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Chapter 1

Introduction

1.1 Background and motivation

Over the last few decades, health science has shown a big leap in technology, par-
ticularly in diagnostics. Increased commercialization of sophisticated miniaturized
systems on the health care market has led to easy-to-use portable and disposable
diagnostic devices. These devices used for detection of an analyte like proteins,
molecules, cells etc. are commonly referred to as biosensors [107]. A biosensor typ-
ically comprises of two important elements: a sensitive biological element which is
chemically receptive or a selective layer and a transducer/detector. The chemical
layer provides specific binding sites for the target analyte while the transducer
transforms the signal induced during the interaction of the analytes with the bi-
ological element into a more easily measurable quantity. Biosensors have great
potential in diverse fields like health monitoring, environmental monitoring, and
within food and beverage industry. Two examples of their successful commercial
application in health monitoring are pregnancy tests and glucose monitoring. The
latter requires a sample of 1μl blood which is obtained by a painless finger prick.
Figure 1.1 shows one such example of a commercial blood glucose bisosensor.

Nevertheless, the sensing performance of these devices has been found to suffer
in situations requiring diagnosis at extremely low concentrations. To overcome
this limitation, the transducer performance needs to be improved [31] along with
increasing the rate of chemical kinetics where the binding rate plays a vital role.
Fluid mixing can be helpful in the latter case by driving the analyte closer to the
senors surface. However, mixing of specimen in the microfluidic chamber is often
a challenge where conventional mixing techniques cannot be applied [59]. At these
micro-scales mixing is limited by diffusion which is an extremely slow process.
The absence of turbulence impels us to look at alternative techniques for inducing
mixing.

In essence, mixing constitutes of basically two processes, namely, advection and

1
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Figure 1.1 – An example of blood glucose biosensor from ACCU-CHECK .

diffusion. Advection can fundamentally be described as a sequential combination
of stretching and folding events [76] which basically increases the interfacial surface
area exposed to diffusion. There has been on going research to develop techniques
enhancing mixing at these micro scales [41, 55, 75, 92, 108]. Most of these mixing
devices can be broadly classified into passive and active mixers based on their
design [53,73]. Passive mixers usually involve patterned walls, embedded barriers,
geometric re-orientations (twisted channels, zigzag channels) or specific duct wall
coatings, thereby making it not an ideal candidate for low-cost disposable devices
[59]. In addition, the flow in these type of mixers are associated with high shear
rates which carries the risk of tear or damage of biological cells.

On the other hand, active mixers use either moving parts or externally applied
forcing like pressure, electric fields, electro-osmotic effects, magnetic fields, thermal
actuations, acoustic microstreaming actuation etc to achieve fluid mixing. Here,
we focus on one of these type of active mixer which uses magnetic actuation to
induce mixing. Mixing in micro-fluidic systems via magnetically actuated beads is
a promising technique with great potential for application in emerging diagnostic
and biosensing technologies [71]. The working principle involves seeding the sample
with magnetic micro beads and then actuating them by an external magnetic
field. Janssen et al. [40] have already demonstrated the capability of actuating
superparamagnetic nano beads by rotating magnetic field in a fluidic system.

Magnetic beads are modified and functionalized so as to recognize specific
molecules. Their surfaces are provided with bio-active coating that can bind to
the antibodies of interest which are then rapidly extracted using magnetic fields.
At low concentration levels, the challenge is to rapidly bind the target molecules
to the bio-active coating. In this respect, active manipulation of the magnetic
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Figure 1.2 – A simplified schematic representation of magnetic particle based biosensor.
The magnetic beads and antibodies are indicated by grey and red spheres.

beads by magnetic forcing (inducing translation and/or rotation of the beads)
could enhance the capture efficiency and mixing of target molecules. Apart from
improving mixing, actuation of the beads may also serve to enhance transport
of target molecules to the sensor surface. Thus, the use of magnetically actuated
beads can lead to development of an integrated biosensor in which complex geome-
tries for sample treatment and transport can be avoided. A simplified schematic
representation of such a biosensor is shown in Figure 1.2 where the grey spheres
represent the functionalized magnetic particles while the anti-bodies are shown by
red markers.

Scope of the present study is to search for actuation protocols that optimizes
transport of target molecules (chemical species, pathogens, nutrients, proteins)
in micro-fluidic systems via magnetically actuated beads. Fundamental to micro-
fluidic transport, notwithstanding the diversity in systems, is that it happens under
laminar flow conditions. Moreover, given that bead actuation typically involves
sequences of rotations and translations in multiple directions, transport in the cur-
rent class of systems is essentially three-dimensional (3D) and unsteady. However,
insight into 3D laminar transport, despite considerable advancement since the
mid-1980s, remains limited to date. Progress in micro-fluidics technologies may
strongly benefit from better understanding of its underlying mechanisms. This
motivates our study, which aims at deepening insight into 3D laminar transport in
the particular context of 3D micro-flows driven by actuated beads. The research
problem is simplified by considering a scaled-up model keeping the relevant physics
unchanged through Reynolds and Schmidt number scaling and investigating fluid
mixing induced by one actuated sphere instead of an array of spheres. Further, the
magnetic actuation is replaced by mechanical actuation led by electrical motors.

Over the last two decades, significant efforts have been made to enhance mixing
at low Reynolds numbers. Aref [5] showed with a heuristic numerical model that
the stirring process can be enhanced by making the motion of the tracer (the
species to be mixed) chaotic. Aref made the connection between the dynamical
system theory and tracer kinematics, thereby setting a trend in the analysis of
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mixing problems by using the Lagrangian framework. His work was limited to
a two-dimensional time-periodic system, which was later taken a step further to
three dimensions.

Examples of theoretical/numerical work on (chaotic) advection in 3D systems
are the lid driven cavity flow by Feingold et al. [25], the spherical Couette flow
by Cartwright et al. [13], the cylindrical cavity flow by Malyuga et al. [58] and
Speetjens et al. [84], the grooved channel by Stroock et al. [92], the partitioned pipe
mixer by Khakhar et al. [48], and the serpentine channel by Liu et al. [55]. To this
end, important physical and mathematical approaches lending the analysis and
understanding of mixing in 3D systems have been established [7, 102]. However,
experimental studies on fundamental aspects of mixing in large scale 3D flows have
been limited to few specific flow configurations only like the lid driven cavity flows
[18, 51, 54], lid driven cylinder flows [70, 106, 110], cylindrical tank with rotating
impeller [28], the class of open duct flows [42, 48, 67], granular flow in a spherical
tumbler [45], a variant of the pulsed source-sink system [81] etc. Apparently, there
has been no laboratory experiment on 3D viscous mixing induced by periodically
rotating and translating sphere reported yet. Thus, concerning the application of
chaotic advection to bio-sensors there is still a gap in the experimental studies.
The interest here is twofold: first, to study transport of passive tracers exterior
to the solid sphere by analyzing the (local) spatial organization of the unsteady
fluid trajectories, and second, to identify an effective actuation protocol so as to
enhance mixing efficiency. This will be done by both numerical simulations and
laboratory experiments.

1.2 Problem statement

Assuming high Péclet number, transport is investigated in terms of tracers that
are passively advected by the flow. This enables topological analysis based on
3D coherent structures formed by Lagrangian fluid trajectories. These coherent
structures geometrically determine the transport properties. Therefore, an in-
sight into their formation, characteristics and response to parametric variations
is key to better understanding and, ultimately, systematic manipulation of 3D
transport. The traditional objective is accomplishment of efficient mixing which
here becomes synonymous to chaotic advection and absence of certain coherent
structures (i.e. absence of transport barriers). However, manipulation of coher-
ent structures in principle admits functionalities beyond mixing (e.g. systematic
compartmentalization of flow domains by controlled emergence of transport barri-
ers). Such multi-functionality has particular potential for advanced micro-fluidic
applications. Hence, our study, concerns with flow topology versus 3D transport
in general in sphere driven flows.

The configuration investigated here consists of a 3D laminar flow in an un-
bounded domain set in motion by a rotating solid sphere. Three-dimensionality
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and unsteadiness (two key elements of realistic bead-driven flows) are introduced
by time-periodic reorientations of a steady base flow due to rotation about a fixed
axis. Transport is studied via numerical simulation of tracer advection supple-
mented with experimental measurements. To this end, macro-scale laboratory
experiments are carried out. These experiments enable us to benchmark the nu-
merical findings and search advection protocols that enhances tracer transport
through measurement of particle trajectories. For this, the flow is seeded with
micron-sized particles and their trajectories are measured by employing 3D Parti-
cle Tracking Velocimetry (PTV). Results of these macro-scale experiment can be
scaled down directly to the dimensions of the actual biosensor.

1.3 Outline of the thesis

The exposition is organized as follows. The model problem of 3D flow around
a moving sphere with specification of the mathematical equations and the non-
dimensional parameters governing the flow dynamics are introduced in Chapter
2. A treatise on the general properties of 3D flow topologies is also included
in this chapter. In addition, numerical techniques employed to determine these
flow topologies are discussed. Chapter 3 presents the numerical results on the 3D
chaotic advection study induced by actuated spheres with time-periodic forcing
protocols. Chapter 4 describes the experimental setup along with a discussion
on existing 3D PTV techniques and necessary modifications to make 3D PTV
suitable for the experiments in this study. In general, a real world laboratory
system can have some differences compared to its idealized mathematical model.
For the current case of flow induced by actuated sphere, there exists many such
differences. The physical sphere has a spindle and a stationary ring on its surface.
Moreover, the flow domain is finite confined by the tank walls and there exists
flow disturbances induced by uncontrolled thermal convection. Influence of these
effects on the mixing studies is discussed in Chapter 5 through flow measurement
results and CFD simulations. Chapter 6 presents the outcome of an exploratory
experimental study on the mixing properties induced by an actuated sphere with
various forcing protocols. These experimental findings are supplemented with
numerical investigation. Lastly, Chapter 7 summarises the important findings.



503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana



503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana

Chapter 2

Theoretical Preliminaries

2.1 Introduction

∗

The present study considers 3D time-periodic flow in an unbounded domain,
driven by a rotating solid sphere (radius R and angular velocity Ω) with step-wise
reorientation of the rotation axis via some forcing protocol with a schematic as
shown in Figure 4.1. The flow dynamics is characterized by the Reynolds number
Re = ΩR2/ν and Strouhal number Sr = τd/T , with R and Ω as before, ν the
kinematic viscosity, T the time-period of the forcing and τd = R2/ν the diffusion
time scale. Typical bead radii in biosensor/microfluidic applications are R ∼
O(5μm), angular velocities Ω ∼ O(2π rad/s), time scales T ∼ O(Ω−1) and water
as working fluid [9,49,64,79] yield Re ∼ O(10−4) and Sr ∼ O(10−4). This admits
approximation by Re = 0 (Stokes limit) and Sr = 0 (instantaneous adjustment of
the flow to reorientation of the rotation axis of the sphere) and implies that the
time-periodic flow

v(x, t) = v(x, t+ T ), (2.1)

composed of successive reorientations of a steady base flow u governed by the
incompressible steady Stokes equations

0 = −1

ρ
∇p+ ν∇2u, ∇ · u = 0, (2.2)

with ρ the fluid density and p the pressure. Base flow u and resulting time-periodic
flow v are treated in more detail in Section 2.1.1 and 2.1.2, respectively.

∗The content of this chapter is based on the publication: Moharana, N. R., Speetjens,
M. F. M., Trieling, R. R. & Clercx, H. J. H. Three-dimensional Lagrangian transport phe-
nomena in unsteady laminar flows driven by a rotating sphere. Phys. Fluids 25 (9), 093602
(2013).

7
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Figure 2.1 – Schematic of the base-flow configuration.

The Lagrangian motion of passive tracer particles released in a generic unsteady
flow w(x, t) is governed by the kinematic equation

dx

dt
= w(x, t), x(0) = x0 ⇒ x(t) = Φt(x0), (2.3)

where x(t) and x0 are the current and initial tracer position, respectively. The
formal solution Φt describes the continuous Lagrangian flow of the tracer particle,
with X (x0, t) := {Φζ(x0)|0 ≤ ζ ≤ t} its corresponding trajectory connecting x0

and x(t). These trajectories identify with fluid trajectories and streamlines for
unsteady and steady flows, respectively, in the present case of passive tracers.
For time-periodic flows v according to (2.1) the flow Φt admits an alternative
representation as a map

xn+1 = ΦT (xn) = Φn
T (x0), xn := x(nT ), ΦT :=

∫ T

0

v(x(ζ), ζ)dζ, (2.4)

which directly links consecutive tracer positions after each cycle. The set of these
tracer positions, i.e. Xn(x0) := [x0,x1, . . . ,xn,xn+1], gives the discrete repre-
sentation of the underlying fluid trajectory X as if illuminated by a stroboscope
synchronized with the periodicity of the flow. This “stroboscopic picture” Xn

defines the so-called Poincaré section of a tracer trajectory and will play a key role
in the analysis of tracer dynamics hereafter.
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2.1.1 Base flow

Define the base flow u as the steady flow governed by (2.2) due to rotation of the
sphere about the z-axis. This implies boundary conditions u|r̃=R = Ωreθ, with

radii r =
√
x2 + y2 and r̃ = |x|, and yields the analytical solution

u(x) = −Ω̄yex + Ω̄xey = Ω̄reθ, Ω̄(r̃) =
ΩR3

r̃3
, (2.5)

with ex,y,θ the standard unit vectors of Cartesian and cylindrical coordinate sys-
tems [34]. Thus the flow in essence concerns “solid-body rotations” of spherical
fluid layers r̃ = constant about the z-axis with angular velocity Ω̄(r̃).

Rescaling variables via x� = x/R, u� = u/ΩR and t� = Ωt gives

u�(x�) = −ωy�ex + ωx�ey = ωr�eθ, ω(r̃�) =
1

r̃�3
,

dx�

dt�
= u�(x�), (2.6)

as non-dimensional counterpart to velocity (2.5) and corresponding kinematic
equation (2.3). The latter admits analytical integration, resulting in the closed-
form expression

r(t) = r0, θ(t) = θ0 + ω0t, z(t) = z0, ω0(r̃0) =
1

r̃0
3 , (2.7)

for the Lagrangian base flow x(t) = Fz(x0). (Primes are dropped for brevity.)
The corresponding streamlines describe closed circles centred on the z-axis along
which tracers perform a steady rotation over an angle Δθ = ω0τ for a given time
interval t ∈ [0, τ ]. Hence, the Lagrangian base flow in fact constitutes a rotation

Fz(ω0τ) = Rz(ω0τ), (2.8)

with Rz(η) = cos η (exex+eyey)+sin η (eyex−exey)+ezez the standard rotation
operator accomplishing counter-clockwise rotation by an angle η about the z-axis.
Note that the non-dimensional angular velocity of the sphere amounts to ω0(1) = 1,
meaning it completes one full revolution for τ = 2π.

2.1.2 Composition of time-periodic flows

Time-periodic flows are composed of successive reorientations of the steady base
flow u via step-wise reorientation of the rotation axis via some forcing protocol.
Thus the map (2.4) for an N -step protocol takes the form

ΦT = FNFN−1 . . .F2F1, Fi = M−1
i Fz(βi)Mi, βi = ω0,iτi, (2.9)

with Mi the step-wise similarity transformation accomplishing reorientation of
the Lagrangian base flow Fz and βi the step-wise rotation angle. The step-wise
durations τi combined add up to the period time:

∑N
i=1 τi = T . Important to note
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Figure 2.2 – Typical trajectory of a passive tracer under the application of two-step
protocol. The forcing steps are of equal duration.

is that, since r̃ =
√
r2 + z2, base flow (2.7) implies r̃(t) = r̃0 and thus r̃n = r̃0,

meaning that tracers subject to map (2.9) are confined to spheroids r̃ = constant.
This, in turn, implies βi = τi/r̃

3
0.

The present study is restricted to the two-step forcing protocol (N = 2) con-
sisting of subsequent rotation about the z-axis and the x-axis for equal duration
τ = T/2, implying equal step-wise rotation angles β1 = β2 = β(r̃0) = τ/r̃30 =
T/2r̃30. This yields the map

ΦT = F2F1, F1 = Fz(τ/r̃
3
0), F2 = MT

2 Fz(τ/r̃
3
0)M2, (2.10)

with M2 = exex + eyez − ezey the similarity transformation that identifies the

axis of rotation with the x-axis. (Here M1 = I and M−1
2 = MT

2 , with subscript T
indicating transpose). The step-wise durations are fixed at τ = 5 in the analysis
below, which corresponds to about 4/5 of a full revolution (Section 2.1.1).This
value is chosen for no particular reason other than demonstrating typical dynamics.
In-depth parametric studies are beyond the present scope and subject of ongoing
investigations. Figure 6.1 displays motion of an arbitrary tracer under the action
of the above said two-step forcing protocol.

Important to note is that time-periodic flows composed of step-wise reorien-
tations of a base flow in principle fall within the scope of the so-called Linked-
Twist-Maps (LTMs) proposed in literature. [89, 90] The LTM formalism relies on
composition of the fluid trajectories from piecewise isometries (translations, rota-
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tions, reflections) and has found successful application for Lagrangian transport
studies in a range of 3D mixing flows. [45,66,89] This may suggest that the LTM
is also the appropriate framework for the current flow. However, despite certain
connections, its applicability is limited in the present context. A number of sim-
ilarities and differences with LTMs are highlighted in the discussion below so as
to properly position the current study relative to other approaches towards 3D
transport studies.

2.2 General properties of 3D flow topologies

2.2.1 Periodic points and lines

Periodic points of order p (or “period-p points”) of a time-periodic map are ma-
terial points that will return to their initial positions after p periods: x = Φp(x).
The local behaviour at such period-p points is determined by

dxn+p = F · dxn, F = ∇Φp
T |X =

3∑
i=1

λinini, (2.11)

with dx the local frame of reference, F the deformation tensor representing the
locally-linearised mapping ΦT and {λi,ni} its spectral decomposition [58]. The
eigenvalue spectrum Λ = {λ1, λ2, λ3} determines the local dynamics and thus the
type of periodic point, where solenoidality of the flow field u implies λ1λ2λ3 =
1. The latter invariably results in one real eigenvalue, say λ1, and remaining
eigenvalues following

λ2,3 =
J − λ1

2
±
√
D, D =

[
(J − λ1)

2

]2
− 1/λ1, J ≡ trace(F), (2.12)

with D the discriminant [58]. Two basic kinds of periodic points exist [58]:

(i) Focus (D < 0): Λ = {λ1, λ, λ̄}: foci are characterised by a spiralling
motion around eigenvector η1 with larger amplitude the closer to the plane
spanned by eigenvectors η2,3 . The trajectory emanating from eigenvector
η1 and the material surface emanating from eigenvector pair η2,3 define the
so-called 1D and 2D manifolds, respectively, of an isolated periodic point.
This 1D-2D manifold pair, denoted (W1D,W2D) hereafter, delineates the
principal transport directions in the zone of influence of a focus. Material
approaches the focus via one manifold and leaves it via the other, where
former and latter are termed “stable” and “unstable,” respectively. Two
situations can be distinguished, viz. (W s

1D,Wu
2D) for λ1 < 1 (|λ| = 1/

√
λ1 >

1) and (Wu
1D,W s

2D) for λ1 > 1 (|λ| < 1), where superscripts indicate stability.

(ii) Node (D > 0): Λ = {λ1, λ2, λ3}: non-degenerate nodes admit two sit-
uations: |λ1| > 1 and |λ2,3| < 1 or |λ1| < 1 and |λ2,3| > 1. This results
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in saddle-like behaviour in the (η1,3, η1,2)-planes and node-like behaviour
in the η2,3-plane . Essentially the same manifold pairs occur as for foci:
(W s

1D,Wu
2D) for |λ1| < 1 and (Wu

1D,W s
2D) for |λ1| > 1. Primary difference

is absence of a spiralling motion about W1D.

A special case exists in periodic lines. These are formed by merger of a con-
tinuous string of adjacent periodic points. Periodic lines are in essence the 3D
counterparts of periodic points in 2D systems in that they induce effectively 2D
tracer dynamics in the local plane perpendicular to their tangent. This tangent
coincides with one of the eigenvectors of F, say η1, that has a corresponding eigen-
value λ1 = 1, signifying absence of motion in η1-direction. This happens in case

J2 − 2J − trace(F 2) = 0 ⇒ J = 1±
√
1 + trace(F 2), (2.13)

which follows from the characteristic polynomial of F [58]. Eigenvectors η2,3

span the beforementioned perpendicular plane. Points on periodic lines are, given
λ1 = 1 and discriminant D according to (2.12), fully characterised by the single
matrix invariant J . Two kinds exist:

(i) Elliptic type (J < 3): Λ = {1, λ, λ̄}: this is a limit case of the focus
in that trajectories encircling η1 are closed instead of spiralling. (Hence,
manifolds are absent.) These trajectories combined define concentric tubes
centred on the periodic line (“elliptic tubes”) that entrap and circulate trac-
ers and thus form barriers to global tracer transport.

(ii) Hyperbolic type (J > 3): Λ = {1, λ, 1/λ}: this is a limit case of the
node in that transport to/from the periodic point happens only within the

η2,3-plane via the planar manifold pair (Ŵu
1D, Ŵ s

1D). In the 3D domain, the
manifold pairs of adjacent hyperbolic points on the periodic line coalesce
into a 2D-2D manifold pair (Wu

2D,W s
2D).

The invariant J typically varies smoothly along periodic line and may thus
cause division into elliptic (J < 3) and hyperbolic (J > 3) segments [58, 84].

2.2.2 Manifold dynamics and interactions

The manifolds of both isolated periodic points and hyperbolic segments of peri-
odic lines are essential to the dynamics. Manifold pairs (Wu

2D,W s
2D) associated

with either the same or two different periodic lines or with two different isolated
periodic points may join into one smooth surface or may intersect transversally.
The former scenario leads to the formation of transport barriers; the latter sce-
nario, in contrast, results in exponential stretching of material and, inherently,
chaotic advection [84]. Isolated periodic points furthermore admit smooth connec-
tion or transversal interaction of (Wu

2D,W s
1D) and (W s

2D,Wu
1D) pairs and smooth
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(a) (b)

Figure 2.3 – Reproduction of the phase portrait by V.S.Malyuga et al. [58], depicting
the local dynamics on the canonical frame of reference (η1, η2, η3) corresponding to two
classes of isolated periodic point. (a) focus, (b) node.

connection of (Wu
1D,W s

1D) pairs. (The transversality theorem renders intersection
of (Wu

1D,W s
1D) pairs highly unlikely [33]). Here transversal interaction again pro-

motes chaotic advection. Smooth connection, on the other hand, does not signify
formation of transport barriers; it merely reflects (local) absence of chaos. Im-
portant to note is that chaos due to periodic lines (locally) is essentially 2D [58].
Presence exclusively of isolated periodic points thus is a necessary prerequisite for
truly 3D chaos.

2.2.3 Invariant surfaces

The equations of motion (2.3) under certain conditions may admit reduction to

h1
dξ1
dt

= v1, h2
dξ2
dt

= v2,
dξ3
dt

= 0, (2.14)

with x = x(ξ1, ξ2, ξ3) and ξ = (ξ1, ξ2, ξ3) an orthogonal curvilinear coordinate
system (unit vectors ei =

1
hi

∂xi

∂ξi
and scale factors hi = |∂xi

∂ξi
|) such that motion in

ξ3-direction ceases. (Factor hidξi represents the ξi-contribution to an infinitesimal
line element |dx| [8].) This may e.g. be the result of a constant of motion or
a continuous symmetry in the flow field w [58, 68]. This implies 2D invariant
surfaces, coinciding with the level sets of ξ3, within which effectively 2D motion
occurs: w = v1e1 + v2e2.

For incompressible flows, the intra-surface equations of motion define a Hamil-
tonian system. Represent to this end the relevant operators in curvilinear coordi-
nates, i.e. [8]
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∇f =

3∑
i=1

1

hi

∂f

∂ξi
ei,

∇ · v =
1

h1h2h3

[
∂

∂ξi
(h2h3v1) +

∂

∂ξi
(h1h3v2) +

∂

∂ξi
(h1h2v3)

]
,

(2.15)

revealing that here the continuity constraint simplifies to

∂

∂ξ1
(h2h3v1) +

∂

∂ξ2
(h1h3v2) = 0, (2.16)

by virtue of v3 = 0. This implies a generic structure of the intra-surface flow field
following

v1 = − 1

h3
∇H · e2 = − 1

h2h3

∂H

∂ξ2
, v2 =

1

h3
∇H · e1 =

1

h1h3

∂H

∂ξ1
, (2.17)

constituting a Hamiltonian system.
Thus reduction of system (2.3) to the form (2.14) has fundamental ramifications

for the dynamics. First, it restricts the flow to essentially 2D motion within
invariant surfaces. Second, it results in essentially Hamiltonian dynamics within
these surfaces.

2.2.4 Existence of periodic points and lines

A case of particular interest in the present context are systems of the form (2.14)
with closed invariant surfaces parameterized by ξ3 that are convex.† Brouwer’s
fixed-point theorem then states that each such invariant surface must accommo-
date at least one period-1 point [84]. These period-1 points ξ0 are defined implicitly
by

G(ξ0) ≡ Φξ(ξ
0)− ξ0 = 0, ξn+1 = Φξ(ξn), (2.18)

with Φξ the map associated with (2.14) in terms of ξ. (The specific relation
between Φξ and ΦT depends on the transformation F : x → ξ and, depending
on the shape of the invariant surfaces, may be far from trivial.) Period-1 points
ξ0 merge into period-1 lines P(1) = (ξ01 , ξ

0
2 , ξ

0
3), with ξ03 as tangent coordinate,

whenever

Ξ0 ≡
∣∣∣∣
∂(G1, G2)

∂(ξ1, ξ2)

∣∣∣∣
ξ0

=

∣∣∣∣
∂G1

∂ξ1

∂G2

∂ξ2
− ∂G2

∂ξ1

∂G1

∂ξ2

∣∣∣∣
ξ0

�= 0, (2.19)

†A space is convex if for any pair of points within the space, any point on the line joining
them is also within the space.
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which follows from the implicit-function theorem [69]. This condition is generically
met, save isolated points at which Ξ0 = 0, meaning that flows with convex invari-
ant surfaces normally exhibit at least one period-1 line P(1). Existence criterion
(2.19) via definition (2.18) involves the intra-surface components of the Jacobian
J = ∂Φξ/∂ξ that, in turn, relates to the deformation tensor F in (2.11) through
coordinate transformation F . This establishes a link between the formation of
periodic lines and the type of constituent periodic points [69]. However, this link
may vary for generic curvilinear reference frames ξ and, instead of providing a uni-
versal formulation, is therefore elaborated only specifically for the current system
in Section 3.2.

For systems possessing a time-reversal reflectional symmetry S, with IS = SIS
the associated symmetry plane,‡ according to

ΦT = SΦ−1
T S, (2.20)

this period-1 line occurs within IS . [84](Note that S furthermore implies sym-
metric pairs of periodic lines outside IS . However, contrary to P(1), these lines
may yet not must exist and are therefore not considered here.) The period-1 line
P(1) is defined by the intersection of the symmetry plane with its mapping, i.e.

P(1) ≡ IS ∩ΦT (IS), (2.21)

which facilitates systematic isolation via a search algorithm. For time-periodic
flows of composition (2.9), symmetries S following (2.20), if existent, originate
from symmetries of the base flow Fz and its reorientations [58, 80,84].

2.2.5 Approximate existence criterion isolated periodic points

Weak perturbation of the invariant surfaces causes breakdown of the period-1 line
P(1) into isolated periodic points ξ∗ in its direct proximity, defined by

G∗(ξ∗) = Φ∗
ξ(ξ

∗)− ξ∗ = 0, (2.22)

where the star indicates the perturbed state with respect to (2.14).
For a small perturbation, i.e. Φ∗

ξ = Φξ+ �h and � � 1, isolated points ξ∗ exist
if

Ξ∗ ≡
����
∂G∗

∂ξ

����
ξ∗

�= 0, (2.23)

Jacobian J∗ = ∂G∗/∂ξ in existence criterion (2.23) reads

J∗ =

⎡
⎢⎢⎢⎣

∂G1

∂ξ1
∂G1

∂ξ2
∂G1

∂ξ3

∂G2

∂ξ1
∂G2

∂ξ2
∂G2

∂ξ3

∂G3

∂ξ1
∂G3

∂ξ2
∂G3

∂ξ3

⎤
⎥⎥⎥⎦+ �

⎡
⎢⎢⎢⎣

∂h1

∂ξ1
∂h1

∂ξ2
∂h1

∂ξ3

∂h2

∂ξ1
∂h2

∂ξ2
∂h2

∂ξ3

∂h3

∂ξ1
∂h3

∂ξ2
∂h3

∂ξ3

⎤
⎥⎥⎥⎦ , (2.24)

‡This may also be a curved surface.
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and, upon incorporating G3 = 0 and G∗
3 = �h3 due to Φξ3 = ξ3, admits reformu-

lation into

J∗ = E+ �H, E =

⎡
⎢⎢⎢⎣

∂G1

∂ξ1
∂G1

∂ξ2
∂G1

∂ξ3

∂G2

∂ξ1
∂G2

∂ξ2
∂G2

∂ξ3
∂G∗

3

∂ξ1

∂G∗
3

∂ξ2

∂G∗
3

∂ξ3

⎤
⎥⎥⎥⎦ , H = �

⎡
⎢⎢⎢⎣

∂h1

∂ξ1
∂h1

∂ξ2
∂h1

∂ξ3

∂h2

∂ξ2
∂h2

∂ξ2
∂h2

∂ξ3

0 0 0

⎤
⎥⎥⎥⎦ ,(2.25)

leading to Ξ∗ = |E|+O(�), with

|E| = Ξ0 ∂G
∗
3

∂ξ3
−
�
∂G1

∂ξ1

∂G2

∂ξ3
− ∂G1

∂ξ3

∂G2

∂ξ1

�
∂G∗

3

∂ξ2

+

�
∂G1

∂ξ2

∂G2

∂ξ3
− ∂G1

∂ξ3

∂G2

∂ξ2

�
∂G∗

3

∂ξ1
.

(2.26)

Assuming relatively slow change of the unperturbed flow normal to the in-
variant surfaces (∂G1,2/∂ξ3 � ∂G1,2/∂ξ1,2) implies via (2.19) a dominant leading
term in (2.26), i.e. Ξ∗ = Ξ0∂G∗

3/∂ξ3 +O(�).
Thus (2.23) admits approximation by

Ξ∗ = Ξ0 ∂G
∗
3

∂ξ3
�= 0 ⇒ Ξ0 �= 0 and

∂G∗
3

∂ξ3
�= 0, (2.27)

advancing (2.27) as an adequate approximation of existence criterion (2.23). Note
that the above in essence follows the discussion of [69].

This links the existence of isolated periodic points in the perturbed system
directly to the existence of periodic lines. Typical 3D perturbations always yield
∂G∗

3/∂ξ3 = �∂h3/∂ξ3 �= 0 and thus periodic lines (Ξ0 �= 0) for � = 0 imply
isolated periodic points (Ξ∗ �= 0) for � > 0 in their direct proximity [69]. (Note
that assumption ∂h3/∂ξ3 �= 0 ensures G∗

3 = 0 – and thereby condition (2.22) – is
satisfied indeed only in isolated positions.) Moreover, the type of periodic points
correlates with the properties of the underlying periodic lines. This is addressed
more specifically in Chapter III.

The above properties and scenarios are applicable in the present flow and
have fundamental ramifications for the tracer dynamics. This is investigated in
more detail in Chapter 3. Remarkable in this respect is that here the 3D flow
domain as a whole is open and non-convex, meaning that Brouwer’s fixed-point
theorem in general does not apply and isolated period-1 points normally may
yet by no means must exist. However, the existence of convex invariant surfaces
fundamentally changes this situation by causing Brouwer’s fixed-point theorem to
imply at least one period-1 point within each of these subdomains and, inherently,
at least one period-1 line in the 3D domain. The existence of a period-1 line, in
turn, implies isolated periodic points in case of a “weakly” perturbed system. Only
for “stronger” departures from the invariant-surface state may periodic structures
completely vanish, consistent with the properties of a generic non-convex domain.
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Figure 2.4 – Log-linear plot showing the variation of error with allowable track length
lpath.

2.3 Numerical methods

2.3.1 Integration of kinematic equation

Numerical integration of the kinematic equation (2) employs a explicit third-order
Taylor-Galerkin scheme with adaptive step size as in Speetjens et al. [86] The
velocity field v(x, t) being piece-wise steady and analytical during any interval,
accuracy of the solution (2) depends solely on the integration scheme. The step
size is computed dynamically using the local advection velocity and the allowable
track length lpath. Thus the accuracy is dependent on lpath, which is shown by
evaluating the error with varying lpath. Under the application of map ΦT , any
tracer is supposed to lie on a closed circular curve on the 3D map. Using the
above result an error can be defined as

� = [

n∑
i=1

(r̃i − r̃0)
2]

1
2 , (2.28)

where, r̃0 and r̃i are the initial and ith position of an arbitrary tracer on the
Poincaeè map, respectively.

