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Abstract: Flexures are components of micro-mechanisms efficiently replacing classical 
multi-part joints found at the macroscale. So far, flexures have been limited to  
two-dimensional planar designs due to the lack of a suitable three-dimensional 
micromanufacturing process. Here we demonstrate and characterize a high-strength 
transparent monolithic three-dimensional flexural component fabricated out of fused silica 
using non-ablative femtosecond laser processing combined with chemical etching. As an 
illustration of the potential use of this flexure, we propose a design of a Hoecken linkage 
entirely made with three-dimensional cross-spring pivot hinges. 

Keywords: flexure; femtosecond laser; three-dimensional micromachining; cross-spring 
pivot; optomechanics; Hoecken (Hoekens) linkage 

 

1. Introduction 

Flexures are essential mechanical elements commonly used in precision and micro-engineering to 
precisely guide the motion between mechanical bodies. They consist of combinations of slender, 
continuous bodies that deform elastically upon the application of a force. Flexures [1–3] have been 
used for decades in precision instrumentation and mechanisms [4–10]. At the microscale, flexures are 
used in replacement of traditional, multi-part mechanical joints that cannot be easily miniaturized and 
that are sensitive to friction, wear, and inaccuracies resulting from assembly errors. 

OPEN ACCESS 
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The design of flexures at the microscale is essentially constrained by the availability of a material 
and of a suitable machining process. Commonly used fabrication methods have limited flexure design 
to two-dimensional components. 

Here, we demonstrate the fabrication of a three-dimensional flexure—a cross-spring pivot—made 
out of fused silica glass using femtosecond laser micromachining combined with chemical etching. 

This machining process relies on the non-ablative exposure of fused silica to create three-dimensional 
patterns that are then etched away by immersing the laser-exposed substrate in a chemical solution [11] 
(typically HF or KOH [12]). This process not only offers the ability to manufacture high-aspect ratio 
three-dimensional microstructures, but also to integrate structural elements with other functionalities 
such as optical waveguides [13,14]. This unique capability has paved the way for monolithic 
optomechanical devices [15] in which flexures are combined with optical waveguides to achieve embedded 
sensing functions. The machining of three-dimensional structures in a dielectric and transparent substrate 
such as fused silica offers additional benefits such as the possibility to implement separated conductive 
tracks and to be optically transparent. As an illustration, a monolithic optically transparent capacitive 
glass actuator was recently demonstrated [16]. As shown for femtosecond micromachined Foturan glass 
substrates [17,18], electrodes-less metal plating [19] may also provide an alternative solution for 
integrating electrical functionalities. Finally, recent advances in beam shaping methods (like for instance 
the use of holographic methods [20]) will further expand femtosecond laser processing capabilities. 

Although counterintuitive at first, fused silica (the glass used in this study), has a very high 
mechanical strength if its surface is free of defects. In particular, we demonstrated that flexures with an 
ultimate tensile strength in excess of 2 GPa can be manufactured with femtosecond laser processing [21]. 
These high stress levels are well above those (usually below 500 MPa) typically found in commonly 
used flexure construction materials such as spring steel or aluminum used at the macro-scale. 

Finally, in this paper, we illustrate the design of a complete Hoecken linkage [22–24] utilizing 
three-dimensional cross-pivots as an example of complex monolithic mechanical devices. 

2. The Cross-Pivot as an Elemental Flexure 

2.1. Working Principle and Relevance 

In flexure-based mechanisms, a pivot function is replaced with cantilevers, notch hinges or  
cross-spring pivots. An ideal pivot flexure should have a fixed center of rotation, a small stiffness 
along the pivoting degree of freedom and an “infinitely” high stiffness along the other unwanted 
degrees of freedom. The later property is referred to the flexure stiffness contrast. 

The cantilever is a hinge with a large range of motion because of its ability to spread the stress 
across its entire geometry. As it will be emphasized later, it suffers from the drift of the point of 
rotation and from a weak stiffness contrast, making it a three-degree-of-freedom flexure as opposed to 
a single degree of freedom as prescribed for a pivot function. The classical notch hinge has a well-defined 
point of rotation, which helps in mimicking conventional, friction-based joints, but is subject to detrimental 
high stress concentrations. Like for the cantilever, it also suffers from a poor stiffness contrast. 

