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Chapter 15 

Introduction 

There are several methods to analyze a model. We distinguish verifica
tion methods and validation methods. Verification methods are based 
on proofs and validation methods on experiments. The questions we 
want to answer concerning a model are: 

• is the model correctly defined? 

• is the model a faithful representation of the system under consid
eration (existing in the real world or in a persons mind)? 

• are some specific properties invariant (i.e. if they hold in an initial 
state, do they hold in all reachable states)? 

• are there sequences of processor firings that bring the system back 
to its initial state or to an equivalent state? 

• are states with certain (for instance undesirable) properties reach
able? 

• what time is needed to reach certain states? 

For the first question we have to know what "correct" means. This is not 
easy and we will restrict correctness to type correctness. Therefore type 
checking is one of the most of verification methods. Type checking is the 
verification of function definitions, processor and actor definitions with 
respect to types. Because the specification language is strongly typed 
it is possible to check the types without evaluation of functions and 
without execution of processors. Type checking of actors means that 
we verify if the types of places match the types of processor connectors 
that are connected to them. The type checking rules are considered 
in part V. There are type checking algorithms based on these rules 
and therefore type checking can be done by tools. Another aspect of 
correctness concerns the definition of recursive defined functions. We 
will treat some methods to verify this in chapter 24. 

The only way to check if a model is a faithful representation is by 
means of simulation. Here is no hard proof possible, only errors can 
be detected. So simulation is a form of validation. For interactive 
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simulation a software tool is required that can execute a specification. 
In the fourth section we present some guide lines and techniques to 
perform simulation experiments, however a full treatment would require 
a complete book. 

To verify invariant properties we have two kinds of invariant meth· 
ods: place invariants and transition invariants. Place invariants can be 
used to prove properties that hold in each reachable state. A transition 
invariant is a characterization of (finite) traces that bring an actor back 
to its initial state or an equivalent one. These methods are studied in 
the first section. 

In the second section we consider occurrence graph methods. They 
are used to check if a system can reach states with certain properties. 
We specialize these methods in section three to study the time behavior 
of systems, specifically to compute throughput or response times. Note 
that all the verification methods have a limited applicability, because 
they require structural properties the system we study does not have, 
Or because they ignore structural properties of our model such as the 
values or the time stamps of tokens. 

We assume throughout this chapter that the actor model we consider 
has fiat net model (L, P, C, I, 0, M), processor relation R, state space 
St and object universe OU. 
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Chapter 16 

Invariants 

Invariant methods were first developed for classical Petri nets. For clas
sical Petri nets invariants can be found or tested by means of simple 
linear algebra techniques. We start with a simple example of a classical 
Petri net. 

Example 1 
Consider the actor model of figure 16.1. It is a simple system that trans
fers "valueless" tokens from one place two another and vice versa. The 
processors are complete. Because we consider valueless tokens the other 
characteristics of the processors are irrelevant. It is obvious that the 
number of tokens in this system is constant, i.e. remains the same as in 
the initial state for each trace. It is also clear that the system returns 
to its initial state if processors PI and P2 fire the same number of times. 
(Here we neglect the identities of tokens as well as their time stamps.) 
For this system we can define the so-called flow matrix N is displayed 
in the following table: 

N PI P2 
11 -1 1 
12 1 -1 

The value N (I, p) of an entry in this matrix denotes the change of the 
number of tokens in place I caused by the firing of processor p. To find 

pi 

p2 

Figure 16.1: Example 1 
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the place invariants we have to solve the matrix equation: 

(wT denotes the transpose of the column vector w, which is a row vec
tor.) A solution w of this equation should be interpreted as: the number 
of tokens in place It times w(lt) plus the number of tokens in place 12 
times W(12) is constant. (An equivalent formulation is 

NTw = 0, 

where NT is the transpose of N.) 
To find the transition invariants we have to solve the equation: 

Nw=O. 

A solution should be interpreted as: if processor P1 fires W(P1) times 
and processor P2 W(P2) times in a trace, then the system returns to its 
initial state (neglecting the identities of tokens). Note that a trace is 
defined in chapter 8 as a sequence of pairs, the first component a state 
and the second component the transition time of this state. Since the 
transition time is completely determined by the state, we can character
ize traces as sequences of states. That is what we will do in this chapter. 

We prove these properties for the actor model and we start with some 
definitions. First we introduce the concept of a filter. A filter makes 
it possible to identify tokens that have some common characteristics. 
Remember that for a state s and an identity i: 1I'1(s(i)) is the value, 
1I'2(s(i)) is the time stamp and 1I'3(8(i)) is the place of a token with 
identity i. 

Definition 16_1 Let an actor model be given. Further let 1 be a func
tion such that: dom(f) = QU. Let V = rng(f). The function 1 is called 
a filter and V a classification set. A marking is a function m, such that 

• mE St --+ (L X V --+ IN), 

• V 8 ESt, 1 E L : 

m.(l,v) = #{i E dom(8) I 1(1I'1(S(i))) = V " 1I'3(s(i)) = I}. 

o 

The invariants do not consider the tokens individually, but equivalence 
classes of them. A filter 1 with classification set V determines such an 
equivalence relation: two tokens are equivalent if 1 maps their complexes 
to the same value in V. Therefore we can consider the elements of V 
as equivalence classes. So a marking counts the number of tokens in 
a particular place and a particular equivalence class. A trivial, but 
important filter maps all tokens to one value, i.e. V is a singleton. In 
that case a marking just counts the number of tokens in a place. This 
case reduces to classical Petri nets. Therefore we call this filter the Petri 
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filter. 
Another obvious filter for actor models is the identity function (i.e. 

'Ix E OU : f(x) = x). We call this the identity filter. Note that this 
filter conserves all information of the tokens except for the time stamps 
and identities. 

Next we consider functions that characterize the processor relations 
in terms of a filter. We do not consider the processor relation in full 
detail, we only consider the relationships between the filtered values of 
the consumed and produced tokens. The time stamps are ignored as 
well as the identities. 

Definition 16.2 Let an actor model with filter f and classification set 
V be given. A functions N,N+,N- are defined by: 

• N,N+,N- E {(I,v,p,r) II E L" v E V "p E p" r E Rp} -+ IN, 

• N+(l,v,p,r) = #{x E O(p)ndom(r) I f("2(r(x))) = v" Mp(x) = 
I}, 

• N-(l,v,p,r) = #{x E I(p)ndom(r) I f("2(r(x))) = v" Mp(x) = 
I}, 

• N(l,v,p,r)= N+(l,v,p,r)- N-(l,v,p,r). 

N is called the flow function, N+ the production function and N- the 
consumption function. 
o 

If processor p executes with firing rule r then N(l,v,p,r) will be the 
difference of the number of tokens in equivalence class v in place I, 
between the old and new state. Note that we do not know if p is able 
to fire r even when 

m,(l, v) ~ N-(l, V,p, r), 

because of the time stamps the possible precondition of p. 
In general the domain of N is in countably infinite. Since the iden

tities and time stamps of tokens do not playa role in the flow function 
we define an equivalence relation for firing rules. 

Definition 16.3 Let a processor relation R and a processor p be given. 
Two firing rules rl and r2 are equivalent if and only if: 

• dom( rIl = dom( r2), 

• 'Ix E domh) : "2(rl(x)) = "2h(x)). 

o 

In computations involving N we only have to consider for each equiv
alent class one firing rule. For actor models with the Petri filter the 
domain of the fiow function can be reduced to a finite set. 
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:How matrix 

place invariant 

:How balance 

weights 

Lemma 16.1 Let an actor model given. For the Petri filter the flow 
function N has the following form: 

VI E L, pEP: Vr E Rp: N(I,",p,r) = 
#{x E O(p) n dom(r) I Mp(x) = I} - #{x E I(p) n dom(r) I Mp(x) = I}. 

If in addition, all processors are complete, we obtain: 'Vi E L, pEP: 

N(l, ",p,r) = #{x E O(p) I Mp(x) = I} - #{x E I(p) I Mp(x) = I}. 

Proof. Since the Petri filter is used, we may delete the condition 
f(1I"2(r(x») = " in the definitions of N, N+ and N-. In the case 
where all processors are complete we have I(p) n dom(r) = I(p) and 
O(p) n dom(r) = O(p). 
o 

Since V is a singleton in these cases, we drop the dependency on " 
in the notation for N and since either r does not play a role at all or 
only via dom( r) we may write: 

• N(l,(p,dom(r))), in case of the Petri filter, 

• N(l,p) in case of only complete processors and the Petri filter. 

Note that this function N has a finite domain in both cases. As shown 
in the chapter 12 it is always possible to transform an actor model with 
incomplete processors into a similar one with only complete processors, 
so we can always reduce the flow function for an actor model with the 
Petri filter to the last case of this lemma. In the latter case we consider 
N sometimes as a matrix with columns per processor and rows per 
place. We call it the flow matrix. Also note that an actor model with 
finite types can be reduced to a similar actor model with an object 
universe that is a singleton (chapter 12). For such a model the Petri 
filter is equal to the identity filter. 

16.1 Place invariants 

Next we define the concept of a place invariant. 

Definition 16.4 Let an actor model with filter f and classification set 
" be given. A place invariant w is a function such that: 

• wE L X V -+~, 

• Vp E P : Vr E Rp : 

L w(I,,,) X N(l,,,,p,r) = O. 
leL,veV 

This equation is called the flow balance. (Here we assume that 
the sum is defined, i.e. that the sum of absolute values is finite. In 
case V is finite this property holds.) The values w(l,") of a place 
invariant are called weights. 
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o 

Note that the range of a place invariant is ~ while the range of a 
marking is IN. Also note that a function w with zero weights is always 
a place invariant. It is obvious that linear combinations of invariants 
are also invariants. 

Theorem 16.1 Let WI and W2 be place invariants for some actor model 
and some filter. For all a, b E ~: 

is also a place invariant. 
o 

A place invariant determines an invariant for all reachable states of an 
actor model. The next theorem is the main result of this section. It 
says that if the system is in a state s and by execution of firing rule 
r of processor p, the state transforms into s', then a weighted sum of 
number of tokens with filtered values remains the same. We start with 
a lemma. 

Lemma 16.2 Let an actor model with a filter f and a classification 
set V be given. Let s, s' E St and let there be an applicable firing 
assignment {(p, r)} , where pEP and r E Rp such that: 

s' = (s\ in(p, r)) U out(p, r). 

Then VI E L, v E V : 

m.,(I,v) = m.(I,v)+ N(I,v,p,r). 

Proof. By definition 10.6 (s,s') E Tr. It follows from theorem 10.3 
that in(p, r) and out(p, r) are elements of St (so they are functions on 
I D) and that they are mutual disjoint and both disjoint with s. 
So domes') = (dom(s)\dom(in(p,r))) U dom(out(p,r). Therefore we 
have for the marking m: 

m.,(I, v) = ma(l, v) - min(p,r)(I, v) + mout(p,r)(I, v). 

Recall that: 

in(p,r) = { (i,(y,t,l)) E ID x (OU x T x L) I 
3x E I(p)n dom(r): rex) = (i,y,t) " Mp(x) = I}. 

Therefore dome in(p, r)) = 

{i E ID 13x E I(p) n dom(r) : 1l'1(r(x)) = i}. 

So min(p,r)(I, v) = #{i E ID I 3x E I(p) n dom(r): 

1l'1(r(x)) = i " f(1l'1(in(p,r)(i))) = v " 1l'3(in(p,r))) = I}. 
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invariant place property 

Since r has for each connector x a different identity i, we have: 
f(1rl(in(p,r)(i))) = f(1r2(r(x))) and 1r3(in(p,r)(i» = I. 

So: 

min(p,r)(/,v) = 
#{x E J(p) n dom(r) I f(1r2(r(x») = v " Mp(x) = I}. 

For mout(p,r)(/, v) we obtain a similar expression and therefore: 

N(/, V,p, r) = mout(p,r)(/, v) - min(p,r)(/, v). 

o 

Theorem 16.2 Let an actor model with filter with filter f and clas
sification set V be given. Let s, s' E St and let there be an applicable 
firing assignment {(p, r)} , where pEP and r E Rp such that: 

s' = (s\ in(p, r» U out(p, r). 

Further let w be a place invariant for this model. Then we have: 

L w(/,v)xm •• (/,v)= L w(/,v)xm,(/,v), 
lEL, vEV lEL,vEV 

for all cases where the sums are properly defined. 

Proof_ The former theorem gives: 

m •• (/, v) = m,(/, v) + N(/, V,p, r). 

