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Abstract 

Both in Kripke's Theory of Truth KTT [7] and Russell's Ramified Type Theory RTT [15, 8] 
we are confronted with some hierarchy. In RTT, we have a double hierarchy of orders and 
types. That is, the class of propositions is divided into different orders where a propositional 
function can only depend on objects of lower orders and types. Kripke on the other hand, has 
a ladder of languages where the truth of a proposition in language Ln can only be made in 

Lm where m > n. Kripke finds a fixed point for his hierarchy (something Russell does not 
attempt to do). We investigate in this paper the similarities of both hierarchies: At level n of 
KTT the truth or falsehood of all order-n-propositions of RTT can be established. Moreover, 
there are order-n-propositions that get a truth value at an earlier stage in KTT. Furthermore, 
we show that RTT is more restrictive than KTT, as some type restrictions are not needed in 
KTT and more formulas can be expressed in the latter. 

Looking back at the double hierarchy of Russell, Ramsey [10J, and Hilbert and Ackermann 
[61 considered the orders to cause the restrictiveness, and therefore removed them. This 
removal resulted in Church's Simple Type Theory STT [1]. We show however that orders in 
RTT correspond to levels of truth in KTT. Hence, KTT can be regarded as the dual of STT 

where types have been removed and orders are maintained. As RTT is more restrictive than 
KTT, we can conclude that it is the combination of types and orders that was the restrictive 
factor in RTT. 

"Laan is supported by the Co-operation Centre Tilburg and Eindhoven Universities. He is grateful to the 
Deparhnent of Computing Science, University of Glasgow, for their hospitality, and to the Dutch Foundation for 
Scientific Reasearch (NWO), for their financial support, during the preparation of this article. 
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1 Introduction 

The role of Type Theory in Logic and Mathematics has always been a restrictive one. The need for 
restrictions was realised at the beginning of this century, when Bertrand Russell showed that Frege's 
"Begriffschrift" [4], a formalisation of logic, was inconsistent!. Russell considered self-application 
to be the cause of the contradictions, and hence excluded all possibilities of self-application in his 
Theory of Types [12, 15J. 
As paradoxical sentences in Natural Language playa role similar to that of the paradoxes in Logic 
and Mathematics, Type Theory also gave a possibility to eliminate the paradoxical sentences (see 
for instance [9]). Paradoxes moreover have been classified in two categories (see [10]): the logical 
and the semantical. The famous Russell's paradox is logical whereas the famous liar's paradox 
is semantical. The semantical paradoxes usually involve the truth predicate T which gives the 
truth value of a proposition. Tarski [13J shows that truth is undefinable and that having the truth 
predicate inside the language leads to contradictions. For this reason, he distinguishes between 
(object-) language and meta-language and allows the truth predicate only at the meta-level. Now, 
to talk about the truth of sentences in the meta-language, one needs a meta-meta-Ianguage and so 
on. Kripke [7J, however, considers Russell's Theory of Types and the Theory of Truth by Tarski to 
be too restrictive for a proper formalisation of Natural Language and presents a type-free theory 
where the truth predicate belongs to the language, in which nevertheless the known paradoxes do 
not occur. Kripke's idea is to follow a certain hierarchy as with Russell but to take the fixed point 
of his hierarchy of languages to reach a language which has its own truth predicate. 

We start this paper by presenting an overview of both Russell's system (in Section 2, using a 
formalisation presented in [8]) and Kripke's (in Section 3). In Section 4 we carefully compare both 
theories. As Russell's system is said to be more restrictive than Kripke's, this comparison is carried 
out by coding Russell's expressions in Kripke's theory. The stronger restrictions in the Ramified 
Type Theory can be seen clearly: at several parts in the definition of the embedding the reader will 
notice that some type-theoretic properties of Russell's expressions are mentionned, but not used 
in this definition. We show that the embedding is conservative, i.e. that truth in Russell's theory 
and in Kripke's theory are the same, as far as formulas expressible in Russell's (more restrictive) 
systenl are concerned. 

2 The Ramified Theory of Types RTT 

In this section we give a short, formal description of Russell's Ramified Theory of Types (RTT). 
Our formalisation of Russell's theory is the first of its kind and is worth attention. This formali
sation is both faithful to Russell's original informal presentation and compatible with the present 
formulations of type theories. The basic aim of RTT is to exclude the logical paradoxes from logic 
by eliminating all self-references. An extended philosophical motivation for this theory can be 
found in "Principia Mathematica" [15J, pages 38-55. We will not go into the full details of the 
formalisation of Russell's theory (these details can be found in [8], the presentation by Russell 
himself in "Principia" is informal). 

In Subsection 2a we introduce propositional functions, the logical formulas of the "naive" system of 
logic. In Subsection 2b we present a rule to assign a type to some of these propositional functions. 
The propositional functions that lead to the logical paradoxes are, of course, not typeable. In 
Subsection 2c substitution for RTT is discussed. This part is rather technical, but we need it in the 
proof of Lemma 4.7, which is essential in the proof of one of our fundamental results (Theorem 4.8). 
That is, Lemma 4.7 helps us in showing that KTT can be regarded as a. system based on RTT of 
which the types and not the orders have been removed. 

1 An English translation of Russell's letter to Frege in which this inconsistency is described can be found in [5] 
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2a Propositional Functions 

In this section we shall describe the set of propositions and propositional functions which Whitehead 
and Russell use in "Principia". We give a modernised, formal definition which corresponds to the 
description in "Principia". 

At the basis of the system of our formalization there is 

• an infinite set A of individual-symbols; 

• an infinite set V of variables; 

• an infinite set 'R. of relation-symbols together with a map a : n -t IN+ (indicating the arity 
of each relation-symbol). 

