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SUMMARY 

The description of a signal by means of a local frequency spectrum 
resembles such things as the score in music, the phase space in 
mechanics, and the ray concept in opties. Two types of local frequency 
spectra are presented [I] : the Wigner distribution funation and the 
sliding-window speatrwn; the latter function is, in fact, the Fourier 
transfarm of the signal after having been multiplied by a slided window 
function. The Wigner distribution function in particular can provide a 
link between Fourier opties and geometrical opties; many properties of 
the Wigner distribution function and the way in which it propagates 
through a linear system, can he interpreted in geometric-optical 
terros [I-III]. 

The Wigner distribution function is linearly related [I] to other 
signal representations like WoodWard's ambiguity funation, Rihaazek's 
complex energy density funation and Mark's physiaaZ speatr•um. An 
advantage of the Wigner distribution function and its related signal 
representations is that they can he applied not only to deterministic 
signals, but to stochastic signals, as well, leading to a signal 
description that is related to WaZther's generaZized radianae in opties. 
Same interesting properties of partially coherent light can thus he 
derived easily by means of the Wigner distribution function [IV-VIII]. 

On the other hand, the sliding-window spectrum has the advantage that 
a sampling theorem can he forrnulated for it [I] : the sliding-window 
spectrum of a time signal is completely described by its values at 
the points of a certain time-frequency lattice, which is exactly the 
lattice suggested by Gabor in 1946. The sliding-window spectrum thus 
leads naturally to Gabor's expansion [I] of a signal into a discrete 
set of properly shifted and modulated versions of an elementary signal; 
the latter signal description leads, by its discrete nature, directly 
to the concept of the number of degrees of freedom of a signal. 
Applications of Gabor's expansion to optical signals (completely coherent 
and partially coherent) as well as a way to generate Gabor's expansion 
coefficients of a time signal by optical means, are described [VIII-X]. 
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SAMENVATTING 

De beschrijving van een signaal door middel van een locaal frequentie
spectrum vertoont verwantschap met de partituur in de muziek, het fase
vlak in de mechanica en het stralenconcept in de optica. Twee types 
locale frequentie-spectra worden gepresenteerd [I]: de Wigner
distributie-functie en het schuivend-venster-spectrum; laatstgenoemde 
functie is in feite de Fourier-getransformeerde van het signaal nadat 
dit eerst met een verschoven weegfunctie (venster) is vermenigvuldigd. 
Met name de Wigner-distributie-functie kan een verbinding leggen tussen 
de Fourier-optica en de geometrische optica; vele eigenschappen van de 
Wigner-distributie-functie en de manier waarop deze door lineaire 
systemen wordt voortgeplant, kunnen in geometrisch-optische termen 
worden geÏnterpreteerd [I-III]. 

De Wigner-distributie-functie is via lineaire transformaties [I] verwant 
met andere signaalbeschrijvingen zoals Woodward's ambiguity function, 
Rihaczek's complex energy density function en Mark's physical spectrum. 
Een voordeel van de Wigner-distributie-functie en haar verwante signaal
beschrijvingen is dat ze niet alleen op deterministische signalen kunnen 
worden toegepast, maar ook gebruikt kunnen worden voor stocl1astische 
signalen, hetgeen dan leidt tot een signaalvoorstelling die verwant is 
met WaZther's generalized radiance in de optica. Enige interessante 
eigenschappen van partieel coherent licht kunnen aldus met behulp van 
de Wigner-distributie-functie op eenvoudige wijze worden afgeleid [IV-VIII]. 

Anderzijds heeft het schuivend-venster-spectrum het voordeel dat daarvoor 
een bemonsteringstheorema kan worden geformuleerd [I]: het schuivend
venster-spectrum van een tijdsignaal is volledig bepaald door de waarden 
op de punten van een bepaald tijd-frequentie-raster, welk precies het 
raster is dat in 1946 door Gabor is voorgesteld. Het schuivend-venster
spectrum leidt zodoende op natuurlijke wijze tot de Gabar-ontwikkeling [I] 
van een signaal in een discreet aantal, op de juiste wijze verschoven en 
gemoduleerde, versies van een elementair signaal; deze laatste signaal
beschrijving voert ons, door haar discreet karakter, direct tot het 
concept van het aantal vrijheidsgraden van een signaal. Toepassingen 
van de Gabar-ontwikkeling op optische signalen (volledig coherent en 
partieel coherent) en een manier waarop langs optische weg de 
coëfficiënten in de Gabor-ontwikkeling van een tijdsignaal kunnen 
worden gegenereerd, worden beschreven [VIII-X]. 
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Abstract 

The description of a signal by means of a local 

frequency spectrum resembles such things as the score in 

music, the phase space in mechanics, and the ray concept in 

geometrical opties. Two types of local frequency spectra are 

presented: the Wigner distribution function and the sliding

window spectrum, the latter having the form of a cross

ambiguity function. The Wigner distribution function in 

particular can provide a link between Fourier opties and 

geometrical opties; many properties of the Wigner distribution 

function, and the way in which it propagates through linear 

systems, can be interpreted in geometrie-optica! terms. 

The Wigner distribution function is linearly related to 

other signal representations like Woodward's ambiguity 

function, Rihaczek's complex energy density function, and 

Mark's physical spectrum. An advantage of the Wigner 

distribution function and its related signal representations 

is that they can be applied not only to deterministic 

signals, but to stochastic signals, as well, leading to such 

things as Walther's generalized radiance and Sudarshan's 
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Wolf tensor. 

On the ether hand, the sliding-window spectrum has the 

advantage that a sampling theerem can be formulated for it: 

the sliding-window spectrum is completely determined by its 

values at the points of a certain space-frequency lattice, 

which is exactly the lattice suggested by Gabor in 1946. The 

sliding-window spectrum thus leads naturally to Gabor's 

expansion of a signal into a discrete set of properly shifted 

and modulated versions of an elementary signal, which is 

again another space-frequency signal representation, and 

whlch is related to the degrees of freedom of the signal. 
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1. Introduetion 

It is sametimes convenient to describe a space signa! 

~(x) not in the space domain, but in the frequency domain by 

means of its frequency spectrum, i.e., the Fourier transfarm 

~(u) of the function ~(x), which is defined by 

~(u)= Jq,(x)exp[-iux)dx • 

(A bar on top of a symbol will mean throughout that we are 

dealing with a function in the frequency domain. Unless 

otherwise stated, all integrations and summations extend 

from -~ to +oo.) The frequency spectrum showsus the global 

distribution of the energy of the signal as a function of 

frequency. However, one is often more interested in the local 

distribution of the energy as a function of frequency. 

Geometrical opties, for instance, is usually treated in terms 

of rays, and the signal is described by giving the directions 

(i.e., frequencies) of the rays that should be present at a 

certain point. Hence, we look for a description of the signal 

that might be called the local fre~ency spectrum of the 

signal. 

The need for a local frequency spectrum arises in other 

disciplines, too. It arises in music, for instance, where a 

signal is usually described not by a time function nor by 

the Fourier transfarm of that function, but by its musical 
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score. It arises also in mechanics, where the position and the 

momenturn of a partiele are given simultaneously, leading to a 

description of mechanical phenomena in a phase space. 

In this paper we present two candidates for the local 

frequency spectrum of a signal: thE' Wigoer distribution 

function and the sliding-window spectrum. In Sect. 2 we 

introduce these two candidates and relate them to other signal 

representations that are well known from the literature. In 

<1ddition, Sect. 2 acts as a summary of the entire paper; the 

subjects that are treated there will be studied more 

thoroughly and in more detail in the remaioder of the paper. 

Since two rather different types of local frequency 

spectra are introduced, the remaioder of the paper will 

consist of two distinct parts, each part devoted to one 

particular type of local frequency spectrum. Thus, Sect. 3 

deals with the Wigner distribution function, whereas in Sect. 

4 we consider the sliding-window spectrum and Gabor's signal 

expansion, which is strongly related to the sliding-window 

spectrum. 
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2. Two candidates for a local frequency spectrum: the Wigner 

distribution function and the sliding-window spectrum 

2.1. Definition of the Wigner distribution function and the 

sliding window spectrum 

The Wigner distribution function 1- 7 F{x,u) of the signal 

$(x), which is a function that may act as alocal frequency 

spectrum, is defined by 

F(x,u) "'jcp(x+tx')cp*(x-!x')exp(-iux']dx' , (2.1-1) 

where the asterisk denotes complex conjugation. A distribution 

function according to definition (2.1-1) was first introduced 

by Wigner in mechanics
1

, and provides a description of 

mechanica! phenomena in a phase space. Properties of the 

Wigner distribution function will be studied in Sect. 3; we 

only mention here that it is a ~ function, and that the 

signal can be reconstructed from it up to a constant phase 

factor. 

The sliding-window spectrum f(x,u), which is very 

similar to the short-time Fourier transferm known in speech 

. 8 •9 . d f . ha b d d process~ng , ~s a secon unct~on t t may e consi ere as 

a local frequency spectrum. It is defined as the cross-ambiguity 

function (see, for instance, Ref. 7 and the references cited 

there), 
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f(x,u) = [<P(Og*(;-x)exp[-iu~]d.; , (2.1-2) 

of the signal ${x) and a function g(x), where g(x) is a window 

function that can be chosen rather arbitrarily. Properties of 

the sliding-window spectrum will be studled in Sect. 4; we 

only mention here that the signa! can be reconstructed from it 

completely. 

A local frequency spectrum - Wigner distribution 

function, sliding-window spectrum, or any other kind of local 

frequency spectrum - describes the signal in space x and 

frequency u, simultaneously. It is thus a function of two 

variables, derived, however, from a function of one variable. 

Therefore, it must satisfy certain restrictions, or, to put 

it another way: not every function of two variables is a local 

frequency spectrum. The necessary and sufficient conditions 

that a function of two variables must satisfy in order to be a 

Wigner distribution function, or a sliding-window spectrum, 

will be discussed in Sects. 3 and 4. 

When we campare the Wigner distribution function and the 

sliding-window spectrum, we notlee that, whereas the farmer 

depends quadratically upon the signal, the latter shows a 

linear dependance. The advantage of a linear dependenee is 

evident: the sliding-window spectrum of a linear combination 

of signals is simply the linear combination of the 

respective sliding-window spectra. However, a quadratic 

dcpundence can be advantageous, t.oo. Indeed, the quadratic 

behaviour of the Wigner distribution function enables us to 
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extend the theory to stochastic signals, without increasing 

the dimensionality of the formulas. 

Suppose that we are dealing with a stochastic signal 

L b J • O b • 1 • f • 10 ( ) t11at can <' üeHcrl.beü y 1ts ~:9rre. at.ton .unct:Lon S x
1 

,x
2 

, 

defined as the ensemble average of the product f(x1>;*(x
2

): 

(2.1-3) 

The Wigner distribution function of such a stochastic signal 

can then be defined by
4 

F(K,u) ""js(K+ix' ,x-!x')exp[-i.ux']dx' • ( 2. 1-4) 

This definition is equivalent to the original definition 

(2.1-1) fora deterministic signal, but with the product~;* 

replaced by the correlation function. We remark that this 

definition is similar to the definitions of Walther's 

generalized radiance
11

-
13 

and Sudarshan's Wolf tensor14 • 

Such an extension of the theory applied to optical signals, 

for instance, allows us to describe partially coherent light 

4 15 by means of a Wigner distribution function, as well ' • 
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2.2. Relatives of the Wigner distribution function 

The Wigner distribution function is a representative of 

a rather broad class of space-frequency functions 16 , which are 

related to each other by linear transformations. Some well-

known space-frequency signal representations- like Woodward's 

ambiguity function7 ' 10 '
17

' 18 , Rihaczek's com~lex energy 

density function
19

, and Mark's ~hysical spectrum
20

- belong to 

this class. Woodward's ambiguity function A(x',u'), which is 

defined by 

A(x' ,u')= [<P(x+ix')ljl*(x-ix')exp[-iu'x]dx , (2.2-1) 

.l.s relab.~d to the Wigner distr ibution funct ion through a 

double Fourier transformation: 

A(x' ,u')= 2~ JfF(x,u)exp[i(ux'-u'x)}dxdu • (2.2-2) 

Rihaczek's complex energy density function C(x,u), which is 

defined by 

C(x,u) = <j>(x)~*(u)exp [-iux] , (2.2-3) 

is related to the Wigner distribution function through the 

convolution 
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C(x,u) =-
2
1 ff2exp[-2i(u-u )(x-x )]F(x ,u )dx du . 
~ 0 0 0 0 0 0 

(2.2-4) 

The real part R(x,u) of the complex energy density function 

is related to the Wigner distribution function via the 

convolution 

R(x,u)=-
2
1 jj2cos{2(u-u )(x-x )}F(x ,u )dxdu 
11' 0 0 0 0· 0 0 

(2.2-5) 

where the realness of the Wigner distribution function has 

been used. Mark's physical spectrum is, in fact, the squared 

modulus of the sliding-window spectrum, and is related to the 

Wigner distribution function via the relation 

jf(x,u) 1 2 =-
2
1 JjF (x -x,u -u)F(x ,u )dx du , 
'll' g 0 0 0 0 0 0 

{2.2-6) 

in which F (x,u) represents the Wigner distribution function 
g 

of the window function g(x). In following sections we confine 

our attention to the Wigner distribution function, only. 
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2.3. Gabor's signal expansion: a relative of the sliding-

window spectrum 

21 
In 1946 Gabor suggested the expansion of a signal into 

21-25 a discrete set of Gaussian signals • Although Gabor 

restricted himself to an elementary signal that had a Gaussian 

shape, his signal expansion holds for rather arbitrarily 

h d 1 . l 24- 26 . h h h l f Gab I s ape e ementary s~gna s . w~t t e e p o or s 

signal expansion, we can express the signal ~(x) as a 

superposition of properly shifted and modulated versions of an 

elementary signal g(x), say, yielding 

,P(x) ==Ha g(x-mX)exp [inUx] 
m:n 

m:n 

(2.3-1) 

where the space shift X and the frequency shift U satisfy the 

relation UX=21T. 

In general the discrete set of shifted and modulated 

elementary signals g(x-mx)exp[inUx] may not be orthogonal, 

which implies that Gabor's expansion coefficients amn cannot 

be determined in the usual way. It is possible, however, to 

find a function y(x), say, that is bi-orthonormal to the set 

of elementary signals in the sense 

fg(x)y*(x-mX)exp(-inUx]dx==Ö ö , 
m n 

(2.3-2) 

where öm is the Kronecker delta ( ö0 = 1, öm = 0 for m -:1 0). A way 
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to derive this function y(x) is presented in Sect. 4. With the 

help of this bi-orthonormal function, the expansion 

coefficients fellow readily via 

a =J~(x)y*(x-mXlexp[-inUx]dx. 
mn 

(2.3-3) 

The relationship between Gabor's signal expansion and the 

sliding-window spectrum becomes apparent by noting that the 

right-hand side of Eq. (2.3-3) can be interpreted as a 

sliding-window spectrum with window function y(x). 

Gabor's signal expansion is related to the degrees of 

freedom of a signal: each expansion coefficient a represents mn 

one complex degree of freedom. If a signal is, roughly 

speaking, limited to the space interval \x\<~a and to the 

frequency interval \ul<!b, the number of complex degrees of 

freedom equals the number of Gabor coefficients in the space-

frequency rectangle with area ab (see Fig. 1), this number 

being about equal to the space-bandwidth product ab/2w. We 

consider this point in more detail in Sect. 4. 

The interpretation of Gabor's expansion coefficients as 

the values of a sliding-window spectrum at the lattice of 

points (x=lllX, u=nU), which we shall call the Gabor lattice, 

suggests a sampling theerem for the sliding-window spectrum. 

Indeed, in Sect. 4 we show that the sliding-window spectrum is 

completely determined by its values at the points of the Gabor 

lattice. 
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2.4. Propagation of a local frequency spectrum through linear 

systems 

It is not difficult to derive how a local frequency 

spectrum is propagated through a linear system. A linear 

system that transfarms an input signal ~. into an output 
l. 

signal ~ can be described in four different ways, depending 
0 

on whether we describe the input and the output signal in the 

space or in the frequency domain. We thus have four equivalent 

input-output relationships, 

<P (x ) = 
0 0 

$" (u ) = 
0 0 

fh (x ,x. );p. (x. )dx. , 
XXOlll l 

fh (u ,x.)$. (x. )dx. , ux 0 l l l l 

I f -4> (x) "'-
2 

h (x ,u.)ql.(u.)du. , 
0 0 ~ xu 0 l l l l 

- I I -4> (u ) = -
2 

h (u , u. )cp • (u. ) du. , 
o o n uu o 1 1 1 1 

(2.4-la) 

(2.4-lb) 

(2.4-lc) 

(2.4-ld) 

in which the system functions h , h , h , and h are 
XX UX XU UU 

completely determined by the system. Relation (2.4-la) is the 

usual system representation in the space domain by means of 

the impulse response hxx(x
0

,xi)' which. is also known as the 

(coherent) point spread function in Fourier opties; the 

function h (x,x.) is the space domain response of the system 
XX l. 

at point x due to the input impulse signal 4>. (x) = ö (x-x.). 
l. l. 
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Relation (2.4-ld) is a similar system representation in the 

frequency domain; the function h (u,u.) is the frequency 
uu ~ 

domain response of the system at frequency u due to 

~.(u) = 2nö (u-u.), which is the Fourier transfarm of the 
~ ~ 

harmonie input signal q,
1 

(x)= exp[iu
1
x]. In Fourier opties such 

a harmonie signal is a representation of the space dependenee 

of a uniform, obliquely incident, time-harmonie plane wave; in 

this context we might call h (u ,u.) the wave spread function 
uu 0 ~ 

of the system. Relations (2.4-lb) and (2.4-1c) are hybrid 

system representations, since the input and the output signal 

are described in different domains. 

There is a similarity between the four system functions 

hxx' h , h , and h and the four Hamilton characteristics
27 

ux xu uu 

that can be used to describe geometrie-optica! systems. 

Indeed, for a geometrie-optica! system the point 

characteristic is nothing but the phase of the point spread 

f i 
28 . . 1 1 . h ld b h unct on . S~m~ ar re at~ons o etween t e angle 

characteristic and the wave spread function, and between the 

mixed characteristics and the hybrid system representations. 

Unlike the four system representations (2.4-1), there is 

only ~ system representation when we describe the input and 

the output signal by their local frequency spectra. Combining 

the system representations (2.4-1) with the definition of the 

Wigner distribution function results in the relationship4 

F
0

(x
0

,u
0

)==
2
1
1f fjK(x ,u ,x.,u.)F.(x.,u.)dx.du., 

0 0 l l l l l l l 
(2.4-2) 
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in which the Wigner distribution functions of the input and 

the output signa! are related through a superposition 

integral. The function K(x ,u ,x.,u.) is completely determined 
0 0 ~ ~ 

by the system and can, of course, be expressed in terros of the 

four system functions h. We study this function in more d~tail 

in Sect. 3. In a similar way we find the relationship 

f (x ,u) =-
2
1 [jk(x ,u ,x.,u.)f.(x.,u.)dx.du. , 

0 0 0 ~ 0 0 ~ ~ k ~ k k 1 
(2.4-3) 

which relates the sliding-window spectra of the input and the 

output signa!. The function k(x ,u ,x.,u.) is completely 
0 0 l. l. 

determined by the system and the choice of the input and 

output window functions. We can also find a relationship 

between the Gabor coefficients of the input and the output 

signa!; such a relation takes the form 

(2.4-4) 

where, again, the coefficients cklmn are determined by the 

system and the choice of the input and output elementary 

signals. The coefficients cklmn will be considered in more 

detail in Sect. 4. 
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3. The Wigner distribution function 

In this sectien we consider the Wigner distribution 

tunetion in more detailt; for convenience, we reeall its 

definition (2.1-1) 

F(x,u) = f~(x+~x')~*(x-!x')exp[-iux']dx'. (3.0-la) 

The Wigner distribution tunetion is a function that may act 

as a local frequency spectrum of the signal; indeed, with x as 

a parameter, the integral in definition {3.0-1a) represents a 

Fourier transformation (with frequency variabie u) of the 

product ~(x+!x')~*(x-!x'). Insteadof the definition in the 

space domain, there exists a completely equivalent definition 

in the frequency domain, reading 

F(x,u) = 
1 f;p(u+~u')~*(u-h'lexp(iu'x]du'. 

2'lr 
(3.0-lb) 

The Wigner distribution function F(x,u) represents t.he 

signal in space and frequency, simultaneously. It thus farms 

t The results in this section have been presented at the ICO 

Conference "Opties in Four Dimensions", held in Ensenada, BC, 

Mexico, 4-8 August, 1980; they have been published in the 

proceedings of that conference in almest the same form as 

6 
they are presented here • 
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rt~presentation cp (x) and the pure frequency repr.esenL.tLion 

~(u). l''urthermore, this simultaneous space-frequency 

description closely resembles the ray concept in geometrical 

opties, where the position and direction of a ray are also 

given simultaneously. In a way, F(x,u) is the amplitude of a 

ray passing through the point x and having a frequency 

(i.e, direction) u. 

The Wigner distribution function of a one-dimensional 

signa! can easi ly he displayed by optical means. ln pr i.nc ip 1 (!, 

we can use the optical a.rrangements that are designed to 

display the ambiguity function29- 32 ; it suffices to rotate one 

part of these a.rrangements through 90° about the optical axis, 

thus displaying the Wigner distribution function instead of 

h amb . . f i 33 h' d'l b d db t e ~gu~ty unct on • T ~s can rea ~ y e un erstoa y 

observing that bath the Wigner distribution function and the 

ambiguity function can be considered as Fourier transfarms of 

the product '(x+~y),*(x-!y): the former as a Fourier transfarm 

with respect toy, and the latter as a Fourier transfarm with 

respect to x. 

We consider some examples of Wigner distribution functions 

inSect. 3.1, while some properties of it are given inSect. 

3.2. The propagation of the Wigner distribution function 

through linear systems will be studied in Sect. 3.3. 
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3.1. Examples of Wigner distribution functions 

We shall illustrate the concept of the Wigner 

distribution function by some examples from Fourier opties. We 

confine ourselves to time-harmonie optical signals of the form 

+<x)exp[-iwt]. Since the time dependenee is known a priori, 

the complex amplitude +<x) serves as an adequate description 

of the signal, and the time dependenee can be omitted from the 

formulas. For convenience, we restriet ourselves to one-

dimensional space functions +<x> to denote the complex 

amplitude; the extension to more dimensions is straightforward. 

3.1.1. Point souree 

A point souree located at the position x can be 
0 

described by the impulse signal (see Fig. 2a) 

~{x) = 6(x-x) 
0 

(3.1-1) 

Its Wigner distribution function takes the form (see Fig. 2b) 

F(x,u) ó(x-x ). 
0 

(3.1-2) 

At only one point x=x , all frequencies are present, whereas 
0 . 

there is no contribution from other points. This is exactly 

what we expect as the local frequency spectrum of a point 

source. 
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3.1.2. Plane wave 

As a secend example we eonsider a plane wave, described 

in the space domain by the harmonie signa! 

$(x) = exp[iu x], 
0 

(3.1-3a) 

or, equivalently, in the frequeney domain by the frequeney 

impulse (see Fig. 3a) 

~(u) = 2~o(u-u }. 
0 

(3.1-3b) 

A plane wave and a point souree are~ to eaeh other, i.e., 

the Fourier transferm of one funetion has the same ferm as the 

ether function. Due to this duality, the Wigner distribution 

function of a plane wave will be the same as the one of the 

point source, but rotated in the space-frequeney domain 

through 90°. Indeed, the Wigner distribution function of the 

plane wave (3.1-3) takes the ferm (see Fig. 3b) 

F(x,u) = 2~o(u-u ). 
0 

(3.1-4) 

At all points, only one frequeney u=u manifests itself, 
0 

which is exactly what we expect as the loeal frequency 

spectrum of a plane wave. 
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3.1.3. Quadratic-phase signal 

The quadratic-phase signal 

$(x) (3.1-5) 

represents, at least for small x, i.e., in the paraxial 

approximation, a spherical wave (see Fig. 4a) whose curvature 

is equal to a. The Wigner distribution function of such a 

signal is (see Fig. 4b) 

F(x,u): 2~6(u-ax), (3.1-6) 

and we conclude that at any point x, only one frequency u;ax 

manifests itself. This corresponds exactly to the ray picture 

of a spherical wave. 

3.1.4. Gaussian signal 

As a final example we consider the Gaussian signal 

qJ(X) = (.!) ! exp [-!.(x-x ) 2+iu x] 
~ cr o o ' 

where cr is a positive quantity. The Wigner distribution 

function of this Gaussian signal reads3 

(3.1-7} 
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21T 2 a 2 F(x,u) = 2 exp[--(x-l( ) --(u-u ) J • 
(j 0 27f 0 

(3.1-8) 

Note that it is a function that is Gaussian in both x and u, 

centeredon the space-frequenèy point {x ,u) (see Fig. 5). 
0 0 

The effective widths in the x- and the u-direction follow from 

tl1e normalized second-order central moments !<o/2n) and 

!(21T/O) in the respective directions (see Fig. 5). 

When we consider Gaussian beams, we have to deal with a 

Gaussian signal that is multiplied by a quadratic-phase 

signa!, e.g. 

<j)(x) (3.1-9) 

The Wigner distribution function of such a signal takes the 

form 

211' 2 a 2. 
E' 1 x u) =2 eVT'I[--x -- (u-axJ ] . ' ' •• ". a 211' 

(3.1-10) 

It may be convenient to consider the Gaussian beam (3.1-9) as 

a quadratic phase signalof the form (3.1-5), having a complex 

34 35 . curvature 1 a+~(21T/O); this complex curvature sametimes 

behaves like the ordinary curvature of a quadratic-phase 

signal, as we shall see later on in Example 3.3.3. 
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3.2. Properties of the Wigner distribution function 

In this section we list some properties of the Wigner 

distribution function. Other properties can be found 

1 h 
2,3,5-7,36 

e sew ere . 

3.2.1. Inversion formulas 

The inverse relation that corresponds to the definition 

(3.0-1a) reads 

(3.2-1) 

and a similar relation corresponds to the definition (3.0-1b). 

In fact, the inverse relations formulate the conditions that a 

function of two variables must satisfy in order to be a Wigner 

distribution function: a function of x and u is a Wigner 

distribution function if and only if the right-hand integral 

in Eq. (3.2-1) is separable in the form of the left-hand side 

of that equation. From Eq. (3.2-1) we conclude that the signal 

~(x) can be reconstructed from its Wigner distribution 

function up to a constant phase factor. 

r.-elation (3.2-1), we can phrase the necessary and sufficient 

conditions that a function of two variables must satisfy in 

ordl'r to be 21 Wi<Jrwr: distribution function, entirely in tm:ms 
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of that function itself. A real function F(x,u) is a Wigner 

distribution function if and only if it satisfies the 

relation
37 

F(a+!x,b+iu)F(a-!x,b-!u) = 

=-
1
- JfF(a+~x ,b+~u )F(a-ix ,b-iu )exp[-i(ux -u x)]dx du Zrr o o o o o o o o 

for any a and b. 

3.2.2. Realness 

(3.2-2) 

It follows immediately from the definitions (3.0-1) that 

the Wigner distribution function is real. Unfortunately, the 

Wigner distribution function is not necessarily non-negative, 

which prohibits a direct interpretation of this function as an 

energy density function. 

