼ 1/k grows very large,
even at moderate Ta. This is not what is captured in the DNS, where far narrower
plumes are found at all relevant Ta values. Furthermore, velocity values for the
wide vortex are very small while the motions in the DNS vortices are considerably
more vigorous. Therefore the focus will be on the narrow vortex, while the wide
vortex is also a physically allowable solution. For Ta . 1.5× 107 another pair of k
values is found. These correspond to solutions that are less relevant in this context
since the resulting structures are composed of more than a single cell in the vertical
direction, i.e., the vertical velocity is not of one sign throughout the vertical extent.
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Figure 6.2 – Values of k as a function of Ta for Ra = 2.5 × 106, σ = 1. Also included
(dashed lines) are the Chandrasekhar stability value Tac = 1.54 × 108 and the position
where Ro = 1.

The growing number of allowed k values is possibly an indication of the growing
instability of the vortex solutions, as more and more three-dimensional structuring
is allowed at lower dimensionless rotation rates Ta.

Variation of Ra is covered in Fig. 6.3. For this plot fixed values Ta = 1 × 108

and σ = 1 are chosen. Again the applicability of the current model is bounded by
the Chandrasekhar limit Rac and the condition of rotation-dominated flow Ro ≤ 1,
both indicated with dashed lines. A similar picture arises, with two branches of
allowable k values, deviating as Ra increases. At higher Ra & 8 × 106 additional
solutions are found; these are again solutions with more complicated vertical struc-
turing and thus are not relevant here.

The allowed k values are independent of σ. The σ dependence is present only
in a single row of M , and hence can be factored out of det(M) = 0.

As an example case for the spatial structure of the vortex solution we choose
Ta = 108, with Ra = 2.5 × 106 and σ = 1 as before. The relevant k value comes
from the upper branch of solutions in Fig. 6.2; for the current parameters k = 36.8.
With the k value the model solution is fully determined but for the constant a1.
We wish to restrict the results to just the ‘warm’ vortices that are responsible for
upward transport of fluid and heat, and are of higher-than-average temperature.
The corresponding ‘cold’ vortex solution follows straightforwardly from symme-
try. For the warm vortex, by demanding that temperature T remains below the
boundary value T = 1 for all z we can derive an upper bound for a1: for the
current parameter set we arrive at a1 = 1.28 × 10−4.

To give a visual impression of the solution, contour plots of uρ, uφ, uz, and θ,
are presented as a function of r and z in Fig. 6.4. Another important result for
the vortex solution is the vertical component of vorticity ωz, easily calculated
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Figure 6.3 – Values of k as a function of Ra for Ta = 1 × 108, σ = 1. Also included
(dashed lines) are the Chandrasekhar stability value Rac = 1.87 × 106 and the position
where Ro = 1.

from uφ as ωz = (1/ρ)∂ρ(ρuφ) given the symmetry. It is presented in Fig. 6.5.
The solutions have vertically dominant sine- or cosine-like behavior in the bulk
with boundary layers to connect to the walls. In the radial direction the Bessel
function profiles are readily recognized.
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Figure 6.4 – Radial-vertical cross-sectional plots of the vortex solution at Ra = 2.5×106 ,
Ta = 108, σ = 1. Solid contours indicate positive values, while dashed contours are for
negative values. The dotted lines are the zero contours. (a) Azimuthal velocity uφ, with
contour increment 0.005. (b) Vertical velocity uz, contour increment 0.02. (c) Radial
velocity uρ, contour increment 0.002. (d) Temperature deviation θ from the conductive
profile, with contour increment 0.02.
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Figure 6.5 – Plot of vertical-vorticity ωz of the vortex solution. Ra = 2.5×106 , Ta = 108,
σ = 1. Lines as in Fig. 6.4, but now with contour increment 0.4.

We can compare the model solution at Ra = 2.5×106, Ta = 1×108 and σ = 1,
as introduced in Figs. 6.4–6.5, to actual vortices found in the DNS. An ensemble
average of 40 warm vortices, found in the DNS, has been carried out. Vertical
profiles taken at the horizontal position of the center of the vortices of vertical
velocity uz, vertical vorticity ωz and temperature T are shown in Fig. 6.6(a).
In Fig. 6.6(b) the corresponding profiles from the model are given. Similarly, in
Fig. 6.7(a) a horizontal profile of the average DNS vortex at height z ≈ −0.25
is presented, with the corresponding model profiles displayed in Fig. 6.7(b). The
horizontal profiles also include azimuthal velocity uφ. Note that the model vortex
is an ‘upper limit’ in terms of the constant a1, so that the DNS vortex will generally
have lower temperature, velocity and vorticity.

The qualitative comparison is quite favorable, but there are several differences
to be found. The vertical symmetry is not exactly followed in DNS. However,
as a first-order approximation it is definitely applicable. Also, the radius of the
vortex in DNS is somewhat wider than in the model. The first zero crossings
in the horizontal profiles of uz or ωz are found at ρ ≈ 0.066 in the model and
at ρ ≈ 0.090 in the DNS vortex. The vertical velocity is about a factor 2 larger in
the model than in DNS, while the maximal azimuthal velocity is almost equal for
the two cases. The vertical-vorticity profiles match well, apart from an asymmetric
offset in the vertical profile in the DNS vortex. An oppositely-signed shield is
found for larger ρ > 0.090 in the DNS vortex. At the outer edge of this shield the
velocities and vorticity tend to zero. The shield may be represented in the model by
extending the radial extent to ρ0 ≡ j0,2/k (the notation j0,2 is used to indicate the
second zero of J0: j0,2 ≈ 5.52), as is done in Fig. 6.7(b) with ρ0 ≈ 0.15. The sharp
edge is unphysical, but again it should be regarded a first-order approximation to
the DNS vortex.

The heat flux of convective systems is usually expressed by the Nusselt num-
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Figure 6.6 – (a) Vertical profiles of vertical velocity uz (dashed line; multiplied by 5),
vertical vorticity ωz (thick solid line; divided by 5), and temperature T (thin solid line),
from the ensemble-averaged DNS vortex column. (b) Corresponding profiles from the
current vortex model.
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Figure 6.7 – (a) Horizontal profiles of vertical velocity uz (dashed line), temperature T
(thin solid line; shifted downward by 0.5), vertical vorticity ωz (thick solid line; divided
by 10), and azimuthal velocity uφ (dash-dotted line; it is the velocity component in the
horizontal plane perpendicular to the cross-sectional line) taken at z = −0.25 through
the ensemble-averaged DNS vortex column. (b) Corresponding profiles from the current
vortex model; the temperature curve (thin solid line) is shifted downward by 0.65 instead.
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ber Nu, the total heat flux normalized by the conductive heat flux that is present
in a quiescent fluid. In the current units Nu is defined as

Nu ≡
〈

∂T

∂z

〉

+
√
σRa 〈uzT 〉 ,

where the angular brackets indicate averaging over a horizontal cross-section of the
fluid layer. The intersection is taken at z = 0, the central plane. What remains
of Nu is then

Nu = 1 +
√
σRa 〈uzθ〉 . (6.17)

To calculate Nu for the model, the following assumptions are made:

1. As before, the value of a1 is taken the maximal value that still complies with
the condition T ≤ 1. This gives an upper bound on a1, and thus also on Nu.

2. There are equally many warm as cold vortices. This has been verified from
the DNS.

3. Each vortex is radially terminated at ρ0. This is done to create a shield.
We remark here that taking higher zeroes of J0 would lead to radial profiles
uncompatible with the DNS results, as there is just one shield to be found.

4. The entire cross-sectional area is filled with a closest-packed hexagonal grid
of circular vortices. Again, this situation provides an upper bound as real
snapshots from DNS show a sparser vortex distribution. By the model sym-
metry, contributions from warm and cold vortices are identical. Hence, this
assumption allows the averaging to be constrained to just a single model vor-
tex, with the area of consideration being one hexagon of inner radius ρ0 and
area 2

√
3 ρ2

0. Another implication of this assumption that will be discussed
later is that the vortex number density N scales as N ∼ ρ−2

0 .

We arrive at:

Nu = 1 +

√
σRa

2
√

3 ρ2
0

∫ ρ0

0

Θ(0)J0(kρ) · Ψ(0)
∂ρ[kρJ1(kρ)]

ρ
2πρ dρ ,

which finally reduces to

Nu = 1 +
π
√
σRa

2
√

3
Θ(0)Ψ(0)k2J1(j0,2)

2 . (6.18)

A calculation of the upper bound on Nu for various Ta at Ra = 2.5 × 106,
σ = 1 has been carried out. The results are indicated with the thick solid line
in Fig. 6.8, which is based on Fig. 5.13. Also included are results from our DNS
of Sec. 5.3 (crosses and circles), results from an experiment in water at σ ≈ 7 by
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Figure 6.8 – Dependence of Nu on Ta for Ra = 2.5 × 106, σ = 1. The thick solid line
indicates the current result. Crosses and circles are taken from Fig. 5.13 (values of Nu
calculated from the average temperature derivative at the walls). The thin solid line is
the experimental result of [134] in water (σ ≈ 7). The dash-dotted line is an upper bound
for σ → ∞ obtained with a variational method in [78]. Again the position of the critical
Taylor number Tac and the position at which Ro = 1 are indicated with dashed lines.
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Rossby [134] (thin solid line), and an upper bound at σ → ∞ obtained with a
variational method by Hunter & Riahi [78] (dash-dotted line). It is found that the
current model overestimates the heat flux by about a factor 2. Given the unknown
constant a1 and the assumptions of the radial cut-off and tightly-packed coverage
of the fluid layer with vortices this is indeed a satisfying result. It is comparable
to the result of [78] except for the small growth of Nu at moderate Ta. At the
larger Ta values the steep decrease of Nu is well-represented.

