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Capacity and Codes for Embedding Information in
Gray-Scale Signals

Frans M. J. Willems, Fellow, IEEE, and Marten van Dijk

Abstract—Gray-scale signals can be represented as sequences of integer-
valued symbols. If such a symbol has alphabet 0 1 . . . 2 1 it
can be represented by binary digits. To embed information in these se-
quences, we are allowed to distort the symbols. The distortion measure that
we consider here is squared error, however, errors larger than are not al-
lowed. The embedded message must be recoverable with error probability
zero. In this setup, there is a so-called “rate–distortion function” that tells
us what the largest embedding rate is, given a certain distortion level and
parameter . First, we determine this rate–distortion function for = 1

and for . Next we compare the performance of ”low-bits modula-
tion” to the rate–distortion function for . Then embedding codes
are proposed based on i) ternary Hamming codes and on the ii) ternary
Golay code. We show that all these codes are optimal in the sense that they
achieve the smallest possible distortion at a given rate for fixed block length
for any .

Index Terms—Data embedding, embedding distortion, gray-scale sym-
bols, low-bits modulation, rate–distortion function, side information,
squared-error distortion.

I. INTRODUCTION

In 1999, it was observed that data embedding is closely related to
the information-theoretical concept of ”channels with side informa-
tion. ” For example, Chen [2], Chen and Wornell [3], and Moulin and
O’Sullivan [9] realized that (in the Gaussian case) there is a connec-
tion between data embedding and Costa’s ”writing on dirty paper” [4].
Costa’s achievability proof can be seen as a special case of the proof
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Fig. 1. A model of an information-embedding system.

of Gelfand and Pinsker [7]. Heegard and El Gamal [8] studied codes
based on Gelfand–Pinsker theory for computer memories with defects.
Coding theorems for data-embedding situations appeared in Chen

[2] (specialized to the Gaussian case), Moulin and O’Sullivan [9],
Barron [1], and Willems [10].
In the present correspondence, we will focus on the coding theorem

for the case of embedding in gray-scale symbols with squared-error
distortion. We focus on the information embedding in the absence of
communication noise. This makes it possible to achieve zero proba-
bility of error. Although the ”noise-free” setup was also investigated
by Chen [2] and Barron [1], the result that we present here is some-
what stronger than theirs as we will soon see. After proving our coding
theorem we will propose some coding techniques.

II. SYSTEM DESCRIPTION

The embedding system that we study is shown in Fig. 1. A discrete
source emits the host sequence xN1 = (x1; x2; . . . ; xN ) where N is
called the block length. The symbols xn for n = 1; N assume values
from the finite alphabet X which is a subset of the set of all integer
numbers. We make no assumptions about the probability distribution
fP (xN1 ); x

N
1 2 XNg. A message source produces the message index

w 2 f1; 2; . . . ;Mg with probability 1=M , independent of xN1 . Based
on the message index w and the host sequence xN1 the encoder (em-
bedder) produces the composite sequence

yN1 = f(xN1 ; w): (1)
The symbols from yN1 = (y1; y2; . . . ; yN ) assume values in the finite
alphabetY which is a subset of the set of all integers . We require that
from the composite sequence yN1 the embedded message can always
be reconstructed without error, i.e., there is a decoder producing the
estimate ŵ = g(yN1 ) such that

PrfŴ 6=Wg = 0: (2)
Moreover, the composite sequence yN1 must always be “close” to the
host sequence xN1 , i.e., the maximum average distortion

D� = max
x

w

PrfW = wgd(xN1 ; f(x
N
1 ; w)) (3)

should be small. Here

d(xN1 ; y
N
1 )

1

N
n=1;N

D(yn � xn) (4)

is the distortion between the sequences xN1 and yN1 , for some speci-
fied distortion mapping D(�) defined over the integers. Since both yn
and xn are integers the difference yn � xn is also an integer. Note
that distortion measure is a difference measure. The error (difference)
should not exceed the maximum error m, i.e., the distortion mapping
satisfies D(z) = 1 for integers z =2 Z where Z � and Z
f�m; 1 � m; . . . ;mg. Here m is a positive integer. We can now be
more specific about the reproduction alphabet which is defined as