From this and that w is an invariant we obtain: 

L w(/, v) X m,.(I, v) 
lEL,vEV 

= 

L w(l, v) X (m.(/, v) + N(/, V,p, r» 
lEL,vEV 

= 

L w(/,v)xm.(I,v)+ L w(/,v)xN(/,v,p,r) 
lEL,vEV 

= 
L w(/,v) X m.(I,v). 

lEL,vEV 

This is the desired result. 
o 

The equation 

L w(/,v) X m.(/, v) = constant 
lEL,vEV 

is called an invariant place property. If L and V are finite it is often 
written in matrix format: 

wTN = O. 

The following theorem is an obvious corollary of the former theorem. 
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Theorem 16.3 Let an actor model with a filter and classification set 
V be given. Further let w be a place invariant for this model. For all 
autonomous traces (so, S}, 82, ... ): 

'Vi E {O, 1, 2, ... } : 
LleL.vev w(I, v) x m.,(I, v) = LleL.vev w(I, v) x m.,(l, v). 

Proof. We first note that by the serializability theorem 10.5 there is 
for each pair (s"s'+1) (with i E {O, 1, 2, ... }) a sequence of states 
and corresponding firing rules with only one processor, such that this 
sequence forms an autonomous trace that starts in s, and ends in s'+1' 
For each pair of successors in this sequence we can apply the former 
theorem, which gives 

L w(l,v)xm.,(I,v)= L w(l,v)xm"+l(I,v). 
leL. veV leL. vev 

Repeating this argument for each i we obtain the desired result. 
D 

The reverse of this theorem would be that from the fact that all 
reachable states have the invariant place property, we may conclude 
that the flow balance is true. This is only true if all processors are live. 

Definition 16.5 A processor p is called live if all finite autonomous 
traces p are prefix of at least one autonomous trace for which p executes. 
An actor model is called live if all its processors are live. 
D 

Theorem 16.4 Let a live actor model with an initial state and a filter 
with classification set V be given. Let w satisfy the invariant place 
property for all reachable states s: 

L w(l, v) x m.(l, v) = constant. 
leLI tJEV 

Then w is a place invariant. 

Proof. The proof is an exercise. 
D 

For an actor model with the Petri filter we obtain a simpler expres
sion for the invariant place property: 

L w(I) X m.(I) = L w(l) x m.,(l), 
leL leL 

because we may drop the dependency on v. For this case we have some 
useful properties of actor models, if the place invariants have only non
negative or positive values. We first introduce some notations and two 
concepts: dead set and trap. 
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Definition 16.6 Let an actor model be given. For a set DeL we 
define the sets of processors oD and Do: 

1. oD = {pE P I M{O{p))nD # 0}, 

2. Do = {p E P I M{J{p» n D # 0}, 

where M is the set version of M (i.e. Mp{a) = {Mp{x) I x E a}). 
A set of places is called a dead set if and only if 

oD C Do. 

trap A set of places is called a trap if and only if 

deadlock 

non-negative place invariant 

Do CoD. 

o 

In literature a dead set is mostly called a deadlock. However we used 
this term in a different way. We may consider oD as the set of praducers 
for D and Do as the set of consumers for D. SO a dead set is a set for 
which each producer is also a consumer and a trap is a set for which 
each consumer is also a producer. It is easy to verify that the union of 
dead sets is a dead set and the union of traps is a trap. (The proof is an 
exercise.) The first property says that if there is a non-negative place 
invariant then the set of places with positive weights is a dead set as 
well as a trap. 

Theorem 16.5 Let an actor model with the Petri filter be given. fur
ther let w be a place invariant for this model, with only non-negative 
values (i.e. VI E L : w{l) ~ 0) and let L' = {I ELI w{l) > O}. Such a 
place invariant is called non-negative. 
Then: 

L'o = oL'. 

Proof. Let pEL' 0 \ 0 L'. Then p consumes from L' but it does not 
produce for it. So there is a I' E L such that N{l',p) < 0 because p 
consumes from at least one place in L'. Further 'VI E L': N(I,p) ~ 0, 
since p does not produce for L'. Hence 

L w{l) x N(I,p) < O. 
leL 

This contradicts the fact that w is an invariant. A similar argument 
holds for the case there is apE oL'\L'o. Therefore oL' = L'o. 
o 

The following properties of dead sets and traps are easy to verify. 

Theorem 16.6 Let an actor model and an autonomous trace be given. 
Let s be a state on this trace. If a dead set does not have tokens in s 
then the same property holds for all successor states on the trace. 
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If a trap contains tokens in s then the same property holds for all suc
cessor states on the trace_ 

Proof. The proof is an exercise. 
D 

The next theorem gives a sufficient condition for the existence of a 
positive place invariant. 

Theorem 16.7 Let an actor model with the Petri filter be given. Fur
ther let there be a non-negative invariant w for every place I such that 
w(l) > O. 
Then there is a place invariant w such that 

VI E L : w(l) > O. 

This is called a positive place invariant. 

Proof. Since linear combinations of place invariants are also place 
invariants, we may select for each place I a place invariant WI with 
WI(l) > O. Hence we may define w(l) = LIEL wl(l). 
D 

The next theorem shows that actor models with a positive place 
invariant are bounded (c.f. section 12.3). 

Theorem 16.8 Let an actor model with the Petri filter be given. Let 
80 be the initial state. Let W be a positive place invariant. Then there 
is a n E IN such that for all reachable states s and all places I: 

ms(l) < n. 

Proof. For each reachable state 8 we have: 

L w(l) X mso(l) = L w(l) X m.(l). 
IEL IEL 

Hence for any I' E L: 

and 

w(I/) X m.(I/) ::; L w(l) X m'o(l) 
IEL 

m (I') < LIEL w(l) X m,o (I)) 
• - w(I/) . 

Finally we choose n equal to the maximum over all I' E L of the right
hand side of the last inequality. 
D 

Next we will consider the use of place invariants. There are two ap
proaches: 
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independent place invariants 

• compute place invariants (automatically) and try to interpret them 
in terms of properties of the actor model, 

• transform a desired property of an actor model into a (potential) 
place invariant and verify whether the place invariant holds. 

The first approach seems to be more attractive because it gives the 
possibility to discover properties. However there are some problems: 
for arbitrary filters and in particular for the identity filter there are no 
algorithms known to generate all place invariants and the number of 
invariants is in general infinite due to theorem 16.1. Another problem 
is that an arbitrary place invariant does not always have a meaningful 
interpretation. For the Petri filter there are techniques to determine a 
finite set of independent place invariants, such that each place invariant 
is a linear combination of invariants of this set. In a set of independent 
place invariants no invariant is a linear combination of the others. (In 
the next section we consider these techniques.) 

We claim that the second approach is the most practical one, specif· 
ically for filters other than the Petri filter. 

We will illustrate the techniques for finding and using place invari· 
ants by some examples. We start with the classical case: actor models 
with the Petri filter. 

Example 1, continued. 
Consider the actor model of figure 16.1 again. Now we assume that it 
is a normal actor model but we use the Petri filter. To find a place 
invariant we have to solve the equations: 

and 
w(l,) x N(I"P2) + W(l2) x N(l2,P2) = o. 

The solutions are of the form: 

Hence the set of all place invariants is: 

{w E L ..... IN I w(lt} = W(l2)}. 

Without loss of generality we may consider w(ll) = W(l2) = 1. The 
invariant place property is therefore: 

m.(lt} + m.(l2) = constant 

for all reachable states. This property is obvious and without the invari
ant analysis we would have found this property immediately. However 
now we have a proof! 

Example 2 
Consider the actor model of figure 16.2. The processors are complete 
and we consider the Petri filter again. The flow matrix is displayed in 
the table below. 
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pi p2 

Figure 16.2: Exam pie 2 

~------{a}+--------., 

p I--+{ b }--+{ q I--+{ c }--+{ r 

Figure 16.3: Example 3 

N PI P2 
11 1 -1 
12 1 -1 
13 0 0 

It is easy to verify that each place invariant should satisfy the following 
property: 

So there are no requirements for W(l3)' SO W(l3) = k is a place invariant 
for all k E m, which means that the number of tokens in 13 is constant. 
(Which is obvious.) If we take W(lI) = 1 then we have proven that the 
difference between the number of tokens in places It and 12 is constant. 
However there is no bound on the amount of tokens in these places. 
Of course if we know that the tokens produced for these places have 
bounded delays then we can derive a bound on the number of tokens in 
these places, but that is another kind of analysis. 

Example 3 
Consider a simplification of the train control case of chapter chapter 12. 
In figure 16.3 the actor model is displayed. Places a, b and c represent 
the tracks and processors p, q and r the semaphores. Places d and e 
represent the "memory" of the control system. The flow function N is: 
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N p q r 
a -1 0 1 
b 1 -1 0 
c 0 1 -1 
d -1 1 0 
e 0 -1 1 

The flow balance gives the following three equations with five un
known variables: 

-w(a) + w(b) - w(d) = 0, 

-w(b) + w(c) + w(d) - w(e) = 0, 

w(a) - w(c) + w(e) = O. 

Note that the columns of the matrix N are dependent: the sum of the 
three columns gives a column of only zeros. So there are in fact two 
independent equations with five unknown variables. So we may choose 
three variables and then the others are determined. Let x, y and z be 
integer variables and: 

w(a) = x II w(b) = y II w(c) = z. 

Then w( d) = x - y and w( e) = z - x. Hence the general form of the 
invariant place property is (for arbitrary s): 

x X m.( a )+yxm.(b )+zx m,( c)+(y-x) xm.( d)+(z-x) xm,( e) = constant. 

Not all choices for the variables x, y and z have a useful meaning. It 
is recommended to start with the choosing for one of the variables the 
value 1 and 0 for all others. This gives the invariant place properties 
(first x = 1, then y = 1 and for the last one z = 1): 

m,(a) - m,(d) - m,(e) = constant, 

ma(b) + m,( d) = constant, 

m.(c) + mate) = constant. 

The first one does not have a natural interpretation at first sight, how
ever the second and third do have one. In case the system starts with 
two tokens, one in b and one in c, there will be at most one token in b 
and at most one in c, which means that these tracks are safe. Further we 
see that if b or c is empty then d and e have a token to enable processors 
p and q respectively. Another invariant place property can be obtained 
by choosing x = y = z = 1: 

m,(a) + m,(b) + m,(c) = constant, 

which means that the number of trains will be constant. Let us consider 
the first property again. If the system starts in the initial state defined 
above, there will be at most one token in d and at most one in e. So the 
first property implies that the number of tokens in a is at most 2. (It 
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Figure 16.4: Example 4 

is easy to modify the model to guarantee that a will have at most one 
token.) 

Example 4 
The next example shows there are invariant place properties that cannot 
be derived from place invariants. The reason is that place invariants 
do not count with an initial state and therefore they are not always 
sophisticated enough. In figure 16.4 an actor model with complete and 
total processors is displayed. The Petri filter is used again. The flow 
function for this case is: 

N p q r 

a -1 1 -2 
b 1 -1 0 

Hence the flow balance gives: w(a) = w(b) and -2 x w(a) = o. Hence 
the only solution is: w( a) = w(b) = o. So there is no non-trivial place 
invariant. However it is clear that if there is only one token in the system 
in the initial state, then there will always be one. So this property is 
invariant! 

Next we consider the case of the identity filter. Here we have to deal 
with the firing rules. In case the processor relations are specified by a 
schema, it is in general not easy to characterize the set of all firing rules 
and therefore the flow function. However if the schema for the processor 
relation has the following canonical form, there is a "natural" way to 
express the flow function. 

Definition 16.7 A schema with signature XI : TI , ••• , Xn : Tn is in 
canonical form if there is a type T and a set of functions Ui liE 
{1, ... ,n}} such that 

• Vi E {1, ... ,n}: J;: T* Ti, 

• the predicate of the schema is of the form: 
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firing variable The variable x is called the firing variable. 
o 

An example of such a schema sis: 

s 
a: IN 
b: IN 
c: IN 
3x : IN x IN. 
a = lI"l(X) /I b = lI"2(X) /I c = lI"l(X) + lI"2(X) 

In case a processor is complete and functional it is always possible 
to transform its schema into canonical form. To verify this consider 
a processor with input connectors Xl, ••• , Xm and output connectors 
Y" ... , Yn. The functionality of the processor implies the existence of 
functions fj for each output connector Yj, such that for the input con
nectors 

Yj = h(x" ... , xm). 

Hence if we introduce a variable Z with the Cartesian product of all the 
types of the input and output connectors as type (denoted by T), then 
the predicate of the schema becomes: 

3z E T. 
"Vi E {l, ... ,m}.x; =lI";(z) /I "Vj E {l, ... ,n}'Yj = h(x" ... ,xm). 

The converse is not true, i.e. there are canonical schemas for processors 
that are not functional. 

For processors with a canonical schema we may rewrite the equation 
that defines a place invariant. We will assume that there is at most one 
connection between each processor and each place. 

