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Analytical and Numerical Techniques for Solving Laplace and
Poisson Equations in a Tubular Permanent Magnet Actuator:

Part II. Schwarz–Christoffel Mapping
B. L. J. Gysen, E. A. Lomonova, J. J. H. Paulides, and A. J. A. Vandenput

Electromechanics and Power Electronics Group, Department of Electrical Engineering, Eindhoven University of Technology,
Eindhoven 5600 MB, The Netherlands

In Part I of the paper, we derive a semianalytical framework for the magnetic field calculation in the air gap of a tubular permanent-
magnet (PM) actuator. We also make an extension for skewed topologies. However, the slotting effect and its related cogging force cannot
be determined in a straightforward way. Therefore, in Part II, we apply the Schwarz–Christoffel (SC) conformal mapping method to one
pole-pair of the tubular PM actuator. This mapping allows for field calculation in a domain where standard field solutions can be used.
In this way, slotting effects can be taken into account; however, skewing cannot be implemented directly. The SC-conformal mapping
method is valid only for two-dimensional Cartesian domains. We therefore apply a special transformation from the cylindrical to the
Cartesian coordinate system to describe the tubular actuator as a linear actuator.

Index Terms—Conformal mapping, permanent magnet, tubular actuator.

I. INTRODUCTION

ANALYTICAL descriptions of the magnetic field distribu-
tion and the related force and electromotive force (EMF)

waveforms have the advantage of giving physical insight into
the design and optimization problem of finding the optimal ge-
ometry for a given set of performance specifications. Although
these methods are very elegant and fast, for a geometry with
a slotted structure, the slotting effect is difficult to incorporate.
This slotting effect and its related cogging force can be elim-
inated by means of control [1], however, reducing this effect
during the design offers the benefit of reducing the need for
control, and thereby increasing the efficiency and stability of
the actuator. In [2], it is shown that the cogging force due to
the slotting effect can have an amplitude of 120 N, which can
be relativly large depending on the application, and therefore it
cannot be neglected during the design and optimization process.

In order to model this effect, the Schwarz–Christoffel (SC)
conformal mapping technique is used [3]. This theory origi-
nates from the Riemann mapping theorem (1851), which states
that any simply connected region in the complex domain can
be mapped onto any other provided that neither is the entire
plane. This method was widely described in the literature and
mainly addressed to the rotary machines: synchronous and
asynchronous ones [4]–[8]. This paper explains an application
of this method for a tubular permanent-magnet (PM) actuator
in order to calculate the related cogging force due to the slotting
effect, as well as the total force (neglecting end effects). The
tubular structure of the machine causes some complications
since the SC-mapping technique only applies to two-dimen-
sional Cartesian domains. A mapping based upon “unrolling”
and “stretching” the tubular machine into a linear machine
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Fig. 1. Cross section of one pole-pair of the tubular PM actuator.

is used to tackle this problem. Furthermore, the modeling of
coils and magnets in the mapping domain is considered and the
results are verified with finite-element (FE) software of FLUX
[9] with nonlinear iron.

In Fig. 1, a cross section of one pole-pair of the tubular PM
actuator is shown together with the relevant dimensions, where
the values are given in Part I of the paper. Note that in this case
full pitch magnets are considered, , but the technique
also applies for other magnet-to-pole-pitch ratios.

II. SCHWARZ–CHRISTOFFEL CONFORMAL MAPPING

Conformal mapping is a mathematical transformation of one
domain to another. It has the ability to map a complex struc-
ture, like a slotted stator, to a relative simple structure (circle,
rectangle, bi-infinite strip, upper half plane, etc.) of which the
field solutions are given in the literature. The original domain is
called as the W-domain, where the actuator consists of vertices,

, and interior angles, , in counterclock-
wise order. The mapping domain is called as the Z-domain with
corresponding prevertices, . It is possible to consider
the total actuator including end and slotting effects, however one
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Fig. 2. Polygon P of the air-gap region of one pole-pair of the tubular PM
actuator.

pole-pair, see Fig. 2, has already 28 vertices. Taking into ac-
count that the total actuator consists of five pole-pairs, ,
this would result in a polygon of more than 140 points since the
extra pole-pairs of the translator, which are situated outside the
stator, have to be taken into account in order to model the end
effects. The calculation of the mapping function and magnetic
field distribution would therefore need a long computation time.
However, the end effects can be considered separately from the
total force by firstly, considering only one pole-pair of the total
actuator, hereby excluding the end effects, and secondly, consid-
ering only end effects by modeling the stator as a full iron block,
which decreases the number of vertices drastically. In this paper
only one pole-pair of the actuator is considered, but end effects
can be modeled by following basically the same strategy.