Y fx+ zjx 2 X ; z 2 Zg: (5)
Finally, we define the embedding rate R as

R =
1

N
log

2
M: (6)

0018-9448/$20.00 © 2005 IEEE
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III. THE ”RATE–DISTORTION” FUNCTION

We are obviously interested in finding codes that combine a large
embedding rate R with a small maximum average distortion D�. We
can now define a rate–distortion function in the followingway. First, we
define the distortion–rate pair (�; �) to be admissible if, for all � > 0
there exist, for all large enough N , encoders and decoders such that
their embedding rate and maximum average distortion satisfy

R � � � �

D� ��+ �: (7)

Only finite � are of interest. The rate–distortion function �m(�) is
now defined as the largest � such that the pair (�; �) is admissible.
The subscriptm specifies the maximum error that is allowed.

Theorem 1: For our rate–distortion function �m(�) we can show
that �m(�) = rm(�) where

rm(�) max
fP (z): P (z)D(z)��g

H(Z): (8)

Here fP (z); z 2 Zg is a probability distribution over the set Z =
f�m; 1 �m; . . . ; mg.

From this theorem it follows1 that the rate–distortion function
�m(�) is nonnegative, nondecreasing in�, and convex-\ in�.

The situation that we study here also was investigated by Barron [1]
and Chen [2]. They refer to this case as the noise-free case. However,
it should be noted that here we show that error probability 0 is achiev-
able. Moreover, we measure our distortion averaged over all messages
and maximized over the host sequences. Even when averaging over all
messages is replaced by maximizing, our result holds. Finally, it should
be noted that the distribution of xN1 is not relevant for our result.

IV. PROOF OF THE THEOREM

A. Admissibility Proof

A: We start by considering the side-information model depicted in
Fig. 2. The sets U and S are assumed to be finite. Now words u 2 U
can be written on a medium. However, this medium generates the state
s 2 S and accepts only words u 2 Us � U in that case. It is assumed
that

jUsj = A (9)

so whatever the actual state is, there are always A words that can be
written onto the medium. To transmit the messagew 2 f1; 2; . . . ;Mg,
assuming thatM � A, the writer produces the word u = f(w; s) 2
Us. The reader inspects u and determines ŵ = g(u). No errors are
allowed thus, it is required that always ŵ = w.

How large can the number of messages M be now? We can find a
lower bound to this number by applying random labeling. We can give

1The convexity follows from assuming that if P 0(z) achieves maximum en-
tropy H 0(Z) for distortions � �0 and P 00(z) achieves maximum entropy
H 00(Z) for distortions ��00 then �P 0(z)+(1��)P 00(z) for 0< � <
1 achieves distortion � ��0 +(1 � �)�00 and entropy not smaller than
�H 0(Z)+(1��)H 00(Z) by the convexity of entropy in the distribution.

Fig. 2. A model for writing with side-information.

each word u 2 U a message label w 2 f1; . . . ;Mg. Consider all such
labelings. The total number of labelings T is

T =M jUj: (10)

Bad labelings do not have a word u 2 Us with label w for at least one
(w; s)-pair. Hence for the number of bad labelings B we get

B�
w s

(M�1)AM jUj�A

=M jSj(M�1)AM jUj�A�AjSj(M�1)AM jUj�A: (11)

Now at least one good labeling exists ifB < T hence if there are fewer
bad labelings than the total number of labelings. Thus, there is at least
one good labeling if

ln(AjSj) +A ln
M � 1

M
< 0: (12)

Using ln(M�1
M

) � � 1
M
, it follows that there exists a good labeling if

ln(AjSj) �
A

M
< 0 (13)

or, equivalently, if

M <
A

ln(AjSj)
: (14)

Note that (14) is independent ofU . The number ofmessagesM that can
be conveyed is essentially determined by A, the number of sequences
that can be written for any s.

