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Chapter 1 

Introduetion 

In this chapter we will give two introductions to coding theory. The first introduetion 
discusses basic coding theoretic notions which are well known to coding theorists. This 
introduetion is meant for those who are not yet familiar with coding theory, and will 
explain the mrun purpose of coding theory, as well as some helpful tools. 
In the second introduetion a relatively new subject in coding theory is treated. This 
subject is related to synchronization problems. We will introduce two kinds of synchro
nization problems, namely losing track of time and losing or gruning symbols during 
transmission. This subject is called relatively new, not because it was "invented" 
recently, but because not much research has been clone in the past. Only recently 
the subject of synchronization has received more interest within coding theory. After 
introducing both kinds of synchronization, we will mainly focus on the second type 
of synchronization problem. We wiJl describe some known constructions, especially 
the construction of Varshamov and Tenengolts, which will return in the remaining 
chapters at very unexpected places. 
At the end of this chapter a briefdescription wil! be given of the subjects treated in 
the subsequent chapters. 

1.1 Introduetion to Coding Theory 

The main objective of coding theory is to transmit (digital) information through a 
noisy medium from a sender (source) toa receiver (destination). This transmission 
should be done in such a way that the errors, that arise during transmission, must be 
detectable, or even correctable, at the receiver end. A message wil!, in this context, be a 
(fixed) number of symbols chosen from a fixed alphabet. This alphabet is known to both 
the sender and the receiver. Examples of an alphabet are {a, b, ... , z}, { 0, 1, ... , 9}, 
and {0, 1}. A sequence of symbols of the alphabet wil! be called a word and the 
length of this word wiJl be the number of symbols in the sequence. For example, 
"synchronization" is a word of length 15 over the first alphabet, while "1001100" is a 
word of length 7 over either thesecondor the third alphabet. However, the expression 
"coding theory" is not a word over the first alphabet, because this alphabet does not 
contain the space symbol. 
In the sequel we will only consider words of a fixed length over a given alphabet. The 
set of allwordsof fixed lengthnover an alphabet of size q wiJl be denoted by A~(q). 
For example if the alphabet only contains the numbers 0 and 1, then A2(2) wiJl be 



the set {00, 01,10,11} of size 4. In general the set A~(q) has size q". Furthermore, 
the set An(q) is defined as thesetof wordsof lengthnover an alphabet of size q, such 
that all coordinates are different, i.e. if (x1 , ... ,x71 ) E An(q), then, x;=/: Xj if i=/: j. 
For example, A2(2) = {01, 10}, and An(q) = 0 if n > q. The cardinality of An(q) is 
q · (q- 1) · ... · (q- n + 1), which is obviously equal to zero if n > q. 
From thesetof all words (either An(q) or A~(q)), we will select a subset. Elementsof 
this subset are called messages or codewords. The subset itself is called a code. This 
set of messages should he chosen in such a way that a received message does not, due 
to errors that occur during transmission, resembie another message. 
Errors that can occur during transmission are, so-called, substitution errors, i.e. a 
transmitted symbol is replaced by another symbol of the alphabet. The choice of 
the set of messages is always based on an assumption on the maximal number of 
substitution errors that may occur during transmission. 

Example 1.1 
Suppose the alphabet is thesetof 26letters and all words will have length 8. The assumption 
we will make is that at most one substitution error occurs during transmission, so either a 
message is received correctly, or one of the eight symbols is altered during transmission. 
Consider the three words "studeren", "sudderen", and "studente". No te that we may not 
use both "studeren" and "sudderen" as messages. Indeed, suppose the message "studeren" 
is transmitted, and due to a substitution error, the symbol t is replaced by the symbol u. 
Hence the receiver receives "suuderen". This word resembles both the message "studeren" 
(changing the first u into at) and the message "sudderen" (changing the secend u into ad), 
hence the receiver cannot decide which message was transmitted. 
On the ether hand "studeren" and "studente" may both be messages in the same code, for 
they differ in three places. Again suppose that the message "studeren" was transmitted. 
Then, even if one substitution error occurs, the received word will still differ in at least 
two places from the message "studente". Herree the received word resembles the message 
"studeren" more than the message "studente"; the receiver can decide which message was 
transmitted. • 

From the example it follows that, if during transmission at most one error occurs, 
then every pair of distinct messages should differ in at least three places. This can he 
generalized as fellows. If during transmission at most e substitution errors may occur, 
then every pair of distinct messages should differ in at least d := 2 · e + 1 positions. In 
this context the notion of Hamming distance will be useful. The Hamming distance 
between two words of length n will be the number of places where they differ. 

Definition 1.1 
Let A = {al! a2, ... , aq} be an alphabet of size q and let x = (xb x2, ... , Xn) and 
y = (y1 , y2, ... , Yn) be two words of length n over the alphabet A. The Hamming 
distance dH(x, y) between x and y is defined by 

n 

dH(x,y) = 'E8H(x;,y;), 
i=l 

where 
i' ...J. ~ x; r y;, 
if Xi = Yi· 

2 



With the concept of Hamming distance we can define the minimal Hamming distance 
dH(C) of a code C as the minimal Hamming distance between any pair of distinct 
messages from that code, i.e. 

One of the goals of coding theory is, given the alphabet size q, the length n of the 
words, and the minimal Hamming distance dH(C) of the code C, to find the maximal 
number of codeworcis of such a code. In genera], the number of codeworcis of a code 
C will be called the cardinality of the code and will be denoted by IC 1. 
Another goal of coding theory is that messages are easily en- and decodable. The 
property that a code C should be easy to eneode is related to the property that, given 
a number i betweenone and the cardinality of C, it should he easy to find the message 
m; corresponding to this number i. Easy decodability of a code C means that, given 
any received word, that is, a message m; plus a limited number of errors, it is easy to 
retrieve the message m;, or even the corresponding number i. 
The number i wiJl be called the information, while the message m; wiJl he called a 
codeword. In order to make encoding and decoding more easy, we will use arithmetic. 
In general the alphabet A wil! have size pr, where r;::: 1 and pis a prime number. In 
case r = 1, A wiJl he the set { 0, 1, ... , p - 1}. In the remainder of this section we will 
only consider the case p = 2 and r = 1, hence A= {0, 1}, and a codeword wiJl he a 
string of zeroes and ones. In this case we wiJl speak of binary words and codes. 
The advantage of using numbers is that we can add codewords, or take multiples of 
a codeword. Suppose C is a code with the property that the sum of two arbitrary 
codeworcis is again a codeword, and that a multiple of a codeword is also again a 
codeword. Then we say that C is a linear code. 
For example, suppose C bas length n (i.e. codeworcis of C have length n). Suppose 
furthermore that x = (x1, x2, ... , xn), and y = (y1 , Y2, ... , y") are codeworcis of C 
(also denoted by x E C and y E C, or by x,y E C), hence x;,y; E A, 1 =:::;iS n. If C 
is a linear code, then 

where EB denotes modulo 2 addition. 
At this point we must make a difference between the expressions "a = b mod q" and 
"a= b (mod q)". The first expression, when noparentheses are used, means tbat the 
number a results from reducing the number b modulo q, hence a lies between 0 and 
q - 1. The second expression, wben parentheses are used, means that the difference 
a-bis a multiple of q, and the numbers a and bare not restricted to !ie between 0 
and q -1. 
The advantage of a linear code C is that we can represent all codeworcis by means of 
a so-called generator matrix G. A codeword then is a linear combination of the rows 
of the matrix G, from which we conclude that this matrix G bas length n (i.e. G bas 
n columns). On the other hand, every linear combination of rows of Gis a codeword 
of C, hence if G bas height k (i.e. G bas k rows),then the cardinality of Cis equal to 
2". Without saying so, we assumed that the rows of G are linearly independent, hence 
a codeword is a unique linear combination of rows of G. 

3 



Example 1.2 
Suppose C has length 7 and A = {0, 1}. Suppose that C is generated by the generator 
matrix 

( 

1 0 

G = 0 1 
0 0 
0 0 

0 0 01 1) 
0 0 1 0 1 
1 0 1 1 0 . 
0 1 1 1 1 

It is obvious that the rows of G are linearly independent and that the cardinality of C is 
24 = 16. The 16 codewordsof Care 

0000000, 0010110, 0001111, 0011001, 
1000011, 1010101, 1001100, 1011010, 
0100101, 0110011, 0101010, 0111100, 
1100110, 1110000, 1101001, 1111111. 

• 

The minimal Hamming distance between any pair of distinct codeworcis of the code 
in the example above is 3, which is also the minimal weight (that is the number of 
nonzero coordinates) of any nonzero codeword. Because the weight of a word is the 
number of nonzero coordinates, we mayalso say that the weight of a codeword is the 
Hamming distance between that word and the all-zero word. 
A received word r can always be written as the sum of the transmitted codeword m; 
of code C and an error vector e, so r = m; EB e. The vectorris decoded to the message 
mi, j E {1, 2, . . . , IC I}, with minimal Hamming distance tor, hence j is such that 

dH(mi, r) = min {dH(mz, r)}, 
IE{1,2, .. , ICI} 

i.e. decoding the vector r means finding the vector e of lowest weight, such that 
r EB e E C. This kind of decading is called maximum likelihood decoding. 
The relation above between the minimal Hamming distance of the code C and the 
minimal weight of its (nonzero) codeworcis is no coincidence. It is easy to check that 
the minimal Hamming distance of a linear code C is equal to the minimal weight of 
any nonzero codeword of that code. 
To decode a linear code with generator matrix G, weneed another matrix H of length 
n, height (n- k), and rank (n- k). This matrix will be called the parity check matrix 
and is chosen in such a way that the inner product of any row of G with any row of 
H is always 0. The inner product c ® d of two words of length n over an alphabet of 
size 2 is defined by 

c ® d = (t c; · d;) mod 2, 
•=1 

hence the inner product of two arbitrary words is either 0 or 1. It is easy to find the 
parity check matrix H if the generator matrixGis of the form G = (h I P), where h 
is the k x k identity matrix and P is an arbitrary (n- k) x k matrix. In this case H 
is of the form 

H = (PT I ln-k) 1 

where pT denotes the transpose of the matrix P. 

4 



Example 1.3 
In the previous example we had G = (/4 I P), where 

( 
0 1 1 ) 1 0 1 

P= 1 1 0 ' 
1 1 1 

hence H wiJl be 

( 
0 1 1 1 1 0 0 ) 
1 0 1 1 0 1 0 
1 1 0 1 0 0 1 

and it is easy to check that indeed the inner product of the rows of G and the row of H is 
always zero. • 
A property of the parity check matrix H is that the inner product of a codeword of C 
with any row of the matrix H is always 0, while a non-codeword wiJl have a nonzero 
inner product with at least one of the rows of the parity check matrix H. 
The syndrome of a word x of length n is defined as x· HT, so it is the word of length 
(n- k), in which the i1h entry is the inner product of x with the i1h row of H. Hence 
if x is a codeword, the syndrome wiJl be the all-zero word of length (n- k), while if 
x is not a codeword, then at least one coordinate of the syndrome wiJl be nonzero. 
The syndrome can be used for error correction. Suppose the receiver receives a word 
x, which is the sum (modulo q) of a codeword c and an error vector e. Then the 
syndrome of x is equal to the syndrome of the error vector e. 

Example 1.4 
Suppose that G and H are defined as in the previous example, and suppose that the binary 
word c = (1,0,1,1,0,1,0) is transmitted, but the receiver receives x= (1,0,1,0,0,1,0), 
i.e. the fourth symbol is received incorrectly. The receiver now calculates the syndrome 
s = (s1 , s2, s3 ) of x, which is (1, 1, 1). Note that this syndrome equals the fourth column of 
the parity check matrix H, which (for this particular code) implies that the fourth symbol 
is in error. Hence inverting the fourth bit of x will reveal the transmitted codeword c. • 

In general the weight of the error vector e should be less than half the minimal Ham
ming distance of the code in order to be able to decode correctly. 
The linear code C used in the previous examples is the so-called binary Hamming code 
of length 7. For every integer m 2: 2 there exists a. binary Hamming code of length 
2m - 1 and minimal Hamming distance 3. The height of the generator matrix G is 
k = 2m- m- 1, and the number of codewords equals 2k. The generator matrix of a 
binary Hamming code looks like 

where the rows of the k x m matrix Pm are formed by all different binary words of 
length m and weight at least 2. Because the minimal Hamming distance of the code 
is 3, the code is capable of correcting a single substitution error. Besides the binary 
Hamming code, there also exist q-ary Hamming codes, where q is a prime power. We 
will not describe them here. 

5 



Finally we will define the notion of the rate R of a code C. The rate (or information 
rate) of a code is the amount of information per symbol of a codeword. Hence the rate 
depends on the cardinality of the code C and the length n of the codewords. To be 
precise, the rate R is defined by 

R = logq IC 1. 
n 

If Cis a linear code, then IC I= 21:, hence the rate becomes R = kfn. One could say 
that k information symbols are extended to n codeword symbols, so every codeword 
symbol contains k/n information symbols. The remaining (n- k) symbols are called 
redundant symbols. 

1.2 Insertions, Deletions, and Other Error Types 

In the previous section, we introduced substitution errors as errors that can occur 
during transmission of a message. In practice also other error types turn out to occur. 
In case of substitution errors we used the Hamming distance to measure the difference 
between words, but there are also different distance metrics. 

1.2.1 Other Error Types and Distance Metrics 

Before wedefine some other error types, we will first introduce a new metric, called the 
Lee metric, or the circular metric. This metric can be used whenever the errors that 
occur during transmission are substitution errors. Suppose that the alphabet consists 
of the numbers 0 until q - 1, and suppose these numbers are placed cyclically on a 
circle. 

0 

2 

b 

a 

Figure 1.1: Circle. 

The Lee distance between two numbers a and b is the minimal number of steps (on 
the circle) needed to go from a to b, either clockwise or counterclockwise. Hence we 
have 

dLee(a, b) = min{l a-bI, q- I a- b 1}. 

6 



For q = 2 and q = 3 the Hamming distance and the Lee distance coincide. In Chapters 
4 and 5 codes over the Lee metric wil! be used. 
One of the other error types is an erasure error. In this case the alphabet of the receiver 
is slightly larger than the alphabet of the sender; it contains one extra symbol, denoted 
by *· If a symbol of the message is erased during transmission, it is replaced by the 
*-symbol. In that case the receiver already knows that that specific symbol is in error. 
In case of a substitution error the receiver has to discover both the position of the 
error and the original value of the transmitted symbol. In case of an erasure error, the 
position of the error is already known, so only the original value is unknown . 
A third error type is the asymmetrie error, and related to that, the unidirectional 
error. We wil! now only consider the binary case. In case asymmetrie errors occur 
during transmission, only ones can be changed into zeroes (or the other way around, 
but we will only consider the case that ones can be changed into zeroes). That means 
that a zero is always received correctly. On the other hand, if the receiver receives a 
one, he knows this symbol was received correctly. Vv'hen unidirectional errors occur 
during transmission, both zeroes may he changed into ones and ones may he changed 
into zetoes, but within each separate transmitted message only one type of changes 
may occur. 
To measure distance when asymmetrie or unidirectional errors occur, the fundion 
N(x, y) is introduced. If x and y are binary wordsof length n, then N(x, y) is defined 
by 

N(x,y)=l{ilx;=l/\y;=O} I· 
Note that for arbitrary bina.ry words x and yin general N(x,y) i- N(y,x). Let x 
denote the transmitted word and y denote the received word. If only asymmetrie 
errors may occur, we see that N(x,y);:::: 0 and N(y,x) = 0, while if unidirectional 
errors occur we either have N(x,y);:::: 0 and N(y,x) = 0, or we have N(x,y) = 0 and 
N(y,x);::::o. 
Note that the Hamming distance between two arbitrary strings x and y of length n is 
equal to N(x,y) + N(y,x). 
Before we introduce the last error type, we have to introduce the concept of an RLL 
code, and the related notion of a ( d, k )-constrained code. 
In optica! and magnetic recording so-called Run Length Limited (RLL) or (d, k)-con
strained codes are used. A (d, k)-sequence is a binary sequence such that every two 
consecutive ones are separated by at least d and at most k zeroes. The k-constraint 
provides doek synchronization of the receiving system, while the d-constraint is needed 
to combat Intersymbol Interference (ISI). We will come back to this later. 
Related to (d, k)-sequences are RLL-sequences, where a run of zeroes or ones has 
minimallength (d + 1) and maximallength (k + 1). A (d, k)-sequence can beseen as 
the modulo 2 derivative of an RLL-sequence, or more formally, if x= (xh x 2 , • •• , Xn) 
is an RLL-sequence, then y = (1, Y2, y3, ... , Yn), where y; = (x;- x;_ I) mod 2, is a 
( d, k )-constrained sequence. 
On the other hand one could say that an RLL-sequence is the modulo 2 primitive of 
a (d,k)-sequence. Let y = (y11 y2 , ·· .,yn) be a (d,k)-constrained sequence. Then the 
word x = (xt, x2, . . . , Xn) defined by 

x; = (t Y;) mod 2, 
J =l 
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is an RLL-sequence. 

Example 1.5 
Let d :::: 1 and k = 3, i.e. each run in an RLL-sequence has length at least 2 and at most 4, 
while 2 consecutive ones in a (1, 3)-sequence are separated by at least one and at most three 
zeroes. The relation above between RLL-sequences and (d,k)-sequences is illustrated below. 

x 
y 

1 
1 

1 1 
0 0 

0 0 0 
1 0 0 

1 
1 

1 
0 

0 0 
1 0 

1 
1 

1 1 0 0 0 0 
001000 

1 
1 

1 
0 

0 0 0 
1 0 0 

• 
Both notions also have physical interpretations. For example in optica! recording the 
surface (of a CD) is a sequence of pits and lands, soit can be interpreted as an RLL
sequence of zeroes (pits) and ones (lands). In that case the ones in a (d,k)-sequence 
can be seen as the border between the pits and the lands. In a picture this would look 
like: 

0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0 0 1 
1 0 0 1 0 0 1 0 1 0 1 0 0 1 0 0 0 1 0 1 0 0 0 1 

CD surface 

RLL-sequence 
( d, k )-sequence 

readback transitions 

Figure 1.2: Physical interpretation of (d, k)-sequence and RLL-sequence. 

In general during reacl-back a 0 --+ 1 transition can be distinguished from a 1 --+ 0 
transition, which explains the last line in the picture above. In this case the even 
transitions are detected as negative pulses and the odd transitions are detected as 
positive pulses. In order to keep the receiving system well synchronized it is important 
that the transitions are not too far apart, because these transitions can be used to 
resynchronize the receiving system. This explains the imposition of the k-constraint. 
On the other hand the pulses of consecutive transitions may not be too close together, 
for they would "cancel" each other, due to their opposite signs. This phenomenon 
is referred to by the term Intersymbol Interference(ISI). In order to combat ISI, two 
transitions may not be too close together, therefore two ones should be separated by 
at least d zeroes. 
Because the notions of an RLL-sequence and a ( d, k )-sequence are so closely related, 
we will use both terms simultaneously in the remaining chapters, while in fact we mean 
(d, k)-constrained sequences, i.e. two consecutive ones are separated by at least d and 
at most k zeroes. 
Observe that in a receiving system the distance between two consecutive transitions, 
i .e. the elapsed time between detection of consecutive transitions, is a measure for the 
number of zeroes between two consecutive ones. Due to malfundions in the receiving 
system, the time between detection of consecutive transitions may be incorrect, i.e. 
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the received sequence can differ from the transmitted sequence. We will discuss three 
kinds of malfundions that play an important role in the subsequent chapters. We 
will now describe one type of malfunction; the other two types of malfundions will be 
described in the next subsection. 
The first type of malfundion causes a single transition to be detected too early or too 
late, without affeding the detection of the surrounding transitions. This implies that 
in a ( d, k )-sequence a single 1 is shifted to the left or to the right, while the other on es 
are received correctly. In other words one run of zeroes has become shorter while an 
adjacent run has become Jonger. Such an error wil! be called a peak-shift error. 

1.2.2 Insertion and Deletion Errors 

The last two error types are related to synchronization. The first deals with word 
synchronization, while the second is concerned with symbol synchronization. It is 
obvious that synchronization is an important issue in coding theory. If codeworcis are 
transmitted continuously, it is important that the receiver has some information on 
the boundaries of the codewords, or else the decoded information may be completely 
meaningless. Therefore words should be well synchronized. One way of establishing 
word synchronization is by placing a special sequence of symbols between every pair 
of codewords. This special sequence is called synchronization sequence or comma. It 
is obvious that this synchronization sequence may not occur inside a codeword, or we 
may have incorrect word synchronization. If synchronization is lost, the comma will 
help to reeover the boundaries of the codewords. 
Using a comma to separate codeworcis decreases the rate of the code used. Golomb, 
Gordon, and Welch ([18]) introduced the concept of a Comma Free Code (CFC), that 
is, no comma is needed in between codeworcis in order to maintain synchronization. 
In a CFC no overlap of two codeworcis ma.y be a codeword, i.e. if a = ( a 1 , a 2 , • • • , an) 
and b = (b1 , ~~ ••. , bn) are codeworcis of the CFC C, then no word of the form 

may be a codeword of C. From this definition it follows, that if c = (c1 , c2 , ••• , en) is 
a codeword of C, then any cyclic shift ( c;, ... , Cn, c1 , • •• , c;_1 ), 2 :5 i :5 n, cannot be a 
codeword of C. If c is a word of length n, such that all cyclic shifts of c are unequal 
to c, then we call c a primitive word, and c, together with all its cyclic shifts wil! be 
called a primitive class. If c is not a primitive word, then at least one cyclic shift of 
c is equal to c itself, from which it follows that c cannot be a codeword of any CFC. 
Therefore, the cardinality M of any CFC of length n over an alphabet of size q is at 
most equal to the number of primitive classes of words of length n. Hence M is at 
most equal to 

! . L ll(d). qnfd, 
n dln 

(1.1) 

where ll(d) is the Möbius function defined by 

if d = 1, 
if d contains any square factor, ll( d) = { ~ 

(-1)' if d = P1 · P2 · ... · Pr, where Pt,P2, ... ,p, are distinct primes. 
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In [18] it was shown that for odd values of n :::; 15, indeed comma free codes of this 
maximal cardinality exist. The samewas shown for n = 17 in [27], and in [11] it was 
shown that for all odd values of n and arbitrary q a CFC with cardinality (1.1) exists. 

Example 1.6 
Let n = 5 and q = 2. Then a Comma Free Code of cardinality k · (32- 2) = 6 exists, for 
example the following six words form a CFC: 

{00010,00110,01110,11110,10110,10010}. 

• 
Note that in general a CFC can only be used for word synchronization and not for 
correcting substitution errors. It is however possible to combine the idea of a CFC and 
of a substitution error correcting code, to get a CFC with a certain minimal Hamming 
distance (see [27]). 
The second type of synchronization is concerned with symbol synchronization, i.e. 
we assume that the starting point of a received word is known. We only do not 
know whether all codeword symbols are received, or if extra symbols are received. 
In case codeword symbols are removed during transmission, we say that a deletion 
error occurred; in case extra (not transmitted) symbols are added to the transmitted 
message, we say that an insertion error occurred. It is with these two error types that 
we wil! mainly he concerned in the remainder of this thesis. 
Note that due to insertions and/or deletions the length of the received string is not 
necessarily equal to the length of the transmitted word. Hence the Hamming distance 
is no Jonger suitable as a measure for the difference between two words. In [36] Le
venshtein introduced a metric to measure the distance between two strings of unequal 
length. This metric is now commonly known by the narnes Levenshtein distance and 
edit distance. The Levenshtein distance between two sequences (not necessarily of the 
same length) is equal to the minimal number of insertions and deletions needed to 
transfarm one into the other. 

Example 1 .7 
Suppose x= (1, 1,0, 1,0,0, 1), and y = (1,0, 1, 1,0). Then the Levenshtein distance between 
x and y is 4. That four deletions and insertions are suflident to transfarm x into y can he 
seen in several ways. The first way is by deleting the 1'1, 51\ and 61h bit of x, and then 
appending a 0 to the end, i.e. three bits are deleted and one bit is inserted. Another way is 
by deleting the 2nd, 61h, and 7th bit of x, and then inserting a 1 just before the last zero, so 
again three deletions and one insertion are needed totransferm x into y. 
If the Levenshtein distance between this specific x and y were less than 4, then, due to the 
lengths of x and y, it should he equal to 2. This implies that we can transfarm x into y 
using two deletions, i.e. y should he a subword of x. It is however easy to see that this is 
not the case, so the Levenshtein distance between x and y cannot he equal to 2. • 

We see that, although the Levenshtein distance between two strings x and y is deter
mined uniquely, the transformation of x into y, using a minimal number of insertions 
and deletions, is not necessarily unique. 
The Levenshtein distance between x and y wil! be denoted by 6L(x, y). Beside the 
Levenshtein distance a distance fundion called modified Levenshtein distance is also 
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known in the literature (see [25]). In case of the modified Levenshtein distance, the 
minimal number of insertions, deletions and substitutions needed to transform one 
string into another determines the distance between these two strings. It was shown 
([25], [36]) that both distance fundions are indeed metrics. Hence (for the Levenshtein 
rnetric ), if C is a set of words, such that the Levenshtein di stance between every pair of 
distinct elernents of the set Cis at least 2·t + 1, then Cis a code capable of correcting 
t insertions and deletions. -
Many articles have been written on the evaluation of the Levenshtein distance (see 
e.g. [30]). These articles rnainly focus on finding the length of the longest common 
subword of x and y. Suppose x= (x~,x2 , ... ,x,.) is a word of length n. Then wis 
called a subword of length k of x if 

where 1 :::; i 1 < i 2 < ... < ik :::; n, i.e. w results frorn x after deleting n- k symbols. 
Furtherrnore w is called a common subword of x and y, if w is a subword of both x 
and y . Suppose that in thesetof all common subwordsof x and y, wis (one of) the 
longest word(s). Then wis called a longest common subword of x and y. The length 
of w is directly related to the Levenshtein distance between x and y in the following 
way. Let E.(x,y) denote the lengthof the longest common subword of x and y. Then 

ÓL(x,y) = n + m- 2 · e.(x,y), (1.2) 

where n resp. m is the length of the string x resp. y. The relation above can be 
explained as follows. Let x, y, and w bedefinedas above. Then weneed (n- p(x, y)) 
deletions to transforrn x into w and ( m - p(x, y)) insertions to transfonn w into y. 
Suppose the Levenshtein distance between x ~nd y is less than (n+m-2·p(x, y)). Then 
we should use less than (n-E.(x,y)) deletions and]ess than (m-e.(x,y))insertionsfor 
transforming x into y, contradicting the fact that w was a longest cornrnon subword. 
In the previous exarnple (1,0,1,1), (1,0,1,0), and (1,1,1,0) are the three longest 
comrnon subwordsof x and y. Hence h(x,y) = 7 + 5- 2·4 = 4. 
Opposite to the concept of the longest cornmon subword is the notion of the shortest 
common superword. A word w is called a superword of x if x is a subword of w. 
Furtherrnore w is called a common superword of x and y if both x and y are subwords 
of w. Let p(x, y) denote the lengthof a shortest comrnon superword of x and y. Then 

8L(x,y) = 2·p(x,y)- n- m. (1.3) 

Frorn (1.2) and (1.3) we have 

8L(x,y) = p(x,y)- e.(x,y). 

Some easily verifiable properties of the Levenshtein distance are listed below. 

1. If 21 (n + m), then 2j8L(x,y), where n and m denote the lengthof x and y. 

2. If x and y have the sarne length, then 8L(x, y) :::; 2 · dH(x, y). 

3. h(x,y) ~~ o(x)- o(y) I + I z(x)- z(y) I, where o(c) resp. z(c) denotes the 
nurnber of ones resp. zeroes in the binary word c. 
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At this point we are able to describe the last two types of malfundions in a magnetic 
or optica! receiving system. 
One type of malfunction (temporarily) makes the tape/disk (or another magneticfop
tical storage device) run too fast, i.e. all future transitions are detected too early. 
Hence, in one instanee the elapsed time between the detection of two consecutive 
transitions has become shorter and in terros of ( d, k )-sequences this means that the 
number of zeroes between the corresponding ones has become less. In this case we say 
that a deletien of zeroes has occurred. 
The other kind of malfunction is the opposite of the previous. In this case the tape/disk 
(temporarily) runs too slow, i.e. in one instanee the elapsed time between the detection 
of two consecutive transitions has become Jonger. In terros of (d, k)-sequences this 
means that the number of zeroes between two ones has become larger and we say that 
an insertion of zeroes has occurred. 
The remaioder of this subsectien is used to give a brief overview of the known con
structions of insertion/ deletien correcting codes. 
In [36] Levenshtein proved that a code that is capable of correcting s insertions ( or s 
deletions) is capable of correcting s insertions and deletions. He also proved in [36] 
that the achievable cardinality of a binary 1 insertion/deletion correcting code is at 
least 2"/(n + 1). To do so, he showed that the codes constructed by Varshamov and 
Tenengelts ([60]) are capable of correcting one deletion. Varshamov and Tenengelts 
originally constructed these codes for correcting one asymmetrie error. After choosing 
the codeword length n, two more parameters are chosen, being m ~ n + 1, and 
a E {0,1, ... ,m}. The code Wn,m ,a is thesetof all binary words x= (x1,x2, ... ,xn) 
satisfying the following equivalence relation 

n 

:L>·x; =a (mod m). (1.4) 
i=l 

In [36] it was shown that the code Wn,m,a is capable of correcting a single deletien and 
hence it is a 1 insertion/deletion correcting code. Alternatively, we will here describe 
a decading algorithm to correct a single insertion error. We assume codewords are 
received separately. Hence an insertion error is detected because the received word 
has length n + 1. Suppose that the insertion occurred between bit (t- 1) and bit t, 
and that the bit a E {0, 1} was inserted. Without loss of generality we may assume 
that the value of a differs from the value of bit (t- 1). Assume the transmitted word 
is x= (x1, x2, ... , Xn), hence x'= (x~, ... , Xt-1, a, Xt, ... , Xn) is the received word. 
We know that 

n 

:L>·x; =a (mod m). 
i=l 

Put 
n+l t-1 n 

a'= I: i· x~= L i· x;+ t ·a+ :L(i + 1) ·x;. 
i=l i=l i=t 

Th en 
n 

a'= a+ t·a+ :Ex; (mod m). 
i=t 

Note that the value of .6. := a'- a lies between 0 and m- 1. Define n 1 as the number 
of ones to the right of a and n0 as the number of zeroes to the left of a . It is obvious 
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that knowledge of a and either n0 or n1 is sufficient to correct x'. If a = 0, then 
.6. = n1, and if a= 1, then .6. = t + n1 = w(x') + n0, where w(x'), the weight of the 
received word x', is known. In case a = 0, we see that .6. :::; w(x'), and in case a = 1 
we have .6. ;::: w(x'). We now distinguish three cases. 

1. If .6. > w(x'), then a = 1 and n0 = .6.- w(x') . 

2. If .6. < w(x'), then a = 0 and n1 = .6.. 

3. If .6. = w(x'), then either a = 0 and n1 = w(x'), or a = 1 and n0 = 0, but in 
either case t = 1, for we assumed that the value of a and the value of the bit 
preceding a are different. 

This construction will be referred to as the Varshamov"Tenengolts construction. lt is 
obvious that, given m, there is at least one a such that the cardinality of the code 
Wn,m,a is at least r2n /m l· In the sequel we will always use m = n + 1, and the codes 
will be denoted by Wn,a · 
In [17] an explicit formula for the cardinality of the codes Wn,<> is derived, and it is 
shown that the cardinality is maximal if a= 0 and minimal if a= 1. Moreover, for 
a= 0 we have 

1 
I Wn,a I= 2 · (n+l) L <p(d) ·2(n+1)/d1 

d oddAdl(n+l) 

where <p( d) is the Euler function defined by 

<p( d) =I {i E { 1, 2, ... , d - 1} I gcd (i , d) = 1} I . 

In 1967 Levenshtein presented a constructionfora binary code capable of correctinga 
deletion of one or two adjacent bits (see [37]). In this construction, an integer-valued 
word, de:fined by a binary string, plays an important role. The ith symbol of the 
integer-valued word f3 is equal to the length of the i1h run of the binary word x, e.g. 
if x = 01110100, then f3 = 13112 is the correspondiog integer-valued word . From f3 
the value M(/3) is calculated by 

1(/3) 

M(/3) = L (i -1) . ,8;, 
i=l 

where /({3) denotes the length of {3 . If the f3 corresponding to x is denoted by f3(x), 
then the code B: de:fined by 

is capable of correcting one or two adjacent deletions. It is shown in [37] that the 
cardinality is maximal if a = 0, moreover 

I B~ I= _1_ • L <p(d) • 2nfd. 
2 · n d oddAdln 

In [56] the author describes a binary code, this time capable of correcting one insertion 
or one deletion error or one deletion and one substitution error, where the substitution 

13 



error must occur in the bit preceding the deleted bit. In this case the code consists of 
all binary words x = ( x 1 , x2 , ••• , Xn) of length n satisfying both 

" l::(i- 1) ·x;= a (mod 2 · n- 2), and 
i=1 

n 

L: x;= b (mod 2), 
i=1 

where a E {0, 1, ... , 2 · n- 3} and b E {0, 1}. For the maximal cardinality Mof such 
a code we find 

M> 1 L cp(d)·2(n-1)/d. 

- 2 · (n- 1) d oddAdl(n-1) 

The first non-binary code capable of correcting a single insertion or deletion was 
constructed by Tenengolts [57]. For this construction again congruence relations are 
used. First a binary sequence y = (y1 , y2 , ••• , Yn) is associated with a q-ary sequence 
x= (x 1, x2 , ••• , xn)· The binary sequence is defined by 

Y.- { 1 
I- 0 

if X;~ Xi-1• 

if Xj < Xj-t, 

for i = 2, 3, ... , n, and y1 = 1. Next, two integer numbers a and bare chosen, and the 
single insertion/deletion correcting code consists of all q-ary worcis x, for which x and 
its associated binary word y satisfy both 

n 

LX;= a (mod q), 
i=1 

and 
n 

l::(i- 1) · y; = b (mod n). 
i=1 

In [59] also a binary single insertion/deletion correcting code is described, using a 
congruence relation. In [55] and [5] codes are considered that can correct insertion 
and deletion errors, if the number of insertion and deletion errors in t consecutive 
codeworcis is bounded above by some fixed number. These codes are, to a eertaio 
extent, also capable of correcting substitution errors. 
In [23] various constructions of binary (multiple) insertion/deletion correcting codes 
are described. Also codes are described that have other properties beside insertion 
and deletion correcting capabilities, like Hamming distance or codes that are Dc-free. 
Furthermore, the Hamming distance properties of binary insertion/ deletion correcting 
codes are stuclied and bounds on the cardinalities of binary multiple insertion/deletion 
error correcting codes are derived. 
In [51] the first code was described that is capable of correcting insertions and deletions. 
The method employed in that artiele is basedon changing an insertion ordeletion error 
into an error of different type, in this case into a burst of substitution errors. To do 
so, a special sequence ( called comma) is inserted in the codeword at eertaio fixed 
points. Changes in these commas lead to the detection of an insertion or deletion 
error. Suppose a comma is inserted after every j codeword bits. Then the receiver 
should proceed as follows. If, for example, he detects that a deletion error occurred 
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within a part of j codeword bits, then a (random) bit will be inserted in the middle 
of this part. Hence the burst of substitution errors, resulting from this deletion or 
insertion, will have length at most lU + 2)/2)J. 
After inserting and/or deletion some arbitrary bits, and after removing the commas, 
the resulting word is not corrupted by insertion/deletion errors, but by bursts of 
substitution errors, hence the code used should be a substitution burst error correcting 
code. 
Finally we mention a class of codes constructed by Levenshtein. In [39] the author 
addresses two problems. The first problem is constructing perfect single deletion cor
recting codes and the second problem is partitioning the set of all words A~(q) into 
mutually disjoint sets of perfect single deletion correcting codes. The special property 
of a perfect single deletion correcting code C of length n over an alphabet of size q is 
that every element of A~_1 ( q) can be extended, in a unique way, toa codeword of C by 
a single insertion. In Chapter 2 the results from [39] are summarized and the concept 
of perfect single deletion correcting codes is extended to perfect t-deletion correcting 
codes. We will now only mention that the codes lVn,a are perfect single deletion cor
recting codes, and the set A~ (2) can be partitioned into Wn,o, Wn,l, ... , Wn,n, all being 
perfect single deletion correcting codes. 

1.3 Summary of the Remaining Chapters 

In this thesis several problems are investigated that are related to insertion and deletion 
errors. In most cases we will follow the method of Sellers [51], i.e. transforming 
an insertion/deletion error into another type of error. In Chapter 3 synchronization 
errors will be converted toerasures while in Chapter 4 insertions and deletions will be 
transformed into substitution errors. 
During the research we often encountered problems of different mathematica! disci
plines. For example in Chapter 2, the results followed from a combination of design 
theory, combinatoTics and coding theory. Where needed, basic concepts of these dis
ciplines are presented and proved. Also concepts of coding theory that were not yet 
introduced are described at their first occurrence. 
All chapters can be read independently, except that the terminology and basic ideas 
introduced in Chapter 4 form a basis for Chapters 5 and 6. Below we describe the 
remaining five chapters in more detail. 

Chapter 2. 

In this chapter the concept of perfect t-deletion correcting codes, introduced by Le
venshtein, is investigated. A perfect t-deletion correcting code of length n is a code 
with the property that every word of length n - t can be extended, in a unique way, 
to a codeword of the perfect code. 
We will first introducesome basic ideas of design theory, that are needed to construct 
perfect codes. Ordering specific designs directly gives rise to perfect deletion correcting 
codes. Using systems of distinct representatives, we will show that it is possible to 
construct new perfect deletion correcting codes from known ones. By means of these 
methods, we will show the existence of four infinite classes of perfect deletion correcting 
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codes. 
In the last section of Chapter 2, we will give a very easy proof of the non-existence 
of a class of perfect codes. In this section we wil! also give a definition of a perfect 
t-insertion correcting code, and we wil! give a theorem that describes all perfect t
insertion correcting codes. 

Chapter 3. 

In this chapter an array construction is used to obtain codes capable of correcting 
bursts of insertions and deletions. The codewords of an array code can be described 
by two (different) codes Ct and C2, one prescrihing the rows of the array, the other 
prescrihing the columns. 
In our case, the nature of these two codes will be different. The code that is used to 
eneode the rows is a Comma Free Code (CFC). This CFC is chosen in such a way 
that encoding and decoding is fairly easy, at the expense of loss of information rate. 
The code used to eneode the columns is an ordinary erasure and substitution error 
correcting code. 
If a codeword of the array code is transmitted (row by row), the receiver will use the 
properties of the CFC C2 to retrieve the correctly received rows. An identification 
sequence attached toeach row is used to determine which rows are received correctly 
and which rows are lost during transmission. The erasure and substitution error 
correcting code Ct is then used to reconstruct the lost rows. 
Further an encoding and decoding algorithm is described and the error correcting 
capabilities of the array code are determined from the error correcting capabilities of 
the code Ct and the properties and the robustness against insertion, deletion, and 
substitution errors of the CFC C2 • 

The main part of this chapter is concerned with the optima! choice of the code C2 • 

It is shown that, at the expense of loss of rate, the robustness of C2 can be greatly 
improved. 

Chapters 4, 5, and 6. 

In the last three chapters we will focus on ( d, k )-constrained codes. In Chapter 4 
we will give a construction for a fixed length (d, k)-constrained code S capable of 
correcting insertions and deletions of zeroes. After presenting a basic encoding and 
decoding algorithm, various methods are described for improving the construction. 
The main idea of the basic construction is that every (d, k)-constrained word can be 
labelled with an integer-valued vector, in such a way that insertions and deletions of 
zeroes lead to substitution errors in the integer-valued vector. Using the error correct
ing capabilities of the set of possible integer-valued vectors, insertions and deletions 
of zeroes can be corrected in the ( d, k )-constrained words. 
In Section 4.4 the cardinality of code S is considered and in Section 4.6 bounds on 
the cardinality of insertion/ deletion correcting ( d, k )-constrained codes are given. The 
first two bounds are general bounds on insertion/deletion correcting RLL codes, and 
the last two bounds are lower bounds on the cardinality of codes constructed using 
the new construction. Section 4.5 is used to describe another method for improving 
the basic construction and finally in Sec ti on 4. 7 the new construction is compared to 
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known constructions. 
A peak-shift error can beseen as a special combination of an insertion and a deletion 
error, hence codeS is, tosome extent, also capable of correcting peak-shift errors. In 
Chapter 5 the construction of code S is modified in such a way that a new code P is 
found which is particularly well-suited for correcting peak-shift errors. Again several 
ways of improving the basic construction are described. Numerical results show that 
in many cases this new construction is better than known constructions. 
Techniques used in the constructions of codes S and P are also applied to a known 
construction of a peak-shift error correcting code, resulting in a new code N, which 
performs even better than code P. 
In Chapter 6 we wil! return to insertion/deletion correcting RLL codes, but we will 
focus on the decoding of these codes. In this chapter ( d, k )-constrained words wil! be 
labelled with real-valued vectors. The Lee and Hamming metrics are not as appropriate 
for measuring distance between real-valued vectors, hence in Chapter 6 a new metric, 
called Euclidean distance, wil! be introduced. If Euclidean distance is used when 
decoding, we say that we perform soft decision decoding, as opposed to hard decision 
decoding, when Hammingor Lee distance is employed. 
The description of the soft decision decoding algorithm is clone in a general way for 
linear binary codes, not related to (d, k)-cónstrained codes. However, if there are dif
ferences between the general treatment and specific applications to ( d, k )-constrained 
codes, these differences wil! be mentioned. 
The soft decision decading algorithm presented bere can also be applied to nonlinear 
codes, as long as checking whether a giYen word is a codeword is feasible. This will be 
illustrated by applying the algorithm to the Preparata code. Finally the performance 
of the algorithm is derived and compared to a known soft decision decading algorithm. 
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Chapter 2 

On the Construction of Perfect 
Deletion Correcting Codes using 
Design Theory 

2.1 Introduetion 

In this chapter we wil! describe a way to construct perfect deletion correcting codes. 
A perfect t-deletion correcting code of length n, over an alphabet of size q, is a set of 
words of length n over the alphabet A( q) = { 0, 1, ... , q - 1}, such that every word of 
length ( n- t) can be corrected to exactly one codeword by inserting t symbols. For ex
ample the set { (0, 1, 2); (1, 0, 3); (2, 3, 0); (3, 2, 1); (0, 0, 0); (1, 1, 1 ); (2, 2, 2); (3, 3, 3)} is a 
perfect 1-deletion correcting code of length 3 over an alphabet of size 4. 

The idea of perfect t-deletion correcting codes was introduced by Levenshtein in [39]. 
The basic idea in [39] is to use design theory to construct perfect deletion correcting 
codes. As a starting point an (unordered) design is taken, where all blocks have fixed 
size n. The blocks of the design are ordered in some way, and the blocks of the ordered 
design are then used as codeworcis of a perfect deletion correcting code. In [39] the 
author mainly focussed on perfect 1-deletion correcting codes, and on the partitioning 
of the set of allwordsof length n into perfect 1-deletion correcting codes. 

In this chapter we wil! consider perfect (n - 2)-deletion correcting codes, i.e. every 
(ordered) pair of symbols of the alphabet can be corrected to exactly one codeword of 
length n. 

