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H I G H L I G H T S
 G R A P H I C A L A
� A procedure that enforces volume
conservation of dispersed elements
for Front-Tracking models was out-
lined.

� A mass transfer model, based on
convection–diffusion–reaction, was
coupled to the Front-Tracking hy-
drodynamic model.

� The mass transfer model can be
solved on a refined mesh, for which
a solenoidal velocity interpolation is
outlined.

� Mass transfer in dense bubble
swarms is simulated, for gas frac-
tions up to 40%, showing a small in-
crease in mass transfer coefficient as
a function of the gas hold-up.
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Direct numerical simulation results of mass transfer in dense bubble swarms using a Front-
Tracking (FT) model will be presented, where the effect of the gas hold-up has been investigated.
The FT method is particularly suited for bubble swarm simulations, since bubbles do not coalesce
artificially, but traditional FT techniques often suffer from artificial volume loss of the bubbles. For
this reason, a specialized remeshing technique is presented to counteract any occurring volume
defects, while keeping all physical undulations on the bubble surfaces unharmed.

For the simulation of gas-to-liquid mass transfer, a species transport equation (convection–
diffusion–reaction) was coupled to the FT hydrodynamics solver, which was solved on a super-
imposed refined mesh for higher accuracy. The velocity components have been interpolated to the
refined grid using a higher-order solenoidal method. Enforcement of the Dirichlet condition for
the concentration at the gas–liquid interface is achieved with an immersed boundary method,
enabling the description of gas to liquid mass transfer. Careful validation of the newly im-
plemented model shows satisfactory results.

The liquid side mass transfer coefficient in dense bubble swarms, with gas fractions between

www.sciencedirect.com/science/journal/00092509
www.elsevier.com/locate/ces
http://dx.doi.org/10.1016/j.ces.2016.06.026
http://dx.doi.org/10.1016/j.ces.2016.06.026
http://dx.doi.org/10.1016/j.ces.2016.06.026
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ces.2016.06.026&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ces.2016.06.026&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ces.2016.06.026&domain=pdf
mailto:i.roghair@tue.nl
http://dx.doi.org/10.1016/j.ces.2016.06.026


I. Roghair et al. / Chemical Engineering Science 152 (2016) 351–369352
4% and 40%, has been investigated using the new model. The simulations have been performed in a
3D domain with periodic boundaries, mimicking an infinite swarm of bubbles. The results indicate
that the liquid-side mass transfer coefficient rises only slightly with increasing gas fraction.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Bubble columns are used in the chemical industry for processes
that involve the exchange of a component between a gas and li-
quid phase, possibly involving chemical reactions. In these sys-
tems, kLa (mass transfer coefficient kL and exchanging area a) is
therefore an important design/optimization parameter. The gas
flow rate is usually large so that dense bubble swarms rise through
the liquid. While a can be estimated using several heuristics (e.g.
from gas hold-up, bubble size distribution), kL often cannot, and
several correlations have been proposed. While no single work can
comprehensively discuss all previous research in this area, Kulk-
arni (2007) provides a good survey of a large number of relations
for kL.

Bubble columns often hold very large numbers of bubbles,
which we term bubble swarms. Experimental techniques that are
used to determine concentration fields in bubbly flows (e.g. Planar
Laser Induced Florescence with Inhibition (PLIFI), Francois et al.,
2011) are often not applicable to dense bubble swarms, since the
optical access to the reactor interior is blocked by the bubbles. The
use of physical probes, on the other hand, disturbs the flow and
can only provide single point values for a concentration.

Direct numerical simulations (DNS) can provide a unique in-
sight in the mass transfer processes in bubble columns, as tran-
sient whole-field data is explicitly available for further analysis.
Such simulations rely strongly on the hydrodynamic fundamentals
for the simulation of multiphase flows with deformable interfaces,
which provides full insight in the dynamics of the flow, including
the deformation of the interface and the micro-structure of the
flow field. Well-known techniques include the level-set (LS)
method (a.o. Sussman et al., 1994, 1999), the volume-of-fluid (VOF)
method (Hirt and Nichols, 1981; Youngs et al., 1982; Rudman,
1998) and Lattice-Boltzmann models (LBM) (Sankaranarayanan
et al., 2002; Yu and Fan, 2010). In this work, we will use the Front-
Tracking technique (a.o. Popinet and Zaleski, 1999). The front
tracking model used in this work has been in development for
about 10 years. It has proven to be capable of studying single rising
bubbles (Van Sint Annaland et al., 2006; Dijkhuizen et al., 2010a),
bubbles rising in a swarm (Roghair et al., 2011a, 2013a,b), and
provides good predictions on bubble induced turbulence (Roghair
et al., 2011b) and bubble clustering effects (Tagawa et al., 2013).

Front Tracking (Unverdi and Tryggvason (1992), Tryggvason
et al. (2001)), as the name suggests, explicitly tracks the interface
between two phases using Lagrangian control points (nodes) dis-
tributed over the surface. The nodes are used to construct a tri-
angular mesh that is used for various computations, e.g. surface
tension force and local phase fractions. While the LS, LBM and VOF
models exhibit automatic, potentially unphysical, coalescence
when two bubbles are in close proximity, the FT method needs a
sub-grid model to allow bubbles to merge (or break up) (see e.g.
Singh and Shyy, 2007), as it involves significant mesh topology
changes. However, this also makes the FT method uniquely qua-
lified for studying swarm effects without coalescence and break-
up effects, because the composition of the swarm (number of
bubbles, the volume of the bubbles and the gas fraction) does not
change during the simulation. Secondly, the superior interface
resolution of the FT model is potentially more accurate in the
description of surface tension forces. This is especially important
in the (often used) air–water system, where large density jumps at
the interface and high Reynolds numbers are inclined to produce
spurious currents.

1.1. Volume changes

Of course, FT also has some drawbacks, most notably the fact
that the volume of the dispersed phases is not intrinsically con-
served (Van Sint Annaland et al., 2006; Pivello et al., 2013).
Changes in the volume enclosed by the mesh may accumulate
significantly during a simulation (Fig. 1a). One reason is that re-
meshing operations (restructuring the interface mesh for mesh
quality reasons) may cause a tiny volume difference. Another
reason is that advection of the interface, when velocity gradients
are present, should produce curved triangular marker cells.
Without the use of sophisticated techniques, however, the inter-
face markers remain flat and hence lose (or gain) a bit of volume
(Fig. 1). Bunner and Tryggvason (2002) solve this problem by
displacing the points with respect to the bubble centroid every
100 time steps, such that the initial volume is conserved. This,
however, may iron out physical undulations in the surface and
might cause problems when the centroid lies outside the actual
enclosed volume (viz. skirted bubbles).

For bubble swarm and mass transfer simulations in particular,
it is imperative that the bubble mass is conserved. Therefore, the
first part of this work will outline our approach to circumvent
volume changes due to remeshing and advection of the interface
while keeping the local structure of the interface intact.

