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Abstract 

In this paper we consider the large time structure of reactive solute plumes in two dimensional, macroscopi
cally homogeneous, flow domains. The reactions between the dissolved chemieals and the porous matrix are 
equilibrium adsorption reactions, given by an isotherm of Freundlich type. We also incorporate the effect of 
partial and full decay. We use the method of asymptotic balancing to obtain, to leading order, the large time 
behaviour of the solute concentration and the relevant moments (mass, centre of mass, varia nee). The method 
of balancing is based on certain conjectures a bout the form of the temporal decay and partial spreading of the 
solute. These conjectures are verified numerically. 
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1. Introduetion and mathematica! fonnulation 

Transport of conservative solutes has been investigated extensively during the past 
decades. It is now well established, both theoretically and experimentally, that large se ale 
dispersion originates from convection by the spatially variabie water velocity, caused in turn 
by the heterogeneity of the hydraulic conductivity [Dagan (1984)]. However many 
contaminants encountered in the subsurface are oot inert and undergo reactions and decay. 
Most commonly, one encounters adsorption reactions resulting in an exchange of solute 
between the mobile fluid and immobile regions such as the porous skeleton 
[Weber et al (1991)]. Decay processes may result from radioactive decay, where the 
contaminant disappears from both the mobile and immobile parts of the soil systems [Raats 
(1980)], or they may result from biologica! remediation in which case the contaminant 
disappears only from the mobile phase [Hoesten (1987), Steinberg et al (1987)]. 

In this paper we focus on the effect of nonlinear sorption and decay on the transport 
of contaminant pulses or plumes in porous media. In particular we are interested in large 
time development of a contaminant pulse, i.e. in a description of the evolving limit profile 
and the corresponding spatial moments. In three recent mathematica! publications 
[Grundy et al (1994), Dawson et al (1994), Escobedo & Grundy (1996)] the large time 
behaviour of solutions of the underlying partial differential equations was studied. The frrst 
and second papers deal with transport without decay through a one and two space 
dimensional porous medium, respectively. In the third paper, the authors study the effect of 
decay due to bio-reinediation. The results obtained in these papers were derived using 
beuristic asymptotic analyses and were confirmed by numerical simulation. lt is our aim to 
bring them to the attention of environmental engineers and soil scientists. 

To apply the analytica! techniques we need to assume bere that the porous medium -
in a macroscopie sense - is physically and chemically homogeneous. However a recent 
comparison [Bosma et al (1994)] of our analytica! findings concerning the transport of 
nonlinearly sorbing solutes without decay and Monte Carlo simulations descrihing the 
transport in heterogenous media, shows a satisfactory agreement in many cases when 
camparing the spatial moments. 

The transport model we consicter assumes an incompressible fluid flowing through a 
macroscopically homogeneous, saturated two-dimensional porous medium. We assume that 
the flow is steady, one-dimensional and directed along what is chosen to be the x-axis. The 
flow is described by the specific discharge q[m Is]. In the fluid, a one-species solute is 

present at tracer level concentration C[mol/m3
]. This means that the flow is independent of 

the solute concentration. We shall therefore take q to be a known positive constant. If the 
solute is inert, then the transport is determined by convection, molecular diffusion and 
mechanica! dispersion [Bear, (1972), Freeze and Cherry (1979)]. However, if adsorption 
reactions and decay are present, these have to be taken into account when descrihing the 
transport process. In the reactive case we denote the adsorbed concentration by S[moll kg 
porous material]. lf the transport takes place in the x,y plane, we obtain from mass 
conservalion the equation 

a ac a2c a2c -a (8C+pS)+q~-8Dxx-2 -(}Dyy-2 =-k{,t1 8C+À2 pS}. (1.1) 
t ox ax ax 

Here (}[-] is the porosity of the porous material, p[kg I m3
] its bulk mass density and 

D xx , D YY [ m 2 I s] are coefficients descrihing hydrodynamic dispersion. Further, k [ 11 s] is 
the decay rate constant. Throughout this paper, all coefficients are assumed to be constant 
and positive. In the right-hand side of (1.1) we have inserted parameters À1, ,1.2 E {0, 1} to 
indicate the various decay processes. Clearly À1 = ,1.2 = 0 implies no decay and 
,1.1 = ,t2 = 1 implies decay in both the mobile ( C) and immobile (S) phase. This case 
arises when consictering the transport of radionuclides [Raats (1980), Bear (1972, p 618)]. 
The third relevant combination is À1 = 1, À2 = 0, implying only decayin the mobile fluid. 
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It occurs in clean up of polluted soils by biological methods, when the absorbed contaminant 
is not accessible to the micro-organisms in the granulation [van Genuchten and Cleary 
(1982), Boesten (1987) where further references are given]. 

With respect to the adsorption reactions we assume that they are sufficiently fast so 
that equilibrium conditions are valid. This allows us to express S in tenns of C [van Duijn & 
Knabner (1992)], for which we use the Freundlich fonn 

S = K CP, (1.2) 
where K and p are constants, satisfying K > 0 and 0 < p < I. 

CombiDing ( 1.1) and ( 1.2) yields the nonlinear equation 

a pK p ac a2c a2c { pK } -(C+-C )+v--D --D -=-k A.C+À. -CP at (J ax .u ax2 yy ay2 1 2 (J ' 
(1.3) 

where v = q I (J denotes the average fluid velocity. We consicter solutions of this equation 
for - oo < x, y < oo, t > 0, subject to an initial condition 

C(x,y,O) = C0(x,y) on - oo < x,y < oo. (1.4) 

The large time behaviour of solutions of this initial value problem depends critically on the 
behaviour of the initial distribution at large distances from the origin. For instance, for the 
problem without decay where A.1 = A.2 = 0, we find that taking 

and 

{
c* 

Co(x,y) = 0 
for x < 0, - oo < y < oo 

for x > 0, - oo < y < oo 

{ 

0 for x < 0, - oo < y < oo 

C0(x,y) = * 
C for x > 0, - oo < y < oo 

(1.5) 

(1.6) 

* with constant C > 0, leads to solutions with totally different behaviours. Dis tribution ( 1.5), 
descrihing a contamination event, willlead to a travelling wave profile in large times, while 
distri bution ( 1.6), descrihing a remediation event, will evolve into a flattening rarefaction 
wave [van Duijn de Graaf (1987)]. 