For lpath = 10−4, an accuracy of the order 10−9 was reached which was rea-
sonable good. Hence, current computations were based this value of lpath.
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2.3.2 Isolation of 1D manifolds

Stable and unstable 1D manifolds W s,u
1D are computed by releasing a material

line element on eigenvector η1 of the deformation tensor F at the corresponding
periodic point, and subsequently integrating backward and forward in time, re-
spectively, using the method described in Jilisen et al. [42]. Evaluation of 2D
manifolds W s,u

2D is in principle possible by adaptive tracking of polygonal material
elements released on the area spanned by eigenvectors η2,3 yet this computation-
ally extremely expensive. [3] Here we instead represent 2D manifolds W s,u

2D by 1D

curves W̃ s,u
2D emanating from material line elements released on the vector η� = η2

+ η3.

2.3.3 Isolation of periodic points

Next, the location of period-1 line was obtained numerically by computing the
curves of intersection LI and subsequently searching for points on these curves
which returned back to their initial position within an error ball of radius 10−9 by
the end of ΦT . However, in situations where the flow ΦT lacked a global symmetry
we could no more use the above approach. To locate the isolated periodic points,
one needs to scan the whole of the flow domain which is computationally quite
expensive. This necessitates to devise an efficient tool. The method developed is
a blend of bisection method and Newton-Raphson method functioning at coarser
and finer resolutions, respectively. First, using bisection method the whole domain
is reduced to a smaller set wherein possible roots exits. Subsequently, Newton’s
method is applied in finding the roots from the reduced set. Once again a similar
criteria of restricting displacement to an error ball of radius 10−9 was imposed.

Period-p points x are located by a root-finding algorithm applied to displace-
ment dX(x) ≡ x−Φp

T (x). This involves the following steps:

1. Subdivision of the area of interest into small boxes, each defined as B ≡
{b1, . . . ,b8}, with bi (1 ≤ i ≤ 8) its 8 vertices.

2. Computation of the vertex displacements dXi ≡ dX(bi) for each box.

3. Identification of boxes B̃ within which the three components of dX(x) simul-
taneously have a root. This employs a 3D version of the bi-section method: a given
box B contains a curve C at which a function F (x) vanishes (i.e. F (x) = 0 ∀x ∈ C)
if F (bi) > 0 for at least one and at most 7 vertices bi. Isolated periodic points xp

coincide with the intersection of the “root curves” Cx,y,z of the three components
of dX(x): xp = Cx ∩ Cy ∩ Cz. Important to note is that existence of Cx,y,z does
not imply an intersection xp. Hence, the bi-section method identifies boxes that
may contain isolated periodic points xp. Actual isolation of xp follows from the
refinement procedure elaborated below.
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4. Refinement of the root finding within each box by a modified version of the
3D Newton-Rhapson method. The original method iterates towards a root of dX
via

xk+1 = xk + dxk, dxk = G−1
k dX(xk), Gk = −∇dX|xk

= F|xk
− I, (2.29)

with xk+1 the estimated root location, F the deformation tensor following (2.11)
and I the unit tensor. Initial condition for the iteration is the box center xc =∑8

i=1 bi/8 and convergence is attained in case ek+1 < ek, with ek ≡ |dX(xk)|,
implying progression towards the sought-after root (limk→∞ ek = 0). However,
convergence is highly sensitive to the initial guess in this approach.This constraint
has been relaxed by slightly modifying the method such that the sequence of
positions R = {xc,x1, . . . ,xk+1, . . . } delineates the path towards the root. To
this end the step-wise displacement is rescaled as dx�

k = γdx/|dx|, with γ the
length of a line segment of R, which must be set far smaller than the side length
of the box d. Numerical experiments put forth γ/d ≈ 0.1 as a good value. Iteration
is continued if ek exhibits monotonous decay (ek+1 < ek) and terminated for k∗
such that ek∗ < emin, with emin a preset accuracy threshold (emin = 10−9 in
the present study). The iteration is restarted with smaller γ in case ek+1 > ek
and aborted if multiple restarts fail to produce convergence. Boxes are considered
devoid of isolated periodic points in such cases.

In the process of characterization of periodic points, the deviation of |λ1λ2λ3|
from unity was used a measure to check the accuracy in the computation of defor-
mation matrix ∇ΦT . For all the results reported this value was limited to 10−6,
assuring the volume-preserving property of the 3D map. Generating Poincarè
map by determining advection characteristics of an individual tracer provides the
long-term behavior while computation of invariant manifolds associated with a
periodic point gives an insight on the short-term behavior. Both these approaches
are complementary in explaining the mixing process as will be seen in the next
chapter.
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Chapter 3

Numerical Results

3.1 Fundamental dynamical states of time-periodic
flows

∗

3.1.1 Standard base flow: essentially 1D dynamics

Generic time-periodic maps ΦT with composition (2.9) consist of reoriented base
flows Fz and, by virtue of structure (2.8), in fact constitute a sequence of rotations
under angles βi about various axes. This effectively yields one overall rotation,
implying a map of the form

ΦT = Rź(ή)x, Rź(ή) = cos ή (ex́ex́+eýeý)+sin ή (eýex́−ex́eý)+eźeź, (3.1)

with unit vectors ex́,ý,ź spanning a Cartesian reference frame, where eź is the axis
of rotation and ή is the net rotation angle. [8,26] The latter properties are defined
implicitly through Rź ·eź = eź and trace(Rź) = 1+2 cos ή. Representing the map
ΦT in terms of polar coordinates relative to ex́,ý,ź gives

ŕn = ŕ0, θ́n = θ́0 + nή, źn = ź0, (3.2)

which is the mapping counterpart of flow (2.7). Thus tracers describe circular
orbits within the (x́, ý)-plane of the Poincaré section in a similar way as the un-
derlying continuous flow describes closed circular streamlines. Important to note
is that, since r̃n = r̃0 – and thereby ´̃rn = r̃0 – and βi = τi/r̃

3
0 (Section 2.1.2), the

∗The content of this chapter is based on the publication: Moharana, N. R., Speetjens,
M. F. M., Trieling, R. R. & Clercx, H. J. H. Three-dimensional Lagrangian transport phe-
nomena in unsteady laminar flows driven by a rotating sphere. Phys. Fluids 25 (9), 093602
(2013).

21



503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana

22 Numerical Results — Chapter 3

effective rotation (6.3) is a function of r̃0. Thus the circular orbits described by
(3.2) run parallel within a given sphere of radius r̃0 yet smoothly change orienta-
tion ex́,ý,ź and rotation angle ή with varying r̃0.

Figure 3.1 – Schematic of the base-flow configuration (a) and typical Poincaré sections of
the corresponding tracer dynamics (b). Spherical fluid layers r̃ = constant perform solid-
body rotation at layer-dependent rotation axes and angular velocities. Left and right
panels in (b) show layer-wise circular tracer orbits at r̃0 = 1.5 and r̃0 = 2.0, respectively,
for the same forcing protocol. Arrows indicate rotation axes.

This generic structure of the Poincaré section is demonstrated in Figure 3.1
for the two-step forcing (6.2) at τ = 5. The tracer motion is obtained by numer-
ical integration of (2.3) with an explicit third-order Taylor-Galerkin scheme with
adaptive step size. [86]

The map (3.2), irrespective of its particular composition, invariably possesses
two constants of motion, viz. ŕ0 and ź0, rendering it a two-action map. Such
maps are fully integrable – and thus intrinsically non-chaotic – in that tracer
motion is restricted to closed orbits. [13, 25] Thus the time-periodic maps (2.9)
are incapable of accomplishing chaotic advection in their present form due to
the transport properties of the underlying base flow. Breaking the integrability
of ΦT is imperative for attainment of more complex dynamics and, ultimately,
chaos. To this end basically two scenarios exist. First, more elaborate forcing
protocols including, besides rotations, e.g. translations of the sphere. Second,
perturbation of the base flow such that tracer motion becomes more complex than
simple rotations of spherical fluid layers (Section 3.1.1). The study below concerns
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the latter.
The unperturbed time-periodic flows define LTMs, since both the individual

steps and the total motion identify with an isometry (i.e. rigid rotation). Rec-
onciliation of the unperturbed flow with LTMs exposes a subtle (yet potentially
misleading) technicality in the conditions for chaos. Literature on LTMs states that
integrability follows from restriction of tracers to single streamlines [90]. Though in
this sense true, this rationale is non-reversible: departure from a single streamline
does not imply non-integrability. Tracers in the present unperturbed time-periodic
system e.g. unite step-wise changing of streamlines with integrable dynamics, ir-
respective of forcing protocol. Its integrability emanates from the fact that the
composition of twist maps effectively results in a single twist map. The true con-
dition for integrability in LTMs thus is restriction to a single twist map instead
of to a single streamline. This establishes full consistency between LTMs and our
findings.

3.1.2 Perturbed base flow

The standard base flow introduced in chapter 2, denoted u0 hereafter, is extended
through superimposition with a perturbation u� following

u(x, t) = u0(x) + u�(x, t), (3.3)

that is subject to conditions

∇ · u� = 0, u�|r̃=1 = 0, (3.4)

so as to maintain incompressibility (∇ · u = 0) and the no-slip condition on
the sphere surface. Physical causes for u� may e.g. be fluid inertia or pressure-
induced fluctuations in the background flow. However, on grounds of simplicity
and mathematical accessibility the present study adopts

u�
x = �yzf(x, t)g(t), u�

y = �xzf(x, t)g(t), u�
z = −2�xyf(x, t)/g(t), (3.5)

with

f(x, t) = e1−(x2+y2+g2(t)z2) − 1, g(t) = 1 + k sin t, (3.6)

as closed-form analytical perturbation satisfying conditions (3.4). This in essence
artificial perturbation may at first glance seem of limited physical relevance. How-
ever, below it is demonstrated that, provided |u�| � |u0|, the effect upon the
dynamics is qualitatively equivalent to that of weak fluid inertia. This is con-
sistent with the fact that weak perturbations, provided they preserve physical
properties as incompressibility and boundary conditions, typically have a generic
impact on the dynamics independent of its particular structure. [13, 25, 69] This
further supports the current course of action.
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Perturbation u� has two tuning parameters, viz. � and k, which control its
amplitude and degree of unsteadiness, respectively. Vanishing �, evidently, results
in the standard base flow and, inherently, maps of the form (6.3); non-zero � breaks
the rotational forms (2.8) and (6.3) by coupling the velocity components and is a
prerequisite for more complex dynamics. However, steady (k = 0) and unsteady
(k > 0) perturbations have fundamentally different impacts upon the dynamics.
This is inextricably linked to the motion in r̃-direction, which for the perturbed
flow is governed by

dr̃

dt
=

x · u
r̃

=
2�xyzf(x, t)[g2(t)− 1]

g(t)r̃
. (3.7)

implying

dr̃

dt
= 0 for k = 0, and

dr̃

dt
�= 0 for k > 0, (3.8)

for arbitrary � > 0 due to g = 1 for k = 0. This has fundamental ramifications for
the tracer dynamics, which is elaborated below. The one-to-one correspondence
with LTMs is broken upon perturbation. The latter aims at inducing minute
continuous variations in the flow field – and, inherently, the resulting fluid tra-
jectories – so as to emulate weak nonlinear departures from the integrable state
by e.g. fluid inertia. This renders a decomposition of the fluid trajectories into
isometries impossible (or at the very least highly impractical).Hence, the LTM
formalism is ill-suited for analyzing (perturbed) 3D flows of continuous media as
that considered here.

3.1.2.1 Case k = 0: essentially 2D dynamics

Property (3.8) for the limit k = 0 puts forward the radius r̃ as a constant of
motion. This admits reduction of the equations of motion (2.3) to the generic form
(2.14). Consider to this end transformation of the system into spherical coordinates
(r̃, θ, ρ) (relating to the cartesian frame via x = r̃ cos θ sin ρ, y = r̃ sin θ sin ρ,
z = r̃ cos ρ). [8] Expression in terms of the generic curvilinear system following
2.2.3 via ξ = (ξ1, ξ2, ξ3) = (θ, ρ, r̃), h1 = r̃ sin ρ, h2 = r̃ and h3 = 1 yields

r̃ sin ρ
dθ

dt
= vθ = −1

r̃

∂H

∂ρ
, r̃

dρ

dt
= vρ =

1

r̃ sin ρ

∂H

∂θ
,

dr̃

dt
= 0, (3.9)

where

H(θ, ρ; r̃, �) =
cos ρ

r̃
+

�f r̃3

4
cos 2θ(cos 2ρ− 1), (3.10)

using f = f(r̃) = e1−r̃2 − 1 and g = 1 for k = 0. Thus for k = 0 the equa-
tions of motion collapse on the Hamiltonian form (2.14), where Hamiltonian H
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is parameterized by r̃ and �. The absence of explicit time-dependence for k = 0
means that the intra-surface dynamics of the base flow, irrespective of �, remains
integrable; motion takes place along closed curves given implicitly by the level sets
of H. Hence, for k = 0, the perturbed base flow remains topologically equivalent
to its standard counterpart, viz. � = 0, in that tracers are confined. However,
for non-zero � the motion no longer coincides with simple rotations. This is an
essential difference with fundamental consequences.

Reorientation during time-periodic forcing following (6.3) involves step-wise
steady coordinate transforms of the form (θ, ρ) → (θ + Δθ(t), ρ + Δρ(t)), which
retains the Hamiltonian structure (3.10) yet introduces time-dependence: H(θ +
Δθ(t), ρ+Δρ(t); r̃, �). This results in non-integrable

Hamiltonian dynamics within the spheres due to the breakdown of the purely
rotational motion for � > 0 and in principle admits intra-surface chaotic dynam-
ics. Figure 3.2 demonstrates this by way of the Poincaré section of a single tracer
(released at the position indicated by the and the accompanying arrow) for the
two-step forcing (6.2) at � = 0.1 and k = 0. Here panels (a) and (b) give the
3D Poincaré section and its corresponding projection in the rz-plane, respectively.
Tracers exhibit chaotic advection yet indeed remain restricted to an invariant
sphere, implying essentially 2D Hamiltonian chaos. Hence, non-zero � in combi-
nation with k = 0 increases the freedom of motion of tracers by transforming the
system from a two-action map (confinement to circular orbits; Section 2.1.1) to a
one-action map (confinement to spheres). [13, 25] Moreover, the invariant spheres
constitute convex closed surfaces, meaning that the dynamics is dominated by
period-1 lines† This is examined in greater detail in Section 3.2.

3.1.2.2 Case k > 0: towards essentially 3D dynamics

Property (3.8) implies that the invariant spheres vanish and the above Hamiltonian
structure breaks down for k > 0, meaning tracers can in principle move freely
throughout the 3D domain. This is demonstrated in Figure 3.3 by the Poincaré
section for a single tracer (released at the position indicated by the bullet and
the arrow) for the two-step forcing (6.2) at � = 0.1 and k = 0.01. Here the
rz-projection (panel (b)) reveals a significant migration in r̃-direction, implying
essentially 3D tracer motion. However, instead of being fully unrestricted, tracer
dynamics is nonetheless dictated by coherent structures. The Poincaré section
namely exposes shell-like layers connected by tubes, the formation of which is
intimately related to the breakdown of periodic lines into isolated periodic points
for non-zero yet sufficiently small k (Section 2.2.4). This is investigated in detail in
Section 3.3. The breakdown of the invariant spheres further increases the freedom
of motion of tracers and renders the system a zero-action map for non-zero k and
�. [13, 25]

†The term “periodic line” is strictly inappropriate and “periodic curve” should be used instead.
However, in the literature on 3D chaotic advection this is a common term for indicating such
coherent structures.
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Figure 3.2 – 3D Poincaré section (a) and corresponding projection in the rz-plane (b)
of a single tracer released at the (red) bullet (r̃0 = 2.0) with arrow for � = 0.1 and k = 0.

The above dynamics, though strictly induced by an artificial perturbation,
bears great resemblance to realistic phenomena observed in the 3D lid-driven cylin-
der flow studied in Refs. [58,80,84–86,110] This pertains in particular to cylinder
flows driven by a sequence of translations of a single endwall. This gives rise to
a time-periodic flow with the same composition as (2.9), where base flow Fz cor-
responds with the steady flow set up by steady translation of the driving wall in
a fixed direction. In the Stokes limit Re = 0, signifying absence of fluid inertia,
tracers are restricted to spheroidal invariant surfaces‡ within which they exhibit
(chaotic) Hamiltonian dynamics in essentially the same manner as the present flow
for � > 0 and k = 0 (Figure 3.2). Moreover, periodic lines are key to this behavior,
which is a further fundamental commonality with the current system (Section 3.2).
Noteworthy to mention is that similar behavior has been observed in continuum
representations of 3D granular flows. [66, 89] Fluid inertia (Re > 0) breaks down
the invariant spheroids and, for sufficiently small Re, leads to the formation of
shell-like layers connected by tubes akin to the present flow for � > 0 and k > 0
(Figure 3.3). Thus, given non-zero �, perturbation parameter k has an equivalent
effect upon the dynamics as fluid inertia: the dynamics of the perturbed system

‡Spheroid means that these surfaces are not exactly spheres yet are topologically equivalent
to spheres [84].
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(a)

(b)

Figure 3.3 – 3D Poincaré section (a) and corresponding rz-projection (b) of a single
tracer released at the same position as in Figure 3.2 ((red) bullet in r̃0 = 2.0 with arrow)
for � = 0.1 and k = 0.01.
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for k = 0 and k > 0 are qualitatively similar to the cylinder flow for Re = 0 and
Re > 0, respectively. Non-zero � ensures topological equivalence between the base
flow of the cylinder flow and the current system. The former namely consists of
concentric closed orbits yet with dynamics more complex than a simple rotation;
the simple rotational form of the latter breaks down for � > 0. These fundamental
similarities between the cylinder flow and the present flow justify the artificial per-
turbation introduced before in that this (at least qualitatively) represents realistic
mechanisms. This, first, lends physical credence to the present study and, second,
enables in-depth analysis of intricate 3D transport phenomena. The present (per-
turbed) flow namely is, on grounds of its relatively simple mathematical structure,
far more amenable to detailed investigation than e.g. the cylinder flow or any other
realistic system due to the lack of closed-form expressions.

3.2 Flow topology for the essentially 2D case � > 0
and k = 0

3.2.1 Periodic lines

Period-1 lines are key elements in the dynamics of the essentially 2D case � > 0
and k = 0 (Section 3.1.2). Presence of a time-reversal symmetry S according
to (2.20) facilitates systematic isolation of such periodic lines. For the two-step
forcing (6.2) a symmetry S, if existent, emanates from symmetries of its individual
forcing steps F1 and F2 and can be derived by a symmetry analysis similar to that
of [58, 80, 84]. (These studies partially lean on the analysis of [29]). This reveals
that relevant step-wise symmetries are

F1 = SyF
−1
1 Sy, F2 = SyF

−1
2 Sy, (3.11)

with Sy : (x, y, z) → (x,−y, z) effectuating reflection about the plane y = 0.
Substitution into (6.2) and using the property that Sy is involutive (S2

y = I)
yields

ΦT = F2F1 = (SyF
−1
2 Sy)(SyF

−1
1 Sy) = SyF

−1
2 F−1

1 Sy = Sy(F1F
−1
1 )F−1

2 F−1
1 Sy

= (SyF1)F
−1
1 F−1

2 (SyF1)
−1 = (SyF1)(F2F1)

−1(SyF1)
−1

= SΦ−1
T S, (3.12)

with S = SyF1, satisfying S = S−1 due to (3.11), the sought-after time-reversal
reflectional symmetry of map (6.2). Note that forcing steps F1,2 possess further
symmetries yet these are immaterial with respect to time-reversibility.

Time-reversal symmetry (3.12) has the fundamental implication that a period-
1 line P(1) must sit within the corresponding symmetry plane IS = SIS . This line
is defined by the intersection of IS with its forward mapping ΦT (IS) according to
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relation (2.21). Here IS in fact constitutes a convoluted surface instead of a true
plane and can be isolated as follows. Property (3.11) implies SIS = SyF1IS =

F−1
1 SyIS = IS , in turn leading to F

−1/2
1 SyIS = F

1/2
1 IS , with F

1/2
1 indicating

mapping over half of the first step. Since (3.11) also holds for F
1/2
1 , i.e. F

1/2
1 =

SyF
−1/2
1 Sy, implying F

−1/2
1 Sy = SyF

1/2
1 , this readily yields SyI

� = I �, with I � =
F

1/2
1 IS , meaning that I � is the symmetry plane of Sy and thus coincides with the

plane y = 0. Hence, IS is defined by

IS = F
−1/2
1 I �, (3.13)

which follows from backward mapping of I � over half the first step.
The type of periodic points is determined by the deformation tensor F following

(2.11). The map (2.4) in terms of the spherical coordinates ξ = (ξ1, ξ2, ξ3) =
(θ, ρ, r̃) introduced in Section 3.1.2 takes the form

xn+1 = ΦT (xn) = r̃er̃(Φ̄ξ), ξ̄n+1 = Φ̄ξ(ξ̄n), ξ̄ = (θ, ρ), (3.14)

with er̃(ξ̄) = sin ρ cos θex +sin ρ sin θey +cos ρez and Φ̄ξ = (Φξ1 ,Φξ2) the map on
invariant spheres. The corresponding deformation tensor reads

F =er̃er̃ + F̄ ,

F̄ =
∂Φθ

∂θ
eθeθ + sin ρ

∂Φθ

∂ρ
eθeρ +

1

sin ρ

∂Φρ

∂θ
eρeθ +

∂Φρ

∂ρ
eρeρ,

(3.15)

with F̄ the deformation tensor within a given invariant sphere (using ∂er̃/∂θ =
sin ρeθ, ∂er̃/∂ρ = eρ and constant r̃). (Note that F̄ concerns the action of F in
ξ1,2-directions and for generic curvilinear coordinates ξ differs from the Jacobian
J̄ = ∂Φ̄/∂ξ̄.) This implies

J = J̄ + 1, J̄ ≡ trace(F̄ ), (3.16)

with J according to (2.12), meaning that the classification of periodic points on
periodic lines following 2.2.1 may alternatively be expressed in terms of J̄ : elliptic
(J̄ < 2) and hyperbolic (J̄ > 2). This connection with J̄ enables specification of
the generic link between the formation of periodic lines and the type of constituent
periodic points according to section 2.2.4. Here criterion (2.19) namely becomes

Ξ0 �= 0, Ξ0 = |F̄ |+ 1− J̄ = 2− J̄ , (3.17)

using property |F| = |F̄ | = 1, and through the above implies that periodic
points merge into periodic lines whenever they are elliptic (J̄ < 2 ↔ Ξ0 > 0) or
hyperbolic (J̄ > 2 ↔ Ξ0 < 0). Existence criterion (3.17) is violated at parabolic
points (J̄ = 2 ↔ Ξ0 = 0), meaning that strictly only single-type periodic lines
form. However, parabolic points, if occurring, typically emerge as isolated degen-
erate points and, by virtue of continuity, positions of periodic points on adjacent
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invariant surfaces will change smoothly. Thus parabolic points, if indeed isolated,
effectively are “contact points” of neighboring elliptic and hyperbolic lines, caus-
ing the latter to effectively constitute one periodic line comprising of segments of
different type. This analysis is based on that of [69]. The latter concerns systems
in Cartesian coordinates and results identify with that of the present spherical
system. However, it has not been examined to what extent this generalizes to
arbitrary curved invariant surfaces and associated curvilinear reference frames ξ.
This is consistent with observations in the beforementioned cylinder flow studied
in [58,80,84–86,110] and happens also in the present flow.

The topology of the invariant surfaces dictates particular arrangements of intra-
surface periodic points. Brouwer’s fixed-point theorem ensures their existence
(section 2.2.4). The Poincaré-Hopf theorem furthermore states that the sum of
the Poincaré indices of these points, I, equals the Euler characteristic χ of the
invariant surface:

∑N
i=1 Ii = χ. [37] Relevant in the present context are spheroidal

invariant surfaces (χ = 2) and periodic points of elliptic (e: I = 1) and hyperbolic
(h: I = −1) type. Thus the number of elliptic (ne) and hyperbolic (nh) points
relate via ne = nh + 2. This dictates sets of at least two periodic points that
must emerge in certain combinations (e.g. {e, e} or {h, e, e, e}). Moreover, this
implies that any set must include at least two elliptic points, where each hyperbolic
point is compensated by an additional elliptic point; solely hyperbolic points are
impossible. This has the fundamental implication that topology precludes a fully
chaotic state within invariant spheres; at least two elliptic islands must persist
(though possibly of zero measure). Note that a given set of periodic points may
correspond with multiple periodic-line configurations.

Figure 3.4(a) gives the period-1 lines within the range −4 ≤ x, y, z ≤ 4, as
defined by (2.21) and using the symmetry plane IS according to (3.13), for � = 0.05
and k = 0. This results in three separate lines with Ξ0 > 0 throughout their extent,
implying fully elliptic types. Slightly augmenting the perturbation maintains the
three separate period-1 lines yet causes Ξ0 to vanish at isolated positions, signifying
segmentation into elliptic (Ξ0 > 0) and hyperbolic (Ξ0 < 0) sections by parabolic
points (Ξ0 = 0) following the above scenario. This is demonstrated in Figure 3.4(b)
for � = 0.1, where dark and bright parts of period-1 lines indicate elliptic and
hyperbolic segments, respectively. The period-1 lines in the center and to the
right each on one end connect with the sphere; the line on the left, on the other
hand, is completely detached from the sphere.

Note that, since the period-1 lines by definition coincide with the intersection
of two surfaces, they must occur in one of only four kinds: (i) fully closed; (ii) both
ends attached to the sphere; (iii) one end attached to sphere and one end extending
to infinity; (iv) both ends extending to infinity. Two lines in Figure 3.4(b) belong
to category (iii); the remaining line may be either category (i) or (iv). A larger
portion of the flow domain must be investigated to conclusively establish this.
However, this is beyond the present scope.
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Figure 3.4 – Period-1 lines within the range −4 ≤ x, y, z ≤ 4 for steady perturbations
(k = 0) with amplitude (a) � = 0.05 and (b) � = 0.1. Dark and bright parts of the
period-1 line indicate elliptic and hyperbolic segments, respectively.

3.2.2 Intra-surface dynamics

The period-1 lines dominate the dynamics within the invariant spheres in that
their intersections with the latter constitute period-1 points (θ0, ρ0) of the intra-
surface Hamiltonian systems (3.9). Such period-1 points are key to Hamiltonian
dynamics. [5, 76] This is investigated in more detail below for � = 0.1 and k = 0;
here the segmentation of period-1 lines namely implies both elliptic and hyperbolic
points and thus gives rise to the typical – and in dynamical sense most interesting
– situation of coexisting chaotic and non-chaotic regions, either within invariant
spheres or on neighboring spheres.

Figure 3.5(a) displays a 3D Poincaré section in which the intra-surface tracer
dynamics is governed by both elliptic and hyperbolic points. Here tracers are
released at strategic locations on a sphere of radius r̃0 ≈ 2.4 intersected by both
elliptic and hyperbolic segments of the period-1 lines, and the forcing protocol
was repeated sufficiently long for features to become visible. The coexistence of
chaotic and non-chaotic regions is evident from the presence of distinct elliptic
islands (surrounded by the characteristic island chains) embedded in a chaotic
sea. Dark (blue) and bright(red) dots correspond to mappings of tracers released
in the chaotic and non-chaotic regions, respectively. Each island corresponds to an
elliptic point of the intra-surface Hamiltonian system. Two of these points are due
to the intersection of the elliptic segment of the period-1 line with the invariant
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surface. Other elliptic points and their corresponding islands are associated with
periodic lines of higher order. This has been verified by identifying the locations of
higher-order elliptic points within the spherical surface (not shown in Figure 3.5).
The intra-surface dynamics is characteristic of perturbed Hamiltonian systems,
where the island behavior is described by the well-known Poincaré-Birkhoff and
KAM theorems. [76]

Figure 3.5 – Poincaré sections of tracers released at strategic locations on spheres (a)
r̃0 ≈ 2.4 and (b) r̃0 = 4.0 for steady perturbation (k = 0) with amplitude � = 0.1. Dark
(blue) and bright (red) dots correspond to chaotic and non-chaotic regions, respectively.
Curves in (a) indicate the period-1 lines of Figure 3.4(b). Green and red curves in (b)

represent the planar manifolds W̃u
1D and W̃ s

1D, respectively, associated with one of the
hyperbolic period-1 points on the invariant sphere.

Note that each island in Figure 3.5 is surrounded by a chain of satellite islands.
This observation is elucidated by Figure 3.6 which shows a close-up (in terms of
intra-surface coordinates (θ, ρ)) of a period-1 island encircled by a quadruplet of
period-4 islands.

The Hamiltonian dynamics within invariant spheres intersected only by hyper-
bolic segments of period-1 lines is entirely governed by the corresponding hyper-
bolic points. This is demonstrated by the Poincaré section in Figure 3.5(b) for a
sphere of radius r̃ = 4.0. Evidently, no period-1 islands are present and the dy-
namics exhibited 2D Hamiltonian chaos throughout the entire sphere. The chaotic
tracer transport is “driven” by the transversely intersecting stable-unstable mani-
fold pairs of the hyperbolic points (green/red curves indicate one stable/unstable
manifold pair). These intra-surface manifolds, in turn, identify with intersections
between said sphere and transversely interacting 2D manifolds W s,u

2D of hyperbolic
segments of the period-1 lines. (The 1D intra-surface manifolds are computed with
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Figure 3.6 – Close-up showing a period-1 island surrounded by a quadruplet of period-4
islands. Same case as Fig. 3.5(a).

the method described in [50].) Case � > 0 and k = 0 thus nicely demonstrates
the essentially 2D nature of chaotic advection associated with periodic lines. This
is primarily due to the periodic lines; similar (Hamiltonian-like) dynamics occurs
without strict confinement to invariant surfaces. [84]

3.3 Flow topology for the essentially 3D case � > 0
and k > 0

3.3.1 Isolated periodic points

The presence of periodic lines for the essentially 2D case k = 0 investigated in
Section 3.2 has fundamental ramifications for the topology of the truly 3D case
k > 0. Periodic lines for k = 0, by virtue of existence criterion (2.27), namely imply
isolated periodic points for sufficiently small yet non-zero k in their direct proximity
(Chapter 2.2.4). Moreover, the type of isolated periodic points is inextricably
linked to the properties of the underlying periodic lines. Generically, D > 0 and
D < 0 results in a node-type and focus-type periodic point, respectively, with
D the discriminant following (2.12) (Chapter 2.2.1). The latter depends on the
deformation tensor F. The case k = 0, given by (3.15), becomes
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F∗ =
∂Φ∗

r̃

∂r̃
er̃er̃ + r̃ sin ρ

∂Φ∗
θ

∂r̃
er̃eθ + r̃

∂Φ∗
ρ

∂r̃
er̃eρ

+
1

r̃ sin ρ

∂Φ∗
r̃

∂θ
eθer̃ +

1

r̃

∂Φ∗
r̃

∂ρ
eρer̃ + F̄

∗

=F+O(k), (3.18)

for small yet non-zero k on similar grounds as those underlying the approximate
existence criterion (2.27). Here the star again, consistent with chapter 2.2.4,
indicates a minute departure from the essentially 2D limit (k = 0). Hence, J∗ =
J + O(k), meaning that to good approximation J∗ = J , which, via (3.16) and
(3.17), yields J∗ = 3− Ξ0.

Perturbed (F∗) and unperturbed (F) tensors relating via (3.18) give J∗ =
J +O(k) and

trace(F∗2) =
[
∂Φ∗

r̃

∂r̃

]2
+

[
∂Φ∗

θ

∂θ

]2
+

[
∂Φ∗

ρ

∂ρ

]2

+ 2

[
∂Φ∗

θ

∂r̃

∂Φ∗
r̃

∂θ
+

∂Φ∗
ρ

∂r̃

∂Φ∗
r̃

∂ρ
+

∂Φ∗
ρ

∂θ

∂Φ∗
θ

∂ρ

]
,

=trace(F2) +O(k),

upon substitution into (2.13) leading to

J∗2 − 2J∗ − tr(F ∗2) = O(k), (3.19)

meaning that the condition for a unit eigenvalue λ1 = 1 is met up to O(k).

Implementation of these results in (2.12) gives

D∗ =

[
(2− Ξ0)

2

]2
− 1, (3.20)

as approximate discriminant for isolated periodic points. This ties the type of
the latter to that of the underlying periodic lines in that perturbation of elliptic
(Ξ0 > 0) and hyperbolic (Ξ0 < 0) periodic lines triggers formation of focus-
type (D∗ < 0) and node-type (D∗ > 0) isolated periodic points, respectively, in
their vicinity. Note that the above in essence concerns application of the generic
approach by [69] specifically to the present system.