1.2. Mass transfer

Hydrodynamic relations from the Front Tracking model (e.g. for
the drag force) have successfully been applied in a larger scale
discrete bubble model (Lau et al., 2011) following the multi-scale
modelling strategy (van Sint Annaland et al., 2003). However, it is
also possible to adopt this approach for investigation of interfacial
mass transfer phenomena in dense bubbly flows. Larger-scale
models may incorporate closures for mass transfer via a Sherwood
(Sh) correlation. Such a correlation is of course a function of the
gas–liquid properties (e.g. = ( )Sh f Re Sc, , Alke and Bothe, 2008)
and, in the case of bubble swarms, it can be expected to depend on
the gas hold-up α as well. The liquid-side Sherwood number Sh for
a bubble with equivalent diameter deq is defined as:

= ( )Sh
k d

1
L eq

with kL representing the liquid-side mass transfer coefficient and
the binary diffusion coefficient of the component to be trans-

ferred to the liquid. Mass transfer in bubbly flows is often char-
acterized with the Schmidt number and Péclet number. The
Schmidt number is the ratio of the mass transport rate and the
momentum transfer rate, whereas the Péclet number gives the
ratio between the advective transport of a species compared to the
diffusive transport:



List of Symbols

Variables

a specific surface area (m�1)
A surface area (m2)
c concentration (mol/L) or a.u.
d diameter (m)

diffusion coefficient (m2/s)
e eccentricity (–)
Fs concentration forcing term (mol/m3/s)
F force (N)
g gravitational acceleration (m/s2)

Δ Δ Δh x y z, , , mesh size (m)
H Henry coefficient (–) or a.u.
kL mass transfer coefficient (m/s)
k1 reaction rate constant (s�1)
p pressure (Pa)

refinement ratio of Γs vs. Γh (–)
t time (s)
u fluid velocity (m/s)

∞v bubble rise velocity (m/s)
V volume (m3)
x position (m)
dx displacement (m)

Greek letters

α gas fraction (–)
χ aspect ratio (–)
μ dynamic viscosity (Pa s)
ρ density (kg/m3)
s surface tension coefficient (N/m)
ϕ phase fraction (–)

Remeshing

A mean normal on point
c centroid
e edge
ℓ edge length (m)
n normal
n̂ optimal marker displacement

number of connected vertices (–)
rij roughness (–)
sm marker scale factor (m2)
t tangential

Abbreviations and subscripts

b bubble
eq equivalent
DNS direct numerical simulations
FT Front-Tracking
ICCG incomplete Cholesky conjugate gradient
LBM lattice-Boltzmann method
LS level-set
VOF volume-of-fluid

Dimensionless numbers

AL Hinterland number, V V/L,total L,film
Ha Hatta number, ( )k k/ L1

2

Pe Péclet number, ‖ ‖ = ·d Re Scv /eq
Re Reynolds number, ρ μ‖ ‖dv /b l
Sc Schmidt number, ( )μ ρ/
Sh Sherwood number, k d /L b
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μ
ρ

=
( )

Sc
2

= = · ( )
∞Pe

v d
Re Sc 3

eq

Here, ∞v is the terminal rise velocity of a bubble and deq is the
equivalent bubble diameter. In case the Schmidt number is larger
than unity, the mass diffusion rate is lower, and the mass
boundary layer becomes thinner, demanding a high resolution in
the vicinity of the bubble interface. In gas–liquid mass transfer
operations, a Schmidt number of several hundreds is often en-
countered. If such phenomena are to be addressed accurately, the
solution of the mass transfer equations requires a (much) higher
resolution in comparison with the one used to solve the fluid flow
equations. The (direct) numerical simulation of mass transfer in
dispersed multiphase flows with deformable interfaces is there-
fore a major challenge, posing extreme demands on computational
resources.

Several approaches to handle this problem can be found in the
literature. Davidson and Rudman (2002) simulated 2D rising
bubbles with mass transfer using the VOF method, whereas Wy-
lock et al. (2011) performed axisymmetric simulations to in-
vestigate the effect on mass transfer of shape changes and con-
taminations on spherical bubbles separately. Figueroa-Espinoza
and Legendre (2010) performed simulations using a 3D, body-
conformal mesh around fixed-shape rising bubbles. Their refined
mesh near the interface could accurately simulate Schmidt num-
bers up to 300. For dynamic interfaces, body-conformal meshes
are not suited. Optimally, an adaptive mesh refinement (AMR)
approach would be adopted, which is the strategy of the CSI group
in Darmstadt. They have shown single rising bubbles with mass
transfer (Alke and Bothe, 2008) using the VOF method, extended
their work with chemical reactions by Bothe et al. (2009) and it
has been improved using a subgrid-scale model for mass transfer
so that Schmidt numbers up to 512 for single rising bubbles could
be achieved (Bothe and Fleckenstein, 2013). Their most recent
work (Deising et al., 2016) discusses the implementation of a
Continuous Species Transfer (CST) model (see also Marschall et al.,
2012) in the adaptive mesh refinement framework, using VOF with
interface reconstruction. These works show that the simulation of
gas–liquid mass transfer from 3D deformable single bubbles is fi-
nally within reach.

A major difference of mass transfer in bubble swarms com-
pared to single rising bubbles, is that the ambient phase is influ-
enced by other bubbles in the swarm, whereas for studies invol-
ving single rising bubbles usually the concentration is zero or at
least uniform. Radl et al. (2008) performed simulations of single
and multiple bubbles with a Schmidt number of =Sc 50, which
allowed them to show that the interaction between bubbles cau-
ses very fine structures in the concentration field, after which
molecular diffusion quickly spreads them out. Simulations of mass
transfer from single rising bubbles using a 3D Front-Tracking
model have been performed by Darmana et al. (2006), who use a
constant refined mesh for the species balance, with Schmidt
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Fig. 1. (a) A volume vs. time plot of a db¼5.0 mm air bubble in water shows that volume changes may accumulate significantly during a simulation when no counteractions
are taken. (b) An illustration of how the linear representation of a curved marker causes some volume losses during the advection step.
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numbers up to 1. Aboulhasanzadeh et al. (2012) have investigated
the mass transfer of multiple rising bubbles at the same time,
being able to capture the mass transfer in the bubble cluster,
taking an approximation of the mass transfer near the interface
using a boundary layer model.

Thus, so far, mass transfer simulations in continuous bubble
swarms have not yet been investigated, rather a number of dif-
ferent instances of bubble clusters have been reported. In our
earlier work (Roghair et al., 2011a,b), we have shown that the
continuous simulation of bubble swarms can be performed using
multiple bubbles that rise in a 3D fully periodic domain. This al-
lows the bubbles to rise indefinitely, without departing the swarm
and roaming freely, and without the influence of walls. The gas
holdup in the domain is intrinsically maintained, and after an in-
itial transient a statistical steady-state situation emerges, that
provides good statistics for the analysis (e.g. time-averaging).
When using this approach for studying mass transfer, however, the
species transferred from the gas phase to the liquid phase will
accumulate in the domain over time until it reaches the saturation
concentration. A method is required to keep the liquid phase
concentration below that saturation level, so that mass transfer
can be studied over an extended period of time.

The second objective of this work is to develop and use a
technique for gas-to-liquid mass transfer in dense bubbly flows.
We use a superimposed refined mesh for the species balance,
however, this cannot compete with AMR techniques. Therefore we
will refrain from the simulation of high Schmidt numbers, but
focus on the effect of the gas holdup. We illustrate several tech-
niques to prevent saturation of the ambient phase so that a sta-
tistical steady state is allowed to develop.

1.3. Paper outline

This paper consists of a condensed and updated version of
Chapters 2 and 7 by Roghair (2012). We present our advances to
obtain the gas-to-liquid mass transfer coefficient for bubbles rising
in a swarm via DNS. The simulations consist of fully deformable,
volume conservative bubbles (typically air–water) including very
high gas loadings (up to 40%). The first part focuses on the im-
plementation of volume-conservative remeshing procedures in
the hydrodynamic model. The second part describes the im-
plementation and validation of the mass transfer model in the
Front-Tracking framework. Subsequently, the model will be used
to investigate mixing and mass transfer in bubble swarms. Espe-
cially, the influence of the gas hold-up on mass transfer is studied
(kL as a function of the gas hold-up) via different approaches.
While we will refrain from using very high Schmidt numbers, our
approach will for the first time be able to simulate mass transfer in
a bubble swarm for an extended period of time and characterize
the effect of the gas hold-up via DNS.

