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Chapter 1

Introduction

1.1 Background

Ever since the first intelligent humans created tools to make their life easier, the opti-

mal shape of such a tool posed an interesting problem. Even without any knowledge

of the fundamental physical laws, our forefathers were able to get a intuitive feeling

for the optimal shape. For example, a fist axe (see Figure 1.1) has to have a ’sharp’

(drawing by D. Stapert/H.R. Roelink, B.A.I. Groningen)

Figure 1.1: Fist axe, over 45,000 years old

edge to maximize its ability to cleave wood, related to maximization of the local pres-

sure. The hull of a vessel has to have a certain shape in order to minimize the force
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needed to propel it and to keep the vessel stable, related to the complex physical laws

in fluid dynamics and mechanics (see Figure 1.2). In short, we humans have a very

(source: Vasily N. Khramushin, Saint-Petersburg — Yuzhno-Sakhalinsk)

Figure 1.2: Phoenician’s sea trade vessel, about 2500 years ago

useful intuitive understanding of many physical laws, and in addition have the rather

astonishing capability of ’inverting’ these laws to find the optimal shape of objects

among the infinite number of possible shapes. When physical science began to evolve,

physical laws were discovered and formulated, as for instance Archimedes’ law and

Newton’s three laws of motion. These laws, and the related mathematics — which

was often also developed at the same time — gave an insight why the shape of the ob-

ject was as it should be, and often this insight could be used to improve its efficiency.

Also physical laws were discovered that were less intuitive, that is, remotely or not

related to phenomena that an average person would experience in his everyday life.

An example are the various laws related to electromagnetism as formulated by a/o

Faraday, Ampère and Volt, and later unified by Maxwell. Electromagnetism is the

focus area of this thesis, and Maxwell’s equations will be discussed in more detail in

Section 2.3.1. Although these laws incorporate the rather abstract concept of ’fields’,

fortunately skilled persons are able to develop an intuitive feeling for many electro-

magnetic phenomena, perhaps because analogies exist with common phenomena like

streaming fluid. Again, the human ability to invert these laws and derive princi-

pal shapes out of in principle infinitely many led to inventions like electric motors,

antennas and radar.

Although humans by their ’inverting capability’ are able to derive a basic shape,
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the physical laws and knowledge of material properties are needed to derive numerical

values in order to optimize or validate the shape. Usually explicit analytic solutions

are not available except for some simple cases, or calculation schemes (algorithms) are

impractical to do by hand. Therefore, before the modern computer era, design engi-

neers often had to optimize or validate their design by performing either experiments

or numerical computations on a simplified model. Today, with the availability of high

speed computers and advanced computational methods, these limitations often do not

apply, and many design engineers can now put their ’shape’ more or less directly into

a computer model for analysis.

Computer programs for modelling have become more and more sophisticated, but

what seems to have remained hardly unchanged is that the developed computer pro-

grams are mainly designed to be used for analysis only (e.g., see [Phi03] for an elec-

tronic circuit analysis package and [Vec01] for an electromagnetic simulation package).

Custom-made and problem specific optimization schemes can be created that use the

analysis package as the function evaluator [Kle03, MM98], but still educated guidance

from the design engineer is needed, for example to specify the degrees of freedom

for the solver or optimization modules. Standard and general purpose optimization

schemes like the Levenberg-Marquardt or Simplex method [PFTV86], or Simulated

Annealing and Genetic algorithms can be used.

There are however situations where for the design engineer it is not easy to find

the correct shape. For example, the interactions can be very complex or subtle (small

changes can have large effects), or the parameterization of the possible shapes can be

very complex, needing many degrees of freedom with complicated boundary condi-

tions. Therefore, for these situations there is a need for a mathematical formulation,

such that the optimal shape can be derived more easily. Note that this formulation

is very likely to be problem-specific. The problem of finding the best shape is called

shape optimization or topological optimization.

In this thesis we concentrate on topological optimization for electromagnetic prob-

lems under low-frequency, or quasi-magnetostatic, conditions. In the kind of problems

we investigate in this thesis an electrically conducting object, from this point on re-

ferred to as the conductor, is present, possibly in a constellation of magnetizable or

conducting objects. Through this conductor an electric current, that can vary in time,

is flowing, thus generating an electromagnetic (magnetic and electric) field. We want

to find the best shape for the conductor, such that certain electromagnetic properties

such as the magnetic or electric field in a region, and geometric properties, such as the

enclosing space of the conductor, are fulfilled. These restrictions are to be prescribed
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by the design engineer, and we want the class of possible restrictions to be as broad as

possible. These kind of problems are also called (magnetic) field synthesis problems.

An overview of recent magnetic field synthesis problems is given in [Com01].

This is indeed a non-trivial topological optimization problem, because the electro-

magnetic interactions can be very subtle and complex. To clarify the various issues,

we start with a few classical examples. On the basis of these examples we will discuss

the progress in this area, and formulate the intention of this thesis.

r

r r

r√3

(b)(a)

Figure 1.3: Helmholtz (a) and Maxwell (b) pairs

Consider two coaxial rings of equal given radius and each of infinitely small cross-

section, through which a certain current is flowing. The four degrees of freedom are

therefore the axial coordinates of the rings and the currents. The magnetic field of

this setup is given by an analytical expression, the well-known Biot-Savart law. For

a more general situation this expression is derived in Section 2.3.8. Because of the

topology, the magnetic field is axially symmetric, and has no transversal component on

the axis of symmetry. On this axis the Biot-Savart law evaluates to a simple algebraic

expression, of which the Taylor series in the axial coordinate can be formed. The four

degrees of freedom can be solved by setting four terms of the Taylor series to a specific

value. By setting the zeroth term (the magnetic field in the origin) to a non-zero value,

and the first through third term to zero, the Helmholtz pair is obtained which therefore

delivers a substantially uniform field in the region near the origin. The parameters

are indicated in Figure 1.3(a): the currents are equal, and the distance between the
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rings is equal to the radius.

Setting the first term (the axial derivative of the magnetic field in the origin) to

non-zero, and the zeroth, second and third to zero yields the Maxwell pair, of which

the parameters are indicated in Figure 1.3(b). For this topology the magnetic field is

substantially linear increasing in the axial direction near in the region near the origin.

2.13r

r

0.778r

120o

Figure 1.4: Golay coil

A slightly more complicated example is the case where a conductor shape is re-

quired that delivers a magnetic field of which the axial component is linear increasing

in the transversal direction. This topology is inherently not axially symmetric. A

topology that delivers such a field is the Golay coil, which consists of 4 sets of sym-

metrically placed so-called saddle coils (see Figure 1.4). The optimal dimensions are

derived using Spherical Harmonics, which are discussed in the context of a more gen-

eral application in Section 2.5.2. The resulting parameters are indicated in Figure 1.4.

These three classical examples, although very elegant, have some drawbacks. A

certain topology is assumed, for which it is known somehow (for example, by physical

intuition) that it can solve the problem. This topology is then parameterized; to keep

the number of parameters to a minimum, the model is simplified rather extremely, to

such an extent that is represents a physically impossible situation, namely infinitely

thin wires. Consequently, some electromagnetical properties such as the resistance

and self inductance, which depend on the conductor size, are not modelled at all. The
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electromagnetic field close to the conductor will also be very different from the real

case, so that the model is not valid for this situation.

For this approach it is not guaranteed — and for the general case that the deriva-

tives are set to a non-zero value almost certainly will not be — that the currents

through the loops are equal in magnitude. If not, the solution is not realizable, or

constraints must be added which make the currents equal.

power

supply

Figure 1.5: Example of a realized Maxwell pair

Note that the connecting wires that in a practical situation are needed to transport

the current from and to the power supply and between the coils are not modelled. This

is however common in electromagnetic modelling; in practice a strategy for connecting

the coils is used that retains the electromagnetic field and hence the self inductance by

keeping the supply and returns wires close together, or even twist them. An example

of how the Maxwell pairs could be connected is shown in Figure 1.5. This does however

add resistance, but that can be taken into account quite easily.

Finally, in this approach no compromise is possible between the various electromag-

netic properties, like the shape of the magnetic field, resistance and self inductance.

Instead, one would like to have control over all these aspects in one model, so that the

shape can be derived that is the optimal compromise between these aspects.

These disadvantages can be circumvented by using a more complex parameterized

model of the topology, involving conductors with finite dimensions, but this increases

the complexity and hence number of degrees of freedom considerably. In addition, the
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electromagnetic properties may depend highly non-linear on the degrees of freedom,

the permissible set is complex and the set may be almost dependent. However, when

the magnetic field is assumed to be axially symmetric, as is the case for the Helmholtz

and Maxwell pairs, the possible topology reduces to axially symmetric coaxial bod-

ies through which the current is oriented in the azimuthal direction, and the topology

therefore becomes essentially two-dimensional. This topology occurs rather frequently

in practice, for example magnets for Magnetic Resonance Imaging (see also the first ex-

ample in Chapter 6), and various methods are known [HCD00, BF96, Lug92, BRZ91].

Also for slightly more complicated shapes, like sets of saddle coils, approaches have

been developed [VSM89].

So recapitulating, it is the intention of this thesis to provide a mathematical de-

scription of an electromagnetic model such that the aforementioned electromagnetic

properties are correctly modelled, and that using this model an optimal conductor

shape can be derived. We want the criterions for the optimal conductor shape to

be as general as possible, at least relating to frequently occurring practical problems.

Finally, in practice electromagnetic designing is often an iterative process, where the

optimization criterions are also subject to compromises, for instance because the cost,

which can be a very important factor, can depend in a complex way on the optimal

shape. Therefore also computational speed and robustness are of concern.

1.2 Outline of this thesis

In Chapter 2 the problem is presented in detail, describing the physical model and

objective. We extend the topology from the class of possible conductor shapes to the

class of possible current density functions, requiring in addition that the conductor

shape can be derived easily from a current density function. Mathematical expressions

are derived for this model, of which Maxwell’s equations are the basis. An essential as-

pect of the model is the description of the currents as a series, of which the coefficients

form the degrees of freedom. Relations between these coefficients are derived, which

follow from Maxwell’s equations. Expressions for the electromagnetic properties like

the electromagnetic field, stored magnetic energy and dissipation in terms of these

coefficients are derived as well. These expressions require that all media are linear.

Following the approach for the optimization of the classical coils described above, the

Spherical Harmonics expansion is also described. A general type of function, which

can be used as cost function in an optimization method, is presented.

Chapter 3 focusses on electric currents, which are the solution of the problem,
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and how to efficiently describe these. Not every possible vector field forms a possible

current, and hence the space of possible currents is a subset of the space of vector

functions. A more convenient vector field representation of the current, the stream

function pair, is introduced. This representation incorporates two scalar functions

and is therefore two-dimensional, as opposed to the three-dimensional vector fields.

In addition the stream function pair has the nice property that from this represen-

tation a conductor shape can be derived easily, and hence we can use this space to

describe possible conductor shapes. This theory is applied to the case the currents are

positioned onto a surface. In this special case one of the scalar functions of a stream

function pair describes the surface, and hence only one scalar function remains that

describes the current on the surface. This function is classically known as the stream

function. Only minor additional conditions are needed to map the class of all possible

stream function bijectively to the class of possible currents, so that the stream func-

tion can be used as degree of freedom for the model. Since the media are assumed to

be linear, a certain fixed component of the magnetic field is also linear in the stream

function. Linearity is a convenient property when numerical optimization algorithms

are used.

In practice often the topology is known to have a certain symmetry due to the

symmetry of the input data, and quite some attention is paid to one specific type of

symmetry, namely the axial symmetry. For the case the surfaces are axially symmetric

(the magnetic field and conductor shape does not have to be axially symmetric) a

considerable reduction in data representation and hence computation speed can be

achieved. Various expressions for axially symmetric geometries, which are derived

from the general case, are given.

The next chapter, Chapter 4, discusses how numerically the stream function can

be applied to practical problems. The first step involves discretization of the stream

function, that is, describe it as a finite-length vector. This is discussed for two fun-

damental cases: for general surfaces from a discretization of the surface into polygons

(and in particular triangles and quadrilaterals), and for an axially symmetric geom-

etry from the discretization into coaxial cone sections. Subsequently, the calculation

of the stream function from this discretization is discussed.

Chapter 5 discusses the computational issues of the various quantities. Points of

concern are the efficiency of the calculation method, and removable singularities, the

so-called degenerate cases. This means that the procedure to calculate a quantity

fails in a certain situation, for example because division of two numbers equal to zero

occurs, while in reality the quantity is defined and finite. Example is the computation
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of the vector potential on the surface, which is turn is needed to compute electromag-

netic properties like the stored magnetic energy (self inductance) and eddy currents.

Especially for the axially symmetric geometry quite elaborate algorithms are needed.

Chapter 6 presents two worked out examples of the use of stream functions. The

first example is based on an existing problem (although the used geometrical dimen-

sions are imaginary), namely the design of a transverse Magnetic Resonance Imaging

(MRI) gradient coil. This topology is an extension of the Golay coil, and the geometry

is also axially symmetric. The second example finds a conductor shape of minimum

inductance on an irregular shaped surface, in this example for the design of a mag-

netizer system. The resulting conductor patterns are very irregular, and it would

have been very complicated to derive this pattern using parameterization of possible

conductor shapes.

Chapter 7 concludes with a conclusion and a number of recommendations.





Chapter 2

Problem description

In this chapter the problem is described. We start with the physical model, which

includes the assumptions, simplifications and the objective of the problem. This model

will be translated into mathematical expressions, in which in particular Maxwell’s

equations for the quasi-magnetostatic case play an important role. These equations

will be formulated in terms of operators and a governing first order differential equation

involving these operators.

The physical problem is formulated as a constrained optimization problem, which

incorporates cost functions and constraints. Inspired by the physical problem descrip-

tion, a broad class of functions describing relevant physical parameters is discussed.

The chapter is concluded with an investigation of the computational issues, and re-

sults are obtained that will be used as the basis for further investigations in the rest

of this thesis.

2.1 Physical model

Consider a situation in which an electric conductor C of certain shape is connected to

a current source I, which delivers an electric current Isrc(t) to the conductor (see Fig-

ure 2.1). This electric current in turn generates an electromagnetic field. Furthermore

conductive objects can be present, in which, as result of Faraday’s law, electric cur-

rents will be induced when the electric current through the conductor changes (eddy

currents). Note that the conductor itself also is a conductive object; eddy currents

induced in the conductor itself are referred to as self-eddy currents.

For high frequencies the currents — due to the self-eddy currents — tend to flow
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S

C

Isrc(t)

I

Conductive object

Figure 2.1: Physical model

on the outside of the conductor. This effect is known as the skin effect. The rate

of change of the electric current is assumed to be such that this effect is negligible,

that is, the distribution of current over the cross-section of the conductor does not

change in time. Hence, the current distribution is assumed to be the same as when

the current is constant in time. Other high-frequency related effects, such as finite

wave length and displacement currents are also assumed to be negligible.

The conductor and conductive objects are assumed to be made of electrically good

conducting material, such as copper. Other parts, such as supporting structures and

electric insulation are assumed to be good electric isolators, e.g. consist of air or

vacuum or are made of non-conductive, possibly magnetizable, materials.

We assume that the geometrical parameters remain constant, that is, the conductor

and the conductive objects do not move, and their form is not distorted. This implies

that there is no interaction between the magnetic field and the shape of the conductor

and conductive objects, or the dimension of the cross-section of the conductor. In

reality there is always a Lorentz force (interaction between currents) that acts on the

conductor and conductive objects. The assumption then is equivalent to stating that

the stiffness of the construction is considered high enough so that the displacements

due to the Lorentz forces are negligible. Also heat will be dissipated in the conductor

and conductive objects, which in reality will lead — because of thermal expansion —

to a change of shape. Given the thermal expansion coefficient of conducting metals
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(e.g., ≈10-3 1/K for copper) this is in general only true for assumptions from which it

follows that the temperature rise is limited. For example, in case of (almost) adiabatic

heating this is governed by an adequate relation between the heat dissipation, the time

period considered and the heat capacitance. Another example is when the cooling

infrastructure (e.g. water, or air) guarantees a limited increase of the temperature.

We assume that the current source does not interfere with the problem, e.g., it

neither generates an electromagnetic field, nor is it influenced by the electromagnetic

field.

Finally we assume that all materials are linear and isotropic with respect to the

electromagnetic properties, and that these properties only depend on the location.

Therefore the effects of hysteresis and temperature dependence are assumed to be

negligible.

For the described situation we want to determine the ’most efficient’ conductor

shape, under the restriction that a given number of constraints is fulfilled. These

constraints can be geometrical (e.g., the conductor shape is constrained to be within

a given volume), electrical (e.g., maximum current density) or electromagnetic (e.g.,

magnetic field shape). The definition of the efficiency of the conductor shape depends

on the characteristics of the current source; it may for example be mainly limited by

energy, power, current, voltage or maximum rate of change of current. General models

for the efficiency will be discussed in Section 2.4.

From Chapter 3 onwards we will restrict ourselves to the case that the conductor

and conductive objects are ’flat’, that is, can be approximated sufficiently by surfaces.

In Figure 2.1 this has been indicated by the surface S. In this chapter we will derive

relations based for the more general case that the conductor and conductive objects

are regions in R
3.

2.2 Objective of the problem

We elaborate somewhat more on the physical problem, with the intention to come to

a mathematical description of the problem.

The electric current — from this point on shortened to ’current’ — essentially is

moving charge (conduction electrons), caused by an electric field inside the conductor.

It is therefore represented macroscopically by the velocity of the volume charge density,

a time and position dependent vector quantity which will be denoted by J(x, t), the

(volume) current density. In S.I. units this quantity has dimension C/m3 · m/s =

A/m2. Obviously, on the boundary of the conductor the volume current density is
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oriented tangentially, that is, it is perpendicular to the normal. Furthermore, since

for our problem the law of conservation of charge holds (the only free charges are

conduction charges), J(x, t) is source-free, meaning that for any closed surface the

net amount of charge passing through it is zero.

The magnetic field caused by the movement of conducting electrons in turn gen-

erates an electric field when the magnetic field changes (Faraday’s law). Inside the

conductor and conductive objects this additional electric field will affect the velocity of

the charge (i.e., the current density) in the conductor. Since these eddy currents again

affect the magnetic and electric fields, the time dependent behavior of the currents in

both the conductor and conductive object are coupled. In this thesis, this coupling is

described by the mutual inductance and resistance operators, which will be discussed

in Section 2.3.4.

Given a conductor shape, we denote the current density as result of a unit static

source current Isrc(t) = 1 by the static current density Ĵ src(x); this representation

is allowed because the media are linear. The assumption that for varying currents

the current distribution in the conductor does not change (related to neglecting the

self-eddy currents) is therefore equivalent to

J(x, t) = Isrc(t)Ĵ src(x) for x in the conductor. (2.1)

This is physically equivalent to assuming that the conductor is made of infinitely many

wires, each with infinitesimally small cross section, where through each wire a certain

current, proportional to Isrc(t), is forced. In this case no redistribution of the current

over the cross-section of the conductor can occur. The objective is then:

Find the ’most efficient’ source current density Ĵ src(x) for which a given

number of electromagnetic properties are fulfilled, where Ĵ src(x) corre-

sponds to the current density in a possible conductor shape.

The class of current density functions Ĵ src(x) which correspond to some possible

conductor shape is in general very difficult to parameterize. The parameter space de-

scribing the possible conductor shapes only becomes suitable for numerical implemen-

tations if symmetry properties or model simplifications are introduced. For example,

the parameter space describing co-axial cylindrical coils with rectangular cross-section

and uniform current density involves a few parameters per coil, in combination with

fairly simple range restrictions.

In this thesis we will follow the two-step approach, which starts by dropping the

restriction that Ĵ src(x) must correspond to a conductor shape. Instead we only re-

quire that it must belong to the broader class of ’physically possible’ current density
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functions. The geometrical constraints are then represented by the requirement that

the current density must be zero outside a given region. In the second step the current

density Ĵ src(x) is converted to a conductor in a process known as ’discretization into

windings’ (discussed in Section 3.3.2), such that the resulting properties (geometri-

cal and electromagnetic) are retained as much as possible. Compared to the method

of direct parameterization of the possible conductor shapes, this approach has the

advantage that, because the domain of Ĵ src(x) is less complex, finding an optimum

is consequently less complicated. E.g., for the two examples in Chapter 6 the opti-

mization problems are in fact Quadratic Programming problems, which can be solved

using robust and fast algorithms. Disadvantages are amongst others the need of a

discretization, with the possible consequence of violating the constraints, and that

relevant electromagnetic properties such as impedance are not defined for a more gen-

eral Ĵ src(x). Instead of impedance, the stored magnetic energy and dissipation have

to be used.

As remarked in the above, the definition of efficiency of the solution depends

on the properties of the current source. For example, for a given ’demand current

waveform’ Isrc(t), t1 ≤ t ≤ t2, the most efficient solution can be the one of which the

maximum of the delivered power P (t) is minimal when the maximum power of the

current source is limited. Alternatively, when the current source is more limited by

the delivered total energy, the most efficient solution is the one that requires the least

energy E =
∫ t2

t1
P (τ) dτ . In Section 2.4 possible cost functions are described, based

on the power P (t).

We define the inverse problem as the minimization of the cost function, subject to

constraints. Various types of practical constraints will be discussed in Section 2.5. An

example of such a constraint is the prescription of the magnetic field in a certain region

and at a certain moment, in response to a given input current Isrc(t). Together the

set consisting of objective function and constraints leads to an optimization problem,

with solution Ĵ src(x). All steps of this process will be detailed in this thesis.

2.3 Mathematical problem description

In this section we discuss how the physical problem translates into mathematical rela-

tions, and show how all relevant electromagnetic fields and properties can be expressed

in the solution Ĵ src(x) of the inverse problem.
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2.3.1 Maxwell’s equations for linear media

Because of the assumptions, the physical model can be described by a mathemati-

cal model, in which the relevant physical quantities are represented by the following

position and time dependent vector fields:

• The current density J(x, t), representing the transport of free electric charge;

• The magnetic flux density B(x, t);

• The magnetic field strength H(x, t), describing the force on a hypothetical in-

finitesimally small current loop;

• The electric flux density D(x, t);

• The electric field strength E(x, t), describing the force on a hypothetical in-

finitesimally small charge.

The conductor region is denoted by Vsrc, where the subscript ’src’ indicates that

the current density in this region is considered as the primary source for the electro-

magnetic fields. Recall that in this region we assume that J(x, t) can be written in

the form (2.1). The conductive region is denoted by Vind, with ’ind’ indicating that

currents in this region are induced.

From the physical model — and the assumption that skin effects can be ignored —

it follows that the conductor and conductive regions are disjoint, that is

Vsrc ∩ Vind = ∅. (2.2)

Note that only in

Vcond := Vsrc ∪ Vind,

it is assumed that free electric charges for transport of electric currents are present.

Therefore this assumption states that the medium outside the conductor and conduc-

tive region is a perfect isolator, that is

J(x, t) = 0 for x /∈ Vcond.

Since the regions are static, we are allowed to use Maxwell’s equations for station-

ary media (see for example [LCL88]), which gives the relations between the aforemen-

tioned fields. These simplify further, when the other assumptions are incorporated.
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First, since only good conductors are present and the effect of polarization can be

neglected, there are no net electric charges, that is

ρ(x, t) = 0.

The assumption that the electromagnetic properties of the material are linear and

isotropic and depend only on position translates into the following relations:

D(x, t) = ǫ(x)E(x, t), (2.3a)

B(x, t) = µ(x)H(x, t). (2.3b)

Here ǫ(x) is the electric permittivity and µ(x) is the magnetic permeability; these

positive functions are part of the definition of the geometry and hence are given.

Therefore J(x, t), B(x, t) and E(x, t) can be used to describe all relevant vector

fields, with the following differential relations (Maxwell):

div (ǫE) = 0, (2.4a)

div B = 0, (2.4b)

curlE = −∂B

∂t
, (2.4c)

curl

(
B

µ

)
= J +

∂(ǫE)

∂t
. (2.4d)

The equations are written in differential form; the equivalent integral formulations are

to be used to analyze situations where the material properties, and hence the fields,

are not continuous. Also, from (2.4a) and (2.4d) we derive the necessary condition

div J = 0, (2.5)

that is, J(x, t) is source-free.

As pointed out, the current density J(x, t) is in general the result of an electric

field E(x, t) in the conducting regions. For x ∈ Vcond this electric field is caused by

the current source, resulting in the required source current density (2.1). For x ∈ Vind

however, we need an explicit relation between current density and electric field. By

assumption this relation is linear, and is therefore given by Ohm’s law,

J(x, t) = σ(x)E(x, t) for x ∈ Vind. (2.6)

The conductivity σ(x) is given since it is part of the definition of the geometry. Al-

though in Vsrc the electric field E(x, t) is of no interest since it is caused by the current

source, the conductivity is relevant since it defines physical properties like resistance

and dissipation. Therefore σ(x) will have to be given for x ∈ Vsrc as well.
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2.3.2 Quasi-static conditions

One of the assumptions is that the rate of change of currents is limited, so that high

frequency effects like displacement currents can be neglected. This will be described

in mathematical terms in this section.

Starting point is the law of conservation of energy, which follows from Maxwell’s

equations and the vector identity (C.4), with u(x) = 1
µB(x) and v(x) = E(x),

yielding

div (
1

µ
B × E) = E · curl

(
1

µ
B

)
− 1

µ
B · curlE. (2.7)

When integrating over R
3 the left hand side of (2.7) vanishes after applying Gauss’

law, when we assume that

1

µ(x)
‖B(x) × E(x)‖ = o(1/‖x‖2), ‖x‖ → ∞. (2.8)

(In Section 2.3.8 it will be shown that this assumption is justified.)

This yields

∂

∂t

1

2

∫∫∫

R3

1

µ
‖B(x, t)‖2

dV +
∂

∂t

1

2

∫∫∫

R3

ǫ ‖E(x, t)‖2
dV +

+

∫∫∫

R3

E(x, t) · J(x, t) dV = 0.

(2.9)

The first two terms are the rate of change of the energy of magnetic and electric

fields respectively, and the third term expresses the dissipation. Therefore (2.9) states

the law of conservation of energy for our problem. At this point we assume that the

second term is negligible, i.e.

∂

∂t

∫∫∫

R3

ǫ ‖E(x, t)‖2
dV ≪

∫∫∫

R3

E(x, t) · J(x, t) dV. (2.10)

We denote this as the weak (magneto-)quasi-static condition. Using (2.6) this is cer-

tainly fulfilled if

ǫ

∥∥∥∥
∂E

∂t

∥∥∥∥ ≪ σ‖E‖, (2.11)

which we therefore denote as strong (magneto-)quasi-static condition. It expresses that

the displacement current ǫ∂E
∂t , caused by the changing polarization of the medium,

are in any location much smaller than the current σE, which is the movement of free
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charges. It requires that, relative to the amount of dielectric material present, the

maximum frequencies considered are limited. When we denote the maximum angular

frequency as ω, (2.11) is equivalent to requiring

ω ≪ σ

ǫ
.

For example, for good conducting metals (copper, gold, iron, etc) σ ≈ 107 (Ωm)−1

and ǫ ≈ ǫ0 = 8.85 · 10−12 F/m, so ω ≪ 1019 rad/s.

Assuming that me may use (2.11) rather than (2.10), Maxwell’s equation (2.4d)

becomes

curl

(
B

µ

)
= J . (2.12)

This is known as the quasi-static case, since (2.4b) and (2.12) fully specify the magnetic

flux density B(x, t) from the current density J(x, t). The electric field strength E(x, t)

is derived from B(x, t) by the remaining equations (2.4a) and (2.4c).

2.3.3 Series representation of the current density

In the previous section it was shown that for our problem the current density J(x, t)

may be used as independent quantity; when this is given, the flux density B(x, t) is

derived, and from B(x, t) in turn E(x, t). Furthermore, recall that the solution of the

inverse problem is the current density Ĵ src(x). Hence, finding an adequate representa-

tion for the current density, and expressing Maxwell’s equations in this representation,

will be advantageous. Recall that the current density J(x, t) is divergence-free accord-

ing to (2.5).

We consider the representation of the current density by the coefficients In(t),

n = 1, 2, . . ., of the series

J(x, t) =
∞∑

n=1

In(t)Ĵn(x), x ∈ Vcond, (2.13)

where (Ĵn(x))n∈N is a suitable set of independent basis functions. If, in addition, we

require that

div Ĵn = 0 (2.14)

then obviously (2.5) holds.

When convergence of (2.13) is to be discussed, the introduction of a separable

Hilbert space H is needed. It requires the definition of an inner product, and a class
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of functions with properties like the finiteness of the inner product for every pair

of functions in that class, the existence of an orthonormal basis, and that for every

set I1(t), I2(t), . . . with
∑∞

n=1 I2
n(t) < ∞, J(x, t) as given by (2.13) is also in H

(assuming (Ĵn(x))n∈N is an orthonormal basis system). Requiring in addition (2.14)

will be equivalent to restricting Ĵn(x) to belong to a linear subspace N0(Vcond) of H.

An example of such a Hilbert space, denoted as H(div;Vcond), is discussed by

Brezzi and Fortin [BF91]; H(div;Vcond) is defined as the space of vector functions on

Vcond which are in (L2(Vcond))3 and of which the divergence is in L2(Vcond), with the

inner product

(v,w) =

∫∫∫

Vcond

v(x) · w(x) dV +

∫∫∫

Vcond

( div v)( div w) dV, v,w ∈ H(div;Vcond).

This is a separable Hilbert space if Vcond is compact. The linear subspace N0(div;Vcond)

containing divergence-free vector functions is then also separable.

For functions J in H we require that Maxwell’s equations for the quasi-static case

(2.4b) and (2.12) has a solution for B(x) in some defined function space. Since this in

general is a complicated requirement, we will not go into detail in this matter further,

and assume that H is a suitable space of vector functions with the common inner

product

(v,w) :=

∫∫∫

R3

v(x) · w(x) dV, v,w : R
3 → R

3. (2.15)

We define N0(Vcond) as the linear subspace of vector functions in H which are zero

outside a given region Vcond, and have zero divergence everywhere:

N0(Vcond) := { J(x) ∈ H | div J = 0 in R
3, J(x) = 0 for x /∈ Vcond }. (2.16)

As a consequence these functions also have a vanishing normal component on ∂Vcond,

i.e., J(x) · n(x) = 0 for x ∈ ∂Vcond. Convergence of (2.13) is then assumed for

practical and physically possible choices of problem parameters. Note that in numer-

ical applications a finite basis is taken anyway. In addition we do not require that

(Ĵn(x))n∈N is orthogonal.

Introduce the linear operator B : N0(Vcond) → H for which the current density

J(x) ∈ N0(Vcond) is the magnetic flux density B(x) ∈ H, as defined by (2.4b) and

(2.12). Then, since B(J) is linear,

B(x, t) =
∞∑

n=1

In(t)B̂n(x), (2.17)
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where B̂n(x) is a shorthand for

B̂n(x) := B(Ĵn)(x).

An equivalent operator for the electric field does not exist due to the explicit

time-dependence as described by (2.4c). Instead we can define a ’static’ electric field

operator E : N0(Vcond) → H, for which the function value E(x) for given J(x) ∈
N0(Vcond) is the solution of the following equations (compare with (2.4a) and (2.4c)):

div (ǫE) = 0,

curlE = −B(J).
(2.18)

Then

E(x, t) =

∞∑

n=1

I ′n(t)E(Ĵn)(x). (2.19)

2.3.4 Differential equation

In the previous section it was shown that a linear operator B(J) can be defined which

yields the magnetic flux density B(x, t) from a current density function J(x, t). When

J(x, t) is written as a series for which the coefficients In(t) depend on time and the

basis functions are static, the flux density B(x, t) is derived using B(J) by (2.17). In

this section we will show that applying Maxwell’s equations results in a differential

equation for the coefficients In(t).

Observe, because of (2.2), that

N0(Vcond) = N0(Vsrc) ⊕ N0(Vind). (2.20)

Now, without loss of generality, we may assume that the support of every basis function

Ĵn(x) is either a subset of Vsrc or of Vind, so that we can separate the indices for the

basis system (Ĵn(x))n∈N into two complementary subsets of N:

n ∈ Nsrc ⇒ supp(Ĵn(x)) ⊂ Vsrc,

n ∈ Nind ⇒ supp(Ĵn(x)) ⊂ Vind,
(2.21)

with Nind = N \ Nsrc. Then, again using (2.7), we derive that

∂

∂t

∫∫∫

R3

B(x, t) · B̂n(x)

µ(x)
dV +

∫∫∫

Vcond

E(x, t) · Ĵn(x) dV = 0, n ∈ N. (2.22)
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Recall that for x ∈ Vind relation (2.6) can be used, so that (2.22) for n ∈ Nind evaluates

to

∂

∂t

∫∫∫

R3

B(x, t) · B̂n(x)

µ(x)
dV +

∫∫∫

Vind

J(x, t) · Ĵn(x)

σ(x)
dV = 0, n ∈ Nind. (2.23)

Substituting (2.17) leads to the (infinite) set of relations

∞∑

m=1

[dIm(t)

dt

∫∫∫

R3

B̂m(x) · B̂n(x)

µ(x)
dV +

+ Im(t)

∫∫∫

Vind

Ĵm(x) · Ĵn(x)

σ(x)
dV

]
= 0, n ∈ Nind.

(2.24)

The quantity

Mmn :=

∫∫∫

R3

B̂m(x) · B̂n(x)

µ(x)
dV, m, n ∈ N, (2.25)

is called the mutual inductance between basis function Ĵm(x) and Ĵn(x). Analogously

the quantity

Rmn :=

∫∫∫

R3

Ĵm(x) · Ĵn(x)

σ(x)
dV, m, n ∈ N, (2.26)

can be defined as the mutual resistance between basis function Ĵm(x) and Ĵn(x).

Note that because of (2.21)

Rmn = 0, (m ∈ Nsrc ∧ n ∈ Nind) ∨ (m ∈ Nind ∧ n ∈ Nsrc). (2.27)

Also both Mmn and Rmn are symmetric in m and n. With the above definitions (2.24)

can be written concisely as

∞∑

m=1

[
Mmn

dIm(t)

dt
+ RmnIm(t)

]
= 0, n ∈ Nind. (2.28)

This is a first order differential equation, relating the induction currents as described

by In(t), n ∈ Nind, to the source currents which are described by Im(t), m ∈ Nsrc.

2.3.5 Mutual inductance and mutual resistance operators

We introduce the linear operator M : N0(Vcond) → N0(Vcond), defined by its repre-

sentation Mmn in the basis system (Ĵn(x))n∈N, that is

Mmn = (Ĵm,M(Ĵn)).
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Recall that the notation (◦, ◦) denotes the inner product as defined by (2.15). Analo-

gously, the linear operator R : N0(Vcond) → N0(Vcond) is defined by

Rmn = (Ĵm,R(Ĵn)).

Both M and R are self-adjoint positive definite linear operators. As an extension to

the range of σ(x) we can also allow σ(x) = ∞, corresponding to a conductive object

with zero resistance (e.g., a superconductor), and hence no dissipation. In this case

R is a positive semi-definite linear operator.

We will derive explicit expressions for M and R. For this we will use the following

lemmas.

Lemma 2.3.1. If u = curlw and u · n = 0 on the boundary ∂V of volume V , then

w × n = 0 on ∂V .

Proof. Consider an arbitrary surface S on ∂V , with boundary ∂S, then by Stokes’ law

(C.7) ∮

∂S

w · τ dl =

∫∫

S

u · n dS = 0.

From this is follows that w can have no tangential component on ∂V .

Lemma 2.3.2. If v(x) is such that (u,v) = 0 for all u(x) ∈ N0(V ), then v = gradφ

in V .

Proof. Take a u(x) ∈ N0(V ), then since div u = 0, u = curlw. Using (C.4) and

Gauss’ identity (C.8) it follows that

∫∫

∂V

(v × w) · n dS =

∫∫∫

V

w · curlv dV −
∫∫∫

V

v · curlw dV.

The first term is zero by Lemma 2.3.1, and the third term is zero since (u,v) = 0,

u = curlw and u(x) = 0 outside V . Because w is arbitrary, curlv = 0 on V , and

hence v = gradφ.

Using Lemma 2.3.2 we can now derive explicit expressions for the operators R and

M.

Since by definition (2.26) (v,R(J)(x) − J(x)
σ(x) ) = 0 for each v ∈ N0(V ),

R(J)(x) =
J(x)

σ(x)
+ gradφ. (2.29)



24 Chapter 2. Problem description

Since R(J)(x) ∈ N0(Vcond), div R(J) = 0 and R(J)(x) · n = 0 on ∂V , so that

R(J)(x) is given by (2.29) with φ(x) being the solution of the Poisson equation with

homogeneous Neumann boundary condition:

∇2φ = −div

(
J(x)

σ(x)

)
in Vcond,

∂φ

∂n
(x) = 0 for x ∈ ∂Vcond.

Since gradφ is uniquely determined, φ(x) is unique besides an additive constant.

For the operator M an explicit expression can be derived as well. Define the

magnetic vector potential A(x) as being the divergence-free vector potential of the

magnetic flux density B(x) , i.e.

curlA = B, (2.30a)

div A = 0. (2.30b)

Note that (2.30a,b) forms a set of Helmholz equations. The solution is uniquely

determined if we require that A(x) vanishes for large x. Furthermore, from Maxwell’s

equations it follows that

E = −∂A

∂t
if ǫ is constant. (2.31)

Analogous to the linear flux density operator B we introduce the linear magnetic

vector potential operator A : N0(Vcond) → H. By vector calculus it follows that

Mmn = (Ĵm,A(Ĵn)), (2.32)

and hence

A(J) = M(J) + gradψ. (2.33)

Analogously we derive that M(J)(x) is given by (2.33) with ψ(x) being the solution

of the Laplace equation with Neumann boundary condition

∇2ψ = 0 in Vcond,

∂ψ

∂n
(x) = A(J)(x) · n for x ∈ ∂Vcond.

