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First-passage times ~n a skip-free random walk 

F. W. Steutel 

I. Introduction and summary 

In [3J Dwass proves the following theorem. 

Theorem 1.1. If P is the p.g.f. of a distribution on {O,I, ••. ,} such that 

p(O) > 0 and P'(I) ~ I, then the equation 

(1 . I ) z = uP(z) 

has exactly one solution z = z(u) for every u E [O,lJ, and z(u) is the p.g.f. 

of an infinitely divisible distribution on {I ,2, •.. }. 

Taking P(z) = (l + z2)/2 he obtains the infinite divisibility (inf div) of a 

dis tribu don that is then recognized as the distribution of the first-passa-

ge time from I to ° in a symmetric Bernoulli random walk. 

In this note we show that z(u) is always the p.g.f. of the first-passa-

ge time from I to ° in the random walk having a step-length distribution on 

{-I ,O,l, .•• } with p.g.f. P(z)/z. We give a short proof of the inf div of z(u), 

and derive explicit expressions for the probabilities corresponding to z(u) 

and {z(u)}a for a > 0. As a tool we use Lagrange's expansion, which we state 

here as a lemma (see e.g. [10J for a proof). 

Lemma 1.2. If ~ is a function of a complex variable, which is regular on and 

inside a closed contour C around 0, and 

then the equation 

u is such that lu~(z)1 < \z\ on C, 

( I .2) Z :::: U(p(z) 

has exactly one solution z :::: z(u) with z inside C. Furthermore, every func

tion f, which is regular on and inside C can be expanded in a power series 

in u as follows 

( 1 .3) fez) 
00 n 

f(O) + \ ~[(~)n-lf'(x) n(x)J 
L n! dx ~ x=O 

n=l 

Equation (1.1) also occurs ~n branching processes, where z(u) is the 

p.g.f. of the total number of individuals until extinction (cf. [4J). In [OJ 

formula (1.3) ~s used to generate p.g.f.'s, without reference to a specific 

problem. Similar use of (1.3) occurs in [6J. 
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2. First-passage times 

We slightly relax the conditions on P as given in theorem 1.1 (at the 

cost of having to allow for defective first-passage time distributions) and 

prove the following theorem, using the notation of [3], where this is con

venient. 

Theorem 2.1. Let X
1

,X
2

, ••. be independent r.v.'s with 

(j == 1,2, ... ; k = 0,1,. .. ) , 

where PO > 0, and let Y. X. - 1 (j == 1,2, •.• ). Denote by U the (possibly 
J J 

defective) first-passage time from 1 to 0 in the random walk with steps 

Y
1

,Y
2

, ••• , and starting in I. Let P(z) be the p.g.f. of Xl and z == z(u) the 

p.g.f. of U. Then P and z are related by (I. I) which has exactly one solu

tion for each u with lui < 1. Furthermore z(u) is inf div, and one has 

P(U = n) ::; P(X
1 

+ ..• + Xn = n - 1) • 

Proof. Let Uk+I,Uk""'U
1 

denote the successive first-passage times from 

k + 1 to k, from k to k - 1, •• " from 1 to O. Then 

with the same distribution as U, and we have U == 

precisely, 

U1 , •. "Uk+
1 

are independent 

1 + U1 + •.• + U
y1

+
1

, or more 

n-2 
(2. I) P(U = n) = I P(Y 1 = k)P(U) + ... + Uk+1 = n - 1) (n = 2,3, ••• ) , 

k=O 

while P(U == 1) = P{Y] = -I) 
follows from (2.1) that 

Po' Taking generating functions, it easily 

z{u) 
00 00 

= POu + I P(x] k + 1) \' P{U] + ••• + Uk+ l = L = 
k=O n=k+2 

00 

= u{PO + I 
t=1 

co 

= u[PO + I 
9.=1 

00 

P(X
1 

= 9..) L P(U 1 + ••• + U t = m)um} 
m=9. 

9. P(X = 9.){z{u) }] = uP(z(u» • 
1 

n- I)u n 
= 

== 

Now, using lemma I .2, the conditions for which are satisfied for lui < 1 if 

C = {z; I z I <::: I}, we obtain, taking fez) =: log P{z) in (1.3), 
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logtz(u)/u} = Log P(z) = log p + 

° 
I 

n=1 

*n n 
p u /n , 

n 

*k where Pn = P(X
1 

+ ... + Xk = n). From (2.2) it is clear (d. [4], p. 290) 

that z(u)/u, and hence z(u),is inf div. Putting fez) = z in (1.3) we obtain 

00 

'\ *n n z(u) = L P IU In , 
n=1 n-

1.e. for the distribution of U we have the explicit expression 

P(U -I *n 
= n) = n Pn-I 

Applying (1.2) with fez) = 

+ ••• + X 
n 

-I 
n - 1) = n P (Y 1 + ••• + Y n = -1 ) • 

k z we obtain the following corollary. 

Corollary 2.2. Using the notation of theorem 2.1 we have 

(2.3) + ••• + Y = -k) . 
n 

If we put Y~ = -Y., and consider first-passage times U! upwards rather 
J J J 

than the U. downwards, then (2.3) takes the following, curiously symmetric 
J 

form 

(2.4) I P(U; + ••• + Uk = n) = * P(Yi + ..• + Y~ k) • 

Formula (2.4) can be viewed as a special case of a result by Baxter, g1ven 

as formula (9.3) of chapter XII in [5J. 