The following section outlines the hydrodynamic part of the
model, including a newly implemented volume-conservative re-
meshing technique and its validation. Then the chemical species
balance implementation and validation are discussed. The last part
of the paper consists of the simulation of bubble swarms with
concurrent mass transfer.
2. Front tracking model

The hydrodynamics discretization and implementation using
the Finite Volume Method is also described in detail in Dijkhuizen
et al. (2010b) and Roghair (2012). In the sections below, the basic
routines of the algorithm are described. We put the emphasis on
the renewed remeshing procedures and the incorporation of the
mass transfer module.
2.1. Hydrodynamics modeling

The governing equations of the fluid flow field are given by the
incompressible Navier–Stokes equation and the continuity equa-
tion, discretized on a Cartesian coordinate system using a one-
fluid formulation:

ρ ρ ρ μ∂
∂

+ ∇· = − ∇ + + ∇· ∇ + (∇ ) +
( )σ⎜ ⎟⎛

⎝
⎞
⎠

⎡
⎣⎢

⎤
⎦⎥t

p
u

uu g u u F
4a

T

∇· = ( )u 0 4b

where u is the fluid velocity and σF representing a singular source-
term for the surface tension force at the interface.

The equations are solved with a finite volume technique using a
staggered discretization (Fig. 2).

The flow field is solved using a two-stage projection–correction
method. After solving the momentum balance for each velocity
component separately, a pressure-correction step is taken to sa-
tisfy the continuity equation. These steps use an incomplete
Cholesky conjugate gradient (ICCG) method to solve the linearized
equations.

The boundary conditions can be adjusted between free-slip,
no-slip and periodic, but only the latter is used in this work.



Fig. 2. A zoomed snapshot of a rising FT bubble (at a very low resolution for il-
lustration purposes), showing the tracking points and surface mesh, and the
background grid with staggered velocity vectors. The colors of the background grid
indicate the pressure profile, and the colors of the velocity vectors represent the
magnitude. (For interpretation of the references to color in this figure caption, the
reader is referred to the web version of this paper.)
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2.2. Surface mesh

The interface is parameterized by Lagrangian tracking (control)
points. The connectivity of the points build up a mesh with tri-
angular cells, called markers (Fig. 2).

The positions of the control points are moved each time step
with the interpolated velocity (a cubic spline method is used for
interpolation). The actual movement is performed using a 4th
order Runge–Kutta time stepping scheme. The free movement of
the triangular meshed bubbles causes that bubbles may come very
close to each other (within a fraction of a grid cell). However, they
never actually collide, since there will always be a thin liquid film
separating the two meshes. While the model does not use any
special precautions or rules, the pressure build-up in the thin li-
quid film and a time step that is small enough make sure that the
two meshes never intersect, and eventually go their own ways.

2.2.1. Surface tension force and pressure jump
In Eq. (4a), σF represents the surface tension force, a vector

quantity that can be directly calculated from the positions of the
Fig. 3. The surface tension calculation on marker involves the calculation of three
pull-forces using the tangent and normal vectors shared with the neighboring
marker. The figure indicates a marker m and its direct neighbors ∈ { }i a b c, , , with
their respective normals ∈ { }i a b cn n, , , ,m i and their shared tangents

∈ { }i a b ct , , ,mi .
interface markers. The individual pull-force of neighboring marker
i acting on marker m can be computed from their normal vectors
and joint tangent as illustrated in Fig. 3:

( )σ= × ( )σ →F t n 5ai m mi mi,

The shared tangent tmi is known from the control point locations,
and the shared normal vector nmi is obtained by averaging, from
which we can discard one term due to orthogonality:

× = ( × ) + ( × )

( )=

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟  

t n t n t n
1
2

5b
mi mi mi m mi i

0

Hence, the total surface tension force on a marker m is obtained by
summing Eq. (5a) for all three neighboring markers:

∑ ∑σ= ( × ) =
( )

σ σ
= =

→F t n F
1
2

1
2 5c

m
i a b c

mi i
i a b c

i m,
, , , ,

,

As a result, three pull forces on each marker are defined which
yield a net force inward, opposing the pressure jump. For a closed
surface, the net surface tension force on the entire object will be
zero. The net difference between the computed force σF and the
bubble excess pressure is then mapped to the Eulerian cells closest
to marker m using mass-weighing (Deen et al., 2004).

2.3. Phase fraction and physical properties

Since the marker positions are exactly known, the phase frac-
tion ϕ in each Eulerian cell can be computed exactly using geo-
metric analysis (we use a Divergence Theorem Algorithm). With
the phase fraction, the density of each Eulerian cell is calculated by
weighted averaging. The viscosity is obtained by harmonic aver-
aging of the kinematic viscosities (Prosperetti, 2002):

∑ρ ϕ ρ( ) = ( )
( )=

−

x x
6ap

n

p p
0

1phase

∑ρ
μ

ϕ
ρ

μ
( )
( )

= ( )
( )=

−
x
x

x
6bp

n

p
p

p0

1phase

The bubble properties viz. total surface area, volume and
centroid position, can be efficiently obtained by summing over
all triangular markers of an interface m. A scale factor sm is
defined, equal to twice the surface area of a marker obtained by
the magnitude of the cross product of two marker edges tma
and tmb:

= × ( )s t t 7m ma mb

The total surface area of bubble b is computed with:

∑=
( )=

A s
1
2 8

b
m

n

m
1

m

The volume of a bubble is obtained using:

∑= ( · )
( )=

V s c n
1
6 9

b
m

n

m m m
1

m

with cm being the geometric center of the marker and nm the
outward unit normal vector of the marker. The bubble centroid
follows directly from the centroids of the triangular markers
weighted with the surface area:

=
∑

∑ ( )
=

=

s

s
c

c

10
b

m
n

m m

m
n

m

1

1

m

m
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The bubble velocity is computed from the displacement of the
bubble centroid. Also, the bubble diameter along the Cartesian
axes can be obtained from the minimum and maximum loca-
tion of the marker points.

2.4. Remeshing

The remeshing procedure is an essential part of the Front-
Tracking technique. Due to interface advection, velocity gradients
induce surface grid distortion and marker elements become too
large or too small, leading to a poor grid quality and in its turn
decreased accuracy in the surface tension force computation. To
overcome this, the remeshing procedure takes care of local re-
location of the points and marker connectivity (topology changes),
without “ironing out” physical undulations.

2.5. Elementary remeshing operations

The traditional remeshing approach involves edge splitting,
collapsing and swapping. In the remeshing technique presented
here, these common procedures have been extended with a
smoothing procedure (regularization of the interface markers) that
includes volume conservation and restoration. These four re-
meshing operations are illustrated in Fig. 4. Additionally, proce-
dures are required to prevent the occurrence of rare but cata-
strophic mesh configurations, such as pyramids (tetraeders con-
nected to the mesh by only a single point) or double folded (back-
to-back) marker cells.

2.5.1. Edge splitting and collapsing
An edge is splitted (node addition) or collapsed (node removal)

based on the edge length criteria and the edge roughness (Eq.
Fig. 4. The four elementary remeshing operations. Dashed lines indicate new connection
point locations.
(12)). The edge lengths of a marker ℓm are allowed within an in-
terval depending on the Eulerian cell size =h d d dx y z3 :

ℓ ≤ ℓ ≤ ℓ ( ) ≤ ℓ ≤ ( )h hwith typically : 11m mmin max
1
5

1
2

The edge roughness rij is determined from the roughness of its two
constituent vertices ri and rj, which are calculated from the mini-
mum dot product of any two adjacent normals on the connected
marker cells indicated by p.

∑= + · ∀ ∈ [ ]
( )

−

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟
⎞
⎠
⎟⎟r pn n

1
2

min
1
2

1 1,
12

ij
i j

p p i j
,

1 ,

Here i j, is the number of connections of point i or j. Depending on
the edge roughness, points are added or removed so that the node
density in complex (or curved) regions is larger than in relatively
flat regions. If an edge shows local undulations ( ( − ) > −r1 10ij

2),
and the edge length criterium ℓ ≥ ℓ2m min is met, a node is added to
capture all the interface dynamics. Likewise, if the mesh is very flat
locally (( − ) ≤ )−r1 10ij

3 and removing a point does not yield a

marker edge longer than allowed ( )ℓ ≤ ℓm
1
2 max , a marker point will

be removed. Finally, the new connections are relaxed (smoothed,
Section 2.5.3) and corrected for any volume lost in the transfor-
mation (Section 2.5.4).