In this paper we restriet ourselves to finite-mass solutions of (1.3). Such solutions vanish 

at a. sufficiently fast rate as I xl, I yl ~ oo so that C and cP are integrable over the entire 
domain. The condition of finite mass is ensured by taking C0 from a class of functions 
satisfying 

JJ { (J C0 +pKCÖ}dxdy:= M0 <oo. (1.7) 

Rl 

Denoting by M = M(t) the total amount of contaminant present in the soil system at time 
t ~ 0, one easily deduces that 

À1 = A.2 = 0 => M(t) = M0 (mass-conservation); (1.8a) 

'] '] -kt 
11.1 = ~~.2 = 1 => M(t) = M0e ; (1.8b) 

3 



11.1 = 1,11.2 = 0 => M0 e _, < M(t) < M0 • 

To eliminate the constants from (1.3) .we introduce the following redefinitions: 

I 

u·-(~)I-p C .- pK 

V 
x:=-x 

Dxx 

k:"=!!rk 
V 

V 

' y:= ~D D y 
XX yy 

This yields the initia! value problem 

a p au a
2
u a

2
u 1 1 p 

-(u+u )+-----=-k(~~.1u+~~.2u) -oo<x,y<oo,t>O 
at -ax ax2 ay2 

u(x,y,O) = ua(x,y) - oo < x,y < oo. 

where 

( 
8 )l~p (D ~Dxx Dyy ) 

"o(x,y)= pK Co ; x, v y . 

Thus given M0 , in terms of the scaled variables the initia! mass becomes 

( )

_l 2 

JJ 
8 1-p V M 

M" := <ua+uaP)dxdy= - o . 
o R2 pK 8 Dxx~Dxx Dyy 

(1.9) 

(1.10) 

(1.11) 

(1.12) 

(1.13) 

Note that the sealing (1.10) allows for the decay rate constant k to vanish, but it requires a 
positive velocity. 

In equation ( 1.11) one can view the term ( 1 + p up-I ) as a concentration dependent 

capacity which, since 0 < p < 1, becomes unbounded as u ..1. 0. In mathematica! terms we 
say that equation (1.11) is degenerate parabolle [Aronson (1986)], a consequence of which is 
the following. Suppose the initia! concentration "o vanishes outside a disc DR(O), radius R, 

centred at the origin, so that u0 (x, y) = 0 for all x 2 + l ~ R2
• Then u( x, y, t) = 0 

outside a disc DR(t) (0) having a radius which expands in time such that R < R(t)) < oo and 

R(t) ~ oo as t ~ oo. In mathematica! terms we speale of u ha ving bounded support for t ~ 0 
and as a consequence a free boundary occurs which separates the region where u > 0 from 
the region where u = 0 . In addition to u being zero, the contaminant flux should vanish 
along the free boundary. This follows directly from alocal mass balance. With reference to 
Figure 1 we therefore have the free boundary conditions 

u = 0 and au = 0 along f(t) . an 
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·u= 0 

f(t) 

Figure 1. The interface r(t) and the free boundary condition. 

In all cases due to dispersion and decay we anticipate a collapsing contaminant plume as 
time increases. Thus at large times u will be small which for 0 < p < 1 allows us to make the 
reptacement 

(1.15) 
in the time derivative and in the decay term where appropriate. Thus instead of the original 
equation ( 1.11) we study solutions of the approximated equation 

(1.16a) 

(1.16b) 

(1.16c) 

In order that the conserved total mass m ( 1.11) without decay can be identified with the 
conserved mass in (1.16a), namely 

we solve ( 1.16) subject to the initial data 

u(x,y,O) = (Uo + ub)ll P (1.17) 

Thus for the problem without decay the invariant mass is the same in (l.ll),with 
Jt1 = Jt2 = 0, and (1.12) as it is in (1.16a) with (1.17). For the problem with full decay, 
namely (1.11) with Jt1 = Jt2 = 1 and (1.16c), this choice means that the two masses are 
initially equal with both satisfying (l.Sb) fort> 0. For the problem with partial decay the 
two masses do not have a direct relationship since they satisfy different decay laws . 
However for the sake of uniformity we still use the initial data ( 1.17) in this case as well. 

The asymptotic methods and properties of the limiting profiles are discussed in sections 2 
and 3. In section 2 we consider equation ( 1.16a) with ( 1.17), that is transport without decay. 
We show that at large time longitudinal dispersion can be ignored in the transport equations 
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which then admit a similarity solution which is discussed in some detail. Later in this section 
we turn our attention totransport withoutdecayin three space dimensions. Here we show 
that the large time structure can again be expressed in terms of similarity solutions. The fact 
that such similarity solution exists in both the two and three dimensional problems enables 
explicit expressions for the spatial moments of u and hence C to be given in terms of the 
physical parameters and time. This aspect will be discussed in section 4. 

In sec ti on 3 we discuss the cases with decay. For partial decay, that is ( 1.11) with 
À1 = 1 and À2 = 0 and ( 1.16b ), we show that the large time profile has a plateau type 
structure the height of which decays with time. The plateau is connected to the edge of the 
support, where u = 0, by a travelling wave type solution. The matching condition gives the 
asymptotic shape of the interface as an ellipse which is independent of the initia! data. For 
full decay (1.16c) the profile exhibits exponential decay with time but bere the limiting 
profile retains a leading order dependenee on the initia! data. 