Since functions are relations in Principia, we will not introduce a special set of function symbols. 
We assume that {at! a2,"'} ~ Ai {x, Xl) X2," ') y, Yl," ') Z)Z11"'} ~ V; {R,RI ) .. ') 5, 51,"'} ~ n. 
We will use the letters X, y, Z, Xl, . .. as meta-variables over V, and R J R 1 , ... as meta-variables over 
n. Note that variables are written in typewriter style and that meta-variables are written in 
italics: x denotes one, fixed object in V whilst x denotes an arbitrary object of V. 
We assume that there is an order (e.g. alphabetical) on the collection V, and write x < y if the 
variable x is ordered before the variable y. In particular, we assume that 

x < Xl < ... < Y < Yl < ... < Z < Zl < ... 

We also have the logical symbols V, ...., and V in our alphabet, and the non-logical symbols: paren
theses and the comma. 

Definition 2.1 (Propositional functions) We define a collection:F of propositional functions, 
and for each element f of F we simultaneously define the collection FV(f) of free variables of f: 

1. If REI? and ij, ... ,i.(R) E AuV then R(ij, ... ,i.(R») E F 

FV(R(ij, ... ,i'(R»))d~f {i), ... ,i.(R)}nV: 

2. If z E V, n E IN and kj, ... ,kn EAuVUF, then z(kj, ... ,kn) EF 

Fv(z(kj, ... ,kn))~f {z,kj, ... ,kn}nV. 
If n = 0) we write zO so as to distinguish the propositional function zO from the variable z;2 

3. If f,g E F then f V g E F and 'f E F FV(f V g) d~f FV(f) U FV(g); FV(,f) ~f FV(f); 

4. If f E F and x E FV(f) then Itx[fl E F FV(ltx[f]) = FV(f) \ {x}. 

5. All propositional functions can be constructed by using the rules 1,2) 3 and 4 above. 

We use the letters f) 9, h as meta-variables over F. 

Convention 2.2 (Variable Convention) We make the usual convention that a variable x in a 
propositional function f that is bound by the quantifier V does not occur as a free variable in f. 
Moreover, different bound variables in f have different names. 

A propositional function f must be seen as a proposition in which some parts (the free variables) 
have been left undetermined. It will turn into a proposition as soon as we assign values to all the 
free variables occurring in it. In this light, a proposition can be seen as a degenerated propositional 
function (with 0 free variables). 
It will be clear now what the intuition behind propositional function of the form R(il' . .. , ia(R»), 
f V g, 'f and Itx[fl is. The intuition behind propositional functions of the second kind is not so 
obvious. Z(kl' ... , kn) is a propositional function of h.igher order: z is a variable Jar a propositional 

21t is important to note that a variable is not a propositional function. See for instance [11], Chapter VIII: "The 
variable" , p.94 of the 7th impression. 
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function with n free variables; the argument list kI' ... , k n indicates what should be substituted3 

for these free variables as soon as one assigns such. a propositional function to z. 

Example 2.3 Here are some higher-order propositional functions from ordinary mathematics. 

• The propositional functions z(x) and z(y) in the definition of Leibniz-equality: 

Itz[z(x) ~ z(y)] 

• The propositional functions z(O), z(x) and z(y) in the formulation of complete induction: 

[z(O) ~ (ltxlty[z(x) ~ (S(x, y) ~ z(y))])] ~ Itx[z(x)] 

• zO in the formulation of the law of the excluded middle: 

Itz[zO V .z()] 

2b Ramified Types 

Not all propositional functions should be allowed in our language. For inst.ance, the expression 
.x(x) is a perfectly legal element of F, nevertheless, it is the propositional function that makes it 
possible to derive the Russell Paradox. Therefore, types are introduced. 

Definition 2.4 (Ramified Types) 

1. ,0 is a ramified type (0 is called the orde!' of this type); 

2. If t I , . .. , tn are ramified types of orders aI, ... , an respectively, a.nd a > max(aI, ... , an), 

then (t1, ... ) tnt is a ramified type of order a; 

3. All ramified types can be constructed using the rules 1 and 2. 

,0 represents the type of the individuals, and one can think of (t
" 

. .. , t n )" as being the type of 
the propositional functions with n free variables, say Xl) ... , X n , such that if we assign values kI 
of type t, to XI, ... , kn of type tn to Xn, then we obtain a proposition. The type 0" stands for 
the type of propositions of order a. 

Russell strictly divides his propositional functions in orders. For instance, both Itp[pO v'pO] and 
R( a) are propositions, but they are of different level: The earlier one presumes a full collection of 
propositions, hence (according to Russell) it cannot belong to the same collection of propositions 
as the propositions p over which it quantifies (among which R(a)). This made Russell decide to let 
'v'p[p() V'pO] belong to a type of a higher order (level) than the order of R(a). 
This can already be seen in the definition of ramified types: (tl,"" tn)a can only be a type if a is 
strictly greater than each of the orders of the tiS. 

Definition 2.5 Let Xl, ... , Xn be a list of distinct variables, and tl, ... , tn be a list of ramified 
types. We call Xl :tl, ... , xn:tn a context and call {Xl, .. " xn} its domain. 
We write r I- f : t to express that f E :F has type t in context r, and extend the variable convention 
to contexts: If x is bound in f, then X does not occur in the domain of r. 

We use r, ~ to range over contexts and t l , t 2 , ... to range over types. 