Theorem 16.9 Consider a processor p with connectors Xl, ••• , Xn and 
a processor schema in canonical form with predicate: 

3x: T. Xl = ft(x) /I ... /I Xn = fn(x). 

Further assume that processors have at most one connector with a place, 
i.e. 

VI E L: #{X Eel Mp(x) = I} ::; 1. 

Then: 

• each value of the firing variable X determines a unique equivalence 
class of firing rules in Rp, 

• the flow balance can be written in the form: 
"Vx E T: 

1: w(/,!l(x)) = 1: w(i,!l(x)). 
le.p lep. 
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where we used the following notational convention for i E {1, ... , n}: 
fl = fi if and only if Mp(Xi) = l. 
Proof. Note that for each x E T all connector values in the proces
sor schema are determined by Xi = J;(x) (i E {l, ... ,n}). Hence any 
corresponding firing rule r satisfies: 

1rk(Xi)) = fi(X), (i E {l, ... ,n}). 

So each x determines (by definition 16.3) an equivalence class of firing 
rules uniquely. (Note that the connector names are used as variables 
in the scbema and also as arguments for the firing rules, which are 
functions. ) 

To verify the second assertion note that, since each processor has at 
most one connection with a place: 

o N (l, v, p, r) = 1 if and only if f,( x) = v for some x that corresponds 
to r and I E po, 

o N(l,v,p,r) = -1 if and only if fl(x) = v for some x that corre
sponds to r and I E op, 

o N(l, v,p, r) = 0, otherwise. 

Hence we may rewrite the fiow balance: 

as: 

o 

'1r E Rp: L w(l, v) x N(l, v,p, r) = 0, 
leL,tlEV 

'Ix E T: L w(l,fI(X)) - L w(l,fl(x)) = 0. 
leep 

If we define functions WI for I E L by dome WI) = V and WI( v) = w(l, v) 
we can write the flow balance as: 

So the place invariants are sets of functions now and the flow balance 
is a functional equation, i.e. an equation with a function as unknown. 
We consider an example. 

Example 5 
In figure 16.5 a very simple elevator system is displayed. Place a contains 
the cages of the elevator that are in rest and place b the moving cages 
of the elevator. A cage may contain at most one person. The values 
of the tokens in these places are naturals and the value of a token in 
a denotes the level where the elevator is waiting and the value of the 
token in b denotes the level towards the elevator is moving. Places c 
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Figure 16.5: Example 5 

and d contain transport requests of the form (x,y) where x and yare 
naturals denoting that somebody wants to move from level x to level 
y. In d are the active requests and in c the requests of persons that 
have made a move and are busy on the level they have arrived. It is 
assumed that every person that makes a move from level x to level y 
will make eventually the inverse move from y to x. Processors p and 
r consume one token and produce a new one with the same value (i.e. 
the same complex). However the time stamps of the new tokens have a 
delay with respect to their event time, which reflects the transportation 
time and the sojourn time on a level respectively. We do not consider 
the times stamps further. Processor q takes a request from place d, say 
(x, y), and looks for a token in a with value x and then it consumes 
these tokens and produces a token for b with value y and a token for c 
with value (y, x). Note that q has a precondition: the value ofthe token 
consumed from x should have the same value as the first component of 
the token consumed from u, so it is not total. However all processors 
are complete. In this case the identity filter is used. The set V can be 
represented as IN U (IN X IN), although this is not an allowed type. The 
schemas for the processors in canonical form are as follows: 

p := [ x: IN, y : IN I 3z : IN • y = z A x = z], 
q := [ x: IN, y : IN, u : IN X IN, v: IN X IN I 

3z: IN x IN. 
x = 1l"\(z) A Y = 1l"2(Z) A u = z A v = (1l"2(z),1l"\(z))], 

r := [ x: IN X IN, Y : IN X IN I 3z : IN X IN • x = z A Y = z]. 

The flow balances for the three processors are respectively for firing 
variable z: 

'1z E IN: w(a,z) - w(b,z) = 0, 
'1z E IN X IN : 

-w( a, 1l"1( z) + w(b, 1l"2(Z)) - w( d, z) + w( c, (1l"2( z), 1l"\( z))) = 0, 
'1z E IN x IN: w(d,z) - w(c,z) = o. 
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There are several solutions for w. For instance 

IfIEL, vEV: w(l,v) = 1 

is such a solution. This solution gives the following invariant place 
property, for zEIN x IN: 

L: m,(a, 7rl(Z)) + m,(b, 7r2(Z)) + m,(c, z) + m,(d, z) = constant, 
zENxN 

for all reachable states s. This might be rewritten as: 

L: m,(a,x) + m,(b,x)+ m,(c,(x,y))+ m,(d,(x,y)) = constant. 
xEN,yEN 

The interpretation of this property is straight forward: the number of 
tokens in all reachable states is constant. 
Another solution of the flow balance is: 

Vz E IN : 
w(a,z) = w(b,z) = 0 II Vz E IN x IN: w(c,z) = w(d,z) = 1. 

This gives the invariant place property: 

L: m,(c, (x, V)) + m,(d, (x, V)) = constant, 
xEN,yeN 

which means that the number of tokens in places c and d is constant. 
Similarly Vz E IN: w(a,z) = w(b,z) = 1 II Vz E IN x IN: w(c,z) = 
wed, z) = 0 is a solution that means that the number of tokens in a and 
b is constant. 

A more interesting solution is: 

Vz E IN: w(a,z) = w(b,z) = -2 x z 

II 

Vz E IN x IN : w(c, z) = wed, z) = 7rl(Z) - 7r2(Z). 

It is easy to verify in the three flow balances that this is indeed a solution. 
The corresponding invariant place property is: 

L: -2x x (m,(a,x)+ m.(b,x)) 
xEN 

+ 
L: (x - y) x (m.(c,(x,y)) + m.(d,(x,y))) 

x,yEN 

is constant. The meaning of this equation is that; the difference be
tween twice the total value of the tokens in places a and b and the total 
difference of the first and second components of the tokens in places c 
and d, is constant. To verify this note that firing of processors p and r 
have no influence on this difference and that firing of processor q with 
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(x, y) as firing mode, changes the total value of a and b with y - x and 
the total value of the differences in the first and second components of 
c and d with 2 x (y - x). 

This example demonstrates that it is not so easy to give a useful mean
ing to a place invariant. Therefore it is often more fruitful to guess an 
invariant place property and to check it with the flow balance. For other 
filters no specific techniques are known. 

16.2 Computational aspects 

Next we consider the computational aspects for the place invariants 
in case of the Petri filter. In the examples we have seen that finding 
invariant place properties is solving linear equations. The equation we 
consider is NT w = O. The number of columns is #(L) and the number of 
rows is #(P). In case #(P) > #(L) there are linear dependent rows and 
therefore we may reduce NT by deleting some rows (Le. processors!), 
without loss of information, i.e. the reduced equation has exactly the 
same solutions as the original one. Therefore we may assume without 
loss of generality that #(P) ~ #(L) and that the rows are independent. 

The only property from linear algebra we need is the following (cf. 
the bibliography). 

Lemma 16.3 Let a matrix equation of the form Bx = 0 be given, 
where 

• B is a matrix with p rows and I columns, 

• I ~ p, 

• the number of independent rows of B is p, 

• x is a vector of I unknown variables, 

then there is a suitable rearrangement of the rows and columns of B 
and there is a matrix A with p rows and 1- p columns such that for all 
x and for all i E {I, .. . ,p}: 

l-p 

x(i)+L:A(i,j)xx(j+p)=O (*) 
;=1 

Or in matrix notation: 

[I, A]x = 0, 

where I is a p X p-unit matrix and [I, A] is the matrix obtained by 
concatenation of I and A. There is always an integer solution if the 
entries B are integers. 
o 
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The matrix A can be found by the well-known pivoting process and 
rearrangement of rows and columns of the matrix B. The last assertion 
follows from the fact that if all entries of B are integer, then each solution 
has only rational values (because of the pivoting process which involves 
only arithmetical operations). By multiplying both sides of (.) with the 
greatest denominator we obtain an integer solution. 

The equation (.) is called the transformed equation. Note that we 
may choose variables x(p + 1), ... , x(l) freely and then the others are 
determined. 

Theorem 16.10 Let an actor model with complete processors and the 
Petri filter be given. Let P be the set of processors with #(P) = p, L the 
set of places with #(L) = 1 and N the flow matrix. The places and the 
processors are given numbers in {I, ... , I} and {I, ... , p} respectively. 
Let the transformed equation of NT x = 0, be (after rearranging numbers 
of places and processors, if necessary) for i E {I, ... ,p}: 

I-p 

x(i)+ I: A(i,i) X x(j + p) = o. 
j=1 

Further let W be the set of functions Wk E {I, ... , I} -+ 7£ with k E 
{I, ... ,1- p}, such that: 

• 'Vi E {I, .. . ,p}: wk(i) = -A(i,k), 

• wk(k+p)=I, 

• wk(i) = 0 for i E {p+ 1, .. . ,I}\{k + pl. 

Then: 

• these functions are place invariants, 

• they are mutually independent, 

• every place invariant is a linear combination of them. 

transformed equation 

(In other words W is a base for the linear space of place invariants.) base 

Proof. It is obvious that the place invariants in W are independent, 
since only function Wk has the property that wk(k + p) # O. To show 
that each function Wk is a place invariant note that, by definition: 
for i E {1, ... ,p}: wk(i) = -A(i,k) and 

I-p 

I: A(i,j) X Wk(j + p) = A(i,k). 
j;1 

Hence 
I-p 

wk(i) + I: A( i,i) X Wk(j + p) = 0, 
j;1 
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support 

minimal support invariant 

which is, according to lemma 16.3, equivalent with 

NT W= O. 

Hence W is a place invariant. 
Finally we have to verify that each place invariant is a linear combination 
of the place invariants of W. Let v be an arbitrary place invariant. Let 
z be defined by: z(k) = v(p+ k) for k E {1, ... ,1- pl. Then we will 
show, for i E {1, ... ,I}, that: 

I-p 

v(i) = L z(k) x wk(i). 
k=l 

We distinguish two cases . 

• Let i E {p + 1, ... , I}, then, by the definition of Wk, 

I-p 

L z(k) x wk(i) = z(i - p) = v(i), 
k=l 

(remember wk(k + p) = 1) 

• Let i E {1, .. . ,p}, then, by the definition of Wk, 

I-p I-p 

L z(k) X wk(i) = L -A(i, k) X z(k) 
k=l k=l 

= 
I-p 

L -A(i,k) X v(p+ k) = v(i), 
k=l 

since v is a place invariant. 

This proves the theorem. 
o 

Now we have a method to compute a base of the space of place in
variants. However this base is rather arbitrary. Invariants with only 
non-negative weights are often easier to interpret than place invariants 
with arbitrary weights. In example 2 we have shown that there are 
cases where all invariants have positive and negative weights, so it is 
not always possible to restrict us to place invariants with non-negative 
weights. Nevertheless we give a method to compute a special class of 
such invariants, if they exist. These place invariants are called minimal 
support invariants. 

Definition 16.8 Let an actor model with complete processors and the 
Petri filter be given. 
The support of a non-negative place invariant W is the set of places 
whose weights are positive, Le. IIwll = {I ELI w(l) > O}. 
Further let W be a non-negative and non-zero place invariant (Le. W > 0 
which means that III E L : w(l) ~ 0 and 31 E L : w(l) i 0). This w 
is called a minimal support invariant if and only if there are no non-
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negative non-zero place invariants which have a support which is a "real" 
subset of the support of w. 
o 

If w is a minimal support invariant then every other invariant Wi has a 
support which is not a (real) subset of the support of w (II Wi II It II w II). 
In the remainder of this section we will assume that the support of an 
invariant w contains at least one element, i.e. w > O. Note that the 
invariant w with VI E L : w(l) = 0 is the only non-negative invariant 
without support. 
Minimal support invariants satisfy a number of interesting properties. 

Lemma 16.4 Let an actor model with complete processors and the 
Petri filter be given. Then: 

(i) every non-negative invariant is a linear combination of minimal 
support invariants with positive coefficients. 

(ii) two minimal support invariants with the same support are linear 
dependent. 

Proof. 
(i) Suppose that w is a non-negative invariant. Now we have to prove 
that w is a linear combination of minimal support invariants with posi
tive coefficients. 

Clearly, a minimal support invariant is also a linear combination of 
minimal support invariants. 

