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Chapter 1

Introduction

1.1 Scope

Settling of particles in turbulence plays an important role in many industrial and natural
applications. Examples range from algae in oceans to turbulent jets in spray painting.
An example encountered by everyone is rain, when rain drops fall they are influenced by
the turbulent movement of the air around them. The strong influence of turbulence on
particle dynamics can already be shown when looking at the terminal settling velocity of
a single particle. Remarkably indeed, particles settle faster in turbulence than in a fluid
at rest. To understand this behaviour it is crucial to understand how turbulence changes
the particle dynamics.

In this thesis we performed numerical simulations to investigate systems where the
particle dynamics is influenced by turbulence. Because there are many length scales
involved in these kind of systems, take for example a cloud, it is impossible to simulate
the complete system with all its scales, ranging from tens of kilometers to micrometers.
This would require orders of magnitude more computational power than what is currently
available. Even with the current exponential growth in computational power, this would
not be possible in the coming decades. So in order to increase the accuracy of large scale
models, as for example the ones employed to perform weather forecasts, it is important
to understand the basic physics at the smallest length and time scales. In this thesis our
focus is precisely on the smaller scales with the idea that, later, the information gained
from our study may be used to improve large-scale models.

Because we investigate particles in turbulence we deal with two phases: The fluid
phase and the particle phase. The fluid phase is modelled numerically by using an Eulerian
approach, which means that the fluid is observed from an inertial reference frame and it
is discretized using a fixed mesh. This Cartesian mesh uses periodic boundary conditions,
as we want to model a naturally homogeneous system. As a second phase, we have the
particles which are modelled using a Lagrangian approach (the reference frame moves
with the particles). In order to achieve accurate statistics we typically evolve and record

1



2 CHAPTER 1. INTRODUCTION

the trajectories of millions of particles. Additionally we neglect the following interactions
which are justified when the particle volume fraction φ is small, typically 10−3 and lower.
First, the two phases are one-way coupled, i.e. particles are only influenced by the flow and
there is no feedback of the particles on the flow. Additionally, particle-particle interactions
are neglected. A major advantage if considering one-way coupling is that we can increase
the number of particles or even use multiple types of particles at the same time without
these influencing each other.

The flow field is numerically integrated by solving the incompressible Navier-Stokes
equations:

∂tu + (u · ∇)u = − 1

ρf
∇p + ν∇

2
u,

∇ · u = 0, (1.1)

where u(x, t) is the velocity field, p is the pressure, ρf is the fluid density and ν the
kinematic viscosity of the fluid. Equation (1.1) is solved by using a pseudo-spectral code
(the code switches between real and spectral space at each time step). The reason for
doing so is the following. First, by using a spectral code a high accuracy can be obtained
and exponential convergence is expected. Second, the Navier-Stokes equations can be
computed efficiently in spectral space with the exception of the non-linear term. For the
non-linear term a convolution is needed in spectral space which scales with n2 where n

is the number of grid point in one direction. To circumvent this computational difficulty,
Fast Fourier Transforms (FFT) are used in order to switch to real space. These FFTs are
of order n log(n). After Fourier transforms, evaluation of the convolutions reduces to a
multiplication which is only order n. Subsequently, the result is transformed to spectral
space by FFTs again [Pat72]. With this approach on how to evaluate the convolution,
the computationn time is reduced significantly, although now the FFT step becomes the
computationally most expensive one. Very well optimized libraries for FFTs are available
to reduce the computation time even further [Pek12, FJ05].

For the particle phase we use a point-like approach, thus all the physics of the particle
is reduced to the description of the dynamics of a point particle in space. By doing so
we significantly reduce the computational costs (as no explicit finite-volume effect and
particle-fluid boundaries are included) and this allows us to simulate a large number of
particles. Particle trajectories in a Lagrangian frame of reference satisfy

dxp(t)

dt
= up(t), (1.2)

with xp(t) the particle position and up(t) its velocity. According to Maxey and Riley
[MR83] the equation of motion for an isolated rigid spherical particle in a non-uniform
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velocity field u is given by:

mp
dup

dt
= 6πaµ (u − up) + mf

Du

Dt
− (mp − mf )gez

+
1

2
mf

(
Du

Dt
− dup

dt

)
+ 3
√

3µamf

ˆ t

−∞

du(τ)/dτ − dup(τ)/dτ√
t − τ

dτ

= FSt + FP + FG + FAM + FB. (1.3)

This equation of motion includes time derivatives of the form d/dt taken along the particle
path and material derivatives of the form D/Dt taken along the path of a fluid element.
The particle mass is given by mp, a is the particle radius, µ = ρf ν is the dynamic viscosity,
mf is the mass of the fluid element with a volume equal to that of the particle and ez is
the unit vector in the vertical direction (opposite to gravity). The forces in the right-hand
side of this equation denote the Stokes drag, local pressure gradient in the undisturbed
fluid, gravitational force, added mass force and the Basset history force, respectively.

When computing the full Maxey-Riley equations (1.3) both accuracy and computa-
tional costs are important. Especially the Basset history force, where the full history of
the particle needs to be taken into account, can become computationally very expensive.
We developed novel algorithms for the computation of the Basset history force, that allow
to both increase accuracy and, at the same time, to decrease the computational costs
[vHtTBC11]. Another time consuming part in the computation of the particle trajectories
is the interpolation of the flow field at the particle position. While the flow field is solved
on a cartesian grid, particles are normally not on a grid point, and thus an interpolation
is needed. Because the pseudo-spectral code has exponential convergence, with linear in-
terpolation will loose accuracy with regards to the particle trajectories. This interpolation
step thus calls for fast and accurate methods. The detailed investigation of interpolation
schemes together with their accuracy and computational cost is provided in chapters 2
and 3.

In many turbulent flows where particles are settling due to the gravitational force,
large-scale shear can also play a role. For example, at the edge or inside of clouds there
are upward motions, whereas outside there are downward flows, so at the edge there is
a strong shear layer. Even in homogeneous and isotropic turbulence, large-scale shear
may be present due to the slow dynamics of large-scale eddies. In a sense, homogeneous
shear may be seen as a building block of turbulence. In chapter 4 and 5 we will focus on
homogeneous shear turbulence. Chapter 4 deals with the computational implementation,
validation and optimization of the code, whereas chapter 5 is focused on the study of the
settling dynamics of heavy particles in homogeneous shear turbulence.

It is worth mentioning that not in all situations the full Maxey-Riley equation (1.3)
needs to be taken into account. For example, when particle-to-fluid density ratio is
higher than approximately 103, it is sufficient to consider only the Stokes drag and gravity
force. However, it is definitely not justified neither accurate to neglect the other terms
when looking at particle-to-fluid density ratio smaller than about 102. In chapter 6 we
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investigate the influence of the different force contributions in the Maxey-Riley equation
on the settling of particles in homogeneous isotropic turbulence.

1.2 Turbulence

Turbulence is the most important unsolved problem in classical mechanics. A general
solution of the Navier-Stokes equations currently does not exist. Therefore our, current
knowledge about turbulence is mostly based on experimental and numerical observations.
Hypotheses and scaling laws assumptions have been proposed in order to describe turbu-
lence in a phenomenological way. In this section we will give an introduction to turbulence
phenomenology and will introduce the most important quantities of homogeneous isotropic
and homogeneous shear turbulence. We will discuss the most relevant parameters for the
study of the dynamics of the particles in turbulence, where gravity, inertial effects and
shear play a role. For all cases we will focuss on the dimensionless parameters that control
the basic physics of the system.

In a three-dimensional turbulent flow, large eddies break up in smaller eddies. These
smaller eddies, on their turn, break up in even smaller eddies and this process repeats
many times. This process is called the turbulent energy cascade and can stretch over
different orders of magnitude in length and time scales, the so called "inertial range" of
scales. In the end the process finishes when eddies are so small (and locally sufficiently
high shear) that viscous effects become dominant and energy is fully dissipated in heat,
the "viscous range".

Figure 1.1: An example of an energy spectrum from Direct Numerical Simulation (DNS)
of homogeneous isotropic turbulence with 10243 grid points and Reλ = 280. The inertial

range shows the famous k−5/3-scaling. Figure reproduced from [Sca08].

Figure 1.1 shows the energy spectrum of a statistically homogeneous and isotropic
turbulent flow, where E(k) is the energy as a function of the wave number k. The total
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energy content, E, of the flow can be calculated as:

E =

ˆ ∞

0

E(k)dk. (1.4)

In Figure 1.1 both inertial and viscous range are visible. The inertial range with scaling
-5/3 is also visible. The scaling was phenologically derived by Kolmogorov and is known
as the "Kolmogorov 5/3 law". The viscous range is visible on the right side where the
energy decays exponentially.

The dimensionless parameter controlling the physics of homogeneous isotropic tur-
bulence is the Reynolds number, Re = L0U0

ν . Here L0 and U0 are the typical inertial
length and velocity scales. Because the Reynolds number is difficult to quantify exactly
in simulations, usually the Taylor-Reynolds number is used, defined as

Reλ = u2
rms

√
15

νǫ
. (1.5)

Here, ǫ is the dissipation rate and u2
rms = 1

3 (〈u2
x〉+〈u2

y〉+〈u2
z〉) is the root-mean-squared

velocity of the turbulent flow and 〈···〉 denotes the spatial and time average of the quantity
of interest, mimicking the ensemble average for statistically steady and homogeneous
turbulence. The length scale of the smallest eddies is called the Kolmogorov length scale
and is defined as η = (ν3/ǫ)1/4. When computing the flow field it is important that
also these smallest length scales are captured by the grid. Because of this the following
condition needs to be satisfied: kmaxη > 1, where kmax is the maximum wave number
(thus excluding the higher wave numbers used for dealiasing) of the Fourier decomposition.

Figure 1.2: Trajectories of tracer particles in homogeneous shear turbulence. All particles

are released at the straight horizontal line at the start. On the right side the mean shear
flow is visualized.

In Figure 1.2 we show an example of homogeneous shear turbulence. The flow field
is visualized by showing the trajectories of tracer particles. They are clearly advected on
average in the horizontal direction by the mean shear. In homogeneous shear turbulence
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the shear rate S is defined as the gradient in the velocity field S = ∂〈u〉
∂x . Homogeneous

shear turbulence is controlled by two parameters, the Taylor-Reynolds number Reλ and
the dimensionless shear strength,

S∗ = u2
rms

3S

ǫ
. (1.6)

For the particle phase the most important parameter is the particle response time
τp =

mp

6πaµ =
2ρp

9ρf

a2

ν and τp is the typical time that it takes for a particle velocity to
adjust to the surrounding fluid velocity. The dimensionless parameter corresponding to
τp is the Stokes number, St = τp/τη. Here, τη is the typical time that corresponds to the
smallest eddies, the Kolmogorov time scale τη =

√
ν/ǫ. The Stokes number compares

(in our specific application) the particle response time with the Kolmogorov time scale,
and therefore when St ≪ 1 the particles act like passive tracers. A second important
dimensionless parameter is the density ratio, Rρ = ρp/ρf , between the particle and the
fluid density. Finally, in the presence of gravity a third dimensionless parameter is present,
the Froude number: Fr = urms

τpg .

1.3 Outline of the thesis

We start with the investigation of the efficiency and accuracy of interpolation methods on a
rectangular grid and a general theory is developed, see chapter 2. By the use of this theory
an efficient B-spline method for spectral codes is developed and a fast implementation
for the interpolation methods is provided. We find that the B-spline interpolation gives
excellent accuracy with relatively low computational costs: a property not reached by
other interpolation methods.

We continue to investigate the accuracy of interpolation methods in chapter 3, now
focusing in the implications in real simulations. We find that the choice if the interpolation
method has direct consequences on the acceleration spectrum of tracer particles. In order
to systematically choose the best trade-off between interpolation error and computational
cost we focus on a quantitative comparison of errors. In particular we compare the
interpolation error with the discretisation error of the flow field and suggest a practical
method, in order to find an optimal choice for the interpolation method.

In chapter 4 we focus on the implementation, validation and optimization of a spec-
tral code for homogeneous shear in turbulence. For the implementation of shear we
use the Rogallo algorithm, where the frame of reference deforms with the mean shear
and periodically applying a remeshing procedure. Besides the computation of the flow
field, the particle equations also need to be adjusted in the presence of shear. After the
implementation of the algorithm we validated it and studied its scalability and efficiency.

Subsequently, in chapter 5, the effect of a large-scale shear on the settling of heavy
inertial particles in homogeneous shear turbulence is investigated. In addition to the well-
known enhanced settling velocity, already observed and studied for heavy inertial particles
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in homogeneous isotropic turbulence, also a horizontal drift velocity is observed in the
shear direction, due to the presence of a non-zero mean vorticity. This drift velocity is
due to the combination of shear, gravity and turbulence and all these three elements are
needed for this effect to occur.

Finally, in chapter 6, we investigate the influence of different forces on the settling of
particles in homogeneous isotropic turbulence. We consider the case with ρp

ρf
. 102 where

the pressure gradient, added mass and Basset history force may also play an important
role on the particle dynamics. We focus on quantifying the role of these forces on the
settling behavior of particles in homogeneous and isotropic turbulence.

In chapter 7 conclusions are drawn together with final remarks and and recommend-
ations are given.
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Chapter 2

On the efficiency and accuracy

of interpolation methods for

spectral codes

In this chapter a general theory for interpolation methods on a rectangular grid is in-

troduced. Using this theory an efficient B-spline based interpolation method for spectral

codes is presented. The theory links the order of the interpolation method with its spectral

properties. In this way many properties like order of continuity, order of convergence and

magnitude of errors can be explained. Furthermore, a practical and fast implementation

of the interpolation methods is given. We show that the B-spline based interpolation

method has several advantages compared to other methods. First, the order of continuity

of the interpolated field is higher than for other methods. Second, only one FFT is needed

whereas, e.g., Hermite interpolation needs multiple FFTs for computing the derivatives.

Third, the interpolation error almost matches the one of Hermite interpolation, a prop-

erty not achieved by other methods investigated. This chapter closely follows "On the

efficiency and accuracy of interpolation methods for spectral codes" by Van Hinsberg et

al.1.

2.1 Introduction

In recent years many studies on the dynamics of inertial particles in turbulence have fo-
cussed on the Lagrangian properties, see the review by Toschi and Bodenschatz [TB09].
For particles in turbulence, but also in many other applications in fluid mechanics, in-
terpolation methods play a crucial role as fluid velocities, rate of strain and other flow

1Hinsberg, van, M.A.T., Thije Boonkkamp, ten, J.H.M., Toschi, F. & Clercx, H.J.H. (2012). On
the efficiency and accuracy of interpolation methods for spectral codes. SIAM Journal on Scientific
Computing, 34(4), B479-B498

9
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quantities are generally not available at the location of the particles, while these quantities
are needed for the integration of the equations of motion of the particles.

When a particle is small, spherical and rigid its dynamics in non-uniform flow is gov-
erned by the Maxey-Riley (MR) equation [MR83]. An elaborate overview of the different
terms in the MR equation and their numerical implementation can be found in the paper by
Loth [Lot00] and a historical account was given in a review article by Michaelides [Mic03].
The evaluation of the hydrodynamic force exerted on the particles requires knowledge of
the fluid velocity, its time derivative and gradients at the particle positions and turns out
to be rather elaborate. First, the Basset history force is computationally very expensive.
However, a significant reduction of cpu-time can be obtained by fitting the diffusive kernel
of the Basset history force with exponential functions, as recently shown by Van Hinsberg
et al. [vHtTBC11]. Second, the interpolation step itself can be very time consuming and
memory demanding. Especially for light particles, which have a mass density similar to
the fluid density (which is, for example, sediment transport in estuaries and phytoplank-
ton in oceans and lakes), most terms in the Maxey-Riley equation cannot be ignored and
therefore also the first derivatives of the fluid velocity are needed [vAC10]. For this reason
simulations of light particles are computationally expensive while simulations of heavy
particles are less expensive. In order to achieve convergence of the statistical properties
(probability distribution functions, correlation functions, multi-particle statistics, particle
distributions) many particles are needed and this calls for fast and accurate interpolation
methods. Therefore, our aim is to reduce the computation time for the evaluation of the
trajectories of light particles substantially and make the algorithm competitive with the
fast algorithms for the computation of trajectories of heavy particles in turbulence.

The incompressible Navier-Stokes equations are used to describe the turbulent flow
field. In turbulence studies the Navier-Stokes equations are often solved by means of
dealiased pseudo-spectral codes because of the advantage of exponential convergence of
the computed flow variables. Therefore, we will focus here on interpolation methods
for spectral codes. Yeung and Pope [YP88] and Balachandar and Maxey [BM89] have
investigated such kind of methods already in the late 80’s.

There are many interpolation methods available [LGS99]. We are interested in those
interpolation methods which are characterized by the following properties. First, the
method must be accurate, thus we need a high order of convergence. Second, the inter-
polant must have a high order of continuity Cp, with p the order of continuity. Third,
the method must be fast, i.e. computationally inexpensive. A very simple interpolation
method is linear interpolation. This method is very fast, but unfortunately this method
is relatively inaccurate and it has a low order of convergence. High order of convergence
can be reached by employing Lagrange interpolation [FB93]. This interpolation method
has the drawback that it still has a low order of continuity for the interpolant. A solution
for this problem is Catmull-Rom splines [CR74]. Here, the interpolant has a higher order
of continuity, but the order of convergence has decreased. A method that has both a
high order of convergence and a high order of continuity is Hermite interpolation [Hea05].
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The major disadvantage of this method is that also the derivatives of the function to
be interpolated are needed, these are calculated by additional Fast Fourier Transforms
(FFTs) making this method computationally expensive. A remedy to this is B-spline in-
terpolarion [Hea05], which has a high order of convergence and errors comparable with
the ones of Hermite interpolation. Furthermore, this method has a higher order of con-
tinuity compared with the other methods mentioned above. Normally, the transformation
to the B-spline basis is an expensive step, but by making use of the spectral code it can
be executed in Fourier space which makes it inexpensive. By executing this step in Four-
ier space the method can be optimized, resulting in smaller errors. We believe that the
proposed combination of B-spline interpolation with a spectral code makes the method
favorable over other traditional interpolation methods.

Besides exploring the advantages of B-spline interpolation we focus on necessary con-
ditions allowing general 3D-interpolations to be efficiently executed as successive 1D-
interpolations. These conditions also carry over desired properties (like order of con-
vergence and order of continuity) from the 1D-interpolation to the three-dimensional
equivalent. Further, we provide a fast, generic algorithm to interpolate the function and
its derivatives using successive 1D-interpolations.

We provide expressions for the interpolation errors in terms of the Fourier compon-
ents. For this we use Fourier analysis where the interpolation method is represented as a
convolution function. By doing this, the errors can be calculated as a function of the wave
number. This gives insight in the behavior of interpolation, especially which components
are dominant in the interpolation.

The present study may also be useful for many other applications. Examples include
the computation of charged particles in a magnetic field [RBF91, MMK06], but also
digital filtering and applications in medical imaging [LGS99, HA78]. In the latter case
interpolations are used to improve the resolution of images. Many efforts have been taken
to find interpolation methods with optimum qualities [LGS99]. Still, it is a very active field
of research. Besides the optimization of interpolation algorithms (accuracy, efficiency), the
impact of different interpolation methods on physical phenomena like particle transport
has been investigated in many studies [HDG07, CYL04, MAS07, MSK+08, JKM07, KH06,
LBD10].

In section 2.2 we introduce the general framework and explain some one-dimensional
interpolation methods. In section 2.3 the framework is generalized to three-dimensional
interpolation, and a generic algorithm is proposed for the implementation of the inter-
polation in section 2.4. A Fourier analysis of the interpolation operator is discussed in
section 2.5. In section 2.6 the Fourier analysis is extended to Hermite interpolation and a
proof of minimal errors is given. In section 2.7 our B-spline based interpolation method is
introduced, and is compared with three other methods (including Hermite interpolation)
in section 2.8. Finally, concluding remarks are given in section 2.9.
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2.2 Interpolation methods

We present a general framework to discuss the various interpolation methods. The goal of
any interpolation method is to reconstruct the original function as closely as possible. As
in many applications also some derivatives of the original function are needed, we focus
on reconstructing them as well. We start with one-dimensional (1D) interpolation and
subsequently, in section 2.3, we generalize our framework to the three-dimensional (3D)
case.

Let u(x) be a 1D function that needs to be reconstructed with x ∈ [0, 1]. In practice
we only have the values of u on a uniform grid, with grid spacing ∆x and knots at
positions xj , with 0 ≤ j ≤ (∆x)−1. After interpolation, the function ũ is obtained which
is an approximation of u. Now let I be the interpolation operator, so ũ = I[u].