Again, gradψ is uniquely determined, and therefore ψ(x) is determined besides an

additive constant.

We will now write the differential equation (2.28) in terms of the operators M

and R. Because of (2.20) a given time dependent current density function J(x, t) ∈
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N0(Vcond) can be written as the sum of two orthogonal components J s(x, t) ∈ N0(Vsrc)

and J i(x, t) ∈ N0(Vind), being the projection of J(x, t) on N0(Vsrc) and N0(Vind)

respectively. When J(x, t) is written as (2.13), these functions are explicitly given by

J s(x, t) =
∑

n∈Nsrc

In(t)Ĵn(x),

J i(x, t) =
∑

n∈Nind

In(t)Ĵn(x).

The operators M and R can be partitioned as

M =

[
Mss Msi

Mis Mii

]
respectively R =

[
Rss 0
0 Rii

]
,

where Mis(J) is the projection of M(J s) on N0(Vind), etc. Then (2.28) is written as

Mis(
∂J s

∂t
) + Mii(

∂J i

∂t
) + Rii(J i) = 0. (2.34)

Recall the basis assumption that in the source region the current density can be

written as J(x, t) = Isrc(t)Ĵ src(x) (2.1), and that the inverse problem discussed in

this thesis is to find the optimal source current distribution Ĵ src(x) ∈ H(Vsrc). Then

(2.28) becomes

I ′src(t)Mis(Ĵ src) + Mii(
∂J i

∂t
) + Rii(J i) = 0. (2.35)

2.3.6 Uniqueness condition

The differential equation (2.35) requires additional conditions in order to define the

induction currents J i(x, t) uniquely from the static source current density Ĵ src(x).

We may assume that these conditions are implied by the particular physical problem

to be solved, since we have to assume the problem is properly formulated.

For example, when Isrc(t), t ≥ t0 and J i(x, t0) are given, (2.35) forms a first

order differential equation with initial boundary conditions. Another example is when

Isrc(t) = I0 sin(ωt), and J i(x, t) is the corresponding time harmonic solution, which

can be written as

J i(x, t) = I0J
(c)
i (x) cos(ωt) + I0J

(s)
i (x) sin(ωt).

So the current density J(x, t) is uniquely determined for every x ∈ Vcond and

t ≥ t0 from the source current density Ĵ src(x) and a given Isrc(t) by relation (2.35), if
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Figure 2.2: Model of mutual inductor (left) and mutual resistor (right).

in addition a condition for the induced currents is given. Subsequently, from J(x, t)

the magnetic flux density B(x, t) and electric field E(x, t) are determined by (2.17)

and (2.18) respectively, and hence all relevant electromagnetic properties. From this

point on we will refer to the condition(s) which determine the currents uniquely, but

are furthermore unspecified since they are particular for the problem, as the uniqueness

condition. An example of a uniqueness condition is discussed in detail in Section 4.2.1.

2.3.7 Analogy with electric circuits

The mutual inductance Mmn and mutual resistance Rmn suggest by their names a

correspondence with inductors respectively resistors. We will show that this indeed is

the case, and that (2.28) can be derived from a certain analog electric circuit containing

inductors and resistors, with current coupling described by the mutual inductance and

mutual resistance respectively.

Note that if In(t) in S.I. units is given in Amperes, then [Ĵn] = 1/m2, and hence

[Mmn] = H, the S.I. unit for inductance, and [Rmn] = Ω, the S.I. unit for resistance.

In Figure 2.2 the symbols are shown for respectively a mutual inductor and mutual

resistor. For a mutual inductor the relations between voltages and currents are given

by

V1 = −L1
dI1

dt
− M

dI2

dt
,

V2 = −M
dI1

dt
− L2

dI2

dt
,
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and for a mutual resistor these relations are

V1 = R1I1 + SI2,

V2 = SI1 + R2I2.

Now consider the circuit diagram in Figure 2.3. Number the indices n ∈ Nind as

Vsrc(t)

Isrc(t)

Lsrc

Rsrc

Ini(t)

Mni,nj Rni,nj

Rni

mni

mnj

Lni

Lnj
Rnj

Inj(t)

.

.

.

.

.

.

.

.

.

.

.

Figure 2.3: Equivalent electric circuit.

n1, n2, . . .. Since Ĵ src(x) ∈ N0(Vcond) we can write

Ĵ src(x) =
∑

n∈Nsrc

anĴn(x), (2.36)

for certain coefficients an. Applying (2.1) yields Im(t) = amIsrc(t) for m ∈ Nsrc.

Define

mni
:=

∑

m∈Nsrc

amMm,ni
,

Lni
:= Mni,ni

,

Rni
:= Rni,ni

,



28 Chapter 2. Problem description

then (2.28) is derived by applying the Kirchhoff voltage law to each circuit ni. The

self inductance Lsrc and resistance Rsrc of the source are given by

Lsrc =
∑

m,n∈Nsrc

amanMmn,

Rsrc =
∑

m,n∈Nsrc

amanRmn,

which is derived in Section 2.4.2. Using these values (2.35) becomes
∑

m∈Nind

MmnI ′m(t) +
∑

m∈Nind

RmnIm(t) + mnI ′src(t) = 0, n ∈ Nind.

2.3.8 Integral expressions for the magnetic field

The magnetic flux density B(x, t) and magnetic vector potential A(x, t) are used in

expressions for the mutual inductance Mmn, respectively in (2.25) and (2.32). In this

section we investigate the behavior of these fields, where we omit the dependence on

t for simplicity.

First consider the case µ(x) =: µ0 is constant, which is for example the case if the

medium is vacuum. In this case µ0 is the magnetic permeability of vacuum, which is

4π ·10−7 H/m in S.I. units. Then the relation between J(x) and B(x) is given by the

well-known Biot-Savart law (see for example [LCL88]):

B(x0) =
µ0

4π

∫∫∫

R3

x − x0

‖x − x0‖3 × J(x) dV, (2.37)

and the magnetic vector potential by

A(x0) =
µ0

4π

∫∫∫

R3

J(x)

‖x − x0‖
dV. (2.38)

Proof. These equations are easily proved by considering Maxwell’s equation (2.4d),

from which it follows that

curl curlA = µ0J .

Combined with the vector identity (C.5) and div A = 0, it follows that

∇2A = µ0J ,

of which the divergence-free solution is given by (2.38).

(2.37) is derived from (2.38) by applying B = curlA (2.30a), and using (C.6) and

(C.3).
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For the investigation of the general case we introduce the magnetization field

M(x). This field is defined as

M(x) :=
1

µ0
B(x) − H(x), (2.39)

with µ0 the magnetic permeability of vacuum. If we denote by Vmagn the region where

µ(x) 6= µ0, that is

Vmagn := { x ∈ R
3 | µ(x) 6= µ0 }, (2.40)

then obviously M(x) = 0 for x /∈ Vmagn. Substitution into Maxwell’s equations leads

to the set of equations

div B = 0,

curlB = µ0J + µ0 curlM .

Note that these equations are equal to Maxwell’s equations for the quasi-static case

with constant permeability, where the current density is given by

J ′ := J + curlM . (2.42)

The solution is therefore given by Biot-Savart (2.37) with current density J + curlM .

With identity (C.3)

curl (fM) = grad f × M + f curlM ,

it follows that for any volume V :
∫∫∫

V

curlM

‖x − x0‖
dV =

∫∫∫

V

curl

(
M

‖x − x0‖

)
dV

−
∫∫∫

V

grad

(
1

‖x − x0‖

)
× M dV.

We now assume that Vmagn is of finite size, an assumption which in practical

problems, where the region of interest is surrounded by vacuum or air, is always true.

Then, because M(x) = 0 on ∂V when V is large enough, the first term on the right

hand side vanishes due to Ostragadsky’s law (C.9) when V → R
3, and we get

A(x0) =
µ0

4π

∫∫∫

Vcond

J(x)

‖x − x0‖
dV

︸ ︷︷ ︸
AJ (x0)

+
µ0

4π

∫∫∫

Vmagn

x − x0

‖x − x0‖3 × M(x) dV.

︸ ︷︷ ︸
AM (x0)

(2.43)
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The term identified by AJ(x0) expresses the contribution from the source currents

only, and is equal to the case where only the currents are present (µ(x) = µ0, (2.38)).

The term identified by AM (x0) expresses the contribution from the magnetization field

only. Analogously to the derivation of the Biot-Savart expression, B(x0) is derived

from (2.43) by applying B = curlA (2.30a).

Therefore any quasi-static magnetic field can be interpreted as a superposition of

two distinct cases, the ’source currents’ and ’magnetization’ case respectively. As can

also be seen from the expressions, is that when
∫∫∫

Vcond

‖J(x)‖ dV and
∫∫∫

Vmagn

‖M(x)‖ dV

are bounded, that

‖A(x0)‖ = O
( 1

‖x0‖
)
, ‖B(x0)‖ = O

( 1

‖x0‖2

)
, ‖x0‖ → ∞.

Since we assumed that outside a bounded region the material consists of air or vacuum,

ǫ(x) is constant when ‖x‖ is large enough. By applying (2.31), it has now been shown

that 1
µ(x)‖B(x) × E(x)‖ = o(1/‖x‖2), ‖x‖ → ∞ (2.8), which was required to state

the law of conservation of energy in R
3 (2.9).

The magnetization field M(x), which is derived from J(x), is linear in J(x). This

follows from

M(x) = χr(x)H(x) =
χr(x)

µ(x)
B(x)

with the relative magnetic susceptibility χr(x) defined as

χr(x) =
µ(x)

µ0
− 1,

and B(x) is linear in J(x).

2.4 Cost functions related to efficiency

In the previous section it was shown that with an adequate uniqueness condition

(Section 2.3.6) the induced currents are uniquely determined from Ĵ src(x) and Isrc(t).

It is our intention to formulate the physical problem described in the beginning of

this chapter as a constrained optimization problem, that is — using the notation in

[GMW81] — as

minimize
Ĵsrc(x)∈N0(Vsrc)

F (Ĵ src)

subject to ci(Ĵ src) = 0, i = 1, 2, . . . m′,

ci(Ĵ src) ≥ 0, i = m′ + 1, 2, . . . m.
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Here F (Ĵ src) : N0(Vsrc) → R is the cost function, and ci(Ĵ src), i = 1, . . . ,m are

the constraint functions, separated in m′ equality constraints and m − m′ inequality

constraints. Recall that for the cost function and each constraint function a source

current amplitude function Isrc(t) : R
+ → R and a uniqueness condition has to be

chosen, which may be different for each function. Therefore we extend the domain

of the cost and constraint functions to all possible time-dependent current density

functions J(x, t) for x ∈ Vcond and t ≥ 0.

In general of course any function can be chosen as cost or constraint function.

However, for the applications we are interested in and of which examples are given

in Chapter 6, certain types of cost and constraint functions are used. In this section

we will discuss the cost function, and in the next section the constraint functions. It

will be shown in Section 4.2 that these functions have properties that make them very

suitable for existing robust optimization methods.

2.4.1 Minimum energy cost function

Denote by P (t) the power delivered by the current source at time t ≥ t0, and consider

the cost function E(t1, t2; Isrc(t)) which is the energy delivered by the power source in

the time interval t0 ≤ t1 < t2, that is

E(t1, t2; Isrc(t)) :=

t2∫

t1

P (τ) dτ. (2.44)

Note that E(t1, t2; Isrc(t)) also implicitly depends on Ĵ src(x) — which is to be de-

termined — and the uniqueness condition. By choosing t1, t2 and Isrc(t) properly, a

broad class of efficiency related properties, which depend on properties of both the

current source and objective to be fulfilled, can be modelled.

Examples are illustrated in Figure 2.4. In the first example (a), the electromag-

netic device is powered by a battery, and hence the minimization of the total energy

delivered for a ’typical’ periodic current shape is related to the lifetime of the battery.

In this case t1 and t2 are set to the boundaries of the period, and Isrc(t) is set to the

typical current.

In the second example (b) the current source consists of a mains connected regu-

lated power supply for which the maximum power (voltage, current or both) is limited

by the capacity of the transformer and the regulator. In this case the total power at

any time is limited, which is optimized by setting Isrc(t) to the current corresponding

to the highest required power, and t1 and t2 to the corresponding time interval.
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Figure 2.4: Power supply models

A variant is shown in the third example (c), where an additional device is added which

can store electromagnetic energy, in this example a capacitor. When more power is

required than the power supply can deliver the difference in power is delivered by the

capacitor, however with a limited energy, namely at most the energy stored in the ca-

pacitor. By a proper choice of t1, t2 and Isrc(t) the optimal balance between sustained

power (by the power supply) and peak power (by the capacitor) can be controlled.

We will derive explicit expressions for E(t1, t2; Isrc(t)), and discuss some variations.

Using (2.9) we derive that

P (t) =
∂

∂t

1

2

∫∫∫

R3

1

µ
‖B(x, t)‖2

dV +

∫∫∫

R3

E(x, t) · J(x, t) dV

=
∂

∂t

1

2
(J ,M(J)) + (J ,R(J))

=
∂

∂t

1

2

(
Isrc(t)Ĵ src(x)

J i(x, t)

)T [
Mss Msi

Mis Mii

] (
Isrc(t)Ĵ src(x)

J i(x, t)

)
+

+

(
Isrc(t)Ĵ src(x)

J i(x, t)

)T [
Rss 0
0 Rii

] (
Isrc(t)Ĵ src(x)

J i(x, t)

)
,

where the last equation is written in ’pseudo-matrix’ notation. Substituting (2.35)

yields

P (t) = Isrc(t)
(
Ĵ src,Mss(Ĵ src)I

′
src(t) + Msi(

∂Ĵ i

∂t
) + Rss(Ĵ src)Isrc(t)

)
. (2.45)

(2.45) can be written more concisely by introducing three quantities. The first quantity

is defined by

Êstored :=
1

2
(Ĵ src,Mss(Ĵ src)), (2.46)
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which is the stored magnetic energy of the static current density Ĵ src(x). The second

quantity,

P̂src := (Ĵ src,Rss(Ĵ src)), (2.47)

is the power dissipated in the conductor volume when the static current density is

Ĵ src(x). Finally, define

Pind(t) := Isrc(t)(Ĵ src,Msi(
∂Ĵ i

∂t
)),

which is the time dependent power related to the induction currents. This time de-

pendent quantity is the sum of the stored energy of the magnetic field of the induction

currents and the dissipated power in the conductive region. Then, using (2.45), the

power P (t) is written as

P (t) =
d

dt
(I2

src(t)Êstored) + I2
src(t)P̂src + Pind(t). (2.48)

In general the cost function, and hence the solution of the inverse problem Ĵ src(x),

depends on Isrc(t). However, if the uniqueness condition is

Isrc(t0) = 0, J i(x, t0) = 0, (2.49)

that is, all currents are initially zero, then J i(x, t) is by (2.35) proportional to Isrc(t).

In this case P (t) and hence also E(t1, t2; Isrc(t)) are proportional to the square of

Isrc(t), and therefore, when also the constraints are linear in Isrc(t), the final solution

Ĵ src(x) is independent of any scaling factor applied to Isrc(t).

2.4.2 Alternative cost functions

As an alternative to minimizing the energy delivered by the current source over a time

interval for a certain ’demand current’ Isrc(t), other quantities related to the current

source can be used as cost function. A number of possibilities are discussed in this

section.

A cost function (or constraint) for the efficiency can be defined in terms of the

voltage Vsrc(t) delivered by the current source for the demand current Isrc(t). For

example, the cost function specifying that the maximum voltage should be minimal

is given by

max
t1≤t≤t2

|Vsrc(t)|.
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From (2.48) and P (t) = Vsrc(t)Isrc(t) it follows that

Vsrc(t) = 2I ′src(t)Êstored + Isrc(t)P̂src +
d

dt
(Ĵ src,Msi(Ĵ i)).

Also the impedance can be considered as an attribute related to efficiency, for exam-

ple for current sources which are optimized specifically for a certain load (impedance).

The impedance is defined for the steady state solution where Isrc(t) = I0 cos(ωt) and

hence the steady state voltage is given by Vsrc(t) = V0 cos(ωt + φ), in which case the

impedance Z is the complex value

Z =
V0

I0
eiφ.

Note that in this case the impedance (self inductance and resistance) can be defined

because in addition to the current density Ĵ src(x) the current is given. The expression

for the impedance is derived by representing the source current by the complex value

Isrc, that is

Isrc(t) = ℜ(Isrce
iωt);

the induction currents are then a complex valued vector field Js. Then from (2.34):

(iωMii + Rii)Js = −iωMisĴ srcIsrc

yielding

Z :=
Vsrc

Isrc

= 2iωÊstored + P̂src + ω2(Ĵ src,Msi(iωMii + Rii)
−1MisĴ src).

(2.50)

From (2.50) the self inductance Lsrc and resistance Rsrc can be derived, which are

given by

Lsrc = 2Êstored = (Ĵ src,Mss(Ĵ src)),

Rsrc = P̂src = (Ĵ src,Rss(Ĵ src)).

When writing Ĵ src as (2.36), the expressions given in Section 2.3.7 for Lsrc and Rsrc

are obtained.

Note that if the uniqueness condition is given by (2.49), and hence the induced

currents are linear in Isrc(t), minimizing the stored energy Êstored is equivalent to

minimizing the self inductance, and minimizing the dissipated source power P̂src is

equivalent to minimizing the resistance.



2.5. Boundary conditions 35

Finally we observe that the power P (t) as given by (2.48) contains a number

of factors which may be scaled independently by a certain value, representing the

relevant optimization issues for the particular physical problem. For example, if Vcond

is a union of disjoint compact regions Ωk, we may weigh the dissipation in each region

differently. Since Ωk is compact, the basis functions can, without loss of generality, be

chosen such that the support of each basis function is a subset of one region only. Then

for each region Ωk there exists an index set Nk such that the union of the supports

of Ĵn(x), n ∈ Nk forms this region, and the supports of the other basis functions do

not intersect with Ωk. The dissipation in Ωk is then given by

Pk =

∫∫∫

Ωk

E(x, t) · J(x, t) dV

=
∑

m∈Nk

∑

n∈Nk

Im(t)In(t)Rmn.

This expression allows different treatment of the dissipation in disjoint regions, which

may be incorporated in the objective function or the constraint functions.

2.5 Boundary conditions

Besides a cost function, as discussed in the previous section, we must also specify

boundary conditions or constraints, in order to fully specify the inverse problem. In

this section some types of constraint functions will be discussed.

2.5.1 The electromagnetic field

Recall that the magnetic flux density B(x, t) is derived from the current density

J(x, t) by the B operator (see Section 2.3.3). The magnetic field strength H(x, t)

is derived from B(x, t) by (2.3b). Analogously, the electric field strength E(x, t) is

derived from J(x, t) using the E operator and (2.19), and the electric flux density

D(x, t) is derived from E(x, t) by (2.3a).

We can prescribe the shape of any of the aforementioned fields in a certain region by

setting the intended value and an allowed tolerance of the field in a number of points.

Each point therefore corresponds to one or two constraint functions, depending on

the type of the allowed range. Since the B and E operators are linear, a constraint

function is linear if we are interested in the component of the field in a certain fixed

direction, as opposed to for example the magnitude. Note that linear constraints are
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very attractive for numerical purposes since then robust numerical methods exist for

the determination of a feasible point, and the bounds of a given search direction.

Explicit expressions for the B and E operators, that is, ones that explicitly express

B(x, t) and E(x, t) in terms of J(x, t), do not exist, except for some special cases like

µ(x) is constant (see Section 2.3.8). Therefore, in practice, these quantities have

to be computed using one of the many available numerical methods. Examples are

the finite element and finite difference methods, which discretize Maxwell’s equations

for the static case (2.4a–c) and (2.12), and boundary element and boundary integral

methods, which make use of relations expressed as integrals such as in Section 2.3.8.

The preferable method depends on the properties of the particular problem. Discussion

of this topic is outside the scope of this thesis.

2.5.2 Spherical Harmonics Expansion

As an alternative to prescribing a certain field shape using a set of points and a

constraint for each point, we can also prescribe the field using more ’global’ properties

like higher order derivatives. In a more general concept, a scalar or vector field can be

represented by coefficients of a series of a given set of basis functions, which is known

(or assumed) to converge in some region. In principle these basis functions can be

arbitrary. For example, a Taylor expansion around the origin uses the basis functions

xiyjzk, i, j, k = 0, 1, . . . . If the basis functions are chosen properly, like in the

Taylor expansion, behavior of the function in the neighborhood of the given point can

adequately be described by a limited set of coefficients. Vice versa, requiring a certain

value for a set of coefficients can be used to control the behavior of the function.

When describing the magnetic field, the Taylor series has the disadvantage that

not every set of coefficients is ‘admissible’, that is, describes a possible field, since

the magnetic field and vector potential must satisfy Maxwell’s equations (2.4a–d).

Therefore we want to use a different set of basis functions, where in principle every

arbitrary set of coefficients represents a possible magnetic field. This is equivalent to

requiring that every basis function satisfies Maxwell’s equations.

2.5.2.1 Definition of Spherical Harmonics

In a region Ω where J(x) = 0 and M(x) = 0 (i.e., µ(x) = µ0), both A(x) and B(x)

satisfy the Laplace equation, that is

∇2 A = 0, ∇2 B = 0, x ∈ Ω.
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Solutions of the Laplace equation are called harmonic functions. A set of solutions

of the Laplace equation is obtained by writing the Laplace equation in a curvilinear

orthonormal coordinate system, and applying separation of variables. Each solution

is then a product of three functions, each function being the solution of a second or-

der differential equation, involving the separation constants. Usually, depending on

additional boundary conditions, the set of admissible separation constants is count-

able, resulting in a countable set of solutions of the Laplace equation. This set can be

made orthogonal with respect to integration on a manifold formed by taking one of

the curvilinear coordinates constant, in which case the set forms a basis. An arbitrary

harmonic function can then be written as a series expansion in these basis functions.

This process can be applied to the spherical coordinates x = (ρ, θ, φ), where in

addition we require that the solutions are finite at the origin (i.e, for ‖x‖ = ρ = 0)

and periodic in φ with period 2π. This yields the basis solutions

Y c
nm(x) = ρnPnm(cos θ) cos(mφ), n = 0, 1, . . . , m = 0, . . . , n,

Y s
nm(x) = ρnPnm(cos θ) sin(mφ), n = 1, 2, . . . , m = 1, . . . , n.

(2.51)

Here Pnm(x) is the associated Legendre function of the first kind of degree n and order

m, given by

Pnm(x) =
1

2nn!
(1 − x2)

1
2 m dn+m

dxn+m
(1 − x2)n, |x| ≤ 1.

Various alternative notations of the associated Legendre function exist, relating to

different scaling factors —see for example [AS70]. One very frequently used notation

is Pm
n (x), which is related to Pnm(x) by

Pm
n (x) = (−1)mPnm(x).

Three-term recurrence relations exist for Pnm(x), see for example [AS70] and

[Tem90]. The following two relations are useful for computing Pnm(x) recursively:

(n − m + 1)Pn+1,m(x) = (2n + 1)xPn,m(x) − (n + m)Pn−1,m(x), (2.52a)

Pn+1,m+1(x) = (2n + 1)
√

1 − x2Pn,m(x) + Pn−1,m+1(x). (2.52b)

By applying (2.52b) it follows that Y
{c,s}
m,m (x) does not depend on the cartesian coor-

dinate z, since it can be written as

Y c
m,m = (2m − 1)!! ℜ(x + iy)m, m = 0, 1, . . . ,

Y s
m,m = (2m − 1)!! ℑ(x + iy)m, m = 1, 2, . . . .
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Combining this with the recurrence relation

Y
{c,s}
n+1,m(x) = (2n + 1)zY {c,s}

n,m (x) − (n + m)(x2 + y2 + z2)Y
{c,s}
n−1,m(x),

which is easily derived from (2.52a), leads to the conclusion that Y c
nm(x) and Y s

nm(x)

are polynomials of degree n in the cartesian coordinates x, y and z. For instance,

for n = 0, 1 the functions are given by Y c
0,0(x) = 1, Y c

1,1(x) = x, Y s
1,1(x) = y and

Y c
1,0(x) = z. Because Y c

nm(x) and Y s
nm(x) are solutions of the Laplace equation in

spherical coordinates, they are called Spherical Harmonics.

The set {
Y c

nm(x), n = 0, 1, . . . , m = 0, . . . , n
Y s

nm(x), n = 1, 2, . . . , m = 1, . . . , n

}

forms an orthogonal set with respect to integration over the surface of a sphere of

arbitrary radius and with the origin as center. This is derived from (2.51), us-

ing the orthogonality of Pn,m(cos θ) with respect to integration over [0, π], and of

{cos(mφ), sin(mφ)} with respect to integration over [0, 2π].

2.5.2.2 Series of Spherical Harmonics

A function f(x) which is harmonic in a neighborhood of the origin can be written as

a Spherical Harmonics Expansion, given by

f(x) =
∞∑

n=0

n∑

m=0

(
fc

nmY c
nm(x) + fs

nmY s
nm(x)

)
, (2.53)

where for the sake of simplicity of the expressions we set

Y s
n,0(x) := 0, n = 0, 1, . . . .

Because of the orthogonality of the Spherical Harmonics, the coefficients fc
nm and fs

nm

are given by

f{c,s}
nm =

(f, Y
{c,s}
nm )

(Y
{c,s}
nm , Y

{c,s}
nm )

,

where the inner product (◦, ◦) is a surface integral over a sphere with given radius

and the origin as center. The notation {c,s} indicates that in the expression either the

superscript c or s can be chosen.

The Spherical Harmonics have some nice properties which make them useful for

concisely describing the behavior of an harmonic function near the origin, as opposed
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to for example expansion in cylindrical coordinates in which less adequate basis func-

tions involving exponential and (modified) Bessel functions appear. A Spherical Har-

monic of degree n behaves as O(‖x‖n), ‖x‖ → 0, and therefore in general the higher

the degree n, the less relevant the contribution of the coefficient is to the function

f(x) near the origin. Therefore a set of coefficients with limited degree n is usually

enough to accurately (also depending on the size of the sphere) specify the behavior

of the function near the origin. The angular behavior of each Spherical Harmonic is

described by the order m, and is either cos(mφ) or sin(mφ). Therefore, if the problem

is known to have a certain angular symmetry, the set of Spherical Harmonics may be

reduced considerably. For example, if the function is axially symmetric, only Spheri-

cal Harmonics with order 0 are involved. Obviously, the application of the Spherical

Harmonic expansion is not restricted to the origin, since by performing a translation

and rotation, any point can be shifted to the origin, and any direction can be mapped

to the z-axis.

Finally we remark that for numerical purposes it is advisable to introduce scaling.

Firstly, the maximum value of Pnm(x) over the interval −1 ≤ x ≤ 1 grows very rapidly

(as approximately nm), so that the coefficients f
{c,s}
nm in general become very small.

Therefore, Pnm(x) should be scaled to order unity, for example by

P̃nm(x) :=
Pnm(x)

max
−1≤x≤1

|Pnm(x)| (2.54)

or

P̃nm(x) :=
Pnm(x)√∫ 1

−1
P 2

nm(x) dx
=

√
(n + 1

2 )(n − m)!

(n + m)!
Pnm(x). (2.55)

Secondly, the coefficients are all of different dimension, making them not very suitable

for comparison. Therefore often a reference radius ρref is introduced, and Y
{c,s}
nm is

scaled by 1
ρn
ref

, that is the Spherical Harmonics are redefined as

Y c
nm(x) =

(
ρ

ρref

)n

Pnm(cos θ) cos(mφ), n = 0, 1, . . . , m = 0, . . . , n,

Y s
nm(x) =

(
ρ

ρref

)n

Pnm(cos θ) sin(mφ), n = 1, 2, . . . , m = 1, . . . , n.

(2.56)

This makes Y
{c,s}
nm dimensionless, and hence all coefficients have the same dimension

as the function f(x). ρref must be chosen such that the sphere with radius ρref matches
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the volume of interest, since then all coefficients are expected to be of the same order

of magnitude.

2.5.2.3 Coefficients for A(x0) and B(x0)

We represent the Spherical Harmonics Expansion of A(x0) as

A(x0) =
∞∑

n=0

n∑

m=0

ac
nmY c

nm(x0) + as
nmY s

nm(x0), (2.57)

and analogously,

B(x0) =

∞∑

n=0

n∑

m=0

bc
nmY c

nm(x0) + bs
nmY s

nm(x0), (2.58)

Note that a
{c,s}
nm and b

{c,s}
nm are three-dimensional vectors.

Since A(x0), given by (2.43) with M(x) = 0 (see Section 2.6), is based on the

harmonic function 1
‖x−x0‖ , we start with expressing 1

‖x−x0‖ as a Spherical Harmonics

expansion (2.53).

When we write x and x0 in spherical coordinates as respectively x = (ρ, θ, φ) and

x0 = (ρ0, θ0, φ0), then

‖x − x0‖ =
√

ρ2 + ρ2
0 − 2ρρ0

(
sin θ sin θ0 cos(φ − φ0) + cos θ cos θ0

)
.

Using [Tem90]:

1√
1 − 2xz + z2

=
∞∑

n=0

Pn(x)zn, −1 ≤ x ≤ 1, |z| < 1,

and

Pn(sin θ sin θ0 cos φ + cos θ cos θ0) =

=
n∑

m=0

2

1 + δm

(n − m)!

(n + m)!
Pnm(cos θ)Pnm(cos θ0) cos(mφ), n = 0, 1, . . . ,

yields

1

‖x − x0‖
=

∞∑

n=0

n∑

m=0

dc
nmY c

nm(x) + ds
nmY s

nm(x),
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with

dc
nm =

2

1 + δm

(n − m)!

(n + m)!

Pnm(cos θ)

ρn+1
cos(mφ),

ds
nm =

2

1 + δm

(n − m)!

(n + m)!

Pnm(cos θ)

ρn+1
sin(mφ).

This series converges for ρ0 < ρ, i.e., ‖x0‖ < ‖x‖.
Therefore the coefficients for the Spherical Harmonics Expansion of A(x0) are, in

case M(x) = 0 for all x, given by

a{c,s}
nm =

µ0

4π

2

1 + δm

(n − m)!

(n + m)!

∫∫∫

Vcond

Y
{c,s}
nm (x)

‖x‖2n+1
J(x) dV. (2.59)

The expression for M(x) 6= 0 is obtained by substituting J + curlM (2.42) for the

current density.

Since ac
nm and as

nm are constant vectors, the magnetic flux density B(x0) is, using

(C.3), given by

B(x0) = curl 0A

=

∞∑

n=0

n∑

m=0

gradY c
nm(x0) × ac

nm + gradY s
nm(x0) × as

nm.

Since
∂Y {c,s}

nm

∂x (x0),
∂Y {c,s}

nm

∂y (x0) and
∂Y {c,s}

nm

∂z (x0) are also harmonic (as is easily derived

by differentiating the Laplace equation to respectively x, y and z), they can be written

as a Spherical Harmonic Expansion themselves. Using the recurrence formulas for the

associated Legendre functions, we find, with the convention that we set Y
{c,s}
nm (x0) = 0

for m < 0, n < 0 or m > n, that

gradY c
nm(x0) =

[
(n+m)(n+m−1)

2 Y c
n−1,m−1(x0) − 1+δm

2 Y c
n−1,m+1(x0)

]
x̂ +

+
[
− (n+m)(n+m−1)

2 Y s
n−1,m−1(x0) − 1+δm

2 Y s
n−1,m+1(x0)

]
ŷ +

+ (n + m)Y c
n−1,m(x0) ẑ,

and for m 6= 0,

gradY s
nm(x0) =

[
(n+m)(n+m−1)

2 Y s
n−1,m−1(x0) − 1

2Y s
n−1,m+1(x0)

]
x̂ +

+
[

(n+m)(n+m−1)
2 Y c

n−1,m−1(x0) + 1
2Y c

n−1,m+1(x0)
]

ŷ +

+ (n + m)Y s
n−1,m(x0) ẑ.
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Therefore the coefficients b
{c,s}
mn of the Spherical Harmonics Expansion for the magnetic

flux density B(x0) (2.58) are derived from a
{c,s}
mn by the following expressions:

(bc
mn)x = (n+m+1)(n+m+2)

2 (as
n+1,m+1)z + 1

2 (as
n+1,m−1)z+

− (n + m + 1)(ac
n+1,m)y,

(bs
mn)x = − (n+m+1)(n+m+2)

2 (ac
n+1,m+1)z − 1+δm−1

2 (ac
n+1,m−1)z+

− (n + m + 1)(as
n+1,m)y,

(bc
mn)y = − (n+m+1)(n+m+2)

2 (ac
n+1,m+1)z + 1+δm−1

2 (ac
n+1,m−1)z+

+ (n + m + 1)(ac
n+1,m)x,

(bs
mn)y = − (n+m+1)(n+m+2)

2 (as
n+1,m+1)z + 1

2 (as
n+1,m−1)z+

+ (n + m + 1)(as
n+1,m)x,

(bc
mn)z = (n+m+1)(n+m+2)

2

(
(ac

n+1,m+1)y − (as
n+1,m+1)x

)
+

− 1+δm−1

2

(
(ac

n+1,m−1)y + (as
n+1,m−1)x

)
,

(bs
mn)z = (n+m+1)(n+m+2)

2

(
(ac

n+1,m+1)x + (as
n+1,m+1)y

)
+

+ 1+δm−1

2

(
(ac

n+1,m−1)x − (as
n+1,m−1)y

)
,

(2.60)

where for the sake of simplicity of the expressions we set ac
nm = 0 for m < 0 or m > n,

and as
nm = 0 for m ≤ 0 or m > n.

The Spherical Harmonic Expansions for A(x0) (2.57) and B(x0) (2.58) converge

in any sphere with the origin as center in which J(x) = 0.

2.5.3 Force in a static magnetic field

When a static magnetic background field B0(x) is present, a force will act on a region

with a non-zero current density or magnetization. If only currents are present, this

force is called the Lorentz force. If the current density or magnetization in a region Ω

does not interact with the static magnetic background field, the force on that region

caused by B0(x) is given by

F Ω =

∫∫∫

Ω

(
J(x) + curlM

)
× B0(x) dV. (2.61)

The force in some given constant direction â is given by F Ω · â, and is therefore linear

in J(x), since M(x), and therefore curlM , is also linear in J(x).

Eq. (2.61) shows that the force density is given by
(
J(x)+ curlM

)
×B0(x). From

this force density other derived properties like the deflection or stress in a point, or
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the amplitude of a mechanical resonance mode, can be determined and also used as

constraint. This also requires knowledge of mechanical properties.

2.6 Computational issues

The previous sections supplied the basis for the solution of the inverse problem dis-

cussed in this thesis: it was shown how all relevant quantities can be expressed in the

solution Ĵ src(x), and a suitable class of cost and constraint functions was introduced.

In this section we will investigate numerical issues related to the computation of quan-

tities involved, and from that motivate that we can restrict ourselves to a particular

case, namely when no magnetizable material is present (µ(x) = µ0 is constant).

Recall that the linear operators M (mutual inductance) and R (mutual resistance)

relate the source and induction currents. Furthermore two linear operators on the

current density, which are B for the flux density and E for the ’static’ electric field,

yield the electromagnetic fields.

For the usual cases for which the problem cannot be solved analytically, a finite

basis Ĵ1(x), . . . , ĴN (x) is chosen, and the mutual inductance and mutual resistance

operators are represented with respect to this basis by Mmn (2.25,2.32) and Rmn

(2.26) respectively.

Since Rmn involves an inner product of two smooth basis functions, a suitable

choice of basis functions may cause it to be expressed algebraically, or otherwise, it

can be computed relatively easily using numerical quadrature rules over the region

with non-zero current density. If furthermore the support of every basis function

is limited and overlaps with only a few other basis function supports, most of the

elements of Rmn will be zero.

For the computation of the mutual inductance Mmn we have two alternative ex-

pressions, namely (2.25) and (2.32), involving the magnetic flux density B(x0) and

magnetic vector potential A(x0) respectively. Based on the integral expressions for

these fields, which were derived in Section 2.3.8, we expect computational difficulties

in the region where J(x) 6= 0 (Vcond) or M(x) 6= 0 (Vmagn), due to the singularity

of the factor 1
‖x−x0‖ . Since the singularity of A(x0) is of a lesser order than that of

B(x0), we expect that A(x0) behaves much smoother in Vcond ∪ Vmagn than B(x0).

Furthermore (2.32) involves Ĵn(x), which can chosen to be smooth.

Therefore we conclude that (2.32) is to be preferred over (2.25) for the computa-

tion of Mmn. An additional advantage is the reduction of the volume of integration,

which is Vcond compared to R
3. Hence, numerical quadrature schemes can be used to
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calculate Mmn by (2.32).

We therefore must investigate the behavior of the vector potential A(x), especially

in the region where the current density or the magnetization is non-zero, that is

x ∈ Vcond ∪ Vmagn. Observe that for most physical problems

Vcond ∩ Vmagn = ∅,

meaning that the conductor and conductive objects are of non-magnetizable material

(with copper as an example). Hence, in this case numerical issues related to singular

kernels are only present for the term AJ(x0) in (2.43) related to the non-magnetizable

case.

Therefore in this thesis we restrict the investigation of A(x0) with x0 ∈ Vcond to

the case Vmagn = ∅, that is, µ(x) = µ0 for all x ∈ R
3, while still addressing the most

relevant numerical issues.