When consictering the movement of a contaminant plume at field scale one is often only 
interested in eertaio averaged quantities such as meao displacement or transverse and 
lateral spreading. The reason for this is that small scale variations in the physical and 
chemical properties of the medium disturb the actual contaminant dis tribution in a way which 
is hard to describe or predict at each point in space. For instanee it is now well accepted that 
spa ti al variations in water velocity, caused in turn by the heterogeniety of the hydraulic 
conductivity can be acounted for by a macro-dispersion at field scale. The effect of chemica! 
heterogeneity for instanee through a spatial varlation of the coefficient K in ( 1.2) was 
investigated only recently. Dagan & Cvetkovic (1994) and Burr et al (1994) considered the 
linear case (p=1) allowing for nonequilibrium sorption, while Bosma et al (1994) considered 
the equilibrium Freundlich case (0 < p < 1) as we do in this paper. In fact they used a Monte 
Carlo metbod in a medium in which the hydraulic conductivity and the Freundlich coefficient 
K were log normally distributed with a eertaio degree of correlation.They showed that the 
results obtained in this paper can also be applied to transport problems in heterogeneaus 
media if one makes a comparison based on moments and in particular if one compares the 
time evolution of the moments. In two space the relevant moments are: 

(i) dissolved mass 

M(t) = JJ 9 C(x,y,t) dxdy 
R2 

(ii) centre of mass in meao flow direction 

J.Lit) = -
1
- JJ(JxC(x,y,t) dxdy 

M(t) 
R2 

(iii) longitudinal varianee 

2 1 JJ 2 axx(t)=- 9(x-J.Lx(t)) C(x,y,t)dxdy; 
M(t) 

R2 

(iv) transverse varianee 

2 1 ff 2 axx(t)=- 9y C(x,y,t)dxdy 
M(t) 

R2 

(1.18) 

(1.19) 

(1.20) 

(1.21) 

These of course have there equivalents in three space dimensions. Substituting the asymptotic 
forms obtained in sections 2 and 3 yields large time expressions for these moments. These 
will be discussed in Section 4 where, for the problem without decay, we compare these 
expressions with the two dimensional numerical solution of the original equation ( 1.11 ). 
Although we give the large time behaviour of these moments in three dimension, we make no 
attempt in this paper to compare these with recent Monte Carlo simulations [Tomson(1993)] 
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An outline of the numerical procedure is given in section 5 and finally in section 6 we 
discuss and review the main conclusions of the paper. 

2. Limiting profiles without decay 

We first reeall that in the case of transport without decay the total mass of 
contaminant must be conserved. Therefore we need to analyse the large time behaviour of the 
truncated equation ( 1.16a) 

subject to the mass condition 

dUP d2u d2u dU 
--=-+---
dt ax2 ()y2 ax 

IJ uPdxdy=Muo 
R2 

for all t ~ 0 where Mu is given by ( 1.13). 
0 

(2.1) 

(2.2) 

We conjecture that the asymptotic or limiting profile at large times can be obtáined by 
introducing the similarity variables 

n-x ç-Y 
.,-'"]i ' --;r 

t t 
(2.3) 

with b, d > 0 to simulate longitudinal and transverse spreading. The expected temporal 
behaviour of u within its spatial support is simulated by the change of dependent variabie 

u(x,y,t) = t0 w(17,Ç,t) (2.4) 

where a < 0. We now assume that as t ~ oo 

w(17,Ç,t) = w0(77,Ç) +o(l) (2.5) 

where w0 (77,Ç) is identified as the limiting large time profile. The question now is how do 
we obtain the indices a, b, d and the function w0 . 

We first use the mass invariance condition (2.2) expressed in the scaled variables to 
give 

tap+b+d Jf wC d77 dÇ- M"o 
R2 

as t ~ oo. This implies that 

ap + b + d = 0. (2.6) 

The remaining conditions on a, b, d and an equation for w0( 17, Ç) are obtained using the 
metbod of asymptotic balancing. This is explained in detail by [Dawson et al (1994)], but for 
completeness we give a brief outline of the procedure bere. 

Substituting (2.3) with (2.4) into (2.1) results in the equation 
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l+a(l-p)-2b a2
w l+a(l-p)-2d a2

w l+a(l-p)-b aw 0 -t ---t --+t -= 
a112 aç2 a11 

(2.7) 

Assuming that t a(~p) is negligible as t -7 oo, an assumption clearly consistent with (2.5), 

we now have to decide which tenns dominate in (2.7) as t -+ oo. Checking all the 
combinations it turns out that the only possibility which is mathematically and physically 
consistent with the constraints of the problem is a balance between the first, third and final 
tenns in (2. 7) implying a physical balance between longitudinal conveelion and transverse 
dispersion . This choice gives 

1 + a(1- p)- 2d = 1 + a(l- b)- b = 0 

which, together with (2.6) yields 

a = - 3 b = 2P and d = p 
(3- p) ' (3- p) (3- p) 

(2.8) 

We note bere by way of a check that the second term in (2.7) is, using (2.8), proportional to 

t - 2 
P 

13
- P and approaches zero as t -+ oo. lnserting (2.5) into (2. 7) and retaining leading 

ordertermsas t -7 oo we obtain what we call the reduced equation for w0 (17,Ç), namely 

for -oo < 11. Ç < oo. This equation has to be solved subject to the mass constraint 

JJ wC(17,Ç) d17dÇ = M"o . 
R2 

The additional sealing 

and 

11 = 11 * (M )2(1-p)/(3-p)' 
"o 

_ *(M )2/(3-p) 
wo-wo "o 

Ç = ç' (M., )(1-p)/(3-pl} 

(2.9) 

(2.10) 

(2.11) 

leaves equation (2.9) invariant, while the right-hand side of (2.10) reduces to unity. Thus in 
these new variables, after dropping the asterisks for convenience, we obtain once again 
equation (2.9), now subject to the nonnalized mass condition 

J J wC ( 17, Ç) d17 dÇ = 1. (2.12) 

R2 
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Equation (2.9) with (2.12) was extensively studied by [Dawson et al. ( 1994)] where a number 
of properties of w0 were deduced. Here we list some of the more important ones which 

enable us to build up a picture of w0 (17,Ç) and its support. 

l. w0 ( 71, Ç) is symmetrie in Ç. 

2. w0 ( 71, Ç) = 0 outside the strip 0 < 11 < L where, knowing w0 , L is computable. 

3. w0 (0,Ç) = 0 for all - oo < Ç < oo, while w0 (L,Ç) = 0 only for Ç ;t 0 with 

w0 (L,O)= P . { 
2 L }lll-p 

(3- p) 

4. w0( 71,Ç) ~ (p11)111
-p implying that w0 is below the one dimensional profile 

(p71)lll-p [see Grundy et al. (1994)]. 