When u has periodic boundary conditions, it can be expressed in a Fourier series as
follows

u(x) =
∑

k∈Z
ûkφk(x), φk(x) = e2πikx, (2.1)

with i the imaginary unit and k the wave number. As the grid spacing is finite, a finite
number of Fourier modes can be represented by the grid. From now on we consider u to
have a finite number of Fourier modes, so

u(x) =

kmax∑

k=−kmax

ûkφk(x), (2.2)

where kmax, related to ∆x, is the maximum wave number. As we add a finite number of
continuously differentiable Fourier modes φk we have u ∈ C∞(0, 1), a property which can
be used when constructing the interpolation method. In principle u could be reconstructed
at any point by the use of Fourier series, however in practice this would be far too time
consuming and it is therefore not done, instead an interpolation is performed. φ̃k is defined
as the interpolant of φk, i.e., φ̃k = I [φk]. We restrict ourselves to linear interpolation
operators, i.e., I [α1u1 + α2u2] = α1I [u1] + α2I [u2] with α1, α2 ∈ C. This property
can be used to write ũ(x) as

ũ(x) =

kmax∑

k=−kmax

ûkφ̃k(x). (2.3)

We focus on reconstructing u by piecewise polynomial functions of degree N − 1. For
each interval (xj , xj+1) with 0 ≤ j < (∆x)−1 we have
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ũ(x) =
N∑

i=1

aix
i−1 = aT x̄, x ∈ (xj , xj+1) , x̄ =




1

x

x2

...
xN−1




. (2.4)

Here, the vector a depends on the interval under consideration and aT denotes the trans-
pose of a. The degree of the highest polynomial function for which the interpolation is
still exact is denoted by n. In this way we get the restriction n ≤ N − 1. We consider
the reconstruction of u between the two neighboring grid points xj and xj+1. Without
loss of generality we can translate and rescale x so that the interval [xj , xj+1] becomes
the unit interval [0, 1].

For Hermite interpolation the values of ũ and of its derivatives, up to the order N/2−1

(N must be even), must coincide with those of u at x = 0 and x = 1, i.e.,

dlũ

dxl
(0) =

dlu

dxl
(0),

dlũ

dxl
(1) =

dlu

dxl
(1), l = 0, 1, ..,

N

2
− 1. (2.5)

If the derivatives are known then n = N − 1. When the derivatives are not known
exactly on the grid they have to be approximated by finite difference methods, as done by
Catmull-Rom splines [CR74]. Unfortunately, this method is less accurate than Hermite
interpolation and n = N − 2.

The general framework will be illustrated with cubic Hermite interpolation for which
N = 4. So the interpolation uses the function value and the first derivative in the two
neighboring grid points to construct the interpolation polynomial. We have chosen this
method because it is very accurate. Moreover, the second derivative, which is a piecewise
linear function, gives minimal errors with respect to the L2-norm. This property is further
discussed in section 2.6.

First, the discrete values of u and possible derivatives which are given on the grid, are
indicated with the vector b. In general we have

b = f[u], (2.6)

where the linear operator f depends on the interpolation method and maps a function
onto a N -vector. Second, the coefficients ai of the monomial basis need to be computed.
Because I and f are linear operators, we can write without loss of generality,

aT = bT M. (2.7)

Here, M is the matrix that defines the interpolation method. For illustration, f and M for
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cubic Hermite interpolation, are given by

f[u] =




u(0)
du
dx (0)

u(1)
du
dx (1)


 , M =




1 0 −3 2

0 1 −2 1

0 0 3 −2

0 0 −1 1


 . (2.8)

Finally, substituting relation (2.7) in (2.4) gives

I[u](x) = ũ(x) = aT x̄ = bT Mx̄. (2.9)

In many applications also derivatives are needed. In order to compute the l-th derivative
of ũ, the monomial basis functions should be differentiated l times. In general this can
be done by multiplying a by the differentiation matrix D l times, so

a(l)T = aT Dl, D =




0 · · · · · · · · · 0

1
. . .

...

0 2
. . .

...
...

. . .
. . .

. . .
...

0 · · · 0 N − 1 0




, (2.10)

where a(l) contains the coefficients for the l-th derivative, obtaining

dlũ

dxl
(x) = a(l)T x̄ = bT MDlx̄ = bT M(l)x̄, (2.11)

with M(l) = MDl. Note that the matrix D is nilpotent, since Dl = 0 for l ≥ N , implying
that at most N − 1 derivatives can be approximated.

In conclusion, we presented a framework that is able to describe interpolation methods,
which can be used to implement the interpolation methods in a straightforward way. In
section 2.4 it is used to generate fast algorithms for the implementation of the method.

2.3 3D interpolation

In this section the 1D interpolation methods of section 2.2 are extended to the 3D case.
Now the scalar field u depends on the vector x and a 3D interpolation needs to be carried
out. Like before the interpolated field is given by ũ and I3 is the 3D equivalent of I, so
ũ = I3[u]. The 3D field u can be represented by a 3D Fourier series like

u =
∑

k

ûkφk(x), (2.12)
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where φk is given by

φk(x) = e2πik·x = φkx
(x)φky

(y)φkz
(z), k = (kx, ky, kz), x = (x, y, z), (2.13)

and φk defined by (2.1). Again we restrict ourselves to linear interpolation operators,
therefore ũ can be written as

ũ(x) =
∑

k

ûkφ̃k(x), (2.14)

with φ̃k the interpolant of φk, i.e., φ̃k = I3 [φk].

Figure 2.1: Graphical description of the 3D Lagrange interpolation, using three steps of

1D interpolations for the case N = 4. First, N2 1D interpolations are carried out in

the x-direction (crosses). Second, N interpolations are carried out in y-direction (dots

in the right figure) and from these N results finally one interpolated value is derived in
z-direction (triangle).

The 3D interpolation for a scalar field is carried out applying three times 1D interpol-
ations, see Fig. 2.1. The interpolation consists of three steps, in which the three spatial
directions are interpolated one after each other. The order in which the spatial directions
are interpolated does not matter. Building the 3D interpolation out of 1D interpolations
saves computing time. It can be done for all interpolation methods as long as the follow-
ing two conditions are met. First, the operator I3 must be linear. Second, the following
condition must be satisfied

φ̃k ≡ I3 [φk] = I3

[
φkx

φky
φkz

]
= I [φkx

] I
[
φky

]
I [φkz

] = φ̃kx
φ̃ky

φ̃kz
, (2.15)

which is the case for almost all interpolation methods. Property (2.15) can be used to
prove that properties of the 1D operator I carry over to the 3D operator I3, for example,
the order of convergence and the order of continuity.

Next, relations (2.9) and (2.11) are extended to the 3D case. Like before, we start
with storing some values of u (given by the spectral code) and possible derivatives in the
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third-order tensor B. In the same fashion as relation (2.6) one gets

B = fz

[
fy

[
fx[u]

]]
, (2.16)

where one element of tensor B is defined like

Bi1i2i3
= fz

[
fy

[
fx[u]i1

]
i2

]
i3

. (2.17)

fx, fy and fz are similar to operator f but now working in a specified direction. For Hermite
interpolation they are given by

fx[u] =




u(0, y, z)

∂u
∂x (0, y, z)

u(1, y, z)

∂u
∂x (1, y, z)




, fy[u] =




u(x, 0, z)

∂u
∂y (x, 0, z)

u(x, 1, z)

∂u
∂y (x, 1, z)




, fz[u] =




u(x, y, 0)

∂u
∂z (x, y, 0)

u(x, y, 1)

∂u
∂z (x, y, 1)




. (2.18)

The interpolation is carried out in a similar way as sketched in Fig. 2.1. Similarly to (2.9),
ũ(x) can be represented as

I3[u](x) = ũ(x) = B×̄1(Mx̄)×̄2(Mȳ)×̄3(Mz̄), (2.19)

where M is still the matrix for 1D interpolation, ȳ and z̄ are defined like x̄ which is given
by relation (2.4). Further, ×̄n denotes the n-mode vector product [KB09], like

A = B×̄nf, Ai1···in−1in+1···iN
=
∑

in

Bi1···iN
fin

, (2.20)

where N denotes the order of tensor B. In this way tensor A is one order less than tensor
B. Because we employ three of these n-mode vector products the third-order tensor B

reduces to a scalar. Furthermore, each of these n-mode vector products corresponds to
an interpolation in one direction, see also Fig. 2.1. For a general derivative one gets

∂i+j+kũ

∂xi∂yj∂zk
(x) = B×̄1

(
M(i)x̄

)
×̄2

(
M(j)ȳ

)
×̄3

(
M(k)z̄

)
. (2.21)

Note that the matrix M does not necessarily have to be the same for the different directions
x, y and z. One could choose different interpolation methods when for example Chebyshev
polynomials are used in one direction. In this case the grid is nonuniform in this direction
and therefore not all interpolation methods can be used.

Finally, when the scalar field u(x) becomes a vector field u(x), the three components
of u can be interpolated separately. This can be written in short by a fourth order tensor
B where the last dimension contains the three components of u. In this way the equations
for the new tensor B remain the same as given above.
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2.4 Implementation

Table 2.1: Algorithm for interpolation, with an estimate of the computational costs

Computed variables Number of flops Number of flops
for N = 4

x̄, ȳ and z̄ 3N 12
Mx̄, Mȳ and Mz̄ 3N2 48
M(1)x̄, M(1)ȳ and M(1)z̄ 3N(N − 1) 36
B×̄1(Mx̄) 3N3 192

B×̄1

(
M(1)x̄

)
3N3 192

B×̄1(Mx̄)×̄2(Mȳ) 3N2 48

B×̄1(Mx̄)×̄2

(
M(1)ȳ

)
3N2 48

B×̄1

(
M(1)x̄

)
×̄2(Mȳ) 3N2 48

B×̄1(Mx̄)×̄2(Mȳ)×̄3(Mz̄) 3N 12

B×̄1(Mx̄)×̄2(Mȳ)×̄3

(
M(1)z̄

)
3N 12

B×̄1(Mx̄)×̄2

(
M(1)ȳ

)
×̄3(Mz̄) 3N 12

B×̄1

(
M(1)x̄

)
×̄2(Mȳ)×̄3(Mz̄) 3N 12

Total: 6N3 + 15N2 + 12N 672

Relations (2.19) and (2.21) provide a good starting point for an efficient implement-
ation of the interpolation. We focus on interpolating a 3D vector field u(x) and on
calculating all its first derivatives (which are needed in many applications like the com-
putation of the trajectories of inertial particles). The matrices M and M(1) only need to
be computed once, which can be done prior to interpolation. Second, the vectors x̄, ȳ

and z̄ have to be computed which only needs to be done once for each location at which
interpolation is performed. In Table 2.1 we keep track of all the computed quantities.
Here, the computational costs for evaluating all the components is shown where one flop
denotes one multiplication with one addition. We show the number of flops for the gen-
eral case and for N = 4. The main idea is to reduce the order of the tensors as soon as
possible in order to generate an efficient method.

In order to determine how efficient the algorithm is, one can compare the computa-
tional costs against a lower bound. The lower bound we use is related to the size of B

which is 3N3 for a vector field u. In order to be able to use all the information in tensor
B, 3N3 flops are needed. For large N one finds that the algorithm of Table 2.1 is only a
factor 2 less efficient than this lower bound.

We also compare our algorithm with the one proposed by Lekien and Marsden [LM05],
which uses Hermite interpolation with N = 4. Our algorithm has less restrictions and
shows a slightly better computational performance (for N = 4). The algorithm of Lekien
and Marsden consists of two steps. First, they calculate the coefficients for the polynomial
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basis. Second, the values at the desired location are calculated. They claim that their
method is beneficial when the derivatives are needed or the interpolation needs to be done
multiple times for the same interval, because only the second step needs to be executed
multiple times. Our method does not have the first step, therefore it has no restrictions,
nevertheless the computation of the values and the first derivatives is slightly faster than
for Lekien and Marsden, even when considering only the second step. The total costs of
their second step is bounded by 12N3 flops (4 times 3N3 flops, for the computation of
the values and the first derivatives). From Table 2.1 we can conclude that our method
needs less flops for the same computations.

2.5 Fourier analysis

In this section the interpolation operator I is expressed in terms of a convolution. In this
way properties of the interpolation method like the order of continuity of the interpolated
field and the magnitude of the errors can be shown in the Fourier domain. We start with
the interpolation of 1D functions and subsequently, it can be extended to the 3D case.

Before we start with the derivation, we rescale the variable x by dividing it by ∆x,
so that the new grid spacing equals unity. From now on we work with the rescaled
grid where x ∈ [0, m] and m = (∆x)

−1, so xj = j for 0 ≤ j ≤ m. Furthermore we
introduce the dimensionless wave number κ = k∆x and φκ is similarly defined as φk,
see (2.1). For Hermite interpolation the derivation is somewhat more complex because
also the derivatives are used and therefore it is postponed to section 2.6. We focus on
interpolation methods where f[u] contains the values of u at the N nearest grid points
xj of x with local ordering. Thus bj = u(xj) and xj is given by

xj =

⌊
x − N

2
+ j

⌋
, j = 1, 2, · · · , N, (2.22)

where ⌊·⌋ denotes the nearest lower integer. The interpolation methods can be described
by the matrix M, with elements Mj,i, see relation (2.9). This relation can also be written
as

ũ(x) =

N∑

j=1

Cj (x − xj) u (xj) , (2.23)

with xj defined by (2.22) and where Cj is given by

Cj

(
x +

N

2
− j

)
=

{ ∑N
i=1 Mj,ix

i−1 for 0 ≤ x < 1,

0 elsewhere.
(2.24)
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Figure 2.2: Sketch of linear interpolation as a convolution. The pins represent delta

functions with the height equal to its prefactor. On the left side is a visualization in real
space and on the right side in Fourier space.
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Relation (2.23) can be rewritten by using the sifting property of the delta function, like

ũ(x) =

N∑

j=1

Cj (x − xj)

ˆ ∞

−∞
u(y)δ (y − xj) dy. (2.25)

This can be further reformulated by subtracting the argument of the delta function from
the argument of Cj , as

ũ(x) =

ˆ ∞

−∞
u(y)

N∑

j=1

δ (y − xj) Cj(x − y)dy

=

ˆ ∞

−∞
u(y)D(y)C(x − y)dy, (2.26)

with C(x) and D(x) given by

C(x) =

N∑

j=1

Cj(x), D(x) =
∑

i∈Z
δ(x − i). (2.27)

In relation (2.26) the delta functions can be replaced by the function D, which is a train of
delta functions because the functions Cj only have a support of length unity, see (2.24).
Finally, the interpolation can be written like

ũ = (uD) ∗ C, (2.28)

with ∗ denoting the convolution product. Here, the convolution function C depends on
the interpolation matrix M, see Fig. 2.2.

As a consequence of relation (2.28), if the function C is continuous up to the p-th
derivative then ũ is also continuous up to the p-th derivative. Even stronger, the order of
continuity of the function C is equal to the order of continuity of ũ. Furthermore, by the
use of relation (2.28) exact interpolation can be constructed as well 1.

In the following of this section we will discuss the interpolation error. Before proceeding
we need to prove the following theorem.

Theorem. 〈eκ, eλ〉2 = 0 for κ 6= λ. Here eκ is the error in mode κ, eκ = φ̃κ − φκ,
similar, eλ = φ̃λ − φλ and 〈·〉2 is the inner product related to the L2-norm ‖ · ‖2 defined
by

〈f, g〉2 =

ˆ m

0

f(x)g∗(x)dx, ‖f‖2
2 = 〈f, f〉2 =

ˆ m

0

f(x)f∗(x)dx. (2.29)

The asterisk (∗) denotes complex conjugation.

1Exact interpolation can be accomplished by F [C](k) = 1 for −0.5 ≤ k ≤ 0.5 and zero elsewhere. In
this way only the original Fourier component is filtered out of the spectrum. Note that in this case C has
infinite support.
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Proof. We start with replacing u by φκ in relation (2.28), i.e.,

φ̃κ = I [φκ] = (φκD) ∗ C. (2.30)

Second, we take the Fourier transform of φ̃κ, for some fixed κ0, i.e.,

F
[
φ̃κ0

]
(k) = F

[
(φκ0

D) ∗ C
]
(k) =

(
F [φκ0

] ∗ F [D]
)

(k)F [C](k)

= m
∑

i∈Z
δ
(
k − (i + κ0)

)
F [C](i + κ0), (2.31)

which results in a train of delta functions with the prefactor given by F [C], see Fig. 2.2,
and F [·] denotes the Fourier transform given by

F [g](k) :=

ˆ ∞

−∞
g(x)e−2πikxdx. (2.32)

For linear interpolation these functions are shown in Fig. 2.2. Next, 〈eκ, eλ〉2 can be writ-

ten as 〈eκ, eλ〉2 =
〈

φ̃κ, φ̃λ

〉
2
−
〈

φ̃κ, φλ

〉
2
−
〈

φκ, φ̃λ

〉
2
+〈φκ, φλ〉2. Trivially 〈φκ, φλ〉2 = 0

for κ 6= λ. Furthermore, φ̃κ consists of a discrete set of Fourier components, see relation
(2.31). Using this relation, one can show that no common Fourier components exist for

φ̃κ and φ̃λ or φλ for κ 6= λ. Therefore
〈

φ̃κ, φ̃λ

〉
2

= 0,
〈

φ̃κ, φλ

〉
2

= 0 and
〈

φκ, φ̃λ

〉
2

= 0

for κ 6= λ implying 〈eκ, eλ〉2 = 0 as claimed.

Corollary. The orthogonality is important to estimate errors. When the error in u is
computed as ‖ũ − u‖2

2, it can be rewritten like ‖ũ − u‖2
2 =

∑
κ û2

κ ‖eκ‖2
2, which allows

easy and straightforward computation of the errors.

Next, the error in one Fourier component is calculated. In this derivation we make
use of the fact that φ̃κ can be written by a sum of Fourier components, see Fig. 2.2 and
relation (2.31). The relative error in one Fourier component can be written as

∥∥∥φ̃κ − φκ

∥∥∥
2

2

‖φκ‖2
2

=
‖eκ‖2

2

m
=

1

m

∥∥∥∥∥−φκ +
∑

i∈Z
F [C] (κ + i) φκ+i

∥∥∥∥∥

2

2

=
(
F [C] (κ) − 1

)2
+
∑

i6=0

(
F [C] (κ + i)

)2
. (2.33)

From this expression one can see that the error can be computed directly from F [C]. The
same can be done for the error in the l-th derivative; e

(l)
κ = φ̃

(l)
κ − φ

(l)
κ . The idea is to

take the derivatives of the individual Fourier components which results in

∥∥∥e
(l)
κ

∥∥∥
2

2∥∥∥φ
(l)
κ

∥∥∥
2

2

=
(
F [C] (κ) − 1

)2
+
∑

i6=0

(
κ + i

κ

)2l (
F [C] (κ + i)

)2
. (2.34)
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The extension to the 3D case is rather straightforward and is therefore not reported
here. The basic idea is to create 3D functions by multiplying the 1D components, this
can be done for all functions and the basic equations remain the same.

2.6 Hermite interpolation

In this section we extend the theory of section 2.5 to Hermite interpolation. We also
show some special properties that hold for Hermite interpolations. Especially, we examine
the case N = 4. For this case the second derivative becomes a piecewise linear function.
Comparison with the actual second derivative shows that this piecewise linear function is
optimal with respect to the L2-norm.

Analogous to (2.23), Hermite interpolation with even N can be written as

ũ(x) =

1∑

j=0

N/2∑

l=1

Cj,l (x − xj)
dl−1u

dxl−1
(xj) , (2.35)

where Cj,l and xj are given by

Cj,l(x − j) =

{ ∑N
i=1 Ml+j N

2
,ix

i−1 for 0 ≤ x < 1

0 elsewhere
, l ∈ 1, 2, · · · ,

N

2
,

xj = ⌊x⌋ + j, j ∈ 0, 1. (2.36)

Again following similar steps as in section 2.5, ũ(x) can be rewritten as

ũ(x) =

1∑

j=0

N/2∑

l=1

Cj,l(x − xj)

ˆ ∞

−∞

dl−1u

dxl−1
(y)δ(y − xj)dy

=

N/2∑

l=1

ˆ ∞

−∞

dl−1u

dxl−1
(y)D(y)Cl(x − y)dy, (2.37)

where D is given by relation (2.27) and Cl is given by Cl(x) = C0,l(x) + C1,l(x). In
short, ũ can be written as

ũ =

N/2∑

l=1

(
dl−1u

dxl−1
D

)
∗ Cl, (2.38)

similar to relation (2.28). Here one can see that for Hermite interpolation multiple con-
volution functions Cl are needed which correspond to the derivatives and the function
itself. Replacing u by φκ in (2.38) gives

φ̃κ = I[φκ] = (φκD) ∗
N/2∑

l=1

(2πiκ)
l−1

Cl. (2.39)
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In this way we find a similar expression as relation (2.30), where C has to be replaced by∑N/2
l=1 (2πiκ)

l−1
Cl. In conclusion, relation (2.33) and (2.34) can still be used.

Property. For the error in the first derivative we have the following property:
〈

e(1), 1
〉

2
= 0, (2.40)

where the inner product 〈·, ·〉2 is defined on the unit interval, i.e.,

〈f, g〉2 =

ˆ 1

0

f(x)g∗(x)dx. (2.41)

Furthermore the error in the l-th derivative, e(l), is given by

e(l) =
dlũ

dxl
(x) − dlu

dxl
(x). (2.42)

Proof. One can rewrite part of the interpolation conditions for Hermite interpolation
(2.5) in the following way

ũ(1) − ũ(0) = u(1) − u(0) ⇔
ˆ 1

0

dũ

dx
dx =

ˆ 1

0

du

dx
dx. (2.43)

Here two interpolation conditions give one new condition which is equivalent to relation
(2.40).