As a more formal corollary we formulate the following result, which can 

also be obtained by applying (1.3) with fez) = {p(z)}k = {z(u)/u}k. 

Corollary 2.3. If (Pn)O' with Po > 0, 1S a distribution on {O,I, ••. }, then 

for each k E :IN 

(2.5) 

is a (possibly defective) inf div distribution on {O,I , •.• }. 

Examples. Taking P(z) = 1 - P + pz2 we find that 

k (k+2m) mC 1 )k+m 
k + 2m 2m p - p (m = 0, I, ..• ) 

is inf di v for all k :IN • 
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If we take P(z) exp(\z - A), we obtain the inf div, for all k ~. of 

(2.6) 
k -),(n+k) O(n+k)}n 

n + k) :::: e , 
k + n n. 

(n = 0,1, ... ), 

a distribution that is proper if \ s 1. This distribution occurs as the busy 

period distribution in a M/D/l queue (with constant service times of unit 

length). A distribution almost identical with (2.6) if k :::: I, appears in [2J 

as the first-return time distribution in a random walk as described in theo

rem 2.1, with Poisson-distributed step lengths. The same distribution is 

used as an example in [7J. 

\V'e now consider these first-return times, in a random walk with a step

length distribution as in theorem 2.1, in some more detail. 

(2.7) 

Put Uo :::: 1, fa = I, and 

u 
n 

+ .•• + Y
n 

= 0) = P(X) 

m 

+ ••• + X :::: n) 
n 

f 
n 

:::: 0, I Y
k 

f:. 0 (m = J, 2, ••• ,n-I ) ) 
J 

then, denoting the generating functions by U and F respectively, we have 

(cL [4J) 

U :::: -=-----=F • 

From (2.9) it follows that u 
n 

in [9J, we obtain 

U(u) 
1 - F (u) 

*n 
= Pn ' and using a variant of lemma 1.2 given 

where u and z = z(u) are related by (1.1), it follows that 

(2.8) F(u)/u :::: p'(z(u» , 

and hence by (1.3) 

(2.9) log F(u)/u log P'(z) 

where for the moment we assume that PI > O. For F to be inf div it is neces

sary and sufficient that the coefficients of un in (2.9) are all nonnegative. 

The following example shows that this is not always so. For 

P(x) :::: (I +x+ax
2
)/(2+a), the coefficient of u2 is negative if a is large. 
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If however {log P'(x)}' = P"(x)/p'(x) has em expansion with nonnegative coef

ficients, then the same IS true for pllpn/p ', Le. we have the following theo

rem, compare [41, p. 290). 

Theorem 2.3. Let P(z)/z with PI > 0 be the p.g.f. of the step-length distri

bution in the random walk of theorem 2.1. A necessary and sufficient condi-

tion for the first-return time to be inf div, that 

(n == 1,2, ... ) • 

A sufficient condition is the nonnegativity of all coefficients in the power

series expansion of (log P'(X»', i.e. if pl(l) '" J.l < 00, the inf div of 

p'(x)/J.l. 

An example of this occurs in [2J, where P(z) = exp(Az - A), i.e. p' (z) = AP(z) 

in (2.8). It follows that F(u)/u = AZ(U)/U, where z(u)/u is the p.g.f. of 

the distribution in (2.6) with k = I. Clearly, unless x == 1, F and z cannot 

both be p.g.f.'s of proper distributions. Other examples where pI/V is inf 

div are supplied by the negative binomial distributions. Infinite divisibili

ty of P itself is neither sufficient nor necessary for the inf div of F. 

Counterexamples are P{x) = exp(x + ax2 - I - a), for which the coefficient 

of u2 in (2.9) is negative when a is large, and P(x) = (I + cx)2/(1 + c)2, 

which yields an inf div F. 

3. Supplementary remarks 

The inf div of z(u) is In accordance with results obtained by Hiller 

[8J. who considers first-passage times in more general skip-free Markov pro

cesses. It there appears that these passage times are essentially compound 

geometric. In our case this can easily be proved by applying (1.3) with 

fez) == u/z(u) = I/P(z). We then get 

00 

u 
z(u) = P(J I n-

n=2 

from which it follows that 

I-R(u) , 

* (n-I) n p u =: 
n 

_I (I - R(u» , 
Po 

where R has nonnegative coefficients, and hence that z(u)/u is compound geo

metric. Equivalently, it follows that z(u)/(POu) is the generating function 
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of a renewaZ sequence (cf. [7J), i.e. 

with Po > 0, the sequence 

00 

that for every distribution (Pn)O' 

is a (convergent) renewal sequence. 

(3.1 ) 

If in (1.3) we take fez) {p(z)}a, with a > 0, we obtain 

a {z(u)/u} 
00 

a 1: a *(n+a) n = Po + P u n + a n 
n=1 

which generalizes (2.5). For 0 < a < 1 formula (3.1) produces of 

z(u)/u, and so provides a partial answer to a question in [8J. That in (3.1) 

th *(n+a) . fll f h' -" d" e p are nonnegat~ve, 0 ows rom t e ~nf~n~te LV~S Ii of 
n 

z(u)/u; it is not true, of course, that p~(n+a) ~ 0 for every choice of n,k 

and a, unless P itself inf div. 
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