We now compare the effects of variation of Ta between the current theory
and the DNS. As can be seen in Fig. 6.2, the relevant value of k (the upper
branch of solutions) remains almost constant when Ta changes, so that vortices are
expected to be of similar size for all Ta considered. A comparison of DNS snapshots
at Ta = 1× 107 and 1× 108 revealed that indeed in both cases on average roughly
the same number of vortices can be identified (by visual inspection). However,
at Ta = 1×107 the rotational constraint is less stringent and more vertical variation
is found in the velocity, temperature and vorticity profiles. Also, at this lower
rotation rate the velocities inside the vortices are higher, as is the temperature
contrast with the surroundings, such that the heat transfer (Nu) is considerably
higher.

Variation of Ra is also straightforward in the model, see Fig. 6.9. The solid
line indicates the model result at Ta = 1 × 108, σ = 1, while the circles are the
corresponding values from DNS. The rapid drop in the model curve near Rac is an
indication of the model reaching the Rayleigh number where no vortex solution is
allowed, see also Fig. 6.3 where for Ra . 1.5×106 no suitable k value can be found.
At higher Ra it is found that the upper bound on Nu obtained from the model has a
somewhat larger separation from the DNS result, but is still very much applicable.
Extension to even higher Ra is unfeasible, as then the constraint Ro ≤ 1 is crossed.

An additional effect of the variation of Ra can be appreciated from Fig. 6.3.
With increasing Ra the relevant k value also increases. This means that the
typical vortex size must decrease. In other words: the vortex density increases
with increasing Ra. If we define a typical vortex density as N = ρ−2

0 = (j0,2/k)
2

and compare these for Ra = 2.5×106 and 2.5×107, then in the model the higher-
Ra case has 3.67 times as many vortices as the lower-Ra case. Visual inspection of
DNS snapshots indeed showed that the vortices are smaller at higher Ra, but the
factor 3.67 was not recovered. Instead, the higher-Ra case had on average slightly
more than two times as many vortices than at the lower Ra. This may explain the
larger model overprediction of Nu at higher Ra compared to the DNS result.

Another approach is to investigate variation of Ra with an additional constraint
that the ratio of buoyancy and rotation, i.e. the Rossby number Ro, remains the
same. At a constant Prandtl number, Ra and Ta are varied such that Ro ∼
√

Ra/Ta remains constant. This approach was followed before in literature, e.g.,
Refs. [84,99]. In Fig. 6.10 the dependence of Nu on Ra (and thus, implicitly, Ta) is
shown, while keeping Ro constant. This is plotted for three separate values of Ro.
Also included are our DNS results at Ro = 0.75 (circles and crosses). The three



6.3 — Results of the model 139

10
6

10
7

10
8

10
0

10
1

10
2

Ra

N
u

Ra
c

Figure 6.9 – Dependence of Nu on Ra at constant Ta = 1 × 108 and σ = 1. The solid
line indicates the model result. The circles and crosses are DNS results from Sec. 5.3.
The position of the critical Rayleigh number Rac is indicated with the dashed line.

curves at different Ro are roughly parallel; a power-law fit of the slopes results
in Nu ∼ Ra0.57 at Ro = 0.1, Nu ∼ Ra0.48 at Ro = 0.2 and Nu ∼ Ra0.47 at Ro =
0.75. In the Ro = 0.1 curve the sudden decrease to Nu = 1 at Ra ≈ 3.5×106 occurs
because no solution of the model is found anymore, cf. Figs. 6.3 and 6.9. When
comparing these slopes to results from the DNS of [84] or the experiments of [99]
(in both studies Nu ∼ Ra0.27 is found) it is found that the model progressively
overestimates the heat flux at larger Ra for constant Ro and σ; or the bound
becomes less and less stringent.

A final consideration is variation of σ and its effect on Nu. This is depicted
in Fig. 6.11, at constant Ra = 2.5 × 106 and constant Ro = 0.5. On the lower-
σ side again a critical value for convection is found from the model (where Nu
becomes larger than one), close to the Chandrasekhar stability limit (in this case a
critical Prandtl number σc = 0.0649). The higher-σ side has a power-law behavior
as Nu ∼ σ−0.38. The inset shows Nu(σ), now at constant Ra = 2.5 × 106 and
constant Ta = 1 × 108. A fit is Nu ∼ σ−0.42. In both cases Nu is a decreasing
function of σ (except for the region around the stability limit). Yet, in other studies
a different correlation is found. In the experiments of Rossby [134] rotating heat
transfer at two different σ is considered: σ = 0.025 and 6.8. Nu was found to be
larger at the higher σ = 6.8. This trend was also reported from simulations of
nonrotating convection [88, 164]. The model does not reproduce this dependence
of Nu on σ. Given that for σ > 1 viscosity is larger than thermal diffusivity it is
plausible that the vortical state is less prominent, and the current model is thus
not relevant at higher σ.
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Figure 6.10 – Dependence of Nu on Ra at constant σ = 1 and for constant Ro = 0.1
(solid line), Ro = 0.2 (dash-dotted line) and Ro = 0.75 (dashed line). The circles and
crosses indicate DNS results of Sec. 5.3 at Ro = 0.75, σ = 1.
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Figure 6.11 – Dependence of Nu on σ at constant Ra = 2.5×106 and constant Ro = 0.5.
The dashed line indicates the critical value σc from Chandrasekhar’s theory [39]. Inset:
dependence of Nu on σ at constant Ra = 2.5 × 106 and constant Ta = 1 × 108.
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6.4 Concluding remarks

Starting from the Navier–Stokes equations and some symmetry considerations
it was possible to derive a model for the vortical columnar plumes of rotation-
dominated convection. The radial and vertical structure of the vortex as predicted
by the model matched the features found in the DNS rather well. A calculation of
the heat flux provided an upper bound that was found to be appropriate for the
regime under study.

Still, the model has some shortcomings. There is an unknown constant in
the model, for which only an upper bound is known. The termination of the
radial extent of the vortex is unphysical. Also, the heat flux is dependent on
the vertical coordinate and cannot match with the often-used definition (2.33) of
the averaged wall-normal temperature gradient. This follows directly from the
symmetry constraint on the temperature deviation from the conductive profile.

A comparison of the model results with DNS showed that the average vortex
size was captured well. The dependence of the heat transfer on Ta was very
satisfactorily represented in the model. When Ra is increased the upper bound for
heat transfer in the model has a larger margin over the DNS results, but for the
parameter range considered it still gives a reasonable result. The relation with σ
could not be checked directly to DNS results. A comparison to experiments and
simulations in different geometries revealed that the Prandtl number dependence
in the model is not well-recovered. The range of validity of the model solution
appears to be restricted to lower Prandtl numbers.

This study shows that the linearized Navier–Stokes equations not only pro-
vide information about the onset of instabilities, but also possess interesting and
relevant classes of solutions that fulfill certain symmetry requirements.





Chapter 7

Structure-function scaling in

turbulent convection∗

Direct numerical simulation and stereoscopic particle image velocimetry of turbu-
lent convection are used to gather spatial data for calculation of structure func-
tions. We wish to add to the ongoing discussion in literature whether temperature
acts as an active or passive scalar in turbulent convection, with consequences for
structure function scaling. The simulation results show direct confirmation of the
scalings derived by Bolgiano and Obukhov for turbulence with an active scalar,
for both velocity and temperature statistics. The active-scalar range shifts to
larger scales when the forcing parameter (Rayleigh number) is increased. Further-
more, a close inspection of local turbulent length scales (Kolmogorov and Bolgiano
lengths) confirm conjectures from earlier studies that the oft-used global averages
are not suited for the interpretation of structure functions. In the experiment,
the measured velocity fields are also used to calculate velocity structure functions.
These further confirm the Bolgiano–Obukhov scalings when interpreted with the
local turbulent length scales found in the simulations. An extended self-similarity
(ESS) analysis shows that the relative scalings are different for the Kolmogorov
and Bolgiano–Obukhov regimes.

∗The contents of this chapter have been adopted from R.P.J. Kunnen, H.J.H. Clercx, B.J.
Geurts, L.J.A. van Bokhoven, R.A.D. Akkermans & R. Verzicco, “Numerical and experimental
investigation of structure function scaling in turbulent Rayleigh–Bénard convection.” [93], leaving
out the parts that already have been covered in this thesis; some symbols have been changed
from the article to match with the current notation.
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7.1 Introduction

Convective turbulence remains the subject of many studies, as it is very commonly
found in nature as well as in industry. The problem of turbulent convection is of-
ten simplified to the classical Rayleigh–Bénard setting: a fluid layer is vertically
enclosed between a heated bottom wall and a cooled top wall. The dimensionless
forcing parameter, the Rayleigh number, is defined as Ra ≡ gα∆TH3/(νκ), with g
the gravitational acceleration, α the thermal expansion coefficient of the fluid, ∆T
the temperature difference between bottom and top walls, H their separation, ν
the kinematic viscosity of the fluid, and κ its thermal diffusivity. Another dimen-
sionless parameter is the Prandtl number σ ≡ ν/κ, characterizing the diffusive
properties of the fluid.