We now present a set of typing rules for R'fT. These rules are derived from and equivalent to the 
rules in [8], which are as close as possible to Russell's original ideas. We change our notation for 
propositional functions slightly: Instead of Itxlf] we write Itx:tlf]' where t is some ramified type. 

Definition 2.6 (Typing Rules for RTT) 
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• If c E A, then r I- c : ,0 for any context r; 

• If f E :F, and Xl < ... < Xn are the free variables of j, and tIl"" tn are types such that 
x.:i. E r, then r I- f : (i

" 
. .. , in)' if and only if 

- If f == R( i" ... , i.(R)) then ii = ,0 for all i, and a = 1 (if n > 0) or a = 0 (if n = 0); 

If f == z(k" ... ,km) then there are Ul"",Um such that Z:(Ul, ... ,um)a-l E r, and 
r I- k. :U, for all k, E A U:F, and k, :U, E r for all ki E V; 

If f == II V h then there are UI, u, such that r I- f; : Ui; 

if f == ,/' then r I- /' : (il"'" in)a. 

If f == \lx:io[!'] then there is j such that r, x:io I- /' : (iI, ... , i; -1, io, i;, ... , in)a. 

Example 2,7 ,x(x) is not typeable in any context r. 
Assume, we would have r I- ,x(x) : i. 
Then i must be of the form (u)', with x:u E r, as ,x(x) has one free variable. 
This implies f I- x(x) : (u)", hence by Unicity of Types below, U == (U'),-l, with x : u' E r. 
As r is a context, we have u == U'l hence 11. == (u )a-l, which is impossible. 

An important result is the following (a proof can be found in [8]): 

Theorem 2,8 (Unicity of Types) If r I- f : i and r I- f : U ihen t == u. 

2c Substitution in RTT 

o 

Substitution in RTT is not simply a syntactic operation of replacing a variable by an object, as is 
usual in first-order logic. This can be understood if we read the interpretation of the propositional 
function z(k

" 
... , kmJ. Substituting a propositional function f for the variable z should have as 

a result f, in which kl J ••• J km are substituted for the free variables in f. So a substitution may 
result in a new substitution (and we may wonder whether this process will ever terminate). Below, 
we give a formal definition of substitution in RTT (needed in the proof of the Substitution Lemma 
4.7). For examples and an extended motivation of the definition the reader may consult [8]. 

Definition 2.9 Let f E :F, r f-- f : t, kl , .. , k m E A U V U:F and Xl, ... , Xn E V such that 

• If k; E A then x;"o E r; 

• If k. E V then there is i such that both ki:t E rand Xi:t E f; 

• If ki E :F then there is i such that r I- ki:i and xi:i E f. 

We define J[Xl, ... ,xm:=k1 , ... , kmL the (simultaneous) substitution of kl' ... , km for Xl, ... ,Xm 
in f (shorthand ![x.:=k;J ifno confusion arises) by a double induction on the order and structure 
of f: 

• f== R(i" ... ,i.(R))' 
D fi ., def { ke e ne lj :::: 

loj 

if ij == Xe 
ifi; rt {,"I, ... ,,",,,} 

![x.:=k;J d~f R(i;, ... , i:(R)J 

• f == Z(hl' ... , hn ). We distinguish two cases: 

def {k' if h; == x, 
1. z rt {Xl, ... ,Xm}, Define hj = h 'fh d { } 

j I j~XI, ... ,Xm 

![Xi:=k;J ~ z(h;, . .. , h~). 

2 {} D fi h' d,f {k' if h; == x, 
. z E X" ... , Xm , assume z == xp' e ne ; = h 'f h d { } 

; 1 ; '" Xl, ... , xm 
Notice that, as z, xp and kp have the same type, kp is a propositional function with n 

free variables, say Yl < ... < Yn' Now: J[Xi:::::gi] ~f kp[Yl, ... , Yn:=h;, ... , h~]. Note 
that the object on the right is a correct substitution (with respect to the types of the 
Yj and the hj) and has already been defined, as kp has the same order as z, which is 
exactly one less than the order of z(h l , . .. , h n ). 
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• f:: h v J,. Then f[Xi:=k;j ~ fdxi:=k;j V J,[xi:=k;j. 

• f:: ~f'. Then f[xi:=ki] ~f ~f'[X,:=ki]' 

• f:: Vx:t[J']. Then f[x;:=k;j ~f Vx:t[f'[x,:=ki]] (we assume that x It {Xl, ... , Xm}). 

We will need the following results about substitutions. They are proved in [8]. 

Lemma 2.10 The order of f is greater than or equal to the order of the substitution f[Xi:=k;j.O 

Lemma 2.11 FV(f[Xi:=gi]) = (FV(f) \ {':1, ... , xn}) U {9;l9i E V and Xi E FV(f)}. o 

2d Logical Truth for RTT in Tarski's Style 

With substitution properly defined, we can give a definition of logical truth in Tarski-style for RTT: 

Definition 2.12 (Logical Truth for RTT) Let f E :F and assume FV(f) = 0. We define 
RTT 1= f: 

• If (a1, ... ,am) E R then RTT 1= R(a1," .,am). 

• If RTT 1= h or RTT 1= J, then RTT 1= f1 V J,. 

• If not RTT 1= f, then RTT 1= ~f· 
• If f :: Vx:t[h] and for all 9 E :F of type t, RTT 1= h[x:=9]4, then RTT 1= Vx:t[h]. 

