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Chapter 1

Introduction

1.1 Laminar fluid mixing

Mixing of fluids is a topic of significant interest, because of both the widespread occurrence
of such phenomena in nature and its importance for industrial applications. Although in many
cases mixing is associated with turbulent fluid motions, mixing of very viscous fluids con-
stitutes another important class of mixing occurrences, and is typical for polymer blending,
compounding, food processing etc.

The traditional solution to many mixing problems has been to increase the energy input
and to let the turbulence produce effective mixing. With the high viscosities associated with
(bio-) polymers, turbulent flow is not achievable and laminar flow is the only possible mech-
anism for polymer mixing. Another reason why mixing processes are often laminar is when
excessive stresses should be avoided (for example in bio-polymers).

As already observed by Reynolds (1894), effective laminar mixing of fluids arises due
to repeated stretching and folding. This repetitive operation, often referred to as the bakers
transformation is illustrated in figure 1.1. The bakers transformation results in doubling the
number of material layers on every step and in a corresponding decrease of the striation
thickness. The time-periodic Stokes flow in the gap between two eccentric cylinders (so
called journal bearing flow, considered in chapter 3 of this thesis) is a good example of
stretching and folding operations. Unlike the simplified scheme as shown in figure 1.1a,
in real flows stretching and folding effects are normally not separated in time and happen
simultaneously. A close companion of the stretching and folding operation is a “stretch, cut
and stake” algorithm, schematically shown in figure 1.2a. This operation principle is typical
for static mixers, as illustrated in figure 1.2b for the Kenics mixer, extensively studied in
chapter 4.

1.2 Traditional methods and their limitations

A direct link between laminar fluid mixing and chaos was pointed out by Aref (1984), who
introduced the term “chaotic advection”, emphasizing that deterministic velocity fields may
result in chaotic trajectories of fluid particles. The connection between stretching and folding
operations and (chaotic) mixing was further elaborated in, for example, Ottino et al. (1994),
where a strict mathematical definition of mixing was given.

Most spatially bounded mixing flows exhibit temporal or spatial periodicity. In such cases
dynamical system methods like Poincaré maps, periodic points and analysis of their mani-
folds etc. are useful for the analysis of mixing abilities of a flow, see e.g. Ottino (1989).
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(a)
=) =) =) =)

(b) (c) (d)

Fig. 1.1: Example of “stretching and folding” operation (a) in a Stokes flow of viscous fluid in the gap
between eccentric cylinders: b) initial pattern; c) deformation (mainly stretching) caused by
rotation of inner cylinder by 2�; d) subsequent rotation of outer cylinder by angle � in the
same direction causes the formation of folds.

Poincaré maps help to reveal zones of chaotic mixing and regular motion and, thus, elucidate
the asymptotic mixing behaviour of the flow. Periodic points (points which return to their
original position after an integer number of periods of the – either spatial or temporal peri-
odic – flow) are regarded as important signatures of chaos or regularity: hyperbolic points
indicate regions of fluid stretching, while elliptic points are the centers of islands (zones
excluded from overall mixing). Despite their elegance, methods like these have their limita-
tions, e.g. they do not provide information on the global rate of mixing and on concentration
distribution. Most important, however, is that they characterize only one particular flow. To
predict mixing properties in an even slightly different flow (adapted geometry or different
protocol of mixing) the necessary, extensive computations have to be repeated. Using these
tools to optimize mixing, therefore, is not practical.

Unlike in most hydromechanical problems, determination of the velocity field constitutes
only a first but, nevertheless, important step in mixing analyses. Once the velocity field is
known, a variety of techniques is available to study mixing based on the tracking of deform-
ing individual fluid volumes, see, for example, reviews in Beris et al. (1996), Hyman (1984),
Rudman (1997) and Unverdi and Tryggvason (1992). Volume tracking (also referred to as
front capturing) techniques describe the advection of a special material function and accord-
ingly use post-processing techniques to restore the interface shape. In contrast to this, front
tracking techniques rely on an explicit description of the interface shape for which an auxil-
iary surface mesh is used. An adaptive three-dimensional front tracking technique that takes
stretching and curvature of the interface into account and strongly benefits from paralleliza-
tion of the code was reported in Galaktionov et al. (1997, 2000a) and Anderson (1999). This
approach yields an accurate description of strongly deforming fluid volumes and is capable
to deal with mixing of different immiscible fluids. However, even in the case of rheologically
identical fluids, straightforward tracking of deforming fluid volumes (to evaluate the mixing
properties of the flow) remains expensive and, more importantly, is limited to the first stages
of the mixing process, as the amount of data increases exponentially in case of efficient mix-
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(a)
=) =) =) =)

(b)

Fig. 1.2: Example of “stretch, cut and stake” (a) realized inside the Kenics static mixer (b) : number
of striations roughly doubles after each mixing element; mixture patterns are shown at the
transitions between the mixer blades.

ing flows. Therefore, a need for computationally more advantageous approaches arises. The
mapping method (Galaktionov et al., 2001b) provides a solution to this problem, although it is
essentially limited to flows of rheologically similar fluids with negligible interfacial tension.

1.3 The mapping method

The mapping method re-defines in a computationally efficient way a “mapping” procedure,
originally proposed by Spencer and Wiley (1951). The method is essentially based on the
accurate tracking of fluid volumes, however, only for small intervals of time or space. The
flow domain is subdivided into small sub-domains and the mixture concentration is described
with locally averaged values in these sub-domains. An initial sub-domain grid is tracked
towards a similar end-grid, the results of this accurate tracking are stored in a mapping matrix.

The mapping method does not provide details about the mixing characteristics like pe-
riodic points or Poincare sections (although, as it was shown in Galaktionov et al. (2002a),
mapping computations easily resolve islands – zones, excluded form mixing), but does offer
a flexible and elegant way to study a wide range of mixing occurrences with only little com-
putational power. Examples of the mapping method applications to systems with complex
geometry can be found in Kruijt et al. (2001b,c).

The mapping technique has been extended by utilizing a special area tensor (Wetzel and
Tucker III, 1999) to describe the microstructure in a statistical way. It was developed for and
applied to two-dimensional time-periodic mixing flows (Anderson et al., 2002; Galaktionov
et al., 2002a), where it proved to be a useful tool for modelling microstructure development.
Some important aspects of laminar mixing, such as self-similarity of the interface patterns,
exponential-in-time stretching of the material and asymptotic directionality were properly
captured. In this thesis the extended mapping approach is developed further and, in particular,
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adapted to spatially periodic flows.

1.4 Lay-out of the thesis

The principles of the extended mapping technique are outlined in chapter 2. Special attention
is given to the peculiarities of this method applied to spatially periodic flows. Chapter 3 uses
the JBF, a simple, physically realizable prototype mixing flow, to verify the applicability of
the extended mapping technique. In chapter 4 the Kenics static mixer is studied using the
extended mapping approach. This technique allows to optimize the mixer layout for more
energy efficient homogenization and interfacial area generation. Chapter 5 illustrates how
the mapping technique may be used to analyse the flow inside industrial-type mixing systems
with complex geometry. Finally, concluding remarks are presented in chapter 6. Appendix A
outlines some details of the algorithm for the area tensor transformations, while appendix B
describes the computer animations and demonstration programs, included on the CD-ROM
with this thesis.

The thesis is based on a number of publications (Anderson et al., 2002; Galaktionov et al.,
1997, 2000a, 2001b, 2002a,c,d,e), while the author contributed to a number of publications
that are outside the direct scope of this thesis (Anderson et al., 1999, 2000a,b; Galaktionov
et al., 1999, 2000b, 2001a, 2002b; Kruijt et al., 2000, 2001a,b,c; Meleshko et al., 1999).
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Chapter 2

Numerical method

In this chapter the basics of the extended mapping technique are introduced and discussed.
First, the original mapping technique is described, which allows to simulate the material
transport in mixing flows using coarse grain density discretization and efficiently exploiting
the repetitive nature of most mixing flows. Next, the incorporation of the microstructure
description into this method is outlined.

2.1 Introduction to the mapping technique

Unlike the majority of the fluid dynamics problems, the determination of the velocity field
is only a first, although very important step in studying fluid mixing. The importance of the
correct description of the velocity field for predicting mixing results was clearly shown in
Meleshko et al. (1999), where the effect of choosing an appropriate approximation for the
velocity field in the prototype mixing flow, the so called partition pipe mixer (Khakhar et al.,
1987) was illustrated. The flow inside the rotating cylindrical pipe, subdivided by rectangu-
lar inserts into a sequence of semicircular ducts was intended to mimic the operation of the
Kenics static mixer (see more in chapter 4). Both cited papers used a similar approach, super-
imposing the basic solutions for a primary (fully developed Poiseuille profile) and secondary
flow (two-dimensional velocity field inside a half-circle). However, the use by Meleshko et al.
(1999) of more appropriate analytical expressions, namely, an exact solution for the corre-
sponding two-dimensional problem for the secondary flow, leads to a much better agreement
with the experimental results reported by Khakhar et al. (1987). When the velocity field is al-
ready known the mixing performance of the flow may be addressed using various dynamical
systems approaches, as shown in Ottino (1989).

An alternative (or complementary) approach is to use various numerical techniques to
explicitly follow the deformation of the materials volumes in mixing flows. For this pur-
pose the adaptive front tracking technique (Galaktionov et al., 2000a) is an efficient tool.
This adaptive front tracking approach describes the boundary of the selected fluid domain
using (a) polygon(s) in the two-dimensional case and an unstructured triangulated surface in
three-dimensional flows. The nodal points of the grid are tracked in the flow by integrating
numerically the equations of motion

d~x

dt
= ~u(~x; t): (2.1)

The grid describing the interface is topologically transformed and adaptively refined by
adding new nodal points when parts of the interface become too stretched. The allowed max-
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imum size of the grid elements depends on the local curvature: large elements are allowed in
relatively straight (flat) parts of interface, reducing the computational costs.

However, since chaotic mixing flows are characterized by exponential-in-time stretching
of the material elements, even the most efficient front tracking techniques quickly reach the
limit where the tracking becomes unaffordable due to exponentially growing number of nodal
points. Also, if the initial geometry or the flow protocol are changed, the time-consuming
front tracking computations must be repeated from scratch. Thus, the idea is to use the front
tracking for short time intervals, where it is efficient and can be used for various initial con-
centration patterns and then, afterwards, re-use the accumulated information for predicting
the long-term evolution of various mixture patterns. The recently developed mapping ap-
proach (Galaktionov et al., 2001b) utilizes both the discretization of the concentration field
using coarse grain density description and discretization of the flow by presenting it as a com-
bination of certain pre-computed steps. The idea that forms the basis of the mapping method
was originally formulated by Spencer and Wiley (1951) and is summarized in the following
subsection.

2.1.1 The distribution matrix: Spencer and Wiley (1951)

Spencer and Wiley (1951) considered the distributive mixing of viscous liquids in laminar
flows, which they referred to as “streamline mixing”. In case of repetitive mixing processes
the same operation is done again and again on the same mass of material which assumes the
same shape at the end of each cycle. To describe the material transport in such flows Spencer
and Wiley suggested the use of matrix methods. The flow domain had to be subdivided into a
number of cells of identical size (a restriction!), which were numbered sequentially, and the
mixture was described by an average concentration of marked material in each cell. Then,
the distribution matrix for a unit mixing operation was determined, and the elements of this
matrix describe the amount of material transferred between cells as a result of the performed
mixing operation.

Spencer and Wiley (1951) suggested to study the properties of this matrix in order to
characterize the mixing performance of the flow. At that time the suggested approach was not
very affordable in a computational sense, limiting the number of cells to rather small numbers:
the examples in the original paper consider a maximum of six cells. For practical purposes
of diagnosing real mixing flows it is clearly not sufficient. The authors acknowledged that in
practice rather large matrices will be encountered and had foreseen the role of computational
equipment. The availability of number-crunching powers of modern computers nowadays
inspired a computationally efficient re-casting of the original approach, which lead to the
mapping method.

2.1.2 The mapping method

The mapping method was implemented originally to simulate the evolution of concentration
fields in time-periodic laminar flows, and uses both spatial discretization of the concentration
field and temporal discretization of the flow. The basic details of the technique were outlined
in Galaktionov et al. (2001b) and Kruijt et al. (2001c). Within the mapping approach a flow
domain 
 is subdivided into n non-overlapping sub-domains 
i with boundaries �i. This
subdivision is not related to any finite difference, or finite element discretization used to
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Fig. 2.1: a) Computing the mapping matrix coefficient 	ij : the initial sub-domain 
j is tracked and
the intersection of the deformed 
0

j after tracking with 
i is determined. b) Similar approach
for three-dimensional duct flows (static mixers): flow tube is followed from one cross-section
to another. This example represents the actual flow inside the long channel of the Kenics mixer
far from the blade ends (see chapter 4).

solve the velocity field in 
. The mapping method was implemented for time-periodic as
well as spatial periodic flows.

Time-periodic flows

In time-periodic flows the boundaries �i of the initial sub-domains are tracked in the flow
from t = t0 to t = t0 + �t using the adaptive front tracking technique already mentioned.
Note that, unlike the original idea of Spencer and Wiley (1951), the sub-domains are not
required to have identical size or shape. The intersections of the deformed sub-domains with
the original sub-domains determine the elements of the mapping (or distribution) matrix� 2
IRn�n, where n is the number of sub-domains and �ij equals the fraction of the deformed
sub-domain 
j at time t = t0+�t that is found in the original (as at t = t0) sub-domain 
i:

�ij =

Z

j jt=t0+�t

T

ijt=t0

dV

, Z

j jt=t0

dV: (2.2)

The computation of a mapping matrix coefficient in case of a two-dimensional time-periodic
flow is illustrated in figure 2.1a. The algorithm works exactly in the same way for three-
dimensional time-periodic flows. In Galaktionov et al. (2001b) the mapping approach was
applied to three-dimensional Stokes flows in a cubic cavity. The mapping grid in that case
consisted of identical cubic cells. For the 2D prototype journal bearing flow, considered in
chapter 3, it is more convenient to use a curvilinear mapping grid, fitted to the shape of the
flow domain.
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Spatial periodic flows

In case of a spatial periodic flow the algorithm can be re-formulated as follows (see fig-
ure 2.1b). The mixture evolution is followed along the length of the mixer (z axis). The
current concentration pattern is described in the lateral cross-section z = z0. The domain

, representing the starting cross-section of the mixer, is subdivided into a set of n non-
overlapping sub-domains 
i with boundaries �i. The next cross-section z = z0 + �z is
subdivided into an identical two-dimensional sub-domain grid. The flow tubes, originating
from the sub-domains 
i and bounded by the contours �i at z = z0, are tracked to the next
level z = z0 + �z (see figure 2.1b), which results in a set of deformed sub-domains 
0

i at
z = z0 + �z. This deformed grid is placed over the non-deformed grid of �i in the same
cross-section and the intersections of the deformed and undeformed sub-domains determine
the elements of the mapping matrix. Equation (2.2) can be re-written as:

�ij =

Z

0
j
jz=z0+�z

T

ijz=z0+�z

dV

, Z

ijz=z0+�z

dV: (2.3)

If the sub-domains are sufficiently small, such that the axial velocity can be assumed constant
within the sub-domain, then the coefficient �ij equals the fraction of the total flux through
the sub-domain 
i in the cross-section z = z0 +�z, contributed by fluid originating from
the sub-domain 
j at z = z0. Note that, unlike in the time-periodic flows, the areas of the
initial and deformed sub-domains (which are actually cross-sectional areas of the flow tubes)
are different, because the value being conserved in this case is the flux through the flow tube.

If the time step �t (or axial distance �z in case of static mixers) is moderate, fluid from
every donor sub-domain is transported only to a limited number of recipient sub-domains,
resulting in a mapping matrix, defined by equation (2.2) or (2.3), which is sparse. This
property of distribution matrices makes mapping simulations of complex flows (when the
necessary number of cells becomes large) reasonably fast and affordable.

Coarse grain description

The mapping approach utilizes “coarse grain” values to describe the distribution. The con-
centration field of marked material (or any other passive scalar field) is described by a column
vectorC 2 IRn�1 (n is is the number of sub-domains), its components Ci are the locally av-
eraged concentrations in the sub-domains 
i. If the scalar quantity C is additive, then from
the definition of the mapping matrix it follows that the concentration C1 after one mixing
step can be obtained by multiplying the initial concentration vector C0 with the matrix �:

C1 = �C0: (2.4)

If the same motion is continued (repetitive mixing), the concentration after n steps is defined
as Cn = �nC0. However, the use of �n for studying mixing properties, as was the original
suggestion of Spencer and Wiley (1951), is not feasible when the number of sub-domains is
large, since the matrix �n will not be sparse: material from one sub-domain is transported to
a large part of the whole flow domain. Instead of studying �n, the evolution of the concen-
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(a) (b) (c)

Fig. 2.2: Finding the intersection area of two closed polygons (used to compute the mapping matrix
coefficients in 2D): a) initial polygons; b) splitting the edges of the polygons at all intersection
points; c) forming the boundary of the intersection area.

tration vector C can be followed. The concentration after n steps is computed in a sequence:

Ci+1 = �Ci; thus Cn = �(�(: : : (�| {z }
n times

C0 ) : : :)) (2.5)

without a direct evaluation of �n. In chapter 3 the properties of the eigenvalues and eigen-
vectors of a relatively small mapping matrix for a prototype flow are considered. For practical
applications, however, studying the mapping matrix properties does not provide an efficient
way of mixing analysis. Complex mixing protocols can be modelled by applying sets of
different mapping matrices.

Once a mapping matrix is computed, quantities related to sub-domains can be mapped.
It is assumed that the quantity involved does not influence the flow field. A systematic error
associated with the mapping method is introduced: the contributions from different sub-
domains into the same sub-domain are averaged. This yields a cumulative error (that might
be referred to as “numerical diffusion”), since the result of one mapping step is used as ini-
tial data for the next one. The sub-domains should therefore be sufficiently small to reduce
the influence of these errors. Results presented in this thesis show that despite of the pres-
ence of numerical diffusion, mixing protocols can be quantitatively compared and optimized.
Additional details and validation of the technique can be found in Galaktionov et al. (2001b).

Intersections of deformed and original cells

To compute the coefficients of the mapping matrix the area of the intersection of deformed
and initial cells have to be determined. The boundaries of both initial and deformed cells
are approximated by polygons. Although we also consider in this thesis three-dimensional
flows in static mixers, the mapping grids remain two-dimensional�. An efficient way of
computing the area of intersection of two arbitrary closed polygons in the plane is illustrated
by figure 2.2. First, all points of intersection are found and new nodal points are added,
splitting the edges of the original polygons. Then, the boundary of intersection area is formed
by selecting only the edges of the first polygon, located inside the second one (the location

� Note, that 3D time-periodic mixing flows require three-dimensional mapping grids and are considered in Galak-
tionov et al. (2001b).
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of the edge center is checked), and, accordingly, the edges of the second polygon, contained
inside the first one. Finally, the area of intersection is computed as

S =
1

2

mX
i=1

(xi1yi2 � xi2yi1); (2.6)

where m is the number of edges of the intersection boundary; xi1 and yi1 are the coordinates
of the beginning and xi2 and yi2, respectively, of the end vertices of the edge number i. In for-
mula (2.6) it is assumed that the edge vertices are numbered in a counter-clockwise direction
around the closed polygon. This simple algorithm works well for all types of intersections,
including the cases when the intersection area is not single connected (see figure 2.2) or the
polygons do not intersect at all. The only situation, when special precautions must be taken
is when some sides of the polygons coincide.

2.1.3 Computation of mapping matrices

Custom-made algorithms were developed to create, fill and manipulate the sparse, non-
banded matrices. The main advantage of these algorithms is that, at some extra cost in
memory requirements, the sparse matrix elements are stored in a random sequence with an in-
direct indexing mechanism (unlike standard algorithms that use physically ordered, column–
or row–oriented storage). As a result, no shifting of elements is required to insert new entries.
This allows for easy parallelization with dynamical workload distribution, as the tracking of
individual cells and subsequent filling of the matrix entries by the main program can be per-
formed in an arbitrary sequence.

The computations of the mapping matrices were performed using a parallel algorithm
based on PVM (Geist et al., 1994) in a “master-slave” model on a cluster of PCs running
with LINUX operational system (see also Galaktionov et al. (1997)). The deformation of
each cell of the mapping grid was computed independently by a slave process, the volumes
of intersections with initial cells were evaluated and, finally, only the resulting non-zero ele-
ments of the mapping matrix were returned to the master program that actually assembles the
matrix.

The sparse matrix storage algorithm also allows for fast matrix-vector multiplication,
which is essential for efficient mapping computations. The storage of all the information
on the sparse matrix, including the indexing, in a single array (standard techniques require
auxiliary indexing arrays) facilitates simultaneous usage of few different matrices in a single
program unit. The sparse mapping storage allows easy conversion into format readable by
commercial software packages.

2.2 Artifact of the mapping method: numerical diffusion

The effect of numerical diffusion, which is caused by concentration averaging within each
cell, can be demonstrated by a simple example, shown in figure 2.3. We consider a square
domain, divided into 50� 50 cells. The initial pattern is white with a black vertical strip, one
cell wide, in the center (figure 2.3a).

