
 

Dynamic disturbance decoupling of nonlinear systems and
linearization
Citation for published version (APA):
Huijberts, H. J. C., & Nijmeijer, H. (1993). Dynamic disturbance decoupling of nonlinear systems and
linearization. (Memorandum COSOR; Vol. 9328). Technische Universiteit Eindhoven.

Document status and date:
Published: 01/01/1993

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/28670fd4-2949-44bd-ac93-e7cbf310aeaf


EINDHOVEN UNIVERSITY OF TECHNOLOGY
Department of Mathematics and Computing Science

IVlemorandum COSOR 93-28

Dynamic disturbance decoupling of nonlinear
systems and linearization

H.J.C. Huijberts
H. Nijmeijer

Eindhoven, September 1993
The Netherlands



Eindhoven University of Technology
Department of :Mathematics and Computing Science
Probability theory, statistics, operations research and systems theory
P.O. Box .513
5600 1IB Eindhoven - The Netherlands

Secretariat:
Telephone:

Dommel building 0.03
040-47 3130

ISSN 0926 4493



Dynamic disturbance decoupling of nonlinear
systems and linearization*

H.J.c. Huijbertst

Abstract

H. Nijmeijert

In this paper we investigate the connections between the solvability of the
dynamic disturbance decoupling problem with exponential stability (DDDPes)
for a nonlinear system and the solvability of the same problem for its lineariza
tion around an equilibrium point. It is shown that under generic conditions the
nonlinear DDDPes is solvable for a nonlinear system if and only if the static
disturbance decoupling problem with stability (DDPs) is solvable for its lin
earization around an equilibrium point.

Keywords: nonlinear control systems, disturbance decoupling, dynamic feed
back, linearization.

AMS Subject Code (1980): 93B50,93CIO,93D15.

1 Introduction

As in linear geometric control theory (see for instance [22]), one of the first structural
synthesis problems that has been posed and to some extent (i.e., in a local fashion)
has been solved in a nonlinear context is the so called disturbance decoupling problem
(DDP). Recall that the DDP may be defined as follows. Consider a nonlinear system
'E q of the form

'Eq { ; -
f(x) +g(x)u +p(x)q
h(x) (1)

where x = (XI,"', xnf E JRn are local coordinates for the state space manifold X,
u E JRm denotes the controls, q E JRT the disturbances and y E JRP the outputs. Also,
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let gl, ... ,gm denote the colums of the matrix 9 and similarly PI, ... ,Pr the columns
of the matrix p. All data in (1), i.e., the vector fields f,gl"" ,gm,Pll'" ,Pr as well
as the function h will be assumed to be analytic throughout the paper. In the DDP
one is asked to find, if possible, a static state feedback

(2)

with a(x) and f3( x) respectively an m-vector and an (m, m)-matrix depending analyt
ically on x and with v E IRm denoting a new control vector, such that in the closed
loop system Eq 0 Q8 given by

{
X = f(x) +g(x)a(x) +g(x)f3(x)v +p(x)q
y = h(x) (3)

the output is not affected by the disturbances q, no matter how the new control v is
chosen. Usually the DDP is considered under the additional assumption that in the
static state feedback law (2) the matrix f3(x) is nonsingular for all x. This in order to
keep as much control to the system as possible, while achieving disturbance decoupling
at the same time. The (local) solution of the DDP can be found in [14],[15]. This
solution to the DDP very much resembles its linear analogon.

Another disturbance decoupling problem can be posed if one allows for dynamic
state feedbacks instead of static state feedbacks (2) (see [10],[11],[16]). This gives rise
to the so called dynamic disturbance decoupling problem (DDDP) in which a dynamic
state feedback

Q {z = a(x, z) + f3(x, z)v
d u = ,(x,z)+S(x,z)v

(4)

with compensator state z E IRII and control v E IRm is sought, such that in the closed
loop system Eq 0 Qd given by

{

X = f(x)+g(x)')'(x,z)+g(x)S(x,z)v+p(x)q
Eq 0 Qd z = a(x, z) + f3(x, z)v

y = h(x)
(5)

the disturbances do not influence the outputs, no matter how the new controls v are
chosen. Under the assumption that Qd is regular, which roughly says that the relation
between the old controls u and the new controls v is invertible (the exact definition of
a regular dynamic state feedback is postponed till Section 2.1), a local solution of the
DDDP has been obtained in [10],[11]. The remarkable observation about the DDDP
is that for linear systems the DDDP is solvable if and only if the DDP is, a conclusion
which in the nonlinear case no longer turns out to be true.