In fact we can construct the behaviour of the support of w0 near 11 = 0 and 11 = L which, 
together with the information listed above, leads to the schematic picture of Figure 2. 

wo= 0 

wo> 0 

0 L Tf 

Figure 2. Schematic view of the support of w0 ( TJ, Ç) . 

To compute w0 directly from (2.9) is notstraightforward since it is of parabolic type with 
regions of both positive and negative diffusivity. lnstead we have found it easier to compute 
w0 indirectly as the large time numerical solution of the original initial value problem ( 1.11) 

and (1.12) with k = 0 and Mu = 1. Plotting the computed solution in termsof the similarity 
0 

variables (2.3), (2.4) yields an approximation to w0 . This is shown in Figure 3 for p = .!. . 
2 

Note that the above qualitative description of w0 is consistent with this numerical result. 
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( 

2.5 

.02 

.08 

.14 

-2.5 0 2.5 Tf 

-2.5 

Figure 3. Level curves of the numerical solution of (1.11),(1.12) with k = 0 in the scaled 

variables w = t 31(3-P>u, 1J = xt-2p1(3-p) and Ç = yt-p/(3-p) with p = 1 I 2 and M" = 1 at 
0 

t = 3000. This clearly indicates convergence to the limit profile w0(7J,Ç). 

Summarising the scalings and results, we have found that the solution of the initial 
value problem (l.ll)- (1.12), with Mu given, convergesast ~ oo to the solution ofthe 

0 

initia! value problem 

with 

dUP dU u2u 
-- + - = - for - oo < x, y < oo, t > 0 ut ax ()y2 

u(x,y,O)=Mu lip 8(x,y) on -oo<x,y<oo 
0 

(2.13) 

(2.14) 

Here 8 denotes the two dimensional delta function, centered at the origin. The solution of 
(2.13), (2.14) is given by the self similar expression 

x 
2 -3 

3-p 3-p 

u(x,y,t) = Mu t w0 --2-u--,-> -,i.-,-, 
0 3-p }:i; 

Mu t 
0 

y 
J=p L 
3-p 3-p 

Mu t 
0 

(2.15) 

in which the function w0 satisfies equation (2.9) and the normalized mass eenstraint (2.12). 
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Note the prominent role of the scaled (initia!) mass Mu in the asymptotic profile (2.15). To 
0 

leading order it is the only characteristic of the initial distribution that is inherited by the 
lirniting profile. This crucially depeqds on the mass conservation property of solutions of the 
equation without decay. When decay is present mass conservation no Jonger holds, but we 
show that other characteristics of the initia! distribution are preserved by the leading order 
asymptotic solution. This will be investigated in the next section. 

We conclude this section by briefly giving the temporal scalings and reduced equation for the 
equivalent problem in three space variables. The equation now satisfied by u(x,y,z,t) is 

together with the mass condition 

JJJ uP dxdydz = Mu 
RJ 

for all t > 0. Again we introduce the similarity variables 

x y z 
11 = -, t; = -, ç = '"'"T 

tb te ta 

where b, c, d > 0, together with 

u( x, y, z, t) = t 0 w( 1], t;, Ç, t) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

where a < 0. Following the procedure outlined above we require scalings in which the x
diffusion is small compared with y and z diffusions and x-convection but where the mass 
condition (2.17) holds ast ~ co. These requirements give 

and 

Expanding 

a=-21(2-p) ,b=p/(2-p) 

c=d=p/2(2-p). 

w( 1], t;, Ç,t) = w0 ( 1], t;, Ç) + o(1) 

as t ~ co, results in the equation 

p Ç aw:- 2p wP 

2 ( 2 - p) iJÇ ( 2 - p) 0 

together with 

JJJ wC dT] dt; dÇ = 1 
RJ 

11 

(2.20) 

(2.21) 

(2.22) 

(2.23) 



where in (2.22) and (2.23) ·7J,Ç,Ç and w0 have been replaced by 7JM}l-p)I(2-P>, 

rM (1-p)/2(2-b) J! M (1-p)I2<2-P> and w M 112-P respectively 
';, u .~;, u 0 u • 

Equation (2.22) can be simplified by introducing cylindrical po lar coordinates ( r, e, 11) 
where 

to give 

' = r cos e, ç = r sin e 

1 a ( dwo)- dwo P êJwOP p êJwl 
-;:ar r ar - a71 - (2- p) 71ai]- 2(2- p) r--a;-

2p p 
- (2- p) wo 

for w0 (r, 71) and 

JJ w0P rdrd77 = 1/ 2n 

(2.24) 

(2.25) 

for the mass in varianee condition. This equation has a similar structure to that of (2.9) with a 
corresponding list of properties from which its schematic structure can be deduced. 

3. Limiting profiles with decay 

In this sectien we give details of the limiting profiles for the situation where decay is 
present. Here there are two cases to consider. The partial decay case where only the 
contaminant in the liquid decays and the full decay case where the contaminant in both the 
solid and liquid phases decays. The fermer is the situation which pertains, for example, in 
biologica! degradation where we are required to solve the initial value problem for equation 
(1.16b) namely 

(3.1) 

In the latter case, principally applying to radioactive decay, we consicter the corresponding 
problem for ( 1.16c) 

(3.2) 

3.1 Partial decay 

In order to provide a rationale for the solution in two space dimensions we first give 
some results for the problem in one space dimension, namely (3.1) without the y-derivative. 
Here we are guided by two fundamental results which are known for the case where 
conveerion is absent. In terms of the variables we have adopted in this paper these are 

(a) For any fixed x and sufficiently large t 

u= p (ktfll(l-p){1+o(l)}, 
{ }

1/(1-p} 

(1- p) 
(3.3) 

aresult first given by Kamin & Peletier (1985). 
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(b) Interfaces x=X;(I),i=l,2, with X1(t)<X2 (1), exist such that u>O in 
au 

X1 ( t) < x < X2 ( t) and u = 0 elsewhere. Along the interfaces u = a x = 0 and 

X; ( t) - ( -1 )i a log t (3.4) 

as t ~ oo where a is a positive constant. This was shown by Bertsch et al ( 1982). 
Later these results were extended by Escobedo & Grundy ( 1996) to include convection as 
well. Basically the results quoted in (a) and (b) remain unchanged except for (3.4) which 
becomes 

(c) 
X1 (t)- a1logt, X2 (t)- a2 logt (3.5) 

as t ~ oo where a1 < 0 , a2 > 0 and a1 + a2 > 0. 