The scaling properties of structure functions (SFs) and/or spectra provide in-
sight into the small-scale dynamics of turbulent flow. The influence of temperature
may be felt in the scaling of turbulence statistics when compared to homogeneous
isotropic turbulence. On one hand, when considering the scalar temperature to
be passive, the well-known scalings [89] proposed by Kolmogorov in 1941 (K41)
are expected for velocity, with temperature SFs as predicted [46,113] by Obukhov
and Corrsin (OC). On the other, when temperature is an active scalar, the scalings
derived by Bolgiano and Obukhov (BO) [19,114] are appropriate [103,180]. For a
comprehensive overview of these scalings we refer to [110].

Measurements of SFs and spectra in turbulence are traditionally done indi-
rectly by recording time series of velocity or temperature in a single point. In
the interpretation of the results Taylor’s frozen-turbulence hypothesis is invoked,
which requires a mean velocity, large relative to its fluctuations, sweeping across
the point of measurement. In most convection settings this requirement cannot be
met since the mean motion is either too weak or absent. Many of the studies using
temporal statistics [5,15,16,35,44,111,138,175,185] find a range of scales where BO
is the valid scaling, be it experimentally or numerically, in velocity or temperature
statistics. Direct spatial measurements of the scalings are rare. Evidence for BO
scaling from spatial data is found through indirect methods [33, 156], but also by
direct measurement or calculation [13,41,106]. However, in another recent exper-
imental study by Sun et al. [153] K41 and OC scalings were found exclusively. In
this chapter we provide arguments for the existence of a BO scaling range at scales
larger than those investigated in [153], with evidence from both direct numerical
simulation (DNS) and experiments. This indicates that temperature is indeed an
active scalar.

In the DNS the focus is on the calculation of turbulent length scales govern-
ing the SF scaling, viz., the Bolgiano length LB and the Kolmogorov length η.
We perform local calculations of these length scales, contrasting the customary
globally-averaged estimates that use rigorous relations for the dissipation rates
that follow directly from the Navier–Stokes equations [141,142].

Velocity measurements in water have been performed using a novel technique,
stereoscopic particle image velocimetry (SPIV) [129]. The main asset of SPIV,
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compared to regular PIV, is that it provides measurements of the normal velocity
component in addition to the in-plane components, in planar cross-sections of the
flow domain. This technique allows for direct spatial measurements of velocity
SFs simultaneously for the three velocity components. Here we will focus on SFs
of the vertical velocity. Our measurements provide direct confirmation of the
theoretically predicted BO scaling for buoyancy-driven turbulence.

We will first present a summary of the theoretical scaling relations for SFs in
turbulent convection (Sec. 7.2). Then the numerical setup is discussed in Sec. 7.3,
followed by results from the DNS focusing on SFs and related length scales in
Sec. 7.4. In Sec. 7.5 the experimental SF results are presented. Finally, a summary
of the results with conclusions covers Sec. 7.6.

7.2 Structure functions and scaling

The pth-order spatial velocity SF Su
p is defined as

Su
p (r) ≡ 〈|u(x + r) − u(x)|p〉 , (7.1)

where u is the first component of the velocity vector u = (u, v, w), r is the sep-
aration vector and the angular brackets denote an ensemble average over many
realizations. (In this work z is the vertical direction antiparallel with gravity,
and w is thus the vertical velocity component.) Similar definitions are used for the
spatial SFs of v and w. We can now distinguish longitudinal (r in line with the
velocity component u) and transverse (r perpendicular to u) SFs as a function of
the separation r ≡ |r|. We remark that the dependence on the position x vanishes
only for homogeneous turbulence; in the current work only local homogeneity is
intended.

In stably stratified turbulent convection the inertial range is partially influenced
by the buoyancy force. Bolgiano and Obukhov [19, 110, 114] derived a length
scale LB, the Bolgiano scale (defined below), above which buoyancy is dominant;
in this Bolgiano–Obukhov (BO) regime (wavenumbers k ≪ 1/LB) the energy
spectrum displays a scaling k−11/5. At wavenumbers k ≫ 1/LB the well-known
K41 k−5/3 dependence is found since this regime is inertia-dominated. Later it was
proven [103, 180] that the same scalings are also valid for the unstably stratified
case, e.g., Rayleigh–Bénard convection. The corresponding scaling exponents for
the pth-order velocity SFs are r3p/5 for BO and rp/3 for K41 (see, e.g., Ref. [110]).

Similarly, the pth order spatial temperature SF, Rp, is defined as

Rp(r) ≡ 〈|T (x + r) − T (x)|p〉 . (7.2)

These SFs are predicted to scale as rp/5 for BO and rp/3 for OC [110].
The Bolgiano length LB is defined as

LB ≡ ǫ5/4

(gα)3/2N3/4
, (7.3)
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with ǫ(x, t) ≡ ν|∇u(x, t)|2 the turbulent kinetic energy dissipation rate, and
N(x, t) ≡ κ|∇T (x, t)|2 the temperature variance dissipation rate. Although ǫ
and N (and thus also LB) are local quantities, there are some rigorous relations
for these quantities when concerning the entire domain [141, 142], providing an a
priori estimate of LB. Introducing the Nusselt number Nu as the total heat flux
normalized by its conductive part, the following estimate is readily derived [41]
(valid for Nu ≫ 1):

〈LB〉 ≈ Nu1/2

(σRa)1/4
H . (7.4)

The Kolmogorov length scale η ≡ ν3/4/ǫ1/4 can on similar arguments be estimated
as

〈η〉 =
σ1/2

(RaNu)1/4
H . (7.5)

Later, in the DNS discussion, an inventory of the local length scales will be given,
along with their dependence on Ra. There it will be shown that the local and
globally-averaged values are quite different in practice.

7.3 Numerical arrangement

The code used for the simulations presented here has already been introduced in
Sec. 4.1. Statistics from the simulations that are relevant for this chapter include
the heat flux (Nu) and the local values of the dissipations ǫ and N . The heat flux
is calculated in two ways: (i) the average wall-normal derivative of temperature,
in these units Nu = 〈∂T/∂z〉A,t with averaging over the bottom/top plate area
and in time; and (ii) a volume-and-time-average of the conductive and convec-
tive fluxes Nu =

〈

∂T/∂z − (σRa)1/2wT
〉

V,t
. The dimensionless dissipations are

given by ǫ = (σ/Ra)1/2|∇u|2 and N = |∇T |2/(σRa)1/2. These dissipations are
azimuthally averaged as well as in time; they are calculated as a function of the ra-
dial and axial coordinates. It must be noted that this averaging ignores all effects
that the large-scale circulation could have; to reach a satisfactory convergence of
the dissipation rates the azimuthal averaging is necessary. The duration of the av-
eraging was at least 400τ for all parameter values. This amounts to roughly 200τL,
with τL ≈ 2H/U the large-eddy-turnover time based on the circulation time of a
fluid particle moving with a velocity of order U along an elliptical trajectory inside
the cell (cf. the large-scale circulation).

Furthermore, several numerical probes are distributed along two line segments.
The probes are positioned at grid points and record the evolution of the three ve-
locity components and temperature at these grid points in time. One line segment,
with 74 probes on it, is on the cylinder axis from z = 0.25 to z = 0.75. The other,
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Table 7.1 – Parameters for the numerical simulations: Rayleigh and Prandtl numbers
and the number of grid points in radial (Nρ), azimuthal (Nφ) and axial (Nz) directions.

Ra σ Nρ ×Nφ ×Nz

1 × 108 4 129 × 257 × 257
2 × 108 4 129 × 257 × 257
5 × 108 4 129 × 257 × 257
1 × 109 4 129 × 257 × 257
5 × 109 4 193 × 385 × 385
1 × 1010 4 193 × 385 × 385
1 × 108 6.4 129 × 257 × 257
2 × 108 6.4 129 × 257 × 257
5 × 108 6.4 129 × 257 × 257
1 × 109 6.4 129 × 257 × 257

with 118 probes, is a straight line segment at half-height from ρ = 0.25, φ = π
via ρ = 0 to ρ = 0.25, φ = 0. The probe data are used for calculation of the SFs.

The parameters and resolution settings of the simulations are summarized in
Table 7.1. It should be noted that the grid spacing in the axial and radial directions
is not uniform. Close to the walls the grid is denser in order to adequately resolve
the thin viscous and thermal boundary layers. The simulations are performed at
different Ra to investigate the dependence of LB and η on Ra. Also a check for the
influence of σ has been done, to be able to relate these results to the experimental
data.

The accuracy of the numerical results has been validated in several ways.
First, as was mentioned in [165] the two methods for calculation of Nu provide

an opportunity to test the grid requirements. Method (i) mentioned above is
sensitive to adequate resolution in the boundary layers while method (ii) feels
mostly the resolution in the bulk. When both methods converge to the same value
the resolution is considered sufficient. This has been verified for all simulations.
The difference between the two results was always less than 1%.

Second, the grid spacings have been a posteriori compared to the dissipation
scales, i.e., the Kolmogorov scale η and the Batchelor scale ηT = η/(σ1/2). In
the most demanding simulation (Ra = 1 × 1010, σ = 4) the values found for
these scales in the bulk are η ≈ 2 × 10−3, ηT ≈ 1 × 10−3 (Sec. 7.4). The largest
gridpoint separation in the bulk is ∆z = 4.1 × 10−3. The resolution criterion for
the bulk ∆z . 4ηT , found to be adequate in [88, 165], is thus fulfilled. Near the
walls, the thermal boundary layer (which is thinner than the viscous boundary
layer as σ > 1) is most sensitive to resolution. A good estimate of its thickness
is δT = 1/(2Nu) = 3.1 × 10−3 (Nu value taken from Table 7.2). There are 13
gridpoints found within the thermal boundary layer, so it is well-resolved.