Note that by (2.38) and (2.43) A(x0) involves a kernel which is singular when x =

x0 (that is, when the source location and observer position coincide). To investigate

this case, we define the derived (vector) function

h(x0) :=

∫∫∫

Vcond

K(x,x0)J(x) dV, (2.62)

where K(x,x0) is some given scalar kernel function. Note that for AJ(x), K(x,x0)

is given by

K(x,x0) :=
µ0

4π

1

‖x − x0‖
, (2.63)

which is symmetric and singular for x = x0. In the following chapters computational

issues are discussed based on evaluation of this function.

2.7 Summary

This chapter first described the physical model, followed by the mathematical model.

The basisc equations are Maxwell’s equations for the quasi-static case (2.4a–c), (2.12).

In this case the current density J(x, t), which describes the motion of free electric

charges, can be used as an independent quantity, from which the electromagnetic

fields are derived. These relations can be expressed in terms of linear operators acting
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on the current density. In addition, in combination with the linearity of the media

(2.3a,b) and (2.6), and assuming a basis set (Ĵn(x))n∈N for the space of possible

current density functions, Maxwell’s equations translate into a first order differential

equation (2.35), involving the positive definite linear operators M (mutual inductance)

and R (mutual resistance).

Since the problem is formulated as a constrained optimization problem, a cost

function and constraint functions are needed. A cost function related to energy is

described, which is J(x, t) and also involves the M and R operators. Useful constraint

functions were discussed. A target electromagnetic field can be prescribed by setting

up constraints relating to a set of points, or alternatively, as coefficients of a Spherical

Harmonics expansion.

When discussing computational issues, it was concluded that the computation of

the mutual inductance is the most challenging, since it incorporates the magnetic

vector potential in the region where the current density is non-zero. The derived

vector function (2.62) is defined as a basis to evaluate computational issues in the

next chapters.





Chapter 3

Stream functions

In the previous chapter it was shown that the physical problem leads to a mathe-

matical problem in which a source current density Ĵ src(x) has to be determined. The

applicable physicals laws require that Ĵ src is divergence-free, that is div Ĵ src = 0 (2.5).

In this chapter we will investigate if we can represent divergence free functions conve-

niently, satisfying the conditions that the implementation in numerical applications for

a discretized domain should be not too complex, and that the conductor shape can be

derived easily and reliably (e.g., not relying on inherently inaccurate methods like nu-

merical integration). The latter procedure is called ’discretization into windings’, and

will be discussed in Section 2.2. We will first discuss divergence-free vector functions

in three dimensions, and show that a certain representation, the stream function pair,

can be advantageous. This will be detailed in case the volume can be approximated

by a surface, which leads to the introduction of stream functions.

Stream functions are being used more frequently recently in magnetic field syn-

thesis problems. General approaches are described in [BF96], [BF97]; an overview of

recent open problems can be found in [Com01]. Another example of the use of stream

functions can be found in [BDA+00]. Depending on the specific characteristics of

the problem, a number of dedicated approaches have been developed. Examples in-

clude the design of antennas [LCYD00], gradient coils for MRI [Tur86, VSM89, Tur93,

Tom01] and magnets for MRI [HCD00]. These examples apply the stream function

indirectly to get the conductor shape, after determining the (surface) current density,

from which the stream function is constructed. S. Pissanetzky [Pis92] applies the

stream function directly in the design of planar gradient coil, where the plane is dis-

cretized into triangles. We proceed with this approach since it has many advantages
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over the indirect derivation of the stream function, in addition elaborating on many

mathematical and numerical aspects. Part of this material presented here has also

been published in a paper by the author [Pee03].

To emphasize the more general nature we will use the notation u(x) instead of

J(x). Only in the last section we will investigate some aspects of the stream function

when used as representation of a current density.

3.1 Divergence-free vector fields

In this section we investigate the case u(x) ∈ N0(Ω), i.e., u(x) is divergence free

everywhere and is zero outside Ω (see (2.16)). We assume Ω is a finite region in R
3

with a piecewise differentiable boundary.

Because div u = 0, u(x) can represent the flow of incompressible matter, where

incompressibility means that the movement of the matter is restricted to a conservation

law that states that no matter is generated or lost in any point at any time. For this

reason u(x) is also called source-free. Note that this property implies an, at least

implicit, notion of time, since velocity is defined as the rate of change of position per

unit of time. However, the velocity itself may not depend on time, in this case the

movement of the matter is stationary. In case the dependence on time is discussed

or is relevant, we will denote this by an additional explicit parameter t, such as in

u(x, t), otherwise this parameter is omitted.

An example of a source-free vector field is the flow of an incompressible fluid, where

the law of conservation of mass in any constant volume leads to the conservation of

volume of the moving molecules. Another example is the flow of conducting elec-

trons, in electromagnetic problems involving conductors only or where polarization

and charging effects can be neglected, in which case the law of conservation of electric

charge in any volume holds. The velocity field then equals the current density, which

is the divergence-free vector field we focus on in this thesis.

3.1.1 Discretization into windings

The ’discretization into windings’, mentioned in Section 2.2, is the step in which

the ’continuous’ solution Ĵ src(x) is approximated by a ’realizable’ conductor shape

through which a certain current I is flowing. In general, we consider a physical problem

where the solution uΩ′(x) depends on some region Ω′, and denote by ’discretization

into windings’ the problem of finding the best Ω′ ⊂ Ω such that uΩ′(x) resembles
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I

Sin

Ω’
Sout

Conductive region

Figure 3.1: Physical problem for discretization

u(x) as good as possible in some sense. For example, in our case the physical problem

consists of the requirement that Ω′ is like a ’tube’ with two open ends (such as in

Figure 3.1), through which a certain given current I is transported. uΩ′(x) is the

resulting current density, which is the solution of

u · n = 0 on ∂Ω′ \ (Sin ∪ Sout),

I = −
∫∫

Sin

u · n dS =

∫∫

Sout

u · n dS,

u(x) minimizes PΩ′(u) =

∫∫∫

Ω′

‖u(x)‖2

σ(x)
dV.

(3.1)

The latter equation expresses that for the static case the current density function

minimizes the dissipation. We will not continue with specifying this problem more

accurately, but instead follow a more intuitive approach, based on the concept of

trajectories and flux tubes.

Interpret u(x, t) as the velocity of a particle in a point x at time t, where a ’particle’

is to be interpreted as an infinitesimally small volume; since u(x, t) represents the

motion of incompressible matter, its volume remains constant over time. Denote the

trajectory of a given particle as ξ(t), and let for a certain time t = t0 the position of

this particle be known, i.e. ξ(t0) = x0. Then ξ(t) is the solution of the first order

differential equation

dξ

dt
= u(ξ, t), t > t0, (3.2a)
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with the initial condition

ξ(t0) = x0. (3.2b)

(a) (b)

S

Φ(S)

S’

Ω Ω

Figure 3.2: Flux tubes. (a) shows individual trajectories, (b) shows trajectory of a
patch S, forming the flux tube Φ(S)

Trajectories form the basis of the discretization approach. This is clarified by

Figure 3.2. Consider a stationary vector field u(x) ∈ N0(Ω), and a surface (or ’patch’)

S ⊂ Ω. Form the volume associated with S consisting of all the points for which the

trajectory crosses the surface S (and hence is the union of all trajectories for which

the initial point is on S). Such a volume is denoted as a ’flux tube’. Note that on the

surface ∂Φ(S) of a flux tube Φ(S)

u(x) · n = 0, x ∈ ∂Φ(S). (3.3)

The flux φ(S) through S is the amount of material passing S per unit of time (recall

that u(x) represents a velocity field), and is therefore given by

φ(S) :=

∫∫

S

u(x) · n dS.

Because of (3.3) and Gauss’ law (C.8), for every cross-section surface S′ (as shown in

Figure 3.2), we have

φ(S′) = φ(S),

which clarifies the term flux tube. In other words, the ’material’ stays within the flux

tube.
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As a first step of the discretization into windings we take a finite collection of

disjoint surfaces Sk, k = 1, . . . ,K such that all flux tubes Φ(Sk) together form Ω and

carry the same flux φ0, that is,

φ(Sk) = φ0, k = 1, . . . ,K,

assuming of course that this is possible. Note that in case u(x) is a current density,

the flux is in effect the electric current, in which case each flux tube carries the same

current, where the sign of the normal of Sk determines the direction.

Out

In

Figure 3.3: Example of the process of discretization into windings

The next step consists of turning the flux tubes into a realizable conductor shape:

all flux tubes must be connected in series, and space for isolation must be created. An

example of how this could be done is pictured in Figure 3.3. First the cross-section of

the flux tubes are made smaller to create space for the isolation, where the center line

is retained. Then all tubes are split and connected through short conductors. Finally,

the conductor shape is connected to a supply (’In’) and return (’Out’) conductor,

which are paired. As a result, the flux tube collection is changed into a conductor

shape such that the change in magnetic field (and hence, the self inductance) is as

small as possible. When as little material as possible is removed, the increase in

resistance is also limited.

Hence, we look for a representation of a divergence-free function u(x) from which

flux tubes can easily be derived. It will be shown that for two-dimensional problems

and manifolds in three dimensional space stream functions are very useful. For a

general three dimensional divergence-free function an equivalent useful formulation

is not known; Bajer [Baj94] discusses a Hamiltonian formulation, and Keller [Kel96]

discusses a ’stream function pair’ representation. We will investigate this stream

function pair representation further. This also serves as an intermediate step towards

surface stream functions.
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3.1.2 Stream function pairs

Recall from the previous section that the trajectory x = ξ(t) of a particle with initial

position x0 for t = t0 is given by the differential equation (3.2a,b). Our objective is to

find a function such that the trajectory of a particle (or stream line) is characterized

by that function. Note the similarity in this respect with the Hamiltonian.

Assume that u(x) can be written as a stream function pair, that is

u := gradψ × grad η, (3.4)

with appropriate conditions on ψ and η such that u ∈ N0(Ω). Since

div u = grad η · curl gradψ − gradψ · curl grad η

= 0,

this condition is

u · n = 0 on ∂Ω,

which is equivalent to the condition that on the boundary gradψ, grad η and n are

in one plane, that is

∀x∈∂Ω∃(α,β,γ) 6=(0,0,0) α gradψ + β grad η + γn = 0.

Since, by definition (3.4),

u · gradψ = 0,

u · grad η = 0,
(3.5)

the stream function value of a moving particle with trajectory ξ(t) is given by

∂ψ(ξ(t), t)

∂t
=

∂ψ

∂ξx

dξx

dt
+

∂ψ

∂ξy

dξy

dt
+

∂ψ

∂ξz

dξz

dt
+

∂ψ

∂t

=
∂ψ

∂t
,

where also (3.2a) is used. Analogously

∂η(ξ(t), t)

∂t
=

∂η

∂t
.

In words this means that the stream function pair at the position of a moving particle

changes with the same rate per unit of time as the rate of change of the stream function

pair. This property can be applied in numerical schemes as an additional stabilizing
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constraint to limit propagated numerical errors. Furthermore, for a stationary velocity

(∂u
∂t = 0) on a trajectory (

ψ(ξ(t))
η(ξ(t))

)
is constant, (3.6)

and the stream lines therefore are the lines formed by the intersection of the planes

ψ(x) = ψ1, η(x) = η1 with ψ1 and η1 arbitrary constants.

Since u(x) is divergence-free, it can be written as the curl of a vector field, the

vector potential. For vector fields u which can be written in the form (3.4), a possible

vector potential is

w :=
1

2
(ψ grad η − η gradψ) , u = curlw. (3.7)

Any gradient may be added, but this vector potential is — just as the representation

(3.4) of u(x) — asymmetric in ψ and η. Now consider a surface S ⊂ Ω with boundary

∂S, then according to Stokes’ law the flux through S is

φC =

∫∫

S

u · n dS

=

∫∫

S

curlw · n dS

=

∮

∂S

w · τ dl

=
1

2

∮

∂S

(ψ grad η − η gradψ) · τ dl

(3.8)

Take arbitrary constants ψ1 < ψ2 and η1 < η2 with

min
x∈Ω

ψ(x) ≤ ψ1 < ψ2 ≤ max
x∈Ω

ψ(x),

min
x∈Ω

η(x) ≤ η1 < η2 ≤ max
x∈Ω

η(x),

and define the volume Φ ∈ Ω (flux tube, see Figure 3.4) as

Φ := { x ∈ V | ψ1 ≤ ψ(x) ≤ ψ2, η1 ≤ η(x) ≤ η2 }.
Φ is simply connected if ψ(x) and η(x) are continuous in Ω.

Then since no particles pass the planes of constant ψ(x) and constant η(x), the

flux within C is constant, and given by

φC = (ψ2 − ψ1)(η2 − η1),

as can easily be derived from (3.8).
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ψ = ψ1 ψ = ψ2

η = η1

η = η2

Figure 3.4: Flux tube formed by cross-section of regions ψ1 ≤ ψ(x) ≤ ψ2, η1 ≤ η(x) ≤
η2

3.2 Two-dimensional divergence-free vector fields

In the previous sections the stream function pair representation (3.4) of a divergence-

free vector field u(x) was introduced, from which, in case u(x) is stationary, flux

tubes and trajectories could easily be derived by considering contour planes. We will

now investigate how this representation changes when the region Ω is approximated

by a surface. It will be shown that this will lead to stream functions, which are more

generally known and used for the 2D case. In the next sections we will discuss the

commonly used stream function in R
2, and the extension of this concept to manifolds

in R
3. Then it will be shown that the latter representation can also be derived from

the stream function pair representation (3.4).

3.2.1 Stream functions in R
2

In this section we consider a source-free vector field u : Ω → R
2, with Ω being a

finite and connected region in R
2 with a piecewise differentiable boundary. Given a

piecewise smooth curve C in Ω, the flux through this curve is defined as the amount of

matter passing this curve per unit of time. This is a signed value when we introduce

an orientation; we will use the orientation of the normal as indicated by Figure 3.5,

that is ’pointing to the right’. A positive value for the flux therefore indicates that

net matter is flowing from the left to the right of the curve C. The expression for the

flux is given by

ψC(u) :=

∫

C

u(x) · n dl.
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x

C

Ωy
n

a

x

Figure 3.5: Definition of flux and stream function

Then u(x) being source-free is equivalent to the property that for every continuous

simple closed curve (Jordan curve) C in Ω the net flux is zero, that is

∮

C

u(x) · n dl = 0 for every simple closed curve C in Ω. (3.9)

If u is continuously differentiable, this is equivalent to

div u :=
∂ux

∂x
+

∂uy

∂y
= 0, (3.10)

as can be shown easily by considering a path from (x, y) to (x + δx, y + δy) with δx

and δy infinitesimally small.

Property (3.9) is used to define a scalar function ψ(x) from u(x). Choose a fixed

reference point a ∈ Ω, then the stream function ψ(x) in x is defined as the flux

through a smooth curve C ⊂ Ω with start point a and end point x, i.e.

ψ(x) :=

x∫

a

u(x) · n dl. (3.11)

Because of (3.11) the value of ψ(x) does not depend on the path between a and x,

and therefore depends on a and x only. Furthermore note that since Ω is connected,

by definition there always exists a curve in Ω that connects a and x.

Given a stream function ψ(x), the corresponding velocity function u(x) is derived

by considering a path from x = (x, y) to (x + δx, y + δy) via (x + δx, y) as shown in

Figure 3.6. Applying (3.11) results in

ψ(x + δx, y + δy) − ψ(x, y) = −uyδx + uxδy,
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(x, y)

δx

δy
u(x, y)

uy

ux

Figure 3.6: Integration path, used for deriving u(x) from ψ(x)

yielding, since δx and δy are arbitrary,

ux =
∂ψ

∂y
,

uy = −∂ψ

∂x
.

(3.12)

This is a well-known relation; from this relation obviously (3.10) follows.

Analogously to the three-dimensional case with the stream function pair represen-

tation (3.4), a trajectory ξ(t), t ≥ t0 of a particle with initial position ξ(t0) is given

by the first order differential equation

dξ

dt
= u(ξ(t), t), t > t0, (3.13a)

with the initial condition

ξ(0) = (x0, y0) given. (3.13b)

Furthermore,

∂ψ(ξx(t), ξy(t), t)

∂t
=

∂ψ

∂x

∂ξx

∂t
+

∂ψ

∂y

∂ξy

∂t
+

∂ψ

∂t

=
∂ψ

∂t
,

(3.14)

a result also analogous to (3.6). For a stationary vector field stream lines are the

isolines of the stream function, so that the stream function pair appears to be a

natural extension to the two-dimensional stream function.

3.2.2 Surfaces

A surface or manifold can be used as an approximation of a volume V if the volume

is ’thin’. Assume that a region V can be described by a smooth orientable surface S,
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where for every point x ∈ S a ’thickness’ d(x) can be defined, such that

V = { x | x = y + ηn(x), y ∈ S, −1

2
d(x) ≤ η ≤ 1

2
d(x) }

When the current density J(x) is essentially constant over the thickness, we formally

set

j(x) = d(x)J(x),

where j(x) is the surface current density. The assumption that J(x) is essentially

constant over the thickness can be made more specific by observing the differential

equation for J(x, t) in the conductive volume, derived from Maxwell’s equations:

curl

(
1

µ
curl

(
J

σ

))
= −∂J

∂t
.

When σ and µ are constant in the conductive region, this simplifies to

∇2J + σµ
∂J

∂t
= 0,

using also div J = 0. Solving this for plane waves of angular frequency ω (where J

only depends on one coordinate) yields an expression for the current density, indicating

that it decreases exponentially over the thickness. The characteristic distance is known

as the skin depth δ, and is given by

δ =

√
2

σµω
.

Therefore the current density is (essentially) constant over the thickness when the

thickness is much smaller than the skin depth, that is if

ω ≪ 2

σµd2(x)
.

Expressions involving integrals for surfaces from the corresponding expressions for

the more general case of volumes are formally derived by substituting

dV = d(x) dS. (3.15)

For example, writing ĵn(x) instead of Ĵn(x) for the basis functions for the surface

current density, this yields:
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Mutual inductance: Derived from (2.32):

Mmn =

∫∫

S

Âm(x) · ĵn(x) dS =

∫∫

S

Ân(x) · ĵm(x) dS. (3.16)

Mutual resistance: Derived from (2.26), with the volume conductivity σ(x) re-

placed by the surface admittance

σS(x) := d(x)σ(x), x ∈ S, (3.17)

resulting in

Rmn :=

∫

S

ĵm(x) · ĵn(x)

σS(x)
dS. (3.18)

Note that the surface admittance σS has the dimension of admittance, which is the

reciprocal of electric resistance. Alternatively, the surface resistance ρS(x) may be

introduced as being the reciprocal of the surface admittance σS(x), that is

ρS(x) :=
1

σS(x)
=

1

d(x)σ(x)
, x ∈ S. (3.19)

3.2.3 Stream functions on surfaces

In Section 3.1.2 the stream function pair (ψ(x), η(x)) as representation of three-

dimensional divergence-free vector functions was discussed, and in Section 3.2.1 a

one-dimensional stream function ψ(x) for two-dimensional divergence-free functions

with similar properties. In this section we will show how both representations lead to

a scalar function representation for source-free vector functions defined on a manifold

S in R
3.

Consider a connected, piecewise smooth, orientable and — for the time being —

simply connected surface S with a piecewise differentiable boundary (more relaxing

requirements for S will be investigated in Subsection 3.2.4), and a surface vector field

u(x) : S → R
3. Therefore a normal n(x) exists which is piecewise continuously

differentiable on S. Furthermore u(x) · n(x) = 0 in every point x where n(x) is

continuously differentiable.

We assume that u(x) is again source-free, i.e., its divergence is zero. To get a

useful equivalent definition of the divergence of a surface vector field, first recall the

coordinate-free definition of the divergence of a vector field v : V ⊆ R
3 → R

3 as the
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limit of the ratio of the flux through the boundary ∂V ′ of a volume V ′ and the volume,

i.e.

div v(x) := lim
|V ′|→0
V ′⊂V
x∈V ′

1

|V ′|

∫∫

∂V ′

v · n dS, v : V ⊆ R
3 → R

3,

with |V ′| denoting the volume of V ′.

To turn to the two-dimensional case, refer to Figure 3.7, which shows that for a

curve C on S the flux through C is

ψC :=

∫

C

u(x) · (τ × n) dl =

∫

C

(n × u(x)) · τ dl, x ∈ S. (3.20)

Therefore the analogous definition of the divergence for surface vector fields defined

S

C

a

x
τ

n

τ × n

u(x)

Figure 3.7: Definition of the stream function for surfaces

on a surface S becomes

divS u(x) := lim
|S′|→0
S′⊂S
x∈S′

1

|S′|

∫

∂S′

u(x) · (τ × n) dl, u : S → R
3, (3.21)

with |S′| denoting the area of S′.

The property that u(x) is source-free, that is, ψC = 0 for any simple closed curve

C on S, is therefore equivalent with divS u(x) = 0 for x ∈ S, and, in addition, that

indeed any Jordan curve separates the surface S in an inner and outer part. For this

latter requirement it is necessary that S is orientable.

The definition of a stream function ψ : S → R from a vector function u : S → R
3

with divS u = 0 is analogous to the definition in the previous section:

Choose a fixed reference point a ∈ S, then the stream function in x is defined as
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the flux between a and x, i.e.

ψ(x) :=

x∫

a

u(x) · (τ × n) dl, x ∈ S, (3.22)

where the path from a to x must lie completely on S (see Figure 3.7). Note that

such a path always exists since S is connected. Since divS u = 0, and using (3.21),

this definition does not depend on the path from a to x.

3.2.3.1 Inverse formula

Eq. (3.22) enables a formula for the derivation of the velocity u(x, t) from its stream

function ψ(x, t) which is coordinate system independent. This is given by

lim
x→x0
x∈S

[
u(x0) ·

(
x − x0

‖x − x0‖
× n

)
− ψ(x) − ψ(x0)

‖x − x0‖

]
= 0. (3.23)

A more practical formula can be obtained by considering a point x ∈ S̊ and an

arbitrary infinitesimal vector δd. If we set

δx := n × δd,

then x + δx ∈ S, and

ψ(x + δx) − ψ(x) =

{
gradψ · δx = δx · ( grad ψ × n),
u · (δx × n) = δx · u.

Since δd is arbitrary,

u = gradψ × n. (3.24)

Note that this is the generalization of (3.12) with n = ẑ.

Formally (3.24) is undefined, since ψ(x) is only defined for x ∈ S, and hence

gradψ is not defined. However, in applying this formula only function values on the

surface are referenced. Consider for example a parametric representation of S as a

mapping from U ⊂ R
2 to R

3 in cartesian coordinates:

S = { x | x = x(u, v), (u, v) ∈ U }.

If the stream function is mapped accordingly by ψ(u, v) := ψ(x(u, v)) then (3.24)

evaluates to

u(u, v) =

∂ψ

∂v

∂x

∂u
− ∂ψ

∂u

∂x

∂v∥∥∥∥
∂x

∂u
× ∂x

∂v

∥∥∥∥
. (3.25)
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Consider the derived vector function h(x0) (2.62), introduced in Section 2.6, which

for a surface is given by

h(x0) =

∫∫

S

K(x,x0)u(x) dS. (3.26)

Since

dS =

∥∥∥∥
∂x

∂u
× ∂x

∂v

∥∥∥∥ du dv,

the derived vector function expressed in the stream function is given by

h(x0) =

∫∫

U

K(x,x0)

(
∂ψ

∂v

∂x

∂u
− ∂ψ

∂u

∂x

∂v

)
du dv. (3.27)

Using (3.24) the derived function can be expressed in a form not involving deriva-

tives of the stream function, yielding

h(x0) =

∫∫

S

ψ(x)(n × gradK) dS −
∮

∂S

ψ(x)K(x,x0)τ dl. (3.28)

This is derived by using, for any constant vector e, the identity

∫∫

S

curl (ψKe) · n dS =

∫∫
(n × grad (ψK)) · e dS.

3.2.4 Stream function class Ψ(S)

The definitions and properties mentioned above enable us to introduce a class of stream

functions, defined on a surface S, for which the surface vector function as derived by

(3.24) represents the velocity of incompressible matter. We denote the class of these

functions as Ψ(S). In this section we will investigate sufficient conditions for a function

ψ(x) to be in Ψ(S). Furthermore the domain of Ψ(S) will be discussed, which is the

class of surfaces for which a stream function can be defined. As noted above, S must

at least be orientable and have a piecewise differentiable boundary.

Assume that the boundary ∂S of S consists of a finite number (possibly zero) of

piecewise continuous closed curves ∂Sl, l = 1, . . . , L (L ≥ 0). We denote these curves

as closed sub-boundaries. Since u(x) represents the motion of matter in the surface

S, at the boundary u(x) is directed along the tangential direction τ . Therefore, using
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the definition of the stream function (3.22), it follows that, if two points x and y are

on the same closed sub-boundary, they have the same stream function value:

∀l=1,...,L∀x∈∂Sl, y∈∂Sl
ψ(x) = ψ(y).

By (3.24) ψ(x) is defined in any point x ∈ S where n(x) is continuous and the surface

derivative of ψ(x) exists (see (3.25)). Furthermore, from the definition of the stream

function (3.22) it follows that ψ(x) is continuous if u(x) is bounded, so that a sufficient

condition for ψ(x) is that it is continuous and piecewise differentiable. We therefore

define the class Ψ(S) of ’possible’ stream functions on S as follows:

Definition 3.2.1. Ψ(S) is the class of scalar functions defined on S which are con-

tinuous and piecewise differentiable on S, and constant on each closed sub-boundary

of S.

The domain of Ψ(S) can trivially be extended to the union of finite collections of

disjoint connected surfaces Sk, k = 1, . . . ,K. The collection of sub-boundaries is then

merely the union of the individual sub-boundaries. Furthermore each Sk does not need

to be simply connected, as long as it is ’extendable’ to a simply connected surface. On

the extended part we take the surface vector function u(x) to be equal to zero, thus

defining the stream function on the total extended surface. This relaxing requirement

allows for surfaces Sk with ’holes’, but it rules out self-intersecting surfaces. For

self-intersecting surfaces indeed no scalar stream function can be defined since at the

intersection lines the current ’splits’, so that not for every closed curve C on the surface

the flux through C is zero.

3.2.5 Derivation from stream function pair

The inverse relation (3.24) can also be derived from the stream function pair repre-

sentation (ψ(x), η(x)) of a volume vector field U(x), described by (3.4).

Let η(x) describe the ’thin’ volume V by η1 ≤ η(x) ≤ η2 (see Figure 3.8). The

approximating surface S is therefore described by

η(x) =
1

2
(η1 + η2),

the normal n(x) in a point x ∈ S by

n(x) =
grad η(x)

‖ grad η(x)‖ ,
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Figure 3.8: Representation of a volume V by η1 ≤ η(x) ≤ η2

and therefore the thickness d(x) by

d(x) =
η2 − η1

‖ grad η(x)‖ .

By definition (3.4) the volume vector field U(x) = gradψ × grad η, and the corre-

sponding surface vector field u(x) is therefore

u(x) = d(x)U(x) = (η2 − η1) grad ψ × n(x), x ∈ S.

Hence, the ’surface’ stream function value for the surface vector field u(x) which

satisfies the relation (3.24) is given by (η2 − η1)ψ(x).

3.3 Computational considerations

In the previous sections the scalar stream function was introduced and discussed as

a means to represent divergence-free surface vector functions. In this section we dis-

cuss the advantages and implications for numerical applications from a computational

perspective.

3.3.1 Non-zero divergence

The stream function is a scalar function, so in numerical applications where the solu-

tion is discretized an advantage is the reduction in representation size. However, care

must be taken with respect to the numerical derivation of the surface vector field as

given by (3.24). In this section we will show that, if the (surface) vector field that is

used for computation of derived quantities (like for example the magnetic flux den-

sity B(x0) is computed from a divergence-free current density J(x)) is not exactly

divergence-free, these derived quantities can be inaccurate. Intuitively this can be un-

derstood by realizing that if in a numerical model the quantity describing the velocity
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of moving matter has a non-zero divergence, then in this model matter is generated

or disappears.

We will discuss the consequences of a ’numerically’ non-zero divergence vector

field on the derived vector function h(x0) (2.62) as introduced in Section 2.6. Let the

’real’ velocity function (i.e., one that is divergence-free) be denoted as u(x), and its

numerical approximation by ũ(x). We assume that the numerical approximation is

’close’ to u(x), but however has a non-zero divergence, so

ũ = u + δu, ‖δu‖ ≪ ‖u‖, div δu 6= 0.

Here ‖ ◦ ‖ is some suitable norm.

Furthermore, since no matter flows outside V , on the boundary ∂V of V the normal

component of the velocity is zero, i.e.

u(x) · n = 0, x ∈ ∂V. (3.29)

Denote the derived vector function (2.62) with the ’numerical’ vector field ũ(x) as

h̃(x). Since div u = 0, there exists a vector function w such that u = curlw, so

h̃(x0) =

∫∫∫

V

Ku dV +

∫∫∫

V

Kδu dV

=

∫∫∫

V

curl (Kw) dV

︸ ︷︷ ︸
=0

+

∫∫∫

V

gradK × w dV

︸ ︷︷ ︸
=h(x0)

+

∫∫∫

V

K δu dV,

where the first term is zero due to Ostragadksy’s law (C.9) and Lemma 2.3.1. The

third term, which is the numerical error caused by using a vector function with non-

zero divergence can outgrow the second term (the real value) with any factor since

|K| can be much larger then ‖ grad K‖. This is for example the case for the magnetic

vector potential, where K(x,x0) ∝ ‖x − x0‖−1 (2.63), for x0 /∈ V and ‖x0‖ large.

Note that when the divergence is not exactly zero and consequently, as has been

shown, that it is possible that |h(x0)− h̃(x0)| can be large, this therefore also is true

for derived functions like the divergence or curl of h(x0).

3.3.2 Discretization into windings from the stream function

As introduced in Section 3.1.1 an important aspect of solving the inverse problem is the

conversion of the solution Ĵ src(x) into a conductor pattern (discretization into wind-

ings). An approach using flux tubes has been explained, and when the vector function
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can be written using a stream function pair (3.4), flux tubes are easily constructed

using isoplanes (Section 3.1.2). Furthermore, in Section 3.2.5 it has been shown that

the ’surface’ stream function ψ(x) can be derived from the stream function pair.

Therefore, we expect that isolines of the surface stream function, which are the

streamlines, can be used to construct the windings. We will show in this section that

this indeed is the case.

S

P
Sinner

Souter

Figure 3.9: Definition of a conductor path

Define a conductor path P as a surface which is the difference of two simply

connected surfaces in S, as graphically clarified by Figure 3.9. P therefore has two

closed boundaries, and divides S into three surfaces Sinner, Souter and P . Since no

current flows in S\P , the stream function is constant there. If we assume that P

divides S in two regions Sinner and Souter, the stream function in these regions, when

we denote the current through the conductor path as I, is then given by

ψ(x) =

{
a x ∈ Sinner,

a + I x ∈ Souter,

for some constant a. Furthermore ψ(x) is continuous.

This defines the class of stream functions Ψ̌(S) for one conductor path. Now extend

Ψ̌(S) to be the possible stream functions for any finite collection of disjoint conductor

paths connected in series, so that the current through each conductor is either +I or

−I. Note that by reversing the orientation of the closed curve C for certain conductor

paths with current −I, all currents can be chosen to be +I.

We now consider a stream function ψ(x) ∈ Ψ(S), and investigate how ψ(x) can

be approximated by a ψ̌(x) ∈ Ψ̌(S). As a criterion how good the approximation is,

we consider the derived function h(x0) as defined in (2.62), for some fixed x0.
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In analogy with the derivation of flux tubes (see Section 3.1.1), we choose two

numbers ψ1 and ψ2 with

min
x∈S

ψ(x) ≤ ψ1 < ψ2 ≤ max
x∈S

,

and form the surface S′ ⊂ S, containing the points of which the stream value is

between ψ1 and ψ2. Since the stream function is continuous and constant on each

boundary, the curves ψ(x) = ψ1,2 are closed, and S′ consists of a non-zero number

of disjoint surfaces. When ψ2 − ψ1 is below a certain positive value, each of these

surfaces has two boundaries, namely one with ψ(x) = ψ1 and one with ψ(x) = ψ2.

Degenerate cases are when stationary points of the stream function, such as saddle

points or local extremes, have a stream function value of ψ1 or ψ2.

S

C
ψ=ψ1

ψ=ψ2
S2’

S ’

S1’

Figure 3.10: Derivation of conductor centroid from the stream function

We will consider the general case, and in particular one surface, as indicated in

Figure 3.10. This surface forms a conductor path, that carries a current ψ2 − ψ1

(no current passes the boundary). We want to replace this conductor shape by an

infinitesimal thin conductor C, which is represented by a closed curve, such that the

derived function h(x0) is approximated as good as possible. We expect that C is

contained within S′, and that the current through C is also ψ2−ψ1. C divides S′ into

two surfaces S′
1 and S′

2, and the stream function ψC(x) corresponding to the current

flowing through C is therefore

ψC(x) =

{
ψ1, x ∈ S′

1,

ψ2, x ∈ S′
2.

We want to make it plausible that C is formed by taking the contour of ψ(x) =
1
2 (ψ1 + ψ2). For this we consider the one-dimensional equivalent, that is, an interval
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[x1, x2]. As derived function value we take

x2∫

x1

ψ′(x)f(x) dx,

inspired by the expression for the derived function for a parameterized surface (3.27).

Let the centroid of the conductor C be represented by the value a with x1 ≤ a ≤ x2,

so that the ’stream function’ ψC(x) is given by

ψC(x) =

{
ψ1, x < a,

ψ2, x > a.

The derived function value of the conductor is therefore
x2∫

x1

ψ′
C(x)f(x) dx = (ψ(x2) − ψ(x1))f(a).

x

x1 a x2

ψ
(x

)

2

ψ(x1)+ψ(x1)

Figure 3.11: Graphical interpretation of stream discretization

We therefore want to find the value of a such that
x2∫

x1

ψ′(x)f(x) dx = (ψ(x2) − ψ(x1))f(a).

This is schematically depicted in Figure 3.11). Use the trapezoidal integration rule:

ψ(x2)∫

ψ(x1)

f(ψ−1(y)) dy = (ψ(x2) − ψ(x1))f

(
ψ−1

(
ψ(x1) + ψ(x2)

2

))

+ O
(
(ψ(x2) − ψ(x1))

3
)
,

(3.30)
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from which it follows that

a ≈ ψ−1

(
ψ(x1) + ψ(x2)

2

)
,

that is, ψ(a) ≈ 1
2

(
ψ(x1) + ψ(x2)

)
.

Hence, we derive the following strategy for generating the individual windings:

1. Choose a number N > 0, let

I :=
maxx∈S ψ(x) − minx∈S ψ(x)

N
.

2. Create individual closed loops Ck, which are the contours of the stream function

with step size I and offset minx∈S ψ(x) + 1
2I, where I is the current through

each loop.

3. Assign two width functions wleft, wright :
⋃

k Ck → R
+ which specify respectively

the left and right offset to the individual loops. This converts the individual loops

into individual surfaces.

The width functions must satisfy two requirements. First, the surfaces must

not intersect. Secondly, the contours of the resulting stream function of level

minx∈S ψ(x) + (k − 1
2 )I must coincide with the loops; this means that the

centroid remains unaltered.

Since the number of loops is O(N) as N → ∞, and the error in the derived function

h(x0) for one loop is O(I3) (by (3.30)), the derived function of the set of loops con-

verges to that of the stream function as O(1/N2), N → ∞. Again using (3.30), it

can be concluded that the error introduced by the width function is also O(1/N2),

N → ∞.

As an example, consider a cylinder with the z-axis as symmetry axis, radius r, z -

coordinates from z1 to z2 and carrying a total azimuthal uniform distributed current of

I. The resulting magnetic field is axially symmetric, and the vector potential only has

an azimuthal component. The conversion into windings results in N coaxial circular

loops, each carrying a current of I/N and having a radius of r, with z-coordinates

z1 +(k− 1
2 )(z2 − z1), k = 1, . . . , N . For this example we choose I = 106 A, r = 0.5 m,

z1 = −0.5 m, and z2 = 0.5 m (see Figure 3.12, which also shows the loops for N = 4).

Table 3.1 lists the axial component of the magnetic flux density Bz(x0) and azimuthal

component of the magnetic vector potential Aφ(x0) for the uniform current (N = ∞)
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z2 = 0.5

r = 0.5

z1 = -0.5 z

Figure 3.12: Numerical example of discretization into windings

and for various values of N , for the observer position (r0, z0) = (0.4,0.4) (cylindrical

coordinates). In addition N2 times the relative error is shown.

Note that ensuring that the width functions lets the centroid remain unaltered

requires a determination of the stream function of the created conductor shape, for

example by solving (3.1). However, usually the centroid will be close to the geometrical

center, relating to the assumption that the current density is almost constant over the

width of the conductor.

3.4 Axially symmetric problems

As will be discussed in detail in the next chapter, in a practical application of stream

functions a finite set of basis functions can be chosen, and the solution of the inverse

problem is represented with respect to this basis, that is as coefficients of the ba-

sis functions. Furthermore it has been noted that the geometry parameters are all

characterized by operators, of which the mutual inductance operator M and mutual

resistance operator R are used in the objective function as discussed in Section 2.4.

In the finite basis the mutual inductance operator M is represented by the mutual in-

ductance matrix Mmn (2.25). This is a full matrix, of which the computation involves

integration of a/o the vector potential A(x), which in its turn is defined as an integral

(2.43).