In order to derive (c) and compute the values of a1 and a2 we first observe that for any 
large, fixed t (3.3) cannot hold for all values of x since it does not satisfy the interface 

conditions. Thus we somehow have to conneet (3.3) toeach interface where 
au 

u=-=0. a x 
To do this we consicter a variabie 

Ç =x- a logt (3.6) 

which moves with the interface. Bearing in mind the power law decay implied by (3.3), we 
then put 

u(x,t) = t-1/(1-p) v(Ç,t). (3.7) 

Making this change of variabie in (3 .1) results in the equation 

(3.8) 

We now suppose that to leading order at large time the salution near the interface depends 
solely on Ç, so we write 

v( Ç,t) = v0( Ç) + o(1) (3.9) 

as t ~ oo, Ç fixed. Hence from (3.8) we have that 

(3.10) 

The condition that v0 connects with (3.3) is that 

( )

l/(1-p) 
vo ~ _p_ k-11(1-p) 

1-p 
(3.11) 

as Ç ~ -oo when a= a2 and as Ç ~ +oo when a = a 1• In the jargon of formal 
asymptotics (3.11) is called a matching condition, (3.9) is the inner expansion and (3.3) the 
outer expansion. The second set of boundary conditions for (3 .10) are those imposed at the 
interface, Ç = Çi say, where 
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dv 
V - 0 - 0 0--- . aç (3.12) 

The salution of (3.10), tenned a decaying travelling wave, subject to (3.11) and (3.12) was 
discussed extensively by Escobedo & Grundy ~1996). They showed using a phase plane 
argument that a salution only exists when a satisfies the quadratic equation 

k a2 (m - 1)2 
- a (m- 1)- 1 = 0 (3.13) 

giving 

p { 1 - -v'1 + 4k }) 
2(1- p)k 

p {1+~1+4k} 
2(1- p)k 

(3.14) and 

which locate the left and right running interfaces. 

Having outlined the salution for one space dimension we now extend the analysis to 
two space dimensions. To do this we frrst write (3.1) in polar coordinates ( r, 6) giving 

()(uP) = .!_i_{r()u} + _.!._ ()2u- {cos6()u- sin6 dU}-ku. (3.15) 
at r ar ar r2 ()62 ar r ()6 

We now assume, following (3.3) that for any fixed r 

u= _!!_ (kt)-l/(1-p) {1 + o(1)} 
{ }

l/1-p 

1- p 
(3.16) 

as t ~ co. We now turn to the salution near the interface which connects (3.16) with 
w = 0. By analogy with the one dimensional situation we suppose that as t ~ co the 
interface has the behaviour 

r - a( 6) logt (3.17) 

which is a direct generalisation of (3.4) and (3.5). Furthermore we extend the changes of 
variabie (3.6) and (3.7) by putting 

Ç = r- a( 6) logt 
and 

u= t-l/l-p v(Ç,6,t) 

in (3.15). Generalising (3.9) by writing 

v(Ç,6,t) = v0(Ç,6)+ o(1) 

as t ~ co and retaining only the dominant terms in this limit in the reeast fonn of (3.15), 
finally yields the equation 

(3.18) 
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for v0 ( Ç, 8), where 

A(8) = 

and B( 8) = cos 8 + ( ~) sin 8 

(3.19) 

and primes denote differentiation with respect to 8. N ote that (3 .18) is a differential 
equation for v0 ( Ç. 8) where 8. appears as a parameter. 
Generalising (3.11) and (3.12), equation (3.18) has to be solved subject to 

vo -7 _P_ k-111-p ( J
l/1-p 

1- p 
(3.20) 

as Ç -7 -co and 

dv 
V - 0 -0 0---aç 

(3.21) 

at some finite value of Ç with 0 ~ 8 < 2n. For each 8 the problem posed by (3.18)- (3.21) 
is of a similar structure to (3.10) - (3.12) and has an equivalent existence condition 
corresponding to (3.13) . In view of (3.19) this condition can be reduced to a first order 
differential equation for a( 8) with solution 

a(8)= 
2

P {-v'1+4k-cos8r
1 

(1- p) 
(3.22) 

which is an ellipse with focus at the origin and eccentricity 1/ -v'1 + 4k. Details concemng 
the derivation of the existence condition and the method leading to (3.22) are given by 
Escobedo & Grundy ( 1996). 

To summarise our results for this partial decay case we have shown to leading order as 
t -7 oo that: 

(i) The boundary f(t) of the expanding region where u> 0 is given approximately by 

r- a(8)logt 

where a( 8) satisfies (3.22) and 0 ~ 8 < 2n. 

(ii) For 0 ~ 8 < 2n 

{ 

P (kt)-l/(1-p), 0 ~ r !logt< a(8) 
u(r, 8,t)- (1- p) 

0, r !logt> a( 8) 

(3.23a) 

(3.23b) 

(iii) Thereisatransitionregion centeredat r{t),where (rllogt)-a(8) is 0(1/logt), in 
which 

-11(1-p) (~' ll) u(r,8,t)-t v0 .,,u (3.23c) 
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and v0 (Ç.8) is given by the solution of (3.18)- (3.21). 
It is of importance to note that the error terms in (3.23a) are 0( l/logt) implying an extremely 
slow convergence to the asymptotic state. This has implications for the practical utility of the 
expression (3.23a) for the profile and also for the moments for this partial decay case. For 
this reason we do not compare the computed moments with those calculated from the 
limiting profiles. However we can provide a convincing confirmation of the formal 
asymptotics by plotting the level curves of the numerical solution of the original initial 
value problem forpartial decay. namely (1.11) and (1.12) with Ä1 =1 and ,1.2 =0. The 
level curves of the computed solution are plotted in Figure 4 and clearly reveal the elliptic 
shape of the support and the plateau like behaviour of v0 • Note that in order to avoid the 
excessive use of computer time due to slow convergence at large time. the solution is 
computed in terms of the variabie s = logt. 

yflog t 

1..5 

-1.5 l.:j :z:/log t 

-1.5 

Figure 4. Level curves for the solution of (1.11) and (1.12) at s =logt= 20 in the case of 
partial decay . Here Ä1 = 1, Ä2 = 0. k = 1 and p = 1/2 . 