Third, the simulation with Ra = 1 × 1010, σ = 4 was repeated using a refined



148 Structure-function scaling in turbulent convection — Chapter 7

resolution of 257 × 513 × 513. The results are similar to the results from the run
at the original resolution. In particular, the Nusselt number was 161.4± 5.6 while
the original result was Nu = 163.1 ± 5.0. In view of the similarity of the results
the resolution appears adequate.

7.4 Numerical results

The first part of this section considers the turbulent length scales and their de-
pendence on the position inside the cylinder. Then the SFs calculated from the
simulations will be discussed.

It is illustrative for the discussion of the turbulent length scales to first get an
impression of the spatial distributions of the dissipations ǫ and N inside the do-
main. These are therefore plotted in Fig. 7.1 for the simulation at Ra = 1×109, σ =
6.4. In the other simulations the dissipation rates are similarly distributed. It is
very difficult to reliably calculate the dissipation rates near the cylinder axis owing
to the metric factors 1/ρ, 1/ρ2,. . . that amplify the numerical errors in the squared
gradients. For this reason we present only the values for 0.1 ≤ ρ ≤ 0.5. This,
however, is only a minor problem since as shown in Figs. 7.1,7.2 the isolines of all
quantities tend to become orthogonal to the axis as ρ→ 0 (thus implying that the
inner core of the flow is indeed homogeneous) and the value of each variable at the
axis, if needed, can be easily extrapolated from the off-axis regions. The kinetic
energy dissipation rate ǫ [Fig. 7.1(a)] has its maximal values inside the viscous
boundary layers at the bottom and top plates, as well as on the sidewall. The
temperature variance dissipation rate N [Fig. 7.1(b)] is also high inside the (very
thin) thermal boundary layers near the bottom and top plates. However, as the
sidewall is adiabatic, no thermal boundary layer is present there and N shows no
strong boundary layer behavior.

The turbulent length scales are, with the current dimensionless units, calcu-
lated as follows: η = σ3/8/(Ra3/8ǫ1/4), LB = ǫ5/4/N3/4. These lengths are de-
picted in Fig. 7.2. The Kolmogorov length η has the expected distribution, in that
it is small inside the viscous boundary layers and attains its maximal value in the
center, see Fig. 7.2(a). The Bolgiano length in Fig. 7.2(b) has a more complex
distribution. Very close to the bottom and top walls, inside the thermal boundary
layer, LB becomes very small. Just outside this region, but still inside the viscous
boundary layer near the bottom and top walls, there is a local maximum of LB

(see also the inset of Fig. 7.2(b)). Traversing the domain vertically, it then grad-
ually increases towards a roughly constant value LB ≈ 0.2 across the bulk. One
additional interesting point is that LB has its global maximum near the sidewall,
due to the presence of a viscous boundary layer (large ǫ) while a thermal boundary
layer is absent (small N).

To compare the length scales obtained from the simulations we present their
values along a horizontal cross-section at half-height in Fig. 7.3. Also, the lengths
as calculated from the global averages are given in Table 7.2. In Fig. 7.3(a) it is
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Figure 7.1 – Averaged dissipation rates for Ra = 1× 109, σ = 6.4. The left edge of the
pictures is near the cylinder axis; the right edge is the cylinder sidewall. (a) Logarithm
of kinetic energy dissipation rate ǫ, contour increment 0.2. (b) Logarithm of thermal
variance dissipation rate N , contour increment 0.5.
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Table 7.2 – Global estimates 〈η〉 and 〈LB〉 based on Nu, as calculated from (7.5)
and (7.4), respectively.

Ra σ Nu 〈η〉 〈LB〉
1 × 108 4 32.9 ± 1.7 8.35 × 10−3 4.06 × 10−2

2 × 108 4 40.9 ± 1.9 6.65 × 10−3 3.80 × 10−2

5 × 108 4 54.9 ± 2.2 4.91 × 10−3 3.50 × 10−2

1 × 109 4 70.9 ± 2.7 3.88 × 10−3 3.35 × 10−2

5 × 109 4 122.0 ± 4.6 2.26 × 10−3 2.94 × 10−2

1 × 1010 4 163.1 ± 5.0 1.77 × 10−3 2.86 × 10−2

1 × 108 6.4 33.0 ± 1.4 10.56 × 10−3 3.61 × 10−2

2 × 108 6.4 40.8 ± 1.7 8.42 × 10−3 3.38 × 10−2

5 × 108 6.4 54.8 ± 2.5 6.22 × 10−3 3.11 × 10−2

1 × 109 6.4 71.5 ± 2.6 4.89 × 10−3 2.99 × 10−2

found that η decreases monotonically in the bulk towards the sidewall, and shows
a minimum within the viscous boundary layer. At higher Ra, η is smaller, as is
expected for a flow with a higher turbulence intensity. Note also the differences as
a result of changing σ for the runs with Ra = 1×108 and Ra = 1×109 (dotted line
compared to dotted line with pluses, and solid line compared to dotted line with
triangles, respectively). An increase in σ yields a larger η. The global-average
values 〈η〉 from Table 7.2 show rather good compliance with the local values at
half-height (within a factor 2).

Continuing to Fig. 7.3(b), LB is found to be constant in the bulk region. A
comparison with the global-average values shows that the local bulk values can be
about one order of magnitude larger. Furthermore, the global-average 〈LB〉 values
from Table 7.2 decrease when Ra increases, while its local value actually increases.
These points indicate that the often-used formula (7.4) for 〈LB〉 is not suitable
for the interpretation of SF results, since the estimate can be off by an order of
magnitude compared to the actual value. Concluding, for resolving a possible
BO regime one must investigate scales much larger than the estimate of (7.4). A
decreased bulk LB value can be achieved by lowering Ra.

From the inset of Fig. 7.3(b) it becomes clear that LB is also smaller when
approaching the bottom or top plates, but outside of the boundary layers. This
observation was also reported in [14,33,165]. Hence, observation of the BO scaling
regime is easier when measuring outside of the central part of the cylinder as LB

is smaller there.
The values for LB, averaged over 0.1 < ρ < 0.4 at half-height, are shown as a

function of Ra in Fig. 7.4. A power-law fit is given by

LB = 0.024 Ra0.107±0.016 . (7.6)

The slope of this fit matches also with the σ = 6.4 points (crosses), but with a slight
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The inset in (b) shows LB as a function of the axial coordinate z (ρ = 0.2) for the
case Ra = 1 × 109, σ = 6.4.
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Figure 7.4 – Local values of LB as a function of Ra. The circles are taken from the σ = 4
simulations, while the crosses indicate the σ = 6.4 results. The dashed line is the power-
law fit to the circles given in (7.6).

downward shift. However, there may be two different regimes to be identified. In
the presentation of the experimental SF results in Sec. 7.5 these simulation results
(represented by the crosses) will be used to estimate the value of LB at the center
of the cell.

From the simulation results it is possible to calculate both velocity and tem-
perature SFs. We adopt the following steps. Since the grid is nonuniform in radial
as well as in axial directions, the numerical probe data were first interpolated
onto a uniform grid with a cubic spline interpolation algorithm separately for each
time step. Then, direct calculation of the velocity differences as a function of the
separation, followed by time-averaging, gave the SF results.

Since a smaller LB allows for a larger range of scales above LB, we start the
discussion of the SFs at the lowest Rayleigh number considered, Ra = 108, with
correspondingly the smallest LB (cf. Fig. 7.4). For the case Ra = 1 × 108, σ = 4,
the temperature structure functions up to order 4 are shown in Fig. 7.5(a) as
calculated along the radial direction at mid-height. They are compensated for BO
scaling (circles) and for OC scaling (dashed line). Also indicated (dash-dotted line)
is the Bolgiano length observed in the central region, taken from Fig. 7.3(b). It is
found that BO scaling is more appropriate for a range of r around r = LB. Indeed,
the OC compensated graphs show no plateau, just a negative slope. The LB

estimate does not exactly indicate the beginning of the scaling range; it is roughly
a factor 2 larger. This is not surprising given that it is a dimensional estimate.

The vertical-velocity SFs calculated in the radial direction exhibit neither BO
nor K41 scaling; they show a gradual transition from the ∼ rp behavior expected
in the viscous subrange to a plateau at the transverse integral length scale L⊥

(see, e.g., Ref. [120]). However, when the velocity SFs are calculated in axial
direction the BO scaling range can be recognized again. In Fig. 7.5(b) the SFs
of vertical velocity calculated in the axial direction are shown, compensated with
both BO and K41 scalings. The local Bolgiano length becomes smaller outside of
the central region of the cylinder, but not by much in the range 0.25 < z < 0.75,
see the inset of Fig. 7.3(b). But, since now we consider a longitudinal SF, the
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Figure 7.5 – Compensated structure functions taken at Ra = 1 × 108, σ = 4 of (a)
temperature calculated in the radial direction and (b) vertical velocity calculated in the
axial direction. The circles denote the BO compensated SFs, while the dashed lines
indicate the OC compensated SFs. A downward shift of one decade is used for the OC
compensated temperature SFs for clarity. The order p increases from 1 to 4 from top
to bottom. The local Bolgiano length LB is indicated with the dash-dotted line. (c)
The second-order SFs of (a) and (b) plotted without compensation: R2 (squares) and S2

(circles, shifted upward by half a decade), with reference slopes (dashed lines).
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longitudinal integral length scale L‖ is found to be larger (for isotropic turbulence
this can be quantified: L‖ = 2L⊥ [120]). Thus a longer scaling range is present
between LB and L‖, compared to its transverse counterpart, making its detection
easier. It can also be seen that as p increases there is a gradual deviation from
pure BO scaling which we suspect is due to intermittency. As found in Fig. 7.5(c)
the second-order SFs show the predicted BO slopes.