B: Fix the distribution fP (z); z 2 Zg. This distribution determines
the entropy and the expected distortion

H(Z) =
z2Z

P (z) log2
1

P (z)

and

E[D(Z)] =
z2Z

P (z)D(z): (15)

Next fix the constant 0 < � < 1=2 and consider the set of �-typ-
ical Z-sequences which is defined as (16) at the bottom of the
page. Then we know (see, e.g., Cover and Thomas [5, Ch. 3]) that
PrfZN1 2 T�g � 1 � � for all sufficiently large N . This leads to the
conclusion that

jT�j �
1=2

2�N(H(Z)��)
� 2N(H(Z)��)�1 � 2N(H(Z)�2�) (17)

for all sufficiently large N .

T� zN1 : j
1

N
log2

1

PN (zN1 )
�H(Z)j � � ^ j

1

N
n=1;N

D(zn)�E[D(Z)]j � � : (16)
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C: Now we combine the findings of A and B. For any sequence xN1
there are at least A = 2N(H(Z)�2�) sequences yN1 = xN1 + zN1 with
distortion

d(xN1 ; y
N
1 ) =

1

N
n=1;N

D(yn � xn)

=
1

N
n=1;N

D(zn) � E[D(Z)] + �: (18)

Consequently,D� � E[D(Z)] + �. By the random labeling argument
we know that

1

N
log2M

<
1

N
log2A�

1

N
log2 ln(AjSj)

=H(Z)�2�+
1

N
log2(N(H(Z)�2�) ln 2+N ln jX j) (19)

=H(Z)�2��
1

N
log2N�

1

N
log2[(H(Z)�2�) ln 2+ln jX j]

(20)

should hold (here XN plays the role of S and YN that of U ). This
condition is satisfied for all N large enough as long as

1

N
log2M � H(Z)� 3�: (21)

Note that this proves the admissibility of pairs (E[D(Z)];H(Z)).
D: Actually, we have even proved more than that. Observe that not

only the maximal average distortionD� is bounded by E[D(Z)] + �,
but that this bound also holds for the maximal distortion

max
x ;w

d(xN1 ; f(x
N
1 ; w)):

B. Converse

Suppose that xN1 gives rise to the maximum average distortion D�

which is finite. Fix this xN1 . Now we introduce the random variable Z
that assumes integer values and has distribution

PrfZ = zg =
1

N
n=1;N

PrfYn � xn = zjXN
1 = xN1 g (22)

for integer z. Note that the probability is with respect to the message
W . For this random variable, we can write

D� =
w

PrfW = wgd(xN1 ; f(x
N
1 ; w)) = E[d(xN1 ; Y

N
1 )]

=
1

N
n=1;N z

PrfYn � xn = zjXN
1 = xN1 gD(z)

=
z

PrfZ = zgD(z): (23)

Since D� < 1, this implies that PrfZ = zg = 0 for z =2 Z . More-
over

log2M =H(W ) = H(W jXN
1 = xN1 )

=H(W jXN
1 = xN1 )�H(W jXN

1 = xN1 ; Y
N
1 )

= I(W ; Y N
1 jXN

1 = xN1 ) � H(Y N1 jXN
1 = xN1 )

=H(Y N1 � xN1 jX
N
1 = xN1 )

�
n=1;N

H(Yn � xnjX
N
1 = xN1 ) � NH(Z) (24)

where the last inequality follows from the convexity of the entropy in
the probability distribution. Note that H(W jXN

1 = xN1 ) = H(W )

Fig. 3. The gray-scale alphabet G and squared-error distortion.

by the independence of W and XN
1 . Moreover, H(W jXN

1 =
xN1 ; Y

N
1 ) = 0 since g(Y N1 ) = W . This concludes the converse.

Although we have focussed on error probability equal to zero (see
(2)) it can be shown by adapting the converse that, in the average-error
case, we will not find larger values of �m(�) for any �.