3 Kripke's Theory of Truth KTT 

In this section, we shortly describe Kripke's Theory of Truth KTT (see [7]). Kripke expresses 
higher-order formulas within a first-order language, using the fact that many interesting languages 
are rich enough to express their own syntax (for instance, via a G6dei Numbering). 
Let us assume a first-order language L, with variables ranging over a domain D, and primitive 
predicates interpreted by (totally defined) relations on D. Let us also assume two subsets 51 and 
52 of D such that SI n S,2 ::::: 0. Kripke extends L to L(51 , S::d by adding a monadic predicate T. 
The main idea is to interpret T as a "truth predicate". 51 contains the elements d of D for which 
T(d) holds (so it contains the (codes of) formulas which we consider to be "true"); S2 contains 
those d ED for which ~T(d) holds (hence it contains the (codes of) formulas which we consider to 
be "false"). We do not demand that 51 U 52 = D, hence T is a partial predicate over D. 

Definition 3.1 (Logical Truth for KTT) Let L be a first-order language over a domain D with 
n as set of primitive predicates. Let f be a sentence in L. We define L 1= f as follows': 

f 
R(d1 ,· .. ,dm ) 

91 A 92 
91 V 92 
VX[9] 
3x[9] 

LFf 
(d1 , ... ,dm ) E R 

L 1= 91 and L 1= g, 
L 1= 91 or L 1= g, 

L 1= 9[x:=d] for all d E D 
L 1= 9[X:=d] for some dE D 

Ll=g 

L 1= ~f 
(d1 , ... ,dm ) rt R 

L 1= (~gd V (~92) 
L 1= (~gd A (~g,) 

L 1= 3x[~9] 
L 1= Vx(og] 

L 1= ~9 
Here , R E R; d, d l, ... )dm E D) and g)91,92 are formulas of L. Now let 5 1 )52 ~ D such that 
51 n52 = 0. KTT == L(51 , 52) is the first order language over D with nu {T} as the set of primitive 
predicates (T It n). We extend the definition of L 1= f to KTT 1= f by putting KTT 1= T(d) iff 
dE 51 and ](TT 1= ~T(d) iff dES,. 

'Fv(h[x,=g]) = '" by Lemma 2.11 
5Notice that even though this definition is different from Tarski's definition, especially with respect to the 

definition of L F -'J, it is easy to prove t.he equivalence of both definitions. This is because all primit.ive predicates 
of L are totally defined. We took this definition however as we need to extend it for the partial pl·edicate r. 
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It is important (and easy) to notice that the extension of L to L(51,52 ) is conservative: 

Lemma 3.2 Let L be a first orderlanguage over a domain D, let 51, 52 ~ D such that 51 n52 = 0, 
and assume that f is a sentence in L. Then L F f if and only if L(51, 52) F f. 0 

Now Kripke uses T as a predicate expressing truth by defining a hierarchy of languages. This 
hierarchy has much in common with Russell's hierarchy of orders. L was assumed to be able to 
express its own syntax, hence so is L(51, 52)' for any 51,52. Notice that the sentences of L(51, 52) 
do not depend on the sets 51 and 52, so we can take one Godel Numbering (), being a map from the 
formulas of L(51 , 52) to D. The Kripke-hierarchy of languages is defined by presenting a hierarchy 
of pairs of sets (51 ,52): 

Definition 3.3 For any ordinal Q' we define a pair of sets (So,1,Sa,2) and a language KTTo. 

5 def def deft 5) 
• 0,1 = 0; 50 ,2 = 0; KTTo = L 50 ,1) 0,2· 

• If 50 ,1, Sa,2 and KTTa have been defined, then we define: 

5 0 +1 ,1 
def {(f) If is a sentence and KTT a F f} 

5 0 +1,2 
def {(f) If is a sentence and KTT 0 F ,f} u 
u {d E Did 'F (f) for all sentences f of KTT o} 

KTT 0+1 
def 

L(50 +1,1,50 +1,2) 

• If 0' is a limit ordinal and S{3,l, Sj3,2 and KTT!3 have been defined for all (3 < 0', then 

SI):,i 
def U 5~.i 

~<a 

def 
L(50 ,1,5a,2) KTTa 

Lemma 3.4 (Conservation of Knowledge) If" < (3 then 5 a,1 ~ 5~,1 and 5 0 ,2 ~ 5~,2. 0 

We can see the construction of the languages KTT a as a process of obtaining knowledge. At the 
initial stage, KTTO, T(d) is not defined for any dE D. There is no knowledge at all. 
Applying the definition of truth given for KTTo, we obtain knowledge: Some sentences f can be 
judged true (KTTo F f; we store the code of fin 51,1), some other sentences 9 can be judged false 
(KTTo F 'g; the code of 9 is stored in 51,2)· It is not possible tojudge all sentences. For instance, 
neither KTTo F \fx[T(x) V ,T(x)] nor KTTo F ,\fx[T(x) V ,T(x)] hold, so (\fx[T(x) V ,T(x)]) neither 
belongs to Sl,l) nor to Sl,2. 

The knowledge we obtained is expressed by the predicate T in KTTI. In KTTI we know more about 
T than in KTTo. Hence more sentences can be judged true or false; we store their codes in 52,1 

and 5 2 ,2 respectively. The Lemma on Conservation of Knowledge 3.4 guarantees that this process 
only extends our knowledge, i.e.: 

• Sentences that were judged to be true at level KTT1 remain true at level KTT2; 

• Sentences that were judged to be false at level KTTI remain false at level I\TT2. 

By iterating this process we arrive at the levels KTT3, KTT4)' .. , KTTw, KTTw+l, .... This limit does 
terminate however in that it has a fixed point. 