Due to the physical nature of the electrical machines, the con-
version of the electromagnetic energy takes place in the air gap.
Thus, the identification of the magnetic field inside the air gap is
one of the major steps within the design procedure of electrical
machines. The polygon, , should therefore represent the air
gap. However, the polygon, , must be closed and since the
air-gap region for one pole-pair is not a closed structure in a
linear machine, periodic boundary conditions are applied, which
are represented by two extra lines in the total polygon,
and ; see Fig. 2. The mapping of this polygon onto a
rectangle is applied, where it is ensured that the left and right
sides of the rectangle correspond to the extra lines,
and , in the W-domain. Therefore, the same periodic
boundary conditions can be applied in the Z-domain, hereby
eliminating the need of an extra transformation to enforce pe-
riodic boundary conditions. Normally, the rectangle is mapped
onto a circle to enforce periodic boundary conditions [5].

The mapping function from a rectangle polygon, , in the
Z-domain to the actuator air-gap polygon, , in the W-domain
is given by [3]

(1)

where and are a complex offset and scaling constant,
respectively.

Fig. 3. Mapping of the polygon P to the rectangular Z-domain.

In Fig. 3, the mapping in the Z-domain is shown. Note that
the four corners in the W-domain, , correspond to
the four corners in the Z-domain, . This is neces-
sary in order to have the same boundary conditions on each
side of the rectangle in the Z-domain. So, the lines, and

, are periodic boundary conditions and the lines,
and , represent the boundary conditions at the iron.

The goal is to calculate the field at the center radius of the air
gap, , therefore it is necessary to know
which points in the Z-domain correspond to the points of the
center radius of the air gap in the W-domain. This is done by
the inverse transformation, , which is impossible to
solve analytically for polygons which consist of more then four
points, and therefore this inverse transformation is calculated
numerically. Since this increases the computation time, these
points have to be limited according to the application. Once the
points in the Z-domain are determined, the field solution can
be calculated at these points. The field solution obtained at the
points, , can then be plotted as a function of the corresponding
points in the W-domain, , which is the desired solution. So the
strategy can be summarized as follows.

• Define polygon in the W-domain.
• Calculate mapping function .
• Define grid in the Z-domain by .
• Calculate field in the Z-domain at points .
• Mapping of the field solution to the W-domain.
• Proceed with EMF and force calculation.

III. APPLICATION OF SC-MAPPING

A. Coordinate System

The SC-mapping strategy is applied to one pole-pair of the
tubular PM actuator. In order to use the SC-mapping method
for field calculation in the Z-domain and transform it back to
the W-domain, the field equations should be valid in both do-
mains. Therefore, consider the magnetostatic Maxwell equa-
tions in terms of the magnetic vector potential, , given by the
Poisson equation

(2)

where is a source term depending on spatial
parameters and/or time, with the current density vector and

the magnetization vector of the magnets. For a source-free
region, the Poisson equation reduces to the Laplace equation

. These equations should be the same in both do-
mains. The Z-domain is always a two-dimensional Cartesian co-
ordinate system, , but the W-domain is a two-dimensional
axisymmetric cylindrical coordinate system, , which has a
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Fig. 4. Unrolling from (r; z) to (u; v).

different form of Laplace equation. In both domains the mag-
netic field has only directions in and , respectively,
therefore, the magnetic vector potential, , has only a direction
orthogonal to both directions of both domains, which is inde-
pendent on the orthogonal direction. So, in summary

(3)

(4)

where is the unit vector in orthogonal direction of both do-
mains, and evaluation of gives

(5)

(6)

This means that a field solution in the Z-domain does not
correspond to a field solution in the W-domain. Therefore, the
geometry of the actuator is transferred from the axisymmetric
cylindrical coordinate system, , to a Cartesian coordinate
system, , by “unrolling” and “stretching” the tubular ac-
tuator; see Fig. 4. The mean area of the air gap is kept constant
by taking the depth of the two-dimensional Cartesian model,
L, equal to the circumference of the air gap, , and the
geometry parameters in the direction of movement are also kept
the same, .