Therefore, in a problem that possesses a symmetry from which it can be concluded

that the solution has a symmetry as well, the reduction of degrees of freedom directly

leads to reduction of the matrix size and hence a potentially considerable reduction of
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Table 3.1: Magnetic field of discretization example

N Bz N2
(

Bz(N)
Bz(∞)

−1
)

Aφ N2
(

Aφ(N)

Aφ(∞)
−1

)

[T] [Tm]

2 0.6634577 –0.661 0.1427481 –0.046
4 0.9206669 2.534 0.1510174 0.106
8 0.7998079 0.406 0.1450578 0.043

16 0.7968745 0.677 0.1445683 0.045
32 0.7952845 0.661 0.1444346 0.045
64 0.7948983 0.653 0.1444016 0.044

128 0.7948017 0.622 0.1443933 0.042
∞ 0.7947716 0.1443908

the computation time. In this thesis we investigate axially symmetric problems as an

example of such a class, and we will show that these problems can indeed be handled

numerically very efficiently.

3.4.1 Surface representation

Using the cylindrical coordinate system (r, φ, z), that is

x = r cos φ x̂ + r sin φ ŷ + z ẑ, r ≥ 0, 0 ≤ φ < 2π,

axial symmetric surfaces may be described in one of two ways:

Implicit: By a function f such that

S := { x | x = r cos φ x̂ + r sin φ ŷ + z ẑ, 0 ≤ φ < 2π, f(r, z) = 0 }.

Parameterized: S is defined by the functions r(λ) and z(λ), with the parameter

λ ∈ [λ1, λ2], by

S := { x | x = r(λ) cos φ x̂ + r(λ) sin φ ŷ + z(λ) ẑ,

0 ≤ φ < 2π, λ1 ≤ λ ≤ λ2 }.
(3.31)

We use the parameterized representation, and assume that z(λ) and r(λ) are contin-

uous and differentiable on [λ1, λ2], with the possible exception of a finite number of
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points in (λ1, λ2) where these functions may not be differentiable. This corresponds

to the requirement that S is piecewise smooth. Note that S is also connected, simply

connected and has a piecewise differentiable boundary. In order to assure that the re-

lation between S̊ and the curve (r(λ), z(λ)), λ1 < λ < λ2 is bijective, no intersections

with itself on (λ1, λ2) are allowed. The endpoints may coincide, in which case the

surface is closed, that is, it is the facet of a volume like a torus. Furthermore without

loss of generality we may require that

r(λ) ≥ 0,

and

(r′(λ), z′(λ)) 6= (0, 0).

The order of the coordinates (φ, λ) determines the orientation of the normal n. It

is therefore given by

n = φ̂ × λ̂,

with

φ̂ =

∂x
∂φ

‖∂x
∂φ‖

= − sin φ x̂ + cos φ ŷ, (3.32)

λ̂ =
∂x
∂λ

‖∂x
∂λ‖

=
r′(λ) cos φ x̂ + r′(λ) sin φ ŷ + z′(λ) ẑ√

(r′(λ))2 + (z′(λ))2
, (3.33)

and therefore

n =
z′(λ) r̂ − r′(λ) ẑ√
(r′(λ))2 + (z′(λ))2

.

For this order, the normal n is directed ’to the left side’ of the surface when λ is

increasing (see Figure 3.13).

3.4.2 The stream function and surface vector function

For the parameterized representation (3.31) of a surface S the stream function is also

a function of φ and λ, i.e.,

ψ(x) = ψ(φ, λ), 0 ≤ φ < 2π, λ1 ≤ λ ≤ λ2.

The surface vector functions, given by u = gradψ × n (3.24), yields

u(φ, λ) =
1√

(r′(λ))2 + (z′(λ))2
∂ψ

∂λ
φ̂ − 1

r(λ)

∂ψ

∂φ
λ̂. (3.34)
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λ=λ1

λ=λ2

n

Figure 3.13: Parameter representation of an axially symmetric body

3.4.3 Derived function

Using

dS = r(λ)
√

(r′(λ))2 + (z′(λ))2 dφ dλ,

the expression for the derived vector function h(x0) (3.26) in a point x0 = (r0, φ0, z0)

is given in cartesian coordinates by



hx

hy

hz



(r0, φ0, z0) =

2π∫

0

λ2∫

λ1

K(x(φ, λ),x0)




tx
ty
tz



(φ, λ) dφ dλ,

with 


tx
ty
tz



(φ, λ) = r(λ)
∂ψ

∂λ




− sin φ
cos φ

0



 − ∂ψ

∂φ




r′(λ) cos φ
r′(λ) sin φ)

z′(λ)



 .

In cylindrical coordinates, using

hr(r0, φ0, z0) = cos φ0 hx + sin φ0 hy

hφ(r0, φ0, z0) = − sin φ0 hx + cos φ0 hy,

this becomes



hr

hφ

hz



(r0, φ0, z0) =

2π∫

0

λ2∫

λ1

K(x(φ, λ),x0)




tr
tφ
tz



(φ, φ0, λ) dφ dλ,

with



tr
tφ
tz



(φ, φ0, λ) = r(λ)
∂ψ

∂λ




− sin(φ − φ0)
cos(φ − φ0)

0



 − ∂ψ

∂φ




r′(λ) cos(φ − φ0)
r′(λ) sin(φ − φ0)

z′(λ)



 .
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3.4.4 Fourier series

We now consider the Fourier series in φ of the stream function, that is

ψ(φ, λ) = ψ
(c)
0 (λ) +

∞∑

m=1

[
ψ(c)

m (λ) cos(mφ) + ψ(s)
m (λ) sin(mφ)

]
,

with

ψ(c)
m (λ) =

1

π(1 + δm)

2π∫

0

ψ(φ, λ) cos(mφ) dφ, m = 0, 1, 2, . . . ,

ψ(s)
m (λ) =

1

π

2π∫

0

ψ(φ, λ) sin(mφ) dφ, m = 1, 2, . . . .

Here the notation

δm :=

{
1 if m = 0,

0 if m 6= 0,

is used. Note that for rather moderate conditions for the behavior of ψ(φ, λ) for φ

we can assume that ψ
(c)
m (λ) and ψ

(s)
m (λ) are continuous and piecewise continuously

differentiable.

3.4.5 Boundary condition

Recall the boundary condition that the stream function is constant on each boundary.

For non-closed curves two such boundaries exist, namely the circles for λ = λ1 and

λ = λ2. Then the boundary condition is simply:

ψ(c)
m (λ1,2) = ψ(s)

m (λ1,2) = 0, m = 1, 2, . . . . (3.35)

3.4.6 Derived function

Denote the derived vector function with kernel K(x,x0) (2.62) and stream function

ψ
(c)
m (λ) cos(mφ) respectively ψ

(s)
m (λ) sin(mφ) by h(c)

m (x0) respectively h(s)
m (x0), then

the derived vector function with kernel K(x,x0) of the stream function ψ(φ, λ) is

h(x0) = h
(c)
0 (x0) +

∞∑

m=1

[
h(c)

m (x0) + h(s)
m (x0)

]
.
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Focussing on one term, we consider the stream function

ψ(φ, λ) = Ψ(λ) cos(mφ), m = 0, 1, . . . ,

with Ψ(λ) continuous and piecewise continuously differentiable. Since

ψ(φ − π

2m
,λ) = Ψ(λ) sin(mφ), m 6= 0,

the behavior for ψ
(s)
m (λ) sin(mφ) is then also derived.

The surface vector function of this stream function is

u(φ, λ) = cos(mφ)
Ψ′(λ)√

(r′(λ))2 + (z′(λ))2
φ̂ + m sin(mφ)

Ψ(λ)

r(λ)
λ̂.

The derived function, written in cylindrical coordinates, is then




hr

hφ

hz



(r0, φ0, z0) =




sin(mφ0)
cos(mφ0)
sin(mφ0)




2π∫

0

λ2∫

λ1

K(x(φ, λ),x0)




tr
tφ
tz



(φ, λ) dφ dλ, (3.36)

with

tr(φ, λ) = m cos φ cos (mφ)r′(λ)Ψ(λ) + sinφ sin (mφ)r(λ)Ψ′(λ),

tφ(φ, λ) = m sin φ sin (mφ)r′(λ)Ψ(λ) + cos φ cos (mφ)r(λ)Ψ′(λ),

tz(φ, λ) = m cos (mφ)z′(λ)Ψ(λ).

Note the specific behavior in φ0 of the derived function (3.36).

3.5 Stream functions in electromagnetic problems

In Section 3.2 the stream function ψ(x) was introduced as a scalar function repre-

senting a divergence-free surface vector function u(x). In case this surface vector

function represents a surface current density (and hence Maxwell’s equations (2.4a–d)

are applicable, certain expressions simplify and a number of quantities are related in

some way. We will discuss these issues in this section, where we use the notation j(x)

instead of u(x) to emphasize the application to the electromagnetic case.
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3.5.1 Mutual inductance expressed in the stream function

Using straightforward vector algebra, it follows that the mutual inductance Mmn, as

given by (3.16) can be rewritten using the stream function:

Mmn =

∫∫

S

Âm(x) · ĵn(x) dS

=

∫∫

S

Âm(x) · ( grad ψ̂n × n) dS (by (3.24))

=

∫∫

S

(Âm(x) × grad ψ̂n) · n dS

=

∫∫

S

(ψ̂n curl Âm − curl (ψ̂nÂm)) · n dS

=

∫∫

S

ψ̂n(B̂m · n) dS −
∫

∂S

ψ̂n(Âm · τ ) dl. (3.37)

As a consequence, if we know that on the boundary of S a basis function is zero, we

can compute the mutual inductance by using the magnetic flux density B̂m(x) only.

Following the conclusions as has been drawn in Section 2.6, this should not be used

for computation of Mmn if the basis functions ψ̂m and ψ̂n overlap, since B̂m varies

strongly on the support of ψ̂m, and even has an (at least) logarithmic singularity

where ψ̂m(x) is not differentiable. However, in some circumstances (3.37) can be

useful, for example to compute the mutual inductance with a source of which only

the flux density is available, and the surfaces each have one boundary, so that the

normalized basis function can chosen to be zero on the boundary.

3.5.2 Magnetization and surface currents

Consider a region ΩM where the magnetization is constant, then the expression for

AM in (2.43) simplifies to

AM =

∫∫∫

ΩM

grad (K) × M dV

=

∫∫∫

ΩM

curl (KM) dV −
∫∫∫

ΩM

K curlM dV

︸ ︷︷ ︸
= 0 since M(x) is constant
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=

∫∫

∂ΩM

K n × M dS,

with K(x,x0) given by (2.63). This expression is equal to AJ (x0) in (2.43) with

j = n × M , (3.38)

so that in case of constant magnetization (e.g. as can be applied in numerical schemes

in case the region is approximated by a collection of disjoint volumes with constant

magnetization) also equivalent surface current densities can be used.

3.5.3 Stream function as vertical magnetization

Combining the expression (2.38) for the vector potential A(x0) in free space and the

expression (3.28) for the derived vector function h(x0) using the stream function yields

A(x0) =

∫∫

S

ψ(x)(n × gradK) dS −
∮

∂S

ψ(x)K(x,x0)τ dl, (3.39)

with K(x,x0) = µ0

4π
1

‖x−x0‖ (2.63).

The first term on the right hand side in (3.39) is identical to the expression for the

vector potential of a magnetized volume V , represented by S with a thickness function

d(x) (as discussed in Section 3.2.2), where in V the magnetization is given by

M(x) =
ψ(x)

d(x)
n(x).

This is easily verified by considering the general expression for the vector potential

(2.43), and use the formal substitution dV = d(x) dS (3.15) to get the surface integral.

So in addition to the relation between surface currents and magnetization by (3.38),

ψ(x) can therefore be interpreted as a surface magnetization M(x)/d(x) which is

oriented normally to the surface. This interpretation of the stream function is already

known.

To interpret the second term on the right hand side in (3.39), describe the bound-

ary, as in Section 3.2.4, as a collection of L ≥ 0 closed sub-boundaries ∂Sl, l = 1, . . .,

where on each sub-boundary the stream function value, which is constant, is given by

ψl. Then the contribution to the vector potential for boundary ∂Sl is

Al(x0) := −ψl

∮

∂Sl

K(x,x0)τ dl,
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which is the negative of the expression, by the Biot-Savart law (2.38), for the vector

potential of an infinitely thin wire carrying a current ψl.

Summarized, the stream function as representation for surface currents is analogous

to a surface magnetization oriented normal to the surface and with a magnitude equal

to the stream function, combined with boundary currents whose magnitude is the

negative of the stream function value on that boundary. Since any constant value

may be added to the stream function, a constant orthogonal surface magnetization is

therefore equivalent with a current of the same magnitude at the boundaries, in line

with the analogy for (volume) magnetization and surface currents on the boundary as

described in Section 3.5.2.

3.6 Summary and Discussion

In the previous chapter it was shown that the problem can be written as an optimiza-

tion problem, where the solution must be divergence-free. Furthermore, from this

solution a winding pattern needs to be derived. In this chapter divergence-free vector

functions were investigated. First it was shown that when a divergence-free vector

function in R
3 can be written as a stream function pair, this stream function pair can

be used as basis for discretization into windings by forming flux tubes.

Although every function which can be written as a stream function pair is diver-

gence-free, it is not known if the reverse is true. This should be investigated further,

because the stream function pair is a very convenient representation that allows easy

and robust derivation of conductor shapes. Stream function pairs seem to be the

natural extension of the stream function to three dimensions, provided simple addi-

tional conditions exist such that the resulting class can be mapped bijectively to the

class of divergence-free three dimensional functions. A possible approach is based on

Whitney forms as for example described by A. Bossavit [Bos88]. Whitney forms, the

discrete analogue to the ”de Rham’s complex”, which is a mathematical structure de-

rived from the grad, curl and div operators, are basis functions for respectively nodes,

edges, facets and volumes, defined on a mesh of tetrahedra. These basis functions

are derived from the linear node functions, which are 1 for a node and 0 for all other

nodes. The basis function corresponding to edges is identical to (3.7), with ψ and η

the node functions of the two nodes of the edge. These basis functions have a number

of interesting properties, such as the continuity of the tangential component over the

edge, which may turn out to be useful to define additional properties for ψ(x) and

η(x) such that the class of divergence free vector functions is mapped bijectively to
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the class of stream function pairs.

The well-known two-dimensional stream function was discussed in Section 3.2. In

this case an explicit expression for the stream function of a vector function u(x) can

be derived, which is given by (3.11). The inverse relation, which derives the vector

function from the stream function, is given by (3.12). This concept is extended to

surfaces in R
3, where the vector function becomes a surface vector function. Again

explicit relations are derived between vector field and stream function.

We require for two-dimensional stream functions that is is defined on a finite col-

lection of surfaces of which each is orientable, sufficiently smooth and extendable

to a simply connected surface. As an alternative to the Whitney forms described

above, three dimensional divergence free vector functions could be emulated using

a ’honeycomb’-like mesh, for example consisting of tetrahedra. Such a mesh is not

simply connected. On each facet the stream function for the surface can be used,

mimicking the three dimensional vector function. Since the stream function in a point

is the amount of current passing through this point and a reference point, it becomes

multi-valued on each edge, describing the distribution of current over the connecting

facets. Complicating factors are how the expressions for the mutual inductance (2.25)

and mutual dissipation (2.26) are translated. Because of the relative ease of which

this approach is derived from the surface stream function, it is worth investigating

further.

Finally it was shown that a strategy for generating the conductor shape consists

of choosing a number of steps N which defines the current I as the ratio of the range

of the stream function and N , and letting the centroid coincide with contours of the

stream function of levels with step size I. This results in a set of windings, where

I will be the current through each winding. The magnetic field converges with the

reciprocal of the square of N as the number of steps N goes to infinity.

The stream function approach as a method of shape optimization has aspects which

are similar to the level set method [Set99] and the homogenization method [All02].

In the level set method the solution is represented as the level set of a function φ(x),

resembling the use of the stream function. The homogenization method replaces a

complex and spatially very fast changing property by an equivalent ’homogenized’

field, reducing complexity considerably and often retaining linearity of derived prop-

erties. This resembles the replacement of a complex conductor shape by the current

density. Approaches that combine both methods have recently been applied success-

fully to a number of topological optimization problems, see for example [OS01].



Chapter 4

Numerical methods

In this chapter the application of stream functions to inverse quasi-static magnetic

problems is discussed, in particular the discretization and application of optimization

schemes. Although much of this section is not specific for magnetic problems, we will

use the notation j(x, t) for the surface vector field. In this section we assume the

surface S is in the domain of the class Ψ as defined in Section 3.2.4.

4.1 Discretization of the stream function

Introduce a finite set of basis stream functions (ψ̂n(x))N
n=1 defined for x ∈ S, with

ψ̂n(x) piecewise continuously differentiable on S. Note that we do not require ψ̂n(x) ∈
Ψ(S) (see Section 3.2.4), that is, ψ̂n(x) does not need to be constant on each closed

sub-boundary of S. Furthermore the electromagnetic properties of the media, as

described by the magnetic permeability µ(x), the electric permittivity ǫ(x) and the

conductivity σ(x) are assumed to be such that the magnetic flux density B̂n(x) and

electric field strength Ên(x) exist. These fields are the solutions of the equations

(2.4a–c,2.12).

Represent a stream function ψ(x) by the finite series

ψ(x, t) =

N∑

n=1

sn(t)ψ̂n(x), x ∈ S, t ≥ t0, (4.1)

where the coefficients sn(t) are the degrees of freedom. In order to satisfy ψ ∈ Ψ(S),

the coefficients sn(t), n = 1, . . . , N are subjective to the additional restriction that

on the boundary the stream function is constant. As in Section 3.2.4, the boundary
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is described as a collection of L ≥ 0 closed sub-boundaries ∂Sl, l = 1, . . ., with cl

the stream function value on each boundary. Based on the arguments presented in

Section 3.3.1, we require that the stream function is exactly constant on each boundary.

Therefore we require

∀l∀t≥t0∀x∈∂Sl

N∑

n=1

sn(t)ψ̂n(x) = cl. (4.2)

This requirement will in general be complicated to implement numerically for an

arbitrary set of basis functions. We will discuss in this chapter discretization schemes

that allow (4.2) to be satisfied using simple constraints on sn(t). For arbitrary surfaces,

discussed in Section 4.1.1, this is based on the discretization of the surfaces in polygons,

in which case the basis function are chosen to be the linear node functions. For axially

symmetric geometries (4.2) can be satisfied simply when the Fourier components of

the stream function are used, as will be shown in Section 4.1.3.

4.1.1 Polygonal meshes

In this section we investigate a discretization of the surface into polygons. Note that

this approach is very similar to that of Boundary Element Methods. As is often

done in applying BEM (see for example [Ban94]), basis functions can be defined from

a discretization mesh of the surface, for example in triangles and/or quadrilaterals.

Assume we have N nodes with coordinates xn, n = 1, . . . , N , then we choose the

basis functions to be the piecewise linear node functions, that is, we assign one basis

function ψ̂n(x) to each node, requiring that

ψ̂n(xj) =

{
1 if j = n,
0 if j 6= n,

j, n = 1, . . . , N, (4.3)

and that ψ̂n(x) is linear on each edge and continuously differentiable on each mesh

polygon.

This implies that ψ̂n(x) is zero at every edge that is not connected to node n, and

therefore that ψ̂n(x) can chosen to be zero on each polygon that does not contain

node n.
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4.1.2 Normalized set of basis functions

Identify a collection of nodes with indexes ni, i = 1, . . . , p, that are all on the same

boundary. Then (4.2) for this boundary is equivalent to

sn1
(t) = . . . = snp

(t), t ≥ t0. (4.4)

This constraint is equivalent to replacing the basis functions ψ̂n1
(x), . . . , ψ̂np

(x)

and coefficients sn1
(t),. . . ,snp

(t) by one ’aggregated’ basis function

ψ̂bound(x) :=

p∑

j=1

ψ̂nj
(x)

with coefficient sbound(t), resulting in a reduction of the number of variables. Because

the boundary is a straight line between any two adjacent boundary points and ψ̂n(x)

is linear on that line for every n, ψ̂bound(x) is constant on the boundary.

Since the stream function uniquely defines the surface current density, with the

exception of a constant additive factor, at least one node in every surface Sk must

have a prescribed value in order to make the stream function unique. This reduces

the number of variables with 1. Setting this prescribed value to zero is equivalent

to omitting this basis function. Note that this can as well be the ’aggregated’ basis

function formed by adding basis functions for the boundary nodes.

We denote a set of basis functions for the stream function as normalized when the

condition that the stream function is constant on the boundaries is incorporated and

one basis function has been removed to remove the additive factor. For a normalized

set of basis functions all coefficients act as a degree of freedom, that is: any arbitrary

vector represents an admissible stream function, and, vice-versa, if j(x) can be written

as the series (4.1), the coefficients sn(t) are uniquely determined.

Linear and quadratic functions in the variables s1(t),. . . ,sN (t) remain linear and

quadratic respectively in the variables for a normalized set of basis functions, as will

be worked out in more detail now.

We denote the stream function vector in the nodes of a set of non-normalized basis

functions as

s = [ s1 s2 . . . sN ]
T

,

dropping the notation of the explicit dependence on t momentarily. Without loss of

generality, assume that the nodes are in such an order that the first p nodes are at

the same boundary, and have therefore the same value, say sbound, i.e.

s1 = s2 = . . . = sp =: sbound.
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Partition the vector s as

s =

(
s1

s2

)
=

(
sbound1p

s2

)
(4.5)

where 1p denotes the vector in R
p consisting of all ones. In the normalized set this

vector is replaced by

s′ :=

(
sbound

s2

)

The linear function

f(s) := cT s =

(
c1

c2

)T (
s1

s2

)

then becomes

f(s′) =

(
1T

p c1

c2

)T

s′

An example of such as function is the magnetic field component in the direction e in

a point x0, in which case the components of c are given by

cn = B̂n(x0) · e.

Analogously the quadratic function

f(s) :=
1

2
sT Gs =

(
s1

s2

)T (
G11 G12

G21 G22

)(
s1

s2

)

transforms to

f(s′) =
1

2
(s′)T

(
1T

p G111p 1T
p G12

G211p G22

)
s′.

Examples of a quadratic function are the dissipation P̂src (2.47), with G twice the

mutual resistance matrix, and the stored energy Êstored (2.46), with G the mutual

inductance matrix. Note that for these cases G is positive semi-definite.

We will now discuss the basis functions for triangles and quadrilaterals, where we

are interested in the expression for the surface vector function (surface current density)

as given by (3.24), and the derived vector function (3.26).

4.1.2.1 Linear triangles

For simplicity, assume the nodes of a triangle are given by x1, x2 and x3, where the

order of the nodes defines the orientation of the normal n according the right hand

rule (Figure 4.1). Let the stream function in xi be

ψi := ψ(xi, t),
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x1

x2

x3

ψ1
ψ2

ψ3n

Figure 4.1: Elementary triangle and linear stream function

where we drop the explicit dependency on t for the sake of notational simplicity. Map

the unit triangle

{ (u, v) ⊂ R
2 | u ≥ 0, v ≥ 0, u + v ≤ 1 }

to the triangle with corner points (x1,x2,x3) by

x(u, v) = x1 + u(x2 − x1) + v(x3 − x1), u, v ≥ 0, u + v ≤ 1.

So (0, 0) → x1, (1, 0) → x2 and (0, 1) → x3. The normal is then given by

n(u, v) := n(x(u, v))

=
(x2 − x1) × (x3 − x1)

‖(x2 − x1) × (x3 − x1)‖
,

which is a constant vector on the triangle. The stream function is described by

ψ(u, v) := ψ(x(u, v))

=ψ1 + u(ψ2 − ψ1) + v(ψ3 − ψ1), u, v ≥ 0, u + v ≤ 1.

Applying (3.25) yields the following expression for the surface current density on the

triangle:

j(u, v) =
ψ1(x3 − x2) + ψ2(x1 − x3) + ψ3(x2 − x1)

‖(x2 − x1) × (x3 − x1)‖
. (4.6)

The derived vector function h(x0) with kernel K(x,x0) as defined by (3.26) is given

by

h(x0) =(ψ1(x3 − x2) + ψ2(x1 − x3) + ψ3(x2 − x1))×

×
1∫

0

1−u∫

0

K(x(u, v),x0) du dv.
(4.7)
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Note that the factor
1∫

0

1−u∫

0

K(x(u, v),x0) du dv

only depends on the triangle coordinates x1, x2 and x3, and the observer position x0,

and not on the stream function values.

4.1.2.2 Bilinear quadrilaterals

x1

x2
x3

x4

ψ1

ψ2

ψ3

ψ4

n

Figure 4.2: Elementary quadrilateral with bilinear stream function

Map the unit rectangle

{ (u, v) ⊂ R
2 | 0 ≤ u ≤ 1, 0 ≤ v ≤ 1 }

to the quadrilateral with corner points (x1,x2,x3,x4) (as in Figure 4.2) by

x(u, v) = x1 + u(x2 − x1) + v(x4 − x1) + uv(x1 + x3 − x2 − x4),

0 ≤ u, v ≤ 1.

So (0, 0) → x1, (1, 0) → x2, (1, 1) → x3 and (0, 1) → x4. The normal is given by

n(u, v) := n(x(u, v))

=
(x2−x1)×(x4−x1)+u(x2−x1)×(x3−x4)+v(x3−x2)×(x4−x1)

‖(x2−x1)×(x4−x1)+u(x2−x1)×(x3−x4)+v(x3−x2)×(x4−x1)‖

which is, unlike the normal on a triangle, not constant. The stream function is de-

scribed by

ψ(u, v) := ψ(x(u, v))

=ψ1 + u(ψ2 − ψ1) + v(ψ4 − ψ1) + uv(ψ1 + ψ3 − ψ2 − ψ4),

0 ≤ u, v ≤ 1.
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The expression for the surface current density on a quadrilateral is somewhat more

complex compared to the triangle. If we introduce the vector quantities

C0 := (ψ2 − ψ4)(x1 − x2) − (ψ1 − ψ2)(x2 − x4),

Cu := (ψ2 − ψ1)(x4 − x3) − (ψ4 − ψ3)(x2 − x1),

Cv := (ψ2 − ψ3)(x4 − x1) − (ψ4 − ψ1)(x2 − x3),

(4.8)

then the surface current density on the quadrilateral is given by

j(u, v) =
C0 + uCu + vCv

‖(x2 − x1)×(x4 − x1) + u(x2 − x1)×(x3 − x4) + v(x3 − x2)×(x4 − x1)‖
.

(4.9)

The derived vector function h(x0) with kernel K(x,x0) as defined by (3.26) is given

by

h(x0) =

1∫

0

1∫

0

K(x(u, v),x0)(C0 + uCu + vCv) du dv. (4.10)

4.1.3 Axially symmetric case

As discussed in Section 3.4, we represent an axially symmetric surface by the rotational

body of a continuous, piecewise continuous differentiable curve (r(λ), z(λ)) in the (r, z)

plane, that is

S := { x | x = r(λ) cos φ x̂ + r(λ) sin φ ŷ + z(λ) ẑ,

0 ≤ φ < 2π, λ1 ≤ λ ≤ λ2 }.

Figure 4.3: Discretization of an axially symmetric surface into cone sections
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Discretization of this surface using elementary axially symmetric shapes can be

done by approximating the curve (r(λ), z(λ)) in the (r, z) plane by sections of elemen-

tary curves such as straight lines, b-splines or trigonometric functions, and forming

the rotational body of this discretized curve. On each section the stream function,

which is a function of λ and φ, can be discretized by a finite set of basis functions

(ψ̂n(φ, λ))n=1,...,N , with the restriction that each basis function must be continuous

and piecewise continuous.

From this point on we will investigate the approximation of (r(λ), z(λ)) by straight

lines, in which case the discretized surface consists of a collection of connected cone

sections as shown in Figure 4.3. Following the approach in Section 3.4.4, we discretize

for φ by choosing a finite set of Fourier components, and take each basis function of

the form

ψ̂n(φ, λ) = Ψc
cone(λ) cos(mφ) or ψ̂n(φ, λ) = Ψs

cone(λ) sin(mφ),

where Ψ
{c,s}
cone (λ) also depends on the cone coordinates and m.

For a number of practical situations the required angular symmetry of the stream

function (as for example imposed by the required symmetry of derived fields such as

the magnetic or electric field) only requires a very limited set of Fourier terms, and

therefore a limited set of basis functions. If only a few Fourier terms are known to be

relevant, the computational speed is increased dramatically, typically some orders of

magnitude for the same discretization size, compared to a polygonal mesh for a general

surface. An example of such a situation will be given in Chapter 6. The basis functions

are then formed by the some subset of Ψc
cone(λ) cos(mφ) and Ψs

cone(λ) sin(mφ).

According to the argumentation presented in Section 3.4.4, we can restrict the

discussion to the case Ψc
cone(λ) cos(mφ) for arbitrary integer m ≥ 0. On each cone

Ψc
cone(λ) is chosen to be linear in λ, which is therefore the linear node function since

each basis function must be continuous. That is, if the discretized surface S consists

of the cones defined by the N nodes (ri, zi), i = 1, . . . , N , then we define the i-th basis

function as being 1 in node i, 0 in all other nodes and linear on each edge.

An elementary cone of order m is therefore defined by two points (r1, z1) and

(r2, z2) and the stream function values in those points, respectively Ψ1 and Ψ2. The

cone surface is parameterized by
(

r
z

)
=

(
r1

z1

)
+ λ

(
r2 − r1

z2 − z1

)
, 0 ≤ λ ≤ 1,

and the stream function on this cone by

ψ(λ, φ) = (Ψ1 + λ(Ψ2 − Ψ1)) cos(mφ), 0 ≤ λ ≤ 1, 0 ≤ φ ≤ 2π.
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See Figure 4.4 for a graphical interpretation.

r1

z1

Ψ1

r2

z2

Ψ2

Figure 4.4: Elementary cone with linear/cycloidal stream function

The normalized set of basis functions (see Section 4.1.2) is formed, based on the

boundary conditions as discussed in Section 3.4.5, as follows:

m 6= 0: Remove the basis function for the begin and end point, which defines the

stream function as 0 on the boundaries.

m = 0: Since for this case the stream function is always constant on the boundary,

remove either the basis function for the begin or end point, which defines the

stream function as 0 on that boundary.

The expression for the derived function with kernel K(x,x0) is derived from (3.36).

4.2 Calculating the stream function

In Chapter 2 it was shown that all electromagnetic fields can be derived from the

current density, which in turn consists of the solution of the inverse problem Ĵ src(x)

and the induction currents J i(x, t). Eq. (2.35), in combination with a user-specified

uniqueness condition (Section 2.3.6), relates J i(x, t) to Ĵ src(x), so that all currents

and hence all electromagnetic parameters such as magnetic field and stored energy,

are derived from Ĵ src(x).

In this section we will discuss how in practice the problem can be formulated

and solved, based on a stream function basis (ψ̂n(x))N
n=1 with corresponding surface
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current density functions ĵn(x). The coefficients for the basis functions are denoted

as sn(t), n = 1,. . . ,N .

4.2.1 Initial value problem

In this section we investigate the uniqueness condition that states that initially at

t = t0 all currents are known. Recall that in case these currents are known to be zero,

the cost functions as described in Section 2.4 are quadratic in Ĵ src(x).

Without loss of generality we assume that the first Ns basis functions have their

support of the source region, and the remaining Ni := N − Ns basis functions on the

induced region. We can then partition the vector of the set of basis functions ψ̂n(x)

and the coefficients vector s(t) as

ψ̂(x) =





ψ̂1(x)
...

ψ̂Ns
(x)

ψ̂Ns+1(x)
...

ψ̂N (x)





=:

[
ψ̂s(x)

ψ̂i(x)

]
, s(t) =





s1(t)
...

sNs
(t)

sNs+1(t)
...

sN (t)





=:

[
ss(t)
si(t)

]
.

Analogously the mutual inductance matrix M and resistance matrix R can be parti-

tioned as

M =

[
Mss Msi

Mis Mii

]
, R =

[
Rss 0
0 Rii

]

(the off-diagonal matrices of R are 0 because of (3.18) and the disjoint supports).

Since M is positive definite, Mss and Mii are positive definite as well. Analogously,

Rss and Rii are positive semi-definite since R is positive semi-definite.

Then (2.35) can be written as

Mis
dss

dt
+ Mii

dsi

dt
+ Riisi = 0. (4.11)

From (4.11) the induction currents described by the coefficients si(t) can be expressed

in ss(t) explicitly. This relation incorporates the matrix U and diagonal matrix Λ =

diag(λ1, . . . , λNi
), which are determined by the generalized eigenvalue problem

RiiU = MiiUΛ. (4.12)

Note that

Λ ≥ 0,
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i.e. λk ≥ 0, k = 1, . . . , Ni.

Eq. (4.11) is then equivalent to the differential equation

d

dt
(eΛtU−1si(t))) = −eΛtU−1M−1

ii Mis
dss(t)

dt
.

For the initial value problem with t ≥ t0 and si(t0) given, the solution can be written

explicitly as

si(t) = Ue−ΛtU−1si(t0) − U

t∫

t0

e−Λ(t−τ)U−1M−1
ii Mis

dss(τ)

dτ
dτ, t ≥ t0. (4.13)

Eq. (4.13) expresses the physical interpretation of Λ and U: λi, i = 1, . . . , λNi
are the

reciprocals of the time constants and the columns of U are the corresponding modes.

Denote the stream function corresponding to the solution Ĵ src(x) as ψ̂src(x),

then, since ψ̂src(x) is a linear combination of the ’source’ basis functions ψ̂n(x),

n = 1, . . . , Ns, it can be written as

ψ̂src(x) = s̃T
srcψ̂s(x).

s̃src is a vector that does not depend on time, and in fact represents the degrees of

freedom of the inverse problem. By assumption (2.1) it therefore follows that

ss(t) = s̃srcIsrc(t),

with Isrc(t) a source current selected by the user. If we define, for a given Isrc(t),

ai(t) :=

t∫

t0

I ′src(τ)e−λi(t−τ) dτ, i = 1, . . . , Ni, t ≥ t0,

then (4.13) is equivalent to

si(t) = Ue−ΛtU−1si(t0)

− Udiag(a1(t), . . . , aNi
(t))U−1M−1

ii Miss̃src, t ≥ t0.
(4.14)

Therefore, for a fixed time t1 and selected source current Isrc(t), si(t1) is linear

in s̃src, and hence any property that depends linear on the induction currents also

depends linear on the source currents described by the degrees of freedom s̃src.

Since in general ai(t) ≈ 0 for λi · (t − t0) ≫ 1, typically only a few — depending

on Isrc(t) and t, for a given fixed time t — eigenvalues and columns of U need to be

computed to evaluate (4.14).
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A simplification occurs if Isrc(t) is the Heaviside function H(t− t0), where H(t) is

defined as

H(t) =

{
0 if t < 0,
1 if t > 0.

For this case ai(t) = e−λi(t−t0), so (4.14) becomes

si(t) = Ue−ΛtU−1(si(t0) − M−1
ii Miss̃src), t > t0. (4.15)

Furthermore,

si(t
+
0 ) = si(t0) − M−1

ii Miss̃src, (4.16)

so that for this special case the matrixes U and Λ do not need to be computed.

However, the rate of change of this source current is infinitely high at t = t0, in

contradiction to the assumptions for the quasi-static case. Therefore only the time

constants 1/λi which are large enough (that is, corresponding to a time-scale for which

it is known that the quasi-static assumptions are true) have to be considered when

analyzing transient behavior.

4.2.2 The optimization problem

The inverse problem as described in Section 2.2 is posed as a constrained optimization

problem, that is, a cost function must be minimized or maximized subject to a num-

ber of equality and/or inequality constraints. The cost and constraint functions are

functions of the stream function vector s̃src. Implicitly for each of these functions a

source current function Isrc(t) is incorporated, which may be chosen different for each

function.

A large number of optimization algorithms are known. In general, when certain

known properties of the cost function and constraint functions are incorporated, a

more robust and more easy-to-use or faster algorithm can be used. These properties

include knowledge of differentiability and if so, if these derivatives can be computed.

In case of the cost function it includes also knowledge about the Hessian, if it can be

computed directly and if it is positive definite, positive semi-definite or indefinite. See

[GMW81] for an extensive overview of this topic.

The most simple case is when all functions are linear, since then the derivatives

are easily computable and the Hessian is zero. This type of problem is called a Linear

Programming (LP) problem, and extremely robust and fast optimization methods are

available to solve these types of problems (for example the Simplex method). Part

of this robustness comes from the fact that the feasible region, that is the space of
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all points which satisfy the constraints, is a convex set bounded by hyper-planes.

When starting with a feasible point and a search direction, the maximum step can be

determined easily. In the simplex method this is administrated by a matrix tableau,

which is updated after every iteration. The search direction is the direction of steepest

descent of the cost function.

The next-to-simple case is when the cost function is quadratic, and the Hessian

is positive definite, because minimization of the cost function in a search direction

is simple. This type of problem is called a Quadratic Programming (QP) problem.

Observe that the cost functions as described in Section 2.4 are all quadratic in the

degrees of freedom s̃src, and that the electromagnetic fields and examples of other

boundary conditions as described in Section 2.5 are all linear in s̃src.

A robust and easy-to-use method (for example, if no starting point or other hints

need to be given by the user) to determine if the feasible region is non-empty, is

extremely useful in practical situations. A user, which may very well not be familiar

with the details of the optimization method, and most likely even does not want to

be concerned, can define a set of constraints of which, because of the complexity of

the physical problem, he cannot know if they are conflicting. When such a conflict

is reported, knowledge of the extreme reliability of the algorithm will immediately let

the user decide on another set of constraints.

We therefore pose that there is a very strong preference to formulate the inverse

problem as a QP problem, in view of the advantages and the inherent properties of

the physical problem such as a quadratic cost function and linear constraints.

A practical implementation of an algorithm solving a QP problem, which is also

used in the examples described in Chapter 6, consists of a set of routines which are

part of the library supplied by the Numerical Application Group (NAG) [Num03].