3.2.3. Space and frequency limitation 

It follows directly from the definitions that, if the 

signal ~(x) is limited to a certain space interval, the Wigner 

distribution function is limited to the same interval. 

Similarly, if the frequency spectrum ~(u) is limited to a 

certain frequency interval, the Wigner distribution function 

is limited to the same interval. 
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3.2.4. Space and frequency shift 

It follows immediately from the definitions that a space 

shift of the signal $(x) yields the sameshift for the Wigner 

distribution function. Similarly, a frequency shift of the 

frequency spectrum $(u), which corresponds toa modulation of 

the signal ~(x), yields the same shift for the Wigner 

distribution function. We have already met these space and 

frequency shifts when we considered the Gaussian signal in 

Example 3.1.4. 

3.2.5. Same equalities and inequalities 

Although the Wigner distribution function itself may take 

negative values, certain integrals of it are non-negative. The 

integral over the frequency variable u, 

fF(x,uldu = \iJl(x) \ 2 , (3.2-3a) 

is equal to the intensity j~(x) 12 of the signal, while the 

integral over the space variable x, 

[FCx,u)dx= \~(uli 2 , (3.2-3b) 

is equal to the intensity j~(u) j2 of the frequency spectrum. 

These integrals are evidently non-negative. The same holds for 
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the integral over the entire space-frequency domain, 

- [JF(x,u)dxdu 2;r 
(3.2-4) 

whiçh represents the total energy of the signal. The integrals 

in Eqs. (3.2-1) and (3.2-4) have clear physica] 

interpretations. Such interpretations can be given to several 

other integrals of the Wigner distribution function. Without 

going into detail, we mention here that radiometric quantities 

l 'k d' t . t 't 12,38 d' . 12,38 ~ e ra ~an ~n ens~ y , ra ~ant em~ttance 1 

geometrical vector flux39
, etc., can be expressedas integrals 

of the Wigner distribution function6 • 

The integral in Eq. (3.2-4) represents in fact the zero-

order moment of the Wigner distribution function. The 

normalized first-order moment of the Wigner distribution 

function in the x-direction, 

f[xF(x,u)dxdu fxl~<x> !2dx 
<x> ~ = (3.2-5) 

[JF(x,u)dxdu fl~(x) 1
2dx 

is equal to the center of gravity
10 

of the intensity l~<x>l 2 ; 

a similar relation holds for the first-order moment <u> in the 

u-direction. The normalized second-erder moment in the x-

direction, 

Jfx2F(x,u)dxdu 
<x2> = -..,,------

JfF(x,u}dxdu 

J x 2 1 ql(x) j 2dx 

JI4J(x) j 2dx 
(3.2-6) 
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is equal to the square of the duration
10 

of the signa! ~(x)1 a 

similar relation holds for the normalized second-erder moment 

<u2>. Note that, again, these second-erder moments are non-

negative. 

5 
Insteadof the global moments, like in Eqs. (3.2-4), 

(3.2-5) and (3.2-6), where the integration is over both the 

space and the frequency variable, we can also consider local 

5 moments , like in Eqs. (3.2-3), where we integrate over one 

variable only. The normalized first-order local moment with 

respect to the frequency variable, 

U (X) 

[uF(x,u)du 

fF(x,u)du 
= Im {! ln Ij) (x) } , (3. 2-7) 

can be interpreted as the average frequency of the Wigner 

distribution function at position x. When we represent the 

signa! ~(x) by its absolute value l~<x>l and its phase 

arg ~(x), we obtain the relation 

U(x) d ' 
dx arg <il (x) (3.2-8) 

from which we conclude that the average frequency U(x) is 

equal to the derivative of the phase of the signal. Other 

interesting local moments can be found in Ref. 5. 

An important relationship between the Wigner distribution 

functions of two signals and the signals themselves has been 

formulated by Moya1
40

1 i.t readn 
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I r z I t r- -., , z = J"' 1 Cx:l"' 2*(xldxl = - .-~. (u)"' (u)duj 
'!' '+' 211" "'1 '+'2 • (3.2-9) 

This relationship has an application in averaging one Wigner 

distribution function with another Wigner distribution 

function. The result, unlike the Wigner distribution function 

itself, is always non-negative. 

Equations (3.2-4) and (3.2-9), together with Schwarz' 

inequality, yield the relationship 

s ( "
1

11" r frl (x,u)dxdu) ( .J- r fr ") (x,u)dxdu), 
4 '~ v 

(3.2-10) 

which can be considered as Schwarz' inequality for Wigner 

distribution functions. 

Another important inequality, which has been formulated 

by De Bruijn36 , reads 

n! ffr(x,u)dxdu , (3.2-11) 

where n is a non-negative integer. For the special case n=l, 

this inequality reduces to 

2rr .2 a 2 -<x > +-<u > ~ 1 , 
(j 21T 

(3.2-12) 
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from which relation we can directly derive the uncertainty 

. i 1 10 
pr~nc p e 

(3.2-13) 
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3.3. Propagation of the Wigner distribution function through 

linear systems 

In this section we consider in more detail the 

propagation of the Wigner distribution function through linear 

systems. For convenience, we reeall the input-output 

relationship (2.4-2) 

(3.3-1) 

in which the Wigner distribution functions of the input and 

the output signal are related through a superposition integral. 

The function K{x ,u ,x. ,u.) is completely determined by the 
0 0 ~ ~ 

system, and can be expressed in terms of the four system 

functions h , h 1 h , and h by combining the system 
XX UX XU UU 

representations (2.4-1) with the definitions {3.0-1) of the 

Wigner distribution function; we find 

K(x ,u ,x.,u.) = 
0 0 ~ l. 

(3.3-2) 

ffh (x +~x' x.+~x!)h* (x -'x',x.-~x!)exp[-i(u x'-u.x!)]dx'dx! 
XX 0 0

1 ~ ~ XX 0 0 l. 1 0 0 l. l. 0 1 1 

and similar expressions for the other system functions
28

• 

Equation (3.3-2) can be considered as the definition of a 

double Wigner distribution function; hence, the function 

K(x ,u ,x.,u.) has all the properties of a Wigner distribution 
0 0 l. l. 
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function, for example the property of realness. 

In a formal way, the function K(x,u,x.,u.) is the 
~ ~ 

space-frequency domain response of the system at space-

frequency point (x,u) due to F. (x, u) = 2n-ó (x-x.) ó (u-ui). We 
~ ~ 

emphasize that this is in a formal way only, since there does 

not exist an actual signal whose Wigner distribution function 

has the form 2n-ó(x-x.)ó(u-u.). Nevertheless, thinking in 
~ ~ 

optical terms, such an input signal could be considered to 

represent a single ray, entering the system at the point xi 

with a frequency (direction) u .• Hence, we might call the 
~ 

function K(x ,u ,x.,u.) the ray snread function of the system. 
0 0 l. ~ oE.. 

It is nat difficult to express the ray spread function 

of a cascade of two systems in terros of the respective ray 

spread functions K1 (x ,u ,x.,u.) and K
2

(x ,u ,x.,u.). The ray 
0 0 l. ~ 0 0 ~ l. 

spread function of the overall system has the form 

K(x ,u ,x.,u.)=-
2
1 

JfK
2

(x ,u ,x,u)K
1
(x,u,x.,u.)dxdu. (3.3-3) 

0 0 l. l. 1r 0 0 l. l. . 

Some examples of ray spread functions of elementary 

41 42 
Fourier-optical systems ' might elucidate the concept of 

the r.:c1y sproad funct.ion. 

3. 3. 1. Thin lens 

A thin lens having a focal distance f can be described 

by the point spread function 
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h (x ,x.)= exp[-i
2
k.,x2jó(x -x.) 

XXOl. -0 Ol. 
(3.3-4) 

where k=2~/À=w/c is the usual wave number. The corresponding 

ray spread function takes the ferm 

!<( "' u x u) "'2rr.t(x.-x lo'(u.-u _.15_...,. l 
AQ I 0 I i I i <) l. Q l. 0 f .n. 0 I 

(3.3-5) 

and the input-output relationship (3.3-1) for a thin lens 

reduces to 

(3.3-6) 

Equation (3.3-5) represents exactly the geometric-optical 

behaviour of a thin lens: if a single ray is incident on a 

thin lens, it leaves the lens from the same position but its 

direction is changedas a function of the position (see Fig. 6). 

3.3.2. Free space in the Fresnel approximation 

The point spread function of a sectien of free space 

having a length z has, in the Fresnel approximation, the ferm 

'k)i k ., h (x ,x.)"' 1-
2 1 

exp[i-::;-(x -x..)"] • 
XX 0 l. ·. 1T Z .. z 0 l. 

(3.3-7a) 

The corresponding wave spread function is given by 
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h {u , u. 1 == exo (-i ..=....u 2 ]21r o (u. -•.1 l • uu 0 l. ~ 2k 0 l. 0 
(3.3-7b) 

The similarity between the wave spread tunetion of free space 

and the point spread function of a lens shows that these two 

systems are duals of one another. This becomes apparent also 

from their ray spread functions, which for free space takes 

the form 

K(x ,u ,x.,u.) = 2Tró(x.-x +~u )ó(u.-u) 
0 0 l. l. l. 0 ~ 0 l. 0 

(3.3-8) 

The input-output relationship (3.3-1) for a section of free 

space reduces to 

F (x, u) 
0 

(3. 3-9) 

Equation (3.3-8) again represents exactly the geometrie-

optical behaviour of a section of free space: if a single ray 

propagates through free space, its direction remains the same 

but its position changes according to the actual direction 

(see Fig. 7). 

Until now we have considered a section of free space as 

an optical system, with an input plane, an output plane, and a 

point or wave spread function. It is possible, however, to 

find the propagation of the Wigner distribution function 

through free space directly from the differentlal equation 

that the signal must satisfy. We can then find a transport 
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equation6 •43- 48 that describes the transport of· the Wigner 

distribution function through this particular medium. It 

should be mentioned that the concept of a transport equation 

is not restricted to free space, but can be applied to rather 

arbitrary inhamogeneaus and dispersive media; a detailed study 

of the transport equation is, however, beyend the scope of 

this paper. In general, the transport equation takes the form 

of a partial differential equation. Taking into account the 

first-order terms of this equation only, which is known as the 

Liouville approximation, leads to a clear geometric-optical 

. . f h i 6,47,48 h . 
~nterpretat~on o t e transport equat on t e W~gner 

distribution function has a constant value along the path of a 

geometric-optical light ray. 

3.3.3. First-order optical systems 

A thin lens, a sectien of free space, and other 

elementary optical systems41 •42 like a Fourier transfarmer and 

a magnifier, are special cases of Luneburg's first-order 

optical systems
49

• A first-order optical system can, of course, 

be characterized by its system functions h , h , h , and 
XX UX XU 

h they all have a constant absolute value, and their phases 
u u 

vary quadratically in the pertinent variables. (Note that a 

Dirac function can be considered as a limiting case of such a 

quadratically varying function.) A system representation in 

termsof Wigner distribution functions, however, is far more 
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elegant: the ray spread function of a first-order optical 

35 
system has the form 

K(x ,u ,x.,u.) 
0 0 l. 1. 

2~yê(x1 -AX -su )o(u.-cx -Ou l , 
0 0 l. 0 0 

and its input-output relationship (3.3-1) reduces to 

r: (x,u) = !F. (Ax+Bu,Cx+Du). 
0 l 

(3.3-10) 

(3.1-11) 

The constant y in these equations is non-negative~ it equals 

1 1 35,41,42 'f f unity if the system is oss ess , i.e.,~ or any 

input signal the total energy of the output signal equals that 

of the input signal. The four real constants A, B, C, and D 

. 34 35 49 
constitute a matrix which is symplect~c ' ' ; for a 2x2 

matrix, symplecticity can be expressed by the condition 

AD-BC = 1. 

From Eq. (3.3-10) we conclude that a single input ray 

entering a first-order system at the point x. with a frequency 
l. 

u. , yields a single output ray leaving the system at the 
l. 

point x
0 

with a frequency u
0

, where xi, ui, x
0

, and u
0 

are 

related by 

(3.3-12) 

Equat.ion (3.3-12) is a well-known geometric-optical matrix 

description of a first-order optical system49
; the ABCD-matrix 

. k th t f t' . 34 1.s nown as e ray rans orma 1.on matr1.x • 
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Quadratic-phase signals (see Example 3.1.3) fit very 

well to a first-order system, since their general character 

remains unchanged when they propagate through such a system. 

We reeall that, through Eq. (3.1-6), a quadratic-phase signal 

is completely described by its curvature a. Let a. be the 
~ 

input curvature; then the output curvature a is related to a. 
0 ~ 

by the bilinear relation
35 

C+Da 
0 

ai = A+Ba 
0 

(3.3-13) 

which follows immediately from Eqs. (3.1-6) and (3.3-11). In 

fact, the bilinear relation (3.3-13) also applies to Gaussian 

beams, if we describe such a beam formally by a complex 

35 curvature , cf. Example 3.1.4. 
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4. 'l'he sliding-window spectrum and Gabor 's signa! expansion 

4.1. The sliding-window spectrum 

For convenience, we reeall the definition (2.1-2) of the 

sliding-window spectrum 

f(:x:,u) = /1/l(f,;)g*(f;-:x:)exp[-iuf;]d.; • (4.1-la) 

We note that the sliding-window spectrum can be considered as 

the Fourier transfarm of the product of the signal ~(x) and a 

conjugated and shifted version of the window function g(x). 

The window function may be chosen rather arbitrarily1 mostly 

it will be a function that is more or less concentrated 

around the origin. The sliding-window spectrum can then be 

considered as a short-term Fourier transfarm of the signal, 

which, indeed, can be interpreted as a local frequency 

spectrum. Instead of the definition in the space domain, 

there exists an equivalent definition in the frequency domain, 

reading 

1 J- -f(x,u) = exp[-iux] Zn ~(lJ)g*(J.l-u)exp[illx]dlJ . (4.1-lb) 

The factor exp[-iux] causes a slight asymmetry between the 

definitions (4.1-la) and (4.1-1b); if desired, more symmetrie 

.definitions result from adding a factor exp[!iux] to the 

right-hand sides of Eqs. (4.1-1). 
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The sliding-window spectrum of a one-dimensional signal 

can easily be displayed by optical means. Since it is the 

cross-ambiguity function of ~(x) and g(x), we can use the 

optical arrangements that are designed to display such cross

ambiguity functions29- 31 •50 • 

We now give some properties of the sliding-window 

spectrum, which can be derived directly from the definitions. 

Other properties can be found in the literature on cross

ambiguity functions. (See, for instance, Ref. 7 and the 

references cited there.) 

4.1.1. Inversion formulas 

Since the definition (4.1-1a) of the sliding-window 

spectrum f(x,u) can be considered as a Fourier transformation 

of the product ~{~)g*(~-x), we can easily find a way to 

reconstruct the signal ~(x) from its sliding-window spectrum 

by simply writing down the corresponding inverse Fourier 

transformation. There exists another way of reconstructing the 

signal from its sliding-window spectrum, viz., by means of the 

inversion formula
3 

cp ( ~) J I g (x) l2dx = 
2
\r fJ f (x,u) g (~-x) exp [iu.;]dxdu , (4.1-2) 

which represents the signal as a linear combination of shifted 

and modulated window functions. However, this linear 
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combination is not unique
3

; indeed, there are many kernels 

p(x,u) that satisfy the relationship 

Ij> (F;) f I g (x) l 2dx = 2~ IJ p(x ,u) g (t;-x) exp [iut;]dxdu • (4.1-3) 

One obvious kernel is suggested by Gabor's signal expansion 

(2.3-1), in which case p(x,u) has the form of a discrete set 

of Dirac functions ê(x-mX)o(u-nU) in the space-frequency 

domain. The representation (4.1-2), i.e., choosing the kernel 

p(x,u) in Eq. (4.1-3) equal to the sliding-window spectrum 

f(x,u), is the best possible one in the sense that for this 

choice the L2-norm of p(x,u) takes its minimum value. To see 

this we multiply both sides of Eqs. (4.1-2) and (4.1-3) by 

$*(f;), integrate over~. and conclude from the equivalence of 

the right-hand sides of the resulting equations that f(x,u) 

and p(x,u)-f(x,u) are orthogonal; hence, the relationship 

Jflp(x,u) !2dxdu= Jjlf(x,u) l2dxdu+ Jflp(x,u)-f(x,u) l2dxdu (4.1-4) 

holds. It will be clear that the L2-norm of p(x,u) takes its 

minimum value if p(x,u)-f(x,u) = 0, i.e., if we choose the 

kernel p(x,u) equal to the sliding-window spectrum f(x,u). 

The necessary and sufficient conditions that a function 

of two variables must satisfy in order to be a sliding-window 

spectrum, can easily be found by combining the definition 

(4.1-la) of the sliding-window spectrum and the inversion 

formula (4.1-2). We find that a function f(x,u) is a sliding-
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window function with window function g(x) if and only if it 

satisfies the relationship 

f{x,u) = (4.1-5) 

1 . 
-2 Jff(x ,u ) { fg(f;-x )g* (1;:-x)exp[i(u -u)f;]df;} dx du • 

'lf 00 0 0 00 

4.1.2. Space and frequency shift 

Let f(x,u) be the sliding-window spectrum of the signal 

$(x); the sliding-window spectrum of the shifted and 

modulated signal ~(x-x )exp[iu x] then takes the form 
0 0 

f(x~x ,u-u )exp[-i(u-u )x]. Hence, the squared modulus of 
0 0 0 0 

the sliding-window spectrum, which is also known as the 

physical spectrum (see Sect. 2.2), has the same shifting 

property as the Wigner distribution function (cf. Property 

3.2.4): a space or frequency shift of the signa! yields the 

same space or frequency shift for the squared modulus of the 

sliding-window spectrum. 

4.1.3. Relation to the Wigner distribution function 

From the relationship (2.2-6) between the physical 

spectrum and the Wigner distribution function, we conclude 

that the squared modulus of the sliding-window spectrum is a 
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weighted version of the Wigner distribution function, cf. 

Mayal's formula (3.2-8). 

4.1.4. Some integrals concerning the sliding-window spectrum 

The integral of the squared modulus of the sliding-window 

spectrum over the frequency variable u, 

2
1
1T /\f(x,uJ\ 2du=/\<P<x >\ 2 \g(x -x>\ 2dx , 

0 0 0 
{4.1-6a) 

can be interpreted as a weighted version of the intensity 

\~(x) \2 , while the integral over the space variable x, 

(4.1-6b) 

can be considered as a weighted version of ~~(u) 12 • The 

integral of the squared modulus over the entire space-

frequency domain, 

(4.1-7) 

is equal to the product of the total energy of the signal and 

the total energy of the window function. 
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4.2. Signal reconstruction from thc sampled sliding-window 

spectrum 

We can reconstruct the signal from the sliding-window 

spectrum via the inversion formula (4.1-2). However, in order 

to reconstruct the signal, we need not know the entire 

sliding-window spectrum; it suffices to know its values at the 

points of the Gabor lattice depicted in Fig. 8. In quanturn 

roeebanies this latticeis known as the Von Neumann lattice
51

•
52

. 

Let the values of the sliding-window spectrum at the 

points (x=mX, u=nU) be called f • We thus have the relation mn 

f = f«P<t;)g*(E;- mX)exp[-inUE;]dE; . (4.2-1) mn 

We shall now demonstrate how the signal can be found when we 

know the values f of the sanpled sliding-window spectrum. mn 

We first define the function f(x,u) by a Fourier series 

with coefficients f mn 

f (x, u) =Hf exp[ -i (muX-nUx)] • 
mn mn 

(4.2-2) 

Note that the function f(x,u) is periadie in x and u, with 

periods X and U, respectively. The inverse relationship bas 

the form 

f =-
2
1 ffîcx,u)exp[i(mux-nux) ]dxdu , 

mn 1f xu 
(4.2-3) 
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where the integrations extend over one period X ánd one 

period u, respectively. 

Furthermore, we define the function $(x,u) by 

,P (x tul = I<P (x+mxl exp[-imuX] • 
m 

(4.2-4) 

Note that the function $(~,u) is periodic in u, with period U1 

and quasi-periodic in x, with quasi-period x. Equation (4.2-4) 

provides a means of reprasenting a one-domensional space 

function by a two-dimensional space-frequency function53 on a 

rectangle with finite area UX=2w. The inverse relationship has 

the form 

1 r-<P (x+mX) = 0 J <P (x, u) exp[imuX]du 
u 

(4.2-5) 

It will be clear that the variable x in Eq. (4.2-5) can be 

restricted to an interval of length X, with m taking on all 

integer values. 

With the help of the functions f(x,u), ~(x,u) and a 

similar function g(x,u) associated with the window function 

g(x), Eq. (4.2-1) can be :t:ewr.ith:m as 

f(x 1 u) =X~(x,u)g*(x,u) (4.2-6) 

In fact, we have now solved the problem of reconstructing the 

signal from its sampled sliding-window spectrum: 
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- from the sample values f we determine the function 
mn 

f(x,u) via Eq. (4.2-2); 

- from the window function g{x) we derive the associated 

function g(x,u) by Eq. (4.2-4); 

- under the assumption that division by g(x,u) is allowed, 

the function ~(x,u) can be found with the help of 

Eq. (4. 2-6); 

- finally, the signal follows from ~(x,u) by means of the 

inversion formula (4.2-5). 

A simpler reconstruction method becomes apparent in Sect. 4.3, 

when we have studied Gabor's signal expansion (cf. Eq. {4.3-8)). 

Problems may arise in the case that g(x,u) has zeros. In 

26 -that case homogeneaus solutions h(x,u) may occur, for which 

the relation 

(4.2-7) 

holds •. Equation (4.2-7), which is similar to Eq. (4.2-6) with 

f(x,u) = 0, can be transformed into the relation 

jh(l;;)g*(l;;-mX)exp[-inUI;;]df; = 0 , {4.2-8) 

which is similar to Eq. ( 4. 2-1 ) wi th f = 0 , and which shows 
mn 

that the sliding-window spectrum of a homogeneaus salution 

h{x) vanishes at the Gabor lattice
54 

We conclude that the 

existence of homogeneaus solutions makes the reconstruction of 
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the signal from its sampled sliding-window spectrum non-unique: 

if ~(x) is a possible reconstruction, then ~(x)+h(x) is a 

possible reconstruction, too. In this paper we shall not study 

the problem of homogeneaus solutions. 

We shall consider some examples of window-functions g(x), 

and determine their associated two-dimensional functions 

g(x,u), confining ourselves tbraughout to the interval 

<-!x<x~~x, -!u<u~!u>. 

4.2.1. Reet window function 

As a first example we consider a rectangular window 

function whose width equals X: 

g (x) == reet Ci'} = {0
1 -!x<x;S;~X , 

elsewhere. 

The associated two-dimensional function g(x,u) follows 

readily from Eq. (4.2-4); it reads 

g(x,u) = 1 

(4.2-9) 

(4.2-10) 

This example can easily be generalized to an arbitrary 

window function g(x) that is limited to the interval 

-!x<x~~X; the associated function g(x,u) reads 

g(x,u) = g(x) (4.2-11) 
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4.2.2. Sine window function 

Our second example is the band-limited function 

g (x) =sine(~) =sin ( 1r~) / ( 1TÎ) . (4.2-12) 

This function is the dual of the rectangular window function 

of the first example. Its Fourier transfarm reads 

g(u)=Xrect(~) , (4.2-13) 

and its associated two-dimensional function g(x,u) takes the 

form 

g(x,u) = exp[iux] . (4.2-14) 

This example can easily be generalized to an arbitrary 

function g(x) that is band-limited to the interval -~U<us!u; 

the associated function g(x,u) reads 

- Si& [ J g (x , u) "-"' X exp i u x (4.2-15) 

4.2.3. Gaussian window function 

As our final example we consider the Gaussian window 

function 
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(4.2-16) 

A Gaussian function has several advantages: its Fourier 

transferm is again Gaussian, and the product of the space- and 

frequency-domains durations has the theoretica! minimum 

10 
value , cf. Example 3.1.4 and Eq. (3.2-12). The associated 

t:wo-dimensional function g(x,u) fellows via Eq. (4.2-4); it 

takes the form 

(4.2-17) 

where e3 (•) is a theta function
55

'
56 

with ~ q=exp[-~], and 

where, for convenience, we have set z =u/U+ i (x/X) . 
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4.3. Gabor's signal expansion 

In this section we apply the ideas of Sect. 4.2 to 

Gabor's signal expansion (2.3-1), which represents the signal 

as a discrete set of properly shifted and modulated versions 

of an elementary signal g(x), say, and which is recalled here 

for convenience: 

4> (x) = .Hamng(x-mX)exp[inUx] • 
mn 

With the help of Eq. (4.2-2) applied to the expansion 

coefficients a and Eq. (4.2-4) applied to the signal $(x) 
mn 

and to the elementary signal g(x), we cantransfarm 

Eq. (4.3-1) into 

~ (x,u) = à(x,u)g(x,u) (4.3-2) 

In fact we have now solved the problem of finding Gabor's 

expansion coefficients, even in the case that the set of 

shifted and modulated elementary signals g(x-mX)exp[inUx] is 

not orthogonal: 

- from the signal ~(x) and the elementary signal g(x} we 

derive the associated functions ~(x,u} and g(x,u) via 

Eq. (4. 2-4) ~ 

- under the assumption that division by g(x,u) is allowed, 

the function à(x,u) can be found by means of Eq. (4.3-2); 
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finally, the expansion coefficients a fellow from the mn 

function a(x,u) with the help of the inversion formula 

(4.2-3). 

We have just shown how Gabor's expansion coefficients can 

be determined when signa! ~(x) and elementary signal g(x) are 

known; there is, however, a simpler way to find these 

expansion coefficients. Under the assumption, again, that 

division by g(x,u) is allowed, wedefine the function y(x,u), 

say, through the relation 

(4.3-3) 

Substitution of this relation into Eq. (4.3-2) yields 

à(x,u) = X~(x,u)y*(x,u) . (4.3-4) 

When we notice the resemblance between Eqs. (4.3-4) and 

(4.2-6), it is not difficult to see that the fermer relation 

can be transformed into 

amn = f 41 (~) y* u;-rox) exp[ -inuç;]df; , (4.3-5) 

where the function y(x) fellows from the function y(x,u) by 

means of the inversion formula (4.2-5). We conclude that the 

expansion coefficients can be determined immediately from 

Eq. (4.3-5) when the signal ~(x) and the function y(x) are 
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known. Note the resemblance between Eqs. (4.3-5) and (4.2-1), 

which shows that the expansion coefficients can be considered 

as the sample values of a sliding-window spectrum with window 

function y (x). 

Equation (4.3-3) can be transformed into 

Jg(~}y*(é;-mX)ex.p[-inUOd~ = ö ö , 
m n 

(4.3-6) 

from which we can conclude that the functions g(x) and y(x) 

are, in a certain sense, bi-orthonormal. This is, in fact, the 

reason why we can use the y-functions to find the coefficients 

of the expansion in g-functions, and vice versa. 

An expansion of the signal '(x) into a discrete set of 

y-functions can be derived as follows. Multiplying both sides 

of Eq. (4.2-6) by y(x,u) and substituting from Eq. (4.3-3) 

yields 

~(x,u) = f(x,u)y(x,u) , (4.3-7) 

which is in close resemblance to Eq. (4.3-2). It can readily 

be seen that Eq. (4.3-7) can be transformed into 

'(x) = LLf Y (x-mX) exp[inUx] , mn mn 
(4.3-8) 

which, of course, resembles Gabor's signal expansion (4.3-1). 