We first subject this test pattern to a horizontal translation, with a displacement of one
half cell per mapping step. Figure 2.3b shows the concentration pattern after three mapping
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(a) (b) (c)

Fig. 2.3: Numerical artifacts of mapping demonstrated in a translational flow. a) initial configuration,
with vertical strip of marker fluid. b) strip after three mappings, each corresponding to a
translation of one half cell to the right. c) recovery of the vertical strip by backward map-
ping. The thick line shows the concentration profile across the strip. The thin line shows the
concentration profile for the strip recovered for an initial mapping with five times more steps.

steps. The strip of black fluid has translated, but has also become wider and more diffuse.
Executing the reverse mapping on this pattern does not recover the initial state in figure 2.3a,
but gives figure 2.3c, which is considerably more diffuse. Figure 2.3c shows the spread in
concentration of this recovered pattern. It also shows that the same calculation with five times
more mapping steps gives yet more diffusion.

Note that this example is the worst case, since translating the pattern by an integer number
of cell sizes does not introduce any numerical diffusion. The numerical diffusion primarily
spreads the mapped quantity (e.g., concentration) in the direction of the flow. In this example
the non-zero concentration remains confined to the horizontal band of cells that contains the
initial strip. (This band is marked with dashed lines in the figure 2.3.) However, if the flow
direction is not aligned along the rows or columns of cells, the concentration will also spread
sideways.

The effect of numerical diffusion on the simulation results can be minimized by taking
as large mapping steps as possible, in other words performing a minimal number of steps.
Using finer grids also reduces diffusion. In general, when the mixing measures like intensity
of segregationy are used to characterize the mixing patterns, as it is done in chapter 4, the
values obtained for similar protocols should be compared with each other on the same grid.
Although the absolute value of the intensity of segregation is not a reliable characteristics,
since it is influenced both by actual mixing and by numerical diffusion, the relative values
are.

2.3 Notes on the interpolation techniques

In some simple prototype flows, like the Stokes flow between eccentric cylinders, an analyti-
cal expression for the velocity field may be available. However for flow domains of complex
shape the velocity field is normally computed using various numerical methods. As a result,

y for a definition see subsection 4.3.1
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Fig. 2.4: a) The use of auxiliary structured grid to speed-up interpolation on unstructured grid: 2D
example. For every cell of auxiliary grid (bold contour) the list of unstructured grid cells is
created (see text for further explanations). b) Determining initial guess for local coordinates
inside the tetrahedral mesh cell: three edges are used as basis vectors.

values are only known in a limited number of points, for example in the nodal points of a
finite element mesh, and have to be interpolated elsewhere. The effect of the approximation,
interpolation and round-off errors on the particle trajectories in the mixing problems was ex-
tensively studied by Souvaliotis et al. (1995). It was pointed out that in order to minimize the
errors caused by time discretization the use of high-order schemes is preferable. Throughout
this work the fourth-order Runge-Kutta Cash-Karp scheme with adaptive step size selection
(Press et al., 1992) is used. This integration scheme is used both for the cases where the
velocity problem is known analytically (journal bearing flow considered in chapter 3) and for
the cases where the velocity field has to be interpolated form finite elements solution.

In the current work the finite element method implemented in SEPRAN (Segal, 1984) is
used. To ensure that the interpolation errors are of the same order as approximation caused
by finite-element discretization, a consistent interpolation algorithm using the same basis
functions is used. Since the numerical integration of the equation of motion involves a huge
number of the evaluations of the velocity components in different points, the efficiency of the
interpolation routines is crucial for the overall performance of the algorithm. A rather simple
technique can be used to speed-up the interpolation by means of reducing significantly the
number of finite elements that have to be checked. The algorithm exploited in this work uses
an auxiliary structured rectangular grid to find the initial guess(es) for the actual element
number and the in-element local coordinates.

The auxiliary grid is generated in a tight bounding box that encloses the flow domain.
For each cell of the auxiliary grid the list of the finite elements intersecting with it is gen-
erated. This list is ordered in descending sequence according to the size of the intersection
volumes. A simple two-dimensional example is shown in figure 2.4a, where the elements
of the unstructured grid are represented by triangles. This scheme illustrates how the list of
elements, intersecting with the selected rectangular box (shown by thick solid line) is formed.
The involved triangles are shaded and numbered according to their positions in the list.

Figure 2.4b illustrates the determination of the local coordinates of the point inside a
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first-order tetrahedral element. One nodal point serves as an origin and three adjacent edges
of tetrahedron as basic vectors of the local coordinate system. In order to find the local
coordinates (�1; �2; �3) of the point X a linear system

�1
�!

X0X1 + �2
�!

X0X2 + �3
�!

X0X3 =
�!

X0X (2.7)

must be solved. To speed-up interpolation even further the inverse matrix of such a linear
system for every element may be pre-computed and stored. The point X is located inside the
tetrahedron if

�1; �2; �3 � 0 and �1 + �2 + �3 � 1: (2.8)

For the first-order finite element the local coordinates obtained in this way are exact, for
higher-order elements they provide a good initial guess.

When the velocity in a certain point has to be interpolated, first, the necessary rectan-
gular element of the auxiliary grid is determined (this step is computationally cheap). Then
the finite elements from the list associated with this auxiliary element are checked until the
interpolation is successful. Since the list is ordered according to the fraction of the auxiliary
element occupied by finite elements, the correct element is likely to be found early in the list.

Although the example presented in figure 2.4 implies triangular/tetrahedral elements of
an unstructured grid, the algorithm also works for other types of elements. The target finite
element grid may not be necessary fully unstructured: the mesh for Kenics static mixer, con-
sidered in chapter 4, contains regular blocks of “sheared” second-order hexahedral elements.
The use of an auxiliary grid typically allows to reduce the interpolation time by two orders
of magnitude. Since it makes a major difference, making some problems affordable at all,
the technique is used despite it requires additional memory to store the indexing information
(per-element lists). Using a finer auxiliary grid makes interpolation faster, since the number of
finite elements intersecting with each auxiliary cell is smaller, but the memory requirements
grow. Thus, in any particular case a reasonable balance should be found between interpola-
tion speed and memory requirements. Typically, the situation when the average number of
finite elements per auxiliary grid cell is close to 10 delivers a good performance.

2.4 Incorporation of the microstructure: extended mapping

The (original) mapping method, as discussed in section 2.1, describes the mixture only on the
macro-level: the smallest unit is a cell and only structures larger than the typical cell size are
resolved. The extended mapping technique, introduced in Galaktionov et al. (2002a), uses a
multi-scale approach. The basic features of this approach are described in this section.

2.4.1 Microstructure variable(s): area tensor in 2D

The extended mapping technique describes statistically the interfaces contained in each sub-
domain of the mapping grid. The microstructure within each cell is characterized using the
second-order area tensor (Wetzel and Tucker III, 1999), which is defined for the cell with
volume V as follows:

A =
1

V

Z
�

~n~n dS; (2.9)
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where n denotes the unit normal vector to the increment of the interfacial area dS. The inte-
gral is computed over all intermaterial interfaces contained in the averaging volume V . The
area tensor A defined in this way describes the amount and orientation of the interface. Fig-
ure 2.5 illustrates the definition of the area tensor and gives some typical examples of lamellar
and isotropic (spherical droplets) microstructures and their corresponding area tensors. The
trace of the area tensor, trA, has a simple physical meaning: it gives the total interfacial area
per unit volume (denoted as Sv in figure 2.5).

dS

~n

Aij =
1

V

Z
�

ninj dS A = Sv

�
1 0

0 0

�
A = Sv

�
1=2 0

0 1=2

�
(a) (b) (c)

Fig. 2.5: Definition of the area tensor components (a) and examples of particular mixture morphology
and corresponding area tensors: b) lamellar and c) isotropic (circular drops).

Wetzel and Tucker III (1999) derived the evolution equation for the area tensor in laminar
flows for the case of equal component viscosities and negligible interfacial tension. They
found an efficient closure approximation needed to solve this evolution equation and studied
the area tensor evolution in various flows, proving the consistency of the model. In a joint
paper (Galaktionov et al., 2002a) the possibility to couple the mapping approach (that pro-
vides macroscopic concentration evolution) with the description of the microstructure using
the area tensor was explored. The resulting extended mapping method is outlined below and
is used throughout this thesis.

2.4.2 Transformation under finite strain

The algorithm to determine the transformation of the area tensor under finite deformation
was described in (Galaktionov et al., 2002a), while passive advection can be described by
the mapping matrix itself, because the area tensor, defined by equation (2.9) is additive. To
determine the evolution of the area tensor due to local deformation, the average value of the
deformation gradient should be known for each intersection of the deformed and undeformed
grid cells. For each non-zero mapping coefficient the components of the corresponding de-
formation gradient matrix are computed and stored. In Galaktionov et al. (2002a) the de-
formation was estimated at the centroid of the cell intersection. Here, the boundary of the
cell intersection is described by a closed polygon, for which the coordinates of its vertices
are computed before and after the deformation. This is used to obtain a more accurate esti-
mate of the volume-averaged value of deformation gradient, using the numerical technique
as suggested in Peters (1987) and outlined briefly in section 2.5.
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The evolution of the area tensor under finite strain can not be written explicitly in terms
of the original area tensor and the local deformation gradient. Wetzel and Tucker III (1999)
suggested a good approximation based on the use of the so-called droplet shape tensor. For
any area tensor and concentration of a dispersed phase there exists a corresponding unique set
of identical ellipsoidal droplets, whose shape, size and distribution is described by a droplet
shape tensor (Wetzel, 1999; Wetzel and Tucker III, 2001) G, defined such that, if the center
of the droplet is in the origin, the coordinates x of the points on the droplet surface satisfy

~x �G � ~x = 1: (2.10)

The algorithm to convert between the droplet shape tensor and the area tensor, originating
from Wetzel and Tucker III (1999) was also summarized in Galaktionov et al. (2002a). Trans-
formation of the droplet shape tensor can be expressed explicitly using the deformation gra-
dient. The evolution of the area tensor is computed in three steps. First, the area tensor is
converted to its equivalent droplet shape tensor. Next, the droplet shape tensor is transformed
using the deformation gradient tensor. Finally, the droplet shape tensor is transformed back
into an area tensor. Some details of this procedure can be found in appendix A. Note that the
algorithm using the droplet shape tensor works also for lamellar morphologies, since lamellae
can be viewed as a particular case of elliptical droplets with infinite axes.

2.4.3 Mapping of the area tensor

The extended mapping method takes advantage of a key characteristic of the area tensor:
it is additive. More precisely, if a domain 
 with measure k
k (which in the case of
two-dimensional problems considered here is the domain area) is the union of two non-
overlapping sub-domains 
1 and 
2 with measures k
1k and k
2k respectively, and if the
area tensors associated with the sub-domains are A1 and A2, then the area tensor for the
whole domain reads

A =
1

k
1k+ k
2k

24Z
�1

~n~n dS +

Z
�2

~n~n dS

35
=

k
1k
k
1k+ k
2kA1 +

k
2k
k
1k+ k
2kA2: (2.11)

The area tensor for any domain is the sum of the area tensors of its sub-domains, weighted
by the fraction of volume they occupy. This property of the area tensor allows us to sum the
contributions from the donor cells in equation (2.12). Other microstructural descriptors, such
as the droplet shape tensor G, do not have this additive property, and cannot be used in the
same way.

The basic idea of the extended mapping approach is illustrated in figure 2.6:

� recipient cells receive concentration and interface (area tensor) from donors.

� interfaces are additionally stretched and rotated according to local deformation, which
is described by area tensor transformations.
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Fig. 2.6: Illustration of the extended mapping technique: interfaces are moved together with deforming
sub-domain and changed (stretched/compressed and re-oriented) according to local deforma-
tion pattern.

The extended mapping method updates the area tensor at each time step according to

Ak+1
i =

NX
j=1

�ij

�
Ak
j 
F�1ij

�
; (2.12)

where F�1ij is the inverse deformation gradient tensor that describes the deformation of the

material transported from sub-domain j to sub-domain i. That is, the area tensorAk+1
i in cell

i at time k + 1 is the sum of contributions from all donor cells, after the donor tensors from
time k have been transformed by the appropriate deformation gradients. This operation is
denoted by the operator A
F�1. Note, that this is merely a convenient notation: the actual
transformation of Ak

j under the deformation described by F�1ij is done indirectly, using the
technique involving the droplet shape tensor G (Galaktionov et al., 2002a). Although this
approximation works well, no simple formula relating the area tensor before and after the
deformation results from this transformation. Note that, despite only the trace of area tensor,
which gives the amount of interfacial area per unit volume, is used in the illustrations, a
complete tensor must be used in computations, since it contains essential information about
the interface orientation.

The extended mapping technique is a multiscale method in the sense that it treats simul-
taneously the macroscopic transport, using coarse grain concentration, and describes statis-
tically the inter-material interface patterns finer then the grid cell size using the coarse grain
area tensor. The term “multiscale” is used in a sense that the variation (i.e. large striation in
a mixture) larger then the grid cell size are resolved due to concentration differences – typical
coarse grain density approach, while at the same time the structure (amount and orientation
of interfaces) on a sub-grid level is also described using the area tensor. These features al-
low the technique to work for both initial and advanced stages of mixing processes, when
macroscopic concentration variations disappear. Muzzio et al. (2000) observed that ”for
time-periodic chaotic flows, the mixing process is controlled by a stationary multiplicative
operator that generates structures that are self-similar with respect to time”, although this
operator was not obtained. The extended mapping technique actually provides this operator.
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2.5 Extended mapping technique for 3D spatially periodic flows

The application of the extended mapping technique to spatially periodic flows has certain
special features. Some of them, associated with the presence of internal obstacles in the flow
will be described later, when the Kenics static mixer is analysed (chapter 4).

Consider a stationary duct flow (figure 2.1b). The input conditions are kept the same
and the interface pattern established in the flow does not change in time. Consequently,
the velocity vectors at the interface are always parallel to the interface. Assume that no
back-flow is present and thus axial (along the channel length) velocities are always positive,
turning to zero only at boundaries. If in a lateral cross-section of the mixer, the locations
of the interfaces are known together with the three-dimensional velocity field, the interface
configuration is fully defined and can be restored by merely tracking the contours along the
flow.

The interfacial contours in the mixer cross-section are described using the two-dimensional
area tensor. For the two-dimensional transformation that establishes relations between the
initial and final cross-section, a pseudo deformation gradient tensor is defined as follows.
Consider a material point p, going from one cross section 0 to a next one 1 (see figure 2.7a).
The infinitesimal vector d~x0 is deformed into the vector d~x according to

d~x = F � d~x0 (2.13)

Note that here F is the actual (not pseudo as below) deformation gradient tensor.
Next, the vector d~x is projected along the direction of the velocity ~vp at p on the cross

section 1:

d~x0 = (I� 1

~nz � ~nv ~nz~nv) � d~x; (2.14)

in which ~nz is the normal vector perpendicular to the cross section 1, and ~nv the normal
vector in the direction of ~vp, and I is the unity tensor. This defines the pseudo deformation
tensor F̂ as

d~x0 = F̂ � d~x0; F̂ = (I� 1

~nz � ~nv ~nz~nv) � F: (2.15)

The tensor F̂ is determined numerically. When the position vectors ~xp0 and ~xp of point
p in the two cross sections are taken as the center of a cell, the position vectors ~x0i and ~xi of
the points describing the undeformed and deformed cell respectively, define the finite vectors
(figure 2.7b)

�~x0i = ~x0i � ~xp0; �~xi = ~xi � ~xp; (2.16)

which can be used to determine an approximation for F̂ by applying a method as proposed in
Peters (1987)z:

F̂ = Xc
01 �X�1

00 ; (2.17)

z An even more accurate estimate can be obtained using the higher order scheme as proposed by Geers (1997).
This is typically useful close to the boundaries.
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Fig. 2.7: a) Trajectory of a point p from one cross-section to another and the projection of an infinites-
imal deformed line element d~x along ~nv (the direction of the velocity at the point p0) on
the second cross-section. b) Scheme of estimation of the pseudo deformation tensor F̂ using
coordinates of original and tracked markers in the planes 0 and 1.

where the tensors X01 and X00, describing the distribution of markers on the initial and
deformed cell contours, are defined as

X00 =
1

n

nX
i=1

�~x0i�~x0i � g�~x0 g�~x0; X01 =
1

n

nX
i=1

�~x0i�~xi � g�~x0 f�~x; (2.18)

where n is the number of markers. In expression (2.18) the values g�~x0 and f�~x are the mean
vectors in the initial and final configurations:

g�~x0 = 1

n

nX
i=1

�~x0i; f�~x =
1

n

nX
i=1

�~xi: (2.19)

With the pseudo deformation tensor the extended mapping technique can be used to model
the evolution of a pseudo area tensor Â which describes the interfaces in cross-sections. This
special area tensor together with the velocity completely determines the real area tensor.
However, in the case of a static mixer it is more interesting to know the evolution of the
interfacial area flux W in the mixer. Therefore the 2D pseudo area tensor Â is written in
terms of its eigenvalues Ai and eigenvectors ~ni, i = (1; 2):

Â = Â1~n1~n1 + Â2~n2~n2; (2.20)

which we choose such that Â1 > Â2. In that case ~n1 is perpendicular to the striations in the
cross section and ~n2 is in the direction of the striations. The velocity component in the ~n2
direction does not contribute to the flux. The relevant velocity component is now given by

~v0 = (I� ~n2~n2) � ~v: (2.21)
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The interfacial area flux in cell i is then expressed as

Wi = tr(Âi)j~v0ij; (2.22)

where ~v0i is the projected velocity (2.21) in the center of the cell. The total interfacial area
flux is computed as the sum over all sub-domains (cells) in the cross-section of the mixer.

2.6 Concluding remarks

In this chapter the basic features of the mapping and extended mapping technique and some
auxiliary numerical techniques necessary for its implementation were considered. The vali-
dation of the mapping technique was done in Galaktionov et al. (2001b, 2002a) by comparing
the results of mapping computations with those obtained by direct front tracking. In this work
similar comparisons will be performed in chapter 3.

The advantage of the extended mapping approach lies in the fact that extensive computa-
tions, resulting in the set of mapping matrices, are performed only once. These computations
are time-consuming and necessitate the use of parallel algorithms, which may still take hours
or days on multiple CPUs. However, when the mapping matrices are computed, simula-
tion of various mixing protocols is reduced to applying the pre-defined mapping steps to
the particular initial distribution in an appropriate order. Such computations are performed
within seconds on a single CPU. The two demo programs included on the CD attached to
this thesis (require Matlab 5.2 or higher) actually perform the mapping simulations for the
flows between the eccentric cylinders (2D) and the Kenics mixer and provide graphical post-
processing of the results. Please, note, that the demonstrational programs do not perform the
simulation of microstructure development.
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Chapter 3

Journal bearing flow

Laminar mixing in a two-dimensional time-periodic Stokes flow between eccentric cylin-
ders (journal bearing flow: JBF) is studied using the extended mapping method (Galaktionov
et al., 2002a). This convenient prototype flow allows to validate the technique without in-
terference of numerical approximation errors in the velocity field and to study certain basic
features of laminar mixing and material stretching behaviour in periodic flows.

3.1 Prototype flow between eccentric cylinders

Consider a time-periodic Stokes flow (Re � 1) of a viscous incompressible Newtonian fluid
in the gap between two eccentric cylinders. The scheme of the flow domain is shown in
figure 3.1a. This is a well-known, experimentally realizable, chaotic prototype flow exten-
sively used for studying laminar mixing mechanisms (see for example Aref and Balachandar
(1986); Muzzio et al. (1991a,b)). The flow between eccentric cylinders was already consid-
ered in classical works on lubrication theory (Joukowski, 1887; Joukowski and Chaplygin,
1904), because it describes the idealized flow of a lubricating fluid between a rotating jour-
nal and its cylindrical support (journal bearing flow; JBF). In these early works approximate
solutions for the velocity field were used. Later, the availability of a closed analytical ex-
pressions for the velocity field (Wannier, 1950) enabled accurate simulations of fluid motion.
A chaotic flow can be easily generated by rotating the cylinders in a time-periodic fashion,
which makes the JBF a convenient prototype flow for studying mixing phenomena.
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Fig. 3.1: a) The schematic drawing of the flow domain (see text for comments). b) The streamline
pattern, created by the rotation of inner cylinder, while the outer one is fixed. c) The streamline
pattern, created by the rotation of outer cylinder.
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Fig. 3.2: The examples of Poincaré maps for the flows with different values of �: a) � = 0:5�; b) � =
1:0�; c) � = 2:0�. The location of some first-order hyperbolic periodic points is shown by
black dots. Numbers indicate the corresponding maximum stretching values.

In the current work we use the same family of periodic flow protocols as was studied by
Muzzio et al. (1991b). The results on stretching statistics provided by different approaches
are compared and extended. The geometry of the flow domain is characterized by two di-
mensionless parameters: the ratio of the radii of the inner and outer cylinder, rin=rout, and
the dimensionless eccentricity e = d=rout, where d is the distance between the centers of
the two cylinders (see figure 3.1a). The periodic flow is induced by a discontinuous two-step
protocol: during the first half-period the outer cylinder is rotated, while the inner remains sta-
tionary; during the second half-period the outer cylinder is fixed and the inner one is rotating.
The streamline patterns created by the rotation of the inner and outer cylinder are shown in
figures 3.1b,c respectively. To clearly show the structure of the flow, two different families of
equidistant isolines of the stream function are used, including the separatrix that delimits the
vortex and the main flow. In case of a Stokes flow the result of the fluid motion is completely
defined by the rotation angles of the cylinders. Thus, the flow protocol can be described by
two dimensionless parameters: rotation angle � of the outer cylinder and the ratio 
 of the
rotation angles of both cylinders. Following Muzzio et al. (1991b), we fix the geometric pa-
rameters to rin=rout = 1=3, e = 0:3 and the ratio of the rotation angles is kept 
 = 3:0.
The angle � takes a sequence of fixed values that includes those considered in Muzzio et al.
(1991b), but we expand to a twice larger maximum rotation angle: � = 8�.