The main routine is called E04NCF; parameters for controlling the optimization pro-

cess (monitoring information, tolerance and iteration parameters) are set by E04NEF.

E04NCF incorporates some additional features, such as the possibility to enter an ini-

tial point and working set (the set of active constraints, useful when E04NCF is used

iteratively, e.g., in case of non-linear constraints), constraints of the form

li ≤ cT
i x ≤ mi,

and the output of Lagrange multipliers. Lagrange multipliers are very useful when

the optimization is used in a practical design process: since the value of the Lagrange

multiplier tells the user how ’costly’ a certain active constraint is, the user may decide

to relax that constraint. This is an appreciation of the fact that often in practice
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the requirements to the design are not equally stringent, and often the less hard

requirements are still open for negotiation or compromises, based on the established

effect on other aspects like cost.

4.3 Summary and Discussion

In this chapter a numerical implementation of the use of stream functions is discussed.

Starting point is the discretization of the stream function class Ψ(S) (see Section 3.2.4)

by introducing a finite set of basis functions. It shown that on when the surface S is

meshed into polygons, the set of basis functions formed by the piecewise linear node

functions are adequate, for which the condition that the stream function is constant

on the boundary can be implemented simply. This also applies to the discretization

of axially symmetric surfaces into elementary cones.

The described basis functions are usually adequate, but in some cases it can be

advantageous to consider other basis functions. We will discuss two of such examples.

In the application of stream functions, the conductor shape is derived by first

generating the centroid of unconnected loops, which are the contours of the stream

function for certain levels, assigning a width and finally connecting all loops into one

conductor. It may be necessary to check the final result, for example since the actual

centroid may be different. This involves analysis on the conductor shape, for which

many methods can be used, including the stream function method described in this

thesis. Using discretization of the conductor shape into polygons with piecewise linear

basis functions is possible, but may require many elements. Especially for the case

transient currents are analyzed, the centroid can be displaced considerably due to the

self-eddy currents; the current density is concentrated on one or both of the edges of

the conductor, affecting both the location of the centroid and the resistance. Analysis

on elementary situations shows that the distribution is mainly quadratic [Uli01]. Using

piecewise linear basis functions is in this case not wise; higher order elements are more

adequate, or, if insight in the particular problem is available, special elements which

describe the possible displacement modes.

The second example concerns the typical shape of the centroid. Since it is the

contour of the discretized stream function, the tangential component is discontinuous

at the edges of the mesh, resulting in a jerky pattern. This may be undesired, e.g.,

because at discontinuous locations the local stresses can be unacceptable. In this

case higher order elements result in smoother patterns. Alternatively, the stream

function found by using piecewise linear elements can be interpolated using higher
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order functions such as B-splines, such that the derivative is continuous. The error in

the current density, and hence all related properties, is expected to be small, because

the node values, which specify the total current at that position (by (3.11)), remain

unaltered.

A specific uniqueness condition, namely all currents are initially known, has been

worked out. The induction currents at a fixed moment in time are linear in the source

currents, and hence all electromagnetic properties can be expressed in the source

currents only. Furthermore, considerable model reduction can be applied by using

only the few largest eigenvalues of the generalized eigenvalue problem (4.12).

Finally, practical methods to handle the optimization problem were discussed. Of

course any optimization method can be applied, but since the described methodology

in this thesis is intrinsically based on linearity properties (e.g., the mutual inductance

operator M is only defined if the media are linear), the linearity can best be exploited

as far as possible. So it seems that the Quadratic Programming problem is the natural

formalism into which to write the optimization problem.





Chapter 5

Computation of physical quantities

In this section we discuss issues regarding the numerical calculation of the physical

quantities that have been discussed in the previous sections. This chapter is separated

into two parts, relating to the two types of discretization of the stream function that

has been discussed. The first part discusses computational issues for the case the

surface is discretized into triangles or quadrilaterals, and the basis stream functions

are the linear node functions (see Section 4.1.1). The second part is related to the

axially symmetric case, where the surface is discretized into elementary cones, and the

basis stream function is linear on each cone (see Section 4.1.3).

As in the previous sections, a basis stream function is denoted by ψ̂n(x). The

corresponding vector fields are indicated analogously, for example ĵn(x) for the surface

current density and Ân(x0) for the magnetic vector potential in the observer position

x0. Based on the argumentation supplied in Section 2.6, we restrict the investigation

to the case that the magnetization field M(x) is zero, so that with respect to B̂n(x0)

and Ân(x0) the Biot-Savart law can be used. These equations become, adapted from

(2.37) and (2.38), respectively

B̂n(x0) =
µ0

4π

∫

supp(ĵn)

x − x0

‖x − x0‖3 × ĵn(x) dS, (5.1)

and

Ân(x0) =
µ0

4π

∫

supp(ĵn)

ĵn(x)

‖x − x0‖
dS. (5.2)

We are in particular interested in the accuracy of the calculation method and

possible singularities. A singularity can be ’real’, that is, the corresponding physical
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quantity is not defined for that situation. For example, the magnetic flux density

B̂n(x0) is not defined when x0 is on the support of ψ̂n(x). (More precisely, if the

normal is continuous in x0, then only the normal component of B̂n(x0) is defined).

A singularity can also be ’numerical’, which occurs for example when in a fraction

both the numerator and the denominator become zero, or in a multiplication when

one factor goes to zero while the other goes to infinity.

Recall that for the calculation of the mutual inductance Mmn between two basis

functions ψ̂m(x) and ψ̂n(x), the vector potential Âm(x0) must be computed for x0 on

the support of ψ̂n(x) (by (3.16)). Other physical quantities of which we will discuss the

calculation are the mutual resistance Rmn (3.18), the magnetic flux density B̂n(x0),

the Lorentz force in a static background field and the coefficients of the Spherical

Harmonics expansion a
{c,s}
nm and b

{c,s}
nm (Section 2.5.2), where the subscripts nm refer

to the order and degree, and not the index of the basis function.

The expressions for the coefficients of the Spherical Harmonics expansion of the

magnetic vector potential Ân(x0) for the surface current ĵn(x) are obtained by com-

bining (2.59) and (3.15). The coefficients for the Spherical Harmonics expansion of

B̂n(x0) are derived from the coefficients of Ân(x0) by applying (2.60).

5.1 Triangular and quadrilateral meshes

This section discusses the computational issues in case the surface is discretized into

triangles and/or quadrilaterals. The surface current density is given by respectively

(4.6) and (4.9).

The mutual resistance Rmn (3.18), magnetic flux density B̂n(x0) (5.1), the Lorentz

force in a static background field (2.61) and coefficients of the Spherical Harmonics

expansion a
{c,s}
nm and b

{c,s}
nm are given by integrals over the surface of the triangle

or quadrilateral. Since these functions only become singular when the quantity is

undefined, such as for the magnetic flux density B̂n(x0), we can use standard nu-

merical integration methods. If non-adaptive integration methods are used, such as

Gauss-Legendre, the accuracy if undefined. However, in practice it appears that two-

dimensional Gauss-Legendre integration of 4×4 yields acceptable results if the required

accuracy is in the order of 1 percent.

The remaining problem is therefore the calculation of the vector potential Ân(x0),

in particular when x0 is on the support of ψ̂n(x).
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5.1.1 Ân(x0) for a triangular mesh element

The vector potential A(x0) is, using (4.7), given by:

A(x0) =
µ0

4π
(ψ1(x3 − x2) + ψ2(x1 − x3) + ψ3(x2 − x1))·
· Φ(x1 − x0,x2 − x1,x3 − x1)

(5.3)

with

Φ(a, b, c) =

1∫

0

1−u∫

0

1

‖a + ub + vc‖ du dv. (5.4)

Analytical integration of (5.4) yields

Φ(a, b, c) =
1

‖c‖

1∫

0

log

(
c · (a + c + u(b − c)) + ‖c‖‖a + c + u(b − c)‖

c · (a + ub) + ‖c‖‖a + ub‖

)
du

=
1

‖c‖

∫

L

log (c · τ + ‖c‖‖τ‖) dl, (5.5)

with L the path following the two edges of the triangle ∆(a + c,a + b,a) (see Fig-

ure 5.1):

L : a + c → a + b → a.

Note that ‖τ‖ = 1; (5.5) is written on purpose in this form so that the occurrence of

a

a + b

a + c

c

b

L

Figure 5.1: Path to be followed on the triangle for Φ(a, b, c)

the singularity can be observed easily, that is when

c · τ + ‖c‖‖τ‖ = 0.
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This is the case when c is directed opposite to τ .

Due to the symmetry of the definition of Φ(a, b, c) the ’reference edge’ (which is

c in (5.5)), can be chosen arbitrary. To minimize round-off errors the longest edge

should be chosen.

In [PX90, Pis92] it is shown that analytical expressions exist for (5.3), as well as

for the magnetic flux density B(x0). Especially for the computation of the vector

potential on the surface it is better to use the analytical expression.

5.1.2 Ân(x0) for a quadrilateral mesh element

The vector potential A(x0) is, using (4.10), given by:

A(x0) =
µ0

4π

1∫

0

1∫

0

C0 + uCu + vCv

‖x(u, v) − x0‖
du dv, (5.6)

where C0, Cu and Cv as given by (4.8) are only depending on the position and the

stream function at the nodes of the quadrilaterals. (5.6) can be integrated analytically

once. The result can be written more compact if we introduce the following vector

functions:

p(v) := v(x3 − x4) + (1 − v)(x2 − x1),

r(v) := x1 − x0 + v(x4 − x1).
(5.7)

Figure 5.2 shows a graphical interpretation of these vectors. Then

A(x0) =

1∫

0

a(v)Cu + b(v) log(c(v))

‖p(v)‖2
dv (5.8)

with

a(v) := ‖p(v) + r(v)‖ − ‖r(v)‖, (5.9a)

b(v) :=
p(v) · r(v)

‖p(v)‖ Cu − ‖p(v)‖(C0 + vCv), (5.9b)

c(v) :=

‖r(v)‖ +
p(v) · r(v)

‖p(v)‖

‖p(v) + r(v)‖ + ‖p(v)‖ +
p(v) · r(v)

‖p(v)‖

. (5.9c)

The integrals (5.5) (triangle) and (5.8) (quadrilateral) can be approximated using nu-
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x1 (v = 0)

x2 (v = 0)
x3 (v = 1)

x4 (v = 1)

x0

r(v)

p(v)

Figure 5.2: Interpretation of the vectors p(v) and r(v) as given by (5.7) for a quadri-
lateral

merical integration rules. If the observer is on the triangle respectively quadrilateral,

the integrands of (5.5) and respectively (5.8) have a logarithmic singularity. If the

observer is not on the polygon, the integrand is non-singular. For integrands with log-

arithmic or near-logarithmic singularity the Berthod-Zaborowsky integration formula

can be used (see [SS66]):

1∫

0

log

(
1

x

)
f(x) dx ≈

N∑

n=1

wnf(xn).

Note that, when x0 ∈ S and both ĵn(x) and the normal n(x) are continuous

in x0, then Ân(x0) and n · B̂(x0) are both defined. Therefore for the derivation of

computational formulas, attention must be paid to this case.

5.2 Axially symmetric problems

In this section we derive expressions for the axially symmetric case. As discussed in

Section 3.4, we represent an axially symmetric surface by the rotational body of a

continuous, piecewise continuous differentiable curve (r(λ), z(λ)) in the (r, z) plane

with λ1 ≤ λ ≤ λ2. The stream function on this surface is described by ψ(φ, λ).

Following Section 4.1.3 we will in addition work out computational issues for the

elementary cone of order m0.

Recall the definition of the elementary cone of order m0, of which the surface is
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given in cylindrical coordinates given by



r
φ
z



 =




r1 + λ(r2 − r1)

φ
z1 + λ(z2 − z1)



 , 0 ≤ λ ≤ 1, 0 ≤ φ ≤ 2π,

and the stream function by

ψ(λ, φ) = (Ψ1 + λ(Ψ2 − Ψ1)) cos(m0φ), 0 ≤ λ ≤ 1, 0 ≤ φ ≤ 2π.

The observer is located at (r0, φ0, z0). Without loss of generality, by translating the

cone in the z-direction, we can take z0 = 0. To increase the clarity of the expressions

we also introduce the following shorthands:

∆r := r2 − r1,

∆z := z2 − z1,

∆Ψ := Ψ2 − Ψ1.

5.2.1 Mutual Resistance

We consider a discretization of an axially symmetric surface into elementary cones as

described in Section 4.1.3. Then the mutual resistance Rmn is, due to its definition

(3.18), only non-zero if m = n or when m and n correspond to two adjacent nodes.

Consider an elementary cone with corner points (r1, z1) and (r2, z2), and denote the

stream function values at these nodes as respectively Ψ1 and Ψ2. Then the dissipation

at the cone can be written as

Pcone = R11Ψ
2
1 + 2R12Ψ1Ψ2 + R22Ψ

2
2.

The mutual resistance Rmn is, by (2.47), calculated by assembling the appropriate

terms R11, R12 and R22 for all cones.

The expressions for R11, R12 and R22 are derived by combining (2.47) and (3.34).

In case the surface admittance σS(x) (3.17) is constant on the cone and is equal to

σcone, explicit expressions are obtained. For m0 = 0 this yields

R11 = R22 = −R12 =
π

σcone

r1 + r2√
∆r2 + ∆z2

.

For m0 6= 0 the expressions become more complicated, namely

Rij =
π

σcone

[
r1 + r2

2
√

∆r2 + ∆z2
+ m2

0

√
∆r2 + ∆z2 Sij

]
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with

S11 =

1
2r1 − 3

2r2 +
r2
2

∆r
ln

(
r2

r1

)

∆r2
,

S12 =

1
2 (r1 + r2) −

r1r2

∆r
ln

(
r2

r1

)

∆r2
,

S22 =

1
2r2 − 3

2r1 +
r2
1

∆r
ln

(
r2

r1

)

∆r2
.

5.2.2 Lorentz force in a static background field

The force on a body with a given current density J(x) in a static magnetic field B0(x)

has been discussed in Section 2.5.3. We denote the magnetic field on the surface as

B0(φ, λ) = B0,x(φ, λ)x̂ + B0,y(φ, λ)ŷ + B0,z(φ, λ)ẑ. Combining (2.61), (3.34) and

(3.15) yields that the Lorentz force on an axially symmetric surface is given by



Fx

Fy

Fz



 =

2π∫

0

λ2∫

λ1

r(λ)




cos φB0,z(φ, λ)
sinφB0,z(φ, λ)

− cos φB0,x(φ, λ) − sinφB0,y(φ, λ)



 ∂ψ

∂λ
+

+




z′(λ)B0,y(φ, λ) − r′(λ) sin φB0,z(φ, λ)
−z′(λ)B0,x(φ, λ) + r′(λ) cos φB0,z(φ, λ)
r′(λ)(sin φB0,x(φ, λ) − cos φB0,y(φ, λ))



 ∂ψ

∂φ
dφ dλ.

This can be calculated using standard two-dimensional quadrature rules.

For an elementary cone of order m0, the integration over φ is removed if the

static field is known to have a certain angular period. For example, if the static field

is axially symmetric then B0,x(φ, λ) = cos φB0,r(λ), B0,y(φ, λ) = sinφB0,r(λ) and

B0,z(φ, λ) = B0,z(λ), the Lorentz force on the cone becomes

Fx =






π

λ2∫

λ1

(
r(λ)Ψ(λ)

)′
B0,z(λ) − z′(λ)Ψ(λ)B0,r(λ) dλ, m0 = 1,

0, m0 6= 1;

Fy = 0;

Fz =






−2π

λ2∫

λ1

r(λ)Ψ′(λ)B0,r(λ) dλ, m0 = 0,

0, m0 6= 0.

(5.10)
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5.2.3 Spherical Harmonics Expansion

The Spherical Harmonics expansion has been discussed in Section 2.5.2. In this section

we work out the expressions for the axially symmetric case. Combining (2.59) and

(3.34) yields, in Cartesian coordinates,




(ac

nm)x

(ac
nm)y

(ac
nm)z



 =
µ0

4π

2

1 + δm

(n − m)!

(n + m)!

2π∫

0

λ2∫

λ1

Pnm

(
z(λ)√

r(λ)2 + z(λ)2

)
×

× cos(mφ)

(r(λ)2 + z(λ)2)(n+1)/2




−r(λ) sin φdΨ

dλ − r′(λ) cos φdΨ
dφ

r(λ) cos φdΨ
dλ − r′(λ) sin φdΨ

dφ

−z′(λ)dΨ
dφ



 dφ dλ.

The expression for as
nm is derived by replacing the cos(mφ) term by sin(mφ).

Using (2.60), the coefficients for the Spherical Harmonics expansion for the mag-

netic flux density B(x0) can be derived. We elaborate on this more for in particular

the z-component, which is described by the coefficients (bc
mn)z and (bs

mn)z, because

this will be used in the first example of Chapter 6. When we define for −1 ≤ x ≤ 1,

n = 0, 1, . . . , and m = 0, . . . , n

P+,−
nm (x) :=

{
1

n(n+1)Pn+1,1(x), m = 0,
(n−m)!
(n+m)!Pn+1,m+1(x) ± (n−m+2)!

(n+m)! Pn+1,m−1(x), m > 0,

then we get the rather concise expression

(bc
mn)z =

µ0

4π

2π∫

0

λ2∫

λ1

1

(r(λ)2 + z(λ)2)n/2+1
×

×
[
P−

nm

(
z(λ)√

r(λ)2+z(λ)2

)
r(λ) cos(mφ)

dΨ

dλ
+

− P+
nm

(
z(λ)√

r(λ)2+z(λ)2

)
r′(λ) sin(mφ)

dΨ

dφ

]
dφ dλ.

The expression for (bs
mn)z is derived from the above expression by substituting sin(mφ)

for cos(mφ) and − cos(mφ) for sin(mφ).

P+,−
nm (x) can be calculated by computing both (n−m)!

(n+m)!Pn+1,m+1(x) and
(n−m+2)!
(n+m)! Pn+1,m−1(x) recursively using the recurrence formulas for the associated Leg-

endre functions Pnm(x) (2.52a,b).
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For an elementary cone, which is defined in Section 4.1.3, the stream function is

Ψ(λ) cos(m0φ) and the integration over φ is therefore resolved analytically. Further-

more, since Ψ(λ), r(λ) and z(λ) are linear, the expressions simply further. For the

case r(λ) = r1 = constant, i.e., the cone is in effect a cylinder, it is already known that

the resulting integral expressions can be expressed in analytical functions, involving

the associated Legendre functions Pnm(x). For the other case, the integration over

λ can be done using numerical integration schemes like Gauss-Legendre or adaptive

schemes.

5.2.4 Expressions for the magnetic field

In this section we discuss the calculation of the magnetic field for an elementary cone

of order m0. Since the derivation of expressions and calculation methods for the

magnetic flux density B̂n(x0) and magnetic vector potential Ân(x0) are much alike,

we treat them simultaneously. When necessary, a distinction will be made.

The magnetic vector potential in free space A(x0) is the derived function (3.36)

with the kernel K(x,x0) as given by (2.63). Substitution yields



Ar

Aφ

Az



(r0, φ0, z0) =
µ0

4π




sin(m0φ0)
cos(m0φ0)
sin(m0φ0)




2π∫

0

λ2∫

λ1

1

d(φ, λ)




ar(φ, λ)
aφ(φ, λ)
az(φ, λ)



dφ dλ, (5.11a)

with

ar(φ, λ) = m0 cos φ cos (m0φ) ∆r(Ψ1 + λ ∆Ψ)

+ sin φ sin (m0φ)(r1 + λ ∆r)∆Ψ, (5.11b)

aφ(φ, λ) = m0 sin φ sin (m0φ) ∆r(Ψ1 + λ ∆Ψ)

+ cos φ cos (m0φ)(r1 + λ ∆r)∆Ψ, (5.11c)

az(φ, λ) = m0 cos (m0φ)∆z(Ψ1 + λ ∆Ψ), (5.11d)

and where

d(φ, λ) =
√

(r1 + λ ∆r)2 + r2
0 − 2(r1 + λ ∆r)r0 cos φ + (z1 + λ ∆z)2 (5.12)

is the distance of (r0, 0, 0) to the point on the cone identified by (φ, λ).

The expression for the magnetic flux density in free space B(x0) is derived by

taking B = curlA, yielding



Br

Bφ

Bz



(r0, φ0, z0) =
µ0

4π




cos(m0φ0)
sin(m0φ0)
cos(m0φ0)




2π∫

0

λ2∫

λ1

1

d(φ, λ)3




br(φ, λ)
bφ(φ, λ)
bz(φ, λ)



dφ dλ, (5.13a)
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with

br(φ, λ) = m0 sin φ sin (m0φ)(r1z2 − r2z1)(Ψ1 + λ ∆Ψ)

− cos φ cos (m0φ)(r1 + λ ∆r)(z1 + λ ∆z)∆Ψ, (5.13b)

bφ(φ, λ) = −m0 cos (m0φ)((r1 + λ ∆r) cos φ − r0)∆z(Ψ1 + λ ∆Ψ)

+ sin φ sin (m0φ)(r1 + λ ∆r)(z1 + λ ∆z)∆Ψ, (5.13c)

bz(φ, λ) = cos (m0φ)((r1 + λ ∆r) cos φ − r0)(r1 + λ ∆r)∆Ψ

− m0 sin φ sin (m0φ)r0 ∆r(Ψ1 + λ ∆Ψ). (5.13d)

In the next sections we will show how these expressions can be computed effi-

ciently and accurately. Although in principle the results can be represented by a

(very large) expression, it is better to show the steps by which these quantities are

derived, because singular cases have to be distinguished. Therefore we instead show

the steps by which (5.11) and (5.13) can be transformed into expressions. These

expressions involve standard algebraic functions like the square root and logarithm,

and also two ’standardized’ functions, namely the Modified Complete Elliptic

Integral Cm(kc, p, a, b) and the Logarithmic Elliptic Integral Lell(kc, a) (both

definitions as well as names are from the author). For both functions efficient com-

putational methods have been derived, discussed in detail in respectively Appendix A

for Cm(kc, p, a, b), and Appendix B for Lell(kc, a).

5.2.5 Integration to λ

The expressions for A(x0) (5.11a–d) and for B(x0) (5.13a–d) are double integrals,

which can be written as single integrals in φ by integrating to λ analytically. This is

possible because the numerators are linear or quadratic in λ.

By setting a simple variable transformation

λ = x − r1 ∆r + z1 ∆z

∆r2 + ∆z2
,

where, since λ ∈ [0, 1], x is in the range

r1 ∆r + z1 ∆z

∆r2 + ∆z2
=: x1 ≤ x ≤ 1 + x1 := x2 =

r2 ∆r + z2 ∆z

∆r2 + ∆z2
,

we get the more canonical expression

d(φ, λ) = d(φ, x − x1) =
√

∆r2 + ∆z2
√

x2 − 2(αx + β) cos φ + γ2, (5.14)
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with the dimensionless quantities

α =
r0 ∆r

∆r2 + ∆z2
, (5.15a)

β =
r0 ∆z

∆r2 + ∆z2

r1z2 − r2z1

∆r2 + ∆z2
, (5.15b)

γ2 =
r2
0

∆r2 + ∆z2
+

(
r1z2 − r2z1

∆r2 + ∆z2

)2

. (5.15c)

Note that

γ2 = 0 ⇒ r0 = 0 ∧ r1z2 − r2z1 = 0 ⇒ α = β = 0. (5.16)

The case γ2 = 0 is therefore a singular case. Singular cases, that is, values of r0, r1, z1,

r2 and z2 for which the involved functions are singular are discussed in Section 5.2.7.

We can integrate (5.11a-d) and (5.13a-d) to x analytically. The expressions (5.11a-

d) for the magnetic vector potential A(x0) are integrated using the following integra-

tion rules ∫
1√

x2 + a2
dx = ln(x +

√
x2 + a2),

and ∫
x√

x2 + a2
dx =

√
x2 + a2.

For the expressions (5.13a-d) for the magnetic flux density B(x0) the following inte-

gration rules are applied:

∫
1

(x2 + a2)3/2
dx =

1

a2

x√
x2 + a2

,

∫
x

(x2 + a2)3/2
dx = − 1√

x2 + a2
,

and ∫
x2

(x2 + a2)3/2
dx = − x√

x2 + a2
± ln(

√
x2 + a2 ± x).

Each component of the magnetic vector potential and magnetic flux density is therefore

generally expressed as

π∫

0

f(φ, λ; r0, r1, z1, r2, z2) dφ

∣∣∣∣∣∣

λ=1

λ=0

, (5.17)
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in which f(φ, λ; r0, r1, z1, r2, z2) can furthermore be written as combination of two

non-standard functions. The first function is given by

Fm(ξ, y, c0, c1, c2, c3, s1, s2, s3) :=

π∫

0

cos(mφ)
3∑

n=0
cn cosn(φ) + sin(mφ) cos(φ)

3∑
n=1

sn sinn(φ)

(1 − ξ cos φ)
√

1 − y cos φ
dφ, (5.18)

where

y = 2
αxi + β

x2
i + γ2

= 2
r0ri

r2
0 + r2

i + z2
i

, (5.19)

(i = or 2, corresponding to λ = 0 and λ = 1 respectively), and c0, . . . , s3 are factors

depending on the specific field component, on r0, r1, r2, z1 and z2, and on i and m.

In the expressions for the magnetic flux density B(x0), Fm is only used as

ξ1Fm(ξ1, y, c0, c1, c2, c3, s1, s2, s3) − ξ2Fm(ξ2, y, c0, c1, c2, c3, s1, s2, s3)

ξ1 − ξ2
(5.20)

where ξ1 and ξ2 are the two solutions of

γ2ξ2 − 2βξ − α2 = 0, (5.21)

that is,

ξ1,2 =
β ∓

√
β2 + α2γ2

γ2
. (5.22)

Using (5.14) we derive that

d(φ, x − x1)
2

∆r2 + ∆z2
= x2 − 2(αx + β) cos φ + γ2

= (x − α cos φ)2 + γ2 − 2β cos φ − α2 cos2 φ

= (x − α cos φ)2 + γ2(1 − ξ1 cos φ)(1 − ξ2 cos φ)

≥ 0 for all x, φ,

and therefore

γ 6= 0 ⇒ −1 ≤ ξ1 < ξ2 ≤ 1 ∨ ξ1 = ξ2 = 0. (5.23)

Recall that the case γ = 0 is already identified as a singular case and will be discussed

in Section 5.2.7. Note that (5.20) is also defined for ξ1 = ξ2.
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The second function is for i = 1, 2 given by

Lm(xi, α, β, γ2) :=
π∫

0

cos(mφ) log

(
xi − α cos φ +

√
x2

i − 2(αxi + β) cos φ + γ2

)
dφ. (5.24)

For both functions it will be shown how these can be transformed into two functions

denoted as Cm(kc, p, a, b) and Lell(kc, a) respectively, which will be defined below. In

Appendix A respectively Appendix B they will be discussed in detail, where also

efficient and accurate computational methods are given.

5.2.6 Reduction of the function Fm to standardized functions

We define a useful intermediate function by

Im(x, y) :=

π∫

0

1

1 − x cos φ

cos(mφ)√
1 − y cos φ

dφ, 0 ≤ x, y < 1.

Then, using elementary goniometric transformation rules, Fm(ξ, y, c0, . . . , s3) can be

written as
3∑

k=−3

c′kIm+k(ξ, y), (5.25)

where the coefficients c′k are linear in c0, . . . , s3. By applying the recurrence formula

Im(0, y) = Im(x, y) − 1

2
x(Im−1(x, y) + Im+1(x, y))

we can write (5.25) as

b−1Im−1(0, y) + b1Im+1(0, y) +

1∑

k=−1

c′′kIm+k(ξ, y).

Introduce the Modified Complete Elliptic Integral Cm(kc, p, a, b), defined as

Cm(kc, p, a, b) :=

π
2∫

0

a cos2 ψ + b sin2 ψ

cos2 ψ + p sin2 ψ
(−1)m cos2(mψ) − sin2(mψ)√

cos2 ψ + k2
c sin2 ψ

dψ

=
1√
2

π∫

0

(a + b) − (a − b) cos φ

(1 + p) − (1 − p) cos φ

cos(mφ)√
(1 + k2

c ) − (1 − k2
c ) cos φ

dφ,

(5.26)
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with p ≥ 0. This function is for m = 0 equal to the function cel(kc, p, a, b) defined by

Bulirsch [Bul69], which was introduced as generalization of the elliptic integrals of the

first, second and third kind. This motivates the choice of the name for Cm(kc, p, a, b).

Due to the resemblance with the elliptic integrals, we denote the parameter kc as

the complementary modulus. In the context of the complete elliptic integrals this

parameter is related to the modulus k by kc =
√

1 − k2. Note that the function is also

defined for kc > 1.

Then, by using

αIm(x, y) + βIm(0, y) =

1

2

√
2(p + 1)

√
k2

c + 1Cm(kc, p, α + β(1 + x), α + β(1 − x)) (5.27)

with

x =
1 − p

1 + p
(5.28a)

and

y =
1 − k2

c

1 + k2
c

. (5.28b)

we get

Fm(ξ, y, c0, c1, c2, c3, s1, s2, s3) =
1∑

k=−1

Cm+k(kc, p, ak, bk).

Here ak and bk are depending of ξ, c0, . . . , s3, which appear also to be well defined for

all values of r0, r1, z1, r2 and z2.

For the expressions (5.13a-d) for the magnetic flux density B(x0) x = ξ1,2, and

therefore because of (5.23)

0 ≤ p1,2 =
1 − ξ1,2

1 + ξ1,2
≤ ∞ if γ 6= 0. (5.29)

From (5.19) it follows that

0 ≤ kc =

√
(r0 − ri)2 + z2

i

(r0 + ri)2 + z2
i

≤ 1. (5.30)

The case kc = 0 corresponds to the observer coinciding with one of the ends of the

cone, a situation for which we expect that the functions are not defined. Indeed,

except for some special values of a and b, Cm(kc, p, a, b) is infinite for kc = 0. The

case kc = 1 corresponds to r0 = 0 or ri = 0, and for this case Cm(kc, p, a, b) can be

expressed in algebraic functions (see Appendix A).
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Although kc ≤ 1, we want the computational methods to be capable of handling

kc > 1, since it turns out in Section 5.2.7.2 that degenerate cases can be handled by

rewriting the expressions in functions with argument 1/kc.

5.2.6.1 Reduction of the function Lm to standardized functions

For m 6= 0, Lm(xi, α, β, γ2) can be expressed in Im+k(x, y), k = −2, . . . , 2 analogous

to Fm(. . .) by partial integration, yielding

Lm(xi, α, β, γ2) =
2∑

k=1

(−1)k
(
Cm−1(kc, pk, ai, bi) − Cm+1(kc, pk, ai, bi)

)
+

+ f(α, β, γ2), m 6= 0,

with pk = 1−ξk

1+ξk
by (5.28a), where again ξ1,2 are the solutions of (5.21), and ai and

bi are well-defined functions of xi, α, β and γ2. The factor f(α, β, γ2) represents

an algebraic function which does not depend on x, and can therefore be removed,

since in our application by (5.17) only Lm(x2, α, β, γ2)− Lm(x1, α, β, γ2) needs to be

computed.

For m = 0, we introduce the Logarithmic Elliptic Integral Lell(kc, a) (term by

the author) which is defined as

Lell(kc, a) :=

π
2∫

0

ln

(√
cos2 ψ + k2

c sin2 ψ + a

)
dψ, a ≥ −|kc|. (5.31)

When ∆r 6= 0 we get

L0(xi, α, β, γ2) = π ln

(
∆r

ri

(r0 + ri)
2 + z2

i

∆r2 + ∆z2

)
+ 2

(
Lell(kc, a1) + Lell(kc, a2)

)
,

with

ak =
ri ∆r + zi ∆z + ξk

(
(∆r2 + ∆z2) r0

∆r + (r1z2−r2z1)
2

r0 ∆r

)

(ri + r0)2 + z2
i

Note that, because ξk = O(r0) for r0 ↓ 0, ak is finite for r0 = 0.

To get an expression for ∆r → 0, we use that

Lell(kc, a) =
π

2
ln(a)

(
1 + O(

1

a
)

)
, a → ∞,

yielding that, for ∆r = 0 (and hence α = 0),

L0(xi, α, β, γ2) =
π

2
ln

(
(r0 + ri)

2 + z2
i

∆z2

)
+ 2Lell(kc, a),
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with

a =
zi√

(r0 + ri)2 + z2
i

.

5.2.7 Singular cases

Since all quantities can be expressed in Cm(kc, p, a, b) or Lell(kc, a2) with non-singular

factors, singularities in the expressions occur for values of the parameters for which

Cm(kc, p, a, b) or Lell(kc, a1,2) become singular. Investigation of the definitions and

ranges of the parameters yields that we have to investigate the cases kc = 0, p = 0

and p = ∞. Using (5.30) we see that kc = 0 only when the observer is at the corner

points of the cone. Since at these locations in general the field can be undefined (the

normal does not need to be continuous), this is a ’real’ singularity.

Therefore in the remainder of this section we investigate the cases p = 0 and p = ∞,

corresponding, using (5.29) and (5.23), to the cases ξ2 = 1 respectively ξ1 = −1. This

case is only applicable for computation of B(x0).

5.2.7.1 The cases p = 0 and p = ∞

We first assume that γ 6= 0 since for this case ξ1 and ξ2 are defined as the solutions

of (5.21). Because p directly relates to ξ we investigate the behavior of ξ1 and ξ2 as

function of the parameters r0 and z0 (the position of the observer) and r1, z1, r2 and

z2 (the cone parameters). Note that we temporarily drop the assumption that z0 = 0,

with the intention to get a better understanding of the behavior of ξ.

First consider the case ∆r 6= 0. Define

ztop :=
z1r2 − r1z2

∆r
,

which is the z-coordinate of the top of the surface of the cone. Then

γ2ξ2 − 2βξ − α2 =

(
z0 − ztop

r0

)T

A

(
z0 − ztop

r0

)

with the matrix 2 × 2 matrix A given by

A =

(
−ξ2 ∆r2 ξ ∆r ∆z
ξ ∆r ∆z ∆r2 − ξ2(∆r2 + ∆z)

)
.

Note that A is symmetric, and only depends on ξ and the parameters ∆r and ∆z.

Therefore A depends only on the ’cone shape’, and not the cone position. Since A

is symmetric, it has real eigenvalues, which are respectively λ1 = −∆r2(1 − ξ2) with



5.2. Axially symmetric problems 111

eigenvector

(
ξ ∆z
∆r

)
, and λ2 = ξ2(∆r2 + ∆z2) with eigenvector

(
−∆r
ξ ∆z

)
. When we

denote this algebraically as AS = S diag(λ1, λ2) with ST = S−1, we derive that (5.21)

is equivalent to

(
z0 − ztop

r0

)T

S diag(λ1, λ2) ST

(
z0 − ztop

r0

)
= 0.

Since λ1 ≤ 0 ≤ λ2 this can be written as

∆r
√

1 − ξ2
(
ξ ∆z · (z0 − ztop) + ∆r · r0

)
=

= ±ξ
√

∆r2 + ∆z2
(
− ∆r · (z0 − ztop) + ξ ∆z · r0

)
. (5.32)

Hence for ∆r 6= 0 the curves ξ = constant are lines through the point (z0, r0) =

(z0 − ztop, 0). The case ξ2 = 1 corresponds to an observer position which is on the

extended surface of the cone, and the case ξ1 = −1 corresponds to an observer position

on the mirror (with respect to the point (ztop, 0) of this surface.

For ∆r = 0 (a cylinder), we derive from (5.15a–c) and (5.22) the explicit expres-

sions

ξ1 = 0,

ξ2 =
2r0r1

r2
0 + r2

1

,

and therefore ξ2 = 1 for r0 = r1, that is, on the extended surface of the cylinder.

The case γ = 0 corresponds to the case that the observer position is at the top

of the cone surface, that is, at the point (ztop, 0). Since Cm(kc, p, a, b) and Lell(kc, a)

can be expressed in algebraic functions for kc = 1, on the z-axis (where kc = 1) the

magnetic field can be expressed directly into the geometrical parameters. Therefore,

for r0 = 0 these explicit expressions can be applied, and consequently the case γ = 0

is handled as well.

Figure 5.3 shows graphically the behavior of ξ1 and ξ2 as function of the observer

coordinates (z0, r0).

5.2.7.2 Adapted functions for handling p = 0 and p = ∞

Although the expressions for B(x0) involving Cm(kc, p, a, b) become singular when

p = 0 and p = ∞, that is ξ1,2 = ±1, B(x0) is defined for every point that is not

on the cone, and hence this is a ’numerical’ singularity. We can however rewrite the

expressions such that functions are involved which are defined for p = 0. This is
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(ztop, 0)

ξ2 = 1

ξ2 = 0.8

ξ2 = 0.8

(z1, r1)

(z2, r2)ξ1 = −1

z0 →ξ1 = ξ2 = 0

(z1, r1) (z2, r2)ξ2 = 1

ξ2 = 0.8

ξ1 = ξ2 = 0
z0 →

Figure 5.3: ξ1 and ξ2 depending on observer positions (z0, r0). Left for a general cone,
right for a cylinder

achieved by introducing additional functions which can be expressed in Cm(kc, p, a, b),

but which the additional convenient property that they are finite for p = 0.

The first function is given by

C1
m(kc, p, a, b) := Cm(kc, p, a,

b√
p
). (5.33)

Theorem 5.2.1. C1
m(kc, p, a, b) is finite for p = 0 and kc 6= 0.