2.5.2. Edge swapping
Evaluation whether an edge should be swapped is done by two

criteria. First, the topological consistency is checked, by comparing
the number of connections of a point or edge. Consider the case
shown in Fig. 4c; here, the edge is swapped from ab to cd if

+ − ( + ) ≥ 2a b c d , which ensures a good balance of node
connections. If that requirement is not fulfilled, the current and
s, dotted lines indicate old connections and blank dots indicate new points or new



Fig. 5. Edge smoothing as presented by Kuprat et al. (2001), illustrated by a
schematic illustration.
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projected quality of the markers are compared, where equilateral
markers are preferred. The quality of a triangle { }a b c, , is defined
as twice the ratio of the radius of the inscribed circle over the
circumscribed circle. These can be obtained from the side lengths
ℓa, ℓb and ℓc, the semiperimeter = (ℓ + ℓ + ℓ )s a b c

1
2

, and the marker

area = ( − ℓ )( − ℓ )( − ℓ )A s s s sm a b c . An equilateral triangle (optimal
quality) gives Q¼1:

= = =
( )

Q
R

R
R

A
s

R
abc
A

2
with and

4 13
i

c
i

m
c

m

Analog to edge collapse, the volume before and after swapping
is calculated and the difference is passed on to be corrected by the
smoothing operation.

2.5.3. Smoothing
By evenly distributing the control points over the interface, the

grid quality can be enhanced and the required frequency of ap-
plying the remeshing algorithms can be strongly decreased. For
this reason, edge-relaxation is performed as illustrated in Fig. 5,
using simultaneous weighted Laplacian smoothing (Kuprat et al.,
2001):
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The nodes ∈ { }i 1, 2 will be smoothed to their new positions xi
s.

The procedure takes into account the location of their neighbors,
denoted as ( )xi

j for the position of node j connected to node i, and

i holds the total number of connections of node i.

2.5.4. Volume restoring/conservation
This section describes the main idea of a volume restoration/

conservation method described by Kuprat et al. (2001), that was
implemented in the Front-Tracking model. At the basis of the vo-
lume restoration lies the smoothing procedure, as described in the
previous section. This procedure is performed simultaneously with
the restoration of any volume changes. This can be done either
locally (e.g. after removing a node or swapping an edge, acting
only on the nearby mesh) or globally (e.g. after mesh advection,
acting on all markers of a bubble).

Consider an edge, which has two nodes = { }ix , 1, 2i , that are
moved to a new position ≡ + dx x xi

s
i i

s. This movement displaces
the triangular markers connected to these nodes, and hence
changes the enclosed volume. This volume defect is then corrected
by shifting both nodes by ^hn, where h is the scaling factor and n̂
the optimal direction to shift, which gives the volume conservative
edge smoothing:

= + ^ = ( )d d h ix x n, 1, 2. 15i i
s

The anticipated volume changes due to each node movement
are computed by constructing tetrahedrons based on the original
triangular marker and the new point position. The details of this
derivation are provided in Kuprat et al. (2001) and summarized in
the appendix. Eventually, this yields a set of equations to de-
termine the best suitable scaling factor and direction, so that any
volume change can be corrected locally:

( )( )
= −

· + · + · ×
^· + + × − ( )

h
d d d d

d d

x A x A x v x

n A A v x x 16a

s s s s

s s
1 1 2 2 2 1

1 2 1 2
( )
( )

^ =
+ + × −

‖ + + × − ‖ ( )

d d

d d
n

A A v x x

A A v x x 16b

s s

s s
1 2 1 2

1 2 1 2

Restoring any other volume additional to the smoothing can easily
be done by addition of the missing volume δV into the numerator
of Eq. (16a).

2.6. Global volume correction and mesh intersections

After mesh restructuring procedures, such as edge smoothing,
collapsing or swapping, in general the volume is locally restored as
described above. Any volume changes that may have occurred
during mesh advection, however, still need to be restored.
Therefore, after the mesh restructuring, the algorithm sweeps over
an entire interface mesh at once, distributing any additional vo-
lume corrections over the entire interface. This may cause the
interfaces of different dispersed elements in very close proximity
(i.e. colliding bubbles) to non-physically intersect each other,
hence yield non-physical results. If such a situation occurs, the
points crossing another interface are moved back and the volume
difference is again distributed over all nodes of the interface, ex-
cluding those that have been moved back. We use a k-dimensional
tree (kdtree, Tsiombikas, 2009) to efficiently find any points that
may overlap with another interface.

2.7. Performance of the new remeshing technique

The complete revision of a cornerstone element such as the
remeshing must be thoroughly validated before the code can be
used for production runs. We have simulated a db¼4.0 mm air
bubble in water and compared the interface mesh and the rise
velocity profile as a function of time shown in Fig. 6. First and
foremost, it was verified that the volume of the bubble is con-
served within machine precision. Additionally, the interface mesh
is much smoother compared to the traditional remeshing techni-
que. The rise velocity, given in Fig. 6b, shows a slightly different
profile; although both techniques show the onset of the velocity
oscillations at the same time (due to the wobbling behavior of the
bubble), the velocity profiles are out of phase. The new remeshing
makes the bubble rise velocity oscillate with a slightly larger
amplitude (due to stronger shape deformations because of the
improved volume conservation — larger bubbles in this regime
tend to deform more), resulting in a slightly lower frequency. Note
that with the new remeshing procedures the shape deformations
are actually stronger. Smoothing of the interface mesh does
therefore not smoothen out physical oscillations.

The time-averaged rise velocities do not differ significantly after
discarding the transient period of the first 0.2 s, the new remeshing
yields 2.82 m/s, whereas the old remeshing gives 2.88 m/s.



Fig. 6. The old and new remeshing methods are compared by (a) the mesh structure and (b) the rise velocity. It can be seen that the bubble interface using the old remeshing
technique shows profound undulations and artifacts. While the average rise velocity is consistent in both techniques, the oscillations of the bubble occur at a slightly
different frequency, caused by volume losses in the old remeshing procedures.
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We have verified that the drag coefficient for single rising
bubbles still coincides with the closure due to Dijkhuizen et al.
(2010a), which was derived using the traditional remeshing pro-
cedures, for ≤ ≤− Re10 19004 (see Roghair (2012) for details).

For shorter simulations, e.g. those of single rising bubbles that
use less than 1 s simulated time, the effect of volume loss is neg-
ligible (a 10% volume decrease means only a 3.5% change in the
bubble diameter, which counts as the characteristic length). For
longer lasting simulations, e.g. those of bubble swarms in time-
averaged domains, this could become important. We want to point
out that in our previous work (Roghair et al., 2011a,b, 2013a, b;
Roghair, 2012), we have already used this technique to ensure that
the bubbles remained constant in size.

The code was programmed in C (without parallelization),
compiled using the ICC compiler and executed on an in-house
maintained Beowulf computer cluster running Linux CentOS.
3. Mass transfer

In this section, the implementation of a convection–diffusion–
reaction species transport equation is outlined, which is coupled to
the hydrodynamics solver.

3.1. Model assumptions

The current implementation assumes that mass transfer lim-
itations reside predominantly in the liquid phase (Deen et al.,
2010), the concentration inside the bubbles is kept constant. For
moderately soluble substances, this assumption is valid, and since
the gas inside a gas bubble circulates strongly, concentration
gradients inside the bubble will be typically quite small. Moreover,
it is assumed that the bubbles do not shrink, and the concentration
field is not coupled to the hydrodynamics solver (e.g. via the
density, viscosity). These features can be added in the future, but
omitting them allows for a more transparent analysis of the
results.

3.2. Numerical solution method

The numerical solution method presented here is globally
based on the description in Darmana et al. (2006). The model
presented here provides a number of improvements and subtle
changes, such as an improved velocity interpolation method,
additional validation cases, and the use of special boundaries to
simulate “infinite” bubble swarms in periodic domains.