3.2 Dynamical system tools: Poincaré maps and periodic points

As it was shown in Muzzio et al. (1991b), depending on the rotation angle �, this protocol
can generate completely different chaotic flows with or without large islands (zones of bad
mixing, where fluid motion is regular and material stretching is at best linear with time – see
chapter 1). Figure 3.2 shows Poincaré maps for some typical cases (� = 0:5�; �; 2�). The
Poincaré maps are obtained by tracking a small number of markers in the flow and marking
their position after each period of the flow. This dynamical systems technique reveals zones of
regular and chaotic fluid motion. Using the algorithm that exploits the symmetry properties of
the particle trajectories during each half-period (Meleshko and Peters, 1996) some first-order
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(a) (b) (c)

Fig. 3.3: Example of undeformed and deformed grids (coarse grids containing only 150 cells are
shown): a) initial undeformed grid; b) deformed grid after rotation of inner cylinder by �=2;
c) deformed grid after rotation of outer cylinder by �=2.

periodic points were located and classified. Unstable (hyperbolic) first-order periodic points
(particles placed there return to the same locations after one period of the flow – see chap-
ter 1) are plotted on the appropriate Poincaré maps as filled circular markers. The numbers,
shown for each point, are the largest absolute values of the eigenvalues of the deformation
tensor associated with that periodic point. They describe the largest possible stretching after
one period of the flow of an infinitesimal vector located at that point. These eigenvalues were
estimated in an attempt to see a correlation between the maximum stretching in the vicinity of
hyperbolic points and the average stretching in the whole domain, assuming that chaotic mix-
ing is controlled by unstable manifolds of these points. Such a correlation was not observed:
apparently, the high stretching values in the vicinity of a hyperbolic point do not necessarily
mean a high material stretching efficiency of the flow as a whole.

The flow with � = 0:5� (figure 3.2a) contains a large number of islands of different order
and a wide ring of regular flow along the outer boundary. No first-order periodic points were
found. The flow with a twice larger rotation angle � = � (figure 3.2b) can be regarded as
more chaotic. It contains only two relatively large (period-2) islands in the bulk of the flow
domain. The protocol with � = 2� (figure 3.2c) results in an almost globally chaotic flow:
there are no noticeable islands. It seems, however, that all chaotic flows belonging to this
family of protocols have thin regular layers adjacent to both cylinders. In case of � = 2�
a stable (elliptic) periodic point was detected near the inner cylinder – its position is shown
by non-filled circular marker. Note that the islands that are not single-connected (in this
flow they enclose the inner cylinder) do not necessarily have to contain a periodic point of
appropriate order inside the island itself.

3.3 Implementing the mapping approach for JB flow

Figure 3.3 illustrates the type of cell grids used to implement the mapping technique, as intro-
duced in chapter 2, for the journal bearing flow (actual grids used in computations are much
finer and contain 6 � 104 cells). The undeformed mapping grid (figure 3.3a) is fitted to the
flow domain geometry and, thus, is curvilinear with the cells having different areas. This
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grid, nevertheless, is structured, which significantly simplifies the computation of the map-
ping matrix coefficients. The elementary task of finding the grid cell, to which an arbitrary
point inside the flow domain belongs, is performed using the transformation to the equivalent
geometry with concentric cylinders. The fact that the grid is structured also makes it possible
to immediately find the neighbouring cells. These operations are extensively performed when
the mapping matrix is being computed.

Figure 3.3b shows the grid deformed by a counter-clockwise rotation of the inner cylinder
by �=2 and figure 3.3c – for a rotation of the outer cylinder. The mapping matrices and
deformation gradient tensor components are computed for the separate rotations of �=2, �
and 2� of each cylinder (i.e. six different mappings). All protocols studied in this chapter are
represented as a sequence of these pre-computed steps.

3.4 Mapping method validation

Before proceeding further we have to show that the extended mapping technique provides an
appropriate, quantitative description of both the macroscopic material transport and interface
stretching and re-orientation.

3.4.1 Mapping versus front tracking

To verify the ability of the mapping technique to properly describe material transport in the
flow and quantitatively predict the amount of interface stretching, a comparison was made be-
tween results from extended mapping and explicit adaptive tracking of the interface (Galak-
tionov et al., 2000a). For this purpose a test blob is used, see figure 3.4a. The concentration
distribution describing this blob (figure 3.4b) has slightly blurred edges due to the discretiza-
tion, since cells are split in halves by the blob boundary. Figure 3.4c shows how the boundary
of the initial blob is described with the area tensor (trA is plotted). The boundary description
is as sharp as possible with the given grid: only a single layer of cells contains a non-zero
area tensor. The bottom row of images in the same figure shows how the blob is deformed by
two periods of the flow with � = � and 
 = 3. Comparison to interface tracking shows that
the mapping approach properly represents the deforming blob. The concentration, plotted in
the middle column, is captured quite well by the mapping method. The plots on the right
show the extended mapping results, in particular trA. The interface is captured remarkably
accurately.

Note that, despite the fact that in most illustrations in this work only the trace of area
tensor, which gives the amount of interfacial area per unit volume, is used, a complete tensor
must be used in the computations, since it contains essential information about the interface
orientation. Figure 3.5 shows the diagonal components of the area tensor separately, using the
same deformed blob as in figure 3.4d-f. The component A11 emphasizes interfaces oriented
perpendicularly to X axis (thus, aligned vertically), horizontal interfaces are absent on the
plot of A11 distribution. Similarly, the diagonal component A22 of the area tensor A reveals
predominantly horizontal interfaces. The trace of area tensor in 2D is a sum of this two
components. It is also clear from figure 3.5: superimposing the patterns obtained separately
for A11 and A22 we obtain the complete interface pattern, the same as in figure 3.4f.
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Fig. 3.4: Comparison of the mapping (b, e), extended mapping (c, f) and front tracking results (a, d).
Top row (a, b, c) shows initial distributions, bottom (d, e, f) – after two periods of the flow
with � = � and 
 = 3. In sub-plot (d) the result of the deformation of the initial contour (a)
determined using the adaptive front tracking technique is shown. Gray filling of the contour
in (a) and (d) is used only to indicate the interior of the blob, while leaving the sharp contour
visible. The sub-plots (b, e) show in grayscale the concentration distribution before and after
deformation (computed using mapping). Similarly, the sub-plots (c, f) show the distribution
of the trace of area tensor.

3.4.2 Reliability of interface stretching prediction

The deformation of a blob, depicted in the upper row of Fig. 3.4 was computed for 3 different
flows with � = 0:5�, � = � and � = 2� (in all three cases 
 = 3) by using both front
tracking and the extended mapping approach. The total length of the interface was recovered
from the mapping results as a sum over all sub-domains (cells):

L =

NX
i=1

SitrAi; (3.1)

where Ai is the area tensor in the sub-domain number i that has an area equal to Si.
Figure 3.6 shows quantitative comparisons for mapping and tracking for different map-

ping grids. Consistency of the mapping method is shown to be independent on the rotation
angle �. The estimation of the interface length was computed using the mapping grids of
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trace A

=

A11

+

A22

Fig. 3.5: Information about the interface orientation, contained in the area tensor: traceA can be pre-
sented as a sum of A11, which represents vertically aligned interfaces, and A22, that corre-
sponds to horizontal striations. The same example as in the bottom row of figure3.4 is used.
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Period 1.0 3.0 5.0

tracking 0.00106 0.0325 1.0041
100� 600 0.00106 0.0333 1.0031
50� 300 0.00108 0.0321 1.0123
25� 150 0.00109 0.0343 1.1570
10� 60 0.00115 0.0399 1.6409
5� 30 0.00126 0.0653 3.2934

Fig. 3.6: Left: interface stretching obtained using front tracking and extended mapping technique for
different mapping grids and � = 0:5�; �; and 2�. On the right quantitative comparisons are
shown for � = 2�.

different resolution. There was no need to compute the mapping matrices separately for more
coarse grids. The results for the grids containing 5 � 30, 10 � 60, 25 � 150 and 50 � 300

cells can be obtained using the mapping on the finest grid 100� 600 by grouping the cells of
this fine grid in blocks of the size 20� 20, 10� 10, 4� 4 and 2� 2 cells, respectively, and
averaging the concentration inside this blocks on every mapping step.

The lines in figure 3.6 show the evolution of the length of the contour, computed using
the adaptive front tracking technique (Galaktionov et al., 2000a) while markers represent the
mapping results. When the mapping grid is made finer, the predicted interface stretching
quickly converges to the value obtained from explicit interface tracking.

Notice that the number of periods of the tracking method is limited since the number of
points needed to describe the contour is increasing exponentially. The discrepancy between
the contour length, computed using the two approaches did not exceed 4% for the fine (100�
600) mapping grid, while an interface stretching of more than 104 was obtained. Thus, despite
the “numerical diffusion” caused by using coarse grain values. i.e. averaging within sub-
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domains which leads to a more smooth distribution of the interfacial area (described by area
tensor A), the extended mapping technique is able to predict rather correctly the interface
stretching. The prediction of interfacial area is very accurate for the journal bearing flow.
In Galaktionov et al. (2002a) mixing in the rectangular lid-driven cavity flow was studied
and there the prediction of the growth of interfacial area was significantly less accurate and
over-predicted due to the presence of corner singularities.

3.5 Eigenvalues and eigenvectors of (full-period) mapping matrices

3.5.1 Properties of eigenvalues and eigenmodes

The original idea of Spencer and Wiley (1951) was to study the properties of the distribution
(mapping) matrix itself, or, more precisely, its powers. In most cases such an approach re-
mains not feasible, since the matrices describing in detail the material transport in complex
flows are necessarily rather large. We can assume, however, that in some simple cases the
eigenvalues and eigenvectors of the mapping matrix may contain an essential information
about mixing properties of the flow. Note, that for this purpose the mapping matrix must
describe a complete period of the flow.

First, we discuss the properties of the eigenvalues of the mapping matrix and their cor-
responding eigenvectors. As these vectors actually describe the field of concentration, we
will call them “eigenmodes”. Note that, while real eigenmodes describe the concentration
distribution (or its perturbation, as we will see later), the physical meaning of complex eigen-
modes is less clear. As we will see, they may for example correspond to islands of the n-th
order, where n > 2. The following simple linear normM(C) for the real positive distribution
vector C , defined as

M(C) =

NX
i=1

CiSi; (3.2)

where Si is the area of the cell number i, determines the total volume of the marked fluid
that corresponds to this concentration distribution. For brevity we will refer to such a norm
as the mass of the distribution (eigenmode), including the cases of any type of eigenmodes.
The mapping transformation preserves the mass of the fluid, thus it can be shown that for any
distribution C the norm M(C) is preserved,

M(�C) = M(C); (3.3)

since the mapping, defined by equations (2.2) and (2.4), merely redistributes the fluid in the
system.

This mass conservation has an interesting implication for the eigenvalues and associated
eigenmodes. If C� is an eigenmode associated with eigenvalue �, it means that

�C� = �C�: (3.4)

Since the norm M is linear,

M(�C�) = M(�C�) = �M(C�): (3.5)
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Taking into account (3.3) we get:

�M(C) = M(C): (3.6)

Thus, for any eigenvalue such that � 6= 1 we necessarily obtain that the mass of the cor-
responding eigenmode must be equal to zero. Such an eigenmode with zero norm can be
considered as a perturbation (which may have both negative and positive values) applied to
a uniform concentration distribution. The magnitude of j�j then controls the rate of decay
of this perturbation. There is always one eigenvalue � = 1 that corresponds to a uniform
distribution. Ideally, if there are other eigenvalues with j�j = 1 they describe non-decaying
modes associated with zones of the flow between which there is no material exchange. Some
of these zones represent regular islands, others correspond to isolated chaotic regions (it is
possible to have different chaotic regions, which do not exchange material).

The meaning of the complex eigenvalues and eigenmodes may be explained by the fol-
lowing considerations. Suppose that there is a system with n islands of period n and the
grid is ideally fitted to them: islands boundaries coincide with the cell boundaries (thus, no
numerical diffusion). We assume that there are eigenmodes responsible for these islands.
Since after n mappings the distribution must be completely recovered, we get �n = 1. This
shows then that there are n eigenvalues: namely the n-th order complex roots of 1. As the
simplest example, negative real eigenvalues can correspond to second order periodicity, since
(�1)2 = 1 (here we are considering all complex roots).

If the boundaries of the mapping sub-domains do not match exactly with the boundaries
of these isolated zones, numerical diffusion will cause a gradual erasing of the perturbation.
Thus, computed eigenvalues will have absolute values less than 1. Slow decay of the distur-
bance (j�j close to 1) still can serve as an indication of rather slow exchange between different
zones of the flow. Particular examples of eigenvalues and eigenmodes of the full-period map-
ping matrices will be given in subsection 3.5.2.

3.5.2 Examples of eigenvalues and some eigenmodes

We consider the mapping matrices for a full period of the flows with 
 = 3 and � = �
and � = 0:5�, respectively. Unlike in the rest of this work, a rather coarse grid, containing
only 2400 sub-domains is used. This makes it possible to compute all eigenvalues and, if
necessary, the corresponding eigenvectors. Figure 3.7a shows the location in the complex
plane of all the eigenvalues of the full-period mapping matrix for the flow with � = � and

 = 3. We focus on the real eigenvalues with the largest absolute values.

First, an eigenvalue �0 = 1 is observed that corresponds to a trivial eigenmode Ci =

constant describing a uniform density distribution. We also examined few other real eigen-
modes with large absolute values. They provide essential information about the material
transport in the flow under study. Figure 3.8 shows the eigenmodes, corresponding to the
values �1 = 0:9867, �2 = 0:9071 and �3 = �0:9722.

The slowest-decaying eigenmode, which corresponds to �1 = 0:9867, is shown in the
figure 3.8a. It demonstrates that there is only very slow exchange of material between the
wide ring adjacent to the outer cylinder and the rest of the flow domain. From the Poincaré
map (figure 3.2b) it is known that this ring contains two period-2 islands. It was suggested
above that periodic structures of the second order should reveal themselves through the pres-
ence of the real eigenvalue close to �1. Figure 3.8b shows the eigenmode that corresponds
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Fig. 3.7: a) The eigenvalues of the full-period mapping matrix for the flow with � = � and 
 = 3. b)
Eigenvalues for � = 0:5�. The five eigenvalues correspond to a system of period-5 islands
are marked with circles.
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Fig. 3.8: The real eigenmodes (perturbation of concentration) of the full-period mapping matrix for the
flow with � = � and 
 = 3. The eigenmodes correspond to the eigenvalues: a) �1 = 0:9867,
b)�3 = �0:9722 , c) �2 = 0:9071.

to �3 = �0:9722. Bright and dark regions in the plot, corresponding to positive and negative
values of concentration disturbance, are clearly seen in the outer layer of the flow domain.
Since the eigenvalue �3 = �0:9722 is negative, the material contained in these two zones is
being swapped after each period of the flow. The eigenmode that corresponds to �2 = 0:9071
is shown in figure 3.8c. It indicates that there is also a zone around inner cylinder that ex-
changes material with the rest of the domain rather slowly. The Poincaré map in figure 3.2b
shows that there is actually a thin ring-shaped island enclosing the inner cylinder. We can see
that eigenmodes of real eigenvalues of the full-period mapping matrix can indeed reveal the
nearly isolated zones of the flow.

Since higher-order periodicity is associated with complex eigenvalues, it is of interest to
examine the flow with � = 0:5� and 
 = 3, because it contains the system of 5 islands of
fifth order, revealed by the Poincaré map (figure 3.2a). The corresponding mapping matrix in
fact possesses eigenvalues close to the complex roots 5

p
1. These eigenvalues, marked with

circles in figure 3.7b, are situated near the vertices of a regular pentagon. The real parts
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or absolute magnitude of the corresponding eigenmodes indicate that these eigenvalues are
related to the above-mentioned period-5 islands.

The eigenvalue pattern in figure 3.7b also shows four distinct “leaflets” of high absolute
values near the real and imaginary axes. These leaflets are caused by a behavior close to
4-th order periodicity in the outer ring of the flow domain. This becomes clear if we notice
that actually every point on the outer boundary returns to its original location after 4 periods,
since � = 0:5�.

Comparing the two plots in figure 3.7 we can see that for the flow with � = � the eigen-
values are grouped more densely around the origin (0,0). This serves as an indication that
most of the perturbation in this flow decays faster than in the flow with � = 0:5�.

The above presented examples demonstrate that the eigenvalues and eigenvectors of map-
ping matrices may provide essential information about mixing properties of the flow. In par-
ticular, they reveal the islands or isolated chaotic zones that have slow material exchange
with the rest of the flow domain However, the use of eigenvalue analysis is seriously limited
by the associated computational expenses. The mapping matrices describing in detail com-
plex three-dimensional flows are necessarily large. Moreover, the matrix for such an analysis
must describe a complete period of the flow, being more dense then matrices that describe
elementary steps of a mixing protocol.

3.6 Stretching performance of JB flow

The extended mapping technique gives both the macroscopic material transport and the sub-
cell microstructure evolution. In this section, we focus our attention on the microstructure
development. Our primary interest is the stretching ability of the flow. Similar to the approach
of Muzzio et al. (1991b) we want to obtain the distribution of stretching values, averaged over
all possible orientations. But unlike their approach we intend to obtain the locally volume
averaged rather than point-wise stretching values. The extended mapping approach allows
for such computations and is applied here to study the kinematics of the chaotic mixing
process.

3.6.1 Stretching distribution

Volume averaging is an intrinsic feature of the mapping technique, since the mixture is de-
scribed using coarse grain variables. To evaluate the stretching averaged over all possible
initial interface orientations, we prescribe the initial distribution that has an isotropic area
tensor with unit trace in every cell: Ai = 0:5I, where I is the unit tensor. This is equivalent
to a mixture containing small spherical droplets, where all orientations of the interface have
equal probability. The composing Newtonian fluids are supposed to have identical viscosities
and zero surface tension, so the droplets are deforming affinely with the flow. The average
stretching � of the material in a cell is estimated as the ratio of the trace of the area ten-
sor (which equals the total length of interface, divided by the cell area) with its initial value
(which, in this case, equals one):

�i(t) = trAi(t)=trAi(0) = trAi(t): (3.7)
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We also define the arithmetic mean stretching in the whole domain as

� =

NX
i

�iSi

,
NX
i

Si; (3.8)

where Si is the area of the cell i and N is the total number of cells. The definition of �
is closely related to the arithmetic mean stretching used by Muzzio et al. (1991b), which is
discussed in subsection 3.6.3.

Figure 3.9 shows the logarithm of the stretching distribution after one period with the
parameter � equal to �=2, � and 2�, respectively. We use the logarithm of the stretching
value because the growth of � with time is exponential. Even after a single period of the
flow, the stretching distribution is highly non-uniform with zones of high stretching closely
interleaved with zones of weak stretching. In all three plots the same logarithmic scale is
used to better reveal the whole range of stretching values (dark color corresponds to higher
stretching). Notice that the results, presented in figure 3.9, show the stretching during a
single period starting from an isotropic initial distribution. These patterns do not represent
the long-term stretching in the corresponding flows.

(a) (b) (c)
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Fig. 3.9: Stretching of an initially isotropically oriented interfaces during one period of the flow: a)
� = �=2, b) � = �, c) � = 2�. The gray level represents the decimal logarithm log10� of the
local stretching values.

Stretching of isotropically oriented interfaces during one period of flow does not fully
characterize the stretching performance of the flow. After just a few periods the distribution
of the stretching values evolves into a self-similar pattern and asymptotic orientation of in-
terfaces is established and persists. This was shown by Muzzio et al. (1991b), who named
this phenomenon “asymptotic directionality”. This particular orientation created by the flow
itself strongly influences the stretching rates. To evaluate the asymptotic stretching behavior
of the flow, we computed the average stretching in each cell during the preceding period of
the flow. To do this, the area tensor distribution after at least 10 periods of flow was taken
as an initial condition. This ensures that the interfaces acquired a stable orientation and that
the distribution of trA becomes self-similar. This distribution was then mapped for one more
period after which we compared the resulting distribution of trA with the values which would
result if the interfaces would just have been passively convected (to do this, the scalar value
of trA was mapped in the same way as concentration). The ratio of the two values of trA
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gives an estimate of the average stretching experienced by interfaces in each cell during this
last period of the flow.

Figure 3.10 demonstrates the stretching �� of asymptotically oriented interfaces for the
same flows as in figure 3.9. The gray level of each cell corresponds to the logarithmic average
stretch experienced during the last period of the flow. The plots in figure 3.10 show some
remarkable features. First, the asymptotic stretching rates are generally lower then those on
an initial isotropic pattern (see figure 3.9). Moreover, the stretching fields now have a more
complex structure.

(a) (b) (c)

−0.5

0   

0.5 
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1.5 

Fig. 3.10: One-period stretching of asymptotically oriented microstructure: a) � = �=2, b) � = �,
c) � = 2�. Gray levels represent the logarithm log

10
�� of the stretching values over one

period.