While unrolling the actuator from to , the perme-
ances in the - and -directions should be the same as the per-
meances in - and -directions in order to have the same electro-
mechanical behavior. This means that and .
However since is already defined, there is only a freedom of
changing . Solving two independent equations with only one
variable is impossible. Therefore, in general, it will be impos-
sible to describe the tubular actuator as a linear actuator with
exactly the same behavior. If a piece of material is considered
in both the tubular and linear actuator, as depicted in Fig. 5, then
the permeances in - - -, and -directions are given by

(7)

(8)

(9)

(10)

It can be observed that the axial permeances depend quadrati-
cally on . Therefore, the transformation from the axisymmetric
cylindrical coordinate system to the two-dimensional Cartesian

Fig. 5. Permeances in both coordinate systems.

coordinate system is performed by keeping the axial perme-
ances equal, . And since , the final trans-
formation of the coordinate system is given by

(11)

(12)

Note that this introduces an error for the radial permeances,
however this error is zero in the middle of the air gap, which
is the most important position since the force is evaluated on
the magnetic field solution in the middle of the air gap.

B. Field Calculation

For calculation of the mapping function, the MATLAB SC
Toolbox [10] is used, the current version was released in 2005.
This toolbox allows for automatic calculation of the mapping
function (1). The polygon, , is defined as in Fig. 2, where the
transformation (11)–(12) is applied. If the mapping function is
calculated, the grid in the W-domain has to be defined according
to the points where the magnetic field has to be calculated. The
grid points in the W-domain, , are complex num-
bers where the real part corresponds to the -direction and the
imaginary part corresponds to the -direction. If a uniform grid
is considered, all these points undergo an inverse transforma-
tion which is very time-consuming, and it is useful to consider
only points inside the polygon, , and eliminate the other ones,
since for these points the mapping function (1) does not hold;
see Fig. 6.

These points are then transformed to the Z-domain by the in-
verse transformation . The grid in the air gap and the
magnets is relatively unchangable due to the SC-transformation,
whereas the grid of the coils, however, is almost mapped into a
point as indicated in Figs. 7 and 8. This phenomenon is called
crowding and it is best to avoid it because it influences the ac-
curacy of the solution [11].

The coils are squares in the W-domain but in the Z-domain
they are definitely not. In order to use standard field solutions in
the Z-domain, the square coil is divided into a finite number of
points, , each with a current, , where
is the phase current, is the number of windings, and is the
number of point wires used for mapping the square coil. These
point wires, , are also mapped into the Z-domain, where the
magnetic field is calculated for each of them. The same holds
for the magnets and therefore, they are modeled as two current
sheets at the side of the magnets. This equivalency is valid for
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Fig. 6. Grid in the W-domain and Z-domain of one pole-pair of the tubular PM
actuator.

Fig. 7. Demagnetization curve of the magnets and the load line.

rare-earth permanent magnets where is close to unity and
when a homogeneous magnetization is considered. These cur-
rent sheets consist of a finite number, , of points, which are
also mapped to the Z-domain. The value of the current for one
wire of the current sheet is defined as

(13)

(14)

where is the remanence flux density, is the recoil per-
meability, and is the original height of the magnets in the
cylindrical coordinate system. The working point of the magnet
is approximately given by

(15)

The total mapping of the wires is shown in Fig. 8. The next
step is to calculate the field solution in the Z-domain for all these
point wires. The flux density has directions in and , but due to
the transformation the -direction (or -direction) in the W-do-
main does not correspond to the -direction (or -direction) in

Fig. 8. Point wires in the W-domain and Z-domain of one pole-pair of the
tubular PM actuator.

the Z-domain, and therefore if the flux density has to be mapped
back to the W-domain, the gradient of the mapping function has
to be taken into account

(16)

Another option is to calculate the magnetic vector potential in
the Z-domain, since it has only a component in the -direction,
which is unchanged due to the transformation. The magnetic
vector potential is then easily obtained in the W-domain and the
magnetic field in the W-domain can then be calculated by

(17)

(18)

However, since (18) requires more points, , to be mapped in
order to calculate the curl, it is more efficient to calculate
in the Z-domain and use (16) to calculate the magnetic field
in the W-domain. The total magnetic field solution is obtained
by superposition of the individual field solutions of every point
wire.

Thus, consider the Z-domain with one-point wire. The top
and bottom of the rectangle have an iron boundary, whereas the
left and right ones have periodic boundary conditions. The mag-
netic field solution is obtained by applying the imaging method
to the top and bottom boundaries, and translation to the left and
right boundaries. Normally, the imaging method requires a sum-
mation over the imaged point wires, but an analytical description
is given in [12]. The only summation left is for superposition of
the magnetic field of the translated point wires in the -direc-
tion, Fig. 9. In practice, only a finite number of translations is
considered, .

The magnetic field of a single point wire is given by [12]

(19)
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Fig. 9. Imaging and translation of a point wire in the Z-domain of one pole-pair
of the tubular PM actuator.

TABLE I
SIMULATION PARAMETERS

with

(20)

(21)

where - and - the dimen-
sions of the rectangle of the Z-domain and is the current of
the point wire, , in the case of the coils and , in the case of
the magnets.