If w is not a minimal support invariant then there exists a non
negative place invariant Wi such that: II Wi Ilell w II. Define: 

A = min w(l) 
lEllw'lI w'(l) 

For all n: w( n) - A x Wi (n) > 0 and there exists a I' > 0 such that 
w"( n) = 1'( w( n) - A x w'( n)) and for any I E L: w"(l) E IN. Note that 
w" is a non-negative invariant and w is a (positive) linear combination 
of Wi and w". Repeat this process until w" (w) is a minimal support 
invariant. It is easy to see that this process terminates (the support 
becomes smaller). This way we can decompose w into a linear combi
nation of minimal support invariants with positive coefficients. 

(ii) Suppose wand Wi are two minimal support invariants and II w 11=11 
Wi II. Define A as above. Again there is a I' > 0 such that for all n: 
w"(n) = 1'( w(n) - A x w'(n» and for any I E L: w"(l) E IN. If II w"l1= 0 
then w is a linear combination Wi, otherwise the support of w" is a real 
subset of w, since w" is zero for a minimizing I, and therefore, w is not 
a minimal support invariant. 
o 
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Note that if w is a minimal support invariant then, for each k ;::: 1, 
k X w is also a minimal support invariant. A minimal support invariant 
w is called elementary if and only if every minimal support invariant Wi 

having the same support satisfies: III E L : w(l) ::; w'(l). Note that (by 
the second assertion of lemma 16.4) there is for every minimal support 
invariant Wi precisely one elementary minimal support invariant w and 
a k ;::: 1 such that Wi = k X w. 

Because of these properties there are efficient algorithms to calculate 
minimal support invariants. To illustrate this we describe one of them. 
The algorithm starts from the matrix [It, N], where #L = I, 1/ is the 
identity matrix with I rows and columns, and N is the flow matrix. 
The matrix is modified by replacing rows by linear combinations of 
these rows. The matrix [Di, Ai] is the result of the i-th iteration of 
the algorithm. The algorithm terminates when Di contains all minimal 
support invariants of the net represented by N. It will be shown that 
the matrix equation 

[Di,N] = Ai 

is invariant during the computation and that finally AP = 0 (the matrix 
consisting of zeros only). 

Algorithm 
Let an actor model with complete processors and the Petri filter be 
given. The set of places and the set of processors are enumerated as 
follows: L = {1, .. ,/} and P = {l, .. ,p}. Furthermore, let N be the flow 
matrix after rearranging the places and processors. Then the algorithm 
is as follows: 

A:=N; 
D:= 1/; 
i:= 1; 
while i ::; p 
do 

1. append to [D, A] every row y = (dt. .. , d/, aI, .. , ap) which 
satisfies: 

(a) y can be constructed as a non-negative linear com
bination of two rows in [D, A]; 

(b) ai=O; 
(c) y is elementary (i.e. the coefficients are as small as 

possible) 

2. remove all rows y = (dt. .. ,d/,al, .. ,ap ) with ai # 0; 

3. i:=i+1; 

od 
(Here := denotes the assignment, while ••. do ... od the repe
tition. ) 
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Theorem 16.11 The algorithm generates all the minimal support in
variants of the actor model represented by N. These invariants are given 
by the final matrix D. 

Proof. Let [D', A'] be the matrix after the i-th iteration. We will prove 
(by induction) that D' contains all minimal support invariants of the 
net without the processors {i+1, i+2, .. ,p}. (This net will be denoted by 
N'.) To do so we will also prove that every row Vj = (d1 , •• ,d/,at, .. ,ap ) 

of matrix [D', A'] is such that: 

/ 

'Ik E {1, .. ,p}: (I:dg X Ngk) = ak (*) 
g=1 

In other words the j-th row of A', A), represents the "effect" of each pro
cessor on the invariant the j-th row of D', D), i.e. for every 1 ~ k ~ p: 
if processor k fires, then the weighted token sum (the weights are given 
by D)) changes with A~k. 
Now we will prove (using induction) that these properties hold for all i. 

(i) Initially DO = 1/ and AD = N. Let Vj = (d1, •. , d" at, .. , ap ) be 
the j-th row of [DO, AD]. Note that dg is equal to 1 if 9 = j, otherwise 
dg is zero. It is easy to verify that DO contains all (elementary) minimal 
support invariants of the net without processors (NO) and that equation 
(*) holds for i = O. 

(ii) Assume that D' contains all minimal support invariants of N' and 
equation Co) holds for [D',A']. 

First we show that equation (*) also holds for i + 1. Every new row 
in [D'H,A'H] is a positive linear combination of two rows of[D',A']. 
It easy to verify that if two rows V and Vi satisfy ( * ) then row (k1 XV) + 
(k2 X Vi) also satisfies (*). Hence (*) holds for [D'+t,A'+1]. 

Every invariant of N,H is an invariant of N'. Every non-negative 
invariant is equal to a positive linear combination of minimal support 
invariants (see lemma 16.4). Hence, every non-negative invariant of 
N'H is a positive linear combination of the invariants represented by 
D'. 

Any invariant of N,+1 which is the positive linear combination of 
more than two invariants of D', is not a minimal support invariant or 
it can be generated by taking the positive linear combination of only 
two invariants of D' which annuls the (l+i+l)-th column. To verify 
this note that (1) two minimal support invariants are linear dependent 
if their supports are the same (see lemma 16.4), and that (2) if a linear 
combination of more than two invariants makes the (1+i+1)-th column 
zero, then this linear combination uses two invariants: one with a pos
itive (1+i+1)-th column and one with a negative (1+i+1)-th column. 
Therefore we can use these two rows to generate an invariant with the 
same support or with a smaller support. 

Hence it suffices to consider the linear combinations described in the 
algorithm. 
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p1 p3 

11 13 

p2 p4 

Figure 16.6: The readers and writers system 

Next the algorithm removes all rows where the (l+i+1)-th column 
is not equal to zero. As a result DiH contains all minimal support 
invariants of NiH. Induction shows that DP contains all the minimal 
support invariants. 

o 

To illustrate the algorithm we present an example. 

Example 6 
Consider the actor shown in figure 16.6. This actor represents a resource 
(represented by place 15) shared by five readers and two writers. A read 
process is represented by a token in 11 (waiting) or 12 (reading). A 
write process is represented by a token in 13 (waiting) or I. (writing). 
Initially place 15 contains five tokens, this way it guaranteed that if a 
write process is writing, then all the other processes are waiting. We 
will prove this by calculating the minimal support invariants. 

The matrix [DO, A 0] is as follows: 

11 12 13 I. 15 PI P2 P3 P< 
1 0 0 0 0 -1 1 0 0 
0 1 0 0 0 1 -1 0 0 
0 0 1 0 0 0 0 -1 1 
0 0 0 1 0 0 0 1 -1 
0 0 0 0 1 -1 1 -5 5 

During the first iteration we add rows for processor PI and we delete 
the rows where the "PI column" is not equal to zero (these rows are 
marked with *): 
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11 12 13 14 15 
1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
1 1 0 0 0 
0 1 0 0 1 

PI P2 
-1 1 
1 -1 
0 0 
0 0 
-1 1 
0 0 
0 0 

P3 
0 
0 
-1 
1 
-5 
0 
-5 

P4 
0 
0 
1 
-1 
5 
0 
5 

* 
* 

* 

The next iteration of the algorithm (add processor P2) does not alter 
the matrix. If we incorporate processor P3, then we obtain the matrix 
[D3, A3]: 

11 12 13 14 15 
0 0 1 0 0 
0 0 0 1 0 
1 1 0 0 0 
0 1 0 0 1 
0 0 1 1 0 
0 1 0 5 1 

PI P2 P3 
0 0 -1 
0 0 1 
0 0 0 
0 0 -5 
0 0 0 
0 0 0 

P4 
1 
-1 
0 
5 
0 
0 

* 
* 

* 

The addition of P4 does not alter the matrix, i.e. [D\ A4]100ks as 
follows: 

It lz 13 14 15 PI P2 P3 P4 
1 1 0 0 0 0 0 0 0 
0 0 1 1 0 0 0 0 0 
0 1 0 5 1 0 0 0 0 

There are three minimal support invariants, the corresponding in
variant place properties are as follows: 

m,(It) + m,(l2) = 5 

m,(l3) + m,( 14) = 2 
m.(l2) + 5 X m,(l4) + m.(ls) = 5. 

The last property guarantees that if a write process is writing all the 
other processes are waiting. The two other invariants point out that the 
number of read and write processes is constant. 

For larger nets the algorithm (often) also generates invariants which 
do not have a minimal support (in addition to the invariants which do 
have a minimal support). There are two ways to deal with this prob
lem: (1) eliminate the non-minimal support invariants after applying 
the algorithm or (2) eliminate the non-minimal support invariants the 
moment they are generated. It quite easy to remove the non-minimal 
support invariants from the final matrix DP. However, it is more efficient 
to remove the non-minimal support invariants directly. 
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transition invariant 

transition balance 

16.3 Transition invariants 

Besides the place invariants there is another kind of invariants, called 
transition invariants. A transition invariant is a trace property, it says 
that the system returns to a state with the marking of the initial state, 
if a trace of a certain structure is occurs. Transition invariants play a 
less important role in applications than place invariants. We consider 
again filters and their corresponding markings. First we introduce the 
concept of a transition invariant. 

Definition 16.9 Let an actor model with filter f and classification set 
V be given. A transition invariant w is a function such that: 

• wE K --> IN, where K = {(p,T) IpE P II r E Rp}, 

• VI E L : '<Iv E V : 

I: w(p, T) x N(l, V,p, r) = O. 
(p,r)EK 

This equation is called the transition balance. 
D 

Here we assumed that the time domain T is countable (for instance IQ), 
in order to guarantee that the summation is restricted to a countable set. 
There are several properties of transition invariants that are similar to 
properties of place invariants. For example the following trivial result. 

Theorem 16.12 Let W1 and W2 be transition invariants for some actor 
model and some filter. For all a, b E IN: 

is also a transition invariant. 
D 

The next theorem is the main result. 

Theorem 16.13 Let an actor model with filter f with classification set 
V, be given. Further let w be a transition invariant for this model. For 
all finite autonomous traces 80, 81, ••• , 8n such that each firing rule r of 
processor p executes exactly w(p, r) times during the trace, the following 
property holds: 

VI E L,v E V: m •• (l,v) = m.n(l,v). 

Proof. Consider an autonomous trace 80,81, 82, ... ,8n , and assume 
that the trace is caused by the following firing sequence in K: 
(Pb r1), .. . , (Pn, Tn». Then we have for all I ELand v E V, in a way 
similarly to the proof of theorem 16.2: 

m •• (l, v) + N(l, V,Po, TO) + ... + N(l, V,Pm Tn) = m.n(l, V). 
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Further assume that all (p, r) E K occur exactly w(p, r) times in this 
firing sequence. Since addition is associative and commutative we may 
rewrite this into: 

m.o(/,v)+ L w(p,r) X N(/,v,p,r) = m.n(/,v). 
(p,r)eK 

o 

A transition invariant is called realizable if there is an autonomous trace 
that satisfies the condition of the former theorem. Note that transition 
invariants have only non-negative values, because a processor cannot 
"fire back". For actor models with only complete processors and the 
Petri filter, we can find the transition invariants by elementary linear 
algebra techniques, like for the place invariants. As an example we 
consider the train control example of the former section. (Here we use 
for the Petri filter the short-hands of definition 16.2 and we write w(p) 
for w(p, r).) 

Example 3, continued, 
Recall the flow matrix N. We have to solve the transition balance (in 
matrix for): 

Nw=O. 

This gives the following two equations: w(p) = w(r) " w(p) = w(q). 
Hence the values of w should be the same for all processes. So the system 
returns to its initial marking every time when all processors have fired 
the same number of times. Note that in this example, with the given 
initial state, such a trace is possible, this is however not guaranteed in 
general. 

The weakness of the transition invariants is that it is not necessarily 
realizable. Even live actor models do not guarantee that transition 
invariants are realizable. (The constrnction of a counter example is an 
exercise.) There are cases in which it is not allowed if a system returns 
to its initial marking. If it is proved that there is no transition invariant 
then we have proved that there is no such trace. So we can use transition 
invariants to exclude certain behavior. 

In the next example we consider the identity filter for the elevator 
case. 

Example 5, continued. 
Recall the processor specifications of the elevator system. The flow 
function has the following properties. We consider the firing variables 
instead of the firing rules. For the firing variables x,y E IN: 

• N(a,x,p,x) = 1, 

• N(a,x,q,(x,y)) = -1, 

• N(b,x,p,x) = -1, 
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• N(b,y,q,(x,y» = 1, 

• N(c,(y,x),q,(x,y»= 1, 

• N(c,(x,y),r,(x,y» = -1, 

• N(d, (x, y), q, (x, y» = -1, 

• N(d,(x,y),r,(x,y» = 1. 