Before we discuss the results in [39], we wil! first introduce some notation. After 
that, an introduetion is given in the theory of (unordered) designs, and concepts 
needed to understand the construction of perfect (n- 2)-deletion correcting codes are 
treated briefty. The main result of this chapter is that, using a system of distinct 
representatives (see [41], Chapter 5), one perfect (n- 2)-deletion correcting code can 
be changed into another, by removing one or more symbols from the alphabet. It is 
shown that the resulting codes are (nearly) optima!. Finallyin the last section, we wil! 
prove the non-existence of a class of perfect (n- 3)-deletion correcting codes of length 
n over A(n), for n ;;=: 5. Furthermore in this section the definition of a perfect insertion 
correcting code is given, and all perfect t-insertion correcting codes are described. 
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2.2 Introduetion to the Theory of Perfect t-Dele
tion Correcting Codes 

In this section we will give a more forma! definition of a perfect t-deletion correcting 
code. For some special parameters we will give a bound on the cardinality of such a 
perfect deletion correcting code. In our notation we will follow Levenshtein [39]. 
In the sequel we will use A(q) := {O,l, .. . ,q -1} as our alphabet of size q. By a 
word of length n we will mean a vector of length n with coordinates taken from the 
alphabet A(q) . Thesetof all wordsof lengthnover A(q) will be denoted by A~(q) . 
Furthermore .A,.(q) will denote thesetof allwordsof lengthnover A(q), with different 
coordinates, i.e. if x E .A,.(q), and i:/: j, then x;# Xj . It is obvious that .A,.(q) is the 
empty set when n > q, and Aq(q) is thesetof permutations of A(q). 
In [36] Levenshtein proved that a code C of fixed length, that is capable of correcting 
t deletions, is also capable of correcting a combination of t insertions and deletions . 
Therefore we can use the following definition of a t-deletion/insertion correcting code 
of fixed length n. 

Definition 2.1 Let C (resp . C") be a subset of An(q) (resp . A~(q)) with the following 
property: 

Every word of .A,._1(q) (resp . A~_1 (q)) is a subword of at most one element 
of c (resp. c· ). 

Then we ca/I C (resp . c·) a t-deletion/insertion correcting code. 

In the sequel we will say that C Ç An(q) (resp. c· Ç A~(q)) is an M(n- t,n,q)
code (resp. M*(n- t,n,q)-code) if C (resp. C*) is a code capable of correcting t 
deletions/insertions. For the cardinality I C I of an M( n - t, n, q )-code we find the 
following theorem. 

Theorem 2.2 Let C be a t-insertion/deletion correcting code of length n over A(q), 
so Cis an M(n- t,n,q)-code. Then : 

(2.1) 

Proof: 
Let C be an M(n- t,n,q)-code and let a E A(q). There are 

( q -I ) 
n-t-I 

·(n-t)! 

words in An-t(q) containing the symbol a. This can beseen as follows. Apart from 
the symbol a these words consist of n-t-I other symbols that can be chosenoutof 
q - 1 symbols. This can be clone in (n~~~~) ways. For each possible choice there are 
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(n- t)! ways to order these symbols. Indeed, the number of wordsof length (n- t) is 
given above. Notice that every word in An(q) containing a has 

( n -1 ) 
n -t -1 

subworcis of length (n- t) containing a, so the number of codeworcis containing a can 
be at most equal to 

l(n- t)!. (n~~~1) j . 
( n-1 ) n-t-1 

Because the alphabet consists of q letters and every word contains n letters, we im
mediately find 

which completes the proof. D 

For example, if n = 4 and t = 2, we find that the cardinality I C I of an M (2, 4, q )-code 
is at most equal to 

In (39] the following definition of a perfect t-deletion correcting code is given. 

Definition 2.3 
Let C (resp. c·) be a t-deletion correcting code of length n. We call C {resp. C*) a 
perfect t-deletion correcting code if the following property holds: 

Every word of An-t ( q) {resp. A~-t ( q )) is a subword of exactly one element 
ofC {resp. C*). --

From this definition we see that there are two kinds of perfect codes, those where the 
coordinates may be equal and those where all coordinates must be different. If Cis a 
perfect code where the coordinates may be equal, we say that C is an L*(n- t, n, q)
code. If all coordinates must be different, we cal! C an L(n- t, n,q)-code. 
In [39], the author proves the existence of perfect 1-deletion correcting L(q- 1, q, q)
codes for arbitrary q, L(2, 3, q)-codes for q = 0, 1 (mod 3), and L(3, 4, q)-codes for even 
q, q ~ 4. From these codes also L*(2,3,q)-codes, for q ~ 2, and L"(3,4,q)-codes for 
even q were constructed. 
In case the alphabet has size 2, i.e. in the binary case, it was shown that the codes 
constructed by Varshamov and Tenengolts (see Chapter 1) are perfect 1-deletion cor
recting codes, i.e. L • ( n - 1, n, 2)-codes exists for all n. 
Furthermore Levenshtein proved that the permutation set Aq+1 ( q + 1) can be parti
tioned into ( q + 1) perfect 1-deletion correcting L( q- 1, q, q )-codes, each of cardinality 
q!. Also the set A~(2) of all binary wordsof length n can be partitioned into (n + 1) 
perfect 1-deletion correcting L"(n- 1, n, 2)-codes, each of which is a code Wn,a, con
structed by V arsharnov and Tenengolts, for some a E { 0, 1, . .. , n}. 
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In this chapter we are especially interested in perfect codes of length 4 or 5 over A( q), 
capable of correcting 2 or 3 deletions. 
We will prove the existence of the following codes: 

1. an L(2,4,q)-code for q = 1 (mod 3), 

2. an L*(2,4,q)-code for all q, 

3. an L(2,5,q)-code for q = 1,5 (mod 10), except for q = 15, 

4. an L *(2, 5, q)-code for q = 0, 1, 2, 3, 4, 5, 6, 9 (mod 10), except possibly for q = 13, 
14, 15, and 16. 

If an L(2,4,q)-code exists, we see that equality must hold in Equation (2.1) for n = 4 
lli=!l 

and n - t = 2. Furthermore, the fractions 2·(rtl and ~ must be integers, from 
which it follows that a necessary condition for the existence of an L(2, 4, q)-code is 

i=.!. 
that q = 1 ( mod 3). For L(2, 5, q )-codes we see that ~ and ~ must be integers. 
From this it follows that a necessary condition for the existence of an L(2, 5, q )-code is 
that either q = 1 (mod 10) or q = 5 (mod 10). In the sequel we will show that these 
conditions on the alphabet sizes are also sufReient for the existence of perfect codes 
with those parameters, except that an L(2, 5, 15)-code does not exist. 
It is easy to prove the following bound for an M"(2, n, q)-code C: 

ll~Jj I c I~ q . ~-~ + q. 

This formula can be understood as follows. The first term accounts for the maximal 
number of words where each symbol occurs at most once per codeword (see Theo
rem 2.2). The second term is the maximal number of codeworcis in each of which at 
least one of the symbols occurs at least twice. 
One way of constructing an M*(2, n, q)-code is by adding allwordsof type (a, . .. , a) 
of length n to the M (2, n, q )-code. This can also be done for perfect codes, if an 
L(2, n, q )-code exists. Hence we find that an L • (2, 4, q )-code exists if q = 1 ( mod 3), 
and L*(2,5,q)-codes exist if q = 1,5 (mod 10), except possibly for q = 15. 

Example 2.1 Let t:::: 2, and q:::: n = 4. Define 

C1 = {(0,1,2,3),(3,2,1,0)}, 
c2 = {(o, 1,2,3),(3,2,1,o),(o,o,o,o),(l, 1, 1, 1),(2,2,2,2),(3,3,3,3)}, 
c3 = {(0,1,1,3),{1,2,2,0),{2,3,3,1},{3,0,0,2)}e 

It easy to check that C1 is an L(2,4,4) code and C2 and C3 are L"(2,4,4)-codes. • 

From the example we see that, contrary to perfect substitution error correcting codes, 
L*(2, 4, q)-codes do not necessarily have a fixed size. The L(n- t, n, q)-codes do have 
fixed size, as stated in the following theorem. 
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Theorem 2.4 
lf C is an L(n- t, n, q)-code, then we have: 

(2.2) 

JfC is an L*(2,n,q)-code, then we have: 

ll~Jj I c I~ q· ~-1 . + q. (2.3) 

This theorem can be proved in the same way as Theorem 2.2. 
In genera!, a necessary condition for the existence of an L( n - t, n, q )-code is that the 
numbers 

and 

are integers. 

q 
-·m 
n 

Let C be an L(2,4,q)-code and let c· be an L•(2,4,q)-code. Then the bounds above 
become: 

(2.4) 

(2.5) 

In Section 2.3 we will prove that we can construct L(2, 4, q)-codes for q :: 1 (rood 3) 
(and q ~ 4 ). This implies that an L *(2, 4, q)-code also exists for q = 1 (rood 3). A lso it 
is shown that L(2,5,q)-codes exist for q = 1,5 (mod 10), except for q = 1 and q = 15. 
In Section 2.4 it wil! be proven that, taking an L(2, 4, q )-code as a starting point, 
one .can construct L "(2, 4, q + 1 )-codes, L*(2, 4, q)-codes, and L*(2, 4, q- 1 )-codes, and 
that, starting with an L(2,5,q)-code, one can construct an L*(2,5,q + 1)-code, an 
L*(2,5,q)-code, an L•(2,5,q -1)-code and an L*(2,5,q- 2)-code. 

2.3 U sing Designs to Construct Perfect t-Deletion 
Correcting Codes 

In this section we will give a brief introduetion to design theory. We will start with 
a description of the well known unordered designs and then generalize this concept 
to that of ordered designs. The blocks of these ordered designs wil! be taken as the 
codewords of perfect deletion correcting codes. 
We wil! start by giving a definition of an unordered design. In the notation we wil! 
follow Hanani [21] . 
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Definition 2.5 [21] 
Let a set E having v elements be given; furthermore let k be an integer such that 
3 ~ k ~ v, and let ..\ be a positive integer. IJ it is possible to form a system of blocks 
{subsets of E) in such a way that 

1 the number of elements in each block is k, and 

2 every (unordered) pair of elements of E is contained in exactly ..\ blocks, 

then we shall denote such a system by B[k, ..\, v]. 

In most hooks or articles on design theory, these designs are named 2-design or bal
arreed incomplete block design. The two in "2-design" denotes the fact that every 
two-tuple of elements of E is contained in a constant number of blocks. In genera!, a 
design is denoted by t- (v, k, ..\), implying that the size of the setEis v, every block 
contains k elements, and every arbitrary set of t elements of the set E is contained in 
exactly ..\ blocks. 
The definition above is concerned only with unordered designs. But in the sequel we 
will need the notion of ordered designs. If we want ordered designs, we should use as 
blocks ordered subsets of E. These blocks willoften be called words, to avoid confusion 
with unordered designs. In the definition of the system B[k, ..\, v] we have to replace 
the second condition by: 

2' every ordered pair of elementsofEis cantairred in exactly ..\ blocks. 

By ordered pair of elements of E we mean a word of length 2 over the alphabet E, 
where the two coordinates are different. We say that a word x is cantairred in a word 
y if x is a subword of y. From now on we will denote an ordered design by O[k, ..\, v]. 
We are only interested in the case ..\ = 1. In that case every ordered pair of elements 
of E is contained in exactly one word of the ordered design. 
We will now state a very easy theorem. 

Theorem 2.6 IJ a system B[k, ..\, v] exists, then a system O[k, ..\, v] exists also. 

Pro of: 
The system O[k, ..\, v] is constructed as follows. For every block {3 = { b1o ... , bk} in 
B[k, ..\, v] take ( b1 , b2, ... , b~ç) and ( b~ç, b~ç_ 1 , ... , b1 ) as words in O[k, ..\, v]. 
To show that the system constructed above is really an ordered design, consider the 
ordered pairs (a,b) and (b,a), where a,b E A(v), and a =J b. Let {31 , ... ,{3>. be the 
blocks of B[ k, ..\, v] containing {a, b} as a subset. Because {a, b} is a subset of the block 
f3i = {(b;)It(bi)z, ... ,(bi)k} (for i= 1,2, ... ,..\) of B[k,..\,v], (a,b) will be a subword 
of ((bih, (bih, ... , (bi)k) and (b, a) will be a subword of ((b;)k, (bih-1, ••• , (bih), or the 
other way around. 
Hence we find that every ordered pair (a, b) is cantairred in exactly ..\ words of the 
system constructed above, implying that this system is indeed the ordered system 
O[k,..\,v]. 0 

The next theorem goes the other way around. It shows the existence of some unordered 
designs, given the existence of certain ordered designs. 
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Theorem 2.7 
Jf an ordered system O[k, .X, v] exists, then 

{{bl,b2, ··· •bk} I (bhb2, . . . ,bk) E O[k,.X,v]} 

is an unordered system B[k, 2 ·À, v]. 

The proof of the following lemma is trivial . 

Lemma 2.8 IJ a system B[k, À, v] exists, then a system B[k, t ·.X, v] exists also. 

The following theorem gives the number of blocks in (un)ordered designs. 

Theorem 2.9 
Assume that the systems B[k, À, v] and/or O[k, À, v] exist. Then the number of blocks 
b in B[k, À, v] equals: 

v·(v-l) 
b=À·k · (k-l)" 

Purthermare the number of blocks in O[k, À, v] equals: 

v · (v-l) 
2 ·À·k · (k-l)" 

(2.6) 

(2.7) 

The proof of the theorem above can be found in all hooks on design theory. For example 
combining Equations (1.8) and (1.9) in [7] proves that the number of blocks in an 
unordered design is given by Equation 2.6. Combining Theorem 2.6 and Equation (2.6) 
one can prove that the number of blocks of an ordered design is given by (2. 7). 
From the previous theorem we find the following corollary. 

Corollary 2.10 
IJ a system 0[4, 1, v] exists, then its number of blocks equals v·!v6-l) . 

We see from this corollary that a necessary condition for the existence of an ordered 
system 0[4, 1, v] is that v is congruent to either 0 or 1 modulo 3. 
Hanani proved in [21] tbat the systems B[4, 1; v] exist if and only if v = 1 (mod 12) 
or v = 4 (mod 12) and that the systems B[4, 2, v] exist if and only if v = 1 (mod 3). 
Hence the ordered systems 0(4, 1, v] can only exist for v = 1 (mod 3), and in fact Street 
and Seberry proved in [53] that indeed forthese values of v such systems exist. In both 
cases the proof consisted of giving some small designs (smal] being the cardinality of 
the set E) and showing that it is possible to make designs with larger v using the small 
ones as building blocks. 
The blocks of these ordered designs can now be used as the codewords of the perfect 
deletion correcting codes. In a system O[n; 1, q), the blocks have si zen and the elements 
of the blocks are taken from a set E of size q. If we have a 1-to-1 correspondence 
between the elementsof the set E and the alphabet A(q), the blocks of the ordered 
design O[n, 1, q) will be transformed into the codewords of an L(2, n, q )-code. 
It is obvious that the design is transformed into a perfect deletion correcting code 
because every pair of elements of the set E corresponds to a unique pair of letters of 
the alphabet A(q) and vice versa. Hence, because every (ordered) pair of elementsof 
the setEis contained in exactly 1 block, every pajr of letters of the alphabet A(q) is 
subword of exactly one codeword of the perfect del et ion correcting L(2, n, q )-code. 
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Example 2.2 (see also [53]) 
In [53] the following ordered system 0[4, 1, 19], consisting of 57 words, is given: 

(i, i+ 3,i+ 12,i+ 1), 

(i+13,i+1,i+5,i), and 

(i+ 4, i+ 9, i+ 6, i), 

for i= 0, 1, ... , 18, and the numbers are taken modulo 19. It is easy to see that indeed this 
is an ordered system 0[4, 1, 19]. For example a word of the form (i, i+ 4) occurs only as a 
subword of a word of theform (i+ 13,i+ 1,i+ 5,i). Taking the alphabet A(q) equal to the 
set E, the set of words above is also the set of codewords of an L(2, 4, 19)-code. • 

The fact that we use a 2-design implies that the resulting code wil! be an L(2, n, q)
code. If we would have started with a. t-design, the resulting code would have been 
a.n L(t, n, q)-code, i.e. a perfect (n- t)-deletion correcting code of lengthnover .A(q). 
In fact, Levenshtein used Steiner systems ( which are a.ctually t-( q,n,1 )-designs) as a 
starting point to construct perfect deletion correcting codes. 
Hanani also proved (see [22]) that the systems B(5, 1, q] exist for q = 1, 5 (mod 20) 
and B(5, 2, q] exist for q = 1, 5 (mod 10), except possibly for q = 15. Hall a.nd Conner 
proved in (20] that a system B(5, 2, 15] cannot exist. Street and Wilson proved (see 
(54]) that for q = 1, 5 (mod 10), and q =f:. 1, 15, the ordered system 0(5, 1, q] exists 
a.lso. 
The existence of the ordered designs 0[5, 1, q] for q = 1, 5 (mod 10), except for q = 1 
and q = 15, implies the existence of L(2,5,q)-codes for q = 1,5 (mod 10), except for 
q = 1 and 15. 

2.4 Construction of Perfect (n- 2)-Deletion Cor
recting Codes U sing Other Perfect Codes 

In this section we will describe a way to u se perfect ( n - 2)-deletion correcting codes 
to construct other perfect (n- 2)-deletion correcting codes. The main result ofthis 
section is Theorem 2.18, in which it is stated that some infinite classes of perfect 
deletion correcting codes of length 4 or 5 exist. 
We will start with the two following (very easy) theorems. 

Theorem 2.11 IJ an L(2,n,q)-code exists, so does an L"(2,n,q)-code. 

Pro of: 
Let C be an L(2, n, q)-code, that is, Cis a perfect code of length n, capable of correcting 
n - 2 deletions. This means that every 2-letter word with different coordinates, is a 
subword of exactly one codeword, which implies that if we add the n-letter words 
an = (a,a, ... ,a), where a E .A(q), to the code C, we get an L"(2,n,q)-code. 0 

Theorem 2.12 Jfn > 2 and an L(2,n,q) -code exists, then also an L"(2,n,q+1)-code 
exists. 
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Pro of: 
Let C again be an L(2, n, q)-code, and let q be our new letter (remember that we have 
A(q) = {0, 1, ... ,q-1}). In this case we add the wordsof the form (a,q,a"-2), where 
a"-2 is the all a-word of length n- 2 (again a E A(q)), and the wordq" = (q, q, ... , q) 
to the code C, and obtain an L • (2, n, q + 1 )-code. 0 

No te that, in case n = 4 and q = 1 (mod 3), an L(2, 4, q )-code has cardinality q·(q6-I), 

hence, the L*(2,4,q)-codes constructed above have cardinality q·(q6+5l, which is maxi
mal. The L"(2, 4, q + 1)-codes have cardinality 

q·(q-1) 1-(q+2)·(q+3) 
6 +q+ - 6 . 

Therefore, the difference between the cardinality of the L "(2, 4, q + 1) constructed 
above and the maximal possible cardinality is~· 
The following theorem states that we sometimes can remO\'e a symbol from the alpha
bet A( q) to obtain a perfect code, of the same length and error correcting capabilities, 
over a smaller alphabet. 

Theorem 2.13 lfn ~ 3 and an L(2,n,q)-code exists, then an L"(2,n,q -1}-code 
exists also. 

For the proof of Theorem 2.13 we will need a theorem of Hall on systems of distinct 
representatives (see for example [41, Chapter 5]). In [41] this theorem is first defined 
and proved in termsof graph theory, and aftenvarcis a system of distin ct representatives 
is defined in terms of subsets of a fini te set. We will only define the theorem in terms 
of subsets of a fini te set. Let S be a fini te set and let Ah A2 , ••• , Am be subsets of 
S. We say that B = (b1 ,b2 , ••• ,bm) is a system of distinct representatives (SDR) of 
the sets At, A2, ... , Am if all b; are different elements of the set S and b; E A; for 
i = 1, 2, ... , m. It is obvious that a necessary condition for the existence of an SDR 
is that the union of t arbitrarily chosen sets A; should have cardinality at least t, but 
it can be shown that this is also a suftkient condition. This is stated in the following 
theorem due to Hall. 

Theorem 2.14 (Hall) 
A necessary and sufficient condition for the existence of a System of Distinct Repre
sentatives of the sets Ah A2, ... , Am is that for every J Ç {1, 2, ... , m} we have 

I u Aj 1~1 J I· (2.8} 
jEJ 

We wiJl not prove this theorem here, but the interested reader is referred to [41] for 
the proof. In their book, Van Lint and Wilson prove the theorem above by counting 
the number of SDR's of a given set of subsets of S. In the sequel we wil! say that 
the sets A1 , A2 , ... , Am have the property H, if they satisfy the condition of inequality 
(2.8) for all possible J, or, equivalently, if an SDR exists. 
Now we are able to give a proof of Theorem 2.13. 
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Pro of: 
Let C be a given L(2,n,q)-code, and let a E A(q) . Let y 1, ... ,ym denote the words 
of C that contain the symbol a. Then we know that (see proof of Theorem 2.2) 

2 
m=--·(q-1). 

n-1 
(2.9) 

Let X; result from y; by deleting the symbol a, so x; has length n - 1. The set Xi is 
thesetof coordinates of x;, so Xi has cardinality n- 1. We first want to find an SDR 
B = (bt, ... ,bm) of Xt, .. ·,Xm· 
To prove that an SDR B exists, we wil! show that property H holds for Xt, ... , Xm· 
Let J Ç lm, and let the cardinality of J het. The cardinality of the set 

U Xi 
jEJ 

(2.10) 

is at least n21 • t ~ t. Indeed all sets X i have cardinality n- 1 ~ 2 and every element 
of the set A(q) \ {a} occurs in at most two sets x;, i= 1, 2, ... , n. 
So property H indeed holds for x1 , ... , Xm and we can find an SDR B. Now let x'; 
result from x; by replacing the symbol b; by two adjacent symbols (b;, b;). The words 
y; in Care now replaced by x';, and furthermore for every c in the set A(q) \{a} that 
is oot in the SDR B, we add the n-Iet ter word ( c, c, ... , c) to the code. It is now easy 
to see that the resulting code C' is indeed an L•(2, n, q- 1)-code. D 

Theorem 2.15 Ij an L(2, n, q)-code exists for n = q = 4 or for n ~ 5, then also an 
L • (2, n, q - 2)-code exists. 

Pro of: 
The proof of this theorem is almost identical to the proof of the previous theorem, 
except that we now have to remave two symhols from the alphabet A(q). Let a and b 
he elementsof A(q), where of course a =f. b, and let y 1 and y 2 he the two codeworcis 
of the L(2, n, q)-code C that contain hoth a and b. Furthermore let y 3 , ••• , Ym be the 
codeworcis of C that contain either the symhol a or the symhol b, but not both. For 
the numher m we find 

m = 2 · (-2- · ( q - 1) - 2) + 2 = - 4- · ( q - 1) - 2. 
n-1 n-1 

(2.11) 

Again X; results from y; hy deleting the symhol a and/or b, and Xi is the set of 
coordinates of x;. Hence the sets Xt and x2 have cardinality n- 2 and the sets x;, for 
i = 3, 4, .. . , m, have cardinality n -1. Againwe want to findan SDR B = (bt, . . . , bm) 
of Xt. ... , Xm · If we are ahle to find an SDR B, we wiJl replace the symhols b1 resp. 
b2 of the word Xt resp. X2 hy (bt,bt,bt), resp. (b2,b2 ,b2 ) to get x'1 resp. x'2• The 
symhol b; of the word x; is replaced hy (b;, b;) to get x'; for i = 3, 4, ... , m. Now the 
words y; of C wil! he replaced hy x';, and furthermore for every element c of the set 
A(q) \ {a,b}, that is not in the SDR B, we also add the n-letter word (c,c, ... ,c) 
to the code. Again it is easy to check that the resulting code C' is indeed a perfect 
L •(2, n, q - 2)-code. 
The only thing that we still have to show is that we can indeed find an SDR B, 
or equivalently that the sets x1 , .. . , Xm fulfill Hall's condition. Let again J Ç lm, 
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and let t denote the cardinality of J. Furthermore let t 1 =I J n {1, 2} I and let 
tz =I J n {3, 4, ... , m} I, so t1 + tz = t . Again we look at the cardinality of the set 

X := U Xi· (2.12) 
iEJ 

The cardinality of this set is at least equal to n~z · t1 + n~t • t 2• This is due to the 
fact that the sets Xt and xz both have cardinality n - 2 and all the other sets Xi 
have cardina:lity n - 1. Furthermore it is easy to see that every element of the set 
A( q) \ {a, b} occurs in at most four sets x;. 
It is easy to see that the number m must be at most equal to q - 2, or else an SDR 
cannot exist. From this it follows that either n = q = 4 or n ~ 5 (remember that 
n ~ q). Incasen = q = 4, the codeCis isomorphic to {(1,2,3,4),(4,3,2,1)}, and 
the cardinality of the set X is equal to 2. Furthermore, t2 = 0, so the cardinality of 
the set X is at least equal to t = t 1. 

If n 2: 6 then it is obvious that the cardinality of the set X is indeed larger than t, so 
in this case we are able to find an SDR B. 
If n = 5, then the cardinality of X is at least ~ · t 1 + t 2 • But because the cardinality of 
a set is an integer number, and because 0 ~ t 1 ~ 2, we see that in this case also the 
ca.rdinality of X is at least equal to t . 
The argument above shows that indeed Xt. xz, ... , Xm have property H, proving that 
we can find an SDR B, and hence, if n 2: 5, or if n = q = 4, it is possible to construct 
an L*(2, n, q- 2)-code from an L(2, n, q )-code. 0 

We will give an example of the two theorems above. 

Example 2.3 
The ordered system 0[5, 1, 11], described in [54), consist of the 11 wordsof the form 

(i, i+ 2, i+ 9, i+ 1, i+ 6), 

for i = 0, 1, .. . , 10, where addition is performed modulo 11. Hence, we use the following 
1(2, 5, 11 )-code C resulting from this ordered system 

(0,2,9,1,6), (1,3,10,2,7), (2,4,0,3,8), 
(4,6,2,5,10), (5,7,3,6,0), (6,8,4,7,1), 
(8,10,6,9,3), (9,0,7,10,4), (10,1,8,0,5). 

(3,5,1,4,9), 
(7,9,5,8,2), 

To make the 1*(2, 5, 10)-code C', we choose to remove the symbol 10. So we find for the 
sets Xt, ... , Xs 

Xt = {1,3,2, 7}, 
Xz = {4,6,2,5}, 
X3 = {8,6,9,3}, 
X4 = {9,0, 7,4}, 
Xs = {1,8,0,5}. 

For the SDR B we choose (3, 4, 8, 9, 1 ), and we find the following code C' 

(0,2,9,1,6), (1,3,3,2,7), (2,4,0,3,8), (3,5,1,4,9), 
(4,4,6,2,5), (5,7,3,6,0), (6,8,4,7,1), (7,9,5,8,2), 
(8,8,6,9,3), (9,9,0,7,4), (1,1,8,0,5), (0,0,0,0,0), 
(2,2,2,2,2), (5,5,5,5,5), (6,6,6,6,6), (7,7,7,7,7). 

29 



If we want to make an L*(2, 5, 9)-code C", we choose to remove the symbols 9 and 10, and 
now we find the following sets Xi 

XI= {8,6,3}, 
X2 = {0, 7,4}, 
X3 = {0, 2, 1, 6}, 
X4 = {1, 3, 2, 7}, 
Xs = {3,5,1,4}, 
Xs = {4,6,2,5}, 
X1 = {7,5,8,2}, 
xs = {1,8,0,5}. 

N ow we can take (8, 0, 6, 2, 3, 4, 7, 1) for the SDR B and we find the following codewords for 
the code C" 

(0,2,1,6,6), (1,3,2,2,7), (2,4,0,3,8), (3,3,5,1 ,4), 
( 4,4,6,2,5), (5, 7 ,3,6,0), ( 6,8,4, 7,1 ), (7,7 ,5,8,2), 
(8,8,8,6,3), (0,0,0,7,4), (1,1,8,0,5), (5,5,5,5,5). 

• 

The four theorems above imply that if an ordered system O[n, 1, q] exists, i.e. if an 
L(2, n, q )-code exists, then, if n is at least 5, we can construct L • (2, n, q + u )-codes, 
where u E { -2, -1, 0, 1}. If n is 3 or 4, and an L(2, n, q)-code exists, then we can 
construct L • (2, n, q + w )-codes, where w E { -1, 0, 1}. 
The following theorems are due to Street and Seberry ([53]), resp. Street and Wilsen 
([54]). 

Theerem 2.16 {53} 
For q = 1 (mod 3), q ~ 4, an ordered system 0[4, 1, q] exists. 

Theorem 2.17 [54] 
For q = 1 (mod 10) or q = 5 (mod 10) and q ;j:. 1 or 15, an ordered system 0[5, 1, q] 
exists. 

From the theorems above, the existence of L*(2, 4, q)-codes now fellows for all q ~ 3 
and of L*(2,5,q)-codes for all q ~ 3 except possibly for q = 7 or 8 (mod 10) and 
q = 13,14,15,16. For small q we have the following L*(2,4,q)-codes and L*(2,5,q)
codes. 
For q = 1 we see that {(0,0,0,0)} is an L*(2,4,1)-code and {(0,0,0,0,0)} is an 
L*(2,5,1)-code. For q = 2 we have that {(0,1,1,1),(1,0,0,0)} is an L*(2,4,2)-code 
and an example of an L *(2, 5, 2)-code is { (0, 1, 1, 1, 1 ), (1, 0, 0, 0, 0)}. 
The above proves the following theorem. 

Theorem 2.18 The following perfect t-deletion correcting codes exist: 

• For q = 1 (mod 3), q ~ 4, an L(2,4,q)-code exists. 

• For q = 1,5 (mod 10), q ;j:. 1 or 15, an L(2,5,q)-code exists. 

• For all positive val u es of q an L *(2, 4, q )-code exists. 
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• Por all positive values of q, except possibly for q = 7, 8 (mod 10), and possibly 
forq= 13, 14, 15, and 16, anL*(2,5,q)-code exists. 

For n = 5 and q = 7 or 8, we shall now construct L*(2, 5, 7)-codes and L*(2, 5, 8)-codes 
by hand. For example, an L*(2, 5, 7)-code consistsof the words (i+2, i+2, i, i+1, i+4), 
for i= 0, 1, . .. , 6. This is actually an L(2, 4, 7)-code with the first symbol taken twice. 
An L*(2, 5, 8)-code consists of the eight words of the form (i , i+ 5, i, i+ 1, i + 7), for 
i= 0, 1, . .. , 7. 
For larger n and q we can even remove more symbols from the alphabet and get new 
codes from old ones. This is shown in the next theorem. 

Theorem 2.19 IJ n :2:: 7 and an L(2, n, q)-code exists, then an L*(2, n, q- 3)-code 
exists also. 

Pro of: 
The proof of this theorem is similar to the proofs of Theorems 2.13 and 2.15. We will 
only show that we can again apply Hall's theorem. Let C be a given L(2,n,q)-code 
over the alphabet A( q ). The three symbols a, b, and c that will be removed from the 
alphabet cannot be chosen arbitrarily. The choice of c depends on the a and b that 
are chosen. When a and b are fixed, then there are two codewords in C that contain 
both a and b. We now demand that the third symbol that will be chosen must be in at 
least one of these codewords. So we are left with two cases. In case 1 the symbols a, 
b, and c occur together in two codewords, and they occur separately in n:l · ( q- 1)- 2 
other codewords, and in case 2 the symbols a, b and c occur all three together in one 
codeword, a and b occur together in one codeword, a and c occur together in one 
codeword, b and c occur together in one codeword, and a, b and c occur separately 
in n:_l · (q- 1)- 3 codewords of C. Let y;, x;, and Xi be defined as in the previous 
proofs. Now let t 1 be the number of sets X; of cardinality n- 3, t2 the number of sets 
cardinality n- 2 and t 3 the number of sets of cardinality n- 1. In case 1 we see that 
0 ~ t1 ~ 2 and t2 = 0, and in case 2 we have that 0 ~ t 1 ~ 1 and 0 ~ t2 ~ 3. Again 
let J Ç Im, where 

m = { 3 · ( n; 1 · ( q - l) - 2l + 2 = n~ 1 · ( q - 1) - 4 
3·(n_1 ·(q~1) - 3 +4=n_1 ·(q-1)-5 

As m ~ q - 3, one of the following conditions is satisfied: 

n :2:: 7, or 

n = 6 and q ~ 16, or 

n = 5 and q ~ 7, or 

n = q = 4. 

in case 1, 

in case 2. 
(2.13) 

We will only be concerned with the case that n is at least 7. The set X defined by 

(2.14) 

wil! have cardinality n~3 · t 1 + n~2 · t 2 + n;l · i3, because every element of the set 
A(q) \{a, b, c} occurs in at most six sets X i· Furthermore we assumed that X was the 
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union of t 1 sets of cardinality n- 3, t 2 sets of cardinality n- 2 and t3 sets of cardinality 
n - 1. It is easy to verify that for every possible value of n ~ 7, and for all possible 
allowed values of tb t 2, and t3 , the cardinality of X is at least t1 + t 2 + t3 , thus proving 
that indeed an SDR B exists. 
The L "(2, n, q - 3)-code C' is now constructed in a si mi lar way as before, using the 
L(2, n, q)-code C. D 

For n = 4 and n = 5, we compare the cardinality of the L"(2, n, q)-codes constructed 
above with the maximal possible cardinality, given in Inequality (2.3). If n = 4 we 
can distinguish three different cases, being q = 3 · u, q = 3 ·u+ 1, and q = 3 ·u+ 2. 
The codes we constructed above have cardinality 

if q = 3. u, 
if q = 3. u+ 1, 
if q = 3. u+ 2. 

The maximal possible cardinality of an L"(2, 4, q)-code is equal to 

l q·l~·(q-l)Jj 4 + q, 

(2.15) 

(2.16) 

so we conclude that the difference l::!.q between the maximal possible cardinality of an 
L"(2,4,q)-code and the cardinality of the code we constructed is equal to 

if q = 0 (mod 3), 
if q = 1 (mod 3), 
if q = 2 (mod 3). 

For the maximal possible cardinality of an L • (2, 5, q )-code we find 

(2.17) 

(2.18) 

The cardinality of the L"(2, 5, q + u)-code C (where u= -2, -1, 0, 1) we constructed 
above is 

q·(q-1) 1 i.(q-1) I c I= + 2 
10 q 

q+l 

if u= -2, 
ifu=-1, 
ifu = 0, 
if u= 1. 

(2.19) 

The difference l::!.v between the maximal possible cardinali ty of an L • (2, 5, q )-code and 
the cardinality of the L "(2, 5, q)-codes we constructed is 

d, ~ 1 
l3YsJ if u= -2, 
l3·~cis J if u= -1, 

(2.20) 0 if u= 0, 
L~J if u= 1. 
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2.5 Miscellaneous Results 

In this section we wiJl give results on the existence of perfect insertion correcting codes 
and non-existence of certain perfect deletien correcting codes. 
We can give a definition of a perfect t-insertion correcting code si mil ar to the definition 
of a perfect t-deletion correcting code. We call C a perfect t-insertion correcting code 
of lengthnover A(q) if, from every element of A~+t(q), t symbols can be deleted in a 
unique way, such that the resulting word is a codeword of C. If Cis a perfect t-insertion 
correcting code of lengthnover A(q), then we say that Cis an J"(n+ t,n,q)-code. 
Levenshtein showed that the only I*(n + l,n,q)-code is the binary repetition code 
of length 2. The result of Levenshtein is generalized in the next theorem, giving all 
perfect t-insertion correcting I*( n + t, n, q)-codes. 

Theorem 2.20 
The only perfect t-insertion correcting I*(n + t, n, q)-code is the binary repetition code 
of length t + 1. 

Pro of: 
Let C be a perfect t-insertion correcting code of length n over the alphabet A(q). 
Because on+t E A~+t(q), we see that on E C. Hence 1•'on-•,-•2 (q -1)'2 cannot be 
codewords of C if 1 ::; s1 + s 2 ::; t. 
Furthermore, because 1t+1on- 1 E A~+t(q), and 11on-1 (q -1)1 E A~+t(q), we see that 
11+1on-t-1 E C and 11on-t-1 (q -1)1 E C. Because 1t+1on-2 (q -1)1 E A~+1 (q) can 
be obtained from both of these codeworcis using t insertions, these codewords must be 
the same, i.e. 

1 t+1 on-t-1 = 1 ton-t-1 ( q- 1 )\ 

from which we conclude that n - t - 1 = 0 and q- 1 = 1. 
As a result, a perfect t-insertion correcting code must necessarily be a binary code of 
length t + 1, containing at least the all-zero and the all-one word. These two words 
are the only wordsof a perfect t-insertion correcting code, because every binary word 
of length n + t = 2 · t + 1 contains either at least n ( = t + 1) zeroes or at least n on es. 
0 

In [39] Levenshtein conjectures that no perfect L(t,n,n)-codes exist if 3::; t::; n- 2. 
For t = 3 it is easy to show that this conjecture holds, as stated in the following 
theorem. 

Theorem 2.21 Th ere exist no perfect L(3, n, n )-codes for n ~· 5. 

Pro of: 
It is sufficient to prove this theorem for n = 5, for obviously, if an L(3, n, n )-code 
exists, so does an L(3, n -1, n -1)-code. Suppose for the moment that Cis indeed an 
L(3, 5, 5)-code. Then the cardinality of C is equal to 6, hence, there are at least two 
codewords that start with the same symbol, say with a 0. Without loss of generality 
we may assume that one of these codewordsis c 1 = (0,1,2,3,4), and therefore, the 
other codeword must be c2 = (0,4,3,2, 1). We see that (0, 1,2) is a subword of c1 and 
(0, 2, 1) is a subword of c2 • 'V.le will now try to construct the codeword c3 such that 
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(2,0, 1) is a subword of c3 . The last symbol of c3 must be 1, for if this 1 would be 
foliowed by the symbol 3 or 4, then (0, 1, 3) or (0, 1, 4) would be a subword of c3 , but 
they are both already subwords of c1• Because both c2 and c3 end with the symbol 
1, we see that c3 = (2,3,4,0, 1), but now (2,3,4) is a subword of both c 1 and c3 , 

contradicting the fact that C is a perfect L(3, 5, 5)-code. Hence we have proven that 
no perfect L(3, n, n )-code exists for n ~ 5. 0 

In [58] Tran Van Trung mentions that no L(5, 8, 8)-code exists, but he mentions the 
existence of an L( 4, 6, 6)-code. To disprove the conjecture of Levenshtein, we con
structed such an L(4,6,6)-codes by computer. The code in Table 2.1 is one of the 
perfect codes found by computer. In fact all perfect L( 4, 6, 6)-codes are equivalent to 
this code. By equivalent we mean that any perfect L( 4, 6, 6)-code can be found from 
this one by either permuting the symbols (and not by permuting the positions!) or by 
reversing all words. Because all L( 4, 6, 6)-codes are equivalent, the code constructed 
by Tran Van Trung is also equivalent to the one given in Table 2.1. 

012345, 105342, 210435, 304512, 403152, 501432, 
032514, 125430, 230154, 314205, 413025, 521340, 
042153, 135204, 240513, 324150, 423510, 531024, 
052431, 145023, 250341, 354021, 453201, 541203. 

Tab ie 2.1: Example of an L( 4, 6, 6)-code. 

vVe observe that there exists some conneetion between the positions of the codewords, 
for example if the first position is fixed, so is the third position. The same holds for 
positions 4 and 5 and for positions 2 and 6. Furtherrnore, we can see that all codeworcis 
can be obtained from the codeword 012345 in the following way. First apply one or 
more of the following three permutations of the coordinates: 

1 ~2 1 ~ 3 1 ~ 3 
2 ~ 1 2~2 2~6 
3~6 3 ~ 1 3 ~ 1 
4~4 4--+5 4~4 
5--+5 5--+4 5--+5 
6--+3 6--+6 6--+2 

We now have a set of 8 codewords. The coordinates of these 8 words are also permuted 
with the following two permutations below, resulting in 3·8 = 24 codeworcis of a perfect 
2-deletion correcting code. 

1 ~ 5 1--+ 1 
2--+2 2--+5 
3--+4 3--+3 
4--+1 4--+2 
5--+3 5--+6 
6--+6 6--+4 
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012345, 021345, 013245, 014235, 015234, 
012354, 021354, 013254, 014253, 015243, 
012435, 021435, 013425, 014325, 015324, 
012453, 021453, 013452, 014352, 015342, 
012534, 021534, 013524, 014523, 015423, 
012543, 021543, 013542, 014532, 015432. 

Table 2.2: Generators for the 30 L( 4, 6, 6)-codes. 

Tran Van Trung also mentioned in [58] that the set Aa(6) can be partitioned into 
30 distinct (but equivalent) perfect 2-deletion correcting codes. This property can 
now easily be verified by noting that no two out of the 30 words given in Table 2.2 
can be in the same code, i.e. the construction above cannot change one of these 
words into another. Furthermore, any word in .A.6 (6) can be obtained by applying 
the permutations above to exactly one of the words in Table 2.2. Hence we found 30 
perfect L( 4, 6, 6)-codes that together form the entire set .A.6 (6). 
Because the L( 4, 6, 6)-code is unique, we can prove that there exists no L( 4, 7, 7)-code, 
as stated in the following theorem. 

Theorem 2.22 There exists no perfect L(4, n, n)-code for n ~ 7. 

Pro of: 
Like before, we only need to show that the theorem above holds for n = 7. Suppose 
for the moment that such a code exists. Then, by removing one of the symbols in 
each of the codewords, e.g. in each codeword the symbol 6 is removed, the resulting 
code wil! be an L( 4, 6, 6)-code. We can also go the other way around, by starting with 
an L( 4, 6, 6)-code and inserting the symbol 6 in each of the codeworcis in such a way 
that the resulting code is an L(4, 7, 7)-code. Consicier the following 4 codeworcis of the 
L( 4, 6, 6)-code of Table 2.1: 

012345, 

052431, 

032514, 

042153. 

In the sequel of this proof we will say that we inserted the symbol 6 on position i if 
in deed the symbol 6 is inserted between the (i- 1 )$t and the ith coordinate of the word 
of length 6. 
First notice that in at most 1 of the four codeworcis above the symbol6 can be inserted 
on positions 2 or 3. Assume that the symbol 6 was inserted twice on positions 2 or 
3. Without loss of generality we assume that these insertions occurred in the words 
012345 and 052431, but then we notice that both 0623 and 0624 are subwordsof both 
of the resulting words, proving that not both resulting wordscan be codeworcis of the 
sameperfect L(4, 7, 7)-code. 
We now claim that in at least one of the four codeworcis above the symbol 6 must be 
inserted on the first position. Assume the opposite. Then we notice that at least 3 of 
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the resulting words have the symbol 0 on the first position and the symbol 2 on the 
third position. Furthermore, one of the symbols 1, 3, 4, or 5 does not occur on the 
second position of these words, say symbol 1. From this it follows that either 0261 or 
0216 is a subword of at least two of the resulting three words. 
From the above it follows that, if an L(4, 7, 7)-code exists, at least six codewords start 
with the symbol 6. Now remove one of the other six symbols in each of the codewords 
of the L( 4, 7, 7)-code, and the resulting code will be an L( 4, 6, 6)-code such that at 
least 6 of the codewords start with the same symbol. But because the L( 4, 6, 6)-code 
of Table 2.1 is unique, up to symbol permutation or reversing all codewords, we see 
that the L( 4, 6, 6)-code constructed in this way cannot exist . Therefore we have also 
proven that an L(4, 7, 7)-code cannot exist. D 
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Chapter 3 

A Construction of Codes Capable 
of Correcting Bursts of Insertions, 
Deletions, and Substitutions 

3.1 Introduetion 

In this chapter we wil! describe a construction of a code 1) that is capable of correcting 
bursts of insertions and deletions. From the construction it will follow that this code 
is also capable of correcting bursts of substitution errors. The reason we want to 
construct codes ca.pable of correcting bursts of insertions and deletions can be found 
in [46]. In this artiele Ribeiro describes the performance of an S-DATt. He found that 
most insertion and deletion errors that occurred are either single insertionsfdeletions 
or insertions/deletions of size 2, but he also observed that large bursts of insertions 
andfor deletions occurred. 
In the next section a general construction for codes capable of correcting bursts of 
insertions and deletions is described and explicit encoding and decading algorithms 
are given. In this construction two codes Ct and C2 are used to form the codeworcis 
of the code D. The code Ct will be a substitution error correcting code and the code 
C2 will he a comma free code. Properties of (systematic) comma free codes will be 
described in Section 3.3 and in Section 3.4 we will describe specifk modifications of 
the comma free code C2 that wiJllead to a better performance of the code D. The 
performance of 1) is analyzed, both analytically and by simulation. 