Nonregular solutions to the DDDP, i.e., solutions in which (4) is not necessarily a
regular dynamic state feedback, are described in [8].
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The purpose of this paper is twofold. First we try to relate the solvability of the
DDDP for a nonlinear system around an equilibrium point Xo E X to the solvability
of the (D)DDP for the linearized system (assuming that h(xo) = 0)

L'£ {i = Fe + Gu +Pq (6)
q TJ = He

where, in order not to introduce too many new variables we denote the controls and
disturbances by u and q again, and where

F = (~~) (xo), G = 9(Xo), P = p(xo), H = (~~) (xo)

An engineering paradigm would be to approximately solve the DDDP for the system
(1) around Xo by addressing the same problem for its linearization (6) and, once a
linear solution of the DDDP has been obtained for (6), to consider this as a first order
approximate solution of the DDDP for (1). Recently we have demonstrated that indeed
for a large (generic) class of systems this approach makes sense, see [9]. In that paper
we have rigorously shown that by allowing for linear regular dynamic state feedbacks
(4) in the solution of the disturbance decoupling problem for the linear system (6), we
obtain first order approximate solutions for the DDDP for (1), provided the (D)DDP
for (6) is solvable. The solution of the DDDP in this case uses particular dynamic state
feedbacks, that we call Singh compensators (following the work of [20)). A particular
feature of such a Singh compensator is that stepwise some of the input channels are
integrated and the other input channels are only changed by a static feedback loop at
each step.

So far, in the literature the analysis of the relation between the nonlinear DDDP
and the DDP of the linearization has been done without taking into account the
important requirement of closed loop stability (if the new controls v and unknown
disturbances q are all set equal to zero). For linear systems, this combined problem,
the so called disturbance decoupling problem with stability (DDPs) has been solved
completely (d. [22],[1D. In the nonlinear context the combination of the DDP with
(local) stabilizability is a more difficult problem that has been studied via different
methods. One method is based on the notion of the system being minimum phase
(see [3D which generalizes the linear concept of minimum phase-ness to nonlinear
systems. Another method in the analysis of the nonlinear DDPs is essentially based
upon deriving sufficient conditions for the solvability of the DDPs for (1) via the
solvability of the problem for its linearization (6), see [21] for an extensive discussion.
From the above reference it follows also that the DDDP with exponential stability
(DDDPes) can be studied in a similar way, based on the extended system (5). Clearly,
this analysis has the drawback that it will depend on the choice of the compensator
Qd in (5). For this reason we will develop here, as the second purpose of the paper,
results on the solvability of the DDDPes for (1) in relation to the solvability of the
(D)DDPes for its linearization (6), herewith avoiding the forementioned drawback in
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[21]. Roughly stated, our main result says that, for "generic" systems, the DDDPes is
locally solvable if and only if the DDPs is solvable for its linearization.

The organization of the paper is as follows. In Section 2 we first introduce the dis
turbance decoupling problem via regular dynamic state feedback (DDDP) and present
a solution to this problem, following [10],[11]. Then we proceed by investigating the
connection between the solvability of this problem for a given nonlinear control system
and the solvability of the same problem for the linearization of the system around an
equilibrium point. The results in this section are from [9]. In Section 3 we investigate
the same problems with the extra requirement of exponential stability of the closed
loop system. Section 4 contains an example. In Section 5 we draw some conclusions.