Isolated period-p points are located by a root-finding algorithm applied to
Φp

T (x) = x (Chapter 2 2.3.3). Figure 3.7(a) demonstrates the emergence of iso-
lated periodic points within the range −4 ≤ x, y, z ≤ 4 for � = 0.1 and k = 10−6.
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Figure 3.7 – Isolated period-1 points for perturbations with amplitude � = 0.1 and two
degrees of unsteadiness: (a) k = 10−6 and (b) k = 0.01. Circles and crosses indicate foci
and nodes, respectively; dark and bright curves represent elliptic and hyperbolic segments
of the period-1 lines in case of only steady perturbation (k = 0) (Figure 3.4(b)).

Circles/crosses indicate focus/node-type period-1 points; dark/bright lines repre-
sent elliptic/hyperbolic segments of the period-1 lines of the unperturbed counter-
part k = 0 shown in Figure 3.4(b). This exposes consistency with two fundamental
theoretical predictions. First, isolated periodic points emerge in the direct vicinity
of periodic lines. Second, their type correlates with that of the adjacent segments
of the periodic line: elliptic (dark) → focus (circle); hyperbolic (bright) → node
(cross). Note the occurrence of two foci in Figure 3.7(a) at a relatively large
distance from the period-1 lines. This by no means implies a contradiction of
theory. The latter predicts isolated points near periodic lines yet does not rule
out emergence of points elsewhere. Moreover, Figure 3.7(a) shows period-1 lines
only within the symmetry plane IS ; further periodic lines may exist that possibly
correlate with said foci.

Intensifying the degree of unsteadiness k breaks the link between periodic
points and periodic lines. This is demonstrated in Figure 3.7(b) for � = 0.1
and k = 0.01. Periodic points typically emerge far away from former periodic
lines. Moreover, even if located in close proximity, the correlation between types
is lost. Note e.g. the node near the center of the elliptic segment of the left-
most period-1 line, which clearly violates theory. This implies that the influence
of the periodic lines on the isolated periodic points reaches only up to perturba-
tions of k ∼ O(0.01). Thus for larger k, isolated periodic points may, due to the
non-convexity of the 3D flow domain, completely cease to exist (Chapter 2.2.4).
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3.3.2 Manifold dynamics: focus versus node

Manifolds associated with hyperbolic (segments of) periodic lines and isolated peri-
odic points play a crucial role in the 3D tracer dynamics, since they dictate the flow
by (i) forming transport barriers or (ii) accomplishing chaotic advection through
transverse interactions (Chapter 2.2.2). Here we demonstrate typical manifold
dynamics of isolated periodic points for a focus-type and a node-type period-1
point for the essentially 3D case � > 0 and k = 0.01. Computational methods
for demarcating the manifold pairs (Wu,s

1D ,W s,u
2D ) of a given periodic point are

following [50]. Note that, for reasons of computational efficiency, 2D manifolds

W2D are approximated by curves W̃2D emanating from the vector n′ = n2 + n3,
with n2,3 the eigenvectors of the deformation tensor associated with W2D. Re-
lation (3.8) implies that for k > 0 tracers are no longer restricted to invariant
spheres and therefore may migrate in r̃-direction. This facilitates the emergence
of isolated periodic from periodic lines discussed above. Moreover, this allows the
associated manifolds to (in principle) proliferate freely in the 3D domain. This
is demonstrated in Figure 3.8 by the perspective view of the W s

1D manifold of a
period-1 focus (panel a) and the corresponding projection in the rz-plane (panel
b), where the circle with arrow indicates the focus. This exposes remarkable be-
havior. The manifold basically comprises three segments: two segments that each
extend within separate spheroidal shells; one segment connecting the latter. Thus
the manifold exhibits largely quasi-2D dynamics by, reminiscent of the invariant
spheres for k = 0, remaining within spheroidal shells yet locally displays essentially
3D dynamics by linking different shells. This is consistent with findings in [69].

Within each spheroidal shell, the manifold exhibits stretching and folding sim-
ilar to that observed for the manifolds of the hyperbolic segments of the period-1
lines for the limit k = 0 (Figure 3.5). Each shell gradually expands when time
progresses, but for sufficiently small k this expansion is extremely small, so that
the present topology is preserved over thousands of periods. The accompanying
W̃u

2D manifold (not shown) remains entirely within one spheroidal shell that largely
coincides with the inner shell of W s

1D. (This strongly suggests homoclinic trans-
verse intersections Wu

2D ∩ W s
1D.) Here multiple shells and connecting segments

are absent, implying quasi-2D dynamics for the whole manifold. These results are
characteristic of all focus-type period-1 points considered, which has important
consequences for the 3D tracer dynamics (see below).

As a second example, we consider the manifold dynamics associated with a
period-1 node. Figure 3.9 shows the perspective view of the manifold pair (W̃ s

2D,
Wu

1D) of a period-1 node (panel a) and its projection in the rz-plane (panel b).
The period-1 node is indicated by the cross and the arrow, whereas the Wu

1D

and W̃ s
2D manifolds are represented by the solid (green) and dashed (red) curves,

respectively. It is evident that the manifold pair remains confined to a spheroidal
shell within which the dynamics is chaotic and essentially quasi-2D. (This implies
homoclinic transverse intersectionsW s

2D∩Wu
1D.) Similar to foci, the shell gradually

expands when time progresses, but for sufficiently small k also here the state is
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Figure 3.8 – 3D view of the W s
1D manifold of a period-1 focus (a) and its rz-projection

(b) for � = 0.1 and k = 0.01. The period-1 focus is indicated by the circle with arrow.

preserved for prolonged time spans. However, a fundamental difference with foci
exists in that the entire manifold pair remains within one spheroidal shell. Links
between concentric shells, as via the 1D manifolds of foci, do not occur for the
node.

Reconciling the behavior of the focus and node reveals a mutual influence.
The spheroidal shell occupied by the manifold pair of the node approximately
coincides with the outer shell of the focus. The 2D manifold of the node is stable
(W s

2D) and thus acts as transport barrier to any manifold of the same stability
(Chapter 2.2.2). Hence, W s

2D of the node prevents further outward radial extension
of W s

1D of the focus. Conversely, the unfolding of W s
1D within a spheroidal shell

defines a transport barrier for inward radial growth of W s
2D. This mutual blocking

of radial extension is demonstrated in Figure 3.9(b), which shows W s
1D of the focus

(blue) together with Wu
1D (green) and W̃ s

2D (red) of the node. The inset highlights

the strong mutual influence of manifolds W s
1D and W̃ s

2D. Close inspection of the
corresponding 3D view (not shown) reveals that they closely align yet indeed never
join or intersect.The causality in the interaction, i.e. whetherW s

2D (node) prohibits
proliferation of W s

1D (focus) or vice versa, is not evident, however. Manifold W s
2D

constitutes a strict transport barrier in the sense of defining a continuous surface
and in that respect likely dominates the observed behavior. The dense winding
of W s

1D within shells, on the other hand, yields surface-like entities that may play
equally dominating roles.

The above properties and scenarios are characteristic of all (period-1) foci and
nodes identified in the present system. Manifold pairs of nodes as well as 2D
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(a)

(b)

Figure 3.9 – 3D view of the 1D manifold Wu
1D (solid/green) and 2D manifold W̃ s

2D

(dashed/red) of a period-1 node (a) and its rz-projection (b) for � = 0.1 and k = 0.01.
The blue curve in (b) indicates W s

1D of the period-1 focus (Figure 3.8). The circle and
cross (with arrows) indicate the period-1 focus and node, respectively.
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manifolds of foci remain entirely within one spheroidal shell and induce quasi-
2D motion. The 1D manifolds of foci, in contrast, generically divide over two
spheroidal shells that are connected by a single segment and thus promote ra-
dial tracer transport. Moreover, strong mutual influence between periodic points
occurs in that (in particular 2D) manifolds act as transport barriers to other man-
ifolds of the same stability. Such interactions have a significant impact on the
formation and structure of the flow topology.

3.3.3 Coherent structures

Isolated periodic points and associated manifolds as those investigated above result
in essentially 3D coherent structures in the Poincaré sections of tracers. Formation
of such structures is demonstrated in Figure 3.3(b) by the Poincaré section for
a single tracer with � = 0.1 at k = 0.01, which exposed spheroidal shells and
interconnecting tubes. Careful analysis revealed that the tracer initially remains
confined to a spheroidal shell and at some point starts to migrate radially outward
along three tube-like structures while jumping from one tube to the other in a
period-3 fashion. This behavior is intimately related to the presence of isolated
periodic points (here of period-3) and the corresponding manifold dynamics. This
is examined in more detail below.

Figure 3.10(a) shows the positions of isolated period-3 points, defined by x =
Φ3

T (x), in the rz-plane (dotted semi-circles indicate spheres r̃ = constant) for
� = 0.1 and k = 0.01 within the domain −6 ≤ z ≤ 6 and 0 ≤ r ≤ 7. −4 ≤
x, y, z ≤ 4. Foci and nodes are again indicated by circles and crosses, respectively.
Each isolated period-3 point x is a member of a triplet of period-3 points of
the same type: {x,ΦT (x),Φ

2
T (x)}. Here each triplet is virtually located at a

given sphere with radius r̃ (dotted semi-circles in Figure 3.10(a) serve as reference
spheres). Note the strict spatial segregation of types: triplets between the solid
sphere (r̃ = 1) and sphere r̃ = 2 are invariably of the focus-type; triplets outside
r̃ = 2 are all of the node-type. The reason for this is unknown.

The intimate link between coherent structures and (manifolds of) isolated peri-
odic points is demonstrated in Figure 3.10(b) by an overlay of the Poincaré section
(Figure 3.3(b)) and the period-3 triplets. Each tube, consistent with the period-3
behavior of the corresponding tracer motion, is accompanied by one focus-type
period-3 point of the same triplet. Moreover, each tube is centered on one of the
associated 1D manifolds Wu

1D (solid lines). This exposes a direct link between the
formation of coherent structures and the existence of focus-type periodic points.
The segments of Wu

1D transverse to the spheroidal shells cause the formation of
tubes that facilitate exchange of material between inner and outer shells. Here the
outer shell, similar to the period-1 focus in Figure 3.8, coincides with the 1D mani-
folds. (They do not occupy the entire shell, because only a small part is computed.)
However, the inner shell, in contrast with its period-1 counterpart, accommodates
only the 2D manifolds W s

2D of the triplet (not shown). The 1D manifolds further
extend radially inward and form heteroclinic orbits with a neighboring period-3
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Figure 3.10 – Isolated period-3 points for � = 0.1 and k = 0.01 projected in the rz-
plane. Circles and crosses indicate foci and nodes, respectively. Dotted semi-circles in (a)
indicate spheres r̃ = constant; (b) includes the Poincaré section of a single tracer released
at the (red) bullet (r̃0 = 2.0). Black curves represent the Wu

1D manifolds associated with
the triplet of period-3 foci at the base of the tubes on the inner shell (r̃0 ≈ 1.8).

triplet closer to the solid sphere. This implies the formation of inward tubes on the
inner shell (not shown), which is substantiated by the observation that, depending
on the initial position relative to W s

2D, tracers migrates either radially inward or
outward through tubes centered on Wu

1D.
The deflection of the outwardly extending 1D manifolds Wu

1D in the outer shell
is, akin to the period-1 focus in Figure 3.8, likely to be caused by the formation
of transport barriers through smooth mergers S = W s

2D ∪ Wu
2D or by manifolds

of the same type (chapter 2.2.2). Examination of the two triplets of period-3
nodes in the outer shell (r̃ ≈ 2.6) reveals in both cases (W s

2D,Wu
1D) manifold

pairs. Figure 3.11(a) gives Wu
1D (solid; green) and W s

2D (dashed; red) together
with the Poincaré section of the tracer. The particular stability properties rule
out mergers S = W s

2D ∪ Wu
2D as well as 2D manifolds of the same type (i.e.

Wu
2D) as transport barriers to further radial proliferation of Wu

1D. This leaves two
mechanisms: (i) formation of a surface-like transport barrier by dense windings of
Wu

1D of the period-3 nodes (comparable to the behavior observed in Section 3.3.2);
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Figure 3.11 – 3D view of the projected Poincaré section shown in Figure 3.10(b) com-

bined with the manifold pairs (Wu
1D, W̃ s

2D) of the upper triplet of period-3 nodes in the

outer shell at r̃0 ≈ 2.6 (a) and the manifold pairs (W s
1D, W̃u

2D) of the triplet of period-3
nodes in between inner and outer shell at r̃0 ≈ 2 (b). Stable and unstable manifolds are
indicated by the solid (green) and dashed (red) lines, respectively; the (red) bullet with
arrow indicates the initial tracer position.

(ii) heteroclinic interaction of Wu
1D (period-3 foci) with W s

2D (period-3 nodes).
Establishing whether one mechanism or an interplay of both is active here is highly
non-trivial and is therefore not further investigated.

Further analysis of the present case exposes first evidence that 2D manifolds
form transport barriers to manifolds of the same type only under the explicit
condition that these entities are fully impenetrable. Consider to this end the triplet
of period-3 nodes that sits in the region in between inner and outer shell (r̃ ≈ 2)
near the tubes (Figure 3.10(b)). The corresponding manifold pairs (W s

1D, Wu
2D)

are foliated within one shell, as shown in Figure 3.11(b), meaning that the 2D
manifolds Wu

2D of the nodes in principle should act as transport barrier to the 1D
manifolds Wu

1D of the period-3 foci. However, the latter evidently cross the shell at
r̃ ≈ 2, as demonstrated by the tubes in Figure 3.11(b), implying absence of a “true”
transport barrier. The underlying mechanisms are unclear and several scenarios
are conceivable. A plausible explanation is that gaps occur between the adjacent
2D manifolds Wu

2D of the period-3 points on grounds of the fact that they, on the
one hand, are extremely convoluted yet, on the other hand, can never intersect
or merge with one another. This scenario, if indeed at play, implies that the
observed penetrability is a consequence of higher-order periodicity. The individual
2D manifolds of the period-3 triplet still act as transport barriers yet each seal-off
only part of the shell. An alternative explanation is that individual 2D manifolds,
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irrespective of stability or periodicity, generically may admit “holes” that allow
tracers – and thus manifolds of identical stability – to penetrate. Conclusive
establishment of the actual causes requires deeper analysis.

3.4 Conclusions

The present study concerns transport of passive tracers in the 3D time-periodic
flow near the surface of a rotating solid sphere. Time-periodicity is introduced via
alternation between two rotation axes. The flow possesses two constants of motion
in its Stokes limit, rendering the corresponding map a two-action map, implying
essentially non-chaotic tracer motion along closed orbits. Breaking the integrabil-
ity by “opening up” these orbits is imperative to obtain more complex dynamics,
and, ultimately, chaos. To this end we superimpose a nonlinear perturbation that
preserves incompressibility and the no-slip condition on the sphere surface. The
perturbation is controlled by two tuning parameters, viz. � and k, which regulate
its strength and degree of unsteadiness, respectively.

Non-zero � with k = 0 increases the freedom of motion by transforming the
system from a two-action map to a one-action map in which tracers remain con-
fined to spheroidal invariant surfaces r̃ = constant. Tracer motion is governed
by essentially 2D Hamiltonian mechanics within these spheres. Moreover, intra-
surface dynamics is dominated by periodic points that invariably form due to the
convexity of the spheres in accord with Brouwer’s fixed-point theorem. These pe-
riodic points, in turn, merge into periodic lines in the 3D flow domain. Conversely,
intra-surface periodic points are in fact intersections of the invariant spheres with
periodic lines. Their type determines the (local) intra-surface dynamics: periodic
points associated with elliptic and hyperbolic (segments of) periodic lines result
in islands and chaotic regions, respectively. This yields intra-surface Poincaré
sections with a composition typical of 2D Hamiltonian systems.

For non-zero � and k > 0 the invariant spheres and corresponding Hamilto-
nian structure are destroyed. This further increases the freedom of motion by
admitting significant tracer migration in r̃-direction. However, instead of being
fully unrestricted, tracer dynamics for non-zero yet sufficiently small k is dic-
tated by intricate coherent structures. The invariant spheres develop into shell-
like spheroidal layers that exchange material via connecting tubes. The formation
of these structures is intimately linked to the disintegration of periodic lines into
isolated periodic points for non-zero k. Node-type and focus-type periodic points
form near hyperbolic and elliptic (segments of) periodic lines, respectively, and
the associated manifolds determine the dynamics. The 1D/2D manifolds of nodes
and the 2D manifolds of foci foliate primarily in spheroidal direction. The 1D
manifolds of foci exhibit segmentation into two disconnected parts, each extend-
ing within separate spheroidal shells, connected by a radially-oriented segment.
The latter segment underlies formation of the beforementioned tubes; the other
(segments of) manifolds cause the emergence of the spheroidal shells.
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Remarkable is that the 3D flow domain is unbounded and non-convex, meaning
that Brouwer’s fixed-point theorem strictly does not apply and periodic points
may be completely absent. However, the existence of convex invariant surfaces
(for � > 0 and k = 0) fundamentally changes this situation by implying at least
one period-1 point within each of these subdomains and, inherently, at least one
period-1 line in the 3D domain. The existence of a period-1 line, in turn, implies
isolated periodic points in case of weak perturbation by a “small” k > 0. Only
for “stronger” perturbations may periodic structures completely vanish, consistent
with the properties of a generic non-convex domain.

The 2D manifolds within spheroidal shells have a strong impact on the dy-
namics in two ways. First, they define transport barriers akin to the invariant
spheroids of k = 0 by restricting tracers to quasi-2D motion in substantial parts of
the domain. Fundamental differences are that shells (i) do not form a dense family
of transport barriers and (ii) admit tracer exchange due to local radial transport
along 1D manifolds of foci. Second, our observations strongly suggest that the
2D manifolds deflect radially-oriented segments of the latter 1D manifolds into
spheroidal shells on account of the property that manifolds of identical stability
cannot cross. This manifold interplay thus very likely is a key mechanism behind
the intricate coherent structures composed of shells and interconnecting tubes.
The periodicity of the underlying periodic points seems essential here. Manifolds
of period-1 points indeed yield such structures. However, spheroidal shells occu-
pied by 2D manifolds of higher-order periodic points admit crossing by tubes (and
thus 1D manifolds of foci). A plausible explanation is that these 2D manifolds,
which always occur in clusters, never fully seal-off a spheroidal shell and effectively
leave “holes” by which tracers can pass.

The dynamics induced by the rotating sphere bears great resemblance to that
of the 3D cylinder flow driven by one endwall studied in literature. [80,85,86,110]
Cases k = 0 and k > 0 are (given � > 0) equivalent to the time-periodic cylinder
flow for Re = 0 and Re > 0, respectively. The non-inertial limit (Re = 0) ex-
hibits 2D Hamiltonian dynamics within invariant spheroids governed by periodic
lines; fluid inertia (Re > 0) results in intricate coherent structures that com-
prise spheroidal shells interconnected by tubes. These striking similarities have
important implications. First, the observed dynamics are kinematic phenomena
triggered by a generic non-integrable perturbation of a solenoidal flow field; mo-
mentum conservation is only of secondary importance. (The present flow in fact
violates the latter.) Second, the behavior of the cylinder flow, though tied to
Re, is not exclusive to fluid inertia. Presence or absence of the latter – or, more
general, momentum conservation – facilitates certain phenomena yet is not the
mechanism per se. Third, the findings in the present study, notwithstanding the
artificial perturbation, are (qualitatively) representative of the transport induced
by actuated beads. Here parameter k acts as a qualitative counterpart to Re. It
must be stressed that this equivalence pertains specifically to weak perturbations.
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Chapter 4

Experimental set-up and 3D
PTV

4.1 Introduction

Since the inception of chaotic advection in the mid 80’s by Aref [5] numerous
theoretical/computational studies have been carried out by various researchers
contributing to the understanding of the topic. Based on the dimensionality of the
system these studies can be broadly classified into 2D time-periodic [6,18,44,47,65],
3D spatially-periodic [27,43,46,48]and lastly 3D time-periodic [13,24,58,66,72,86,
91], the complexity increasing with each additional dimension.

Experiments being an indispensable tool can provide deep insight to the fun-
damentals of this topic and thereby supplement the knowledge. Apparently, there
have been impressive laboratory experiments supporting the numerical outcomes
in this field of science [4, 14, 18, 39, 51, 54, 67, 84, 93]. However, most of these
were limited to qualitative information obtained by employing dye visualization
techniques. They have been instrumental in showcasing the mixing patterns, in
particular, identifying the mixing and non-mixing zones and also in estimating the
associated mixing time.

Nevertheless, full 3D laboratory experiments demonstrating the essential build-
ing blocks of laminar mixing like fixed points, invariant manifolds, particle trajec-
tories and Poincaré map are still limited to date [99]. Few worth mentioning in this
context are the partitioned pipe mixer [48], eccentric helical annular mixer [51],
rotated arc mixer [42], cylindrical tank with impeller [28]. All of these systems are
spatially-periodic i.e periodic in the axial flow direction and thereby simplifying
the dimensionality of the Poincaré map to 2D. Taking a step higher, the class of
3D time-periodic systems also witnessed some exploration. To mention some are
the lid driven 3D cylinder flow studied by Miles et al. [70] (rotating lid), again the
3D cylinder flow but with translating lid by Znaien et al. [110] and Wu et al. [106],

45



503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana

46 Experimental set-up and 3D PTV — Chapter 4

mixing in a stirred tank [17] and mixing in a square cavity [81]. The Poincaré map
for these class of system is 3D making such studies quite challenging.

Here,we attempt to elucidate experimentally the topological characteristics of
fluid mixing in a special class 3D time-periodic flows: mixing induced in the neigh-
borhood of a periodically actuated sphere. The flow topologies, usually being very
particular to the system under investigation, but still contains sufficient generic
characteristics of mixing to justify a deeper (experimental) analysis. This makes
it thus valuable to investigate and explore the dynamics of current mixing system
where the time-periodicity in the flow is induced by actuation of a sphere.

The approach is to measure the unsteady 3D fluid trajectories around a trans-
lating and/or rotating sphere in a cavity and isolate the underlying coherent struc-
tures. Particle trajectories will be measured of many medium sized ∼ 700 μm
tracer particles in the measurement volume containing the rigid sphere.

This chapter is devoted to a discussion of the experimental set-up and the
optical diagnostic technique particle tracking velocimetry (3D PTV) employed.
Measurement of 3D trajectories all around a solid opaque sphere is challenging
considering the capabilities of standard PTV in dealing with occlusion of tracers
by the sphere. Such kind of measurements are non-trivial and to our knowledge
have not been reported before. In the following sections we first highlight the
associated difficulties and then present the solution employed to tackle them.

4.2 Experimental apparatus

The experimental set-up comprises of a solid sphere immersed in a tank containing
the working fluid and an optical diagnostic system. A schematic of the set-up
is shown in Figure 4.1. The working fluid used is silicone oil (type AK30000
by Wacker-chemie GMBH, Munich, Germany) with a kinematic viscosity, ν =
0.03 m2/s and density, ρ = 970 kg/m3. The solid opaque sphere has an external
diameter of D = 100 mm. It is suspended by a spindle which in turn is mounted to
a traverse system. The spindle diameter ds = 8 mm is less than one tenth of the
sphere diameter; nevertheless, it is expected to produce some disturbances close to
it. Concerning the tank, one would ideally like to exclude wall effects by going for a
fairly large tank, but, realizing the practical difficulties like space and cost of oil, we
chose to work with a tank with inner dimensions of 500×500×500 mm3 (L× W×
H). This defines the flow domain. The flow topology around the sphere is similar to
that of an actuated sphere in an unbounded fluid (the main differences occur near
the container walls which are outside the scope of present study). Optical access
to the measurement volume is made possible by using transparent Perspex walls.
The refractive indices of Perspex and silicone oil are 1.47 and 1.40, respectively,
which will be taken into account while computing the light path.

The sphere is required to rotate independently about two orthogonal axes,
one about the horizontal and other around the vertical axis. Details are given in
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the next section. Additionally, two orthogonal translations are imposed by use
of a traverse system which is actuated and controlled by motion-control software.
Thus, rotational and translational sphere actuation is possible in the set-up. The
base flow in the tank is induced by actuating the sphere with an angular velocity

Ω about the horizontal and vertical axis. The flow Reynolds number Re = ΩR2

ν
can be varied by changing the rotational speed of the sphere which can take eight
discrete values between 1 to 8 deg/s. With the current working fluid the highest
achievable Reynolds number is Re = 0.01. Reynolds number much smaller than
unity means that the fluid motion can be approximated by a Stokes flow and hence
inertial effects can be neglected to first approximation.

4.2.1 Construction and actuation of the sphere

Rotation about the horizontal axis is achieved by two servo motors placed inside
the sphere. This avoids the need of an extra spindle for achieving rotation about
the horizontal axis, thereby limiting flow disturbances to a minimum.

The sphere is made up of two hollow hemispheres each of which houses a DC
servo motor (2619024 SR, Faulhaber), see Figure 4.2 and 4.3. These two halves
are held firmly together by a stationary (i.e. not co-rotating about the horizontal
axis) ring which in turn is connected to the vertical spindle. The servo motors
are synchronized in order to ensure equal amount of angular motion for each
hemisphere. Motor operation is dictated by a PID loop (see Figure 4.4) which
in turn is controlled through an in house LABVIEW program. In particular, a
pulse-width modulation is applied to the input voltage to regulate the rotational
speed. The angular motion is measured with a resolution of 10000 counts per
revolution by an encoder inside the motor. The motor housing is also equipped
with a gear with a gearing ratio 33:1. The output shaft of each motor is coupled to
an additional harmonic drive gear box with a gear ratio 100:1 to further enhance
the torque from the output shaft. Effectively, this generates a torque amounting
roughly to 1 Nm which is sufficient to overcome the sphere moment of inertia
and the viscous resistance. Any leakage of oil in to the internal of the sphere is
avoided by use of oil rings mounted in each halve. The electrical connection from
the motors to the external power source is made via slip rings which can be seen
in Figure 4.3.

4.2.2 Fluid heating by sphere actuation

In principle, the energy fed to an electrical motor is used to overcome the load and
frictional losses. The working fluid being highly viscous results in a viscous resis-
tance which is significant. Hence the motor torque is used primarily to overcome
the viscous resistance, along with some friction at the mechanical contacts. This
means that the supplied electrical power is ultimately converted into heat and
conducted to the oil. Thus, it is necessary to keep an account of this heating by
measuring it. Owing to the PID controller (schematic shown in Figure 4.4) there
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Figure 4.1 – Experimental set-up. (a) Schematic representation of the sphere along with
its translational driving mechanism. The sphere of diameter D is capable of rotating and
translating about the z and x axes, independently. The spindle diameter is represented
by ds while the side length of the cubical oil filled chamber is represented by H, (b)
laboratory view of the set-up.
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Figure 4.2 – Construction of the sphere. (a) 3D cut generated using CAD shows the
motor housing and bearings internal to the sphere, (b) 2D cross-section.
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(a) (b)

Figure 4.3 – (a) A snap-shot of the dismantled sphere where one can notice some of
the essential elements like the servo-motor, slip rings and the bearing. (b) Control box
housing all the necessary electronics and the motor drive system for the spindle.

Figure 4.4 – Schematic of a standard PID motion control loop.
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was a mild persistent voltage across the motor terminal even at the idle state. The
voltage signal was in the form of a square wave oscillating at a frequency of 100
MHz. Power input to the motor was computed as a product of voltage and cur-
rent across its terminals. The current and voltage in the circuit were measured by
first amplifying them using an amplifier and then subsequently logging them using
a high speed data acquisition card PCI6115 from National Instruments. In order
to lessen the fluid heating, we introduced an inductor (1 mH) and a capacitor
(100 μF ) in the circuit which would damp the magnitude of the high frequency
voltage signal. Following these modifications, the measured motor power dropped
from 1.64 W and 0.4 W to 0.18 W and 0.06 W , respectively, at operational speeds
of 4.0 and 8.0 deg/s, respectively.

4.2.3 Discussion on sphere oscillation

Ideally speaking, the sphere actuation should induce a pure rotational motion but
in reality minor deviations are unavoidable due to either fabrication imperfections
or design limitations. As part of a future study which deals with heat transfer
related measurements we intended to optimize the set-up allowing it to be used
for both the current and future study. This required the spindle to be constructed
from a low thermal conductivity material (to minimize heat loss to the ambient)
yet with sufficient tensile strength to support the sphere weight. Based on these
requirements, carbon fibre was used to fabricate the spindle. However, a compro-
mise was made here with the spindle torsional stiffness. In particular, the spindle
was not rigid enough to sustain transversal forces like the ones generated by the
viscous forces acting on the sphere surface. Consequently, minute oscillations
were observed during both horizontal and vertical rotation which is supposed to
be caused by the torsional torque twisting the spindle. We have quantified these
oscillations by applying image processing techniques to a recorded video of the
rotating sphere. Figure 4.5 shows the quantification of this oscillation. The os-
cillation is sinusoidal in nature with a maximum amplitude of δ = 5 pixels which
corresponds to 1.6 mm in metric units obtained using the pixel factor conversion.

4.3 Flow measurement technique

4.3.1 Fundamentals and general overview of 3D PTV

Particle tracking velocimetry is the most fundamental and classical optical diag-
nostic technique to measure flow fields in a non-intrusive way. It is a multi-point
measurement technique where one can identify individual particles and track them
frame to frame. This renders complete particle trajectories as long as they are in
the measurement volume (field of view). The technique is based on seeding the flow
with minute sized reflecting particles which can faithfully follow the flow and sub-
sequent recording of their motion. The measured velocity-vector density though is
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Figure 4.5 – Experimental quantification of the sphere oscillation during rotating about
the vertical spindle. The data points indicated by • represent the amplitude of transversal
oscillation of the sphere δ obtained at each angular position during the rotation. The
discrete angular positions are represented using the azimuthal angle φ. A sinusoidal
function fitted over this data set is highlighted by the black dashed curve.

relatively low compared to Particle Image Velocimetry (PIV) yet is quite valuable
in situations demanding knowledge of velocity gradients along particle trajectories
and in studies involving a Lagrangian framework. It gives easy access to 3D flow
information in contrast to the PIV which is widely popular for its two component
and two component and two dimensional (2C-2D) measurements. Moreover, the
PTV method outperforms PIV in terms of its large dynamic range for velocity
measurements and its potential to measure large gradients. Thus, it is quite suit-
able in flows involving a wide range of scales and involving 3D flow information.
Its underlying concept dates back to the early times (1960s) when streak photog-
raphy was used to visualize flow fields [98] (see, Van Dyke 1982). The visualization
involved laborious data analysis usually being done manually through visual in-
spection. However, with progressive developments in data acquisition made over
years its first automation was realized in 1985 by Chang and Tatterson [15] and
later by Adamczyk and Rimai in 1988 [1]. Since then this branch of measurement
technique has undergone significant improvements evolving it to a present state
efficient technique.

A typical PTV procedure involves three basic data processing steps:

(i) particle image center determination,

(ii) 3D correspondence to obtain the 3D positions of particles,
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(iii) temporal linking to connect the 3D positions in time.

Here we give a general overview of each of these steps.

4.3.2 Particle 2D image center

Typically, a tracer would appear as a bright spot on the acquired image. This spot
can span a few pixels with varying intensity. Depending on the seeding density an
image can have many such bright spots. The interest here is to identify these spots
in an automated way and subsequently determine their positions at sub-pixel level
accuracy. Over the years significant developments have been made in this regard
with many proposed algorithms. Here, we discuss the standard approach which
involves the following steps. First, the images are filtered by applying a high-pass
filter to remove any background non-uniformities if present. Subsequently, a gray-
level thresholding is applied to identify the particle centres to a rough estimate
where the selection of threshold value is usually done through visual inspection.

Next, the centre estimation is improved by following a connectivity analysis
wherein all the pixels connected to the above centre are accumulated using a region-
growing algorithm. Finally, the centre can be determined from this information
by employing one among the three different techniques presented below:

(i) Peak fitting: Usually, the brightness pattern has a peak near the center
of the image which decreases concentrically as the distance from the peak
increases. Adrian and Yao (1984) [2] found that typical intensity distri-
bution of a particle image can be well approximated by a two-dimensional

Gaussian function I(x, y) = I0exp(− (x−xc)
2+(y−yc)

2

2σ2 ), where xc and yc are
the coordinates of the particle image center and σ is roughly equal to dp/4.
Thus, fitting a Gaussian function [60] to each individual brightness pattern
can lead to accurate results. However, the fitting being accomplished in a
least-square sense can be computationally expensive, see Udrea et al. [96].

(ii) Weighted Mean: There exists a relatively simple and yet reliable method
known as the weighted averaging method according to which the particle

image center is defined by, xc =
∑

i xiI(xi,yi)

I(xi,yi)
and yc =

∑
i yiI(xi,yi)

I(xi,yi)
which de-

termines the centre using intensity weighted average. This particular scheme
has been implemented in the ETH code with an additional discontinuity cri-
terion which yields fast and satisfactory output even in cases of overlapping
particles. Typical accuracy in the center estimation is around 0.1 pixel for
particles spanning roughly 5 ∼ 6 pixels. This result was obtained by exam-
ining synthetic images (with noise) against their known centers. It is well
known that this accuracy depreciates for smaller particle images.