3.2 Code Construction 

A common technique for detection and/or correction of bursts of substitution errors is 
the use of so-called array codes. In an array code, the information and parity symbols 
are placed in a 2-dimensional array, such that the columns of the array are codeworcis 
of some code Ct and the rows are codeworcis of some (other) code C2 • An array wiJl 
be transmitted row by row. If a burst of substitutions occurs, it corrupts only one or a 
few rows. This implies that in every column only one or a few symbols are corrupted 
and these errors can be corrected using a decading algorithm of the code Ct. If a 

1 An S-DAT is a stationary-head digital magnetic tape recorder . 
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column cannot be corrected, this column wil! be filled with erasures and an error and 
erasure correcting decoding algorithm of C2 wil! then correct the rows of the array. 
Various methods are known for decoding an array code, see e.g. [2, Chapter 10]. 

If we want to correct bursts of insertions and/or deletions, we can no longer use two 
substitution error correcting codes to build the array code. The code C2, working on 
the rows of the array, wil! be used to synchronize the received rows. If, due to insertions 
and/or deletions, a row of the transmitted array is not recovered (correctly), this row 
will be replaced by a row of erasures. The code Cl> working on the columns, will still 
be an erasure and substitution error correcting code, and will he used to retrieve the 
erased rows. 

The code C2 will be a comma free code. A comma free code C has the property that 
the overlap of two codeworcis is not a codeword of C. In this context we mean by 
an overlap of two codeworcis the tail of one codeword concatenated with the head of 
another, not necessarily different, codeword. The lengthof an overlap of two codeworcis 
of length n wil! again ben. For the sake of completeness we wil! give a forma! definition 
of a comma free code. 

Definition 3.1 
A subset C of A~( q) is called a comma free code (CFC) if an overlap of two codewords 
is not a codeword, i.e., if ( a 1 , a2, ... , an) E C, and ( b1, b2, ... , bn) E C, then, for every 
r E {2, 3, ... , n}, the word 

is not a codeword of C. 

In the sequel 1> wil! denote the array code that is constructed using the two codes C1 

and C2 . Furthermore, C1 wil! be a binary [n1 , k1 , dt]-code and Cz wil! he a kz- to- n2 
comma free code, implying that k2 (information) symbols will be converted toa comma 
free codeword of length n2 • 

3.2.1 Encoding the Array Code 

A codeword of 1> is constructed in two steps. In the first step the information symbols 
are placed in a binary n 1 x k2 matrix. For the moment we wil! restriet ourselves to the 
case n1 = 21 for some fixed t. Later we willloosen this restriction. The first t binary 
symbols of each row wil! be an ID-sequence for that row. InSection 3.7 it is described 
how these ID-sequences are formed. The remaining (k2 - t) columns will contain the 
information of the array, but we demand that these k2 - t columns of length n 1 are 
codeworcis of the code Ct. If we assume that C1 is systematic on the first k1 positions, 
then the matrix looks like 
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ID I 
ID N 
ID F 
ID 0 (3.1) 
ID p 
ID A 
ID R 

Next, each row of this matrix is encoded into a word of the k2 - to - n2 comma free 
code C2. The resulting codeword of 'D, after the secend encoding step looks like 

n2 

CFC1 

CFC2 

CFC3 

: 
(3.2) nl 

where CFC; denotes the comma free codeword of the code C2 that results from encod
ing the i 1h row of array (3.1). 
We immediately see that the information rate R of the array code D is equal to 

R = _k1_·_,_( k_2_-_t_,_). 

An array will be transmitted row by row and codewords will be transmitted contin
uously. Hence the receiver receives a continuous stream of bits and bas no direct 
information about the beginning or ending of a row of a codeword of D. The only in
formation the receiver has, is the start and the end of transmission, i.e. the beginning 
of the first and the ertding of the last transmitted codeword. 
The receiver should transfarm the received string back into an array, such that each 
row of that resulting array is also a row of the transmitted array. Possibly the receiver 
is, due to insertions and/or deletions, not able to retrieve all rows, but these (lost) 
rows wiJl be replaced by rows of erasures. The JD-part will be used todetermine which 
rows are lost and which rows are retrieved correctly. The length t of the ID-sequence 
does not need to be equal to pog2 (n1 )l but can depend on the maximal number of 
consecutive rows that cannot be reeavered by the receiver. The number of different 
ID-sequences should beat least one more than this maximal nurriber. In the sequel we 
will no Jonger restriet ourselves to the case that n1 = 21, but we wiJl assume that t is 
chosen in such a way that 21 is strictly more than the maximal number of consecutive 
lost rows, and that the length nl of the code cl is a multiple of 21. 
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3.2.2 Decoding the Array Code 

Decoding a received array is clone using a decoding window. This decoding window 
always contains n 2 consecutive bits of the received symbol stream. If a codeword of the 
CFC is inside the window (see Figure 3.1), it is decoded using a decading algorithm 
of C2 , and the window is shifted n2 positions, in order to detect the next codeword of 
Cz. 

CFC;-11 CFC; CFC;+l··· 
r------------, 
L _ p:_c~d~~ ~i_12d~v:_ _ -' 

Figure 3.1: Contents of the decading window is a codeword. 

If, however, errors occurred during transmission, the contentsof the decading window 
may not be a codeword of the CFC C2 anymore. If the word inside the window is not 
a codeword (see Figure 3.2), the decading window will be shifted in steps of 1 position, 
until its contents is a codeword. This is clone for the following reason. Suppose at 
some moment, due to errors, the window contains the tail of the (i - 1 )'1 codeword, 
followed by the head of the i1h codeword. 

Figure 3.2: Contents of the decading window is not a codeword. 

As Cz is comma free, these parts cannot form a codeword, so the window will be 
shifted in steps of one position, until the entire decading window is filled with the i1h 

codeword, at which point the i1h codeword will be decoded, and the decading window 
wil! be shifted n2 positions. 
lt is possible that, due to errors, the contents of the window consists of parts of the 
(corrupted) i 1h and the (corrupted) (i+1)'1 codeword, which tagetherforma codeword 
of the CFC. This codeword will be decoded, as if it was transmitted, and the window 
will be shifted nz positions. In this case we say that we have detected an "incorrect" 
codeword. 
When analyzing the decading procedure, we distinguish between insertion errors and 
deletien errors. We will investigate the effect of each of theseerrors on the received 
array. 
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Suppose a single burst of deletions occurred, corrupting one or more rows of the array. 
Without loss of generality, assume that this burst starts in the first row and ends in 
row /. We claim that the receiver can always retrieve the (/ + 2)nd transmitted row 
and maybe already the (/ + 1)'1 row, if we assume that both these rows are received 
without errors. 
In case the receiver detects a codeword inside the decoding window, this codeword is 
either "incorrect" or it is the (I+ 1)'1 or the (/ + 2)nd codeword. If the last detected 
"incorrect" codeword (if any) contains the head of the (/ + 1)'1 codeword, then, after 
shifting the decoding window n 2 positions, the contents of the window becomes the 
tail of the (l + 1)'1 and the head of the (/ + 2)nd codeword, i.e. an overlap of two 
codewords. After this, the decoding window wiJl be shifted in steps of 1 position 
until the entire window is filled with the (/ + 2)nd codeword. In this case we have 
re-established synchronization at the (I+ 2)nd row. If, however, the last detected 
"incorrect" codeword (if any) does not contain a part of the (I+ 1 )"1 codeword, then 
at some moment the contents of the decoding window wiJl be the (I+ 1)'1 row, in 
which case we already re-established synchronization at the (l + 1)'1 row. 
The case of a burst of insertions can be analyzed in a similar way. Suppose without 
loss of generality that in the first row of the transmitted array a burst of insertions 
starts. Then we claim that we will detect the third row of that array correctly, if the 
second and the third row are received without errors. It is possible however that we 
have detected some "incorrect" codewords, due to that burst of insertions. If the last 
detected "incorrect" codeword contains the head of the second transmitted row, then 
the contents of the next decoding window wiJl be an overlap of the second and the 
third row, i.e. the overlap of two codewords of C2 . As C2 is comma free, this overlap 
cannot form a codeword, which implies that correct synchronization will be recovered 
at the third codeword. If the last "incorrect" codeword did not contain the beginning 
of the second row of the received array, then, at some moment the contents of the 
decoding window will be the second codeword, so synchronization is recovered already 
at the second row. In this case also the third codeword is detected correctly. The best 
thing the receiver can do, whenever he detects extra codewords, is to just assume that 
they are incorrect. The above implies that in all cases the first bit of each column of · 
array (3.1) is erased and the second is either incorrect or correct, depending on the 
fact whether or not an "incorrect" codeword is detected. Looking at the ID-part of 
the decoded codewords may give information about the correctnessof a row. 
We see that due to a burst of deletions or insertions, some rows of the array (3.1) 
are erased and some are likely to contain errors (as aresult of "incorrect" codewords). 
These rows that contain errors always follow the erased rows. So one may choose always 
to erase the first "re-synchronized" row. lt is also possible to look at the ID-part of 
that row. It is likely that the ID-part of such an incorrect row also contains errors, 
so looking at the ID of the first "re-synchronized" row tells us (with high probability) 
whether this row is correct or not. 
Another indication about the correctness of a row may be given by the decoding win
dow. If, after loss of synchronization, the decoding window is filled with a codeword, 
then there are two possibilities. First, this codeword was really transmitted (i .e. a 
correct codeword), in which case, after shifting the decoding window n2 positions, 
again a codeword wil! be detected . The other possibility is that this codeword was 
not transmitted (i.e. an "incorrect" codeword), but then, after shifting the window 
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n2 positions, it is unlikely (but not impossible) that the contentsof the decoding win
dow is again codeword. Hence loss of synchronization before and after detection of a 
codeword inside the decoding window is an indication for an "incorrect" codeword. 
From the description above of the decading method we see that it is possible that 
one comma free codeword is corrupted, and that the next (not corrupteci) codeword 
cannot be recovered due to the occurrence of an "incorrect" codeword. Th ere is a 
way to deal with the loss of these uncorrupted codewords. The "incorrect" codeworcis 
can only appear when synchronization is lost. We either detect synchronization loss 
before, after, or before and after an "incorrect" codeword2 • In all three cases we can 
add one extra step after retrieving synchronization. In this extra step we perform one 
extra test on n 2 bits. If we have reeavered synchronization, we take the preceding n 2 

bits, and test whether these form a codeword or not. In case we find a codeword, this 
can serve as an alternative for the previously detected codeword (see Figure 3.3). 

Example 3.1 
Suppose that a burst of deletions corrupted only the second codeword, and that we detect 
an "incorrect" codeword. Although the third codeword is received without errors (see Fig
ure 3.3), we will only reeover correct synchronization at the fourth codeword. Looking back 
n2 bits, after detecting the fourth codeword, would reveal this third codeword. In this case 
the decoder can choose between two possibilities: either the word it detected in the first 
place (which is actually an "incorrect" codeword), or the word it detected looking back n2 

bits (which is the correct third codeword). 

CFq 

r----- 1 

L--~-- J 

r--2,--, 
L _____ J 

Figure 3.3: Detecting an "incorrect" codeword. 

On the other hand, if in the previous example correct synchronization was retrieved at the 
third codeword already (so no "incorrect" codeword was detected), looking back n2 bits could 
give false information (see Figure 3.4). Suppose that these n2 bits forro a codeword. Then 
the decoder can again choose between the word it detected in the first place ( which is the 
correct first codeword), or the wordit detected looking back n2 bits (which is an "incorrect" 
codeword). 

• 
After decoding the words of the CFC C2, the ID at the beginning of every row of the 
array, will teil which rows are not rec?.vered. If the ID of the ith row is missing, then 
the second decoder, i.e. the decoder of C1 , will first insert this ith row. This row will 

2If an insertion or deletien of a multipie bf n 2 bits occurs it is possible that we find "incorrect" 
codewords without having loss of synchroni*ation, but in that case all uncorrupted codewords are 
also retrieved correctly. 
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J. _____ J 

r-- Ï'-- , 
L _____ J 

Figure 3.4: Detecting no "incorrect" codeword. 

consist of the ID of that row, foliowed by (k2 - t) erasures. We see that the last k2 - t 
columns of the received array can contain erasures after the first decoding step, but 
these can be corrected using the second decoder. Looking at the ID is one possibility 
to distinguish "incorrect" codewords from correct codewords, because the ID's of the 
"incorrect" codewords most likely do not "fit" between the correct ID's. 
If we also want to correct substitution errors beside bursts of insertions/deletions, we 
must make sure that the information in the codeworcis of the CFC is protected against 
substitution errors. More important is that we must makesure that we can synchronize 
in the presence of errors. This implies that the distance between the overlap of two 
codeworcis of the CFC and a correct codeword of that code must be larger than the 
distance between a correct codeword and a codeword corrupted by substitution errors. 
We will come back to this in Section 3.3. 
A substitution error in the ID-part of a row could result in incorrect synchronization 
of the rows, for it can be interpreted astheresult of an insertion or deletien error. For 
that reason, the ID-sequences are chosen in such a way that the Hamming distance 
between the ID-sequences of consecutive rows of array (3.1) is large. The order of the 
ID-sequences is described inSection 3.7. 

3.2.3 Error Correcting Capabilities 

The error correcting capabilities of the code 'D depend on the error correcting capa
hilities of the code cl, or equivalently, the choice of cl depends on the maximal si ze 
of a burst error that can occur. In the sequel we will assume that at most one burst 
error (either insertions or deletions) will occur, and we will derive a bound on the error 
correcting capabilities of C1 , depending on the maximal si ze of such a burst. 
Suppose the maximal size of a burst error is b, and let p be defined by 

Th en a burst of deletions of si ze b corrupts either p or p + 1 rows of an array. Suppose 
a burst of deletions starts in row i and ends in row j. In the worst case, we detect an 
"incorrect" codeword, which contains a part of the (j + 1)•1 row. In this case we have 
(j -i+l) erased rows, one incorrect row, and (n1 - j+i-2) correct rows, so the minimal 
Hamming distance dmin of C1 should be at least (j- i+ 1) + 2 + 1 = (j- i+ 4). 
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The number of corrupted rows, j -i+ 1, is at most equal top+ 1, hence we find 
dmin ~ p+4 = r(b-l)/n2l +4. 
On the other hand, suppose a hurst of insertions occurred in row i. Then we already 
know that row i + 2 is detected correctly. In the worst case row i + 1 is not detected, 
due to the occurrence of an "incorrect" codeword. We find that in the worst case, we 
detect one incorrect row, and at most p- 1 extra rows, i.e. instead of receiving row 
i and row i + 1, we detect p + 1 ether rows. In case extra rows are detected, these 
are just deleted, so only two incorrect rows remain. Therefore, the minimal Hamming 
distance of C1 should he at least 5. In theory it is easy to detect these extra rows 
hy investigating the ID-sequences of the rows detected in the decading window of the 
comma free code C2 • In practice this is a harder prohlem, for the decoder should he 
ahle to look ahead to the ID-sequences of the next detected rows. 
In total we find that, if a hurst has maximal size b, then the minimal Hamming distance 
of the code cl should he at least dm in ~ r( b- 1) /n2l + 4. 
Above we assumed that only a hurst of insertions or deletions can otcur. If we also 
assume that substitution errors can occur, then the distance of C1 should be even 
larger. If in each column at most e extra substitution errors can occur, then we find 
that the minimal Hamming distance of C1 should be at least 

rb -11 ~ +2·e+4. 

It is easy to derive an equivalent formula for the minimal Hamming distance dmin of 
C1 in case more than one hurst of insertions or delet ions can occur. 

3.3 (Systematic) Comma Free Codes 

Comma Free Codes were first introduced hy Golomb, Gordon and Welch in [18]. They 
give some constructions for comma free codes of smalllengths and they also prove that 
the maximal size of a CFC of lengthnover an alphabet of size q, denoted by Wq(n), 
satisfies the following inequality 

where p,( d) is the Möbius function defined by 

p,( d) = { ~ 
(-1)" 

if d = 1, 
if d has any square factor, 
if d = Pt · 'P2 · ... • Pr, where P1, .. . , Pr are dis ti net primes. 

(3.3) 

(3.4) 

In the paper mentioned above it was shown that this bound can be attained for odd 
values of n, less than or equal to 15. Their conjecture that it can be attained for all 
odd values of n was proven by Eastman [11]. Before that, Jiggs [27] already proved 
that Wq(17) = f:r · L: p,(d) · q11/d = f:r · (q11 - q) . Jiggs also introduced the notion of a 

dl!7 

CFC of index d, which is defined as fellows. 
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Definition 3.2 Let C Ç .A;;(q). Then we say that Cis a CFC of index dij, whenever 
( a1. a2, ... , an) and ( b1. ~ .... , bn) are elements of C, then, for r = 2, 3, ... , n, the 
words (a., ... , an, b1. ... , b,_1) di .IJ er in at least d positions from every word of C. 

In other words, the Hamming distance between an overlap of two codewords and the 
code itself, should be at least d, i.e. synchronization can still be established in the 
presence of at most l(d -1)/2J substitution errors. lt is obvious that any CFC bas 
index 1. Befoie we continue, we will give some examples of comma free codes of 
maximal size. 

Example 3.2 n = 5, q = 2, W2(5) = 6, 
c = {{0, 1, 0, 0, 0), {0, 1, 1, 0, 0), {0, 1, 0, 1, 0), {0, 1, 1, 1, 0), (0, 1, 0, 1, 1), {0, 1, 1, 1,1 )}. • 

Example 3.3 n = 7, q = 2, W2(7) = 18, 
C = { (0,1,0,1,0,0,0), {0,1,0,1,1,0,0), {0,1,0,1,1,1,0), {0,1,0,1,1,1,1), 

{0,1 ,0,0,0,1 ,0), (0,1 ,1 ,0,0,1,0), (0,1,1 ,1 ,0,1 ,0), (0,1 ,1 ,1 ,1 ,1,0), 
(0,1 ,0,0,0,1 ,1 ), (0,1,1 ,0,0,1 ,1 ), (0,1 ,1 ,I ,0,1 ,1 ), {0,1 ,I ,1,1,1,1 ), 
{0,1 ,0,0,0,0,0), {O,I ,l,O,O,O,O), {0,1,1,1,0,0,0), (0,1 ,1 ,1,1 ,0,0), 
{0,1,1,1,1,1,0), {0,1,1,1,1,1,1) }. 

The maximal cardinality of a CFC grows quickly with the length, for example 

W2(11) = 186, 

W2(13) = 630, and 

W2(31) = 69.273.666 = (231 - 2)/31. 

• 

Unless we have a systematic way of encoding and decoding the CFC, we have to use 
table look up, which becomes infeasible even for a CFC of moderate length. For this 
reason we want to construct a systematic CFC, so that encoding and decoding become 
easier. 
In [15) systematic comma free codes are described. In these codes, a particular choice 
of zeroes and ones are put on a fixed set of positions, while the remaining positions can 
be filled arbitrarily. The codes Gilbert constructed (for short G-codes ), have zeroes 
on the first t positions and every subsequent sequence of t symbols starts with a one. 
For example if n = 15 and t = 4, a codeword looks like 

where the positions marked * can be filled with information symbols. Gilbert takes 
the length n equal to t2 + 1, but it is obvious that such a restrietion is not necessary 
for comma freedom. 
In [9) Clague describes a way to improve the G-codes. In bis construction again zeroes 
and ones are put on fixed positions, but the total number of fixed positions is smaller 
than in Gilhert's construction. Clague's F-codes (Cy-codes for short) have zeroes on 
positions 1, 2, . .. , s and on es on positions j · s + 1 for j = 1, 2, ... , t . In this case s 
and t should be chosen in such a way that s · t ;::: ! · ( n - 1 ). The comma freedom of 
Cy-codes follows from the next lemma. 
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Lemma 3.3 ([9], Lemma 1) 
A code C of length n, with zeroes on positions a; {i = 1, 2, ... , s) and on es on positions 
bi (j = 1, 2, ... , t) is a CFC ij and only ij the set {±(a;- bi)} contains all nonzero 
residues modulo n. 

Pro of: 
Suppose the set {±(a;- bi)} contains all nonzero residues modulo n . Then we will 
show that thesetof words C, with zeroes on positions a; and ones on positions bi, is 
a CFC. 
Suppose c = (Ct, c2, ... , c") and d = ( d1, d2, ••. , dn) both satisfy 

c; = d; = 0 

c; = d; = 1 

if i E { a1 , ••• , a.}, and 

if iE {b1, . .. ,bt}· 

Let the word f be an overlap of c and d, i.e. f = (t;>H, ... , en, d1, ... , dp), forsome p, 
1 $ p $ n- 1, so 

f- { Ci+p 
'- di-(n-p) 

if i$ n- p, 
if i> n- p. 

Hence we find fi-p = c; if i > p and h+(n-p) = d; if i $ p. Because p lies between 1 
and n -1, we know that there are val u es i and j such that ±(a;- bi) = p ( mod n ). We 
will assume that (a;- bi)= p (mod n), the case (bi- a;)= p (mod n) can be treated 
in a similar way. We now know that bi is either a; - p, if a; > p, or a;+ (n - p), if 
a; $ p. In order for f to be an element of the set C, the value of /bi should be equal 
to one, but we find 

.Î _ { /a;-p =Ca; = 0 
bj - Ja;+(n-p) = da; = 0 

if a;> p, 
if a;$ p, 

which conetudes the first part of the proof. To prove the other part of the lemma, 
suppose that the set {±(a; - bi)} does not contain all nonzero residues modulo n, 
say p is not in this set, where 0 < p < n. Now consider the codeword c E C with 
zeroes on the positions a; and (a; + p) mod n, for i = 1, 2, ... , s, and ones on the 
positions bi and (bi+ p) mod n, for i = 1, 2, ... , t. The remaining positions can be 
fitled arbitrarily. Because there arenovalues i and j for which (a;- bi)= p (mod n) 
or for which (bi- a;) = p (mod n), there is no position in the codeword c described 
above that should be both zero and one. A property of a CFC is that a cyclic shift 
of any codeword differs in at least one of the fixed positions from all codeworcis of 
that CFC. However, if we cyclically shift the above codeword cover p positions to the 
right, we see that this shifted version has zeroes on positions a; and ones on positions 
bj, hence it is an element of C. This proves the other part of the lemma. 0 

Taking a;= i for i= 1, 2, ... , s and bi = j · s + 1 for j = 1, 2, ... , t, it is easy to check 
that the condition of the lemma above is fulfilled. The con di ti on that s · t ;?: ! · ( n - 1) 
follows from the fact that the 2 · s · t differences between the a; and the bi should take 
on every value between 1 and n - 1 at least once. 
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Example 3.4 
Taking again n = 15 it is obvious that we can choose s = t = 3, i.e. a codeword looks like 

and we see that the number offixed positions is one less, compared to the previously described 
G-eode. • 

The price we have to pay for easy encoding and decading when we use Cr-codes is 
a reduction of rate, compared to a CFC of maximal cardinality. If n is odd, then, 
according to (3.3), for large values of n the maximal rate of a comma free code tends 
to 

log2 (~) = 1 _ log2 (n) . 
n n 

For Cr-codes, the cardinality is maximal if the number of fixed positions is minima!. 
For large values of n, the number of fixed positions is minimal if the number of fixed 
zeroes s is almost equal to the number of fixed ones t, under the condition that 
2 · s · t ;::: (n- 1), hences and t are both approximately equal to the square root of 
(n- 1)/2. Therefore, we find that the rate of a Cr-code tends to 

n-2·J(n-1)/2 -tl- ff., 
n y-;; 

if n is large. 
A third construction of a systematic CFC is given by Mandelbaum in {45]. In this 
construction codewords start with s +1 ones, foliowed by a zero, and then foliowed by 
a string of length q in which runs of ones maximally have length s. Hence, if C3 (s, q) 
(notation as in [28] and [45]) is defined by 

C3(s,q) ={All wordsof length q such that a run of ones has length at most s}, 

then the codewordsof the code defined by Mandelbaum (M-codes for short) look like 

(l•+l ,0, dl, . .. ,dq), 

where (d1 , ••• ,d9 ) E C3(s,q). 
The rate of the M-codes is somewhat higher than the rate of the Cr-codes, but encod
ing and decading is more complex, because information must be encoded into a word 
of the set C3 (s, q), insteadof inserting it on the *-marked positions. M-codes can be 
adjusted in such a way that they can correct both loss of synchronization and substi
tution errors (see [45]), however they are no Jonger Comma Free in that case. Only 
shifts up to some maximal number of bits to the left or to the right can be corrected 
in combination with substitution errors. Cr-codes can be changed in such a way that 
they are still comma free in the presence of substitution errors on the fixed positions. 
To this extend, we introduce the notion of ad-Error Resistant Fixed Position Comma 
Free Code, which is defined as follows. 

Definition 3.4 
We call a set C ad-Error Resistant Fixed Position Comma Free Code (d-ERFPCFC}, 
ij C is a comma free code, with zeroes and ones on a fixed set of positions, such that, 
ij at most d substitution errors occur at the fixed positions of n consecutive bits, then 
this will never lead to the deieetion of an "incorrect" codeword. 
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If a d-ERFPCFC is used, then, due to substitution errors at the fixed positions, syn
chronization will be lost, but if at most d substitution errors occurred in the fixed 
positions of n consecutive bits of the transmitted codewords, we will not detect an 
"incorrect" codeword, i.e. we will not have incorrect synchronization. Moreover, if 
we assume that at most ~ fixed positions of each transmitted codeword are corrupted 
by substitution errors, we can synchronize directly, using majority decision. We will 
clarify this definition by giving an example of 2-ERFPCFC. 

Example 3.5 
Let n = 15, d = 2, and let s = t = 5. Take a= (1, 2,3,5,6) and b = (4, 7, 9, 11, 13). Define 
the word c E {0,1, * }15 such that Ca; = 0, Cbi = 1 and Ck = * otherwise. lt is now easy to 
check that every cyclic shift c" of c over p positions, where 1 ::; p ::; 14 differs in at least 3 
places from c, i.e. there are at least 3 positions where c is zero and c" is one or vice versa. 
Hence if at most two errors occur in the fixed positions of 15 consecutive bits, we will not 
detect an "incorrect" codeword. 
On the other hand, if we suppose that at most one fixed position is in error it can be shown 
(see below this example) that we can correct this error and we do not lose synchronization. 

0 0 0 
lo o o 

0 0 0 
1 0 0 

1 
1 

* 1 
1 

* 1 
1 

* 1 
1 

* 0 0 0 0 1 * 1 * 

If only one fixed position is in error, e.g. position b1 is received incorrectly,: we see that the 
decading window detects one error. Every shift (over at most 14 positions) of the decading 
window will lead to detection of at least 2 errors. • 

If C is a d-ERFPCFC, then every cyclic shift of a codeword of C should differ in at 
least (d + 1) positions from any codeword. Therefore, if a code C of length n has 
zeroes on positions a;, i = 1, 2, ... , s, and ones on positions bj, j = 1, 2, ... , t, then C 
is a d-ERFPCFC if every nonzero residue modulo n occurs at least (d+ 1) times in the 
multiset {±(a;- bi)}. Th is can be seen as follows. Suppose at most d errors occurred 
at the fixed positions of n consecutive bits. Let p E {1, 2, ... , n -1}. Then there are at 
least d + 1 pairs (i, j) such that ±(a;- bi) ::: p (mod n ), say (a;" bj.), ... , ( a;d+l, bid+!). 
At most d fixed positions are in error, hence there is at least one pair of positions 
(a;, bj} where the received string and the decading window have different values. In 
other words, for every shift of the decading window, we have at least d + 1 check 
positions, of which at least one will indicate that the contents of the window is not a 
code word. 
In the same way it can be shown that, using majority decision decoding, a d-ERFPCFC 
can correct ld/2J substitution errors in the fixed positions of a codeword. The discus
sion above proves the following lemma, which is a generalization of Lemma 3.3. 

Lemma 3.5 
A code of length n, with zeroes on positions a; (i = 1, 2, ... , s) and on es on positions 
bi (j = 1, 2, ... , t) is a d-ERFPCFC ij and only ij the multiset {±(a;- bi)} contains 
all nonzero residues modulo n at least d + 1 times. 

Form the lemma above it follows immediately that a restrietion on s and t, for a 
d-ERFPCFC, is that 

n-1 
s·t;:::(d+1)· - 2-. 
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A CF-code is a 0-ERFPCFC and so is a G-eode, except if n = t 2 + 1, in which 
case a G-eode is a 1-ERFPCFC. In the next lemma, we give a modified version of a 
1-ERFPCFC described by Levenshtein in [38] 

Lemma 3.6 Let n be given and let s and t be such that s · t ;?: n- 1. Take a; = i, 
i = 1, 2, ... , s, and 

b·={j·s+l 
J n-(t-j)·s 

ij jE {1,2, .. . , l~J}, 
if jE{f!fl, ... ,t-l,t}. 

Then the code C of length n, with zeroes on positions a; and ones on positions b1 is a 
1-ERFPCFC. 

Pro of: 
The lemma follows immediately from the observation that the union of the following 
two sets is the set of all nonzero residues roodulo n. 

{bi- a; I i= 1, ... ,s;j = 1, . . . , lt/2J} = {1,2, ... , lt/2J ·s}, 

{bi - a; I i = 1, ... , s; j = f(t + 1 )/21, ... , t} = ={ {n-1, ... ,n-(t-ft/2l) ·s-s} iftisodd, 
{n-l, ... ,n-(t- ft/2l)·s} iftiseven. 

0 

Because *-marked positions can be filled arbitrarily, errors occurring in those places 
will not be noticed beforehand. The difference between a d-ERFPCFC and a CFC of 
index dis the following. A CFC of index d can still be synchronized if at most ( d -1) /2 
errors occurred inside a codeword. These errors must be corrected in order to retrieve 
the information from the codeword. A d-ERFPCFC will not lose synchronization if at 
most d/2 errors occur in the fixed positions of a codeword. These errors do not need 
to be corrected, for these positions contain no information. However, substitution 
errors in the *-marked positions are not taken into account; substitution errors in 
these positions should be corrected in a different manner. On the other hand, if a d
ERFPCFC is used, then no "incorrect" codeworcis wîll be detected if at most d errors 
occur at the fixed positions of n adjacent bits, i.e. the decading window contains at 
most d errors at the fixed positions. Note that due to these errors, the receiver wiJl 
lose synchronization, but he wil! not detect "incorrect" codewords. 
The information on the *-marked positions can be protected using an ordinary sub
stitution error correcting code. Hence, in a received word, more than d/2 errors may 
occur, but synchronization will not be lost if at most d/2 errors occur in the fixed 
positions of a codeword. The information can be retrieved correctly if the number of 
errors that occurred in the *-marked positions can be corrected by the decoder of the 
ordinary substitution error correcting code. 
In the construction of the array code 1) it might not even be necessary to proteet the 
information on the *-marked positions if the probability of a substitution error is not 
very large. If a substitution error should occur in a *-marked position, this error can 
probably be corrected during the decading of the last (k1 - t) columns of array (3.1) 
by a decoder of the code c] . 
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3.4 Proteetion Against "Incorrect" Codewords 

3.4.1 Introduetion 

First we will introducesome useful notation. Let gE {0, 1, * }n. Then we say that g 
generates the binary code C, where C consists of all words that have zeroes resp. ones 
on those positions where g has a zero resp. a one. The cardinality of C, generated by 
g, equals 2k, where k is the number of *'sin g. 
The set Ao resp. At are defined as the sets of coordinates where g is 0, resp. 1, i.e. 
g; = j if and only if i E Aj, for j = 0, 1. We say that the pair (Ao, A1) describes 
g, and, if g generates a CFC, then we also say that the pair (Ao, At) generates that 
CFC. 
It is obvious that if (A0 ,A1 ) generates a CFC, then also (At,Ao) generates a CFC. 
The vector g' described by the pair (Al> Ao) is the same as the vector g described 
by the pair (Ao, At), except that the zeroes are replaced by ones and vice versa. In 
the sequel we will show that if the pair (Ao, At), with Ao = {al> a2 , ••• , a,} and 
At= {bt, b2, ••• , b1 }, generates a CFC, and mis an integer such that (m, n) = 1, then 
the pair (A;·•, A~··) also generates a CFC, where A;;'·• and A~·· are defined by 

A;;'·• = { ( m · a; + r) mod n I i = 1, 2, ... , s}, 
A~·· = {(m · bj + r) mod n Ij= 1, 2, ... , t}. 

We will also show that the probability of detecting an "incorrect" codeword, due to a 
substitution error in a fixed position, for the CFC generated by (A0 , A1) is the same 
as for the CFC generated by (A;;'·•, A~··). 
Before we do so, we will first introducesome more notation. Suppose (Ao, At) gener
ates a CFC and (Ao, At) describes the vector g. By h we denote the {0, 1, *V" vector 
that results from appending g to itself, i.e. 

h.- { g; .-
9i-n 

if 1 ::; i ::; n, 
if n + 1 ::; i ::; 2 · n. 

The vector h can be seen as the concatenation of two codeworcis of the comma free 
code. Furthermore, by gP we denote the vector 

where 0 ::; p ::; n. The vector gP can be interpreted as the decoding window after a 
shift over p positions to the right. 

2·n 
The function f(p) denotes the distance betweenhand gP, i.e. f(p) = E d(h;,(gP);), 

i=l 
where the distance d between two symbols is defined by 

{ 
d(0,1) = d(1,0) = 1, 
d(O,O) = d(1,1) = d(*,*) = 0, 
d(O,*) = d(*,O) = d(1,*) = d(*,1) = 0. 

Notice that the fact that g generates a CFC implies that f(p) ~ 1 for p = 1, 2, ... , n-1. 
If g would generate an d-ERFPCFC, then f(p) ~ d + 1 for p = 1, 2, ... , n- 1. 
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Furthermore let x0 (p) denote the number of coordinates i (where iE {1, 2, ... , 2 · n}) 
such that gf = hi = 0, and let x 1 (p) be defined in a similar way. Finally y(p) denotes 
the number of coordinates i where gf is either 0 or 1, and h; = *· 
The number of zeroes and ones in gP is s + t. On the other hand, it is obvious that this 
number is also equal to f(p) + xo(P) + x1(p) + y(p), so we have the following relation 
for the function y(p): 

y(p) = (s- xo(p)) + (t- x1(p))- f(p). (3.5) 

The functions above can be calculated as fellows 

f(p) I AonA~·P I+ I A1 n~·P I, 
Xo(p) = I Ao n A~·P I, 
x1(p) = IA1nA~·~'1. 

The function f(p) can be interpreted as fellows. If the decoding window is shifted over 
p positions, then there are f(p) checks to indicate that the contents of the decoding 
window is nota codeword, or equivalently, p occurs f(p) times as a modulo n difference 
between an element of the set Ao and an element of the set A1 . 

When calculating the probability of detecting an "incorrect" codeword, we are only 
interested in those values of p for which f(p) = 1. In that case h and gP differ in only 
one (fixed) position, so, if this position is in error and the decoding window is shifted 
p positions, we detect an "incorrect" codeword with probability 

We will illustrate the situation above with an example. 

Example 3.6 
Let n = 15, and choose Ao = {1,2,3,4} and A1 = {5,9}. Then /(1) = 1,x0 (1) = 3, 
x1(1) = 0, hence y(1) = (4- 3) + (2- 0)- 1 = 2, so we detect an "incorrect" codeword 
with probability 1/4 if the first fixed 1 is in error and the decoding window is shifted over 1 
position. In the picture below, the bottorn row displays the first 25 digits of g1 and the top 
row displays the first 25 digits of a corrupted version of h. The emphasized zero in the top 
row was transmitted as a 1, but received incorrectly. If the 61h and the 101h bit of the first 
received word (that is, the 1'1 and the 4th •·marked position) both happen to be a one (this 
happens with probability 1/4), we detect an "incorrect" codeword. 

00000•••1 
*lO 0 0 0 1 * * * 

* * • • * •IO o o o 1 
r • * • • • •I• * * * 

* * 
* * 

* 1 * 
* * * • 

To calculate the total probability Pr. of detecting an "incorrect" codeword due toa 
substitution error in a fixed position, we cannot just sumover all p for which f(p) = 1. 
Suppose f(p) = 1 for some pand h and gP differ in coordinate q, where q > n. Then 
actually the substitution error occurred in the next codeword, so the first codeword was 
received without substitution errors in the fixed positions and the decoding window 
already detected this codeword correctly. We will illustrate this with an example. 
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Example 3.7 
As in the previous example we haven= 15, Ao = {1,2,3,4}, and A 1 = {5,9}. Again, only 
the first 25 digits of g" and the corrupted version of h are displayed in the figure. 
It is easy to check that f(9) = 1, xo(9) = 0, x1(9) = 0, so y(9) = 5. Also we see that hand 
g 9 differ in the 18th bit, but, because g" is actually the decading window, this is the 3rd bit 
of the secend received word. We now have the following situation: 

00001***1***** 
* * * * * * * • *lo o o o 1 

.. lo o 
* * * 

* 1 * 
.. .. I * 

However, if the first codeword is decoded correctly, then the decading window is shifted n 
positions, i.e. the decading window will never contain the tail of the first codeword, foliowed 
by the head of the next codeword, so the situation above can never arise. • 

So we only have to consider those values of p for which both f(p) = 1 and for which 
the number q of the coordinate where h and g~> differ is at most n. We will now show 
that if f(p) = 1, then either for por for p' := n- p the conditions above are satisfied, 
but not for both pand p'. 
Notii:e that f(p) = f(n- p), xa(p) = xo(n - p), and x1 (p) = x1(n- p), hence 
y(p) = y(n - p). Suppose that f(p) = 1. Then there are, given this value of p, 
unique numbers i and j such that ±(ai- bi)= p (mod n). Withoutlossof generality 
we assume that ai - bi = p, so bi - ai = n - p (mod n). The distance between 
h and g" is one, and they differ in position q = a; :::; n. On the ether hand, the 
distance between h and g"', where p' = n- p, is also one, and they differ in coordinate 
q' = (n+bi) > n, because bi> 1. From this it fellows that if f(p) = f(n-p) = 1, either 
por p' = n- p contributes to the probability of detecting an "incorrect" codeword due 
to a substitution error in a fixed position. Because y(p) = y( n- p) these contributions 
would be equally large, so we find the following probability of detecting an "incorrect" 
codeword: 

Pr = PFP • (~)y(p) 
• s+t L 2 ' 

p:f(p)=lAp~(n-1)/2 

where PFP denotes the probability that exactly one fixed position is in error, i.e. 
denotes the substitution bit error probability, then PFP equals 

(1- Pb)•+t-l ·Pb· (s + t). 

(3.6) 

Now that the probability of detecting an "incorrect" codeword can be calculated, we 
can prove our claim from the beginning of this section. 

Theerem 3.7 Let n be given, and let the pair (A0 ,AI) generale the CFC C, with 
probability Pr. of detecting an "incorrect" codeword. Let m be such that (m, n) = 1, 
and let r be such that 0 :::; r :::; n - 1. The pair (A;•r, A;"•') then defines a CFC C' 
with the same probability of detecting an "incorrect" codeword. 

Pro of: 
Let Ao = {a1,a2, ... ,a.}, and A 1 = {b1>b2, ... ,bt}. Then A;·'= {a~,a~, ... ,a:}, 
where a~= (m·ai+r) mod n, and A;n·• = {b~, b~, ... , ba, where bj = (m·bi+r) mod n. 
First we will show that the pair (A;;'·•, A;n·•) generates a CFC C'. We know that 
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(A0,A1 ) generates a CFC, hence for every p E {1,2, ... ,n -1} there exists at least 
one pair (i,j) such that (ai- b;) = p (mod n) or (bi- ai)= p (mod n). We wiJl now 
only consider the case that (ai- b;) = p (mod n), theether case can be treated in a 
similar way. We find 

(a~- bj) = ((m ·ai+ r)- (m · b; + r)) = m ·(ai- b;) = m · p (mod n). 

Because ( m, n) = 1 we know that if p runs through all elementsof the set { 1, ... , n -1}, 
so does m · p, which proves that C' is in deed a CFC. 
Tbe above shows that f(p) = f'(m · p), where the accent denotes that the function 
is related to the code C'. In the same way we can show that x0 (p) = x~(m · p), 
x 1(p) = x~(m · p), and hence y(p) = y'(m · p). We now find 

Pr. = 2: (~r(p)- ~.~. 2: (~r(p)-
S + t p:f(p)=1Al$p$(n-l)/2 2 - S + t 2 p:f(p)=l 2 -

PFP 

PFP . ~. L (~)y'(mp) = PFP . ~. L (~)y'(p) = Pr' 
S + t 2 p:f'(mp)=l 2 S + t 2 p:f'(p)=l 2 ., 

which proves the theorem. 0 

3.4.2 Modifying the CF-Codes 

If we want the probability of detecting an "incorrect" codeword, due to a single sub
stitution error in a fixed position, tobe as smallas possible, we might choose to use a 
1-ERFPCFC. In that case this probability has become zero. A disadvantage of such 
a choice is that the number of fixed positions roughly increases by 40%. 
In this subsectien we will first investigate the probability of detecting an "incorrect" 
codeword for the CF-codes. After that, we will show that this probability decreases 
tremendously if we add just two extra fixed positions. 
For CF-codes we have 

Ao { 1, 2, . .. , s}, 
A1 = {s+1,2·s+1, ... ,t·s+1}. 

In the sequel we will assume that n is odd and q is defined by 2 · s · t = ( n - 1) + 2 · q, 
where s and t are chosen such that s + t is as small as possible given the condition 
that 2 · s · t :2: (n- 1). This implies that q is less than the minimum of s and t. In 
order to calculate the probability Pr., we have to find the values of f(p), x0(p), x 1 (p), 
and y(p) for 1 $ p $ (n -1)/2. Notice that the set {bi- ai 11 $i$ s, 1 $ j $ t} is 
equal to the set {1, 2, ... , s · t} from which we imrnediately see that 

f(p) = { ~ if 1 < p < n-l - q 
- - 2 ' 'f n-1 ( 1) < < n-1 I -2- - q- - p - -2- . 

Also note that from the sets Ao and A1 we find 

Xo(p) = { ~- p 
if 1 $ p $ s- 1, 
îf S $ p $ n;l, 
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and 
() { t-pjs 

Xt p = O 
if p = s, 2. s, ... ' (t - 1). s, 
otherwise. 

From this it fellows that we have the following values for y(p): 

{ 
p + t- f(p) 

y(p) = s + pjs- f(p) 
s + t- f(p) 

if 1~p~s-1, 
if p=s,2·s, ... ,(t-1)·s, 
otherwise. 

(3.9) 

(3.10) 

From the fact tbat q ~ s it fellows that (t- 2) · s ~ (n- 1)/2- q, i.e. f(p) = 1 for 
p = (t- 2) · s. Whether f(p) is one or two for p = (t- 1) ·s depends on the value of q. 
If 0 ~ q ~ s/2, we find tbat f(p) = 1, but if s/2 < q < s we have f(p) = 2. In order 
to calculate the probability Pr, we have to distinguish between the cases 0 ~ q ~ s/2 
and s/2 < q < s. In the first case we find 

•-1 ( 1) p+t-1 1-1 ( 1) •+p-1 
= E- +E - + 

p=1 2 p=1 2 

+(n+2-(s+1)·(t+1))·G)'+t-1 = 

GY · (2 - Gr-2
) + Gr · (2 - GY-2

) + 

+ (n + 2- (s + 1) · (t + 1)) · G)'+t-1 = 

( 1)'-1 (1)t-1 (1)•+t-1 2 + 2 +(n-2-(s+1)·(t+1))· 2 

In case s/2 < q < s a similar calculation gives a similar expression, except that the 
factor (n- 2)- (s + 1) · (t + 1) should be replaced by (n- 3)- (s + 1) · (t + 1). 
We get theîargest contribution to the probability Pr, whenever x0 (p) + x1(p) is large 
and f(p) = 1, for then y(p) is smal!, hence (1/2)Y(P) is large. Therefore, if the x 0 (p) 
and/or x 1(p) are large we would like f(p) to beat least 2. 
For Clague's CF-codes we see that x 0(p) is nonzero for p = 1, 2, ... , s , and x1(p) is 
nonzero for p = s, 2 · s, ... , (t- 1) · s, and in (almost) all of these cases the value of 
f(p) equals 1. Now we will show that modifying the CF-codes by adding two extra 
fixed positions, results in a CFC with a much lower probability Pr~. 
Define ~ = Ao U {(t + 1) · s + 1} and A~ = A 1 U {n}. lt is obvious that the pair 
(A~, A~) also generates a CFC. lf a., = (t + 1) · s + 1 and b1, = n, where s' = s + 1 and 
t' = t + 1, then the set {bi -a; 11 ~ i ~ s', 1 ~ j ~ t'} equals 

{1, 2, ... , s ·t} U { -s, -2·s, . . . , -t · s} U {n- 1, n- 2, ... , n- s} U { n- (t + 1) ·s -1}. 