V. GRAY-SCALE SYMBOLS, SQUARED-ERROR DISTORTION

Gray-scale symbols assume values from an integer alphabet G =
f0; 1; . . . ; 2B � 1g for some positive integer B. Each symbol can be
represented by a vector of B binary digits. Now let

X fm;m+ 1; . . . ; 2B � 1�mg

thenY = G. This implies thatB � log2(2m+1). Note that in practise
also host symbols smaller thanm and larger than 2B�1�m can occur
with positive probability. Here we assume that this is not the case! In
Section IX, we will discuss this point in more detail. If a gray-scale
symbol x 2 X is changed into a symbol y 2 Y the resulting squared-
error distortion is

D(y � x) =
(y � x)2; jy � xj � m

1; otherwise
(25)

see Fig. 3. Againm is the maximum allowable error.
We want to find out next how rm(�) behaves. Note that by defi-

nition rm (�) � rm (�) if m0 < m00 for all finite �. Therefore,
first we consider the case where all errors are allowed, thus,m = 1.
Therefore, let pz P (z) for all integer z, then

H(Z) =
z

pz log2
1

pz
and E[D(Z)] =

z

pzz
2: (26)

We now must maximize H(Z) under the constraint E[D(Z)] � �.
Therefore, consider for some � > 0 the “Gaussian” distribution
fp�z ; z 2 g where

p�z exp(��z2)=� (27)

with � =
z
exp(��z2), having variance

z
p�zz

2 = �. Then, for
any distribution fpz; z 2 g with variance

z
pzz

2 � �, we can
write

z

pz ln
1

p�z
=

z

pz ln(� exp(�z
2))

= ln� + �
z

pzz
2 � ln� + �� (28)

and, therefore, its entropy (in nats)

z

pz ln
1

pz
=

z

pz ln
p�z
pz

+
z

pz ln
1

p�z
� ln� + ��: (29)

Note that the term
z
pz ln p

�

z=pz is minus a divergence and there-
fore nonpositive. Equality is achieved only for fpz; z 2 g equal to
the Gaussian distribution fp�z ; z 2 g. Therefore, to determine the
rate–distortion function r1(�) we only need to vary � and compute
the entropy and variance of fp�z ; z 2 g. We can now make a plot
of the squared-error rate–distortion function r1(�), see Fig. 4. This
plot shows that to achieve an embedding rate of 1 bit/symbol we need
a maximum average distortion of at least � 0:22. Note that the plot
shows that this statement holds for all m.

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on September 4, 2009 at 06:01 from IEEE Xplore.  Restrictions apply. 



1212 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 3, MARCH 2005

Fig. 4. Rate-distortion functions r1(�) (upper curve) and r1(�) (lower
curve) for squared-error and difference-one distortion. On the horizontally axis
is the distortion, vertically the rate in bits/symbol.

Next we consider the case where m = 1. Now the error cannot be
larger than one, hence,

D(y � x) =

0; for y = x

1; for jy � xj = 1

1; else.
(30)

This measure could be called ”difference-one” distortion. It can be
shown that the rate–distortion function for this measure is

r1(�) =
h(�) + �; for 0 � � � 2=3

log
2
3; for� > 2=3

(31)

where h(�) = �� log
2
�� (1��) log

2
(1��) is the binary-entropy

function. This follows from

H(Z) =h(1� p0) + (1� p0)h(
p1

1� p0
)

�h(1� p0) + (1� p0)

�h(�) + �; for � � 2=3 (32)

if we note that 1�p0 = p�1+p1 � �. Equality appears for p�1 = p1
and 1 � p0 = �. Note that h(�) + � achieves its maximum for
� = 2=3.

In Fig. 4, this rate–distortion function is plotted together with the
squared-error rate–distortion function �1(�). Although for given dis-
tortion � the squared-error rate–distortion function r1(�) is larger
than the error-one rate–distortion function r1(�), it can be seen that
the difference is very small for small values of the distortion level. This
demonstrates that for small distortion levels in the squared-error case,
no matter how large the maximum allowable error m is, it is not very
useful to consider codes that have jyn�xnj > 1 for some components
n. This fact will be used when we construct codes in the next sections.