(iii) Template Matching: In contrast, Takehara and Etoh [94] proposed a more
sophisticated method known as particle-mask correlation which computes
the centers directly without need of any binarization. It yields better results
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even while dealing with images having low signal-to-noise ratio and poor
contrast but it is computationally expensive.

We opted for the weighted mean method to gain over computational speed.

4.3.3 3D position via 3D correspondence

In essence, the camera model is based on perspective projection of a real scene.
Thus, an acquired image provides information about two local coordinates only.
However, for 3D-PTV the requirement is to have 3D positions of particles. The
obvious solution is to get the depth information by use of more than one camera
with different viewing angles. Doing so associates a complex problem to be solved
before computing the three-dimensional position for each particle. A scene object
needs to be identified uniquely by all the cameras to compute the 3D coordinate.
Stated differently, a particle image from a given camera view needs to be associated
with its sibling in the other camera views. Establishment of this association is
conventionally known as the correspondence problem. As particles do not carry
any distinguishable morphological feature, a feature-based matching is no option.
Typically the correspondence problem is solved by exploiting a geometrical feature
of camera optics conventionally known as the epipolar line [61]. The procedure
followed is a descendant of stereo imaging. Projection centers of the cameras in
combination with a scene point (a physical point in 3D space) in the stereoscopic
configuration form the epipolar plane. Intersection of this plane with the image
plane gives the epipolar line on that image. Ideally, it is a line but in practice it
can be curved due to multiple reasons like lens distortion, variation in refractive
index owing to multimedia environment, etc. For each image point in a given
view, a corresponding position in a different view can be found by looking along
the epipolar line that is formed by the image point in the latter view. Principally,
two cameras in stereoscopic configuration are sufficient to determine the depth,
but this often leads to ambiguity when multiple morphologically equivalent objects
are present in the space.

Thus, in most practical situations, three or more cameras are used. Here, we
present the standard four-camera model used by the ETH PTV software. Starting
with an image point in camera-1, Figure 4.6 depicts exploitation of the epipolar
geometry to construct the three-dimensional position of the particle from multiple
camera views. All the four cameras are mounted to a single frame and are coplanar
in their positioning. As a result, all the four cameras will be viewing any 3D scene
point from one side. A schematic representation of the image space corresponding
to camera-1, camera-2, camera-3 and camera-4 is shown. Starting with an image
point p1 in the image space of camera-1 an epipolar line E1→2 is drawn on to the
image space of camera-2. There exists four candidates along this line, denoted by
q1, q2, q3 and q4. Corresponding to each candidate a similar epipolar line E2→3

is projected onto image space of camera-3. Moreover, the epipolar line E1→3 due
to p1 is also projected on to this image space. There exists two image points
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r1 and r2 lying at the intersection of lines E2→3 and E1→3 which qualifies to be
the probable correspondences in this image space. The ambiguity is resolved by
extending this practise to the image space of the fourth camera. Once again,
epipolar lines corresponding to the two image points r1 and r2 are projected on to
the camera-4 image space and represented by E3→4. The image point s1 lying at
the intersection of E3→4 (corresponding to r2) and E1→4 forms the correspondence
for this camera. Subsequently, the 3D correspondence formed will be represented
by its four image points member {p1, q4, r2, s1}.

4.3.4 Temporal linking

Fundamental to the PTV analysis is measurement of particle displacements in
successive time frames. Knowing the temporal separation the velocity can be
approximated to first order as

Vi(t) =

√
Δx2

i +Δy2i +Δz2i
Δt

, (4.1)

where Δxi, Δyi and Δzi are the displacements along the three coordinates axes for
a focused ith particle between two successive time frames and Δt is the temporal
separation which is dictated by the framing rate.

Establishing temporal correspondence or linkage between successive frames is
one of the challenges in the PTV analysis. Owing to the absence of any distin-
guishable morphological characteristics in the image plane this is often a hard
problem to be solved. The easiest scenario is the case of low seeding density where
the inter-particle spacing is expected to be larger than the displacement between
two consecutive frames. Hence, temporal linking can be easily established by em-
ploying the nearest neighbor scheme. This scheme is based on an approach where
a second-frame particle nearest to the focused first-frame particle is chosen as the
correspondence. Although this constraint could be maintained globally, yet locally
there can be occasions in which the correspondence is incorrect. The occurrence
of such instances is more pronounced in turbulent and chaotic flows. The accuracy
requirement on the other hand suggests that the best practice is to have particle
displacement roughly 5-8 times of its image diameter. However, following this
requirement may lead to an inter-particle separation of the same order as the dis-
placement thereby introducing ambiguities in the establishment of linkage. Thus
there is a need for more robust temporal linking schemes. There exist various
methods in literature to perform this linking, to name a few are the streak pho-
tography [23, 32, 38], binary image cross-correlation [97], relaxation method [10],
spring model [78], optical flow scheme [20] and multi-frame tracking [35,57].

We chose the multi-frame tracking scheme introduced by Hassan and Canaan
in 1991 [35]. It does not assume any heuristics and is one of the most studied
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Figure 4.6 – Schematic representation of the working principle of epipolar correspon-
dence for a four-camera PTV system being reproduced from H.G.Maas 1990 [61]. A 3D
object point seen by camera-1 is represented as p1 in the image space corresponding to
this camera. The epipolar plane formed between this point and the projection centers
of camera-1 and camera-2 is projected on to the image plane of the latter camera. This
is represented by a black colored line E1→2 in this image space. Also shown are the
candidate matches (q1, q2, q3 and q4) found in the vicinity of this line. This approach
extended to the third and fourth camera. The epipolar line combinations given by Ej→k,
where j and k represent the camera indices are distinguished by using distinct colors.

and adopted algorithm. This came with an additional advantage that a code
developed by ETH (Institute of Geodesy and Photogrammetry IGP and Institute
of Environmental Engineering IFU), Zürich, based on this scheme was already
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available freely for non-commercial use and had been used quite reliably in the
past by other members in the group [21,82,110] and elsewhere [52]. The tracking
algorithm is based on a four-frame tracking scheme used by Malik et al. [57] which
uses a statistical method based on the minimum variance of length and angle of
travel between successive frames to select a track from all possible tracks. The
fundamental assumption implicit in this technique is that within short time interval
particles travel smoothly with no abrupt change in their displacements (speed and
angle), which leads to a minimum acceleration criterion. This assumption is valid
only if the time delay between two consecutive frames is small with respect to the
flow unsteadiness. The first reported implementations of this scheme were done by
Nishino and co-workers in 1989 [74] and later in 1991 by Hassan and Canaan [35].
Subsequently many researchers [57] have come up with their own modified version.

Here we present the scheme in its simplest form as adopted from Hassan and
Canaan [35]. Figure 4.7 shows a schematic of the four-frame tracking scheme.
For ease in presentation we have used color notations for different frames. Frames
here indicate consecutive exposures during the recording or time-stamp. The black
colored dot represents the focused first frame FI particle to be tracked. Centering
this point exists a black colored circle with radius R2, which is the search radius
in the second frame FII . The radius R2 is given by a scalar multiplication of
the characteristic flow velocity and time interval between two frames. The red
dots lying within the radius R2 represent the candidate particles in FII to which
a link can be established. Considering each of the red dot as a probable match
we can have three velocity vectors represented by V1→2. Projecting each of these
displacements/velocities in the temporal direction/dimension gives an estimated
point E3 (shown by blue star) in the third frame, FIII . Basically, these estimated
positions are the locations where the likelihood of finding a link is high. Once
again, centering each E3 a search radius of R3 is considered as indicated by blue
circles.

The blue dots within each search radius R3 represent possible candidates in
the third frame which can lead to velocity vectors V2→3. Projecting V2→3 but with
a pre-defined angular deviation θ1→3 leads to the estimated positions E4 (shown
as green stars) in the fourth frame FIV . Centering each estimated position E4, a
search region with radius R4 is considered. Each green colored dot within R4 rep-
resents a possible candidate in FIV and thus will result in a velocity/displacement
vector V3→4. For each vector V3→4, an angular deviation from its parent vector
V2→3 is computed and denoted as θ2→4.

Finally, connecting all these individual vectors sequentially in time results in
multiple temporal link-ups for a given particle in the FI . So, we need to make a
selection here for the most appropriate link-up or connection. This is established
based on a cost function associated with each available link-up. The cost function

denoted by σtotal is given by, σtotal =
√

σ2
V

V
2 + σ2

θ , where
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Figure 4.7 – A schematic representation of the four-frame particle tracking scheme as
adapted from Hassan and Canaan 1991 [35].



503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana

4.4 — Camera configuration 59

V =
V1→2 + V2→3 + V3→4

3
, (4.2)

σV =

√
(V1→2 − V )2 + ((V2→3 − V )2 + ((V3→4 − V )2

3
, (4.3)

σθ =

√
(θ1→3 − θ)2 + (θ2→4 − θ)2

2
, (4.4)

θ =
θ1→3 + θ2→4

2
, (4.5)

(4.6)

Here, V represents the magnitude of probable velocity between any two consecutive
frames. Among the various possible link-ups the one with smallest value of cost
function σtotal will be retained as the maximum likelihood connection [35].

4.4 Camera configuration

Presence of a solid object in the measurement volume can be quite a challenge
for 3D-PTV since it occludes the view to the cameras. Often such circumstances
are resolved easily by fabricating the object with transparent material and having
its refractive index matched to the working fluid. Alternatively, one can use addi-
tional number of cameras to establish proper optical communication between the
cameras and scene point. However, this has drawbacks concerning the additional
hardware management and complexities involved in sorting of the combinations
in the 3D correspondence procedure. In the current case, it was not possible to
have a transparent sphere as it houses two servo motors and associated electron-
ics. Moreover, we were limited to the four-camera system. Hence, to resolve the
occlusion issue we chose to mount the cameras differently with each camera fac-
ing one of the vertical walls of the tank. The cameras were oriented with some
inclination to the normal of the facing walls. In particular, one pair of opposite
facing cameras (camera-I and camera-III) was mounted with a downward look-
ing orientation while the other pair (camera-II and camera-IV) had an upward
looking orientation with respect to the respective wall normals. Figure 4.8 shows
a schematic representation of the camera configuration through the top and side
view as presented in panel (a) and (b), respectively. Such an angular configuration
facilitated capturing of regions close to the two poles of the sphere. Apparently, the
camera calibration step available in the ETH standard software does not support
this modified camera configuration. Thus, one needs adaptation of the existing
calibration method. The following section provides a brief introduction of camera
calibration followed by a discussion on the modifications implemented as a part of
the current study.
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(a)

(b)

Figure 4.8 – Schematic representation of the modified camera configuration in the cur-
rent 3D PTV set-up. (a) Top view, (b) side views.
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4.5 Fundamentals of camera calibration

Main objective of calibration is to determine the mapping from the image space
to object space and vice versa to extract metric information from the image-based
information. This is accomplished by estimating the camera extrinsic and intrinsic
parameters. Extrinsic parameters dictate the positioning and orientation of the
camera with respect to the world coordinate system described by the rotation ma-
trix R and translation vector T, see Tsai 1986 [95]. On the other hand, intrinsic
parameters are inherent to the camera in use and include parameters like principal
point, focal length, pixel skew-coefficient and lens distortion coefficients. A generic
calibration procedure involves two basic steps. In the first step a one-to-one cor-
respondence between the image points and known object points is established.
The second step deals with a direct or iterative method to estimate the camera
parameters using the above correspondence.

The standard calibration model implemented in the ETH Zürich PTV code
leans on an optical model (comprising of pin hole camera collinearity condition,
lens distortions and multimedia geometry) [62] to obtain the camera parameters.
Moreover, implementation assumes the z-axis to be pointing upwards with all the
four cameras mounted on one side of the observation volume with their projection
centers being coplanar and lying on the xy-plane. The calibration is performed by
using either a 3D calibration body or a plane submerged inside the measurement
volume whose geometry and position is known precisely.

However, the camera configuration opted in the current study (see Figure 4.8)
is not compatible with the existing calibration routine and thus it needed some
adaptation. Further, complying with the ETH method one needs to submerge the
calibration body inside the tank filled with silicone oil and position it accurately
which is a tedious and exhaustive task. Thus, we sought for a calibration procedure
which gives us the liberty to place the calibration object outside the tank. This is in
fact the primary reason why we need to modify the existing calibration algorithm.

4.5.1 Modified approach: camera calibration

Instead of following the optical model for calibration [62], we introduce mapping
functions represented by a general polynomial expression given by

X = f(xp, yp), Y = g(xp, yp), Z = h(xp, yp), , (4.7)

where f , g and h represent the general polynomial functions in local image co-
ordinates xp and yp. Consequently, determination of the mapping function boils
down to constructing a varying-order polynomial.

This approach has certain pros and cons. On the down side, the method needs
a large data set spanning the whole imaging volume to generate a reliable fit valid
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over the full domain which is not the case in the optical model [62]. On the other
hand, the linear regression method is easy to use as it does not need the geometrical
details of set-up or camera parameters as inputs from the user, making it a self
start. The optical model requires all this information to a rough approximation for
initiating the process with the calibration results strongly dependent on the initial
guess used. Further to mention, the fitting model can handle complex geometries
and curvatures which is a limitation in the existing ETH calibration model which
can handle only flat interfaces.

The calibration plate is placed against each vertical wall of the tank. Mechan-
ical clamps were used to assure reliable surface contact between the plate and the
wall. For each camera, two calibration images are acquired corresponding to the
two vertical walls facing that camera. We define these two walls as the front and
back plane as one is directly facing the camera while the other is being viewed
through the oil tank. Figure 4.9 (a) shows positioning of the calibration plate
against the front wall/plane for a given camera. Acquisition of these images is
done independently for each camera by repositioning the calibration plate.

Evaluation of the calibration parameters for a given camera is also independent
from the other cameras. This implies that each camera has an expansion (4.7) with
its own specific set of fitting parameters; details of this are discussed later in this
section. Thus, the calibration is done camera wise.

The fitting procedure can be described through three essential steps. The first
step involves evaluation of a fitting function mapping the image points in the
calibration image to lines in the object space. This fitting information is used in
the second step to generate artificial 3D object space points spanning the whole
imaging volume. In the final step, a mapping from all the 3D points to pixels
and vice versa is accomplished. Here, we discuss the details of these three steps
followed for a given camera.

(i) Initial mapping:

For any given camera, inputs to the calibration procedure are the raw images
of the calibration plate captured by that camera and the true 3D positions
of points on the plate with respect to a pre-defined world coordinate system.
The images are first read in and processed to detect the 2D markers. Follow-
ing this, a one-to-one correspondence is established between the image points
(xp, yp) and the 3D points (X, Y , Z) in the list, where the Z-coordinate cor-
responding to each plane is a fixed value by virtue of the coordinate system
used. This procedure is carried out for each of the two calibration planes
corresponding to the considered camera. Now, a fourth-order polynomial is
fitted resulting in a set of mapping functions (see (4.8)) defined for each of
the two planes which transforms the image space 2D points to object space
3D points. Thus, the validity of each mapping function is limited to its
corresponding physical plane.
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Figure 4.9 – A laboratory view of the calibration plate placed in the front plane for a
given camera is shown in panel (a). A schematic representation of the calibration plate
placed at front and back plane is shown in panel (b).
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X = f0(xp, yp), Y = g0(xp, yp), Z = const, (4.8)

where

f0 = a0 + a1x+ a2y + a3x
2 + a4xy + a5y

2 + a6x
3 + a7x

2y + a8xy
2

+ a9y
3 + a10x

4 + a11x
3y + a12x

2y2 + a13xy
3 + a14y

4,

g0 = b0 + b1x+ b2y + b3x
2 + b4xy + b5y

2 + b6x
3 + b7x

2y + b8xy
2

+ b9y
3 + b10x

4 + b11x
3y + b12x

2y2 + b13xy
3 + b14y

4.

(4.9)

(ii) Generating artificial 3D points:

To extend the validity of this fitting polynomial one needs to use data points
from within the observation volume. However, owing to the calibration prac-
tice, data points are just limited to the two physical (calibration) planes lying
outside the volume. Hence, we resort to an indirect method for generating
artificial 3D points spanning the imaging volume. This is done as follows:

– Generate an artificial grid in pixel coordinates where each grid node
defines a 2D image point (xp, yp).

– Using the fitting functions (4.8) obtained for each physical plane trans-
form these artificial image points to object space 3D points correspond-
ing to the two Z = const. planes as illustrated in Figure 4.10.

– Corresponding to each image point (xp, yp), there exists two 3D points
(X1, Y1, Z1) and (X2, Y2, Z2) corresponding to the two Z = const. phys-
ical planes. Evaluate a line in space passing through these two 3D points
for any image point (xp, yp). The line can be defined by a point on it,

say Q = (Qx, Qy, Qz) and a direction vector l̂ = (lx, ly, lz). Compute
such lines for all the 2D image grid points.

– Next, collect the line parameters Q and l̂ from all the lines in one
data set and the image-based grid coordinates in another and apply a
linear regression to obtain a fitting function which establishes a mapping
between the two given by Qx = f1(xp, yp), Qy = f2(xp, yp), Qz =
f3(xp, yp) and lx = g1(xp, yp), ly = g2(xp, yp), lz = g3(xp, yp), where fi
and gi, for i = 1, 2, 3 are fourth-order polynomials in xp and yp.

– Improve the above obtained mapping coefficients by applying an iter-
ative technique. This is accomplished by using the univariate Gauss-
Markov model which has been reproduced from the ETH code [61].

– Next, create multiple virtual planes within the imaging volume charac-
terized by Z = const.
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Figure 4.10 – A schematic illustrating the generation of artificial 3D points within the
imaging volume, represented by unfilled circular markers.

– Use the above mapping functions fi and gi, for i = 1, 2, 3 to draw lines
in space emanating from each pixel of the artificial image grid to these
virtual planes.

– The intersection of these lines with the virtual planes provides 3D posi-
tions which can be used as additional points in the calibration process.

(iii) Mapping 3D points to image points:

A collection of these artificial 3D points along with the already available set
of physical 3D points forms a complete data set of 3D points which spans
the whole imaging volume. Using multiple linear regression a fourth-order
polynomial mapping these 3D points to pixels is obtained, which is then later
improved by the iterative method.

An important yet crude assumption implicit in our approach is that the line
of sight emanating from an image point (xp, yp) and passing through the two
physical calibration planes, say Z1 = const and Z2 = const is assumed to be
a straight ignoring refraction shifts due to variation of refractive indices at
the interfaces, see panel (a) of Figure 4.11. The error incurred can be easily
estimated using Snell’s Law and is presented in panel (b). For a viewing
angle of (α = 10) and z = (-100:100) mm which were typically used in our
measurements, this error is around 150 ± 50 μm. Considering the relative
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Figure 4.11 – (a) Schematic representation showing the bending of line of sight due
to multimedia geometry, and (b) variation of calibration error versus depth direction
computed for three different viewing angles.

large size of tracer particle (dp = 600-700 μm) this error can be ignored.
Smallness of the error is largely due to a small difference in the refractive
index of the tank material and oil, in combination with a small viewing angle
(α � 10◦). It is noteworthy that one can in principle include these refraction
effects in to the calibration model making it thereby robust, however, the
present results were still satisfactory without any of these additional efforts.

4.6 Preliminary tracking using the modified cali-
bration

Preliminary experiments were performed with extremely low seeding density (5
tracers) to check the tracking possibilities. The particle trajectories shown in
Figure 4.12 were obtained for a sphere rotating steadily about its horizontal axis.
Apparently, we see multiple broken tracks distinguished by distinct colors instead
of having just five tracks. Thus, the initial tracking outcome was not satisfactory.
Investigation showed that this breaking of trajectories occurred due to the failure
of the 3D reconstruction step which on the contrary should be perfect by virtue of
the extremely low seeding density. At multiple occasions, the 3D position of any
given particle was computed incorrectly using an incorrect correspondence. This
resulted in loss of particle during the temporal tracking step consequently leading
to broken tracks.

The 3D correspondence step in the existing ETH code is based on the epipolar
line intersection method [62]. From each 2D image point corresponding to a given
camera a line of sight in space is constructed which is then projected back onto the
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image plane of another camera. Projection of this line on to the image plane of a
different camera is defined as the epipolar line. Any image point lying around this
epipolar line within a tolerance band is then selected as a possible candidate for
that view. This result is then stored in a list providing the possible correspondence
combinations between the two considered cameras. For a four camera system,
there exists in total six of these correspondence combinations denoted by C1→2,
C1→3, C1→4, C2→3, C2→4 and C3→4 where Cj→k indicates the correspondence
from the jth to kth camera. For any 2D image point on camera-1, a selection
procedure is carried out inspecting all the six correspondences to identify the
most appropriate combination valid for that image point. Based on the number
of cameras/views to which a valid correspondence could be established for that
image point the obtained 3D correspondence is classified as a quadruplet, triplet
or pair. Finally, to obtain the 3D particle position lines in space emanating from
image points corresponding to each view within the correspondence type is drawn
using the calibration data. Intersection of these lines defines the 3D position for
that particle.

Figure 4.13 demonstrates the 3D correspondence for one of the image point
from camera-1. This data corresponds to the same PTV result as used in Fig-
ure 4.11. Each panel here presents a view or image from a given camera. Each
2D image point (x, y) within a view is annotated by an integer number, say 1,
2, 3 and so on. Lets use subscript to index the image points within a view and
superscripts to denote the camera number or view. Apparently, a quadruplet type
correspondence was identified for (xI

4) the fourth image point on camera-1 which
happens to be incorrect. Consequence of this correspondence error is shown later
in Figure 4.14. The other three image points (xII

3 ), (x
III
2 ) and (xIV

1 ) corresponding
to the rest views forming the quadruplet are highlighted by encompassing each of
these image point by a square (�) marker. Proceeding from the image point (xI

4)
on camera-1, epipolar lines drawn to all the other cameras is indicated through yel-
low colored lines. Proximity of each member of the quadruplet to the epipolar line
of their respective view is evident from the figure. However, there do exist other
candidate image points close to these epipolar lines for camera-2 and camera-4.

Panel (a) of Figure 4.14 demonstrates the consequence of an incorrect 3D
correspondence. Lines in space are drawn from each of the quadruplet member
(xI

4), (xII
3 ), (xIII

2 ) and (xIV
1 ). Intersection of these lines in space gives the 3D

position which is denoted here by a green colored (◦) marker. Apparently, this
3D point is non-physical as it lies way off from the evolving particle trajectories
shown in the same panel. However, upon inspecting the images manually it was
found that the correct 3D correspondence was a triplet type formed by (xI

3), (x
II
3 )

and (xIV
1 ) instead of quadruplet. Panel (b) shows the 3D position obtained from

this triplet which now lies on the real particle trajectory.
In addition to above issue, we also encountered situations where a member

of the pair type was found to be associated with more than one candidate from
the other views. In such cases, the pair combination is declared as ambiguous
and is not used in computation of any 3D position. Consequently, the physical
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Figure 4.12 – Preliminary tracking result obtained by the existing PTV code shows
multiply broken tracks for merely five tracers in the experimental tank. The flow is due
to steady rotation of the sphere about its horizontal axis. Each colour corresponds to a
distinct trajectory.

scene point associated to this pair type correspondence is lost for that time frame.
This has serious consequences on the temporal tracking sequence leading to broken
tracks.

To overcome these issues and achieve successful tracking results modifications
were applied to the ETH PTV algorithm which is discussed in the following section.

4.7 Modified PTV algorithm

Owing to the presence of an opaque sphere at the center, there exist four sectors as
defined in Figure 4.15, for the adopted camera configuration where an object space
particle will be seen by only two cameras, while otherwise, it will be seen by three
or more cameras. Accordingly, as a particle moves around the sphere its associated
correspondence combination to make up the 3D position changes dramatically from
being a pair to triplet, which happens multiple times. In addition, presence of more
than one particle in the such regions can lead to ambiguities in determining the
correct combination.

We resolved this issue by employing both space and time information to obtain
the 3D correspondence which was inspired from the spatio-temporal matching
method introduced by Willneff in 2003 [105]. However, there exists an essential
difference with respect to Willneff’s approach in the way it is applied. Willneff uses



503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana

4.7 — Modified PTV algorithm 69

Figure 4.13 – Identification of a correspondence combination through projection of
the epipolar lines shown by green coloured horizontal lines. � are used to indicate
the different members of a correspondence combination from multiple cameras/views.
Starting with a 2D image point in camera-1 tagged by an index 4, a quadruplet type 3D
correspondence has been found by searching along the epipolar lines corresponding to
each view.

both object and image space information during the temporal tracking phase. This
helps to improve the temporal linking along with obtaining 3D correspondence
for the image points which were earlier unused. As a matter of fact, the ETH
PTV code that was used to obtain the results presented in Figure 4.12 already
has this implementation. Unique to our approach is that the image-object space
information is used during the 3D correspondence itself which is performed before
the temporal linking. The temporal linking, on the other hand, is based on just
the object space information. Moreover, we have also incorporated the presence
of an opaque sphere in the algorithm to handle the occlusion issue. As per our
findings, we did not come across any earlier measurement which had also tracked
particles around a solid opaque object.
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Figure 4.14 – Illustration of forward intersection in computing the 3D position from
the correspondence result. The red lines drawn represent the line of sight emanating
from each member of the 3D correspondence belonging to a particular view/camera.
Nomenclature of these lines uses superscripts (I, II, III, IV ) to indicate the different
camera/views while subscript (1, 2, 3, ..) represent the indices of image points within a
given view. The 3D point shown by (◦) open circle is obtained by taking intersection of all
such lines in space. (a) Non-physical 3D position lying away from the evolving trajectories
obtained by existing PTV code, (b) corrected 3D position obtained by modifying the
correspondence combination through visual inspection.

4.7.1 Modified 3D correspondence

In general, an ambiguity can be resolved by using extra information. In this case
it can be inputs from additional cameras. Since we are limited by the number of
cameras, the only additional information that seems to be available is the object
space data that is the knowledge of pre-established particle motion. If a parti-
cle has been tracked successfully over some period of time then one can predict
its future position by extrapolation. The predicted position with some allowed
deviation defines a search region for locating the particle in the next time frame
thereby reducing the search space from an epipolar line segment to a relatively
small 2D search position. There are two ways to follow this idea; one is to predict
the position in the 2D image plane independently for each camera while the other
is to predict the position directly in 3D space followed by back projection onto
individual image planes to obtain 2D prediction points.

However, each of the two approaches has some pros and cons. With regard
to the calibration imperfections, predicting the position in the 2D image plane
is advantageous as it is independent of the calibration results but suffers badly
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Figure 4.15 – A schematic representation of the four critical regions around the sphere
where the 3D correspondence combination is always of a pair type. Additionally, corre-
sponding to each sector indices of the two cameras viewing it are also indicated using
Roman numerals.

in case of overlapping particles in the image space. Often this is the case when
the depth of the imaging volume is large despite a dilute particle concentration.
Particles positioned at distinct depths overlap in the image space owing to the
projective view. In addition, this scheme expects that the corresponding image
space 2D track is uninterrupted which is hardly valid in the present scenario. As
an example, assume a flow induced by the rotating sphere, particles which are
initially in view of a particular camera will get occluded from one side and later
would re-appear from the other side of the sphere as the flow evolves.

Considering the second scheme, predicting the position directly in 3D space is
influenced by calibration error yet is robust as it is unhindered by the occlusion
problem. Hence, we opted for the 3D prediction model. The model relies on
existing tracking results to initiate and so is not a self-starting one. Details of this
prediction model which also includes a methodology to avoid the sphere occlusion
issue is detailed in Appendix A.1.

4.7.2 Modified temporal linking

Unlike the ETH method which combines both the image and object space informa-
tion to establish the temporal linkage, current scheme uses only the object space
information. This difference will be apparent from the flow chart presented in Fig-
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ure 4.16 and 4.17. On the other hand, the 3D correspondence step of ETH code
relies solely on the epipolar line method which was seen to be unsuccessful resulting
in non-physical 3D positions. Generally speaking, these non-physical 3D positions
are not corrected before being passed to the subsequent step of temporal-linking.
Consequently, the track will be broken due to absence of particle in their search
neighborhood. Our modified scheme on the other hand performs better in the 3D
correspondence step by using all kind of available information (space-time). As a
result, the 3D positions fed to the temporal linking step in the modified approach
are largely valid ones. Hence, the temporal linkage in the current approach is
based solely on information from the object space.

The implemented temporal linking algorithm is almost the same as discussed
earlier in the context of the generic 4-frame tracking scheme by Hassan and Canaan
(1991) [35] except for few minor variations. In particular, definition of the cost
function qualifying smoothness, σtotal along with the other parameters involved has
been modified. Their new definitions are given by, σtotal =

√
σ2
V + θ21→3 + θ22→4,

where

σV =

√
(V1→2 − V )2 + (V2→3 − V )2 + (V3→4 − V )2

3
,

V =
V1→2 + V2→3 + V3→4

3
. (4.10)

Further, new definitions have been introduced to deal with candidate tracks
which are shorter than four frames. Often such tracks can be physically valid,
for example when the particle leaves the imaging volume in the fourth frame FIV

(see Figure 4.7) resulting in non-existence of V3→4 and θ2→4 for that particular
candidate track. Thus, we define a virtual counterpart to these variables by adding
small deviations δV and δθ to the previously obtained V2→3 and θ1→3, respectively.

V3→4 = V2→3 + δV ,

θ2→4 = θ1→3 + δθ, (4.11)

where δV = 0.2V2→3 and δθ = 10◦. Experience showed that the current defini-
tion of cost function given by (4.10) and (4.11) resulted in higher yields for particle
trajectories than the conventional one. In addition to the above modifications, the
center of the search radius R2 in the second-frame FII is also modified. Using the
information from the trajectory evolved so far, we make a prediction of its future
position in the 3D object space. The 3D predicted point is then projected back
to the 2D image space using calibration data which defines the location of a new
search center for that image.
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Figure 4.16 – Flow chart of the “spatio-temporal” tracking scheme implemented in the
ETH Zürich PTV code as adapted from Willnef and Gruen 2002 [104].

Figure 4.17 – A flow chart of the modified tracking scheme. The details of “Determi-
nation of 3D position” operation is highlighted by the inset diagram.

In practice, a generic kth temporal linking step is accomplished by a set of
four frames FI , FII , FIII and FIV corresponding to four consecutive time stamps,
say tk, tk+1, tk+2 and tk+3. Likewise, this temporal linking is continued to the
next (k + 1)th step using data from the tk+1, tk+2, tk+3 and tk+4 time stamps.
Considering any two consecutive linking steps kth and (k + 1)th, there exists an
overlap over the three time stamps tk+1, tk+2 and tk+3. Each linking step will
generate a segment of the track. Track segments which are identical over more than
one application of the linking step are connected to form the complete trajectory
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[35]. In case the results are conflicting during the consecutive linking steps, the
one with smoothest connection or lowest cost function is selected. Such a practice
assures reliable trajectories. Thus, this overlapping procedure generates redundant
information at the cost of additional computational time; notwithstanding, it is
valuable.

4.8 Imaging system

4.8.1 Tracer particles

The fluid parcels themselves do not reflect or scatter light, hence in general
PIV/PTV applications minute sized particles are added to the working fluid. It
is assumed that the tracer particles follow the flow faithfully. Theoretically, the
necessary conditions to be fulfilled for the above assumption are as follows. Ideally
particles need to be spherical, neutrally buoyant and should respond quickly to
the changing flow conditions. The neutrally buoyant condition guarantees that
the tracer does not settle and maintains its elevation along gravity direction. For
the inertial effects to be negligible, the particle relaxation time should be signif-
icantly small compared to the relevant flow time scale. The particle relaxation
time scales linearly with its density ratio while quadratically with its size. The
flow time scale is estimated as the ratio of a representative flow velocity (ΩR) to
that of a characteristic length scale l which in this case is the sphere diameter D.
The relative importance of inertial effects can be expressed in terms of the particle
Stokes number Stp, given by

Stp =
τp
τf

with τp =
d2p
18ν

ρp
ρf

and τf =
D

ΩR
=

2

Ω
, (4.12)

where the definition of τp is given for heavy particles (ρp � ρf ).
In contrast to PIV, PTV requires a low seeding density with tracer images

spanning typically over 6-7 pixels in each dimension. A low seeding density will
assure non-overlapping particle images while reasonably sized particle images will
aid in accurate center determination. For the reported experiments we used nearly
density matched (ρp = 980 kg/m3) seeding particles (UVYGPMS-0.97, Cospheric,
USA) with the particle diameter varying in the range 600-700 μm. The Stokes
number and settling velocity computed are 7.11 × 10−10 and 7.9 ×10−8 m/s,
respectively. These particles appearing translucent white in daylight and possessed
fluorescence property thereby exhibiting strong fluorescence when illuminated by
365 nm UV light. Under fluorescence they appeared brilliant yellow-green which
greatly enhanced the contrast between these particles and the background. The
spectral response of these particles is shown in Figure 4.18. The necessity and
advantages of this fluorescence property will be discussed in the following sub-
section.
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Figure 4.18 – Spectral response of the fluorescent particles to three different incident
wavelengths. Maximam response is observed for UV light.