The cross pivot hinge, shown in Figure 1, combines the appealing properties of a cantilever and a 
notch hinge into one. Its crossed structure limits the drift of the point of rotation while keeping large 
range motion, and the lack of notches prevents stress concentrations. The main limitation of the  
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cross-pivot is its inherent geometrical complexity and its non-trivial, intrinsically three-dimensional 
shape. In particular, at the micro-scale, such a flexure cannot be fabricated by conventional means such 
as commonly used lithographic processes like so-called Deep Reactive Ion Etching (DRIE). 

Figure 1. Working principle of a cross-spring pivot. (a) Geometrical definition: the  
cross-spring pivot—in its simplest form—consists of two leaf-springs defining a cross that 
connects two rigid bodies. (b) Three-dimensional rendering of the deformed shape of a 
classical cross-pivot upon the application of a pure moment (from an actual finite element 
simulation). The light grey shadow shows the structure at rest. The cross-spring mimics a 
pivot joint function. (c) Side view schematic. The rotation axis of the hinge is found at the 
intersection between the two leaf-springs. While deforming, the position of the center of 
rotation is subject to a parasitic displacement. 

 

2.2. Stiffness Modeling of the Classical Cross-Spring Pivot 

A convenient way to rapidly derive the stiffness properties of complex assembly of flexural 
elements is to use a method derived from robotics and screw theory [25–27]. The stiffness matrix for a 
flexure that connects two rigid bodies (labelled 0 and 1) and expressed at an arbitrarily chosen point P, 
in its generalized form can be written as: 

( ) ( ) F,u

P P P
* F,P P P 1/0 1/0

1/0 1/0 P P P
1/0 1/0M,u M,

K KF uˆ ˆf K r
M K K

θ

θ

    
= ⇒ =     θ     

 (1) 

Where the left term f represents the wrench (a six-coordinates vector containing force and moment) 
and the right term the 6 × 6 generalized stiffness matrix K times a displacement spatial vector r that 
contains a linear displacement and an angular component. In the case of the cross-spring pivot, the 
methodology (described in great detail in [27]) for deriving the generalized stiffness, consists of, first, 
expressing the stiffness matrix of the beams [28] in a local coordinate frame and center of inertia, and 
second, to use coordinate transformations (here a rotation of π/4 and a translation of half the beam 
width) to express the two springs’ stiffnesses at the same point and in the same coordinate frame. 

The resulting stiffness matrix for the cross-spring pivot is simply the sum of the two elementary 
spring matrices, since both are connected in parallel to the same bodies. The end result is shown below. 
In these formulas, the flexure component of lowest stiffness that defines its preferred degree-of-freedom 
is highlighted in a box. 
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With the diagonal terms expressed as follow: 
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The non-diagonal terms are: 
2 3 2

, , , ,3

2 2and
2 2x y

C C C C
F M x F M y

Ew t Ew tk k k k
L Lθ φθ φ= = = =  (4) 

In these formulas, E, w, t and L are the Young modulus of the spring material, the width, the 
thickness, and length of the individual springs, respectively. υ is the Poisson coefficient of the spring 
material. The axis notations and the location of point C are shown in Figure 1a. 

Non-diagonal terms in the stiffness matrix can be undesired as it implies non-pure transformation 
from a given axis of application of force into an actual displacement along another axis. For instance, a 
force applied along the y-axis will result in a displacement along the y-axis as well as an out-of-plane 
deformation by rotation along the same axis. In the ideal case, only a pure rotation would be applied 
around the z-axis to activate the pivot-function. In practice, pivot flexures are integrated into more 
complex mechanisms and the moment causing the pivot rotation is not just along a single axis but 
rather a combination of force and moment (wrench). In order to achieve high precision in the design of 
a planar mechanism that uses cross-spring pivots, it is useful to cancel non-diagonal terms that can be 
activated through in-plane forces and that may cause unwanted, out-of-plane parasitic displacements. 
Some of the non-diagonal terms can be zeroed through optimization of the flexure design as it will be 
shown in the next paragraph. 