2 The dynamic disturbance decoupling problem
and linearization

In this section we briefly discuss the dynamic disturbance decoupling problem (DDDP)
and its linearization. Throughout we restrict ourselves to square systems of full rank,
i.e., systems with as many controls as outputs which are left- and right-invertible, cf.
[14]'[15]. The non-square and non-invertible case can be treated in the same way, see
e.g. [12]. In order to possibly solve the DDDP we introduce in Section 2.1 a particular
class of dynamic state feedbacks, the so called Singh compensators. These dynamic
state feedbacks have the property that for a full rank sytsem the resulting compensated
system will have an invertible decoupling matrix. This means that by applying a Singh
compensator such a system can be input-output decoupled. Moreover, among those
dynamic state feedbacks that have this property, the Singh compensator is one of
minimal dimension (i.e., v in (4) is as small as possible, cf. ([12]). In Section 2.2, we
formulate the DDDP and present a solution to this problem. In Section 2.3 we make
the correspondence with the DDP of the associated linearization of the system.

2.1 Singh compensators

We start with some algebraic concepts that were introduced in [4]. Consider the non
linear system Eo, which is the system derived from Eq by setting q =O. Recall that a
meromorphic function TJ is a function of the form TJ = 1r j (), where 1r and () are analytic
functions. Assume that the control functions u(t) are n times continuously differen
tiable. Then define u({)) := u, u(i+l) := (djdt)u(i). View x, u, ... ,u(n-l) as variables
and let K denote the field consisting of the set of rational functions of (u,' .. ,u(n-l))

with coefficients that are meromorphic in x. Note that y, iI," " yen) have components
in the field K. Let £ denote the vector space over K spanned by {dx, dil,' .. ,dy(n)}.
Define subspaces £0," . ,£n of £ by

(7)
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Then the rank p"(Eo) of Eo is defined by (see [4])

p"(Eo) = dimK; t'n - dimK; t'n-I (8)

(9)

Note that we always have p"(Eo) ~ m. Eo is said to be of full rank if p"(Eo) = m.
Now consider a dynamic state feedback Qd for Eq of the form (4). It is said to be a

regular dynamic state feedback for Eq if the system

{

X = f(x) +g(x),(x, z) +g(x)8(x, z)v
z = a(x, z) + f3(x, z)v
u = I(x, z) +8(x, z)v

with controls v and outputs u has full rank (see [4]).
The Singh compensator is obtained in the following way. For r, s E IN, introduce

the notation I rs := {r,'" ,s}. Using e.g. Singh's algorithm ([20],[4]), we can then find
a permutation of the outputs and positive integers II, ... "m satisfying II ~ ... ~
1m ~ n, such that for k = 0, ... , n

{dx, {dy~j) Iii ~ k,j E I-y;k}} (10)

forms a basis for t'k. Denoting Yk = col(Yi Iii = k), Yk = col(Yi Iii> k), this means
that we may write for k = 1" ", n

(11)

ylk) = ylk)(x, {y!i) liE Ilk, j E Iik} )

where the matrices Bk := (bf ... hI? have full row rank over K (d. [4],[12]). Define
Yn := (:y~ ... y~n)T? and A := (iif ... ii~? Then (11) yields in particular:

Yn = An(x, {y~j) liE Iln-bj E I in })+
(12)

Bn(x, {y~j) liE Iln-bj E Iin-d)u

We call a pair (x, y) = (xo,O) a strongly regular point for Eq if for every possible
permutation of the outputs as described above, the matrix Bn in (12) has full row rank
over JR, when evaluated at (xo,O). If the pair (xo, 0) is a strongly regular point for Eq ,

we know that for (12) there exists a neighborhood U C X of Xo and a neighborhood
10 C mnm of (y~j) liE Iln-bj E Iin-I) = 0 such that Bn is invertible on U x yo.
Then on U x 10 we obtain from (12):

(13)
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Clearly, Ii is the lowest time-derivative of Yi appearing in the right hand side of (13).
Let hi be the highest time-derivative of Yi appearing in the right hand side of (13).
It can be shown that the integers hi and L:i::l Ii are intrinsic, i.e., independent of the
permutation of the outputs that is chosen (d. [12]). In fact, the hi are just the essential
orders ([5]) of :Eq • Hence the integer (7 := L:i::l (hi - Ii) is an intrinsic number too.
Moreover, the right hand side of (13) is affine in y!O;) and we may rewrite it as