3.3. Convection–diffusion–reaction equation

The mass transport equations are solved on a regular Cartesian
grid, Γs, which is a possibly refined Eulerian mesh directly super-
imposed onto and aligned with the hydrodynamics grid Γh (dis-
cussed in Section 2.1). A refinement factor ∈  is used to set the
relative mesh size, hence a “parent” hydrodynamics cell contains

3 “daughter” cells in 3D for solving the mass transfer equations.
This technique allows a detailed calculation of the species balance,
while keeping the computational time required for the flow solver
(especially the expensive pressure-Poisson equation) within limits.
Due to the deforming bubble interface and changing flow field
properties emerging from the hydrodynamics part of the model,
the mass transfer equations must be solved at every time step. The
mass balance is given by the convection–diffusion equation on Γs

as:

∂
∂

+ ∇·( ) = ∇ − + ( )
c
t

c c k c Fu 17s
2

1

Here c denotes the concentration in mol/L, u the velocity, the
diffusion coefficient in m2/s, k1 the first-order reaction rate con-
stant and Fs the source term to enforce the boundary condition at
the interface. The diffusion and first order chemical reaction terms
are treated implicitly, while the other terms are treated explicitly.
The convection term is discretized using the Van Leer scheme.

The solution method uses a projection–correction algorithm to
accurately enforce the interface condition, i.e. =c cinterface saturation.
First, the equations are solved without a source term ⁎Fs (Eq. (18))
to obtain an intermediate concentration field cn. The appropriate
forcing term can then be calculated after which the correction step
follows (Eq. (19)).
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The ICCG matrix solver used to solve the momentum and pres-
sure-Poisson equation in the hydrodynamics part of the code, was
also employed here.
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3.3.1. Immersed boundary method
An immersed boundary method (IBM) is employed to enforce

the interface condition. The species volumetric forcing term ⁎Fs is
determined by calculating the forcing terms for a cell i using the
intermediate solution:

=
−

Δ ( )
⁎

⁎

f
Hc c

t 20i
i0

where H is the Henry constant (dimensionless) and c0 is the
concentration inside the bubble (assumed constant). The forcing
term should only be accounted for near the interface. The reg-
ularization of the forcing term is achieved by using a weighing
factor (Eq. (21)) from a mapping function (Eq. (22)), typically using
volume weighing (Deen et al., 2004).

= · ( )⁎ ⁎F w f 21s i i i,

∑= ( − )
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m
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where Vm is the volume associated with a markerm, defined as the
marker area Am multiplied with the characteristic grid cell size:

= ( )V A V 23m m cell
3

3.4. Velocity interpolation

The velocity, required to calculate the convective fluxes of the
species, is only known on Γh. For > 1, however, the velocity is
required on the refined mesh as well, and an interpolation method
is required. It is important to make sure that the resulting velocity
field on Γs is also divergence free (solenoidal), to prevent local
sources or sinks for the concentration and assure that the overall
mass balance is intrinsically conserved. Darmana (2006) has used
piecewise linear interpolation following the approach by Rudman
(1998). Koynov et al. (2005) combined a bicubic interpolation with
a local Heun's method-type interpolation, yielding a higher-order
technique with ensured continuity. We have implemented a dif-
ferent higher-order divergence-free interpolation method based
on Balsara (2001). The higher-order method presented below
performs roughly 7 times better than the first-order method when
interpolating a rotating flow field with exact solution (details
Fig. 7. Illustration of different aspects of the mass transfer model, including the refined m
techniques are divergence-free.(a) Coarse and refined mesh (R ¼ 2), with the interpolate
order interpolation method, using all yellow-coloured velocities to calculate any of the re
caption, the reader is referred to the web version of this paper.)
provided in Roghair (2012)). The differences mainly result from
artifacts in the flow field due to the first-order treatment. The
resulting divergence of the interpolated fields did not differ sig-
nificantly. While untested in this work, the difference between the
higher-order method of Koynov et al. (2005) and the one pre-
sented below may turn out to be negligible.

3.4.1. Higher-order interpolation
A generic second-order polynomial expression for the velocity

components on a refined mesh (shown in red in Fig. 7b), using the
known velocity components on the coarse mesh, has been derived
based on the work by Balsara (2001), for which Table 1 shows the
coefficients.

( ) = + + + + + ( )u x y a a x a y a x a xy a y, 24ax x y xx xy yy0
2 2

( ) = + + + + + ( )u x y b b x b y b x b xy b y, 24by x y xx xy yy0
2 2

3.5. Initial conditions and boundary conditions

The initial concentration is typically set to zero for cells that
contain only liquid, while the concentration inside the bubble is
set to the saturation concentration (gas concentration c0 multi-
plied by the dimensionless Henry constant). To account for cells
containing partially gas, the following condition is applied:

ϕ

ϕ
= =

≥

< ( )

⁎ ⎪

⎪

⎧
⎨
⎩

c c
Hc if 0.99

0 if 0.99 25
g

g i

g i

0 ,

,

where Γ∈i s denotes the cell on the species grid and ϕg i, the gas
fraction in that cell.

Robin (mixed) boundary conditions have been implemented
fully implicitly, which can be tuned by setting α β γ( ), , to appro-
priate values:

α β γ+ ∂
∂

=
( )

c
c
x 26wall

wall

Any periodic boundary conditions used on Γh are also applied
to Γs. A dedicated version of the ICCG solver for the hydrodynamics
grid makes sure that the boundary cells are coupled to their per-
iodic neighbors appropriately.
esh, force term mapping, and the two interpolation techniques. Both interpolation
d velocity vectors (red) and hydrody-namic scalar value positions (blue). (b) Higher-
d-coloured velocities.2.0 (For interpretation of the references to color in this figure



Table 1
3D solenoidal interpolation. For notations, see Table 2.
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Table 2
Notation used for solenoidal interpolation.
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3.6. Mass transfer coefficients

The mass transfer between the phases is quantified by calcu-
lating the mass transfer coefficient kL, which can be defined in two
different ways;

� Global mass transfer coefficient, integrated over the entire do-
main. This mass transfer coefficient is calculated using the
change of species concentration in the domain before and after
the forcing step:

( )( ) ∑=
Δ − 〈 〉

−
( )=

=
+k

V
A t Hc c

c c
27

L
i

i n

i
n

i
n

,domain
cell

total 0 0

1
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� Bubble wise, by summing the mass forcing for each marker
on a bubble ( ⁎Fs i, , see Eq. (21)), followed by summing the
mass transfer for all bubbles. The advantage of this approach
is that the mass forcing can be plotted per-marker (for
visualization purposes), and for bubbles rising in swarms,
the mass transfer for each bubble can be inspected sepa-
rately. For a given bubble i, this mass transfer coefficient is
given by:
( )=
Δ − 〈 〉 ( )

⁎k
V

A t Hc c
F

28
L

b
s i,bubble

cell

0
,

Note that the average liquid concentration, 〈 〉c , vanishes for
single bubbles rising in a clean, “infinite” liquid. It has been
verified that the average of kL,bubble over all bubbles yields
kL,domain.
4. Validation

We have systematically verified the implementation of the
newly implemented mass balance using several generic test cases;
we have done specially designed simulations to verify in particular
the diffusion terms, the convection–diffusion equation, the re-
active term and finally the immersed boundary aspects. The si-
mulation results agree well with exact solutions for these cases,
but we omit these synthetic benchmark results in favor of com-
parisons with literature correlations. The interested reader is di-
rected to Roghair (2012) for more details.

This section presents simulations of mass transfer of single
rising bubbles performed with the Front-Tracking model. First, a
number of correlations from literature to predict the Sherwood
number for single rising bubbles are outlined in Section 4.1, which
are compared to simulation results in Section 4.2.