4.8.2 Tracer illumination

Stray illumination like ambient lighting, light from a monitor screen and reflec-
tions are usually a major problem in most optical diagnostic measurements and
thus needs to be taken care of. Reflections from the metallic sphere in the current
set-up was avoided by optically filtering the incident reflection. This was achieved
by exploiting the fluorescence property of the tracers in combination with optical
filters. Accordingly, the light source chosen was based on the excitation wavelength
of the fluorescent particles. Illumination was achieved by using a total of six high
efficacy UV LEDs (LZ4-00U600, LED Engin). Each individual unit comprises of
4 LEDs connected in series and mounted on a ceramic package with an integrated
glass lens. It has an ultra-small footprint with a dimension of 7.0 × 7.0 mm2. It
carried a maximum power rating of 11 W in continuous mode. The normalized
radiant flux increased almost linearly to the forward current. Thus, to get maxi-
mum radiometric power, the optimum forward voltage to each LED was stabilized
by using a resistor of 20 ohms in series. Heating by the LEDs was minimized by
operating them in the pulsed mode at a frequency of 2Hz in synchronization with
the camera. Additionally each of them was mounted to an aluminum heat sink
with thermally conductive glue to dissipate the released heat. Figure 4.19 shows
the emission spectra of the LEDs where the peak wavelength corresponds to 365
nm at 25 ◦C.

All the six units were connected in parallel and were powered by a Delta-power
supply with 16 V output voltages and 0.7 A current. The strobing of the complete
system was achieved by controlling the power supply through an input trigger.
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Figure 4.19 – (a) Laboratory view showing one of the UV-LED units mounted on a
heat sink, and (b) relative spectral power of the LED plotted against wavelength showing
a peak at around 365 nm.

Measurements showed that the true spectral curve was broader than specified
with a tail in the blue region. However, this did not pose a problem as the fluores-
cent response of the seeding particles was well separated. The fluorescent signal
was filtered out using a long pass optical filter (Orange IF 041 from Schneiderop-
tics, Germany). It has a cut-on wavelength defined at 50% transmittance of the
maximum spectral power of 565 nm with a ± 10 nm wavelength tolerance, see
Figure 4.20.

4.8.3 Camera and optics

Four CCD-based monochrome cameras with an optical resolution of 1600 × 1200
pixels were used (MegaPlus II ES2020 Kodak). The pixel is square shaped with a
size 7.4μm× 7.4μm. The highest frame rate achievable is 30 fps. Each camera is
equipped with a 50 mm lens (Nikon) having a maximum aperture of f/2.8, where
f is the focal length of lens and 2.8 is the diameter of the pupil. Each of the four
cameras is mounted to an independent rigid frame with mechanical connectors
giving flexibility in adjusting the position and orientation angle. The lenses were
operated with an opening of f/12. Using the standard formula for depth of field

given by DOF =
2Hd2

0

h2−d2
0
, where H is the hyperfocal length defined as H = f

Nc , N

is the lens f-stop number and c is the circle of confusion, the depth of field was
calculated to be around 500 mm. This quantity defines the depth over which a
particle image is in focus. In practice, the overall depth over which a particle is
reasonably discerned in the image plane is a bit larger than the calculated depth
of field.

All the four cameras were connected to a camera-controller system. These
cameras were triggered by a TTL pulse generated from the sphere actuation soft-
ware which drives the sphere. In this way, the cameras were synchronized to the
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Figure 4.20 – Transmissivity of the optical filter as a function of the wavelength.

sphere motion. Additionally, a bypass of the same signal but delayed in phase
with the help of a function generator was used to control the LED strobe. The
phase delay was necessary to synchronize the strobe’s peak intensity to the cam-
era shutter opening. With such an arrangement we were able to grab frames at
specific angular displacements of the sphere. The exposure time of the cameras
was set to 30 ms and the LED strobe duration was matched to this value to have
the optimum illumination with a minimum of input power.

All the camera control functions like gain, integration time, gamma correction,
white balance, system time out were accessed and optimized by use of the console
application MegaPlus II Central software from Redlake Inc. It operated the multi-
ple camera heads simultaneously. Additionally, it provides a standard camera link
interface for interfacing to the frame grabbers. An in-house LabView (National
Instruments) based code was used for data acquisition which transferred the pixel
data directly from the frame grabbers memory (DALSA Corecco) to a file. The
code also managed to display the live streaming images from the multiple camera
heads. The data were saved on the computer hard drive at high-speed (240Mb/s).
The images were acquired in 8-bit format, which scales the intensity from 1 to 28

gray values.
The quantum efficiency of the camera is one among the many parameters to

be considered when designing an optical set-up (camera, illumination). It gives
the spectral response of the CCD chip to the incident photon flux. The technical
specification sheet of the camera used suggested 400-550 nm to be the best oper-
ating range, see Figure 4.21. Indeed, light emitted by the fluorescent particles in
this regime resulted in a good response of the image sensor.
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Figure 4.21 – Quantum efficiency of the CCD camera.

4.9 Accuracy and validation of the modified PTV
algorithm

Generally speaking, an error can be associated with each step of the PTV analysis.
Accordingly, there are primarily three types of errors:

(i) The error incurred during the estimation of the particle image center. Gray-
level thresholding has a great impact on the velocity estimate indirectly. The
number of particles detected and their image size are greatly influenced by
the gray-level threshold. The decrease in size with increasing threshold value
may not be spatially symmetric and so can lead to an error in the center
determination. This can be improved by using the peak fitting method [60]

which would typically deliver a sub-pixel level accuracy (∼ 1
10

th
of a pixel in

this case).

(ii) A second type of error is associated with the generation of 3D positions.
It has two independent causes, namely the 3D correspondence and the cal-
ibration error. It is the correspondence step where the largest errors are
made due to mismatches. The various circumstances which increase the
probabilities of such errors are a high seeding density, large depth of field
or matching ambiguities due to limited number of views. In particular, this
error is frequent when a particle is detected by only two cameras which is of
high relevance in the reported measurements. Nevertheless, we have over-
come this limitation by choosing a very low seeding density in combination
with a modified correspondence algorithm. The second cause is associated
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Figure 4.22 – Illustration of abrupt jumps along the trajectories, probably due to some
calibration issues. Experimental trajectories from three different tracers are shown here.
Segments of track that are associated with different 3D correspondence types are demar-
cated by distinctive colors. Red, green and blue are used to indicate quadruplets, triplets
and pair type, respectively. (a) 3D view, (b) a close-up 2D view.

with the computation of the 3D position using forward intersection. As men-
tioned earlier, owing to practical limitations the error here is within ±3 mm
in the physical domain. A radial shift in the position of computed 3D points
was noticed with the change in correspondence combination from a pair to
triplet type and vice versa. This error is severe when the particle is very
close to the sphere surface as illustrated by Figure 4.22. The exact cause
remains unclear but a first investigation suggests that it has to do with the
averaging procedure used to compute the 3D position. For a triplet the 3D
point is computed by taking the mean over three intersection points while
for a pair it is just one.

(iii) The third type of error is associated with the temporal linking step caused
by unfaithful temporal correspondence. The modified code was verified for
this error by using synthetic data. These data were generated by advecting a
collection of artificial 3D points using a piece-wise steady flow field induced
by rotation of a sphere in the Stokes limit. The axis of sphere rotation was
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Figure 4.23 – Modified tracking scheme tested against synthetic data set for streamline
re-orientation. The data set involves 600 artificial 3D particles.

switched periodically to introduce streamline re-orientation effects in the
synthetic data. Tests were done with increasing number of particles going
up to 600. The obtained tracking results are shown in Figure 4.23 and are
impressive with less than 1% error in identifying the right track.

Lastly, a laboratory validation of the technique was achieved by verifying the
tracking results against a known property like the geometrical property of sphere.
A tracer particle glued intentionally to the sphere surface was tracked while the
sphere was rotating. The resulting trajectory was checked for radial invariance. A
representative radius Rexp and center were obtained through least-square fitting
which were compared against that known for the physical sphere. Subsequently,
the radial distance of each position along the trajectory was computed with respect
to the fitted center. Shown in Figure 4.24 is a histogram of this radius with a mean
around 50.6 mm. The mean value agrees with the true radius (R+dp) = 50.6mm,
where diameter of the glued tracer has been accounted for. Repeatability of this
measurement was verified by making similar additional measurements and was
found to be quite satisfactory within 1% error.

4.10 Conclusions

We have presented an experimental set-up suitable for carrying out mixing studies
in flows driven by a steadily actuated sphere. A brief description of the exist-
ing techniques in particle tracking along with its historical evolution has been
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Figure 4.24 – Histogram of the radius computed from the trajectory of a tracer glued
to the physical metal sphere. The mean r is around 50.6 mm indicated by dotted vertical
line is very close to 0.5D + dp, where D is the sphere diameter and dp is particle/tracer
diameter.

provided. In connection to the PTV, a choice was made to use the easily avail-
able ETH Zürich PTV code. Apparently, the initial tracking results were found
to be unsatisfactory with multiple broken trajectories found for each individual
tracer. Investigation was carried out to identify the root cause followed by an
analysis where modifications were needed (and introduced) to the tracking code.
In particular, the 3D correspondence step was modified using the space and time
information to solve the correspondence problem. In addition, the occlusion of
particles by the solid sphere was included in the model. Subsequent to these mod-
ifications the tracking results showed significant improvement. Thus, we could
demonstrate successful tracking of particles in a three dimensional flow around a
solid opaque sphere.
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Chapter 5

Experimental examination of
base flows

5.1 Introduction

The numerical set-up of a two-step rotational actuation introduced in Chapter 2
assumed a simplified model where the base flow was due to the steady rotation
of a perfect sphere in an infinite domain. The real world scenario, however, has
some imperfections or limitations which deviates it from the idealized case. For
instance, the physical sphere used in the laboratory has a ring on its surface which
is stationary during the execution of horizontal rotation. Additionally, the sphere
is attached to a spindle which significantly disturbs the flow during the horizontal
rotation. Lastly, the tank containing the sphere and the working fluid has a definite
dimension leading to the geometrical confinement of the induced flow. Thus, it is
worthy to investigate the effects that these differences can introduce with respect
to the idealized scenario. The 3D-PTV tool introduced in Chapter 4 will be
employed here to carry out the laboratory measurements on each of the two base
flows, namely rotational about vertical and horizontal axes. Parallel to this, CFD
simulations have also been carried out to make qualitative comparison with the
experimental results. A commercial package known as COMSOL has been used
to obtain the numerical velocities for the two cases. Finally, an estimate of the
disturbances introduced by these effects is made by comparing the CFD velocities
to the Stokes solution valid for the idealized case.

5.2 Practical limitations

As mentioned earlier the experimental set-up consists of a sphere centered in a
confined domain. This situation is distinct from the unbounded case considered

83
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in Chapter 3. The confinement induces deviations of the streamlines from their
circular shapes in the unconfined case and may significantly affect the local flow
dynamics. It is anticipated, however, that for tracers released close to the sphere
such deviations will be less pronounced.

Second point to note is that the solid sphere is mounted to a vertical spindle
to support its weight. The spindle may disturb the flow, locally and thereby the
flow around it. In addition, when the sphere rotates about its horizontal axis, the
ring which connects the two hemispheres of the sphere does not co-rotate with the
two hemispheres and may cause deviations from the flow described in Chapter 3.

Finally, natural convection may significantly affect long-time measurements. In
Section 5.2.1 we focus on the effect of the stationary ring, whereas in Section 5.2.2
we discuss the restrictions of natural convection on the operational limit of the
laboratory experiments. The effects of domain confinement and the vertical spindle
will be addressed in Section 5.3.

5.2.1 Effect of stationary ring

To assess the effect of the stationary ring on the base flow, the velocity magnitude
was measured close to the ring. For this, passive tracers were released close to the
ring and their velocities were determined by 3D-PTV. Parallel to this, flow veloc-
ities were numerically computed through COMSOL-based simulations taking into
account the geometry details like spindle, stationary ring and wall confinement.
Figure 5.1 shows the variation of velocity magnitude with the radial distance for
both experimental measurements and CFD simulations. Here two sets of data are
shown; one set corresponds to rotation about the vertical axis (indicated by open
circles ◦)in which case the ring is expected to have no effect, while the other set
corresponds to rotation about a horizontal axis (indicated by open squares �). For
a perfect Stokes flow in an infinite domain, we would expect the velocity magni-
tude to decay quadratically with radius (see Chapter 3) in both cases. Indeed for
rotation about the vertical axis this is the case because the ring is co-rotating with
the two hemispheres. However, for rotation about the horizontal axis, figure 5.1
reveals a hump-shaped profile indicating the ring influence. This result suggests
that the effect of the ring for rotation about the horizontal axis is significant within
a radial distance of 1.4R from the sphere center or 0.4R = 20 mm from the sphere
surface. For larger radii, the effect gradually diminishes and is negligible at around
1.6R i.e. 0.6R = 30mm from the surface. Such knowledge was helpful in setting up
of the experiments where we followed a strategy of releasing tracers at a distance
not less than 0.5R = 25 mm from the sphere surface.

5.2.2 Effect of background convection current

Ideally, one would expect that in the absence of any external forcing the fluid
is quiescent. However, in practice there can be some non-stationarity because of
thermal effects. The temperature distribution within the working fluid can never
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Figure 5.1 – Variation of velocity magnitude with radial distance from the sphere centre
for tracers released close to the stationary ring for rotation about the vertical axis (◦)
and the horizontal axis (�). Similar results obtained from COMSOL-based simulations
are shown with dotted-dashed lines.

be truly homogeneous and for that reason there always exist some reminiscent
temperature gradients. These gradients can lead to buoyancy driven convection
currents. Although the experiments were conducted in a temperature-controlled
laboratory with the room temperature varying within ± 0.3◦C these temperature
difference were sufficient to cause small temperature variations in the oil. Tem-
perature measurements carried out through an array of thermistor sensors showed
the oil at the center of the tank to be relatively hotter than that close to the
walls. The flow induced by these temperature inhomogeneities was visualized by
recording the motion of tracer particles over a period of time. Figure 5.2(a) dis-
plays tracer streak patterns captured by one of the four camera systems in the
x-z projection. These streaks correspond to 1000s of measurement. Figure 5.2(b)
shows the 3D tracks of tracers obtained from the raw data of all the camera views.
Measurements showed that an upper bound to this convection velocity was around
20 μm/s, occurring close to the center of the tank which is roughly 0.3 percentage
of the maximum forcing velocity. Apparently, one could even estimate this velocity

based on a simple scaling analysis for buoyancy given by Vconv = gβΔTL2

ν , where
g, β, ΔT , L and ν represent the gravitational acceleration, coefficient of thermal
expansion, temperature difference, characteristics length scale and kinematic vis-
cosity, respectively. However, this results in Vconv = 300 μm/s which is a factor
10 higher than the experimentally measured value. This discrepancy in estimate
could be due to the fact that the scaling law assumes convection from a heated
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Figure 5.2 – Illustration of the convection current by thermal gradients. Panel (a) shows
the streakline patterns obtained from one of the four cameras while panel (b) shows the
3D trajectories based on the same experiment.

body placed in an infinite medium while in reality the domain is bounded.
Amplitude of the measured velocity, despite of being so small (0.3 percentage

of maximum forcing velocity), is not negligible as it still can generate disturbing
effects during the long-time measurements. The cumulative action of these effects
can result in a drift in the vertical direction leading to anomalous tracer dynamics.
This drift can be minimized by either compromising with the time duration of the
experiments or by reducing the tank dimension which would decrease the convec-
tion velocity as per the scaling law. Decreasing the length scale would fortify the
viscous forces making them dominant. However, doing so would increase the effect
of the walls; thereby departing the induced flow strongly from the required base
flow. The streamlines are then expected to be increasingly convoluted, which would
complicate the validation of experimental studies to the numerical/analytical re-
sults in Chapter 3. Nevertheless, we did carry out an exercise of reducing the tank
dimension to verify the effect of length scale on convective velocity. For this, we
introduced a small tank with dimensions (25 cm × 25 cm × 25 cm) in the original
tank and positioned the sphere inside this small submerged tank. Both tanks were
filled with oil. This gave us two benefits: (1); we have reduced the length scale
related to natural convection and (2) the oil outside the small tank would stabilize
the wall temperature. Flow measurements in the smaller tank revealed that the
magnitude of the convection velocity was reduced to approximately 3 μm/s. Thus,
one can reduce the problem to some extent but cannot completely eradicate it.
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5.3 Base flow in the finite domain

The time-periodic flows considered in this study are composed of successive reori-
entations of the steady base flow via step-wise reorientation of the rotation axis
via some forcing protocol. Before we examine the mixing properties associated
with such a forcing protocol we make an assessment of the steady base flow in
the realistic case of a finite domain. In the simplified numerical model presented
in Chapter 3, the base flows, Fz and Fx are mere linear transformations of each
other owing to the rotational symmetry of the system. In the current laboratory
framework the similarity of these base flows does not hold anymore due to loss
of the symmetry caused by the presence of spindle and the ring. Moreover, the
axisymmetric properties of the base flows are lost due to the wall confinement.
Therefore, we discuss the two base flows independently, namely, the flow induced
by rotation about the vertical and the horizontal axis of the sphere. We do this
by studying the associated velocity fields obtained through numerical simulations
and laboratory measurements.

The steady incompressible Navier-Stokes equations given by Eq.(2.2) of Chap-
ter 2 are still valid, but the boundary conditions change due to the presence of the
tank walls, the ring and the vertical spindle. In order to obtain the velocity field
associated with rotation of the sphere in a bounded domain, the Navier-Stokes
equations were solved with the commercial software package COMSOL Multi-
physics 4.2. The solver of COMSOL is based on the finite element method and
was set to the generalized minimal residual method (GMRES) with precondition-
ing. The geometrical model set up for simulation consisted of a sphere positioned
at the center of a cubical box. The geometrical dimensions of the sphere and the
box were identical to the real situation. The viscosity and density of working fluid
were set to 970 kg/m3 and 0.03 m2/s, respectively, matching the properties of
the silicone oil we used. No-slip boundary conditions were applied to the walls of
the tank and the sphere surface. The computational mesh was of the type (P2 -
P1) which implies that the velocity is resolved with second-order computational
elements, while the pressure is resolved using linear elements. It is known to be
best for simulating incompressible flows with the finite element method as the
Navier-Stokes equations are unstable when using the default (P1 - P1) elements
and requires consistent stabilization independent of the Péclet number. The mesh
elements comprise of tetrahedral units used for the fluid domain while body fitted
triangular elements were used to match the sphere surface. The total number of
mesh elements in a typical simulation was limited by the computer memory and
was set to roughly 2.4 million with the smallest element roughly 1.5 mm in size.
The flow solver was run for a steady state solution with the non-linear term in the
Navier-Stokes equation switched off to obtain the dynamics in the Stokes limit.
These simulations were run on a dedicated workstation with an inbuilt memory of
130 GB RAM and a CORE2DUO processor. The criterion used for convergence
is that the relative difference in velocity between two consecutive iteration should
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be less than 10−10. Typically, this was achieved within 11-12 iterations. The nu-
merical results were obtained following a two-step procedure. First, simulations
were carried out using a simple model including wall effects but without spindle
and ring, and later on the spindle and ring were added making the model more
realistic.

In the next two subsections we consider the computed flow due to rotation
about the vertical and horizontal axis, and compare the results with those obtained
in the laboratory.

5.3.1 Base flow due to rotation about the vertical axis

For a sphere rotating in an unbounded domain in the Stokes limit the velocity
magnitude decays quadratically with the radial distance [34]. The high decay rate
makes it possible to marginally avoid the wall effects provided the velocity has
damped to a sufficiently low value. In the current case, the wall is at a distance of
5R from the sphere center where the Stokes velocity is supposed to be fallen by 90
percent of its maximum value. Presence of walls imposes a kinematic blocking of
flow momentum which can result in deflection of the streamlines. The streamline
pattern shown in Figure 5.3 shows such a scenario. An indirect way of estimating
this wall disturbance is to compute the drop in velocity values for the bounded
domain case compared with respect to the Stokes solution for the infinite domain.
This drop in velocity represented in percentage is roughly 3.9 % at a radial distance
of r = 2R while close to the wall it drops roughly to 37 % at r = 4R, implying the
wall effect to be less prominent in regions close to the sphere.

Thus, in order to make a comparison between the numerical and analytical
velocity field we chose a region close to the sphere surface. The region is param-
eterized by φ and θ which are the angular coordinates of the standard spherical
coordinate system as shown in panel (a) of Figure 5.3. Variation of the velocity
magnitude (|V |) with the radial distance (at φ = π/2) and polar angle (θ) at a
fixed radial distance of 5 mm from the sphere surface are shown in panel (c) and
(d), respectively. The COMSOL-based velocities for a sphere rotating about its
vertical axis in a confined domain without vertical spindle or ring are represented
by open circles.

Also shown in the same panels are the analytical results (indicated by dotted-
dashed line) for the unbounded case in the Stokes limit. It is evident that the
numerical and analytical results are in close agreement, which confirms least wall
effects in the region close to sphere.

These results gave us enough confidence to take a step further by introducing
the spindle and ring; thereby making the numerical model more realistic. Ob-
viously, for rotation about the vertical axis, the ring should have no important
effect. In Figure 5.4, we show a 2D slice of the 3D spatial discretization of the
COMSOL model. For clarity, only the locations of the grid nodes are plotted in-
stead of the individual mesh elements. A dense distribution of nodes close to the
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Figure 5.3 – Velocity field obtained by COMSOL for a rotating sphere in a confined
domain without vertical spindle or ring compared with the analytical Stokes solution for
the case of a sphere rotating about its vertical axis in an unconfined domain. Definition
of parameters φ and θ in the spherical coordinate system is shown in panel (a). The
streamline pattern shown in panel (b) depicts the deflection from circularity due to the
wall. Panel (c) shows variation of the velocity magnitude with the radial distance (r)
evaluated at θ=π/2 while panel (d) shows variation of the velocity magnitude with polar
angle (θ) at a fixed radial distance of 5 mm from the sphere surface. The COMSOL-based
velocities are represented by circlular (◦) markers while those from the Stokes analytical
solution for an unbounded rotating sphere is indicated by dotted-dashed line.
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Figure 5.4 – 2D slice of the computational mesh displaying a dense distribution of grid
nodes neighboring the spindle.

spindle surface is apparent. As before, a no-slip boundary condition was applied
on the sphere and spindle surface.

Solver settings were kept the same as without spindle and the simulation was
run to obtain a steady state solution. Figure 5.5 shows the streamlines obtained
from these simulations plotted in the 3D and associated projective views. For-
mation of circulation regions at the four corners of the tank can be seen. These
circulation regions imposes a transversal flow normal to the plane of primary mo-
tion; this is shown as alternating blue and red patches in the velocity color plot,
see panel (d). These transversal flows are responsible for the streamlines being
not restricted to their horizontal plane of origin.

Laboratory measurements of the Eulerian velocity field were performed using
3D-PTV. Achieving a detailed one-to-one comparison between the experiments
and the simulations is not the objective but rather to get a qualitative agreement
between the two. In order to achieve a rather dense set of velocity vectors, we
increased the concentration of tracer particles in the tank than that required for
carrying the time-periodic mixing studies. To handle this dense particle distribu-
tion, the camera configuration was changed back to the standard one where all
the four cameras are positioned on one side of the tank. This configuration is
highly efficient in resolving the 3D correspondence problem. The experiment was
conducted by rotating the sphere at a constant angular speed of 8 deg/s about
the vertical axis and images were captured at a constant rate of 1 Hz in synchro-
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Figure 5.5 – Numerical results for a sphere rotating about its spindle and including a
ring. Panels (a) and (b) show the influence of wall confinement on the streamline topology.
Formation of circulation regions at the wall edges can be seen from the streamline pattern
in panel (c). The distribution of transversal flow (z-component of velocity) normal to
the primary plane of motion (induced by the presence of the walls) is plotted for one of
the horizontal plane, z = - 0.12 m as shown in panel (d).

nization with the light source. The flow being steady allowed us to repeat this
procedure several times to acquire a large data set.

The output generated from this procedure was a dense set of velocity data but
limited to only one side of the tank with a big void in the data set right behind the
sphere. This was not an issue here because we could use the reflectional symmetry
property of the flow to reproduce information on the other halve. Notwithstanding,
output data from PTV is normally on an unstructured grid and so requires post-
processing to achieve a smoother velocity field from a scattered set. We used the
common Adaptive Gaussian Window (AGW) interpolation scheme to perform this.
However, prior to this we need to get rid of the outliers and this was performed
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using an algorithm based on the technique introduced by Westerweel and Scarano
[101].

In Figure 5.6(a) shows the velocity vectors obtained by combining data from
multiple realizations of the vertical rotation experiment. It can be clearly seen
that the data is not homogeneous and has regions with sparse information. Some
of these vectors are colored distinctly red to highlight the outliers in the mea-
surement. Following the post-processing procedures like outlier detection, spatial
interpolation and data smoothing we have produced a smoother data set to facil-
itate interpretation. Panel (b) shows velocity magnitude in the z = 0 plane (top
view), whereas panel (c) shows velocity magnitude in the vertical plane y = 0 (side
view). Panel (d) shows a uniform distribution of typical closed circular streamlines
which are representative of swirling flows. The arrow indicates the flow direction
sense. It is to be noted here that the measurements were limited to a region close
to the sphere and so we do not have data near the walls. Thus, we do not see
a strong deformation of the streamlines from the ideal Stokes type behaviour in
these results. The streamlines were generated by the inbuilt streamline function of
MATLAB applied to the structured velocity field obtained by AGW interpolation.

5.3.2 Base flow due to rotation about the horizontal axis

It was verified that the numerical result for flow due to rotation about the hor-
izontal axis without ring and spindle was equivalent to the rotation about the
vertical axis. Taking a step further to include the ring and spindle, numerical
simulations were carried out for the steady motion of a sphere rotating about the
x-axis with an angular speed of 8 deg/sec, including vertical spindle and stationary
ring. Panels (a) and (b) of Figure 5.7 show color plots of the velocity magnitude
in the x-y and y-z plane, respectively. Four dimples in the velocity color plot
surrounding the sphere surface can be identified in panel (a) where two of them
are aligned along the horizontal x axis and correspond to the rotation poles while
the other two aligned along the vertical y axis are adjacent to the stationary ring.
Similarly, in panel (b) a thin circular region with low velocity is seen surrounding
the sphere surface which is caused by the presence of the stationary ring. Panel
(c) shows the streamline pattern taking the form of a drop or onion shape due
to the disturbance by the spindle. As the streamlines approach the spindle from
below they get deflected due to kinematic blocking and this imparts a velocity
component in the x-direction. Occurrence of this transversal velocity component
shows up as red and blue regions on the color plot of panel (d), which shows the
magnitude of the transversal velocity component Vx in the y-z plane. Lastly, the
streamline portraits in panels (e) and (f) show the existence of a secondary flow
in the equatorial plane. The flow seems to be radiating outwards from one side
of the stationary ring while flowing inwards on the opposite side. Although we do
not have clear reasons to explain this, we believe that it is not a numerical artifact
as a similar effect were also observed in the laboratory experiments (shown later).
Nevertheless, the magnitude of the associated velocity is very small (1 percent of
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Figure 5.6 – Flow characteristics obtained from laboratory measurements. The flow
was induced by rotation of the sphere about the spindle. Panel (a) shows the velocity
vectors obtained directly from these measurements. Panel (b) and (c) show the color
plot for velocity magnitude on the z = 0 and y = 0 plane, respectively. Panel (d) shows
the streamline portrait computed on the z = 0 plane.

the local dominant flow velocity) and so its effect is not much of a concern here.

To further examine the effect of the ring, an array of passive tracers was re-
leased in the simulated flow close to the ring. They were distributed spatially
both in the radial (r) and azimuthal (φ) direction spanning a small band across
the ring width, as shown in panel (a) and (b) of Figure 5.8. These tracers are
then numerically advected in time and their resulting trajectories were obtained.
Panel (a) also outlines the resulting trajectories where it is seen that the particles
that were at the center of the ring lag behind their adjacent neighbors resulting
in the formation of a U-shaped profile in the time frozen trajectory plot. The
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Figure 5.7 – Flow characteristics obtained from COMSOL simulation for the case of
horizontal rotation. Panel (a) and (b) shows the color plot for velocity magnitude in the
x-y and y-z planes, respectively. In order to present a close-up of the ring effect the xy
plane in panel (a) is limited to ± 0.1 in either axis. The streamlines on the y-z plane
shown in panel (c) take the pattern of a drop or onion due to disturbance by the spindle.
Transverse flow component Vx induced by the spindle is shown in the panel (d). Panels
(e) and (f) displays the existence of a secondary motion on the equatorial plane defined
by z = 0, in a 3D and projective view, respectively.
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velocity profile shown in panel (c) also has a similar distribution with the highest
dip occurring at the center and the effect gradually diminishing with the radial
direction. Again, panel (d) shows the same result but now normalized with the
maximum velocity corresponding to a given r. We note that a similar result was
obtained earlier from the experimental measurements, see Figure 5.1. Panel (e)
shows the velocity magnitude variation with radial distance r obtained for tracers
corresponding to different φ values. The velocity dependence on (r, φ) is shown
in panel (f), where the colors represent the velocity magnitude. Using linear least
square fitting a fifth order bi-variate polynomial was fitted to this surface.

Next, we present results from the experimental measurements for comparison
with this numerical analysis, see Figure 5.9. Once again, the measurements cor-
respond to a cubical domain with the sphere in the center and we focus on the
region close to the sphere. Panel (a) shows the velocity vectors obtained from the
measurements. Most of the velocity measurements correspond to a region roughly
20 mm and further from the sphere surface with hardly any tracer in the vicinity
of the sphere, see close-up in panel (b). Hence, these measurements were unable
to resolve the ring effect. Results shown in panel (c)-(h) do not result from direct
measurement but are derived from the measured velocity. The post-processing
steps involved is expected to have smeared out any gradients. Therefore, we ex-
pect the ring effect to be less prominent here than in the numerical simulations
(see Figure 5.7, panels (a) and (b)). To be noted, these measurements involved
a high concentration of tracers different from the ones shown in Figure 5.1 where
limited tracers were used and placed strategically in the domain. Panel (c)-(f)
present color plots of velocity magnitude on three different y-z planes identified by
x = -12, -2 and 30 mm and the x-y plane at z=0. Panel (g) shows the streamlines
computed at three different vertical planes identified by x = -50, 0 and 50 mm.
The pattern on the x=0 plane depicts a similar onion shaped structure as seen in
its numerical counterpart (see Figure 5.7(c)). Interestingly, the streamline pattern
on the equatorial plane z = 0 shown in panel (h) is found to be similar to the
secondary flow obtained earlier numerically (see Figure 5.7, panels(e) and (f)).

5.3.3 Steadiness of the base flow

We now focus on the long-time experiments to retrieve Lagrangian information
from the flow field. In this respect, it is necessary to check the steadiness of base
flow in the experimental set-up. In the Stokes limit, the streamlines for a rotating
sphere are supposed to be closed circles. We check this for the base flows generated
by a sphere rotating about its vertical and horizontal axis, respectively. In both
cases the sphere was rotated at a constant angular speed of 8 deg/s for about
ten revolutions. In such long-time experiments, the tracers move to the other
side of the sphere. Therefore, the camera configuration was re-arranged to the
modified settings as discussed in Chapter 4. Furthermore, to simplify the tracking
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Figure 5.8 – Detailed characterization of ring influence for the horizontal rotation case.
Panel (a) shows a snap-shot of trajectories obtained for numerous artificial tracers re-
leased at positions indicated by the red markers. A distribution of artificial tracers across
the ring is shown in panel (b). Panel (c) shows the variation of velocity magnitude with
φ, computed at different radial distance r. Location of the ring is given by φ = π/2 and
3π/2. Panel (d) shows the same result but now normalized with the maximum velocity
corresponding to a given r. Variation of velocity magnitude with r is shown in panel (e).
Each curve here corresponds to a particular φ value. Panel (f) displays the surface plot
for velocity distribution close to the ring.

procedure and monitor tracers successfully over a long period, we preferred to
work with just 8-10 tracers. This means, we had to get rid of the excessive tracers
that were used to obtain the results discussed in the previous subsections. Panels
(a) and (b) of Figure 5.10 show the tracer trajectories for rotation about the
vertical and horizontal axis, respectively. For rotation about the horizontal axis,
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Figure 5.9 – Flow characteristics obtained through experimental measurements for the
case of a sphere with spindle and stationary ring, rotating about is horizontal axis. Panel
(a) show the velocity vector. A close-up of the tracks nearest to the sphere surface
is shown in panel (b). Panel (c)-(e) show the velocity magnitude on the y-z planes
positioned at x = -12, -2 and 30 mm respectively. Panel (f) shows a similar plot but on
the x-y plane at z = 0 to indicate the existence of low velocities close to the ring and
poles. Panels (g) and (h) show the streamline portraits on distinct planes.
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the trajectories are closed, whereas for rotation about the vertical axis, the tracers
do not return to their original positions. In the latter case, the trajectories spiral
upwards. This is very likely caused by the background convection current which
has a predominant velocity along the z-axis in the central region of tank. The
net vertical drift of these trajectories during the time-span of the experiment was
around 8 mm, which correlates well to that estimated on the basis of a convection
velocity of 20 μ/s and duration of 450 s. This effect is less pronounced in the
horizontal rotation case. This is because the primary flow induced by a sphere
rotating about its horizontal axis has also a component along the vertical direction
which outweighs the weak convection current. Moreover, this flow may smear out
any thermal gradients responsible for the convection current. Nevertheless, this
does not guarantee that for very long term measurements the horizontal rotation
is steady since heating by the electrical motors may enhance convection.