Next, we consider the effect of different Ra on the SF scaling. The second-order
SFs of vertical velocity calculated in the axial direction are depicted in Fig. 7.6 at
several Ra in the range 1×108 ≤ Ra ≤ 1×109, and Prandtl number σ = 4. Start-
ing with the lowest curve in Fig. 7.6, corresponding to the lowest Ra = 1 × 108,
the SF exhibits BO scaling. This changes into SFs which display, respectively,
an intermediate slope, a separation into two ranges (K41 and BO) observed from
compensated plots (not shown here), and finally an only-K41 SF as Ra increases.
A more detailed impression of this transition is difficult to obtain with the current
simulation approach, since the separations between the three length scales in-
volved (Kolmogorov length η, Bolgiano length LB and the integral length scale L)
remain rather small. Therefore, the scaling ranges are quite small or are somewhat
smeared out in the transition to neighboring ranges, cf. the case Ra = 2 × 108

in Fig. 7.6 (up triangles). A larger-aspect-ratio cylinder with increased resolution
might better separate the length scales, but to achieve similar Rayleigh numbers
would then require considerably more computational resources.
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Figure 7.7 – Compensated structure functions of vertical velocity calculated in the
radial direction at Ra = 1 × 109, σ = 6.4. The circles denote the BO compensated SFs,
while the dashed lines indicate the K41 compensated SFs. The order p increases from 1
to 4 from top to bottom. The local Bolgiano length LB is indicated with the dash-dotted
line.

In all other simulations only a K41 scaling range is observed. As an example,
and for comparison with the experiments, the SFs of the vertical velocity calculated
for the radial direction at Ra = 1× 109 and σ = 6.4 are depicted in Fig. 7.7, again
K41 and BO compensated. Here, clearly, K41 is the valid scaling. The local
Bolgiano length is larger than for the previous case. In the SF plots there is
a change of slope visible above LB, however, the very small range of r > LB

prevents any definitive conclusion on the change of slope. Still, the temperature
SFs show BO scaling similar to Fig. 7.5(a). An analysis using extended self-
similarity (ESS) [12] can provide more insight into this scaling; we discuss these
results further in Sec. 7.5.

7.5 Experiments

Our convection cell and the measurement technique have already been introduced
in Secs. 3.1–3.3. In this chapter we only consider the non-rotating experiments.
It was found that with this restriction the SPIV resolution for the experiments
at z = 0.8H could be increased: 16×16 pixels interrogation windows were used. A
lower mean vertical velocity along with a shorter optical path through the water
(more scattered light from the particles is captured) made it possible to decrease
the window size for the experiments near the top lid. After processing, the velocity
fields consist of 49 × 57 vectors on a uniform grid with spacings ∆x = 1.66 mm
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Figure 7.8 – Compensated SFs of w calculated along y for Ra = 1.11 × 108. Circles
are for BO compensated SFs, while dashed lines indicate K41 compensated SFs. The
order p increases from 1 to 4 from top to bottom on the left-hand side of the graph. The
estimated LB is given by the dash-dotted line.

and ∆y = 1.92 mm for the half-height experiments. From the experiments near
the top wall the velocity fields have 107×111 vectors with spacings ∆x = 1.15 mm
and ∆y = 1.39 mm. Other than these differences, the conditions are as in Secs. 3.1–
3.3.

In this section we discuss the SFs calculated from the measurements taken
at the cell half-height. Then extended self-similarity [12] is applied. We finally
mention the difficulties we encountered while interpreting the SF results from the
measurements taken closer to the top wall.

The first experimental SF result to be discussed is taken at Ra = 1.11 × 108.
It is the prime candidate for BO scaling according to the LB results of Fig. 7.4.
Of all Ra considered, LB is smallest in this case, so the largest range above this
scale is available. An investigation of the SF scaling is done in Fig. 7.8, where SFs
of orders 1–4 of w are plotted, both BO and K41 compensated. Indeed BO is the
appropriate scaling around the LB indication. The estimate for LB seems to be
slightly higher than the actual value as the scaling range is also observed for smaller
separations. As in the previous DNS results the actual scalings deviate rapidly
from the theoretical ∼ r3p/5 predictions, which we suspect is due to intermittency.
No K41 range is found below LB; the resolution is insufficient at small r.

The scaling range is not very wide. The top end of the scaling range is the
so-called inertial length. A SF should reach a plateau at a separation r equal
to the inertial length [120]. At larger separations the velocities are uncorrelated,
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Figure 7.9 – Compensated SFs of w calculated along y for Ra = 3.34× 108. Circles are
for BO compensated SFs, while dashed lines indicate K41 compensated SFs. The order p
increases from 1 to 4 top to bottom. The estimated LB is indicated with the dash-dotted
line.

yielding a constant-on-average velocity difference and hence a constant SF value.
It is easily verified theoretically that the plateau of Sw

2 should be at 2
〈

w2
〉

[120].
This was observed for the current SF.

Continuing to the higher Ra = 3.34 × 108, the compensated SFs of w for this
case are plotted in Fig. 7.9. The estimated LB is indicated by the dash-dotted line.
Indeed, a BO range is found around LB. The gradual deviation from pure r3p/5

behavior is observed as p increases.
For the highest Ra considered here, Ra = 1.11×109, the compensated SFs of w

are shown in Fig. 7.10. Again, an even wider BO range is evident. The integral
length scale is now larger than the measurement area; scaling continues up to the
largest r. For a very small interval below LB, roughly starting from r ≈ 20 mm,
there is even a slight hint of K41 scaling with a plateau in the third-order K41
compensated SF (dashed line with squares). However, the current resolution does
not allow us to resolve this range accurately.

As a summary of the experimental SF results, in Fig. 7.11 we present the
second-order SFs for the three Ra values in one figure. The shift of LB, and also
the range of scaling, as a function of Ra is apparent.

We next directly compare the numerical SFs to the ones obtained from exper-
iment. A comparison of cases that have indications of both K41 and BO scaling
ranges is shown in Fig. 7.12, including the DNS results at Ra = 2× 108 and Ra =
5×108, both at σ = 6.4, and the experimental result at Ra = 3.34×108, σ = 6.37.
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Figure 7.10 – Compensated SFs of w calculated along y for Ra = 1.11×109 . Circles are
for BO compensated SFs, while dashed lines indicate K41 compensated SFs. The order p
increases from 1 to 4 from top to bottom for BO. The dashed line without symbols is
the p = 1 SF with K41 compensation. Similarly, dashed lines with up triangles, squares,
and down triangles are for p = 2, 3, 4, respectively. Crosses indicate the second-order
SF compensated for r4/3 (this will be discussed later on). The estimated LB is indicated
with the dash-dotted line.
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by two decades). Again, the corresponding LBs are indicated with the dash-dotted lines.
Dashed lines are reference slopes.

On the low-r end, the available resolution in the experiment causes the dissipative
range to be represented with lower accuracy. In the DNS the transition from the
K41 scaling to the steeper scaling at higher r is found at a length scale of about a
factor 2 larger than in the experiment. The idealized condition represented in the
numerics, compared to the experimental setup with its uncertainties and external
influences, are likely to be accountable for the differences between simulation and
experiment. There is general agreement and the scaling regimes are well captured
by both.

A way to provide more insight into the SF behavior is to apply extended self-
similarity (ESS) [12]. ESS widens the range of scaling of an SF by plotting the
SF of order p as a function of the SF of order 3, and allows detection of a scaling
range at far lower Rayleigh numbers. An ESS plot for the Ra = 1.11 × 109 case,
shown before in Fig. 7.10, is presented in Fig. 7.13, containing the SFs up to
order p = 6. There is a slope change found in all five curves; the position of
which is indicated by the dashed line. It is found to be near, but somewhat below,
the position corresponding to the Bolgiano length (the dash-dotted line). Indeed,
there is scaling on both sides of the dashed line. The plots for the other Ra cases
are shown in Fig. 7.14.

Power-law fits in both regions with scaling give the exponents ξp, that can
be conveniently plotted against the order p, as is done in Fig. 7.15. The fits of
the non-BO regime (triangles, squares, and circles) coincide very well, and follow
the predictions of the hierarchical-shell model proposed by She and Leveque [139]
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Figure 7.14 – (a) Same as Fig. 7.13, but now for Ra = 1.11×108. (b) Same as Fig. 7.13,
but now for Ra = 3.34 × 108.

(dashed line). In the BO regime (diamonds, crosses, and pluses) there is a devia-
tion, which would indicate stronger intermittency effects. There is a larger spread
of the three measurements compared with the non-BO results. It is possible that
there is some Ra dependence to be found, with the measured result most likely
somewhat contaminated by the non-BO range as Ra increases. It must be stressed
here that ξp are relative scaling exponents Sp(r) ∼ [S3(r)]

ξp and not absolute scal-
ings Sp(r) ∼ rζp (see, e.g., Grossmann et al. [67]), and they can only be equal
if ζ3 = 1 which is clearly not valid here.