VI. LOW-BITS MODULATION

Traditional embedding methods assume that a gray-scale symbol
x 2 G is represented as a binary vector bB�1; . . . ; b1; b0 such that
x =

i=0;B�1
bi2

i. Messages are now embedded only in the least
significant bits (LSBs) of this binary representation, thus, y is chosen

Fig. 5. Rate-distortion function r1(�) together with two LBM
distortion–rate pairs (o), and time-sharing the R = 1 LBM method
(…).

as the symbol closest to x such that itsR LSBs contain the message w
(R is a positive integer). Therefore, this form of embedding is called
low-bits modulation (LBM), see, e.g., Chen [2]. The following tables
now show what happens for R = 1. Observe that for R = 1 the dis-
tortion D� = 1=2.

x w = 0 1

� � �

8 = 1000 y = 8 9

9 = 1001 8 9

� � �

x w = 0 1

� � �

8 = 1000 D = 0 1

9 = 1001 1 0

� � �

Similarly, for R = 2 the distortion is D� = (0 + 1 + 1 + 4)=4 =
3=2 since there is a message that achieves distortion 0, two messages
achieve distortion 1, and a fourth message achieves distortion 22 = 4.
The distortion–rate pairs (D�; R) = (1=2;1) and (3=2;2) are plotted
in Fig. 5 denoted by o’s. Using the LBM scheme (D�; R) = (1=2;1)
only for a fraction of the symbols, we achieve

R(D�) = 2D�; for 0 � D� � 1=2: (33)

The resulting distortion–rate pairs are plotted in the figure with a dotted
line. The problem we want to address next is: ”How can we do better
than R(D�)=D� = 2?” Note that the R = 1 LBM scheme can be
operated with maximum error m = 1.

VII. TERNARY EMBEDDING METHODS

We start this section with a definition. A gray-scale symbol x (or y)
is said to be in class c iff x mod3 = c where c = 0; 1; 2. Now we are
ready to discuss uncoded ternary embedding and after that two coded
ternary embedding methods.

A. Uncoded Ternary Modulation

Suppose that message w 2 f0; 1; 2g is to be embedded in the gray-
scale symbol x. Then the decoder determines the message w simply
by looking at the class of y. If x is in class w then y = x is chosen by

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on September 4, 2009 at 06:01 from IEEE Xplore.  Restrictions apply. 
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the embedder, otherwise, the embedder changes x into the symbol y in
class w, such that jy � xj is minimal, see the following tables.

x w = 0 1 2

� � �

9 y = 9 10 8

10 9 10 11

11 12 10 11

� � �

x w = 0 1 2

� � �

9 D = 0 1 1

10 1 0 1

11 1 1 0

� � �

:

The obtained embedding rate R = log
2
3 � 1:5850. The corre-

sponding distortion D� = 2=3. This results in the ratio R=D� =
3=2 log

2
3 � 2:3774 which is already quite good! Note that the max-

imum error of uncoded ternary embeddingm = 1 again.

B. Embedding Based on Ternary Hamming Codes

To describe the embedding code consider the (13; 10; 3) ternary
Hamming code. This code has 27 cosets. Associate a message index to
each coset. Focus now on a certain message index w 2 f0; 1; . . . ; 26g
and the corresponding coset Cw . Consider the vector containing the
classes c(xn) of the 13 host symbols x1; x2; . . . ; x13. Denote this
ternary vector by (cx)131 . Now determine the class vector (cy)131 2 Cw
which is closest to (cx)131 in Hamming sense. To obtain the composite
sequence y1; y2; . . . ; y13 just replace xn by the closest symbol yn in
class (cy)n for n = 1; 13.