Corollary. Property (2.40) shows that the error in the first derivative does not have
a constant component. Therefore the constant component is exact with respect to the
L2-norm

Property. For the error in the second derivative in case of N = 4 we have
〈

e(2), 1
〉

2
= 0,

〈
e(2), x

〉
2

= 0. (2.44)

Proof. One can rewrite the interpolation conditions (2.5) for N = 4 in the following
way

ũ(1) − ũ(0) − ũ′(0) = u(1) − u(0) − u′(0) ⇔
ˆ 1

0

ˆ α

0

d2ũ

dx2
dxdα =

ˆ 1

0

ˆ α

0

d2u

dx2
dxdα,

ũ′(1) − ũ′(0) = u′(1) − u′(0) ⇔
ˆ 1

0

d2ũ

dx2
dx =

ˆ 1

0

d2u

dx2
dx. (2.45)

The first relation in (2.44) follows immediately from the second condition in (2.45). The
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second relation in (2.44) is derived in the following way

ˆ 1

0

ˆ α

0

d2ũ

dx2
dxdα =

ˆ 1

0

ˆ α

0

d2u

dx2
dxdα,

α

ˆ α

0

(
d2ũ

dx2
(x) − d2u

dx2
(x)

)
dx

∣∣∣∣
α=1

α=0

−
ˆ 1

0

(
d2ũ

dx2
(α) − d2u

dx2
(α)

)
αdα = 0,

ˆ 1

0

(
d2ũ

dx2
(x) − d2u

dx2
(x)

)
xdx = 0. (2.46)

Here, the first step is integration by parts and the second step uses the second relation of
equation (2.45).

Corollary. Relation (2.44) implies that e(2) does not have a constant component,
neither a linear component. For N = 4 the second derivative is a linear function, and
this means that there is no better approximation in the L2-norm of this second derivative
with a piecewise linear function. This makes Hermite interpolation very interesting as a
reference case, because we now have proven that the error is minimal for this case.

2.7 B-spline interpolation

In this section we start with recalling B-spline interpolation. The idea is to create an
as smooth as possible interpolant. Later it is shown how the pseudo-spectral code can
be used to efficiently execute this interpolation method. Furthermore, the interpolation
method is optimized to create small errors in the L2-norm. We start with giving the
B-spline convolution functions after which their matrix representation is given and finally
the transformation to the B-spline basis functions is derived.

In a spectral code FFTs are applied to transform data from real space to Fourier space
and backwards. These FFTs are the most expensive step in the simulation and therefore
we want to keep the number of FFTs needed minimal. This is the reason why Hermite
interpolation is not a good option, since extra FFTs are needed for the computation of
the derivatives. An alternative is B-spline interpolation.

We require high order of continuity of the interpolant. The highest order of continuity
that can be obtained for the interpolant with piecewise polynomial functions of degree
N − 1 is CN−2. In this way the interpolant still matches the original function u(x) at
the grid points xj . Moreover, one can immediately see that n = N − 1, where n is the
highest degree of a polynomial test function for which the interpolation is still exact. This
high level of continuity can be achieved by using B-spline functions [Hea05]. The first
four uniform B-spline basis functions B(N) are shown in Fig. 2.3. These functions can be
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Figure 2.3: First four uniform B-splines functions.

generated by means of convolutions in the following way

B(1)(x) =

{
1 for − 0.5 ≤ x < 0.5,

0 elsewhere,

B(2) = B(1) ∗ B(1),

B(3) = B(2) ∗ B(1),

...

B(N) = B(N−1) ∗ B(1). (2.47)

These functions have the property that the N -th function is of degree N − 1 and is
CN−2. Furthermore, the B-spline basis functions have local support of length N . The
B-spline functions can be seen as convolution functions C introduced in section 2.5 and
have a matrix representation. The relation between the functions B(N) and the matrix
representation is similar to relation (2.24) and (2.27), and is given by

B(N)(x) =
N∑

j=1

B(N),j(x),

B(N),j

(
x +

N

2
− j

)
=

{ ∑N
i=1 M(N),j,ix

i−1 for 0 ≤ x < 1,

0 elsewhere.
(2.48)
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The matrix representation for the first four B-spline functions is as follows [Qin00]

M(1) = (1),

M(2) =

(
1 −1

0 1

)
,

M(3) =
1

2!




1 −2 1

1 2 −2

0 0 1


 ,

M(4) =
1

3!




1 −3 3 −1

4 0 −6 3

1 3 3 −3

0 0 0 1


 . (2.49)

In general we have [Qin00]

M(N),j,i =
1

(N − 1)!
QN−i

N−1

N∑

s=j

(−1)s−jQs−j
N (N − s)N−i, i, j = 1, 2, · · · , N, (2.50)

with Qi
n given by

Qi
n =

n!

i!(n − i)!
=

(
n

i

)
. (2.51)

We still need to express u(x), x ∈ Z in terms of B-spline basis functions and thus find
the transform from real space to the B-spline basis. Because the inverse transform from
the B-spline basis to real space is somewhat easier, we start with this transformation first.
From now on we omit the subindex (N). The coefficients of the B-spline basis are called
uB(x), and u(x) can be derived from it by the discrete convolution ∗D in the following
way, u = uB ∗D BD. Here, BD is given by

BD(x) =

{
B(x) for x < m

2

B (x − m) for x ≥ m
2

, x = 0, 1, · · · , m − 1, (2.52)

and the discrete convolution is given by

(g ∗D h) (x) =

m∑

y=0

g(y)h
(
(x − y) mod m

)
, x = 0, 1, · · · , m − 1. (2.53)

Next, the inverse B−1
D needs to be determined, where B−1

D is defined by B−1
D ∗DBD = δD,
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with δD the discrete delta function, given by

δD(x) =

{
1 for x = 0

0 else
x = 0, 1, · · · , m − 1. (2.54)

Using the inverse B−1
D , we can find uB(x) by the discrete convolution uB(x) = u(x) ∗D

B−1
D (x).

Using a spectral code, the discrete convolution can be evaluated in Fourier space and
it reduces to a multiplication by constants c(k). These multiplication constants can be
computed beforehand and no convolutions need to be evaluated. In this way one gets

FD [uB] (k) = FD[u](k)FD

[
B−1

D

]
(k) =

FD[u](k)

FD [BD] (k)

= c(k)FD[u](k), (2.55)

where the discrete Fourier transform FD is given by

FD[f ](k) =

m−1∑

x=0

f(x)e−2πixk/m k = 0, 1, · · · , m − 1. (2.56)

The values of c(k) can be determined in a straightforward manner as suggested above
using FD[BD] but a more optimal choice for c(k) can be made in the following way. We
minimize the L2-norm of the error and for this we use relation (2.33) and we require

d

dc(k)

∥∥∥φκ − c(k)φ̃κ

∥∥∥
2

2
= 0, (2.57)

with κ = k∆x. This implies

c(k) =
F [B] (κ)

∑
i∈Z (F [B] (κ + i))2 . (2.58)

In three dimensions equation (2.55) becomes

FD[uB](k) = c (kx) c (ky) c (kz) FD[u](k). (2.59)

Concluding, we propose an interpolation method for pseudo-spectral codes where the
interpolation matrix M is given by (2.50). Further a multiplication in Fourier space is
executed like (2.59) where the coefficients can be determined from (2.58). The coefficients
can be computed beforehand and therefore no extra FFTs are needed, making this method
very efficient.



28 CHAPTER 2. INTERPOLATION METHODS FOR SPECTRAL CODES

2.8 Comparison of the interpolation methods

In this section four different interpolation methods are compared1. The criteria we are
interested in are the following. First, the method must be fast, which is needed because
many interpolations will usually be carried out. Second, as we are using a spectral code,
exponential convergence is expected and in order to meet this accuracy the interpolation
methods must have high order of convergence. Furthermore, as the original function is
C∞, the interpolated function must have a high order of continuity as well. Finally, the
method must have small overall errors. In this way, also the derivatives of the interpolated
field are still accurate enough. We investigate the wavenumber dependent error without
looking at a specific flow configuration.

The methods that are investigated are the following. First we have Lagrange inter-
polation where a polynomial function of degree N − 1 passes through N points [FB93].
Second we have investigated Catmull-Rom splines[CR74]. Third, Hermite interpolation
is considered and finally our newly proposed B-spline interpolation method is used. In
Table 2.2 some properties of the interpolation methods are reported. All the interpolation
methods use piecewise polynomial functions of degree N − 1 to reconstruct the field.

method n order of FFT comment
continuity

Lagrange interpolation N − 1 0 1 for even N

−1 1 for odd N

spline interpolation [CR74] N − 2 (N − 2)/2 1 only even N

Hermite interpolation N − 1 (N − 2)/2 (N/2)3 only even N
B-spline based interpolation N − 1 N − 2 1 all N

Table 2.2: Overview of the interpolation methods investigated. For all methods the degree
of the polynomial function is equal to N − 1.

In order to estimate errors we use relation (2.33) to find wave number dependent
errors. For the four interpolation methods these errors are shown in Fig 2.4. In this figure
linear interpolation is added as a reference case. In our case kmax∆x = 1

3 in order to
avoid aliasing during the computation of the nonlinear term [CHQZ90]. If this problem
were not present, kmax could be increased till kmax∆x = 1

2 . From Fig 2.4 also the order
of convergence can be determined and it is found equal to n + 1 (the lowest degree of
a polynomial function for which the interpolation is not exact), in agreement with Table
2.2.

In order to avoid extra FFTs the interpolated field can be differentiated as done in
relation (2.21) and the error can be computed by means of (2.34). The interpolation
errors of the first and second derivative are shown in Fig 2.5. Here linear interpolation is
executed on the derivatives themselves to give a comparison of how accurate the inter-
polation methods are. One can see for example that the second derivative is still better

1Please contact the authors in order to get access to the computational code for B-spline interpolation.
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Figure 2.4: Relative interpolation error for the Fourier mode, see Eq. (2.33). For all

methods N = 4 except for linear interpolation which has N = 2. The subfigure shows
the Fourier transform of two interpolation kernels (spline and B-spline), where the solid

line represents exact interpolation.

approximated by Hermite interpolation (with N = 4) than with the linear interpolation
executed on the second derivative.

When comparing the interpolation methods one can see that all interpolation methods
have a weak point on one of our criteria except for the B-spline based method. The Lag-
range interpolation for example is only C0 continuous for even N and even discontinuous
for odd N . Furthermore, the overall error is relatively high compared with the other meth-
ods. The spline interpolation has already a better order of continuity but it has a lower
order of convergence. Also the overall error is relatively high compared with the other
methods. Hermite interpolation on the other hand has an excellent overall error, especially
for the second derivative, see section 2.6. The main disadvantage of this method is that
multiple FFTs are needed which is very time consuming. The B-spline based interpolation
does not have this problem. The time it takes to execute the multiplication in Fourier
space can be neglected compared with one FFT. Furthermore, this method reaches a
much higher order of continuity compared with the other methods. When looking at the
overall errors in Fig. 2.4 and 2.5 one can see that they almost match the one of Hermite
interpolation. This is especially interesting for the second derivative because we have
proven that there can not be a better approximation. Note that this second derivative is
still continuous for the B-spline interpolation whereas for Hermite interpolation it is not.
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Figure 2.5: Relative interpolation error for the first (left) and second derivative (right).
Here the linear interpolation is taken on the first and second derivative where the other

methods are taken on the function itself and then differentiated afterwards. Again all

methods are taken with N = 4 except for linear interpolation which has N = 2.

2.9 Conclusions

We have introduced a general framework for interpolation methods on a rectangular grid.
Making use of this framework an algorithm is proposed for fast evaluation of the inter-
polation in three dimensions. This can easily save considerable computing time compared
with other algorithms. It is shown that the computation time needed for this algorithm
is close to a theoretical lower bound.

A spectral theory about these interpolation methods is presented, with which the
spectral properties of the interpolation methods can be studied. Here, basic properties
of the interpolation method were shown like the order of continuity and the order of
convergence. Furthermore, errors can be calculated for all Fourier components and also
for its derivatives. By the use of this theory a novel B-spline based interpolation method
is introduced for application in conjunction with spectral codes, for example to investigate
the dynamics of almost neutrally buoyant particles in turbulence.

Finally, the interpolation methods for spectral codes are compared. The B-spline based
interpolation method has several advantages compared with traditional methods. The
order of continuity of the interpolated field is higher than that of Hermite interpolation and
the other methods investigated. Second, only one FFT needs to be done where Hermite
interpolation needs multiple FFTs for computing the derivatives. Third, the interpolation
error matches almost the one of Hermite interpolations which is not reached by the other
methods investigated. The proposed B-spline interpolation is thus the preferred candidate
for particle tracking algorithms applied for turbulent flow simulations.



Chapter 3

Optimal interpolation schemes

for particle tracking in

turbulence

An important aspect in numerical simulations of particle-laden turbulent flows is the in-

terpolation of the flow field needed for the computation of the Lagrangian trajectories.

The accuracy of the interpolation method has direct consequences for the acceleration

spectrum of the fluid particles and is therefore also important for the correct evaluation

of the hydrodynamic forces for almost neutrally buoyant particles, common in many en-

vironmental applications. In order to systematically choose the optimal tradeoff between

interpolation accuracy and computational cost we focuss on comparing errors: the inter-

polation error is compared with the discretisation error of the flow field. In this way one

can prevent unnecessary computations and still retain the accuracy of the turbulent flow

simulation. From the analysis a practical method is proposed that enables direct estima-

tion of the interpolation and discretization error from the energy spectrum. The theory

is validated by means of Direct Numerical Simulations (DNS) of homogeneous, isotropic

turbulence using a spectral code, where the trajectories of fluid tracers are computed using

several interpolation methods. We show that B-spline interpolation has the best accuracy

given the computational cost. Finally, the optimal interpolation order for the different

methods is shown as a function of the resolution of the DNS simulation. This chapter

closely follows "Optimal interpolation schemes for particle tracking in turbulence" by Van

Hinsberg et al.1.

1Hinsberg, van, M.A.T., Thije Boonkkamp, ten, J.H.M., Toschi, F. & Clercx, H.J.H. (2013). Optimal
interpolation schemes for particle tracking in turbulence. Physical Review E, 87(4):043307

31
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3.1 Introduction

Pseudo-spectral codes in combination with accurate interpolation methods for particle
tracking are commonly used in many applications [YP88, SE91, TB09, BBC+05, BBF+10,
LM05, CR74]. The spectral code solves the flow field by means of direct numerical
simulations in an Eulerian approach, while the particle trajectories are obtained by a
Lagrangian approach. To compute the particle trajectories the fluid velocity must be
known at the particle positions. The standard way to do this is by representing the Eulerian
fluid velocity on a uniform, rectangular grid and make use of appropriate interpolation
schemes to evaluate fluid velocities out of the grid. Many interpolation methods have
been used, from low-order linear schemes [BBC+05] to high-order splines [BBF+10, LM05,
CR74]. Because the interpolation step is time consuming and memory demanding, it is
important to choose the best interpolation method for a given application. In order to get
more accurate results the order of the interpolation method can be increased. Because
high order methods are computationally expensive, it is important to make the best
tradeoff between accuracy and computational costs. The best tradeoff can be determined
by using good error estimates, assuring that the high-order methods will give significantly
more accurate result.

In many applications, and notably those where almost neutrally buoyant particles are
involved, not only the fluid velocity is needed but also its first derivatives. The evaluation
of these derivatives can also be computed efficiently by the interpolation method, by
taking the derivative of the interpolating function [vHtTBTC12]. A good approximation
of the first derivative requires accurate interpolation methods. For the computation of
the trajectories of (almost neutrally buoyant) particles we consider the equation discussed
by Maxey and Riley [MR83], for small isolated rigid spherical particles (dp ≪ η, with
dp the particle diameter and η the Kolmogorov length scale) in a non-uniform velocity
field u(x, t). An important assumption is that the particle Reynolds number is small,
Rep = dp|u − up|/ν ≪ 1, with up the velocity of the particle and ν the kinematic
viscosity of the fluid. Because we consider small particle diameters and small particle
volume fractions we ignore the effects of two-way and four-way coupling. An overview of
the different terms in the Maxey-Riley (MR) equation and its numerical implementation
can be found in the paper by Loth [Lot00] and a historical account of the equation of
motion in a review article by Michaelides [Mic03]. Time integration of the MR equation
to compute particle trajectories can be an expensive, time- and memory consuming job,
particularly for what concerns the computation of the Basset history force. However, a
significant reduction in computational costs can be obtained by fitting the diffusive kernel
of the Basset history force with exponential functions, as shown by Van Hinsberg et al.

[vHtTBC11].

A systematic way to determine the best tradeoff between interpolation accuracy and
computational cost for a particular application is to compare errors: the interpolation error
is compared with the discretisation error of the flow field. In this way one can prevent
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unnecessary accurate and expensive computations. We will introduce different practical
methods for computing these errors, and will investigate the following interpolation meth-
ods: Lagrange interpolation, spline interpolation, Hermite interpolation and B-spline inter-
polation. For Hermite interpolation we use the method suggested by Choi et al. [CYL04]
who employed Hermite interpolation on multiple spatial points. For the B-spline interpol-
ation the method of Van Hinsberg et al. [vHtTBTC12] is used. These methods are also
used in many other applications, including the computation of charged particles in a mag-
netic field [RBF91, MMK06], but also digital filtering and applications in medical imaging
[LGS99, HA78]. In the latter case interpolations are used to improve image resolution.
Besides the optimization of interpolation algorithms (accuracy, efficiency), the impact of
different interpolation methods on physical phenomena, like particle transport, has been
investigated in many studies [HDG07, CYL04, MAS07, MSK+08, JKM07, KH06, LBD10].
To our knowledge the direct comparison between the interpolation and the discretisation
error to make an optimal choise for the interpolation method has not yet been systemat-
ized; here we will give fundamental insight into this problem.

The theory is deduced for passive tracer particles because they are uniformly distributed
in homogeneous isotropic turbulent flows, one of the hypotheses used in this study. For
the application areas we have in mind, such as almost neutrally buoyant particles in
environmental flows, hardly any preferential concentration is anticipated and a uniform
distribution of the particles can safely be assumed. Therefore, also for this case all the
hypotheses still hold and it is particularly interesting as the equation of motion of these
particles contain acceleration derivatives which are often notoriously difficult to evaluate
accurately with interpolation methods.

The manuscript is arranged as follows. Sections 3.2 and 3.3 give practical methods
on how to estimate the interpolation error. Section 3.2 focuses on calculating the inter-
polation error off-line. In this way only statistics of the turbulent flow are needed without
having to compute interpolations. In Section 3.3 an even more practical method is pro-
posed. This method only needs the energy spectrum to predict the interpolation error. A
practical method for estimating the discretisation error is discussed in Section 3.4. Next,
the different interpolation methods employed are explained in Section 3.5. Thereafter,
the results of a comparison are shown in Section 3.6, where we give a prediction of the
optimal order of the interpolation methods provided the spatial resolution of the smallest
(turbulent) flow scale is known. Finally, concluding remarks are given in Section 3.7.

3.2 Interpolation error

This section focuses on the a-priori estimation of the interpolation error. In this way only
the statistics of the turbulent flow is needed without having to compute interpolations,
an efficient method for estimating the interpolation error.

In general the particle will follow a path xp(t) and the flow velocity field is given by
u(x, t). Suppose that we need to find the velocity at the particle position, i.e., u(xp(t), t),
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but instead we find the approximation ũ(xp(t), t), due to the interpolation errors. Let I
be the interpolation operator that maps u onto ũ, so ũ = I[u]. The relative interpolation
error ǫ for one particle can be computed by the L2-norm like

ǫ = lim
T →∞

‖u(xp(t), t) − ũ(xp(t), t)‖T

‖u(xp(t), t)‖T

, (3.1)

where the time averaging norm, ‖ · ‖2
T is given by

‖f‖2
T =

1

T

ˆ T

0

|f(t)|2dt, (3.2)

and | · | denotes the usual 2-norm. Analogous to this, the norm is also used for scalar
quantities. The value of u(xp(t), t) in relation (3.1) can be calculated from the Fourier
components of the Eulerian flow field (obtained from the DNS), which is computationally
expensive. Therefore, relation (3.1) will only be used to validate the following steps
towards a more pragmatic approach to estimate the interpolation error.