2.3. Design Optimization 

By adding a third beam, two of the non-diagonal terms are efficiently suppressed. The optimized 
design is shown in Figure 2. The shape is further optimized using finite element modeling for reducing 
stress concentration in a monolithic design (Figure 2c). 
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Figure 2. (a) 3D rendering of the optimized design for the monolithic cross-spring pivot 
hinge, showing the addition of the third beam and the removal of sharp edges in geometry 
to prevent high stress concentrations. Point C refers to the origin of the coordinate frame. 
(b) Finite element simulation of the designed hinge subjected to a moment applied around 
the z axis. The model is meshed using tetrahedral elements of 3 μm at the thinnest part of 
the crossed beams. (c) Geometrical parameters for a single beam. 

 

Compared to the original matrix in (2), in matrix (5) shown below, the off-diagonal terms are 
replaced by two different ones that relate to an out-of-plane coupling (moment applied around θ and ϕ) 
that cannot be activated by a force applied in the geometrical plane of operation for the hinge. (Note 
that we keep the same axis notations than in the previous case. This time point C is located in the 
middle of the middle bar, i.e., the origin of the coordinate frame in Figure 2a.) 
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With the stiffness terms written as (the natural degree of freedom stiffness is emphasized): 
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In these equations, w is the thickness of the central beam. The two thinner, outer beams have a 
width of w/2. The stiffness of the remaining non-diagonal term is: 
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And the parametric equation that defines the curvature of the anchoring points for the beams (see 
Figure 2c for the meaning of the various parameters) that prevents stress concentration is expressed as: 
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To qualitatively compare the performances of cross-spring pivots with other flexure pivot designs, 
we examine the stiffness contrast of the optimized design. By stiffness contrast, we mean the ratio 
between angular and linear stiffness along each axis. To do so, we consider the weakest stiffness and 
evaluate the ratio of this stiffness with the other stiffer axis. An ideal pivot should have the highest 
possible contrast between the stiffness of its natural degree of freedom and that of the other axis. To 
make the comparison effective and to have it only dependent on one parameter, we assume the same 
scaling factor between the length of the beam versus its widths and the width versus its thickness. This 
translates into the following expression, where s is a scaling factor: 

2L s w s t= ⋅ = ⋅  (9) 

A typical order of magnitude for s to satisfy well beam-theory conditions is s ≥ 10. 
Introducing the expression (9) above in the stiffness relations for the optimized cross-pivot, yields: 
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A pure moment is difficult to apply in practice, especially in a complex design involving more than 
one pivot flexure. Instead, a pseudo-moment is applied, i.e., a force off the axis passing through the 
pivot center of rotation, that eventually induces the hinge rotation. Since in flexures, stiffnesses are 
finite, the force applied to generate the pivoting moment also induces a displacement along its axis that 
slightly modifies the loading case, and may create a parasitic displacement. It is therefore useful to 
examine which displacement will prevail in such situation (between angular—the desired pivot 
rotation and linear—the parasitic motion). To compare angular stiffness (in N·m/rad) and linear 
stiffness (N/m), we compare a force applied along the rotation axis at a characteristic distance L 
(equivalent to the characteristic length of the longest element of the beam) from the pivot axis. 

For the cross-spring pivot, we obtain (using the axis notations from Figure 2): 
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This result can be interpreted as follows: a force F applied at a distance L from the center of rotation 
and along the y axis will induce a pivoting moment along the z axis, in addition to the force F along the 
y axis. The force along the y axis induces a natural parasitic displacement along y of Δy. This parasitic 
displacement is compared to the amplitude of displacement, called Δy

eq, along the same axis but caused 
by the rotation of the hinge. In the ideal situation of a perfect pivot, the ratio between Δy

eq and Δy 

should be infinite. Using the same methodology, we compare the performances of the optimized  
cross-spring pivot in terms of stiffness contrast and off-axis behavior with those of a classical 
cantilever with similar characteristic dimensions (i.e., length L, width w and thickness t). The results 
are shown in the Table 1. 