In Sect. 4.2 it was shown how the signal could be 
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reconstructed from the sampled sliding-window spectrum; we 

conclude that there exists a simpler reconstruction method by 

means of Eq. (4.3-8). 

When we substitute from Eg. (4.3-8) into the definition 

(4.1-la) of the sliding-window spectrum, we obtain the 

relation 

f (x,u) = LLf Jy (f;-mX)exp[inUf;]g* u;-x) exp[-iu,]df; 
lllnllln 

(4.3-9) 

Equation (4.3-9) enables us to express the sliding-window 

spectrum in terms of its sample values. We can write 

f(x,u) = }:If q(x-mx,u-nU)exp[-imUX] , 
ll1n mn 

(4.3-10) 

where we have used the shifting property 4.1.2 of the sliding-

window spectrum, and where we have introduced the 

interpolation function 

q(x,u) = fy(é;)g*(f;-x)exp[-iu;Jaç; • (4.3-11) 

Note that the interpolation function q(x,u) is, in fact, the 

sliding-window spectrum of the function y(x), and that its 

property 

q(mX,nU) = o o 
m n 

(4.3-12) 

is equivalent to the bi-orthonormality property (4.3-6). 
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For some elementary signals, which we considered already 

as window functions in Sect. 4.2, we shall determine the 

corresponding funetions y(x) and the interpolation functions 

q(x,u). 

4.3.1. Reet elementary signal 

For the reetangular elementary signal (4.2-9) we readily 

find 

(4.3-13) 

and hence 

X y (x) = reet (i) . (4.3-14) 

The interpolation function q(x,u) that eorresponds to this 

rectangular function reads 

q (x, u) = exp( -!iux]sind!:!.( 1-l!!JJ } r 1-hl' reet (2!.J u x 'J x J 2x:J (4.3-15) 

Gahor' s signal expansion using a rectangular elementary 

signal represents, in faet, a well-known way of expanding a 

signal: we simply consider the signal in succesive intervals 

of length X, and describe the signal in each interval by means 

of a Fourier series. Note that y(x) is proportional to the 



-51-

~lementary signal g(x). This is not surprising since, in this 

case, the set of shifted and modulated elementary signals is 

orthogonal. 

4.3.2. Sine elementary signal 

For the sine elementary signal (4.2-12) we have 

X y (x,u) = exp[iux] , (4.3-16) 

X y (x) = sine(~) , (4.3-17} 

and 

(4.3-18) 

This example is simply the dual of the previous one. It will 

be clear that for a signal which is band-limited to the 

frequency interval -!u<us~u, Gabor's signal expansion 

represents the well-known ordinary sampling theorem. 

4.3.3. Gaussian elementary signa! 

In the case of the Gaussian elementary signal (4.2-16) we 

have 
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(4.3-19) 

where we have set again z=u/U+i(x/X). Equation (4.3-19) can 

be expressed as 

Xy(x,u) = 

where 

c = E (-l}nexp[-n(n+!> {2m+n+!l] 
m n~O 

(see, for instance, Ref. 55, p. 489, Example 14); the 

(4.3-20) 

(4.3-21) 

constant K = 1.85407468 is the complete elliptic integral for 
0 

the modulus ~/:2 (see, for instance, Ref. 55, p. 524). It is 

now easy todetermine y(x) via the inversion formula (4.2-5), 

yielding 

3 -! (x~ 2 (Ko.l-- m x X y(x+mX) = 2 exp[n -; ] -J 2 (-1) c exp[2nm-] 
X 11' m X 

(4.3-22) 

or 

3 
Xy(x) =2-!(7f2. exp[11'(~}2J L (-l)nexp(-n(n+!)2]. (4.3-23) 

n+~<J:~ 

The function y(x) is plotted in Fig. 9. 
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Without proof we mention some properties of the function 

y(x). As is also the case for the Gaussian function, the 

Fourier transfarm of y(x) has the same form as y(x) itself. 

Moreover, the function y(x) satisfies the differential 

equation 

3 
! (1Tor2 I< -u m c ex- <m+~ no . 

m 

53 
More properties of y(x) can be found elsewhere . 

(4.3-24) 

The intex.polation function q(x,u) that corresponds to 

the Gaussian function takes the form 

(4. 3-25) 

e ( ) . . h f . 55,56 . h ' [ ] where 
1 

• ~s aga~n a t eta unct~on w~t nome q=exp -rr . 

Equilticm (4. 3-25) can he' oxprcssed in a more symmetrical form 

• • I • f • 55,56 ( • h I • • 
us~ng We~erstrass s~gma unct1on w~t w = J.W = ~K ; 

0 

see Ref. 56, Sect. 18.14, Lemniscatic case), and then reads 

IJ ( 2K z) 
0 

2K z 
0 

(4.3-26) 

From Eq. (4.3-26) we conclude that there seems to be a 

conneetion with certain classical interpolation theorems
53

, 57 • 
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4.4. Propagation of Gabor's expansion coefficients through 

linear systerns 

To derive how Gabor's expansion coefficients propagate 

through a linear system, we choose input and output elementary 

signals g
1

(x) and g
0

(x), andrepresent the input and the 

output signal by means of their Gabor expansions (4.3-1). When 

we combine Eqs. (4.3-1) and (4.3-5) with the system 

representations (2.4-1), we can derive the relationship (2.4-4) 

i between the input and the output expansion coefficients a 
mn 

and a~1 , which we reeall here for convenience: 

(4.4-1) 

The coefficients cklmn in Eq. (4.4-1) are completely 

determined by the system and the choice of the input and 

output elementary signals; indeed, we find 

==-1- Jfh (u,x)y*(u-lU)g. (x-mx)exp[i(kuX+nUx)]dxdu , 
2~ ux 0 ~ 

{4.4-2) 

and similar expressions for the system functions h , h , and 
XX XU 

h u u 

As an example we consider the basic coherent-optical 

system depicted in Fig. 10, consisting of a 4f-arrangement 
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with rectanqtllar apertures in the input plane and the Fourier 

plane. Such a system ~~an be described by a system function 

h (u,x), which in this case takes the form u x 

h (u,x) = rectf3.)rect(~lexp[ iux] ux 'a bJ · 
(4.4-3) 

For convenience, we shall choose the widths of the apertures 

in the input and the Fourier plane equal to an odd multiple of 

the space and the frequency shift X and U, respectively, thus 

a= (2M+l )X , (4.4-4a) 

b = (2N+1 )U I (4.4-4b) 

with M and N integers. When we substitute from Eqs. (4.4-3) 

and (4.4-4) into Eq. (4.4-2), we conclude that the array of 

coefficients cklmn can be expressed as a 4-dimensional discrete 

convolution of two arrays dklmn and eklmn 1 where the 

coefficients dklmn are defined by 

{

ó ó _ m-k n-1 
<\lmn - 0 

for I mI $.M , In I ~ , 
elsewhere 

and the coefficients eklmn are given by 

ek lmn = 2
1

11" fJ reet (i) reet(~) exp [ iux J 

·y~(u-lU)gi (x-mX)exp[i{kuX+nUx)]dxdu • 

(4.4-5) 

(4.4-6) 



A system whose Gabor coefficients cklmn would have the 

form (4.4-5) is ideal in the sense that the Gabor coefficients 

of the output signal vanish outside the space-frequency 

rectangle with area ab (see Fig. 1). Hence, whereas the input 

~ügnal of such an ideal system may have an infinite number of 

degrees of freedom, the nunlber of degrecs of freedom of the 

output signal, i.e., the number of non-vanishing Gabor 

coefficients, is equal to the space-bandwidth product ab/2~. 

However, our system under consideration is not ideal: to find 

its Gabor coefficients cklmn' the ideal array dklmn must be 

smeared out by convolving it with the array eklmn· The latter 

array is, in fact, the array of Gabor coefficients of the 

basic system depicted in Fig. 10 and described by the system 

function (4.4-3), with the special choice a=X and b=U, i.e., 

M=N=O. 

Depending on the choice of the elementary signal in the 

input and the output plane, the array of coeffcients eklmn can 

be strongly concentrated. To show this we choose a reet 

elementary signal in the input plane and a sine elementary 

signal in the output plane, thus 

(4.4-7a) 

and 

y
0 

(u) =reet(~) . (4.4-7b) 
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We then find eOOOO = 0. 87 3, and the streng concentratien 

becomes apparent by noting that HH I eklmn 12 = 1. 
klmn 

We conclude that for a proper choice of the elementary 

signals, the array eklmn can be strongly concentrated. Since 

the Gabor coefficients cklmn of the system under consideration 

can be found by convolving the ideal array dklmn with the 

strongly concentrated array eklmn' the array of system 

coefficients cklmn is very similar to the ideal array dklmn' 

Hence, the number of degrees of freedoru of the output signal 

of this system is equal to the space-bandwidth product ab/2~. 

We remark that the way in which we have proved this, has a 

clear physical interpretation. Roughly speaking, with the 

Gabor expa.nsion of t.he lnput signal in mind, only those 

shi.fted and modulated versions of the elementary signal that 

can pass both the input. plane aperture and the Fourier plane 

aperture, will reach the output plane and will contribute to 

the output signal. 
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Abstract. Equations have been derived which descrîbe the transport of the 
Wigoer distribution function in homogeneous and inhomogeneous media. In a 
weakly inhomogeneous medium, thc transport equation can be formulated in 
geometrical optica! tem1s as follows: a long a geometrical optica I light ray. the 
Wigner distribution function has a constant value. 

1. Introduetion 
Recently, the Wigner distribution function has been introduced in optks, 

yielding a nice description of optical signals and systems. This description has a 
st rong resemblance to the ray concept in geometrical opties. In the present paper we 
shall extend this resemblance by observing that the transport equation for the 
Wigner distribution function can be formulated in geometrical optical terms. 

Aftersome rather elementary theory, outlined in§ 2, wedefine in§ 3 the Wigner 
distribution function, and find its transport equation in a homogeneaus medium. We 
also comment on the relationship between the Wigner distribution function and the 
ambîguity function. 

In§ 4 we derive the transport equation in a stratificd medium, and, finally, in§ 5 
we shall find this equation in an inhomogeneous medium. Thc solution of the 
transport equation in a weakly inhomogeneous medium will directly lead to a 
geometrical optica! interpretation. 

2. Basic differential equations 
Most of the theory outlined in this sectionis ratherelementary, and can be found 

.in many text books (see, for instance, [1, 2]). Nevertheless, in order to avoid 
notational difficulties, we shall develop the theory from the very beginning. Let the 
scalar signa! (/J(x,y, z, t) satisfy the scalar wave equation 

02(/J a2(/J 02(/J n2 iJ2(!J 
---+--+--- ---=0 fJx2 j)y2 iJz2 c2 iJt2 · 

(Th mughout this paper, functions that depend on a time variabie wil! he denoted by 
a tilde over the symhol.) We shall confine oursdvcs toa medium that does not vary in 
time, hcnce n # n(t). We can then apply a temporal Fourier transformation, which 
leads to the Helmholtz equation 

fJ2<P iJ2<P iJ2<P 
-+---+-+k2<P=O iJx2 i3y2 iJz2 

003~-3909/79i2610 1265 !02·1Xl ·<i 1979 Taylor & Francio Ltd 
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(with k=nw/c) for the temporal Fourier transfarm of the signa!, defined as 

cf>(x,y, z, w) =J ~(x,y, z, t) exp [iwt] dt. 

(Unless otherwise stated, all integrals extend from - oo to + oo.) Since the temporal 
frequency dependenee is of no importance for us, we shall. omit w in the formulae. 

The medium will be considered as an optica! system, with the input and 
output plan es perpendicular to the z-axis. Withoutlossof generality, we shall call the 
z=O plane the input plane, and we shall assume that the output plane is located 
somewhere on the positive z-axis; we thus consider propagation in the positive 
z-direction only. For the sake of convenience, we introduce the shorthand vector 
notatioh r=(x,y), r2 =x2 +y2

, J ... dr=SJ ... dxdy forspace variables; spatial 
frequency variables, which will he introduced soon, will he written analogously as 
q=(u,v), q2 =u2 +v2

, J. .. dq= IJ ... du dv. By expressions likeq· rwemean the scalar 
product ux+vy; ojor and o/i}q wil! he the shorthand notations for (0/ox, D/i'Jy) and 
(ojàu,ojiJv), respectively; o2 jor2 shall be used to denote il2 /èx2 +il2fily 2

• In this 
shorthand notation, the Helmholtz equation reads 

(1) 

For the time being, we restriet ourselves to a homogeneaus medium, hence 
n'fn(r,z); the optica! system is thus shift invariant. We can thcn apply a spatial 
Fouricr transformation, which leads to the 'system equation' 

for the temporal and spatial Fourier transfarm of the signa!, defined as 

,P(q,z)= f c/>(r,z)exp[ -iq·r)dr. 

(2) 

(Throughout this paper, functions that depend on a spatial frequency variabie will be 
denoted by a bar on top of the symbol.) 

The system equation (2) can be solved in a straightforward way. The solution 
reads 

,P(q, z) =li,(q),P(q, 0), (3) 

where 

(4) 

is the 'system function' of the (shift-invariant) system. The salution of the 
Helmholtz equation (1) cao then he written as 

c/>(r, z) = f h.(r- p)f/>(p, 0) dp, (5) 

where 

1 J-h.(r) = 
4

1t2 h,(q) exp [iq · r) dq (6) 

is the point spread function of the system. 
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Since we consider propagation in the positive z-direction, only, wc can represent 
thc system equation (2) equally well by 

~: =i.j(k2-q2)(/). (7) 

In the paraxial regio'\ (q2 «k2
), the square rootcan be approximated by k -q2/2k via 

a Taylor series expansion, and the equation reduces to 

with the well-known solution 

i/)(q, z) =exp ~kz-i ;k q2 Ji/)(q, 0). 

Analogously, we can represent the Helmholtz equation (1) in a rather symbolic way 
hy 

~! =iJ(k
2
+ ::2 )<P· (8) 

In the paraxial region ('i'P/or2 «k2'), using again a Taylor series expansion of the 
square root, the equation reduces toa ditfusion equation of the paraholic type (sec 
[2], p. 358) 

with the well-known solution (sec [2], p. 329) 

-ik f [ k J <P(r,z)= 
2 

exp ikz+i-(r-p)2 <P(p,O)dp. 
nz 2z 

3. The transport equation for the Wigner distribution function 
In a recent paper [3] (see also [4, 5, 6]), the Wigner distributionfunctimt of a signa! 

has been defined as 

(9a) 

or, equivalently, as 

F(r,q,z) 4~2 fi!>(q+~·,z)<P•(q-'f,z)exp[iq'·r]dq'. (9b) 

Properties of the Wigner distribution function can he found els~:~whcre [3~ 6]. 
The Wigner distri bution function F(r, q, z) can be considered as a local spatial 
spectrum ofthe function <P(r, z); in a way, F(r, q, z) is the amplitude of a 'ray' passing 
through the point (r, z), havi~g frequency q (i.e. direction cosines equal to q,'k). 
There appeared to be a st rong resemblance with the ray concept in geometrical optie~ 
(3]. This resemblance wil! be strengthened in the present paper. 
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For the shift-invariant system we are dealing with, the Wigoer distribution 
functions in the input and the output plane are related by [3] 

F(r,q,z)= JF.(r-p,q)F(p,q,O)dp, (10) 

where 

F.(r,q)= 4: 2 fn.(q+ ~)n:(q- ~)exp[iq'·r]dq' (11) 

is the Wigoer dis tribution function of the system function 1ï.(q). In fa ct, relation (1 0) 
is the counterpart for the Wigoer distribution function, of the relations (3) and (5). 

Following Brcmml~r r4J, thc Hclmholtz equation (8) and thc systcm equation (7) 
have thcir counterpart for the Wigner distribution function, which rcads 

iJF ·{J[ 2 (1 8 . )2

] J[ 2 (1 (] . )2

]} , - = t k + - --+ tq - k + - -;;-- tq F. 
~ 2~ 2M 

(12) 

Th is equation is called the transport equation for the Wigoer distri bution function. In 
the paraxial region, expanding again the square root in a Taylor series, the transport 
equation reduces to 

(13) 

with the solution (sec also [31) 

F(r q z)=F(r---~-·----~ q o) ' ' J<k2-q2t' ' . ( 14) 

Remarks 
In the case of random time signals tp(r, z, t) for which the temporal Fourier 

transform does not ex i st, wedefine the Wigoer distribution function F(r, q, z) via the 
mutual power spectrum s(r 1,r2 ,z) or its spatial Foorier transform s(ql>q 2 ,z), as 
follows [3]: 

F(r,q, z)= fs(r+ ~· r-~, z)exp[ -iq ·r'] dr' (15 a) 

1 f-( q' q' ) . ' ' =4n2 s q +2. q --z-· z exp [tq . r] dq. (15 b) 

(For the definitions of the mutual power spectrum and its spatial Fourier tmnsform, 
we refer to the Appendix.) In this case, the Wigner distribution functîon is similar to 
the generalized radiancc [7,81. 

Thc Wigncr distri bution function F(r, q, z) is rclated to thc ambiguity fum:tion 
G(r', q', z) [9, I 0], whieh can bt~ dd1ned, for insta nee, by 

G(r',q',z)= f </l(r+~,z)<t>*(r ~.z)expL -iq'·r]dr, (16) 

or other definitions similar to the on es for the Wigocr distri bution function. The two 
functions are related by a kind of Fourier transformation: 

G(r', q', z) =--~2 fF(r,q, z) exp [i(q · r' -q' · r)] dq dr. 
4n 

(17) 
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Any relation for the Wigner distribution function thus has its counterpart for the 
ambiguity function. Thc counterpart of relation (Hl), for instancc, reads 

G(r',q',z)= f G,(r' -p',q')G(p',q',O)dp', (18) 

where 

G,(r', q') = 4~2 f h.( q + ~J~( q-~) exp [iq · r'] dq (19) 

is the ambiguity function of the system function Jï,(q). As another example, the 
counterpart of the transport equation (12) reads 

iJG 

iJz 

In this paper we shall not consider the ambiguity function any further. 

4. The transport equation in a stratified medium 

(20) 

In this section we will consider a medium that is no Jonger homogeneous, but is 
stratified in the z·direction, hence n = n(z); thus, the system rem a ins shift· invariant. 
Under the condition idk(z)/dzi«k2

, which means that we are dealing with a weakly 
inhomogeneous medium, we can still tepresent the system equation (2) in the form 
(7) 

l n that case, all other differential equations rem a in val id. The transport equation 
(13) in the paraxial region, for instance, will he the same: 

~.oF+ .J[k
2
(z) -q

2
] oF= O. 

k(z) iJr k(z) iJz 

The latter equation can be solved in a straightforward way. The solution reads 

F(r, q,z)=F(r- J: J[kTc1)-.=·qf] d(,q,O). (21) 

5. The transport equation in an inhomogeneous medium 
We will now consider a medium that is inhomogeneous, and no longer only 

stratified, hence n =n(r, z}. Under the condition of weak inhomogeneity in the z
direction <iokjozi «k2), the Helmholtz equation (1) can still be represented in the 
form (8) 

D</J ·J[ 2 iJ
2 J Bz =t k (r,z)+ iJr2 c/J. 

In that case, the way in which we derived the transport equation in a homogcneous 
medium, remains valid. Following Bremmer [4] again, the transport cquation in 
such an inhomogeneous medium reads 

·-=i k2 r+ -,z + · ~ +iq lJF {J[ ( i o ) (1 D )
2

] 
ilz 2 iJq 2 ilr 
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and in the paraxial region 

(23) 

The latter equation has been derived from the gene mi transport equation (22) via the 
usual Taylor series expansion of the square root, and, moreover, by approximating 
k2(r± (i/2)0/iJq, z) (via a Taylor series expansion, again) as 

2 ( i a ) 2 . ok(r, z) a k r+-- z =k (r z)+tk(r z)-·--·-. - 2 oq, ' - , or oq 

The latter approximation is valid under the condition that the inhomogeneity is 
sufficiently weak in the r-direction, too. 

Solution of the paraxial transport equation 
In solving the partial differential equation (23), we observe that dF/dp=O along 

the ray represented by r= r(p), z=z(p), q =q(p) (where pis a parameter) and defined 
by the (ordinary) differential equations 

dr q dz .j(k2 -q2 ) dq ok 
dp =k, dp = k • dp =-gi· (24) 

lf we eliminate q from equations (24), we are directly led to 

d (kdr)_ok d (kdz)- ok 
dp dp - àr' dp dp - àz' 

(25) 

which are the equations fora ray in geometrical opties (see [1], p. 122). lf we want to 
cl etermine the value F(r, q, z) of the Wigner distri hution function in the output 
plane, we can proceed as follows. 

(i) Solvc thc ray equations (25) with thc initia] conditions that the ray passes 
thrm.tgh the point (r, z) with direction cosines q/k(r, z). 

(ii) Suppose that this ray passes intheinput plane through the point (r0 , 0) with 
direction cosines q0/k(r0 , 0). 

(iii) Then the re lation F(r, q, z) = F(r0 , q0 , 0) holds, since the value of the Wigner 
distri bution function does not change a long a ray. 

Remarks 
In this paper we presented the two-dimensional Wigoer distri bution function, in 

which z is treated as a parameter. We can dcfine a three-dimensional Wigner 
distribution function, as well, according to [4) 

p 3
l(x,y, z, u, v, w) f f f 4>( x+f,y+~, z+~)4>*( x-f,y-~, z- ~) 

x cxp [- i(ux' + 1>y' + 7.t~z')j dx' dy' dz'. 

Extending our shorthand vector notation to three dimensions, too (thw; writing 
r=(x,y,z), q=<~>u,v,w), iJ/i'~r=(iJfox, D/iJy, (1joz), f ... dr=SfJ ... dxdydz, and so 
on), this definition takes the form 

J,Ol(r, q) = f 4>(r+~) 4>*(r-~) exp [ -iq · r'] dr'. (26) 
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The transport equation for the three-dimensional Wigner distribution function in a 
general inhomogeneous medium reads [ 4) 

[{ 
2( i a) (t a . )2

} { 2( i a) (t a . )2

}]"3• i k r+2 iJq + 2 ar+tq - k r-2 aq + 2 ar -tq. r· =0, 

or, when we account for the terms <!a/or±iq)2
, 

(27) 

Under the condition of weak inhomogeneity, we can write again via a Taylor series 
expansion 

k2 r+-- =k2(r)+tk(r)--·-( 
i a ) . iJk(r) 0 

- 2 iJq - ar iJq ' 

and the transport equation (27) reduces in that case to 

q fj_F(3l iJk 0~3) 
-·--+-·--=0. 
k àr or iJq 

(28) 

In solving the partial differential equation (28), we observe a ga in that dP 3lfdp = 0 
along the ray represented by r=r{p), q=q{p) and defined hy 

dr q dq ok 
dp ='k-, d.p = or (29) 

Elimination of q from equations (29) leads to the geometrical optica! ray equation 

d(kd')=ak_ 
dP\ dp èr (30) 

We leave it as an exercise to derive from the transport equation (28) forthe three
dimensional Wigner distribution function, the paraxial transport equation (23) for 
the two-dimensional Wigner distribution function. In the derivation, use can be 
made of the relation 

1 frl3) F(x,y,u,v,z)=
2

1t r· (x,y,z,u,v,w)dw. 

6. Conclusion 
We derived the transport equation for the Wigner distribution function in a 

weakly inhomogeneous medium. The strong resemblance between the Wigner 
dis tribution function and the ray concept in geometrical opties will become apparent 
if we formulate the transport equation as follows: along a geometrical optica) light 
ray, the Wigner distribution function has a constant value. 

The above formulation of the transport equation holds in a time-varying 
· medium, too. In that case we have to redefine the Wigner distri bution function in a 

slightly different way: it will then represent not only the local spatial spectrum of the 
signa!, but also the momentary temporal spectrum. Thc geometrical optica! 
formulation of the transport equation even holds in a dispcrsive medium. The 
general case, in which n=n(r,z,q,t,w), will be treated in a forthcoming paper. 
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Appendix 
Let the signa I i/)(r, z, t) be a stationary random time signa I; the ensemble average 

of the product i/)(r 1 , z, t 1)i/)"*(r2 , z, t2) is then a function of the time difference t 1 - t 2 

only: 

(A 1) 

The function s(r1, r2, z, r) is called the mutual coherence function of the signal 
i/)(r, z, t). The mutual power spectrum is dcfined as thc temporal Fourier transform 
of the coherence function: 

s(rl> 'z· z. m) = f s(rl. ,2· z. r) exp [imr] dr. (A2) 

It is convenient to define a kind of spatial Fourier transform of the power spectrum, 
as 

s(qt>qz,z)= Jfs(rt>rz,z)exp[ i(q 1 ·r 1 -q2 ·rz)]dr 1 dr2 . (A3) 

(We omit again them-dependence in the formulae.) The aim of the minus sign bcfore 
the term q 2 · r2 is simply to get more symmetrical results. 

For random signals, the counterparts of the systcm equation (7) and thc 
llclmholtz equatlon (X) rcad 

iJS · I 2 2 I 2 2 oz =t[y(k -q~)-y(k -q2)]s, (A4) 

iJs ·[J( 2 à
2 

) J( 2 à
2 

)} àz 7 k + àrî - k + iJr~ ' (AS) 

while their solutions, which are the counterparts of (3) and (5) respectively, read 
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Abstract. The Wigner distri bution function of an optica! signa!, which can be 
cónsidered as the momentary temporaland local spatial spectrum of the signa!, is 
defined. Equations are derived which describe the transport of the Wigner 
distribution function in a medium, e.g. a plasma, that is weakly inhomogeneous in 
space and time, and exhibits weak dispersion for the temporal as wellas the spatial 
frequency variable. The transport equations are compared with the eikonal 
equation in geometrical opties giving, as a geometrieal-optica I formulation of the 
transport equations, that along the path of a geometrical-optical light ray the 
Wigner distribution function has a constant value. 

1. Introduetion 
In some recent papers [1, 2], the Wigner distribution function has been 

introduced in opties, yielding an elegant description of optica! signals and systems. 
This ·description is strongly related to the ray concept in geometrical opties. In 
particular, the equation that describes the transport of the Wigner distribution 
function in a medium that is inhomogeneous in space, could be formulated in 
geometrical-optical terms [2]. In the present paper we shall derive the transport 
equation for the Wigner distribution function in a medium that is not only 
inhomogeneous in space, but also inhomogeneous in time; moreover, the medium 
may exhibit dispersion for the temporal as weii as for the spatial frequency variable. 
As an example of a temporally inhomogeneous medium we mention the turbulent 
atmosphere; dispersion for the temporal frequency variabie occurs in almast any 
optica) medium, while dispersion for the spatial frequency variabie is often 
tmcountered in a plasma [3]. 

In§ 2 we outline some rather elementary theory, in which we derive the scalar 
wave equation from the dispersion relation for an inhomogeneous and dispersive 
medium. The Wigner distribution function is defined in § 3, and its transport 
equation will be derived in § 4. The transport equation can easily be given a 
gt~omctrical- opticul interpretation. Th is interpretation will bccome evident in§ 5, in 
which wc study thc special case of signals that satisfy thc gcometrical-·optical 
restrictions of s!owly varying modulus and phase [3]. The eikonal cquation, wh1ch 
arises in that case, appears to be strongly related to the transport equation. As an 
application of the transport equation, we shaii affirm some well-known results in§ 6. 