We assume that the system is ergodic which means that the ensemble average is equal
to the time average, therefore ǫ does not depend on the choice of the particle and an
average over particles can be taken. Furthermore, we assume that the particle has no
preferential location and thus we can replace the particle average by a space average. We
can thus average over space and time, in practice the time average needs to be performed
over several large-eddy turnover times. The space average is taken over the whole domain
V which is [0, 1)3 in dimensionless units. Notice that in order to simplify the notation we
have chosen [0, 1)3 instead of the usual [0, 2π)3. In this way one can write ǫ like

ǫ =

∥∥ ‖u − ũ‖3

∥∥
T∥∥ ‖u‖3

∥∥
T

, (3.3)

where we introduce the following inner products

〈f, g〉1 =

ˆ 1

0

(f · g∗) (x)dx,

〈f, g〉3 =

ˆ 1

0

ˆ 1

0

ˆ 1

0

(f · g∗) (x)dxdydz, (3.4)

and the corresponding norms:

‖f‖2
1 = 〈f, f 〉1 =

ˆ 1

0

|f(x)|2dx ,

‖f‖2
3 = 〈f, f 〉3 =

ˆ 1

0

ˆ 1

0

ˆ 1

0

|f(x)|2dxdydz. (3.5)

Here f · g denotes the usual inner product and g∗ denotes the complex conjugate of g.
These inner products and norms are also used for scalar fields like f and g where the inner
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product is reduced to the ordinary product fg∗. The velocity field is approximated in a
three-dimensional Fourier series, like

u(x, t) =
∑

k∈K

uk(t)φk(x), φk(x) = e2πik·x, (3.6)

where K is the space of wave vectors k, with k = (kx, ky, kz) and |k| ≤ kmax the maximal
wave number. We neglect the error made by taking a finite sum, which is a part of the
discretisation error (and should for a well-resolved simulation decrease exponentially in case
of increasing resolution). The complex valued functions φk constitute an orthonormal basis
with respect to the inner product 〈·, ·〉3. Introducing the interpolant of φk; φ̃k = I[φk],
when the interpolation operator I is linear, one obtains:

ǫ =

∥∥∥
∥∥∥
∑

k∈K uk

(
φk − φ̃k

)∥∥∥
3

∥∥∥
T∥∥∥∥∑

k∈K ukφk

∥∥
3

∥∥
T

. (3.7)

It can be proven, see [vHtTBTC12], that φk − φ̃k constitute an orthogonal basis with
respect to the inner product 〈·, ·〉3 and we define γk = ‖φk − φ̃k‖3. In this case we obtain

ǫ =

∥∥ (∑
k∈K γ2

k |uk|2
)1/2 ∥∥

T∥∥ (∑
k∈K |uk|2

)1/2 ∥∥
T

. (3.8)

Changing the order of the norms gives

ǫ =

(∑
k∈K γ2

k

∥∥uk

∥∥2

T

)1/2

(∑
k∈K

∥∥uk

∥∥2

T

)1/2
. (3.9)

Now ǫ can be calculated without having to do a simulation for all the interpolation
methods, only ‖uk‖T is needed from the simulations. Next, we require I to satisfy:

φ̃k = I[φk] = I[φkx
φky

φkz
]

= I1[φkx
]I1[φky

]I1[φkz
] = φ̃kx

φ̃ky
φ̃kz

, (3.10)

with I1[·] the one-dimensional variant of the operator I[·]. Using this property and
‖φk‖1 = 1, γ2

k can be written as

γ2
k = 1 + s1(kx)s1(ky)s1(kz) − 2s2(kx)s2(ky)s2(kz), (3.11)

with

s1(k) =
∥∥∥φ̃k

∥∥∥
2

1
, s2(k) = R

(〈
φ̃k, φk

〉
1

)
, (3.12)
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with R(f) denoting the real part of f . Here, s1 and s2 can be calculated fast using
methods from Van Hinsberg et al. [vHtTBTC12]. Now combining (3.9) with (3.11) and
(3.12) gives us a method for the calculation of the interpolation error.

This method is based on the assumptions that there is no preferential position for
the particles, an approach that is correct for fluid tracers in incompressible flows. Inertial
particles will instead cluster depending on their size and density. The advantage of this
method over using relation (3.1) is that no simulations of particle trajectories in turbulence
have to be done when ‖uk‖T is known; the statistical information on the turbulent flow
field itself is sufficient.

3.3 Approximation of the interpolation error

In this section the error estimate ǫ is further simplified. In Eqn (3.9) a summation must
be taken over all three-dimensional vectors k ∈ K. In order to evaluate only a one-
dimensional sum one can use the assumption of statistical isotropy of the turbulent flow.
In the end this results in a practical method that only needs the energy spectrum to
predict the interpolation error.

Starting from Eqn (3.9), the summation is split as:

ǫ2 =

∑kmax

k=0

∑
k∈Kk

γ2
k ‖uk‖2

T∑kmax

k=0

∑
k∈Kk

‖uk‖2
T

, (3.13)

where Kk is a subset of K which include k with k − 1
2 ≤ |k| < k + 1

2 . Next, the
approximation is made that Kk includes 4πk2 wave vectors (the surface of a sphere
with radius k). Assuming statistical isotropy the three-dimensional energy spectrum is
spherically symmetric, and we can write ‖uk‖T = ‖uk‖T for k = |k| with uk = uk for
k = (k, 0, 0). Using both assumptions (3.13) can be approximated with

ǫ2
iso =

∑kmax

k=0 k2γ2
k ‖uk‖2

T∑kmax

k=0 k2 ‖uk‖2
T

, γ2
k = [γ2

k ]|k|=k , (3.14)

where [·]|k|=k denotes the space average over the surface of a sphere in k-space with radius
k. Note that (k‖uk‖T )2 is proportional to the energy of the modes with k = |k|. In this
way the integrated energy spectrum in combination with γk is sufficient to calculate the
error.

In order to be able to compute [γ2
k ]|k|=k easily, the following derivation is made.

Starting from γk = ‖φk − φ̃k‖3 and introducing ek = φk − φ̃k one finds:

γ2
k = ‖φkx

φky
φkz

−
(φkx

− ekx
)(φky

− eky
)(φkz

− ekz
)‖2

3. (3.15)

We assume that the error is relatively small compared to the actual Fourier component.
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Under this assumption we have that ‖ek‖1 ≪ ‖φk‖1 = 1 and only the lowest powers of
ek need to be taken into account. Using that ‖φk‖1 = 1 one obtains:

γ2
k ≈ ‖ekx

φky
φkz

+ φkx
eky

φkz
+ φkx

φky
ekz

‖2
3

≈ ‖ekx
‖2

1 + ‖eky
‖2

1 + ‖ekz
‖2

1. (3.16)

In the last step we neglected the cross terms. We checked that the final contribution of
the cross terms in the summation in relation (3.14) is only of the order of 5 percent, this
is due to the fact that these terms mainly average out as they can be both positive and
negative.

We restrict ourselves to polynomial interpolations and we define the order n of the
method as follows: n is the highest degree of a polynomial for which the interpolation is
still exact. When the order of the interpolation method is known the following approxim-
ation can be made

‖ek‖2
1 ≈ ck2(n+1), (3.17)

where c is some constant. The reason for this formula is the following. Given that a
method has order n the amplitude of ek is proportional to the (n + 1)−th derivative of
φk. From this, one gets that ek is proportional to kn+1. (This is also shown by Figure
3.1 in Section 3.6.) Using this one finds that

γ2
k ≈ ck2(n+1)

x + ck2(n+1)
y + ck2(n+1)

z . (3.18)

Next, the average needs to be taken over a spherical surface, [γ2
k ]|k|=k. Because of

symmetry reasons we only need to calculate the contribution of ck
2(n+1)
z , the contributions

of the other terms are equal to this one. The calculation for the surface average is done
in spherical coordinates k = k(sin ϕ cos θ, sin ϕ sin θ, cos ϕ) as follows,

1

3
[γ2

k ]|k|=k ≈ c[k2(n+1)
z ]k=|k|

=
c

4πk2

ˆ π

0

ˆ 2π

0

(k cos ϕ)2(n+1)k2 sin ϕdθdϕ

=
ck2(n+1)

4π

ˆ π

0

ˆ 2π

0

cos2(n+1) ϕ sin ϕdθdϕ

=
ck2(n+1)

2n + 3
. (3.19)

Thus we obtain:

γ2
k = [γ2

k ]|k|=k ≈ 3

2n + 3
ck2(n+1) ≈ 3

2n + 3
‖ek‖2

1. (3.20)

Combining Eq. (3.14) with (3.20) results in a practical method that only needs the energy
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spectrum to predict the interpolation error. Note that some approximations as discussed
are needed and therefore the result will be somewhat less accurate than the expression
derived in the previous section.

3.4 Discretisation error

As we will compare the interpolation error with the Eulerian discretisation error δ̄, we take
the same norm for both of them. A first suggestion would be

δ̄ =

∥∥ ‖u − û‖3

∥∥
T∥∥ ‖û‖3

∥∥
T

, (3.21)

where û is the exact Eulerian velocity field. In practice what we call the "exact" velocity
field is obtained by using double grid resolution. Expanding u and û in a Fourier series
gives

δ̄ =

∥∥∥∥∑
k∈K ukφk − ûkφk

∥∥
3

∥∥
T∥∥∥∥∑

k∈K ûkφk

∥∥
3

∥∥
T

. (3.22)

Due to turbulence the error will grow in time and eventually will become of the same
order as the velocity field itself. To avoid this complication we will only look at statistical
properties. We take the time average of the Fourier components before comparing the
two velocity fields. The new discretisation error δ is therefore defined as:

δ =

(∑
k∈K

(
‖uk‖T − ‖ûk‖T

)2
)1/2

(∑
k∈K

∥∥ûk

∥∥2

T

)1/2
. (3.23)

Note that this error is taken in the same way as the interpolation error, see relation (3.9).
Next we use the fact that the energy spectrum for homogeneous isotropic turbulence is
spherically symmetric like done before, which results in:

δ2
iso =

∑kmax

k=0 k2
∣∣‖uk‖T − ‖ûk‖T

∣∣2
∑kmax

k=0 k2
∥∥ûk

∥∥2

T

. (3.24)

This relation can be used to estimate the discretisation error by the use of the energy
spectrum.

3.5 Interpolation methods

The theory presented is tested on several different interpolation methods, namely Lag-
range interpolation, spline interpolation, Hermite interpolation and B-spline interpolation.
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In each spatial direction the methods investigated use N data points to construct a poly-
nomial function of degree N − 1 for the interpolation. For Hermite interpolation we
use the method suggested by Choi et al. [CYL04] who employ Hermite interpolation on
multiple spatial points. For the B-spline interpolation the method of Van Hinsberg et al.

[vHtTBTC12] is used.
In Table 3.1 all methods are listed with an overview of their main features. The order

interpolation n order of FFT comment
method continuity
Lagrange N − 1 0 1 for even N

−1 1 for odd N

spline N − 2 (N − 2)/2 1 only even N

Hermite N − 1 1 8 only for N ∈ 4N

B-spline N − 1 N − 2 1 all N

Table 3.1: Overview of the interpolation methods considered in this study. Note that for
all methods the degree of the polynomial function is equal to N − 1. n is the highest

order of a polynomial function for which the interpolation is still exact [vHtTBTC12].

of continuity refers to the continuity Cn of the interpolation function. Furthermore with
FFT we refer to the number of Fast Fourier Transforms required for the interpolation. For
Hermite interpolation also the derivatives are needed and this requirement increases the
number of FFTs needed. In Figure 3.1, γk(k∆x), as from equation (3.20) is shown for
the different interpolation methods, where ∆x is the distance between the grid points.
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Figure 3.1: Interpolation error γk (3.20) of the various methods, calculated with the

methods of Van Hinsberg et al. [vHtTBTC12]. For all methods N = 4 except for linear
interpolation which has N = 2.
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3.6 Results

In this section we compare the interpolation methods. The discretisation error is computed
and compared with the interpolation error for all the interpolation methods. We estimate
the errors by using the methods given by Eq. (3.24), for the discretisation error and by
Eq. (3.14) and (3.20) for the interpolation error. Subsequently, the methods are validated
by investigating two different aspects: the error made in the location of the particles and
the acceleration spectrum. Thanks to this quantitative comparison we are able to give a
prediction of the optimal order N for the different interpolation methods as a function of
kmaxη. Here η is the Kolmogorov length scale.

To compute the discretisation error several simulations of homogeneous isotropic tur-
bulence are performed with different kmax, for details see Table 3.2. The energy spectra
are reported in Figure 3.2. Using relation (3.24) the discretisation error can be com-

grid number of kmax ν kmaxη Reλ

grid points
coarse 64 21 0.048 2.4 41
fine 128 42 0.048 4.8 41
reference 128 64 0.048 7.2 41

Table 3.2: Details of the DNS simulations of homogenous isotropic turbulence. Three

grids are used for comparison, a coarse, a fine and a very well resolved (reference) grid.
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Figure 3.2: Energy spectra for different kmax in log-log scale. In the inset the same but

in log-lin scale.

puted. Next, also the interpolation error can be computed by directly using relation (3.1)
or the approximate relations (3.14) and (3.20). Table 3.3 shows the interpolation error,
calculated in the two different ways, to check the reliability of the approximation. The
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method N ǫ (3.1) ǫiso (3.14) and (3.20)
linear 2 5.44 · 10−3 4.52 · 10−3

Lagrange 4 3.67 · 10−4 3.45 · 10−4

Spline 4 4.39 · 10−4 4.73 · 10−4

B-spline 4 3.59 · 10−5 3.99 · 10−5

Hermite 4 3.82 · 10−5 3.13 · 10−5

Table 3.3: Interpolation error for different methods calculated in different ways. Here

kmaxη = 2.4 and δ = 5.03 · 10−4.

two proposed methods are found to be in agreement within 10-20%, while the interpola-
tion error changes over orders of magnitude for the different interpolation methods. The
differences between the ways of estimating the interpolation error can be explained by
statistical errors and approximations made in the theoretically derived error estimates.

Next, to check the theory and the influence of the interpolation error, both errors in
particle position and acceleration statistics are investigated. These errors are always a
combination of the interpolation and the discretization error and how they evolve over
time. In order to avoid unnecessary computations, still both errors should be of similar
magnitude and therefore we can apply the theory. We start with observing the error in the
position of the particle. The procedure is as follows: first a family of tracers starting at
one point is simulated with different interpolation methods, second the reference tracer is
simulated in a second simulation with double grid resolution keeping the initial condition
and forcing the same. We started averaging over 50 particles, and in order to check
statistical convergence and the eventual dependence on the initial condition, we repeated
this for 4 different realizations of the flow field. After checking that the trend is the same
the results shown here are averaged over the 4 realizations, for a total of 200 particles.
The error in the particle position is plotted in Figure 3.3 using different norms,

LM = ‖xp − x̃p‖M , ‖f‖M =

(
∑

p

|fp|M
) 1

M

, (3.25)

where x̃p is the particle trajectory calculated by using interpolation methods and xp is the
exact particle trajectory, calculated using double grid resolution. In Figure 3.3 one can
see that even after one large eddy turnover time, t=1, the influence of the interpolation
error dominates over chaotic behavior of turbulence. At t=1 the errors for the different
methods are still clearly separated. Next, we consider the L2-error after the Kolmogorov
time scale (t = 0.15) for the different interpolation methods, see Figure 3.4. In the
following we focus on the L2-norm because this is the norm used in Sections 3.2 and 3.3.
In Figure 3.4 one can see that higher order interpolations indeed become more accurate
and that for high N no further accuracy is gained because the discretisation error has
become dominant over the interpolation error. This behavior is in agreement with the



42 CHAPTER 3. OPTIMAL INTERPOLATION SCHEMES

10
−3

10
−2

10
−1

10
0

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

t

er
ro

r

 

 

Linear N=2 (top)
B−spline N=2 (middle)
B−spline N=4 (bottom)

L4

L2

L1
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Figure 3.4: L2-error at the position of a tracer after the Kolmogorov time scale (t = 0.15),

with kmaxη = 2.4. The error is a combination of the interpolation and discretisation error.
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results in Table 3.3. When increasing the resolution the discretisation error becomes
smaller and higher order interpolation methods are needed to maintain the accuracy after
interpolation, see Figure 3.5.
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Figure 3.5: L2-error at the position of a tracer after the Kolmogorov time scale, with

kmaxη = 4.8. The error is a combination of the interpolation and discretisation error.

In order to better show the influence of interpolation methods we investigate the
acceleration of the particle. Not only is the acceleration itself of great interest as a
statistical quantity, see for example Ref. [TB09], but it is also needed to calculate the
hydrodynamic forces in the Maxey-Riley equation. The acceleration signal of a generic
particle as a function of time is shown in Figure 3.6. The high frequency oscillations
are clearly nonphysical and with more accurate interpolation methods they disappear. To
better quantify this effect we analyze the acceleration spectrum of the particles. From
Figure 3.7 it can be seen that even the spectral interpolation shows a kink in the spectrum
(around k = 13) due to the discretisation error. For higher kmaxη this kink is still observed
but at higher wave numbers. The energy content within the range of wavenumbers
between 20 and 3000 is computed and used as an error indication, see Figure 3.8. Again
the same behavior is found as in Figures 3.4 and 3.5, as predicted by the theory.

Now that the methods are validated for computing the interpolation error, the theory
can be used to forecast which interpolation method is optimal for a given kmaxη, inde-
pendent of the Reynolds number. As increasing N of the interpolation method is much
less time consuming than improving the resolution, the interpolation error is not allowed
to exceed the discretisation error. Using this criterium the optimal N can be found for
a given kmaxη and interpolation method, see Figure 3.9. In this simulation we did not
allow for any aliasing of the nonlinear term, therefore kmax = 1

3∆x . In order to increase
the accuracy, kmax can be increased allowing for some aliasing, see Figure 3.10.

From Figures 3.9 and 3.10 it can be seen that interpolation methods become more
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Figure 3.9: Optimal order N for the different interpolation methods with kmax = 1
3∆x .

The optimal N is found by the criterium that the interpolation error is not allowed to

exceed the discretisation error.
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important when going to higher values of kmaxη. Typical kmaxη values used are around
1.5 but studies have been performed with values up to 34 [SSY05]. As the full Maxey-
Riley equation also use derivatives of the flow field the accuracy of the flow field should be
increased, implying kmaxη ≈ 3 or higher. Here, B-spline interpolation is by far outperform-
ing the other interpolation methods. The only interpolation method that is comparable
is the Hermite interpolation, however a drawback is that it can only be used for N a
multiple of 4, thus limiting its flexibility. Furthermore, in order to employ Hermite inter-
polation also derivatives are needed making it computationally expensive (due to the need
to evaluate many FFTs per derivative). To conclude, we found that B-spline interpolation
is very suited for particle tracking simulations.

3.7 Conclusions

We have introduced different practical methods for computing the error in the interpol-
ation of the fluid velocity. First, we have introduced an accurate method that uses the
full three-dimensional energy spectrum to estimate this error. Second, we introduced a
practical method that only needs the one-dimensional energy spectrum to estimate the
same error. These methods are validated by means of turbulent simulations and it is
shown that they give accurate results.

Further we show the effect of the interpolation methods on both errors of particle
positions and the acceleration spectrum. Particularly the latter is important because the
particle acceleration enters directly in the Maxey-Riley equation. The results for both
the errors on particle positions and the acceleration spectrum are in agreement with the
predictions of the theory.

Finally, we could provide a prediction for the optimal order of the different interpolation
methods as a function of kmaxη. In order to investigate the behavior of almost neutrally
buoyant particles also derivatives of the flow field need to be accurately resolved, this im-
plying values of kmaxη around 3 or higher. At these values of kmaxη, B-spline interpolation
performs much better than the other interpolation methods, implying less computational
overhead.



Chapter 4

Numerical simulation of

homogeneous shear turbulence.

In this chapter the implementation and validation of a spectral code for homogeneous

shear turbulence is discussed [Rog81]. Furthermore, the computational efficiency of out

numerical implementation is tested and it is shown that the code is able to scale up to

(at least) 1024 cores.

4.1 Introduction

The implementation of homogeneous shear in spectral codes is rather complex and it
leads to many additional terms in the computation which need to be implemented when
one needs to simulate particles in homogeneous shear turbulence. Indeed, besides the
computation of the flow field, also the particle equations need to be adjusted in the
presence of shear. Multiple methods have been proposed in the literature to implement
homogeneous shear in spectral codes. One of them is the Rogallo algorithm [Rog81],
where the frame of reference deforms with the mean shear of the flow. This change of
reference to a moving frame is done in order to satisfy the periodic boundary conditions,
needed for the Fourier transforms. When using the Rogallo algorithm a remeshing step
needs to be performed, in order to avoid excessive stretching of the computational grid
and consequent loss of computational accuracy. Brucker et al. [BIVC07] proposed an
alternative method where no remeshing is needed and a fixed frame of reference is used
(at least in real space). The periodic boundary conditions are in this case satisfied by
changing the frame of reference when performing the 3D Fourier transform. Therefore, in
Fourier space the computational grid is different than the corresponding one in real space.
Unfortunately, the implementation of the method proposed by Brucker and coworkers
is more complex and does not result in a drastically higher accuracy. For our purposes
the Rogallo scheme provides sufficient accuracy and we have favoured it in view of its

47
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simplicity.

The starting point is a pseudo-spectral code developed by Federico Toschi at Eindhoven
University of Technology. In Fourier space the code solves the dynamics of the vector
potential of the turbulent flow field, for the Fourier transforms a combination of FFTW3
[FJ05] and P3DFFT [Pek12] libraries are used. This is done in order to get an optimal
compromise between code portability and efficiency results on large supercomputers. As
anticipated, besides the flow equations also the particle equations need to be adjusted.
The changes in both the flow and particle equations lead to many additional terms and
mistakes can be easily made. In order to avoid mistakes it is crucial to validate the code
carefully. This has been done, among other, by checking that the code is able to reproduce
a combination of analytical solutions, testing conservation of energy, detailed comparison
with some test cases from the literature and whenever possible solving identical problems
using independent approaches. After the validation step, optimisation is also important,
especially when operating the code on large super-computers. To address this we will
investigate the scalability and total efficiency of the code.