4 RTT in KTT 

Both in RTT and in KTT we are confronted with a hierarchy. Russell constructs a hierarchy by 
dividing propositions and propositional functions into different orders, taking care that a proposi
tional function f can only depend on objects of a lower order than the order of f. 
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Kripke does not make this distinction beforehand. He has only one truth-predicate (T), but de
cisions about truth of propositions are split into different levels: At the first level only decisions 
about propositions that do not involve T are made, at the second level decisions about propositions 
involving T for codes of first-level propositions are made, and so on. 
In subsection 4a we investigate the similarity between both hierarchies, by describing RTT within 
KTT. In subsection 4b we investigate in which way RTT is more restrictive with respect to self
reference than KTT, 

4a RTT embedded III KTT 

To embed RTT in a first order language L, we have to cope with two technical problems: 

• We need to encode the notion of and the manipulation with (higher-order) propositional 
functions into a first-order language. The manipulation is especially important with respect 
to substitution, which in the higher-order situation is much more complicated than in the 
first order case (cf. the definition of substitution 2.9). 

• In Russell's theory, it is possible (and, due to the hierarchy of orders, in fact only possible) 
to quantify over only a part of all propositions. This makes it impossible to translate, for 
instance, the proposition Vp:O' (pO V ~pO] direct.ly by VX(T(x) V ~T(x)J, as the quantifier in 
the latter also quantifies over (codes of) higher-order propositions. 

As we do not want contexts to be involved in this coding, we assume that each variable in V has 
(implicitly) a superscript t, indicating its type. This makes it possible to do without contexts, as 
the types of the variables are now clear from the function in which they occur. For reasons of 
clarity, we will not write this superscript explicitly, as long as no confusion arises. 
We propose the following solutions to the problems sketched above (we first give the definition and 
afterwards explain our thoughts behind it): 

Definition 4.1 Let KTT be the language L with domain D = A, extended with for each ramified 
type t a monadic predicate TYPt, for each n E IN a (n+l)-ary predicate ApPn , and the predicate T 
(T will play the same role as in Section 3). We code the typeable propositional functions f of :F 
to formulas 7 in the language KTT. We do this by induction on the structure of I. 

• If I == R( i" ... , i.(R)), then I is present in the original language L and we take 7 ~f I. 
• If I == z(k" ... , km), write f{i == (ki ) for ki E F, and J(; == ki for ki E Au V. Define 

7 ~f T(APPm(z, /(" ... , f{m)). 

-def- -
• If I == h V h, then I = h V h 

- def -
• If f == ~J', then f = ~f'. 

-def -
• If 1== Vx : u(J'J, then I = Vx(~Typu(X) V 1']. 

We now give a formal interpretation to the newly introduced predicates TYPt and APPn. 

Definition 4.2 For all ramified types t op ,0, let TYPt ~f {(7) II E F and I: t} and Typ,. ~f D. 
Assume: n E IN, f E:F is of type (tl, ... ,tn ) and has free variables Xl < ... < Xn . Assume also: 
for i = 1, ... , n, ki : ti and either d; = k; (if ti = ,0) or di = (ki ) (if ti op ,0). We define: 

( 
- def ( ( ] App" (f), d" ... , dn) = I x" ... , x":=k,, ... , kn ). 

We make some remarks with respect to these definitions. 

Remark 4.3 It is clear that the newly introduced predicates APPn are used for carrying out sub
stitutions, thus solving the first of the technical problems stated at the beginning of this subsection. 
The predicates TYPt solve the second problem, as can be seen in the definition of Vx[J]. 
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Remark 4.4 Notice that we did not define the functions APPn on the full domain D n +]. We could 
have done that, but will not need APPn on other elements of Dn+1 than defined above. 

Remark 4.5 The extensions suggested above are of a mere technical character. Therefore, we 
think that we can still speak of an embeddimg of RTT within KTT. 

Notation 4.6 To keep notations uniform, we sometimes want to speak about (x) when we only 
intend to mention x, for x E V, and ahou t (a} when only meaning a J for a EA. Hence, we formally 

define: (x) ~r x and (il) ~r a for all x E V and all x EA. 
Below, we work in two systems: RTT and KTT. These systems have a different notion of substitution, 
though they use the same notation for expressing substitution. From the context, however, it will 
always be clear which kind of substitution is meant. 

The language KTT above is similar to that presented in Section 3, and we construct KTT Q for each 
ordinal 0' as described in that section. '¥e need the following lemma: 

Lemma 4.7 (Substitution Lelulua) Assume 9 is a propositional function of order m and 
g[x:=k] is a proposition of order n. IfKTTn 1= g[x:=k] then KTT", 1= g[x:=(k}]. 

PROOF: We make the proof a little easier by proving that if: If 9 is a propositional function of 
order m and g[Xl, ... , xp:=k1 , ... , kpJ is a proposition of order n , then 1 and 2 hold where 

1. KTTn I=g[x" ... ,xp:=k], ... ,kp] impliesKTTm I=g[X], ... ,xp:=(k]}, ... ,(kp}] 

2. KTTn 1= ~g[x], ... , xp:=k" ... , kp] implies KTTm 1= ~g[X], ... , xp:=(k]}, ... , (k p)] 

We write g[xi:=k i ] as a shorthand for g[XI, ... , xp:=k l , ... , kp] as long as no confusion arises, and 
use similar abbreviations for other substitutions. The proof is by induction on the structure of g. 

• 9 = R(i], ... , i.(R)). Then, by definition of g[xi:=ki], g[x,:-k;] = g[x;:=(ki }]. As n ~ m, the 
lemma follows by the Lemma on Conservation of Knowledge 3.4. 