3.6.2 Microstructural demixing

Another important feature is that stretching ratios less than one are observed (log�� < 0).
This means that the material in these cells underwent contraction during the last period and
we call these regions zones of local microstructural demixing. The zones of the interface
contraction are shown separately in figure 3.11. In this figure the contour lines define the
zones where contracted material resides. Inside these zones the cells are shaded to show the
contraction ratio: a darker gray level corresponds to a higher contraction ratio. Interfaces are
observed to contract as strong as six to nine times. Notice that the stretching (or contraction)
computed as described in subsection 3.6.1 is the average value over the interface area. So,
it takes into account the interface distribution and properly describes the interface generation
by the flow when typical self-similar distributions are established.

The presence of the local microstructural demixing zones does not mean that the amount
of interface at some locations decreases with time. Quite contrary, it grows exponentially.
The material that is being contracted was previously highly stretched in other parts of the
flow. These local demixing zones, however, quite closely match the parts of the flow domain
where the trace of area tensor grows slower (and, thus, the striation thickness is larger) and
where homogenization during the initial stage of the mixing is slower (Galaktionov et al.,
2002a). From our observations, also based on the previous work dealing with the flow in a
lid-driven rectangular cavity (Galaktionov et al., 2002a), location of these demixing zones is
not directly associated with stable islands. The islands do typically contain the regions, where
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the interfaces contract (the contraction ratios are usually rather moderate) alongside with the
regions where material experiences stretching. However, the largest contraction ratios are
observed in chaotic regions, mainly in the zones, where sharp folds of material layers are
formed.
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Fig. 3.11: Microstructural demixing (interface contraction) factor: a) � = �=2, b) � = �, c) � = 2�.
Contours delimit the demixing zones. Darker color indicates a stronger contraction.

3.6.3 Arithmetic mean stretching

Since the extended mapping approach gives quantitatively good results on stretching, as was
demonstrated in subsection 3.4.1, we compare the rate of interface generation in the JBF
predicted by the mapping method to that computed by Muzzio et al. (1991b). In the cited
paper the stretching statistics was obtained point-wise by computing the stretching values
associated with a set of markers with zero size. The stretching averaged over the volume of the
fluid may provide a better estimation of the ability of the mixing flow to stretch the material
and generate intermaterial area. In this case the result is not dependent on the distribution
of sample points (markers) and all possible orientations of initial interfaces are taken into
account because of the statistical description using the area tensor.

To justify the quantitative results on average stretching we examine the influence of the
size of the mapping steps. The evolution of the average stretching � was computed for the
same flow using different sizes of mapping steps. For example, for the flow with � = 2�
stretching of the initially isotropic pattern was computed for 10 periods. Mapping matrices
were computed for rotation angles �=2, � and 2�. Three test computations were performed:
one with the largest mapping steps possible, next one with rotation angle �=2 and �, and,
finally, one with only the smallest steps of �=2. The predicted logarithms of average stretch-
ing were respectively log� = 7:640, log� = 7:651 and log� = 7:646. This demonstrates
the insensitivity of the average stretching to the size of the mapping steps and, thus, the ex-
tended mapping technique can predict stretching in the journal bearing flow reliably. Since
the stretching predictions are not sensitive to the size of the mapping steps, the largest possi-
ble steps are used in the following computations, reducing the computational expenses.

Since the arithmetic mean stretching �a is growing exponentially with number of the
periods n as

�a � exp(�an); (3.9)
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Fig. 3.12: The exponential stretching coefficients computed using extended mapping technique for the
flows with 
 = 3 and different values of �, compared with the data from Muzzio et al.
(1991b).

Muzzio et al. (1991b) computed the rate of exponential stretching �a for the flows with 
 = 3

and � ranging from �=2 to 4�. They concluded that in the examined range �a increases
linearly with the angle � and total stretching is thus determined only by the total rotation
angle of the cylinders. Such a conclusion seems not very convincing even with the data,
presented in Muzzio et al. (1991b). To clarify this issue we estimated the value of �a based
on the current model. To make sure that the trend is captured properly, mapping computations
cover a wider range of rotation angle, up to � = 8�. The results are presented in figure 3.12a,
where the data from Muzzio et al. (1991b) are also plotted.

For some values of � our results coincide with those from Muzzio et al. (1991b), for some
parameters the mapping approach predicts somewhat higher stretching rates. This discrep-
ancy can possibly be attributed to the difference in the way how the stretching is computed.
The mapping approach, however, is in very good agreement with the explicit tracking re-
sults in this range (see subsection 3.4.2). Both approaches show the same trend in the range
0:5� < � < 4�. We don’t regard this as a linear proportionality between �a and �, since the
line bends downwards: the mapping data is best fitted with a power function �a � �0:7816.
When the data computed for the values of 4� < � < 8� are taken into account, non-linear
dependency of the stretching efficiency on the rotation angle � becomes even more obvious,
see figure 3.12a. This can be clarified by rescaling the same data and plotting �=� versus
�, see figure 3.12b. A remarkable result is that both, our results and the analysis performed
by Muzzio et al. (1991b) show, although it is not indicated in Muzzio et al. (1991b), that
the higher stretching for the same total angular displacement (and, consequently, the same
energy) is achieved by the flow with � = �.

3.7 Conclusions and discussion

In this chapter the stretching and microstructure development in a time-periodic Stokes flow
between eccentric cylinders was studied using the extended mapping method. The ability of
the mapping approach to correctly predict stretching rates for this type of the flow was verified
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by comparing the deformation of the boundary of a blob of passive tracer as predicted by the
mapping technique with the result obtained from explicit tracking.

In section 3.5 the properties of eigenvalues and eigenvectors of full-period mapping ma-
trices were discussed. The computational tests on a rather coarse mapping grid confirmed
that eigenvalues and eigenvectors may provide essential information about mixing perfor-
mance of the flow, including the location of islands or chaotic regions that have slow material
exchange with the rest of the flow. The practical use of the eigenvalue analysis is, however,
strongly limited by associated computational expenses.

It was found that the conclusion, drawn with some reservations in Muzzio et al. (1991b),
that the total amount of stretching is proportional to the total rotation angle (and, hence,
the work done on the system), was not right. The computational efficiency of the mapping
approach allowed to extend the range of the parameters of the flow protocols being consid-
ered. The maximum stretching efficiency for the studied type of mixing protocols is achieved
within the range, examined by Muzzio et al. (1991b) but doubling of the investigated range of
the rotation angles made the trend in the dependency of stretching on the protocol parameter
more obvious.

Typical features of time-periodic chaotic flows phenomena, such as a strongly non-uni-
form interfacial area distribution and a quick onset of the dominant interface orientation –
the phenomenon referred in Muzzio et al. (2000) as “asymptotic directionality” (AD), were
found using the mapping method. It was revealed that when self-similar patterns are estab-
lished, there exist distinctive zones in the flow, which we called “microstructural demixing
zones”, where interfaces can be strongly contracted. The reason for such behavior is that the
established orientation of interfaces does not favor stretching there. The total amount of inter-
face, however, grows due to advection of the material to and from zones where it experiences
high stretching rates.
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Chapter 4

Optimization of Kenics static mixers

In this chapter the extended mapping approach is applied to study the distributive mixing in
the in industry widely used Kenics static mixer, which already received significant attention
of many researchers (see below). The flexibility of the mapping approach allows to study
and compare different mixer layouts and perform optimization with respect to macroscopic
homogenization efficiency and interface generation.

4.1 Kenics static mixer: introduction

The Kenics mixer (see e.g. Middleman (1977)) consists of a cylindrical pipe with twisted,
perpendicularly placed, rectangular inserts fixed inside. A detailed description of the mixer
geometry will follow in subsection 4.1.1. The Kenics static mixer is not regarded as the
most efficient device, but the simplicity of its design and the comparatively low pressure drop
required for its operation, justifies its frequent use.

4.1.1 Mixer geometry

The underlying idea of the Kenics mixer (and all other static mixers) is to mimic the “baker’s
transformation” (Ottino, 1989; Fox, 1998) by repeatedly cutting, re-orienting and stacking
material to produce a multitude of striations. The Kenics static mixer is a typical in-line
mixing device. It consists of a cylindrical pipe with mixing elements fixed inside. The mixing
elements are formed by helically twisted rigid plates (usually of the same pitch), each dividing
the pipe into two twisted semicircular ducts. The inserts are placed tightly one after another
so that the leading edge of the next insert is perpendicular to the trailing edge of the previous
one. The flow along the pipe is driven by a pressure gradient. Although such mixers are also
used at moderate (� 102) Reynolds numbers, we consider the most common case of Stokes
flow of viscous fluids, where the inertial forces can be neglected. The mixer configuration
as used by Avalosse and Crochet (1997) is taken as a starting point. The inner diameter of
the pipe is 60mm, the length of the 180Æ-twisted blade equals 115mm, while its thickness
(2mm) is neglected here for simplicity. (This assumption seems not to cause any noticeable
differences in the mixer’s operation, see the results of Avalosse and Crochet (1997).) Layouts
with blades of different twist direction (both left- and right-oriented) will be considered, and
we change the total blade twist angle while keeping the pitch of the blades the same as in
Avalosse and Crochet (1997). Thus, changing the total blade twist means actually changing
the blade length.

Figure 4.1 shows three typical examples of mixer configurations. Although the technique
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(a)

(b)

(c)

Fig. 4.1: Examples of different Kenics designs: (a): a “standard” right-left layout with 180Æ twist of the
blades (RL-180); (b): right-right layout with blades of the same direction of twist (RR-180);
(c): (RL-120) right-left layout with 120Æ blade twist.

used in the current work easily allows for higher flexibility, we will mostly limit the analysis
here to mixers that are spatially periodic with a repeating period sequence of exactly two
blades of the same absolute twist (except in subsection 4.4.1), but possibly with a different
twist direction. The obvious reason is that because of the working principle of the Kenics
mixer, not much improvement can be expected from symmetry-breaking measures (that are
rather successful in prototype mixing flows (Franjione et al., 1989; Liu et al., 1994; Ander-
son et al., 1999; Galaktionov et al., 2001b)), e.g. by combining long and short blades. Under
these limitations two basic types of design exist (Hobbs and Muzzio, 1998a): a layout with
alternating right and left twist direction, which we will refer to as “RL”, and the layout con-
taining only blades of the same direction of the twist, referred as “RR”. Since it was shown
in Hobbs and Muzzio (1998b) that the pitch angle has a rather minor effect on mixer per-
formance, it is fixed in the current work, and the only parameter to change is the total blade
twist angle. Throughout this chapter we will use the “RR” or “RL” notation for the type of
geometry together with the blade twist angle (in degrees) to specify a particular mixer geom-
etry. Thus, for example RL-180 stands for the mixer, combining the blades twisted 180Æ in
both directions, figure 4.1a, as used by Avalosse and Crochet (1997). Figure 4.1b shows the
RR-180 configuration as was considered by Hobbs and Muzzio (1998a), while figure 4.1c
illustrates the RL-120 geometry, which was suggested as more energy efficient by Hobbs and
Muzzio (1998b).

4.1.2 Principle of Kenics operation

The Kenics mixer in general is intended to mimic to a possible extent the “bakers transfor-
mation” (see, for example Ottino (1989)): repetitive stretching, cutting and stacking. To
illustrate the principles of the Kenics static mixer a series of the concentration profiles inside
the first elements of the “standard” mixer with blades twisted by 180Æ in alternating directions
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(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 4.2: How the Kenics mixer works: the frames show the evolution of concentration patterns within
the first four blades of the RL-180 mixer.

(referred to as RL-180) are presented in figure 4.2. All these concentration distributions are
obtained using the mapping approach, see subsection 2.1.2. The first image shows the initial
pattern at the beginning of the first element: each channel is filled partly by black (c = 1) and
partly by white (c = 0) fluid, with the interface perpendicular to the blade. The total influx
of both fluid components is equal.

The images in figure 4.2b-e show the evolution of the concentration distribution along the
first blade, the thin dashed line in figure 4.2e denotes the leading edge of the next blade. From
the point of view of mimicking the bakers transformation it seems that the RL-180 mixer has
a too large blade twist: the created layers do not have even roughly equal thickness. The
configuration achieved 1=4 blade twist earlier, see figure 4.2d, looks much more preferable.
The next frame, figure 4.2f, shows the mixture patterns just 10Æ into the second, oppositely
twisted, blade. The striations, created by the preceding blade are cut and being dislocated at
the blade. As a result, at the end of the second blade (figure 4.2g) the number of striations is
doubled. After four mixing elements, figure 4.2h, sixteen striations are found in each channel.
The Kenics mixer roughly doubles the number of striations with each blade, although some
striations may not stretch across the whole channel width. Note, that the images in figure 4.2
show the actual spatial orientation of the striations and mixer blades. In all other figures the
patterns are transformed to the same orientation: the (trailing edge of the) blade is positioned
horizontally. This simplifies the comparison of self-similar distributions.

4.1.3 Existing approaches to Kenics mixer characterization

The widespread use of the Kenics mixer prompted the attention to the kinematics of its oper-
ation and attempts to find ways to improve its performance. Khakhar et al. (1987) considered
the so-called partitioned pipe mixer, which mimics the operation of Kenics. The analogy is
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incomplete, since the partitioned pipe mixer is actually a dynamic device, consisting of rotat-
ing pipe around a number of straight, fixed, perpendicularly placed, rectangular plates�. This
device, however, gave a possibility to control its efficiency by changing the rotation speed
of the pipe (which may be considered to be analogous to the twist of the blades in a Kenics
mixer) and allowed relatively simple mathematical modeling using an approximate analytical
expression for the velocity field. The expression for the velocity field (and, consequently, the
numerical simulations) was improved by Meleshko et al. (1999), achieving even better agree-
ment with experimental results of Khakhar et al. (1987). However, these studies were dealing
with a simplified model flow, which fails to catch the details of the real flow in a Kenics static
mixer.

The increasing computational power allowed different researchers to perform direct sim-
ulations of the three-dimensional flow in Kenics mixers (Avalosse and Crochet, 1997; Hobbs
and Muzzio, 1997, 1998a; Hobbs et al., 1998; Hobbs and Muzzio, 1998c; Byrde and Saw-
ley, 1999; Fourcade et al., 2001). The last paper considers even flows with higher Reynolds
numbers up to Re = 100. These studies analyzed only certain particular flows and unlike
Khakhar et al. (1987) did not allow for the optimization of the mixer geometry, due to high
cost of 3D simulations.

More systematic efforts on exploring the efficiency of the Kenics mixer were made by
Hobbs and Muzzio (1998b), who suggested a more energy efficient design with a total blade
twist of 120Æ. They explored different mixer configurations, but, since the velocity field had
to be re-computed every time, the scope was limited: only seven values of the blade twist
angle were analyzed. The aim of the current work is to study numerically the dependence
of the mixer performance on the geometrical parameter (blade twist angle) and, possibly,
to suggest the optimal configuration within the imposed limitations. Since it was shown in
Hobbs and Muzzio (1998b) that the blade pitch has rather minor effect on mixer performance,
it is fixed in the current work.

The Kenics static mixer was also considered as a tool to enhance the heat exchange
through the pipe walls (Joshi et al., 1995). They found that the Kenics mixer may offer a
moderate improvement in heat transfer, but its applicability in this function is limited by dif-
ficulty of the wall cleaning. However, only mixers with the “standard” 180Æ blade twist were
considered. In the current work we also analyse the influence of the blade twist angle on
refreshing of material on the tube surface. Recently Fourcade et al. (2001) addressed the ef-
ficiency of striation thinning by the Kenics mixer both numerically and experimentally, using
the so-called “striation thinning parameter” that describes the exponential thinning rate of
material striations. This was done by inserting a large number of “feed circles” and numeri-
cally tracking markers along the mixer. Their method allows to characterize the efficiency of
the static mixer. However, adjusting the geometry would necessitate repetition of all particle
tracking computations. Optimization of the mixer geometry calls for a special tool that allows
to re-use the results of tedious, extensive computations in order to compare different mixer
layouts. A good candidate for such a tool is the mapping technique.

In this work we take into account the most important results of Hobbs and Muzzio
(1998b). The mapping method is used to systematically study the performance of Kenics
mixers of different geometries (twist direction and angle of the blades) and to find its optimal
design.

� Note that the partitioned pipe mixer is actually a simplified model of a RR type of Kenics mixer.
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(a) (b)

(c)

(d)

Fig. 4.3: Computing the velocity field patterns in the Kenics: (a) the flow domain; (b) the finite element
grid; (c) the velocities at the cross-section in the middle of the long blade; (d) the same, but
slightly below the R-L transition. The contours in (c) and (d) are isolines of the axial velocity
uz , the arrows show the lateral velocity components.

4.2 Application of the mapping technique to the Kenics mixer

4.2.1 Computational domain

To implement the mapping approach, the Kenics static mixer is subdivided into independent
functional mixing modules. These modules are assembled in an appropriate sequence to
obtain the real mixer design. An essential requirement is that the flow inside a module can be
assumed to be independent on the preceding or following ones. The starting point is to select
a computational domain that contains all necessary features of the mixer, see figure 4.3a. The
direction of the fluid flow is upwards and although the configuration is simple, it fulfills our
requirements:

� In order to obtain a fully developed flow in the entrance and exit conditions inflow
and outflow sections are provided with flat blades that subdivide the tube into two
straight semicircular ducts for which an analytical expression, known in a closed form
(Meleshko et al., 1999), is used to specify the boundary conditions.
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� In its central section the flow domain considered contains a long right-twisted blade
with total twist angle of 180Æ. It is assumed (and has yet to be verified) that in the
middle zone of the blade, the velocity field is independent of the axial coordinate, if
viewed in a properly rotated reference frame, aligned with the blade.

� The flat blade in the lower section changes into a right-twisted blade (with total twist
of 90Æ) that forms a R-R transition with the following long right-twisted blade of 180Æ

twist.

� Analogously, in the upper section the 180Æ right-twisted blade forms a R-L transition
with the following 90Æ left-twisted blade that smoothly changes into the exit duct.

This configuration contains all necessary elements and there is no need to separately compute
a velocity field around a long left-twisted blade, since it is the mirror image of that of the
right-twisted blade. Similarly, the effect of the L-L and L-R transition is completely defined
by their mirror counterparts (R-R and R-L transitions, respectively).

Figure 4.3b shows the surface of the finite element mesh used to compute the veloc-
ity field, containing 13; 824 second-order hexagonal elements with 116; 145 nodal points
(403; 731 degrees of freedom). At the rigid walls a no-slip boundary condition is prescribed
and at both inlet and outlet, a fully developed Poiseuille profile is prescribed. The fluid is
assumed to be Newtonian with a constant viscosity, unless explicitly stated otherwise. Un-
der these conditions the axial velocity in the Stokes flow through a vertical semicircular duct
x2 + y2 < a2, y > 0 of the radius a can be expressed by the exact analytical formula
(Meleshko et al., 1999). In polar coordinates (r; �) it reads:
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where huzi denotes the average axial velocity. A conjugate gradient solver, implemented
in the SEPRAN finite element package (Segal, 1984) was used to obtain the velocity field
inside the mixer. The solution was then exported from SEPRAN and customary optimized
interpolation routines (see section 2.3) were used to obtain the velocity in an arbitrary point
inside the fluid domain.

Two typical examples of the velocity field are given in figures 4.3c,d. In both images, the
contours are isolines of the axial velocity uz and the arrows indicate the lateral velocity com-
ponents. The upper right image, figure 4.3c, shows the velocities in the mixer cross-section,
located in the middle of the long blade. Interesting is that the distribution of the axial velocity
is very close to the Poiseuille profile for a straight semicircular duct (Meleshko et al., 1999).
Close to the end of the blade the picture, however, changes significantly and an example of
the velocity field slightly below the R-L transition (at the distance that corresponds to 5Æ turn
of the blade) is given in figure 4.3d. The vicinity of the next blade, with opposite twist, not
only changes the axial velocity profile, that now has four maxima, but also suppresses the
lateral velocity in the zones, where the fluid is approaching the surface of the next blade.
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Fig. 4.4: Defining the modules for assembling different mixer configurations: (a) Finding how far the
disturbances from blade transitions reach. (b) Revealing the secondary flow in undisturbed
region. The scaled velocities (4.3) are shown.

4.2.2 Mixing modules

It is necessary to verify our assumption that the mixer can be represented as a sequence of
modules, some describing the transition regions of blade junctions, others just sections of
different lengths with undisturbed velocity fields. To find the distance from the transitions
where the flow can be regarded as undisturbed, the velocity field was analyzed in more detail,
close to and away from R-R and R-L transitions. A rotational transformation was applied to
bring all cross-sections to the same orientation and the deviation of the velocity fields from
the reference velocity field, taken in the middle of long blade, was analyzed. This deviation
is defined as

Æv =

vuut 1

N

NX
i=1

���~ui � ~u0
i
���2; (4.2)

where ~ui and ~u0
i are the velocities at the same location (point number i) in the disturbed

and undisturbed (at the middle of long blade) velocity field, on a grid of N = 1600 points,
distributed evenly over the cross-section. Its value, scaled with the average of the absolute
value of velocity hvi, is plotted in figure 4.4a versus the distance from the middle of the
blade, which for convenience is transformed into the turn angle of the blade. Based on these
estimations the transition zones are defined as spanning the distance corresponding to a 45Æ

turn of the blade. (The transition zones were even increased in some tests to 60Æ in order
to minimize errors and to verify the optimization results. These changes did not make a
noticeable difference.) Far from the transition zones the velocity field will be copied (with
rotational and reflectional transformations) from the reference cross-section.