One further point to observe about this case is that the asymptotic profile away from the 
interface is independent of the initial data. This may appear surprising at first but on 
reflection it is a feature of many decay problems. For example consider the simple equation 

d(uP) = -ku p< 1 
dt • 

which can be regarded from (3.1) as descrihing the partial decay process away from the 
interfaces at large time. Solving this subject to u(x,O) = "o(x) gives 

u(x,t) = p + UÖ {
kt(1- ) -1}-l/(1-p) 

p 
which to leading order, as t--+ oo, mimics (3.23a) and is independent of the initial data. 

3.2 Full decay 

To identify the asymptotic profile of a contaminant plume when full decay is present. 
we need to consider the large time behaviour of solutions of equation (3.2). For 
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mathematica! convenience we set v = uP and m = 1/ p > 1 and rewrite equation (3.2) in 
termsof v. This gives 

(3.24) 

for - oo < x, y < oo and t > 0. We consicter solutions of this transformed equation subject 
to 

v(x,y,O)'= v0(x,y):= (u0 + UÖ)(x,y) (3.25) 

on - oo < x, y < oo, where u0 is given by ( 1.12). As explained earlier, this choice ensures 

that the initia! masses for the problems (1.11)- (1.12) with A.1 = A.2 = 1 and (1.16c)- (1.17) 
are the same. An additional transformation eliminates the decay term from (3.24) by setting 

and 

-kt v = e s 

_ 1 { 1 -(m-l)kt} 'r- -e . 
(m- 1)k 

The initia! value problem for s then becomes 

dS {)2 Sm {)2 Sm dSm 
----+----
d'r - dx2 dy2 dX ' 

for - oo < x, y < oo and 0 < -r < 1 I ( m - 1) k, and 

s(x, y, 0) = v0 (x, y) on -oo < x, y < oo. 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

Note that (3.28) needs to be solved only on the finite time interval (0,1/ (m- 1)k). 
Transformation (3.26), (3.27) is well-known in the literature. For instance, Gurtin & 
MacCamy ( 1977) used it when convection is absent. In that event the resulting equation for s 
is a nonlinear diffusion equation with power law diffusivity. 

We now let 

S
00

(X, y): = s(X, y, 1/ (m- 1)k) for -oo <X, y < oo. (3.30) 

Then clearly, to leading order, 

kt 
p lip 

u( x, y, t) e - S
00 

(x, y) as t ~ oo. (3.31) 

This behaviour can be embedded into a large time expansion for u of the form 

-ktlp{ -k(l-p)tlp } u(x,y,t) = e U0(x,y) + e U1 (x,y) .... (3.32) 

where U0 = soo11 P, a result which follows directly from the Taylor expansion of s at 
-r=1/(m-1)k. 
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Since the solution of equation (3.28) is needed only up to -r = 1 I (m- 1)k < oo, its 
shape and in particular the shape of S

00
, retains many characteristics of the initia! distribution 

u0 • This dependenee on initial data can only be determined by solving problem (3.28), 
(3.29). It is important to remember at this point, that in both decay cases the initia! mas is not 
conserved, and hence cannot play the same role that it does in determining the asymptotic 
proftie for the case without decay. 

The only feature we can be certain of in the long time structure of u (x, y, t) is that 
for fixed (x, y) the leading temporal decay is exponential. A feature which is confirmed by 
numerical solutions of the original full decay problem. The result (3.31) makes the concept 
of contaminant moments not so useful. To see this let us consider the movement of the 
centre of mass J1 ( t) in the scaled variables 

JJ x u(x,y,t)dxdy 
J.L{t) = ' 

· J J u(x,y,t)dxdy 

which can be expressed in the s, 't' variables to give 

I 

JJ x sP (x,y, -r)dxdy 
J.L{t) = 1 (3.33) 

JJ sP (x,y, -r)dxdy 

Then to leading order 

I 

JJ x s~ (x,y)dxdy 
J.L(t) = 1 as t-+ oo (3.34) 

JJ s~ (x,y)dxdy 

where the value of the right hand side depends on the shape of the initia! distribution. In 
physical terms, expression (3.34) tells us that in the case of full decay, so much contaminant 
disappears from the plume that its average motion comes to a stop. Note that this situation is 
different from the partial decay case where the support continues to expand for all time. 

Note that equation (3.28) fors and equation (1.16a), descrihing no decay, are the 
same. Hence their solutions have identical properties. In particular, if initially s = 0 except 
in a bounded region of the flow domain, then this property will persist for all future times, 
see also Figure 1. That is, the region where s > 0, the support of s, willexpand in time, but 
with finite speed of propagation. Thus at 't' = 1 I ( m - 1 )k the support occupies a fini te 
region in space. Reverting to the scaled contaminant concentration u, this means that, as 
t -+ oo, the contaminant too will occupy a finite region in space. Thus both the centre of 
mass and variances of the contaminant plume will converge to constants. As said before, 
these constants depend on the distribution over space of the initial concentration. This is in 
marked contrast to the problem without decay where the moments could be evaluated from 
universa! profties valid for any mass distribution. Thus moment calculations for the no decay 
case do not have the same utility as those for the problem without decay and as a result we do 
not compute them. 
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4. Spatial moments for no decay 

Using the asymptotic forms of the scaled contaminant distribution as obtained in 
section 2, we are now in a position to derive the corresp(>nding expressions for the spatial 
moments ( 1.18) - ( 1.21 ). Using the asymptotic self-similar form (2.15), the redefinitions 
(1.10) and the expression for the initial mass (1.7), we can express the large time behaviour 
of the moments directly in terms of the actual time t, the initial mass M0 and the physical 
parameters. As far as the the meao displacement in flow direction and the longitudinal and 
transveral variances are concemed we find as t ~ oo that 

( M r~:) ( V f~ ( llvt )',_.P J.lx (t) = __Q_ - - J.l(p ){1 + o(l)}, 
pK . Dyy pK 