~,i. ( { (j) I' I . I. }) (0;)
LJ 'f'2i X, Yi Z E 1m,) E ')';0;-1 Yi
i=1

for certain vector-valued functions 4>1,4>2i (i = 1"", m). Let Zi (i = 1"", m) be a
vector of dimension hi - Ii and consider the system:

{

Zi = Aizi +BiVi (i=l,···,m)

u = 4>1(X, Zl,"', Zm) + .f 4>2i(X, Zl,"', Zm)Vi
1=1

(14)

with (Ai, Bi) in Brunovsky canonical form. Then (14) is called a Singh compensator
for :Eq around xo.

The Singh compensator has the following properties (see [7]'[11],[12],[13]).

Proposition 2.1 Consider the nonlinear system :Eo and assume that p*(:Eo) = m. Let
Xo E X be an equilibrium point of :Eo. Assume that h(xo) = 0 and that (x, y) = (xo,O)
is a strongly regular point for :Eo. Let Q be a Singh compensator for :Eo. Then

(i) Q is a regular dynamic state feedback for :Eo.

(ii) Q is a minimal order input-output decoupling compensator for :Eo, i.e., the di
mension of the compensator state of Q is minimal among those compensators
that achieve input-output decoupling for :Eo.

(iii) a. The point (x, z) = (xo, 0) is an equilibrium point for :Eo 0 Q.

b. Denote by L(:Eo0 Q) the linearization of :Eo 0 Q around (xo, 0). Then L(:Eo0

Q) = L:EooLQ, where LQ, the linearization ofQ around (xo,O), is a Singh
compensator for L:Eo.

c. Conversely, if R is a Singh compensator for L:Eo, then there is a Singh
compensator Q for:Eo such that LQ = Rand L(:Eo 0 Q) = L:Eo 0 R.

In the sequel a dynamic state feedback (4) will be called a Singh compensator for :Eq

if it is a Singh compensator for :Eo.
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2.2 The dynamic disturbance decoupling problem

The DDDP is defined as:

Definition 2.2 Disturbance decoupling problem via regular dynamic state
feedback (DDDP) Consider the nonlinear system Eq and let a point Xo E X be
given. The DDDP is said to be locally solvable around Xo if there exist a regular
dynamic state feedback Qd for Eq of the form (4), a neighborhood U C X of Xo and an
open subset Z C JRv such that the outputs of the composed system Eq 0 Qd restricted
to U x Z are independent of the disturbances. _

The following theorem, which can be found in [10],[11], gives a local solution of the
DDDP. In the statement of the theorem we use that for Eo, the yik

) (k = 0" .. ,nj Yo =
y) can be viewed as functions on Xe := X x JRq and so Kerdyik

) (k = 0"", n) defines
a distribution on Xe • Let Q, P denote the distributions spanned by the control vector
fields and disturbance vector fields of Eq respectively. Define the distributions ge, Pe
on Xe by Qe := g x {O}, Pe := P x {O}. For a particular permutation of the outputs
of Eo (as described in Subsection 2.1), define

n

~e := nKerdYkk
)

k=O
(15)

Theorem 2.3 Consider the square nonlinear system Eq and let Xo E X be such that
(Xo, 0) is a strongly regular point for Eq • Then the DDDP is locally solvable around Xo
if and only if for every permutation of the outputs for Eo (as described in Subsection
2.1) we have

(16)

Moreover, if the DDDP is locally solvable around Xo, every Singh compensator for Eq

around Xo solves the DDDP for Eq • _

Remark 2.4 Another way of solving the DDDP can be found in [16].

2.3 The DDDP and its linearization

Next we relate the DDDP for Eq with the analogous problem for LEq , the linearization
of Eq around an equilibrium point. Here we follow [9]. So we consider an equilibrium
point Xo E X of Eq , satisfying h(xo) = 0, and the linearization LEq of Eq around xo.
The following assumption is made.