For this new case the calculations for Pr~ are given in Sectien 3.6. For the probability 
we find 

s' + t' (1 )•+t-1 
-,- · Pr~ ~ ( ( n - 1) - s · t + 4) · 2 

PFP 
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where p~P = (1 - Pb)•'+t'-1 ·Pb· (s' + t'). 
Because in the optima! case, wbere s + t is minima!, s and t are almost equally large, 
we see that the probability Pr. decreases tremendously. 

Example 3.8 
Let n = 511 and take s = t = 16, so q = 1. For the Cr-codes we find 

Pr. = p;; · (2·2-15 + 220·2-31) > PFP' GY9
, 

while for the modified CF-codes we find 

Pr~- ~ p;; ·258·T33 ~ PFP ( Gro + Gr7
) ·(1- Pb?· 

3.4.3 Robustness against Insertion and Deletion Errors 

• 

As mentioned before, most insertion and deletien errors that occur have size 1. In this 
sectien we wil! take a closer look at the robustness of the modified CF-codes against 
insertions and deletions of this size. Our goal is to find a CFC that is robust against 
insertion and deletien errors of size 1, that is, we want the probability of detecting an 
"incorrect" codeword due to a single deletien or a single insertion to be as small as 
possible. 
Note that if the CFC C2 must be robust against insertions and deletions, then certainly 
the generating vector g of C2 must neither start nor end with a run of *'s. Suppose 
the last I symbols of g are all *'s, i.e. g looks like 

Tben insertions and or deletions in these last I symbols of a codeword will result in 
tbe detection of an "incorrect" codeword. Also if the first I symbols of g are *'s, i.e. 
g looks like 

then insertions before tbe (I + 1 )'1 symbol of g will lead to the detection of an "in
correct" codeword. Suppose for example that a single insertion occurred between the 
ztn and the (l + 1)'1 symbol of g. Then we detect an "incorrect" codeword when the 
decading window is shifted one position. 
From now on we will assume that the first and the last coordinate of the generating 
vector g of the CFC C2 are fixed. 
We will first take a closer look at tbe probability Prd of detecting an "incorrect" 
codeword due to a single deletien error. Let, as before, h he the { 0, 1, *} word of length 
2 · n formed by appending g to itself, i.e. h = (91 , ••• , 9n, 91 , ..• , 9n)· Furthermore let 
h 9 denote the word that results from h after deleting the q1h bit of h, where the 
deletien took place in the first half of h, i.e. 1 :5 q :5 n. We can interpret h 9 as two 
received words, where a deletien error occurred in the first word and the secend word 
was received correctly. If we do not want to detect an "incorrect" codeword, we do not 
want the decading window to detect a codeword until the last n bits of h 9 are inside 
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the decading window. The decading window can be represented by the vector g" of 
length 2·n -1, which is now defined as ( *", g, *n-p-l ), where p E {0, 1, ... , n- 1}, i.e. 
g" represents the decading window aftera shift over p positions. We detect a codeword 
inside the decading window if d(g", hq) = 0 for some p. Of course d(gn-t, hq) = 0, 
but in that case the last n bits of hq, i.e. the second received codeword, are inside the 
decading window. If d(gP, hq) = 0 for some p < n - 1, then, with a certain nonzero 
probability, we detect an "incorrect" codeword. 
In the i deal situation we would have d(g", hq) > 0 for all q = 1, 2, ... , n and for all 
p = 0, 1, ... , n- 2. In that case a single deletion error would never result in detecting 
an "incorrect" codeword. On the other hand, if d(g",hq) = 0 forsome q and forsome 
p < n- 1, we only detect an "incorrect" codeword with some probability, depending 
on p and q. In a similar way as in Section 3.4.1, we define the functions f-(p, q), 
xö(p,q), x!(p,q), and y-(p,q), where the superscript- implies that we are dealing 
with a single deletion error: 

r(p,q) 

xö(p, q) 

x!(p,q) 
y- (p, q) 

= d(g",hq), 

= I {i I (g")i = (hq)i = o} 1. 
= I {i I (g"); = (hq)i = 1} I, 

I {i I (g"); =!= * and (hq )i = *} I . 

Again we have the relation y-(p, q) = (s -xö(p, q))+(t-xï(p, q))- f-(p , q), where, as 
before, s and t denote the number of zeroes and on es in g respectively. If f- (p, q) = 0 
for some q and some p < n- 1, we detect an "incorrect" codeword with probability 

For the total probability Prd of detecting an "incorrect" codeword due to a single 
deletion we find 

PsD (1)y-(p,q) 
Prd :=--;- · L 2" , 

(p ,q):J-(p,q)=O 

(3.11) 

where PsD denotes the probability that a single deletion occurs. 
In the same way we can analyse the probability Pri of detecting an "incorrect" code
word due to a single insertion error. In this case hq will be defined as the vector that 
results from h by a single insertion before bit q, where 1 :5 q :5 n, i.e. 

if 1 :5 i < q, 
if t = q, 
if q <i :5 n + 1, 
if n + 2 :5 n :5 2 · n + 1. 

Now the vector g" oflength 2·n + 1 is defined as ( *", g, *n-p+l ), for p = 0, 1, ... , n + 1. 
The functions j+(p, q), XÓ(p, q), xt(p, q) , and y+(p, q), where the superscript+ implies 
that we are dealing with a single insertion error, are defined in a similar way as the 
functions with the superscript -. We again have the following relation 

y+(p, q) = (s- xci(P, q)) + (t- xi(p, q))- j+(p, q) . 
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We have to be careful in case we have a single insertion befare the first bit. In that 
case h 1 looks like { *• g, g) and we see that if we shift the decoding window one position 
we detect a codeword, which is actually the first received word. So we have to exclude 
the case where q = 1, except for (p,q) = {0,1). However, if q = 1 and 2 ~ p ~ n, then 
the contents of the decading window will be an overlap of two codewords, but due to 
the comma freedom of C2 this can never be codeword, i.e. J+ (p, 1) = d(gP, h 1) ~ 1, 
for 2 ~ p ~ n, so, if we include the case q = 1, we only have to exclude (p, q) = (1, 1). 
On the other hand we see that J+(n+ 1, q) = d(gn+I, h 9 ) = 0, because then the second 
codeword is inside the decading window, hence we only have to consider those values 
of p that are less than n + 1. In total we find that the probability Pr; of detecting an 
"incorrect" codeword due to the occurrence of a single insertion error is equal to 

Ps1 ( 1) v+ (p,q) 
Pr; := --;-· :E '2 , 

(p,q );-!(1 ,1 ):j+(p,q)=O 

(3.12) 

where p51 denotes the probability of the occurrence of a single insertion error. 
The choice of the pair (m, r) appears to have great influence on the probabilities Prd 
and Pr;, as we will show with a small example. 

Example 3.9 
Let n = 51, s' = s + 1 = 6, and t' = t + 1 = 6. The sets Ao and A1 define the modified 
Cp-code, i.e. 

Ao = {1,2,3,4,5,31}, 

A1 = {6, 11, 16,21,26,51}. 

If we assume that PsD = p511 then the best resp. worst situation is found for ( m, r) = ( 50, 2) 
resp. (5, 1). 
For (m,r) = (50,2) we find 

Pr; 

We see that the code generated by the pair (A~0•2 , AÎ0 '2 ) is actually rob u st against a single 
deletien error, i.e. we will never detect an "incorrect" codeword due to the occurrence of a 
single deletien error. The total probability Pr.ync of detecting an "incorrect" codeword due 
to a single deletien or a single insertion is, in this case, obviously equal to the probability 
Pr;, so 

PsD 1 · 1 ) 
Pr•ync = 39 · (64 + 1024 · 

For (m,r) = (5, 1) these probabilities become 

Prd = 
PsD 1 1 1 1 1 1 1 
39. (24 + 21 + 22 + 24 + 25 + 26 + 210 + 212 ), 

Pr; = 
Ps1 1 1 1 1 1 1 1 1 
39·(25 + 21 + 23 + 25 + 26 + 28 + 210 + 211 + 212), 
PsD 1 1 1 1 1 
39 . ( 50 + 2 + 32 + 256 + 512 + 1024)' Pr•ync = 

which is approximately 3000 times as large as in the previous case. 
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For both cases the probability of detecting an "incorrect" codeword due to a substitution 
error in a fixed position is equal to 

• 
For small, odd values of n, and under the assumption that PsD = p51 , the optimal 
choices of m and r are displayed in Table 3.1. The last column of the table shows 
the value of Pr~vnc = P;D · Pr.11nc 1 where Pr. 11nc is the probability of detecting an 
"incorrect" codeword due to a single insertion or a single deletion . 

n (m,r) Pr~vnc 
33 ( 32, 2) 2 ~ +2 -1:1 

35 ( 34, 2) 2-6 + 2-8 + 2-10 

37 ( 36, 2) 2-6 + 2-9 

39 ( 38, 2) 2-6 + 2-7 

41 ( 40, 2) 2-6 + 2-8 + 2-10 

43 ( 42, 4) 2-7 + 2-8 + 2-9 + 2-n 
45 ( 44, 2) 2-6 + 2-11 
47 ( 46, 2) 2-7 + 2-8 + 2-9 + 2-10 + 2-11 
49 ( 48, 2) 2-6 + 2-9 
51 ( 50, 2) 2-6 + 2-10 

53 ( 52, 2) 2-7 + 2-11 + 2-12 

Table 3.1: Optima! choices of mand r for small values of n. 

3.5 Performance Analysis 

In this section the performance of the array code V is analyzed, both by simulation 
and analytically. For the simulations, a Markov model is used, which is described 
in Section 3.5.1. The simulation results are given in the next section. Finally we 
wilt describe some analytical results based on the parameters that are chosen for the 
Markov model. 

3 .5.1 The Model 

The model we use is a generalization ofthe Gilbert-Elliott model (see [12] and [16]), 
but now we will use four states; one good state and three bad states (see figure 3.5). In 
the G-state no errors will occur. Each of the three bad states will generatea specific 
type of error. In the I-state an arbitrary symbol will be inserted into the symbol 
stream, while in the D-state a symbol will be deleted. In the S-state, a substitution 
error will occur. The probability of going from state A to state B will be denoted by 

PA.B· 
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Po,G Pn.D 

Pr,r Ps,s 

Figure 3.5: A Generalization of the Gilbert-Elliott model with four states. 

The length of a burst ( either insertions or deletions) depends on the probability of 
stayingin either the I-state or the D-state, i.e. on Pr.r and Pn.n· We will assume that 
a substitution error only occurs in the S-state and not as a result of a deletion error 
followed by an insertion error or vice versa, i.e. the probability of going from state D 
to state I, or vice versa, equals zero. 
In our model we will assume that the occurrence of a substitution error is independent 
of the occurrence of a synchronization error (either insertion or deletion), therefore the 
probabilities Po . .-. and p5 ,.._, where A is an arbitrary state, are the same. We will also 
assume that the probability of going to state S is independent of the present state, i.e. 
Po,s = Pn,s = Pr,s = Ps,s· 
The CFC C2 will be derived from a modified CF-code, i.e. if 

Ao { 1, 2, ... , s} U { s · ( t + 1) + 1}, and 

A1 = {j·s+llj=1,2, .. . ,t}U{n}, 

where s · t ~ (n2- 1 )/2, then the code C2 wil! be generated by the pair (~·r, A~·r). 
The values of mandrare chosen in an optima! way, i.e. Pr.11nc is as smallas possible. 
These optima! values are found by computer search and are, for smal! codeword length, 
given in Table 3.1. 
The code C1 will be a Reed-Muller code RM(r', m') of length n 1 = 2m', dimension 

and minimal di stance d1 = 2m'-r'. The accentsin m' and r' are used to avoid confusion 
with the parametersmand r of the comma free code C2 • The reason why Reed-Muller 
codes are used is because they have a very easy error and erasure decoding algorithm. 
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Given the parameters of the model, and the choice of the code C1 , the length t of the 
ID-sequence wil! be determined. The restrietion on n 1 is that it should be a multiple 
of 2t, so we find that m' ;:=: t. 
The analysis is performed in the following way. First a number N, denoting the number 
of simulations, is chosen. After that N · k1 • ( k2 - t) arbitrary in formation symbols are 
chosen and stored in a file. Next these information symbols are encoded into codeworcis 
of the array code 'D, using encoding algorithms of the codes C1 and C2 • After that, 
the channel model is used to determine the errors that would have occurred during 
transmission, and finally the "received" words are decoded. The decoded information 
is also stored in a file and the contents of the two files are compared in order to find 
both the word error probability and the bit error probability. By word error probability 
we mean the probability that a codeword of 'D is not retrieved correctly, while by bit 
error probability we mean the probability that a specific information bit is incorrect 
after decoding. The "receiver" has no information about the beginning orending of a 
codeword, except that he knows the beginning of the first and the ending of the last 
"transmitted" codeword. 

3.5.2 Parameters of the Model and Simulation Results 

The parameters of the Markov model are displayed in Table 3.2. From this table we 
see that the probability of entering either the I-state or the D-state from either the 
G-state or the S-state is equal to 2 · 10-s and that the probability that we enter the 
S-state is equal to 10-s. Furthermore, the probabi !i ties of staying in either the I-state 
or the D-state, i.e. Pr.r and Po.o, are both equal to 1/9. 

From / To G I D s 
G 0.999995 0.000002 0.0000002 0.000001 
I 0.888888 1/9 0 0.000001 
D 0.888888 0 1/9 0.000001 
s 0.999995 0.000002 0.000002 0.000001 

Table 3.2: Transition probabilities for the used channel model. 

The Reed-Muller code used is a RM(2, 5), hence C1 is a [32, 16, 8]-code. The lengtbs 
of n2 we will use are 39, 51, and 495, and the values of t will be 3 and 4. If we use the 
modified CF-codes, then the val u es of k2 wil! be 28, 39, and 461. 
The number N of simulations performed is 100,000 for n2 = 39, 50, 000 for n 2 = 51, 
and 20,000 for n 2 = 495. Furthermore for n 2 = 39 and n2 = 51, the values of mand r 
are chosen from Table 3.1. For n2 = 495, the value m = 494 was fixed and the optima! 
value of r, i.e. that value of r for which Prsync is as smallas possible, was found by 
computer search. For these values of m and r we found that 

Prd ~~; . (2-27 + 2-28 + 2- 33 + 2-34) ' and 

Pr; = :;~. (2-24 + 2- 2s + 2-26 + 2-27 + 2-28 + 2-33). 
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The bit and word error probabilities that were found by the simulations in each of the 
six cases are displayed in Table 3.3. 

n2 k2 t s t m r bit error prob. word error prob. 
39 28 3 5 6 38 2 ~ 2.604. 10 ·S ~ 10-5 

39 28 4 5 6 38 2 ~ 2.5 ·10-8 ~ 10-5 

51 39 3 6 6 50 2 ~ 3.571. 10-8 ~ 2·10-5 

51 39 4 6 6 50 2 ~ 3.472 ·10-8 ~ 2·10-5 

495 461 3 17 17 494 15 5.729 .lQ-5 9. 10-4 

495 461 4 17 17 494 15 5.492 ·10-5 8.5. 10-4 

Table 3.3: Simulation results for array code 'D. 

For the cases n2 = 39 and n2 = 51, no errors were detected during the simulations, 
hence the word error probabilities are in these cases at most 1/N, where N is the 
number of simulations performed. The bit error probabilities are in these cases at most 
equal to one over the number of information bits B used, where B = N · k1 • (k2 - t). 

3.5.3 Analytica! Results 

lt is easy to derive the probabilities of being in either of the four states of the channel 
model of Figure 3.5, using the transition probabilities of Table 3.2. If P(A) denotes 
the probability of being in state A, then we find 

P(G) = 1 - 40~.~18 - w-s = 0.9999450, 

P(I) 
9 

400.018 = 0.0000225, 

P(D) 
9 

= 400.018 = 0.0000225, 

P(S) = 10-5 = 0.00001. 

lt it obvious that the probability PsD of a single deletion is equal to 

P(G) · Pa.D • PD.G • Pa.an2 - 3 · (n2- 2) + P(G) · Pa.an2 - 2 • Pa,D + P(D) · PD,G • Pa,an2 - 2, 

and that Pso = Ps1· To be more precise, we find 

{ 
0.00069648 

PsD = Ps1 = 0.00090887 
0.00858992 

if n 2 = 39, 
if n2 = 51, 
if n 2 = 495. 

From this we find the following probabilities Pr; and Prd of detecting an "incorrect" 
codeword, due to a single insertion or deletion error: 

Prd = { ~.9697 ·10-13 

{ 
4.1855. w-7 

Pr; 2.9585 · 10- 7 

2.0141 . 10-12 
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Note that although the probabilities Psr and Pso grow with nz, the probability Pr•ync of 
detecting an "incorrect" codeword due to a single insertion or deletion error decreases 
with nz. This implies that if n2 grows, then the number of rows of a codeword of 'D that 
are corrupted by insertion or deletion errors also grows, but so does the probability 
that such an error does not result in the detection of an "incorrect" codeword. 
The probability Pb of a single bit substitution error is equal to the probability of being 
in the S-state, hence Pb = 10-5 . From this it follows that the probability PFP that 
exactly one fixed position is in error is equal to 

PFP = (1 -10-5)•+1-t ·10-5 • (s + t) . 

It can easily be verified by evaluating Equation (3.6), that we have the following 
probabilities of detecting an "incorrect" codeword due to the occurrence of a single 
substitution error in a fixed position: 

{ 
1.9529. 10-7 

Pr. = 1.2206 ·10-7 

2. 7930 .Jo-t3 

if nz = 39, 
if nz=51, 
if n2 = 495. 

Again we see that if the codeword length n2 increases, the probability Pr. of detecting 
an "incorrect" codeword due to a substitution error in a fixed position decreases. 
We can also calculate the probability that a row of a transmitted codeword is received 
without any errors, or in terms of the Markov model, the probability that we stay in 
the G-state. We now find the following probabilities: 

{ 
0.99804686 if nz = 39, 

Pr(no errors)= 0.99744820 if nz = 51, 
0.97554829 if n2 = 495. 

We conclude that if the codeword length grows, then also the probability that a row of a 
transmitted codeword of 'Dis corrupted by an error increases, but the probability that 
this error results in the detection of an "incorrect" codeword (of code C2) decreases. 
Hence we can conclude that for small values of the length nz, errors (either insertions, 
deletions, or substitutions) during transmission are more rare, but it is more likely 
that they will result in detection of an "incorrect" row, i.e. in an incorrect symbol and 
an erasure in each of the codeworcis of code Ct. On the other hand for larger values of 
the length n 2 , more rows are corrupted by errors, but these hardly ever result in the 
detection of an "incorrect" codeword, i.e. they result only in an erasure in each of the 
codewords of code Ct. 
Because the minimal Hamming distance of the Reed-Muller code we used is relatively 
large compared to the length nt, it is indeed likely that for increasing values of n2 , the 
bit- and word error probabilities increase, as can be seen from the simulation results 
in Table 3.3. 

3.6 Appendix A: Upper Bounds on the Proba
bility of detecting "Incorrect" Codewords for 
the Modified CF-Codes. 

In this Appendix we will prove an upper bound on the probability of the occurrence 
of an "incorrect" codeword inside the decoding window, in case a substitution error 
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occurs at a fixed position when the modified CF-codes of Section 3.4.2 are used. For 
these modified codes we have the following sets Ao and A1: 

Ao = {1,2, ... ,s,(t+1)·s+1}, 
A1 = {s,2·s, ... ,t·s,n}, 

so we find that the set {bj- a; 11 :5 i :5 s + 1, 1 :5 j :5 t + 1} equals 

{1, 2, ... , s ·i} U { -s, -2· s, ... , -t · s} U {n- 1, n- 2, . .. , n- s} U { n- (t + 1) · s -1}. 

We are only interested in those values of p for which f(p) = 1 and p :5 (n -1)/2. It is 
easy toseetbat f(p) > 1 for p = 1, ... , s-1, s,2·s, ... , t·s, for p = (n- (t+ 1)·s-1) and 
for (n -1)/2- (q-1) :5 p :5 (n -1 )/2, where q is again defined by 2·s·t = (n -1) + 2·q. 
From this it follows that the number of val u es of p for which f(p) = 1 is bounded below 
by 

n-1 
- 2-- (s + t -1)- 1- q, 

and bounded above by 

n-1 
- 2-- (s + t- 1) -1- q + 1. 

For the functions x0(p) and x 1 (p) we find 

and 

{
s-p 

xo(P) = ~ 
for 1 :5 p :5 s ~ 1, 
for p = n- s · t- 1, n- s · t- 2, . .. , n- s · t- s, 
otherwise, 

{ 
t- pjs 

Xt(P) = ~ 
for p =s,2·s, . . . ,t·s, 
for p = s + 1, 2 · s + 1, ... , t · s + 1, 
otherwise. 

The number of values p for which x0 (p) = x 1 (p) = 1 is at least 1 (for p = t · s + 1 
or p = n- (t · s + 1)) and at most 3. One of the other two values of p for which 
x0 (p) = Xt(P) = 1 can hold is p = (t -1) · s + 1, because 

n- p = n- (t- 1) · s- 1 = t · s- 2 · q + s = s · t +i, 

for i= s- 2·q. If q :5 s/2, then for that value of p also x0 (p) = Xt(P) = 1. The last 
value of p can be p = (t- 2) · s + 1, because 

n- (t- 2) · s- 1 = s · t- 2 · q + 2 · s = s · t +i, 

for i= 2 · (s- q). If s/2 :5 q < s, then for that value of p again xo(P) = x1 (p) = 1. In 
the worst case (i.e. q = s/2) there are three values of p for which xo(p) = x1 (p) = 1. 
lt follows that we have the following upper bound on the probability Pr~ of detecting 
an "incorrect" codeword due to a substitution error in a fixed position: 

(s+1)+(t+1) (1)•+t-t (1)•+t (1)•+t+l 
Pr: · PFP :5 3 · 2 + ((s- 3) + (t - 3)) · 2 +X · 2 , 

whereX :5 (n-1)/2-(s+t-1)-1-q+1-(s+t-3) = (n - 1)-(s+2)·(t+2)+8. 
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3.7 Appendix B: The Order of the ID-Sequences 

We want to choose the ID-sequence for code V in such a way that the distance between 
the ID-sequences of two consecutive rows in the codeworcis of the code V is as large 
as possible. By doing so, we minimize the probability that, due to a substitution 
error in the ID-sequence, the corrupted ID-sequence resembles the ID-sequence of a 
neighbouring row. 
In a so-called Gray code, all binary words of a given length t are ordered in such a 
way that the distance between every 2 consecutive words (and also between the last 
and the first word) equals 1. In our application we want the opposite: the distance 
between two words should he at least t- 1, where t is the lengthof the words. Notice 
that we say at least, because sometimes the distance can even he t. We will show some 
easy ways to construct such codes. 
Before we describe the constructions, we will describe the Gray code that is used to 
construct the new codes. This Gray code is constructed recursively. If the Gray code 
of length t is denoted by 

then the code Gt+I is constructed as follows. The word g:+I, for i = 1, 2, . . . , 21 

. 21+1+1 . results from the word g;, with a 0 appended to the end, while the word g1+I -•, for 
i= 1, 2, .. . , 21 result from g:, with a 1 appended to the end . Fort= 1, we take g~ = 0 
and gr = 1. We now find, for t = 2 and t = 3: 

gi = 00 
g~ = 10 
g~ = 11 
g~ = 01 

g~ = 000 
g~ = 100 
g~ = 110 
g~ = 010 

g~ = 011 
gg = 111 
gX = 101 
gg = 011 

In other words, the code Gt+I is made by appending a zero to all the words of G1 

foliowed by the code G1 in reversed order, where the codeworcis are extended by a one. 
In our first construction the even numbered codeworcis of the Gray code are inverted. 
If the codewords of the resulting code are denoted by i{, for j = 1, 2, ... , 21, then 
i{= g{ if j is odd and i{= g{ EB 11 if j is even. 
The construction above certainly works if t is even as we will now show. We assume 
from now on that the first word in the Gray code is the all-zero word of length t, hence 
the odd numbered words have even weight, while the even numbered words have odd 
weight . If the length t is even, then, after inverting the even numbered words, these 
words will still have odd weight . It is easy to see that indeed all words of length t 
occur in the new code, and that the distance between consecutive words always ·equals 
t- 1. 
In case t is odd, inverting a word of odd weight will result in a word of even weight, 
hence allwordsof even weight occur twice, while wordsof odd weight no Jonger occur. 
In this case, the last symbol of second half of the codeworcis is inverted, i.e. the t1h 

coordinate each of the codeworcis i{, for j = 21- 1 + 1, .. . , 21, is inverted . By doing so, 
the words in the first half will have even weight, while the words in the second half 
wil! have odd weight . It is easy to see that indeed every word of length t occurs in the 
code. In the first and in the second half of the code, the distance between consecutive 
codeworcis is always equal tot - 1. It is easy to see that in the Gray code constructed 
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above, the first codeword is always the all-zero word, while the last codeword starts 
with t - 1 zeroes, foliowed by a one. lnverting this last word and then inverting the 
last symbol of this new word wiJl result in the all-one word, therefore, the distance 
between the last and the first word in the new code is equal to t. In the same way it 
can be seen that the distance between the last word of the first half and the first word 
of the second half is also equal to t. 
We conclude that if t is even, then the distance between every pair of consecutive 
codeworcis is t- 1, while if t is odd, then in two instances the distance will be equal 
to t, and in all other instances the distance wiJl be t - 1. 
We will now construct a code for which the distance between two consecutive words 
is either t ort- 1, each occurring exactly 2t-1 times. This is actually the maximal 
number of times that the distance between two words of length t can be equal to t, 
hence it is the best we can do. In this case, to construct a code of length t, we need the 
Gray code of length t - 1. Let ft denoted the code of length t with the property above 
and let the codewords of ft be denoted by i~, ï;, ... , ït. The odd numbered words of 
ft are formed by the words of the Gray code Gt_1 , extended by a zero, hence 

·2·1-1 ( I 0) 
lt = 9t-1• . 

The word ï;·l is the inverse of the word ï;-1-1. It is obvious that the distance between 
the word ï;·l-1 and the word ï;-1 equals t, and the distance between the word ii"1 and 
j;·l+1 equais t - 1. If the distance between the first and the last word equals t - 1, 
then the code ft indeed satisfies the property described above. The first word of the 
Gray code is the all-zero word, hence the first word of the code ft is also the all-zero 
word. The last word of the Gray code Gt-l is the word that starts with t - 2 zeroes, 
foliowed by a one, hence the one but last word of the code ft wiJl only have a one on 
position t- 1, from which it follows that the last word of ft will have weight t- 1. 
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Chapter 4 

Construction of Fixed Length 
Runlength-Limited Codes, 
Capable of Correcting lnsertions 
and Deletions of Zeroes 

4.1 Introduetion 

In this chapter we will give a construction of a (d, k)-constrained code capable of 
correcting insertions and deletions of zeroes. In the remainder of this chapter we will 
use the notions insertion and deletion for insertion and deletion of zeroes, hence we 
assume that ones are not corrupted by insertion/deletion errors. It is obvious that 
a code thàt is capable of correcting insertions and deletions, is also (to a certain 
ex tent) capable of correcting peak-shift errors, for a peak-shift error can be seen as an 
insertion error in one run and a deletion error in an adjacent run. In the next chapter, 
the construction presented bere wiJl be modified in such a way that the resulting codes 
are specifically designed for correcting peak-shift errors. The basic idea for both kinds 
of codes is the same, but specific properties of the error type give rise to specific design 
properties of the encoding algorithm. 

The outline of the remaioder of this chapter is as follows. In the next section we 
will describe the main idea utilized in the new code construction. Section 4.3 deals 
with actual code constructions. In the first subsection, two known constructions are 
described. The next subsection describes the new (basic) construction, while the last 
subsection is devoted to possible improvements of the new construction. Section 4.4 
discusses the cardinality of the newly constructed codes. An assumption made in 
Section 4.3 about the maximal size of an insertion/deletion error will be reconsidered 
inSection 4.5. After deriving bounds on the cardinality of insertion/deletion correcting 
RLL codes in Section 4.6, we will campare the rate of the new codes to the rates of 
the known codes. 
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4.2 The Main Idea 

In this section we wil! describe the main idea for constructing insertionfdeletion cor
recting RLL-codes, but before we do so, we will first take a closer look at the receiving 
system and we will introduce some new notation. 
As stated in Chapter 1, the elapsed time between the detection of consecutive transi
tions is a measure for the number of zeroes between two consecutive ones in a (d, k)
sequence. 
Before we can state the main idea of our construction we must say that in the remainder 
of this thesis a ( d, k )-constrained word ( or equivalently an RLL word) consisting of l 
runs of zeroes, will be a (d, k)-constrained word x that starts with a 1 and ends with 
at least d zeroes and wil! have weight l, i.e. we can represent x by 

where ()i denotes the all-zero vector of length j and for the a; we have 

d :5 a; :5 k, for i = 1, 2, ... , l. 

In the sequel of this chapter, we will use the term run, when instead we mean only 
runs of zeroes. 
The main idea of our construction is to eneode the lengths of the runs of zeroes, 
i.e. with each codeword of the insertionfdeletion correcting RLL code we identify 
a codeword of some ordinary substitution error correcting code, in such a way that 
insertions and deletions of zeroes will be translated to substitution errors in a codeword 
of the substitution error correcting code. 
Although the translation from an RLL word to a codeword of the substitution error 
correcting code will be unique, the opposite will not be true. There may be màny 
codeworcis of the RLL code that are translated to the same codeword of the substi
tution error correcting code. If we want to correct insertion and deletion errors in a 
codeword x of the RLL code, we praeeed as follows. First the corrupted RLL word 
x' is translated into a corrupted word {3' of the substitution error correcting code. 
After correcting this word /3', the correct codeword {3 must be translated back into 
the codeword x of the RLL code. Because more than one codeword of the RLL code 
can be translated to the sameword of the substitution error correcting code, it follows 
that the translation should be chosen in such a way that information on {3, {3' , and x' 
is sufficient to retrieve the correct codeword x of the RLL code. The translation will 
be described in Section 4.3.2. 
Although in most articles invalving error correcting RLL-codes the Hamming metric 
is used to measure the distance between codeworcis (see e.g. [1], [3], [13], [14], [29], 
[34], [35], [40], [61.], [62]), we will use the Lee metric. The reason for this is that we 
assume that larger errors are less likely, e.g. an insertion of two zeroes is less likely 
than a deletion (or an insertion) of one zero. 

4.3 The Constructions 

Before we describe the new construction, we wil! first describe two known construc
tions. The first is a construction of Rilden et al. (see [24]), and the second construction 
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is of Roth and Siegel (see [47]). The construction of HiJden et al. is actually a con
struction for a peak-shift error correcting code. It wiJl be treated here (instead of in the 
next chapter) because the construction is similar to our construction and with a minor 
adaptation it can be changedintoa construction for insertion/de!etion error correcting 
RLL codes. Below we descri hetheir original construction, but in Sectien 4. 7, where we 
compare their construction to the new construction, we will use the modified version 
for insertion/deletion correcting RLL codes. 

4.3.1 The Known Constructions 

In [24] HiJden et al. describe a way to construct Shift Error Correcting Modulation 
(SECM) codes. This is done by converting the runlengtbs into q-ary information 
symbols of some "generating code". The redundant symbols of the generating code 
then provide the lengths of the redundant runs. 
Roth and Siegel have a similar construction (see [47]) for peak-shift error correcting 
codes, but these codes can also correct insertion and deletion errors. In [4 7] the authors 
use Lee metric BCH codes as generating codes for the (d, k)-constrajned codes. As in 
[24], the construction in [4 7] also yields variabie length ( d, k )-constrained codewords. 
The reason for this is that they also convert runlengtbs into information symbols of 
some q-ary code, and the redundant symbols of the q-ary code are converted back into 
runlengths. 
Before we describe our construction for fixed length insertion/deletion correcting (d, k)
constrained codes, we wiJl first give a description of the constructions in [24] and in 
[47]. InSection 4.7 we wiJl compare the three constructions for various parameters d 
and k and for various error correcting capabilities. 
In [24], the maximal size of a peak-shift error is denoted by the parameter s, and the 
alphabet si ze q is set to (2·s + 1 ). For the sake of simplicity, we will here assume that q is 
a prime number. Next an [N, I<; Dmin] Hamming metric BCH code over JF9 is chosen. 
Now I< runs wiJl be converted into N runs as follows. Let y = 10"'1 10"'2 • •• 10"'K be 
a ( d, k )-constrained word consisting of I< runs. The quantities ti, j = 1, 2, ... , I<, are 
defined as follows 

j 

tj :=I) a;+ 1) mod q, (4.1) 
i=l 

or, equivalently, 

t 1 := (a1 + 1) mod q, 

ij:= (tj-l + aj + 1) mod q for j = 2,3, ... ,I<. 

These I< q-ary symbols th t 2, ... , iJ( are transformed into a codeword of the q-ary BCH 
code, yielding tK+l up to iN. Next, one determines aK+h ... , aN, such that 

{ 
d:::; ai < d + q for j = J( + 1, ... , N, and 

ij= iE (a;+ 1) mod q for j = 1, 2, ... , N. 
(4.2) 

Now x= 10° '10"'2 ••• 10"'N is a codeword of the SECM code. Note that from Equa
tions ( 4.2) we have q :::; k - d + 1, because otherwise the k-constrajnt can be violated. 
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In [47] a construction is described that differs in several ways from the construction 
in (24]. The main differences are that now the generating code is a Lee metric BCH 
code over lF'q (where q :5 k- d + 1) instead of a Hamming metric based code, the 
code is constructed to correct insertion and deletion errors instead of peak-shift errors, 
and the runlengtbs are encoded instead of the sum or the runlengths. The similarity 
between both constructions is that both treat runlengtbs as symbols of a non-binary 
alphabet . The main advantage of using a Lee metric code insteadof a Hamming metric 
code is that the number of redundant symbols can be much smaller. The advantage 
of encoding the runlengtbs is that, beside the peak-shift errors, the resulting RLL 
code also can correct insertion and deletion errors. A disadvantage of a Lee metric 
BCH code is that the error correcting capabilities are restricted by the alphabet size, 
i.e. using such a code as a generating code for an insertion/deletion/peak-shift error 
correcting RLL code implies a restrietion on the number of errors that can be corrected. 
If the total number of peak-shifts is a and the total number of insertions and deletions 
is b, then correction is only possible if (2 ·a+ b) :5 (q- 1)/2. However, using another 
Lee metric based code can solve this problem. 
If in the construction of Hilden et al. the runlengtbs are encoded·, i.e. the ti are 
chosen to be equal to ai modulo q (see (4.1) and (4.2)), then the resulting code can 
also correct insertions, deletions and peak-shifts. 
Unlike the constructions mentioned before, our new construction will give rise to a 
fixed length (d, k)-constrained code. As in (47]\ve will use a Lee metric based code as a 
generating code, but the error correcting capabilities of the code will not be restricted 
by the alphabet size. In the next subsectien we will describe the new construction in 
more detail. 

4.3.2 The N ew Construction 

Before we describe the construction of fixed length insertion/deletion correcting RLL 
codes, we will first introduce some useful notions. Let s denote the maximal size of 
an error (insertion or deletion), i.e. within one run at most s zeroes will be deleted 
or inserted. Remember that we want to correct insertions and deletions of zeroes, so 
obviously the number of delelions in a run cannot exceed the number of zeroes in that 
run, even if s is larger (which can happen if s > d) . Next q will bedefinedas 2 · s + 1. 
In the sequel Cq will denote a q-ary Lee metric based code and $ will denote a binary 
insertion/deletion correcting RLL code. The code$ will be constructed from the code 
Cq . Furthermore let x be a binary ( d, k )-constrained word consisting of I runs, i.e. 

x= 10"'1 10"'2 • • • 10"'1 , 

where d :5 a; :5 k for i = 1, 2, ... , /. Th en we define the Integer Representation (IR) 
{3 of x as 

where 
{3; :=(a; - d) mod q. 

Furthermore the codes S and Cq will have fixed lengths N2 (where the subscript 2 
emphasizes that we are dealing with binary symbols) resp. /, related by 
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for some fixed n ;::: 0. The parameter n wil! be referred to as the /ree length of the code. 
Finally wedefine the absolute weight Wab•(,B) of a q-ary vector ,13 = (/311 ;32 , ••• , ;31) of 
length l by 

i=l 

where the sum is taken over the integers. The insertionfdeletion correcting codeS we 
now want to construct is thesetof all ( d, k )-constrained wordsof length N 2 , consisting 
of l runs, for which the Integer Representation is a codeword of the generating code Cq. 
Note that different words in Scan have equal IR, i.e. one codeword of the generating 
code can genera te more than one codeword of the code S. 
The idea of our construction is as fellows. It is obvious that 

Y = 10a+tJ, 10a+tJ, .. _10a+tJ, 

is the shortest RLL word with IR equal to ,13. All other words of the form 

10d+tJ~+q·')', 10a+tJ,+q·î':l .. _10a+tJ,+q·')',, 

where /i E LZ, 1 ::::; i ::::; l, also have the same IR ,13. Because the codewordsof the code 
S are (d, k)-constrained and have length N2, there are some restrictions on the choices 
of the /i· Because of the fixed length, we see that 

hence, a restrietion on ,13 is that Wabs(f3) = n (mod q). Because the codewords have to 
satisfy the d-constraint, it is obvious that /i ;::: 0. Because the k-constraint has to be 
satisfied, we find /3i + q·"fi ::::; (k- d). Writing (k- d) = r 1 ·q + r2, with 0::::; r 2 ::::; q -1, 
we find q ·/i ::::; q · r 1 + (r2 - /3i)· As a consequence we have that Îi ::::; r 1 if /3; ::::; r2 and 
Îi :::=; r 1 - 1 if /3i > r 2 • The above is summarized in the construction given below. 

Construction 4.1 

1. Take ,13 E Cq such that Wabs(,B) = n (mod q). 

2. Take all x E JF2n+l-(d+l) with I R(x) = ,13, that also satisfy the ( d, k )-constraints. 
Do this as follows: 

(a) Define r 1 and r2 such that k- d = r1 · q + r2, r2 < q, so 

{ lk-dJ 
TJ = -q- ' 

r2 = (k- d) mod q. 

(b) Find all veetors 'Y E 7L1 such that 

{ it /i= (n- Wabs(f3))/q, 

0 ::::; /i ::::; r1 if i E /1, 
0 ::::; "fi ::::; r 1 - 1 i/ i E !2, 

where 11 ={i I {3; E {0,1, ... ,r2}}, 
and !2 = {i I /3i E { r2 + 1, r2 + 2, ... , q - 1}}. 
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{c} /nclude, as a codeword in codeS, the word 

where a;= {3; + d, for i= 1, 2, ... , l. 

{d} Repeat step 2{c) for all""( of step 2{b). 

3. Repeat step 2 for all {3 of step 1. • 

The fact that one q-ary codeword can generate several codeworcis of the RLL code is 
illustrated by giving an example of step 2 of the new construction. 

Example 4.1 
Let d = 1, k = 7, s = 1 (so q = 3), l = 5, and N2 = 29. We find that r1 = 2 and r 2 = 0. 
Furthermore, for the free length n of the code S we find 

n = N2 -l· (d + 1) = 19. 

Let f3 = (0, 1, 1, 0, 2) be a codeword of the generating code Cq. Then a = (1, 2, 2, 1, 3). We 
define the sets ft and /2 as the sets of coordinates of a where we can add r 1 resp. r 1 - 1 
times q, without vialating the k-constraint, so 

It = {i\/3;E{0,1, ... ,r2}}, 

h = {i\/3iE{r2+1,r2+2, ... ,q-1}}. 

In this example we find that / 1 = {1, 4} and h = {2, 3, 5}. This implies that 'Yi E {0, 1, 2} if 
iE /1, and "'fi E {0, 1} if iE h Furtherrnore, we find that Wab.(l) = (19- Wabs(f3))/3 = 5. 
In Table 4.1 we displayed all possible veetors -y and the corresponding codewords x in S. 

I x 
(1,1,1,1,1) 10~10'10~10~106 

(2,1,1,1,0) 107 105105104103 

(2, 1, 1,0, 1) 107 105105101106 

(2, 1,0, 1, 1) 107 105102104106 

(2,0,1,1,1) 107102105104106 

(1,1,1,2,0) 104105105107103 

(1, 1, 0, 2, 1) 104105102107106 

(1, 0, 1, 2, 1) 104102105107106 

(0, 1, 1, 2, 1) 101105105107 106 

(2,1,0,2,0) 107105 102107103 

(2,0, 1, 2,0) 107 102105107103 

(2,0,0,2,1) 107102102107106 

Table 4.1: Codeworcis of Example 4.1 

In Table 4.1 twelve (1, 7)-constrained codewordsof the codeS are listed, all consisting of 5 
runs, length 29 and ha ving IR f3 = (0, 1, 1, 0, 2). • 
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In Section 3 we will derive a formula for the number of length N2 ( d, k )-constrained 
words generated by a given q-ary vector {3. 
The following theorem describes the error correcting capabilities of the ( d, k )-con
strained code. 

Theorem 4.1 Let S be the (d, k)-constrained code generaled by the q-ary code C9, 

where q = 2 · s + 1. IJ C9 has minimum Lee distance dmin = 2 · r · s + 1, then S is 
capable of correcting r insertion/deletion errors, where each error has size at most s. 

Pro of: 
Let x be a codeword of the codeS, and let x' be a corrupted version of x, such that 
at most r insertion/deletion errors of size at most s occurred. We will give a decading 
procedure that proves that x' can be corrected to x. This decading procedure consists 
of two steps. In the first step the correct Integer Representation is recovered. In the 
second step this Integer Representation and the corrupted version x' of x are used to 
retrieve the codeword x. 
Let x and x' be given by 

x 10"110"2 ••• 10"1 , 

x' = 10"110"2 ... 10": . 

Furthermore let {3 and {3' be the IR of x and x', i.e. {3 is a codeword of the code C9 • 

We know that a; -:/: ai, for at most r values of i, and in each of these cases, the Lee 
distance between a; and ai is at most s. Therefore, we know that the Lee distance 
between {3 and {3' is at most r · s. As the minimum Lee di stance of C9 is 2 · r · s + 1, we 
are able to correct {3' to {3, which completes the first step of the decading algorithm. 
In the second step we show that it is possible to reeover x using {3 and x'. We know 
that 

ai = d + 13; + q ·1: = d + {3; + q ·1; + é;, 

for some é; with J é; 1:5 s. Because the difference between {3; and f3i is at most 
s = ( q- 1) /2, we can uniquely cl etermine the si ze and the sign of the error é; and also 
the correct value /i · Using this information it is strrughtforward to correct x' to x. 0 

The above proves that the codeS is capable of correcting r deletion/insertion errors 
of maximal si ze s if the generating code C9 has minimal Lee di stance 2 · r · s + 1. After 
the next theorem we will give a decading algorithm for the codeS. 
The code S is even capable of correcting more than r errors, as long as nat all errors 
have maximal size s. It can correct all error patterns e = (e1 ,e2, ... ,e1), where t:; 
denotes the error in the i1h run, provided that 

Ie; I :::; 
I 

L.::Je;J :::; 
i=l 

s, for 

r · s. 

i= 1' 2, ... , 1, and, ( 4.3) 

( 4.4) 

If t:; = 0, then no error occurred in run i. If é; < 0 (resp. t:; > 0), then -t:; deletions 
(resp. é; insertions) occurred in the i 1h run of x. Hence t:; denotes the change of the 
length of the ith run of x. Inequality ( 4.3) just says that the maximal size of an error 
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is s, and Inequality (4.4) tells us that the sum of the sizes of the errors may not exceed 
half of the minimum Lee distance of the generating code C9 • The above is stated in 
the following theorem. 