(4.1) 

where 

Ji 2 1J wo ( 1J, Ç) d1]dÇ 
J.l(p):= R , (4.2) 

JJR2 Wo(7J, Ç) d1]dÇ 

4(1-p) 2(1-p) 4p 

u;(t) = (;; )-,::;;-( ;J ,_P (:; )3-p ui<p){l +o(l)}, (4.3) 

where 

ai<p):= JfRl (TJ- p(p))2wo(TJ,Ç) dTJdÇ; 

JJRz wo ( 7], Ç) d1]dÇ 
(4.4) 

and 

2(1-p) 2 2p 

u;(t) = (;;) 3-p ( D; tP (:; tP ~(p)(l + o(l)}, (4.5) 

where 

2 JJRzÇ2 wo(1J,Ç)d1]dÇ 
(4.6) C1r(p): = 

JJRz wo(7J, Ç) d1]dÇ 

We observe from (4.1) that J.lx increases with v and decreases with DYY and furthermore 
we note that the meao displacement for the one-dimensional equation, corresponding to 
DYY ~ 0, cannot be deduced from (4.1) since the scaled y variabie would become 
unbounded in this limit. Referring to the results in Grundy et al (1994) one finds that in one 
dimeosion 

whereas (4.1) implies 
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Jlx(t)- Dyy -(1-p)/(3-p) t2p/(3-p) 

ast -+ oo. Since p > 2p I (3- p) for p < 1 we find that, no matter how small DYY > 0 
is, the mean displacement in the two dimensional case always lags bebind the one
dimensional mean displacement for sufficiently large t. We also note from (4.3) and (4.5) 

that 0'~ increases with v and decreases with DYY, while a; increases with DYY and 
decreases with v. These results are intuitively what we would expect.The power law 

behaviours int for Jlx• <1~ and a; given by (4.1), (4.3) and (4.5) were validated numerically 

by solving (1.11), with ..t1 = ..t2 = 0, and (1.12), and then computing 

and 

_ JJ x u(x, y, t)dxdy 

Jlx(t) = JJ ' u(x, y, t)dxdy 

. JJ<x-jix)
2
u(x,y,t)dxdy 

a!:(t) = .:....:....---=....".....------
J J u(x,y,t)dxdy 

JJ l u(x,y,t)dxdy 
O'~(t) = ~:-:-----ff u(x,y,t)dxdy 

In Figures 5, 6 and 7, where p = 1/2, we plot Jlx ( t) I t0
.4, a~(t) I r0

·
8 and a~(t) I r0

·
4 

against t and observe that, in each case, these quantities approach constants as t -+ oo. In 

fact, these constants are precisely J.L(p), az(p) and a;(p) for p = 112 as given by (4.2), 
(4.4) and (4.6). The function w0 appearing in these expressionsis the solution of (2.9) with 
(2.11) and (2.12). The analytic solution of this problem for w0 is not known and the 
numerical solution is difficult to obtain directly from the equation itself [see Dawson et al 
(1995) for a glimpse of the difficulties involved]. However the moments for w0 can be 
approximately obtained from the large time data of Figures 5-7 to be 

Jl (112) = 0. 625 ' az (112) = 0. 052 and a;. ( 112) = 0. 81. 
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Figure 5. Computed varlation of Ji x(t) I t0
.4 for p = 1 i 2. 

0.3 

L, 
0.15 

2.0 
x 10~ 

o.oslo ---0~.4~=~o~.s===1~·);==::;:1=..tl==::;:2.0 
-t x 104 

Figure 6. Computed varlation of e1!(t) I r0
·
8 for p = 1 I 2. 
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0.4 

0.2 

0~--~7---~~--~~--~~--~ 
0 0.4 0.8 1.2 1.6 

-t 

Figure 7. Computed varlation of a;(t) I t0·
4 for p = 1/2. 

Finally we make an observation eoneeming the motion of the y eoordinate of the eentre of 
mass, namely 

Jl.y(t) = -
1
- JJeyC(x,y,t)dxdy. 

M(t) 
Rz 

(4.7) 

If we u se the leading order term from expansion (2.5) in ( 4. 7) we find that Jl.y (t) = 0 

identically, due to the symmetry of v0 as a funetion of Ç. The large time behaviour of 
JJ.y (t) must therefore be determined by the non-symmetrie higher order terms in the 

expansion of C(x, y, t) fort large. These reflect, insome unspecified way, the asymmetrie 
nature of the initia! data. 

We eonclude this seetion by giving the moments for the three dimensional problem. Using 
the sealings whieh we have dedueed in seetion 2 we find 

- 1 J 2mP'<
2
-p) JJ . _ JJ. x(t) =- xudxdydz- · Tl w0 rdrd17 = B tP12 P , 

Mu Mu 
RJ 

(4.8) 

-2 1 f - 2 27rt2p/(2-p) JJ 
C1xx(t) =- {x- Jl.xl udxdydz- (17- B)2 w0 rdrd17 = Ct2P1<2-p), 

Mu Mu 
RJ 

(4.9) 
and 

-2 1 J 2 2 2m<Jp-
2
)
1
<
2
-p) JJ 3 

Gr(t) = M (z + y )u dxdydz - M r w0drd17 
u RJ u _ • (4.10) 

= Dt(3p-2)/(2-p). 
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5. The numerical procedures 