• 9 = z(h], ... ,h,). Ifz ric {x], ... ,xp} then againg[xi:=k;] =g[xi:=(ki}] and again the lemma 
follows from n :S m and the Lemma on Conservation of Knowledge 3.4. 
The interesting case is when 9 = z( h], ... , h,) and z E {x], ... , xp }. To keep notations clear, 
we assume p = 1 and z = Xl. The reader may verify that. the case p > 1 only complicates 
notation, not the proof. We only show 1 as 2 is similar. Assume KTTn 1= g[xi:=k;]. 
As k] and z have the same type, k] has q free variables, say Y] < ... < Y" and by definition of 
substitution in RTT, z(h], ... ,h,)[x]:=kd = kdy,:=h;]. Notice that z and k] have the same 
order (m-I), and that n, the order of kdYi:=h,], is at most the order of k] (Lemma 2.10). 
This means: n ~ m - 1. Using Lemma 3.4: KTTm_] 1= kdYi:=h;]. 

By the definition of T we have: KTTm F T ( (kt[Yi :=hi ]) ) . We are now done because: 

• 9 = 9] V g,. 

z(h], ... , h,)[z:=(k,}] 

T(App,(z, (il;}, ... , (h,) ))[z:=(k,)] 

T(App,((k,}, (il;}, .. , (h,))) 

T ( (kdYi=h;]) ) 

First, assume KTTn 1= g[xi:=k;]. As g[xi:=k;] = 9dxi:=k;] V 92[X,:=k,], there is j such that 
KTTn 1= 9j[Xi:=ki]. By the induction hypothesis, there is j such that I<TT", 1= gj[xi:=(ki}], 
as the order of gj is < m. Hence KTT", 1= 9,[X,:=(ki }] V 92[X;:=(ki}]' so we are done. 

Now assume KTTn 1= ~g[xi:=k;]. This means: KTTn 1= ~(gdXi:=k;) V 9,[Xi:=kiJ). 
Hence KTTn F -,gj[Xj:=kd for j = 1,2, and by the induction hypothesis, this means (again 
the order of the gjS are ~ m) KTTm 1= ~gj[xi:=(ki}] for j = 1,2, hence 
KTTm 1= ~gdx,:=(ki}] /\ ~g2[Xi:=(ki}]. 
So KTTm 1= ~(gdXi:=(ki)] V g,[xi:=(ki}]), and KTTm 1= (~(g] V 9,))[Xi:=(ki )]. 
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• 9 =.-.g'. 
If KTTn F g[xi:-kd then use the induction hypothesis for g'. 
If KTTn 1= ~g[xi:-k;] then KTTn 1= g'[Xi:-ki], so by induction KTTm 1= 9'[xi:=(ki )], so 
KTTm 1= ~~g'[xi:=(ki)J. 

• 9 '" V' x:t [g'"J . .------., 
If KTTn 1= g[xi:=ki], then for all d such that Typ,(d), KTTn 1= g'[Xi:-ki][X:=d], hence for all 
these d, KTTm 1= 9'[xi:=(ki )][x:=dj, so KTTm 1= V'x[9'[xi:=(ki )J], and KTTm 1= g[xi:=(ki)J. 
If KTTn 1= ~g[xi:-k;] then there is dE D such that Typ,(d) and KTTn 1= ~g'[x;:=k;][x:=d], 
hence KTTm 1= ~g'[xi:=(ki)][X:=d], and KTTm 1= 3x[~g'[Xi:=(ki)JJ. 
Hence KTTm 1= 3X[~9'[Xi:=(ki)JJ and KTTm 1= ~V'x[9'[xi:=(ki)lJ. 0 

Theorem 4.8 Let f : on E:F. Then: RTT 1= f if and only if KTTn 1= 7. 
PROOF: 

~ Due to the use of -. in the definition of KTTn F ], we prove a little bit more: 

• If RTT 1= f then KTT" 1= 1; 
• If RTT 1= ~f then KTTn 1= ~f· 

These claims are proved simultaneously by induction on the definition of RTT F I. 
• f'" R(d" ... , d.(R)) for aRE R and some d" ... , d.(R) ED. Then 1", f· As RTT 1= f, 

we know that (d" ... , d.(R)) E R, hence KTT n 1= 7. The proof is similar for ~f. 
• 1 == 91 V g2. Then the orders of the gis are either equal to, or smaller than n. 

First assume RTT Fl. Then \ve know that RTT F gi for i ~ 101' i ~ 2. By the induction 
hypothesis (and Conservation of Knowledge, if the order of 9 is < n), KTTn 1= iii, As 
1 '" g, V g2, KTT n 1= 7. 
Now assume RTT F -.1. Then it is not true that RTT 1= J, so it is not true that RTT Fe gi 
for i = 1 or i = 2. SO RTT 1= ~gi for i = 1,2. By the induction hypothesis (and, 
again, possibly Conservation of Knowledge), we have I(TTn F -'gi, hence, KTTn F -.gi 
for i ~ 1,2. So KTTn F -'gl 1\ ""'g2,and hence so KTTn F ...,J. 

• f '" ~g. If RTT 1= f then use IH on 9 to get KTTn 1= 'g, hence KTTn 1= 7. 
If RTT 1= ~f, then RTT 1= g, so by induction KTT" 1= g, so KTTn 1= ~~g, so KTTn 1= ~f. 

• f '" V'x:t[gJ. Notice that 9 has order n. 
If RTT 1= f then for all k:t, RTT 1= g[x:=kJ. By the induction hypothesis, we know that 
for all k : t, KTTm , 1= g[x:-k], where Ink is the order of g[x:=kJ. 
By the Substitution Lemma 4.7 we have: For all k : t, KTTn 1= g[x:=(k)J. Hence, for all 
dE D, KTTn 1= ~Typ,(d) V g(d). Hence I(TT" 1= V'x : t[gJ. 
The argument for RTT 1= ~f is similar. 