Theerem 4.2 LetS be an insertion/deletion correcting (d, k)-constrained code, gen
erated by the q-ary code Cq. Suppose Cq has minimum Lee distance dLee( C9) = 2·t + 1. 
Th en S is capable of correcting all error patterns e = ( e1 , e2 , ••• , êt) for which the two 
following inequalities hold 

q-1 
< - 2-, for i= 1,2, . . . ,/, and, 

I 

L:ie, l ::::; t . 
i=l 

Pro of: 
In order to prove this theerem we only have to show that the IR of a corrupted 
codeword of S can be corrected to the IR of the original codeword. This is possible 
because the second inequality tells us that the Lee weight of an error pattem is less 
than half of the minimum Lee distance of the code Cq, and therefore such an error 
pattem can be corrected. D 

A decoding algorithm for the code S now looks as fellows. 

Algorithm 4.2 

1. Form the word x' from the first l received (undecoded} runs, i.e. 

x'= 10"': ... 10"';. 

2. Define f3i =(a;- d) mod q, and correct, using a decoding algorithm of the code 
Cq, the vector {3' to the codeword {3. 

3. Define the vector fj by 8, = {3; - f3i ( mod q), such that the value of ó, lies in the 
range {-(q-1)/2, ... ,-1,0,1, ... ,(q-1)/2}. 

4. Correct the vector a' to the correct word a by a;= a;+ 8,, for i= 1, 2, .. . , l. 

5. The transmitted codeword of the code S was x = 1 0"'1 ••• 1 0"'1 • 

The decading algorithm above decodes one received word. Because codeworcis of S 
are transmitted in a continuous way, the decoder should always take l runs, startingat 
the first undecoded run, which explains the first step of the decoding algorithm. We 
have assumed that the receiver is able to detect the beginning of the first transmitted 
codeword. 
Sometimes, the ( d, k )-constraints of the received word are violated, due to insertion or 
deletien errors, e.g. due to an insertion error in a run of length k, or a deletien error in 
a run of length d. Such obvious errorscan (partially) be corrected beforehand; if a run 
of zeroes has length more than k, these extra zeroes can be deleted; if a run has length 
less than d, extra zeroes can be inserted. On the other hand, if the decoding algorithm 
of the generating code Cq is capable of correcting combinations of substitution errors 
and erasures, then it is possible to replace the coordinate of {3' that corresponds to a 
run that is too long or too short, by an erasure. 
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4.3.3 Improvements for the New Construction 

A disadvantage of the new construction is that there may he codeworcis of C9 , that 
cannot he used to generate length-N2 (d, k)-constrained codewords, because their ab
solute weight is not equivalent to (N2 - l· (d + 1)) roodulo q. An easy way to solve 
this inconvenience is to add a q-ary parity symbol f31+l toeach of the q-ary codeworcis 
{3. This parity symbol should be chosen such that 

lH 

L /3; + (l + 1) · ( d + 1) = N2 (mod q ). (4.5) 
i=l 

The length N2 of the codeS is equal ton+[. (d + 1), forsomen 2: 0, so, using the 
definition of the absolute weight of{3, we find 

/31+1 = [n- (d + 1)- Waba(f3)] mod q. (4.6) 

However it is not guaranteed that the code S', generated by the enlarged code C~ 
contains more codeworcis than the code S, generated by Cq. This is because the 
number of (d, k)-constrained codeworcis generated by a codeword of the q-ary code Cq 
depends on the free length n and the absolute weight enumerator of that particular 
codeword, both of which may have changed. 
Another disadvantage of the new construction is that codewords, as in the two prior 
constructions, always consist of a fixed number of runs. In the new construction 
however, it is possible, due to the fixed length of the ( d, k )-constrained codewords, to 
combine several q-ary generating codes to generate one fixed length RLL code, which 
of course increases the number of codeworcis and therefore the rate of the code S. 
Using more generating codes is only possible if the receiver can distinguish, for every 
received word, which generating code was used by the transmitter. We will now derive 
conditions on the lengtbs of the generating codes such that this property if satisfied. 
Suppose we use p q-ary generating codes, say C~ for i= 1, 2, ... ,p, where C~ is a code 
of length I; and minimal Lee distance at least 2 · r · s + 1. To determine which code 
C~ generated the transmitted codeword, we count the number of ones within the first 
N2 received bits. When a word x of length N2, consisting of l runs, is transmitted, we 
know that the the received word x ' , consisting of l runs, has length N~, where 

N2 - r · s :5 N~ :5 N2 + r · s, 

due to the deletion, resp. insertion of at most r · s zeroes. Within the first N2 bits we 
detect at least (1-l(r ·s )/(d + 1 )J) and at most (l + f(r·s)j(d + l)l) ones. In order to 
be able to discriminate between the various generating codes we impose the following 
restrietion on the lengtbs /; and /;+1 

l; + r; ~811 < l;+l -l; ~81 J ' 
where we assumed that l1 < l2 < ... < lp. 
Furthermore we know that the code S has fixed length N2• Therefore a codeword 
contains at least fN2 j(k + l)l and at most lN2 /(d + l)J runs, so we find 

f N2 l <I 
Ik+ 1 - 1 ' 

l < l_!!2._J P- d+I . 
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The above gives the following restrictions on the lengtbs /; (i= 1, 2, ... ,p) 

r~l ~ ~~. 

i;+ r;~·~l < /;+1-l;~·~J for i= 1,2, ... ,p-l, 

Example 4.2 
Let (d, k) = (1, 7), r · s = 2, and N2 = 29. Then 

{ 
lt ~ 4, 
li+t ~I;+ 3, 
lp:::; 14. 

So if we want to use four different runlengths, we may choose (lt,l2, /3, 14) to be one of 
the following: ( 4, 7, 10, 13), ( 4, 7, 10, 14), ( 4, 7, 11, 14), ( 4, 8, 11, 14), or (5, 8, 11, 14). It is not 
easy to see beforehand which of the combinations above would yield the largest number of 
codewords for the code S. • 

When looking at the number of zeroes in the last run it is sometimes possible to replace 
the restrietion 

rr·sl lr·sj l· + -- < /+1 - --
1 d+1 I d+1 

by 

l·+ r~l < z .+1-l~J. 
I ld+l -I d+ l 

For example if r · s = 1 and d '2: 2, we can take l;+l = l; + 1. Suppose we transmit a 
word x generated by the code c:+t, and one insertion occurs. Then the received word 
x' (being in this case only the first N2 bits) ends with a 1 foliowed by at least d- 1 
zeroes. On the other hand, if a word y, generated by the code C~ was transmitted, and 
one zero was deleted, the received word y' (again being the first N2 received bits) ends 
with a 1, not foliowed by any zeroes. From this it follows that, although we detect 
/;+1 = /; + 1 ones within the first N2 bits, it is possible to determine the correct number 
of transmitted runs, and thus which code generated the transmitted codeword. 

4.4 The Cardinality of the Codes Obtained with 
the N ew Construction 

In this section we will take a closer look at the cardinality of the codes constructed 
using the new construction. To do so, we should count, for each J3 E C9 , the number 
of codeworcis from S with IR {3. If we look at step 2 of Construction 4.1, we see that 

Y = tot~,+dlolll+d . . . lOt~,+d 

is the shortest ( d, k)-constrained word with IR f3 = (/31 , /32 , . .. , f3t). From now on we 
will assume that J3 is such that (n- Wabs(f3)) = 0 (mod q), where n = N 2 -I· (d + 1), 
tinless we say otherwise. Define G such that 

n- Wabs(J3) = G · q. 
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Now some runs of y have to be enlarged by q (or a multiple of q) zeroes, in such a way 
that the following conditions hold: 

1. In total G · q zeroes have to be added, 

2. The resulting word must still be ( d, k )-constrained. 

Suppose run i (i = 1, 2, ... , l) is enlarged with {i· q zeroes (for some /i ;:: 0). Th en 
the conditions above can be replaced by 

I 
1. L: /i= G, 

i=l 

2. d:::; f3i + d +/i· q :::; k, for i=1,2, ... ,1. 

The first inequality of the second condition is rather obvious, the second one yields 

/i· q :::; (k- d) - f3i = r1 · q + h- f3i), 

where r 1 and r2 are defined as in Construction 4.1. Hence we see that 

/i < r1 if {3; E {O,l, ... ,r2}, 

/i< (r1-1) if (3;E{rz+l,r2+2, ... ,q-1} . 

If the sets 11 and 12 are defined as in Construction 4.1, then the number of binary 
(d, k)-constrained codeworcis of length N2 genera.ted by (3 is now equal to the number 
of words Î = (!~, /2, .. . , 11) of !en gth 1 over IN su eh th at 

{ 
li :::; L k~d J 

2. li :::; L k~d J - 1 
if i E !1, 
if i E !2. 

We count the number of words "' that satisfy the two constraints above, by stating this 
counting problem in other terms. It is easy to see that the problem is equivalent to 
distributing G marbles over trays, where each tray can contain only a limited number 
of ma.rbles. More precisely, there are I 11 I indistinguishable trays that can contain at 
most r 1 marbles each, while the remaining I J2 I= 1- I 11 I indistinguishable trays can 
contain at most (r1 - 1) marbles each. We are interested in the number of different 
distributions of some fixed number p of marbles. 

Definition 4.3 The number a1(l, v, u) is the number of ways to distribu 
over 1 trays, where u trays can contain at most v -marbles, and t 
trays can contain at most ( v - 1) marbles. 

' ( ' -
In the sequel a1(l,v,l) (i.e. all trays havé t~ame capacity v) will be denoted by 
at(l,v). 
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Theorem 4.4 The number a1(l,v,u) in Definition 4.3 is equa1 to 

where 

Zm = min{1-u,l;J}, (4.7) 

jm(i) lt-v·iJ ( 4.8) = min{u, -- }. 
v+1 

Pro of: 
From the definition of a1(1,v,u), we see that a1(1,v,u) is equal to the coefficient of x 1 

in the polynomial f(x), defined by 

f(x) = (1 +x+ .. . + x")u · (1 +x+ .. . +x"-1 /-u. 
Simple algebra gives 

f( x ) = 1 . (1- x"+l)u. (1- x")l-u = 
(1 - x)l 

= f (k + ~- 1) . xk. t( -l)i. (~) . xi·(v+l). ~( -l)i. (1-_ u). xi·v = 
k=O 1 1 j=O J i=O z 

1-v-l+uimim(i) i+ ' (t-(v+1)·j- v ·i+l-1) (u) (1-u) 1 "E "E "E ( -1) ) . . . . . . x, 
t=O i=O j=O f - 1 ) Z 

with im and jm( i) as defined in ( 4. 7) and ( 4.8). 0 

We have found that aG(1, r 1 , I 11 [) is the exact number of binary (d, k)-constrained 
codeworcis of length Wa.b. (,B) + 1· (d + 1) + G · q, generated by one codeword ,Bof the 
generating code Cq. 

Example 4.3 
Let, as in Example 4.1, q = 3, f3 = (0, 1, 1,0,2), (d,k) = (1, 7), and n = 19. We see that 
r 1 = 2 and r2 = 0, so h = {1, 4} and h = {2, 3, 5}. Furthermore 

G = n- Wa.bs(f3) = 19- 4 = 5_ 
q 3 

We now find that f3 generates exactly as(5, 2, 2) binary (1 , 7)-constrained codewords oflength 
29. Using Theorem 4.4 we have 
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Before we can give a formula for the cardinality of the code S generated by a q-ary 
code C9 , we first have to introduce the notion of the r 2-weight enumerator Ar,(x,y) 
of C9 • 

Definition 4.5 Let C9 be a q-ary code of length l, and let (d, k) be given. Let r 2 be 
defined as in step 2{a) of Construction ,p. Define the set / 1 (/3), for a q-ary vector 
/3, as 

The r2-weight enumerator Ar, (x, y) of C9 is defined by 

l·(q-1) I 

Ar,(x, y) = L L A;,u · xi · y", 
i=O u=O 

where A;,u is the number of codewords j3 such that 

If no confusion is possible, we wiJl omit r 2 in Ar2 (x,y), and use the term weight 
enumerator, for example if d and k are fixed, i.e. if r 2 is fixed. 
The discussion above gives rise to the following theorem on the cardinality of a ( d, k )
constrained code. 

Theerem 4.6 Let C9 be a q-ary code of length l and minimum Lee distance 2·r·s + 1, 
where s = (q -1)/2. LetS be a binary (d,k)-constrained code of length N2 generated 
by C9 • Then 

[n/qJ I 

IS I= L L An-t·q,u · at(l, v, u), 
t=O u=O 

where 

• IS I denotes the cardinality of codeS, 

• n = N2 - J. (d + 1) is the free length, 

• v := rl = l k~d J' 

• A;,., denotes the number of codewords j3 of C9 with Wab.(/3) = i and 
I {j I /3i E {0, 1, ... , r2}} I= u, where r2 = (k- d) mod q. 

r-.. 
Now that the cardinality of a code can be computed, a~..de~nitio 
rate of an insertion/deletion correcting (d, k)-constrai ed code. There are two ways 
of defining the rate, being the log2 of the rwl{lbe ror"c dewords divided by the log2 of 
either the number of binary wordsof lefl~h '-N or the number of (d, k)-constrained 
words of length N2. r .--
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Definition 4.7 LetS be an arbitrary insertion/deletion correcting (d, k)-constrained 
code of length N 2 , and let MN2 (d, k) denote the number of (d, k)-constrained wordsof 
length N 2 , staring with a one and ending with at least d zeroes. The rates of S are 
defined as 

Rate R 1 expresses the rate of the insertion/deletion correcting code as a subset of the 
set of all binary words of length N2, while the rate R2 expresses the rate of the code 
as a subset of thesetof alllength-N2 (d, k)-constrained words. 
It is easy to express the number of length-N2 (d, k)-constrained words MN2 (d, k) in 
termsof the numbers a 1(1, v, u). We know that a (d, k)-constrained word of length N2 

contains at least r N2/(k + 1)1 and at most LN2/(d + 1)J runs of zeroes. Furthermore, 
there are aN2-t.(d+l)(/, k- d) words containing l runs of zeroes, hence 

l~J 
M,v2 (d, k) = 2::: aN2 - t-(d+l)(1, k- d). 

l=f~l 

When using an enlarged generating code (as defined in Section 4.3.3), we have two 
possibilities, either keeping N2 fixed, or keeping the free length n fixed, i.e. keeping 
the code length fixed or keeping the free length fixed. If the codeS, generated by C9 , 

has length N2 , then the codeS', generated by the enlarged code C~, has either length 
N2 = (n- (d + 1)) + (l + 1) · (d + 1) or length N2 + (d + 1) = n + (l + 1) · (d + 1). 
We will now take a closer look at the first possibility, for the special case that q is a 
divisor of n. 
Suppose d and k are given and let 

l·(q-1) I 

A(x,y)= 2::: L:A ... ·xi·y" 
i=O u=O 

denote the weight enumerator of C9 • Let C~ be the enlarged version of C9 , i.e. if 
{3 = (/31, /32, ... , f3t) E C9, then {3' = (/31> /32, ... , f3t+d E c;, and due to the fact that q 
divides n, f3t+t is defined by 

(l+l) ·(q-1) 1+1 . 
If B( x, y) = L: L: B;,u ·x'· y" is the weight enumerator of C~, then we have the 

i=O u=O 
~llowing~ation between the A ... and the B;,,.: 

\__./\_~ q-1 
B . _ . A; j,u-1 + . L: A;-j,u if i = 0 (mod q), 

a,u - ;=0 ;=r2+1 

0 "\,.J ,...._\ otherwise. 

We have the following theorem concerning th~ cardinality of codes. 

( 
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Theerem 4.8 Let S(d, k, n) be the (d, k)-constrained code of length n + [. (d + 1) 
generated by a q-ary code C9 of length l, and let S'(d, k, n) be the (d, k)-constrained 
code of length n + ( l + 1) · ( d + 1), generaled by the enlarged code C~. Th en the following 
relation between the cardinalities holds: 

q-1 q-1 

I S'(d, k, n) 1;::: EI S(d, k, n- i) I+ EI S(d, k- q, n- (I+ 1) · q- i) I. (4.9) 
i=O i=O 

The proof of the theorem wil! be given in Section 4.8. 
From Inequality ( 4.9) we can see that the cardinality of S' is larger than the cardinality 
of S . However it is not clear befarehand whether the rate of S' is larger than the rate 
of S, as S' is (d + 1) bits Jonger thanS. We will illustrate this with a small example. 

Example 4.4 
Let (d,k) = {2, 7), q = 3 and Jet 

( 1 0 1 2) 
0 1 1 1 

be the generator matrix of the code C9 • We will consider two cases, being n = 3 and n = 6. 
If n = 3, then N2 = 15 and N~ = 18 and the cardinality of the code S equals 5, while the 
cardinality of the code S' equals 6. For the rates we find 

R1 log2( 5) = 0.1548, 
15 

R' = Jog2 ( 6) = 0.1436. 
1 18 

If we take n = 6, then N2 = 18 and N~ = 21. In this case, the cardinality of the code S is 
11, while the cardinality of the code S' is 18. Now we find for the rates 

4.5 

log2(ll) = 0.1922, 
18 

R' = log2( 18) = 0.1986. 
1 21 

Correcting Larger Errors 

• 

I 
I 

I 

\ 
( 
f 
f 

Initially we assumed that an error would have some maximal size s, and therefore we <' 
chose the alphabet size of the generating code C9 to be q = 2 · s + 1. However, as / 
our construction yields codes of fixed length, it is sametimes possible to correct errors l 
whose size is more than s, but stillless than q. Even the assumption that the total ( 
size of the errors is less than half of the minimum Lee Di stance of the generating code f 
need not always he satisfied. /'--/ 
Assume that we use only one generating code of fixed length I and mÎnitJtum ~e 
di stance 2 · r · s + I, over an a.lphabet of si ze q = ~· s _ ~h~ assuk-!hat 
during transmission of a ( d, k )-constrained codeword i total u"+ v erro~s ~ccurre~, 
say e1, e2, ... , eu.' and /1> /2, ... , fv, where~ err rs. i h~Ve a COrrect SIZe , that IS 
0 <I e; 1:5 s, wh1le the errors!; have an j incdrreet s1ze", 1.e. s <I fi 1:5 q- 1. lf the 
sign of an error ( either e; or fi) is negaJive, it means that deletions occurred, while 
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a positive sign of the error size implies that insertions occurred. We now claim that 
under certain restrictions we are still able to correct these u + v errors. 
Let x be the transmitted binary (d, k)-constrained codeword and let x' beits corrupted 
version. Furthermore let f3 = I R(x) and let /3' = I R(x'). We assumed that u+ v 
errors occurted, so (3; =I !31 for u+ v values of i. The word {3' can be corrected to {3 
if the Lee distance between {3 and /3' is at most r · s. Furthermore the Lee distance 
between two q-ary symbols can be at most s, so if an error of size I fi I occurred, it 
will be interpreted as an error of size q- I fi I· This implies that the correct IR {3 can 
be found if the following condition is satisfied: 

U V 

I:: Ie; I+ L:::(q-1 !i I)~ r·s. 
i=l j=l 

In the second step of the decoding algorithm, the correct version f3 and the received 
vector x' are used to retrieve the transmitted codeword x. If the error in run i had 
size at most s, then this run is reeavered correctly, but if the error had size more than 
s (and less than q), then the lengthof run i will be incorrect. Suppose that in run i an 
error of size fi occurred during transmission, where s <I fi I~ q- 1. ,Then insteadof 
deleting (resp. inserting) fi (resp. - fi) zeroes, the decoder will insert (resp. delete) 
q- fi (resp. q + fi) zeroes, so in total run i will be q zeroes longer (resp. shorter). 

Example 4.5 
Assume we transmitted a (2, 7)-constrained word x, consisting of l = 5 runs and having 
length N2 = 24. Furthermore assume that the alphabet size of the generating code C9 is 
q = 3, and assume that Cq is capable of correcting two errors of size 1, i.e. the minimal Lee 
distance of Cq is at least 5. For the vector a we will use (3, 5, 6, 2, 3). Assume a deletion 
error of size 2 occurred in the second run and an insertion error of size 2 occurred in the 
fourth run, i.e. ft = -2 and h = 2. 'vVe now have: 

Transmitted word: 
Received word: 

a': 
/3': 
{3: 
8: 
&: 

Corrected word: 

x= 100010000010000001001000 
x' = 100010001000000100001000 
(3,3,6,4,3) 
(1, 1, 1, 2, 1) 
(1,0,1,0,1) 
(0, -1, 0, 1, 0) 
(3,2,6,5,3) 
y= 100010010000001000001000 

We see that the second run of y is three bits shorter, while the fourth run is three bits Jonger, 
compared to the transmitted word x. • 

We see that if fi has a positive sign, then the run will be lengtherred by q zeroes, while 
· fi has a negative sign, the run will be shortened by q zeroes. If we want to be able 
t ~:t~~~et~e~oo large errors occurred during transmission, we check whether 
the-tength or-thé coh'eete~rsion of the received vector is N2 • The length of this 
cotrected vector will (in all c es be N2 + t · q, forsome t. If t = 0, then the corrected 
vector is a codeword of the inserti 1n/~tion correcting RLL-code. However if t is 
positive, then we have to deletet tirrre's q zhoes, and if t is negative then we have to 
insert -t times q zeroes in order to get a cod'eword. 

f 



If all IJ have equal sign, we know that I t I= v, while if not all fi have equal sign we 
have I t I< v, because the errors wil! (partially) cancel. It is obvious that, in the latter 
case, after inserting or deleting I t I times q zeroes the corrected vector can never 
be the transmitted codeword. For example if v equals 2 and ft < -s and h > s, 
then one run will be lengthened by q zeroes, while another run will be shortened by 
q zeroes, so the total length of the corrected version of the received vector will be 
N2 (cf. Example 4.5). From the above it follows that an important condition on the 
errors IJ is that they all have the same sign, or else we wil! certainly not be able to 
decode to the correct transmitted binary (d, k)-constrained codeword. This can , for 
example, happen if one type of error is predominant on the transmission channel, e.g. 
most errors are deletions and if an insertion error occurs, then the number of inserted 
zeroes is smal!. A nother example is if only a small number of errors can occur, e.g. if 
we only want to correct one error of maximal size s. 
Af ter we detect that the length of the corrected word is not N2, we want to find the 
v runs in which q zeroes must be inserted or deleted. Because we want maximum 
likelibood decoding, we want to insert or delete the q zeroes in such a way that we 
minimize .the number of insertions and deletions needed to transf<;>rm the received word 
into the correct transmitted codeword. Let, as before, x be the transmitted codeword, 
x' be the received codeword, and let y be the vector that is found by the decoder. Let 
again {3 =I R(x), and {3' =I R(x'). Because y is found by the decoder, we know that 
I R(y) = {3, and y is the vector with IR {3 that can be found from x' with the minimal 
number of insertions and deletions of zeroes. 
We will now only consider the case where the length of y is more than N2 , i.e. all fi 
have positive sign. The other case, where all IJ have negative sign, can be handled 
similarly. 
We know that y has the same IR as the transmitted word x, and moreover, y can be 
found from x' with a minimal number of insertions and deletions of zeroes. Because 
there are v errors that are too large we know that the lengthof y is equal to N2 + v·q, 
so we have to find v (different) runs in which we wil! delete q zeroes. We will now 
look at what the impact is of deleting q zeroes in some run on the total number of 
insertions and deletions used to transferm the received word x' into a word with the 

· same IR as the transmitted word x . Of course, we want the number of insertions and 
deletions, needed to transform the received word x' into a length-N2 ( d, k )-constrained 
word with Integer Representation I R(x) to be as little as possible. 
Suppose we delete q zeroes from a run where no error occurred. Then the total 
number of insertions and deletions used will increase by q. If in a run an error of 
size fi occurred, then the decoder has inserted q -IJ zeroes. If in this run q zeroes 
are deleted, in total IJ zeroes will be deleted, so the total number of insertions and 1 
deletions used will increase by IJ- (q- IJ) = 2 ·IJ- q. If e; > 0, then the decoder jr 
will have deleted e; zeroes, so deleting q more zeroes will lead to increasing the total . 
number of insertions and deletions used by q. If e; < 0, then the decoder will h1ver\..../ 
inserted -e; zer~es, so deleting q zeroes means that .in th~t run jA__total~; z:,ro~s 
are deleted. Th1s means that the total number of m~rt10rîs-ánd 'aélêt1on us wJll 
increase by (q + e;)- ( -e;) = q + 2 · e;. If we ~p,.pythat the q zeroes are deleted 
from those runs where the too Ja.rge erron~cc rred, under the condition that the 
total number of insertions and deletions ,~sed mtreases as Jittle as possible, then the 
numbers 2 ·IJ - q ( which are of course ~i~eady less than q) must be less than q + 2 · e;, 
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for every j = 1, 2, ... , v and for every i= 1, 2, ... , u, for which e; < 0. Hence, given i 
and j, we want that 2 · fi - q < q + 2 · e;, or 

q- h > -e;. 

Example 4.6 
Assume we transmitted a (2, 11)-constrained word x, consisting of l = 10 runs and having 
length N2 = 57. Furthermore assume that the alphabet size of the generating code Cq is 
q = 5, and assume that Cq is capable of correcting three errors of size 2, i.e. the minimal Lee 
distance of Cq is at least 13. For the vector a we will use (3, 8, 4, 6, 3, 4, 5, 6, 3, 5). Assume a 
deletien error of size 3 occurred in the second run and an insertion error of size 1 occurred in 
the fourth run and a deletion error of size 1 occurred in the sixth run, i.e. ft = -3, e1 = 1, 
and e2 = -1. We now have: 

Transmitted word: x = 100010000000010000100000010001000010000010000001000100000 
Received word: x' =100010000010000100000001000100010000010000001000100000 

o': (3,5,4,7,3,3,5,6,3,5) 
~': (1,3,2,0,1,1,3,4,1,3) 
~: (1,1,2,4,1,2,3,4,1,3) 
6: (0,-2,0,-1,0,+1, 0,0,0,0) 
0.: (3,3,4 ,6,3,4,5,6,3,5) 

Corrected word: y = 1000100010000100000010001000010000010000001000100000 

We see that the word y is five bits shorter than the transmitted word x, so we have to insert 
5 zeroes. The tot al number of insertions and deletions needed to transform x' into y is four. 
Let y; he the vector that results from y after inserting five zeroes in run i, for i = 1, 2, ... , 10. 
It is easy to see that the numher of insertions and deletions needed to transfarm x' into y 4 

equals 7, and the numher of insertions and deletions needed to transfarm x' into y 6 equals 
9. The numher of insertions and deletions needed to transfarm x' into y 2 equals 5. The 
numher of insertions and deletions needed to transfarm x' into any of the other y; is equal 
to 9. So it is obvious that the five zeroes should he inserted in the second run. • 

If all fi have negative sign, we obtain in a similar way the condition that q + fi > e; 
for every j = 1, 2, ... , v, and every i = 1, 2, ... , u, for which e; > 0. Hence we find a 
third condition on the sizes of the errors 

Vi:e;<OV'j=l,2, ... ,u[q- /i > -ei] 
Vi:e;>O Vj=l,2, ... ,u[q +!i > e;] 

if all fi are positive, 

if all fi are negative. 

If all fi and all e; are positive, or if all fi and all e; are negative, then it is always 
possible to determine in which runs to insert or delete the q zeroes. This happens if 
only insertions or only deletions occur during transmission. We have summarized the 
~ iscussion above in the following theorem. 

Th er-eQ~'S~_b.in~(Y insertion/deletion correcting RLL code of fixed length 
N2, generated by the q-ary co'Q.e Cq of length l. Let the minimum Lee distance of Cq 
be 2 · r · s + 1, where s = (q- )/~ L!jie}, ... , e,. and f 1 , ••• , fv be errors such that 
0 <Ie; I~ s and s <I /i I~ (q -1) farî = 1,2, ... ,u and j = 1,2, ... ,v. The codeS 
is capable of correcting these errors ij the foll?wing conditions hold 
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1. E le;I+I:(q-IJil):5r·s, 
i=l j=l 

2. all fi have the same sign, and 

3. (a) Vi:e;<OV'j=I,2, .. "v[q- /i > -e;) iJ all!; are positive, or 

(b) V';:e;>OVi=I,2, .. "v[q + fi > e;] iJ all fi are negative. 

A consequence of the theorem above is that if we want to correct for example at most 
one error of size 1 (so r = s = 1), then we can use a generating code C9 over IF2 

instead of IF3 • However, it is not clear which code wil! generate an RLL code with 
higher cardinality. 

Example 4.7 
Let l = 7, (d, k) = (1, 6), and assume that we want to correct at most one insertion or 
deletion of si ze 1. Let C2 he the binary (7, 4, 3] code, generated by 

( 10 00 
0 1 n 0 1 0 0 1 0 

G2 = 0 0 1 0 1 1 
0 0 0 1 1 1 

Let C~ (i = 1, 2) be ternary (7, 4, 3] codes, generated by 

G\= (! 0 0 0 0 

1)' 
1 0 0 0 
0 1 0 1 1 
0 0 1 2 2 

and 

( 
1 0 0 0 0 1 1 ) 

G2 = . 0 1 0 0 1 0 1 
3 0010110 . 

0 0 0 1 2 2 2 

Let I S2(N2) I denote the cardinality of the (1, 6)-constrained code of length N2 generated 
by c2, and Jet I S~(N2) I denote the cardinality of the (1, 6)-constrained code of length 
N2 generated by Cá, for i = 1,2. Then we find that 7 =I S2(17) 1<1 Sj(17) I= 12 by 
Construction 4.1. On the other hand we find that 126 =I S2(43) 1>1 Sj(43) I= 60. The 
above does not imply that for every arbitrary length N2, the (1, 6)-constrained code S2(N2 ), f 

generated by C2, is smaller than the code Sj(N2 ), generated by C~. For example for N2 = 32 f 
we find 3017 =I S2(32) 1>1 Sj(32) I= 2681. We even find 3017 =I S2(31) 1>1 Sj(31) I= 0. • !"\.......- i 

From the example above we may conclude that it is som~tL~e,s-.~(4.J•{:~J,~a.in!: 
code of higher cardinality if we use a generating code o;-er a smaller alphabet. 
Another co.nsequ.ence of Theorem 4.9 is ~h~lif,w~w'that in each transmitted co~e-
word only msert10n errors or only del et! on error-s occur, then we can use a generatmg 
code C9 over an alphabet of size (s + l)( nstead of (2 · s + 1). 
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4.6 Bounds 

In this section we will give two lower bounds and one upper bound on the achievable 
cardinality of insertion/deletion correcting RLL codes. In the first subsection we will 
derive a Gilbert-Varshamov-type lower bound for any insertion/ deletion correcting 
(d, k)-constrained code. In the next subsection we will derive a Hamming-type upper 
bound for these kinds of codes. In the last subsection we will derive a lower bound 
for the cardinality of an insertion/deletion correcting RLL code constructed using the 
new construction. 

4.6.1 A Gilbert-Varshamov-type Lower Bound 

In this subsection we will derive a Gilbert-Varshamov-type lower bound on the cardi
nality of an insertion/deletion correcting (d, k)-constrained code of length N2 , where 
each codeword consists of exactly 1 runs. vVe assume that the code ·S is capable of 
correcting at most r errors of maximal size s. 
The Gilbert-Varshamov lower bound states that we can construct an insertion/ deletien 
correcting RLL code with cardinality at least the ratio between the total number of 
(d, k)-constrained wordsof length N2 consisting of l runs and the maximal volume of 
a sphere of radius r·s around a word x. In this case a sphere of radius r·s around x is 
the set of all ( d, k )-constrained words y (of length N2 and consisting of 1 runs) we can 
get from x by first deleting r · s zeroes (in each run at most s zeroes may be deleted) 
and then inserting r · s zeroes ( again in each run at most s zeroes may he inserted). If 
the maximal volume of such a sphere is denoted by f(r, s, 1), this bound yields 

Is i> rMN,.l(d, k)l 
- f(r,s,1) ' 

(4.10) 

where MN,,l(d, k) denotes the total number of (d, k)-constrained words of length N2 

consisting of 1 runs. 
We wil! now derive a formula for the maximal volume of a sphere of radius r · s as 
follows. We first count the number of different worcis y of length N2 , which we can get 
from a word x, also of length N2 , by first deleting exactly t zeroes (1 :::; t ~ r · s ), and 
then inserting t zeroes again. In order to count each word y exactly once, wedemand 
that the runs in which the zeroes wil! be inserted are different from the runs from 
which zeroes are deleted. In that way we make sure that we need exactly t insertions 
and t deletions to transferm x into y. If insertions and deletions would occur ih the 
same run, then less than t insertions and less than t deletions were needed to transferm 
x into y . Deleting t zeroes from exactly i out of 1 runs can be done in 

,.. "\ 
'·r/ "'> 

.... r......, ./"'<. 
G) •at-i(i,s -1) 

.... ',__.. "---'"' ,.,.., 
ways (remember that at most s zeroes may be deleted from each run) . In the formula 
above, the first term stands fo fliènuml-w>r of ways to choose i out of 1 runs, and the I .,._,"f 
secend term stands for the number .of way~ to delete t zeroes from these runs, such 
that from each run at least one and at most)s zeroes are deleted. 

/ 
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lnserting t zeroes in the remaining (1- i) runs (again at most s zeroes in each run) 
can then be done in exactly a1( I- i, s) ways. Hence in total there are exactly 

different words y of length N2, which can be found from x by first deleting t zeroes 
and then again inserting t (other) zeroes. From this it follows that the volume of a 
sphere of radius r · s around a word x is at most 

f(r,s,/):=1+2::2:: . ·at-;(i,s-1)·a1(1-i,s) r·• t (I) 
t=1 i=l ~ 

words. Therefore, choosing x as a codeword implies that we can no Jonger choose (at 
most) (J(r, s, l) - 1) ether words as a codeword. So we find ( 4.10) as a lower bound 
for the achievable cardinality of S. 
In [19] a similar Gilbert-Varshamov lower bound is given, but Gu and Fuja proved that 
f(r, s, l) could be replaced by V(r, s, 1), where V(r, s, l) denotes the average volume 
of a sphere rather than the maximal volume. Of course their bound is better, but 
if N2 and 1 are large, so is the number of ( d, k )-constrained codewords of length N2 

consisting of 1 runs and then calculating the average volume of all spheres becomes 
tedious. 

4.6.2 A Hamming-type Upper Bound 

In this subsectien we will derive a Hamming-type upper bound on the cardinality of an 
insertion/deletion correcting RLL codeS. We will do this by calculating the number 
of words that can result from a codeword x by deleting or inserting r · s zeroes in a 
proper way, i.e. at most s zeroes are inserted into or deleted from each run. 
If x is a ( d, k )-constrained word of length N2 consisting of l runs, then deleting r · s 
zeroes, in a proper way, will result in a ( d- s, k )-constrained word of length N2 - r·s. In 
total there are exactly ar.,(l, s) of such ( d- s, k )-constrained subwords that can result 
from deleting r · s zeroes from x. Because different codeworcis must have different 
subwords (or else decading is not possible), we find 

Is I~ lMN,-... ,l(d- s, k)J. 
ar .• (l,s) 

( 4.11) 

On the ether hand, inserting r · s zeroes in a proper way in a word x will result in 
a (d,k + s)-constrained word. Again there are exactly ar .,(l,s) of such (d,k + s)
constrained superworcis that can result from x by inserting r · s zeroes in the proper 
way. In this case we find as an upper bound on the cardinality ! 

r./ 
IS~~ lMN,+r·•,i(d, k + s) I. 

ar.,(l,s) }-- r-~·~r~, (! .1f) 

We can combine Inequalities ( 4.11) and ( 4)?! asf pJJofs 

Is I< lmin{MN2+r·•,i(d, V+ s};·MN,-... ,l(d- s, k)}J. 
- ( ar.,(l,s) 

( 4.13) 

"-,_ 
8~ 

/ 

I 

l 
) 

( . 
) 

' 
( 

( 



So ( 4.13) is an upper bound for the cardinality of an insertion/deletion correcting 
(d, k)-constrained code of length N2 , where codeworcis consist of l runs. 
In case s is small this bound can be easily improved. We will show this for the case 
that r = s = 1. To derive (4.11) and (4.12), we stated that, if 1 insertion resp. 1 
deletion occurred in a ( d, k )-constrained word, the resulting word would be a ( d, k + 1 )
constrained resp. (d- 1, k)-constrained word. Obviously only one run of zeroes can 
have length k + 1 resp. d- 1, herree we should count the number of (d, k + 1)
constrained words of length N2 + 1 with at most one run of length k + 1 resp. the 
number of (d -1, k)-constrained wordsof length N2 -1 with at most one run of length 
d - 1. The first number is obviously equal to 

n+ := l · aN2+I-(k+2)-(l-l)·(d+l)(l- 1, k- d) + aN2+I-l·(d+l)(l, k- d), 

where the last term accounts for the number of (d, k)-constrained words of length 
N 2 + 1 and the first term accounts for the number of ( d, k + 1 )-constrained words of 
length N 2 + 1 with exactly one run of length k + 1. In the same way, we find that the 
second number is equal to 

n- := l · aN2 -l-d-(1-l)·(d+l)(l- 1, k- d) + aN2 -!-I·(d+l)(l, k- d). 

Because a 1(/, 1) = l, upper bound (4.13) now becomes 

IS I:Sl min{n1+,n-} J. (4.14) 

4.6.3 A Construction-Dependent Lower Bound 

Given a specific code C9 , of which the absolute weight enumerator is not known, we can 
also derive a lower bound on the cardinality of the codeS, generated by C9 , provided 
that l k-: + 1 J ~ 2. 

We a.ssume that C9 has length l and is actually made by enlarging a q-ary code of 
length I- 1, i.e. all codeworcis have an absolute weight equivalent to the free length 
n roodulo q. The cardinality of the code S is given by 

ln/qJ I 

IS I= L L An-t·q,u ·at(/, V, u), 
t=O u=O 

) where v = l( k - d)/ qj. We can distinguish two cases. First, if k- d = 2 · q- 1, then 
( v = 1, and u =I !1({3) I= l (see also Theorem 4.6) , so A,u = 0 if u =f:. l. In this case, 

the formula for the cardinality becomes (note that a1( I, 1) = G)) 
ln/qj 

""~·-'"'- IS I= 'L An-t·q · at(l, 1), - ~ 
~bere-~; denQt.e{)ae~~~er of words of absolute weight i. In the second case, 
k- d 2:: 2 · q, so v 2:: 2, and Wf use the fact that a1(1, v , u)~ a1(l, v- 1), so 

lnfqj ./'~-l l · ~ ln/qj 

IS~~ 'L at(l, V - 1) ~An-\q,u = 'L An-t·q · at(l, V- 1), 
t=O u= O J t=O 

:," ... / 
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where v - 1 ~ 1. Assume that C9 is systematic on I< out of l positions, and consider 
the codeworcis with absolute weight w on those I< positions. In total aw(I<, q- 1) 
of such codeworcis exist. The absolute weight of the remaining (l- I<) positions lies 
between 0 and (1- I<)· (q- 1), so the total absolute weight of these aw(I<,q- 1) 
codeworcis lies betweenwand w + (1- I<)· (q- 1). Let t 1 and t 2 be defined by 

Then, because all absolute weights are congruent ton roodulo q, the absolute weights 
of these words are {n- t · q I t2 St S t 1 }. We now find 

t, 

2.:::: An-t·q ~ aw(K, q- 1). 
t=t2 

As a lower bound for the cardinality we find 

if k-d=2·q-1, 
if k- d ~ 2. q, 

{4.15) 

where h is that element of the set { t2 , • •• , t 1 } that minimizes the last term. The above 
proves the following theorem. 

Theorem 4.10 Let C9 be an enlarged q-ary code of length 1, that is systematic on I< 
positions. LetS be the length-N2 (d, k)-constrained code generaled by C9 , where d and 
k are so that k - d ~ 2 · q - 1, and let w I ie between 0 and ]( · ( q - 1). Finally define 
t 1 := l(n-w)jqj andt2 = f(n-(w+(l-k)·(q-1)))/ql. Wethen have thefollowing 
lower bound for the cardinality of S: 

Is I~ aw(J<, q- 1) · { :::~~:Uk_ d)fqJ _ 1) 
iJ k - d = 2 . q - 1, 
iJ k- d ~ 2. q, 

where t 3 is that element of the set { t 2 , . •. , t 1 } that minimizes the last term. 

We will illustrate this theorem with a small example. 

Example 4.8 

(4.16) 

Let N 2 = 1188, ( d, k) = (1, 7), q = 3, and let C9 be an enlarged code of length 270, 
minimal Lee distance 5, with 256 information positions. For the free length n we find 
n = 1188- 270 · (1 + 1) = 648, so the code C9 was enlarged in such a way that all absolute 
weights are multiples of 3. For the cardinality of the code S we find 

216 256 216 (270) 
IS I= 2.:::: 2.:::: A648-3·t,u · at(270, 2, u)~ L A648-3·t · t · 

t=36 u=O 1=36 

Consider the words with absolute weight 256 on the 256 information positions. In total 
we have a256(256, 2) of such words. The absolute weights of the remaining 14 positions lie 
between 0 and 28, i.e. the total absolute weights lie between 256 and 284, but because all 
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weights must he zero modulo three, we find that the weights must lie between 258 and 284. 
We have 648- 3·t = 282 fort= 122 and 648- 3·t = 258 fort= 130, i.e. 

130 
'L: A64B-3·t ~ a2s6(256, 2). 

!=122 

For the cardinality of the code S, we now find the following lower bound 

IS I ~ 'L: As4B-3·t • ~ 
13° (270) 

t=t22 t 

~ G~~) · a2ss(256, 2) ~ 
::::: 2263.8324 . 2400.7161 = 2664.5485' 

where the number a256(256, 2) is calculated according to Theorem 4.4. For the rate of this 
codeS, we find R1 ~ 664.5485/1188 = 0.5594. • 

The lower bound above can be sharpened by choosing different weights on the ]( 
information positions. Let the weights on these positions lie between some w1 and w2 

(where w1 ~ w2 ), then the total weights lie between w1 and w 2 + (1- K) · (q -1). Now 
t 1 and t2 are defined as 

so these weights are n - q · t for t2 ~ t ~ t 1 . We now find 

!t ..,., 

2.::: An-t·q 2': 2.::: a,u(K, q- 1), 
t=t2 w=w1 

so the lower bound becomes 

where t3 is defined as before. 

Example 4.8 ( continued): 

if k - d = 2. q- 1, 
if k-d2':2·q, 

(4.17) 

For all weights w between 202 and 256, we find that the conesponding sets of values 
of t are subsets of {122, 123, .. . , 148}, so. we find 

IS I > w~2 aw(256, 2) · G~~) ~ 
~ 2404.7937. 2263.6324 = 2668.6261' 

and for the rate we find R1 2': 626.6261/1188 = 0.5628. • 
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The lower bound ( 4.16) can be sharpened in another way. Let f3 be a codeword of the 
enlarged generating code, with weight w on the I< information positions. The total 
weight of f3 lies somewhere between w and w + (1- I<)· (q- 1), hence its weight is 
equal ton-t· q, forsometin the set {t2(w), ... , t1 (w)}, where 

t1(w) = ln~wJ, and 

t2(w) = rn-(w+(l~I<)·(q-1))1· 

Furthermore, let t3( w) be that element of the set { t2( w ), ... , t 1 ( w)}, that minimizes 
the expression 

{ at(/,1) 
at(l,v-1) 

if k - d = 2. q- 1, 
if k-d?.2 · q, 

then {3 generates at least a13 (w)(l, 1) resp. a13(w)(l, v- 1) wordsof S, where k- dis 
2 · q- 1 resp. at least 2 · q. The above holds for every {3 with absolute weight w on the 
I< information positions, and it holds for every value of w between 0 and J( · (q- 1), 
hence we find the following lower bound: 

ISI?. L aw(I<,q-1)· ata(w) ' 1 K ·(q-1) { (/ ) 

w=O ata(w)(/, V- 1) 

We will illustrate the above with a small example. 