Figure 5.10 – Measured tracer trajectories in base flows Fz and Fx. Panels (a) and
(b) correspond to rotation about the vertical and horizontal axis, respectively. The
trajectories appear to be spiraling in the former while remains closed in the latter case.

5.4 Conclusion

The base flows Fz and Fx introduced in Chapter 2 is considered here but within
a laboratory framework. Owing to practical limitations there exists obvious dif-
ferences between these realized base flows and their idealized counterparts such as
geometrical effects introduced by the walls, ring and spindle. Moreover, their exists
non-quiescency caused by thermal convection due to thermal gradients. Important
here is to account for these effects by studying their influence on the induced flows.

Effect of wall, ring and spindle has been studied via both experimental mea-



503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana503635-L-bw-Moharana

5.4 — Conclusion 99

surements and CFD simulations. Reasonable qualitative agreement has been found
between the CFD and experimental measurements. The wall effect was found to
be negligible in regions close to the sphere r=2R and the general flow topology
away from the walls and corners is preserved. Following this, all the measurements
needed for the remaining part of the study were carried out in this region. Effect
of the stationary ring and the spindle on the velocity distribution has been quan-
tified both experimentally and through CFD simulations. Experimental evidence
has been provided for existence of background convection flow, where the maxi-
mum value of this velocity was measured to be 20 μm/s. Apparently, this resulted
in spiraling of the particle trajectories for an otherwise closed set of trajectories.

From these comparisons we can conclude that the experimental setup is suitable
for exploration of mixing by an actuated sphere.
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Chapter 6

Exploratory mixing studies
with several actuation
protocols

6.1 Introduction

The numerical results presented in Chapter 3 indicated that some form of pertur-
bation is essential for attaining chaotic mixing in flows driven by forcing protocols
involving only (piecewise-steady) rotations of a sphere. In essence artificial per-
turbation is qualitative equivalence of weak fluid inertia or transversal oscillatory
motion which was used to perturb the flow. The objective of this chapter is to
validate and complement the numerical/analytical analysis of Chapter 3 and to
identify forcing protocols that induce chaotic mixing in an experimental setting.
Chapter 5 already demonstrates the capabilities of 3D-PTV to examine the base
flow constituting the rotational protocol. Here, we take a step further by experi-
mentally investigating their composite protocols.

The study initiates with an experimental investigation of the two-step rota-
tional forcing followed by higher-order rotational actuation with an objective of
validating the numerical findings of Chapter 3 along with examination of the con-
sequences of the non-idealities of the flow. Subsequently, the role of perturbation
is examined by systematic introduction of translation as an intermediate forcing
within the rotational actuation. We begin with single axis rotation combined with
translation, making way to two axis rotation which leads to some interesting ob-
servations. In the latter type of rotational-translational actuation, two basic class
of forcing has been considered. First, where the translational forcing is orthog-
onal to both rotational axes and second, the translational forcing is parallel to
one of the rotational forcing axis. The experimental observations made in each

101
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of the above cases is supported with numerical simulations making a one-to-one
comparison with the experimental results.

In parallel to above study, the perturbation in the form of fluid inertia has also
been studied through extended numerical simulations.

6.2 Two-step rotational actuation

Time-periodic rotational forcing protocols similar to those introduced in Chapters
2 and 3 is considered here. It is made up of the two rotational base flows being
applied in a sequential way and can be represented as

ΦT = Fx(ΔΘ2)Fz(ΔΘ1), (6.1)

where Fx and Fz are the base flows induced by rotation of the sphere about the x-
and z-axis, respectively. Here, ΔΘ1 and ΔΘ2 represent the angular displacement
of the sphere during each of the two flows. Figure 6.1 shows a typical example
where trajectories have been obtained in the laboratory for five different tracer
particles under the action of a time-periodic forcing protocol. The sphere was
rotated at a constant angular speed of 8 deg/s and the rotation angle ΔΘ1,2 was
120 degrees for each rotation direction. Short spans of these trajectories are shown
in Figure 6.1 which are distinguished by distinct colors. The presence of streamline
re-orientation is clearly evident from these measurements.

The presence of such a re-orientation operation is a necessary but not sufficient
condition for chaotic mixing, so its mere presence does not guarantee optimal mix-
ing. Indeed, a theoretical/analytical analysis in Chapter 3 has shown that forcing
protocols involving only (piecewise-steady) rotations of a sphere are inefficient for
mixing. Tracer dynamics on the Poincaré map was confined to closed ring-like
structures. So, the challenge here is to validate this finding through experimental
measurements and to find alternative forcing protocols that induce mixing. The
experimental conditions in the laboratory setup are not exactly the same as in the
theoretical/numerical model discussed in Chapter 3. In particular, the presence
of wall and the minute geometrical details of the sphere can result in some differ-
ences in the local dynamics. Notwithstanding these local differences, we expect
the global flow topology to be similar to that obtained in Chapter 3.

We adopted the following experimental procedure: we released a few passive
tracers in the tank and applied the time-periodic protocol over a definite period of
time. Long-time tracer trajectories were then obtained from the recorded images
which later were further analyzed to obtain the experimental Poincaré maps.

6.2.1 Poincaré maps (experimental)

Non-dimensional displacement ratio is an essential parameter reported in most
laminar mixing studies which affect the mixing quality significantly for a given
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Figure 6.1 – Typical example of streamline re-orientation caused by the action of time-
periodic forcing protocol. Different colors are used to distinguish trajectories correspond-
ing to different tracers. These tracks were obtained employing 3D-PTV technique. Initial
positions of the tracers are highlighted by black colored (o) markers.

type of forcing. Often there exists a critical value to this parameter which gives
the optimal mixing for a given class of forcing. Current study also introduces a
similar non-dimensional parameter defined by Γ = ΔΘ1/ΔΘ2 which is specific to
the system studied. The numerical studies in Chapter 3 revealed that for forcing
protocols involving only (piecewise-steady) rotations of a sphere the mixing is in-
dependent of the parameter Γ. As shown in Chapter 3, in the unperturbed system
the topological features remain unaltered no matter what value of displacement
ratio is chosen. The only change it introduces is in the orientation of the one-
dimensional circular structures formed on the Poincaré map. We expect to see a
similar behavior in the experiments despite the minute differences from the numer-
ical model. Hence, we considered variation of this parameter in the experiments
to validate these numerical findings.

The current experimental facility, however, does not permit a periodic appli-
cation of arbitrary forcing protocols over their fundamental time-period T . This
is due to the fact that the two rotations are not independent but correlated by
virtue of the mechanical linkage between the orthogonal axes. With the sphere
center at the origin, the horizontal axis is not fixed but rotates along while the
sphere is rotated about its vertical axis. Thus, the only possibility to apply proto-
col (6.1) periodically over T is to consider angular displacement of (multiples of)
180 degrees during the vertical rotation step which would re-align the horizontal
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axis back to its initial configuration i.e. ΔΘ1 = kπ. In principle, this limitation
is not really a problem as any protocol other than this particular one will be at
least periodic over an integral multiple of T , i.e. nT where n is a non-negative
integer greater than unity. In fact, some of our early experiments were carried out
considering angular displacements other than 180 degree. The results obtained
from these measurements with ΔΘ1 �= kπ are reported in this section. However, a
bottleneck associated with this choice is that they demand additional experimen-
tal run time than ideally required in order to get a specified number of mappings
on the Poincaré map. This can be explained as follows: The base flow resulting
from rotation of the sphere in a bounded domain lacks rotational symmetry i.e.
Fx �= Fx′ , with x′ = R(φ) · x and φ is the azimuthal angle. Consequently, the
intermediate forcings of ΦT are different from the each other until the condition
n×ΔΘ1 = π is reached, where n indicates the nth application of the forcing ΦT .

Considering the background flow disturbances induced by the convection cur-
rents we would prefer to keep the experiment duration as short as possible whilst
achieving sufficient mixing information. We have already seen that the base flow
Fz is affected noticeably by such disturbances, much more than its counterpart
Fx. This suggests that to limit the disturbance level to a minimum we should
think about choosing those forcing protocols where the application of Fz is for a
relatively shorter period than Fx. In order to explore the importance of these ef-
fects (lack of rotation symmetry, presence of stationary ring, convection currents)
we present a few experimental results obtained under four different combinations
of the parameter Γ and ΔΘ

6.2.1.1 Γ = 1 and ΔΘ1 �= π

To begin, we report the results from a two-step protocol with Γ = 1 and ΔΘ1 �= kΠ
where the angular displacement during each forcing step is equal to 240 degrees of
sphere rotation. The angular speed being constant at 8 deg/s, the time duration
for each individual step is 15 seconds. Thus, the protocol can be represented as
ΦT = Fx′(ΔΘ2 = 240)Fz(ΔΘ1 = 240), with T = 30 seconds. The ΔΘ1 not being
a multiple of π results in a dynamic behavior of the horizontal axis x′ attached
to the sphere’s origin. With every application of Fz, the axis x′ rotates by 240
degrees. Thus, we can write x′ = Rz(φ = 240) · x. Panel (a) of Figure 6.2
shows the trajectory measured for a tracer released roughly 20 mm from the
sphere surface under the application of the time-periodic forcing. The streamline
re-orientation pattern is clearly evident in the obtained track. The measured
trajectory corresponds to a time duration of 250T , where T is the fundamental
time-period. The tracking procedure despite of being successful could not lend any
conclusive outcome. This is due to the fact that the tracer motion has been greatly
disturbed by the convection current which has eventually resulted in a spiraling
outward motion. Nevertheless, two important observations were made from this
experiment. First, to avoid convection the tracer should be released very close to
the sphere surface where the viscous forces will be dominant and the flow would
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be dominantly driven by the sphere motion and second, reducing the actuation
duration can minimize convection effects by decreasing the time it acts on. The
placing of tracer close to the sphere is tricky as one has to be fortunate enough
for the tracer to be not trapped in the low-velocity stationary ring region which
would otherwise lead to some different kind of forcing.

6.2.1.2 Γ = 1/3 and ΔΘ1 �= π

Following this protocol, new set of measurements were made with reduced ΔΘ1,2 in
order to minimize convection effects. Moreover, the tracer was released at a strate-
gic position close to the sphere. In addition, a non-equal angular displacement ratio
of Γ = 1/3 was used where the displacement amplitudes corresponding to the ver-
tical and horizontal rotation steps were 40 degrees and 120 degrees, respectively.
The resulting protocol is given by ΦT = Fx′(ΔΘ2 = 120)Fz(ΔΘ1 = 40), with x′

= Rz(φ = 40) · x. Panel (b) of Figure 6.2 shows the trajectory of one such tracer.
Here the tracer was released at roughly 2 mm from the sphere surface and just
above the South Pole, as indicated by a red (o) marker. The rz-projection plot
shown in panel (c) reveals that the tracer motion is confined to the surface of an
invariant shell implying that the convection indeed had negligible influence. Thus,
it is a valid case to be considered for evaluating the Poincaré map dynamics. Here,
one has to be cautious while taking the stroboscopic snapshot as the protocol is not
periodic over T but rather over 9T which apparently reduces the amount of data
by a factor of nine. Panel (d) shows the Poincaré map obtained from this data set
which has in total 23 data points. These points seem to have arranged themselves
in the form of a circle-like structure on the map. Likewise, if we looked at maps ob-
tained from the remaining eight intermediate periodic protocols they too displayed
a similar behavior but the structures being rotated by 40 degrees. Transformation
of these nine structures using a rotation matrix would merge all the data points on
to a single circle with some jitter around it, as shown in panel(e). To simulate this
case numerically the idealized model was adapted by incorporating the dynamic
variation of the horizontal axis. The numerical Poincaré map shown in panel (f)
obtained from this numerical exercise is in good qualitative agreement with the
experimental one.

6.2.1.3 Γ = 1 and ΔΘ1,2 = π

The previous case although was successful in demonstrating a closed-ring be-
haviour on the Poincaré map but was limited by the number of periodic mappings.
Thus, to acquire the maximum number of periodic maps which would result in a
densely populated 1D closed-ring on the Poincaré map we considered a forcing
protocol with ΔΘ1,2 = π. Apparently, this setting corresponds to the Γ = 1 case
but now carried out with a smart positioning of the tracer. The tracer was released
sufficiently close to the sphere surface and well below the equatorial plane. The
protocol considered is periodic over T . The sphere was rotated in a piece-wise
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Figure 6.2 – An experimental investigation of tracer transport carried out for the two-
step forcing protocol under two different settings for the non-dimensional parameter Γ.
Panel (a) corresponds to a case with unit Γ value but the measurements are ruined
by convection effects. Panel (b)-(f) corresponds to a case with Γ= 1/3. The tracers’
3D trajectory and its projection on the r-z space is shown through panel (b) and (c),
respectively. Panel (d) shows the Poincaré map sampled at every n = 9 integral multiple
of T which appears in the form of a circle. Panel (e) shows the merger of all maps from
the single tracer on the Poincaré map using the rotation transformation. Panel (f) shows
a numerical Poincaré map simulating the real scenario for varying horizontal axis (x′

= Rz(φ = 40) · x). The numerical result is found to be in good agreement with the
experimental one.
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Figure 6.3 – Measured tracer transport induced by a time-periodic forcing protocol with
unit displacement ratio, Γ=1. The applied protocol is periodic over the fundamental
time period T . Panel (a) shows the the rz projection of tracer trajectory while panel (b)
displays the associated Poincaré map.

manner about the vertical and horizontal axis by 180 degrees resulting in a pro-
tocol given by ΦT = Fx′(ΔΘ2 = 180)Fz(ΔΘ1 = 180) where x′ = - x. In order to
maintain the same sense of fluid motion in the tank, the motor action responsible
for imparting horizontal rotation was altered in its direction with each alternative
application of the protocol. The time-period being just T in this case, allowed
us to extract a lot more information than before which lead to a dense structure
on the Poincaré map. The rz-projection shown in panel (a) of Figure 6.3 reveals
the confinement of tracer dynamics to a thin shell. However, the Poincaré map
dynamics in panel (b) appears to take a more complicated pattern than a simple
closed-ring.

A closer examination of the trajectory revealed that the tracer was temporarily
trapped in a region close to the stationary ring. This was made evident by plotting
the velocity profile; see Figure 6.4, where one can notice the U-shaped dimple
formed in the velocity distribution. The center of this dimple occurs at x=0
which corresponds to the position of stationary ring on the sphere surface. This
distribution was constructed using an ensemble of velocity data obtained from the
tracer’s Lagrangian trajectory sampled from all the horizontal rotational steps.
On the other hand, the velocity data sampled from all the vertical rotation steps
behaved ideally without any dimple as expected; see panel(a). Recall that this
U-shaped profile looks similar to that shown earlier in Figure 5.8, obtained from
CFD simulations. The flow local to the ring being different from the ideal base
flow disqualifies the applied protocol from being periodic in the current situation.
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Figure 6.4 – Velocity profiles acquired from the tracer’s Lagrangian trajectory informa-
tion undertaken under the application of the two-step periodic protocol. Panel (a) shows
the variation with respect to the z-coordinate sampled during the constituent vertical
rotation step. Panel (b) shows the variation with respect to the x-coordinate sampled
during the constituent horizontal rotation step where the stationary ring is positioned at
the x = 0 location.

In summary: we could minimize the convection effects by releasing tracers close
to the sphere, but the disturbances introduced by the presence of a stationary ring
leads to unexpected tracer motion. Since the latter issue is intimately linked with
the mechanical design of the sphere it cannot be averted. So, we decided to work
around the convection problem by further reducing the experiment durations. By
doing so we are effectively reducing the net drift caused by the convection cur-
rent. The reduction in time can be achieved by replacing the original motors with
newer ones capable of attaining speeds higher than earlier. Ideally, we would have
liked to implement this hardware modification for both the vertical and horizontal
rotational actuations but the replacement was limited to the former as a higher
capacity motor inside the sphere would otherwise aggravate the heating effects.
Following this modification, the vertical rotational speed could be varied up to 40
deg/s which is an increase by a factor of four. It is to be noted that even at these
higher operational speeds the Reynolds number is still well below 1.0. Hence, it is
safe to ignore the inertial effects and assume a Stokes type flow.
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6.2.1.4 Γ = 4.5 and ΔΘ1 = π

Below we present the new set of measurements carried out with the modified
hardware settings. To further minimize the actuation time, periodic protocols
with non-unity angular displacement ratio Γ = 4.5 were considered. Following
this requirements, the protocol considered is given by

ΦT = Fx(ΔΘ2 = 40, τ2)Fz(ΔΘ1 = 180, τ1) (6.2)

where Γ = ΔΘ1/ΔΘ2 �= 1.
The results presented here correspond to two different settings of the angular

speed during the vertical rotation step, i.e. 20 deg/s and 40 deg/s, while the
rotational speed for Fx was kept unchanged at 8 deg/s. Speed being irrelevant in
the Stokes limit the base flow should be identical and thus we expect the tracer
dynamics to be similar in the two cases. The first sets of experiments were carried
out with an angular speed of 20 deg/s. In Figure 6.5, panel (a) displays the
trajectory of an individual tracer during the periodic application of the forcing
protocol while the panel (b) shows its derived Poincaré map. The tracer although
released relatively distant from the sphere yet displays a closed ring like behavior
on the Poincaré map in a qualitative sense. Thus, increasing the rotational speed
has indeed served the purpose to some extent. However, some minute jitters can be
seen on the map which is supposedly caused by the convection effects and so could
be minimized by further decreasing the operational time. Consequently, we carried
out similar measurements with the same forcing protocol but now operating at even
higher rotational speed, namely, 40 deg/s. The same figure, panel (c) shows the
Poincaré map evaluated for multiple tracers under this further increased rotational
speed. Distinct colors are used here to distinguish between the different tracer
particles. Each tracer is seen to follow a closed ring like structure on the map.
The amplitude of jitter has dropped considerably. This confirms that indeed the
background convection effects were responsible for introducing those jitters around
the 1D closed-rings on the Poincaré map in panel (b).

Summarizing, we have succeeded in demonstrating within a laboratory frame-
work that forcing protocols comprising of rotational actuations results in closed
1D rings on the Poincaré map. These particular protocols are, however, inefficient
with regard to the tracer transport as any tracer would remain confined to these
invariant 1D rings forever on the Poincaré map.

6.3 Higher-order rotational actuations

We have demonstrated through experiments that despite of its differences with
respect to the simplified model in Chapter 2 the rotational actuation yields similar
results as obtained in numerical studies despite many non-idealities related with
the experimental set-up. However, these protocols (as in numerics) are inefficient
with regard to mixing and the non-idealities do not serve as suitable perturbations
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Figure 6.5 – Investigation of tracer transport under revised experimental settings. Panel
(a) and (b) display the tracer trajectory and Poincaré map respectively, corresponding
to the case with an operational speed of 20 deg/s applied during the vertical rotation
actuation. The Poincaré map shown in panel (c) corresponds to another experiment
with similar settings as the former except for a higher operational speed of 40 deg/s for
the vertical rotation. Different colors are used to distinguish tracer particles while their
initial positions are marked by the (o) markers.
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to trigger chaotic mixing. An important conclusion is that wall effects lead to
dynamics topologically equivalent to that obtained from the simplified numerical
model without walls.

Hence, we explore alternative mixing possibilities via application of other type
of actuations within the framework of present experimental set-up. The first
among these is a four-step rotational actuation which comprises of four different
rotational actuations. The protocol can be represented as

ΦT = F−1
φ (ΔΘ2 = 40, τ2)F

−1
z (ΔΘ1 = 45, τ1)

Fφ(ΔΘ2 = 40, τ2)Fz(ΔΘ1 = 45, τ1),
(6.3)

where Γ = ΔΘ1/ΔΘ2 �= 1 and T = 2(τ1 + τ2). Here, Fφ and F−1
φ represent

the forward and reverse flow, respectively, due to rotation of the sphere about an
horizontal axis aligned at an angle φ on the x-y plane. The results shown here
corresponds to a protocol with φ =45◦.

This forcing protocol has been studied both experimentally and numerically,
where in both cases we followed a similar procedure of obtaining Poincaré maps.
We discussed in Chapter 3 that owing to the linear behavior of the Stokes regime
any piece-wise combination of rotational motion by an ideal sphere would always
results in a circular motion on the Poincaré map. So, it is now interesting to see
how the dynamics of this modified forcing would be influenced by the ring and
spindle. Multiple tracers were tracked in the laboratory experiment which were
then processed to obtain the Poincaré map. Figure 6.6, panel (a) shows a snap-
shot of a typical trajectory obtained for an arbitrary tracer subjected to the above
protocol whereas panel (b) shows the complete trajectory and its corresponding
Poincaré map, see red (*) markers. To make a comparison with the numerical
model, Poincaré maps obtained for multiple tracers using both numerics and ex-
periments are plotted together as shown in panel (c). Here, the experimental
results are displayed using blue color markers while green is used for the numeri-
cal ones. As expected, the numerical Poincaré maps take the shape of circles while
some deformations are seen in their experimental counterparts. In the latter case,
Poincaré curves existing close to the solid sphere appear in the form of kidney
shaped structures yet remain closed. We believe that this deviation is caused by
the disturbances induced by spindle.

6.4 Effects of walls and inertia on mixing: numer-
ical investigations

The focus here is to extend the numerical analysis of Chapter 3 to more complex
systems and forcing protocols. In particular, this will help to fill the gaps in ex-
perimental studies like for instance allowing investigation of mixing properties in
regions close to the walls, studying cases with large angular displacements and
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Figure 6.6 – Investigation of tracer transport in the case of four-step rotational actua-
tion. Panel (a) shows a close-up of trajectory obtained using 3D PTV for an arbitrary
tracer subject to the four-step rotational actuation (6.3) while panel (b) displays the
complete trajectory of that tracer along with the resulting Poincaré map. Blue col-
ored markers are used to represent the trajectory while red (*) markers represent the
stroboscopic snapshots forming the Poincaré map. In panel (c), a comparison of the
experimental Poincaré map indicated by blue curves is made with the numerical ones
indicated by green colored curves. The initial position for each tracer is indicated by red
(o) marker. 3D PTV was used to produce the experimental Poincaré map.

more importantly, examining the role of fluid inertia. So far, our strategy of judg-
ing the effectiveness of a protocol or mixing quality has been through investigation
of its Poincaré map. It basically portrays the system’s long-term dynamical be-
havior in a lower-dimensional space. However, in doing so one should take care
that the computations are accurate enough and reliable. According to Liouville’s
theorem [76], dynamics on these maps should be divergence free imposing the
mass-conservation constraint. Hence, mass conservation is a key issue which if not
satisfied well, can result in numerical artifacts or misleading results.

Generally speaking, laminar mixing studies involving chaotic advection are
limited to simplified systems which have access to highly accurate divergence free
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velocity field obtained through either analytical solution or via spectral method.
Under these conditions, the velocity interpolation is divergence free leading to ac-
curate computation of Poincaré maps. On the other hand, systems with complex
geometries like the one considered here lacks any of these inputs and so its velocity
field needs to be computed numerically using discretized Navier-Stokes equations.
In general, the velocity field obtained is limited to discrete grid points. This ne-
cessitates the application of an interpolation procedure to approximate the local
velocity at any other spatial position. Typically, this approximation (usually a lin-
ear) does not obey the divergence-free constraint and incorporates an error in each
application. Chaotic systems being inherently sensitive to noise, such error can
grow exponentially in time resulting in a non-physical solution. Thus, it is imper-
ative to fix the divergence issue related to velocity interpolation before advancing
in our mixing studies. Thus to proceed with the numerical studies, we employ a
modified variant of the mass-conservative interpolation scheme introduced by Li,
2006 [109]. An overview of the technique is presented in the Appendix A.2.

6.4.1 Effect of geometry

Objective is to further explore the transport properties of current two-step rota-
tional protocols ΦT = Fx · Fz with regard to two important effects namely:

(i) influence of the wall (finite domain)

(ii) influence of the spindle

This will supplement the earlier experimental studies in examining transport prop-
erties close to the walls and further, spanning a broader parameter space for Γ
which was otherwise not possible owing to practical reasons. The analysis is car-
ried out in a systematic way. In the initial stage, only the walls are included
keeping the sphere geometry simple in the model and the outcome is then com-
pared with the unbounded analytical case. Next, complexity to the model is added
by incorporating the minute details on the sphere geometry like the spindle and the
ring. Finally, the role of the parameter Γ is studied by varying the displacement
ratio in the model. Once again, Poincaré maps are computed and the transport
properties are interpreted by analysis of the dynamics exhibited there. This is
accomplished by introducing artificial passive tracers in the domain and tracking
them numerically using the earlier mentioned mass-conservative algorithm. Fig-
ure 6.7 shows the Poincaré maps computed for an array of passive tracers subjected
to different two-step rotational actuation protocols. The results shown in panel
(a)-(c) are based on the forcing ΦT = Fx(ΔΘ2 = 120, τ2)Fz(ΔΘ1 = 120, τ1), with
Γ = ΔΘ1/ΔΘ2 =1 while the results in the last panel are based on the forcing
ΦT = Fx(ΔΘ2 = 40, τ2)Fz(ΔΘ1 = 180, τ1), with Γ = ΔΘ1/ΔΘ2 =4.5.

The map in panel (a) is based on Stokes analytical solution but evaluated at
discrete grid points while panel (b) is based on a CFD generated velocity field
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including wall effects but without the ring and spindle. In both cases the displace-
ment ratio Γ=1. The dynamics on both maps take the form of 1D closed curves
which are topologically equivalent to circles, demonstrating that the effect of the
walls is not sufficient to perturb the system. Although the curves get increasingly
deformed while getting close to the walls they remain closed. Panel (c) displays a
similar map obtained from the CFD model that involved the ring and spindle and
reveals that tracer relatively distant from the sphere has dynamics unperturbed
by the ring and spindle. Lastly, panel (d) also shows a similar behavior despite of
applying a modified Γ value (Γ=4.5) to the case with spindle and ring. From these
examples, it is apparent that closed curves are typical for time-periodic rotational
actuations and they remain closed despite minute geometrical effects or variations
of parameter Γ. Hence, this class of actuation is inefficient for mixing.

We extend the analysis further by looking at the underlying coherent struc-
tures. The key elements dictating the formation and appearance of these structures
are the periodic points, the most important among them being the period-1 points.
Figure 6.8 gives the period-1 points for the case shown previously in panel (c) of
Figure 6.7 with Γ =1.0. These were computed using the iterative Newton-Raphson
algorithm introduced earlier in Chapter 3. The periodic points have merged into
periodic lines. Applying the local linearization approximation, it was found that
each point on this is elliptical in nature. The periodic line being elliptic in nature
will be associated with island-type structures which is inefficient from a mixing
point of view (Chapter 3). Computation of these points is a time-consuming op-
eration. For that reason, the demonstration of such periodic lines is limited to
this specific case only, while it is assumed that the same holds true for other cases
too. The overall transport behavior exhibited here is similar to those that has
been observed in the unperturbed idealized case presented in Chapter 3. This
implies that despite the presence of additional (geometrical) complexities like the
sidewalls, the stationary ring and the spindle the dynamics remained topologically
unaltered. In other words, these additional geometrical details could not perturb
the system sufficient enough to introduce complex dynamics. Here we note that
sufficiently close to the sphere surface, i.e. within a radial distance of 3 mm from
the sphere surface, we observed some jitters in the Poincaré map. We are not sure
if the jitter was due to the ring or due to numerical artifacts resulting from the
mesh coarseness.

6.4.2 Role of fluid inertia

So far we have shown that mixing in the Stokes limit under the application of
rotational actuation is inefficient. Even the inclusion of bounding walls and spin-
dle into the model intending to make it realistic was not sufficient for triggering
any different dynamics. The flow topologies were found to be similar to those ob-
served in the case of the unperturbed idealized model studied in Chapter 3. Hence,
we take a step further to introduce the fluid inertia in the numerical model and
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Figure 6.7 – Investigating the role of wall confinement, geometrical complexities and
the parameter Γ on tracer transport. The forcing considered is a two-step rotational
actuation. Shown are the Poincaré maps evaluated for an array of tracers under four
different scenarios. The results in panel (a) was obtained using the Stokes analytical
solution for an unbounded flow while the CFD velocity field computed for a bounded
creeping flow was used in panel (b). The analysis shown in panel (c) differs from that
of panel (b) with the inclusion of additional geometrical complexities (ring and spindle)
to the CFD model. Lastly, Poincaré map shown in panel (d) is based on the same CFD
model as used in panel (c) but differs in the value of parameter Γ involved in the forcing.
Panel (a)-(c) are based on a Γ=1 while panel (d) utilizes Γ=4.5.

to investigate its role on the tracer transport. Making such an attempt through
experiments was not possible as the highest Reynolds number achievable was lim-
ited to Re ∼ 0.1 owing to practical limitations. Fortunately, the present numerical
extension lends the flexibility to consider a wide range of Re values.

The numerical procedure remains the same except for including fluid inertia in
the CFD model. The discretized Navier-Stokes equation is now solved for the two
base flows Fx and Fz but with inclusion of the non-linear term. A Newton-type
iterative method was used to compute the non-linear term. The geometrical details
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Figure 6.8 – The period-1 line obtained numerically from the CFD model for a two-
step rotation protocol with Γ = 1.0. The CFD model included the ring and spindle. The
periodic curve is elliptic in nature with complex eigen-values. Shown in blue color is the
Poincaré map obtained for multiple tracers under the same forcing protocol.

of the model and the angular speeds were kept the same as before and the Reynolds
number was varied over a set of finite values by choosing appropriate values for
the kinematic viscosity. In particular, the velocity fields were obtained for set
a Reynolds number, ranging from Re= 0.11 to 3.49. The periodic forcing was
limited to rotational types only, i.e. ΦT = Fx(ΔΘ2 = 120, τ2)Fz(ΔΘ1 = 120, τ1),
with Γ = 1. Figure 6.9 shows the Poincaré maps for four different values of
Reynolds number: (a) Re=0.0, (b) Re = 0.011, (c) Re = 1.63 and (d) Re =
3.49. The Poincaré maps are based on array of tracers released within the square
domain. Again, the structures are topologically similar to the Stokes case with
some noticeable changes starting to appear at Re =1.63. For visual clarity, only a
few tracers have been considered in panels (c) and (d) to focus on the complexities.
For larger Re, the dynamics becomes increasingly complex. The complexity is
initiated with the breakage of the closed invariant curves. This behavior is not
very much unexpected and is in line with the arguments given by Speetjens et
al., [86] on inertia induced chaos. The closed invariant curves which occupied
1D space have now been perturbed by the inertial effects transforming them to
two-dimensional donut-like structures. The rate of formation of these donuts was
observed to be increasing with increasing inertia. Although tracer transport seems
to have improved with increasing Re it is important to recall that the flow regime
is outside the range desired for bio-sensor applications. Thus, achieving optimal
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mixing within the Stokes limit impels us to look for alternative solutions.

Figure 6.9 – Effect of fluid inertia on tracer transport for the case of two-step rotational
forcing. Shown are the Poincaré maps for four different values of Reynolds number; panel
(a) Re=0.0, panel (b) Re = 0.011, panel (c) Re = 1.63 and panel (d) Re = 3.49. Tracer
dynamics for panel (a) and (b) are in the form of 1D closed curves while 2D torus-like
structures are seen for Re ≥ 1.63, as shown in panel (c) and (d).

6.5 Flow forcing by rotational and translational
actuations

Through laboratory experiments and numerical simulations we have shown that
tracer transport induced by any rotational actuation protocol is too restricted for
efficient mixing. Even the walls, spindle and ring were unable to induce chaotic
mixing. Also, inertia proved to be ineffective in triggering any complex dynamics
within the Reynolds number regime relevant to bio-sensor applications. So far, a
mechanism similar to the artificial perturbation discussed in Chapter 3 inducing
chaotic mixing has not been found. In Chapter 3, we speculated that the oscillatory
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term in the non-linear perturbation could be envisaged as being representative
of some transversal oscillation of the sphere. Intuitively, one would think that
introduction of a transversal forcing might break the invariant curve constraint
on the Poincaré map leading to improved mixing. Therefore, as a next step,
we consider transversal oscillations through numerical simulations and laboratory
experiments.