Assumption 2.5 (i) (x,y) = (xo,O) is a strongly regular point for Eq •
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(ii) For every permutation of the outputs of Eo as described in Subsection 2.1, Pe

and Lle n Pe have constant dimension on a neighborhood of (xo, 0) in Xe .

Then the following result, relating the DDDP around Xo for Eq and for LEq, is proved
in [9].

Theorem 2.6 Consider the square nonlinear system Eq, and assume that it has full
rank, i.e., p*(Eo) = m. Let Xo E lRn be an equilibrium point of Eq with h(xo) = 0 and
suppose that Assumption 2.5 is satisfied. Then the DDDP for Eq is locally solvable
around Xo if and only if it is solvable for LEq.

Proof (necessity) Assume that the DDDP for Eq is locally solvable around Xo. Let
Q be a Singh compensator that solves the problem around Xo. It may be checked (see
e.g. [12]) that the decoupling matrix ([14],[15]) is the (m, m)-identity matrix. This
implies (d. [6])

(17)

(18)

where .6.: is the maximal locally controlled invariant distribution in Kerdh for Eq 0 Q
and V; is the maximal controlled invariant subspace in Ker (H 0) for L(EqoQ). Hence
we have, since the DDP is solvable for Eq 0 Q:

1m ( ~ ) = Pe(xo, 0) c .6.:(xo, 0) = V;

and thus the DDP is solvable for L(Eq0 Q) = LEq0 LQ. This implies that the DDDP
is solvable for LEq •

(sufficiency) Assume that Assumption 2.5 holds and that the DDDP is solvable for
LEq via a Singh compensator R. By Proposition 2.1, there is a Singh compensator
Q for Eq such that (xo,O) is an equilibrium point of Eq 0 Q and such that L(Eq 0 Q),
the linearization of Eq 0 Q around (xo,O), satisfies L(Eq 0 Q) = LEq 0 R. As above,
we have that the decoupling matrix of Eq 0 Q is the (m, m)-identity matrix. Then it
follows (d. [14],[15]) that .6.:, the maximal locally controlled invariant distribution in
Ker dh for Eq 0 Q, is given by

.6.: = Lle n Ker dz (19)

and hence by Assumption 2.5, .6.: has constant dimension around (xo,O). Let V; be
the maximal controlled invariant subspace in Ker (H 0) for LEq0 R. Then we obtain
analogously to (18) that

(20)

Since Assumption 2.5 holds, this implies that in fact we have Pe C .6.: around (xo,O).
Hence the DDP is solvable for Eq 0 Q and thus the DDDP is solvable for Eq • •
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The result of Theorem 2.6 has the following practical implications. Besides tackling
a synthesis problem via linearization, it is common practice in engineering to add
integral actions in order to achieve better disturbance attenuation. From Theorem 2.6
it follows that if Assumption 2.5 holds, the solvability of the DDP for LL.q implies
solvability of the DDDP for L.q , but not necessarily solvability of the DDP for L.q (for
a counter example, see [9] or Section 4). If indeed the DDDP, but not the DDP, is
solvable for L.q , no static state feedback that solves the DDP for LL.q will be a first
order approximation of a feedback that solves the DDDP for L.q• As a result of this,
such a static state feedback will in general not result in a satisfactory disturbance
attenuation when applied to L.q • At the same time the remedy is clear: one should
look for a dynamic state feedback that solves the DDDP for LL.q and that at the
same time is the linearization of a dynamic state feedback that solves the DDDP for
L.q • By Proposition 2.1 and Theorem 2.6, any Singh compensator for LL.q will do this
job (provided the DDP is solvable for LL.q ). In other words, one should incorporate
integral action to some of the controls to achieve better disturbance attenuation. In
this respect one could view the result of Theorem 2.6 as a partial interpretation of
introducing integral action in classical PID-control applied to nonlinear systems. A
simulation example that illustrates the difference in using a static versus a dynamic
linear feedback as an approximate linear solution for the DDDP is given in [9].