2. Basic differential equations 
Let the scalar signa! {p(x,y, z, t) satisfy the scalar wave equation 

iJ2(p iP(p o2 iP o2 iP 
"'"i2 + "'"i2 + "'"i2- h

2 ~ = 0' ux uy oz ut 

Sn2 
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where 
h=n/c. (1) 

(Throughout this paper, functions that depend on a time variabie will be denoted by 
a tilde on top of the symbol.) For the time being, we restriet ourselves toa medium 
that is homogeneaus in space and time, and does not show dispersion, hence 
n=constant. We canthen apply a temporal Fourier trànsformation, which leads to 
the Helmholtz equation 

iPqJ €1 2qJ €1 2qJ 
-·+ ··-··+·-· +w2h2qJ=0 iJx2 ()y2 ()z2 

for the temporal Fourier transfarm of thc signa), defined as 

qJ(x,y, z, w) = f ip(x, y, z, t) exp [iwt]dt. (2) 

(Unless otherwise stated, all integtals extend from r'1:..! to + oo.) lf, moreon:r, we 
apply a spatial Fourier transformation, we are led to the planc-wave equation 

-uz;p v2(ij-w2cp+w2h2qJ=0 

for the temporal and spatial Fourier transfarm of the signa!, defined as 

cp(u, V, W, W) = fJJ qJ(x,y, Z, W) exp[ -i(ux+ V)' +tvz)] dxdydz. (3) 

(Throughout this paper, functions that depend on a spatial frcquency variablc, wil) 
he denoted by a bar on top of the symbol.) 

For the sake of convenience, we introduce the shorthand vector notation 
r=(x,y,z), r2 =x2 +y2 +z2

, J ... dr=IJJ ... dxdydz forspace variables; spatial 
frequency variables wil! be written analogously as q =(u, v, w), q2 = u 2 + v 2 + w2 , 

J ... dq = JIJ ... dudvdw. Ry expressions like q . r wc mean the scalar product ux + t•y 
+wz; a;ar and a;aq will be the shorthand notation for (0/iJx, iJjoy, ojclz) and 
(iJ jou, iJjiJv, àjow)r respectively; il2/iJr2 shall be used to denotc o2 jfJx2 + (J 2 jiJy 2 

+ ii2 /iiz2
. In this shorthand notation, thc wave equation, thc Helmholtz cquation and 

the phmc-wavc cquation take thc forms 

rcspectively. 

nz(p 2 az(p 
~--h ~-=0 
iJr2 ilt2 ' 

(4a) 

(4b) 

(4c) 

We shall introduce a symbolic reprcsentation [4] of the equations (4). With 

H(q, w) =w2h2 -q2
, 

they can be represented in the forms 

uf i 
0
-, i ~·)i'P "\ ar Dt 

H(-i!L w),n=O . or' "' , 

H(q,w)qJ=O, 

(5) 

(6a) 

(6b) 

(6c) 
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respectively. There is a non-zero salution of equation (6 c) only if H(q, w) =0. The 
relation H(q, w) =0 is known as the dispersion relatüm [3, 4]. lt describes the 
relationship that exists between the temporal frequency wand the spatial frequency 
q of a plane-wave solution. Evidently, the dispersion relation corresponds to the 
wave equation (6 a). 

We shall now drop the restrictions of homogeneity and no-dispersion. Let us 
consider a general linear scalar medium, which may he weakly inhomogeneous in 
space and time, and may exhibit weak di;;persion tiJr the spatial as well as the 
temporal frequency variable. Such a medium can he described by its index of 
refraction n=n(r,q, t,w) (see thc Appendix). The dispersion relation now takes the 
form 

1/(r, q, 1, m) w2h2(r, q, t,w)- q2 =0, 

where, analogous to relation (1), 

h(r, q, t, w) =n(r, q, t, w)/c. 

(7 a) 

(7 b) 

Here, the dispersion relation describes the relationship that exists between the 
temporal frequency w and the spatial frequency q of a local and momentary plane
wave solution at the pointrand the timet [3]. We confine ourselves toa transparent 
medium [5], which implies that n(r, q, t, w) and hence H(r, q, t, w) are real functions of 
r, q, t and w. The dispersion relation (7 a) corresponds to thc wave equation 

t\ () ())-r -i- t i- cp=O ' or' ' Dt . 

The latter equation is equivalent to the integral equation 

(8) 

f f rp(r- ro, t- f0)dr0dt0ï6~4f f H(r, q,t,w) exp [i(q. r0 - wt0 )]dqdw =0. (9) 

The equivalence of (8) and (9) can be proved by expanding fl(r,- iiJ/Dr, t, ülfiJt) and 
H(r, q, t, w) in a Taylor series around the point (r, 0, t, 0); it can easily beseen that the 
corresponding terms of the two Taylor series yield equivalent results. 

3. The Wigner distribution function 
Recently [1, 2], the Wigner distributîon function of a signa! has beendefinedas 

F(r,q,w) f<p(r+~,w )<p*(r-~,w) exp[ -iq. r'] dr', (toa) 

or, equivalently, as 

F(r, q, w) = 8:3 f ii{ q + t· w )<P•( q-~, w) exp[iq' . r] dq'. (lOb) 

The Wigner distri bution function F(r, q, w) can he considered as the local spatial 
spectrum of the function cp(r,w); in a way, F(r,q,w) is the amplitude of a 
monoçhromatic ray passing through the point r, having spatial frequcncy q (i.e. 
direction cosines equal to q/mh). Therc appearcd to he astrong rcsemblancc with thc 
ray concept in geometrical opties, which rcsemblance will be extended in the present 
paper. 
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In the definitions (10), the temporal frequency w has been dealt with as a 
parameter. Using these definitions of the Wigner distribution function, it was 
possible to treat a medium that is homogeneaus in time [2]. lf the medium is 
inhomogeneous in time, the temporal frequency w may no longer he considered as a 
parameter. We must therefore redefine the Wigner distribution function: it should 
represent not only the local spatial spectrum of the signa!, but also the momentary 
temporal spectrum. In order to achieve this goal, wedefine the Wigner distribution 
function as 

ff-( r
1 t')- ( r' t') . I • 1 , , .:F(r,q,t,w)= cp r+Z,t+Ï cp* r-·

2
,t-Ï exp[-tq.r+tOJt]drdt, (11 a) 

or, equivalently, as 

1 ff ( r' w') ( r' w') ff(r,q,t,w)=
2

7t . cp r+ 2,w+-z cp* r-
2
,w-2 exp[ iq.r' iw't] dr'dw', 

(11 b) 

or, still equlvalently, as 

· 1 ff ( q' w') ( q' w') .?'(r,q,t,w) ]6ïi;4 iP q+2,w+-2- iP* q-i,w-2 exp[iq'.r iw't]dq'dw'. 

( 11 c) 

In a way, ff(r, q, t, w) is the amplitude of a wave packet passingthrough the pointrat 
the timet, ha ving temporal frequency wand spatial frequency q. The time-invariant 
form of the Wigner distribution function (10) can be found from the general form 
( 11) via the relationship 

F(r,q,w)= r~(r,q,t,w)dt. (12) 

Starting with the general form (11 ), relation (12) can also serve as the definition of the 
time-invariant form of the Wigoer distribution function. 

We mention some properties of the Wigoer distribution function, which can be 
derived directly from the definitions ( 1 0) and ( 11). The Wigner distri bution function 
is real, but not necessarily non·negative. Furthermore, the following relationships 
hold 

and 

I J~(r, q, t, w) dqdw, 

j<p(r, w)jl gls I f:1"(r, q, t, w) dqdt, 

,ip(q.w)il= I r:F( r.q.t.w)drdt. 

jcp(r,w)j2=s~3 JF(r,q,w)dq, 

jip( q, w)jl = f F( r, q, (I}) dr. 

(13 a) 

( 13 b) 

(13 f) 

(14 a) 

(Hb) 
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Othcr propertics of the Wigncr distribution function can be found dsèwhcrc 
[4, 6, 7). 

In thecaseof random time signals (j)(r, t) fot which the integral in definition ( 11 a) 
does not exist, wedefine thc Wigner distri bution function via thl~ mutual cohercnce 
function [81 

(IS) 

where E denotes ensemble average. Thc definition (11 a) for thc Wigner distribution 
function must now he replaced by 

.~(r,q,t,w)= f f r(r+ ~,r ~) cxp[- iq . r' + iwt'] dr' dt'. (\6) 

For stationary random time signals, the rnutual cohen·nce function is a t'unction of 

the time difference only: 

r(rl, '2· tb tz) .S'(rl, rz, ft-lz). (17) 

With the usual definition of thc mutual power spectrum [8J 

S(r1 , r2 , w) r<!;(r 1, r2 , t)cxp [iwt]dt, ( 18) 

wc can reptace dd1nitiun (10 a) for the time-invilriant form of thc Wigncr 
distribution function by 

F(r,q,w) fs(r+~.r ~.w}.·xp[-iq.r']dr'. ( 19) 

lf the random time signals are not stationary, wc shall define thc time-invariant form 
of the Wigner distribution function, analogously to relation (12), as 

F(r,q,w) lim. \; .'F(r,q, t,w)dt. f
'/' 

1'- l• 21 'I' 
(20) 

Clearly, for stationary signa Is the general forrn of the Wigner distribution function 
does not depend on time, and equals the time-invariant form: 

.?(r, q, t, m) = F(r, q, w). 

In prcvious papers [l, 2], we mostly used a two-dimcnsional form of thc \Vigner 
distribution function, in which one space variable, say z, is trcated as a parameter, 
according to definitions such as 

Iff -( x' y' t')- ( x' y' () .?.(x,y,u,v,t,w) ({J x+ 2,y+
2 

z.t+z ({J* :>.:- 2,y-i,z,t-2 

x exp[- i( u x'+ 1Jy') + iwt'l dx' dy' dt'. (21) 

In this paper we shall only t~xplore tlw thrce-dimcnsional foml of thc Wigner 
distrihution fum:tion; tlw transition to thc two-dinwnsional fonn t'<Hl easily he 
achicvcd via thc rclationship 

.? .(x,y, u, v, t, w) 2
1~ rF(x, y, z, u,1·, 1v, t, w) dw. (22) 

4. Transport equations for the Wigner distribution function 
Following Bn·mmer [-+I. thc \\'a\·t· cquation (X) fora signa! in un inhomogcneous 

and dispersive medium, which we dcrivcd in§ 2, has its counh.'rpart for the \Vigncr 
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distribution function. The so-called transport equation for the Wigner distri bution 
function reads 

(23) 

We shall thtoughout assume that the inhomogeneity and dispersion of the medium 
are sufficiently weak, so that we can approximate 

via a Taylor series expansion by 

( 
i 0 i à i iJ i iJ) H r -- q +- -- t +- -- w + - -
2 oq. 2 iJr. 2 tJw' -2 ot 

=H(r,q, t,w)±i_(PH.~_i}_f-!_,!__?H !_+oH (î·)· (24) 
2 or oq oq tJr àt OW Dw àt 

In that case the transport equation (23) takes the linearized form 

aH a:; oH a:; aH a.rF oH a:; 
-~·--~ --+~ -. ar oq aw ot at ow (25) 

lf oH jiJt= 0 (which means that the medium is homogeneous in time), we can a lso 
formulate a transport equation for the time-invariant form of the Wigner distri
bution function, which equation reads 

iJH DF iJl/ DF 
oq iJr àr ·aq=O. (26) 

The latter equation can he derived from equation (25) by integrating over t, and 
using the property f(o!FjiJt)dt=O. 

We shall formulate the tnrnsport equations in a canonical form. We therefore 
assume that the temporal frequency variabie w has been solved from the dispersion 
relation (7 a), say 

With the relations 

w=O(r, q, t). 

oH oH ao 
~+-----=0 
iJr OW or . 
til/ MI DO . + =0 
cJq Dw Dq ' 

iJl! oll iJO 
--+-- 0, Dt iJw 

(27) 

(28 a) 

(28b) 

(28 c) 
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which follow from implicit differentiation of (7 a), the transport equation (25) takes 
the form 

an a:F an o!F · an D.'P'- o§' 
0 -·---·--+~- +-·= . 

oq or or 8q ot Dt 

This equation is equivalent to the set of equations 

and 

dr an 
dt = aq' 

dq (lQ 
dt =--ar' 

d.'F 
=0. 

dt 

(29) 

(30a) 

(30b) 

(30c) 

(31) 

Equations (30·a) and (30b) constitute a set of simultaneous differential equations, 
which determine (together with some initia! conditions) a path r = r(t), and a lso 
q=q(t). Once this path has been found, we cao evaluate w=w(t) along this path with 
the help of equation (30c). 

If àH/àt 0 (which implies that dw/dt~O), the transport equation (26) for the 
time-invariant form of the Wigoer distribution function takes analogously the 
canonical form 

an aF an aF 
-·-----·-· ---=0. 
iJq or ilr ilq 

(32) 

The equivalent set of equations is now formcd by equations (30 a) and (30 b) and the 
equation 

dF =O. 
dt 

(33) 

The transport equations cao now elegantly be formulated in the following way. 
Along eertaio paths, defined by equation (30a) imd (30 b), the Wigoer distribution 
function has a constant value, due to (31) and (33). Or, to put it another way, an 
observer who travels along these paths with the so-calledgroup velocity drjdt [3], will 
observe a constant value of the Wigoer distri bution function. The problem of solving 
the transport equations has thus been reduced to finding the paths dcfined by 
equations (30 a) and (30 b). In the next section we shall interpret these paths as the 
paths of geometrical-optical light rays. 

5. Transport equation versus eikonal equation 
In this section we shall compare the transport equations (29) and (32) with the 

eik on al equation [9, 1 0]. Si nee the latter cquation has to do with geometrical opties, 
wc shall considcr gcomctrical optica! sif..,>nals, i.c. signals that satisfy thc geometrical 
optica! rcstrictions of slowly varying modulus and phase [3]. 
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Let the signa] (i}(r, t) be written in the form 

- J[à(r, t)J ~ <p(r,t)= l6n4 - exp(icx(r,•t)], (34) 

in which à(r, t), cVJ.jlir and D?ijcît are rcal, slowly varying functions of r and 1. The 
futletion à(r, t) is known as thc eikonal. Onder these assumptions, thc Wigncr 
distrihution function of such a signa! takes thc form 

( il?i) ( iJ&) .'~(r,q,t,w)=à(r,f){j q-ilr () w+ tÎI . 

Hcnce, for any r and t there is only onc w and onc q, dctined by 

ilà 
q= ---

Dr 

and 

Dà 
w=-·--

Dt' 

(35a) 

(35 b) 

(35 c) 

for which the Wigner distri bution function has a non-zero value. I f wc now 
substitute (35 b) and (35 c) into rclation (27), wc are led to the so-called Hamilton
Jacobi equation [10) 

(36) 

This tirst-order partial diffcrential equation is thc most general form of thc cikonal 
equation. To the Hamilton-Jacobi equation a set of so-called charactcristic 
differential equations [10) corresponds, which is formed by equations (30a), (30b) 
and (30 c) and the equation 

d& dr 
----=q· - -!l. 
dt dt 

(37) 

The equations (30 a) und (30 h) arealso known as thc canonical difft·rential equations 
[10]. . 

If the medium is homogeneous in time, we can proceed analogously for the time
invariant form of the Wigner distribution function. Therefore, let the signa] be 
written in the form 

J[b(r, w)J . _ 
q~(r,w)= · -8~3 - exp[z/J(r,(J))], (38) 

in which b(r, w) and apjiJr are rcal, slowly varying functions of r. Thc function {J(r, w) 

is known as the eikonal, too. Onder these assumptions we have 

' ·( iJ{J) l'(r,q,w)=h(r,w)b q-(if . 

Hence, for any r there is only one q, defined by 

tJfJ 
q= --·-

iJr' 

(39a) 

(39 b) 
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for which the \Vigner distribution function has a non-zero value. In this case, the 
temporal frequency w is a parameter. The Hamilton-Jacobi equation now reads 

(40) 

and the set of characteristîc differential equatîons is formed by the canonical 
differential equations (30 a) and (30 b) and the equation 

( 41) 

We may conclude that the paths of geometrical--opticallight rays are detcrmined 
by equations (30), and that along these paths the eikonal ii or fJ satisfies thc equation 
(37) or ( 41), respectivdy. On the other hand, as Wl.' concluded in§ 4, it is ju st thesl.' 
paths, a long which the Wi~.:ner distribution function has a constant valuc, duc to thc 
equations (31) and (33). 

6. Application to some special media 
Fora general inhomogeneous and dispersive medium, described by its index of 

refraction n=n(r, q, t, w), we have with (7), (28) and (30) the following equations that 
determine the paths: 

dr =ao =- àHI oH =(_!_-U) Ph)/ (h+w -~l~~). 
dt àq oq wh ilq ilw 

(42 a) 

dq 
-~= 

DQ 
iJH I IÎ_f! =U)~~-/ (h + (}) Dh). aw rlr ilw 

(42 b) 
dt 

dw =(~Q = _t!Hii'!H = 
dt at tJt aw w-·- h+w · · , tJh I ( i!h) at ilw 

(421') 

with w satisfying relation (27). We shall now apply these equations to somc special 
media. 

I f the medium is homogeneaus in time, we have dwjdt = 0. Th is result has al ready 
been used several times: since the temporal frequency w can he considered as a 
parameter, we can use the time-invariant form of the Wigner distribution function. 

lf the medium is homogeneous in space, we find that dr/dt is nota function of thc 
space variabie r. This implies that the ray paths are straight !i nes, which result is wcll 
known for a medium that is homogeneous in space. 

I f the medium does not exhibit dispersion for thc spatial frequency varia bit· q, \\C 

sec that drfdt has thc samc direction as thc \'(•ctor q. In the case of a gt•onwtrical 
optica! signa) for which q = (lfJ./i)r, we may condudc that the group veloçity dr, dt has 
tlw same direction as ilii/tlr (which is, in fact, thc normal on the phase front). I f, 
moreovcr, the mcuium doesnotshow dispersion for thc temporal frequt·ncy ntriahk· 
w either, we have dii/dt=O. This means that an observer who travels along the path 
with the group velocity, willobserve aconstanteikonal. Or, to put it a nother way, the 
phase velocity is equal to the group velocity, which is a well known result fora non
dispersive medium. 
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We finally turn our attentiontoa medium that is homogeneous in time and does 
not exhibit dispersion for the spatial frequency variable, hence n=n(r, w). In this 
case the canonical differential equations (42a) and (42b) read 

dr =_!!_I (h + w oh). 
dt wh iJw 

(43a) 

t!..'! = w-i)h I (h + w i.Jh_)· 
dt iJr ow (43 b) 

If we introduce a ray coordinate s via 

(44) 

and conclude from the dispersion relation (7 a) that .j(q2)=wh, the equations (43) 
can be written as 

(45 a) 

dq oh 
~=w~. 

ds or (45 b) 

Elimination of q from equations ( 45) leads to the well known geometrieal-optica I ray 
path equation [9] 

(46) 

7. Condusion 
In this paper we considered three seemingly different subjects: the dispersion 

relation, the Wigner distribution function, and the geometrical-optical signa!. 
Nevertheless, these subjects have one concept in common: they all deal with 'local 
and momentary plane waves' or 'wave packets'. The dispersion relation describes the 
relationship that exists between the spatial and temporal frequency variables of a 
wave packet; the Wigner distri bution function describes a signa! as a combination of 
such wave packets, and a geometrical-optical signa! is a signal that consistsof just 
one wave packet for each space and time variable. On the one hand, if we apply the 
dispersion relation to geometrical-optical signals, we are led to the eikonal equation; 
on the other hand, combining the dispersion relation with the Wigner distribution 
function yields the transport equation for this function. Hence, it is not surprising 
that the two equations are strongly related. The strong relationship enabled us to 

formulate the transport equation in geometrical~-optical terms as: along the paths of 
geometrical-optical light rays (determined by the eikonal equation), the Wigner 
distribution function has a constant value. 

Appendix 
Fora homogeneous and non-dispersive medium, the material equations [9] read 

D(r, t)=eE(r, t), 

B(r, t)=/1H(r, t). 

(A 1 a) 

(A 1 b) 
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(We only consider non-conducting media, for which u= 0.) The index of refraction n 
for such a medium is defined by 

(A2) 

If the medium is inhomogeneous and dispersive, the material equations take the 
form of general linear operators: 

D(r, t)= I IE(r- r0 , t -t0 )dr0dt0 f;1t4 I fecr, q, t, w) exp[i(q. r0 -wt0 )] dqdw, (A3 a) 

B(r, t)= I IH(r-r0 , t t0 )dr0dt0 l;1t4 I IJ.((r,q, t,w)exp[i(q. r0 -wt0)] dqdw. (A3 b) 

The latter equations clearly show the non-local and non-momentary behaviour of 
the medium, which is another way of saying that the medium is dispersive. In this 
case, the index of refraction n(r, q, t, w) is defined by 

n2(r, q, t, w) =c2e(r, q, t, w)J.((r, q, t, w). (A4) 

Fora transparent medium [5], e(r, q, t, w) and J.((r, q, t, w) can he considered to be real 
and positivc, which implies a real and positive index of refraction n(r, q, t, w). 

We shall explore the inhomogeneous and d ispersive medium a little furthcr. I f we 
consider e and J.( as linear operators, relations (A 1) can be used as symbolic 
representations of relations (A3). We now combine the material equations with the 
Maxwell equations 

iJD 
rot H=7Jt• 

iJB 
rot E= ---

ot • 

div D=O, 

div B=O, 

(AS a) 

(A Sb) 

(ASe) 

(AS d) 

fora medium without primary sources. If the in homogencity and the dispersion are 
sufficiently weak, so that we may neglect iJej!'lr, oe(ût, iJJ.(/Or and OJ.(/iJt, we can derive 
the wave equations 

• ()2 E iJlE 
iJr2 - J-(8 at2 0, (A6a) 

cJ2H iJ2H 
-iirz- - l:jl-l'itï = 0 • (A 6 b) 

in which e and Jl are linear operators. We remark that thc operators e and J1. commute 
under the assumption of weak inhomogeneity and dispcrsion. Hence, we are led to 
only one kind of wave equation, in which the operator ejl (or Jle) is completely 
determined by the product e(r, q, t, w)Jl(r, q, t, w). 

Die Wigner Distribution eines optischen Signals wird detinicrt; sic kann als momentancs 
Zeit- und Ortsspektrum aufgefaBt werden. Es werden Giekhungen zur Beschreibung der 
Ausbreitung der Wigner Distribution in einem Medium--z.H. einem Plasma--mit geringen 
räumlichen und zeitlichen Inhomogenitäten als auch geringer Dispersion für die Zeit- und die 



1344 Transport equations for the WiKlier distribut ion fundion 

Ortsvariable hergeleiteL Diese Transportgleichung werden mit der Eikonalgeic.:hung der 
geometrisèhen Optik verglichen, was die folgende geometrisch-<>ptische Formulierung der 
Transportgleichungen ergibt: Entlang des geometrisch--optischen Lichtwegs ist die Wigner 
Distribution eine Konstante. 
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Abstract. The concept of the Wigner distribution function is applied to 
stochastic signals, in particular to partially coherent light. Relations between the 
\Vigner distribution function, the power spectrum and related subjects are 
formulated. Some inequalities for the Wigner distribution function are derived; 
one of these inequalities leads to the definitiort of -an overall degree of coherence. 
The overall degree of coherence of a stochastic signa! remains invariant when the 
signa! propagates through a lossless linear system. 

1. Introduetion 
Recently, the Wigner distribution function [1, 2, 3] has been i'ntroduced in opties 

[4, 5, 6], yielding an elegant description of optical signals and systems. The Wigner 
distribution function describes the signal in the space and the spatial frequency 
domain, simultaneously. This simultaneous space-frequency description closely 
resembles the ray concept in geometrical opties, where the position and direction of a 
ray arealso given simultaneously. The Wigner distribution function can be thought 
of as the amplitude of a ray passing through a certain point and having a certain 
direction. 

Until now, the concept of the Wigner distribution function has been applied 
mainly to deterministic signals; the application to stochastic signals was mentioned, 
but was not discussed very deeply. It is the aim of this paper to extend the theory of 
the Wigner distribution function to stochastic signals. Such an extended theory can 
then be used to describe partially coherent light. 

The Wigner distri bution function of a stochastic signal will be defined in § 2 in 
terms of the mutual power spectrum of th~ signal. In § 3 we shall formulate some 
relationships between the Wigner distribution function and the power spectrum, 
while some inequalities concerning the Wigner distri bution function will be derivéd 
in §4. 

We conclude this introduetion with some remarks about notation. 

(1) For the sake of convenience, we shall consider one-dimensional space 
functions, only; the extension to two (or more) dimensions is 
straightforward. 

(2) An asterisk will be used to denote complex éonjugation; hence, f* is the 
complex conjugate of f. 

(3) The spatial Fourier transfarm of a function will be denoted by thè same 
symbol as the function itself, but marked by a bar on top of the symbol; 
hence, 

J(u)= Jf(x)exp ( -iux)dx. (1) 

0030--3909/81/28!)9 1215 S02·00 1981 Taylor & Francis Ltd 
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(4) Unless otherwise stated, all integrations and summations extend from - oo 
to +X:. 

2. Definition of the Wigner distribution function 
Let partially coherent light be described by a temporally stationary stochastic 

signal (/)(x, t); the ensemble average of the product (/)(xt> t 1 )(/)*(x2 , t2 ) is then a 
function of the time difference t 1 t2 only 

(2) 

The function S(xl> x 2 , r) is known as the (mutual) coherence function [7, 8] of the 
signa! (/)(x, t). The (mutual) power spectrum [7, 8] S(x1 , x 2 , w) is defined as the 
temporal Fourier transform of the coherence function 

S(xltx2 ,w) I S(x1,x2 ,r)exp(imr)dr. (3) 

The basic property [8, 9] of the power spectrum is that it is hermitian 

S(x 1,x2 ,w) S*(x2 ,x1,m) (4a) 

and non-negative definite; non-negative definiteness means that, for any function 
h(x, w), the inequality 

I I h*(x1, w)S(xlt x 2 , m)h(x2 , w) dx 1 dx2 ~0 (4 b) 

holds. 
We shall define the Wigner distribution function of the stochastic signa) (/)(x, t) as 

F(x,u,w)= I S(x+ ,x-tx',w)exp(-iux')dx'. (5) 

This definition is similar to the definition of the generalized radiance, introduced by 
Walther [10] and Wolf [11]; it is also similar to the definition of the Wolf tensor, 
introduced by Sudarshan [12]. The basic property ( 4) of the power spectrum has its 
counterpart for the Wigner distribution function. The Wigner distribution function 
is real 

· F(x, u, m) u, m) (6a) 

though not necessarily non-negative; however, for any function h(x, w), the 
inequality 

2

1
n I IF(x,u,w)fh(x,u,w)dxdu~O (6b) 

holds, where 

fh(x,u,m)= Ih(x+tx',m)h*(x , m) exp ( - iux') dx' 

is the usual Wigner distribution function of the deterministic function h(x, m). 