Additionally, the magnetic field in the W-domain is calcu-
lated by (16) and compared with a FE calculation for a phase
current of , for A/mm the
area of the coils in the cylindrical domain and the parameters
given in Table I, the solution is plotted in Fig. 10. Very good
agreement of the field solution inside the air gap has been found
within 2%. Note that the FE calculation is performed on the ax-
isymmetric cylindrical model.

C. EMF Calculation

For the evaluation of the EMF waveform, the flux linkage of
each phase must be calculated. The magnetic field is evaluated
at the stator bore, , instead of and the flux linkage is
approximately the amount of radial flux at the tooth of the phase
that is considered

(22)

Fig. 10. Magnetic field in the air gap of one pole-pair of the tubular PM
actuator.

Fig. 11. EMF waveforms of the tubular PM actuator for a constant speed of
0.5 m/s.

where is equal to or for phase or , respec-
tively. This is the flux linkage of one tooth per phase and it has
to be multiplied by the number of teeth per phase, , for the
total flux linkage per phase. The EMF is then calculated as

(23)

These waveforms are calculated for a constant speed of
m/s and shown in Fig. 11 together with

the FE calculation, good agreement has been found. The EMF
waveforms of the SC-mapping are slightly higher then the FE
calculation due to the calculation of the fields at which
introduces a small error caused by the transformation from

to .
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Fig. 12. Thrust force excluding end effects.

D. Force Calculation

When the total field distribution in the air gap is known, the
force acting on the translator can be calculated by means of the
Maxwell stress tensor

(24)

where is the normal vector on the surface is the number
of pole-pairs, and the tensor is defined as

(25)

where and is the total radial, angular, and axial mag-
netic field at the surface , respectively. In (24), is the closed
surface which consists of the air-gap surface, ,
the sides of the W-domain, and ,
and a surface in the back iron of the translator, .
If (24) is evaluated on , only the surface of the air gap, , is
important because the sides of the -plane, and , have pe-
riodic boundary conditions which cancel each other since their
normal vectors are in opposite direction, and the surface in the
back iron of the magnets, , has a high permeability which is
negligible compared to the permeability of the air gap. This sim-
plifies (24) to

(26)

When movement is involved, only the sheets of the magnets
are moved in the -direction. In this way the mapping function
stays fixed during movement; no grid mapping and coil mapping
have to be performed which take a lot of computation time. The
verification with the nonlinear FEM is shown in Fig. 12 and
acceptable agreement has been found within 5% accuracy. This
total force does not include end effects, however cogging effect
due to the slotted structure is identified. The slotting effect itself

Fig. 13. Cogging effect due to slotting.

is also calculated and verified with the nonlinear FEM, shown
in Fig. 13. In every case, acceptable results within 5% accuracy
are achieved. It is wise to mention that the force calculation
by means of the Maxwell stress tensor is very sensitive to the
density of the grid. Nevertheless, care should be taken when
reducing the sizes of the tooth tips since saturation becomes
dominant in that case and the actual cogging force will differ
from the SC-mapping results.

IV. COMPUTATION TIME

Another issue that has to be considered is the computation
time. In this geometry, a transformation of a polygon of 28
points has to be mapped which takes about 33 s, which is quite
long when optimization is considered. But if the polygon is
slightly changed, which will be the case during optimization, the
SC-mapping algorithm can use the previous simulated mapping
in order to calculate the mapping of the changed polygon, which
results in a much faster mapping and is therefore still useful for
optimization. The field and force calculations take less then 1 s,
depending on the number of images and translations in the Z-do-
main and the resolution of the air gap. The coils consist of a finite
number of wires which are mapped in the Z-domain. In Fig. 8, it
can be observed that all these wires are almost mapped onto one
point in the Z-domain. Thus, if knowledge about the field distri-
bution close to the coils is not necessary (for example, for force
calculation) the coils can be modeled by just a single wire which
saves a number of field calculations and inverse mappings. As
an indication, the force calculation provided in this paper is per-
formed within 4 min whereas the nonlinear FE calculation takes
about 10 times longer.

V. CONCLUSION

The SC-mapping technique for determination of the magnetic
field in the air gap and thrust force for a tubular PM actuator is
presented. A transformation has to be used in order to apply the
SC-mapping technique for a tubular PM actuator. The advan-
tage of this technique is that the slotting effect can be taken into
account and results are generated in a relatively fast way. How-
ever, for a tubular actuator, a special transformation has to be
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applied in order to describe the geometry in a Cartesian coor-
dinate system. The various steps have been described in order
to apply the SC-mapping for evaluation of the magnetic field,
EMF, and force waveforms. Accurate results up to 3.5% have
been achieved with a relatively short computational time.