3 The DDDP with (exponential) stability

The DDDP with stability that we will discuss next is defined as:

Definition 3.1 Disturbance decoupling problem with local stability via reg
ular dynamic state feedback (DDDPs) Consider the nonlinear system L.q and
let a point Xo E X be given. The DDDPs is said to be locally solvable around Xo if
there exists a regular dynamic state feedback Qd that locally solves the DDDP around
Xo and in addition the closed loop system L. q 0 Qd has (x,z) = (xo,O) as a locally
asymptotically stable equilibrium point (when setting v =°and q =°in (5».

In the following we will deal with a slightly stronger notion of stability, namely expo
nential stability. Correspondingly, we will use the abbreviation DDDPes. The reasons
to work with exponential stability are in fact twofold. First, in most circumstances
the new controls v as well as the unknown disturbances may not equal zero and thus
the closed loop asymptotic stability for v =°and q =°may not guarantee a nice
behavior, as e.g. bounded input-bounded state stability, when v and/or q do not van
ish. The second motivation to look at exponential stability is that we want to exploit
optimally the relations between the DDDP for (1) around Xo and the DDDP for its
linearization (6).

The main result we will establish is that under generic assumptions the DDDPes for
(1) is locally solvable around Xo if and only if the (linear) DDPs for its linearization
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(6) is solvable. Recall that the (linear) DDPs for (6) requires that there exists a linear
feedback

u = Me+Nv (21)

with M an (m, n)-matrix and N an (m, m )-matrix, such that in the closed loop system

{e = (F+GM)e+GNv+Pq
TJ = He (22)

the disturbances q do not influence TJ and, in addition, the matrix F+GM is a Hurwitz
matrix (see [22],[1]). Recall that the DDPs for (6) is solvable if and only if

ImP C V: (23)

where V; is the maximal stabilizability subspace in KerH (cf. [22],[1]). Note further
that in the linear context the notions of asymptotic stability and exponential stability
coincide, so that the DDPs and the DDPes represent the same problem.

Our main result is the following.

Theorem 3.2 Consider the square analytic nonlinear system Eq and assume that it
has full rank, i.e., p*(Eo) = m. Let Xo E X be an equilibrium point of Eq with
h(xo) = 0 and suppose that Assumption 2.5 is satisfied. Then the DDDPes is locally
solvable around Xo if and only if the DDPs is solvable for its linearization (6) around

Xo·

Proof (necessity) Assume that under the given conditions the DDDPes is locally
solvable for the system (1). Thus, in particular the closed loop system Eq 0 Qd (see
(5) has (xo, 0) as an exponentially stable equilibrium point when v =0, q =O. Let us
write the linearization of this closed loop system as

{

~ = (F+GMl )e+GM2z+GNv+Pq
z = Ale +A2 z +Bv
TJ = He

(24)

Since the closed loop system (5) is exponentially stable, it follows that (24) is asymp
totically stable. Moreover, since the disturbances q do not influence y for the system
(5), the same holds true for the linearized system (24). Following [2],[18],[19], this im
plies on its turn that there exists a linear subspace Ve in (e, z)-space that is invariant
for (24), is inner-stable as well as outer-stable ([18],[19]) and satisfies

1m ( ~ ) eVe C Ker (H 0) (25)
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But then we also have that the subspace p(Ve ) C lRn defined by

(26)

is controlled invariant and inner- as well as outer-stable for the linearization of (1), i.e.,
for (6). Obviously we also have ImP C p(Ve ) C KerR. Therefore we may conclude
that the DDPs is solvable for (6).

(sufficiency) The proof of the sufficiency-part is based on the following observations:

(i) given the fact that the DDPs is solvable for (6), it follows by direct inspection
-for example using the Popov-Belevich-Hautus test- that the system (6), together
with any linear Singh compensator R is stabilizable since the original system (6)
IS.

(ii) Given the fact that the DDPs is solvable for (6), we have that ImP C V;. Fur
ther, one may check that for any Singh compensator R for (6) we have that for
the closed loop system there exists a stabilizability subspace V;e that is isomor
phic to V; and that satisfies p(V;e) = V;.