We also performed an ESS analysis for the DNS results of Sec. 7.4. The same
trend was observed: the slopes change at a point corresponding to a scale somewhat
smaller than LB. Consistently, this point is found at larger scales for higher Ra.

It has been mentioned in Sec. 7.4 that a BO range should be more readily
measurable at vertical levels closer to the top or bottom of the cell, since there LB

is smaller and thus an extended range of larger scales is attainable in the measure-
ments. Thus, SFs have also been calculated from the velocity data taken nearer
to the top plate. In Fig. 7.16 an example plot of the second-order SFs of w calcu-
lated in both x and y directions can be found. At a certain separation r the curves
diverge. This is an effect of the LSC and the separation of upward and downward
motions; it is acting as a linear shear disturbance, the direction of which oscillates
in time. The situation is sketched in Fig. 7.17. It is known that, for homogeneous
shear flow, the shear induces changes in the SFs for r & Lα ≡ (ǫ/α3)1/2 (with α the
shear strength) [75]. The calculated SFs change: effectively the averaged effect of
the shearing is a ∼ r disturbance when SFs are calculated in the same direction as
the velocity gradient, and additionally there is a time-dependent disturbance from
the oscillation. In the sketch we also indicate why this effect was not encountered
in the measurements in the central region of the cell. Due to the (on average) ellip-
tic shape of the LSC [152] the gradient is present in the measurement area closer
to the top, while falling largely outside the measurement area in the quiescent
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Figure 7.17 – Sketch of the elliptic LSC and the induced linear shear. At the off-center
vertical position the gradient is present within the measurement area, while in the central
region no noticeable gradient effect is found.

central region. It is possible to let the ‘sheared’ SFs of Fig. 7.16 calculated in both
directions coincide by a rotation of the coordinate frame, as is also shown in the
figure. Such a rotation can unfortunately only correct for the time-independent
disturbance. The time-dependent disturbance remains, contaminating the SFs.

Considering the shear induced by the LSC, there is an article that covers this
issue [100]. It is argued there that the BO range may be indistinguishable from
a shear-contaminated regime with spectral scaling ∼ k−7/3 and thus velocity SFs
as ∼ r2p/3. When looking at Fig. 7.10, the crosses compared to the circles, the
valid scaling is clearly BO, and not the steeper r4/3 due to the shear. Indeed,
the measurement area remains far from the cylinder walls, contrary to the SF of
Fig. 7.16 where the SF indeed appears to be affected by the shear.

Indeed, a BO scaling range is found in turbulent convection, but only at rather
large separations. The estimates of the Bolgiano length obtained from the numeri-
cal simulations are of the correct order. Exact compliance is not found. This is not
surprising considering that the LB formula (7.3) is only a dimensional estimate,
and the experiment is of course different from the ‘idealized’ numerics with perfect
boundary conditions.

When comparing the current results to those of Sun et al. [153], it may seem
that the two studies contradict each other. In that study, using a similar setup
and measurement technique, only K41 and OC behavior was found. There are
some important differences concerning resolution and total measurement area that
explain the apparent discrepancy. Sun et al. focus on the smaller scales, with a
constrained measurement area of 40×40 mm2 and a superior resolution (distances
between velocity vectors 0.66 mm) in the center of a H = 193 mm cell. For the
experimental settings of Sun et al. [153], with Ra = 1.0 × 1010 and σ = 4.3, the
simulation in Sec. 7.4 yields a local Bolgiano scale LB ≈ 0.29H . In dimensional
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form LB ≈ 56 mm. Since the local Bolgiano scale is larger than the sides of the
measurement area, BO cannot be measured and the K41 and OC scalings found
in the SFs are actually the expected result. In the present study the K41 and OC
scalings are not so pronounced because of coarser resolution. But, the BO scaling
was found in the SFs by virtue of the larger spatial range. So this chapter and the
paper by Sun et al. [153] complement each other in that respect.

7.6 Conclusions

The structure function scaling in turbulent convection has been investigated both
numerically and experimentally.

With direct numerical simulations an analysis of the turbulent length scales in
convection has been carried out. The estimates that arise from the exact relations
for the dissipation rates provide a good estimate for the local Kolmogorov length
in the bulk. The estimate for the Bolgiano length, however, may even be off by
an order of magnitude compared to the actual local values. Furthermore, this
often-employed estimate of the Bolgiano length decreases as the Rayleigh number
is increased, yet the local LB values in the center show an opposite correlation.
Thus the interpretation of structure function results using the global-averaged
turbulent length scale estimates fails.

Velocity structure functions calculated from the simulations have shown either
Bolgiano–Obukhov scaling at Ra = 108 or Kolmogorov scaling for the higher
Rayleigh numbers. The spatial resolution and maximal separation were inadequate
for observation of both regimes at the same time. Temperature statistics were in
compliance with active-scalar (Bolgiano–Obukhov) behavior.

The velocity data obtained in the experiment using SPIV were used for cal-
culation of velocity structure functions. Again, Bolgiano–Obukhov scaling was
present at large separations, in line with the DNS results on the turbulent length
scales. By using ESS it has been found that the relative scalings of the structure
functions are also different in the two regimes.

One other suggestion that comes forward from this study is that investigations
on the SF scalings could benefit from a larger-aspect-ratio cell. A larger measure-
ment area compared to the Bolgiano scale can result in a longer scaling range.
Furthermore, effects due to proximity of the sidewalls, also discussed in [153], can
probably be avoided, as well as the ‘shearing’ effects of the LSC.



Chapter 8

Conclusions and outlook

From the investigations presented in this thesis the diversity of effects of rotation on
turbulent convection has become apparent. The combined experimental-numerical
approach on the cylindrical domain, complemented with the numerical simulation
on a horizontally periodic domain, provides an extensive overview of the rotational
influences. In this chapter we first summarise the results for the cylindrical domain,
and then turn to those of the periodic domain momentarily.

Experiments and numerical simulations have been carried out at constant
Rayleigh number Ra = 1×109 and constant Prandtl number σ = 6.4. The Rossby
number Ro is the parameter that has been varied between experimental/numerical
runs. The flow phenomenology is strongly dependent on rotation. Connecting with
non-rotating convection in cylindrical domains, the large-scale circulation (LSC)
is the dominant flow feature in the cylinder for Rossby numbers Ro & 2.8. The
principal effect of rotation is to enact an anticyclonic precession of the LSC. How-
ever, the mere presence of a global structure like the LSC is not possible at low
Rossby number: as expressed in the Taylor–Proudman theorem or the thermal
wind balance, a vertical variation of the vertical velocity is forbidden outside of
boundary layers. The disintegration of the LSC by the rotation is found in the
range 1.2 . Ro . 2.8. At lower Rossby numbers vortical plumes become promi-
nent. These columnar structures are aligned vertically, and account for most of
the vertical transport. With increasing rotation the vortices become smaller and
more numerous. Cyclonic vortices are preferred. In the range 0.1 . Ro . 1.2
there is a disordered turbulent bulk; the vortical plumes do not penetrate far into
the fluid bulk. Only for the lowest Rossby numbers, Ro . 0.1, the entire fluid is
filled with vortices.

It is generally believed that rotation stabilises the convective flow: Chan-
drasekhar [38, 39] showed that rotation delays the onset of convection to higher
Rayleigh numbers. The suppression of convection by rotation is clearly observed
for Ro . 0.1: all turbulent fluctuations decrease rapidly as the Rossby number
decreases, including velocity, temperature, vorticity, and also the convective heat
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flux (Nusselt number Nu). The mean bulk temperature gradient is another sign
of stabilisation. There is an intermediate range 0.1 . Ro . 2.8 for which velocity
fluctuations scale approximately as Ro0.2 (fluctuations are damped when rotation
increases in this range), but temperature fluctuations show an opposite trend, fol-
lowing Ro−0.32. Under rotation the convective plumes need more buoyancy (larger
temperature difference with the surrounding fluid) to enter into the bulk fluid than
without rotation. In this range the Nusselt number attains up to 15% higher val-
ues than without rotation. Ekman pumping in the vortical plumes is an efficient
mechanism to transport fluid from within the thermal boundary layers to the ver-
tically opposite side, thereby increasing the heat transfer. A strong anisotropy
is developed in the central region, while closer to the walls rotation enhances
isotropy. These observations are different from rotating turbulence, where hori-
zontal fluctuations are stronger than vertical fluctuations. For the higher Rossby
numbers Ro & 2.8 the turbulence is basically unaffected by rotation. The divi-
sion into three convective regimes based on Ro matches with the phenomenological
classification proposed by Boubnov & Golitsyn [21,22]. Excellent qualitative agree-
ment is found between experiment and simulation. Quantitatively the simulations
produced stronger fluctuations than measured in the experiments. The experimen-
tal conditions are not as well-defined as the ‘ideal’ numerical setup. It is expected
that the nonperfect heat conduction in the plates in the experiment influences the
formation of buoyant structures. The local heat flux into the plumes is damped by
the finite heat conduction of the plates, disturbing the formation of the plumes,
and as a result the magnitude of velocity and vorticity fluctuations decreases. Also,
in the experiment the buoyant structures have a larger cross-sectional area.