To achieve the transversal motion, one may consider either the case of a simple
constant velocity linear motion or a time-varying sinusoidal velocity. To keep the
study simple, we focus on the former as it can be easily realized in the laboratory
facility and secondly, a standard analytical solution exists for it in the Stokes limit.
The experimental facility enables the sphere to translate along two orthogonal axes,
i.e. along the x- and z-axis, by a computer-controlled traverse system. Numerical
modelling of a moving sphere is not trivial. This requires enforcing a moving mesh
which can be computationally expensive or implementing the immersed boundary
method. In either case, the accuracy of such simulations is a matter of concern; in
particular while aiming to investigate chaotic systems. Therefore, the numerical
study has been limited to the Stokes regime where we use a standard analytical
solution available for a rotating and translating sphere in an unbounded flow. The
analytical model described in Chapter 3 has been adapted to include the case of
a translating sphere.

The Stokes analytical solution for a moving sphere provides a steady flow field
valid at any particular instant of time with the origin fixed to the sphere center.
However, as time advances the sphere center would also move during the transla-
tion step. This is taken into account by evaluating the fluid velocities using the
relative position vector between the fluid particles and the updated sphere center
computed over each time step. Influence of the side walls are expected to be large
for the translating sphere case than for the rotating one due to direct kinematic
blocking for the former as opposed to viscous damping in the latter one. Thus, the
results from the simplified numerical model of a translating sphere can differ from
the realistic scenario with side walls. Nevertheless, for displacements of amplitude
(|Δi| ≤ 4% of R) these differences are expected to be small in the Stokes limit,
particularly close to the sphere.

6.5.1 Actuation by a sequence of translations

We start by considering actuating protocols composed of just translations and
then later study their role as a perturbation. Analogous to the four-step rotational
protocol considered earlier a four-step translational protocol is chosen. The time-
periodic protocol comprises of four basic translational steps being applied in a
particular sequence given by

ΦT = T−1
x (Δx, τ2)T

−1
z (Δz, τ1)Tx(Δx, τ2)Tz(Δz, τ1), (6.4)
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Figure 6.10 – Numerically computed Poincaré map for an array of tracers transported
by a four-step translational actuation. Magnitude and speed of the linear translation are
10 mm and 2 mm/s, respectively. Dynamics on the map are constrained to 1D-closed
curves. The initial position of each tracer is indicated by a red (◦) marker.

where Γ = Δx/Δz =1 and T = 2(τ1 + τ2).

Here, Tx and Tz corresponds to the flow induced by translation of the sphere
along the x- and z-axes, respectively. The sphere center moves along a square
shaped geometry under the four-step translation protocol while returning back
to its initial position at the end of a complete protocol map. The corresponding
tracer dynamics has been investigated both numerically and experimentally for
various combinations of translation speeds and sphere displacements. We itemize
the results to distinguish numerical results from the experimental ones.

(i) Preliminary numerical exploration:
The strategy is to first explore the parameter space through numerical sim-
ulation before proceeding to make arduous laboratory measurements. Fig-
ure 6.10 shows the Poincaré map obtained for an array of tracers for one such
case. Speed and amplitude of the actuation employed were 2 mm/s and 10
mm, respectively, which defines the forcing protocol as ΦT = T−1

x (Δx =
−10, τ2)T

−1
z (Δz = −10, τ1)Tx(Δx = 10, τ2)Tz(Δz = 10, τ1).

Inspection of the Poincaré maps reveals that tracers released to one side of
the sphere remain on that side. We could use this knowledge to our advantage
in laboratory experiments by re-arranging the cameras in the conventional
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configuration with all cameras on one side. This is convenient for tracking
numerous particles due to their high yield in the 3D correspondence step.

(ii) Laboratory study in combination with simulations:
Observation made in the previous numerical exploration was used in setting
up the camera configuration. Once again, the measurements were limited to
shorter time-scales in order to minimize the convection effects. Despite the
short time duration, the experimentally obtained tracer trajectories and their
associated Poincaré maps were found to be in good qualitative agreement
with the simulations. This is demonstrated through Figures 6.11 and 6.12
using a one-to-one comparison between the experiments and simulations.
Panel (a) and (b) of Figure 6.11 display the experimental results in the
form of trajectory corresponding to an arbitrary tracer and Poincaré maps,
respectively. Panel (c) and (d) on the other hand, display the corresponding
numerical results obtained using the same initial positions (indicated by red
markers) for tracers as in experiments. Amplitude of the linear displacement
and translational speed involved in this actuation were 3 mm/s and 6 mm,
respectively. Thus, the forcing protocol in this case is ΦT = T−1

x (Δx =
−6, τ2)T

−1
z (Δz = −6, τ1)Tx(Δx = 6, τ2)Tz(Δz = 6, τ1), with |U∞| = 3

mm/s. These numerically obtained trajectory and Poincaré maps show a
close resemblance to their experimental counterparts shown in panel (a) and
(b).

Figure 6.12 shows yet another example of one-to-one comparison of exper-
iments to simulations where the left panel corresponds to the experimental
Poincaré map while the right one is obtained numerically. The translation
speed involved in this case was the same as before (3 mm/s) except for in-
creased displacement amplitude which was now Δx = Δz = 9 mm, i.e. |Δi|
= 18 % of R. The objective was to verify if the dynamics still remained
unchanged with increase in |Δi|. The experimental result is in qualitative
agreement with the numerical. To conclude, we have verified here that the
tracer dynamics exhibited on the map are similar to those observed for the
rotational actuations. Once again, 1D closed invariant curves seem to char-
acterize the map.

(iii) Extension of numerics to outline periodic lines:
To extend the analysis, efforts were made to outline the coherent structures
existing in this class of forcing protocol. This exercise was limited to the
numerical case only as achieving them experimentally is far more exhaus-
tive and requires an extremely large data set to find them. To this end, we
considered a slightly modified protocol where the actuation imposed earlier
along the x-axis has now been replaced by actuation along the y-axis. There
was no specific reason for introducing this modification except for investi-
gating the role of axis dependency. Following this modification, the forcing
protocol is represented as
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Figure 6.11 – Poincaré map obtained via both experimentally and numerically for an
array of tracers transported under the periodic application of the four-step translational
actuation. Magnitude and speed of the linear translation considered are 6 mm and 3
mm/s, respectively. Dynamics on the map are constrained to a 1D-closed curve. The
initial position of each tracer is indicated by a red (*) marker. A snapshot of typical tracer
trajectory in experiment is shown in panel (a) while panel (b) displays the Poincaré map
obtained for multiple tracers in the same experiment. Panel (c) and (d) shows a similar
result but obtained numerically using the simplified numerical model.

ΦT = {T−1
y (Δy = −30, τ2)T

−1
z (Δz = −30, τ1)

Ty(Δy = 30, τ2)Tz(Δz = 30, τ1)},
(6.5)

with |U∞|= 1mm/s and τ1 = τ2 = 30 s. Figure 6.13 shows the corresponding
Poincaré map obtained for multiple tracers. With the change in the transla-
tion direction the orientation of the invariant curves has been modified but
the overall dynamics remains the same.

Important to note here is that the numerically computed period-1 line seems
to pass right through the centers of the ring-like structures. The spatial po-
sitioning of the periodic line with respect to the structures already indicates
that the periodic line should be elliptical in nature. This is confirmed by
the eigen-values computed by the local linearization approximation. Hence,
purely translational actuations are not essentially different from the rota-
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Figure 6.12 – Poincaré map obtained experimentally and numerically for an array of
tracers transported under the periodic application of the four-step translational actuation
is shown in panel (a) and (b), respectively. Magnitude and speed of the linear translation
considered are 9 mm and 3 mm/s, respectively. Dynamics on the map are constrained
to a 1D-closed curve. The initial position of each tracer is indicated by a red (*) marker.

tional actuation. Nevertheless, we have made a step towards the introduction
of translation as a perturbation. Its role with respect to rotational actuation
protocols is presented in a systematic way through the following sections.

6.5.2 Actuation by combined translation and rotation

We now focus on forcing protocols composed of both translation and rotation, that
is

ΦT = T−1(Δ4, τ4)F(ΔΘ3, τ3)T(Δ2, τ2)F(ΔΘ1, τ1), (6.6)

where Δi and ΔΘi represent the linear and angular displacement, respectively.
Here T and F stand for flows induced by the translational and rotational actua-
tions. We start by limiting the rotational actuation to a single axis. The forcing
protocol was chosen smartly so that it could be realized in laboratory and the
tracers would remain to one side of the sphere. The latter allows to use the con-
ventional camera configuration for particle tracking leading to higher yields. Two
specific forcing protocols as given by (6.7) were considered. Each of the two types
has been investigated both numerically and experimentally and their results are
itemized below as type-I and type-II, respectively.
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Figure 6.13 – Numerically obtained Poincaré maps along with the period-1 line, indi-
cated by the green curve. Initial position of each tracer is indicated by a red (*) marker.
The speed and amplitude of linear actuation are 1 mm/s and 30 mm, respectively.

ΦT = {T−1
z (Δz = −10, τ2)Fy(ΔΘ2 = 80, τ1)

Tz(Δz = 10, τ2)Fy(ΔΘ1 = 80, τ1)},
ΦT = {T−1

z (Δz = −10, τ2)F
−1
y (ΔΘ2 = −80, τ1)

Tz(Δz = 10, τ2)Fy(ΔΘ1 = 80, τ1)},

(6.7)

where the linear displacement denoted by Δz is in mm.

(i) Protocol of type-I:
The type-I actuation given by first equation in (6.7) corresponds to the
case where the direction of rotational actuation was maintained throughout
the forcing. The angular and linear speeds for performing the rotational
and translational actuations were 8 deg/s and 2 mm/s, respectively. The
tracer dynamics observed for this type is shown in Figure 6.14. Panel (a)
shows the experimentally obtained trajectory for an arbitrary tracer while
panel (b) shows the Poincaré map obtained for multiple tracers in the same
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experiment. Panel (c) and (d) show a similar result but obtained numerically
with the same settings as in experiment. The experimental trajectories and
their related Poincaré maps are in good qualitative agreement with those of
the numerical ones. Once again we have closed ring-like structure on the
Poincaré map.

Figure 6.14 – Tracer dynamics obtained through laboratory experiments and numerical
simulations are displayed in the top panels(a,b) and bottom panels (c,d), respectively.
Considering the left-hand side (panels (a) and (c)) a comparison can be between the
experimentally measured and numerical trajectory of an arbitrary tracer while the right-
hand side panels demonstrates a similar comparison for the Poincaré maps but evaluated
for multiple tracers. Initial position of each tracer is indicated by black (o) marker while
their Poincaré maps are distinguished by using distinct colors.

In addition, we provide yet another example of the first type which was
achieved by employing a different setting for the actuation speed and dis-
placement amplitudes, see Figure 6.15. The forcing protocol for this case
is ΦT = T−1

z (Δz = −10, τ2)Fy(ΔΘ2 = 40, τ1)Tz(Δz = 10, τ2)Fy(ΔΘ1 =
60, τ1), where |U∞| = 2mm/s and |Ω| = 8 deg/s. The experimental Poincaré
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Figure 6.15 – Comparison of Poincaré map obtained through laboratory experiments
and numerical simulation for multiple tracers is demonstrated through panels (a) and
(b), respectively. The initial positions of all tracers are indicated by black (o) markers
while their Poincaré maps are distinguished by using distinct colors for each tracer.

map obtained for multiple tracers is shown in panel (a) while its numerical
counterpart is shown in panel (b). Each tracer is marked by a different color.
The experimental and numerical results are in agreement and both indicate
that the tracer dynamics on the map is again of the closed-ring type.

(ii) Protocol of type-II:
When the direction of rotational actuation is reversed alternatively within
each forcing period as defined in (6.7), emergence of two distinctive sets
of concentric curves is visible on the Poincaré map, see Figure 6.16. The
experimental Poincaré map obtained for multiple tracers over 100T is shown
in panel (a). The numerical counterpart to this is presented in panel (b).
The experiments were hampered by weak convection which reflects the poor
qualitative agreement between the two. In the experimental result, one can
notice that the Poincaré maps for a few tracers are developing vertically
upwards.

Thus, we see that the numerical results are useful over the experimental ones
in demonstrating the long-term tracer dynamics. Following this, the numer-
ical tool was used to get Poincaré map for a high number of mappings. This
would result in the formation of well-defined structures on the Poincaré map
allowing an easy interpretation of the mixing behavior. Panel (c) shows the
numerical Poincaré map obtained for multiple passive tracers under the peri-
odic application of the protocol for 1000T . The emergence of two distinctive
sets of concentric curves is apparent here. Also shown is the period-1 line
that seems to be passing right through the center of the two sets of closed
structures. These period-1 lines are elliptical in nature concluding that the
above class of composite forcing protocols is also inefficient with regard to
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Figure 6.16 – Poincaré map of multiple tracers under the periodic application of protocol
(6.7). Short time-scale transport properties obtained from experiments over 100T of the
protocol is shown in panel (a), which is compared with the numerical results in panel
(b). Amplitude and speed of the linear actuation involved were 10 mm and 2 mm/s,
respectively, while the angular displacement and speed were 80 degrees and 8 deg/s.
Panel (c) shows an extension of the numerical computation to 1000T where the formation
of two distinctive closed concentric curves is seen. Also shown is the period-1 line in green
color which passes through the center of these concentric curves.

tracer transport. Thus, the introduction of an intermediate translation step
did not prove capable of perturbing the dynamics. As a result the resulting
dynamics is still constrained to 1D closed rings.

6.5.3 Two-step rotation with translational perturbation

Next, we consider translation as a perturbation in the two-step rotational actuation
protocol. A generic formulation of this actuation category can be given as,

ΦT = T−1(Δ4, τ4)Fx(ΔΘ3, τ3)T(Δ2, τ2)Fz(ΔΘ1, τ1), (6.8)

where T and T−1 represents the flow induced by the forward and reverse trans-
lational actuations, respectively. Under this actuation type we investigated two
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major classes of forcing protocols, one where the translational actuation is par-
allel to one of the two rotational axes and another where the two motions are
orthogonal to each other. These two classes of forcing protocols are defined by

ΦT = T−1
|| (Δ4, τ4)Fx(ΔΘ3, τ3)T||(Δ2, τ2)Fz(ΔΘ1, τ1)

ΦT = T−1
⊥ (Δ4, τ4)Fx(ΔΘ3, τ3)T⊥(Δ2, τ2)Fz(ΔΘ1, τ1).

(6.9)

Here, the notations T� and T⊥ are used to denote the linear translational flows
corresponding to the two types as mentioned.

For obvious reasons, a numerical exploration is carried out for these forc-
ing classes before proceeding to experiments. Figure 6.17 shows the numerical
Poincaré map computed for a single tracer under the application of such a forcing.
The parameter values involved here are |U∞| = 1 mm/s, |Ω| = 8 deg/s, ΔΘ1

= ΔΘ3 =120◦ and Δ2 = Δ4 = 1 mm along the y-axis which defines the forcing
protocol as

ΦT = {T−1
y (Δy = 1, τ4)Fx(ΔΘ3 = 120, τ3)

Ty(Δy = 1, τ2)Fz(ΔΘ1 = 120, τ1)},
(6.10)

where τ1 = τ3 and τ2 = τ4.
The tracer dynamics exhibited on the map takes the shape of a cylinder-like

structure encompassing the solid sphere. Thus we have identified a protocol which
leads to a dynamics other than the simple closed curves on these maps. The time-
evolution of this structure was studied in detail and it was found that the tracers
advanced in a spiraling path leading to the formation of this shape.

To better understand the physics of the induced tracer transport, we investi-
gate the long-time evolution of this structure which requires to extend the Poincaré
map to a relatively high number of mappings. Figure 6.18 shows the long-time
evolution of the system on the Poincaré map which acquires the shape of a donut
or torus. The structure initially develops in the form of a funnel until at a cer-
tain instant it folds backwards to form a torus. In particular, see panel (a) where
distinctive colors are used to demonstrate this phenomenon. Moreover, the nu-
merically computed period-1 line is also seen to pass through the central axis of
this torus. To conclude, we have observed a transition in the dynamics from being
1D to 2D on the Poincaré map with the introduction of translation in the two-step
rotational protocol. Interestingly, the flow topology observed here is very similar
to that observed earlier for the inertial cases. Thus, we have found a substitute for
the inertia model which was otherwise not realizable within the biosensor regime.

If, however, the translation axis is modified to either the x- or z-axis, the
dynamics reverts back to the simple closed ring type. Systematic tests were carried
out and revealed that such structures are obtained only if the translation is carried
along a direction that is orthogonal to both rotational axes. So, this orthogonality
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Figure 6.17 – Numerical Poincaré map for a single tracer obtained under the action of
the four-step protocol. The forcing (6.10) was applied 1000 times in a periodic fashion.
The tracer was released at the position highlighted by the red marker.

is a minimal condition for non-trivial dynamics. The rest of the section presents a
comparative study of experiments with simulation results which verifies this fact.
We start by discussing the laboratory settings considered in the context of the
protocol.

The above numerical analysis was aimed at examining the role of translation
as a perturbation and so the translational amplitudes considered were really small,
nearly 1% of the sphere diameter. If this protocol with extremely small displace-
ment amplitude has to be produced in the laboratory then it may seem infeasible
considering the significant amount of time it would need to generate a Poincaré
map where the structures are distinguishable. Therefore, to realize these cases
within an experimental framework in a practical time frame, we performed exper-
iments with relatively significant translational displacements compared to those
considered in the simulations. The sphere translational velocities and amplitudes
were varied over multiple experiments to study their role on tracer transport. As
a result of viscous resistance on the sphere, the transversal translations resulted
in a bending torque acting on the spindle. To minimize this torque, the speed of
the translation was limited to small magnitudes (≤ 3mm/s). Thus, the protocols
involving vertical translation i.e. along z-axis took less time per actuation cycle
than the one with horizontal translation. To have as much as possible mappings
within a given time duration we need to consider a protocol that is periodic over
the fundamental time-period T . This necessitates the angular displacement to be
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Figure 6.18 – Evolution of the cylindrical structure shown in Figure 6.17 into a torus
using numerical simulations. Panel (a) presents an early stage of this torus where the
funnel shaped structure grows radially and then starts to fold, panel (b) shows the torus
in its matured stage which was obtained after roughly 10000T . Lastly, the period-1
periodic line is shown in panel (c) along with the coherent structure. The line passes
through the hole of this torus. The initial position of tracer is marked by a red marker.

180 degrees during the vertical rotation step. On the other hand, to keep the motor
heating to the minimum, we used relatively smaller angular displacements during
the horizontal rotation (40 degrees). Since the coordinate system is predefined
and fixed to the center of the tank, the sphere’s horizontal rotational action can
be easily configured to achieve a rotation about the x- axis or y- axis by simply
setting the initial orientation of the stationary ring. With these possibilities, we
could investigate two major classes of forcing protocols given by (6.9), one where
the translational actuation is parallel to one of the two rotational axes and another
where the two motions are orthogonal to each other.

To investigate experimentally the transport properties of such forcing protocols,
the camera configuration needs to be altered as tracer particles will be meandering
all around the sphere. Experiments were carried out for both the two cases with
varying speed and amplitude of displacements. The experimental measurements
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were aimed at achieving at least 100 mappings before the convection could signifi-
cantly affect the measurements. Hence, the expectation from these measurements
is not to capture the complete toroidal structure but rather to attain at least a
small segment of it. Fortunately, in most cases we could manage to attain Poincaré
maps from measurements which were carried over 200 repeated application of the
protocol. Results corresponding to each of the two types are itemized below:

(i) Orthogonal translation (formation of tori):

Figure 6.19 shows the results (both experimental and numerical) obtained
for one such forcing protocol where the translational axis was orthogonal to
both the rotational actuations. The forcing protocol is represented as ΦT =
T−1

x (Δx = −3, τ4)Fy(ΔΘ3 = 40, τ3)Tx(Δx = 3, τ2)Fz(ΔΘ1 = 180, τ1),
where |U∞|= 3 mm/s, |Ωz|= 20 deg/s, |Ωy|= 8 deg/s, and τ2 = τ4 = 1
s while τ1 = 9 s and τ1 = 5 s.

A comparison of the measured tracer trajectory with that obtained from
the numerical model is presented through panel (a)-(b) of Figure 6.19. The
vertical spacing between the trajectories appears to be relatively dense for
the numerical case (panel (b)) as compared to the experimental case (panel
(a)). This difference may be due to the action of natural convection drifting
the particle vertically upwards. Nevertheless, the streamline re-orientation
pattern observed is in close agreement with the numerical trajectory. In
addition, a comparison of the Poincaré maps derived from the experimental
trajectory and numerical simulation is presented in panels (c) and (d), re-
spectively. Finally, panels (e) and (f) show a similar result as in panels (c)
and (d) but for a different tracer subject to the same forcing.

Next, to study the role of the displacement amplitude on the tracer trans-
port the amplitude of linear displacement was doubled while keeping the
protocol composition and the actuation speeds unchanged. This resulted in
doubling of the time duration taken for each translation step thereby in-
creasing the overall time-period of the periodic forcing by four seconds. The
particular forcing protocol is given by ΦT = T−1

x (Δx = −6, τ4)Fy(ΔΘ3 =
40, τ3)Tx(Δx = 6, τ2)Fz(ΔΘ1 = 180, τ1), where |U∞|= 3 mm/s , |Ωz|= 20
deg/s, |Ωy|= 8 deg/s, and τ2 = τ4 = 2 s while τ1 = 9 s and τ1 = 5 s.

Measurements with this modified forcing were carried out for the same num-
ber of mappings as before. Figure 6.20 shows the Poincaré map obtained
from this experiment along with the results obtained from the numerical
model. The structure formed here is found to be more developed towards
a cylindrical object than that observed in the previous case. Based on this
observation, we tentatively conclude that increasing the magnitude of linear
displacement has accelerated the transport.
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Figure 6.19 – Tracer dynamics under the action of a realistic four-step forcing protocol
with translation of the type T⊥. Panels (a) and (b) show tracer trajectories obtained
using laboratory measurements and simulation, respectively, for an arbitrarily selected
tracer. Panels (c) and (d) compare the experimental to numerical Poincaré map derived
from the above trajectories. A similar comparison is shown in panels (e) and (f) but for
a different tracer. In all of the plots the initial position of tracer is indicated by a red
(o) marker. The speed and amplitude of linear displacement employed are 3 mm/s and
3 mm, respectively.
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Figure 6.20 – A similar experimental validation of Poincaré maps but now obtained for
a forcing protocol ΦT which has been modified by doubling the amplitude of horizontal
displacement Tx(Δx) to a value of 6 mm while the maintaining the same actuation
speed |U∞|. The panel (a) corresponds to experimental data while panel (b) is a result
of numerical simulation. Red (o) markers indicate tracer initial positions.

So far, tracer transport observed in the laboratory is in qualitative agreement
with results from numerical simulations. However, the growth rates of the
cylindrical structures are much slower in the experiments than in numerical
simulations. We strongly believe that this difference is caused by the con-
vection current which has a tendency to drift the tracer particles upward. A
way to segregate the convection effect from the actual forcing induced trans-
port behavior is to think of a forcing scenario where the tracers would be
transported rather vertically downwards or in other words, the cylindrical
structure should develop downwards. If this can be achieved then we can
confidently claim that this downward growth occurring on the map is solely
by the action of the actuation.

Such a forcing protocol was found by implementing minor modifications to
the previous one by just reversing the direction of the horizontal transla-
tion. With the sphere initially positioned at the origin, the linear actuation
was initiated by translating the sphere along the negative x-axis for a def-
inite time which was then followed by a translation along the positive axis
during the return stage. Experimental measurements were carried out with
this modified protocol to study its transport properties. In Figure 6.21 we
present the results in the form of Poincaré maps for two such measurements
and compare them with their numerical counterparts. The applied forc-
ing protocol is given as ΦT = T−1

x (Δx = 6, τ4)Fy(ΔΘ3 = 40, τ3)Tx(Δx =
−6, τ2)Fz(ΔΘ1 = 180, τ1), where |U∞| = 3 mm/s, |Ωz| = 40 deg/s, |Ωx| =
8 deg/s, and τ2 = τ4 = 2 s while τ1 = 9 s and τ1 = 5 s.
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The desired downward growth is evident from the experimental results and is
in close agreement with the numerical findings. These cylindrical-like struc-
tures are expected to form a torus if longer time durations were considered.

Figure 6.21 – Initiation of a downward growth for the coherent structures triggered by
manipulation of the composite protocol. A comparison of Poincaré map obtained through
experiment and simulation for distinct tracers under the action of the periodic forcing is
shown. Panel (a) shows the experimental Poincaré map while its numerical counterpart is
shown in panel (b) for an arbitrary tracer. Panel (c) and (d) presents a similar story but
obtained for a distinct tracer. In each panel, initial positions of tracers are highlighted
by red (o) markers. The speed and amplitude of linear actuation employed in both the
cases are 3 mm/s and 6 mm, respectively.

Although forcing protocols composed of both orthogonal translation and
rotation may enhance mixing, the present examples are not optimal in this
respect. Fundamentally, the dynamics on a toroidal structure is not chaotic
but rather quasi-periodic. Formation of this tori is a first step towards chaos.
The next step in this regard should be inducing breakdown of these tori.

(ii) Parallel translation (1D closed-ring, trivial dynamics):
Investigations carried out so far concerned the first class of forcing protocol
where the translation or linear oscillation was orthogonal to the rotational
axis. Now, we focus on the second class where the translation is aligned along
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Figure 6.22 – A comparison of Poincaré map obtained through experiment and sim-
ulation for protocol with translation of the type T‖. Panel (a) shows the experimental
Poincaré map while its numerical counterpart is shown in panel (b) for an arbitrary tracer.
Initial position of tracer is highlighted by a red (o) marker. The speed and amplitude of
linear actuation employed in both the cases are 3 mm/s and 6 mm, respectively.

one of the rotational axis. The forcing protocol under consideration is given
by ΦT = T−1

z (Δz = −6, τ4)Fx(ΔΘ3 = 40, τ3)Tz(Δz = 6, τ2)Fz(ΔΘ1 =
180, τ1), where |U∞| = 3 mm/s, |Ωz| = 20 deg/s, |Ωx| = 8 deg/s, and τ2 =
τ4 = 2 s while τ1 = 9 s and τ1 = 5 s.

In this case the translation is aligned along the z-axis which improves sta-
bility to the sphere motion and possibly damps some of the existing thermal
gradient along that direction. The amplitude of linear displacement was the
same as that used in the previous forcing, i.e. 6 mm. Figure 6.22 shows the
results obtained from this case. Here, panel (a) displays the experimental
Poincaré map obtained for a single tracer under the periodic application of
this forcing, while its numerical counterpart is shown in panel (b). The forc-
ing was applied for a total of 200 T during the measurement. As discussed
earlier, the dynamics on the map is in the form of 1D close curves as op-
posed to the torus. The experimental outcome also shows a similar picture,
however, with some jitter around the curve. These jitters are probably due
to background convection which were hardly noticeable for lower number of
mappings e.g. 40T .

6.6 Conclusion

An exploratory study on various forcing protocols has been carried out in this
chapter. Selection of these protocols was based on the practical realizability in the
laboratory set-up taking into account of the various limitations, such as geometrical
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constraints (walls, ring and spindle) and thermal convection.

Objective of this chapter was to validate and complement the numerical/
analytical study of Chapter 3 and to search for forcing protocols that induce
chaotic mixing in an experimental setting. Key to such a study is the Poincaré
map whose determination within a laboratory framework is challenging due to
scarcity of data, especially in 3D cases. We believe that the present work has con-
tributed to this. It required obtaining long-time Lagrangian trajectories for tracer
particles moving around the sphere, which has been achieved using the modified
3D-PTV code developed in Chapter 4. We could verify through experimental
measurements the fact that the tracer dynamics associated with generic two-step
rotational actuations are constrained to 1D closed curves on the Poincaré map.
The disturbances introduced by wall confinement and the spindle were not capa-
ble of triggering any complex dynamics. The four-step rotational actuation and
the four-step translational actuation, displayed a similar behavior and thus also
disqualified for accomplishing efficient mixing. However, with the introduction
of translational actuation as a perturbation in the two-step rotational actuation
interesting dynamics was observed. The choice of this translational motion is
very particular as its direction needs to be orthogonal to both the rotational axes;
otherwise, the dynamics would revert back to the 1D-closed curve type. For or-
thogonal translation the 1D closed curve constraint was broken and tracers formed
a toroidal surface on the Poincaré map. Formation of a torus was noticed where
the tracer exhibited a quasi-periodic motion on the surface of this structure. Al-
though we could not observe such a fully-developed torus in our measurements due
to practical limitations, we succeeded to visualize a small segment of the torus,
which validated the numerical simulations.

Parallel to these measurements, an extension was made to the numerical set-up
used in Chapter 3 to study the role of fluid inertia as the experimental set-up did
not permit an easy way of realizing high Reynolds number flows. This numerical
study showed that for mixing protocols operating at Reynolds number of 1.6 and
onwards, a torus equivalent to that discussed above was observed for two-step rota-
tional actuations. The rate of growth of these structures increased with increasing
Reynolds number. Although this is an interesting finding it is less relevant within
the context of biosensor applications where the operational Reynolds numbers are
far below unity. Thus, so far, inclusion of orthogonal translation as a perturbation
in the two-step rotational actuation appears to be the available solution.
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Chapter 7

Conclusions and Outlook

7.1 Conclusions

The objective of this study was to search for forcing protocols that optimize the
capture efficiency and transport of target molecules in micro-uidic systems via
magnetically actuated beads. Key to this objective is detailed knowledge of the
transport and mixing properties nearby the bead surfaces, which are determined
by the local spatial organization of the unsteady fluid trajectories. Quantitative
information, obtained from a macroscopic laboratory experiment, combined with
results from numerical simulations were used to optimize the mixing and capturing
processes.

Chapter 2 and 3 provided a numerical/analytical study on the fundamental
transport phenomena and associated mixing processes around a piecewise-steadily
rotating spherical bead. We assumed that the fluid is incompressible and Newto-
nian. A detailed transport analysis revealed that perturbation of the Stokes flow
around the sphere (bead) is essential to attain (locally) chaotic mixing. To this
end, we introduced a nonlinear perturbation that changes the flow in essentially
the same way as fluid inertia or bead oscillations. The impact of this perturbation
on the mixing properties has been explored for various actuation protocols via
symmetry analysis, numerical simulation of three-dimensional (3D) fluid trajecto-
ries and computation of Poincaré maps. We found evidence of intricate coherent
structures which are key to 3D mixing because they geometrically constrain and
determine the tracer transport. In particular, we observed thin transport chan-
nels which enable radial transport of material to and from the surface. It was
found that the formation of shell-like layers and tube-like structures is intimately
linked to the presence of isolated periodic points. Analysis of the computed flow
field revealed that focus-type periodic points impose radial transport of tracer
material along their 1D manifold, resulting in the formation of concentric tubes
centered on the 1D manifold. In contrast, node-type (and also focus-type) periodic
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points, through their 2D manifolds, may lead to the formation of transport barri-
ers, resulting in quasi-2D tracer motion within shells of finite thickness. This was
illustrated by the manifold topology around focus-type and node-type points as
well as by Poincaré sections characterizing the corresponding 3D tracer transport.
Radial transport of material to and from the sphere surface is thus imposed by
the 1D manifold of focus-type periodic points and an optimization of the capture
efficiency of target molecules should be based on identifying focus-type periodic
points and their corresponding 1D manifolds. The observed mixing behavior is
similar to that recently reported for 3D lid-driven cavity flows and thus strongly
suggests that the perturbation is indeed qualitatively representative of physical
effects such as fluid inertia or oscillations of the beads.

Parallel to the above numerical study, a macro-scale experiment was designed
and fabricated in order to validate and complement the numerical/analytical anal-
ysis. The experiment enabled us to benchmark the numerical findings and search
for the forcing protocol that induces chaotic tracer transport. In the first part of
Chapter 4 a detailed description of the experimental setup was given. The setup
had been designed such that the results of the experiments can be scaled down
directly to the dimensions of the actual biosensor.

One of the challenging parts was the accomplishment of highly accurate ro-
tational and translational motions of the sphere in multiple independent direc-
tions. Another challenge was the measurement of 3D trajectories all around a
solid sphere. Such measurements are non-trivial and to our knowledge have not
been reported before within the present context. In the second part of Chapter
4, we have identified the measurement difficulties and highlighted the limitations
of the existing 3D-PTV procedure with regard to the current flow measurement.
We proposed modifications to tackle the issues which have been successfully im-
plemented in a modified 3D PTV algorithm. In our approach we have taken extra
care in constructing the 3D correspondence by using spatio-temporal matching
algorithms while the temporal tracking is done using the conventional technique.
In particular, if an error is made in the epipolar correspondence step (leading to
a non-physical 3D point) it is generally not corrected in the original code. In con-
trast, the modified code uses all the redundant information to make sure that the
3D correspondence is correct and so the 3D points fed to the temporal linking are
largely the valid ones. In addition, a modified camera calibration technique has
been proposed which is based on a mapping between 3D physical and 2D image
coordinate that employs a generic polynomial representation instead of an optical
model. This technique eliminates the need to incorporate geometrical details of the
set-up or camera parameters and thus is very convenient to handle experimental
facilities with complex geometries and curvatures.