The transition balance 

L W(p', r/) x N(l, v, p', r/) = ° 
(p',r')EK 

gives per place the following equations for x, y E IN: 

• a: 2:xEN(W(P,X)- 2:yE NW(q,(X,y))) = 0, 

• b: 2:xEN( -w(p, x) + 2:yEN w( q, (y, x))) = 0, 

• c: 2:x,YEN W(q,(y,x»-w(r,(x,y») = 0, 

• d: 2:X,YEN -w(q, (x, y» + w(r, (x, y))) = 0, 

Hence 

w(q, (x, y» = w(q, (y, x» = w(r, (x, y» = w(r, (y, x» 

and 
w(p,x) = L w(q,(x,y» 

yEN 

is an example of a transition invariant. So for each sequence of firings 
we can check if it agrees with the transition invariant or not. A firing 
sequence brings the system back to its initial marking, if every firing is 
allowed and if it has the same number of firings of q and r, both with 
an equal number of consumptions of (x,y) and (y,x). Further p has to 
fire for each x for which q fires with some (x, y). For example 
(p,5),(q,(4,5»,(r,(5,3»,(p,4),(r,(4,5»,(q,(5,3»,(p,3)(q,(5,4», 
(q, (3,5», (r,(3,5»,(r,(5,4»,(p, 5) is such a sequence. 

The computational aspects of transition invariants are similar to the 
place invariants. For the Petri filter we can use linear algebra and for the 
general case the only technique is trial and error. Let again p = #(P) 
and I = #(L). Now p is the number of unknown variables. If I :5 p there 
may be more than one solution and then we may use theorem 16.10 to 
find a base of transition invariants. Note that the differences with the 
place invariants are that we used the transpose of N there, while we use 
N itself here and that we are looking for non-negative solutions only. 
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Chapter 17 

Occurrence graph 

Many questions about the behavior of an actor model can be formu
lated as: "is it possible to reach a state with a certain property" and 
"will a state with a certain property always be reached." Often these 
reachability questions concern avoidance of unsafe or unwanted states. 
For example: is it possible to reach a state in which vehicles from or
thogonal directions may pass a crossing at the same time in a traffic 
control system? Some of these questions can be formulated as place 
invariants, for instance if the initial state is "safe" then every reachable 
state should be safe. Reachability of desired states is also questioned, 
for example the reach ability in a production system of states where all 
orders of a certain age are fulfilled. 

Many questions about protocols for communication between actors 
can also be expressed as reachability questions. A protocol describes 
the order in which two or more actors exchange tokens of certain kinds. 
In many cases it is possible to modify an actor model by adding places 
and processors such that a disturbance of the order of token exchange 
leads to the occurrence of tokens in the extra places. So the question 
whether a protocol is incorrect can be expressed as reachability of states 
where there is at least one token in an extra place. The occurrence groph 
contains all this information. 

Definition 17.1 Let an actor model with initial state So be given. The 
occurrence groph is a graph with the states that are reachable from 80 
as nodes, denoted by Sto, and set of edges: 

E C Sto X Sto, 

such that 

(8,8') E E ¢} (8,8') E Tr. 

o 

Note that in most cases the occurrence graph is infinite and dependent 
on the initial state. Therefore we will not be able to compute this 
graph completely and so it will not be possible to verify properties that 
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depth-first search 
breadth-first search 

Q40coverability tree 

require inspection of the whole occurrence graph. However negative 
answers may be found in the occurrence graph, i.e. counter examples 
for questions that require inspection of the whole graph. For example if 
we can find one reachable state in the a traffic system where vehicles of 
orthogonal directions are allowed to pass a crossing at the same time, 
then we know that the desired property does not hold. One cause of the 
infiniteness of the occurrence graph is that the identities of new tokens 
differ from identities of old ones. Another reason is that the time stamps 
of new tokens are in most cases larger than of old ones. 

To compute an occurrence graph partly, there are several approaches: 
depth-first search, breadth-first search and a mixture of the former ones. 
In the first case all nodes on a trace are computed and if the trace ends 
the next trace is computed. In the second case all nodes that are reach
able from the initial node in n steps are computed before the nodes that 
are reachable in n + 1 steps are computed. It is clear that the depth
first approach can only be carried out in pure form if all traces end in 
a deadlock. There are several techniques to make the computation of a 
part of an occurrence graph more efficient but they will not covered in 
this book (cf bibliography). 

If all processors are functional then the number of edges leaving 
a state is finite, because there are only finitely many combinations of 
input tokens that may cause a transition. If there are non-functional 
processors then the number of edges leaving a state can be infinite, so 
then a breadth-first search is not possible. 

In practice it is normal to compute and store a few hundred thousand 
states or markings for inspection. Instead of computing all successor 
nodes of a given node it is also possible to compute only a few of them 
for instance a fixed number k. This makes it possible to inspect the 
(filtered) occurrence graph to a greater depth, if we have a fixed amount 
of computing time and storage space available. In case we compute for 
each node only one successor we are simulating the model. Then we 
still can find interesting results as will be shown in the next section. 

We can compute a finite tree instead of the infinite occurrence graph. 
This finite tree is called the coverability tree and it contruns much (but 
not all) information of the occurrence graph. 

Definition 17.2 Let an actor model with initial state So and a filter 
f with finite classification set V be given. The Q~coverability tree has 
nodes in the set Q' = L x V -> JN U {oo}. The tree is constructed as 
follows: 

1. the root is the marking of So under f and is denoted by mo, 

2. node m is a leaf node if 

Vp E P :Vr E Rp: 31 E L,v E V: m(l,v) < N-(l,v,p,r), 

(Le. each processor is disabled) 

3. a node m is also a leaf node if there is a node m' on the trace from 
mo to m such that m = m', 
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D 

4. if m is not a leave node, then m' is a successor node and (m, m') 
is an edge if and only if 3p E P : 3r E Rp : 

'<II E L,v E V: m(l,v) 2:: N-{l,v,p,r) " m'{l,v) = c{l,v) 

where 

• '<II E L, v E V : 

c{l,v) = 00 if : 3a E A: a{l,v) < b{l,v), 

= b{l, v) otherwise, 

• '<liE L,v E V: b{l,v) = m{l,v) + N(I,v,p,r), 

• A be the set of nodes a on the trace from mo to m such that 

'<liE L,v E V: a{l,v) ~ b{l,v). 

So the nodes are markings with possibly infinitely many tokens per 
place. Here we used the following conventions for 00: 

• '<In E IN : n < 00, 

• '<In E IN : 00 + n = 00 A 00 - n = 00. 

(In example 7 we consider an example of a coverability tree.) There is 
an edge (m, m') in the coverability tree if there is a transition possible 
from states with marking m to states with marking b, such that either 
m'( i, v) = b{l, v) or m'{l, v) = 00. The last situation occurs if there is 
a marking a on some trace from mo to m, such that a is at least b and 
a{l, v) = b{l, v). In case the classification set of the filter is finite, the 
number of edges leaving a node in the coverability tree are finite. From 
now on we assume the classification set is finite. 

Lemma 17.1 Let an actor model with filter f with finite classification 
set V, initial marking So and flow function N be given. The number of 
edges leaving a node in the coverability tree is finite. 

Proof. Fix PEP and r E Rp. Consider the functions: 

{«I,v),N{l,v,p,r)) II E L " v E V}. 

Because L and V are finite and the values of N{l,v,p,r) are bounded 
by the structure of the flat net model, there are only finitely many of 
these functions. It follows from the definition of the coverability tree 
that the assertion is true. 
D 
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We will prove that a coverability tree is finite (if the classification set of 
the filter is finite). Therefore the coverability tree is easy to compute by 
the three rules of definition 17.2. First we show an important property 
of sequences of finite functions with extended natural values, i.e. natural 
values or 00. It will be used in the theorem afterwards. 

Lemma 17.2 Let A be a countable set, let B = A --> IN U {oo} and let 
for b E B+ (i.e. a finite or infinite sequence) and i E dom(b): 

q(b, i) = ("Ii E dom(b): i < i => 3a E A: bj(a) > bi(a)). 

Further let 

iJ = {b E B+ I "Ii E IN,a E A: bi(a) = 00 => bi+1(a) = oo}. 

Then 
Vb E iJ : {i E dom(b) I q(b, i)} is finite. 

Proof. We use induction with the cardinality of A. Let #(A) = 1. 
Let A = {ao}, let b E B* and let (bio'"'' bin) be a finite sub-sequence 
of b such that "1/ E {O, ... , n} : q(b, i,l. Then clearly: 
bio(aO) > bi.(aO) > ... > bin(aO) 2: O. Hence bin(aO) ::; bio(aO) - nand 
therefore n ::; bin(aO)' So ali sub-sequences of b that satisfy q are finite. 
Assume the assertion is true for all A with #(A) < k. 
Let #(A) = k. Let b E B+ and let Q = {i E dom(b) I q(b, i)} be infinite. 
We will show that this leads to a contradiction. Fix ao E A. Since Q is 
infinite there is an infinite sub-sequence (bio' bi., ... ) of b such that 

• "In E IN : in E Q, 

• bio(aO)::; bi.(aO) .... 

To verify this, consider first the case where bi ( ao) = 00 for some i E 
IN. Then the value 00 occurs infinitely often and we can take the sub
sequence consisting of 00 only. For the other case note that the set 
{bi(ao) liE dom(b)} is either finite or infinite. In the first case there is 
a value that occurs infinitely many times and so we can find an infinite 
sub-sequence with this value and in the second case we can even find an 
increasing sub-sequence. 
Clearly (bio' bi., . .. ) is an element of B+ that can be represented as 
(iio, iiI, ... ). Further we have "In E dom(ii) : q(ii, n). Because of the 
second property of the sub-sequence we have for all i E dom(ii): 

"Ii E dom(ii) : i < i => 3a E A\{ao} : iij(a) > iii(a). 

Let b* be ii with A replaced by Ao = A\{ao}. Then {n E dom(b) I 
q(b*, n)} is infinite which is a contradiction since #(Ao) = k -1. Hence 
Q is finite, which proves the assertion. 
o 
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Theorem 17.1 Let an actor model with filter f with finite classifica
tion set V and an initial state 80 be given. Let mo be the marking of 80 

with respect to f. 
The coverability tree is finite. 

Proof. We first show that every trace, starting in mo has only a finite 
number of nodes. 
Let (mo, mi'''') be a trace in the tree. Apply lemma 17.2 with A = 
L x V. Then for only finitely many i E IN we have: q( m, i). Hence for 
all but a finite number of i E IN, we have ,q( m, i) or: 

3j E IN:j < i 1\ III E L,v E V: mj(I,v) ~ mi(I,v). 

So for all but a finite number of i E IN we have either mi = mj or, 
by the definition of the coverability tree, mi > mj (Le. for all pairs 
(I,v) E L x V we have mi(I,v);:: mj(I,v) and for at least one pair (I,v) 
we have mi(I,v) = 00). By the construction of the coverability tree we 
know that there cannot be more than two identical nodes on a trace 
and the number of nodes i for which there is a j such that mj < mi is 
finite because mi attains the value 00 for at least one pair (I, v) more. 
(Note that L X V is finite.) So every trace is finite. 

Next we show that the number of markings reachable from mo is 
finite. Suppose the contrary: infinitely many nodes reachable from mo. 
Then we can construct an infinite trace starting in mo. Remember that 
every node is starting point of only a finite number of edges (cf. lemma 
17.1). Consider mo. In this node start finitely many edges. At least 
one of the edges leads to a node with infinitely many reachable nodes. 
Choose one of these as the next node. We use induction. Suppose we 
have constructed a trace of length n and that at least one of the edges 
starting in the last node of this trace has infinitely many reachable 
nodes. Then we can extend the trace with one of these nodes. Hence 
we can construct an infinite trace. This is a contradiction. 
o 

In the following theorem we establish an important property of the 
coverability tree. It says that if a state 8 with marking m is reachable 
from the initial state then there is a node m' in the coverability tree 
with the property that m';:: m (Le. VI E L,v E V: m'(I, v) ~ m(I,v).) 

Theorem 17.2 Let an actor model with filter f with finite classifica
tion set V and an initial state 80 be given. Let m,o be the marking of 
80 with respect to f. 
For every reachable state 8 with marking m, there is a marking m in 
the coverability tree with m ;:: m,. 

Proof. We use induction. If 8 = 80 then mao ~ mo and then the the
orem holds. Assume the theorem holds for all states that are reachable 
in n steps from the initial state. Let 8 be reachable in n steps and let a 
firing assignment {(p, r)} be applicable in 8 and let application of this 
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assignment give state 8'. By the induction hypothesis we have a node 
m in the coverability tree such that: m ~ m •. Since 

in(p, r) C 8 

we have 
III E L, v E V: m.(l, v) ~ N-(l, V,p, r). 