Proof. Using

Im(x, y) − Im(x, y)√
1 − y

=

=
y√

1 − y

π∫

0

cos(mφ)√
1 − y cos φ

1 − cos φ

1 − x cos φ

dφ√
1 − y +

√
1 − y cos φ

and

Im(x, 0) =
π√

1 − x2

(
x

1 +
√

1 − x2

)m

, |x| < 1,

we see that Im(x, y) = O( 1√
1−x

), x ↑ 1, y 6= 1. Using (5.27) we derive the final

result.
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Using C1
m(kc, p, a, b) instead of Cm(kc, p, a, b) yields values for the coefficients a

and b which are non-singular for any value in the allowable range of the geometry

parameters.

The second function is given by

Sm(kc, p) :=

π
2∫

0

1

cos2 ψ + p sin2 ψ
(−1)m sin(2mψ) sin(2ψ)√

cos2 ψ + k2
c sin2 ψ

dψ

=
√

2

π∫

0

1

(1 + p) − (1 − p) cos φ

sin(mφ) sin φ√
(1 + k2

c ) − (1 − k2
c ) cos φ

dφ

= Cm(kc, p,−1, 1) − Cm+1(kc, p, 1, 1)

= Cm−1(kc, p, 1, 1) − Cm(kc, p,−1, 1)

=
1

2

(
Cm−1(kc, p, 1, 1) − Cm+1(kc, p, 1, 1)

)
.

(5.34)

For p = 0, Sm(kc, p) is defined since sinφ
1−cosφ is continuous on [0, π]. Note that, since

limp↓0 Cm(kc, p,±1, 1) = ∞, computation of Sm(kc, p) for small p by using one of the

expressions in (5.34) will become problematic since large values are subtracted. Hence

Sm(kc, p) is also introduced to handle numerical problems for small p.

The case p = ∞ occurs for ξ = −1, that is, when the observer is on the reflected

extended cone surface (see Figure 5.3). To handle large p, and therefore including

p = ∞, we can use the identities

Cm(kc, p, a, b) = (−1)m
Cm( 1

kc
, 1

p , b, a)

kcp
, (5.35a)

and

Sm(kc, p) = (−1)m+1
Sm( 1

kc
, 1

p )

kcp
. (5.35b)

It turns out that all expressions for the magnetic flux density B(x0) and mag-

netic vector potential A(x0) can be rewritten in terms of C1
m(kc, p, a, b) and Sm(kc, p)

or, when the substitutions (5.35a,b) are performed, in terms of C1
m( 1

kc
, 1

p , a, b) and

Sm( 1
kc

, 1
p ), with factors that are always finite when the observer location (r0, z0) is

not on the cone. Hence, B(x0) and A(x0) can be computed fast and accurate in

every point where these fields are defined, which is outside the cone for B(x0) and

not on the end points for A(x0).
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5.3 Summary and Discussion

In the previous chapters the stream function as representation for surface vector func-

tions was discussed. It had been shown how in numerical applications the stream

function can be discretized, and how this discretization can be applied in optimization

problems. In this chapter attention is paid to the issue of the calculation of the various

quantities, such as the mutual inductance, mutual resistance, magnetic flux density,

magnetic vector potential, Lorentz force and coefficients of the Spherical Harmonic

expansion. All these quantities need to be calculated for a basis function, or a pair

of basis functions. Especially attention must be paid to the calculation of the mu-

tual inductances, which need to be computed for every pair of basis functions. The

preferred expression (3.16) involves evaluation of the vector potential on the surface.

The expression for the vector potential (5.2) in turn contains a kernel which becomes

singular when the source and observer (point where the field has to be calculated)

collide, and hence the calculation of the vector potential on the surface is not trivial.

Two cases have been distinguished: a discretization of a surface into triangles or

quadrilaterals with piecewise linear node functions, and a discretization of an axi-

ally symmetric surface into so-called elementary cones. For the first case, in general

no explicit analytical expressions for the quantities are available, and hence these

quantities must be calculated using numerical quadrature, such as two-dimensional

Gauss-Legendre. The expressions for the vector potential are analyzed further. They

can be integrated analytically once, resulting in expressions containing an integral that

has a logarithmic singularity only when the observer is on the mesh element. This

allows for numerical calculation of the vector potential, even when the observer is on

the mesh element.

The second case, the axially symmetric geometry, has been introduced since a

number of practical problems have such a symmetry. When the number of orders m0

is limited, the reduction of computation resources can be dramatic. Furthermore all

quantities are at most expressed as one-dimensional integrals, and can therefore be

calculated more easily. It has been investigated how these expressions can be evaluated

efficiently, since further reduction of the integral may be possible. For example, it has

been shown that the expression for the mutual resistance can be resolved analytically.

Also for the coefficients of the Spherical Harmonic expansion of the z component of

the magnetic flux density recurrence relations are derived.

The downside of using elementary cones is, that the calculation of in particular

the magnetic field (flux density and vector potential) is more complicated than that
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for triangles and quadrilaterals. The expressions for these quantities can indeed be

integrated analytically once as has been shown, yielding expressions involving spe-

cial functions, the Modified Complete Elliptical Integral Cm(kc, p, a, b) and the Loga-

rithmic Complete Elliptic Integral Lell(kc, a). Efficient calculation routines for these

functions are given in the Appendix A respectively Appendix B. Another problem is

the occurrence of singular cases. For example, when the observer is on the extended

surface of the cone, even if far away from the cone, the expressions for the magnetic

field become singular. These cases have been investigated as well, and alternative

expressions, that are not singular in those situations, were given.





Chapter 6

Examples

In the previous sections the inverse problem was described and formulated as a con-

strained optimization problem. It has been shown that for a large class of problems

the cost function is quadratic and the constraint functions are linear. These type

of problems are efficiently and robustly solved using Quadratic Programming (QP)

techniques.

Essentially all of the material discussed in this thesis has been implemented by

two computer programs, both using QP techniques for the optimization. The first

computer program, STREAM, deals exclusively with axially symmetric problems by us-

ing discretization in elementary cones. It was created by the author of this thesis to

investigate the concept and practical use of stream functions. When this concept had

proven to be very useful for in particular the design of gradient coils (see the example

in Section 6.1), the author created the initial code of the computer program GSTREAM.

GSTREAM, where the ’G’ stands for ’General’, implements the stream function on sur-

faces discretized with quadrilaterals. The initial code contained the user interface, and

the calculation of the magnetic field and the mutual inductance matrix. The author

wants to acknowledge C. Warmuth, at the time working at the Philips Forschüngs

Labor in Hamburg, Germany, for the extension of GSTREAM with the optimization

routines analogous to STREAM.

Derived versions of the programs have been — and still are — used within Philips,

for the design and evaluation of MRI gradient coils.
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6.1 MRI gradient coils

We demonstrate the use of stream functions for axially symmetric magnetic field

synthesis problems by showing an example of a design of a gradient coil for an Magnetic

Resonance Imaging (MRI) system. For similar or other approaches, see for example

[Pis92] and [Tur86].

6.1.1 Principle of Magnetic Resonance

In this section we briefly explain the essential principles of an MRI system. Since our

objective is to give sufficient background for the design objectives of the gradient coil,

we omit less relevant details and simplify some matters when appropriate. For a very

extensive overview of the principles of Magnetic Resonance and MRI systems, see for

example [VdB99].

The purpose of an MRI system is to generate in-vivo images of for example hu-

mans. It utilizes the nuclear magnetic resonance effect, which is a quantum mechanic

phenomenon of some nuclei, such as the nucleus of hydrogen (proton). This effect be-

comes apparent when a magnetic field B(x, t) is present, in which case the magnetic

resonance effect displays itself as a net volume magnetization M(x, t). The magni-

tude of M(x, t) increases a/o with the magnitude of B(x, t) and density of the nuclei.

Only in a large magnetic field strength the magnitude of the magnetization becomes

sufficient, and therefore in MRI systems usually a very large magnetic field is used, in

the order of 1 tesla and higher.

The relation between magnetization vector M(x, t) and B(x, t) is governed, for

small variations of B(x, t), by the Bloch equation. This is given by

∂M

∂t
= γM × B, (6.1)

where γ is the gyromagnetic constant. Its value depends on the nucleus, and is for

example for protons approximately 42.58 · 106 Hz/T. From

∂‖M‖2

∂t
= 2M · ∂M

∂t
= 0,

it follows that the length of M(x, t) does not change. The direction of movement of

the magnetization vector is perpendicular to both the magnetic field and the mag-

netization vector itself, so that for a static magnetic field B(x) the magnetization

vector, which is constant in length, precesses around the magnetic field vector (see
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Figure 6.1). The position dependent frequency of this rotation can be derived from

the Bloch equation (6.1), and is given by

f(x) = γB(x). (6.2)

This frequency is also called the Larmor frequency. The rotating transversal com-

B
M

Figure 6.1: Precession of magnetization vector around the magnetic field vector

ponent of the magnetization vector emits an electromagnetic Radio Frequency (RF)

wave of a frequency which is equal to the Larmor frequency. In an MRI system this

signal is received by an antenna. The amplitude of this wave is proportional to the

magnitude of the transversal component, and hence also depends on other position

dependent factors like the density of the nuclei.

An MRI image of a cross-section of the human body consists of image elements,

or pixels, representing, as a grey level value, the amplitude of the emitted RF wave at

the corresponding location. Positional encoding is performed by varying B(x) both

spatially and temporally, simultaneously receiving the signal as a series of samples.

Since in this application the magnetic field varies in time as well, we write is as

B(x, t). The rate of change of B(x, t) is much smaller than the Larmor frequency so

that we can assume (6.2), and therefore the frequency of this emitted wave at a certain

moment is proportional to the magnetic field at that moment. By analyzing the set

of samples, combined with knowledge when each sample was received and hence at

which magnetic field distribution, the image can be reconstructed.

6.1.2 The MRI system

The magnetic field B(x, t) in an MRI system is created by two components: the mag-

net and the gradient system. The magnet delivers a large static and substantially

uniform magnetic field B0, necessary to get sufficient magnetization. The gradient

system provides the positional encoding, and is capable of generating a spatially and
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temporally varying magnetic field. Since position is characterized by at least 3 in-

dependent degrees of freedom, a gradient system at least incorporates three spatially

independent and time controllable gradient fields.

A schematic diagram explaining the principle of a gradient system incorporating

three independent coils is shown in Figure 6.2. Each coil is driven independently

by a controllable current source, and delivers a magnetic field that is substantially

linear increasing in a certain direction. These directions are mutually orthogonal,

and are denoted as x, y and z respectively. The three coils are therefore referred to

as respectively the X, Y and Z gradient coil. Since the field of each gradient coil is

intended to be linear, their fields are characterized by the spatial derivative of the

field in the respectively x, y and z-direction. This derivative is confusingly called the

gradient (which clarifies the name ’gradient coil’), and is in SI units expressed in tesla

per meter.

y

x

z

z input

y input

x input

Figure 6.2: Principle of the gradient system

Only in a limited region the magnetic fields of the magnet and gradient system can

be made uniform respectively linear. This region is called the Field of View (FOV).

The region of which the image is to be made must be positioned in the FOV, and

hence the part of the patient which has to be imaged must be placeable inside the

FOV.

Due to the existing technology and required large constant and uniform field, the

magnet is made of large superconductive coils. Therefore the magnet is usually the

largest part, and thus determines the dimensions of the system. The X, Y and Z
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gradient coils are usually integrated into one mechanical structure, also called (quite

confusingly) the gradient coil.

A very common setup of an MRI system comprises an axially symmetric magnet

and gradient coil, as shown in Figure 6.3. The patient is placed on a table top, which

tabletop

y

z

x

axis of symmetry

gradient coil
Field of View

magnet

Figure 6.3: MRI system with magnet and gradient coil

can be positioned in the axially symmetric gradient coil. The center of this coil is also

the center of the FOV, and thus, by moving the table top, the region in the patient

of which the image is to be made can be positioned in the FOV. The superconductive
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coils of the magnet must be cooled to a very low temperature, typically a few kelvin,

which is achieved by placing them into a container filled with liquid helium. In order

to reduce the evaporation as much as possible, the container is placed into a cryostat,

which is a metal container with thermal shields. As a consequence, the outer side of

the magnet is of non-magnetic metal, usually aluminum or stainless steel.

6.1.3 Example of an X gradient coil

Since the magnetic field of the magnet is uniform and axially symmetric, it is directed

in the z-direction, that is

B0 = B0ẑ.

The maximum gradient of the gradient system is in the order of 20 mT/m, and the

size of the FOV is about 50 cm. Therefore the maximum field of the gradient system

in the FOV is in the order of a 10 mT. Recall that the main magnetic field B0 is in the

order of 1 tesla, which is therefore in the FOV much larger then the magnetic field of

the gradient coils. If we denote the magnetic field of the gradient system as B(x, t),

then the magnitude of the total magnetic field, which by (6.2) determines the Larmor

frequency, is

‖B0ẑ + B(x, t)‖ =

√
B2

x(x, t) + B2
y(x, t) +

(
B0 + Bz(x, t)

)2

= |B0ẑ + Bz(x, t)|

√√√√1 +
B2

x(x, t) + B2
y(x, t)

(
B0 + Bz(x, t)

)2

≈ B0 + Bz(x, t),

assuming, without loss of generality, that B0 > 0. Hence, we are only interested in the

z-component of the magnetic field of the gradient system. In addition, the Larmor

frequency is linear in Bz(x, t). From this point on the term ’magnetic field’ will

therefore, unless explicitly stated otherwise, refer to the z-component of the magnetic

flux density.

In Figure 6.4 the dimensions of the magnet, gradient coil and FOV for our example

are shown. Note that we omit the outer surface of the magnet for simplicity, since we

do not expect that significant eddy-currents will flow there.

We will show how an X gradient coil is designed, and give a worked out example

for these dimensions. The conductor pattern is designed for an intended gradient of

G at a current which has to be determined later. We denote the resulting magnetic



6.1. MRI gradient coils 123

Z (m)

R
 (

m
)

0
.0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8-0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1

Coil 1 Coil 1
Coil 3

Coil 4

Control points

Figure 6.4: Dimensions of magnet, gradient coil and FOV

field (z-component) as Bz(x). Since the gradient is position dependent, we define it

as being the derivative in the origin, that is

G =
∂Bz

∂x
(0).

We choose G = 10 mT/m. It will be shown below that, due to the nature of the

boundary conditions, the final solution, which is a surface current density ĵsrc(x), is

proportional to G, provided certain boundary conditions are scaled accordingly. Hence

the current pattern does not depend on the actual choice of G.

Geometrical constraints

The conductors must be placed in the space available for the gradient coil, which is

the volume bounded by two coaxial cylinders and by the two end cones. We only

allow the current to flow on the outer surface of the gradient coil, which intuitively

can be understood to be the most efficient location. This surface therefore consists of

2 cylinders and 2 cones (see Figure 6.4).

Following the method described in Chapter 2, we first find the optimal surface
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current density ĵsrc(x), with x on the outer surface of the gradient coil, followed by

the ’discretization into windings’ step as discussed in Section 3.3.2.

In this example, the conductor is made of copper with a resistivity of 1.7·10−8 Ωm,

and an effective thickness of 2 mm, resulting in a constant surface resistance ρS =

8.5·10−6 Ω.

Magnetic field in the FOV

Since the algorithm which reconstructs the data into the image assumes a linear in-

creasing magnetic field, a deviation of the field in a certain location from the assumed

linear field results in a distortion of the image. The distortion d(x) at a point x is

equal to the difference of the intended and real field at that point, divided by the

intended gradient. Since the assumed magnetic field at x = (x, y, z) is Gx, the image

distortion d(x) in x is given by

d(x) =
Bz(x) − Gx

G
=

Bz(x)

G
− x.

Since in the FOV the medium is air, we have

∇2 Bz = 0,

and therefore

∇2 d = 0. (6.3)

We want to restrict the distortion in the FOV to a certain maximum value dmax. The

maximum value of d(x) is by (6.3) obtained at the boundary of the FOV, and we

therefore only have to assure that |d(x)| ≤ dmax for x on the boundary of the FOV.

We assume that the stream function on the surface behaves like cos φ, that is, we

choose the order m0 = 1. Then, according to (5.13),

Bz(x) = cos(φ)bz(r, z),

where bz(r, z) is a function that does not depend on φ. If we choose for φ = 0 (i.e,

r = x) the field to be substantially linear, that is bz(r, z) ≈ Gr, then

Bz(x) ≈ Gx,

and we therefore have created an X gradient field.
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So we only need to specify the maximum distortion on the boundary of the FOV

in the z-x plane. We set up control points (zi, ri) on the boundary of the FOV, and

create the linear constraints

|d(ri, 0, zi)| =

∣∣∣∣
bz(ri, zi)

G
− ri

∣∣∣∣ ≤ dmax.

In our example the FOV is an ellipsoid with an z axis length of 2Lz = 45 cm and an r

axis length of 2Lr = 50 cm. We choose N control points with (z, r) coordinates given

by

zi = Lz cos

(
π

i − 1
2

N

)
, ri = Lr sin

(
π

i − 1
2

N

)
, i = 1, . . . , N,

with N = 9 and dmax = 10 mm.

Note that this strategy is easily extendible to handle more complicated axially

symmetric shapes of the FOV.

Eddy currents

Due to the presence of the conducting magnet, eddy currents are induced when the

current through the gradient coil changes. These currents generate an additional time-

varying magnetic field which distorts the positional encoding, visible as blurring (loss

of resolution) in the images. Instead of controlling the eddy currents themselves, it is

better to control the magnetic field generated by the eddy currents. We do this by

requiring that the magnetic field of the eddy currents in the FOV does not exceed a

certain given value Beddy.

We consider the eddy currents for the case the current Isrc(t) through the X gra-

dient coil changes ’instantaneously’ at t = 0, that is Isrc(t) = I0H(t), as described in

Section 4.2.1. In addition, as discussed in Section 2.3.6, we must apply a uniqueness

condition. We choose condition (2.49), that is, the eddy currents for t < 0 are zero.

The eddy currents at t = 0+ are given by (4.16); from these currents the magnetic

field of the eddy currents at t = 0+ are determined. The magnetic field of the eddy

currents in the FOV is limited by using the same control points as for the magnetic

field in the FOV, and requiring that the absolute value of the magnetic field in these

points at t = 0+ is smaller then Beddy. In our example, we choose Beddy = 1 µT.

Due to the particular choice for the uniqueness condition, the eddy-currents are

linear in G.



126 Chapter 6. Examples

Cost function

We choose as the objective function the one that minimizes the energy in a ’typical’

gradient waveform as used in MRI experiments. That is, the objective function is

E(t1, t2; Isrc(t)) (2.44) with t1 = 0 ms, t2 = 10 ms and Isrc(t) = H(t). As explained

in Section 2.4, we can choose any scaling factor for Isrc(t), since the optimal solution

does not depend on this factor.

Lorentz force

As explained in Section 2.5.3, due to the magnetic field of the magnet, a Lorentz force

will act on windings of the X gradient coil when a current is flowing through these

windings. Since the magnetic flux density of the magnet is axially symmetric, and

the stream function on the surface behaves like cosφ, according to (5.10) the body

Lorentz force F on the X gradient coil is directed in the x-direction. We require that

Fx is zero.

Since the problem is symmetric, and hence the stream function of the solution is

asymmetric in z (besides an additional constant), it can be derived from (5.10) that

the Lorentz force Fx is already zero for a uniform magnetic field B0 = B0ẑ. For

a ’real’ magnet the r-component is non-zero, and hence in this situation a non-zero

body Lorentz force can be present. In this example we therefore use a real magnet

with a field of 1 tesla in the origin. It consists of 8 axially symmetric coils, each with

a current density of 200 A/mm
2
. It is designed to be of 10–th order (that is, the

coefficients for the Spherical Harmonics expansion are zero for order 1 to 9), and with

a zero dipole moment. The latter requirement relates to a reduced stray field. The

positions and dimensions of these coils are indicated in Figure 6.4; Table 6.1 gives the

exact geometrical details of the coils.

Table 6.1: Magnet used for Example 1
Coil Current

density
(A/mm

2
)

R-inner

(m)

R-outer

(m)

Z-left

(m)

Z-right

(m)

1 200 0.500000 0.509736 0.042633 0.142633

2 200 0.500000 0.513865 0.254044 0.354044

3 200 0.500000 0.538201 0.600000 0.700000

4 -200 0.826749 0.850000 0.600000 0.700000
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6.1.4 Results

Table 6.2 summarizes the problem input parameters.

Table 6.2: List of input parameters for Example 1.

Symbol Meaning Value Unit

G X gradient strength 10 mT/m

Linner Inner length of gradient coil 120 cm

Rinner Inner radius of gradient coil 34 cm

Louter Outer length of gradient coil 140 cm

Router Outer radius of gradient coil 44 cm

Lbore Length of magnet 150 cm

Rbore Radius of magnet inner cylinder 45 cm

Rcryo Radius of magnet outer cylinder 90 cm

ρS Surface resistance 8.5·10−6 Ω

dmax Maximum image distortion in FOV 10 mm

Lz Axial axis length of elliptical FOV 22.5 cm

Lr Radial axis length of elliptical FOV 25 cm

N Number of control points on elliptical FOV 9

t2 Typical pulse time 10 msec

Beddy Maximum magnetic field of eddy-currents in
FOV

1 µT

Fx Net body Lorentz force 0 N

The problem is solved using the program STREAM. STREAM discretizes each surface

in cones with equal length, based on the number of subdivisions specified by the user.

The solution therefore depends on the number of subdivisions for each surface, and

it is expected that this solution converges as the number of subdivisions increase and

the mesh size decreases. Table 6.3 shows, for various choices of the mesh size, some

associated values of the solution. These include the total energy E(t1, t2; Isrc(t)) (2.44),

which is the quantity minimized, the stored energy Êstored (2.46), the dissipation P̂src

(2.47) and the minimum and maximum of the stream function on the gradient coil.

Since the number of subdivisions on each surface is integer, the actual mesh size can

differ slightly from the required mesh size.
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Table 6.3: Output of Example 1
Mesh
size
(cm)

Energy

(J)

Stored
energy

(J)

Dissi-
pation
(W)

min Ψ

(A)

max Ψ

(A)

5 23.3499 5.47732 1787.26 -3174.37 3174.37

3.5355 23.2627 5.47402 1778.87 -3159.00 3159.00

2.5 23.2151 5.47209 1774.30 -3148.32 3148.32

1.7677 23.1937 5.47149 1772.22 -3146.04 3146.04

1.25 23.1827 5.47121 1771.15 -3142.34 3142.34

The second step involves the discretization into windings, as discussed in Sec-

tion 3.3.2. Since the stream function is symmetric, we want the number of windings

to be even. Based on the minimum and maximum value of the stream function, we

can choose the number of windings and the current through each winding. We demon-

strate this for the case we set as target that for G = 10 mT/m the current is 200 A.

Based on the information in Table 6.3 we determine that the number of windings is

[
3115.05

200

]
= 16.

For 16 windings, the actual current for G = 10 mT/m becomes

3115.05

16
= 194.7 A.

Figure 6.5 shows the centroid of the resulting conductor. The contours, computed

using the stream function, of the magnetic field are shown in Figure 6.6. The

resistance of the coil is
3142.343

194.72
= 83 mΩ,

and the self inductance is

2 × 5.47121

194.72
= 289 µH.
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Figure 6.5: Current patterns of the X gradient coil (example 1)
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Figure 6.6: Contour lines of Bz, 100 µT step for the X gradient coil.
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6.2 Design of a magnetizer

The example that will be discussed in this section is primarily intended to show how

stream functions can be used to design an electromagnetic device with certain required

magnetic, electrical and geometrical properties, and without any assumed symmetry.

The precise objectives formulated in this example and the particular dimensions are

not derived from practical situations and may therefore not be realistic, although

devices similar to the one described here exist [Mag].

Consider an object, for example an electric motor, that contains a permanent

magnet. For reasons of efficiency, or feasibility of the production process (for example

because tools of magnetizable material are used), it is required that the magnet is

initially not magnetized during the production of the object. Instead it is to get its

permanent magnetization when already fixed at its location. This is to be achieved

by a process called magnetization, where the object to be magnetized is subjected to

a large magnetic field for a short time.

We assume that other parts of the object are non-conducting (σ(x) = 0), so that

no eddy currents are induced. In addition, we take µ(x) = µ0 everywhere, so that the

Biot-Savart law (2.37), which is an explicit analytic expression for the magnetic flux

density in terms of the current density, can be applied. This is not entirely correct

since the material to be magnetized does not have a constant permeability (it will be

discussed in the notes of this example, Section 6.2.5.3). However, we assume that the

volume of this material is small compared to the total volume of the object, so that

the effect on the magnetic field and the self inductance is small.

The objective is to design a magnetizer. The basis elements of this device are

an electric circuit and a coil. The circuit delivers a pulsed unipolar current to the

coil, resulting in a proportional magnetic field at the location of the material to be

magnetized. The peak magnitude of the current, and hence the magnetic field, has to

be large enough to get the maximum magnetization. The magnetic field in the desired

region must be directed in a certain prescribed direction, and must be uniform in order

to get a uniform and hence maximum magnetization. The shape of the magnetizer coil

must be such that the object fits into this coil. We assume that the winding pattern

is placed on a surface, and that the thickness of this layer is small relative to the total

size of the coil. Finally, the electric properties must be such that the cost involving

the electric circuit and handling of the dissipation are minimal, that is, as ’efficient’

(in some sense) as possible.



132 Chapter 6. Examples

6.2.1 Principle of permanent magnetization

A material that possesses a magnetization even when no additional external field is

applied, has as a consequence a non-linear relation between H(x) and B(x). In

particular, when the field strength H(x) is zero in a point x, the flux density B(x),

and hence the magnetization M(x) is, by (2.39), nonzero.

A class of materials that possesses these characteristics are the ferromagnetic ma-

terials. In these materials, due to certain electron spin interactions, all spins align

resulting in a uniform magnetization. This alignment occurs for atoms that are lo-

cated in a crystalline structure, and the direction of the magnetization is determined

by the orientation of this structure. A region of the same crystalline structure is called

a domain, and is usually microscopic in size. Due to the random nature of the orien-

tation of the crystalline structure and hence magnetization in each domain, initially

the net macroscopic magnetization is zero.

When an external magnetic field H(x) is applied, domains which are oriented

in a favorable direction will grow at the expense of domains with a less favorable

orientation, with the macroscopic effect of an increasing net magnetization. Because

displacing the domain walls takes a certain force, the magnetization increases with

increasing field strength. In addition the domain walls display a certain ’rigidness’, so

that the actual relation between H and M depends on the history, an effect known as

hysteresis. Due to the hysteresis the domains do not return to their original size when

the external field is removed, resulting in a permanent magnetization, the remanence

magnetization. When all domains are oriented in the same direction, the macroscopic

magnetization has reached is maximum magnitude. This value is called the saturation

magnetization Msat.

The macroscopic effect is that the magnetization depends on the field strength

in a way as shown in Figure 6.7. This graph shows the magnetization curve for

an isotropic material, that is, the magnetization M(x) and the field strength H(x)

are in the same direction. We denote these components as M and H respectively.

Initially, when no external field is applied, the domains are oriented randomly, so that

M = 0 for H = 0. When H is increased, the domains will become more oriented,

and therefore M will increase, according to curve 1. When H subsequently decreases,

M will decrease according to curve 2 due to the hysteresis. If the background field

vanishes, the magnetic field H in the material will be opposite to the magnetization.

The ratio depends on the shape, and is known as the demagnetization factor. As a

result, in the absence of an external field, in a certain point the field strength in the
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Figure 6.7: M -H curve of a ferromagnetic material

material will be Hr and the magnetization will be Mr, as indicated in Figure 6.7.

In a material designed to be used in permanent magnets the rigidness of the do-

main walls and hence the remanence magnetization is maximized by using special

alloys and production techniques such as sintering. An example of such an alloy is

Neodymium-Iron-Boron, where the remanence magnetization can be as high as about

1.2 T. Permanent magnets made of NeFeB are one of the strongest known in indus-

try today. Although the remanence magnetization of ferrites is substantially lower,

namely in the order of 0.4 T, they are also popular as material for permanent magnets

because they are much cheaper.

6.2.2 Electric circuit

The schematic diagram of the electric circuit driving the magnetizer coil is shown in

Figure 6.8. The coil is characterized by the series connection of an inductor L and a

resistor R. Initially, the switch S is in position A, and the capacitor C is charged to

the voltage V0. Denote the charge at the capacitor as Q(t) and the voltage over the

capacitor as V (t), then the relation is

Q(t) = CV (t).

At t = 0 the switch is moved to position B, after which the capacitor will discharge,
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resulting in a current I(t) = dQ
dt flowing through the coil. The sign of I(t) is also shown

in Figure 6.8.

Q(t)

I(t)

C

L

Magnetizer coil

R

V0

S

A B

+

�

Figure 6.8: Schematic diagram of magnetization device

Using Kirchhoff’s voltage law we derive the second order differential equation

LCQ̈ + RCQ̇ + Q = 0, (6.4a)

with the initial conditions

Q(0) = CV0, I(0) = Q̇(0) = 0. (6.4b)

Define the following quantities:

τ :=
L

R
, (6.5)

which is the time constant of the L-R circuit, and

λ :=
1

R

√
L

C
, (6.6)

which is a dimensionless number. From (6.4a,b) and I = dQ
dt it follows that the current

is given by

I(t) =
V0

R
α(

t

τ
, λ), t ≥ 0, (6.7)

with

α(u, λ) =






e−u/2 sinh(βu)
β , 0 ≤ λ < 1

2 ,

e−u/2 u, λ = 1
2 ,

e−u/2 sin(βu)
β , λ > 1

2 ,

(6.8)
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where

β =

√
∣∣λ2 − 1

4

∣∣.

Figure 6.9 shows the graph of α(u, λ) for various values of λ. We require the current

u
0 1 2 3 4 5 6 7 8

λ

-0
.2

0
0
.2

0
.4

0
.6

0
.8

1

λ=1

λ=0.5

λ=0.25

Figure 6.9: Graph of α(u, λ) (6.8)

to remain positive for all t ≥ 0 in order to maximize the remanence magnetization,

which leads to

0 ≤ λ ≤ 1

2
.

The initial stored energy at the capacitor is given by 1
2CV 2

0 . The objective is to

minimize this quantity for the following reasons. Firstly, the cost of the capacitor

scales with this factor. Secondly, all energy is eventually dissipated in the resistor

(which is the magnetizer coil), and due to the short time constants, we must assume

adiabatic heating. Therefore, by keeping the total dissipated energy 1
2CV 2

0 minimal,

the increase in temperature of the magnetizer coil is minimized. This objective relates

to the requirement that the cost of handling the dissipation are minimal.

Denote by EL(t) the energy stored in the inductor L at time t, then, using (6.6)

and (6.7), it follows that

EL(t) =
1

2
LI2(t)

=
1

2
CV 2

0 λ2 α2(
t

τ
, λ).
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Hence, since 1
2CV 2

0 is to be minimized, the objective is to minimize the stored energy

of the magnetizer coil at the maximum current, and, in addition λ must be chosen

such that

max
u≥0

λ2α2(u, λ) is maximal.

This maximum is obtained for λ = 1
2 and for u = 2, that is, for t = 2τ .

Let L and R be given, and λ = 1
2 . The corresponding values for the capacitor C

and initial voltage V0 can be derived, based on the chosen value of

Imax = max
t≥0

I(t) = I(2τ).

By (6.6) it follows that

C =
4L

R2
. (6.9)

Using (6.7) we derive that

V0 =
e

2
ImaxR. (6.10)

The initial stored energy on the capacitor, which is equal to the total energy dissipated

in the magnetizer coil, is therefore

1

2
CV 2

0 = e2 1

2
LI2

max.

Note that 1
2LI2

max is the stored magnetic energy in the magnetizer coil when I(t) =

Imax.

6.2.3 Design parameters

As mentioned in the introduction to this section at Page 131, the material to be

magnetized is contained in a certain non-conducting and non-magnetizable object. In

this example the object has a certain given smooth boundary. The conductor pattern

of the magnetizer coil has to be as close to the object as possible, and therefore has

an inner surface which is equal to the outer surface of the object. Denote by S the

surface of the centroids of the conductor pattern, then S is formed by offsetting the

outer surface of the object with the halve of the conductor thickness.

We describe S using Bezier functions. Denote the Bezier function in x with control
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points a1, a2, a3 and a4 by B(x; a1, a2, a3, a4). It can be computed by the sequence
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a12 := a1 + x(a2 − a1);

a23 := a2 + x(a3 − a2);

a34 := a3 + x(a4 − a3);

a123 := a12 + x(a23 − a12);

a234 := a23 + x(a34 − a23);

a1234 := a123 + x(a234 − a123);

with B(x; a1, a2, a3, a4) := a1234. We define 8 control points a1, . . . , a4 and b1, . . . , b4

in the x-y plane, of which the coordinates are indicated in Figure 6.10. The behavior
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Figure 6.10: Surface of magnetizer coil

in the z direction is determined by the control values z1 and z2. Then S is formed by

mapping the unit square (u, v), 0 ≤ u, v ≤ 1 by



x
y
z



 =




B

(
u; p1,x(v), p2,x(v), p3,x(v), p4,x(v)

)

B
(
u; p1,y(v), p2,y(v), p3,y(v), p4,y(v)

)

B
(
v; zmin, z1, z2, zmax

)



 , (6.11)

with

pi(v) = ai + v bi, i = 1, 2, 3, 4.
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The center of the object to be magnetized is located in the origin. We require

that the flux density in the origin at the maximum current is 0.5 T, and is directed

in the z direction. Note that is enough to magnetize a ferrite magnet. In addition we

require a certain homogeneity of the magnetic field. This is achieved by controlling

the coefficients of the Spherical Harmonics expansion for the z component of the

magnetic flux density B(x), as discussed in Section 2.5.2. In this example the Spherical

Harmonics are normalized such that the absolute value of the corresponding coefficient

is equal to the maximum absolute value of the Spherical Harmonic on the sphere with

radius 1 cm. This is achieved by combining the normalizations (2.54) and (2.56),

yielding that the Spherical Harmonic expansion of the z component of the magnetic

flux density B(x) is written as

Bz(x) =
∞∑

n=0

(
ρ

ρref

)n n∑

m=0

Pnm(x)

max
−1≤x≤1

|Pnm(x)|
[
cnm cos(mφ) + snm sin(mφ)

]
, (6.12)

with ρref = 1 cm. The coefficients are hence denoted as cnm and snm, and have the

same dimension as Bz(x) (tesla in SI units).

The homogeneity of the magnetic field is controlled by requiring that the first order

coefficients (that is, n=1) are zero, and that the absolute value of the second order

coefficients (n=2) do not exceed 0.01 T. Since c0,0 is equal to Bz(0), and in hence

required to be equal to 0.5 T, the magnetic field is in this example controlled entirely

by the coefficients of the Spherical Harmonics expansion for order n ≤ 2.

The input parameters are summarized in Table 6.4.

Table 6.4: List of input parameters for Example 2.

Symbol Meaning Value Unit

S Surface See Figure 6.10
c0,0 Field in origin 0.5 T

c1,0, c1,1, s1,1 First order coefficients 0 T

c2,0, c2,1, c2,2, s2,1, s2,2 Second order coefficients ≤ 0.01 T
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6.2.4 Electromagnetic design

The mesh of the surface is created by mapping the nodes of the regular 40 × 40 mesh

in the (u, v) plane by the function (6.11), and connecting these nodes by straight

lines, resulting in a discretization of the surface in quadrilaterals. The mesh is shown

in Figure 6.11.

Minimizing the stored energy 1
2LI2

max for the input parameters yields a stream

function, of which the characteristic parameters are shown in Table 6.5. The dissipa-

tion is obtained by choosing a surface resistance, which is the reciprocal of the surface

admittance (3.17). We choose a value of 8.5 µΩ; this is equivalent to an effective

thickness of 2 mm and a material with a conductivity of 1.7·10−8 Ωm (e.g., copper).

The magnetic field in the neighborhood of the origin is visualized by Figure 6.12,

Table 6.5: List of characteristic parameters for Example 2.

Symbol Expression Meaning Value Unit

Estored
1
2LI2

max Stored magnetic energy 2.92·102 J

Pdiss I2
maxR Dissipation 9.08·105 W

ψmax − ψmin max
x∈S

ψ(x) − min
x∈S

ψ(x) Range of the stream function 1.14·105 A

jmax max
x∈S

‖j(x)‖ Maximum magnitude of the
surface current density

7.89·106 A/m

which shows the contour lines of the magnitude of the flux density in respectively the

x-y, y-z and z-x plane. Table 6.6 lists the coefficients cnm and snm of the Spherical

Harmonics expansion (6.12) in mT, for n = 0, 1, 2, 3.

Table 6.6: Coefficients of the Spherical Harmonics expansion, in mT

n cn,0 cn,1 cn,2 cn,3 sn,1 sn,2 sn,3

0 500
1 0 0 0
2 10 −7.02 10 −10 −5.43
3 −6.92 −5.04 −2.43 −1.38 −18.95 0.32 29.08
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Figure 6.11: Mesh of the magnetizer coil
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Figure 6.12: Contour lines of ‖B(x)‖, interval 5 mT.
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As discussed in Section 3.3.2, a conductor pattern is derived from the stream

function by choosing an integer number N which defines the current I as the quotient

of the ψmax −ψmin and N . The contour lines of value ψmin +(k− 1
2 )I, k = 1, 2, . . . , N

of the stream function generate the centroid of the windings. The resulting centroid

for N = 10 is visualized in Figure 6.13 and Figure 6.14. The direction of the current

is indicated by the color (black or grey).

Based on the values in Table 6.5 and a choice for N , the values of Imax, τ , L, R,

C and V0 can be derived. These are listed in Table 6.7 for N = 10.

Table 6.7: Component values for Example 2.