4.1. Sherwood correlations

Many correlations to predict the Sherwood number, or the mass
transfer coefficient, for single rising bubbles can be found in the lit-
erature, which are often applicable to a specific regime. For low
Péclet numbers, the Sherwood number is given by Brenner (1963):

= + ( )Sh Pe2 29
1
2

The Sherwood number of a spherical bubble can also be obtained
from Eq. (30) (Clift et al., 1978) in the limit of potential flow:

π
=

( )
Sh Pe

2
30

An experimentally derived correlation was proposed by Takemura
and Yabe (1998) for spherical gas bubbles with a Reynolds number
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less than 100, and >Pe 1:
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Lochiel and Calderbank (1964) present Eq. (32a) to account for the
Sherwood number of oblate spheroidal bubbles, modifying the po-
tential flow solution in Eq. (30):
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where χ = major axis
minor axis

is the bubble aspect ratio and k is defined as the
velocity factor, which for oblate spheroids is given as:
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and the corresponding eccentricity e given by:
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4.2. Single bubbles

Simulations of a single rising bubble in an infinite liquid, in-
cluding mass transfer from the gas to the liquid phase, have been
performed. The performance of all model components described
above (diffusion, convection, immersed boundary method) are
now tested in parallel. The test cases were selected based on those
given in Darmana (2006) and are outlined in Table 3. The table also
shows the aspect ratio χ, indicating bubbles with spherical and
ellipsoidal shapes.

Another comparison of these results is presented in Fig. 8a. The
simulations describe the results within 12% of the literature values.
Because the species grid was refined 3 times, a × ×100 100 100
Eulerian grid for the fluid flow equations led to a very large
memory requirement. Optimizations of these issues are addressed
in Section 6.1. In the meantime, the solution is calculated on a 753

grid, but it seems that the resulting Reynolds number still matches
the expected results very well. Note that the correlation by Take-
mura and Yabe (1998) is valid for >Pe 1 and <Re 100. Pragmati-
cally, the liberty was taken to extrapolate the correlation to

=Re 103 for case 4. A snapshot of case 4 is shown in Fig. 8b.
Table 3
Simulation settings and results of the single bubble simulations, with a comparison to
from the Grace (1973) diagram. The resulting Sherwood numbers are compared to the c
(L&C) (the latter taking the actual simulation aspect ratio into account).

Case Mo Eo χ Reynolds

Grace

1 10�4 1.0 1.04 5
2 5 �10�4 3.125 1.22 10
3 9.2�10�3 40.0 2.94 33
4 5 �10�7 3.125 2.09 103
5. Simulations of mass transfer in bubble swarms

In this section, mass transfer from the gas phase to the liquid
phase in a rising bubble swarm is studied using direct numerical
simulations. The results presented here represent merely a small
subset of possible simulations over a wide range of physical
parameters. Here we focus on the industrially relevant case of
wobbling air bubbles rising in water. To the authors’ knowledge,
no direct numerical simulations using dynamic interfaces of bub-
ble swarms have been conducted in order to derive a mass transfer
coefficient as a function of the gas hold-up for wobbling bubbles.
As a first exploration, we will use a relatively low value of =Sc 1,
keeping in mind that with a refined mass transfer mesh, larger
values can be simulated.

This section will cover two methods; the first method features
two boundaries that set any inflowing liquid concentration to zero,
the second method uses a first order reaction term to consume the
transferred species. Both methods yield a liquid phase that will
never be completely saturated throughout the domain, hence the
rising swarm can be studied over a longer period allowing for
better statistics using time-averaging. More specific data and
general considerations are outlined in the following sections, in
which the results will be compared and discussed.

5.1. Simulation settings

Bubble swarm simulations with 4.0 mm air bubbles in water
were carried out in a periodic domain. The bubbles initially con-
tain 20 grid cells (on Γh) in a diameter, and the edges of the cubic
domain are fixed to 75 grid cells. The gas hold-up α was varied by
changing the number of bubbles. By changing the number of
bubbles between 4 and 40, the gas fraction was varied within

α≤ ≤0.04 0.4. The dimensionless Henry coefficient has a value
that corresponds to CO2 in water. The diffusion coefficient was
tuned such that the Schmidt number is equal to 1. The physical
parameters are summarized in Table 4. The typical simulation time
is 1.0 s, of which the first 0.2 s were discarded as the initial tran-
sient. Note that the gas phase concentration remains persistent
throughout the simulation, i.e. the bubbles will never be depleted
with species. The surface area of the individual bubbles changes
dynamically with the aspect ratio, but also as a function of the gas
hold-up. As an indication, the time-averaged aspect ratio for
α = 0.04 is χ ≈ 2.0, while for high gas loadings ( α = 0.40) the
bubble become aspect ratio goes towards unity ( χ ≈ 1.0).

As a reference, the result of a single rising bubble in an infinite
quiescent liquid using these settings is shown in Fig. 9. The mass
transfer coefficient is 0.016 m/s on average. The effect of the os-
cillations of the interface is clearly seen in both the concentration
profile and the evolution of the mass transfer coefficient. This si-
mulation has been conducted using a 1003 grid with a refinement
factor of = 3.

A major difference of mass transfer in bubble swarms com-
pared to single rising bubbles, is that the ambient phase is
results from the literature. The resulting Reynolds numbers are compared to those
orrelations of Takemura and Yabe (1998) (T&Y) and Lochiel and Calderbank (1964)

number Sherwood number

Simulation T&Y L&C Simulations

5.53 3.6 2.70 3.2
11.31 4.7 3.93 4.4
32.35 7.1 6.93 6.3
102.78 12.0 12.41 12.03



Fig. 8. (a) The Sherwood number of a single rising bubble in an infinite, initially quiescent liquid is compared to the exact correlation for flow around a sphere (potential
flow) and the correlations of Takemura and Yabe (1998) and Lochiel and Calderbank (1964), the latter plotted for χ = 2 (E¼0.5). (b) Snapshot of case 4, at t¼0.4 s. The
background slide indicates the concentration profile, while the streamlines depict the fluid slip velocity.

Table 4
Settings of the bubble swarm simulations with mass transfer.

Property Symbol Value Unit

Liquid density ρl 1000 kg/m3

Gas density ρg 1.25 kg/m3

Liquid viscosity μl 10�3 Pa s
Gas viscosity μg 1.8�10�5 Pa s
Surface tension coefficient s 0.073 N/m
Diffusion coefficient 10�6 m/s2

Henry coefficient H 0.8371 —

Gas concentration c0 1.0 mol/m3

Schmidt number Sc 1.0 —
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influenced by other bubbles in the swarm, whereas for studies
involving single rising bubbles usually the concentration is zero or
at least uniform. Because of the dynamic interactions between the
bubbles (changing relative positions, fluctuations in the fluid flow
and oscillating interfaces), the mass transfer will be studied in a
statistical steady-state situation, using time-averaging. Without a
sink term for the species concentration, the species transferred
from the gas phase to the liquid phase will accumulate in the
domain over time until it reaches the saturation concentration
Fig. 9. (a) A snapshot of the concentration profile (colors) around a rising 4.0 mm air bub
the 4.0 mm bubble vs. time. The low-frequency oscillations are due to the wobbling mot
the references to color in this figure caption, the reader is referred to the web version
(which would be the eventual steady-state). Therefore a method is
required to keep the liquid phase concentration below the sa-
turation level. Two of these methods are discussed next.

5.2. Zero concentration inflow boundaries

Without special intervention, the fully periodic domain will
become saturated and no statistically developed flow will emerge
in which mass transfer can be studied for a period of time. A si-
milar problem was encountered for DNS of gas–solid heat transfer
in a periodic domain by Tenneti et al. (2013). They used a periodic
domain filled with solid particles of a certain temperature, using
an imposed pressure gradient to drive the fluid flow along one of
the major axes. The (dimensionless) temperature boundaries at
the inlet and outlet of their domain were then set according to the
heat ratio (the bulk temperature at the inlet vs. the bulk tem-
perature at the outlet), which can be solved for during the simu-
lation and eventually yields the heat transfer for fully developed
flow.