Hence 
III E L,v E V: m(l,v) ~ N-(l,v,p,r) 

and therefore there is a node m' in the coverability tree with 

VI E L,v E V: m'(l,v) ~ m(l,v)+ N(l,v,p,r) = m.,(l,r). 

(Note that it is possible that we can choose m' = m.) 
o 

So if we can express a property in terms of the markings of the cov· 
erability tree, and if these markings are not reachable in the coverability 
tree, then states with the corresponding property are not reachable ei· 
ther. 

In general we are not sure that if there is an edge in the coverability 
tree that there is also a possible transition. However if all processors 
are total this is the case. 

Theorem 17.3 Let an actor model with its coverability tree be given. 
If all processors are total then for each node in the coverability tree 
there is at least one edge that corresponds to a legal transition in the 
underlying actor model. 
o 

The proof is an exercise. 
We conclude this section with an example. 

Example 7 
In figure 17.1 an actor model is displayed. We assume that all proces· 
sors are complete and the Petri filter is used. The coverability tree is 
presented in the following table. 

(2,0) (1,1) (0,2) [1,1] 
(1,00) (0,00) 

[1,00] 
(00,00) [00,00] 

.[2,0] 
(2,00) (1,00) (0,00) (00,00) [00,00] 

[1,00] 
(00,00) [00,00] 

[2,00] 
(00,00) [00,00] 
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C~- q Kb 

r 

Figure 17.1: Example 7 

A pair of numbers (a, b) denotes the amount of tokens in places a and 
b respectively. If a pair is represented as [a, bJ it is a leave node. The 
traces are represented from left to right. So (2,0) is the root and its 
direct successors are (1,1) and (2,00). The branches are made by pro
cessor firings in the order p, q, r 

The example shows that coverability trees can be big and that the only 
way to construct and inspect a coverability tree of a realistic example is 
by means of a computer. It also shows that we do a lot of double work 
because we often expand the same node more than once. Therefore it 
is more efficient to develop an acyclic graph instead of a tree. We will 
omit this modification. 
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Chapter 18 

Time analysis 

In the first section we only considered the (filtered) values of tokens. 
In this section we focus on the time stamps of the tokens. Examples 
of questions that can be answered by observation of the time stamps 
only, are the arrival times of tokens in certain places and in particular 
the arrival times of the first token in a certain place. Examples of these 
questions are "what is the throughput time of products in a factory" 
and "what is the response time of an information system". Here we 
discard the values and the identities of the tokens. 

Of course we could use the occurrence graph to answer these ques
tions but this graph is very large and contains a lot of details that 
are not relevant for the analysis of time. Therefore we choose another 
approach: we will consider not all the possible states but equivalence 
classes of them. (Note that markings are also equivalence classes of 
states.) In fact we develop a new actor model, called the interval-timed 
actor model, in which the time stamps of tokens are replaced by time 
intervals instead of time points. The processor relation of this model 
will also be characterized by time intervals. The relationship between 
the original actor model and the interval-timed actor model is that the 
first one is similar to the second one, so for each trace of the original 
model there is a similar trace of the interval-timed model. Hence for 
each state that is reachable in the original model an equivalent state 
in the interval-timed model is reachable. The systems engineer has to 
determine the similarity relation: first a filter is determined (usually 
the Petri filter) and secondly delay intervals are determined per output 
connector of each processor. So we assume that the delays specified per 
processor, are only dependent on the output connector and not on the 
values of the consumed tokens. The delay intervals should be correct, 
i.e. all tokens produced by a processor in the original model should have 
delays that fit into the corresponding delay interval. 

The first step is the definition of the interval-timed actor model. The 
main difference is that we have to define a calculus for time intervals. 

Definition 1S.1 Let TT = {t E IR x IR 11I'1(t) ~ 1I'2(t) A 1I'1(t) ~ o}. 
Let a, b E TT, A C TT and i E {1,2}. The functions +, maXi, mini 
(i E {1,2}),~, ~ and n are defined as follows: 
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delay 

absolute time 
relative time 

• a + b = ("t(a) + "t(b)'''2(a) + "2(b)), 

• maxi(A) = maX{"i(a) I a E A}, 

• mini(A) = min{"i(a) I a E A}, 

• a ~ b ¢> 3c E TT : a + c = b, 

• a ~ b ¢> 3c E TT : b + c = a, 

• anb = {x E III I maxt({a,b}) ~ x ~ min2({a,b}}). 

o 

Note that if a, bE TT and a ~ b then "t(a) ~ "t(b) 1\ "2(a) ~ "2(b). 
But the reverse is not true. So (3,5) ~ (4,6) but not (3,5) ~ (5,6), 
because c = (2,1) rf. TT. Further note that we represent intervals by 
pairs of numbers. Next we define the interval-timed actor model. (Here 
we use the definitions of the actor framework intensively.) There are two 
main differences with the original actor model: the time is replaced by 
time intervals and in the firing rules these time intervals playa different 
role: the time intervals belonging to the input connectors do not play 
a role at all and the time intervals belonging to the output connectors 
have to be interpreted as delays (interval delays to be precise). So we 
switch from absolute time in the original processor relations to relative 
time in the interval-timed processor relations. 

Definition 18.2 An interval-timed actor model is an actor model as 
defined in definition 10.3 with the following modifications. 

o 

• Model modifications: 

- the time domain T C TT such that lIa, bET: a + bET 
with TT and the functions defined in definition 18.1, 

- the firing rules do not have to satisfy requirement 3. 

• The state space is defined as in definition lOA. 

• Transition relation modifications (cf. definition 10.6): 

- tim(f) = (maxt(A), max2(A)), where A = {"3(X) I x E 
In(fn, 

- time(s) = (mint(B),min2(B)), where 
B={tim(f)lfEFA 1\ In(f)cs}, 

- a firing assignment f is applicable in state s if and only if it 
satisfies requirements 1 and 2 and time( s) n tim (f) t- 0, 

- (s, s') E Tr ¢> s' = (s\In(f)) U D( O"t(f), time(s)), 
where D is defined by: 
D(A,x)= {(i,v,t,I)13dE TT: t = x+d 1\ (i,v,d,I)E A}. 
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Figure 18.1: Time intervals of three tokens 

e 1 

Figure 18.2: Enabling intervals of three processors 

In order to clarify some consequences of the time intervals of tokens 
we consider the following example. 

Example 8 
In figure 18.1 the time intervals of three tokens in a state s are displayed. 
Assume these tokens can be consumed by one processor p in one event. 
The time points e and I mark the earliest and latest possible times p 
can execute. Hence 

and 
1= max{1I"2(tJ), 1I"2(t2), 1I"2(t3)}. 

So the enabling interval of p equals [e,ll. If p is the only processor in a 
firing assignment f (i.e. dom(J) = {p}), we have time(J) = (e, I). 

In figure 18.2 the enabling time intervals of three processors are dis
played. Suppose no other processors are enabled, i.e. no other processors 
have enough tokens of the right values in their input places. The tran
sition time of the system will be within the interval [e,ll, because no 
transition can fire before e and since we assume systems to be eager, 
processor 3 will execute before time point I. Hence 

and 
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If there are three firing assignments ft, h and fa with dom(Ji) = Pi, 
then 

time(8) = 
(min{min1( tim(ft)), min1( tim(h)), min1( tim(fa))}, 
min{ min2( tim(ft)), min2( tim(h)), min2( tim(fa))}). 

In the same way as in part II we can prove that all autonomous 
traces are monotonoU8 with respect to the modified ordering relations. 
Many other properties of actor models hold also for the interval-timed 
model. (We do not give proves here.) 

The next step is the introduction of a similarity relation between the 
original model and the interval-timed model. 

Definition 18.3 Let A be an actor model and B an interval-timed 
actor model with the same flat net model. Let 9 be a function from 
the object universe QUA to the object universe QU8. Let (SA, tAl and 
(58, t8) be events of A and B, respectively. The similarity relation C 
is defined by: 

«8A' tAl, (58, t8)) E C ¢> 

• dom(SA) = dom(s8), 

• Ifi E dom(SA) : 
- g(1I'1(sA(i))) = 1I'1(88(i)), 
- 1I'1(11'2(88(i))):5 1I'2(SA(i)):5 1I'2(11'2(88(i))), 
- 1I'3(SA(i)) = 1I'3(88(i)), 

• 1I'1(t8):5 tA :5 1I'2(t8)' 

o 

Hence two events are similar if and only if: 

• their states have tokens with the same identities (we call them 
corresponding tokens) (this assumption can be weakened), 

• if a token of A has the same filtered value (with filter g) as the 
corresponding token in B, 

• if corresponding tokens reside in the same place, 

• if the time stamps of tokens of A belong to the time intervals of 
the corresponding tokens in B, 

• the event time of A fits into the event interval of B. 

Theorem 18.1 Let A be an actor model and B an interval-timed actor 
model with the same flat net model. Let 9 and C be defined as in 
definition 18.3. 
Let there be a bijective mapping for each PEP: <pp E RA.p -> R8,p 
such that: 
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'tip E P : 'tIr E RA,p : r' == <l>p( r) 1\ 

1. dom(r) == dom(r'), 

2. 'tIx E dom(r) : "l(r(x» == "l(r'(x» 1\ g("2(r(x») == 
"2(r'(x )), 

3. 'tIx E dom(r) n O(p) : 

"3(r(x»-max{"3(r(y» lyE dom(r)nI(p)} E "3(r'(x)). 

Then, for each pair of initial states (SA, SB), such that «SA, 0), (SB' (0,0») E 
C, system A is similar to system B, i.e. A NO B. similarity 

Proof. It is sufficient to show that if two (not necessarily initial) 
states SA and SB, and two times tA ~ time(sA), tB ~ time(sB), sat-
isfy «SA, tAl, (SB, tB)) E C then for all firing assignments fA that are 
applicable in SA there is an applicable firing assignment fB in SB such 
that: 

where 

• sA == (SA \In(JA)) U Out(JA), 

• SB == (SB\In(JB» U D(Out(JB), time(SB)). 

To verify this let an applicable firing assignment fA be given. Let fB 
satisfy 'tip E P : fB(p) == <l>p(JA(P))' Fix some pEP and let r == fA(P) 
and r' == JB(p), Then rand r' satisfy the three properties above. First 
we check if fB is applicable, i.e. time(sB) n tim(JB) t 0. Suppose 
this is not true. Then there is another firing assignment fB such that 
time(sB) n tim(JB) cf 0. Besides this the firing assignments satisfy: 

because of the properties of time and tim. However then there is a firing 
assignment f~ for model A that consumes the corresponding tokens of 
fB' (Note that InU~) and InUB) have only corresponding tokens and 
the same holds for In(JA) and In(JB).) So we have: 

Hence fA is not applicable because it does not satisfy requirement 3 of 
definition 10.3. This is a contradiction and therefore fB is applicable in 
SB' In a similar way we can show time(sA) E time(sB). 

Next we show that «sA' time(SA», (sB' time(sB))) E C. The cor
respondence of tokens in SA \In(JA) with tokens in sB\In(JB) follows 
from the assumption that (SA,tA) and (SB,tB) are similar. Note that 
(by the eagerness assumption): 

time(SA) == max{"3(r(y)) lyE dom(r) n I(p)}. 
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Figure 18.3: No bisimilarity 

Therefore for all x E Out(JA) there is exactly one y E Out(JB) such 
that 

and since time(sA) E time(sB) we have 

1I'2(X) E 1I'2(Y) + time(sB). 

(Note that x and yare tokens.) This proves the assertion. 
o 

The importance of this theorem is that for all autonomous traces of 
an actor model, there is a similar trace of the corresponding interval
timed actor model. Hence if a state is reachable in the original model it 
is also reachable in the interval-timed model. This approach has much 
resemblance to the coverability tree method, because for all traces in the 
original actor model there is a corresponding trace in the coverability 
tree. 

It is a pity that we cannot prove that the two models A and B are 
bisimilar. The following counter example shows why this the case. 

Example 9 
In figure 18.3 an interval-timed actor model B is displayed. All proces
sors are complete and the object universe is a singleton. The labels (0,3) 
and (1,2) denote the delay intervals. Suppose there is only one token in 
the initial state So in place a with time interval [1,2], so time(so) = (1,2). 
The next state 81, is reached by executing processor p. The next state 
has only two tokens in places band c with time intervals [1,4] and [2,5] 
respectively. It is easy to verify that there are two possible firing as
signments: one in which q executes and one in which r executes, we call 
them It and h respectively. The values of the functions tim and time 
are respectively: 

• tim(ft) = (1,2)+ (0,3) = (1,5), 

• tim(J2) = (1,2) + (1,2) = (2,4), 

• time(81) = (1,4). 
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Since tim(fi) n time(sl) # 0 i E {1,2}, both firing assignments are 
applicable and so there is a next state S2 that is reached by executing 
processor r. In S2 there will be a token in place d. 