=> This is easy now. Assume, for the sake of the argument, not RTT 1= f. 
KTTn F -.] and KTTn F 7, which is a contradiction. 

Then RTT 1= ~f, hence 
o 

This theorem clearly shows the relation between the orders in RTT and the levels of truth in KTT. 

The heart of the proof of Theorem 4.8 is in the proof of case z(h" . .. , hq ) of the Substitution 
Lemma 4.7. This is the only place in the proof where the properties of the predicate T are used. 
It is understandable that these properties must be used at exactly this place when we look at the 
definition of propositional functions and the typing rules for propositional functions. Exactly the 
possibility of constructing a propositiona.l function of the form Z(hl"'" hq ) ma.kes it possible to 
arrive at higher-order propositional functions and higher-order propositions. So exactly at this 
spot, Kripke's predicate T must appear, in order t.o ra.ise one level in KTT a.'S well. 

Corollary 4.9 RTT 1= f if and only 'f KTT", 1= 7. o 

We cannot improve the result of Theorem 4.8 in general: There are propositions f of order n in 
RTT whose code is provable at level KTTn in KTT, but not at any lower level. 
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Theorem 4.10 Let n > 0, and let In be the nth· order-proposition 'v'p:on-I [pO V .pOl. Then: 

KTTm F= In il and only il m 2: n. 

PROOF: ~ follows from Theorem 4.8 and Lemma 3.4. => is by induction on n. Observe that 

In == 'v'p[.Typo--'(p) V (T(Appo(p)) V 'T(Appo(p)))] . 

• n = 1. Let 9 be any proposition of order 0 in RTT. Then KTTO F= Typ().(g) but as T is 

completely undefined at level 0, KTTo ~ T(ApPo(g)) V 'T(ApPo(g)). Hence, KTTo ~ !I . 
• Assume the theorem has been proved for all n' < n. Assume m < nand KTTm 1= In. By 

definition of 1=, we have: KTTm Fe T(APPo((Jn_I))) V .T(APPo((Jn_I))), and for reasons of 
consistency: KTTm 1= T(APPo((Jn-I))), hence KTTm 1= TUn-r) , so, by the definition of T: 
KTTm-l F= In-I, which contradicts the induction hypothesis, as m - 1 < n - 1. 0 

There are, however, propositions f of order n in RTT for which KTTm F= 1 or l{TTm F -./ can 
already be established for m < n. 

Example 4.11 Consider a. proposition 9 == 91 V 92 where 91 is a true proposition of order m and 92 
is any proposition of order n. As 91 is true in RTT, we have KTTm 1= 91, and therefore KTTm F g. 

4b The restrictiveness of Russell's theory 

We illustrate the different approaches of Russell and Kripke by an example given by Kripke himself 

Example 4.12 Let D, 'R., L, So:,i and KTTo be as in Section 3 where n contains two monadic 
predicates V and W which are collections of (codes of) utterances of persons V and W. Now define 

P == 'v'x[.\l(x) V .T(x)] 

Q == 'v'x[.v(x) V .T(x)] 

(informally, P denotes: All utterances ofw are false, and Q denotes: All utterances of V are false). 
Now distinguish two situations. In both situations, we want to know whether P and Q become 
true or false when passing through the hierarchy of languages KTTo, KTTI)"'" Or, more formally, 
whether there is a such that (V) and (\1) belong to 5a,1 USa". 

1. V = {(P)} and II = {(Q)} (notice that V and II are just subsets of D). 
In this case, P is logically equivalent to .T((Q)) and Q is logically equivalent to .T((P)). 
As a consequence we have: if (Q) E Sa.i then (P) E 5p,3-i for some f3 < a, and if (P) E 5 a,i 
then (Q) E 5p,3-i for some f3 < a. Hence (P), (Q) rf. Sa., for all a, i, so neither the truth of 
P nor the truth of Q will ever be established. 

2. In the situation above, the only utterance of V was that anything said by W is false, and vice 
versa. In that case, it is also intuitively clear that it is impossible to say anything about 
the truth of P or Q. Now we change the situation. We assume that 1\. also contains a third 
monadic predicate R, and tilat d is an elernent ofR. We redefine W: 

IId~f {{Q),(R(d))} 

This has drastical consequences. As KTTo Fe R(d), (R(d)) E 51,1, so KTTI 1= T((R(d))), hence 
KTT1 1= .P. Therefore, (P) E 5 2 ,2, so J(TT,I= .T({P)), hence: 

KTT, 1= ~P 

KTT, 1= Q 

The fact that W utters a true sentence makes it possible to conclude at level 1 that P is 
false, irrespective of the fact that W has also uttered another sentence Q, of which we can't 
establish the truth at level 1. The falsehood of P makes it possible to decide about Q at the 
next level, so the falsehood of P and the truth of Q could have been established at level 2. 
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In Russell's terminology it wouldn't be possible to write expressions like P and Q at all: They are 
excluded beforehand, as P involves Q, therefore has to be of higher order than Q, and Q involves 
P, therefore has to be of higher order than P. 
This indicates an important difference between RTT and KTT: Kripke allows much more expressions 
to be written down. In some situations these expressions will never obtain any truth-value (like 
P and Q in the first example), but in other situations (so: with other definitions of the primitive 
predicates) the same expressions will get a truth-value. Kripke concludes: "it would be fruitless 
to look for an intrinsic criterion that will enable us to sieve out - as meaningless, or ill-formed -
those sentences which lead to paradox". 