While many analogies apply between heat and mass transfer,
and gas–solid and gas–liquid flows, we adopt a different approach.
First of all, one of the assumptions by Tenneti et al. (2013) is that
every slice perpendicular to the flow direction contains an equal
ble in water. Arrows indicate the velocity profile. (b) The mass transfer coefficient of
ion of the bubble, the high-frequency is due to the mesh size. (For interpretation of
of this paper.)
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amount of exchanging interface (gas–solid interface in their case).
However, bubbles have a tendency to cluster horizontally (Roghair
et al., 2013b), meaning that situations arise where many bubbles
are found in a plane perpendicular to the vertical direction.
Moreover, another difference is that our simulations do not use a
predefined flow or pressure gradient over the domain, but the li-
quid flow is purely driven by the rising bubbles. Flow into and out
of the domain is thus seen on all periodic boundaries of the do-
main, including the top and the bottom. The vertical motion of the
bubbles also causes that the main flow direction is directed
downward along the vertical axis, but in the wakes of the bubbles
the liquid is still dragged upward. Hence, we should use a different
approach to prevent the accumulation of species in the domain

The top and bottom boundaries of Γs are treated such that the
concentration of any inflowing liquid is set to zero, whereas the
concentration gradient in the normal direction is gradient free for
outflowing fluid. Note that the hydrodynamics equations will be
solved in a regular periodic domain. A Danckwerts boundary
condition is used, taking into account the diffusive fluxes and the
liquid phase fraction:

( )α β γ ϕ= = − = − ( )cu u u, , 1 if is directed inward 33i i i i i iliq
sat

α β γ= = = ( )u0, 1, 0 if is directed outward 34i i i i

Parameters α, β and γ refer to the Robin boundary condition as
given in Eq. (26). This way, the bubble interfaces will be subjected to
both low concentration plumes (from the top or bottom), and higher
concentration plumes (from the wakes of leading bubbles). While the
mass transfer rate at any time step is derived from the instantaneous
liquid concentration near the interface, the results will be considered
in a time-averaged manner. The domain will therefore be considered
as a continuously stirred tank reactor (CSTR), which is described by
the integral mass balance equation in steady-state:

ϕ ϕ= = − + −
( )

⁎⎛
⎝⎜

⎞
⎠⎟V

dc
dt

c c k A c c0
35Lv,in in v,out out lg out

The volumetric liquid flow rate ϕv, in and outflowing concentrations
cin and cout, the interface area Alg and the concentration difference
can be determined from the simulation so that the mass transfer
coefficient kL,CSTR can be determined:

( ) ( )
ϕ ϕ

=
−

=
〈 〉

− 〈 〉 ( )
⁎ ⁎

k
c

A c c

c

A c c 36
L

v v
,CSTR

out

lg out lg

One consideration is how to determine cout; this can be done either
by using the average liquid concentration in the domain (〈 〉c ), or by
Fig. 10. The domain-averaged and vertical outflow concentrations are compared. (a) A
concentration and integral domain concentration. (b) The transient evolution of the do
range.
taking the mixing cup concentration at the top and bottom bound-
aries. In an ideally stirred domain, these values are identical (both
instantaneous and time averaged). In the simulations, the time-
averaged values agree reasonably well, all within a 7% deviation
except the α = 0.04 case with 4 bubbles, where the deviation is 17.5%
(see Fig. 10a). The transient evolution of the outflow concentration
and domain concentration of the 25% gas hold-up case is shown in
Fig. 10b. The outflow concentration fluctuates more heavily, but in
general the profiles are comparable when the first 0.2 are discarded.

The time averaged mass transfer coefficient kL,CSTR as a function
of the gas hold-up is given in Fig. 11a. It is calculated using the
forcing terms acting on the interface markers, and using Eq. (36)
using both 〈 〉c and cout. A marginal increase of kL,CSTR can be dis-
cerned when increasing the gas hold-up from 4% to 40%. Extra-
polating the trend towards α = 0.0 approaches kL¼0.016 m/s, the
result for a single rising bubble in an infinite, quiescent liquid as
shown in Section 5.1. The accuracy of the results strongly de-
creases for lower gas hold-up (α < 0.1), since the number of bub-
bles, and thus statistics, is limited.

The difference between the interface derived mass transfer
coefficient and that using the integral balance, is explained by the
large fluctuations in the concentration throughout the domain; a
closer examination of the liquid concentration in the domain re-
vealed that the standard deviation is of the same order of mag-
nitude as the average concentration. Hence, despite the intense
mixing induced by the bubbles, high and low concentration zones
exist throughout the domain, whereas the integral balance as-
sumes a uniform bulk concentration. Rising bubbles encounter
both high concentration zones, in the wakes of preceding bubbles,
and low concentration zones due to the fresh inflow. The largest
portion of the mass transferred through the interface, originates
from the top of the bubble. If this part is surrounded by a high
concentration wake of another bubble, the mass transfer rate
suddenly decreases.

5.3. First order reaction term

Another method of limiting the liquid concentration below the
saturation concentration is to incorporate a reaction term into the
species balance, so mass transfer to the liquid phase will even-
tually balance the chemical consumption. In contrast to the
method described in the previous section, the boundaries are fully
periodic, hence there is no clean inflow or outflow to be con-
sidered. It is assumed that the domain can be represented as a well
stirred tank if the simulation is performed over a time period
longer than 0.5 s. Additionally, in the previous section it has been
parity plot shows good agreement between the time-averaged values of outflow
main-averaged concentration and outflow concentration is also found in the same



Fig. 11. The mass transfer coefficient kL of bubbles rising in a swarm plotted as a function of the gas hold-up α. (a) Using fresh inflow boundaries on the top and bottomwalls.
(b) Using a first-order chemical reaction in the liquid phase.

Fig. 12. The bulk concentration of the liquid can be described very well using Eq.
(42), using both reaction rate constants. ○: = −k 50 s1

1. ×: = −k 5 s1
1.
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shown that the mixing cup outflow concentration through the top
and bottom boundaries approaches the domain concentration very
well. The mass balance for a batch reactor with mass transfer and
reaction in steady state is given by:

( )〈 〉 = = − 〈 〉 − 〈 〉 ( )
⁎d c

dt
k A c c k c V0 37L Llg 1
Fig. 13. Species molar exchange flow rate of the simulations with first order chemical
(saturated bulk) and due to mass transfer through the interface (depleted bulk). Using
reaction.
in which VL is the liquid volume, k1 is the first order reaction rate
constant and the liquid mixing cup concentration 〈 〉c . The mass
transfer coefficient can thus be determined by:

( )=
〈 〉

− 〈 〉 ( )
⁎

k
k c V

A c c 38
L

L
,batch

1

lg

Two reaction rates have been selected, = −k 50 s1
1 and = −k 5 s1

1.
The mass transfer coefficient for both cases is shown in Fig. 11b,
using both the integral mass balance (Eq. (37)) and the interface
forcing terms.

It is observed that the mass transfer coefficient derived from
the interface forcing terms is slightly higher than the mass transfer
coefficient from the integral balance. The reason for this is similar
to that given in the previous section; the concentration field that a
bubble actually surrounds, may be quite different from the domain
average concentration.