As pointed out in subsection 2.1.2 (see also the figure 2.1b) the flow tubes must be traced
in order to obtain the mapping matrix coefficients. The contours enclosing the flow tube are
represented by polygons and are tracked using an adaptive front tracking scheme (Galak-
tionov et al., 2000a), until they reach the final cross-section. The residence time for various
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Fig. 4.5: Scheme if the “building blocks” of Kenics mixers.

markers may differ significantly and grows unbounded for markers adjacent to the walls,
which makes straightforward tracking complicated. However, since it was found that regions
of back flow are not present in a Kenics mixer, and thus the axial velocity uz is positive at
any point not located on the solid surface, it is possible to follow the trajectory of particles by
using the axial coordinate, rather than time, for integrating the equations of motion. Along
the path line of a particle the derivatives of transversal coordinates x and y are:

dx

dz
=

ux
uz

;
dy

dz
=

uy
uz

: (4.3)

These derivatives behave smoothly inside the computational domain and have well-defined
limits at the boundaries. Thus, to facilitate the tracking computations, when a marker is
located too close to the boundary (closer than d = 0:0017R, where R is the tube radius), the
derivatives (4.3) are replaced by their values at the nearest internal point located in the same
cross-section at the distance d from the wall. After these simplifications, equations (4.3) are
easily integrated numerically over z using an adaptive Runge-Kutta scheme. An adaptive
front tracking is used to track the flow tube contour from one cross-section to the other.

Figure 4.4b shows the deformative part of the re-scaled velocity field, described by equa-
tion (4.3) in the middle of the long blade, obtained by subtracting the helical motion that
would be caused by rotation together with the blade. It is clearly seen that the material is
being rotated (necessarily deforming) in each of the channels. Note that the plotted vectors
are not approaching zero values close to the walls, since they were re-scaled with uz, which
itself approaches zero there. This relative pattern shows that material striations, being cut
by the blade, are transported in opposite directions along the blade: the behaviour clearly
recognizable in the experimental results of Avalosse and Crochet (1997).

4.2.3 Mapping matrices

The sub-domain grid, used in determining the mapping matrices, contains 1:6 � 105 cells
and has the same structure as the coarse grid, shown in figure 2.1b. The fact that the grid is
structured makes it computationally inexpensive to find in which cell any specified point is
located and what its neighbouring cells are (which is essential for a fast computation of the
mapping matrix).

Figure 4.5 shows schematically the parts of mixer, described by computed matrices (the
modules). The matrices denoted as RR1 and RR2 represent the sections with 45Æ blade twist
(see figure 4.4) of the transition zones around the R-R transition. Similarly, RL1 and RL2 ma-
trices describe the R-L transition. Different matrices representing various amount of twist of
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the long R blade were computed, to be precise the matrices describing 5Æ; 10Æ; 15Æ; : : : ; 90Æ

twist were used. In figure 4.5 the block, represented by the matrix R90 (90Æ twist of the
right-turning blade) is marked. A total blade twist of 90Æ is the minimum value in our op-
timization (entrance and exit transition zones of 45Æ each, without an additional module in
between). Symmetry (mirroring transformation) is used to obtain the matrices for the L-L
and L-R transitions and for the left-twisted long L blade.

When the sparse matrix is determined, its storage is converted into a more conventional
column-oriented physically ordered packing, similar to what is done in many commercial
packages. Note, that the sparse storage is essential for using the mapping approach. For
example the full matrix, describing a 90Æ twist of the long blade, would contain 2:56 �
1010 elements and would require over 200 Gb of storage memory. At the same time the
flexible storage, used during the computation of the matrix, only requires 14:8 Mb, while the
last, more compact storage algorithm, reduces this value even further to just 11:3 Mb. This
makes a simultaneous storage in RAM possible, as well as handling of multiple matrices
simultaneously, on a modern PC. Loading of a matrix from the disc file typically requires a
few seconds.

While the determination of the mapping matrices required takes some effort (up to 20
hours cumulative CPU time), a single mapping operation (see equation 2.5) requires only a
fraction of a second of CPU time (of the order of 0:1 second on AMD Athlontm1:0 GHz).
Thus, mapping makes it possible to evaluate a large number of mixer layouts and to proceed
with a large number of blades, while still obtaining the material striations.

4.3 Macroscopic homogenization

4.3.1 Intensity of segregation

In order to be able to quantitatively compare different mixtures and, thus, to compare the
performance of mixers with various layout, we use the flux-weighed, slice-averaged, discrete
intensity of segregation defined in a cross section, using coarse grain concentrations ci in the
cells:

I =
1

�c(1� �c)

1

F

NX
i=1

(ci � �c)2fi; where �c =
1

F

NX
i=1

cifi; F =

NX
i=1

fi; (4.4)

where fi is the volumetric flux through the cell number i and F is the total flux through the
mixer. The intensity of segregation is equal to 1 for an unmixed (only white and black cells)
distribution and falls to I = 0 for a uniform gray pattern.

Note, that this flux-weighed definition (4.4) of the intensity of segregation (as opposed to
the area- or volume-weighed definitions used in 2D and 3D closed prototype flows in Galak-
tionov et al. (2001b); Kruijt et al. (2001a)) is much better suited for analyzing continuous
mixers, since the real influence of an unmixed spot on the value of I is proportional to the
flux, carried through this spot. The results of using definition (4.4) may be somewhat different
from the visual impression of the concentration distribution in slices inside the mixer, since
the unmixed patches near the mixer walls, and especially in the corners between the blade and
the pipe surface, are carrying very little flux, as compared to the inner parts of the channels.
One should, though, remember that any decrease in the computed intensity of segregation is
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Fig. 4.6: Dependence of the intensity of segregation on number of blades (a) and on scaled pressure
drop (b) for RL mixers with different blade twist angle.

caused by two factors: first, the actual homogenization due to mixing and, second, numer-
ical diffusion of the method due to concentration averaging in every sub-domain after each
mapping step. Thus, the absolute value of I is only indicative. However, comparison of the
evolution (rate of decrease) of the intensity of segregation for similar mixers allows to reveal
the configuration that achieves the fastest mixing. This is optimization. Later in this chapter
we will compare the results of mapping with more standard methods like Poincaré sections
and, moreover, use the scale of segregation, or, alternatively, the so-called structure radius
(Byrde and Sawley, 1999; Liu, 2000) to evaluate the size of the largest unmixed regions.

Since an ideal mixture is characterized by an intensity of segregation equal to zero, the
rate of its (typically exponential) decrease essentially characterizes the mixer efficiency. The
dependence of I on the axial position, represented by the number of blades, is illustrated for
an RL mixer with different blade twist angle in figure 4.6a. It clearly shows that in most of
the cases exponential mixing is indeed realized, but that its slope, the rate of mixing, varies
significantly with the total blade twist angle. This plot does not actually provide information
about the mixer energy efficiency, since mixers with a higher total blade twist (longer blades)
also require more energy to operate due to larger pressure drop required. Nevertheless, the
extremely low decrease rate of the intensity of segregation for e.g. the mixer with 270Æ twist
gives a good indication that this configuration probably has “dead” zones of regular motion,
separated by KAM boundaries (Ottino, 1989). Fluid contained in such zones does not mix
with the rest of the flow.

Figure 4.6b presents the same data as figure 4.6a, but now I is plotted versus the total
pressure drop, given in relative units, scaled with the absolute value of pressure drop �P �

along one blade of the “standard” RL-180 mixer. Among the configurations presented in both
plots of figure 4.6, the mixer with the blade twist angle equal to 150Æ achieves the highest
mixture homogeneity at the lowest pressure drop.

A more precise evaluation was performed by investigating mixer configurations with a
blade twist ranging from 90Æ to 360Æ with a step of 5Æ. The results are summarized in
figure 4.7, where the logarithm of intensity of segregation is plotted as a function of pressure
drop �P (measured in the same units as in figure 4.6b) and the blade twist angle �. This
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three-dimensional plot exhibits a distinctive valley, the bottom of which, in the region of the
larger pressure drops �P , is located around the value of blade twist angle � = 140Æ. The
small “ripple” visible along the � = 180Æ is caused by the fact that for the configurations
with larger �, every blade is modeled with the use of more then three mapping matrices
(as for smaller values), causing a slight increase in the “numerical diffusion”, introduced by
the mapping computations (more mapping operations mean more per-cell averaging). This,
however, does not alter the general trend. Sub-figures a-f of the figure 4.7 illustrate the
mixture patterns, created by mixers with different � at roughly the same pressure drop. For
illustration purposes the pressure drop chosen is relatively low. The mixer with � = 90Æ

creates noticeable “irregularities” in large regions near the tube surface close to the blades.
This effect is milder for � = 120Æ and, for the optimal configuration with � = 140Æ, these
badly mixed zones are small and packed closely to the channel corners. At this location their
influence on mixer performance is minimal, since the flux through these zones is low. The
mixer with the traditional value of � = 180Æ performs well, achieving good distributions,
but due to increased pressure drop per blade, it is less energy-efficient. Finally, it is clear
that the poor mixing at higher � values, around � = 270Æ (see figure 4.7e), corresponds to
systems with large regular, dead, zones. With further increase of the blade twist angle, the
mixer seems to work again, but the high pressure drops required render it inefficient. From
figure 4.7 it can be concluded that the preferable blade twist angle for a RL Kenics mixer,
with the pitch angle considered in this paper (the same as in Avalosse and Crochet (1997)),
operated at close to zero Reynolds number, with Newtonian fluids, should be � = 140Æ.
The more traditional value of the blade twist, � = 180Æ, corresponds to a sharp slope of the
valley in figure 4.7 (line d) and small changes of parameters can be expected to have a strong
influence on its performance, although not necessarily deteriorating it.

Figure 4.8 is similar to figure 4.7 but describes the behaviour of RR mixer. The RR
mixer with � = 180Æ is unable to homogenize components because it possesses rather large
unmixed islands, which are also present for a wide range of blade twist values. Not all RR
configurations of the Kenics mixer are suffering from large “dead” zones, see e.g. the RR-110
configuration, although its efficiency is still noticeably lower than that of the RL-140 mixer.

From a purely mixing point of view the RR mixer is much less interesting than the RL
mixer. However, some other interesting applications come to mind if we examine the RR-
180 concentration patterns. This typical configuration of the Kenics mixer can be used to
create rather specific structures where two polymers with different properties are mixed in
the core of mixer, enclosed by two large unmixed regions each containing the pure polymer
components. Examples of possible technological applications are: (i) controlled curling of
fibers, mimicking natural wool, by using two polymers with different thermal shrinkage,
that are, though, closely interconnected in the middle part, and, (ii) using a combination of
conductive and non-conductive polymers to produce capacitors etc.

4.3.2 Influence of shear thinning

The results, presented in the previous section were obtained for Stokes flows of a Newtonian
fluid. It is of interest to see how the rheological properties of the fluid affect the analysis and
the optimization results. In Anderson et al. (2000b) the influence of a shear-rate-dependent
viscosity on mixing quality was examined in time-periodic cavity flows. For different mixing
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Fig. 4.9: The influence of the shear thinning fluid behaviour on the performance of the Kenics mixer:
(a) axial velocity along the radius, perpendicular to the blade in the middle cross section of
long blade section; (b) pressure drop in the various sections of the mixer (see figure 4.5a),
scaled on the pressure drop on a single blade of RL-180 mixer with Newtonian (n = 1:0)
fluid.

protocols the non-Newtonian behaviour could lead to both considerably better and worse
mixing compared to the Newtonian case. Fan et al. (2000) reported similar results for the
journal bearing flow. Here, we study the influence of a shear-rate-dependent viscosity on
the mixing performance of Kenics mixers and the viscosity � of the fluid is described by
Carreau-Yasuda model with zero infinite-shear viscosity (see e.g. Macosko (1994)):

� = �0
�
1 + �2jII2D j

�n�1
2 ; (4.5)

where �0 is the viscosity at zero shear rate, jII2D j is the second invariant of the rate of
deformation tensor and � and 0 � n � 1 are parameters of the model. In the examples
below, the total volumetric flux through the mixer is kept the same as before, so that the
average axial velocity huzi = 1. The parameter � is fixed at � = 10, which ensures that
we indeed enter the shear thinning region, and the power coefficient n is varied. Decreasing
the power parameter n in equation (4.5) makes the axial flow profile more plug-like, see
figure 4.9a. The change of the power parameter, while maintaining a constant flux, also
results in a change of the pressure drop, which is illustrated in the table in figure 4.9b. Here
the pressure drops corresponding to the first 45Æ of the blade next to the RR or RL transition
(�PRR and �PRL, respectively) and the pressure drop �P90Æ along the 90Æ twisted piece
of long blade, are given. For comparison, the pressure drop �P � at one blade of the RL-180
mixer is also presented. The changes in pressure drop are relevant, since a constant total
pressure drop is chosen as a criterion in determining the optimal blade twist.

Mapping computations, revealing the dependence of the intensity of segregation on pres-
sure drop and blade twist angle of the RL mixer, were performed for four different values of
the power parameter n = 1:0; 0:7; 0:4 and 0:1. The evolution of the intensity of segregation
for some RL mixers is shown in figure 4.10 versus the number of blades and versus pres-
sure drop �p respectively. Note that for the large values of the twist angle the strong shear
thinning behaviour can improve the mixer performance, while for small twist angles it dete-
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Fig. 4.10: Dependence of the intensity of segregation on number of blades (a) and on scaled pressure
drop (b) for some RL mixers and its dependence on shear thinning behaviour.
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Fig. 4.11: Dependence of the RL mixer efficiency on the blade twist angle � for different shear thinning
parameter n. Intensity of segregation is plotted for the pressure drop equal to that of 12
blades of RL-180 mixer for the corresponding liquid. Concentration profiles are shown for
n = 1:0 and n = 0:1 after 6 blades.

riorates the achieved mixture quality. The results of similar computations for different blade
twist angles are summarized in the next figure. The left plot in figure 4.11 shows the intensity
of segregation versus the blade twist angle �, achieved at cost of a pressure drop �P equiv-
alent to 12 blades of the RL-180 mixer for the particular fluid, for four values of n. While
the fluids with smaller n require lower pressure drops, the effect of shear thinning on the op-
timal blade twist is rather moderate. According to figure 4.11, shear thinning slightly shifts
the optimum towards a larger blade twist and, in general, somewhat reduces the efficiency of
the mixer. As an illustration, the concentration patterns after 6 blades of the RL-140 mixer
for the Newtonian fluid (n = 1) and shear thinning fluid with n = 0:1 are also shown in fig-
ure 4.11. These cross-sections look remarkably similar, except for larger striation thicknesses
near the walls for the shear thinning fluid. Their influence on the mixture quality (intensity
of segregation) is stronger than it seems based on just a comparison of the two slices, since
the shear thinning flow with its more plug-like profile (see figure 4.9a), carries the thicker
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(a) RL-180 (b) (c) RR-180 (d)

Fig. 4.12: Poincaré maps (a,c) compared with the concentration patterns for corresponding flows (b,d).
Concentration patterns are shown after eight blades in both cases.

near-wall striations with a larger relative flux. Liu (2000) performed the experiments with
different shear-thinning fluids, and the influence of shear-thinning behaviour on the mixture
patterns (structure radii were compared) also turned to be rather minor.

4.3.3 Alternative methods and mixture quality measures

One of the classical dynamical tools to analyse chaotic mixing is the Poincaré map. In fig-
ure 4.12 the concentration patterns after eight blades of RL and RR mixers, with blade twist
� = 180Æ, are compared with the corresponding Poincaré maps. The regular islands (white
regions) revealed by the Poincaré map (figure 4.12c) for the RR-180 configuration match the
unmixed regions revealed on the concentration slice (figure 4.12d) obtained using the map-
ping method for the same flow. The Poincaré map for RL-180 configuration indicates that
this system is globally chaotic, which is in complete agreement with the mapping results. The
lower density of markers in Poincaré maps near the trailing and leading edge of the blades
(cross-like patterns) is caused by significantly lower axial velocities there.

Until now we only applied the intensity of segregation I as a measure of the mixing
quality. This mixing measure is well suited to compare the rate of mixing processes and the
final mixtures, and it is the obvious tool for optimization strategies, as clearly demonstrated
above. However, I does not provide a quantitative measure of the size of unmixed regions
in the mixture. In particular if we are interested in scale-up of mixing devices this becomes
important, since, for example, in geometrical up-scaling of the Kenics mixer, I will remain
the same, while the structure radius will be proportional to the mixer diameter. A mixing
measure which is related to the structure of the mixture and which provides a quantitative
measure of the size of unmixed regions is the scale of segregation. This mixing measure is
statistical in nature and was originally suggested by Danckwerts (1953). The definition of the
scale of segregation is based on the so-called correlation coefficient (normalized correlation
function), defined over the field of concentration c(~x) as (Tucker III, 1991):

�(~r) =
h[c(~x)� �c][c(~x+ ~r)� �c]i
h[c(~x)� �c][c(~x)� �c]i ; (4.6)

where �c is the average concentration and the angular brackets denote an averaging over the
whole flow domain, i.e. over all values of ~x. The scale of segregation, S, is normally used
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Fig. 4.13: The correlograms for the mixtures obtained after four blades of RL-180 mixer (a) and after
eight blades of RR-180 mixer (b) and the dependence of the scale of segregation on the
number of blades for few mixer layouts (c). The white contour on correlograms correspond
to � = 0, while black contours delimit the regions with � > 0:1. The scale of segregation
was computed as an integral of the correlation coefficient within such a zone in the center.

for so-called clumpy mixtures (Tucker III, 1991), where the correlogram is non-negative and
equals zero for j~rj greater than some value. S is defined as the volume under the correlogram:

S(~x) =
Z

�(~r)d S: (4.7)

A practical way to compute the correlation coefficient, described by Tucker III (1991), in-
volves the computation of the power spectrum of the concentration distribution using fast
Fourier transformations (FFT). In order to do so for the mixture patterns obtained in the Ken-
ics mixer, the concentration slices were padded by the area of an ideal mixture c = �c to obtain
a square domain and re-discretized using a 1024� 1024 uniform rectangular grid. Next, the
two-dimensional FFT can be applied.

The correlogram obtained after four blades of RL-180 mixer (figure 4.13a), when the
lamellar structure is well developed, shows a narrow central maximum and, typical for lay-
ered mixtures, an oscillating behaviour of �(r). The plot is arranged in such a way that the
point r = 0 corresponds to the center of the image. Figure 4.13b shows the correlogram of
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Fig. 4.14: Dependence of the structure radius (scaled with the mixer diameter) on the number of blades
of various Kenics configurations and examples of the structure radius detection (a – e).

the mixture after eight blades of the RR-180 mixer. The presence of the unmixed islands (and
roughly their orientation) is indicated by the wide central maximum, while other details of
the mixture are already lost.

The mixture patterns created by static mixers typically exhibit a lamellar (that is ordered
– not a clumpy) structure and the correlation coefficient is oscillating taking both positive
and negative values. We can extend the definition (4.7) of the scale of segregation S for the
case under study by computing only the integral of the correlation coefficient �(~r) within the
central maximum. We used the isoline �(~r) = 0:1 as the boundary of this maximum to avoid
numerical problems (influence of small errors). Figure 4.13c shows the dependence of the
computed scale of segregation on the number of blades for a few mixer layouts. It clearly
indicates the presence of islands in two mixers with blades twisted in the same direction
(RR-140 and RR-180) and in the RL-270 mixer with a large blade twist. The asymptotic
level of the scale of segregation also gives an estimation of the size of unmixed zones for the
particular mixer geometry. However, this mixture parameter seems not so useful to rank the
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globally chaotic flows according to their efficiency.
Another mixing measure for the scale of the unmixed regions that is used is the structure

radius, defined as the maximum radius of a circle that can be drawn in a concentration slice
that contains only one, unmixed, fluid component (Byrde and Sawley, 1999; Liu, 2000).
Figure 4.14 gives some examples of the structure radius and shows its evolution with the
number of blades for a few mixer configurations. The markers indicate the situations for
which the concentration slices (a-e) are shown. The evolution of the structure radius provides
some essential information, quickly showing the flows with regular islands: for these flows
the structure radius reaches some non-zero constant value. This mixture quality parameter
is also less suitable for comparing the efficiency of different mixer configurations, since it
only shows the size of the unmixed patch but not the flux, carried by it. For example, it
overestimates the importance of unmixed “corners” in figure 4.14e, obtained for the RL-140
mixer. These unmixed patches carry a much smaller flux than the patches of similar size at
any other location will do. Another obvious disadvantage of this criterium is its computational
cost: to compute the structure radius requires significantly more CPU time than a single
loop over all sub-domains, as it is the case for the intensity of segregation. Moreover, the
analysis of the less mixed patterns, with large unmixed patches, requires a large number of
operations, roughly (since the sub-domain grid is not uniform) proportional to the square
of the structure radius. Nevertheless the structure radius provides a useful, and physically
meaningful, tool that can be used during scale-up evaluations of different mixers. This is
illustrated in figure 4.15, which shows the dependence of the structure radius on the mixer
length for two different mixers: the reference RL-180 configuration and its two times larger
copy. From these results one can determine, for example, that, in order to achieve the same
value 0:1 of the structure radius, an approximately three times larger length (1:5 times more
blades) of the larger mixer would be required.
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(a) (b) (c)

Fig. 4.16: The clearing of near-wall region by one blade of RL-mixer: (a) initial pattern; (b) RL-90
mixer; (c) “standard” RL-180 mixer.

(a) (b) (c)

Fig. 4.17: The clearing of near-wall region by the RL-140 mixer: (a) two blades; (b) four blades; (c)
six blades.

