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1. Introduction 

A note on the iterated expectation criterion 

for discrete dynamic programming 

by 

K.M. van Hee and J.A.E.E. van Nunen 

Recently several authors have investigated the discrete dynamic programming 

model with unbounded rewards. We refer to Harrison (1972), Lippman (1973), 

(1975), Wessels (1975), Hinderer (1975) and van Nunen and Wessels (1975). 

In this paper we consider the discrete dynamic programming model with un

bounded rewards as treated by Harrison (1973). The aim of this note is to 

illustrate, first that the conditions as imposed by Harrison are insuffi

cient and secondly how the imperfection can be repaired. We will give a 

counter example exhibiting the imperfection of Harrison I s conditions, where

as we introduce an extended notion of expectation in order to create a frame

work in which the results of Harrison can be deduced in exactly the same way 

as in Harrison's paper. The iterated expectation criterion is defined by 

prescribing the order of s,ummation and integration in computing expectations. 

The usual notion of expectation is included if absolute convergence is avai

lable. 

We shall use the notations of Harrison (1972) with a slight modification: as 

can be done without loss of generality, we assume, for notational convenience, 

that there is only one action space for all s E S, 

We note by IT the set of all policies. 

i.e. A = A for all s E S. 
S 

We recall here Harrison's conditions on the transition probabilities pC' I .,.) 
and the rewards r(·,·). 

1) I pet I s,a) I r(t,f(t»1 < 00, for all s E S, a E A, and for all (Markov) 
tES 
decision rules f E F. 

2) there exists a bound d > 0 such that for all s E S, a E A and f E F 

I L pet I s,a)r(t,f(t» - r(s,a)1 ~ d • 
td 

3) there exists a number M such that 

U(s) - L(s) ~ M, for all s E S • 
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We remind the definitions of U and L: 

L(s) := inf r(s,a), U(s) := sup r(s,a), s E S • 
a€A aEA 

Assumption 1) is not sufficient to guarantee (in the usual sense) the exis

tence of the expected reward at time n, given the starting state. This is 

shown in the simple example below. Hence conditional expectations, such as 

(see lemma 1 in Harrison (1972»are not defined' property l.U general. 

2. Counter exa~le 

It Let'lN denote the set of positive integers. 

The state space S:= ({-1,0,1} x 'IN) u {O}, the action space A consists of 

only one element, i.e. A := {a} and the reward function r is defined by 

r(O,a) := OJ r«i,j),a) := 
fo . 
lsgn (i)2 j 

if i '" ° 
if i ~ ° «i,j) E S) 

and the transition probabilities are defined by 

p «0, j) 

p «i, j) 

p «i, j) 

O,a) := 2- j if JE'lN, 

(i,j),a) := if i ~ 0, j E'lN, 

(0, j ) , a) := i if i :f: 0, j € :N. 

It is obvious that 3) holds and the verification of 1) and 2) is straight

forward. But 

I p(2)(t I O,a)r(t,a) 
tES 

is undefln.ed, since 

I p(2)(t 
tES 

O,a)lr(t,a)1 = w • 

(Note that p(2)(t I s,a) := I pet I £',a)p(J1.. I s,a).) 
J1..ES 
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3. The iterated expectation criterion 

Throughout this section we fix an arbitrary policy ~ == (QI,QZ,Q3"") and 

some starting state s E S, Note that p, ~ and s determine a probability 

cP~) for the random process {(a ,a ), n E IN}. All concepts introduced fromnow s n n . 
are defined w.r.t. these ~ and s. We consider a slightly modified definition 

of expectation of a real function g on H , by defining first the conditional 
n 

expectation with respect to h I' Let n denote the random vector n- n 
(ol,a1, .. .,an )· 

Defini tion. 

I) The conditionaZ expectation of a real function g on H , given n == h n n-I n-l 
with h 1 = (sl,al,···,a 2's 1) is n- n- n-

if the right hand side converges absolutely. 

2) Let G be the set of real functions on H such that 
n n 

JE [g I n . 
n-l 

is defined for all hIE H I with P~[n I = h J > O. n- n- s n- n-l 
3) Let g E G • For k == n-Z,n-3, ••• ,1 we define recursively 

n 

if 

4) The iterated expectation of g EGis defined by 
n 

JE[g]:= JE[g I a l == sJ 

if JE[g I a 1 == sJ is defined. 
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Remarks 

1) If g(a 1,a 1, ••• ,an) is integrable w.r.t. P: the usual conditional expecta

tion equals ours. 

2) If for g,t E G the iterated expectation is defined, it holds that the 
n 

iterated expectation of g + t exists and 

JE [g + t J = JE [gJ + JE [t ] 

It is obvious that, for g E G with g ~ 0, it holds that JE[gJ ~ ° hence 
n 

the iterated expectation is a positive and linear operator. 

Finally we note that the assumptions 1), 2) and 3) guarantee the existence 

of 

The discounted iterated expected value belonging t01T and s is now defined 

by: 

V(1T) (s) 

Remarks 

3) If the state space and the action space are Polish the iterated expecta

tion can be defined analogously. 

4) It is easy to see that Harrison's paper is correct with our definition of 

the iterated expectation. 
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