Table 1. Stiffness contrast for the cross-spring pivot, compared with a cantilever, one of 
the most used flexure as pivot. 

Stiffness component ,x

C
F xk  ,y

C
F yk  ,z

C
F zk  ,

C
Mk

θ θ  ,
C
Mk

φ φ  ,
C
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ψ ψ  
eq
y

y

∆
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Cross-spring pivot 24
5

s  24
5

s   1 
25

16
s  259

16
s  1 46s  

Cantilever 4s  1 2s  2s  
2

(1 )
 
 +µ 

 1 12  

In this table, the ratios between the lowest stiffness (either angular or linear) and the other stiffness 
are compared. This table reveals that the cross-spring pivot shows superior stiffness contrast for 
angular displacement. Indeed, in the case of a cantilever, the hinge can not only pivot along the z-axis 
(as desired) but also remains weak in torsion. Furthermore, if an off-axis force is applied to induce the 
pivoting of a cantilever, it will induce an undesired displacement along the y-axis of similar amplitude. 
A cantilever taken alone can therefore be seen as a three-degree of freedom flexure: It has rather  
low-stiffness as pivot along the z-axis but also in torsion (around the y-axis) as well as for a linear 
displacement along the y-axis. In contrast, the cross-spring pivot has globally a high stiffness contrast 
and is closer to a pure pivot. It can be considered—in the flexure approximation of a  
degree-of-freedom—as a one-degree-of-freedom pivot. Note that the comparison of Table 1 can be 
extended to the notch hinge and would yield similar results. Indeed, the notch hinge has similar 
stiffness contrast behavior to that of a cantilever beam. 

The performance of a flexure can also be assessed in terms of maximum angular deflection versus 
flexure dimensions. The maximum angle for the cross-spring pivot (for both designs, optimized or not) 
is given by: 
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max
2 LL

Et
σψ =  (12) 

In which σL is the elastic limit of the material considered, L the longest length of the beam, E the 
Young’s modulus and t the beam thickness, respectively. 

To summarize, in Table 2, we propose a qualitative comparison between the three types of hinge 
commonly used as pivots. As evaluation criteria, we compare the maximum angular deflection as well 
as other key performance factors such as drift of the center of rotation and stress concentration. 

Table 2. Performance comparison between commonly used elemental flexures and a  
cross-spring pivot. 

Property 
Hinge type 

Cantilever * Notch hinge Cartwheel [1] Cross-spring pivot *** 

Drift of the center of rotation  
(assuming a perfect loading  
case, i.e., a pure moment  
applied on the hinge) 

2Lδ = ζ θ  ~0 ** 
( )

2

2

2
30

0.047

L

L

δ θ

θ





 2Lδ λ θ  

Maximum angular deflection maxL
t E

σ 
 
 

 max3 L
4 t E
π σ 

 
 

  maxL
2t E

σ 
 
 

 maxL2
t E

σ 
 
 

 

Stress concentration Low High Medium Low 
Complexity/manufacturability Low Medium Medium High (3D) 

Notes: * For a cantilever, the center of rotation is defined at one third of the cantilever length. The constant ζ 
is fitted to be approximately 0.0158. ** The drift is order of magnitude smaller than the thinnest part of the 
hinge itself and therefore negligible. *** The constant λ is 0.118 [6], 0.112 [5], 0.125 [7]. A typical order of 
magnitude of the rotation center displacement is about 4% of the beam length for a deflection of 45°. 

Cantilever, cross-spring and cartwheel pivots present a drift of the center of rotation while operated. The 
drift is the highest for the cross-spring pivot but remains within a few percent of the beam length. In both 
cases, stress concentrations are avoided. The cross spring pivot, for similar characteristic dimensions, has two 
times more angular deflection than the cantilever beam and four times more than a cartwheel hinge [1,29]. 