In the numerical simulations on the horizontally periodic domain, at constant
Prandtl number σ = 1, two different Rayleigh numbers are used: Ra = 2.5 × 106

and 2.5 × 107. The Rossby number Ro is varied between runs to scan rotational
effects at both Rayleigh numbers. The flow is organised similarly as in the cylin-
drical domain, except at high Rossby numbers Ro & 1. The organisation into a
large-scale circulation is not as pronounced, though plumes tend to cluster also
in horizontally periodic domains [117, 131]. Rotation has a similar influence on
turbulence intensities as in the cylinder, but, unlike the cylindrical case, through-
out the Rossby number range under investigation (up to Ro = 4) the influence
of rotation on the turbulent fluctuations was noticed. The heat transfer increase
under rotation was only 3%, which is expected to be a combined effect of boundary
conditions and Rayleigh and Prandtl number differences. At the lower Rayleigh
number Ra = 2.5×106 it was even possible to lower the Rossby number below the
critical value for the onset of convection, into the convectively stable situation. An
inventory of the turbulent kinetic energy budget revealed that Ekman pumping is
indeed responsible for the increased heat transfer (Nusselt number). The results
and scalings from this horizontally periodic domain are qualitatively similar to
the results from the cylinder, away from the sidewall region. There are of course
quantitative differences caused by the use of different Ra and σ.

In the simulations on the horizontally periodic domain the vortical plumes were
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found to nearly obey vertical symmetries. This inspired a theoretical investigation
to find a model for the vortical plumes by prescribing these symmetries. The model
vortex was also used to estimate the heat transfer. The vortex model and the heat
transfer result were both highly compatible with the results from the numerical
simulations.

A study of structure-function scalings in non-rotating convection revealed the
existence of a scaling range that obeys the scalings proposed by Bolgiano and
Obukhov (BO) [19, 114]. Whether such a scaling range exists has been disputed
in the literature [142, 153]. The usual approximation of the Bolgiano length LB,
separating the BO range from the Kolmogorov scaling (K41) [89], was shown to
underestimate its true value by up to an order of magnitude. Furthermore, an
application of extended self-similarity [12] revealed different relative scalings be-
tween the BO and K41 regimes, pointing at different intermittency effects. These
scalings are currently under study for rotating convection, to elucidate the ef-
fects of rotation on the small-scale dynamics and energy dissipation mechanism in
convective turbulence.

Several other unresolved issues remain. The dynamics and break-down of the
LSC under rotation is only poorly understood. Since the LSC is such a dominant
feature of confined convection it is of fundamental interest to learn the exact in-
fluences of rotation on it. Furthermore, it has become clear that the maximal con-
vective heat flux is found at a Rossby number at which the LSC is absent. For an
explanation of the convective heat flux under rotation it is expected that the vorti-
cal plumes must be better described. Results on various properties of the vortical
plumes, as determined in different studies (this work and Refs. [20,135,169,170]),
are not coherent. Major difficulties are the detection of the vortices and the subse-
quent ensemble averaging into a single representative shape. The presence of the
mean temperature gradient in rotating convection is only qualitatively explained;
its presence points at changes in the mixing processes that redistribute thermal en-
ergy. Rotation may indeed be of considerable influence on mixing of temperature
and other scalars (e.g. salinity, pollutants) in geophysical convection.

Turbulent rotating convection is described by four parameters: Ra, σ, Ro,
and Γ. In this work the focus was on variation of Ro at constant Ra of O(106−109)
and σ of O(1). However, in many of the applications mentioned in the introduction
vastly different parameter ranges are relevant. In the convective layer of the Sun
the Rayleigh number is very large, up to Ra ∼ 1023. To accurately study this
convection setting, a huge increase of the Rayleigh number is needed. Experimental
models to study dynamo action in the Earth’s liquid-metal core [6, 7] use fluids
with a very small Prandtl number of order 10−2 (e.g. liquid gallium). It is not
easily predicted what the effects of such huge changes in parameter range may be.
This is a great challenge for theory, numerical simulation, and experiment.





Appendix A

Velocity gradient tensor in

cylindrical coordinates

The velocity gradient tensor ∇u ≡ ∂ui/∂xj in cylindrical coordinates (ρ, φ, z) is
given by
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It can be split into a symmetric part
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and an antisymmetric part
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with ω ≡ ∇ × u = (ωρ, ωφ, ωz) the vorticity. The tilde on Ω̃ is just a notation to
differentiate it from the rotation vector Ω.
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Summary

Turbulent rotating convection

Many flows in nature and technology are driven by buoyant convection and subse-
quently modulated by rotation. Typical and highly relevant examples are found in
the large-scale geophysical flows in the atmosphere and the oceans on our Earth.
A simple yet relevant model is found in rotating Rayleigh–Bénard convection: a
fluid layer enclosed vertically between parallel rotating walls is heated from be-
low and cooled from above. The aforementioned flows typically have no lateral
confinement (atmosphere), or a very large horizontal extent compared to depth
(ocean basins). To experimentally investigate such flows some lateral confinement
must be introduced. In numerical simulations another opportunity arises to cope
with the lateral directions: the application of periodicity on the lateral boundaries
of the computational domain approximates a horizontally infinite fluid layer. In
this thesis four investigations of turbulent rotating convection are combined.

In the first part turbulent rotating convection is investigated experimentally.
Local in situ velocity measurements are performed using stereoscopic particle im-
age velocimetry (SPIV) in a cylindrical convection cell of diameter-to-height aspect
ratio one, placed on top of a rotating table. SPIV is a nonintrusive method that
measures the three components of velocity at many positions in a two-dimensional
cross-section of the fluid. Experiments at various rotation rates showed that the
organisation of the flow into coherent structures is strongly dependent on rotation.
For small rotation rates the domain-filling large-scale circulation, well-known from
non-rotating convection, is the dominant feature. At larger rotation rates an ir-
regular, unsteady array of vortical plumes is found. The turbulence intensity is
reduced by rotation, and the vertical inhomogeneity increases.

Numerical simulations of turbulent rotating convection in a cylinder cover the
second part of the thesis, to compare with and expand on the experimental re-
sults. The Navier–Stokes and heat equations are written in cylindrical coordinates
and discretised using second-order accurate finite-difference approximations for the
derivatives. The cylinder axis is treated separately to avoid the singularities that
arise there in the formulation in cylindrical coordinates. The simulations confirm
the findings from the experiments. Additionally, it is found that, despite the reduc-
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tion of turbulence intensity, the convective heat transfer through the fluid layer is
enhanced in a certain range of rotation rates. The vortical plumes are responsible
for nearly all vertical transport of fluid and heat. They possess an efficient means
for entraining boundary-layer fluid and transporting it towards the vertically op-
posite side: Ekman pumping. Ekman pumping enhances the heat transfer. At the
highest rotation rates, however, the inhibition of velocity by rotation dominates
and the heat flux decreases abruptly.

Another numerical approach is employed in the third part. The computational
domain is rectilinear. Periodic boundary conditions are applied in the horizontal
directions and solid boundaries vertically. The discretisation employs formula-
tions of the discrete derivatives that preserve the (skew-)symmetry of the original
differential operators, which, combined with a Richardson extrapolation, attains
fourth-order accuracy. The (skew-)symmetric formulation ensures mass and mo-
mentum conservation, as well as stability. With a variation of the rotation rate
between simulations similar trends as in the other two parts are found. Evaluation
of the turbulent kinetic energy budget revealed the Ekman pumping contribution
in the turbulent transport term.

The fourth part is a theoretical investigation. Under rapid rotation the vortical
plumes that are formed are nearly symmetric in the mid-plane. A prescription of
these symmetries in the governing equations, with the vertical boundary condi-
tions as before, has led to a vortex solution which possesses many of the features
of the vortical plumes found in the numerical simulations. This vortex solution
has also been used to derive a relevant upper bound on the heat transfer. The
vortex solution can be used as a model for the vortical plumes of strongly rotating
convection.

The thesis concludes with a discussion of the structure function scaling in
turbulent (non-rotating) convection. There is an ongoing debate in the literature
on whether turbulent convection possesses a range of scales for which the so-called
Bolgiano–Obukhov scaling is valid. This scaling occurs when the temperature acts
as an active scalar, rather than the Kolmogorov–Obukhov–Corrsin scaling when
temperature is passive. It is shown that the length scale that separates the two
ranges, the Bolgiano length, can vary considerably in magnitude depending on the
measurement position within the flow domain. It is much larger than the oft-used
a priori estimate based on the domain-integrated dissipation rates. Taking into
account the local Bolgiano scale, the Bolgiano–Obukhov scaling range has been
found both in the experiment and in the numerical simulations.

The results from the various investigations presented in this thesis elucidate
the effects of rotation on the statistics and the formation of coherent structures
in convective turbulence. It has provided valuable input for the modelling of
convective flow under rotation in, e.g., climate models.
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Samenvatting

Veel stromingen die optreden in vloeistoffen en gassen in de natuur en in technolo-
gische toepassingen worden gedreven door verwarming en/of koeling. In sommige
gevallen spelen effecten van rotatie ook een rol. Zeer belangrijke voorbeelden van
zulke stromingen zijn te vinden in de oceanen en de atmosfeer van onze aarde.
Er bestaat een eenvoudig maar relevant model voor deze grootschalige geofysi-
sche stromingen: roterende Rayleigh–Bénard convectie. In dit model wordt een
vloeistoflaag beschouwd die is ingebed tussen twee horizontale wanden, beiden
roterend om een verticale as, waarbij de onderste wand de vloeistof verwarmt en
de bovenste wand juist koelt. In de genoemde voorbeelden is er geen horizon-
tale begrenzing (atmosfeer) of een grote horizontale afmeting ten opzichte van de
diepte (oceaanbekkens). Om zulke stromingen te bestuderen met een experiment
is het gebruik van een zijwand noodzakelijk. In numerieke simulaties is er een
andere mogelijkheid om het domein lateraal te begrenzen: met het voorschrijven
van periodieke randvoorwaarden aan de horizontaal begrenzende vlakken kan het
gedrag van een horizontaal oneindige vloeistoflaag worden benaderd. Dit proef-
schrift bestaat uit vier studies van turbulente roterende convectie.