Symbol Parameter Expression Value
(N = 10)

Unit

Imax Maximum current
ψmax − ψmin

N
11.4 kA

2τ Time of maximum current (see (6.5)) 4
Estored

Pdiss
1.28 ms

L Self inductance of magnetizer coil 2
Estored

(ψmax − ψmin)2
N2 4.46 µH

R Resistance of magnetizer coil
Pdiss

(ψmax − ψmin)2
N2 6.94 mΩ

C Capacitor value (see (6.9)) 8
Estored

P 2
diss

×

×(ψmax−ψmin)2
1

N2

370 mF

V0 Initial voltage (by (6.10))
1

2
e

Pdiss

ψmax − ψmin
N 108 V

1
2CV 2

0 Initial and total dissipated energy e2Estored 2.16 kJ

Finally we want to estimate the increase in temperature, assuming a homoge-

neous temperature distribution and adiabatic heating. The total copper volume is

V = 37.4 cm3, based on the 2 mm effective thickness. Using that the specific heat

of copper is c ≈ 390 J/(kg·K) and the specific weight is ρ ≈ 8900 kg/m3, the total

increase in temperature ∆T is

∆T ≈ e2Estored

ρcV
= 16.6 K.
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Figure 6.13: Stream lines of magnetization device, front view
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Figure 6.14: Stream lines of magnetization device, rear view
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6.2.5 Notes

In this section we discuss a number of aspects that were either ignored or simplified,

and therefore need further discussion.

6.2.5.1 Conversion into windings

It has been shown in Section 3.3.2 that, as the discretization factor N increases, the

current density of the discretized pattern converges to the surface current density

as described by the stream function, in the sense that the derived function (2.62)

converges. However, in general N cannot be chosen too large for practical reasons,

e.g. because a minimum resistance or conductor thickness is required. As can be seen

from Figure 6.13 and Figure 6.14, in some areas the current density is small, resulting

in an absence of windings at these locations. As a consequence, all computed values

such as the magnetic field, resistance and the self inductance, may differ substantially.

Figure 6.15 shows the relative deviation of the field in the three planes for N = 10,

indicating that for this value already the magnetic field matches well. For this reason

we expect that the self inductance will not deviate significantly.
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Figure 6.15: Difference percentage of ‖B(x)‖ between stream function field and dis-
cretized windings (N = 10)

Due to the rather short time duration and the presence of areas with few windings,

the maximum cross-section of the conductor must be restricted to avoid self-eddy

currents (also known as the skin effect). We investigate this for the case N = 10.

Using that the total length of the centroid is 3.21 m, the average conductor width is

5.8 mm. If the pattern is wound with a conductor of constant cross section, a value of
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for instance 2 mm is practical. In this case the resistance, dissipation and increase in

temperature are proportionally higher. Using the expressions listed in Table 6.7 the

component values can be derived.

The minimum dimension of the conductor is given by

wmin =
Imax

jmax
.

For N = 10 this evaluates to 1.45 mm, so that in this case at some locations the

distance between the centroid of adjacent conductors is smaller than 2 mm. As a

consequence, either the conductor have to be made smaller at those locations, or con-

straints have to be added that limit the maximum surface current density. The latter

can be done by restricting, for every edge, the absolute value of the difference between

the stream function values at the end nodes of the edge. This has not been done for

this example due to the vast number of constraints. It is however expected that, based

on the conductor pattern, the increase in the stored energy will be marginal.

6.2.5.2 Pressures

Due to the high current density and magnetic field, the Lorentz forces are significant.

The pressure in a point x on the surface is given by

p⊥(x) =
(
J(x) × B(x)

)
· n(x),

which is positive when directed in the direction of the normal. In this example this is

maximally 1.4·106 N/m2, and mostly directed outwards when the current is increasing.

Consequently the magnetizer coil must be made very robust in order to be able to

withstand these high pressure levels. In particular the conductor may have to be

embedded in a strong mechanical structure, e.g., potted into non-conductive and non-

magnetic materials such as epoxy. Consequently this has an effect on the position of

the surface S, which has to be offset with a certain distance, leading to an increase in

the characteristic parameters listed in Table 6.5.

6.2.5.3 Energy stored in a permanent magnet

We assumed that the permeability is constant, that is, B(x, t) = µ0H(x, t) for all x

and t. However, during the magnetization cycle in the material to be magnetized this

relation is different, and becomes apparent as an increase in self inductance during

ramp up of the current. As a consequence, more energy as computed is needed, and
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this difference in energy is stored in the magnet. Given the maximum energy product

of ferrite magnets, which are in the order of 7 – 40 kJ/m3 [MC], the energy in the

few cm3 of magnetic material is negligible, and this effect can therefore be ignored.

6.3 Summary and Discussion

In this chapter two examples were given of the use of stream functions. In both

examples the objective is of the class as described in Section 2.4, and also for both ex-

amples the constraints are linear in the current density and hence stream function. For

this reason both examples were solved using an efficient and robust QP optimization

algorithm.

The stream function approach as described in this thesis was developed by the

author as a means to solve the problem of designing efficient gradient coils, which is

also the topic of the first example. In this application the approach has proven to

be very successful, and practical experiments show very good compliance with the

theoretical results. Usually the conductor pattern is derived directly from the stream

function, from which the resistance can be computed easily, assuming that the current

density is constant. Typically, the measured magnetic field in the region of interest

matches that of the stream function with less than 1 percent, and the self inductance

matches with a few percent. Unfortunately, since these practical results were obtained

in an industrial environment, they are not published here because of the confidential

nature of this subject.

The second example is, although not based on realistic or practical data, instructive

in that it shows that a check on the computed result is usually needed to verify the

validity of the assumptions. In this case the width of the conductor has to be restricted,

otherwise self-eddy currents will cause the current density in the conductor not to be

uniform, leading to a significant increase in the resistance. In addition the increase

in temperature may not be negligible, because the conductivity of copper depends on

the temperature.

Other software packages can be used to compute relevant parameters based on

the conductor pattern, and hence verify the results. Examples are Finite Element

(FE), Finite Difference Time Domain (FDTD) or Boundary Element (BE) packages.

These packages usually can handle more complicated models, so that simplifications

like ignoring the wave length, assuming a constant current density, linearity of the

media, or independency of the properties on temperature, magnetic field etc. can be

verified. In addition mechanical simulations can be used to verify that the effect of
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Lorentz forces can be neglected.

An issue, especially in the case of polygonal meshes for general surfaces, is the com-

putation time. The computation time of the mutual inductance matrix is quadratic

in the number of nodes and is a significant part of the total computation time. The

time involved in computing the solution of the quadratic minimization problem is at

least cubic in the number of nodes. Therefore, in situations where the geometry or

the solution is known to have certain symmetrical properties, it is very advantageous

to exploit that. A symmetric geometry is reflected in the elements of the mutual in-

ductance matrix, and hence can be used to reduce the computation of the inductance

matrix. A symmetry of the stream function (which requires at least the same sym-

metry in the geometry) in addition reduces the storage needs, and therefore also the

computation time of the optimization.

A frequently occurring situation is where the solution is ’nearly’ symmetric, where

the symmetry is broken because of for example the connection strips, or because of

mechanical provisions such as support structures needed at certain locations. In this

case possibly an approach, resembling the Local Defect Correction (LDC) technique,

can be applied. In the LDC technique complex coupled differential equations can be

solved on a regular grid, making the discretization step simple. In areas where the

solution changes fast (the so-called high activity areas), a regular grid with smaller

grid size is used. On the boundary of the finer grid interpolating equations are set up

which match the ’coarse’ and ’fine’ solutions. For more discussion on this technique

and an application, see for example [Ant01]. In an analogous stream function approach

a symmetrical solution can be computed, which is in concept roughly equivalent to

the coarse solution of the LDC technique. The unsymmetrical solution is found on a

surface discretization with only small elements near the are of the broken symmetry,

requiring relatively much less elements. This solution relates to the fine solution of

the LDC technique. A possibly relevant difference with the LDC technique is that in

the stream function application every node is ’connected’ to every other node via the

mutual inductance matrix, so that the concept of boundary is different. This has not

been investigated by the author of this thesis, and it may hence be worth investigating

further.



Chapter 7

Conclusions and Recommendations

In this thesis a method for finding a shape for an electric conductor is presented,

for which properties like the magnetic field at a certain moment for a given time

dependent current waveform, or the enclosing volume can be prescribed. Instead of

parameterizing the possible conductor shapes, which is usually impractical, the opti-

mal solution is not sought in the domain of possible conductor shapes, but instead in

the broader domain of possible current distributions, being zero outside the required

enclosing volume. The additional assumption that the current distribution in the con-

ductor shape is proportional to the static current distribution (2.1), allows retrieving

the conductor shape from the optimal current distribution. In addition the media are

assumed linear, so that energy related properties like the dissipation in the conductor

and the stored magnetic energy can be used as optimization criterions.

The idea is to represent the class of possible current distributions in such a way that

it is doable to represent it in a discretized domain (for numerical purposes), and that

the conductor shape can be derived easily and reliably (e.g., not relying on inherently

inaccurate methods like numerical integration). A current distribution is considered

possible if it is divergence free and vice versa. For three-dimensional divergence free

functions such a representation can be the stream function pair, of which the derivation

of the conductor shape is rather straightforward, using flux tubes (see Sections 3.1.1–

3.1.2). However, whether the stream function pair, with certain appropriate additional

conditions, is indeed a full representation of divergence free functions needs still to be

investigated. In the concluding section of Chapter 3 the investigation of Whitney forms

has been suggested, or alternatively multi-valued stream functions as an intermediate

step.
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In case the enclosing volume is flat, and therefore the volume currents can be

approximated well by surface currents, the stream function pair reduces to one scalar

function, the well-known stream function. The surface has to comply with certain

requirements, for example it has to be orientable. In addition it is only required that

the stream function is constant on each closed boundary. Then the discretization

into windings consists of taking the centroid of the conductor to be equal to the

contours of the stream function, of equally spaced levels. This step size is equal to

the current through the conductor. The result is a series of closed conductors, which

in a practical situation are modified so that they form one conductor, as for example

shown in Figure 3.3 on Page 51. This process converges, with respect to the far

electromagnetic field, as the second power in the step size, as shown in Section 3.3.2.

In the second example in Chapter 6 this approach, for even moderate number of steps,

the resulting field matches the field of the stream function very well.

This approach, although elegant and simple, has some drawbacks. Unless the

conductors are very narrow, the exact centroid of the current is not known, although

in general it will be close to the geometrical center. For the static case the current

distribution is minimizing the total dissipation, and hence the same stream function

methodology as described in this thesis can be used on the derived conductor shape.

Note that the conductor shape has two closed boundaries, so that the stream function

on one boundary can be set to zero, and on the other boundary to I, the current

through the conductor. Thus the real current distribution can be computed, even

for prescribed time dependent current waveforms, and iteratively the actual centroid

can be matched to the intended centroid. In any case, the predicted dissipation

and hence resistance will differ, possibly substantially, from the value computed by

the continuous stream function. In applications where the dissipation is of primary

interest, an iterative scheme may have to used, where between each iteration the

conductivity σ(x) has to be adjusted. Since the optimal iterative schemes is not

known, nor the convergence properties, further investigation may be needed. Note

that, because the magnetic field is less affected by the discretization process, it is

expected that the change in magnetic stored energy and hence self inductance is much

smaller.

The observation that the derived conductor pattern should be checked against the

propositions also applies to the non-static case, in particular when self-eddy currents

play a significant role. In this case, for higher frequencies the current distribution will

be significantly different from that of the static case, with the effects of displacement

of the centroid and increase of resistance. This most likely occurs when the width
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of the conductor is chosen too large with respect to the highest expected frequency.

As with the computation of the real centroid, this can be computed using the stream

function methodology described in this thesis.

In the discretization of the stream function we discussed two different approaches:

discretization of a surface into a mesh of polygons, in particular quadrilaterals and

triangles, and discretization of an axially symmetric surface in elementary cones. With

the appropriate basis functions the condition that the stream function is constant on

the boundary can be satisfied exactly with a simple prescription of node values. Note

that the stream function is constant on a boundary is a very important requirement,

or otherwise computed results like the magnetic field may be very inaccurate. The

most simple basis functions are investigated, being the linear node functions. The as-

sociated computational methods for the magnetic field, mutual inductance and mutual

resistance are given in detail, paying considerable attention to numerical efficiency and

accuracy.

The described basis functions are usually adequate, but in some cases it can be

advantageous to consider other basis functions, as has been discussed in the concluding

section of Chapter 4. As has been pointed out, the specific application might dictate

certain basis functions, if insight is available. An example of such an application are

the gradient coils as discussed in Chapter 6; the frequency dependent displacement

of the centroid results in a phase encoding (by (6.2)), which is not only position

dependent as intended, but also depends on the previous history. This area certainly

requires further investigation.

One argument to consider axially symmetric surfaces as a particular case is the

increase in computation speed, which can be several orders of magnitude (seconds

versus minutes) compared to a full discretization of the surface. In general, as has

been discussed in the concluding section of Chapter 6, exploiting the symmetry of

the geometry, and the symmetry of the solution can speed up the computation con-

siderably. One open area is how ’nearly symmetric’ cases can be handled, probably

using a technique similar to the Local Defect Correction (LDC) technique, as has been

discussed in the concluding section of Chapter 6. Further study has to be done in this

area.





Appendix A

Modified Complete Elliptic integrals

A.1 Definitions

In Chapter 5 it has been discussed how the expressions for the magnetic field for

the axially symmetric case can be written into a certain set of standardized func-

tions, being Cm(kc, p, a, b) (5.26) and Lell(kc, a) (5.31). In this section we will discuss

efficient methods for computation of the function Cm(kc, p, a, b) and its derived func-

tions C1
m(kc, p, a, b) (5.33) and Sm(kc, p) (5.34), which were introduced to handle some

singular or numerically problematic cases.

The Modified Complete Elliptic integral Cm(kc, p, a, b) is defined in Section 5.2.6

by (5.26) as

Cm(kc, p, a, b) :=

π
2∫

0

a cos2 ψ + b sin2 ψ

cos2 ψ + p sin2 ψ
(−1)m cos2(mψ) − sin2(mψ)√

cos2 ψ + k2
c sin2 ψ

dψ

=
1√
2

π∫

0

(a + b) − (a − b) cos φ

(1 + p) − (1 − p) cos φ

cos(mφ)√
(1 + k2

c ) − (1 − k2
c ) cos φ

dφ,

with p ≥ 0 and kc 6= 0. For m = 0 this is the cel function, which has been intro-

duced and discussed by Bulirsch [Bul69] as a generalization of the complete elliptic

integrals of the first, second and third kind. Bulirsch devised an algorithm using the

Bartky transformation [Bar38], which will also be the basis for the algorithms for the

computation of the modified complete elliptic integrals. The difference with the cel

function therefore consists of the additional factor cos(mφ).
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A.2 Computation using the Bartky transformation

In this section the Bartky transformation will be described, and it will be shown how

this can be applied to Cm(kc, p, a, b).

A.2.1 The Bartky transformation

The Bartky transformation [Bar38] can be applied to integrals of the form

I(a, b) :=

π
2∫

0

f(R)

R
dψ, R :=

√
a2 sin2 ψ + b2 cos2 ψ, a 6= 0, b 6= 0. (A.1)

Note that without loss of generality we may assume a > 0, b > 0.

Lemma A.2.1. (Bartky) Let a > 0 and b > 0, and define

α :=
√

ab,

β :=
a + b

2
,

ρ :=

√
α2 sin2 ψ + β2 cos2 ψ,

then

I(a, b) =
1

2

π
2∫

0

f(ρ −
√

ρ2 − ab) + f(ρ +
√

ρ2 − ab)

ρ
dψ.

Proof. Since

dR =
(a2 − b2) sin ψ cos ψ

R
dψ = sign(a − b)

√
(R2 − a2)(b2 − R2)

R
dψ,

(A.1) can be written as integration in R as

I(a, b) =

max(a,b)∫

min(a,b)

f(R)√
(R2 − a2)(b2 − R2)

dR, (A.2)

and we therefore have to prove that

I(a, b) =

β∫

α

f(ρ −
√

ρ2 − ab) + f(ρ +
√

ρ2 − ab)

2√
(ρ2 − α2)(β2 − ρ2)

dρ.
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Introduce a new integration variable ρ, defined as

ρ =
1

2

(
R +

ab

R

)
,

then

ρ =

√
α2 sin2 ψ + β2 cos2 ψ.

The graph of ρ(R) is shown in Figure A.1, indicating that when ρ is used as new

integration variable, the integral (A.2) must be split in two parts: one with R =

ρ −
√

ρ2 − ab on the interval min(a, b) ≤ R ≤
√

ab, and one with R = ρ +
√

ρ2 − ab

on
√

ab ≤ R ≤ max(a, b). On both intervals ρ runs from α to β. The lemma follows

min(a, b) max(a, b)
√

ab

R = ρ −
√

ρ2 − ab

R = ρ +
√

ρ2 − ab

R

ρ

α =
√

ab

β = 1
2 (a + b)

Figure A.1: Bartky’s transformation function ρ = 1
2

(
R + ab

R

)

from straightforward substitution.

The Bartky transformation can be applied for numerical computation of (A.1) if

the following conditions for the function f(R) are met:

1. We have a parameterized description of f(R) in ψ, say, with parameters c1, . . . ,

cN .

2. The expression

f(ρ −
√

ρ2 − ab) + f(ρ +
√

ρ2 − ab)

2
(A.3)

can be expressed in the same parameterized description of f(R) in ψ, with

parameters c′1, . . . , c
′
N .



156 Appendix A. Modified Complete Elliptic integrals

3. The quantity

I(a, a) =
1

a

π
2∫

0

f(R) dψ

can be computed for every a > 0.

In that case the Bartky transformation can be applied iteratively to compute I(a, b),

a, b > 0, by applying the following sequence:

Initialization:

a(0) ← a,
b(0) ← b,

f (0)(R) ∼= (c
(0)
1 , . . . , c

(0)
N ), parameterization of f(R) in ψ.

Iteration j = 0, . . .:

a(j+1) ←
√

a(j)b(j),

b(j+1) ← 1

2
(a(j) + b(j)),

f (j+1)(R) ∼= (c
(j+1)
1 , . . . , c

(j+1)
N ) ← (c

(j)
1 , . . . , c

(j)
N ) (applying (A.3))

(A.4)

This sequence converges quadratically, since a(j) and b(j) converge quadratically to

the same value. If we denote this limit by a(∞), then

I(a, b) =
1

a(∞)

π
2∫

0

f (∞)(R) dψ.

Since a(j) and b(j) do not depend on f(R), the limiting value a(∞) only depends on a

and b. By considering the function f(R) ≡ 1 it follows that

π

2

1

a(∞)
=

π
2∫

0

dψ√
a2 sin2 ψ + b2 cos2 ψ

=
1

max(a, b)
K




√

1 −
(

min(a, b)

max(a, b)

)2


 ,

where

K(k) :=

π
2∫

0

dψ√
1 − k2 sin2 ψ

is the complete elliptic integral of the first kind.
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A.2.2 Application of the Bartky transformation

In this section we investigate how the Bartky transformation can be applied to cal-

culate Cm(kc, p, a, b) (5.26). Instead of computing Cm(kc, p, a, b), we will derive a

calculation method for the more general expression

celn(kc, p; c0, . . . , cn) :=

π/2∫

0

∑n
k=0 ck cos2k ψ

cos2 ψ + p sin2 ψ

dψ√
cos2 ψ + k2

c sin2 ψ
. (A.5)

Cm(kc, p, a, b) is written in the form (A.5) with n = m + 1, where c0, . . . , cm+1 are

determined by the relation

(−1)m cos(2mψ)(a cos2 ψ + b sin2 ψ) =

m+1∑

k=0

ck cos2k ψ for every ψ.

We will show that for the computation of (A.5) the Bartky transformation can be

used. Consider an iteration step j. We drop the superscripts (j) in (A.4) for clarity,

and indicate the next iteration values (j + 1) by a prime. We have

f(R) =

∑n
k=0 ck cos2k ψ

cos2 ψ + p sin2 ψ
,

with R =
√

a2 sin2 ψ + b2 cos2 ψ, where a and b are the j-th iteration values as given

by (A.4) and with starting values a(0) = kc and b(0) = 1. The Bartky transformation

iteration step consists of finding the next iteration coefficients p′ and c′k, k = 0, . . . , n

such that
∑n

k=0 c′k cos2k ψ

p′ sin2 ψ + cos2 ψ
=

1

2

(
f(ρ −

√
ρ2 − ab) + f(ρ +

√
ρ2 − ab)

)
, (A.6)

with

ρ2 := (a′)2 sin2 ψ + (b′)2 cos2 ψ =

(
a + b

2

)2

−
(

a − b

2

)2

sin2 ψ.

Since f(R) can be written in terms of the factor cos2 ψ, we will consider the transfor-

mation

cos2 ψ =
R2 − a2

b2 − a2

−→ (ρ ±
√

ρ2 − ab)2 − a2

b2 − a2

= x ± y,
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with

r :=
b − a

b + a
,

x :=
2ρ2 − ab − a2

b2 − a2

=
1

2
(1 − r sin2 ψ),

y :=
2ρ

√
ρ2 − ab

b2 − a2

=
1

2
cos ψ

√
1 − r2 sin2 ψ.

Note that

x2 − y2 =
1

4
(1 − r)2 sin2 ψ.

Then (A.6) equates to: find p′ and c′k, k = 0, . . . , n such that

∑n
k=0 c′k cos2k ψ

p′ + (1 − p′) cos2 ψ
=

1

2

[ ∑n
k=0 ck(x + y)k

p + (1 − p)(x + y)
+

∑n
k=0 ck(x − y)k

p + (1 − p)(x − y)

]
. (A.7)

Define

Pk :=
1

2
[(x + y)k + (x − y)k], (A.8)

then the right hand side of (A.7) can also be written as

p
∑n

k=0 ckPk − c0(1 − p)x + (1 − p)(x2 − y2)
∑n

k=1 ckPk−1

p2 + 2p(1 − p)x + (1 − p)2(x2 − y2)
. (A.9)

The denominator of (A.9), rewritten in terms of cos2 ψ, determines the next iteration

value p′ by the equation

p2 + 2p(1 − p)x + (1 − p)2(x2 − y2) = d(p′ + (1 − p′) cos2 ψ),

where d is some scaling factor. Solving these equations for d and p′ leads to

d = p,

p′ =
1

p

(
a + pb

a + b

)2

.
(A.10)

Note that p(j) therefore does not depend on ck. Furthermore, if p(j) = 1, then also

p(j+1) = 1, and hence p(j) = 1 for all j if p = p(0) = 1.
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Secondly, we observe the numerator of (A.9). Since

Pk+1 = 2xPk − (x2 − y2)Pk−1

= (1 − r + r cos2 ψ)Pk +
1

4
(1 − r)2(1 − cos2 ψ)Pk−1, k = 1, . . .

(A.11)

and P0 = 1, P1 = x = 1
2 (1 − r + r cos2 ψ), we see that Pk is a polynomial in cos2 ψ of

degree k. Hence the numerator of (A.9), which is given by

p

n∑

k=0

ckPk +
1

4
(1 − p)(1 − r)2(1 − cos2 ψ)

n∑

k=1

ckPk−1,

is also a polynomial in cos2 ψ of degree ≤ n. Using the recurrence relations (A.11) the

coefficients can be determined, which are the c′k multiplied by the scaling factor d = p

(A.10).

Finally, the value for the case a = b has to be computed. Without loss of generality

we can assume a = b = 1. Then we must compute

celn(1, p; c0, . . . , cn) =

n∑

k=0

ck

π/2∫

0

cos2k ψ

cos2 ψ + p sin2 ψ
dψ.

The function

Ik(p) :=

π/2∫

0

cos2k ψ

cos2 ψ + p sin2 ψ
dψ, k = 0, . . . , p > 0.

can be computed using the following recurrence formulas:

I0(p) =
π

2
√

p
,

(1 − p)Ik+1(p) =

π/2∫

0

cos2k ψ dψ − pIk(p)

=
π

2

(
1 · 3 · . . . · (2k − 1)

2 · 4 · . . . · (2k)

)
− pIk(p), k = 0, . . . .

Note that these recurrence relations explicitly sets

Ik+1(0) = Ik(1) =
π

2

1 · 3 · . . . · (2k − 1)

2 · 4 · . . . · (2k)
, k = 0, . . . .

This leads for the following algorithm to compute celn(kc, p; c0, . . . , cn) (A.5):
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Procedure to compute

celn(kc, p; c0, . . . , cn) =
∫ π/2

0

∑ n
k=0 ck cos2k ψ

cos2 ψ+p sin2 ψ
dψ√

cos2 ψ+k2
c sin2 ψ

, kc 6= 0, p > 0,

with relative accuracy ǫ

a0 := |kc|;
b0 := 1;

p0 := p;

c
(0)
i := ci, i = 0, . . . , n;

r0 := b0−a0

b0+a0
;

j := 0;

while |rj | ≥ ǫ do

Initialization: Pk =
∑k

i=0 P
(k)
i cos2 ψ for k = 0, 1

P
(0)
0 := 1;

P
(1)
0 := 1

2 (1 − rj);

P
(1)
1 := 1

2rj ;

c
(j+1)
0 = c

(j)
0 (1 + 1

2
1−pj

pj
(1 − rj));

c
(j+1)
1 = 1

2c
(j)
0

1−pj

pj
rj ;

for k := 1 step 1 until n do

begin

c
(j+1)
0 := c

(j+1)
0 + c

(j)
k [P

(k)
0 + 1

4
1−pj

pj
(1 − rj)

2P
(k−1)
0 ];

c
(j+1)
i := c

(j+1)
i + c

(j)
k [P

(k)
i + 1

4
1−pj

pj
(1 − rj)

2(P
(k−1)
i − P

(k−1)
i−1 )],

i = 1, . . . , k − 1;

c
(j+1)
k := c

(j)
k [P

(k)
i − 1

4
1−pj

pj
(1 − rj)

2P
(k−1)
i−1 ];

Compute Pk+1 using recurrence relation (A.11)

Pk+1 = (1 − rj + rj cos2 ψ)Pk − 1
4 (1 − rj)

2(1 − cos2 ψ)Pk−1

P
(k+1)
0 := (1 − rj)P

(k)
0 − 1

4 (1 − rj)
2P

(k−1)
0 ;

P
(k+1)
i := (1 − rj)P

(k)
i + rjP

(k)
i−1 − 1

4 (1 − rj)
2(P

(k−1)
i − P

(k−1)
i−1 ),

i = 1, . . . , k − 1;

P
(k+1)
k := (1 − rj)P

(k)
k + rjP

(k)
k−1 + 1

4 (1 − rj)
2P

(k−1)
k−1 ;

P
(k+1)
k+1 := rjP

(k)
k ;

next iteration values
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aj+1 :=
√

ajbj ;

bj+1 := 1
2 (aj + bj);

pj+1 := 1
pj

(
aj+pjbj

aj+bj

)2

; by (A.10)

rj+1 :=
bj+1−aj+1

bj+1+aj+1
;

j := j + 1;

end

end

Converged, |aj − bj | < ǫ. Compute final answer cel

I0 := 1
2

π√
pj

;

cel := I0c
(j)
0 ;

d := 1
2π;

if pj 6= 1 then

begin

for i := 1 step 1 until n do

begin

Ii :=
d−pjIi−1

1−pj
;

cel := cel + c
(j)
i Ii;

d := d 2i−1
2i ;

end

end

else

begin

for i := 1 step 1 until n do

begin

d := d 2i−1
2i ;

cel := cel + c
(j)
i d;

end

end

cel := 1
aj
cel;

return cel;

Note that in a practical implementation at each iteration step j only the array c
(j)
i ,

i = 0, . . . , n needs to be stored; this will be overwritten by the new values c
(j+1)
i . Also

for each loop in k only the arrays P
(k)
i , i = 0, . . . , k and P

(k−1)
i , i = 0, . . . , k − 1 need
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to be available.

Furthermore for p = 1 a number of operations can be simplified or skipped, resulting

in reduced computation time. Note that the case p = 1 frequently occurs in magnetic

field computations for elementary cones.

A.2.3 The case p = 0

At discussed in Section 5.2.7.2, we want to extend the domain of the modified complete

elliptic integrals to include p = 0, and for these purposes the functions C1
m(kc, p, a, b)

(5.33) and Sm(kc, p) (5.34) were introduced. In this section we will discuss how these

functions are computed for all p, including p = 0.

A.2.3.1 The function C1
m(kc, p, a, b)

A slightly modified variant of Cm(kc, p, a, b
√

p), defined as

C1
m(kc, p, a, b

√
p) = Cm(kc, p, a, b

√
p) (5.34)

is finite for all a, b and p ≥ 0, as has been proven in Section 5.2.7.2. The corresponding

generalization to the cel function is obtained by defining the function

cel1n(kc, p; c0, . . . , cn) := celn(kc, p; c0
√

p, c1, . . . , cn)

=

π/2∫

0

c0
√

p +
∑n

k=1 ck cos2k ψ

cos2 ψ + p sin2 ψ

dψ√
cos2 ψ + k2

c sin2 ψ
,

(A.12)

which is finite for p = 0.

Modification of the cel algorithm is straightforward, but for p = 0 still division

by zero occurs. For small p the equality

cel1n(a, b, p; c0, . . . , cn) =

C1
0 (kc, p, c0

√
p + c1, c0)

+ cel1n−1(kc, 1;−pc2, c2 + p(c2 − c3), . . . , cn−1 + p(cn−1 − cn), cn + pcn)

+ O(p
√

p), p ↓ 0,

can be used, in combination with the following algorithm for C1
0 (kc, p, a, b), which is a

modification of Bulirsch’ algorithm, such that for p = 0 no illegal operations occur:
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Procedure to compute

C1
0 (kc, p, a, b) =

∫ π/2

0

a cos2 ψ+b
√

p sin2 ψ

cos2 ψ+p sin2 ψ
dψ√

cos2 ψ+k2
c sin2 ψ

, kc 6= 0, p ≥ 0,

with relative accuracy ǫ

aj := b;

bj := a|kc|;
p0 := |kc|;
µ0 := 1;

ν0 := |kc|;
j := 0;

do

νj+1 = 2
√

µjνj ;

µj+1 = µj + νj ;

bj+1 := 2(µjνjaj
√

p/pj + bj);

aj+1 := 2(bj
√

p/pj + aj);

pj+1 := µjνjp/pj + pj ;

j := j + 1;

while |µj − νj | ≥ µjǫ;

return 1
2

ajµj + bj

µj(µj
√

p + pj)
;

A.2.3.2 The function Sm(kc, p)

The function function Sm(kc, p) has been defined in Section 5.2.7.2 as

Sm(kc, p) :=
√

2

π∫

0

1

(1 + p) − (1 − p) cos φ

sin(mφ) sin φ√
(1 + k2

c ) − (1 − k2
c ) cos φ

dφ, (5.34)

with kc 6= 0, p ≥ 0.

Sm(kc, p) can be written in terms of celn(kc, p; c0, . . . , cm+1) (A.5), where c0, . . . ,

cm+1 are determined by the relation

(−1)m sin(2mψ) sin(2ψ) =

m+1∑

k=0

ck cos2k ψ for every ψ.

Note that c0 = 0 for every m, and therefore Sm(kc, p) can be computed using the

algorithm for cel1n described above for every p ≥ 0.
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A.3 Computation using recurrence relations

The Bartky transformation involves O(m2) computations per iteration. Furthermore,

it uses a polynomial in cos2 ψ, of which the coefficients can be very large if initially set

to cos(2mψ), as is done for computation of Cm(kc, p, a, b). This section describes an

alternative calculation method, using recurrence relations on two-dimensional vectors.

Observe that Cm(kc, p, a, b) is linear in a and b, that is

Cm(kc, p, a, b) = aCm(kc, p, 1, 0) + bCm(kc, p, 0, 1).

Introduce the quantities

x :=
1 − p

1 + p
,

y :=
1 − k2

c

1 + k2
c

.

which are identical to (5.28a,b). Furthermore define the vector

cm :=

(
Cm(kc, p, 1, 0)
Cm(kc, p, 0, 1)

)
,

and the matrices

Am :=

( 1−x
x + 1+x

xy
2m

2m−1 − 1−x
x + 1−x

xy
2m

2m−1

− 1+x
x − 1+x

xy
2m

2m−1
1+x

x − 1−x
xy

2m
2m−1

)
,

Bm :=
1

(2m − 1)x

(
−2mx − 1 x − 1

x + 1 −2mx + 1

)
,

then the recurrence relation in matrix notation is

cm−1 = Amcm + Bmcm+1. (A.13)

In general a three-term recurrence relation such as (A.13), but with real numbers

instead of vectors and matrices, has two different independent solutions: one which

becomes larger for increasing m (the ’exploding’ solution), and one which goes to zero

(the ’vanishing’ solution). Note that, since the dimension of cm is 2, two independent

vanishing solutions exist.

If we use (A.13) in the forward direction (i.e. start with c0 and c1, and compute

cm+1 from cm−1 and cm repeatedly), then, due to round-off error, a series of values

containing the ’dominant’ solution will be calculated. However, since

lim
m→∞

Cm(kc, p, a, b) = 0,
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we must use the backwards recurrence formula (i.e. compute cm−1 from cm+1 and

cm ) to get the vanishing solution, since in this case this will become dominant for

decreasing m.

In general this proceeds as follows: start the recurrence for m = M with M ≫ m

large, and take some initial values for CM (kc, p, a, b) and CM+1(kc, p, a, b). If noth-

ing about the behavior of the functions is known, we can take CM (kc, p, a, b) = 1,

CM+1(kc, p, a, b) = 0. To increase the convergence, we better choose CM+1(kc, p, a, b)

according the asymptotic behavior. Depending on the starting values, and the val-

ues for a and b, for m = 0 a certain value will be found, being approximately equal

to a scale factor times C0(kc, p, a0, b0) for certain a0 and b0. If we know a0 and b0,

from the value of C0(kc, p, a0, b0), which is computed using the Bartky transformation

as described in Section A.2.2, the scale factor is known. Since this recurrence for-

mula also calculated ’scale factor times Cm(kc, p, am, bm)’ for a certain pair (am, bm),

Cm(kc, p, am, bm) has been calculated as well. By applying two different starting values

for a and b, Cm(kc, p, a, b) can be calculated for two values (a1, b1) and (a2, b2). If the

vectors (a1, b1) and (a2, b2) are independent, then for each pair (a, b), Cm(kc, p, a, b)

is known.

To derive suitable starting values, we observe the eigenvalues λ1 and λ2 and eigen-

vectors of the matrices in the recurrence relation:

Am : λ1 =
2

x
with eigenvector

(
x − 1
x + 1

)
,

λ2 =
4m

(2m − 1)y
with eigenvector

(
2m−1
2m y − 1

2m−1
2m y + 1

)
,

Bm : λ1 = −1 with eigenvector

(
x − 1
x + 1

)
,

λ2 = −2m + 1

2m − 1
with eigenvector

(
−1
1

)
.

Note that

(
x − 1
x + 1

)
is an eigenvector of both Am and Bm. Introduce the numbers αm

and βm, which are the coefficients of cm in the orthogonal system of vectors

(
x − 1
x + 1

)

and

(
1 + x
1 − x

)
, that is

cm =

(
Cm(kc, p, 1, 0)
Cm(kc, p, 0, 1)

)
= αm

(
x − 1
x + 1

)
+ βm

(
1 + x
1 − x

)
.
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Introduce the orthogonal transformation matrix M given by

M :=

(
x − 1 1 + x
x + 1 1 − x

)
,

then

M−1 =
1

2(1 + x2)
M.

Hence we get the following recurrence relation for αm and βm:

(
αm−1

βm−1

)
= M−1AmM

(
αm

βm

)
+ M−1BmM

(
αm+1

βm+1

)

= 2

(
1
x − 2m

(2m−1)xy − 1

0 2m
(2m−1)y

)(
αm

βm

)
+

(−1 2
(2m−1)x

0 − 2m+1
2m−1

)(
αm+1

βm+1

)
.

(A.14)

First note that the recurrence relation of βm is independent of αm, since from (A.14)

it follows that

(2m − 1)βm−1 =
2m

y
βm − (2m + 1)βm+1. (A.15)

This equation has a trivial solution βm = 0, with the corresponding recurrence relation

for αm

αm−1 =
2

x
αm − αm−1,

which has an analytical vanishing solution given by

αm =

(
x

1 +
√

1 + x2

)m

.

Another series of

(
αm

βm

)
is obtained by using non-trivial values for βm, starting with

the approximation βM = 1, βM+1 = 0, and using the recurrence relation (A.15). Note

that this series yields the approximation to the following function in y:

βm ≈ C

π∫

0

cos(mφ)√
1 − y cos φ

dφ. (A.16)

(A.16) can be used to derive formulas for βm in case y ≈ 0, since in that case (A.15)

is numerically unstable.

By computing the corresponding αm, a second series of

(
αm

βm

)
is obtained. Since

we have found the two independent vanishing solutions of the recurrence relation, we
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can solve for the required solution, which is given by the vector (a, b). If we denote

the multiplication factors by ν1 and ν2, then

cm = M

((
x

1+
√

1+x2

)m

αm

0 βm

)(
ν1

ν2

)
.

Since for m = 0 c0 can be calculated directly, ν1 and ν2 can be calculated. From this

it follows that

cm =
1

2(1 + x2)
M

((
x

1+
√

1+x2

)m

αm − α0

(
x

1+
√

1+x2

)m

0 βm

β0

)
Mc0.