Example 4.13 Another, more formal, example of a proposition f in KTT for which there is no 

g E:F with Ii '= f is the proposition f ~f 'ix[T(x) V ~T(x)]: 
Assume, for the sake of the argument, that Ii '= f. Let m be the order of g. Then I<TTm 1= f or 
I<TTm 1= ~f. This implies I<TTm 1= T(fm) V ~T(fm), where fm is as in Theorem 4.10. By definition 
ofT this means KTTm_l 1= fm or KTTm_l 1= ~fm, both contradicting Theorem 4.10. 

5 Orders and Types 

RTT is based on a double hierarchy: One of types and one of orders. This double hierarchy is too 
restrictive. It is possible to develop Logic and Mathematics within RTT, but for instance the proof 
of the Supremum Theorem, which is fundamental in real analysis, cannot be given. The origin of 
the problem is the use of the so-called predicative and impredicative propositional functions. 

Definition 5.1 Let f E F be typable in RTT. Assume f has free variables Xl, ... , xn of orders 
ml, ... , mn respectively. f is called predicative if its order is equal to max(ml, .. " mn) + 1; if its 
order is greater then f is called impredicative. 

As the impredicative propositional fUllctions cause problems, the "Axiom of Reducibility" IS pro
posed in "Principia Mathematica" (1910-1912). This axiom is as follows: 

For each f E :F there is a predicative 9 E :F that is logically equivalent to f 

This axiom has been controversial from the moment it was introduced. Russell himself admits 
that "it has a purely pragmatic justification: it leads to the desired results, and to no others. But 
clearly it is not the sort of axiom with which we can rest content. II Though serious efforts have 
been made to develop Mathematics within RTT (for instance by Weyl [14]), this has not become 
the usual practice. In 1925, Ramsey [10] shows that, by making distinction between language 
and meta-language, the orders can be removed from the system without re-introducing any known 
paradox. Hilbert and Ackermann [6] present a similar idea. With this remark the type-theoretic 
fundaments for the Simple Theory of Types STT, introduced by Church [1] in 1940, were laid, and 
orders have remained out of the important modern type systems up till now. 

It is therefore interesting to notice the relation between orders in RTT and levels of truth in KTT, 

as formulated in Theorem 4.8. It shows that Kripke's system can be regarded as a system based 
on RTT, of which not the orders, but the types have been removed. In this way, KTT can be seen 
as a system that is dual to STT. 

KTT, however, has a more subtle approach than many type theories as it does not exclude any, 
possibly "paradoxical", expression from the syntax, which is the usual type-theoretic approach. If 
an expression is paradoxical, it will not get a truth value at any level IT of the hierarchy of Truths. 
Whether an expression is pa.radoxical or not does not only depend on its syntactic structure, but 
also on the domain D (see Example 4.12). So paradoxes are only excluded at the level of semantics. 

The discussion above shows that the orders of RTT are not to be blamed for the restrictiveness of 
RTT. KTT is a system which contains orders but has only few restrictions towards self-application. 
It is the combination of orders and types that makes RTT restrictive. 
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6 Conclusion 

6a Results 

We presented a formalisation of Russell's Ramified Theory of Types RTT which is faithful to both 
Russell's original informal presentation and the present formulations of type theories. 
We used this formalisation to compare RTT with Kripke's Theory of Truth KTT. We established the 
relation between Russell '5 hierarchy of orders and Kripke's hierarchy of truth-levels. In particular 
we showed that 

I. A proposition of RTT of order n is true if and only if it is true at level n in Kripke's Truth 
Hierarchy (Theorem 4.8). 

2. The truth of some propositions of order n of RTT cannot be established in KTT at a level of 
truth hierarchy smaller than n (Theorem 4.10). Yet for some other propositions, it can be 
established at an earlier level (Example 4.11). 

We also saw that Russell's theory has many restrictions. On the one hand, all propositional 
functions of RTT can be coded in Kripke's Truth Theory; on the other hand there are formulas of 
Kripke's theory that cannot be expressed in RTT, respecting both hierarchies. 

We conclude, as so often has been concluded in Logic, in Mathematics and in Natural Language, 
that Russell's Theory of Types is too restrictive. However, the usual objections against RTT in 
Logic and Mathematics is the use of orders. After Ramsey [IOJ and Hilbert and Ackerman [6J had 
given motivations for leaving out these orders, they have hardly been used anywhere in logic or 
mathematics (though Weyl [14J has tried to give a build-up of mathematics within RTT). 

Here the situation is completely different. Orders in RTT and truth-levels in KTT go hand in hand; 
on the other hand the types do not appear any more in KTT. This establishes KTT as the dual to 
STT (Church's Simple Type Theory) which removes the orders from RTT. 

6b Future work 

Kripke's theory has a tranfinite hierarchy of orders whereas Russell did not investigate such trans
finity. It would be interesting hence to see hmv far one can build types in Russell's theory and 
what properties would hold at such level. 
We concluded that some order-ll-properties of RTT get their truth-value only at level n of KTT 

whilst others get it already at an earlier level. This divides propositions into two classes and an 
accurate description of these classes may be interesting. 
As to the question of Kripke being more liberal in that any sentence can be expressed but its truth 
value may not be calculated (think of the paradoxical sentences), one may compare this approach 
to the implicit typing of Curry's Type Theory CTT [2, 3J where self-referential sentences may be 
expressed but are not typable. Hence, even though we said that KTT is the dual of STT, it may be 
the twin-brother of CTT where only truth or falsehood of typable terms can be determined. We are 
currently investigating this issue. 
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