3. Relations between the Wigner distribution function and the power 
spectrum 

(7) 

In this section we shall formulate some relationships between the \Vigner 
distribution function, the power spectrum and some related subjects. 

Since the definition (5) of the Wigner distri bution function can be considered as a 
Fourier transformation of the power spectrum with respect to the variabie x', we can 
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reconstruct the power spectrum from the Wigner distribution function by writing 
down the inverse Fourier transformation with respect to the sparial frequency or 
direction variabie u 

1 ,.. 
S(x 1 , x2,w)=- J F[!{x1 +x2 ), u, w] exp [iu(x 1 -x2)] du. (8) 

2n 

To distinguish this power spectrum from another one that will be defined later, we 
shall call S(xlt x 2 , w) the positional power spectrum. 

For the special choice of the variables x1 =x2 =x, the positional power spectrum 
reduces to 

1 " 
I(x,w)=S(x,x,w)=- J F(x,u,w)du, 

2n 
(9) 

. which we shall eaU the positional intensity at frequency w. N ote that the positional 
intensity can be found by integrating the Wigner distribution function over all 
directions u. As a consequence of the non-negative definiteness of the power 
spectrum, the intensity is non-negative. 

Another consequence of the non-negative definiteness of the power spectrum is 
the inequality [8, 9] 

(10) 

This inequality énables us to define a degree of positional ~oherence at frequency w 
[8, 9] 

(11) 

whose modulus is bounded by 1. We shall call a signal completely coherent at 
frequency w if its power spectrum factorizes in the form 

(12) 

it can be shown [8] that a signa! is completely coherent if and only if the absolute 
value of its degree of positional caberenee equals 1 for all x1 and x2 • 

We mentioned already that the \Vigner distribution function describes the signa! 
inspace and spatial frequency, or position and direction, simultaneously. In fact, the 
space and the spatial frequency variabie play equivalent roles in the · Wigner 
distribution function: if we interchange the roles of x and u in any expression 
containing a Wigner distribution function, we get an expression that is the dual of the 
original one. When the original expression describes a property in the space domain, 
the dual expression describes a similar property in the spatial frequency domain, and 
vice versa. We shall applythis idea to relations (8), (9), (11) and (12), and thus find the 
dual relationships. 

The dual of re lation (8) takes the farm of a Fourier transformation with respect to 
the space or position variabie x 

S(u 1,u2 ,w) I F[x,t{u1 +u2),w]exp[ -i(u1 -u2 )x]dx. (13) 

We shall call S(u 11 u2 , w) the directional power spectrum. U nlike the positional power 
spectrum, which expresses the caberenee of the light at two different positions, the 
directional power spectrum expresses the caberenee of the light in two different 
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directions. Clearly, the positional and the directional power spectrum are related by a 
double Fourier transformation 

S(u 1 ,u2 ,w)= I IS(xbx2 ,w)exp[-i(u1x 1 -u2 x 2 )]dx1 dx 2 • (14) 

lt is evident that the directional power spectrum is again a non-negative definite 
hermitian function. 

For the special choice ofthe variables u 1 =u2 =u, the directional power spectrum 
reduces to 

](u, w)=S(u, u, w)= I F(x, u, w)dx, (15) 

which we shall call the directional intensity at frequency w. Note that the directional 
intensity can he found by integrating the Wigner distribution function over all 
positions x. As a consequence of the non-negative definiteness of the power 
spectrum, the directional intensity, like the positional intensity, is non-negative. 

The directional intensity is proportional to the radiant intensity [11, 13]. 
Moreover, the inverse Fourier transform J(x', w) of the directional intensity is 
proportional to the source-averaged correlationfunction, used by Wolf [14] and Carter 
[15], and also proportional to the coejjicient of directionality, introduced by Collett 
and Wolf [16]. 

The dual of the degree of positional coherence is the degree of directional coherence 
at frequency w, which is defined as 

.j[J(u1 , w)J(u2 , w)] 
(16) 

and whose modulus is bounded by 1, too. I t is evident that fora completely coherent 
signa! the directional power spectrum factorizes in the form 

(17) 

like for the degree of positional coherence, the absolute value of the degree of 
directional coherence equals 1 for all u 1 and u2 if and only if the signa! is completely 
coherent. 

When we integrate the Wigner distribution function over all positions x and all 
directions u, we get the total energy N(w) of the signa! at frequency w 

N(w)= 2~ IJ F(x,u,w)dxdu= II(x,w)dx=
2

1
n I ](u,w)du. (18) 

As an example we shall determine the power spectra, the intensities and the 
degrees of coherence for light that is quasihomogeneous at frequency w [ 4, 6, 11, 13]. 
For quasihomogeneous light the Wigner distri bution function factorizes in the form 

F(x, u, w) =N(w)p(x, w)q(u, w), (19) 

in which expression p(x, w) and q(u, w) are non-negative and normalized according to 

and 

p(O,w)= Ip(x,w)dx=1 (20a) 

q(O, w) =__!____ Iq(u, w) du = 1. 
2n 

(20b) 
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In order to be quasihomogeneous, the function p(x, w) must he a slow function of x, 
whereas the ftmction q(x', w) must he a jast function of x'. (Strictly speaking, a 
function of the factorized form (19) is in general not a proper Wigner distribution 
function. However, when a signal described by (19) propagates through an optica] 
system, and the system cannot demonstrate that the requirement (6) can be violated, 
we are free to call such a factorized forma Wigner distribution function.) We now 
have the following relations 

S(x+ ,x-tx',w)=N(w)p(x, w)q(x',w), 

S(u+ tu', u-tu', w) =N(w)p(u', w)ij(u, w), 

I( x, w) =N(w)p(x, w), 

](u,w)=N(w)q(u, w), 

Jl(xltx2 ,w)=q(x1 -x2,w), 

ïi(u 1 , u 2 , w) =jj(u1 -u2 , w). 

(21 a) 

(21 b) 

(22a) 

(22b) 

(23 a) 

(23 b) 

N ote that the degree of positümal coherence Jl is related to the directional intensity J, 
and that the degree of directional coherence v is related to the positional intensity I. 
We remark further that in the limit which is usually called the 'spatially incoherent' 
limit, the function q(x', w) becomes infinitely narrow; the signa! canthen he called 
positionally incoherent. In the limit which is usually called the 'spatially stationary' 
limit, the function p( u', w) becomes infinitely narrow; the signa! can then be called 
directionally incohe1;ent. 

We conclude this section by stating a relationship between the Wigner 
distribution functions of two stochastic signals and the power spectra of these 
signals; the relationship reads 

2
1
n I I Fl(x,u,w)F2(x,u,w)dxdu 

=I I S1(x1,x2,w)S~(x1>x2,w)dx 1 dx2 

=(;ny I I Sl(ultu2,w)S~(u 1 ,u2,w)du1 du2 • (24) 

This relationship has an application in averaging one Wigner distribution function 
with another Wigner distribution function; unlike the Wigner distribution function 
itself, the result of such an averaging procedure will always be non-negative, as we 
shall show in the next section. In the special case of complete coherence, for which 
the power spectra factorize in the forms (12) and (17), re lation (24) reduces toa well
known relationship formulated by Moyal [17], reading 

2~ I IF1(x,u,w)F2(x,u,w)dxdu 

= 1 I "'1 (x. w )1/J!(x, w) dxr = 1 2~ I t7ï 1 (u. w )tP!(u, w) du r. (25) 
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4. Some inequalities for the Wigner distriburl on function · 
In this section we shall prove some inequalities concerning the Wigner 

distri bution function. We shall assume that we may expand the non-negative definite 
hermitian function S(x1, x 2, co) in the form [18] 

(26) 

for the mathematica! subtieties of this expansion we refer to the standard 
mathematicalliterature [19, 20, 21]. In the expansion (26), Àk(co) are the eigenvalues 
and I/Ik( x, co) are the eigenfunctions of the hermitian kemel S(xlt x 2 , co); the 
eigenvalues are non-negative, and the eigenfunctions satisfy the orthonormality 

property f ' 
I/Ik( x, co)l/ff(x, co) dx =Ow (27) 

where ()kl is the Kronecker delta. N ote that there is only one non-zero eigenvalue if 
and only if the signal is completely coherent. 

When we substitute the expansion (26) into definition (5), the Wigner 
distribution function can be expressed as 

F(x,u,co) (28) 

where 

fk(x, u, co)= f 1/!k(x+ , co)l/ff(x-!x', co) exp ( iux') dx' (29) 

are the usual Wigner distribution functions of the deterministic functions I/Ik( x, co). 
By applying Moyal's formula (25) and using the orthonormality property (27), it can 
easily be seen that the functions fk(x, u, co) satisfy the orthonormality re lation 

2~ f ffk(x,u,co}f1(x,u,co)dxdu=()kl· (30) 

Using the expansion (28), it is easy to prove that De Bruijn's inequality [22] 

1 Î f(21t a )n nl f I -x2 +-u2 F(x,u, co)dxdu~_:_ F(x, u, co)dxdu 
2n a 2n 2n · 

" 

(31) 

does not only hold for the Wigner distri bution function of a deterministic signal, but 
also for the Wigner distribution function of a stochastic signal. In the special case 
n=1, relation (31) reduces to 

where 

and 

(1/2n) J u 2J(u, co)du 
d;(co) 

(1/2n:) J ](u, co) du 

(32) 

(33 a) 

(33 b) 
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are the squares of the effective widths of the positional and the directional intensities, 
respectively. From relation (32) we can directly derive the inequality 

(34) 

which is of the type of the uncertainty prin~iple [7]; note, however, that the positional 
intensity I(x, w) and the directional intensity J(u, ro) are not the squared moduli of 
two functions that constitute a Fourier transform pair! It can be proved that the 
equality sign in re lation (34) holds if and only if the signa! is completely coherent and 
its (only) eigenfunction has a gaussian shape, i.e. in the case of a gaussian laser beam, 
for instance. 

It can readily be shown that 

2
1

11: f f F1(x, u, w)F2 (x, u, w)dxdu;::O (35) 

by expanding the Wigner distribution functions F 1(x, u, w) and F 2(x, u, ro) in the 
form (28), and using Moyal's formula (25). Thus, averaging one Wigner distribution· 
function with another one always yields a non-negative result. 

· An upper bound for the expression that arises in relation (35) can be found by 
applying Schwarz's inequality [7] 

;n f f F 1(x,u,w)F2(x,u,w)dxdu 

~[;n f f Fi(x,u,w)dxdu J12 

[ 
1 Î f ]112 

2
11: ~ Fi(x,u,w)dxdu . (36) 

' 
The right-hand side of relation (36) has again an upper bound; indeed, we have the 
important inequality 

2~J JF2(x,u,w)dxdu~[2~f JF(x,u,w)dxduJ. (37) 

To prove this inequality, we first remark that, using the expansion (28), the identity 

2~ f f F(x, u, w)dxdu= tÀk(w) (38) 

hol ds. Secondly, we observe the identity 

1 f"' 
J F

2(x, u, w)dx du= :L>l..f(ro), 
2n k 

(39). 

which can easily be proved by applying again the expansion (28) and using the 
orthonormality property (30). Finally, we remark that, since all eigenvalues Àk(w) are 
non-negative, the inequality 

(40) 

holds, which completes the proof. Note that the equality sign in relation (40), and 
hence in re lation (37), holds if and only if there is only one non-zer'o eigenvalue, i.e. in 
the case of complete coherence. 
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Relation (37) allows us to define a quantity 

(1/2n) J J F 2(x, u, w) dx du 
m(w) = [(1/2n)J J F(x, u, w) dx du] 2 ' 

(41) 

which we shall call the overall degree of coherence at frequency co, and which is 
bounded by 0 and 1. The name 'overall degree of coherence' may be justified by the 
fact that the case m(w) 1 corresponds to the case of complete coherence. We remark 
that the overall degree of coherence m(w) is directly related to the degree of 
incaherenee h(w), introduced by Gamo [23]; indeed, m(co)+h(co)=l. 

The overall degree of coherence of a signa! remains invariant when the signal 
propagates through a lossless linear system [24]. This property can be proved as 
follows. Let the system be described by the input-output relationship 

cPout(x, w) = f g(x, Ç,co)QJ;0 (Ç, co) dÇ, (42) 

where QJ;0 (x, w) is a (deterministic) input signal, QJ001(x, w) the corresponding output 
signal, and g(x, Ç, w) the (coherent) point spread function of the system. For 
stochastic signals, the input-output relationship can be phrased in termsof the input 
and output power spectra as 

SoutCxl>x2,w)= I Jg(xl,Çl,w)S;n(Çl,Çz,w)g*(x2 ,Ç2 ,w)dÇ1 dÇ 2 . (43) 

When we expand the input power spectrum in. the form (26) 

S;n(Xl> Xz, W) = L À.k(w )1/Jk,in(Xl, W )1/!f.;n(Xz, W ), 
k 

we can represent the output power spectrum in the furm 

where 

(44a) 

(44b) 

(45) 

(Note that from the similarity between the relations (42) and (45), we can conclude 
that in the coherent case, where only one eigenfunction is present, this eigenfunction 
behaves Iike a deterministic signa! [8]). The point spread function of a Iossless system 
satisfies the condition [24] 

(46) 

from which we can derive that a set of orthonormal input signals yields a set of 
orthonormal output signals; hence, since the functions 1/!k,in(x, w) constitute an 
orthonormal set, the functions 1/!k,ouix, w) constitute an orthonormal set, too. We 
may thus conclude that relations (38) and (39) hold for the input signa! as wellas for 
the output signal, and, consequently, the overall degree of coherence has the same 
value for the input and the output signa!. 
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In the case of quasihomogeneous light described by the Wigner di:stribution 
function (19), the overall degree of coherence takes the form 

m(w) ~ [ f p2(x, w) dx J [;n f q2(u, w) du] 

[2~ fjp(u', w)JZ du'][ fjq(x', w)j 2 dxJ (47) 

where the second equality sign is due to Parseval's formula [7]. Note that for 
positionally incoherent light, for which the function q(x', w) becomes infinitely 
narrow, the overall degree of coherence becomes zero; the same holds for 
directionally ïncoherent light, for which the function p(u', w) becomes infinitely, 
narrow. 

For quasihomogeneous light we have the remarkable inequality 

18n 
dx(w)du(w)m(w) ~ 

125
, (48) 

which is a far more stringent condition than inequality (34). Relation (48), whose 
left-hand side >vritten in full reads 

can be proved by showing that, under the restrictions 

fp(x,w)dx=1 

and 

p(x, w)~O, 

the expression 

(49a) 

(49b) 

(50) 

bas a lower bounà equal tö 9/125. To show this, let us assume thatp(x;w) vanishes 
outside a finite interval, and let us consider the expression (50) under the restrietion 
( 49 a) but without the restrietion ( 49 b ). By applying a variational principle to the 
expression y( w ), we conclude that it has a stationary value equal to 9/125, which value 
is attained when p(x, w) takes the formt 

{ (3/4x0)[1-(x2/x~)] forjxj<x0 
Po(x)= 

. 0 forjxj>x0 , 

(51) 

where x0 is an arbitrary constant. (Note that a mere sealing of p(x, w), i.e. replacing 
p(x, w) by a.p(a.x, w) with o:> 0, does nofinftuence the value ofy(w).) We remark that, 
fortunately, p0 (x) is non-negative, although we did not restriet ourselves to non
negative functions. It is not difficult to show th&t, if we do restriet ourselves to 
non-negative functions p(x, w), this stationary value is indeed a minimum. lt is 

t The form of p0 (x) has been suggested by H. J. Butterweck. 
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evident that similar arguments apply to the expression 

[ 2

1n I u2
ij(u,w)du J[;n I ii(u, w)du J. 

and the proof of relation (48) follows readily. 
We remark that the equality sign in relation (48) holds when the positional and 

directional intensities of the quasihomogeneous light have parabolic shapes, like in 
equation (51). In the case of gaussian-shaped intensities, the expression 
dx(w)d"(w)m(w) takes the (larger) value 1/2, which is, neverthelsss, close to the 
minimum value 18n/125. 

Le concept de la fonction de répartition de Wigner est appliqué à des signaux 
stochastiques, en particulier à de la lumière partiellement cohérente. Des relations entre la 
fonction de répartition de vVigner, Ie spectre de puissance et d'autres caractéristiques sont 
établies. Des inegalités pour la fonction de répartition de Wigneren sont déduites; l'une de ces 
inégalités conduit à la définition d'un degré total de coherence. Le degré total de cohérence 1 

d'un signa! stochastique reste invariant lorsque Ie signa! se propage dans système linéaire sans, 
perte. 

Das Konzept der Wigner-Distribution wird auf stochastische Signale, insbesandere auf 
teilkohärentes Licht, angewandt. Es werden Zusammenhänge zwischen der Wigner
Distribution, dem Leistungsspektrum und zugehörigen Grö13en formuliert. Einige 
Ungleichungen werden für die Wigner-Distribution hergeleitet; eine dieser Ungleichungen 
f]lhrt zur Definition eines Gesamtkohärenzgrads. Der Gesamtkohärenzgrad eines 
stochastischen Signals bleibt heim Signaldurchgang durch ein verlustfreies lineares System 
erhalten. 
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Two intensity functions are defined for partially coherent light: one inaspace domain and a second one in a spa
tial-frequency domain. Moreover, a quantity is introduced that can be considered a measure ofthe overall degree 
of coherence of the partially coherent light. It is then shown that the following uncertainty principle can be formu
lated when the partially coherent light is spatially quasi-stationary: the product of the effective widths of the two 
intensity functions has a lower bound, and this lower bound is inversely proportional to the overall degree of coher
ence. 

It is well known that, if two functions form a Fourier
transform pair, then they cannot both he of short duration. 
This so-called uncertainty principle1·2 can he applied directly 
to completely coherent light; the extension to partially co
herent light, however, is not evident. lt is the aim of this 
paper to formulate an uncertainty principlefora special kind 
of partially coherent light, viz., spatially quasi-stationary light. 
For the sake of convenience, we shall consider only one-di
mensional space functions; the extension to two (or more) 
dimensions is straightforward. 

Let partially coherent light be described by a temporally 
stationary stochastic process 4><x. t); the ensemble average of 
the product 4>(xt. td4>* (x 2, t 2) is then a function of the time 
difference t1- tz only: 

E(4>(xh t1)1>*(x2. t2)] = S(x1, x2, h- t2). (1) 

(An asterisk denotes complex conjugation.) The function 
S(x 1, x 2, r) is known as the (mutual) coherence function2·3 of 
the process 4>(x, t). The (mutual) power spectrum2•3 S(xh 
x z, w) is defined as the temporal Fourier transform of the co
herence function: 

S(xi> Xz, w) = f S(xl> xz, r)exp(iwr)dr. (2) 

(Unless otherwise stated, all integrations and summations 
extend from -oo to +oo.) The basic property3•4 ofthe power 
spectrum is that it is a nonnegative de fini te hermitian function 
of x1 and x2. To distinguish the power spectrum S(x1. x2, w) 
from another one that will be defined later, we shall call it the 
positional power spectrum. 

Spatial quasi-stationarity of partially coherent light can 
best be described when we consider the positional power 
spectrum S(xh xz, w) as a function ofthe variables x= lfz(x1 
+ x2) and x' = x1 - x2. If a processis spatially stationary, 
then its positional power spectrum is independent of x. We 
shall say that a process is spatially quasi-stationary1 if its 
positional power spectrum is a slowly varying function of x 
(i.e., if the variations with respect to x are on a much larger 
scale than the effective extent with respect to x') and, when 
considered as a function of x', has the properties of an auto
correlation function (on the analogy of the positional power 

spectrum of a spatially stationary process). The special case 
of quasi-stationary light for which the positional power 
spectrum takes the form of the prvduct of a function of x and 
a function of x' is known as quasi-homogeneaus light. 5,6 Since 
the positional power spectrum of spatially quasi-stationary 
light, considered as a function of x', beha:ves like an autocor
relation function, its Fourier transform F(x, u, w) with respect 
tox', 

F(x, u, w) = fS(x + 1hx', x- %x', w)exp(-iux')dx', 
(3) 

must be nonnegative. We remark that the function F(x, u, 
w) is known as the Wigner distribution function7,8 ofthe sto
chastic process 4>(x, t). 

Instead of descrihing the process 4>(x, t) inaspace domain 
by means of its pos1tional power spectrum S(xh x2, w), we can 
describe it in a spatial-frequency domain by means of the 
spatial Fourier transform S (u 1, u2, w) of the positional power 
spectrum: 

'S(ui. u2, w) = f fS(xh x2, w)exp[-i(u1x1- uzx2)]dx1dx2. 
(4) 

We call 'S(u1, u2, w) the directional power spectrum.8 Unlike 
the positional power spectrum, which expresses the coherence 
of the light at two different positions, the directional power 
spectrum expresses the coherence of the light in two different 
directions. It is evident that the directional power spectrum 
is again a nonnegative definite hermitian function. For the 
sake of completeness, we mention that combining Eqs. (3) and 
(4) yields the relation 

F(x, u, w) = ..!._ JE<u + 1hu', u 1/2u', w)exp(iu'x)du', 
211' 

(5) 

in which the Wigner distribution function F(x, u, w) is ex
pressed in terms of the directional power spectrum. 

For the special choice ofthe variables x1 = x2 =x and u 1 = 
u2 = ;..;, the positional and the directional power spectra reduce 
to the positional intensity S (x, x, w) and the directional in-
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tensity S(u, u, w) at frequency w, respectively. As a conse
quence of the nonnegative definite hermitian property of the 
power spectra, these intensities are nonnegative. We remark 
that the directional intensity is proportional to the radiant 
intensity5.6 and that it is related8 to the source-averaged 
correlation function used by W olf9 and Carter10 and to the 
coefficient of directionality introduced by Collettand Wolf.11 

The effective widths dx(w) and du(w) ofthe positionaland the 
directional intensity are defined through the relationss 

J x2S(x, x, w)dx 
dx 2(w) = ------

-!;. JJ x2F(x, u, w)dxdu 

2~ JJ F(x, u, w)dxdu 

(6a) 

f S(x, x, w)dx 

and 

2
1
1f J u2S(u, u, w)du 2~ JJ u2F(x, u, w)dxdu 

du 2(w) = --------, 

2~ Js(u, u, w)du 2~ JJ F(x, u, w)dxdu 

(6h) 

respectively. It is well known that, for completely coherent 

light, for which the positional and the directional power 
spectra factor in the form 1/;(xt. w)1/;*(x2, w) and in the form 
~(ui> w)~*(u2, w), respectively,8 the effective widths of the 
positional and the directional intensities satisfy the relation 
dx(w) du(w) 2:: lf2. This relationship is known as the uncer
tainty principle1·2; it can he shown that this form of the un
certainty principle holds also for partially coherent light [see 
Ref. 8, Eq. (34)]. A sharper form ofthe uncertainty principle 
has been derived in Ref. 8 for the special case of partially co
herent light that is spatially quasi-homogeneous; in this paper 
we shall find a form of the uncertainty principle for the more 
general case of spatially quasi-stationary light. 

In order to formulate an uncertainty principle for partially 
coherent light, wedefine the quantity m(w) by8 

2~ JJ F 2(x, u, w)dxdu 
m(w)=-----------------

[ 
1 ]2 

2
1f JJ F(x, u, w)dxdu 

JJiS(xh Xz, w)l 2dx1dx2 

[f S(x, x, w)dxr 

~ JJ!S(ul, uz, w)j 2du1du2 

[2~fs(u, u, w)dur 

(7) 
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As a consequence of the nonnegative definite hermitian 
property of the power spectra, this quantity is hounded by 0 
and 1. We shall call m(w) the overall degree of coherence8 at 
frequency w; this name may he justified by the fact that the 
case m(w) = 1 corresponds to the case of complete coherence. 
We remark that the overall degree of coherence m ( w) i!' related 
directly to the degree of incaherenee h(w) introduced by 
Gamol2; indeed m(w) + h'(w) = 1. From Appendix A we 
conclude that, if the Wigner distri bution function F(x, u, w) 
is nonnegative, which happens to he the case when the par
tially coherent light is spatially quasi-stationary, we can for
mulate the inequality (equality) 

8 
[dx2(w)k(w) + du 2(w)/k(w)]m(w) 2:: 9' (8) 

which holds for arhitrary positive k(w). The left-hand side 
of relation (8) takesits minimum value for k(w) = du(w)/ 
dx (w), in which case the inequality (equality) reduces to 

4 
dx(w)du(w)m(w) 2:: 9' (9) 

This relation is of the type of an uncertainty principle. From 
Appendix A [Eq. (A16)] we conclude that the equality signs 
in relations (8) and (9) hold if the Wigner distri bution function 
of the partially coherent light would he proportional to 

x2 u2 

for 0 ~ 6dx 2(w) + 6du 2(w) ~ 1 
(10) 

elsewhere 

We conclude that the product of the effective widths of the 
positional and the directional intensities has a lower bound 
and that this lower bound is inversely proportional to the 
overall degree of coherence. We remark that the right-hand 
side of inequal.ity (equality) (9) takes the larger value 18rr/125 
when the partially coherent light is spatially quasi-homoge
neaus [see Ref. 8, Eq. (48)]. This larger value is notsurprising 
since quasi-homogeneaus light is a special case of quasi-sta
tionary light and therefore satisfies some additional con
straints. 

APPENDIX A 

With p(x, y) a nonnegative function and k a positive constant, 
we look for the minimum value of the expression 

'Y = f f(x 2k + y 2/k)p(x,y)dxdy f fp 2(x,y)dxdy 

(Al) 

under the constraint that 

f fp(x,y)dxdy = 1. (A2) 

After we substitute xVJi = p cos fJ andy/VJi = p sin fJ and 
put p(p cos 0/vk, py'k sin 0) = f(p, 0), Eq. (Al) takes the 
form 

foo f21f foo f21f 
'Y = Jo Jo P2f(p, O)pdpdO Jo Jo f 2(p, O)pdpdO, 

(A3) 
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wbereas constraint (A2) becomes 

J:"' J:2
1f f(p, O)pdpdO = 1. (A4) 

If 'Y bas to take its minimum value, tben the function f(p, 
0) must be necessarily independent of 0. To see tbis, we ex
press f(p, 0) as a Fourier series in 0, 

f(p, 0) = L In (p)exp(inO), (A5) 
n 

substitute this series into Eq. (A3), and evaluate tbe integrals 
over 0. Wetben arrive at tbe expression 

'Y = 21r J:"' p2/o(p) pdp27r 

x [ f"' /o2(p)pdp + L, f"' l/n(P)I 2PdP] • (A6) Jo n,.<O Jo 
wbicb takes a minimum value wben all fn(P) except /o(P) 
vanish. Under tbis condition, and witb tbe substitutions p2 

=rand 1r{0 ( vr) = g(r), Eq. (A6) takes the form 

7r'Y = J:"' rg(r )dr J: = g2(r )dr. (A 7) 

After all the substitutions are performed, constraint (A4) 
becomes 

J:"' g(r)dr = 1. (AS) 

Witb R an arbitrary positive constant, we write 

J:"' g(r)dr = J:"' (1 - ~) g(r)dr + J: ro ~ g(r)dr. 