Considering this quantitative comparison between the various flexures used as pivots, the  
cross-spring pivot has a significant number of key advantages, including a high-stiffness contrast that 
defines a single-degree of freedom and the absence of stress-concentration. The main challenge is its 
inherent three-dimensional structure, which is difficult to manufacture. While it can be relatively easily 
implemented at the macro-scale by assembling leaf-springs on a support structure, it has to date never 
been made in miniaturized versions suitable for microsystems applications. 

In the next section, we demonstrate the fabrication of an optimized cross-spring pivot using 
femtosecond laser processing. 

3. Experimental Results 

3.1. Device Fabrication 

A scanning electron microscope (SEM) and an optical microscope image of a cross-spring pivot 
fabricated with femtosecond laser and chemical etching are shown in Figure 3. The device is fabricated 
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using a two-step process described in great detail elsewhere [30]. The first step is to expose a 500-µm 
thick silica substrate (synthetic silica with high OH content) to low-energy pulses, below the ablation 
threshold. During this step, the material structure is locally modified, resulting in an accelerated HF 
etching rate in the laser exposed regions. 

The exposure step was done with 380 fs-long pulses emitted at 1030 nm from a diode pumped 
Ytterbium-KGW based femtosecond oscillator (t-Pulse 500 from Amplitude Systèmes, Bordeaux, 
France). The oscillator emits pulses at a frequency of 9.4 MHz. An acousto-optic modulator (AOM) 
was used to reduce the repetition rate by chopping out pulses from the main pulse train. For this 
device, we used a repetition rate of 860 kHz. The laser beam was focused using a 20× objective  
(OFR-20X-1054, Thorlabs, NJ, USA) with a numerical aperture (NA) of 0.40. Using three linear 
positioning stages, the specimen was moved with an accuracy of 1 µm under the objective. The writing 
speeds were 5 and 8 mm/s and the pulse energy was 215 nJ. 

The second process step is chemical etching. The laser modified-substrate is dipped into a  
low-concentration HF bath (from 2.5% to 5%) for 18 h. Although the etchant exposure time varied 
across the thickness, the tapered profile does not exceed 2 µm over a thickness of 300 µm demonstrating 
the high-aspect ratio capability of the process. 

Figure 3. Scanning Electron Microscope image (left) and microscope image (right) of a 
cross-pivot hinge as part of a mechanism. The images show the three, crossed beams and 
the rounded corners at the location where the beams are connected to the main body. Note 
the high aspect ratio of the micromachining process. 

 

3.2. Stress-Induced Birefringence: Direct Measurement of Stress State in the Flexure 

Using transparent substrates in micromechanics offers a distinctive advantage: stress can be 
observed directly through photoelastic effects. Indeed, the presence of stress induces birefringence that 
can be quantified and monitored by measuring the retardance and when necessary, the orientation of 
the principal axes of the birefringence ellipse. In [21], we use photoelasticity to demonstrate that 
femtosecond laser micromachined notch hinges could withstand very high stress levels, typically 
above 2 GPa. While it is known that amorphous silica has a theoretically high elastic limit, it has a low 
fracture toughness that limits its use as a mechanical component. The main difficulty is to achieve 
sufficiently high surface quality to prevent the formation of cracks. We showed [21] that the etching 
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step in this manufacturing process contributes to extending the maximum stress limit sustainable by 
femtosecond laser micromachined structure. Here, we use a polarization microscope (LC-Polscope®, 
CRi, Cambridge, MA, USA) to measure the retardance through a thick cross-pivot structure. The 
results are shown in Figure 4. 

Figure 4. Retardance image (left) of a cross-pivot being deformed, coded in grey levels. 
The average beam thickness is 60 μm and the bending angle 13 degrees. The observed 
retardance results from the stress developing in the hinge. By measuring the grey level on the 
retardance scale (right) modulated by the number of visible fringes, starting from the center 
were the stress is minimum, the effective maximum stress, 1.9 GPa, present in the flexure is 
determined using the photoelastic coefficients of fused silica (see [21] for more details). 