In the first two sections we will introduce the equations of motion in the presence of
homogeneous shear using the Rogallo algorithm. In section 4.4 we will do the same for the
particle equations. Next, in section 4.5 we discuss the implementation of the remeshing
step, needed for the Rogallo algorithm. After having discussed the implementation we
will proceed to the validation and check the computational efficiency in section 4.6 and
4.7, respectively. We will conclude with giving some final conclusions and remarks.

4.2 Equations of motion for homogeneous shear turbu-

lence

In this section we will discuss the equations of motion of the flow field in the presence
of homogeneous shear. We will start by introducing the Navier-Stokes equation for an
incompressible flow where the (non-standard)notation for the velocity field U and pressure
P incorporates both the mean shear values and the fluctuating parts:

DtU = − 1

ρf
∇P + ν∇

2U, and

∇ · U = 0, (4.1)

where Dt = ∂t + U · ∇ is the material derivative, ρf the fluid density, U is the velocity
field, P is the pressure, and ν is the kinematic viscosity of the fluid. Next we introduce
the mean shear Us as:

Us = (0, 0, Sx), (4.2)
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with S the shear rate and x, y, z the spatial coordinates. The shear could be oriented
arbitrary but this configuration turns out to be most suitable in conjunction with the
domain decomposition of the P3DFFT routine. Both the velocity field and pressure are
decomposed in a part due to the mean shear, Us and Ps, and fluctuations contributions
u = (u, v, w) and p, like:

U = Us + u, P = Ps + p. (4.3)

Note that Ps is actually zero because the mean shear flow is driven by boundary conditions.
Substituting equation (4.3) into equation (4.1) gives:

Dtu + Sx∂zu + Suez = − 1

ρf
∇p + ν∇

2u,

∇ · u = 0, (4.4)

where the material derivative is now with respect to u itself: Dt = ∂t + u · ∇.

4.3 Rogallo algorithm

In order to satisfy the periodic boundary conditions, necessary for the Fourier transform we
will use Rogallo’s algorithm. In Rogallo’s algorithm the frame of reference deforms with the
mean shear flow. This can be achieved by using the following coordinate transformations

x = x′,

y = y′,

z = z′ − Stx′. (4.5)

Using the above transformation the derivatives transform according to:

∂

∂t
=

∂

∂t
− Sx

∂

∂z′ ,

∂

∂x
=

∂

∂x′ − St
∂

∂z′ ,

∂

∂y
=

∂

∂y′ ,

∂

∂z
=

∂

∂z′ .

(4.6)

Substituting the above into Eq. 4.4 we get,

Dtu + Suez = − 1

ρf
∇p + ν∇

2u,

∇ · u = 0. (4.7)
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where the derivatives are now with respect to the primed variables. The prime symbol is
not shown explicitly for convenience. The definitions of the derivatives are now given by:

∇ = (∂x − St∂z, ∂y, ∂z),

∇
2 = [∂xx + (St)2∂zz − 2St∂xz] + ∂yy + ∂zz . (4.8)

Note that since we are working in the frame which deforms with the mean shear the
solutions in this frame are periodic. Therefore, we can now work with standard Fourier
transforms.

4.4 Maxey-Riley equations

For the particle phase we follow an approach similar to the one of the flow, where we
decomposed the quantities in a mean shear contribution and a fluctuating part. We start
with the Maxey-Riley equations:

mp
dUp

dt
= 6πaµ (U − Up) + mf

DU

Dt
− (mp − mf )gez

+
1

2
mf

(
DU

Dt
− dUp

dt

)
+ 6a2ρf

√
πν

ˆ t

−∞
KB(t − τ)G(τ)dτ

dxp

dt
= Up, (4.9)

where Up is the particle velocity and xp the particle position, Dt = ∂t +U ·∇ is again the
material derivative along the fluid path whereas dt = ∂t +Up ·∇ is the material derivative
along the particle path, and mp, mf , a and µ = ρf ν defines as before. Furthermore,
ez is the unit vector in the opposite direction of the gravitational force. Last, G(t) and
KB(t) are given by

G(t) =
d (U − Up)

dt
, KB(t) =

1√
t
. (4.10)

In the next step we will decompose the quantities in a mean shear contribution and a
fluctuating part like before,

U = Us + u, (4.11)

Up = Us(xp) + up, (4.12)
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where up = (up, vp, wp) is the part after subtracting the mean shear. Substituting these
equations in Equation (4.9) one gets:

mp
dup

dt
= −mpSupez + 6πaµ (u − up) + mf

(
Du

Dt
+ Sxp∂zu + Suez

)

−(mp − mf )gez +
1

2
mf

(
Du

Dt
− dup

dt
+ Sxp∂zu + S (u − up) ez

)

+6a2ρf

√
πν

ˆ t

−∞
KB(t − τ)g(τ)dτ

dxp

dt
= up + Sxpez, (4.13)

with g(t) now defined as

g(t) =
d (u − up)

dt
+ Sxp∂zu. (4.14)

Note that again the material derivatives are now with regard to u and up instead of U and
Up. Like before we perform the coordinate transformations with equations (4.5), which
leads to the following set of equations:

mp
dup

dt
= −mpSupez + 6πaµ (u − up) + mf

(
Du

Dt
+ Suez

)

−(mp − mf )gez +
1

2
mf

(
Du

Dt
− dup

dt
+ S (u − up) ez

)

+6a2ρf

√
πν

ˆ t

−∞
KB(t − τ)g(τ)dτ

dxp

dt
= up − Stupez, (4.15)

with g(t) now defined as

g(t) =
d (u − up)

dt
. (4.16)

In order to calculate Du
Dt we use du

dt , as du
dt is more easily available in the code;

Du

Dt
=

du

dt
+ (uj − up,j)

∂u

∂xj
− (u − up) St

∂u

∂z
. (4.17)

Using these equations the particle trajectories can be computed. In order to understand
the basic structure for the implementation of the particle computation in the code we
included a schematic overview of the code in Appendix A.
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4.5 Remeshing

A remesh step is needed when applying the Rogallo scheme. While the frame of reference
moves with the mean shear flow also the computational mesh will deform. When no
remesh step is used the computational mesh will keep stretching and eventually, numerical
accuracy will be lost. To avoid loosing accuracy periodically a remeshing step is applied.
In order to keep satisfying the periodic boundary conditions the remesh can only be done
over a multiple of the domain length, see left part of Figure 4.1.

Figure 4.1: Schematic overview of the remeshing step. On the left side we show the

case for real space whereas the right side shows Fourier space. The remesh step is done
in Fourier space in order to avoid aliasing, as will be discussed in more details later on.

In Fourier space only the overlapping modes are kept. The extra old modes are deleted

whereas the new modes start with zero energy.

The remesh step will be done in Fourier space in order to avoid aliasing, as it will be
denoted later. The remesh step in Fourier space is showed on the right side in Figure 4.1.
In Fourier space the mesh also deforms but in a different direction. In Fourier space the
wave numbers change like

k = (kx − Stkz, ky, kz) (4.18)

where k is the mode that moves with the frame and kx, ky and kz are the fixed k-values in
x, y and z direction respectively. When looking at the remesh in Fourier space, see Figure
4.1, only the modes are kept which are included in both the pre-remesh grid and the post-



4.6. VALIDATION 53

remesh grid. By deleting the modes existing in the pre-remesh grid but not occurring in
the post-remesh grid aliasing is avoided. When the remesh step would be executed in real
space these modes would not vanish and aliasing occurs. By deleting some modes a small
amount of energy will be lost. This loss in energy can be neglected while, in case of a well
resolved simulation, the energy content in these modes is small. The newly introduced
modes do not contain any energy at the remesh step but due to non-linear interactions
inside the flow they will gain energy over time. Note that due to the anti-aliasing step
not all the modes in Fourier space are used. Without the anti-aliasing step the non-linear
term introduces aliasing. This is addressed by using the 2/3-rule where all modes with
|k| > kmax are put to zero after computing the non-linear term. Here kmax is 2/3 of
the maximum wave number resolved by the grid. We notice that Figure 4.1 illustrates
the case with an aspect ratio of 1 but the basic concept does not change with different
aspect ratios as, for example the ones used in the next chapter.

4.6 Validation

A validation step is needed in order to check the correctness of all the additional terms
needed for including mean shear and their implementation. The validation is achieved
in four independent tests. First, we checked the correct computation of some flow fields
which have an exact analytical solutions. Second, we check the conservation of energy in
the case of homogeneous shear turbulence see Figure 4.2. As a third step, we compare
our result with some cases from literature. The final test is based on solving the same
problem by using two independent approaches and compare the solutions.
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Figure 4.2: Conservation of energy in a shear flow with resolution 1025×512×512. Left:

different contributions to the energy balance. Right: error in the energy balance.

The first three validation steps are all used to validate the implementation of shear for
the flow field itself, and are relatively standard. The last validation step is used in order to
validate the implementation of shear for the computation of the particle trajectories. In
this step we use the fact that the code is already validated for the case without shear and
the fact that we can prescribe any suitable velocity field as we restrict to one-way coupling
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of the particles with the flow field. The validation is done in the following way: first, we
perform a computation of particle trajectories with a prescribed velocity field, in this case
without the Rogallo scheme implemented. Second, we perform the same computation
but now in a deforming frame of reference with the the Rogallo scheme. In the latter
case the computation uses all the additional contributions due to shear in the Maxey-Riley
equations. The validation can be completed by checking that the results for the particle
trajectories are the same. This validation procedure has been followed in order to be sure
that the computation of the particle trajectories in the presence of shear is correct.

4.7 Computational efficiency

Finally we check the computational efficiency of the code. In order to reach a high
efficiency we used several optimized algorithms and libraries. For the Fourier transforms
a combination of fftw3 [FJ05] libraries and P3DFFT [Pek12] is used, which we compare
also to the older FFTW2 libraries. Next, for the interpolation of the flow field uses the B-
spline method discussed in chapters 2 and 3. For the calculation of the Basset history force
we use the method developed by van Hinsberg et al [vHtTBC11]. With application of
these methods significantly increases the computational efficiency and/or computational
accuracy will be significantly enhanced.

In Figure 4.3 we compare the normalized computation time for several cases with
different number of processors. The normalized computation time t∗ is given by:

t∗ =
nflops∆t

nxnynz log2(max(nx, ny, nz))
, (4.19)

where ∆t is the time in seconds taken by the processor to compute one time step, nflops

is the number of floating point operations that one processor can do per second and nx,
ny and nz are the number of grid points in each spatial direction, respectively. This
normalization has been chosen like this because we want to scale with the most time
consuming computation step, the FFT, which scales with nxnynz log2(max(nx, ny, nz)).

In Figure 4.3 we consider different cases with increasing complexity. A big increase
in computational efficiency is reached when using the P3DFFT routines with FFTW3
instead of using the FFTW2 routines only. Especially the scalability with respect to the
FFTW2 is improved. When adding extra features it can be noticed that going from linear
to B-spline with order 2 interpolations gives a significant increase in computation time.
This is due to the fact that one extra FFT is needed for the interpolation step. As the
FFT does not scale with the number of particles, extra particles can be added without a
significant increase in computation time. Using B-spline 4 instead of B-spline 2 also results
into a significant increase in computation time (In this case the extra time is needed for
the interpolation itself as more grid points need to be evaluated). The advantage of the
B-spline order 4 interpolation is that it is more accurate and material derivatives can be
computed using the interpolation scheme, see chapter 2. When these material derivatives
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Figure 4.3: Normalized computation time per time step as a function of the number of

processors N . A grid of 512 × 512 × 1024 is used with 1.2 million particles embedded in

the flow. Meaning of the captions: ’FFTW2’: only flow field with FFTW2, ’P3DFFT’:

only flow field with P3DFFT, ’shear’: same as ’P3DFFT’ and added shear, ’linear’: same
as ’shear’ and added tracer particles and linear interpolation, ’B-spline 2’: same as ’linear’

but with B-spline interpolation of order 2, ’B-spline 4’: same as ’linear’ but with B-spline

interpolation of order 4, ’full’: same as ’B-spline 4’ but with inertial particles with all the

forces see equation (4.9).
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need to be calculated in Fourier space, many extra (time consuming) FFT’s need to be
computed, therefore, using B-spline interpolations with order 4 is more efficient.
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Figure 4.4: Normalized computation time per time step as a function of the number of

processors, N , for different grid resolutions. All the hydrodynamic forces from the Maxey-

Riley equation (see equation (4.9)) and B-spline interpolation of order 4. The number of
particles used increases with increasing grid resolution, namely: 1.2, 12 and 230 million

particles.

In Figure 4.4 we test the scaling for larger resolutions with more processors. Due to
the normalization the lines with different resolution fall almost exactly on top of each
other, as expected. From the figure we can see that the code scales well up to 1024 cores,
with each doubling in the number of cores the computation time is reduced by a factor of
approximately 1.73. Finally, as even the lowest resolution scales well up to 1024 cores it is
expected that the higher resolutions keep on scaling for even higher number of processors
is shown.

4.8 Conclusion

It is important that the implementation of homogeneous shear for turbulence simulations
is done accurately and efficiently. This is achieved by using the Rogallo algorithm, where
the frame of reference deforms with the mean shear flow. Both, the computation of the
flow field and the particle equations need to be changed in the presence of shear. It is
important to do a rigorous validation of the code, this was done by using a combination
of analytical solutions, testing of conservation of energy, test cases from literature and
by solving identical problems using two independent approaches. Finally, we showed that
the code has good performance and scales well up to (at least) 1024 cores.



Chapter 5

Symmetry breaking drift of

particles settling in

homogeneous shear turbulence

We investigate the influence of shear on the gravitational settling of heavy inertial particles

in homogeneous shear turbulence (HST). In addition to the well-known enhanced settling

velocity, observed for heavy inertial particles in homogeneous isotropic turbulence (HIT),

also a horizontal drift velocity is observed in the shearing direction due to the presence

of a non-zero mean vorticity (introducing symmetry breaking due to the mean shear).

This drift velocity is due to the combination of shear, gravity and turbulence and all these

three elements are needed for this effect to occur. We extend the mechanism responsible

for the enhanced settling velocity in HIT to the case of HST. Two separate regimes are

observed, characterized by positive or negative drift velocity, depending on the value of

the Froude number. This chapter closely follows "Symmetry breaking drift of particle

settling in homogeneous shear turbulence" by Van Hinsberg et al.1.

5.1 Introduction

Settling of inertial particles occurs in many industrial and environmental flows. The
presence of turbulence influences the dynamics of inertial particles [TB09] that depends
upon, amongst other parameters, the ratio of the particle-to-fluid density ρp/ρf . It
is well known that homogeneous isotropic turbulence (HIT) can enhance the settling
velocity of heavy inertial particles (i.e. ρp/ρf ≫ 1), a phenomenon first shown by
Wang and Maxey [WM93] that has been investigated numerically and experimentally
[ACHL02, YL98, DH01, PAR+00]. The mechanism proposed to explain enhanced settling

1Hinsberg, van, M.A.T., Clercx, H.J.H. & Toschi, F. Symmetry breaking drift of particle settling in
homogeneous shear turbulence. (submitted to phys. rev. lett.)
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is preferential sweeping [WM93] which can be explained as follows. When heavy inertial
particles are settling they cross vortical structures. Entering these structures particles tend
to be swept outwards and have a higher chance of ending up at the downward moving
side of vortical structures. As a result particles encounter on average a net downward
velocity which leads to the enhanced settling velocity.

Many studies have focused on the case of HIT while homogeneous shear turbulence
(HST) has been studied much less [CHC70, RP88]. However, in many flows a (mean)
large-scale shear is present and it is thus crucial to quantify its influence on (inertial)
particle dynamics. In the case of HST both the particle and fluid velocity statistics are
affected by the presence of shear [RP88, AE01]. Previous studies investigated (heavy)
inertial particles in HST but without considering the effect of gravity on the particles.
These previous studies confirmed that the presence of shear influences the particle statistics
[SB06, NJGP11, GPC09]. Here, we investigate the settling behaviour of heavy inertial
particles in HST under the influence of gravity.

When particles are embedded in HST (with the coordinate system and gravity defined
as sketched in Fig. 5.1) it is observed that the settling particles may obtain a nontrivial
horizontal average drift velocity in the shear direction. At first sight this symmetry break-
ing drift is not expected because the system looks totally symmetric, hence; the average
horizontal velocity of the flow field is zero. However, the origin of the drift velocity can be
understood in terms of symmetry breaking of the flow field: the combination of turbulence
and a mean shear will promote a larger number of vortical structures with the same sign
of vorticity as the mean shear at the cost of those with oppositely signed vorticity. In this
study we focus on understanding the settling process and horizontal drift of heavy inertial
particles in such flows in more detail.

Symmetry breaking occurs when the vector of the mean rotation is not (anti) parallel
to gravity. This can be obtained by different orientations of the shear flow and should (in
theory) lead in all cases to a horizontal drift velocity of the particles. The advantage of
the chosen orientation (parallel to gravity, see Fig. 5.1) is that the mean shear velocity
has no component in the horizontal plane and thus any average horizontal displacement
of the inertial particles is completely due to the drift velocity.

We use the mechanism of preferential sweeping to understand and predict not only
the enhanced settling but also the outcome of horizontal drift during settling of inertial
particles in HST. Moreover, we verify and quantify this drift phenomenon with direct
numerical simulations (DNS). In HST there is a net vorticity due to the presence of a mean
shear, that influences the trajectory of settling particles as schematically shown in Fig. 5.1.
The reasoning for the horizontal drift goes as follows. The inertial particles start entering
a vortex on top. They will preferentially move clockwise or anticlockwise, depending
on the sign of vorticity. Due to the preferential sweeping they will leave the vortex on
the downward moving side with a horizontal displacement with respect to the center of
the vortex, thus resulting in a net drift velocity. In HIT this effect cannot be observed
because horizontal displacements in both directions cancel due to the same amount of
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Figure 5.1: Schematic picture of trajectories of settling particles in turbulence. Blue and
red circles represent schematically positive and negative vortices. Left and center: typical

particle trajectory in HIT (no lateral drift) and in HST (with lateral drift), respectively.

Right: indication of axis convention.

vortical structures with either sign of vorticity (the turbulent flow is characterized by
zero mean vorticity). This is obviously not the case when a mean shear is present. In
the following we will investigate numerically if the proposed mechanism yielding the drift
velocity in HST applies.

First, we start by introducing the equations of motion for both the fluid and the inertial
particles, and the details of the flow configuration. Second, we investigate a simplified
system of settling inertial particles in a flow field with only one basic vortex. It represents a
kind of toy model elucidating the main features of horizontal drift experienced by settling
inertial particles, and serves as a building block for the full system consisting of settling
inertial particles in turbulence. Subsequently, we discuss the results from DNS of the full
system, homogeneous shear turbulence with inertial particles that settle under influence
of gravity. We will conclude with a brief discussion of our main results.

5.2 Equations of motion for fluid and inertial particles

The system we consider consists of the fluid and the particle phases. We assume a
very dilute particle phase with very small particles. Under these conditions we can use
one-way coupling: particles are only influenced by the fluid, but they do not disturb
the fluid flow itself (and also do not interact with each other). For the simulation of
the flow we use an Eulerian approach to solve the incompressible Navier-Stokes (NS)
equations. We decompose the velocity field into a contribution representing turbulent
velocity fluctuations, denoted by u, and a uniform steady shear flow U = (0, 0, Sx)

(assuming the coordinate system as from Fig. 5.1). The NS-equations then become
Dtu + Sx∂zu + Suez = −ρ−1

f ∇p + ν∇
2
u, and ∇ · u = 0 where Dt = ∂t + u · ∇

is the material derivative, u = (u, v, w) is the fluid velocity, S is the shear rate, ez is
the unit vector along the z−direction, p is the pressure, ρf the fluid density and ν is
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the kinematic viscosity of the fluid. A pseudo-spectral code is used on a cartesian grid
with periodic boundary conditions. The shear is implemented using the standard Rogallo
algorithm [Rog81] where the frame of reference deforms with the average shear to preserve
the periodic boundary conditions. The mesh deforms with a shear rate S and after a time
t = 1

S is remeshed.

Particle trajectories are computed via a Lagrangian approach based on the Maxey-
Riley equation [MR83] for spherical particles in low-Reynolds number flows. Particles are
treated as point-like with a particle-to-fluid density ratio ρp/ρf ≫ 1 (typically O(103)).
We ignore added mass effects, pressure gradient forces and the Basset history force. The
Maxey-Riley equation thus simplifies to Stokes-drag and gravity force only. By applying
the same decomposition as for the flow field we obtain

dup

dt
= Supez +

1

τp
(u − up) − gez,

dxp

dt
= up + Sxpez . (5.1)

Here, xp is the particle position, up = (up, vp, wp) is its velocity minus the contribution
by uniform shear (the full particle velocity is up + Sxpez) and u is the fluid velocity

at the particle position. Furthermore, τp =
2a2ρp

9νρf
is the particle response time, with

a the particle radius. Fluid velocities at particle positions are efficiently calculated via
a 6-th order B-spline interpolation method [vHtTBTC12] to achieve high accuracy for
both interpolated quantities as well as for their derivatives [vHtTBTC13, IVS+13]. Time
integration employs a second order Adams-Bashforth scheme.