First we determine the maximum average distortion D� of this em-
beddingmethod. TheHamming code is perfect and hasminimumHam-
ming distance dH;min = 3, thus, we will find a word (cy)

13

1 2 Ci at
Hamming distance 1 from (cx)

13

1 with probability 26=27 or a word at
distance 0 with probability 1=27. If dH((cx)131 ; (cy)

13

1 ) = 1 then by
construction

n=1;13

(yn � xn)
2 = 1:

Hence, D� = 26=27 � 1=13 = 2=27 � 0:0741. The decoder
first determines the vector (cy)131 by looking at all the components
y1; y2; . . . ; y13 of the composite sequence. Then it determines the
coset to which (cy)131 belongs, hence, reliable transmission is possible
with rate R = (log

2
27)=13 � 0.3658 bit/ symbol. Thus, we achieve

(D�; R) = (0:0741;0:3658). The R=D� � ratio = 4:9378 which is
a factor 2:4689 larger than LBM.

We can design a series of codes for modulating the class, based
on ternary Hamming codes. For a given value � = 2; 3; . . ., i.e., the
number of parity-check equations, the codeword length is (3� � 1)=2.
Therefore,

R =
2� log

2
3

3� � 1
and D� =

2

3�
: (34)

Hence,

R=D� =
�3� log

2
3

3� � 1
(35)

see Fig. 6. Note that we can achieve an arbitrary large ratio R=D� by
increasing �. Note also that the maximum errorm = 1 again.

C. Embedding Using the Ternary Golay Code

Instead of a ternary Hamming code we can also use the (11; 6; 5)
ternaryGolay code in an embedding system.Again, we put themessage
in the syndrome, which is five trits long, but now the class must be
changed in at most two positions. This leads to the following rate and
distortion:

R =
5 log

2
3

11
� 0:7204

Fig. 6. Rate-distortion curve r1(�), time-sharing R = 1-LBM (…),
ternary Hamming codes (*), and the ternary Golay code (�).

and

D� =
11

1
� 2 � 1 + 11

2
� 4 � 2

243 � 11
=

42

243
� 0:1728: (36)

Hence, R=D� � 4:1682, see Fig. 6. Againm = 1.

VIII. OPTIMALITY

We call an embedding code with block lengthN , embedding rateR,
and maximal average distortionD� optimal, if all other codes with the
same block length N have rate R0 � R or distortion D0

� � D�. We
assume that distortion is of squared-error type as in (25),m is arbitrary.

A: Now consider a code with block length N . Suppose that the
source produces a host sequence xN1 . Suppose that the embedding rate
R = log

2
(2N + 1)=N so there are 2N + 1 composite sequences

yN1 all representing a different message. Note that there is only one se-
quence yN1 = xN1 such that d(xN1 ; y

N
1 ) = 0. The smallest nonzero

distortion d(xN1 ; y
N
1 ) = 1=N is achieved for 2N sequences yN1 that

differ from xN1 in exactly one component n 2 f1; 2; . . . ; Ng by one,
i.e., jyn � xnj = 1. Therefore, the smallest possible maximum av-
erage distortion D� = 2=(2N + 1). Hence, the proposed embedding
method based on ternary Hamming codes for � = 2; 3; . . . is optimal.
Moreover, this holds for uncoded ternary transmission. This holds for
any m.

B: Again consider a code with block lengthN and assume that the
source generates host sequence xN1 . Suppose that the number of mes-
sages M is 1 + 2N + 4 N

2
= 1 + 2N2. Again, there is only one

sequence yN1 with distortion d(xN1 ; y
N
1 ) = 0, and 2N sequences with

distortion d(xN1 ; y
N
1 ) = 1=N . The next smallest possible squared-

error distortion d(xN1 ; y
N
1 ) = 2=N is achieved by 4 N

2
sequences

yN1 . Consequently, the rate R = log
2
(1 + 2N2)=N should lead to

a maximum average distortion of at least (4N � 2)=(1 + 2N2). The
(11;6; 5) ternary Golay code achieves this bound and is therefore op-
timal for any m.