Now we consider an original actor model A with the same flat net 
model and with an initial state s~ with only one (corresponding) token 
in a with time stamp x that satisfies 1 ~ x ~ 2. Further let the delays 
of tokens sent to b and c have delays 1 and 2 respectively. Then the 
(unique) next state s~ will have two tokens in places band c with time 
stamps x + 1 and x + 2 respectively. Hence the only possible next state 
is reached by the execution of processor q and therefore there will never 
be a token in place d. 

It is clear that the models A and B satisfy the conditions of theo
rem 18.1 and so A -0 B however B ~o A does not hold. (C is defined 
as in the theorem.) The reason is that requirement 3 of the transition 
relation in the original actor model is stronger than the corresponding 
requirement in the interval· timed actor model. 

We will apply theorem 18.1 to the more simple situation where the func· 
tion g is the Petri filter, i.e. OU B is a singleton. Further we assume that 
all processors are complete and total. In this case a partial occurrence 
graph of model B is easy to compute. 

Definition 18.4 Let an actor model A with only complete, functional 
and total processors be given. There are two functions low and up given 
that satisfy: 

• dom(low) = dom(up) = {(p,x)lpEP 1\ x EO(P)}, 

• V(p, x) E dome up) : 0 ~ low(p, x) ~ up(p, x), 

• Vp E P: Vr E RA,p : "Ix E dom(r) n O(p): 

1r3(r(x))-max{1r3(r(y)) lYE dom(r)nI(p)} E (low(p,x),up(p,x)). 

Model A is called a delay model. The corresponding model B is defined 
as in the former theorem, but with the additional requirements: 

o 

• OU B is a singleton, 

• Vp E P: Vr E RB,p: "Ix E dom(r) n O(p) : 

1r3(r(x)) = (low(p,x), up(p,x)). 

So the processor relation of a delay model has upper and lower bounds 
on the delays and these delays are only dependent on the output con
nector and not on the firing rules. As we have seen in example 9, the 
calculation of next states in the corresponding model is very simple: only 
the time of the tokens counts and these times are determined by adding 
(low(p, x), up(p, x)) to the interval of the transition time (time( s)) if 
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processor p fires and we have to calculate the time interval of the token 
that is send via connector "'. 

Since the processors are total and complete in the delay model and 
since the values do not playa role in the corresponding model, the com
putation of successor nodes in the occurrence graph of the corresponding 
model is relatively easy. Because the states of the corresponding model 
are equivalence classes of large numbers (sometimes infinite) of states 
of the delay model the transformation to the corresponding model gives 
an essential reduction of the state space. 

Interesting questions to be asked concern the arrival times of tokens 
in places that were empty in the initial state. These questions can be 
answered for a delay model by inspecting the occurrence graph of the 
corresponding model. 
We first define what we mean by earliest and latest arrival time. 

Definition 18.5 Let an interval-timed actor model and an initial state 
s be given. Let II( s) be the set of autonomous traces (i.e. sequences of 
states) starting in s. Then the earliest arrival time in place I, denoted 
by eat(s,l) and the latest arrival time in I, denoted by lat(s,l) satisfy: 

• eat(s,l) = inf{at(u,l) I u E II(s)}, 

• lat(s,l) = sup{a2(u,l) I u E II(s)}, 

where, for i E {1, 2}: 

(We have to use here in! and sup instead of min and ma", because the 
last do not have to exist.) 
o 

Note that at(u,l) is the earliest arrival time of a token in place I on 
trace u. The term "latest arrival time" is a bit misleading; it is in 
fact the maximal earliest arrival time. It is not difficult to generalize 
these concepts for the arrival of the n-the token in a place. (This is 
an exercise.) The concepts eat and lat are also defined for the original 
actor model if we delete the subscripts i in the min function and in ai. 
In the next theorem we formulate the relationship between the arrival 
times in the two models. 

Theorem 18.2 Let a delay model A and a corresponding model B be 
given. Let SA and SB be the initial states and let «SA, 0), (SB, (0, 0») E 
C where C is defined in definition 18.3 . Then for all I E L: 
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(The subscripts refer as usual to the models.) 

Proof. By theorem 18.1 there is for each trace of model A a similar trace 
of model B. Fix I E L. We consider the first inequality first. Suppose 
eatA(SA, I) is finite (otherwise the first assertion is true). If there is a 
trace O'A such that a(O'A,I) = eatA(SA,I) then there is a similar trace 
O'B. Further the time stamps of the tokens in states of 0' A have time 
stamps in the intervals of the corresponding tokens in states of O'B. SO 
we have the first inequality. If there is not such a trace then there is 
for each f > 0 a trace O'A with a(O'A' I) < eatA(SA, I) + f. So there is a 
similar trace O'B for the corresponding model with 

This holds for all f > 0 so the first inequality is true. 
Next consider the second inequality. We distinguish two cases. First 

assume that latA (SA, I) is infinite. This means that there is for each 
K E 1R a trace 0' A such that a( 0' A, I) > K. Then there is a similar trace 
O'B with a2(O'B) > K. Hence in this case we have also latB(SB, I) = 00. 

In case latA(sA, I) is finite the proof is similar to the proof of the first 
inequality. 
o 

This theorem can be applied by computing a part of the occurrence 
graph of the corresponding model and the earliest and latest arrival 
times in this graph are bounds for the corresponding values in the orig
inal model. 

We conclude this section with another method for time analysis for a 
specially structured actor model. This method is in fact a generalization 
of the well-known critical path method for bipartite acyclic graphs. We 
assume that we have a conflict free delay model and that no processor 
has more than one input connector attached to one place. Note that an 
activity network (cf chapter 12) is a special case of such a model. For 
this case we have the following algorithm. 

Algorithm for conflict free delay models 
There are in fact two almost identical algorithms: one to compute 
eat( s, I) and another one to compute lat( s, I) for initial a state sand 
all places I. We use the corresponding model. We will give all places a 
time point as label. In the first algorithm the label denotes the earliest 
arrival time of the first token in this place, found so far. In the second 
algorithm it denotes the latest arrival time of the first token. Finally 
we combine these two labels to obtain a time interval as label per place, 
denoting the earliest and latest arrival time for the first token in a place. 
We only give the first algorithm in detail. 

We distinguish two kinds of labels: tentative and permanent labels. 
At the start all labels are tentative and for initial state S and place I 
equal to: 

mintf"2(s(i)) liE dom(s) 1\ "3(s(i)) = I}. 
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(The minimum over the empty set is 00.) At the end the labels are 
permanent and equal to eat( s,l). The only properties of the proces
sor relation we use are the bonding functions low and up defined in 
definition 18.4. 

In the algorithm we are updating the function d with dEL -+ JR. In 
each stage of the computing process the label of place I is d(l). Further 
we update two sets of places: L t , the tentative labeled places and Lp , 

the permanent labeled places. The steps of the algorithm are: 

Assign a tentative label to all places, i.e. Lt = Land Lp = 0. 
For each place I make the lahel equal to: 

min,{1I"2(s(i)) liE dom(s) 1\ 1I"3(s(i» = I}. 

while there is a place with a tentative label different from 
00 
do 

1. Select a place I with the smallest tentative label and 
move this place from the set Lt to the set Lp. 

2. Search for all processors p with the following property: 
I is an input place and all input places of p are in Lp 
(i.e. pEL. 1\ • pC Lp). 

3. For all these processors p consider all output places k 
with a tentative label (Le. kELt n p.). 
If d(k) > d(l)+low(p, k) then set d(k) := d(l)+low(p, k). 

od 

In the second algorithm the function low is replaced by up and we 
use min2 instead of minI in the initialization of d. 

The correctness of these algorithms is asserted the following theorem. 

Theorem 18.3 Consider a conflict free delay model A with at most 
one input connector attached to one place and a corresponding model 
B. Assume that the model is livelock free. Let s E St be the initial 
state. The former algorithms tertninate and the final values of d(l) are 
eat( s,l) for the first and lat( s,l) for the second algorithm (for alii E L). 

Proof. We only give a sketch of the proof of the first algorithm. Con
sider the following four invariants of the computational process: 

2. Vk E Lp , IE Lt : d(k):5 d(l), 
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Figure 18.4: Time analysis in an activity network 

3. 'II E Lp : d(l) = eat( s, I), 

4. VI E L, : d(l) = min{a,b}, where 

a = min! {1I"2(s(i)) liE dom(s) 1\ 1I"3(s(i)) = I} 
b = min{max{d(m) I m E op} + low(p,l) I pEP 1\ op C Lp}. 

It is easy to verify that these invariants are valid in the initial stage of 
the algorithm and that 1, 2 and 4 are valid in every stage. The only 
difficulty is the verification of invariant 3. To verify this we have to show 
that for the new permanent place I the new value d(l) equals eat( s, I). 
We use structural induction. Consider a place I E L, with minimal d 
value. Note that by the induction hypothesis: 

b = min{max{eat(s,m) 1m E op} + low(p,l) I pEP 1\ op C Lp}. 

It is sufficient to consider processors with only permanent input places 
in this expression because the others cannot execute earlier because of 
invariant 2. A processor will fire as soon as possible. Therefore b is 
equal to the smallest possible event time for which a token is produced 
for l. (Here we used that the model is conflict free and that there is only 
one input connector to each place. We also used the livelock-freeness, 
because without this property we are not sure that b is ever reached.) 
The algorithm terminates because the number of places in L, decreases 
in each step. 
o 

We conclude this section with an example of the last algorithm. 

Example 10 
Consider the interval-timed activity network displayed in figure 18.4. 
In the initial state there is only one token in a with a time interval 
[0,2]. All the delay intervals are attached to the output connectors of 
the processors. The eat and lat values are displayed in the table below. 
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place a b c d e f 9 h i j 
eat 0 1 2 4 4 3 4 5 6 9 
lat 2 4 5 7 8 7 9 9 14 19 

Note that the algorithm is also applicable if there are more tokens in 
places in the initial state, or if there are cycles in the network or if two 
processors share an output place. 
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Chapter 19 

Simulation 

The term "simulation" is used for a variety of techniques for analyzing 
models. We only give a survey of simulation techniques. (See for more 
details the references in the bibliography.) A main characteristic of 
simulation is that one trace of a system is computed. A trace is called a 
run in simulation terminology. For statistical reasons one often repeats 
this computation several times to determine averages over these traces. 
To compute the trace in a simulation one has to choose a next event in 
case there is more than one possible next state. (Note that most systems 
have some non-determinism, for instance because the environment of 
a target system is non-deterministic.) One approach for the random 
selection is the use of a so-called (pseudo) random number generator 
(this will be explained below). Another approach is to let persons select 
the next state in an interactive way. So the non-determinism in an 
actor model is "solved" by means of random or human selection or 
by a combination of both methods. Simulation can be considered as 
performing an experiment with a model of a system. As in all empirical 
sciences the set-up of an experiment has to be done carefully in order 
to be able to draw conclusions from the experiments. 

Of course we are never sure that a certain property that did not occur 
on the computed tracers) will not occur in all possible traces. However 
if in one of the simulation runs a property did occur we are sure that 
the property can occur, so if the property is considered as an error then 
simulation is a good method to find an error. In particular if persons are 
involved in simulation experiments they can find unwanted properties 
that were not excluded in the requirements. This happens frequently 
because (potential) users of a system are often not able to formulate all 
requirements of a system, but they can easily find properties they do 
not want, in an executable model of a system. Note that an executable 
model of an information system can be considered as a prototype of 
that system. Therefore simulation and prototyping are closely related 
techniques. 

If a particular property did not occur on a careful designed set of 
traces, then we still can make statistical assertions over the property. 
There are many other interesting statistical assertions concerning distri-
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butions of random variables of a model. Examples of random variables 
are arrival intervals of messages in a system. Statistical assertions are 
derived by two kind of procedures: 

• hypothesis testing, 

• parameter estimation. 

An example of the first kind is the assertion that a property will not 
occur on an arbitrary trace of a certain length. An example of the 
second kind is that the expected number of occurrences of a property on 
an arbitrary trace is equal to some value. In both cases we are not sure 
and therefore we have to give a measure for the error we possibly make. 
The theory of statistical inference is needed to give statistical assertions. 
This is out of the scope of this book and the reader is referred to the 
bibliography for references to text books on these topics. In the rest of 
this section we will use as little as possible of statistical theory, and we 
will assume that the basic notions of statistics are known. (Statistical 
terms are printed in italics but they are not defined here.) 

There are six important topics in simulation: 

• data collection, 

• parameter estimation, 

• generation of random numbers, 

• design of runs, 

• variance reduction, 

• model validation. 

We will cover them all in a superficial way. 