Appendix B

Logarithmic Complete Elliptic

Integral

The Logarithmic Elliptic Integral Lell(kc, a) is introduced in Chapter 5, where it

is defined by (5.31) as

Lell(kc, a) :=

π
2∫

0

ln

(√
cos2 ψ + k2

c sin2 ψ + a

)
dψ, a ≥ −|kc|. (5.31)

We will investigate a numerical method to compute this function for every value in its

domain. Note that in our application it is used in expressions involving subtraction of

Lell(kc, a) with different arguments, and therefore we are more interested in absolute

rather then relative accuracy.

B.1 General approach

We expect problematic behavior of Lell(kc, a) for a ↓ −kc since then the argument of

the logarithmic function in the integrand becomes zero for ψ = π
2 . Using

Lell(kc, a) + Lell(kc,−a) =

π
2∫

0

ln
(
cos2 ψ + k2

c sin2 ψ − a2
)

dψ

= π ln

(√
k2

c − a2 +
√

1 − a2

2

)
, |a| ≤ |kc|, (B.1)
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we directly derive that

Lell(kc, 0) =
π

2
ln

( |kc| + 1

2

)
. (B.2)

Also it follows that Lell(kc, a) is finite for every kc and a ≥ −|kc|. Furthermore, by

applying (B.1) for a < 0, we see that we only need to be able to compute Lell(kc, a)

for a ≥ 0. Hence the only ’problematic’ point to investigate remains (kc, a) = (0, 0),

where we expect problems related to the derivatives.

By using

Lell(kc, a) = Lell(
1

kc
,

a

kc
) +

π

2
ln(kc), kc > 0,

we can furthermore restrict the domain for computation to 0 ≤ kc ≤ 1. Note that in

our application the expressions involving Lell(kc, a) are already always with 0 ≤ kc ≤ 1.

It is our goal to use polynomial interpolation techniques. Since they only work

well if the function we want to approximate is known to have finite derivatives in

a compact domain, we must express Lell(kc, a) into ’auxiliary’ functions which are

sufficiently smooth on a compact domain. To reduce the number of grid points and

increase the accuracy, we also want to incorporate the first order derivatives of the

auxiliary functions. Since our preferred method is bicubic interpolation [PFTV86],

also the second order mixed derivative of the auxiliary functions are needed.

B.1.1 Lell(kc, a) near kc = 0, a = 0

For kc = 0 the derivative ∂Lell

∂a (0, a) can be written into analytical functions:

∂Lell

∂a
(0, a) =

π
2∫

0

dψ

cos ψ + a

=






1√
1−a2

ln
(

1+
√

1−a2

a

)
0 < a < 1,

1 a = 1,
2√

a2−1
arctan

√
a−1
a+1 a > 1.

(B.3)

Hence, ∂Lell

∂a (kc, a) has a logarithmic singularity in (0, 0), as opposed to ∂Lell

∂kc
(kc, a)

which is finite everywhere (also by (B.2)). This motivates the choice of the auxiliary

function

Mell(kc, a) := exp

(
−Lell(kc, a) − Lell(kc, 0)

a

)
, (B.4)
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in which case Lell(kc, a) is given by

Lell(kc, a) =
π

2
ln

(
kc + 1

2

)
− aMell(kc, a). (B.5)

B.1.2 Lell(kc, a) for large a

Since Lell(kc, a) ≈ π
2 ln(a) for a → ∞, consequently Mell(kc, a) ≈ 1

a ln(a) for large a,

making (B.4) less suitable for computation of Lell(kc, a) for large a. For this reason

we introduce another function tailored to represent Lell(kc, a) for large a. We define

this function as

Nell(kc, y) :=
exp

(
2
π Lell(kc,

1
1−y )

)

1 + 1
1−y

− 1, 0 ≤ kc ≤ 1, 0 ≤ y ≤ 1, (B.6)

from which Lell(kc, a), using the relation

y =
a − 1

a
, and hence a =

1

1 − y
,

is given by

Lell(kc, a) =
π

2
ln

(
(1 + a)

(
1 + Nell(kc,

a − 1

a
)
))

, a ≥ 1. (B.7)

Nell(kc, y) is continuous and differentiable at y = 1; in particular Nell(kc, 1) = 0.

Since for large a Nell(kc,
a−1

a ) is close to zero, (B.7) can still be computed accurately

by using the polynomial approximation for ln(1 + x) = x − 1
2x2 + . . ., |x| < 1.

Figure B.1 shows the graphs of respectively Mell(kc, a) and Nell(kc, y).

B.2 Expressions for the derivatives

In the previous section the functions Mell(kc, a) and Nell(kc, y) were introduced, which

are both defined and sufficiently smooth on the unit square. Lell(kc, a) will be com-

puted using Mell(kc, a) for 0 ≤ a ≤ 1 by (B.5), and using Nell(kc, y) for a = 1
1−y ≥ 1

by (B.7). Both functions will be approximated by bicubic interpolation, and we must

therefore compute the function values, first derivatives and mixed second derivative

in the points of a regular grid. In this section we will give the explicit expressions.

When given as integral, the value can be computed by numerical quadrature such as

Romberg integration.
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Figure B.1: Graphs of Mell(kc, a) and Nell(kc, y).

B.2.1 Derivatives of Mell(kc, a)

From

∂Lell(kc, a)

∂kc
=

π
2∫

0

kc sin2 ψ√
cos2 ψ + k2

c sin2 ψ + a

dψ√
cos2 ψ + k2

c sin2 ψ
,

0 ≤ kc ≤ 1, a ≥ 0,

it follows that

∂Mell

∂kc
(kc, a) =






−Mell(kc, a)
1

a

[∂Lell

∂kc
(kc, a)

− ∂Lell

∂kc
(kc, 0)

]
,

a > 0,

Mell(kc, 0)C1
0 (kc, k

2
c , 0, 1), a = 0, 0 < kc ≤ 1,

1
4 , a = 0, kc = 0.

Here C1
m(kc, p, a, b) is defined by (5.33) using the Modified Complete Elliptic integral

Cm(kc, p, a, b) (5.26). These functions are discussed in Appendix A, where it is shown

that fast and accurate computational methods exist.
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Likewise we find that from

∂Lell(kc, a)

∂a
=

π
2∫

0

1√
cos2 ψ + k2

c sin2 ψ + a
dψ,

0 ≤ kc ≤ 1, a ≥ 0, (kc, a) 6= (0, 0), (B.8)

it follows that
∂Lell

∂a
(kc, 0) = K(

√
1 − k2

c ), (B.9)

where K(k) is the complete elliptic integral of the first kind, defined by (setting k2 +

k2
c = 1)

K(
√

1 − k2
c ) = K(k) =

π
2∫

0

1√
1 − k2 sin2 ψ

dψ

=

π
2∫

0

1√
cos2 +k2

c sin2 ψ
dψ

= C0(kc, 1, 1, 1) for 0 < kc ≤ 1.

From this it also follows that

Mell(kc, 0) =

{
exp(−K(

√
1 − k2

c )), 0 < kc ≤ 1,

0, kc = 0.

Using [GR80]

K(
√

1 − k2
c ) = ln

(
4

kc

)
+

1

2
k2

c

(
ln

(
4

kc

)
− 1

)
+ O(k4

c ln(kc)), kc ↓ 0. (B.10)

we get the approximation

Mell(kc, 0) =
kc

4
+ O(k3

c ), kc ↓ 0.

Furthermore

∂Mell

∂a
(kc, a) =






−Mell(kc, a)×

×
[1

a

∂Lell

∂a
(kc, a)

− 1

a2
(Lell(kc, a) − Lell(kc, 0))

]
,

a > 0,

π
4kc

Mell(kc, 0), a = 0, 0 < kc ≤ 1,
π
16 , a = 0, kc = 0.
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For bicubic interpolation also the second order derivatives are needed. It follows that

∂2Mell

∂kc∂a
(kc, a) =

{
π

4kc
Mell(kc, 0)

(
C1

0 (kc, k
2
c , 0, 1) − 1

kc

)
, a = 0, 0 < kc ≤ 1,

0, a = 0, kc = 0.

For a > 0 the expression is rather extensive, and is therefore not shown. Since it does

not contain any singularities, it can be calculated straightforwardly. It incorporates
∂2Lell

∂kc∂a (kc, a), which is given by

∂2Lell

∂kc∂a
(kc, a) = −

π
2∫

0

kc sin2 ψ

(
√

cos2 ψ + k2
c sin2 ψ + a)2

dψ√
cos2 ψ + k2

c sin2 ψ
.

B.2.2 Derivatives of Nell(kc, y)

The only problematic point is y = 1, which corresponds to a = ∞. From (B.8) it

follows that

∂Lell

∂a
(kc, a) =

π

2

1

a
− 1

a2
E(

√
1 − k2

c ) + O(
1

a3
), a → ∞,

where E(k) is the complete elliptic integral of the second kind, defined by

E(
√

1 − k2
c ) = E(k) =

π
2∫

0

√
1 − k2 sin2 ψ dψ

=

π
2∫

0

√
cos2 +k2

c sin2 ψ dψ

= C0(kc, 1, 1, k2
c ) for 0 ≤ kc ≤ 1.

Therefore

∂Nell

∂kc
(kc, y) =

{
2
π (1 + Nell(kc, y))∂Lell

∂kc
(kc,

1
1−y ), 0 ≤ y < 1,

0, y = 1,

and

∂Nell

∂y
(kc, y) =

{
1+Nell(kc,y)

(1−y)2

(
2
π

∂Lell

∂a (kc,
1

1−y ) − 1−y
2−y

)
, 0 ≤ y < 1,

1 − 2
π E(

√
1 − k2

c ), y = 1.

For the mixed second order derivative we get an expression which for y = 1 evaluates

to
∂2Nell

∂kc∂y
(kc, 1) = − 2

π
C0(kc, 1, 0, kc).
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Vector algebra

This appendix gives an overview of the referenced vector identities.

Algebraic rules:

(u × v) · w = (v × w) · u = (w × u) · v; (C.1)

u × (v × w) = (u · w)v − (u · v)w. (C.2)

Differentiation rules:

curl (fu) = grad f × u + f curlu; (C.3)

div (u × v) = v · curlu − u · curlv; (C.4)

curl curlu = ∇2u − grad div u. (C.5)

Other relations (a is a constant vector):

grad

(
1

‖x − a‖

)
= − x − a

‖x − a‖3
. (C.6)

Stokes’s law: ∫∫

S

curlu · n dS =

∮

∂S

u · τ dl (C.7)

Gauss’s law: ∫∫∫

V

div u dV =

∫∫

∂V

u · n dS. (C.8)

Ostragadsky’s law: ∫∫∫

V

curlu dV =

∫∫

∂V

n × u dS. (C.9)





Glossary

Typographic conventions and used notations

The table below lists typographic conventions and used notations.

Notation Meaning

v, I A slanted roman font indicates a scalar entity. Capitals are used for
specific electromagnetic quantities, e.g., I for current.

v, B A bold slanted roman font indicates a vector (of any dimension > 1).
Capitals are used for specific electromagnetic quantities, e.g., B for
magnetic flux density.

vx, vy, vz The cartesian components of a vector v.

z A sans serif slanted font indicates a complex value. Capitals are used
for specific electromagnetic quantities, e.g., V for voltage.

M A bold straight roman font indicates an operator or matrix.

‖v‖ The Euclidian norm of a vector v, e.g., if v ∈ R
3 then ‖v‖ =√

v2
x + v2

y + v2
z .

|Ω| The ’size’ of a region Ω. This is the volume if Ω is a volume in R
3, and

the area if Ω is a manifold in R
3 or a surface in R

2.

[I] The dimension of a physical quantity is indicated by brackets. For
example, if I is an electric current, then in S.I. units [I] = amperes.

∂Ω The boundary of a region Ω.

supp(f) The support of a scalar or vector function f : Ω → R
n, that is

supp(f) := { x ∈ Ω | f(x) 6= 0 }.
ℜ(z), ℑ(z) Respectively the real and imaginary part of a complex variable z.
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Notation Meaning

v̂n Basis functions for any vector space are denoted by an additional hat.
E.g., the three basis vectors for the three dimensional Euclidian space
are denoted as x̂, ŷ and ẑ. In general a hat on an identifier indicates
that the quantity this identifier represents is not necessarily in the
dimension for that quantity. For example, Ĵ src(x) identifies a vector
field for a current density (A/m2 in S.I. units), but may be in another
dimension because it has to be multiplied by some scalar function
Isrc(t) to yield a real current density. Therefore, if the S.I. dimension

of Isrc(t) is Amperes, the dimension of Ĵ src(x) is 1/m2.

T∗ The conjugate of an operator T.

∇2 f The Laplace operator on the scalar function f(x). In Cartesian coor-
dinates this is given by ∇2 ux · x̂ + ∇2 uy · ŷ + ∇2 uz · ẑ.

∇2 u The Laplace operator on the vector function u(x). When u(x) =
ux(x)x̂ + uy(x)ŷ + ux(z)ẑ, then in Cartesian coordinates ∇2 u is
given by ∇2 ux · x̂ + ∇2 uy · ŷ + ∇2 uz · ẑ.

∫

C

f(x) dl A line integral of f(x) over the curve C. The unit tangential vector in
a point x ∈ C (if it exists) is denoted as τ (x). Often this is shortened
to τ , omitting the explicit dependency on x.

∫∫

S

f(x) dS A surface integral of f(x) over the surface S. The unit normal vector in
a point x ∈ S (if it exists) is denoted as n(x). Often this is shortened
to n, omitting the explicit dependency on x.

∫∫∫

V

f(x) dV A volume integral of f(x) over the volume V .

Symbols

The following table lists the used symbols.

Symbol Meaning

1n Vector of all ones, i.e. (1, . . . , 1)T ∈ R
n.

A Magnetic vector potential. Dimension Tm in S.I. units.

B Magnetic flux density. Dimension T in S.I. units.

δm Defined for m integer. δm = 1 for m = 0, 0 otherwise.

φ Magnetic flux through a surface (R3) or through a curve (R2). Dimension
Tm2 in S.I. units.
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Symbol Meaning

F Force. Dimension N in S.I. units.

H Magnetic field strength. Dimension A/m in S.I. units.

I Electric current (flux of the current density). Dimension A in S.I. units.

J Volume current density. Dimension A/m2 in S.I. units.

j Surface current density. Dimension A/m in S.I. units.

L Self inductance. Dimension H in S.I. units.

M Mutual inductance. Dimension H in S.I. units.

M Magnetization. Dimension A/m in S.I. units.

n Unit vector in normal direction at a point on a surface.

R Resistance. Dimension Ω in S.I. units.

R
+ The collection of all positive real numbers, including zero.

S Two dimensional manifold in R
3 (surface).

s Coefficients of the finite series in stream function basis functions. Dimen-
sion A in S.I. units.

τ Unit vector in tangential direction at a point in curve.

t Time, seconds in S.I. units.

t0 Fixed starting time, seconds in S.I. units.

V Volume in R
3.

V Voltage. Dimension V in S.I. units.

ψ Stream function. The stream function for the surface current density has
dimension A in S.I. units.

x̂, ŷ, ẑ Unit vectors in Cartesian space.

Topological terminology

In this section a very brief overview of the used topological terms are given. For more

in-depth discussion of this topic, see for example [Cou56].

A simple closed curve is a curve which divides the plane in which it lies into two

disjoint regions: one inside and one outside. The Jordan Curve Theorem states that

any continuous simple closed curve in the plane (a Jordan curve) separates the plane

in this way.

A surface is a continuous mapping from U ⊂ R
2 → R

3. The boundary of the
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surface is the collection of ’non-internal’ points. The tangent plane in a point on the

surface is the plane through that point. The surface is compact if U is compact (since

the mapping is continuous). For a smooth surface the tangent plane is unique in all

internal points. A piecewise smooth surface is smooth with the exception of a ’lower

dimension’ of points (the internal set is empty).

A normal is the vector perpendicular to the tangent plane. An orientable surface

has a normal, which is indicated by n. An orientable surface mapped into a Euclidean

space will have two distinct sides.

A surface is connected if, given any two points on the surface, there is a path on

the surface that connects the two points. A surface is simply connected if any closed

curve in it can be continuously deformed to a point without leaving the surface (i.e.,

it has no ’holes’). A surface is closed if it is compact and has no boundary curves.
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Admittance

surface, 58

Associated Legendre function, see Leg-

endre function,associated

Bartky transformation, 154

BEM (Boundary Element Methods), 80

Biot-Savart, 28, 30, 76, 77, 95, 131

Bloch equation, 118

Boundary Element Methods, 80

Closed sub-boundary

Definition, 61

Complementary modulus kc, 108

Conductivity σ, 17, 79

Conductor, 3, 11

centroid, 67

good, 17

path, 65

realizable, 51

region, 16

Cone

elementary, 86

Current

density J , 13, 16

Displacement current, 12, 18

Divergence-free, 19, 24, 47, 48, 54, 63

Eddy currents, 11, 125

Electric

current I, 11

field, 14, 21

field strength E, 16

flux density D, 16

permittivity ǫ, 17, 79

Elliptic Integral

Complete, of the first kind K(k),

156, 173

Complete, of the second kind E(k),

174

Logarithmic, see Logarithmic El-

liptic Integral Lell(kc, a)

Modified Complete, see Modified

Complete Elliptic Integral Cm(kc, p, a, b)

Faraday’s law, 14

Gauss’ law, 18, 50, 175

Golay coil, 5

Harmonic functions, 37

Heaviside function H(t), 90

Helmholtz pair, 5

Hilbert space, 19

H(div;Vcond), 20

Impedance Z, 34

Initial value problem, 88–90

Inverse problem
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definition, 15

Jordan Curve Theorem, 179

Laplace equation, 36

Legendre function

associated Pnm(x), 37, 102

Linear node function, 80

Logarithmic Elliptic Integral Lell(kc, a),

104, 109, 169–174

Lorentz force, 12, 42, 126, 146

axially symmetric, 101

Magnetic

field strength H, 16

flux density B, 16

permeability

of vacuum µ0, 28

permeability µ, 17, 79

susceptibility χr, relative, 30

vector potential A, 24

Magnetization

surface,, 76

Magnetization M , 29

Maxwell pair, 5

Maxwell’s equations, 16–17, 57

Mode, 89

Modified Complete Elliptic Integral

Cm(kc, p, a, b), 104, 107, 153–

167

Modulus

complementary kc, 108

Modulus k, 108

Mutual

inductance, 58

computation, 43

in stream function, 75

matrix, 148

operator, 23

using vector potential, 24

inductance Mmn, 22

inductor, 26

resistance, 58

elementary cone, 100

operator, 23

resistance Rmn, 22

resistor, 26

Node function

piecewise linear, 80

Normalized set, 81

Ohm’s law, 17

Ostragadsky’s law, 175

Permeability, see Magnetic, permeabil-

ity

Permittivity, see Electric, permittivity

Quadratic Programming (QP) problem,

91

Quadrilateral

basis functions, 84

vector potential Ân(x0), 98

Quasi-static

strong condition, 18

weak condition, 18

Resistance

surface, 58

de Rham’s complex, 77

Self-eddy currents, 11, 92, 145

Shape optimization, 3

Simplex method, 90
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Skin depth, 57

Skin effect, 12

Source-free, 14, 17, 48, 55, 58

Spherical Harmonics Expansion, 36–42

Stokes’s law, 175

Stream function, 47–78

definition

2d, 55

surface, 60

inverse formula, 60

pairs, 52–53

Sub-boundary

closed, definition, 61

Superconductor, 23

coils, 122

Surface

admittance, 58

current density j(x), 57

definition, 179

magnetization, 76

resistance, 58

Time constant λi, 89

Topological optimization, 3

Triangle

basis functions, 82

vector potential Ân(x0), 97

Vector potential, 53

Whitney forms, 77





Summary

In a quasi-static electromagnetic problem, in which there is also no dependence on

the history or of other physical quantities like the temperature, the current density

determines the electromagnetic field. The relevant electromagnetic properties of the

medium are the magnetic permeability, the conductivity and the electric permittiv-

ity. The electromagnetic field is then characterized by the magnetic flux density (the

magnetic field) and the electric field strength (the electric field). The quasi-static

condition puts a requirement on the characteristics of the medium in relation with the

maximum rate of change of the quantities. We presume that these conditions hold.

Therefore, when an electric current is flowing through an electrically conductive

shape, a magnetic field is generated. If also electrically conductive objects are present,

eddy currents will be induced in these objects when the current changes in time, which

in turn affect the electromagnetic field. The problem discussed in this thesis is the

determination of the required conductor shape when medium properties and required

properties of the electromagnetic field are given. In addition this conductor shape is

required to fit in a prescribed region.

Parameterizing the possible conductor shapes in general leads to an impractical

complex parameter space, where in addition the magnetic properties depend in a very

non-linear manner on these parameters. Therefore the class of possible conductor

shapes is replaced by the class of vector functions that represent a possible volume

current density. An additional condition is then that the conversion of the volume

current density into a conductor shape is ’simple’. This puts requirements on the rep-

resentation of the volume current density. The problem of determining the conductor

shape is therefore replaced by the problem of determining a volume current density,

where the support of this function consists of the prescribed region (the conductor

region) to which the conductor is restricted. This vector function, which at least has

to have zero divergence, forms the degree of freedom of the problem.

The solution is represented as a series in a given set of basis functions with zero
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divergence. The eddy currents in the conductive regions are described by a second

series in a set of basis functions with zero divergence. The coefficients of the basis

functions for the conductor region therefore are the degrees of freedom, while the

coefficients of the basis functions of the conductive region have to be derived from the

first set of coefficients. Both sets of coefficients are related by a differential equation.

Therefore, in order to derive the second set of coefficients from the first set (the degrees

of freedom), an additional condition is needed. This is denoted by the ’uniqueness

condition’, and can for example be a prescribed initial value for the induced currents.

This condition is specified by the particular problem.

The quantities that appear in the differential equation are the mutual inductance

and mutual resistance between two basis functions. These quantities are determined

by the properties of the medium, in particular the magnetic permeability and the

conductivity. It is required that the medium is linear, a condition that is therefore

assumed henceforward. These quantities also determine, in combination with the

coefficients of the basis functions, the magnetic energy and dissipation at any moment

in time for a given current amplitude function. Because the medium is linear, a linear

operator can be defined from which the magnetic field is derived. Such an operator

does not exist for the electric field due to the time dependence relations. However,

if the permittivity is constant, the magnetic vector potential can be used to describe

the electric field. For this function a linear operator can be defined.

The problem of determining a current density in the conductor volume is therefore

converted to determining coefficients for a series of basis functions for the current

density of the conductor region. From these coefficients we can determine the current

density in the conductive regions, and also the magnetic field, magnetic energy and

dissipation. A fixed component of the magnetic field is linear in the coefficients,

while the magnetic energy and dissipation are quadratic. These properties make it

attractive to translate the problem into an optimization problem, in which for a given

current amplitude function the total energy is minimized. A second rationale for this

translation is that this criterion occurs in a number of physical problems. Required

properties of the magnetic field are supplied as boundary conditions (constraints).

Finding a suitable representation of the basis functions is subsequently restricted

to situations in which the conductor and conductive regions are flat, and can therefore

be approximated by a surface in combination with a description of the thickness. The

volume current density then becomes a surface current density. For this situation the

stream function appears to be a useful representation of the surface current density.

The relation between stream function and surface current density is bijective, aside
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from an irrelevant constant in the stream function. In order to create a stream function

for which a current density can be defined only the stream function needs to be

constant at the boundary of the surface, and the surface must be orientable.

The stream function is therefore suited for numerical application because it is a

scalar representation of the surface current density that, in combination with simple

conditions, leads to physically possible current density functions. A second advantage

is, that the contours of the stream functions are also the streamlines of the corre-

sponding surface current density. Therefore, the contours of the stream function with

equal step size generate the centroid of the requested conductor shape.

In the numerical application a finite set of basis functions for the stream function

is selected. An essential problem is the computation of the mutual inductance, which

is given by an integral of the magnetic vector potential over the surface. In this

thesis the numerical problems with respect to the calculation of the vector potential

are discussed in detail for the case the permeability is constant everywhere. In that

case there exists an analytical expression for the vector potential of a point, given

as an integral over the current density, where the kernel becomes singular when the

point is on the surface. The general expression for the vector potential contains a

second term, which consists of an integral over the magnetization; the kernel of this

integral is in general nonsingular and its computation therefore involves no issues.

Restriction to the case the permeability is constant everywhere is therefore not an

essential simplification.

The numerical algorithms are discussed in detail for two geometrical classes, namely

an arbitrary surface that is discretized into triangles and quadrilaterals, and an axially

symmetric surface that is discretized into sections of cones. In case of a discretiza-

tion into triangles and quadrilaterals the basis functions are the piecewise linear node

functions. In case of the axially symmetric geometry the basis functions span the

entire surface in azimuthal direction, with a harmonic distribution as described by the

order of the basis function. As a consequence the basis functions of different order

are orthogonal, and in addition the mutual inductance and mutual resistance between

two basis functions of different order are zero. When therefore for axially symmetric

surfaces it is known in advance that only a few orders are needed, a significant increase

in computation speed is possible with respect to the discretization of a general surface.

For this reason axially symmetric surfaces are discussed in detail in this thesis.

The physical quantities that have to be derived from a basis function are the

magnetic flux density in a point, the magnetic vector potential in a point, and the

coefficients of the expansion of the magnetic flux density and the magnetic vector
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potential in Spherical Harmonics. These quantities are expressed as integrals over the

current density; the integrals are two-dimensional in case of discretization into trian-

gles and quadrilaterals, and one-dimensional for the axially symmetric discretization.

These expressions are detailed for the magnetic vector potential, where in particular

attention is paid to the case the point is on the surface; this is relevant for the compu-

tation of the mutual inductance. The dimension of the integrals can be lowered by one

by analytical integration. In case of an axially symmetric geometry the expressions for

the magnetic vector potential and magnetic flux density therefore become analytical

functions. Efficient numerical methods are described for these functions. In case of

discretization in triangles also analytical expressions exist, whereas for quadrilaterals

still numerical quadrature is necessary.

For any combination of two basis functions the mutual inductance and mutual re-

sistance have to be calculated. Expressions and computational methods are described.

Finally two examples of the application of stream functions for determining the

conductor shapes are presented. The first example originates from a practical problem,

and concerns the design of a so-called X gradient coil as being used in Magnetic

Resonance Imaging (MRI) equipment. The geometry is axially symmetric, with only

one order. The energy in a certain pulse has to be minimized, while at the same time

the magnetic field shape and the allowed deviation in a certain region is prescribed.

The second example discusses the design of a magnetization device. On a sur-

face without symmetry a conductor shape has to be applied, where the shape of the

magnetic field is again prescribed, in this case in terms of the Spherical Harmonic

expansion. In this example only the magnetic energy has to be minimized.
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In een quasi-statisch elektromagnetisch probleem, waarbij er tevens geen afhankelijk-

heid is van de voorgeschiedenis of van ander fysische grootheden zoals temperatuur,

bepaalt de stroomdichtheid het elektromagnetisch veld. De relevante elektromagne-

tische eigenschappen van het medium zijn de magnetische permeabiliteit, de geleid-

baarheid en de elektrische permittiviteit. Het elektromagnetisch veld wordt dan geka-

rakteriseerd door de magnetische fluxdichtheid (het magnetisch veld) en de elektrische

veldsterkte (het elektrisch veld). De quasi-statische conditie stelt een voorwaarde aan

de karakteristieken van het medium en de maximale verandering van de grootheden

in de tijd. We veronderstellen dat deze voorwaarden gelden.

Wanneer door een elektrisch geleidend patroon een stroom wordt gestuurd, wordt

dus een magnetisch veld opgewekt. Als er tevens elektrisch geleidende objecten aan-

wezig zijn, zullen hierin, als de stroom in de tijd verandert, wervelstromen opgewekt

worden, die dus het totale elektromagnetisch veld veranderen. De probleemstelling

van dit proefschrift betreft de vraag hoe, wanneer het medium en eigenschappen van

het elektromagnetisch veld zijn voorgeschreven, het geleiderpatroon eruit moet zien.

Dit geleiderpatroon moet tevens binnen een vooraf opgegeven ruimte passen.

Het parameteriseren van mogelijke geleiderpatronen leidt in het algemeen tot een

onpraktisch complexe parameter ruimte, waarbij tevens de magnetische eigenschap-

pen zeer sterk niet-lineair zijn in deze parameters. Daarom wordt de klasse van moge-

lijke geleiderpatronen vervangen door die van vectorfuncties die een mogelijke ruimte

stroomdichtheid voorstellen. Als extra voorwaarde moet wel gesteld worden dat het

vertalen van de stroomdichtheid in een geleiderpatroon ’eenvoudig’ is. Dit stelt eisen

aan de representatie van de ruimte stroomdichtheid. Het probleem van het vinden

van een geleiderpatroon wordt dus vervangen door het probleem van het vinden van

een stroomdichtheidsfunctie, waarvan de drager bestaat uit het vooraf opgegeven ge-

bied (het geleidergebied) waarbinnen de geleider moet liggen. Deze vector functie, die

minimaal divergentie nul heeft, vormt de vrijheidsgraad van het probleem.



194 Samenvatting

De oplossing wordt gerepresenteerd als een serie in een gegeven set van basis func-

ties met divergentie nul. De wervelstromen in de geleidende gebieden worden door

een tweede serie basis functies met divergentie nul beschreven. De coëfficiënten van de

basis functies voor het geleidergebied vormen dan dus de vrijheidsgraden, terwijl de

coëfficiënten voor die van het geleidend gebied afgeleid moeten worden uit de eerste

set coëfficiënten. Tussen de coëfficiënten van beide sets bestaat een relatie, zijnde een

eerste orde differentiaalvergelijking. Om de tweede set coëfficiënten eenduidig uit de

eerste set (de vrijheidsgraden) af te leiden, moet dus tevens een extra conditie worden

opgegeven, de zogenaamde ’uniekmakende conditie’. Dit kan bijvoorbeeld een voor-

geschreven beginwaarde voor de gëınduceerde stromen zijn. Deze conditie is bepaald

door het specifieke probleem.

De grootheden die in de differentiaalvergelijking voorkomen zijn de mutuele induc-

tie en mutuele weerstand tussen twee basis functies. Deze worden bepaald door de

eigenschappen van het medium, in het bijzonder de magnetische permeabiliteit en de

geleidbaarheid. Hiervoor is het wel nodig dat het medium lineair is, wat dus in het

vervolg wordt verondersteld. Deze grootheden bepalen tevens, in combinatie met de

coëfficiënten van de basis functies, de magnetische energie en dissipatie op een wille-

keurig tijdstip op basis van een gegeven stroom amplitudefunctie. Omdat het medium

lineair is kan een lineaire operator worden gedefinieerd waarmee uit de coëfficiënten

het magnetisch veld wordt afgeleid. Zo’n operator bestaat niet voor het elektrisch

veld wegens de tijdsafhankelijke relaties. Echter, indien de permittiviteit constant is,

kan als karakterisatie van het elektrisch veld de magnetische vectorpotentiaal worden

gebruikt. Hiervoor kan wel een lineaire operator worden gedefinieerd.

Het probleem om de stroomdichtheid in het geleidervolume te bepalen is dus herleid

tot het vinden van coëfficiënten van de basisfuncties voor de stroomdichtheid in het

geleidervolume. Uit deze coëfficiënten kunnen we de stroomdichtheid in de geleidende

volumes bepalen, en tevens het magnetisch veld, magnetische energie en dissipatie.

Een vaste component van het magnetisch veld is lineair in deze coëfficiënten, terwijl

de magnetische energie en dissipatie kwadratisch zijn. Deze eigenschappen maken het

aantrekkelijk het probleem te vertalen in een optimaliseringsprobleem, waarbij voor

een zekere opgegeven stroomvorm de totale energie geminimaliseerd wordt. Een tweede

argument voor deze vertaling is dat dit criterium in een aantal fysische problemen voor-

komt. Gewenste eigenschappen van het magnetisch veld worden als randvoorwaarden

opgegeven.

Het vinden van een geschikte representatie van de basisfuncties wordt vervolgens

beperkt tot situaties waarbij het geleidervolume en geleidende gebieden plat zijn,
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en dus een oppervlakte met een diktebeschrijving benaderd kan worden. De ruimte

stroomdichtheid wordt dan een oppervlakte stroomdichtheid. In dat geval blijkt de

stroomfunctie een geschikte representatie voor de oppervlakte stroomdichtheid. Tus-

sen stroomfunctie en oppervlakte stroomdichtheid bestaat een een-eenduidige relatie,

op een niet-relevante constante in de stroomfunctie na. Om een stroomfunctie te ma-

ken waarbij een stroomdichtheid kan worden gedefinieerd moet enkel de stroomfunctie

constant zijn over de rand, en moet het oppervlak oriënteerbaar zijn.

De stroomfunctie is dus geschikt voor numerieke toepassingen omdat het een sca-

laire representatie is van de oppervlakte stroomdichtheid, die in combinatie met een-

voudige condities tot fysisch mogelijke stroomdichtheden leidt. Een tweede voordeel

is dat de contourlijnen van de stroomfunctie tevens de stroomlijnen van de correspon-

derende oppervlakte stroomdichtheid zijn. Door contourlijnen van de stroomfunctie

te nemen met een constante stapgrootte worden dus eenvoudig de hartlijnen van het

gezochte geleiderpatroon gegenereerd.

In de numerieke toepassing wordt een eindig aantal basisfuncties voor de stroom-

functie genomen. Een essentieel probleem is het bepalen van de mutuele inductie, die

bepaald wordt door integratie van de magnetische vectorpotentiaal over het opper-

vlak. In dit proefschrift worden de numerieke problemen voor het berekenen van deze

vectorpotentiaal nader uitgewerkt voor het geval de permeabiliteit overal constant is.

In dat geval bestaat voor de vectorpotentiaal in een punt een analytische uitdrukking

in de vorm van een integraal over de stroomdichtheid, waarbij de kern singulier wordt

wanneer het punt op het oppervlak ligt. De algemene uitdrukking voor de vector

potentiaal bevat een tweede term waarbij gëıntegreerd wordt over de magnetisatie;

deze bevat in het algemeen een reguliere kern en kan dus numeriek zonder problemen

bepaald worden. De beperking tot het geval de permeabiliteit constant is, is dus geen

essentiële vereenvoudiging.

De numerieke algoritmen worden uitgewerkt voor twee geometrische klassen, zijnde

een willekeurig oppervlak dat gediscretizeerd is in driehoeken of vierhoeken, en een

axiaal symmetrisch oppervlak dat gediscretizeerd is in kegelsecties. In geval van de

discretisatie in drie- en/of vierhoeken worden voor de basisfuncties de stuksgewijze

lineaire node functies gekozen. Voor de axiaal symmetrische geometrie omspannen de

basisfuncties voor de kegels het gehele oppervlak in azimuthale richting, met een har-

monische stroomverdeling zoals bepaald door de orde van de basisfunctie. Daardoor

zijn de basisfuncties van verschillende orde orthonormaal, en zijn tevens de mutuele

inductie en weerstand tussen twee basisfuncties van verschillende orde nul. Voor axiaal

symmetrische gevallen waarbij a-priori bekend is dat er slechts weinig ordes nodig zijn
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is dus een essentiële versnelling mogelijk t.o.v. de discretisatie van een algemeen op-

pervlak. Om deze reden worden axiaal symmetrische oppervlakken in dit proefschrift

in detail behandeld.

De fysische grootheden die van een basisfunctie afgeleid moeten worden zijn de

magnetische fluxdichtheid in een punt, de magnetische vector potentiaal in een punt,

en de coëfficiënten van de ontwikkeling van de magnetische fluxdichtheid en de mag-

netische vector potentiaal in Sferische Harmonischen. Deze grootheden zijn gegeven

als integralen over de stroomdichtheid; de integralen zijn tweedimensionaal in geval

van discretisatie in driehoeken en vierhoeken, en eendimensionaal voor de axiaal sym-

metrische discretisatie. Deze uitdrukkingen worden uitgewerkt voor met name de

berekening van de magnetische vector potentiaal, waarbij vooral aandacht is voor het

geval dat het punt op het oppervlak ligt; dit is relevant voor de berekening van de

mutuele inductie. De dimensie van de integralen kan met één worden verlaagd door

analytische integratie. In het geval van een axiaal symmetrische geometrie kunnen de

uitdrukkingen voor de magnetische vectorpotentiaal en magnetische fluxdichtheid dus

in analytische functies uitgedrukt worden. Er worden efficiënte numerieke methodes

voor berekening van deze functies gegeven. Voor de discretisatie in driehoeken bestaan

er ook analytische uitdrukkingen, terwijl voor vierhoeken een numerieke integraalbe-

nadering nodig.

Voor elke combinatie van twee basisfuncties moet de mutuele inductie en mutuele

weerstand berekend worden. Hiervan worden ook uitdrukkingen en berekeningsme-

thoden gegeven.

Tot slot worden er twee voorbeelden van de toepassing van stroomfuncties voor

bepalen van geleiderpatronen gegeven. Het eerste voorbeeld komt uit de praktijk, en

betreft het ontwerp van een zogenaamde X gradiëntspoel voor gebruik in Magnetische

Resonantie Imaging (MRI) apparaten. De geometrie is hierbij axiaal symmetrisch,

en heeft slecht één orde. De energie in een bepaalde pulsvorm moet geminimaliseerd

worden, terwijl het gewenste magnetisch veldprofiel en de toelaatbare afwijking in een

bepaald gebied is voorgeschreven.

Het tweede voorbeeld betreft het ontwerp van een spoel voor een magnetiseer ap-

paraat. Op een oppervlak zonder symmetrie moet een geleiderpatroon aangebracht

worden waarbij wederom het veldprofiel is voorgeschreven, in dit geval in termen van

coëfficiënten van Sferische Harmonischen. Voor dit voorbeeld hoeft enkel de magneti-

sche energie geminimaliseerd worden.
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