In het eerste deel wordt een experiment behandeld. Een cilindrische convectie-
cel met gelijke diameter en hoogte, gevuld met water, is geplaatst op een roterende
tafel. Lokale stroomsnelheidsmetingen zijn uitgevoerd door met een stereoscopisch
beeld de verplaatsingen van patronen van zeer kleine deeltjes in het water vast te
leggen (SPIV). SPIV is een methode waarbij van buitenaf geen mechanische delen
in het water geplaatst hoeven worden. De drie componenten van de snelheidsvec-
tor op veel posities tegelijk kunnen worden gemeten in een vlakke doorsnede van
de vloeistof. Experimenten bij verschillende rotatiesnelheden hebben uitgewezen
dat de vorming van coherente structuren in de stroming sterk afhangt van deze
rotatiesnelheid. Bij lage hoeksnelheden wordt er een grootschalige circulatiecel
gevormd die de gehele cilinder beslaat. De vorming van een dergelijke circulatie-
cel is een bekend verschijnsel in convectie-experimenten zonder een opgelegde ro-
tatie. Bij hoge hoeksnelheden ontstaat een onregelmatig en instabiel patroon van
wervels. Die wervels zijn verantwoordelijk zijn voor het overgrote deel van het
verticaal transport. De intensiteit van de turbulentie neemt af door het opleggen
van rotatie terwijl de inhomogeniteit in de verticale richting toeneemt.

Het tweede deel van dit proefschrift behandelt numerieke simulaties van turbu-
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lente roterende convectie in een cilinder. De resultaten hiervan worden vergeleken
met de resultaten van de experimenten. De Navier–Stokesvergelijking en de ver-
gelijking voor de temperatuur worden in cilindercoördinaten geschreven en gedis-
cretiseerd met een eindige-differentiemethode voor de afgeleiden die nauwkeurig
is tot tweede orde. De cilinderas wordt apart beschouwd om de singulariteiten te
voorkomen die daar normaliter ontstaan bij een formulering in cilindercoördinaten.
De simulaties bevestigen de bevindingen uit de experimenten. Daarnaast is gevon-
den dat rotatie de convectieve warmteflux kan vergroten ondanks de afgenomen
intensiteit van de turbulentie. De wervels, die verantwoordelijk zijn voor het verti-
caal transport, veroorzaken Ekmantransport: vloeistof vanuit de grenslaag wordt
actief opgenomen in de wervels, die vervolgens zorgen voor het transport naar de
overkant. Ekmantransport vergroot de warmteflux. Echter, bij zeer hoge rotatie
wordt het verticaal transport in toenemende mate beperkt door de rotatie en de
warmteflux is dan ook sterk verminderd.

Een andere numerieke aanpak is gebruikt in het derde deel. Het rekendomein
is rechtlijnig. Periodieke randvoorwaarden worden opgelegd in de horizontale
richtingen. Vaste wanden begrenzen het domein van boven en van beneden.
De discretisatie van de vergelijkingen is uitgevoerd met inachtneming van de
(scheef)symmetrie van de differentiaaloperatoren. Gecombineerd met een Richard-
sonextrapolatie bereikt deze formulering een nauwkeurigheid tot vierde orde. De
(scheef)symmetrische formulering garandeert behoud van massa en impuls, alsmede
stabiliteit. Vergelijkbare trends als in de vorige delen zijn gevonden met het op-
leggen van verschillende rotatiesnelheden. Uit een kwantitatieve evaluatie van het
evenwicht van productie, transport en dissipatie van turbulente kinetische energie
is het Ekmantransport gevonden in de turbulente transportterm.

Het vierde deel bevat een theoretische studie. Bij sterke rotatie voldoen de
wervelkolommen die gevormd worden in goede benadering aan bepaalde verticale
symmetrieën. Deze symmetrieën zijn voorgeschreven in de beschrijvende vergelij-
kingen, gecombineerd met de randvoorwaarden zoals hierboven genoemd. Zo is
een werveloplossing gevonden die veel kenmerken vertoont van de wervels die in de
numerieke simulaties zijn gevonden. Met deze werveloplossing is ook een boven-
grens van de warmteflux gevonden. De werveloplossing is bruikbaar als model voor
de wervels in sterk roterende convectie.

Het proefschrift wordt afgesloten met een analyse van het schalingsgedrag van
structuurfuncties in turbulente (niet-roterende) convectie. In de vakliteratuur
wordt een voortdurende discussie gevoerd over dit schalingsgedrag. Er wordt be-
twist of in de structuurfuncties een zogenaamd Bolgiano–Obukhov schalingsgedrag
voorkomt. Dit zou erop duiden dat de temperatuur zich als een actieve scalaire
grootheid gedraagt, in tegenstelling tot het Kolmogorov–Obukhov–Corrsin scha-
lingsgedrag dat optreedt bij een passieve scalair. Aangetoond is dat de lengteschaal
die de scheiding vormt tussen de twee gedragingen, de lengteschaal van Bolgiano,
flink kan verschillen in grootte afhankelijk van de meetpositie in het cilindervolume.
De lokaal gemeten lengteschaal van Bolgiano is aanzienlijk groter dan de schatting
die volgt uit de exacte relaties voor de totale dissipaties van kinetische energie en
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temperatuurvariantie. Met inachtneming van de lokale lengteschaal van Bolgiano
is het Bolgiano–Obukhov schalingsgedrag gevonden in zowel het experiment als de
numerieke simulaties.

De resultaten van de verschillende studies die zijn opgenomen in dit proef-
schrift verhelderen de effecten van rotatie op de statistieken en de vorming van
coherente structuren in roterende convectie. Er is waardevolle informatie gevon-
den die kan bijdragen aan het accuraat modelleren van convectieve stromingen die
onder invloed staan van rotatie. Een belangrijk voorbeeld is de formulering van
klimaatmodellen.
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Bloemen en Niël), Petra, Ralph, Richard, Rini, Ruben, Thijs, Vincent, Wenqing,
Werner, Willem, Yan en Zeinab. Een speciaal compliment aan de koffiezetters, die
ervoor zorgen dat er elke dag weer om kwart voor elf een grote pot koffie klaarstaat.

Dit onderzoek was niet mogelijk geweest zonder de nodige steun, zowel tijdens
de promotie als in het voortraject. Ik wil mijn ouders hartelijk danken voor hun
steun en de mogelijkheden die ze mij geboden hebben. Pap en mam, eine dikke
merci! Ook de andere naaste familie wil ik hierbij betrekken: mijn broers en
schoonzussen-in-spe, Johan en Sibil, Bennie en Ruth.

Tenslotte is er nog iemand die met mij deze periode van heel dichtbij heeft
doorgemaakt, wier liefde, steun en begrip mij er mede doorheen gesleept heeft.
Silvie, dank je wel!

192



Curriculum Vitae

13 July 1980 Born in Stramproy, The Netherlands

1992–1998 Gymnasium
Bisschoppelijk College
Weert, The Netherlands

1998–2004 Applied Physics
Eindhoven University of Technology
Eindhoven, The Netherlands

2004–2008 PhD candidate
Vortex Dynamics and Turbulence group
Department of Applied Physics
Eindhoven University of Technology
Eindhoven, The Netherlands

2008– Postdoctoral research fellow
Institute of Aerodynamics
RWTH Aachen University
Aachen, Germany

193




	Introduction
	Theoretical background
	Equations of motion
	The Boussinesq equations
	Coriolis and centrifugal forces

	Dimensionless numbers
	Thermal wind balance
	Ekman and Stewartson boundary layers
	Convective turbulence: some useful definitions

	Laboratory experiments
	Experimental setup
	Convection cell
	Measuring arrangement

	Stereoscopic particle image velocimetry
	Measurement procedure
	Flow phenomenology
	Large-scale circulation
	Method
	No rotation
	Effect of rotation on the LSC
	A model for the LSC precession

	Vortex identification
	Velocity and vorticity statistics
	Turbulence intensities
	PDFs of velocity and vorticity

	Anisotropy in turbulent rotating convection
	Conclusions

	Rotating convection simulated in a cylinder
	Numerical setup
	Flow phenomenology
	Large-scale circulation
	Vortex identification
	Secondary circulation

	Rotational dependence of turbulence statistics
	Turbulence intensities
	Boundary layers
	Mean temperature gradient
	PDFs of temperature
	PDFs of velocity and vorticity
	Heat transfer
	Anisotropy

	Conclusions

	Numerical simulation on a periodic domain
	Numerical setup
	Vertical profiles for velocity, vorticity and temperature
	Heat flux intensification by flow localization
	PDFs of velocity, vorticity and temperature
	Kinetic energy budget
	Conclusions

	A model for vortical plumes in rotating convection
	Introduction
	A heuristic model
	Results of the model
	Concluding remarks

	Structure-function scaling in turbulent convection
	Introduction
	Structure functions and scaling
	Numerical arrangement
	Numerical results
	Experiments
	Conclusions

	Conclusions and outlook
	Velocity gradient tensor in cylindrical coordinates
	Bibliography
	Summary
	Samenvatting
	Dankwoord
	Curriculum Vitae