(A9) 

We now have the following inequalities (equalities): 

J:"' (1- ~)g(r)dr :5 J:R (1- ~)g(r)dr, (AlO) 

J:R (1- ~)g<r)dr :5 [J:R (1- ~t drr
2 

X [J:R g2(r)drr2• (All) 

J:R g2(r)dr :5 J:"' g 2(r)dr. (Al2) 

Relation (All) represents Schwarz's inequality (equality).l 
The equality sign in relation (All) bolds if g(r) is proportional 
to 1 - r IR in tbe interval 0 :5 r :5 R, whereas the equality signs 
in inequalities (AlO) and (Al2) hold if g(r) vanishes outside 
that interval. Combining relations (A9)-(A12), and evalu
ating tbe integral wbose integrand does not contain g(r), 
yields 

J:"' g(r)dr :5 r~r
2

[J:"' g 2(r)drr
2 
+ ~ J:"' rg(r)dr. 

(A13) 
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Considered as a function of R, tbe rigbt-band side ofrelation 
(A13) takes its minimum value when we choose R according 
to 

(A14) 

ir ahich f~"'' ;neqt' litv (equality) (A13) takes the form 

~ ~ '..-\(l;l ::; rg(r)dr g2(r)dr. (A15) 114\ '3 'l J:"' J:"' 
>.'' j 4 0 0 

Comoming reL:.tions (A 7), (AS), and (A15), we conclude that 
the minimum value of 7r')' equals 4/9; it can easily heseen that 
tbis minimum value is attained wben g(r) bas the form 

for 0 :5 r :5 R, 
(A16) 

for R < r 

Note that a mere sealing of g(r), i.e., replacingg(r) by a:g(ar) 
witb a > 0, does not influence the value of 'Y. We remark that 
inequality (equality) (A15) is a special case of a class of ine
qualities (equalities) stuclied by Levin.l3,l4 
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Two intensity functions are introduced for partially coherent light: one in a· space domain and a second one in a 
spatial-frequency domain. Moreover, a quantity is defined that can he considered a measure of the overall degree 
of coherence of the partially coherent light. It is then shown that the following uncertainty principle can be formu
lated: the product of the effective widths of the two intensity functions has a lower bound, and this lower bound 
is inversely proportional to the overall degree of coherence. 

1. INTRODUCTION 

It is well known that if two functions fonn a Fourier-transform 
pair then they cannot both be of short duration. This so
called uncertainty principlel.2 can be applied directly to 
completely coherent light; the extension to partially coherent 
light, however, is not evident. Insome recent papers3•4 the 
uncertainty principle has been extended to special classes of 
partially coherent light, viz., to spatially quasi-homogeneaus 
light3 and to spatially quasi-stationary light.4 lt is the aim 
of this paper to formulate an uncertainty principle for the 
most general case of partially coherent light. For the sake of 
convenience, we consider only one-dimensional space func
tions; the extension to two (or more) dimensions is straight
forward. 

2. REPRESENTATION OF PARTIALLY 
COHERENT LIGHT 

Let partially coherent light be described by a temporally 
stationary stochastic process, and let its (mutual) power 
spectrum2•5 or cross-speetral density function6 be denoted by 
S(xh x 2, w). The basic property5.6 of the power spectrum is 
that it is hermitian and nonnegative defmite. To distinguish 
the power spectrum S (x 1o x 2, w) from another one that will be 
defined later, we call it the positional power spectrum. For 
the special choice of the variables x 1 = x2 = x, the positional 
power spectrum reduces to the positional intensity S(x, x, w) 
at frequency w, which is nonnegative. The effec.~ width3 

dx (w) of the positional intensity will bedefinedas the square 
root of its normalized second -order moment with respect to 
x [see also Eq. (4)]. 

Instead of descrihing a stochastic process in a space domain 
by means of its positional power spectrum S(x1o x2, w), we can 
represent it in a spatial-frequency domain by means of the 
spatial Fourier transfarm S(u1o u 2, w) ofthe positional power 
spectrum: 

S(u1o Uz, w) 

= JJ S(x1, Xz, w)exp[ -i(utxl- uzx2)]dx1dxz. (1) 

(Unless otherwise stated, all integrations extend from -oo to 
+oo.) We call S(ul> Uz, w) the directional power spectrum.3 

Unlike the positional power spectrum, which expresses the 
coherence of the light at two different positions, the direc
tional power spectrum expresses the coherence of the light in 
two different directions. It is evident that the directional 
power spectrum is again a nonnegative definite hermitian 
function. On the analogy of the positional power spectrum, 
we have the directional intensity S(u, u, w) at frequency wand 
its effective width du (w). 

Apart from the pure space representation of a stochastic 
process by meàns of its positional power spectrum, or the pure 
spatial-frequency representation by means of its directional 
power spectrum, we can describe a stochastic processin space 
and spatial frequency simultaneously. In this paper we make 
use of the Wigner distribution function3·7 F(x, u, w) of the 
stochastic process, which is defined in termsof the positional 
power spectrum by 

F(x, u, w) = J S(x +%x', x -lfzx', w)exp(-iux')dx'; 

(2) 

a similar definition can be formulated in terms of the direc
tional power spectrum. Among the properties of the Wigner 
distribution function, an important one is its realness. Un
fortunately, however, the Wigner distribution function is not 
necessarily nonnegative, which prohibits a direct interpreta
tion of this function as an energy density function; neverthe
less, the simultaneous space-spatial-:frequency description 
of a stochastic process by means of its Wigner distribution 
function closely resembles the ray concept in geometrical 
opties, in which the position and the direction of an optical ray 
are also given simultaneously. The intensities S (x, x, w) and 
S(u, u, w), and their effective widths dx(w) and du(w), are 
directly related to the Wigner distribution function F(x, u, 
w). We have the relations3 

and 

S(x, x, w) = _!_ JF(x, u, w)du 
27r 

(3) 
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J x 2S(x, x, w)dx 2~ JJ x2F(x, u, w)dxdu 
dx 2(w) = = ---------

f S(x, x, w)dx 2~ JJ F(x, u, w)dxdu 

(4) 

and similar relations for S(u, u, w) and du (w). 
It is well known that, for completely coherent light, for 

which the positional and the directional power spectrum 
factorize in the form q(xi. w)q*(x 2, w) and the form ëj(uh 
w)q*(u2, w), respectively,3 the effective widths ofthe inten
sities satisfy the relation dx ( w )du ( w) 2!: 1h. This relationship 
is known as the uncertainty principle.l·2 InSection 3 we ex
tend this uncertainty principle to partially coherent light as 
well. 

3. UNCERT AINTY PRINCIPLE FOR 
PARTIALLY COHERENT LIGHT 

In order to formulate an uncertainty principle for partially 
coherent light, weneed a quantity m(w), which we shall call 
the overall degree of coherence at frequency w and which is 
defined by3 

2~ JJ F2(x, u, w)dxdu 
m(w)=-~~------------

[2~ JJ F(x, u, w)dxdu]
2 

JJ IS(xh xz, w)l 2dxldxz 

= 

[f S(x, x, w)dxr 

4~2 JJ IS(uh uz, w)l 2du1duz 

= w 
Iz~' f S(u, u, w)dur 

As a consequence of the nonnegative definite hermitian 
property of the power spectra, the quantity m ( w) is bounded 
by 0 and 1; its name--overall degree of coherence-may be 
justified bythe fact that the case m(w) = 1 corresponds tothe 
case of complete coherence. We remark that the overall de-
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gree of coherence m(w) is directlyrelated to the degree ofin
coherence h(w) introduced by Gan108; indeed, m(w) + h(w) 
= 1. Furthermore, we mention the property3 that the overall 
degree of coherence of partially coherent light remains in
variant when this light propagates through a lossless linear 
system. 

We now look for the minimum value of the expression 

(6) 

Since, in the present discussion, the temporal-frequency de
pendence is of no importance, we shall, for the sake of con
venience, omit the temporal-frequency variabie w from the 
formulas in the remaioder of this paper. We thus consider 
the expression 

which, after substituting x = ~k and u = 21r11/k, takes the 
form 

From definition (2) we have 

F(~k, 27rT!/k) 

= J S(~k + lfzx', ~k -lfzx')exp[-27ri(1)/k)x']dx', (9) 

which, after substituting x'= ~'k and putting S(~1k, ~zk) = 
$(~1> ~z), reads as 

F(~k, 27r1)/k) = k J $(~ + %~', ~ lfzf)exp[-27ri17f]df. 

(10) 

We now assume that we may expand the nonnegative definite 
hermitian function $(6, €2) in the form9 

$(~1> €z) = f Àmqm(~l)qm*(€z). (11) 
m=O 

For the mathematicalsubtleties of this expansion we refer to 
the standard mathematicalliterature.10,1l In expansion (11), 
the numbers Àm are the eigenvalues, and the functions qm (€) 
are tbe eigenfundions of the hermitian kernel $ (~lt ~2). The 
eigenvalues are nonnegative, and we shall order them ac
cording to 

Ào 2!: À1 2!: ••• 2!: Àm 2!: .•• 2!: 0. (12) 
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The eigenfunctions satisfy the orthonormality condition 

(m, n = 0, 1, ... ), (13) 

where Ómn is the Kronecker delta function. On substituting 
from expansion (11), Eq. (10) takes the form 

F(~k, 21rq/k) 

= k "' Àm f qm(~ + 1/zf)qm*(~- %~')exp[-27riqf]df. 

(14) 

We now substitute Eq. (14) into expression (8) and evaluate 
the integrals. First, we have 

ff F(~k, 21r17/k)d~dq 
= k m~O Àm f lqmWI 2d~ = k m~O Àm. (15) 

Second, we have 

ff F2(~k, 21rq/k)d~d11 

"' w "' = k 2 L L ÀmÀnÓmn = k 2 L Àm 2• (16) 
m=O n=O m=O 

To evaluate the third integral that appears in Eq. (8), we in
troduce the Hermite functions 1/lnW (n = 0, 1, ... ) according 
to12 

exp[1r~2- 27r(~- w)2] 

= 2-1/4 f. (n!)-1/2(47r)nl2wn1/lnW· (17) 
n=O 

From Ref. 12, Sec. 3.2, Ex. (viii), wethen conclude that 

21r ff (~2 + 112)F(~k, 27r7J/k)d~d71 

= k m~O Àm nt I S QmW1/In*Wd~l 2(2n + 1). (18) 

On ex panding the eigenfunctions Qm (~) in termsof Hermite 
functions 

"' 
Qm(~) = L: amn..PnW (m = 0, 1, ... ), (19) 

n=O 

we finally get 

27r ss (~2 + 712)F(~k, 21r71/k)d~d1J 

"' 00 

= k L Àm L: I amn l2(2n +'1). · (20) 
m=O n=O 

Because of the orthonormality condition [Eq. (13)], the 
coefficients amn satisfy the property 

"' L: atnamn * = Ótm 
n=O 

(l, m = 0, 1, ... ). (21) 
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On substituting from Eqs. (15), (16), and (20) into Eq. (8), 
we arrive at the expression 

(22) 

[ f. Àm]
3 

m=O 

where the eigenvalues Àm follow ordering (12) and the coef
ficients amn satisfy conditions (21). We now use the proper
ties 

"' "' 00 L: Àm L: lamnl 2(2n+1);:::;: L: Àm(2m+l) (23) 
m=O n=O m=O 

and 

(24) 

which have been derived in Appendixes A and B, respective
ly,13 and we conclude that the expression 'Y is always larger 
than 8/9. Thus the following inequality results: 

[ 
27r k2(w) ] 8 

kZ(w) dx 2(w) + ~ du 2(w) m(w) > 9· (25) 

It is not difficult to show that, if lamn I = Ómn [which means 
that the eigenfunctions QmW ofthe hermitian operator S(6, 
~z) are just the Hermite functions 1/lmWJ and if the eigen
values Àm are proportional to 

Àm = {
M-m 
0 

(m = 0, 1, ... , M- 1) 

(m = M, M + 1, ... ) 

expression (22) takes the value 

8 (M + 11z)2 
'Y = 9M(M + 1). 

(M;:::;: 1), 

(26) 

(27) 

Hence we can reach the minimum value 8/9 in the limiti4 
M _,. oo, 

Considered as a function of k(w), the left-hand side of 
relation (25) takesits minimum value for k 2(w) = 21f'dx(w)/ 
du ( w), in which case the inequality red u ces to 

4 
d:x;(w)du(w)m(w) > -. 

9 
(28) 

This relation is of the type of an uncertainty principle. We 
conclude that the product of the effective widths of the posi
tional and the directional intensity has a lower bound and that 
this lower bound is inversely proportional to the overall degree 
of coherence. 

APPENDIX A 
Let the sequence of numbers bm (m = 0, 1, ... ) be defmed 
by 

~ 

bm = L lamn l 21ln (m = 0, 1, ... ), (Al) 
n=O 

where the numbers lln (n = 0, 1, ... ) are ordered according 
to 

llo :$ ftl S · · · :$ lln S · · · (A2) 
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and the coefficients amn satisfy the orthonormality condi
tion 

(l, m = 0, 1, ... ). (A3) 

We now consider the numbers bm(m = 0, 1, ... , M) as the 
diagonal entries of an (M + 1)-square hermitian matrix H = 
(hij)Mij:O, with 

"' 
hij = L.: ainajn *t.tn 

n:O 
(i,j, = 0, 1, ... ,M andM ~ 0). 

(A4) 

Let the eigenvalnes vrn(m 0, 1, ... , M) of this hermitian 
matrix be ordered according to 

Vo :::;; V1 :::;; •• i :::;; Vm :::;; ... :::;; VM. (A5) 

From Cauchy's inequalities15 for the eigenvalnes of a sub
matrix of a hermitian matrix, we conclude that 

(m = 0, 1, ... , M) (A6) 

andhence 

M M M M 
L bm L hmm = L Vm ~ L l.tm· (A7) 

m:O m:O m=O m:O 

Furthermore, with the numbers Àm (m = 0, 1, ... ) satisfying 
the property 

Ào ~ À1 ~ ••• ~ Àm ~ ..• , 

we can formulate the relation 
M M 
L Àmbm = Xobo + L Àmbm 

m=O m-1 

= Xobo + m~1 Àm L~o bn- :~: bn] 

M m M-1 m 
= Àobo + L Àm L bn - L Àm+ 1 L bn 

m=l n=O ml:I!O n:O 

M-1 m M M-1 m 
= L Àm L bn + ÀM L bn - L Àm+1 L bn 
m~ n~ n~ m~ n~ 

M M-1 
= ÀM L bn + L (Àm - Àm+l) bn 

n=O m=O 

M ~1 m M 

(AS) 

~ ÀM L l.tn + L (Àm - Àm+1) L 1-Ln = L Àml.tm· 
n=O m:O n=O m=O 

(A9) 

On choosing l.tn = 2n + 1 (n = 0, 1, ... ) and taking the limit 
M--+ "",we arrive at the (in)equality 

"' 00 "' 

L Àm L I amn l2(2n + 1) ~ L Àm (2m + 1). (AIO) 
m=O n=O m=O 

The equality sign in this (in)equality holds if I amn I = Dmn· 

APPENDIX B 

With Àm (m = 0, 1, ... ) a sequence of nonnegative numbers 
and .tn an arbitrary positive constant, we write 

i: Àm = - 1
- r2 i: (.tn - m)Àm + i: (2m + l)Àm]. 

m:O 2.Jn + 1 l' m:O m=O 

(B1) 

We now have the following (in)equalities: 
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00 

L.: (.tn- m)Àm :::;; L.: (At- m)Àm, (B2) 
m=O O:Sm:S.M 

[ ] 
1/2 

L.: (At- m)Àm :::;; L.: (At - m)2 
O:Sm:S.M O:Sm:S:.# 

[ ]
1/2 

X L Àm2 ' 
O:Sm:SJ!t 

(B3) 

00 

L Àm 2 :::;; L Àm 2. (B4) 
Osms.M m=O 

Relation (B3) represents Schwarz's (in)equality.1 The 
equality sign in relation (B3) holds if Àm is proportional to .tn 

m in the interval 0 :::;; m :::;; At, whereas the equality signs in 
relations (B2) and (B4) hold if Àm vanishes outside that in
terval. 

Let M be the largest integer number smaller than or equal 
to At. We then have 

M 
L.: (At - m )2 = L.: (At m )2 

Osm:S:JU m=O 

= .ti.(M + 1)(.tn _ M) + M(M + 1)(2M + 1). 
6 

With M = .tn - f (0 :::;; f < 1), Eq. (B5) takes the form 

(B5) 

L: (.tn - m )2 = .::..:2.41~3 _+...::.3.:..:..41,.:..2_+.:..:..;:..:.:11,:.__=-:._..::..::__:_2_ 
05m5.M 6 

(B6) 

Since -(2€3 3€2 + t:) is smaller than v'3/18 in the interval 
0 :::;; € < 1, we have the (in)equality 

L.: (At- m)2:::;; 2.tn3 + 3.412 + .tn + (B7) 
0:5m5.M 6 

The right-hand side of relation (B7) is smaller than (2.41 + 
1)3/24, and the inequality 

L.: (At- m)2 < (2.41 + 1)3/24 (B8) 
Osms.M 

results. 
Substituting the (in)equalities (B2)-(B4) and (B8) into Eq. 

(B1) yields 

"' [1 "' ]1/2 m~O Àm < (2.41 + 1)1/2 S m~O Àm2 

+ (2.41 + 1)-1 L~o (2m + 1) Àm] • (B9) 

Considered as a function of At, the right-hand si de of relation 
(B9) takesits minimum value when we choose .4t according 
to 

(2.41 + 1)3 = 4 [ f (2m + l)Àm]
2 (! f Àm2]-l, (BlO) 

m=O 6 m=O 

in which case inequality (B9) reduces to 

[!"~o Àmr < ~ L~o Àm
2
) L~o (2m + l)Àm)· (BU) 
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Abstract 

The uncertainty principle for partially coherent light 

tells us that the product of the effective widths of the 

space-domain intensity and the spatial-frequency-domain 

intensity has a lower bound, and that this lower bound is 

inversely proportional to the overall degree of coherence of 

the light. In this paper it is derived for what kind of 

partially coherent light the lower bound can be reached. 
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1. Introduetion 

In a recent paper 1, the well-known uncertainty principle2 

which says that if two functions form a Fourier transform pair, 

then they cannot both be of short duration - has been extended 

to partially coherent light. Therefore, two intensity functions 

were introduced for partially coherent light - one in a space 

domain and a second one in a spatial-frequency domain - and a 

quantity was defined which can be considered a measure of the 

overall degree of co~erence of the light. It was then shown 

that the product of the effective widths of the two intensity 

functions has a lower bound, and that this lower bound is 

inversely proportional to the overall degree of coherence. 

Moreover, it was described for what kind of'partially coherent 

light this lower bound can be reached. 

It is the aim of this paper to study in more detail the 

partially coherent light that yields the lower bound in the 

uncertainty principle. This will be done in Sect. 3, after 

having given a brief review of the uncertainty principle for 

partially coherent light in Sect. 2. Some concluding remarks in 

Sect. 4 then complete the paper. For the sake of convenience, 

we shall consider only one-dimensional space functions; the 

extension to two (or more) dimensions is straightforward. 
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2. The uncertainty principle for partially coherent light 

Let partially coherent light be described by a temporally 

stationary stochastic process, and let its (mutual) power 

2 3 4 spectrum ' , or cross-speetral density , be denoted by 

S(x
1
,x2,w). Insteadof descrihing a stochastic processin a 

space domain by means of its power spectrum S(x 1,x2,w), we 

can equally well repreaent it in a spatial-frequency domain 

by means of the spatial Fourier transform S(u
1
,u2,w) of the 

power spectrum: 

(Unless otherwise stated, all integrations'extend from -oo to 

(I) 

+00). Both the power spectrum S(x
1
,x2,w) and its Fourier 

transform S(u
1
,u2,w) have the basic property that they are 

hermitian and non-negative definite. Moreover, S(x
1
,x2,w) 

expresses the coherence of the light at two different positions, 

whereas S(u
1
,u2,w) expresses the coherence in two different 

directions. Therefore, we shall call S(x
1
,x2 ,w) the positional 1

' 5 

power spectrum and S(u
1
,u2,w) the directiona1 1

' 5 power spectrum. 

For the special choice of the variables x
1
=x2=x, the 

. . 1 d h • . 1 . . I,S pos1t1ona power spectrum re uces to t e pos1t1ona 1ntens1ty 

S(x,x,w) at frequency w, which is non-negative. The effective 

width 1
'
5 d (w) of the positional intensity is defined as the 

- x 

square root of its normalized second-order moment with respect 
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to x: 

2 Jx2S(x,x,w)dx 
d (w) = • 

x Js(x,x,w~dx 
(2) 

Analogously, we have the (non-negative) directional intensity 

S(u,u,w) at frequency w, and its effective width d (w). 
u 

We remark that it is more appropriate to use the name 

'effective width' in conneetion with the central normalized 

second-order moments. By a proper shift of the origin of the 

space axis and the spatial-frequency axis, however, we can 

always create a situation for which JxS(x,x,w)dx = 0 and 

fuS(u,u,w)du=O; in that case the effective widths d and d 
x u 

represent exactly these central normalized second-order 

moments. (See also the comment in Ref. 2, p. 195). 

In order to formulate the uncertainty principle for 

partially coherent light, we need the overall degree of 

coherence
1

•5 ~(w) at frequency w, which is defined by 

As a consequence of the non-negative defini'te hermitian 

property of the power spectra, the quantity u(w) is bounded 

by 0 and I; its name- overall degree of coherence - may be 

(3) 
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justified by the fact that the case u(w)=l corresponds to the 

case of complete coherence. 

We can now formulate the uncertainty principle for partially 

coherent light. In its most general form it reads 1 

8 
>-

9 
(4) 

for any function k(w). Considered as a function of k(w), the 

left-hand side of relation (4) takes its minimum value for 

k2 (w)=2nd (w)/d (w). in which case the uncertainty principle 
x u 

reduces to the special form 1 d (w)d (w)~(w)>4/9. The latter 
x u 

form of the uncertainty principle tells us that the product of 

• • I -the effective widths of the pos1t1onal' and the directional 

intensity has a lower bound, and that this lower bound is 

inversely proportional to the overall degree of coherence. 

1 
For the special choice of the positional power spectrum 

where ~ (~) are the Hermite functions [see, for instance, 
m 

Ref.6, Sect.l], the left-hand side of relation (4) takes the 

form 1 

(5) 
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(6) 

Hence, we can reach the minimum value 8/9 in the limit n-+«>. 

It is the aim of this paper to study the asymptotic form of 

the power spectrum Sn(x1,x2,w) when n-+«>. Since in the present 

discussion the temporal frequency dependenee is of no 

importance, we shall - for the sake of convenience - omit the 

temporal frequency variable w from the formulas in the 

remainder of the paper. 
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3. The lower bound in the uncertainty principle 

Insteadof studying the power spectrum Sn(x
1
,x2) [see 

Eq. (S)],it turns out to be easier to study its Wigner 

d • 'b ' f ' S, 7 F( ) h' h ' d f' d ' f 1str1 ut1on unct1on x,u , w 1c 1s e 1ne 1n terros o 

the positional power spectrum by 

F(x, u) = J S(x+!x 1 ,x-!x' )exp [ -iux 1 ] dx 1 (7) 

a similar definition can be formulated in terros of the 

directional power spectrum. We now use the property [see, for 

instance, Ref. 6, Sect. 2.2] 

where L (t) are the Laguerre polynomials8• The Wigner m 

distribution function F (x,u) that corresponds to the power 
n 

spectrum (5) then takes the form 

(8) 

. 2 2 2 2 When we subst1tute t=2(2nx /k +k u /2~), we thus have to study 

the asymptotic behaviour for large n of the function 

(9) 
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n-1 
f (t) =2exp[-it] t (n-m)(-l)mL (t) 
n m=O . m 

we directly abserve the relations 

f (t) = o, 
0 

and the recurrence relation 

n 

( n=O, 1 , ••• ) • 

f 1(t}-f (t)=2exp[-it] L (-J)mL (t). 
n+ n m=O m 

(10) 

( lla) 

( llb) 

(12) 

The summation that appears in Eq. (12) is always non-negative9; 

combining this property with Eqs. (11) and (12) leads to the 

conclusion that f (t) is non-negative. 
n 

We shall now show that the asymptotic form of f (t) is 
n 

given by 

_f 0.;...._((_4_n.,..+ 2_)_T_) "' ~t-0T n+l 

for 0ST::> I, 

for l::;T. 

We therefore use the identities 

t 

(I 3) 

f (t) = H-1)
0 {if(t-t')exp[-h']L (t')dt'- exp[-!t]L (t)} +n+!-!t (14a) n 0 n n 
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and 

.., 
f (t) = H-l)n{!j(t'-t)exp[-~t']L (t')dt'- exp[-!t]L (t)} • n n n 

t 

(14b) 

These identities can readily be proved by showing that their 

left-hand sides satisfy Eqs. (11) and the recurrence relation 

f 
1 
( t) - 2 f ( t) + f 

1 
( t ) = 2 exp [-h] L ( t) n+ n n- n 

(IS) 

using the well-known property of Laguerre polynomials [see 

Ref. 8, Sect. 10. 12, Eq. (16)] 

dd { L ( t) - L + l ( t ) }= L ( t ) , 
t n n n (16) 

it is easy to show that the right-hand sides of Eqs. (14) 

satisfy Eqs. (11) and (15) as well. 

The integral that appears in Eq. (14a) can be transformed 

into an integral in the complex z-plane, by taking its Laplace 

transform, using the convolution theorem, and writing down the 

inversion formula of the Laplace transform. We then find 

t n n 
1 f(t-t')exp[-h']L (t')dt' =~ I expf.-hz] e):z) 2.(dt-) = (-l)0

A (t) • 
• 0 n 2w1 ( 1-,0-) z z z n 

(17) 
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where the path of integration [denoted by (1-,0-)] is a closed 

contour encircling the points z•t and z=O in the negative 

(clockwise) sense. The integral that appears in Eq. (14b) can 

also be transformed into an integral in the complex z-plane.· 

We therefore use the identity 

00 
. n (-l)n l+zn dz 

H<t-t')exp[-!t']L (t')dt' = 2(-1) {!t-(n+D} =-2-.- f exp[-hz] (-1_) Z(J-) 
0 n ~l (O-) z z z 

( 18) 

where (0-) denotes a closed contour encircling z=O clockwise. 

Combining Eqs. (17) and (18) yields 

00 (-l)n l+z n dz n 
!f<t'-t)exp[-it']L (t')dt' =-2-.- f exp[-h:z] (-1_) 2(1- ) : (-1) B (t) , 

t n ~l (I-) z z z n 

(19) 

where (1-) denotes a closed contour encircling z=l clockwise. 

To get an impression of the functions A (t) and B (t), we n n 

have plotted in Fig. I A (t) in the interval O~t~4n+2 and 
n 

B (t.) in the interval 4n+2~t, for the case n=IOO. We see that 
n 

the functions A (t) and B (t) take their maximum absolute 
n n 

value at the transition point t=4n+2. The asymptotic behaviour 

of A (t) in the interval O~t<4n+2 and of B (t) in the interval 
n n 

4n+2<t can be derived using standard saddle point techniques 10• 

We find 
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I ~ . (i; ) A (t) rv ---- Sl.n[(2n+l) ~- arctanz,; - br] (0 :S. t < 4n+2) 
n h'lfni'; ~;2 

and 

I l+l; r,; ( 2r,; t+r,;)n 
B (t) ""--- exp[-~] exp[-~] I-r,; 
n 121fnr,; 2r,;2 I-r; 

(4n+2 < t) 

where the positive quantity ~is defined by ~2=11-(4n+2)/tl. 
-3 The approximations make sense when n>>~ ; they are bad when 

~is small, i.e., fort near the transition point 4n+2. It 

would lead us too far away to derive a uniform expansion in 

the region near the transition point. We have confined 

ourselves to the case that t is exactly at the transition 

point; from the Appendix we then conclude 

I 1 

I (2
3
n)3 = 3 An(4n+2) = Bn(4n+2) "- r(l/3) , 0.326 n 

(20a} 

(20b;) 

(21) 

which is in agreement with the value that can be derived from 

Fig. 1. 