Example 4.9 

if k - d = 2 . q - 1' 
if k- d?. 2 . q. 

( 4.18) 

Let (d, k) = (1, 7), N2 = 75, l = 13, r = s = 1, q = 2, and ]( = 8. We see that v = 3 and we 
find the following table of values. 

w t1 (w) t2(w) t3(w) aw(8, 1) ah(w\(13, 2) aw(8,1)·a1,(w\(13,2) 
0 18 16 18 1 52,624 52,624 
1 17 15 17 8 87,802 702,416 
2 17 15 17 28 87,802 2,458,456 
3 16 14 16 56 129,844 7,271,264 
4 16 14 16 70 129,844 9,089,080 
5 15 13 15 56 171,106 9,581,936 
6 15 13 15 28 171,106 4,790,968 
7 14 12 14 8 201,643 1,613,144 
8 14 12 14 1 201,643 201,643 

Table 4.2: Lower bound 4.18 applied. 

From Table 4.2 we see that the cardinality of any (1, 7)-constrained code of length 75, gen
erated by a binary (13, 28 , 3)-code, has at least cardinality 35,761,531. • 
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4.7 Comparing the New Construction to Known 
Constructions 

In [60] Varshamov and Tenengelts give a construction for binary codes that are capable 
of correcting one asymmetrie error. In [36] Levenshtein proved that these codes are 
also capable of correcting one insertion or deletion error. Although these codes were 
not originally designed in such a way that the words are (d, k)-constrained words, it 
is possible to apply their construction to make a single insertion/deletion correcting 
(d, k)-constrained code. Let N2 be the length of an RLL code, and let a be fixed, 
a E {0, 1, ... , N2 }. Then the code WN,,a is defined by 

WN,.a = {x= (x1, ... , XN2 ) I x is (d, k)- constrained 
N, 

and 2:> ·x;= a (mod N2 + 1)}. 
i=l 

If x = 10"'1 10"'2 ••• 10"'1 has length N2 , we know that 

I 

2:)a; + 1) = N2, 
i=l 

and furthermore 

= (/ + 1) 1-1 I +I: I: O'j = 
2 j=l i=j+l 

([ + 1) I . = 2 + 2:::(1- J). O'j = 
J=l 

(4.19) 

Because a; = d + {3;, where {3; E {0, 1, ... , k- d}, we can write the above as follows 

if XE WN2 ,a • 

The total number of different veetors (3 is of course equal to aN,-I-(d+l)(l, k- d), so, 
according to the pigeon hole principle, we find that there exists an a for which the 
following lower bound on the cardinality of the codes WN,,a holds: 

( 4.20) 

For small parameters of l we have found (by computer) the value of a that optimizes 
the cardinality of the code WN,,a for various values of N2 • These values of a and the 
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conesponding values of the cardinality are displayed in Table 4.3. We compared these 
cardinalities with the maximal ca.rdinality we could get by using our construction. In 
this case we optimized over alllinear binary and ternary one Lee-error correcting codes 
of given length i, given the length N2 of the RLL code. 
In the table also an upper bound and two lower bounds are displayed. For the upper 
bound we used lnequality (4.13) and for the first lower bound we used Inequality (4.10); 
the second lower bound is due to Gu and Fuja (see [19]). 

lower lower up per 
l N2 (d, k) bound 1 bound 2 a I WN,,a I IS I bound 
7 18 (1 ,7) 5 12 4 18 35 66 
7 30 (1 ,7) 935 1,255 4 1,450 5,124 9,437 
7 42 (1 ,7) 623 865 4 999 3,431 6,036 
7 30 (2,7) 103 166 3 213 546 1,060 
7 42 (2,7) 427 597 4 753 2,255 4,770 
8 30 (1,7) 1,559 2,276 20 3,020 11,208 17,886 
8 40 (1,7) 6,993 9,143 25 11,387 50,023 114,612 
8 50 (1,7) 1,559 2,276 30 2,882 11,208 17,886 
8 40 (2,7) 1,734 2,445 25 3,365 12,349 24,235 
8 50 {2,7) 1,155 1,685 30 2,326 8,184 14,911 
9 35 (1, 7) 9,503 13,608 5 19,967 43,888 130,008 
9 45 (1 ,7) 36,114 47,459 5 64,577 292,951 753,415 
9 55 (1, 7) 9,503 13,608 5 18,477 43,888 130,008 
9 45 (2,7) 7,351 10,430 5 15,461 59,641 125,853 
9 55 (2,7) 6,133 8,819 5 13,073 25,067 99,984 

Table 4.3: Gomparing the codes of Varshamov and Tenengolts to the codes obtruned 
by the new construction. 

From Table 4.3 we can see that the new construction gives codes that have a cardinality 
up to more than four times as large as the largest cardinality of the codes constructed 
by Varshamov and Tenengolts. 
We can also compare the rate of the codes we constructed to the results found in (24] 
and [47) . In [24] a ternary Hamming-metric [N, KJ code is used. The I< information 
symbols are found by using the sums of the lengtbs of the first J( runs. The average 
runlength is (1 + d + (k- d)/2). The remaining (N- K) symbols are used to create 
the redundant runs. The él,Verage lengthof such a run is (1 + (d + 1)). Therefore the 
average length TiHïld of a codeword, using the construction of HiJden et al. ([24]) is 

k+d 
TiHïld = J( • (-2 - + 1) +(N-I<)· (d + 2). ( 4.21) 

If we define the rate of a variabie length code as the ratio between the log2 of its 
cardinality and the average word length, we find 

RHild = N;_.K. (d + 2) + k±~±2' ( 4.22) 
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Hitden et al. Roth and Siegel Bours 
(d,k) r · s [N, K]q_ nHi ld RHïld [N,K]q nRoth RRoth R;;Hil4 RnRoth 
(1,7) 2 (26, 19]3 116 0.4598 (26, 19)7 130 0.4103 0.4753 0.4966 
(1,7) 2 (80, 71)3 382 0.5218 (80, 73)7 400 0.5123 0.5288 0.5570 
(1,7} 2 (242, 231]3 1188 0.5459 (242, 233)7 1210 0.5406 0 . ~594 0.5504 
(2,8) 2 [26,19)3 142 0.3756 [26, 19]r 156 0.3419 0.3774 0.3854 
(2,8} 2 [80, 71)3 462 0.4314 [80, 73)7 480 0.4270 0.4367 0.4380 
(2,8} 2 (242, 231]3 1430 0.4535 (242, 233]r 1452 0.4505 0.4665 0.4622 
(1,11) 4 (26,10)3 118 0;2932 [26, 17)u 182 0.3231 0.3171 0.3268 
(1,11} 4 (80, 59)3 476 0.4288 (80, 71)u 560 0.4386 0.4351 0.4608 
(1,11) 4 (242, 216]3 1590 0.4700 (242, 229)u 1694 0.4677 0.4932 0.4741 

Table 4.4: Comparing the new codes to the codes of Rilden et al. and the codes of 
Rothet al. . 

because the number of codewords equals the number of (d, k)-constrained words con
sisting of ]( runs, i.e. the number of codewords is ( k - d + 1 )K . In the sequel of this 
section we will use rate R1 , that is, the ratio between the log2 of the cardinality of a 
code and its (average) length. · 
In (47] a Lee metric based generating code is used insteadof a Rammil)g metric based 
code. This implies that the number of redundant symbols can be much smaller, or 
equivalently, the dimeosion ]( is higher when the length N is fixed . This means that 
the fraction ( N - I<)/]( will be smaller, and therefore the rate of the generating code 
will increase. General formulas for the average length of the code and for the rate of 
the codes constructed in [47] are given by 

k+d q-1 = I<· (-2- + 1) +(N-I<)· (1 + (d + - 2-)}, 

log2(k- d + 1) 
= Nj./<: . (d + ~) + k±~+Z · 

( 4.23) 

(4.24) 

We can now compare the three constructions for several values of the parameters. 
For every code of HiJden et al., resp. Roth and Siegel, we will consider a code of 
length 'iïH itd, resp . 'iï&th constructed using the new construction. The length I of our 
generating code C9 however, does not need to be equal to the length N used in the 
constructions of Rilden et al., resp . Roth and Siegel. The results are displayed in 
Table 4.4 . In this table, the subscript q in [N, J(]9 indicates that the generating code 
is a linear q-ary code of length N and dimeosion I< . 
At this moment we must remark that the codes constructed by Rilden et al. are only 
capable of correcting errors of maximal size 1, so if r · s = 2, they are only capable of 
correcting two insertionfdeletion errors of size 1. The construction of Roth and Siegel 
and the new construction yield codes that can either correct one error of size 2, or two 
errors of size 1, i.e. in the new construction we used r = 1 and s = 2. 
In case r · s = 4, the codes constructed in HiJden et al. can correct at most four inser
tion/deletion errors of maximal size 1. The new construction as wellas the construction 
of Roth and Siegel yield codes that (in this case) are not only capable of correcting 
four errors of si ze 1, but all possible combinations of up to 4 errors, i.e. for the new 
construction we used r = s = 2. 
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(d,k) r s q N2 code( s) used \S\> Rate > 
(1,7) 1 2 3 382 (90, 378, 5h a78(78, 2). ~m. 0.5288 

(1,7) 1 2 3 400 (105, 393 , 5h ae3(93, 2) · 12°55) 0.5570 

(1, 7) 1 2 3 1188 (270 3256 5) a25s(256, 2) · ~~~ 0.5594 , , 3 
(1, 7) 1 2 3 1210 (270, 3256 , 5)3 270< 0.5504 a2ss(256, 2) · 129 
(2,8) 1 2 3 462 (96, 384 , 5)3 a83(84, 2) . ~n 0.4367 

(2,8) 1 2 3 480 (96, 384 , 5)3 a83(84, 2) · 29 0.4380 

(2,8) 1 2 3 1430 (274, 3260 , 5)3 a2so(260, 2) · "ll 0.4665 107 
(2,8) 1 2 3 1452 (274,3260 ,5)3 a2so(260, 2) · 274 0.4622 114 

(1 ,11) 2 2 5 476 (103,580 ,9)s a157(80,4) · p;1 0.4351 

(1,11) 2 2 5 560 (103, 580, 9)5 ans(80, 4) · 1~ 0.4608 

(1,11) 2 2 5 1590 (265, 5235 , 9)s a470(235,4)· 2; 4
5 0.4932 

(1,11) 2 2 5 1694 (267 5237 9) a474 (237,4) · 267 0.4741 , , 5 114 

Table 4.5: Lower bound 4.16 applied. 

Furthermore we must remark that the entries in the last two columns of Table 4.4 
are lower bounds. Most of the entries are found using lower bound ( 4.16). Table 4.5 
displays how this bound was applied to obtain the results shown in the last two cases 
for each of the ( d, k )-constréUnts. 

Notice that lower bound (4.16) depends on the construction used, but not on the code 
used. The only requirement is that all codeworcis have an absolute weight that is 
equivalent to n modulo q, but this can always be realized by adding one extra parity 
symbol. Hence from Table 4.5 it fellows that in those cases the new construction 
always gives higher rates than the old constructio.ns, independent of the generator 
code used. The codes that are used are displayed in Table 4.5 are all Hamming metric 
based BCH-codes. For q = 3 the Lee metric and the Hamming metric are equal, hence 
the codes in the top eight rows are also Lee metric based codes. For the last four rows 
we could probably find codes with a higher dimension, but that implies that the rate 
of the resulting RLL code would be even higher. 
The remaining six entries of Table 4.4, i.e. the first row for each of the (d, k) pa
rameters, were not found by applying lower bound (4.16), but by a more brute force 
technique. We will treat only one of these cases in the following example. 

Example 4.10 
In Table V of [31) we see that a ternary [32, 24, 5)-code exists, from which it follows that 
a ternary code of length 32, minimal Lee distance 5 with 323 words exists, such that all 
absolute weights are equivalent top modulo 3, also exists, for pis 0, 1, or 2. Let C3 be such 
a ternary code of length 32 and minimal Lee di stance 5, having 23 in formation symbols. Let 
(d, k) = (1, 7) and let N2 be 116, hence the free length nis equal to 116- 2·32 = 52, i.e. the 
codewords of code C3 must all have absolute weight equivalent to 1 modulo 3, i.e. p = 1. 
Let x be a codeword of C3 with absolute weight w on the 23 information positions, being 
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(d,k) r s q N2 code used log2 (1 SI)> Rate ~ 
(1,7) 1 2 3 116 (32, 3:l;j' 5h 55.1337 0.4753 
(1 ,7) 1 2 3 130 (36, 3.7 ' 5h 64.5577 0.4966 
(2,8) 1 2 3 142 (28,31",5)3 52.7253 

(30, 321 ' 5h 52.4529 
Tot al 53.5955 0.3774 

(2,8) 1 2 3 156 (32, 323 ' 5h 60.1289 0.3854 

Table 4.6: Example 4.10 applied for other parameters. 

w0 zeroes, w1 ones and w2 twos, so we have the following relations: 

Wo + WJ + W2 = 23, 

w1 + 2·w2 = w. 

The absolute weight of the remaining nine coordinates of x must !ie between 0 and 18 ( =2·9). 
The total number of such codeworcis x is equal to 

23! 

The total weight of each of these veetors lies between w and w + 18, and all weights must 
be equivalent to 1 modulo 3. Hence if t1 = l(52- w)/3J and t2 = f 52-(~+Is)l, we know the 
weights can be 52- 3 · t for t2 $ t $ t 1 . A formula fot the cardinality of S is given by 

Is I= 2: an-w.,.cc>(32,2,z(c)), 
CEC3 q 

where z( c) denotes the number of zeroes in the word c. Because the ternary codeword x con
tains at least wo zeroes, it generates at least at3 (32, 2, wo) codewordsof the insertion/deletion 
correcting RLL code S, where t3 is that element of the set { t2 , • •• , ti} that minimizes this 
term. From this it follows that all ternary codewords with w0 zeroes, w1 ones, and w2 twos 
on the information positions generate at least 

( 4.25) 

codewordsof the generating codeS, where t3 is as above. The quantity in (4.25) can be 
calculated (by computer) for all possible combinations of w0 , w1 , and w2 . Summing these 
numbers gives a lower bound on the cardinality of the code S. Again we see that this lower 
bound is independent of the generating code Cq (as long as all codewords have an absolute 
weight that is equivalent to n modulo q), but depends only on the construction used. In 
this particular case we found that the code S contained at least 39,527,132,191,085,434 
codewords. Hence the rate of the codeS is at least 0.4753. • 

In Table 4.6 it is shown how the technique above is applied for other entries of Table 4.4. 
The parameters of the codes displayed in Table 4.6 can he found in [31). 

The remaining two rates are found by calculating the absolute weight enumerator of 
an explicit q-ary code, for q = 5. Let C1 be the [6, 4, 3)5-code generated by 
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(

10001 
0 1 0 0 2 

Gt = 0 0 1 0 4 

0 0 0 1 1 

and let c2 be the [6, 5, 2]s-code generated by 

[ 

1 0 0 0 
0 1 0 0 

G2 = 0 0 1 0 
0 0 0 1 
0 0 0 0 

0 4 l 0 4 
0 4 . 
0 4 
1 4 

Let x and y be codewords of the code C1 , and let z be a codeword of the code C2 • 

Then the three symbols (x;, y;, z;), for i= 1, ... , 6, are encoded using the [5, 3, 3]5-code 
c3 with generator matrix 

G3 = ( ~ ~ ~ ; i ) , 
1 1 1 1 1 

thus resulting in 6 times 5 q-ary symbols. In total this gives a [30, 13, 9]s-code. In case 
N2 = 182, this code is enlarged in such a way that all absolute weights are multiples 
of 5, and in case N2 = 118 the code is enlarged such that all absolute weights are 
equivalent to 1 roodulo 5. 
Using the definition of the cardinality of the insertion/deletion correcting RLL code, 
we find that in case N2 = 182, the code has cardinality 608,827,413,619,120,522, i.e. 
rate 0.3268, and in case N2 = 118, the code has cardinality 184,084,855,976, i.e. rate 
0.3171. 

4.8 Appendix A: Proof of Theorem 4.8 

In this section we wiJl give a proof of Theorem 4.8. For the sake of completeness we 
first repeat this theorem. 

Theorem 4.11 Let S(d, k, n) be the (d, k)-constrained code of length n + 1· (d + 1) 
generated by a q-ary code Cq of length l, and let S'( d, k, n) be the ( d, k )-constrained 
code of length n + ( l + 1). ( d + 1)' generated by the enlarged code c~, then we have the 
following relation between the cardinalities 

q-l q-l 

I S'(d, k, n) 1:2: L I S(d, k, n- i) I+ L I S(d, k- q, n- (/ + 1) · q- i) I. 
i=O i=O 

Before we can prove the theorem above, we wil! first give some lemmas concerning the 
numbers at(l,v,u). 

Lemma 4.12 

at(!+ 1,v,u) :2: at(!, v,u') + at-(1+1)(1 + 1, v -1, u), 

where u' = u if u $ l, and u' = u - 1 if u = 1 + 1. 
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Pro of: 
The second term on the right hand side is easiest to explain. This is the number of 
ways to distribute t marbles over the ( l + 1) trays, such that every tray contains at 
least one marble. 
The first term on the right hand side can be explained as follows. First assume that 
u equals l + 1, then u'= land a1(l,v,l) is a lower bound for the number of ways to 
distribute the t marbles over the l + 1 trays such that at least one tray (of si ze v) is 
empty. If u < l + 1; then again this first term is a lower bound for the number of ways 
to distribute the t marbles over l + 1 trays with at least one tray empty, but in this 
case that tray has size v- 1, i.e. u'= u. 0 

Lemma 4.13 

1. a1(l, v, u) 2:: a1(l, v, u- 1) ij u 2:: 1. 

2. a1(l+l,v,u)2=:a 1(l,v,u) iju::;l. 

Pro of: 

1. Trivia!. 

2. This follows from Lemma 4.12. 0 

Now we are able to prove Theorem 4.11. 

Proof of Theorem 4.11: 
We know that the following holds 

nfq 1+1 

I S'(d, k, n) I= L L Bn-t·q,u ·at(/+ 1, v, u) 2:: 
t=D u=O 

nfq 1+1 { r2 q-1 } 

> ~E f,; An-t·q-i,u-1 + i=~+l An-t·q-i,u · {a1(l,v,u) + al-(1+1)(/,v -1,u)}. 

The summation above can be split into four parts. We wil! investigate these four parts 
separately. 
1. 

r2 nfq 1+1 

L L L An-i-l·q,u-1 · a1(l, v, u) 2:: 
i=O 1=0 u=O 

,, L ";; J I '2 

> L L L A(n- i)-l·q,u · a1(l, v, u)= L I S(d, k, n- i) I. 
i=O 1=0 u=O . i=O 

2. 

q-1 nfq 1+1 

L L L An-i-l·q,u · a1(l, v, u) 2:: 
i=r2+1 1=0 u=O 

q-1 L";;J I q-1 

2:: L L L A(n-i)-l·q,u · a1(l, V, u)== L I S(d, k, n - i) I . 
i=r,+1 t=O u=O i=r2+1 
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3. 

4. 

r2 nfq I+I 

2:::2:::2::: An-i-t·q,u-1 · at-(1+1)(1, V- 1, u);::: 
i=O t=Ou=O 

r2 nfq I+I 

;::: 2::: 2::: 2::: A(n-i)-t·q,u-1 · at-(1+1)(1, V- 1, u -1) ;::: 
i=O 1=1+1 u=1 

r2 l n-;-~+l) · q J I 

> L L L A(n-i-q·(/+1))-t·q,u. at(l, V- 1, u)= 
i=O t=O u=O 
T2 

= 2:::1S(d,k-q,n-i-(l+1)·q)l. 
i=O 

q-1 nfq 1+1 

2::: L L An-i-t·q,u · at-(1+1)(1, V- 1, u);::: 
i=r2+1 t=O u=O 

q-1 nfq I 

;::: L L 2::: A(n-i)-t·q,u · at-(l+l)(l, V- 1, u)~ 
i=r2+1 t=l+l u=O 

q-1 l n- ; -~+l) · q J I 

> L L L A(n-i-q·(/+1))-t ·q,u . at(l, V- 1, u)= 
t=O u=O 

q-1 

L IS(d,k-q,n-i-(l+l)·q)l. 
i=r2+l 

Combining the four cases above yields 

q-1 q-1 

I S'(d, k, n) 1;::: L I S(d, k, n- i) I+ L I S(d, k- q, n- (l + 1) · q- i) I. 
i=O 
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C apter 5 

Clstruction of Fixed Length 
Perk-Shift Error Correcting 
R~nlength-Limited Codes 

5.1 Introduetion 

In this chapter we wiJl give a construction for peak-shift error correcting RLL codes. 
It is a rodification of _the _const~uction presen:ed in the previous chapter of codes that 
are ca~able of correctmg msert1öns and deletwns of zeroes. 
We wil describe the new construction inSection 5.2. Like in the previous chapter, we 
will de cribe several ways to improve the construction, for example by changing the 
generating code or by using more than one generating code. 
Becausb in the literature much attention has been paid to single peak-shift error cor
rectinlcodes, we will treat some of these known constructions in Section 5.3, and we 
will alsp give tables with the maximal cardinalities of single peak-shift error correcting 
codes qbtained by the construction presented bere. One of the constructions of Saitoh 
(see [48]) wiJl be modified inthelast section, giving codes with even higher cardinality 
than t î e codes described in Section 5.2. 

5.2 I The Construction [ 

The ob!vious way of changing the algorithm of the previous chapter is, like in [24], to 
encode)the sum of the runlengtbs instead of the runlengtbs therriselves, i.e. encoding 
the pot1itions of the ones instead of the distance between consecutive ones. In that 
case a ingle peak-shift error in a codeword of the peak-shift error correcting code P 
will res

1
.lt in a single substitution error in a codeword of the generating code C9 • 

In the sequel of this chapter, s denotes the maximal size of an error, i.e. a 1 will be 
shifted \over at most s positions. A lso, like in the previous chapter, q will be equal to 
2 · s + 1 and C9 wil! be a q-ary Lee-metric based code of length /. Furthermore the 
definitions (see Sec ti on 4.3.2) of the Integer Representation IR(.), the free length n, 
and the absolute weight Wabs(.) wil! still be valid bere. 
Let j3 be a codeword of the generating code C9 of length l. Then, before generating 
codeworcis of the peak-shift error correcting code P, we add one extra encoding step, 
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transforming f3 into an other q-ary vector 6. This is done in the following way. We 
want /3; to he equal to the modulo q sum of the first i coordinates of 6, which leads to 
the following definition of the Ö; : 

b; = { f/Ji - /3;-1) mod q 

In this case we indeed find 

for i = 1, 
for i = 2, 3, ... , /. 

~bi= Ö1 +~bi= /31 + (~(/3i- /3i-1) mod q) = /3; (mod q). 

We cal! 6 the derivative of f3 and the derived code Dq of Cq will he defined by 

Dq = { 6 E JF'~ I 6 is the derivative of some f3 E Cq}. 

The code P, generated by Cq, wil! he thesetof all (d, k)-constrained wordsof length 
N2 for which the Integer Representation is an element of the derived code Dq. In other 
words, if f3 = (/31> /32, ... , /31) E Cq and 6 = ( 81, 82, . .. , 81) is the derivative of {3, then 

x = 1 os, +d+-y, ·q ... 1 o•' +d+-y,.q, 

can be a codeword of P. If we assume that the /i are chosen in such a way that the 
k-constraint is fulfilled, then we only have to check whether x has length N2 . 

The length of x equals. l · (d + 1) + q · w.b.(r) + w.b.( 6). The absolute weight of 6 is 
the sum of all coordinates, i.e. by definition it is equivalent to /31 modulo q. Because 
/31 is a q-ary symbol, we find that 

f3, = ( N2 - [. ( d + 1)) mod q 

is a necessary condition for f3 to generate codeworcis of P. We now find the following 
construction fora fixed length peak-shift error correcting code P. 

Construction 5.1 

1. Take f3 E Cq with /31 = n mod q, and form the derivative 6 of f3. 

2. Take all x E IF;+I·(d+l) with I R(x) = 6, that also satisfy the (d, k) -constraints. 
Do this as follows: 

(a) Define r 1 and r2 such that k- d = r 1 · q + r2, r2 < q, so 

{ 
TJ = l k~d J' 
r 2 = (k- d) mod q. 

{b} Find all veetors "Y E ~1 such that 

{ jt /i= (n -. w~bs(6))fq, 
0 :5 /i :5 T1 ij t E J1, 

0 :5 /i :5 TJ - 1 ij i E h 
where !1 = {i jó; E {0, 1, ... ,r2 }} , 

and !2 = {i I 8; E { r2 + 1, r 2 + 2, . . . , q - 1}} . 
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{c) Take as a codeword in the code 'P the word 

x= 10d+6,+"11·910d+6l+"f::·q . . • 10d+6z+'Yz·q. 

(d) Repeat step 2{c) for all"' of step 2{b). 

3. Repeat step 2 for all (3 of step 1. 

We will illustrate this construction with a smal! example. 

Example 5.1 

• 

Let (d, k) '= (1, 5), q = 3, and N2 = 18. We see that r1 = r2 = 1. Purthermare let C9 be the 
linear ternary code generated by 

( 1 o I o 1 1 ) 
0 1 1 2 2 . (5.1) 

Note that n = N2- l· (d + 1) = 18- 5 · 2 = 8, hence we are only interested in codewords 
f3 of C9 with f3s = 8 mod 3 = 2. There are three codewords of C9 that have {35 = 2, viz. 
(2, 0, 0, 2, 2), (0, 1, 1, 2, 2), and (1, 2, 2, 2, 2). In Table 5.1 the codewords of P, generated by 
these three words are listed. Successive columns show {3, ó, Wab.(-y), 11 , [z, "'(, and the 
codeword x of P, conesponding to 'Y. 

f3 ó w.b,(-r) h 12 -y x 
(2, 0, 0, 2, 2) (2,1,0,2,0) 1 {2,3,5} {1,4} (0, 1,0,0,0) 10~10r>101 103 101 

(0,0, 1,0,0) 10~10"10 10"'10' 
(0,0,0,0,1) 10"10"10'10"10' 

(0, 1, 1, 2, 2) (0,1,0,1,0) 2 { 1, 2, 3, 4,5} 0 (1,1,0,0,0) 10'10"101 10'101 

(1,0,1,0,0 10'10'10'10'101 

(1,0,0,1,0) 10'10'101 10°101 

(1,0,0,0,1) 10'10'10'10'104 

(0, 1,1, 0, 0) 10 10°104 10'101 

(0, 1,0,1,0 10 10"10 10"101 

(0,1 , 0,0,1 10 10"10 10'10' 
(0,0,1,1,0 10 10'104 10"101 

(0,0, 1,0,1 10'10"10'10"10" 
(0,0, 0,1,1 10'10"10'1o•to• 

(1, 2, 2, 2, 2) (1,1,0,0,0) 2 {1, 2, 3, 4, 5} 0 (1,1,0, 0,0) 10•10•10'10 10' 
(1,0,1,0,0 10°10'10'10'10 
(1,0, 0, 1,0 10°10'10'10'101 

(1,0,0,0, 1 10°10"10'10'10' 
(0,1,1,0,0 10"10.10 10'10' 
(0,1,0,1,0 10"10°10'104 101 

(0, 1101 0, 1 10'10°10'101 10' 
(0,0,1,1,0 10'10'104 104 10' 
(0,0,1 , 0,1 10'10'104 101 104 

(0, 0,0, 1,1 10'10' 10 10'104 

Table 5.1: Table of codewordsof Example 5.1. 

We see that C9 generates a code P of length 18 and cardinality 23. Below it will be shown 
that, because q = 3 and C9 has minimal Lee distance 3, the code P is capable of correcting 
a single peak-shift error of size one. • 
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The error correcting capabilities of P depend on the substitution error correcting 
capabilities of Cq. In order to be able to correct a codeword of P, we have to be 
able to retrieve the codeword {3 of Cq that generates a given word x E P. This 
is done as follows. Let T be the support of x, i.e. if T = {t1,t2 , .•• ,t1}, where 
1 = t1 < t2 < ... < t~, then x; = 1 if and only if i E T. Furthermore, because 
x is a codeword of P, we know that d + 1 :5 t;+l - t; :5 k + 1. Define the vector 
6 = (.5bt52,····bt) by 

b -{ (t;+l-t;-(d+1))modq for i=l,2, ... ,l-l, 
• - ( ( N2 + 1) - t; - ( d + 1)) mod q for i = l, 

where N2 is the lengthof x, and define {3 = ({31 , {32 , ••• , f3t) by 

Then it is obvious that the word {3 generales the word x EP, i.e. {3 E Cq. 
Now suppose x E P is transmitted and x' is received, such that each peak-shift error 
that occurred has size at most s, and the total sum of the sizes of the peak-shift errors 
is at most (dLee -1)/2, where dLee is the minimal Lee distance of Cq. We will describe 
a two step decoding algorithm that corrects x' to x. In the first step the codeword {3 
that generated x is reecvered correctly and in the next step x' will be corrected to x, 
using the veetors {3 and {3'. 
Let T = { t 1, t 2 , ••• , t1} denote the support of x, and let T' = { t~, t~, . .. , ti} denote the 
support of x'. Then we know that 1 = t; < t; < ... < t;. The q-ary veetors {3 and 
6 are defined above, using the set T, and the veetors [3' and 6' are defined similarly, 
using the set T'. From the fact that each peak-shift error has size at most s and the 
fact that the sum of the sizes of the peak-shift errors is at most (dLee -1)/2 we find 

I t;- t; I 
I 

:L I t;-t; 1 

< s, for i=l,2, ... ,1, and 

dLee- 1 < 
2 i=l 

Because t 1 = t; = 1, the last summatien can start with i = 2 instead of i = 1. To 
show that we can correct [3' to {3 we must show that 

~ ( ') dLee -1 ~ dLee {3;, {3; :5 2 , 
i=l 

where dLee(f3;, {3;) = min{l {3; - !3! I, q- I {3;- !3! 1}. From the definitions of {3; and b; 
we find, for i = 1, 2, ... , 1 - 1, 

{3; = ~Simodq= (~(ti+I-ti-(d+1))) modq= 

= (ti+!- t1- i· (d + 1)) mod q = (t;+I- 1- i· (d + 1)) mod q. 

In the same way we find !3! = (t:+l -1- i· (d + 1)) mod q, so 

{3;- !3: = (t;+l - t;+I) (mod q), 
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for i= 1, 2, ... , 1-1. Because I t;+l- ti+1 I~ s, we see that dLee(/3;, f3D =I t;+l- ti+l 1-
Because /31 = (N2- 1· (d + 1)) mod q is a necessary condition for f3 to generate code
words of P, it is easy to correct /3{ to /31 . Suppose we already set j3{ = {3~, then 

I 1-1 I I d 1 
'f:_dLee(/3;,/3:) = 'f:_dLee(/3;,/3;} = L I t;- ti I= I: I i;- ti~~ Lee2- 1 

i=l i=l i=2 i=l 

so {3' can be corrected to {3, which completes the first decoding step. 
In the second step, we will use {3, {3' and T' to find the correct set T. We now will 
use the fact that I t;- ti I~ s. First define !:l; = (/3;- j3i) mod q, for i= 1, 2, ... , 1-1, 
such that 

q-1 q-1 
-s = --- < !:l· < -- = s 2 - I- 2 l 

and then define t;+l = ti +I + !:l; for i = 1, 2, ... , 1 - 1. It is obvious that the set 
T = {1, t2 , ••• , ti} is the support of the corrected codeword x. 
The above proves the following theorem. 

Theorem 5.1 
Ij P is the RLL code generaled by the q-ary code C9 with minimal Lee distance dL • ., 
then P is capable of correcting all peak-shift errors, such that each error has size at 
most (q- 1)/2 and such that the sum of the errors is at most (dLee- 1)/2. 

Actually the description above gives a decoding algorithm of the RLL code P (given a 
decoding algorithm for the generating code C9 ). Another way of proving the theorem 
above is hy noting that the position of the (i+ 1 )'1 one in a codeword x of P, generated 
by f3 E C9 , is determined (modulo q) by /3;, i, and d. To be more precise, the position 
of the first one in x is always one, and the position of the (i + 1 )'1 one is 

i i 

l + (1 + d) ·i+ L: S; + q · L: -y;. 
i=l i=l 

Due to the definition of the S; 's we see that the position of the (i + 1 )' 1 one modulo 
q is equivalent with (i · (d + 1) + /3; + 1). Because (i· (d + 1) + 1) is a "constant", a 
shift of the (i+ 1 )'1 one of x over at most s positions will result in changing /3; into /31 
such that I /3; - /31 I~ s . Due to the form of the error patterns (each error has size at 
most s and the sum of the sizes of the shifts is at most equal to the error correcting 
capabilities of the generating code C9 ), it is easy to see that such error patterns can 
he corrected. 
From this description the special property of the last symbol of f3 can. he explained. 
When i = 1, the position of the (1 + 1)51 one of x (which is actually the first one 
of the next codeword) is (modulo q) determined by 1, d, and /31 . But this position 
is known, hecause P is a fixed length code, i.e. the position of the (1 + 1)'1 one is 
N2 + 1. From this we (again) find that 1 + l· (d + 1) + /31 = (N2 + 1) (mod ib i .. e:' , rr 
f31=(N2 -l·(d+1))modq. . (\ .~' -, , 
If C9 is a linear q-ary code, then exactly I C9 I / q codewo_;ds will' iia.vé tb-is speçific 
last symhol, or, more genera!, every q-ary symhoJl occm;s-exactly I C9 I fq timesll:S 

,- ' 
1 We will not consider the case where the last symb,l)i.~h codeword is zero, hence the last 

column of the generator matrix of C9 contains at le<).St one nonzero elemerit. 
r. . 
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the last symbol of a codeword of Cq. Hence only a smal! fraction of ·the èodewords 
of Cq can generate codeworcis of P. We can add one extra symbol to each of the 
codeworcis of the generating code Cq in such a way that all codeworcis of the resulting 
code C~ satisfy the necessary condition to generate (d, k)-constrained wordsof length 
N2 • Because the lengthof Cq is 1, the lengthof the enlarged code c; wil! he (/ + 1), 
hence the extra symbol f3t+I, attached to each codeword of Cq, must he 

f3t+1 = (N2- (1 + 1) · (d + 1)) mod q. 

The error correcting capabilities of c; are at least as good as those of Cq, for the last 
symbol (i.e. f3t+ 1) can always be corrected to its fixed value, and the first l symbols 
forma codeword of Cq, with minimal Lee distance dLee· 

Example 5.2 
Like in the previous example take (d,k) = (1,5), N2 = 18, and Cq is the ternary code of 
length 5 generated by the generator matrix (5.1). A codeword of C~ will be a codeword of 
Cq foliowed by a fixed symbol {36 , defined by 

!36 = (N2- 6 · (d + 1)) mod 3 = 0. 

In this case the code C~ wil! generate a ( 1, 5 )-constrained single peak-shift; error correcting 
code P of length 18, where each codeword of P consists of 6 runs and the cardinality of P 
is equal to 41. • 

Another possibility to increase the cardinality of P is using more than one generating 
code. As in the previous chapter, the number of ones within the first N2 received 
symbols will be an indication for the identification of the generating code that is 
used. Because a one can shift over at most s positions, a one at position t, where 
tE {1, 2, ... , N2 - s }, will always be detected by the receiver. The number of ones in 
the last s symbols of a ( d, k )-constrained word is at most equal to 

la: 1J · 
On the other hand, a one in the first s positions of the next codeword can be shifted 
"into" the first N2 bits. The number of ones in the first s positions of a codeword is 
at most equal to 

rd:11· 
Hence, if a word x E P, consisting of 1 runs is transmitted, then for the number I' of 
ones detected within the first N 2 received bits we have 

l -l-s J < I' < I + r_s 1· 
d+l - - ld+l 

The above implies that if we use two (or more) generating codes c; and c; of lengtbs 
11 and /2 (w.l.o.g. assume that /1 < /2), then the following inequality should hold 

!'"\., 11 + r_s 1 < 12 -l-s J 
~ .-"'1.-, ld+l d+l I 

Or 1 equiva..lently;v--.,. ,n, 
· ':__ J 2>Il+rd:11+ld:1J. (5·2) 

In specific cases this inequality-~-b.e--refined, for example hy a more detailed analysis 
of the number of zeroes_ of the last run. T~is will he explained in the next example. 
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Example 5.3 
Let d ~ 2 and s = 1. Then Inequality (5.2) reads l2 > 11 + 1, i.e. 12 ~ 11 + 2. If a word, 
consisting of h runs, is transmitted, we know that it ends with at least two zeroes, so after 
shifting the last 1 one position to the right, the last symbol will still be a zero. If, however, 
the first one of the next codeword is shifted to the left, then the last symbol of this word (of 
length N2) will be a one. Hence we either detect 11 or 11 + 1 ones within the first N2 received 
symbols. If we detect that the last received symbol (i.e. symbol number N2 ) is a one, then 
this certainly is the result of a left-shift of the first one of the next codeword, so this shift 
can be corrected. From this it fellows that in this example we can take 12 = 11 + 1. In this 
case, not only the number of ones detected within the first received N2 bits, but also the 
value of the last bit is used to determine which code (c; or c;) generated the transmitted 
codeword. 
Purthermare we see that (in this case) we can always correct a shift of the first one. A left 
shift is detected when decoding the previous word, and a right shift is detected when the 
codeword starts with "01" instead of ''10". Hence, in this case, we can correct either a single 
peak-shift or two peak-shifts, one of which involves the first one of the codeword. • 

In cases= d = 1, the above cannot be applied immediately. If we restriet ourselves to 
(1, k )-constrained words that end with at least two zeroes, we can still take 12 = 11 + 1. 
This is illustrated in the next example. 

Example 5.4 
Like before, let (d,k) = (1,5), N2 = 18, and s = 1. Wethen find that 1;+1 ~ l; + 2. The 
code P we now construct will have codeworcis of weight 3,5,7, and 9. 
There is only one codeword of weight 3, viz. 100000100000100000, and also only one code
word of weight 9, viz. 101010101010101010. The codewords of weight 5 resp. 7 will be 
generated by enlarged codes of length 4 resp. 6. The ternary code of length 4 bas as 
generator matrix 

(~ ~~~ ~) 
and all codewords wi!l be extended by the symbol 2. This code will generate 38 codewords 
of P. The ternary code of length 6 is generated by the following generator matrix 

( 
1 0 0 1 1 1 ) 
0 1 0 0 2 2 . 
0 0 1 1 2 2 

In this case, the codewords oflength 6 are extended by the symbol1, and now 24 codeworcis 
of p will be generated. Hence we see that P has cardinality 1 + 38 + 24 + 1 = 64. 

\ 
I 
( 

I 

If we restriet ourselves to codeworcis that end with at least 2 zeroes, we may take lï+I =I;+ 1. ) 
In this case P can have codewordsof weight 3 up to 9. The codeword of weight 9 ends with ,...~ 

only one zero, but this word may still be used because there is J!R codeword of w~gh io. \ ~ 
Again P wiJl have one codeword of weight 3 and one codewor~fof'w~i~-, . . ·'T~e 'ivords of -
weight w, 4 ~ w ~ 8 are generated by enlarged codes of leng~h w. The generator matrices 
of the (not yet enlarged) codes are displayed in the Table .5-:2'; together with the last symbol 
of the codewords, and the number of codewordsroj_.R~~irated by the (enlarged) code. 

Hence P has cardinality 82. • 
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w generator matrix last symbol number of codewords of P 

4 ( 1 11 1 1 8 

5 
1 011 2 

2 31 
0 1 1 1 

6 ( ~ OIO 1 i ) 0 25 
1 1 1 

I 
1 0 0 0 1 1 

7 0 1 0 0 1 2 1 13 
0 0 1 1 1 0 
1 0 0 0 0 1 1 

8 
0 1 0 0 1 0 1 

2 3 
0 0 1 0 2 2 1 
0 0 0 1 1 1 1 

Table 5.2: Table of generator matrices in case i;+l = l; + 1. 

We will now take an even closer look at single peak-shift error correcting codes when 
d = 1. Suppose, when decoding, we are allowed to look ahead. Then we can take 
12 = 11 + 1 and do not have to restriet ourselves to words ending with at least 2 zeroes. 
Suppose we receive a word that ends with a one. Then there are two possibilities. 
Either this is the result of a right shift of the last one in a word that ended with "10", 
or it is the result of a left shift of the first one of the next codeword. In the latter 
case, the next codeword contains already one error, hence the other ones are received 
correctly. The first two received bits of this word will be "00". In the first case, the 
next word may still contain an error, i.e. the first two received bits of that word will 
be either "10", "01", or "11". 

Example 5.5 
Suppose 

x = 101000100010010010, and 

y = 101000100010010000, 

are two codewords of a single peak-shift error correcting (1, 5 )-constrained code of length 18. 
Suppose we receive 101000100010010001. If x was transmitted, then the next two received 
bits will be either "10", "01", or "11". If y was transmitted, then the lastoneis the result 
of a left-shift of the first one of the next codeword, i.e. the next two received bits will be 
"00". • 
Example 5.6 
Again let (d, k) = (1, 5), N2 = 18, and s = 1. If look ahead is allowed during decodlng, then 

""- f'we~an take 1;+1 = l; + 1, and we do not have torestriet ourselves to words ending with two 
~ / zeroes.-{n Ta9Jt: 5.3 th~timal generating codes are displayed, together with the number 

of codewèl:ás of-Mhe{ generate. 
Hence the cardinality of the ~de P equals 121. • 

_,... """' 

The best known códes up till ~Vl.~eJ'x:om Saitoh (see [48] and [49]) and have cardi
nality 65 (in case no look ahead is allowed) and 84 (in case look ahead is allowed). 
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w generator matrix last symbol number of codewordsof P 
3 - - 1 

4 1 J1 1 1 9 

5 
1 011 

2 
.2 38 

0 1 1 1 

6 
1 OIO 1 ~ ) 0 41 
0 1 1 1 

1 0 0 1 1 1 
7 0 1 0 0 2 2 1 24 

0 0 1 1 2 2 
1 0 0 0 0 2 2 

8 
0 1 0 0 2 0 2 

2 
0 0 1 0 1 1 2 

7 

0 0 0 1 1 1 1 
9 - - 1 

Table 5.3: Table of optima! generating codes when look ahead is allowed. 

5.3 Single Peak-Shift Error Correcting Codes 

In this sectien we will restriet ourselves to ( d, k )-constrained codes that are capable 
of correcting a single peak-shift error of size 1. For our construction this implies that 
s = 1, so q = 3. For ternary codes the Hamming distance and the Lee distance 
coincide. Because we only want to correct one peak-shift error, the generating code 
C9 will be a ternary code with minimal Hamming (or Lee) distance 3. 
Ferreira and Lin [14], Rilden, Howe and Weldon Jr. [24], Kuznetsov and Vinck [32], 
[33], and Saitoh [48], [49] have developed various constructions for single peak-shift 
error correcting codes. In the remainder of this section we wil! first describe the 
constructions of Kuznetsov and Vinck, of Saitoh, and of Ferreira and Lin for (fixed 
length) single peak-shift error correcting codes. Next we wil! cernpare their rates 
for (d, k) = (1, 7). The construction of Rilden, Howe and Weldon Jr. was already 
described in the previous chapter. 
The last subsectien is used to give the maximal cardinality of codes obtained by the 
new construction and codes from one of Saitoh's constructions, for various parameters 
of d, k, and N2. 