In order to solve ( 1.11) and ( 1.12) numerically with Ä1 = Ä.2 = 0 , we adopted the 
change of variables 

f.L = u+ uP 

1](J.L) = u 

and worked with the nonlinear convection-diffusion equation 

A higher-order Godunov-een centered finite difference method developed by Dawson (1991, 
1993) was used to approximate the solution to this system. This method is well-suited for 
these types of studies because it is mass-conservative and non-oscillatory. In this scheme, the 
convection terms were incorporated explicitly using a higher-order Godunov formulation; in 
this case the one-dimensional approach described in Dawson ( 1991) was sufficient because 
only convection in the x-direction was considered. Diffusion was incorporated using 
cell-centered finite differences in space and impHeit differencing in time. The nonlinear 
system of equations arising at each step was solved using Picard iteration. The use of 
Newton's method was not feasible because of the non-differentiable nonlinearities inherent in 
the model. In all cases described above, a rectangular grid was used and the domain was 
chosen sufficiently large so that boundaries did not effect the computed profiles. The initia! 
condition in each case was a pulse of unit mass centered at the origin. A typical computation 
used a nonuniform grid on the domain [ -100, 100] x [ -100, 100] with refinement around 
the edge of the support of the initia! pulse. 
Solutions in the no-decay case were computed in the original variables t, x, and y and the 
scaled numerical solution was plotted in terms of the scaled variables. In this case, as can be 
seen in Figures 5 - 7, the moments appeared to converge to within a reasonable toleranee at 
about t = 10000. While this convergence is fairly slow it is consistent with the power law 
behaviour given in equations (4.1), (4.3) and (4.5). In the partial decay case, we fi.rst 
attempted to compute solutions in t. However, the convergence of the profiles and the 
moments was extremely slow and proved to be computationally impracticable for large 
values of t. We were able to circumvent this difficulty somewhat by introducing the change 
of variables, see also Lister ( 1992), 

-1/(1-p) 
u = t w , s = log t 

giving 

p p -s iiw iiw dw 
-.:....--(w +e )=--+-----w 
(1 - p) dx2 dl dX 

(5.1) 

and numerically solving this equation for w. In this case the computations consisted of first 
solving for u as before for 0 < t :S 1, and then using this solution as initial data for (5.1) 
starting at s = 0. 

During the course of performing these computations, some valuable lessons were 
leamed. First, in order to obtain the correctly shaped profiles and accurate moments, it was 
important that the numerical procedure be capable of handling the nonlinear capacity, 
convection, and diffusion terms iq conservative form; i.e. without differentiating them. 
Second, using the scalings to modify the equation as we did in the partial-decay case 
simplified the computations and made it possible to approach the large-time limit. 
Incorporating the scalings into the equations did not always give a simpler equation with 
which to work, but in some cases the new equations were no more complicated than the 
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original ones and could effectively reduce the time-scale. Moreover, by incorporating the 
appropriate temporal scalings into the spatial variables, one could compute on a fixed spatial 
grid without ha ving to regrid at later times. 

6. Conclusions 

In this paper we have studied the large time structure of a reactive contaminant plume 
in a two dimensional unbounded flow domain. The absorption reaelions that take place 
between the dissolved chemieals and the porous matrix are assumed to beat equilibrium and 
are accounted for by the introduetion of a Freundlich isotherm in the model equations. In 
addition to chemica! reactions, we also consider various decay processes. We distinguish the 
cases of no-decay, partial-decay, where contaminant only disappears from the mobile phase 
(biologica! degradation), and full-decay in which contaminant disappears from both the 
mobile and immobile phase (radioactive decay). 
We u se the metbod of asymptotic balancing [Dawson et al ( 1994)] to obtain red u eed 
differential equations. From these equations the structu~~ -o_f the limit profiles is deduced. 
The metbod of balancing is based upon eertaio conjectures.:about the form of the temporal 
decay and spatial sprëading of solutions. These conjectures were verified numerically, in the 
sense that each relevant case was also investigated coriiputationally. Based on this work we 
conclude the':Jollowing. 

1. In the absence of any decay process, the asymptotic structure is given by a similarity 
salution of a reduced transport equation. In this equation the longitudinal mechanica! 
dispersion cao be neglected in comparison with convection and transverse dispersion. For a 
given initia! distribution, the similarity salution that describes the large time behaviour to 

_ leading order, is the one with the same (initia!) mass. This is the only characteristic of the 
initia! profile inherited by the limiting structure. The similarity salution is oot known 
explicitly, but several characteristic properties could be derived. Substituting the computed 
limiting profiles into the expressions for the moments (mass, centre of mass and variances) of 
the contaminant plume, we are able to establish their asymptotic form as well. Numerical 
computations for this case are in agreement with these analytica! expressions; see section 4 
where we show results for p = 1 I 2, p being the Freundlich exponent. As cao be deduced 
from Figures 5-7, we cao re gard the moments as being sufficiently close to their asymptotic 
value when t > 5000. In view of sealing ( 1.1 0) this means in real times treaJ 

Dxx 5 aL 
treal > 5000-2 ::::: 000-

V V 
(6.1) 

where aL is the longitudinal dispersion length. Taking, for instance, aL= 1[m] and 
v = 100{m I year], yields treal > 50 [years] as the non-dimensionless time required for 
the moments to reach their asymptotic forms. 

2. In the case of partial decay, the limit structure is given b}i aii à.lgebraically decaying 

(t-lt(l-p)) plateau-like function with an expanding ~llipse as its support. Since the 

approach to this limit is logarithmic, the numerical computations for the profiles as well as 
for the corresponding moments converge extremely slowly to the asymptotic expressions. 
This is discussed in section 3.1. Due to the slow convergence, in computational terms, the 
limiting expressions for the moments do not have as much practical value as their no-decay 
counterparts. It is interesting to note that in this case, except near the interface, the leading 
order limit structure is independent of the initial contaminant distribution. lts influence 
appears in higher order terms of the large time expansion for the concentration and in the 
details of the boundary layer structure near the edges of the support. 

3. In the case of full decay, the contaminant concentration vanishes exponentially 

( e -kt! P) to leading order as t ~ oo. As a result the centre of mass and variances converge 
to constants. Rescaling the concentration with .the decay factor, yields a spatially dependent 
asymptotic limit profile which depends on the initia! data. Consequently, the asymptotic 
values for the moments depend heavily on the shape of the initia! distribution. For this 
reason the moments in the full decay case have limited practical value, and hence no effort 

24 



bas been undertaken to compute them numerically. However the analytica! procedure is 
outlined in section 3.2. 

4. Whenever the limiting behaviour of the solution of a partial differential equation is 
investigated numerically, one should first check analytically whether the limit structure is of 
self-similar form (as withno-decayin this paper). If it is, one should rewrite the equation in 
the self-similar variables, such as 1], Ç, v and t in section 2. In some cases this yields an 
equation with roughly the same structure and complexity as the original equation. Moreover, 
according to our experience, this can be cost-effective in that it considerably reduces the 
time needed to reach the asymptotic state. 
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