5.3 Horizontal drift of inertial particles settling through

a vortical flow

In order to understand the horizontal drift of inertial particles in homogeneous shear
turbulence, we start by investigating a much more simplified and two-dimensional system.
In this system we consider a vortex (its center located at position (x, y) = (0, 0)), inertial
particles released at a certain position in the domain and gravity acting on these (settling)
particles. We will show that the presence of the vortex in combination with suitably
designed boundary conditions for the flow generates a vortex in an average (uniform)
shear flow. Inertial particles are released at a certain height, denoted by y = L, in
the domain (thus with minimum distance L to the vortex center); horizontally they are
homogeneously spread in the range −L ≤ x ≤ L and are initialized with their terminal
settling velocity Us = 2a2

9ν (
ρp

ρf
− 1)g ≈ τpg (as for heavy particles we have ρp ≫ ρf ).

When the particles reach the vertical location y = −L, thus about a distance L below
the vortex, we check for each of the particles their horizontal position and thus their
horizontal displacement with respect to the initial particle position. In this way we can
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quantify the influence of a single vortex on the horizontal displacement of heavy settling
particles (using the simplified Maxey-Riley equation).

As a model vortex we have chosen a Lamb (or sink) vortex [SB79, KvH91], which has
a smooth velocity profile and its vorticity field has only one sign (a so-called non-isolated
vortex). This is important as we want to investigate a system with a well-defined vorticity.
The Lamb vortex consists of a Gaussian vorticity patch and the equations of the vorticity
and velocity field are given by:

ω(r) = ω0 exp

[−r2

R2

]
,

vθ(r) =
R2ω0

2r

[
1 − exp

(−r2

R2

)]
, (5.2)

where ω0 is the maximum vorticity and R is the typical radius (where the vorticity is
reduced to e−1 of its value at the center). The circulation of the Lamb vortex is Γ =

πR2ω0. Because we aim at measuring horizontal displacements of settling inertial particles
we would like to eliminate horizontal velocities at the boundaries of the measurement
domain (x−direction [−L, L] and y−direction [−L, L]) to avoid any bias introduced by
the boundary conditions. This can be achieved by creating an infinite two-dimensional
array of Lamb vortices with same sign of vorticity ω0 in the y−direction and alternating
sign of vorticity in the x−direction. The nearest neighbour distance of the vortices is thus
2L, see Fig. 5.2. In this way it is also possible to create a background shear flow on top
of the array of Lamb vortices, see right panel of Fig. 5.2.

x
-2L -L 0 L 2L

y

-2L

-L

0

L

2L

x
-L -0.5L 0 0.5L L

v y

-0.4

-0.2

0

0.2

0.4

y=0

y=L

Figure 5.2: Setup for the study of the influence of a single vortex on settling and horizontal

drift of inertial particles. Left: streamlines of the flow, the square box in the centre shows

the actual measurement domain with the central Lamb vortex. The plus and minus signs
show the positions of all the vortices with their respective circulations. The setup is chosen

in order to cancel horizontal velocities at the boundaries of each square subdomain. Right:

vertical (or y−component of the) velocity at the top and at the centre of the domain.

To limit the computational resources needed we simulate the particle trajectories for
a configuration with the nine vortices shown in Fig. 5.2, thus the Lamb vortex located
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in the origin and the nearest and next-nearest neighbours. For the computation of the
particle trajectories we use equation (5.1) with S = 0 and a second-order Adams-Bashforth
scheme for the time integration (note that a mean shear flow is here taken into account
implicitly with the superposition of the Lamb vortices). The velocity field is calculated
by combining the flow field of the nine vortices and as the velocity field is analytically
available interpolation is not needed (in contrast with the turbulence simulations discussed
later on). For the purpose of simplicity all quantities of equation (5.2) have been made
dimensionless. Furthermore, we have chosen the strength ω0 = 1 and the radius R = 1

(without loss of generality). We have chosen L = 20 in order for the boundaries to be
far enough from the vortex. In Fig. 5.3 we show a typical example of particle trajectories
(for illustrative purposes) for τp = 1 and g = 0.25. From the left panel it is clear how
the vortex in the center affects the inertial particle trajectories. It suggests that there is
even an area that seems to be more or less depleted from inertial particles. From the
right figure we can also clearly see that on average there is a horizontal displacement of
the settling particles at y = −L due to the presence of the Lamb vortex. Although for
individual particles there might be a minor negative horizontal displacement (∆x < 0)
the average horizontal displacement, ∆x = 1

2L

´ L

−L
∆xdx, is positive.
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Figure 5.3: Inertial particles settling in a stationary velocity field consisting of single vortex

with positive circulation at the center of the domain and a mean shear. A Lamb vortex

is used as building block of the flow field, see discussion in the text and Fig. 5.2. The
particle parameters are τp = 1 and g = 0.25. Left: visualisation of the inertial particle

trajectories. Right: horizontal displacement ∆x between top (y = L = 20) and bottom

(y = −L = −20) as a function of the starting position x.

Besides this illustrative example to visualize the horizontal drift of settling inertial
particles in vortical flows with shear for a particular combination of τp and g we have
explored the (τp, g) parameter space in more detail, or more precisely the parameter space
set up by the Stokes number St and the (inverse) Froude number Fr. The Stokes number
is defined as the ratio of the particle relaxation time τp and the typical flow time scale,
here ω−1

0 , or St = τpω0. The Froude number is the ratio of the fluid velocity ω0R and
the terminal settling velocity τpg of the inertial particle, thus Fr = ω0R

τpg . (Note that
with R = 1 and ω0 = 1 we obtain St = τp and Fr−1 = τpg.) The average horizontal
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drift velocities Udrift = τpg∆x/R for different St and Fr−1 are shown in Fig. 5.4. A
resolution check has been carried out by doubling the time resolution in the simulation
and also the number of particles has been doubled in order to check whether the errors
stay within a predefined tolerance level of 5%. Note that in Fig. 5.4 the region with
approximately Fr−1St > 2.5 has been left out in the regime diagram. For these values
of Fr and St it is assumed that the computations provide unreliable results due to the
fact the domain is not big enough.

Figure 5.4: The St − Fr regime diagram of the average horizontal drift velocity Udrift =

τpg∆x/R. Results are shown for different St = τpω0 and Fr−1 =
τpg
ω0R values. For

each value of St and Fr−1 the average horizontal displacement is computed according

to ∆x = 1
2L

´ L

−L
∆xdx, see Fig 5.3.

From Fig. 5.4 one can learn that particles with high St and high Fr are affected most
strongly and obtain a positive average horizontal drift velocity. Remarkably, we did not
observe negative average horizontal drift velocities for any of the (St, Fr−1) combinations
used in our regime diagram exploration, though we obtained small values for Udrift for
high Fr−1. In this simple setup Fr−1 is the most important factor although decreasing
St while keeping Fr−1 constant also shows a decrease in the average horizontal drift
velocity of settling inertial particles. Note, however, that for St → 0 we approach the
passive particle regime, thus Udrift → 0. In the next section we will compare the present
observations from our simplified toy model with results from the case with settling of
inertial particles in homogeneous shear turbulence.

5.4 Inertial particles in HST

The two parameters controlling HST flow are the Taylor-Reynolds number,

Reλ = u2
rms

√
15/(νǫ),
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Domain size Grid points S∗ urms ν ǫ η Reλ

HIT (2π)3 2563 0 1.4 0.005 1.0 0.019 105
HST (2π)2 × 4π 2562 × 512 -7.1 0.97 0.005 0.40 0.024 80

Table 5.1: Flow characteristics for the DNS of HIT (top row) and HST (bottom row),

with S∗ the dimensionless shear rate, urms the root mean square velocity of the turbulent

flow, ν the kinematic viscosity, ǫ the dissipation rate, η the Kolmogorov length scale, and
Reλ the Taylor-based Reynolds number. All parameters are in dimensionless units.

and the dimensionless shear strength, S∗ = u2
rms(3S/ǫ). Here, ǫ is the dissipation rate

and u2
rms = 1

3 (〈u2
x〉 + 〈u2

y〉 + 〈u2
z〉) is the mean-squared velocity of the turbulent flow

and 〈· · ·〉 denotes the spatial and time average of the quantity of interest (relevant
flow characteristics are reported in Table 5.1). The Kolmogorov scale is η = 0.019

and η = 0.024 for HIT and HST, respectively. This corresponds to kmaxη = 1.7 and
kmaxη = 2.0, ensuring sufficient resolution at small scales. We have introduced different
types of particles in the flow, each type, denoted by P , consist of 105 inertial particles
with the same physical properties. Typical particle dispersion over time, with the inertial
particles released at t = 0 and initially homogeneously distributed over the domain, are
shown in Fig 5.5. Quite remarkably, besides settling itself, particles show horizontal
drift in both directions depending on the properties of the inertial particles, quantified
by St = τp/τη, with τη the Kolmogorov time scale, and on gravity, which we quantify
by the inverse Froude number: Fr−1 =

τpg
urms

. These scatter plots were measured for
St = 3.2 and three values of the inverse Froude number: Fr−1 = 0.17, 1.4 and 5.5, thus
representing increased settling velocities compared to urms of the turbulent flow. Small
settling velocities resulted in minor horizontal drift. For the highest settling velocities
the scatter plot indicates negative horizontal drift and for the intermediate value of the
settling velocity a positive horizontal drift has been observed.

The velocity of a particle can be decomposed into its terminal settling velocity and
supplementary contributions in the horizontal and vertical directions,

(up,x, up,z) = (up,hd, −τpg − up,es) , (5.3)

with up,hd the horizontal velocity of each individual particle and up,es the additional
settling velocity on top of the terminal settling velocity of each individual particle. First
we considered the enhanced settling velocity, see Fig. 5.6. The enhanced settling velocity
is given by Ues = 〈up,es〉P = − 〈up,z〉P − τpg, where 〈· · ·〉P denotes an average over the
inertial particles belonging to one particular family P and over time. The left panel shows
the enhanced settling velocity for inertial particles in HIT and the right panel those for
HST. In case of HST there is a peak in the enhanced settling velocity, comparable with
the results of HIT. Some minor changes can be observed as the maximum of enhanced
settling Ues of inertial particles is around St ≈ 1.5 and Fr−1 ≈ 0.5 for HIT and around
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Figure 5.5: Scatter plots of inertial particle dispersion in HST with St = 3.2, for different

values of Fr−1. The particle position is plotted relative to its starting point at t = 0.

When looking at the centre of the cloud over time, a horizontal drift can be observed.

Top left: terminal settling velocity τpg ≪ urms (Fr−1 = 0.17), showing a negligible drift.
Top right: τpg ≈ urms (Fr−1 = 1.4), showing a positive drift. Bottom: τpg ≫ urms

(Fr−1 = 5.5), showing a negative drift.

St ≈ 1.0 and Fr1 ≈ 0.7 for HST.

Next, we investigated the averaged horizontal drift velocity Uhd = 〈up,hd〉P (see Fig.
5.7), where we can see two different regimes. First, for low values of Fr−1 and for
St ≈ 4 a positive drift velocity occurs, like in the case of a single vortex discussed earlier.
Second, for higher values of Fr−1 (and St ≈ 3) a negative drift velocity is measured. This
behaviour has not been encountered in the case of our model experiment with a single
vortex. By comparing the HST panels of Figs. 5.6 and 5.7 we can conclude that maximum
settling and maximum (positive) drift of inertial particles occur at similar Froude numbers,
but they occur at different Stokes numbers, St ≈ 1 for enhanced settling and St ≈ 4 for
horizontal drift (but still with appreciable enhanced settling). In the case of small Froude
numbers, thus for Fr−1 ≫ 1, we enter in the white noise regime [GVM14]. The mean
settling velocity of the inertial particle is much larger than the urms of the turbulent flow.
Therefore, the flow as encountered by this particle can be seen as white noise and analysis
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Figure 5.6: The diagram for the normalized enhanced settling velocity Ues/urms of inertial

particles as function of St and Fr−1. The increase in vertical particle velocity due to

turbulence is well visible. Left panel: HIT; Right panel: HST.

of the horizontal drift can not be explained with the interpretation based on the trajectory
of an inertial particle passing a few vortical structures (like the cartoons shown in Fig.
5.1). This also explains why it is too ambitious to find the regime with negative drift
velocity in the case of a single vortex as discussed in the previous Section.

Figure 5.7: The (Fr−1, St) regime diagram for the horizontal drift velocity and the

velocity correlations of inertial particles in HST. The statistics is based on averaging over

all inertial particles belonging to a particular family P and over time. Left: normalized

horizontal drift velocity Uhd/urms with the clearly visible local extrema. Right: The
normalized difference in velocity correlations (〈uxuz〉 − 〈uxuz〉P)/〈uxuz〉.

We now apply a statistical approach to explain the observed negative horizontal drift
velocity in the low-Fr number regime. Due to the shear the statistical properties of the
turbulent velocity fluctuations are anisotropic and the velocity components ux and uz of
the flow are correlated [RP88]. The cross-correlation coefficient for the horizontal and
vertical velocity fluctuations, defined as

cρ =
〈uxuz〉√
〈u2

x〉〈u2
z〉

, (5.4)

is in our simulations of HST comparable to those found by other investigators [Ala96],
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Figure 5.8: The regime diagram of the ratio R of the drift velocity divided by the vertical
enhanced settling velocity.

cρ = 0.42. When gravity is dominant (or Fr−1 ≫ 1, i.e. in the white-noise regime
[GVM14]) the particles are almost homogeneously distributed and 〈uxuz〉P ≈ 〈uxuz〉,
thus volume averaging and averaging of the fluid velocity over particle positions give
approximately the same result. This is confirmed by the right panel of Fig. 5.7 showing
(〈uxuz〉 − 〈uxuz〉P ) as function of St and Fr−1, especially for Fr−1 ≫ 1. As a next
step we need to interpret this correlation in terms of the inertial particle velocities. For
vertical enhanced settling, the additional settling velocity up,es of inertial particles (on top
of the terminal settling velocity, see Eq. (5.3)), needs to correlate with the downward flow
velocities at the particle positions. Thus 〈up,es〉P = −〈uz〉P which follows from a direct
time integration of the particle equation. Similarly, we find 〈up,hd〉P = 〈ux〉P . Thus for
Fr−1 ≫ 1 the preferential selection of downward flow velocities by the inertial particles
leads to a preferential selection of negative horizontal velocities, thus negative horizontal
drift of the particles.

This is verified by computing (for high Fr−1 and high St) the ratio of the hori-
zontal drift velocity and the enhanced settling velocity, R = −〈up,hd〉P /〈up,es〉P =

〈ux〉P/〈uz〉P ≈ 0.3, see Fig. 5.8. Suppose the particles select regions of the flow with
downward velocities (our assumption above). The expectation of ux, given a specific
value of Uz, is denoted by E(ux|uz = Uz) and an analytical expression can be found
provided ux and uz have a bivariate normal distribution with mean zero [BE92]:

E(ux|uz = Uz) = cρ

√
〈u2

x〉√
〈u2

z〉
Uz , (5.5)

with cρ defined in Eq. (5.4). Using the linearity in Uz we can derive 〈ux〉P = E(E(ux|uz =

Uz)) = cρ

√
〈u2

x〉/〈u2
z〉〈uz〉P . On the other hand the particles could select regions of the

flow with negative horizontal velocities and one could calculate the expectation of uz,
by this reasoning E(E(uz |ux = Ux)) = cρ

√
〈u2

z〉/〈u2
x〉〈ux〉P . Both approaches will give

different ratios R, namely 〈uxuz〉/〈u2
z〉 = 0.3 and 〈u2

x〉/〈uxuz〉 = 2.0, respectively. The
observed ratio from our DNS is R ≈ 0.3 and thus provides evidence that particles mainly
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select regions of the flow with downward velocities and as a consequence get a (negative)
horizontal velocity.

5.5 Conclusion

We investigated the settling of particles in HST in the regime where both shear, gravity
and turbulence play a role on particle or droplet transport. For low Fr−1 and high St

we observed a horizontal drift velocity for both the single vortex case and the homogen-
eous shear turbulence. This result could be explained via the mechanism of preferential
sweeping. In the case of homogeneous shear turbulence a second regime is observed for
high Fr−1 numbers. In this regime the particles have a horizontal drift velocity in the
opposite direction as seen for low Fr−1. This was not observed in the case of a single
vortex. The particle settling velocities are so high that the particles experience the flow
as random white noise and correlations of the fluid velocity components can be used to
predict the ratio of drift and enhanced settling velocities. The predicted ratio is found to
be consistent with DNS results.



Chapter 6

Settling particles in turbulence:

the role of hydrodynamic forces

While the Stokes drag and gravity force alone are usually sufficient to describe the beha-

vior of heavy particles in turbulence, in particular when the particle-to-fluid density ratio

ρp/ρf & 103. This is in general not the case for smaller particle-to-fluid density ratios

(ρp/ρf . 102). In that case the pressure gradient, added mass and Basset history force

also play an important role. In this study we focus on the understanding of the role of

these additional forces on the settling of particles in turbulence. In order to qualitatively

elucidate the complex dynamics of such particles in homogeneous isotropic turbulence,

we focus first on the case of a single vortex. After having understood this simplified case

we extended our analysis to homogeneous isotropic turbulence. Remarkably, we found

that the results for the single vortex can serve as an explanation of what is observed for

homogeneous and isotropic turbulence. In general we found that the pressure gradient

force leads to a decrease in the settling velocity. This can be qualitatively understood by

the fact that this force prevents the particles from sweeping out of vortices, a mechanism

that is the basis of preferential settling which causes enhanced settling. Additionally, we

found that the Basset history force has a more complex effect and that it can both increase

or decrease the enhanced settling, depending on the particle Stokes number. Paper in

preparation 1.

6.1 Introduction

Settling of particles occurs in many industrial and environmental systems. Industrial ex-
amples are ranging from spray painting, combustion engines and waste water treatment.
Environmental examples are, rain drops in clouds, sand particles in rivers and estuaries and

1Hinsberg, van, M.A.T., Clercx, H.J.H. & Toschi, F. Settling particles in turbulence: the role of
hydrodynamic forces. (in preparation)

69
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plankton in oceans. In these systems turbulence influences the particle dynamics [TB09].
For example, it is well known that homogeneous isotropic turbulence can enhance the
settling velocity of particles, as first shown by Wang and Maxey [WM93]. Many studies
[ACHL02, YL98, DH01, PAR+00] have been done numerically and experimentally to in-
vestigate this phenomenon. The mechanism proposed for explaining this is the preferential
sweeping effect [WM93]. By this reasoning particles are swept out of the vortices and
have a higher chance of ending up at the bottom due to the gravity force. By doing so,
particles encounter on average a downward velocity which leading to an enhanced settling
velocity.

Figure 6.1: Schematic picture of the trajectories of a settling particle in homogeneous

and isotropic turbulence. The blue and red circles represent, schematically, vortices with

positive and negative vorticity. Due to preferential sweeping particles can get an enhanced

settling velocity by preferentially selecting downward velocities.

Most numerical studies have only used Stokes drag and gravity. This combination of
forces is considered adequate when studying the behaviour of particles with a particle to
fluid density ratio above 103. On the other hand, for particles with density ratios of 102

or below, this combination of forces is not sufficient [ET92, AF01]. For the case of these
particles, more terms in the full Maxey-Riley equations need to be retained. These full
Maxey-Riley equations include pressure gradient, added mass and Basset history force.
The implementation of these forces makes the calculation more complex and computa-
tionally more expensive. Advances in hardware computing power and algorithms efficiency
make the additional computational cost associated to the evaluation of these forces more
acceptable compared to a decade ago [MCB15]. When the particle radius becomes of
the order of or bigger than 8η [CVL+12] (with η the smallest turbulent length scale,
the dissipative scale) even the Maxey-Riley equations are not sufficient anymore. In this
case one needs, in principle, to do fully resolved simulations where the boundary layer
around the particle is fully resolved. Although this is an accurate approach in this case
it is computational much more expensive than the point particle approach based on the
Maxey-Riley equations. Also the number of particles that can be simulated is greatly



6.2. EQUATIONS OF MOTION FOR FLUID AND INERTIAL PARTICLES 71

reduced when using fully resolved simulations. In our approach this is not the case and
large amount of particles can be simulated (typically in the order of 106). This is useful
in order to explore a large range of particle properties, yet with enough statistics for each
particle type.

First, we start by introducing the equations of motion for both the fluid and the inertial
particles. Second, we investigate a simplified system where inertial particles are settling in
a flow characterized by only one basic vortex. This represents a sort of "toy model" useful
to elucidate the main influences of the different forces, and serves as a building block
for the full system consisting of settling inertial particles in turbulence. Subsequently, we
discuss the influence of the Basset history force and of the pressure gradient force, in the
case of homogeneous isotropic turbulence. Finally we consider a non-linear drag force and
we investigate its influence. We conclude the chapter with a brief discussion of the main
results.