5.3.1 Saitoh's Constructions 

Saitoh (see [48], [49]) describes two constructions for single peak-shift error correcting 
codes. The first construction yields variabie length codewords, with a fixed number 
of runs, while the second construction gives codeworcis of fixed length, but with a 
variabie number of runs. In the sequel of this section, these codes wil! be denoted by 

Ps,1 and Ps,2· 
A codeword of the code Ps,1 satisfies the following two conditions: 

1. The runlengtbs of the even numbered runs form a codeword of a single error 
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correcting Lee metric code. 

2. The lengths of the runs with a number equivalent to 3 modulo 4 forma codeword 
of a single error detecting Lee metric code. 

Because a peak-shift error corrupts two adjacent runs, the two Lee metric based codes 
can be used to determine the place and the direction of the peak-shift error as follows . 
One of the corrupted runs has an even number, hence the single error correcting code 
is used to determine approximately which one was shifted. Using the single error 
detecting code, the exact position is then determined, aild finally the .error correcting 
code is used to determine the direction of the error. 
The only problem arises when codeworcis are transmitted continuously and the code
worcis of Ps,1 consist of 4 · j + 1 runs for some fixed j . In this case, a shift of the 
first one of a codeword will go unnoticed (if the (d, k)-constraints a~e not violated), 
for it affects the length of the last run of the previous codeword and the first run of 
the current codeword, but both lengths may be chosen arbitrarily. A solution to this 
problem is changing "i = 3 (mod 4)" in the second condition to "i = 1 (mod 4)", for 
then the length of the first run is protected by the error detecting Lee metric code, and 
now this error can be corrected, although the codeworcis of Ps,1 have variabie length. 
In this case the first example in Chapter 9 in (48] becomes as follows . 

Example 5 .7 
Let ( d, k) = (1 , 7), and let C 1 be a single error correcting Lee metric code of length 2 over 
JF1 , consisting of the following words {{0,0); {1 , 3);{2,6);{3,2);{4,5);{5,1);{6,4)}, and let 
C2 be a single error detecting Lee metric code of length 2 over JF1 , consisting of all words of 
the form ( i,j), where i E lF'r, and j E {i, (i+ 2) mod 7, {i + 4) mod 7} . The code C3 consists 
of all words {x1,x2, x3,x4,xs), such that (x,,xs) E C2, (x2,x4) E C1, and X3 E lF'r . Finally 
the code Ps,1 is defined as all (1, 7)-constrained words of the form 

where {x 11 x2 , x3, x4, x5) E C3. The code Ps. 1 consists of 73 · 3 codewords, and the average 
length of a codeword is 25, so Ps,1 has rate 0.4003. • 

A codeword of the code Ps,2 consists of two parts, both of fixed length. The first part 
is an arbitrary (d, k)-constrained word , while the second part is the redundant part, 
depending on the first part . If the first part has length n 1, then it is obvious that the 
cardinality of the code Ps,2 equals the number of (d, k)-constrained words of length 
n 1 . The second part is a codeword of a fixed length single peak-shift error detecting 
code C of length n 2 • To determine which codeword of C should be appended to a 
(d, k)-constrained word x of length n 1 (i.e. the information part), two numbers, p1 

and p2 have to be calculated. Suppose x= 10d+x1 10d+x1 • • • lod+x, is the information 
part . Then p1 and p2 are defined by 

Pt = ( .. L i_ · x;) mod q, and 
1:1 even 2 

(5.3) 

P2 = ci;:3~od 4) x;) mod 2, (5.4) 
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where q is a prime number such that q 2:: max{3,k- d + 1, Lnd(d + 1)J}. Now the 
pair (pi,IJ2) is encoded in a unique way into a codeword y E C and the word (x,y) of 
length n1 + n2 will be a codeword of the code Ps,2· Note that there are 2 · q possible 
pairs (PI, P2), hence a restrietion on code C ( and therefore a restrietion on n 2) is that 
the cardinality must be at least 2 · q. 

Example 5.8 (cf. (48], Example 9.2) 
Let (d,k) = (1,5) and take n1 = 9 and q = 5. It fellows that n2 = 9 and we find 18 
(1, 5)-constrained codewords of length 18. 
Taking n1 = 10, we still have q = 5 and n2 = 9, and in this case we get a single peak-shift 
error correcting code of length 19 and cardinality 29. • 

Note that, due to the fact that P5 ,2 bas fixed length, the conditions "i = 3 (mod 4)" 
need not be replaced by "i= 1 (mod 4)", even if some codeworcis of Ps,2 consist of 
j runs, where j = 1 (mod 4). The fact that Ps,2 bas fixed length provides an extra 
check on the position of the first one. 
It is possible to combine the ideas bebind both codes, to get another peak-shift error 
correcting code Ps,3 of fixed length n. In this case PI, p2, and q are fixed, where the 
prime q is restricted by q 2:: max{3,k- d + 1, ln/(d + 1)J}. Like before, PI will be 
a q-ary symbol and p2 wil! be binary. The code Ps,3 consist of all (d, k)-constrained 
words x of length n that satisfy Equalities (5.3) and (5.4). Hence if x is of the form 

where the value of l may vary, then x is a codeword of Ps,3 if and only if the following 
two equalities hold: 

(. _2:: ~·x;) mod q = p1 , and 
1:s even 

( 2: x;) mod 2 = p2• 

i:i:3 (mod 4) 

In case d = 1, we have to be careful with words ending with only one 0. Suppose for 
example that n = 18, (d, k) = (1, 5), q = 11, P1 = 4, and p2 = 0. Then the following 
two words are codeworcis of Ps,3 

x = 100101000100010010, and 

y = 100101000100010000. 

However, if either the last one of x is shifted to the right, or the first one of the word 
following y is shifted to the left, we receive 100101000100010001. It follows that both 
words may only occur simultaneously in a single peak-shift error correcting code, when 
look ahead is allowed during decoding. 
If nolook ahead is allowed, then some words have to be removed from code Ps,3· This 
will be done in such a way that the resulting code Ps,4 is again capable of correcting 
one peak-shift error without looking ahead. 
If d > 1, then Ps,4 = P5 ,3 , because all codewords end with at least two zeroes. In the 
sequel of this subsectien we wil! assume that d = 1. 
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Suppose x E 'Ps,3 , where x has the form 

X= lQl+xl • • .1Ql+"'I-21QI+r1-llQ1+0. (5.5) 

Then we can identify an accompanying, integer-valued vector (x1 , ... , Xt-2, Xt- 1, 0) of 
length l with x. If there is a codeword y E 'Ps,3 , that can be identified with the vector 
(x1 , ••• , x1_2, Xt-1 + 2) of length l-1, then x is removed from the code Ps,3. Note that 
we do not remove all codeworcis of 'Ps,3 that end with a single zero. Such a word will 
only be removed if there is another word in Ps,3 that is close by. In other words, let 
x be a codeword of Ps,3 that ends with "10", and let y be the word that results from 
x by changing the last 1 into a 0. If y is also a codeword of 'Ps,3 , then x is removed 
from Ps,3 • We will take a closer look at the words that should be removed. 
Suppose x has the form of Equation (5.5), i.e. x ends with exactly one zero. Consider 
the accompanying vector (x I. ... , Xt-2, Xt-1, 0) of x of length /. Furthermore, let y be 
a (1, k)-constrained word with accompanying vector. (y1, .•. , Yt-2, Yt-1) of length l- 1, 
such that 

{ 
Xi y·-

I- Xt-1 + 2 
if i= 1, 2, ... 'l- 2, 
if i= 1- 1. 

We wil! now derive necessary and sufReient conditions for l and Xt- 1 such that x and 
y are codewords of the samecode Ps,3 . The first and most obvious observation is that 
the value of Yt- 1 should lie between 2 and k - 1, so the value of X t-I must necessarily 
lie between 0 and k- 3. Furthermore, it is trivia! that the values of P2 for x and y are 
the same. This can beseen by looking at the structure of their accompanying vectors. 
So we only have to consider the values of p1 for x and y. The value of p1 for x is equal 
to 

(
li/2J ) 

P1 = ?=i· x2.; mod q, 
•=1 

while for y we find 

(
L(l-1)/2] ) (l{l-2)/2] ) 

P1 = ?= i· Y2·i mod q = ?= i· x2.; + J(l, Yl-1) mod q. 
•=1 •=1 

The value of the function f(l,Yt- 1) is equal to 0 if I is even, and for l odd we have 

ll- 1J f(l,yt-1) = - 2- ·Yt-1· 

For even l it is easy to see that the values of p1 for x and y are the same. If, for odd 
l, the values of p1 for x and y should be the same, then the following equality should 
hold ll ~ 1 J · Xt-1 = ll ~ 1 J · Yt-1 (mod q). 

From this it follows that (l-1) = 0 (mod q). If l 2 2, we find that (1-1) 2 q, but the 
maximal value of 1 is ln/(d + l)J = ln/2J, where nis the lengthof the code 'Ps,3 . On 
the other hand, a condition for q was that q 2 ln/(d + 1)J = ln/2J, soit can never 
hold that for odd l the values of p1 for x and y are the same. Hence the necessary 
conditions for y to be a codeword of Ps,3 is that 1 is even and x1_ 1 E {0, 1, ... , k- 3}. 
It is obvious that these conditions also are sufficient. 
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Example 5.9 
Let (d,k) = (1,5), and Iet n = 18. Set the values of q, p1 , resp. P2 to 11, 4, resp. 0. The 
code Ps,3 consists of 84 codewords. In order to get Ps,4 , we have to remove 19 codewords, 
i.e. Ps,4 has cardinality 65. • 

5.3.2 The Construction of K uznetsov and Vinck 

In (33] a variabie length single peak-shift error correcting code PKv is constructed. The 
number of runs is fixed and again a linear q-ary (Hamming metric based) generating 
code Cq is used, where q = k- d + 1 should be a prime number. The codeworcis of 
the generating code prescribe the lengtbs of the runs of the codeworcis of PKv and 
not the positions of the ones. If the all-one word is an element of the code Cq, then 
it can be shown that, by removing half of the codeworcis of the generating code, the 
maximallength of the codeworcis of PKv becomes much smaller. If f3 = (/31 , {32 , ••• , {31) 

is a codeword of Cq, then /3' = ((q- 1)- /31 , (q- 1)- /32 , ••• , (q- 1)- {31) is also a 
codeword of Cq if 11 E Cq. Let x and x' be the codeworcis of PKv generated by f3 and 
{3'. Then it is trivia! that the sum of the lengtbs of x and x' is equal to 1· (k + d + 2), 
hence at least one of the codeworcis has length at most l· (k + d + 2)/2. The other 
word will be removed from the code. If this is done for all pairs (x, x'), the maximal 
lengthof the new code becomes 1· (k + d + 2)/2, which was the average lengthof the 
starting code PKV· If q is odd, then the word f3 = ((q -1)/2, (q -1)/2, ... , (q -1)/2) 
of length l farms a pair with itself, and it generates a word x of length I· (k + d + 2)/2, 
hence x wiJl not be removed from the code PKv. 
The authors note that a peak-shift error corrupts either two adjacent runs, or only 
the last run. This implies that a codeword of the generating code is either corrupted 
by two adjacent substitution errors, or the last symbol of that codeword is corrupted. 
The generating code Cq they use is specially designed to correct these specific error 
patterns. 
If the code PKv should be capable of correcting either a single insertion, or a single 
deletion, or a single peak-shift, other restrictions have to be placed on the generating 
code C9 • In this case C9 should be capable of correcting either one substitution error 
or two consecutive substitution errors. In both cases this burst of size two is of a 
special form, for if, due to a single peak-shift error, one run is lengthened by t zeroes, 
an adjacent run will be shortened by the same number of zeroes. Hence the size of 
one of the errors in the burst will be t, while the size of the other error will be -t. 
Finally it is mentioned that the length of the codeworcis of the peak-shift error cor
recting code can be fixed, by appending so-called dummy strings to the end of any 
codeword, in such a way that the total length becomes Nmax + d + 1, where Nma:r 
denotes the length of the longest codeword. This appending can (in genera!) be clone 
in various ways. When decoding a received word (of length Nmax + d + 1), only the 
first l received strings are considered for error correction, for the remaining part is a 
random sequence of dummy strings. 

5.3.3 The Constructions of Ferreira & Lin 

In (14] Ferreira and Lin give several constructions for error correcting and error detect
ing RLL codes, not only for peak-shift errors, but also for substitution errors. They 
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note that a peak-shift error is just a special case of two adjacent substitution errors, 
and they give four constructions for codes capable of correcting one or two adjacent 
substitution errors. 
In three of these cases, a codeword consists of two parts, viz. an (arbitrary) infor
mation part of fixed length, foliowed by a redundant part needed for error correction. 
Their last construction also uses a substitution error correcting code to generate fixed 
length peak-shift error correcting codewords. The generating code is in this case a 
Hamming metric based code. We will now only give a briefdescription of their second 
construction, because the idea of this construction is simple, but very effective. 
From the set of all ( d, k )-constrained words of fixed length n, they select just those 
words with only even or only odd runlengths. Suppose, w.l.o.g., that all codeworcis 
have only even runlengths. Then a peak-shift error will result in a word with one or 
two odd runlengths. It can occur that only one run has odd length if the first one of 
a codeword is shifted. From this it follows that a peak-shift error can be detected and 
even located, but it is not possible to determine the direction of the shift. Therefore, 
a parity sequence of the form 

is added to form the codeworcis of the code Pn. Here the p;'s are parity bits, deter
mined by the information sequence, and the /l;'s are buffer bits, to be certain that the 
( d, k )-constraints are not violated. The number w is in this construction equal to the 
number of possible runlengths in the information part, i.e. w = r(k- d + 1)/21 or 
w = l( k - d + 1 )/2 J. If Y = {y" y2, ... , Yw} denotes the set of possible runlengths, 
herree all y; are even or all y; are odd, then the parity symbols are determined as 
follows. If 

x = 10"'10"2 •• • 10"' , 

then 4> = (r/>t, t/>2 , ••• , t/>1) is defined by t/>; =a;+ 1. Now Pi, for 1 :::; j :::; w, is defined 
by 

5.3.4 Comparing the Cardinalities 

In this section we will compare the various constructions described in the previous 
section for (d, k) = (1, 7), and lengths that vary from 10 to 32. lt will become clear 
that these constructions all behave very differently. 
First of all the construction of Kuznetsov and V i nek leads to a variabie length ( d, k )
constrained code. Furthermore, the code of Ferreira and Lin is more suitable for Jonger 
lengths, for, if the codeword length is short, the length of the parity part becomes 
relatively long, hence it reduces the cardinality greatly. From Saitoh, we will use the 
construction of code Ps,3 , for it is a fixed length code, with a higher cardinality than 
the codes Ps,2 and Ps,4· 
The code of Kuznetsov and Vinck is generated by the 7-ary code C7 with parity check 
matrix 

( 1234560) 
1 2 4 0 4 2 1 , 
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and we optimized the cardinality of code PKv in the following way. If only the words 
of c1 that have an absolute weight that is upper bounded by some maximal value 
M are used to generate (1, 7)-constrained words, then the the maximal length of 
the (1, 7)-constrained codeworcis is upper bounded by M + 14. Maximizing over the 
possible values of M, we found for M :::: 18 the following numbers. There are 5408 
codeworcis of C1, with absolute weight at most 18, the average weight of these words is 
15.0610, bence the average lengthof the (1, 7)-constrained codeworcis will he 29.0610, 
and therefore we find that the rate of this code is equal to 0.4267. 
For codes PFL of Ferreira and Lin, the situation is really bad. If we use only odd resp. 
even runlengtbs of zeroes, there are 4 resp. 3 possible runlengths, hence the number 
of parity bits is 8 resp. 6. It turns out that, if the lengthof the (1, 7)-codewords is 
even resp. odd, it is better to use only odd resp. even runlengtbs of zeroes. The 
cardinalities of the resulting codes are displayed in Table 5.4. 
For the construction of Ps,3 of Saitoh, in every instance, we optimized over all possible 
choices of p1 and p2 • In all cases we took the prime q to be as small as possible. 
Because q ~ max{3, k- d + 1, lN2/(d + 1)J }, we used the following values of q: 

{ 
7 
11 

q:::: 13 

17 

for 10 $ N2 $ 15, 
for 16 $ N2 $ 23, 
for 24 $ N2 $ 27, 
for 28 $ N2 $ 32. 

The maximal cardinalities found in this way are also displayed in Table 5.4. 
It should be noted that, due to computational restrictions, it is almast impossible to 
optimize the cardinality of the code P, for values of l that are larger than 9. For values 
of l, larger than 9, we used an arbitrary enlarged code to lower bound the cardinality 
of the code P . Hence the last column of Table 5.4 displays a lower bound on the 
achievable cardinality of the code P. 

5.3.5 Cardinality of P for Various Parameters 

In this subsectien we will give tables for the cardinality of the code P for various 
values of the parameters (d, k), N2, and /. Each of the Tables 5.5-5.9, contains the 
number of codeworcis of P of fixed length N2, consisting of exactly l runs, and the 
total number of codeworcis for a given value of N2. In case d == 1, we also added the 
maximal number of words that end with at least two zeroes. 
In all (nontrivial) cases, we found the cardinalities of the codes by computer search 
over all linear ternary codes of length l - 1, Lee di stance 3 and maximal dimension. 
The codeworcis of these codes were then enlarged by a fixed symbol [3,, depending 
on N 2 , l, and d. In order to keep the computer time and the table size limited, we 
restricted ourselves to 10 $ N2 $ 32 and 1 $ 9. Although we realize that we can get 
codes P of much higher cardinality for larger values of l, it is infeasible to check all 
linear codes of those large lengths. 
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Nz 'PFL 'Ps,J 'P 
10 1 7 11 
11 1 7 17 
12 2 13 25 
13 1 16 35 
14 4 26 50 
15 1 38 67 
16 8 46 96 
17 3 67 135 
18 15 103 186 
19 6 152 269 
20 29 237 384 
21 8 356 550 
22 56 553 798 
23 11 849 1157 
24 102 1191 1692 
25 18 1825 2475 
26 208 2826 3629 
27 32 4380 5405 
28 401 5636 8071 
29 52 8729 12053 
30 773 13656 18364 
31 79 21462 28080 
32 1490 32434 43011 

Table 5.4: Comparing various constructions. 
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I 
N2 3 4 5 6 7 8 9 totaal 
10 7 3 1 11 
11 7 6 2 15 
12 7 9 3 1 20 
13 7 10 8 2 27 
14 5 12 13 4 1 35 
15 4 14 16 10 2 46 
16 2 12 26 17 5 1 63 
17 1 11 36 26 13 3 90 
18 1 9 38 41 24 7 1 121 
19 6 45 56 43 19 3 172 
20 5 51 69 74 40 8 247 
21 2 44 84 112 73 23 338 
22 1 40 93 161 134 52 481 
23 1 36 94 220 224 107 682 
24 26 93 282 341 213 955 
25 17 87 329 504 387 1324 
26 13 74 373 705 656 1821 
27 8 64 406 918 1062 2458 
28 3 57 392 1150 1626 3228 
29 2 42 373 1375 2326 4118 
30 1 30 339 1546 3194 5110 
31 20 282 1665 4203 6170 
32 14 235 1715 5152 7116 
10 5 2 7 
11 6 3 1 10 
12 6 6 2 14 
13 6 8 3 1 18 
14 5 9 8 2 24 
15 4 11 12 4 1 32 
16 2 11 15 10 2 40 
17 1 10 25 16 5 1 58 
18 1 8 31 25 13 3 81 
19 6 34 39 23 7 1 110 
20 5 40 50 42 19 3 159 
21 2 40 62 72 39 8 223 
22 1 35 74 104 71 23 308 
23 1 31 77 150 130 51 440 
24 25 80 203 212 105 625 
25 16 85 244 320 208 873 
26 12 65 288 470 372 1207 
27 8 58 317 642 627 1652 
28 3 57 322 824 1006 2212 
29 2 38 317 1021 1513 2891 
30 1 29 288 1191 2147 3656 
31 20 247 1311 2910 4488 
32 13 218 1389 3761 5381 

Table 5.5: Cardinality of P for (d, k) = (1, 5). 
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I 
N2 3 4 5 6 7 8 9 totaal 
10 7 3 1 11 
11 9 6 2 17 
12 12 9 3 1 25 
13 13 12 8 2 35 
14 14 18 13 4 1 50 
15 15 22 18 10 2 67 
16 14 26 33 17 5 1 96 
17 13 32 46 28 13 3 135 
18 12 34 59 49 24 7 1 186 
19 9 36 85 72 45 19 3 269 
20 7 39 103 103 83 40 8 383 
21 5 36 123 150 134 76 23 547 
22 3 34 149 193 212 148 52 791 
23 2 32 162 246 326 259 110 1137 
24 1 26 172 318 467 428 228 1640 
25 22 179 364 651 699 431 2346 
26 18 172 419 882 1073 778 3342 
27 12 162 490 1137 1584 1360 4745 
28 9 149 506 1426 2289 2248 6627 
29 6 123 530 1752 3162 3586 9159 
30 3 103 565 2039 4234 5549 12493 
31 2 85 530 2327 5535 8226 16705 
32 1 59 506 2619 6973 11836 21994 
10 5 2 7 
11 7 3 1 11 
12 9 6 2 17 
13 11 9 3 1 24 
14 12 12 8 2 34 
15 13 17 13 4 1 48 
16 13 21 18 10 2 64 
17 12 25 32 17 5 1 92 
18 11 29 45 28 13 3 129 
19 9 31 58 48 24 7 1 178 
20 7 33 80 71 45 19 3 258 
21 5 33 98 101 82 40 8 367 
22 3 31 117 143 133 76 23 526 
23 2 29 136 186 209 147 52 761 
24 1 25 148 235 318 257 110 1094 
25 21 155 293 456 424 227 1576 
26 17 155 340 630 687 429 2258 
27 12 148 387 844 1052 773 3216 
28 9 136 434 1085 1548 1344 4556 
29 6 117 455 1347 2217 2219 6361 
30 3 98 476 1626 3050 3528 8781 
31 2 80 476 1895 4063 5425 11941 
32 1 58 455 2142 5260 8022 15938 

Table 5.6: Cardinality of P for (d, k) = (1, 7). 
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I 
N2 3 4 5 6 7 8 9 totaal 
10 2 2 
11 3 3 
12 5 1 6 
13 7 2 9 
14 9 3 12 
15 9 6 1 16 
16 9 9 2 20 
17 9 12 3 24 
18 7 14 8 1 30 
19 7 16 13 2 38 
20 5 18 18 4 45 
21 4 16 28 10 1 59 
22 2 16 38 17 2 75 
23 1 16 48 28 5 98 
24 1 13 57 43 13 1 128 
25 11 71 62 24 3 171 
26 9 85 85 45 7 231 
27 8 85 104 76 19 1 293 
28 5 85 131 122 40 3 386 
29 2 85 150 185 76 8 506 
30 2 76 155 258 140 23 654 
31 1 62 170 355 238 52 878 
32 48 170 457 383 110 1168 

Table 5. 7: Cardinality of 'P for ( d, k) = (2, 7). 
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I 
N2 3 4 5 6 7 8 9 totaal 
10 2 2 
11 3 3 
12 5 1 6 
13 7 2 9 
14 9 3 12 
15 12 6 1 19 
16 15 9 2 26 
17 18 12 3 33 
18 19 18 8 1 46 
19 20 24 13 2 59 
20 21 30 18 4 73 
21 20 36 33 10 1 100 
22 20 42 48 17 2 129 
23 19 48 63 28 5 163 
24 16 51 92 49 13 1 222 
25 15 54 121 74 24 3 291 
26 12 57 150 109 45 7 380 
27 10 54 190 158 83 19 1 515 
28 7 54 230 217 136 40 3 687 
29 5 54 270 290 220 76 8 923 
30 4 48 306 374 342 148 23 1245 
31 2 45 351 472 509 262 52 1693 
32 1 42 396 581 737 439 110 2306 

Table 5.8: Cardinality of P for (d, k) = (2, 10). 
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I 
N2 3 4 5 6 7 8 9 totaal 
10 2 2 
11 3 3 
12 5 1 6 
13 7 2 9 
14 9 3 12 
15 12 6 1 19 
16 15 9 2 26 
17 18 12 3 33 
18 22 18 8 1 49 
19 24 24 13 2 63 
20 26 30 18 4 iS 
21 28 40 33 10 1 112 
22 28 48 48 17 2 143 
23 28 56 63 28 5 180 
24 28 67 97 49 13 1 255 
25 26 74 129 i4 24 3 330 
26 24 81 161 109 45 7 427 
27 22 90 218 164 83 19 1 597 
28 18 93 267 227 136 40 3 784 
29 15 96 318 308 220 76 8 1041 
30 12 100 390 420 349 148 23 1442 
31 9 96 444 538 521 262 52 1922 
32 7 93 504 681 764 439 110 2598 

Table 5.9: Cardinality of 'P for (d, k) = (2, 11). 
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5.4 A New Constructionfora Fixed Length Sin
gle Peak-Shift Error Correcting Code 

The code P, described in Section 5.2, can be seen as a modification of the codes con
structed in [24]. The codeworcis of the codes constructed in [24} have variabie length, 
but the number of runs is constant. The modification is such that the codeworcis have 
both equallength and an equal number of runs. This is clone by enlarging the runs by 
a multiple of q zeroes. Doing so, the length of the codeworcis grows, but so does the 
number of codewords. 
In the following coristruction, this modification will be applied to the variabie length 
code Ps,1 (see Sectien 5.3.1). The code Ps,t has, like the code described in [24], variabie 
length codeworcis with a fixed number of runs. 
For our new construction of the single peak-shift error correcting code N we need two 
generating codes Ct and C2• The first generating code, C~, will he a ternary single 
error correcting Hamming metric based code2 , and the second generating code, C2 , 

will be a binary single error detecting Hamming metric based code. Code C1 will be 
used to eneode theeven numbered runs. Code C2 will be used to eneode the ( 4·i + 1)'1 

runs, i.e. run 1, run 5, run 9, etc .. 
From this it follows that, if {3 = (f3t,/32,···•f3t,) E C1, and 8 = (c5l,c52, ... ,c5t,) E C2, 
where lt = ll/2J, and /2 = fl/41, then the following worcis x will be generated by these 
two worcis 

where 

{ 
/3i + 3 "'Yi 

Xj = bj + 2·ê; 

arbitrary 

I 

if i := 0 (mod 2), 
if i := 1 (mod 4), 
if i = 3 (mod 4). 

We assume that x has length N2 , i.e. L: x; = N2 - [. (d + 1), and that x is (d, k)
i=t 

constrained, i.e. 0 :5 x; :5 k- d. In other words, if x E N, then 

Example 5.10 

( X2 mod 3, X4 mod 3, ... , X2.11 mod 3) E C1, and 

(xt mod 2, Xs mod 2, 0 0 0 'X,t-12-3 mod 2) E c2. 

Suppose I = 9, N2 = 32, and ( d, k) = (1, 5). Let Ct be the code of length 4, generated by 

( 1 011 1) 
0 1 1 2 

and let C2 be the even weight code of length 3. The word 

X= 10001000001010001000010101000100 

is a codeword of N, generated by (1, 2, 0, 2) E Cr, and (0, 1, 1) E C2 • Moreover (1, 2, 0, 2) 
and (0, 1, 1) generate 74 codewordsof N. The total cardinality of Nis 6715. • 

2The code Ct is ba.sed on the Hamming metric, even if we want to correct a single error of maximal 
size (q- 1)/2. In that case Ct should he a q-ary single error correcting Hamming metric based code, 
i.e. Ct has minimal Hamming distance 3. If Ct would be a Lee metric based code, then the minimal 
Lee distance should be (2 · s + 1), hence we can correct more error patterns than weneed to. 
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A peak-shift error wil! always corrupt exactly one even numbered run, except if the 
number of runs is odd and the first one of a codeword is corrupted by a peak~shift 
error. We will come back later to this special case. For the moment we will assume 
that either the number of runs is even, or the first one is not affected by a peak-shift 
error. A decading algorithm of C1 will be used to determine which (even numbered) 
run is affected. Withoutlossof generality assume that run 2·j is affected by the error, 
i.e. either the (2 · j)th or the (2 · j + 1)•1 one is shifted. Suppose that j is even (the 
case that j is odd can be treated similarly), i.e. j = 2 · k. If the (4 · k + 1)•1 one 
was shifted, then the length of the ( 4 · k + 1 ).t run is incorrect, hence this would be 
detected, because the length of this run is restricted by code c2. If the ( 4. k rh one is 
shifted, the length of the ( 4 · k - 1 )•1 run is incorrect, bence no error will be detected 
by code c2. 
We see tbat code C1 is used to determine the approximate position of the peak-sbift 
error and code C2 is then used to determine tbe exact position. After determining the 
exact position of the peak-shift error, code C1 will be used to determine its direction. 
In case tbe number I of runs is odd and the first one of a codeword is sbifted, code C2 

will detect an error, but code C1 will detect a correct codeword. Hence tbe position 
of tbe error is determined and tbe direction is determined by camparing the lengtb of 
the received word to tbe length of the codewords of ./1!. 
Because C2 is a binary single error detecting code, tbe most obvious cboice for C2 is 
the even weight code of length 12 and dimension 12 - 1. 
In Chapter 4, enlarging the generating code C9 (so that more codewords could be used 
to generate (d, k)-constrained codewords) could he used to increase tbe cardinality of 
the code S, because then all codeworcis of tbe generating code could generate ( d, k )
constrained codewords. In the new construction, the length of the i 1h run can be 
chosen arbitrarily if i= 3 (mod 4). Hence already all codewordsof the two generating 
codes cl and c2 can be used to generate codewords of ./1!, so we will not enlarge the 
codeworcis of the generating codes. 
Using more pairs of generating codes is still a valid way of increasing the cardinality 
of the code ./1!. Like before, the number of ones detected in tbe first N2 bits wil! be 
an indication for the pair of generating codes that is used. Because we only want to 
correct a single peak-sbift error of size 1, we see that we may use all possible lengtbs l if 
d ~ 2. In that case we must also use the value of the last bit to be able to discriminate 
between various pairs of generating codes. In case d = 1, the lengtbs sbould differ at 
least 2, unless we restriet ourselves to codewords that end with at least two zeroes, in 
wbich case we may again use all possible lengths. 
If look ahead is allowed during decoding, we may use all possible lengtbs I and have 
no restrietion on the numbers of zeroes of the last run of (1, k)-constrained words. 

Example 5.11 
Let (d,k) = (1,5), and N2 = 18. Code M contains wordsof weight 3,5,7, and 9, code Af2 

contains words of weight 3 up to 9, but all codewords end with at least two zeroes. Finally 
code N3 conta.ins words of weight 3 up to 9, with no restrietion on the number of zeroes in 
the last run, i.e. we assume that look ahead is allowed during decoding. For the cardinality 
I M I for code .M we find 

I N1 I = 1 + 29 + 27 + 1 = 58, 

I N2 I = 1 + 4 + 26 + 18 + 15 + o + 1 = 65, 
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I N3 I = 1 + 8 + 29 + 34 + 21 + 6 + 1 = 106. 

• 
From the example above, we see that the cardinality of the new codes is not always 
as high as the cardinality of the codes P. In the example above, for l ~ 6, the first 
construction · yielded larger codes than the new construct ion. For larger parameters, 
the cardinalities of the new codescan be much higher, for example for (d, k) = (1, 7), 
N 2 = 25, and l = 7, we have I P I= 467, while IN I= 778, which is over 66% higher. 
The optima! cardinalities of the new codes Nare calculated for various parameters of 
(d, k), lengtbs N2 up to 32, and number of runslat least 3. The optimal cardinalities 
are displayed in the following tables. 
To optimize the cardinality of a single peak-shift error correcting code, it is best to 
combine both constructions. Given fixed values of d, k, and N2 , the choice whether to 
use P or N depends on the value of l. 

Example 5.12 
Forthelast time let (d,k) = (1,5) , and N2 = 18. In Table 5.10 the maximal cardinalities 
are displayed. for various lengths I, both with and without look ahead. 

No look ahead Look ahead 
I code cardinality code cardinality 
3 - 1 - 1 
4 p 8 p 9 
5 p 31 p 38 
6 p 25 p 41 
7 N 15 N 27 
8 p 3 p 7 
9 - 1 - 1 

Table 5.10: Table for optima! choices. 

• 
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N2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 tot aal 
10 4 2 1 7 
11 4 4 1 9 
12 4 5 4 1 14 
13 4 6 6 1 17 
14 3 7 11 4 1 26 
15 2 8 16 8 2 36 
16 1 7 20 13 6 1 48 
17 1 6 27 24 14 2 74 
18 5 29 34 27 6 1 102 
19 4 30 51 50 15 2 152 
20 2 29 69 83 32 9 1 225 
21 1 27 80 130 65 21 2 326 
22 1 20 103 191 121 SI 9 1 497 
23 16" 109 258 214 11 2 23 3 735 
24 11 111 337 352 221 53 12 1 1098 
25 6 109 412 542 420 121 35 3 1648 
26 4 103 472 788 741 242 87 12 1 2450 
27 1 80 512 1083 1231 471 207 37 3 3625 
28 1 69 535 1393 1929 853 447 94 16 1 5338 
29 51 512 1695 2867 1452 909 235 49 3 7773 
30 34 472 1958 4011 2349 1740 534 138 16 1 11253 
31 24 412 2124 5328 3608 3139 1142 367 52 4 16200 
32 13 337 2181 6715 5242 5367 2323 875 146 20 1 23220 

10 3 3 
11 4 1 5 
12 4 1 2 7 
13 4 2 3 9 
14 3 3 7 13 
15 2 4 12 2 1 21 
16 1 4 16 4 2 27 
17 1 4 23 10 7 45 
18 4 26 18 15 63 
19 3 28 32 30 3 96 
20 2 28 49 56 8 3 146 
21 1 26 61 91 23 7 209 
22 1 20 87 142 55 21 326 
23 16 95 204 113 53 3 l 485 
24 11 102 272 212 114 9 3 723 
25 6 103 348 357 236 33 13 1096 
26 4 99 411 563 445 81 37 1640 
27 1 79 459 821 790 193 95 4 2442 
28 1 68 488 1111 1307 411 227 14 4 3631 
29 51 482 1409 2044 790 489 55 13 5333 
30 34 448 1688 2990 1416 999 164 47 7786 
31 24 399 1885 4141 2355 1908 424 148 4 1 11289 
32 13 329 1984 5409 3656 3438 1014 376 17 4 16241r 

Table 5.11: Cardinality of N f lt~.-{f, 5YV' ' 
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N2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 totaal 
10 4 2 1 7 
11 5 4 1 10 
12 7 5 4 1 17 
13 7 7 6 1 21 
14 8 11 11 4 1 35 
15 8 12 17 8 2 47 
16 8 15 27 13 6 1 70 
17 7 18 36 25 14 2 102 
18 7 19 50 42 27 6 1 152 
19 5 20 63 61 52 15 2 218 
20 4 22 79 96 94 32 9 I 337 
21 3 20 90 134 154 67 21 2 491 
22 2 19 107 183 249 133 51 9 1 754 
23 1 18 113 237 379 243 114 23 3 1131 
24 1 15 121 306 554 430 238 53 12 1 1731 
25 12 123 366 778 724 465 123 35 3 2629 
26 11 121 432 1059 1164 875 260 87 12 1 4022 
27 7 113 492 1383 1796 1557 SIS 210 37 3 6116 
28 5 107 538 1748 2669 2667 998 470 94 16 1 9313 
29 4 90 566 2142 3813 4368 1816 987 238 49 3 14076 
30 2 79 583 2539 5259 6898 3183 1983 558 138 16 1 21239 
31 1 63 566 2927 7009 10482 5357 3790 1223 370 52 4 31844 
32 1 50 538 3277 9031 15390 8693 6951 2585 906 146 20 1 47589 

10 3 3 
11 4 1 5 
12 6 1 2 9 
13 6 2 2 10 
14 8 4 6 18 
15 7 5 10 2 1 25 
16 8 7 17 2 2 36 
17 7 10 25 8 6 56 
18 7 11 37 17 14 86 
19 5 13 48 27 27 2 122 
20 4 15 64 50 53 6 3 195 
21 3 15 75 79 94 19 6 291 
22 2 15 92 114 157 47 19 446 
23 1 15 100 161 252 102 47 3 1 682 

'{ 
24 I 13 110 220 383 206 106 6 3 1048 
25 11 113 276 562 384 225 27 12 1610 
26 10 114 340 786 669 454 69 35 2477 
27 7 108 402 1064 1107 855 165 87 3 3798 

\ 
i 

28 5 103 452 1389 1738 1550 376 211 11 4 5839 
29 4 88 490 1743 2607 2665 782 472 45 12 8908 
30 2 78 514 2133 3750 4401 1514 997 138 44 13571 

) 
r ~ 

' ( 

~-~ 1 62 511 2510 5186 6964 2781 2006 369 136 4 1 20531 
1 50 m 2865 6914 10614 4845 3846 916 349 13 4 30909 

V ~Tab}s:l-2_. ina.lity of .N for (d, k) = (1, 7). 



N2 3 4 5 6 
10 1 
11 2 
12 3 1 
13 4 1 
14 5 2 
15 4 4 1 
16 5 5 1 
17 4 7 4 
18 3 7 6 1 
19 2 9 11 1 
20 1 9 17 4 
21 1 7 22 8 
22 7 32 13 
23 5 35 25 
24 4 43 36 
25 2 44 56 
26 1 44 77 
27 1 43 100 
28 35 131 
29 32 152 
30 22 181 
31 17 198 
32 11 217 

I 
7 8 9 

I 
2 
6 

14 1 
27 2 
52 6 
87 15 1 

142 32 2 
215 67 9 
307 125 21 
425 229 51 
552 390 114 

10 totaAl 
1 
2 
4 
5 
7 
9 

11 
15 
17 
23 
31 
39 
54 
71 
98 

131 
180 
247 
342 
475 

1 657 
2 922 
9 1293 

I 
I 
I 

( 
t 

i 

J 

( 

Table 5.13: Cardinality of .N for (d, k) = (2, 7). I 
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N2 3 4 5 6 7 8 9 10 totaal 
10 1 1 
11 2 2 
12 3 1 4 
13 4 1 5 
14 5 2 7 
15 7 4 1 12 
16 8 5 1 14 
17 10 7 4 21 
18 10 11 6 1 28 
19 11 13 11 1 36 
20 11 17 17 4 49 
21 11 20 27 8 1 67 
22 10 23 37 13 2 85 
23 10 26 55 25 6 122 
24 8 28 70 42 14 1 163 
25 7 29 92 62 27 2 219 
26 5 31 113 101 52 6 308 
27 4 29 138 144 94 15 1 425 
28 3 28 157 201 156 32 2 579 
29 2 26 184 282 257 67 9 827 
30 1 23 198 372 400 133 21 1 1149 
31 1 20 215 475 600 245 51 2 1609 
32 17 221 613 878 438 114 9 2290 

Table 5.14: Cardinality of N for (d, k) = (2, 10). 
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N2 3 4 5 6 7 8 9 10 totaal 
10 1 1 
11 2 2 
12 3 1 4 
13 4 1 5 
14 5 2 7 
15 7 4 1 12 
16 8 5 1 14 
17 10 7 4 21 
18 12 11 6 1 30 
19 12 13 11 1 37 
20 14 17 17 4 52 
21 14 23 27 8 1 73 
22 14 25 37 13 2 91 
23 14 31 55 25 6 131 
24 14 36 73 42 14 1 180 
25 12 38 96 62 27 2 237 
26 12 43 126 101 52 6 340 
27 10 47 154 148 94 15 1 469 
28 8 46 190 206 156 32 2 640 
29 7 50 226 299 257 67 9 915 
30 5 50 264 398 405 133 21 1 1277 
31 4 46 299 525 610 245 51 2 1782 
32 3 47 341 690 908 438 114 9 2550 

Ta bie 5.15: Cardinality of .N for ( d, k) = (2, 11 ). 
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Chapter 6 

Soft Decision Decading 

6.1 Introduetion 

As mentioned before, in a receiving system the elapsed time between the detection of 
consecutive transitions is a measure for the number of zeroes between the correspond
ing ones. 
In a modern receiving system, at certain fixed times the receiver determines, by the 
amplitude of the read back signa!, whether a zero or a one is detected (see [50]) . If 
at these, so-called loek times, the amplitude is above some threshold value, a one is 
detected. If it is below the threshold value, a zero is detected. So, in this situation 
it is merely determined whether a peak occurs in the neighbourhood of a loek time. 
Therefore, when using loek times, not the exact elapsed time between two peaks is 
determined. Because loek times occur after fixed intervals of time, the elapsed time 
between detection of consecutive transitions gives rise to an integer number of zeroes 
between consecutive ones. 
If the receiving system is designed in such a way that the exact position of a transition is 
determined, the elapsed time between transitions wil! give rise to a real-valued number 
of zeroes between consecutive ones. In this case the receiving system shall constantly 
determine the amplitude of the read back signa!, and from that information the exact 
positions of the transitions will be determined. 
If, for example, we detect "4.1 zeroes" between two consecutive transitions, it is most 
likely that this should be 4 zeroes instead of 5. If, however, we detect "4.45 zeroes", 
it is almost equally likely that the correct run has 4 or 5 zeroes, but it is unlikely that 
the original run has 3 zeroes. In case the receiving system uses loek times to determine 
the positions of the peaks, most likely 4 zeroes will be detected. In this case tbe events 
that the original run has 3 zeroes or that it has 5 zeroes are equally likely. ,...,("'-
If we use the extra information on the "exact" number of zero,es-quri decóding, w 
say that we perform soft decision decoding. ., ~ '\ \ ('... 
The outline of the remainder of this chapter is 1 follows. First we wiJl describe the ~ 
encoding and decading algorithm (Section 6.2) of (d, k)-constrained code .C, capable 
of correcting insertions and deletions of zer'fs. After that, we wiJl focus on Soft 
Decision Decoding. Terminology and basic _ideas will be introduced in Sectien 6.3. In 
Section 6.4 we wiJl first describe two know.n-fmplementations of Soft Decision Decoding, 
foliowed by our new description. In t~e next sectiori, this new implementation is 
made more efficient. Throughout Sf tions 6.3-6.5, we assume the generating code 
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C2 to be a linear binary code, but in Section 6.6 Soft Decision Decading will be 
applied to nonlinear binary codes, and finally in Section 6. 7 the performance of the 
new implementation is evaluated when the generating code is either a (linear) binary 
Hamming code or a (nonlinear) Preparata code. 
Throughout Sections 6.3-6.7 we will give a general description of Soft Decision Decod
ing of binary codes. The implementation of Soft Decision Decading will not he related 
to RLL codes, but in Section 6.2 we will describe how Soft Decision Decoding can he 
applied to RLL codes. One of the differences between the general desoription and our 
application is that, in the general description, we assume that the er~or components 
are independent, normally distributed random variables with mean 0 and varianee u2 • 

In our application we make the same assumption. However, a first step in the decoding 
algorithm involves a roodulo 2 reduction of the lengthof the received run, so after this 
reduction the error components are no langer normally distributed random variables. 
We will show that, with some minor adaptations, the general decoding algorithm can 
also he applied to RLL codes to perform soft decision decoding. Whenever there 
are differences between the general treatment of Soft Decision Decodirtg and the spe
cific version needed for RLL codes, these differences will be displayed between square 
brackets and in a different type style, e.g. [differences between general treatment and 
specific versionJ. 