4.4 Near-wall material exchange

4.4.1 Removing material from the pipe surface

A problem that also could occur in Kenics mixer is the formation of a degraded material layer
on the pipe surface due to high residence times. Thus, it is of interest to examine how the
material initially located near the pipe surface is being advected (whether it leaves the near-
wall region and in what time). The stagnation and degradation at the blades is less prominent:
these surfaces are interrupted at the trailing edges.

To evaluate the “wall cleaning” performance of Kenics mixers, a special initial pattern
was used: the marked fluid initially occupies a ring adjacent to the walls (20 cells wide
in 400 � 400 mapping grid). The initial concentration pattern is shown in figure 4.16a.
Figures 4.16b,c demonstrate the effect of one blade of the RL mixers with 90Æ and 180Æ

blade twist, respectively. Basically, in the range explored a larger blade twist increases the
wall clearing effect of a single blade.

The distribution of the material, originating from the near-wall region in the RL-140
mixer is shown after different number of blades in figure 4.17. It is clear that some “old”
material is still on the pipe surface after six blades, and the largest non-cleared areas are near
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(a) (b) (c)

(d) (e) (f)

Fig. 4.18: The clearing of near-wall region by two blades of RL mixers: (a) initial pattern; (b) � = 90Æ;
(c) � = 120Æ; (d) � = 150Æ; (e) � = 180Æ; (f) � = 210Æ.

the corners.
The wall-cleaning effect of just two blades is shown in figure 4.18 for different blade twist

angles from 90Æ to 210Æ. Again, we see more efficient cleaning and smaller “corner effects”
in case of large blade twist angles. Next, the evolution of the relative area of the initial
ring still occupied by the initial marked fluid was computed for the RL mixers with blade
twist angle � = 90Æ; 100Æ; 110Æ; : : : ; 210Æ. The results are plotted in figure 4.19a,b versus
the number of blades and versus the total pressure drop, respectively. All curves achieve
the same asymptotic level, since the marked material is eventually distributed uniformly in
the whole cross-section. Note, that in both cases the mixers are ranked similarly: a larger
blade twist angle improves the exchange between the near-wall layer and the bulk of the flow.
The estimations can also be performed regarding the flux of the marked material still in the
wall zone instead of the relative area. The area, however may be rather relevant, since the
degraded material may solidify on the wall surface (in that case it is the layer thickness that
matters).

The results presented above may indicate that the mixers, achieving the fast homoge-
nization at the cost of the lowest pressure drop (like RL-140 layout considered earlier) may
suffer from material degradation more than mixers with larger blade twist. A possible so-
lution could be to combine short and long blades in the mixer layout, for example inserting
after certain number of short blades a couple of longer ones in order to improve clearing
of the pipe wall. The computational demo provided on the CD with this thesis allows to
explore different RL mixer layouts, where the twist angles of the blades in the repeating four-
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Fig. 4.19: The relative area of the near-wall ring, occupied by the old fluid is plotted for different RL
mixers versus number of blades (a) and versus the total pressure drop �p (b)
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Fig. 4.20: The dependence of the intensity of segregation (a) and residue on the wall (b) on the pressure
drop for some Kenics configurations. See text for further explanations.

blade sequence may be adjusted independently. The reader may experiment with this tool
(see appendix B for comments) and find various configurations offering completely different
performance (which is conveniently compared to test cases of RL-140 and RL-180 mixers
and to the last computed, if any, layout). Figure 4.20 shows two rather simple examples,
which can be obtained. The first combines long 180Æ blades with shorter 120Æ blades in an
alternating pattern 180Æ=120Æ=180Æ=120Æ. Although the wall cleaning performance of this
layout is better then that of RL-140 mixer (see figure 4.20b), the homogenization efficiency
is strongly deteriorated: the intensity of segregation decreases slower then in standard RL-
180 case, as it is shown in figure 4.20a. From a number of tests performed it follows that
similar configurations that have a two-blade RL repeating sequence with unequal blade twist
angle generally do not mix fast. However, more complex layouts like shown in figure 4.20
RL-180/120/120/180 (the same blades in different order) do offer a compromise between,
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Fig. 4.21: The axial distance along the mixer, which the material found in the near-wall zone traveled
not leaving this zone, in case of RL-120 mixer (a) and RL-220 mixer (b). c) The dependence
of the flux- and area-averaged values of the wall-path (see text for definition) on the blade
twist angle.

for example, good homogenization efficiency of RL-140 layout and wall cleaning features of
simple RL configurations with longer blades. Depending on the degree of emphasis laid upon
the homogenization efficiency and wall cleaning, various Kenics layouts may be selected.

4.4.2 The “age” of the material near walls

The Kenics static mixer has an attractive feature of relatively low pressure drop required for
its operation (compared to other widely used static mixers like Multiflux or SMX). It was also
shown that this static mixer achieves exchange of material between the near-wall zones and
the core of the flow and the intensity of this exchange is influenced by the blade twist angle.
Taking the above considerations into account, it is interesting to see whether the Kenics mixer
can be used as a device intended solely to increase the refreshing of the material at the pipe
wall, as it is important for, for example, heat exchange with the pipe walls (Joshi et al., 1995).

To evaluate the efficiency of the Kenics mixers for the near-wall material exchange simple
mapping simulations were performed. A layer of the fluid, adjacent to the rigid walls (both the
pipe surface and the blade) was designated as the “near-wall region”. For this computations
the layer was taken 20 mapping cells thick. The boundaries of the so defined near-wall zone
are shown by dashed lines in figures 4.21a,b. This zone covers 29:9% of the mixer cross-
section, but carries only 12:6% of the total flux. For all material in this zone the total axial
distance along the mixer that this material has traveled while remaining in the near-wall zone
is estimated. We may call this characteristics a “wall-path” of the material. This wall-path
is mapped, being transported with the material and is incremented according to the axial step
along the mixer taken. The material entering the near-wall zone from the core of the flow has
by definition zero wall-path. Since, according to the described definition the wall-path L has
the dimensionality of distance, it is convenient to make it non-dimensional by scaling with
the length of the standard RL-180 mixer blade L180Æ .

The wall-path distribution is stabilized after just a few mixer blades. Figures 4.21a,b show
the patterns of the material wall-age, created by respectively RL-120 and RL-220 mixers. The
same color-map is used for both these images. It is possible to compute the average wall-path
of the material in the near-wall zone and to investigate its dependence on the blade twist angle
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of the RL Kenics mixer. The results of such computations are presented in figure 4.21c, where
the solid line represents the averaging per area and the dotted line corresponds to averaging
based on flux, carried though different spots in mixer cross-section. The flux-averaged values
are noticeably lower, since the oldest material is mostly found in the regions with slowest
flow. However, both curves indicate that the mixers with 200� 220Æ blade twist angle seem
to achieve the most efficient refreshing of the material near the wall.

Comparison of figures 4.21a,b suggests that a better refreshing of the material on the
wall by the mixer with long blades is achieved because sufficiently long blade ensures that
significant part of “old” material creeps to the vicinity of the blade. After the blade ends, this
material is released into the main stream. Increasing the blade twist angle (and, consequently,
its length) further plays a negative role, since the material will travel too long along the blade
itself, contributing to the “age”.

4.5 Residence time distribution

In section 4.4 the exchange of material between the near-wall zone and the core of the flow
in Kenics mixers was addressed. In order to evaluate the wall-cleaning performance on the
mixer, the distance (along the mixer) traveled by the material within the near-wall zone was
determined. Such computations could be performed easily within the mapping approach.
However, since material degradation due to excessive residence times or stagnation effects is
an important issue in static mixers, it is also of interest to analyse the residence time distribu-
tion patterns.

To include the residence time into the mapping simulations, the increment of the residence
time caused by different mixing modules was computed. The interval of time required for the
material originating for each donor cell of the mapping grid to reach the destination cross-
section was computed. This time was estimated by tracking a single marker, placed initially in
the centroid of the donor mapping cell. Thus, we imply that this time characterizes the whole
cell. Note, that the residence time not always can be averaged over the fluid volume. In
particular, the residence time of the material near the rigid wall is unbounded due to non-slip
boundary conditions. As a result, the mapping technique that uses volume-averaged coarse
grain values may underestimate the high values of residence time, caused by stagnation on
the rigid walls. It may, nevertheless, produce useful estimations, locating “dangerous” zones.
The residence time is properly incremented on every step and mapped similarly to the “wall-
path”, considered in section 4.4.

Figure 4.22a illustrates the residence time distribution after two blades of the “standard”
RL-140 mixer. The decimal logarithm of the relative residence time t=t� is shown. The
scaling factor is the “characteristic time” t� = �z=hvzi during which the particle that moves
with average axial velocity hvzi would travel the length �z of the mixer being analysed.
The black contours in figure 4.22a separate the areas where the relative residence time is
larger and smaller then its average value (one – according to definition). As expected, high
residence times are observed near the walls, especially in the corner regions. The additional
curved strip of material with high residence time, which is visible in both channels, is the
trail of the previous blade.

Figure 4.22b,c show the distribution of the relative residence time after 14 blades of RL-
180 and after 18 blades of RL-140 mixers, respectively. These mixer layouts with the given
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(a): 2 blades of RL-180 (b): 14 blades of RL-180 (c): 18 blades of RL-140

Fig. 4.22: The relative residence time log
10
(t=t�) after 2 blades (a) and 14 blades (b) respectively of

RL-180 mixer and after 18 blades of RL-140 (c). See text for further explanations.

0.8 0.9 1 2 3
0

0.2

0.4

0.6

0.8

1

relative residence time

cu
m

ul
at

iv
e 

fr
ac

tio
n 

of
 th

e 
flu

x

14 blades of RL−180
18 blades of RL−140

Fig. 4.23: The cumulative fraction of the flux of material with relative residence time below certain
threshold is plotted as a function of the threshold value. These plots correspond to the resi-
dence time distributions shown in figure 4.22b,c.

number of blades have equal total length and, consequently, equal characteristic times. Both
plots use exactly the same color-map. The maximum residence times observed in the mixer
with the smaller blade twist are somewhat larger then in the standard configuration. In both
cases old material is concentrated near the corners of the channels. For the RL-140 mixer,
however, the zones with old material are reaching further away from the blade. These results
are in the qualitative agreement with the estimates obtained in section 4.4. Since the material
with high residence times is found in the corner regions, where the velocities are low, its
contribution to the total flux is rather low. If the cumulative flux of the material with a resi-
dence time lower then certain threshold is plotted as a function of this (threshold) residence
time, see figure 4.23, it turns that the RL-140 mixer exhibits an even more step-like profile,
as compared to the standard RL-180 configuration.
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(a) (b) (c)

Fig. 4.24: Importance of the proper area tensor increments at the trailing edge of the blade: a) the
concentration pattern after two blades of RL-140 mixer; b) the trA resulted from just trans-
forming the initial area tensor; c) the trace of area tensor when insertions are made at the
trailing edges.

4.6 Interfacial area generation

4.6.1 Generation of interface at trailing edges

The adaptation of the extended mapping technique (initially developed for time-periodic
flows) to 3D spatially periodic flows was described in subsection 2.5. It was already men-
tioned there that the application of the extended mapping technique to static mixers has some
special features. One of the important steps in case of the Kenics mixer is the addition of
interfaces at the trailing edges of the blades, which is illustrated in figure 4.24. Since the
striations are still thick in comparison with the channel width, the position of the interfaces
is quite clear from this image. Figure 4.24b shows the interface (high values of the trace of
the area tensor), which results from the transformation of the interfaces, already present in
the initial distribution. From the comparison with the previous image it is clear that a signifi-
cant part of the interface is apparently lost: namely the interface created when different fluid
components are brought into contact after the trailing edge of the first blade. Extra interfaces
must be added there. Neighboring cells, lying on the opposite sides of a blade, are checked.
If the material concentration differs, the area tensor in both cells is properly incremented to
describe the addition of the contour parallel to the trailing edge. If the difference in concen-
tration is equal to 1.0 (maximum possible difference), the increment is equivalent to a single
line. The increment is divided equally between the two neighboring cells.

This approach allows to describe the interface patterns correctly in the initial stages of
mixing. In a later stage, the amount of added interface is taken proportional to the difference
in concentrations. This algorithm creates a certain error in the late stages of mixing, when in
the regions of chaotic flows the concentration rapidly approaches its average value. However,
it means that the amount of interface contour contained in the cells is rather large and the
error introduced by the interface insertion is not significant, unlike as in the initial stages of
mixing, where this increment may be dominant.

When the algorithm of incrementing the area tensor at the trailing edge of the blade is
applied, the resulting interface configuration, see figure 4.24c, matches the boundaries visible
at the concentration profile (figure 4.24a).
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Fig. 4.25: a) The growth of the total interfacial flux with the number of blades for RL mixers with
various blade twist. The marked region (contoured with dash-dot line) is zoomed in sub-
figure (b), where additional data points, showing the interfacial area flux inside the mixing
element (rather then at his ends), are plotted.

4.6.2 Interfacial area flux growth

The total interfacial area, transported in a unit of time through the cross-section of the mixer
is computed as described in section 2.5. This computed interfacial area flux is plotted in
figure 4.25a as a function of the number of blades for different RL mixer configurations. This
plot reveals two remarkable facts. First, the produced interface area grows exponentially
along the mixer, which was expected. And, second, the amount of the interface generated per
blade is not very different in a wide range of the blade twist angles – a less anticipated result.
This still does not characterize the mixers relative efficiency in interface generation, since
mixers with different blade twist require different pressure differences per blade to operate
with the same total throughput.

Another interesting feature is revealed by figure 4.25b, where a small portion of fig-
ure 4.25a is enlarged. Since the mapping method uses a few steps to describe the effect of
every blade, the interfacial area flux can be evaluated not only at the blade transitions but at a
few intermediate cross-sections as well. These additional data points are represented by the
markers of smaller size. Note, that within a single mixing element the interfacial area flux
grows non-uniformly and may even decrease towards the end of too long blades. The latter
effect can be qualitatively explained by the fact that striations in the cross-section, which
were already oriented roughly along the blade (largest dimension of the duct) must actually
shorten, if they have to be rotated further.

4.6.3 Self-similar patterns and asymptotic orientation

Similar to what was found previously for time-periodic two-dimensional flows (Galaktionov
et al., 2002a) the exponential growth of the interfacial area leads to the onset of a self sim-
ilar distribution of interfaces. This is illustrated in figure 4.26, where the evolution of the
concentration patterns with the number of blades is shown for the RL-140 mixer alongside
with the distributions of the trace of the area tensor. Since the trA grows exponentially, its
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Fig. 4.26: Evolution of the concentration (a,c,e,g) and area tensor (b,d,f,h) along the RL-140 mixer.
Decimal logarithm of the trA is shown.

logarithm is being shown, low values being ignored. The self-similar distribution of inter-
faces is quickly established and persists after the large-scale variations of concentration are
eliminated.

It is observed that self-similar interface distributions mean also stable local orientation of
interfaces – a phenomenon that Muzzio et al. (1991b) denoted as “asymptotic directionality”.
In figure 4.27 the striation (concentration) pattern formed after six blades of RL-140 mixer
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(a) (b)

Fig. 4.27: The asymptotic directionality in the Kenics mixer: the concentration pattern after six blades
of RL-140 mixer (a) is compared with orientation, recovered using the area tensor after
twenty blades (b).

is compared with the asymptotic orientation pattern. The latter is recovered from the area
tensor distribution after twenty blades. The area tensor is averaged in relatively big blocks
(containing 20�20mapping cells) and the corresponding eigenvalue and eigenvector problem
is solved for each average tensor. The eigenvector that corresponds to the dominant eigen-
value gives the direction of the normal to the interface contours in the given cross-section.
The dashes in figure 4.27b are plotted perpendicular to the corresponding eigenvectors, thus,
tangential to striations. It is clear that the asymptotic orientation matches the direction of
striations formed already during initial stages of mixing.

4.6.4 Efficiency of interface generation and its distribution

In figure 4.25 it was shown that the total interfacial area flux grows exponentially with the
number of blades for all mixers. The values of the exponential growth rate versus pressure
drop (directly linked to the number of blades for each mixer) is of special interest since
it characterizes the mixer efficiency in interface generation. Such an exponential rate of
the interfacial flux generation in different RL Kenics mixers is plotted in figure 4.28a as a
function of the blade twist angle. The efficiency of the interface generation drops almost
in the whole range of twist angles investigated, reaching a minimum around � = 260Æ.
This implies that the flow with the smallest blade twist angle � = 90Æ considered in this
study generates the largest amount of interfacial area given the same pressure drop (which
serves as the measure of the energy expenses). However, for most applications not only
the total amount of inter-material interfaces is important but also their distribution in the
bulk of the fluid. Due to extremely wide range of the interfacial area density, there is no
universally accepted technique to evaluate the unevenness of the interface distribution (unlike
the concentration, for which numerous statistical measures are used). However, we try to
define a meaningful characteristic of such distribution irregularity.

Computations can determine the volumetric inter-material area density at certain location
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Fig. 4.28: a) The exponential rate of the interface flux growth versus the blade twist angle of RL mixer.
b) The fraction of the volumetric flux of the fluid, carrying the interface density less then 0:3,
0:5 and 0:7 of the average level.

in the mixer cross-section as the ratio between the local flux of interfacial area (see above) and
the local volumetric flux. To evaluate the irregularity of the inter-material area distribution the
percentage of the fluid flux through the mixer cross-section, carrying the inter-material area
density less than a certain threshold, was estimated. The results are shown in figure 4.28b.
The relative amount of the fluid that crosses the cross-section of the mixer and carries less
then 0:3, 0:5 and 0:7 of the average interface area per unit volume is plotted. The extent of
irregularity in the volumetric interfacial area density is illustrated by figure 4.29. The relative
inter-material area density (scaled with its average value) is shown respectively for the RL-90
mixer that achieves the highest total interfacial flux and for the RL-140 mixer that achieves
the most even distribution. These results (figure 4.28b) suggest that the amount of “bad”
flux (deprived of interfaces) has a clear minimum around blade twist values 140Æ – 150Æ.
It means that the mixer configuration with the blades twisted 140Æ in alternating directions
which shows the most efficient concentration homogenization, seems also to be the most
reasonable choice if the most even distribution of interfaces is sought.

4.7 Discussion and conclusions

In this chapter the flow in the Kenics static mixer was studied and the dependence of the
mixing efficiency on the most relevant geometrical parameter – the blade twist angle – was
investigated. The pitch of the blades was kept constant (as in Avalosse and Crochet (1997))
and the mixer configurations with alternating and with the same direction of blade twist were
considered. The velocity field was computed using a finite element method. To enable effi-
cient modeling of various mixer configurations, the evolution of concentration patterns was
simulated using the mapping method.

Hobbs and Muzzio (1998b) studied the performance of the RL Kenics mixer for different
blade twists but, since they had to recompute the velocity field every time, only a limited
number of � values could be considered (� = 30Æ step 30Æ until 210Æ). Using the stretching
efficiency as a criterion, they concluded that a 120Æ blade twist results in the most energy
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(a) (b)

Fig. 4.29: The relative distribution of the volumetric inter-material area density (scaled with the average
value) achieved after 30 blades of RL-90 mixer (a) and after 20 blades of RL-140 mixer (a).
After rather large number of blades (the total pressure drop is roughly equal for these two
situations) the self-similar distributions are already established.

efficient mixer with respect to the pressure drop required. In the current work the possibility
to quickly analyze a wide range of twist angles with smaller increments (�� = 5Æ) yielded
a distinct optimal twist angle equal to � = 140Æ. The criterion used to find this optimum
(the volume-flux weighed, slice-averaged, discrete intensity of segregation) seems preferable
(and of more direct nature) above the one used by Hobbs and Muzzio (1998b). Moreover,
the mapping method reveals the distinct material striations at more advanced mixing stages
then it is typically achievable with marker tracking (Avalosse and Crochet, 1997; Hobbs and
Muzzio, 1998a,b).

Shear thinning behaviour of the fluid viscosity has only a surprisingly small effect on
the concentration patterns, produced by the Kenics mixer, confirming the partial results of
Avalosse and Crochet (1997). It causes a slight increase of the optimal angle and results in
a somewhat lower efficiency of the mixer. The visible effect is the increasing thickness of
the near-wall material striations. In general, it appears that we can expect shear thinning to
have a rather moderate effect on mixing behaviour in static mixers (pressure-driven flows).
In drag-driven time-periodic cavity flows (Anderson et al., 2000b) a more significant effect
of shear thinning on flow performance was observed.

The Kenics mixer with all blades twisted in the same direction (RR) is known to be not
efficient, leaving large unmixed streaks (Hobbs and Muzzio, 1998b). However, it was found
that in a certain range of twist angles it can also achieve global mixing, although the mixing
efficiency is still noticeably lower then for the mixer with an alternating direction of the
blade twist. The computed optimal twist angle for the RR mixer was close to � = 110Æ.
The remarkable concentration patterns, created by the RR Kenics mixer in the middle range
of twist angles, with two well-defined unmixed islands separated by exponentially mixed
striations in between (figure 4.8c,d) could have some interesting technological applications,
other than creating a perfect mixture. The size of the unmixed regions is easily controlled by
the blade twist angle.

The scale of segregation can be used to determine the size and shape of the largest un-
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mixed regions. Its asymptotic level provides an estimation of the size of the unmixed zones
for the particular mixer geometry, while the shape of the central maximum on the correl-
ogram indicates their orientation. An alternative mixing measure that is used in literature
is the structure radius, which has a simple geometrical meaning and is more “intuitive”. It
demonstrates the same trends as found before with the use of the intensity of segregation, but
it requires more extensive computations for its evaluation.