 

The result in Figure 4 illustrates the stress-state in the material. Since the lever distance—where the 
force is applied—is several times more than the length of the flexure itself (parameter L in the previous 
paragraph), and since the angular stiffness around the z-axis is much lower than the linear stiffness in 
the y-direction, the loading case can be approximated as a pure bending loading case, which is 
confirmed by these observations. In this flexure, the hinge thickness is rather high (60 µm) leading to 
high stress level (1.9 GPa in Figure 4) for an angular deformation of 13 degrees from its rest position. 

In the following paragraph, we investigate the use of a cross pivot hinge for practical application, 
such as a linear guidance. 

3.3. Integration of the Cross-Spring Flexure in a Pure Linear Guidance 

A Hoecken guidance (see Figure 5) [22–24] is a quasi-rectilinear guidance made of four pivot 
joints. It converts a rotational motion into an approximately constant velocity linear motion. 

Such rectilinear guidance mechanisms are difficult to design using classical hinges due to the range 
motion requirements (inducing high-stress and large deflection in the hinge) as well as the joints 
spatial arrangements causing a non-uniform loading of the pivots. Cross-spring pivots offer an 
interesting solution since the load is distributed instead of being concentrated. Furthermore, as 
illustrated in the previous paragraph, for the same maximum stress value, a cross-spring pivot can flex 
over a larger range and has a higher stiffness contrast, making these stiffness characteristics closer to 
an ideal one-degree-of-freedom pivot. Figure 6 shows a monolithic glass Hoecken guidance that uses 
four cross-springs as pivots. 
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Figure 5. Working principle of a four-bar Hoecken’s linkage. The joints are located in A, 

B, C and D. The characterized lengths of the segment for this example are indicated on the 

right. A and B are attached to the fixed world. During operation, point M describes a 

trajectory characterized with a nearly rectilinear section. This linkage effectively converts a 

rotation (in A or B) into a quasi-straight motion in M with constant velocity. 

 

Figure 6. A monolithic glass Hoecken linear guidance (left) and a sequence of merged 

images to illustrate the function of the mechanism (right). The end point—i.e., where the 

linear motion is produced—is the cross in the upper part. The mechanism is activated by 

moving the rectangular window (left side of the images) along a circle. The linearity is 

within ±0.5 µm over a displacement of 600 µm. 

 

The guidance is entirely manufactured using femtosecond laser micromachining according the 

process described earlier. The left image shows the complete guidance and the right image (a 

superposition of images), the deformed structure during operation. 

Figure 7 shows the trajectory in the plane of the various key points of the guidance. The dotted lines 

are the theoretical trajectory for a Hoecken linkage when pivots achieve a complete revolution.  

The solid lines are the trajectory of the point in the case of the flexure, for which pivots have  

limited excursions. 
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Figure 7. (Left): Trajectory of various key points selected on the Hoecken linear guidance 
(as shown in the (right) photograph). The dotted lines are the theoretical trajectory for a 
full rotation of the pivots while the continuous line is the actual range motion of the flexure 
cross-spring pivots. 

 

4. Conclusions 

Among the various designs of flexure pivots, we have shown that the cross-spring pivot, in 
comparison to other elemental flexures used in microsystems design has superior performances in 
terms of stiffness contrast, range of motion and approximation of an ideal one-degree of freedom pivot. 
To date, the manufacture of cross-pivot hinges has been limited by the lack of available,  
micro-manufacturing processes, suitable for producing three-dimensional structures. 

Here, we have demonstrated that, using of femtosecond laser processing combined with chemical 
etching, such complex three-dimensional flexure pivots can be manufactured, offering new 
opportunities for novel monolithic flexure-based mechanisms, which were previously impossible to 
fabricate using conventional means. As an illustration of the potential of the femtosecond laser 
machining of glass substrates, we have shown the integration of this cross-spring pivot in a glass 
transparent Hoecken guidance mechanism. 

To the best of our knowledge, this is the first example of monolithic and non-trivial three-dimensional 
hinges fabricated at the micro-scale. 
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