Data collection 
If we have constructed an executable model of a system then we can run 
it with or without interaction with a person. Running a system is only 
interesting if we learn something from it and this means that we have 
to collect data from the trace we are computing. The data we have to 
collect depends on the questions we want to answer. Often a tool that 
can execute a model has built-in facilities for data collection, but if not 
then the systems engineer has to model his own data collection system 
as extension of the model of the system under consideration. It is most 
likely that the data collection system will never be constructed in real
ity, since it is only meant for simulation experiments, but in principle it 
is possible to realize it. There is an important principle of data collec
tion: "collect data as close as possible to its source". In our framework 
processors create tokens and so the principle prescribes that we have to 
collect data as close as possible to the processor that creates the data. 
We assume that the data we want to collect is already available in the 
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Figure 19.1: Collecting data tokens 

values of produced tokens. If not we have to modify our original model. 
So we need the values of tokens also for data collection and therefore 
we have to copy these values in new tokens, called data tokens that did 
not playa role in the original model. There are two approaches to copy 
these values: one is to modify the processor that produces the tokens 
with the interesting values such that it will have extra output connectors 
for the data tokens and the other approach is to intercept the output 
tokens by means of extra processors that only copy the value of tokens 
in the original model and that send these tokens to the data collecting 
system. In figure 19.1 we display a part of an actor model from which 
we want to collect the values of the tokens produced for place a. On the 
right-hand side we see the data collecting processor q and an extra place 
al

• Note that we have to modify the actor model in order to observe it! 
Processor q is generic, i.e. we only have to define it once and it can be 
used in all cases where the type variable is properly instantiated. Its 
schemas is displayed in the following table. 

q 
x?: $ 
y! : $ 
z! : $ 
y! = x? A z! = x? 

The processing of the data objects is discussed below. 

Parameter estimation 
The data objects we collect represent samples of random variables in 
the system we are modeling, for example the queuing time of a request. 
The data objects are used to estimate parameters that characterize the 
probability distributions of these random variables. So we are often not 
interested in the collected values themselves but the estimates computed 
from them. Typical examples of these estimates are: the frequency dis
tribution of the collected data objects, or, in case the random variables 
are numbers, their mean and variance. These quantities can easily be 
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accumulated in a store of the data collecting system. Processor r in 
figure 19.1 performs these accumulations. If r has to compute the fre
quency distribution then its schema is presented in the following table. 

r 

x?:$ 
s, s' : IF($ x IN) 
dom(s') _ ins(x?,dom(s)) 
s'(x?) = s(x?) + 1 1\ 'rtx: $. x i x? => s'(x) = s(x) 

In case the type of the value of the tokens in a is (Q and if we want 
to estimate the mean and variance of the distribution of the tokens 
arriving in a, the schema of r is as follows. Here we assume that the 
tokens arriving in a can be considered as independent samples. 

r 

x?: $ 
s, s' : IN x (Q x (Q 
s - (n,IL,q) 1\ s' = (n',IL',q') 
n>O 
n' = n + 1 
IL' = n~l ((n) X IL + x?) 
q' = n-l q + h(IL - x?)2 

(Note that we did not declare the short·hands for the components of s 
and s'.) In the initial state store s has value (0,0,0). It is easy to verify 
that after the n-th update the store s its second and third component 
have the following values: 

1 n 

- EXi' 
n i=l 

respectively, where x; is the value of the i-th input token and xn the 
average of the first n values. (The proof is an exercise.) These values 
are unbiased estimates for the mean and variance of the distribution of 
the token values in a. 
Instead of the estimation of parameters of probability distributions of 
random variables we are often interested in estimating the parameters 
of a function f that satisfies: 

where n denotes the n·th occurrence of an event, the x;,n-values are 
"input" parameters, Yn the observed "output" and En a random dis
turbance. The function f is for instance a polynomial, with unknown 
coefficients. The technique to solve this problem is called regression 
analysis. 

Random number generation 
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Figure 19.2: Random number generator 

The most used method to generate random numbers with a uniform 
distribution is called the congruential method. The formula to produce 
a sequence of samples of independent uniformly distributed random vari
ables is: 

xn+1 = a X Xn + b mod m, 

where a, b and m are parameters of type IN. For m one usually selects 
a value of the form: 

m = 2k - 1. 

(A typical example is a = 16807, b = 0, m = 231 - 1.) Note that the 
values are not "real" samples of random variables, but they cannot be 
distinguished from such samples by statistical methods. Nice features of 
the congruential methods are that the values can be computed very fast 
and that they are reproducibility. In figure 19.2 processor p produces 
random values in place b. (All processors are complete, total and func
tional.) Any processor q, r or t can get a random value from b and after 
it has taken one it sends a token to b in order to activate p to produce a 
new value. In the initial state there are one token with a random value 
in b. In store s there is a token with a value X n , the n-th value of the 
congruential sequence. The values produced for b are 

Xn 
m-l' 

because we use the uniform distribution on [0, I)J. 
In case we need random values with another than the uniform dis

tribution, we can use the inverse transformation method to transform 
values from the congruential sequence into value of the desired distribu
tion. Let F be the cumulative distribution function of the distribution 
(over the rational numbers) from which we need random values. This 
function is non-decreasing and continuous from the right and it is sat
isfies: 

'Ix E ~ : P[X :s; xJ = F(x), 

where X is a random variable and P the probability. Let F-1 be defined 
by: 

p-1(y) = inf{x E ~ I F(x) 2: V}. 
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Figure 19.3: Inverse transformation method 

Then clearly F-1 is non-decreasing and it can be proven that: 

Vx,y E Ql: p-l(y) $ X ¢} Y $ F(x). 

(The proof is an exercise.) Let U be a random variable with uniform 
distribution on [0,1] then F-l(U) has cumulative distribution F be-
cause: 

p[p-l(U) $ x] = P[U $ F(x)] = F(x). 

(The last equality is a direct consequence of the definition of the uniform 
distribution.) In figure 19.3 a cumulative distribution function is dis
played. For the values Yl and Y2 the values of F-1 are displayed as well. 
So the algorithm to compute a sequence of independent samples from 
a given distribution F starts with the computation of a congruential 
sequence and then the values are divided by m - 1 and transformed ac
cording to F-l. An example of F for which the inverse can be computed 
analyticaliy is the cumulative distribution function of the exponential 
distribution: F(x) = 1 - e-~x. For this c.ise: F-1(y) = -fln(y). 
Design of runs 
The next problem we have to solve if we are performing simulation ex
periments is determination of the length of a trace or the run length. A 
very pragmatical solution to this problem is to let the simulation run 
for a period of time that is convincing for the persons who have to make 
decisions on the basis of the simulation experiments. For instance if the 
model describes a factory then simulation of a year of operation could 
give enough information for the decision makers because such a period 
is long enough to see all relevant phenomena. Of course this might be a 
very successful or an extremely bad year and then we make a mistake. 
A more sophisticated approach is based on statistics again. The run 
length depends on the precision we want. In case we are estimating 
parameters we often construct a confidence interval. This interval de
pends on the number of observations we have made during a run and so 
we can compute the number of observations required to obtain a given 
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confidence interval. In that case we do not specify the run length itself 
but the number of phenomena that has to be in the run. 

An important problem is that for most statistical analysis techniques 
independent observations of a probability distribution are required and 
that observation on one trace are often dependent. Therefore it is im
portant to look for regeneration states on a trace. These states have 
the property that the observations in the states after this one are inde
pendent of the observations before. In a queuing system for instance is 
each state where the queues become empty a regeneration state. Then 
we base our computations on the aggregated observations between con
secutive regeneration states on the trace and these aggregates are inde
pendent observations. Also the run length is determined by the number 
of regeneration points on the trace. 

In most cases we do not consider only one trace but we compute 
several traces. Then we have to decide how we allocate the computing 
time: a few long runs or many short ones. If there regeneration points 
are rare we need more runs. 

Variance reduction 
In case we are estimating mean value we use averages as estimates. For 
instance if Xl>' .. , Xn are identically distributed random variables then 

1 n 

-LXi 
n i=1 

is (the best) estimator for !1X, the mean of the distribution. The es
timation error (that occurs in the confidence interval for the estimate) 
depends on the variance of the estimator (for some i E {I, ... , n}): 

1 n 1 
0'2 ( - LXi) = -0'2(Xi). 

n 1'=1 n 

(Note that this variance tends to 0 if n tends to 00.) There are at least 
two important methods to reduce this variance. One method is called: 
the control variates technique. It can be applied if we have additional 
identically distributed random variables Yt, ... , Yn , with known mean 
value !1Y and if we know that Xi and Y; are negative correlated. We can 
exploit this fact by using 

1 n 

- L(X, + '" X (Y. - !1Y)) 
n i=1 

as estimator, which has the same mean !1X but a smaller variance due 
to the fact that 

1 n 1 
0'2 ( - L(x. + '" X (Y; -!1Y)) = _(0'2(Xi) + ",2 X 0'2(Y;)), 

n 1'=1 n 

where", is a parameter. With a right choice of", it is possible to reduce 
the variance of this estimator to: 

1 2 2 -0' (Xi) X (1 - p ), 
n . 
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antithetic variates technique 

where p is the correlation coefficient of Xi and Y;. 
Sometimes we can exploit the fact that we can choose the runs in

stead of being completely dependent on "nature" as we are in real world 
experiments. The next variance reduction method, called the antithetic 
variates technique is based on this observation. Instead of taking two 
runs with independent random samples we make the second run de
pendent on the first one, such that the corresponding variables have a 
negative correlation. Let the random variables Xl, ... , Xn of the first 
run be constructed of n independent uniformly distributed random vari
ables UI, ... ,Un such that for i E {l, ... ,n}: Xi = F-I(Ui), where F 
is a cumulative distribution function. The next run is computed with 
YI, ... ,Yn where Y; = F- I (1- Ui). Now we have a negative correla
tion between Xi and y;, which implies that the covariance COV(Xi' Y;) 
is negative. Note the Xi and Y; have the same distribution and let J1 be 
their mean. The estimator for J1 is: 

1 n 

2 I:(Xi+ Y;), 
n i=l 

and the variance of this estimator is: 

1 2 
2n «(1 (Xi) + COV(Xi' Y;)), 

which is smaller than the variance in the independent case. 

Model validation 
One ofthe main problems of simulation is to determine if a model is a 
faithful description of the real system and if properties of the model are 
also properties of the real system. If the model is used as a design then 
there is no other possibility for validation than interactive simulation 
with persons who have an idea of the system in mind. However, if there 
is a real system, then we can check if simulated traces correspond to 
historical traces of the real system. So we collect historical data from 
the real system and we use these data in our model. Then we compare 
performance indicators in the real system with the corresponding in
dicators in the model. (An example of a performance indicator is the 
mean of the waiting time distribution.) If we use historical data for all 
random variables then the simulation model and the real system should 
have identical performance indicators. Often we have to estimate first 
some parameters from the real system to be used in the model. These 
parameters should be estimated from historical data that is not used in 
the simulation runs in which the model and the real system are com
pared. 

Suppose we have established that the model is a faithful description 
of the real system, then we can modify the model and use the results of 
simulations to explore the behavior of the real system after the modifi
cations. 
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Exercises 
1. Consider the simple railroad system of exercise 4 of part III and 

show that the system behaves correctly. 

• Compute the place invariants. 

• Compute the transition invariants. 

• Compute the coverability tree. 

2. Consider the railroad station displayed in figure 12.6 and figure 
12.7. 

• Compute the place invariants. 

• Formulate criteria for the system to behave safely. 

• Show with the place invariants, that the system is safe. 

3. Prove that the number of tokens in an actor model with state 
machine structure and complete processors is always constant. 

4. Determine the occurrence graph of the classical Petri net of the 
ball game of exercise 4 in part 1. 

5. Consider an arbitrary actor model. Modify this model by dupli
cating all processors, i.e. for each processor an identical processor 
is added that has the same connections as the original. Show that 
both models have the same place invariants. 

6. Prove theorem 16.4. 

7. Show that the union of dead sets is a dead set and that the union 
of traps is a trap. 

8. Prove theorem 16.6. 

9. Consider a classical Petri net with flow matrix given by 

h -1 1 
12 1 -1 -1 1 
la 1 -1 -1 1 
14 1 -1 
Is -1 1 
16 1 -1 

Let there be only one token in place I} in the initial state. 

• Compute the transition invariants. 

• Prove that all processors are live. 

• Determine the unrealizable transition invariants. 

(This example is borrowed form [Reisig, 19851.) 
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10. Consider an actor model with complete processors and the Petri 
filter, with flow matrix: 

II -1 1 
12 1 -1 1 
13 1 -1 
14 1 -1 
Is 1 -1 -1 

Characterize the transition invariants of this model. 
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