6.2 Equations of motion for fluid and inertial particles

We assume a very dilute dispersed phase with a small total particle volume fraction φ,
typically φ . 10−3. The particle size is assumed to be small, i.e. smaller than the smallest
length scales in the flow, the Kolmogorov scale η. Under these conditions we can use
one-way coupling; the particles are only influenced by the fluid, but they do not disturb
the fluid flow itself (and other particles as well). For the simulation of the flow we use an
Eulerian approach. The flow is computed using a standard pseudo-spectral code solving
the incompressible Navier-Stokes equations. The system has periodic boundary conditions
and it is forced by injecting energy on the largest scales (smallest wave numbers). The
forcing algorithm inserts energy at a constant rate, see also Lamorgese et al. [LCP05].

For the particle phase we use a Lagrangian approach. Particle trajectories in a Lag-
rangian frame of reference satisfy

dxp(t)

dt
= up(t), (6.1)

with xp(t) the particle position and up(t) its velocity. According to Maxey and Riley
[MR83] the equation of motion for an isolated rigid spherical particle in a nonuniform
velocity field u is given by

mp
dup

dt
= 6πaµ (u − up) + mf

Du

Dt
− (mp − mf )gez

+
1

2
mf

(
Du

Dt
− dup

dt

)
+ 3
√

3µamf

ˆ t

−∞

du(τ)/dτ − dup(τ)/dτ√
t − τ

dτ

= FSt + FP + FG + FAM + FB. (6.2)

The equation of motion includes time derivatives of the form d/dt taken along the particle
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path and the derivatives of the form D/Dt taken along the path of a fluid element. The
particle mass is given by mp, a is the radius of the particle, µ = ρf ν is the dynamic
viscosity, ρf and ν are the density of the fluid and its kinematic viscosity, mf is the mass
of the fluid element with a volume equal to that of the particle and ez is the unit vector
in the opposite direction of the gravitational force. The forces in the right-hand side of
this equation denote, respectively, the Stokes drag, local pressure gradient force (over the
particle diameter) in the undisturbed fluid, gravitational force, added mass force and the
Basset history force.

Eq. (6.2) is valid when a ≪ η, although adding Faxén correction [Gat83] can weaken
this condition. As in this study we did not consider Faxén corrections, we will limit
ourselves to small η. Furthermore, the particle Reynolds number must also be small
(Rep ≪ 1), as are the velocity gradients around the particle. When Rep becomes larger
other non-linear effects are going to play a role, like non-linear Stokes drag. We will
investigate this further in section 6.5.

We rewrite equation (6.2) as follows,

dup

dt
=

1

τp
(u − up) +

1

Rρ

Du

Dt
−
(

1 − 1

Rρ

)
gez

+
1

2Rρ

(
Du

Dt
− dup

dt

)
+

3√
2πτpRρ

ˆ t

−∞

du(τ)/dτ − dup(τ)/dτ√
t − τ

dτ. (6.3)

Here τp =
mp

6πaµ is the particle response time and Rρ =
ρp

ρf
the particle to fluid density

ratio. This equation can be rewritten by splitting up the added mass term in the following
way,

dup

dt
=

u − up

τ∗
p

+ β
Du

Dt
− (1 − β) gez +

√
3β

πτ∗
p

ˆ t

−∞

du(τ)/dτ − dup(τ)/dτ√
t − τ

dτ

= F∗
St + F∗

P + F∗
G + F∗

B, (6.4)

where

τ∗
p =

(
1 +

1

2Rρ

)
τp =

3

3 − β
τp,

β =
3

2Rρ + 1
. (6.5)

The relation between β and Rρ is also shown in table 6.1. If the particle density is much
higher than the fluid density, lim Rρ → ∞, equation (6.4) simplifies to only Stokes drag
and gravity force. In this case τ∗

p = τp and β = 0. Decreasing the density ratio the
first term that becomes important is the Basset history force, while this force scales with
the square root of β. The importance of the Basset history force for inertial particles
in homogeneous isotropic turbulence has already been shown by several studies [DT11,
OPS+14]. When decreasing the density ratio even further, the pressure gradient also
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Table 6.1: Conversion between density ratio Rρ and β, see also Equation (6.5). The
list includes the three standard cases where the particle density is much higher than the

fluid, where they are equal and where the fluid density is much higher than the one of the

particles.

Rρ β

∞ 0
1000 0.0015
100 0.0149
10 0.1429
2 0.6

1.2 0.8824
1 1
0 3

becomes important.
In order to get accurate statistics in an efficient way the right choice of the computa-

tional methods is crucial. To calculate forces like the added mass and the Basset history
force, also the material derivative needs to be calculated which calls for a highly accurate
interpolation methods. The fluid velocity at the particle centre is efficiently calculated by
using the 6-th order B-spline interpolation method. This provides high accuracy for both
the interpolated quantity as well as for its derivatives [vHtTBTC12, vHtTBTC13, IVS+13].
Next the material derivative is calculated using these derivatives and with the method de-
scribed by van Hinsberg et al [vHtTBTC12]. From a historical perspective the calculation
of the Basset history force is very time consuming, because the total history of the particle
trajectory needs to be considered. This problem is addressed by using exponential function
for the tail of the Basset history force [vHtTBC11], in this way only a limited number of
time steps need to be taken into account, reducing the total computation time of this
force by more than an order of magnitude. Improving the accuracy of the numerical cal-
culation of the Basset history force has been an active field of research in the last decade
[BGN08, DL07, Dai13, vHtTBC11]. A recent review paper [MCB15] concludes that the
method by van Hinsberg et al [vHtTBC11] gives the best balance between computing time
and accuracy. The combination of these methods allows us to calculate high amounts
of particle trajectories with high accuracy and efficiency. The high number of particles
(typically in the order of millions) are needed in order to cover the parameter range and
get well converged statistics.

6.3 Inertial particles settling through a vortical flow

In order to understand the influence of the different forces on the settling of iner-
tial particles in homogeneous shear turbulence, we start by investigating a simple two-
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dimensional system. In this system we consider a single vortex, centered at position
(x, y) = (0, 0), inertial particles released at a certain position in the domain and gravity
acting on these (settling) particles. Inertial particles are released at time t = 0 at a certain
height, y = L, in the domain (thus with a minimum distance L to the vortex center);
horizontally they are homogeneously spread in the range −L ≤ x ≤ L and are initialized
with their terminal settling velocity

Us = τ∗
p (1 − β)g. (6.6)

When the particles reach the vertical location y = −3L, thus about a distance 3L below
the vortex, we check for each of the particles the final time tf . This time is compared
with the time for particles settling with the terminal velocity and the remaining is denoted
as ∆t, so

∆t = tf − 4L/Us. (6.7)

By using different combinations of particle forces, we can get a qualitative understanding
of the influence of the different forces on particle settling in the vicinity of a single vortex.

In order to keep the vortex more local a shielded vortex is chosen with a smooth velocity
profile. Because the vortex is shielded it has positive and negative vorticity; in the middle
a patch of positive vorticity surrounded by a ring of negative vorticity. Although there
are multiple possibilities for a smooth shielded vortex, we have chosen one of the simpler
cases. While the exact quantitative results will depend on the choice of the vortex, this
is not expected for the qualitative results we are interested in. The velocity field of the
vortex used in this study is given by:

vθ(r) = ω0r

[
exp

(−r2

R2

)]
, (6.8)

where 2ω0 is the maximum vorticity and R is the typical radius. For the setup see Figure
6.2.

In order to fully characterise the particles in the system we need three dimensionless
parameters. We use the Rρ or β and

St∗ =
τ∗

p

τ
,

Fr−1,∗ =
Us

U
=

τ∗
p (1 − β)g

U
. (6.9)

For the Stokes number St∗, the particle response time τ∗
p is compared with a typical time

scale τ of the flow. For the inverse Froude number Fr−1,∗ the settling velocity Us is
compared with a typical velocity of the flow U .
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Figure 6.2: Setup for the study of the influence of different hydrodynamic forces on the
settling of inertial particles in the vicinity of a single isolated vortex. Left: schematic

setup of the flow, where at the origin a single vortex is placed. The particles start with

their terminal velocity on the top of the domain. In order to make sure that the particles

are also in a force equilibrium when leaving the domain, the domain is made longer in the

y direction. Right: tangential velocity as a function of the distance r to the centre of the
vortex with ω0 = 1 and R = 1, see Equation (6.8).

We start with investigating the case of Rρ = ∞ or β = 0. In this case τ∗
p = τp and

St = St∗(β = 0) =
τp

τ
,

Fr−1 = Fr−1,∗(β = 0) =
Us(β = 0)

U
=

τpg

U
. (6.10)

Furthermore, the particles are fully characterized by only two dimensionless parameters,
namely St and Fr−1 and the particle equations reduce to only Stokes and gravity. For
the characteristic time and velocity scale we use τ = 1/ω0 and U = Rω0, respectively.
During the computation we use the following parameters, ω0 = 1, R = 1 and L = 5.
In Figure 6.3 we show the results for St = 0.5 and Fr−1 = 0.2. From which we can
learn that most of the trajectories result in a negative ∆t, in agreement with the standard
idea of preferential settling. Additionally, there is a stagnation point on the left of the
vortex resulting in some particle trajectories giving a positive ∆t. If one would average ∆t

over the different particles (integrate ∆t in the right Figure 6.3) it is not clear from the
figure if the result would be positive or negative while we observe an asymptote due to
the stagnation point. Although we could investigate the influence of this stagnation point
it is not relevant when comparing it to the case of homogeneous isotropic turbulence. In
the case of homogeneous isotropic turbulence where a stagnation point could only survive
for a limited amount of time as the flow is changing continuously. Therefore, we only
consider a qualitative discussion of the results of settling particles affected by a single
vortex. Nonetheless, qualitative results can still give meaningful insight on the effect of
the different forces on particle dynamics.

To investigate the influence of the different forces, we consider an extreme case:
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Figure 6.3: Inertial particles with β = 0 settling in a stationary velocity field consisting of

a single vortex with positive circulation at the center. The setup can be found in Figure

6.2. The particle parameters are St = 0.5 and Fr−1 = 0.2. Left: visualisation of the

inertial particle trajectories. Right: difference in time ∆t (plotted as a function of the
starting position x) between actual settling time compared with the terminal settling time.

Rρ = 1.2 with St∗ = 2 and Fr−1,∗ = 0.4. Note that the radius of the particle is
not allowed to become too large as it should be smaller than the smallest length scale
(in the single vortex case we only have R as a length scale). Figure 6.4 shows the
particle trajectories when all the forces are included. Furthermore the figure shows ∆t

(see equation (6.7)) for different combinations of forces. From the trajectories it can be
observed that some particles can end up in stable trajectories around the centre of the
vortex. This cannot be observed when only using Stokes and gravity. When adding the
pressure gradient this behaviour is visible; the pressure gradient is directed to the centre
of the vortex where the pressure is lowest, making a stable orbit possible. The Basset
history force, on the other hand, decreases the chance of particles ending up inside the
vortex.

To conclude, we have seen that for heavy particles, with β = 0, we find an enhanced
settling for most of the trajectories. Increasing β shows that this behaviour can be either
decreased or increased by the other forces. The pressure gradient keeps the particles
longer inside the vortex (decreasing the settling velocity) while the Basset history force
can decrease this behaviour (increase the settling velocity). In the next section we will
compare the present observations from our simplified toy model with results from the case
of settling particles in homogeneous isotropic turbulence.

6.4 Inertial particles in homogeneous and isotropic tur-

bulence

The most important parameter controlling homogeneous isotropic turbulence is the Taylor-
Reynolds number, defined as Reλ = u2

rms

√
15/(νǫ). Here ǫ is the dissipation rate and

u2
rms = 1

3 (〈u2
x〉 + 〈u2

y〉 + 〈u2
z〉) is the root-mean-squared velocity of the turbulent flow
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Figure 6.4: Inertial particles with Rρ = 1.2 settling in a stationary velocity field (see

equation (6.2)) consisting of single vortex with positive circulation at the center. The

particle parameters are St∗ = 2 and Fr−1,∗ = 0.4. Left: visualisation of inertial particle

trajectories. Right: ∆t as a function of the starting position x when different combinations
of forces are included.

Table 6.2: Flow characteristics for the DNS of homogeneous isotropic turbulence, with
urms the root mean square velocity of the turbulent flow, ν the kinematic viscosity, ǫ the

dissipation rate, η the Kolmogorov length scale, τη the Kolmogorov time scale, and Reλ

the Taylor-based Reynolds number.

Domain size Grid points urms ν ǫ η τη Reλ

(2π)3 2563 1.4 0.005 1 0.019 0.072 103

and 〈· · ·〉 denotes the spatial and time average (all flow characteristics are represented in
Table 6.2). The Kolmogorov length is η = (ν3/ǫ)1/4 = 0.019 which leads to kmaxη = 1.7,
ensuring sufficient resolution at small scales. Furthermore, we have put several different
types of particles in the flow. Each type, denoted by P , consist of 5120 inertial particles
with the same physical properties. In order to get sufficient statistics, we simulated the
flow with particles for 1000 large eddy turnover times and started measuring the statistics
after 100 large eddy turnover times in order to discard the startup phase of the flow. In
order to define St∗ and Fr−1,∗ in equation (6.9) and (6.10) we need a typical time and
velocity scale. We will use τη and urms, respectively, were τη is the Kolmogorov time
scale defined as τη =

√
ν/ǫ.

We start again with investigating the case where Rρ = ∞ or β = 0. We measure the
enhanced settling velocity Ues, defined as

Ues = 〈−up,z〉P − Us. (6.11)

Here up,z is the particle velocity in z direction, Us is defined in Equation (6.6) and 〈· · ·〉P
denotes an average over the inertial particles belonging to one particular type P and over
time. In the left part of Figure 6.5 the enhanced settling velocity relative to urms is shown
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as a function of St and Fr−1. Around St ≈ 1.5 and Fr−1 ≈ 0.5 we see a maximum in
the enhanced settling velocity. In the left part of Figure 6.6 we show the same data but
now the relative enhanced settling velocity Ues/Us.

Figure 6.5: The normalized enhanced settling velocity Ues/urms of inertial particles as a

function of St∗ and Fr−1,∗. Two density ratios are shown, left Rρ = ∞ (i.e. β = 0) and

right Rρ = 10. As β = 0, on the left side we can use St and Fr−1. For Rρ = 10 not
all Stokes numbers can be simulated while the particle radius becomes bigger than the

smallest length scale in the flow a > η.

Figure 6.6: The relative enhanced settling velocity Ues/Us, In this figure the same data

as in Figure 6.5 is used.

Next we decrease the density ratio to Rρ = 10 see right side Figures of 6.5 and 6.6.
Note that we have to make sure that a < η, calculating a/(η) gives

a

η
= 3

√
St∗

1 + 2Rρ
. (6.12)

So in order to maintain a/η small enough, when decreasing Rρ, we also need to decrease
the maximum value of St∗ (see Figures 6.5 and 6.6). From Figures 6.5 and 6.6, one can
observe that the enhanced settling velocity is decreased for Rρ = 10. In order to get a
better view on the effect of decreasing Rρ we take a horizontal and vertical cut of Figure
6.6, shown by Figure 6.7.
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From Figure 6.7 we can clearly see that the enhanced settling is reduced when lowering
Rρ. This is in agreement with the results for the single vortex where we saw that the
pressure gradient keeps the particles longer inside the vortices. To investigate this further
we look at the influence of the different forces, see Figure 6.8.

10
-1

10
0 4

St∗

0.05

0.1

0.15

0.2

0.25

0.3

0.35

U
es
/
U

s

St+G

St+G+Press

St+G+Basset

St+G+P+B

10
-1

10
0 4

St∗

0.05

0.1

0.15

0.2

0.25

0.3

0.35

U
es
/
U

s

St+G

St+G+Press

St+G+Basset

St+G+P+B

Figure 6.8: Relative enhanced settling velocity is shown as a function of St∗ with Fr−1,∗ =

0.4 (horizontal cut of Figure 6.6). The different lines correspond to different combinations

of forces, in order to investigate the influence of these forces. Two different density ratios

are used (left Rρ = 100 and right Rρ = 10).

With Figure 6.8 we investigate the influence of the different forces for Rρ = 100

and Rρ = 10. In the case where Rρ = 100 the Basset history force is much more
important than the pressure gradient term. As explained before we expected this from
the equations of motion; the Basset force scales with

√
β and the pressure gradient term

with β. Furthermore, the Basset history force can both increase and decrease the enhanced
settling velocity, depending on the value of the Stokes number. In the setup of a single
vortex we already saw that the Basset history force can increase the enhanced settling
velocity but now we see that it also can be decreased. As expected for Rρ = 10, the
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pressure gradient becomes more important. The pressure gradient decreases the enhanced
settling velocity, as it forces particles toward the centre of a vortex, keeping them there
for a longer time.

6.5 The influence of the non-linear drag force

In order for Equation (6.4) to hold the particle Reynolds number needs to be small enough.
If the particle Reynolds number becomes order one also non-linear effects become import-
ant. In this section we are going to investigate the influence of the non-linear drag force.
In order to investigate this behaviour we use the following equation of motion for the
particles:

dup

dt
= f

u − up

τ∗
p

+ β
Du

Dt
− (1 − β) gez +

√
3β

πτ∗
p

ˆ t

−∞

du(τ)/dτ − dup(τ)/dτ√
t − τ

dτ,

where the factor f is included to account for nonlinear drag effects. Several empirical
drag laws are available in the literature, among those the nonlinear drag law proposed by
Schiller & Neumann [CGW78]:

f = 1 + 0.15Re0.687 (6.13)

which is appropriate for particle Reynolds numbers up to 800 [CST98]. We will use
equation (6.13) if we refer to the case of non-linear drag and f = 1 in case of linear
drag. Note that by introducing the non-linear drag the terminal velocity also changes,
therefore we introduce Ut as the actual terminal velocity (used for the relative enhanced
settling velocity) while we keep the definition of Us the same as equation (6.6) (used for
the definition of St∗ and Fr−1,∗). So, in case of non-linear drag, Ut can be calculated
by solving the equation:

(
1 + 0.15

(
2a

ν
Ut

)0.687
)

Ut = τ∗
p (1 − β) g, (6.14)

and in the case of linear drag Ut = Us because f = 1. Because of this we start by
investigating the case of Rρ = 100 and not Rρ = ∞, see Figure 6.9.

From Figure 6.9 we can observe that the relative enhanced settling velocity has not
changed much by introducing the non-linear drag force. In absolute terms the enhanced
settling velocity has decreased significantly due to the non-linear drag force, hence f > 1.
In Figure 6.10 we show a horizontal and vertical cut of Figure 6.9. The most striking
difference is observed for high gravity, Fr−1,∗ ≈ 2 and low density ratios, Rρ ≈ 1.2.
A plausible explanation for this sudden increase in the enhanced settling velocity could
be the fact how St and Fr−1,∗ are defined. These dimensionless parameters are not
defined considering f 6= 1 as is the case with non-linear Stokes drag, the combination of
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Figure 6.9: Relative enhanced settling velocity Ues/Ut. Both plots are taken with Rρ =
100 and as function of St∗ and Fr−1,∗. Left side: linear Stokes drag, right side: non-

linear Stokes drag. Although the differences in the relative settling velocity between the

plots are small, the settling velocity itself changes more drastically while Ut is changed.

parameters would influence the results. Unfortunately there is no obvious way to make
the definition of the dimensionless parameters with non-linear drag while Rep is place and
time dependant. The combination of parameters needed to observe this behaviour can
be achieved by using high g, for example in a centrifuge or on an other planet. Another
way to achieve this is by increasing the system size and at the same time decreasing the
root mean squared velocity. In this last case ǫ would decrease. While these systems are
all physically possible they are not common in nature for small Rρ.

Concluding, although the influence of the non-linear drag on the absolute value of
the settling velocity is substantial, on the relative enhanced settling velocity it is small.
Furthermore, there are some special cases where the change in the enhanced settling
velocity can be substantial but these have a combination of parameters which are not
common in nature.

6.6 Conclusion

We investigated the influence of different forces acting on settling particles in homo-
geneous and isotropic turbulence. We showed that the Maxey-Riley equations can be
rewritten in a form where we have only Stokes drag, pressure gradient, gravity and Basset
history force. The relative influence of pressure gradient and the Basset history force be-
come more important when decreasing the particle to fluid density ratio Rρ. Besides this
there are several observations made with respect to the influence of different forces on
the settling velocity in the case of homogeneous isotropic turbulence. First, for Rρ = 100

the Basset history force is much more important than the pressure gradient. The Basset
history force increases the enhanced settling velocity for high Stokes numbers but de-
creases it for low. Second, the pressure gradient only decreases the settling velocity by
keeping the particles longer inside the vortices, as illustrated by the single vortex case.
The decrease is mostly observed for Rρ = 10 and lower. Finally, although the non-linear
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Figure 6.10: Relative enhanced settling velocity for different density ratios, with and
without non linear drag force. The solid lines are obtained excluding the non-linear drag

while the dashed lines include the non-linear drag. For Rρ = ∞ the dashed and solid

lines are exactly the same. Left panel: as a function of St∗ with Fr−1,∗ = 0.4 (horizontal

cut of Figure 6.9). Right panel: as a function of Fr−1,∗ with St∗ = 0.3 (vertical cut of
Figure 6.9)

drag force is important for the absolute value of the settling velocity, it is less important
for the relative enhanced settling velocity.