Analysing interface generation using the extended mapping technique captured the most
essential features of the flow in static mixers, which are the exponential growth of the flux
of interfacial area and its highly irregular distribution across the cross-section of the mixer.
The self-similar (exponentially growing) distribution of the interfacial area density is quickly
established and persists long, even after large-scale concentration variations are erased. The
asymptotic orientation of the interfaces closely matches the orientation of the striations visible
in the initial stages of mixing.

It was found that mixers with small blade twist angles tend to produce a larger total
amount of interfacial area at the cost of the same pressure drop, but the distributions pro-
duced are extremely irregular. Using the increase of interfacial area as a mixing measure to
discriminate between mixers is, therefore, not very useful. It turns out that within the ex-
plored range of the blade twist angles the more uniform distribution of interfaces across the
mixer is achieved when the twist angle is close to 140Æ – 150Æ. This shows that the RL-140
mixer, which was previously found to achieve the most homogeneous mixture with the same
energy input, also offers a good performance in interfacial area generation, if the most even
distribution is required.

The ability of the Kenics mixers to refresh material on the wall, thus, reducing risk of
stagnation, was also addressed. It turned out, that it is possible to devise alternative blade
layouts, that can achieve a compromise between energy-efficient mixture homogenization of
mixers similar to the RL-140 considered here and wall clearing performance of mixers with
longer blades.

From these analyses of a rather traditional mixer, as the Kenics static mixer with its rather
simple geometry, it can be concluded that the mapping method, combined with proper mix-
ing quality measures, provides a powerful design tool in optimizing mixers for their perfor-
mance.
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SMX mixer: some preliminary results

In this chapter the mapping method is applied to simulate distributive mixing in the SMX
static mixer. This static mixer is of interest because it is widely used and it generates more
interfacial area per power input compared to Kenics mixer (Fourcade et al., 2001). The ob-
jective is to test the applicability of the mapping technique to static mixers with complex
geometry. Only the basic mapping approach without a micro-structure modelling is consid-
ered at this stage.

5.1 SMX mixer geometry and operation principle

The geometry of the SMX static mixer is illustrated in figure 5.1, where two mixing elements
are shown. Crossed grids, forming the mixing elements are fixed inside a cylindrical pipe
(shown partially cut open in figure 5.1) and the flow is induced by an applied pressure differ-
ence. Each mixing element is formed by straight rigid bars with a rectangular cross-section
that are fixed in an alternating sequence inclined with respect to the pipe axis. The mixing
elements are fixed inside the pipe so that each next element is oriented perpendicularly with
respect to the previous one.

Fig. 5.1: The geometry of the SMX static mixer: two mixing elements are shown.

The velocity field in a cross-section in the middle of the mixing element (cross-section B
marked in figure 5.1) is shown in figure 5.2a. The arrows drawn over the obstacles indicate
the side towards which the particular obstacle is inclined. The colour indicates the magnitude
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(a) (b)

Fig. 5.2: a) The velocity filed in the middle of the SMX element (cross-section B). Arrows show the lat-
eral velocity components, while background color denote the magnitude of the axial velocity
component: darker shade of gray corresponds to lower axial velocity. b) Sketch of the oper-
ation principle of SMX mixer: “combs” of the obstacles repeatedly create folds of material
striations. See text for further comments.

of the axial velocity component (lighter color corresponds to a higher velocity), while the
vectors show the lateral velocity components in the cross-section plane.

The working principle of the SMX mixer is illustrated by figure 5.2b. One can imagine a
two-dimensional domain filled with fluid, through which two “combs” (the crossed grids) are
moving in opposite directions, passing through each other. By one pass of the “combs” the
material filament (shown in figure 5.2b by the thick line) is stretched and folded. If the next
pass of the stirrers is made in perpendicular direction this structure is stretched and folded
again. By repeating the procedure eventually an exponential growth of the filament length is
achieved. In the real SMX mixer the crossed grids are playing the role of the combs from the
above described 2D analogy.

The velocity field used in this work was provided by the group of Prof. Dr. A. N. Hrymak
(McMaster University, Hamilton, Canada), as it is used in Liu et al. (2002). Figure 5.1,
showing two mixing elements of the SMX mixer, actually depicts the computational domain
used in their work (Liu et al., 2002). The finite element mesh contained 221 408 nodal points
and 1 134 186 first-order tetrahedral elements and was used to compute the velocity field
using the finite element package FLUENTTM. The algorithm described in section 2.3 was
used to interpolate the velocity in arbitrary points of the flow domain.

5.2 Particle tracking

In previous chapters the mapping method was applied to systems with a well-defined ge-
ometry. The computation of the mapping matrices involves extensive tracking of material
particles by integrating numerically the differential equations of motion. In order to do this,
the velocity components must be known (interpolated) in any arbitrary point inside the flow
domain. Moreover, when tracking a particle which is close to the rigid boundary, the numer-
ical algorithms are likely to make a too large step and request velocity components at a point
located just outside of the fluid domain. In that case the velocity field must be artificially de-
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fined there in order not to crash the computational procedure and, whenever possible, to force
the adaptive integration algorithm to reduce the excessively large step. This can be achieved
by specifying a jump (large gradient in the velocity), directing this artificially added velocity
component towards the fluid domain.

When the shape of the domain boundaries is relatively simple, as in case of the Ken-
ics static mixer, prescribing a fictitious velocity field outside the fluid domain can be done
straightforward. In this case the position and orientation of the nearest boundary are deter-
mined analytically. If such an analytical procedure is complicated due to the presence of
multiple obstacles of complex shape, as in case of the SMX mixer, a numerical procedure
should be applied. The following algorithm is used in the computations presented in this
chapter:

� A pointX does not belong to the fluid domain when this point is found to be outside of
all the finite elements (the same finite elements that were used to compute the velocity
field) representing the fluid domain.

� Such a point X is surrounded by a cross-like pattern (four points in the 2D case or six
in the 3D case) of additional points, placed at a certain distance Æ, which must be small
compared to a typical obstacle size. In these computations the initial value of Æ was set
equal to 10�4 of the pipe radius.

� If at least one of these additional points is inside the fluid domain, the corresponding
direction is used to prescribe the fictitious velocity, “pushing” outwards from the ob-
stacle. Otherwise, the distance Æ is increased (in this work – multiplied by a factor 1:1)
and this operation is repeated.

5.3 Mapping results and discussion

The SMX static mixer can be viewed as a spatially periodic system with the period length
equal to that of a single mixing element. Since the neighbouring mixing elements are oriented
perpendicularly to each other, a rotation by the angle �=2 must be added to achieve the geo-
metrical periodicity. To get the flow in the transition between two mixing elements correctly,
the section of the mixer consisting of two half-elements, between the cross-sections A and
B (see figure 5.1) is chosen as the spatial period of the mixer that is described by a single
mapping matrix. Selecting the actual mixing element for this purpose is possible (and was
tested) but has some disadvantages. First, the velocity field was computed in a domain that
contains only one pair of mixing elements preceded and followed by an empty pipe. Thus,
it does not include a complete element with transition effects on both sides, and modelling
of these transitions, even exploiting the symmetries of the velocity field, is cumbersome. On
the other hand, the velocity field in the mid-element cross-sections A and B has a simpler
structure compared to that at the elements transition. This means that material striations will
be more clearly aligned in the, intuitively predictable, patterns. Since the mapping compu-
tations in this chapter are intended for testing the approach applicability, more predictable
patterns constitute an advantage. Thus, the computed mapping matrix describes the material
re-distribution achieved between the cross-sections A and B (figure 5.1).
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(a): initial pattern (b): 1 period (c): 2 periods

(d): 3 periods (e): 4 periods (f): 5 periods

Fig. 5.3: The concentration evolution along the SMX mixer. Initial state (a) is specified in the middle
of the mixing element (cross section A in figure 5.1). The mapping one spatial period, that
includes half of the mixing element plus half of the next element: for example between cross-
sections A and B, according to figure 5.1. The concentration patterns are shown after 1 – 5
steps in sub-figures (b)-(f) respectively.

(a): 1 element (b): 3 elements (c): 5 elements

Fig. 5.4: Mapping results for the SMX mixer when the mapping operation describes exactly one mixing
element.
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Similarly as for the Kenics static mixer (chapter 4) a 400� 400 mapping grid of the same
configuration was used. The grid covers the whole circular cross-sections including the inner
obstacles. Due to the complex shape of the internal obstacles (crossed grids), tracing the flow
tubes originating from donor cells using the adaptive front tracking technique (Galaktionov
et al., 2000a) was found to be too complicated, and a more simple approach was taken.
The cell in the starting cross-section is covered by a regular array of markers. The markers
which are located inside the fluid domain are selected by simply attempting to interpolate
the velocity in these points (the interpolation routine returns the flag indicating whether the
point belongs to the fluid domain or not). These selected markers are then tracked to the
final cross-section, where their distribution over the mapping cells is determined. It turned
out to be advantageous to use the reverse tracking: markers that are originally filling the
recipient cell and tracked backwards against the flow direction. If the number of markers
in the recipient cell number i is Mi and the number of the markers found after backward
tracking in the donor cell number j equals Mij , then the corresponding mapping coefficient
is approximated as

�ij =
Mij

Mi

: (5.1)

As defined in section 2.1.2, the coefficient �ij describes the fraction of the total flux through
the recipient sub-domain 
i, contributed by fluid originating from the donor sub-domain 
j .
The formula (5.1) is a discrete analogue of expression (2.3), provided that the number of
markers is large enough. In this work 400 markers were uniformly distributed (in a 20� 20

pattern) in each recipient cell.
The results of the mapping simulations are shown in figure 5.3. The initial pattern is the

equal black and white distribution shown in figure 5.3a. Figures 5.3b-f show the concentra-
tion distributions after 1 – 5 periods, respectively. The resulting patterns are similar to those
computed by Zalc et al. (2002) for a low Reynolds number (Re = 1). The rather moderate
change in the concentration pattern after one period (figure 5.3b), compared to initial distri-
bution, is caused by the fact that the first half of the chosen spatial period of the mixer (see
figure 5.1) only slightly affects this specific initial pattern. Figure 5.4 shows for compari-
son the mapping results obtained when the mapping matrix describes one complete mixing
element.

The results presented in figure 5.3 indicate that the mapping approach can be successfully
used to simulate the distributive mixing in static mixers with mixing elements of complex
shape. Optimization of the mixer layout using the mapping technique would require compu-
tation of the mapping matrices describing the elements of various shape and lies beyond the
scope of this work. The images in figure 5.3b-f reveal also another important characteristic
feature of the SMX mixer, which is probably typical for this particular design. Although
the mixer quickly creates a large number of material striations, a large scale non-uniformity
persists. Even after five mixing elements it is still visible that one half of the cross-section
contains more black material and the other – more white. Similar effects can be noticed in
the mixing results computed in Zalc et al. (2002). This large-scale distribution irregularity
is gradually rotating. The overall rotation effect is caused by the symmetry properties of the
mixing elements: the lateral velocity field shown in figure 5.2a possesses a rotational symme-
try. This can be probably circumvented by choosing the crossed grid containing odd number
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of bars (to avoid the rotational symmetry) or by compensating for this rotational effect by
using “mirrored” (thus, rotating material in an opposite direction) mixing elements.

5.4 Conclusions and future work

The simulations presented in this chapter show that the mapping method can be successfully
used to simulate the distributive mixing in static mixers with mixing elements of complex
shape. The SMX mixer considered here, quickly generates a large number of striations. Only
the basic mapping approach (i.e. mapping of the concentration) was used. The microstructure
description with the extended mapping technique imposes higher requirements on the quality
of the computed velocity field: a higher-order approximation would be preferable.

One of the future opportunities to extend this research is to consider the SMX elements
with different crossing angle of the obstacles. A similar study was performed by Mickaily-
Hubber et al. (1996) for the so called SMRX static mixer, where the internal grids are com-
posed of circular pipes. The use of the mapping method may provide a possibility to explore
the complex mixer layouts combining elements of various configuration.
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Concluding remarks

The (extended) mapping approach described in this work is an efficient tool for numerical
simulation of laminar fluid mixing processes. The mapping approach exploits both the spatial
discretization of the mixture by means of a coarse grain description and a temporal or spatial
discretization of the mixing flow itself. Its main advantage is its flexibility, since a mixing
protocol (or, for example, the layout of a static mixer) is presented as a sequence of certain ba-
sic steps, for which the mapping matrices, describing the material re-distribution during these
steps, are computed. Determining the mapping matrices requires extensive computations that
involve tracking of deforming fluid volumes in the flow. The efficiency of material tracking
is significantly improved by applying an optimized interpolation technique used to determine
the velocity at arbitrary points inside the flow domain. Furthermore, the computation of the
mapping matrices involves tracking of different fluid volumes, which can be performed inde-
pendently. This allows for an efficient parallelization with dynamical workload distribution.

Once the mapping matrices are computed, the computations of the evolution of the con-
centration distribution (or any other additive scalar field) is reduced to sparse matrix-vector
multiplication operations, which are performed within seconds on a usual desktop PC. This,
and the use of simple mixture quality parameters, allows the application of the mapping ap-
proach for optimization of flow protocols in order to achieve more energy-efficient mixing
procedures.

The extended mapping approach incorporates the statistical description of the micro-
structure by means of the coarse grain area tensor that quantifies the amount and orientation
of the inter-material interfaces. It allowes to study not only the macroscopic effect of homog-
enization but also the generation of interfacial area. The important principal limitation of the
(extended) mapping technique is the requirement that variations in the mixture composition
and its morphology should not influence the rheological properties of the fluid and alter the
velocity field of the flow. Despite this drawback, the method may form a useful engineering
tool due to its computational efficiency and suitability for optimization purposes.

To validate the extended mapping technique, the flow in the gap between two eccentric
cylinders was studied. This convenient prototype mixing flow allowed to compare the results
of mapping computations with the results of straightforward adaptive front tracking. The
most important issue was the ability of the extended mapping to predict quantitatively the
amount of the interface stretching in the flow. The extended mapping method demonstrated a
good convergence: with decreasing cell sizes, the predicted amount of interfacial area rapidly
converges to the reference value, obtained using the front tracking approach. The results
of mapping simulations reproduce the behaviour typical for mixing flows, including interfa-
cial area growth exponential with time, self-similar distributions and asymptotic orientation
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of the interfaces. It was shown that, despite the overall exponential growth of interfacial
area, zones are present in chaotic flows where the interfaces are strongly contracting. Such
microstructural demixing zones are not necessarily associated with islands, excluded from
overall mixing; they are likely to be found in the regions where the material striations are
sharply bent.

The extended mapping approach was adapted to the special flow conditions in spatially
periodic flows and applied to study the performance of the Kenics static mixer. The influence
of the key geometrical parameter, which is the blade twist angle, and the mixer layout (blade
sequence) on the homogenization efficiency and the interfacial area generation was studied.
Using the intensity of segregation as a simple measure of the mixture inhomogeneity, it was
shown that the energy efficiency of the Kenics mixer strongly depends on the blade twist
angle. Since the flow is pressure-driven, the total pressure difference is used as a measure
of the energy spent on mixing process. The fastest decrease of the intensity of segregation
for mixers with blades twisted in alternating directions (RL layout) is achieved for the con-
figuration with blades twisted by 140Æ. This layout achieves a more homogeneous mixture
per pressure drop, as compared to the “standard” Kenics mixer with 180Æ blade twist or the
improved layout with 120Æ twisted blades as proposed by Hobbs and Muzzio (1998b). It
turned out that the most energy-efficient geometry is barely influenced by the shear-thinning
rheological behaviour of the fluid.

Kenics mixers with small blade twist angle tend to produce a larger total amount of in-
terfacial area at the cost of the same pressure drop, but the produced distributions are ex-
tremely irregular. The more uniform distribution of the interfaces in the mixer cross-section
is achieved when the twist angle is close to 140Æ – 150Æ. This means that the energy ef-
ficient mixer with 140Æ blade twist also offers a reasonable performance in interfacial area
generation.

The mapping approach also allows to address the residence time distribution and the
ability of the mixer to refresh material on the walls (thus, reducing the risk of stagnation and
possible material degradation). It is possible to devise alternative layouts combining blades
of different twist that achieve a compromise between the energy efficiency of mixers with
relatively short blades and wall-clearing performance of mixers with longer blades.

Finally, the generality of the mapping approach and its ability to handle systems with
more complex geometry was put to test. The in industry widely used SMX static mixer was
considered and the mapping approach was applied to describe the mixture evolution in this
device. The velocity field for these simulations was provided by an other group of researchers
(Prof. Dr. A. N. Hrymak and co-workers from McMaster University, Hamilton, Canada).
With relatively small changes the mapping method works for this flow system containing
internal obstacles of complex shape. Only some preliminary results are obtained this far and
presented in this thesis.

The results of this research show that the extended mapping approach may be used as
a powerful engineering tool to study and optimize laminar fluid mixing. Although some
fine details of the concentration distribution may be lost due to discretization, the extended
mapping approach compensates for this by its computational efficiency and ability to tackle
the advanced stages of mixing. It is an essentially multiscale approach in the sense that it
describes both the large-scale concentration variations and the fine micro-structure – in a
statistical way, using the area tensor (Wetzel and Tucker III, 1999). Although the method
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is restricted to cases where the composition and morphology of the mixture do not alter its
rheological behaviour and the resulting velocity field, it may serve as a powerful tool for
mixer design.

In its current implementation, the mapping method describes merely passive interfaces
deforming with the flow. However, future efforts may provide a more advanced description
of a time-dependent mixture morphology. The most interesting direction of development
is the incorporation of surface tension into the description of the micro-structure evolution.
Thus, the transformation of the area tensor may incorporate, for example, breakup phenom-
ena. However, in order to take advantage of the mapping method, these changes in mixture
microstructure should not alter the velocity field. Nevertheless, it could be possible to account
for the evolution of morphology and/or temperature (and, consequently, viscosity) along mix-
ing devices in a coarse way. Mapping matrices computed for a few fixed patterns of viscosity
distributions could be used in different sections of a mixer.

Although only static mixers were considered in this thesis, the mapping method was
already used for transport section of a corotating twin screw extruder (Kruijt et al., 2001c;
Galaktionov et al., 2002b). An extension of this work may result in the optimization of
(modular) screw designs.
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Appendix A

Transformation of droplet shape tensor and
converting it into area tensor

This appendix is reproduced, with small changes, from Galaktionov et al. (2002a) (section 3.1
and appendix C).

A.1 Transformation of droplet shape tensor under finite strain

The droplet shape tensor is defined such that, if the center of the droplet is in the origin, the
coordinates x of the points on the droplet surface satisfy the equation

~x �G � ~x = 1: (A.1)

To obtain the transformation law for G under finite strain, we first note that in the reference
configuration the points on the droplet surface satisfy

~x0 �G0 � ~x0 = 1: (A.2)

The deformation is described by the deformation gradient tensor F:

F =
@~x

@ ~x0
(A.3)

Using Eqn. (A.3) to replace ~x0 in Eqn. (A.2) by ~x, we have, in the deformed configuration,

~x � �(F�1)T �G0 �F�1� � ~x = 1: (A.4)

Comparing this to Eqn. (A.1) we see that the term in parentheses equalsG, so the finite-strain
transformation rule is simply

G = (F�1)T �G0 � F�1: (A.5)

A.2 Converting between area tensors and droplet shape tensors

To transform the area tensor under finite strain, we must convert from the area tensor to the
shape tensor for equivalent ellipsoidal droplets, and back again. This appendix shows the
details of that conversion.
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With the area tensor, the length scale of the microstructure is determined by the trace of
the tensor, which equals the interfacial area per unit volume SV . The “shape” of the tensor is
described by the normalized area tensor Â, defined as

Â � A

SV
: (A.6)

The droplet shape tensor G, defined in Eqn. (A.1), describes the shape and size of identi-
cal ellipsoidal droplets. Initially we choose coordinate axes that coincide with the symmetry
axes of the ellipsoid. These are the eigenvectors of the tensor G. Let the semi-axes of the
droplet be a, b, and c, with a � b � c. We number the axes so that the droplet shape tensor is

G =

24 1=c2 0 0

0 1=b2 0

0 0 1=a2

35 : (A.7)

The shape of the droplet is described by the two axis ratios

C =
c

a
D =

c

b
: (A.8)

Note that both C and D 2 [0; 1]. Once C and D are known, the droplet size is determined by
specifying c.

One can establish the correspondence between A and G for ellipsoidal droplets by eval-
uating the integral in Eqn. (2.9) over the surface of an ellipsoid. The two tensors are coaxial,
so if the shape tensor is diagonal as in Eqn. (A.7), the area tensor will also be diagonal.