We have thus derived asymptotic expansions for the integrals 

that appear within the curly brackets in Eqs. (14). The other 

term withinthese curly brackets, exp[-!t]L (t), is bounded 
n 
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by -1 and +1 [see Ref. 8, Sect. 10.18, Eq. (3)], and division 

of Eqs. (14) by n+! then leads to the asymptotic expansion 

(13). In conclusion, the asymptotic form of the Wigner 

distribution function F (x,u) reads n 

F (x,u) "' 
n l O

(n+D[I- (fTx2 +~:u2}/(2n+l)] for 2'11' k 2 
0 < -x2 +-u2 < 2n+l - k2 21T - , 

elsewhere • 

(22) 
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4. Concluding remarks 

From Eqs. (11) and (12) we concluded that f (t), and hence 
n 

the Wigner distribution function F (x,u), is non-negative. 
n 

Such non-negative functions have already been studied in a 

1 I previous paper the results in that paper are in agreement 

with the results of the present paper. [Compare Eq. (10) in 

Ref. 11 to Eq. (22) in the present paper]. A word of caution, 

however, is in place. From Ref. 11, Eq. (JO), one might 

conclude that the minimum value 8/9 can be reached, even 

without going into a limit. Indeed, if the Wigner distribution 

function would have a form as described by Eq. (10) of Ref. 11, 

this would be the case. However, for finite·effective widths 

d and d , a function having such a form cannot be a proper x u 

Wigner distribution function, i.e., the power spectrum that 

would correspond to this function is not non-negative 

definite hermitian. 

lt might be interesting to see how close a gaussian power 

spectrum is to the lower bound. For the gaussian power spectrum 

(23) 

relation (4) becomes unity, whereas the lower bound yields 8/9. 

The power spectrum Sn(x1,x2) is a special case of the more 
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general class of power spectra that can be described by 

where, due to the non-negative definiteness of the power 

spectrum, the eigenvalues5 À are non-negative. The Wigner m 

(24a) 

distribution function that corresponds to such a power spectrum 

bas the same form as F (x,u) [see Eq. (9)] but with (n-m) 
n 

replaced by À : m 

(211' k 2 ) co m ( (211' k 2 
) ) F(x u) =2 exp[- -x2 +-u2 ] \ À (-1) L 2 -x2 +-u2 • 

' k2 211' t.
0 

m m k2 211' m= 
(24b) 

We conclude that, after a proper sealing, this Wigner 

distribution function iS radially symmetr,ic~ determination of 

the eigenvalues À thus reduces to expanding the Wigner 
m 

distribution function in Laguerre polynomials. Doing this for 

a gaussian power spectrum, for instance, we find 

(25) 

which is in agreement with Ref. 12. Note that, since the overall 

degree of coherence 1-1 is bounded by 0 and l, the eigenvalues in 

Eq. (25) are indeed non-negative. 

If in the expansions (24) the eigenvalues Àm satisfy the 
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property 

(26a) 

then the corresponding Wigoer distribution function is non-

negative. This property can easily be proved as follows [see 
. 9 

Ref. 6, Sect. 3.1]. Since 

n 
L (-l)mL (t):: s (t) 2:0 

Ill!"'O m n 
(n•O, 1 , ••• ) (26b) 

we have 

n n 
L À (-1)mL (t) = I (À -Àm+ 1)s (t) +À +Is +l(t) ~ 0 , 

m=O m m m=O m m n n 
·(26c) 

and, taking the limit n+co, we get 

(IQ 

I À (-l)mL (t) ;a 0 • 
m=O m m 

(26d) 
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Appendix 

In this Appendix we derive an asymptotic expansion for the 

integral 

n 
_ 1 J ( I+z) exp[-z] A (4n+2) == B (4n+2)- -2 • exp [-2z]-

1
_ 2 ( 

1
_ ) dz • 

n n ~1(I-) z z z 
(AI) 

The function exp[-2z](l+z)/(1-z) bas a saddle point at z=O; 

near this saddle point, the function can be approximated by 

exp[2z3/3]. We try to choose the integration path along the 

pathof steepest descent. for which exp[-2z](1+z)/(l-z) is 

real and SI. With z=x+iy this path is defined by 

2 2 x =1-y -2y/tan2y, see Fig. 2a; near the saddle point, the path 
I 

f d .. b 322 o steepest escent 1s g1ven y x •y • 

The most important contribution to the integral comes from 

the region near the saddle point. We may therefore approximate 

the integral by 

· I J 2 3 dz A (4n+2) = B (4n+2) ~-2 • exp [-3 nz ] -:z , 
n n ~1 C z 

(A2) 

where the integration path C is a slightly modified version of 

the path of steepest descent; because of the singularity of 

the integrand at z=O, we have to leave this steepest descent 

path near the origin and we make a detour along a circle with 
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a small radius ê, see Fig. 2b. The contribution from the 

circle is 

. 2 dz I öexp[hr/J] dz I il3 
-2 • f exp[-3nz3] :!:! -2 • f 2 = -2 • -~-
~1circle ~ 1öexp[-i~/3] z ~1 u 

(A3) 

To.evaluate the remaining partsof the integral we put 

z=r exp[±i'll'/3] and find 

"" I J 2 3 dz 1 • r-: f 2 3 dr -. exp[-nz] -;2:!:! -.(-lY3) exp[--nr]- = 
2~1 . d 3 z 2~1 ö 3 r2 rema1n er 

"" exp [-~nö 3 ] 
=-2

1
• il3 {znJ r exp[-~3 nr 3 ] dr- 3 _ } • 

~1 ö ó . 
(A4) 

Summing up the contributions (A3) and (A4), and taking the 

limit ó + 0, we ge t 

I 
1 J 2 3 dz nl3 ooJ 2 3 I (_2

3
n)3 • 

2~i C exp [3nz ] zz ~ --:;-
0 

r exp [- 3 nr ] dr = r( J/3) (AS) 
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Captions of figures 

Fig. I • The functions A (t) and B (t) in the intervals 
n n 

0 :s;. t s. 4n+2 and 4n+2 :s;. t, respectively, for n=IOO. 

Fig. 2a. The path of steepest descent. 

Fig. 2b. A modified version of the path of steepest descent. 
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Abstract. Gabor's expansion of a signa! into a discrete set of properly shifted 
and modulated versions of an elementary signa! is introduced, and a way to 
determîne the expansion coefficients is derived. The way in which the expansion 
coefficients are transformed when the signal propagates through a linear system, 
is descri bed; in particular, the basic coherent-optica! system consisting of a 4f
arrangement with rectangular aperturesin the input plane and the Fourier plane, 
is considered. As a result, the well-known property that a signa! which is roughly 
limited both inspace and in spatial frequency has a number of complex degrees of 
freedom which is equal to the space-bandwidth product, is re-established. 

1. Introduetion 
In 1946 Dennis Gabor suggested the expansion of a signal into a discrete set of 

properly shifted and modulated gaussian elementary signals [1]. As an introduetion 
to the present paper, a quotation from Gabor's original paper might he useful. Gabor 
writes in the summary: 

Hitherto communication theory wasbasedon two alternative methods of signa! 
analysis. One is the description of the signa! as a function of time; the other is 
Fourier analysis .... But our everyday experiences ... insist on a description in 
termsof both time and frequency .... Signals are represented in two dimensions, 
with time and frequency as co-ordinates. Such two-dimensional representations 
can he called 'in formation diagrams', as areas in them are proportional to the 
number of independent data which they can convey .... There are certain 
'elementary signals' which occupy the smallest possible area in the in formation 
diagram. They are harmonie oscillations modulated by a probability pulse. Each 
elementary signal can he considered as conveying exactly one datum, or one 
'quanturn of information'. Any signal can he expanded in terms of these by a 
process which includes time analysis and Fourier analysis as extreme cases. 

Although Gabor restricted himself to an elementary signal that had a gaussian shape, 
his signa! expansion holds for rather arbitrarily shaped elementary signals [2, 3]. 

In§ 2 of this paper we shall present Gabor's signa! expansion, and demonstra te 
how the expansion coefficients can he determined. Ga hor' s signa! expansion appears 
to he intimately related to the degrees of freedom of a signa!: each expansion 
coefficient represents one complex degree of freedom. The way in which these 
expansion coefficients are transformed when the signa! propagates through a linear 
system, will he discussed in § 3. As an important example we shall consider in § 4 a 
basic coherent-optica! system, consisting of a 4f-arrangement with rectangular 

t Presented at the IC0-12 Meeting, Graz, Austria, 1981. 
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aperturesin the input plane and the Fourier plane. Whereas the input signa] of such a 
system may have an infinite nurnber of degrees of freedom, the number of complex 
degrees of freedom of the output signa] is limited to the space-bandwidth product of 
the system. This can be proved elegantly by expanding the signa] in prolate 
spheroidal wave functions, which are eigenfunctions of this system [ 4]. \Ve shall 
present a different proof, however, by showing that the number of non-vanishing 
Gabor expansion coefficients of the output signa] is equal to the space-bandwidth 
product of the system. 

We conclude this introduetion with some remarks about notation. 
For the sake of convenience, we shall consider one-dimensional space functions, 

only; the extension to two (or more) dimensions is straightforward. 
An asterisk* will be used to denote complex conjugation. 
The spatial Fourier transform of a function will he denoted by the same symbol 

as the function itself, but marked by a bar- on top of the symbol; hence, 

J(u) I f(x)exp [ -iux] dx. (1) 

Unless otherwise stated, all integrations and summations extend from oo 
to +ex::. 

2. Gabor's signal expansion 
We shall represent a space signa] i/J(x) not inthespace domain, nor-by means of 

its spatial Fourier transform ifj(u) for instanee-in the frequency domain, but in a 
êombined space-frequency domaz'n using Gabor's signa] expansion [1, 2]. With the 
help of this expansion, we can express the signal as a superposition of properly 
shifted and modulated versionsof an elementary signa! g(x), yielding 

i/J(x) LL amng(x mX)exp [inUx], (2) 
mn 

where the space shift X and the frequency shift U satisfy the relation U X= 2n. The 
elementary signalg(x) may be chosen rather arbitrarily; it need not be Gabor's choice 
of a gaussian signal. 

In general the discrete set of shifted and modulated elementary signals 
g(x- mX) exp [inUx] may not be orthogonal, which implies that Gabor's expansion 
coefficients amn cannot be determined in the usual way. I t is possible, however, to find 
a ftmction y(x), say, that is bi-orthonormal [2, 3] to thesetof elementary signals in the 
sen se 

I {1 for m=n=O, 
g(x)y*(x-mX)exp [ -inUx] dx= 

0 elsewhere. 
(3) 

A way to derive this function y(x) is presented in Appendix A. With the help of this 
bi-orthonormal function, the expansion coefficients follow readily via 

amn= I </J(x)y*(x-mX)exp [ -inUx] dx. (4) 

Gabor's signa] expansion is related to the degrees of freedom of a signal: each 
expansion coefficient amn represents one complex degree of freedom. If a signa] is, 
roughly, limited tothespace intervallxl <!a and to the frequency intervallul <!b, 
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Figure 1. A rectangle in the space-frequency domain. 

the number of complex degrees of freedom equals the number of Gabor coefficients 
in the space-frequency rectangle with area ab (see figure 1), which number is about 
equal to the space-bandwidth product ab/2n. 

3. Propagation of Gabor•s expansion coefficients through a linear system 
A linear system that transfarms an input signalf/>; into an output signalf/>0 , can he 

described in several ways. As an example we shall represent the system by the input
output relationship 

(5) 

in which the spatial Fourier transfarm of the outputsignalis expressed in termsof 
the input signal by means of a superposition integral; the system is thus described by 
the kemel h(u, x). 

I t is not difficult to derive how Gabor' s expansion coefficients propagate through 
a linear system. We therefore choose input and output elementary signals g;(x) and 
go(x), and represent the input and the output signa} by means of their Gabor 
expansions (2). When we combine relations (1), (2), (4) and (5), we can derive a 
relationship between the input and the output expansion coefficients a~" and a~1 , 
reading 

a~~= .L.L ckzm"a~m (6) 
mn 

where the coefficients cklmn are completely determined by the system and the choice 
of the input and output elementary signals, through the relationship 

1 IJ - . cklmn 
2

n h(u, x)y:(u-lU)g;(x-mX)exp [t(kuX +nU x)] dxd:u. (7) 

4. Example: 4f-arrangement with rectangular apertures 
As an example we shall consider the basic coherent-optica} system depicted in 

figure 2, consisting of a 4f-arrangement with rectangular aperturesin the input plane 
and the Fourier plane. Such a system can he described by a system kemel h(u, x), 
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f f f f 

input Fourier output 

Figure 2. A 4f-arrangement with rectangular apertures. 

which in this case takes the form 

h(u, x)=rect(x/a) reet (u/b) exp [iux], 

where reet (t) represents the rectangular function 

1 for -2 < t ~ 2, 
rect(t)= 

{ 

1 "1 

0 elsewhere. 

(8) 

(9) 

For convenience, we shall choose the widths of the apertures in the input and the 
F ourier plane equal to an odd number of the space and the frequency shift X and U, 
respectively, thus 

a=(2M+1)X,} 
b=(2N+1)U. 

(10) 

When we substitute relations (8) and (10) into (7), we conclude that the array of 
system coefficients cklmn can be expressedas a four-dimensional discrete convolution of 
two arrays dklmn and eklmm where the coefficients dklmn are defined by 

, {1 for -M~m=k~M and 
d -

klmn- 0 elsewhere, 

and the coefficients eklmn are given by 

eklmn= 
2
1

11: f f rect(x/X) reet (u/U) exp [iux] 

n=l~N, 
(11) 

yt(u-lU)gi(x-mX)exp [i(kuX +nUx)] dxdu. (12) 

A system whose Gabor coefficients cklmn would have the form (11) is ideal in the 
sense that the Gabor coefficients of the output signal vanish outside the space
frequency rectangle with area ab. Hence, whereas the inputsignalof such anideal 
system may have an infinite number of degrees of freedom, the number of degrees of 
freedom of the output signal, i.e. the number of non-vanishing Gabor coefficients, is 
equal to the space-bandwidth product ab/2rr:. However, our system under consider
ation is not ideal: to find its Gabor coefficients cklmm the ideal array dklmn must be 
smeared out by convolving it with the array ekimn· The latter array is, in fact, the array 
of Gabor coefficients of the basic system depicted in figure 2 and described by the 
kemel (8), with the special choice a= X,and b = U, i.e. M = N = 0. Some properties of 
this array are discussed in Appendix B. 
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Depending on the choice of the elementary signals in the input and the output 
plane, the array of coefficients eklmn can he strongly concentrated. To show this we 
ehoose 

~;(x) =reet (x/X),} 
}'0(u) reet (u/U). 

(13) 

We then find e0000 = 0· 873, and the strong coneentration heeomes apparent by noting 
that 

A slightly better concentration of the array eklmn oceurs when we choose 

g;(x)=l/t0(x/X)reet(x/X), } 

}'0 (u) = t/1 0(u/U) reet (u/U), 
(14) 

where ljt0(t) is one of the prolate spheroidal wave functions 1/Jn(t), defined by the 
eigenfunction equation [4] 

(15) 

and normalized according to 

Jit/lit)\2 reet (t) dt = 1. 

For this choice of elementary signals we have e0000 =y'Ä0 =0·885, while still 

We conclude that fora proper choice of the elementary signals the array eklmn can 
he strongly concentrated. Since the Gahor coefficients cklmn of the system under 
consideration can he found hy convolving the ideal array dklmn with the strongly 
concentrated array eklmm the array of system coefficients cklmn is very similar to the 
ideal array dklmn- Hence, the number of degrees of freedom of the output signa! of this 
system is equal to the space-bandwidth product ab/2n. We remark that the way in 
which we have proved this has a clear physical interpretation. Roughly speaking, 
with the Gabor expansion of the input signa! in mind, only those shifted and 
modulated versions of the elementary signal that can pass both the input plane 
aperture and the Fourier plane aperture, will reach the output plane and will 
contribute to the output signal. 

Appendix A 
Determination of the function y(x) 

Given a function g(x), we want to find a function y(x) that is bi-orthonormal to 
g(x) in the sense of relation (3). This problem can he solved as follows. We multiply 
both sicles of equation (3) by exp i(muX -nUx)], and sum up over all integer 
values of mand n. The right-hand side of this equation then yields 1, while its left
hand side takes the form 

:Lexp [-imuX] fg(~)y*(~-mX)d~l:exp [ -inU(Ç-x)]. 
m n 
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Since the summation over n equals Xl:<5(Ç-x-nX), this form can be written as 
n 

L exp [- imuX]X L Ig( Ç)y*( Ç- mX)b( Ç- x- nX) dÇ. 
m n 

Evaluating the integral over Ç, we get 

l:exp [ -zmuX]XLg(x+nX)y*[x+(n-m)X], 
m n 

which is equivalent to 

x{ ~g(x+nX) exp [ -inuX]} {~ y[x+ (n -m)X] exp [- i(n -m)uX]} *. 

When we introduce the functions 

g(x, u)= Lg(x+nX)exp [ -inuX] (A 1) 
n 

and 

y(x,u)= LY(x+mX)exp [ -imuX], (A2) 
m 

which functions are periodic in u with period U and quasi-periodic in x with quasi
period X, equation {3) is thus equivalent to 

Xg(x, u)y*(x, u)= 1. (A3) 

Hence, to find the function y(x) we proceed as follows: 

(1) we first determine the function g(x,u) by means of equation (A 1); 
(2) we then determine the function y(x, u) with the help of equation (A3); 
(3) finally, we find the function y(x) by means of the inverse of equation (A 2), 

reading 

1 r-y(x+mX)=~ y(x, u)exp [imuX] du, 
u~ u 

(A4) 

where the integration extends over one period U. 

Appendix B 

The array of coefficients eklmn 

We shall consider some properties of the array of coefficients eklmm defined by 
relation (12). Clearly, we have 

e0000 = 
2

1
1t I I rect(x/X) rect(u/U) exp[iux]y:(u)g1(x) dxdu. (B 1) 

Furthermore, the identities 

(B2) 



Gabor' s signa! expansion and dj of a signa! 1229 

and 

(B3) 

can be derived in a straightforward way, using the relation 

L:exp [inUx] =XL:c5(x-nX). 
n n 

The ratio 

(B4) 

can he considered as a degree of concentration of the array eklmn around the coefficient 
e0000 . By applying a variational principle to Yf, it is not difficult to show that Yf has a 
stationary value when gi(x) and }'0 (u) are chosen according to 

gi(x)=t/Jzn,(x/X)rect(xjX),} 

Yo(u) = t/Jzm(u/U) reet (u/U), 
(BS) 

where t/Jn(t) are the prolate spheroidal wave functions defined by equation (15); 
the corresponding stationary value of Yf is equal to the eigenvalue Àzm· An optimum 
value of 11 is attained for m = 0, for which the degree of concentration takes the value 
1J=À0 =0·783. 

On présente Ie développement de Gabor d'un signa! en un système discret d'éléments 
modulés et convenablement décalés d'un signa! élémentaire ainsi qu'un moyen pour 
déterminer les coefficients du développement. La manière par laquelle les coefficients du 
développement se transfarment lorsque Ie signa! se propage dans un système linéaire est 
décrite; en particulier, Ie système optique cohérent de base consistanten un arrangement 4/ 
avec des ouvertures rectangulaires dans Ie plan d'entrée et dans Ie plan de Fourier, est 
considéré. Comme résultat, la propriété bien connue qu'un signallimité à la fois dans l'espace 
et dans les fréquences spatiales a un nombre de degrés de liberté complexe qui est égal au 
produit espace-largeur de bande, est réétablie. 

Gabors Entwicklung eînes Sîgnals in einen diskreten Satz geeignet verschobener und 
modulierter Versionen eines elementaren Signals wird eingeführt und ein Weg zur 
Bestimmung der Entwicklungskoeffizienten wird hergeleitet. Es wird beschrieben, wie die 
Entwicklungskoeffizienten transformieren, wenn das Signal ein lineares System durchläuft; 
im einzelnen wird das grundlegende kohärent-optische 4-f-System mit rechteckigen 
Aperturen in der Eingangs- und in der Fourier-Ebene betrachtet. Als Ergebnis wird die 
wohlbekannte Eigen schaft, daB ein im Raum und in der Raumfrequenz begrenztes Signa! eine 
Anzahl komplexer Freiheitsgrade hat, welche gleich dem Raum-Bandbreitenprodukt ist, 
wiedergewonnen. 
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Abstract. Gabor's expansion of a signa! into a discrete set of properly shifted 
and modulated versionsof an elementary signa! is introduced; several examples of 
elementary signals are considered. An arrangement is described which is able to 
generate Gabor's expansion coefficients of a one-dimensional signa! by optica! 
means. An important feature of the optica! arrangement is that i t accepts the one
dimensional signa! on a raster format; hence, the two-dimensional nature of the 
optica! processing system is fully utilized. 

1. Introduetion 
It is sometimes convenient to describe a space signal t/J(x) not in the space 

domain, but in the frequency domain by means of its frequency spectrum, i.e. the 
Fourier transform ifi(u) of the nmction ifJ(x), which is defined by 

i/i(u)= ft/J(x)exp[-iux]dx. (1) 

(A bar on top of a symbol will mean throughout that we are dealing with a function in 
the frequency domain. Unless otherwise stated, all integrations and summations in 
this paper extend from - oo to + oo .) The frequency spectrum showsus the global 
distri bution of the energy of the signa) as a function of frequency. However, one is 
often more interested in the local distribution of the energy as a function of 
fre'quency. Geometrical opties, for instance, is usually treated in terros of rays, and 
the signal is described by giving the direttions (i.e. frequencies) of the rays that 
should be present at a certain point. Hence, we lookfora description of the signal that 
might be called the localfrequency spectrum of the signal. 

The need for alocal frequency spectrum arises in other disciplines, too. I t arises 
in music, for instance, where a signal is usually described not by a time function nor 
by the Fourier transform of that function, but by its musical score; indeed, when a 
composer writes a score, he prescribes the frequencies of the tones that should be 
present at a certain moment. I t arises also in mechanics, where the position and the 
momenturn of a partiele are given simultaneously, teading to a desdiption of 
mechanical phenomena in a phase space. 

Gabor's signal expansion [1-4] is a candidate for a discrete local frequency 
spectrum. In 1946 Gabor suggested the expansion of a signal into a discrete set of 
properly shifted and modulated gaussian elementary signals. A quotation from the 
summary of Gabor's original paper [1] might be useful. 

Hitherto communication theory was based on two alternative methods of signal 
analysis. One is the description of the signal as a function of time; the other is 

0030-3909/82/2910 1349 504·00 <IJ 1982 Taylor & Franci" Ltd 
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Fourier analysis .... But our everyday experiences ... insist on a description in 
termsof both time and frequency .... Signals are represented in two dimensions, 
with time and frequency as co-ordinates. Such two-dimensional representations 
can be called 'information diagrams', as areasin them are proportional to the 
number of independent data which they can convey .... There are eertaio 
'elementary signals' which occupy the smallest possible area in the information 
diagram. They are harmonie oscillations modulated by a probability pulse. Each 
elementary signal can be considered as conveying exactly one datum, or one 
'quantum of information'. Any signal can be expanded in terms of these by a 
process which includes time analysis and Fourier analysis as extreme cases. 

Although Gabor restricted himself to an elementary signal that had a gaussian shape, 
his signal expansion holds for rather arbitrarily shaped elementary signals [2-4]. 

In § 2 of this paper we shall review Gabor's signal expansion, and demonstra te 
how the expansion coeflïcients can be determined. Two ways of generating these 
expansion coefficients optically, will be shown. One of these ways is especially 
applicable to signals that appear on a rastered format, and will be stuclied in more 
detail in§§ 3 and 4. 

2. Gabor's signal expansion 
We shall represent a space signal cp(x) not in a purespace domain, nor-by means 

of its Fourier transfarm (/)(u) for instanee--in a pure frequency domain, but in a 
combined space-frequency donwin using Gabor's signal expansion. With the help of 
this expansion, we can express the signal as a superposition of properly shifted and 
modulated versionsof an elementary signal g(x), say, yielding 

c/J(x) = LL>mng(x-mX).exp [inUx], (2) 
mn 

where the space shift X and the frequency shift U satisfy the re lation U X= 2n:. The 
elementary signalg(x) may be chosen rather arbitrarily; it need not be Gabor's choice 
of a gaussian signa!. 

In general, the discrete set of shifted and modulated elementary signals 
g(x-mX) exp [in U x] may not be orthogonal, which implies that Gabor's expansion 
coefficients amn cannot be determined in the usual way. It is possible, however, to find 
a function y(x), say, that is bi-orthonormal [2-4] to thesetof elementary signals in the 
sen se 

I g(x)y*(x-mX)exp inUx] dx= ' { 
1 for m=n=O 

0 elsewhere. 
(3) 

(An asterisk will denote throughout complex conjugation.) With the help of this bi
orthonormal function, the expansion coefficients follow readily via 

amn= I c/J(x)y*(x mX)exp [ -inUx] dx. (4) 

The integral in equation ( 4) can be interpreted as the cross-ambiguity function of the 
signal cp(x) and the function y(x). Hence, all the optical arrangements [S-8] that are 
designed to display the cross-ambiguity function of two signals, can be used to 
generate Gabor's expansion coefficients in an optical way. 
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As an illustration of Gabor's signal expansion, we consider-like Gabor did-the 
case of a gaussian elementary signa], and display the absolute values of Gabor's 
expansion coefficients amn for some simple signals . (See also Bastiaans [2] for more 
mathematica! details.) In figure 1 we have sketched the array of expansion 
coefficients for the 'Dirac function c/J(x) =XB(x); the area of a dot is proportional to 
the absolute value of the corresponding expansion coefficient. We see that for x= 0 
all frequencies are present, while there is almast no contribution from gaussian 
elementary signals that are not located around the point x=O." The array of 
coefficients for the constant c/J(x) 1 has been sketched in figure 2. We see that the 
frequency u= 0 is present at all points x, while there is almast no con tribution from 
other frequencies. The expansion coefficients fora step function [c/J(x)=O for x<O, 
c/J(x)=l for x>O] have been sketched in figure 3. Note that for m~-oo all the 
coefficients become zero, while for m-+ + oo the array of coefficients equals the one 
shown in figure 2. These examples show that Gabor' s signal expansion can in deed be 
considered as a (discrete) local frequency spectrum of the signal. 

Equations (2)-(4) can be formulated in a more convenient form, where the 
summa ti ons and the integrations have been replaced by simple multiplications [2-4]. 
To find these sirnple forms, we introduce a function à( x, u) associated to the 
expansion coefficients amn• and functions $(x, u), g(x, u) and y(x, u) associated to the 
functions c/J(x), g(x) and y(x), respectively. 