Now assume that the DDPs is solvable for LEq • Then there exists a Singh compensator
R for LEq that solves the DDDP for LEq • By the above observations, we have that for
LEq 0 R the DDPs is solvable, say by means of a static state feedback Rs for LEq 0 R.
By Proposition 2.1 there exists a Singh compensator Q for Eq that solves the DDDP
for Eq and has the property that L(Eq 0 Q) = LEq 0 R. Together with the fact that
Rs solves the DDPs for LEq 0 R, this implies that Q 0 Rs solves the DDDPes for E.•

4 Example

In this section we present an example that illustrates the theory developed in the
foregoing sections and the construction of a first order approximate solution to the
DDDPes for a nonlinear control system Eq •

Consider the following nonlinear system:

Xl - (X2 + l)UI YI = Xl

X2 - Xs Y2 = X3

X3 - -X2 - X3 + X4 + (X4 - 1)UI (27)
X4 - U2

Xs - 15xs +q
X6 - 8X2 - 8X4 - 16x6
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around the equilibrium point Xo = O. For this system we find 11 = 1, 12 = 2 and

Hence 81 = 82 = 2, and a Singh compensator for (27) is given by

Z - Ul

Furthermore, it follows from (28) that

- { a 2 a~e = span Z(X2 +1)~ + [(X2 + 1) + Z(X4 - 1)] ~,
UX2 UX4

(28)

(29)

a a a a}
(X4 - 1)~ - zOZ'~' 8X6

Hence

a -
'Pe = span{~} C ~e

uXs

and by Theorem 2.3 the DDDP for (27) is solvable around Xo via the Singh compen
sator (29).

The linearization of (27) around Xo = 0 is given by

~1 - Ul "71 =6
6 ~s '1]2 = ea
ea - -~2 - ea + ~4 - Ul (30)
~4 U2

~s - -15~s +q

~6 8~2 - 8~4 - 16~6
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For (30) we have

'11 -
7]2 -
7]2 -

UI

-6 -6+e4 - ~l

e2 +6 - e4 - es = ~l - iit +U2

Hence a Singh compensator for (30) is given by

(31)

(32)

(33)

z - ill
UI - Z

U2 - -e2 - 6 +e4 + es - z+UI +U2

It may be checked that (32) is the linearization of (27) around (x, z) = (xo, 0). Further,
for (30) we have

V* = V: = span{ e2 + e4, es, e6}

where ei denotes the i-th basis vector of the standard basis of IR6. Since ImP =
span{es}, this implies that the DDPs is solvable for (30) and thus by Theorem 3.2 the
DDDPes is solvable for (27). Choosing

ill = -4el - Z +VI

U2 = -6 - 6 + e4 + es - Z + VI + V2

the feedback (32,33) solves the DDDPs for (30). Mutatis mutandis, this implies that
the feedback (29,33) is a first order approximate solution of the DDDPes for (27).

5 Concluding remarks

In this paper we have investigated the analogy between the dynamic disturbance de
coupling problem with stability around an equilibrium point for a nonlinear system
and the problem for its linearization around this equilibrium point. It was shown that
under generic conditions the nonlinear problem is solvable if and only if the corre
sponding linearized problem is. This illustrates an often used engineering paradigm
in the way that a noninear problem may be approached by tackling the corresponding
linearized problem.

At the same time we show that in general only certain dynamic state feedbacks
for the linearized system act as first order approximate solutions of the nonlinear
dynamic disturbance decoupling problem, although for the solvability of the linear
disturbance decoupling problem with stability it is sufficient to limit oneself to static
state feedbacks. Of course it is not clear yet to what extent an approximate solution
based on the linearization serves as a "reasonably good" solution. For this one needs
to develop measures and tools for a robustness analysis of nonlinear controller design.
One possible measure, used in [9],[17] is based upon L 2-norms, like in Hoo-control. We
leave this issue open for future research.
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Another issue that becomes important in the analysis we have developed, is to re
place the dynamic state feedbacks in the solution of the (linear or nonlinear) dynamic
disturbance deocupling problem by dynamic output feedbacks. Such investigations
have been performed successfully in a linear context, see e.g. [18],[19], and it might
very well be possible to do a similar research in the nonlinear context.
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