6.2 Encoding and Decading the Runlength-Limi
ted Code 

Encoding the RLL code C is clone in the same way as in Chapter 4 (for inser
tion/deletion correcting RLL codes). Soa codeword {3 of the generating code directly 
generates (d, k)-constrained codewords. In this chapter we wiJl always assume that 
the generating code Cq is a binary linear code, i.e. q = 2. Therefore a codeword of 
the generating code C2 only prescribes the parities of the runlengths. For example if 
{3 = ( 1, 0, 0, 1, 1, 0, 0) E C2, and d = 2, then the lengths of the runs of the codeworcis 
of 1:, generaled by {3 will be even for the 2nd' 3rd' 61h' and 71h run and odd for the 1'1 ' 

4th, and 51h run. 
Decoding the RLL code is more difficult than before. Take {3 E C2 and let x E C be 
generated by {3 . Then x has the form 

where l is the length of C2. Assume that the lï are chosen such that the length of x is 
. ,-~-?;ris still (d, k)-constrained. Suppose that the elapsed time between detection 

of the i1 np.,f)}e (.é-':fi_t transition would give rise to ri zeroes, where ri E JR. Then 
.n t we still denote t'hl received E!etor..,x' by 

I ·~ . ' 

although this notation is actually in co eet. Comparing the structure of x and x', 
we see that ri = d + f3i + 2 "/i+ ei, for ~e real error component ei. We assume 
that the error components ei are independe!jt, normally distributed random variables 
with mean 0 and varianee u 2 • If u 2 is smal[, t e probability that the size of the error 

' 
132 c 

J 



is larger than ( or equal to) one is negligible, so in the sequel of this section we will 
assume that I e; I< 1. 
Decoding will now be done as follows. First subtract d from r;, and then subtract 
a multiple of 2, such that the resulting value J; lies between -1/2 and 3/2, where 
-1/2 is excluded and 3/2 is included. Note that if the value of e; = 0, then fï =Ik 
Next the vector f = (ft,h, ... ,!l) E (-1/2,3/2]1 is corrected toa codeword a of 
the generating code c2, using the soft decision decoding algorithm presented in the 
subsequent sections. The difference between a and f is used to retrieve the correct 
RLL codeword x. 
To find x, we first define the difference vector 6 = ( 61, 62, • • • , 5z) by 

{ 

O:i- fï 
5; = ( O:j - J;) - 2 

(o:;- J;) + 2 

if I o:;- !i Is; 1, 
if (o:;- J;) > 1, 
if (o:;-J;)<-1. 

Because o:; E {0,1} and fï E (-1/2,3/2], we know that 5; E [-1,1]. Next the integer
valued vector 7 = (71 , 72 , ..• , 7t) is defined by r; = r; + Ói. The vector 

will be the corrected version of the received vector x'. Observe that if o:; = {3;, then 
(r;- d) mod 2 = /3;. Note that I ei I< 1, i.e. Ie;+ 5; I< 2, and that 

r; = ri + Ói = d + {3; + 2 ·/i+ (ei+ 5;). 

From these observations it follows that if o:; = /3i, then ei + Ó; = 0, hence we have 
r; = d + /3; + 2 ·/i, i.e. the ith run is decoded correctly. 
If, on the other hand o:; # /3;, then we can see in the same way that r; = d+ f3i + 2·ri ± 1. 
Moreover, if sgn(ei) denotes the sign of ei, then 7i = d + {3; + 2 ·/i+ sgn(e;). If, by 
accident, ei = 0, but still o:; # /3;, then it is easy to check that 

7j = d + (3; + 2 • /i + ( -} ).6; , 

due to the definition of 5;. 
From the above it follows that if a coordinate of the codeword of the generating code 
is not reecvered correctly, then also the length of the corresponding run is not reecv
ered correctly. In other words, the bit error probability when performing maximum 
likelibood soft decision decoding is equal to the probability that the length of a trans
mitted run is retrieved correctly. We will take a closer look at the bit error probability 
in Section 6. 7. A logica! result is that if the soft decision decoding algorithm finds 
the correct generating codeword, then the received word x' will he corrected to the 
transmitted codeword x. 

6.3 Introduetion to Soft Decision Decading 

We consider a situat ion where codeworcis of a binary linear codeCare transmi tted over 
a Gaussian channel. [Aithough we want soft decision decoding of the RLL code C, in the 
sequel C wiJl play the role of the generating code C2 .] Hence, when a codewordcis sent, a 
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word r with real components ri = ci+ni is received; the ni's are independent, normally 
distributed random variables with mean zero and varianee a 2 • (In our application we 
assume that the differences in the lengths of the transmitted runs and the received runs 
are independent, normally distributed random variables with mean 0 and varianee a 2 . The 
assumption in the previous section that the size of the error component is at most 1 is 
merely a restrietion imposed to ensure that if a certain coordinate of the generating code 
is decoded correctly, then also the length of the corresponding run is reecvered correctly. 
lf the varianee a 2 is small, the probability that one (or more) of the error components has 
size larger than one is negligible.] The problem is to retrieve c from r. 
When performing maximum likelihood soft decision decoding to do so, a codeword c' 
is determined that maximizes the conditionat probability that c' was sent, given the 
received vector r. It is well known [2, Chapter 15] that c' is a codeword with minimal 
Euclidean distance to r, that is, c' minimizes 

n 

d~ucl(c', r) = L::Cc:- ri)2 • (6.1) 
i=1 

[Actually we want this to hold for the RLL code C and not for the generating code C2 .] In 
general it is difficult to find a codeword minimizing the Euclidian distance tor, but it 
is easy to find the binary string b that minimizes d~ucl(b, r): its components are 

bi = { 0 ~f Ti ~ 0.5, 
1 If Ti > 0.5. 

(6.2) 

[In our application we can round the coordinates of f in the same way, except that in our 
case the coordinates are restricted between -1/2 and 3/2.] If bis a codeword, c' = b; if 
b rf. C, we wiJl invert one or more of its bits such that the resulting string is a codeword. 
However, inverting bi to bi EB 1 increases d1ucl(b, r) with 11 - 2 · ri I· (Because we want 
to apply soft decision decoding to the RLL code C, and not to the generating code C2 , 

the increase of 4uc~(b, r) due to inverting a coordinate of a codeword of the generating 
code is slightly more complicated . We will come back to this shortly.] Hence, in order to 
find c', we have todetermine a set of positions I minimizing 

L:: l1-2·ri 1 (6.3) 
iEl 

under the condition that inverting b on the positions in I yields a cod~word. 
The positions in I correspond toa set of columns of the code's parity check matrix H 
that add up to the syndrome sof b. To minimize (6.3) , the columns in this set should 
be linearly independent, i.e. the column set should not contain any nontrivial subset 
summing to zero. Hence, if a certain column occurs more than once in H, only one 
of its copies may be chosen as an element of the column set corresponding to I. The 
copy that wil! be chosen is the one with the smallest contribution to the summation 
(6.3). In the sequel we wil! assume H not to have repeated columns. Equivalently, we 
assume that C has minimum distance at least 3. 
The observations above lead to the following maximum likelihood soft decision decod
ing algorithm fora binary linear code C of length n (cf. [52]): 
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Algorithm 6.1 

1. Determine the binary vector b with minimal Euclidean distance to r. 

!2. Delermine the syndrome s of b using the code 's parity check matrix H. 

S. IJs = 0 then output c' = b and stop. 

4- IJs -::f:. 0 then 

(a) Assign to the ith column of H the cost J.L; =11 - 2 · r; I, for i= 1, 2, ... , n. 

(b) Find a set of (linearly independent) columns of H which add up tos, such 
that the sum of the costs of these columns is minima[. 

(c} Invert b on the positions corresponding to these columns. 

( d} Let c' he the result and output c'. 

[In our application the costs J.Li assigned to the i 1h column of H are defined differently, due 
to the module 2 eperation when transforming a runlength to a real number in the range 
(-1/2,3/2]. To eliminate this operation, we should use the cost function that is defined 
as fellows: 

{ 
l + 2 · r; 

J.L• = I 1 - 2 · r, 1 

3-2 · r; 

if - l/2 < r; ~ 0, 
if 0 < r;::; 1, 
if 1 < r; ::; 3/2. 

For example if r; = -0.3, then this value would be rounded to b; = 0, and the Euclidean 
distance between -0.3 and 0 is 0.09. When changing b; to 1, then the Euclidean distance 
should not betaken between -0.3 and 1, but between ( -0.3 + 2) and 1, i.e. the distance 
is not 1.69 but 0.49. The reason for this is that in this way the effect of the modulo 
2 operatien is eliminated .] We want to emphasize that this algorithm outputs the 
codeword dosest to r among all codeworcis (as in [10]). The usual approach ([8],[42]) 
is to look for a codeword that is ciosest to r with sufficiently high probability. 

6.4 Implementations 

Befare discussing the implementation of the algorithm above by Snyders and Be'ery 
([52]), and the implementation based on Bours' [4], we introducesome terminology. 
A set of columns of H will be called a column pattern. lts weight is the number of 
columns in the set. The costof a column pattem is defined as the sum of the casts of 
the columns in the pattem. A column pattem is cheaper than another one if its cost is 
lower; it is said to be more expensive if its cost is higher. An error patternis a column 
pattem of which the columns sum to the syndrome s of b. The codeword obtained by 
applying hard decision decadingtob wil! be denoted by bHvi define eHD = b ffi bHD· 
One may transfarm b into a codeword by simply performing hard decision decoding. 
The cost of this approach is 

CHv= L J.L;. (6.4) 
i:(enD);=l 
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Column patterns containing columns of H with cost CHD or more do not have to be 
considered when minimizing (6.1), since the costof such column patterns exceeds the 
cost of hard decision decoding. Let A be the set consisting of the columns of H with 
cost not exceeding CHD· We assume the columns of A to be ordered such that their 
costs are non-decreasing. Let a denote the number of columns of A. Each column 
pattem can be represented by a binary vector of length a, the i111 bit of which is a one 
if and only if the i111 column of A belongs to the pattern. 

6.4.1 Two Known lmplementations 

The implementation proposed in (52] is to check (a subset of) the error patterns con
sisting of columns of A . Given the syndrome s of b, the error patterns consisting of 
two columns only can be generated; from these patterns of weight two it is possible to 
construct the error patterns of weight three, etc .. In (52] a branch and bound rule is 
proposed to decrease the number of error patterns to be considered. 
The implementation presented in (4], to which we will refer as the binary tree im
p/ementation, also checks patterns consisting of columns of A . However, instead of 
restricting itself to error patterns, the implementation in principle considers all possi
bie column patterns. This increases the number of candidate patterns, but it allows a 
more efficient use of branch and bound techniques. 
The order in which the column patterns are considered is determined by a particularly 
labeled directed binary tree; the construction of this tree, and the labeling of its nocles 
is given by the Tree Construction Rule. 

Rule 6.1 (Tree Construction Rule) 
The root of the binary tree is /abe/ed 10 . .. 0, where the label has length a. Nodes 
with label e1 e2 ... e; 100 . .. 0, 0 :::; i :::; a - 2, have two outgoing branches; the left one 
goes to the node with label e1e2 ... e;llO . .. 0, and the right one to the node labeled 
e1e2 . . . e;010 . . . 0 . Nodes with label e1e2 ... ea-11 are endpoints. 

A labeled tree in the case a= 4 is shown in Figure 6.1. 
We say that node Tf succeeds node e ( or, equivalently, that node e preeed es node Tf) if 
Tf is on a higher level in the tree than e, and if Tf can be reached from e by "following" 
only ascending branches of the tree. 
We identify the nocles in the tree with the column patterns represented by their labels. 
The following theorem, and the branching and bounding rule it implies, can easily be 
proved from the Tree Construction Rule. 

Theorem 6. 2 Every node in the binary tree is cheaper than all its successors. 

Rule 6.3 IJ a column pattern is more expensive than the cheapest error pattern yet 
found, or if it is an error pattern and cheaper than the cheapest error pattern yet found, 
its successors need not be checked. 

In the sequel we say that a column pattern is cheap enough if it is cheaper than the 
cheapest error pattern yet found; it is said to be too expensive otherwise. 
To consider the column patterns in a binary tree, we use depth first search. We 
start checking the pattern corresponding to the root of the tree. Having checked 
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level 

4 

3 

2 

1 

Figure 6.1: Binary tree in the case a= 4. 

a pattern, we first consider the column patterns in its left subtree (i.e. the subtree 
reached by following the left outgoing branch), and then the patterns in the right 
subtree. When checking the column patterns in a subtree, we can follow the same 
procedure. Endpoints of tbe tree are considered to have empty subtrees. 

Example 6.1 
The order in which the column patterns in the binary tree of Figure 6.1 are considered, is 
the following: 1000, 1100, 1110, 1111, 1101, 1010, 1011, 1001,0100,0110,0111,0101, 0010, 
0011, 0001. • 

As the weight of eHD is minimal among all error patterns (by tbe definition of hard 
decision decoding), we do not need to check column patterns of weight less than tbe 
weight of eHD· Furthermore, we can exclude patterns consisting of more than n- k 
columns, where k is the dirneusion of the considered code. This is so because the 
parity check matrix H has height n- k, so any (n- k + 1)-tuple of its columns must 
contain linear dependencies. 
The number of checked column patterns is bounded above by 

n-k (n) L: .. 
i=2 t 

For Hamming codes we have n-k = log(n), hence the worst case number of considered 
patterns is asymptotically bounded above by 

( n ) "' 2log2 (n). 
log(n) 

Simuiatien results for both Snyders' and the implementation above, applied to Ham
ming codes of various lengths, can be found in Sectien 6.7. Typically the number 
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of nodes to be checked depends on the received vector r, so the average number of 
nodes to be checked depends on the reliability of the channel, i.e. the varianee of the 
Gaussian distribution. 
However, once a column pattem is found to be too expensive, not only the pattems 
succeeding it in the tree, but far more pattems can be seen to be too expensive. For 
instance, if the pattem represented by 10100 is too expensive, so are 01100, 01011, 
01111, and fiJteen other patterns that are not successors of 10100! 
This observation makes it worthwhile to look for a better implementation of the com
plete maximum likelibood soft decision decoding algorithm. 

6.4.2 A New lmplementation 

The new implementation is based on the same idea as the binary tree implementa
tion: it determines whether a column pattem consisting of columns of A is cheap 
enough, and, if so, it checks if this pattem is an error pattem. However, instead of 
using a binary tree to determine the order in which the column patterns are checked, 
another graph is used, allowing a more efficient use of branching and bound.ing. The 
construction of the graph is described by the Graph Construction Rule. 

level 
10 1111 

9 0111 

8 1011 

7 1101 0011 

6 ll10 0101 

5 0110 1001 

4 1010 0001 

3 1100 0010 

2 

1 

Figure 6.2: Graph in the case a = 4. 
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Rule 6.4 (Graph Construction Rule) 
The root of the graph, i.e. the node on level 1, is labeled 10 ... 0, where the label has 
length a. A node ê with label e = e1 e2 ... ea on level j of the graph may have two types 
of immediate successors: 

type 1: if e = Oe2e3 ... ea, ê has a successor on level j + 1 with label1e2e3 •• • ea; 

type 2: if e = e1e2 ... e;•-t10ei'+2 ... ea forsome i', 1 ~ i'~ a- 1, ê has a successor 
on level j + 1 labeled e1e2 ... e;•-101ei'+2 ... e4 • 

Example 6.2 
Let a= 8. The node with label 01101110 bas successors 11101110 (type 1), 01011110 (type 
2), and 01101101 (type 2). The node labeled 11111000 has only one successar with label 
11110100 (type 2). • 

Figure 6.2 shows the resulting graph in the case a = 4. 
From the Graph Construction Rule it is not immediately clear that each node lies on 
a unique and well-defined level in the graph. However ,as shown in Theorem 6.5, the 
level of a node is uniquely determined by its label. 

Theerem 6.5 The level of a node with label e (of length a) equals 

a 

L>·e;. (6.5) 
i=l 

Pro of: 
The statement is trivially true for the root 10 ... 0 of the graph. Let (6.5) be proved 
for all nocles up to level j. Consider a node e with label e = e 1e2 ... ea, which is a 
successar of a node with label d = d1 d2 ••• da on level j. If e is a successor of d of type 
1, we have 

a a a a. 

I>. e; = 1 + I>. e; = 1 + L>. d; = 1 + r>. d; = i + 1. 
i=l i=2 i=2 i=l 

If e is a successor of type 2, there is an i', 1 ~ i' ~ a- 1 such that 

a i'-1 a 

I: i· e; = I> · e;+ 0 + (i' + 1) + 2: i · e; = 
i=l i=l i=i'+2 

1 + (ii: i . d; + i' + 0 + t i . d;) 
i=l i=i'+2 

a 

l+L::i·d;=j+l. 
i=l 

From the above we conclude that e is a node on level j + 1. 0 

As before, we identify the nocles of the graph with the column patterns represented 
by their labels. 
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From the Graph Construction Rule we have that every successar of a given pattem is 
at least as expensive as that pattem itself. Furthermore, all immediate predecessors 
of a column pattem on level j are on level j- 1, and all its immediate successors are 
on level j + 1. Each node ( except for the graph's root) has at least one immediate 
predecessor, and (except the top node) at least one immediate successor. This yields 
the following rule for branching and bounding. 

Rule 6.6 Ij all column patterns on a certain level are too expensive, so are all patterns 
on higher levels; they need not be checked. 

We apply Rule 6.6 by going through the successive levels of the graph, until a level is 
found on which all column pattems are too expensive. This, however, requires a way 
to construct these levels. 
lt tums out that Theorem 6.5 makes it easy to generate all labels on level j of the 
tree in reversed lexicographical order. The first one is found in two steps, using the 
following procedure. 

Procedure 6.2 
First start with a binary string e = 11 ... 10 ... 0 consisting of u ones foliowed by a- u 
zeroes, where u is minimal under the condition that 

u 

s =I> '2: j. 
i=l 

Ij S = j, e is the first label on level j; ij S > j, the first label on level j is found by 
inverting coordinate S- j of e . 

It is obvious that the procedure above indeed gives the (reversed lexicographic) first 
label on level j. 

Example 6.3 
4 

Let a = 7. To find the first label on level j = 13 of the graph, notice that I: i = 10 < 13, 
i=l 

5 
and I: i= 15 ~ 13, sou= 5 and S = 15 > 13 = j. Hence, the label results frorn the binary 

i=l 
string 1111100 by inverting coordinate S- j = 2, yielding 1011100. • 

Ha ving found a label e on level j, the lexicographically next is determined using the 
next procedure. 

Procedure 6.3 
Reading from left to right, find the first 0 following the second 1 in label e; ij such a 
0 cannot be found, e is the reversed lexicographically last label on level j. Otherwise, 
rep/ace that 0 by a 1, and replace the bits of e preceding it by zeroes. Add the indices 
of the ones in the resulting string; let their sum be A. Now set the first u bits of the 

string to 1, where u is minimal under the condition that S = Ë i '2: j-A. Finally, ij 
i=l 

S >j-A invert coordinate S- (j - A). 
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Example 6.4 
Let a= 7. The node with label e = 1011100 is on level 13 of the graph. To determine the 
lexicographically next label on that level1 we praeeed as follows. The first 0 succeeding the 
second 1 in eis on position 6. We replace that 0 by a 11 and we replace the first five bits of 

3 4 
e by zeroes, yielcling 0000010, and A= 6. As :L i= 6 < (13- 6) and L: i= 10 > (13- 6) 

i=l i=l 
we have u = 4 and S = 10 > (13- 6) = j - A. Setting the first u = 4 bits of 0000010 to 
1 yields 1111010. The lexicographical successar of eis now found by inverting coordinate 
S- (j-A)= 3 of 1111010, which results in 1101010. • 

It should be noted that this implementation, to which we will refer as the graph 
implementation, will not necessarily decode each possible received word r at least as 
fast as the binary tree implementation. 
We refer to Section 6. 7 for simulation results. 

6.5 Making the New Implementation More Effi
cient 

It is straightforward that Rule 6.3 is not only applicable to the binary tree presented 
inSection 6.4.2., but also to the graph used in the previous section. We will therefore 
praeeed as follows. Each time we find a column pattem on level j - 1 that is cheap 
enough, but that is not an error pattern, we determine and store all its successors on 
level j. If two such nocles on level j - 1 have the same successar on level j, it is stored 
only once. For each stored node e we also store the number Pe of predecessors it has 
among the patterns on level j- 1 that are cheap enough. 

Theorem 6. 7 Let e be the binary string corresponding to a node on level j in the 
graph (j ~ 1). Let e(01) denote the number of occurrences of01 in e, and let e1 be the 
first bit of e. The total number of predecessors of e on level j- 1 in the graph equals 
te= e(01) + e1. 

We will not prove this theorem; it can easily be derived from the Graph Construction 
Rule. 
Notice that te ~ Pe· If te > Pe, e must have at least one predecessor that is too 
expensive. From this we can coneinde that e is also too expensive, without actually 
determining the cost of e. If te = Pe, all the predecessors of e are cheap enough. This, 
however, gives no information about the cost of e, and we will have to determine this 
cost explicitly. 

Rule 6.8 Ij all column patterns e on a certain level are too expensive, or satisfy 
te > Pe, no patterns on higher levels need to be checked. 

It should be noted that this "improved" version of the graph implementation requires 
a number of column patterns to be stored, and that this number may (worst case) 
grow exponentially in the code length. However, when testing the implementation, 
the maximum number of column patterns stored appeared to be quite smal!, even for 
long codes, and so did the average number of stored patterns. See Section 6. 7 for 
simulation results of this "improved" implementation. 
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6.6 Application to Nonlinear Codes 

The algorithm presented in Section 6.3 can be applied to perfarm maximum likelihood 
soft decision decading of any nonlinear binary code, provided that there is an efficient 
way of checking whether inverting a number of positions of b yields a codeword, for 
example in case C is the coset of a linear code. 
As another example, we consider the class of Preparata codes. For even m, Preparata 
codes consist of a linear [2m' 2m- 3·m + 1]-code rr, which is contained in the extended 
Hamming code of length 2m, tagether with 2m-t -1 cosets of II in this extended Ham
ming code ([44, p. 466]). It is relatively easy to show that codeworcis of the Preparata 
code can be characterised by their syndrome with respect to the linear code Il, tagether 
with some additional requirements. The algorithm will output c = b if the syndrome 
s satisfies these requirements. If s does not satisfy the requirements, the algorithm 
finds a set of columns of the parity check matrix of Il such that inverting b on the 
positions corresponding tothese columns yields a codeword c', and such that the sum 
of the casts of these columns is minima!. To find c', the binary tree implementation, 
the graph implementation presented in Section 6.4.2., or its "improved" version may 
be used. 
We refer to Section 6.7. for simulation results obtained by applying these implemen
tations to the (16, 28 , 6)-Preparata code. 
As we do not need to check column patterns of weight more than n- k, which for the 
linear code rr is equal to 3. m- 1 ...., 3 ·log(n), the number of considered patterns is 

3·log(n) 
at most (worst case) i~ (7). Hence, the worst case number of patterns checked is 

asymptotically up per bounded by (3 .Jo~(n)) ...., 23·log'(n). 

6. 7 Simulation Results 

We tested each of the implementations by using it to decode a number of words of 
Hamming codes of different lengths, the bits of which were disturbed by independent 
white Gaussian noise with varianee rJ2• Tables 6.1, 6.2, and 6.3 display the results 
for Hamming codes of length 31, 63, and 127. The results of applying the binary 
tree implementation, the graph implementation presented in Section 6.4.2., and its 
"improved" version to the ( nonlinear) ( 16, 28 , 6) Preparata code are shown in Table 6.4. 
The first column of each of the tables shows the considered values of rJ2; the second 
column shows how aften the syndrome of b was not equal to 0, while at the same 
time there were at least two columns of which the cost did not exceed CHD· In other 
words, the number in the second column shows how many times it has been necessary 
to consider column patterns other than eHD· 

The average number of column patterns that has been checked each time nontriv
ial patterns had to he considered, is displayed in the next columns. "Impl. 1" is 
the implementation presented in [52]; "Impl. 2" is the binary tree implementation; 
"Impl. 3" is the graph implementation presented in this paper, and "Impl. 4" denotes 
its "improved" version as discussed in Section 4. 
The last two columns of tables 6.1, 6.2, and 6.3 show the bit error probability P.bj; and 
the word error probability P.w;rd for each of the checked variances. For the Preparata 
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code we only determined the word error probability, which is displayed in the last 
column of Table 6.4. The error probabilities are the same for each of the tested 
implementations, as they all perform complete soft decision decoding. 

average number of 
checked patterns 

a2 SD Impl. 1 Impl. 2 Impl. 3 Impl. 4 pbit pword 
erT erT 

0.01 0 0.00 0.00 0.00 0.00 0.0000 0.0000 
0.02 0 0.00 0.00 0.00 0.00 0.0000 0.0000 
0.03 45 0.00 2.00 1.00 1.00 0.0000 0.0000 
0.04 207 1.78 7.92 2.22 2.00 0.0000 0.0000 
0.05 738 2.68 28.07 8.17 3.67 0.0007 0.0068 
0.06 2,539 2.98 24.96 5.78 3.59 0.0031 0.0285 
0.07 3,452 4.08 45.45 10.90 7.01 0.0099 0.0895 
0.08 4,762 5.86 60.98 16.56 10.28 0.0199 0.1711 
0.09 5,891 8.41 77.02 23.23 13.92 0.0328 0.2688 
0.10 6,675 9.19 91.37 26.80 16.50 0.0461 0.3698 
0.11 7,218 10.22 104.36 30.44 18.28 0.0633 0.4831 
0.12 7,660 10.38 108.45 33.36 19.25 0.0764 0.5654 
0.13 7,713 12.17 116.61 36.02 21.96 0.0873 0.6311 
0.14 7,991 11.92 122.42 37.67 22.36 0.0963 0.6781 
0.15 8,325 11.51 123.55 37.08 22.54 0.1068 0.7252 

Table 6.1: Simuiatien results for the [31,26,3] Hamming code (100, 000 simulations per 
a2). 

average number of 
checked patterns 

(J2 SD Impl. 1 Impl. 2 Impl. 3 Impl. 4 pbit 
erT 

pword 
erT 

0.01 0 0.00 0.00 0.00 0.00 0.0000 0.0000 
0.02 0 0.00 0.00 0.00 0.00 0.0000 0.0000 
0.03 160 0.14 2.42 1.00 1.00 0.0000 0.0000 
0.04 770 6.88 21.12 6.86 3.57 0.0003 0.0058 
0.05 2,725 18.81 124.37 22.36 7.67 0.0022 0.0405 
0.06 5,671 22.41 175.62 30.97 17.20 0.0070 0.1229 
0.07 7,004 49.05 273.94 60.74 31.09 0.0211 0.3345 
0.08 8,259 83.48 324.09 83.08 43.81 0.0361 0.5236 
0.09 8,494 97.52 382.04 104.09 54.19 0.0502 0.6768 
0.10 8,914 115.58 425.15 116.51 60.86 0.0626 0.7735 

Table 6.2: Simuiatien results for the (63,57,3] Hamming code (25, 000 simulations per 
a2). 
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average number of 
checked patterns 

(12 SD Impl. 1 Impl. 2 Impl. 3 Impl. 4 pbit 
err 

pword 
err 

0.01 0 0.00 0.00 0.00 0.00 0.0000 0.0000 
0.02 0 0.00 0.00 0.00 0.00 0.0000 0.0000 
0.03 363 0.29 9.00 5.44 3.71 0.0000 0.0011 
0.04 2,090 255.43 210.58 84.91 17.55 0.0007 0.0239 
0.05 6,640 881.20 630.44 188.23 39.13 0.0042 0.1341 

Table 6.3: Simulation results for the [127,120,3) Hamming code (10, 000 simulations 
per a 2). 

lmpl. 4 requires a number of column patterns to be stored. The maximum (max.) 
and the average (av.) number of patterns that have been stored during the simulation 
process depend on the code, its length, and on a 2 • The number of stared column 
patterns is shown in Table 6.5. 
For langer codes, it appears that the "improved" graph implementation needs to check 
less column patterns than the implementation presented in [52), while at the same 
moment the number of patterns that needs to be stared remains relatively small. For 
shorter codes the implementation in [52] seems to be more efficient. This is a con
sequence of the fact that the branch and bound rule used in the "improved" graph 
implementation is based on information resulting from checking (some) column pat
terns in the graph that are not considered in Snyders' implementation. For shorter 
codes, the graph used in the graph implementation is relatively small, and it is not 
efficient to check superfiuous column patterns in order to increase the strength of the 
branch and bound rule. For Jonger codes, however, the size of the graph increases, and 
an effi.cient branch and bound rule decreases the number of checked column patterns 
so much that it is worthwhile checking some superfiuous column patterns initially. 
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average number of 
checked patterns 

a2 SD Impl. 2 Impl. 3 lmpl. 4 pword 
err 

0.01 0 0.00 0.00 0.00 0.0000 
0.02 0 0.00 0.00 0.00 0.0000 
0.03 0 0.00 0.00 0.00 0.0000 
0.04 56 2.50 1.00 1.00 0.0000 
0.05 509 3.34 1.72 1.45 0.0000 
0.06 1,627 3.58 2.07 1.44 0.0046 
0.07 3,031 4.42 2.16 1.67 0.0146 
0.08 4,682 5.00 2.10 1.84 0.0306 
0.09 6,916 5.63 2.33 1.89 0.0625 
0.10 9,088 6.37 2.67 2.01 0.0768 
0.11 10,889 7.02 2.92 2.16 0.1272 
0.12 12,457 7.84 3.17 2.27 0.1624 
0.13 14,020 8.36 3.11 2.18 0.1986 
0.14 15,010 8.86 3.17 2.24 0.2236 
0.15 15,748 9.69 3.20 2.23 0.2692 
0.16 16,605 10.21 3.26 2.37 0.3040 
0.17 17,359 10.73 3.67 2.51 0.3382 
0.18 18,051 11.41 4.02 2.63 0.3737 
0.19 18,616 11.69 4.04 2.68 0.4084 
0.20 19,183 12.06 4.11 2.69 0.4368 
0.21 19,604 12.26 4.11 2.64 0.4554 
0.22 20,155 12.50 4.04 2.65 0.4767 
0.23 20,485 12.92 4.21 2.74 0.4938 
0.24 20,888 13.06 .4.13 2.72 0.5054 
0.25 21,255 13.01 4.07 2.66 0.5152 

Table 6.4: Simulation results for the (16, 28 , 6) extended Preparata code (25, 000 sim- \ 
ulations per a 2 ). 
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n = 31 n = 63 n = 127 Prep. 
u2 av. max. av. max. av. max. av. max. 

0.01 0.00 0 0.00 0 0.00 0 0.00 0 
0.02 0.00 0 0.00 0 0.00 0 0.00 0 
0.03 1.00 1 1.00 1 1.79 5 0.00 0 
0.04 1.28 2 1.55 4 3.76 63 1.00 1 
0.05 1.51 5 2.33 17 7.22 93 1.11 2 
0.06 1.52 11 4.18 37 - - 1.07 3 
0.07 2.30 11 6.59 42 - - 1.10 3 
0.08 3.01 17 8.79 53 - - 1.17 3 
0.09 3.71 26 10.44 60 - - 1.19 3 
0.10 4.27 30 11.44 63 - - 1.22 4 
0.11 4.57 44 - - - - 1.24 5 
0.12 4.75 35 - - - - 1.27 5 
0.13 5.26 37 - - - - 1.28 5 
0.14 5.28 45 - - - - 1.28 5 
0.15 5.36 37 - - - - 1.27 5 
0.16 - - - - - - 1.30 5 
0.17 - - - - - - 1.33 5 
0.18 - - - - - - 1.37 5 
0.19 - - - - - - 1.39 5 
0.20 - - - - - - 1.40 5 
0.21 - - - - - - 1.38 5 
0.22 - - - - - - 1.39 4 
0.23 - - - - - - 1.41 5 
0.24 - - - - - - 1.41 5 
0.25 - - - - - - 1.40 5 

Table 6.5: The average resp. maximum number of stored error patterns for Impl. 4 
(for the Hamming codes of length 31, 63, and 127, and for the extended Preparata 
code of length 16). 
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Samenvatting 

In dit proefschrift wordt een relatief nieuw soort fouten beschreven. Deze fouten 
worden insertions en deletions genoemd en kunnen optreden in digitale communicatie. 
Zij zijn gerelateerd aan symbool synchronizatie. We zeggen dat een insertion fout 
is opgetreden als extra symbolen zijn toegevoegd aan de symboolstroom gedurende 
transmissie, dus als de ontvangen string meer symbolen bevat dan de verzonden string. 
Het tegenovergestelde van een insertion fout is een deletion fout. In dat geval zijn er 
symbolen verwijderd uit de verzonden symboolstroom, dus worden er minder symbolen 
ontvangen dan er verzonden zijn. 
Vanwege het feit dat de verzonden en ontvangen boodschappen in lengte kunnen 
verschillen is de meest gebruikte afstandsmetriek, de Hamming-metriek, niet meer 
geschikt om het verschil tussen boodschappen te meten. Daarom is de Levenshtein
metriek ingevoerd. De Levenshtein-afstand tussen twee boodschappen is het minimale 
aantal insertions en deletions dat nodig is, om de ene boodschap in de andere om te 
zetten. 
In dit proefschrift onderzoeken we verschillende soorten codes die insertion en deletion 
fouten kunnen verbeteren. In hoofdstuk 2 beschrijven we zogenaamde perfecte deletion 
verbeterende codes. Zulke codes b~zitten de eigenschap dat elk mogelijk woord van een 
gegeven lengten' < n op een unieke manier kan worden uitgebreid tot een codewoord 
van lengte n van de perfecte deletion corrigerende code; een eigenschap die zeker niet 
voor elke willekeurige code geldt. In dit hoofdstuk worden verschillende methodes 
beschreven om de ene perfecte code te transformeren in een andere. Verder wordt er 
aangetoond dat bepaalde perfecte deletion corrigerende codes niet kunnen bestaan. 
Tenslotte wordt nog een definitie gegeven van een perfecte insertion corrigerende code, 
analoog aan de definitie van een perfecte deletion corrigerende code, en alle perfecte 
insertion corrigerende codes worden beschreven. 
In het derde hoofdstuk worden codes beschreven die niet slechts in staat zijn om een of 
enkele insertions of deletions te verbeteren, maar zelfs een groot aantal opeenvolgende 
fouten. De codewoorden van deze codes zijn binaire matrices met de eigenschap dat de 
rijen van de matrices codewoorden zijn van een zogenaamde komma vrije code. Door 
beter de eigenschappen van de komma vrije code te bestuderen waren we in staat om 
de prestaties van de originele code te verbeteren. 
In hoofdstuk 4 worden zogenaamde (d, k)-beperkte codes bekeken. Deze (d, k)-be
perkte codes spelen een belangrijke rol bij zowel magnetische als optische opslag van 
gegevens. De belangrijkste eigenschap van (d, k)-beperkte woorden is dat elk paar 
opeenvolgende enen gescheiden wordt door tenminste d en ten hoogste k nullen. We 
hebben codes geconstrueerd die in staat waren om insertions en deletions van nullen 
te corrigeren. Voor deze codes hebben we formules afgeleid die het aantal woorden in 
zo'n code beschrijven. Voor die gevallen waar zulke formules te gecompliceerd werden 
hebben we ondergrenzen voor het aantal codewoorden gegeven. Verder hebben we 
verschillende manieren beschreven om de cardinaliteit van de codes te verbeteren en 
hebben we het aantal codewoorden in deze codes vergeleken met het aantal codewoor
den in soortgelijke codes die op een andere manier worden geconstrueerd. 
Hoofdstuk 5 is een vervolg op hoofdstuk 4. In dit hoofdstuk gebruiken we een con
structie die analoog is aan die in hoofdstuk 4, behalve dat we nu de code geconstrueerd 
hebben om zogenaamde peak-shift fouten te verbeteren. We zeggen dat een peak-shift 
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is opgetreden in een (d, k)-beperkt woord als een 1 is verschoven naar links of naar 
rechts gedurende het verzenden. De codes die we op deze manier hebben geconstrueerd 
hebben, net als voorheen, meer codewoorden in vergelijking tot soortgelijke codes die 
op een ander manier zijn gemaakt. 
In het laatste hoofdstuk beschrijven we een manier van decoderen die extra informatie 
(die bekend is bij de ontvanger) gebruikt. Omdat de ontvanger discrete informatie 
verstuurt en het gebruikte kanaal over het algemeen continu is, zal de ontvanger geen 
discrete maar continue informatie ontvangen. Deze continue informatie zal, in het 
algemeen, eerst worden omgezet in een discrete schatting en vervolgens zal deze discrete 
schatting worden gecorrigeerd naar de verzonden boodschap. Echter, de prestatie van 
het decodeer algoritme is beter als de extra continue informatie wordt gebruikt. Met 
verbeterde prestatie bedoelen we hier dat het decodeer algoritme in meer gevallen naar 
het verzonden woord zal decoderen. Het decodeer algoritme dat we in hoofdstuk 6 
beschrijven verschilt van de meeste bekende algoritmen. In ons algoritme controleren 
we eerst of een bepaald woord beter is dan het beste bekende codewoord tot op dat 
moment, en daarna controleren we pas of dat woord ook een codewoord is. De meeste 
bekende algoritmen werken net andersom, eerst bepalen of een bepaald woord een 
codewoord is en indien dat zo is pas kijken of het beter is dan het beste tot op dat 
moment. Uit simulaties blijkt dat het nieuwe decodeer algoritme efficiënter is voor 
langere codes, terwijl voor kortere codes de oude algoritmen beter presteren. 
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Stellingen 
behorende bij het proefschrift 

Codes for Correcting 
Insertion and Deletion 

Errors 

van 
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I 

De enige perfecte t-insertion corrigerende code is de binaire repetitie code van lengte t + 1. 

Zie sectie 2.5 van dit proefschrift. 

II 
De code C gedefinieerd door 

is een perfecte 2-deletion corrigerende L( 4, 6, 6)-code. 

Zie sectie 2.5 van dit proefschrift. 

III 

Het interlea.ven va.n t Varshamov-Tenengolts codes Wn,a resulteert in een code C die in staat is om exact 
t opeenvolgende insertions of deletions te verbeteren, maar niet meer en niet minder. Daarom is stelling 
5.1 van [1) incorrect. 

[1) A.S.J. Helberg, Coding for the Correction of Synchronization Errors, Ph.D. dissertation, 
Faculty of Engineering, Rand Afrikaans University, Johannesburg, South Africa, November 
1993. 

IV 

Stel Cis een code die bestaat uit alle binaire woorden x = (x1 , x2, . .. , Xn) van lengte n die voldoen aan 
de volgende twee congruentie relaties: 

n 

1. L:i·x;::a(modn+1),en 
i=l 

n-1 
2. L: i· x;· x;+1 = b(mod n), 

i=l 

met a E { 0, 1, .. . , n} en b E { 0, 1, ... , n - 1}. Dan is C een code die één insertion of deletion kan 
verbeteren, of twee opeenvolgende insertions of deletions. 

V 

Als C een q-naire insertion/deletion corrigerende code is van vaste lengte, met minimale Levenshtein 
afstand tenminste 2·p, dan kunnen we de volgende bovengrens aan de maximale cardinaliteit ·van C 
afleiden: 

waar n de lengte is van de codewoorden van C. 



VI 

In veel leerboeken over coderingstheorie worden de (foute) woorden "source" en "sink" gebruikt voor 
respectievelijk het begin- en het eindpunt van een communicatie-kanaal (zie [2,3,4,6]). Het woord "sink" 
impliceert dat de hele communicatie zinloos is, omdat aan het einde van het kanaal de verzonden infor
matie een roemloze dood stern in een bodemloze put. 
Ik stel voor om in de toekomst Blahut [1] en Hill [5] te volgen. Zij gebruiken beiden de term "(Mes
sage) Source" voor het beginpunt van het kanaal en ze noemen het eindpunt de "User"; blijkbaar is de 
transmissie zinvol, omdat aan het einde van het kanaal iemand de verzonden informatie gaat gebruiken. 

[1] Richard E. Blahut, Theory and Practice of Error Control Codes. Addison-Wesley Publishing 
Company, Inc., 1983. 

[2] Serban D. Constantin, Characterization and Design of Error CorrectingjDetecting Codes 
forAsymmetrie Memories, Ph.D. dissertation, Southern Methodist University, 1977. 

[3) G. David Forney, Concatenated Codes. Research Monograph no. 37, The M.I.T. Press, · 
Cambridge, Massachusetts, 1966. 

[4] Richard W. Hamming, Coding and Jnformation Theory. Prentice-Hall, Inc., Englewood 
Cliffs, New Jersey 07632, 1980. 

[5) R.aymond Hili, A F.irst Course in Codin.g Theory. Claredon Press, Oxford, 1986. 
(6) Shu Lin and Daniel J. Costello, Jr., Error Control Coding. Prentice-Hall, lnc., Englewöod 

Cliffs, New Jersey 07632, 1983. 

VII 

In (1) wordt een constructie beschreven van een (d, k)-beperkte code C, met een variabele codewoord 
lengte en een vast aantal runs I per codewoord, die een enkele peak-shift fout kan verbeteren. Echter, in 
het geval I = 1 (mod 4) kan deze code niet gebruikt worden om het verschuiven van de eerste 1 van een 
codewoord te verbeteren. Dit probleem kan opgelost worden door de runs met nummers congruent met 
1 modulo 4 te eneoderen in plaats van die met nummers congruent met 3 modulo 4. 

Zie sectie 5.3.1 van dit proefschrift en 
(1] Y. Saitoh, Theory and Design of Error-Control Codes for Byte-Organizedjlnput Restricted 

Slorage Devices Where UnidirectionaljPeak-Shift Errors Are Predominant, Ph.D. disser
tation, Division of Electrical and Computer Engineering, Yokohama National University, 
Yokohama, Japan, February 1993. 

VIII 

Wanneer men complete soft decision decoding toepast, moet men twee toetsen uitvoeren op de kandidaat
woorden: of het kandidaat-woord een codewoord is en of het kandidaat-woord goedkoper is dan het beste 
codewoord tot op dat moment. Het belangrijkste verschil tussen het algoritme beschreven in [1) en de 
andere bekende algoritmen is de volgorde van deze twee toetsen. In (1) worden eerst de kosten van 
een kandidaat-woord berekend, en indien deze laag genoeg zijn wordt pas gecontroleerd of het kandidaat
woord een codewoord is. De meeste andere bekende algoritmen draaien de volgorde van deze twee toetsen 
om. Het voordeel van de procedure zoals die in [1) wordt gevolgd is dat het berekenen van de kosten 
waarschijnlijk minder tijd kost dan het controleren of een kandidaat-woord een codewoord is. 



[1] N .J .C. Lous, P.A.H. Bours, and H.C.A. van Til borg, "On Maximum Likelihoed Soft-Decision 
Decading of Binary Linear Codes". IEEE Transactions on Information Theory, vol. IT-39, 
no. 1, pp. 197-203, 1993. 

IX 

Er is een nog steeds groeiend aantal mensen die menen dat de PC thuis, die vaak alleen maar voor 
tekstverwerking nuttig gebruikt wordt, toch een 486 DX2, 66 MHz moet zijn. Een deel van deze mensen 
weet niet dat ze een enorme overcapaciteit in huis halen. Een ander deel wil gewoon graag opscheppen 
tegenover de buren. Het status symbool is verschoven van de garage naar de "werkkamer" . 

x 
Sinds de invoering van de OV Studentenkaart moet men beginnen te vrezen dat de studenten het fietsen 
verleren . De enige plaats waar men nog veel studenten met fietsen kan aantreffen is bij de (studenten) 
uitgaansgelegenheden, aangezien er rond sluitingstijd nog geen treinen en bussen rijden. 

XI 

Stellingen die opponeren tegen het toevoegen van stellingen aan een proefschrift zouden verboden moeten 
worden. 

XII 

Docenten behoren niet te klagen over het niveau en/ of de inzet van studenten. De (gemiddelde) inzet 
van studenten is namelijk evenredig met het enthousiasme waarmee de docent les geeft. 

XIII 

Het maken van een goede foto is hetzelfde als het construeren van een insertion/ deletion verbeterende 
code. In het laatste geval moet men een zodanige code construeren dat een ontvanger, ondanks verdwenen 
of extra ontvangen symbolen, de originele verzonden boodschap kan terug vinden. In het eerste geval moet 
er juist voldoende op de foto staan zodat een kijker niet wordt afgeleid door een te drukke achtergrond 
of zijn aandacht verliest door (bewegings-) onscherpte van het hoofdonderwerp . 