Figure 1. Gabor's expansion coefficients fora Dirac function. 

• • • • • • • • • • • 

1111111111111111111111 
• • • • • • • • • • • 

__.... 
m 

Figure 2. Gabor's expansion coefficients fora constant. 
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'n 
• • • • • • • • 

• • • • • • • • • • 

• • • • • • • • 
• • • • • • • • • • 
• • • • • •1111111111 __.... 

m 
• • • • • • • • • • 
• • • • • • • • • • 

• • • • • • • • • • 

• • • • 

Figure 3. Gabor's expansion coefficients for a step function. 

The function à(x, u) is defined by a Fourier series with coefficients amn: 

à(x,u)= LLamnexp [ -i(muX -nUx)]. (5 a) 
mn 

Note that the function à(x, u) is periodic in x and u, with periods X and U, 
respectively. The inverse relationship has the form 

amn= -
1
- ff à(x, u) e~p [i(muX -nUx)] dxdu, xu xu 

(5 b) 

where the integrations extend over one period X and one period U, respectively. 
The function (/)(x, u) is defined by 

(/)(x,u) l:<PCx+mX)exp imuX]. (6 a) 
m 

Note that this function is periadie in u, with period U, and quasi-periodic in x, with 
quasi-period X. Equation (6 a) provides a means of representing a one-dimensional 
space tunetion by a two-dimensional space-frequency function on a rectangle with 
finite area UX=2n [9]. The inverse relationship has the form 

<fJ(x + mX) = _!__ Î (/)(x, u) exp [imuX] du, 
u Ju (6b) 

where, again, the integration extends over one period U. It will he clear that the 
variabie x in equation ( 6 b) can he restricted to an interval of length with m taking 
on all integer values. The functions g(x, u) and ji(x, u), associated to the functions 
g(x) and y(x), respectively, are defined in a similar way. 



Gabor's expansion coefficients for rastered signals 1353 

With the help of the functions à(x, u), (/)(x, u), g(x, u) and y(x, u), we can rewrite 
equations (2)-{4) as 

and 

(/)(x, u) à(x, u)g(x, u), 

Xg(x, u)y*(x, u)= 1 

à(x, u) =X(/)(x, u)y*(x, u), 

(7) 

(8) 

(9) 

respectively. In fact we have now formulated another way of finding Gabor's 
expansion coefficients am.: from the signal </J(x) we derive the associated function 
(/)(x, u) via equation (6 a), we multiply this function by the known function Xy*(x, u) 
to find the function à(x, u) according to equation (9), and the expansion coefficients 
amn follow from the function à(x, u) with the help ofthe inversion formula (5 b). This 
way of finding Gabor's expansion coefficients is perfectly applicable toa signal that 
appears on a raster format for which the raster width equals X: for such a rastered 
signal </J(x), the associated function (/)(x, u) can be generared by a simple, one
dimensional, optical Fouriertransformation. An optical arrangement to generate the 
ex:pansion coefficients for such rastered signals is described' in the next section. 

3. Optical arrangement for generating Gabor's expansion coefficients 
Let us consider the optical arrangement depicted in tigure 4. A plane wave of 

monochromatic laser light is normally incident upon a transparency situated in the 
input plane. The transparency contains the signal </J(x) in a rastered format. With X 

Figure 4. Optica\ arrangement to generate Gabor's expansion coefficients for rastered 
signals. 
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being the width of this raster and rt.X being the spacing between the raster lines, the 
light amplitude flxi>yJ just behind the transparency reads 

m 

where reet (t) represents the rectangular function 

rect(t) = { ~ for-t< t:(;!, 

elsewhere. 

(10) 

(11) 

An astigrnatic optical system between the input plane and the middle plane 
performs a Fourier transformation in the y-direction and an ideal imaging (with 
inversion) in the x-direction. Such an astigrnatic system can be realized as shown, for 
instance, using a combination of a spherical and a cylindricallens. The astigrnatic 
operation results in the light amplitude 

f1(x,y)= J Jexp [ -if3ïYYi]b(x-x/fï(xi>Yi)dxidYi 

=rect(x/X)$(x, af3iY) (12) 

just in front of the middle plane; the parameter {3i contains the effects of the wave 
number of the laser light and the focal length of the spherical lens. 

A transparency with amplitude transmittance 

m(x, y) =reet (x/X) reet (y/Y)Xy*(x, af3iy), (13) 

where Y = Ujaf3i> is situated in the rpiddle plane. Just behind this transparency the 
light amplitude takes the form 

f 2(x, y) = m(x, y)f1(x, y) 

=reet (x/X) reet (y/Y)à(x, af3iy). 
(14) 

Finally, a two-dimensional Fourier transformation is performed between the 
middle plane and the output plane. Such a Fourier transformation can be realized as 
shown, for instance, using a sphericallens. The light amplitude in the outputplane 
then takes the form 

fo(X0 ,Yo) = ;Y J J exp [ -i{30 (X 0 X-y 0 y)]fz(x,y) dxdy (15) 

= 'I'i>mn sine ({30 X0 /rt.{3i Y- n) sine (f3oYo/rt.{3iX- m), mn 
where sine (t) =sin (nt)/nt; the parameter {30 , again, contains ,!h~ effects of the wave 
number of the light and the focal length of the spherical lens. We conclude that 
Gabor's expansion coefficients appear on a rectangular lattice of points: 

(16) 

We remark that it is not an essential requirement that the input transparency 
consists of Dirac functions. When we replace the practically unrealizable Dirac 
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functions ö(y-maX) by realizable functions d(y-mccY), say, then equation (10) 
reads 

(17) 
m 

and the light amplitude / 1 (x, y) ju st in front of the middle plane takes the form 

/ 1 (x, y) =reet (xjX)cp(x, a{J;y)d(fJ;y). (18) 

The additional factor d({J;y) can easily be compensated for by means of a 
transparency in the middle plane. Note that the special case d(y) =sine (yjrxX)jrxX, 
and thus d(fJ;Y) =reet (yjY), has the advantage that all the light from the input plane 
will fall inside the rectangle rect(x/X)reet(y/Y) in the middle plane. 

4. Examples of elementary signals 
We shall consider some examples of elementary signalsg(x) and determine their 

associated functionsg(x, u). Since the functiong(x, u) is periadie in u, with period U, 
and quasi-periadie in x, with quasi-period X, we can confine ourselves to the interval 
(-!X<x~!X, -!U<u~!U). Therefore, we shall only consider the truneated 
version gT(x, u) u) reet (x/X) rect(u/U) of the assoeiated function g(x, u). For 
any elementary signal g(x) we shall determine the corresponding amplitude 
transmittance m(x,y) of the transparency in the middle plane. 

4 .1. Space-limited elementary signa! 
As a first example we consider the rectangular elementary signal g(x) 

=rect(x/X). The truncated version gT(x, u) of its associated funetion g(x, u) reads 
gT(x, u)= 1. The amplitude transmittance m(x, y) of the transpareney in the middle 
plane takes the form 

m(x, y) =reet (x/ X) reet (yj Y), (19) 

whose practical realization is obvious. 
Vve remark that Gabor's signal expansion using a rectangular elementary signal 

represents, in faet, a well-known way of expanding a signal: we simply consider the 
signal in sueeessive intervals of length X, and describe the signal in each interval by 
means of a Fourier series. 

This example of a reetangular elementary signal ean easily be generalized to an 
arbitrary elementary signal g(x) that is limited to the interval (-!X <x~!X); the 
truncated assoeiated funetion gr(x, u) reads gT(x, u) =g(x), and the amplitude 
transmittanee m(x, y) takes the farm 

1 
m(x,y) =reet(x/Y) reet (yjY) g(x)" 

4.2. Band-limited elementary signal 

(20) 

Our second example is the band-limited elementary signal g(x)=sinc(x/X). 
lts Fourier transfarm g(u) =X reet (u/U) is limited to the frequency-interval 
( U <u~!U), and its truncated assoeiated functionreadsgT(x, u) =exp [iux]. The 
amplitude transmittance of the transparency in the middle plane takes the form 

m(x,y) =rect(x/X) rect(y/Y) exp [irx{J;xy]. (21) 
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The exponential factor exp [ioc{Jixy] in equation (21) can easily be realized by means 
of a combination of a sphericallens and a cylindricallens that is oriented under 45° 
with the x and the y axis. 

We remark that for a signal which is band-limited to the frequency interval 
(-tV <u~tU), Gabor's signal expansion reduces to the well-known sampling 
theorem. 

This example can easily be generalized to an arbitrary elementary signal g(x) that 
is band-limited to the frequency interval ( -t U <u~tU); the truncated associated 
function gT(x,u) reads gT(x,u)=exp[iux]g(u)/X, and the amplitude transmittance 
m(x, y) takes the form 

x 
m(x,y) =reet (x/X) rect(y/ Y) exp [ill(/Jixy] _ R 

g(il(pj Y) 

4.3 Gaussian elementary signa[ 
As our final example we consider the gaussian elementary signal 

g(x)=exp [ -n(x/X)2
]. 

The associated function g(x, u) reads 

g(x, u) =exp [ -n(x/X)2
](} 3 (7!u/U + inx/X), 

(22) 

where 03(-) is a theta function [10] with name q=exp [ -n). The amplitude 
transmittance of the transparency in the middle plane takes the form 

1 
m(x, y) =reet (x/X) reet (y/Y) exp [n(x/X) 2

] B
3
(nz), 

where, for convenience, we have set z=y/Y+ix/X. 

(23) 

We remark that Gabor's choice of a gaussian elementary signal has a serious 
drawback. Since 03 (nz) has a zero for z=t+ti, the transmittance function m(x,y) 
must have a pole and, hence, cannot be realized exactly. 

5. Conclusion 
We have described how Gabor's expansion coefficients can be generated by 

optica! means. Our optica! arrangement requires the signal on a raster format. Such a 
raster format fully utilizes the two-dimensional naturé of the optica! system, its 
parallel processing features, and the large space-bandwidth product .possible in 
optica! processing. Our technique exhibits a resemblance to folded spectrum 
techniques [11], where space-bandwidth products in the order of 3 x 105 are 
reported (see, for example, Casasent [11], § 8.3). 

Local frequency spectra, like Gabor's signal expansion, may have an application 
in speech processing [8], where speech recognition and speaker identification are 
important problems. With outset-up, and a space-bandwidth product of3 x lOS, we 
might be able to process speech fragmentsofabout 1 min. 

On présente Ie développement de Gabor d'un signa! en un système discret d'éléments 
modulés et décalés d'un signa! élémentaire; plusieurs exemples de signaux élémentaires sont 
considérés. On décrit un arrangement qui est capable d'engendrer les coefficients du 
développement de Gabor d'un signa! unidimensionnel par des rnayens optiques. Une 
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caractéristique importante de !'arrangement optique est qu'il adapte Ie signa! unidimension
nel au format de la surface sensible d'un tube de télévision; ainsi, Ia nature bidimensionnelle 
du système de traitement optique est pleinement utilisée. 

Gabors Entwicklung eines Signals in einen diskreten Satz verschobener und 
modulierter Versionen eines elementaren Signals wird eingeführt; einige Beispiele elemen
tarer Signale werden betrachtet. Es wird eine Anordnung beschrieben, die Gabors 
Entwicklungskoeffizienten eines eindimensionalen Signals optisch erzeugt. Eine wichtige 
Eigenschaft dieser Anordnung ist, daB sie das eindimensionale Signa! auf einem Raster 
aufnimmt; folglich wird die zweidimensionale Natur des optischen Systems voll genutzt. 
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Abstract 

Gabor's signa! expansion is reviewed by applying it first 

to a coherent optical (or deterministic) signa!; it is shown 

that such an optica! signa! can be expressed as a superposition 

of optica! rays that appear at discrete positions and have 

discrete directions. The expansion is then applied to 

partially coherent light, yielding expansion coefficients that 

express the correlations that exist between the different 

optica! rays. It is shown how these expansion coefficients are 

related to the mutual power spectrum of the partially coherent 

light and how they are propagated through linear systems. The 

special case of incoherent light is considered in more detail. 
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I. Introduetion 

Insome recent papers [1,2], Gahor's signal expansion [3] 

was applied to optical signals and systems. It was shown that 

Gahor's signal expansion is strongly related to the ray 

concept in geometrical opties: an optical signal is expressed 

as a superposition of rays that appear at certain discrete 

positions and have certain discrete directions. Until now, 

however, Gahor's signal expansion was applied only to 

completely coherent light; it is the aim of this paper to 

show how the expansion can he applied to partially coherent 

light. 

In Sec.2 we hriefly review the concept of Gahor's signal 

expansion, we show how the expansion coefficients can he 

determined and how they propagate through linear systems. 

The main work is done in Sec.3, where Gahor's signal 

expansion is applied to partially coherent light; the case of 

completely incoherent light will get some special attention 

there. 

We conclude this introduetion with some remarks ahout 

notation. 

For the sake of convenience, we shall use one-dimensional 

space functions, only; the extension to two (or more) 

dimensions is straightforward. 
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An asterisk * is used to denote complex conjugation. 

- The spatial Fourier transfarm of a space function is 

denoted by the same symbol as the function itself, but 

marked by a bar on top of the symbol; hence 

f(u) = Jf(x)exp[-iux]dx • 

- Unless otherwise stated, all integrations and summations 

extend from -~ to +oo. 

- The symbol ök denotes the Kronecker delta: ö0=1, and ök=O 

for k:fO. 

- The function rect(t) denotes the rectangular function: 

rect(t)=I for -~<t~~. and rect(t)=O elsewhere. 
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2. Gabor's signal expansion 

In 1946 Gabor [3] suggested a signal description that is 

intermediate between the pure space description and the pure 

spatial-frequency description. His idea was to express a 

space signal $(x) as a superposition of properly shifted and 

modulated versions of an elementary signal g(x); hence 

cp(x) = Hamng(x-mX)exp[inUx] , 
mn 

where the space shift X and the spatial-frequency shift U 

satisfy the relation UX=2~. Although Gabor restricted bimself 

to an elementary signal that has a gaussian shape, his signal 

expansion (I) holds for rather arbitrarily shaped elementary 

signals. 

Gabor's expansion coefficients a can be determined mn 

easily, even in the case that the discrete set of shifted and 

modulated elementary signals g(x-mX)exp[inUx] is not 

orthogonal. We simply define a function y(x) that is 

bi-orthonormal to the set of elementary signals in the sense 

fg(x)y*(x-mX)exp[-inUx]dx= ó á m n 

a way to derive such a function has been described elsewhere 

[1,2]. With the help of this bi-orthonormal function, the 

expansion coefficients follow readily via 

a = J<P(x)y*(x-mX)exp[-inUx]dx • mn 

( 1) 

(2) 

(3) 
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Gabor's signal expansion has a conceptually clear meaning. 

For time signals it resembles the score in music, and any 

shifted and modulated elementary signal describes a musical 

note that appears at a certain moment with a certain pitch. 

For space signals it resembles the ray concept in geometrical 

opties, and a function g(x-mX)exp[inUx] describes a ray at 

the position x=mX with a direction (spatial frequency) u=nU. 

Gabor's signal expansion thus represents an optical signal as 

a superposition of rays that appear at discrete positions mX 

and have discrete directions nU. 

It is not difficult to derive how Gabor's expansion 

coefficients propagate through a linear system [2]. Let us, 

for instance, repreaent such a system by means of the 

superposition integral 

$ (u)= jh(u,x)q,. (x)dx , 
0 1 

in which the spatial Fourier transfarm of the output signal 

!fi (u) is expressed in terms of the input signal !fi.(x); the 
0 1 

system is thus described by the kernel h(u,x). We now choose 

input and output elementary signals g.(x) 
1 

and g (x), and 
0 

represent the input and the output signal by means of their 

Gabor expansions. We can then derive a relationship between 

i 0 
the input and the output expansion coefficients amn and ~l 

reading 

o J:I i a = c a kl · klmn mn ' mn 

(4) 

(5) 
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where the system coefficients cklmn are completely determined 

by the system and the choice of the input and output 

elementary signals, through the telationship 

ckl ==-2
1 Jfh(u,x)y*(u-lU)g. (x-mX)exp[i(kuX+nUx)]dxdu • (6) mn ~ o ~ 

An interesting example of a linear system is the basic 

coherent-optical system consisting of a 4f-arrangement with 

rectangular apertures in the input plane and the Fourier 

plane [2]. In the special case that the input plane 

aperture truncates the signal to the space interval -~X<xs!X 

and the Fourier plane aperture truncates it to the spatial-

frequency interval -~U<u~iU, the system kernel h(u,x) takes 

the form 

h(u,x) = rect(i)rect(ij)exp[iux] • (7) 

The array of system coefficients cklmn (which we shall denote 1 , 

by eklmn in this special case) is now given by 

eklmn = 21~ fJ reet (i)rect(ij) exp[iux]y~(u-lU)gi (x-mX)exp [i(kuX+nUx)] ~xdu • (8) 

For a proper choice of the elementary signals, the array eklmn 

can be strongly concentrated: the coefficient eoooo will be 

close to I, whereas the other coefficients are close to 0. 

This is conceptually nice: roughly speaking, only the ray 

that enters the input plane at position x=O having a direction 

u=O can pass both the input plane aperture and the Fourier 

plane aperture; all other rays will be blocked. 
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A more general system is the one whose kernel h(u,x) takes 

the form 

h(u,x) = Hhmnrect (i-m )reet(* -n )exp[iux] • 
mn 

The array of system coefficients cklmn is now given by the 

four-dimensional discrete convolution 

c = h ö ó ****e • klmn mn k-m 1-n klmn 

In the case that the array eklmn is strongly concentrated 

around the element e
0000

, the Gabor coefficients of the input 

and the output signal are related by the simple relation 

0 i a Fl::l h a 
mn mn mn 

In the special case that h equals unity in the interval mn 

( -M:im$.M , -N!in!iN) and vanishes outside tha t interval, we have 

(9) 

(10) 

( l I ) 

0 i 0 a Fl::l a in the interval ( -M!im$.M , -N!in!iN) and a R:~ 0 elsewhere. mn mn mn 

We conclude that Gabor's signal expansion is related to the 

degrees of freedom of a signal [2]. Only those rays that can 

pass both the input plane aperture and the Fourier plane 

aperture will contribute to the output signal, and their 

number will be roughly equal to the space-bandwidth product 

(2M+I)(2N+l) of the system. 

So far we have confined ourselves to deterministic signals, 

and we have considered the amplitudes a of the rays that mn 

build up the optical signal. This is not possible, of course, 

for partially coherent light; what we can do in that case is 
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to determine the correlations that exist between the 

different rays. This will be the subject of the next section. 
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3. Gabor's si~nal expansion for partially coherent light 

Let partially coherent light he described by a temporally 

stationary stochastic process, and let its (mutual) power 

spectrum [4,5], or cross-speetral density [6], be denoted by 

S(x1 ,x2
,w). Since in the present discussion the temporal

frequency dependenee is of no importance, we shall - for the 

sake of convenience - omit the temporal-frequency variable w 

from the formulas. The basic property of the power spectrum 

is that it is nonnegative definite hermitian [5,6]. 

Extending now Gabor's signal expansion from the one-dimensional 

case [~(x)] to the two-dimensional case [S(x 1,x2)], we can 

construct a correlation matrix by means of the definition 

which is the two-dimensional analogue of Eq.(3). We can then 

represent the power spectrum in the form 

S(x 1,x2)= L L L LAm n m n g(x 1-m1X)g*(x2-m2X)exp[i(n 1ux 1-n2ux2)] , (13) 
m1n 1m2n

2 
I I 2 2 . 

which 1s the two-dimensional analogue of Eq.(l). Clearly, the 

Gabor coefficient A expresses the correlation that 
mlnlm2n2 

exists between the elementary signals g(x-m 1X)exp[in 1Ux] and 

g(x-m2X)exp[in2Ux]. 

Properties of the array of coefficients A follow 
mlnlm2n2 

directly from the properties of the power spectrum. The fact 
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that the power spectrum is hermitian, S(x 1,x2)=S*(x2 ,x1), 

reflects itself in the property 

(14a) 

whereas the nonnegative definiteness of the power spectrum 

implies the property 

l L l La A a* ~ 0 , 
mini mlnlm2n2 m2n2 mlnlm2n2 

which holds for arbitrary coefficients a • We conclude that mn 

the array of coefficients A is nonnegative definite 
mlnlm2n2 

hermitian in the sense of Eqs.(J4). 

The cases of completely coherent light, completely 

incoherent light, an.d spatially stationary light deserve 

special attention. For completely coherent light, the power 

spectrum factorizes in the form [5] 

and the array of Gabor coefficients takes the factorized form 

where a are the Gabor coefficients of the deterministic 
mn 

function q(x). It is easy to see that the formulas that arise 

in the case of completely coherent light are similar to the 

(14b) 

( 15) 

(I 6) 

ones that arise for deterministic signals. Therefore, we shall 

nat study the completely coherent case any further. 
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For completely incoherent light, the power spectrum can be 

expressed in the form 

( 17) 

where the 'intensity' p(x) is real and nonnegative. The Gabor 

coefficients now take the form 

A = Xj p(x)y*(x-m 1X)y(x-m2X)exp [ -i(n1-n2)Ux] dx • ( 18) 
mlnlm2n2 

We abserve that A depends on the direction difference 
mlnlm2n2 

n 1-n2 , as can be expected from the Van Cittert-Zernike 

theorem. Furthermore, if we choose the elementary signa! g(x) 

such that it vanishes outside the interval -lX<x~!X, Eq.(18) 

reduces to 

with 

b = Xj p(x) Jy(x-mX) !2 exp [ -inUx] dx = b* • mn m,-n 

We conclude that 

(19a) 
I 

( 19b) 

- there is no correlation between rays at different positions; 

- the corre!ation betwèen rays at one position that have 

different directions, depends on the direction difference; 

- the correlation coefficients b are just the Gabor 
mn 

coefficients of the 'intensity' p(x), with elementary 

signa! !g(x)j2: 

p(x) = nbmn I g(x-mX) l2exp [inUx] • 
mn 

(20) 



-12-

Spatially stationary light is dual to incoherent light, 

i.e., the space behaviour of incoherent light is similar to 

the spatial-frequency behaviour of spatially stationary light, 

and vice versa. Therefore, similar conclusions as the ones 

that have been drawn for incoherent light hold for spatially 

stationary light; we only have to interchange position with 

direction, x with u, space functions with their spatial 

Fourier transforms, and so on. 

It is not difficult to derive how the coefficients A 
mlnlm2n2 

propagate through a linear system. If such a system propagates 

a deterministic signal according to Eq.(S), then the 

relationship between the input and output Gabor coefficients 

Ai and ~0 reads 
mlnlm2n2 -Klllk212 

o =IIIf:c Ai c* 
Aklllk212 mlnlm2n2 klllmlnl mlnlm2n2 k212m2n2 

For the special system described by Eq.(ll) we get 

The case of completely incoherent light, again, deserves 

special attention. Let the input signal be incoherent, and 

let its 'intensity' p.(x) be expressed by its Gabor expansion 
1. 

Pi (x)= J:Ib!n I gi (x-mX) l2exp [inUx) • 
mn 

(21) 

(22) 

(23) 

If the system can be described by the input-output relationships 

(11) or (22), then the Gabor coefficients of the output signal 



-13-

read 

(24) 

Substituting Eq.(24) into Eq.(l3) and putting x 1=x2=x yields 

the output intensity S (x,x); we get 
0 

S (x,x)=Hb
0 

lg (x-mX)I 2exp[inUx] 
o mn o 

mn 

with 

b 0 
RJ bi \ h h* • 

mn mn l m n+n' mn ' 
n' ' 

We observe that the input 'intensity' p.(x) and the output 
~ 

intensity S (x,x) have similar Gabor expansions [Eqs.(23) and 
0 

(25a)]; the relationship betweentheir Gabor coefficients bi mn 

(25a) 

(25b) 

and b0 is given by Eq.(25b). In the special case, again, that 
mn 

h equals unity in the interval (-M~~, -N=::.n~) and vanishes mn 

outside that interval, we have b0 RJ(2N+l-lnl)bi in the 
mn mn 

interval (-Ms.ms.M,-2Ns.ns.2N) and b0 RJÜ elsèwhere. Note the mn 

difference between the deterministic (and also the coherent) 

case and the incoherent case! 
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STELLINGEN 

bij het proefschrift 
"Signal description by means of a local frequency spectrum" 

door 
M.J. Bastiaans 

1. In een cascade van identieke, verliesvrije veelpoorten is het aantal 
modi dat vermogen in de ene richting propageert gelijk aan het 
aantal dat vermogen in de andere richting propageert. 

M.J. Bastiaans, "A theorem on propagating modes in lossless 
multiport transmission systems", Digest of Technica! Papers of 
the London 1971 IEEE International Symposium on Electrical 
Network Theory, 126-127. 

2. De behandeling van partieel coherent licht in een frequentiedomein 
heeft vaak voordelen boven de gebruikelijke behandeling in het 
tijddomein. 

M.J. Bastiaans, "A frequency-domain treatment of partial 
coherence", Opt.Acta 24 (1977) 261-274. 

3. Bij partieel coherent licht is tussen signalen op twee verschillende 
punten de temporele coherentiegraad hoogstens gelijk aan de gewogen 
gemiddelde spectrale coherentiegraad, waarbij de weging geschiedt 
met het meetkundig gemiddelde van de vermogensspectra op die twee 
punten. 

M.J. Bastiaans, "A bound on the temporal degree of coherence", 
Opt.Commun. 21 (1977) 321-323. 

4. Bepaalde typen amplitudefouten welke optreden bij computerholografie, 
kunnen door het toepassen v~ predistorsie volledig worden opgeheven. 

M. J. Bastiaans, "A generalized sampling theorem with application 
to computer-generated transparencies", J.Opt.Soc.Am. 68 (1978) 
1658-1665. 

5. De motivering die Martî~ez-Herrero en Mejîas geven voor hun 
uitspraak dat een volledig coherent veld kan worden beschreven als 
een som van wederkerig spectraal-zuivere velden, is onjuist. 

R. Mart!nez-Herrero and P.M. Mej!as, '~xpansion of coherence 
functions of stationary, partially coherent, polychromatic 
fields", Opt.Acta 29 (1982) 187-195. 

6. Door in de afleiding van het onzekerheidsprincipe voor partieel 
coherent licht, zoals beschreven in dit proefschrift, de ongelijkheid 
van Schwarz te vervangen door die van HÖlder, kan een algemene klasse 
van onzekerheidsrelaties voor partieel coherent licht worden gevonden. 

7. Het combineren van psalmtekst en psalmmelodie is in het Graduale 
Romanum bij de zesde~dus-Introitus niet op een consistente wijze 
geschied. 

8. De interpretatie zoals die in Nederland veelal wordt gegeven aan de 
besluiten van het Tweede Vaticaans Concilie, is nadelig voor het 
gregoriaans. 

9. Het is ongewenst dat gedurende lange tijd vanuit een grote groep 
onderzoekers binnen een afdeling van een hogeschool c.q. een 
faculteit van een universiteit, niemand zitting heeft in de Vaste 
Commissie voor de Wetenschapsbeoefening. 

10. Wanneer een vereniging in haar statuten de regel opneemt dat een 
bestuurslid niet of slechts een beperkt aantal malen kan worden 
herkozen, ontstaat de mogelijkheid dat deze vereniging niet optimaal 
wordt bestuurd. 