The normalized area tensor Â depends only on the axis ratios C and D, and the exact
relationships have been derived by Wetzel and Tucker III (1999) and Wetzel (1999). They are

Â11 =
1

1�D2

E(�; k)�D2F (�; k)

(1� C2)E(�; k) + C2F (�; k) + CD
p
1� C2

; (A.9)

Â22 =
D2

D2 � C2

D2
�C2

1�D2 F (�; k)�D2 1�C2

1�D2E(�; k) + CD
p
1� C2

(1� C2)E(�; k) + C2F (�; k) + CD
p
1� C2

; (A.10)

Â33 =
C2

D2 � C2

C2E(�; k) + (D2 � C2)F (�; k)� CD
p
1� C2

(1� C2)E(�; k) + C2F (�; k) + CD
p
1� C2

; (A.11)

where F (�; k) and E(�; k) are the Legendre elliptic integrals of the first and second kind,
respectively (Gradshteyn and Ryzhik, 1994), and k and � are

k =

r
1�D2

1� C2
� = cos�1(C): (A.12)

These exact relationships cannot be inverted analytically, and an iterative numerical proce-
dure is required. As an alternative, Wetzel and Tucker III (1999) found that these relationships
are well approximated by

C �=
 
Â33

Â11

!�

D �=
 
Â22

Â11

!�

; (A.13)
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with � = 0:5977. The semi-axis ratio values from this approximation are exact for the
limiting cases of uniaxial, biaxial, and isotropic tensors, and they fall within 0.04 of the exact
values for all other ellipsoidal shapes. Equations (A.13) can be inverted analytically, to give

Â11
�= 1�

c
a

�1=�
+
�
c
b

�1=�
+
�
c
c

�1=� =
1

(C)
1=�

+ (D)
1=�

+ 1
; (A.14)

Â22
�= 1�

b
a

�1=�
+
�
b
b

�1=�
+
�
b
c

�1=� =
1�

C
D

�1=�
+ 1 +

�
1

D

�1=� ; (A.15)

Â33
�= 1�

a
a

�1=�
+
�
a
b

�1=�
+
�
a
c

�1=� = 1� Â11 � Â22: (A.16)

This is the form used for the calculations in this work. By definition Â11+Â22+Â33 = 1, so
there are only two independent eigenvalues of the normalized area tensor. Either Eqns. (A.9)–
(A.11) or Eqns. (A.13)–(A.16) provide the mapping between the axis ratios C and D and
these two components.

To complete the relationship, we must also relate the “sizes” of the two tensors. This is
determined from the surface area to volume ratio. The volume of the ellipsoid is

Ve =
4

3
�abc; (A.17)

while its exact surface area is

Se = 2�c2

 
1 +

p
1� C2

CD
E(�; k) +

C

D
p
1� C2

F (�; k)

!
: (A.18)

A convenient approximation to the surface area that avoids the elliptic integral functions F
and E is (Lehmer, 1950)

Se �= 4�ab

 
2

5

C +D + 1

3
+

3

5

r
C2 +D2 + 1

3

!
: (A.19)

If the ellipsoidal droplets occupy a fraction � of the mixture volume, then their surface area
per unit total volume is

SV =
�Se
Ve

: (A.20)

Substituting the exact area formula (A.18) and the volume (A.17), we find

SV =
3�c

2ab

"
1 +

p
1� C2

CD
E(�; k) +

C

D
p
1� C2

F (�; k)

#
: (A.21)

For numerical calculations it is useful to rearrange this formula as

SV =
3�

2c

�
CD +

p
1� C2E(�; k) +

C2

p
1� C2

F (�; k)

�
: (A.22)
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This handles the case where a ! 1 and C ! 0 smoothly, and also has no problems if in
addition b!1 and D ! 0.

Alternately, one can use the approximate area formula (A.19), in which case

SV �= �

c

�
2

5
(C +D + 1) +

3

5

p
3(C2 +D2 + 1)

�
: (A.23)

In either case we have a direct relationship between SV and c.
We now have all the pieces needed transform between the area tensor and the droplet

shape tensor. To go from G to A the algorithm is:

1. Find the eigenvalues and eigenvectors ofG. The eigenvalues give a, b, and c according
to Eqn.(A.7). Normalize the eigenvectors and use them to form the rotation matrix R
between the principal axes and the laboratory axes. ComputeC andD from Eqn. (A.8).

2. Determine the principal components of the normalized area tensor Â, using the ap-
proximate relations (A.14)–(A.16).

3. Determine SV using the approximate formula (A.23).

4. Compute the area tensor in its principal coordinates using Eqn. (A.6), i.e. A = SV Â.

5. Use R from the first step to rotate A back to the laboratory axis system.

The reverse transformation, from A to G, follows a similar pattern.
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Computational demonstrations

The CD-ROM provided with this thesis contains demonstration programs to provide addi-
tional illustrations and allows the reader to get better insight into chaotic flows and to repro-
duce (or even extend) some results of this work. To playback the animations in AVI format
the reader may use the MS Windows MediaPlayerTM or similar programs. The computational
demo-programs require MatlabTM version 5.2 and higher. These programs are designed in
such a way that they do not attempt to write on disk, and, as a result, they may be launched
directly from CD-ROM. The appearance of the graphical user interface controls varies with
the system and may differ from the snapshots shown below.

B.1 Journal bearing flow

In the directory “JB” on the CD the reader may find the MatlabTM scripts that perform the
basic mapping computations (without microstructure description) in the journal bearing flow
as described in chapter 3. To start the program, launch MatlabTM in the directory JB and type
“jb main”.

Upon launching, the program will open a window that contains images and the graphical
user interface controls. Figure B.1 shows an example screen-shot of the generated window.
The upper left region contains a picture, illustrating the concentration distribution in the flow
domain. The sliders below it are used to adjust the rotation angles of the cylinders. The
buttons in the frame “steps” produce the rotation of the outer or inner cylinder in positive or
negative directions by the angles set by the sliders. The user can generate a combination of
mixing steps by clicking on one of the buttons in the “step sequences” frame. The “Proto-
col” frame contains the log of the executed mapping steps: it shows the step number, type of
the motion (for example “o+” means the rotation of outer cylinder in positive direction) and
the rotation angle measured in � units. The plot in the upper right corner shows the evolution
of the intensity of segregation.

The controls in the right bottom part of the window are used to generate the initial distri-
butions. Note, that when the new distribution is generated, the protocol log and the plot of the
intensity of segregation are cleared. The user may choose between five pre-defined distribu-
tions by simply clicking on the buttons in the frame “pre-defined patterns”. Alternatively,
the controls in the frame “adjustable ”sector” domain” allow to fill a curved rectangle with
marked (black) fluid. This feature allows, for example, to color the suspected islands in the
chaotic flow for further simulations. Clicking on the button “show” will cause the colored
lines marking the boundaries of the sector to appear on top of the current concentration pat-
tern. The positions of these lines can be adjusted by moving the sliders of corresponding
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Fig. B.1: Screen-shot of the computational demo tool that simulates the evolution of concentration
distribution in the gap between two eccentric cylinders.

colors. To actually generate the initial distribution, simply click on the “ok” button. The
button “hide” removes the sector boundary lines from the image. These lines always show
the initial configuration and are not moving during the mapping simulations.

Finally, it is possible to export the concentration patterns to a separate window by using
the buttons in the bottom left corner. The resulting figure windows may be used for further
printing. The steps needed to actually print them vary between different operating systems,
see the MatlabTM manual. The difference of the “export+” button is that it exports not only
the concentration pattern but also the lines, delimiting the initial sector (as produced by the
“show” button). The button “exit” in the lower left corner terminates the program and closes
its main window.

B.2 Kenics static mixer

The directory “KENICS” on the CD contains the supplementary material and demonstrations
for chapter 4. It includes two subdirectories: “ANIM” and “TOOL” which contain respec-
tively the animations in AVI format and the MatlabTM-based computational tool.
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Fig. B.2: The single frame from the animations sequence, demonstrating the operation of the “standard”
Kenics mixer.

B.2.1 Evolution of the mixture patterns: animations

Three files named “rl180.avi”, “rl-140.avi” and “rr180.avi” contain respectively animations
showing the operation of the RL mixers with 180Æ and 140Æ blade twist angle and of the RR
mixer with 180Æ blade twist respectively. These animations show how the mixture pattern
evolves along the mixer: the cross-section, where the concentration slice is taken is being
moved through the section containing eight blades of the mixer. Note, that the mixture pat-
terns are not time-dependent, the images change due to the movement of the observation
plane. A single frame form the “rl180.avi” animation is shown in figure B.2. The growing
bar on the right side indicates the axial position along the mixer.

B.2.2 Demo tool: homogenization and wall cleaning performance

The MatlabTM demonstrational program allows the user to explore various layouts of the
RL Kenics mixer and to study their mixing performance. Mixers with a repeating four-
blade periodic sequence are simulated. The twist angles of these four blades may be set
independently by the user. Please note, that this program uses a significant amount of RAM,
which, depending on the computations being requested, may reach up to 140 Mb.

To launch this program, start MatlabTM in the directory KENICS/TOOL on the CD-ROM
and type “ken main”. The snapshot of the program window is shown in figure B.3. Two
initial concentration distributions are provided for all simulations. The image on the left
shows the development of the pattern, where marked (black) fluid occupies initially exactly
a half of the cross-section. The plot under this image shows the development of the intensity
of segregation versus pressure drop. The image on the right illustrates the material exchange
near the pipe wall. The marked material is filling initially the narrow ring near the outer wall.
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Fig. B.3: Screen-shot of the computational demo tool that allows to investigate the homogenization and
wall cleaning efficiency of various RL Kenics mixer configurations with a spatial period of
four blades (twist angles are selected independently).

The plot underneath shows the amount of marked material found in the same ring area versus
the pressure drop. Both the “intensity of segregation” and “residue on the wall” plot show
also the comparison to two test cases: “standard” RL-180 mixer and the mixer with 140Æ

twist angle of all blades, which was found to be the most energy-efficient. For convenience
the plots for the previously performed computation (if any) are shown.

The vertical sliders on the right side of the window adjust the twist angles of all four
blades between 90Æ and 360Æ with a step of 5Æ. The status window directly above the sliders
indicates the current state of the program (“Edit” is displayed when the configuration is being
altered). Click on the button “Go!” in the upper right corner to start the computations. Until
the computations are finished, all controls in the program window are blocked. The status
window should first display the text “Loading...” when the program loads necessary mapping
matrices and then show the progress indicator, for example “Working: 25%”. The message
“Processing...” in the status window means that the mapping computations are completed
and the post-processing is being performed. When the requested simulations are finished
the results are displayed, the status window contains the text “Ready” and the controls are
un-blocked.

The number of blades after which the concentration patterns on the left and right side are
shown is adjusted between 0 and 12 blades using the horizontal slides “bulk mixing” and
“wall clearing” respectively. Both pictures can be synchronized and changed simultaneously
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using the slider “master” in the top right corner. Clicking on the button “animation” causes
the program to loop one time through the computed distributions. During this playback the
user interface controls are disabled. It is possible also to compare with the concentration
patterns for the reference RL-180 and RL-140 mixer layouts. Click on the buttons “RL-180”
or “RL-140” in the upper right corner to load the pre-computed sequences.

The user may try to find the compromise between the homogenization efficiency of the
RL-140 mixer and the wall clearing performance of mixers with longer blades by combining
long and short blades in a four-blade sequence. For example the layout 180/120/180/120 will
not achieve this goal: the intensity of segregation decreases slower than in the “standard”
RL-180 mixer. Merely changing the blade sequence into 180/120/120/180 presents a more
desired behaviour. The above mentioned mixer layouts are given only as examples. To exit
the program press the button “Exit” in the upper right corner of the program window.
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Summary

Fluid mixing phenomena are widespread and play a key role in many processes in nature
and in industrial applications. Although in many cases mixing is associated with turbulence,
mixing of very viscous fluids constitutes a special class of such phenomena and mostly occurs
in laminar flows. These processes are typical for polymer blending, compounding, food
processing etc., where laminar mixing is often the only possible mixing mechanism due to
the extremely high viscosity of the fluids (as in case of molten glass or polymer melts) or due
to their sensitivity to excessive stresses (when fragile macro-molecules of bio-polymers may
be broken).

The requirements to mixing processes in industrial applications are becoming more and
more severe: mixing has to be achieved faster at lower energy costs, while the requirements
to mixture quality are being increased. This increases the role of better understanding of the
underlying mechanisms of laminar mixing and necessitates the development of tools suitable
for numerical simulation and optimisation of mixing processes. The numerical simulation
tools are especially needed in order to reduce the trial-and-error phase in the design of mixing
equipment.

The techniques traditionally used to diagnose mixing abilities of flows include various
methods from dynamical systems theory and direct tracking methods. Dynamical systems
tools exploit the repetitive nature of most of the spatially bound laminar mixing flows. They
typically provide the description of the asymptotic behaviour and allow to distinguish zones
of regular and chaotic motion. However, these methods usually do not provide enough infor-
mation on the global rate of mixing and the actual concentration distributions. The methods
based on direct tracking of deforming individual fluid volumes provide a detailed description
of the mixture but are limited only to the initial stages of mixing processes, since efficient
mixing flows exhibit exponential material stretching behaviour. Most important, however,
is that these traditional methods mostly characterize only one particular flow. Even small
changes of the geometry or the flow protocol require to repeat the extensive computations,
rendering these methods ineffective for mixing optimization purposes.

The extended mapping approach described in this thesis is able to deal both with the initial
and advanced stages of mixing processes. The method utilizes the coarse grain description:
the flow domain is subdivided into a large number of non-overlapping sub-domains and the
mixture is described using the locally averaged values in such cells. The flow is then rep-
resented as a sequence of large steps for which the re-distribution of the material between
the sub-domains is computed and the results are stored in the so-called mapping matrices.
Determining the mapping matrices is computationally expensive but is made affordable due
to parallelization. In contrast to this, the combining of pre-computed mapping matrices to
simulate a particular flow is fast and can be performed within seconds on a typical desktop
PC. This method is restricted to flows of rheologically similar fluids with negligible interfa-
cial tension, so that changes in the mixture composition do not significantly alter the velocity
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field.
The extended mapping method has a multi-scale nature, since it also describes the mi-

crostructure of the mixture in a statistical way using the so-called area tensor (Wetzel and
Tucker III, 1999). The use of the area tensor that characterizes the amount and orientation
of material interfaces allow the extended mapping method to cover more advanced stages of
mixing and to address the interface generation in mixing flows.

Using the physically realizable time-periodic prototype mixing flow in the gap between
eccentric cylinders it is shown in this thesis that the extended mapping method properly cap-
tures the basic features of mixing flows. The mapping results are in good agreement with
the results of direct front tracking. The method is proven to be able to quantitatively predict
the amount of interface stretching. Aside from validation of the mapping approach, studies of
prototype flows revealed the existence in the mixing flows of microstructural demixing zones,
where the interfaces are strongly contracting.

The mapping method was applied to study the performance of the widely used Kenics
static mixers. The computational efficiency of the method allowed to optimize the geometri-
cal parameters of the mixer in order to achieve the most energy efficient mixing or the most
uniform interfacial area distribution. It is also possible to address issues of material stagna-
tion in the near-wall zones and residence time distribution. Alternative mixer layouts may be
easily devised that achieve a compromise between the (often contradictory) requirements of
energy efficient mixing and reducing stagnation effects.

The generality of the mapping approach was tested by applying it to simulate mixing
inside an SMX static mixer. The velocity field data for this test were provided by another
group of researchers (Prof. Dr. A. N. Hrymak and co-workers from McMaster University,
Hamilton). It turned out that the mapping method is able to cope with flows in domains
with a rather complex geometry. The method may serve as a powerful engineering tool for
optimising mixing processes and has a good potential for further development.
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Samenvatting

Fenomenen gerelateerd aan het mengen van vloeistoffen komen veelvuldig voor in natuur-
lijke en industriële processen en spelen daarin een belangrijke rol. Hoewel menging veel-
al geassocieerd wordt met turbulentie, vormen hoog-visceuze vloeistoffen een aparte klasse
waarin menging plaatsvindt in laminaire stromingen. Dit treedt bijvoorbeeld op bij polymere
smelten en het bereiden van voedingsmiddelen waarin laminaire menging het enig mogelijke
mechanisme is, ofwel door de extreem hoge viscositeiten van de vloeistoffen (gesmolten glas
of polymere smelten) ofwel door hun gevoeligheid voor schuifspanningen (leidend tot breuk
in macromoleculen en biopolymeren).

Eisen gesteld aan mengprocessen in industriële toepassingen nemen continu toe: men-
ging dient sneller te worden bereikt tegen geringere kosten, terwijl de eisen gesteld aan de
kwaliteit van het mengsel ook slechts toenemen. Vandaar dat het belang van begrip van
de onderliggende mechanismen van laminair mengen ook steeds relevanter wordt waarbij
de noodzaak tot het ontwikkelen van numeriek gereedschap waarmee mengprocessen kun-
nen worden gesimuleerd en vooral ge-optimaliseerd steeds evidenter wordt. Dit numerieke
gereedschap is voornamelijk nodig om de trial-and-error fase in het ontwerp en de ontwikke-
ling van mengapparatuur te reduceren.

Technieken die traditioneel worden gebruikt om een diagnose te stellen van de meng-
potentie van stromingsvelden omvatten verschillende methoden uit de theorie van dynami-
sche systemen en directe methodes die het grensvlak volgen en beschrijven. Dynamisch
gereedschap maakt gebruik van het zich herhalend karakter van de meeste besloten lami-
naire mengstromingen. Ze beschrijven het assymptotisch gedrag en onderscheiden chaoti-
sche en reguliere gebieden in de stroming. Deze methoden geven echter veelal geen in-
formatie over de snelheid van het mengproces en de resulterende concentratieverdelingen.
Methodes gebaseerd op het direct volgen van grensvlakken van individuele materiaalvolumes
in de stroming zijn beperkt tot de initiële stadia van het mengproces, omdat efficiënte meng-
ing gepaard gaat met exponentiële grensvlaktoename. Het belangrijkste nadeel van deze
traditionele methoden is, echter, dat ze veelal slechts één bepaalde stroming beschrijven.
Zelfs geringe wijzigingen in de geometrie van de menger of van het mengprotocol vereisen
een compleet nieuwe berekening. Dit maakt deze methoden ongeschikt voor optimalisatie-
doeleinden.

De extended mapping methode, beschreven in dit proefschrift, is in staat zowel de initiële
als de (ver) gevorderde stadia in een mengproces te beschrijven. De methode maakt ge-
bruikt van een zogenaamde coarse grain beschrijving: het stromingsdomein wordt daarbij
opgedeeld in een groot aantal niet-overlappende sub-domeinen waarbij het mengsel wordt
beschreven met behulp van een locaal over elk domein (”de cel”) gemiddelde waarde. De
stroming wordt gerepresenteerd als een sequentie van stappen waarin de herverdeling van
materiaal tussen de sub-domeinen wordt berekend en het resultaat daarvan opgeslagen in
zogenaamde mapping matrices. De bepaling hiervan is (rekentechnisch) kostbaar maar kan
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eenvoudig worden geparallelliseerd. In tegenstelling hiermee is het feit dat het combineren
van van-te-voren berekende mapping matrices teneinde een echte stroming te simuleren snel
is en binnen seconden kan worden uitgevoerd op een standaard PC. De methode is beperkt
tot de simulatie van reologisch identieke vloeistoffen met verwaarloosbare grensvlakspanning
zodat veranderingen in de compositie van het mengsel het stromingsveld niet beı̈nvloeden.

De extended mapping methode richt zich van nature op meerdere lengteschalen (multi-
scale), omdat ook de ontwikkeling van de microstructuur, zoals aanwezig in elk sub-domein,
op een statistische manier wordt meegenomen, gebruikmakend van de zogenaamde area ten-
sor (Wetzel and Tucker III, 1999). De area tensor beschrijft de hoeveelheid grensvlak tussen
twee materialen en hun oriëntatie en creëert de mogelijkheid dat de extended mapping me-
thode ook ver gevorderde stadia in het mengproces kan beschrijven evenals de almaar toene-
mende generatie van grensvlak in efficiënte (chaotische) mengstromingen.

Gebruikmakend van een fysisch realiseerbare tijd-periodieke prototype mengstroming in
de spleet tussen twee excentrische cilinders, is in dit proefschrift aangetoond dat de extended
mapping methode alle basiskarakteristieken van mengstromingen correct beschrijft. De resul-
taten van mapping zijn in goede overeenstemming met die van het nauwkeurig beschrijven en
volgen van grensvlakken (tracking). Verder geeft de methode inderdaad kwantitatieve waar-
den voor de grensvlak-generatie. Verder werd aangetoond dat ook in exponentiële mengstro-
mingen gebieden aanwezig zijn waar juist ontmenging optreedt, daar waar grensvlakken con-
traheren in plaats van oprekken.

De extended mapping methode werd toegepast om de performance van de veelgebruikte
Kenics statische menger te onderzoeken. Door de rekentechnische efficiëntie van de methode
werd het mogelijk de geometrische parameters van een dergelijke menger zodanig te opti-
maliseren dat de meest efficiënte menging en de meest homogene verdeling van grensvlakken
over het mengdomein werd bereikt. Ook problemen met stagnatie van materiaal aan de wand
(leidend tot potentiële materiaaldegradatie) en verblijftijdspreidingen konden worden geat-
taqueerd. Alternatieve ontwerpen bleken te kunnen worden gerealiseerd waarin deze pro-
blemen konden worden geminimaliseerd, balancerend en een compromis vindend tussen de
(vaak tegenstrijdige) eisen omtrent mengefficiëntie en stagnatie aan de wand.

Tot slot werd de algemeen toepasbaarheid van de methode gedemonstreerd door toepas-
sing op een SMX statische menger. Het snelheidsveld in deze menger werd gegenereerd door
de groep van prof. dr. A. N. Hrymak in Canada (McMaster University, Hamilton). Eerste re-
sultaten laten zien dat de mapping methode ook in een stroming met een dergelijke complexe
geometrie kan worden gebruikt. In conclusie kan worden gesteld dat de extended mapping
methode een krachtig gebruiksgereedschap vertegenwoordigt (een echte engineering tool)
waarmee inderdaad mengprocessen kunnen worden geoptimaliseerd. Potentie voor verdere
uitbreiding en ontwikkeling van de methode is aanwezig.
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