Finally, Chapter 5 and 6 provided an exploratory study on the mixing proper-
ties of various forcing protocols in an experimental setting. Choices of protocols
made were based on the actuation schemes available within the experimental setup
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and various practical limitations due to the presence of the spindle, the stationary
ring on the sphere surface and the convection effects. Nevertheless, we could man-
age to obtain interesting and revealed results by following a particular strategy.

This experimental study was carried out in conjunction with numerical com-
putations to validate and complement the laboratory measurements. Key to such
studies is the Poincaré map whose determination within a laboratory framework
is quite rare to date. It required obtaining long time Lagrangian trajectories for
tracer particles moving around the sphere, which has been achieved using the
modified 3D-PTV code developed in Chapter 4. We could verify through exper-
imental measurements the fact that the tracer dynamics associated with generic
two-step rotational actuations are constrained to 1D closed curves on the Poincaré
map. It was found that the disturbances introduced by wall confinement and the
spindle were not capable of triggering any complex dynamics. The four-step rota-
tional actuation as well as the four-step translational actuation, displayed a similar
behavior. However, with the introduction of translational actuation as a perturba-
tion in the two-step rotational actuation interesting dynamics was observed. This
study was initiated with numerical simulations and later on complemented by lab-
oratory measurements. The choice of this translational motion is very particular
as its direction needs to be orthogonal to both of the rotational axis; otherwise,
the dynamics would revert back to the 1D-closed curve type. Under the influence
of this promising protocol, the 1D closed curve constraint was broken and tracers
formed toroidal structures on which the tracer exhibited a quasi-periodic motion.
Although we could not observe such a fully-developed torus in our measurements
due to practical limitations we succeeded to observe a small segment of the torus
which was validated by numerical simulations. This formation of tori is the first
step towards accomplishment of 3D chaos.

Parallel to these measurements, an extension was made to the numerical setup
used in Chapter 3 to study the role of fluid inertia, because the experimental setup
did not permit realizing high Reynolds number flows. Hence, the base flow velocity
fields were obtained using CFD computations which were then utilized to numer-
ically track fluid particles. A mass-conservative velocity interpolation technique
was implemented and used in these numerical tracking schemes. The numerical
study showed that for mixing protocols operating at Reynolds number of 1.6 and
onwards, a torus equivalent to that discussed above was observed in case of the
two-step rotational actuation. The rate of growth of these structures increased
with increasing Reynolds number. Although this is an interesting finding it is
less relevant within the context of biosensor applications where the operational
Reynolds numbers are far below unity. Thus, so far, inclusion of transversal actu-
ation as a perturbation in the two-step rotational actuation serves to be the best
solution for accomplishment of efficient mixing.
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7.2 Outlook

One of the key challenge towards design of an efficient biosensor is developing
a thorough understanding of laminar transport mechanisms in realistic 3D fluid
systems, including both Newtonian and non-Newtonian fluids. Their rigorous ex-
perimental validation along with further development of 3D transport formalisms
on the basis of principles from mathematical physics and finally their translation
and integration into analysis and design strategies.

The system studied in Chapter 2 and 3, were simplified through the assump-
tion of an incompressible and Newtonian fluid. A natural extension towards the
biosensor design should be to toss out the simplifications in order to approach
the realistic scenario. In particular, most biological fluids employed in biosensing
applications can have complex properties behaving in a non-Newtonian manner.
Thus, to make a viable design tool, one needs to extend the study incorporating
physics of complex fluids. Additionally, the role of Brownian motion of the tar-
get particles can be introduced in the model via stochastic ordinary differential
equations.

In Chapter 6, we demonstrated through numerical simulation and laboratory
measurements that a four-step translation rotation protocol can lead to improved
mixing if the applied translation is orthogonal to the rotation axes. Under these
condition, the tracer exhibited dynamics on the surface of a tori which would
otherwise fall back to a 1D closed curve for translation parallel to rotational axes.
However, a mathematical formalism to supplement this observation is still lacking
which can be taken forward. Secondly, the improved dynamics obtained so far
is still a step away from being chaotic. Fundamentally, dynamics on a toroidal
structure is not chaotic but rather quasi-periodic. Nevertheless, formation of this
tori is a first step towards chaos. The next step in this regard should be inducing
breakdown of these tori. Thus, the dynamics in the current setting should be
explored further, in particular, we need to know whether chaos can indeed be
achieved this way.

Finally, the investigation on 3D mixing around an actuated sphere presented
in Chapter 6 were based on a system where the geometrical distance between
the sphere and the boundary walls was fixed. However, in a real biosensor the
beads can come close to the boundary walls which would then result in a flow
different than studied here. These effects are worth studying which can be achieved
by making a parametric study on the influence of this distance on the mixing
properties. Further, a biosensor in application can employ multiple beads instead
of just one as considered in our study. Consequently, the resulting flow pattern
can be different due to the interactions between beads. Thus, the study can be
extended by gradually introducing increasing number of spheres in the system.
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Appendix

A.1 3D correspondence using space-time infor-
mation and flow geometry

Assuming that the standard scheme has been applied for over a few frames the
new model proceeds as follows.

Let tn+1 be the current time frame in focus. An existing trajectory T (�x, t) that
has been tracked successfully until tn is selected and is verified for valid connections
at earlier time frames, namely tn−1, tn−2, tn−3 and so on. The velocity and position
information from these earlier time instances is used to predict its position X3D

pred

at a later time tn+1. In literature, researchers have reported the use of linear
regression for prediction, where the pre-existing track segment is first fitted with
a polynomial and then extrapolated to predict its future position. We concede
that it is an accurate method but considering the computational time involved
a rather simple approach was preferred. Moreover, the accuracy of prediction is
not of concern here as the procedures following it rely on other constraints as well
which will be soon apparent. Accordingly, we considered a more direct method
like the Euler method with a modification that the applied velocity was computed
by taking average over all the velocities available until tn−4 instead of just using
the most recent velocity.

The occlusion by sphere is handled by involving the sphere in the prediction
model. For this, a proper geometrical knowledge of the physical sphere with respect
to the camera coordinate system is essential. In order to achieve this data in
a laboratory framework a tracer particle was glued to the sphere surface and
trajectories of this tracer were obtained for a rotating sphere. A least-square
fit was applied to the trajectory data to obtain the center and radius R0 of the
hypothetical sphere.

Each predicted 3D point X3D
pred at tn+1 is verified to identify if the line of sight

141
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Figure A.1 – Case-I: Schematic representation depicting the various possible geometrical
relations between the line of sight emanating from X3D

pred and the hypothetical sphere.
(a) The line is well intersected by the sphere, (b) The line is just grazing the sphere, (c)
X3D

pred falling inside the hypothetical sphere due to fitting error.

from this point to the projective center Oc of a given camera is intersected by
the hypothetical geometrical sphere of radius R0 placed at the origin. These ge-
ometrical intersection points are denoted as Q1 and Q2. Critical to this practice
is a situation when in reality the tracer at tn+1 would be extremely close to the
physical sphere. Apparently, the fitting errors can lead to misleading results; the
predicted point X3D

pred can appear either slightly inside or away from the geometri-
cally fitted sphere. We have accounted for these possibilities in the algorithm and
present here three such possible scenarios.

(i) There exist two physical intersection points Q1 and Q2 and ideally both of

them should lie on the line segment X3D
predOc, where Oc is the camera pro-

jective center. Figure A.1 illustrates the various possibilities associated to
this case. As mentioned before, a fitting error can cause the point X3D

pred to
appear just inside the fitted sphere which would result in Q1 positioned out-

side the line segment X3D
predOc. In any case, compute the minimum distance

�min between the line of sight and the sphere. Define a threshold parameter
� equal to 1

10R0.

If |�min −R0| < �, the line is just grazing the sphere, see panel (b). In
this case no clear judgment can be made regarding the occlusion.

If |�min −R0| > �, the line is clearly intersecting the sphere and so the
3D point would be occluded for the considered camera (panel (a) and
(c)).

(ii) The two intersection points Q1 and Q2 are physically valid and ideally both

of them should exist outside the line segment X3D
predOc, see Figure A.2. How-

ever, due to fitting error the point X3D
pred can appear just inside the sphere
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Figure A.2 – Case-II: Schematic representation of various possible geometrical relations
between the line of sight emanating for X3D

pred and the hypothetical sphere. (a) The line
is well intersected by the sphere but in the reverse direction, (b) the line is just grazing
the sphere, and (c) X3D

pred falling inside the hypothetical sphere due to fitting error.

thereby resulting in Q2 lying inside X3D
predOc, see panel (c). Compute the

minimum distance denoted by �min. For |�min − R0| < �, the line is just
grazing the sphere. Similar to previous case no clear judgment can be made
regarding the occlusion. However, if |�min − R0| > �, then the line is in-
tersected by the sphere but outside the interested region and the 3D point
should be visible for the considered camera. Here we associate the line with
a parameter denoted as lspan, which basically defines the allowable range
along this line over which an intersection with another similar line from a
different camera is physically allowed to form a 3D point. This extra in-
formation helps to avert any non-physical intersection computed during the
forward intersection procedure. The distance from X3D

pred to the reference
point Oc defines the lspan for this line.

(iii) Lastly, the case when there is no intersection at all, i.e. both Q1 and Q2

are complex roots, see Figure A.3. Once again a decision is made based on
�min. For |�min −R0| < �, the line is assumed to be just grazing the sphere.
However, for |�min − R0| > �, the line is quite off from the sphere and so
the 3D point should be clearly seen by the considered camera. The distance
from X3D

pred to the reference point defined by lspan is computed for this line.

Following the above criterion, if a predicted point is not occluded by the sphere
then it is projected back onto the respective image space using the camera orien-
tation and calibration data. This also includes those cases where the line of sight
was defined to be grazing the sphere surface. Thereupon, an image space point
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Figure A.3 – Case-III: Schematic representation of various possible geometrical relations
between the line of sight emanating for X3D

pred and the hypothetical sphere. (a) The line
is quite distant from the sphere and so there can be no intersection, (b) the line does not
make an intersection but its proximity to the fitted sphere leaves the possibility open.

denoted as X2D
pred, is made available. Centering each predicted 2D point a search

circle with radius Rs = 4dp is defined, where dp is the typical particle image diam-
eter in pixels. All the ”N” candidates lying within the search region are evaluated
and examined as probable matches for the projected 3D point. Each candidate
is associated with a cost function D, which is basically the Euclidean distance to
the predicted 2D point. The candidate with the least cost is identified and its
corresponding D is labeled as Dmin. For a given camera or view, selection of the
best match among the probable candidates proceeds as follows:

For N = 1, if Dmin ≤ dp is satisfied, then the only available candidate
qualifies as the best match for the given camera and is thus selected. It is
based on the idea that, an image point lying within a distance less than or
equal to the image diameter from the predicted position can be unarguably
selected. Panel (a) of Figure A.4 is a practical example for this case.

For N = 2 or 3, if the ratio Dmin

Dj
≥ 1/3 with {j : Dmin �∈ Dj}, then the

candidate corresponding to Dmin is selected. Here, a candidate is selected
here only when the cost function Dmin associated with it outplays the rest
by a substantial margin i.e. a factor of 3.

If no selection has succeeded so far (see, for example, panel (b) of Figure A.4)
then the ambiguity is resolved by selecting the smoothest track (one with minimum
acceleration) among all the possibilities in the image space. This is accomplished
by implementing an image-space based tracking algorithm. A description of this
function is given next.

For the selected view (camera-2), 2D image points at tn−2, tn−1 and tn that are
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Figure A.4 – Back-projection of a 3D predicted point X3D
pred on to the different cameras

at tn+1. Each panel here represents the image space information corresponding to a
particular camera. Each 2D image point in the camera views is encircled by a magenta
colored open circle (◦) and additionally tagged by an index. The back projected X2D

pred

points are indicated by open yellow squares (�) while green colored pluses (+) are used
to indicate the selected matches. In the current case, the Dmin criteria has failed to
identify a valid link in the camera-II view due to existence of two possible candidates
in close proximity with the projected position indicated by yellow (�). Absence of open
yellow squares (�) in camera-III and IV indicates occlusion of the X3D

pred for these two
views.

associated with the 3D trajectory T (�x, t) are accessed. Considering X2D
n−2, X

2D
n−1

and X2D
n as the first, second and third-frame 2D image points, respectively, a

four-frame 2D tracking is applied to establish the position X2D
n+1 at tn+1. However,

when the particles in the image space are spatially close, the candidate track with
lowest cost function often fails to outweigh the rest possibilities in terms of the
smoothness. Hence, to resolve the ambiguity and make a clear judgment the
tracking scheme is extended to the fifth frame using image information from tn+2.

Adding further complexity to this is the re-orientation of streamlines due to the
piece-wise periodic nature of flow. These streamline re-orientations will result in
high acceleration or cost function in spite of being physically valid. Consequently,
the smoothness criteria can lead to a spurious linkage. A streamline caricature
depicting the re-orientation pattern is shown in Figure A.5 where a re-orientation
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Figure A.5 – Illustration of streamline re-orientation due to application of a piece-wise
steady periodic flow. The point tagged by (t∗) corresponds to the tracer position at the
point of re-orientation.

is occurring at (t∗). We have tackled this complexity by extending the tracking
scheme to the sixth-frame tn+3 along with a modification to the cost function
to support streamline re-orientation. Figure A.6 demonstrates an application of
this method to the camera-2 image space of Figure A.4 where the back-projection
method was unsuccessful in making a selection. Panel (a) shows a close-up of
the camera-2 image space captured at tn+1. Panel (b) portrays the image space
tracking extending up to the sixth frame which could succeed in making a selection
of X2D

n+1 at tn+1. The tracking initiates from the 2D image point X2D
n−3 associated

to X3D
pred and extends up to X2D

n+2. The candidate track with lowest cost function
is selected.

This procedure of linking an object space point to image space is executed for
all the available 3D trajectories T i(�x, t) in a progressive way, where i is an index
over all the trajectories. Later, a check is made to identify if there exists any
conflicting situation like the one shown schematically in Figure A.7. Here, the 3D
predicted points X3D

pred corresponding to the two different trajectories T i(�x, t) and

T j(�x, t) are found to be linked to a single image point (xp, yp) due to projection and
calibration imperfections. Apparently, one among the two 3D points corresponds
to the grazing condition introduced earlier. In such a case, priority is given to the
one without grazing. However, if both the candidates are of the grazing category
as shown in panel (b) of Figure A.7 then the best match is found by assigning a
weight factor which is inversely proportional to the �min distance between the line
of sight and the sphere. The line with highest weight wins the competition.

Carrying out this procedure for all the four views leads to a possible corre-
spondence combination which can be either a quadruplet, triplet or a pair. Only
the unique quadruplet and triplet combinations are used in the determination of
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Figure A.6 – Application of 2D image space tracking to identify the most suitable
candidate for X3D

pred in a projected view: (a) close-up of camera-II image space at tn+1

taken from Figure A.4 showing two probable candidates (tagged by numbers 1 and 3)
existing close to the 2D predicted position X2D

pred, (b) a close-up of the ambiguity at tn+1,
(c) The gray level image shown here corresponds to an earlier time tn−3. Superimposed on
this image are positions of image points from later times (tn−2, tn−1, tn, tn+1, tn+2) shown
by distinct colored ◦ markers. Ambiguity in the selection is resolved by implementing
an image space 2D tracking resulting in selection of the image point tagged by 1. The
tracking initiates from the image point X2D

n−3 associated to the X3D
pred and extends up to

tn+2. Any temporal connection constructed through X2D
n−3, X

2D
n−2, X

2D
n−1, X

2D
n , X2D

n+1 and
X2D

n+2 is shown by using red, green, blue, magenta, cyan and yellow colored filled circles,
respectively. Linking the displacement vectors one can outline two candidate tracks; one
passing through the tagged point 3 while the other through 1 at tn+1. Based on the fact
that a streamline re-orientation occurs at tn (tn =t∗ ) the latter one is selected.
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Figure A.7 – Schematic representation of physical scenarios which can lead to conflict-
ing results in the object-image space link-ups. Two different object space points are
accidentally linked to the same image point (xp, yp) for a given view in the back projec-
tion step: (a) one among the two has a line of sight which is grazing the sphere, (b) the
line of sight emanating from both the object space points are grazing the sphere.

3D position while the pairs are retained with assigning a high correlation value to
their particular combination.

Computation of the 3D positions is performed using the method of lines ap-
proach very similar to that proposed by Mann and Andersen [60]. In principle,
a 3D point is obtained by computing the intersection of the line of sight in the
physical space from all its projective views. However, in practice, owing to calibra-
tion inaccuracies and random errors in particle center estimation the lines hardly
ever cross exactly [60]. Nevertheless, this is overcome by following a pragmatic
approach of allowing some tolerance (2 mm in this case). Any two lines with
the shortest distance between them well within this tolerance are considered to
be intersecting and the mid-point of the shortest distance line between the two is
considered as the point of intersection. Only those intersections are allowed which
lie within the pre-defined span lspan corresponding to the member lines. Abiding
to this stringency, avoids generation of non-physical 3D points.

For a given correspondence combination, all possible points of intersection
between different member lines are computed. Owing to the imperfections, these
individual intersection points can be scattered instead of being converging to a
single position. Thus, to obtain a valid 3D position an additional check is carried
to test if this scatter is limited to an allowable limit. For this, we have considered
a cubic box of 4 mm size as an acceptable range and any intersection point lying
within this box is considered for the final computation of the 3D position. As an
example, two intersection points of a triplet can lie inside the cubical box while the
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third one not, then the computation of 3D position excludes the last one. Finally,
the 3D position is calculated by taking the mean over all the valid mid-points or
intersection points. Owing to the above strategy, error in determination of the
3D position is within ± 3 mm which is relatively small considering an observation
volume 300 mm3.

Lastly, all 2D image points from the four views that has not been assigned to
any correspondence combination and the ones that were associated with a pair-
type combination are collected and used in a second 3D correspondence step which
is based on the conventional epipolar line method. A collection of these unused
2D image points are treated as an input and new correspondence combinations are
obtained. Following this, any combination that is found to be conflicting with the
earlier obtained results based on prediction based 3D correspondence is rejected,
otherwise used to compute additional 3D points at tn+1.

A.2 Mass-conservative interpolation algorithm

Mass-conservation is a key issue for accurate streamline computation. A streamline
is by definition tangent to the local flow velocity u(x). This can be written in vector
form as

dx

dt
= u(x). (A.1)

where, using a Cartesian coordinate system the position vector of a fluid particle x
and its velocity u is given by x = (x, y, z) and u = (ux, uy, uz). A velocity field u
computed using CFD tool is defined only at discrete locations known as grid. Thus,
the numerical integration of (A.1) involves interpolation of velocity at positions
other than the grid points. Linear interpolation is known to be the simplest
and most popular method which yields reliable estimates provided the mesh is
sufficiently refined. Despite of this fact, the matter of concern is that it does not
satisfy the mass-conservation constraint which can generate artificial effects such
as false spiraling [63]. The higher-order methods too, albeit of their complexity
do not satisfy the mass-conservation constraint. Thus an obvious solution would
be to devise an interpolation procedure that is as simple as the linear method yet
satisfies the divergence condition.

Here we present one such idea which is based on the work done by Li, 2006 [109].
We will focus on the essential points and refer to his article for further details.
Assuming that the CFD mesh comprises of tetrahedral elements, Li proposed
construction of a linear mass conservative approximation to the CFD velocity field
over each tetrahedral element or cell. The construction of a streamline over this
domain is then executed cell by cell. Thus, it is enough to describe the streamline
tracking method over a single cell. Given the values of the velocities u at the four
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vertices of a tetrahedral named ABCD, one can introduce a linear approximation
uI that is valid over the whole tetrahedral by using each of the four coordinate
vectors and their corresponding velocity values.

uI = A · x+B, (A.2)

where A is the coefficient matrix and B is a constant vector.
Equation (A.2) comprises of a system of 12 linear equations which has to be

solved simultaneously. A reliable solution to this exists if the coefficient matrix A
is non-singular. The degree of this singularity can be checked using the condition
number criteria. This is usually the case when the four vertices are non-coplanar.
Existence of a highly skewed mesh can land up in trouble resulting in an ill-
conditioned matrix. The solution to this system of equations was obtained here
using the robust SVD technique. By construction, the interpolate uI satisfies the
condition uI = u at the four vertices but need not be divergence free. So, the next
step is to improve this estimate by imposing the divergence free condition. Mass
conservation of an incompressible flow implies

∇ · u = 0. (A.3)

Thus, substituting (A.3) in (A.2), leads to the condition of trace(A) = 0.
There exist 12 unknowns but 13 constraints including (A.3) making the system
redundant. Thus, the trace condition needs to be incorporated in the system of
equation in a smart way. This is done by introducing another unknown. Consider
a tetrahedral unit, say, ABCD as shown in Figure A.8.

It has four vertices A, B, C, D and four faces ABC, ACD, ABD, and BCD. We
now define an additional point say O’ lying interior to the volume of this tetra-
hedral. Usually this point is represented by the barycenter position. With O’ as
the common vertex, the original tetrahedral ABCD can now be sub-divided into
four sub-tetrahedrals. Following this process, we have eventually introduced an
extra unknown which is the velocity at point O’. Now construct a linear mass-
conservative interpolation uI valid independently over each of the three sub-
tetrahedrals, namely, ABCO, ACDO and ABDO. This construction is possible
only if we can assign an appropriate vector to the linear velocity at point O such
that trace of the coefficient matrix A over each of the three sub-tetrahedrals is
zero. Following this scheme, we would have generated 39 equations in total where
each of the sub-tetrahedral has contributed to thirteen equations. Combining all
the individual contributions from each sub-tetrahedrals, we get a set of 39 equa-
tions which is in compliance with the 39 unknowns. So, the system of equation is
now solvable and has a unique solution. One should be particularly cautious to
make sure that the point O is really at the center of the tetrahedral and not close
to being coplanar to any of the faces. The output from this construction is a set of
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Figure A.8 – Schematic of a typical tetrahedral unit ABCD with O as the barycen-
ter. The thinner gray lines indicate the partitioning of the tetrahedral into four sub-
tetrahedrals, namely, ABCO, ACDO, ABDO and BCDO.

three linear mass-conservative velocity fields valid over each of the three individual
sub-tetrahedrals ABCO, ACDO and ABDO. As a convention, we would refer these
three sub-cells as being the active ones. Once the coefficient matrix corresponding
to the mass-conservative velocity field has been evaluated the streamlines can be
computed easily. Li uses a so called tangent curve method which applies a family
of analytical expression to approximate the streamline within the tetrahedral. He
proposes a set of nine mathematical expressions for this tangent curve based on
the eigen-values of the associated coefficient matrix. Thus, the computation of
matrix A and its eigen-value is crucial to the final result.

In our practice, however, we found the matrix A to be close to singular in
most instances. Thus, we preferred using the direct numerical integration over
the tangent curve method for evaluating the streamlines. This choice was done to
avoid any errors during the selection of the right analytical expression among the
nine possibilities.

Having explained the interpolation scheme, the algorithm operates as follows.
Assuming the tracer to be present in one of the three sub-tetrahedral, let us say
ABCO, compute the mass-conservative velocity valid within this sub-tetrahedral
using the relation. Apply an explicit RK4 method to integrate and obtain the
tracer trajectory starting from this initial point. At each time-step along this
integration check whether the tracer is still within the same sub-tetrahedral. In due
course, when it crosses the sub-tetrahedral, identify the address of the neighboring
sub-tetrahedral where it went to. This is done using the barycenteric information.
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Follow the same tracking procedure in the new sub-tetrahedral to extend the
streamline until the tracer leaves out of the original tetrahedral ABCD.

Occasionally, it might occur that a tracer during its excursion might enter
the non-active sub-tetrahedral BCDO. Such a case has to be treated differently
as we do not have a mass-conservative velocity field computed for this particular
sub-tetrahedral. Here, Li follows an approach of subdividing this particular sub-
tetrahedral into four additional sub-tetrahedrals with now Ó as their barycenter.
The steps succeeding this are then similar to that applied earlier to the original
tetrahedral ABCD. In principle, such a strategy of sub-division can be continued
infinitely until the size of the dynamically changing sub-tetrahedral BCDO is so
small that one can just directly use the linear interpolated velocity field within
it. However, with every sub-division the tetrahedral get smaller and skewer. This
might show up as singularity in the computed coefficient matrix A and thus affect
the resulting velocity field. Here, we avoid this practice of sub-division by following
a slightly different strategy. Instead of sub-dividing the sub-tetrahedral BCDO,
we just rename the vertices of the original tetrahedral ABCD such that the sub-
tetrahedral BCDO is now cited as one among the three active sub-tetrahedrals.
Then re-construct the mass-conservative velocity field over this new set of sub-
tetrahedrals and compute streamlines by numerical integration. We have named
this approach as the vertex-swapping method which is brought in to action when-
ever a tracer enters the non-active sub-tetrahedral BCDO. Essentially the identity
or position of sub-tetrahedral BCDO is dynamic in our approach. Below we show
a comparison of the results obtained by applying the vertex swapping method and
the standard method. To do this we have considered the motion of an arbitrary
tracer induced by one of the base flow, let say the horizontal rotation. A numerical
grid was considered with a least grid spacing of 2mm and the velocities at these
grid nodes were obtained using the Stokes analytical solution for a rotating sphere.
By doing so, we are actually mimicking a situation close to the real case. Com-
putation of really long trajectories will assist in the identification of any spiraling
effect if present. A way of visualizing such long trajectories is to look at their
stroboscopic snapshots at regular intervals of time. Figure A.9 shows one such
a plot where a comparison has been made between the two methods. The data
points from the modified method are indicated by red color markers while those
obtained using the conventional method are shown by blue. Shown in panel (b) is
the histogram of radius evaluated along the particle trajectories for the modified
method.

Author would like to thank Isbaleuw for providing us a basic version of Lis
algorithm implemented in MATLAB. The code was later on adopted for studying
mixing in time-periodic systems with additional implementation of the the above
mentioned modifications. Last but not the least, to gain computation speed and
address memory issues the code was re-written in C++. Inputs to this computa-
tion are the CFD computed velocity field and the mesh information.
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Figure A.9 – Comparison of streamline generation results using standard Li’s method
and the modified vertex-swapping method. Panel (a) shows a stroboscopic snapshot
of the streamline at periodic interval of time due to the flow induced by rotation of a
sphere about the horizontal axis. The red and blue (dot) markers correspond to the data
obtained via the modified and standard method, respectively. Initial position of tracer
is indicated by a red marker. Panel (b) histogram of the radial distance r computed for
the stroboscopic points along the streamline. The initial value of this radial distance is
r0 = 0.4031. The red bars represents the histogram obtained from the modified method
while the blue corresponds to the conventional one which shows a relatively large spread
from the desired r0.
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Summary

Three-dimensional Lagrangian transport near the
surface of a moving sphere

Magnetic actuation of microscopic beads is a promising technique for enhance-
ment and manipulation of scalar transport in micro-fluidic systems, in particular,
for biosensors. Fundamental to micro-fluidic transport, notwithstanding the di-
versity in systems, is that it happens under laminar flow conditions. Moreover,
given that bead actuation typically involves sequences of rotations and translations
in multiple directions, thus implying three-dimensional (3D) unsteady flow condi-
tions, transport in the current class of systems is essentially 3D and unsteady. The
present study addresses fundamental transport phenomena in such configurations
in terms of 3D coherent structures formed by the Lagrangian fluid trajectories
in a 3D time-periodic flow driven by an actuating sphere. Such structures ge-
ometrically determine the transport properties and insight into their formation,
characteristics and response to parametric variations is key to better understand-
ing and, ultimately, systematic manipulation of 3D transport. The study thus
offers important new insights into a class of flow configurations with great practi-
cal potential.

We investigate transport of passive tracers in 3D time-periodic (un)bounded
flow near the surface of a rotating solid sphere. Three-dimensionality and un-
steadiness (two key elements of realistic bead-driven flows) are introduced by time-
periodic reorientations of a steady base flow due to rotation in combination with
steady linear translation of the sphere. The numerical study is based on a simpli-
fied model employing an exact solution to the flow induced by a rotating sphere
in an unbounded domain in the Stokes limit superimposed by a nonlinear ana-
lytical perturbation. This facilitated the systematic activation” and exploration
of two fundamental states of the flow topology: (i) invariant spheroidal surfaces
accommodating essentially 2D Hamiltonian dynamics; (ii) formation of intricate
3D coherent structures (spheroidal shells interconnected by tubes) and onset to
3D dynamics upon weak perturbation of the former state. Key to the latter state
is emergence of isolated periodic points and the particular foliation and interaction
of the associated manifolds, which relates intimately to coherent structures of the
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unperturbed state. The occurrence of such fundamental states and corresponding
dynamics is (qualitative) similar to findings on a realistic 3D lid-driven flow sub-
ject to weak fluid inertia. This implies, first, a universal response scenario to weak
perturbations and, second, an adequate representation of physical effects by the
in essence artificial perturbation.

Complementary to these theoretical and numerical studies, laboratory exper-
iments have been conducted for experimental exploration and validation of the
observed dynamics. Such experiments can furthermore provide insights into the
(topological characteristics) of fluid mixing in this class of 3D flows that are be-
yond computational studies. Moreover, such experiments enable a first proof of
principle of the utilization of chaotic advection in biosensor applications. To this
end a laboratory set-up was realized for detailed measurement of the 3D flow field
and Lagrangian fluid trajectories using 3D Particle Tracking Velocimetry (3D-
PTV). The aim here is twofold: first, to experimentally study transport of passive
tracers exterior to the solid sphere by analyzing the (local) spatial organization
of the unsteady fluid trajectories, and second, to identify an effective actuation
protocol so as to enhance mixing efficiency under realistic flow conditions. The
role of perturbations is in the experiment examined by systematic introduction of
translational sphere motion in between the rotational actuation steps.

Performing 3D-PTV in the exterior flow around the sphere is challenging due
to the partial obscureness of the field of view of the cameras by the sphere. This
tends to interrupt trajectories in the imagery and thus renders 3D particle tracking
extremely difficult. Performing such type of measurements therefore is highly non-
trivial and has not been reported before. We identified the measurement difficulties
and highlighted the limitations of the existing 3D-PTV procedure with regard to
the current flow configuration and proposed modifications to tackle them. These
were successfully implemented in a modified 3D-PTV algorithm.

Experiments revealed that the tracer dynamics associated with generic two-step
rotational actuations are constrained to 1D closed curves in the Poincar map. Fur-
thermore, the disturbances introduced by wall confinement and the spindle do not
trigger any complex dynamics. This implies that, despite significant quantitative
differences between actual and idealized flows in certain regions, the associated La-
grangian dynamics near the sphere are essentially the same. Moreover, this implies
that natural physical effects are too weak to induce complex dynamics compara-
ble to the artificial perturbation, meaning that the actual flow corresponds with
the unperturbed idealized flow. The four-step rotational actuation as well as the
four-step translational actuation confirmed these important findings. This experi-
mentally verifies a key observation in the computational studies: actuation exclu-
sively by sphere rotations or translations yields (in the absence of perturbation)
only trivial dynamics. Thus accomplishment of non-trivial transport in realistic
flows requires at least actuation by combinations of rotations and translations.
Computational exploration of such actuation protocols reveals that introduction
of short intermediate translational motion in the unperturbed two-step rotational
actuation indeed results in non-trivial dynamics: the 1D closed curves are broken
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and give way to toroidal structures on which tracers exhibit quasi-periodic motion.
The formation of such tori is the first step towards accomplishment of 3D chaos.
Important is that the intermediate translation must be orthogonal to both of the
rotational axes; otherwise, tracers continue to describe 1D closed curves. Measure-
ments on this flow actuation revealed essentially the same transition from closed
curves to tori in the actual flow and thus provided first experimental evidence of
this fundamental change in behavior. Moreover, this further strengthens the (qual-
itative) correspondence between actual and idealized flows, which is important for
future computational-experimental studies on this class of flows.

The role of fluid inertia as physical perturbation has been investigated by nu-
merical simulations. This revealed that for two-step rotational forcing protocols
operating at Reynolds number larger than one, tori similar to those observed for
the intermediate translation motion formed. Moreover, the rate of growth of these
structures increased with increasing Reynolds number. Hence, both fluid inertia
and intermediate translations have essentially the same impact on the dynamics.
This is entirely consistent with the earlier observations on the artificial perturba-
tion as well as findings in literature, namely that weak perturbations, irrespective
of their nature, induce the same response. This is of great importance to prac-
tical applications, since it means that one and the same dynamic behavior can
be induced in various ways. Creating tori (as a route to chaotic advection) by
fluid inertia is e.g. in the current context of biosensor applications difficult, since
Reynolds numbers normally are far below unity. However, this is of no further
consequence, since here this goal can then be achieved through perturbation by
intermediate translations.

The general conclusion of this numerical and experimental investigation is that
suitable actuation protocols of beads in microfluidic devices can indeed enhance
transport by inducing 3D chaotic advection. Moreover, these actuation protocols
are practically realizable.
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