IX. REMARK

So far we have assumed that X = fm;m + 1; . . . ; 2B � 1 �mg.
However, in practise a source will also produce gray-scale symbols
smaller than m and larger than 2B � 1 � m. Note, however, that in
practise it suffices to take m = 1, thus only the host symbol 0 and
2B � 1 cause problems since the composite symbols �1 and 2B are
not in the gray-scale alphabet G. The strategies based on the (optimal)
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ternary codes that we proposed here can however be adapted slightly.
Instead of composite value �1 we use 2 and instead of 2B we take
2B � 3. This will lead to a larger distortion but if the probabilities of
host symbols 0 and 2B�1 are not too large the effect can be neglected.

X. CONCLUSION

For gray-scale symbols and squared-error we have determined the
rate–distortion function for maximum error m = 1. We have also de-
termined r1(�)which serves as an upper bound for all rm(�). More-
over, we have constructed embedding codes based on ternary error-cor-
recting codes. We have only looked at small distortions (and rates). We
have concentrated on perfect codes since these codes result in simple
schemes that are easy to analyze. We have shown that the proposed
codes are optimal. More codes can be found in [6].
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A Comment on “Systematic Single Asymmetric
Error-Correcting Codes”

Ching-Nung Yang and Guo-Jau Chen

Abstract—Bose and Al-Bassam designed quasi-systematic single asym-
metric error-correcting codes that are able to encode information bits
in a systematic way, but cannot encode all 2 information words. How-
ever, “Construction I” of their paper does not provide an efficient way for
computing the number of codewords. In this correspondence, we derive a
recursive relation based on generating functions in order to compute the
maximum number of codewords in such codes. This recursion allows us to
determine those numbers for large code lengths which may not be feasible
otherwise.

Index Terms—Abelian group, asymmetric code, generating function, sys-
tematic code.

I. INTRODUCTION

A single asymmetric error-correcting code (SAEC) for the binary
asymmetric channel is capable of correcting one asymmetric error
(i.e., 1 ! 0 error or 0 ! 1 error). At present, there are some codes
which can be used as SAECs, such as Varshamov codes [3] and
Constantin–Rao codes [2]. In general, nonsystematic codes have a
better coding efficiency than systematic codes. However, systematic
codes often are less complex in encoding/decoding. In [1], Bose
and Al-Bassam show how to encode a nonsystematic SAEC in a
systematic way to achieve a high code rate, and at the same time have
the benefits of systematic codes. Such Bose–Al-Bassam codes are
quasi-systematic.
To understand the concept of the Bose and Al-Bassam codes, we

first review the nonsystematic Constantin–Rao SAEC [2]. Given the
Abelian group G = fg0; . . . ; gng of order (n + 1) and g0 = 0
(the identity element), let V be the set of all binary n-tuples, and de-
fine a function f : V ! G as f(x) = n

i=1
xi � gi for any x =

(x1; x2; . . . ; xn) 2 V . Then, f partitions V into n + 1 disjoint sub-
sets, Vl = fx 2 V jf(x) = glg, for l = 0; . . . ; n, and each subset
Vl is a nonsystematic Constantin–Rao SAEC. The Varshamov code
[3] is equivalent to the Constantin–Rao code when G is chosen as
the cyclic group Zn+1 = f0; 1; . . . ; ng. The following lemma shows
which subset has the largest cardinality.

Lemma 1: The nonsystematic Constantin–Rao SAEC using the
Abelian Group G of order n+1 given by V0 has the maximum number
of codewords [2].

Going back to the Bose–Al-Bassam codes now, we briefly describe
Construction I in [1]. Consider the case where n = 2r and k =
n� r, where n, k, and r are the lengths of the codeword, information
word, and checking vector, respectively. Let E = f0; 1gk be the set
of all k-bit information words, and C = f0; 1gr be the set of all r-bit
checking vectors. Let Z 00 = (z001 z

00

2 ; . . . ; z
00

r ) = (1; 2; 4; . . . ; 2r�1)
and Z 0 = (z01; z

0

2; . . . ; z
0

2 �r) consisting of all the elements in Zn+1
except the elements in Z 00 and zero.
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