Chapter 7

Conclusions

In this thesis, we employed and executed novel algorithms in order to understand the

dynamics of particles settling in turbulent flows. Significant progress has been made in

both the optimization of algorithms to simulate particles in turbulence, as well as in the

physical understanding of the dynamics of particles settling in turbulent flows.

7.1 Implementation and optimization of algoritms

There are several complex and time consuming steps in the computation of particle tra-
jectories. From a historical point of view, the Basset history force has been regarded as
one of the main bottlenecks in computing particle trajectories. This difficulty has been
overcome by using the method proposed by van Hinsberg et al [vHtTBC11]. We have
than focussed on the interpolation, as this is the new bottleneck for what concerns accur-
acy and efficiency of our computation. By introducing a new B-spline method, significant
progress has been made for accuracy and speed.

In chapter 2 we introduced a general framework for interpolation methods on a rect-
angular grid. Making use of this framework an algorithm is proposed for fast evaluation
of the interpolation in three dimensions. It is shown that the computation time needed
for this algorithm is close to a theoretical lower bound. Furthermore, a spectral theory
about these interpolation methods is presented by which a novel B-spline based interpol-
ation method is introduced for application in conjunction with spectral codes. Finally,
the interpolation methods for spectral codes are compared. The B-spline based inter-
polation method has several advantages compared with traditional methods. The order
of continuity of the interpolated field is higher than that of Hermite interpolation and
the other methods investigated. Second, only one FFT needs to be done where Hermite
interpolation needs multiple FFTs for computing the derivatives. Third, the interpolation
error matches almost the one of Hermite interpolations an accuracy that is not reached by
the other methods investigated. The proposed B-spline interpolation is thus the preferred
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candidate for particle tracking algorithms applied to turbulent flow simulations.
In chapter 3 we continued investigating interpolation methods but focussed on errors

and practical consequences for particle tracking. We introduced different practical meth-
ods to compute the error in the interpolation of the fluid velocity. These methods are
validated by means of turbulent simulations and it is shown that they give accurate results.
Furthermore we show the effect of the interpolation on both errors of particle positions
and on the acceleration spectrum, these results are in agreement with the predictions of
the theory. Finally, we could provide a prediction for the optimal order of the different
interpolation methods as a function of kmaxη. In order to investigate the behavior of
almost neutrally buoyant particles also derivatives of the flow field need to be accurately
resolved, this implying values of kmaxη around 3 or higher. At these values of kmaxη, B-
spline interpolation performs much better than the other interpolation methods, implying
less computational overhead.

In chapter 4 we focus on the implementation, validation and optimization of a pseudo-
spectral code for the simulation of homogeneous shear turbulence. Both, the computation
of the flow field and the particle equations need to be changed in the presence of shear.
This is efficiently done by using the Rogallo algorithm [Rog81], where the frame of refer-
ence moves with mean shear flow. The code has been validated using multiple methods to
make sure that the many additional terms due to shear have been implemented correctly.
Finally we showed that the code scales well up to (at least) 1024 cores.

7.2 Settling of particles in turbulence

Using the methods so far developed we can efficiently and accurately study the dynamics
of particles settling in turbulence. The settling of particles is a complex field of study
where different phenomena like background shear and extra forces acting on the particles
can play an important role. For example, a new phenomenon has been observed where
the particles encounter a net drift perpendicular to gravity.

In chapter 5 we investigated the settling of particles in homogeneous shear turbu-
lence for which this drift of the particles occurs. All three ingredients: shear, gravity and
turbulence are needed in order to generate this mean drift. For low Fr−1 and high St

we observed a horizontal drift velocity for both the single vortex case and the homogen-
eous shear turbulence. This result could be explained via the mechanism of preferential
sweeping. In the case of homogeneous shear turbulence a second regime is observed for
high Fr−1 numbers. In this regime the particles have a horizontal drift velocity in the
opposite direction as seen for low Fr−1. This was not observed in the case of a single
vortex. The particle settling velocities are so high that the particles experience the flow
as random white noise and correlations of the fluid velocity components can be used to
predict the ratio of drift and enhanced settling velocities. The predicted ratio is found to
be consistent with DNS results.

In chapter 6 we investigated the influence of different forces acting on the settling
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particles in homogeneous and isotropic turbulence. We showed that the Maxey-Riley
equations can be rewritten in a form where we have only Stokes drag, pressure gradient,
gravity and the Basset history force. The relative influence of pressure gradient and of
the Basset history force becomes more important when decreasing the particle to fluid
density ratio Rρ. For Rρ = 100 the Basset history force is much more important than the
pressure gradient. The Basset history force increases the enhanced settling velocity for
high Stokes numbers but decreases it for low Stokes numbers. Furthermore, the pressure
gradient only decreases the settling velocity by keeping the particles longer inside the
vortices as shown by the single vortex case. The decrease becomes more significant for
Rρ = 10 and lower.

Preferential sweeping plays an important role in particles settling in turbulence. This
mechanism not only explains the enhanced settling velocity in homogeneous isotropic
turbulence for heavy particles but it can also explain the main results from chapter 5 and
6. The most simple system that includes this phenomenon of preferential sweeping is
the case where particles fall through a vortical flow, used in both chapters. Even this
simple model already gives meaningful insight and predictions for the dynamics of the
more complex and complete systems. Because preferential sweeping explains and predicts
the results so well, it can be concluded that preferential sweeping is the leading mechanism
for particles settling in turbulent flow.

7.3 Recommendations

Based on the conclusions and experience that I gained during my study on particles in
turbulence, I have the following recommendations for further studies:

• With the optimizations on the code we have been able to efficiently generate large
amounts of data about particles in turbulence. The Lagrangian data from the
particle trajectories in the simulations for homogeneous shear turbulence (Ch. 5)
and the investigations where several of the hydrodynamic forces have been included
in the Maxey-Riley equation (Ch. 6) can be used in order to get further insight
in particle dynamics. This data can, for example, be used to generate two-particle
statistics. These two-particle statistics are needed to compute the collision kernel
which predicts collision rates. From the data, the collision kernel between same size
particles can be computed as well as between particles with different sizes. Later
the collision kernel can be used in large eddy simulations to predict the number of
collisions while these simulation have too little resolution to resolve the smallest
length and time scales of turbulence, needed for accurate predictions of collisions
between individual particles.

• The horizontal drift due to symmetry breaking of the vorticity field is a new phe-
nomenon and more research is needed in order to fully investigate its importance
in different applications, for example on the edge of a cloud where a vertical shear
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layer is present. A model based on the results in chapter 4 can be made which
can be implemented in large eddy simulations on clouds. Besides using the results
to increase accuracy in large eddy simulations, one could also make a comparison
between the results from large eddy simulations and direct numerical simulation
(where the smallest time and length scales are resolved). The advantage of this
approach is that one can pin point the bottleneck in large eddy simulations with
regards to accuracy. After this, with direct numerical simulations better models can
be made to solve this bottleneck.

• When increasing the particle radius or increasing its velocity, at some point the
Maxey-Riley equations will break down, as they are derived in the limit of small
particles with small differences between flow and particle velocity. Different correc-
tions, like the Faxén corrections [Fax23] have been made to stretch the range of
particle diameters that can be approximated by the point-particle approach. Un-
fortunately more research is needed in order to understand which corrections are
most accurate for which circumstances and their accuracy. This problem can be
solved by making a comparison between a Lagrangian approach with the Maxey-
Riley equations and fully resolved simulation (taking into account the finite volume
of the particles) where the turbulent boundary layers of particles are fully resolved.



Appendix A

Overview of flags in

pseudo-spectral code

In this appendix we show the flags used in the particle part of the pseudo-spectral code
developed by Federico Toschi. These flags control which parts of the code are activated
during compilation, they are used in the file CMakeLists.mine. The flags are build in a tree
like structure in order to easily understand their meaning and origin. Figure A.1 shows
this tree like structure of the flags and shows which flags are automatically activated.
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Figure A.1: Tree-like structure of flags used in the pseudo-spectral code. The names used

in CMakelLists.mine can be deduced by adding the names along the branches of the tree,
like: lagrangian_particle_properties_tau.
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Summary

The interaction between a turbulent flow and spherical particles embedded in it has been
studied for a long time, both in laboratory experiments and in numerical simulations.
These interactions have been of interest because they occur in many industrial and natural
phenomena. Examples range from droplets in clouds, sediment transport in estuarine flows
to plankton transport in oceans and in engineering applications such as spray injections
in combustion engines. The turbulent flow plays an important role in the dynamics of
these particles. For example, when particles are affected by a turbulent flow field they
tend to settle on average faster than without it (provided the particle density is larger
than the fluid density). While many studies, both experimental and numerical, have
considered particles in homogeneous isotropic turbulence the effects of gravity and mean
shear turbulence have not been studied that extensively. Especially the combined effect of
homogeneous shear, turbulence and gravity all influencing particle dynamics at the same
time is new. This combination is relevant in a variety of examples, like particles at the
interface between humid air (the clouds) and dry ambient air and plankton dispersion in
the ocean where shear is present due to ocean currents.

The rise in computing power has made it possible to make bigger and more accurate
simulations of these two-phase systems. In order to achieve the most accurate simu-
lations with the highest Reynolds numbers it is important to develop and use the best
algorithms. For this study an Eulerian-Lagrangian approach is used; the flow is solved
on a fixed grid and the particles are computed individually. The flow field is solved using
a pseudo-spectral code which switches between real and Fourier space. The code solves
the incompressible Navier-Stokes equations on a triple periodic domain with typical resol-
utions up to 1024x1024x2048 grid points. The particles trajectories are computed using
the Maxey-Riley equation for the hydrodynamic forces on spherical particles. Both the
case of light particles (with particle density ρp similar to the fluid density ρf ) and heavy
particles with ρp >> ρf are considered. One-way coupling is assumed, which includes
only particle-fluid interactions. Because of this the fluid is not influenced by the particles
and no particle-particle interactions (either direct or mediated by the fluid) are included
in the (computational) analysis. This is allowed as the mass loading is small, the total
mass of the particles compared to the mass of the fluid, is typically below 10−3.

An important aspect in numerical simulations of particle-laden turbulent flows is the
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interpolation of the flow at the exact location of the (center of the) particles. Also the
spatial derivatives of the flow field can be computed during the interpolation, together
with the interpolated value of the flow field they are needed for the accurate computation
of the Lagrangian trajectories of these particles. The accuracy of the interpolation method
affects directly the accuracy of the Lagrangian trajectories and associated velocity and
acceleration statistics. A general theory for interpolation methods on a rectangular grid
is introduced. By the use of this theory an efficient B-spline method for spectral codes is
developed. We show that the B-spline-based interpolation method has several advantages
compared to other methods, such as higher order of continuity, only one FFT (Fast Fourier
Transform) is needed. Furthermore the method has low interpolation errors, only matched
by Hermite interpolation which is computationally much more expensive.

In order to systematically choose the optimal trade-off between interpolation accuracy
and computational cost we focus on comparing errors: the interpolation error is compared
with the discretization error of the flow field. In this way one can prevent unnecessary
computations by tuning the accuracy and order of the interpolation method to the ac-
curacy of the turbulent flow simulation. Using the methods thus created, the optimal
interpolation order for the different methods can be shown as a function of the resolution
of the DNS (Direct Numerical simulations) simulation. The obtained figure can be used
to easily find the optimal interpolation method without having to redo the analyses.

When investigating the combined effect of gravity and shear on particle trajectories
(and associated Lagrangian statistics) we started with investigating heavy particles. In this
case only the Stokes drag and gravity is needed and the other terms of the Maxey-Riley
equation are neglected. The settling of these particles is studied in homogeneous shear
turbulence. A drift velocity perpendicular to gravity is measured due to the interplay
between the homogeneous shear turbulence and gravity acting simultaneously on the
particles. Lagrangian statistics of (millions of) particles in homogeneous shear turbulence
(with effects of gravity) have been extracted and analyzed. The mechanism responsible for
the enhanced settling velocity in HIT (Homogeneous Isotropic Turbulence) is extended
to the case of HST (Homogeneous Shear Turbulence). From our results of the HIT
simulations two separate regimes are observed, characterized by positive and negative
drift velocity, depending on the value of the relative importance of gravity. In the case of
relative high gravity, a model is introduced to predict the ratio between drift and enhanced
settling velocities, the predicted ratio is found to be consistent with DNS results.

In a next step the influence of gravity on the dynamics of more neutrally buoyant
particles is investigated. In this case more terms of the full Maxey-Riley equation need to
be used, including, the added mass, pressure gradient and the Basset history force. Using
both the optimized methods for interpolating the velocity field and an efficient algorithm
for computation of the Basset-history force, the simulations can be done accurately and
efficiently. Results show that for a density ratio Rρ = ρp/ρf = 100 the Basset history force
is much more important than the pressure gradient. The Basset history force increases the
enhanced settling velocity for high Stokes numbers but decreases it for low. The pressure
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gradient on the other hand can only decrease the settling velocity by keeping the particles
longer inside the vortices. The decrease is mostly observed for Rρ = 10 and lower.
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Samenvatting

Als bolvormige deeltjes zich in een turbulente stroming bevinden, vindt er een complexe
interactie plaats welke zowel in laboratorium experimenten als in numerieke simulaties al
vele jaren bestudeerd is. Deze interacties zijn van belang omdat ze zich in veel industriële
en natuurlijke processen voordoen. Voorbeelden variëren van druppeltjes in wolken en
sedimenttransport in een rivierdelta tot plankton transport in de oceanen en technische
toepassingen zoals brandstof injecties in verbrandingsmotoren. De turbulente stroming
speelt een belangrijke rol in de dynamiek van deze deeltjes. Bijvoorbeeld, wanneer deeltjes
vallen onder invloed van een turbulent stromingsveld is hun valsnelheid gemiddeld hoger
dan zonder de turbulentie (dit is het geval indien de dichtheid van de deeltjes groter is
dan die van de vloeistof). Veel studies, zowel experimenteel als numeriek, hebben deeltjes
in homogene isotrope turbulentie onderzocht. Echter, de invloed van zwaartekracht op
deeltjes is niet op grote schaal onderzocht. Ook de situatie wanneer er in de turbulente
stroming een gemiddelde afschuiving aanwezig is, is niet op grote schaal onderzocht.
Vooral de combinatie van homogene afschuiving, turbulentie en gravitatie, die allemaal
tegelijk invloed hebben op de deeltjes dynamica is nieuw. Deze combinatie van ver-
schijnselen is relevant in verschillende voorbeelden, bijvoorbeeld; deeltjes op het grensvlak
tussen vochtige lucht (de wolken) en droge omgevingslucht maar ook bij plankton in de
oceaan waar afschuiving aanwezig is door oceaanstromingen.

De stijging in rekenkracht heeft grotere en nauwkeurigere simulaties van deze tweefase
systemen mogelijk gemaakt. Om een zo groot mogelijk systeem te kunnen doorrekenen
met een zo hoog mogelijke nauwkeurigheid is het van belang om de beste algoritmes
te gebruiken. Voor deze studie is een Euler-Lagrange aanpak gebruikt; de stroming
wordt berekend op een vast raster en de deeltjes worden individueel gevolgd. Het strom-
ingsveld wordt opgelost met behulp van een pseudo-spectraal code die tussen de reëele
ruimte en Foerier ruimte wisselt. Voor de stroming worden de incompressiebele Navier-
Stokes vergelijkingen opgelost op een triple periodiek domein met typische resoluties tot
1024x1024x2048 rasterpunten. De paden van de deeltjes worden berekend met behulp
van de Maxey-Riley vergelijking die de hydrodynamische krachten op bolvormige deeltjes
beschrijft. Zowel lichte deeltjes (met dichtheid van het deeltjes ρp vergelijkbaar met die
van de vloeistof ρf ) als zware deeltjes (met ρp >> ρf ) worden in beschouwing genomen.
We nemen aan dat er alleen een koppeling is van de vloeistof naar de deeltjes. De strom-
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ing wordt dus niet beïnvloed door de deeltjes, verder worden er geen interacties tussen
deeltjes in de (computationele) analyse beschouwd. Dit is toegestaan wanneer de "mass-
loading" (de totale massa van de deeltjes vergeleken met de massa van de vloeistof) klein
is, typisch onder 10−3.

Een belangrijk aspect bij het numeriek simuleren van deeltjes in turbulente stromingen
is de interpolatie van het stromingsveld op de locatie van (het midden van) de deeltjes.
Ook de plaats-afgeleiden kunnen worden berekend tijdens de interpolatie, samen met
de geïnterpoleerde waarde van het stromigsveld zijn ze nodig voor de berekening van
de deeltjes paden. De nauwkeurigheid van de interpolatie beïnvloedt rechtstreeks de
nauwkeurigheid van de deeltjespaden, de bijbehorende snelheden en de statistiek van de
versnellingen. Een algemene theorie voor interpolaties op een rechthoekig rooster wordt
geïntroduceerd om een fundamenteel begrip te krijgen. Bovendien wordt een snelle im-
plementatie van deze interpolatieschema’s voorgesteld. Gebruikmakend van de algemene
theorie is een efficiënte B-spline methode voor spectrale codes ontwikkeld. Deze methode
heeft verschillende voordelen ten opzichte van andere methodes, zoals hogere orde van
continuïteit en het feit dat slechts één FFT (Fast Fourier Trasnform) nodig is. Verder
geeft deze methode kleine interpolatie fouten, een eigenschap die alleen wordt geëvenaard
door Hermite interpolatie die vele male duurder is in rekenkracht.

Om systematisch de optimale keuze te maken tussen de nauwkeurigheid van de in-
terpolatiemethode en de computationele kosten richten we ons op het vergelijken van
fouten: de interpolatie fout wordt vergeleken met de discretisatie fout van het stromings
veld. Men kan op deze manier onnodige berekeningen voorkomen door het afstemmen van
de nauwkeurigheid van de interpolatiemethode met de nauwkeurigheid van de turbulente
stroming simulatie. Gebruikmakend van deze methode hebben we de optimale orde in de
interpolatie geplot als functie van de resolutie in de DNS (Directe Numerieke Simulatie)
simulatie van de stroming. Deze grafiek kan daardoor worden gebruikt om snel de beste
interpolatiemethode te vinden zonder de volledige analyse opnieuw te hoeven doen.

Bij het onderzoek waar het gecombineerde effect van zwaartekracht, turbulentie en
afschuiving een rol speelt, zijn we begonnen met zware deeltje te onderzoeken. In dit geval
zijn alleen de Stokes wrijving en de zwaartekracht nodig en kunnen de andere termen van
de Maxey-Riley vergelijking worden verwaarloosd. Het zinken van deze deeltjes wordt
bestudeerd in HST (Homogeneous Shear Turbulence, turbulentie die een homogenen af-
schuiving heeft). Een driftsnelheid loodrecht op de zwaartekracht wordt gemeten door
de wisselwerking tussen afschuiving, turbulentie en zwaartekracht die allemaal gelijktijdig
op de deeltjes werken. De statistiek van (miljoenen) deeltjes in HST (met de effecten
van de zwaartekracht) is verworven en geanalyseerd. Het mechanisme dat verantwoor-
delijk is voor de verhoogde valsnelheid in HIT (Homogene Isotrope Turbulentie) wordt
uitgebreid tot het geval van HST. Uit onze resultaten van de HIT simulaties kunnen twee
verschillende regimes worden waargenomen, gekenmerkt door positieve en negatieve drift-
snelheden, afhankelijk van het relatieve belang van de zwaartekracht. Bij relatief hoge
zwaartekracht wordt een model geïntroduceerd, dat de verhouding tussen de drift en de
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verhoogde bezinkingssnelheden voorspelt. De voorspelde verhouding komt overeen met
DNS resultaten.

In een volgende stap wordt de invloed van de zwaartekracht op de dynamiek van
meer neutraal drijvende deeltjes onderzocht. In dit geval moeten meer termen van de
volledige Maxey-Riley vergelijking worden meegenomen in de analyse, bijvoorbeeld de
term voor de extra massa, de drukgradiënt term en de Basset term die de geschiedenis
van het deeltje meeneemt. Met behulp van zowel de geoptimaliseerde methoden voor
de interpolatie als een efficiënte algoritme voor de berekening van de Basset term, kan
de simulatie nauwkeurig en efficiënt worden uitgevoerd. De resultaten tonen aan dat
bij een dichtheidsverhouding van Rρ = ρp/ρf = 100 de Basset term belangrijker is
dan de drukgradiënt term. De Basset term verhoogt de extra valsnelheid voor hoge
Stokes-nummers, maar verlaagt deze voor lage Stokes-nummers. De drukgradiënt term
daarentegen kan alleen de valsnelheid verlagen doordat de drukgradiënt de deeltjes langer
in de wervels vast houdt. De daling is vooral waargenomen voor Rρ = 10 en lager.
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