In Part I of the paper, the semianalytical framework is pre-
sented for calculation of the force waveform, neglecting end
and slotting effects. In this paper, the slotting effect is identified
with the SC-mapping technique. Both tools are implemented in
a MATLAB environment which gives the ability to combine
both solutions, in order to calculate the total force in a rela-
tively fast way, neglecting end effects. However, these end ef-
fects can be calculated with the semianalytical framework [13],
or with the SC-mapping technique using the same strategy as
described in this paper. Combining the three solutions gives the
total force with the inclusion of all the force ripples. In fact, it
is also possible to use only the SC-mapping method, but keep
in mind that the mapping from the cylindrical to the Cartesian
domain introduces an error, which can become significant for
geometries with larger air-gap lengths. If the end effects could
be described by one of both models, then the total force profile
of the tubular PM actuator could be determined in a relatively
fast way. A combination of both models can therefore be used as
a framework for optimization technique in order to find the op-
timal geometry for maximizing the mean force and minimizing
the total force ripple of the tubular PM actuator.

ACKNOWLEDGMENT

The authors would like to thank Dr. A. van Deursen for the
background information about conformal mapping and the re-
lated numerical implementation issues.

REFERENCES

[1] J. W. Jansen, E. A. Lomonova, A. J. A. Vandenput, J. C. Compter,
and A. H. Verweij, “Improvement of the dynamic performance of an
AC linear permanent magnet machine,” in Proc. Int. Electric Machines
and Drives Conf., Madison, WI, Jun. 2003, vol. 2, pp. 785–790.

[2] J. L. G. Janssen, J. J. H. Paulides, E. A. Lomonova, and A. J. A.
Vandenput, “Cogging force reduction in tubular permanent magnet
actuators,” in Proc. IEEE Int. Electric Machines and Drives Conf.
(IEMDC’07), Antalia, Turkey, May 2007, vol. 1, pp. 266–271.

[3] T. A. Driscoll and L. N. Trefethen, Schwarz-Christoffel Mapping.
Cambridge, U.K.: Cambridge Univ. Press, 2002.

[4] J. Steinbrink, “Analytical determination of the cogging torque in brush-
less motors excited by permanent magnets,” in Proc. IEEE Int. Electric
Machines and Drives Conf., Antalya, Turkey, May 2007, pp. 172–177.

[5] T. C. O’Connell and P. T. Krein, “A preliminary investigation of com-
puter-aided Schwarz-Christoffel transformation for electric machine
design and analysis,” in IEEE Workshops Comput. Power Electron.
(COMPEL’06), Troy, NY, Jul. 2006, pp. 166–172.

[6] T. C. O’Connell and P. T. Krein, “The Schwarz-Christoffel analytical
method applied to electric machine slot shape optimization,” in Proc.
IEEE Int. Electric Machines and Drives Conf., Antalia, Turkey, May
2007, vol. 1, pp. 341–346.

[7] M. Markovic, M. Jufer, and Y. Perriard, “Reducing the cogging torque
in brushless DC motors by using conformal mappings,” IEEE Trans.
Magn., vol. 40, no. 2, pp. 451–455, Mar. 2004.

[8] M. Markovic, M. Jufer, and Y. Perriard, “Analyzing an electromechan-
ical actuator by Schwarz-Christoffel mapping,” IEEE Trans. Magn.,
vol. 40, no. 4, pp. 1858–1863, Jul. 2004.

[9] FLUX2D 9.30 User’s Guide, Cedrat, Meylan, France, 2006.
[10] T. A. Driscoll, Schwarz-Christoffel Toolbox User’s Guide: Version 2.3,

Newark, 2005.
[11] T. K. Dellilo, “The accuracy of numerical conformal mapping

methods: A survey of examples and results,” Soc. Ind. Appl. Math.,
vol. 31, no. 3, pp. 788–812, 1994.

[12] B. Hague, The Principles of Electromagnetism Applied to Electrical
Machines. New York: Dover, 1962.

[13] J. Wang, D. Howe, and G. Jewell, “Fringing in tubular permanent-
magnet machines: Part II. Cogging force and its minimization,” IEEE
Trans. Magn., vol. 39, no. 6, pp. 3517–3522, Nov. 2003.

Manuscript received July 31, 2007; revised March 31, 2008. Corresponding
author: B. L. J. Gysen (e-mail: B.L.J.Gysen@tue.nl).

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on July 09,2010 at 08:35:59 UTC from IEEE Xplore.  Restrictions apply. 