It is also seen that kL depends on the reaction rate constant. To
characterize parallel mass transfer and a first-order reaction the
film model can be used:

δ+ = ≤ ≤
( )

d c
dx

R x0 for 0
39

2

2

in which the thickness of the liquid film is represented by δ and
the reaction rate is given by = −R k c1 . The solution to this model is
given for a number of limiting cases, which depend on the Hatta
number Ha (ratio between the rate of mass transfer vs. the
reactions are compared with the theoretical maximum flux due to reaction rate
= −k 5 s1

1, the species flux can be seen to be limited by the rate of the chemical



Fig. 14. Snapshots of the α ≈ 0.08 simulations showing the concentration profile in a bubble swarm. From top to bottom, the CSTR approximation, fast reaction and slow
reaction are displayed at 0.5 s and 1.0 s. Bubbles on the foreground have been removed for visibility reasons. The colors indicate the concentration, normalized with Henry's
coefficient. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)
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Fig. 15. Snapshots of the α ≈ 0.30 simulations showing the concentration profile in a bubble swarm. From top to bottom, the CSTR approximation, fast reaction and slow
reaction are displayed at 0.5 s and 1.0 s. Bubbles on the foreground have been removed for visibility reasons. The colors indicate the concentration, normalized with Henry's
coefficient. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)
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reaction rate) and the Hinterland number AL (ratio between re-
action volume and liquid film volume):

=
( )

Ha
k

k 40L

1
2

α
= =

( − )

( )

AL
V

V
k

A

V

1

41

LL,total

L,film lg

domain

If the system can be described by a batch reactor (this assumption
has been made to formulate the integral mass balance), the liquid
bulk concentration can be predicted via:



I. Roghair et al. / Chemical Engineering Science 152 (2016) 351–369 367
( )=
− + ( )

c
c Ha AL Ha Ha

1
1 sinh cosh 42

L

L i,

The liquid concentration cL is normalized by the interface con-
centration =c HcL i, 0. The normalized bulk concentration of the
simulations is compared to the analytical solution (based on the
film model) in Fig. 12. The bulk liquid concentration of both si-
mulation series (large and small reaction rate constant) agrees
very well with the analytical expression.

To determine whether and how the reaction rate influences the
mass transfer rate, two relevant limiting solutions of the film
model can be distinguished:

1. ( − ) ⪢AL Ha1 12 and <Ha 0.3 (depleted bulk): the reaction is
sufficiently fast so that mass transfer is not limited by the bulk
concentration. In other words, the bulk liquid concentration can
be assumed to vanish at this specific reaction rate, but the mass
transfer is not chemically accelerated. This condition is valid for
the data points with = −k 50 s1

1 (see Fig. 13a), for the entire
‘interface’ series. For the ‘integral’ data series, above α = 30% the
Hatta number is just low enough ( ≈Ha 0.29) to fulfill the
precondition, but for lower gas hold-up it is slightly above
( ≈ ≮Ha 0.32 0.3). For the latter cases, the chemical acceleration
factor EA can be estimated via = ≈E 1.03A

Ha
Hatanh

, thus still
negligible within the scope of this work.

2. ( − ) ⪡AL Ha1 12 and <Ha 0.3 (saturated bulk): the concentration
in the liquid is nearly equal to the saturation concentration, and
the mass transfer is limited by the reaction rate (see Fig. 13b).

Fig. 13 indicates the species flux obtained from the simulations.
It is compared to the consumption of species due to chemical re-
action (for a completely saturated liquid phase), and to the mass
transfer through the interface (as if the bubbles were in a com-
pletely depleted liquid). The limiting effect of the slower reaction
is clearly seen.

For all simulations performed, a few snapshots have been
provided in Figs. 14 and 15.
Fig. A.1. A part of the surface mesh, showing two points on a smoothened edge and
their connected neighbors.
6. Concluding remarks

6.1. Discussion

Colombet et al. (2011) have conducted an experimental study of
mass transfer in bubble swarms with gas fractions up to 16.5%, and
in more recent work (Colombet et al., 2014) even up to 30%. In
both studies, they have quantified mass transfer in a bubble
swarm using a bubble surface area calculated by assuming
spheroidal shapes. They found no significant difference in the
mass exchange rate between bubbles rising in a swarm and a
single rising bubble (i.e. independent of the void fraction), which
was attributed to the thin boundary layer in which the transfer
actually takes place.

The simulations presented in this work indicate a very small
increase in the liquid side mass transfer coefficient with increasing
gas fraction. In contrast, Colombet et al. (2011) indicate that the
mass transfer coefficient kL decreases with increasing gas hold-up.
Significant differences of the Schmidt number between experi-
ments and simulations may be the cause of this difference. This
also stresses that the simulation of systems with higher Schmidt
numbers is important for an accurate description of the mass
transfer in bubbly flows. The inclusion of adaptive mesh refine-
ment (AMR) for bubble swarm simulations seems a logical next
step, looking at the success of this technique for single rising
bubbles.
6.2. Conclusions

The implementation, verification and validation of a volume-
conservative remeshing technique and a mass transport model for
direct numerical simulation of bubbly flows has been introduced.
The model has been used to simulate mass transfer in a bubble
swarm using different techniques to avoid saturation of the liquid.

The results of simulations with inter-phase mass transport all
show a small increase in the mass transfer rate to the liquid phase
with increasing gas hold-up. It is important to take mass transfer
limitations into account during the analysis, as these will sig-
nificantly influence the results.

In conclusion, a powerful tool to simulate mass transfer in
bubble swarms with a gas hold-up ranging from 4% up to 40% has
been developed, accompanied by several analysis techniques to
interpret the results. Correlations for larger scale models can be
derived from parametric studies involving for instance different
bubble sizes and liquid properties.
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Appendix A. Volume conservation and restoration

The details of this technique are described by Kuprat et al.
(2001), but we provide the following derivation for convenience.
Fig. A.1 can be used to follow the derivation.

Consider an edge, which has two nodes = { }ix , 1, 2i , that are
moved to a new position ≡ + dx x xi

s
i i

s. The anticipated volume
change due to this movement should then be corrected by dis-
placing the edge by ^hn, where h is the scaling factor and n̂ the
optimal direction to shift:

= + ^ = ( )d d h ix x n, 1, 2. A.1i i
s

Moving node 1 causes a change in all connected triangular marker
cells. For each connected marker cell, a tetrahedron is constructed
based on the original marker nodes { }( ) ( + )x x x, ,i i

j
i
j 1 , and the dis-

placed node + dx xi i, from which the volume difference is calcu-
lated using a scalar triple product, and the results are added. For
the first point:

∑ ∑= · × = · = ×
( )=

( ) ( + )

=

=
( ) ( + )dV d dx e e x A A e e6 with .

A.2j
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Here, ei
j indicates the edge from node i to node j (both are on the

same triangle), A i is the sum of connected marker cell normals and

the factor 6 emerges because the volume of the tetrahedron is th1
6

of the scalar triple product.
A similar procedure must be followed for the second node on

the smoothened edge. Note that its first neighbor x1 has been
moved already so a new edge must be defined:

= + = ≤ ≤ ( )( ) ( ) ( ) ( )d je e x e eand , 2 A.3j j
2
1

2
1

1 2 2 2

Now the volume difference due to the movement of x2 can be
obtained again by the equivalent of Eq. (A.2), which results in:

= · + · ×

≡ − = − ( )( ) ( ) ( ) ( )

dV d d dx A x v x

v e e e e

6 ,

where A.4

2 2 2 2 1

2 2
2

2
2

2
2 1

Conservation of volume for the displacement of two nodes now
reads:

δ = + = · + · + · ×

≡ − = − ( )( ) ( ) ( ) ( )

V dV dV d d d dx A x A x v x

v e e e e

6 6

where A.5

1 2 1 1 2 2 2 1

2 2
2

2
2

2
2 1

Combining (Eqs. (A.1) and A.5) yields the amount h and direction
n̂, completing the edge smoothing and volume correction. To limit
the effect on the actual geometry, ‖ ^‖hn should be minimal while
correcting the volume:

( )( )
= −

· + · + · ×
^· + + × − ( )

h
d d d d

d d

x A x A x v x

n A A v x x A6a

s s s s

s s
1 1 2 2 2 1

1 2 1 2

( )
( )

^ =
+ + × −

‖ + + × − ‖ ( )

d d

d d
n

A A v x x

A A v x x A6b

s s

s s
1 2 1 2

1 2 1 2

Restoring any other volume additional to the smoothing can easily
be done by addition of the missing volume δV to Eq. (A.5), which
goes into the numerator of Eq. (A6a).
Appendix B. Supplementary data

Supplementary data associated with this article can be found in
the online version at http://dx.doi.org/10.1016/j.ces.2016.06.026.
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